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A new class of six-degree-of-freedom (six-DOF') parallel minimanipulators
is introduced. The minimanipulators are designed to provide high resolution and
high stiffness in fine-manipulation operations. Two-DOF planar mechanisms
(e.g., five-bar linkages, pantographs) and inextensible limbs are used to improve
positional resolution and stiffness of the minimanipulators. The two-DOF mech-
anisms serve as drivers for the minimanipulators. The minimanipulators require
only three inextensible limbs and unlike most of the six-limbed parallel manipu-
lators, their direct kinematics can be reduced to solving a polynomial in a single
variable. All of the minimanipulator actuators are base-mounted. As a result,

higher payload capacity, smaller actuator sizes, and lower power dissipation can

be obtained.



Inverse kinematics of the minimanipulators has been reduced to solving

three decoupled quadratic equations, each of which contains only one unknown.

Kinematic inversion is used to reduce the direct kinematics of the mini-
manipulator to an eighth-degree polynomial in the square of a single varable.
Hence, the maximum number of assembly configurations for the minimanipula-
tor is sixteen. It is proved that the sixteen solutions are eight pairs of reflected

configurations with respect to the plane passing through the lower ends of the

three limbs.

The Jacobian and stiffness matrices of two types of minimanipulators are
derived. It is shown that, at a central configuration, the stiffness matrix of the
first type minimanipulator (driven by bidirectional linear stepper motors) can
be decoupled, if proper design parameters are chosen. It is also shown that the
stiffness of the minimanipulators is higher than that of the Stewart platform.
Guidelines for obtaining large stiffness values and for designing the drivers of

the second type minimanipulator (simplified five-bar linkages) are established.

An algorithm is developed to determine the workspace of the minimanipu-
lators. Given any orientation for the output link, three-dimensional representa-
tion of the workspace is obtained. Guidelines for avoiding discontinuities inside

of the workspace are established.

Necessary and sufficient conditions for both inverse and direct kinematics
singularities of the minimanipulators are obtained. Guidelines for avoiding direct

kinematics singularities, which occur within the minimanipulator workspace, are

established.
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Chapter 1

Introduction

1.1 Background

A typical serial manipulator forms an open-loop kinematic chain. Links are
joined together serially and the terminal (output) link is connected to only one
other link. In contrast, a parallel manipulator is a closed-loop kinematic chain.
Every link is connected to at least two other links. In fact, a typical parallel
manipulator, with three or more DOF, forms a complex kinematic chain in which

its output link is connected to at least three other links (Gosselin and Angeles,

1990).

In general, a serial manipulator provides larger workspace and higher dex-
terity than a parallel one. However, serial manipulators suffer from low rigidity,
due to their cantilever-like structures. In addition, large positioning errors occur
at the output link of a serial manipulator because actuator errors accumulate

throughout such a mechanism. Furthermore, load-to-weight ratio in a serial



manipulator is low because loads are not uniformly distributed between the ac-

tuators.

Some researchers have tried to improve the performance of serial manip-
ulators by introducing better control systems for them. Others have tried to
accomplish the same by introducing better components (e.g., actuators and sen-

sors) for them. These efforts will not be discussed here.

Another group of researchers have considered parallel manipulators in
place of serial ones for applications in which the requirements for accuracy, rigid-
ity, load-to-weight ratio, and load distribution are more important than the need
for a large workspace. Another reason for the researchers’ interest in parallel ma-
nipulators 1s the following. Unlike a serial manipulator, a parallel one can be
designed such that its actuators are mounted on its base (ground link) without
using any power transmission devices such as gears and belts. Such devices intro-
duce backlash and friction problems. Note that mounting the actuators on the
base results in many benefits such as higher payload capacity, smaller actuator

sizes, and lower power dissipation.

The famous Stewart platform (Stewart, 1965) is probably the first six-
DOF parallel mechanism which has been studied in the literature. It consists of
a moving platform and a base which are connected by means of six independent
limbs. At the time of its invention, the Stewart platform was designed as a
flight simulator. Hunt (1983) suggested the Stewart platform and other parallel
mechanisms as robot manipulators. Other researchers have also studied the

Stewart platform as a manipulator (e.g., Fichter and MacDowell, 1980; Yang



and Lee, 1984; Premack et al., 1984; Fichter, 1986; Nguyen and Pooran, 1989).
Other types of six-DOF parallel manipulators have also been introduced and
studied in the literature (e.g., Kohli et al., 1988; Hudgens and Tesar, 1988; Tsai
and Tahmasebi, 1991, 1992; Tahmasebi and Tsai, 1992a, 1992b). Hybrid serial-
parallel manipulator systems have also been considered for tasks which require

both accuracy and large workspace (e.g., Waldron et. al, 1989).

Waldron and Hunt (1987) demonstrated that kinematic behavior of par-
allel mechanisms has many inverse characteristics to that of serial mechanisms.
For example, direct kinematics of a parallel manipulator is much more difficult

than its inverse kinematics; whereas, for a serial manipulator, the opposite is

true.

1.2 Outline

The objective of this research is to design six-DOF parallel minimanipulators
which are capable of providing high resolution and stiffness as well as simpler
kinematic characteristics than the existing technology. The term minimanipula-
tor is used because these mechanisms are not designed to provide large platform
(output link) displacements. We will concentrate on kinematic issues and will not
discuss dynamics of the minimanipulators. The organization of the dissertation

is as follows:

In Chapter 2, conceptual design of the minimanipulators is discussed.

Topological synthesis methods are used in the design process. Inextensible limbs



and two-DOF drivers (e.g., five-bar linkages and pantographs) are used for ob-
taining high resolution and stiffness. To minimize the number of loops in the
structure of a minimanipulator, only three limbs are considered in its design. As
a result, the direct kinematics, which is one of the most challenging problems
associated with six-DOF parallel manipulators, is simplified. The minimanipu-
lators are designed such that all of the actuators are base-mounted. Therefore,

higher payload capacity, smaller actuator sizes, and lower power dissipation can

be obtained.

In Chapter 3, inverse kinematics of the minimanipulators is discussed. It is
shown that the problem can be reduced to solving three independent quadratic
equations, each of which contains only one unknown. A numerical example is

also presented.

In Chapter 4, closed-form solution for the direct kinematic problem of the
minimanipulators is obtained. Kinematic inversion is used to reduce the problem
to solving an eighth-degree polynomial in the square of a variable. Hence, the
maximum number of solutions for the direct kinematics problem of a minima-
nipulator is sixteen. Also, a numerical example is presented and the answers are
verified by performing an inverse kinematic analysis using the results obtained

in Chapter 3.

In Chapter 5, instantaneous kinematics of the minimanipulators is studied
and the expressions for their Jacobian matrices are derived. Results of Chapter 5
are used in Chapter 6 to obtain the stiffness matrices of the minimanipulators.

Methods for decoupling the stiffness matrices of some of the minimanipulators,



and for increasing stiffness values in different directions® are developed. Further-

more, the stiffness of the minimanipulators is compared to that of the Stewart

platform.

In Chapter 7, an algorithm is developed to determine the workspace of the
minimanipulators. For any given orientation of the platform, three-dimensional
representation of the workspace is obtained. Results of Chapter 6 are used to
determine minimanipulator dimensions (e.g., limb length and platform size) for
the workspace examples. To get an idea about the dexterity of the minima-
nipulators, different platform roll, pitch, and yaw values are considered in the

examples.

In Chapter 8, both inverse kinematics singularities and direct kinematics
singularities of the minimanipulators are studied. Necessary and sufficient con-
ditions for both kinds of singularities are obtained. More attention is paid to
the direct kinematics singularities, which are much more significant and chal-
lenging than the inverse kinematics singularities. Some of the direct kinematics

singularity conditions are discussed in detail.

In Chapter 9, results of Chapters 5, 6, 7, and 8 are used to establish design

guidelines for dimensional synthesis of the minimanipulators.

Finally, in Chapter 10, summary of the whole dissertation and suggestions

1By stiffness we are referring to the relationship between the generalized force applied to
the platform and its resulting displacement due to the compliance of the actuators. This is
a common definition in the context of robotics (e.g., Asada and Slotine, 1986). We are not

referring to structural stiffness.



for future research are presented.

1.3 Contributions

The major contributions of this research can be summarized as follows:

1. Creation of a new class of high-resolution and high-stiffness parallel mini-

manipulators for high precision operations.
2. Development of inverse kinematics solution for the minimanipulators.

3. Derivation of closed-form direct kinematics solution for the minimanipula-

tors.
4. Derivation of the Jacobian and stiffness matrices for the minimanipulators.

5. Development of an algorithm for determination of the minimanipulators’

workspace.

6. Determination of conditions for inverse kinematics singularities as well as

direct kinematics singularities.

7. Development of design guidelines for

decoupling of the stiffness matrix

e increasing stiffness values in different directions

avolding discontinuities inside of the workspace

avoiding direct kinematics singularities



Chapter 2

Description of the Minimanipulators

2.1 Introduction

A hybrid serial-parallel manipulator system can be an ideal tool for tasks which
require both accuracy and large workspace. In such a system, the serial manip-
ulator provides the gross motion. The parallel manipulator, which is mounted
between the wrist and the end-effector, can be used for error compensation as
well as delicate position and force control. Waldron et. al (1989) studied a
hybrid serial-parallel manipulator which includes a three-DOF parallel micro-
manipulator. Nguyen and Pooran (1989) suggested the Stewart platform as the
parallel portion of a serial-parallel telerobot system. Hudgens and Tesar (1988)
introduced a new six-DOF parallel micromanipulator suitable for serial-parallel
systems. Their mechanism consists of six inextensible limbs. Spherical joints are
used to connect the upper end of each limb to the platform and the lower end
of each to an output link of a planar four-bar linkage. The platform motion is

obtained by driving the input links of the four-bar linkages, which are used to



increase the mechanical advantage and to improve positional resolution of the
mechanism. They also presented the inverse kinematics solution and a dynamic

model for their system.

In a manipulator with base-mounted actuators, weight of an actuator is
not a load for the other actuators. As a result, higher payload capacity, smaller
actuator sizes, and lower power dissipation can be achieved (Asada and Youcef-
Toumi, 1984; Kohli et al., 1988). In a serial manipulator, mounting the actuators
on the base, necessitates the use of power transmission devices such as belts and
gear trains. However, due to friction and backlash, power transmission devices
introduce flexibility and accuracy problems. On the other hand, in parallel
manipulators, it is possible to mount the actuators on the base without using
power transmission devices. Asada and Youcef-Toumi (1984) studied a two-DOF
parallel manipulator with base-mounted actuators. Hunt (1983) introduced a
three-DOF planar parallel manipulator with base-mounted actuators. Kohl et
al. (1988) studied six-DOF parallel manipulators which are driven by base-
mounted Rotary-Linear actuators. In these six-DOF manipulators, each limb
is made up of two links which are connected together by either a revolute or a
prismatic joint. Such parallel manipulators are suitable for tasks which require

relatively large platform displacements (e.g., motion simulation).

In this work, we introduce a new class of six-DOF parallel minimanipula-
tors which are intended for fine position and force control in hybrid serial-parallel

systems, or as stand-alone mechanisms.! All of the minimanipulator actuators

1A patent application has been filed for the minimanipulators.



are base-mounted. Two-DOF planar linkages as well as inextensible limbs are
used to improve the positional resolution and stiffness of the minimanipulators.
Unlike the micromanipulator introduced by Hudgens and Tesar (1988), a mini-
manipulator requires only three limbs. As a result, its direct kinematics can be
reduced to solving a polynomial in a single variable (closed-form solution). As
mentioned by Griffis and Duffy (1989), a closed-form direct kinematics solution
provides much more information on kinematic behavior of a parallel mechanism
than an iterative solution. For example, it can predict the exact number of
platform configurations, and avoid problems near singularities, which can be
experienced by purely numerical solutions. In addition, by using three limbs
instead of six, other benefits such as lower possibility of mechanical interference

between the limbs and fewer number of parts can be realized.

2.2 Conceptual Design

Many of the six-DOF parallel mechanisms described in the literature contain
six hmbs. Reducing the number of limbs in a parallel mechanism lowers the
number of loops in its structure. As a result, direct kinematics of the mechanism
is simplified whereas its inverse kinematics becomes more challenging. Since
direct kinematics of a parallel manipulator is much more difficult than its inverse
kinematics, the minimanipulators are designed to contain minimum number of
limbs. Minimizing the number of limbs results in several additional benefits
such as fewer number of links and joints, lower minimanipulator weight, and

higher dexterity. Three non-collinear points on a platform of a six-DOF parallel



manipulator completely define its location (position and orientation) in space.
Therefore, each minimanipulator contains three limbs which connect three non-

collinear points on its platform to its base.

For the reasons mentioned earlier, the minimanipulators are designed to
have base-mounted actuators and inextensible limbs. In addition, they are
symmetric?. The latter property is needed for even load distribution. The Lower
end of each limb is connected to a two-DOF driver (e.g., a pantograph or a five-
bar linkage) which is constrained to move on the base plate. The desired minima-
nipulator motion is obtained by moving the lower ends of its three limbs on the
base plane. Each limb of a symmetric six-DOF parallel manipulator must have
six degrees of freedom in its joints (see Appendix A for the proof). Therefore,
in addition to the two degrees of freedom provided by a driver, each limb should
contain four more degrees of freedom in its joints. To keep the limbs inextensible,
joints are placed only at their lower and upper ends. A three-DOF spherical joint
at one end and a revolute joint at the other end can be used. However, due to
difficulties in their fabrication, spherical joints are not very precise. Hence, they
are not used in synthesis of the minimanipulators. Instead, a two-DOF universal
joint is placed at each end of a hmb, as shown in Figure 2.1. Note that one of
the axes of the upper universal joint is collinear with the limb, while the other
axis of the upper universal joint as well as one of the axes of the lower universal
joint are always perpendicular to the limb. This arrangement is kinematically

equivalent to a hmb with a spherical joint at its lower end and a revolute joint at

2A symmetric parallel manipulator is defined here as having identical joints and links in

each limb connecting its base to its platform.
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Figure 2.1: Representation of a limb.
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its upper end, as shown in Figure 2.2. By using the imb configuration shown in
Figure 2.1, kinematics of a minimanipulator is made independent of the output
link orientations of its two-DOF drivers. Due to simplicity of its representation,
the equivalent hmb configuration shown in Figure 2.2 is used in the analysis
portion of this work. A representation of a complete minimanipulator is shown
in Figure 2.3. Points R;, R,;, and R3; are connected to two-DOF drivers and
can be moved on the base plate. Points Py, P,, and Ps are on the platform. To
keep the minimanipulator geometrically symmetric, axes of the topmost revolute
joints at points P, P;, and P; are made parallel to lines P, P;, P1 P, and P, Py,

respectively.

Two-DOF planar pantographs and five-bar linkages are used as drivers.
If properly designed, such mechanisms are capable of increasing the mechanical

advantage of a minimanipulator. As a result, better positional resolution and

stiffness can be obtained.

2.2.1 Pantographs as Two-DOF Drivers

Pantographs are often used for magnifying displacement and speed (e.g., Song et
al., 1985). In this work, we present them as speed-reduction devices. Figure 2.4
shows a possible arrangement of three simple pantographs which can be used to
drive a six-DOF parallel minimanipulator. Points C1, (s, and (3 are the output
points of the pantographs and are connected to the limbs through universal
joints. The desired platform motion is obtained by driving the sliders inside

the guides. Let subscript i in this section and the rest of this work represent
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Figure 2.2: Kinematic equivalent of a limb.
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numbers 1, 2, and 8 in a cyclic manner. There are revolute joints at points
A;, B;,C;, D;, E;, and F;. Length of link C;E; is equal to length of ink D;F;.
Similarly, Length of link C;F; is equal to length of link D;E;. Prismatic joints
connect the shders to the guides. Point C; always lies on line A4;B;. If shder b;
is fixed and slider q; is moving along its guide, point C; will move on a straight
line with a reduction factor of R,;. Likewise, if slider a; 1s fixed and shder b;
1s moving along its guide, a parallel straight line path is followed by the output
point C; with a reduction factor of R, ;. These reduction factors are equal to the

following ratios:
B.C; B;F; DE;
B:A;  B;D; D;A; (2.1)
R = A;C; _ AE; _ D, F;
"7 AB;i T AD;  D;B;

Ra,i

(2.2)

The above results are based on derivations presented by Song et al. (1985).
When both sliders a; and b; are moving, the resultant displacement of the out-
put point C; is the vector sum of the displacements described above. Such a
displacement reduction is equivalent to a reduction in speed or an increase in
mechanical advantage. As a result, stiffness and positional resolution of the

minimanipulator is improved.

Motions generated at the output point C; by sliders a; and b; are decoupled.
As mentioned by Song et al. (1985), the decoupling feature of pantographs
provides simpler coordination control and better energy efficiency. However, the

above equations for the reduction factors show that:
Roi+ Rp; =1 (2:3)

Such reduction factors may not be good enough for applications which require

16



very high resolution and stiffness. Therefore, five-bar linkages are also considered

for speed reduction in the minimanipulators.

Skew pantographs are not considered because, in an arrangement similar to
the one described above, they do not reduce speeds as well as simple pantographs
do.® In addition, in a skew pantograph, path of the output point is rotated with
respect to the slider paths. Such rotations complicate the calculations needed

for control of a minimanipulator.

2.2.2 Five-Bar Linkages as Two-DOF Drivers

Five-bar linkages have been used by Asada and Ro (1985) to improve force and
speed characteristics of two-DOF direct-drive robot arms. Bajpai and Roth
(1986) have studied workspace and mobility of manipulators with structures
based on five-bar linkages. Here, we consider two five-bar linkage configurations
for improving resolution and stiffness of the minimanipulators. Figure 2.5 shows
three identical five-bar linkages which can be used to drive a minimanipulator.
Points C;,C3, and C3 are the output points of the ﬁve-bar linkages. Base-
mounted rotary actuators are placed at points D; and E;. Asada and Ro (1985)
showed that the larger the speed reduction at the output point of a five-bar
linkage, the smaller the workspace which can be generated. They also illustrated
that the smaller the input link lengths ( E; A; and D;B;) with respect to the other
link lengths (A;C; and B;C;), the higher the speed reduction at the output point

C;. The lower end of a manipulator imb is not required to move over a large

3Sum of the speed reduction factors for a skew pantograph is greater than one.
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Figure 2.5: Five-bar linkages as two-DOF drivers.
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area on a base plate. Hence, the five-bar linkages are designed to provide large
speed reductions at their output points (i.e., their input links are made much

smaller than their other links).

2.2.3 Simplified Five-Bar Linkages as Two-DOF Drivers

The driving five-bar linkages can be simplified by making the axes of rotary
actuators D; and FE; coincide, as shown in Figure 2.6. At point D;, there is
an actuator on each side of the base plate to drive links D;A; and D;B;. The

simplified five-bar drivers which are considered here are completely symmetric.

That 1s

\D,-A,-

D;B;

=a (2.4)

A;C;

B:Ci| =b (2.5)

As a result, coordination between actuator rotations can be easily accomplished.
Namely, angular displacement of an output point C; is obtained by equal actuator
rotations, and its radial displacement is obtained by equal and opposite actuator

rotations.

2.2.4 Other Two-DOF Drivers

Bidirectional linear stepper motors (Yeaple, 1988) or X-Y positioning tables can
also be used to move the lower end of a limb on the base. However, such devices
do not provide any increase in the mechanical advantage of a minimanipulator.

Note that bidirectional linear stepper motors act as X-Y positioning tables, but
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their stators are base-mounted.

2.3 Recommended Minimanipulator Configu-

rations

In this dissertation, we analyze the following two types of minimanipulators in

detail. The difference between the two types of minimanipulators is in their

two-DOF drivers.

2.3.1 Type 1 Minimanipulator

If bidirectional linear stepper motors are used as drivers, we have a Type 1
minimanipulator. Such a minimanipulator is studied in detail, because its kine-
matic structure represents the primary portion (platform and limbs) of other
types of minimanipulators. If a minimanipulator has five-bar linkage or panto-
graph drivers, we can analyze it by combining the effect of its drivers with the

results of analysis for the Type 1 minimanipulator.

2.3.2 Type 2 Minimanipulator

If simplified five-bar linkages are used as drivers, we have a Type 2 minimanipu-
lator. The reason for concentrating on simplified five-bar linkage drivers 1s given

below.

A five-bar linkage has fewer links than a pantograph. In addition, all of
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the joints in a five-bar linkage are revolute which can be designed and main-
tained easier than prismatic joints. As mentioned earlier, a five-bar linkage
can be designed to provide a higher speed reduction than a pantograph. On the
other hand, the decoupling feature of a pantograph results in better coordination
control and energy efficiency. However, the simplified five-bar driver shown in
Figure 2.6 can also provide simple coordination control. Hence, it may be more

suitable than those drivers shown in Figures 2.4 and 2.5 for many applications.

2.4 Other Applications

The two-DOF drivers can be designed to obtain larger workspace with reduced
resolution and stiffness. For example, if simplified five-bar drivers are used (see
Figure 2.6), the workspace can be maximized by making D;B; equal to B;C;
and D;A; equal to A;C;. A parallel mechanism with the same structure as a
minimanipulator and with a larger workspace can be used as a motion simulator.
In addition, a minimanipulator can be used as a passive compliant device or
a force/torque sensor, if its actuators are replaced by rotational displacement

transducers.
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Chapter 3

Inverse Kinematics

3.1 Introduction

In general, the fewer the number of loops in the structure of a parallel manipula-
tor, the easier its direct kinematic analysis, and the harder its inverse kinematic
analysis. In the limiting case of a manipulator with zero structural loops (serial
manipulator), inverse kinematic analysis becomes much harder than direct kine-
matic analysis. Inverse kinematics of a three-limbed minimanipulator is more
difficult than that of a six-limbed parallel mechanism. Therefore, in this chapter,
closed-form inverse kinematic solutions for the Type 1 and Type 2 minimanipu-

lators (see section 2.3, page 21) are presented.
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3.2 Derivation of the Inverse Kinematic Solu-

tions

Figure 3.1 shows a parallel mechanism whose limbs are kinematically equivalent
to those of an actual minimanipulator. The equivalent limb configuration will be
used for analysis, because the spherical-and-revolute imb (Figure 2.2) is easier
to analyze than the universal-and-universal limb (Figure 2.1). The lower ends of
the limbs (points Ry, Ry, and Rj3) are connected to two-DOF drivers. The upper
end of the limbs (points Py, P, and Ps) are connected to the platform through
revolute joints. Note that the joint axes at points Pj, Py, and P; are parallel to

lines P, P;, P, P;, and P, P,, respectively.

Let us define the fixed base reference frame (XYZ) and the moving plat-

form reference frame (UVW) in detail.

For analysis of the Type 1 minimanipulator, origin of the base reference
frame (point O) as well as the X and Y-axes can be placed anywhere on the base

plane. The Z-axis is defined by the right-hand-rule.

The base reference frame used for the analysis of the Type 2 minimanip-
ulator is shown in Figures 2.6 and 3.2. The origin of the base reference frame
(point Q) is placed at the centroid of triangle Dy D, D3 (actuators are mounted
on both sides of the base plate at points Dy, D,, and D3). The positive X-axis
is parallel to and points in the direction of vector D;D;. The positive Y-axis

points from point O to point D;. The Z-axis is defined by the right-hand-rule.

Next, let us describe the platform reference frame which is used for anal-
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Figure 3.1: Kinematic equivalent of a minimanipulator.
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Figure 3.2: Analysis of a simplified five-bar driver.
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ysis of both Type 1 and Type 2 minimanipulators. The origin of the platform
reference frame (point G) is placed at the centroid of triangle P; P P5 (see Fig-
ure 3.1). The positive U-axis is parallel to and points in the direction of vector
P,P;. The positive V-axis points from point O to point P;. The W-axis is
defined by the right-hand-rule.

Note that we have attached only one coordinate system to each reference

frame, and we use the terms reference frame and coordinate system interchange-

ably.

Also note that, to keep the minimanipulators symmetric, both triangles

D31 Dy Ds (see Figures 2.6 and 3.2) and P P,P5 (see Figure 3.1) are made equi-

lateral.

In the inverse kinematics problem, the coordinates of point G in the base
reference frame and the platform orientation are known. For the Type 1 mini-
manipulator, the coordinates of point C; (see Figure 2.1) are the unknowns. For
the Type 2 minimanipulator, input angles of the simplified five-bar drivers are

also to be found.

3.2.1 Type 1 Minimanipulator

In the first step, the coordinates of points P;, P», and P; in the base reference

frame are found.

Let the length of each side of triangle P, P, P; be equal to q. Then the

distance from point G to each one of points P, P, and P3; (p) can be found
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using the law of cosines. The result is given below.

q

= — 3.1
P= (3.1)
Let A be the 4 x 4 homogeneous transformation matrix from the platform refer-
ence frame to the base reference frame. The elements of A are functions of the

platform orientation and the XYZ coordinates of point G. Specifically, matrix

A can be expressed as

0 0 0 1
L |

where 7i,, fiy, iz, By, By, and 7, are unit vectors pointing in the X, Y, Z, U, V|

and W directions, respectively.

The Coordinates of point P; in the base reference frame can be found from

the following equation.

_ 1 _ -
Xp; P Cos a;
Yp; psin oy
= A (3.3)
Zp; 0
1 1

where the column vector in the right hand side of the above equation is the

homogeneous coordinates of point P; in the platform reference frame and

w 2
—  — 1)— 3.4
- 1) (3.4

xQ; =

In the next step, the coordinates of points R; (see Figure 3.1) in the base

reference frame are found.
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Vector R;P; is perpendicular to vector P, 1P;ys.' Their dot product is

equal to zero. Thus

(Xpiv1 — Xpiv2)(Xri — Xpi) + (Ypiv1 — Ypit2)(Yri — Ypi) +

(Zpi+r — Zpir2)(ZRi — Zpi) =0 (3.5)

Let the length of each limb be equal to 7. Then
(Xpi — Xpi)? + (YR — Yp:)* + (Zri — Zpi)* =1 (3.6)

Note that in equations (3.5) and (3.6), Zg; is a known constant, while Xp; and
Yg,; are the unknowns. Equations (3.5) and (3.6) can be reduced to a quadratic

equation in one unknown, Yg;, of the following form
K1:Yh; + KoY+ K3 =0 (3.7)

where

Ki; = (Xpiz1— Xpir2)? + (Ypire — Ypinr)

Kyi = 2Zpiya = Zrini)(ZRri — Zpi)(YPiva — Ypiv1) — 2YpPi(Xpiy1 —
Xpir2): —2Ypi(Ypiys — Ypir1):

Ks; = (Zpivs — Zpin1) (Zri — Zpi) + YBi(Xpir1 — Xpiv2)? + Y5 (Ypiya —
Ypir1) = 2Ypi(Zpivs — Zpiv1)(Zri — Zp:)(Ypir2 — Y1) +

(Xpiy1 — Xpir2)(Zri — Zpi) — (Xpis1 — Npig2)'r?

Therefore, there are two solutions for the coordinates of point R;. Geometrically,

1The subscripts are cyclic. If i = 2, ¢ + 2 represents 1. If = 3, 1 + 1 and 7 + 2 represent 1

and 2, respectively.
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these solutions represent intersections of a circle? with the plane parallel to the
X-Y plane and containing the centers of the three spherical joints in the equiva-
lent manipulator. Since each limb has two possible configurations, a total of eight
minimanipulator postures are possible corresponding to each given platform po-
sition and orientation. In practice, the posture which corresponds to minimum
displacements of points R,, Rz, and R3; from their previous positions or their

reference positions can be used for real-time control of the minimanipulator.

Vector C;R; is perpendicular to the base plate. Once the coordinates of
point R; are known, the coordinates of point C; can be found easily by subtract-

ing a constant from the Z-component.

3.2.2 Type 2 Minimanipulator

For the Type 2 minimanipulator, results of inverse kinematics of the Type 1
minimanipulator should be used to find the input angles of the simplified five-

bar drivers.

Let the length of each side of triangle DD, D3 (see Figure 3.2) be equal
to e. Then the distance, d, from point O to each one of points Dy, D,, and D;

can be found using the law of cosines. The result is given below.

d= (3.8)

V3

2The circle has radius of 1. Its plane is perpendicular to line P;y1 P 2 and its center is at

point P;.
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The coordinates of point D; in the base reference frame is given by

XD,i -} dCOS ,Bi
YD,i = | dsin ,Bi (39)
 Zps | |0
where
T 27
-  — 1) — 3.10
fi= T+ 1) (3.10)

The angle which line D;C; makes with the positive X-axis (1;) is equal to
1/)1' = Atan2(Yc,,- - YD,,',XC‘,' — XD,i) (311)

where Atan2 is a single-valued function which calculates arc tangent of (Y¢; —
YD,i)/(XC,i — XD,,') but uses the signs of both Yo — Yp, and X¢; — Xp; to

determine the quadrant in which ; lies.

The angle which line D;C; makes with line D;B; or line D;A; (¢;) can be
found by applying the law of cosines to the triangle D;B;C; or D;A;C;. The
result 1s given below.

e+ (Xoi — Xpi)*+ (Yo — Yp,)? — b

& = cos
2a\/(Xc,i — Xp;i)*+ (Y — Yps)?

(3.12)

where a and b are link lengths of the simplified five-bar drivers. There are two
opposite and equal answers for {;. Let the angles which input links D;B; and
D; A; make with the positive X-axis (6; and ¢;) be defined as the input angles of

the drivers. Then

0; = i F &l (3.13)

¢ = Pitl&l (3.14)
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Mathematically, each driver has four possible configurations for a given position
of its output point. If 6; and ¢; are equal (two of the solutions), the driver will
be in an indeterminate configuration from the direct kinematics point of view.
Hence, this condition (i.e., §; = ¢;) should be avoided. Due to symmetry, the
other two solutions result in identical configurations for the driver. In practice,
one can reduce the number solutions to one by letting 6; and ¢; to be always

equal to ¥; — || and ; + |&], respectively.

3.3 Home Configuration

Let us define a “home” or reference configuration which will be used in the

numerical examples of sections 3.4 and 4.5.

Let 6;, and ¢; . represent driver input angles at the home configuration.

These angles are defined to be

0, = (i-1)7 (3.15)
bip = T4+ (i— 1)2?7r (3.16)

In addition, let
0,-0i+1|r = Pz-Pmi (3.17)

where ‘C’iC,-H' is the length of vector C;C;;1 at the home configuration. Equa-
tion (3.17) implies that, at the home configuration, the limbs are perpendicular
to the base plane, and the platform is at its highest possible position. It can

be shown that as a result of the above definition of the home configuration, the
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following constraint exists between the parameters of a Type 2 minimanipulator.

q = e+ /3(b* — a?) (3.18)

3.4 Numerical Example

In this example, the above procedure is used to determine driver input angles
of a Type 2 minimanipulator for a given platform position and orientation. Let

the independent minimanipulator dimensions be
a=1b=2e=257r=3 Zp; =0.125

Note that only the ratios are important; therefore, a is set equal to 1. The

dependent dimensions are found to be
d=1443,9q =5.5,p = 3.175

Let the roll, pitch, and yaw angles of the platform to be all equal to 5 degrees
and the coordinates of point G to be (-1.75, 1.75, 1.75). The homogeneous

transformation matrix becomes

0.9924 —-0.0793  0.0941 —1.75W
0.0868  0.9930 -0.0793 1.75

—0.0872  0.0868  0.9924 1.75

] 0 0 0 1 ]

The calculated coordinates of points P;, R;, and C; are given in Table 3.1. Note

that there are two possible solutions for point R;. The above results represent
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Point X Y Z

P, -2.0017 | 4.9034 | 2.0257
P, -4.3533 | -0.0655 | 1.8518

P, 1.1049 | 0.4120 | 1.3725

Ry, | -1.9656 | 2.5826 | 0.125
R, |-2.4604 | 1.4950 | 0.125

R; 3.5877 | -0.7192 | 0.125

Ch -1.9656 | 2.5826 0.0
C, |-2.4604 | 1.4950 0.0

Cs 3.5877 | -0.7192 0.0

Table 3.1: Intermediate results of the inverse kinematics sample problem.
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the solutions which correspond to minimum displacements of points Ry, Ry, and

R; from their reference positions. Angles ; and ¢; are found to be
P = 149.9031, ¢, = 118.6360, 3 = 0.0592

& = +61.5969, ¢, = £48.0193,¢; = £58.1855

Setting 0; equal to ¥; — |¢;| and ¢; equal to ¥; + |¢;|, the following results for the

driver input angles are obtained.
61 = 88.3062, 6, = 70.6167, 65 = 301.8737

$1 = 211.5, ¢» = 166.6554, 3 = 58.2448
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Chapter 4

Direct Kinematics

4.1 Introduction

As mentioned earlier, direct kinematics of a parallel manipulator is much more
difficult than its inverse kinematics. Dieudonne et al. (1972) applied Newton-
Raphson’s method to solve the direct kinematics of a motion simulator identical
to the Stewart platform. Behi (1988) used a similar technique to numerically
solve the direct kinematics problem of a parallel mechanism similar to the Stew-
art platform. Griffis and Duffy (1989) as well as Nanua et al. (1990) studied
direct kinematics of special cases of Stewart platform, in which pairs of spherical
joints are concentric on either the platform or both the base and the platform.
They were able to reduce the problem to an eighth-degree polynomial in the
square of a single variable (total degree of sixteen). However. as mentioned
by Griffis and Duffy (1989), pairs of concentric spherical joints may very well
present design problems. Lin et al. (1990) solved direct kinematics of another

class of Stewart platforms, in which there are two concentric spherical joints on
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the base and two more concentric spherical joints on the platform. The latter
class of Stewart platforms suffer from lack of symmetry and concentric spherical
joints are still needed in their construction. Other researcher have also been able
to obtain closed-form solutions for other special forms of the Stewart platform
(e.g., Innocenti and Parenti-Castelli, 1990; Parenti-Castelli and Innocenti, 1990;
Zhang and Song, 1990; Zhang and Song, 1991). It is worth mentioning that, to
the best of our knowledge, no one has yet been able to obtain a closed-form direct
kinematics solution for the general Stewart platform with six independent limbs.
Recently, Raghavan (1991) used a numerical technique known as polynomial
continuation to show that there are forty solutions for the direct kinematics of
the Stewart platform of general geometry. Murthy and Waldron (1990a, 1990b)
have been able to relate the direct kinematics of some parallel mechanisms to

the inverse kinematics of their serial dual mechanisms.

In this chapter, closed-form direct kinematic solutions for the Type 1 and
Type 2 minimanipulators (see section 2.3, page 21) are presented. It will be
shown that direct kinematics of the minimanipulators involves solving an eighth-

degree polynomial in the square of a single variable.

4.2 Preliminaries

Figure 3.1 shows a parallel mechanism whose limbs are kinematically equivalent
to those of an actual minimanipulator. The equivalent limb configuration will be
used for analysis, because the spherical-and-revolute limb (Figure 2.2) is easier

to analyze than the universal-and-universal limb (Figure 2.3). The lower ends of
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the limbs (points R;, R,, and Rj3) are connected to two-DOF drivers. The upper
end of the limbs (points P;, P;, and P3) are connected to the platform through
revolute joints. Note that the joint axes at points P;, P2, and P; are parallel to

lines P, Pa, Py P3, and P; P;, respectively.

Definition of the fixed reference frame (XYZ) and the moving reference
frame (UVW) are given in section 3.2. The fixed reference frame (XYZ) used in
the analysis of the Type 2 minimanipulator is shown in Figures 2.6 and 3.2. The
moving (or platform) reference frame is shown in Figure 3.1. Note that both

triangles Dy Dy D3 and Py P, Py are equilateral.

4.3 Direct Kinematics of the Type 1 Minima-

nipulator

In the direct kinematics of the Type 1 minimanipulator, coordinates of point C;
(see Figure 2.1) are given. Coordinates of points Pi, P, and Ps in the base ref-
erence frame are to be found. These three points completely define the platform

position and orientation.

4.3.1 Coordinates of Point R;

Vector C;R; is perpendicular to the base plate. Once the coordinates of point C
are known, the coordinates of point R; can be found easily by adding a constant

to the Z-component.
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4.3.2 Angles between the Limbs and the Platform

As shown in Figure 4.1, let 7; be the angle from vector GP; to vector PR;
measured about the vector I'; which is collinear with the axis of the revolute
joint at point P; and points in the direction of vector Pii, Pyt Also, let o
be the angle from the positive U-axis to vector GP; about the positive W-axis.

Angle o; can be found from Figure 3.1 as

ai:%+(i—1)? (4.1)

In the next step, angle n; will be found from a kinematic inversion. If »

is the length of each limb, the coordinates of point R; in the moving reference

frame UVW are

UR,," = rOaiCm + Up,i (4.2)
VR,,' = rSaiCn,- + Vp,i (43)
WR,,' = -—'I'S’I],' (44)

where Ca; = cos a;, Sa; = sin oy, Cn; = cos7;, and Sm; = sinn;. Note that Up;

and Vp; are known quantities which can be found from

Upi = pCo (4.5)

Vpi - pSOé,' (4.6)

’

where p is the length of vector GP; (see Figure 3.1).

1The subscripts are cyclic. If i =2, ¢+ 2 represents 1. If ¢ = 3, i + 1 and i + 2 represent 1

and 2, respectively.
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Figure 4.1: Depiction of angles a;, and 7;.
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The coordinates of point R; in the base reference frame have already been
found in the previous section. Hence, the length of vector R;R;,q, denoted by

lit2, is known. We can write
(Uri — Uris1)* + (Vai — Vrit1)’ + (Wri — Wrin)? =12, (4.7)

Substituting equations (4.2) - (4.4) into equation (4.7) and simplifying, we get

A5 SN + BiCniCnigr + DiCni + DiCrpiyr + E; = 0 (4.8)
where
Ai e ——27’2
Bi = 7'2
D,; = 37’p
E; = 22 43p° — lf‘+2
Let

1
t; =1 — .
"m(z)

Then, we can express cos7; and sin7; in terms of ¢; as

1 —¢2
; = d 4.9
2t;
inn = 4.10
sin 7 Tr o ( )

Substituting equations (4.9) and (4.10) into equation (4.8) and simplifying, we

get

Fit?t?+1 + Git? + Gitf_{.l + Lttty +J;, =0 (411)
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where

F, = §37“2+13}1?‘—*67'1:)—11-2Jrz
Gi = T2+3p2-—l1~2+2

Ii = —87’2

J; = 3r% 4 3p* +6rp— 12,

Equation (4.11) can be rewritten, for 7 = 1,2, 3, in the following forms

(Rt + Gyt + (Lt )te + (Git2 + J1) = 0 (4.12)
(Fot2 + Gt + (Ipta)ts + (Goti + J3) =0 (4.13)
(Fst2 4 G3)ts + (Isty )tz + (Gstl + J3) = 0 (4.14)

We can think of equations (4.12) and (4.13) as two equations in the variable t,.
Vanishing of their eliminant results in the following equation (Salmon, 1964).

Refer to Appendix B for details.

Nyt + Nat3 + Nat; + Nats + Ny = 0 (4.15)

where

Ny

Il

Q111 + Qat} + Qs
Ny = Q4]+ Qsty
N3 = Qet]+ Qrt + Qs
Ny = Qot + Quot

Ny = Qllt;1 + Q12t§ + Q13
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where Q’s are constants which can be found? from the following relationships.

Q, = FIG:—-2F\F,G1Gy + FIG?

Q, = 2FXG,Jy 4 FyGoIt + 2F,G1GE — 2F FoGyJy — 2F5GEG,

Qs = F2J}+ G*G2 — 2F,G,G, J,

Qs = —FRG,LI,— G LI,

Qs = —FLLJ — GG 111,

Qe = 2FGyJy + FyG I + 2F,G2Gy — 2F F2GyJy — 2F1 GG

Q: = FIlJ, +4F G Gody + R + AFGL Gy Jy + GAI2 + GEIE —
2R\ FyJiJy — 2F,G2 T, — 2P G2 T, — 2GEGE

Qs = 2G1GyJy + 2F,GyJE + GhIZ T, — 2F,GyJ1J2 — 2G1 G,

Qo = —FRLLJ,— GG LI

Qe = —GiLI,J, — Go 1 1L Jy

Qu = FM24+GIGE—2F,G1GyJ,

Quz = 2F\GyJ} + Gl T, +2G1GEJy — 2F1 Gy 1 J; — 2GEGoJy

Q13 = Gf-]g + nglz - 2G2G1J1J2

Similarly, we can think of equations (4.14) and (4.15) as two equations in the

variable t3. Vanishing of their eliminant results in (Salmon, 1964)

—NsS$1[(N3S1 — N1S3)(S5 — S153) — S1.52(—N2Ss + N3Sp + NoS1) +
S2(NySz + NsS1)] + (NaSy — NySy)[NsSa( S2 — 6153) +

S52(—N3S3 + N3Sy + NuS1) — S2(NySy + N5S1)Ss) +

*Macsyma (1988) was used here and in other portions of this work for symbolic calculations.
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N451[*3153("—N253 4+ N3Sy + NuS1) + S253(N3Sy — NiSs) + NSSfSQ} —

(N3Sl — N153)[S§(N351 — N153) — Sl(N452 + N5S]_)53 + N5S1522] =0 (416)
where S’s are the coeflicients of equation (4.14). Namely,

Sy, = Fat? + G

S2 = I3ty

S3 = Gat?+ Js
Equation (4.16) is an eighth-degree polynomial in square of t; (see Appendix C
for details). It follows that there are sixteen possible solutions for each angle 7;
and therefore sixteen solutions for the direct kinematics of the minimanipulator.
The elimination procedure described above is similar to those used by Nanua et

al. (1990), Griffis and Duffy (1989), and Innocenti and Parenti-Castelli (1990)

for solving direct kinematics of special forms of the Stewart platform.

4.3.3 Coordinates of Point G

In the next step, the coordinates of point GG in the base reference frame will be
found. Let h; be the length of vector GR;. Using equations (4.2) - (4.4), we can

write h? in terms of the UVW coordinates of points G and R; as
h? = (rCoiCni+ Up:)® + (rSouCny + Vpi) + 72850} (4.17)

We observe that sixteen values of 7; result in only eight values for h?. Writing

h? in terms of the XYZ coordinates of points G and R;, we get

(XG - XR'i)z + (YG — YR,i)Z -+ (ZG — k)z = hf (4.18)
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where k is the Z-coordinate of point R;. If equation (4.18) is written for : = 1
and 1 = 2 and the latter equation is subtracted from the former one, the following

relation 1s obtained.

AXp2—Xr1)Xc+2(Yry—Yr1)Ye = h}—h3— X}~ Y2 + X} ,+YE, (4.19)
Similarly, If equation (4.18) is written for ¢ = 1 and 7 = 3 and the latter equation
1s subtracted from the former one, the following relation is obtained.

2(XRr3s—Xr1)Xc+2(Yrs—Yr1)Ye = h2—h:— Xfm - Yéyl + X5+ Yh, (4.20)

The above two equations can be solved for X¢ and Y. Eight A? values result in
eight solutions for (Xg, Yz). These solutions can be substituted back in equation
(4.18) to find Zg. For each (Xg,Ys) solution, two values for Zg are obtained.
Therefore, there are eight pairs of (sixteen) solutions for point G. In each pair,
one element is the mirror image of the other element with respect to the plane

passing through points Ry, R,, and R; (Z = k plane).

4.3.4 Coordinates of Point P;

In the final step, the coordinates of point P; in the base reference frame are

found. Referring to Figure 4.1, we can write
(Xp; — Xpi) + (Yp; — Yr;:)* + (Zp; — k)? = 12 (4.21)
(Xp; — X)) 4+ (Ypi — Yo)* + (Zp; — Z6)* = p* (4.22)
Subtracting equation (4.22) from equation (4.21) results in
(Xe — Xri)Xpi + (Yo — Yri)Yp: + (Zc — k) Zp; =

(r* — P+ X+ Y3+ 2% — X}, - Yi, — k)2 (4.23)
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Referring to Figure 3.1, we obtain the following geometric relations. Vector P;R;

1s perpendicular to vector P;yq P, ,. Hence

(Xpi — Xri)(Xpit1 — Xpiv2) + (Ypi = YR (Ypiv1 —

Ypit2) + (Zpi — k)(Zpit1 — Zpit2) =0 (4.24)
Also, vector GP; is perpendicular to vector Piy1P;y,. Thus

(Xpi — X6 )(Xpit1 — Xpiy2) + (Yp: — Yo)(Ypir1 —

Ypivz) +(Zpi — Zo)(Zpit1 — Zpiy2) = 0 (4.25)
Subtracting equation (4.24) from equation (4.25) results in

(XRr: — X6¢)Xpit1 + (Xe — Xri)Xpiv2 + (Yri — Y& )Ypip1 +

(Yo —YRi)Ypiy2 + (k— Z¢)Zpiy1 +(Ze — k)Zpiy2 =0 (4.26)

Point G 1s the centroid of the triangle P, P, P;. Hence

Xp1+ Xpa+Xps = 3Xg (4.27)
Yp1+Yp2+Yps = 3Yg (4.28)
Zpy+ Zp2+ Zps = 3Zg (4.29)

Equations (4.23) and (4.26) can be written for 1 = 1,2,3. These equations plus
equations (4.27), (4.28), and (4.29) represent nine linearly-independent equations
in nine unknowns, Xp1, Yp1, Zp1, Xp2, YpP2, Zp2, XpP3, Yp3, and Zps. Solving

this system of equations results in the following expressions for the unknowns.

Xpi = [3(Yri+2 — Yr41) (Zg — k)2 +2(YRit2—

Yrit1) YR,i2 + (YR,i+22 —6Ye YRtz — YR,i+1z+
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6Yq Yris1 + Xrirz® — 6 Xa Xriv2 — Xgis1l +6Xe Xrit1) Yri—

Yriv: Yriso? + (Yriza® +3Ye? +2Xg,;”° + Xgri+1® — 6 Xg XRit1+

3Xe? — 372 +3p?) Yrisa + (—3Ye? — 2Xg;* — Xn2 '+

6Xe Xrire — 3Xa2 + 377 = 39%) Yrir1 /{4 Xri+1(Yri — YRi42)—

Xrivz YRi + Xr; YRtz + (Xmit2 — Xri) Yriv1l} (4.30)
Ypi = [3(Xrir1 — Xrira) (Za — k)% + 2(Xpie1 — Xrir2) Yri'+

(XRrit1 — Xr,i) YRtz + 6(Xri — Xgri+1) Yo Yri+2 + (Xri—

Xrir2) Yrirs® + 6(Xrirz — Xri) Yo Yrirr + 3(Xpiy1—

Xris2) Ya? + 2(Xniv1 — Xriv2) Xni” + (—Xria”+

6 Xa Xritz + Xrir1® — 6 Xe Xri1) Xri + Xrirn Xjito”+

(—Xpip1® —3Xe? + 377 = 3p°) Xnjiy2 + 3(Xg? —r’+

?°) Xpi]/{4[XRri+1(Yri — YRi+2) — XRi+2 YR, + XR,i YRi42F

(Xri+2 — Xri) Y]} (4.31)
Zp; = {[5(Xr41 — XRi+2) YR + (6 Xri — 2 XRri41 — 3Xg) YR,i+2t

(=5XR; + 2XRir2 + 3Xe) Yrir1 + 3(Xr,ir2 — Xniv1) Yol (Zo—

k)? 4 4k [(Xri+1 — Xrit2) YR + (Xri — Xrjis1) YRi+2 + (XRit2—

Xr;) Yrir1) (Ze — k) + 2[(Xrir1 — Xa) Yris2 + (Xo—

Xpirz) Yrit: + Kritz — Xrir1) Yel Yri* + [(Xrin—

Xa) Yriso + 6(Xg — Xnii+1) Ya YRtz + (Xe — XRjit2) YR+

6(Xr,i+z — Xg) Y6 Yr,i+1 + 5(XRis1 — XR,i+2) Yo? + (Xpi+1—

Xg) Xpipe® + (—Xpisa? + X6? + 77 — p*) Xnjit2 + Xo X'+

(—Xa? = 7 4+ p*) Xrji41] Yri + [(Xe — Xgrji) YRiv1 + (Xri—
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Xnit1) Y] Yrive® + [(Xri — Xe) Yri41? + (—Xgi + 4 Xpip1—

3Xa)Ye? 4 2(Xgip1 — Xo) Xri® + (Xri+1” — 6 Xa Xrip1t

5Xa? — r? + p?) Xr; — Xo Xnisa” +2(2X6” — r° + p?) Xpipa—

3Xc® +3(r* — p?) Xa] Yrisz + (Xritz — Xri) Yo YR +

[(Xr; — 4 XRir2 +3Xe) Ye? + 2(XG — Xr,i+2) Xpil+

(—Xpit2? + 6 Xa Xnjpz — 5X6* + 77 — p) Xr,i + Xo XRig2’+

2(—2Xg? + 72 — p*) Xpip2 + 3Xc® + 3(p° — r*) Xg] YRjita+

3(Xnirz — Xris1) Yo + 2(Xnirz — Xrit1) Xri” + (X2’ —

6Xc Xrirz — Xrir1® + 6 Xe Xrit1) Xri — Xg,i+1 Xpipa+

(Xris1? +3Xe? — 372 +3p%) Xn,sz + 3(—Xg” + 77—

p°) Xrir1) Yo} /{4l(Xri+1 — Xn,it2) Yri + (XRri—

Xrir1) Yrirz + (Xri+2 — Xri) Yrit1] (Za — k)} (4.32)
Note that Variables Xp; and Yp; are functions of Xg,Ys, and (Z — k)% It
was shown in section 4.3.3 that there are only eight values for each one of these

quantities. Hence, only eight values for (Xp;, Yp;) exist. The above equation

for Zp; can be rewritten as
Zpi =k + Y1(Zg — k) + To(Zc — k)~ (4.33)

where Y, and T, are functions of (X¢, Yg) and the coordinates of points Ry, Ra,
and Rs. As a result, there are eight values for each variable Ty and T,. In
section 4.3.3, we showed that there are eight pairs of opposite and equal values
for (Zg — k). Therefore, equation (4.33) is equivalent to Zp; = k + T3 where

eight values for Y5 exist. The preceeding discussion shows that there are eight
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pairs of (sixteen) solutions for (Xp;, Yp:, Zp;). In each pair, one element is the

mirror image of the other element with respect to the Z = k plane.

4.4 Direct Kinematics of the Type 2 Minima-

nipulator

Figure 4.2 shows a simplified five-bar linkage driver for a Type 2 minimanipula-

tor. Recall that 6; and ¢; (driver input angles) are the angles from the positive

X-axis to the vectors D;B; and D;A;, respectively, measured about the positive
Z-axis. D;B; and D;A; are the the input links of the driver and vector D; X;; 1s

parallel to the positive X-axis.

In the direct kinematics of the Type 2 minimanipulator, angles §; and ¢;

(i=1,2,3) are given. The platform position and orientation are the unknowns.

Let us find the X and Y coordinates of point C; in terms of the driver input
angles. Recall that the distance from point O to each one of points Dy, D,, and
D; (see Figure 2.6) is equal to d. The X and Y coordinates of point D; in the

base reference frame are given by

.XDJ' = dcos ,Bi (434)
YD,i = dsin ,6,' (435)
where
T 27
. 1) — 4.:
B; 5 +(z—-1) 3 (4.36)

As shown in Figure 4.2, let the angle from the positive X-axis to vector
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Figure 4.2: Depiction of angles 6;, ¢i,:, and &;.
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A;B; measured about the positive Z-axis be equal to ;. Then
v; = Atan2(sin §; — sin ¢;, cos 0; — cos ¢;) (4.37)

where Atan2 is a single-valued function which calculates arc tangent of (sin §; —
sin ¢;)/(cos 6; — cos ¢;) but uses the signs of both (sin §; — sin ¢;) and (cos §; —
cos ¢;) to determine the quadrant in which ; lies. In addition, let the angle from

vector A;B; to vector A;C; measured about the positive Z-axis be equal to §;.

Then

. \/2a2 — 2a? cos(¢; — 6;)

6; = & |cos 57

(4.38)

Note that vector A;X;, is parallel to the positive X-axis in Figure 4.2. The X
and Y coordinates of a driver output point C; can be found from the following

equations.

Xei = Xp,i+acose; +bcos(y; + &) (4.39)

Yoo = Yp,i+asing; + bsin(y; + 6;) (4.40)

The above expressions for X and Y coordinates of C; are similar to those pre-
sented by Bajpai and Roth (1986). Mathematically, there are two solutions for
each output point C;. However, only one of these solutions is feasible. The other
solution can be obtained only if the simplified five-bar driver is disassembled
and reassembled. A simple algorithm can be developed to determine the feasible

solution for any given input angles.

The rest of direct kinematics of the Type 2 minimanipulator is identical

to direct kinematics of the Type 1 minimanipulator (see section 4.3).

51



4.5 Numerical Example

In this example, the above procedure is used to determine the coordinates of
points P;, P,, and P; for a given set of driver input angles of a Type 2 minima-
nipulator. The home (reference) configuration defined in section 3.3 is used in

this example.
Let the minimanipulator dimensions be
a=1,b=2d=1.443,p = 3.175,7 = 5,k = 0.125
In addition, let the driver input angles (in degrees) be
61 = 90.0,0, = 70.0,63 = 300.0
¢ = 210.0, ¢, = 170.0, ¢5 = 60.0
Then, equation (4.16) reduces to

t1® — 35.9507¢1* 4 700.3896¢1% — 6635.7398t1° + 21284.2651t5 — 50544.2635t5 +

387426.1233¢7 + 524669.7298¢2 + 226.9895 = 0 (4.41)

The sixteen solutions for ¢, are

+12.02797, +11.8918, +£1.6923, +1.691, £2.7575, £2.8221,

3.6273+12.0096, -3.6273112.0096

where i=+/—1. The eight real solutions yield the values shown in Tables 4.1 and
4.2 for angles 11,72, and 73 (in degrees) and the coordinates of points G, P\, P,
and P;. The results of the numerical example have been verified by performing
an inverse kinematics analysis. Note that pairs of solutions for point P; are

symmetric with respect to the Z = 0.125 plane, as predicted.
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No. 1 2 3 4
m | 118.8422 | -118.8422 | 118.8016 | -118.8016
ny | 119.7530 | -119.7530 | 119.7972 | -119.7972
N3 55.0319 | -55.0319 | -156.8897 | 156.8897
Xe | -1.8203 -1.8203 1.5689 1.5689
Yo 1.6418 1.6418 0.1605 0.1605
Zg 4.4640 -4.2140 1.2035 -0.9335
Xp1 | -2.0971 -2.0971 2.9905 2.9905
Yp, | 4.8017 4.8017 2.5909 2.5909
Zpy | 4.6104 -4.3604 -0.2647 0.5147
Xpy | -4.4205 -4.4205 0.6697 0.6697
Ypo, | -0.1808 -0.1808 -2.3918 -2.3918
Zpa | 4.4473 -4.1973 -0.4580 0.7080
Xps | 1.0569 1.0569 1.0464 1.0464
Yps | 0.3044 0.3044 0.2824 0.2824
Zps | 4.3342 -4.0842 4.3333 -4.0833

Table 4.1: First four real solutions of the direct kinematics sample problem.
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No. 5 6 7 8

7 | 140.1345 | -140.1345 | 140.9769 | -140.9769
7y | 142.3654 | -142.3654 | 141.7002 | -141.7002
M3 44.1586 | -44.1586 | -140.1406 | 140.1406
Xg | -2.8656 -2.8656 0.5987 0.5987
Yo 1.9494 1.9494 0.6790 0.6790
Zg 3.2128 -2.9628 0.2659 -0.0159
Xp1 | -5.4744 -5.4744 -0.3373 -0.3373
Yp:1 | 0.1892 0.1892 -1.8827 -1.8827
Zp1 | 2.7899 -2.5399 -1.3606 1.6106
Xpa | -3.1036 -3.1036 2.0231 2.0231
Yp, | 5.1058 5.1058 3.0836 3.0836
Zpa | 3.4648 -3.2148 -1.2414 1.4914
Xps | -0.0187 -0.0187 0.1103 0.1103
Yps | 0.5531 0.5531 0.8359 0.8359
Zps | 3.3837 -3.1337 3.3996 -3.1496

Table 4.2: Last four real solutions of the direct kinematics sample problem.

54




Chapter 5

Jacobian Analysis

5.1 Introduction

For a serial manipulator, the Jacobian matrix is generally defined as the transfor-
mation which maps the joint rates into the Cartesian velocities (e.g., Waldron et
al., 1985). In addition to singularity analysis, the Jacobian matrix has been used
in defining various performance indices for serial manipulators (e.g., Salisbury

and Craig, 1982; Yoshikawa, 1985; Klein and Blaho, 1987; Lee et al., 1991).

Due to dualities between parallel and serial manipulators (Waldron and
Hunt, 1987), the Jacobian matrix for a parallel manipulator is generally defined
as the transformation which maps the Cartesian velocities to joint rates. Gosselin
and Angeles (1988, 1989) considered isotropy of the Jacobian matrix for the
design optimization of planar and spherical three-DOF parallel manipulators.
Arai et al. (1990) also used the Jacobian matrix in the optimal design of a six-

DOF parallel manipulator. Mohamed and Duffy (1985) used the screw theory
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to formulate the Jacobian matrix of parallel manipulators.

In this chapter, expressions for the Jacobian matrices of the Type 1 and
Type 2 minimanipulators (see section 2.3, page 21) are derived. The results
are used later in formulating the stiffness matrices of the minimanipulators,

determining singularities, and establishing design guidelines.

5.2 Jacobian Matrix of the Type 1 Minima-

nipulator

The fixed reference frame (XYZ) and the moving reference frame (UVW) are
defined in section 3.2. The fixed reference frame (XYZ) is shown in Figures 2.6

and 3.2. The moving (or platform) reference frame is shown in Figure 3.1.

In this chapter, without loss of generality, welet Zg; = 0. If Zg; > O for a
minimanipulator, a simple transformation should be applied to the coordinates

of the points used in the following derivations.

Referring to Figure 5.1, we can write the following vector equation

OR; = OG + GP;, 4+ P;R; (5.1)

Taking the time derivative of both sides of equation (5.1) with respect to the

fixed reference frame yields

BYR - PYS L B5P OB+ P x PR (52)

where V and @ denote linear and angular velocities, respectively. The right
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Figure 5.1: Parameters used in Jacobian analysis.
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superscript for a velocity vector stands for a point or a rigid body, whereas the
left superscript refers to a reference frame in which the velocity is expressed. The
base, the platform, and limb P;R; reference frames (rigid bodies) are denoted
by B, P, and L;, respectively. The terms rigid body and reference frame are
used interchangeably, because every rigid body can be used as a reference frame
and every reference frame can be viewed as a massless rigid body (Kane and
Levinson, 1985). Angular velocity of limb P;R; in the fixed reference frame can
be found from

Bt = Pgli 4 BgP (5.3)

As shown in Figure 5.1, let 7; be the angle from vector GP; to vector P;R;
measured about the unit vector I; which is collinear with the axis of the rev-
olute joint at point P; and points in the direction of vector P ,P;y;. ' then,

equation (5.3) can be converted to

Bgli = .1 + Pw’ (5.4)

where 7; 1s the time-derivative of 7;. Substituting equation (5.4) into equation
(5.2), we obtain

ByR = BY° 4 BgP « G + (T + Pa”) x PR (5.5)

or

B—R

7

i BVG + B5P GR; + ﬁifi x P;R; (5.6)

The Z-component of Byhi s equal to zero. Therefore, we can conclude from the

1The subscripts are cyclic. If i = 2, 7+ 2 represents 1, If i = 3, i + 1 and i + 2 represent 1

and 2, respectively.
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above equation that

"V .m. 4+ (Pa” xGR) &, 57)
* (T: x BiR) -, |
where 72, 1s a unit vector in the Z-direction. Let
then, equation (5.7) reduces to
= B¢ L (CR x#.). Bg?
i = AV (GRy x 7,) - Cw (5.9)

Hi,z

where p; , 1s the Z-component of the vector f;. Also, let

r Mz
e T
/*l’i,z
and
r My
p’i,y -
Hiz

where p; » and p;, are the X and Y-components of vector f;, respectively. Sub-
stituting equation (5.9) into equation (5.6), and solving for the X-component of

the resulting equation, we obtain
V. = (e — dhgiia) -V + [(GR: X 7ia) — 1 o(GR: x )] - °5° (5.10)

B ,R; . B—R; _ . : .
where ~ V" is the X-component of vector ~ V' and 7, is a unit vector in the

X-direction. Similarly, we can obtain the following equation

! = B < D - ! — —
VY = (Ry — il i) - VO 4 [(CR: x #y) — ph,(GR; x w.)] - P&’ (5.11)

B. . R; . B—R; . . .
where “ V" is the Y-component of vector V'™ and 7, is a unit vector in the

Y-direction.
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Let us define the 6 x 1 generalized velocity vector of the platform (Z) as

BvG

T = (5.12)
BGP

If the 6 x 1 vector of velocity components at the lower ends of the limbs (qQ) is

given by
G=[Cv™, Pyl Pyl Pyle By By (5.13)
then, we can define the 6 x 6 Jacobian matrix (J) by
q=1Jz (5.14)

Referring to equations (5.10) and (5.11), we can express the Jacobian matrix as

B

(e — i uie)® ((OF x ) — i o(CT X )T

(g — oyl (R x ) = i, (GRr x )T

fig — phy 71z)T [(GRa X Tiw) — fiy
( py o 7iz) [(GRy ) — (5.15)

(ﬁ’y - :u'l2,yﬁ’2)T [

(
(e — Haofis)” [(GRs X 7ia) — i3,
| (= )T (OF x ) — g,
where superscript T denotes transpose. Expanding equation (5.15), we get

1 0 —pi, —phiy(Yri-Ys) ~Zc—px(Xe—Xr1) Ye-—Yra W

0 1 —pi, Za—py (Yra—Ye) —hy (X6 — Xg,1) Xgr1— X¢
. 1 0 —ph, —phy (Yr2—Ys) ~Zc— o, (Xe—Xr2) Yo~ Yro
0 1 —py, Zg—phy (Yr2~ Ye) oy (X6~ Xr;2)  Xmr2-Xc
1 0 —ph, —phy(Yr3—Yg) ~—Zc—p3x(Xec—Xr3) Yo~ Yrg3
[ 0 1 —p3, Zc—psy (YR3—Ya) ~ps, (Xa —Xr3)  Xrs—Xa |
(5.16)
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where (Xg, Yr,;) are the (X, Y) coordinates of point R; and (Xg, Y, Z¢) are the
coordinates of point G. The Jacobian matrix is a function of the minimanipulator

configuration and dimensions.

5.2.1 Dimensionally-Uniform Jacobian Matrix

As shown in equation (5.12), the first three elements of Z have the dimension
of length/time, whereas the last three elements of Z have the dimension of ra-
dian/time. As a result, as shown in equation (5.16), elements of the first three
columns of J are dimensionless, whereas elements of the last three columns of J

have the dimension of length.

In this section, we define a dimensionally-uniform generalized velocity vec-
tor for the platform in order to obtain a dimensionally-uniform Jacobian matrix.
The result will be used in section 6.2.1 to obtain a dimensionally-uniform stiffness

matrix, which can be diagonalized by means of a principal axis transformation.

Let Z be a dimensionally-uniform generalized velocity vector for the plat-

form, whose elements have the dimension of length/s. We define vector Z as
Z=W,% (5.17)
where Wy 1s a 6 X 6 diagonal, positive definite, weighting matrix given by
Wy =diag(1, 1, 1, L, L, L) (5.18)

In equation (5.18), L is a parameter which has the dimension of length (e.g., p).

Solving equation (5.17) for  and substituting the result into equation (5.14), we
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obtain
g=1Jz (5.19)

where J is a dimensionally-uniform Jacobian matrix, which is given by
J=Jw,! (5.20)

The elements of J are all dimensionless.

5.3 Jacobian Matrix of the Type 2 Minima-

nipulator

Figure 5.2 shows a simplified five-bar driver. Let 6; and ¢; (driver input angles)
be the angles from the positive X-axis to the vectors D;B; and D; A;, respectively,
measured about the positive Z-axis. D;B; and D;A; are the input links of the
driver and vector D;X;, is parallel to the positive X-axis. In the following
analysis, we assume that ¢; > 6; (if ¢; < 6;, 360 degrees is added to ¢;). In
addition, only one branch of a driver is considered, because the other branch can
be realized only by disassembling and reassembling the driver. From the driver

geometry, we can write

fxe

= acos&; + bcosV; (5.21)

where ¢; is the angle of line D;C; with line D;B; or line D; A; and 7; is the angle
of line C;D; with line C;B; or line C;A;. Applying the law of sines to the triangle
D; A;C;, we get

_ g (5.22)



Figure 5.2: Parameters used in velocity analysis of drivers.
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or

cos ¥; = \/1 - (%)2 sin? ¢; (5.23)

From equations (5.21) and (5.23), we conclude that

- A
D;C; = {a cos &; + b\/l - (%) sin? & g (5.24)

where 7, ; is a unit vector in the direction of vector D;C;

Let 1; be the angle from the positive X-axis to the vector D;C;, measured
about the positive Z-axis. Also, as shown in Figure 5.2, let the unit vector #;; be
at 90 degrees to the unit vector 7, ;, measured about the positive Z-axis. Taking
the time-derivative of both sides of equation (5.24), with respect to the fixed

reference frame, we obtain

By R
=Aa0 " (5.25)
By (U

where A is a 2 x 2 diagonal matrix whose diagonal elements are given by

AF = b |(3) s+ (7) Rbed (5.26)

\/1— & sm2
AY) = b[(%) cos£i+\/1—(%)2sin2§iJ (5.27)

and (PV.% PV,%) are the radial (in the 7, ; direction) and tangential (in the i,

direction) components of the velocity of point C;. In addition, f, and d)i denote
time-derivatives of angles ¢; and ;, respectively. Note that f,, and 'zjvi are related

to the input speeds (9, and (;5,) by the following linear relationships.

¢ + 6;

P; = 5 (5.28)
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¢: — b:
2

o=

(5.29)

Equations (5.25) - (5.29) show that for a given b, the smaller the ratio a/b, the

higher the speed reduction (mechanical advantage) of the driver in the radial

direction.

Substituting equations (5.28) and (5.29) into equation (5.25), we obtain

1 ¢: — 6; —Aﬁ 0 By cs
¢i + 6; 0 S || PwE

Manipulation the above equation, we obtain

. 1 1
0, NT ) By Ci
¢ — All.l A2'.2 r
. 1 1 B1/C;
3 AD A0 Vi
1.1 2.2
We can also write
By/C; By/C;
|4 C; S | A
BysC; By/C;
Vi =S¢; Ci; v,

(5.30)

(5.31)

(5.32)

where (BVE:, BVyC") are the components of the velocity of point C; in the X and

Y directions, respectively; C¢; = cos 9;; and S1P; = sin¢;. Equations (5.31) and

(5.32) imply that

;- B1/C;
bl o]
= Jd
i B1/C;
éi Vy *
where
_ G _ S¥i _ Sdi y Cdi
. A(l) A(ll A(i) A(i)
Jd(t) _ 1.1 2.2 1.1 22
G Sy St C¥i
A(!) A(ID A(H A(l)
1.1 2.2 1.1 2.2

Let 6 be the 6 x 1 vector of input joint rates, i.e.

-‘5:[917 ¢;1’ 92, ¢;27 93, 9753]T
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B B

. B.R Ci B, R Ci :
Since "V," = "V, and "V, = "V, we can write

§=1J4§ (5.36)

where G is defined in equation (5.13) and J4 is the 6 x 6 Jacobian for the drivers
which is given by

I 0

Jg= 34® (5.37)

0 Jd(3)
The overall Jacobian for a Type 2 minimanipulator (j ) is defined by
[ (5.38)

where Z is defined in equation (5.12). Referring to equations (5.14) and (5.36),

we can see that

J=343 (5.39)

where J, which can be found from equation (5.15), represents the Jacobian for

the primary portion (platform and limbs) of the minimanipulator.

5.3.1 Dimensionally-Uniform Jacobian Matrix

Elements of the first three columns of J have the dimension of (length)™!,

whereas elements of the last three columns of J are dimensionless.

Following the same procedure used in section 5.2.1, we can obtain

9=1Jz (5.40)
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where J is a dimensionally-uniform Jacobian matrix for the Type 2 minimanip-

ulator. All of the elements of J have the dimension of (length)~™'. Matrices J

and J are related by

J=Jw,™! (5.41)

Results of this section are used in Chapter 9 to establish guidelines for

design of the simplified five-bar drivers of the Type 2 minimanipulator.
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Chapter 6

Stiffness Analysis

6.1 Introduction

The stiffness matrix of a manipulator is generally defined as the transformation
which relates the generalized force (force and torque) applied to the end-effector
and its resulting displacement (Asade and Slotine, 1986). In a parallel manipula-
tor, the platform plays the role of the end-effector. Stiffness matrices of parallel
manipulators, which are closely related to their Jacobian matrices, have been

studied by Kerr (1989) and Gosselin (1990a).

In this chapter, the results of the previous chapter are used to formulate
the stiffness matrices of the Type 1 and Type 2 minimanipulators (see section 2.3,

page 21).
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6.2 Stiffness Matrix of the Type 1 Minimanip-

ulator

From equation (5.14), we can conclude that
8q=J8z (6.1)

where §q and &z represent infinitesimal displacements at the lower ends of the
limbs and at the center of the platform, respectively. Equation (5.14) and the
principle of virtual work can be used to derive the following equation (Asada

and Slotine, 1986).

F=J3F (6.2)
where
F
F=| (6.3)
Mp
and |
? = [fl,m) fl,y) f2,wa fZ,ya fB,:m f3,y]T (64) :

Vectors F'p and Mp in equation (6.3) represent the force and moment applied to
the platform. Also, f;. and f;, in equation (6.4) are the X and Y-components
of the actuator force applied at point R;. The actuator forces and displacements

at the lower ends of the limbs can be related by the following equation.

f = Kkéq (6.5)

where k 1s a 6 x 6 diagonal matrix whose elements have the dimension of

force/length. Substituting equation (6.1) into equation (6.5) and the resulting
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equation into equation (6.2), yields
F =3Iz (6.6)

If K represents the stiffness of each bidirectional linear stepper motor in the X
and Y directions, then the diagonal elements of k are all equal to x. Therefore,

the stiffness matrix for the platform (K) can be expressed as
K =xJTJ (6.7)

It can be shown that K is a symmetric, positive semidefinite matrix. Elements

of the lower triangular portion of K/k, denoted as K, are given in Appendix D.

6.2.1 Dimensionally-Uniform Stiffness Matrix and Its

Principal Axis Transformation

As mentioned in section 5.2.1, matrix J is not dimensionally uniform. As a result,
the stiffness matrix K, which is defined by equation (6.7), is not dimensionally

uniform either.

The upper left 3 x 3 portion of K represents the direct or translatory
stiffness, and consists of elements which have the dimension of force/length.
The lower right 3 x 3 portion of K represents the torsional stiffness, and consists
of elements which have the dimension of force-length. The other 3 x 3 portions

of K consist of cross-coupling elements which have the dimension of force.

We can ask ourselves if K can be diagonalized by means of a coordinate
transformation. To diagonalize the matrix K, its eigenvalue problem should be

solved. Let us examine if such an eigenvalue problem makes sense physically.
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Referring to equations (6.6) and (6.7), we note that the eigenvalue problem

for K involves solving the following equation.
F = Kéz = Mz (6.8)

where A is the eigenvalue of K. In other words, we are looking for certain
directions of 6z which are identical to the corresponding directions of F. The
first three elements of F have the dimension of force and the first three elements
of 8§z have the dimension of length. Therefore, the dimension of A has to be
force/length. However, the last three elements of F have the dimension of force-
length and the last three elements of éz have the dimension of radians. As
a result, the dimension of A should also be equal to force-length. Since the
dimension of A can not be both force/length and force-length, the eigenvalue
problem for K is dimensionally inconsistent and does not make sense physically.

This is due to the fact that K, F, and éz are not dimensionally uniform.

Let us define a dimensionally-uniform generalized force applied to the plat-
form (F) and use it in connection with the definitions of Z and J (see sec-

tion 5.2.1) to obtain a dimensionally-uniform stiffness matrix (K).

Let the elements of F have the dimension of force, and let F be defined
as

F=WF (6.9)

where Wy is a 6 x 6 diagonal, positive definite, weighting matrix given by
Wy¢ = diag(1, 1, 1, L7', L7}, L) (6.10)

In equation (6.10), L is a parameter with the dimension of length (e.g., p).
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Comparing equations (6.10) and (5.18), we note that
WeW, =1 (6.11)

where I is the 6 x 6 identity matrix. Substituting equation (6.2) into equa-
tion (6.9) yields

F=WJITf (6.12)

Following the same procedure used for the derivation of equations (6.6) and (6.7)

and using equation (6.11), we obtain
F =Koz (6.13)

where

K = xWITIW, (6.14)

Note that K is the dimensionally-uniform stiffness matrix and Sz represents the
dimensionally-uniform infinitesimal displacement of the platform. The elements
of §z have the dimension of length and the elements of K have the dimension
of force/length. It can be shown that K is symmetric and positive semidefinite.

Comparison of equations (6.14) and (6.7) shows that

K = WsKW; (6.15)

Matrix K can be diagonalized by means of a principal axis transformation.
Since K is symmetric, it has a complete set of orthonormal eigenvectors (Strang,
1988). Let E be an orthogonal matrix whose columns represent orthonormal
eigenvalues of K. Also, let A be a diagonal matrix, with the eigenvalues of K
along its diagonal. Then,

K = EAET (6.16)
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Substituting equation (6.16) into equation (6.13), and modifying the resulting
equation, we get

ETF = AET§z (6.17)

Matrix ET represents the principal axis transformation and the elements of ETF
point in the same directions as the corresponding elements of ET§z. These direc-
tions, which are determined by the orthonormal eigenvectors, are the principal

axes of K.

To gain more insight into the physical meaning of the principal axes of
K, let us examine 8z when a dimensionally-uniform generalized force of unit

magnitude is applied to the platform, i.e.
FTF=1 (6.18)
Substituting equation (6.13) into equation (6.18), we get
~T g~
bz K'Kéz =1 (6.19)
Since K is symmetric, equation (6.19) reduces to
~Try
bz K6z =1 (6.20)

Equation (6.20) represents a six-dimensional ellipsoid whose axes point along the
eigenvectors of K (principal directions). The axes lengths are 1/A1,...,1/g,

where Ay, ..., \¢ are the eigenvalues of K (Strang, 1988).!

!Note that eigenvectors of K? are the same as those of K and eigenvalues of K2 are

2 2
Al,---,/\e:
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6.2.2 Central Stiffness Matrix

Since K is symmetric, its norm is equal to its largest eigenvalue. Theoretically,
the norm of K can be used to measure and/or to compare the stiffness levels
of different minimanipulators. However, to find the norm of K, its eigenvalue
problem, which is a sixth order polynomial, should be solved. In general, there
are no analytical expressions for the solutions of such a polynomial. Also, K is
configuration-dependent. Therefore, finding the eigenvalues and the norm of K
at all of the minmimanipulator configurations becomes impractical. Even if we try
to use the norm of K at a specific configuration as a measure of stiffness, no an-
alytical expression for such a measure can be obtained. As a result, establishing

design guidelines for obtaining high stiffness becomes difficult.

In what follows, we define a central configuration for the minimanipulator
and study the stiffness of the minimanipulator at the central configuration. Since
the minimanipulator is intended for fine manipulation around such a designated
posture, the stiffness will not deviate significantly from that corresponding to
the central configuration. Hence, it is important that we understand fully the

minimanipulator stiffness at the central configuration.

Let us define the “central configuration” of the minimanipulator workspace

as the configuration where

1. The platform is not rotated with respect to the base.

2. The centroid of triangle Py P, P; (platform) is directly on top of the origin

of the base reference frame.
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3. The platform is positioned at a designated elevation, i.e., Zg = { (a design

value).

Note that the central configuration defined in this section is different from the

“home configuration” defined in section 3.3.

Next, the stiffness matrix at the central configuration of the minimanipu-
lator (central stiffness matrix) will be derived. It will be shown that, if proper
minimanipulator dimensions are used, the central stiffness matrix can be diago-
nalized (decoupled) without any coordinate transformations. The diagonalized
central stiffness matrix will be used to obtain a simple measure of stiffness and
to establish design guidelines for the minimanipulators. As mentioned before,
a mimmanipulator will be operated at or near the central configuration during
most of its operations. Therefore, establishing design guidelines based on the
central stiffness matrix is justified. The results of this section will also be used

to compare the minimanipulator stiffness with that of the Stewart platform (see

section 6.2.3).

Recall that ’@‘P{

= p, and Zg = ( at the central configuration. Also, let
oF:

= v at the central configuration. Using equations (5.16) and (6.7), the
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central stiffness matrix (K*) is found to be

1 0 0 0 Zev)¢ g
(v—p)
0 1 0 (v=2p)¢ 0 0
2(v—p)
0 R 0 0 0
K* =3k (v=e) (6.21)
0 (v=2p)¢ 0 (V2 —2prt2p? )2 0 0
2(v—p) 2(v-p)?
(2p—v)¢ 0 0 0 {VZ—ZPV+2P2 !(2 0
2(v-p) 2(v—p)?
0 0 0 0 0 2

It is desirable to eliminate the off-diagonal terms which couple the forces (mo-
ments) applied along (about) the X and Y axes to the rotations (translations)
about (along) the Y and X axes, respectively. Fortunately, this can be easily

accomplished by choosing

p= (6.22)

VNN

as a design condition. In other words, the platform (triangle P; P, P;) should be
equal to one-half of the triangle Ry R, R3 at the central configuration. The above
result is similar to that obtained by Kerr (1989) in designing a Stewart-platform-
based force/torque transducer. If the condition expressed in equation (6.22) is
satisfied, then

(P=r—p° ‘ (6.23)

where 7 is the imb length. If equations (6.22) and (6.23) are used to substitute
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for v and ( in equation (6.21), matrix K* reduces to

K" =3«

L

(6.24)

We shall refer to matrix K* as the decoupled central stiffness matrix. The first

three diagonal elements of K* have the dimension of force/length, whereas its

last three diagonal elements have the dimension of force-length.

Using equation (6.15), and setting L = p in Wy, we obtain the following

expression for the dimensionally-uniform decoupled central stiffness matrix

L

0

0

(r/p)? -1

4

1

(6.25)

Equation (6.25) can be used to determine the relative dimensions of the mini-

manipulator so that desirable characteristics are obtained.

Note that parameter v in equation (6.22) can be determined from other

design considerations such as the upper bound on the base plate size.

To move the platform in the X or Y-direction, the lower ends of all three
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limbs should also move in the X or Y-direction. As a result, elements F;,l and
f{';,z are constants. From the statics point of view, external forces in the X and
Y directions are shared equally among the three actuators. Element f(’gﬁ is also
a constant. This is related to the fact that in order to rotate the platform about
the Z-axis, the lower ends of the limbs should move on a circle, which passes
through them, in the same direction and by an equal amount. Note that we can

not increase the values of fﬁ:{‘,l, Eg,z, and Eg,e by changing the minimanipulator

parameters r and p.

The other three non-zero elements K3,, K;,, and K7, are functions of
minimanipulator dimensions and are equal to each other. Therefore, we can

use any of these terms as the stiffness measure (5.M.) of the minimanipulator.

S.M. =3k K;)Z - 1} (6.26)

The higher the value of r/p, the higher the stiffness of the minimanipulator. An-

Namely, we can define

other way to interpret the S.M. is to note that S.M. is proportional to tangent-
squared of the angle between any of the limbs and the base plane at the central
configuration. The closer this angle to 90 degrees, the higher the stiffness of the

minimanipulator.

The first three diagonal elements of K* are the direct stiffness terms. Equa-

tion (6.25) shows that if » = 1/2p, we obtain equal direct stiffness values in the
X, Y, and Z directions. At this configuration, the angle between any of the limbs

and the base plane becomes equal to 45 degrees.

The last three diagonal elements of K~ are the torsional stiffness terms.
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Referring to equation (6.25), we notice that if » = /5p, we obtain equal torsional
stiffness values in the X, Y, and Z directions. At this configuration, the angle

between any of the limbs and the base plane becomes equal to 63.43 degrees.

6.2.3 Comparison to the Stewart Platform

In this section, the results of Kerr (1989) are used to compare the minimanipu-

lator stiffness with that of the Stewart platform.

Duplicating Kerr’s model, let us consider a Stewart platform with its link-
age parameters identical to those of the minimanipulator. As shown in Fig-
ure 6.1, the six limbs connect three points on the base to three points on the
platform. The three points on the platform form an equilateral triangle whose
circumradius is equal to p. Similarly, The three points on the base form an
equilateral triangle whose circumradius is equal to v. Kerr (1989) showed that
the stiffness matrix of the Stewart platform is decoupled, when all of the limb
lengths are equal, and p = /2. When all of the limb lengths are equal, the plat-
form is not rotated with respect to the base, and the centroid of the platform
(point G) is right on top of the centroid of the base (point O). Therefore, the
conditions under which the Stewart platform has a decoupled stiffness matrix
are identical to those which decouple the stiffness matrix of the minimanipulator
(see section 6.2.2). When the limb lengths are equal, we refer to the common
limb length as r. The axial (actuator) stiffness of each limh, &, is taken to be
the same as the stiffness of each bidirectional linear stepper motor in the X and

Y directions (see section 6.2).
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Figure 6.1: A Stewart platform configuration in which the limb lengths are equal.
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Kerr’s expression for the decoupled stiffness matrix (K#) is not dimen-
sionally uniform and its elements have the same dimensions as the corresponding
elements of K*. Using the same procedure used in section 6.2.2 for obtaining
K*, we find the following dimensionally-uniform decoupled stiffness matrix for

the Stewart platform.

K# =3k

(6.27)
The coordinate system, configuration, and parameters used for derivation of K
in section 6.2.2 are identical fo those used for obtaining K*#. Therefore, the
diagonal elements of these two matrices can be used to compare the stiffness of

the minimanipulator to that of the Stewart platform.

Equation (6.27) shows that decreasing p/r results in higher values for
ﬁfa, Ef,,, and Ezﬂ,, and lower values for Efl, E.fz, and R’fe- To avoid having
a negative or a zero value for any of the diagonal elements of K*, p/r should be
constrained as shown below.

L _p
—=>=>0 6.28
> (6.28)

Due to the constraints expressed in equation (6.28), the diagonal elements of

K# are bounded, as shown below.

K < 3k (6.29a)
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K¥, < 3« (6.29b)

K, < 6 (6.29¢)
Kf, < 3x (6.29d)
K¥ < 3k (6.29€)
K¥s < 6k (6.29f)

Comparing equations (6.25) and (6.29), we note that

R:;l::%h? > j(tfﬂ (6.30a)
K;,=3x > Kl (6.30b)
Kie=125 > Kgs (6.30¢)

The other three non-zero elements of K= (X, 3,35 K, 14, and K, 5 5) are all functions

of 7/p. Writing equation (6.28) in terms of 7/p, we obtain
00>~ >3 (6.31)
p

For comparison purposes, let us apply the lower limit of r/p in equation (6.31)

to Rr;,s’ EZA, and ?;5 We find out that

K;s=K;,=K5>6x (6.32)

Comparing equations (6.29) and (6.32), we note the

K;, > Ki, (6.33a)
K;, > K}, (6.33b)
K;s > Kfy (6.33c)
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r/p 1.75 2.0 2.5

Ki,=K;,| 3k 3K 3K

Kl =Kf, | 2.9388x | 2.25x | 1.44x

K3, 6.1875x | 9x | 15.75x

Kf, 0.1224x | 1.5k | 3.12x

K;,=K;s | 618755 | 9x | 15.75k

K#, = K¥; | 0.0612x | 0.75x | 1.56x

Kg,e 12+ 12« 12k

K¥s 5.8776k | 4.55 | 2.88xk

Table 6.1: Sample values for the diagonal elements of K* and K*.

Table 6.1 shows the values for the diagonal elements of K* and K# cor-

responding to three typical values of r/p, which satisfy the constraints imposed

by equation (6.31).

The above results confirm that, due to the use of inextensible limbs, the
Type 1 minimanipulator has higher stiffness than the Stewart platform. In
particular, direct stiffness in the Z direction, and torsional stiffness in the X and

Y directions can be increased drastically by making the ratio of r to p large.

The simplified five-bar drivers of the Type 2 minimanipulator can be de-
signed to cause further displacement reduction and force/torque amplification.

Therefore, even higher stiffness can be obtained for the Type 2 minimanipulator.
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6.3 Stiffness Matrix of the Type 2 Minimanip-

ulator

Equation (5.38) implies that

§ =Jsz (6.34)

where §6 and 8z represent infinitesimal displacements of the actuated joints and
the platform, respectively. Let 7 be the 6 x 1 vector of input joint torques.

Similar to equation (6.2), we can write

F=3r

il

(6.35)

where F is defined in equation (6.3). Input actuator torques and displacements

are related by

7 = k&0 (6.36)

where k is a 6 x 6 diagonal matrix whose elements represent stiffness of the
actuators. Substituting equation (6.34) into equation (6.36) and the resulting

equation into equation (6.35), yields

F = 3TkJ6z (6.37)

The above equation and equation (5.39) show that the stiffness matrix for the

——

platform (K) is given by

K=J3"kJ =3734"kJ4qJ (6.38)
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6.3.1 Dimensionally-Uniform Stiffness Matrix

The upper left 3 x 3 portion of K represents direct or translatory stiffness, and
consists of elements which have the dimension of force/length. The lower right
3 x 3 portion of K represents torsional stiffness, and consists of elements which
have the dimension of force-length. The other 3 x 3 portions of K consist of

cross-coupling elements which have the dimension of force.

Following the same procedure used in section 6.2.1, we obtain
F Kbz (6.39)

where K is the dimensionally-uniform stiffness matrix for the Type 2 minima-
nipulator. All of the elements of K have the dimension of force /length. Matrices
K and K are related by

K = WKWy (6.40)

The discussions in sections 6.2.1 and 6.2.2 about diagonalization and eigen-

value problem of matrix K can also be applied to the K matrix.
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Chapter 7

Workspace Analysis

7.1 Introduction

As mentioned before, the major disadvantage of parallel manipulators is their
limited workspace. Therefore, developing an efficient method for determining

the workspace of the minimanipulators is very important.

Considerable research has been performed in determining both reachable
and dexterous workspaces of serial manipulators (e.g., Kumar and Waldron,
1981; Gupta and Roth, 1982; Yang and Lee, 1983). Most of the reported work
on workspace of parallel manipulators deal with two-DOF and three-DOF pla-
nar or spherical mechanisms. Bajpai and Roth (1986) studied the workspace
of a two-DOF parallel manipulator based on a five-bar linkage. Gosselin and
Angeles (1988, 1989) studied the workspaces of planar and spherical three-DOF
parallel manipulators. Few researchers have studied the workspace of six-DOF

parallel manipulators. In all cases, the workspace is determined for a given ori-
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entation of the output link. Most of the reported work in this area involves
developing algorithms based on discretization for determining the workspace of
Stewart-platform-based manipulators (e.g., Merlet, 1987; Cleary and Arai, 1991;
Yang and Haug, 1991). Gosselin (1990b) used geometric properties to introduce
another algorithm for determining the workspace of the Stewart platform. He

showed that the workspace is the intersection of six annular regions.

In this chapter, a discretization algorithm is used to determine the minima-
nipulator workspace for any given platform orientation. Note that to represent
the six-dimensional minimanipulator workspace in three dimensions, three of the
six variables should be fixed. Therefore, determining the workspace using the

platform orientation as the fixed parameter is justifiable.

7.2 Algorithm for Determination of Workspace

Again, without loss of generality, we let Zg; = 0. It was shown in section 6.2.2
that the central stiffness matrix of a minimanipulator can be diagonalized (decou-
pled), if the length of vector G P; is half of the length of vector OR; (p = v/2). We
use this condition in determining the minimanipulator dimensions for workspace
analysis. Also, to normalize the dimensions, we let p = 1. As a result, v be-
comes equal to 2 (see Figure 7.1). At the central configuration corresponding
to p = v/2, let the angle between any one of the limbs and the base plane be
equal to w. It was shown in section 6.2.2 that @ has to be equal to 45 degrees
to obtain equal direct stiffness values in the X, Y, and Z directions. It was also

shown that w value of 63.43 degrees results in equal torsional stiffness values
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Figure 7.1: Parameters used in workspace analysis.
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in the X, Y, and Z directions. These two values are used for @ in workspace
analysis of the minimanipulators. Referring to Figure 7.1, we see that the limb

length (7) can be found from
1

CoOs w

r =

(7.1)

In addition, as shown in Figure 7.2, when the minimanipulator is at the central
configuration corresponding to p = v/2, we define the position of the lower end
of a limb as the central point (R;.) of its operating area. Furthermore, we
let the operating area of point R; to be constrained to within a circle of unit

radius around the central point R;.. Such a circular area can be generated by a

two-DOF driver.

Given a platform orientation, directions of the axes of topmost revolute
joints at points P, P,, and Ps are known. These directions determine normals to
the planes in which limbs P, R;, P, R, and P;R3 can move. Given these normals,
and the operating areas of points R;, R, and R3, operating volumes of points
Py, P, and P; can be obtained. For a given platform orientation, vector PG

is also known. If operating volumes of points P;, P, and P; are translated by

vectors PG, P,G, and P3G, respectively; the intersection of such translated vol-
umes is the workspace. However, the above approach is not efficient, because the
operating volume of point P; is not a well-defined geometric object and changes
with the platform orientation. Besides, finding the intersection of three such vol-
umes can not be easily accomplished analytically or numerically. Therefore, the
following discretization algorithm is developed for finding the minimanipulator

workspace.
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Figure 7.2: Circular operating areas of points Ry, R,, and Rs.
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For any given set of minimanipulator dimensions and platform orientation,

the following steps are taken:

1. Find minimum and maximum values for Zg. This is accomplished by mak-
ing Xg = Yg = 0, and using the bisection (binary-search) method to find
the Zg values at which transition between “no solution” and “acceptable

solution” occurs for the inverse kinematics problem.

2. Define the increment for Zg as the difference between maximum and mini-
mum values of Zg divided by a finite integer. To make the workspace plots

(see step 4 below) appropriately dense, integer value of 25 was used.

3. Vary Zg incrementally from its minimum value to its maximum value.
For each Zg, move out and around and find points on the cross-sectional
boundary of the workspace. Moving out in the radial direction, the bi-
section method is used to find the workspace boundary point at which
transition between “acceptable solution” and “no solution” occurs for the
inverse kinematics problem. Moving around in the tangential direction, a

resolution of 5 degrees is used.

4. Write out the points obtained in the previous step to a file and plot them

using Mathematica (Wolfram, 1991).

The bisection method is used because of its speed of convergence. How-
ever, in a given direction (Z or radial), this method works if there is only one
transition between “acceptable solution” and “no solution” for the inverse kine-

matics problem. This is true, if there are no voids (holes) within the workspace.

91



Therefore, another program was written to detect voids inside of the workspace.
This program, which is much slower than the main algorithm, works in the fol-
lowing manner. Similar to the main algorithm, Zg is varied incrementally. But,
for a given Zg, it marches out in the radial direction with very small steps and
looks for regions where transition between “acceptable solution” and “no solu-
tion” (and vice versa) occurs for the inverse kinematics problem. It was found
that, unless there are discontinuities within the operating area of point R;, no
voids exist inside of the minimanipulator workspace. Since no holes are allowed

inside of the circular operating areas, using the bisection method is acceptable.

Let 6,,0,, and 6, represent rotations of the platform about the X,Y, and
Z axes, respectively. These rotations are called yaw, pitch, and roll, respectively.
In what follows, we demonstrate the minimanipulator workspace algorithm by
presenting examples based on w values of 63.43 and 45 degrees and different
platform orientations (,,8,,0,). Ten degrees is chosen for roll, pitch, and/or
yaw values in the examples, because a minimanipulator is expected to handle

such rotations in fine manipulation of its end-effector (platform).

7.3 Examples (w=63.43)

Equation (7.1) shows that r = /5 for the examples in this section.

Example 1a - Let us begin with
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Perspective, front, side, and top views of the workspace are shown in Figures 7.3,
7.4,7.5, and 7.6, respectively. Asshown in Figure 7.2, point R, . is on the Y axis,
and points R, ., and R3,. are symmetric with respect to the Y axis. Therefore,
as expected, the front view of the workspace is symmetric with respect to the Z
axis. However, since distance of points R, ., and R;. from the X axis is different
from that of point R, ., the side view of the workspace is not symmetric with
respect to the Z axis. When points K;, R,, and R; are at the centers of their
circular operating areas, the Z cross-section of the workspace 1s circular. At this
configuration, Z¢ = tan(63.43) = 2 and the area of the Z cross-section is larger
than that of any other Z cross-section, as shown in Figures 7.3 and 7.6. For a
given Zg > 2, if we keep X constant and move away from the corresponding
central configuration in the positive Y direction, points R, and Rj get closer to
the boundaries of their circular operating areas. As a result the width of the Z
cross-section (in the X direction) becomes smaller. If Zg < 2, the same thing

happens when we move in the negative Y direction.m

Workspace plots for the rest of examples in this section are shown in

Appendix E.

Example 1b - In this example, let us allow only a rotation of 10 degrees about

the X axis. That is

Perspective, front, and side views of the workspace are shown in Figures E.1,

E.2, and E.3, respectively.

Example 1c - Next, let us consider only a rotation of 10 degrees about the Y
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axis. That 1s

f,=0, 6,=10, 6,=0
Perspective, front, and side views of the workspace are shown in Figures E.4,
E.5, and E.6, respectively.

Example 1d - Here, we consider only a rotation of 10 degrees about the Z axis.

That is

Perspective, front, and side views of the workspace are shown in Figures E.7,
E.8, and E.9, respectively.

Example le - Finally, let us consider 10 degrees of rotation about all three

axes. Namely,
6, =10, 6,=10, 6,=10

Perspective, front, and side views of the workspace are shown in Figures E.10,

E.11, and E.12, respectively.

7.4 Examples (w=45)

Equation (7.1) shows that 7 = +/2 for the examples in this section.
Example 2a - Again, we start with the following values (in degrees) for the

yaw, pitch, and roll angles:

Perspective, front, side, and top views of the workspace are shown in Figures 7.7,

7.8, 7.9, and 7.10, respectively.
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Figure 7.3: Perspective view of workspace for w==63.43. 6.=0, 6,=0, and 6.=0.
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Figure 7.4: Front view of workspace for w=63.43, #,=0, ,=0, and #.=0.
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Figure 7.5: Side view of workspace for w=63.43, 0,=0, 8,=0, and 6.=0.
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The discussion about symmetry and shape of Z cross-sections in Example
la can also be applied to this example, except that Zg = tan(45) = 1 when

points Ry, R;, and Rs are at the centers of their circular operating areas. =

Workspace plots for the rest of examples in this section are shown in
Appendix F.
Example 2b - Next, let us consider only a rotation of 10 degrees about the X
axis. That 1s

6, =10, 9,=0, 6,=0

Perspective, front, and side views of the workspace are shown in Figures F.1,

F.2, and F.3, respectively.

Example 2c¢ - In this example, we consider only a rotation of 10 degrees about

the Y axis. That is

6, =0, 8,=10, 6, =0

Perspective, front, and side views of the workspace are shown in Figures F .4,
F.5, and F.6, respectively.
Example 2d - Here, we allow only a rotation of 10 degrees about the Z axis.

Namely

Perspective, front, and side views of the workspace are shown in Figures F.7,

F.8, and F.9, respectively.
Example 2e - Finally, we allow 10 degrees of rotation about all three axes.
Namely

6, =10, 6, =10, 6, =10
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Perspective, front, and side views of the workspace are shown in Figures F.10,

F.11, and F.12, respectively.n

The workspace of the output point of a simplified five-bar linkage driver
(point C; in Figure 2.6) is a ring with inner radius of |b — a| and outer radius
of b+ a. If simplified five-bar linkage drivers are used, only continuous sectors
(or circular portions) of such rings must be used to move the lower ends of the

limbs. Thus, possibility of workspace discontinuities can be eliminated.

Increasing the workspace size is not a design goal for the minimanipula-
tors. However, let us discuss briefly the relationships between a minimanipulator
workspace size and its parameters. For a given displacement of point R; on the
Ry R, R; plane, the smaller the value of r, the larger the displacement of point
P;.! Similarly, for a given displacement of point P;, the smaller the value of p,
the larger the displacement of point G.2 Therefore, the smaller the values of
r and/or p, the larger the size of the workspace. As mentioned before, for @
values of 63.43 and 45 degrees, r values are equal to v/5 and v/2, respectively.
Therefore, for a given set of variables (p, v, platform orientation, and operating
area of point R;), w value of 45 degrees-yields a larger workspace than w value
of 63.43 degrees. Also, it is obvious that the larger the size of the operating area

for point R;, the larger the size of the workspace.

1As r — oo, displacement of point P; approaches zero.

2As p — oo, displacement of point G approaches zero.
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Figure 7.7: Perspective view of workspace for @
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Figure 7.8: Front view of workspace for w=45, #,=0, 8,=0, and 6.=0.
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Figure 7.9: Side view of workspace for w=45, §,=0, §,=0, and 6,=0.
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Chapter 8

Singularity Analysis

8.1 Introduction

In a serial manipulator, singularities occur when different branches of the inverse
kinematics problem converge. Singularities take place at the workspace bound-
ary or an internal boundary which separates regions with different degrees of
accessibility. At a singular point, the manipulator loses one or more degrees of
freedom and the output link can not be moved in one or more directions. From
the statics point of view, one or more forces (or moments) applied at the out-
put link can be resisted without exerting any forces (or torques) at the actuated
joints. Most researchers have used Jacobian matrices to study singularities of se-
rial manipulators (e.g., Wang and Waldron, 1987; Lipkin and Pohl, 1991). Kohli
and Spanos (1985) have used discriminants of inverse kinematics polynomials to

determine singularities of serial manipulators.

In a parallel manipulator, in addition to the inverse kinematics singularities
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described above, another type of singularity occurs when different branches of
the direct kinematics problem converge. At such a singular point, which lies
within the workspace, the parallel manipulator gains one or more degrees of
freedom. In other words, with the actuators locked, the manipulator can move
in one or more directions and one or more applied forces (or moments) at the

output link can not be resisted by the input forces (or torques).

For the first time, Hunt (1983) discussed one of the direct kinematics sin-
gular configurations of the Stewart platform. Fichter (1986) discovered another
such configuration. Merlet (1989) used Grassman geometry to enumerate all of
the direct kinematics singular configurations of a special kind of Stewart platform
in which pairs of spherical joints on the platform are concentric. Gosselin and
Angeles (1990) classified singularities of parallel manipulators and discussed all
singularities of some planar and spherical mechanisms. Ma and Angeles (1991)
introduced architecture singularities of the Stewart platform. Direct kinematics
singularities of six-DOF parallel manipulators which are not based on the Stew-
art platform have also been studied by researchers (e.g., Behi, 1988; Mouly and
Merlet, 1992).

In this chapter, both inverse kinematics and direct kinematics singulari-
ties of the Type 1 and Type 2 minimanipulators (see section 2.3, page 21) are

discussed. Once again, without loss of generality, we let Zgp; = 0.
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8.2 Inverse Kinematics Singularities of the

Type 1 Minimanipulator

In the inverse kinematics problem, the position and orientation of the platform
are known. Coordinates of the lower ends of the limbs (points Ry, Ry, and Rj)
in the base reference frame are to be found. As shown in equation (3.7), the

problem can be reduced to solving a quadratic equation in the unknown Yg ;.

Recall from Chapter 4 that T; is a unit vector which is collinear with the
axis of the topmost revolute joint at point P; and points in the direction of
vector Pi1oP;11 (see Figure 4.1). Let II; be the plane passing through P; and
perpendicular to vector I';. Also, let A; be the intersection of the base plane with
plane II;. As discussed in Chapter 3, the two solutions for point R; represent
Intersections of a circle with line A;. The circle is centered at P;, has radius of
r, and lies in the plane II;. The two intersections represent two branches of the
inverse kinematics problem and when they converge, the minimanipulator is in
a singular configuration. At such a singularity, imb P;R; is perpendicular to A;.

In Chapter 5, we defined vector fz; by

Ti X PiRi (81)

i

K
When P;R; 1 A;, &I; is parallel to the base plane and p; , (Z component of vector

It;) becomes equal to zero.

Note that in the above discussion 7 can be equal to 1 and/or 2 and/or 3.
If the singularity condition is satisfied only for one of the i’s (one of the limbs),

the number of inverse kinematics solutions reduces from 8 to 4. Similarly, if
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the singularity condition is satisfied for two of the limbs, the number of inverse
kinematics solutions reduces to 2. Finally, if the singularity condition is satisfied
for all three limbs, the number of solutions for the inverse kinematics problem
reduces to 1. For a given platform orientation, when the singularity condition is
satisfied, the platform is at its highest possible Z value and point G (centroid of

the platform) is at the top boundary of its workspace (as defined in Chapter 7).

At this point, let us relate the inverse kinematics singularities to the mini-
manipulator Jacobian matrix. In Chapter 5, we defined the Jacobian matrix (J)
by

g=1Jz
where 7 is the 6 x 1 generalized velocity vector of the platform and g is the 6 x 1

vector of velocity components at the lower ends of the limbs. Solving the above

equation for Z, we get
adi(J)
1

T=J""g= [ (8.2)
where adj(J) and |J| denote adjoint and determinant of J, respectively. At an

inverse kinematics singularity, regardless of the value of g, one or more elements

of T are equal to zero, 1.e.

J] — oo (8.3)

Let us verify the geometric interpretation of the inverse kinematics singu-

larities (P;R; L A; and p;, = 0) by examining |J|. In Chapter 5, we showed
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that the Jacobian matrix is given by

10 —pm. —myx(YRa-Ye) —Z¢-mx(Xe—ZXr1) Yo —Yrg
0 1 —pyy Zeg—my (YR1-Ye) -y (Xe—Xr1) Xri—Xg
10 —py, —poy(YR2—Yg) —Zg—pry (Xeg—Xr2) Yo - Yrpa
0 1 —pyy Zg-pyy (YrR2—-Ys) -5, (Xe—XRr2) Xr2-Xe

10 —p3, —#3, (Yra—Yg) ~Zg-—tsy (Xe—Xn3) Yo —Yrs

0 1 —py, Zg—py, (Yrs— Yo) ~p3y (X6 —Xmr3)  Xra -~ Xg |
(8.4)

The third, fourth, and fifth columns of J involve the terms y;  and p;, which

are defined by

#’i,:c = (85)
Hi,z
and
M,
Piy = m,j (8.6)

where p1; , and p;, are the X and Y-components of vector f;, respectively. Since
Wi, is equal to zero (for i=1 and/or 2 and/or 3) at an inverse kinematics singu-
larity, p; , — oo and p;, — oo (for i=1 and/or 2 and/or 3) and indeed |J| — oo.

This verifies the geometric interpretation of the inverse kinematics singularities.

8.3 Inverse Kinematics Singularities of the

Type 2 Minimanipulator

For the Type 2 minimanipulator, in addition to the inverse kinematics singular-
ities of the Type 1 minimanipulator, we also have to consider inverse kinematics

singularities of the simplified five-bar drivers. As discussed in Chapter 3, in the
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inverse kinematics problem of a driver, coordinates of the output point (C;) are
known and the input angles (6;, and ¢;) are to be found. Singularity occurs when
the branches of the inverse kinematics problem for a driver converge. At such a

configuration, point C; is at the boundary of its operating area and points A;,

and B; fall on line D;C; (see Figure 2.6).

8.4 Direct Kinematics Singularities of the

Type 1 Minimanipulator

Referring to equation (8.2), we see that if
Il =0 (8.7)

direct kinematics singularity occurs and even if all the elements of § are equal
to zero, one or more elements of T can have non-zero values. As shown in
equation (8.4), the expression for J is rather complicated. To simplify the task
of obtaining |J|, let us perform some elementary column operations and obtain

another matrix (J*) such that
I} =137 (8.8)

The goal is to make J* independent of X¢, Yg, and Z¢g. Let Ji,Ja, ..., Jg be the
column vectors of J. Also, let J;,J5,...,J; be the column vectors of J*. The

first three columns of J are independent of Xg, Y, and Zg, therefore we let

J;=J1, J;ij, J;ZJ;;
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To eliminate Yg and Zg from J; and obtain J}, the following combination of

column operations is performed.
Ji = Ja+ YoJs — ZgJy

Similarly, to eliminate X¢ and Zg from Js and obtain jg , the following combi-

nation of column operations is performed.

J; = j5 - Xng + ZGj]

Finally, to eliminate X¢ and Yg from Jg and obtain Jg , the following combination

of column operations is performed.

The end result is

10 _I’I’;.,m _,J’Il,xYR,l /‘l’{l,xXR,l _YR,I
01 _l‘/l,y _I'l’;.,yYR»l #1,yXR,1 XR,1

10 _/1‘,2,::: —#;,xYsz #’12,XXR,2 _YR,2

I = (8.9)
01 _#'2,y ““,u"g‘yYR,Z ,u'g,yXR,z XR,z
10 —ph, —H3xYR3 K3xXR3 —YRg3
| 0 1 ~M3, —Hay YR3 M3y KXR3 XR3 ]
Using equations (8.8) and (8.9), we find out that
I = [(#rx By — Hry Box) Pay YR + (0 y o — 11 2 Hay) Moy YR2 +

(lu"Z,x :u’,3,y - lu'lz,y /’L;,x) lu'/l,y YR,1 + (ru'll,x /‘l';.,y - #11 Y #‘;.,x) /‘l'g,x XR13 +
(‘l’fl,y #;,x - /“l‘;.,x /“l';,y) lu’l2,x XR,z + (/‘l’lz,x #g,y - l‘lz,y I'L;,x) l['ll,x XR,l] X

[(Xr2— Xr1) Yrs+ (Xg1 — Xr3) Yr2 + (Xgr,3 — Xgr,2) Yr,1} (8.10)
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At a singular configuration, if all of the joints at points Py, P;, and P are locked
and the minimanipulator is translated and rotated as a rigid body until point R,
is coincident with point O (origin of the base reference frame) and point R, lies
on the positive Y axis, the singularity condition is preserved. Therefore, without

loss of generality, we can set
Xp1=Yr1=Xp2=0

in equation (8.10). Then, we get

Tl =~ iy — By o) By YRs + (11, o x — 15 May) oy YR2 +

(Mll,x lu‘,2,y - /'l’ll,y /1'12,x) l~‘f°,,x XR,B] XR,S YR,Z (811)

Equation (8.11) is the necessary and sufficient condition for the existence of
singularities. In what follows, we discuss several special singularity conditions
under which Equation (8.11) is satisfied.

Condition Al:

.XR';; - 0

Under this condition, since
XR,I = XR,z = XR,s = 0>

points R;, R;, and R are collinear. This means that the minimanipulator can
rotate freely about the line which passes through points R;, R,, and Rz (the Y
axis) even if these points are not being moved by the actuators. In other words,
the minimanipulator has gained one degree of freedom.

Condition A2:

Yro =0
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In this case, since
Xr1=Yr1=Xp2=YR2=0,

points R; and R, are coincident. Again, the minimanipulator can rotate freely
about the line which passes through points R; (or R;) and Rj even if these
points are not being moved by the actuators. One additional degree of freedom
1s gained by the minimanipulator. Note that if both Yz, = 0 and X3 = 0, we
still have the same kind of singularity. In general singularity occurs, if two of
the three points Ry, R;, and R3 coincide.

Condition A3:

Yrs =Xp3=Yps=0

Under this condition, since
Xpr1=Yr1=Xpr2=Yr2=Xps=Yrs =0,

points R;, R,, and Rj are coincident. Two rotational degrees of freedom are
gained by the minimanipulator. These degrees of freedom consist of rotations
about two perpendicular lines in the R; Ry Rj3 plane which pass through points
Ry, R;, and R;.

Condition A4:

(:u’ll,x #’IZ,y - lu”l,y /’LIZ,X) :u'g,y YR-3 + (:u’ll,y ,U/;,x - /’Lll,x :u'g,y) :u’,2,y YR.Z +
(/J‘Il,x :ulz,y - ”;,y /“"’2,x) ,’Lg,x XR,3 =0 (812)
Let us find some mathematical conditions under which equation (8.12) is satisfied

and discuss their physical meaning.

Condition A4.1:
Pie Mz  Page

/ Y
p’l,y #Z,y ll’3,y
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If the above equalities are satisfied, the quantities inside parentheses on the left
hand side of equation (8.12) vanish. Referring to equations (8.5) and (8.6), we

see that this condition is the same as

1, H2,x H3,2

= (8.13)
Fiy K2y K3y

The condition expressed in equation (8.13) can be satisfied only if the projections
of vectors i, [,, and fi; onto the base plane are parallel to each other. This is
possible only if the three limbs lie on the base plane.! As a result, the platform
and base are coincident. Even if points Ry, R, and Rj; are fixed, the platform

can perform infinitesimal motion with respect to the base.

Condition A4.2:
i, = p;, =0 for ¢=1 and/or 2 and/or 3

Again, referring to equations (8.5) and (8.6), we see that this condition is the

same as

Pigw = piy =0 for =1 and/or 2 and/or 3 (8.14)

This condition can be satisfied only if limb P;R; and vector T'; (see Figure 5.1) lie
on the base plane. Since vector I; is parallel to vector P;Piyq, points Py and
P;12 have the same Z coordinates. Again, The platform instantaneously gains a

degree of freedom.

Condition A4.3:

/ T
iy = Hay =0

1Under this condition, projections of vectors %y, f,, and 5 onto the base plane are equal

to zero.
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Once again, referring to equations (8.5) and (8.6), we see that this condition is

the same as
Py = pizy =0 (8.15)

This conditions can be satisfied only if the three limbs lie on the base plane. An

instantaneous degree of freedom is gained by the platform.=

Each row of matrix J* is the Plicker coordinates (Bottema and Roth, 1979)
of a line. The first, second, and third pairs of rows specify three pairs of lines
which pass through points R;, Ry, and Rj, respectively.? Hence, to determine
the singularities, one can determine the conditions under which these lines be-
come dependent. However, as shown in equation (8.9), the Plicker coordinates
are related to components of vectors fi,, f,, and Iy, which do not physically
exist. Therefore, geometric interpretation of the dependencies of the six lines
becomes very difficult. This is precisely why we can not physically interpret
equation (8.11), as a whole. In what follows, we present another approach for

determining additional direct kinematics singularity conditions.

8.4.1 An Alternative Approach

When points Ry, Rz, and Rj3 fall on a line or meet at a point, the minimanipulator
can move even if angles 7;,7,, and 73 (see Figure 5.1) are not changing. To

explore other singularity conditions under which points R, R;, and R3 do not

2The first three elements of each row represent coordinates of a vector passing through
point R;. The last three elements of each row represent cross-product of vector OR; with the

vector which is defined by the first three elements of the row.
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move but one or more of angles 7;, 72, and 73 change, let us express the singularity
condition in terms of these angles and minimanipulator dimensions (r and p).
Note that when the minimanipulator performs a pure translation in the X or Y
direction and when it undergoes a pure rotation about the Z axis, angles 7,72,
and 73 do not change. Only three of the six degrees of freedom (translation in
the Z direction and rotations about the X and Y axes) require changes in angles
71,72, and 73. Therefore, it is expected that the desired singularity condition

can be obtained by setting the determinant of a 3x3 matrix equal to zero.

As defined in Chapter 4, let [;;, be the length of vector R;R;;1. The
same kinematic inversion scheme, which was applied in section 4.3.2 to obtain

equation (4.7), can be used to show that
ll~2+2 = —27'23,-s,~+1 + rzciciﬂ + 3pre; + 3preiy + 3p2 + 2r? (8.16)

where s; = sin7; and ¢; = cos7;. Taking the time derivative of both sides of

equation (8.16) and simplifying, we get

) 2 2 : 2 2 .
12, = (=2rfcisiys — rPciprsi — 3prsi)ii + (—2r%cipasi — rocisipyn — 3prsipa )M

(8.17)
where l?;_z and 1; denote time-derivatives of I?, and 7;, respectively. Let
E=(2, 8 B (8.18)
and
7= [, 72, 7]’ (8.19)
If we write equation (8.17) for :=1,2,3; then we obtain
2= —rQ7 (8.20)
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where

0 2rcys3 + regsy + 3psy  2ressy + reass + 3pss
Q= | 2r¢;83 + rczsy + 3psy 0 2rcysy + reyss + 3pss
i 2rcy sy + reasy + 3ps1 2reasy + reyse + 3pse 0
(8.21)

Solving equation (8.20) for 77, we get

1adj(92)

M= Q] 2 (8.22)

If points K;, H,, and Rs3 are not moving, then
Z=1[0, 0, 0 (8.23)

Direct kinematics singularities occur when equation (8.23) is satisfied but 7 has
a non-zero value. Equation (8.22) shows that since » # 0, such a singularity

occurs if
Q] =0 (8.24)

or

(2rcys3 + regsa + 3psz)(2ressy + reiss + 3psa)(2rers2 + reasy + 3psy) +
(2rc3sz + regss + 3pss)(2rerss + ressy + 3psi)(2reasy + rerss + 3psz) = 0 (8.25)
Equation (8.25) provides the singularity condition in terms of the physical pa-

rameters of the minimanipulator. In what follows, several special conditions, for

which equation (8.25) is satisfied, will be discussed.

The left hand side of equation (8.25) consists of the sum of two terms.

Each term is the product of three expressions. If one expression in the first term
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and one expression in the second term vanish, then equation (8.25) is satisfied.
Theoretically, there are nine possibilities for such a thing to occur, which result
in mine pairs of equations. However, only three of the pairs of equations are
useful. The other six pairs can be obtained by permuting the indices in the first
three pairs of equations. Let us discuss singularity conditions which are related

to such possibilities in more detail.

Condition B1:

2rc18g +regsy +3ps; = 0 (8.26)

2rcysy +reysy +3ps; = 0 (8.27)

Proposition I: If equations (8.26) and (8.27) are satisfied, then 9, = £;.
Proof: See Appendix G

Proposition 1 can be used to divide the singularity condition Bl into two subcases
(conditions B1.1 and B1.2), as discussed below.

Condition B1.1: If
N2 =1 (8.28)

then equations (8.26) and (8.27) both reduce to
s1(reg +p) =0 - (8.29)

Equations (8.28) and (8.29) imply that singularity occurs if

0
Ny = My = (8.30)
71'
or
Ny =1, = cos” ! (~£> (8.31)
7
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We shall refer to equations (8.30) and (8.31) as singularity Conditions B1.1.1

and B1.1.2) respectively.

Proposition 2: If equation (8.31) is satisfied, then points R; and R, are coinci-
dent.

Proof: See Appendix G

Proposition 2 shows that singularity condition B1.1.2 is the same as singularity

condition A2.

Condition B1.2: If
N2 = —T (8.32)

then equations (8.26) and (8.27) both reduce to
s1(re1 —3p) =0 (8.33)

Equations (8.32) and (8.33) imply that singularity occurs if

0
m=-—n = (8.34)
s
or
T = —ny = cos ' (-?32) (8.35)
T

We shall refer to equations (8.34) and (8.35) as singularity Conditions B1.2.1
and B1.2.2) respectively.

Condition B2:

2rc18y +7ca8y +3ps; = O (8.36)

2rci83 + reasy +3ps; = 0 (8.37)

Equations (8.36) and (8.37) represent two linear and homogeneous equations in

¢; and s;. The trivial solution for this system of equations (¢; = s = 0) is
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impossible. Non-trivial solutions exist when eliminant of equations (8.36) and

(8.37) vanishes, i.e.

2rs; res + 3p

=0 (8.38)
2rsz rcz + 3p
Simplifying equation (8.38), we get
€189 — €9C9 = €3 (839)
where
€1 =rcz3+ 3p
€9 = T83
€3 = 3ps3

Variables ¢, €3, and €3 are functions of ;. For every value of 73, equation (8.39)
yields two values for 7,. One of these two values has to be equal to the given 73

value, because 77, = 73 satisfy equation (8.38).

Let us discuss the geometric meaning of this condition using the following
proposition.
Proposition 3: If equation (8.36) is satisfied, then Zp; = 0, Zp, = Zp3, and

f1e = pry = 0.

Proof: See Appendix G

Proposition 3 shows that singularity condition B2 is the same as singularity
condition A4.2.

Condition B3:

2rc18y +7eysy +3psy = 0 (8.40)

2rcgsy + reysz + 3psg = 0 (8.41)
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Equations (8.40) and (8.41) represent two linear equations in ¢; and s;. Solving

for these two variables, we obtain

s = 0 (8.42)

;= —— (8.43)

Since r > 0 and p > 0, equations (8.42) and (8.43) can be satisfied simultaneously
only if

— (8.44)
and

r=3p (8.45)

It follows that this singularity condition can be satisfied if and only if equa-

tions (8.44) and (8.45) are both satisfied.

8.5 Direct Kinematics Singularities of the

Type 2 Minimanipulator

For the Type 2 minimanipulator, in addition to the direct kinematics singular-
ities of the Type 1 minimanipulator, we also have to consider direct kinematics
singularities of the simplified five-bar drivers. As discussed in Chapter 4, in the
direct kinematics problem of a driver, the input angles (6;, and ¢;) are known
and coordinates of the output point (C;) are to be found (see Figure 4.2). The
following two singularity conditions can exist for a simplified five-bar linkage

driver.
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Condition C1:

One type of direct kinematics singularity occurs when points C; and D; fall on
line A;B; (see Figure 4.2). This is possible only if the input link length of a
driver is equal to its output link length (i.e., a = b). At such a configuration,
the difference between the two driver input angles is equal to 180 degrees.
Condition C2:

Another type of direct kinematics singularity occurs when points A; and B; are
coincident. At such a configuration, the output links A;C; and B;C; can rotate
freely about point A; (or B;), even if the input links D;A; and D;B; are not
moving. Note that if points A; and B; are coincident and they fall on line D;C;,

we have both direct and inverse kinematics singularities.
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Chapter 9

Design Guidelines

9.1 Stiffness Considerations

Based on the results of section 6.2.2, the following design guidelines can be

established for the Type 1 minimanipulator.

¢ The central stiffness matrix can be diagonalized (decoupled) by making the
platform (triangle P; P, P3) one-half the size of the triangle passing through

the lower ends of the limbs, 1.e. p=v/2.
o If the central stiffness matrix is decoupled, then

— The larger the ratio of the imb length to the platform circumradius
(r/p), the larger the direct stiffness in the Z-direction, and the larger

the torsional stiffness values in the X and Y-directions.

As mentioned earlier, a minimanipulator will be at or near the center of its

workspace during most of its operations. Therefore, establishing design guide-
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lines based on the central stiffness matrix is justified.

The primary portion (platform and limbs) of any other type of minima-
nipulator is the same as that of the Type 1 minimanipulator. Therefore, the
above design guidelines can also be applied to other types of minimanipulator.
In addition, based on the results of section 5.3, the following design guideline

can be established for the five-bar drivers of the Type 2 minimanipulator.

e The smaller the ratio of the input link length to the output link length of

a driver (a/b), the higher the stiffness of the minimanipulator.

9.2 Singularity and Workspace Considerations

Based on the results of Chapters 7 and 8, the following additional design guide-

lines can be established.

e To avoid direct kinematics singularities, the operating areas of the limbs’

lower ends should be limited such that
— The lower ends of the three limbs can not fall on a straight line. This
takes care of singularity conditions Al, A2, A3, and B1.1.2.

~ The angle between any limb and the platform (7;) is greater than

0 degrees and less than 180 degrees.! This takes care of singularity

1To keep the stiffiness of the minimanipulators high, »; should not be allowed to get too
close to 0 or 180 degrees. A good operating range for #; is 40 to 140 degrees. To operate only
on one of the inverse kinematics branches, 7; should be further restricted to be between 40

and 90 degrees or between 90 and 140 degrees.
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conditions A4.1, A4.2, A4.3, B1.1.1, B1.2.1, B2, and B3. Note that
if line P;R; and its corresponding joint axis I'; lie on the base plane

(singularity conditions A4.2 and B2), then #; < 0.

e To avoid direct kinematics singularities (condition B1.2.2), ratio of the

limb length to platform circumradius should be less than 3, i.e., r/p < 3.

o If a simplified five-bar linkage driver is used and its input link length is
equal to its output link length (i.e., @ = b), then direct kinematics sin-
gularity condition C1 can be avoided by making sure that the difference

between the two driver input angles (8; and ¢;) is not equal to 180 degrees.

o If a simplified five-bar linkage driver is used, then direct kinematics sin-
gularity condition C2 can be avoided by making sure that the two input

angles are not equal.

e To avoid having any discontinuities in the workspace, the operating areas
of the lower ends of the limbs must contain no holes. In particular, if
a simplified five-bar linkage driver is used, only a continuous sector or a
circular portion of its ring-shaped workspace should be used to move the

lower end of a limb.

Normally, there is a trade-off between the stiffness and workspace size of a
mechanism. The minimanipulators are intended to provide high stiffness. There-
fore, as mentioned before, increasing the workspace size is not a design goal for
them. Nevertheless, the following observations can be made about the relation-

ships between the workspace size and the parameters of a minimanipulator.
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e With all of the other variables fixed, the smaller the limb length (r), the

larger the workspace.

o With all of the other variables fixed, the smaller the circumradius of the

platform (p), the larger the workspace.

e With all of the other variables fixed, the larger the size of the operating

area of a limb’s lower end, the larger the workspace.
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Chapter 10

Concluding Remarks

10.1 Summary

In this dissertation, the design and analysis of a new class of high-resolution
and high-stiffness six-DOF parallel minimanipulators are presented. Topological
synthesis techniques are used in the design of the minimanipulators. Inverse
kinematics, direct kinematics, Jacobian, stiffness, workspace, and singularity
analyses are discussed. Analytical results are used in establishing dimensional

synthesis guidelines for the minimanipulators. The major results are summarized

below.

10.1.1 Conceptual Design

To achieve high stiffness and resolution, the limbs are made inextensible and their
lower ends are connected to two-DOF drivers (e.g., bidirectional linear stepper

motors, pantographs, five-bar linkages). For most applications, simplified five-
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bar linkages were found to be the most suitable drivers for the minimanipulators.
The drivers are designed so that all of the actuators are base-mounted. Therefore,
higher payload capacity, smaller actuator sizes, and lower power dissipation can
be obtained. It is shown that each limb of a minimanipulator, or any other
symmetric six-DOF parallel manipulator, must have six degrees of freedom in
its joints. To minimize the number of loops in the structure of a minimanipulator,
only three limbs are used in its synthesis. As a result, benefits such as simpler
direct kinematics and lower possibility of mechanical interference between the

limbs can be realized.

The two-DOF drivers can be designed to obtain larger workspace with re-
duced stiffiness and resolution. The resulting mechanism can be used as a motion
simulator. A minimanipulator can also be used as a passive compliant device
or a force/torque sensor, if its actuators are replaced by rotational displacement

transducers.

10.1.2 Inverse and Direct Kinematics

The inverse kinematics problem for the Type 1 minimanipulator, which repre-
sents the primary portion (platform and limbs) of any other type of minimanip-
ulator, is reduced to solving three independent quadratic equation. Therefore,

a maximum of eight solutions exist for the inverse kinematics of the Type 1

minimanipulator.

Kinematic inversion was used to obtain closed-form solution for the direct

kinematics problem of the minimanipulators. It is shown that the maximum
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number of solutions for direct kinematics of the minimanipulator is sixteen. To
obtain these solutions, only an eighth-degree polynomial in the square of a single
variable has to be solved. It is also proved that the sixteen solutions are eight
pairs of reflected configurations with respect to the plane passing through the
lower ends of the three limbs. The results of a numerical example are verified by

an inverse kinematics analysis.

10.1.3 Jacobian and Stiffness Analysis

Expressions for the Jacobian and stiffness matrices of the Type 1 (driven by
bidirectional linear stepper motors) and Type 2 (driven by simplified five-bar
linkages) minimanipulators are derived. It is shown that the central stiffness
matrix of a Type 1 minimanipulator can be decoupled, if the platform size is
made half of the size of the triangle passing through the lower ends of the limbs.
Results of the Jacobian and stiffness analysis are used to establish guidelines for
obtaining high stiffness values and for designing the drivers of the Type 2 mini-
manipulator. Moreover, it is shown that the stiffness of the minimanipulators is

higher than that of the Stewart platform.

10.1.4 Workspace and Singularity Analysis

An algorithm 1s developed to determine the workspace of the minimanipulators.
The workspace is six-dimensional in nature. To display it in three-dimensions,
three variables must be held constant. Therefore, the algorithm finds the mini-

manipulator workspace for any given platform orientation. Guidelines for avoid-
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ing discontinuities inside of the workspace are established.

Necessary and suflicient conditions for both inverse kinematics singularities
and direct kinematics singularities are obtained. The later which could occur
within the minimanipulator workspace is discussed in more detail. It is found

that a minimanipulator is in a direct kinematics singular configuration if

o Lower ends of the three limbs fall on a straight line. This includes the

conditions under which two or all three of the limbs’ lower ends coincide.

¢ One of the limbs lie on the base plane and the top ends of the other two

limbs are at the same distance from the base plane.

o The angles between two of the limbs and the platform are equal to zero or

180 degrees.

e The angle between one of the limbs and the platform is equal to 180 degrees

and the ratio of limb length to platform circumradius is equal to 3, i.e.,

r/p=3.

o The angles between two of the limbs and the platform are equal in mag-

nitude and opposite in sign, and the magnitude is equal to arc-cosine of

3p/r.

If a simplified five-bar linkage drivers i1s used, then additional direct kinematics

singularities occur when

o The driver input angles (6; and ¢;) are equal.
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e The difference between the driver input angles is equal to 180 degrees and

the input link length is equal to the output link length (i.e., a = b).

10.2 Recommendations for Future Research

In what follows, we suggest some ideas for further work related to the minima-

nipulators.

Wood and plastic models of the minimanipulators have been built by the
author. These models have been invaluable in understanding singularities of the
minimanipulators. However, due to high tolerances in manufacture of the parts
used in the models, they are not rigid enough. Also, since they were built much
earlier, their dimensions are not based on the guidelines obtained in this research.
Therefore, the dimensional synthesis guidelines (Chapter 9) should be used in
building more rigid (perhaps metal) prototypes for the minimanipulators. This

can be followed by making a complete minimanipulator system with sensors and

actuators.

Equation (8.25) gives the direct kinematics singularity condition in terms
of the angles between the limbs and the platform. It would be interesting if one
could transform this equation to another one involving only input displacements
and minimanipulator dimensions. This i1s a very challenging problem, because
as shown in Chapter 4, the mapping from the input displacements to the angle

between a limb and the platform involves an eighth-order polynomial.

Elimination of direct kinematics singularities through introduction of re-
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dundant actuators can be studied.

The workspace algorithm can be expanded to calculate the workspace
volume so that comparison between different workspace sizes can be performed

more quickly.

Dynamic behavior of the minimanipulators should be studied so that ap-
propriate control schemes could be devised for their operations. Lots of interest-

ing work can be performed in position, and force control of the minimanipulators.

Path planning problem of the minimanipulators should also be considered,
so that an optimality condition (e.g., minimization of energy) is satisfied and/or

collisions are avoided.
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Appendix A

Theorem 1

A symmetric siz-DOF parallel manipulator can have any number of limbs and

each limb must have six degrees of freedom in its joints.

Proof:

Definition of a symmetric parallel manipulator is given in section 2.2. Symbols
used in the proof are described in Table A.1. Each limb is an open kinematic
chain which connects the base to the platform. Let 7 include the top and bottom

joints which connect a limb to the platform and the base. Then
7=n+1 (A1)

Total number of links and joints in a parallel manipulator are related to number

of links and joints in each limb by the following relationships.
N =mn+2 (A.2)

J=my (A.3)

Number of DOF of a mechanism can be obtained from the following mobility
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Symbol Description

fi degrees of freedom of joint !

F degrees of freedom of a parallel manipulator
J number of joints in each limb

J total number of joints in a parallel manipulator
l index

m number of limbs in a parallel manipulator

n number of hinks in each limb
N total number of links in a parallel manipulator
A 3 for planar and spherical mechanisms, 6 for spatial mechanisms
o total degrees of freedom in joints of each limb

Table A.1: Description of symbols used in proof of Theorem 1.
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F m o
1 5 5
2 2 4
2 4 5
3 3 5
4 2 5
6 | any number | 6

Table A.2: Acceptable values of F, m, and ¢ (1 < FF < 6,m > 2).

equation (Hunt, 1990).
J
F=X(N-J-1)+> fi (A.4)
=1
For a symmetric spatial parallel manipulator, A’ = 6, and
J
Z fl = mao (A5)
1=1
Therefore, the mobility equation reduces to
F=6mn+2—-m(n+1)—1]+mo
or

6 —F

m

o=106—

(A.6)

For 1 < F < 6, the values of ¢ and m which satisfy equation (A.6) are given in
Table A.2. Note that we consider m to be greater than or equal to two, because

we are only interested in parallel manipulators. If F' = 6, equation (A.6) reduces
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to

c=26

Since the number of limbs (m) does not appear in the above result, any number

of limbs can be used.
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Appendix B

Derivation of Equation (4.15)

Let
K, = Rt + Gy, Ly = Iity, My = Gitl + 4
and
Ky = Fyt2 + Gy, Ly = Lts, My = Gatl + J;
then equations (4.12) and (4.13) can be written as
Kit2 + Lit; + My =0
and

Kztg + Lgtz + Mz - 0

(B.1)

(B.2)

Multiplying equation (B.1) by K, and equation (B.2) by K;, and subtracting,

we get

(L]I{Q - LzKl)tz + (]\/[1](2 — ]\/[2]{1) =0

(B.3)

Multiplying equation (B.1) by M, and equation (B.2) by M, subtracting, and

dividing by t,, we get

(Kle - Kle)tz + (L]Mg - Lle) = 0
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Equations (B.3) and (B.4) represent two linear equations in one unknown. Van-

ishing of their eliminant! means

LKy — LK, MKy — MyK,
=0 (B.5)
KM, — KoMy LM, — LyM,

Expanding equation (B.5) and substituting the expressions for K, L, M1, K3, L,

and M, into the resulting equation, we get

F1? Gty tg* — 2F  F G Gotyta? + Fu2 G2ty 3 — 2F, Fp Go Ji b2ty 4
2F2 Gyl t?ta? + Py Go L2402 45% + 2F; Gy G2 11243 — 2F, G12 Gty 2t
FolJ 2 t5* — 2F, Gy GaJyts® 4+ G2 G2t — Fy G L L 643 855 —
FoGiLiLt®t3° —Fali L Jy by t5® — Gy Gl Ity ta® 4+ 2F12 Gy Jp 6% t52—

2F 1 F3 Gy Jaty* ta? + F1 G L2 4% 152 — 2F; Gy G2ty 652 + 2F, G2 Go by t5°—
2F1 F2 )i Jot®ta? + Fo L2 0oty 40> +4F; Gy G Jaty?t5? — 2F, Gy 2 Tty ta2+
Fil2Jit %45 — 2F1 G2 Iyt % 42 + 4F, Gy G Jr by 2 132 + G212 4,7 152+

Gl L%t 2432 — 2G12 G2 4,2 132 — 2F, G1 J1 Jata® +2G12 Gy Ja ta2+

2F3 Gy Ji P ta? + G112 Jits? —2G1 G2 Iyt = Fi L L Jote 3 tg—

G1Gy LIty — G I Jptyts — G I I Jy byt 4+ Fr 23,2 40—

2F; GG oty + G2 G2ty + 2F; Gy 1% 142 — 2F3 Go 3y Tt 2

GaL12 T2 —2G12 Gt 612 +2GC; G2 Iy t2 + G4 2J,%—

2G1G2J1J2+G22J12:0 (BG)

1Given n+1 linear equations in n unknowns, the determinant of the coefficients is called
the eliminant of the equations. Such a determinant must vanish, if the system of equations is

to have a solution.
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Factoring the above equation results in equation (4.15). The above method is

introduced by Salmon (1964).
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Appendix C

Derivation and Expansion of

Equation (4.16)

Equations (4.15) and (4.14) can be rewritten in the following forms
Sltg —f— Szts + 53 — O (C2)

Multiplying equation (C.1) by S; and equation (C.2) by N;t3, and subtracting,

we get
(Nle - leg)tg + (N351 - N]_Sg)t§ + N451t3 + N5S1 = 0 (03)

Multiplying equation (C.1) by Sit3 + S, and equation (C.2) by Nyt + NytZ, and

subtracting, we get
(N3Sy — NyS3)te + (NaSy -+ NSy — NySy)t2 4 (No Sy + NySa)ts + NoSy = 0 (C4)
Multiplying equation (C.2) by t3, we get

Syt + Sat; + Sstz =0 (C.5)
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We can think of equations (C.3), (C.4), (C.5), and (C.2) as four linear equations

in three unknowns t3,¢2, and 3. Vanishing of their eliminant' means

Nle - N152 N3Sl — leg N4Sl N551
N3S1 — N1S3 NySy 4 N3Sz — NaS3 NsSi+ NoSz  NsS,
=0 (C.6)
Si S Ss3 0
0 5’1 Sz 53

Expansion of equation (C.6) results in equation (4.16). If we substitute the ex-
pressions given in section 4.3.2 for 51, 53, S3, Ny, N2, N3, Ny, and N5 and expand
equation (4.16), we get

Eit)® + Tatl 4+ Eat)? + Zat)® + Sstd 4 St + Entd 4 SgtP + 5 =0 (C.7)
where

Er=—F3’ G’ Qs +2F3° G5 Q11 Qs + 2F3 G3* Q1 Q6 — F3* Qi *—

2F32 G3® Q1 Qu — G2 Q,°

E2 = —F3® G3 Qo + F3? G313 Q6 Qo + 2F3% Ga® Q4 Qo + F3° I3 Q11 Qo—
3F3G313Q: Qo — 2F3? G3® Qe Q7 + 2F3* G5 Q11 Q7 + 2F3 G3* Q1 Qr—
2F3 G3Js Qe® —2F3 G5 Q6?4 F3 G3% 13 Q4 Qe + 2F35 G3° Qy Qe+
2F3% G5 Q12 Qs + 2F5% J3 Q11 Q6 — F52 152 Qi1 Qs + 6 F52 Gs® Qpq Qe+
6F3Gs”J3Q1 Qs — Gs> 15 Q1 Qe + 2G5 Q1 Qs — F3 G5® Q4 —
3Fa? G313Qq; Qs+ Ga*13Q, Qs — 2F3 Ga? Q11 Q2 — 2G5 Q Qo
2F3* Q11 Qi — 2F3° G52 Q1 Qq —4F3° G3 Qi —4F37 G315 Q, Qi+

4F3G313° Q1 Qi1 —4F3G3% Q1 Quu — 4G5 J3Q,°

1Refer to Appendix B for the definition of eliminant.
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=
't}

= -F3%J; Q92 ~3F;3% Gy? Q92 + F32Gsl, Q7 Qo + FsllsJs Qs Qo+

2F3 Q3’15 Qe Qo + 2F32 G3? Qs Qo + 4 F3? G3 J3 Q4 Qo — F3 G315* Qs Qo+
4F3Gs® Q4 Qo — 3F3Ga"13Q2 Qo + F3® 13 Q12 Qo + 3F3* G315 Q1 Qo—
2F3° G3 Q10 Qo — 6F3G313J3 Q1 Qo + G31:° Q1 Qo — 3 G5 I3 Q1 Qo—
2F32 G3? Qs Qs + 2F3° G5 Q11 Qs + 2F3 G3* Q1 Qs — Fa? Ga> Q77—

4F3% GeJ3 Qs Qr — 4F3Gs® Q6 Q7 + F3 G3? 13 Qa Q7 + 2F35 Gs® Q2 Qr+
2F3® G3 Q12 Qr + 2F3%J3 Q11 Q7 — Fa? 132 Qu1 Q7 + 6 F3* G3? Qi1 Q7+
6F3Gs2JsQ Qr — Ga® 12 Q1 Q7 +2G3* Q1 Q7 — Fa? J5* Q6 —
4F3G352J3Q6” — G3* Qe> + F2Ga® 13 Qs Qe + 2F3 G313 J3 Qs Qe+
G3®13Q4 Qe+ 2F3 G5® Qs Qe + 6F5 G3* J3 Q2 Qs — Ga? 12 Q2 Qe+

2G3* Q2 Qs + 2F35® G3 Qus Qs + 2F3% I3 Q12 Q6 — F3” Is® Qu2 Qe+

6 F32 G3® Q12 Q6 + 6 F32 G35 Q11 Qs — 2F3 G315% Q11 Q6 + 6 Fa Ga® Qi1 Qe+
Fa2Gsl3Q10Qs + 6F3G3J5° Q1 Qe —2G3 152 J3 Q1 Qs + 6 G2 J3 Q1 Qe—
2F;3G3® Qs Qs — 3F3? G3I3 Q11 Qs + Gs® T3 Q1 Qs — 3F3 G3* J3 Q4*—
Ga*Qs® + Ga®I3 Q2 Qs — 3F3% G313 Q12 Qs — 3F32 13 J5 Quy Qut

F315° Qi Qs — 6 F3 G315 Q11 Q + 2F32 G3% Quo Qa + 3G3’ 1375 Q1 Qa—
2F32 G52 Q11 Qs —2G35* Q1 Qs — G3* Q2% — 2F3% G3% Q12 Qa—
4F32G3J3Q1 Qo+ 4F3Gs 152 Q11 Q —4F3G3® Q11 Qz — 8G3° J3 Q1 Qz—
2F3 Q11 Qus — 2F32 G3? Q1 Qus — F3* Q12 — 8F3° G3 Qi1 Quz—
4F22G3J3 Q1 Qua + 4F3 G312 Q1 Qup — 4 F3 Go® Q Quz — 6F3” Ga” Qui’+
Fal3Qu0Qu — 2F32 132 Q1 Qu1 + 4F3 1.2 J5Q1 Qi — 8F3G3* I3 Q1 Qui—

L*Qy Qi +4G32 17 Qy Qi — 2G3* Q1 Qi — 3F3 G3? 13 Q1 Quo—
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6 G"32 JSZ le

4= —3F3?G3J3 Qo> — 3F3 G3® Qo + Fa? G313 Qs Qo + F3° I3 J3 Q7 Qo+
2F3 G5’ 13 Q7 Qo + 2F3 G315 J5 Q6 Qo + Gs° T3 Qs Qo + 4 F5” G3 J3 Qs Qo—
F3 G312 Qs Qo +4F3G3® Qs Qo + 2F3 J2> Qa Qo — F3 157 J3 Qs Qo+
8F;3G3?J3QaQo — G317 Qa Qo +2G3* Qa Qo — 3F3 G371 Q3 Qo—
6F;GsI3J5Qs Qo + G315 Qy Qo — 3G5 13 Q2 Qo + F3° I3 Qua Qo+
3F32Gal5Q15 Qo + 3F3 G315 Q1y Qo — 2F35% J3 Q10 Qo — 6 Fs® Ga® Q10 Qo—
3F313J52 Q1 Qo+ 1s°J3 Q1 Qo — 6 G212 J3 Q1 Qo — 2F3% G3* Q7 Qs—
4F3% G3J3Q6 Qs —4F3G3® Qe Qs + F5 G 13Qq Qs + 2F3 G5 Q2 Qs+
2F;%G3 Q12 Qs + 2F5% I3 Q11 Qs — Fa 137 Qi1 Qe + 6 F3” Ga® Qi1 Qe+
6FsCGs?J3Q1 Qs — G52 13> Q1 Qs +2G3* Q1 Qs — 2F3° G5 J3 Q7 —
2F3 G5 Qrr —2F32 152 Qe Q7 — 8F3 G52 I3 Qe Q7 — 2 Ga* Qe Qo
F3G3?I3Qs Q7 + 2F3 G5 I3 J3 Qs Qv + G3®13Qa Q7 + 2F3 G5® Q3 Q7+
6F3Ga?J3Q; Qr — Ga’ 12 Q, Q7 +2G3* Q2 Q7 + 2F3° G3 Q13 Qo+
2F3% T3 Q12 Q7 — Fs? 12 Q12 Q7 + 6 F32 G3? Q12 Q7 + 6 F3? G3 J3 Qi Q7 —
2F; G315% Qo1 Q7 + 6 F3 G3® Quy Qr + Fa? Ga T3 Q10 Q7 + 6 F2 G3 J5” Q1 Qr—
2G3132J3Q1 Qr +6GC3%Js Q1 Q7 — 2F3 G5 J52 Q6® — 2G5 J3 Qe+
2F3G313J5 Qs Qo + Ga® 15 Qs Qs + Fal3 72 Qu Qs + 2G3’ 1375 Q4 Qe+
6F3Ga®J3Qs Qe — G’ 13° Qa Qs + 2G3" Q3 Qo ++ 6 F3 G3J5” Q2 Qo—
2G313273Q, Qs +6CGs3J3Q2 Qs + 2F3% J3 Q13 Qs — Fa? 17 Qs Qe+

6 F3% G52 Q13 Qs + 6 F32 G3J3 Q12 Qe — 2F;3 G5 157 Q12 Q6 + 6 F3 G3° Q12 Qe+
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6F5 Ga” J3 Qu1 Qo — Ga”Is* Qu1 Qo + 2 G5* Quy Qo + Fa? s J5 Quo Qo+

2F3 G’ I3 QuoQs + 2F3J5° Q1 Qo — 162 Ja> Q; Qg + 6 G3? J52 Qq Qo
F3G3®Qs® —6F3Gs” J3Qa Qs — 2G3* Qa Qs + Ga®15 Q, Qs—

3F5" G3ls Q12 Qs — 3F3” I3J5 Qi Qs + F3 1° Quy Qs — 6 F4 G2 I Qyy Qs+
2F3" Gs* Quo Qs + 3G’ 1335 Q1 Qs — 3F;5 G505 Q42 — 3G4® J5 Qo2+
Gs°I3 Qs Qu + 3 G5’ 1373 Q2 Qq — 3F5? GgT5 Qus Qu — 3 F52 Ty J5 Qup Quet
F3ls® Q12 Qe — 6F3 G5’ I3 Q1o Qa — 6 F3 G5 I3 J5 Quy Qu + G Is® Quy Qae
3Gs°I3Q11 Qa4+ 4F3% G3J3 Q10 Qq — Fy Qg 12 Q10 Qs + 4 F3 G3° Q1o Qa+

3Gs13J5" Q1 Qe —2G5" Q2 Qs — 2F3% Ga Quy Qs — 4F3% Gy I Q11 Qs+
4F3 G3132 Qll Q3 - 4F3 G33 Qll Q3 - 86"33 J3 Ql QS - 4G33 JB Q22_

2F3" Gs® Q13 Q2 —4F3” G3 J3 Q12 Qo + 4 F3 G3 1a> Qi Qz — 4 Fy Gg® Qup Qy
2F2" Ja? Qui Q2 + 4F3 1,7 J5 Qi1 Qp — 8F3 Ga? J5 Qi1 Qs — Is* Quy Quet
4G5’ L? Qu Q2 — 2G5 Qu Qs — 3F3 G5’ 13Q10 Qy — 12 Gs? Jo2 Qy Qp—
2F3* Qi Qus — 8F3° G5 Quy Qus — 4F52 G5 J3 Qu Qus + 4F5 G5 1,2 Qg Qus—
4F;3 G’ Q1 Qus — 4F3° G5 Quo? — 12F5% G5? Quu Quz + Fa® Iy Quo Qup—

2F5" J5® Q1 Quz + 4F5 137 33 Q1 Quz — 8F5 G2 J5 Q1 Qua — 154 Q4 Quat
4Gs" 15" Q1 Qu2 — 2G5 Q1 Quz — 4F5 G5 Qui® + 3F32 Gy Is Quo Quy—
4F3G3J5" Q1 Quu + 4G5 L2 I3 Qy Qi — 4G5 73Q; Qup — Fs® Qs Quo’—

6F3 G3 13 JS Ql QIO + G3 133 Ql QlO - 3G33 I3 Ql QlO - 4G3 J33 le

Z5 = —3F3G3%Js Q92 - G;* ng + F32 1, J3Qs Qo+ 2F3 G5, Qs Qo+
2F3G313J3Qr Qo + Ga® I3 Q7 Qo + G2 15J3 Qg Qg + 2F52 J,2 Qs Qo—

F313°J3 Qs Qo + 8F5 G52 1, Qs Qo — G3" 15 Qs Qo + 2G5 Qs Qo+
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4F3G3J5° Qs Qo — G313°J3Qu Qo +4G3®J3Qu Qo — 6 F3 G3T5J5 Qs Qo+
GsIs* Qs Qo — 3G3°15Q3 Qo — 3F3 15752 Q2 Qo + 15% J5 Q2 Qo—
6G3?13J3Q2 Qo + 3F3> G313 Q13 Qo + 3 F3 G537 I3 Q12 Qo + G3® I3 Qy1 Qo—
6F3? G3J5 Q10 Qo — 6F3Gs®> QuoQo — 3CG3515J52 Q1 Qo — F32 G52 Qs —
4F3°G3J3 Q7 Qs —4F3G3° Q7 Qs — 2F3° 132 Q6 Qs — 8 F3 Ga? J3 Qs Qs—
2G3" Qs Qs + FsGs®13Qs Qs + 2F5 G313 J3 Qa Qs + G I Q4 Qs+
2F3G3* Qs Qs + 6F3 G52 J3Qy Qs — Ga? 152 Q3 Qs + 23 Q; Qs+

2F3° G3 Qi3 Qs + 2F3% J5 Q12 Qs — F3? 132 Qq2 Qs + 6 F5® Ga? Q12 Qs+

6 F3* G3J3 Qi1 Qs — 2F3 GaI3* Q11 Qs + 6 F3 G3® Qi1 Qs + Fa® Ga T3 Q10 Qs+
6 F3 G3J5° Q1 Qs — 2Gs15° J3 Q1 Qs + 6 Gs® J3 Q1 Qs — F3? J5° Q77—

4F3 G J3 Q72 — Ga* Qr2 — 4F5 G5 352 Q6 Qr — 4G5 I3 Qe Qrt
2F3G313J3Qs Q7 + G’ I3 Qs Q7 + Fals J5° Qa Qr + 2G3? 1373 Qo Qr+
6F3Ga®J3QaQr — Ga® 17 Qa Qr +2G3* Q3 Q7 + 6 F3 G3 Ja* Q2 Qr—

2 Ga 132 J3 Q2 Q7 + 6 G3® J3 Q2 Q7 + 2F5® J3 Qs Q7 — Fa? Is? Qus Qo+

6F3% Ga® Qi3 Qr+6F3> G3J3 Q12 Qr — 2F3 G31s% Quz Q7 + 6 F3 G3® Q12 Q7+
6 Fs Ga® J3 Qu1 Q7 — G35 132 Q11 Q7 + 2G3* Q1 Q7 + F3* I3 J5 Quo Qv+

2F;3 Gs? I3 Quo Q7 + 2F3J3° Q1 Q7 — 12752 Q1 Q7 4+ 6 G52 J52 Q; Qr—

G132 J5* Qe® + F3lgJs® Qs Qo + 2 G5’ I3J5 Qs Qe -+ G313 J3% Q4 Qe+
6F3GsJs* Qs Qs —2G3I3° J5 Qs Q6 + 6 G3° J5 Q3 Qe + 2F3 J3° Q2 Qo —
12J32 Qs Qe + 6 G32 332 Q3 Qe + 6 F32 G3 J3 Q13 Qs — 2F3 G Ia® Qus Qe+
6 F3 G3® Q13 Qs + 6 F3 G3* J3 Q12 Qs — G3° I3* Q12 Q6 + 2 G3* Q12 Qe+

2G3%J3Q11 Qe+ 2F3G313J3 Q10 Qs + G3° I3 Q1o Qs + 2 G3 J3° Q1 Qe—
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3F3G3’J3 Qs — G3* Qs — 6F5 G5 Js2 Qa Qs — 6 Gs® J3 Qq Qs+

G3®T3Qs Qs +3Gs? 1375 Q2 Qs — 3Fs2 G31s Qus Qs — 3F32 155 Qup Qs+
Fals® Q12 Qs — 6F3 G213 Q12 Qs — 6 F3 GsIs J5 Q13 Qs + GaIs® Q1 Qs—
3G3° I3 Q11 Qs +4F3% G3J3Q10Qs — Fs G317 Q10 Qs 4+ 4 F5 G5 Qo Qs+
3G3I3J32 Q1 Qs — F3Js® Qs —3G3?J52 Qs +3G3% 1315 Qs Qu+
3G31375° Q2 Qs —3F32 1373 Q13 Qa + F2I3° Q13 Qs — 6 F3 G5 13 Q13 Qa—
6FsG3Il3J3Q12 Qs+ Gals® Q2 Qa —3G5°13Qq2 Qs — 3G3? 1375 Qyy Qut
2F3%J37 Quo Qs — F3ls® J3 Q10 Qq + 8 F3 G3? J3 Q10 Qa — G3® I3% Qu0 Qu+
2Gs* Q10 Qs + 15 J5° Q1 Q4 — G Qs> — 8C3% T3 Q, Qs—

2F3% G3? Q13 Q3 —4F3° G3J3 Q12 Qs +4F3 Ga 13% Q12 Qs — 4 F3 G3® Quz Qa—
2F3% T3 Q11 Qs + 4 F3 132 J3 Q11 Qs — 8 F5 G J5 Q1 Qs — Is* Quy Qa+
4G T2 Q11 Qs — 2GC5* Q11 Qs — 3F5G3? 13 Qu0 Qs — 12 G52 J5% Qy Qa—

6 Ga?J3? Qo® —4F32G3J3Q13 Q2+ 4F;3G31a° Qi3 Qs — 4F3G35® Qi3 Qo—
2Fs2J32 Q2 Qo + 4F3 1525 Q12 Qo — 8F3 G52 J3 Q12 Q2 — 3% Q10 Qut
4G3’13° Q12 Q2 — 2G3* Q12 Qs — 4F3 G J5* Q11 Q2 + 4 G337 J3 Q11 Qo —
4G3%J3Q11Q; —6F3G313J3Q10 Q2 + G3 15° Quo Q2 — 3G3° 13 Q10 Q2 —
8G3Js® Q1 Q2 — F3* Qus® — 8F3° G35 Q12 Quz — 12F3° G3® Quy Qus+

Fs® I3 Q10 Qs — 2F32J3% Q1 Qus + 4 F3 132 J3 Q) Qus — 8 F3 Ga? J5 Qq Qus—
Is* Qy Qus + 4C32 157 Q Qus — 2C3* Qy Qus — 6 F52 Q3% Qp°—

8F5 Gs® Q11 Quz+3Fs? G313 Quo Q12—4F3 G357 Q1 Qua+4 G5 15° J5 Q) Qua—
4G3%J3Q1Quz — G3* Q11 + 3F3G3% 13 Q10 Qi — 2G35% J5% Q1 Quu—

F33 J3 Q102 -3 F32 G32 Q102 -3 F3 I3 J32 Ql QIO + ]:33 J3 Ql QlO_
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6 G32 I3 J3 Ql QIO - J34 le

Ee = —G3°J3 Qo + 2F3 G315 J5 Qs Qo + G5° I3 Qs Qo + G3” 1335 Q7 Qo+
4F3 G332 Qs Qo — Q312> J3 Qs Qo + 4 G5 J3 Qs Qo + 2 G3? J3* Qa Qo—
3F3I5 5% Qs Qo + I5% J3 Q3 Qo — 6 G2 I3 J5 Qs Qo — 3 G I3 J5” Q2 Qo+
3F3Gs? I3 Q13 Qo + G3® I3 Q12 Qo — 6 F3 G3* J3 Q10 Qo — 2 G3* Q10 Qo—
2F32 Q3 T3 Qs® — 2F3 G3® Qs” — 2F3% J52 Q7 Qs — 8F3 G3° J3 Q7 Qs—
2G5 Q7 Qs —4F3G3J37 Qe Qs — 4G3°J3Qe Qs + 2F3 G313 J3 Qs Qs+
G3®13Qs Qs + Fals 35 Qs Qs + 2G3s2 1375 Qs Qs + 6 F5 G3% J3 Q3 Qs—
G3?152 Q3 Qs + 2G5 Qs Qs + 6 F5 G5 J5° Q2 Qs — 2G5 152 J3 Q2 Qs+
6Gs®J3Qy Qs + 2F3% T3 Qi3 Qs — Fa? 12 Qu3 Qs + 6 Fa® Ga” Quz Qe+
6 Fa® G3J3 Q2 Qs—2F3 Ga 1> Q12 Qs +6 F3 G3* Q12 Qs +6 F5 Gs° J5 Qu1 Qs—
G3? 157 Q11 Qs + 2G3* Q11 Qs + Fs? I5 J3 Q10 Qs + 2 F3 G3° I3 Q10 Qs+
2F3J5% Q1 Qs — 152 J52 Q1 Qs + 6 Ga2 J32 Q1 Qs — 2F3 G3 J5* Q77—
2G:* T3 Q% —2G52 T2 Qe Qr + Fs 1335 Qs Q7 + 2Ga’ 13 Ja Qs Qrt
G313J32 QuQr +6F3G3J32 Qs Qr — 2C3 5% J3 Q3 Q7 + 6 G3® J3 Qs Qo+
2F3 73 Qo Qr — 152352 Qu Q7 + 6 G52 I3 Q2 Q7 + 6 F3” Ga J3 Qua Qr—
2F;3 Gs1s® Qi3 Q7 + 6 F3 Gs® Qi3 Q7 + 6 F3 G3? J3 Q12 Q7 — G3® I3* Qu2 Qr+
2G3? Q12 Q7 + 2G5 J3Quy Q7 + 2F3 G315 J3 Q10 Qr + G3° I3 Q10 Qi+
2G3J5% Qr Q7+ Gs 13752 Qs Qe + 2F3 J5° Q2 Qs — 152 J5% Qs Qe+
6 C32J5% Qs Qe + 2G5 J5° Q2 Qo + 6 F3 G3? J3 Qus Qs — Gs” Is* Qus Qe+

2G3* Q13 Qs + 2G5° J3 Q12 Qe + Gs? I3J3 Q10 Q6 — 3F3 G3 J5° Qs”—
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3G:°T3Qs° —2F3J5° QuaQs — 6 G5®J52 Qa Qs + 3 G5 1375 Qs Qs+
3G315J52Qr Qs — 3F32 1303 Q13 Qs + Fals® Qua Qs — 6 F3 G313 Qi3 Qs—
6F3 GalsJs Q2 Qs + G3Is® Q12 Qs — 3G3* I3 Q12 Qs — 3G’ 13.J3 Qi1 Qs+
2F32 352 Q10 Qs — F3I5% J5 Q10 Qs 4+ 8 F3 G3% J3 Q10 Qs — G I* Quo Qs+
2G3* Qo Qs + 1375 Q1 Qs — G3J5° Q4° + 3G315J5° Q3 Qat

1335 Qa Qs — 6 F3 G315 J3 Qi3 Qa + G Is* Q13 Qa — 3 G313 Q13 Qu—
3G3213J3Q12 Qs+ 4F5 G375 Quo Qs — G152 J3 Quo Qs + 4 G2 J3 Quo Qa—
4G52T3Q32 —12G52752Q, Qs — 4 F3? G3J3 Qa3 Qs + 4 F3 G5 1o Qi3 Qa—
4F3G3% Q13Qs — 2F32 752 Q12 Qs + 4 F3 132 J5 Q12 Qs — 8 F3 Ga® J3 Quz Qa—
L* Q12 Qs +4Gs% 132 Q12 Qs — 2G2* Q12 Qs — 4 F3 G3 J3% Quy Qs+
4G315°J5 Q11 Qs — 4G3%J3 Q11 Qs — 6F3 GslsJs Quo Qs + Gs I5° Qo Qs—
3G3%I3Q10Qs — 8G3J3° Q1 Qs — 4G5 I3 Qo7 — 2F32 J52 Qi3 Q2+

4F3152 J3 Qi3 Q2 — 8F3 G J3 Q13 Q2 — I3* Qi3 Q2 + 4 G5 In* Q13 Qo
2G3*Q13Q, —4F3G3J5° Q12Qe +4Ga 137 J3 Q12 Qs — 4G5 I3 Q12 Q2 —
2Gs2J52 Q11 Qs — 3F3 15752 Qio Qs + I:* J3 Q1o Q2 — 6 Ga? 1373 Q10 Qa—
2334 Q1 Qs — 4F3® G5 Qqa? — 12F5% G3? Qu2 Qus — 8 F3 G3® Qi Quat

3F32 G313 Quo Qus—4F3 G T3 Q1 Qua+4GaIs® I3 Q1 Qua—4 G5’ J5 Q1 Qus—
4T3 G3® Qua? — 2G3* Qi Quz + 3F3 G215 Quo Quz — 2G3? Jo2 Q1 Quat

G33 IS QIO Qll -3 F32 G3 J3 Q102 -3 F3 G33 QlO2 -3 GB 13 J32 Ql QlO

Zr = Gs’la s Qs Qo + 2 G3? J5? Qs Qo — 3Gz 13 J32 Qs Qo + G3® 13 Q13 Qo—
2G3*J3 Q10 Qo — F3? Ja2 Qs — 4F Ga®J3Qs® — Ga* Qs’—

4F;3 G3J35? Q7 Qs — 4G3%J3Q7Qs — 2 G3® J5? Qe Qs+ Fsls Js? Qs Qs+
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2G3? 13T Qs Qs + C3 T3 Js> Qs Qs + 6F5 G3Ja* Qs Qs — 2Ga I5° J5 Qs Qs+
6GsJ3 Qs Qs+ 2F3J5° Q2 Qs — 17 J22 Q2 Qs + 6 Ga* J3% Q2 Qs+

6 Fs® Q3 J3 Q15 Qs—2F3 G315% Qi3 Qs +6 F3 G3° Q13 Qs+6 F5 G5* J3s Q12 Qs—
Ga?I5% Q12 Qs +2G3* Q12 Qs + 2G5 J3 Quy Qs + 2F5 G I3 Ja Quo Qs+

Gs® I3 Q1o Qs + 2G3J5° Q1 Qs — Gs2J32 Q7% + G313 J5% Qs Qrt

2F33:2 Qs Qr — 152 752 Q3 Qr + 6 G52 Js2 Q3 Q7 + 2G3 J5° Q, Qo+

6F;3 Qs Js Q1 Qr — Ga® L2 Qi3 Q7 + 2G3* Q3 Q7 + 2G3* J3 Qu2 Qo+

G3? 1333 Q10 Q7 +2C3Js° Qs Qe + 2G5 J3 Qua Qs — F3 J5° Qs°—

3Gs%J5% Qs> —2G3J5° QuQs +3GCaT375° Q3 Qs + I3J5° Q2 Qs —
6F3GalsJs Qus Qs + GaIs° Q13 Qs — 3G3%I13Qu3 Qs — 3G3? T3 J5 Quz Qs+
4F3G3J5" Q1o Qs — G31s” J5 Quo Qs + 4 Gs® J5 Q10 Qs + I3 J5° Q3 Qa—
3G3? I35 Q13 Qs +2G32 T3 Qo Qs — 6 G52 Ja” Qa2 — 8G3J5* Q; Qa—
2F52J32 Qi3 Qs + 4F3 152 J3 Q13 Qs — 8F3 Ga? J3 Qua Qs — Is* Q13 Qo+
4G22 12 Q13 Qs — 2G5 Q13 Qs — 4F3G3Js? Qu2 Qs + 4 G337 J3 Q12 Qa—
4G3%J5 Q12 Qs — 2G32J37 Q11 Qs — 3F3 I3 J3% Q0 Qa + I5° J3 Quo Qa—
6Gs2I3J3 Q10 Qs — 2J3* Q1 Qs — J2* Q2% — 4 F3 G3Ja> Qi3 Qo+
4G3152T3Q13 Qs —4G3% T3 Qs Qo — 2G5% 357 Q12 Q2 — 3 G313 J3% Qi Q2—
6 F3% Gy Qu3% — 8 F3 G3® Q12 Qus — 2Gs* Qu1 Qus + 3F3 Ga® I Quo Qus—
2G32 352 Q1 Qus — G Q12 + G3® 13 Q10 Qu2 — 3F3 G3* Ja Quo®—

Gs* Quo’

Zg = —2F;3Gs Ja? Q82 —2G3°J; Qsz — 2G5 J5? Q7 Qs+ Gs1s J3? Qs Qs+
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2F373% Q3 Qs — 132752 Q3 Qs + 6 G52 I3 Qs Qs + 2G5 Ja® Q2 Qe+

6 F3 Gs® J3 Q13 Qs — G5’ 152 Q13 Qs + 2 G3* Q13 Qs + 2 G3® J5 Q12 Qs+
G3?I3J5 Qo Qs + 2 G J3® Qs Q7 + 2 G2 J3 Qi3 Q7 — G3 J5° Qs*+

I3J5° Qs Qs — 3G3? 303 Q13 Qs + 2Ga” J3” Q1o Qs — 4G3 J5° Qs —

2J51 Q2 Qs —4F3G3J52 Qi3 Qs +4G3 12> J3 Qi3 Qs — 4G5 J3 Q1 Qs —
2G3%J32 Q12 Qs — 3G313 752 Q10 Qs — 2G3s2 a2 Qus Qo — 4F3 G3® Qua®—

2G,* Q12 Qs + Gs®1; Q10 Q1s — G3®Js sz

Bo = —G3’ J3? Qe 4+ 2G5 J5° Qs Qs + 2 G3® J3 Q13 Qs — J5° Qa’~

2G32 T3 Q13 Qs — Ga* Qua’ = 0

The above method is introduced by Salmon (1964).
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Appendix D

Lower Triangular Elements of K

I\él,l — 3
I\i’z,] = 0
I\{’z’z - 3

fu(s,l = “ﬂ;,x - ﬂlz,x - Nll,x

fu(s,z = _/“l’g,y - ,“;.,y - :“ll,y

Kaa=py," +thy + 1y, +oe + iy + iy

I\("4,1 = —p5, (Yrs — Ya) — 3 (Yrz2 — Ya) — i« (YR — Ya)

1%4,2 =3%¢ — 3, (Yrs — Yo) — #5, (Yr2 — Yg) — #15 (Yra — Ya)
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1?4,3 = —,U;;,y [ZG - /L;,y (YR,s — YG)] — :U'/z,y [ZG - H’,2,y (YR,z — YG)]__
“Il,y [Ze - 'U“,l,y (Yr1— Yo)] + Ng,x2 (Yrs — Yo)+

ox (YR — Ya) + #i )" (Yr1 — Ya)

k4,4 = [Z¢ — psy (Yrs — Ye))? + [Zg — o, (Yrz2 — Ye))*+
[Z6 — m1y (Yra — Ye)I’ + p5,” (Yas — Yo)'+

oy (Yrz2 — Yo) + 4, (Yri—~ Ya)?
K51 = =326 — pyx (Xa — Xrg) — b (X6 — Xn2) — i (Xa — Xn,1)
Ksp = —phy (Xa — Xna) — phy (Xa — Xn2) — p5y (Xe — Xr,1)

1%5,3 - _':u‘;,x [—ZG - /'l'g,x (XG - XR,3)] - ru’,2,x [_ZG - lu’IZ,x (XG - XR,z)]_——
/‘l‘ll,x [_ZG - Mll,x (XG - XR,I)] + :‘1’£’>,y2 (XG - XR,3)+

oy (Xo = Xnpa) + 4, (Xo — Xr1)

Ksa = —py, (Xo ~ Xns) [Ze = sy (Yas — Yo)) — #yy (Xo — Xn,2) [Za—
tyy (Yrz — Ya)] — piy (X — Xr1) [Ze — iy (Yt — Ye)]—
ta . (Yrs — Ya) [=Zc — p3, (Xa — Xra)]—
pox (Yr2 = Yo) [~Zc — ptax (X — Xn,2)]—

1 (Yry — Ya) [=Z¢ — py , (Xe — Xn1))]

ks,s = [-Z¢ — #:«,,x (Xg — XR,s)]z + [~Zg — IU'IZ,x (Xe — XR,z)]2+
[~Z6 — piy (X6 — Xpa)]* + 15, (X6 — Xna)'+

/'l'l2,y2 (Xe — Xr2)* + M’Lyz (X¢ — Xr1)?
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RI’G,l =—YRr3— Yr2— Yra +3Yg
I%e,z = Xr3+ Xgr2+ Xp1 — 3Xg

Kes = —pgy (Yo — Yrs) — py, (Yo — Yrz2) — p1, (Yo — YRra)—

sy (Xrs — Xa) — py,, (Xp2 — Xa) — #7, (Xr1 — Xa)

Kos= (Xrs — Xa)[Ze — #hy (Yrz — Yo)] + (Xr,2 — X¢) [Za—
oy (Y2 — Ye)] + (Xr1 — Xa) [Ze — py, (Yr1 — Ya)|—
ts (Yo — Yrs) (Yrs — Ye) — p5, (Yo — Yr2) (YR2 — Yo)—

Nll,x (YG - YR,1) (YR,1 - YG)

Ivfe,s =(Yg — Yrs)[~Zc — p5, (Xe —Xr3)] + (Yo — YRr2) [~Zc—
ty . (Xe — Xr2)] + (Yo — Y1) [~ Ze — 1, (Xa — Xp)]—
tsy (Xo — Xns) (Xrs — Xe) — pa, (Xo — Xr2) (Xr2 — Xa)—

#1y (Xe — Xgr1) (Xr1 — Xa)

Kes = (Yo — Yrs)® + (Yo — Yr2)? 4+ (Yo — Yga)*+

(Xm3 — XG)2 + (Xgr,2 — XG)z + (Xgr1 — XG)Z
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Appendix E

Workspace Plots for Examples 1b, 1c, 1d, and le

Figure E.1: Perspective view of workspace for w=63.43, 6,=10, 6,=0, and 6,=0.

164



.25 ¢

Figure E.2: Front view of workspace for w=63.43, 6,=10, 6,=0, and 6.=0.
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Figure E.3: Side view of workspace for w=63.43, 6,=10, 6,=0, and 6.=0.
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Figure E.4: Perspective view of workspace for w=63.43, 6,=0, 6,=10, and 6.=0.
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Figure E.5: Front view of workspace for @=63.43, ,=0, 6,=10, and 6.=0.
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Figure E.6: Side view of workspace for @=63.43, 6,=0, 6,=10, and 6,=0.
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1.25¢

Figure E.7: Perspective view of workspace for w=63.43, 6,=0, 8,=0, and #.=10.
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Figure E.8: Front view of workspace for w=63.43, ,=0, 6,=0, and §.=10.
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Figure E.9: Side view of workspace for w=63.43, #.=0, 6,=0, and 8.=10.
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63.43, 0,=10, A,=10, and

Figure E.10: Perspective view of workspace for @

10.
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Figure E.11: Front view of workspace for w=63.43, 6,=10, 8,=10, and §.=10.
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Figure E.12: Side view of workspace for w=63.43, 6.=10, 6,=10, and 6.=10.
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Appendix F

Workspace Plots for Examples 2b, 2c, 2d, and 2e

'\\\\‘! 0.25

sy,
\ 1 i, N 3
R~ —

v
//’/
,.,~};% 2

-1

Figure F.1: Perspective view of workspace for w=45, #,=10, 8,=0, and 6.=0.
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Figure F.2: Front view of workspace for w=45, 6.=10, 8,=0, and #.=0.
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Figure F.3: Side view of workspace for w=45, §,=10, 6,=0, and 8.=0.
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45, 6,=0, 6,=10, and 0.

Figure F.4: Perspective view of workspace for @
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Figure F.5: Front view of workspace for w=45, #,=0, 6,=10, and 6.=0.
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Figure F.6: Side view of workspace for w=45, 6,=0, 6,=10, and 6.=0.
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0, and 6,.=10.

45, 6,=0, 6,=

Figure F.7: Perspective view of workspace for @
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Figure F.8: Front view of workspace for w=45, §,=0, 6,=0, and 6.=10.
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-0.5 0 0.5

Figure F.9: Side view of workspace for w=45, 8,=0, §,=0, and 6.=10.
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Figure F.10: Perspective view of workspace for w=45, §,=10, §,=10,

185



.75

.25 ¢

Figure F.11: Front view of workspace for w=45, §,=10, 6,=10, and 6.=10.
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-0.5 0 0.5

Figure F.12: Side view of workspace for w=45, 6.=10, 6,=10, and #.=10.

187



Appendix G

Proofs of Propositions 1, 2, and 3 in

Section 8.4.1

G.1 Proof of Proposition 1

Let
t; = tan (7—71) .
2
Then
12
¢ = 1 n t? (Gl)
2t;
S, = 1 T t? (G2)

)

Substituting equations (G.1) and (G.2) into equations (8.26) and (8.27) and

simplifying, we get

—2rtity + (3p — 7)t5ty + (3p + 1)ty + 20ty = 0 (G.3)

~2rtity + 3p ~r)tita + Bp+r)ta + 2rty = 0 (G.4)
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Equations (G.3) and (G.4) can be rewritten in the following forms

(Bp — M)tat2 4+ 2r(1 — 3ty + Bp+7)ty = 0 (G.5)

~2rtit2 + [(Bp — )2 + 3p+rjty + 20ty = 0 (G.6)

We can think of equations (G.5) and (G.6) as two quadratic equations in the un-
known t,. Applying the same elimination method used in Appendix B to derive

equation (4.15), we can reduce these two equations to a polynomial equation in

t,. The result is
9(r* + 3p”)ti(erty + o2t1 + 03) = 0 (G.7)
where
or=—(r—p) (r+3p)
or =2 (r? +3p%)
es=—(r+p)(r—3p)

Equation (G.7) has six solutions, two of which are equal to zero. The other four

solutions can be found from

T+
2= TP (G.8)
r—p
and
, T—3p
t2 = (G.9)
r 4+ 3p
Equations (G.3) and (G.4) can be converted to
[(Bp—r)t2+3p+ 7] £ —ar’(t] — 1)) = 0 (G.10)
[(3p— )2+ 3p 4+ 7] 82— 482 — 1% = 0 (G.11)
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Substituting equation (G.8) into equation (G.10) results in a quadratic equation

in the unknown ¢%, which can be solved to obtain

t2 =

— (G.12)

and

(r = p)(r + 3p)?
(r — 3p)*(r +p)

Expressions for t3 and t2 in equations (G.8) and (G.12) satisfy equation (G.11).

2
t, =

(G.13)

However, expressions for 7 and ¢2 in equations (G.8) and (G.13) do not satisfy
equation (G.11). Hence, equation (G.13) is spurious. Similarly, substituting

equation (G.9) into equation (G.10) and solving for t3, we obtain

— 3p
2= Q.14
2 r+3p ( )
and
(r+ 3p)®
A ML G.15

Using the same verification method described above, we find out that equa-
tion (G.15) is spurious. Equation (G.7) showed that t? can also be equal to zero.
If so, equations (G.3) and (G.4) can be used to show that 2 is also equal to zero.

The preceding discussion shows that if equations (8.26) and (8.27) are

satisfied, then

t2 =2 (G.16)

or 7z = £m;.
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G.2 Proof of Proposition 2

Referring to Figure G.1, we see that if equation (8.31) is satisfied, then

GR; L GP;, for 1 =12 (G.17)

Axis of the topmost revolute joint at point P; is parallel to P; 3 P;,1, hence

GPZ' L Pi+2pi+1 for 1 = 1,2 (G].S)

and

P,'Ri 1 Pi+2Pi+1 for 1= 1,2 (Glg)

From equations (G.18) and (G.19), we can conclude that P;,,P;,; is perpendic-

ular to the plane passing through points G, P;, and R;. As a result

GR,: L PH—ZPi—l—l fOI‘ l = ].,2 (GQO)

Equations (G.17) and (G.20) imply that both GR, and GR, are perpendicular
to the platform. This means that points G, R;, and R, are collinear. Also, we
note that since 7; = #;, points R; and R, are both on one side {above or below)

of the platform. Moreover, Figure G.1 shows that

GRy| = [GRy| = /2 — p? (G.21)

Therefore, points R; and R, are coincident.

G.3 Proof of Proposition 3

Referring to Figure G.2, we can see that vector R;P, can be resolved into a

vector parallel to 7, (a unit vector perpendicular to the platform and parallel to
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Figure G.1: Geometry of limb P.R;, if n; = cos™ (—p/r).
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the W axis) and a vector parallel to P,G. Recall from Chapter 3 that |GP;

= p'
Thus,
PG

Rsz = (7‘02)

+ (782) Ty (G.22)
Referring to Figure 3.1, we can see that vector P,G can be resolved into a vector

parallel to 7, (a unit vector parallel to the U axis) and a vector parallel to 7, (a

unit vector parallel to the V axis). In other words

PG = (@ﬁu + —;-ﬁv> 2 (G.23)

In addition, Figure 3.1 shows that

We can also write

R2P1 - R2P2 +P2G+GP1 (GZS)
Substituting equations (G.22), (G.23), and (G.24) into equation (G.25), and

simplifying, we get

R2P1 =

|G

1
(res + p) i + 5 (rez + 3p) A + 752700 (G.26)

Equation (8.1) shows that iy lies in the plane passing through points G,
P,, and R;. As shown in Figure G.2, we let 7 pass through point P,. Figure 3.1
shows that vector i, is parallel to vector T:. This means that 7 L #,. Also

|z7| = r. Therefore, using equation (G.26), we can write
—_ 1 .
R,P, - = —3 (rcy + 3p)rsy — (rsa2)rey (G.27)
further simplification results in

- T
R2P1 . m = ——2‘ (2T6132 + rce 81 + 3p31) (G28)
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Figure G.2: Depiction of vectors fi; and #,,.
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If equation (8.36) is satisfied, then equation (G.28) reduces to

Equation (G.29) means that R,P; is perpendicular to 7i7. Vectors I'y and Py Ry
are aiso perpendicular to fi. Therefore, R,P; has to be parallel to the plane
formed by T'; and P;R;. This is possible only if point P; and vector Iy lie in the
base plane. As a result, Zpy = 0, g1, = g1, = 0, and P,P; is parallel to the

base plane (or Zps = Zp3).
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