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Continuous optimization problems arise in virtually all disciplines of quantitative research.
While convex optimization has been well-studied in recent decades, large-scale nonconvex op-
timization problems remain intractable in both theory and practice. Quantum computers are ex-
pected to outperform classical computers in certain challenging computational problems. Some
quantum algorithms for convex optimization have shown asymptotic speedups, while the quan-
tum advantage for nonconvex optimization is yet to be fully understood. This thesis focuses on
Quantum Hamiltonian Descent (QHD), a quantum algorithm for continuous optimization prob-
lems. A systematic study of Quantum Hamiltonian Descent is presented, including theoretical
results concerning nonconvex optimization and efficient implementation techniques for quantum
computers.

Quantum Hamiltonian Descent is derived as the path integral of classical gradient descent

algorithms. Due to the quantum interference of classical descent trajectories, Quantum Hamilto-



nian Descent exhibits drastically different behavior from classical gradient descent, especially for
nonconvex problems. Under mild assumptions, we prove that Quantum Hamiltonian Descent can
always find the global minimum of an unconstrained optimization problem given a sufficiently
long runtime. Moreover, we demonstrate that Quantum Hamiltonian Descent can efficiently solve
a family of nonconvex optimization problems with exponentially many local minima, which most
commonly used classical optimizers require super-polynomial time to solve. Additionally, by us-
ing Quantum Hamiltonian Descent as an algorithmic primitive, we show a quadratic oracular
separation between quantum and classical computing.

We consider the implementation of Quantum Hamiltonian Descent for two important paradigms
of quantum computing, namely digital (fault-tolerant) and analog quantum computers. Exploiting
the product formula for quantum Hamiltonian simulation, we demonstrate that a digital quantum
computer can implement Quantum Hamiltonian Descent with gate complexity nearly linear in
problem dimension and evolution time. With a hardware-efficient sparse Hamiltonian simula-
tion technique known as Hamiltonian embedding, we develop an analog implementation recipe
for Quantum Hamiltonian Descent that addresses a broad class of nonlinear optimization prob-
lems, including nonconvex quadratic programming. This analog implementation approach is
deployed on large-scale quantum spin-glass simulators, and the empirical results strongly sug-
gest that Quantum Hamiltonian Descent has great potential for highly nonconvex and nonlinear

optimization tasks.
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Chapter 1: Introduction

1.1 Continuous optimization

Continuous optimization concerns finding the minimum of a real-valued function with one
or several continuous variables, subject to constraints. It can be formulated as the following

mathematical problem,

min f(z), S CR",

where the function f(x) is known as the objective function, and the subset S is called the feasible
set of the problem. This problem lies at the core of modern computational sciences, ranging from
training large machine learning models to managing investment portfolios.

When the objective function and the feasible set are both convex, the problem is referred to
as a convex optimization problem. The simplest case is to optimize a convex differentiable func-
tion over the entire Euclidean space, a task known as unconstrained optimization. This problem
can be solved by the standard gradient descent algorithm in polynomial time [1]. Another no-
table example is linear programming (LP, or linear optimization), in which the objective function
is linear, and the feasible set is defined by a set of linear inequalities. In 1984, Karmarkar [2] pro-

posed the first provably efficient algorithm that solves linear programming in polynomial time.



In the past decades, the theoretical foundation of convex optimization has been well established
and many effective computer software programs (i.e., solvers) have been created to facilitate the
solution of convex problems in practice.

When either the objective function or the feasible set is not convex, the optimization prob-
lem falls into the category of nonconvex optimization. Nonconvex optimization problems usu-
ally admit more than one local solution or even disconnected feasible sets, which pose significant
challenges for known optimization algorithms and computer solvers. In general, nonconvex op-
timization problems are known to be NP-hard.

There are usually two strategies for solving nonconvex optimization problems. The first
strategy is branch and bound, which decomposes the original problem into several sub-problems,
and each sub-problem is solved to an optimal level; sub-optimal solutions can be eliminated by
comparing the solutions obtained from the sub-problems. The second strategy is local search,
which leverages first- and/or second-order information (i.e., gradient and/or Hessian) of the ob-
jective function to produce an iterative procedure that converges to a local stationary solution.
While in theory, a branch-and-bound strategy can find a global optimization solution through
brutal-force search, the runtime could be exponentially long and therefore not ideal for large-scale
applications. Local search algorithms enjoy faster convergence for large and regular problems;
however, the global optimality of the obtained solution is not guaranteed. In practice, finding
approximately global optimal solutions for highly nonconvex problems is considered intractable
when the problem dimension exceeds several hundred.

Between the realms of convexity and extreme nonconvexity (NP-hardness) lies a complex
territory, where mathematical understanding and computational methods are still in their infancy
and largely uncharted. While certain nonconvex problems are genuinely difficult to solve for
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classical computers, emerging computing paradigms based on non-traditional computer architec-
ture could pave an unprecedented path toward nonconvex optimization. Quantum computing, a
technology that exploits quantum physics for information processing, is regarded as one of the
most competitive candidates to address the intractable computational challenges faced by human-
ity. In this regard, it is more than natural to extend the classical study of nonconvex optimization

to the quantum context.

1.2 Quantum algorithms for continuous optimization

Quantum algorithms run on quantum computers. The concept of a quantum computer was
initially proposed by Manin [3] and Feynman [4] over four decades ago. They believed that to
understand quantum physics, we need a machine that mimics the quantum-mechanical systems
found in nature. In 1999, Peter Shor [5] discovered a quantum algorithm (now known as the
Shor’s algorithm) that can factorize a large integer into prime factors exponentially faster than
any known classical algorithms. This finding was a historical milestone and has significantly
motivated the investigation of quantum speedups for other classes of computational tasks that do
not stem from quantum physics.

As a fundamental problem class in mathematical sciences, optimization has long been a tar-
get for quantum speedups. While quantum algorithms for combinatorial optimization problems
have been extensively studied since 2000 [6, 7, 8, 9, 10], the exploration of quantum algorithms

for continuous optimization problems is a more recent development.

Convex optimization. Semidefinite programming (SDP) is arguably one of the most important

problems in convex optimization, which minimizes a linear objective function over the inter-



section of the positive semidefinite cone and a hyperplane. Existing quantum algorithms for
SDP can be roughly categorized by their underlying solution methodology. The first category
is the so-called first-order methods, which are based on the multiplicative weights update frame-
work [11, 12, 13, 14]. The second category is based on second-order methods (more precisely, in-
terior point methods), which utilize quantum linear system solvers (QLSS) to improve the overall
time complexity of classical interior point methods [15, 16, 17]. Many of the quantum solutions
to SDP can be readily applied to the simpler class of linear programming (LP), and often lead to
better run times [18, 19, 20, 21].

Note that, nevertheless, the time complexity of the aforementioned quantum algorithms
heavily depends on the input model and problem structure. Also, most of these quantum al-
gorithms assume access to a quantum data structure named Quantum Random Access Memory
(QRAM), for which the scalable fault-tolerant implementation is yet to be understood [22, 23,
24, 25]. One exception is a recent work based on a quantum central path method framework [26],
which only assumes a classical binary description of the problem data but still achieves asymp-

totic speedup in certain parameter regimes.

Nonconvex optimization. It is unlikely that a polynomial-time quantum algorithm exists for
general nonconvex optimization problems, otherwise, it would imply that NP is contained in
BQP (which is the quantum analog of the complexity class P). Zhang and Li proved a quantum
query lower bound for general nonconvex optimization problems [27]. In practice, gradient de-
scent is the workhorse for differentiable nonconvex optimization problems. Rebentrost et al. [28]
formulated a quantum gradient descent algorithm that achieves poly log(n) run time for an n-

dimensional optimization problem; however, except for some special cases [15, 29], the run time



of the quantum gradient descent algorithm scales exponentially in terms of the number of iter-
ations, rendering this method less interesting in practice. There seem to be some fundamental
difficulties in directly generalizing classical optimization algorithms to quantum. Many existing
classical first- and second-order algorithms (e.g., gradient descent, Newton’s method) can be in-
terpreted as highly nonlinear dynamical systems [30, 31, 32]. Quantum computers, nevertheless,

may not be the most ideal computing device to simulate genuinely nonlinear dynamics [33, 34].

1.3 Quantum Hamiltonian Descent: solving continuous optimization via quan-

tum dynamics

As we have seen, many classical optimization algorithms are formulated as iterative pro-
cesses. To accelerate these algorithms using a quantum computer, prior attempts usually rely on
replacing a key component (e.g., gradient update, solving Newton systems, etc.) in an iteration
step with a faster quantum subroutine [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 28]. By care-
fully balancing the potential speedup and possible overheads, it is possible to achieve asymptotic
quantum speedups. However, two major drawbacks significantly limit the practical advantage of

this approach:

1. Replacing a classical subroutine with a quantum one does not change the solution quality,
as the overall solution path in an iterative algorithm is not affected. Therefore, it is unlikely
to observe any quantum speedup if the overhead introduced by the quantum subroutine,
possibly due to error correction code and advanced input models, outweighs its potential

benefit.

2. Commonly used quantum subroutines for optimization problems, such as quantum phase
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estimation [35], quantum linear system solver [36, 37], and quantum singular value trans-
formation [38], require large fault-tolerant quantum computers. This means quantum op-
timization algorithms based on these subroutines can not be deployed and evaluated with

the progress of near-term quantum technology.

In this thesis, we consider an alternative approach to speed up classical gradient descent.
Instead of using quantum subroutines to accelerate individual iteration steps, we quantize gradient
descent as a whole. Many gradient methods have well-defined continuous-time limits as differen-
tial equations. For example, the standard gradient descent can be regarded as (time-discretized)
gradient flow, and the so-called accelerated gradient descent can be modeled by continuous-time
evolution generated by (classical) Lagrangian mechanics [31]. We then guantize these classical
dynamical systems and lift them to quantum dynamical systems, which are referred to as Quan-
tum Hamiltonian Descent. By simulating these quantum dynamics, we effectively implement a
quantum algorithm for optimization problems.

Compared with the conventional approach to designing quantum optimization algorithms,
our new approach is conceptually novel and has some unique advantages for practical implemen-
tation. First, Quantum Hamiltonian Descent is described by quantum Hamiltonians, which can be
readily simulated using quantum computers. We develop a technique known as Hamiltonian em-
bedding, which even allows us to simulate the dynamics in a near-term analog quantum computer.
Second, Quantum Hamiltonian Descent exhibits the quantum tunneling effect, which means the
dynamics can escape from sub-optimal local minima and locate the global minimum of the op-
timization problem. In other words, the solution quality is improved by the quantum computer,

a goal that is not achieved by prior art. In summary, Quantum Hamiltonian Descent produces



solutions with higher quality, while not necessarily requiring sophisticated gate-based imple-
mentation or even fault-tolerant quantum computers. These desired features make it a promising
candidate for solving real-world nonconvex optimization problems.

It is worth mentioning that Quantum Hamiltonian Descent itself can be used as a subroutine
to accelerate or improve many well-known algorithms in the literature of classical optimization
theory. For example, we can integrate Quantum Hamiltonian Descent into a branch-and-bound
strategy to reduce the total runtime. Alternatively, we can use Quantum Hamiltonian Descent as
a more effective solver to find better solutions in an augmented Lagrangian framework. Quantum
Hamiltonian Descent has the potential to be an important algorithm that expands the traditional
optimization toolbox and influences the future design of optimization infrastructure, such as soft-

ware toolchains and benchmarking.

1.4 Overview

Theory of Quantum Hamiltonian Descent. Accelerated gradient descent algorithms, a promi-
nent variant of the standard gradient descent, exploit the momentum information to accelerate
the convergence to (locally) optimal solutions. It has been shown that many accelerated gradi-
ent descent algorithms can be interpreted as certain Lagrangian-mechanical flows, in which the
dynamics are generated by some time-dependent Lagrangian functions [30, 31]. However, these
Lagrangian dynamics are described by nonlinear ordinary differential equations that can not be
sped up by applying existing quantum subroutines [34]. In Chapter 2, we employ Feynman’s
well-known path integral formulation of quantum mechanics [39] to /ift the classical Lagrangian-

mechanical systems describing accelerated gradient descent to quantum dynamics. The resulting



“quantum accelerated gradient descent” is governed by a linear Schrodinger equation with a
time-dependent Hamiltonian, which we named Quantum Hamiltonian Descent (QHD). Through
a Lyapunov function approach, we prove that Quantum Hamiltonian Descent has a similar con-
vergence rate as its classical counterpart, while numerical results suggest Quantum Hamiltonian
Descent is more robust in terms of time discretization. Moreover, compared with classical ac-
celerated gradient descent, Quantum Hamiltonian Descent exhibits the quantum tunneling effect
in the presence of high-energy barriers on the optimization landscape, making it advantageous
for general nonconvex optimization problems. A comprehensive numerical study shows that
Quantum Hamiltonian Descent outperforms other classical and quantum optimization methods
(including quantum adiabatic algorithm).

In Chapter 3, we further investigate the mathematics of Quantum Hamiltonian Descent.
In particular, we are concerned with the asymptotic and non-asymptotic behavior of Quantum
Hamiltonian Descent when applied to nonconvex optimization problems. First, we show that,
under mild conditions, Quantum Hamiltonian Descent can also find the global solution to a non-
convex problem given a sufficiently long evolution time (Section 3.2). This asymptotic conver-
gence result is based on the semi-classical theory of Schrédinger operators and a standard adia-
batic approximation technique from quantum physics. Second, we identify a family of structured
search problems, each containing N items but only one of them is marked. This problem has a
classical query lower bound Q(/V). We find these problems admit a reformulation as nonconvex
optimization problems, for which Quantum Hamiltonian Descent can find the global solution us-
ing O~(\/N ) queries to the corresponding quantum oracle (Section 3.3). This result reproduces
a quadratic (i.e., Grover-type) oracular separation between quantum and classical computation,

indicating that Quantum Hamiltonian Descent is a genuinely quantum algorithm that can not be



trivially de-quantized. Third, in Section 3.4, we prove that Quantum Hamiltonian Descent can
efficiently solve a family of nonconvex optimization instances, each characterized by 2¢ local
minima, in O(d®) quantum queries to the function value and O(d“) elementary quantum gates.
On the other side, we test a comprehensive collection of classical optimization algorithms and
solvers with the same family of problem instances. The run time required by these classical op-
timizers turns out to scale super-polynomially in the parameter d. This result constitutes new
evidence of a significant performance separation between quantum and classical computation in

nonconvex optimization.

Implementation of Quantum Hamiltonian Descent. Quantum computers can efficiently simu-
late quantum evolution. Since Quantum Hamiltonian Descent is formulated as real-space quan-
tum dynamics described by a time-dependent Schrodinger equation, it can be efficiently im-
plemented on quantum computers. In this thesis, we consider the implementation of Quantum
Hamiltonian Descent for two types of quantum computers, namely, gated-based digital (fault-
tolerant) quantum computers and analog quantum computers. In Chapter 4, we introduce a digital
implementation of Quantum Hamiltonian Descent to solve unconstrained continuous optimiza-
tion problems, based on the product formula (i.e., operator splitting method). Both the rigorous
gate (time) complexity and the numerical performance of this implementation technique are pre-
sented.

Analog quantum computing is another prominent paradigm of quantum computation, which
tackles computational tasks by emulating physical quantum systems (i.e., analog quantum simu-
lation). Unlike gate-based (digital) quantum computers, analog quantum computers are usually

made for specific-purpose computational tasks (e.g., quantum simulation, quantum annealing,



etc.) but are easier to control and scale. In Chapter 5, we develop a technique named Hamiltonian
embedding, which allows hardware-efficient simulation of sparse quantum Hamiltonian. Using
this technique, we can simulate some high-dimensional quantum evolution without involving ad-
vanced quantum input models such as sparse-input oracles or block-encodings. Based on this
technique, we explore an implementation of Quantum Hamiltonian Descent by leveraging Ising-
type analog quantum computers in Chapter 6. We show that every box-constrained quadratic
programming problem can be mapped to an Ising Hamiltonian, and the quantum evolution gen-
erated by this Ising Hamiltonian is equivalent to a Quantum Hamiltonian Descent. With this
analog implementation, we deploy Quantum Hamiltonian Descent to solve up to 75-dimensional
nonconvex quadratic programming on a quantum spin glass simulator with over 5000 qubits. In
our experiment, Quantum Hamiltonian Descent outperforms a selection of state-of-the-art classi-

cal solvers and the quantum adiabatic algorithm.

Software design based on Quantum Hamiltonian Descent. In Chapter 7, we build an open-
source, end-to-end software library named QHDOPT to facilitate the implementation of Quantum
Hamiltonian Descent on real machines, including gate-based quantum computers and analog
quantum computers. QHDOPT is developed following the Hamiltonian-Oriented Programming
(HOP) paradigm, in which the quantum Hamiltonian serves as the central object in the quantum
stack. QHDOPT eliminates the technical barrier to implementing quantum algorithms by offering
an accessible interface and automatically maps tasks to various supported quantum backends.
These features enable users, even those without prior knowledge or experience in quantum com-
puting, to utilize the power of existing quantum devices for large-scale nonlinear and noncon-

vex optimization tasks. This software is available at https://github.com/jiagileng/
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1.5 Preliminaries

Set-theoretic notations. N denotes the set of positive integers, Z denotes the set of integers,
R denotes the set of real numbers, and C denotes the set of complex numbers. R, denotes
the set of all non-negative real numbers. For an integer n € N, R" denotes the n-dimensional

Euclidean space. Given two sets A and B, A x B denotes the Cartesian product of the two sets,
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ie., Ax B = {(a,b): a € A,b € B}; A\B denotes the difference between the two sets, i.e.,

AB={z:x€ Az ¢ B}.

Asymptotic notations. Let f,g: R, — R,. We write f = O(g) if there exists a constant ¢ > 0
and an z, € R, such that f(z) < cg(x) for all z > x,. We write f = O(g) if there exists a
polynomial p: R — R and an 2y € R such that f(z) < g(z) - p (log(g(z))) for all z > xy. We
write f = Q(g) if there exists a constant ¢ > 0 and an 2y € R, such that f(z) > cg(z) for all
x > xo. Note that f = O(g) is equivalent to g = Q(f). We write f = O(g) if f = O(g) and

f=Q(g).

Norms. For a vector v € R", we denote the vector ¢, norm as ||al, == (3_,_; |ax|P)/* for
1 < p < oo. The vector /,, norm is defined by ||a||~ = maxy |ay|. For a matrix A € R™*", we

denote the operator p-norm induced by the vector £, norm, i.e.,

Av
4l = Y2 12l

w20 HUHP

For a Lesbesgue integrable real function f(z): R™ — R, we denote the L” norm (1 < p < o0)

= ([ 1)

The L norm of f is denoted as

of f as

[fllo = sup |f(z)].
rER™

In this thesis, when no subscript is used in the vector/matrix/function norm notation, we mean

|-l =1l |2 by default.
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Quantum information. An N-dimension quantum state is a vector v € CV with ||v||; = 1. The
vector v is written in Dirac notation as |v) and called a “ket”. The complex conjugate transpose of
|v) is written as (v| and called a “bra”, i.e., (v| := v'. The computational basis of C" is the set of
vectors {b(V) ... b}, where b)) = (0,...,1,...,0) is the all-zero vector except with a 1 in the
i-th coordinate. By convention, the i-th computational basis (") is written as |i) without further
definition. A quantum state in CV can be written as [v) = S v, i) and (v] = 2N, 7, (i.
The inner product between two vectors v and w can be written as (v|w) := viw € C. The outer
product between two vectors w and v can be written as |w) (v| = wv’ € CN*V. The tensor
product of quantum states refers to their Kronecker product: if [v) € CM and (w| € C"2, then
[v) Jw) = |v) @ |lw) € CN @ CMz.

A qubit (or quantum-bit) is a two-dimensional complex-valued vector with the unit norm,

ie., |v) = (v,v2)" € C*and |[v]|s = 1. We can write |[v) = v; |0) + v, |1). Pauli operators are

three linear (and unitary) operators acting on a single qubit, defined by
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Chapter 2: Quantum Hamiltonian Descent

Chapter summary. Gradient descent is a fundamental algorithm in both theory and practice
for continuous optimization. Identifying its quantum counterpart would be appealing to both
theoretical and practical quantum applications. A conventional approach to quantum speedups
in optimization relies on the quantum acceleration of intermediate steps of classical algorithms
while keeping the overall algorithmic trajectory and solution quality unchanged. We propose
Quantum Hamiltonian Descent (QHD), which is derived from the path integral of dynamical
systems referring to the continuous-time limit of classical gradient descent algorithms, as a truly
quantum counterpart of classical gradient methods.

Leveraging a Lyapunov function approach, we prove that Quantum Hamiltonian Descent
achieves an O(t72) convergence rate for convex optimization, the same as its classical counter-
parts. However, for nonconvex optimization problems, Quantum Hamiltonian Descent exhibits
completely different behaviors compared to classical gradient descent. This is because Quan-
tum Hamiltonian Descent can be interpreted as the path integral of classical trajectories in the
search space, where the contribution from classically prohibited trajectories can significantly
boost QHD’s performance for non-convex optimization. In this chapter, we present numerical
evidence of Quantum Hamiltonian Descent’s potent performance in nonconvex optimization, de-

ferring the theoretical analysis to the next chapter.
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2.1 Introduction

Continuous optimization, stemming from the mathematical modeling of real-world sys-
tems, is ubiquitous in applied mathematics, operations research, and computer science [1, 44, 45,

46, 47]. In this chapter, we consider the unconstrained continuous optimization problem,

min f(z), (2.1)

z€Rd

where f(x) is assumed to be continuously differentiable but not necessarily convex. Such prob-
lems often come with high dimensionality and non-convexity, posing great challenges for the
design and implementation of optimization algorithms [48, 49]. Continuous optimization has
been an active research field in past decades, and it is a natural question to investigate potential
quantum speedups for continuous optimization problems.

Gradient descent (and its variant) is arguably the most fundamental optimization algorithm
in continuous optimization, both in theory and in practice, due to its simplicity and efficiency
in converging to critical points. However, many real-world problems have spurious local op-
tima [50], for which gradient descent is subject to slow convergence since it only leverages first-
order information [51]. On the other hand, quantum algorithms have the potential to escape from
local minima and find near-optimal solutions by leveraging the quantum tunneling effect [52, 53].
Therefore, it is desirable to identify a quantum counterpart of gradient descent that is simple and
efficient on quantum computers while leveraging the quantum tunneling effect to escape from
spurious local optima.

A conventional approach to creating new quantum algorithms involves replacing compo-
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nents in a classical algorithm with corresponding quantum subroutines, while carefully balancing
the potential speedup and possible overheads. Several proposals for quantum optimization along
this line have been made, including [11, 14, 13, 54, 55, 56, 57]. Rebentrost et al. [28] attempted to
accelerate gradient descent by computing gradient update steps using quantum circuits. However,
these proposals often achieve only moderate quantum speedups, if any at all. More importantly,
they rarely improve the quality of solutions because they essentially follow the same solution
trajectories in the original classical algorithms. It appears that we need a completely new idea to

make a genuine and effective quantum algorithm for continuous optimization.

Al Algorithms ] Dynamical Systems B Bregman Lagrangian Quantum propagator
continuous-time limit L(X, X t) = e (% X’) —evf(x) | Kb tiat) n‘m%mﬁ"/\”‘
Quantum Quantum Mechanics *
. . <= = 0 o Schrodinger equation (QHD) Infinitesimal expansion
Hamiltonian <=\ i—U =HU¥ , <
ot w2 oo (- Bt s eoso]w $ot v fom{pee (S50 T 0) o o
Descent o; 2
. Quantize . C
@ classical i UnitEsiel Classical Gradient Methods Quantum Hamiltonian Descent
. components
: : : : € 4 RN RN
Classical Algorithms Classical Mechanics II// N / N
; . . /
Accelerated Gradient I~ X = 0H/dP,P = —9H /0X / | / Vil

Descent i ! -7

| Path I: Classical Path -

- /
Time di —— v §—_ _ _ -~
ime discretization Quantym Optimization Path =

Path II: Prohibited Path /aH possible paths

Figure 2.1: Schematic of Quantum Hamiltonian Descent (QHD). A. Comparing our approach
to quantizing classical gradient descent (GD) with the conventional one. B. Four major technical
steps in the derivation of QHD. C. An illustrative example where classical GD with bad initial-
ization will be trapped in a local minimum, while QHD can easily escape and find near-optimal
solutions by taking the path integral of trajectories prohibited by classical mechanics.

In this chapter, we propose a novel approach to quantizing gradient descent that is radically
different from any existing proposals. Our main observation is a perhaps unintuitive connec-
tion between gradient descent and dynamical systems satisfying classical physical laws. Pre-
cisely, it is known that the continuous-time limit of many gradient-based algorithms can be un-
derstood as classical physical dynamical systems, e.g., Wibisono et al. [31] models accelerated

gradient descent algorithms using a Lagrangian-mechanical framework. Conversely, variants of
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gradient-based algorithms could be emerged through the time discretization of these continuous-
time dynamical systems [58]. This two-way correspondence inspired us a second approach to
quantization: instead of quantizing a specific subroutine in gradient descent, we can quantize the
continuous-time limit of gradient descent as a whole, and the resulting quantum dynamical sys-
tems give rise to quantum optimization algorithms, as illustrated in Figure 2.1A. In Section 2.3,
we derive the quantized gradient descent using the path integral formulation of quantum mechan-
ics. The resulting dynamical system is a quantum evolution described by a Schrédinger equation.
This Schrodinger dynamics generates a family of quantum gradient descent algorithms that we
will refer to as Quantum Hamiltonian Descent, or simply QHD.

As desired, Quantum Hamiltonian Descent inherits simplicity and efficiency from classical
gradient descent algorithms. Since Quantum Hamiltonian Descent is formulated as the evolu-
tion of a quantum system, it can be either implemented with a digital quantum computer using
standard Hamiltonian simulation techniques, or with analog quantum simulators. For convex
problems, Quantum Hamiltonian Descent is proven to find the unique global solution at a con-
vergence rate similar to its classical counterpart, as detailed in Section 2.3. The true power of
Quantum Hamiltonian Descent is revealed in nonconvex optimization problems. The dynamics
described by Quantum Hamiltonian Descent can be regarded as the path integral of all solution
trajectories, including those prohibited in classical gradient descent. Interference among all these
trajectories gives rise to a unique quantum phenomenon called quantum tunneling, which assists
Quantum Hamiltonian Descent in overcoming high-energy barriers and locating the global min-
imum within complex optimization landscapes. In Section 2.5, we demonstrate the behavior of
Quantum Hamiltonian Descent for nonconvex optimization through numerical simulations. A

rigorous theoretical analysis is deferred to the next chapter.

17



2.2 Preliminaries: the Bregman-Lagrangian framework for acceleration

The Bregman-Lagrangian framework is a variational formulation for accelerated gradient
methods proposed by Wibisono, Wilson and Jordan [31]. This framework is formulated using

Lagrangian mechanics. By defining the Lagrangian function

L(X, X, t)=exn §|e_°‘tX|2— P f(X) |, (2.2)
S potential energy

kinetic energy

where t > 0is the time, X € R is the position, X € R¢is the velocity, and «, 3;, 7, are arbitrary
smooth functions that control the damping of energy in the system.
Lagrangian mechanics is formulated by variational principle. For a trajectory of motion

X (t): [0,T] — R%, we define a functional S as the action of this trajectory

S[X () = /OTL(X,X,t) dt, (2.3)

where L is the Lagrangian of the system. A physical path X (t) from a to b is the curve X (?)
such that X (0) = a, X(T') = b, and it minimizes the action functional S[X (¢)]. By calculus of
variations, a least-action curve necessarily solves the Euler-Lagrange equation
d /oL oL

( ) = 0. (2.4)

dt \ox) ox
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With the Lagrangian function (2.2), the resulting Euler-Lagrange equation is a second-order

differential eqaution,
X 4 (3 — @)X + 2V f(X) = 0. (2.5)

The convergence of the Bregman-Lagrangian framework for continuously differentiable
convex functions is established by constructing a Lyapunov function. Suppose the global mini-

mizer of f is z*, we define the following function &;:
1 . 2
& =gle " X+ Xi—a"| + et (f(Xy) — f(a"). (2.6)

When f is convex, it is shown that &, is a Lyapunov function of (2.5), i.e., non-increasing along
the solution trajectory X;. The monotonicity of &; leads to the convergence result [31, Theorem

2.1],

FIX(1) = f(z) <O(e™™). (2.7)

At first glance, (2.7) says that any desired convergence rate can be achieved by choos-
ing different ;. This is true for continuous-time flows, as different time-dependent parameters
oy, By, v result in the same path in spacetime while converging at different speeds However, it
does not imply that gradient-based methods generated by this dynamics can achieve any arbitrary
convergence rate, which contradicts the fact that gradient-based methods can not converge faster
than O(t~2) in the worst case [59]. The devil is in time discretization: when translating the ODE

model to practical gradient-based algorithms, we have to discretize the continuous time into dis-
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crete steps. The authors devise a family of gradient-based algorithms via an ad-hoc discretization
of (2.5), and these algorithms fail to convergence when e~? decays too fast. This matches our
intuition that gradient-based optimization is bounded in convergence rate.

It is worth noting that the variational framework in [31] can be reformulated via Hamilto-
nian mechanics. The Lagrangian system is equivalently described by its Hamiltonian, the Legen-
dre conjugate of the Lagrangian. In particular, the Hamiltonian corresponding to (2.2) takes the

formal

1
HX Pty = e | Sle PP+ (X)) (28)
— potential energy

kinetic energy

where X is the position, and P is the momentum. This Hamiltonian function has the form of the
sum of the kinetic and potential energy. The dynamics of the Hamiltonian system is then given

by the Hamilton’s equations,

dX OoH o

= ap =P, (2.92)
d _ a‘i _ o +Pet

T ax e Vf(X). (2.9b)

One can show this system of ODEs is identical to the Euler-Lagrange equation (2.5).

Besides the variational formulation of accelerated gradient descent in [31], Maddison et.
al. [60] propose a family of gradient-based methods via discretizations of conformal Hamilto-

nian dynamics, known as Hamiltonian descent methods. This framework assumes an additional
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access to a kinetic energy k that incorporates information about f. The resulting continuous-time
trajectories achieve linear convergence on convex functions: f(x;) — f(z*) < O(e™ ), where ¢
depends on k and f. They consider one implicit and two explicit discretization schemes in order
to obtain gradient-based optimization algorithms. These algorithms exhibit similar convergence

rates as the continuous-time flows.

2.3 Derivation: path integrals of gradient descent

Now, we quantize the Lagrangian formulation of accelerated gradient methods by introduc-
ing the path integral formulation of quantum mechanics. For simplicity, the derivation works with
a one-dimensional objective function f: R — R, while the generalization to higher dimensions
is trivial.

In classical mechanics, only the curves that solve the Euler-Lagrange equation are of in-
terests because they are predicted by the variational principle. All other curves are considered
“unphysical” because they are not stationary points of the action function S[X (¢)].

For quantum mechanics, however, Feynman postulates that not only the “physical” tra-
jectory but all trajectories contribute to quantum evolution. These trajectories contribute equal
magnitudes but different phases to the total amplitude. More precisely, the probability to go from
a point a at time t, to the point b at time t; is P(b,a) = |K (b, t; a,t,)|?, where the amplitude

function K (b, ty; a, t,) is the sum of contributions of all paths from a to b:

Kb tyaty)oc Y eW/MSXOL (2.10)

paths from a to b
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Here, i is the imaginary unit and /4 is the Planck constant. The amplitude function K (b, t;; a, t,)
is also known as the propagator of the quantum dynamics because it can be used to compute the

evolution of the wave function from ¢, to ¢:

U(z, ty) = / K(z, ty;y,ta)V(y, t,) dy. (2.11)
R

For a detailed discussion on the propagator K (b, ty; a, t,), we refer the readers to [39, Chapter 2].

To quantize accelerated gradient methods, we begin with the Lagrangian formulation,

L(X, X, t)=e (%\X \2) — e f(X), (2.12)

where ¢, and , are time-dependent functions that control the energy dissipation in the system.!
Suppose the quantum particle at time ¢ is described by the wave function ¥ (z,¢). To get a
differential equation of W (z, t), we consider an infinitesimal time interval [t,¢ + ¢]. In this short

time, the action S[X (¢)] is approximately € times the Lagrangian,

S[X ()] = e£ (‘”b,b_“,t), (2.13)

which is correct to first order in € [39, Section 2.5]. The propagator can be evaluated by

'In [31], the authors introduced three time-dependent functions oy, 3, v, in the Bregman Lagrangian framework.
Here, we use a simplified description with only two time-dependent parameters. The original formulation can be
recovered by setting ¢ = oy — V¢, Xt = ¢ + Bt + .
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1 ; _
K(:c,t+e;y,t):zexp{%6£ (x+y,x yt)} (2.14)

where A is a normalization factor that will be specified later. Plugging (2.14) into the (2.11), we

obtain the following equation:

U(z,t+e€) = %/ exp{%eﬁ (x +y7 G y,t) }\D(y,t) dy. (2.15)

In the infinitesimal time interval, the smooth time-dependent functions ;, x; in (2.12) can
be treated as constant functions. We plug the optimization Lagrangian (2.12) into (2.15) and

introduce the change of variable y = x + 7. It follows that,

1 i e ¥tn? 1 n
U(zr,t+e€) = Z/_OoeXp{f_i 5 }exp{—i—ief (m—i— §,t)}\11(x+77,t) dn. (2.16)

Note that we absorb the eX* coefficient into potential field f(z) and write them simply as f(z,t).
Then, we expand the wave function W to first order in € and second order in 7. Note that the term

ef(x 4+ n/2,t) is replaced by €f(x,t) since the error term is of higher order than e. It turns out
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that

ovr 1 [~ i e Pty? ? ov  n?o*v
v+l =4 [T et 1t [wen 50 + LE2] an

On the left-hand side of (2.17), the O(¢°)? term is ¥(x, t); meanwhile, the O(¢) term on

the right-hand side is W(x, t) times the coefficient:

i e ftn? 1 o \1/2
/ exp{h 5 }dn—A(the €)= (2.18)

To match the O(e”) term on both sides of (2.17), we must have the coefficient (2.18) equal to 1,
ie., A= (2mihe?te)'/2,
Next, we match the higher order terms in (2.17) (up to O(e!) and O(n?)). With some

algebraic manipulation, we end up with

v O 92T
“ot Cla 0282

2We use O(€") to indicate the correction terms in the infinitesimal expansion (2.17). For example, O(e”) means
constant term, O(el) means the first-order correction term, etc.

Cyf0, (2.19)
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where the coefficients C', C5, C3 can be explicitly evaluated:

1
C, = 1 / nexp{ie”#'n*/2he} dn =0, (2.20)
R
C, = l/ U—Qexp{ie’%nQ/Zhe} dn = lihee‘pt 2.21)
Y 2 '
1
- (2.22)

Substituting the coefficients C', Cs, C5 to (2.19), we obtain the QHD dynamics described

by the Schrédinger equation,

ov h? 02
i DR B S Xt
i ot [6 ( 2 8:B2) e f@)] v 223

which defines the QHD dynamics.

In higher dimensions, the kinetic operator will be replaced by —%QVQ. We set h = 1, and

the general QHD Hamiltonian operator is given by

H(t) = e? (—%VQ) +eXt f(z). (2.24)

In the rest of the paper, we sometimes also consider the QHD with three time-dependent

parameters,

A

H(t) — et (_%VQ) + eat+6t+%f<5(]>, (2.25)
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where the parameters oy, 3;, and ~,; satisfy the ideal scaling condition:

By < e, (2.26a)

Ay = e, (2.26b)

This setting is closely related to classical accelerated gradient descent because it has the same
time-dependent parameters as in the variational formulation in [31]; see (2.8). As we will show
in Section 2.5, quantum and classical gradient descent have radically different behavior even with
the same time-dependent parameters.

The QHD Hamiltonian can be seen as a weighted sum of the kinetic and potential opera-
tor. The time-dependent functions ¢, and X, contribute to the limiting behavior of this quantum
system. If these functions are constant in time, the system Hamiltonian H (t) is time-independent
and the system energy is conserved. In this case, the wave function is indefinitely oscillatory.
This is not what we want: as the word “descent” suggests, we want to gradually drain out the
kinetic energy from the system so that the quantum particle will eventually land still on the rock
bottom of the potential landscape f (). To achieve this goal, we will consider ¢, as a decreasing
function and y; as an increasing function so that the potential energy will dominate in the long

run.
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2.4 Convergence analysis for convex optimization

Notations. We denote the position and momentum operators as (choosing A = 1):

—iV. (2.27)

>

I
\'53
=

I

Given a quantum observable O, its expectation value at time ¢ with respect to the quantum wave

function |¥,) is computed by

@%:<%

ﬂ%>:/m@@éwmwm. (2.28)
In particular, when O = f(x) is the objective function, we define

E[f]ww, = (f)e (2.29)

as the (average) loss function at time t.
To recover the convergence rate shown in [31] for QHD, we consider the QHD Hamiltonian

with three parameters (2.25) and these parameters satisfy the ideal scaling condition (2.26).

Theorem 1. Assume that f is a continuously differentiable convex function and the ideal scaling
condition (2.26) holds. Let x* be the unique local minimizer of f. Then, for any smooth initial

wave function |U), the solution |U,) to the Schrédinger equation i0, |¥,) = H(t) |¥,) with
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Hamiltonian (2.25) satisfies

E[flww, — f(z") < O(e™™). (2.30)

Proof. Without loss of generality, we may assume z* = 0 and f(x*) = 0. It suffices to prove that

E[f]ww, < O(e™). (2.31)

We take a Lyapunov function approach to prove Theorem 1. We construct the following quantum

Lyapunov function:

W(t) = (J?/2), + e’ (f)s, (2.32)

in which we introduce the new operator J = D+ 1. Jisa legal quantum observable because
both p and Z are Hermitian operators. In Proposition 1, we show that W(¢) < W(0) for any

t > 0. Meanwhile, notice that J2 /2 is a positive-definite operator, so <j 2/2); > 0, and we have:

e E[f]w, < WI(E) < W(0), (2.33)

or equivalently,
E[f]lve, < W(0)e™™ < O(e™™). (2.34)
L]
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Lemma 1. Given a (time-dependent) quantum observable O(t) and let |U,) be the solution of

the Schrédinger equation i8, |¥,) = H(t)|U,), we have

O(t))e + (i[H(t), Ot)]):. (2.35)

Proof.

%(O(t»t — % (w|ow]w,) (2.36)
Sz O(t)‘\llt> +(, O(t)’\i/t> + <qft %O(t))\lft> (2.37)

O(t)ﬁ(t)‘\lft> S Lowy, @3

LA (0. 0|0, + (S 0. (2.39)

]

Lemma 2 (Commutation relations). Let , p be the position and momentum operators, we have

i[p?, 2%] = 4@p — 2i, (2.40a)
ilp*, &p] = 2p°, (2.40b)
i[f,2p] = —2 - Vf. (2.40c)
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Proof. We note that [Z, p| = 4, or equivalently, pz = &p — i. To show (2.40a), we compute:

=i ((2p — i)2p — 2ipt — 2°p°)
=i (8(&p — i)p — idp — 2ipd — 27p°)

= 25p + 2p3 = 4dp — 2i.

Similarly, one can exploit the commutation relation of Z and p to show (2.40b). To show

(2.40c), we introduce a smooth L? test function ¢:

ilf, &ple = i (fi(=iV)e — H(=iV)(fp))
= [iVe -2 (Vip+ [Vy)
so it follows that i[f, 2p] = —ZV f. O
Proposition 1. The function W(t) is non-increasing in time, i.e., W(t) < W(0) for any t > 0.

Proof. Recall that the Lyapunov function W(t) is given by (2.32), in which the operator J =

e "p + . Invoking the commutation relation [z, p| = i, we have

W(t) = (J?/2); + P (f)y = (e7p? /2 + 2% /2 + e (2p — i/2) + € f)s. (2.41)
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By Lemma 1, we have

d :
VO = (=he (%) = e (35— i/2) + Bire™ )y (2.42)

+ (i[H(t), e 9% /2 + 22 /2 + e " (@p — i/2) + e f])y, (2.43)

where H(t) = e "p? /2 + e TPt f is the QHD Hamiltonian as in (2.25). We expand the

commutator (2.43) and simplify it using Lemma 2:

i[H(t),e " p? /2 + 3% )2 + e " (3p — i/2) + P f] (2.44)
. 1a+,6’7 ~2 ]‘af 22 A2

=i —eM i ,p]+zlet7t[p,x] (2.45)
]'0472 VRN at+p SA 1a+/57

+ e DT, &p] + TS, ap] + et T2 f] (2.46)

= M (&h —i[2) + X TPNP? 4 e (=3 -V f). (2.47)

Inserting (2.47) into (2.43), we have:

%W(t) = (e™ —A) [e7(p%) e + e (2P — i/2] + Bue® () + e TP (—3 - V). (2.48)

By the ideal scaling condition (2.26), we have e® — 4, = 0 and 3, < e, therefore, we

have

%W(t) < HBUF 5 TP, (2.49)

Note that f is continuously differentiable and convex, and z* = 0, we have f(z) < z-V f(z) for
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any z € R?. We conclude that $WV(t) < 0, ]

Remark 1. In Theorem 1, we prove that the continuous-time QHD dynamics has the convergence
rate O(e="t) for convex differentiable problems. Like classical gradient methods, which can be
derived by discretizing continuous-time ordinary differential equations, quantum optimization al-
gorithms can be formulated by directly discretizing the QHD dynamics, as detailed in Chapter 4.
Our numerical results suggest that the discrete-time quantum algorithm converges and it is ro-
bust in the sense that a comparatively large stepsize is allowed in practice. However, it remains
an open question if the same convergence rate still holds for the discrete-time quantum algo-
rithms. Also, the discrete-time version of QHD may exhibit pathological behaviors for certain

non-smooth optimization problems, as in the case of classical non-smooth optimization.

2.5 Behavior of QHD for nonconvex optimization

2.5.1 Numerical simulation

To showcase the difference between QHD and other classical and quantum algorithms, we
test four algorithms to find the global minimum of the Levy function. The tested algorithms
include: (1) Quantum Hamiltonian Descent (QHD), (2) Quantum Adiabatic Algorithm (QAA),
(3) Nesterov’s accelerated gradient descent (NAGD), and (4) stochastic gradient descent (SGD)).
The Levy function is an objective function with many local minima, as shown in Figure 2.2A.
Due to its sophisticated landscape, this function is often used as a test case for local and global
optimization problems. Note that in this numerical experiment, the performance of QHD and
QAA are simulated using a classical computer. The simulation of QHD follows Algorithm 2 in
Chapter 4.
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Figure 2.2: Quantum and classical optimization methods for two-dimensional test prob-
lems. A. Surface and heatmap plots of the Levy function. Samples from the distributions of
QHD, QAA, NAGD, and SGD at different (effective) evolution times ¢ = 0.1, 0.5, 2, 3,5, 10 are
shown as scatter plots. B. Final success probabilities of QHD, QAA, NAGD, and SGD for all
22 instances. A final solution x, is considered “successful” if |z — x*| < 0.1, where z* is the
(unique) global minimizer of f. Data are categorized into five groups by landscape features of
the objective functions.

In Figure 2.2A, we also illustrate the solutions from the four algorithms are shown for
different evolution times ¢. For QHD and QAA, t is the evolution time of the quantum dynamics;
for the two classical algorithms, the effective evolution time ¢ is computed by multiplying the
step size and the number of iterations so that it is comparable to the one used in QHD and QAA.
Compared with QHD, QAA converges at a much slower speed and little apparent convergence
is observed within the time window. Although the two classical algorithms seem to converge
faster than quantum algorithms, they have lower success probability because many solutions are

trapped in spurious local minima. Our observation made with Levy function is consistent with
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the results of other functions: as shown in Figure 2.2B, QHD has a higher success probability in

most optimization instances at the same choice of total effective evolution time.

2.5.2 Three phases in QHD

Adiabatic (ground-energy state)
Global Search

Easily Prepared Solultion -y Ty -0y
Initial States States 0

QHD (low-energy subspace)
Global

Kinetic Descent t=2 t=5 t=10
Search 20000 -

0 o 0 o 0 o

c Probability Spectrum Energy Ratio E,/E,

9- . : 8
= 9 - Kinetic :  Global Search : Descent - 0.9
3 g z I— 0.5 g m e 2.5
%4 - : :
§3- : : -0.0
&2z : : -

e ——— Kinetic Phase Descent Phase

1 ] 1 1 1 1 1
0.0 0.5 1.0 3.0 5.0 75 10.0
Time (t) t—o00 | 2

Success Probability

01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20
Time (t)

Figure 2.3: The three-phase picture of QHD. A. Schematic of the three-phase picture of QHD.
B. Surface plots of the probability density in QHD for the Levy function. C. Probability spectrum

of QHD. D. Success probabilities of QHD and QAA. E. The energy ratio F;/FEy in QHD shown
as a function of time ?.

Focusing on the QHD dynamics, we find rich dynamical properties at different stages of
evolution. Figure 2.3B shows the quantum probability densities of QHD at different evolution
times. First, the initial wave function becomes highly oscillatory and spreads to the full search
space (t = 0.1,0.5). Then, the wave function sees the landscape of f and starts moving towards
the global minimum (¢ = 1,2). Finally, the wave packet is clustered around the global mini-
mum and converges like a classical gradient descent (f = 5, 10). This three-stage evolution is
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not only seen for the Levy function but also observed in many other instances. We thus pro-
pose to divide QHD’s evolution in solving optimization problems into three consecutive phases
called the kinetic phase, the global search phase, and the descent phase according to the above
observations.

The three-phase picture of QHD could be supported by several quantitative characteriza-
tions of the QHD evolution. One such characterization is the probability spectrum of QHD,
which shows the decomposition of the wave function to different energy levels (Figure 2.3C).
QHD begins with a major ground-energy component and a minor low-energy component. Note
that no significant high-energy component with energy level > 10 is found when applied to the
Levy function. During the global search phase, the low-energy component is absorbed into the
ground-energy component, indicating that QHD finds the global minimum (Figure 2.3D). The en-
ergy ratio F; / Fy is another characterization of the three phases in QHD (Figure 2.3E), where Ey
(or Ey) is the ground (or first excited) energy of the QHD Hamiltonian H (t). In the kinetic phase,
the kinetic energy —%A dominates in the system Hamiltonian so we have F,/E, ~ 2.5, which
is the same as in a free-particle system. In the descent phase, the QHD Hamiltonian enters the
“semi-classical regime” and the energy ratio can be theoretically computed based on the objective
function. For the Levy function, the predicted semi-classical energy ratio reads E;/FEy ~ 1.38,

which matches our numerical data.

Remark 2. Note that the energy-absorbing behavior is highly initial-state-dependent and does
not apply to arbitrary initial states; otherwise, it violates the unitarity of quantum evolution. In
most cases, the initial state is a superposition of low-energy eigenstates of the initial Hamiltonian

A~

H(0), and it remains in the low-energy subspace of H (t) in the entire evolution. Since all the
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low-energy eigenstates of the final Hamiltonian are locally clustered near the global minimum of
f (see Section 3.1 for a detailed discussion), the final state is also highly concentrated near the

global minimizer of f.

The three-phase picture of QHD sheds light on why QAA has slower convergence. Com-
pared to QHD, QAA has neither a kinetic phase nor a descent phase. In the kinetic phase, QHD
averages the initial wave function over the whole search space to reduce the risk of poor initializa-
tion, while QAA remains in the ground state throughout its evolution, so it never gains as much
kinetic energy. In the descent phase, QHD exhibits convergence similar to classical gradient
descent and is insensitive to spatial resolution; such fast convergence is not seen in QAA.

In QAA, the use of the radix-2 representation scrambles the Euclidean topology so that
the resulting discrete problem is even harder than the original problem (e.g., see Figure B.2).
Failing to incorporate the continuity structure, QAA is hence sensitive to the resolution of spa-
tial discretization; we observe that higher resolutions often cause worse QAA performance, see
Figure 4.3.

It is worth noting that the radix-2 representation is not the only way to discretize a contin-
uous problem. One can lift QAA to the continuous domain by choosing its Hamiltonian over a
continuous space in a general way. From this perspective, QHD could be interpreted as a special
version of the general QAA with a particular choice of the Hamiltonian. However, some existing
results [61] suggest that QHD may have fast convergence properties that the general theory of

QAA fails to explain.
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Chapter 3: Quantum Hamiltonian Descent for nonconvex optimization

Chapter summary. Nonconvex optimization is a central object in machine learning and opera-
tions research. However, lots of nonconvex problems naturally arising from application domains
possess sophisticated optimization landscapes with a huge number of saddle points and spurious
local minima, posing great challenges for classical optimization algorithms. Quantum Hamilto-
nian Descent (QHD), a genuine quantum-upgraded version of classical gradient descent, could
leverage the quantum tunneling effect to go through barriers on the optimization landscape, ren-
dering itself a competitive candidate for complex nonconvex optimization. In this chapter, we
present three theoretical results regarding QHD’s speedup for nonconvex optimization problems,
including the asymptotic convergence of QHD in the slow-varying time limit, a quadratic quan-
tum speedup with QHD for spatial search on hypercube graphs, and a super-polynomial perfor-
mance separation between QHD and several classical state-of-the-art optimizers. Throughout

this chapter, we assume access to fault-tolerant digital quantum computers.
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3.1 Preliminaries: the theory of Schrodinger operators

Convexity and spectral gap

Our theoretical analysis in this work heavily relies on the spectrum of the Schrodinger

operator,

where V2 is the Laplacian operator in the real space R?, and f: R? — R is a continuous objective
function that we want to minimize. The physical meaning of f is a “potential field” that confines
the motion of a quantum particle.

When f is non-negative and it diverges at infinity (i.e., lim ;| f(2) = 00), the standard
theory of elliptic operators [62, Theorem 10.7] guarantees that the spectrum of H is discrete and
all eigenvalues are positive. We can arrange the eigenvalues of Hin ascending order: Fy < E; <
.... The difference between the first two eigenvalues (i.e., £/ — Ej) is often called the spectral
gap. It is well-known that the spectral gap of the Schrodinger operator (3.1) has a deep connection
to the convexity of the potential field f. Since the eighties, several authors (van den Berg [63],
Ashbaugh and Benguria [64], and Yau [65]) have independently observed that the spectral gap of
a Schrodinger operator with a convex potential field has a lower bound 372/ D?, where D is the
diameter of the domain on which the Schrédinger operator is defined. This observation, known
as the Fundamental Gap Conjecture, has been proven by Andrews and Clutterbuck [66] in 2011

using an involved analysis of the heat equation.
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We now discuss a simple example known as the quantum harmonic oscillator. A quantum

harmonic oscillator is described by a Schrodinger operator with a quadratic potential field,

H=~h (—%W) + Gw?x?) , (3.2)

where w is a fixed frequency and h is the so-called Planck constant. The eigenvalues of the
quantum harmonic oscillator are given by F,, = (2n + 1)%@. We refer the readers to [67] for
more discussions on quantum harmonic oscillators.

If we consider the rescaled operator,

we find the eigenvalues of H/h are £/, = (n+ 1/2)w, which only depend on the curvature of the
potential field regardless of the value of h. The spectral gap of the rescaled quantum harmonic
oscillator H/h seems to be an invariant quantity determined by the geometry of the quadratic
potential field.

Inspired by the case of quantum harmonic oscillators, we define a one-parameter family of

Schrodinger operators for a given objective function f,

H()\) = (—%W) + M, (3.3)

> =

where A > 0 is an interpolating parameter and we assume f is non-negative and diverges at

infinity. For any positive A, the spectrum of H (A) is discrete and we arrange the eigenvalues of
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H()) in ascending order,

Eo(A) < Bx(A) < Ex(\) < ...

The spectral gap of H()\) is denoted by

AN = E1(N) — Eg(N). (3.4)

If f is a convex quadratic function, H () is precisely a quantum harmonic oscillator. Ac-
cording to our discussion above, all the eigenvalues of the operator H (\) only depend on f,
regardless of the value of A. Nevertheless, when f is nonconvex and non-quadratic, the eigen-
values of H()\) change along with \. The spectral gap A()\) depends on the nonconvexity of
f 168, 66] and it also changes with A. In particular, when f is a double-well function (described
by a quartic polynomial), the spectral gap can be made arbitrarily small by tuning the coefficients

in the quartic polynomial [69].

Ground states of the Schrodinger operator

In the Schrodinger operator (3.1), there are two major components: the kinetic operator
—V? and the potential operator f. When the kinetic operator dominates, the low-energy subspace
of the Schrodinger operator tends to behave like that of a free particle. In another case, if the

potential f plays a leading role, the ground state of the Schrodinger operator exhibits properties as
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like a Gaussian distribution. For example, if we consider the following 1D Schrodinger operator,

H()\) = (—%VQ) + M, (3.5)

>l =

where f: R — R is a smooth one-dimensional potential function with a single, non-degenerate
zeroat z* = 0: f(0) =0, Vf(0) =0, and f”(0) > 0. The function f admits a Taylor expansion

near the global minimum:

As A\ becomes large, the potential landscape observed by the quantum particle is essentially
the quadratic part of the potential f near z*. Let v = /f”(x*), we can define a comparison

Schrodinger operator
1 1 1
K\ = 3 (—§v2) + A <—72(:v — x*)Q) . (3.6)

This new operator K (M) is a quantum harmonic oscillator and it gives a nice approximation of

the low-energy subspace of H () for large \.

Theorem 2 (Theorem 4.1, [70]). Assume f(x) is polynomially bounded (i.e.,

fl@)] < O+
|z|™) for some constant C and a fixed integer m). Let n be a fixed integer such that E,()\) is a

simple' eigenvalue of H(\). Let ®,,()\) be the corresponding ei enfunction. Denote e,, and ¢, (\
p 8 P g elg

A simple eigenvalue means the multiplicity is 1. In other words, the corresponding eigenspace is non-degenerate.
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to be the n-th eigenvalue and eigenfunction of K (A). Then, for sufficiently large \, we have that
E,(\) —en = O, [[@4(A) = du(N)] = O(AY2). (3.7

The ground state of the quantum harmonic oscillator & () is a Gaussian state

1/4 N )2
do(N) = <A—7> e~ BT (3.8)

™

and the eigenvalues of K are given by e,, = (n + %) .

As ) increases, the Gaussian state ¢o(\) is localized in the vicinity of the global minimizer
x* and its tail (i.e., the probability of landing far away from x*) is exponentially small. One
would naturally guess that ®y(\), the actual ground state of the Schrodinger operator (3.5), also
has a very small tail for large A\. However, this is not immediately clear from Theorem 2. In
Section 3.4, we will prove a stronger result to characterize the smallness of the tail of ®g(\)
(see Lemma 14). It turns out that, given a fast-growing potential field f, the ground state ()

corresponds to a sub-Gaussian distribution whose variance scales proportional to 1/\.

Quantum adiabatic theorem for unbounded Hamiltonian

Given a quantum Hamiltonian H (t), ¢t € [0, t¢], we consider the dynamics described by the

Schrodinger equation,

d )
ieqy [W(1) = H(t) [v*()) (3.9)
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subject to an initial state [1)°(0)) = |¢)y). We suppose that U¢(t) is the propagator of the dynamics

described by (3.9), so the solution at time ¢ is given by

[¥(t)) = U(t) [tho) - (3.10)

The parameter ¢ > 0 controls the time scale on which the quantum Hamiltonian H (%)
varies. For a small e, the system evolves slowly and the dynamics are relatively simple: if the
system begins with an eigenstate of H (0), it remains close to an eigenstate of H (¢). This process
is called adiabatic quantum evolution.

Formally, We define a new Hamiltonian operator,

H,(t) = H(t) +ie[P, P, (3.11)

where P(t) is a rank-1 projector onto the ground state of H(t), P is the time derivative of P,
and [-, -] is the commutator. Let U¢(t) be the propagator of the quantum dynamics generated by

(3.11), i.e., US(t) is given as the solution of

je UL = HaDUS(), (3.12)

subject to US(0) = 1. The propagator U¢(t) is called the adiabatic intertwiner because it pre-

serves the ground-energy subspace of H(t) [71]. Precisely, we have that

US(£)P(0) = P(t)US(t). (3.13)

a
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The quantum adiabatic theorem states that adiabatic intertwiner (i.e., the exact adiabatic
propagator) U¢(t) is a good approximation of the actual propagator U¢(t) for sufficiently small
€. Various formulations of the quantum adiabatic theorem exist in the literature, while most of
them assume the Hamiltonian is a bounded linear operator. In Quantum Hamiltonian Descent,
however, the Hamiltonian is an unbounded operator defined in the real space RY. Here, we
introduce a quantum adiabatic theorem for unbounded Hamiltonian [72, 73], which allows us to
have a neat analysis without discretizing the unbounded operator in QHD.

For a self-adjoint operator H (¢) with discrete spectrum at any ¢, the spectral gap of H (),

denoted by A(t), is the difference between the first two eigenvalues of H (t) at time ¢.

Theorem 3 (Theorem 2.1 [73]). Assume that for all t € [0,t;], there exist positive numbers c,

and c; such that
H? < ¢y +c1H (3.14)

Moreover, we assume H > 0 and the spectral gap A(t) has a uniform lower bound, i.e., A(t) >

Apnin > 0. We denote ¢q as the ground state of H(0). Then, we have that

I U(tr) = Ualty)) doll < ebty, (3.15)

where 0 is a constant that only depends on cy, c1 and A ;.

Remark 3. In Theorem 3, we rescale the time variable compared to the original version in [73,
Theorem 2.1]. After the time rescaling, the adiabatic error from the original theorem reads
b= %’; = efty, which is precisely what we have in (3.15).
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3.2 Global convergence of QHD with slow-varying time dependence

Non-convex optimization problems usually have many local minima, and the theoretical
result for convex problems does not naturally generalize. Nevertheless, we can prove the global
convergence of QHD for non-convex problems under certain realistic assumptions.

In this section, we consider the QHD Hamiltonian with two parameters (2.24) because
the convergence rate is not guaranteed for non-convex problems. Also, for simplicity, we only
consider the one-dimensional case, i.e., f: R — R. However, our argument is readily generalized
to arbitrary finite dimensions. We denote IIy () as the orthogonal projection onto the subspace

spanned by the first NV eigenstates of the operator H (1), given a fixed positive integer N.

Assumption 1. The objective function f is continuously differentiable, unbounded at infinity, and

has a unique global minimum at x*. Without loss of generality, we assume f(x*) = 0.

>

Assumption 2. The time-dependent parameters are slow-varying in time (i.e., |¢¢],|x:| < 1) and
limy_,o €7 Xt = 0. The Hamiltonian H (t) has no crossing eigenvalues for t > 0. Moreover,
the semi-classical approximation holds. This means that in the regime €9~ Xt < 1, the first

N eigenstates of H (t) are approximated by the first N eigenstates of the quantum Harmonic

oscillator:

A

._SOt_12 G_Xt//* o2
Hyo =e 2V + 2f(ac Yz — )", (3.16)

Remark 4. In what follows, we will call f, .= f(x*)+ 5 f"(2*)(x — 2*)? as the quadratic model

of the function f.
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Assumption 3. The initial wave function |Vy) is in the low-energy subspace of the QHD Hamil-

tonian att =0, i.e.,

In(0) W) = Vo). (3.17)

Now, we justify why the assumptions we made are realistic for many non-convex optimiza-

tion problems.

* Assumption 1 is a very standard assumption on the objective function in optimization the-
ory. We assume f(x) has a unique global minimum to avoid degenerate cases when we do
semi-classical approximation. It is worth mentioning that the uniqueness of global mini-
mum is just a technical assumption and it does not mean QHD can not solve optimization

problems with multiple global minima!

* The semi-classical approximation in Assumption 2 is a well-known result in the spectral
theory of Schrodinger operators. For a Schrodinger operator H = —hA + }1,1 f, it is shown
that when i — 0, the low-energy spectrum is well approximated by that of a quantum
harmonic oscillator H' = —hA + %L fq (i.e., the potential field f is replaced by its quadratic
model), see [62, Theorem 11.3, informal]. In our assumption, we take a stronger form so
not only the low-energy spectrum but also the low-energy eigenstates of H are approx-
imated by those of H’ as well. In Figure 3.1, we show the low-energy subspace of the
Schrodinger operator H and its semi-classical limit H’. The numerical evidence suggests

that our assumption is valid in practical problems.

* Though it is difficult to prepare | V) to satisfy Assumption 3 without enough knowledge
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of f, we observe that (I — IIx(0)) |[¥o) is often very small for N ~ 10. For example, in
our 2D experiments, we usually have ||(I — IIx(0)) [¥o) || < 107 for |¥;) as a uniform
superposition state. The reason is that the eigenstates of H (0) form a complete basis set,
so it is always possible to find an integer /N such that the projection of |¥) onto the low-

energy subspace is close enough to | V) itself.

First 3 eigen-states of H = —hA + foh=10" Quadratic Model of Levy function f, First 3 eigen-states of H = —hA + }7/),, =10

4
. 7 °
T B

First 3 eigen-states of H = —hA + +f,, h =107

Levy function f

First 3 eigen-states of H = —~hiA + +f, h =

0.00

75
1.00

Figure 3.1: The low-energy subspace of the Schrodinger operator, illustrated with Levy function
f and its quadratic model f,. The ground state, the first excited state, and the second excited
eigenstate of the Schrodinger operator are plotted for 4 = 0.1,0.01. When & is small, it is clear
that the low-energy subspae of the Schrodinger operator converges to its semi-classical limit (i.e.,
with the quadratic model as potential field).

Theorem 4. Suppose Assumption 1, Assumption 2, and Assumption 3 are satisfied. Then, QHD

will converge to the global minimum of f when t is large enough, i.e.,

lim E[f]-y, = f(z). (3.18)

t—o00

Remark 5. In the proof of the theorem, we invoke the adiabatic approximation. Since the same
technique is also used in the analysis of Quantum Adiabatic Algorithm (QAA)?, we are no worse
than QAA (in terms of convergence time) in the worst case. As [61] suggests, QHD is likely to

converge much faster than the standard QAA because the QHD Hamiltonian is more regular.

2For more details, see Section A.
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Proof. Since f is continuously differentiable and unbounded at infinity, by [62, Theorem 10.7],
the spectrum of H(t) is purely discrete for all ¢ > 0. Denote the eigen-pairs of H(t) by

{E.(t), |n;t)},. We now represent the QHD wave function using this basis:

T) = ea(t)e™ D [nst), (3.19)

where 6,,(t) are real-valued functions given by 0,,(t) == — fot E,(s) ds. This representation is

common in the adiabatic approximation of quantum evolution. For detailed background informa-
tion and technical discussions, we refer the readers to [74, Section 5.6].
Inserting (3.19) into the Schrodinger equation id; |¥,) = H(t) |¥,), we obtain the follow-

ing equations (which is precisely the same as [74, Equation (5.6.10)]):

Cm(t) = —cm(t) (m; t] {% |m; t)} - Z cn(t)eiw"—em)ézl(;t?f[f';:(% : (3.20)

N —,  n#m
A o

~-
Part I1.

~
Part I.

No crossing eigenvalues in H(t) implies that E,(t) — E,,(t) # 0. By the slow-varying

assumption on the time-dependent parameters, we have <m; t)H

n; t> < 1. Now, we invoke the
adiabatic approximation [74, Section 5.6] and neglect Part II in (3.20).
As for Part I in (3.20), we note that (m; ¢| [£ |m;t)] is purely imaginary for all m. To see

this, we differentiate the identity (m;t|m;t) = 1 w.r.t the time ¢ and it turns out that

0

:a<

m;tlm;t) = 2Re {(m, t| {% |m; t>] } : (3.21)
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Therefore, (3.20) is simplified to the following first-order linear ODE:

Eml(t) = —ico () (1), (3.22)

in which o7, (t) are real-valued functions. This simplification leads to a closed-form solution for

cm(t):
Cm(t) = cp(0)e o @ (s, (3.23)

which implies that |c,,(t)| = |¢,,,(0)| for all ¢ > 0. Due to Assumption 3, we conclude that |¥;)

remains in the low-energy subspace during the evolution:

(T) = D ()™ [mit) . (3.24)

m<N

With this finite expansion of |U,), we compute the expectation value:

E[flow, = (Wl F1W0) = ) lem* (mit|flmst) + D Cucne @) (mit| fnst) . (3.25)

m<N m#n
m,n<N

For large enough ¢, the parameters e¥*~** is so small that we can invoke the semi-classical
approximation. We denote the eigenstates of Hyo(t) as |e,; t). By Assumption 2), we approxi-

mate the eigenstates of H(t) by those of Hyo(t). We write V = L (z*)(z—2*)% by Lemma 3
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(using h? = e#t),

1 1
(mtlVImst) = enitlV]eit) = £y/er i P/ (m T 5) .

Note that f = e™**V in the semi-classical limit, then it follows that

(s t] flm: £) — %\/e@f—xtf”(x*) (m + %) |

Next, we use the Cauchy-Schwarz inequality to bound the cross terms in (3.25):

| (m; t|Vn;t) | =

/R em(2)Ve,(z) do

c[(fes) ()]

= (<€m; t|V|6m§ t> (€n; t|V|en§ t>)l/2

_ %\/eﬁﬂctfﬂ(x*)\/(m 1 1/2)(n +1/2),

and similarly, we insert f = e~ X*1/ and end up with

st s )] < v/ )y Tm 1720+ 172),
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(3.29)

(3.30)

(3.31)
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Substituting both (3.27) and (3.32) to (3.25), we get an upper bound of E[f]y,:

1 1
‘E[f]N\I,t < o [eer=xa (1) Z <m+ 5) + Z V(m+1/2)(n+1/2) (3.33)
e mﬁnﬁnN
1 — 1., 1 .. 1, N3 —
< E\/e% Xt fIl(x*) §N + 5]\7 - QN = ePrxe Il (x%), (3.34)

which will converge to the global minimum f(z*) = 0 because N and f”(z*) are fixed positive

numbers and lim,_,., ¥t~ Xt = (. ]

Lemma 3. Consider the quantum harmonic oscillator

H=K+7V, (3.35)

) 2 2, . . 2, . . .
where K = —%88—2 is the kinetic operator and V = 1w?x? is the quadratic potential field. We
T 2

denote the eigenstates of H as {|e,)}>,. Then, we have

1%

(en

ko) = (e

en> _ %hw <n n 1) , (3.36)

(ea|K]ensr) = (ea|V|ens1) = 0. (3.37)
Proof. We introduce the ladder operators:
. 1 "
iy = —— (Fip + wz), (3.38)



where p = —z'a% is the momemtum operator. The a (or a_) is known as the raising (or lowering)

operator because

ay len) o [ent1), @ len) o< len 1)

And in particular, we have (c.f. [67, Section 2.3])

ara_le,) =nle,), a_ayle,) = (n+1)le,) .

We use the definition of ladder operators (3.38) to express p and z,

K= 5= = (00  (asa0) ~ (a-a.) + )],
V=2 = B 1 @) + i) + @y

(3.39)

(3.40)

(3.41)

(3.42)

Note that (4, )% in K or V will raise |e,) to |e,42) and thus has no overlap with |e,,).

Similarly, (e,| (a_)?*|e,) = 0. It turns out that,

(en

~

Vv

Similarly, <en en> = %“’ (n + %)
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~

As for <en K en+1>, we note that |K') maps the state |e,,1) to a linear combination of

K

len—1)s |en+1), and |e,13). It has no overlap with the state |e,,), thus <en en+1> = (. The

~

K en_1> = 0 and <en

~

v

same argument applies to show that <en 6n:|:1> =0. [l

3.3 A quadratic speedup by QHD

In this section, we show that Quantum Hamiltonian Descent can provide a quadratic speedup
for the spatial search problem, a combinatorial optimization problem with classical query lower
bound (). The key idea is to embed the spatial search problem into a nonconvex continuous
optimization problem. Using an argument due to Childs and Goldstone [75], we show that QHD

solves the problem with O(v/N) quantum queries.

Problem formulation

The spatial search problem is to find a marked item in a structured database. The database
structure is modeled as an undirected graph G. At each vertex = on the graph, there is a black-
box function f(z) that returns 1 if x is the marked item; otherwise, the black-box function f(x)
returns (0. We also assume access to the neighborhood of a given vertex z. In each search step,
one can only move to a neighboring vertex on the graph and check if it is the marked item. Here,
we consider the spatial search problem on the d-dimensional hypercube {0, 1}%, in which there
are N = 2% vertices in total. Clearly, any classical algorithm that solves this problem necessarily

has to query f at least (V) times.
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Reformulation as nonconvex optimization

The spatial search problem on the d-dimensional hypercube can be formulated as a contin-

uous optimization problem. We consider the following function:

d
F(z) = (Z ary — cxi) + g(z), (3.44)
k=1

where a,c > 0, and

2

~Zexp(— i) (7=l <7)
g(x) = (3.45)

0 (|lx — xo| > 1),

in other words, g(x) is compacted supported in a radius-r ball centered at zo € R? and g(z) >
g(0) = —B. Since both the quartic polynomial and g(z) are smooth functions, F'(x) is also
smooth.

Suppose the marked vertex is w € {0,1}¢. When a,c > 0, the polynomial function
az* — cx® has two local minimizers at 2% = j:\/Q_ia, respectively. It turns out that the quartic

polynomial S°7_, az! — cx? has 2¢ local minima, and each local minimizer has the k-th (1 <

k < d) coordinate to be either = or . Now, if we choose r < / 5. and g € R¢ such that
= (wg=0)
v (wp = 1),
the function F'(z) has 2¢ local minima but a unique global minimum at x = x,. Therefore, the
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spatial search problem discussed in Section 3.3 reduces to the global minimization problem of
F(z): each local minimum of F'(x) corresponds to a vertex on {0, 1}%, and the global minimizer

x( corresponds to the marked vertex w.

Complexity analysis

In this section, we present a theoretical argument demonstrating that QHD can solve the
continuous optimization problem F' using O(\/N ) queries to the black-box function f. Tt is
important to note that the argument provided below is a proof sketch; a rigorous mathematical
proof for this quadratic speedup will be presented in future work.

To solve this continuous optimization problem with smooth objective F', we consider the
following QHD Hamiltonian (for simplicity, we do not introduce time-dependent damping pa-

rameters):
H = —hV? + F(z) = Hy + g(), (3.46)

where Hy = —hV? + <ZZ:1 azry — cxi) and h > 0 will be specified soon.
To understand the spectrum of ]:IO, we first consider the 1D case. When d = 1, I:IO 18 the
quantum Hamiltonian with a symmetric double-well potential function, and it is well known that

the first two eigenstates of the operator H, are:

|®g) = % (@) +|2")), (3.47)
|®1) = ! (o) +|27)), (3.48)

Sl

2
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where |®F) are two wave function functions clustered near the left or right well, respectively,
as illustrated in Figure 3.2. Moreover, for sufficiently small & > 0, the wave function |®*) (or
|®~)) are approximately zero outside of a small area near x* (or z7), i.e., (T |®~) = 0 for small

h > 0.

4r < double-well potential

Figure 3.2: The first two eigenstates of 1D symmetric double well.

Suppose the first two energy levels of H, are Ey and E, i.e., Hy |®~) = Eo |®~), Hy |®™)
E; |®7). By choosing appropriate a, ¢ (and possibly adding a global phase C' € R to Hy), we
may assume Fy = —v, B = «y for some 7 > 0. Denote |0) := |®~) and |1) := |®T), and define
the two-dimensional subspace S spanned by |®~) = \/ii(|0> —11)) and |®T) = \%(|O) +11)), we

can express the low-energy part of H, using the Pauli-X operator:

Hyls = =y [4) (| +71=) (=] = —y0s.

Now, we consider the low-energy part of Hy in the general d-dimensional case. Note that
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Hy is separable:

Hy = d n §— oy
O_Z —a—xz%—aaﬁk—cxk ,

k=1
so the low-energy subspace of Hy is spanned by basis functions of the form:

Dy = B (1) (23) . .. D (), (3.49)

where a length-d bitstring b is used to enumerate the basis functions:
Sk —

Clearly, for small 4 > 0, each basis function ¢, can be regarded to be compactly supported
within a small neighborhood of the point x;, where the k-th coordinate of z; is x°*. Each basis
function |®;,) can be identified with the computational basis |b) (and thus representing a vertex
on the d-dimensional hypercube). The subspace spanned by all the 27 basis is denoted as .

Effectively, H can be regarded as the Hilbert space associated to d qubits, and
d
Holy = -y ol (3.50)
j=1

Meanwhile, by choosing a small radius r and appropriate constant 53, we have that (recall
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that w is the marked vertex)

-1 (b=V=w)
(t']glb) =
0  (otherwise)
It follows that g|3; = — |w) (w|, and the full QHD Hamiltonian has the low-energy part:
Hlp = —yA — |w) (], (3.51)

where A = Z;l:l o is exactly the adjacency matrix of the d-dimensional hypercube.

In the QHD Hamiltonian H = H, + g, the function g is small compared to Hy. Therefore,
g can be regarded as a perturbation term, and the spectrum of H is dominated by that of H,.
The double-well potential function induces a huge energy gap between the subspace H and the
higher-energy subspace, so if we start with an initial state |1)) € H, the QHD evolution will stay
within the low-energy subspace H. This heuristic argument based on perturbation theory can be
made rigorous by (1) truncating the unbounded Hamiltonian H using a finite-dimensional Hilbert
space spanned by the low-energy eigenstates of Hy, and (2) utilizing the Schrieffer—Wolff trans-
formation for the finite-dimensional truncated Hamiltonian to show that the effective quantum
evolution is close to the evolution generated by H |21, as defined in (3.51).

Now, according to [75, Section III.B], we may choose the parameter v = % + O0(d™?)
and the initial state |1)o) = |+)®, and the probability of finding |w) will be of order 1 after an
evolution time 1" = O(\/N ). Given this evolution time, the real-space quantum evolution given

in (3.46) can be simulated using O~(\/N ) quantum queries to the function F' [76]. Note that the
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quantum oracle of F' can be constructed using O(1) queries to the oracle f. It turns out that QHD

can solve the spatial search problem on the hypercube with query complexity O(\/N ).

3.4 Super-polynomial quantum-classical performance separation

In this section, we identify a family of nonconvex continuous optimization instances, each
d-dimensional instance with 2¢ local minima, to demonstrate a quantum-classical performance
separation. We prove that Quantum Hamiltonian Descent can solve any d-dimensional instance
from this family using O(d?)® quantum queries to the function value and O(d*) additional 1-
qubit and 2-qubit elementary quantum gates. On the other side, a comprehensive empirical study
suggests that representative state-of-the-art classical optimization algorithms/solvers (including
Gurobi) would require a super-polynomial time to solve such optimization instances. This result
constitutes new evidence of a significant performance separation between quantum and classical

algorithms in nonconvex optimization.

3.4.1 Problem formulation

We construct a family of optimization instances representing nonconvex optimization prob-
lems with sophisticated landscapes. These hard problem instances are constructed as follows.
First, we consider certain well-formed one-dimensional “double well” functions with two local

minima (see Figure 3.3A).

Definition 1 (Gapped 1D potential). Given a I-dimensional twice differentiable function w: R —

R such that w is bounded from below and diverges to infinity as |x| — oo. For any A > 0, let

30 (+) suppresses poly-logarithmic factors in d and 1/6 where 0 is the precision.
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A(X) denote the spectral gap of the Hamiltonian operator (C.1). We say this function w is gapped

if the spectral gap is uniformly bounded by a positive constant A, > 0, i.e.,

YA >0: A(N) > Apin > 0. (3.52)

Definition 2. We call a non-negative function w: R — R a well-formed asymmetric double well

if w satisfies the following conditions:

1. w has at least 2 local minima and a unique non-degenerate global minimum at v = z*,

ie,w' (x*) =0and w"(z*) > 7? > 0;

2. There exist positive numbers C' > ¢ > 0 such that c|z — x*|* < w(z) < C(1 + |z — z*|*)

forall z € R;

3. w € C*® and w is p-smooth, i.e., ||W"| < p;

4. w is a gapped function in the sense of Definition 1.

These well-formed double well functions can be instantiated as degree-4 polynomials,*
as detailed in Appendix C.1. Suppose that w(x) is a well-formed 1D double well function
with global minimizer at x = z*, we then define a d-dimensional separable function F'(x) =
S ¢ w(xy). We note that the function F'(z) has 2¢ local minima and a unique global minimizer

atx* = (z*,...,2"). In Figure 3.3B, we show a two-dimensional separable function with 4 local

minima.

“Precisely speaking, a degree-4 polynomial is not p-smooth, as its Hessian is a quadratic function that diverges
at infinity. Thanks to the localization of wave function in the quantum evolution (because w grows as |x|*), we may
restrict the evolution to a compact domain in quantum simulation. In this case, the double-well potential function is
effectively p-smooth.
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A 1D double well B 2D separable function
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C 2D without rotation D 2D with rotation
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| QD N0
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Figure 3.3: Construction of optimization instances. A. A well-formed double well function. B. A
separable function built from two identical well-formed double well functions. C. Contour plot of the 2-
dimensional separable function F'(x). D. Contour plot of the rotated 2-dimensional function Fy;(x). The
local geometry of F'(x) is preserved, while the new function Fy () is not separable.

Although the function F'(x) has exponentially many local minima, it is separable in each
independent variable ;. The separability structure of F'(x) can be easily detected from its
closed-form expression. Even if the closed-form expression is not available and the function
is given via a black-box query model, a simple classical algorithm such as coordinate descent can
split the problem into d independent sub-problems, each can be solved in constant time.

To create hard optimization instances for classical algorithms, we apply a random rotation
to hide the separability structure in F'(x). More precisely, let U be an orthogonal matrix and we

define a new function,

Fy(x) = F(Ux). (3.53)
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The newly generated function Fy; () still has 2¢ local minima as the rotation preserves the ge-
ometry of the optimization landscape. However, unlike the original function F'(x), the rotated
function Fy; () is no longer separable (see Figure 3.3C, D).

More importantly, the random rotations on nonconvex functions are difficult to revert. For
example, if the double-well function w(x) is a degree-4 polynomial, so is the rotated function
Fy(x) because the rotation by U is an affine transformation. However, to learn the rotation U
from the closed-form expression of Fy;(x) amounts to diagonalizing a 4-tensor. Diagonalizing
general 4-tensors is known to be NP-hard [77]. Therefore, it does not appear to be a trivial task

for classical algorithms to revert the rotation and decompose Fy; () into d separate sub-problems.

Definition 3 (Nonconvex optimization instances). Given an instance of a well-formed asymmet-

ric double well w(x), we define a class of optimization instances € (w, d) for dimension d > 1:

€ (w,d) = {Fy(x):U € Q(d)}, (3.54)

where Fy () is defined in (3.53) and Q(d) is the set of all d-by-d orthogonal matrix:

Q(d) = {U e R™ . yUT =1I}.

3.4.2 Main results

Due to our construction of the optimization instances, any instance f € % (w,d) has 24
local minima but a unique global minimum f(z*). We say € R? is an §-approximate solution
to the optimization problem f if || — «*|| < ¢. Our main theoretical contribution is to prove that
QHD can find a d-approximate solution to any f € % (w, d) in polynomial time.
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We assume our quantum algorithm only has access to the quantum evaluation oracle (i.e.,

zeroth-order oracle), which is defined as a unitary map O on R? ® R such that for any |x) € R,
Oy (lz) @10)) = |&) @ [f(2)) (3.55)

Note that the quantum evaluation oracle can be coherently accessed. Namely, for any m € N, let

1), ..., |zs) € R and ¢ € C™ such that ||c|| = 1, we have

O (Z ¢ le;) ® 10>) = ch ;) ® | f(x;)) . (3.56)

j=1

Given an instance f € % (w,d), we consider a Quantum Hamiltonian Descent algorithm

with parameters J, A¢, 7 and 7.

Algorithm 1: Quantum Hamiltonian Descent

1 Specify positive parameters 9, Az, €, and 7). Let t; = log(A\;) and \(¢) = e*~'f. For
0 <t < ty, we define the QHD Hamiltonian over (2,

Hit) = ﬁ (—%W) LA,

2 Prepare the ground state of H(0), denoted by |®(0)).
3 Use |®(0)) as the initial state and simulate the quantum dynamics governed by the
Schrodinger equation,

d B .
e 104 (1)) = H()[0°(2)), (3.57)

up to an additive error 7, i.e., a final state | VS, (t;)) is obtained such that
W (tr) = U(tp)] < .
4 Measure the final state |5 (¢;)) using the position quadrature  and return a

d-dimensional vector .

Our main theoretical result is summarized in the following theorem, where the O notation
suppresses poly-logarithmic factors in d and 1/9.
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Theorem 5. Given a well-formed asymmetric double well w (see Definition 2) and a fixed integer
d, let f € € (w,d) be an optimization instance. For a sufficiently small 6 > 0, we specify the

choices of parameters:

p(2d + 61og(3)) 1 1
A= - = — 3.58
! 52 T dhlog(N,) T T 18 (3-58)

where 3 and 0 are constants that only depend on w. Then, Algorithm 1 produces a §-approximate

global solution to f using

queries to Oy and additional

1- and 2-qubit gates.

In what follows, we give a sketch of the proof of Theorem 5, while some technical details
are provided in Appendix C. The main idea is that the Laplacian operator in the QHD Hamilto-
nian is rotationally invariant. As a consequence, the spectral gap of the QHD Hamiltonian, given
a rotated [ (x), remains the same as that of a 1-dimensional, well-formed asymmetric dou-
ble well. In other words, Quantum Hamiltonian Descent effectively solves the rotated problem

f € €(w,d) as if solving d separable 1-dimensional problems.

We define Bs == {x € R? : ||z — z*|| < 4}, i.e., the d-ball entered at z*. Let 1p,(x) be
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the indicator function of the set By, i.e.,

L (e -z <9)
Lps () = (3.59)

0 (otherwise).

Then, for a quantum particle described by a quantum state | W), its position is a random variable
X € R?such that X ~ |¥|?. The success probability can be evaluated through the expectation,

Pr [|X —a*|| < 6] = (U] 1p,(z) |T) = /R 15, (2)|¥(2)? da. (3.60)

X~ |02

Proof. Let |®(t;)) be the ground state of the final Hamiltonian H (t;) = % (=2V?%) + s f. The
modulus square of the quantum state, |®(¢;)|%, gives a probability density on RY. We denote
X € R? as a random vector following the distribution |®(¢)|*>. Due to our construction of the

optimization instances, it is clear that Y := U (X — z*) is a d-dimensional random vector with

independent coordinates. Moreover, by Lemma 14,
E [e”Y] < eliriPo?/2 3.61)

for all r € RY, where 02 = 3 /A and 3 is a constant that only depends on w. Then, by Theorem 10,

we have that

Pr ||Y]]? > do? + 2Vcdo* + 20%c| < e™“. (3.62)
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We choose ¢ = 21og(3) (so e~ = 1/9) so that

B(2d + 610g(3)).

do? + 2V edo* + 20%¢ < S
f

If specify the parameter A; as in Theorem 5, it follows that

Pr[|| X7 — x*|| > o] = Pr[||Y]|| > d] <

1
Sy (3.63)

Let |U¢(tf)) be the final state of the dynamics (3.57). If we choose € as in Theorem 5, by
Proposition 4, we have that
. ~ 1
9 (t) = B(ty)] < 7. (.64
where ®(t;) only differs from the ground state |®(t;)) by a global phase so |®(¢)[? and |®(t,)|?
give exactly the same probability distribution.

Now, if we simulate the quantum dynamics in Algorithm 1 up to an additive error n = 1/18,

by the triangle inequality and (3.64), we have that

~ 1
1S (tr) — NI < 5 (3.65)
Then, we deduce from Lemma 18 that
€ € T T 2
(W ()| 1, [ (t1)) = (B(t7)| 15, [B(2)))| < . (3.66)
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Since i)(t 7) describes the same probability distribution as ® (), we combine (3.63) and (3.66)
to yield the desired estimate,

Pr [IX — x| > ] <
X |WE (142

sim

(3.67)

W

It remains to figure out the overall complexity of the quantum simulation. Since the func-
tion f grows as O(|x|!), we can choose a large enough constant M such that the quantum dy-
namics in R? can be faithfully simulated over a compact domain €2 := [~ M, M|¢ (with periodic
boundary conditions). In what follows, we let V' (x) be the truncated objective function f(x) on
Q.

The initial state of the quantum simulation can be prepared using the procedures in Ap-
pendix C.4. The query/gate complexity of the initial state preparation is at most O(d).

By Lemma 16, simulating the quantum simulation in Algorithm 1 is equivalent to simu-
lating the effective quantum dynamics (C.37). We use the quantum algorithm in Theorem 11 to

simulate (C.37). For s € J, the time-dependent potential is V (s, z) = ¢(s)V (x), so we have

Ag/e )‘f d3
Wlhea = [ 0(6) do ) 1Vl < 2Vl = 2760V st o) < O (5—) - G68)
1

2y

Note that ||V || < CdM?* for an absolute constant C' > 0. Similarly, we can prove that the

time-dependent potential function V' (x, s) is Lipschitz in s and the Lipschitz constant is

3

. A @
L= w<2— L __|V|.<O(%). 3.6
max Vil < 2573y IV lle < © (56‘) (569
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Therefore, by Theorem 11, the quantum simulation task can be implemented with

3] 2d_;’
oL loeli) (3.70)
0% loglog(%)

queries to the quantum evaluation oracle O and additional

d3 g log?(%
Of—=(d+1 25(—))—5 3.71
<52 < °8 94 loglog(gﬁ) -71)

1- and 2-qubit gates. [

3.4.3 Empirical study of classical algorithms

In this section, we perform an empirical study to evaluate the performance of classical
optimization algorithms for nonconvex optimization instances. We consider 6 state-of-the-art

classical optimization algorithms (covering four major categories in the optimization literature):

1. Annealing-based and Monte-Carlo algorithms: dual annealing [78], basin-hopping [79];
2. Gradient method: stochastic (or perturbed) gradient descent;

3. Newton and quasi-Newton methods: interior-point method (Ipopt [80]), sequential quadratic

programming [1];

4. Branch-and-bound algorithm: Gurobi [81].
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Methodology

The problem instances are introduced in Section 3.4.1. For a given positive integer d and a
d-by-d orthogonal matrix U, we define a problem instance: min Fy;(x), where € R?, Fy(x) =
F(Uz)and F(x) = F(z1,...,24) = Y.0_, w(xy). Here, we choose w(z) = ' — (z— L)2—c,
with the constant ¢ introduced to ensure that min,, Fyy(x) = 0.

We use Time-to-solution (TTS), a standard performance metric for randomized optimiza-
tion algorithms [82], to evaluate the performance of classical optimization algorithms/solvers.
Suppose that a randomized algorithm solves a problem instance with success probability p and
average runtime ¢ (over its internal randomness), its TTS with success probability p, is defined

as

L L ln(l —po)
T,, == Rt, where R := [ m(i=p) | (3.72)

Intuitively, 7, is the expected time spent for 2 consecutive runs of the algorithm on a problem
instance to guarantee that the overall success probability is at least py. In the literature, TTS is
often evaluated for a fixed problem instance. In our case, however, the optimization instances
are also randomly generated. To reflect the average performance of algorithms when applied to
a class of randomly generated optimization instances, we introduce the notion of average TTS.
Suppose that A(f) is an algorithm (parameterized by some adjustable parameter #) and f are

problem instances randomly drawn from a set 4. We define the success probability p(#) and
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average runtime t(0) as follows:

p(0) = Pr[.A(0) solves a problem instance f], (3.73)

t(#) = E[the time required by .A(#) to halt]. (3.74)
Similar to the standard definition, we define the average TTS of A(6):

[ In(1 = po)
T, () = [mw 1(8). (3.75)

In practice, p(6) can be estimated by counting the successful events out of a large number of trials,
each with a different optimization instance. The average runtime ¢ will be estimated similarly. In
what follows, for simplicity, we will refer to “average TTS” as TTS if not stated otherwise.

For an optimization algorithm .A(f), we can fine-tune the adjustable parameter 6 (e.g.,
number of iterations, learning rate, etc.) to yield better performance. It is therefore challenging
to justify which adjustable parameter # we should choose in the estimation of TTS. To address
this issue, we adopt the same approach proposed by Rgnnow et al. [82] in their study comparing
quantum and classical algorithms. We regard an algorithm parameterized by ¢ as an algorithm
family and define its TTS (for a given dimensionality d) by the minimal TTS in the family over
all possible 6. Admittedly, we can only try a finite number of 6 in reality. Therefore, we pick the
parameter range such that it is more likely to cover the optimal choice(s).

We conduct all of our experiments below on the Zaratan cluster [83] if not stated otherwise.
For a fixed dimensionality d and parameter #, we run an optimization algorithm multiple times

on instances Fy with Haar-random U. We regard an algorithm successfully solves a problem
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instance “minimize Fy (x)” if it returns a solution y such that Fy;(y) < C/2, where C' ~ 0.088
is the (globally) second lowest local minima of Fy;(x). The success probability (i.e., p) of an
algorithm .A(f) is evaluated as the fraction of successful events out of a large number of tested
instances drawn from C(w, d). We will not report corresponding TTS if less than 5 success runs
are detected since in this case the corresponding estimation of p is likely unreliable. Each run
is single-threaded and assigned one CPU core. Runtime for estimating ¢ is measured by CPU
core time used but not wall time elapsed. We choose the overall success probability threshold

po = 0.99.

Performance of classical solvers

Figure 3.4 shows the scaling of two stochastic algorithms, dual annealing [78] and basin-
hopping [79], using their SciPy [84] implementation in Python. Each curve in a plot represents
the TTS (parameterized by a specific ) as a function of the dimensiond. Note that the “true” TTS
of an algorithm is the lower envelope of all the TTS curves, each parameterized by a different 6.
It is clear that TTS for both algorithms scale exponentially in the problem dimension d.

Figure 3.5 shows the scaling of the TTS of the two algorithms based on Newton and
quasi-Newton methods, Ipopt [80] and SQP (sequential quadratic programming) [1] in its
SciPy [84] implementation. We use the default parameter setup in these solvers, as we do not
find material adjustable parameters in these algorithms. Both curves suggest super-polynomial
scaling problem dimension d.

Figure 3.6 shows the scaling of stochastic gradient descent (SGD) for two types of learn-

ing rate schedules: (1) constant learning rate; and (2) the learning rate schedules that correspond
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Figure 3.4: TTS scaling of dual annealing and basin-hopping. Confidence intervals are calculated
at the 95% level. Results suggest that TTS for both algorithms (lower envelopes of curves) scale
exponentially in dimensionality d.
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Figure 3.5: TTS scaling of Ipopt and SQP. Confidence intervals are calculated at the 95% level.
Both scale exponentially in dimensionality d.

to the time-dependent functions in QHD. As suggested by Liu et al [85], the role of the learning

rate s in SGD is similar to the quantum learning rate h in the Schrodinger equation,

z’%\l/ = (h2 (—%VQ) + f(:r;)) 0. (3.76)
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If we allow the parameter h to be time-dependent, (3.76) turns out to be nothing but QHD in

disguise: let t* := 1/2\(¢) in (3.57) from Algorithm 1. (3.57) becomes

je S () = H(E) W), where H(F') = (%1*)2 (—%W) @), G

And the range of t* is [1/2A, Af/2]. The quantum learning rate is then s = 1/2¢*. Translating

back to SGD we get the following learning rate schedule sy : [0, \;/2—1/2\;] = Ry, 55, (t) =

m. Leveraging this connection between SGD and QHD, we set up the second learning
7

rate schedule (i.e., “QHD-type learning rate”) in our numerical experiment.
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Figure 3.6: TTS scaling of SGD under two types of learning rate schedules respectively. Con-
fidence intervals are calculated at the 95% level. It is clear that TTS in both settings (lower
envelopes of curves) scale exponentially in dimensionality d. In some curves, the data points are
missing because we do not report the TTS if less than 5 success runs are detected.
We also experiment to test the performance of Gurobi [81], an industrial-level optimiza-
tion software based on the branch-and-bound algorithm. Note that we need to reformulate

our optimization instances (represented by degree-4 polynomials) as Quadratically Constrained

Quadratic Program (QCQP) because Gurobi only accepts quadratic objectives. Figure 3.7 shows
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the TTS scaling of Gurobi. In total, 10 TTS curves are depicted. The runtime is measured using
the work metric, introduced by Gurobi, which is proportional to the CPU time spent.’ The TTS

of Gurobi essentially scales exponentially in dimensionality d.
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Figure 3.7: TTS scaling of Gurobi which is roughly exponential in dimensionality d. Confidence
intervals are calculated at the 95% level. 1 work unit is proportional to 1 second of CPU time. In
some curves, the data points are missing because we do not report the TTS if less than 5 success
runs are detected.

3.4.4 Interpretation of the results

Our empirical study covers a wide spectrum of classical state-of-the-art optimization algo-
rithms, where the numerical results suggest the run time of all tested classical algorithms scales
super-polynomially in dimension d. This empirical evidence implies that QHD could potentially
replace the role of these classical solvers and become one competitive off-the-shelf optimization
solution in practice. On the contrary, our theoretical result implies that the time-to-solution of

QHD for the same class of nonconvex optimization instances scales polynomially in dimension

d.

5

n our setting, a rough estimate suggests that 1 work unit corresponds to 10-100 seconds of CPU time.
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However, our empirical study does not exclude the possibility of efficient classical algo-
rithms specially designed for our tested problem instances. We expect any such efficient classical
algorithm, if exists, would, nevertheless, require a special design to leverage the hidden separable
structure in the instances.® Moreover, our empirical study is by no means complete as it is bound
by limited computing resources and time. In light of that, we make all of our empirical study
publicly available and invite the whole community to test it further.

We note further that our construction in the empirical test is unlikely to yield any super-
polynomial oracle separation directly. This is because our optimization instances are d-dimensional
degree-4 polynomials whose precise form can be fully determined with a polynomial, precisely
O(d"), number of queries of the function value. Thus, any bigger than Q(d?) classical lower
bound needs to be established in the plain model, which is likely beyond the reach of known
techniques. We want to emphasize that our instances, however, could be more inspiring about
concrete features of optimization problems that can be efficiently solved by QHD, compared with
oracle separations, if possible, obtained via some technical routes. For example, any reduction
from instances efficiently solvable by Shor’s algorithm to optimization ones will likely not reveal
any new quantum capability, as it is essentially running Shor’s algorithm with an optimization
disguise.

Finally, we want to emphasize that our specific construction of the hard optimization in-
stances, however, should not be treated as a limitation of the applicability of the QHD algorithm,
but rather a limitation of our method in analyzing QHD’s behavior on general optimization in-

stances. Indeed, as demonstrated in Chapter 4, QHD could perform well on optimization in-

®Note that Theorem 5 can be established with more general instances than those used in the empirical test. Any
specially designed classical algorithm should aim to work with the general condition and its hidden structure.
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stances much beyond the specific construction used in this paper. Analyzing the QHD’s perfor-
mance in these instances would require investigating the spectrum of Schrodinger’s operator with
general potential energy functions, which we believe is an interesting but challenging problem in

pure math.
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Chapter 4: Digital implementation of Quantum Hamiltonian Descent

Chapter summary. In this chapter, we introduce an implementation of Quantum Hamiltonian
Descent with gate-based digital (fault-tolerant) quantum computers. This implementation utilizes
the product formula (i.e., operator splitting method) to simulate the time-dependent Hamiltonian
evolution given by Quantum Hamiltonian Descent. We give a rigorous resource analysis (in
terms of gate complexity) of this implementation for solving unconstrained continuous optimiza-
tion problems. The proposed implementation method is evaluated through numerical experiments
with standard test problems in the literature of numerical optimization. Empirical results show
that Quantum Hamiltonian Descent exhibits advantageous performance for nonconvex optimiza-

tion problems.

4.1 Computational model and problem formulation

In this section, we discuss how to implement QHD on gate-based digital quantum com-
puters (i.e., quantum circuits) to solve an unconstrained optimization problem f with black-box
query access. Under this computational model, a quantum algorithm can be expressed as a se-
quence of quantum gates, and measurements, with appropriate initialization of qubits. For more
details on quantum circuits and digital quantum computing, we refer the readers to the seminal

textbook by Nielsen and Chuang [86].

77



The unconstrained optimization problem is assumed to be accessed through a quantum

function value evaluation (i.e., zeroth order) order oracle, as described as follows.

Problem formulation.

We consider the following (unconstrained) optimization problem,

min f(z),

where f(z) is a smooth function. We assume access to a unitary O : R x R — R x R

such that for any x € R¢ and z € R,

Oflz,2z) = |z, f(z) + 2) .

4.2 Implementing QHD via product formulae

In the quantum simulation literature, several algorithms have been proposed for simulat-
ing real-space quantum dynamics, including Trotter-type algorithms (product formulae) [87],
truncated Taylor series (with finite difference scheme [88] or Fourier spectral method [76]), and
interaction picture simulations [76]. Although methods like truncated Taylor series or interac-
tion picture simulations achieve better asymptotic scaling in terms of error dependence, we will
consider Trotter-type algorithms for implementing QHD. Quantum simulation algorithms based
on product formulae usually take a simpler form and are thus more resource-efficient in practice

[89]. Besides, product formulae are closely related to a family of numerical schemes known
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as symplectic integrators [90], which are proven to be the key in the time discretization of the
Bregman-Lagrangian framework [58].
The product-formula-based implementation of QHD follows from [76, Section 2.3]. It

takes two steps: spatial discretization and time discretization.

Spatial discretization

We introduce a standard mesh-grid discretization of the continuous space. Suppose the
objective function f is unbounded at infinity, then there must exist a large enough region ) =
[a, b]? such that the global minimizer of f is within ). We consider a regular mesh grid M in the

domain Q = [a, b]? and divide each edge into N cells, i.e.,

M= {(z1,...,2q) 1 x; € {a,a + Ax,...,b — Azx}}, 4.1)

where Az = (b — a)/N is the stepsize of the mesh M. Let N = 2 for an integer ¢, and
we assign a g-qubit register to represent a single edge: the computational basis of the quanutm
register enumerates mesh coordinates x; € {a,a + Az, ...,b — Az}. The full full mesh M is
represented by concatenating d such registers: the mesh point € = (x4, ..., z4) is represented by
the basis state |xy, ..., z4). With this mesh-grid discretization, a quantum wave function in the

real space V(z): €2 — C can be represented as a quantum state in the register:

) = 37 clars ) lor ), [E13= 3 le(an,madP =1 @42)

reM reM
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Time discretization

We utilize the product formula to decompose the quantum evolution into an alternating
sequence of kinetic and potential evolution. Given a Hamiltonian of the form H = A + B, the
first-order Trotter-Suzuki formula [91] is defined as .7 (t) = e~ #4e~"B, Recall the QHD Hamil-
tonian takes the form H (t) = e?*(—V?/2) + eXt f, let U(0, T) be the time-evolution operator in

QHD, we can approximate U (0, T") by a sequence of product formulae:

N—

UT,0)~ T[] [exp(—iAtaj(—V2/2)) exp(—iAth; f)] 4.3)

—_

]:
where 7T is the time-ordering operator, a; = €”%, and b; = e*%J.

Assuming the domain €2 is of periodic boundary condition, one observes that the Laplacian
operator V2 is diagonalized by the Fourier basis. This observation leads to a neat implementation

of the exponential of the kinetic operator (—V?/2) [76, Section 3.2]:

_%VQ — F.L(F.)™", exp(—iAta;(—V?/2)) — F,exp(—iAta,;L) (F,)", (4.4)

where F, is the quantum shifted Fourier transform (QSFT)', and L is a diagonal matrix with
eigenvalues of (—V?/2). These eigenvalues can be computed from the frequency number of

a Fourier basis function [76, Eq.(26)]. On the other hand, the operator exp(—iAtb, f) can be

'QSFT is a close variant of the Quantum Fourier Transform (QFT) and can be efficiently implemented on quan-
tum computers. According to [92, Lemma 5], QSFT can be performed to an k-dimensional vector with gate com-
plexity log(k) log log(k).
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readily computed because f is diagonal and can be directly queried from the oracle Oy at any
point x € M.
We now summarize the full procedures of the product formula implementation of QHD in

Algorithm 2. We also analyze the gate complexity of this algorithm, see Theorem 6.

Algorithm 2: Implementation of QHD by product formulae

1 Specify a hypercubic domain €2 = [a, b]? where the bounds a, b are prefixed or
determined by the knowledge of f. Let ¢ be a positive integer (a pre-fixed precision
parameter). We perform the regular-mesh discretization

M ={(z1,...,xq) : x; € {a,a + Az, ...,b — Az}, where Ax = (b —a)/27}.

2 Initialize a dg-qubit quantum register to |O>®dq, where the parameter d is the dimension
of the problem. Note that all grid points in M are enumerated by computational basis
|1, ..., x4) of the quantum register.

Prepare the initial guess state |1)). For instance, it can be the uniform superposition
state (i.e., uniform distribution) or a Gaussian state (i.e., Gaussian distribution).

Specify two time-dependent parameters (;, Y, an integer R (the number of iterations),
and a positive scalar s > 0 (the step size). The (effective) end time is 7' = Rs.

Inductively apply the following update rule to the quantum state for j = 0,1, ..., R — 1:

w

=

wn

[Yj11) =Fy eXp(—isajL)F;1 exp(—isb; V) |¢;) ,

where a; = e?ti) bj = eX(t) t; = js, L is defined as above, and V is a diagonal
operator such that V' |z) = f(x) |x) for any |z) € M. We end up with a quantum state
[VR).

6 Measure the quantum state |¢)g) with computational basis (i.e., position observable), and
the outcome is a grid point |x) € M.

4.3 Complexity analysis

We show that the gate complexity of Algorithm 2 is linear in the dimension d of the problem
and the number of iterations R. Our result is exponentially better than the previous quantum

gradient descent algorithm [28] in terms of the iteration number R.
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Theorem 6. Let d be the dimension of the problem, q be a pre-fixed precision parameter, and R

be the number of iterations. The gate complexity of Algorithm 2 is O(dqR).

Proof. First, we study the cost of each iteration step. Let n = dq be the total number of qubits.
Note that the operator V is diagonal in the computational basis and is given by the oracle Oy, the
evolution operator exp(—isb; V) can be computed by standard techniques (see for example Rule
1.6 in [93, Section 1.2]) with gate complexity O(n) The quantum shifted Fourier transform F'; is
performed with gate complexity O(nlog(n)) [92, Lemma 5], so is its inverse F!. The operator
L is diagonal in the computational basis and the diagonal entries are evaluated from a closed-
form formula [76, Section 2.1]. Similar as exp(—isb,; V), the evolution operator exp(—isa;L) is
computed with gate complexity O(n) It turns out that the gate complexity of each iteration is
O(n).

As the algorithm iterations in R steps, and each step has exactly the same gate complexity,

the overall gate complexity is O(dqR). O

4.4 Numerical experiments

In Figure 2.2, we numerically simulate the execution of Algorithm 2 for the Levy func-
tion. In this section, we provide more numerical results for Quantum Hamiltonian Descent when

applied to two-dimensional nonconvex optimization problems.

Test problems

We select 22 optimization instances in the literature [94, 95, 96]. The optimization prob-

lems are split into five categories by the landscape features, see Table 4.1.
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Custom Classification (no repetition)

Features Count | Function names
Ridges or Valleys 5 Ackley 2, Dropwave, Holder Table, Levy, Levy 13
Basin 5 Bohachevsky 2, Camel 3, Csendes, Deflected Corrugated

Spring, Rosenbrock

Flat 3 Bird, Easom, Michalewicz
Studded 4 Ackley, Alpine 1, Griewank, Rastrigin
Simple 5 Alpine 2, Hosaki, Shubert, Styblinski-Tang, Sum of

Squares

Table 4.1: A classification of the functions, separated by features we believe to be interesting to
investigate in the comparison between QHD and alternate optimization algorithms.

The category “Ridges or Valleys” is characterized by small deep sections and/or steep walls
that divide the domain. “Basin” is characterized by flatness at function values near the global
optimum. “Flat” is characterized by flatness at high function values. “Studded” is characterized
by a base shape with higher frequency perturbation. Local search algorithms may be confused
by many local minima and high gradient magnitudes. “Simple” functions are those on which
standard gradient descent algorithms work efficiently. Although the instances in the “Simple”
category are not difficult for classical optimization methods, we test these problems as a sanity
check on the behavior of the gradient methods and QHD. In Figure 4.1, we plot two representative
instance from each of the five categories.

To unify the simulation accuracy and comparability of the functions, we truncate the objec-
tive function f(z, y) over a squared domain [a, b]?, and then rescale the function so it is supported

on the unit square [0, 1]?. The rescaled objective function is given by:

1
fa,y) = 7 fla+La,b+ Ly) = foun, (45)
where . = b—a and f,,;, is the global minimum value of f. The global minimum of the rescaled
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dropwave rosenbrock easom rastrigin alpine2

_'_'—-']
.

.

holder csendes michalewicz ackley hosaki

Figure 4.1: Representatives from the benchmark set of test functions. High function values shown
in yellow, down to low values in blue. The unique global minimum is marked with a red star.

function f is 0. The normalization factor 1 /L is introduced to preserve the size of the gradient
and Hessian of f. We do this to avoid affecting the performance of the (classical) gradient-based

algorithms, preserving fair comparison.

Experiment setup

In our experiment, we implement SGD by adding a small Gaussian perturbation to the an-
alytical gradient. Unlike deterministic algorithms like NAGD, this stochastic perturbation seems
to help with non-convex optimization. QAA solves an optimization problem by simulating a
quantum adiabatic evolution [52], and it has mostly been applied to discrete optimization in the
literature. To solve continuous optimization with QAA, a common approach is to represent each
continuous variable with a finite-length bitstring so the original problem is converted to com-

binatorial optimization defined on the hypercube {0,1}", where N is the total number of bits
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(e.g., [97, 98]). In our experiment, we adopt the radix-2 representation (i.e., binary expansion)
and assign 7 bits for each continuous variable. This allows QAA to handle the optimization in-
stances as discrete problems over {0, 1}4. Effectively, this means we discretize the continuous

domain [0, 1] into a 128 x 128 mesh grid.

Numerical results

As described above, we fix the same total evolution time 7" = 10 among all tested algo-
rithms. The final success probability (measured at ¢ = 10) for all 22 instances has been shown in
panel B of Figure 2.2. We observe that QHD has a higher success probability in most optimiza-
tion instances. The full success probability data of all 22 instances is shown in Figure 4.2A.

We also find that QHD is more stable than Nesterov and SGD. We use the same stepsize
s = 0.001 for QHD and the two classical iterative methods. However, we observe that NAGD
fails to converge for Ackley2 and Rastrigin functions, while QHD manages to converge for both
instances. This observation suggests that our quantization approach not only improves the solu-

tion quality but also the stability of the resultant quantum dynamics in time discretization.

In Figure 4.3, we show that the performance of QAA highly depends on the spatial reso-
lution. For many instances, we find that the high resolution (128) in QAA causes worse perfor-
mance. This is because the Radix-2 representation used in QAA does not preserve the Euclidean
topology in the original problem, therefore the discrete problem can become much harder for
higher resolution. On the contrary, QHD does not suffer from this issue — the performance of

QHD is consistent in both low and high-resolution cases.
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Figure 4.2: The performance of four tested algorithms for all 22 problems. A: success probability,
B: loss curve (expected function value). In both panels, the x data in each subplot is the evolution
time ¢ € [0, 10].
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Figure 4.3: Performance of QHD and QAA in different resolutions (QHD: 128, 256; QAA: 64,
128), illustrated with Hosaki function. The performance of QHD is not affected by the resolution,
while QAA does worse when the resolution is higher.
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Chapter 5: Hardware-efficient quantum simulation of sparse matrices

Chapter summary. Many promising quantum applications depend on the efficient quantum sim-
ulation of an exponentially large sparse Hamiltonian, a task known as sparse Hamiltonian sim-
ulation, which is fundamentally important in quantum computation. Although several theoret-
ically appealing quantum algorithms have been proposed for this task, they typically require a
black-box query model of the sparse Hamiltonian, rendering them impractical for near-term im-
plementation on quantum devices. In this chapter, we propose a technique named Hamiltonian
embedding. This technique simulates a desired sparse Hamiltonian by embedding it into the evo-
lution of a larger and more structured quantum system, allowing for more efficient simulation
through hardware-efficient operations. We conduct a systematic study of this new technique and
demonstrate significant savings in computational resources for implementing prominent quan-
tum applications. As a result, we can now experimentally realize quantum walks on compli-
cated graphs (e.g., binary trees, glued-tree graphs), quantum spatial search, and the simulation of
real-space Schrodinger equations on current trapped-ion and neutral-atom platforms. Given the
fundamental role of Hamiltonian evolution in the design of quantum algorithms, our technique

markedly expands the horizon of implementable quantum advantages in the NISQ era.

88



5.1 Introduction

Quantum technology has achieved significant milestones, notably demonstrating quan-
tum advantage over classical computers [99, 100], and the realization of error-corrected digi-
tal qubits [101]. Meanwhile, various quantum algorithms targeting practical applications have
emerged, including solving large-scale linear systems [36], simulating linear and nonlinear dy-
namics [102, 34], and finding optimal solutions for mathematical optimization problems [40]. At
the core of these quantum applications lies a fundamental subroutine named sparse Hamiltonian
simulation, i.e., to compute the matrix function f(A) = e~ fora given sparse Hermitian matrix
A. Over the past few decades, sparse Hamiltonian simulation has been a central topic in quan-
tum computation research, and a rich variety of quantum algorithms (e.g., [103, 104, 105, 106,
107, 38]) have been developed for this task. While these algorithms achieve exponential quan-
tum speedups over known classical ones, their implementation requires executing deep quantum
circuits. The absence of fault tolerance in near-term devices hinders our ability to utilize these
advanced quantum algorithms for solving classically intractable computational tasks in science
and business [108].

Delving into the low-level implementation of quantum simulation algorithms reveals two
prominent factors that contribute to the depth of quantum circuits. First, almost all sparse Hamil-
tonian simulation algorithms require a sophisticated quantum input model for the sparse ma-
trix A, such as quantum oracles for sparse matrices [109, 103, 110], QRAM [111], or block-
encodings [112, 38]. Implementing these input models usually introduces a significant gate count,
even in relatively simple cases [113]. Second, in mapping a quantum algorithm to executable

quantum gates, typical circuit compilation routines begin with representing the algorithm using
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standardized gates, such as CNOT and Toffoli. The gate sequence is further decomposed into
native 1- and 2-qubit gates [114, 115, 116]. Failing to fully leverage the native programmability
of the target quantum hardware, this compilation workflow often leads to significant practical
overheads.

In this chapter, we would like to explore an alternative approach to sparse Hamiltonian sim-
ulation that exploits both the sparsity structure of the input data and the resource efficiency within
the underlying quantum hardware. To this end, we first introduce a Hamiltonian-based model of
quantum algorithms that encompass all hardware-efficient operations in a specific quantum com-
puter, as detailed in Section 5.2. Unlike quantum circuits, which act as a mathematical model
agnostic to the underlying hardware, our new Hamiltonian model integrates low-level machine
information to minimize the cost of end-to-end implementation. Based on this new model, we
develop a technique named Hamiltonian embedding in Section 5.3, which enables us to simulate
a sparse Hamiltonian as part of a larger quantum evolution that can be efficiently simulated on
quantum hardware. With this technique, we can build input models directly with quantum Hamil-
tonians and perform sparse Hamiltonian simulations with extremely limited quantum resources.
In Section 5.4, we showcase an interesting application of Hamiltonian embedding for simulating
real-space quantum dynamics. This technique will be used for implementing Quantum Hamilto-

nian Descent with transverse-field Ising simulators, see Chapter 6.

5.2 Hardware-efficient Hamiltonian models of quantum computer

Our Hamiltonian model of quantum computers is motivated by the low-level control logic

of quantum hardware. In general, physically realizable quantum platforms, such as transmon
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qubits [117, 118], trapped ions [119, 120], neutral atoms [121], are described as quantum systems
whose evolution is governed by a quantum Hamiltonian involving 1- and 2-body interactions. For
example, the emulation of analog quantum simulators, such as quantum annealers [122, 123] and
Rydberg atom arrays [124, 125], is governed by a system Hamiltonian composed of 1- and 2-local
Pauli operators. In the case of digital quantum computers, their native continuously parameter-
ized 1- and 2-qubit gates are typically specified by effective generating Hamiltonians. We propose

to use the following quantum Hamiltonian to model hardware-efficient quantum operations:

H(t) = Zaj(t>Hj+Zﬁj,k(t)Hj,k7 (51)
J 7k

where H; (or Hj; ) is a Hamiltonian on qubit j (or j and k) that corresponds to a native operation
in specific hardware, «;(t) and f3;;(t) are time-dependent functions. This Hamiltonian model
can represent any implementable quantum circuits through piecewise-constant «; and 3;5.! On
the other hand, any unitary operations generated by the Hamiltonian H(¢) with smooth time

dependence can be readily implemented by a sequence of native gates via product formulas [126].

Trapped ion devices. The IonQ Aria-1 quantum computer natively supports the GPi gate, GPi2
gate [127], virtual-Z gate, and arbitrary angle MS (Mglmer-Sgrenson) gate [128]. The hardware-
efficient Hamiltonian model for the IonQ Aria-1 device is composed of the following 1- and

2-qubit components:

H;:aX +bY +cZ, Hjp: (cos(¢1)X;+sin(¢q)Y;) ® (cos(p2) Xy + sin(g2)Yy),  (5.2)

! An implementable quantum circuit is composed of a sequence of native 1- and 2-qubit gates. Each execution of
a native gate can be represented as a rectangular control signal in the time-dependent functions.
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where a, b, ¢, ¢1, @2 can be any real-valued scalars.

Neutral atom arrays. The QuEra Aquila quantum computer is an analog quantum simulator. It
allows users to program certain parameters, including the Rabi frequency, local detuning, and
atom-atom distance, in the effective Hamiltonian describing the Rydberg atom arrays. More
details on the QuEra device are provided in Appendix D.2. We can formulate the abstract model

for the QuEra Aquila device using the following 1- and 2-qubit component Hamiltonians:

Hj:aX +b0Y +cZ, Hj:aZ® Z, (5.3)

where a, b, c are real-valued scalars. The parameter « is engineered by Rydberg interactions and

thus must be non-negative.

5.3 Quantum simulation using Hamiltonian embedding

Notation. Let H be a Hilbert space, and A: H — H be a linear operator over H. Let S be a
subspace of H, and S+ be the orthogonal complement of S such that H = S & S+. We denote
Ps (or Pg.) as the projection onto S (or S1). We write A|s := PsAPs as the restriction of A in

the subspace S. Herm(C™) represents the space of all n-by-n complex Hermitian matrices.

General formulation

To illustrate the idea of Hamiltonian embedding, we consider a simple example. Suppose
that we have two (time-independent) Hamiltonian operators A and H, and H contains A as a

diagonal block such that H = diag(A, *), where * represents another irrelevant diagonal block.
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Then, the time evolution generated by H is also block-diagonal,

e—iAt 0
e Mt = : (5.4)

where the upper left block is the time evolution of A. In other words, we can simulate a tar-
get Hamiltonian A by embedding it into a larger block-diagonal Hamiltonian H. Generalizing
this intuition to “approximately” block-diagonal Hamiltonians, we arrive at the following formal

definition of Hamiltonian embedding.

Let A be an n-dimensional Hermitian operator and H be a ¢-qubit operator.

Definition 4 (Hamiltonian embedding). Let 1, ¢ > 0 be positive scalars. We say H is a (q,1, €)-

embedding of A if there exists a subspace S C C?*' and a unitary operator U such that
1. Ps(U'HU)Ps. =0, i.e., UTHU is block-diagonal in S and S+,
2. |I = U|| <n, where I is the identity operator in C*,
3. (UTHU)|s — A|| < ¢, where (+)|s = Ps(+)Ps.

We call the subspace S as the embedding subspace.

By the definition, the operator H is approximately block-diagonal (up to a minor basis
change U) with respect to the embedding subspace S and its orthogonal complement S*. The
target Hamiltonian A is embedded in the upper left block of UTHU up to an additive error e.
Clearly, a g-qubit Hamiltonian H is a (g, 0, 0)-embedding of itself. For sufficiently small ) and e,
we show that the embedding Hamiltonian A simulates the time evolution generated by the target
Hamiltonian A.
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Theorem 7 (Hamiltonian simulation with Hamiltonian embedding). Suppose that H is a (q, 1, €)-

embedding of A. Then, for a fixed evolution time t > 0, we have that

H (e—th)

e < nllH]| + o).
S
Proof. We define &(t) == eIt — UTe~*1![J, and it follows that
E(t) = (—iH)e Ht — Ut (—iH)e U = (—iH)E(t) — i [H - H} Utemifity,
where H = UTHU. By the variation-of-parameter formula, we have
t . ~ .17
E(t) = —i/ e HH (=) [H - H] e T dr,
0

and it follows that

|Ps&(t)Ps|| < ||(H — H)Ps||t = ||[H, U] Ps||t.

(5.5)

(5.6)

(5.7)

We denote Hy = PSI:I Ps. By the definition of Hamiltonian embedding, H is block-

diagonal and | Hy — A|| < €. Then, we have

|PsUTe™ U Ps — e~ = [le™"" — 7| < ||Hy — Allt < et.
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It follows from the triangle inequality that

= e—iAtH < |Ps&(t)Ps| + |‘PSUT€4HtUPS _ efiAt” < (||[H,U]Ps|| +¢€) t.

H (efth)

(5.8)

Note that ||[H, U]|| = ||[H, I]—[H, (I =U)]|| < 2n||H ||, which implies the error bound (5.5). [

In addition, we find that a complicated Hamiltonian embedding can be built from sim-
pler ones through the four composing rules, including addition, multiplication, composition, and

tensor product.

Lemma 4 (Addition). Let Ay, Ay € Herm(C"). For j = 1,2, we suppose that H; is a (q, 1, €;)-
embedding of A; with unitary transformation U and embedding subspace S. Then, H = H, + H,
is a (q,n, €1 + €2)-embedding of A = Ay + Ay with the same unitary transformation U and

embedding subspace S.

Proof. Since the unitary U block-diagonalizes both H; and H,, it also block-diagonalizes the

H = H, + H,. Moreover, by the triangle inequality, || (UTHU)s — (A, + Ay)|| < |(UTHU)s —

Ail| + [(UTHLU) s — As|| < €1 + €. B

Lemma 5 (Multiplication). Let H be a (q,n, €)-embedding of A with unitary transformation U
and embedding subspace S. Then, for any real number o, oH is a (q,n, |«|€)-embedding of aA

with the same unitary transformation U and embedding subspace S.

Proof. Due to the linearity of matrix multiplication, we have that

[(UTaHU)s — aA|l = |al[|(UTHU)s — Al < |ale.
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]

Lemma 6 (Composition). For j = 1,2, let H; be a (q;,n;, €;)-embedding of A; with unitary
transformation U; and embedding subspace S, respectively. Then, H = H, @ I + 1 ® Hy is
a (q + go,m1 + M2, €1 + €2)-embedding of A = Ay ® I + I @ Ay with unitary transformation

U = U, ® U,y and embedding subspace S = S ® S,.

Proof. In the full Hilbert space H' = C2" ", we have the embedding subspace S = S} @ S, s0

its orthogonal complement is
St=(S{08)®(5198)® (S5 ®S8y).

First, we check the rotated Hamiltonian H:=U'HU s block-diagonal in S and & ©. We observe

that Ps. = Psigs, T Ps gst + Psigs, - Itis readily verified that
Psios, (UTHU) Ps,gs, = (PS%EQP‘SI) ® I+ (PSILP&) ® <P521f12P52> =0.
Similarly, we can show that
Ps,gsy (UTHU) Ps,gs, =0, Pspgsy (UTHU) Ps,s, =0,

which implies Pg1 H Ps =0, i.e., H is block-diagonal. Also, for the unitary U = U; ® U,, we

have

= @Usf| < [|( = U) @I + [[Uy @ (I = Ua)|| < 11 + 12
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Finally, we check the approximation error,

|1PsUf @ US(Hy @ T+ T @ Hy)Uy @ UpPs — (A; @ T +1® Ay

= H [(UIHlUl)!& — A ® Is, + Is, ® |(US Hollo)|s, — Az} H <ete.

]

Lemma 7 (Tensor product). For j = 1,2, let H; be a (q;,1;, €;)-embedding of A; with unitary
transformation U; and embedding subspace S;, respectively. Then, H = Hy ® H, is a (¢ +
G2, + Mo, ||Ar]|€2 + || Azl|€1 + €1€2)-embedding of H = A; @ As with unitary transformation

U = U, ® Uy and embedding subspace S = S; ® S,.

Proof. Similar to Rule 3, we can check that Ps. (UTH; ® HyU)Ps = 0 and ||[I — Uy ® Uy <
11 + 1. For j = 1,2, we have that H(U;HjUj)]gj | < ||A4;]| + ¢;. Using this fact, we can estimate

the approximation error:

|PsU ® U (Hy @ Ha)Uy ® UpPs — (A1 @ As)|| = (U H1UY)|s, ® (USHaUs)|s, — A1 ® As|
< ||[A1 — (U HiU)|s,] @ Aol + (UL HLUY) s, ® [Az — (U HaU2)|s, |

< || Azller + [[Ar]le2 + €1

Perturbative Hamiltonian embedding

As we have seen, a target Hamiltonian A can be simulated with a block-diagonal embed-
ding Hamiltonian. However, identifying such a corresponding block-diagonal embedding could
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be non-trivial for many sparse Hamiltonians A arising from real-world applications. Here, we
give an explicit construction of Hamiltonian embedding based on perturbation theory.

First, we assume there is a g-qubit quantum operator () and a subspace S such that Q)|s =
A. We express the operator () in a block-matrix form by projecting it down to the subspaces S

and S+, respectively,

A RT
Q= , (5.9

R B
where A = PsQPs, R = Psi(QPs, B = Psi(QPs.. Since the off-diagonal block R is not
necessarily zero, we can not directly simulate A by evolving the Hamiltonian () because in gen-
eral Pse~"9! Ps # ¢!, This means that a quantum state initialized in the subspace S could be

driven out of this subspace in the course of quantum evolution.

To suppress the leakage from the embedding subspace S, we introduce another g-qubit
operator HP" as the penalty Hamiltonian. We assume HP" has an n-fold degenerate ground-

energy subspace S with the ground energy being zero, i.e., the least eigenvalue of HP" is zero.

For a fixed positive number g > 0, we define the following quantum operator,

H = gH™ + Q. (5.10)

Similarly, this new operator H can be expressed in a block-matrix form (we denote C' = Pg. HP*" Ps.
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and G = B + gO):

A R1 A0 0 R
- _ n , (5.11)
R B+ g¢C 0 G R 0
——
diagonal off-diagonal

Schrieffer-Wolff transformation

We define Ay := Apin(B) — Amax(A) as the spectral distance between the two diagonal
blocks in @, and A = A\pin(G) — Amax(A) being the spectral distance between the two diagonal
blocks in H. Note that the spectral gaps Ay and A are not necessarily positive. By Weyl’s
inequality, we have

A > gl + Ay,

where A\; > 0 is the minimum eigenvalue of C' (recall that S is the ground-energy subspace of
HPem),

By choosing sufficiently large g > 0, we can make A > 0 and A ~ g. For large A such
that | R||/A < 1, the off-diagonal part in H can be regarded as a perturbation and we can invoke

the Schrieffer-Wolff transformation [129, 130].

Theorem 8 (Schrieffer-Wolff transformation). Define k = ||R||/A. We assume that A > 0 and
K < 1/2. Then, there exists a unitary transformation U such that |I — U|| < 2v/2x and UTHU

is block-diagonal. Moreover, if k < 1/16, there exists an absolute constant ¢ > 0 such that

[(UTHU) s — A|| < ¢l R]|r. (5.12)
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In other words, H is a (q,2v/2k, || R||x)-embedding of A if k < 16.
A 0 0 R

Proof. We define Hy = and V = , 80 H = Hy + V. Note that ||V =
0 G R" 0

|R|. When x = ||[V]|/A < 1/2, there is a unique Schrieffer-Wolff transformation U such

that U(Hy + V)U T is block-diagonal (see [130] for detailed discussions). By [129, Section 1],
there exists an angle operator © such that || — U|| = 2|/sin 30||. Let T = US be the rotated
subspace, we also have that || Ps — Pr|| = || sin ©]|. On the other hand, by [130, Lemma 3.1],

we can estimate the distance between S and 7 :

| Ps — Prl| < 2k.

Since we have k < 1/2, the angle operator is bounded by 7/2 [129]. Note that for any

angle |0| < 7/2, we have

1 1 1 2
sin 59‘ = \/5(1 —cosf) = \/5(1 — V1 —sin?0) < \/7_\ sin 6|,

which implies that || sin 10| < ¥2||sin ©|. It turns out that
1= Ul < V2||Ps = Pr|| < 2v2s.

We define the effective low-energy Hamiltonian H.g := PsUTHU Ps. The effective Hamil-

tonian H.g allows a Taylor series expansion [130, 131]:

Heg =)  Hemj. (5.13)
j=1
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We define Heg(k) = Z?Zl Hes ;. When k < 1/16, the series (5.13) converge absolutely and
there exists an absolute constant ¢ > 0 such that

VIt

[[Hest — Hert(K)|| < c AR

c||R||/£k.

Note that Heg(1) = A. Therefore, we prove that ||Hos — Al < c||R||k. O

By Theorem 8, a bigger g implies a more accurate Hamiltonian embedding H. The idea
is that a large parameter g suppresses the leakage of the quantum evolution from the embedding
subspace S to its orthogonal complement S*. Based on this intuition, we refer to g as the penalty
coefficient and the operator HP" as the penalty Hamiltonian.

In a perturbative Hamiltonian embedding with penalty coefficient g > 0, the error char-

acterization parameters are 1 < 2v/2K ~ é, e < c||R||k ~ @

. By choosing a large enough
g, the error parameters 7 and € can be made arbitrarily small. On the other hand, when HP®" is
fast-forwardable, there exist quantum algorithms (e.g., continuous qDRIFT [132]) that can effi-
ciently simulate the Hamiltonian embedding even for large g. Therefore, for simplicity, we will
not explicitly specify 7 and € when discussing a perturbative Hamiltonian embedding in the rest

of this paper.

Constructing perturbative Hamiltonian embeddings

All the basic rules of constructing Hamiltonian embeddings can be reformulated for per-

turbative Hamiltonian embedding. We omit the proof as it is similar to those in Section 5.3.

Proposition 2 (Rules for building perturbative Hamiltonian embedding).
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1. (Addition) For j = 1,2, suppose H; = gH"*" + Q); is an embedding of A; with the same
embedding subspace S. Then, H = gH?*™" + Q)1 + Q2 is an embedding of A = A; + A,

with embedding subspace S.

2. (Multiplication) Suppose H = gHP*" + Q) is an embedding of A with embedding subspace

S. Then, for any real number o, H' = gHP*™ + () is an embedding of A’ = aA.

3. (Composition) For j = 1,2, suppose that the q;-qubit operator Hy = gH}™" + Q; is an
embedding of A; with the embedding subspace S; being the ground-energy subspace of

HY™". Then, H = gH™" + Q with

HP = HY" QI+ TQ HY™, Q=1 @1 +1®Q, (5.14)

is an embedding of A = A1 ® I + [ ® Ay with embedding subspace S = S§7 ® Ss.

4. (Tensor product) For j = 1,2, suppose that H; = gH}™" + Q; is an embedding of A,
with the embedding subspace S; being the ground-energy subspace of Hi*". Then, H =

gHP" + Q1 ® Qo with

HP™ = AP ® [ + [ @ HY®™ (5.15)

is an embedding of H = A1 ® A, with embedding subspace S = S; @ S..
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Improved simulation error analysis

By Theorem 8, the Hamiltonian embedding H = gHP*" + @ is a (g, n, €)-embedding of
A, where n ~ 1/g, € ~ ||R||/g. Invoking Theorem 7, we know that the simulation error using
perturbative Hamiltonian embedding is of the order O(||H||t/g). By leveraging the particular
operator splitting structure as shown in (5.11), we can prove a tighter error bound, which is of the

order O(||R||t/g).

Theorem 9 (Quantum simulation with perturbative embedding). Let all the notations be the same

as above. We assume A > 0 and k. < 1/2. Then, for any fixed t > 0, we have

| Pse™ 1t Ps — e74|| < 44/2k||R||L. (5.16)

Proof. Let Hy = PsH Ps = diag(A, 0), and we define:

ﬂ(t) = Pge_thPS, %(t) = Pge_iHotPg. (517)

We also define the &(t) :== <7 (t) — Z(t). Note that £(0) = 0. We find that

d ' '
dtbz (t) - PS (_ZH) (PS + st_) €_ZHtPS = —ZHO%(t) _ iRG_ZHtPSJ
d .
3 2(t) = Ps(<iHy) e Ps = —iHyA(t).

Therefore, we have &(t) = o/ (t) — B(t) = —iHy&(t) — iRe ' Ps. By the variation-of-
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parameter formula [133, Theorem 4.9], we represent the function &'(¢) as the time integral:
t
S(t) = —i / exp(—iHy(t — 7)) R exp(—iHT) Ps dr, (5.18)
0
so we can estimate the error (recall that R = PsH Ps.1):

t t
lE@) < / | PsHPs. exp(~iHr)Ps|| dr < / | RPs. exp(—iH7)Ps| dr
0 0

< /Ot 1] (4v2) dr = 4v/3] Rt

In the second step, we use Psi = Pg .. In the second to last step, we invoke Lemma 8. [

Lemma 8. Assume that k < 1/2 and let T > 0 be an arbitrary real number. Then, we have
| Pss exp(—iHT)Ps|| < 4V/2. (5.19)

Proof. By Theorem 8, there exists a Schrieffer-Wolff transformation U such that

Hg 0
U'HU = ,

0 =

where H.g = PsUTHU Ps. We remark that P, UT exp(—iHT)UPs = 0. To see this, note that

U block-diagonalizes H, so does exp(—iU HU T7'):

Ps U exp(—iHT)U'Ps = Ps1 exp(—iUHU'T) Ps = 0.
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Now, we bound the cross term Ps. exp(—iH ) Ps by,

| Ps. exp(—iHT)Ps|| = || Psx exp(—iHT)Ps — Ps.U' exp(—iHT)U Ps||

< ||exp(—iHT) — Ul exp(—iHT)U|| = ||U exp(—iHT) — exp(—iHT)U]|.
Then, by Theorem 8, we conclude that

| Pss exp(—iHT)Ps|| < ||[(U — I)exp(—iH7) — exp(—iHT)(U — I)|| < 2||U — I|| < 4V/2k.

Quantum simulation of perturbative embedding

The perturbative Hamiltonian embedding H"d = gHP®® + () often comes with a large
penalty coefficient g. This could lead to significant simulation error if one uses a standard quan-
tum algorithm (e.g., a product formula) to simulate H°*. In this section, we discuss two types
of quantum simulation protocols (product formulas and gDRIFT) for perturbative Hamiltonian
embedding. It turns out that gDRIFT is friendly to near-term devices with minimal overheads in
terms of g.

First, we consider the standard first-order Trotter formula:

e H®N o (t) = H e QT o migHP . (5.20)
k=1
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By [126], the Trotter error scales like

en 2
HeWW—UNWSO(QTJQE). (5.21)

r

To simulate the embedding Hamiltonian up to an additive error ¢, we need to choose the Trotter

number

€

en 2
r—0 (Q[Hp , Qlt ) . (5.22)

Similarly, the second-order Trotter-Suzuki formula requires the Trotter number

['¢3/2
r— O ( o ) | (5.23)

1/2

where I = (1@, Q. HY*"| ||+ G| LA™, [, Q]

We can improve the first-order Trotter formula by randomization [134], which turns out to

be effectively a second-order product formula:

e A3t3
uammtwmmwm30< ), (5.24)

72

where Uy ;an4(t) is the randomized first-order Trotter formula, and A = max{g||HP*"||, ||@]}. It

follows that we need the Trotter number

€1/2

3/243/2
r=0 (A—t> (5.25)
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in order to achieve an e-accurate simulation of H’. A second-order (deterministic) Trotter for-
mula will require that r = O(gt3/2¢71/2), but potentially have a better pre-factor in terms of the

commutators of HP°* and () [126].

A major drawback of the aforementioned quantum simulation protocols we discussed above
is that their simulation error has explicit dependence on the penalty coefficient g, which could be
very huge in practice. To address this issue, we consider quantum simulation in the interaction

picture. For a Hamiltonian H = A + B, we transform it to the interaction picture:
Hy(t) = Y Be™'4t (5.26)
and consider the Schrodinger equation

.d
iy [0r(@)) = Hi(t) [ (2)) (5.27)

subject to [17(0)) = |1bg). One can easily verify that the state vector [)(t)) = et |¢)y) can be

recovered by

() = e gy (1)) - (5.28)

Based on this observation, digital quantum simulation protocols for time-dependent Hamiltonian
that has L'-norm scaling can be used to simulate H;(t) to achieve an error scaling only depends
on || B||, given that A can be fast-forwardable.

In our construction of Hamiltonian embedding, HP°" is often fast-forwardable, so we can
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leverage the interaction-picture quantum simulation protocols to simulate

HEA(1) = o™t Qe ™ (5.29)

and achieve g-independent error scaling. There are a handful of quantum algorithms that can
achieve ['-norm scaling for interaction picture Hamiltonian, e.g., truncated Dyson series [112,
132], continuous qDRIFT [132], qHOP [135], etc. Unfortunately, the truncated Dyson series
method and the gHOP method require complicated control flows and advanced input models
(e.g., block-encodings) that are infeasible for near-term quantum computers. On the other hand,
continuous qDRIFT relies on a simple product formula and a classical stochastic sampling pro-
tocol, which is possible to implement on near-term devices. The details of gDRIFT are presented

in Algorithm 3.

Algorithm 3: Quantum simulation by qDRIFT.
input : An initial state |¢)y), number of samples M, Trotter number /&, total evolution
time 7.
output: An estimate of the measurement result E.
1 Let At =T/K,;
2 for j < 1to M do
3 for k < 1to K do
4 Sample a uniformly random number &, € [(k — 1)At, kAt];
5 Propagate the quantum state

|¢,€> — e—z‘H?bd(Sk)At |77Z}k—1> — pigHP Gk p—iQAL ,—ig HPe g |¢k_1> )

6 | Measure the quantum state [¢)x) with the observable M; = e9"""TOe~"9"""T and
compute m; = (Vx| My [Vrc);

Compute the sample mean E = % Z]MZI m;.

2
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We can prove that when M, K are large enough,
(tho| €T T O™ T |ahy) & E. (5.30)

More precisely, by [132], the Trotter number required by continuous gDRIFT to simulate the
interaction-picture Hamiltonian H/(¢) is

242
r=0 <W> . (5.31)

€

Notably, the error bound in (5.31) is independent of the penalty coefficient g, which allows us to

simulate the embedding Hamiltonian H " with large g.

Hamiltonian embedding of sparse matrices

For Hermitian matrices with certain special sparsity structures, we can construct explicit
Hamiltonian embeddings for them. These embeddings involve particular embedding schemes,
which encode the original sparse matrices using qubits. In what follows, we provide six different
Hamiltonian embedding schemes for three types of sparse Hermitian matrices. It’s important to
note that many of these embedding schemes are already documented in existing literature, albeit

under different names. For details discussions, see [42, Appendix B].

1. Band matrix: an n-by-n matrix A is a band matrix of bandwidth d if A, ; = 0 for any

i,7=1,...,nsuch that |i — j| > d.

2. Banded circulant matrix: an n-by-n matrix A is a banded circulant matrix of bandwidth
d if (i) in the first row, A, ; = 0 forany j = d + 2,...,n — d, and (ii) all row vectors
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are composed of the same elements and each row vector is rotated one element to the right

relative to the preceding row vector.

3. s-sparse matrices: an n-by-n matrix A is s-sparse if each row/column of A has at most s

non-zero elements.

In Table 5.1, we list all the embedding schemes discussed in this paper that can be applied
to simulate at least one type of sparse Hermitian matrices. Among our embedding schemes,
the unary and one-hot encodings are well-known [136, 137, 138, 139, 140], while the others
have not been systematically studied in the existing literature. Note that, except for the last item
(“Penalty-free one-hot™), all embeddings are perturbative Hamiltonian embeddings and thus re-
quire a penalty Hamiltonian. The “Max. weight” column shows the maximal weight of the Pauli
operators involved in the corresponding embedding Hamiltonian (d represents the bandwidth of
the target Hamiltonian A). For perturbative Hamiltonian embedding, the simulation error can be
made arbitrarily small by increasing the penalty coefficient g. Thus, for simplicity, we do not

explicitly specify the tuple (g, n, €) for each Hamiltonian embedding listed in the table.

Embedding scheme Applications Max. weight
Unary band max(d, 2)
Antiferromagnetic band max(d, 2)
Circulant unary banded circulant max(d, 2)
Circulant antiferromagnetic | banded circulant max(d, 2)
One-hot band, banded circulant, s-sparse 2
Penalty-free one-hot band, banded circulant, s-sparse 2

Table 5.1: Six Hamiltonian embeddings for sparse Hamiltonian simulation

A notable feature of these embedding schemes is that their maximal weight depends on
the special sparsity pattern of the target Hamiltonian A. In particular, for band matrices (or
banded circulant matrices) with bandwidth d < 2, the corresponding unary/antiferromagnetic
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(or circulant unary/circulant antiferromagnetic) embeddings have a maximal weight of 2, which
means these embedding Hamiltonians can be directly simulated using native gates. This is also
true for one-hot/penalty-free one-hot embeddings that encode arbitrary s-sparse matrices.

We also note that all these schemes utilize only an exponentially small subspace of the full
Hilbert space for embedding. Therefore, direct use of these schemes to build Hamiltonian em-
beddings does not lead to meaningful quantum speedups in Hamiltonian simulation. To achieve
exponential quantum speedups, one strategy is to first decompose the target sparse Hamiltonian
using the composition and tensor product rules (as detailed in Section 5.3), and then use the
embedding schemes listed in Table 5.1 to construct elementary building blocks of size O(1). Us-
ing this strategy, we can build Hamiltonian embeddings for symmetric/Hermitian matrices that
arise from interesting quantum applications, such as graph theory and differential equations, with
logarithmic quantum resources [42].

Now, we provide some concrete examples of the embedding of a small sparse matrix. We

consider a 5-by-5 tridiagonal matrix A given by

A=10 1 -2 1 0]; (5.32)

which is the Laplacian matrix of a 5-node chain graph. In Table 5.2, we list the operators

0 1
@ and HP® for embedding A using various embedding schemes. Here, X = and
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Z = are the Pauli-X and Pauli-Z matrices, and n =
0 -1
bedding Hamiltonian is H = gHP*" + (), where g > 0 is a sufficiently large penalty coefficient.

%( I — 7). The overall em-

The embedding subspace S depends on the embedding scheme. For sufficiently large g > 0,

Theorem 9 implies that e =4t ~ Pse~ it Ps.

Embedding scheme Q HPen
- . 7 3
Unary —nNy + N4 + Zj:l Xj _Zj=1 ZJ+1Z]+Zl —
Zy
Antiferromagnetic —fiy — g + Z?Zl X; Z?Zl ZinZj+ 721+ Z4

2
One-hot (=i — s = 250, 75 (S - 1)
+3 i XX
Penalty-free one-hot (—ﬁl — Ny — 2 Z?:z ﬁj) 0
+30 (X + YY)

Table 5.2: Hamiltonian embeddings of the tridiagonal matrix A in (5.32).

While there could be several possible Hamiltonian embedding schemes for a fixed target
Hamiltonian A, we remark that there is no single criterion to determine which one would perform
the best. We provide a few aspects to compare various Hamiltonian embeddings in practice.
First, the Hamiltonian embedding must match the hardware programmability. For example, the
antiferromagnetic embedding scheme fits well with Rydberg atom arrays. Second, we want to
use the Hamiltonian embedding with minimal simulation error. The simulation error could come
from the perturbative construction of an embedding and/or a specific Hamiltonian simulation

algorithm (e.g., a Trotter formula, continuous gDRIFT, etc.).
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Discussions

Quantum speedups and applicability of Hamiltonian embedding

In theory, a Hamiltonian embedding can be constructed for any sparse matrix, as detailed in
Section 7. However, for large matrices, this construction process may incur an exponential cost,
casting doubt on the feasibility of achieving quantum speedup in such cases. Fortunately, we
managed to identify various scenarios, including high-dimensional graphs created through graph
product operations and specific linear differential operators, where the Hamiltonian embedding
can be constructed using quantum resources that scale logarithmically in the input size. This
leads to exponential quantum speedups using our methodology.

A key feature of Hamiltonian embedding is that it directly harnesses hardware-efficient
operations to build the input model, which significantly reduces the quantum resources needed
in Hamiltonian simulation tasks and quantum algorithms based on these. This technique enables
us to implement several experiments on existing open-access cloud-based quantum computers,
showcasing interesting quantum applications (see [42]). In contrast, Hamiltonian simulation
methods using traditional query models (such as quantum oracles or block-encodings) are im-
practical on these quantum computers. Even a single implementation of the query model would
deplete the available quantum resources [113].

It is worth noting that our Hamiltonian embedding technique can also be adapted for analog
quantum simulators, unlike existing sparse Hamiltonian simulation methods which are tailored
exclusively for gate-based quantum computers. An experimental demonstration with Rydberg

atom arrays is provided in Section 5.4. This adaptability broadens the possibilities for analog
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quantum computation.

Connection to quantum Hamiltonian complexity

Hamiltonian embedding is closely related to previously studied notions of simulating one
Hamiltonian by another Hamiltonian, including the isometry-based definition of simulation in [131]
used to study the complexity of 2-local stoquastic Hamiltonians, and Hamiltonian encodings used
to show the universality of certain spin-lattice models [141, 142].

The simulation introduced in [131] quantifies how close are two quantum Hamiltonians in
terms of their low-energy spectrum. It is defined as an isometry transformation and its applica-
tion has been limited to stoquastic local Hamiltonians [143], while our Hamiltonian embedding
applies to a broader class of sparse matrices.

A Hamiltonian encoding (aka, encoding transformation) is a map that encodes a Hamil-
tonian H into some other Hamiltonian H’. Specifically, this map needs to fulfill a few basic
requirements, including the preservation of locality, spectrum, and real-linearity [141]. Hamilto-
nian encoding is more general than simulation since an encoding does not need to be an isometry.
The construction of Hamiltonian encodings heavily utilizes perturbative gadgets [144, 145, 146],
a theoretical tool originally developed to prove hardness results in Hamiltonian complexity the-
ory.

Compared to [141], our definition of Hamiltonian embedding (Definition 4) more closely
resembles the simulation defined in [131], in the sense that both do not impose any locality-related
restriction on the encoding/embedding maps. Technically speaking, our perturbative Hamiltonian

embedding can be viewed as an explicit construction of perturbative gadgets, but two major dif-
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ferences distinguish our work from prior arts. First, existing techniques are almost exclusively
applied to (local) quantum Hamiltonians arising from many-body physics (i.e., bosons, fermions,
and local spin/qudit Hamiltonians), while our focus is on the simulation of sparse matrices. Sec-
ond, Hamiltonian encodings often involve complicated basis change, while our Hamiltonian em-
bedding preserves the energy spectrum and dynamical evolution without introducing a nontrivial
basis change. This allows us to measure the embedded system using a subset of computational
basis. However, this favorable feature is achieved at a cost of universality. The construction
technique in [141] can be applied to arbitrary local Hamiltonians, while we only provide explicit

constructions of Hamiltonian embedding for certain families of sparse Hermitian matrices.

5.4 Applications to simulating real-space quantum dynamics

In this section, we discuss how to apply Hamiltonian embedding to simulate real-space
quantum dynamics without introducing coherent black-box query models. This approach also
leads to a resource-efficient implementation of Quantum Hamiltonian Descent on analog quan-
tum simulators, as detailed in Chapter 6.

The real-space quantum dynamics are governed by the time-dependent Schrodinger equa-

tion over the d-dimensional Euclidean space,

i%\ll(t,x) - [—%V2 + f(x)] U(t,z), (5.33)
subjectto  W(0,z) = Uy(x), (5.34)

where W(t,z) : [0,7] x R — C is the quantum wave function, f: RY — R is a potential field,

115



4.0 10°
3.16 >
A = = Potential field: flx) =x2 - x / B ®  std binary (empirical) O (n*1%) c 5
3 ¢ ] one-hot (theoretcal) © (n'17) 2 2
= Initial wave packet (vacuum state) ] "4 @ onehot (empiic ror S os pe t
5 AR St
301 H 3o ! AN
\ =0 / o e Ve ¥
25 \ € 2 /
3 G %3
20 2" 2 1 &
> 3 - ' Py
] S 4 WA
15 g ] ¥ ¥ A 4
S . /
10 g% .\") ¢
8 o1 N
0s g Closed-form solution: (%), = }(1 - cos(v21t))
£ o2 -e- Experiment on lonQ (one-hot embedding)
00 w
-15 -10 -05 00 05 10 15 20 25 0! ! 2o ®
X N (number of levels in a subsystem) t (evolution time)
D E 2D Real Space Dynamics (Numerical, antiferromagnetic)
T-05 T=1 T=15

Locations of Rydberg Atoms (QuEra)

Chain # 1: encoding x variable
Chain # 2: encoding y variable

Figure 5.1: Simulating real-space quantum dynamics. A. The potential field and initial state
in the IonQ experiment. B. Resource count of simulating real-space quantum dynamics using
an N-level truncated Hamiltonian. The empirical data suggests that one-hot embedding has a
better asymptotic scaling than the standard binary encoding. C. Expectation value of the position
observable = depicted as a function of evolution time ¢. Experiment data obtained from IonQ
Aria-1. D. Locations of the 12 Rydberg atoms in the experiment of simulating quantum dynam-
ics in a 2D space. E. Measuring the 2D real-space quantum dynamics at 7' = 1,1.5,2. Top:
numerical simulation; Bottom: experiment results obtained on QuEra Aquila.

and the initial state is given by Wy(z).

Although physically relevant systems are of dimension 3, high-dimensional Schrédinger
equations find ubiquitous applications for simulating multi-particle systems in condensed matter
physics [147] and quantum chemistry [148, 149]. Also, some quantum algorithms for numeri-
cal optimization require the simulation of Schrodinger equations in high-dimensional Euclidean
spaces [57, 85, 40]. Several quantum algorithms for real-space quantum simulation have been
proposed, e.g., [150, 151, 88, 87, 135, 76, 152], while most of them require fully fault-tolerant

quantum computers that are currently out of reach. Recently, Chang et al. [153] utilize variants of
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Gray code to reformulate the continuous-space Schrodinger equation as spin Hamiltonians, lead-
ing to exponentially better space complexity over classical methods. However, the spin operators
in [153] involve 3-body interaction terms and thus require further decomposition in the imple-
mentation. In our experiment, the different choices of embedding schemes allow us to represent
the Schrodinger equation using 1- and 2-body spin operators, eliminating the Pauli compilation
overhead.

We showcase the flexibility and versatility of the Hamiltonian embedding technique by
implementing the real-space quantum simulation task on two different experimental platforms: a
trapped-ion quantum processor (IonQ Aria-1) and a programmable Rydberg atom array (QuEra
Aquila).

On the trapped-ion processor, we simulate a 1-dimensional Schrodinger equation with a

quadratic potential field and a Gaussian initial state,

as illustrated in Figure 5.1A. We use a truncated Fock space method with N = 5 levels to
discretize the Hamiltonian operator and obtain a finite-dimensional sparse Hamiltonian. Next, we

employ the penalty-free one-hot embedding to build the corresponding embedding Hamiltonian

1 1 1
Hrealfspace = 5@2367}1% - 5 ggeihOt + §ane7hot7 (535)

where Qgge*hot, Q237" and Q""" are all 2-local Hamiltonians. More details of the trunca-

22

tion method and embedding are discussed in Appendix D.1.
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In Figure 5.1B, we estimate and compare the gate counts required in the circuit implemen-
tation for the standard binary encoding and the penalty-free one-hot embedding. The extrapola-
tion based on empirical data shows that our Hamiltonian embedding implementation uses fewer
elementary gates and has slightly better asymptotic scaling in terms of system size, while the
theoretical (i.e., worst-case) asymptotic scaling of our embedding does not show an advantage.

We simulate the embedding Hamiltonian H,ea1—space 0N the IonQ Aria-1 processor and com-
pute the expectation value of the position observable 2 as a function of time as shown Figure 5.1C.
Notably, computing = only requires measurements in the z-basis when using Hamiltonian em-
bedding. The same measurements using the standard binary code would require performing
measurements in several different bases corresponding to the Pauli decomposition of z, which
demonstrates another advantage of Hamiltonian embedding. The experimental data matches the
closed-form solution and we observe a full oscillation from ¢ = 0 to ¢ = 5. More details regarding
the experiment setup and results are provided in Appendix D.1. Furthermore, we list in Table 5.3
the empirical resource usage for simulating the real-space Schrodinger equation with the one-hot
code as well as an estimate of the resources required by the standard binary code. Although we
consider only a 1-dimensional case in this example, the one-hot code demonstrates a significant
advantage in gate count. In particular, the one-hot code only requires a single 1-qubit gate (for
state preparation), while the standard binary code requires over 1800 single-qubit gates, which
would not be feasible on current quantum hardware.

We also use programmable Rydberg atom arrays to simulate a 2-dimensional Schrédinger

equation. First, we apply the finite difference method to discretize the Hamiltonian operator,

118



Encoding/embedding # of qubits # of 1-qubit | # of 2-qubit
gates gates

Standard binary 3 1826 220

Penalty-free one-hot 5 1 154

Table 5.3: 1- and 2-qubit gate counts for simulating the real-space Schrodinger equation with
N = 5 levels. The accuracy is chosen to correspond to the Trotter number » = 11 for the one-hot
code as used in the real-machine experiment.

yielding a finite-dimensional Hamiltonian,
- 1
H:—§(D®]+I®D)+U, (5.36)

where D is an N-by-N tridiagonal matrix representing the finite-difference discretization of the
second-order differential operator 66—;2, I is the N-by-N identity matrix and U is a N2-by-N?
diagonal matrix corresponding to the potential field f(z,y). The native Hamiltonian of Rydberg
atom arrays allows us to form a Hamiltonian embedding of (5.36) using the antiferromagnetic
scheme, while other schemes (such as unary) are not possible because the Rydberg interaction
coefficients must be positive. The desired Hamiltonian embedding can be realized by arranging
the atoms into two chains as shown in Figure 5.1D, where each chain represents an individual
continuous variable (z for chain 1, y for chain 2). Note that the lack of local detuning in QuEra
Aquila poses a significant restriction on the shape of the potential field. In our experiment, the
effective potential field U and the penalty Hamiltonian are both engineered by the pairwise Ry-
dberg interactions between atoms. As shown in Figure 5.1E, the QuEra-implemented quantum
simulation results have good agreement with the numerical simulation. The quantum distribu-

tions are obtained using 1000 shots/measurements per time step (for 7' = 0.5, 1, 2). More details

of the experiment are presented in Appendix D.2.
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Chapter 6: Analog implementation of Quantum Hamiltonian Descent

Chapter summary. Analog quantum computing represents another significant paradigm in quan-
tum computation. It addresses computational tasks by mimicking physical quantum systems, a
process known as analog quantum simulation. In contrast to gate-based (digital) quantum com-
puters, analog quantum computers are generally easier to control and scale. In this chapter, we
introduce an implementation of Quantum Hamiltonian Descent with Ising-type analog quantum
simulators (i.e., Quantum Ising Machines). By leveraging the Hamiltonian embedding tech-
nique proposed in Chapter 5, we propose a resource-efficient numerical scheme that implements
Quantum Hamiltonian Descent to solve box-constrained nonlinear optimization problems. The
proposed implementation method is deployed with the D-Wave quantum computer to solve up
to 75-dimensional nonconvex quadratic programming problems. We empirically observe that the
D-Wave-implemented Quantum Hamiltonian Descent outperforms a selection of state-of-the-art
gradient-based classical solvers and the standard quantum adiabatic algorithm, based on the time-

to-solution (TTS) metric.

6.1 Computational model and problem formulation

Among various types of analog quantum simulators, we will be focusing on an important

class of simulators whose evolutions are effectively described by quantum Hamiltonians in the
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Ising form:

H(t) = —@ (Z ai”) + ? (Z hyoW +) Jj,kaij)aik)> : 6.1)
J

J >k
where the operator o) for a = x,y, z stands for Pauli operator acting on the j-th qubit, A(t)
and B(t) are time-dependent functions. Notable examples in this class include superconducting
qubits spin glass simulators [154] and Rydberg atoms [155]. The technology of building such
quantum simulators has seen a great advancement in the past decades, leading to several cloud-
based commercial quantum processors (e.g., D-Wave, QuEra, etc). In order to facilitate further

theoretical discussions, we propose a formal abstraction called the quantum Ising machine for

quantum simulators with Ising-type Hamiltonian.

Definition 5. A Quantum Ising Machine embodies an n-qubit quantum register which permits

the following operations:

1. Initialization: the quantum register is initialized to certain quantum state, e.g., the all-zero

state |0)*" or the uniform superposition state |+)*" = |1)g) = \/%7 > befoayn [0)-

2. Simulation: the evolution of the quantum register is described by the Schrodinger equation,

. d
i ) = H(E) i), 62)

where h is the Planck constant, and the Hamiltonian H (t) is given by (6.1). We assume

A(t), B(t), hj, J; are programable parameters.
3. Measurement: the quantum register is measured in the computational basis, i.e., we can
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compute | (b|1);) |* with b € {0,1}" at certain time t > 0.

In practice, it is often convenient to divide i on both sides of (6.2) and consider time-
dependent functions A(t)/h and B(t)/h. Usually, the time-dependent functions are given in giga-

Hertz (1GHz = 10°Hz); accordingly, the simulation time is given in nano-second (1ns=10""s).

Problem formulation.

We consider the following box-constrained optimization problem,

mxin flrg, .. x,) = Zgz(:cl) - ij (2, )qj(e;), (6.3a)
i=1 j=1
univar?e:te part bivara; part
where z1,...,x, are n variables subject to the box constraint z; € [L;,U;] C R for each

i = 1,...,n, and the indices k;,¢; € {1,...,n} and k; # {; foreach j = 1,...,m. The
functions g;(;), pj(wx,), and g;(x, ) are real univariate differentiable functions defined on R.
We assume access to an abstract analog quantum simulator named Quantum Ising Machine,

as detailed in Definition 5.

Note that the univariate part in (6.3a) has at most n terms because we can always combine
separate univariate functions of a fixed variable z; into a single one. However, there is no upper
bound for the integer m (i.e., the number of bivariate terms). It is generally impossible to combine
a sum of products into a single product form. For example, we can not find two univariate
functions p(x) and ¢(y) such that p(x)q(y) = sin(z)y + zev.

The problem (6.3) can be used to model several common classes of optimization problems
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(with box constraints), including linear programming, quadratic programming, and polynomial
optimization. We limit the appearance of trivariate parts or higher because of the current quan-
tum hardware restrictions, while QHD can deal with arbitrary functions with powerful enough

quantum devices.

6.2 Implementing QHD via Hamiltonian embedding

In this section, we discuss how to implement Quantum Hamiltonian Descent with Quantum
Ising Machines. The key idea is to embed the QHD dynamics into a quantum evolution that is
simulatable on a Quantum Ising Machine. There are two major steps in the implementation,

namely, spatial discretization and Hamiltonian embedding.

Spatial discretization

First, we need to perform spatial discretization of the QHD Hamiltonian (which is an un-
bounded operator) so that it can be described by a finite-dimensional quantum system. Given a

nonlinear optimization in the form of (6.3), the QHD Hamiltonian reads the following,

H(t) = e* (—%A) +eXt <Z 9i(wi) + ij(xkj)%’(wj)) )

which acts on any L?*-integrable functions over the feasible set Q = {(zy,...,z,) € R": L; <
x; < U, Vi = 1,...,n}. Here, for simplicity, we assume the feasible set is the unit box, i.e.,
L; = 0and U; = 1 forall : = 1,...,n. We utilize the centered finite difference scheme

to discretize this differential operator. Suppose that we divide each dimension of the unit box
2 using N quadrature points {0, h,...,(N —2)h,1} (where h = 1/(N — 1)), the resulting

123



discretized QHD Hamiltonian is an N"-dimensional operator of the form,

- 1

H(t) = et <—§Ld) + eXth, (64)
where (assuming k; < ¢; forall j =1,...,m)

Li=) I®-® L ®..1
=1

the ¢-th operator

Fy=Y I®--® D(g) ®.I+» I®---® D) ®-® D) ®..1I
) W—/ st N—— ——
the ¢-th operator the k;-th operator the £;-th operator

Here, [ is the N-dimensional identity operator, L and D(g) are N-dimensional matrices given

by (g is a differentiable function defined on [0, 1] and g; := g(ih) fori =0,..., N — 1),

-2 1 9o
1 =2 1 g1

L=—1|. . . .| Do=|. . .. .| (6.5)

1 =2 1 gN-—2

1 -2 gN-1

The tridiagonal L matrix corresponds to the finite difference discretization of the second-order

d2

<=, and the diagonal matrix D(g) corresponds to the finite difference dis-

differential operator
cretization of the univariate function g(x). Note that L has a global phase —2/h?, i.e., L =

L' —2/h? with L’ only contains the off-diagonal part of L. Since the global phase does not affect

the quantum evolution (therefore, the result of the QHD algorithm), we replace L with L’ in the
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rest of the discussion.

Hamiltonian embedding

The discretized QHD Hamiltonian, as described in (6.4), is a Hermitian matrix with an
explicit tensor product decomposition structure. This particular structure allows us to leverage
the Hamiltonian embedding technique to construct a surrogate Hamiltonian H () such that the
QHD algorithm (i.e., simulating the Hamiltonian H(¢)) can be executed by simulating H(¢). In
our case, the surrogate Hamiltonian H (t) is an Ising-type quantum Hamiltonian that involves at
most nN qubits and max(n, m)N two-body interaction terms. This means H (¢) can be efficiently
simulated on current quantum computers, including IonQ’s trapped ion systems and D-Wave’s
quantum annealer.

To construct the Hamiltonian embedding of H (t), the first step is to build the Hamiltonian
embeddings of the N-by-N matrices L' and D(g) (for arbitrary differentiable function g). Both
are sparse matrices so we can utilize the unary and one-hot embedding schemes provided in
Chapter 5.

We denote the integer r to be the number of qubits used to embed an /N-dimensional matrix.
Then, we write £ [A] as a Hamiltonian embedding of an N-by-N Hermitian matrix A acting
onsites (i — 1)r, (i — 1)r + 1,...,ir — 1, where ¢ = 1,...,n. Then, using the rules of building
Hamiltonian embeddings (see Section 5.3), we obtain a nr-qubit Hamiltonian that embeds the

discretized QHD Hamiltonian H (t),

n

H(t) = e* (—%i“f”’m) + e (Z EVD(g:)] + ,m 5(’“”[D<pj>1s<fj>[D<qj>1> . (6.6)

i=1
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Example 1 (One-hot embedding for x1x5). We give a simple example for the Hamiltonian em-
bedding of the discretized QHD Hamiltonian when the objective function is f(x1,xs) = x1o.
This objective only involves a single bivariate term with p(x) = q(z) = x. We use the one-hot
embedding with N = r = 3. The operators Xy, Yy, and ny, are the Pauli-X, Pauli-Y, and number

operator acting at site k, respectively,

Then, the Hamiltonian embeddings of L' and D(x) are,

1 1
E[L] = BT (XoX;: +Xi X+ YY1 +Y1Ys), E[D(x)]=mng+ 5111’

respectively. As a result, the full Hamiltonian embedding reads

~ 2e¥t
() ==

eXt ng + lnl ns + 1Il4 .
2 2

6.3 Hamming embedding for quadratic programming

(XX + X1 Xo + XXy + Xy X5+ YY1 + Y1 Yo +Y5Y, + Y, Y5) +

In the previous section, we discussed a general recipe for implementing QHD via Hamil-
tonian embedding to solve box-constrained nonlinear optimization problems of the form (6.3).
In this section, we introduce a specific Hamiltonian embedding technique that works exclusively

for box-constrained quadratic programming (QP) problems, as formulated below,
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minimize ~ f(x) = %XTQX +b'x, (6.7a)

subject to 0x<x1, (6.7b)

where x € R", 0 and 1 are n-dimensional vectors of all zeros and all ones, respectively. QP
problems are the simplest case of nonlinear programming and they appear in almost all major
fields in the computational sciences [1, 156]. Despite their simplicity and ubiquity, non-convex
QP problems (i.e., ones in which the Hessian matrix Q is indefinite) are known to be NP-hard
[45] in general.

As we have shown, the implementation of QHD on Quantum Ising Machines eventually
boils down to the construction of Hamiltonian embeddings for the square matrices L (or L) and
D(g) (see (6.5) for more details). In a quadratic programming problem, we will only need to
consider identity and quadratic functions, i.e., () = z and g(z) = x°. In these cases, the finite

difference discretization of the two functions yields the following diagonal matrices,
D(z) =Y _=[)(jl, D(*) = 3l (6.8)
=0 j=0
where 7 is the number of quadrature points used for the discretization of each continuous variable.
Now, we introduce a specific embedding scheme named Hamming encoding (or Ham-

ming embedding) that can be used to construct the Hamiltonian embedding of D(z), D(x?),

and an approximate version of L’.

Definition 6 (Hamming states). The Hilbert space of r qubits is H = C¥ with the standard
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computational basis {|b) : b € {0,1}"}. The Hamming weight of a computational basis |b) is the
number of ones in the bit-string b, denoted by |b|.
Given an integer j = 0,1, ..., r, we define the j-th Hamming state as the uniform superpo-

sition over all computational basis of Hamming weight j, i.e.,

1
|EQ>._.:;?7:EE:|b>, (6.9)

T Jbl=j
where C; = (;)

Lemma 9. Hamming states are of norm 1 and mutually orthogonal, i.e., for 3,k = 0,1, ..., 1,
(Hj|Hi) = (6.10)

Proof. By the definition of Hamming states,

1
(Hj|Hy) = ji: (o[p') .
CGC&‘M:qu:k

If j # k, we have (b[b') = 0 so that (H;|Hy) = 0. If j = k, (H;[Hi) = (34—, 1)/C=1. O

We consider the subspace S C H spanned by all (r + 1) Hamming states. By Lemma 9,

the set of Hamming states form an orthonormal basis of S.

Lemma 10. The uniform superposition state |s) = |+)*" = \/17 D befoyr |b) is in the subspace
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S. In particular, we have

r—1 C.
s) =) 5 [Hi)- 6.11)
§=0
Proof.
r—1 C r—1
2| Hj) = \/7 |b yb

]

Lemma 10 shows that a Quantum Ising Machine can be directly initialized to the subspace
S. Also, it shows that the superposition state |s) is a discrete Gaussian state in the Hamming

basis.

Lemma 11. We denote S, = Zté o and S, = =>"" i=0 Lo The subspace S is an invariant

subspace of both S, and S,. Furthermore,

S!S—Z\/J+—T—J (1) CHL L+ H) (H ), 6.12)

r—1

Sils =Y (r—2j)|H;) (Hj|. (6.13)

J=0

Proof. Note that 0'§;j ) acts on a computational basis state |b) by flipping the j-th qubit while

keeping all other qubits unchanged. Therefore, .S, is a sum of all single qubit flips. Then

Se[Ho) =D oD [0°7) = " |b) = /7 |Hy),

j lb=1
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and similarly,

S |H,) Za 157y = > ) = VF|Haa).

lb|=r—1
Letj € {1,2,...,r — 1}. For any bit-string |y) of Hamming weight |y| = j — 1, there are
r — j + 1 bit-strings of Hamming weight j that are mapped to |y) by a single bit flip. Similarly,
for any bit-string |z) of Hamming weight |z| = j + 1, there are j + 1 bit-strings of Hamming

weight j that are mapped to |z) by a single bit flip. It follows that

Sl =" ¥ m+ie 3k

lyl=7—1 I |z)=j+1
Vi1 VG
|H \/ﬁ |H]+1>
J

VG

_ O d e D = G+ =)
B \/ (G —Dlr —j+1)! [Hj) +\/ G+ Dl(r—j—1)! [ Hji1)

=in—j+1)|Hji—1) +/(J J) | H,;

=(r—j+1)

N+ G+

This proves the first part of the proposition.
Note that o, maps |0) to itself, and flips the phase of |1): ¢, |1) = — |1). For any bit-string

|b) of Hamming weight j, we have

S. |b) = Zai” by = (r — j) [b) — 5 |b) = (r — 2) |b),

and it follows that S, |H;) = (r — 2j) |H;) for any j = 0, 1, ..., . This proves the second part of

the proposition. [

We now summarize what we have proven so far:
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Proposition 3. Let all the notations the same as above. We have
1. The operator (3 — 5-S.) is a (r,0,0)-embedding of D(x) defined in (6.8);

%SZ)2 is a (r,0,0)-embedding of D(z?) defined in (6.8);

2. The operator (%

3. The operator 7%/2596 is a (r,0,0)-embedding of L defined as

,3
I
—

L=) G+ =5)/r(j+1)Gl+17) G +1]). (6.14)

[
Il
o

In the above Hamiltonian embeddings, the embedding subspace is S C H spanned by all (r + 1)

Hamming states.

Proposition 3 gives a Hamiltonian embedding of the tridigonal matrix L using the off-
diagonal (i.e., X) part of the Quantum Ising Machine Hamiltonian (6.1), at the cost of using
an exponentialy small subspace S of the full Hilbert space H = C?. This seems to be an
unavoidable comprosmise due to the limited programmability of Quantum Ising Machine. A nice
property of the Hamming embedding scheme is that it does not require any penalty Hamiltonian,
so we do not need to choose the penalty coefficient and do post-selection when using it on real
devices.

Note that, precisely speaking, the matrix L does not match the exact discretization matrix L
(or L) as given in (6.5). Given this discrepancy, however, empirical results show that Hamming
embedding has really extrodinary performance for quadratic programming, as detailed in Sec-
tion 6.4. By using the Hamming embedding as described in Proposition 3 and the composition

rules (see Section 5.3), we can construct any Hamiltonian embedding to represent a quadratic
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programming problem as in (6.7). This feature has already been integrated into the software

QHDOPT as detailed in Chapter 7.

6.4 Real-machine experiments

In this section, we implement Quantum Hamiltonian Descent to solve the box-constrained
quadratic programming problem defined in (6.7).

We implement QHD on the D-Wave system!, which instantiates a QIM and allows for the
control of thousands of physical qubits with decent connectivity [157]. While existing libraries of
QP benchmark instances (e.g., [158]) are natural candidates for our empirical study, most of them
can not be mapped to the D-Wave system because of its limited connectivity. We instead create a
new test benchmark with 160 randomly generated QP instances in various dimensions (5, 50, 60,
75) whose Hessian matrices are indefinite and sparse and for which analog implementations are
possible on the D-Wave machine (referred to as DW-QHD).

We compare DW-QHD with 6 other state-of-the-art solvers in our empirical study: DW-
QAA (baseline QAA implemented on D-Wave), [IPOPT [159], SNOPT [160], MATLAB’s fmincon
(with SQP solver), QCQP [161], and a basic Scipy minimize function (with TNC solver). In the
two quantum methods (DW-QHD, DW-QAA), we discretize the search space [0, 1]d into a regu-
lar mesh grid with 8 cells per edge due to the limited number of qubits in the D-Wave machine.
To compensate for the loss of resolution, we post-process the coarse-grained D-Wave results by
the Scipy minimize function, which is a local gradient solver mimicking the descent phase of
a higher-resolution QHD and only has mediocre performance by itself. The choice of classical

solvers covers a variety of state-of-the-art optimization methods, including gradient-based local

"We access the D-Wave advantage_system6. 1 through Amazon Braket.
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search (Scipy minimize), interior-point method (IPOPT), sequential quadratic programming
(SNOPT, MATLAB), and heuristic convex relaxation (QCQP). Finally, to investigate the quality
of the D-Wave machine in implementing QHD and QAA, we also classically simulate QHD and
QAA for the 5-dimensional instances (Sim-QHD, Sim-QAA).?

We use the time-to-solution (TTS) metric [82] to compare the performance of solvers. TTS
is the number of trials (i.e., initializations for classical solvers or shots for quantum solvers)

required to obtain the correct global solution® up to 0.99 success probability:

In(1 — O.QQ)W’ 6.15)

TTS = ¢ {
f X In(1 — ps)

where ¢, is the average runtime per trial, and p; is the success probability of finding the global
solution in a given trial. We run 1000 trials per instance and compute the TTS for each solver.
In Figure 6.1, we show the distribution of TTS for different solvers.* In the 5-dimensional
case (Figure 6.1A), Sim-QHD has the lowest TTS, and the quantum methods are generally more
efficient than classical solvers. Note that with a much shorter annealing time (¢; = 1us for Sim-
QHD and ¢y = 80045 for DW-QHD) Sim-QHD still does better than DW-QHD, indicating the D-
Wave system is subject to significant noise and decoherence. Interestingly, Sim-QAA (5 = 1us)
is worse than DW-QAA (t; = 8004s), which shows QAA indeed has much slower convergence.
In the higher dimensional cases (Figure 6.1B,C,D), DW-QHD has the lowest median TTS among

all tested solvers. Despite the infeasibility of running Sim-QHD in high dimensions, our obser-

Note that we numerically compute Sim-QHD and Sim-QAA for ¢y = 1ys, which is much shorter than the time
we set in the D-Wave experiment (in DW-QHD and DW-QAA, we choose ¢y = 800us.

3For each test instance, the global solution is obtained by Gurobi [81].

4We also provide spreadsheets that summarize the test results for the QP benchmark, see https://github.
com/jiagileng/quantum—hamiltonian—-descent/tree/main/plot/fig4/gp_data.
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Figure 6.1: Experiment results for quadratic programming problems. Box plots of the time-
to-solution (TTS) of selected quantum/classical solvers, gathered from four randomly generated
quadratic programming benchmarks (A: 5-dimensional, B: 50-dimensional, C: 60-dimensional,
D: 75-dimensional). The left and right boundaries of a box show the lower and upper quartiles of
the TTS data, while the whiskers extend to show the rest of the TTS distribution. The median of
the TTS distribution is shown as a black vertical line in the box. In each panel, the median line
of the best solver extends to show the comparison with all other solvers.

vation in the 5-dimensional case suggests that an ideal implementation of QHD could perform
much better than DW-QHD, and therefore all other tested solvers in high dimensions.

It is worth noting that DW-QHD does not outperform industrial-level nonlinear program-
ming solvers such as Gurobi [81] and CPLEX [162]. In our experiment, Gurobi usually solves
the high-dimensional QP problems with TTS no more than 10~2 s. These solvers approximate
the nonlinear problem by potentially exponentially many linear programming subroutines and
use a branch-and-bound strategy for a smart but exhaustive search of the solution. However, the
restrictions of the D-Wave machine (e.g., programmability and decoherence) force us to test on
very sparse QP instances, which can be efficiently solved by highly optimized industrial-level

branch-and-bound solvers. On the other hand, we believe that QHD should be more appropri-
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ately deemed as a quantum upgrade of classical GD, which would more conceivably replace the

role of GD rather than the entire branch-and-bound framework in classical optimizers.
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Chapter 7: Software design for quantum optimization

Chapter summary. In this chapter, we introduce an open-source, end-to-end software library
named QHDOPT to facilitate the implementation of Quantum Hamiltonian Descent on real ma-
chines, including Quantum Ising Machines (such as the D-Wave quantum computer) and gate-
based quantum computers (such as the IonQ quantum computer). QHDOPT eliminates the techni-
cal barrier to implementing quantum algorithms by offering an accessible interface and automati-
cally maps tasks to various supported quantum backends. These features enable users, even those
without prior knowledge or experience in quantum computing, to utilize the power of existing
quantum devices for large-scale nonlinear and nonconvex optimization tasks. This software is

available at https://github.com/jiagileng/QHDOPT.

7.1 Review: the state of software for quantum optimization

Software packages are crucial for lowering the barrier to developing and implementing
quantum programs across broad user communities. Upon examining the current landscape of
quantum software for mathematical optimization, we observe that the majority of the software
dedicated to quantum optimization focuses on addressing combinatorial and discrete optimization
problems, with limited options available for continuous optimization.

Generally, a combinatorial optimization problem can be reformulated as a Quadratically
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Unconstrained Binary Optimization (QUBO) problem, the solution of which is believed to be

a promising application of quantum computing [163]. There is a rich collection of libraries for
quantum and quantum-inspired optimization that can be employed to generate QUBO reformu-
lations, including QUBO. j1 [164], Amplify [165], PyQUBO [166], qubovert [167]. These
QUBO problems can be tackled by several methods, such as quantum annealing, Quantum Ap-
proximate Optimization Algorithms (QAOA) [7], and other hybrid approaches [168]. D-Wave’s
Ocean SDK [169] enables users to interface with their direct QPU (i.e., quantum annealer) and
hybrid solvers and retrieve results. QuEra’s Blogade. j1 [170] is a high-level language for
configuring programmable Rydberg atom arrays, which can be used to implement annealing-
type quantum algorithms and discrete optimization problems like QUBO [171]. Los Alamos Ad-
vanced Network Science Initiative has also released a package named QuantumAnnealing. j1 [172]
for simulation and execution of quantum annealing. Besides, several software packages have
been published for programming quantum circuits, including IBM’s Qiskit [173], Google’s
Cirqg[174], Amazon’s Braket SDK [175], Microsoft’s Q# [176], and Xanadu’s PennyLane [177].
These tools can be used to deploy QAOA on gate-based quantum computers.

While there have been a few proposals for solving continuous optimization problems using
quantum or hybrid computing devices such as photonic quantum computers [178] and coher-
ent continuous variable machines [179], we are not aware of a software library customized for
nonlinear continuous optimization problems. In practice, some nonlinear optimization problems,
such as quadratic programming, may be reformulated as QUBO problems and handled by the
aforementioned software tools. However, it remains unclear whether this approach could lead to

robust quantum advantages.
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7.2  Workflow of QHDOP T: Hamiltonian-Oriented Programming (HOP)

.Y Domain Applications B Hamiltonian-Oriented
Engineering, Management, Programmin
Economics, Finance SymPy / QP g g
QHDOPT
Interface

Box-Constrained
Nonlinear Optimization
QHDOPT
Post-Processor

Quantum Algorithm

Quantum Hamiltonian
Descent (QHD)

min f(x
| min £ (x) )

|

s N

QHD Implementation
Discretize Embed .
H(t) —— H(t) — H(t)

SimquCompiIer

Device Instruction
Hdev(t)

Quantum Software

QHDOPT

Quantum Hardware

D-Wave, lonQ,
Classical Simulator (QuTiP)

Optimal
Solution

Figure 7.1: An Overview of QHDOPT. A. Building the stack of quantum computing for nonlinear
optimization. B. The workflow of QHDOPT, inspired by the Hamiltonian-oriented programming
paradigm.

QHDOPT exploits the quantum Hamiltonian descent (QHD) algorithm to solve nonlinear
optimization problems. This quantum algorithm is formulated as a Hamiltonian simulation (i.e.,
simulating the evolution of a quantum-mechanical system), encompassing a novel abstraction of
computation on quantum devices, which we call Hamiltonian-Oriented Programming (HOP).
In contrast to the conventional circuit-based quantum computation paradigm where theorists de-
scribe quantum algorithms in terms of quantum circuits, the HOP paradigm describes quantum
algorithms as a single or a sequence of quantum Hamiltonian evolution. This new paradigm
enables us to build a stack of quantum applications by leveraging the native programmability
of quantum hardware in the development of quantum algorithms and software, as illustrated in
Figure 7.1A.

In QHDOPT, we utilize SimuQ, a recent framework for programming and compiling quan-

tum Hamiltonian systems by Peng et al. [180], as an intermediate layer for the programming
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of QHD and leverage the SimuQ compiler to realize multi-backend compatibility. Through
SimuQ, QHDOPT initially constructs a hardware-agnostic Hamiltonian representation of QHD
(i.e., Hamiltonian embedding) that can be deployed on various quantum backends, including
D-Wave devices, IonQ devices, and classical simulators via QuTiP [181]. The workflow of

QHDOPT, as illustrated in Figure 7.1B, encompasses the following major steps:

 Input format: QHDOPT offers support for two Python-based input formats: the SymPy
format for symbolic input and the QP format for numerical input (i.e., arrays). These
two input formats enable users to define their target optimization problems both efficiently
and with great flexibility. Figure 7.2 displays two Python code snippets for the two input

formats.

* Hamiltonian programming and compilation: Once a nonlinear optimization problem
f(z) is defined using one of the supported input formats, QHDOPT will form a Hamilto-
nian description of the corresponding QHD algorithm, as described in Section 6.2. This
Hamiltonian description serves as an intermediate layer in the compilation stack and is

independent of the choice of the backend (i.e., hardware-agnostic).

* Deployment on quantum devices: When the Hamiltonian embedding of a given nonlinear
optimization problem is built, it can be executed on a supported quantum backend by run-
ning optimize (). Currently, QHDOPT supports three backend devices for deployment,
including classical simulators (e.g., QuTiP), IonQ, and D-Wave. The quantum measure-

ment results are then retrieved from the executing backend in the form of bitstrings.

* Classical post-processing: Following the deployment step, QHDOPT implements a series
of post-processing subroutines, including decoding the raw measurement results (i.e., bit-
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strings) into low-resolution solutions and then refining these solutions via classical local

optimizers. In the end, the refined solutions are returned to the users as final results.

1 from ghdopt import QHD

£ i t bols, .
: LEOm Sympy impOrT Symbo-s from ghdopt import QHD

<~ exp 1
2
3
3 = 78! 3 ’
4+ x, y = symbols("x y") ‘B [{3 ,4}]
5 £ = y*x1.5 - (y-0.75) «* :
exp (4*x) go - bl
- P ¢ model = QHD.QP (Q, b)

¢ model = QHD.SymPy(f, [x,

- vl)
(b) An example using the QP input format

(a) An example using the SymPy input format

Figure 7.2: Input formats in QHDOP T

7.3 Examples using QHDOPT

Now, we exhibit two simple examples showcasing the use cases of QHDOPT.

* Quadratic programming. In Figure 7.3, we exemplify using QHDOPT to solve a quadratic
programming problem with all three backends.! By default, QHD . optimize () automat-
ically executes the Scipy TNC method to fine-tune the raw quantum measurement data. To
switch to the Ipopt optimizer in the fine-tuning step, one can specify

post_processing method="IPOPT" in the setup.

* Nonlinear programming. In Figure 7.4a, we illustrate a sample code that runs QHDOP T
to solve a nonlinear optimization problem involving a fractional power and an exponential
function. The function is constructed using the SymPy input format and then deployed

on the D-Wave quantum computer with the resolution parameter » = 8. We may set

Note that the API key (not included in QHDOPT) is required to access cloud-based quantum computers such as
D-Wave and IonQ.
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verbose=1 to print a detailed summary of this execution, including the best-so-far coarse

and fine-tuned solutions, as well as a total runtime breakdown, as shown in Figure 7.4b.

1 from ghdopt import OQOHD

3 # Using QP input format

« Q= [[-2, 1],[1, -1]]
s b = [3/4[ _1/4]
¢ model = QHD.QP (Q, b, bounds=(0,1))

s # Deployment # 1:
9 model.dwave_setup (8,
10 model.optimize ()

12 # Deployment # 2:

13 model.iong setup (6, api_key="IONQ_API KEY",
— time_discretization=30)

14 model.optimize ()

16 # Model 3:
17 model.qutip_setup (6,
18 model.optimize ()

D-Wave (default embedding scheme:
api_key="DWAVE_API_KEY")

IonQ (default embedding scheme:

QuTiP simulator (default embedding scheme:
post_processing_method="IPOPT")

unary)

one—hot)

one-hot)

Figure 7.3: Solving a quadratic programming problem using QHDOP T

©

1 from sympy import symbols,
2 from ghdopt import QHD

exp

w

«

4 # Using SymPy input format
s X, y = symbols("x y")
6 £ = yx+x1.5 — exp(4xx) *
- (y-0.75)
7 model = QHD.SymPy(f, [x, VI,
8 bounds=(0, 1))

© ® w9 o

10

0 # Deploying QHD on the D-Wave
— device

1 model.dwave_setup (8,
— api_key="API_KEY")

12 model.optimize (verbose=1) 13

14

(a) Deploying QHD on D-Wave

x Coarse solution

Minimizer: [1. O.
- 1.1
Minimum: -1.0

* Fine-tuned solution
Minimizer: [1. O.
o 1.1
Minimum: -1.0

Success rate: 1.0
» Runtime breakdown

SimuQ compilation:

— 0.000 s

Backend QPU runtime:

- 0.119 s

Backend overhead
3.825 s
0.019

— time:
Decoding time:
— s
Fine-tuning time:
- 0.161 s

* Total time: 4.124 s

(b) Execution summary

Figure 7.4: Solving a nonlinear optimization problem using QHDOPT. The backend overhead

time includes network transmission time, queue time, etc.
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7.4 Comparison with existing tools

In this section, we conduct an empirical study with QHDOPT to understand to what extent
the noisy implementation of Quantum Hamiltonian Descent improves solution quality, compared
with other classical local optimizers.

To this end, we have designed a benchmark with ten nonlinear optimization instances and
evaluated the performance of QHDOP T using this benchmark. All test instances in this benchmark
are nonconvex optimization problems with unit box constraints, as detailed in Table 7.1. The first
3 instances are high-dimensional sparse quadratic programming (QP) problems drawn from the
benchmark devised in [40].? The rest 7 instances are nonlinear problems in the form of (6.3) that
involve 2 to 3 continuous variables. These instances were generated in a largely random manner
and each possesses multiple local solutions, making them particularly challenging for classical

local solvers.

Test in- Problem description Test in- Problem description

dex dex

1 instance 0 in gp-50d-5s (50-dimensional QP) 6 flz,y) = y 4)

2 instance 0 in gp-60d-5s (60-dimensional QP) 7 flz,y,z) = z? — dy + 251[1( z) cos( ) +x — 3y

3 instance 0 in qp-75d-5s (75-dimensional QP) 8 f(z,y,2) = (2y—1)2 (z _ 7) —(2z—1)z+y (21 _ %)2

4 flz,y) = —4z? + 32y — 292 + 3z — y 9 flz,y,2) = 2671*(22—1)2—3(2y—%)2672+

log(z 4 1) (y - %)

5 flz,y) = 72( — %) — %ylog(Bz + %) + 10 f(z,y,z) = =zsin(2nry) — % (y — 13—0)2 cos(3mz) +

5 (22 —y® —a - %) sin(d7x)

Table 7.1: Ten test instances in the designed nonlinear optimization benchmark. All the test
instances are nonconvex problems with unit box constraints [0, 1]".

We evaluate QHDOPT on this benchmark using the D-Wave Advantage_system6.3 as the

quantum backend. For a fair comparison, we use the unary embedding scheme for all instances,

>The QP benchmark introduced in [40] contains 160 nonconvex quadratic programming problems.
The sizes of these instances vary, including dimensions of 5, 50, 60, and 75. The description
of these test instances and their optimal solutions are available via https://umd.app.box.com/s/
vq747fvint8grkbxprexhoh44n0g9m0i/folder/180948948670.
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including quadratic and non-quadratic problems. We test QHDOPT with two post-processing
optimizers (i.e., Ipopt, Scipy-TNC) and measure the quantum runtime (“Quan. Rtime”), average
post-processing time (“PP”), success probability (“SP”’). Here, the quantum runtime refers to the
QPU execution time reported by D-wave, in which the transmission time and the task queuing
time are not included. A result =’ is considered successful if the optimality gap f(z') — f(z*) is
less than 0.001, where x* is the best solution.® Using this data, we calculate the time-to-solution
(“TTS”),

TTS:un<FMl_09%W,

In(1 = ps)
where t is the (average) runtime per shot*, and p; is the success probability. TTS is interpreted as
the total runtime required to achieve at least 0.99 success probability, with a lower TTS indicating
better overall performance. As a comparison, we also test the two classical optimizers indepen-
dently with random initialization and measure the average runtime (“Rtime”), success probability
(““SP”), and the corresponding time-to-solution (“TTS”). These two classical optimizers are as-
sessed as baselines to illustrate the quantum advantage introduced by the D-Wave-implemented

quantum Hamiltonian descent (QHD). The collected data is displayed in Table 7.2.

Test | Quan. QHD~+Ipopt QHD+TNC Tpopt TNC
Index | Rtime | PP SP TTS PP SP TTS Riime SP TTS Riime SP TTS
I 224¢3 | 13le+l | 1.0de-1 | 548e+2 | 1.09e+0 | 7.00e2 | 693e+l | 526e+1 | 192e-1 | 1.14e+3 | 7.26e+0 | 7.00e-3 | 4.76e+3
2 228e-3 | 1.24e+l | 7.10e-2 | 7.76e+42 | 149e+0 | 7.40e-2 | 893+l | 8.58e+l | 6.90e-2 | 553¢+3 | 6.82e+0 | 3.00e-3 | 1.05e+4
3 228e-3 | 9.69e+0 | 1.00e-3 | 4.46e+4 | 121e+0 | 1.00e-3 | 5.57e+3 | 1.52e+2 | 0.00e+0 | N/A 116e+] | 0.00e+0 | N/A
4 1.15¢-3 | 2.03e-1 | 996e-1 | 2.05e-1 | 3.19e2 | 9.84e-1 | 3.68e-2 | 133e+l | 5721 | 7.19e+1 | 2.82-1 | 5.64e-1 | 1.57e+0
5 997e-4 | 3.16e-1 | 923e-1 | 5.69%-1 | 524e2 | 9.12-1 | Lile-l | 129+l | 54de-1 | 7.56e+1 | 5.86e-1 | 5.15e-1 | 3.73e+0
6 1.08¢-3 | 335e-1 | 9.40e-1 | 550e-1 | 296e-2 | 9.82-1 | 3.52e2 | 2.09e+1 | 6.78-1 | 8.5le+l | 6.85e-1 | 5.6le-1 | 3.83e+0
7 1.15¢-3 | 2.04e-1 | 1.00e+0 | 2.05e-1 | 3.96e2 | 9.99%-1 | 3.85e-2 | 299+l | 875e-1 | 6.63e+l | 4.84e-1 | 879%-1 | 1.05e+0
8 125¢-3 | 1.60e+0 | 7.98e-1 | 4.60e+0 | 1.28e-1 | 8.67e-1 | 295e-1 | 9.74e+0 | 7.54e-1 | 320e+l | 53le-1 | 6.87e-1 | 2.10e+0
9 123e-3 | 3.6de-1 | 9.62e-1 | S5.de-1 | 575¢2 | 9.82-1 | 673e2 | 143e+l | 627e-1 | 6.67e+l | 642e-1 | 623e-1 | 3.03e+0
10 | 9494 | 599+0 | 860e-1 | 140e+l | 1.73e-1 | 843e-1 | 433e-1 | 883+l | 3.05e-1 | 1.12e+3 | 154e+0 | 3.13e-1 | 1.88e+l

Table 7.2: Performance of QHDOPT and baseline methods, tested using the designed benchmark.
The unit of time is second. In each row, the lowest time-to-solution is underlined.

3We use the best solution found by Ipopt as the best solution. For each test instance, we ran 1000 trials of Ipopt,
each with a random initial guess within the feasible set.

“More precisely, a shot is defined as generating one quantum sample and performing subsequent post-processing
on it.
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We observe that QHDOPT with TNC as a post-processing subroutine always shows the
lowest TTS among the other three methods. This is potentially a result of better initial guesses
(i.e., QHD samples retrieved from the D-Wave device) and fast post-processing. As we can see,
compared with Ipopt, TNC has a notably faster runtime, because TNC is a quasi-Newton method
that does not need to solve the full Newton linear system in the iterations. An interesting finding
is that the post-processing times (“PP”, mainly for running classical fine-tuning subroutines) in
the first two methods (QHD hybridized with classical local solvers) are significantly shorter than
those in the last two methods (purely classical local solvers). This means that the solutions
retrieved from the D-Wave device, though of low resolution and affected by the hardware noise,
are still significantly better than random guesses. This implies that the QHD algorithm introduces
a genuine quantum advantage into the workflow of QHDOPT, despite the current challenges of

limited quantum resources and prevalent hardware noise.
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Chapter 8: Conclusion

In this thesis, we have studied a quantum algorithm named Quantum Hamiltonian Descent
(QHD). This is a quantum algorithm for continuous optimization problems, with exceptional
performance for nonconvex problems.

First, we derive Quantum Hamiltonian Descent by quantizing a family of classical mechan-
ical systems that are used to model accelerated gradient descent algorithms. As detailed in Chap-
ter 2, the quantization is based on Feynman’s path integral formulation of quantum mechanics.
For convex optimization problems, Quantum Hamiltonian Descent inherits the same convergence
rate as its classical counterpart while exhibiting robustness in time discretization. For nonconvex
problems, the behavior of Quantum Hamiltonian Descent is radically different from any classical
gradient method. This is because Quantum Hamiltonian Descent can be regarded as the path in-
tegral of all possible descent trajectories, including those prohibited by the high-energy barrier on
the optimization landscape. The interference of paths gives rise to the quantum tunneling effect,
which helps the quantum system escape from sub-optimal energy configurations and eventually
reach the global minimum.

Next, in Chapter 3, through the study of Schrodinger operators, we further investigate
the practical quantum advantage of Quantum Hamiltonian Descent for nonconvex optimization

problems. Our main theoretical results are as follows:
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1. Under mild assumptions, we prove that Quantum Hamiltonian Descent finds the global
minimum of any nonconvex optimization problem, provided that the evolution time is long
enough. However, this does not mean Quantum Hamiltonian Descent can efficiently solve

any nonconvex optimization problems, as the evolution time could be exponentially long.

2. We show that Quantum Hamiltonian Descent can be used to find a marked item in a size-
N structured database using O(v/N) queries to the database. The idea is to reformulate
the structured search problem as a nonconvex optimization problem with /N local minima,
with the unique global minimum corresponding to the marked item. This result can be

interpreted as a quadratic query separation between quantum and classical computation.

3. By constructing a class of nonconvex optimization instances with exponentially many lo-
cal minima, we demonstrate a super-polynomial performance separation between Quantum
Hamiltonian Descent and several state-of-the-art classical optimizers. Specifically, Quan-
tum Hamiltonian Descent can solve these optimization instances in polynomial time, while
all the tested classical optimizers appear to require super-polynomial run time to solve the

same set of problems up to a comparable quality.

Besides the theoretical analysis, we have proposed two approaches to implementing Quan-
tum Hamiltonian Descent on digital and analog quantum computers. The digital implementation
of Quantum Hamiltonian Descent, based on the standard product formula for simulating quantum
evolution, has been introduced in Chapter 4. The analog implementation of Quantum Hamilto-
nian Descent relies on the Hamiltonian embedding technique, which admits quantum simula-
tion of sparse Hamiltonian in analog and near-term quantum devices, as detailed in Chapter 5.
Through the Hamiltonian embedding technique, we show that a Quantum Hamiltonian Descent
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can be mapped to an Ising-type quantum Hamiltonian, which can be directly simulated in sev-
eral analog quantum emulators. The detailed mapping procedures and a large-scale real-machine
demonstration have been presented in Chapter 6.

Last but not least, we have developed a software library named QHDOPT that automati-
cally deploys Quantum Hamiltonian Descent to solve nonlinear optimization problems on var-
ious quantum backend machines, including gate-based digital quantum computers (e.g., lonQ)
and analog quantum computers (e.g., D-Wave). QHDOPT is designed following the Hamiltonian-
Oriented Programming (HOP) paradigm, where the quantum Hamiltonian is the central object
in building the stack of quantum software. The designing principles and some high-level discus-
sions of QHDOPT are provided in Chapter 7. The source code can be found in the open-source
repository: https://github.com/jiagileng/QHDOPT.

This research opens up new avenues for accelerating the solution of nonconvex optimiza-
tion problems by leveraging quantum computers. In particular, the development of real-machine
implementation techniques and automated software toolchains has extended the scope of this
research beyond purely theoretical investigations, leading to a viable pathway toward practical

quantum advantage.
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Appendix A:  Quantum and classical algorithms for continuous optimization

We test four algorithms for the 22 two-dimensional non-convex optimization instances, in-
cluding two quantum algorithms and two classical algorithms: (1) Quantum Hamiltonian Descent
(QHD), (2) Quantum Adiabatic Algorithms (QAA), (3) Nesterov’s accelerated gradient descent
(NAGD), and (4) stochastic gradient descent (SGD). In our experiment, the two quantum algo-
rithms are simulated numerically on classical computers so we can visualize the evolution of the

probability distribution.

Quantum Hamiltonian Descent (QHD)

As a reminder, the QHD Hamiltonian (2.24) is

H(t) = e (—%W) + e f(a).

The QHD evolution from ¢ = 0 to t = T’ is simulated by iteratively applying the product

formula,

W) = [exp(—isaj(—VQ/Z)) exp(—isb; f)| |¥;), (A.1)

where j = 0,..., N — 1, s = T/N is the stepsize, and a; = e¥7*, b; = eXs>. We choose the initial
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state |Ug) to be the the uniform random distribution over the domain [0, 1]2.

We observe that the operator f is diagonal in the position basis, and V? is diagonalized by
the Fourier basis, i.e., —%VZ = F.L (FS)*I, where F, is the shifted Fourier transform (SFT)',
and L is a diagonal matrix with eigenvalues of (—V?/2). These eigenvalues can be computed
from the frequency number of a Fourier basis function [76, Eq.(26)]. This means that each

iteration step can be implemented by

W;11) = |Fyexp(—isa;L) (F,) ™" exp(—isb; f)| |¥;) . (A.2)

In the literature, this method is often known as the pseudo-spectral method [182] and it is a

standard numerical method for Schrodinger equations.

Experiment parameters. We choose the time-dependent functions ¢; and x; so that they are the
same as in the ODE model of the Nesterov’s accelerated gradient descent algorithm [30]. To
avoid the singularity at ¢ = 0 when performing numerical simulation, we slightly modify the first

time-dependent function and the QHD Hamiltonian becomes

H(t) = <Sft3> <—%v2> + 283 f (x), (A.3)

where s is the stepsize. We choose s = 0.001 for all test instances, and the total evolution time is
T = 10, hence the maximal iteration number N = T'/s = 10%. We try two resolutions, 128 and
256, in the spatial discretization of QHD, i.e., we simulate QHD on a 128 x 128 and a 256 x 256

mesh grid over the unit square [0, 1], The initial state is the equal uniform superposition of all

ISFT is a close variant of the Fast Fourier Transform (FFT) and can be readily implemented from FFT.

149



points.

Quantum Adiabatic Algorithm (QAA)

Quantum Adiabatic Algorithm (QAA) [52] is a well-known quantum algorithm for general
optimization problems. QAA is formulated as a quantum adiabatic evolution described by the

Schrodinger equation (0 <t < T°):

S 0(0) = [(1— 9(0) Ho+ 90 B (o) (Ad)

where ¢(t) is the annealing schedule such that g(0) = 0 and ¢(7") = 1, H is the initial Hamilto-
nian, and /7, is the problem Hamiltonian that encodes the problem of interest. If we choose the
initial state [¢(0)) as the ground state of Hj and let the evolution time 7" be large enough, the
quantum state |¢)(¢)) remains the ground state of the system in the whole evolution, and the final
state |¢)(T")) corresponds to a solution to the problem of interest.

Conventionally, QAA is defined over discrete domains and thus applicable to discrete op-
timization problems.> The performance of QAA heavily depends on the choice of the initial
Hamiltonian H,. Prior to QHD, the standard approach for solving continuous problems using
QAA is to adopt Radix-2 representation of real numbers (i.e., binary numeral system) in the
continuous domain so that the original problem is converted to a discrete optimization problem

defined over {0, 1}N ,e.2.,[98, 97]. In this case, the initial Hamiltonian is chosen to be the “sum

Note that there is no direct or natural counterpart of gradient descent/QHD in discrete domains.
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of Pauli-X” operator:

Hy=-Y ol (A.5)

whose ground state is the uniform superposition state, and [, is a diagonal matrix whose diagonal
elements are evaluated from the objective functions. We will refer to this traditional approach of
solving continuous problems using QAA as the baseline QAA, or simply QAA.

In our experiment, we simulate the baseline QAA using the leapfrog scheme for time inte-
gration. Leapfrog integrators are time-reversible and symplectic [183], so lend themselves well
to the simulation of unitary dynamics.

The choice of the annealing schedule ¢(t) has a huge impact on the performance of QAA.

In practice, it is common to use the linear interpolation schedule g(¢) = =+, while sometimes it

o
fails to achieve optimal results. For example, to achieve the quadratic quantum speedup for the
unstructured search problem, one needs to use the local adiabatic schedule (see Figure A.1A)
instead of the plain linear interpolation [184]. For our 2D test problems, however, we find that
the linear interpolation schedule works better than the local adiabatic schedule, potentially due to
the limited evolution time and the continuous nature of the original problem. In Figure A.1B, we
show the success probability of the quantum adiabatic evolution (applied to the Levy function).
It is clear that the local adiabatic schedule from [184] does not keep the state in the ground-
energy subspace and it is outperformed by the standard linear interpolation schedule at 7" = 10.
Actually, we also tried the prolonged evolution time 7" = 100 for the local adiabatic schedule but

it is still worse than the linear interpolation one. For other test instances, we also observe similar

behavior of the local adiabatic schedule. Therefore, we choose the linear interpolation schedule
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in our numerical experiment.

A B
QAA schedules (T = 10) Success probability (Levy)
1.0 e Linear interpolation == QAA + linear interpolation
=== | ocal adiabatic 009 e QAA + local adiabatic
0.8 0.08
0.6 0.07
5
D 0.06
0.4
0.05
0.2
0.04
0.0
0.03
0 2 4 6 8 10 0 2 4 6 8 10
Time Time

Figure A.1: A: the linear interpolation schedule and the local adiabatic schedule for 7" = 10. B:
the success probability in the quantum adiabatic evolution. We choose spatial resolution 64 and
simulate QAA by leapfrog integrator.

Remark 6. Although QAA is usually applied to discrete problems, one can lift QAA to continuous
domains by choosing Hy, H| over a continuous space. From this perspective, QHD can be
regarded as a special version of this general definition of QAA (by choosing H, as the kinetic
operator and H, as the potential operator). However, unlike the continuous-version (baseline)
QAA, we have a more refined theoretical analysis of QHD because of the rich structures in the
QHD Hamiltonian. Not as many theoretical results are known for QAA due to the weak structure
of general discrete optimization problems. Meanwhile, we also observe that QHD converges

much faster than the baseline QAA for continuous problems in our empirical study.

Experiment parameters. We try two resolutions, 64 and 128, in the simulation of QAA. A higher

resolution (e.g., 256) will make the problem too large for classical computers to solve in a rea-
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sonable time.? Also, the discrete problem becomes significantly harder with more grid points and
QAA needs a super long time to return a meaningful solution. To compare with the performance
of QHD, we choose the total evolution time 7" = 10 for all instances. The initial state is the equal

superposition of all grid points, and we choose the linear interpolation schedule g(t) = ¢/T.

Nesterov’s accelerated gradient descent (NAGD)

In 1983, Nesterov proposed an accelerated gradient method [185]. It begins with initial

guesses zy = Yo and inductively computes the update sequence,

Tk = Yp—1 — SV [ (Yr-1), (A.6a)
P 1( — Zj_1) (A.6b)
Yk = Tk k1o Tk — Tk—1)- .

We will refer to this method as Nesterov’s accelerated gradient descent algrothms, or NAGD, in
what follows. It has been shown that, for any step size s < 1/L, where L is the Lipschitz constant
of Vf, this method achieves the convergence rate O(k~2) for continuously differentiable and
convex f. This rate is faster than the standard gradient descent.

In the continuous-time limit (i.e., s — 0), NAGD is modeled as a second-order differential
equation, X + %X + Vf(X) = 0; see [30]. In the continuous-time model, the effective evo-

lution time at the k-th step is {x = ks. Equivalently, this system is described by the following

3Doubling the resolution in 2D therefore requires four times the storage (so four times the work per step) and
eight times the number of steps.
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Hamiltonian-mechanical system (where P is the momentum variable, X is the position variable):
2 /(1 _, 3
H(X,P,t):t—3 §‘P‘ +2t° f(X). (A7)

Experiment parameters. We choose the stepsize s = 0.001 for all instances. We also fix the total
effective evolution time 7' = 10, so the maximal number of iterations is N = T'/s = 10*. We
draw 1000 initial points x¢ = yo uniformly random from the feasible domain [0, 1]? and compute

the optimization updates paths by (A.6), respectively.

Stochastic Gradient Descent (SGD)

Stochastic gradient descent (SGD) is widely used in continuous non-convex optimization,
and has been very successful in training large-scale systems such as neural networks. SGD is a

gradient-based method and it updates each step with the rule:
Tpir = — SV f @), (A.8)

where s is a fixed stepsize (or learning rate), V/fisa noisy gradient evaluated from a single data
point or a mini-batch.
SGD is a discrete-time algorithm. The continuous-time limit of SGD turns out to be a

first-order stochastic differential equation (SDE), as derived in [186],

dX, = =V f(X,)dt + /sdW,. (A.9)
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With the SDE model, we can compare the evolution of the distribution in SGD to the evolution in

QHD. In particular, we compute the effective evolution time in SGD at the k-th step by ¢, = sk.

Experiment parameters. We model the noisy gradient in (A.8) by adding unit Gaussian noise to
the exact gradient, i.e., Vi=Vf+N (0,1). We set the stepsize s = 0.001 for all instances, and
we stop the algorithm after 10* iteration steps, i.e., the total effective evolution time for SGD is
T = 10. We draw 1000 initial points x( uniformly random from the feasible domain [0, 1]*> and

compute the optimization updates paths by (A.8), respectively.
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Appendix B: Three phases in QHD

In Theorem 4, we have shown that there exist time-dependent parameters in QHD such that
the convergence to global minimum is guaranteed, regardless of the shape of f. This is because
the quantum state in QHD stays in the low-energy subspace in the evolution, and the low-energy
subspace will eventually settle at the global minimizer of f. In this section, we introduce a more
refined description of the global convergence in QHD. In particular, we look into the energy
exchange between energy levels in the quantum evolution. We observe that there are three phases
in QHD evolutions: namely, the kinetic phase, global search phase, and descent phase. We also
develop a quantitative analysis for the three-phase picture of QHD. Serving as an explanative
framework of QHD, the three-phase picture demystifies why QHD usually does better than QAA

in solving non-convex problems.

B.1 Probability spectrum of QHD

In Section 3.2, we introduce the notion of low- and high-energy subspaces in the QHD
evolution. We now generalize this idea and define the probability spectrum of QHD.

Let H(t) be the QHD Hamiltonian. Suppose E,,(t) and |n;t) are the n-th eigenvalue and
eigenstate of H(t), we can express the Hamiltonian as H(t) = > E,(t)|n;t) (n;t|. Here

the integer n represents the energy levels of the system. Given a wave function |¥;) at time
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Figure B.1: The three-phase picture of QHD, illustrated with Levy function.

t > 0, it can be written as a superposition of eigenstates of H(t): |V;) = > c¢,(t)|n;t), where

cn(t) = (n;t| W) is the probability amplitude.

Definition 7 (Probability spectrum). The modulus squared of the amplitude (i.e., |c,(t)|?) repre-
sents the probability density of the wave function with respect to the energy eigenstates. We call

the sequence {|c,(t)|* = | (n;t|V;) |*},, as the probability spectrum of |¥,) at time t > 0.

Since the quantum wave function has unit ? norm, the probability spectrum of wave func-
tions atany ¢ > O sumup to 1: Y |c,(¢)|* = 1. With this definition, the projection of |¥;) onto
the N-low-energy subspace of Hamiltonian H (t) is the sum of the first [NV probability spectrum.

The probability spectrum of QHD is a dynamical property of the system, and we can use
it to characterize different stages in the quantum evolution. In Figure B.1 (B), we numerically
calculate the probability spectrum of QHD for the Levy function. We also plot the quantum wave
packet at various ¢ in Figure B.1 (A). The wave function data is from the numerical simulation of

157



QHD as in Section 2.5. The probability spectrum is depicted on a heatmap with the horizontal
axis being the time span ¢ and the vertical axis being the energy levels n. Each cell in the heatmap
is colored by the corresponding numerical value of |c,(t)|> = | (n; t|¥,) |2.

We observe an interesting probability transition pattern in Figure B.1 (B). In the very begin-
ning of QHD, there are two clusters in the probability spectrum: one low-energy cluster at n = 0
and one high-energy cluster at n = 4, 5. There are some probability exchange in the high-energy
cluster but it does not interact with the low-energy one. After ¢ = 1, the high-energy cluster
starts to get absorbed into the low-energy subspace. As time goes by, the high-energy cluster
evaporates and the quantum state completely sits in the low-energy subspace. The same trend is
repeatedly observed in the probability spectrum of QHD (with other test functions). Motivated

by the findings, we introduce the three-phase picture of QHD.

B.2 Three phases in QHD

We divide the course of QHD evolution into the following three phases based on the be-

havior of the wave function and the direction of energy/probability flows:

Kinetic phase. In the first phase of QHD, the wave function is of ample kinetic energy and it
rapidly bounces within the whole search space (see ¢ = 0.1, 0.5 in Figure B.1 (A)). While the
majority of probability spectrum is in the low-energy subspace, a mid- or high-energy cluster in
the probability spectrum prevails. The two energy clusters co-exist and almost do not interact.
We call this phase the kinetic phase of QHD because it is characterized by the mobility of wave

functions (as a result of the dominating kinetic energy term).
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Global search phase. In the second phase of QHD, the kinetic energy in the system starts to
drain out. The wave function becomes less oscillatory and shows a selectivity toward the global
minimum of f (see t = 1,2 in Figure B.1 (A)). In the probability spectrum, the high-energy
cluster in the wave function is driven toward the low-energy subspace, and this trend does not
reverse. We call this phase the global search phase because the quantum system manages to
locate the global minimum of f after the screening of the whole search domain in the first phase.

This phase separates QHD from other classical gradient methods.

Descent phase. In the last phase of QHD, the wave function settles and becomes increasingly
concentrated near the global minimizer of f (see ¢ = 5, 10 in Figure B.1 (A)). The wave function
stays in the low-energy subsapce. In this phase, the quantum evolution enters the semi-classical
regime in which the potential energy term dominates. QHD starts to behave like classical gradient

descent as it converges to the global minimizer x*. We call this phase the descent phase of QHD.

B.3 Quantitative analysis

The probability spectrum of QHD witness a structural change only in the global search
phase, in which a significant probability transition from the high-energy subspace to the low-
energy subspace takes place. While in the kinetic phase and descent phase of QHD, we do not
see an outstanding shift in the probability spectrum. This phenomenon can be explained by

quantitative arguments.
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Suppressed probability transition in the kinetic and descent phase

First, we focus on the underlying mechanism in QHD that discourages the probability
transition in the kinetic and descent phase. For simplicity, we assume the dimension d = 1 in the
following discussion, while it can be readily generalized to arbitray finite dimensions.

The QHD Hamiltonian takes the form H (t) = e¥* <— : %) +eXt f(z). Suppose the Hamil-
tonian is written as H(t) = > E,(t) |n;t) (n;t| where E,(t), |n;t) are eigenvalues and eigen-
states of the system at time ¢. As in the proof of Theorem 4, we represent the wave function as
W) = 3, cal(t)e®® |n;t), where 0,(t) = — [} E,(s) ds. Recall from (3.20) that the ampli-

tudes ¢, (t) are determined by the equations:

Cn<t) - —Cn(f}) <n; t‘ [% |n; t>:| — Z Cﬁt)ﬁ(%%)% .

VvV N V)
Part I. VT
Part II.

As we have shown, Part I does not contribute to the change in amplitudes because (n; t| [-2- |n; t)]
is pure imaginary. A further understanding of the amplitude evolution amounts to investigating
Part II in the equation.

In the kinetic phase, it expected that the kinetic operator (—%%) plays a dominant role
in the system, while the potential operator f(x) is minor. In this case, QHD behaves like free

particle evolution:

kinetic _18_2
big (t)o<< 5.7 ) (B.1)

We then approximate the eigenstates of H(t) by those of the kinetic operator. Suppose the QHD
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is simulated in the unit interval [0, 1] (with vanishing boundary conditions ¥ (0,t) = W(1,¢) = 0),
eigenstates of the kinetic operator are sine waves: |n;t) o sin(nmz). Therefore, we can compute

the inner product in Part II:

. 1 1 2
(n;t| H |k;t) oc e / sin(nmzx) (—§%> sin(kmx) dz = 0, (B.2)
0

for k& # n. Given the non-degeneratcy of H(t), i.e., Ex(t) — E,(t) # 0, we find that Part II
is actually very close to zero in the kinetic phase. This fact implies that there is no amplitude
exchange in the kinetic phase, which is consistent with our numerical evidence.

In the descent phase, we do not see significant amplitude exchange in the probability spec-
trum as well. However, the underlying mechanisms are quite different. In this phase, QHD
runs into the semi-classical regime as the potential operator becomes the major contributor to the
quantum dynamics. As shown in Section 3.2, the eigenstates of the QHD Hamiltonian can be

approximated by those of a harmonic oscillator:

N

Hdescent(t) ~ ]:IHO<t> — K(t) + V(t)7 (B.3)

where K (t) = e#* (—%;—;) and V(1) = ext@(x —2*)2. As aresult, H(t) ~ o, K + .,V

and we use Lemma 3 to compute the inner product between adjacent energy levels in Part II:
(nit| H|n+1;t) = ¢y (nyt| K n £ 1) + xy (n;t| Vi n £ 1) = 0, (B.4)

while the contributions from non-adjacent energy levels are minor due to the wider energy gaps

(i.e., a bigger denominator (E), — E,)). We conclude that, in the descent phase, Part II in the
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amplitude equation is very small so there is little energy exchange in QHD.

Energy ratio and phase transitions

We consider the energy ratio £ (t)/Ey(t), i.e., the first excited energy £ (t) to the ground
energy FEy(t). The energy ratio serves as a good indicator of the phase transitions in QHD;
meanwhile, it also sheds light on the mechanism of probability transition in the global search
phase. In what follows, we assume QHD is defined for two-dimensional problems so that we can
refer to our experiment results in Section 2.5.

We begin with two extreme cases. At the very beginning of the kinetic phase (t = 0), the
system Hamiltonian is dominated by the kinetic term (—V?2/2). This means that we can ignore
the structure of f and push the Hamiltonian to the kinetic limit, H(0) ~ —V?/2. We denote
the eigenstates of the kinetic operator (—V?/2) as [t,), where the index is n = (n,,n,) with

Ng, Ny = 1,2, ...

thm) = V2sin(n,7x) sin(n,my),

and correspondingly, the eigenvalues are E,, = (n2 + nz)WQ /2. In particular, the ground energy
is Fy = 72 and the first excited energy (with degeneracy) is F; = 57%/2. The energy ratio is
E,/Ey = 2.5. Clearly, the deviation of the energy ratio from the kinetic limit 2.5 indicates a
transition from the kinetic phase to the global search phase; see Figure B.1 (D).

In the descent phase, the Schrodinger operator H(t) enters the semi-classical regime so

it can be effectively approximated by a quantum harmonic oscillator (see Section 3.2). The
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eigenvalues of two-dimensional harmonic oscillators are

En == [(n1+ Dwi + (na + 1)ws], (B.5)

h
2
with ny,ny = 0,1,2,...." Therefore, the ground energy is Fy = hi(w; +w-)/2 and the first excited
energy (assuming w; > wo) is Ey = h(w; + 3wq) /2. Hence, the energy ratio at the semi-classical
limit is

E1 w1 + 3w2

lim — = ——. B.6
ot Ey  wit+we (5.0

The convergence of the energy ratio to (B.6) indicates the transition from the global search phase
to the descent phase; see Figure B.1 (E).

In the global search phase, the energy ratio changes and it has different values than the two
extreme cases. Usually, it decreases from the initial value 2.5 and gradually converges to the semi-
classical limit. Intuitively, the shrinking energy gap between F, and E; makes the probability
transition between energy levels much easier. This can be a reason why the high-energy cluster
is absorbed into the low-energy cluster in the global search phase.

In fact, from the energy ratio, we can theoretically predict the times at which phase tran-
sition happens. For example, we can approximately predict the two phase-transition times in
QHD for Levy functions (see Figure B.1 (B)): the energy ratio significantly deviates from the
initial value 2.5 after ¢ = 0.5, which marks the first phase transition (kinetic to global search);

after t = 5, the energy ratio curve starts to converge to the semi-classical limit, indicating the

IThe h, w here are determined by the time-dependent parameters and the neighborhood information of z*. Details
can be found in Section 3.2.
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termination of the global search phase.

Energy ratio for Levy function. The Levy function (for dimension 2) is defined by

f(wy, wy) = sin(mwy)* + (wy — 1) [1+ 10sin(rw; + 1)2] + (wa — 1)* [1+ Sin(27rw2)2] :

(B.7)

where w; = 1+ (x; — 1)/4 for j = 1,2. When used as an optimization test problem, the
Levy function is usually evaluated on the square [—10, 10]?. It has a unique global minimum
f(1,1) = 0. The Hessian matrix of the Levy function at (1,1) is a diagonal matrix with two
positive eigenvalues: \; = (72 4 1 + 10sin(1)%)/8, and A\, = 1/8. Therefore, the second-order

Taylor expansion (quadratic model) of f at the global minimizer z* = (1, 1) is:

1 1
flzy, z9) = —wi(z, — 1) + §w§(x2 —1)% (B.8)

[\

where w; = VA1 = 1.4979, wy = /A2 = 0.3536. By (B.6), the energy ratio at the semi-classical

limit is £/ Ey ~ 1.3819, which is quite close to the numerical results shown in Figure B.1 (D).

B.4 Comparison with QAA

In our experiment, we test two quantum algorithms (QHD and QAA) and two classical
algorithms (NAGD and SGD). Although both quantum algorithms are formulated as continuous-
time quantum evolutions, QHD appears to outperform QAA in most test problems. The three-
phase picture of QHD lends us a pivot to understand why QHD is better than QAA in solving

non-convex optimization problems.
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Figure B.2: The hypercube search structure in QAA twists the landscape of f. Upper: in QHD
(problem discretized as an optimization on a one-dimensional chain graph), each node has two
neighborhood nodes, and there is only one local minimum. Lower: in QAA (problem discretized
as an optimization on a 4-dimensional hypercube graph), the node 1010 becomes a spurious
local minimizer as it has the least function value compared to its neighborhood. This means
QAA maps a convex continuous problem to a non-convex discrete problem.

The key difference between the two quantum algorithms is that they have different “kinetic”
operators in the system Hamiltonian. The kinetic operator (—V?/2) in QHD comes from the
Euclidean distance function in the Bregman-Lagrangian framework. This differential operator
stands for the quantized Euclidean distance and it allows QHD to see the continuous structure of
f — the continuity of f is defined by the Euclidean topology in R?. When the spatial discretization
is applied, the finite difference discretization of the kinetic operator (—V?/2) makes it resemble
the graph Laplacian of a regular lattice. However, in QAA, the “kinetic operator” is the initial
Hamiltonian H, (see (A.5)), interpreted as the adjacency matrix of the hypercube graph. This
means QAA regards the task as a discrete optimization problem on a hypercube graph. This
misinterpretation of the underlying topology of continuous optimization problems leads to several

serious consequences:
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1. QAA twists the optimization landscape of f, making the problem much harder to solve.
It is shown in Figure B.2 that, even for a convex f, the hypercube search graph in QAA
creates many spurious local minima in the problem. This makes the discretized problem

much more challenging than the original continuous problem.

2. The performance of QAA heavily depends on the resolution in the discretization. Since
the naive discretization in QAA does not preserve the continuous structure of the original
problem, a higher resolution can result in a harder problem, thus even worse performance
in QAA. For example, when applied to the Hosaki function, the performance of QAA
becomes significantly worse when we choose a higher resolution (128), while QHD does
not suffer from this issue, see Figure 4.3. We observe similar patterns in other instances as

well.

3. Compared to QHD, QAA does not have the kinetic phase. In the kinetic phase, QHD
averages the initial wave function over the whole feasible domain, thus reducing the risk
of poor random initializations. In QAA, however, the quantum state is supposed to remain

the ground state of the Hamiltonian, to there is no preparatory/warm-up stage.

4. QAA does not have a descent phase, either. The semi-classical approximation theory fails
to hold in QAA so that the minimal spectral gap (i.e., limg<;<7 E1(t) — Ey(t)) can be
arbitrarily small when the spatial discretization stepsize shrinks.> In contrast, the energy
gaps in QHD is insensitive to spatial discretization. Therefore, we can not use fast-varying

time-dependent functions in QAA since they will drive the quantum state out of the ground-

2To see this, note that limg<;<7 E1(t) — Eo(t) < E1(T) — Eo(T). Att = T, the QAA Hamiltonian is just the
problem Hamiltonian H p, which is a discretization of the continuous function f. Note that the spectral gap in Hp
corresponds to the resolution in the discretization of f.
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energy subspace. This fact prevents us from achieving faster convergence in QAA.
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Appendix C:  Super-polynomial quantum-classical performance separation

C.1 The spectral gap of asymmetric double well: quartic polynomials

In this section, we use a numerical example to illustrate the idea of well-formed asymmetric
double well as we discussed in Section 3.4.1. We consider the following 1-parameter family of

Schrodinger operators

(—%VQ) + w(w), (C.1)

2
w(r) = x* — (x — l) —c, (C.2)

where ¢ ~ —0.296 such that the global minimum of w(z) is zero.
In Figure C.1A, we plot the graph of the function w between x+ = —1 and x = 1. This

function has two local minima:

1~ —0.722, w(zy) =0,

g ~ 0.691, w(zs) = 0.088.
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Figure C.1: The spectral gap and ground state of asymmetric double well. A. Plot of the
double well function w(x). B. The spectral gap A()\) of the Hamiltonian operator H(\) as a
function of A\. C, D. The blue curve (or the red dashed curve, resp.) represents the ground state
(or the harmonic approximation of the ground state, resp.) of the Hamiltonian operator H (\) for
A = 1,40. The z axis represents the one-dimensional space and the y axis shows the amplitude
of the quantum states. When A\ becomes larger, the harmonic approximation becomes more
accurate.

For any A > 0, the spectral theory implies that the spectrum of H (A) is discrete. We denote
the spectrum of the Hamiltonian H ()\) as {Ey(\) < Ey(\) < ...}. For large ), the first few
eigenvalues of H (\) can be computed using the semi-classical approximation. Note that w has
a positive Hessian at the global minimum: w”(z;) &~ 4.5092. Let v* = w”(x1). For A > 1, by
Theorem 2, we have that

1
Ey(N) = 57+ OO, Ei(N) = 57+ O, (C.3)
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which implies that the spectral gap in the large A limit is

lim A(N) =y ~ 2.064. (C.4)

A—00

We employ numerical methods to compute the spectral gap of the operator H (A). Our
numerical results confirm our estimate of the spectral gap in the limit of large A. In Figure C.1B,
we show the spectral gap A(\) = E;(A) — Eo()) as a function of A. For large ), it is clear that
the spectral gap eventually converges to the predicted value ~y (indicated by the red dashed line).
We also find that the spectral gap A(\) achieves its minimum A,;;, ~ 0.408 at around A = 5.
For A > 5, the spectral gap A()\) starts to increase and gradually approaches the semi-classical
limit. At first glance, it is a bit surprising to see that the spectral gap A(\) has a lower bound for
all A > 0 even when the potential function w is nonconvex. This means that the minimal spectral
gap A, is actually an intrinsic property that only depends on the geometry of the double-well

potential w but not the interpolating parameter \.

C.2 Sub-Gaussian ground states

Probability toolbox

Lemma 12. Let X € R be a random variable such that E[eXQ/ K] <2, where K > 0 is a real

number. Then, for any s € R, we have

E[e*X] < 2K, (C.5)
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Proof. This is a standard result of sub-Gaussian random variables. Here, we give the proof for

the completeness of this paper. By Markov’s inequality, we have

E[eXQ/K]

= 1 —t?/K
R S 2e .

Pr[|X| > t] =Pr [eXZ/K > K <
With the above inequality, we can estimate the k-th moment of X. For any positive integer k > 1,

E[|X|’f]:/0 Pr[|X|" > t] dt:/o Pr[|X| > ¢'/*] dt

< 2/ e K qt = KFPED(K/2),
0

where T'(z) := [;7t* 'e~" dt is the Gamma function.
For any s € R, we use the Taylor expansion of the exponential function e** and apply the

dominated convergence theorem,

sk k 2K \k/2
E[e*] <1 +Z% <13 & ,f(k/z)

L (SPK)R2KT(K) o= (82K)FHY2(2k + 1)D(k +1/2)
=1 et (2k + 1)!

2 (s2K)FE! 2K\ o= (s2K)F Leop
2 S
§1+(2+\/5 K) —(%)! <1+ [(1+ 4 E o <e )

Note that we use the inequality 2(k!)? < (2k)! in the second-to-last step. O

Lemma 13. Let X € R be a random variable such that E[eXQ/ Kl < a with o > 1. Then, we
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have

E[eX*/(e-DK] < 9, (C.6)

Proof. Letr > 1 be a real-valued parameter. Using the Fubini theorem,

Therefore, if we choose 7 = o — 1, we end up with E[eX"/(>=DK] < 2, ]

Theorem 10 (Theorem 1, [187]). Let A € R™*" be a matrix, and let . = AT A. Suppose that

x = (x1,...,x,) is a random vector such that, for some o > 0,
E [eTTfB] < /2 (C.7)
for all r € RY. Then, for all ¢ > 0,

Pr [HA:EH? > o (Tr(z) +2y/Te(Z2)e + 2y|2|\c)} <e. (C.8)

Sub-Gaussian estimate

Lemma 14 (Sub-Gaussian ground state). Let w be a well-formed asymmetric double well. Let

ox(x) be the ground state of the Hamiltonian



Then, for any s € R, we have
Exnigye [ 7] < e, (C.9)

where o = 3/, and [3 is a constant that only depends on w.

Proof. Note that the ground state of the Hamiltonian H () is exactly the same as
IANH(N) = =V 4 202w (x),

where the effective potential function is )\Qw(x). By [62, Theorem 3.4], there is a constant o > 0

such that

/ed0($)|¢k(x)|2 dz < a, (C.10)
R

where dy(x) is the Agmon distance between x and 0 (see [62, Definition 3.2]). It is well known

that the Agmon distance scales as the square root of the potential function, i.e.,
do(x) ~ (N2w(x))Y? as |z| — oo. (C.11)

By Definition 2, the function w(x) grows as fast as a quartic function, which means there exists

a positive constant ¢’ such that w(x) > ¢/(z — 2*). It turns out that

do(z) > "Nz — 2%)?,
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where ¢” is an absolute constant. It follows from (C.10) that

/ N g (1)) da < «. (C.12)
R

Let X ~ [¢x(2)]? and € = X — z*, we rewrite (C.12) as E[e“"*’] < a. Without loss of
generality, we assume « > 1. Then, Lemma 13 implies that E[ec/'kfz/ (@=1)] < 2. Now, we invoke

Lemma 12 to obtain that

E[e%] < e5°7°/2, (C.13)

where 02 = 3/ with 8 = 4(a — 1)/c”. Note that 3 only depends on our choice of w. O

C.3 Rotational invariance and high-dimensional convexity

When the function w is a well-formed asymmetric double well, we can apply the adia-
batic theorem for unbounded Hamiltonian (i.e., Theorem 3) to prepare the ground state of the

Schrodinger operator

A0\ = % <—%v2) + ()

for very large A. Meanwhile, condition 2 in Definition 2 ensures that the ground state of H (N
is sub-Gaussian (for details, see Lemma 14). These nice properties will allow us to find an
approximate solution to the optimization problem min, w.

Provided with a pre-fixed parameter \; (which we will discuss soon), we define a time-
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dependent function

A(t) = e2t1os(As), (C.14)

Clearly, for 0 < ¢ <log(\s), we have that 1/A; < A(¢) < Ay.

Lemma 15. Let w: R — R be a well-formed asymmetric double well. For 0 < t < log(\y),
let H(t) == H(\(t)). Denote |¢(t)) as the ground state of H(t) for t € [0,log(\f)]. Let [¢(t))
be the solution to the Schridinger equation (3.9) governed by H(t) with the initial condition

11(0)) = |¢(0)). Then, for any 0 <t < log(\s), we have that

[ (t) — d(t)|| < ebt, (C.15)

where 0 is an absolute constant that only depends on f. Here,

é(t)> only differs from |o(t)) by

a global phase, i.e.,

o(t) = e Do(t), (C.16)

where «o(t) is a real-valued function.

Proof. First, we show that H (t) satisfies all conditions specified in Theorem 3. Since w is non-
negative, H (A) > 0 for all positive A. The gappedness of w guarantees a uniform lower bound

on the spectral gap of H(t). We claim that

H? < 4p+4H>. (C.17)
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By the definition of H(t), we have that

. N[ 1 & 1 &
H=—-|——+2A =2 ——— +\w). C.18
A <2>\ az " w) <2)\ a2 w) (C.18)
For any test function ¢ € C§°(R), we consider the inner product:

(W, [AH? — H* 1) = 4(sp, H*¢) — (¢, (H')*)
= —4 (0, (w)") + (1, wip"))

= —4 (0, w"P) + 2(th, w'y') + 2(h, wip"))
Using integral by parts, we have that
(, wy)y = (wip, ") = =(w'h, @) — (Wi, ') = —(, w'P) — (¢, wif),  (C.19)
which implies that
(, [4H? — HJp) = —4(s), ") + 4(¢/, wy’). (C.20)

By Definition 2, w is non-negative and p-smooth, so we have (¢, wy’) > 0 and w” < p.

Therefore, we have that

(¢, [AH? — H*|p) > —dp, (C.21)
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which implies (C.17). With all conditions satisfied, we invoke Theorem 3 and obtain that
[ (U(t) = Us(t) o(0)]| < ebt, (C22)
where 6 is a constant that only depends on w. Note that

U(t) |6(0)) = |4()) , (C.23)

and U¢(t) |¢(0)) is always in the ground-energy subspace of H (t), we denote

o(t) = Us(t) [#(0)) (C.24)
which differs from |¢(t)) by a global phase because the ground-energy subspace of H(t) is 1-

dimensional. Substituting (C.23) and (C.24) to (C.22), we complete the proof. OJ

Let d > 1 be an integer and w(x) be a well-formed asymmetric double well. We define the

d-dimensional objective function F:

F(xy,...,xq) = Zw(xk)

k=1

If the 1D model function w(z) has two local minima (e.g., a double-well potential), the function

F(x) has 2% local minima. Let U be an arbitrary d-by-d orthogonal matrix, we define a new
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function Fyy(x) = F(Ux). Now, we consider the time-dependent Hamiltonian:

H(t) = ﬁ (—%VQ) + At Fy (=), (C.25)

where the function A(¢) is defined in (C.14).

Proposition 4. For 0 < ¢t < log(\s), let H(t) be defined as in (C.25). Denote |®(t)) as
the ground state of H(t) for t € [0,log(\s)]. Let |V(t)) be the solution to the Schrédinger
equation (3.9) governed by H(s) with the initial condition |V¢(0)) = |®(0)). Then, for any

0 <t <log(As), we have that
1w () — @(t)|| < ebdt, (C.26)

where 0 is an absolute constant that only depends on w(x), and ’Ci)(t)> only differs from |®(t))

by a global phase.

Proof. We consider the following Hamiltonian operator with the separable objective function

F(x),

Holt) = ﬁ (—%W) FADF(@). ©27)

For t € [0,1og(Af)], let |¥§(t)) be the solution to the Schrodinger equation,

i€ [ W5(6)) = Ho(t) [5(1)) (€.28)

If the initial state ¥§(x,0) = ¥¢(U x,0), since the Laplacian is invariant under rotation, it is
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clear that
Us(x,t) = U(U "z, ) (C.29)
forall t € [0,log(\)]. Similarly, the ground state of Hy(t) is given by
Oo(UTx,t) = (U x,t), (C.30)

where ®(x, 1) is the ground state of H(t). Therefore, to show (C.26), it suffices to prove that

there is a state )Cf)o (t)> that differs from |®(¢)) by a global phase such that
|5 (t) — Do(t)]| < ebdt. (C.31)

Next, we prove (C.31) using the triangle inequality. Note that the Hamiltonian operator

Hy(t) is separable in the sense that

d
Ho(t) = Hg" (t), (C.32)
k=1

where for k = 1, ..., d, the operator Hék) (t) is given by

HP (1) = ﬁ (—%%) + Mw(zp). (C.33)

If we denote the ground state of Hék) (t) as |¢x(t)), the separability implies that the ground state

of Hy(t) is given by the product of the 1D ground states ®o(t) = []¢_, ¢x(t). Similarly, the
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solution | W§(t)) is a product state given by W (t) = [[¢_, v5(t), where each ¢ (¢) solves the 1D

Schrédinger equation ie < |5 (t)) = Hék)(t) |5 (t)). By Lemma 15, we have that
5 (t) — e D (1) < ebt, (C.34)
where each oy () is a real-valued global phase. We define
~ d d d
Do (t) = e 2k O TT [ wi(t) = e Zker Oy (1), (C.35)
k=1
Then, by applying the triangle inequality d times, we end up with

d
1W5(t) = Do(B)[| < D llwg(t) — € Degy(t)]| < ebat. (C.36)
k=1

C.4 Initial state preparation

An important step in Algorithm 1 is to prepare the ground state of the initial Hamiltonian
H (0). Since the function f grows as O(|x|*), we can choose a large enough constant M such that
the quantum dynamics in R? can be faithfully simulated over a compact domain € := [—M, M]¢
(with periodic boundary conditions). We denote V' (x) as the truncated objective function f(x)

on €. Then, it is sufficient to prepare the ground state of the operator
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Since we choose Ay > 1, the potential operator 1//\; can be regarded as a perturbative term
in the initial Hamiltonian H (0). Meanwhile, the ground state of the kinetic operator (— %VQ) over
the periodic domain () is a constant function that is easily prepared on a quantum computer as a
uniform superposition state. Therefore, we may prepare the initial state of H(0) from the ground
state of the kinetic operator via a quantum adiabatic evolution.

More concretely, we can simulate a time-dependent Schrodinger equation with the follow-
ing Hamiltonian,

. 1 t
H(t) = _§V2 + %V,
f

where a(t): [0,7] — [0, 1] is a monotonically increasing function such that a(0) = 0, a(7") = 1.
Note that the ground state of H(0) is a constant function and that of H(T') is the desired initial
state in QHD. To ensure the quantum state stays in the ground-energy subspace, the evolution
time 7" usually depends on a polynomial of 1/A, where A is the minimal spectral gap of H (t)
for0 < ¢ < T. For any t € [0,T], the potential term %)V is perturbative so we can derive a
constant lower bound for the spectral gap using the standard perturbation theory [62]. This means
the adiabatic evolution time 7" is independent of the problem dimension d.

The query complexity of this quantum evolution is typically proportional to the simulation
time 7" and the L°°-norm of the perturbation V/ /\3@. As V' is the sum of d identity 1D model
problems w(z) ~ |z — x*[*, we have ||V« ~ dM*. Together with \; ~ d, we have that
IV lloo/A7 ~ M*/d, where M is a large constant. It turns out that the initial state of H(0) is
prepared with O(1/d) queries to O and an additional O(d) 1- and 2-qubit gates. Both the query
complexity and the gate complexity are significantly lower than the upper bounds claimed in

Theorem 5.
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C.5 Time rescaling

to leverage the quantum simulation algorithm in Theorem 11, we need to rescale the time in
the Schrodinger equation (3.57). In the following lemma, we give the rescaled quantum dynamics

whose final state is precisely the same as in (3.57).

Lemma 16 (Time rescaling). The final state |V<(ty)) of the quantum dynamics in Algorithm 1
can be obtained by simulating the following Schrodinger equation for % <s< ’\?f

5T e 19, 37

! 1
T [W(s)) = 5

where

— 1 2 \2
o(s) = Cos it 1/)\f)2 e1/A ,)\f]. (C.38)

Proof. To simulate the QHD dynamics as given in (3.57), we consider the change of variable,

11 1
= —_—— —,— ]_ —_— _Qt —_—. .
3 Af+)\f G Ar(1—e?) + Y (C.39)

1

Ve £(ty) = As. Moreover, we

We see that £(t) is an increasing function in ¢ such that £(0) =

can express ¢ in terms of &:

1 1
H(€) = — log (—% + 14 Yg) . (C.40)

Using the change of variable ¢ — £(t) and we define |U¢(§)) = |[¥(£(t))), the Schrodinger
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equation (3.57) becomes

e [0 = 3 [—%W s w(&)f] w(e)) (C41)

where

- 1 2 2
o(€) = TRk [1/2%, 22, (C.42)

We can also absorb the parameter ¢ into the Hamiltonian by dilating the time scale s =
Ele € J = [#, ’\Tf] Let ¢(s) = p(es), we end up with the effective dynamics described by

(C.37). ]

C.6  Quantum simulation of Schrodinger equations

In Quantum Hamiltonian Descent [40], a major subroutine is to simulate the Schrodinger
equation, a task known as quantum simulation. Quantum simulation is a prominent application of
quantum computation, and several efficient quantum algorithms for simulating real-space quan-
tum dynamics have been proposed, including [150, 151, 87, 76, 135]. In this paper, we employ
a quantum simulation algorithm due to Childs, Leng, Li, Liu, and Zhang [76]. The complexity
of this algorithm has near-optimal dependence in the dimension d and accuracy 7 by leveraging
the pseudo-spectral representation and interaction-picture quantum simulation. We consider the

Schrodinger equation over the time interval [¢g, ;] for a given time-dependent potential V' (z,t),

i% |U(z,t)) = [—%Vz + V(x,t)} |U(z, 1)), (C.43)
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where we specify Q = [—M, M]? for a sufficiently large M and V(x,t): Q x [tg,t;] — R is
a time-dependent potential function, ¥ (z,t): Q X [tg,t;] — C is the wave function subject to
certain initial condition and the periodic boundary condition.

In [76, Theorem 8], the complexity of simulating (C.43) involves an additional parameter
¢’ that depends on the regularity of the wave function W(zx, t). We slightly improve this result by

assuming the initial condition is analytic, which is the case in QHD.

Theorem 11. Suppose the potential field V (x,t) is bounded, smooth in x and t, and periodic in
x. Moreover, we assume the initial data Vo(x) is analytic on 2 and V' is L-Lipschitz in t. We
define ||V |1 = tzl IV (-, t)||oo dt. Then, the Schridinger equation (C.43) can be simulated for

time t € [ty,t1] up to accuracy n with the following cost:

1. Queries to the quantum evaluation oracle Oy : O <||V||w,1%>,

2. 1- and 2-qubit gates:

0 (Il (pols )+ 1 L1V /) + o1 ) otV 1)

log log({|V{|o,1/7)

Note that the quantum simulation algorithm in [76] requires two quantum oracles other
than Oy, namely, the inverse change-of-variable oracle Oy, and the max-norm oracle O,y (see
Lemma 5 [76]). In QHD, the potential function V' (z,t) = ¢(t)V (z), where ¢(t) is a time-
dependent function described by a closed-form formula (see (C.38)) and V'(z) is given by Oy .
In this case, the two oracles Oy, and Oy, are efficiently implemented without querying the

function V.

Lemma 17. Let W(z, t) denote the exact solution of (C.43) and U (x,t) denote the approximated
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solution by the Fourier spectral method (truncated up to frequency n)." We assume that the initial
data Vy(x) is periodic and analytic in © € ). Then, for any integer n > 1, the error from the

Fourier spectral method satisfies

max |U(z, 1) — U(x, t)] < 20"/, (C.44)

x,t

where 0 < r < min( %, Ait) A is an absolute constant that only depends on V().

Proof. We give the proof in one dimension, as the same argument is readily generalized to arbi-
trary finite dimensions. We assume the initial data W (z) is periodic over [0, 27]. The analyticity

implies that, for any = € [0, 27|, there is a constant C' such that
\xpg@ (x)‘ < CFHL(D). (C.45)
Therefore, the function Wy (x) admits an analytic continuation in the strip
[y= {ZE(CZ |z — x| < é,xe [0,271']}.
Due to [188, Proposition 1], there is an absolute constant A such that for any ¢ € [0, 77,

w90 < Aol < ackuw, (C.46)

which implies that the wave function W(z, ) is periodic and analytic for any finite ¢. The strip on

"More details on the Fourier spectral method can be found in Section 2.2 (in particular Lemma 1) in [76].
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which W(z, t) admits an analytic continuation is

1
r, = e — 2 .
¢ {zE(C |z x]<ACt,a:€[0, ﬁ]}

Suppose that the function W(x, t) allows an exact, infinite trigonometric polynomial repre-

sentation (see [76, Lemma 16]),

Uz, t) = cp(t)e. (C.47)

k=0

Let q/(t, x) be the truncated Fourier series up to k = n/2, then the error from the Fourier spectral

method satisfies

o0

U, ) =B, ) < D fe(d)]. (C48)

k=n/2+1

Meanwhile, the function ¥(z, t) has an analytic continuation defined by U (z, ) = >".° e (t) 2"
for z € I';. By Cauchy’s integral formula, for any simply connected curve v on the strip I';, we

have that

1

Cr (t) = E

/ TR (2, t)dz. (C.49)
ol

Together with (C.46), it turns out that |c,(t)| < r* for some 0 < r < —;. Therefore, the error
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from the Fourier spectral method satisfies

B 0 Tn/2+1
T2, t) = Uz, ) < D Ja(t)] < — (C.50)
k=n/2+1 r
Moreover, if we force r < 1/2, the error is bounded by 2r"/2+1, O

To ensure that the simulation error is bounded by 7, we may choose the truncation number

n = [2 (% - 1)] < O (log(1/m) .

Next, by plugging this truncation number in Equation (113) in [76], we prove Theorem 11.

C.7 Auxiliary lemmas

Lemma 18. Suppose that 1)1, 1y are two unit vectors in H such that

ll1 — o] < 6. (C.51)

Let O be a bounded operator on H such that ||O|| < 1. Then, we have

[(¥1] O 1) — (2] O |1h2)| < 20. (C.52)

Proof. By the triangle inequality,
[(1] O [¥h1) = (2] O [th2)| < [((U1] = (h2))O [1)] + [(W2] O([th1) — [t2))] < 26.
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Appendix D:  Simulating quantum dynamics in the real space via Hamiltonian

embedding

In this appendix, we consider the simulation of quantum dynamics in the real space. The

quantum dynamics is described by the Schrddinger equation over R¢:

0

im0 = {—%W - f(x)] U(t, z), (D.1)

where U(t,z): [0,T] x R — C is the quantum wave function. The Schrédinger equation is

subject to an initial condition W(0, x) = Wy (x).

D.1 Experiments on lonQ

Problem formulation

Lemma 19. Consider the 1D Schriodinger equation with quadratic potential field (a > 0):

0 182 (1 ,
za\lf(t,:p) = [—5@ + (§a:13 +bx>] U(t,x), (D.2)
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subject to a Gaussian initial state

1\ e
\If(O,x):( ) e 107, (D.3)

Then, the expectation value of the position observable I is given by

Q|

() = — (cos(Vat) —1). (D.4)

Proof. Since the potential field is quadratic, we invoke the Ehrenfest theorem to obtain the fol-

lowing Hamilton’s equation for (), and (p);:

b= o) ©3)
L) = ~(Fh = —ala), — b D)

where the initial data are given by

{Z)o = (P)o = 0. (D.7)

Therefore, the closed-form formula of (%), is obtained by solving the system of ODEs. 0
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Fock space truncation method

We can rewrite the real-space Schrodinger operator using the position operator  and the

momentum operator p = —z‘a%:
1
H = §Zﬁ§+f(asl,...,:ed). (D.8)
j=1
We define two operators:
i= S (ip+ ), 0l = —=(—ip+ ) (D.9)
a=—=0Up+2z), a =-—4(—ip+72). .
5 (P 75

The operator ' is the raising/creation operator, and a is the lowering/annihilation operator. They
are infinite-dimensional quantum operators with eigenstates being the number basis (correspond-

ing to the eigenstates of quantum harmonic oscillators):

al0) =0, aln) =+v/n|n—1) (forn > 1), (D.10)
a'|ny =vn+1|n+1) (forn > 0). (D.11)
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We can express the creation and annihilation operators in the standard matrix form,

V3 0 0 2

=>
I

Sl -

(a'+a), p

In the matrix form, the two operators are infinite-dimensional tri-diagonal matrices.

:6:72\/ DG+ 1T+ 1) G,
ﬁ:%Z VG111 ) -

Similarly, we can compute the quadratic operators:

—_

—Z2J+1 15) J|——Z\/]+1 G+2) (15 G+21+ 17 +2) ),

l\D

=3 i+ 1)) G+ 5 Z\/JH G+2) () G+21+ 17 +2) (),

7=0

g 1

l\l)i—A

which are infinite-dimensional matrices with bandwidth 2.
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To simulate the real-space quantum operator (D.8) on a quantum computer, we need to
truncate the Fock space (spanned by the number basis) up to finite dimension /N. Then, we can
construct Hamiltonian embeddings of the truncated quantum operator for real-machine imple-
mentation.

By truncating Fock space up to N levels, we have the truncated operators,

N—-2
. 1 ‘ N . .
=7 VIi+ 1 G+ 1+ +1) 0D, (D.18)
7=0
N-1
o 1 .
=352 2+ 1)) J|——Z\/]+1 G+2 (N G+2+1i+2)G),  (D.19)
j:0
1 —1
552:5 (2J+1 1) Gl + 5 Z\/ F+DG+2 (D G+2A+1+2) Gl (D20)

M

Therefore, if we use the unary embedding, the encoding Hamiltonians are (/N — 1)-qubit

operators:

N-1
1
QY = — > " \/jX;, (D.21)
N-1 N-2
QU = ' ;=5 Z 3G+ )X 0X;, (D.22)
]:1 J=1
1 N-2
QU — Z i+ 5 ; iG+ DX X, (D.23)

It is worth noting that we already discard the global phase in the embedding operators.

Similarly, if we choose the one-hot embedding, the encoding Hamiltonians are N-qubit

193



operators:

onnefhot — E Z \/EXj“l’lXj’ (D24)
j=1
N N-2
one—ho . 1.. 1 v X2 X + YY)
Qe =3 - Dy - 23 ViGN s,
j=1 Jj=1
N N—-2
o1 1 — Xjr2 Xj + VoY
Bt =2 (G- P+ 5 i(j + 1)( It 0 s02%) (D.26)

Again, the global phase is discarded.

With these embedding operators, we can use the rules in Section 5.3 to construct an em-
bedding of the real-space Schrodinger operator with a quadratic potential field.

To simulate the /N-level truncated Hamiltonian, we require a large penalty coefficient g.
With a large g, the norm of the embedding Hamiltonian becomes so huge that the standard product
formula requires a significant number of Trotter steps that are infeasible for near-term devices.
To address this issue, we transform the embedding operators to the interaction picture and use the

quantum simulation algorithm gDRIFT (for details, see Algorithm 3).

Experiment setup and result

We perform experiments of the Schrodinger equation in one-dimensional real space using
the TonQ Aria-1 processor. We use the penalty-free one-hot embedding to simulate the real-space

2 %x The embedding Hamiltonian is

Schrodinger equation with quadratic potential f(z) = x
then given by

1 —ho 1 one—ho 1 one—ho
Hreal—space = 5@;36 hot 5 32 hot + 5@50 b t? (D.27)
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as described in Appendix D.1.

We truncate the Hamiltonian to N = 5 levels, corresponding to 5 qubits using the one-hot
embedding. The initial state is the first encoded state of the one-hot code, prepared using a single
X rotation gate. We perform quantum simulation using the randomized first-order Trotter-Suzuki
formula for evolution times up to 7" = 5 with r = 11 Trotter steps. For each circuit, the total
gate count is 154 two-qubit gates in addition to a single one-qubit gate for preparing the initial
state. To compute the expected position observable z, we measure in x-basis using 1500 shots.
For computing the expected kinetic energy %ﬁQ, we also measure in the computational basis using

500 shots.

0.6 4

o~ ,I‘

Q P [
N5 h A

Py K \ oy L]
o 1 \ $ !
9} ! \ 1 ! I
= 1 ® n ) H
o 1 \ ’ \ [ ] 1
Yoo, ! \ 1] \. n h
= $ -0 # d i 1
c ! \ 4 \ /2 [
£ / \ \ |
v / v/ \ ‘ “ I
° 0d \ S ¥ v
aq_v', ’./ ' 1
9 e \
1
& &
N
'-U ®
02 Closed-form solution for 2{p);
-@- Experiment on lonQ (one-hot embedding)

0 1 2 3 a 5
t (evolution time)

Figure D.1: Expectation value of kinetic energy %]32 depicted as a function of evolution time t.
The violet curve denotes the analytically computed expected kinetic energy with squares drawn at
the same evolution times as the experiment data for comparison. Blue dots denote experimental
results obtained from the IonQ Aria-1 processor using 1500 shots for x-basis measurements and
500 shots for z-basis measurements for each data point. Error bars denote standard error.

In Figure 5.1C, we plot the expected value of the position observable. In violet, we plot the

closed form solution, given by (i), = 1(1 — cos(v/2t)). In blue, we plot the real-machine data

obtained from the IonQ processor. The experimentally observed values show a sinusoidal trend
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consistent with the analytically predicted values.

In addition, we present the expected kinetic energy %(pZ) in Figure D.1. The analytical
solution, shown in violet, is evaluated as £ (p?) = —L; cos(\/§t)2 + . The experimental data
is depicted by blue dots, showing a sinusoial trend consistent with the analytically predicted

solution.

Resource analysis

We conduct a resource analysis for performing a simulation of the real-space Schrodinger
equation via the truncated Fock space method. The task is to perform quantum simulation for a
fixed evolution time 7". To be consistent with the real-machine experiment, we fix the evolution
time to be 7' = 5 and the potential function is f(z) = aa? + bz with a = 2 and b = —1/2. For
this task, we apply the randomized first-order Trotter-Suzuki product formula.

For the standard binary encoding, we start with the desired quantum operator with 28V
levels, in order to preserve the structure of the problem. To simulate the operator with V levels,
we only use the first N basis states as the encoding subspace. To this end, we remove all matrix
entries that contribute to interactions between the encoding subspace and the orthogonal comple-
ment. We use Qiskit to compute the Pauli decomposition of the resulting matrix and convert the
circuit to single-qubit Pauli rotations and X X -rotation gates.

In Figure 5.1B, we plot estimates of the total gate count required for the standard binary
code and the penalty-free one-hot embedding. For standard binary, we observe an asymptotic gate
complexity of O(n31¢). For the one-hot embedding, the complexity is estimated as O(n?°7),

showing a modest advantage in the asymptotic scaling. In addition, we observe an order of
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magnitude advantage in the constant factor for the one-hot embedding.

D.2 Experiments on QuFEra

Finite difference method

We now discuss how to simulate two-dimensional Schrodinger equations on the QuEra
machine. Consider the following partial differential equation defined on the unit square {2 =
[0, 1%,

0 (1,
zallf(t,m) = (—§V + V(m)) U(t,x), (D.28)

where (¢, x): [0,t] x Q — C is the quantum wave function with Dirichlet boundary conditions
(.e., U(t,z) = 0 forx € IN). V? = 86—;2 + 59—;2 is the Laplacian operator, and V (x): Q@ — Ris
the potential field.

In our QuEra experiment, we simulate the Schrodinger equation (D.28) using the finite
difference method. Suppose that we discretize the unit interval [0, 1] into N pieces with grid
points {zx = k/(N —1): k = 0,...,N — 1}. For any function u(z) defined on [0, 1] with

vanishing boundary condition u(0) = u(1) = 0, we can discretize v on the mesh {z;} and

represent it as an /V-dimensional vector:

i = [u(z), ..., u(zn_1)]".

u(z+h)—2u(z)4u(xz—h)
72

Using the central finite difference approximation, i.e., u”’(x) =~ , We can ap-

197



proximate the function «” by a new N-dimensional vector D (with h = 1/(N — 1)), where the

matrix D is given by

D=—=1. . .. .| (D.29)

The matrix D is often called the finite difference discretization of the differential operator
86—;. Note that the matrix D is tri-diagonal. We can use either unary embedding or antiferromag-
netic embedding for the matrix D (for details, see [42, Appendix B]).

Similarly, the finite difference method can be applied to the 2D Schrédinger equation

(D.28). The discretized quantum Hamiltonian reads,

- 1

H:—é(D®1)+I®D)+U, (D.30)
where I is the N-by-N identity matrix and U is a N2-by-N? diagonal matrix such that

Ulz;) |2x) = V (25, 21) [25) |21) -

Neutral-atom simulator and antiferromagnetic embedding

The QuEra quantum simulator is based on neutral atoms. The atoms are placed individ-

ually and deterministically on a two-dimensional plane by optical tweezers [189, 190]. On the
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QuEra quantum simulator, a qubit is realized by an atom with an internal ground state |0) and an
excited Rydberg state |1). The Rydberg atoms are long-lived and can be coherently controlled by
external laser pulses. The evolution of the neutral atoms is described by the Schrédinger equation

ihd |y (b)) = H(t) |1(t)), where the system Hamiltonian is given by

Hit Q;(t) o . Co . .
h j 2 j<k |r.7 I'k'|

. 01 0 0
In the Hamiltonian, X; = and n; = are the Pauli-X operator and the number

10 01
operator acting on the j-th qubit, respectively. €2;(¢), A;(t) denotes the Rabi frequency and local

detuning of the driving laser field on qubit 5. Cj is the Rydberg interaction constant that depends
on the particular Rydberg atom used. r; denotes the position vector of the j-th qubit. In our
experiment, we use the neutral-atom analog quantum computer fabricated by QuEra Computing
Inc. In each simulation, we can initiate no more than 256 atoms, and the Rydberg interaction
constant is Cg = 862690 x 27 MHz - um®.

In the system Hamiltonian (D.31), we have the atom-atom interactions 77, with positive
coefficients. This structure is very suitable for antiferromagnetic embedding. In Lemma 20, we
show how to engineer a penalty Hamiltonian for antiferromagnetic embedding by tuning the local

detuning of neutral atoms.

Lemma 20. Given an integer N > 1, let n = N — 1. Define the penalty Hamiltonian:

[’A]pen = Z m ZA 77,], (D32)

1<j<k<n
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where the atoms are placed on a straight line with equal distance r > 0, i.e., r; = (0, (j — 1)r),

and the local detuning values are:

<Zt(n+l e (le_l)e‘ + ZU/QJ (2711)6> ; (fOl” Odd])
A= (D.33)

% (2“” /2] (le_l)(j + Zt(j_l)/% (271)(,) . (fOr even j)

Then, the penalty Hamiltonian (D.32) has an N -fold degenerate ground-energy subspace S which

is spanned by all the n-bit antiferromagnetic code (for details, see [42, Appendix B]).

Proof. We use |wy,) to denote the antiferromagnetic code for £ = 1, ..., N. Define the following

two operators

16
1<j<k<n [t — 1]

C n
Hy= Y — iy, Hy=-Y Ay
j=1
where r; = (0, (j — 1)r), and we consider an ansatz

Hyen = Hy + H.

Since the Hamiltonian H’, is in antiferromagnetic ordering, its low-energy subspace is spanned
by antiferromagnetic code. However, these low-energy states are not degenerate. To get the
N-degenerate ground-energy subspace, we solve a linear system to compute A; in ]:Ipen.

First, we try to match the energy of |w;) and |wy). This requires the following identity

holds:

<w1’ I:Ipen ‘w1> - <w2| ﬁpen ’w2> . (D34)
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Note that wy = 0101... and w, = 1101..., and the 2-tensor 7 7y, = [11),, (11],, is visible

only when the atoms 7 and % are simultaneously excited, so we have that,

Ln/2]

/ / G
o Hy ) — Gon | Hiy ) = D7 5 o

Meanwhile, we have (wy| HY |ws) — (wy| HY |wy) = —A;. To have the identity (D.34),

we must have
[n/2]

C 1
VD o B S
ré e (2m —1)
Similarly, we can compute A,. Comparing wy = 1101 ... and w3 = 1001 ..., we have
[n/2]—1
(wal HY Jws) — (ws| HyY Jws) = =2 + Y 7~6
m=1
Also, we have (wsy| HY |we) — (ws| HY |ws) = —A,, it follows that
[n/2]-1
Ce | 1 1
Ao =" | — -
2= % |\ " mzl 2m)’

We can compute all local detuning A; following the same procedure. It turns out that if we
choose A; as in (D.33), the ground-energy subspace of Iflpen is indeed spanned by the codeword

states |w;) forj =1,..., N. O
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Experiment setup and result

We perform experiments of simulating the 2D Schrodinger equation using the QuEra Aquila

processor. The programmable quantum Hamiltonian on QuEra Aquila reads [191],

# = @ (Z 010y (1], + 0 |1) <0\j) — A1) (ZJ: ﬁj) +> mf—imw

J j<k

(D.35)

where €2(t), ¢(t), and A(t) denote the Rabi frequency, laser phase, and the detuning of the driving
laser field on atom (qubit) j coupling the two states |0) (ground state) and |1) (Rydberg state). It

is worth noting that all programmable control parameters are global.

Hamiltonian embedding and the engineering of the potential field. We use the antiferromagnetic
embedding the simulate the quantum dynamics. Ideally, we want to use Lemma 20 to engineer a
perfect antiferromagnetic embedding of the discretized Laplacian operator —% (D I+1® D)
(see (D.30)). However, currently (as of the fall of 2023), the QuEra Aquila processor does not
support user-specified local detuning (see (D.35)). The lack of local detuning poses a significant
restriction on the Hamiltonian we can engineer on the QuEra Aquila processor.

In our QuEra experiment, we follow the intuition of Lemma 20 and arrange 12 neutral
atoms as in Figure 5.1D. The 12 neutral atoms are grouped into 2 vertical chains. Each chain has

6 atoms. The (sub-)system Hamiltonian for each chain reads

Co . . a
7j=1

1<j<k<6 7)
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where 7 = 5.9 um is the distance between two adjacent atoms, and A is a global detuning.
It is clear that the actual Hamiltonian (D.36) is similar to the penalty Hamiltonian specified
in (D.32), except that we can not specify individual detuning A; for each atom. In this case, the

codeword subspace of antiferromagnetic embedding

S = {|010101) , [010100) , |010110) , [010010) , |011010) , [001010) , |101010)}

coincide with the low-energy subspace of H but not exactly the ground-energy subspace. This
non-degeneracy can be realized as an effective potential field. Namely, we may regard the op-
erator (D.32) as the desired penalty Hamiltonian (as in (D.32)) plus an operator that embeds
a potential field (although this potential field is not very smooth and it does not correspond to
a familiar closed-form function). Similarly, the system Hamiltonian of the two atom chains
(Figure 5.1D) can be regarded as the penalty Hamiltonian for 2D antiferromagnetic embedding
plus an effective potential operator. In Figure D.2A, we plot the effective 2D potential func-

tion at A = 5 x 107 rad/s. The potential is shown as a discretized function on the 2D mesh

{(zj,26) : j,k=1,...,N}.

Initial state preparation. The QuEra Aquila machine is initialized to the all-zeros state. This
default initial state is not in the embedding subspace of the antiferromagnetic embedding. In our
experiment, we use a 3-stage state preparation subroutine [125] to prepare an initial state that
has a significant overlap (around 73%) with the embedding subspace. Since the initial all-zeros
state is the ground state when 2 = 0 MHz and A < 0 MHz, this state preparation pulse is quasi-

adiabatic and prepares a state with high overlap with the antiferromagnetic encoding subspace.
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Figure D.2: Simulating real-space dynamics on QuEra Aquila. A. The effective potential field
engineered by Rydberg interactions. The unit of the potential is MHz. The potential field is
normalized such that the minimal potential is O.
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In our pulse, we use a trapezoidal pulse for the Rabi frequency with maximum frequency ., =
15.8 MHz and a linear ramp for the detuning from —50 MHz to 50 MHz. The duration of initial
state preparation is 0.5 us. The initial state preparation pulses are shown in Figure D.2C (see
the first 0.5 ps). The engineered initial state (e.g., the quantum state at £ = 0.5 us) is shown in

Figure D.2B.

Time-rescaling and parameters for analog quantum simulation. On the QuEra Aquila device, all
parameters are specified with a physical unit. We conducted our experiments through Amazon
Braket, where the unit of the Rabi frequency (2 is radians per second (rad/s) and the evolution is
in the unit of second (s) [192, Section 1.3]. Note that 1 rad/s = % Hz.

We can establish a relation between these QuEra physical parameters with the abstract
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unitless model Hamiltonian (D.30) via time-rescaling. We assume the quantum simulation is
restricted to the unit square [0, 1]? (with Dirichlet boundary conditions), and each dimension is
discretized into 8 pieces. Therefore, the discretized differential operator is D in (D.29) with
h = 1/8. Therefore, simulating a physical Hamiltonian (on QuEra Aquila) ) = —@ > y X;
for time 7" (seconds) is equivalent to simulating the Hamiltonian Q = —¢(t) 55 > i X; (e, the

antiferromagnetic embedding of the discretized Laplacian o(t) D /2h?) for (unitless) time

Tog = 10° - T,

h2Q(t)

where (p(t) = 57100°

In our experiments, we run the simulation on QuEra Aquila for 7" =
0.5,1,1.5 us (plus an initial state preparation duration of 0.5 us). Effectively, we are simulating

the real-space quantum dynamics for 74 = 0.5, 1, 1.5.

Post-selection. The global Rabi frequency corresponds to the time-dependent function (i.e.,
©(t)) in the kinetic energy. We gradually decrease the global Rabi frequency (see Figure D.2B
for the control pulses with total evolution time 7' = 2.0 us) so the quantum state will eventually
find the low-energy configuration regarding the effective potential field. We consider a measured
sample legit if it is in the embedding subspace. In our experiment on QuEra Aquila, approxi-
mately half of the samples in the measurement are legit. In Figure 5.1E, we plot the distribution
of the legit samples for evolution time 7" = 0.5, 1, 1.5 (corresponding to total physical evolution

time 7'=1,1.5,2 us).
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