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Abstract

In this paper, a two-level decomposition method for optimal design is described. Using
this method, an optimal design problem is decomposed into several subproblems in the
first-level and a coordinating problem in the second-level. In the first-level, the subproblems
are analyzed using the global monotonicity concepts, then in the second-level the analyses
of the subproblems are coordinated to obtain the optimal solution. Two engineering design
examples, namely a gear reducer (formulated and solved in the literature) and a flywheel

(formulated and solved here), illustrate applications of the developed method.



1. Introduction

Since the publication of Dantzig and Wolfe (1960), there have been numerous pieces
of literature describing algorithmic development and/or application of decomposition in
mathematical programming. The reader may consult several of the major books on the
subject including those by Lasdon (1970), Wismer (1971), and Himmelblau (1973). More
recently, many engineering problems have been solved using decomposition methods in-
cluding those in mechanical (Davis, 1978; Siddall and Michael, 1980; Johnson and Benson,
1984a and 1984b), structural (Kirsch, 1981; Haftka, 1984), and aerospace design (Sobieski,
1982; Sobieski et al., 1984; Barthelemy and Riley, 1986). Most of the existing decomposi-
tion algorithms have a two-level structure. They break down a problem into several smaller
subproblems. In the first-level, these smaller subproblems are solved independently. Then
in the second-level, the solutions of the subproblems are combined in a prespecified manner
to obtain the solution to the original problem.

There are several reasons why a decomposition method should be used to obtain the
optimal solution of an engineering problem. First, many engineering problems are by their
nature decomposable to several subproblems. For example, a punch-press is a mechanical
system composed of several subsystems (components) including a flywheel, crankshaft,
connecting rod, etc. Using decomposition, each component is optimized at the first-level
and then the components’ solutions are coordinated at the second-level to obtain the
optimal solution to the original problem which is the punch-press. Second, interdisciplinary
nature of decomposition methods force even more interactions across disciplines (Sobieski
and Haftka, 1986). For example, optimal design of an automobile may be obtained by
analysis of its engine, aerodynamics, structure, materials, etc., independently and then
they may be integrated using a decomposition-based optimization. Finally, decomposition
methods fit well to distributed or even parallel processing capabilities which are typical of
a modern computing environment.

In Section 2, we describe briefly a two-level decompositian method for which the
motivation and detailed description together with some test results is given in Azarm and
Li (1986). In Section 3, the decomposition method is applied to two mechanical design
examples, namely a gear reducer, and a flywheel for which the derivation of the model is

described. Finally, we present our concluding remarks in Section 4.

2. A Monotonicity-Based Decomposition Method (MBDM)

In this section, we present a proposed two-level decomposition method. It is an
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extension of the feasible model coordination method (Kirsch,1981) coupled with the global
monotonicity analysis (Wilde, 1975; Papalambros and Wilde, 1979 and 1980). In this
method ,the global monotonicity analysis has been utilized in the first-level subproblem(s)
to identify the candidate active constraints. This information is then sent to the second-
level problem which in turn finds a new point for an improved objective function using any
conventional (single-level) nonlinear programming method. The new point is then sent
back to the first-level subproblem(s) and the iteration process continues until an optimal
solution is obtained.

We consider here the following problem which may be decomposed into two levels

with several subproblems:
Minimize f(y; ) = fo(y) + iy fi(; =)

Subject to:

9i(y) <0 l=1,...,L

g:,;(y32:) <0 i=1,...,1

j=1,...,J
where f and g represent the objective and constraint functions, y represents the vector of
interaction (global) variables - fixed between subproblems, and z; represents the noninter-
action (local) variable in subproblem i. Index j corresponds to the number of constraints

in subproblem i. The formulation for subproblem 7 with z; as the only local variable (y is
fixed) is:

Minimize f;(y; z;)
Subject to:
(2)
g9:,;(y;2:) <0 j=1,...,J.

Suppose that in subproblem (1 < ¢ < I) the objective function f; is monotonic,
e.g. increasing with respect to (w.r.t.) variable z;. In addition, suppose that (without
the loss of generality) in subproblem i the first J’ constraints (J/ <« J) have opposite
monotonicity w.r.t. z;, e.g. decreasing, therefore based on the first rule of monotonicity
analysis (Wilde,1975) they are the candidate active constraints. Also, suppose that the

subproblem (1 < ¢ < I) can be rewritten in the following form:
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Minimize f;(y; z;)

Subject to:

zi 2 9;1(y)

z; > g; 5(y)

T; < g«f,(J'+1)(y)

z; < g; ;(v)
then the second-level problem is written in the following form:
Minimize f(y;z) = fo(y) + Zf=1 fily; =)

Subject to:

gl(y)SO l:1,"',L
where

z; =maz{g{;: 1< 5 < J} (5)

Those constraints, g; :(y;z:) (7 > J "), which are violated by the z} should be trans-
fered from the first-level subproblem(s) to the second-level problem. Also note that in
subproblem 7(1 < ¢ < I), for the case where the objective function is decreasing and the
first J' constraints are increasing w.r.t. z;, then:

zi =min{g;: 1 <5< J'} (6)

The two-level iterative procedure for this method may be summarized as follows:

(1) Select the starting value for the global variables y,
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(2) Use monotonicity analysis to find z} (y is fixed), 1 <1 < I, for the subproblems,
(3) Find a new y such that f(y;z*) is decreased,

(4) Return to step (2) until the minimum for f(y;z) is obtained.

An extension of the method for the more general case of several subproblems with

several local variables is given by Azarm and Li (1986).
3. Examples

The methodology described in the previous section has been combined with the VM-
CON progrom (Crane et al., 1980) which is based on a sequential quadratic programming
technique of the type suggested by Powell (1978). Two engineering design examples ,
namely a gear reducer and a flywheel, illustrate the applications of MBDM in this section.
For each example, after decomposition the first-level subproblems are solved by the global

monotonicity analysis and the second-level problem by the VMCON program.
Example 3.1: Gear Reducer

This example was modelled by Golinski (1970) and solved by several optimization
schemes including those by Datseris (1982), Azarm (1984), and Li and Papalambros (1985).
The nonlinear programming statement for this example is:

Minimize f(z) = 0.7854z;72(3.33332% + 14.9334x3 — 43.0934) — 1.508z(z2 + 22) +
7.477(z3 + z3) + 0.7854(z 422 + z572)

Subject to:
(7

g1 27z7 ey %232 < 1
g2 397.5z7 252252 < 1
gs: 1.93z; 'z adzgt < 1
94: 1.98z; 'z lzdzrt <1
gs: A;/By <1100

Ay = [(14524)2 1 (16.9)10%)"°

B = 0.1:1;2
gs: Ay /By <850

Ag = [(14822)2 4 (157.5)100]"°

T2T3
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By = 0.1z3

gr7: 23 < 40

gs: 5<zy/zg <12 :go

g1o: 26<z, <36 911
g12: 0.7<z5,<0.38 :913
g14: 17 < z3 < 28 ‘915
g16: 7.3<14<83 ‘917
g1s: 7.3 < z5 <83 019
g20: 29<z5 <39 921
ga22: 50< z7 <55 g23
goa: (1.5z¢ + 1.9)z; ' < 1

g25° (1127 +1.9)z; ' < 1.

Here we select x3,z3,24 and z5 as the global variables and decompose the problem
into three subproblems. In the first-level, z1, s, and z7 are selected as the local variables

for subproblem 1, 2, and 3, respectively:

Subproblem 1:
Minimize f = 0.7854z2%(3.3333z2 + 14.9334x3 — 43.0934)

Subject to:
(8)
g1,1° zy > 27/(z52s) = g}
g1,2° x> 397.5/(z3z2) = 912
g1,3: Ty > 529 = ¢] 3
91,4 T1 > 26 =],
g1,5 1 <1232 =g] 5
91,6 1 < 3.6 =g

In this subproblem, constraints g1 1, 91,2, 91,3, and g 4 are the candidate active con-

straints (f can be shown to be increasing w.r.t. z;), Therefore: ’
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Subproblem 2:

2] = maz{gy ;1 j = 1,2,3,4}

Minimize f; = —1.508z 1z + 7.477z3 + 0.7854x 423

Subject to:
ga,1:
g2,2:
g2,3:
g2,4:
g2,5:

Likewise:

Subproblem 3:

7o > (41/100)7 = gf

Ay = [(T45z4z5 '231)? + 16.9 # 10°]°-8

z6 2> (19325 'z5 "2 °)0% = g} »

zg = maz{gy; :j = 1,2,3}

Minimize fz = —1.508z122 + 7.4772% + 0.7854z 572

Subject to:

g3a,1:

g3,2:
ga,s:
g3,4:

g3,5:

z7 2 (A2/85)"/° = g§

Ag=[(745z575 'z51)% + 157.5 » 106]0-5

z7 > (19325 o3 25 %) "% = g}

(10)

(11)
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Likewise:

z7 =maz{gs;:j=1,2,3}. (13)

Therefore, the second-level problem may be written in the following form:
Minimize f(z) = 0.7854z}z5(3.3333z3 + 14.9334x;3 — 43.0934) — 1.508z} (z§ -+ z3) +
7477(z8" + z5°) + 0.7854 (x4 + z52t’)

Subject to:

Loz < 40

0.7 <z, <08
17 < 24 < 28
7.3< z4<83
7.3 < z5 < 8.3.

The two-level structure for this example is shown in Figure 1. The solution of this
example together with the performance results of the VMCON program is given in Table

1, where:

NF/NG: Number of objective or constraint functions evaluations
NDF/NDG: Number of gradient of objective or constraint functions evaluations
CPU: Central processing time in second

MBD-VM:  Combined MBDM and the VMCON program.

Example 3.2: Flywheel

Flywheel applications date back to several thousand years. A punch-press is one of
those mechanical systems in which a flywheel is used, not only for power conservation but
also as a mechanical filtering element in a circuit through which power is flowing. Indeed
energy is stored in a flywheel by speeding it up and is delivered by it by slowing it down.

It also acts as a smoothing or equalizing element.

Therefore, a flywheel plays an important role in the performance of the punch-press.

The design of a flywheel and particularly its weight is often overestimated because of
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the lack of optimization in the design process. A step-by-step model for the design of a
minimum weight cast flywheel, Figure 2(a), of a punch-press for punching holes in a plate
is presented.

Objective Function:

The objective function is to minimize the weight of the flywheel (Wr), which is the
sum of the weights of rim (Wg), hub (Wg), and spokes (Wg):

f=Wr =Wg + Wy + sWs (18)

Therefore, the objective function is:

f = 0.257T’)’F[8TRthR + (D(2)H - D%H)by + 0.58ksd§(27’R — hR - DOH)] (16)

Constraints:

In this section, constraints describing various physical as well as practical limitations

in the design of flywheel are presented:

Shaft Stress:

This constraint imposes a lower bound on the inside diameter of the flywheel (D; H)
This is found by calculating the crankshaft stresses at the point where the flywheel is
overhung, point C in Figure 2(b). At point C, only torsional stress due to punching is
taken into account. Presumably, this stress is much larger than any other stress present

at point C, with proper overload factor. The torque producing this stress is given by:

T = FlR (17)

where
Fi = Fraxsin(8){1 + cos(8)/[(I/R)? — sin*(6))/?} (18)
Fiax = WdtPSupnOL~ (19)

Notice that point C' is in fact under partial (half-cycle) torsional stress due to punching.

Therefore, the mean (r,,) and alternating (7,) shear stresses are considered as:

Tm = Tg = 1/2Tmax (20)
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where

Tmax = 16Ty /(7 D3y) (21)
T = T/2 (22)
Tm = Ta. (23)

Using fatigue as the governing criterion (Juvinall, 1967), this constraint is:
(Ta/Sns + Tm/Sus) < 1/8; (24)

which after simplification may be written in the following form:
Dig > Ky (25)

where
Ky = [4TSf(1/Sys + 1/5ns)/m]M3. (26)

Key Stress:

A key is used to secure the flywheel on the crankshaft and transfer torque between
them. In determining the strength of the key the assumption is made that the forces are,
uniformly distributed throughout the key length. It is customary to base the strength of
the key on failure by shearing (Shigley, 1972):

Tkmazr — F/A (27)

where
F = 2T/D1H , A = byt (28)

Again, as in the shaft stress constraint:
Tak = Tmk = 1/2Tkmaa: (29)

thus
(Tak/sna + ka/sus) < 1/kaey (30)

which may be simplified into the following form:
buDrg > K» (30)
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where

Energy of Flywheel:
In order to find the energy of the flywheel, we should first find the total energy which

is used per stroke. The force-displacement curve is illustrated by Figure 3(a), where the
maximum force occurs around three-eighths of the depth of the plate (Hollowenko, 1955).

It is customary to approximate the area under force-displacement curve by:
W = 1/2Fnaxtp. (33)

The size of the motor required can be determined from the condition that the energy taken

from the flywheel must be returned to it by the motor in a cycle. From Figure 3(b):
W = (area)speda = (area)efgnde (34)
therefore, the lower bound on the flywheel energy (Ey) is (friction is neglected):
Es = (area)fonr =~ W — Pty (35)

Py = WN. : (36)

The kinetic energy (K.E.) of a body rotating about a fixed center is:
K.E. = 1/2Iw* (37)

since there is velocity change due to punching, the expression for change of energy is:

AK.E) = 1/2[I(w]x — W) (38)
or
A(K.E.) = IV~ Viia)/(27%) (39)
which may be rewritten as:
where
C'f = (Vmax - Vmin)/Vave 3 Vave = (Vmax + Vmin)/2 =V (41)
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and
I = Wpri/ge , V = rpw. (42)

Thus the energy constraint is:
A(K.E.) > Ey (43)

which may be written in the following form:
karp hplbp! <1 (44)

where
ks = B;/{[9nrCy/(4g.))(2mN/60)?} (45)

where the K.E. of the hub and spokes are assumed to be one-eighth of the one by rim

concentraited at the mean radius of the rim (Bradford, 1940).
Rim Stresses:

The rim stresses have been developed due to combined effect of hoop tension and
bending stresses. The factors taken into account include: (1) The number of spokes, which
if increased, will decrease the rim span between the spokes and hence decrease the bending
moment. (2) The relative thickness of the spokes, which if too thin, could offer littlg
constraint to the expanding of the rim to its natural diameter under centrifugal force, and
hence would cause little bending stress. Conversely, if they were too thick, they would
restrain the rim, thereby setting up heavy bending stresses at the junctions of the rim and
spokes. (3) The relative thickness of the rim to the diameter, which if large, would cause
rim resistance to bending to be large and the bending stress small. Conversely, if small,
the rim is subject to high bending stresses. The maximum combined stress at the rim of

the flywheel having six spokes is given by (Machinery’s Handbook, 1971):

Sgr = VE[1+((.56B —1.81)/(3Q + 3.14))Q]/10 (46)
where
Q = Wksdg/(‘lthR) , B = DOR/hR (47)
Dor = 2rp+ hp , Vi = DOR(Zﬂ'N/fSO)/ZLI. (48)
Therefore
SR S Suc/SfR- (49)
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Spokes Stresses:

In the design of spokes it is assumed that cantilever action is predominant. The

bending moment due to punching at the hub of the arms is taken to be:

M = T(Dor — Don)/(sDor) (50)
for which the bending stress is:
Sy = M/Z (51)
where
7 = wky,d3/32. (52)

Also it may be necessary to check the spokes for tension due to rim expansion. It may
be safe to assume that each spokes is in tension due to one-half of the centrigufal force of

that portion of the rim which it supports:

Sy = (AWgV?)/(nsg ksrpd?) (53)
where
V = rpw (54)
therefore:
S1+ 82 < Suc/Sss. (55)
Stability:

The hub length of the flywheel is usually taken greater than the shaft diameter for
stability reasons(Shigley 1972).
D;g <by. (56)
Side constraints:

These are lower, [b(.), and upper, ub(.), bounds on the variables based on space and/or

experience:
Ib(rr) <rr < ub(rg)
Ib(hr) <hr < ublhg)
Ib(bg) < br < ub(br)
I6(Don) < Dou < ub(Dox) (57)
I6(Drg) < Drg < ub(Drg)
(b)) < by < ublby)
Ib(ds) <ds < ub(d,)



The complete model for this example is:

Minimize f = 0.257yp(8rrhpbr + (D% 4 — D%, )by + 0.5sksd%(2rr — hr — Don)]

Subject to:
(57)
g1 Ki/Dig <1
ga: K, /(Dryby) <1
gs: K3/ (r%hgrbr) <1
gq: Sr < Suc/Sfr
where, Sp =VZ[1+ ((.56B — 1.81)/(3Q + 3.14))Q]/10
and, Q = mked?/(4hrbR)
B = Dogr/hr
Dogr = 2rg + hp, V1 = Dogr(27N/60)/24
gs: S1+ 52 < Suc/Sys
where, Sy =32(2rg — hg — Dog)/[s(2rr + hR)Tksd3]
Sy = 8myphpbr(rrw)?/(rsg.ked?)
ge: Drg/bg <1
gr: 18 <rp < 34 ‘g8
go: 6 <hgp <10 910
g11: 5<brp<8 12
913 12 < Don <16.5 ‘g4
915 6.5 < Dy <10 ‘16
gi7: 5.5 < by <8.5 :g18
g1o 5<d; <8 ‘920

where rg, hg, br, Don, Dru, by, and d, are the dimensions of the flywheel, Figure 2(a),

considered here as the design variables. All other parameters are given in the nomenclature.
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Here, we choose hg,br, Dom,by, and d, as the global variables and decompose the
problem into two subproblems. Dyy and rp are selected to be the local variables for the

subproblems 1 and 2, respectively. Thus in the first-level we have:

Subproblem 1:

Minimize f; = 0.257yp (D% — D%, )by

Subject to:
(58)
91,1 Drp < (b = ¢1,1)
g1,2: Drg < (10 = g1 5)
g1,3: Drg > (6.5 = g 3)
g1,4: Dig 2 (Kp = 9’1,4)
g1,5: Drg > (K3/bu = g1 5)
where g;,1,91,2 are possible active constraints in this subproblem. Therefore:
Diy = mz'n{g'l’l, 9'1,2}- (59)
Subproblem 2:
Minimize f, = 0.25myp[8rgrhrbg + 0.55kd2(2rr — hp — Doy))
subject to:
(60)
g2,1: rr 2 ([K4/(hrbr)]® = g3,)
g2,2: 'R 2 (18 = gé,z)
g2,3: rr < 34
g2,4: Sr < Suc/SfR
92,5 S1+ 82 < Syc/Sys
constraints g ; and gs o are the candidate active constraints. Thus:
TR = maz{g;,l,gg,z}. (61)

16



The second-level problem is written in the following form:
Minimize f = 0.257vp[8r 3 hrbg + (D% — Diy®) By + 0.5sksd%(2rs, — by — Doy ))

Subject to:
(62)

12 < Doy < 16.5
5.5 < by <85
5<ds <8.

The two-level structure for this example is shown in Figure 4. The solution of this
example together with the performance results of the VMCON program with and without
combining with MBDM is given in Table 2.

4.Concluding Remarks

The merit of the decomposition method (MBDM) described here lies on the utiliza-
tion of global monotonicity within a two-level framework. In order to apply the method
the problem should be seperable, as is demonstrated in equation (1). In addition, the
objective and constraint functions should be globally monotonic (within the feasible do-
main) w.r.t. the local design varibles. The proposed method is demonstrated with two
engineering design examples, namely a gear reducer and a flywheel. In both examples,
the global monotonicity analyses of the subproblems have been combined with a conven-
tional (single-level) optimization algorithm. The results show the substantionally improved
performance of the two-level approach over the single-level optimization algorithm. How-
ever this improved performance is at the expense of some initial analytical effort on the
part of the design optimizer for decomposition and global monotonicity analysis of the
subproblems. Finally, the work presented here set the groundwork for the extension of
monotonicity analysis to optimal design of large-scale problems where local rather than

global monotonicity analysis will be used.
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Nomenclature for The Flywheel Design:

Design Variables:

TR
hr

Parameters:

Cy

d

Ey
Finax
Fy

ge

=mean radius of rim, in
=thickness of rim, in
=width of rim, in

=outside diameter of hub, in
=inside diameter of hub, in
=width of hub, in

=length of major axis of spoke’s cross section

=coefficient of flywheel’s speed fluctuation, .1
=diameter of the holes to be punched, .875 in

=lower bound on the energy of the flywheel, in-1b
=maximum punching force, 1b

=tangential component of force on the crankthrow, 1b
=gravity acceleration, 386 in/sec?
=mass moment of inertia, 1bm-in?

=ratio of the minor to major axis of the spoke’s cross section(ellipse),.5
=connecting rod length, 12 in

=overload factor for punching, 2

=frequency of rotation of flywheel, 120 rpm

=crank radius, 4 in

=number of spokes, 6

=safety factor for the shaft, 2

=safety factor for the key, 2

=safety factor for the rim, 11

=safety factor for the spokes, 6

=strength of the flywheel, 40,000 psi

=ultimate strength of the plate, 20,000 psi

=shear strength of the shaft, 160,000 psi

=shear yield strength of the shaft, 100,000 psi

=shear fatigue strength of the shaft, 30,000 psi

=plate thickness, .75 in
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ty =punching time, .05 sec

tk =width of key, 1 in

T =flywheel torque, in-1lb

Vi =rim’s outside speed, ft/sec

W =total energy of punching, in-ib
Py =motor power, (in-1b)/sec

vF =density of flywheel, .26 1b/in®

=punching angle, 50°

w =rotational speed, rad/sec
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VMCON MBD-VM
I 3.5 3.5
T3 0.7 0.7
T3 17 17
Ty 7.3 7.3
Ty 7.7153199 7.7153199
zg 3.3502147 3.3502147
24 5.2866545 5.2866545
f* 2994.4711 2994.4711
CPU TIME 4.24 2.18
NF/NG 65 16
NDF/NDG 8 3

Table 1




VMCON MBD-VM
re 23.108115 23.107961
hp 6 6
by 5 5
Dy 12 12
Diy 8.5 8.5
by 8.5 8.5
d; 5 5
f* 1473.1101 1473.1101
CPU time 4.35 sec 2.44 sec
NF/NG 57 13
NDF/NDG 7 2

Table 2




Minimize £ (x,, X,, X,,
X,., Xx¥ x* 8 x*4)
5’ 1’ 6’ 7

S. t
X, X, § 40
0.72< 32 £ 0.8
17 € Xq < 28
7.3 € X, £ 8.3
7.3 € X < 8.3

v

" 1 =
Xy Max{g 1,j‘J 1,2,3,4)

* = D i=
X*o Max(g'z'j.j 1,2,3)

x*7= Max(g‘s’jzj=1,2,3)

Figure 1
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Minimize f(hR,bR,DOH

bH’ds'D

% %*
1 TR

<
5 ¢ ds <8
* *
hy . by D*rh hpibp IR
DoH’bH’ds DoH'bH’ds
*® = : ! ! * = ! !
D 1H Mln(g 1,1’ g 1'2) r R MaX(g 2,1’ g 2,2

Figure 4



