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Abstract: Certain subvarieties of flag manifolds arise from the study of Hessenberg and
banded forms for matrices. For a matrix A € gl(n,) (or sl{(n,C)) and a nonnegative
integer p, the p** Hessenberg variety of A is the subvariety of the (complete) flag manifold
consisting of those flags (S1,...,S,-1) satisfying the condition AS; C Si4+p, Vi. The
definition of these varieties extends to an arbitrary connected complex semisimple Lie group
G with Lie algebra g using the root-space decomposition. We investigate the topology of
these varieties for the classical linear Lie algebras. If A is a regular element, then for p > 1,
the p** Hessenberg variety is smooth and connected. The odd Betti numbers vanish, while
the even Betti numbers represent (apparently new) generalizations of the classical Eulerian
numbers which are determined by the height function on the root system of the Lie algebra.
In particular, for g = sl(n,L), they yield a family of symmetric unimodal sequences which
link the classical Eulerian numbers (p = 1) to the classical Mahonian numbers (p = n — 1),

while if g = sp(n) and p = 1, they are f-Eulerian numbers in the sense of R.P. Stanley.






List of Notations

G connected complex semisimple Lie group

g Lie algebra of G

B _ Borel subgroup of G

b Lie algebra of B (Borel subalgebra)
Borel(g) variety of Borel subalgebras of g

8 Cartan subalgebra of g

=8+ ,cs 8" root-space decomposition

hp(b,8), hp(8) p** Hessenberg subspace of g (relative to b)
Reg(g) regular elements of g

H,(k) k x k height-p Hessenberg matrices (h;; =0, Vi —j > p)
L*(k) k x k unipotent lower-triangular matrices
v(k) k x k upper-triangular matrices

V (k) k x k nonsingular upper-triangular matrices
S(k) k x k symmetric matrices

so(k L) k x k skew-symmetric matrices

If ¢; is the j** standard unit column vector inC", 8 = [en, ..., €1}, R = (g 2)’ and

X = QXQ. (For any 2n X 2n matrix or set of such matrices, overbar denotes conjugation

by €.)

If G is a group and H is a subgroup, (X)) g denotes the left coset X H.



If X € Lt(k), X = (zij), p = diag(p1,...,px) and 1 < B < a < k, then

a—-f-1

FAX) = (pa—pe)sap+ Y. 3 (=1)(ps — p8)Tars - Trp)
t=1 ad>I'¢>8

where Iy = (71,...,%)and 11 > ... > 7+



I. Introduction

The purpose of this paper is to study the topology of certain subvarieties of flag
manifolds which arise from fundamental algorithms in numerical linear algebra-primarily
the QR-a.lgorithxh for matrix eigenvalue problems. These varieties, which we refer to
collectively as Hessenberg varieties, are of interest for at least three reasons: Firstly, thereis
a close relationship between their topology and the convergence properties of the numerical
algorithms. Secondly, these varieties can be viewed as generalizations of the varieties of
fixed flags. Thirdly, the topology of these varieties yields (apparently new) generalizations
of the classical Eulerian numbers in combinatorics.

The QR-algorithm is the most commonly used method for finding the eigenvalues and
invariant subspaces of a matrix. (See e.g., [1].) The QR-algorithm applied to a given
A € GL(n, €) can be interpreted as the discrete dynamical system A induced by A on the
manifold Flag(n) of complete flags in C" [2,3,4,5]. Consequently, the convergence behavior
of the algorithm is closely related to the topology of the flag manifold, especially to the
Bruhat decomposition [4].

However, in actual practice, the QR-a.lgqrithm is rarely applied directly to a given ma-
trix A. Instead, the computational complexity is reduced (from O(n?) to O(n?) operations
per iteration) by first reducing A to Hessenberg form using a finite sequence of elementary
unitary transformations. (An n x n matrix C is in Hessenberg form if ¢;; = 0 fori—j > 1.)

This corresponds to the restriction of the dynamical system A to the invariant subvariety
Hess(l,A) = {(Sl, ces aSn—l) € Flag(n) l AS; C SH.], Vi}.

(For details, see [3,6].) Consequently, the properties of the QR-algorithm as applied to
Hessenberg matrices are closely related to the topology of Hess(1, A).

This motivation led us to investigate the topology of Hess(1,A) and of its natural

generalization
Hess(p, A) = {(S1,...,8n-1) € Flag(n) | AS; C Si4p, Vi}

(which corresponds to initializations for the QR-algorithm which are zero below the pt*
diagonal). We refer to Hess(p, A) as the p** Hessenberg variety of A.
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If A is nilpotent, the subvariety of invariant flags, Hess(0, A), has a very complicated
geometric structure which has received considerable attention in recent years. (See e.g., [7-
15].) In contrast to the case of Hess(0, A), the varieties Hess(p, A), p > 1 have interesting
topological structure even when A has distinct eigenvalues. It was shown in [16,17] that
for such an A, Hess(p, A) is smooth and connected. Its odd Betti numbers vanish, while
its even Betti numbers are an apparently unstudied generalization of the classical Eulerian
numbers. (For p = 1, they are the classical Eulerian numbers, while for p = n — 1, they

are the classical Mahonian numbers.) These results are summarized in Section II.

Since the key step in the Q R-algorithm is the Q R-factorization, and since this factor-
ization essentially corresponds to the Iwasawa decomposition of G, a QR-like algorithm
can be defined for any connected complex semisimple Lie group, or, using the exponential
map, for its Lie algebra. Recently, there has been considerable interest in such algorithms,
especially for sp(n, C) [3,18] (in order to solve, for example, algebraic Riccati equations
arising from optimal control and filtering problems). Consequently, it is of interest to un-
derstand the structure of “Hessenberg varieties” for G a connected complex semisimple Lie
group. This is the purpose of the present paper, although we focus mostly on the classical
cases.

Let G be a connected complex semisimple Lie group with Lie algebra g. Let B be
a Borel subgroup of G, and let b be the corresponding Borel subalgebra. Let s denote
any Cartan subalgebra which is contained in b, and let g = 8 + 3,5 8% be the root-
space decomposition for g relative to 8. For each nonnegative integer p, we define the ph
Hessenberg subspace of g relative to b to be
(1.1) hy(b,g) =8+ E g% (direct sum)

a€®,h(a)2—p
where h(a) denotes the height of the root « relative to the unique base A for which
ho(b,g) = b. It is easily verified (see Section III) that hy(b,g) is well-defined—i.e.,
independent of the choice of s. Thus, to each Borel subalgebra b there is associated a
partial flag in g which contains b, namely

b= ho(b,g) C hl(b’g) c...C hN(bvg) =8,
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where N = max,es h(a).

Fix B, and let A € g. The p** Hessenberg variety of A is the subvariety of the flag
manifold G/B defined by

(1.2) Hess(p, A) = { (X)p € G/B | (Ad X~1)(4) € hy(b, g)} .

It is easily shown (Section III) that h,(b,g) is Ad(B)-invariant, so Hess(p, A) is well-
defined. If G/B is identified with Borel(g) (the variety of all Borel subalgebras of g) by
identifying (X ) with Ad(X)b, then Hess(p, A) is identified with the subvariety of Borel(g)
consisting of those Borel subalgebras b’ for which the p'* Hessenberg subspace h,(b',g)

contains A.

In the present paper, we generalize the results in [17] to the case where g is any
classical linear Lie algebra—i.e., of type An_1, By, Cn or D,. (The results for 4,_;
and Cy are also contained in the Ph.D. thesis of the first listed author [16].) Let & be
a reduced root system with Weyl group W, and let ®* (respectively, ) be the set of
positive (respectively, negative) roots with respect to some fixed basis A. Let k(-) be the

height function on @ with respect to A, and let w € W. Define the p** Eulerian dimension
of w to be

(1.3) E:(w) = card{a € ot I h(a) <p, w(a)e Q_} ,
and define the generalized Eulerian numbers of height p on & to be
(1.4) (p, k) = card {w e W | E}(w)=k-1}.

Let g be a linear Lie algebra of classical type with root system @, and let A be
a regular element of g. We show that Hess(p, A) is smooth and connected. Its odd
Betti numbers vanish, while its even Betti numbers are given by the generalized Eulerian
numbers of height p on @. Since the numbers {®(p, k)} occur as the even Betti numbers
of a nonsingular irreducible projective variety, it then follows from results of Stanley [19]
that (for fixed p), they form a sequence which is both unimodal and symmetric.
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As mentioned previously, in the special case where ® = A,_; (i.e., g = sl(n,C)),p=1
(respectively, p = n — 1), the generalized Eulerian numbers correspond to the classical
Eulerian (respectively, Mahonian) numbers. We also analyze in detail the generalized
Eulerian numbers in the case where & = C,, (i.e., g = sp(n, €)) and p = 1. We determine
the recurrence relation, exact values and generating function, and show that these numbers

are f-Eulerian numbers in the sense of Stanley [20], with f(s) = (2s + 1)".

Several generalizations of the Eulerian numbers have been considered in the combi-
natorics literature. (See e.g., [20-25].) However, we are unaware of any studies in which
the Eulerian numbers are generalized via the combinatorics of root systems and the height
function. Although we have limited our analysis to the classical cases, the nature of both
the techniques (e.g., the Bruhat decomposition) and the results (e.g., combinatorial prop-
erties of the height function on the root system) suggest that the results may hold in more
generality.

The organization of this paper is as follows: In Section II, we review the results
for G = GL(n,C) contained in [16,17]. In Section III, we extrapolate from the cases
G = SL(n,C), p arbitrary, and G = Sp(n, C), p=1, to obtain the general definitions
(1.1), (1.2) given above for Hessenberg subspaces and Hessenberg varieties. In Sections
IV, V and VI, we study the topology of Hess(p, A) for the linear Lie algebras of types Chy,
D, and By, respectively. Finally, in Section VII, we show that the (even) Betti numbers
computed in the previous sections are in fact generalized Eulerian numbers (of height p) on
the appropriate root systems, and we examine in detail the symplectic Eulerian numbers

of height one.

I1. Review of Results for G = GL(n, €)

In this section, we review the definitions and results from [16,17] which are needed in
the sequel. Let G = GL(n, C) and let g be the Lie algebra of G. Let Reg(g) denote the
set of regular elements in g consisting of those matrices which have distinct eigenvalues.
Let Flag(n) denote the variety of complete flags in €". This can be identified with G/B
where B is the Borel subgroup consisting of upper-triangular matrices. In this context, for
X € G, (X)p denotes the image of X under the projection G — G/B and is interpreted

4
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as the flag S; C ... C Snp~1, where S; is the subspace of €" spanned by the first ¢ columns
of X.

A covering system of analytic charts for G/B is given by
ch(c) = {{cX)s| X e L*(n)}, o€ X(n),

where Lt (n) denotes the group of unipotent lower triangular n X n complex matrices,

and £(n) denotes the symmetric group of permutation matrices. The correspondence

(6X)p — X is a bijection of ch(c) onto L*(n), this latter being identified with c(3).
Local calculations will be performed in these coordinates.

(I1.1) Definition: Let A€ g, 0 < p < n—1. A Hessenberg flag of height p for A is a flag
S;1 C...C Sp-1 such that

(2.1) AS; C Si4p i=1,...,n—p—1.

The set of all such flags is denoted Hess(p, A) and called the p** Hessenberg variety of A.
Remarks: The set Hess(0, A) is the set Invar(A) of flags invariant under A. One has the

inclusions

Invar(A) C Hess(1,A) C ... C Hess(n — 1, A) = Flag(n).

Notice that (X)p € Hess(p, A) if and only if
(2.2) AX = XH,,

where H), is a matrix in Hessenberg form of height p, namely

hia e oo ee. hin
0 L] hn’"—p e h"”

In other words, H) is in Hessenberg form of height p provided h;; = 0 whenever : —j > p.
The vector space of all such matrices will be denoted hy(gi(n, €)), or more simply H,(n).
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We denote by hy(sl(n, C)) its intersection with the special linear Lie algebra. The set
Hess(p, A) is a projective algebraic variety.

(IL.2) Theorem: Let A € Reg(g). For 1 < p < n—1, Hess(p, A) is a compact, connected
and smooth submanifold of G/B of complex dimension p(2n — p — 1)/2. In particular, it
is an irreducible variety.

The above result can be obtained from the local algebraic equations expressing the
Hessenberg conditions (2.2) in the charts {ch(0)}, o € E(n). It is shown in [16,17] that
if A = diag(\1,...,As) and X = (zi;) € L*(n), then (¢X)p € ch(o) is an element in
Hess(p, A) if and only if for a — 8 > p,

a—8-1

(24) faﬂ(X) = A(a’ ﬂ)zaﬂ + E Z (_l)tA(‘Yh ﬂ)za‘n Ty = 07

=1 a>Nn>.Oon>f

where A(u,v) = (As(u) — Ao(v))-
Let G = [[,ep(n) BoB be the Bruhat decomposition of G, and let

G/B= [] (Bo)s

o€XL(n)

be the induced Bruhat decomposition of G/B. We will write B, = (Bo)p and we observe

now for later use that

(2.5) B, =(oL(n))B
where
(2.6) L3 (n) = {X = (zi;) € L*(n)| zi; = 0 if 0(3) > 0(4)}.

It is known (see e.g. [26]) that B, 2 €'(®), where I(0) is the length of o-i.e., card{(, )| 1 <
j <i<nanda(i) < o(§)}.
(I1.3) Theorem: Let A € Reg(g), 0 € £(n), 1 < p < n—1. Then B, N Hess(p, A) is
analytically isomorphic to €F*(?), where

Ey(0) = card{(i,j)| 1 <4,j <n, 1 <i—j <p, o(i) <o(j)}.
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The number E,(0) is called the p** Eulerian dimension of o, for reasons that will be

discussed in Section VII.

The decomposition of Hess(p, A) into the disjoint union of the “cells” B, N Hess(p, A)
is not cellular, in-that the boundary of a cell of dimension ¥ can contain points of a cell of
the same dimension. However, a recent theorem of A.H. Durfee [27] enables us to compute

the Betti numbers from this decomposition, yielding the following result:
(I1.4) Theorem: Let A € Reg(g), 1 <p<n-1. Then

ba1+1(Hess(p, 4)) = 0,
b (Hess(p, A)) = An-1(p, k +1)

where b, (Hess(p, A)) is the v** Betti number of Hess(p, A) and
(2.7) An-1(p, k) = card{o € Z(n)| E;(c) = k-1}.

The numbers {A,_1(p, k)} are called generalized Eulerian numbers of height p. Again we
refer to Section VII for more details.

Remark: The results described in this sectiou specialize without essential changes to the
case where GL(n, €) is replaced by its subgroup SL(n,C).

Remark: The existence of a decomposition of Hess(p, A) into affine spaces also follows
from a general theorem of Bialynicki-Birula [28]. This result shows that if any algebraic
torus acts on a smooth projective variety with isolated fixed points, then the variety admits
a natural decomposition into locally closed subvarieties each of which is isomorphic to a
vector space and contains exactly one fixed point. In the case at hand, the centralizer
of A in the unitary group U(n) is an algebraic torus which acts naturally on Hess(p, A).
The fixed points of this action are precisely the n! elements of Hess(0, A), namely {{o)5 |

o € X(n)}. The resulting decomposition coincides with the decomposition obtained by
intersecting the Bruhat cells with Hess(p, A).
III. Hessenberg Flags for a Semisimple Lie Group

The geometric approach to matrix eigenvalue problems extends to the case when the

given matrix A satisfies the additional property of being, for instance, an element in the
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symplectic group G = Sp(n, C) or its Lie algebra g = sp(n, €). (See e.g., [3].) In particular,
the appropriate homogeneous space and QR-type factorization can be obtained from the
Iwasawa decomposition of Sp(n, C). This means that if KAN is such a decomposition,
then Q € K and R € AN. Explicitly, @ € Sp(n) = U(n) N Sp(n, C) and

_Re {(g ,ZT,) | u € V(n), mES(n)}éB,

where V(n) denotes the set of n X n nonsingular upper-triangular (complex) matrices, and
S(n) denotes the set of n X n symmetric matrices. (To make the factorization unique, one
can require that the diagonal entries of 4 be positive real numbers.) One obtains then a
symplectic QR-algorithm which can be interpreted as a linear-induced dynamical system
on G/B, which can be identified with the so-called Lagrange-flag manifold

JFlag(n) = {S1 C... C S2n-1 € Flag(2n)| S, = ST and S,4: = S-_;},

where L denotes orthogonality with respect to the symplectic form

(o0 I,
J—(__In 0).

If X € Sp(n,C), then (X)p is identified with the Lagrangian flag (Si,...,S2n~1), where
for 1 < n, S; is the subspace spanned by the first ¢ columns of X, while for ¢ > n, S; is the
subspace spanned by the first n and last i — n columns of X. Using the exponential map,
the QR-algorithm for Sp(n, €) extends to sp(n, €). (See e.g., [3,18].)

An analogue of height-one Hessenberg form for matrices in sp(n, €) was introduced

by Byers [18] and referred to as Hamiltonian- Hessenberg form. A matrix H; in such form

h
Hl= (z _":h)’

where h € H;(n), m € S(n) and z = (z;;) is such that z;; =0 unless { = j = n.

is of the type

It follows that initial reduction of A to Hamiltonian-Hessenberg form-i.e., choosing P

such that P~1AP = H,-simply means that
(P)p € JHess(1,A) = {T1 C ... C Tan-1 € JFlag(n)| AT; C Tiy1, Vi}.
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Thus, we are led to investigate the topology of the varieties JHess(p, A) whose definition

is the obvious one-namely,

JHess(p, A) = {T1 C ... Tan—y € JFlag(n)| AT; C Tiy,p, Vi}.
Notice that the elements (X)p in JHess(p, A) are those for which an equation of the type
(3.1) AX = XH,

holds, where

(32) 5=(2 1),

with h € Hy(n), m € S(n) and z = (2i;) is such that z;; =Q unless i+ j > 2n+1—p. We
let hp(sp(n, €)) denote the vector space of such matrices Hp, which we refer to as being
in Hessenberg form of height p. -

The above discussion suggests that a QR-type algorithm can be defined for all con-
nected semisimple Lie groups. For these groups, the Iwasawa decomposition holds and
B = AN is known to be a solvable Lie subgroup of G. Reduction of 4 to Hessenberg-type
form, and consequently a good definition of p** Hessenberg variety, depends on the exis-
tence of a good Lie-theoretic interpretation of the Hessenberg-type matrices H,. Such an

interpretation comes, in the opinion of the authors, from the root-space decomposition of
the Lie algebra g of G.

In each of the cases G = SL(n, C), Sp(n, €) discussed above, a specific choice of Borel

subgroup B was made, and then a nested sequence of subspaces of g was defined, namely

b=ho(g) Chi(g)C...Chn(g) =g,

where b denotes the Borel subalgebra associated with B, and N is an appropriate positive
integer. It is obvious that B could be replaced by gBg~?! for ¢ € G, in which case hy(g)
must be replaced by Ad(g) h,(g). In other words, any Borel subgroup of G can be chosen
as B, and this choice determines the sequence {h,(g)} of Hessenberg subspaces. When we
wish to emphasize the dependence of hy(g) on B, we will use the symbol hy(b, g).
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We would like to extrapolate the examples of sl(n, €) and sp(n, €) considered above
to obtain a general definition of hy(b,g) where g is an arbitrary complex semisimple Lie
algebra, and b is any Borel subalgebra of g. To do this, we examine more closely the
mathematical relationship between b and hy(b,g) in the two examples. For the specific
choices of B (and hence b) in the cases of sl(n, C) and sp(n, €), we choose the following
Cartan subalgebra’s (CSA’s) which are contained in b:

§ = { EZ:? C(Eii — Ei41,i+1) for sl(n,C)
Y i=1 C(Eii — Enyinti) for sp(n, C)

where E;; denotes the square matrix of the appropriate dimension whose entries are all 0
except for the ij**, which is 1. These choices yield the standard root-space decompositions

for sl(n, €) and sp(n, €). In particular, for the root systems
(33) Ap_i: {ej—ei|l1<i,5<n, i#j}
(34) Cn:  {ej—efl1<i,j<n, i#j}U{t(ej+e)|1<j<i<n}

thereby arising, we have the following well-known data for the corresponding root-spaces
and heights of the roots with respect to the unique base with the property that b is the sum
of 8 and the root-spaces for the positive roots: For A, the root e; — e; has root-space
CE;; and height ¢ — j, 1 # j. For Cy, the root e; — e; has root-space C(Eji — Entint;j)
and height i — j, ¢ # j; the root e; + ¢; has root-space €(E;n+i + Ein+j) and height
2n+1—(i+j), j <i;theroot —e; — ¢; has root-space C(En+j,i + En+i,j) and height
G+j)-2n-1, j<i.

It follows immediately from (2.3) and (3.2) that for both sl(n, €) and sp(n, €) with
the standard choices of Borel subalgebra, H,, is in Hessenberg form of height p if and only
if

H, € s+ Z g%.  (direct sum)
a€®, h(a)2-p
Here, & denotes the set of roots of g relative to s ; h(a) denotes the height of the root a;

and g“ is the root-space of a.

This motivates the following
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(ITI.1) Definition: Let G be a connected complex semisimple Lie group with Lie algebra
g- Let B be a Borel subgroup of G, and let b be the corresponding Borel subalgebra. Let
8 be any CSA contained in b, and let g =8+ )4 8" be the root-space decomposition
for g relative to s. The p*® Hessenberg subspace of g relative to b is defined as

(3.5) hy(b,g) =8+ Z g®  (direct sum)
a€®, h(a)2-p

where h(a) denotes the height of the root a relative to the unique base A for which
b = ho(b,g). We will often suppress the dependence on b and use the notation h,(g).
Remark: It is easy to see that hy(b, g) is well-defined—i.e., independent of the choice of
the CSA s. Let hy(s,b,g) denote the righthand side of (3.5). It follows from the choice
of A that b = h¢(s,b, g), regardless of the choice of 8. It follows trivially from this that
hy(s,b, g) is ad(b)-invariant, and hence Ad(B)-invariant. Also, if 5 is any automorphism
of g, then hy(ns,nb,g) = nh,(s,b,g). Let s and 8’ be a pair of CSA’s in b. Then
there exists n in the subgroup of Aut(g) generated by Ad(B) such that s = s’. Then
hy(s', b, g) = hp(ns,nb, g) = nhy(s, b, g) = hy(s, b, g).

With this definition available, one can read equations (2.2) and (3.1) as adjoint actions,
thereby obtaining the next

(II1.2) Definition: Let G be a connected complex semisimple Lie group with Lie algebra
g , and let B be a Borel subgroup with Borel subalgebrab . Let A € g. The p** Hessenberyg
variely of A is

(3.6) Hess(p, 4) = {(X)5 € G/B| (AdX™")(4) € hy(b,g)}.

Since h,(b, g) is Ad(B)-invariant, Hess(p, A) is well-defined.

Remark: The flag manifold G/B is often identified with Borel(g), the variety of all
Borel subalgebras of g. The flag (X)p is identified with Ad(X)b. The condition that
(X)p € Hess(0,A) is equivalent to the condition that A € Ad(X)b. Thus, Hess(0, A)
is identified with the subvariety of Borel(g) consisting of those Borel subalgebras which
contain A. More generally, Hess(p, A) can be identified with a subvariety of Borel(g) as

11,



follows: The condition that (X)p € Hess(p, A)-.e., Ad(X M)A € hy(b, g)-is equivalent
to the condition that A € Ad(X)hp(b,g) = hp(Ad(X)b, g). Thus, Hess(p, A) is identified
with the subvariety of Borel(g) consisting of those Borel subalgebras b' for which the pt*
Hessenberg subspace hy(b’,g) contains A.

In this section, we have demonstrated how Hessenberg elements H, and Hessenberg
varieties Hess(p, A) can be defined for an arbitrary connected complex semisimple Lie
group using the root space decomposition and height function. In the case G = SL(n, €),
the Betti numbers of Hess(p, A) (for a regular element A) are described in terms of the
p'* Eulerian dimension Ep(o) of a permutation o € £(n), the Weyl group of SL(n, C).
Consequently, one might hope for a root-system type interpretation for Ey(o). This is

indeed the case:

(I1I1.3) Proposition: For o € £(n),
E,(o) = card{a € % | h(a) < p and o(a) € 7 }.

Proof: Let a = e¢j—e; € * be such that h(a) =i—j < p. Then o(a) = e,(;)—€q(i) € ¥~
if and only if o(i) < o(j). Conversely, if (i,7) is a pair with 1 < i —j < p and o() < o(j),
thene; —e; € %, h(ej—e;)<pando(ej—e)E®™. W

IV. C,.-type Hessenberg Varieties
In this section, g = sp(n, €) and G = Sp(n, C). We make the standard choice of Borel

B= {('5 ,;‘3,) |u €V(n),s € S(n)}.

B stabilizes the Lagrangian flag po defined by

subgroup

sp{es} C...C sple1,...,en} C sp{er,...,en €20} C ... C sp{e1,...,€n,€2n,... €42},

and can be written as

B=QV(2n)2NG.
The (Cn-type) p'* Hessenberg variety JHess(p, A) for A € g can be written
JHess(p, A) = JFlag(n) N Hess(p, 4),
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a projective algebraic variety. From now on we make the assumption that A € Reg(g)Ns,

the set of regular elements in the Cartan subalgebra s chosen in Section III, namely

A=(g _OA)’ A=dzag(/\1,,,\n), ’\t:t/\1¢01fz¢].

If g = [g1,.--,92n) € G, then the flag n({g9)B) corresponding to {(g)p € G/B under
the isomorphism 5 : G/B — JFlag(n), n({g9)B) = gpo is

sp{g1} C...Csp{g1,..-+9n} C 8P{g1,.-+19n, 920} C 3p{g1,.--19n, 920, -, gn+2}.

On the other hand, if a = [a1,...,82,] € GL(2n,C), then the flag corresponding to
(a}y € GL(2n,C)/V(2n), say é({a)v), is sp{a1} C ... C sp{a1,...,a2n-1}. Thus, if
j : G/B — GL(2n,C)/V(2n) denotes the injection j({(9)B) = (¢Q)v, then §0j = 1.
Therefore, (Y')p € JHess(p, A) if and only if A(YQ) = (YQ)H,, where H, € Hy(2n). In

other words,
(4.1) AY =YH,.
(Overbar denotes conjugation by .) Observe that H, € ky(sp(n, €),b), where b is the

Borel subalgebra associated with the Borel subgroup B.

We want to derive (local) algebraic equations from (4.1). A covering system of analytic
charts for G/B can be obtained as follows: Let Z, denote the n-fold Cartesian product
of the two-element group {£+1}. To each € = (€1,...,€n) € Z,, we associate two n x n

matrices

S+(€) = diag(&,m ey 61,61.)

(4.2)
S_(€) = diag(6-1,e;5-+-56-1,¢,)

and we form

- S+(e) S-(e) + o [ S+(e) S—(e)

(43) w2 (5% 58) =(58 £6)

It is immediate to check that o, € G, while o} ¢ G. Next, to each 7 € £(n), we associate
b T 0

(4.4) T = (0 1.) b

13



and we consider the sets Wg = {0 | e € Z,, 7 € £(n)} C G and
(4.5) We = {o}rt | € 2, T €Z(n)} C Z(2n).
The set W} endowed with the group multiplication law
(Ut"'h)(”;r”u) = ”;t-—t(,,)(‘”’)h’ "'_1(’7) = ('Ir-‘(l), e ’nr“(n))v

is isomorphic to the Weyl group of G, namely the semidirect product of £(n) with Z,.
Observe that the above multiplication does not agree with the matrix multiplication in
Z(n).

Finally, put

(4.6) L=I*@)NnG = {(q_ﬂg ‘,‘L) | 1€ L*(n), g € S(n)},

a closed Lie subgroup of G of dimension n2. Then, the sets
ch(w)é{(‘rrZ)B |ZEL}, 7 € Wg,

give rise to a system of analytic charts for G/B, where L is topologically identified with

c.
Let now Y = nX, 7 € Wg, X € L. Then (4.1) becomes
(4.7) (x~TAn)X = XH,, H, € h,(Cn) C Hy(2n).
Now, if © = o,r!, then
(4.8) _ (x=1Ar) = diag(p1,. .-, p#20) = 4,
where y; = €,()Ari) for i < n, and pi = —€ra(i))Ar(d(i)) for ¢ > n, with

(4.9) da)=2n+1-a.

Then the following result is an immediate consequence of (2.4):
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(IV.1) Proposition: Let X € Lt(2n) be such that X € L and let # € Wg. Then
(rX)p € JHess(p, A) if and only if f4(X) =0, Va -8 > p.

«

It turns out that in the set of equations { f(‘:,)(X )=0, a-—p8 > p}, there is great

redundancy, due to the fact that X satisfies X € L. For this reason, we now analyze the
equations that such a condition yields.

Let X = (};1 )(()2) € L*(2n), so that X;,X, € L*(n) and Z is an arbitrary n x n

matrix. Then

‘IR = (‘X102 —tZ6X, ‘X10X20) .

—0tX,6X, 0
Therefore, X € L if and only if

(J1) tX10X,0 =1
(J2) 'X,60Z € S(n).

Writing X = (z;;) and computing the above products, one gets

(IV.2) Proposition: The matrix X = (z;;) € L*(2n) is such that X € L if and only if
forl<j<i<n

i—j-1
(J1)(3,5) Zij + Ta(yay + Y, Ti-t,jTd(i-t)() =0
t=1
n—i n—j
(72)(3,3) Ta(i); + E Tit+t,iTd(i+1)j = Td(j)i + E Zj+t,Td(j+1)i-
t=1 t=1

In the next two lemmas, we give equivalent formulations of conditions (J1) and (J2).

For this purpose, we introduce the following notation:

a—-5-1

(4'10) gaﬂ(X) = zaﬂ + Z Z (—l)tzaoh s z.,‘p,
t=1 adI'¢>p

where X = (z;;) € L*(2n), 1<B<a<2n.
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(IV.3) Lemma: Let X = (z;;) € L*(2n). Then (J1) holds if and only if z;;
—gd(j)d(,')(X), 1 € 5 <t £ n, which holds if and only if Ti()d() = -gij(X), 1<
j<i<n,

Proof: We only prove the first equivalence. The proof of the second is analogous.

Assume first that (J1) holds. We prove by induction on ¢ —j that z;; = ~ga(jyac)(X)-
Ifi—j =1, thisis (J1)(i,i-1). Assume now the result for all pairs (y,v) with1 < y—v < s.
Fix ¢ > s + 1. By (J1)(i,i-s-1):

L
Tii—s—1 = —Td(i~as—-1)d(s) — in—u,i-a—lxd(i-u)d(i)-
u=1

The pair (¢ —u,s —s—1)issuch that (1 —u) - (1 —s—1) < sforallu=1,...,s. Hence,

by induction

]
Tii—s—1 = —Td(i—a—1)d(i) — Z 9d(i-s—1)d(i—uw)Td(i—u)d(i) = —Fd(i—s—1)d(i){X)-

u=l

Conversely, assume z;; = —gd(,-)d(,-)(X)- for all pairs (¢,j) with 1 £ j < i < n. Then
the above string of equalities gives (J1)(i,j) for the same set of pairs. &

(IV.4) Lemma: Let X = (z;;) € L*(2n) and assume that (J1) holds. Then (J2)
holds if and only if z4u); = g4(;)i(X), 1 £ j < ¢ < n, which holds if and only if
za(i)i = 9di)j(X), 1< j < i< n. Moreover, if both (J1) and (J2) hold, then

(4.11) Taiyi = gayi(X), 1< <n,

which is not a condition on z4(;);.

Proof: Again we only prove the first equivalence. Assume first that (J2) holds. We will
use induction on d(i) — j. If d(i) — j = 2, then (i,j) = (n,n — 1) and (J2)(n,n-1) gives

Zi(n)n—-1 = Zn+2,n + Tnn-1Tn+l,n = Tni2,n + $n+1,n("3n+2,n+1),

where Zy n—1 = —Zn+2,n+1 i8 simply (J1)(n,n-1).
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Fix now (i,j) with 1 < j < i < n and assume that for all pairs (x,v) such that
1<v<pu<nandd(p)—v <d(i)—j we have z4u)y = ga()u(X). Thus, from (J2)(i,j),

Lemma (IV.3) and the induction assumption,

i n—j n—s
Zd(i)j = Td()i T Z Tji4t,iTd(j+t)i — Z Titt,iTd(i+1)5
t=1 t=1
n—j n—t
= zayi — Y 9a(ai+0X)a+0i = Y 94 vt X)zises
t=1 t=1
= ga(5)i(X)-

Conversely, if za(i); = ga(j)i(X) for all pairs (¢,7) with 1 < j < ¢ < n, then decom-
posing ga(j)i(X) as above, we derive (J2)(i,j) for the same set of pairs.

Assume finally that both (J1) and (J2) hold. Then

d(i)—i-1 n—i n—¢
Z Y (D) zagiyy i = E ga(i)d(i+t)(X)Ta(i+oi — Z 94d(5),i+t(X)Tite,i
t=1  d(i))>I'>s t=1 t=1
=0,

by Lemma (IV.3) and the first part of this lemma. W

(IV.5) Proposition: Let X € L+(2n) be such that X € L. Then

(4.12) ")(X) = "fd(])d(:)(x)’ 1<j<i<n

(4.13) £ %) = +£4)(X), 1<j<i<n.

Proof: First of all we observe that, by virtue of (4.8), the coefficients M(a, 8) = (ta — p8)
satisfy M(a, B) = M(d(B), d(a)).

We first prove (4.12) using induction on i —j. If i—j = 1, then (J1)(i,i-1) immediately
gives the desired result. Fix now (z,j) and assume that (4.12) is true for all pairs (u,v)
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withl1<v<pu<nand p—-v<i-j ByLemma (IV.3) and the induction assumption,

i-j-1

FX) = MG, g)zis = Y ziima £ 1(X)
=1
- -1
= —M(d(j), d())gaipa(X) = Y ga(a-.)a(;)(X)f,gf})d(,-_,)(X)-
=1

It should be clear that this last expression can be written as
i-j-1
—{ M(dG), d)zagyaey + D, D, (1)'e(i5,Te)Za(iyy - ZadGi) ¢ -
=1 d(;)>T'¢>d(s)

Thus, all we have to show is that ¢(¢,5,I'¢) = M(y4,d(:)). In order to do so, we look at

the coefficients corresponding to the various monomials, according to their degrees.

(1) Monomials of second degree. For any fixed I'; = (1), we have
c(i,j,I'1) = M(d(j), (1)) — M(d(j), 1) = M(m,d(3))-
(2) Monomials of third degree. For any fixed 'y = (71,72), we have
—c(i, j,T2) = —M(d(j),d(i)) + M(d(5), 1) + M(711,72) = —M(72,d(3))-

(3) Monomials of degree > 3. For any fixed I'y = (y1,...,1), t> 2, we have:

t—1

—c(i,4,Te) = =M(d(5), d(i)) + M(d(), 1) + M(ve=1,7) + Y M(Ye=1,7%)

=2

= M(d(%),11) + M(ve-1,7) + M(71,7t-1)
= M(d(3), 1),

a8 desired. This concludes the proof of (4.12).
We now prove (4.13) using induction on d(f) — j. If d(i) —j = 2, then ¢ = n and
j = n—1. By Lemmas (IV.3) and (IV.4), we have Zg(n_1)d(n) = —Ggn,n-1(X). Le,
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Tn+2,n+1 = —Ta,n-1, and Td(n-1),n = -gd(n),n—l(x)a which implies that Tatin-1 =

Tot2,n + Toat1,nTa,n-1- Hence,
d(,z);) ae1(X)=M(n+1,n- Dzat1,n-1 — M(n,n — 1)Zni1,nZn,n-1
= M(n +1n—-Dzp420+ {Mn+1n-1)— M(n,n—1)}zat1,nTn,n-1
= M(n + 2, n)x,.+2,,. - M(n +1, n)z,.+2,,,+1:1:,,+1,,..

Assume now (4.13) for all pairs (u,v) with 1 < v < u < n and d(u) — v < d(¢) — j. Then

n—i 2n—i—j

FEAX) = MdG), )zani = Qo+ D NTaei,a-of st —a (X))-

=1 s=n—-i+l
Now,if 1 <s<n—1, then1<j<i+ s <n andso (i) the induction hypothesis implies
that f(" ) (X)) = £ (X ); (ii) lemma (IV.3) implies that Zagiya(i+s) = —Gi+s,i(X)-

d(i+s)j (J),H"
Next,if n—i+1 < s <2n-—14—j, then j < d(i + s) < n and so (iii) (4.12) implies
that f(?-)-i-a)J(X ) = (”ﬂ +o(X)i (iv) lemma (IV.4) implies that zagiya(i+s) = Fi+a,i(X).

Observe that in (iv), we have used (4.11). From (i), (ii), (iii) and (iv), we see that for
s=1,...,2n—t —3:

za(.)d(.+.)f¢(.+,),,( ) a(,),. iro(X)Gita,i(X).

Therefore, using once more Lemma (IV .4),

2n—i—j

£ (X)) = MG, )zani + 3. Fob) iva(X)gitai(X)

s=1

2n—i—j

=M(d(j),i)g¢(j),'(X)+ Z f,%}),.'.p.(x)gﬁa,i(x)-

s=1
At this point one concludes the result via a term by term analysis which is completely
analogous to that carried out for the proof of (4.12). B

From Lemmas (IV.3) and (IV.4), we deduce that each X € L+(2n) such that X € L
has free entries z,4, where

419)  (@f) el ={(j) @i)k)|1<j<i<n, 1<k<i<n}
={(i,j)| 1<j<i<2n, i+j$2n+1}
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Put now

(415) i, ={Ger

i—j>p}.

An easy calculation shows that the cardinality of I is n? — np + [p?/4], where [p?/4]
denotes the largest integer < p?/4.
(IV.8) Corollary: Let X € L*(2n) be such that X € L, and let 7 € Wg. Then
(nX)p € JHess(p, A) if and only if f4(X) =0, Y(a,8) €I},
(IV.7) Theorem: If A € Reg(g), then for p > 1, JHess(p, A) is a smooth submanifold of
JFlag(n) of dimension np — [p?/4].
Proof: Analogous to the proof of (17, Theorem (III.4))].
(IV.8) Lemma: For p > 1 and € Wg, ch(7r) N JHess(p, A) is contractible.
Proof: Let X = (z,,) € L*(2n) be such that (rX)p € JHess(p,A). This is equiva-
lent to saying that (i) zaya) = —9ii(X), (5,7) € I], 1 < j <& < n; (ii) 24 =
ga@;i(X), (h3) € I], 1< j <i < m (i) f49(X) =0, (a,8) € I],. Forue[0,1],
put

yij(u, X) = u' iz, Y(u,X) = (yi(u, X)).
Then Y (u,X) € L*(2n) for u € [0,1], and Y(0,X) = I. Moreover,for 1 <j <i<n and
(a,8) € I] , we have

— 9i;(Y (4, X)) = —u*Igi;(X) = w* P9z 40) = vagiyage (4, X)
94y (Y (4, X)) = yajpi(u, X)
FR(¥ (u, X)) =P fE)(X) = 0.

Therefore, {(xY (u,X))p € JHess(p, A) for all u € [0,1]. Thus, the continuous map H :
[0,1] x ch(w) N JHess(p, A) — ch(r) N JHess(p, A) given by H(u,(rX)p) = (xY (u,X))B
is a homotopy between the constant map H(0,-) and the identity map H(1,-) on ch(m) N
JHess(p, A). R

(IV.9) Corollary: For p > 1 and = € Wg, ch(n) N JHess(p, A) is connected.
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(IV.10) Theorem: If A € Reg(g), then for p > 1, JHess(p, A) is connected.

Proof: By (IV.9), it is enough to show that for any 7,0 € Wg, there exist wy,...,w, €
Wg such that

Wy Wy =0  (matrix product in G)
(4.16)
ch(rwy -+ w;) Nch(mw; ---wj_y) N JHess(p, A) £0, j=1,...,m.

On the other hand, since JHess(1, A) C JHess(p, A) for all p > 1, it is enough to show
(4.16) for p = 1. Moreover, every element in Wg can be written as a finite product (in G)
of elements in {o(n), 'rih |¢=1,...,n =1}, where ¢(n) = (1,...,1,—1) and 7; € £(n) is
the adjacent transposition which interchanges i and i + 1. Therefore, it is enough to show

that for all r € Wg,
(4.17) ch(m) N ch(roe(n)) N JHess(1,A4) # 0

(4.18) ch(m) N ch(x7?) N JHess(1,A) #0, i=1,...,n—1.

We prove (4.17) first. Let X = (zi;) € L*(2n) be given by

1 i(@i,5)=(n+1,n)
Ti=N0 if(,5)#(n+1,n), 1<j<i<2n.

It is immediate to check that (X)p € JHess(1, A) for all * € Wg. The matrix Oe(m)X
differs from X only at rows n and 2n, and these two rows are, respectively, *(en +€24) and
‘(—en).

Define now a 2n x 2n matrix b(e(n)) by stipulating that its j** column b(e(n)); is
given by

ey = { o = 2

Clearly, b(e(r)) € B. Moreover, the symplectic matrix Z = (zij) = o¢(n) X b(e(n)) differs
from a,(,,)x only at column 2n. However, z;2, = 0 for 1 < ¢ < n and 234,20 = 1. Thus,
Z is of the form Y for some Y € L*(2n). Finally,

(v X)B = (v Xbe(n))) B = (7o (a)Y)B € ch(mo¢(n)) N JHess(1, A),
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and since (7 X)g € ch(r), (4.17) is proved.
To prove (4.18), fix i € {1,...,n — 1}, and let X = (z;;) € L*(2n) be given by

=1 i (1,5) = (d(3),d(i + 1))

1 ) =(>G+1,:)
:tlJ =
0 otherwise,1<j <1< 2n.

It is immediate to check that (xX)p € JHess(1, A) for all # € W, and that the flag (X)5
is fixed by 7!. Le., (r!X)p = (X)p. Thus, (rX)p = (vr}X)p, proving (4.18). m
Let G = [],cw, BB be the Bruhat decomposition of G and G/B = Hrew, (Bm)B

the induced decomposition of G/B. Let ¢ € £(2n). We have seen in (2.5),(2.6) that
(Vo)v = (¢L}(2n))v, where V = V(2n). This equality can actually be extended to

(4.19) (Vé)y = (6L (2n))v,

where ¢ is any matrix obtained from o by changing the signs of some of its entries.
Define now a map ¢t : G/B — GL(2n,C)/V(2n) by i({9)8) = (§)v. This is imme-
diately checked to be injective. Let # = o.7! € Wg and 7+ = o1 € WL c Z(2n).
Then i((x(QL}, (2r)Q N G))B) = (An(QL}, (2r)Q N G)Q)v = (RLI,(2n))v Ni(G/B) =
(Vr)v Ni(G/B) = (QQVQxQ)y Ni(G/B) = (VAN G)nQ)yv = i({(Bw)p). Thus,

(4.20) (Br)p = (v(Ly+(2n) N G))B.

This shows that the Bruhat cell By = (Br)p is the slice of ch(r) obtained by setting equal

to zero those coordinates z;; for which #*(i) > #+(j).

(IV.10) Proposition: B, N JHess(p, A) is a (quasiprojective) subvariety of JHess(p, A)
which is analytically isomorphic to a C-affine space of dimension

(4.21) E](r) = card {(i, el -1l |76 <7}

Proof: The proof is essentially identical to that of [17, Proposition (V.1)]. Therefore, we
only give an outline of it.
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Consider the mapping { .ﬁ'})}(a,p)e I, obtained by restricting { fi‘;)}(a,ﬂ)e I, from
ch(n) to By = (Br)p. As in [17], one sees that f‘(,'f,) vanishes identically if and only
if #+(a) > ®*(B). Next, if X = (z;;) € L*(2n) is such that (rX)p € B., equations
fRX)=0, #*(a)<#*(@B) (P ET]

n,p?

determine all the z,,’s for which (u,v) €
I, p, and #(p) < #+(v) as polynomial functions of the z;;’s for which (i,5) € I] - I]
and #+(1) < 7*(j). ®

We refer to E,‘,I (7) as the p* symplectic Eulerian dimension of «.

(IV.11) Definition: For p < 2n and k= 1,...,np — [p?/4] + 1, we define the generalized
symplectic Eulerian numbers of height p by

(4.22) Cu(p,k) = card {7 € W | El(r)=k- 1} .

For justification of this terminology, see Section VII.

For the next theorem, we use the following result of A.H. Durfee [27):
Theorem (Durfee): Let X be a smooth complex projective variety. Suppose that X is a
finite disjoint union X; U... U X,,, where the X; are smooth contractible quasiprojective
subvarieties. Then

bi(X) = card{X; | 2(dim X;) = k},

where bg(X) denotes the k** Betti number of X.
(IV.12) Theorem: Let A € Reg(sp(n, €)). Then for p > 1,

bgk.H (JHess(p, A)) =0
byr(JHess(p, 4)) = Cu(p, k +1).

Le., the odd Betti numbers of JHess(p, A) vanish, while the even Betti numbers are gen-
eralized symplectic Eulerian numbers of height p.

Proof: Readily follows from (IV.10) and Durfee’s Theorem. B
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V. D,-type Hessenberg Varieties

Let G denote the identity component of the group of linear transformations preserving

the symmetric bilinear form on €?" defined by the matrix

L=(2 g)

Thus,

(5.1) G ={X € GL(2n,©) | XLX =1L, detX =1},
and the Lie algebra g of G is

(5.2) g={X egl2n,C) | XL+ LX =0}

= {(é __lfA) | B.C € so(n, c)},

a semisimple Lie algebra of the classical type Dy. An explicit isomorphismw : so(2n, C) —
g is given by w(X) = S71X S, where

I I
= (iI -u)'

We make the standard choice of Borel subalgebra, namely
(5.3) b=Qu(2n)2Ng

={(; _sh)luev(n), sEso(n,C)}.

A Cartan subalgebra contained in b is
. n
(54) 8= Z C(E;; - En+.",.+,').
=1
The corresponding root-system is
(5.5) D, : {ej—e€i|1<ji<n, i#j}U{E(ej+e)|1<j<i<n}
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The root-spaces and heights of the roots (with respect to the base determined by b) are
as follows: The root e; — e; has root-space C(Ej; — En4in+;) and height i — j; the root
e; + ¢; has root-space C(Ej,n4j — Ejn+i) and height 2n — (i + j); the root —e; — ¢; has
root-space C(En4i,j — En4j,i) and height (i + j) — 2n.

It follows immediately from Definition (III.1) that the p'* Hessenberg subspace of g

relative to b is given by

(5.6) he(b, g) = {(’; _’,h) | he Hy(n), s€s0(n, ), z € g;} :

where

8;—*-{Z=(Zij)€so(n,0)|z.-,-=0ifi+j<2n—p}.

Observe that if H, € hy(b,g), then A, € Hp41(2n).
Let B be the connected Lie subgroup of G with Lie algebra b. ILe.,

(5.7) B=QV(2n)QNnG

u us

:-_-{(0 'u"l) IuEV(n), 8Eso(n,C)}.

Let LFlag(n) denote the subvariety of Flag(2n) consisting of those flags which are isotropic
with respect to L-i.e., for which S+ = S3,—;, ¢ = 1,...,n, where orthogonals are taken
with respect to L. Let LFlago(n) denote the component of LFlag(n) containing the element
(Q)v(an)- G acts transitively on LFlage(n), and B is the stabilizer of (Q)y(2n). Thus,
G/B is identified with LFlago(r). In this identification, (g)p is identified with the flag
I'C...CTy CTh41 C ... C T2p-1, where T; is the span of the first ¢ columns of ¢ if
t < n, and the span of the first n and last 1 — n columns of g if : > n.

The condition AX = XH,, A € g, Hp € hy(b,g), can be rewritten as A(XQ) =
(XQ)H,, and so we see that (T},...,Tan—1) € LFlagy(n) is an element in the D,-type
Hessenberg variety of height p, LHess(p, A), if and only if

) +1 ifmax(l,n—p)<i<n
(5.8) AT CTippiy M) = {z otherw(ise. P
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Remark: The fact that the “shift” p is now varying reflects the structure of the D,-type

root-system and its height function.

The Weyl group of G is isomorphic to the group of conjugations of s by elements of
the form o} 7% (see (4.3),(4.4)), where now ¢ € Z¢, the subgroup of Z, consisting of those

elements with an even number of negative signs. We put
(5.9) We = {oir! | e€Z;, TET(n)}CGNE(2n)

Let now

(5.10) L=L*¥2n)NG = {(,1_118 ,191) ‘ le L*(n), s€ so(n,C)} .

Then the sets
(5.11) ch(r) = {(xY)5 | vel}l, =eWs

give rise to a system of analytic charts for G/B.

From now on we assume that A is a regular element in 8. This amounts to saying

that A has the form
(5.12) A=diag(\y,.. .y Ay =A1,.ooy=An)y At A #0, Vi

Let X € L*(2n) be such that X € L. Then if » € Wg, (rX)p € LHess(p, A) if and only
if

(5.13) (n—1An)X = X H,, H, € hy(g) C Hpp1(2n).
K7 =o0}r! then
(5'14) . (7-1‘4“) = diag(l‘l’ oo v“Zn) = p,

where p; = €, (;A;i) for # < n, and pi = —€-(4(i)) Ar(d(i)) for ¢ > n. (As in Section IV,
d(a) =2n+1~a.) If Hy = (h;;), Hp € hp(g), then

ha’j=0if(i,j)EM+—{(p,u)|15v<y$_2nandi+j=2n+10ri—j>P(i,j)}
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where

.o _Jp+1 if1<j<nandn+1<i<2n
(5.15) P(i,5) = { P otherwise.

Thus we obtain the following
(V.1) Proposition: Let X € L*(2n) be such that X € L, and let # € Wg. Then
(nX)p € LHess(p, A) if and only if f(X) =0,V (a,8) € M.

Let now

. (X1 0
X = ( Zl Xz) € L+(2n).

Then X € L if and only if
(L1) X16X:0 =1
(L2) X16Z € so(n, T).

These conditions are equivalent to the set of equations

i—j—1
(L1)(3,3)  zij + zagjae) + Z Ti—t,jTd(i-)d(i) = 0
t=1
n—j n—i
(L2)(1,) (-’ta(j)i +> zj+t,j=a(j+¢)-') + (z,,(,-),- +) Is‘+t,ixa(i+t)j) =0
t=1 t=1
for all pairs (i,7) with1 < j <i<n,and
n—i
(L2)' (1) Zai)i + Z Tite,iTd(i+1)i =0, 1<t <n.
t=1

As in Section IV, we obtain equivalent formulations of (L1),(L2), namely:
(V.2) Lemma: Let X = (zi;) € L*(2n). Then

(i) (L1) holds if and only if zij = —ga(jyas)(X), 1 <Jj < i < n, which holds if and
only if z4(j)a() = —9ij(X), 1<j<iZn.

(ii) If (L1) holds, then (L2) holds if and only if za4(i); = —ga(jHi(X), 1<j <i<n,
which holds if and only if z4(;)i = —g4(5i(X), 1<j<i<n.
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(iii) If both (L1) and (L2) hold, then z4(;); = —ga(;yi(X) for ¢ = 1,...,n. In particular,
Tntln = 0.
From the above lemmas, one derives the following:

(V.3) Proposition: Let X € L*(2n) be such that X € L. Then

fi(z?)(X) = —fc(iz‘})d(i)(x)’ 1<)7<1<2n

In particular,fori =1,...,n—1, f‘gf‘)),.(X) =0.
Put §os(X) = (1/2) Tz ™ Tasri>(—1)'Zay, == 24,4 Then the relation z4(;); =
—94(i)i(X) can be written as Ta(;)i = —Ja(i)i(X) where now, on the righthand side, there

is no dependence on z4(;);. Thus, a matrix X € L*(2n) such that X € L can be thought

of as having free variables with indices

(5.16) (a,ﬂ)eI,{‘é{(i,j)|15j<:'52n, i+j<2n+1}.
Let
(5.17) ik, ={Gelk|i-j> PG}

(V.4) Corollary: Let X € L*(2n) be such that X € L, and let # € Wg. Then (rX)p €
LHess(p, A) if and only if f5(X) =0, V(a,B) € IL,.
Remark: The set I — IL  has cardinality min(p,n — 1) + p(n — 1) — [p?/4].
(V.5) Theorem: Let A € Reg(g). Then for p > 1, LHess(p, A) is a smooth submanifold
of LFlagg(n) of dimension min(p,n — 1) + p(n — 1) — [p?/4].

The proofs of (V.1)~(V.5) are easy modifications of the arguments used in Section IV

to prove the corresponding results; hence we omit them. For the same reason, we only

outline the proof of the following
(V.6) Theorem: If A € Reg(g), then for p > 1, LHess(p, A) is connected.
Sketch of Proof: As for the Cy, case, one shows that for € Wg, ch(7) N LHess(p, A) is

contractible and hence connected. To prove the theorem, it is enough to show that
(5.18) ch(n) N ch(nw) N LHess(1, 4) # @

(5.19) ch(r) N ch(1rr.-h) N LHess(1, A) # 0, i=1,...,n-1,
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where w = a(‘t,...,l,-l,—l)T’.;—l’ and as before, 7; € £(n) is the adjacent transposition which

interchanges ¢ and ¢ + 1.

The proof of (5.19) is essentially identical to that of (4.18). To prove (5.18), let
X = (zij) € L*(2n) be defined by

-1 if(4,j)=(n+2,n)=(d(n - 1),d(n + 1))

1 if(G5)=(n+1,n-1)
zi; =
0  otherwise.

Then (rX)p € LHess(1, A) for all 7 € Wg, and the flag (X)p is fixed by w-i.e., (wX)p =
(X)B. Therefore, (tX)p = (rwX)p, proving (5.18). m

Arguing as for the C, case, it is easy to see that a Bruhat cell B, = (Br)p, =€ Wg,

can be written as (w(L$(2r)NG)) g, and it is therefore the slice of ch(n) obtained by setting
equal to zero all the entries z;; for which #(i) > #(j).

(V.8) Proposition: Let By be a Bruhat cell of G/B. Then B, N LHess(p, A) is a
(quasiprojective) subvariety of LHess(p, A) which is analytically isomorphic to a C-affine

space of dimension
(5.20) EL(r) = card {(i, j)ert -1k, | (i) < ‘Tr(j)} .

(V.9) Definition: For p < 2n and k = 1,...,min(n — 1,p) + p(n — 1) — [p?/4] + 1, we
define the generalized Eulerian numbers of type D, and height p by

(5.21) Da(p, k) = ca,rd{1r € Wa | EXm) =k~ 1} .

(V.10) Theorem: Let A € Reg(g). Then for p > 1,

bzk+1(LHess(p, 4)) = 0
b2k (LHess(p, A)) = Dn(p, k +1).
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VI. B,-type Hessenberg Varieties

Let G denote the identity component of the group of linear transformations preserving

the symmetric bilinear form on €*"*! defined by the matrix

_ 00 6
(6.1) K=[0 1 0} eGL2n+1,0C).
9 00
Thus,
(6.2) G = {X € GL(2n +1,T) | XKX =K, detX = 1},
and the Lie algebra g of G is
(6.3) g= {x € gl(2n +1,C) | XK+ KX = o}

= {X €gl(2n+1,T) l Tsyei) = —%ij, 1<, <2n+ 1} R

where §(a) = 2n+2—a. g is a semisimple Lie algebra of the classical type B,. An explicit
isomorphism w : so(2n + 1, C) — g is given by w(X) = T~ XT, where

I 0o @
T=({0 2 0 ]}.
iI 0 —if

Remark: Alternatively, the bilinear form could be defined by the matrix

(o0 I
K=[0o1 0],
100

which more closely resembles the matrices J and L in Sections IV and V. However, the

use of K conveniently simplifies the notation in the case Bj,.

We make the standard choice of Borel subalgebra, namely

(6.4) b=V(2n+1)ng.

30



Le., b consists of the upper-triangular elements of g. A Cartan subalgebra contained in b

is

(6.5) 8§ = Z C(E.'.' - E';(,')5(,-)).

=1

The corresponding root-system is

(6.6) B,: {ej—el1<i,j<n, t#j}U{x(ej+e)]|1<j<i<n}

U{te;|1<i<n}.

The root-spaces and heights of the roots (with respect to the base determined by b) are
as follows: The root e; — e; has root-space C(Ej; — Esi)s(j)) and height ¢ — j; the root
e; + ¢; has root-space C(E;s(i) — Eis(;)) and height (i +j); the root —e; —e; has root-space
C(Es(iy; — Es(j)i) and height —5(i 4 j); the root e; has root-space C(E; n+1— Ent1,5(i)) and
height n + 1 —4; the root —e; has root-space C(En+1,i — Es(i),n+1) and height i — (n +1).

It follows immediately from Definition (III.1) that the p** Hessenberg subspace of g

relative to b is given by
(6.7) h,(b,g)={Xeg|z.~,-=0, Vi-j>p}.

Le., hy(b,g) =g NHy(2n +1).

Let B be the connected Lie subgroup of G with Lie algebra b. Le., B =GNV (2n+1).
Let KFlag(n) denote the subvariety of Flag(2n + 1) consisting of those flags which are
isotropic with respect to K-i.e., for which S+ = Szp41-i, ¢ =1,...,n, where orthogonals
are taken with respect to K. G acts transitively on KFlag(n), and B is the stabilizer of
the flag sp{es} C --- C sp{e1,...,e2n}. Thus, G/B is identified with KFlag(n). In this
identification, (g)p is identified with the flag T} C --- C T2,, where T; is the subspace
spanned by the first 1 columns of the matrix g. Notice that there is no reversal of the
order of the last n columns of g, as was the case for JFlag(n) and LFlag(n). (If K had
been used to define the bilinear form in place of K, then the identification of G/B with

31



KFlag(n) would reverse the order of the last n columns of g.) From Definition (III.2) and
(6.7), it follows that the B,-type Hessenberg variety of height p is given by

(6.8) KHess(p, 4) = {(Ti,.., Ton) € KFlag(n) | AT C Tiay, Vi}.

The Weyl gro(xp of G is isomorphic to the group of conjugations of s by elements of

the form
Si(e) 0 S_(€)8 r 0 0
(6.9) afr":(-l)‘( 0 1 0 )(0 1 0 )
05_(e) 0 6Si(e)d 0 0 676

where € € Z,,, T € L(n), Si(€), S-(¢€) are defined as in (4.2), and (—1)¢ is minus one if €

has an odd number of —1 entries and plus one otherwise. We put

(6.10) We = {otr? | ¢ € Zn, 7€ X(n)} CGNE(2n +1).
Let now
(6.11) L=L*2n+1)NG.

Then the sets

(6.12) ch(r) = {(«Y)B | Y e L} . TeWs

give rise to a system of analytic charts for G/B.
Let X € L. If » € Wg, then (X)p € KHess(p, A) if and only if

(6.13) (x7'Ar)X = X H,, H, € hy(g).

It is easy to see that if # = 0f7? and A is the regular element
A=diaga,.. s Amy0,=Amyeney=A1)y M A £0, Vi # 7,

then

(6.14) " Ax = diag(1,...,Van+1) =V,
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where v; = €,(j)Ap(s) fort < n, vp41 =0, and v; = —€r(8(i)) Ar(s(i)) for i > n + 1. Hence

we obtain
(VI.1) Proposition: Let X € L, * € Wg. Then (xX)p € KHess(p, A) if and only if
f(X)y=0,v a—ﬂ>p

X, 0 0
X = 1 0 | eLt2n+1).
u X

Then X € L if and only if

Let now

(K1) X,0X; =0
(K2) v+ ‘Xleu =0
(K3) 26X, +vv+ *X10Z =0.

These conditions are equivalent to the set of equations

i-j=1

(K1)(5,5)  =ij + Tspey + D, TimtiTs-ns@) =0, 1<j<i<n
t=1
n—i
(K2)(i) Tnt1,i + Tsi),n41 + Z Titt,iTo(i+1),n+1 = 0, 1<i<n
t=1
n—i n—j
(K3)(i,4) (-’C&(i)j +y zs+t.='zs(-'+t):) (zso): Z Tj+t, :Zs(m)-)
t=1

+ Zn41,iTa41,; =0, 1<

Similarly to the cases C,, and D,, one obtains the following equivalent formulations:
(VI.2) Lemma: Let X = (z;) € L*(2n + 1). Then

(i) (K1) holds if and only if zi; = —gs(;)6¢;)(X), 1 <j <i < n, which holds if and
only if z5(j)s5¢) = —9:i5(X), 1<j<i<n.

(ii) If (K1) holds, then (K2) holds if and only if Zn41,i = —g53i),n+1(X), 1<i<n,
which holds if and only if z53) n41 = —gn+1,i(X), 1<i<n.
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(iii) If (K1) holds, then (K3) holds if and only if z5;); = —gs(»i(X), 1<j<i<n,
which holds if and only if z5(;) = —gs(1);(X), 1<j<i<n.
(iv) (K1), (K2) and (K3) hold if and only if z;; = —gs(jy5(i)(X), 1<j<i<2n+1.
From the above lemmas, one derives the following
(V1.3) Proposition: If X € L, then for all pairs (i,j) with 1 < j < ¢ < 2n +1,
5X) = —£{)s(X). In particular, for i =1,...,n, f{},(X) =0.

Put now

Ifé{(i,j)l1$j<i$2n+1, i+j$2n+1}
(6.15)

i, = {G.j) eIk |i-j>p}.

From (VI.1) and (VI.3), we obtain the following

(V1.4) Corollary: Let X € L, r € Wg. Then (xX)p € KHess(p, A) if and only if
(X)) =0,V (o, 8) € IX,.

Remark: card(IX — IX ) = np — [p?/4].

(VI1.5) Theorem: Let A € Reg(g). Then for p > 1, KHess(p, A) is a smooth submanifold
of KFlag(n) of dimension np — [p?/4].

(V1.6) Theorem: If A € Reg(g), then for p > 1, KHess(p, A) is connected.

Sketch of Proof: As for the C, and D, cases, one shows that for 1 € Wg, ch(r) N
KHess(p, A) is contractible and hence connected. Thus, it is enough to show that for all

* € WG,
(6.16) ' ch(r) N ch(n0® ) N KHess(1, 4) # 0
(6.17) ch(x) Nch(xrf) N KHess(1,4) #0, i=1,...,n—1,

where €(n) = (1,...,1,—1) and r; € X(n) is the adjacent transposition which interchanges
iandt 4 1.



The proof of (6.17) is essentially identical to that of (4.18). To prove (6.16), let
X = (z;;) € L*(2n + 1) be defined by

VE_ (i) =(n+1,n)
=) =vV2 if(5,j)=(n+2,n+1)
-1  if(5,j)=(n+2,n)

0 otherwise.

Then (X )p € KHess(1, A) for all # € Wi. Next, let b be the element of B given by

u w —wwkl4/2
b=1|0 ~wku14 ,

[y

00 0%16
where u = diag(-1,...,-1,1) and w = ¥0,...,0,—+/2]. Then it is straightforward to
check that af(n)X beL m

Arguing in the usual way, one sees that a Bruhat cell By = (Bn)g, r € Wg, of G/B

can be written as (m(L}, N G))p, where if 7 = ¢?7%, 7+ = (—1)*r. We put

(6.18) we = {x*|xeWs}.

Thus, By is the slice of ch(7) obtained by setting equal to zero all the entries z;; for which
at(3) > =+ (j).

(VI1.7) Proposition: Let By be a Bruhat cell of G/B. Then B, N KHess(p, A) is a

(quasiprojective) subvariety of KHess(p, A) which is analytically isomorphic to a C-affine

space of dimension
(6.19) . EX(m)= card{(i, JeIX —IK | «+() < 7r"’(j)} .

(VI1.8) Definition: For p < 2n and k = 1,...,np — [p?/4] + 1, we define the generalized
Eulerian numbers of type B, and height p by
(6.20) Bu(p,k) = card {7 € Wo | EX(m)=k-1}.
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(V1.9) Theorem: Let A € Reg(g). Then for p > 1,

bak+1(KHess(p, A)) =0
bk (KHess(p, A)) = Ba(p, k + 1).

VII. Generalized Eulerian Numbers

Let 0 € Z(n). Then, o is said to have a fall (or descent) at ¢, 1 < < n -1, if
o(z) > o(i +1). The total number of falls in ¢ is evidently Ey(c), the first Eulerian

dimension of o. (See Theorem (I1.3).) The numbers
A(n, ) = card {0 € Z(n) | Ey(o) =k -1}

are the well-known Eulerian numbers, which occur in a variety of combinatorial problems.
(See e.g., [29,30].)

The fact that the numbers {An,—1(p,k)} as defined in (2.7) coincide with {A(n,k)}
for p = 1 is our primary motivation for referring to {An-1(p,k)} as generalized Eulerian
numbers. We observe that the numbers A,_;(p, k) are also well-known in the case p = n—1.
Indeed, for p=n — 1, E,_1(0) is the number of inversions in ¢, an inversion being a pair
(1,7) with 1 < j < i £ n and o(i) < o(j). Thus, {An—1(r — 1,k)} coincide with the
so-called Mahonian numbers (see e.g., [31]), which are best-known as the coefficients in
the expansion of (1 +¢)(1 +¢t+¢2)---(1 +¢t+... +t""1). However, to the best of the
authors’ knowledge, the numbers {An—1(p,k)}, 1< p <n —1, have not been studied in
the literature.

In this section, we show that the numbers A,_1(p, k), Bn(p, k), Cn(p, k) and Dn(p, k)
as defined in the previous sections admit a unified interpretation as statistics on (reduced)
root-systems, thereby justifying Definition (VIL.1) below. Next, we give some explicit
formulas for Cy(1,k) = By(1,k). The similarity of the obtained formulas with the cor-
responding ones for the classical Eulerian numbers is striking. In particular, we discover
that these numbers are f-Eulerian in the sense of Stanley [20], with f(s) = (2s+1)".

(VIL.1) Definition: Let & be a reduced root system with Weyl group W, and let &+

(respectively, @) be the set of positive (respectively, negative) roots with respect to some
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fixed basis A. Let h(-) be the height function on & with respect to A. Let w € W. We
define the pt* Eulerian dimension of w by

(7.1) E:(w) = card{a €t I h(a) <p, w(a)€ <I>"} ,
and the genera.lizec_i Eulerian numbers of height p on @ by
(7.2) &(p,k) = card {w e W | E}(w)=k-1}.

Remark: A comparison of the data for B, and C, in the Appendix reveals immediately
that, in general, two different root systems with isomorphic Weyl groups have different

generalized Eulerian numbers.

(VI1.2) Theorem: For & of type An—1, By, Cy and Dy, the generalized Eulerian numbers
as defined in (2.7), (6.20), (4.22) and (5.21) respectively coincide with those defined in (7.2).

Proof: For A,-1, this is Proposition (IIL.3).

Case By: Let ® be asin (6.6). Then W is the group of n x n signed permutation matrices.
Let W be as in (6.18) and define the bijection ¢ : W& — W, wherefori=1,...,n,

$(r+)(i) = {w"(i) 1<) <n

—6(n*(i)) otherwise.

(Note that 7+ (8(i)) = 6(z*(i)). In particular, x¥(n +1) =n +1.)
Next, if IX and I,{f, are as in (6.15), for (¢,7) € IX put

ej — e ft<n
aijé €; ifi=n+1

ej +esy fi>n+l

Then (i,j) — a;; is a bijection of IX onto &*, and it is tedious but trivial to verify
that h(e;;) < p if and only if (i,5) € IX — IX,, and ¥(x*)(ai;) € &~ if and only if
(i) < n+(j).

Case Cp: Let & be as in (3.4). Then W is again the group of n x n signed permutation
matrices. Let W2 be as in (4.5). As usual, W} denotes QW2 Q. Define the bijection
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Y: WG = W, wherefori=1,...,n,

_+ . . _+ .
v o ) T ifl1<a¥(1)<n
M“X”’{—«Fﬁ» otherwise.
(Note that #%(d(2)) = d(7*(1)).)
Next, if I,] and I;] , are as in (4.14), (4.15), for (i,5) € I;], put
o fei—ei ifl<j<i<n

aij = ej+eqy ifl1<j<n<i<gdQy).
Then (i,j) — a;j is a bijection of I] onto ®*. Furthermore, h(e;;) < p if and only if
(i,5) € I] - I] ,, and ¥(7*)(ai;) € €~ if and only if #+(i) < #+(j).
Case D,: Let ® be as in (5.5) Then W is the group of n x n even-signed permutation
matrices. Let Wg be as in (5.9). As usual, Wi denotes QWgf2. Define the bijection
v: Wg - W, wherefori=1,...,n,

o002 { o) oo

Next, if I} and IL, are as in (5.16), (5.17), for (i,5) € I%, put

R BT Rl ifl<j<i<n
%= \ej+eay H1<j<n<i<d(j).

Then (#,j) — a;; is a bijection of IY onto ®*. Furthermore, h(a;;) < p if and only if
(1,5) € It — I ,, and ¢(7%)(ai;) € €~ if and only if #(:) < #(j). W

Remark: In the very special case where the root system is of type A,—; and p = 1, Theo-
rem VIL.2 gives the following characterization of the classical Eulerian numbers {A(n, k)}:
A(n, k) is equal to the number of permutations on n letters which map exactly k—1 simple

roots to negative roots. Although this fact is rather obvious, we were not able to locate it

in the literature.

Remark: It follows from Theorem VIL.2 that Cn(1,k) = B,(1,k). Indeed, the root

systems of types B,, and C, have the same Weyl group, and the sets of simple roots are,

respectively, {e; —ei41 |1 <i<n—1}U{en} and {ei —€i41 |1 < <n—1} U {2e,}.
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Remark: For the classical linear Lie algebras, we now have three characterizations of the
p** Eulerian dimension of an element of the Weyl group, and hence of the corresponding
generalized Eulerian numbers as well-one which is purely combinatorial, a second which
is Lie algebraic, and a third which is topological. For example, in the case of sp(n, €), the
p'* symplectic Eulerian dimension of 7 € W is defined combinatorially (see (4.21)) as

E](x) = card{(i,j) |1<j<i<2n, i+j<2n+1, i—j<p, #()<#T()).

Equivalently, E; (m) can be characterized Lie algebraically (see the proof of Theorem VIL2)
as the number of positive roots of height at most p which are taken to negative roots by the
corresponding element %(#%) in the Weyl group W. Topologically, Ei] (=) is characterized
as the dimension of the intersection of the Bruhat cell B, with the variety JHess(p, 4),
for any regular A € s. These three characterizations of E“,I (7) yield three corresponding
characterizations of the generalized Eulerian numbers {Cy(p, k¥)}. In particular, the topo-
logical characterization of these numbers is as the (even) Betti numbers of JHess(p, Aj
(Theorem IV.12)). Similar statements apply to the Eulerian dimensions and generalized

Eulerian numbers for the other three classical cases—A4,-;, B, and D,,.

The topological characterization of the generalized Eulerian numbers in the classi-
cal cases enables us to obtain a result concerning unimodality. A sequence of numbers
@o,-..,8n is said to be unimodal if ap < ... < apnyg) and Qpuyg)41 2 ... 2 @ Itis
symmetric if ax = an—i.

(VIL.3) Theorem: If ® is a reduced root system of classical type, then the generalized

Eulerian numbers of height p on ® are unimodal and symmetric.

Proof: From the results in Sections II, IV, V and VI, we know that the generalized
Eulerian numbers {®(p, k)} are the even Betti numbers of an appropriate p'* Hessenberg
variety, a smooth, connected, compact complex projective variety. By Poincaré duality, the
sequence is symmetric. It follows from a result of Stanley [19] (applying the hard Lefschetz
theorem for nonsingular irreducible projective varieties) that the even Betti numbers form

a unimodal sequence. B

We now examine in more detail the properties of the generalized symplectic Eulerian
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numbers of height one. There is a rather striking similarity between these properties and

those of the classical Eulerian numbers.

(VIL.4) Proposition: The numbers Cy,(1, k) satisfy the recurrence relation

(7.3) Cal(1, k) = (2k = 1)Ca-1(1, k) + (20 = 2k + 3)Ca_s(1,k — 1).

Proof: Let WZ(n) be as in (4.5), where we now make explicit the size n. If 0 = Qo 7Q €
WZ (n), then for 1 <i < n,

N T(t) lf 6.,-(,') = 1
o(i) = {d(r(i)) if e,y = ~1

a(d(i)) = d(o(1)).

For j =1,...,2n, we define maps n; : Wg(n—1) = WZ(n) as follows: f o € Wa(n-1),
then n,(o) is obtained from o by inserting the values 0 and 2n — 1 in o at positions j and
d(j) = 2n + 1 — j respectively, and then adding 1 to each of the 2n values. (For example,
if 0 = (5,1,4(3,6,2) € WZ(3), then ny(0) = (6,1,2,5/4,7,8,3).) Such maps are clearly
injective, and U2, n;(Wd(n—1)) = Wc';"(n) or, equivalently, n;(W¢ (n — 1)) N (W (n —
1)) = @ whenever ¢ # j.

Let nowaEWc',f(n—l) and 1 < j < n. Then

E](0) ifj=1
E(nj(e)) = { B{(e)  ifj>1lando(j—1)>o(j)
E{(e)+1 ifj>1ando(j —1) < o(j)
El(0)+1 ifj=1
E{(aj)(0)) = { E{(e)  ifj>1ando(j —1)> o(j)
El(c)+1 ifj>1anda(j —1) < a(j).
Hence,
card{j |1<j <20, E{(nj(0)) = E{(0)} = 2E{(o) +1
card{j|1<j <2n, E{(1(0)) = B{(0) + 1} = 2(n - E{ (o)) - 1.
Fix k. All the 0 € WJ (n — 1) for which E{(o) = k — 2 will be mapped, under the various
15’8, into [2(n — (k—2)) —1]Cn-1(1,k—1) = (2n — 2k + 3)Cn_1(1, k — 1) elements in W} (n)
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with E{ equal to k — 1, and all the elements o € Wt (n — 1) for which E{(0) =k-1wil
be mapped into [2(k — 1)+ 1]Cn_1(1, k) = (2k — 1)Cp-1(1, k) elements in W& (n) with E{
equal to k — 1. This implies (7.3). W

Remark: For the classical Eulerian numbers An_1(1,k), the corresponding recurrence

relation is

An1(1,k) = kAn—3(L, k) + (n — k + 1) An_a(1, k — 1),

(VIL.5) Proposition: The exact value of the numbers Cp(1, k) is

k-1
(1.4) Ca(1,k) = 3 (1) (" j 1)(21: —2j —1)",
j=0

Proof: The recurrence relation (7.3) together with C1(1,1) = Cy(1,2) = 1 determines all
the numbers {Cn(1,k)}. Now, for k = 1, the righthand side of (7.4) is equal to 1 for any
n. It is also equal to 1 if k = 2 and n = 1. Thus, it suffices to show that the righthand

side of (7.4) satisfies the recurrence (7.3). This is an elementary exercise.

Remark: The exact values of the classical Eulerian numbers are given by

Ans(1,k) = §(-1)i (" + 1)(1: — "

e J

(VIL.8) Proposition: If Cy1(z) = 131 Ca(1, k)z*, then

(7.6) Cni(z) = (1 —2z)"*! i(&s +1)"z*H,

=0
Proof: A classical result in the calculus of finite differences (see e.g., [20]) is that if
f: N — Cand n € N (where N denotes the nonnegative integers), then f(s) is a
polynomial in.s of degree at most n if and only if (1 - z)"+! 352 f(s)z* is a polynomial

in z of degree at most n.

Consider now the degree n polynomial function f(s) = (2s + 1)"®. Then

1-2)"* ) f(s)="
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is a polynomial in z of degree at most n, and we have

=0 j=0 t=1

00 n+1 oo
(1=2)"1 3" f(s)a* = (Z (" ;f 1) (—l)j"j) (E(% ~ 1)%*-1)

k=1 { y=0

n+l | k-1 ; n+1 ' . »
=Z{E(-—1)( j )(2k—2]—1) }zk

n+41

=Y Ca(1,k)ct1.

k=1

Thus, Cp1(z) = 2(1 —z)* 1 Y 00, f(s)z’. W
Remark: For the classical Eulerian polynomial A,—11(z) = Y 5—; 4n-1(1,k)z¥, we have

Ap-11(z) = (1 ~z)"*! i szt
#=0

Remark: In [20}, Stanley has introduced the following terminology: f f: N— €, ne€N
and Y o2, f(s)z* = P(z)/(1 — z)"*}, where the polynomial P(z) has degree at most n,
then the coeflicients of P(z) are called f-Eulerian numbers. Thus, the numbers Cpn(1, k) =
Byn(1,k) are (23 + 1)"-Eulerian numbers.

Tables of the first values of the numbers 4,_1(p, k), Bn(p, k), Cn(p,k) and D,(p, k)
are included in the Appendix.

Acknowledgement: We would like to thank Philip Hanlon for computing the tables of
generalized Eulerian numbers in the Appendix. Also, we would like to thank both he and
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Appendix: Tables of Generalized Eulerian Numbers

App,k)|1 2 3 4
1 |1 4 1
2 |12 21

AspR) |1 2 3 4 5 6 7
1 |1 11 11 1

2 |1 3 8831
3 |1 3 565 31

Apk)|1 2 3 4 5 6 7 8 9 10 11
1 1 26 66 26 1
2 |1 4 17 38 38 17 4 1
3 |1 4 9 19 27 27 19 9 4 1
4 |1 4 9 15 20 22 20 15 9 4 1
Bip,k)|1 2 3 4 5
1 1 6 1
2 (1331
3 |12 221
Bsip,k)|1 2 83 4 56 7 8 9 10
1 1 23 23 1
2 |1 5 18 18 5 1
3 |1 3 7 1313731
4 |1 3 5 91295 31
5 |1 3 5 7 88 75 3 1




Bypk)|1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 176 230 76 1
2 |1 7 45 139 139 45 7T 1
3 |1 4 12 38 8 108 83 38 12 4 1
4 (1 4 9 22 47 70 78 70 47 22 9 4 1
5 |1 4- 9 16 27 44 59 64 59 44 27 16 9 4 1
6 |1 4 9 16 24 35 48 55 55 48 35 24 16 9 4 1
7 |1 4 9 16 24 32 39 44 46 44 39 32 24 16 9 1
Cs(p,k){1 2 3 4 5 6 7 8 9 10
1 |1 23 23 1
2 |1 4 19 19 4 1
3 |1 3 6 14 14 6 3 1
4 |1 3 6 91096 31
5 |1 3 5 7 88 753 1
Capk){1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 |1 76 230 76 1
2 |1 5 51 135 135 51 5 1
3 |1 4 10 34 85 116 85 34 10 4 1
4 (1 4 10 20 43 72 84 72 43 20 10 4 1
5 |1 4 9 17 27 44 59 62 59 44 27 17 9 4 1
6 |1 4 9 17 27 37 46 51 51 46 37 27 17 9 4 1
7 |1 4 9 16 24 32 39 44 46 44 39 32 24 16 9 1
Dpk)|1 2 3 4 5 6 7 8 9 10 11 12 13
1 1 44 102 44 1
2 |1 4 30 61 61 30 4 1
3 |1 4 9 20 38 48 38 20 9 4 1
4 |1 4 9 16 27 39 39 27 16 9 4 1
5 |1 4 9 16 23 28 30 28 23 16 9 4 1
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