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81. Introduction 2

s1. Introduction

It is our belief that a thorough understanding of the mathematical underpinnings of elasticity
is crucial to its analytical and numerical implementation. For example, in the analysis of rotating
structures, the coupling of the equations for geometrically inexact models, obtained by linearization
or other approximations, with those for rotating rigid bodies can easily lead to misleading artificial
"softening" effects that can significantly alter numerical results; see Simo & Vu-Quoc [1986¢]
(especially equations (3) and (5)). In this paper, we consider fully nonlinear geometrically exact
models for rods, plates (and shells) which take into account shear and torsion as well as the usual
bending effects in traditional rod and plate models. These models can be obtained either from the
three-dimensional theory by a systematic use of projection methods; see e.g., Antman [1972] and
Naghdi [1972], or by a direct approach within the context of Coserrat continuum. Remarkably, the
two approaches lead to essentially the same form of the governing field equations. In the present
context, we have chosen as a model problem a particular rod model which may be regarded as an
extension of the classical Kirchhoff Love model (see Love [1944]) to include shear deformation, as
in Reissner [1973,1981], Antman [1974], Antman & Jordan [1975], and Simo [1985]). The
counterpart of this model for plates is also considered. Our objective is a systematic development of
the Hamiltonian structure underlying the dynamics of these geometrically exact models in the
material and convective representations. The convective representation, which is often referred to as
the body representation in the context of rigid-body mechanics, is a useful counterpart to the more
familiar material and spatial representations. Understanding the relation between these is useful for
computational purposes and for coupling of these models to the dynamics of rigid body motion, as
in Krishnaprasad & Marsden [1987]. We confine ourselves to the material and convective
representations only for simplicity; one can also treat the spatial representation and in fact we shall
use this in a follow up work on stability of rigid bodies with geometrically exact flexible
attatchments (see Krishnaprasad, Marsden, Posbﬁrgh, and Simo [1987]).

One of the topics that is of importance in the foundations of elasticity is a geometric
formulation of the equations in Hamiltonian form. This form is useful in the dynamical analysis of
systems; for example in the study of nonlinear stability (see Holm, Marsden, Ratiu, & Weinstein
[1985], Krishnaprasad [1985], and Lewis, Marsden, & Ratiu [1986a]), of bifurcation theory (see
Golubitsky & Stewart [1986] and Lewis, Marsden & Ratiu [1986b]) and of chaotic solutions (see
Holmes & Marsden [1983] and Guckenheimer & Holmes [1983]). Our own motivation is to
provide additional insight for work on rotating structures using geometrically exact models (see
Krishnaprasad and Marsden [1987] and Krishnaprasad, Marsden, Posb)lrgh and Simo [1987]). Of
course, independent of this motivation is the fact that these Hamiltonian structures are of intrinsic
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interest for the mathematical foundations of elasticity theory.

The Hamiltonian structure for the material (or Lagrangian) representation of elasticity is given
in terms of canonically conjugate variables - namely the placement field and its conjugate
momentum, the momentum density. This standard result is well known and is indicated in, for
example, Marsden & Hughes [1983, Chapter 5]. The relation beween this and other structures in
spatial and body representations is an important result that goes back to Arnold [1966] and was
developed by Marsden & Weinstein [1974, 1982], and others. A noncanonical Hamiltonian
structure for elasticity that is partially a spatial representation is given in Holm and Kuperschmit
[1983], and a Hamiltonian structure for isotropic elasticity in spatial representation is given in
Marsden, Ratiu, & Weinstein [1984a,b]. We deal with these as well as the convective
representation and also develop a Hamiltonian formalism for rods and plates. A geometric setting
that is useful for understanding the general relation between the material, inverse material, spatial,
and convective representations is given in Holm, Marsden & Ratiu [1986).

The noncanonical brackets found in this paper are obtained by the general methods of
reduction from the canonical structure in material representation, as in Arnold [1966] and Marsden
and Weinstein [1982]. When these procedures are done for fixed boundary problems, one obtains
Lie-Poisson brackets associated with the dual of a Lie algebra of a semi-direct product. (See
Marsden, Weinstein, Ratiu, Schmit & Spencer [1983] for a general introduction to this geometric
theory.) These sorts of brackets appear for example in the equations for compressible fluids and
magnetohydrodynamics (see Marsden [1982], Holm and Kuperschmit [1983] and Marsden, Ratiu
and Weinstein [1984a,b]). (The geometric reason for this appearance is that if a configuration space
is a group G, then the reduction of the phase space T*G by the isotropy subgroup G, for a
representation of G on a vector space V is essentially the dual of the Lie algebra of the semi-direct
product G ® V. This result, due to Ratiu, Guillemin and Sternberg, is proved in a sharpened
version in Marsden, Ratiu & Weinstein [1984a] (to which we refer for the original references).
When free boundaries are present, however, the brackets are only partially of the Lie-Poisson type.
The geometric setting for these is the "gauged Lie-Poisson"” context of Montgomery, Marsden &
Ratiu [1984]. This was applied to free boundary fluid problems in Lewis, Marsden, Montgomery
& Ratiu [1986]. In this paper, we shall not require the fairly sophisticated context of the gauged
Lie-Poisson structures, but rather we shall obtain the results by a direct calculation. We do note,
however, that when no boundaries are present, the Poisson brackets we get for three dimensional
elasticity do reduce to Lie-Poisson brackets for a semidirect product. For rods and plates, the
brackets also reduce to the Lie-Poisson type in the cases that the configuration space reduces to a
group; for example, this happens for the torsional motion of a rod.

The geometric point of view adopted in this paper has proven particularly useful in the
numerical solution of initial boundary value problems. For the geometrically exact rod model, for
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instance, exact update procedures for the configuration, stress resultants and stress couples can be
developed by employing discrete algorithmic counterparts of the exponential map and paralle]
transport (see Simo & Vu-Quoc [1986a,b,1987]). These ideas also play a central role in the
numerical analysis of geometrically exact shell models, as in Simo & Fox [1987]. This
methodology results in algorithms that exactly preserve the fundamental physical requirement of
material frame indifference. Similarly, for three-dimensional nonlinear viscoelastic solids, by
exploiting the convective representation, one can develop unconditionally stable algorithms,
accurate to second order, which exactly preserve covariance of the continuum formulation (see
Simo [1986]). Thus, these algorithms go beyond the notion of incremental objectivity, as proposed
by Hughes & Winget [1980]. Finally, we believe that the Hamiltonian structures developed in this
paper will play a central role in the future development, design, and stability analysis of
time-stepping integration algorithms for nonlinear elastodynamics, which ensure not only
conservation of energy, (as in Chorin et. al. [1978] or Hughes, Liu & Caughy [1978]), but exactly
preserve other fundamental integrals of motion such as global angular momentum.



§2. Covariant Three-Dimensional Elasticity

We summarize the notation to be used in the description of three dimensional elastodynamics,
following to a large extent the usage of Marsden & Hughes [1983]. Emphasis is placed on a
covariant formulation of the field equations independent of the choice of coordinate charts.

The Configuration Space

Let (B, G) and (S, g) be two smooth Riemannian manifolds carrying metrics G and g
respectively. Typically we have B C 5, where § = R3 is the Euclidean three-space with the
standard Euclidean metric. We refer to ‘B as the reference configuration with points denoted
by X € B, and we speak of S as the ambient space in which the body B moves. Points in §
are denoted x € S. We shall consider coordinate charts XA : B - R and x8: S — R sothat
the local coordinates of the points X and x are denoted

XA = XAX) for Xe B and x& = x3(x) for xe S. .1

The configuration space C is the set of (orientation-preserving) embeddings ¢ : B —
we write

C =Emb(B, 9), (2.2)

and call the set @(‘B) the current configuration. It is known that, when suitably topologized,
C is a smooth infinite-dimensional manifold (see Abraham, Marsden & Ratiu [1983], Ebin &
Marsden [1970] and references therein).

To construct the tangent space to Cat a configuration @ € C, consider a smooth curve € —*
Q¢ such that @¢ I e=0=@. By definition, dpg/de l g=0 istangentto Cat @. Let X € B, then:

de

O%(X) e Tox)S: (2.3)

E=

where TW).S is the tangent space to S at @(X). Consequently, the map:

d
XeBr = I£=O(p£(X) € Tox)S (2.4)
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is a vector field over @ : B— S . Hence, we define the tangent space TyC as:
TeC = { Vo : B TS | VoX) € Tyx,S forall X e B). @.5)

In local coordinates relative to the chart { XA} we have

Vo(X) = Vi(X) -s-i € Tox)S- (2.6)
X

We often use the notation x=¢(X).

Kinematics

A motion is a curve of configurations; we let @, be the configuration at time t and write
¢,(X) = o¢(X,1). Given a motion @,, we define the following quantities:

(i) material velocity : Ve T, C . given by

d
Vi) = - 9., (2.72)

(ii) spatial velocity : v, € X(P,(B)) [the space of vector fields on P(B)] is
defined by
Vl = v‘ ° ‘Pt— ! N (2.7b)

(i) convective velocity : V' € X(B) is defined by
V= P1v) = TP lovi o P = TP ~lo vy (2.7¢)

The deformation gradient, denoted F, , is defined to be the tangent map of ¢,; we
write F; = T9,. In coordinates,

] a A
F=F,—®dX", F = —, (2.8)
A ox" A oxA

where dXA is the dual basis to (3/9XA)-
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The following diagram illustrates these concepts.

o

To

Proposition 2.1. The convected velocity is the negative of the spatial velocity of the
inverse motion 9.~V : §— B ;i.e.,

-1
o9,
vt = - 8t ° q)t

(2.9

Proof. Applying the chain rule to the identity X = ¢~1(P(X, t),t) gives

~1
a‘Pt -1
3t o"Pt+T(P1°Vt=O

and so the result follows by noting that ¥, = T9,"Tov, o ¢, . m

The Metric and Convected Metric Tensors. Convected Lie Derivative

We define the convected metric tensor by the pull-back relation:

Ci = 91(@) ie.  Cap = F2AFPpgapo9. (2.10)

C is called the right Cauchy-Green tensor.

Let ¥ be the Levi-Civita connection associated with the spatial Riemannian metric g. The
corresponding Christoffel symbols are given by the standard relation:



§2. Covariant Formulation of Elasticity 8

1 of 98  98nc OB
7‘.b=-2-g“[ +—=- b]. @.11)

x> oax* i

Associated with the convected metric C, we define a Riemannian connection V' by the pull-back
relation:

va = ¢*[V¢*(w) Q*(V)], (212)

for any convected vector fields U and W € X(B).
Using the properties of pull-backs and covariant differentiation, it follows from (2.12) that

2 a
-—a—‘l—B EHC+ EHCFRFLY . 2.13)

AR axtax

It can be readily shown that the connection V is the Levi-Civita connection for C with the
Christoffel symbols given by the standard formula:

5= c"c{ Cac , %ac _ aCAB]. 2.14)

B2 ax®  ax* ax©

LetWw € X(B)be a convected vector field. We define the convected Lie derivative of W, denoted
by LW, as the lie derivative relative to the convected velocity field V. Consequently LpW is
given by the pull-back relation:

Ly W =¢ Ly (o W] (2.15)

Here, LW is the (spatial) Lie derivative of vector fields W € X(¢(B)) defined by the formula
(see Marsden & Hughes [1983], §1.6)

L,W:=@, =W (2.16)

Acceleration Vector Fields

We define the material acceleration A, : B — TS and the spatial acceleration 3. :
S — T.5 associated with the motion §; by the expressions
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A = 929,/3t2 = 3V /3t  , a, = Ao 91, (2.17)
The convected acceleration A, :B — T B is defined by the pull-back relation
A, = 9. "(ay). (2.18)

Proposition 2.2. The convected velocity and acceleration are related by the formula

-2 gy
- +
DY v (2.19a)
In coordinates, A is given by
AA=3VA/3t + VCVA + TepAVCAD. (2.19b

Proof. Recall (Marsden & Hughes [1983] p. 33) that the spatial velocity and accelerations are
related by

ov,

at = _ét—’ + th Vt . (220)

Now pull back the relation (2.21) by ¢, to get
‘P‘:(VV Vt) = V(p"v (P*Vt = VvVi (2.21)
The Lie derivative formula (2.16) then gives

oV

o * * avt * 1
= S @tw=ei, Wt (50)=91(5) . ew

v,
3t
Adding (2.21) and (2.22) gives (2.19). ®

Next, we record some formlae useful for our subsequent developement of the convected
cquations of motion. Let T*3B be the cotangent bundle of ‘B, and denote by b: T8> T*Bthe
standard index-lowering action (see Abraham Marsden & Ratiu [1983]) induced by the convected
metric C. Given any vector field W ¢ X(B) there is a unique one form WP defined by the
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relation

WaAXK) UAX) = Cog ) WAX)UWBX) , (2.23)

for any U € X(B) and X € B; consequently, in coordinates, WP is defined as :
WB(X) : = Cpg(X) NB(X) dXA. (2.24a)
Similarly, following standard notation, we denote by # : T*B — TB the index-raising action

induced by C. Associated with any M :B — T*B there is a unique vector field M* ¢ X (B),
with coordinate expression

MHX) = CAB(X) M(X) ;f’(; , (224b)

relative 1o a chart {XA} on ‘B. With this notation at hand we have

Lemma 2.1. For the convected velocity field, the following relations hold:

i Vb= 2 a|v[E+ W), (2.25)
in coordinates:
WA = -;- -i; (U] + v, 57 (2.26)
oX
ii. C =LvC; i.C., CAB = VA|B + VB lA (227)

Proof: In a coordinate chart {XA} we have:
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(Lva)A = ';' ‘VA|BQ)+ 'VA'IPIC

1 0
= —2- 5;(: [‘VB'I;] + 'VAIqu
= -!2- -a——)a(-; [‘VBCBC'VC] + ‘VAIB‘I)' (2.283)

where a vertical bar denotes covariant differentiation relative to the convected correction. This
proves formulae i. As for formulae ii, since the Lie derivative is natural with respect to pull-backs,
from (2.16) we have:

L C=0\L, . Cl=0Lg=29"d, (2.28b)

where d = [vap* Vpjaldx2 ® dxD is the (spatial) rate of deformation tensor. Formula ii
then follows by virtue of the well-known relation C = 29%(d). m

In view of formula ii one says that C is Lie-dragged by the flow generated by the
convected velocity field.

The Convected Volume Element and One Form Densities

Next, we turn our attention to the definition of volume elements. Let d3X := dX A dXZ2
A dX3 and d3x := dx! A dx2 A dx3 be the standard volume elements in B and S
respectively, and let A3,(5) and A 34(B) denote the space of 3-forms at X € Sand X € B, so
that d3X € A3y (B) and d3x € A3,(5). Associated with § and G there are unique volume
densities, denoted by L (Q) and . (G), respectively, and defined locally as

u(g) := {det[g]}'/2 d3x, K(G) := {det[G)}1/2 d3X. (2.29)
We use the notations  .(G) € IA3(B)land u(Q) € IA3(S)] 1o designate volume densities.
Locally, by the change of variable formula, we have d3x = det[F] d3X. Since the

Jacobian Jq, is defined as
n(g) o e =: Jyp 1(G), (2.30)
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we obtain the expression
Jo = det[F] {det[g)/det[G]}/2, (2.31)

In the convected description, associated with the metric C we have the C-volume density locally
defined as

w(G) := {det[G]}1/2 @3x. (2.32)
Since det[C] = det2[F] det[g], from (2.30), (2.31) and (2.32) we obtain
w(C) =Jg u(G). (2.33)

A one-form convected density is a mapping M B — T*B® |A3(B)| obtained by tensor
product of a convected one-form M :B — T*B with the convected volume element W (C).
Accordingly, we have

M =M ® p(C)=IM® uG). (2.34)

Next we define the divergence operator which is needed in the formulation of the equations of
motion. By recalling the covariant definition of the divergence (see, e.g., Abraham, Marsden, &
Ratiu {1983] pége 389), we have the following expressions in the convected and spatial
descriptions.

DivW(C) :=Lyu(C); (divgwlin(g) =Ly u(g), (2.35)

for all vector fields W € X(B) andw € X(@(B)). Vector fields, volume force densities and Lie
derivatives are related in a simple manner. For the convected vector field density, one has the
useful formula:

L,W =L, W® u(C)+ DivcW) ® p(C) (2.36)

which follows at once from (2.35) and standard properties of the Lie-derivative.
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The Stress Tensor and Covariance

We assume the existence of a stored energy function W : Mg x Cx Mg — R, where
M is the space of Riemannian metricson S and Mg is the space of Riemannian metrics on
B, of the form
w = Ww(g, F,G), (2.37)

where W depends only on the point values of @, F, and G. This dependence is in
keeping with the classical assumption that the stored energy function in an elastic material depends
on the configuration ¢ only locally through the point values of the deformation gradient F (see
Marsden & Hughes [1983], §§3.2 and 3.3). The dependence of the stored energy W on the metric
tensor @ is essential to introduce the notion of covariance which embodies objectivity (or
material-frame-indifference) as a particular case. Covariance is the statement of (left) invariance
relative to the group of spatial diffeomorphisms, whereas objectivity merely requires (left)
invariance relative to the group of spatial isometrics. Clearly, the former notion implies the latter
but not conversely. We recall that relativity is a covariant theory.

To introduce the notion of covariance we begin by summarizing a few facts concerning the
actions of the groups of spatial and material diffeomorphism the configuration space C =
Emb(B,S) for elasticity. For further details, including functional analysis issues not addressed
here, we refer to Ebin & Marsden [1973].

i. The groups of spatial and material diffeomorphisms.. We denote by Dif1(B) and
Diff(8) the grdups of diffemorphisms in Band S, respectively. Let ¢ € C. Define the left and
right translations of ¢ € C as the mappings:

Ly : DIff(§) x € €, Ry : CXDiff(B) - C, (2.38)
given by

MO L@ =M@, (M Ry@):=0°mn. (2.39)
The tangent maps associated with these actions are obtained in the standard manner as follows.

Consider a smooth curve € = Q¢ € C such that Q¢ l e=0=¢. and dog/de I e=0= V(p. Then,
the tangent maps to Ly, and Ry are computed as:
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d d
L)V = G| L@ = G| 1@X) =Dne(X) - Vo). (240)

Consequently, we have
TgLy(Vg) = Ty © Vo (2.41)
forany 1 € Diff(S). A similar calculation for € Diff(B) shows that
TRy (Vg) = Vo - (2.42)

The mechanical interpretation of these relations should be clear. We regard left translations by
Diff(8) as superposed motions, not necessarily rigid, onto the current configuration. By virtue of
(2.41), under any superposed n € Diff(S) material vector fields at @(X) are transformed
tensonially to vector fields at 1(@ (X)). On the other hand, we regard right translations by
Diff(B) as diffeomorphic changes of reference configuration B which, by virtue of (2.42), shift
material points X € Bton°(X), forany n° € Diff(B).

It can be readily shown that the action of Diff(S) on spatial vector fields is by
push-forward; i.e.:

w e X(9(B) + nx(w) € X(¢(B)). (2.43)

ii. Covariant stored energy functions.. We say that a stored energy function is covariant if

it is left invariant under the action of Dif($); accordingly, in view of (2.41) and (2.43), w(g,

F,G) is covariant if:

no W(g F,G)= W(n.g, T o F, G). (2.44)

Forany n € Diff(S). The classical result that W depends only on the point values of C=¢ ™ (g)

is an immediate consequence of the covariant assumption (2.44). To see this, consider the case B
< S sothat Diff(B) € Diff(B.S). By choosing n=¢~!, (2.44) yields

¢! o W(g, F, G) = W(¢*g, Tg-! o F, G) = W(C, 1, G); (2.45)

where 1 is the identity. Consequently, there is a function W of the point values of metrics on B



§2. Covariant Formulation of Elasticity 15

such that
w(g. F,G) = W(C,G). (2.46)

Let O be the Cauchy stress tensor and let X be the convected stress tensor,
which is defined by the pull-back relation

Z = ¢*(o). 2.47)

Let p(x,t) and po(X,t) denote the density functions in the current and reference configurations,
respectively. Define the convected density function as R:=@*(p)=p o 9. We then have the
following constitutive equations

= 2p a_______Wa(g, F.6) and 2 = 2R —-——SCW(C'G) ) (2.48)

Relation (2.48 ) is referred to as the spatial Doyle-Ericksen formula (see Marsden & Hughes
[1983] §3.3, and, for the material counterpart, Simo & Marsden [1984]). In terms of the
Lagrangian strain tensor defined by E = (C - G)/2, and the Eulerian strain tensor
defined by € = Px(E) = (g - b~")/2, where b~! = ¢»(G) is the Finger deformation
tensor, formulae (2.48) read

_,BWERE) s g TWES)

36 SE (2.49)

Note that the dependence of W on the material metric tensor G has been explicitly assumed in
equation (2.46), but that G is treated as a parameter as far as the covariance assumption is
concerned.

Next, we consider the invariance group of W on the right. According the (2.42), Diff(B)
acts on the right on vector fields V(p by shifting the base points. On the other hand, it can be
readily seen that the action of Dif(‘B) on convected vector fields W € X (‘B) is by push-forward
ie.:

We X(B— %W e X(B. (2.50)

[This is called the adjoint action]. Then, the stored energy function W(C,G)is right invariant
under Dif(‘B) if:



§2. Covariant Formulation of Elasticity 16

W(C, G) o 10 = W(n0%C, n°%G), .51

for any n° e Diff(‘B). That right invariance is equivalent to isotropy follows by considering the
case B S. Choosing 9 = ¢ we conclude from (2.51) that

W(C,G)o 9= W(g,b), 2.52)
which is the clasical expression for the stored energy function of an isotropic material. Thus,
whereas left invariant under Diff(.5), i.e. covariance is a fundamental physical requirement, right
invariance under Diff(B) merely expresses a particular constitutive behavior; namely isotropy.
The Hamiltonian

In the Hamiltonian formalism for the material description, the kinetic and potential
energy are expressed in the variables on T*C, i.e., in the variables ¢ € C, and its conjugate
momentum M.

We start by defining the cotangent space T,;C at ¢ € C as a vector space in duality with
ToC by means of a weakly non-degenerate pairing

(- ) T*Cx TeC— R, (2.53)
which is constructed as follows. Let a‘p=c&¢dv be a one-form density covering ¢ € C, where
dV=l(G). Asin (2.34), s given locally as (a;(X)dVy)dX 1. The natural pairing between

one-form densitites Ao(X) € T*¢x)\S® IAX(B) at @(X) and vectors Vo (X) € T xS is
given, locally in coordinates, as

(G Vo) 1 = LB XV OR(G), (2.5

where V,(X) = Vi(X) (3/9x1). With this pairing, T*C becomes:
To C 1= { Tp: BT S® INB)| | T (X) e Tox)S ® | AS(B)]. 2.55)
We consider next the Hamiltonian for elasticity in the material, convected and spatial descriptions.

i. Material description. We derive the appropriate expression by starting with the



§2. Covariant Formulation of Elasticity 17

expression of the Hamiltonian relative to TG i.e., in terms of configurations ¢ and material
velocites V;, and performing a change of variables from TCto T*C. As a function of T(, the
Hamiltonian is given by

H(g; Vg, G) : =I$pO(X) ] Vt(X)I: ux(G) + Jg PoXIW (g(o(X)), Fi(X), GX)ix(G) (2.56)

where | + Ig denotes the length induced by the spatial metric g. Observe that the Hamiltonian

(2.56) depend parametrically on the spatial metric g; i.e., H: Mg x TC x Mg — R.To

transform - (2.56) to a function defined on T*( we introduce the weak Riemannian metric on C
defined by the kinetic energy; i.e.:

(Vg Wolx 1= J; VIXOWIX)g;(e(X)poux(G). (2.57)

In finite dimensions, a metric on a manifold induces a bundle metric on the cotangent bundle. In
infinite dimensions, on the other hand, this need not be the case. In the present situation we glvc an
explicit construction following Marsden, Ratiu & Weinstein [1980]. Let &= dde and Bq,
BedV € T*C® IA (B)], where V=i (G) is the volume element. Then dq,/(podV) and
Bw/(pod\/) are one-forms over ¢ € Cso that, evaluated at @(X) become elements of T (xS,
Now, Ty (x)S is a finite dimensional Riemannian manifold with metric g(@(X)). Consequently,
we have the standard index-lowering and index-raising actions induced by g(@(X)); explicitly, as
in (2.24a,b), for any V ,(X) € To(x)S and @ o(X) € T*g(x)S we define the associated
one-form and vector field by

VE(X) = g, (@OIVIOOAXS @) = gile()ayX) ga_ (2.58)
X

This induces a bundle metric on T*Cby the expression

(A B :={Ve Wo), (2.59)
where V(X) = [ay/(podW)I” =lay/po)” and W(‘,(X)=[.-§q,/(podV)]ar . We shall denote
by Il - I the bundle norm defined by the metric (2.59).

With this notation, define the material momentum density as:

M, :=poVe, W(G) e Tg C. (2.60)
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In view of (2.57), (2.59) and (2.60), the kinetic energy term in (2.56) becomes [Mell/2 and the
Hamiltonian takes the form:

Hg 0., ©) =5 IM, 12+ [ oW 0, EGRG. @61)

Again, we observe the H: M x T C x Mz — R depends parametrically on the metrics g and
G. In addition, H subject to the covariance assumption.

ii. Convected description.. To express the Hamiltonian in the convected representation
we first transform the kinetic energy term using relation (2.7c) between convected and material
velocity fields. We have, in coordinates,

lIm, 112 = ﬁ P XIVEIVEX)g 1 (@K G)

- '3po(x)F*'A(x)x:"g(x)gab«p(x»1/‘(x>a)*(x>ux<c>

- :Bpo(X)CAB(X)‘l/‘(x)’l}a(x)ux(G). (2.62)

Sometimes, and in what follows, we shall write pyx(G) as just p(G), suppressing the variable X.
In view of the integrand in (2.62), we define the convected one-form mementum density to
be M =M ®u(C), where M is aone-formon B, and W(C) is the convected volume element

defined by (2.32), as
M : = [po(X)Ca(X) TBOO)IAXA ® W(G)
= [RX)CApX)BX)1dXA @ p(0). (2.63)
(Recall that R is the conveted density). Consequently, we have the equivalent expression

M :=pV5,® u(G) = RV, ® u(C), (2.64)

where P : TB—— T Bdenotes the lowering-index action induced by C, as defined by (2.24a).



§2. Covariant Formulation of Elasticity 19

Again this construction induces a bundle metric given, locally, by the expression

oot 1 b oach
M, M) = J; 5900 1, M)uG), (2.652)
where
LMY - = (P X)) (X)) PBX))CarX) (2.65b)

is the local inner product induced by C on T B. The Hamiltonian in the convected description
then becomes

HOL.C,G):= % 1, M) + _[3 poW(C, GIu(G). (2.66)

Note that the kinetic energy is now a function of M and C alone. We also note that the kinetic
energy is just one half the squared-length of the momentum density in the metric on the space of
convective momenturmn densities that is induced by (2.65). We regard (2.66) as the energy induced
on the original phase space of ¢, l—“l-q,. g’s after factoring by the group of spatial diffeomorphisms
Diff(S). (Again G enters parametrically). This idea is central to the reduction procedure that will
be explained in the next section.

iil. Spatial description. The expression for the kinetic energy in the spatial description
readily follows by recalling relation (2.7b) between material and spatial velocity fields. We have

7 M2 = 3] w00V o0V Xea e ix(@)

] 2
=3 o® p(x)V (x)vb(x)g.b(x)ux(g). 2.67)

Thus, we define the spatial momentum density 'm—t as

my = pvif ® () (2.68)
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where B: TS — T*S now denotes the lowering-index action induced by the spatial metric g. As
in the convected description, this defines the bundle metric

(i, i) = j - 3%5 m (GOm0, (). (2.60)
(A t

in terms of which, the kinetic energy in the spatial description becomes (m,m) /2.

The central issue in the Hamiltonian formalism in the spatial description concerns the
appropriate formulation of the potential energy term in such a way that the assumed form of the
stored energy function does not preclude anisotropic response. Early attempts, e.g., Marsden et al.
[1983], have been restricted to isotropic response. In the present context we proceed as follows.
Let

-1\A
MW" 2 g gy, (2.70)
an axt

f:=-T¢;,'; ie, f(x)=-

be minus the inverse deformation gradient. Assume a covariant stored energy function of the form
W=w(g.f,Gooq), (2.71)

where, as in the preceeding descriptions, we regard W as depending parametrically on G.
Covariance is now understood in the following sense:

wg f,Gogl)en = wnag,f,e TN}, G o p-lonl), (2.72)

That is, right invariance relative to the group Dif1(S). Before proceeding further we remark on the
interpretation of fy :TS——T3B. By performing a straight forward coordinate calculation we find:

(2.73)

b
-g-;f“.+ ﬁv‘@f"b o =0.
ox® ox*®

Itis apparent that (2.73) is the coordinate expression in a chart {x2} of a one-form on 5. This
motivates the interpretation of Ty as a collection of one-forms: A 5~ T*§, (ie. a vector
valued one form) rather than a two-point tensor, i.e.
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f,= 5;{—; ® Tk n‘,‘ =12 dx". (2.74)
Expression (2.73) then reads:
Jd . _aA A_
ST+ L, =0 2.75)

That is, Ty is lie-dragged by the flow of the spatial velocity field. With these observations in mind,
the Hamiltonian in the spatial description now reads:

H(g, m; f, G) = % @, a>+j (
?,

ngp:v(g, £,G ¢ )ulg). (2.76)
Equations of Motion

We conclude this section with a summary of the equations of motion in the spatial, material
and convected descriptions.

i. Conservation of mass. Let ¢t € Cbe a motion, U © B a compact set, and e(Uu)e s
Conservation of mass requires that:

X = ; 2.
Jupo( iy (G) wa 0. (O (@ @.77)

By the change of variable formula, assuming enough smoothness, we have

@ (P, @) = (p, o 9)X)PlL, (@) = peXix(G). (2.78)
Alternatively, since 1L (@)o@=:J K (G) by (2.30), we have the equivalent expression

PoX) = (p, ° )T (X). 2.79)

i.a. Spatial Description.. From (2.78) it follows that

P %wf (pu(g) =0. (2.80)
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The Lie derivative formula (2.16) then yields:

Lp,®pn@l=0. (2.81)

Aliernatively, using the fact that Lyn(@)=(divgv)i(g) we recover from (2.81) the classical
expression

o,
-—a-t—l +divg(p,v) = 0. (2.82)

Note, however, that either expression (2.78) or expression (2.81) are more convenient than the
classical relation (2.82). This observation is crucial in our subsequent development of the Poisson
bracket.

i.b. Convected Description. By taking the pull-back of (2.78) and using standard properties
of the Lie derivative we obtain:

O=¢[L,(p,® p@) =Ly (@ p, ® ¢; H(). (2.83)

Using (2.15), (2.30) and (2.33) we obtain

Ly (RO UC) = Ly (po ® u(G) =0. (2.84)

Equivalently, by exploiting the connection between Lie derivatives and volume elements we have:

3
X Div(RV) =0, 2.85)

i.c. Maiterial Description. From either (2.78) or (2.84) we obtain:

9po
- =0, (2.86)

which constitutes the statement of conservation of mass in the material description.
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ii. Conservation of Momentum. We summarzie below the covariant version of the
classical forms of the local momentum equations in the spatial, convected and material descriptions.

ii.a. Spatial Description. Assuming for simplicity zero body forces, we have the classical
equations

. v,
divy 0 = p‘[—af + Vv‘v‘]. (2.87)

To express (2.87) in covariant form; i.e., in a form independent of the choice of coordinates; and in
terms of the spatial momentum density, we proceed as follows. Time differentiation of definition
(2.68) for My and use of (2.87) yields

am‘ apl 6

=t e ue - 0, - @ivge)) @ p(g). (2.88)

On the other hand, by the Lie derivative formula:
— N N b
L, m=p L, v)®ulg+dp v)v; ®pulg +pyv ®L, nlg). (2.89)

Using again the fact that L(1(@)) = [divgV]iL(g) along with the spatial counterpart of (2.26),
(2.89) becomes

— 1 .
L,m= [p‘(Vv‘v‘)b +5pd lv, Ig + (dp,- v,)vf’+ p,(dlvgvt)vf] ®ug. (2.90)
Adding (2.88) and (2.90) and using the continuity equation (2.82) we finally obtain

-
—:;1—1‘—+Lv‘ﬁl =[(divgo)"+%dleﬁ]@u(g). (2.91)

Which constitutes the desired expression.

ii.b. Convective Expression. By pull-back of the classical balance of momentum equations
(2.87) one finds:
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ov
DI:VC z = K[‘s{"‘ +Vv‘vl]; z =2T . (292)

The covariant version of (2.92) may be obtained by an identical argument to that leading to (2.91),
now phrased in the convective description. Alternatively, since

d - om,

by pull back of (2.91), one finds

d
M [(DWCZ) + =t dlv|2]®u(C) (2.94)

ii.c. Material Representation. For completeness we also record the form of the momentum
equations in the material description. Making use of the Piola transformation (e.g. Marsden &
Hughes [1983, Chap. 1]) from the spatial form (2.87) we obtain

t

oV
DIVGP=po—5-~; PF/=FP" (2.95)

where P = chFl" is the (non-symmetric) first Piola-Kirchhoff tensor.
In the next section, we show that the field equations in the convected description are

Hamiltonian relative to a non-canonical Lie-Poisson structure on the material phase space reduced
on the left by the group of spatial diffeomorphisms.



§3. The Hamiltonian Structure of Threee-Dimensional
Elasticity in the Material and Convective
Representations

In this section we show that the equations of elastodynamics in the convective representation
are Hamiltonian relative to a non-canonical Poisson structure on the space of pairs (M, C), where
M s the convective momentum density and C is the Cauchy-Green tensor, as in the preceeding
section. This means that the equations of elastodynamics are equivalent to the following condition:
For any function f(M, C),

f={f,H]}, (3.1)

where H is the Hamiltonian, given by equation (2.25) and the bracket { } appearingin (3.1)
satisfies the usual conditions for a Poisson bracket, including Jacobi's identity (see, for example,
Marsden et al. [1983]).

This bracket is obtained by reducing the canonical bracketon T*C by the group of
spatial isometries of the metric g on S. Equivalently, as in Marsden, Ratiu and Weinstein
[1984a,b], we can add the metrics g and G as a parameter and then reduce the cotangent bundle
T*( Mg x Cx Mgp) by the left action of Mg x Diff($) x Mg. Asisshown in this reference,
the result is the same as reducing M x T*Cx Mg by the action of Diff(§). This reduction
procedure will be explicitly explained by direct calculation in what follows. Before reading this
section, the reader may find it helpful to first review the parallel case of rigid body dynamics in §4.

The Canonical Bracket on the Material Phase Space

We start with the canonical phase space T*C, the space of configurations @ € C and their
canonically conjugate momenta —]\—4(‘, =M, ® H(G), the material momentum densities. in
addition, to accommodate the covariance assumption and the influence of the reference
configuration (i.e., anisotropy), one introduces the spatial and material metrics, ge Msand G €
Mg, as additional parameters. Consequently, we consider the material phase space.

P = Mg x T*Cx Mp. 3.2)

We write f(g; ¢, T’lq,, G) for functions f: P, »R.
To define the canonical bracket on P,,, we start by introducing the notation of the partial
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Fréchet and functional derivatives of a function f: P, —R. The partial Fréchet and functional
derivatives of f: ¥, +R relative to Mg is defined by considering a curve £+ Mg + ESK’I_(P
€ X*(B) and setting

d
DM',f- SNLD = EE- .o of(g, Q, MW + €8M‘P’ G), (3.3)

where SMQ, :=8M, ® W(G) is a one-form density covering ¢ e C.

The definition of the partial Fréchet derivative of f : P, - R with respectto ¢ € C
requires some caution since T*C is not simply a product space. Essentially, one needs to "fix"
-l\_/lq, while allowing @ € C to vary. To formalize this intuitive notion, we proceed as in Lewis,
Marsden, Montogmery and Ratiu [1987]. We identify T;S with @(B) x (R3)* and denote by
Mq, : B— (R3)* the principal part of M,; i.c., the projection of M, onto ®R3)*. Thus we
regard M,, as mapping the following spaces:

*

My=0xM,:Bo @(B)x R)* = T,S. (3.4)

As usual, we set —M—cp :=M;, ® pu(G).
With the foregoing identifications, let €+ @, € C be a smooth curve such that

d
Sp:= R ToC. (3.5)
Then, set
M[:=<p£xﬁ’l‘p®u(G)
and define

d
Dyf - 8¢ := 5= |£=0 £(g; 0, My ; G). (3.6)

Next, we define partial functional derivatives. Since boundary conditions are involved, we consider

two possible situations.
i. Pure displacement boundary conditions. The configuraitons ¢ € C are restricted as

follows:

¢ | a8= ¢ (prescribed) (3.7a)
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Consequently, the admissible variations Vg € ToC must satisfy:
VoX) =0, for Xe B, (3.7b)

so that
M X)= O, for X e B. (3.8)

We now define the partial functional derivative, 5f/ S¢ = (6£/8¢) ® u(G), as the
one-form density covering @ € C, which is given by the relation

D,f - 5(p=Lg g .50 =J$% « 59 u(G). (3.9)

Similarly, the partial functional derivative (Bf/S—I\Zq,), is a vector field covering ¢ e C
given by the expression:

Dy -89, = [ T 59, = [ £ v, 10 (.10)
&M, &M,

with these definitions, the canonical poisson bracket { -, } : F( P ) X F( Pen) — K takes

the form:

&l
iR

{f, g} =L{

ii. General Boundary conditions. Next we consider general boundary conditions of mixed

f-—%——s--—sjf—J G.1D
M, M,

type. Assuming dead loading, we have
¢ | 3,3~ ¢ (prescribed) (3.12a)

PN |, g=1 (prescribed) (3.12b)

where P is the first Piola-Kirchhoff tensor referred in (2.9.5), and N is the normal to dsB and
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closure (aq,@ U 0,B) = closure(dB) and 0,BN0;B =0D. (3.12¢)

To account for the traction boundary conditions on 9d4B, we modify our definition (3.9) of
functional derivative as follows. We set

D¢f'5¢=_[$%'5¢+ja$%’5‘?|a,'19f (3.13a)

for all variations 8¢ € T, C satisfying the essential boundary conditions; i.e.,

5([) l 89$ =0. (3.13b)

Here, -A—f/&p is a one form density defined on points X € 85B. For further elaboration on the
possible alternative defintions of partial functional derivatives that account for the (natural)
boundary conditions (3.12b) we refer to Lewis et al. [1987].

By defining

8 of o _ Af (3.14)

5 &P * %o 5 M, &M,

where 8@0@ is the Dirac delta measure on ‘B which is concentrated on 0B, the standard defini—

tion (3.11) of the canonical bracket now becomes

A&
{f.g}= J‘ —&p —h_;:
+J‘ [% O _?8%_?{_ %G) (3.15)
Mw 3B M, 15,3

where Xf/&p = Af/5¢ ® u(G) is a one-form density covering ¢ : B— S, and Y(G) isthe
surface area element on dyB induced by G.

Proposition 3.1. The canonical Hamilton equations f= {f, H} on material phase space, T,
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yield the material balance laws.

, in B (3.16)
T
0 daW(g o @, §, G)
—%:DIV(J’@}I(G), P=po & quCF /
and
%?:V‘ on d4B, and f =PN on 0,B.

Proof. The Hamiltonian in the material (Lagrangian) description is given by (2.56), i.e.,
1 Y
H(g: o, MQ, G) = -5“;; polvtl2 n(G) + Iﬂ poW(g o o, T(p/g) w(G)
- ‘THG). (3.17)
_[_90 5% A

where My =M, ® W(G) = p,Vb, ® u(G). By considering a curve £ @ € C with @y, .o =
¢ and (doy/de)l; - o =8¢, and keeping in mind the identifications elaborated upon above, we find

D‘PH-S(p:JﬁpO-%v—:-:GRAD&p®|.L(G)—Lq;S(p'iy(G)

=| -IDIVGP ® WG)) - PN-1) 8¢ Y(G). 3.18
L[ P8 WG 5(p+jaa$( ) 50Y(G) (3.18)
It follows that
A bvdPeu@) L= @R -i)®¥G) (3.19)
¢ T be
Similarly one finds
SH _y. (3.20)
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The canonical bracket (3.15) then becomes:

{f, H} = j A v+ B pvg e pe)
&M,
of S
+Lo$[36 Vol 5+ €-PR) -;;;

3,B

On the other hand, for any f: 7., - R we have:

: Af._afe S M, [ 2 D
=)a% +81% ot +J:>°€B&P atIa'BKG)'

By comparing (3.21) and (3.22) the result follows. M

The Reduced Convective Phase Space

] ¥G).

30

(3.21)

(3.22)

As remarked in the introduction, the reduced phase space in the convective representation is
obtained by left reduction of the material phase space by the group of spatial diffeomorphisms

Diff($); i.e.,

P, : = Diff(S\P.,,

(3.23)

Our discussion in the preceeding section on the Hamiltonian structure of elasticity in the convective
representation led to the functional form H(C, ™M , G). Correspondingly, the left reduced phase

space P..,, is
Poov - = So(B) x X*(B) x Mg

where

S,(B) = symmetric, covariant rank-two tensors on ‘B.

(3.24)
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X*(B) = convective one-form densities on B.
Mz(= S,(B)) = Riemmanian metrics on B.

Thus, by left reduction of the material phase space to the convective representation, a function {:
P..n — R is transformed to a function f: 7, — R through the change of variables:

@ 9. My, G) =f(g*g, (Te)T o M,, G) (3.25)

where (T@)T =FT TS — TB is the transpose of the deformation gradient, F = T, M=
(Te)T o Mg € X*(B) is the convected momentum density, and C = ¢*ge S,(B) the right
Cauchy-Green tensor.

Conceptually, the procedure to derive the Poisson bracket for the convective representation is
straight forward: One simply expands the canonical bracket (3.11) using the chain rule and the
change of variables (3.25), to obtain the desired expression in terms of the convective variables (C,
M.G)e Peonv-

Before proceeding with this calculation, we make some additional remarks. First, if C were
a group, we would expect the reduced bracket to be of a special type, namely a Lie-Poisson bracket
on the dual of the Lie algebra of a semi-direct product (see Marsden, Ratiu & Weinstein [1984a,b]).
We shall see analogues of such a structure here. Because the boundary of B canmove, C is
not a group and indeed our bracket differs from a semi-direct product Lie-Poisson bracket only in
boundary integral terms. For another bracket in spatial representation, see Lewis, Marsden,
Montgomery & Ratiu [1986] and also Holm, Marsden & Ratiu [1986].) The boundary conditions
here can either be displacement, traction, or a combination thereof. In the former case we restrict
C , which imposes corresponding restrictions on V' and M™.; specifically, if a portion of
3B is fixed, M will vanish on that portion. For traction boundary conditions we add a
corresponding boundary term to the Hamiltonian as illustrated above.

Second, we observe that given a dynamic solution M (X, t), C(X, t), we can
reconstruct the original motion (X, 1) by constructing 1 with (2.24a), and then solving the
ordinary differential equation:

Y (x, t)

m = D(y(x, t), t), (3.262)

and finally letting
o=yl (3.26b)

This is a special case of the general reconstruction procedure that is used in reduction theory. (See
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Abraham & Marsden [1978]).]
The Poisson Bracket in the Convective Phase Space

As in our development of the canonical Hamiltonian structure, we begin with the definition of
partial Fréchet and functional derivatives relative to the convective variables (M, C) € X*(B) x S,

(B).
Let € ¢, € C be a smooth curve with Qe - o=@ and d/deje . o @, =8¢ & T,C.
Then, e~ C, : = (p:g is a curve in S,(B) with tangent vector given by

d *
5 1= |, Ce=0"Lisor 918 = Lirg o s0C 627

Similarly, e+ M, : = po(T@)T o VB, ® p(G) is a curve in X*(B) whose tangent is computed
as follows. Recall that

GRAD 8¢:= < T (3.28)

so that the following relation holds
T‘F-/o S(P
GRAD 8¢ =T¢ o V($—-S¢), (3.28b)

where V denotes covariant derivative relative to the convective metric C = ¢*g; ie., VW =
Nh 9/0XA @ dXB, with Al =0NA/OXB + T'A;- ML, Then, we have

M, = [GRAD 8¢]" M,
Tf
= [V(To™ o 5¢)1" %" M

= _ d
8M—d£ £=0

=[V(Te™ o 51" (3.29)

Consider next functions f:2.,, - R and f: P, — R related by the change of variables
(3.25). By the chain rule, we obtain
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Df -8p=5| f(C,.M, G)=Dcf5C+ Dy &M, (3.30)
e=0

where 8C and 8M  are given by (3.27) and (3.29), respectively. We define the partial
functional derivatives of t: P, , 3R as:

> (3.31)

Thus, 81/5C = 8f/5C ® u(C) € SH(B) and 5f/6M € X(B) where S3(B) = SAB) ® |A¥(B),
the space of contravariant tensor densities, is the dual space to S, (B). We assume that no

boundary term contributions are present in the definitions (3.31). From (3.29), (3.30) and (3.31)
we obtain

Ey _
D - 8¢ =j$ Lerg « MC+ A Ty F)]n

5 - ) ’é 5t
= [ & iLae e soCrLe Vg™ ¢ BQE (332

We now state the main result needed in the derivation of the Poisson bracket in the convective
representation.

Lemma 3.2. Assume mixed boundary conditions of the type (3.12) with zero traction vector;
ie.

M, =0on 83 PN=T=0on B (3.33)

Then:
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= - (TQ)—T) a)i«V(:(sf) ® u-(C) in 3;

A

To M) o £E. N on 3,3, (3.34)

~y

gl gH

-%—=T<p o_Sé
&M,

where £ =E;® p(C) is a mixed (covariant-contravariant) tensor density, defined as

£, :=[r—1 ® 5% +2C g] (335)

Proof. Set W :=Tg ! o8¢ € X(B). A coordinate calculation shows that (L,,C),p =
Wals + Wh|a. Therefore, (3.32) becomes:

F.50= JacE 1 ed]- E.
D,f 5¢'J$VW~[2C 5C M Sﬁ_] —J;VW.EI. (3.36)
Use of the divergence theorem yields:
Df « 8= J’B- We DivcE) @ u) + ng" “EN ® Y(O), (3.37)

where Y(C) is the surface element induced by C and N the one-form normal to 3B. Since W
= To-10 8¢ and 8(9[8;%*: 0 from (3.13a) and (3.37) we have
/

f & T4y
J$§¢°5¢+Lg% -&placgz-—.[ﬁ&pﬂ‘cpTDI«V(;(E;)@LL(C)

+ Iaog 8(p laog i Tcp'TEf ® 'Y(C) (338)
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and result (3.34), , follows. Relation (3.34); also follows by a similar calculation. m

The Poisson bracket is now obtained by substituting relations (3.34) into expression (3.15)
for the canonical bracket. This yields

{f, g} = j [ -ch(tf)—&—-nwc(s )]@ u(C)

S .en_ O,
+L,a3(5ﬁ EN- = Eg)eoy(m (3.39)

Use of the divergence theorem leads to
£, =j vi):z (v -—) 3
{ g} 3 ( £ 2

_J [._& ng__B_f..f; N] ¥C). (3.40)
9,8 &M M

Since M |8(P$ =0, from (3.35) we have Efla(pB =2C &f/8C. By recalling the definition of
the bracket of vector fields in X(B) and using (3.35), (3.40) reduces to:

{f,g}=_[$;t° [% ffg-f]+ L; (vf%)c;zgé-- (V%)C::%‘%

S O o &
- oA n-E., C). 3.41
Ia,as[sn 5Ny ]K ) G40

The following theorem summarizes the various expressions for the Poisson bracket:

Theorem 3.3. The reduced poisson bracket on the convective phase space has the
Jollowing equivalent expressions
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i) {fg) =j'$:'~i- [TS—%— f%]

f . 8. & 5 «
- C:| L2 N0 g2 0L
Lﬂ [a’ﬂ‘® - Le2 CN]y(C) (3.422)
i) =jr—1- o 8f +J‘[BT L8 C - —5-1,& c]
B M M. g L0OC "~
_ 08 o, O g O o, 08¢
L,@C'[m®25CN =© 25 N] +O) (3.42b)
i) = R-[S_f_, -§§:]+ C:[L_Qg_ A s —52]
B M | I3 a1 OC ey OC

- jaw[(c : %)(g{ ’ &) - (C : '5%)( :% . &)] YC). (3.42¢)

Proof. Expression (3.42a) follows from (3.41) by the divergence theorem. Expression
(3.42b) follows from (3.41) by the coordinate expression for the Lie derivative, L, C, and the
symmetry of 8f/8C. Finally, expression (3.42c) follows form (3.41b) by integation by parts. B

We observe that for pure displacement boundary conditions, the boundary term vanishes in
expression (2.42a) since dgB =&, whereas for traction free boundary conditions the boundary
term in (3.42b) vanishes since d,B= 2.
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Corollary 3.1. Hamilton’s equations f= {f, H) are equivalent to the convective equations of

motion

%:[%Rd{v|%+ (DivCZ)b] ® u(o

aC

o =1,C (3.43)

IN=0 on 9,8 (with M =0 on 3,B).
&
This follows, as we remarked earlier, by the general theory of reduction. For completeness
we include a direct verification of this statement.

Proof of Corollary 3.1. From (2.66), the Hamiltonian in the convective description is
H(C. M, G)= 3 LBR V|2 0o + '[B RW(C, G)(0) (3.44)

where M =M ® p(C) = RV5 ® p(C) = pV® ® u(G). The partial functional derivatives are
computed in the standard fashion by considering curves €+* Cg e S,(B) and e M €
X*(B) and using the directional derivative formula. One finds

&H
RV ®V + Z]1®u(C); —=V. (3.45)
RV + B o=

8H
5C

o —

Using (3.45), and the definition of the Lie bracket of vector fields in X (B), the first term in
(3.42b) becomes:

I$R° [f;% %J:jﬁﬁ-[%,v]: J‘gﬁ Ly V. (3.46)

The second term in (3.42b) reduces to:
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Ig’é— 1::42 C= B% : LyC. (3.47)

r

The last term in (3.42b) requires a move elaborated computation. First, we use the derivation
property of Lie derivatives to obtain:

.’OT* . oH
LsS L3 c_—j Lm .gc—)+_[$c.r,,%_% - (3.48)

Substitution of (3.45); into (3.48) and use of standard additional properties of the Lie derivative
yields

M= Les w2 ~(C:
jﬁ 5C LA C =] LI WE® Ru(C)-(C:2) & u(C)

J C: [(L 8f V)®V ® Ru(C)] + 2'° LY [R® n(O)]
g

1 .
+L;3 c.L% 2 ® uO)]

= X 2 ML 5 ]
—JB[ZdIVICu(C) M La%v

[C LY 2 L5 (C:2)]eu0). (3.49)
& B

By exploiting the symmetry of Z and the expression in local coordinates for the Lie derivative, the
term C: Lgysm 2 becomes:

JCL S
m

2 dC: z>-§-(v%):z

1L_8L(C:Z)—(v ﬁf—): 3, (3.50)
27 ST
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where in coordinates, (V 8{/6M) : £ = (3/8M,);5 Cap Z PB. Substitution of (3.50) into (3.49),
use of integration by parts and Gauss theorem then yields

8f

IQSC. [§d|v|%+(nwc2)"]®p(c)

+f —D'wc( —§f-)® (©-M L3V
B ™M 35

43% (3 a|v[E+ @wc 2P @n©

of b —
- — «EN) YO - | MLV (3.51)
9B &M X '[9 ™M
Substituting (3.46), (3.47) and (3.51) into (3.42b) yields

&

{f, H} =LB %:ch X [-;Sd]vl%un'wc Z)b:]@u(C)

of = \b
-— —— § N

5 . \° B . 6 :
’L,g[" (25t GV - N)]y(o. (3.52)

Since V |8¢$ =0 the boundary term in (3.52) collapses to

of ~ b
- — ¢(2LN 0. .53)
jﬁ CRP O) 3

(-]

On the other hand, for any f: P, = R, we have
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o [ I 2 _gf_...'.
f—jﬂs-c.C*-m M.

Comparing (3.51) - (3.52) and (3.54), the desired result follows. B

40

(3.54)



§4. The Rotation Group and Rigid Body Dynamics

In what follows we summarize some basic notation and elementary properties of the rotation
group needed for subsequent developments. For a more detailed account we refer the reader to
standard textbooks, such as Abraham & Marsden [1982, §4.1] and Choquet, DeWitt-Morette &
Dillard-Bleich [1984, pp. 181-194]. We then review the Hamiltonian structure of rigid body
dynamics.

The Rotation Group and its Lie Algebra

Following standard usage, we denote by SO(3) the Lie group of proper orthogonal
transformations, i.e.,

SO3) := {A :R* 5 R3 |Aislinear, ATA =1, anddet A =1}. (4.1

SO(3) is a compact subgroup of the general linear group GL(3) . Its Lie algebrais s0(3) := (®
: R3 5 R3 I@ is linear and © + OT = 0}, the set of all skew-symmetric tensors. In
coordinates, relative to an orthonormal basis {€,} in R3, wewrite © = Oi e ®el, ©
= ©le,, and, in matrix notation,

0o -0° @2 e
[6] = @ o -e!'| , (e} = @2 |, 4.2)
_@2 @1 0 @3

Recall that s0(3) and R3 are related through the isomorphism ~ : R3 — s0(3), defined by
therelation 6h = © x h, forany h € R3. Here, © € R3 is the axial vectorof 6
€ s0(3) , and X denotes the ordinary vector product. Physically, A € SO(3) representsa
finite rotation while infinitesimal rotations are linearized rotations about the identity.
Geometrically, one speaks of SO(3) as the tangent space of SO(3) at the identity | € SO(@3)
, and employs the notation s$0(3) = T{SO(@3).
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Left and Right Representations of the Tangent Space to SO(3)

Given any A e SO(3) , elements 9/\ of the tangent space T ASO(3) at a point
A € SO(3) are represented in two alternative forms:

() Left invariant vector fields defined by the relation © AETL Aé , where O €
s0(3) , and LA : SO(3) = SO(3) denotes left translation; ie., LAA; = AA,. A
simple calculation yields (3 A= NGO . Accordingly, we have the following identification of
TASO(3):

TASOB) = {Bp = AO | forany © e s0(3) } . (4.32)

Geometrically, an element ) A € TASO@3) corresponds to a finite rotation superimposed onto
an infinitesimal rotation ® e s0(3) .

(1) Right invariant vector fields. The characterization is identical to that in (i), with left
translations replaced by right translations R, : SO(3) — SO(3) definedas RaA; = AA .
This leads to the representation

TASOB3) = (6p = 6A | forany & € s0(3) ) . (4.3b)

Geometrically, an element é A € TASO(3) represents an infinitesimal rotation
superimposed onto a finite rotation represented by /A . Following the general conventions we use
in elasticity, left invariant vector fields at a point A are denoted by upper case letters; i.e.,
@, . Wethinkof © e s0(3), withaxialvector ©® € R3, asamarerial object with
coordinates ®! relative to a material basis {E,} . In the context of rigid body dynamics one
often speaks of body representations and body coordinates relative to the body frame {t,}
defined by t, := AE,; . On the other hand, right invariant vector fields at a point A are
denoted by lower case letters; i.c., 6, . One thinks of & € s0(3), with axial vector © e
R3, as a spatial object and coordinates ©' relative to a spatially fixed basis {e,} . In
the context of rigid body mechanics one speaks of the spatial representation .

The Dual of the Lie Algebra

We also recall that s0(3)* , the cotangent space at the identity | € SO(3) , is
isomorphic to [ R3, x] and to 50(3) via the dot product; that is, we also identify elements of
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$0(3) * with skew symmetric matrices and use the map # and the pairing given by

mw) = mw = T'w , 4.4)

1
2

where TI:W = tr[TTTW], and we have used the notation A:B = Al;B)J forany AB €
GL(3). Thus, the duality pairing

oy T;\SO(3) x TASO(3) = R (4.5a)
is defined by
- 1 A . T 1 -
<ﬁ/\. Wa> = ;tr[ﬂ,\w/\] = ;ﬂA:W/\ . (4.5b)

Note that this duality pairing is left -invariant in the sense that

(Tip, WA = -tr[ﬂTATAw] =<MW o= KW 4.50)

‘l
2

The Exponential Map

Finally, we recall that the straight line € +* €6 e T,SO(@3) , for € > O, is mapped by
the exponential map onto the curve

£+ expled] = [Z ek ] e SO(3) . 4.6)
k20

Note that for the case of 6 € S0(3) one has the following explicit formula often credited to
Rodrigues (Goldstein [1980, p. 165]):

a1 = 1., SiNI6] 5 . 1 sin¥(|e/2) 4, 47
A T A A 7 “r
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This formula is of fundamental importance in the numerical solution of initial boundary value
problems for geometrically exact rods (Simo & Vu-Quoc [1986a]).

Let us now recall the Hamiltonian structure of rigid body dynamics in the body (=
convective) representation. This is done to enable the reader to see the parallel with the
developments in the preceding and subsequent sections. It is also useful to keep this parallel in
mind for the problem of coupled dynamics (Krishnaprasad and Marsden [1987] and Krishnaprasad,
Marsden, Posburgh, & Simo [1987]). For further details on rigid body dynamics in this context,
see Marsden, Ratiu & Weinstein [1984b].

The configuration space is € = SO(3) , and the Hamiltonian H : T*SO(3) = R s
given by

H=-T1I70. (4.8)

1
2

Here, I is the inertia dyadic defined in terms of the Lagrangian coordinates X = (X!, X2,
X3) as

1= | a0 [ X2 -xex]ex, 49)
Q

and TT isthe body momentum defined as

.V
m = 1[ATA] . | (4.10)

We observe that H is invariant under spatial isometries ; i.e., invariant under the left action of
SO(3) . Reduction by this symmetry amounts to considering functions f: T*SO(3) - R of the

form
TN, TTA) = T(ATITA) = T71) . (4.11)

The canonical bracket on T*SO(3) is given in terms of the duality pairing < -, * > :
T/:SO(3) x T ASO(3) = R defined by (4.5) as

_ M8 % y_¢09g B
{r.a}= 2[(8/\ . aﬁ,\> (3 aﬁA>]' (4.12)
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The Lie-Poisson bracket on the reduced space P = SOBNT*SO(3) is obtained with the aid of the
results given below.

Proposition 4.1. The following formulae hold

afr _ 1 § 3T

= 5 A [m =1 . 4.13)
3T of .
— =z A — . 4.14
a1 A [BTT @19

where T (1IT) = T().

Proof. To prove (4.13), observe that for any /A € T,SO(3) we have the left representation

§A = AS®, where §0 e so (3). Thus, by the chain rule and the left invariance of the duality
pairing we have

il

of
C —.8A> =X
oA on

AT Tip >

o7
= <-=—=,801
< P >

of
= (- — .86 ).
< aﬁ8>

of
Since —— € s0(3), itfollows that
N

of _ ., ar
o A=K ~[n aﬂ]' 56 >,

so that, on setting T(TT) = T(IT) and recalling the Lie bracket relation

AB - BA = [AxB],

we obtain
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of 1 ot 1+
— 8N\ ) = - — X » 8 D,
<ox > A [ o 1" sA>
and result (4.13) follows. An analogous calculation holds for the formula 4.14).m
Substitution of (4.13) and (4.14) into (4.12), and the use of standard vector product
identities yield the result
X 39
f, = -Ml —= x == , 4.16
(r. 9) [ * 3] @16

which is the standard Lie-Poisson bracket for rigid body dynamics. The equation f={f, H} is
then easily checked to be equivalent to Euler's equation for rigid body dynamics: M=QxT,
where € = ATA is the body angular velocity.



§s. Geometrically Exact Rod Models

The static version of the rod model summarized below goes back essentially to Reissner
[1973] who modified the classical Kirchhoff - Love model (see Love [1944]) to account for shear
deformation. An equivalent model, formulated as a constrained director theory - the so-called
special theory of Cosserat rods - is due to Antman [1974] - see also Antman & Jordan [1975],
Antman & Kenney [1981], and Antman [1984] for some applications. The dynamic version along
with the parametrization discussed below is given in Simo [1985]. For completeness, a brief
account is outlined next.

The Configuration Space

From a physical standpoint, the configurations of a rod deforming in the ambient space R3
may be defined by specifying: (i) The position of its line of centroids by means of the map ¢ :
{0,L] - R3, and (ii) The orientation of cross sections at points S € [0,L]. This can be done
using the orientation of a moving basis {t;(S) ‘ 1=1,2,3} attached to the cross section relative to
a fixed frame (E; l 1=1,2,3}, referred to as a material frame in what follows. The moving
basis is described by means of an orthogonal transformation A : [0, L] = SO(3) such that ty(S)
= AGS)E;.

If we view the rod as having a finite cross section given by acompactset Q C R?
with a smooth boundary 92, then the placement of the rod in its reference configuration is
determined by a map & (S) = (¢y(S), Ag(8)) in such a way that the corresponding set ocupied by
the rod is given by

2
B= {X ¢ R? | X=0u(S)+ 2 EaA(S)E,, where (£1.52,8) e Q x[0,L]}
o=1
(5.1a)
Without loss of generality we can assume that “(po'(S)" = 1, so that L is the length of the

reference line of centroids. Typically, one chooses Ag(S) so that Tj(S) := Ap(S)E, is the
Frenet frame associated with the curve @g; that is,

Ts=g, Tz /| @ and  Tp:=TyxT, (5.1b)

Accordingly, we take for our configuration space the set
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c={9=(9 A)| [0,L] > Rx5003) }. (5.2)

For simplicity, we shall assume that @ and A satisfy pure displacement boundary conditions in
what follows; ie., @|s = o and A |s = o, are prescribed. More general boundary conditions
are handled by a procedure similar to that explained in detail in Section 3. Hence, the tangent space
at the identity configuration is given by

TidentiyC
= (59, §6): [0, L] > R*x50(3) | 89|50, =0

and8@|5=o'|_ = 0}. (5.3)

Left and right invariant tangent vector fields at a configuration ¢ € ( are defined below in the
standard fashion by employing left and right translations. Finally, associated with any configuration
® € C isits arc-length defined by the mapping

ey [ P8 :
Sel0,L]lrs=5(S) JO ” ar w(&)”d&. (5.3)

The arc length may be used to parametrize points on the center line of the current configuration. For
the convective description, this is not necessary, but it is convenient in the spatial description. We
shall tacitly assume that the rod does not self-intersect; that is, that on the image of the above
mapping, there is a well defined smooth inverse mapping X ™+ S, where X is a point in the
image of . The image curve is parametrized by the arc length and so we will regard the role of x
as being played by S in what follows.

Motions and Velocity Fields

A motion is a curve of configurations t € [0,T] — &, = (¢,. A{) € C, for some time
interval [0,T]. Associated with a motion, is the material velocity field V (S, t) defined by

] . ,
VoS0 = o 0= (¢.(5, 1), Ay(S, 1) (5.4)

Thus at any time t, the material velocity is an element of T¢C, the tangent space to Cat the
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configuration ¢ at time t. The spatial velocity field V¢(S,t) is defined by
vo(sv t) = (q')(s’ t)v A(Sv t))v (S'Sb)

where, as above, s = S(S, 1) is the arc length in the current configuration. Finally, the convected
velocity field D (S, t) is defined by the expression

VoS := ([AG.0]Te 5.0, [AG. 0]TAG, ). (5.5¢)
Since A(S,t) e SO(3), we can write
AG, )= AG, 1) WS, 0 = Wi t) AS, 1D (5.6)

where W(S,t) € sO(3) and W(s, t) € sO(3) . Accordingly, the convected and spatial
velocity fields can be expressed as

VoS, 0 =([AG, 0] 96,0, WS, D),
Vols, 1= (0, 1), W, 1) . (5.7)

Remark. One can easily check that the components of the spatial velocity in the moving frame
{£,(S)} are equal to the components of the convected velocity in the inertial frame {E}. We also
remark that the material velocity field V,, may be viewed either as a left extension of the convected
velocity field V¢ or as a right extension of the spatial velocity field vg,. B

Strain Measures.

As in the three-dimensional theory, we define the (one-dimensional) deformation gradient

as
o', 0 = (@S, 1), A'S,1), where () :=3/35 . (5.8)

Similarly, in parallel with the definition of velocity fields, starting from the (Lagrangian)
deformation gradient ¢ '(S, 1) we define convected and spatial strains according to
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convected material spatial

r's.o = [AGH]T ¢ 5,0 Gy ¥(s,1) = 39(S, 1)/3s
5.9

Q6,1 = [AG. H]TA'S, 1) A'S, 1) O (s, t) = [BACS, 1/3sI ATES,Y,

where s = ~ (S, t). We again note that the components of the convected strains in the material
frame {E,} coincide with the components of the spatial strains in the moving frame {t;(S)} uptoa
factor (because of the arc length parametrization that may be used in the spatial description.) The
above expressions can be derived from the three-dimensional theory by a duality argument
employing the formula for the stress power given in the remark below.

The Equations of Motion in Spatial Description
We associate with the motion t — ¢, e C Smooth vector fields N(s, t), M(s, t), and a scalar
field p(s, t) interpreted respectively as the contact resultant force, contact resultant couple, and

density per unit of current length. These fields satisfy the following spatial local form of the
equations of motion:

. . op
+ -1 —_—
p+(JJ-h) 3¢ - O

on —
= — 4 1
pAV 35 n, (5.102)
. om —_
pliw w><‘ﬁw]-as ¥Exn+m.
In these equations,
"= g. + _8_ §§ (5.10b)
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denotes the material time-derivative,and 7', ™ are the body force and torque per unit of current
length S = S(S, ). The role of the Jacobian is played by J = 35/85; (s, t) is the time
dependent inertia dyadic of the cross section relative to the moving frame {t]) given by

Ji=rBt, @ty + IB3t; 013 (5.11)

where J<8 and J 33 in (5.11) and A in (5.10) are inertia constants associated with the reference
cross section. ( Typically JxB:= o EoE8 dQ, o,8 = 1,2, and A := Jo dQ, where
&1, &2 are coordinates in the reference configuration defined by (5.1), and J33 is the torsion
modulus.)

Equations (5.10) give the local statement in the spatial description of balance of mass, balance
of linear momentum and balance of angular momentum, respectively. We refer to Antman
[1972],[1976] for a derivation of analogous equations from the three-dimensional theory.

Equations of Motion in the Convective Description

In the convective description, the balance laws are expressed directly in the inertial frame {E;}.
To this end we define vector fields N(S, t), M(S, 1), and py(S)  as pull-backs of their spatial
counterparts by means of the relations

[AG.D]T nes, 0,

NG, 1

[AG, 9] -mes, v, (5.12)

M,

Po(S) = IS, 0p(s, 1),

where 5 = 5(S,t) and J(S,t) = 95(S,1)/3S . We use the relation

OM . SiAIM ¢+ Q x M (5.13)
ds

and the analogous expression connecting N and N to obtain readily the following statements of
balance of mass, linear and angular momentum:

9P,

I
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oN

ApD + W x V] = + QxN+N,
oS (5.14)
PlIW + W xJW] = %2+an+rxN+F1‘.

where V = ATg is the convective velocity and J := ATjA is the time independent inertia
dyadic.

Remark: Within the context of the three-dimensional theory, N and M are defined as the
resultant force and the resultant torque relative to the line of centroids of the distribution of stress
acting on a cross section. The definition of ¥ and & is unique in the sense that the stress power is

given by

jQx[O'L]Pil': dr ds = Icp([D_L])[n-?SV+m-wV] ds = I[o,L]N'f‘ + M'Q] ds
(5.15a)
Here, P is the first Piola-Kirchhoff stress tensor, F is the deformation gradient of the configuration

given by

2
¢ = @(S,t) + E] Fat,(5,1), and Vs - w x (5.15b)
(x:

is the co-rotated rate measuring the rate of change relative to the moving frame.

Appropriate stress measures conjugate to the Lagrangian strains (¢’, /A’) may also be obtained
by either (i) left extension of the spatial stress measure (n,m) or (i) right extension of the
convected stress measures (N,M). For instance, the latter extension takes the form

Na := AN and Fip := AN (5.16)

Obviously, such an extension preserves the stress power. B

Constitutive Equations

In view of the expression (5.15) for the stress power, we characterize (isothermal) hyperelastic
response by the existence of a free energy function Y(S,%,w,A) such that
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n = oY(S.¥.w,A)
oY% ’
(5.17)
_ oy (5,%.w,A)
m = .
ow

By postulating that these equations are frame indifferent; i,e.,covariant under the left action of the
Euclidean group of spatial isometries, a further reduction is obtained as follows. Let t ¥ Q(t) e
SO(3) be an arbitrary superposed rigid body rotation, and let ®,* := ( Q(t)e, Q(t)A,) € C
Denoting by (*)* objects associated with  *, we have the relations

¥ = V)Y, n* = Qlt)n,
w* = Qt)w, m* = Q(t)m, (5.18)
yr =y,

Since ¥*(S, Q¥, Qw, QA) = Y(S, ¥, w, A), wechoose Q = AT to show that the
only possible form compatible with frame-indifference and locality (see, for example, Marsden &
Hughes [1983]) is given by

oV (sT.Q) M = oY (sS.I,Q)
or ' 3Q

(5.19)

Example. An example of a constitutive equation consistent with the above invariance
requirements and useful in computation (see for example, Simo and Vu-Quoc [1986b]) is furnished
by the uncoupled linear systems :

N = C\(I -T9), M=cCcny( - Q9 , (5.20)
where Cy and C) are symmetric positive definite and constant, I'0 = A Ty’ and QO =
AgTAy'. This ensures that the reference configuration ®4(S) := (pg(S), Ag(S)) is stress-
free. Linear constitutive models of the type (5.20) are analogous to the Saint Venant-Kirchhoff
model of three dimensional elasticity and are typically restricted to small strains due to the behavior
of V. We refer to Ciarlet [1986, Chapter 4] for a summary of appropriate growth conditions of .
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The Hamiltonian in the convective description
We define convected linear and angular momenta by
M = poAD and T = poil). (5.21)
If, for simplicity the body forces and couples pure displacement boundary conditions hold, then the
Hamiltonian is given by

L
H(T, Q) (M, ) =I ((A p)-1|M |2 + T-( pe?)~'T)dS
0

L

+ J ¥(S, T, Q)dS (5.22)
0

In the next section we shall consider the Hamiltonian structure of this rod model on the reduced
space P= SO(3) \T*C obtained by the left reduction of the canonical phase space T*( by the
special orthogonal group SO(3).



§6. The Hamiltonian Structure for Rods in the
Convective Material and Representation

In this section we shall derive the Poisson structure which makes the equations for our
geometrically exact rod model Hamiltonian. To do this we proceed in a way that is similar to that
for three-dimensional elasticity and for the free rigid body, namely, we reduce the canonical bracket
in material representation by means of spatial isometries. To carry this out, we begin by recalling
that the configuration space for the rod model is given by

c={o | ¢ = (@A) :[0,L]— R3x50(3) }. 6.1)
The tangent space to C at a configuration ¢ is given by
TeC= { Vo | Vo = (Vg Wp) : [OL]—— R3x TASO0(3) }  (62)
and the cotangent space is given by
T8C= {Me | Mo = (Mg, TiA) s [OL] — R3Ix TRSO(3) }.  (63)
For simplicity, we shall restrict our attention to pure displacement boundary conditions; i.e., Vg =
(0, 0) for s = 0 and s = L. Asremarked in the preceding sections, more general boundary

conditions are handled by procedures analogous to those considered in detail in Section 3. Next,
we introduce the duality pairing

o> TeCx THC— R

defined by
L ! -
< Vs, M¢,> = J [ MoV + 2 ﬁ/\:wl\] as. 6.4)
0

Recall that the reason for the factor 1/2 is that (4.4) and (4.5) imply that
ﬁ,\:WA = 2TI'W. 6.5)

Next we turn our attention to the formulation of the canonical Hamiltonian structureon T~ C.
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The Canonical Bracket

We consider functions f, g : Tq,”C — R so that the canonical Poisson bracket is given
by

{r.q} == 5r1¢> < an) : (6.6)

i 5T 8g Sg
i J LL 59 sMy ]ds
1 57 _8g _ 8g  _8f
> JO A S BA sﬁA] as . ©.7)

As in section 3, we remark that the Poisson bracket (6.7) is written as if the variables
(P,My) and (A, TT5) were both independent. This however, requires some caution since T*C
is not simply a product space. The formal justification for this convention relies on a construction
analogous to that explained in detail in Section 3 (see equations (3.4)-(3.6)).

The Reduced (Poisson) Bracket

In the present context, left reduction of T Cby the group SO(3) amounts to considering
functions T : T*C— R whichare SO(3) invariant; these have the following form:

(9. A): (Mg, TTA))

TATP, ATA') (ATMg, ATTTA)) , (6.8)

1(®: Mo)

where (+)' = d(-)/dS. Introducing the notation

F'i= AT, Q:= ATA’,

6.9)

1t

M= ATMg | T = ATip,

which is consistent with the left representation of T ¢, C, we may rewrite equation (6.8) as
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T((r. Q) (1. )

(9. A): (Mg, TTA))

T(r.Q: ™, ) . (6.10)

We now obtain a reduced bracket in terms of the variables ((I', Q); (™, T)) by transforming
the canonical bracket with the aid of the chain rule. The key result is contained in the following:

Proposition 6.1. The following formulae hold:

31 a1
— = Al— ! (6.11a)
§TIA [BTT
87 T\ af
IR [( 8I‘) Qx—1. (6.11b)
87 ot
5Mg = A T (6.11¢c)
51 i 8T | 1o 3T 7
8N Alr ar "V et 2T an ( PYS)
(6.11d)

Proof. The first three formulae above follow directly from the chain rule. To prove the last one,

we make use of the chain rule, the skew-symmetry of 31/34, integration by parts, and relation

A = A, toobtain

81 [ B3I AT Yol B sATA + ATsA
A,8A> jo{ar SATY + ztr[aQ (ATA" + ATsAY)]

a1

SATTIA tdS (6.12)
—- 8ATIA )

o) |
— T'+—
: SA'YP 2tr[
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[" ATsai[re M %ﬁ—-%ﬁ %]ds
A TA BT oA BT
jo > 8A [(A aﬁ) + AR aﬁ]ds' (6.13)

Since 8/A € TASO(3) we have the left-representation §A = AS©, where §© e so(3),
so we may rewrite (6.13) as

S BN J 56 - [1‘@8—741@—8—_—{—-(22T

or M 5o
1. 3f 1 49Ty’
--—--{— as . (6.14
2" on 2 g ] )
Since §® e s0(3), it follows that
AT
80 : A = séz[AzA ] , (6.15)

A
forany A e GL(R®). Since 91/3Q = [37/3Q] , the identities

[a®@b-b®a] = -[axb]” , abekRS, (6.16)
[AB-BA] =[AxB]" . A Beso@) , 6.17)
yield
51 _ L R Xi Xi of
A'8A>' JO s@-z[r ar TV TR 50
. 1 y 3T . ( a?)' ]/\
2 3 '3 " (6.18)

The result follows from the replacementof §® by ATSA. =B
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Using the formulae in Proposition 6.1 and employing the notation {f, g) = ({f, g}y +
{f, g)p where

1 fL cof 3g
T, = - das , 6.19
(f. gl = 5 Jo A B, 8/\ aﬁA) ©15
_ [ ¢23f _B8g _°f 3¢
{r. gly = jo 59 BNy My a(,o)ds . (6.19b)

we have

o = - IED E () L

57 8% 9% . of
I Q[ar ™M ar"an]ds'

Since A : B/2 = A - B, we obtain

{f’g}A::
X 37

j(1nxan*" an*r ar aQ ( )]

L T Ye 3
J<-——n—ﬁ— S G S

6.21)
so that
: a~ ~ s =

tan == [ I (B0 2). (L y 88 (&) 2T

o7 0% 05 _ 87
* M (anxaﬂ oM aTT) 6.22)
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87 83 98y . oF
2-( 55 *5r 50 " o)

v a% o%
ero( gr "a?rg 'a?“g ’én )]as

Thus, we have proved the following

Theorem 6.2. The reduced Poisson bracket on P = SO(3)\T*C is given by

{1.ag} =
L 73Ty 3% ogy of
'JO {(55) a0 (50 o
(canonical) < ~ ~
3gy’ of
Ga) Gt
L
[ ~ ~ ~
(interaction ) 1 I {Q [87 8?‘%- a—agfx-éar—f[,]}ds
e
37 3G Xi
-[ {o- [aQ an T Bq am
Werasontora ] o [2L 5 SE* t
8T 87 _
L T la e an om ]} T

Note that the first integral gives the canonical term in the variables [(I, Q); (M, )], the
second integral gives interaction terms , and the last two integrals are the Lie-Poisson terms . B
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Corollary 6.3. Hamilton's equations { = { {, H) with Hamiltonian given by equation (5.22)
and the Poisson bracket given by (6.23) are equivalent to the following convected equations of

motion
M = N+QxN-WxM,
M = M+QxM+TxN-WxTI, (6.24)
I' =V +QxV -WxT,
Q = W+ QxwW,
where
3y .y
N T M = T m

The last two equations in (6.24) can be checked by a direct calculation from the kinematic
relations in section 5. The first two equations in (6.24) coincide with (5.14).

In summary, we have found the reduced space P = SO(BNT*(C to be the space of the
convected variables ((I', ); (M., TI)) with the Poisson bracket given by (6.23). This reduced
bracket has been obtained from the canonical bracket in material representation by reduction. As
with three-dimensional elasticity, if the motion on the reduced space is known, then the original
motion in the material description can be reconstructed by solving the following system

3A 3¢
ot AW, ot

= AD. (6.25)

Remark. The Hamiltonian formulation can be of assistance in the establishment of conservation
laws, in addition to being useful for stability and bifurcation studies. For example, suppose that the
rod has an isotropic cross section, so that the inertia dyadic J has two equal eigenvalues, just as in
the case of the Lagrange top. Then there is a material symmetry group acting: it is the group S'
acting on the right . Namely, let the symmetry group S! consist of rotations about the symmetry
axis, say U. The group action is then given by the following actionof R € S': ¢, and My

unchanged, and (A, TTA) = (AR, TIAR). Here the momentum map corresponding to this

action gives the conserved quantity

L
j = I Ty ds. = (6.26)
0



§7. Geometrically Exact Plate Models

In this section we summarize the basic equations governing a geometrically exact plate
model. First, we introduce some necessary notation.

Notation
In the geometric description of the configurations of a plate, the unit sphere

$2 := {teR3| |t] =1}, (7.12)
plays a central role. Forany t € S2, the tangent space at t is

7482 = {ve R3 | v -t =0} . (7.1b)
Thus, T{S2 can be identified with R2. We now introduce a subset of SO(3), which enables us
to establish a link between the plate and rod theories.
Let E € R3 be a fixed but otherwise arbitrary vector. Define Sg to be the set of rotations A e
SO(3) whose rotation axis ¥ € R3 isnormal to E; ie.,

Se = {AeS0B) | Y eR? satisfies AY =y and ¥ - E=0}. (1.2)

The set Sg is closely related to the quotient space SO(3)/S! = S2, which realizes SO(3) asa
nontrivial S! bundle over S2. This bundle is, when SO(3) is replaced by SU(2), the classical
Hopf fibration. This idea is made explicit in the next proposition.

Proposition 7.1. Givenany t € S?, with t = -E, there is one and only one element /\,
€ Sg such that

t = AtE . (7.3a)
Infact, S2 and Sg are diffeomorphic, and /\{ admits the following explicit characterization
A= BT+ [Ext] + (1+E)V[E x t] ® [E x t]. (7.3b)

Proof. Expression (7.3b) can be derived by suitably restricting the exponential map in SO(3)

€2
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given by Rodrigues formula (4.7) to Sg, see Simo & Fox [1987]. The result can be easily checked
as follows. First, itis clear that AE = t. Second, a direct calculation readily shows that A,
= A,T. Finally, A{ (E x t) = (E x t). Hence, ¥= E x tin(7.2) and Ay isin Sg .
Uniqueness follows at once from expresion (7.3b). B

The geometric interpretation of this proposition should be clear. It constructs /Ay by rotating
E to t in the plane they span, through the angle © := cos~! (E't). Formula (7.3b) plays
a central role in the numerical analysis and implementation of geoemtrically exact shell models.

The tangent space to Sg at the identity is given by
T)Sg = {6eso(3) |6 -E=0} . (1.3c)

Finally, the tangent space T ASg at /A € Sg is obtained by using either left or right translations
in SO(3). For instance, for left-invariant vector fields we have

TASE = {64 = AO l forany © € T|Sg, and A e Sg). (7.3d)

An analogous characterization holds for right invariant fields.

Kinematic description of the plate

We consider the kinematic description of a plate with thickness h > 0. Essentially, no
conceptual modification is required for the more general case of a shell. Let {E|(X0), 1=1,2,3}
be a fixed orthonormal basis for RS, with Ez = E. Any point X € R3 may be expressed as

X = X0+ FE, where X0 = X<, £eR. (7.4a)

From the point of view of the three-dimensional theory, the reference configuration of the plate is
the set B C R3 given by

B := {x=x°+£E|x°eQ and&e[-%, %]} (7.4b)

where Q C R2 is a given region in the plane. Wereferto {X0 + &£E I X0 e 3Q and §
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€ [- h/2, h/2) } asthe edge of the plate, and to Q as its mid-plane . The basic kinematic
assumption is that any admissible configuration §: B— RS of the body is characterized as
h h
x = JX) = e+ LX0) . Le]-3.35] (7.52)
where @ : Q@ — R3 maps the mid-plane onto P(Q) € RS, and t is a unit vector attached to
the point P(X0) e R3, not necessarily normal to (), which is referred to as director or
Jiber direction. The fact that t need not be normal allows shear deformations.
Note that the mapping X0 € Q — t(X0) e S2 assigns to points X0, vectors t in the
unit sphere (at 9(X9)). By Proposition 7.1, the unit vector t at ¢(X9) can be obtained from
E uniquely through a rotation A(X0) € Sg with rotation axis normal to E.

Configuration space

The kinematic assumption (7.3) embodies two essential ingredients: (i) Points X0 e Q in
the midplane are mapped onto points X € R3 through the mapping ¢ : Q — R3; and (ii) unir
vectors E € S2 attached to points X0 € Q are mapped into unir vectors t(X0) e S2
attached to points P(X0) € R3 by rotations A : Q — Sg with rotation axis normal to E.
According to this view, two abstract characterizations of the set C of possible configurations of the
plate are possible:

(@) Director point of view:
C := {765(<,0,t)|‘,0:Q-—»R3 andt=Q—->sz}. (7.62)
The tangent space Tg C at a configuration ® € Cis defined as
1§ C = {86 = (8¢9, 8t) ’ §¢ : Q — R3 and 8t : Q — TtS2}. (7.6b)

(b) Constrained-frame point of view. Equivalently, as a result of Proposition 7.1, the
configuration space C may be defined as

C = {@E(‘P,A)l‘P=Q—*R3 andAzQ—»sE} . (173)

According to this view, the tangent space is
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ToC = {50 =(89, 8A) | 89 : Q2 — R3 and 8A : Q — TASE}. (7.7b)

Points of view (a) and (b), although equivalent, lead to a different parametrization of the
equations of motion. Starting with the classical paper of Ericksen & Truesdell [1958], a substantial
body of contemporary work, see, e.g., Antman [1976,1978], Cohen & DaSilva [1966], Green,
Naghdi, & Wainwright [1965], and Naghdi [1972, 1980] has been typically concerned with the
director point of view (a). Here, on the other hand, we take an alternative approach and adopt the
constrained frame point of view (b) as a starting point. Our motivation for this lies in the strucure
of the equations of motion and the Poisson bracket in approach (b) which are essentially identical to
that of the geometrically exact rod model considered in Sections 5 and 6. The form of the Poisson
bracket corresponding to approach (b), in the convected description, is obtained by a reduction
process that amounts to enforcing explicitly the additional (symmetry) condition that the rotation
fields must lie in the subset Sp C SO(3) (i.e., a further reduction by S1).

Motion and velocity fields

A motion is a curve of configurations t € [0, T]1 — & = (¢4, At) € C, for some
time interval [0, T] C R.+. Associated with the motion, is the material velocity field
V¢(X0, t) defined as usual as

3

V¢(><°, t) = ¢>(><°. t) = (‘pt(xo), At(xo)) . (7.8a)
ot

Thus the material velocity is a mappting t +— Vq’ € T¢ C where T¢C is the tangent space
t

at configuration &. We define the convected velocity field V (X0, t) € X(Q) asin
section 5, by the expression

V(X0 1) = ([AXO, UITP(XC, t), [AXC, VITAXO, 1)) . (7.8b)

Here, X(Q) denotes the space of smooth fields Vg : Q — R3 x T|Sg. Since A(X0, t)
e Sg.wehave A(X0, t) = A(XO, t)W(XO, t) where W(XO, t) e TiSg. Thus, the

convected velocity field can be expressed as

Vo(X0, 1) = (D, W)(XO, t) (7.8¢)



§7. Geometrically Exact Plate Model 67

where
D(X0, t) := [A(XO, )]TV(XO, t) , V(X0 t) := $(XO0,t) .

Note that the material velocity field V¢ is the left extension of the convected velocity field
V. Similarly, we could define a spatial field V¢ whose second factor W(X0, t) is defined as

w(x0, t) = A(X0, )A(KXO, T . (7.8)
Thenw : Qx[0, T] — TSt is interpreted as a spatial angular velocity , where
TSt = {6 € s0(3) l t -+ © = 0} isthetangent space at t = AE.
Strain measures

As in the geometrically exact rod model outlined in Section 5, starting from the Lagrangian

deformation gradient ¢ . (x0, t), (x = 1, 2), we define convected strains according to the
expressions
Convected Material Spatial
I (X0.t) := ATP (X0, t) P (X0, t) T =P o
Q. (%0 1) = [ATA (X0, 0] A X0, 1) w, = [A AT]Y

We note that the above expressions can also be derived from the three-dimensional theory by a
duality argument employing equivalence of the stress power. This is discussed briefly in a remark
below (see equation (7.15)).

Stress resultants and stress couples;
equations of motion in spatial description

Associated with the motion t ++ ®; € C, are vector fields N (X°, t), m (%P, t),
(x = 1, 2), and po(X0, t), assumed to be smooth and interpreted as internal resultant force,
internal resultant torque, and density per unit of area. These fields satisfy the following sparial local
fJorm of the equations of motion
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N * n Pohv ’

(7.10)

mu.o( * ‘p.O( Nyt m POKW ’

where T, M are the applied body force and torque, and pgh, poK are intertia coefficients.

Typically, for plates of constant thickness, pgK = poh3/12. Note that W't = O, thatis W €

TSt foreach X0 € Q and t e [0, T]. Equations (7.10) are the local statement in the spatial
description of balance of linear momentum and balance of angular momentum, respectively. We
refer to Green & Zerna [1968), Naghdi [1972], or Libai and Simmonds [1983], for a derivation of
these equations from the three dimensional theory.

Remark. From the point of view of the three-dimensional theory, the right-hand side of (7.10)
agrees with the standard definition of linear and angular momentum per unit of reference surface
relative to the mid-plane. To see this, consider configurations P : B— R3 of the form ¢ :=
¢ + EAE, where £ € [- h/2, h/2]. The angular momentum 7T relative to the mid-plane
is then given by

P h/2
= (&“P)"po‘PdC
-h/2
*h/2 . .
= [ pnex @+ Ae

poh’

- AlE x ATAE]
12
h3 h3
= P A xwEl = P AE x (WX E))
12 12
h3 h3
S AW (7.11)
12 12

where we have used the fact that We TS sothat W " E=0. ®

Convective equations of motion
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An alternative form of the balance laws is obtained from the convective description. As far as
we are aware, this form of the equations has not been stated explicitly in the literature. As in the rod
model discussed previously, the basic idea is to pull-back the spatial balance laws (7.10) with the
orthogonal transformation A : Q — Sg. Accordingly, one defines vector fields N(X0, t),
M(X0, t) by the expressions

N(X0, t) := ATn(XO, t), M(X9, t) := ATm(XO, t) . (7.12)
The relation
Mg g = AM, g + Qp * Mol s (7.13)

and the analogous expression relating N, and N, supportsa straightforward calculation
yielding the following statements of linear and angular momentum:

PV + Wx D] = Nyo* Qo *Noc+ N . (7.14a)

PoEW = Moo * Qo X Mo * T X N+ M. (7.14b)

Remark . Within the context of the three-dimensional theory, N, and M, represent resultant
forces and resultant torques relative to the mid-surface of the distribution of stress acting on sections
Soc. Asin the rod model discussed above, ¥, W, and I, Q. are uniquely determined in
the sense that the stress power is given by

R v
Ix[_ﬁt.‘_ PFde& jQ[no(-‘b'o(+mo<‘wo< daQ

2'2

n
%
QO
r—
4
R
-.
b
+
=X
s
Q0
b
d
o
Q

where P s the first Piola-Kirchhoff stress tensor, F the deformation gradient of the
configuration @ := @(X0, t) + Et(XO0, t), and (VY = () - wx () isa
co-rotated rate. B
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Further reduction of the convective equations of motion

In contrast with the rod model considered in Section 5, the convective equations of motion
(7.14) are amenable to further reduction by S'. The reason for this additional reduction -- which
can be carried out either in the spatial or in the convective descriptions - is that only SO(3)/S! =
Sg enters in the configuration space of the plate, not the entire SO(3) as in the rod model.

Using the convected description to carry out the reduction of equations (7.14) we first note
that since Q. M, € TS, it follows that Q. " E = M E = 0 andso Q, x M, is
parallel to E. We exploit this fact by introducing the decomposition

[t

Ny = N2+QE , I, =: T2+=E. (7.16)

A straightforward calculation then yields

T X No = Tx N J+ (Fg x E)Qy - (Nx E)Z,
717
Q. xNy, = Q. xN 2+ (Q, *xE)Q, .
The decomposition (7.16) and (7.17) reduce the balance of angular momentum (7.14b) to
Qo x Mo+ TS xNo = 0, (7.182)

ﬁcx,o‘ + (r£x E)QCX - (Nof’x E)E(x +M % = pRW. (7.18b)

The structure of equations (7.18) suggests the introduction of the following notation:

Q% = Q xE Q. = ExQY,
wl = WxE or W = Exw?, (7.19)
MS = M xE M, = ExM2.

In additon, we denote by Pg := | - E @ E the orthogal projection parallel to E. Since W X
D = ( E x WO ) x D, the convected acceleration may be expressed as

AT = [1')0 + 'VWO] + [ V- WO - v°]E . (7.202)
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where
Vo = PV, and ¥ = E-V. (7.20b)

We then have the following five equations of balance of momentum in the convected representation:

pon[V O+ W oq ,

Noo + 2, +N°

Qe = O N2+ Q poh['i/- wo- vf] , (7.21)

Moo = ToQu * Nt Zoc+ 110 = pW®

Remark. Interpretation of W dhd Q. 2 The equations of motion (7.21) along with
conditions (7.18a) are in fact the convected form of the equations of motion corresponding to a
director description of the j)late, as in (7.6a,b); see Simo & Fox [1987] for further details. The
vector field WO is the convected director velocity as the following identity shows:

WxE = WO,

ATt = ATAE = WE

An entirely analogous interpretation holds for Qg( . m

Constitutive equations

In view of expression (7.15) for the stress power, one characterizes (isothermal) hyperelastic
response by assuming the existence of a free energy function of the form

V(X% T o o) ’

As in the rod model considered in Section 5, this form of the free energy in the convective
description arises naturally by postulating invariance under left action of the Euclidean group; i.e.,
material frame-indifference. We then have the equations
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a\y(x °rl =, QO?)

(7.222)
or?
avixord = qf
Mo = ( °‘0 = °‘) , (7.22b)
lolg
av(xorl = ql
Q, = ( — “) . (7.22¢)

0=

We note that equation (7.18a), arising from balance of angular momentum about E, can be
expressed as

Q% xm2+r2xN2=o0.

From this condition we obtain the following restriction on the constitutive equations (7.22):

) a\y(x 0rl = Qo‘f) LT a\y(xo Sy Qg) _
3q) or,

[+

QL 0.

(7.23)

Condition (7.23) is analogous to the symmetry of the Cauchy and second Piola-Kirchhoff stress
tensor in three-dimensional continuum mechanics, which in turn results from balance of angular
momentum.

The Hamiltonian in the convective description

We define the convected linear and angular momenta by the expressions

M = MO+ ME := phlVO+ VE],
M := pKW, (7.24)
mo MxE=s pXWO .

.
]

If, for simplicity the body forces and homogeneous Dirichlet boundary conditions are imposed,
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then the Hamiltonian is given by

io= 2] ooz 9] + oo ifmof2) ae
Q (7.25)

: fQ v(x°, 10 =, 0f)do

Convective Equations of Motion in Director Notation

For completeness we record below the field equations governing our plate model in director
notation. As in Section 7.2, let {E|} be the standard basis in R3, with E3 = E, {X])
covering Q C R2, and X3 = £ e [-h/2, h/2]. Define

0 .. 0 0._ .
M° = ml®E,, »:= Nee,, @:= Q.kF,,
. (7.26)
0 ._ - - =
We:= ek, , 6= Y ®E,, X:= =.E. .
The momentum equations (7.21) may then be recast in the following form:
VN + WOR + N0 = ph0 + YWO) ,
pIV@ - WP M0+ Q= phlV- WO VO], (7.27)

v M° - B°@ + N°KX + MO = p WO .

This concludes our development of the present geometrically exact plate model.
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§8. The Hamiltonian Structure for
Plates in the Material and Convective Representation

In this section we develop the Hamiltonian structure for the plate model in the convective
representation with governing equations summarized in the previous section . We show that these
equations are Hamiltonian relative to a non-canonical Poisson structure in the space Pof convected
variables

{(ro,, =, Q%) (MO, &, TMO) }.

The First Reduced Bracket

Our derivation of the corresponding Poisson bracket follows the same reduction scheme
employed both in three-dimendional elasticity and in our treatment of geometrically exact rods, and
can be outlined as follows. We start with the canonical Hamiltonian structure on the cotangent
bundle of the configuration space, T*C, and the corresponding canonical bracket. From this bracket
we obtain by left reduction by SO(3) a Poisson bracket for the plate model, which is the counterpart
of the Poisson bracket derived for the rod model. An important difference, however, is that one can
further reduce this bracket by enforcing the condition that only a part of SO(3), namely SO(3)/S!
= S, enters in the configuration space. This additional reduction is the result of an extra symmetry
of the Hamiltonian, which is now invariant with respect to rotations about the axis t. Physically ,
this symmetry corresponds to the fact that no inertia and no stiffness is associated with rotations
about the director t.

The bracket in terms of the variables {(F, Q.), (M, TN} is derived from the canonical
bracket in material variables in the same way as for the rod model. This bracket is as follows:

-

oTy 8% _ (3% of
(7. 5) - 'IQ {( ar(x),a M (ar“),a oM
(canonical) ) Xi 5 f(j aré X
* (anm).a'an - ( ana}«' 5ﬁ'} a2
L (8.1a)
[ ~ ~ ~
(interaction) { - jQ{ Q.- aarL "g-g' - 881"9“ x -gz-n]} aQ
L (8.1b)
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74

(8.1c)

e [ -5 - 2
8G _ ?E ?1
[ STT or, omn ]
(Lie-Poisson for
a semi-direct < 3T 97 8 Q
product) -] M Bl ]}
if_ Xl
J m- = J aa.
The Reduced Bracket

The further reduction is acomplished by using the change of variables in (7.19) given by

Q, =E xQO

Since . € T;Sg and TI € T,Sg, we have the constraints

M-E=0 Q. E=0,
and therefore
of 3g
(5 sw)=o
and
97 _
( 30, an) 0.

From (8.2a) and the chain rule we get

M =M0+ ME,

m=ExT0,

(8.2a)

(8.2b)

(8.3)

8.4)

(8.5)
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?_i:. = QL + E _8.1_
Ol aro,, N

75

(8.6)

where T is a function of {(Ty, Q,), (M, TT) }, as in the bracket above, and f is a function of
the variables {(I'0,, =, Q%) ( M09, 9, T10) }, which are related to the preceding variables

through equations (8.2). Similarly we have

9g _ 39
T T E, (8.7)
and
af of of
-— = — + B — (8.8)
or om0 M
Substitution of (8.4) - (8.8) into (8.1) gives
Theorem 8.1. The reduced bracket on the space P of the variables
{0, =, Q%) (MO, af, T0) }
is given by :
{rg}=
, J’ {Qom-[ of 89 _9g 81
Q M0 O9Sx  BaMO0 0=k
. Qo of 9g _ 3g of ]
oro, om oro, oM
of ag le) of
. , + TO0 . -
(interaction) < I, 3. am0 8. amo ]
+E_[8f_ag_ag.8f ]}dQ
” amMo  Bro, amo  aro,




§8 Hamiltonian structure for the plate model 76
' of _ 9g of
J { [ oM 8TT° oM  Qmo ]
(Lie Poisson fora <
i r of _ 9g .
| e el
j{( Q0 ano (aQO )°< ano
(canonical) < af
(aro) « om0 (aro ?x oMo
of ag
(a_a) o M (a:o(-) aM} % '(89)

As for the rod mode! discussed in Sections 5 and 6, we obtain from the expression (7.25)
for the Hamiltonian and from the bracket (8.9) the following:

Corollary 8.2, Hamilton’s equations in the form { = { T, H } , where { is an arbitrary
function on the phase space given by theorem 8.1, with the bracket given by (8.9) and Hamilionian

given by (7.25) are equivalent to the following convective equations of motion:

M=Q, . ~ Q0 NO

MO =NO_

10 = M0 = NO
n ncx,cx"""cxNa

S =Vt WOT -Q

r‘U = pPo

o X

- 0=
WOZ _ +

* QOaQa -
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- I‘OO(Q(X.

0'0
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Q0. .V,

MW?O,

K(8.10)
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where N°“= oy/aro_, Q, = 3y/d=_ and MO_ = 8‘4’/89(’“. |

The first three of these equations of motion have been derived already (see 7.21). The second
group of three equations can be directly checked using the kinematic relations given in section 7.
The corollary then follows by the general principles of reduction, but may also be verified by a
direct computation.

Conclusions

In this paper we have presented a systematic development of the Hamiltonian structure for
geometrically exact nonlinear elasticity, including solids, rods, and plates. We have emphasized the
convective representation since it is numerically convenient and it is useful for the coupling with
rigid body dynamics to obtain models for rigid bodies with flexible attatchments. In particular, our
formulation of the geometrically exact plate model in the convected representation constitutes the
natural counterpart of the classical Kirchhoff-Love and Reissner-Antman models for rods. The
derivation of the Poisson structure follows the same lines as earlier works of Marsden, Ratiu,
Weinstein and their coworkers, namely it is obtained by reduction from canonical brackets in the
material (or Lagrangian) representation by reduction; i.e., by the elimination of rotational symmetry
(material frame-ndifference), and by introducing the Cauchy-Green tensor as a dynamical variable.
This approach is consistent with the covariance investigations of nonlinear elasticity by Hughes,
Marsden, & Simo. In a future work we shall use the Hamiltonian structures for geometrically exact
rods and plates to study the nonlinear stability of rigid bodies with flexible attachments, following
the ideas of Krishnaprasad and Marsden.

It is clear from the literature and related work that these methods have more significance and
applicability than may be suggested from the preceding developments. For example, the attention to
the proper geometry and the nonlinear context that is typified by the present investigation is of
benefit for numerical work, as has been demonstrated by Simo & VuQuoc. Also, other models can
be investigated; for example, it is clear from the literature (Iwinski and Turski {1976], Marsden and
Weinstein [1982]) that one can also include electromagnetic effects into the same formalism.
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