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Extreme weather and climate events such as floods, droughts, and heat waves

can cause extensive societal damage. While various statistical and climate models

have been developed for the purpose of simulating extremes, a consistent defini-

tion of extreme events is still lacking. Furthermore, to better assess the perfor-

mance of the climate models, a variety of spatial forecast verification measures have

been developed. However, in most cases, the spatial verification measures that are

widely used to compare mean states do not have sufficient theoretical justification

to benchmark extreme events. In order to alleviate inconsistencies when defining

extreme events within different scientific communities, we propose a new general-

ized Spatio-Temporal Threshold Clustering method for the identification of extreme

event episodes, which uses machine learning techniques to couple existing pattern

recognition indices with high or low threshold choices. The method consists of five

main steps: construction of essential field quantities, dimension reduction, spatial



domain mapping, time series clustering, and threshold selection. We develop and ap-

ply this method using a gridded daily precipitation dataset derived from rain gauge

stations over the contiguous United States. We observe changes in the distribution

of conditional frequency of extreme precipitation from large-scale, well-connected

spatial patterns to smaller-scale, more isolated rainfall clusters, possibly leading to

more localized droughts and heatwaves, especially during the summer months.

Additionally, we compare empirical and statistical probabilities and intensities

obtained through the Conventional Location Specific methods, which are deficient

in geometric interconnectivity between individual spatial pixels and independent

in time, with a new Propinquity modeling framework. We integrate the Spatio-

Temporal Threshold Clustering algorithm and the conditional semi-parametric Hef-

fernan and Tawn (2004) model into the Propinquity modeling framework to sep-

arate classes of models that can calculate process level dependence of large-scale

extreme processes, primarily through the overall extreme spatial field. Our find-

ings reveal significant differences between Propinquity and Conventional Location

Specific methods, in both empirical and statistical approaches in shape and trend

direction. We also find that the process of aggregating model results without consid-

ering interconnectivity between individual grid cells for trend construction can lead

to significant variations in the overall trend pattern and direction compared with

models that do account for interconnectivity. Based on these results, we recommend

avoiding such practices and instead adopting the Propinquity modeling framework

or other spatial EVA models that take into account the interconnectivity between

individual grid cells.



Our aim for the final application is to establish a connection between extreme

essential field quantity intensity fields and large-scale circulation patterns. However,

the Conventional Location Specific Threshold methods are not appropriate for this

purpose as they are memoryless in time and not able to identify individual extreme

episodes. To overcome this, we developed the Feature Finding Decomposition algo-

rithm and used it in combination with the Propinquity modeling framework. The

algorithm consists of the following three steps: feature finding, image decomposi-

tion, and large-scale circulation patterns connection. Our findings suggest that the

Western Pacific Index, particularly its 5th percentile and 5th mode of decomposi-

tion, is the most significant teleconnection pattern that explains the variation in the

trend pattern of the largest feature intensity.
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Chapter 1: A generalized Spatio-Temporal Threshold Clustering method

for identification of extreme event patterns

Extreme events of essential climate variables (Bojinski et al., 2014), such

as heavy rainfall, high temperatures, strong winds, and their derivatives, such as

droughts and heat waves, are a major source of risk to society and the environ-

ment. The purpose of risk management is to design and implement a set of common

procedures for predicting, measuring, and managing such high-impact events. The

critical step is identifying these extreme processes. However, there is no uniformly

accepted definition of extreme events. More often than not, the process of identi-

fying extreme events has been typically based on classifying them into groups with

characteristics such as frequency of occurrence, intensity, temporal duration, and

timing (Stephenson, 2008). In addition, the evaluation of the multidimensional na-

ture of extreme events, in most cases, has been confined to individual grid points

or stations, thus overlooking embedded spatial dependency. The Intergovernmental

Panel on Climate Change (IPCC) defines a climate extreme as “the occurrence of

a value of a weather or climate variable above (or below) a threshold value near

the upper (or lower) ends of the range of observed values of the variable” (IPCC,

2012). Typically, the choice of a high (or low) threshold depends on the conventions

1



of specific scientific disciplines. For example, the climate science community tends

to select location-specific thresholds based on either categories (e.g., Dai, 2001; Dai

et al., 2017; Sun et al., 2007), quantiles (e.g., Groisman et al., 2005; Lau et al.,

2013; Pendergrass and Hartmann, 2014), combinations (e.g., Kunkel et al., 2010,

2012, 2003, 2007), or indices (e.g., Alexander et al., 2006; Donat et al., 2013a,b;

Zhang et al., 2011). Hereafter, we refer to these selection methods as Conventional

Location Specific Threshold (CLST) methods.

In the realm of statistical modeling, under appropriate conditions, excesses

above (below) a high (low) threshold are often modeled using the generalized Pareto

(GP) distribution (Balkema and de Haan, 1974; Pickands, 1975), where requirements

for a chosen threshold is to be high (low) enough to satisfy chosen goodness of fit

test. Although threshold choices often overlap across disciplines, it is still difficult

to compare extreme value analysis results between different scientific studies if the

threshold selection methodologies differ. Even when the same forecast verification

strategy is used (e.g., Jolliffe and Stephenson, 2003; Wilks, 2011, Chapter 8), the re-

sults will be different. Thus, a unified approach for threshold selection (i.e., universal

extreme event definition) is essential because it standardizes the inference process

for extreme event analysis, leading to further consistency and transparency when

comparing results between different scientific findings. Unification, standardization,

and transparency are the key pillars of disciplined risk management.

While many univariate methods have been proposed to automate the thresh-

old choice (e.g., Bader et al., 2017; Fukutome et al., 2015; Scarrott and MacDonald,

2012), there are no clear-cut criteria, and in practice, threshold choice tends to be

2



determined by either exploration methods or by stability assessments of parame-

ter estimates, and in most cases, the threshold selection is disconnected from the

geometrical properties of the desired spatial field. Here, we express geometrical

properties by geometric attributes that measure the texture/dispersiveness of the

spatial field. Ultimately, the choice of threshold is always an interplay between bias

and variance (Smith, 1987). For high extreme thresholds, if the chosen threshold

is not high enough, the GP distribution likely will not have a good fit to the ex-

cesses above the threshold, leading to approximation bias. Conversely, if the chosen

threshold is too high, only a small number of exceedances will be generated, and

consequently, there will be high variance in the estimators (in the case of low ex-

treme thresholds, these conditions are reversed). A more comprehensive evaluation

of univariate extreme value theory (EVT) is given in (Coles, 2001a).

Analysis of extreme events must also incorporate the spatial nature of the key

climate variables since many single quantities, such as precipitation or temperature,

are measured at multiple locations that may also be teleconnected via atmospheric

circulations or hydrological cycles. Implementation of spatial extreme value analysis

has to be done using an integrative modeling approach (IMA), in which different

scientific disciplines are combined into one holistic process, joined by a common mod-

eling factor(s) subject to uniform assumptions. For example, in statistics, it may

involve the integration of multivariate EVT (e.g., Cooley et al., 2012b), geostatis-

tics (e.g., Banerjee et al., 2015), and spatial forecast verification (e.g., Friederichs

and Thorarinsdottir, 2012), and in atmospheric science, it would encourage the use

of high-resolution climate models (e.g., to resolve localized extreme events) com-

3



bined with a spatio-temporal threshold selection algorithm and multivariate EVT

to capture spatial dependencies. While a myriad of other coupling combinations is

possible, the challenging aspect of this integration lies in maintaining suitable and

consistent statistical assumptions across all modeling blocks.

This manuscript proposes a new generalized Spatio-Temporal Threshold Clus-

tering (STTC) method for extreme events within the IMA framework. By general-

ized, we mean the algorithm’s applicability to the wide variety of essential climate

and non-climate variables (e.g., air pollution, crop yield, streamflow) and their de-

rived quantities, hereafter, essential field quantities (EFQs). The algorithm, as ob-

jectively as possible, detects large-scale extreme spatial patterns that occupy fairly

extensive geographical areas. Those patterns contain extreme fields (i.e., for high

or low extreme thresholds, only fields from the respective upper or lower quantile of

the distribution are selected) in both temporal and spatial variations. They can be

linked to individual extreme episodes such as flash floods, heat waves, hurricanes,

and droughts.

The threshold selection process is conditioned on these extreme patterns and

enables one to detect latent spatial dependencies with the help of geometric indices

from digital topology. Furthermore, to evaluate areas with the largest conditional

frequency values, we apply the STTC methodology that uses a time series clus-

tering procedure for a number of geometric indices. This procedure facilitates the

algorithm’s ability to classify a spatial pattern of an image (e.g., the conditional

frequency of positive or negative extreme EFQ) by several geometrical constructs

described in Table 1.1.

4



Pixel Smallest unit of a digital image

Isolated Structure Collection of adjacent pixels with value of one

Area Number of non-zero pixels in the structure

Convex Hull Smallest convex polygon that contains the structure

Perimeter Length of the outside boundary of the structure

Table 1.1: Geometrical constructs used in geometric indices.

As far as we are aware, this machine learning IMA is a new contribution in at-

mospheric science that links the threshold selection process conditioned on extreme

patterns with the clustering of multivariate series of geometric properties. The re-

mainder of the Chapter 1 is structured as follows. Section 1.1 reviews the conceptual

framework and details all steps for the STTC algorithm. Section 1.2 describes the

dataset for illustrating the algorithm development and evaluation. Section 1.3 and

its subsections present underlying methods. Section 1.4 highlights an application

and comparative analysis utilizing daily precipitation data and underlines essential

findings. Section 1.5 gives the conclusions.

1.1 Conceptual framework

The STTC algorithm consists of five main steps:

1. EFQ construction closely matched to the timeframe of interest;

2. Dimension reduction based on statistical quantiles;

3. Spatial domain mapping represented by the geometric indices;

4. Time series clustering applied to the multivariate series of geometric proper-

ties;
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5. Threshold selection linked to the time series clustering.

The first step is the most flexible and difficult to apply. The user must decide

whether to convert (e.g., normalize, standardize) the raw data to best represent an

extreme pattern of interest. Large-scale patterns are usually described by gridded

data, such as precipitation, temperature, geopotential height, or vorticity, to name a

few. The patterns can be analyzed either at the right or left tail of the distribution.

Ultimately, the choice of EFQ is based on the problem at hand and individual user

preference.

Next, the dimension reduction or conditioning step identifies extreme processes

that are spread out over a relatively extended portion of the spatial domain. This

step is necessary to narrow spatio-temporal space to fit the class of events of interest.

For example, the conditioning can be performed utilizing the algorithm to find

either positive (i.e., wet-day) or negative (i.e., dry-day) extreme fields. Rather than

considering extreme values at individual locations and their temporal dependence,

we consider an overall spatial field that is conditioned on being extreme (i.e., not all

individual grid cells within the field have to be extreme). In this case, it is possible to

depict large-scale spatial extreme patterns independent of whether or not individual

grid cells in space are extreme. The concept is similar to the high field energy

used to identify severe storm environments in Gilleland et al. (2013, 2016a). They

used the product of the 0-6km wind shear and maximum potential wind speed of

updrafts and selected its upper quartile in space greater than its 90th percentile

over time to define the high field energy. Here, we apply this framework by first
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identifying a data-specific quantile in space (i.e., the quantile function is applied over

the entire spatial domain) and then in time. We also replace the concept of high field

energy with more general positive and negative extreme fields (see Section 1.3.2) that

can accommodate a variety of extreme field definitions, including different quantile

values to meet the specific needs of different datasets.

The classification and evaluation of the graphical properties of the spatial

fields, depicted in the previous step, is the purpose of the spatial domain mapping

phase of the algorithm. The user selects a vector of initial thresholds where eval-

uation takes place. The threshold selection framework is integrated with methods

from digital topology. Values greater or equal to a chosen threshold are assigned

to one, and values below zero. It is called image digitizing and is a widely used

technique in computer imaging. The digitized image can then be mapped to several

geometric attributes that represent a particular graphical property of the image. As

the threshold varies, so do the values of the geometric attributes. As such, one can

create a threshold series that is mapped to the corresponding multivariate series

of geometric properties. The mapping process can be repeated for all geometric

attributes, creating a non-linear dependence between the threshold series and the

desired geometrical properties.

The fourth step of the algorithm consists of applying time series clustering to

the multivariate series of geometric properties derived in the previous step. This

unsupervised machine learning approach separates the multivariate series of geo-

metric properties into individual clusters by minimizing the average dissimilarity

between each cluster’s centrally-located representative object and any other object
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in the same cluster. Each of these representative objects is associated with a specific

threshold from the threshold series.

The last threshold selection step selects a threshold out of the threshold series

based on the clustering analysis of the multivariate series of geometric properties.

The position of the representative object in the multivariate series of geometric

properties is then matched to the same position in the threshold series, producing

a cluster-specific threshold.

Thus, the overall objective of the algorithm is to detect latent spatial depen-

dencies for an EFQ of interest within large-scale extreme episodes and to automate

threshold selection for the extreme spatio-temporal processes. Ultimately, the iden-

tified spatial extremes can be linked to individual weather patterns because the

corresponding occurrence times of such extreme events are tracked during the iden-

tification process. The objective threshold choice for extreme event modeling can

help to deepen our understanding of the underlying processes in forming those pat-

terns, that were possibly overlooked in the CLST methods. The STTC algorithm

incorporates spatial and temporal dependencies in one holistic modeling framework

and enables future spatio-temporal analysis of extreme events based on either a sin-

gle quantity (e.g., precipitation) or a composite index of multiple quantities (e.g.,

the Palmer Drought Severity Index). Moreover, the extreme threshold value that

was estimated through the unsupervised learning approach and the resultant ex-

treme spatial field can be further incorporated into a spatial forecast verification

process or independently applied in statistical modeling utilizing multivariate EVT.

The use of this method can thus ensure consistency between the extreme threshold
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values and spatial fields selected during the modeling and forecast verification steps.

A detailed summary of the entire STTC algorithm can be found in the Appendix.

1.2 Data

To illustrate the algorithm development and evaluation, we considered station-

based precipitation measurements in mm/day obtained from the Global Historical

Climatology Network-Daily (GHCN-Daily; Menne et al., 2012a) collected over the

period 01/01/1961 to 12/31/2016 (56 years). While the GHCN-Daily dataset was

subject to a rigorous quality assurance procedure (Menne et al., 2012b), it was not

adjusted for artificial discontinuities such as changes in station location, instrumen-

tation, and time of observation (Donat et al., 2013b). To deal with these issues,

we only selected stations with at least 40% data coverage, yielding 8516 stations.

In addition, as described in Liang et al. (2004), we performed topographical ad-

justments to account for the strong elevation dependence of the rain gauge sites by

using the Parameter-Elevation Regression on Independent Slopes Model (PRISM)

(Daly et al., 1994, 1997). We then interpolated the GHCN-Daily dataset using the

Cressman objective analysis scheme (Cressman, 1959) to a 30 km by 30 km grid

covering the contiguous United States (CONUS). As a result, we obtained approx-

imately 27,000 spatial points, with each point having over 20,000 days of temporal

rainfall coverage.
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1.3 Methods

1.3.1 EFQ construction

A fundamental decision in any extreme value analysis is to choose the types

of extreme events to analyze (e.g., flash floods, persistent droughts, or other natural

disasters). Depending on the choice, our algorithm allows adjusting an accumulation

window (W ). The proposed EFQ derivation involves several steps, which can be

modified or entirely skipped depending on a specific application:

1. Remove seasonal patterns by subtracting climatological mean values over the

entire time length from the raw data;

2. Calculate W -period rolling accumulated anomalies;

3. Standardize accumulated anomalies by the corresponding high (or low) tem-

poral quantile.

In this research thesis, we select no accumulation window, high quantile (0.95),

and use daily precipitation as the field of study. That is, our interest during the

algorithm testing lies in short-term extreme rainfall. These short-duration impactful

precipitation events can produce a major natural hazard, such as a flash flood in

some areas. To illustrate the general application, we also later present examples

using more extended W s for extreme EFQs. By design, EFQ has no units.
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1.3.2 Dimension reduction

Conventional temporal dimension reduction methods such as principal compo-

nent analysis (PCA) and linear discriminant analysis (LDA), which rely heavily on

mean and covariance estimation, are not very informative for extremes. Although

a method similar to principal component analysis, based on extreme value analysis,

was proposed in Cooley and Thibaud (2019) and used in Jiang et al. (2020), it is

not clear how it can be generalized to accommodate all types of extreme value de-

pendence structures (Coles et al., 1999a). Additionally, the benefits of this method

over traditional PCA are also not well understood. The block-maxima approach is

often used to analyze extremes but potentially excludes relevant observations (Coles,

2001a). The challenge is, therefore, to subsample a relatively small number of ob-

servations to represent the tail of the distribution and select an aggregate measure

that accurately describes extreme events. Gilleland et al. (2013) considered, for this

purpose, a conditional frequency with quantile-based dimension reduction method-

ology in analyzing severe storms. In the present context, we modify this method

to apply for temporal and spatial quantile values more appropriate in our case (see

Section 1.4). We further formalize this method with the following definitions.

Definition 1.3.2.1. Let Y (s, t) be a spatio-temporal EFQ with a number of spatial

pixels s ∈ D, where D is the spatial domain, then at each time point t = [1, . . . , T ],

the ηth-quantile in space yt,η, is given by P{Y (s, t) ≤ yt,η} = η, where η ∈ [0, 1].

The quantile yt,η in Definition 1.3.2.1 is taken over space at each point in time

so that a univariate time series of spatial quantiles results. We denote this series
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by gt = g1, . . . , gT = y1,η, . . . , yT,η. In addition, we introduce a function λ[·] with

possible forms in Table 1.2.

Name Value

Fixed Value λ[xt] = constant
Average λ[xt] = 1

T

∑
t

xt = u

Temporal Quantile λ[xt] = xτ , where P{xt ≤ xτ} = τ and τ ∈ [0, 1]

Table 1.2: Some possible values for function λ[xt].

Definition 1.3.2.2. A space-time process Y (s, t) is called a Positive Extreme Field

(PEF) at any time point ti when {gti > λ[gt], i = [1, . . . , NH], NH 6 T} denote to

be the H(s, ti) to be the subset of Y (s, t) when Y (s, t) is a PEF.

Definition 1.3.2.3. A space-time process Y (s, t) is called a Negative Extreme Field

(NEF) at any time point tj when {gtj < λ[gt], j = [1, . . . , NL], NL 6 T} denote to

be the L(s, tj) to be the subset of Y (s, t) when Y (s, t) is a NEF.

The PEF/NEF concepts are general constructs that can be applicable to both

short and long-term impactful extreme events. For instance, if we express PEF

and NEF in terms of precipitation rates and try to detect natural disasters such as

documented in the NOAA National Centers for Environmental Information (NCEI)

report titled ”U.S. Billion-Dollar Weather and Climate Disasters (2018)”, we can

identify a multitude of high profile cases, a few of which are presented in Figure 1.1.

Figure 1.1a shows Superstorm Sandy, where high PEF values (> 6) are ob-

served over the Mid-Atlantic and New England regions and northern Ohio. The

Great Flood of 1993, which is found with a much longer accumulation window
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Figure 1.1: Examples of PEF: (a) October 2012 Superstorm Sandy (W= 4); (b) May
to October Great Flood of 1993 (W= 180). Examples of NEF: (c) 2002 Drought,
April - June (W= 90); (d) 1988 Drought, March - July (W= 150). The PEF
and NEF were derived from precipitation measurements obtained from the gridded
Global Historical Climatology Network-Daily (GHCN-Daily) dataset (see Section 1.2
for more information) and expressed in terms of standardized anomalies. The func-
tion λ[.] from Table 1.2 was set to the temporal quantile definition with η = 0.99
for PEF (η = 0.01 for NEF) for the univariate time series gt with τ = 0.95 for PEF
(τ = 0.05 for NEF).
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(W=180), is displayed in Figure 1.1b. The areas with PEF > 2 can be seen along

the Missouri and Mississippi rivers and their tributaries. In addition, several heavy

rainfall events are spotted in Montana during the same time period. Results for

Drought of 2002 are shown in Figure 1.1c. The Rocky Mountains and Midwest re-

gions are particularly impacted by very dry conditions. Figure 1.1d shows a similar

graph but for 1988 Drought and with W=150. The effects of low negative NEF (<

-1) are seen in Mid-Atlantic states, the southeastern United States, the midwestern

United States, and the western United States. These are all examples of types of

extreme processes H(s, ti) (L(s, tj)) that define a spatio-temporal subset of a dataset

used to define a conditional frequency of extreme EFQ.

The conditional frequency of an EFQ Y (s, t) is given by (i.e., conditioned on)

H(s, ti) can be defined as a function of high threshold θh at any spatial pixel s ∈ D

in the following way

f(s; θh) =

NH∑
i=1

1{H(s,ti)>θh}

NH

(1.1)

where 1{·} is the indicator function.

Alternatively, we can delineate a similar quantity but conditioned on L(s, tj)

if a low threshold θl is of interest

f(s; θl) =

NL∑
j=1

1{L(s,tj)<θl}

NL

(1.2)

In terms of additional notations, let θ = [θ1, . . . , θn] be a set of initial thresholds

such as θ1 < θ2 <, . . . , < θn. We can think of the series f(s; θ1), . . . , f(s; θn) as a
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procedure of partitioning the conditional frequency image into several overlapping

homogeneous fields, where each field is mapped into the corresponding geometric

properties series described in the next section.

1.3.3 Spatial domain mapping

Geometric indices employed here were first introduced by AghaKouchak et al.

(2010) and applied to validate radar data against satellite precipitation estimates

and weather prediction models. Gilleland (2017a) complemented geometric indices

with mean-error and mean-square-error distances, to introduce new diagnostic plots

within a spatial forecast verification framework. The diagnostics were applied to

a number of cases from the spatial forecast verification intercomparison project

(ICP, http://www.ral.ucar.edu/projects/icp) in Ahijevych et al. (2009) and

Gilleland et al. (2009a, 2010). The indices vary between zero and one and describe

the connectivity, shape, and area of the image pixels for a predefined threshold. The

connectivity index is defined as

Cindex = 1− n− 1√
m+ n

, (1.3)

where n is the number of isolated structures, and m is the number of pixels with a

value of one (i.e., above a chosen threshold). Here, an isolated structure is a group of

adjacent non-zero pixels. The connectivity index shows how the structures within

the image are interconnected. The higher (lower) the index, the more connected

(dispersed) the fields are within the image. The shape index is given by
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Sindex =
Pmin

P
, (1.4)

where P is the perimeter of the pixels above a given threshold, and Pmin is the theo-

retical minimum perimeter of an m-pixel pattern, which is attained if the pattern of

non-zero pixels was formed closest to a perfect circle. Mathematically, it is defined

as

Pmin =


4×
√
m, if b

√
mc =

√
m

2× (b2×
√
mc+ 1) , otherwise

,

where b·c is the floor function. The near-one values of Sindex imply an approximately

circular pattern of non-zero pixels. For a more detailed discussion about these

indices, see Gilleland (2017a). Finally, to measure object complexity, we introduce

another geometric index defined in Bullock et al. (2016) as follows

Āindex = 1− Aindex ≡ 1− A

Aconvex

, (1.5)

where A is the area of the pixels (i.e., the number of non-zero grid points) above

a given threshold, Aconvex is the area of the convex hull around those pixels, and

Aindex defined as their ratio. The index values close to zero are representative of

more structured image patterns, whereas fairly dispersive image patterns imply

values near one.

As previously stated, past applications of geometric indices were performed

primarily for model validation. However, we adapt this approach to observed data

to evaluate geometric index values for different thresholds. The aim is to determine
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specific geometrical properties that are relevant to the conditional frequency of ex-

treme EFQ, where high (or low) threshold values are derived via an unsupervised

clustering procedure. That is, for every threshold θi from the set of initial thresh-

olds θ, geometric properties are estimated and then grouped into the multivariate

series of geometric properties for time series clustering depicted in the following

section. For brevity, we represent these geometric properties series as Gα[f(s; θ)],

where α = [1, . . . , 4] and Gα[·] is an index operator for geometric attribute α of the

conditional frequency f at threshold θ. We set G1[·] = Cindex[·], G2[·] = Sindex[·],

G3[·] = Āindex[·] and G4[·] = A[·].

Figure 1.2 shows a typical example of the evolution of geometric indices as the

functions of a threshold series.

Figure 1.2: Geometric indices evolution as a function of threshold for summer EFQ
(GHCN-Daily dataset) (see Section 1.2 for more information).

The connectivity index starts high, near 0.6, with a few isolated non-zero grid
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points. As the threshold increases, the index drops as more contiguous clusters are

segmented out and finally levels off at around 0.2 with more scattered spatial fields.

The shape index is almost monotonically decreasing as a function of threshold series,

with values near one indicating an approximately circular pattern of non-zero grid

cells. The complexity index is almost an inverse mirror image of the shape index,

with values closer to unity indicating higher dispersiveness of the spatial patterns.

Another way to look at it is to consider how the frequency of high extreme events

changes as a function of threshold. At low threshold values, the probability of

simultaneous extreme events at two different spatial locations is relatively high,

and at high threshold values, the same probability is relatively low. As such, both

connectivity and shape indices will decrease, but the complexity index will increase

(area will decrease). Analyses were performed using the SpatialVx (Gilleland,

2017b) package in R.

1.3.4 Time series clustering

Clustering is a statistical process applied in machine learning to group unla-

beled data into homogeneous segments or clusters. The clusters are formed through

the segmentation of the data to maximize both inter-group dissimilarity and intra-

group similarity according to objective criteria. The segmentation process entirely

depends on a distance or dissimilarity metric, which measures how far away two

objects are from each other. The degree of dissimilarity (or similarity) between the

clustered objects is of significant importance in cluster analysis. Common dissim-

18



ilarity metrics such as Euclidean and Manhattan are not suitable for time series

clustering because they ignore serial correlations within the time series. Our main

aim is to investigate the topological features of sequences of conditional frequency

images represented by a multivariate series of geometric properties. These series

may exhibit high degrees of serial correlation at different lag times (Figure 1.2).

Therefore, the first fundamental task in applying a clustering method is the se-

lection of a dissimilarity metric that can capture these subtle characteristics. In

particular, we are interested in discovering clusters of multivariate series of geomet-

ric properties with similar profiles representing large-scale extreme spatial patterns

that can be buried under noise. For this purpose, several authors have suggested

using dissimilarity measures based on the estimated autocorrelation functions of the

time series (e.g., Caiado et al., 2006; Galeano and Peña, 2000). Here, we apply this

approach to the multivariate series of geometric properties defined in the following

way. Given f(s; θ) mapping to Gα[f(s; θ)], where α = [1, . . . , 4], we can alternatively

map f(s; θ) to Gβ[f(s; θ)], where β = [1, . . . , 4]. We let Gα[f(s; θ)] and Gβ[f(s; θ)] be

two geometric properties series, that is Gα[f(s; θ)] = Gα[f(s; θ1)], . . . ,Gα[f(s; θn)]

and Gβ[f(s; θ)] = Gβ[f(s; θ1)], . . . ,Gβ[f(s; θn)] for α 6= β. We denote the vectors

of the estimated autocorrelation coefficients of the geometric properties series Gα

and Gβ by ρ̂Gα = (ρ̂1,Gα . . . ρ̂R,Gα) and ρ̂Gβ = (ρ̂1,Gβ . . . ρ̂R,Gβ) for some R such as

ρ̂i,Gα ≈ 0 and ρ̂i,Gβ ≈ 0 for i > R. Dissimilarity between Gα and Gβ is measured by

the following Euclidean distance

dACF(Gα, Gβ) =

√√√√ R∑
i=1

(ρ̂i,Gα − ρ̂i,Gβ)2 (1.6)
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Analogously, we define φ̂ii,Gα and φ̂ii,Gβ as the vectors of the estimated partial

autocorrelation coefficients of Gα and Gβ. A corresponding dissimilarity metric is

given by

dPACF(Gα, Gβ) =

√√√√ R∑
i=1

(φ̂ii,Gα − φ̂ii,Gβ)2 (1.7)

In the seasonal analysis that follows, the dACF and dPACF measures vary be-

tween 0 and 0.001, indicating further how delicate the autocorrelation differences

between geometric properties series can be. To calculate both distances, we used R

package TSclust (Montero and Vilar, 2014) .

The choice of the number of clusters K to form is another important task in

the clustering algorithm. It typically involves iteratively searching for the number

of clusters that optimize a variety of criterion measures. Generally, cluster selection

is still an unresolved problem requiring multiple iterations. However, in our case, it

is somewhat simpler.

Previously, we described that a balance between bias and variance was nec-

essary when determining a threshold in EVT. A threshold choice for extremes in

digital topology is also a challenge. A prudent question to pose is, ”What are desir-

able geometrical properties of the conditional frequency of extreme EFQ?” While it

is difficult to generalize the shape and complexity indices, we postulate that choosing

a threshold value with the desirable geometrical properties is an interplay between

the connectivity index and the area of non-zero points (referred to henceforth as

connectivity/area trade-off). In cases involving both relatively low and very high

threshold values, the connectivity index is close to one (see Equation 1.3). The
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higher the threshold value, the lower the probability of simultaneous extreme events

at two different spatial locations and the smaller the area of non-zero grid points.

To balance this trade-off, we need to find a threshold value that is high enough to

be practical to determine large-scale spatial patterns but not too high to cause the

connectivity index to get close to one and the area of the non-zero pixels to be close

to zero. Thus, there are three clusters of interest: the first cluster has a multivariate

series of geometric properties linked to the thresholds that are still high but may

not be high enough to provide the desired geometric properties for the conditional

frequency of extreme EFQ; the second cluster provides the high thresholds linked

to desirable geometric properties; the third cluster produces the thresholds that are

too high and impractical for our purpose. Therefore, we can observe if we have

chosen more than three clusters, our task to deal with connectivity/area trade-off

becomes very daunting. That is why we decided to concentrate our analysis on the

second cluster to minimize potential connectivity/area impacts.

After selecting the dissimilarity measures and the number of clusters, it is

necessary to select a clustering algorithm. The most popular partitioning clustering

approaches are k -means and partitioning around medoids (PAM) (Kaufman and

Rousseeuw, 1987). K -means creates cluster centers by averaging points within the

cluster. However, this averaging process can be sensitive to outliers and breaks the

max-stability property so that the mean of two maxima is no longer a maximum,

which is an essential assumption in EVT. We, therefore, chose PAM, implemented

in the cluster (Maechler et al., 2017) package in R, which provides a more robust

outcome where each cluster is identified by its most representative object (called
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a medoid). Additionally, PAM preserves the observational features of the dataset,

which is essential for clustering extremes. The algorithm has two phases, BUILD

and SWAP:

1. In the first phase, k representative objects are selected to form an initial

clustering set;

2. In the second phase, an attempt is made to improve clustering by exchanging

selected and unselected objects.

The objective of PAM is for all selected clusters to minimize average dissimi-

larity between their centrally located representative object and any other object in

the same cluster. Further details can be found in Kaufman and Rousseeuw (1990).

The quality of the resulting clusters and the choice of the number of clusters can

be assessed using the ”silhouette coefficient” (Rousseeuw, 1987), a statistic to de-

termine how similar an object is to its own cluster (cohesion) compared to other

clusters (separation). For an object i it is defined as follows,

Sil(i) =
b(i)− a(i)

max {a(i), b(i)}
, (1.8)

where a(i) is the average dissimilarity of the object i to all other objects in its cluster,

and b(i) is the minimum average distance of object i to all other objects in the given

cluster, not containing i. The value of the silhouette coefficient Sil(i) ranges between

-1 and 1, where a negative value is undesirable. If Sil(i) ≈ 1, a strong structure

has been found, which means that the inter-cluster distance is much larger than

the intra-cluster distance. Conversely, if Sil(i) < 0.25, no substantial structure has
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been found. The average silhouette coefficient Sil(K) can be used to evaluate the

quality of segregation into K clusters, such as, for any finite K find max
K

Sil(K).

1.3.5 Spatio-temporal threshold selection

Threshold selection is commonly used in the process of image segmentation

(e.g. Sahoo et al., 1988; Sezgin et al., 2004), that is, the process of using thresholds

to partition an image into meaningful regions. This may include computer vision

tasks such as finding a single threshold to separate an object in an image from its

corresponding background or separation of light and dark regions. However, these

methods are not informative about spatial patterns (Kaur and Kaur, 2014) and

are thus not appropriate for complex images (i.e. color images where multiband

thresholding may be necessary) (Yogamangalam and Karthikeyan, 2013) such as

those involved in this study. The problems we aim to solve involve identifying

distinct extreme episodes that spread out over a large spatial domain and thus

require more sophisticated methods.

Our threshold choice is directly linked to the outcome of the time series clus-

tering step. The clustering solution produces results for the three clusters and their

medoids, where every member is associated with the threshold and corresponding

values of the geometric properties series. As mentioned in the previous section,

we address the connectivity/area trade-off by selecting members from the second

cluster only. The threshold selection is implemented as follows. First, we select

maximum average silhouette coefficient between SilACF and SilPACF and called it
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Silbest. This is necessary to select the best clustering solution between two distance

measures. Next, the medoid from the second cluster is matched by the Silbest to

correspond to our threshold choice. Finally, the medoid index in the multivariate

series of geometric properties is used to determine the corresponding geometric at-

tributes. Equipped with both the high spatio-temporal threshold value and the

spatial domain snapshot represented by geometric properties series, the user can

make a more informative choice on a threshold appropriate for the particular class

of extreme events and the needed applications.

1.3.6 Comparative analysis

To better understand the difference in spatial patterns produced by the two

threshold selection methodologies, we compare geometrical properties between the

STTC and CLST methods. The former is represented by a binary image of f(s; θ)

conditioned on the fields are PEFs, whereas the latter is a binary image of usual

location-specific frequency. However, in this form, the two frequencies are not com-

patible over space because they represent different subsets of the temporal domain.

To put them on an equal footing, we start with a definition of a location-specific

frequency. Let Y (s, tj) be a spatio-temporal EFQ such that Y (s, tj) > 0 for any

j = [1, . . . ,M ], M 6 T (i.e., our interest lies in ”wet” EFQs in this comparative

study). Then for any spatial pixel s ∈ D, we can write

fτ (s) =

M∑
j=1

1{Y (s,tj)>λ[Y (s,tj)]}

M
(1.9)
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where λ[·] is the temporal quantile defined in Table 1.2 such as λ[Y (s, tj)] = Yτ (s)

with τ = 0.95. Note that fτ (s) is a single spatial field representing the frequency of

exceeding the τ = 0.95 quantile at each spatial location.

By its definition, the binary area calculated for all spatial pixels s and derived

from Aindex for this quantity will have more non-zero pixels than the segmented area

of f(s; θ) and therefore will still not be adequate for the comparison. To reach a com-

promise, we threshold the spatial field for fτ (s) to get as close to the area of f(s; θ) as

possible. We can write this area-matched indicator as fτ (s; θ′) for some threshold θ′.

Mathematically, we are searching for threshold θ′ such that A[fτ (s; θ′)] ≈ A[f(s; θ)].

Henceforth, geometrical properties comparison is performed between fτ (s; θ′) and

the algorithmically-determined f(s; θ).

1.3.7 Mean error distance

To complete the above comparative analysis, we now introduce a localized per-

formance measure for binary image comparison described in Peli and Malah (1982)

for image detection in computer vision and applied to evaluate weather forecasting

model performance (e.g., Gilleland, 2017a; Zhu et al., 2011).

Suppose B1 and B2 represent two binary images, and NB1 and NB2 correspond

to the number of non-zero pixels in space. Let d(x,B2) be the shortest Euclidean

distance from the pixel x ∈ B1 to the set B2 of one-valued pixels. Then, the mean

error distance (MED) is defined by

MED
B1→B2

=
1

NB1

∑
x∈B1

d(x,B2) (1.10)
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If B1 and B2 do not have identical geometrical properties, then MED
B1→B2

6=MED
B2→B1

.

This asymmetrical property is used to calculate a difference between two binary

images denoted by

∆MED(B1,B2) =MED
B1→B2

− MED
B2→B1

(1.11)

When ∆MED is positive, it indicates that B1 has more non-zero grid cells than

B2, and vice versa, when the difference is negative. The larger the difference, the

more material this distinction is.

1.4 Results

We apply the STTC algorithm to the EFQ of daily precipitation over CONUS.

Throughout, our analysis describes the spatial pattern and temporal evolution of

the conditional frequency of extreme, short-duration (i.e., daily) EFQ based on a

high threshold. That is, our goal is to select a high threshold θh for the frequency of

extreme EFQ conditioned on the fields that are PEFs based on daily precipitation

rates. Based on empirical tests not shown here, we set η = 0.99 for the univariate

time series gt and apply the temporal quantile definition for the function λ[·] from

Table 1.2 with τ = 0.95.

Heavy rainfall is seasonally dependent and varies in space and time. Thus,

to understand the complete evolution of f(s; θ) and its spatial extent, we stratify

the dataset by seasons defined as winter (DJF), spring (MAM), summer (JJA), and

fall (SON). For every season, the clustering algorithm determines a high thresh-
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old value using the multivariate series of geometric properties clustering procedure.

Each cluster strength is represented via its average silhouette coefficient; values near

one suggest strong clustering structures. Every threshold value is mapped to the

corresponding set of geometric properties series, revealing the geometrical properties

of the spatial image.

We demonstrate the performance of the STTC algorithm using inter-cluster

comparison and determine important graphical properties of the three clusters. Also,

we compare the results of our algorithm to the area-matched frequency (see Equa-

tion 1.9) and identify the key differences between these two methods.

1.4.1 Inter-cluster comparison

To evaluate the performance of the clustering algorithm and the resultant

geometrical properties of the conditional frequency of extreme EFQ, we characterize

the results in the following manner:

Cluster 1. Low thresholds. Expected both high values for the connectivity index

and the area of non-zero points. The probability of simultaneous extreme

events at two different spatial locations is relatively high.

Cluster 2. Intermediate thresholds. Expected intermediate values (i.e., between first

and third clusters) for the area of non-zero points. The connectivity index

is greater than zero and less than one-half. The threshold values from

this cluster can be potentially used for modeling in EVT in conjunction

with other statistical diagnostic tools. The probability of simultaneous
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extreme events at two different spatial locations is decreasing.

Cluster 3. High thresholds. Expected small values for the area of non-zero points.

The connectivity index is greater than zero. The probability of simulta-

neous extreme events at two different spatial locations is relatively low.

Tables 1.3 - 1.5 display the outcome of this process.

Months θ Sil(K) Cindex Sindex Āindex A

DJF 4.05 0.73 0.66 0.59 0.55 4901
MAM 6.12 0.80 0.64 0.62 0.48 4793
JJA 8.42 0.71 0.39 0.49 0.70 2930
SON 8.52 0.70 0.42 0.53 0.61 3904

Table 1.3: Results of the Spatio-Temporal Threshold Clustering algorithm for the
first (low thresholds) cluster.

Months θ Sil(K) Cindex Sindex Āindex A

DJF 7.22 0.46 0.42 0.41 0.72 2008
MAM 9.86 0.46 0.31 0.40 0.75 1800
JJA 11.44 0.49 0.30 0.35 0.84 1379
SON 11.80 0.50 0.34 0.36 0.81 1668

Table 1.4: Results of the Spatio-Temporal Threshold Clustering algorithm for the
second (intermediate thresholds) cluster.

Months θ Sil(K) Cindex Sindex Āindex A

DJF 9.17 0.65 0.36 0.32 0.82 1128
MAM 12.20 0.58 0.27 0.31 0.85 940
JJA 13.57 0.58 0.26 0.27 0.89 829
SON 13.70 0.65 0.33 0.31 0.86 1104

Table 1.5: Results of the Spatio-Temporal Threshold Clustering algorithm for the
third (high thresholds) cluster.

Not surprisingly, the first low thresholds cluster has a higher connectivity and

shape index and a larger areal extent, and smaller complexity than the other two
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clusters. The average silhouette coefficient for this cluster is between 0.70 and 0.80.

This cluster is useful if it is necessary to sample lower threshold values than the

other two clusters. However, as we pointed out earlier, it may not be appropri-

ate for extreme value analysis. As expected, the third high thresholds cluster has

the lowest values for the connectivity and shape index and the smallest non-zero

area among all other clusters. The average silhouette coefficient for the third cluster

varies between 0.58 and 0.65. Finally, the second intermediate thresholds cluster has

values of the geometric indices and the non-zero area between the first and second

clusters. In addition, further examination of Figure 1.2 reveals that the location

of the second cluster falls within a low volatility regime for the connectivity index,

which is desirable for extreme value analysis as it helps to deal with the connectiv-

ity/area trade-off. However, compared with the other two clusters, it results in a

lower a(i) (i.e., the average dissimilarity of the object i to all other objects in its

cluster) from Equation 1.8 and, consequently, a lower average silhouette coefficient,

which fluctuates between 0.46 and 0.50. However, it is still relatively high, as in

all other clusters (i.e., above 0.25). Clearly, our clustering process characterizes the

common features of a multivariate series of geometric properties for the three clus-

ters reasonably well. Hence, selecting a threshold from a different cluster for the

conditional frequency of extreme EFQ can lead to different spatial forecast verifi-

cation outcomes and, ultimately, to different statistical inferences regarding factors

that explain extreme weather and climate events.

Figure 1.3 provides a graphical representation of the above results.

The intermediate thresholds cluster has fewer isolated and more contiguous
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Figure 1.3: Frequency of extreme daily EFQ conditioned on PEFs for the three
clusters: low thresholds cluster with threshold values from Table 1.3 (Cl1); interme-
diate thresholds cluster with threshold values from Table 1.4 (Cl2); high thresholds
with threshold values from Table 1.5 (Cl3), for every season: (a)-(c) Winter (DJF);
(d)-(f) Spring; (g)-(i) Summer; and (j)-(l) Fall. All frequencies are stated in percent
form.
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clusters (i.e., higher connectivity index), which are approximately circular in shape

(i.e., higher shape index) and less scattered (i.e., lower complexity index). It occupies

a broader spatial domain than the high thresholds cluster. The main advantage

of having higher connectivity and larger areal extent attributes in spatial forecast

verification for extremes is that it provides a more coherent representation of extreme

patterns in space and, as a result, allows for a more informed decision about the

causes, severity, and impact of the extremes under climate change, assuming climate

models can simulate these graphical configurations reasonably well. These graphical

qualities make the intermediate thresholds cluster the most likely choice for high

threshold selection for the conditional frequency of extreme EFQ.

The threshold selection methodology adopted here for f(s; θ) illustrates a fun-

damental difference with other conventional approaches for defining extreme event

frequency. It is a common practice for threshold choice in univariate EVT to carry

out an exploratory analysis or stability assessment of estimated parameters in the

temporal domain without considering any spatial dependency. In our case, the

threshold selection process has been conditioned on the fields are PEFs, which al-

lows analysis of temporal processes within a reasonably large spatial field, notwith-

standing that many of the individual grid cells may not be necessarily extreme.

1.4.2 Comparison with conventional approach

We stratify our dataset annually and by seasons, and Table 1.6 contains a

summary of the large differences for connectivity, shape, and complexity indices
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between fτ (s; θ′) and f(s; θ). Based on the experimental analysis (not shown here),

we define a large difference for connectivity and shape indices as a difference smaller

than -0.2, and for the complexity index, the corresponding large difference is defined

as greater than 0.2. In the table, we count those differences, and the resulting

sum is divided by the number of samples (56 in our case). Analysis of the table

clearly reveals that the smallest differences between fτ (s; θ′) and f(s; θ) are observed

in complexity and shape indices. This is because fτ (s; θ′) is designed to closely

match the area of f(s; θ). The Āindex is related to the area in Aindex, and the

Sindex is related to the square root of the area in Pmin. On the other hand, it is

apparent the largest differences are confined to the connectivity index. That is the

algorithmically-determined f(s; θ) has more connected and contiguous regions than

the area-matched fτ (s; θ′).

Months Cindex Sindex Āindex

DJF 82 2 5
MAM 89 2 2
JJA 68 0 0
SON 57 2 2

Table 1.6: Percent difference in geometric properties series between fτ (s; θ′) and
f(s; θ) when difference is large.

The differences between fτ (s; θ′) and f(s; θ) are further verified with Figure 1.4

displaying MED values from the fτ (s; θ′) to f(s; θ) against the f(s; θ) to fτ (s; θ′)

direction.

Perfect agreement between the two directions of MED would result in a point

at the origin. Fields with non-zero MED that fall precisely on the 1-1 line (i.e.,
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Figure 1.4: Plot of MED
fτ (s;θ′)→f(s;θ)

against MED
f(s;θ)→fτ (s;θ′)

with 1-1 line: (a) Winter, (b)

Spring, (c) Summer, (d) Fall. For ease of notation, we abbreviate fτ (s; θ′) to f95 (θ′)
and f(s; θ) to f(θ) in the axis labels.
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MED
B1→B2

=MED
B2→B1

) mean they contain spatial areas with exactly the same shape in

roughly the same places of the respective fields; neither field will have non-zero grid

points in an area where the other does not. For all seasons, we observe that most of

the points lay above the 1-1 line. This is a strong indication that, on average, the

area-matched fτ (s; θ′) had fewer non-zero pixels than the algorithmically-determined

f(s; θ). However, there were some years with larger magnitudes primarily displayed

for MED in the fτ (s; θ′) to f(s; θ) direction (see Figure 1.4c), possibly implying

more scattered spatial representation of fτ (s; θ′). Simply put, for large-scale, well-

structured spatial patterns f(s; θ) will have a more prominent graphical represen-

tation than fτ (s; θ′). Moreover, when MED values from fτ (s; θ′) to f(s; θ) direction

were small, there is a clear grouped area in MED from the f(s; θ) to fτ (s; θ′) direc-

tion. Since this behavior is consistent across all seasons, we argue that it can play

a crucial role in explaining the differences between the two MED directions.

So far, while we have seen a clear difference in the two MED directions and have

determined its key feature, we could only speculate about geometrical properties of

spatial patterns for both fτ (s; θ′) and f(s; θ). Thus, it is imperative to evaluate this

phenomenon further.

As before, we stratify our dataset annually and by seasons, but this time,

to understand the underlying spatial processes that drive the difference between

fτ (s; θ′) and f(s; θ), we used a decision tree approach, which is non-parametric

machine learning modeling method that splits the tree into branches based on the

predictor variables according to the local optimal decision rule to predict the variable

of interest (Breiman, 2017). The algorithm selects the best splitting criterion among
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selected attributes (i.e., Cindex, Sindex and Āindex) to predict the optimal value for

∆MED[fτ (s; θ′), f(s; θ)] under these conditions. Figure 1.5 shows results for ∆MED,

with the differences of the three geometric indices between fτ (s; θ′) and f(s; θ) as

predictor variables.

For every season, we select a regression tree split, which results in the most

observations in the terminal nodes. The constructed trees show that the first split

in the regression trees is always based on the difference of Cindex between fτ (s; θ′)

and f(s; θ), but it varied by season. For all seasons but SON, the left terminal

node (DJF (< -0.27), MAM (< -0.25), JJA (< -0.16), SON (< -0.27)) is where the

most observations are located. The corresponding percentages of the observations

are 71%, 88%, 71%, and 48%. The SON terminal nodes observations are almost

evenly split between left and right nodes (i.e., 48% vs 52%). Thus, the majority of

the observations contained in these regression splits have relatively large negative

differences of Cindex between fτ (s; θ′) and f(s; θ). As a result, if we continue to follow

to the terminal nodes, the decision tree algorithm predicted fairly large negative

corresponding ∆MED values.

Equally important, Figure 1.6 plots ∆MED for fτ (s; θ′) and f(s; θ) against the

differences of the three geometric indices for the same fields. It is apparent that the

two frequency fields have very similar differences in shape and complexity indices.

However, after selecting a decision node that contained most of the observations,

they have very distinguishing properties in the difference in connectivity index with

relatively large negative ∆MED. A principal feature of the decision tree method is

their ability to estimate a measure of the importance of each predictor variable in
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Figure 1.5: Regression tree for ∆MED[fτ (s; θ′), f(s; θ)] derived from the differences
of Cindex, Sindex and Āindex between fτ (s; θ′) and f(s; θ): (a) Winter, (b) Spring, (c)
Summer, (d) Fall. Every non-terminal node displays a splitting criterion. If the split
condition is ”true,” it goes to the left. If ”false” to the right. Terminal nodes depict
predicted values for ∆MED (inside the cylinders) and percentages of observations in
the nodes (outside the cylinders). Computation was done with rpart (Therneau
et al., 2017) package in R.
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Figure 1.6: ∆MED[fτ (s; θ′), f(s; θ)] is plotted against the difference of I1 = Cindex (red
triangles), I2 = Sindex (green squares) and I3 = Āindex (blue circles) between fτ (s; θ′)
and f(s; θ): a) Winter, (b) Spring, (c) Summer, (d) Fall. For ease of notation, we
abbreviate fτ (s; θ′) to f95 (θ′) and f(s; θ) to f(θ) in the axis labels. Vertical dotted
lines show the split on the difference of Cindex for the majority of observations from
the decision regression tree (see Figure 1.5). Stacked bars show the importance of
differences in geometric indices expressed in percent.
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modeling the response variable. The stacked bars show over 50% importance for the

difference in Cindex between fτ (s; θ′) and f(s; θ) in the same figure.

In addition, Figure 1.7 displays a representative example with a large connec-

tivity index difference equal to -0.27. Figures 1.7a and b display results for f(s; θ)

and fτ (s; θ′) respectively.

Figure 1.7: Examples of (a) f(s; θ) and (b) fτ (s; θ′) for Winter of 2001 when the
difference in Cindex = -0.27, Sindex = -0.12 and Āindex = 0.1 between fτ (s; θ′) and
f(s; θ). All frequencies are stated in percent form.

It is clear that the STTC algorithm has captured real spatial relationships by

having low complexity a greater number of contiguous (though a few were isolated),

approximately-circular-in-shape clusters. One of these regions covers most of Cal-

ifornia, southern Nevada, Utah, and western Arizona, while another one starts at

eastern Texas and stretches northeast along the Mississippi and Ohio rivers (see

Figure 1.7a). By comparison, the CLST method may or may not pick up important

synoptic systems because it displays spatial fields with high complexity, includ-

ing more isolated and disconnected clusters. For example, there are spatial areas
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with large fτ (s; θ′) located in northeastern Montana, southern Georgia, and central

Florida (see Figure 1.7b).

To understand why f(s; θ) and fτ (s; θ′) spatial representations have such dif-

ferent graphical properties, we consider the individual extreme event cases that we

use to calculate these two frequencies. In the case of f(s; θ), we map these cases

(Figure 1.8; see caption) to the extreme weather episodes described in National

Weather Service and local weather station reports. Figures 1.8a and b show high

PEF values in south-central California from the substantial rainfall and considerable

snow accumulation in the mountains.

Figure 1.8: Actual days for the individual PEFs that were used to calculate f(s; θ)
from Figure 1.7a: (a) 01/11/2001, (b) 01/12/2001, (c) 02/24/2001, (d) 02/28/2001,
(e) 12/17/2001. (f) Barplot for frequency counts of the days of the year fτ (s; θ′)
from Figure 1.7b. Red crosses mark days from f(s; θ).

Two significant snowstorms in California are displayed in Figures 1.8c and d.

Severe storms that spawn at least one tornado causing ample rainfall and flooding
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in northeastern Texas and Arkansas are shown in Figure 1.8e. Conversely, since

fτ (s; θ′) calculations are done for every grid cell, we present a frequency distribution

of the extreme cases in Figure 1.8f. For every calendar day of the studied period

from 1/1/2001 to 12/31/2001, we assign a corresponding sequential number from 1

to 90. We display this number on the x-axis. On the y-axis, we show a frequency

distribution of only extreme days that we use in fτ (s; θ′) calculation (Equation 1.9)

across the entire spatial domain. High-frequency values imply a large contribution

to fτ (s; θ′) over s, whereas low values imply a small contribution. The red crosses

mark days for the extreme cases from f(s; θ) calculation (Equation 1.1). While the

same days for the extreme cases appear in both frequencies, there were many other

local extreme events present in fτ (s; θ′) that were eliminated from f(s; θ) during the

dimension reduction step. This explains why f(s; θ) and fτ (s; θ′) have such different

spatial representations in Figure 1.7.

Overall, while helpful for a location-specific analysis, the CLST method dis-

plays extremes at every non-empty grid cell and, in most cases, is deficient in ge-

ometric interconnectivity between spatial pixels. At the same time, it has similar

shape and complexity indices to the STTC algorithm. These graphical proper-

ties highlight the main advantage of the methodology adopted here - it represents

larger-scale weather patterns such as storms and high- or low-pressure systems more

accurately than the CLST method by removing noisy data in both space and time,

which is clearly desirable for spatial forecast verification of extreme events.
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1.5 Conclusions and discussion

The lack of a universal definition of the concept of ”extreme” makes it difficult

to compare different scientific studies of extreme events. It also makes statistical

inference much harder and obfuscates transparency and risk management processes.

The current work was an attempt to formalize this important concept. We intro-

duced a new generalized Spatio-Temporal Threshold Clustering method (STTC) for

extreme events using an integrative modeling approach framework. Step by step,

we described the interworking of an algorithm that is applicable to a wide variety of

essential field quantities (EFQs). We used EFQ constructed from a gridded GHCN-

Daily dataset comprised of 8516 stations from 1961 to 2016 across the CONUS.

We applied a quantile-based dimension reduction methodology in space and time to

identify extreme patterns for rainfall and droughts (Figure 1.1). These precipitation

patterns can be asymmetric for some storms due to wind shear and are thus not

fully detectable using conventional location-specific methods. To overcome this, we

evaluated an entire spatial field comprised of relatively large-scale extreme patterns

regardless of whether individual grid cells in space were extreme or not. Condi-

tioned on these extreme patterns, the STTC method for the frequency of extreme

EFQ allowed us to study not only individual local extreme episodes but also the

interconnectivity, shape, complexity, and spatial extent of multiple extremes.

The threshold selection process, which is necessary for the conditional fre-

quency calculation, was based on a multivariate series of geometric properties clus-

tering analysis. We used the silhouette coefficient to measure the quality of the

41



resulting clusters. In Tibshirani et al. (2001), a variety of other metrics were used

to decide on the number of clusters for non-extreme events, and it was found that

the silhouette method did not have the best performance. However, in our case,

we performed clustering of the multivariate series of geometric properties for the

extreme events, and we predetermined a number of clusters and set them to three.

We analyzed the output of the clustering algorithm, and we demonstrated

that the intermediate thresholds cluster was the most suitable choice to deal with

connectivity/area trade-off for analysis of extreme events when compared to the low

thresholds and high thresholds clusters. In addition, we established that the STTC

algorithm had more spatial connectivity and, in most cases, similar complexity and

shape when compared to the CLST method. This finding is particularly important

for spatial forecast verification of high-resolution climate models.

Our new threshold selection algorithm has a number of potential benefits. It

objectively automates the threshold selection process through the clustering algo-

rithm and can ultimately be used in conjunction with spatial forecast verification

and modeling of extreme events. It is adaptable to model extremes with both high

and low threshold choices. It incorporates spatial and temporal dependence in one

holistic modeling framework, thus opening an opportunity for future analysis of sta-

tistical inference of extreme events for univariate and possibly multivariate EFQ in

space and time, which is not currently possible using conventional location-specific

methods. It is less sensitive to the data grid size when performing areal mean in-

terpolation (Chen and Knutson, 2008) and can thus provide a consistent spatial

pattern across different grid resolutions. It also links the chosen threshold to de-

42



sired geometrical properties, which offers users more informed and flexible choices

in selecting extreme events. The algorithm is relatively fast for large datasets and

could be embedded within climate modeling systems (global or regional) to identify

synoptic-scale spatial patterns that are linked to individual extreme episodes. How-

ever, it entails selecting a range of initial thresholds, which could be time-consuming

for some users. The proposed threshold selection method requires spatially and

temporally varying data and is not applicable in modeling location-specific single

extreme events (Cattiaux and Ribes, 2018). The algorithm is quite stable to small

changes in the range of the initial thresholds necessary for the time series clustering

step. However, it is sensitive to the choice of λ[·] as well as to spatial and tem-

poral quantile values, especially when the spatio-temporal data size is small. The

user must decide what form of λ[·] is best suitable for the underlying application

and what quantile values are capturing essential extreme episodes for the specific

domain of interest.

The algorithm can be used to compare biases between global and regional

climate models (Liang et al., 2012b) and possibly uncover the underlying physical

mechanisms of these biases. Furthermore, an interesting perspective of this work is

to determine whether or not one can capture dynamic and thermodynamic properties

of the spatio-temporal structure of the conditional frequency of extreme EFQ from

an ensemble of simulations in a single climate model with multiple physics configu-

rations (Sun and Liang, 2020) or a set of different climate models (Min et al., 2011).

Another potential application is to investigate how the observed spatio-temporal

processes of the conditional frequency of extreme EFQ have changed and the causes
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of those changes, utilizing the most recent detection and attribution framework (e.g.,

Knutson et al., 2017; Ribes et al., 2017).

We foresee that our novel threshold selection approach could lead to new in-

sights into spatial trend analysis in patterns of extreme EFQs. Figure 1.9 shows a

linear downward trend for the connectivity index (Cindex) of f(s; θ) from 1961–2016,

where the conditional frequencies are objectively and independently derived for each

year.

Figure 1.9: Annual linear trend for Cindex of f(s; θ) from 1961–2016. Arrows show
selected years, where n is the number of isolated structures, and m is the number
of non-zero grid cells (see Eq. (1.3)). List of the years: (a) 1963, (b) 1970, (c) 1988,
(d) 1998, (e) 2004; (f) 2014. All frequencies are stated in percent form.
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The model fit (intercept = 5.57±1.07, p << 0.001; slope = −0.003∓0.0005, p <<

0.001;R2 = 0.29) exhibited about the same variability between 1961–1988 (in-

terquartile range ≈ 0.07) and 1989–2016 (≈ 0.08). The downward trend in Cindex

is primarily caused by the upward trend (not shown here) in the parameter n (i.e.,

the number of isolated structures). We found no trend in the parameter m (i.e.,

the number of non-zero grid cells) (see Equation 1.3). Figures 1.9a–f display f(s; θ)

for selective years with decreasing n and corresponding m values. To the untrained

eye, it is difficult to see any periodic changes in the number of isolated structures.

However, the numerical values we supplied should substantiate our claim.

An important caveat of Cindex is that it is a binary index. As such, it only

calculates all components based on the number of non-zero grid cells in the spatial

patterns by setting values below a threshold to zero and those above to one. It does

not provide any information about the original raw intensities. However, evaluation

of this index at different threshold values can provide some information about error

intensity (Gilleland, 2017a).

The upward trend in the number of isolated structures implies that the distri-

bution of conditional frequency of extreme precipitation is changing from large-scale,

well-connected spatial patterns to smaller-scale, less contiguous rainfall clusters. In

order to understand why we observe the distributional change, it is important to

establish the linkages between changes in circulation and other essential climate

variables (e.g., temperature and precipitation). If the trend continues, we expect to

see more localized droughts and heatwaves, especially during the summer months. It

would also create a tremendous challenge for weather forecasting and climate adap-
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tation efforts as the forecast skill drops significantly at smaller scales. Thus, the

STTC offers a unique way to perform diagnostic analysis of the large-scale weather

patterns specifically associated with these extreme episodes, and such analysis for

the detected trend is in progress.
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Chapter 2: A review of statistical models for extreme value analysis

In this chapter, we introduce a new statistical modeling framework for spatial

extreme events. Since the type of conditional spatial model proposed here estimates

spatial dependence somewhat differently than the classical spatial extreme value

models, it is beneficial first to provide a high-level overview of extreme value statis-

tical methodologies applicable to univariate and multivariate extreme value analysis

(EVA) to understand their conceptual differences and limitations. Following this,

our proposed model and overall modeling framework are described in detail. The

practical applications of this framework will be discussed in the next chapter.

2.1 Univariate EVA background

EVA is a sub-field of statistics that focuses on analyzing the very rare values

of a process, such as the maximum or values near the maximum. The theory for

univariate EVA is well established, but spatial EVA is a much more active area

of research. A very brief background follows where considerably more detail can

be found in the texts Beirlant et al. (2004); Coles (2001b); de Haan and Ferreira

(2006); Reiss and Thomas (2007), as well as in Gilleland and Katz (2016); Katz

et al. (2002); Palutikof et al. (1999); Smith (2003).
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There are three main modeling approaches available in univariate EVA, and all

of them are interrelated. One is to model the maxima over long blocks of time where

the generalized extreme value (GEV) distribution function (df) has theoretical sup-

port for its use. Another is to model excesses over a high threshold conditioned on

the variable of interest having exceeded the threshold. In this setting, the general-

ized Pareto (GP) df is appropriate, which approximates the tail part of the GEV df.

The third approach is to model the extreme values as a point process (PP), which

can be performed either as a marked Poisson process where the marks are GP dis-

tributed or as a two-dimensional PP where the frequency and intensity components

are modeled simultaneously. The latter approach can be re-characterized as a GEV

df, and if the temporal information about the data is available, then it is possible to

characterize the PP as a GEV df in terms of the same blocks (usually taken to be

annual) as the block-maxima approach. When utilizing the GP or PP frameworks,

an event is determined when a variable exceeds a high threshold; collectively, these

two approaches are known as peaks over threshold (POT) methods.

For independent and identically distributed random variables X1, . . . , Xmn

that follow a df F , called the parent df, the GEV df is used to model Z1 = M1n =

max{X1, . . . , Xn}, . . . , Zm = Mmn = max{Xmn−n+1, . . . , Xmn}, and is given by

Pr{Z ≤ z} = G(z) = exp

[
−
{

1 + ξ

(
z − µ
σ

)}−1/ξ]
, (2.1)

defined when 1 + ξ(z − µ)/σ > 0, −∞ < µ < ∞, and σ > 0, −∞ < ξ < ∞.

Equation 2.1 encompasses three types of df’s depending on the sign of the shape
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parameter, ξ. The heavy-tail Fréchet df results when ξ > 0, the upper-bounded

Weibull df when ξ < 0 with upper bound at µ − σ/ξ and when ξ = 0 defined by

continuity, Eq (2.1) is the light-tailed Gumbel df given by G(z) = exp[− exp{−(z−

µ)/σ}]. The parameters µ and σ are the location and scale parameters of the GEV

df, respectively.

Of particular interest for the GEV df are its quantiles, zp where G(zp) = 1−p,

because they can be interpreted as the value expected to be exceeded on average

once every 1/p periods (again, usually a period is one year). Unlike the normal df,

these quantiles can be solved analytically from Equation 2.1. Of interest in this

work, however, is the GP characterization for extreme values. The GP df is given

by

Pr{X − u > x|X > u} = H(x) =

[
1 + ξ

(
x− u
σu

)]−1/ξ
, (2.2)

defined where the part in brackets is positive and where u is a high threshold, the

scale parameter, σu > 0, depends on the threshold choice, and the shape parameter,

−∞ < ξ <∞, determines which of three types of df describes the threshold excesses.

In this case, the threshold u, which is not usually taken to be a parameter, plays the

role of the location parameter leaving only two parameters for the GP df. If ξ > 0,

then Equation 2.2 is heavy-tailed Pareto, and if it is less than zero, it is a bounded

upper tail beta df. Finally, when ξ = 0 is again defined by continuity, the result is

a light-tailed exponential df.

It is more convenient to interpret extreme value models through quantiles

or return levels rather than analyzing individual parameter values. Estimating the
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return levels for a GP df is not as simple as merely determining its quantiles because

it is also necessary to estimate the frequency of an event’s occurrence, ζu, with the

u subscript to emphasize its dependence on the threshold. The value xk that is

exceeded on average once every k observations for the GP df is given by

xk =


u+ σu

ξ

[
(kζu)

ξ − 1
]
, ξ 6= 0,

u+ σu log(kζu), ξ = 0.

(2.3)

In the case of a Poisson random variable, N , defined to be the number of

events determined by when X > u, Pr{N = 0} = Pr{max(X1, . . . , Xmn) ≤ u},

which illustrates the connection between the Poisson POT approach and the block

maxima type of analysis. The connection can also be seen by examining the forms

in Equation 2.1 and (2.2) where H(x) is very similar to the exponent part of G(z)

except with u instead of µ. Further, if Z1, . . . , Zm follow a GEV df with parameters

µ, σ and ξ, then the corresponding GP df for X1, . . . , Xmn has parameters σu =

σ + ξ(u− µ) and ξ.

Parameter estimation for fitting the GEV or GP df’s to data can be performed

in a variety of ways, with maximum-likelihood estimation (MLE) arguably the most

popular. Collectively, the df’s (2.1), (2.2), and the PP characterization thereof are

known as the extreme value distributions (EVD’s).

The Poisson df is a very important df for EVA as it ties the entire theory

together because it approximates the binomial df under the condition that its rate

parameter remains constant as the threshold defining an event increases towards in-
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finity. The exponential df facilitates probabilities of the waiting time between events

for the Poisson df, and this df has the peculiar memoryless property, which means

that if an event occurs or does not occur and it is desired to estimate the probability

of another event occurring, that probability is independent of the previous event’s

occurrence. That is, Pr{Xt+1 > u|Xt > u} = Pr{Xt+1 > u}.

Moreover, the GEV df, and subsequently the extreme value distributions more

generally, are related to the Poisson df and possess either a max-stability property

in the case of the GEV or a similar POT-stability property in the case of the POT

models. These stability properties are similar to the memoryless property of the

exponential df and are important components of the theoretical justification for

their use in making inferences about extreme values. For example, the max-stability

property essentially states that the exact df for the maximum based on the parent df

after appropriate scaling and transposition is again the same df with appropriately

transformed parameters. In other words, the exact df for Pr{max(X1, . . . , Xn) ≤ x}

is F n(x), but this df is difficult to estimate and quickly tends to zero as the events

become rare. Additionally, since F must be estimated, small errors are raised to

the n-th power, leading to large errors. Therefore, the game is to find sequences of

constants an > 0 and bn such that F n(anx + bn) tends to a non-degenerate df as

n −→ ∞, and that df is the GEV df, and the only df’s for which this max-stable

property holds is the GEV family of df’s.

Given the relationship of the EVD’s with the Poisson and this relationship

with the exponential df, it should not be surprising that estimating multivariate

and, subsequently, spatial extreme values is difficult. The appropriate df’s essen-
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tially impose an independence criterion on the processes of interest, but many such

processes are nevertheless dependent on their extreme values. Indeed, the classical

multivariate extreme value theory begins by modeling the extremes of the different

variates taken separately. The next two sections give a brief overview of classical

multivariate extreme value theory. The material is germane to many of the spatial

modeling approaches that have been proposed in the literature.

2.2 Bivariate EVA

For completeness, a brief review of bivariate EVA is given. The extension to

multiple dimensions is relatively straightforward, though difficult to implement if

the dimension is even moderately large. In the bivariate case, much of the theory

requires first deciding between the type of dependence that the two series exhibit:

asymptotic independence or dependence. Classical bivariate EVA uses asymptoti-

cally dependent models (cf. Coles and Tawn, 1991; de Haan and de Ronde, 1998).

For higher dimensions, it is more complicated, and for example, Wadsworth and

Tawn (2013) summarized k-dimensional joint tail dependence using
∑k−2

i=0

(
k
i

)
limits

of the form χ = lim
u→1

Pr{Fi(Xi) > u|Fj(Xj) > u}, where Xi ∼ Fi, Xj ∼ Fj. In

general, empirical estimates of χ for two sequences of random variables is often used

to summarize extremal dependence between them.

Many methods for modeling bivariate extreme values jointly have been pro-

posed, but as is evidenced by the form of χ, they effectively constitute a copula-type

of modeling procedure where usually only the extremes of the variables are used,
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and a copula that is appropriate for extreme values is chosen; although exceptions

exist in the literature, they are not generally considered proper for EVA. In most

cases, it is necessary, or at least convenient, to first transform the variables so that

they both follow the same marginal df, which puts them on the same scale.

In a geostatistical context, for a spatial random field Z(s) indexed by spatial

coordinates, s ∈ D, a version of the structure function (e.g., the variogram is a

special case; cf. Harris et al., 2001; Yaglom, 1987) is the madogram, which for a

spatial lag h is defined as

ν(h) =
1

2
E|Z(s + h)− Z(s)|. (2.4)

In the asymptotic dependence case, arbitrary norms are used to separate the

transformed pair of random variables into their pseudo radial R = ‖Xi, Xj‖p and

angular W = (Xi, Xj)/R components, which become independent in the limit

lim
c→∞

Pr{W ∈ B,R > c(η+ 1)|R > c} = H(B)(η+ 1)−1, where B ⊂ Sp := {ω ∈ R2
+ :

‖ω‖p = 1} for continuity sets of the limit measure H. While this limit holds for

asymptotic independence as well, H(·) is a discrete two-point df placing atoms of

probability on the endpoints of the continuous arc, Sp because, under this paradigm,

the absolute largest values of Xi and Xj occur singly so that all of the mass is pushed

to one or the other. Subsequently, the model is not useful in this setting. Ancona-

Navarrete and Tawn (2002) introduced a measure of pairwise extremal dependence

for spatial processes that are marginally invariant, which enables decisions to be

made about whether a spatial process is independent, asymptotically dependent or
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asymptotically independent. Bacro et al. (2010) used the madogram to derive a

statistic in order to test for asymptotic independence of bivariate maxima vectors.

A max-stable process (e.g., de Haan, 1984; Ribatet, 2013) provided for a spatial

analysis framework that mirrors the more customary geostatistical approach for

averages where a covariance (or variogram) model is fit to pair-wise data typically

as a function separated by lags, h. Instead of fitting a variogram or covariance

model, a max-stable model is fit to the madogram of Equation 2.4. The approach

utilizes pairwise likelihoods as a surrogate to fit the entire multivariate df to the

data.

2.3 Multivariate models for EVA

Buishand et al. (2008), Turkman et al. (2010), Cooley et al. (2012a), Davison

et al. (2012), Ribatet (2013) and Huser and Wadsworth (2022) all gave thorough

reviews of spatial EVA, so only a brief review is given here for clarity and how the

proposed model fits into the overall landscape. Analyzing extreme values spatially is

a challenging problem and an area of active research. Specific model choice is largely

determined by the aim of the spatial analysis, such as (i) making inferences about

return levels over space while incorporating spatial information either for pooling

data to reduce the variance of the estimates or to account for physical dependences

that could lead to extreme values at multiple locations, (ii) analyzing extreme value

behavior over space, (iii) summarizing extreme values across space, (iv) interpolating

(or extrapolating) extreme values at unobserved spatial locations.
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Perhaps the simplest form of the spatial extreme value model involves varying

the parameters of one of the EV df’s described in Section 2.1. The approach is

actually a form of vector generalized linear/additive modeling (VGLM/VGAM, cf.

Diggle and Ribeiro, 2007; Gregersen et al., 2013; Staid et al., 2014; Yee and Stephen-

son, 2007; Yee and Wild, 1996). Gilleland et al. (2006) employed such a model where

they impose a Gaussian process on the scale parameters of the GP df and pool the

stations to have a single shape parameter, which is the most difficult parameter to

estimate. Begueŕıa and Vicente-Serrano (2006); Bocci et al. (2012) used a similar

approach for high-magnitude rainfall. Hanel et al. (2009) allowed some parameters

to vary while others are held constant over space in order to pool data in a simi-

lar fashion as is achieved with the index flood assumption in hydrology (cf. Fowler

et al., 2005). Jonathan and Ewans (2011) applied a similar approach with the non-

homogeneous Poisson process with the inclusion of directional information. Katz

et al. (2003) borrowed strength spatially by constraining the transition matrix of a

(temporal) Markov Chain process to be the same for all sites within a region.

A popular, more robust extension of the VGLM/VGAM approach is to em-

ploy a Bayesian hierarchical model (BHM), which allows for considerable flexibility

for adventitious features, for example, for tracking spatial variation of marginal

df’s Casson and Coles (1999); Coles and Casson (1998); Cooley et al. (2006a, 2007);

Cooley and Sain (2010); Eastoe (2009); Fawcett and Walshaw (2006); Gaetan and

Grigoletto (2007); Heaton et al. (2011); Hrafnkelsson et al. (2012); Kottas and Sansó

(2007); Mendes et al. (2010); Oliver et al. (2014); Sang (2008); Sang and Gelfand

(2009); Schliep et al. (2010); Tye and Cooley (2015). These models made a condi-
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tional independence assumption that is not always met so that they cannot always

reproduce simulations of extreme events (cf. Davison et al., 2012; Sang and Gelfand,

2010; Thibaud et al., 2016; Turkman et al., 2010). Moreover, the dependence mod-

eled is on the parameters of the marginal df’s and not at the process level, so that

dependence information may be lost. One approach to counter this issue is to utilize

a hierarchical model that also incorporates dependence at the process level. Sang

and Gelfand (2010) and Fuentes et al. (2013) employed a Gaussian copula model (cf.

Coles et al., 1999b; Nelsen, 2006; Poon et al., 2004; Schlather and Tawn, 2003) in

order to capture the smoothness of the process level at the finer scales. The Gaus-

sian copula may not be able to capture the dependence at the most extreme levels

as it is asymptotically independent (Davison et al., 2013). A similar framework was

used by Ghosh and Mallick (2008).

Ribatet et al. (2012) and Shaby (2014) utilized composite likelihood Varin et al.

(2011) functions within a Markov chain Monte Carlo (MCMC; see also Huerta and

Sansó, 2007) algorithm with Bayesian inference using max-stable models. Shaby and

Reich (2012) proposed a max-stable spatial hierarchical model that incorporated a

logistic copula (cf. Stephenson, 2009) that is generally more appropriate for extreme

values than the Gaussian. Thibaud et al. (2016) introduced a Bayesian hierarchical

model based on the Brown-Resnick process (e.g., Engelke et al., 2014; Huser and

Davison, 2013) using the joint distribution of component-wise maxima and their

partitions in terms of individual events (Stephenson and Tawn, 2005). Oesting et al.

(2017) introduced a bivariate framework within a spatial Brown-Resnick process.

Of course, max-stable processes Blanchet and Davison (2011); Coles (1993);
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Davis and Mikosch (2008); Davison and Gholamrezaee (2011); de Haan (1984); de

Haan and Pereira (2006); de Haan and Zhou (2008); Genton et al. (2015); Hainy et al.

(2015); Huser and Davison (2014); Kabluchko et al. (2009); Padoan et al. (2010);

Schlather (2002); Shang et al. (2011); Smith and Stephenson (2009); Smith (1990);

Strokorb et al. (2015); Wang and Stoev (2010) are a popular choice for modeling

extreme values spatially (e.g., Asadi et al., 2015; Buhl and Klüppelberg, 2015; Coles

and Tawn, 1996; Dieker and Mikosch, 2015; Dombry et al., 2013; Genton et al., 2011;

Koch, 2017; Olinda et al., 2014; Stephenson et al., 2014; Thibaud and Opitz, 2015;

Westra and Sisson, 2011). Coles and Walshaw (1994) proposed a max-stable pro-

cess model appropriate to the topology of a circle in order to additionally account

for directional dependence. Huser and Genton (2016) developed non-stationary

max-stable dependence structures where covariates can be easily incorporated with

inference using pairwise likelihoods. Davis et al. (2013a,b) extend the framework

to incorporate time as well as space. Reich and Shaby (2012) proposed a random

effects model that accounts for spatial dependence and demonstrated that its distri-

bution leads to a max-stable process with the Gaussian extreme value process as a

limiting case. Typically, max-stable processes are for use with block maxima data,

but more recent work has shown that it can be applied with the POT approach (cf.

Thibaud et al., 2013). Davison et al. (2013); Wadsworth and Tawn (2012) em-

ployed max-stable processes to accommodate asymptotic dependence and inverted

max-stable processes for asymptotic independent cases. Zheng et al. (2015) com-

pared the performance of the independence method (i.e., not accounting for spatial

dependence) against three different max-stable process dependence models appro-
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priate for spatial modeling on marginal parameter estimation, and they concluded

that the independence method is preferred when only the marginal distributions are

of interest.

Wadsworth and Tawn (2014) proposed methods for circumventing issues with

max-stable processes by considering random fields in the domain of attraction of

the class of max-stable processes constructed through manipulation of log-Gaussian

random functions. They exploited the d-dimensional multivariate Poisson process

with a censoring scheme in order to also include information below the threshold so

that only one component of the multivariate vector needs to be extreme. They also

used the methods developed in Stephenson and Tawn (2005) that use occurrence

times to simplify the likelihood.

Aberg and Guttorp (2007) studied the distribution for extremes of ambient air

quality standards at unobserved locations by a Rice method (Azais and Wschebor,

2005; Mercadier, 2006) relying on a generalization of upcrossings of a level in one to

two dimensions. Mannshardt-Shamseldin et al. (2010) compared the results between

return levels derived from GEV df’s fitted to point locations against those fitted to

gridded data and developed a family of regression relationships between them while

also accounting for spatial variation.

Apputhurai and Stephenson (2013) incorporated temporal trends for precip-

itation maxima in the location and scale parameters of the GEV df and incorporate

spatial features through anisotropic Gaussian random fields while also incorporat-

ing site-specific explanatory variables. Cheng and Schwartzman (2015) derived a

general formula for the distribution of the height of local maxima for a smooth,
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non-stationary, Gaussian random field. Economou et al. (2014) introduced a flexible

spatio-temporal model for analyzing extreme extra-tropical cyclones using spatial

regularization with latitude as a covariate along with spatial random effects.

Bonazzi et al. (2012) applied extreme value copula modeling to express

changes in climate variability in terms of storm frequency, local intensity, and

the spatial structure of storms in order to assess risk in Europe from extreme

winds. Föllmer (2014) investigated convex risk measures in the spatial setting for

financial data. Cooley et al. (2006b) proposed different estimators of extremal coef-

ficients for stationary max-stable random fields with the aim of capturing the spatial

structure using the madogram. Naveau et al. (2009); Vannitsem and Naveau (2007)

assessed pairwise dependence of temporal maxima in a similar way.

Bador et al. (2015); Bernard et al. (2013) applied multivariate EVA to cluster

analysis in space. Burauskaite-Harju and Grimvall (2013) employed traditional mul-

tivariate extremes methods to time-lagged data in order to diagnose risk for events

that move across time. Butler et al. (2007) employed extreme value methods in a

local likelihood approach to provide a non-parametric description of temporal and

spatial variations in the magnitude and frequency of storm surge events. Coelho

et al. (2008) used neighborhood pooling of data along with extreme value models

and potentially explanatory variates on the distributions for extreme events of cli-

mate variables, including an investigation of clustering and spatial dependence of

extremes. French and Davis (2013) used analogs of the conditions of Hsing et al.

(1996) to show that the maxima of two-dimensional Gaussian random fields exhibit

clustering in the limit.
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Northrop and Jonathan (2010) considered setting a covariate-dependent

threshold using quantile regression could be compatible with extreme value parame-

terizations, and they adjust the uncertainty for spatial dependence using polynomial

basis functions. Reich et al. (2013) investigated ground-level ozone control strate-

gies by modeling their behavior under different emission scenarios from a reduced

form model using quantile regression for the center of the distribution and EVD’s

for the tail, incorporating space by way of a BHM.

Rietsch et al. (2013) investigated network design for impact studies from

hydrology and climatology using EVT and machine learning via neural networks

and a “Query-by-Committee” approach.

Huser et al. (2017) proposed flexible Gaussian scale mixture models within

a parsimonious parametric copula to smoothly interpolate from asymptotic depen-

dence to independence.

Other relevant spatial models that attempt to make inferences about larger

values away from the mean, but not necessarily extreme by EVA standards, in-

clude: Craigmile et al. (2005); Gilleland and Nychka (2005); Reich et al. (2011);

Zhang et al. (2008).

More recently Rootzén et al. (2018a,b) introduced multivariate GP distribu-

tion as an extension of univariate GP distribution and demonstrated how condition-

ing of the extreme events on threshold exceedance results in four basic representa-

tions of the GP distribution family.
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2.3.1 Limitations

The classical models of spatial extremes mentioned earlier have a number of

limitations:

1. Computationally expensive for high dimensions;

2. Inability to capture a wide range of dependence structures;

3. Noticeable tail dependence even as the difference between locations increases

(i.e., it should be more independent with increased distance).

Heffernan and Tawn (2004) (henceforth, HT2004) addressed some of these

limitations in their conditional extreme model, which we describe next.

2.4 Heffernan and Tawn conditional EVA model

The conditional EVA model introduced by HT2004 and further clarified by Hef-

fernan and Resnick (2007) is a natural model for the PQ framework because it

provides a model for the dependence of the process at each spatial location, i.e.,

X1, . . . , Xn conditioned on Y such that Y > u, where u is a very high threshold. In

particular, for suitably transformed random vectors X = X1, . . . , Xn and random

variable Y assume that

Pr

{
X1 − a1(y)

b1(y)
≤ z1, . . . ,

Xn − an(y)

bn(y)
≤ zn, Y − u > y

∣∣∣∣∣Y > u

}
−→
u→∞

G(z) exp(−y),

(2.5)
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where z = z1, . . . , zn and lim
zi→∞

G(zi) = 1 for all i. Model (2.5) is henceforth called the

HT model. By suitably transformed X and Y , any appropriate transformation may

be used. Here, a Laplace transformation is employed when using the HT model.

When using the Laplace transformation, the models for ai(y) and bi(y) have

a simple parametric form regardless of whether Xi is positively, negatively or not

associated with Y in the tail (Keef et al., 2013a,b). In particular,

ai(y) = αiy, and bi(y) = yβi for y > u, (2.6)

which means that there are two parameters, −1 ≤ αi ≤ 1 and −∞ < βi < 1, that

must be estimated for each location si. In the PQ modeling framework, it means

that 2n parameters must be estimated for the HT dependence part of the model,

where n is the number of spatial locations. The model (2.6) was shown by HT2004

to be valid for variables from a wide family of copula dependence models (including

all of those investigated in Joe, 1997; Nelsen, 2006).

The Laplace transformation is achieved for a variable X∗ by log 2F̂ (X∗) if

X∗ < F̂−1(1/2) and by − log[2(1 − F̂ (X∗))] when X∗ ≥ F̂−1(1/2), where F̂ is

the estimated df for all values (extreme or not) of X. HT2004 suggested a hybrid

model (Coles and Tawn, 1991, 1994) achieved by fitting a GP to excesses over a

high threshold, u, so that

F̂ (x) =


1− (1− F̃ (x))(1 + ξ(x− u)/σ)−1/ξ for x > u

F̃ (x) for x ≤ u

(2.7)
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where F̃ (x) is the empirical df. If X is the Laplace-transformed random vector of

X∗, then the marginal df for a given variate Xi is

FXi(x) = Pr{Xi < x} =


exp(x)/2 for x < 0

1− exp(−x)/2 for x ≥ 0

so that both upper and lower tails of Xi are exactly exponentially distributed with

mean 1.

A result of the assumption (2.5) combined with the Laplace transform so that

the result (2.6) holds for both types of association is that for Laplace-transformed

X and Y > u

Xi = αiY + Y βZi (2.8)

where Zi are the residuals from (Xi − αiY )/Y βi , which follow the df G, which

does not have a simple closed-form expression unless a specific dependence model is

assumed, but with knowledge of the marginal GP parameters for X∗i , σi, ξi for each

spatial location i = 1, . . . , n, and for the conditioning variable (here, the PEF) Y ,

σY and ξY , as well as αi and βi, it can be simulated from.

The parameters αi and βi determine the dependence structure between each

Xi and Y . Generally, positive association implies αi ∈ (0, 1] and negative association

αi ∈ [−1, 0). In the special case of independence, αi = βi = 0, i = 1, . . . , n and G

factorizes into n−1 Laplace df’s. If there is asymptotic positive dependence between

Xi and Y |Y > u, then αi = 1 and βi = 0, and for negative asymptotic dependence,

αi = −1 and βi = 0. For asymptotic independence between Xi and Y |Y > u, then
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−1 < αi < 1.

2.4.1 Estimation and inference

HT2004 initially proposed a complicated but sound, semi-parametric esti-

mation and inference strategy for their model. The marginal df’s employ the

hybrid model (2.7) so that the df for values below the threshold are estimated

non-parametrically via the empirical df to obtain F̃X∗i (x) for each spatial location

i = 1, . . . , n and similarly F̃Y ∗(y) for the conditioning variate, Y ∗. For the upper

(or lower) tail, the GP df is fit to excesses over an appropriately high threshold

u, usually using standard maximum likelihood estimation (MLE), which requires

numerical optimization. Using these estimates for FX∗i (x) and FY ∗(y), a transfor-

mation is then applied, which is free of any further parameters to be estimated, in

order to obtain Xi and Y . Again, any appropriate transformation can be applied,

but following Keef et al. (2013a,b), a Laplace transformation is used in this work in

order to ensure that Equation 2.6 holds regardless of the type of association each

Xi has with Y .

The next part of this estimation scheme utilizes representation (2.8) and re-

quires a false working assumption that each Zi is independent and normally dis-

tributed. Keef et al. (2013a) also tested using a Laplace df assumption in place of

the normal but found the normal df to perform better in general. If Zi has mean ηi

and variance φ2
i , then the conditional (on Y > u) means and standard deviations for

each Xi are αiY + ηiY
βi and φiY

βi , respectively. MLE can now be used to estimate
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αi, βi and the nuisance parameters ηi and φi. Given these estimates, non-parametric

estimation of G using the empirical joint df on the residuals z = (x−αy)/yβ, y > u.

Estimation of probabilities for multivariate extreme events, conditional on

Y > u, is obtained by way of Monte Carlo methods using the opening assumption

(2.5). Inference is carried out for these procedures using a semi-parametric bootstrap

procedure.

2.4.2 Advantages, limitations, and applications

The main advantages of the HT model are as follows:

(1) the model is capable of handling complex multivariate extreme value distribu-

tions;

(2) it takes into account the variety of dependence structures between variables,

and it applies regardless of whether the variables are asymptotically dependent

or asymptotically independent;

(3) the model can be used to estimate the conditional distribution of a multivariate

variable given one of its components is large;

(4) it is practical as it can handle large datasets in space and time dimensions.

However, there are also some limitations to the HT model, such as:

(i) the need for large amounts of data to estimate the parameters of the model

accurately;

(ii) the sensitivity of the model to the choice of the conditioning variables;
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(iii) the model assumes that the joint distribution of the variables is stationary,

which may not hold in practice.

The HT model has been successfully applied in environmental applications to

gauge the risk of extreme events. For example, Mendes and Pericchi (2008) em-

ployed the HT conditional model to assess flooding risk from five rivers. Keef et al.

(2009b) introduced a methodology that extends the HT approach by adopting an

asymptotically justified dependence model over sites and time that accounts for time

lags between variables at different sites (see also, Keef et al., 2009a, 2013b). Jonathan

et al. (2014b) used the HT conditional EVA model to estimate design contours by

way of a constant probability of exceeding a high threshold using measured and hind-

cast data from the Northern North Sea, Gulf of Mexico, and the North West Shelf of

Australia. They quantified their uncertainties using a bootstrap analysis. Jonathan

et al. (2014a) utilized the HT conditional model with covariate information included.

More recently, Wadsworth and Tawn (2022) proposed the spatial conditional ex-

treme value model as an extension of the HT model to continuous space. Although

this model is more parsimonious than the HT model, the computation of the d-

dimensional Gaussian process as part of the likelihood makes it computationally

prohibitive for more than several hundred spatial locations.

Overall, the conditional HT model is a valuable tool for modeling multivariate

extreme value distributions, but it is essential to thoroughly evaluate its limitations

and potential pitfalls when applying it to real-world data.

In our application of the HT model to the trend analysis, we account for po-
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tential non-stationarity over time by adopting a fixed-size rolling window approach.

At each time step, we estimate the model parameters. If the parameters remain

constant throughout the entire sample, the estimates obtained from the rolling win-

dow analysis should be relatively similar. However, if the parameters change at any

point in time, the rolling estimates should detect this instability.

To the best of our knowledge, the HT model has never been used with the

rolling window approach before. Another innovation in our work is that we utilize

the HT model with the STTC algorithm within the scope of a new modeling frame-

work to project conditional probabilities and return levels for extreme EFQ of the

daily precipitation over the CONUS domain. The processing time of the HT model

in such a setting is improved because we run the model after the dimension reduc-

tion step in the STTC algorithm. Essentially, instead of running the HT model with

the entire dataset, which could be a time-consuming process, we only use PEF fields

as input for the model. The succeeding section introduces this new framework.

2.5 Propinquity modeling framework

Most spatial statistical models directly measure spatial dependence between

variables at different spatial locations, usually by distance separation or a Markov

process. The current work is distinct from previous research because it examines the

spatial aspect of EFQ conditioned on the occurrence of extreme events somewhere

in the field. Although some spatial fields may not encounter any extreme events over

time, applying PEF/NEF concepts suggests one or more extreme regions will exist.
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We refer to this modeling technique as the Propinquity (henceforth, PQ) modeling

framework. The term propinquity is mostly used in the field of social psychology,

where it is considered a primary driver for interpersonal attraction. For example,

neighbors who live near the staircase tend to have friends from other floors than those

living further from the staircase, whereas neighbors otherwise have more familiarity

with neighbors from the same floor (https://en.wikipedia.org/w/index.php?

title=Propinquity&oldid=834329079, last visited 10 August 2023). Its use in

this framework emphasizes the difference in how it measures spatial dependence

where the PEF or NEF serves as the staircase through which the modeling of spatial

dependence at the process level of extreme EFQ is facilitated. We further formalize

this modeling framework with the following definition.

Definition 2.5.0.1. Let Vt(Z(s1, t), . . . ,Z(sn, t))=Qt be the univariate time series

variable measuring the PEF of the propinquity model, where Z(s1, t), . . . ,Z(sn, t))=Z(s, t)

are the spatial fields at time t = [1, . . . , T ] and indexed by spatial coordinates s ∈ D,

the spatial domain. Call Qt the staircase variable for brevity and ease of understand-

ing. Then the propinquity model models the spatio-temporal fields conditional on

Qt > θh for some high threshold θh. In general, the propinquity model is

P[Z(s1, t) ≤ z1, . . . ,Z(sn, t) ≤ zn,Qt ≤ z|Qt > θh] (2.9)

The propinquity threshold is generally chosen so that the univariate gener-

alized Pareto model can be reasonably applied, or it can be chosen based on the

graphical properties of the extreme events as in STTC.
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Empirically, the subset of time points from Z(s, t) determined to be those times

when V > θh is chosen, and any distributional properties can be analyzed, such as

the frequency that each individual location exceeds a high value as in Gilleland et al.

(2016b), the mean median or other quantiles at each location. However, in order to

allow for extrapolation to extreme values that have not yet been seen, as well as to

obtain uncertainty information about, for example, changes in the extreme values

over space and/or time, a model is needed, and the HT model is a natural fit in this

setting.

The PQ modeling framework aims to capture spatial dependence by examining

the relationship between the process variable at each grid cell within the PEF(NEF)

over time. This relationship is expressed as a function of all spatial locations and is

a univariate function in time. For instance, the PEF(NEF) can be represented by

a high (low) quantile, which indicates that dependence is observed when a certain

percentage of the grid cells have high (low) values. Our focus in this study is on

PEFs defined with high temporal and spatial quantiles (refer to Section 1.3.2) so

that the dependence reflects cases where a smaller proportion of grid cells have

significantly high values.

The PQ framework definition is flexible enough to include various empirical

and parametric models that measure process-level dependence, primarily through

the overall extreme spatial field. For instance, the PQ modeling framework has been

used in Gilleland et al. (2013) for a large-scale severe-weather indicator variable. In

that setting, the process of interest served as a surrogate for an inability to accurately

measure the true variable of interest, severe weather, at the fine spatial scales on
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which those processes were resolved. Gilleland et al. (2016b) also used the PQ

framework for the same type of severe-storm indicator variables as in Trapp et al.

(2007) and Tippett and Cohen (2016) but not for their extremes but rather for their

larger values. There, simple empirical frequencies of the variable conditioned on

high field energy were analyzed without any need or interest in modeling the very

rare extremes. Neither Gilleland et al. (2013) nor Gilleland et al. (2016b) used the

term propinquity to describe these models as it is first suggested here to identify the

type of spatial modeling framework. In this thesis, the data-driven STTC algorithm

and the semi-parametric HT model also fall within the PQ modeling framework.
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Chapter 3: Applications

In this chapter, we will demonstrate the practical application of the univariate

GP model to the Ellicott City flood. Furthermore, we will apply the PQ modeling

framework to trend analysis and compare it with conventional methods. Lastly,

we will describe a new Feature Finding algorithm that links extreme precipitation

patterns to large-scale circulations.

3.1 2016 Ellicott City flood

On July 30, 2016, Ellicott City experienced heavy rainfall, resulting in severe

flash flooding. The National Weather Service (NWS) reported that the area received

5.96 inches of rainfall in just two hours, with a total of 6.60 inches recorded for the

entire event. Flooding caused extensive damage to houses, roads, and infrastructure,

resulting in two fatalities and over 100 rescues. The purpose of this application is

to estimate return levels and return periods for this flood and also to see if those

quantities are projected to change in the future. This is the perfect application for

the univariate GP model conditioned on the high thresholds described in Section 2.1.

The rainfall data for Ellicott City was gathered from the Ellicott City meteo-

rological station, which is situated at latitude 39°15′58.3′′N, longitude 76°51′25.2′′W,
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and an altitude of 125 meters (GHCN-Daily dataset). For future projections, we

use the Climate-Weather Research and Forecasting (CWRF) model (Liang et al.,

2012a) coupled with RCP8.5 projections of NCAR’s Community Earth System

Model (CESM) model.

We fit the GP model with the threshold of 30mm to present and future model

runs. The threshold choice was justified upon testing a variety of threshold ranges

to balance the bias and variance trade-off described in Chapter 1. The projections

were made for a wide range of return periods from 2 to 800 years. The results are

shown in Figure 3.1. Upon analyzing this figure, it can be observed that rainfall

events of similar intensity are likely to be more severe and increase from 162 to

200mm, with return periods shortening from 450 to 150 years.

1981-2005
2037-2061

200-mm

162-mm

12
5-

yr

45
0-

yr

The flood event is projected to occur in 
greater magnitude (162 to 200 mm) or 
shorter return period (450 to 150 year).

Figure 3.1: Ellicot City rainfall projections. The solid gray and green lines indicate
return level projections from observations and future model runs, respectively. Dot-
ted lines display 95% confidence intervals for future model runs.
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3.2 Comparing the PQ modeling framework to traditional extreme

value models for trend analysis

In Section 1.4.2, we conducted a comparison of the geometrical properties

of the STTC and CLST methods. Our analysis involved the use of the STTC

algorithm to calculate the frequency of extreme daily EFQ, conditioned on the

fields being PEFs. Additionally, we applied the CLST method to determine the

usual location-specific frequency, which was area-matched to the STTC frequency.

The main distinction between these two methods was that the CLST method, in the

majority of cases, lacked geometric interconnectivity between individual grid cells.

Our objective in this section is to explore the impact of this graphical property

on spatial trend analysis. Specifically, we will compare the empirical and actual

probabilities and intensities obtained through the PQ modeling framework with the

STTC algorithm (henceforth, STTC) against those obtained through the univariate

CLST method. Additionally, we compare outputs from the PQ modeling framework

with the HT model coupled with the STTC algorithm (henceforth, HT) against the

GP model.

We assess the following quantities:

1. The empirical probabilities of extreme EFQ conditioned on PEFs based on

the STTC algorithm and the empirical probabilities calculated by the CLST

method;

2. The empirical intensities of extreme EFQ conditioned on PEFs based on the
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STTC algorithm and empirical intensities calculated by the CLST method;

3. 20-year probability projections simulated from the HT model conditioned on

PEFs and 20-year probability projections derived from the GP model condi-

tioned on the high threshold;

4. 20-year return level projections simulated from the HT model conditioned

on PEFs and 20-year return level projections derived from the GP model

conditioned on the high threshold.

All those quantities are aggregated in space, and the following scientific ques-

tions for extreme EFQ are addressed:

1. Is it an accurate procedure to aggregate the CLST method and the GP model

results over space to infer trend direction?

2. How sensitive are the trend patterns to the quantile-based temporal threshold

choices?

In order to address the first question, we examine the trend pattern outcomes of

PQ and traditional univariate extreme value models (both empirical and statistical)

for conditional probabilities and intensities. We focus on how these patterns differ

when individual grid cells are combined (i.e., averaged) in space across the entire

CONUS domain.

To answer the second question, we perform temporal threshold sensitivity

analysis at the 95th, 98th, and 99th percentiles.

We also fit third-degree polynomials to spatially averaged time series of ex-

treme quantities for trend pattern identification. We select the degree of the poly-
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nomial based on the Bayesian information criterion (BIC) and mean square error

(MSE) measures. However, we limit the highest degree to three to prevent overfit-

ting. For almost all analyzed empirical quantities, the third-degree polynomial is

the best fit, and we maintain this consistency across all the time series.

3.2.1 Data

We continue using the GHCN-Daily dataset described in detail in Section 1.2,

but we expanded it from 1 January 1951 to 31 December 2020 (70 years). We are

still adhering to the strict quality assurance process and making necessary PRISM

adjustments. We utilized natural neighbor interpolation (Sibson, 1981) to create

a 30 km by 30 km grid covering the contiguous United States (CONUS) from the

station-based GHCN-Daily dataset. This resulted in around 27,000 spatial points,

each containing over 25,000 days of rainfall data.

3.2.2 Baseline period selection

One commonly used climatological baseline period is a 30-year “normal” pe-

riod, defined by the World Meteorological Organization (WMO). Although the

WMO has changed this period for climate data from 1961-1990 to 1991-2020, it

still recommends using the former as a fixed reference for calculating and monitor-

ing global climate anomalies for historical comparison and climate change tracking.

The 1961-1990 baseline period also served as a standard reference for numerous

impact studies and has better observational climate data coverage and availability

75



compared to earlier periods. However, it is important to note that some areas may

show anthropogenic climate changes during this period compared to earlier periods.

3.2.3 EFQ construction

EFQ construction was performed with the following steps:

1. Eliminate seasonal patterns by subtracting climatological mean values over

the entire time length from the raw data;

2. Set no accumulation window;

3. Standardize accumulated anomalies by the corresponding high temporal quan-

tile;

4. Subset dataset for 30-year periods with a 1-year rolling step.

We use the daily precipitation dataset and select a high quantile of 0.95.

3.2.4 Rolling analysis

The final step in constructing EFQ involves the application of rolling analysis,

a commonly used technique in time series modeling, to evaluate the stability of the

model parameters over time (Zivot and Wang, 2006). The rolling analysis is also

applied to account for non-stationarity, perform data smoothing, and expand the

dataset. In our case, to enhance the identification of spatial trends and achieve

a smoother time series, we divide the dataset from 1951 to 2020 into several sub-

periods. We are using a rolling window of 30 years that shifts forward one year at a
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time. This approach results in a total of forty-one sub-periods, with each sub-period

spanning 30 years. For instance, the first sub-period ranges from 1951 to 1980, the

second from 1952 to 1981, and so on until the forty-first sub-period spans from

1991 to 2020. Our objective is to identify annual trend patterns in probabilities and

intensities of extreme EFQ for 30-year overlapping sub-periods based on the daily

dataset.

3.2.5 Threshold selection

The threshold selection is important in identifying and making statistical in-

ferences about extreme events. To ensure consistency in studying the trend patterns

of conditional probability and intensity of extreme EFQs and determine how they

are affected by the chosen extreme value modeling methodology, we compute all

threshold values from the baseline period and apply them consecutively to all sub-

periods. The process of selecting thresholds for all methods and models described

in Section 3.2 is explained below:

1. The STTC algorithm uses fixed temporal and θh thresholds, which are listed

in Table 3.1;

2. The CLST method uses high thresholds that are fixed at the temporal quantile

for each grid cell, as listed in the first column of Table 3.1;

3. The HT model is fitted by conditioning on PEFs. The simulated probabilities

and return levels use the same θh thresholds derived from the STTC algorithm;

4. The GP model is fitted to the exceedances above these high thresholds for all
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grid cells.

Temporal quantile (τ) Temporal threshold θh

0.95 4.97 10.52
0.98 6.32 10.18
0.99 7.49 9.16

Table 3.1: Fixed thresholds based on the baseline period for the PQ models.

3.2.6 Results

In the top panel of Figure 3.2, we display the empirical probability of extreme

EFQ conditioned on PEFs using the STTC methodology. The pattern is akin to

an inverted parabola, with the trend increasing until period twenty-six (1976-2005)

and then gradually decreasing. The bottom panel shows the empirical probability of

extreme EFQ conditioned on the high percentile thresholds using the CLST method.

The pattern displays multi-decadal oscillations with no visible upward/downward

trend.

The first panel of Figure 3.3 represents the empirical intensity of extreme EFQ,

which is conditioned on PEFs using the STTC methodology. The pattern of this

intensity is similar to the empirical STTC probability shown in Figure 3.2. The

second panel displays the empirical intensity of extreme EFQ, which is conditioned

on the high percentile thresholds using the CLST method. The 95th percentile

of the CLST model exhibits multi-decadal oscillations with a weak upward trend.

This trend becomes more intense in the 98th and 99th percentiles and appears as a

straight line that monotonically increases with a few bumps.

The results for the HT model projections of 20-year conditional probabilities
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Empirical Probability

Figure 3.2: Top panel: the empirical probability of extreme EFQ conditioned on
PEFs based on the STTC methodology. Bottom panel: the empirical probability
calculated by the CLST method. The columns, from left to right, represent the
0.95, 0.98, and 0.99 temporal quantiles, respectively. In the top right corner, in
square brackets, the model name and temporal percentile are shown. The red line
is a 3rd-degree polynomial fitted, and the shaded area is a 95% confidence interval.
The first time period is from 1951 to 1980, the second from 1952 to 1981, and so
on, with the forty-first time period being from 1991 to 2020.
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Empirical Intensity

Figure 3.3: Top panel: the empirical intensity of extreme EFQ conditioned on PEFs
based on the STTC methodology. Bottom panel: the empirical intensity calculated
by the CLST method. By design, EFQ has no units. The columns, from left to right,
represent the 0.95, 0.98, and 0.99 temporal quantiles, respectively. In the top right
corner, in square brackets, the model name and temporal percentile are shown. The
red line is a 3rd-degree polynomial fitted, and the shaded area is a 95% confidence
interval. The first time period is from 1951 to 1980, the second from 1952 to 1981,
and so on, with the forty-first time period being from 1991 to 2020.
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are displayed in the top panel of Figure 3.4. In the bottom panel, 20-year proba-

bilities conditioned on the high thresholds from the GP model are shown. The two

trend patterns are different and are moving in opposite directions. The HT model

projects an increase in the probability of extreme EFQ over the next 20 years, while

the GP model projects a gradual decrease.

Statistical Model Projections of 20-year Probabilities

Figure 3.4: Top panel: the HT model projections of 20-year probability conditioned
on PEFs. Bottom panel: the GP model projections of 20-year probability condi-
tioned on the high threshold. The columns, from left to right, represent the 0.95,
0.98, and 0.99 temporal quantiles, respectively. In the top right corner, in square
brackets, the model name and temporal percentile are shown. The red line is a
3rd-degree polynomial fitted, and the shaded area is a 95% confidence interval. The
first time period is from 1951 to 1980, the second from 1952 to 1981, and so on,
with the forty-first time period being from 1991 to 2020.
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Figure 3.5 displays two distinct trend patterns between the HT model pro-

jections of 20-year return level conditioned on PEFs and the GP model projections

of 20-year return level conditioned on the high threshold. However, both HT and

GP models project a rise in 20-year return levels for extreme EFQ, though the HT

model suggests it may dip back down in the later periods.

Statistical Model Projections of 20-year Return Levels

Figure 3.5: Top Panel: the HT model projections of 20-year return level conditioned
on PEFs. Bottom panel: the GP model projections of 20-year return level condi-
tioned on the high threshold. The columns, from left to right, represent the 0.95,
0.98, and 0.99 temporal quantiles, respectively. In the top right corner, in square
brackets, the model name and temporal percentile are shown. The red line is a
3rd-degree polynomial fitted, and the shaded area is a 95% confidence interval. The
first time period is from 1951 to 1980, the second from 1952 to 1981, and so on,
with the forty-first time period being from 1991 to 2020.
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3.2.7 Conclusions and discussion

Through spatial trend analysis, we show the significant contrasts between PQ

and conventional extreme value models. Additionally, the process of spatially ag-

gregating the model results for the trend construction can result in considerable dif-

ferences in the overall trend pattern and direction, creating challenges for weather

forecasting and climate adaptation initiatives. However, one could argue that the

difference is due to the comparison of different physical quantities. The PQ models,

for instance, are conditioned on persistent large-scale extreme spatial patterns that

cover extensive geographical regions. On the other hand, univariate location-based

methods are conditioned on high thresholds and lack the interconnectivity between

individual grid cells. While we do agree with this viewpoint, we maintain that the

current practice of aggregating the results of independent location-based methods

without properly accounting for the connectivity between individual grid cells in

atmospheric and oceanic science literature leads to a biased outcome for trend anal-

ysis. Therefore, it is important to avoid such practices and instead opt for the PQ

modeling framework or other spatial EVA models that consider the interconnectivity

between individual grid cells and factor in the dynamic and thermodynamic interac-

tions between them. This will provide a more accurate depiction of trend direction

and pattern, not only for synoptic scale processes but also for localized convective

regions, especially when the former are becoming increasingly disconnected, as we

previously indicated.

In the sensitivity analysis, the study examined the impact of different quantile-
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based temporal thresholds on the trend patterns of extreme EFQs. The results

showed that the trend patterns were sensitive to the chosen temporal threshold in

some experiments but not all.

3.3 Linking extreme EFQs to large-scale circulation patterns

The objective of this section is to gain a deeper understanding of the trends in

extreme EFQ intensity patterns through the use of the PQ modeling framework with

the STTC method. Additionally, we aim to identify the main drivers behind these

trends. To accomplish this, we develop a Feature Finding Decomposition (FFD)

algorithm which consists of the following three steps:

1. Feature Finding;

2. Image decomposition;

3. Large-scale circulation patterns connection.

3.3.1 Data

We follow the same process as in Section 1.3.1 to create EFQ without using a

rolling accumulation window and focus on a high quantile (0.95).

For the large-scale circulation patterns, we use a monthly time series of climate

indices retrieved from https://psl.noaa.gov/data/climateindices/list/, last

visited 15 March 2023). Thirteen monthly climate indices were utilized from 1/1951

to 12/2020. The details regarding each index can be found in the Table 3.2.
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Name Description

AO Arctic Oscillation: from NOAA Climate Prediction Center (CPC)
EA/WR Eastern Atlantic/Western Russia: from CPC
EP/NP East Pacific/North Pacific Oscillation: from CPC
NAO (Jones) North Atlantic Oscillation: from Climatic Research Unit (CRU)
Niño 3 Eastern Tropical Pacific SST (5N-5S,150W-90W): from CPC
Niño 3.4 East Central Tropical Pacific SST (5N-5S)(170-120W): from CPC
NP North Pacific Pattern: from Trenberth and Hurrell (1994)
ONI Oceanic Niño Index: from CPC
PDO Pacific Decadal Oscillation: from Joint Institute for the Study

of the Atmosphere and Ocean (JISAO)
PNA Pacific North American Index: from CPC
SOI Southern Oscillation Index: from CPC
TNI Trans-Niño Index: from Trenberth and Stepaniak (2001)
WP Western Pacific Index: from CPC

Table 3.2: Climate Indices.

3.3.2 Feature Finding

Feature finding approaches have been widely used in forecast verification Gille-

land et al. (2009b). Their primary objective is to assess how accurately numerical

weather prediction models depict observed meteorological features. The main varia-

tions in these approaches primarily involve how they define features, handle spatially

discontinuous features, match features between fields, and the types of output they

generate. In this thesis, we use a feature-based approach that utilizes cylindrical

convolution (smoothing) and thresholding for object identification, which was de-

veloped by Davis et al. (2006a,b) and implemented in SpatialVx Gilleland (2017b)

package in R. This method has the following steps:

1. Cylindrical convolution for object smoothing;

2. Thresholding to detect object boundaries;
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3. Mapping objects into simple geometric shapes;

4. Merging objects within the same field, if necessary.

We used this method to divide the extreme EFQ field into two feature classes

based on their area: (i) the largest and (ii) the remaining.

3.3.3 Image decomposition

From the results of the feature finding step, we feed those features into the

variational mode decomposition (VMD) module developed by Dragomiretskiy and

Zosso (2013). The features are decomposed into a number of intrinsic mode functions

(IMFs), each with specific properties, where an IMF is an amplitude-modulated and

frequency-modulated (AM-FM) signal with narrow-band properties. The number

of IMFs is determined by the algorithm, and in our case, it is equal to five. For

example, the decomposition of the largest feature intensity from the FFD algorithm

is displayed in Figure 3.6.

By excluding the high-frequency modes, specifically modes one through four,

we can isolate and identify the trend pattern. We perform this process for the

frequency and intensity of extreme EFQ conditioned on PEFs based on the STTC

algorithm (Figures 3.7 and 3.8) as well as for the frequency and intensity of extreme

EFQs based on the CLST method (Figure 3.9).

The STTC largest feature intensity has a shape resembling an inverted parabola,

which is similar to Figure 3.2. The remaining feature intensity is gradually increas-

ing, which is similar to the direction of CLST intensity in Figure 3.7 on the right
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Figure 3.6: Signal decomposition for the largest feature intensity from the FFD
algorithm.

Figure 3.7: Left panel: the largest feature intensity of extreme EFQ conditioned
on PEFs from the FFD algorithm; right panel: the remaining feature intensity of
extreme EFQ conditioned on PEFs from the FFD algorithm. By design, EFQ has
no units.
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Figure 3.8: Left panel: the largest feature frequency of extreme EFQ conditioned
on PEFs from the FFD algorithm; right panel: the remaining feature frequency of
extreme EFQ conditioned on PEFs from the FFD algorithm.

Figure 3.9: Left panel: the frequency of extreme EFQs from the CLST method;
right panel: the intensity of extreme EFQs from the CLST method. By design,
EFQ has no units.

panel. Both the largest and the remaining feature frequencies are decreasing, which

is opposite to the increasing trend in CLST frequency.
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3.3.4 Large-scale circulation patterns connection

In this study, we apply the Extreme Gradient Boosting algorithm (XGBoost;

Chen and Guestrin, 2016) – a prevalent ensemble learning algorithm – implemented

in the R package xgboost (Chen et al., 2019) to investigate the relationship between

the trend pattern (IMF=5) in the largest feature intensity identified by the STTC

algorithm and the teleconnection indices. XGBoost uses gradient boosting to create

decision tree models. It has the ability to deal with missing values, has one of the

best predictive accuracies, is flexible, and prevents overfitting by using regularization

techniques to penalize complex models.

The data preparation for the XGBoost has the following steps:

1. Expanding the dataset with quantile selection;

2. Normalization of all data;

3. Expanding with IMFs;

4. Expanding with original indices.

Our process for creating the training dataset begins with using the original 13

teleconnection indices provided on a monthly basis from 1951 to 2020. To convert

them to an annual basis, we take the 95th, 50th, and 5th percentiles from the original

monthly data. The resulting time series are then normalized and decomposed into

five IMFs. In addition, we include the original index time series (normalized but

not decomposed). In total, our training set consists of 234 time series.

To train our algorithm, we use 75% of the data, reserving the remaining 25%
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for validation. We conduct tuning by performing a grid search across multiple

hyperparameters and utilizing 5,000 trees. The best tuning model based on the root

mean square error (RMSE) is then used for making predictions. The best model

explains 96% of the data variability and has an RMSE of 0.08.

The image depicted in Figure 3.10 showcases the importance plot of our final

model. According to our findings, the Western Pacific Index, specifically its 5th

percentile and 5th mode of decomposition (WP.05 5), is the most ideal teleconnec-

tion pattern that explains the variation in the trend pattern of the largest feature

intensity from the FFD algorithm. The importance of WP.05 5 surpasses all other

time series, indicating that its trend is strongly linked with the trend in the intensity

of the largest feature of extreme EFQ derived from the FFD algorithm. Figure 3.11

shows the actual vs. predicted plot without residuals, and the actual vs. predicted

plot with residuals is shown in Figure 3.12.
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Figure 3.10: Importance plot of the final model.
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Figure 3.11: Actual vs. Predicted plot without residuals.
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Figure 3.12: Actual vs. Predicted plot. The green circles show residual size.
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3.3.5 Conclusions and discussion

The aim of this application was to establish a connection between extreme

rainfall intensity trend patterns and large-scale circulations. We used the XGBoost

algorithm to establish a link between STTC trend intensity and the WP.05 5 index,

but we were unable to prove causation in the Granger causality test. During the

image decomposition step of the FFD algorithm, we extracted four IMF modes to

determine the trend component of the overall signal. One might wonder if those four

IMF modes have a link with the large-circulation patterns as well. To answer this

question, we performed cross-correlation between those modes and the remaining

time series. Table 3.3 displays the results.

Mode Number Xcorr Index

IMF1 -0.65 WP 50
IMF2 0.63 NINA3 50
IMF3 -0.3 EPO 95
IMF4 0.85 TNI 95

Table 3.3: Cross correlation between WP.05 modes 1-4 and the rest of the time
series.

We found that IMF1 displays a strong negative cross-correlation with the

median of the WP index. Similarly, IMF2 exhibits a strong positive cross-correlation

with the median of the NINA3 index. On the other hand, IMF3 shows a weak

negative cross-correlation with the 95th percentile of the EPO index. Lastly, IMF4

displays a significant positive cross-correlation with the 95th quantile of the TNI

index.

Finally, Figure 3.13 shows the trend pattern that is in the IMF5 of the 5th
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percentile of the WP index. This pattern is almost identical to the IMF5 of the

STTC trend intensity in Figure 3.7, implying that the link we have established is

strong but requires further investigation.

Figure 3.13: Trend pattern in the IMF5 of the 5th percentile of the WP index. The
WP Index was normalized and has no units.
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Chapter 4: Summary of major findings and future research

The lack of a consistent definition of an ”extreme” event presents a challenge

in comparing various scientific studies. It hinders transparency and risk manage-

ment processes, making it harder for decision-makers to make informed decisions.

The dissertation thesis in Chapter 1 proposed a new generalized Spatio-Temporal

Threshold Clustering (STTC) for extreme events using an integrative modeling ap-

proach. The algorithm can model extremes with high and low thresholds and is less

sensitive to grid size for areal mean interpolation.

The STTC method automates the threshold selection process through the clus-

tering algorithm. The clustering solution is directly linked to the threshold choice,

allowing for user-defined spatial fields. The study also recommended addressing the

unique connectivity/area trade-off to achieve desired geometrical properties. This

involves finding the appropriate balance between the connectivity index and the

area of non-zero grid points when determining a threshold for extreme events. As

a result, the STTC algorithm can be utilized not only to determine thresholds for

extreme events modeling but also to target required geometrical properties, making

it a useful, practical tool for empirical EVA studies and spatial forecast verification.

The algorithm can efficiently handle large datasets and has the potential to be in-
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tegrated into climate modeling systems to detect spatial patterns at the synoptic

scale that are associated with individual extreme events.

The STTC algorithm was employed to analyze the precipitation dataset, and

essential field quantities (EFQs) were constructed to identify extreme EFQ pat-

terns. These patterns could be asymmetric due to wind shear, making them diffi-

cult to identify using traditional location-specific methods. Further application of

the STTC algorithm revealed a downward trend in the connectivity index of the

conditional frequency of the extreme EFQ. If this trend continues, it could create

enormous challenges for weather forecasting and climate adaptation efforts, partic-

ularly in the form of more localized droughts and heatwaves during the summer

months. Therefore, the STTC algorithm offers a distinctive way to perform diag-

nostic analysis of the large-scale meteorological patterns specifically associated with

extreme episodes, providing vital insights for climate researchers and policymakers.

In order to gain a better understanding of the STTC algorithm, we compared

it with the Conventional Location Specific Threshold (CLST) method. The key

contrasting features of each algorithm are outlined below:

1. The CLST method is a univariate approach that considers extreme values at

individual locations and their temporal dependence;

2. The CLST method displays extremes at every non-empty grid cell and, in

most cases, is deficient in geometric interconnectivity between spatial pixels;

3. The STTC algorithm is a multivariable method and applies to the overall

spatial field that is conditioned on being extreme (i.e., conditioned on being
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either positive (PEF) or negative extreme filed (NEF));

4. The STTC algorithm incorporates spatial connectivity among individual grid

cells.

Both methods are empirical and objective.

In Chapter 2, we provided a detailed overview of the classical univariate and

multivariate EVA models and highlighted their limitations. We also discussed the

Heffernan and Tawn (HT) model, which has a number of advantages over classical

multivariate EVA models. The HT model can handle complex multivariate extreme

value distributions, account for a variety of dependence structures, estimate the

conditional distribution of a multivariate variable given one of its components is

large, and handle large datasets in space and time dimensions. However, it also

has certain limitations, such as the need for large amounts of data to estimate the

parameters accurately, sensitivity to the choice of conditioning variables, and the

assumption of a stationary joint distribution of variables that may not hold in real-

world scenarios.

Our work has several additional innovative aspects. Firstly, we applied the

HT model with the rolling window approach to address potential non-stationarity

in the dataset, which, to the best of our knowledge, has not been applied in this

type of model previously. Secondly, we incorporated the HT model with the STTC

algorithm to improve its processing time. This inclusion allowed us to only use

PEF fields as input for the model instead of the entire dataset, which could have

been a time-consuming process. Thirdly, we integrated the STTC algorithm and
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the conditional semi-parametric HT model into the new Propinquity (PQ) modeling

framework, which includes various empirical and parametric models that calculate

process level dependence of the large-scale extreme processes, primarily through

the overall extreme spatial field. This approach differs from the CLST methods

that are independent in time. Instead, it measures spatial dependence by using the

positive or negative extreme field as the staircase to facilitate the modeling of spatial

dependence at the process level of extreme EFQ.

We presented several EVA modeling applications in Chapter 3. The primary

aim of the first applications was to estimate return levels and return periods for the

severe flash flood that occurred in Ellicott City on July 30, 2016, and to investigate

if these quantities are expected to change in the future. The study applied the

univariate generalized Pareto (GP) model conditioned on a high threshold for this

purpose. The rainfall data from the Ellicott City meteorological station was utilized

to estimate return levels and return periods. The Climate-Weather Research and

Forecasting (CWRF) model, coupled with RCP8.5 projections of NCAR’s Commu-

nity Earth System Model (CESM) model, was used for future projections.

The univariate GP model with a threshold of 30mm was fitted for both present

and future model runs. The projections were made for a wide range of return periods

from 2 to 800 years. The results showed that rainfall events of similar intensity

are likely to be more severe and increase from 162 to 200mm, with return periods

shortening from 450 to 150 years. These findings have important implications for

weather forecasting and climate adaptation strategies, especially for areas prone to

flash flooding.
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In the second application, our focus was on investigating the impact of dif-

ferences in geometrical properties between STTC and CLST methods on spatial

trend analysis. Specifically, we compared empirical and statistical probabilities and

intensities obtained through the PQ modeling framework with the STTC algorithm

against those obtained through the univariate CLST method. Additionally, we com-

pared outputs from the PQ modeling framework with the HT model coupled with

the STTC algorithm against the GP model.

The results showed significant contrasts for both empirical and statistical

methods between PQ and conventional extreme value models. Additionally, the

process of spatially aggregating the model outputs that do not account for intercon-

nectivity between individual grid cells for trend construction can result in consider-

able differences in the overall trend pattern and direction when compared with the

models that do, creating challenges for weather forecasting and climate adaptation

initiatives. The study suggested that it is important to avoid such practices and

instead adopt the PQ modeling framework or other spatial EVA models that take

into account the interconnectivity between individual grid cells. These models also

consider the dynamic and thermodynamic interactions between the grid cells, which

results in a more accurate depiction of trend direction and pattern for both synoptic

scale processes and localized convective regions.

In the sensitivity analysis, the study investigated the impact of different quantile-

based temporal thresholds on the trend patterns of extreme EFQ. The results indi-

cated that some experiments were sensitive to the selected temporal threshold while

others were not.
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In the final application, the objective was to gain a deeper understanding of

the trend in extreme EFQ intensity fields by linking them to large-scale circulation

patterns. To achieve this, we developed a feature finding decomposition (FFD) algo-

rithm consisting of three steps: feature finding, image decomposition, and large-scale

circulation patterns connection. In the feature finding step, we utilized cylindrical

convolution and thresholding techniques for object identification to divide the ex-

treme EFQ intensity field into two feature classes based on their area. Our primary

interest was to explain the trend pattern in the largest feature intensity obtained

from this step. In the image decomposition step, we used the variational mode

decomposition method to segregate the features into a number of intrinsic mode

functions (IMFs), each with specific properties. The trend pattern corresponded

to the fifth IMF, and that was one of the inputs to the last large-scale circulation

patterns connection step of the FFD algorithm. In this step, we utilized the Ex-

treme Gradient Boosting algorithm (XGBoost) to examine the relationship between

the trend pattern in the largest feature intensity identified by the FFD algorithm

and teleconnection indices. The findings indicated that the Western Pacific Index

(WP), specifically its 5th percentile and 5th mode of decomposition (WP.05 5), is

the most important teleconnection pattern that explains the variation in the trend

pattern of the largest feature intensity from the FFD algorithm. Although the study

was unable to prove causation through the Granger causality test, the importance

of WP.05 5 surpasses all other time series, demonstrating a strong link between

the trend in the intensity of the largest feature of extreme EFQ and the trend in

WP.05 5.
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In summary, the dissertation thesis presented a number of innovative contri-

butions to the scientific literature on extreme events:

1. Developed a new generalized STTC algorithm for extreme events that identi-

fies extreme episodes and links geometrical properties of those episodes with

corresponding threshold choice;

2. Emphasized the importance of addressing the connectivity/area trade-off to

choose a high threshold to ensure the feasibility of achieving desirable geomet-

rical properties for determining large-scale spatial patterns;

3. Compared the STTC algorithm with the CLST method, showing that the

former algorithm exhibited greater spatial connectivity among individual grid

cells;

4. Discovered a downward trend in the connectivity index of the conditional

frequency of the extreme EFQs derived from the precipitation dataset;

5. Applied the HT model with the rolling window approach to address potential

non-stationarity in the dataset;

6. Integrated the STTC algorithm and the HT model into the new PQ modeling

framework for spatio-temporal extreme events to segregate classes of models

that can calculate process level dependence of large-scale extreme processes,

primarily through the overall extreme spatial field;

7. Developed the FFD algorithm to link a trend in extreme essential field quantity

intensity with large-scale circulation patterns;

102



In our future work, we plan to consider the empirical probability of extreme

EFQs using the PQ modeling framework with the STTC algorithm. Furthermore,

we would like to perform a similar FFD analysis to link major circulation patterns

to it. We also aim to link empirical frequency and intensity fields to the physical

processes to gain a better understanding of the dynamic and thermodynamic changes

driving the observed patterns. Additionally, we plan to investigate whether an

ensemble of climate models can replicate the observed spatio-temporal extreme event

patterns and compare future projections of the climate models to the PQ modeling

framework with the HT model coupled with the STTC algorithm to determine if

the future is stationary. There are various other scientific inquiries to consider

depending on the future needs, which are currently uncertain. However, one thing

is certain: the integration of the spatio-temporal PQ modeling framework with

the STTC method or HT model and the FFD algorithm is an invaluable tool for

analyzing trend patterns for extreme events and associating them with large-scale

circulations.
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Appendix

Algorithm 1: Spatio-Temporal Threshold Clustering Method (STTC)

input: Y (s, t), with number of grid cells s and time points t, where 1 ≤ s ≤ S and
1 ≤ t ≤ T ; θ = [θ1, . . . , θn] vector of initial thresholds, where
θ1 < θ2 <, . . . , < θn;

output: M = [m1,m2,m3] vector of clusters medoids; ΘM = [θm1
, θm2

, θm3
]

corresponding vector of thresholds;

(1) // Step 1 ⇐ EFQ construction

(2) W ← 0; // user defined input for accumulation window

(3) Calculate EFQ over window W ; // see Section 1.3.1

(4) // Step 2 ⇐ Dimension reduction

(5) η ← 0.99; // user defined input

(6) τ ← 0.95; // user defined input

(7) Calculate gt; // see Section 1.3.2

(8) Calculate λ[gt]; // see Table 1.2 (temporal quantile definition)

(9) if gt > λ[gt] then // PEF (see Def. 1.3.2.2)

(10) H(s, t) ← FindSubset(Y );

(11) // Step 3 ⇐ Spatial domain mapping

(12) foreach threshold θ do
(13) f ← CondFreq(θ); // see Eq. (1.1)

(14) ci← Cindex (f); // see Eq. (1.3)

(15) si← Sindex (f); // see Eq. (1.4)

(16) ai← Aindex (f);
(17) āi← 1− ai; // see Eq. (1.5)

(18) ts← ColBind(ci, si, āi); // combine indices

(19) // Step 4 ⇐ Time series clustering

(20) Calculate dACF(ts); // Eq. (1.6)

(21) Calculate dPACF(ts); // Eq. (1.7)

(22) MACF ← PAM (dACF,3); // medoids for 3 clusters

(23) SilACF ← Silhouette (MACF); // silhouette coefficient

(24) MPACF ← PAM (dACF,3);

(25) SilPACF ← Silhouette (MPACF);

(26) Silbest ← Max (SilACF, SilPACF);

(27) // Step 5 ⇐ Threshold selection

(28) Mbest ← MatchSilhouette2Medoid (Silbest);
(29) ΘMbest

← FindMedoidId (Mbest); // choose thresholds
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