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Graphs serve as powerful tools for modeling complex real-world relationships, making
reliable statistical inference on graphs a crucial task. A fundamental problem in this do-
main is the graph matching problem, which seeks to align node labels across graphs while
minimizing structural and feature discrepancies. In this thesis, I investigate algorithms for
the graph matching problem and one of its key variants, the subgraph detection problem.

I develop theoretical frameworks that leverage signals from a clustered, vertex-aligned
collection of graphs to accurately recover node labels in a newly shuffled network and clas-
sify this new network into one of the clusters. Additionally, I propose a novel approach
for detecting multiple instances of a noisily embedded template graph within a large back-
ground graph. Furthermore, I explore the relationship between the anonymization time and
the mixing time of a specific class of Markovian noise applied to graph edges. Beyond
these contributions, I address several related challenges in graph matching and its related
optimization algorithms, offering new insights into their theoretical and practical aspects.

To validate our methodologies, I provide rigorous theoretical justifications and conduct
extensive experiments using both simulated and real-world network data. These findings

demonstrate the effectiveness of the proposed approaches, bridging the gap between theo-



retical advancements and practical applications in graph inference.
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Chapter 1: Introduction

This dissertation focuses on the Graph Matching Problem (GMP) and its various exten-
sions. A graph G = (V,E) consists of two components: a vertex set V, typically represent-
ing entities, and an edge set E, representing connections between these entities (see Fig. []]
below). We denote the set of graphs containing n nodes as ¢,. Note that in the network
science literature, the terms networks, nodes, and links are often used in place of graphs,
vertices, and edges, respectively [12]. Throughout this dissertation, we use these terms
interchangeably.

The statistical analysis of networks commonly starts with specifying a random network
model to account for network-valued data [50, 59]. To facilitate statistical inference and

enhance interpretability, researchers commonly use low-rank graph models. These models

X edge
vertex

graph

Figure 1.1: Illustration of a graph with 7 nodes



require significantly fewer parameters than the O(n?) edge probabilities necessary in a
fully general network model, making inference more tractable. Common low-rank network

models include:

Definition 1.1. Let n and p € [0, 1] be fixed. The Erdds—Rényi Model (ER) with parameters
n,p, denoted as ER(n,p), is a probabilistic graph model where for any pair of vertices
i,j €V withi# j, we have that an edge exists in G between i and j independently with

probability p.

Various thresholds of the graph properties for this model have been established in [21} 147]]
for the homogeneous Erd8s-Rényi case and in [22]] for the inhomogeneous (edges exist
independently but with different probability) case.

An extension of this model is the stochastic block model (SBM), which introduces

community structures within the graph [54].

Definition 1.2. Let n be fixed, and let K be a positive integer. Consider a symmetric real
matrix A € [0,1]5*X The Stochastic Block Model (SBM) with parameters K, A, T,7i, de-

noted as SBM(K, A, T,1), is a probabilistic graph model where
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Figure 1.2: Network and Adjacency Matrix plots for a network sampled from the Erd6s—Rényi
Model with 15 nodes and p = 0.3.



i. K represents the number of node clusters (blocks) in the graph. These clusters/communities

partition V; denote the i-th cluster via C; for i € [K|;

ii. The function t:{1,....,n} — {1,...,K} is a community assignment function that
maps each node to its respective block/cluster. The vector i is a K-dimensional

vector where 1i; denotes the number of nodes belonging to community i, satisfying

Z,K:1ﬁi:n

iii. The matrix A is a symmetric probability matrix such that for any pair of nodes as-
signed to communities i and j, an edge between them exists independently with prob-

ability A,'j.

In essence, the SBM model relaxes the assumption of having a uniform edge existing proba-
bility, allowing different values across different communities, as well as some (potentially)
smaller probability values between nodes across communities. For theories and applica-
tions of such a model, we refer the reader to, for example, [1} 18,156,163, 77, 101, [113].

The aforementioned inhomogeneous Erd6s—Rényi model allows each edge to have its
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Figure 1.3: Network and adjacency matrix plots for a network sampled from a stochastic block
model (SBM) with three communities of size 5 each. The within-community edge probabilities are
set to 0.8 for all communities, and the across-community edge probabilities are uniformly set to 0.1.



own parameter, thus deviating from low-rank modeling. However, the random dot product
graph (RDPG) model [135] offers greater flexibility in edge probabilities while requiring
only parameters proportional to the number of nodes, see [/] for a detailed discussion of
the RDPG model. The RDPG model is a special case of the more general Latent Space
Model (LSM) [51].

Definition 1.3. The Latent Space Model (LSM) [51l], where vertices are embedded in a
latent space, and edge probabilities are determined by a kernel function of their pair-
wise latent positions. Specifically, let n be a positive integer representing the number of
nodes, and let d be a positive integer denoting the dimension of the latent space. The La-
tent Space Model with parameters n,d, f,Z, denoted as LSM(n,d, f,Z), is a probabilistic
graph model where each node i € {1,...,n} is associated with a latent position Z; € R.
The function f : R? x RY — [0, 1] is a kernel function that determines the probability of an
edge between two nodes based on their latent positions, such that for any pair of nodes i

and j, the edge e;; exists independently with probability f(Z;,Z;).
These models (and their many variants) exhibit conditional independence of edges,
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meaning that edges are independent given node memberships in the SBM or latent positions
in the LSM. This property makes them mathematically tractable and facilitates establishing
key statistical results such as consistent estimation [7, [17, [19], asymptotic normality [,
116], and efficiency [118]]. Although these models may not fully capture the complexity
of real-world networks [1035]], there is a growing body of research demonstrating that they
can nonetheless capture meaningful and significant structures in even complex real-world
networks [26, 195, (123, 130].

Statistical network inference typically begins with observed graphs that are assumed to
be noisy copies of an underlying latent background graph [6, 67,95, [128]. A fundamental
task in network inference is to estimate the parameters governing this latent structure, a
problem referred to as latent position estimation. A widely used approach is Adjacency
Spectral Embedding (ASE) ['7,112], which applies matrix decomposition techniques, such
as principal component analysis (PCA), to the adjacency matrices of observed graphs. ASE
and related spectral embedding methods have enabled various advancements in network
analysis, including classification, hypothesis testing, and other inference tasks [32, 135,100,
114, [124].

The reliability of the latent position estimation depends critically on the number of ob-
served graphs, where we implicitly assume that the vertices of these observed networks
have been aligned. However, inference tasks such as latent position estimation or network
hypothesis testing deteriorate significantly if the nodes are not a priori aligned. To address
this challenge, we introduce the graph matching problem—the task of recovering node cor-
respondence between networks—which is the central focus of this thesis. We now formally

introduce the graph matching problem.



1.1 The Graph Matching Problem

The formulation of the graph matching problem we consider herein can be defined as

follows.

Definition 1.4. Consider two undirected, loop-free graphs G| = (V1,E|) and G, = (V»,E3)
with corresponding adjacency matrices A and B, respectively, where |Vi|= |Vo|=n. The

NP-hard Graph Matching Problem (GMP) seeks
min ||[A — PBPT ||
Pell,

where I1, denotes the set of permutation matrices of order n and ||-||r represents the Matrix

1/2
Frobenius Norm defined as ||M||p= ( Ry MJ2k> for any m x n real matrix M.

The goal is to find the best possible alignments between nodes of the two graphs to mini-
mize the edgewise structural differences. If the graphs are allowed being weighted, directed
and loopy the above formulation is equivalent to the NP-hard quadratic assignment prob-
lem. That said, there are efficient graph matching algorithms for special classes of graphs
(e.g., planar graphs). Note that when discussing the GMP, we will refer to a graph and
its adjacency matrix interchangeably in this context due to the one-to-one correspondence
between weighted graphs and square matrices. Specifically, there is a bijection between the
set of unweighted, undirected, loop-free graphs and the set of symmetric hollow matrices
(hollow here means the diagonal entries of the matrix are all 0) with binary entries.

The GMP has a long and rich history. Initially, research primarily focused on determin-
ing graph isomorphisms (such that the objective function necessarily equals zero); see [[10]
for quasipolynomial complexity of the isomorphism problem. For these purposes, tree-
based methodologies emerged, leveraging hierarchical structures to efficiently detect graph

isomorphisms, thus enabling faster and more scalable solutions. However, the stringent
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Figure 1.5: Simple Illustration of Graph Matching of 2 Graphs

nature of exact matching limited its applicability in real-world scenarios involving noise
and distortion. Consequently, recent developments aim to approximate matches within
noisy data, employing optimization techniques and probabilistic frameworks to more ro-
bustly handle cases where exact graph correspondences are unattainable. See [28] for more
background.

We define here the term matchability of graphs as the ability to recover the node align-
ments with respect to a given ground truth. With this definition, it becomes clear that match-
ability is primarily determined by the edge correlations in the ground-truth edge pairs, and
[30, 31} [73} [76} [132] identified a sharp threshold on edge correlation for graph matcha-
bility. In short, in moderately dense graphs, a correlation of order logn/n is required for
matchability with high probability. Note that, when applicable, this sharp threshold could
be used to quickly obtain rough, though potentially overly restrictive, conditions for graph
matchability across various models and under different types of noise.

Before proceeding to the next section, we briefly mention that once the networks have
been matched, we can measure the similarity between them using the graph edit dis-
tance (GED), defined as GED(G1,G;) = . SetSmmmia{lke 6. :ngc(s), where G; and G,
are two vertex-aligned networks and c(s) is the cost of the edits. The allowed edits are:

(i) add/delete nodes; (ii) substitute labels/features of nodes; (iii) add/delete edges; (iv)
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Figure 1.6: GED Network Plots

substitute labels/features of edges. Consider the pairwise graph edit distances among the
networks plotted in Fig. While it can be easily seen that GED(G1, G3) is the largest,
the relationship between GED(G1,G,) and GED(G,,G3) depends on the costs of edge

insertion and node deletion.

1.2 Overview and Structure

This dissertation extends the theoretical and methodological foundations of the Graph
Matching Problem (GMP), introducing novel techniques to handle noisy and dynamically
evolving networks.

The remainder of this dissertation is structured as follows:
* Section 1.3 provides a summary of the notation used throughout the thesis.

* Chapter 2 introduces a new algorithm that simultaneously performs node matching
across networks and classification of a new graph using a set of clustered, node-
aligned reference networks. The paper has been published in IEEE Transactions on

Network Science and Engineering, Volume: 10 Issue: 6 [70].

— Sections 2.1-2.4 present and compare different approaches for achieving this

task, highlighting their respective advantages.



— Sections 2.5 and 2.8 present primary and supplementary experimental evalua-

tions to demonstrate the effectiveness of the proposed methods.
— Section 2.6 discusses the findings and outlines future research directions.
— Section 2.7 contains proofs of theoretical results.
* Chapter 3 proposes a new approach for identifying multiple noisy embeddings of a

network template within a larger network. The paper has been published in IEEE

Transactions on Signal and Information Processing over Networks, Volume: 10 [[71].
— Section 3.1 discusses background information and introduces the subgraph de-
tection problem, a variant of GMP.

— Section 3.2 presents a novel algorithm along with theoretical guarantees for its

performance.

— Sections 3.3 and 3.6 provide experimental results using both simulated and real

data.
— Section 3.4 offers discussions and potential future research directions.
— Section 3.5 contains the proof of the main theorem.
» Chapter 4 investigates the theoretical relationship between graph anonymization time

and mixing time under Markovian noise, a type of edge- and time-dependent stochas-

tic perturbation.

— Section 4.1 highlights the necessity of considering edge-dependent noise in net-

work inference.

— Section 4.2.1 introduces a Markovian noise model for Erd6s—Rényi graphs and
establishes the equivalence between anonymization time and mixing time under

this noise model.



— Section 4.2.2 extends this framework to the stochastic block model (SBM) and
demonstrates cases where (partial) anonymization occurs before full mixing,

provided that latent cluster structures exist.

— Sections 4.3 and 4.6 present experimental validation using simulated and real

data.

— Section 4.4 discusses theoretical implications and outlines avenues for future

research.

— Section 4.5 contains formal proofs of key results.

1.3 Notations

We will use the following asymptotic notations: for functions f,g: Z* — R

e f(n)=o0(g(n)), written as f < g, if lim; e JL”; =0;

« f(n) = @(g(n)), written as f > g, if lim, oo 5% = 0;

* f(n) =0(g(n)), written as f < g, if 3C > 0 and ng such that Vn > no, f(n) < Cg(n);

* f(n) =Q(g(n)), written as f = g, if g(n) = O(f(n));

« f(n) = O(g(n)) if £(n) = O(g(n)) and g(n) = O(f(n).

When the context is clear, for j € Z*, we use (’}) to denote the binomial coefficient if
n is an integer, and (f) to denote the collection of all subsets with j elements if S is a set.

For a given matrix M, the decomposition

J k
/ M]l M12
M =
m MZI M22



divides M into four blocks where the numbers on the borders denote the corresponding
dimensions. For example, M'! is the upper-left  x j block of the matrix M. For a real
number r and positive integers m and n, r, denotes the m-dimensional all r vector and
I'mxn denotes the m X n matrix with all entries equal to r. For a square matrix M, tr(M)
is the trace of M defined as the sum of the diagonal entries of M. |-] denotes the floor
function, defined as |x] =n € Z suchthatn <xandn+1 > x.

Since graphs and their adjacency matrices convey equivalent information, throughout
this sequel we occasionally abuse notation by referring to a graph and its adjacency matrix

interchangeably using the same notation.

11



Chapter 2: Clustered Graph Matching for Label Recovery and Graph Clas-

sification

2.1 Introduction

The graph matching literature is recently divided into (at least) two distinct branches:
algorithmic development and theoretic graph de-anonymization (with notable cross-over
work tackling provable algorithmic de-anonymization; see for example [[13, 40]). In the
graph de-anonymization literature, a latent alignment across vertex sets is posited and the
question of whether an oracle graph matching algorithm can recover this alignment under
various noise models is tackled. Recent work in this area has focused on establishing
phase transitions for graph de-anonymization in terms of the error level in correlated ErdGs-
Rényi models [30, 31} 57, [76} 132]], in the correlated SBM model [73, 91, 97], and in
more general correlated edge-independent graph models [75]. In these models, it is often
assumed that edges within each network are (conditionally) independent, and that edges
across the network pair are independent except that for each {i, j} € (‘2/), A;j and B;; are
positively correlated, where A, B denotes the adjacency matrices of the networks, and (g)
denotes the set of all unordered 2-tuples of distinct elements of V.

Inspired by the error model in [6] (introduced first in the context of correlated Erdds-

Rényi models in [S7]), we will work in the following network error model.

Definition 2.1. Ler Q € [0, 1]"*" be a symmetric matrix. Given B € ¥, we say that S is a

12



Q-errorful observation from B (written S ~ BF(B, Q) for S a “bit-flipped” perturbed B) if

foreach{i,j} € (‘2/) we have that
Sij=Bij(1=Xij)+(1-Bij)Xij,

ind. . .
where X;; = Xj; " Bernoulli(Q;;). Note that we do not allow for self-loops in B or S so the
diagonal elements of Q are not used in this construction. When Q is the constant matrix

with entries identically equal to q, we write S ~ BF(B, q) in lieu of S ~ BF(B, Q).

This model makes no a priori assumptions on the underlying distribution of A, which allows
for de-anonymization criteria to be established in dependent-edge network settings (i.e., in
settings where edges within a network are not (conditionally) independent); see [6] for

detail.

Remark 2.1. Note that in the sequel, we will be considering “bit-flipped” perturbed graphs
S ~ BF(B,Q) where B is a Erdds-Rényi random graph with parameter p (abbreviated
B ~ ER(n,p)); i.e., if each edge is present in B with probability p independent of the
presence or absence of all other edges. For further connection of our “bit-flipped” model
to the graph de-anonymization phase transition work of [31, 132] in Erdds-Rényi graphs,

see Section 2. /.2

The inference task we consider herein is a hybridization of graph matching and graph
classification. Classification tasks on networks consist of two main sub-categories: node
classification and graph classification. Node or vertex classification considers labels at the
level of vertices in the network, and seeks to use the information from a priori labeled
vertices in the network to classify vertices whose label is initially unknown; note that la-
bel classification can occur within a single network or across vertices of a collection of

networks. Graph classification considers a class label at the graph level, and seeks to use

13



the information from an a priori labeled collection of networks to classify networks whose
label is initially unknown; note that graph classification must occur in the setting of multi-
ple observed networks. One popular method for graph-level classification is to use graph
kernels to measure the similarity of graphs and then define a classifier on the similarity ma-
trices, see [23], [89], [106]. Traditional classifiers on vectorized graphs are also equipped
with regularizations that enforce some network structure [[100, 125} [127]]. Deep learning
based classifiers are also popular, especially with the growing interest in neural networks;
for example [36, |88]. Another common approach is to find a proper embedding of the
graph (e.g., spectral embedding) and then build a classifier for the graphs in the embedding

space; e.g., perform a hierarchical clustering via a proper metric [103].

2.1.1 Shuffled Graph Classification

The authors in [[124] consider the shuffled graph classification problem, which is the task
of classifying graphs at the graph-level. They note that when the vertex correspondences
are fully observed across each pair in a collection of networks, then classical classification
methods can be used to classify graphs with unknown class types (e.g., a straight-forward
classification algorithm can be implemented by choosing a suitable metric across labeled
graphs and considering either the Bayes plug-in classifier or the k-nearest neighbor classi-
fier). However, the paper points out that usually the assumption of fully labeled vertices is
unrealistic. Rather, sets of shuffled graphs—which are labeled graphs with unknown label-
ing functions, or unlabeled graphs—should be considered instead. Under this setting, one
approach is to apply a graph matching algorithm to reconcile the vertex label uncertainties,
after which classical classification algorithms can be employed.

Before defining our task further, we first remark that a pair of graphs A and B in ¥,

are said to be vertex-aligned if the identity permutation is a priori known to be the true

14



alignment across the vertex sets of the two graphs. We note here that the notions of vertex-
aligned and graph matched are subtly different. Vertex-aligned graphs have a true, known
correspondence across their vertex sets. This alignment is often dictated by known vertex-
labels or features in the network, or is provided by a subject matter expert in real data sce-
narios. This true alignment is not necessarily the optimal alignment for the graph matching
problem. This is often the case in real data networks, where the behavior of vertices across
networks is not correlated as strongly as in our models (see, e.g., [[/3]).

Inspired by the work above, we then consider the following shuffled graph classification
problem setup. Consider a collection of m vertex-aligned graphs of k different classes/types
(heretofore called the “in-sample” networks), where we model the vertex-alignment across
each pair as being known a priori. Note that we will consider these in-sample networks
as being graphs on a common vertex set. While this could be relaxed to allow for partial
alignment, the main results are analogous, and for the sake of readability, we do not pursue
this further herein. Note that if we assume that the graph class labels are initially unknown,
we can estimate the class memberships of the in-sample networks via graph-level cluster-
ing. We can then use these estimated class labels in our classification procedure. Given
an additional (“out-of-sample”) graph with both unknown type (assumed to be one of the
k represented in the initial collection of m graphs) and unknown vertex correspondence to
the collection of m networks, how would we best (i) recover the vertex correspondences be-
tween the collection of in-sample networks and the out-of-sample network and (ii) classify
its graph type? Note that while we assume all graphs have the same vertex count (denoted
n here), this can be relaxed easily in our graph matching framework via strategic network
padding; see [44].

This is an important problem in the area of data fusion, in which two samples might
come from different data sources. Ideally we would want to utilize all of the existing

data/information (including the vertex and graph labels) in subsequent inference, and al-
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gorithms that require known vertex correspondences would require the label correspon-
dences to be resolved across samples (e.g., tensor factorization [61], joint graph embedding
[5,167,18°7]], network regression [[138], paired graph testing [[115], etc.). While often we can
anticipate data coming from the same source to be already matched (i.e., vertex-aligned),
such assumption often would not carry over different sources.

The main contributions of this chapter are as follows: We provide a novel exploration of
the problem of matching a label-shuffled graph to a collection of vertex-aligned networks
(Section 2.2). We provide approaches for matching the shuffled graph to the matched
collection at three levels of granularity: matching to a coarse average (Section 2.3)), to a
clustered average (Section 2.4)), and to each graph individually. Throughout, we provide
both theory and illustrative experiments showing the benefits/costs of matching at each
level of granularity based on the latent structure of the a priori matched collection, with an
emphasis on the benefit of clustered matching if the clusters in the matched collection are

sufficiently different.

2.2 Clustered graph matching for classification

Before formally defining our graph matching setup, we first note that all graphs/parameters
considered herein are implicitly indexed by 7; so that the background graphs B() are graph
sequence {B,(f) }n» permutations P are permutation sequence { P, },, with model parameters
m=nmy, k=k,, E =&,, p= py,, etc., all varying in n. In the sequel, we suppress the n-index
moving forward to ease notation.

Formally, the problem we consider is defined as follows. Suppose B B@) . Bk ¢
¢, denote k vertex-aligned, unobserved graphs; each of them represents a distinct graph
type/class (in the classification framework). We will consider both settings in which these

background graphs are assumed to be latent and fixed, or in which they are assumed to be
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latent graph-valued random variables. In the latter case, we will condition on the BU)’s be-
fore generating the subsequent Sl(j )’ below. For each jek]:={1,2,3,--- k} letm; € Nbe
such that " ;m ; = m, and consider S ~ BF(BY) p;)for0< p; < 1/2,i=1,2,...,mj,and
further assume that the collection of graphs {{Sl(j )}?gl}’]‘.z | are conditionally independent
given B B?) ... B®). The assumption that p; < 1/2 is justified as follows. If p; = 1/2
for some j, then Sl(j) i'f\'fl'ER(n, 1/2), and they carry no information on BUY). If p; > 1/2,
then BF(BY), p)) Z BF(BU),1— p;), where BU) is the complement graph of BY). Thus, by
replacing B; with its complement we can reduce to the case where p; < 1/2.

For each j € [k], the graphs in {S l(j ) ;n:jl represent the observed in-sample networks of
type j, which can be thought of as edge-noisy, vertex-aligned versions of the background
graph BU). Consider further a fixed r € [k] and further simulate A ~ BF(B"), p,.) indepen-
dent (conditionally given the B"), B ... B()) of all {Sl(j)} where 0 < p, < 1/2 are fixed;
letting P* be a fixed but unknown permutation in IT,, we observe R = (P*)T AP*, which
here represents the out-of-sample, label-obfuscated graph. Note that we assume the class
memberships j are known for the in-sample networks.

Our task then is as follows: given the collection of vertex-aligned networks {Sl(j )},
we seek to recover both the vertex alignment (here P*) and the graph label (here %) of R.

Matching R to {ng )} to recover the correct vertex alignment of R can here proceed at (at

least) three levels of granularity:

1. (Coarse matching) Define the global average matrix C by C = %Zi’ j Sl(j ); note each

entry of C is in the interval [0, 1]. We can match R to C to recover the labels of R.

ii. (Clustered matching) Compute the class-level graph means: Let £ € [k], and let %} be

the set of graphs in class ¢, define



Match R to each Cy, computing Ay = minpery, |[C, — PRPT || . Letting £* € argmin A,
classify R as type £* and label R via P+ € argminpyy [|Cp- — PRPT||p. Note that if the
class labels are initially unobserved for the in-sample graphs, we can obtain estimated

()

labels via clustering the §;”"’s into k clusters, and then use these cluster assignments

as class labels for the above procedure.

iii. (Fine matching) Match R to each Sl(j ), computing
A;j = min ||SY) — PRPT ||
Pell,

Letting {i*j*} € argmin;;A;;, label R via Py« vy € argminpery HS,(*]*) — PRPT||f.

While we suspect (and empirically it is often the case; see Section [2.5.3)) that the clus-
tered matching strategy would yield the highest fidelity recovery of P* (i.e., of the permu-
tation that unshuffles R), this is not always the case. Indeed, the data smoothing obtained
via cluster/class averaging can yield worse matchings if there is sufficient variability/bias
across the elements being averaged, in which case the fine matching may yield higher fi-
delity results. While this is an important issue to untangle, we do not pursue this further
here as in our simulations and experiments, clustered averaging yields the best (or close to
the best) results.

There is a further computational advantage to clustered matching, as it only requires
computing k matchings. In settings where m and n are large, computing all pairwise
matchings can be prohibitively expensive. At the other extreme, while coarse match-
ing is computationally less expensive, if there is significant structural differences across
BW B@ . BK) then it is natural to expect the signal of the true cluster to be whitened
out in C, and matching R to C will not recover P*. We shall demonstrate below that the

clustered matching balances computational feasibility and within-class signal fidelity to
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produce an accurate, more scalable estimate of P*. Moreover, the clustered matching alone
is able to solve both aspects of our inference task simultaneously, both matching and clas-

sifying R in one step.

2.3 The good and the bad of coarse matching

In this section, we explore both the potential benefits and potential problems associated
with the coarse matching strategy. We consider first the case where k = 2; i.e., where we
have two distinct asymmetric (i.e., PBOPT # BY for all P # I,) background graphs B

and B?). Suppose further
{I,} ¢ argminpp; [|BY — PB@PT || 2.1)

Note that if Eq. 2.1]did not hold, then (under modest assumptions) coarse matching would
be successful in unshuffling R with high probability. Eq. [2.1)is necessary for us to explore
the break-down point when coarse matching may fail and clustered matching succeed. We
note here that in this section B(!) and B? are still modeled as vertex-aligned in that the
true underlying permutation between graphs is still the identity matrix. The setting in this
section captures the often-true reality that the true underlying permutation (according to
the assigned data labels) is not Graph Matching optimal.

Without loss of generality, let A ~ BF(B(!)_ p;) for p; € (0,1/2), so that R = (P*)TAP*
is our out-of-sample network and P* is the correct permutation that unshuffles R. Here,
matching R to C amounts to trying to find P* by solving the following quadratic assignment

problem (where, to ease notation, f(P) := Y;; tr(Sl(j )PRPT)):

in||C — PRPT || p tr(SY PRPT) P
min| Iresmpn Y5 PRET) < g ()
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Letting E(-) = E(-|B1),B?), if BV € ¢, (resp., B?) denotes the complement graph of

B (resp., B?)) we have, where P* := P(P*)T to ease notation,

Es(tr(S PRPT)) = (1-p;)(1—p1) (B PXBY (P*)T)
+pi(1— py)u(BYP*BY (PX)T)
+ (1= pj)prte(BYP* B (p*)T)
+ pjp1tr(BY PX* B (pX)T) (2.2)

—(1-2p) (1=2p1 )e(BOPYBD (PF)T) £ 7(B1, BU), ).
where T'(B"), BY) n) is independent of P and P* (see Section[2.7.6).

2.3.1 The benefits of averaging

Assume for the moment that P* := P(P*)T shuffles exactly & labels, and that Eg(f(P) —
f(P*)) < 0, which implies that P* is better than P for matching R to C, on average. This
condition ensures that there are enough “good” matches to A (i.e., those from the same
background) in the in-sample set to mitigate the effect of averaging the entire collection of

m networks, as those from B2 will, with high probability, not match correctly to A.

Proposition 2.1. With notation as above, if

—E(f(P) = f(P")) = @(m&+/nlogn), (2.3)

holds for all & € {2,3,---,n} and all P such that P(P*)T € 1, ¢ (where I1, ¢ is the set of

permutations shuffling exactly & labels), then

P({P*} ¢ argminp||C — PRPT ||p) = ¢~ ©(logn)
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The proof of this proposition combines McDiarmid’s inequality with a standard union over
such P and &; see Section for the derivation). Note that this union bound combined
with McDiarmid or similar concentration bounds is a standard argument in the literature,
appearing in multiple other graph matching works (see, for example, [74, 75, 111] among
others). Lastly, as an example of the feasibility of Eq. [2.3] note that if the background
graphs BY) ~ER(n,q;), then under mild assumptions —Eg(f(P) — f(P*)) = O(mén) €
w(m&/nlogn), and Eq. 2.3/ holds.

2.3.2 The cost of averaging

The case where coarse averaging is detrimental to matchability is a bit more nuanced.
Assume that there exists a P such that P(P*)" €I, ¢, and Eg(f(P)—f(P*)) >0. This is
tantamount to the noise contributed by the class 2 graphs obfuscating the alignment signal
present in the in-sample class 1 graphs. Indeed, the optimal graph matching permutation
between a class 1 and class 2 graph will, with high probability, not be the true latent (in the
case of the out-of-sample graph) or observed (in the case of in-sample graphs) alignment.
To see the effect of averaging with this noise, we first define for each x € {0,1}#, the
following quantity, which captures the edge/non-edge patterns in the graphs before and

after shuffling,

Ny := H{h,e} S (‘2/) s.t. <B<1>[o(h),c(z)],B<1>[h,z],B<2> [6(h),o(1)],B? [h,l]) :x} .

We then have the following theorem (see Section for the proof using Stein’s

method).

Theorem 2.1. Under the setup as above, let py = py = p for fixed p € (0,1/2). If any of

the following conditions hold
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i. |my —ma|=o(m) and Ny110+ Nooor = ©((n&)?/3);
ii. my,my = @(m), [mi —ms|= ©(m) and Ni110 + Nooo1 +Nioot +Not1o = @((n€)>/3);
iii. my/my = ®(1) and Ny110+ Nooot +Nioot +Notio = @((n€)*/3);
iv. 21—53 =o(l),
then we have that

f(P)— f(P*) —Ep(f(P) — f(P*))
V/Varg(f(P) — f(P¥))

converges in law to a standard normal random variable with

Varg(f(P) — f(P*)) = O(n&m?).

The conditions in Theorem ensure that B') and B® have sufficiently many edgewise
structural differences post-shuffling to provide an adequate sample size for Stein’s nor-
mal approximation method to provide approximate normality of f(P) — f(P*), as well as
sufficient variance growth for f(P) — f(P*) which will be used later to provide sharp con-
centration of this difference. We suspect these precise conditions are not necessary, and
can be relaxed with more careful analysis of the mismatch between B(!) and B, though
we do not pursue this further here.

As an immediate consequence of Theorem [2.1] we have the following corollary, which
shows that the incorrect permutation P is a better solution of the quadratic assignment

problem.

Corollary 2.1. Given the conditions of Theorem 2.1} if Eg(f(P) — f(P*)) > 0 we have the

following:

i. With no further assumptions on Eg(f(P) — f(P*)), we have that P(f(P) > f(P*)) >
1/2(1—o(1)).
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ii. If we assume that Eg(f(P) — f(P*)) = w(m+/n&logn), we have that P(f(P) >
f(P7)) = 1—=0(1).

Note that in the case where Eg(f(P) — f(P*)) < 0 for every P # P*, if we do not provide an

associated growth rate, then the same proof as in Theorem [2.1] yields P(f(P) > f(P*)) <

1/2(1 —o0(1)). The growth rate assumption in Eq. is made to uniformly bound these

probabilities close to 0.

Remark 2.2. Sections[2.3.1|and[2.3.2|imply that the key for correctly recovering the latent

vertex alignment for the out-of-sample graph is

tr(BYBM)) — (B2 px B (PX)T) _m(l=2p))
tr(B) X B(L)(P*)T) — (BB~ my(1 —2p»)

This is akin to a signal-to—noise ratio bound, so that coarse matching is successful if the
noise contributed by the class 2 graphs is comparatively small. Note that there is a gap in
the growth rates of Eq. 2.3)and Corollary 2.1 used to ensure coarse matching will/will not
fail with high probability. While we suspect a sharp phase transition is present, we do not

pursue this further herein.

2.3.3 Matching when k greater than 2

We next consider cases where k > 2; i.e., where we have multiple distinct backgrounds

B() ,B(z), . ,B(k). Further suppose that for all j =2,3,... k,
{1} ¢ argmin ey | B~ PBUPT 5.

Without loss of generality, let A ~ BE(B!), p1), so that we observe R = (P*)TAP*. In the
k = 2 case, we saw that the noise contributed by the graphs not from the background class

of A (i.e., the one satisfying Eq. [2.1)) could overwhelm the signal provided by the graphs
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from the same background class as A. When k > 2, the effect of this noise can be more
nuanced.

In one direction, note that the same McDiarmid’s inequality argument as in the k = 2
case yields that if —Eg(f(P) — f(P*)) is sufficiently big for all P # P*, then, with high
probability, matching R to C will yield the correct alignment.

In the other direction, if there exists a P such that P(P*)” shuffles & vertex labels and
Eg(f(P)— f(P*)) > 0, then we have the following result (which is an immediate corollary

of the analogue of Theorem [2.T]in the present setting).

Corollary 2.2. Under the setup as above with p; = p for all i € [k], if n& /m® = o(1) and
Eg(f(P)— f(P*)) >0, then

i. with no further assumptions on Eg(f(P) — f(P*)), we have that P(f(P) > f(P*)) >
1/2(1—o(1)).

ii. if we assume that

Ep(f(P) = f(P")) = @(m+/nGlogn),
we have that P(f(P) > f(P*)) > 1—o(1).

As in the k = 2 case, the behavior hinges on Eg(f(P) — f(P*)), which can be more nuanced

in the k > 2 setting, as the following example illuminates.

"% SBM(3n, [n,n,n), A), so that for each i, the 3n vertices

(i)

in BY) are divided into three communities, each of size n. Next, sample independent S, ~

Foreachi=1,2,3, let B
BF(B', p;) and let A ~ BE(B(!), p). Then,
Etr(PTAPC) :%Etr(PTAPSEU) + %Etr(PTAPS?)) + %Etr(PTAPS?)).
Let b; : V — {1,2,3} denote the community membership function (so that b;(v) = j if

24



vertex v is in community j), and assume that by = by = b3 with
bi(v)=1+1{n+1<v<2n}+2x1{2n+1<v<3n}.

For each i, A¥) € [0,1]>*3 is a symmetric 3 x 3 matrix such that for each {u,v} € (‘2/),
(where E; is the set of edges of BY), 1{{u,v} € E;} i Bernoulli(AD [b;(u), b;(v)]).

Let py = p, pr=p3 =¢q, and let a > r > 0, and € > 0. Define A\ as follows. Each
AW has all entries identically equal to r except that A(V[1,1] = a, A®[2,2] =a+¢€, and
A®) [3,4] = a+ €. To demonstrate the complications of averaging multiple backgrounds,
consider for example (among other similar choices) a =0.3, € =0.5;r=0.1, p=0.4, g =
0.1. Let P be any fixed permutation that flips all the vertices between blocks 1 and 2. When

my =2my and m3 =0,

Etr(AC) =cin?(1—0(1)); Etr(PTAPC) =cyn?(1—0(1));
and when my = m| = m3,

Etr(AC) =c1n*(1—0(1)); Etr(PTAPC) =c3n*(1—0(1)).

where 1 < ¢3 < ¢] < ¢p < 2 are constants that can be obtained from direct mathematical
computation. As tr(AC) and tr(PT APC) concentrate tightly about their means, we see that
for sufficiently large n, flipping blocks 1 and 2 via P (an optimal alignment of AW and
A®) when my = 2m; and m3 = 0 will, with high probability, result in a better match for
the average than the true identity alignment. This is unsurprising, as A s designed for this
end; 1.e., to attract the dense block in AWM to block 2 in A2, If, however, the wrong-class
in-sample graphs are evenly split between classes 2 and 3 with m; from each of the three

classes, then the alignment provided by P is no longer better than the identity alignment
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(again with high probability). Noting the same analysis holds for flipping blocks 1 and 3
(an optimal alignment of AWM and AG)), we see here that the noise from the in-sample,
wrong-class networks effectively cancels across classes as the wrong-classes pushing the
optimal permutation in different, counteracting directions.

It is clear that if all the P\)’s that optimally align B and B®) are equal (or overlap
significantly), then the noise cancellation demonstrated in the example above will not occur.
In the SBM setting, this can be achieved by ensuring that the optimal alignment of A
to AU is the identity mapping for i, j # 1. We next seek to generalize this idea to other
network models. To this end, we consider the following multiple random dot product graph

model from [5]].

Definition 2.2. Let U be an n x d matrix with orthonormal columns, and for j € [n], let
U; denote the j-th row of U. Let R(l),...,R(k) be d x d symmetric matrices such that
0o<vuU jR(i)U}lT < 1 forall j,h € [n],i€ [k|l. We say that the random adjacency matrices

BW ... B gre Jjointly distributed according to the common subspace independent-edge

graph (COSIE) model with rank d and parameters U and RY ... R® if given U and
{RY) k_|, the collection of networks {B(")}f‘:1 is independent, and for each i € [k, the

upper-triangular entries of B are independent and distributed according to

P(BY|U,RY) = IT (UjR@UhT )Bm o (1 —~U;RVU] ) =50
j<h
The COSIE model of Definition[2.2]provides a flexible framework for modeling a collection
of networks on a common vertex set, and it encompasses many important network models
including the multilayer stochastic blockmodel of [33]. The score matrices R in the
COSIE model allow us a similar opportunity as in the SBM setting to ensure that the wrong-
class, in-sample graphs are all misaligned in synchrony. We shall now demonstrate this in

the following example.
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Assume that B ... B®) are jointly distributed according to the COSIE model with
rank d and parameters U, RW, ... .R® and assume further that the RU)’s are diagonal
matrices for all j (this is similar to the model considered in [34, [128]]). Suppose further
that the diagonal of RW) are ordered to be non-decreasing, and that there exists a common

Q €11, \ {I;} such that for all j € [k]\ {1},

Q € argminp,, IR — PRUPT ||,

I ¢ argminPeHdHR(l) — PRYPT .

The following lemma, proven in Section [2.7.5] will codify sufficient conditions under

which wrong-class in-sample graphs are all misaligned in synchrony.

Lemma 2.1. With setup as above, if there exists a permutation P € I1,, such that for all

J# 1

(R RDIT)

1-2|UTPU - Q> .
| Qllr w(RMDQORUQT)

(2.4)

then ¥ j#1, tr(PTE(BM)PE(BY)) > tr(E(BW)E(BW))).

The technical Lemma condition (Eq. is used to ensure that the action of shuffling E(B)
by P (and yielding PU ROUTPT) is sufficiently close to the action of shuffling R by QO
(and yielding UQRWQTUT); this is used to then lift the shuffling of the unknown R()’s to
a shuffling of the observed BU)s.

Next, define
7i(P) .= u(PTE(BW)PE(BY)) — tr(E(BV)E(BY)).

If P satisfies the conditions in Lemma@ and ) ;. m; is sufficiently large relative to my,
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we have

Y mifi(P) > —mi fi(P). (2.5)
i#1
Consider now the setting where p; = --- = p; = p, and let A ~ BE(B(!), p) and let {Sy)}

as before. We seek then to match the observed network R = (P*)T AP* with C = %Zi, i Sg.i).

Eq. (2.5) ensures that

E (tr (PTAPC)) = E (Eg (r(PTAPC)))

_y B a ;12’) i w(PTEBY)PEBY))

> Z m’.(%wtr(E(B(l))E(B(")))

— E(E (tr(AC))) = E (tr (AC)).

A similar application of Stein’s method as in Theorem will yield that tr(A(PCPT —C))
suitably scaled and centered will converge to a standard normal random variable. This will

yield the following theorem.

Theorem 2.2. With assumptions as in Lemma 2.1} assume that p; = p for some fixed 0 <
p <1/2foralli€ [k. Letting P satisfy the conditions of Lemmal[2.1} and assume that {m;}
is such that Eq. 2.5 holds. If P(P*)T shuffles { vertex labels, then n/m> = (1) implies

that

i. with no further assumptions on Etr(A(PCPT —C)), we have that P(f(P) > f(P*)) >
1/2(1—o(1)).

ii. ifwe assume that Etr(A(PCPT —C)) = o(\/nflogn), we have that P(f(P) > f(P*)) >
1—o(1).
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100 nodes, 10 graphs, Bernp=1/3 100 nodes, 100 graphs, Bernp=1/3 100 nodes, 1000 graphs, Bernp=1/3

Objective function value
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0.0 01 02 03 04 05 00 01 02 03 04 05 0.0 01 02 03 04

Probability of flipping the edge existance of the background graph

Figure 2.1: With a single background B ~ ER(n = 100, 1/3), we consider A,Sl( ) i ~ BF(B,q), and

we match A (i.e., P* = I,,) to C using SGM with 5 seeds. Varying the number of in-sample graphs
(m = 10 in the left panels, m = 100 in the middle panels, and m = 1000 in the right panels), we
plot the SGM objective function value f = ||A — PCPT||r versus the value of the edge perturbation
parameter ¢, averaged over 10 Monte Carlo iterates.

2.4 Clustered matching

Consider next the case of clustered matching, where for simplicity we will assume the
class labels are observed or the clustering perfectly recovers the class labels amongst the
in-sample networks S0, The case in which the clusters are noisily recovered is of great
interest, and will be the subject of subsequent work. For each i € [], let C() be the cluster
average of the graphs from class i, so that cl) = L Z] | J . With A ~ BF(B(I),pl) as
before (recall that we observe the shuffled A, i.e., R = (P*)TAP*), recalling the form of
Eg(tr(CYPRPT)) from Eq. , we have that for P # P* and p = p; = --- = py (note that

this equation is shown in Section[2.7.6),

Eg(tr(COP*R(P)T)) — Ep(tr(CYPRPT))
= (1—p)(1=2p)|IBY|[F—p(1—2p)|BY || F—(1 = 2p)*tr(BYP(P*)" B P*PT).
(2.6)
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Theorem 2.3. With notation as above, denote X; p = tr(CCOP*R(P*)T) —tr(CY PRPT). If

for all integer 2 < & <n, and for alli # 1, and P s.t. P(P*)T ¢ I1, &, we have Eq. is of

order ®(ny/&log(n)), then

Pg(3i € [K]\ {1},P € I0, s.t. X; p < 0)=e @lloeln), 2.7)

The proof of Theorem [2.3]is a straightforward application of Hoeffding’s inequality; see
Section for detail.

Theorem implies that with high probability the correct matching of R to ¢ will
yield a better objective function value than any other matching of R to any other class
mean. Hence, clustered matching can be used to both unshuffle and classify R by assigning
it to the cluster/class it matches best to (best as in lowest objective function value). As an
example, consider the SBM setup of Section with A1) and A®) defined as before,
and A®) set to be A?). If m| = my = ms3, then the results of Sectionimply that coarse
matching would not recover the true permutation, while Theorem [2.3] implies clustered

matching would recover the right permutation with high probability.

n 50 | 50 | 50 | 100 | 100 | 100

m 10 | 100 | 1000 | 10 | 100 | 1000
g=0200] 1 1 1 1 1 1
g=0225 014 1 1 |010] 1 1
¢=0250 040|050 | 042 [0.12| 1 | 0.19
¢=0275020]0.12 | 0.36 | 0.12 [ 0.12 | 0.12
g=0.300 | 0.20 | 0.30 | 0.12 | 0.07 | 0.09 | 0.07
g=0.325] 022 0.14 | 0.20 | 0.06 | 0.07 | 0.11
¢=0.350 | 0.14 | 0.24 | 0.14 | 0.08 | 0.08 | 0.08
¢=0.375 | 0.20 | 0.18 | 0.10 | 0.05 | 0.06 | 0.06
¢=0.400 | 0.10 | 0.14 | 0.10 | 0.05 | 0.07 | 0.10

Table 2.1: Table of matching accuracy in the single Erd6s-Rényi background setting with p = 1/3,
averaged over 10 Monte Carlo iterates; similar results are obtained in the p = 0.5 setting; see Section
2.8 for detail.
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2.5 Simulations and Real Data Experiments

We will now explore the impact of the three different strategies for matching R to C out-
lined in Section [2.2] namely coarse matching, clustered matching, and fine matching. Note
that in the experiments below, as computing the exact solution of the graph matching prob-
lem is often computationally intractable, we rely on the approximate graph matching algo-
rithm, SGM, of [44]]. This algorithm will use seeded vertices across R and C (those whose
alignments via P* are a priori provided), as this will help us to hone in on when f(P*) is

sub-optimal, which is our chief computational question.

2.5.1 Matching in the ER model

We first consider the effectiveness of the coarse matching strategy in the kK = 1 setting
in a simple Erdés—Rényi model with n nodes and edge probability denoted by p. In the

= 1 setting, all in-sample networks are equally informative and averaging them into a

Objective function plot for different averaging methods

B
o
L

Methods

A1_Clustered
A1_Coarse
A1_Misclustered
A2_Clustered
A2 Coarse
A2_Misclustered
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Objective Function Value
RN EX

N
w
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0.1 0.2 03 0.4 05
Edge Flip Probability

Figure 2.2: Objective function plot for different averaging methods for the two Erd6s-Rényi back-
ground setting considered in Section For each of the two out-of-sample networks we perform
coarse matching, clustered matching with its own cluster, and cluster matching with the incorrect
cluster. We plot the objective function of the match versus g for each matching strategy/out-of-
sample graph pair, averaged over 50 Monte Carlo iterates. Note that the A;-clustered and A;-coarse
point values and subsequent lines are nearly identical, and are hard to distinguish; see Table2.2]
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background C is sensible and recommended as long as the edge flipping probability is
not too large. When the Q matrix in Definition is close to 1/2, the in-sample and
out-of-sample graphs become closer to independent, though this can be overcome to an
extent by considering a large value of m. Formalizing this, we consider B ~ ER(n, p), and

L BF(B,q), and we match A (i.e., P* = I,) to C using SGM with 5 randomly chosen

A,
seed vertices. In Figurewe consider p = 1/3 (similar results are obtained with p = 0.5,
see Section [2.8and Figure 2.6 for detail), and we consider the effect of varying the number
of nodes n (n = 100 in the figure, see Section [2.8] for n = 50 plots), and the number of
in-sample graphs (m = 10 in the left panel, m = 100 in the middle panel, and m = 1000 in
the right panel). In each panel, we plot the SGM objective function value f = ||A — PCPT ||
versus the value of the edge perturbation parameter g. When combined with the information
in Table 2.1] (see also Section [2.8] for a full table), we see that for sufficiently small ¢
(here less than 0.2), we will always recover the exact match, and the objective function is
steadily increasing. The jump in the objective function scores correspond to the point at
which the SGM algorithm no longer recovers the true alignment, which is evidence for the
true alignment no longer being optimal. While subtle, we do see that this transition point
occurs at a larger value of ¢ when n and m generally increase as expected. The nature of
the jump, and the relatively flat objective function value post-jump, across all the figures
when SGM fails is indicative of the presence of phantom alignment strength after this critical
threshold; see [43]] for further detail.

We next consider the case of two backgrounds B(1) ~ ER(n=80,p=0.2) and B@ ~
ER(n=80,p=0.4). We let $\", ... s{) ii.d. sampled from BF(B(),g) and $\*,... S
i.i.d. sampled from BF(B) g) where m; = 200, my = 2000 and 0 < ¢ < 0.5 is the edge
flipping probability. We draw two out-of-sample networks A; ~ BF(B(i) ,q) fori=1,2 and
match them with the full average of all the S’s, the average of just the S (1)°s and the average

of just S2)s. We plot the objective function of the match versus ¢ in Figure and provide
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the corresponding matching error rates (i.e., the proportion of labels incorrectly recovered)
in Table 2.2} both are averaged over 50 Monte Carlo (MC) iterates.

We see that matching either graph A; to the coarse average, or the wrong cluster (i.e.,
matching A; to the average of SU)s for i # j) yields poor matching accuracy and nearly
uniformly high objective function value. The exception is matching A, to the coarse mean
when ¢ is small, due to the large proportion of type-2 graphs in the in-sample data, still
enables a high fidelity matching. As expected, matching to the correct in-sample cluster
yields both better matching accuracy and better objective function value (compared to the
wrong cluster matching), at least for modest values of g. This points to the utility of using
the class labels to locally average (or clustering) before matching, as the objective function
value of matching to the class means can be used to identify the right class to match to

which will then yield higher matching accuracy.

Method Ajclass | g=0.1 | g=0.2 | ¢=0.3 | g=0.4 | g=0.5
Coarse 1 0.080 | 0.076 | 0.076 | 0.076 | 0.077
Clustered 1 1.000 | 0.737 | 0.129 | 0.084 | 0.076
Misclustered 1 0.074 | 0.073 | 0.076 | 0.075 | 0.074
Coarse 2 1.000 | 1.000 | 0.170 | 0.093 | 0.075
Clustered 2 1.000 | 0.987 | 0.199 | 0.089 | 0.074
Misclustered 2 0.074 | 0.075 | 0.075 | 0.076 | 0.074

Table 2.2: Table of matching accuracy in the two Erd8s-Rényi background setting, averaged over
50 Monte Carlo iterates. Values are rounded to three decimal places.

2.5.2 Clustered matching in the COSIE model

Our theoretical results in the COSIE model show that when the score matrices are disor-
dered in a similar direction, averaging across samples drawn from multiple backgrounds
can produce inferior label recovery in the downstream out-of-sample matching task. If the
score matrices are disordered in different enough directions, we expect that the noise in the

score matrices could cancel (as in the SBM case of Section [2.3.3)), which would result in
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Figure 2.3: In the COSIE model considered in Section @ we consider matching A to C, 4 for
a # b ranging over {2,...,10}. In the left (resp., right) heatmap, we plot the objective function
value (resp., matching error rate) obtained from SGM with 5 seeds. In both heatmaps, lighter shade
denotes smaller values/better matches while darker shade denotes larger values/worse matches; note
that the diagonal blocks are not included as we assume a # b.

strong label recovery in the downstream out-of-sample matching task even when averaging
a large number of wrong-cluster in-sample networks.

We further explore this phenomenon in the following simple, yet illustrative experi-
ment. We generate k = 10 COSIE background graphs as follows: We consider k£ = 10
independent G; ~ ER(100,0.5) graphs (i.e., uniformly random graphs), and use the proce-
dure in [5] to project these graphs into a common COSIE framework (i.e., finding a com-
mon U and R"’s such that G; ~ URYUT and where each R®) ¢ R19%10)_ We then sample
BY) ~ COSIE(U,R%), and for each i € [10], we sample m; i.i.d. networks SY), e ,S,(?i? from
BF(B),0.1). We consider A ~ BF(B("),0.1), and m; = 10, m; = 5 for i # 1.

We then consider matching A to C, ,, where Cy 5, is formed via C, j, = 21—0 Zie{l,a,b} Z’}il Sy) ,
and where a # b range over {2,...,10}. We plot a pair of heatmaps in Figure with
indices representing values of a, b chosen. In the left (resp., right) heatmap, we plot the ob-
jective function value (resp., matching error rate) obtained from SGM with 5 seeds. In both
heatmaps, lighter shade denotes smaller values/better matches while darker shade denotes

larger values/worse matches; note that the diagonal blocks are not included as we assume

a # b. From the figure, we see a strong positive correlation between matching error rate
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and objective function score, and that which combination of background graphs are being
averaged into C,, is consequential and nuanced. In Section @, we saw that the nature
of the backgrounds was crucial for determining whether a coarse matching would produce
good results. In this example, similar to the SBM example considered in Section 2.3.3] we
consider k = 3 and consider coarse matching of (P*)TAP* to C, with the aim of better un-
derstanding when the coarse class averaging is beneficial’/harmful for label recovery of the
shuffled A. To this end, we set m; = my + ms3, and we consider different combinations of
background graphs B@ and B®) for representing classes 2 and 3 (B will always represent
class 1).

As demonstrated in Theorem[2.2] the wrong combination of in-sample backgrounds can
lead to poor performance via coarse matching; this figure suggests that this phenomenon is
neither uncommon nor straightforward. Indeed, while some background graph class pairs
(e.g., (5,7)) have their order relative to B combine to provide poor matching accuracy
and large matching objective function, those same graphs paired differently (e.g., (5,6) and
(7,8)) are relatively innocuous when averaged with the Ss1)s; as the true alignment is still

well-recovered even with coarse matching.

2.5.3 Matching human connectomes

We next consider a real data set of human connectomes from the HNU1 data repository
[139]. In the dataset, for each of 30 subjects there are 10 test/retest DTMRI brain scans.
The raw scans were processed via NeuroData’s MRI Graphs (m2g) pipeline of [38]] and
registered to the Desikan atlas [33], yielding a 70 vertex weighted graph for each scan.
The graphs are a priori vertex-aligned both within and across subjects, with vertices in
each graph representing regions of interest in the brain atlas, and with edges measuring the

strength of the neuronal connections between regions. The post-processed brain graphs are
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Figure 2.4: For each of the 15 out-of-sample brain networks, we match with: (i) the average of
all existing 135 graphs (coarse averaging); (ii) the average of the 9 in-sample graphs from the
same subject (clustered averaging); (iii) each of the existing simulated graph (fine averaging). In
the top heatmap, we plot the objective function value obtained from SGM with 5 seeds, and in the
bottom heatmap we plot the matching error rate. In both heatmaps, lighter shade denotes smaller
values/better matches while darker shade denotes larger values/worse matches. In each heatmap,
the columns correspond to the 15 out-of-sample networks, with the rows corresponding to: top 135
(thinner) rows the fine matching with each in-sample network separately; the second-to-the bottom
(thicker) row the clustered matching and the bottom (thicker) row the coarse matching result.
available from neurodata.io.

For our experiment, we randomly select 15 different subjects and their corresponding
15 x 10 = 150 scans. We perform the experiment as follows: for each individual, we ran-
domly take 9 brain graphs as the existing matched graphs (i.e., in-sample), with 1 brain
graph assumed to be the out-of-sample network. These 15 out-of-sample graphs will have
both their class labels and vertex alignments (to the 135 in-sample graphs) treated as un-
known/hidden in this experiment, with the goal then to recover the hidden class label (i.e.,
subject label) and vertex alignments for these out-of-sample graphs. To recover the vertex
alignments, for each of these 15 out-of-sample networks, we match them with: (i) the av-
erage of all 135 in-sample graphs (coarse averaging); (ii) the average of the 9 in-sample
graphs from the same subject (clustered averaging); and (iii) each of the in-sample graphs
separately (fine averaging). Note that while we used the true class/subject labels in our

clustered averaging, these can be readily obtained via a simple k-means procedure applied

to an embedded inter-graph distance matrix; see Section [2.8.3]for detail.
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neurodata.io

We plot heatmaps of the matching objective function and matching error in Figure
2.4 In the top heatmap, we plot the objective function value obtained from SGM with
5 seeds, and in the bottom heatmap we plot the matching error rate. In both heatmaps,
lighter shade denotes smaller values/better matches while darker shade denotes larger val-
ues/worse matches. In each heatmap, the columns correspond to the 15 out-of-sample net-
works, with the rows corresponding to: the fine matching (top 135 thinner rows) with each
in-sample network separately; the clustered matching (the second-to-the bottom thicker
row) and the coarse matching (the bottom row) results. From the figure, we see that for
the majority of subjects, the clustered matching yields smaller objective function error and
better matching accuracy than coarse matching (the subject in column 11 being the notable
exception). Moreover, we see that in some cases the best of the fine matchings yields better
matching accuracy than even the clustered matching, though this is not always the case. For
example, considering the matching accuracy at differing levels of granularity for a pair of
subjects displayed in Table [2.3] we see that for some patients the best fine matching yields
the best matching accuracy while for others the clustered matching is best.

We next explore whether clustered averaging can be used to uncover the correct brain
class labels as well. This would be a key step for identifying the correct cluster to aver-
age to in Figure [2.5] To explore this, for each of the 15 out-of-sample brain networks, we
plot a heatmap of the objective function obtained by SGM with 5 seeds by matching with
each of the 15 in-sample cluster averages. In each heatmap, the columns correspond to
the 15 out-of-sample networks, and the rows correspond to the 15 in-sample network av-
erages (the diagonal corresponds to the matched indices). Larger values in the heatmap

are denoted by darker colors. We indeed see that across the board, the cluster matching

Subject | Coarse Matching | Clustered Matching | Fine Matching
0025435 0.8286 0.9429 0.8857
0025440 0.6000 0.8143 0.8571

Table 2.3: Matching accuracy for a pair of subjects across levels of granularity.
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that obtains the best objective function is the one that matches the out-of-sample brains to
the correct in-sample cluster average, pointing again to the validity of using this approach
(with high fidelity clusters) for simultaneous classification and label alignment. While we
do not suspect these brain graphs follow our posited bit-flipped model, the theory devel-
oped for our model nevertheless plays out in this real data setting: the differences among
the background connectome classes cause coarse matching to be less effective than clus-
tered matching. This is as predicted by the theory, and clustered matching here provides
both a computationally more efficient alternative to fine matching (that can produce better

matching results) and an empirically better match than coarse matching.

2.6  Conclusion and discussion

We investigate strategies for recovering the vertex labels of an out-of-sample graph by
using the information in a collection of vertex-aligned in-sample graphs. In both theory

and synthetic/real data simulations, we explore the effectiveness of recovering the out-of-

Figure 2.5: For each of the 15 out-of-sample brain networks, we plot a heatmap of the objective
function obtained by SGM with 5 seeds by matching with each of the 15 in-sample cluster averages.
In each heatmap, the columns correspond to the 15 out-of-sample networks, and the rows corre-
spond to the 15 in-of-sample network averages (the diagonal corresponds to the matched indices).
Larger values/worse matches in the heatmap are denoted by darker colors, with smaller values/better
matches denoted by lighter colors.
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sample graph vertex labels by matching it to the in-sample collection at three levels of
granularity. While it can be the case that the best method is to match the out-of-sample
graph to all individual in-sample graphs and take the labels according to the matching
result with smallest loss function, often this is too computationally expensive and the data-
smoothing inherent to clustered matching often yields better alignment than the fine-grain
matching. At the other end of the granularity spectrum, in both theory and practice we
demonstrate that labeling the out-of-sample graph by matching it to the full average of
all in-sample graphs can yield poor label recovery, especially in settings where there are
significant differences in the structures across the in-sample graphs.

Our proposed matching algorithm is a compromise between these two extremes. Our
“clustered matching” involves matching the out-of-sample graph individually to each class’s
average and labeling it via the matching result with smallest loss function. A consequence
of our theory is that given high enough fidelity classes, under mild model conditions the
clustered matching will recover the right cluster and the right alignment with high proba-
bility. We also used both simulated as well as real world data to demonstrate the validity
of the proposed algorithm as well as the advantage of clustered matching compared to the
fine-grain and coarse-grain strategies outlined in Section[2.2]

We also proposed the following possible extension and questions. While we consider
matching here to the usual sample average, there are a number of different notions of net-
work means we could consider aligning to (e.g., Frechet means [48,60] or smoothed means
[119]). We next seek to relate this work to the phantom alignment strength conjecture pro-
posed by Fishkind et. al. in [43]. In particular, our result in the Erd6s-Rényi model
simulations (Fig. [2.1) showed matching objective functions similar to the “hockey stick”
matchability plots in [43]. Both our work and that in [43] deal with edge-wise correlations,
and we are working to unify our results and use our results and computations to support

the foundation of the phantom alignment strength conjecture, ideally finding explanation
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or causation for the “hockey sticks” matchability plots. We would then be able to propose
more precise conditions on when our three aforementioned matching strategies will behave
similarly and when they will differ significantly.

Another important issue we want to explore is the edge-wise matchability of the out-
of-sample graph. In particular, standing on a single edge level, it is hard to predict if the
matching is exact for both clustered matching and fine matching. We want to find condi-
tions or ways to verify if the edge-wise matching is indeed the exact one by looking at the
edge mismatch level and finding computationally tractable remedies for misaligned struc-
ture. Also, as in [132], we want to explore the information theoretic recovery limitations
of clustered versus coarse matching as well.

Finally, it is important to note that if class labels are not known a priori, our proposed
clustered matching relies heavily on a good graph clustering algorithm. If a clustering
algorithm is provided, then our matching approaches are essentially standard GMP’s and

can be solved using existing methods and packages.

2.7 Proofs

2.7.1 Notation used throughout the proofs

Throughout the section, we will observe that

ht, s.t. i,j
{o(h).o(0)}A{h0}

where o is the permutation associated with P*X = P(P*)T. This expansion is essential for

applying the concentration inequalities appearing throughout the manuscript.
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2.7.2  Connection between Definition [2.1{and Erd6s-Rényi matchability

The model in Definition 2. can be used to study the phenomenon of graph matchabil-
ity/graph de-anonymization. Loosely stated, if graphs A and B in &, have true, but latent,
alignment P*, graph matchability is concerned with understanding the conditions (often in

terms of the edge correlation across networks) under which
{P*} = argminppy [|A — PBPT||f.

(determining whether there is enough signal to match the vertices of two random graphs).
Considering B ~ ER(n, p) in Deﬁnitionand 0O = sJ,, (where J,, is the hollow n X n matrix
with all off-diagonal entries identically equal to 1), matchability in the classical correlated
Erd6s-Rényi model is obtained by considering alignments of S| and (a shuffled) S, where
S1,8|A Lid- BF(B, Q). Indeed, (no longer conditioning on A) in this case S; and S, would

both have ER(n, p(1 —s) + (1 — p)) distributions and the edge-wise correlation is given by

p(1—p)(1-2s)?
(p+s—2sp)(1—p—s+2sp)

corr (S ij,52,ij) =

Here, sharp matchability thresholds are established in [31}132] in terms of s and p (i.e., in

terms of the correlation across networks).

2.7.3 Proof of Theorem 1:

Proof. We will use Stein’s method to prove this result; principally Theorem 3.6 in [[102].
We say that a collection of random variables (Xi,---,X),) has dependency neighborhoods

N; C [n] for i € [n] if for each i, X; is independent of {X; s.t. j & N;}.

Theorem 2.4 (Adapted from Theorem 3.6 in [102]]). Let dx be the Kolmogorov metric, so
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that for random variables X and Y

di(X,Y) = sup|Fx (x) — Fy (x)|,
x€R

where Fx (resp., Fy) is the distribution function of X (resp., Y). Let Xy,...,X, be random
variables such that for all i € [n], E(X}) < oo, E(X;) =0, 62 = Var(¥,;X;), and define W =
Y. Xi/o. Let the collection (Xi,...,X,) have dependency neighborhoods N;, i = 1,...,n,

and also define D := maX;c,| |Ni|. Then for Z a standard normal random variable

\/_

dx(W,Z) < 2/7r1/2( ZEyXP ZEX“)

Recalling that ¢ is the permutation associated with P(P*)T, define

Vi i= (L8 [0 0) (Alo(h), ()] — Alh,€).
iJ

Note that the maximum size of the dependency neighborhoods for each of the (Y;¢)’s is at

most 2 (i.e., D in Theorem [2.4]is 2). Let

Wl = ZS,U) [h, 1]
i,j
and
Bu = (Alo(h),o(1)] —Alh,1]),

so that Y,; = oy, B It is immediate that conditioning on B i =1,2, we have {an}ny is
independent of { B },,;. Below, we will implicitly condition on B ,i = 1,2 in all expecta-

tions.
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We define

Xnt := Y —E(Yn) = B — E(0)E(Brr)

We first note:

E[Xi] = E ([oBu —E(os)E(Bu)]*)
((lens — o] B+ EBua)) + [BuE( o) — auaE(Bu)])*)
< 2 (E([on — E(oun)[)E([Bu +E(Bun)l*) +E((BuE (o) — auE(Bun)|"))
2* (E[o — E (o)1 VE( B+ EBu)]*) + E([Bur(E (o) — o) + 0 (Bus —E(Bu))|*))
< 2° (([on — E(ou) (B + E(Bu))*)
+ 2 BB E(lom — E(ow))*) + E(o ) E( B — E(Bu))*)] )

= A E([og — E(0y)]*) + B2E(o)

E

where Aj = 8E([By +E(Bu)]*) +64E(B,}) and By = 64E([Br + E (Bu)]*).

Note that oy, follows the Poisson-binomial distribution with m independent summands.
The 4-th central moment of the Poisson-binomial distribution can be calculated via its
Excess Kurtosis which has magnitude O(1/m) and its variance which has magnitude of
62 = O(m). The 4th central moment therefore has magnitude of O(1/m)0(m?) = O(m).
The 4th non-central moment of the Poisson binomial distribution is of order O(m*). Turn-

ing our attention to f3, there are three cases to consider:

1. 1t BW[n, 1] = BV [o(h),5(1)], then we know

.

PP+ (1-pp, a=0
P(Bu=a) =< p(1—p), a=1

p(l_p>7 a=—1

\
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and E(By) = 0;V(By) =2p(1 —p)

2. ¥ BW[h,1] =1,BW[c(h),o(l)] = 0, then we know

PPy =a)= 2, a=1

E(Bu) =2p—1,V(Bu) =2p(1 - p)

3. If BV[h,1] = 0,BV[c(h),o(1)] = 1, then we know

P(Bu =a) = P2, a=—1

E(Bu) =1-2p;V(Bu) =2p(1 - p)

Now, it is clear that A; = 8E[By + E (Bu)|* + 64E(B;}) and B, = 64E By + E(By)]* are
two constants that do not grow with m. This yields that E[X,}] = O(m®*). Similarly, we can
show E[|Xy,|’] = O(m?).

Next, we have (where V is shorthand for variance, and we are implicitly conditioning
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on the B()’s below)

\% Xy | =V Yy

hl, s.t. hl, s.t.
{o(h).a(l)}#{h,1} {o(h).a(1)}#{h,1}
= Y V(¥u)
hl, s.t.
{o(h),o(l)}#{h.l}
::‘\,/1
+ ) ) Cov(Yut, Yny1,)
hl, s.t. hy by s.t. {hz,lz}#{h,l} and
{o(h).o(D}A{hl} {o(hy),0(l)}#{h,l}

N J/

:;62

Now, as PP* shuffles exactly k labels, the size of the set {,l, s.t. {c(h),c(l)} # {h,l}}
is @(nk). We then have

V1= V(atn Brr)
i st

{0(h).6 ()} £ {h )
= V(o) V(But) + [EBr) 1>V () + [E(04)]*V (Bri)
hl, s.t.
{o(h),o()}#{h,l}

— E(Bi) V(oy) +V (Bu) [E( o))

~

hl, s.t.
(o (h),o(1) YA {1} =0(m)
= O(nkm)+2p(1—p) Z [E (o))
hl, s.t.
{o(h),o(1)}#{hl}
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Next, we have

2= {COV [O‘hlﬁhla 01 (hyo—1 (I)Bc—l(h)a—‘(l)} + Cov [ Bt O (o (1) Bo(nyo (1)) }
.t

hl, s
{o(h),o(D)}#{n,1}

=— hlE {E(o)E(0tg—1(nyo—1 (1)) V(AR 1)) + E(0m) E(Ognyo (1)) - V(Ao (h), o (D)]) }

{o(h),c()}#{hl}
=—2p(1—p) )y E(on)E(%sn)o(1))

hl, s.t.
{o(h),o(l)}#{h,1}

Combining, we then see

\% X | = O(nkm)+ p(1—p) Y (E(oy) —E(%(h)o(z)))2
hl, s.t. hl, s.t.
{o(h),o()}#{h,l} {o(h),o()}#{hl}

Now, oy, follows the Poisson-Binomial distribution, and
E(an) =my ((1=2p)B N1+ p) +mo (1 -2p)BD[h1) 4 p)

and so

E(asmo)) —E(am)
—(1-2p) <m1 (B<1>[o(h), (1] —BU)[h,z]) oy (B<2> (o(h), (1)) — B? [h,z])) .

Without loss of generality, we will consider P* = I,, below (this is done to simply ease
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notation). By assumption, we have that

MBR.BD.P) _ m(1-2p) m
—h(BD, B P) " my(1-2p) my’

(2.9)

where we recall

h(BY BY) P) = tr(BYPBY P — tr(BY BU)).

Note that the possible values of (B(l) [6(h),o(1)] —BW[h, l]> and (B(z) (6(h),o(1)] — B@h, l])

are —1,0 or 1. A key term in the variance computation above is

p(1-p) Y (E(oy) _E(O‘G(h)c(l)))z
hl, s.t.
{o(h),o(l)}#{h1}
=p(1-p)(1-2p)*

my (B _g o (B® o 2
L (m(8V0e0.001-50m0) +m (5o, o )] -5V n1))
{o(h),o(l)}#{h.1}

(2.10)

We desire (for the application of Stein’s method in Theorem that this term is @ (m? (nk)2/3).
When will this be the case?

For each x € {0,1}4, let

Ne:=|< {h,t} € ) st BW[c(h),o(1)],BV[h,1],BP[c(h),c(1)],BP[h1] | =x
{ore (5)se ( )=}

Note that, by parity, we have

No110 + Not11 + Notoo +Noio1 = Nio1o +Nio11 +Niooo + Nioot

Nooo1 +N1101 +Nioor +Notor = Noo1o + Ni110 + Nio1o +Not1o
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Equation [2.9]is then equivalent to

ma(Noi10 +Ni110 — Noto1 — N11o1) > mi(Noi1o + Noi11 + Notoo + Noioi)-

This then implies

ma
2

m3
2

m
> 7(N0110 + No111 + Noioo + Noio1) +

(No110 + N1110 — Noto1 — Ni1o1) + —== (N1oo1 +Nooot — Nio1o — Nooio)

mi

2
my mq
& 7(N0110 + Ni110 + Nioo1 +Nooor) > 7(N0110 + No111 + Noioo + Noio1)

(N1010 + N1o11 + N1ooo + Nioo1)

mi
2
ny
2

+ —(N1010 + N1o11 + N1ooo + Nioo1)

+ —(No1o1 +N1101 +Nio1o +Nooio) (2.11)

Note that in Eq. 2.10] each

Nio10 term contributes (m +m2)2; Noio1 term contributes (m; + m2)2;

Nigo1 term contributes (m —mz)z; Noi1o term contributes (m; — mz)z;

Noo10 term contributes m%; Ni110 term contributes m%;

Nooo1 term contributes m%; Niio1 term contributes m%;

Njp11 term contributes m%; Niooo term contributes m%;

No111 term contributes m%; No1oo term contributes m%

We consider the following cases:

i. [m; —my|= o(m) : In this case the Njgp; and Ny terms contribute minimally (i.e.,

of order o(m?) and not of order m?) to Eq. In order for Eq. to be of order
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11.

1il.

o(m?(nk)?/3) it is necessary and sufficient for at least one of
Nio10, Noto1; Noo1o, N1110, Nooot, N11o1; Nio11, N1ooo, Not11, No1oo
to be o((nk)*/3), which, by Eq. [2.11} is equivalent to

Ni110 4+ Nooor = o((nk)*/3).

my, m; =m(m), [m; —my|=m(m) : In this case, all terms contribute meaningfully
(i.e., order m?) to Eq. If m = (1), then in order for Eq. to be of order

o(m?(nk)?/3) it is necessary and sufficient for at least one of

N1010, No1o1; N1oo1,> No110, Noo1o, N1110, Nooo1> N1101; N1o11, N10oo, Noi11, No1oo,
to be w((nk)?/?), which, by Eq. [2.11] is equivalent to

Ni110 +Nooo1 +Nioo1 +Not1o = w((nk)2/3).

m;/my = !(1) : In this case the Nyo11, N10oo, No111, and Ny terms contribute min-

imally (i.e., of order m% < m?) to Eq. If m = (1), then in order for Eq.

to be of order @(m?(nk)?/3) it is necessary and sufficient for at least one of

Nio10, No1o1s N1oo1, Not110, Noo1o, N1110, Nooot; Ni1ot1,
to be @((nk)?/3), which, by Eq. [2.11} is equivalent to

Ni110 +Nooor +Nioo1 +Not1o = w((nk)2/3).
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If the conditions above hold, we have

2
v Y X | = O(nkm)+p(1—p) Y (E(og) — E(tg(n)))
hl, s.t. hl, s.t.
{o(h),o(D)}#{n,1} {o(h),o()}#{n,l}
= O(nkm) + o (m>(nk)*?3)
In this case, the bound in Stein’s method becomes( where Y, is shorthand for ) hl, st )

{o(h),o(D)}#{h,l}
and

Y X

V(T Xu)

O(nkm3) O((nk)'/2m?) _
) = \/®((nkm)3/z) (k) &nkm)+ w(m (o)

as desired. In the event that none of the growth conditions outlined above for the N;jy;’s

hold, then
VB (Z Xhl) = Q(nkm)

and we can bound dg(W,Z) via

O(nkm?3) O((nk)'/?m?) m3/2 m
dWz) < \/Q<<nkm>3/2> T Qkm) \/ 0 ((nk)l/Z) o <<nk>1/2)

and this bound is o(1) when nk >> m? as desired. [l
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2.7.4 Proof of Corollary 2.1

By the normal convergence in Theorem 2.1} we have that (where Z ~N(0,1))

P(ﬂp)_ﬂp*)>O>:P(f<P>—f< - EB<f<> 1) —Ep(f(P)—f(P >>)
)

v/ Varg(f(P) — f(P*)) \/Varg(f(P)— f(P
ZIE,,(f(P)—f( - EB<f<> f(P*))>O>
\V/ Varg(f(P) — f(P¥))

—P(Z>0)=1/2.

For part ii., let € > 0 fixed. We have that for any constant C > 0,

p(f(P)— 1(P*) > 0) = b | LELZSE) BoGP) - JP) -~ Bal(F) — J(P) )

VNarg(f(P) — F(P")) VNVar(£(P) — f(P9))
o p [ fP) = S(P) ~Es(£(P) ~ f(P*)) _ ~Cm/nElogn 1ogn>
- VNarg(f(P) (")) V/ngm?

FP)— F(P) “Bp(f(P)— F(P)) o pi
T Nmoe ey 1g>

For n sufficiently large, this last term is bounded below by (where ®(x) = P(Z < x))

. (f(P) —(P) “Es(f(P)— F(P)) gy _8)>
V/NVarg(/(P) — J(P))
S P@ (1—¢))=1—c¢.

As € was arbitrary, letting it go to O finishes the proof.
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2.7.5 Proof of Lemmal|2.1

Suppose such P matrix exists, for any graph BUY), where Jj=2,3,...,m, we consider

the matching objective function
IPTE(BY)P—EBY)|2= |PTURVUTP—URVUT 2.

We can lift U and R’s to U and R\ such that U is an orthogonal matrix, RU)’s are still

diagonal matrices, and TRV TT = E(B(j )) for all j. Therefore we know

—|IPTURVUTP—URVUT |2=—||PTORVTTP—ORVTT |2
=— |PTORVGPT |2~ || ORVOT |2 +2te(PTORMVTT PORDTT)

=2t(RVXRIXT) - K

where X = U PU, and K = —||[RV||2—||RY)||%.€ R is independent of P.
For general X € R?*“, define the matrix functional f>(X) = tr(RIWXRUXT). Letting
Q=Q0®0,_ 4 (where 0,_ is the (n —d) x (n — d) matrix of all 0’s), we we have that

£(0) > fo(I) = (UITT) by assumption. Further define the functional

82(X) = \/tr ((R(1>)2X(R(j))2XT>_

The diagonal elements of each RUY) are nonnegative, and by the /1 — /2 norm inequality,

we have that 2(Q) > g2(0). Let W = UT PU ©0,,_, and define

e=|U"PU~Qllr= W —Ol|F.
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Recall our assumption that

Q € argminy .y |[RY) — VROV ||

I ¢ argminVGHdHR(]) — VROV |,

Now, we know that

As both E(B) and PE(BU)PT are Hermition with respective eigenvalues the diagonal

entries of R(!) and RV ), we have that
w(E(BW)PEBY)PT) < £(Q)

as Q sorts the eigenvalues of E(B(l)) and P]E(B(j))PT to both be in non-decreasing order;
see Theorem 1 in [52]. Similarly g2(W) < g2(Q). Now we consider the mean value theorem
(MVT) applied to the function f,: By the multivariate MVT, we know there is a point
cQ+ (1 —c)W where ¢ € (0,1) such that

£(0) — L(W) = (vec(Vf(cO+ (1 — )W) vec(Q—W)
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Plugging in Vf>(X) = 2RWXRU), we get

£2(0) ~ (W) =2 (vee(RV (e + (1~ )W)RT) ) vec(0— W)
= 2[R & &) vee(eQ -+ (1 —c)W)] " vee(@ ~W)
< 2|[vec(cQ -+ (1-e)W)T RV @ RD) | [[vec(0—W)]|2
= 2[RV (cO+ (1—c)W)RV ||| O — W ||
< 2 (¢ RDORV) |5+ (1 - o) [ ROWRYD )
< 2¢|RVORV ||
:28\/tr (R(l))zé(ﬁ(j))ZQT>
=2eg,(0)

<2ef(0)

Thus we conclude f>(W) > (1 —2¢) f2(Q), which implies (by the assumption on P)

w(PTE(BV)PEBY))) =tr(PTORVTT PORDTT)

as desired.
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2.7.6 Additional computational details

Proof of Proposition [2.1)|McDiarmid Concentration

Fix £. From Eq. 2.8] we can see that f(P) — f(P*) is a function of ®(n) independent

random variables

{A[h,e],x[h,e] = (ZSE”[h,E])} .
by {o(h),o(0)}#{h,0}

A single change in one of these variables can change the value of f(P)— f(P*) by at most
O(m). Suppose that Eg(f(P) — f(P*)) < 0 holds, then by McDiarmid Inequality, we know

for any fixed & < n and P such that P(P*)T ¢ IL, ¢, we have

P([f(P) = f(P)] = 0) <P(|[f(P) = f(P")] = Es(f(P) = f(P"))| = Eg(f(P) — f(P7)))
<2exp (_ [Es(f(P) _f(p*))]2>

O(ném?)

=2exp(—w(Elogn))
A union over such P and &, we get:

P({P*} ¢ argmin,||C — PRPT||f) = P{3¢ <n,Pell,s.t PP ¢ ¢ : [f(P)— f(P")] >0}

< Z e0(Glog(n)) 5 ,—(Elogn)
£

_ zefa)(logn) _ 0(1)

as desired.
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Derivation of Eq. 2.6

For any graph B € ¥, let B denote the complement network in %,. By linearity of the
expectation and the trace, combined with Eq. @ and the assumptions that all p; identically
equal p, we have (where PX := P(P*)T, J is the hollow n x n matrix with all off-diagonal

entries identically equal to 1 so that B =J — B)

Eg(tr(CYPRPT)) =Ep(tr(S\ PRPT))
=(1—p)?uw(BY PP BYPPT) 4 p(1 — p)u(BY P(P*) B ppPT)
+ (1= p)pte(BYP(PTBYP*PT) + p*te(BY P(P*)TBY P*PT)

=Tr (BUP*BD (PH)T) —2pTr (B P B0 (PX)T)

4 pPTr (B<f'>P*B<1> (P* )T> 4 PPTe(JP* I (P%)T)
= pTe (BOPXJ(PH)T) — p?Tr (JP* B (PX)T)
+ p*Tr (BUPX B (PH)T)

—(1- 20T (BIPABO P (-2 (1B +1013) + 572
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We note that the identity Tr (JP*B(j) (P*)T> = Tr(JBY)) = Tr ((B<J'>)2) = ||BY)|12 was

used above. We then get

Eg(tr(CHYPR(P)T)) — Ep(tr(CY PRPT))
= (1-2p)Tr (BB + (p—207) BV |3+ (p — 207)||BV |}
= (1=2p)Tr (BUPKBO(P*)T) — (p—2p%) BV |3~ (p — 2% B}
= [(1=2p+ p =207 BV~ (p— 20" BV}~ (1~ 2p)ue(BOP(P)T B P*PT)

= (1=p)(1=2p)|IBV|F=p(1 = 2p)||BV||7-~(1 — 2p)*u(BY P(P*) BV P*PT)

as desired.

Proof of Theorem 2.3

Write

X=X (€O, (P*)TCOP*)n,£]) Ale, A

is a sum of O(n?) independent random variables—the (C(V[h, £] — (P*)TC® P*)[h, £))A[C, h]’s—

which are all bounded in [—2,2]. Hoeffding’s inequality then yields

P(X;p <0) <P(|X;p —EX; p|> EX; p)

S

= 2e%p { T 1o

< 2exp{—w(&log(n))}
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Then

k
PFic K\{1},Pell,stX;p<0) <) Y  2exp{-w(§log(n))}
I=2P st PXell, ¢

< 2k§e><p{0(€ log(n))}exp {—@(&log(n))}

— exp{—(log(n))}

as desired.

2.8 Additional experiments and figures

2.8.1 ERp=0.5

In this section, we include the results and output of additional experiments. We first
display Table [2.4] and Figure 2.6 displaying matching accuracy and matching objective

function for the ER(n, p = 0.5) single background setting.

2.8.2 ER p=0.3

We display Table [2.5] and Figure [2.7] displaying matching accuracy for the ER(n, p =
0.3) single background setting.

2.8.3 Clustering the brain graphs

To demonstrate how we can obtain the brain graph clusters, we consider the following
simple example. Using 135 in-sample brain graphs considered from the HNU1, we com-
pute the matrix of inter-graph distances D;; = ||A; — A ||r (displayed in Figure 2.8). Em-

bedding this distance matrix into R!'# using canonical multidimensional scaling (14 chosen
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50 nodes, 10 graphs, Bernp=0.5, Clustered match

50 nodes, 100 graphs, Bernp=0.5, Clustered match

50 nodes, 1000 graphs, Bernp=0.5, Clustered match

o o ° o
° o005 0 g 0°0°0 554, 1 e 0 0o, o,
°
00 . ©
o ° S o 4 o
g ° ° °
o °
o ©
g ° g - g °
s - S o S °
2 o 2 2
2 g 2
£ ° < ° s °
8 o 8 ¢ 8 2
°
°
w o © q
o4o odo EnY
T T T T T T T T T T T T T T T T T T
00 01 02 03 04 05 00 01 02 03 04 05 00 01 02 03 04 05
Prob. of fipping edge of background Prob. of fipping edge of background Prob. of fipping edge of background
100 nodes, 10 graphs, Bernp=0.5, Clustered match 100 nodes, 100 graphs, Bernp=0.5, Clustered match 100 nodes, 1000 graphs, Bernp=0.5, Clustered match
© %0 o 0 %920 o © oo
o ° o
©° 00550 2 °00 00 4 ©9°0 5656650
2
o
o ° e o ] . °
g4 ° °
° ° o ®
5 ° 5 ° 5 °
. ° £ 8 o £ 8 °
S 8 o H H
g g ° g °
£ ° £ ° £ °
8 o 8 = 8 1
°
°
odoe odo 4o
T T T T T T T T T T T T T T T T T T
00 01 02 03 04 05 00 01 02 03 04 05 00 01 02 03 04 05

Prob. of lipping edge of background

Figure 2.6: With a single background B ~ ER(n,0.5), we consider A,SE])

Prob. of lipping edge of background

Prob. of lipping edge of background

b BF(B,q), and we

match A (i.e., P* = I,) to C using SGM with 5 seeds. Varying the number of nodes n (n = 50 in
the top panels, and n = 100 in the bottom panels), and the number of in-sample graphs (m = 10 in
the left panels, m = 100 in the middle panels, and m = 1000 in the right panels), we plot the SGM
objective function value f = ||A — PCPT || versus the value of the edge perturbation parameter ¢,

averaged over 10 Monte Carlo iterates.

by an elbow analysis of the scree plot of singular values of D) and clustering the embedded

graphs via K-means clustering (with K = 15, with 25 random restarts) yields an Adjusted

Rand Index [99] of 1 (i.e., perfect clustering) between the obtained clusters and the true

labels.
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N
e)

n 50 50 | 100 | 100 | 100

m 10 | 100 | 1000 | 10 | 100 | 1000
g=0 1 1 1 1 1 1
¢=0.025] 1 1 1 1 1 1
¢=0.050] 1 1 1 1 1 1
q=0075| 1 1 1 1 I I
¢=0.100| 1 1 1 1 1 1
¢=0125] 1 1 1 1 1 1
¢=0.150| 1 1 1 1 1 1
¢=0.175| 1 1 1 1 1 1
¢=0200] 1 1 1 1 1 1
q=0225| 1 1 1 1 1 1

¢=0250 | 036 1 1 |0.18]036] 0.16

q=0.2751]0.22]0.24 1 0.09 | 0.16 | 0.14
q=0.300 | 0.14 | 0.44 | 0.38 | 0.06 | 0.11 | 0.10
q=0.325]0.16 | 022 | 034 | 0.13 | 0.06 | 0.10
q=0.350 | 0.20 | 0.18 | 0.22 | 0.08 | 0.06 | 0.08
q=0.3751]0.14 | 0.20 | 0.16 | 0.08 | 0.06 | 0.08
q=0.400 | 0.12 | 0.14 | 0.16 | 0.07 | 0.06 | 0.11
q=0.4251]0.18 | 0.10 | 0.10 | 0.05 | 0.08 | 0.07
q=0.450 | 0.16 | 0.10 | 0.14 | 0.05 | 0.06 | 0.06
q=0.475]0.10 | 0.18 | 0.14 | 0.07 | 0.06 | 0.08
qg=0.500 | 0.12 | 0.14 | 0.12 | 0.05 | 0.05 | 0.05

Table 2.4: Table of matching accuracy in the single Erdés-Rényi background setting with p = 0.5,
averaged over 10 Monte Carlo iterates
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50 nodes, 10 graphs, Bernp=1/3, Clustered match

50 nodes, 100 graphs, Bernp=1/3, Clustered match

50 nodes, 1000 graphs, Bernp=1/3, Clustered match
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Figure 2.7: With a single background B ~ ER(n,0.3), we consider A,SEI)
match A (i.e., P* = I,) to C using SGM with 5 seeds. Varying the number of nodes n (n

Prob. of fipping edge of background

Prob. of fipping edge of background

iid.

~ BF(B,q), and we

=50 1in

the top panels, and n = 100 in the bottom panels), and the number of in-sample graphs (mz = 10 in
the left panels, m = 100 in the middle panels, and m = 1000 in the right panels), we plot the SGM
objective function value f = ||A — PCPT||r versus the value of the edge perturbation parameter ¢,

averaged over 10 Monte Carlo iterates.
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o)
]

50 50 | 100 | 100 | 100
100 | 1000 100 | 1000

n

—_
)

m
qg=0

q =0.025
q =0.050
q =0.075
g =10.100
qg=0.125
q=0.150
q=0.175
qg=0.200] 1
q=0225]0.14 | 1 1 0.10 1

q=0.250 040|050 | 042 [0.12 ] 1 0.19
qg=0.2751020|0.12 | 0.36 | 0.12 | 0.12 | 0.12
g =0.300 | 0.20 | 0.30 | 0.12 | 0.07 | 0.09 | 0.07
q=0.325]022]0.14 | 0.20 | 0.06 | 0.07 | 0.11
q=0.350 | 0.14 | 0.24 | 0.14 | 0.08 | 0.08 | 0.08
q=0.3751]0.20 | 0.18 | 0.10 | 0.05 | 0.06 | 0.06
q=0.400 | 0.10 | 0.14 | 0.10 | 0.05 | 0.07 | 0.10
q=0.4250.16 | 0.10 | 0.12 | 0.06 | 0.05 | 0.09
qg=10.450 | 0.12 | 0.12 | 0.12 | 0.06 | 0.07 | 0.07
qg=0.4751]0.10 | 0.10 | 0.14 | 0.05 | 0.06 | 0.06
qg=0.500 | 0.14 | 0.12 | 0.12 | 0.06 | 0.07 | 0.08

p—
[S—
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Table 2.5: Table of matching accuracy in the single Erd6s-Rényi background setting with p = 1/3,
averaged over 10 Monte Carlo iterates; similar results are obtained in the p = 0.5 setting; see Section
for detail.

62



Figure 2.8: Inter-graph distance matrix heatmap for the 135 in-sample brain graphs considered from
the HNU1 dataset, where each subject’s scans are plotted contiguously (on the 9x9 diagonal block).
Larger values in the heatmap are denoted by darker colors.
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Chapter 3:  Solution diversification in graph matching matched filters

3.1 Introduction

An extension to the GMP is the Subgraph Detection Problem, also known as the Sub-
graph Matching Problem (SMP) or Subgraph Isomorphism Problem. This extension re-
laxes the assumption that both graphs have the same number of nodes. In essence, given
G| € 9, and G, € ¥, with m < n, the SMP aims to find a subgraph of m nodes in G, that is
structurally most similar to the template G. Note that a general subgraph Gy = (V;, Es) of a
graph G = (V,E) is defined such that E; C E and V; C V. In contrast, the term induced sub-
graph imposes the additional condition that for any i, j € V;, {i, j} € E, iff {i, j} € E. This
extension is significant in various applications. For instance, [136] demonstrates the use of
SMP on co-authorship networks to extract potential fake reviewers, while [[131]] discusses
SMP with known protein complexes and protein-protein interaction networks to identify
new protein complexes. SMP is also valuable in analyzing brain neural networks, where
it helps identify specific regions of interest across multiple networks for focused analysis,
as shown in [[120] and [94]. Additionally, the SMP has been used for activity template
detection in large knowledge graphs [81,182] among myriad other applications in machine
learning, social network analysis, computer vision, and pattern recognition [2, [107]].

Numerous algorithms have been proposed to detect subgraphs from larger graphs that
are isomorphic to the template (i.e., there exists an induced subgraph G} and a permutation

matrix P €11, such that ||A — PB'PT||p=0, where B’ is the adjacency matrix of G5, and A
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the adjacency matrix of Gy), with the first notable algorithm presented by [122]. Note that
the (perhaps simpler) graph isomorphism problem also has a rich history in the literature,
with recent results establishing at worst quasipolynomial complexity for the problem [10].
Detailed explanations and comparisons between state-of-the-art algorithms can be found
in survey papers such as [107, [110]. Recently, a series of papers [81, 182} [133]] introduced
an exhaustive (designed to find all subgraphs of G, isomorphic to G;) tree-based/filtering
method that reduces the time required for SMP by eliminating symmetries (referred to as
“structural equivalence” and “candidate equivalence”) within the graph. The exhaustive
nature of the tree-search/filtering based approaches is a key feature that will motivate our
modification of the non-exhaustive algorithm of [[111] in the following section. It should be
noted that the aforementioned methods work well when an isomorphic copy of the template
exists in the larger graph, but they often fail when such a promise is absent. In [111} 121],
the authors relax the isomorphism requirement and instead aim to find a subgraph that
shares the highest amount of structural (and feature-based in the case of [121]) similarity
with the template.

Our focus in this chapter will be the matched-filters-based approach (abbreviated GMMF
for graph-matching matched filters) of [111], in which the authors adapt the Frank-Wolfe-
based [46] SGM algorithm of [44] by proposing different padding techniques to ensure that
the template has the same number of nodes as the larger graph. The validity of their pro-
posed padding methods is supported by both extensive simulations and theoretical justifi-
cation. However, the GMMF algorithm and the adaptation in [92] (lifting the matched-filters
approach to richly featured, multiplex networks) rely on efficiently solving iterative lin-
ear assignment problem (LAP) subroutines—via the Frank-Wolfe approach—which can
be cumbersome in cases where the graphs are very large. Moreover, these algorithms are
not designed to exhaustively search the background graph for all close (but perhaps sub-

optimal) matches, aiming instead to find only the best fitting subgraph(s). In cases where
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more solution diversity is desired, this can limit the algorithm’s applicability. These two
concerns motivate our extensions of the GMMF routine to allow for both more solution di-
versification and greatly enhanced scalability. Note that code to implement this modified
GMMF approach can be found at github.com/jataware/mgmmf.

We begin by introducing a random graph model in which we anchor our study, and

provide an overview of the algorithm and modifications we will employ.

3.1.1 Multiple Correlated Erd6s-Rényi

Recall the Erdés-Rényi model [38] is one of the most popular network models studied.
While assuming all possible edges in the graph exist equally likely and independently, such
a model still exhibits rich properties and provides fertile ground for studying graph match-
ing problems. Discussions regarding thresholds of the graph properties for this model
can be found in [21} 47]] for the homogeneous Erdds-Rényi case and for the inhomoge-
neous case in [22]. Percolation theories on the Erd6s-Rényi model have been proven in
[16]]. Within the related correlated Erd6s-Rényi model, sharp thresholds for graph de-
anonymization are established in [30, 31, 73, 132], and recent polynomial time algorithms
for almost sure exact graph matching (i.e., recovering the optimal solution asymptotically
almost surely) have been established in [[78] (with almost surely efficient seeded approaches
proposed in [84]]).

Our present focus on recovering both optimal and near-optimal solutions in the GMMF
framework leads us to the following extension of the Erdds-Rényi model, dubbed the Mul-
tiple Correlated Erdds-Rényi model. This model is a natural extension of the classical
correlated Erd6s-Rényi model of 30} 31} 76k (132} [134] and the embedded template model
of [111]], where here we allow for multiple templates to be embedded in the background.
In practice (see Section [3.3.4] it is often the case that there are multiple errorful copies of

the template/motif in the background, and this model allows for such structure where the

66


github.com/jataware/mgmmf

template matches have varying levels of noise.

Definition 3.1. (Multiple Correlated Erdds-Rényi) Let m < n be nonnegative integers, with

A

€ [0,1]™™ AR) € [0, 1]"*" probability matrices. Let N be a nonnegative integer, and

let Z = (R1,Ra,- - ,RNn) be a sequence of symmetric matrices in [0,1]™*"™. Two adjacency

matrices, A and B, follow the Multiple Correlated Erdds-Rényi Model with parameters Ay,

Ay and Z if

I.

iL.

iii.

Forall u,v € {1,---,m}, Ay, e Bernoulli(Ag,{,)), and for all u,v € {1,---,n}, By, ~
Bernoulli(A,(,zv));

There exist induced subgraphs (B(l), ..., BW )) of B, each with m vertices that are
not necessarily disjoint among these subgraphs, such that fori=1,--- N, and u,v €

{1,---,m}, AW,Bffv) ~ Bernoulli(/\glv)) and

correlation(AW,B,gg) = (Ri)w:

All edges in B\ {BW,--. . BM are independent and are independent of all edges in
BW ... BN). Furthermore, the collections {BE,’B MW | are independent of each other
as {u,v} € ({Z’}) varies, where (‘j) denotes the collection of all possible subsets of

order j from the set S. Note that the edges within each collection {B,(jv) }fvzl can have

nontrivial dependence.

In [[111], the authors defined a similar Correlated Erdés-Rényi Model, which is a special

case of our Multiple Correlated Erds-Rényi model with the additional assumption that

N = 1. Allowing N to be greater than one allows us to embed multiple matches of the

template A into B, and vary the strengths of the matchings via %. Note that the structure of
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the multiple embeddings in Definition [3.1] constrains A;, as multiple copies of A; need to
be embedded into A; as principal submatrices (up to reordering).

As mentioned earlier, the proposed Multiple Correlated Erdés-Rényi Model extends
the classic correlated Erdds-Rényi and the correlated Erdds-Rényi template models of
[76, [111]. This novel model explores the new, yet common phenomenon where multiple
solutions (here, embedded templates) to the subgraph matching problem could potentially
exist, and where certain nodes are more central to the template structure and should be
preserved in multiple recovered templates. For example, consider a supply chain graph
focusing on key suppliers. Major companies like Nvidia and Intel would be core nodes
because their components are crucial across various products, while smaller or more spe-
cialized suppliers, whose products are limited to specific areas, would be less likely to exist
in multiple templates. That said, Erd6s-Rényi models are often not directly applicable for
modeling real data, though correlated Erdds-Rényi models are a standard setting for graph
matching theory in the literature. Moreover, the proposed algorithms in this work perform

well on real network data that is not Erd3s-Rényi, see Sections [3.3.3]and [3.3.4] for details.

3.2 Solution diversification

In order to recover signals with suboptimal R; structure (i.e., sufficiently entry-wise
dominated by another R;), our approach will make use of vertex-based graph features as
done in [92]]. These features will be represented in the form of a similarity matrix S = §4-8

defined as follows.

Definition 3.2. The similarity matrix between a pair of graphs A € 4,, and B € ¢, (where
m < n) is a matrix S = SYB € [0,00)™" where for (i,j) € {1,---,m} x {1,---,n}, we have
S’?j’B represents the similarity score between node i € V4 and j € Vg. When the context is

clear, we shall suppress the indices A, B and simply write S.
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In certain cases, when we have knowledge of the networks only limited to edge struc-
tures, there is not much we can do besides the standard matched filter approach. See Theo-
rem[3.1]below and [T11]. If we have labels or feature vectors for the nodes of the networks,
we can in general try to find some proper distance measures to define our S matrix. When no
good distance measure can be defined, we can use the multiplex graph matching matched
filters proposed in [92].

To incorporate the node similarities into our matching problem, we adapt the approach

of [[L11]. First, for integer k we will let J;, be the k x k hollow matrix with all off-diagonal

M; 0
entries equal to 1, and & denote the matrix direct sum defined as M| & M, =

0 M,
Adopting an appropriate padding scheme:
1. The centered padding which matches A= (2A—Jn) ® 04— p—m to B =2B—J,; this
seeks the best fitting induced subgraph of B to match to A according to the Frobenius
norm GMP formulation. As noted in [92], this is equivalent to minimizing ||A —

PBPT || over P € I, 5, where I, = {P € {0,1}"" s.t. 1L P < 1,, P1, = 1,,}.

ii. The naive padding which matches A=A® 0,—mn—m tO B = B; this seeks the best
fitting subgraph of B to match to A where the objective to minimize ||A — PBPT ||

over P € I1,,.

Note that for any C,D € ¥,
argminpcry |C—PDPT||p = argminp,yy ||CP — PD||p= argmaxpenntr(CPDPT).

The above relation between the Frobenius form of the objective function and the trace
form yields that the naive padding scheme is equivalent to maximizing tr(APBPT) over
P €11, Asin [92], we see that the centered padding scheme is equivalent to mini-

mizing ||A — PBPT || over P € Il,,,, which in trace form is equivalent to maximizing
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2tr(APBPT) — ||PBPT || over P € I,,,,,. The extra || PBPT |2 term incorporates the penalty
for edge/non-edge disagreements that distinguishes the centered from the naive padding.
We note here that while the above optimization could be cast as optimizing over I1,,, ,,, this
makes the connection between the Frobenius norm and trace-form of the objective function
a bit more nuanced across paddings (see also the discussion in [92]). We choose instead
to present the optimization over the full permutation matrices I, where naive padding is
then finding argmaxpenntr(APéPT) and centered padding finding argmaxp.p; tr(APBPT)
to ease exposition and highlight the connection between the two forms.

From the definition (see also the discussion in [44]), we see that the centered padding
scheme penalizes like graph edit distance, with equal penalty for any extra or removed
edges in the recovered templates. This is more useful if additional recovered structure is not
desired in the recovered template. The naive padding (which only rewards common edges,
and does not penalize missing or extraneous edges) should be used if extra edges/activity
in the background is unimportant, and the recovery of the template edges is the paramount
task. As an example, consider matching the template A € %, that is an m/2 regular graph
to the graph B, where B is composed of two subgraphs connected by a single edge: one of
which is a copy of A with one missing edge (call this By), the other the complete graph on
m vertices (call this Bg). Centered padding would match A to B4 and naive padding to Bg.
Note that if the graphs are weighted, the naive padding is more easily used, as the optimal

centered padding scheme for weighted graphs is still an open research topic.

Write P = where P(j) € R™*" and Py) € R(#=m)*n we account for the similar-

Po)
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ity term by seeking the solution to one of:

. centered
argmax tr (APBPT) +Atr (SP(TI)
Pell, N ~— -\ padding
=f(PA)
naive
argmax tr (APEPT) +Atr <SP(T1 )
Pell, N ~ -\ padding
=f(PA)

where A is a hyperparameter chosen/tuned by the user, S is the similarity matrix as defined
in Deﬁnition@ and Pq) is the matrix consisting only the top m rows of the matrix P. The
GMMF approach then uses multiple random restarts of the following procedure to search B
for the best fitting subgraphs to A. We will present the algorithm, adapted from [44, [126],
incorporating the gradient of the feature term while ignoring the seeded portion, in the
centered padding case, the naive padding setting following mutatis mutandis.

1. Apply centered padding to A and B yielding A and B;

2. Considering N, random restarts,

fork=1,2,---, Ny, do the following
i. Set initialization P(¥) = y1;17 /n+ (1 — y)P where P ~ Unif(I1,) and y ~Unif[0,1];
ii. While ||P®) — Pt=1)||z> n for a specified tolerance 1 > 0, do the following

a. Compute the gradient
Vpf(PY, 2) =ATPYUB+ APDBT + ALynS

where [, is the matrix consisting with the first m columns of an n X n identity

matrix.

b. Compute search direction
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o) = argmax e g tr VPf(P(t)aQL)TQ] ;

via the Hungarian Algorithm proposed in [62] where %, is the set of n X n

doubly stochastic matrices;

c. Perform line search in the direction of Q) by solving

y* = argmax,co 1 F(yPY + (1-7)Q", 1)

This step involves optimizing a quadratic function of 7, and an analytical solu-
tion is obtained by taking the derivative to find the critical point, followed by

comparing the function values at the two boundary points and the critical point.

d. Set PU+D) = y*p(0) 4+ (1 — y)Q®)
iii. Set P%) = maxpery, tr <PTP(ﬁnal)> :

3. Rank the recovered matchings {P(*’k) }e by largest to smallest value of the objective
function f(P,2); output the ranked list of matches.

In the above algorithm, we can steer the algorithm away from previously recovered
solutions (in the random restarts) by biasing the objective function away from these already
recovered solutions. Suppose that the k-th random restart returns the solution PK) (with

corresponding permutation o*X)). To accomplish this, we define the mask M*€ € R”" via

(1—¢g) if j=ck(i);

ke
Ml.j =

1 else.

*1)

As an example, consider [n] = {1,2,...,n}; 1) maps [3] — [7] by fixing [3] identically;
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and 6+ maps [3] — [7] by 62 (1) = 1, 62 (j) = j+ 3 for j = 2,3. Then

1—¢ 1 1 11><4
ME=| 1 1—g 1 1

1 1 1—€ 1ix4

l1—¢ 1143 1 1 1

M27£: 1 11><3 1—¢ 1 1

1 11><3 1 1—¢ 1

In the next random restart, we apply the mask to the current similarity matrix S (k.e)

via SK+1.8) — prke o k&) (note: S(1:€) = §) where “o” represents the matrix Hadamard

product. Considering the previous example, let S be a 3 X 7 matrix, then

5(3,8) _ Ml,e OM2,£ oS

(1-¢)*S1 Si2 S13 Sia Sis S16
= a1 (1-€)82 S Saa (1—¢)825 526

S31 S32 (1—€)S33 S34 S36 (1—€)S3 S37

After penalization, we then seek to solve one of

. centered
argmax tr(APBPT) + A tr (S (k+1 ’S)P(Tl )
Pell .
n -~ -\ padding
::fs.k+l (PJ')
A A naive
argmax tr(APBPT )+ A tr (S(kH’S)P(TI)
Pell .
n - ~ - \ padding
::f87k+1 (P,)L)

3.1

(3.2)

The masks effectively slightly down-weight the similarity scores for the previously re-

covered matrices. Note that an overly draconian choice of € ~ 1 may have the effect of
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steering the algorithm away entirely from recovered solutions, and might not allow for
overlapping solutions to be returned. This is suboptimal in the case where a few key
edges/vertices are expected to appear in many recovered templates.

Our algorithm uses a simple gradient descent-based optimization, which is computa-
tionally fast when compared to more complex approximations to NP-hard GMP solution.
To avoid the pitfalls of first-order methods (e.g., local maxima) that could lead to sub-
optimal solutions, we, in practice, run the algorithm multiple times (easily parallelized)
with random starting points as our Monte Carlo simulations. This allows us to better ex-

plore the objective function and leverages the speed of each Frank-Wolfe iterate.

Remark 3.1. We can also apply the mask M*€ directly to the gradient or to the initializa-
tion in the GMMF algorithm outlined above. In the gradient penalizing case, step (a.) for the

(k+ 1)-st random restart becomes
VD€ FpO 2y =M 0. oM*E o <ATP(”B LAPWBT 4 Mnxms>

In the initialization penalizing, the mask is directly applied to PO followed by rescaling to
ensure double stochasticity. Similar ideas of penalizing the gradient to diversify solutions
when solving optimization problems, particularly to find weaker or flatter optimizers, exist
in the literature (e.g., [lI14) [137]). We will consider only the similarity penalization in the
theory below because this approach can be easily incorporated into the analysis of the
graph matching objective function without need for delving into the optimization steps. We
also note that the penalty constant € could be replaced by a sequence of penalties {€&} if
we are expecting high level of template overlap in the embedded templates. Yet another
approach would be to penalize the edge weights of the recovered templates in the large
network. Assuming a high correlation between edge structures and node similarities, the

result should be similar to our approach. However, the efficiency of penalizing edges could
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be suboptimal due to the significantly higher number of edges compared to nodes in the

denser regime.

3.2.1 Theoretical benefits of down-weighting

We next provide theoretical justification for the down-weight masking in the setting
where there are two overlapping embedded templates in the background (i.e., where N = 2
in Definition 3.1). The case where N > 2 follows from repeated applications of the case
where N = 2, as does the case of no template overlap. In the case where we expect to find
only one recovered template, [111] provides a detailed characterization of methods and
conditions for detecting such a recovered template with high probability (sans similarity
S). Throughout the rest of the manuscript, all graphs and parameters should be indexed by
the number of nodes in the larger graph, n. To improve readability, we will suppress the
subscript n whenever the context is clear.

We consider Multiple Correlated Erd6s-Rényi graphs with the following structure. We
will consider A = pJ,, and A, = pJ,,. Note that our theories can be easily extended to
inhomogeneous Erdés-Rényi graphs by using 0 and 0.25 as the lower and upper bounds of
the variance of any Bernoulli random variables. While in practice, almost no network is
purely Erd8s-Rényi, such models are particularly useful for theoretically studying matcha-
bility phase transitions, and are a standard setting for deriving graph matching theoretical
results [30} 31,176} 1132]. Indeed, homogeneous Erdés-Rényi provides a difficult theoretical
setting as there is no heterogeneity correlation across graphs [42], and the matching signal
is entirely contained in the edge-correlation R. If there was signal in both the edge structure
A and in R, as is common in most real-world networks, the practical difficulty would likely
be reduced significantly as additional statistics (e.g., degree sequence, graph bottlenecks,

centrality, etc.) could be more easily leveraged to match the template. Here, we consider
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2m—k n—2m+k

m—k|[ Al A2 2m—k C D
A — 5 B =
k (AT A2 n—2m+k\ DT E
where
m—k k m—k
m—k C]] C12 C]3
C = k (CIZ)T C22 C23
m—k (C13)T (C23)T C33

Further, for real numbers 0 < r3 < r <r; <1,

corr(A;j,Bnr) =

r

r

r

r3

r3

r3

ifi=hj=0i<m,j<m—k
ifi=hj=0i<m—k j<m
ifi=hj=¢m—k<i<mm—k<j<m
ifi=h—m,j=0—m,i<m—k,j<m—k
ifi=h—k, j=0—m+k,m—k<i<m,
J<m—k

ifi=h—m+k, j=0—k,i<m—k,
m—k<j<m

else

This structure ensures that the two embedded copies of the template (each of size m) have

a non-trivial overlap of size kK > 0. The overlap again is designed to model the case where
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there are key vertices in the background that appear in multiple template embeddings.
Moreover, the case where k = 0 is conceptually and theoretically simpler than the k£ > 0
case and follows as a corollary to the theory below.

Observe that with shuffling channels 0Well,, and QP eI, applied to matrices A and
B, our model can account for Multiple Correlated Erd6s-Rényi graphs such that two em-
beded templates exist with a shared sub-region of all kinds, aligning with the assumptions
that more than one solutions exist and certain nodes must be preserved in all solutions.

We will consider the centered padding scheme, where we match A= (2A —Jp) ®
0,—mpn—m to B= (2B —J,). Analogous results can be derived for the naive scheme, which

we leave to the reader. In this setting, we will consider S of the form

m—k k m—k n—-2m+k

where all entries of S are independent and bounded, without loss of generality bounded in

[0,1] (e.g., Beta distributed), random variables, and where

the diagonal elements of S 1 have mean U

522

the diagonal elements of $°“ have mean U,

the diagonal elements of S'* have mean u3

and all other entries have mean 4. Here we will assume that y; > up > sz > py. Let P*
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and P map A to

m—k k m—k k
m—k Cll C12 m—k C33 (C23)T
s and ’
k (CIZ)T C22 k C23 C22

respectively, so that of the two embedded templates, the embedding via P* is stronger (in
that the correlation is higher entry-wise as are the similarity scores on average) than that
provided by P.

The goal is to down-weight/penalize the strongly embedded template so that the opti-
mal solution to Eq. is P as opposed to P*. The features here are the key, as without
this ability to down-weight the features (or the gradient) we do not expect to find P by
solving Eq. [3.1] Indeed, if we can only observe the edges of A and B, without any further

information provided by S the results of [[111] provides the following theorem:

Theorem 3.1. Let A and B be graphs as described above. Assuming we can only observe
the edges of A and B but have no additional knowledge about the vertex-based graph

features, then with probability at least 1 —n~2, we have that argmaxtr (APEPT) ={P*}.
Pell,

If the strongly embedded template is penalized, then S is weighted as follows. Here,

§(2:€) is set to be (where “o” is the matrix Hadamard product)

m—k k m—k n—2m-+k
m—K (Ly—tmri—€hpr) oS s2 st3 st
k 521 (1 x—€h)oS? 3 524

We next state our main result, which is for the Multiple Correlated Erdés-Rényi model

where the entries of S are independent, and bounded (in [0, 1]). Note the proof can be
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found in Section[3.5.11

Theorem 3.2. Let A and B be two graphs constructed as above. If there is a constant

o € [1/2,1) such that
i. m—k=0(m); m'~*= w(logn)
ii. L =m%;
iii. (ri—r3) <m*'; r3,ry,r are bounded away from 0 and 1;

v. U3 > (1—¢€)uy and (1 — &)Uy > Uy, the differences uz — (1 — )y, (1 —¢€)Up — Ua,

and U3 — U4 are bounded away from 0;
v. p is bounded away from 0 and 1;

then if I1 is the set of permutations perfectly aligning the weakly embedded template (i.e.,

of the form Po Q), we have
P(argmaxperife1 (PA) CIT) > 1 — e~ @logn),

Note that when A = 0, the objective function becomes the standard one considered in
[111], and Theorem applies. However, when A > 0 is sufficiently large, the feature
similarity becomes crucial in the objective function. By increasing €, we force the global
optimizer to move away from the first recovered template, thus expecting to recover a

different in-sample subgraph. When A is too large, the noise in the S(%€)

matrix (provided
by the entries with mean ti4) can swamp the signal and suboptimal recovery is possible.
Note also that there are myriad combinations of parameter growth conditions under which

Theorem 1 (or analogues) will hold, and our theorem is not claiming full generality. We

will not mine these conditions further herein. We point out here that p as a function of n

79



being bounded away from O implies that the graph we consider here is dense, as in much
of the other graph matching literature. Additionally, we could encode the diameter of the
graphs into our objective function to eliminate disconnected matches, if any occur.

By properly realizing the asymptotic notation of @ as a fixed function and thus express-
ing m in terms of logn, we can easily translate our results into a finite sampling result. Note
that most papers discussing graph matchabilities in the literature prove their results in an
asymptotic context, meaning that the asymptotic behavior tells us what to expect for large

enough networks, as seen in real data.

Remark 3.2. Beyond independent entries for S, we could consider S as a similarity be-
tween vertex features. One possible approach to define such a similarity matrix S is via
well-constructed distance functions. In these cases, a function of two variables s(a,b)
(resp., d(a,b) for a distance/dissimilarity function, where, for example, we could then de-
fine s(a,b) = 1/d(a,b)) is defined such that s increases (resp., d decreases) as |a — b|
becomes smaller; e.g., s(a,b) = e 1*P. For each node i € V\ = {1,2,---,m} and j €
Vo ={1,2,---,n}, if we model random vertex features via X;,Y;j ~ F, we can then define
Sij =s(X;,Y}) for all i, j. Note that Theorem relies only on the fact that the means of the
Beta random variables are well-separated, so it can be easily adapted to account for these
vertex-dependent similarities, as long as the scores satisfy certain tail decay conditions
and the expectation of similarity scores for node pairs under different recovery schemes

are bounded away from each other.

We have developed an approach for recovering weaker signal versions of the embed-
ded templates with high probability, under mild conditions. Our approach builds upon the
method introduced in [[111], where we initially recover the strongest in-sample template.
Subsequently, we select a sufficiently large value for A and gradually increase € until we

identify an additional in-sample template. An important aspect is that once a second recov-
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ered template is found, we can iterate the algorithm by penalizing the similarity for both
recovered templates. This allows us to discover more templates until we have exhausted
all possibilities or until the penalty coefficient term for overlapping signal in unrecovered
templates becomes too small compared to the noise in the non-signal nodes.

We next proceed to further demonstrate the validity of our proposed method via exper-

iments in the Multiple Correlated Erd6s-Rényi model and via two real data experiments.

3.3 Experimental results

Our proposed modification of the [GMMF algorithm|offers a simple and efficient solution

for solution diversification. Moreover, incorporating a multiple of the tr (SP(T1)> term into
the existing Frank-Wolfe iterations allows us to efficiently incorporate the feature informa-

tion. Next, we will address scalability issues arising from the line search in steps (ii.a) and

(ii.b) of the |GMMF algorithml To tackle this, note that the gradient Vpf (P(’),/'L) forms an

m X n matrix. In practice, we often have m < n (i.e., m is significantly smaller than n). In
the linear assignment search step (ii.b), each vertex in A can only be assigned to one of the
vertices in B with the top m values in the gradient. Therefore, for the allowable matchings
for vertex i in A, we compute the m largest entries of row i of Vp f (P(’),ﬂt). All other row
i entries can be discarded. After performing this partial sorting operation for each of the
m rows (each row costing O(n) time using the Introselect algorithm [85]) the resulting
matrix of allowed assignments is at most m x m? and the Hungarian algorithm [62] ap-
plied to the Linear Assignment Problem (LAP) on this rectangular matrix is of complexity
O(m™) [98]. Moreover, solving the LAP on this reduced matrix ensures the same result as
solving it on the full Vpf(P) ). This approach effectively reduces the complexity of the
LAP solver subroutine from O(n?) to O(mn 4 m*), and we observe substantial speedups

in practice. We note that this complexity reduction technique was also discussed in [20].
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The discussion above focuses only on the LAP subroutine of the |[GMMF algorithm|since it is

often a computational bottleneck in the procedure.

Due to the intractability of computing the exact graph matching solution in all but small
cases, in a few of the experiments below we make use of seeded vertices in the graph
matching subroutine. Seeded vertices are those whose correct alignment is known a pri-
ori. In this case (assuming for the moment that the seeding maps vertices {1,2,...,s} in
A to {1,2,...,s} in B), the graph matching seeks to optimize f(P,A) over P of the form
P=1I,0Q (or f(P,A) in the naive padding case) using the SGM algorithm proposed in [44].
In practice, seeds are often expensive to compute—indeed in the real data experiment on
template detection in knowledge graphs below, we have no seeded vertices—though a few
seeds can often lead to dramatically increased performance. In the simulations below, the
seeded approach helps overcome the computational intractability of the matching subrou-

tine and are quite useful for demonstrating the utility of our solution diversification step.

3.3.1 Two overlapping templates

Our first experiment verifies the proposed algorithm in our multiple correlated Erdds-
Rényi model with N = 2. In our setup, we take Al = 0.850X50,A(2) = 0.8500x500.- TO
generate graphs with tractable edge correlations, we create an Erdds-Rényi background
graph with edge probability u. We then sample induced graphs from the background graph
by flipping the existence of each edge independently with probability v. Appendix 7.2 of
[70]] provides a formula for the correlation value as a function of the edge existence prob-
ability of the background graph, u, and the edge flipping probability, v. Choosing v to
be 0.0074,0.0168,0.0326 and 0.0495 yields the correlation values used in our follow-up
experiments as approximately 0.954,0.897,0.803 and 0.706, respectively (due to compu-

tational precision, these are estimates of 0.95,0.9,0.8,0.7 resp.). Now let
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Figure 3.1: We fix k = 10 and use the seeded GMMF algorithm to match A with B using 5 seeds
randomly selected from the overlapping nodes of B and B® as described in Section We
plot the recovering results over € (here € is used to penalize the stronger of the two embedded
templates) and A, averaged by 20 Monte-Carlo simulations. In the figures, stronger colors represent
better recovery of the embedded templates, and tl1 (blue) stands for template 1, t2 (red) stands
for template 2, with white squares corresponding to the case when none of the two templates was
recovered or equal amounts of each template were recovered among the 20 simulations.

m—k k k m—k
m—k([ R{' R} k R R}

Ry = sRy=
o \wpyr ') mk\ @D AP

where R}l and RF are matrices with all entries set to 0.954; Réz and R%z are matrices

83



with all entries set to 0.803; and R%z is a matrix with all entries set to 0.897. Note the
overlap in R; and R, is there to make sure the induced subgraphs B(!) and B® have k

overlapping nodes. For the similarity matrix S, we set

where all entries of S are independent Beta random variables, such that the diagonal ele-
ments of S!! are i.i.d. Beta(u; = 0.6); the diagonal elements of S?2 are i.i.d. Beta(u, = 0.55);
the diagonal elements of S'3 are i.i.d. Beta(uz = 0.5); and all other entries are sampled
i.i.d. from Beta(uy = 0.1). Note that for Beta distribution with parameters «, 8, we have
u= a;:ﬁ' We randomly sample o ~ U (0, 1) and use the specified u to calculate the corre-
sponding 3. Other combinations of parameters are also explored and plotted, see Section
B.edl

We fix k = 10 (see Section [3.6.1] for the case of k = 15,40), and use the seeded GMMF
algorithm with 5 seeds randomly selected from the overlapping nodes of B and B?. In
Figure [3.1] we use the naive padding (left) and the centered padding (right) and plot results
over numerous choices of € (here € is used to penalize the stronger of the two embedded
templates) and A, averaged over 20 Monte-Carlo simulations. In the figures, stronger col-
ors represent better recovery of the embedded templates, and t1 (blue) stands for template
1, t2 (red) stands for template 2, with white squares corresponding to the case when none of
the two templates was recovered or equal amounts of each template were recovered among
the 20 simulations. From the figures, we see that when € is small we recover the stronger
embedded template (B;), and as € increases we move away from the stronger embedded

template, and—provided a suitable value of A—we successfully recover the weaker embed-
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ded template as desired. From the plots, we can see the centered padding outperforms the
naive padding for recovering the second template in this multiple correlated Erd6s-Rényi
model, which aligns with the results proven in [111]]. The phenomenon is clearer for larger
k (see, for example, Figure [3.6.1]in Section [3.6.1)), where the naive padding detects either

only template 1 or nothing (denoted by the white in the plot) for whatever A we choose.

3.3.2 Three overlapping templates

To better illustrate the iterative feature of the proposed algorithm, we construct a multi-
ple correlated Erd6s-Rényi model with N = 3 and apply our algorithm to attempt to recover

all of the three embedded templates. In this experiment, we take AL = 0.850 507A(2) =

0.8500%500,
m—k k k m—k k m—k
m—k( R{' R} k R R k R R
Ry = Ry = iRz =
Eo\®RDT R m—k\ (R) B3 m—k\ (RP) R

where R}l and R%z are matrices with all entries set to 0.954; Réz and R%z are matrices with
all entries set to 0.803; R%z and R%Z are matrices with all entries set to 0.706; and R%z s a
matrix with all entries set to 0.897. Note again this structure ensures the induced subgraphs
BW B@ and B®) have exactly k pairwise overlapping nodes, and to make the BW a better
probabilistic match (i.e., a stronger embedding) than B which is a better probabilistic

match than B®).
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For the similarity matrix S, we set S to be

m—k k m—k m—k n—-3m+2k

Template recovered m

NA t1 t2 t3

Figure 3.2: We fix k = 10,A = 25 and use the seeded GMMF algorithm with the centered padding
to match A with B using 5 seeds randomly selected from the overlapping nodes of B!, B and
B®), where BV, B?) and B®) are induced subgraph of B such that graphs A and B follows multiple
correlated ER model as described in Section [3.3.2] We plot the recovering results over €; (penalty
applied to the diagonal elements of S('), $(22)) and &, (penalty applied to the diagonal elements of
§(13) §(22)y, averaged by 20 Monte-Carlo simulations. In the figure, the different patterns represent
which template was recovered (in majority): t1 for template 1, t2 for template 2, and t3 for template
3, with white squares corresponding to the case when none of the three templates was recovered.
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where all entries of S are independent Beta random variables, such that the diagonal ele-
ments of S'! are i.i.d. Beta(u = 0.7), the diagonal elements of S*? are i.i.d. Beta(u = 0.6),
the diagonal elements of S'° are i.i.d. Beta(u = 0.55), and the diagonal elements of S'# are
i.i.d. Beta(u = 0.5), and all other entries are sampled from Beta(y = 0.1). Again for all the
Beta distributions, we randomly sample o ~ U(0, 1) and use the specified u to calculate
the corresponding f3.

In Figure[3.2] we fix k = 10,4 = 25 (see Section[3.6.2]for other combinations of (k, 1)),
and use the seeded GMMF algorithm with the centered padding (the naive padding behaved
sub-optimally for recovering template 3, see Section[3.6.2]for details) and 5 seeds randomly
selected from the overlapping nodes of BW B@ and BO). We plot the recovering results
over &1 (penalty applied to the diagonal elements of S'!,5?%) and &, (penalty applied to the
diagonal elements of S'3,52%), averaged by 20 Monte-Carlo simulations. In the figure, the
different patterns represent which template was recovered (in majority): t1 for template 1,
t2 for template 2, and t3 for template 3, with white squares corresponding to the case when
none of the three templates was recovered. Note that when €; € [0,0.3], we have not recov-
ered template 2, thus it would be impossible to have a second penalty term associated with
&, the corresponding parts are left white and should not be interpreted. As we can see,
when both €1, & are small, we recover the strongest embedded template; as €| increases, we
move away from the strongest embedded template to the second strongest embedded tem-
plate; finally when both €1, &, get large enough, we recovered the third embedded template

as desired.

3.3.3 MRI Brain data

We now apply the proposed algorithm to a real data set of human connectomes from

[139], where we consider the BNUI1 test-retest connectomes processed via the pipeline
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Figure 3.3: We run our proposed algorithm using the seeded GMMF algorithm with 500 restarts and 5
seeds selected from the node pairs {(s;,w j)}?: | as described in , taking the result with highest
objective function value (Eq. [3.2) as the output. For each €, we compute the GM objective function
value (left axis) of the resulting matrix with the template; we also computed the objective function
value with respect to the alignment given by the template to the same classified brain region in the
left hemisphere in B (Left—to—Left in the plot), as well as the objective function value given by the
template to the symmetric region from the right hemisphere in B (Left—to-right in the plot). Also
for € > 0, we calculated the number of novel nodes recovered in each matching compared to the
subgraph detected with € = 0 (right axis).

at [58]] (see http://fcon_1000.projects.nitrc.org/indi/CoRR/html/bnu_1.html
and https://neurodata.io/mri/ for more detail). The dataset consist of test-retest DTI
data for each patient processed into connectome graphs. Moreover, the brain graphs here
are segmented into regions of interest and contain (x,y,z) DTI coordinates. We chose
patient “subj1” for our present experiment. In the first connectome, which contains 1128

nodes, we select a region (region 30) with 46 nodes from the left hemisphere to act as our

template. We then extracted the subgraph induced by the selected region and considered
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it as our graph A. The entire graph of the other brain scan from the same patient, which
contains 1129 nodes, was designated as our graph B. Our goal is to recover both the same
region of interest in the left hemisphere (we consider this the “strong” embedded template)
and the corresponding region (region 65) in the right hemisphere (the “weak” embedded
template).

To construct the similarity matrix, we consider the (x,y,z) coordinates of each node

in the processed MRI scan from graphs A and B. Subsequently, we randomly selected

12 nodes, denoted as s = {sy,...,s12}, from graph A. For nodes sy,...,ss, we identified
the corresponding nodes wi,...,wg from the same region, same hemisphere, in graph B.
Whereas for nodes s7,...,s12, we identified the corresponding nodes w7, ...,w;s from the

corresponding region in the other hemisphere relative in graph B. Note, these are not seeded
vertices, but are simply used to construct the similarity matrix S. Informally, we consider
each pair of (s;,w;) as a “bridge” which has distance 0; allowing us to define a suitable
distance across hemispheres for any nodes # € A and v € B as follows. Setting the distance
between corresponding seeded nodes across hemispheres to be 0, we define the distance
via

d(u,v) = min {{lu—si|2+[|y —wil[2}
Jje12]

Here, ||-||> represents the standard Euclidean distance. We defined our similarity matrix
such that S,’j o< —a’(u,',vj).
We executed our proposed algorithm using the seeded GMMF algorithm with 500 restarts,

with 5 seeds selected out of the node pairs {(s;,w;)}6_,, so the seeds exist in the left-

=1
hemisphere only; and we selected the result with the highest objective function value (in
Eq. [3.2|using naive padding with A = 0.1 as the final match; see Section for the case

of A = 1). Naive padding worked well with the irregular structure of the brain networks

here, and we are actively researching whether centered or naive padding is more appropriate
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in non edge-independent models. For each €, (plotted in Figure [3.3) we compute the GM
objective function value (right axis) of the resulting matrix with the template; we also
computed the objective function value with respect to the alignment given by the template
to the same classified brain region in the left hemisphere in B (Left—-to—Left in the plot), as
well as the objective function value given by the template to the symmetric region from the
right hemisphere in B (Left—to—Right in the plot). Also for € > 0, we calculated the number
of novel nodes recovered in each matching compared to the subgraph detected with € =0
(left axis, “Number of different nodes recovered” in the plot). As expected, the objective
function value obtained from the output of the seeded GMMF algorithm is better than the
ground truth alignment. Furthermore, by increasing € beyond 0.1, we observed a deviation
from the original recovered template, leading to the discovery of a new subgraph matching
the template close to optimally. We comment that the decrease in the objective function
value based on the alignment provided by the classified brain regions across the scans is a
result of the seeds in the SGM algorithm, where the similarity scores between these 5 seeds
pairs decrease as € increases.

We close this example mentioning that by judiciously encoding neuronal information
via the feature similarity matrix, the performance of the template recovery increases dra-
matically. The power of the similarity formalism is that it enables incorporation of any
feature information for which similarities can be computed. For example, in the knowl-
edge graph example of Section [3.3.4] the similarity encodes both numeric/quantitative and
semantic/qualitative (i.e., ontological) features together. We note however that an adversar-
ial § could potentially break our approach, as it could violate our working assumption of

positively correlated edge structures and node similarities.
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3.3.4 Template discovery in TKBs

For our second real data example, we consider the transactional knowledge base (TKB)
of [96]. The graph is constructed from a variety of information sources including news
articles, Reddit, Venmo, and bibliographic data. Moreover, nodes and edges are richly
attributed. Node attributes include a unique node ID, node type (according to a custom
ontology), free text value, entry ID (used to identify the node in the Wikidata Knowledge
Base), date and latitude/longitude. Edge attributes include a unique edge ID, edge type
(according to a custom ontology), and edge argument (providing additional edge informa-
tion). See [96] for more information on the construction of this network and details on the
custom ontological structure.

Along with the large background graph, [96] describes the creation of multiple signal
templates (with varying levels of noise) to search for in the background. In addition to
perfectly aligned templates (i.e., background subgraphs isomorphic to the template), tem-
plates are embedded with different and varying noise levels, necessitating noisy template
recovery.

The full graph has 14,220,800 nodes and 157,823,262 edges. For each template, we
do some simple preprocessing of the graphs that reduces their size (for instance, remov-
ing node types that do not appear in the template, removing dangling edges, etc). This
preprocessing yields the pruned graphs that are fed into our matching algorithm, which
have approximately 13 x 10 nodes and 32 x 10° edges. As in [92], we create a multiplex
network from this TKB by dividing edge types (from the different sources) and different
ontological edge types into multiple weighted graph layers (weighted based on a measure
of ontological similarity), and using node features to define a node—to—node similarity ma-
trix. Note that we use naive padding here, as the edge structure is naturally weighted and

optimal centering in the weighted case is nuanced and the subject of present study. The
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multiplex adaptation of the GMMF procedure can be found in [92], and amounts to adapting

the Frank-Wolfe approach to the objective functions

argmaxz tr < [A(i)@On,m,n,m] PB(i)PT> +Atr (SP(T1)>
pell,

where A () (resp., Bl) represent the template (resp., background) structure in layer i of the
multiplex graph and where nodes with a common label across layers are assumed aligned.

We show the effect of the solution diversification via the following experiment. To
measure the fidelity of recovered templates when no ground truth is present, we use the
graph edit distance (GED) metric outlined in [37]. We run 32 random restarts of the GMMF
algorithm for each template recovery (we plot results for template 1A, 1B, 1C, 1D here;
results for templates 2 and 3 can be found in Section [3.6.4), plotting the empirical CDF of
the GED of the recovered templates; results are plotted in Figure[3.4] Different penalization
values are represented with different colors in the plot. Note that in each template, version
A has an isomorphic copy in the background while this is not guaranteed for the other
templates (as they have noise introduced in the embeddings). From Figure [3.4] we see
that the solution diversification is successful at yielding recovered templates including our
optimal fits (the best recovered templates in the € = 0 case) and templates that are close
to optimal by GED. These templates further recover significant signal not recovered in the
€ = 0 case; see Table [3.1] In the table, for each vertex in the template we show how many
vertices in the background have similarity greater than O (i.e., are potential matches)—
this is shown in the #> 0 row. We see that the solution diversification is successful at
recovering additional possible matches in the suboptimal recovered templates. We also
see that too severe of a penalty (here the € = 0.01 case) yields fewer unique nodes and
worse GED fits. In summary, when there is no penalty, we consistently detect only a

limited number of certain templates. When a penalty term is applied, we successfully
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Figure 3.4: We run 32 random restarts of the GMMF algorithm for each template recovery, plotting the
empirical CDF of the GED of the recovered templates. Different penalization values are represented
with different colors in the plot.

recover some new templates. However, as the penalty becomes too large after a certain
number of iterations, the noise in the non-signal nodes starts to dominate the signal in the
uncovered templates, resulting in some sub-optimal recoveries. While choosing an optimal
€ is of paramount importance, we do not have a fully principled recommendation for a best
choice. We do recommend smaller penalty combined with more random restarts which
achieved our best results. We close this example by noting that, because very few nodes in
the background have a similarity greater than O to nodes in our templates, it is possible to
filter the background by removing other nodes. However, the combinatorics after filtering
remain complex; see [82] for more detailed discussions. That said, this filtering could be
used to “soft seed” our graph matching (see [41]]). We would prefer the soft seeding (where
seeds are used to initialize the matching but not fixed throughout), as it is possible that for
some nodes in the background, the similarity is incorrectly calculated as 0 but the matching

should still be made, making a hard seed filtering step perhaps less desirable.

93



3.4 Conclusion and discussion

In this chapter, we have introduced a workflow for iteratively identifying multiple in-
stances of noisy embedded templates within a large graph. Our approach extends the
matched-filters-based method for noisy subgraph detection by considering both the edge-
wise structure and node feature similarities. By incorporating these factors, we have achieved
a more diversified and scalable approach to effectively uncover embeddings of noisy copies
of graph templates. The theoretical analysis of our algorithm demonstrates that, under the
assumption of a strong correlation between the edgewise structural similarities and node-
wise feature similarities, our approach can successfully identify multiple embedded tem-
plates within a large network. To validate the effectiveness of our proposed workflow, we
conducted experiments using simulations based on the Multiple Correlated Erdés Rényi
models, as well as real-world data sets such as human brain connectomes and the TKB
dataset.

Furthermore, we present several intriguing questions that merit further exploration.
In particular, the manuscript assumes an agreement between edge-structural similarity

and node feature similarity. It would be valuable to investigate scenarios where such an

node 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
e=0 |1 & 1 3 20 1 1 1 3 1 14 2 1 1 5 1 1 1 1 2 3 1 3
e=00l |1 23 2 15 32 1 1 1 8 1 24 5 4 1 24 1 1 1 1 3 16 1 14
e=1073]4 21 20 29 32 5 5 4 27 1 26 5 27 3 31 1 4 4 3 3 27 5 26
e=100014 32 30 32 31 5 5 4 32 5 30 5 32 4 32 4 20 4 3 3 32 5 32
#>0 [4 32 32 32 32 5 5 4 32 5 32 5 32 4 32 4 32 4 3 3 32 5 32
node 24 25 26 27 28 29 30 31 32 33 34 35 36 37
e=0 [19 1 1 1 3 4 1 3 4 1 2 4 1 1
€=001 [32 1 2 2 5 18 1 3 25 1 2 5 1 1
e=107331 12 5 4 5 27 4 13 31 4 15 5 5 6
e=101132 29 5 4 5 32 4 28 32 4 31 5 5 2]
#>0 [32 32 5 4 5 32 4 32 32 4 32 5 5 32

Table 3.1: In Template 1A, we list for each node how many vertices in the background have simi-
larity greater than O (i.e., are potential matches)—this is shown in the #> 0 row). We then show for
the different penalization levels, how many of these possible matches were recovered across the 32
random restarts.
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agreement is absent, specifically identifying sharp parameter thresholds that lead to edge-
structure dominated recovery, node-feature dominated recovery, and mixed-effect recovery.
In all three cases, it is crucial to establish robust measures for evaluating the correctness
of edge-wise matching between the template and the recovered template. Additionally, we
highlight the issue of overlapping nodes between two embedded templates. The reliabil-
ity of our algorithm relies on the ratio of overlapping parts between the templates being
moderate. However, if the ratio is excessively high, penalizing already recovered templates
may lead to sub-optimal results. To address this concern, it would be beneficial to develop
methods that specifically target penalization on the non-overlapping regions while preserv-

ing the signal of the overlapping region, thereby enhancing the algorithm’s performance.

3.5 Proof of Theorems

3.5.1 Proof of Theorem 2:
We restate Theorem [3.2] here before providing a proof.

Theorem 2: Let A and B be two graphs constructed as above. If there is a constant o €

[1/2,1) such that
i. m—k=0(m);m' %= w(log*n)
ii. A =m%;
iii. (1] —r3) <m® ' r| > ry > r3 are bounded away from 0 and 1;

v. uz > (1 —8)/.L1 and (1 —8)“2 > Ug; the differences 3 — (1 —8)[11, (1 —8)“2 — U4,

and us — U4 are bounded away from 0;

v. p is bounded away from O and 1;
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then if IT is the set of permutations perfectly aligning the weakly embedded template, we
have that

P(argmaxpeppfe.1 (PA) C I) > 1 — ¢ @ogn),

where we recall f;1(P,A) is the objective function defined as f¢1(P,A) = tr(APBPT) +

Atr (S<278>P(T1)>

Proof. The proof contains three steps. First, we calculate the expected contributions to the
differences of the objective functions between (any one of) the permutations that recover
the weakly embedded template, P, and another permutation P, due to the edge structures
and the node features. See Propositions [3.1] and [3.2] below. Then, we use our assump-
tions to demonstrate that the actual difference must concentrate enough around its mean
and be bounded away from 0 through the McDiarmid’s inequality. See Theorem 3.3]below.
Finally, by applying a union bound on all possible permutations, we establish that the prob-
ability of the difference being bounded away from O for all possible permutation matrices
is at least 1 — e~ “» where ¢, is proportional to the expected difference calculated in the first
step. Combining this with the fact that the expected difference diverges to infinity as n

increases, the result is established. See Theorem [3.4] below. [

Let P* be (any one of) the permutation that maps A to the strongly embedded template
in B, P be (any one of) the permutation that maps A to the weakly embedded template in
B, and P be an arbitrary permutation in I, that does not map A to the weakly embedded
template in B. Let C, = p(1 — p). Finally let 7] be the set of nodes that P correctly aligns
within the strongly embedded template, and 75 the set of nodes that P matches correctly to
the weakly embedded template.

We first consider the contribution to the objective function of the edge disagreement

induced by P. Define Dg(P) := tr (KﬁEﬁT> —tr (AVPEPT>, which measures the objective
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function difference due to edge structures between the permutation that recovers the weakly

embedded template, P, and any other permutation matrix P.

Proposition 3.1. Denote the counts of the correctly recovered template edges via P and P

with the following table.

p P Recovers edges in () N (%) | Recovers edgesin (2)\ (})
Recovers edges in (T21) \ (72’2) 0 hy
Recovers edges in (T21) N (7%) J1 0
Recovers edges in (Tzz) \ (Tzl) 0 hy
Misaligned template edges J2 h3

Then ji + j» = k(k—1)/2,0 < hy by < 205 - HED = Bl gng w2 g =

(m—k)(m+k—1)

5 . Further,

E(Dg(P)) = 8C,{jara +hi(r3 —r1) + har3} (3.3)

Proof. The equalities and inequalities involving j’s and A’s are trivial by counting. Also,

we have

(ngE
(ngE

<

(24ij = 1)(2Boyp(i)op(j) — 1)}

= {u(arme")} =

‘~
I |
_
~.
I
_

E [44Bop(i)op(j) — 24ij — 2Bop(ijop(j) + 1]

O

N
Il
_
~.
Il
_

Thus,

s {ue (ArBeT) } =5 )Ct 4L Yo, Gt

i=1j=1
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where, recall that we use (g) to denote the collection of all 2-element subsets of the set .S,

1ot i,y e O\ (B);
2, if{i,jy e (5)n(%):
3, if iy e (5N (5);

0, otherwise.

8ij =

Note that the constant terms —8 (’; ) C, and m? cancel when taking differences. Also, j;
and hy terms vanish since they correspond to cases where ry,; values agree for P and P, so

we know

E(Dg(P)) =E {tr (XﬁEﬁ) r (ZPEPT) } = 8C, {jors + hi(r3 — r1) + h3rs}

Now, we consider S of the form

where all entries of S are independent—bounded in [0, 1]—random variables, and where

the diagonal elements of § " have mean
the diagonal elements of 522 have mean U

the diagonal elements of § 13 have mean U
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and all other entries have mean 4.
If the strongly embedded template is penalized, then § is weighted via (where “o” is the

matrix Hadamard product)

m—k k m—k n—2m-+k
e _ M k( (Ln—kmi— €Ly_y) oS! si2 st3 st
k 521 (1 —€l)oS? 87 524

We next consider the contribution to the objective function of the features/similarity
induced by P. Like before, we define D (P) := tr <S (278)13T) —tr (S(278)PT) which mea-
sures the objective function difference due to node similarities between the permutation

that recovers the weakly embedded template, P, and any other permutation matrix P.

Proposition 3.2. Denote the counts of the recovered template nodes via P and P with the

following table

p P Recovers 71 N1 | Recovers T \ T
Recovers 71 \ T» 0 by
Recovers 71 N T» al 0
Recovers 7> \ Tj 0 b,
Misaligned template node a b3

Then 0 <ay <k,a;+a;=k,0<by,b, <m—kandzi3:1b,-:m—k. Also,

ai ) as ) by
(2) J1s (2)+d1a2 J2; (2)+ 2d] 2,

b b
(;) +biay = hy, <23) +b1by + b1b3 4 byb3 +ax(m — k) + bza; = h3.

where j’s and h’s are the counts from the table of Proposition above. Moreover,
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E(Drp(P)) = ax[(1 — €)uo — pa] + b1 (13 — (1 — &) ] + b3 s — pa). (3.4)

Proof. The equalities and inequalities involving a’s and b’s, as well as the relationship
between a’s b’s and j’s, h’s are trivial by counting.

Now, we have

= o (s27) | <= { B trion s |

where
1, ifi€T1\T2;
2, ifieTiNT;
w; =

3, ifiETz\Tl;

4, otherwise.

\

a; and b, terms vanish when taking differences since they correspond to cases where

1{op(i) = op+(i)} and w,, values agree for P and P, so we know

E(Dr(P)) =E {tr (S(z,s)pT) . (S(Z,S)PT> }

= ap[(1 — &) p — pa] + b1 [z — (1 — &) 1] + b3 [z — pa).
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Letg(Paﬁ) :f&‘,l(f)7ﬁ’) _fE,I(Pvl) so that

Eg(P,P) = E(Dg(P) +

s

+A(a2[(1 — &) tr — Ha] + b1 [z — (1 — &) ] + b33 — pa])

> SCV{ ((bl +a22+b3> + (b1 +ay+ b3) (b +a1)) ry— ((bzl) +b1a1) rl}

-~

=Nng

+A(az+b1+b3) «min([(1 — &)ty — pa], [z — (1 — &) ], [z — pa))

=np =C¢

b
=8C, <n5r3 — ((21) +b1a1> rl) + Angce.

Considering the case where b = m —k and a; = k, we see that for the above expectation

(P))

+AD
) +a1a2) )+ (<b21> +b101) (r3—r1)

b
(;) +bi1by +b1b3+ bybs +a2(m—k) +b3a1) 1’3}

to be diverging to infinity, it suffices that

Ace > (r1 —r3)(m+k)Cy; (3.5)

Equation [3.3] holds true under assumptions ii and iii of Theorem [3.2}
Next, we state the McDiarmid’s inequality and use it to show for any P € I1,,, g(P,P)

concentrates around its expectation.

Theorem 3.3 (McDiarmid’s inequality [80]). Let Xi,...,X, be independent random vari-
ables, where X; € Z;. Let f : 1 x --- x Z,, — R be any function that satisfies the property:

there exists cy,...c, such that for every i € [n] and every (x1,...,x,) € Z] X ... X Xy, we
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have

sup ‘f(-xlv'"7xi*17xi7xi+17"'7-xi’l>_f(-x17"~7xi*17x;7xi+17'-'7xn)} <c¢i
xeZi

Then for any t > 0, we have

2
P(f(Xl,...,Xn) —E[f(Xl,...,Xn)] > t) <exp (-%)
YioiC

From the forms of Dg(P) and Dp(P), we have that g(P, P) is a function of at most (as

Pand P agree on by + a; template vertices and disagree on the rest)

m—by—a
2m—2b2—2a1+< 22 1)+(m—b2—a1)(b2+a1) (3.6)
N————
from Dr (P) ~ ~ -
from Dg (P)

random variables, and changing any of the variables from Dg(P) can change g(P,P) by
at most 41, and changing any of the variables from Dg(P) can change g(P, P) by at most
a bounded constant (bounded above by 8 for example). Lastly, note that m — by —a; =

b1+ bz+ar, =np and

Y by +a+b
(m 22 a1)+(m—b2—a1)(bz+al):(l a22 3>+(bl+02+b3)(b2+a1):nE'

So

—1
ng = nr (an —l—b2+a1)

Assumption iv. of Theorem [3.2] gives that (1 — &) > ps and (1 — &) < U3, and that

the differences

(I1—e)u — g, H3— Mg, and u3 — (1 —€)py
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are bounded away from 0. Further, Eq. (3.3)) implies that

Anpce > I’lF(l”1 — r3)(m + k)CV

2 () m-me

ZCy (((2) +b101) r— F3HE>

and Eg(P,P) = Q(Anpce).

Apply theorem [3.3| with g(P,P) as a function of ng + 2nr random variables from Eq.
and ¢; = 8 for random variables from Dg(P) and ¢; = 4A for random variables from
Dp(P), we see that for n—and hence m = m,—sufficiently large, (where & > 0is a constant
that can change line—to—line)

) < P(lg(P,P) —E[g(P.P)]|> E[g(P, P)))

2
(ners = () +brar ) n) "+ A%

ng —l—)LGF

< 2exp

| /\

b2+a2+(b1+b3—|—a2)(b2+a1)) r3—bj (rl—r3))2+m2“n%c%}
2%,

/—/%\/—’h\ |/\

(3.7)

Next, we have the following lemma

Lemma 3.1. Let H(-) be the binary entropy function as defined in [29)]. Partition I1, based
onll, > P~ Q €11, if the first m rows of P and Q are exactly equal in to equivalence
classes. Then within each partition, our objective function f871 (+,A) takes the same value;

moreover, the order of each equivalence class is bounded above by
2kH(a71)+(m_k)H<nflk) ( _k) (ni7 k) 612+b3-

Proof. Fix an equivalence class C. For any P, Q € C, the contribution due to edge terms are

103



equal since the bottom n — m rows of both P and Q contribute O to the value of the objective
function due to padding. Also, the contribution due to feature terms is independent of the
bottom n — m rows of the permutation matrix. Thus f¢ 1 (P,A) = f¢.1(Q,A) which proves
the objective function takes the same value in C.

Now, by (7.14) from [29]]

= (k) (m—k) (m—k) s < 2kH(a71)+(mfk)H(%)+(mfk)H<,:—Ek>na2+b3. (3.8)

ay by

Finally, we apply the union bound on all permutation matrices and get

Theorem 3.4. With the assumptions of Theorem 3.2} by Lemma [3.1) and Equation 3.7} we
have

P(3P # P s.t. g(P,P) < 0) < 2¢~@ogn) (3.9)

Proof. Apply a union bound over all P with the same counts (a’s and b’s), modulo the
equivalence between permutations with the same first m rows; further apply a union bound
over all possible counts of the a’s and b’s, we have (where & > 0 is a constant that can

change line—to—line)

P(3IP # Ps.t. g(P,P) <0) <
i ”i iblzexp{ Cg((b%+a%+(b1+b3+“2)(b;;0:))r3—b%(r1—r3))2+m2an%c§
=0b,=0 b, .
kit (1) log(2) +(m = ( -7 ) og(2)+ (n—H (- ) og(2)
x) 08 ) 2 ) log
et log(n)} (3.10)

To tackle the above Eq. (3.10), we consider several cases:
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o If b3 = Q(m3/27%/2) or a3 = Q(m?/*+%/2), then the exponential in Eq. (3.10) can be

bounded above by (where £ > 0 is a constant that can change line—to-line)

2..3+a
2exp {—én‘;;nTnF —|—mlogn} < Zexp{ - éCgm(mZ*“ —logn)} _ 9~ 0(logn)

=0 (m2—)

(3.11)
* We next consider the case where both b3 = o(m3/>7%/2) and a3 = o(m3/>t%/?), in
this case either b; = @(m), by = ®(m), or both are @(m).

— by =0O(m) and by = O(m): Then the by x b, term in the exponent in Eq. (3.10)

yields the upper bound (where £ > 0 is a constant that can change line~to—line)

CZ 4
2exp {—5 ;;n +m10gn} < 2exp{ —ECPm(m 2% — logn)} _ 5 p—@(logn)
m--ng \

=0 (m32x)

(3.12)

— by =o(m): In this case, b; (1 +o0(1)) = m—k. Note that if x(1 +0(1)) =y, then
x/y(1+o(1))=1. Ifx <y, then 1 —x/y =o0(1). As lim,_,o —zlog,z =0, we

then have
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Similarly, if y = @(1) and x = o(y), then

= en )+ (15) Lon ()]

=o(1) =o(1)

=o(y)

The nlz7 *m>* term in the exponent in Eq. (3.10) yields the upper bound (where
& > 0 is a constant that can change line-to-line; note by assumption c¢ is

bounded away from 0)

2 200 .2
ng *m-%cg ai

+kH ( Z >log(2) +(m—k)H (mbl k) log(2)

Zexp{ —¢&

mZanF

+(m—k)H (mb2 k) log(2) + (az + b3) log(n)}

<2exp{ —Emck +o(m) +o(m>/* % * 1og(n)) b =2~ @loen) (3.13)
€

— by = o(m): In this case, by(1+o0(1)) = (m —k). We make use here of the

alternate bound where if y = @(1) and x = o(y), then (as lim,_,o —log, (1 —

z)/z=1/log(2))

s =[S (2) - (1) (1-3)|
o (;; (1 _ ;)) = O(xlog(y)).

= O(xlog,(y)) +
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We also note that here

()
= (m—k)H (1 - b;r[;:)

by +b3 b1+ b3 by +b3 b1+ b3
=m—-k)|—|(1- 1 1-— — 1
(m ){ ( m—k) 0g2< m—k) (m—k) Og2<m—k

—o (0" ( ) )+ 0tio1-+53)10gs(m )

= O((b1 +b3)log(m—k))

The n7 * b3 term in the exponent in Eq. (3-10) yields the upper bound (where
& > 0is a constant that can change line—to-line, and we use kH (%) =kH (

as above)

Zexp{ Enpm* 2% + kH < . > log(2) + (m—k)H (m—k) log(2)

+(m—k)H (mb2

k) log(2) + (ay + b3)log(n) }

< 2exp { — Enpm® 2% + O((by + b3 +az) log(m)) + nr log(n)} = 2~ @(logn)

(3.14)

Therefore, by Equations 3.1T} 3.12} 3.13] and [3.14} we have that individual summands of
the right-hand-side of Eq. (3.10) is bound above by 2¢~®(°2") and thus

P(HP#ﬁs.t. g(Rﬁ)SO)SZe (logn) (Z kaibl >

001=0 b=

<2e~ o(logn)+nk+2lnm __ 2e—w(logn)
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Naive Padding Centered Padding
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095 095
09 09
085 085
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055 055
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03 03
025 025
02 02
015 015
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005 005
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02 05 1 10 25 50 02 05 1 10 25 50
A r

Figure 3.5: We fix k = 15 and use the seeded GMMF algorithm to match A with B using 5 seeds
randomly selected from the overlapping nodes of B(Y) and B® as described in Section We plot
the recovering results over € (here € is used to penalize the stronger of the two embedded templates)
and A, averaged by 20 Monte-Carlo simulations, where blue means the recovered template is closer
to BU) (the stronger embedded template), red means the recovered template is closer to B(?) (the
weaker embedded template), and white means there is a tie in the 20 simulations or the recovered
template is not close to either B or B,

as desired. O]

3.6 More Experiments

3.6.1 Additional two overlapping templates experiments

We plot the cases of k = 15 and k = 40 using the seeded GMMF algorithm with 5 seeds

randomly selected from the overlapping nodes of B and B@, for the same parameters as

described in[3.3.11
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Figure 3.6: We fix k = 40 and use the seeded GMMF algorithm to match A with B using 5 seeds
randomly selected from the overlapping nodes of B(Y) and B® as described in Section We plot
the recovering results over € (here € is used to penalize the stronger of the two embedded templates)
and A, averaged by 20 Monte-Carlo simulations, where blue means the recovered template is closer
to BU) (the stronger embedded template), red means the recovered template is closer to B(?) (the
weaker embedded template), and white means there is a tie in the 20 simulations or the recovered
template is not close to either B or B, Note that the naive padding never recovered anything
closer to B%).

3.6.2 Additional three overlapping templates experiments

We first plot the simulated results where the parameters correspond to Figure [3.2] of

[3.3.2] but with the naive padding.

5

Next, with the same correlation parameters {r j}‘}:l and feature mean parameters {{;}3_,,

we plot the simulated results for k = 10,A = 10 and k = 40,4 = 25 using the centered

padding.
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: Z

08

: Z

0.2

Figure 3.7: We fix k = 10,A = 25 and use the seeded GMMF algorithm with the naive padding to
match A with B using 5 seeds randomly selected from the overlapping nodes of B('), B?) and B,
where BU"), B®) and B®) are induced subgraph of B such that graphs A and B follows multiple
correlated ER model as described in Section [3.3.2] We plot the recovering results over €; (penalty
applied to the diagonal elements of S(!"), §(2)) and &, (penalty applied to the diagonal elements of
§U3),5(22) "averaged by 20 Monte-Carlo simulations. In the figure, the different patterns represent
which template was recovered (in majority): tl for template 1, t2 for template 2, and we fail to
recover template 3, with white squares corresponding to the case when none of the three templates
was recovered.
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Figure 3.8: We fix k = 10,A = 10 and use the seeded GMMF algorithm with the centered padding
to match A with B using 5 seeds randomly selected from the overlapping nodes of B(), B?) and
B®), where BV, B®) and B®) are induced subgraph of B such that graphs A and B follows multiple
correlated ER model as described in Section [3.3.2] We plot the recovering results over €; (penalty
applied to the diagonal elements of S('), $(22)) and &, (penalty applied to the diagonal elements of
§(13)_ 5(22)y, averaged by 20 Monte-Carlo simulations. In the figure, the different patterns represent
which template was recovered (in majority): t1 for template 1, t2 for template 2, and t3 for template
3, with white squares corresponding to the case when none of the three templates was recovered.
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Figure 3.9: We fix k = 40,A = 25 and use the seeded GMMF algorithm with the centered padding
to match A with B using 5 seeds randomly selected from the overlapping nodes of B(), B?) and
B®), where BV, B®) and B®) are induced subgraph of B such that graphs A and B follows multiple
correlated ER model as described in Section [3.3.2] We plot the recovering results over €; (penalty
applied to the diagonal elements of S('), $(22)) and &, (penalty applied to the diagonal elements of
§(13)_ 5(22)y, averaged by 20 Monte-Carlo simulations. In the figure, the different patterns represent
which template was recovered (in majority): t1 for template 1, t2 for template 2, and t3 for template
3, with white squares corresponding to the case when none of the three templates was recovered.
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3.6.3 Additional Brain MRI plots

40

Number of different recovered nodes

201

Figure 3.10: We run our proposed algorithm using the seeded GMMF algorithm with 500 restarts
and 5 seeds selected from the node pairs {(s;,w j)}?:l as described in taking the result with
highest objective function value (Eq. A = 1) as the output. For each €, we compute the GM
objective function value (left axis) of the resulting matrix with the template; we also computed the
objective function value with respect to the alignment given by the template to the same classified
brain region in the left hemisphere in B (Left—to—Left in the plot), as well as the objective function
value given by the template to the symmetric region from the right hemisphere in B (Left—to-right
in the plot). Also for € > 0, we calculated the number of novel nodes recovered in each matching
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compared to the subgraph detected with € = 0 (right axis).
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3.6.4 Additional TKB templates

Template 2A Template 2B

1.0

0.8 1

0.8 1

0.6 061

CDF
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0.4 4 0.4

0.2 021

0.0

Score Score

Template 2C Template 2D

1.04
0.8 1

0.6 -

CDF

0.4 4

0.2

0.0

Figure 3.11: We run 32 random restarts of the GMMF algorithm for each template recovery, plotting
the empirical CDF of the GED of the recovered templates. Different penalization values are repre-
sented with different colors in the plot.
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Template 3A Template 3B

Score
Score

Template 3C Template 3D

Figure 3.12: We run 32 random restarts of the GMMF algorithm for each template recovery, plotting
the empirical CDF of the GED of the recovered templates. Different penalization values are repre-
sented with different colors in the plot.
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Chapter 4: Matching and mixing: Matchability of graphs under Marko-

vian error

4.1 Introduction

Recall that statistical network inference often begins with observed graphs that are as-
sumed to be noisy copies of some underlying background latent position graphs [6, 67, 95,
128]. From these observations, numerous tasks such as classification, hypothesis testing,
and more can also be pursued, see [24, 135, 149, (100, 114} [117, [124] and [32]. A crucial
assumption many of these methods rely on is the idea of vertices being a priori aligned
across networks before inference is pursued. In situations where this is not the case, in-
ference can degrade [104] when vertex labels are shuffled or noisily observed. In these
cases, graph matching methods can then be applied to attempt to recover the true labeling
across graphs and enable the application of subsequent inference methods. Nearly all of
the aforementioned theoretical graph matching developments in previous chapters rely on
the assumption of independent noise on the edges. However, in real applications such as
protein-protein interaction networks [[109], disease spreading networks [86], the propaga-
tion of computational errors in neural networks [68], or temporal networks [9], it is more
realistic to consider time- or node-dependent noise. To address this issue, our focus in
the subsequent sections will be to propose some preliminary results on the matchability of
noisy graphs with their original counterparts in the presence of spatially and temporally

dependent edge-noise processes. Before introducing our model with dependent noise on
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edges, we will review some relevant background and definitions.

4.1.1 Lamplighter Walks

A random walk on a graph is defined such that, at each step, one can traverse from
the current node to a neighboring node [72]]; herein, we will assume our random walks are
Markov chains with appropriately defined state space and transition matrix. A key property
of Markov chains is that ergodic (i.e., positive recurrent, aperiodic and irreducible) chains
converge in the limit to their stationary distribution. A branch of modern Markov chain
theory is devoted to analyzing how fast this convergence occurs, motivating the definition

of mixing times of Markov chains [4, 66].

Definition 4.1. Let (X)) define a discrete time ergodic Marckov chain on state space S with
one-step transition matrix P and stationary distribution w. We define the total variation

mixing time of the chain via

1
tm :min{t >0: r)rC1€a§<||P’(x,~) —7t||y < 4_1}’

Intuitively, the mixing time measures the number of steps required for the distribution of
states of the Markov chain to become close to its stationary distribution (here 1/4 can
be replaced with any appropriately small constant; 1/4 is the convention). This concept
is important in various applications, including statistical physics, randomized algorithms,
and probabilistic combinatorics [66]. Due to its significance, several methods have been
employed to analyze mixing times, such as spectral gap analysis and coupling methods
[4]. Explicit calculations of mixing times for particular Markov chains have become an
active research area. Historically, explicit mixing times have been studied extensively in
contexts such as card shuffling processes [15) 183} [129] and interacting particle systems

[L1,165]. Moreover, with recent advancements in graph theory, understanding mixing times
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on networks has become an essential task; for example, [108] establishes mixing times
for time-homogeneous Markov chains on Erd6s—Rényi graphs, whereas [55]] analyzes how
specific graph structures can be leveraged to achieve faster mixing.

The lamplighter walk introduces additional information by placing so-called lamps on
the edges of the graph, where the lighter turns the light on or off each time it traverses an
edge with a certain probability [66]. By considering the position of the lighter after each
step, we obtain a Markov Chain on the space V(G) x {+1,—1}£(9); i, on the collection
of nodes giving the current position, and {+1,—1}£ (G) giving whether the lamp at each
edgeis on (41) or off (—1). Assuming the lighter walks on a complete graph, the stationary
distribution for the chain would be the uniform distribution over V(G) x {+1,—1}£(%)
[4]. In [66]], there is a detailed discussion of such lamplighter walks; we will only point
out here that the mixing time required for the lamplighter on the complete graph is ¢, =
Q(n?polylog(n)), where n is the number of nodes in the graph.

Our goal is to define a lamplighter-walk-like process on our graph and to match the
resulting graph after each step with the initial graph until the match corrupts, meaning the
edge structure signals have been erased by the noise. Notably, the worst-case matching
corruption time would be the mixing time, as after the mixing time we have lost all edge
signals and are left with only a flat graph. In the sections below, we explore models and
conditions under which ®(n?polylog(n)) steps are necessary and sufficient for matching

corruption, as well as scenarios where matching signal can be corrupted before mixing.

4.2 Main Theory

We aim to explore the relationship between the mixing time of Markov chain producing
edge noise in the graph and the graph signal anonymization time after which A (the initial

graph) and A; (the noise contaminated graph at time ¢ € N) are no longer matchable (see
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Definition [.3] for a formal definition of anonymization and matchability). To incorporate
Markovian noise into the edge structure of the network, we consider a lamplighter walk on

the edges of the random graph.

Definition 4.2. (Artificial Lamplighter Walks on Edges) Let G = (V,E) be a graph, as-
sumed to be connected, and consider the function hg : (‘2/) — {—1,1}, where hg({u,v}) =
1{{u,v} € E} —1{{u,v} ¢ E}. We will use the nomenclature that edges e € E with
hg(e) =1 are “on” and e € (g) \ E are “off . We define two types of lamplighter models.
Note that by switching the lamps on or off, the lamplighter changes E, and thus the graph

G. We use Gy to denote the initial graph and G; to denote the graph after time t.

1. (Standard Lamplighter Walk on Edges) Let G; = (V,E;) be the state of the graph
at time t with Go = G = (V,Eyg = E). The lamplighter here can be modeled via a
time homogeneous Markov chain on'V x {—1, 1}(‘2/) If the lamplighter is at vertex
u at time t, then the lamplighter selects a vertex in V \ {u} uniformly at random and
moves to that vertex. If the lamplighter moves to vertex v # u at time t + 1, then we

consider two cases. If hg,({u,v}) = 1, then the graph evolves via G;+1 = (V,E;11)

where

ha, (e) if e # {u,v};
he,.,(€) = (4.1)

~Xihg,(€) + (1~ X)hg,(¢)  ife={uv}

where X; ~ Bern(qy) is independent of the lamplighter walk and of (Gy)s<;. If

hg,({u,v}) = 0O, then the graph evolves via Gy = (V,E;;1) where

h, (e) if e # {u,v};
he,., () = 4.2)

—Yihg,(e)+ (1 =Y )hg,(e) ife={u,v}
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where Y; ~ Bern(qa) is independent of the lamplighter walk and of (Gs)s<;. Stated
simply, if the lamplighter traverses an “on” edge (resp., an “off” edge), then inde-
pendently with probability q; (resp., q2) the lamplighter switches the edge from on to

off (resp., from off to on), and with probability 1 — q| (resp., 1 — q3) leaves the edge

on (resp., off).

2. (Count-Preserving Lamplighter Walk on Edges) Here the lamplighter can be modeled
via a time homogeneous Markov chain on V x {—1, I}V. If the lamplighter is at
vertex u at time t, then the lamplighter selects a pair of vertices uniformly at random
from (V\é{”}). If the selected pair is {v,w}, then we consider the following cases: if
hg,({u,v}) = hg,({u,w}), the lamplighter moves to v or w uniformly at random and
Gi+1 = Gy = (V,E); if hg,({u,v}) # hg,({u,w}), the lamplighter moves to v or w
uniformly at random, we independently sample X; ~ Bern(q), and the evolved graph

is defined via Gy = (V,E;11) where

he, (e) if e # {u,w} {u,v};
he, ., (e) = 43)

—Xihg,(e) + (1 —X;)hg,(e) ife={u,w} or{u,v};

Stated simply, at time t if the lamplighter is at vertex u, then it picks two vertices v
and w uniformly at random from V \ {u}, and moves to one of v or w at random. If
there is an edge between u and v and not u and w (or vice-versa), then the lamp-
lighter switches both edges with probability q or leaves everything unchanged with
probability 1 — q. If there is/is not an edge between u and v and the same holds for u
and w, then the lamplighter leaves everything unchanged. In this model, the number

of lamps that are on or off will never change, hence the name count-preserving.

Remark 4.1. The standard lamplighter defined above is equivalent to a classical lamp-
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lighter (in the language of [66]) on the line graph of Ky, the complete graph on V (i.e.,
a lamplighter on a graph with (}) nodes, as each element of (%) is a node). Moreover,
for this model if L; is the location of the lamplighter at time ¢, then the (unordered) pairs
({Lai, Lai+1})7 are independent and uniformly distributed over (g) By combining this
with classical results from the coupon collector problem [39]], we can easily apply standard

results on matchability under 1.i.d. noise on edges, as discussed in [[132], to this model.

We are interested in our ability to recover the vertex labels of a shuffled G; via matching
it to Gy. To achieve this, we seek conditions on ¢ such that we can still correctly match G
with G;. Often a perfect matching recovering the true correspondence will be too stringent,

and we here define a looser notion of matchability

Definition 4.3. (Ratio Preserved Matchings) Let G| = (V|,E) and Gy = (Va,E3) be two
vertex-aligned graphs with n nodes, and denote their adjacency matrices by A and B. By
vertex-aligned, we mean that the true (but potentially unknown) correspondence between
the nodes of A and B is the identity map. Let o, > 0 be constant, and define I,y to be

the set of permutations that shuffle exactly k vertex labels for 0 < k < n. We then define

1. o-matchability. We say that G| and G, are a.-matchable if the following holds

P (EIP € U I, s.t. Tr(APBPT) = Tr(AB)) <o(1).
k>n¢%

In other words, we say graphs G| and G, are o.-matchable if the probability of finding

a permutation shuffling at least n* nodes and that provides a better matching than

the true identity mapping in terms of the GMP objective function is asymptotically

vanishingly small.
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2. B-anonymization. We say that G| and G, are B-anonymized if the following holds

B

n

P | argmaxTr(APBPT) C Uk | <o(1).
Pell, k=0

In other words, we say graphs G| and G, are B-anonymized if the probability of the
optimal matching (in terms of the GMP objective function) between them is provided
by a permutation that shuffles at most nP nodes is is asymptotically vanishingly small.
In other words, with high probability the optimal matching will shuffle more than nP

nodes.

Define the set T = {¢ : I, € argminpery, | Go — PG:P” || a.s.}, and note that by taking
S= (g) as our state space and letting L, represent the vertex traversed by the lamplighter at
time ¢, the sequence { (Lo, Lo/+1) } ;- forms a Markov Chain on S. Let ., be the cover time
of that Markov Chain, it is clear that ¢ ¢ T for all ¢t > f,,,, as by this time, all lamps have
been randomized, effectively wiping out the vertex-label signal. From [4] and Remark
we know that 7., = ®(n*logn) for the Standard lamplighter walk on edges. Also,
following Chapters 11 and 19 of [66], let #,, denote the mixing time of the Markov Chain
(Los,Los+1). We have that for the standard lamplighter walk, #,,, < 7.0, < log(n)t,,, meaning
that the mixing time and the covering time for this particular Markov Chain differ only by
logarithmic factors.

Our focus now shifts to exploring models where signal recovery is possible up to z..,
and identifying cases where signal recovery fails before #.,,. We begin by considering G as

an Erd6s—Rényi random graph.
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4.2.1 Standard Lamplighter Walk on Erd6s—Rényi Graphs

We first consider the Standard lamplighter walk on an Erd6s—Rényi graph Go = (V,E) ~
ER(n,p). Below, we will assume that the initial starting vertex for the lamplighter is uni-
formly distributed over V. Letting G; be evolved graph after ¢ steps of the lamplighter walk,
we consider here two edge-cases for the parameters g1, g>.

In the first case, g1, g2 are chosen so that p(1 —g1) + (1 — p)g2 = p (for example,
we could set g» = p?, g1 = p(1 — p)). In this case, if an edge is present with proba-
bility p before a visit from the lamplighter, then the edge will be present with probabil-
ity p after the lamplighter traverses the edge as well. In this case, it is immediate that
G; = (V,E;) ~ ER(n,p) as well. Moreover, the edgewise correlation between G; (with
adjacency matrix A;) and Go (with adjacency matrix Ap) can be computed via (where

p:,i,j = P(edge {i, j} is not traversed by the lamplighter by time ))

E(Ao,i jArij) — p*
p(1—p)

PP PP (L =prij) =P

- p(1—p)

COI‘I’(A()),'J,A;JJ) =

= Pri,j

In Appendix [4.5.1] we show that

Prij = €xp {—G) (L> } (4.4)

Therefore, as the matchability phase transition here occurs at correlation of order ﬁ ,
see [73} (76, [132]], we see that t = @(n*logn) is sufficient for the graphs to be effectively
anonymized and that if t = o(n?logn) matchability is preserved.

With the matchings defined in Definition f.3] we consider the case of the max entropy

lamplighter, i.e., when g1 = g2 = 1/2. In this case, the limiting G; is ER(V, 1/2) which is
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the maximum entropy graph distribution over V). At each step, we again match G; with

Gy, and we have the following theorem (proven in Appendix [4.5.2).

Theorem 4.1. Let {G;};cn be as described above where q1 = q» = 1/2. Let o,c > 0 be
fixed constants such that o > 5c. If t < cn®logn, then Go and G, are o--matchable and the

o-matchability is preserved almost surely. More explicitly, we have

200—5¢
P (EIP € U I, s.t. Tr(AgPA,PT) > Tr(AoA,)> < 2exp {—Q (n ))

Pt logn

For an anonymization bound, we consider the time #.,, such that the lamplighter has visited
every edge in (g) At this time, G;, is effectively ER(V,1/2) independent of Gy and any
permutation is equally likely to be optimal. As noted in Remark [4.1] the (unordered) pairs
({L2i, Lai+1})7 are independent and uniformly distributed over (‘2/) Let 7., be the num-
ber ¢ such that ({L;,Ly;+1}):_, contains every edge in (‘2/) Therefore, standard coupon

collector asymptotics yield that
P(teoy > 4n*log(n)) < P(fegy > 4n*log(n)) < n*e 108" = p=2,

We then have the following (proven in Appendix [4.5.3)

Theorem 4.2. Let {G,;},cn be as described above where qy = qy = 1/2. If t > 4n”logn,
then for any B € (0,1), Gy and G; have been B-anonymized and the anonymization is
achieved almost surely. More explicitly, we have

B

P argmaxQennTr(AoQA,QT) C U I, p < n 24 (zn[ﬁ‘)fn/(znﬁg)
k=0
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4.2.2 (Partial) Anonymization Before Mixing for Structured Graphs

We have observed that for simple Erd6s—Rényi graphs, there is an agreement between
the mixing time of the noise and the anonymization time up to a polylogarithmic factor.
Now, we seek to identify models where the matching fails before the noise mixes (at least
partially) the network. To explore this, we consider a more structured graph model: the

Stochastic Block Model (SBM). The specific model we will examine is

SBM (KnyAn = [Ai,j;n]»fnaﬁ = (n17n2»" : 7711(,1)) C %,

Within this SBM model, we define the lamplighter walk as follows
Definition (1 (continued)). (Artificial Lamplighter Walks on Edges)

3. (SBM Lamplighter Walk on Edges) Let G; = (V,E;) be the state of the graph at time t
with Gy sampled from the SBM model specified above. The lamplighter here is again
modeled by a time homogeneous Markov chain on € xV x {—1, 1}(‘2/), where € is
the collection of all communities from the graph. If the lighter is at community i
(denoted C;) and vertex u € C;, then for the next step, the lamplighter stays or leaves

community C; with equal probability (i.e., equal to 1/2).

i. If the lamplighter selects to stay in community C;, then the lighter selects a
vertex v € C; \ {u} and moves to the vertex. If the lamplighter moves to vertex
v # u at time t + 1, then we consider two cases. If hg,({u,v}) =1, then the

graph evolves via G,1 = (V,E; ) where

ha,(e) if e # {u,v};
he,,,(e) = (4.5)

~Xihg,(e)+ (1-X)hg,(e)  if e ={u,v}
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where X; ~ Bern(q;.1) is independent the lamplighter walk and of (Gy)s<;. If

hg,({u,v}) =0, then the graph evolves via Gy 41 = (V,E;;1) where

e, (e) ife# {uv}:
thH(e) = 4.6)

Y, (&) + (1~ Yhe,(e)  ife= {u,v}

where Y; ~ Bern(q;.») is independent the lamplighter walk and of (Gy)s<;-.

ii. If the lamplighter selects to leave C;, then the lighter first choose a new com-
munity C; # C; uniformly at random from all K,, — 1 non-C; communities. The
lamplighter then pick a node w € Cj and move to w at time t + 1, and then
consider two cases. If hg,({u,w}) = 1, then the lighter pick at random w' € C;
such that hg,({u,w'}) = 0 and set hg,,  ({u,w}) =0, hg, ,({u,w'}) = 1. If
he,({u,w}) =0, then the lighter pick at randomw' € Cj such that hg,({u,w'}) =

1 and set hg,,,({u,w}) =1, hg,,,({u,w'}) =0.

With the SBM Lamplighter Walk on Edges defined, we have the following result. Note
that the proof of Theorem[4.3]can be found in Appendix {.5.4]

Theorem 4.3. Assume there exist constants by,by,bz > 0 and 0 < a; < ay < as such that

(assuming without loss of generality that ny = minn;)

ny =bin; n*:=maxn; = byn®;
l

2&2

Al jn < b3K” forall j# 1;

nfjng

1
Aijn = a)( Og”) forall i, j with i # j

nin;

Consider the SBM lamplighter defined above where q;.; = qi» = 1/2 for all i. Define the
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event

én.p = {B-anonymization of community 1 after n steps},

and N = n®+® log3/ 2 (n). We then have for suitable constants Cy,Cy > 0, and n sufficiently

large
P(@@Nﬁ) >1-C (Kr%l’l73 +n72al _|_67C210g1/2n _|_Knna2*a3>

Note that if K,n“>"% = o(1) (which holds for example if ay < 1/2, a3 = 3/4, K, =
©(n'/*)), then the above theorem says that after n3+%21og®/(n) steps, community 1 has
been effectively anonymized with high probability. Note that the mixing time of the lamp-
lighter on the full graph is bounded below by the cover time (up to a log factor) of the edges
within the largest community, and this cover time is of the order (again, up to a log factor)
n2310g3/%(n). Hence, after 3+ 1og®?(n) steps, with probability near 1 the lamplighter
has not mixed globally.

Theorem [4.3] shows that, under the SBM Lamplighter Walk on Edges, the matching
corrupts locally before the Markovian noise globally mixes. We note that Theorem (.1
does not apply here because the community structure introduces different probabilities for
walking within or between communities. We conclude this section by noting that, although
for the SBM model, matching locally corrupts earlier than the mixing time of the noise,
Theorem [4.3] only provides a condition for the inability to achieve exact matching as de-
fined in [132]. According to Theorem after ®(n®2*9 polylog(n)) steps, we are only
guaranteed anonymization of a constant number of communities, not the entire network.
We hypothesize that ensuring even partial global recovery still requires Q(n? polylog(n))

time, and further analysis of such bounds is a topic of future work.
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4.3 Experiments

We now present both simulated and real data experiments to investigate the relationship
between anonymization time and the mixing time. For the simulated data, we also provide
regression results that highlight the leading order of the anonymization time. As discussed
in Section .2} in the standard lamplighter walk, the mixing time #,, and the cover time
t. differ only by a logarithmic factor (with the cover time providing a lower bound in the
less standard settings). Since computing the mixing time directly can be challenging in
experiments, we use the cover rate as a surrogate to provide a good approximation of the
mixing time.

To address the computational intractability of solving the exact graph matching prob-
lem, we use the Seeded Graph Matching algorithm introduced by [76] To expedite the
experiments for the SBM walk and real data, we initialize the matching algorithm at the
graph ground truth—the identity matrix. Note that when local anonymization occurs, the
algorithm’s optimizer should move away from the ground truth, but not by much. There-
fore, this initialization effectively saves computational resources. Our seeds are randomly
selected from the set of nodes, and the algorithm ensures that the matching results map
these seeded nodes to themselves. Unless stated otherwise, we uniformly select 5% of the

nodes as seeds.

4.3.1 Simulated lamplighter walks on ER and SBM graphs

We begin by examining the global lamplighter walk model on Erd6s—Rényi graphs. We
sample Erd6s—Rényi initial graphs with p = 0.5 and node counts n =49, 100, 144,225,324,729.
For each graph, we perform a global lamplighter walk. For smaller graphs (n =49,100, 144),
we check matching correctness after each move. To save computational resources for larger

graphs (n = 225,324,729), we check matching after a fixed number of steps, specifically
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Standard Lamplighter Walk on the ER Model, n = 100 Standard Lamplighter Walk on the ER Model, n = 225 Standard Lamplighter Walk on the ER Model, n = 729
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Figure 4.1: We plot matching correctness vs. number of steps for n = 100 (left), n = 225 (middle)
and n = 729 (right), the results for other chosen n values can be found in Appendix {.5.5 For all
these plots, we further impose the cover rate of the edges vs number of steps.

sp = 3,30,300 for n = 225,324,729 respectively.

In Figure .1} we provide figures showing matching correctness versus the number of
steps for n = 100,225 and n = 729. Results for the other values of node counts can be
found in Appendix {.5.5] Additionally, we plot the cover rate of the edges against the
number of steps for these experiments. We then present, in Figure 4.2} a log-log plot of the
number of steps needed until a 0.7-anonymization happens, along with a fitted regression
line. The slope of the fitted line is slightly over 2, which aligns with our theoretical result
that ®(n? polylog(n)) steps are required to destroy matchability.

Next, we consider the more structured Stochastic Block Model (SBM) to illustrate a
scenario where anonymization occurs before mixing.

As discussed in Section.2.2] we sample graphs from the following SBM model:

_ /4 43 1
n—n n og(n) . S 4 4
SBM <K = {TJ A= =2 +diag(1/2),7 = 5,7 = (n'/* 023 1%, ¥4
where 7,(j) = ZkK:1 I (=5 i} 1,, is the m x 1 all 1 vector and I is the indicator function.
It is easy to verify these chosen parameters satisfied the conditions in Theorem .3} For
the experiments, we select node counts n = 81,256,625 and perform the SBM lamplighter

walk on these sampled networks. Matching is conducted after every step for n = 81, after
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log-log plot with fitted line for Standard Lamplighter Walk mo

slope: 2.568+0.074

log(Corruption time for 30% of node labels)

4 5 6
log(number of nodes)

Figure 4.2: We plot the log-log result for steps needed until a 0.7-anonymization happens (recall
that a 0.7-anonymization happens when the matching correctness w.r.t. the ground truth is less than
B = 0.7) vs number of nodes, and impose the fitted regression line on these points.

90 steps for n = 256, and after 2100 steps for n = 625. Additionally, we initialize the
matching algorithm at the identity matrix.

In Figure 3] we present selected plots for the case n = 256: the top-left panel shows
the matching correctness versus the number of steps for the entire network; the top-right
panel shows matching correctness versus the number of steps for community 1 (the smallest
community); the bottom-left panel shows matching correctness versus the number of steps
for community 2 (a randomly chosen community with size n%/3); and the bottom-right
panel shows matching correctness versus the number of steps for community K (the largest
community). In all these plots, we also include the edge cover rate against the number of
steps. Plots for other communities in the n = 256 case, as well as additional plots for the
n =81 and n = 625 cases, can be found in Appendix {.5.3]

We observe that the smallest community exhibits noticeably faster anonymization, which
aligns closely with our proposed theoretical framework. Additionally, the largest commu-

nity demonstrates a slower anonymization rate compared to the other communities. It is
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SBM Lamplighter Walk on the SBM model, n=256
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Figure 4.3: We present selected plots for the case n = 256: the top-left panel shows the matching
correctness versus the number of steps for the entire network; the top-right panel shows matching
correctness versus the number of steps for community 1 (the smallest community); the bottom-
left panel shows matching correctness versus the number of steps for community 2 (a randomly
chosen community with size n%/3); and the bottom-right panel shows matching correctness versus
the number of steps for community K (the largest community). In all these plots, we also include
the edge cover rate against the number of steps. Plots for other communities in the n = 256 case, as
well as additional plots for the n = 81 and n = 625 cases, can be found in Appendix {.5.3]

also important to note that, when comparing this SBM lamplighter setting to the standard

lamplighter setting on ER graphs, the transition away from matchability appears to be less

sharp.

We also plot a log-log graph of the number of steps required until a ®(n1/ 4)-anonymization

is achieved (here the constant is chosen to be ¢ = 15) versus the number of nodes, with a

fitted regression line superimposed on these points. As observed, the slope of the regression
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log-log plot with fitted line for SBM Walk model

slope: 1.9367+0.0518

log(Anonymization time for@(n1 f‘) nodes)

45 50 55 6.0 65
log(number of nodes)

Figure 4.4: We plot the log-log graph of the number of steps required until a @)(nl/ #)-anonymization
is achieved (here the constant is chosen to be ¢ = 15) versus the number of nodes, with a fitted
regression line superimposed on these points.

line is less than 2, and is about 0.5 less than the slope obtained for the standard lamplighter

walk on ER networks. This value aligns with the suggested by our theoretical framework

in Section &.2.2

4.3.2 Real data experiments

To validate the proposed theoretical results on a real-world network, we apply the count-
preserving lamplighter model to a friendship network from [79]. We use the entire net-
work from https://snap.stanford.edu/data/ego-Facebook.html, and extract the
induced subgraph containing nodes #1921 to #2640. The corresponding adjacency matrix
is shown in the left panel of Fig. 4.5 From the adjacency matrix, we observe no clear
pattern or structure, so it is reasonable to assume that within this network, individuals are
likely to form friendships with one another with equal probability (noting that of course
this is not the case). Additionally, the adjacency plot indicates that the graph is relatively

dense.
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Standard Lamplighter Walk on the Facebook Network
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Figure 4.5: Left: The adjacency matrix of the induced subgraph that we perform our lamplighter
walk on. Right: We plot the matching correctness vs. iterations for the count-preserving lamplighter
walk on the Facebook Network (blue). We further impose the cover-rate vs. iteration curve (red).
On the selected network, we run the standard lamplighter walk for 900,000 steps, per-
forming matching to the original network every 150 iterations. The lamplighter walk intro-
duces noise that can be interpreted as individuals forming new friendships or losing contact

with those they have not interacted with recently. We also track the covering rate after each

step, defined as:

# distinct edges traversed + # distinct edges selected
(5 |

In the right panel of Fig. .3 we plot the matching correctness versus iteration curve,

alongside the covering rate versus iteration curve. The results clearly show a similar pattern
to what we observed for the standard lamplighter walk on Erd6s—Rényi graphs, as seen in
Fig. .1}

To further validate the proposed results on a more structured real-world network, we
implement the SBM lamplighter walk on an email communication network generated from
a large European research institution. In this network, nodes represent individuals, and

edges indicate email exchanges between them. The department to which each individual
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SBM Lamplighter Walk on the EU-Email Network
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Figure 4.6: Left: The adjacency matrix of the undirected EU Email communication network. Right:
We plot the matching correctness vs. iterations for the community structure and count-preserving
lamplighter walk on the EU Email Communication Network. We further impose the cover-rate vs.
iteration curve.

belongs is provided as a node attribute, allowing us to treat each department as a distinct
community. For more detailed information about this network and its applications, refer to
the original source [64].

We obtained the network from https://snap.stanford.edu/data/email-Eu-core.
html. For simplicity and better alignment with our theoretical framework, we made the net-
work undirected. The corresponding adjacency matrix after making the graph undirected is
shown in the left panel of Fig. 1.6] As in the Stochastic Block Model (SBM) experiments
discussed earlier, we apply the community structure and count-preserving lamplighter walk
to this network. To save computational resources, matching with the original network is
performed every 220 steps. In the right panel of Fig. f.6] we plot the matching correctness
versus iteration curve, along with the edge cover rate versus iteration curve. The plot shows
a similar pattern to what we observed for the community structure and count-preserving
lamplighter walk on the simulated SBM graph in Fig. 4.3

To gain a better understanding of anonymization within communities, Fig. f.7] shows

the matching correctness versus iteration plot and the cover rate versus iteration curve for
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the subgraph induced by nodes from community (department) #1 (left panel, 49 members)
and by nodes from community (department) #8 (right panel, 49 members). From the plots,
we observe that anonymization occurs much earlier in some communities. This observa-

tion supports our hypothesis that faster anonymization in structured networks is due to the

anonymization of certain communities, while globally corrupting the entire matching still

requires time on the same order as the time needed for the noise to globally mix.

EU-Email Network, Department #1 (|S_1| = 49)
1.00-

EU-Email Network, Department #8 (|S_8| = 49)
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Figure 4.7: We plot the matching correctness vs iteration plot and the cover rate vs iteration curve

for only the subgraph induced by nodes from community (department) #15 (left panel) and by nodes
from community (department) #1 (right panel)
4.4 Conclusion and Discussion

In this chapter, we explored the relationship between the anonymization time of graph
signals and the mixing time of Markovian noise on the graph, across various graph mod-
els under different lamplighter-like walk schemes. By examining both theoretical bounds

and simulation results, we established that the time required to disrupt the matchability
between an original graph and its noisy counterpart aligns closely with the mixing time
of the noise, especially in the context of Erd6s—Rényi random graphs. Specifically, our

results demonstrate that for the standard lamplighter walks on these graphs, the matching
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between the original and noisy graphs deteriorates after ®(n®polylog(n)) steps, consis-
tent with the expected mixing time. However, in some structured graph models, particu-
larly the Stochastic Block Model (SBM), which features inherent community structures,
anonymization occurs before the noise has fully mixed. This highlights distinct dynamics
in such models. Our findings suggest that in SBM networks with n nodes and communities
with sufficiently different sizes, the time required to break matchability locally is approx-
imately ®(n% polylog(n)) for some & < 2, significantly earlier than the ®(n? polylog(n))
time required for the noise to mix. Note that the mixing time depends on the number of
edges. Thus, for sparser graphs (with fewer than ®(n?) edges), the mixing time of the
noise could be smaller than ®(n?logn). Our goal here is to provide a simple example
where anonymization occurs faster than mixing; therefore, we do not explore such sparser
graphs in this context. This indicates that the presence of community structures can ac-
celerate the anonymization process, reducing the number of steps needed to obscure the
original graph’s structure.

To validate our theoretical predictions, we performed a series of simulations on both
synthetic and real-world networks. The simulations supported our theoretical claims, with
regression analysis showing that the slopes of the fitted lines aligned well with the pre-
dicted leading order of the anonymization time. Specifically, for Erd6s—Rényi graphs, the
observed slopes were slightly above 2, consistent with the theoretical ®(n?polylog(n))
steps. In contrast, for SBM graphs with communities of different sizes, the slope was
remarkably smaller compared to the slopes for the Erd6s—Rényi graphs, confirming our
theoretical predictions.

We further extended our analysis to real-world networks, including a Facebook friend-
ship network and an email communication network from a European research institution.
These experiments provided practical insights into how the proposed models perform on

real data, demonstrating the applicability of our theoretical results beyond synthetic set-
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tings. In particular, the count-preserving lamplighter walk on the Facebook network and
the SBM lamplighter walk on the email network both showed that anonymization occurred
in line with the expected theoretical bounds, underscoring the soundness of our theories.
The findings of this study open new avenues for future research. First, while our results
demonstrate that community structures can accelerate anonymization, our current results
are built only based on the edge structure information and it worth exploring the effect
of node similarities in this context. Additionally, extending our models to other types of
structured graphs, such as hierarchical stochastic block models [27, 169, [77, 90, 93]}, block
models with overlapping communities [3]], or graphs with more complex structures [7, 51],
could provide deeper insights into the relationship between graph structure and anonymiza-
tion time. Moreover, if we consider collections of temporal networks, dependencies may
emerge in the propagation of signals from one graph to the next, extending beyond the
scope of Markovian noise. Further analysis of matchability and other statistical inferences
on these functional dependencies could provide invaluable insights for more realistic real-
data modeling via networks. Finally, while the Seeded Graph Matching (SGM) algorithm
provided a practical solution for matching noisy graphs to their originals, it would be valu-
able to explore more advanced uses of seed information—beyond simply constraining the
solver to a particular subspace of the function space—to improve the efficiency and accu-
racy of the matching process; see [84] for steps in this direction. In particular, cases where
SGM results differ significantly from the ground truth suggest the need for more sophisti-

cated ways to utilize seed information, potentially through statistical learning processes.
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4.5 Proof of Theorems

4.5.1 Derivation of Eq. 4.4

We seek to show the given bound on p, ; ;. We first define the Global Lamplighter Walk
analogously to the standard lamplighter, except that the position of the lamplighter does

not matter. At the (¢ + 1)st step, the lamplighter randomly chooses any e € (‘2/), and defines

ha,,, (e) as in Eqs. ft.1jand[4.2} Consider the three events,

&1, = {the lamplighter in the standard walk does not traverse {i, j} by ¢}

—1
&y = {the lamplighter in the standard walk does not traverse {i, j} in {(L2i7L2i+1)},~L:% J }

&34 = {the lamplighter in the global walk does not traverse {i, j} by t}
We then have

, 15
! 1
1— o | =P(&y) <P(&1y) <P(&y) = | 1 — 7
< (Z)) (&34) <P(61,4) <P(&24) ( (2))

Using the fact that for n > 3,

we have that

Ex

()

}7 Prij = GXP{—ﬁ}

Prij < exp {—

as desired.
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4.5.2 Proof of Theorem@.1

Here, we will follow standard concentration inequality theory to establish the match-
ability result. Let B = A;, and consider for a fixed permutation matrix P, with associated

permutation op, the following

Sn,p :=Tr(APBP") — Tr(AB) = Tr (A[PBP" — B))
=2 )Y, Ai(Boior) —Bij)-
{ijte(}) st
{i,j}#{op(i),0p(j)}

Straightforward computations then yield

E(Snp) =2 ) E{(Bop(i).op(j) —Bij) |Aij =1} P(A;;=1)
{i.jye(3) st
{i,j}#{op(i),o ( )}
=2p Z {E (BGP |Al] = 1) (Bi,j |Aij = 1)}
{i.jye(3) st

{i.j}#{or(i).0 ( )}

Noting that p, ; ; is independent of i, j, we drop these indices and write p, moving forward.
We now consider computing each conditional expectation via considering cases for index i

and j after ¢ steps.

1. We first consider E {Bg, ) op(j) | Ai,j = 1}. If {op(i),0p(j)} was traversed by the
lamplighter by time 7, then the edge has probability 1/2 regardless of the state of

Afcp(i),op(j)} and A; j. This conditional expectation is then equal to

E{Bop(i),00()) ‘Ad_l}_ (1—p:)+ pps

2. We next consider E{B;; |A;j=1}. If {i, j} was traversed by the lamplighter by
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time ¢, then the edge has probability 1/2 regardless of the state of A; ; else B; ; =A; ;.

This conditional expectation is then equal to
1
E{BijlAij=1}=3(1—p)+p
Putting the above together, we get that

E(Sy.p) =2

(i e (5 ) st 103 # (0000} mplp 1)

:;gp

N

If P shuffles k vertices, then np € [(n — 2)k/2,nk] and this expectation can be bound via

(n—2)kp;p(p—1) < E(Sn,P) < 2nkp;p(p—1)

Moreover, S, p can be realized as a function of the following random variables:

1. The at most 2nk edges, A; ;, involved in the summation. Changing any of these could

change the summation S, p by at most 4.

ii. The at most 2(¢+ 1) random variables dictating the moves and flips of the lamplighter
walk. Changing a single move of the lamplighter would change at most 2 of the B; ;’s
and hence could change the summand by at most 8. Changing a flip of the lamplighter

could change at most one B; ; and hence would change the summand by at most 2.

McDiamid’s inequality then gives us that for n sufficiently large (recalling that we assume
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there exists a constant ¢ > 0 such that ¢ < cn?logn)

IED(Sn,P > 0) < IP>(|Sn,P - E(Sn,PNZ |ESn,P|)

(n =22 p2(p— 1Vexp |~ )

< 2exp{ —
= SexP 8(nk 11+ 1)
<exp] DR (= 1)
- 8(nk+cn?logn+1)

Let I, x be the set of permutations shuffling exactly k vertex labels, and define the event

Bi; = {3P €M, s.t. S, p > 0}.

A union over the at most n¥ permutation matrices in IT,, . yields

(n=2kp*(p—1)*n">
8(nk+cn?logn+1)

P(Br;) < 2exp{— —i—klogn}

Note next that (recalling there exists a constant o > 5¢ such that k > n%)

(n—2)2k2p2(p—1)2n755
8(nk-+cn?logn+1) p2 (p - 1)2na75c
=Q =o(l)
klogn logzn

Therefore, taking a union over such k yields

n2a75c n2(x75c
P <2 —-Q | <2 —Q
U pee) 2 - (") rioen} <2 {0 () |

as desired.
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4.5.3 Proof of Theorem@.2

Abusing notation slightly, we will use IT, to denote the set of permutation of {1,2,---,n}
(denoted by lower case Greek letters) and the set of n X n permutation matrices (denoted
by capital Roman letters). We say that permutations ¢ and 7 in II, disagree at location
i€{1,2,---,n}if 6(i) # 7(i). Consider ng = |n/(2nP +1)| disjoint sets in {1,2,---,n},

2nP+1)]

denote these sets via {Si}lLi/l( For each i, let ¢\¥) be permutation of {1,2,---,n} that

fixes all elements of U;;S; and is a (in cycle decomposition) cyclic derangement (i.e., a

cycle of length 218 + 1) of S;. Note that if (¢())¥ denotes the permutation

k compositions

then for all ky,ky € {1,2,---,2nP} with k; # ky, we have that (¢))%1 and (c())*2 disagree

in exactly 21 + 1 locations. Consider all permutations of the form
o= (cW)o(c@h...o(cmp)) s 4.7

kn
for (ky,ka,- - ,knﬁ) € ®i:Bl{1,2, .--,2nP}. Each pair of such ¢’s with distinct (ky, ks, - - - ,knﬁ)
sequences (i.e., there is at least one j such that k; differ) disagree in at least 2nP 41 lo-
cations. The set of such permutations (of form in Eq. with distinct (ky,kp,--- ,knﬁ)

sequences) will be denoted T1P. Note that the size of TTP is
‘ﬁﬁ) — 2nP)" > (2nByr/ @ +1)

Next note that after time #.,,, A; ~ER(n, 1/2) independent of Ay and hence tr(AoPA,PT)

is equal in distribution to tr(ApA;) for any permutation P € IT,. For a set of permutations
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2 € 11, define the action of a permutation P o 2 to be the set
Po2={Q¢cll,st. P 'Qec 2}.

Hence, if we define
P
Egp= argmaxQennTr(AoQA,QT) CPo U T,
k=0

Then P(&p p|t > teoy) is the same for all P € I1,. Moreover, the sets {5ﬁ,p}P€ﬁﬁU{In} are
disjoint, as the sets Po (UZB:O Hn7k> are disjoint for P € P u {I,};if for P, P, € e u {I,},
thereisa Q € Pj o <UZB:0 Hn7k> NP o (UZQOHn7k>, then there exists Q1,0 € UZiO IT,, &
such that P = Ql_]Qsz and hence P; and P, could disagree in at most 2nP locations
yielding the contradiction. Therefore P(&p 7 | t > teoy) < (2nP)—/ (2n°+1) " The Theorem

is then proven by considering
P<éaﬁ,ln) < IED(tcov > t) +]P>(éaﬁ7[n| r> tcov)

and applying the above bounds.

4.5.4 Proof of Theorem@.3

For each i € [K,], let n; denote the size of the i-the community. We will make use of the
following Chernoff bound (here adapted from Theorem 3.2 of [25]): Let X; ~Bern(p;) be

independent random variables with X = }; X; and E(X) = Y, p;, then for any 7 > 0,

2
P(IX —EX)|>1) < ZeXP{_m}
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We apply this to m;; ~Bin(n;n;,A; j) defined to be the number of edges between com-
munity i and community j (with m; ~Bin((5),A;;) defined analogously) to get that with

probability at least 1-K2n—3 (as minjA; ; = o(logn))

|mij —ninjA j| < \/14nin;A; jlogn; (4.8)

‘m,‘i — <f;) A,‘J‘ S \/14 <’;> A,‘J' logn. (49)

For the remainder of the proof, we will condition on the events in Eq. [.8H4.9] (call this

event .27,), so that between community 1 and community j, there are m; ; € ninjA; j £

2a . .
\/ 14ninjAy jlogn edges. Recall that Ay ; < b3 K;’n—lznj so that there exists a suitable constant
. 2a
by > 0 with m* = max;my ; < by ">

Consider the lamplighter walk on this graph. If in community 1, with probability 1/2
the lamplighter will move to a uniformly random community other than community 1 in

one step. Let us denote the number of steps before leaving community 1 via 77. Note that
P(Ty > K,m*) = (1 — p)&™ < exp(—m"*),

and hence 7 is with very high probability of lower order than our mixing time N defined
below. As such, 77 has little impact on the overall mixing time, and we can assume without
loss of generality that the lamplighter starts outside of community 1.

Once the lamplighter first leaves community 1 (consider this time O if the lamplighter
starts outside community 1), we define a renewal process as follows: We say that a renewal
occurs if the lamplighter enters community 1, moves inside community 1 for at least one

step and then exits community 1. The interarrival time has distribution equal to

dist. &
& =Y Vi+1)+2

i=1
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where

i. {Vi} arei.i.d. Geo< )>random variables; here V; represents the amount of time

1
2(Kp—1

spent outside community 1 between the i — 1st and ith visits to community 1;

ii. Z; ~ Geo(1/2), independent of {V;}, represents the number of visits to community

1 where no moves inside community 1 are taken;

ili. Zy ~ Geo(1/2), independent of {V;} and Z;, represents the number of moves inside

community 1 the lamplighter takes in final visit to community 1 before renewal;
Here E(&,) = 4(K, — 1) +2+2 = 4K,. Now the f(n)-th renewal time (assume f(n) € Z >
0), S ¢(n). satisfies E (Sp(,)) = f(n)4K,. Let
N = pta 10g3/2(n)
and
f(n) =n*@log*?(n),
then Markov’s inequality tells us (where R(¢) is the number of renewals by time )

4K, log>? (n)
naztaz 10g3/2 (n)

P(R(N) < f(n)) =P (Sfu >N) < =4K,n"% =o(1).

This implies that, with probability converging to 1, we have at least f(n) renewals after N
steps.

Between renewals the lamplighter must enter community 1 at least once. This entry is
from a uniformly random community, with an edge between that community and commu-
nity 1 being randomized. Let 7> denote the number of renewals needed to randomize all

edges into community 1. The distribution of 75 is that of a non-uniform coupon-collector
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(as the my ;’s are potentially different), which can be quite complex (see [45] for exam-
ple); to circumvent, we will stochastically bound 7> sé Ts where T3 is the uniform coupon
collector distribution with K,m* (where m* = max;m ;) coupons to collect; the upper
bound follows as 73 has more coupons to collect than 73, each with collection probability
no greater than those in 7. Well known coupon collector asymptotics then provide that

(where C is a suitable constant that can change line-to-line)

P(T2 > f(n)) <P(T5 > f(n))

) £ I
—P(T3><Knm*)10g(,<nm*)<z<n Jog(K, >)

n2a2 10g3/2n
S exp (—CW + 1

<exp (—Clogl/2 n)

This implies that after f(n) renewals, we have with high probability randomized out all
signals between community one and other communities.

Moreover, with each renewal, the lamplighter randomizes at least one edge (chosen
uniformly among the (") possible edges in community 1). By Theorem after f(n)
renewals within community 1, the lamplighter has performed a -anonymization within
community 1 for all constants 8 € (0,1). Collecting all results, once the edges connect-
ing community 1 have been randomized, and the edges within community 1 have been

randomized, community 1 has been effectively anonymized in the graph. Hence, letting

bnp = {B-anonymization of community 1 after n steps},
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we have for suitable constants C1,C, > 0, and n sufficiently large

P(&E 5) < P(ES 5IRIN) = f(n), c4h) +P(RIN) < F(n)| ) + ()

_ _ 1/2 _ _
< <n 2a1 4 p=Colog'n | g o a3+K3n 3)

After N = %1% Jog®?(n) = o(n**3 logn) steps, we have a B-anonymization of n! nodes in
the graph G with probability converging to 1. Note that the largest community is of order
n%, and that with high probability, at least ®(n?*logn) steps are needed to randomize

the edges within the large community; hence, after N steps, the lamplighter, with high

probability, has not mixed.

4.5.5 Additional Experiments and Plots

Additional Standard Lamplighter on ER model plots

Standard Lamplighter Walk on the ER Model, n = 49 Standard Lamplighter Walk on the ER Model, n = 144 Standard Lamplighter Walk on the ER Model, n = 324

=
kS
.

%

Coverrate
* Matehing Accuracy Rate

Rate
s
Rate

Rate

wwwww

Nuﬁberofsle;; ' Numbfec‘rmofsteps “ o Number of steps
Figure 4.8: We plot matching correctness vs. number of steps for n = 49 (left), n = 144 (middle)
and n = 324 (right), where the setup of the model and the parameters chosen are the same as in

Section[d.3.1] For these plots, we further impose the cover rate of the edges vs number of steps.
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Additional SBM Lamplighter on SBM model plots

SBM Lamplighter Walk on the SBM model, n=81 SBM n=g1, Community #1 Zoom-in SBM n=81, Community #2 Zoom-in
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Figure 4.9: SBM Lamplighter Walk plot with n = 81, see Section [£.3.1] for the description of the
experiment setup. Number of communities = 5
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SBM Lamplighter Walk on the SBM model, n=256
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Figure 4.10: SBM Lamplighter Walk plot with n = 256, see Section[d.3.1]for the description of the
experiment setup. Number of communities = 7
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‘SBM Lamplighter Walk on the SBM model, n=625
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Figure 4.11: SBM Lamplighter Walk plot with n = 625, see Section[d.3.1]for the description of the

experiment setup. Number of communities = 9
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