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The rise in complexity of network data in neuroscience, social networks, and protein-

protein interaction networks has been accompanied by efforts to model and understand

these data on different scales. A key multiscale network modeling technique posits a hier-

archical structure in the network. One such example of hierarchical modeling is the hierar-

chical stochastic blockmodel, which seeks to model complex networks as being composed

of community structures repeated across the network. Incorporating repeated structure al-

lows for parameter tying across communities, reducing the model complexity compared to

the traditional block model. In this work, we describe a model that naturally expresses net-

works as a hierarchy of sub-networks with a set of motifs repeating across it and formally

define the subgraph nomination framework with an emphasis on the notion of a user-in-

the-loop in the subgraph nomination pipeline.
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Chapter 1: Introduction

Networks, which encode interactions among entities, are ubiquitous in the sciences,

arising in fields as diverse as ecology [20, 52, 101], sociology [18, 44], economics [39, 96],

and neuroscience [102, 103]. As they have become more prevalent, network data has be-

come increasingly complex, and the need to model networks at multiple scales is necessary

for efficient modeling and analysis; see, for example, [2]. A key idea for understanding

hierarchical networks is the idea of repeated motif structure [66], as this allows for parsi-

monious model descriptions and enhanced structure discovery in complex network settings.

In this chapter we will briefly describe the network inference tasks pursued in this

dissertation.

1.1 Subgraph Nomination

Stated succinctly, the subgraph nomination problem is as follows: given a subgraph

or subgraphs of interest in a network G1, we seek to find heretofore unknown subgraphs

of interest in G1 or in a second network G2. The subgraph nomination problem can be

viewed as an amalgam of the problems of noisy subgraph detection [22, 50, 63, 75, 104]

and vertex nomination [29, 37, 65, 70], in which our task is to produce a rank-list of can-

didate subgraphs, with (ideally) unknown subgraphs of interest concentrating at the top

of the rank list. While seemingly simple on its surface, subgraph nomination necessarily

entails the often non-trivial combination of subgraph detection (i.e., we have to find can-
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didate subgraphs to rank) and multiple graph comparison methodologies (i.e., we have to

rank the candidate subgraphs). We note here that the subgraph nomination problem consid-

ered herein is closely related to many existing graph query problem formulations (see, for

example, the work on query by example in [62, 76]). Our novel contribution is the novel

statistical framework underlying our subgraph nomination formulation, which allows us to

frame and rigorously study the problem (and the effect of a user-in-the-loop) in a number

of popular statistical network models, with the ultimate goal of establishing results of sta-

tistical consistency for subgraph nomination akin to the analogues in the vertex nomination

literature [64, 65]. For more detail on Subgraph nomination, see Sections 3.1.3 and 4.1.

One application area for subgraph nomination is discovering repeated structure in hier-

archical networks.

1.2 Hierarchical structures in network science

The presence of hierarchical structure in networks has long been observed and exploited

in network science and statistical network inference [see, for example, 26, 27, 40, 60, 82].

One of the early settings in which hierarchical structure was emphasized is the setting of

graph clustering, as the presence of such structure motivates the application of hierarchical

or agglomerative clustering methods rather than more classical techniques (e.g., k-means).

Early work to estimate the tree structure of the hierarchy in a network was often opti-

mization based [e.g., 6, 26]. Although these methods tend to be computationally efficient,

theoretical optimality is difficult to guarantee. Nonetheless, these methods are widely used

in practice. For example, [27] estimates the hierarchical structure in a metabolic network,

a terrorist association network, and a food chain network. They also demonstrate the util-

ity of hierarchical structures for edge prediction using the resulting attachment probability

parameters.
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Similarly, analysis and clustering at multiple levels of resolution have been a popular

line of inquiry in network analysis. In [6], modularity is used to cluster graphs at multiple

scales by adjusting the degree of each node without affecting the topology of the network.

This is achieved by an additive shift to the weight of the self-edges. By varying the strength

of this shift, clusters at different resolutions are retrieved. However, this algorithm is based

on an expensive algorithm that would be applied for each of these shifts, but using heuristics

for the optimization of modularity, as in [28], makes the method computationally feasible.

One feature of hierarchical structure that we will emphasize in what follows is the

role of the tree-structured partition in describing the hierarchy. From a generative model

perspective, the recent work on T-stochastic graphs [34] encompasses a wide range of

statistical network models as special cases. In these models, a latent tree structure drives

network formation. The leaves of this tree correspond to the vertices in the observed graph,

and the probabilities of edges among these vertices are inversely related to the distances

between the leaves on the tree. To infer underlying hierarchical tree structure in a network,

[60] and [58] use spectral clustering to partition the network into two subgraphs, and the

process is repeated recursively until a stopping criterion is reached. This partitioning yields

a binary tree structure in which the root node represents the full graph, its children represent

the two subgraphs obtained in the first partition, and so on. The first obvious limitation of

these methods is the restriction to binary trees, as in each step the graph is partitioned into

exactly two subgraphs. In [60], it is further required that the tree is a complete binary tree:

if one subgraph triggers the stopping criterion, other subgraphs at the same depth of the tree

are not tested for further subdivisions. [58] do away with this requirement, allowing for a

more general class of models. Their method generalizes beyond binary trees and other

symmetry assumptions, as it captures a much more general class of hierarchical graphs.

Alternatively, [13] uses spectral embeddings for a K-way clustering algorithm by choosing

the centers to be the nodes whose embedding is the furthest from other centers. What is of
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note is that their model includes perturbations on the adjacency matrix, which is relevant

to the models we describe in this work.

Often, these methods—and indeed most clustering methods—are posited in the setting

of assortative models: they assume that connections to vertices in the same community are

more likely than connections to vertices in other community at each level of the tree. In

the setting of hierarchical structure, this assortativity manifests as follows. For two nodes

(from possibly different communities), the connection probability is inversely related to the

distance between their communities on the partition tree. While this assortativity assump-

tion is appropriate for many real networks, it need not always be present and methods to

tackle disassortative networks (and the continuum between) are needed. [82] discusses a

method, optimizing a posterior likelihood, which depends not on assortativity but instead

on the similarity in the connection probabilities.

1.3 Motifs and repeated structures

Alongside hierarchical structures, networks frequently exhibit repeated structures, often

termed motifs. The simplest notion of these repeated structures is that of isomorphic sub-

graphs [see 9, for discussion and recent advancements on the graph isomorphism problem].

Isomorphism between subgraphs is often too rigid in practice, and the stringent conditions

of isomorphism between subgraphs can be relaxed. One such relaxation can be done using

a metric on the similarity between two subgraphs and a threshold for when two subgraphs

are considered the similar enough [86, 104, 116]. Such a framework is useful in the context

of random graphs, as two realizations of the same graph model need not be isomorphic but

are likely to exhibit structural similarities. The subgraph similarity search problem, analo-

gous to subgraph isomorphism search, searches for subgraphs similar to a given structure.

Recently, numerous efficient algorithms for motif detection and subgraph comparison have
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been developed with applications in protein-protein interaction (PPI) networks [119], the

Wikipedia database [47], and the AIDS Antiviral Screen dataset [98], to name but a few.

In our present hierarchical network setting, motifs can represent repeated structures

within the network [66]. This repetition can be envisioned as occuring at the generative

model level, which allows for repetition of coarse structures (i.e., at the level of commu-

nities) while allowing variation at finer scales (i.e., within or among communities). As an

example, in the context of connectomics [102, 103], while we see symmetry between brain

hemispheres at gross anatomical scales, there is significant deviation at the local level [90].

In this work, we propose a generative process that can be used to describe different

levels of refinement and similarity across levels of a hierarchy, statistical methodology to

test for this repetition, and test these methods on simulated and real data. For example,

in a binary graph G we may want to search for isomorphic subgraphs in P considering it a

weighted graph GP, since this corresponds to two subgraphs that have the same distribution.

By the nature of the observed graph being a random instantiation of this distribution, the

isomorphic subgraphs in GP may not be isomorphic in G. This does not improve the com-

plexity of subgraph matching; instead, it extends it to the probabilistic setting. For example,

finding cliques (i.e., complete subgraphs) has applications in social interaction networks;

describing social roles [33], distinguishing types of social capital [83], communication pat-

terns [111], and detecting the access of geography and technology in trade networks [74].

However, this extension can help reduce complexity under certain conditions; for example,

[72] provides a methodology for obtaining an approximate solution by starting with a seed

of vertices that are known to be matched and under the condition that their distributions are

correlated, an asymptotic guarantee can be given. Assuming that we have some knowledge

of how to decompose the graph, we can extend their work by decomposing the graph in a

manner similar to [73].

Another line of relaxation of the isometry can be realized from the lens of the hier-
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archy discussed earlier. In other words, the fine structure of two subgraphs may not be

isometric, but by looking at larger structures within these subgraphs, an isomorphic struc-

ture appears. In fact, in the context of the brain connectome, while we see symmetry on

the large scale, there is asymmetry on the finer scales [90]. Recently, numerous efficient

algorithms for motif detection and subgraph comparison have been developed with, for

example, applications in the context protein-protein interaction (PPI) networks [119], the

Wikipedia database [47], and the AIDS Antiviral Screen dataset [98] In this work, we pro-

pose an agglomerative process that can be used to describe different levels of refinement,

statistical methodology to test for repetition, and test these methods on simulated and real

data.

1.4 Hierarchical Stochastic Block Model

Effective methods for statistical analysis of network data require that models accurately

capture both large-scale network topology and fine-grained network structure [60]. More-

over, recent work has incorporated hierarchical structure into existing statistical network

models, with the stochastic blockmodel and random dot product graph being a natural

setting for this [see, for example, 4, 60, 82]. In these settings, the hierarchical stochastic

blockmodel (HSBM) is often posited as a low-rank latent space model, and various spectral

methods can be used to approximate the latent vectors. Then, recursive k-means clustering

can be applied to retrieve the nested community structure. To motivate the repeated mo-

tif structure in the HSBM further, we consider the simple example of a social network of

a large research university. Within a department, one is likely to have faculty, staff, and

graduate students. These different sub-populations are likely to interact in ways that are

(approximately) repeated across departments. For example, faculty tend to interact pref-

erentially with staff and other faculty, graduate students interact with specific staff and/or
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faculty, etc., and we expect similar patterns of this sort to manifest in many different de-

partments across campus. This suggests a model in which we allow connection probability

patterns to be replicated across different parts of a network. Beyond the presence of re-

peated high-level structures across a network, we may wish to allow hierarchical structures

in our model.

Continuing with our example of modeling a university social network, within a single

department, there are groups of students, staff, or faculty who interact differently with one

another; e.g., groups of faculty who work on different research sub-areas, or cohorts of

students who joined a program in different years. Zooming out to the level of modeling in-

teractions across multiple universities, we may have institutions similar interaction patterns

across their departments. Such patterns may be indicative of certain features. For example,

they may share the role as the largest major in their respective universities, or an interest

in the same areas of research. This presents then two aims: to capture both hierarchical

and repeated structure in a network. This motivates the focus of the present manuscript,

the repeated motif hierarchical stochastic blockmodel (RMHSBM). This model extends

the well-studied stochastic blockmodel [SBM 46] to incorporate repeated structure into the

hierarchical stochastic blockmodel [HSBM 66].
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Chapter 2: Preliminaries and Definitions

This chapter will first develop a working definition of graphs that will be used through-

out the work. In addition, we will introduce concepts and properties of graphs that will

help in further analysis; these properties in the setting of random graphs are sometimes re-

ferred to as statistics. Finally, we end with a discussion of graphs as random variables and

introduce relevant distributions that will build on each other, leading to the distribution that

is the subject of this work, the Hierarchical Stochastic Block Model. We make a distinction

between two classes of graphs, one based on a probability attachment matrix and another

based on latent variables in the Cartesian space.

2.1 Generalized Graphs

The first element needed to build a graph is a set of vertices we label V . In general V

can be any set, but it is enough to consider V ⊆ N or V ⊆ R for countable and uncountable

sets. To this end, we must introduce the second element of a graph, the set of vertex

feature functions FV , a set of functions f : V → S f where S f is the set of features for

function f . These functions help us encode information on these nodes. For example,

when considering social networks as a graph, we may want to encode people’s names,

addresses, and birthdays as in this survey of graph analysis methods, [100]. In [67] the

authors consider a graph of websites, we may need to incorporate the website address or

date of creation as features on the nodes. For each of these cases, we use integers to number
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the nodes and define functions that map these integers onto the set of names, birthdays, etc.

Perhaps the most important aspect of a graph is its ability to convey relations between

its vertices; to this end, we introduce the next element, the set of edge functions E. This set

is composed of functions f : V k f →Wf , where k f is the size of the tuples that form an edge

and Wf ⊆ R is the set of weights. Usually, in the case where k f = 2 we refer to them as

edges and in the case where k f > 2 as hyperedges. Graphs with hyper edges are sometimes

called hypergraphs. Alternatively, these functions can be defined using power sets, in which

case f : E →Wf where E ⊆ P(V ). The latter definition allows us to encode edges with an

arbitrary number of edges in a single edge function, mathematically if n,m, l ∈ V both

{n,m} and {n,m, l} can be in the domain of f . We can make these definitions equivalent

by imposing the restriction |e|= k f for all e ∈ E . In a variety of cases, it is enough to

consider Wf = {0,1}, for example on a follower-based social network such as Instagram.

Note that in this case, the function is not symmetric; sometimes f (n,m) ̸= f (m,n). In

other cases such as Facebook this is not the case. In [67], weights are used to indicate the

number of people who traveled from one website to another. In addition, we may need

to include information related to these edges, such information is encoded using the edge

feature function set FE , a set of functions g f : V k f → Sg f , each associated with an edge

function and a set of features Sg f . For our example of Instagram, we may want to include

information on the date m followed n or metrics of the extent to which they viewed their

content. Note that weights could be considered as features instead of range sets on the edge

functions. The utility of vertex and edge features is prevalent in Graph Neural Networks

(GNNs).

Definition 2.1 (Generalized Graph). A generalized graph G = (V,E,FV ,FE) is defined

by a set of vertices V ⊆ R with edges assigned by the set of edge functions E = { f |V k f →

Wf , Wf ⊆ R}, where W f is the set of weights for the edge function f , with a set of vertex
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feature functions FV = { f | f : V → S f } and a set of edge feature functions FE = {g f |g f :

V k f → Sg f , f ∈ E}, where S· are the sets of features associated with these functions.

Remark 1 (Directed Hypergraphs). The set E of edge functions in directed hypergraphs

takes two input sets, the heads H and the tails T of the edge. In other words f : P(V )×

P(V )→Wf , to maintain the size of the edge in this case we can restrict the function to the

set E : {(H,T ) ∈ P(V )|such that |H ∪T |= k f ∥}.

Restricting our attention to graphs where |V |∈ N and k f = 2, the set of edge functions

E are of the form f : V ×V → R, and disregarding features momentarily, a graph can then

represented as a matrix A = {A f ∈ R|V |×|V |, f ∈ E|A f [i, j] = f (i, j)}. We can generalize

this construction for hypergraphs using multidimensional arrays where

A = {A f ∈ R×
k f |V |, f ∈ E|A f [⃗v] = f (⃗v) where v⃗ ∈V k f }

where ×k f |V |= |V |×|V |×|V |. . . k f times. This view of graphs will be crucial to under-

standing the motivation of many analysis methods and distributions when considering

graphs as random variables. We refer to the resulting arrays as adjacency arrays, or matri-

ces, of a graph.

Furthermore, if the set of edge feature functions FE consists of functions g f : V k f → R

the we can represent these features via the array

A = {Ag f ∈ R×
k f |V |,g f ∈FE |Ag f [⃗v] = g f (⃗v) where v⃗ ∈V k f }

One use for such constructions returns us to the social networks example of Facebook. One

can represent the date on which a friend is added using its distance from a specific period,

let us call the resulting matrix A and represent the friendship edge function with matrix E.

Then we may use E ◦A for analysis, which will put more emphasis on connections made
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in that window without losing information regarding the connections made outside it. Of

course, we could have defined the original edge function to represent these weights, and

indeed in general these two are equivalent, but the framework will depend on the source of

the data we analyze. It is therefore useful to understand this framework for the analysis of

networks in the absence of our control over the collection and representation of the data. In

figure 2.1, we have an example of a graph for a network of 13 runners. To describe it using

this frame work we have the following sets,

V ={1,2,3,4,5,6,7,8,9,10,11,12,13}

E ={ f1 : Relationships, f2 : Teams for 3 person races, f3 : Teams for 4 person races}

FV ={ fname, fage}

FE ={g f1 : Type, g f2 : (Date,Rank), g f3 : (Date,Rank)}

For the edges we have three functions, the first describes if two runners have a relationship

with a feature describing the nature of the relationship. The second edge functions describe

forming 3 person race teams shown in the figure as pink regions. Associated with these

team edges are features that describe the time of the team’s last race and their placement

in that race. Similarly, the blue regions form 4 person teams with features describing the

time of the team’s last race and their placement in that race. Finally, there are two feature

functions for the node that describe the name (redacted) and age of each runner.

2.2 Graph Properties

In this section we will use our frame work to formalize some important properties of

graphs. The first property is related to the symmetry of the edge functions of the graph,

namely the notion of directed and undirected graphs. An undirected graph is one where
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Figure 2.1: Example of a generalized graph with 13 nodes.

for all f ∈ E and nodes i, j ∈ V f (i, j) = f ( j, i), while directed graphs do not pose such a

restriction. However, we could instead use two symmetric functions fin, fout to represent

the function f , where

fin(i, j) = fin( j, i) =


f (i, j) if i < j

f ( j, i) if i > j

fout(i, j) = fout( j, i) =


f (i, j) if i > j

f ( j, i) if i < j
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which means that

f (i, j) =


fin(i, j) if i < j

fout(i, j) if i > j
,

which means that a directed graph can be represented as an undirected graph using this

construction. The utility of this reconstruction lies in our ability to use analysis methods

designed for undirected graphs by combining these two functions in an appropriate way.

This method of analysis for undirected graphs is termed graph symmetrization, for exam-

ple, [92] discusses symmetrization methods for clustering.

However, notice that we have not yet discussed the cases for f (i, i), termed self-edges.

Graphs that have f (i, i) = 0 for all i ∈ V and f ∈ E are called hollow or loop-free graphs;

since most of the applications we will discuss will not have a notion of self-edges, all graphs

will be hallow unless stated otherwise.

Sometimes we would like to restrict ourselves to a subset of nodes V ′ ⊂ V and the

edges between them in our discussion, in that case we say the subgraph induced by G on

the nodes V ′, denoted G(V ′). Formally, let G = (V,E,FV ,FE) then the subgraph induced

by graph G on the set of nodes V ′ ⊂V is G(V ′) = (V ′,E,FV ,FE).

The neighbors of a node i ∈ V with respect to an edge function f ∈ E denoted N f (i),

that is, all the nodes of V that share an edge with i, more formally

N f (i) = { j ∈V | f (i, j) ̸= 0}

and we refer to G(N f (i)) as the neighborhood of i. However, we will break from this con-

vention and use neighbors and neighborhoods interchangeably for N f (i), and call G(N f (i))

the subgraph induced on the neighborhood of i.
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Remark 2. Note that this definition specifies a direction in directed graphs by accepting

nodes that satisfy f (i, j) ̸= 0 but not f ( j, i) ̸= 0. In general, a neighborhood is made up

of nodes that can be reached starting at a node i. There are then two notions of neigh-

borhoods in directed graphs, out-edge neighborhood N f ,out(i) defined above and in-edge

neighborhood

N f ,in(i) = { j ∈V | f ( j, i) ̸= 0}.

Remark 3 (Neighborhoods in Directed Hypergraphs). We can generalize these definitions

for hypergraph edges, in which case we define the neighborhood of vertex i ∈V as

N f (i) = { j ∈ H ∪T,(H,T ) ∈ E | f (H,T ) ̸= 0 and i ∈ H ∪T}.

The in-neighborhood can be defined by

N f ,in(i) = { j ∈ H,(H,T ) ∈ E | f (H,T ) ̸= 0 and i ∈ T}.

We contend that all the definitions that follow can be extended similarly without stating

them for brevity.

This definition can be expanded to the neighborhood of a set of nodes v⊂V ,

N f (v) = { j ∈V | there exists i ∈ v such that f (i, j) ̸= 0}

This set is sometimes referred to as the 1-neighborhood of i or v with respect to f , leading

to a generalization to the l-neighborhood of v with respect to f denoted N l
f (v). Formally

defined using the following recursive relation,

N l
f (v) = N l−1

f (v)∪N 1
f (N

l−1
f (v))
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with N 1
f (v) = N f (v). The set of connected components C of a graph with respect to an

edge function f ∈ E is a partition of V such that for all C ∈ C f we have N f (C) = C, and

the largest connected component is argmax
C∈C f

|C|. If argmax
C∈C f

|C|= V , we say that the graph G

is a connected graph.

Another notion related to neighborhoods is the degree of a node i∈V denoted degree f (i)

and is equal to |N f (i)| for undirected graphs. For directed graphs, we have an out-degree

and an in-degree which are the size of the out-edge neighborhood and the in-edge neigh-

borhood, respectively. Finally, the distance d f (i, j) between two nodes i, j ∈ V , which is

the length of the smallest path between node i and node j, can also be written in terms of

neighborhoods as follows,

d f (i, j) = min{L| j ∈N L
f (i)} (2.1)

If there is indeed any such L and ∞ if |{L| j ∈N L
f (i)}|= 0. For directed graph we replace

N l
f (i) with N l

f ,out(i) and note that the distance is no longer symmetric, i.e. sometimes

d f (i, j) ̸= d f ( j, i).

In practice, however, adjacency matrices give a fast way to retrieve these properties for

graphs with a finite set of vertices V . Focusing our attention on a single edge function and

its associated adjacency matrix Ai, j = f (i, j) for all i, j ∈ V , an edge function produces an

undirected graph if A−AT = 0. The 1 neighborhood is

N 1
f (i) = { j ∈V |Ai j ̸= 0}

while the l neighborhood takes the form

N l
f (i) =

l⋃
k=1

{ j ∈V |Ak
i j ̸= 0}
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Where Ak is the standard k-th power of the matrix k. Meanwhile, degree(i) = sum(Ai.)

where Ai. is the i-th column of the matrix A. The distance d(i, j) = min{d > 1|Ad
i, j ̸= 0}.

For directed graphs, the 1 in-neighborhood is

N 1
f ,in(i) = { j ∈V |A ji ̸= 0}

while the l neighborhood takes the form

N l
f , j(i) =

l⋃
k=1

{ j ∈V |Ak
ji ̸= 0}

and degreein(i) = sum(A.i) where A.i is the i-th row.

2.3 Stochastic Graphs

In this section we will describe how we can construct random variables for graphs, then

give specific example distributions leading into the hierarchical stochastic block model.

For simplicity, we will focus on a special case of graphs G = (V,E) where |V |∈ N and

E is a function E : V ×V → {0,1}. In this special case, the graph can be represented as

a single adjacency matrix Ai j = E(i, j). We consider graph distributions with edges that

take a Bernoulli distribution, that is, Ai j = A ji ∼ Bernoulli(Pi j), then the matrix E(A) =

P ∈ (0,1)|V |×|V | is referred to as the attachment probability matrix. The matrix P can be a

random variable itself.

2.3.1 Block Models

One useful random construction of P is Random Dot Product Graphs, which will allow

us to estimate P from the spectral decomposition of A, this will be explored in detail in

Section 3.2.
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Definition 2.2 (Random Dot Product Graph (RDPG)). Let Ωd ⊂Rd where for any x,y∈Ωd ,

xT y ∈ [0,1] with a distribution F over Ωd . A graph G = (V,E) with vectors x1, . . . ,x|V |
i.i.d∼

F, n = |V |, and adjacency matrix A, where for every i, j ∈ [n], Ai j = A ji ∼ Bernoulli(xT
i x j),

then G is a Random Dot Product Graph. We say

G∼ RDPG(d,F,n).

We will define distributions which impose certain structures on P. The base case, where

the entries of P are all equal (i.e., all xi are equal in the RDPG) , is the Erdös-Rényi random

graph.

Definition 2.3 (The Erdös-Rényi Random Graph). Let G = (V,E) be a graph with V = [n]

and let p ∈ (0,1) then the graph G follows the Erdös-Rényi distribution G(n, p) if for all

i, j ∈V we have

Ai j ∼ Bernoulli(p)

An analogous definition can be obtained by considering the total number of edges in

the graph to follow a binomial distribution, as described in [41]. In this definition, a graph

is constructed by assigning K edges randomly to the indices of Ei j, denoted G(n,K). Mod-

eling a graph in this way assumes homogeneity across the entire network, a very strict as-

sumption in some settings. For example, in the setting of interaction networks, as in social

networks, we observe that communities form in which the interaction inside the community

is larger than outside of them. For example, people who live in the same country are more

likely to interact with each other.

In [46], the stochastic block model (SBM) is suggested for this purpose. In an SBM with

K communities we have a community assignment probability vector π and a community

assignment vector τ so that for all i ∈ V and k < K we have P(τi = k) = πk. In addition,
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we have the block probability attachment matrix B ∈ (0,1)K×K , where for any i, j ∈ V we

have Ai j ∼ Bernoulli(Bτiτ j). Formally,

Definition 2.4 (Stochastic Block Model (SBM)). We say that an n-vertex random graph

G is an instantiation of a stochastic blockmodel (SBM) with parameters (n,K,B,π), and

write A∼ SBM(n,K,B,π), if

i. The block membership vector π ∈RK satisfies π(i)≥ 0 for all i∈ [K], and ∑i π(i)= 1;

ii. The vertex set V = V (G) is the disjoint union of K blocks, V = B1 ⊔B2 ⊔ ·· · ⊔

BK , where each vertex v ∈ V is independently assigned to a block according to a

Multinomial(1,π) distribution. For each vertex v ∈ V (G), let τv be the block that v

is assigned to.

iii. The probability attachment matrix B ∈ [0,1]K×K is a symmetric matrix. Conditional

on the block assignment vector τ , for each pair of vertices {i, j} ∈
(V

2

)
, Ai j = A ji

ind.∼

Bern(B[τi,τ j]).

Note that the SBM is a collection of Erdös-Rényi random graphs with connection prob-

abilities between them. We can also consider an RDPG based block model.

Definition 2.5 (Block Model Random Dot Product Graph). Let π ∈ [0,1]K where ∑πi = 1.

A graph G = (V,E) with vectors x1, . . . ,xk, block assignment function τ : [n]→ [K], and

adjacency matrix A. If for every i ∈ [n] and k < K then P(τ(i) = k) = πk, and for every

i, j ∈ [n] Ai j ∼ Bernoulli(xT
τ(i)xτ( j)), then G is a Block Model Random Dot Product Graph.

We say

G∼ BRDPG(d,F,n,π).

An important special case of graphs for us are trees, since we will use them to dive

deep into Hierarchical Stochastic Block Models. These trees and their properties will be

18



instrumental for describing hierarchies and understanding them will make understanding

hierarchical models easier, their utility in describing data, properties, and methods of anal-

ysis.

As a graph, a tree is undirected, where any two vertices have exactly one path between

them, and there are no cycles. Since any two vertices must have a path between them

we notice that this graph would be connected, if we relax the condition so that we have

no more than one path the structure would not be connected. In fact, this would be the

union of two or more trees, we refer to these as forests. Since we would like to have a

hierarchy we will root our tree, this means that we will select a vertex designate it as the

root. Formalizations of this notion have previously been pursued in [66]. Here, we adopt

the following convention to define the Hierarchical SBM. For a rooted tree T = (V,E,r) (so

that the tree is rooted at r, V denotes the set of vertices in the tree and E the set of edges),

we define the following notation:

• We let L (T ) denote the leaves of T and I (T ) denote the internal nodes of T , so

that V = L (T )∪I (T );

• For any node t in the tree T = (V,E), we write D(t) ⊆ V to denote the descendants

of t; note that t /∈D(t) by convention;

• For a node t ∈V (T ), we let δ (t) denote its depth, i.e., the length of the path from the

root to t; by convention, δ (r) = 0. If δ (v) = k for all v ∈L (T ), then we say the tree

is a depth-k tree;

• For two nodes t1, t2 in tree T , we let LCA(t1, t2) denote their lowest common ancestor

(i.e., the common ancestor with the largest depth);

• For two nodes t1, t2 in tree T we let LCA ↓ (t1, t2)∈
(V (T )

2

)
denote the children of first

encountered on the paths from LCA(t1, t2) to t1 and t2.
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root r

depth 1

depth 2

Figure 2.2: An example of a depth 2 rooted tree. Here (denoting nodes by their color for sim-
plicity) LCA(red,blue)=purple, and LCA(yellow,blue)=green. We also have that LCA ↓(red,blue)=
{red,blue} and LCA ↓(yellow,blue)= {purple,orange}.

See Figure 2.2 for an example of this notation in a simple depth 2 tree structure. Note

that in the definition below, a 1-level Hierarchical SBM is simply a standard SBM.

Similar to the idea of T-stochastic graphs [34], the Hierarchical SBM will be defined

with an implicit tree structure. Here, the tree will encode block-membership at different

levels of the hierarchy.

Definition 2.6 (Hierarchical SBM). We say that an n-vertex random graph G is an instan-

tiation of a L-level Hierarchical Stochastic Block Model (HSBM) with parameters

- n ∈ Z+, the number of vertices in the graph;

- K ∈ Z+, the number of metablocks at Level-1 (i.e., at depth 1 in the tree);

- B ∈ [0,1]K×K (a symmetric matrix), the Level-1 metablock–to–metablock communi-

cation matrix

- π ∈ ∆K−1 (the K−1 simplex), the Level-1 metablock probability assignment vector;

- {Si}K
i=1, a collection of L−1-level HSBM’s

if the following conditions hold (we write this as G∼ HSBM(n,K,B,π,{Si}K
i=1)):

i. The vertex set V = V (G) is the disjoint union of K metablocks V = B1⊔B2⊔ ·· ·⊔

BK , where each vertex v ∈V is independently assigned to a metablock according to
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a Multinomial(1,π) distribution. For each vertex v ∈ V (G), let τv be the metablock

that v is assigned to.

ii. Conditional on the metablock assignment vector τ ∈ [K]n, for each pair of vertices

{i, j} with τi ̸= τ j, the level-1 HSBM structure is modeled via

Ai j
ind.∼ Bern(B[τi,τ j]).

iii. For each i∈ [K], conditional on the block assignment vector τ⃗ = (τv) and |Bi|= ni >

0, Si denotes the model for the i-th metablock at level-2 in the HSBM. Si, the model

for G[Bi], is a L−1-level HSBM of the form HSBM(ni,K(i),B(i),π(i),{S(i, j)}
K(i)
j=1) (so

that each S(i, j) is itself an L−2-level HSBM(|Bi, j|,K(i, j),B(i, j),π(i, j),{S(i, j,k)}
K(i, j)
k=1 ),

and so on). Moreover, conditional on the block assignment vector τ⃗ = (τv), the

collection {G [Bk]}K
k=1 are mutually independent.

iv. The structure within each of the {Si}K
i=1 represent the level-2 HSBM structure, the

structure within each of the
{
{S(i, j)}

K(i)
j=1

}K

i=1
the level-3 structure, and so on. At

level-L, the S⃗v’s (⃗v ∈ ZL) are structured as SBM’s according to Definition 2.4; we

will denote the block membership vector associated with S⃗v via τ⃗v, so that for a

vertex conditioned on being in u ∈Bv⃗, we have τ⃗v(u) = k with probability π⃗v(k) for

each k in [K⃗v].

Remark 4. Note that an SBM according to Definition 2.4 can be seen as a L-level HSBM

(for any L) by simply having the level-1 structure encode the SBM blocks, and letting the

HSBM’s at subsequent levels be 1-block Erdős-Rényi graphs. As such, in item iii. of the

definition above each Si could be a standard SBM (according to Definition 2.4) extended to

be level L−1.
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Remark 5. In Definition 2.6, there is an implicit tree structure T defining the hierarchy

in the graph. For a L-level HSBM, the tree here is a depth-L rooted tree with K vertices

at depth-1. These vertices represent the K metablocks {S(i)}K
i=1. At depth-2, there are

∑
K
i=1 K(i) nodes, with the node representing S(i) at depth-1 having K(i) offspring in depth-2.

At depth-3, there are ∑
K
i=1 ∑

K(i)
j=1 K(i, j) nodes, with the node representing S(i, j) at depth-2

having K(i, j) offspring in depth-3. We then define the tree inductively to depth-L. Given

this tree, we define the traversal function T : V → ZL, where T (i) = v⃗ denotes that vertex

i belongs to metablock S⃗v at level-L in the hierarchy. The depth δ (t) then refers to the index

at which the membership is observed, i.e. T (i)δ (t).

Note that the HSBM is an instantiation of an SBM, although the HSBM model allows

us to use fewer parameters to describe the model. For example, the number of parameters

for a general SBM with K > 4 communities is (K2−K +2)/2, meanwhile an HSBM with

2 communities each with K/2 communities would have (K2− 2K + 12)/4. The hope is

that this reduction in complexity facilitates better estimation of the parameters.

This consideration allows us to define an RDPG based Hierarchical Block Model.

Definition 2.7 (Hierarchical Block Model Random Dot Product Graph). We say that an

n-vertex random graph G is an instantiation of a L-level Hierarchical Block Random Dot

Product Graph (HBRDPG) with parameters

- n ∈ Z+, the number of vertices in the graph;

- K ∈ Z+, the number of metablocks at Level-1 (i.e., at depth 1 in the tree);

- F a distribution over Ωd

- xi
i.i.d.∼ F for 1 < i < K.

- B ∈ [0,1]K×K (a symmetric matrix), the Level-1 metablock–to–metablock communi-

cation matrix where Bi j = xT
i x j.
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- π ∈ ∆K−1 (the K−1 simplex), the Level-1 metablock probability assignment vector;

- {Si}K
i=1, a collection of L−1-level HSBM’s

if G∼ HSBM(n,K,B,π,{Si}K
i=1) (we write this as G∼ HBRDPG(n,K,F,π,{Si}K

i=1)).

We observe that any L-level HSBM model can always be written as an SBM as follows:

let G ∼ HSBM(n,K,B,π,{S(i)}K
i=1). Then G ∼ SBM(n,K∗,B∗,π∗) where K∗ is the total

number of possible block assignments at the lowest level, more precisely K∗ = |L (T )|; for

block S⃗v representing a leaf in the tree, the block membership is given by

(
π (⃗v(1))

L−1

∏
i=1

π⃗v[1:i](⃗v(i+1))

)
π⃗v

(i.e., the product of the probabilities along the path from the root of the tree to S⃗v). The

edge probability between two distinct blocks S⃗v and Sw⃗ (so that w⃗ ̸= v⃗), representing distinct

leaves in the tree, is equal to the following. Letting i∗(⃗v, w⃗) = min{i : v(i) ̸= w(i)} so that

i∗(⃗v, w⃗)−1 is the level of LCA(⃗v, w⃗) in the tree, we have (writing i∗ = i∗(⃗v, w⃗) for ease of

notation; if v⃗ = w⃗, then i∗ = 0 by convention)

B⃗v,w⃗ = B⃗v[1:(i∗−1)][⃗v(i
∗), w⃗(i∗)] = Bw⃗[1:(i∗−1)][⃗v(i

∗), w⃗(i∗)], if i∗ > 0.

If if v⃗ = w⃗, then the connection probabilities among vertices in S⃗v are dictated by the block

probability matrix B⃗v = Bw⃗.

Similar to the conditional SBM, sometimes we are interested in the behavior of the

network when the community structure is known or non-random. This conditional HSBM

definition is entirely analogous to Definition 2.6, except that the tree structure T and traver-

sal function T are known a priori; we write

G∼ HSBM(n,K,B,{Si}K
i=1,T,T ).
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10-block SBM: 
55 parameters

2-level HSBM with three 2nd-level 
motifs: 16 parameters

3-level HSBM with two 2nd-level 
motif: 11 parameters

M1

M1

M2

M3

M1

M1

M2

M2

Figure 2.3: Example of refinement of block structure in the HSBM. In the center and right figures,
each unique color represents a distinct parameter in the model. The middle (HSBM) model is a
refinement of the right (HSBM) model, and the left (SBM) model is a refinement of the middle
model. We can use the BIC formulation below to compare any pair of these three network models.

Stated simply, instead of the membership of Bv⃗[1:i] being randomly assigned according

to probability membership vector π⃗v[1:i−1], these memberships are given a priori via the

traversal function T which assigns each vertex to its path from root to node in the tree.

Definition 2.8. (Assortativity Conditions)

• Weakly Assortative: Bu⃗,⃗v < Bw⃗,⃗v if LCA(w⃗, v⃗) ∈ LCA ↓ (⃗u, v⃗)

• Assortative: Bu⃗,⃗v < Bu⃗∗ ,⃗v∗ if δ (LCA(⃗u, v⃗))< δ (LCA(⃗u∗, v⃗∗))

• Disassortative: Bu⃗,⃗v > Bu⃗∗ ,⃗v∗ if δ (LCA(⃗u, v⃗))< δ (LCA(⃗u∗, v⃗∗))

The T-stochastic Block Model is another tree model introduced in [34], where the nodes

of the graph correspond to the leaves of a tree T . With an attachment probability matrix

based on the distance between these leaves. We use the distance function defined in 2.1 by

considering the tree T as a graph. Formally,

Definition 2.9 (T-stochastic Graph). Let G be a graph with node set V , and let T be a tree
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with leaf set L where |L|= |V | with a bijection between them. For any i, j ∈V , let

λi j = ce−d(i, j)

for some c > 0. Then G is a T-stochastic Model.

Remark 6. The role λi j plays here is a general parameter for the edge distribution. Their

definition is very general and encompasses a large class of models. If we specify that the

edges between the vertices i, j ∈ V follow a Bernoulli(λi j) distribution, we arrive at an

HSBM.

Remark 7. T-Stochastic graphs from [34] can describe HSBMs, but restricted only to

graphs that are Weakly Assortative, Assortative, or Disassortative with a Bernoulli edge

distribution where Bu⃗,⃗v = ce−d(⃗u,⃗v) for a positive constant c, where d(⃗u, v⃗) is the length of

the shortest path between u⃗ and v⃗ on the tree T . Using our notation, let k = δ (LCA(⃗u, v⃗)),

L = δ (i) for i ∈L and ℓ (⃗u) be the length of vector u⃗ then d(⃗u, v⃗) = ℓ (⃗u)+ ℓ (⃗v)− 2k =

2(L− k). Our definition allows for models that are not weakly assortative, assortative, or

disassortative.

The network structure we are after is one where the models for the metablocks (i.e.,

the S⃗v[1:i]) are restricted to come from a set of Σ(t) possible models. This is captured in

the following definition, Definition 2.10; though we first establish some helpful notation.

Let G ∼SBM(n,K,B,π). We write M (G) = (K,B,π) to be the order-independent model

associated with G. Similarly, if G∼ HSBM(n,K,B,π,{Si}K
i=1), we write

M (G) = (K,B,π,{M (Si)}K
i=1)

to be the order-independent model associated with G. If G1 is an L(1)-level HSBM, and

G2 is an L(2)-level HSBM where, wlog, L(2) ≤ L(2)), then we say that G1 and G2 are
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equivalent models if, extending G2 to be an L(1)-level HSBM as in Remark 4, we have

that M (G1) = M (G2). Note that if M (G1) = M (G2), then necessarily for all v⃗ ∈ Zℓ

(ℓ≤ L(1)) we have (where S(1)• and S(2)• denote metablock models for G1 and G2 resp.) that

M (S(1)v⃗ ) = M (S(2)v⃗ ).

Definition 2.10 (Repeated Motif HSBM). Let G∼HSBM(n,K,B,π,{Si}K
i=1) be an L-level

HSBM. We say that G is a Repeated Motif HSBM (RMHSBM) with motifs {Mi}M
i=1, at level-

L̃ (where L̃ < L), written G ∼ RMHSBM(n,K,B,π,{Si}K
i=1, L̃,{Mi}M

i=1), if the following

holds:

i. For each metablock model S⃗v of G (where v⃗ ∈ ZL̃), there is a j such that M (S⃗v) =

M j;

ii. If metablock models S⃗v,Sw⃗ of G, where v⃗, w⃗ ∈ ZL̃ are such that v⃗[1 : L̃− 1] = w⃗[1 :

L̃− 1], and M (S⃗v) = M (Sw⃗), then for all metablock models S⃗u where u⃗ ∈ RL̃ are

such that v⃗[1 : L̃−1] = u⃗[1 : L̃−1], we have that

B⃗v[1:L̃−1][w(L̃−1),u(L̃−1)] = Bu⃗[1:L̃−1][v(L̃−1),u(L̃−1)];

i.e., all metablocks with the same parent node as S⃗v,Sw⃗ have the same probability of

forming an edge to vertices in S⃗v, and Sw⃗.

Note that the conditional (conditioning on the traversal structure) HSBM with repeated

motifs is defined analogously, and is denoted via (note that the parameter m is explained

below)

G∼ RMHSBM(n,K,B,{Si}K
i=1,T,T , L̃,m,{Mi}M

i=1);

note that we will assume moving forward that this conditional structure explicitly identifies

which motif Mi each metablocks at level L̃ is equivalent to, and this is represented by the
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metablock mapping parameter:

m : metablocks at level L̃ 7→ {Mi}M
i=1.

One of the principle advantages of the repeated motif HSBM framework is that, given

the structure of the motifs, the number of parameters for the HSBM model are greatly

reduced. This is because all substructures equivalent to a given motif share the same block

probability parameters and block membership parameters; these need only be estimated

once per represented motif instead of separately over each substructure. See Figure 2.3 for

example.
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Chapter 3: Analysis Methods for Graphs

In this chapter we will discuss how our graph and random graph definitions can help us

analyze graphs. We begin by describing popular tasks and problems related to graphs, then

we discuss methods and how they can be used to solve them.

3.1 Tasks and Problems Related to Graphs

This section is dedicated to describing problems in graph analysis. We will define

the clustering, edge prediction, graph/subgraph matching, and vertex/subgraph nomination

problems, then we will explore loss functions related to these problems.

3.1.1 Clustering

Partitioning a dataset into groups can help us understand large data structures, for ex-

ample, these partitions can aid in edge prediction as seen in [35] with an application on a

coauthorship network or recommender systems as seen in [88] with an application in nu-

trition. We call inferring these groups clustering with the following formal definition in the

context of graphs.

Definition 3.1 (Clustering). Given G = (V,E) be a random graph on n vertices and f :

P(V )×P(V )→ R+ find K ∈ N and a partition of V with K subsets C = {Bi}K
i=1 that

minimize F(C ) = ∑
K
k=1 f (Bi,Bc

i ).
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One may want to compare two partitions, in the sense of how closely two partitions

C ,C ′ resemble each other. For this task, there are context-independent measures such as

the Adjusted Random Index [49] and the Variational Index [71]. These measures help us

validate the efficacy of clustering methods when using data with a known classification, as

the true classification may not necessarily minimize our selected objective function F .

3.1.2 Graph and Subgraph Matching

Two graphs, G1 = (V1,E1) and G2 = (V2,E2) are isomorphic when |V1|= |V2|= n and

there is some permutation σ ∈ Sn, such that for each f1 ∈ E1 we can find f2 ∈ E2 where

f1(i, j) = f2(σ(i),σ( j)) for all i, j ∈V1. The problem of identifying whether there is such a

permutation and finding it is the graph isomorphism problem; see [9] for complexity of the

isomorphism problem. However, if we are considering random distributions of graphs, we

will need to relax this problem from finding an isomorphism to minimizing the disagree-

ment between the two graphs. This is because it is highly unlikely that any two graphs are

isomorphic even when drawn from the same distribution.

Definition 3.2 (The Graph Matching Problem). For the graphs G1 = (V1,E1) and G2 =

(V2,E2), where |V1|= |V2|= n, E1 = { fi}i∈[m] and E2 = {gi}i∈[m], find permutations σ ∈ Sn,

γ ∈ Sm that minimize

F(σ ,γ) = ∑
i∈[m]

∑
i, j∈V1

| fi(i, j)−gγ(i)(σ(i),σ( j))|

Remark 8 (Graphs with one edge function). If we want to match two graphs G1 = (V1,E1)

and G2 = (V2,E2), where |V1|= |V2|= n, each with a single edge function f ,g respectively,

in other words, graphs that can be represented as a single adjacency matrix via Ai j = f (i, j)

and Bi, j = g(i, j), we can perform graph matching by considering a search on permutation
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matrices. More formally, find the permutation matrix W that minimizes

F(W ) = ∥A−WBW T∥F

where ∥·∥F is the Frobenius norm.

A related problem is the subgraph isomorphism problem, where we are given a graph

G1 = (V1,E1) and a target graph G2 = (V2,E2) with |V1|< |V2|. The objective in this prob-

lem is to find a subgraph G2(V ), where V ⊂ V2, which is isomorphic to G1. The sub-

graph matching problem is the relaxation of the subgraph isomorphism problem for random

graphs.

Definition 3.3 (The Subraph Matching Problem). For the graphs G1 = (V1,E1) and G2 =

(V2,E2), where |V1|< |V2|, |V1|= n, E1 = { fi}i∈[m] and E2 = {gi}i∈[m], find an injection

σ : V1→V2 and a permutation γ ∈ Sm such that the loss function

F(σ ,γ) = ∑
i∈[m]

∑
i, j∈V1

| fi(i, j)−gγ(i)(σ(i),σ( j))|

is minimized.

In [91], graphlet kernels are used to establish an efficient algorithm to retrieve subgraphs

that are similar to a query graph. In the context of graph databases, where information is

stored as a knowledge graph, there are different efficient algorithms with applications in the

context of protein-protein interaction (PPI) networks [119], the Wikipedia database [47],

and the AIDS Antiviral Screen dataset [98].

One flavor of the subgraph matching problem tasks us with finding multiple subgraphs

that are isomorphic to each other. Generally, a random binary graph with one edge function

and n vertices is guaranteed to have two subgraphs of size log(n) that are isomorphic,
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[8], but in general these subgraphs are trivial, as in two sets of independent nodes. By

induction, such a graph with two edge functions is guaranteed to have two subgraphs of

size log(log(n)) that are isomorphic. We can extend this definition by requiring that the

subgraphs have at least K edges, but in [11] this problem is shown to be NP-complete.

Meanwhile, if we are looking for a subgraph with a specific pattern, there are efficient

approximation algorithms such as Ullmann’s algorithm [112] which uses the degrees of the

nodes to constrain a subset of permutations which are then tested sequentially, or algorithms

based on the decomposition of the search graph [73].

3.1.3 Vertex and Subgraph Nomination

In subgraph nomination, our task is as follows: given a subgraph or subgraphs of inter-

est in a network G1, we seek to find heretofore unknown subgraphs of interest in a second

network G2. Our approach to subgraph nomination proceeds by

1. Partitioning the vertices in G2 into candidate subgraphs (note that the choice of non-

overlapping candidate subgraphs is merely a theoretical/notational convenience, and

in practice, the subgraphs to be ranked can have overlap);

2. Ordering the candidate subgraphs in G2 into a rank list with the unknown subgraphs

of interest ideally concentrating at the top of the rank list.

Subgraph nomination is a natural extension of vertex nomination (VN) [1, 29, 37, 65,

70, 106], and we will begin by providing a brief background on recent developments in VN,

as this will provide useful context for our later novel formulation of subgraph nomination.
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Vertex Nomination

Semi-supervised querying of large graphs and databases is a common graph inference

task. For example, in a graph database with multiple features, one may be given a collection

of book names all with the common latent feature “Horror Fiction Best Sellers,” and the

goal would be to query the database for more titles that fit this description; see, for example,

the work in [5, 85]. Learning this unifying feature from the query set is a challenging

problem unto itself [84], especially in settings where the features that define interestingness

are nuanced or multi-faceted.

While we can interpret such a problem as a vertex classification problem where vertices

are either labeled interesting or not, in the presence of very large networks with large class

imbalance between interesting and non-interesting vertices, there is often limited training

data and limited user resources for verifying returned results. In this setting, an information

retrieval (IR) framework may be more appropriate, wherein unlabeled vertices would be

ordered in a rank list based on how interesting they are deemed to be. This inference task

is synonymous with vertex nomination (or personal recommender systems on graphs).

In [1, 59, 65, 80], the vertex nomination problem is defined as follows. Given vertices of

interest V ∗⊂V (G1) in a network G1, and corresponding unknown vertices of interest U∗⊂

V (G2) in a second network G2 (whose identities are hidden to the user), use G1,G2,V ∗ to

rank the vertices in G2 into a nomination list, with vertices in U∗ concentrating at the top

of the nomination list. In its initial formulation [29, 37, 70, 118], the feature that defined

vertices as interesting was membership in a community of interest, and the community

memberships of vertices in V ∗ were used to nominate the vertices in G1 (no second network

was introduced, or G2 = G1 \{V ∗}) with unknown community memberships. Subsequent

work [65, 80, 84, 85] sought to generalize the features that defined vertices as interesting

beyond simple community membership, and lifted the vertex nomination problem to the
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two graph setting.

In order to allow for a broadly general class of networks to be considered, the general

vertex nomination problem framework of [1, 65] referenced above is situated in the context

of nominatable distributions, a broad class of random graph distributions defined in [1].

Within this broad class of models, the concepts of Bayes optimality and consistency were

developed in [1, 65] and the important result that universally consistent VN schemes do

not exist is proven in [65]. These results were leveraged in [1] to develop an probabilistic

adversarial contamination model in the context of VN as well as regularization schemes to

counter the adversary. The results of [1, 65] were further extended to the richly featured

network setting in [59], in which the (potentially) complementary roles of features and

network structure are explored in the VN task.

Beyond the development of novel VN algorithms [118], one of the key aspects of the

recent theoretical developments in VN is the notion that vertex labels in g2 are uninfor-

mative in the ranking scheme, which is sensible if we are mirroring setting in which the

vertex labels do not aid in the delineation between interesting and uninteresting vertices.

In subgraph nomination, the uninformative nature of the labels can be accounted for in the

dissimilarity ∆ (see Eq. 3.1). Note that while similar consistency results to those in VN can

be derived in the setting of subgraph nomination, we do not focus on that here. Rather we

will focus on the role of users-in-the-loop in the subgraph nomination framework.

Remark 9. We note that it is possible to view the subgraph nomination methods as natu-

rally being built upon existing VN methods via uncovering vertices of interest (from VN)

and building out from them to uncover subgraph structure of interest. One immediate hur-

dle to this approach would be if the subgraph structure is the interesting trait rather than

the individual vertex identities, as then the nominated vertices in VN would need to look at

local structure to be correctly retrieved, and essentially subgraphs would end up being the
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nominated structures. It is also natural to use subgraph nomination for VN, by nominating

structures first and then vertices within the structures.

Hierarchical Subgraph Models

We will use Gn to denote the set of n-vertex labeled graphs on a common vertex set

V =Vn. Given the (informal) explanation of the motivating task in subgraph nomination—

given light supervision, partition a graph into subgraphs and rank the subgraphs based on

how interesting they are judged to be—hierarchical network models are a natural setting

for initially formalizing the subgraph nomination inference task. We note here that the

subgraph nomination inference task can be formulated in the context of any graph division

mechanism that yields partition subgraph structure (e.g., graph cuts [31, 55], graph cluster-

ing methods [17, 77, 109], etc.); the Hierarchical blockmodel considered below is one such

setting, and it also provides a convenient model setting in which to formulate subgraph

nomination formally.

Hierarchical models have seen a surge in popularity in the network literature (see, for

example, [27, 60, 66, 79, 82, 89]) and naturally allow for multiple layers of structure to

be simultaneously modeled in a network, allowing us to imbue a graph G with subgraph

structures of a desired form or motif-type. We begin with our definition of a hierarchical

network as a network together with a Network Hierarchical Function.

Definition 3.4. Let g = (V,E) ∈ Gn, and for each i ∈ Z > 0 let [i] = {1,2, · · · , i}. Let k≤ n.

A function

H = Hk : V × [k]−→ [n]

is a k-level Network Hierarchical Function of [n] if

i. For each i ∈ [k], H(·, i) represents a partition of the vertices of V into ni := n(H)
i

nonempty parts (so that maxv H(v, i) = ni). These ni satisfy 1≤ n1 ≤ n2 ≤ ·· · ≤ nk ≤
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Figure 3.1: An example of a 3-Level hierarchical network (where the three levels are shown in the
right panel, the top two levels in the middle panel, and the highest level in the left panel). The
partition provided by H(·,1) is in darkest grey; the partition provided by H(·,2) is in medium grey;
and the partition provided by H(·,3) is in lightest grey.

n. The signature of H is defined to be the vector n⃗ = (n1,n2, · · · ,nk). Note that by

considering appending 0’s onto the end of n⃗ as needed to make it length n, we can

consider the signature of an n vertex hierarchical graph to be a length n vector.

ii. H(v1, j) =H(v2, j) only if H(v1, i) =H(v2, i) for all i≤ j; i.e., the partition is nested.

For an example of network hierarchical functions, see Figure 3.1. A graph g ∈ Gn together

with a Network Hierarchical Function Hk of [n] is a k-level Hierarchical Graph. For k ≤ n,

we denote

Hk,n = {Hk |Hk is a k-level Network Hierarchical Function of [n]},

and we define

H G n := {(g,H) |g ∈ Gn, and H ∈ ∪n
k=1Hk,n}

to be the set of all Hierarchical graphs of order n.
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Letting k ≤ n, let H ∈Hk,n. For each i ∈ [k] and j ∈ [ni], we define the sets

Bi
j = {v ∈V (g)|H(v, i) = j}

to be the set of vertices in the j-th part of the i-th level of the hierarchy;

Bi−1
( j) = {v ∈V (G) s.t. for all v′ ∈ Bi

j,H(v, i−1) = H(v′, i−1)}

to be the one-step upward merge of Bi
j in the hierarchy;

Bi = {Bi
j |1 < j < ni}

to be the set of all parts at level i in the hierarchy; and

B = {Bi : i ∈ [k]}.

to be the set of blocks.

As an example, consider the hierarchical network in Figure 3.1, which shows a 3-level

hierarchical network, where we have (for example):

n1 = 1;n2 = 3;n3 = 9;

B1
1 =V = B1

2∪B2
2∪B3

2;

B2
(3) = B3

3∪B3
4∪B3

5∪B3
6;

B3 = {B3
1,B

3
2,B

3
3,B

3
4,B

3
5,B

3
6,B

3
7,B

3
8,B

3
9};

B = {B1
1,B

2
1,B

2
2,B

2
3,B

3
1,B

3
2,

B3
3,B

3
4,B

3
5,B

3
6,B

3
7,B

3
8,B

3
9}.
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Hierarchical Subgraph Nomination

A key component to the hierarchical subgraph nomination (HSN) inference task is the

notion of subgraphs of interest within and across the network pair. This is easily accom-

plished in non-random settings, where a fixed set of indices can be used to define the

subgraphs of interest within and across networks. In order to expedite this in random net-

works, for a fixed pair of signatures n⃗ and m⃗, we will consider distributions restricted to

H G n⃗
n×H G m⃗

m; this will allow us to define a consistent set of indices for subgraphs of

interest across the random network pair.

In hierarchical subgraph nomination, we consider a pair of hierarchical graphs (g1,H1)∈

H G n⃗
n and (g2,H2) ∈H G m⃗

m where H1 and H2 are unobserved and only the graphs g1 and

g2 are observed. We are additionally given a set of “training” subgraphs of interest in g1,

denoted

T1 = {Bs1
s2,1}s=(s1,s2)∈S1

where S1 is a set of ordered pair indices S1 = {s = (s1,s2)} of the given subgraphs of

interest, with s1 denoting the level and s2 the index of the subgraph in H1. Note that the

second index in the subscript of B••,1 is used to denote the subgraph in g1, whereas B••,2 will

be used to indicate subgraphs in the hierarchy of g2. Note that the possible indices of the

seed graphs depends on the structure of H1, and so we will explicitly tether these two in the

sequel, writing ((g1,H1),S1), and writing H G S n⃗
n for the collection of all such feasible

triples.

The aim then is to

1. First estimate the latent hierarchical structure H2 of g2; we will denote this estimate
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via Ĥ2, and we will let

B̂i
j,2 = {v ∈V (g2)|Ĥ2(v, i) = j}.

Let the collection of all subgraphs in the partition defined by Ĥ2 be denoted B̂.

2. Compute dissimilarity measurements

∆ : T1× B̂ 7→ [0,1]

between each subgraph of interest in (g1,H1) and each subgraph defined by Ĥ2. Note

that ∆ ideally is a function that can compute the dissimilarity between any graph of

order up to n and any graph of order up to m; and the larger the value of ∆ between

two graphs, the more dissimilar the networks. As ∆ needs to compute dissimilar-

ities across graphs of different sizes and orders, it may encompass a collection of

dissimilarity measures.

After a few preliminary definitions, we will be ready to define a HSN scheme.

Definition 3.5. For a k-level hierarchical graph (g,H) and i ∈ [k], let T H
g,i denote the set

of all total orderings of Bi. Let T H
g =

⊗k
i=1 T H

g,i .

For example, in the hierarchical subgraph depicted in Figure 3.1, we have

T H
g,2 =




B2

1

B2
2

B2
3

 ,


B2
1

B2
3

B2
2

 ,


B2
2

B2
1

B2
3

 ,


B2
2

B2
3

B2
1

 ,


B2
3

B2
1

B2
2

 ,


B2
3

B2
2

B2
1



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where 
B2

i

B2
j

B2
k


is shorthand for the ordering

B2
i > B2

j > B2
k .

An example element of T H
g is given by

(
[B1

1], [B
2
3,B

2
2,B

2
1], [B

3
2,B

3
9,B

3
8,B

3
1,B

3
3,B

3
6,B

3
5,B

3
7,B

3
4]
)
.

As in the case of vertex nomination, if vertex labels in (g2,H2) are uninformative, then an

HSN must account for the indistinguishability of subgraphs with isomorphic structure. To

wit, we have the following definition: For a k-level hierarchical network (g,H) and i ∈ [k],

j ∈ [ni], we define

I(Bi
j;g) = {ℓ ∈ [ni]|Bi

ℓ ⊂ Bi−1
( j) and with an automorphism σ of g with σ(Bi

ℓ) = Bi
j}.

These are indices of the elements of the partition at level i that are indistinguishable from

Bi
j without further information/supervision, and it is sensible to require that a HSN rank all

these subgraphs as equally interesting. In vertex nomination, accounting for label uncer-

tainty was achieved by means of an obfuscation function; in HSN, the uncertainty is not

at the level of labels so much as at the level of subgraphs and this this can be achieved by

further requiring the dissimilarity ∆ satisfies the following condition:

∆(Bs1
s2,1, ·) is constant over graphs indexed by

I(B̂i
j,2;g2) for each s = (s1,s2) ∈ S1. (3.1)
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We are now ready to define hierarchical subgraph nomination schemes formally.

Definition 3.6. [Hierarchical Subgraph Nomination Scheme (HSN)] Let ((g1,H1),S1) ∈

H G S n⃗
n and ((g2,H2),S2) ∈ H G S m⃗

m and let T1 be the parts of H1 indexed by S1. A

Hierarchical subgraph nomination scheme is composed of two parts:

i. An estimator Ĥ2 = Ĥ2(g1,g2,T1) of the hierarchical clustering of g2 provided by H2;

let the signature of Ĥ2 be denoted m̂2 = (m̂k,2);

ii. A dissimilarity ∆ satisfying Eq. (3.1) which produces a ranking scheme Φn,m, where

Φn,m

(
g1,g2,T1, Ĥ2

)
∈T Ĥ2

g2
.

For each level i of Ĥ2, the subgraphs are ordered in Φn,m via increasing value of

min
s=(s1,s2)∈S1

∆(Bs1
s2,1, B̂

i
j,2),

with ties broken in a fixed but arbitrarily manner.

Loss in HSN Schemes

The goal of HSN is to effectively query g2 given limited training resources from g1.

Given the resources required for a user to verify the interestingness of the returned sub-

graphs, we seek to maximize the probability that a priori unknown subgraphs of interest in

g2 are close to the top of the returned rank list.

For evaluation purposes, it is necessary (at least in theory) to be able to compare the

true-but-unknown subgraphs of interest in ((g2,H2),S2) ∈H G S m with elements of the

HSN ranked list. In order to account for the fact that the dissimilarity used to construct

the HSN scheme may be mis-specified (i.e., not captured exactly), the dissimilarity for
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verification will be denoted ∆E (the dissimilarity used for evaluation that defines the true

but unknown subgraphs of interest), though we do not discount the possibility that ∆E = ∆

for any given scheme.

A logical loss function for HSN is motivated by the concept of precision in information

retrieval. As the goal of HSN is to efficiently query large networks for structures of interest,

at a given level k, considering precision at i for 1 < i≪ m̂k,2 enables us to model the

practical loss associated with using a HSN scheme to search for {Bs1
s2,2}(s1,s2)∈S2 in (g2,H2)

given limited resources. There are two levels to the loss function for a given scheme Φn,m =

(Ĥ2,∆):

i. The error in approximating H2 via Ĥ2;

ii. Given Ĥ2, the potential mismatch between ∆ and ∆E .

Our loss function will account for these error sources as follows. Let F be a distribution

supported on H G S n×H G S m, and let

((G1,H1),(G2,H2))∼ F.

Consider fixed subgraph of interest index sets S1 for G1 and S2 for G2, and let T1 (resp.,

T2) be those subgraphs in (G1,H1) (resp., (G2,H2)) indexed by S1 (resp., S2). Let Φn,m =

(Ĥ2,∆) be an HSN scheme and let the ranking provided at level k of Φn,m be denoted via

Φk
n,m (with the implicit assumption that this is an empty list if m̂k,2 = 0).

Definition 3.7 (HSN loss function, level-(i,k) error at hierarchical level). With setup as

above, for i,k < n we define the level-(i,k) nomination loss with threshold t > 0 under

dissimilarity ∆E via (where to ease notation, we will use Φk
n,m for Φk

n,m(g1,g2,T1, Ĥ2) and
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Φk
n,m[ j] the j-th ranked subgraph in this list)

ℓi,k,t := ℓi,k,t(Φn,m,g1,H1,S1,g2,H2,S2,∆E)

where if we let Ji,k = min(i, m̂k,2) and WΦn,m[ j] =
{⋂

(s1,s2)∈S2
{∆E(Φn,m[ j],B

s1
s2,2)> t}

}

ℓi,k,t :=


1

Ji,k

Ji,k

∑
j=1

1
{
WΦn,m[ j]

}
if m̂k,2 > 0

1 if m̂k,2 = 0

(3.2)

For distribution F as above, the level-(i,k) error with threshold t > 0 under dissimilarity ∆E

of Φn,m for recovering S2 is defined to be Li,k,t = EF(ℓi,k,t). Letting Hn,m be the collection of

all HSN schemes (i.e., the set of all ordered pairs of estimators and dissimilarities (Ĥ2,∆)),

the Bayes optimal level-(i,k) scheme with threshold t > 0 under dissimilarity ∆E is defined

to be any scheme that achieves the Bayes’ error, which here is defined to be

minΦn,m∈Hn,mEF(ℓi,k,t(Φn,m))

While the number of possible dissimilarities is indeed uncountably infinite, there are nonethe-

less a finite number of possible rankings that can be achieved via a combination of Ĥ2 and

∆ (hence min rather than inf in the Bayes error definition), and so the Bayes error is indeed

achieved by at least one such pair.

3.2 Spectral Methods

Representing a graph as a matrix, or tensor in the case of a hypergraph, raises a curios-

ity as to what information we can get about the graph by considering the Spectral Vector

Decomposition of this representation. Since these matrices are not defined as linear oper-
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ators on a vector space, it may come as a surprise that any information is encoded in their

spectral decomposition. However, [78] showed that for symmetric graphs, the eigen de-

composition of the adjacency matrix A approaches that of E(A) = P with high probability.

Recall the definition 2.2 for the RDPG, such a graph of size n with latent positions {xi}n
i=1

the matrix P = XT X . Combining these ideas, [7] show that up to a rotation, the largest

d eigenvalues of A and their associated eigenvectors approximate latent vectors with high

probability. The rotation here is due to the nature of the inner products of the latent vectors

being a function of distances and angles between them which are both invariant under ro-

tations. This motivates our first tool for analyzing graphs, Adjacency Spectral Embedding,

often shortened to ASE.

Definition 3.8 (Adjacency Spectral Embedding). For an undirected graph G = (V,E) with

adjacency matrix A whose spectral decomposition is UASAUT
A with singular values in de-

creasing order, the adjacency spectral embedding of dimension d is given as follows

ASE(AG,d) =UA,dS
1
2
A,d

Where UA,d is the first d columns of UA, SA,d = SA[1 : d,1 : d] and for a diagonal matrix M,

M
1
2 [i, i] = M

1
2
i,i and 0 otherwise.

Algorithm 1 Adjacency Spectral Embedding
Input: d > 0, A ∈ {0,1}n×n for a symmetric graph G(V,E) on n > d vertices.
Output: X̂ ∈ Rn×d

1: Find the spectral decomposition of A to retrieve SVD the sorted pairs {(si,ui)}n
i=1.

2: Let S
1
2 ∈ Rd×d with S

1
2 [i, i] =

√
si and U ∈ Rn×d where U·,i = ui for 1≤ i≤ d

3: Return X̂ =US
1
2

The ASE estimates parameters for the distribution of the self-edges even when the

adjacency matrix A is hollow [7]. This is because the RDPG formulation does not exclude
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self-edges, they can be drawn in the same way the rest of the edges are drawn. In the case

where we want to assume that there are no edges, we can simply ignore them since they

have no interpretation.

Another consideration to take into account here is estimating the parameter d, in other

words how do we select the dimension of the embedding space. To start, consider X̂ as an

estimator P̂ = X̂ X̂T for the probability attachment matrix P, in keeping with the notation

of algorithm 3.2 we write P̂i, j = ∑
d
k=1 skUi,kU j,k. Then this question becomes one of how

much tolerance in the estimate of Pi, j we want to allow. One way to make this decision is

to consider the variance of the parameter Pi, j, Var(xT
i x j), according to the distribution F of

the latent space. Another is to consider penalized model selection, based on the likelihood

of the distribution of the latent vector (see Section 3.1.1 on Gaussian Mixture Models), or

the adjacency matrix A , with a penalty scaling with d [23, 121]. We could also consider

heuristic methods such as the elbow method, for example d = argmax j>1{sσ( j)− sσ( j−1)}.

In Section 3.1.1, we will see that the ASE can applied in the context of the SBM and the

HSBM as part of a clustering algorithm.

In certain settings, using spectral embeddings with augmented adjacency matrices can

show favorable performance, for example, [70] replaces the diagonal of a hallow adjacency

matrix with Ai,i =
degree(i)

n+1 and [94] iterates X̂i = ASE(A+ I ◦ X̂i−1X̂T
i−1) until we reach a

fixed point (X̂i = X̂i−1), in practice they stopped when the difference was small enough.

The most notable augmented adjacency matrix is the normalized graph Laplacian L (A),

L (A) =I−DAD

Di, j =


0, i ̸= j

1√
degree(i)

, i = j

with its spectral embedding dubbed the Laplacian Spectral Embedding (LSE), noting that
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the Laplacian of an undirected graph is positive semi-definite [108]. The spectral decom-

position of the graph Laplacian is also used to define the graph Fourier transform [99].

Suppose that we have a function f : V → R, which we previously defined as a node feature

but in this context is usually referred to as a signal on the graph. We define the Fourier

transform of the graph of the signal by F [ f ] = ∑
|V |
i=1 f (i)ui where ui are the eigen vectors of

the Laplacian graph, with its inverse F−1 [ f ] = ∑
|V |
i=1 f (i)ui where ui are the columns.

We are now ready to see the utility of ASE and LSE in the context of the SBM and the

HSBM as part of a clustering algorithm. The assortative SBMs 7 are natural models for

classification, since finding the partition defined by their blocks minimizes the objective

function F once we identify that they are a good fit for modeling a graph. Before we

describe how the blocks can be retrieved, we first start by describing Gaussian Mixture

Models [87] as they will be instrumental.

Definition 3.9 (Gaussian Mixture Models (GMM)). Let n,d,K ∈ N, suppose that we have

{N (µi,Σi)}K
i=1 a family of multivariate Gaussian distributions with means {µi}K

i=1 ⊂ Rd

and variance covariance matrices {Σi}K
i=1 ⊂ Rd×d with probability mass functions { fi}K

i=1

and let π ∈ [0,1]K where ∑i πi = 1. A matrix X with rows {xi}n
i=1 where xi

i.i.d∼ f for

f (x) =
K

∑
i=1

fi(x)πi

is said to be a Gaussian Mixture Model, we write this as X ∼ GMM(n,π,{µi},{Σi}).

Remark 10. This distribution could be conditioned on an assignment vector τ ∈ [K]n, in

which case each xi ∼ fτi independently.

Motivated by the CLT for the ASE [7], the following algorithm described in [115] uses

ASE from Definition 3.8 and GMM to retrieve clusters for a BMRDPG from Definition 2.5.
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Algorithm 2 GMM-ASE Clustering
Input: d > 0, A ∈ {0,1}n×n for a symmetric graph G(V,E) on n > d vertices.
Output: A function τ : [n]→ [K]

1: Use the ASE from 3.2 to retrieve and embedding X̂ ∈ Rn×d .
2: For each integer 1 < K <

√
n fit the latent position matrix X̂ to GMM, and accept the

best fit.
3: Return the vector τ defined by τi = argmink∈[K] fi(X̂i,·) as the assignment function.

Remark 11 (Alternatives to GMM). Similar to this algorithm are Kmean-ASE [105]

where this is extended to directed graphs with an application on the Wikipedia graph and

Kmedian-ASE [57], in fact, we may use any clustering algorithm for points in Rd such

as K-plane clustering [19]. This is done by replacing step two of the algorithm where we

apply GMM, applying a different method instead, and step three with an appropriate equiv-

alent. In the case of Kmean-ASE, for example, we apply the K-means algorithm in Step 2

to retrieve the centers {µk} and use τi = argmink∈[K]|µk− X̂i| for Step 3. This choice is a

modeling assumption on the distribution of the latent variables F, above I described GMM

for the GMM-ASE algorithm. In practice, with an unknown distribution, we would test

whether GMM is a good fit for the data at hand. In the case of GMM, use the R package

mclust [97] which includes a convenient function that fits multiple sub-models with differ-

ent numbers of clusters k and selects the best fit, which allows for an easy comparison of

the results between different embedding dimensions, or Python’s scilearn-kit [81] for which

you can get similar functionality with a little more work.

This can be extended to assortative (Remark 7) HBMRDPG (Definition 2.7), but first

we must consider what the distribution of the latent positions F looks like for an assortative

HBMRDPG if its latent positions were drawn from a GMM. Since xixT
j = ∥xi∥∥x j∥sinθi j,

assortativity implies that the angle between two latent positions is smaller the further down

their hierarchy their assignment diverges. [66] leverage this property in their algorithm to

detect the hierarchical structure of the community based on ASE and the GMM modeling

46



Figure 3.2: An example illustration of the HSBMClust algorithm from [66]

assumption on the distribution of the latent positions. Figure 3.2 shows an example of an

assortative HBMRDPG with an illustration of the algorithm.

3.3 Graph Neural Networks

Thus far our exploration of analysis methods have relied on simplified graphs, this

treatment has allowed for strong theoretical guarantees. Although such treatments can be

generalized, we may want a more adaptable approach to analyze graph data. Neural net-

works allow for such a treatment that can handle all manner of data types, in this section we

will discuss how we can incorporate neural networks in the setting of graph data analysis.

We will return to our definition of generalized graphs (Definition 2.1) since we can now

incorporate all manner of features. In order to do so, we will need to consider all feature

functions to be real valued, that is

FV ={ f | f : V → Rd
f }

FE ={g f |g f : V k f → Rd
g f
, f ∈ E}
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Remark 3.3.1 (Encoders). Depending on the original form of the data, we consider some

encoding into Rn. For example, [10] encodes node features from a finite set S as integers

1, . . . , |S|, while [120] uses a one-hot encoding, and for text features [117] used transform-

ers. In these cases the embedding weights were trained alongside the rest of the graph

neural network. Meanwhile, [69] described an encoding method for video data but used

pre-trained models. We call this step Encoding and these functions Encoders, in general,

Encoders are functions that embed data into Rn, or other useful representations.

In fact, the primary mechanism by which graph neural networks operate imbues the

graph with latent features. Therefore, we need to define a node latent feature function f (l)V ,

a set of edge latent feature functions F
(l)
E , and a graph latent feature vector by f (l)G ∈ RdG ,

where

f (l)V : V → RdV F
(l)
E : {g(l)f | f ∈ E,g(l)f : V k f → RdE, f }

We call dV ,{dE, f },dG the embedding dimensions. For a graph G = (V,E,FV ,FE),

we can study graph neural networks by considering their output as a modified graph G∗ =

(V,E,F ∗
V ,F

∗
E , f (l)G ) where

F ∗
V = FV ∪{ f (l)V } F ∗

E = FE ∪F
(l)
E

The primary characteristic of graph data is its ability to describe relationships between

elements; as such, graph neural networks make use of this information by using communi-

cation functions hv for v ∈V . We will first need to introduce the hyper-parameter ℓ, which

controls the neighborhood communication distance and can be tuned to the specific appli-

cation. Then we will construct a subgraph of G∗ denoted G∗(v) = (Nv,Ev,F ∗
V ,F

∗
E), where

Nv =
⋃

f∈E N f ,in(v) and Ev = {Rv( f )| f ∈ E} where

Rv( f ) = f 1Ev

Ev = {e ∈ E |e is an in-edge for v}
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Then we define the operator

G∗(v)⊕G∗(v′) = (Nv∪Nv′,E{v,v′},F
∗
V ,F

∗
E)

E{v,v′} = {R{v,v′}( f ) = f 1Ev∪Ev′
| f ∈ E}

Then we define the subgraph

G∗(v, ℓ) = G∗(v)
⊕

v′∈Nv,ℓ−1

G∗(v′)

Nv,ℓ =
⋃
f∈E

N f ,in(v, ℓ)

In other words G∗(v, ℓ) is a subgraph of the ℓ-neighborhood of v restricted to edges that form

paths to v. Finally, to construct the communication function, we will need the following

sets,

• Fv = { f (v)| f ∈FV} the set of features on the node.

• FN =
⋃

i∈Nv,ℓ
{ f (i)| f ∈FV} the set of features on nodes in the ℓ-neighborhood of v.

• F(l)
N =

⋃
i∈Nv,ℓ

{ f (l)V (i)} the sets of latent features of neighbors of node v.

• Ev, f = {e ∈ E f | f (e) ̸= 0}} for f ∈ ENv,ℓ−1 , the set of active in-edges.

• FE =
⋃

f∈Ev
{g f (e)}e∈Ev, f the sets of edge features of in-edges for the vertex v.

• F(l)
E =

⋃
f∈Ev
{g(l)f (e)}e∈Ev, f the sets of edge features of in-edges for the vertex v.

then

hv(Fv,FN ,F
(l)
N ,FE ,F

(l)
E ) ∈ RdV .
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As may be apparent now, this function will be used to calculate the latent features of node v,

that is, f (l)V (v) = hv(Fv,FN ,F
(l)
N ,FE ,F

(l)
E ). Since hv depends on the latent features of neigh-

bors of v, we could arrive at an infinite recursion, notably, this always occurs in undirected

graphs. To address this, we apply this function to the nodes in a random order using the

previously calculated latent features with an initial feature that depends on the type of the

graph neural network. The next function we need to define is what we use to update the

latent vectors on edges h f ,e. For an edge function f ∈ E and an edge e ∈ E f , let

• Fe = g f (e) the edge feature.

• FV =
⋃

i∈e{ f (i)| f ∈FV} the features on the nodes forming this edge.

• F(l)
V = { f (l)V (i)|i ∈ e} the latent features on the nodes forming this edge.

then we update the latent feature on the node according to g(l)f (e) = h f ,e(Fe,FV ,F
(l)

V ). We

also define the function hG which we use to update the latent feature for the graph, let

• FV =
⋃

f∈FV
{ f (v)|v ∈V} the set of node features

• F(l)
V = { f (l)V (v)|v ∈V} the set of latent node features

• FE =
⋃

f∈E{g f (e)|e ∈ E f and f (e) ̸= 0} the set of edge features on active edges.

• F(l)
E =

⋃
f∈E{g

(l)
f (e)|e ∈ E f and f (e) ̸= 0} the set of latent edge features on active

edges.

then we update the latent feature on the graph according to f (l)G = hG(FV ,F
(l)

V ,FE ,F
(l)
E ).

Each set of these functions H(t) = {h(t)v }∪ {h(t)f ,e}∪ {h
(t)
G } constitutes a layer, and the ar-

chitecture of a GNN is the set H = {H(t)} together with the encoders and the objective

function.
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The final crucial component of a neural network architecture is the loss function. We

need an objective function to optimize; the objective function defines what the GNN is

trying to achieve and will depend on the following:

• F(l)
V = { f (l)V |v ∈V}, the set of latent features on the node.

• F(l)
E =

⋃
f∈E{g

(l)
f (e)|e ∈ E f }, the set of latent features on all possible edges.

• F(l)
G = f l

G, the latent vector on the graph.

In other words, the loss function takes the form L(F(l)
V ,F(l)

E ,F(l)
G ). As an example based

on 3.1, if our objective is classification, then assuming that τ : V → [K] is the true block

assignment vector for a graph G, the classification loss function can be defined by

Lclassi f ication = ∑
i∈V

∣∣∣τi−K
(

f (l)V (i)
)∣∣∣

where K
(

f (l)V (i)
)

is a decision function; we can here use any classification algorithm.

The first architecture, and one of the earliest examples, is the recurrent GNN [93] that

is usually shortened to RGNN or RecGNN. As one can imagine from the name, RGNNs

iteratively apply the communication functions until a steady state is reached. The node

communication function is then defined by

h(1)v = ∑
f∈E

∑
i∈N f ,in(v)

h
(

Fv,F
(l)
v ,Fi,F

(l)
i ,g f (i,v),g

(l)
f (i,v),wv

)
h(t)v = ∑

f∈E
∑

i∈N f ,in(v)
h
(

Fv,h
(t−1)
v ,Fi,h

(t−1)
i ,g f (i,v),g

(l)
f (i,v),wv

)

Where Fv are features on the node V ,F(l)
v is the current latent feature on node v, Fi are

features on node i, F(l)
i is the current latent feature on node i, g f (i,v) are features on the

edge between i and v, g(l)f (i,v) is the latent feature on that edge, and wv is a set of parameters
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for the function. Sometimes we use the same set of parameters for all vertices, in other

words, wv = w for all V . We stipulate that hv is a contraction or Lipschitz continuous, that

is, for some C ∈ (0,1) the function satisfies d(h(x)−h(y))≤Cd(x,y).

To simplify matters, here we are restricting our attention to graphs rather than hyper-

graphs. Additionally, for now at least, let us assume that we have no latent features on the

edges or the graph, hG = 0,he, f = 0, finally we will consider graphs with only one edge

function, in other words we have,

h(1)v = ∑
i∈Nin(v)

h
(

Fv,F
(l)
v ,Fi,F

(l)
i ,g(i,v),w

)
h(t)v = ∑

i∈Nin(v)
h
(

Fv,h
(t−1)
v ,Fi,h

(t−1)
i ,g(i,v),w

)

In [93], one of the originators of GNN in general, the authors used a linear transformation,

h
(

Fv,h
(t−1)
v ,Fi,h

(t−1)
i ,g(i,v),w

)
= Av,ih

(t−1)
v +bv

Where h(0)v = F(l)
v , the latent feature on node v from the previous step. To construct Av,i and

bv a Feedforward NN (FNN) was used to transform the features
(

Fv,Fi,h
(t−1)
i ,g f (i,v)

)
into

a square matrix, for each pair of nodes v, i∈V and another FNN was used to transform them

into bv; these are the neural networks whose weight we train. The authors used a single

set of parameters wA and wb for all hv, but noted that this was a design choice to simplify

the notation. As long as add the constraint maxv∈V∥∑i∈Nin(v)Av,i∥1< 1, this function is a

contraction. They show that this method can be used for subgraph matching, classification,

and page rank.

The next architecture we will discuss is the Convolutional GNN (ConvGNN), based on

graph convolutions, the one we discuss here is the spectral convolutional GNN [21]. The

spectral graph convolution can be defined by the graph Fourier transform and the convolu-
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tion theorem. We can represent the feature function f , as a vector where fi = f (i). For two

node feature functions f and g, define= the graph convolution ∗G is defined by

f ∗G g =F−1 (F( f )⊙F(g))

=UT (U f ⊙Ug)

where ⊙ is the element wise product. The function g is referred to as the signal, we can

approximate this filter to gain computational advantage. [30] used the Chebyshev poly-

nomial expansion for this approximation in their ChebNet. The advantage of using these

polynomials is that by defining the operator L ∗(A) = 2L
λmax
− I, we can show that for the

ith Chebyshev polynomial Ti(x), Ti(L ∗) =UTi(Λ)UT , where U and Λ are the matrices of

the eigenvector and eigenvalues of L ∗. Since Ti is a polynomial and taking powers of Λ is

easy, we gain a computational advantage. A further simplification was made in [54], where

they showed that the layers of ChebNet can be approximated by

h(t)v = σ

(
W (t)

∑
i∈N (v)∪{v}

L̄i,vh(t−1)
v

)

Where L̄ is the signless graph Laplacian, h(0)v = fv the node feature from the previous

training step, L̄ (A) = I+DAD, W (t) are the trainable weight matrix, and σ is an activation

function.

The last architecture we consider is the Graph Matching Network proposed in [61].

We will later use this architecture in 4.1.2 for an application in social network analysis.

For this network, we will use latent features on the edges and graphs. The main idea

of GMN is to communicate information between multiple graphs, Gi = (Vi, fi, fV,i, fE,i).

We limit our attention to graphs that have nodes Vi = {k ∈ N,∑i−1
j=1 ni < k ≤ ∑

i
j=1 ni}, edge

function fi : Vi×Vi→{0,1}, node feature function fV,i : Vi→Rdv , and edge feature function
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fE,i : Vi×Vi→ Rde . There are multiple constructions for the architecture, the case we used

is based on Multi-Level Perceptron, let Ei = {(i, j) ∈ V 2
i | fi(i, j) = 1} then for each edge

e = (i, j) ∈ Ek each layer we define the edge latent feature functions as

h(t)e =MLP(t)
E

(
h(t−1)

e ,h(t−1)
i ,h(t−1)

j

)
h(0)
(i, j) =MLP(0)

E
(

fE,k(i, j), fV,k(i), fV,k( j)
)

We define the cross graph edge latent feature function for graphs Gℓ,Gk for each edge

e ∈Vℓ×Vk by

h(t)
(i, j),c =

e∥h
(t−1)
i −h(t−1)

j ∥2

∑i′∈Vℓ
e∥h

(t−1)
i′ −h(t−1)

j ∥2

(
h(t−1)

j −h(t−1)
i

)
h(t)
(i, j),c =

e∥ fV,ℓ(i)− fV,k( j)∥2

∑i′∈Vℓ
e∥ fV,ℓ(i′)− fV,k( j)∥2

(
fV,k( j)− fV,ℓ(i)

)
and similarly for each edge e ∈Vk×Vℓ. The node communication function is defined by

h(t)v =MLP(t)
V

(
h(t−1)

v , ∑
i∈N (v)

h(t)e (i,v), ∑
i∈Vk

h(t)
(i,v),c

)

h(0)v =MLP(0)
V

(
fV,ℓ(v), ∑

i∈N (v)
h(0)e (i,v), ∑

i∈Vk

h(0)
(i,v),c

)

For the graph latent feature function, let T be the number of layers and define

hGi =MLPG

(
∑

v∈Vi

σ

(
MLPgate

(
h(T )v

))
⊙MLP

(
h(T )v

))

To define the loss function for this network we will define the true label function τ : G ×

G → {−1,1}, where τ(Gi,G j) = 1 for a positive match and τ(Gi,G j) = −1 for negative

matches, and suppose we have the set {(Gℓi,Gki,τ(Gℓi,Gki))}
nτ

i=1 of graph pair examples.
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The loss function is then defined by

LGMN =
1
nτ

∑
i

max
{

0,γ− τ(Gi,G j)
(

1−∥hGℓi
−hGki

∥2

)}

where γ is a tuning parameter.
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Chapter 4: Simulations and Applications to Hierarchical Stochastic Block

Models

In this chapter, we will discuss novel results in analyzing user-in-the-loop supervision

in the context of subgraph matching in the first chapter and testing for repeated motifs and

inferring hierarchical structure for block models in the second. We will test these results

on simulated and real data examples.

4.1 User-in-the-loop Supervision

Interactive machine learning, via incorporating user-in-the-loop supervision, can lead

to an enhanced user experience and better downstream inference performance [3]. In sub-

graph nomination, the need for user-in-the-loop supervision can be understood as follows.

Consider nominating in ((g2,H2),S2) at level k, where S2 = {(k, ℓ)}, and |I(Bk
ℓ,2;g2)|> 1.

Even if Ĥ2 agrees with H2 at level k, there are multiple subgraphs in (g2,H2) that are iso-

morphic to the unknown subgraph of interest, and the HSN scheme has no information

available to distinguish these. In this setting, it is reasonable to model the relative order of

the elements in I(Bk
ℓ,2;g2) in an HSN scheme as (effectively) uniformly random.

For example, if |I(Bk
ℓ,2;g2)|= c, then considering top h of our nomination list (h < c),

Code and details can be found at https://github.com/alfahadalqadhi
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a scheme that identifies the correct structure for Bk
ℓ,2 would still have probability

(c−1
h

)(c
h

) =
c−h

c
= 1− h

c

of not finding Bk
ℓ,2. This can be mitigated by the following user-in-the-loop system:

i. The user can take a limited number of single vertex inputs and can output whether

that vertex is interesting or not (i.e., part of an interesting subgraph). This output can

be modeled as error-free (oracle-user) or errorful.

ii. The supervision can then be used to re-rank the subgraphs in the nomination scheme.

While practically, we do not suspect that there will be many perfect matches to the sub-

graphs of interest in the hierarchy provided by H2, it may be the case that there are many

subgraphs “close” to the subgraph of interest in the (possibly lossy) estimate Ĥ2, in which

case this supervision is equally necessary.

What follows is a formalization of the above heuristic. We first define the concept of

a user-in-the-loop; noting that our definition is not the most general, as we focus in our

analysis on binary users; i.e., they can only output 1 (yes) or 0 (no) for the interestingness

of a vertex. In general, one might allow for the user to use a rating system with more levels,

or even add a continuous space for responses.

Definition 4.1 (VN User). Let (g1,H1)∈H G S n with indices of interest S1 and (g2,H2)∈

H G S m with indices of interest S2. Let (θ ,γ) ∈ [0,1]× [0,1] and t ∈ Z > 0 with t < m.

We define the capacity t, HSGN user-in-the-loop for ((g2,H2),S2) with parameters (θ ,γ) (

denoted Ut) as follows:

i. Letting Ω be the underlying sample space, the user is a function

Ut : TV2,t×Ω 7→ {0,1}t
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where TV2,t is the set of ordered t-tuples of distinct elements from V2 = V (g2). Note

that dependence on Ω will be suppressed when appropriate.

ii. For each η ∈ TV2,t and x ∈ {0,1}t , let F∈,i = {ηi ∈
⋃
(s1,s2)∈S2

Bs1
s2,2}, F/∈,i = {ηi /∈⋃

(s1,s2)∈S2
Bs1

s2,2}, define

P(Ut(η) = x) =
t

∏
i=1

[(
1{F∈,i}θ xi(1−θ)1−xi

)
+

(
1{F/∈,i}γxi(1− γ)1−xi

)]
(4.1)

In essence, the user has independent binary components where the Bernoulli suc-

cess probabilities depend only on the membership (or lack thereof) in a subgraph of

interest.

For a given ((g2,H2),S2) and t, we define the set of all such users by Ut = U((g2,H2),S2),t .

Effectively, the HSN user-in-the-loop outputs a sequence of {0,1} values, one for each

vertex in a training set η . An output of 1 is considered the positive answer, i.e. an interest-

ing vertex; for vertices in ∪(s1,s2)∈S2Bs1
s2,2, this is a correct answer, and an error otherwise.

An output of 0 is the negative answer meaning that this vertex is not of interest; for vertices

not in ∪(s1,s2)∈S2Bs1
s2,2, this is a correct answer and is an error otherwise. This allows us

to simultaneously model oracle users (θ = 1, and γ = 0) and errorful users (θ < 1, and

γ > 0). The capacity of the user (i.e., t) allows us to model the practical setting in which

user-in-the-loop resources are costly and only limited supervision is available. Users can

be incorporated into HSN schemes as follows.

Definition 4.2. User Aided HSN Scheme (UHSN) Consider the setting in Definition (3.6).

Let t ≤ n(2)j and Ut ∈ Ut . Consider an HSN Φn,m = (Ĥ2,∆), and let η be an ordered t-tuple
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of distinct elements of V2 =V (g2). For each k, Ut acts on Φk
n,m as follows:

i. Given η , Ut is distributed according to Eq. 4.1. Let the output of the user process be

denoted x ∈ {0,1}t .

ii. Let

Ik :={ℓ ∈ [m̂k] s.t. more than half

of the vertices in η ∩ B̂k
ℓ,2

were labeled interesting (i.e., as 1)

by the user}

Nk :={ℓ ∈ [m̂k] s.t. at least half

of the vertices in η ∩ B̂k
ℓ,2

were labeled as not interesting (i.e., as 0)

by the user}

If η ∩ B̂k
ℓ,2 = /0, then ℓ /∈ It ∪Nt .

iii. Let the indices of It be indexed via (i1, · · · , i|It |) where (according to Φk
n,m)

B̂k
i1,2 > B̂k

i2,2 > · · ·> B̂k
i|It |,2

.

Similarly index Nt via (n1, · · · ,n|Nt |), and Mt := [m̂k]\{It ,Nt} (the unsupervised sub-
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graph indices) via (m1, · · · ,m|Mt |) The user improved ranking is then given by

Φ
k,U
n,m =

(
B̂k
i1,2 > B̂k

i2,2 > B̂k
i|It |,2

> B̂k
m1,2 > · · ·

· · ·>B̂k
m2,2 > B̂k

m|Mt |,2
> B̂k

n1,2 > · · ·

· · ·>B̂k
n2,2 > B̂k

n|Nt |,2

)
.

Remark 12. We note here the possibility of even an oracle user introducing large errors

into a ranking scheme based on an approximate Ĥ2. Indeed, even if B̂k
ℓ,2 is very similar to

an interesting subgraph in g1 according to ∆, it is still possible that uninteresting vertices

are chosen to provide to the user and ℓ ∈ Nt . This can be mitigated by choosing multiple

vertices from each of some of the top ranked subgraphs for the user to evaluate.

Remark 13. For iterative applications of the user-in-the-loop, we can sequentially run the

user-in-the-loop, first on the output of Φn,m, then on ΦU
n,m (with t new user training points),

and so on.

4.1.1 The (Theoretical) Benefit of the User-in-the-loop

We turn our attention now to take a look at the theoretical benefit of the user-in-the-

loop in the setting of HSN. As in the motivating example for the user, the setting for this

section will be as follows. Letting (g1,H1) ∈H G S n and (g2,H2) ∈H G S m with re-

spective interesting index sets S1 and S2, consider a HSN scheme Φn,m with Ĥ2 = H2.

Consider the nomination provided by Φk
n,m and the simple setting in which S2 = {(k, ℓ)}

with |I(Bk
ℓ,2;g2)|= c > 1. In this setting, it is reasonable to model the relative order of the

elements in I(Bk
ℓ,2;g2) in an Φk

n,m as (effectively) uniformly random (though in practice,

they are a fixed arbitrary order).
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Figure 4.1: We consider 2000 Monte Carlo replicates of distributions as in Section 4.1.2, and from
each distribution, we generate 100 networks. We use Method 1, and performance with an oracle user
(varying the replies for the user; i.e., the amount of supervision provided) and the chance algorithm
are compared. In all cases, we plot the proportion of trials (y-axis) that ranked the correct block in
the nth place (x-axis) which represents 1−Ln(φ ,B∗).

Theorem 4.1. Given the setup above where the scheme Φn,m effectively ranks the elements

of I(Bk
ℓ,2;g2) uniformly at random at the top of the rank list, let t ≤ c < mk be the capacity

of the user-in-the-loop. Consider any training set for the user where η contains exactly one

element of each Φk
n,m[h] with 1≤ h≤ t. Let Eh denote the event that ΦU

n,m ranks Bk
ℓ,2 not in

the top h. Considering c > t,h, we have the following.

i. Let Ut be an oracle user, then P(Eh) = max(1− h+t
c ,0).

ii. Let (θ ,γ) = (1− p,0) for p < 1, then

– If t + h ≤ c, then P(Eh) = 1− h
c − (1− p) t

c ; note that this is strictly less than

1−h/c for all p ∈ (0,1).

– If t +h > c, then P(Eh) =
t p
c ; note that if p < (c−h)/t, this is strictly less than

1−h/c.

iii. Let (θ ,γ) = (1− p,q) for p < 1 and q > 0. Then, letting F(i;n, p) be the CDF of a
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Binomial(n, p) random variable evaluated at i, we have

– If h+ t ≤ c, and t ≤ h, then P(Eh) = 1− h
c −

(1−p−q)t
c ; note that if p+q < 1,

this is less than 1− h
c .

– If h+ t > c, and t ≤ h, then P(Eh) =
pt
c + 1

c ∑
c−h
i=1 F(i−1; t,1−q); this is upper

bounded by (p+ q)t/c and if (p+ q) < (c− h)/t, this is strictly less than 1−

h/c.

– If h+ t ≤ c, and t > h, then

P(Eh) =1− h
c
− (1− p)t

c

+
1− p

c

t−h

∑
i=1

F(i−1;h+ i−1,1−q)

+
1
c

t

∑
i=t−h+1

F(i−1; t,1−q)

Note that a rough upper bound of this is given by 1−h/c+qt/c− (1− p)h/c,

and if qt < (1− p)h, this is strictly less than 1−h/c.

– If h+ t > c, and t > h, then

P(Eh) =
pt
c

+
1− p

c

t−h

∑
i=1

F(i−1;h+ i−1,1−q)

+
1
c

c−h

∑
i=t−h+1

F(i−1; t,1−q)

Note that a rough upper bound of this is given by (1+q)t−(1−p)h
c , and if (1+

q)t + ph < c, this is strictly less than 1−h/c.

We, perhaps surprisingly, see that there are p and q values that guarantee improvement
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Figure 4.2: For c = 50 we plot (for h, t ∈ {1,2, . . . ,49}) the relative loss R(c, t,h, p,q) in the setting
of Theorem 4.1 part (iii) in the left panel min(R(c, t,h, p,q),1) in the right panel.

(over the user-in-the-loop-free setting) in all cases. The conditions in part iii. bear further

consideration. The interaction of p,q,h, t here is nuanced, and is most easily analyzed

numerically, as is shown in Figures 4.2 and 4.3. Letting L(c, t,h, p,q) denote the loss

from Theorem 4.1 part (iii) (where we can interpret this in the context of Definition 3.7 by

considering ∆ as a 0/1 oracle dissimilarity function), for c = 50 we plot the relative loss

improvement,

R(c, t,h, p,q) =
L(c, t,h, p,q)− (1−h/c)

1−h/c
, (4.2)

for h between 1 and 49 (on the y-axis), and t between 1 and 49 (on the x-axis). Dif-

ferent panels correspond to different values of p (varies by row) and q (varies by col-

umn). Note that in Figures 4.2, we plot the relative loss in the left panel R(c, t,h, p,q) and

min(R(c, t,h, p,q),1) in the right panel; this truncating aids in distinguishing the areas of

improvement from those where R(c, t,h, p,q)> 0.

In each plot, darker red areas correspond to parameter settings where the loss is im-

proved with user-supervision, and darker blue areas to parameter settings where the loss

is increased with user-supervision (due to the user error). A few trends are clear from the

figures. Unsurprisingly, supervision becomes detrimental (i.e., more supervision leads to
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Figure 4.3: For c = 50 we plot (for h, t ∈ {1,2, . . . ,49}) min(R(c, t,h, p,q),1) for the loss function
in the setting of Theorem 4.1 part (iii) and R defined in Equation (4.2). Different panels correspond
to different values of p and q.

more loss) as p and q increase and q ≥ 0.5, although the loss appears to be more tolerant

of higher values of p than it is of q. In all cases, large values of t and h simultaneously

lead to training becoming less effective, though h < t seems to yield resilience to larger

user-supervised loss for all p,q pairs.

In the event that the hierarchical clustering is noisily recovered in g2 (i.e., Ĥ2 ̸= H2),

even the supervision provided by an oracle user-in-the-loop may be worse than no extra

supervision. Indeed, consider the setting where S2 = {(k, ℓ)} and

α =
|B̂k

ℓ,2∩Bk
ℓ,2|

|B̂k
ℓ,2|

; β = min
i̸=ℓ

|B̂k
i,2∩Bk

ℓ,2|
|B̂k

i,2|
,

then, adopting the notation and setting above, the probability that B̂k
ℓ,2 is not ranked in
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Figure 4.4: We consider 2000 Monte Carlo replicates of distributions as in Section 4.1.2, and from
each distribution, we generate 100 networks. We use Method 2, and performance with an oracle user
(varying the replies for the user; i.e., the amount of supervision provided) and the chance algorithm
are compared. We plot the proportion of trials (y-axis) that ranked the correct block in the nth place
(x-axis) which represents 1−Ln(φ ,B∗)

the top h after oracle Ut supervision is bounded below by the probabilities in part (iii) of

Theorem 4.1 with p = α and q = β . In particular, there are values of α and β under which

this error is worse than 1−h/c (the error sans additional supervision).

4.1.2 Simulations and Real Data Experiments

We now provide empirical evidence for the theory we have outlined. Namely, we will

show through simulations and real data examples the impact of a user-in-the-loop. We first

consider simulations where graphs are drawn from an HSBM distribution. In this setting

we evaluate our methodology on the task of nominating subgraphs with a similar motif to

our subgraph of interest. We then consider 57 pairs of analyzed human neural connectomes

for which brain regions (i.e., communities) are well defined and the community for each

voxel is known. We evaluate our methodology on the task of nominating the same brain

65



region within a given pair of connectomes with varying levels of a user-in-the-loop. In

Figure 4.5: We consider 2000 Monte Carlo replicates of distributions as in Section 4.1.2, and from
each distribution, we generate 100 networks. We use Method 1, and performance with an oracle user
(varying the replies for the user; i.e., the amount of supervision provided) and the chance algorithm
are compared. We plot the density of all trials (y-axis) that ranked the correct block in the nth place
(x-axis).

this section we will first provide a complete description of the model and procedures that

were employed to test our theory in a simulated data setting. We then discuss results and

how they fit within our theory.

Model description

For our first example, we consider nominating within the Hierarchical Stochastic Block-

model setting of [66]. We consider sampling from a 2-level HSBM that has 16 blocks in

the first level and 3 sub-blocks in each of the first level blocks (so that this model can also

be realized as a 48 block standard SBM). Further, the blocks of the first level belong to
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Figure 4.6: We consider 2000 Monte Carlo replicates of distributions as in Section 4.1.2, and from
each distribution, we generate 100 networks. We use Method 2 and performance with an oracle user
(varying the replies for the user; i.e., the amount of supervision provided) and the chance algorithm
are compared. We plot the density of all trials (y-axis) that ranked the correct block in the nth place
(x-axis).

one of three motifs B1, B2, or B3, with constant cross-community connection probability

p = 0.01 for the first level. Formally, we are sampling from the following 2-level HSBM:

i. There are K1 = 16 blocks in the first level of the hierarchy, and the size of the blocks

is i.i.d. 10 ∗ ⌊20+ 50 ∗Uni f (0,1)⌋; note that this differs slightly from the random

block assignment HSBM defined previously.

ii. The motifs Bi ∈ R3×3 for i = 1,2,3 are i.i.d. samples satisfying

Bi = XT
i Xi where Xi ∈ R3×3

satisfies Xi[·, j] i.i.d.∼ Dirichlet(1,1,1);
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of course, this distribution is artifical, but it provides a maximum entropy sampling

of the X’s which provides a difficult testing setting for our algorithm.

iii. For each j ∈ [16] \ {9}, we have B j
2 = Bi independently with probability 1/3 for

i = 1,2,3. B9
2 is set to equal B1

2;

iv. In the second level of the hierarchy (K j
2 = 3 for all j), the block sizes are defined via

(where ⌊·⌉1 rounds the number to the nearest tenth)

|b(2)
( j,i)|= |{v ∈V |b(1)(v) = j,b(2)(v) = i}|

i.i.d.∼ |b(1)j |⌊Dirichlet (ω)⌉1(i), i < 3

where the entries of ω = (ω1,ω2,ω2) are

ωi
i.i.d.∼ Uni f (2,10).

Lastly, we set

|b(2)
( j,3)|= |{v ∈V |b(1)(v) = j,b(2)(v) = 3}

= |b(1)j |−|b
(2)
( j,i)|−|b

(2)
( j,i)|

This particular parameterization is chosen to produce different motifs that stress our HSGN

framework by producing motifs that are very similar, and motifs where the block structure

is extremely subtle (i.e., close to flat), and cases where both these problems happen, as

it draws from a distribution in which it is not uncommon that the motifs turn out to be

extremely similar and/or very flat.

The block structure was inferred by clustering via Gaussian mixture modeling after em-

bedding, utilizing the R package Mclust [97] to cluster the graph we are nominating from
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Figure 4.7: With perfect knowledge of the block structure of the brain (the division into 71 regions
provided by the data) and using Method 1, (left) we plot on the y-axis the proportion of subjects
(averaged across all blocks considered as the block-of-interest in the left hemisphere) that ranked
the correct block in the right hemisphere the n-th place (x-axis); (right) we plot on the y-axis the
the proportion of subjects (averaged across all blocks considered as the block-of-interest in the left
hemisphere) for which we find the total proportion of the block of interest in the top 25 vertices
nominated (x-axis).

into 8 sub-graphs. After that, we use two different methods to infer similarity. The first ap-

proximates ∆ via the value of the non-parametric test statistic of [107] computed between

re-embeddings of each inferred community (as in [66]); simulation results are shown in

Figures 4.1 and 4.5. We will call this Method 1 in the sequel. The second approximates ∆

between communities i and j via the scaled graph matching pseudo-distance [38],

1−
minP∈Π(n)∥Ai−PA jPT∥2

F
1
n! ∑P∈Π(n)∥Ai−PA jPT∥2

F

where either Ai (the induced subgraph of community i) or A j has been appropriately padded

as in [36]); results are shown in Figures 4.4 and 4.6. We will call this Method 2 in the sequel.

The user replies are those of an oracle. However, as discussed previously since we

do perfectly recover the true network partition (rather than using an estimate of the true

network partition), our user could still end up being errorful. In particular, the user could be

asked to rank vertices that are not in the subgraph of interest. This exemplifies the behavior

characterized by iii of Theorem 4.1, albeit with a different q for each of the blocks. Another

69



Figure 4.8: Clustering the graph using Gaussian Mixture Modeling on the embedded network, in the
left two panels, we use Method 1 to estimate ∆, while the right two panels we use Method 2. In the
top row, on the y-axis we plot the proportion of subjects (averaged across all blocks considered as
the block-of-interest in the left hemisphere) that ranked the correct block in the right hemisphere the
at worst x-th place (x-axis). In the bottom row, on the y-axis we plot the the proportion of subjects
for which we find the total proportion of the block of interest in the top 25 vertices nominated (x-
axis).

significant difference in the scheme of the simulation is that the nomination process takes

the first affirmative reply as the correct community and returns the others in their order as

is.

Results & Discussion

In this section we will go over the results of the experiments we described. The aim

is to bolster the claims in the theoretical results with experimental results, as such we will

have a special focus on the features that are iconic from the theory. First we start with
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Method 1, the experiment that uses the test statistic form [107] to estimate the dissimilarity

function.

In Figure 4.1 we can see that the user training provides an improvement over the original

algorithm (“No user”), as suggested by Theorem 4.1, with more training often yielding su-

perior performance. Moreover, especially for small x-values, the the algorithm outperforms

a chance ranking of the obtained blocks. Interestingly, we see that more user-supervision is

not always better. Indeed, as mentioned previously, in our regime of lossy block recovery

additional supervision can be deleterious. Figure 4.5 elucidates this finding further from

the perspective of the distribution density of the correct block in each position. We notice

that as user-supervision increases the distribution are shifted towards putting the correct

block in the first position. We also notice the trend predicted by Figure 4.3, as we increase

h (the nomination error level) the ideal value of t (user-provided replies) is decreasing, and

less supervision is preferred. We see this, as the curves with less supervision overtake those

of higher supervision as we plot 1−Ln(φ ,B∗). However we note that here the value of q is

not constant and hence the minimizers of the loss function do not not adhere to the figure

exactly. In Figures 4.4 and 4.6 we see similar trends using Method 2. Here the main con-

tribution to the error of the methods is the misclustering of the vertices in the initial GMM

step, and both dissimilarity estimates provide good estimates of the the latent ∆. In the real

data example considered below, there is a more pronounced differentiation across methods.

Subgraph nomination in BNU1 connectomes

Data acquisition resources and limitations can be eased through automation. For ex-

ample, in the study of human connectomes, one of the more labour intensive steps, is

classifying different parts of the brain. One such classification task is finding correspond-

ing regions of interest across hemispheres in a human connectome. This task is time and
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human resource intensive when done manually, and automation is essential for achieving a

high throughput [45]. To illustrate our HSN methodology further, we will consider then the

task of nominating brain regions across hemispheres in the DT-MRI derived brain networks

in the BNU1 database [122]. The spatial image of the brain includes information about its

structure; in other words, the neural fibers that run through different areas of the brain. A

graph of the subject’s brain is then created with the following definitions: nodes or vertices

correspond to different spatial units (usually the brain is divided into cubic sections called

volumetric pixels, or voxels), edges are weighted based on the amount of neural fibers that

run through two regions. One may hypothesize that there is a sense of structural symmetry

between paired regions across hemispheres, and discovery of this pairing is the inference

task for this HSN application.

Here, we apply the user aided subgraph nomination scheme to a connectomic dataset.

The data we apply this to is a set of 114 neuronal networks—two repeated scans for each

of 57 human subjects—derived from the BNU1 connectome dataset [122]. Each brain scan

sections the brain into one thousand voxels—or volumetric pixels—with weighted edges

between them indicating the amount of neuronal batches that are shared, indicating con-

nectedness in a structural but not necessarily functional sense. Additionally each voxels

contains information on it detailing its membership to the left or right hemispheres, mem-

bership to one of the 71 neuronal regions [32], whether it is grey or white matter, and its

XYZ coordinates in the partially registered scan. The relative size of the networks is then

≈ 1000 vertices, with pre-defined neuronal regions varying in size between 2 and 100 ver-

tices. As in the simulation, although the distributional properties in paired regions across

hemispheres is often similar (i.e. similar motifs), there are no guarantees that the numbers

of vertices that make up each region are equal. Errors from this (and misclustering) are

magnified in smaller subgraphs, especially since there is less information about the mo-

tif in the small subgraph setting. The aforementioned sources of errors are mitigated by
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only considering paired regions that have at least 10 vertices in each hemisphere and using

similarity metrics (Methods 1 and 2) that do not depend on the size of a region.

Our procedure can then be described as follows, considering each pair of sufficiently

large matched regions (≥ 10 vertices in each hemisphere) separately, first we use the in-

formation given by spectrally embedding the adjacency matrix of the connectome (and the

collected spatial coordinate data in Figure 4.9) to infer the subgraph structure in the right

hemisphere via clustering by GMM [97]; using the region-of-interest in the left hemisphere

as our training, next we use Methods 1 and 2 to rank above to provide different estimates of

∆. We then supply a user-in-the-loop with a vertex (or a few vertices) from each of the top

k communities to re-rank the nomination list. We plot the performance of our algorithms

with perfect knowledge of the block structure of the brain (the division into 71 regions

provided by the data) and using Method 1 in Figure 4.7. We plot:

• (Left) on the y-axis the proportion of subjects (averaged across all blocks considered

as the block-of-interest in the left hemisphere) that ranked the correct block in the

right hemisphere in the at worst x-th place (x-axis).

• (Right) on the y-axis the the proportion of subjects for which we find the total pro-

portion of the block of interest in the top 25 vertices nominated (x-axis).

Note that an artifact of the metric in panel (b) is that we may never find a complete block

that is of a size larger than 25 this is why we see a drop near 90%. As ideal performance

in the left and right panels corresponds to the function f (x) ≡ 1, this figure enforces the

intuition that, given high fidelity clusters, our ranking procedure is significantly better than

chance and benefits strongly from user-in-the-loop supervision.

In Figure 4.8, in the setting of potentially errorful clusters (obtained via Mclust applied

to the adjacency spectral embeddings of the brain networks, we plot (similar to in Figure

4.7), in the top panels the proportion whose match is found in the top x (similar to the left

73



panel of Figure 4.8) and in the bottom panels the percent who had the proportion of the

top 25 vertices come from the block of interest (similar to the right panel of Figure 4.8).

The left two panels use Method 1 to estimate ∆, while the right two panels use Method

2. In light of perfect performance corresponding the the constant 1 function in all cases,

we see here that Method 2 achieves better performance (especially for large values on the

x-axis in each figure) than Method 1 both when making use of the user-supervision and

in the no-user setting. Here, we see the general trend that the methods perform poorly

without a user-in-the-loop (due to the error in the clustering; see Figure 4.9), but that the

method can efficiently make use of the user to achieve better performance. As was the case

previously, the clustering is errorful, and on average this can have a deleterious effect on

the user-supervision (top row). However, in the bottom row we see that sample-wise the

supervision is monotonically beneficial.

We repeat the above experiment using Method 2 and incorporating the XYZ coordi-

nates of each voxel into the clustering (by appending the features onto the spectral graph

embeddings), and plot the results in Figure 4.9. The increased clustering fidelity achieved

by incorporating the vertex features manifests itself here by the performance gain achieved

in the no-user setting when compared with Figure 4.8. As a result of this, better per-

formance is achieved across all settings here (again compared to Figure 4.8). While the

clustering here is still errorful, and on average this can have a deleterious effect on the

user-supervision, the right panel again shows that sample-wise the supervision is monoton-

ically beneficial. This means that a user can successfully aid in finding larger portions of

the block of interest. Therefore, we can use these vertices in the input to further investigate

and find the rest of the block, by searching in the k-nearest neighbors of these vertices.

74



Figure 4.9: Clustering the embedded graphs using Gaussian Mixture Modeling incorporating the
XYZ coordinate data and using Method 2 to estimate ∆. In the left panel, on the y-axis we plot
the proportion of subjects (averaged across all blocks considered as the block-of-interest in the left
hemisphere) that ranked the correct block in the right hemisphere the at worst x-th place (x-axis).
In the right panel, on the y-axis we plot the the proportion of subjects (averaged across all blocks
considered as the block-of-interest in the left hemisphere) for which we find the total proportion of
the block of interest in the top 25 vertices nominated (x-axis).

Subgraph nomination on the Reddit social network

Moderation of social networks is another area where the biggest limitation is the human

resources required to analyze the prohibitively large amount of data. One problem that ap-

pears in Reddit, is finding subreddits for which the name has changed. This can be needed

to track a previously banned subreddit whose users create new accounts and a new subred-

dit. Further, since this experiment depends only on structure, which is informed by user

interaction patterns, it could be used for recommender systems, or finding suspicious be-

havior in other subreddits. The first is under the assumptions that people who communicate

in the same way may enjoy similar content. The second can be done by giving examples of

subreddits that show suspicious behavior and looking at other subreddits that are embedded

close to those subreddits. The idea behind the automation here is to distill the data so an

expert moderator can take a look at the smaller data.

Data were collected by [14]. The data includes information about subreddits (S), their

threads (T), comments (C) on these threads, users (U) that posted the thread or comment,
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and flairs (F) associated with the subreddits. These form our node types; the focus here is

on structure, so we do not maintain node types. We also dispose of the users, as they will

form a leaf coming out of each comment and thread. Each of these comes with a multitude

of features, notably parent comment/thread, and containing subreddit. All features are

discarded for a structure based approach, however we use the relations above to create the

graph. Our edges represent S↔ T , T ↔ C if T is not parent of C, else T ← C, C1← C2

if C1 is parent of C2, and S↔ F . A graph is constructed for the dataset, then the subgraph

for each subreddit is retrieved. Using the post-time date data each month can be subset to

4 week time periods. The data is subset to subreddits of size 1000 to 2000 nodes.

The graph matching network of [61], a graph neural network approach for comparison

at the graph level, is used as the graph similarity (or dissimilarity) function. The neural

network embeds graphs into a space where the closer two graphs are to one another, the

more similar they are, the normalized embeddings provide a similarity metric. At this point,

usually the top recommendations h are passed on to an expert to analyze. The expert would

analyze the subreddits to make a decision. Here, we can insert a user in the loop, and the

user would consider a node (or small collection of nodes) in the graph instead of the entire

graph. Here, where we are looking to recover the subreddits in time, the node-level user

defines a correct match if the node is in the subreddit of interest. Training is done on the

first 2 weeks of the reddit data, and the remaining two weeks are used to test the neural

network’s performance and implement the user. Note that the user input can be used as a

node feature and implemented during the training as well; we do not pursue that here.

After the training is complete and the tests are performed, the top 8 subgraphs are

nominated, and we simulate VN users-in-the-loop with different values for θ and γ . The

result is displayed in Figure 4.10, where the x-axis is the number of GMN training steps and

the y-axis represents the retrieval accuracy. Accuracy here is the percentage of subgraphs

for which the correct community is nominated in the top ℓ graphs. Denoting the user U8
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Figure 4.10: Clustering the graphs using their subreddit membership and using GMN to estimate
∆. The y-axis we plot the proportion of subreddits (averaged across 100 runs of the VN user) that
ranked the correct subreddit in the second time period x-axis is the training time . In the left panel,
we look at the top 2 nominations. In the right panel, we look at the top 8 nominations.

with parameters (θ ,γ) with V N(θ ,1− γ) (recalling that θ and 1− γ are the probabilities

of correct user input for true positive and true negative nodes resp.), the left plot is the

accuracy for ℓ= 2 and on the right is for ℓ= 8.

Notice in Figure 4.10 the addition of the user-in-the-loop helps achieve better results

especially at the lower level ℓ= 2. Also, we can achieve desirable results with less training,

even with a faulty VN user. The performance at ℓ= 2 suggests the user can lower the costs

of verification, as an expert user needs to look at less subgraphs to determine whether the

nomination is successful. Moreover, this suggests that we can automate the VN user-in-

the-loop by using node features to make decisions, and train the GMN for a shorter amount

of time to reduce the computational cost. This is critical since the GMN computational cost

grows quadratically with the total number of nodes in the graphs.
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4.2 Testing for Repeated Motifs and Hierarchical Structure in Stochastic

Blockmodels

One of the principal advantages of the repeated motif HSBM framework is that, given

the structure of the motifs, the number of parameters for the HSBM model are greatly

reduced. This is because all substructures equivalent to a given motif share the same block

probability parameters and block membership parameters; these need only be estimated

once per represented motif instead of separately over each substructure. See Figure 2.3 for

example.

As discussed above, our definition of the RMHSBM is motivated by the hemisphere-

level similarity in connectomes. We can model this structure via a two-level, one-motif

RMHSBM. The tree structure for this RMHSBM is displayed below:

brain connectome

left hemisphere (35 block SBM)

R1 R2 ... R34 R35

right hemisphere (35 block SBM)

R1 R2 ... R34 R35

The tree is two levels, with the first level representing the hemisphere structure of the

brain, and the second level the 35 regions of interest (R1, R2, . . ., R35) within each hemi-

sphere, for a total of 70 leaves in the tree. The meta-communities represented by these

regions of interest are modeled as simple Erdős-Rényi graphs. The hypothesized motif

structural model posits that each hemisphere is an instantiation of a single, twice-repeated,

35 block SBM motif. We will be comparing RMHSBMs with SBMs, and to do this sensi-

bly, we need to ensure that the two models are compatible; for that purpose, we give the

following definition:

Definition 4.2.1 (τ−T Compatibility). A node assignment function τ : [n]→ [K], a traver-

sal function T for a tree T with K leaves are compatible when T (i) = T ( j) if and only if
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τi = τ j.

In the case of the brain connectome, for example, this means that τ : [n]→ [70] and for

all nodes v ∈ Rk on the left hemisphere according to T , then τ(v) = k, and for all nodes

v ∈ Rk on the right hemisphere according to T , then τ(v) = 35+ k.

4.2.1 Main Results

Consider the problem of testing whether a graph G comes from a K∗ block SBM (with

block probability matrix B(1) and known block membership function τ) or from the model

RMHSBM(n,K,B,{Si}K
i=1,T,T , L̃,m,{Mi}M

i=1),

where T has K∗ leaves, and the traversal T is compatibe with τA. From this tree, traversal

and motif structure, the RMHSBM model has a (potentially) reduced set of parameters

versus the fully general SBM. For example, all structures in the HSBM corresponding to

a single motif share a common set of parameters, and all inter-block SBM connectivity

parameters across a layer in the RMHSBM are merged in the RMHSBM as dictated by

the flat connectivity across layers in the HSBM. Let the parameter set given by the tree,

traversal and motif of the model be denoted via Γ = ΓRMHSBM(T,T ,{Mi}M
i=1)

, and for each

parameter γ ∈ Γ, let γB denote the set of structures in the SBM that are stochastically

identical in the RMHSBM and correspond to a single parameter in RMHSBM model space

to form γ . We remind the reader that the structures merged in γ could correspond to a

merging of inter-block SBM connectivity structure dictated by the flat connectivity across

layers in the HSBM or the merging of structures that are part of a common motif.

We will consider two data settings in which to formulate and test our hypotheses. In

both settings, we have a population of N ≥ 1 graphs that serve as our data. We are essen-

tially testing the goodness-of-fit of the RMHSBM model; tests for SBM goodness-of-fit
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have been proposed in the literature, see for example [51, 53, 56]. In the first setting,

we assume that there is no variation between block parameters in the population, and all

elements of the population either follow the K∗ block SBM (with fixed τ and fixed com-

munities {Bi}) or the same repeated motif HSBM

RMHSBM(n,K,B,{Si}K
i=1,T,T , L̃,m,{Mi}M

i=1)

as outlined above. Testing between the two models can be written as follows, (where B(0)
γ

denotes the probability parameter for the structures merged in γ , and A is the adjacency

matrix of a graph in our (assumed i.i.d.) population):

H0 : For all γ ∈ Γ, for all (ℓ,k) ∈ γB,

and (v,v′) ∈Bℓ×Bk, Av,v′
ind.∼ Bern(B(0)

γ )

H1 : For all (ℓ,k) ∈ [k]2 and (v,v′) ∈Bℓ×Bk, Av,v′
ind.∼ Bern(B(1)

ℓk ).

(4.3)

For every γ ∈ Γ, let nγ = ∑(l,k)∈γB nlk denote the effective sample size used to estimate B(0)
γ ,

and (where Bℓ,k = Bℓ×Bk if ℓ ̸= k and Bℓ,ℓ

(Bℓ
2

)
)

B̂(0)
γ =

1
nγ

∑
(ℓ,k)∈γB

∑
(v,v′)∈Bℓ,k

Av,v′, and B̂(1)
lk =

1
nℓk

∑
(v,v′)∈Bℓ,k

Av,v′.

The log likelihood ratio for the global test of H1 versus H0 in the setting without variation

between blocks is then given by

−2λT = 2 ∑
γ∈ΓT

∑
(ℓ,k)∈γB

nℓk log

(
1−B(1)

ℓk

1−B(0)
γ

)
+nℓkB̂(1)

ℓk log

(
B(1)
ℓk (1−B(0)

γ )

B(0)
γ (1−B(1)

ℓk )

)
, (4.4)

with maximum likelihood estimator as specified in the following lemma, which is proven

in Appendix A.3.
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Lemma 4.1. Under the hypotheses in Equation (4.3), the maximum likelihood estimator

for B(1)
ℓk is B̂(1)

ℓk and for B(0)
γ is B̂(0)

γ .

In this case, a consistent (and extremely powerful; see Section 4.2.2) test for the above

hypotheses can be constructed using the MLEs and Wilk’s theorem. This test, even at

proper level α , is too sensitive in practice; note that this (over) sensitivity of global network

testing has been noted before, see, for example, the two-sample mesoscale testing work

of [68]. Indeed, it (rightly!) asymptotically rejects the null for any small fixed deviation

across any merged blocks, and is unable to identify cases where there is significant repeated

structure within the model.

The global nature of the test also renders it inappropriate in the case where the SBM

structures merged in the RMHSBM have small variations in their parameters that are cen-

tered around a common mean. Indeed, often perfect HSBM structure is not present practi-

cally in observed networks, as there will be small deviations within pieces of the hierarchy.

For such a graph, with tree structure given by Γ, we will define the signal-to-noise ratio of

the hierarchical structure via

sΓ := max
γ∈Γ

1
nγ

∑{ℓ,k}∈γB E (A,Bℓ,Bk)

∑{ℓ,k}∈γB ∑(v,v′)∈Bl×Bk
E
(

Av,v′− 1
nγ

∑{ℓ,k}∈γB E (A,Bℓ,Bk)
)2 ,

where for a matrix A we have E (A,Bℓ,Bk) = ∑(v,v′)∈Bl×Bk
E(Av,v′). Note that, as we

are assuming block structure, it is implicit that for each {ℓ,k}, E(Av,v′) is constant for all

(v,v′) ∈Bl×Bk. For each ε > 0, we can then test if the HSBM signal strength exceeds a

threshold of ε > 0 by testing the following hypotheses.

H(ε)
0 : s−1

Γ
< ε;

H1 : For all (l,k) ∈ [k]2 and (v,v′) ∈Bl×Bk,E(v,v′)∼ Bern(B(1)
lk ).

(4.5)
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Practically, we can realize a model satisfying the signal-to-noise condition s−1
Γ

< ε as fol-

lows. We can have that for all γ ∈ Γ, for all {ℓ,k} ∈ γB, and (v,v′) ∈Bl ×Bk, we have

Av,v′ ∼ Bern(B(0)
γ + sℓ,k), where the sℓ,k’s are suitably small.

Testing in the setting with variations between blocks is useful in our motivating neuro-

science application, as it can test whether there is symmetry in the distribution of connec-

tivity within the brain while encompassing individual differences and variations between

left and right hemispheres due to environmental effects rather than parametric differences.

The log-likelihood ratio in the setting with variations between blocks from (4.5) takes

the form

−2λT = 2 ∑
γ∈ΓT

∑
{l,k}∈γB

[
nlk log

1−B(1)
lk

1−B(0)
γ − slk

+nlkB̂(1)
lk log

B(1)
lk (1−B(0)

γ − slk)

(B(0)
γ + slk)(1−B(1)

lk )

]
,

(4.6)

The minimizer of this likelihood ratio function is not unique, as there is interdependence

between the estimators of B̂(0)
γ and {ŝlk}l,k∈γb for each γ ∈ ΓT . One may use numerical

methods with an added condition to find a solution; e.g. Lp regularization.

Likelihood Ratio Testing

When the data come from the setting with variations between blocks, a naı̈ve use of

the likelihood ratio test based on the modeling assumptions in Equation (4.3) can be shown

to be problematic. This is summarized in the following theorem. A detailed proof can be

found in Appendix A.4):

Theorem 4.2. Let P0,S indicate the probability under the null hypothesis in Equation (4.5),

where these {si j} further satisfy

εS = min
γ∈Γ

min
(i, j)∈γB

∣∣∣∣∣si j−
1
|γB| ∑

(ℓ,h)∈γB

sℓh

∣∣∣∣∣> 0. (4.7)
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Let

λ̂γ =− ∑
(l,k)∈γB

nlk log

(
1− B̂(1)

lk

1− B̂(0)
γ

)
+nlkB̂(1)

lk log

(
B̂(1)

lk (1− B̂(0)
γ )

B̂(0)
γ (1− B̂(1)

lk )

)

We then have that P0,S

(
ε2

S nγ

9 ≤−2λ̂γ ≤
8nγ

δ

)
≥ 1−C(εS,{nlk},δ ), where

C(εS,{nlk},δ ) = 2e−2(min(εS/3,δ/2))2nγ +2 ∑
(l,k)∈γB

e−2(min(εS/3,δ/2))2nlk

Note that the assumption on εS holds almost surely, as the si j are assumed continuous, and

the number of blocks in the SBM model K∗ is assumed fixed.

From this theorem, we see that the approximation of likelihood ratio testing based on

Wilk’s theorem is inappropriate. Wilk’s theorem posits that the testing criteria are based

on a fixed value that depends only on the difference in the number of parameters or the

degrees of freedom. Theorem 4.2 shows that the LLR statistic here grows as the number of

nodes grow.

Alternatively, if N > 1, there is hope that averaging over the population will mitigate

the effect of the sℓk terms, and render classical LLR asymptotics again applicable. As the

sℓk are mean zero, we expect that an average of N such s’s to be of order O(
√

log(N)/N)

with high probability, and hence εS would be at most of this order as well. Note however

that N/log(N) would need to be of order nγ for the probability lower bound in Theorem 4.2

to not converge to 1, and thus−2λ̂T does not grow with nγ with high probability. However,

nγ = Θ(n2) for a network of size n. This makes this requirement prohibitive in practice, as

it would require as many networks as there are nodes.
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Penalized Model Selection and Comparison

In this section, we will consider the problem of choosing between a collection of nested

hierarchical SBMs using BIC model selection criteria [25, 95]. BIC and its variants have

proven to be effective tools for model selection in the SBM setting (see, for example,

[48, 113, 114]). By nested models, we mean that the hierarchical structure of the one model

is a refinement of the hierarchical structure of another. As an example, see Figure 2.3, in

which case the middle 2-level HSBM model is a refinement of the right 3-level HSBM

model, and the left SBM model a refinement of the middle model; in essence, model M1

being a refinement of model M2 implies that

i. The partition of vertices into blocks provided by M1 is a refinement for the partition

provided by M2;

ii. The set of motifs of M2 is a subset of the set of motifs in M1

iii. The metablock mapping functions m1 and m2 are such that if m1 maps a metablock

to a motif that is present in both models, m2 must also map the same metablock to

that motif; this is the case with the center panel being a refinement of the right panel

in Figure 2.3.

This nestedness assumption leads to a similar merging structure as considered in [113], and

our theoretical results below are of a similar nature. We can use the BIC formulation below

to compare any pair of these three network models, but for ease of exposition, we provide

theory for comparing the SBM on the left to one of the HSBM models.

A key assumption below is that we are in the setting of one of the the hypotheses in

Equation (4.3), so that under the RMHSBM model assumption (i.e., under H0), we observe

data from

RMHSBM(n,K,B,{Si}K
i=1,T,T , L̃,m,{Mi}M

i=1)
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that assumes that the tree structure, traversal, and motif assignments are known a priori.

Under the SBM model assumption (i.e., under H1), we are assuming that the block mem-

bership function τ is known a priori and is compatible with T,T , and m. This avoids the

combinatorial unpleasantness (and intractability) that arises when we consider all possible

RMHSBM structures possible for a given network.

We now proceed to show the consistency of the BIC penalized likelihood under these

assumptions. With notation as in Section 4.2.1, the log-likelihood ratio test statistic (with

likelihood maximizing plug-in estimators) for the unknown block probabilities can then be

written as

−2λ̂T = 2 ∑
γ∈Γ

∑
{ℓ,k}∈γB

nℓ,k

B̂(1)
ℓ,k log

 B̂(1)
ℓ,k (1− B̂(0)

γ )

B̂(0)
γ (1− B̂(1)

ℓ,k )

+ log

1− B̂(1)
ℓ,k

1− B̂(0)
γ

 (4.8)

where P̂(1) = P̂(1)
ℓ,k denotes a Bern(B̂(1)

ℓ,k ) measure and P̂(0) = P̂(0)
γ denotes a Bern(B̂(0)

γ ) mea-

sure. Note that −2λ̂T = DKL(P̂
(1)
ℓ,k ∥P̂

(0)
γ ) and hence is nonnegative. In this conditional

setting (conditioning on the the tree structure, traversal, and motif assignments being given

a priori), the standard BIC penalties applied block-wise to the estimated likelihood ratio

statistic is defined by, letting L̂0,T be the maximum likelihood under H0 and L̂1,τ under H1,

B̂IC0,T =−2log(L̂0,T )+ |Γ|
(

n
2

)
and B̂IC1,τ =−2log(L̂1,τ)+ ∑

γ∈Γ

|γB|
(

n
2

)

and hence

∆̂T,BIC = B̂IC0,T − B̂IC1,τ =−2λ̂T −

(
∑
γ∈Γ

(|γB|−1)

)
log
(

n
2

)
. (4.9)

Below we state a pair of theorems that delineate the asymptotic behavior of ∆̂T,BIC

under H0 and H1. In the theorems below, we make use of the following assumption on the
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growth rate of B(1):

Assumption 1. We assume that there exists an n0 ∈ Z > 0 and constant c1 ∈ (0,1/2) such

that for all n > n0, we have that the following holds for all {ℓ,k} pairs:

B(1)
ℓ,k >

lognℓ,k
nℓ,k

, and B(1)
ℓ,k < 1/2− c1. (4.10)

Our first result states that under H0, the penalized BIC difference is negative and the

true RMHSBM model is preferred. A proof can be found in Section A.5 of the Appendix.

Theorem 4.3. With notation as above, given Assumption 1, let

c2 ≤
1

16

(
1− 2|Γ|

(K∗)2 +K∗

)

be a constant. Then we have that for all n sufficiently large,

P0

[
∆̂T,BIC < 0

]
≥ 1−O

(
exp
{
−((K∗)2 +K∗)− c2 logn∗∗

2+2
√

c2/3

})

where n∗∗ = minℓ,k nℓ,k.

Let us next consider the case in which the RMHSBM is misspecified. The next defi-

nition quantifies the level of model incompatibility. Recall that under H1, the model is an

SBM(K∗,B(1),τ) (where τ is assumed compatible with T ).

Definition 4.2.2. Under H1, we say that the RMHSBM model with block structure given by

Γ is (M,η)-incompatible with the hypothesized SBM (from H1) model if |EB̂(0)
γ −B(1)

ℓ,k |> η

for at least M triplets {ℓ,k,γ} such that {ℓ,k} ∈ γB.

Our next result states that under H1 (when the SBM is the true model and not the HSBM),

the penalized BIC difference is positive and the true SBM model is preferred; we then have
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Theorem 4.4. With notation as above and given Assumption 1, assume further that the

RMHSBM is (M,η)-incompatible with the true SBM, where

η
2M = ω((K∗)2n−1

∗∗ logn.

Then for any c3 > 0, we have that for all n sufficiently large, it holds that

P1(∆̂T,BIC > 0)≥ 1−4(K∗)2 exp
{
− c3 logn∗∗

2+2
√

c3/3

}
,

where n∗∗ = minℓ,k nℓ,k.

Note that a proof of Theorem 4.4 is given in Section A.6 of the Appendix.

4.2.2 Experiments

At first, we consider a global log likelihood ratio test. As we have showed above, if

one of the parameters we are testing for similarity fails, we would reject the hypothesis

that there is similarity between the communities for sufficiently large n. This holds since

the log likelihood ratio grows with a rate of O(n2
∗∗) where the lead coefficient depends on

the parameters. In light of this, we propose using conducting multiple hypotheses at the

motif level, using the Benjamini-Hochberg correction [15] to control False Discovery Rate.

In both cases, we will consider three methods for retrieving the null probabilities: classic

likelihood ration testing (implemented via Wilk’s theorem), Friedman signed rank for a

nonparametric alternative, and ANOVA for testing population versus individual variability.

We next proceed to expound upon these methods.

These different methods consider different levels of granularity in the null hypotheses

as well. In the case of Wilk’s χ2, we can consider two levels of null granularity. More pre-

cisely, suppose we have S graphs, {As}S
s=1 with set parameter matrices {Bs = [Bℓ,k;s]}S

s=1;
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we then consider

i. Individual level testing: the null hypotheses can be written (where nℓ,k;s denotes the

number of possible edges between community ℓ and k in graph s),

H0 :


For all γ ∈ Γ

and all (ℓ,k),(ℓ′,k′) ∈ γB, Bℓ,k;s = Bℓ′,k′;s

(global test)

{
H(γ)

0 : For all (ℓ,k),(ℓ′,k′) ∈ γB, Bℓ,k;s = Bℓ′,k′;s

}
γ∈Γ

(local tests)

These hypotheses test within each graph at the individual level of the S graphs;

ii. Aggregated testing: let Ñℓ,k = ∑
S
s=1 nℓ,k;s and B̃ℓ,k = ∑

S
s=1

nl,k;s
Ñℓ,k

Bℓ,k;s, then the null

hypotheses can be written,

H0 : For all γ ∈ Γ and all (ℓ,k),(ℓ′,k′) ∈ γB, B̃ℓ,k = B̃ℓ′,k′ (global test){
H(γ)

0 : For all (ℓ,k),(ℓ′,k′) ∈ γB, B̃ℓ,k = B̃ℓ′,k′
}

γ∈Γ

(local tests)

Note that this means that the parameters can be different across individuals in the

population as long as these weighted sums are not statistically significantly different.

Meanwhile, the ANOVA test puts an additional condition that the parameters across

individuals are the same, replacing the set of parameter matrices above with a single matrix

B. The nulls can then be written as (note for ANOVA and Friedman, we only test locally;

the global tests exhibited the same trend as the χ2)


H(γ)

0 :

Bℓ,k;s = Bℓ,k;s′ for all s,s′ ∈ [S],

Bℓ,k;s = Bℓ′,k′;s for all (ℓ,k),(ℓ′,k′) ∈ γB,

VarBℓ,k;s = σ
2
γ for all s ∈ [S] and all (ℓ,k),(ℓ′,k′) ∈ γB.


γ∈Γ

(local tests)
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The Friedman test meanwhile, as the data are Bernoulli, tests the same null hypotheses

as the ANOVA case with the caveat that independence of the entries of Bs is no longer

assumed.

Simulations

We do the simulations over two models, one to simulate the brain data from [42, 122]

(obtained via https://fcon_1000.projects.nitrc.org/indi/CoRR/html/bnu_1.html

through https://neurodata.io/mri/), the other a 3-motif RMHSBM. Additional de-

tails about these models is in Table 4.1. In each simulation the parameters are drawn inde-

pendently from a Dirichlet distribution. In each we corrupt the model by changing some

of the true parameters to be different from each other at random (injecting different levels

of error into the alternative models); these changed parameters are drawn from the same

Dirichlet distribution independently of the remainder of the parameters; an example model

matrix for this in the BNU1-inspired simulation setting can be found in Figure 4.12 and for

the 3-motif, 7-block model in Figure 4.13. We repeat this twice, first, without any individ-

ual differences (as in Eq. 4.3), then by adding a deviations to all parameters to represent

individual differences (as in Eq. 4.5). The small deviations are normally distributed and

centered about the true parameters, with a variance dependent on the magnitude of the true

parameters, on average these differences have a magnitude of around 1% of the true param-

eters. We draw the parameters once for all samples. In all cases the parameters had a lower

bound cut-off of 0.01 and an upper bound cut-off of 0.99 to avoid boundary unpleasantries.

In Figure 4.11, the right axes along with the colored line plots show the average rejec-

tion rate over varying numbers of changed parameters for the global χ2 test of the BNU1

and the 3-motif, 7-communities error-less simulations, respectively; the left axes along

with the ribbon plots show the penalized likelihood ratio from equation 4.9. The results
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Characteristic BNU1 Simulation 3 motif RMHSBM
Nodes per block 200 200

Number of blocks 70 70
motifs 1 (rep. twice) 3 (1 rep. 3 times, 2 & 3 rep. twice)

parameters 631 195

Table 4.1: Model specifications for the two RMHSBM models we test.
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Figure 4.11: In each panel: the left axis (and the plots with error bands) shows the penalized
log likelihood ratio based on equation 4.9 while the right axis (and the dashed line plots) show
the rejection rate of the global log likelihood ratio test. The right panel shows the BNU1-based
simulation, the left panel the 3 motif-7 communities simulation.
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are averaged over 200 simulations (20 for each of the 200 different parameterizations). For

each, we plot both the no variation (red) and small variation (blue) settings. In both pan-

els, we see that in the no variation case this test (correctly) rejects the null hypothesis of

repeated structure if we change 10 of the parameters. In the setting with small variations,

the LLR-based test is inconsistent and rejects the null (based upon Wilk’s Theorem) even

in the case where no parameters are mismatched, as the application of the χ2 critical value

here—as is used in Wilk’s theorem—is not appropriate; see Theorem 4.2. Meanwhile, we

see that in both panels, the penalized LLR results indicate that the penalized model still

selects for repeated structure even when we have around 5% mismatch in the parameters;

and that the likelihood ratio test fails to detect similarities in the repeated motif structure

even in the case where these few parameters are mismatched. This shows the weakness

of global testing based on the likelihood ratio, aligning with the theory in which we have

shown that these small errors are scaled by a factor of n2 in the test, rendering this test very

sensitive to small changes.

The next approach is to test individual motifs separately, with a Benjamini-Hochberg

correction, using the methods discussed above. In Figure 4.14, we see the results of the

averaged χ2 individual testing, the aggregated χ2 test, ANOVA, and Friedman’s signed

rank test from left to right, respectively. Note that this figure considers the model that does

not account for variations in the parameters across individuals. In the first row are the

rejection matrices showing correctly rejected blocks in black, incorrectly rejected blocks

in blue, and incorrectly accepted blocks in red; note that the aggregated methods are more

resilient to incorrectly accepting blocks, as indicated by the absence of red in this example.

Meanwhile, individual testing is more susceptible to these errors. Moreover, the aggregated

tests are susceptible to incorrect rejection of blocks, as indicated by the blue squares. The

averaged individual testing, on the other hand, is not free of these errors, but with the

correct threshold one may circumvent these errors; the method for selecting this threshold
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Figure 4.12: Example model matrices for the BNU1 simulation, 70 blocks, where the first 35 are
similar to the second 35 with one cross community connection parameter between them. Blue
squares indicate the parameters we set to be different from their supposed pair, while the remaining
shades of grey indicate similarity.

Figure 4.13: Example model matrix for the 3-motif, 7-communities simulation, 70 blocks, where
the block groups (1,3,6),(2,6),(4,7) share a motif. Blue squares indicate the parameters we set to
be different from their supposed pair, while the remaining shades of grey indicate similarity.
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Chi−square averaged over data Chi−square on aggregated data ANOVA Friedman

Figure 4.14: On the top row, are the rejection matrices for (from left to right) the averaged individual
χ2 tests, the aggregated χ2 test, ANOVA test, and Friedman’s signed rank test on the error-less
BNU1 simulation.In black are the correctly rejected blocks, in blue are the incorrectly rejected
blocks (Type II error), in white are the blocks that correctly failed to reject, and in red are the blocks
are incorrectly failed to reject (Type I error). On the bottom row are the P-value profile for each
method respectively, the solid line represents the P values of each block in increasing order, the
dashed line represents the Benjamini-Hochberg rejection line. Blue colors are exaggerated to make
the comparison clear, all models similarly well.

is not clear however. Keep in mind that the darkness of the blue squares is not linearly

indicative of the rejection rate; instead it remapped for better visibility. On the second row,

we see the profile of the p-values in increasing order; we refer to this as the p-profile going

forward. The p-profiles are all linear, indicating a good fit for these tests. In Figure 4.15,

we see similar results when testing for the 3-motif, 7-communities model.

Moving on to modeling small variations in the sample, we see a different picture. In

Figures 4.16 and 4.17, we see the results of adding small variations to the BNU1 and 3-

motif, 7-communities models, respectively. In the presence of small variations, the flaws

in both χ2 tests become apparent. False rejections become very common as indicated by

the large amount of blue squares, compared to the ANOVA and Friedman’s signed rank
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Chi−square averaged over data Chi−square on aggregated data ANOVA Friedman

Figure 4.15: On the top row, are the rejection matrices for (from left to right) the averaged individ-
ual χ2 tests, the aggregated χ2 test, ANOVA test, and Friedman’s signed rank test on the error-less
3-motif, 7-communities simulation. In black are the correctly rejected blocks, in blue are the in-
correctly rejected blocks (Type II error), in white are the blocks that correctly failed to reject, and
in red are the blocks are incorrectly failed to reject (Type I error). On the bottom row are the P-
value profile for each method respectively, the solid line represents the P values of each block in
increasing order, the dashed line represents the Benjamini-Hochberg rejection line. Blue colors are
exaggerated to make the comparison clear, all models similarly well.

tests, respectively. The p-profiles of the χ2 are not linear indicating that the modeling

assumptions are not a good fit in this case. ANOVA and Friedman signed rank tests have a

linear p-profile indicating the resilience of their modeling assumptions to small variations.

These small variations simulate individual differences across the population.

Application: Testing for Community Structure in The Brain.

Identifying the regions of the brain that share a distributional similarity can help iden-

tify regions that have similar functionality or those that are independent. This analysis

is performed on the BNU1 data set [42, 122], consisting of 57 fMRI scans of the human

brain of adults at rest. After dividing the brain into spatial regions commonly referred to
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Chi−square averaged over data Chi−square on aggregated data ANOVA Friedman

Figure 4.16: On the top row, are the rejection matrices for (from left to right) the averaged individual
χ2 tests, the aggregated χ2 test, ANOVA test, and Friedman’s signed rank test on the error-full
BNU1 simulation.In black are the correctly rejected blocks, in blue are the incorrectly rejected
blocks (Type II error), in white are the blocks that correctly failed to reject, and in red are the blocks
are incorrectly failed to reject (Type I error). On the bottom row are the P-value profile for each
method respectively, the solid line represents the P values of each block in increasing order, the
dashed line represents the Benjamini-Hochberg rejection line.

as voxels, fMRI scans measure changes in blood flows. These changes are interpreted as

connections between the voxels that serve as the nodes, producing a graph. The data clas-

sifies these nodes into regions that represent larger spatial portions of the brain, forming a

natural block structure. Additionally, the voxels are classified based on which half of the

brain they are located. Combining the classifications, regions and halves gives rise to a

natural hierarchical structure for the brain. Table 4.2 describes the details of these graphs.

Using the posited hierarchical structure, we perform different analysis techniques to

describe the possibility of repeated structure across hemispheres and to understand the

potential reduction in the number of parameters needed to describe the distribution of these

networks. More precisely, we attempt to answer the questions of whether there is symmetry

in the edge distribution across the two halves of the brain. In Figure 4.18 we plot the result
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Chi−square averaged over data Chi−square on aggregated data ANOVA Friedman

Figure 4.17: On the top row, are the rejection matrices for (from left to right) the averaged individ-
ual χ2 tests, the aggregated χ2 test, ANOVA test, and Friedman’s signed rank test on the error-full
3-motif, 7-communities simulation. In black are the correctly rejected blocks, in blue are the incor-
rectly rejected blocks (Type II error), in white are the blocks that correctly failed to reject, and in
red are the blocks are incorrectly failed to reject (Type I error). On the bottom row are the P-value
profile for each method respectively, the solid line represents the P values of each block in increas-
ing order, the dashed line represents the Benjamini-Hochberg rejection line.
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Characteristic Range
Number of vertices 9312-15631

Number of connections 204022-539259
Average degree 43-74

Number of blocks 70
Average block size 149-211

Table 4.2: The range of number of vertices, connections, average degree, and block sizes of the 57
individuals from the BNU1 dataset.

of our 4 procedures, in black are the rejected blocks, in white are the blocks that failed to

reject, and in red are the blocks that are identically zero in both hemispheres and which

trivially fail to reject. In the figure, in black are the rejected blocks, in white are the blocks

that failed to reject, and in red are the blocks that are identically zero in both hemispheres

which always fail to reject. On the left, the results for Wilk’s χ2-test with Benjamini-

Hochberg simultaneous testing are displayed. We average over all the individuals since

each individual is tested on their own. We note that many of the similarities we fail to

reject are instances where both the left and right block probabilities are identically zero on

both hemispheres, as indicated by the red colored blocks. From the simulations, we learned

that it is difficult to draw any conclusions about the partially rejected tests.

Next, we aggregated the samples and then performed the chi-square test. The results of

these tests are displayed in Figure 4.18 in the second column from the left. Once again, a

large part of the tests we fail to reject correspond to parameters that are identically 0. In

this case, we reject most of the ambiguous blocks from the averaged individual tests. This

is in stark contrast with the ANOVA test, as we see in Figure 4.18 in the second to last

column. Here, the model suggests that many of the parameters have a common mean with

differences that are normally distributed.

Finally, we pair the parameters on the left and right hemispheres for each individual,

then perform a Friedman signed-rank test. This is tested against a mean of zero, and the

rejection of the null hypothesis would suggest that the pairs are not exchangeable. This
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Chi−square averaged over data Chi−square on aggregated data ANOVA Friedman

Figure 4.18: On the top row, are the rejection matrices for (from left to right) the averaged individual
χ2 tests, the aggregated χ2 test, the ANOVA test, and Friedman’s signed rank test on the BNU1
dataset. In black are the rejected blocks, in white are the blocks that failed to reject, and in red are
the blocks that are identically zero in both hemispheres which always fail to reject. On the bottom
row are the P-value profile for each method respectively, the solid line represents the P values of
each block in increasing order, the dashed line represents the Benjamini-Hochberg rejection line.
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implies (for instance) that the parameters on the left and right hemispheres do not have the

same distribution. The results of this test are shown in figure 4.18 in the last column. These

results largely agree with ANOVA, indicating statistically significant similarity between the

left and right hemispheres with small variability across the population, with results similar

to those in the simulation setting of Figure 4.16.
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Chapter 5: Conclusions and open problems

We have introduced a formal and versatile framework for the subgraph nomination in-

ference task, with special emphasis paid to the utility of users-in-the-loop in the context

of subgraph nomination. This was done in the context of the RMHSBM, a model that

captures hierarchical structures with similarity between the subgraphs defined by this hier-

archy. Subgraph nomination is an important tool for structural queries within and across

networks, and we demonstrated its utility in both real and synthetic data examples. In

addition, the relatively simple users-in-the-loop formulation outlined herein can easily be

lifted to more complex cases, including supervision done over several iterations, and can

be simply extended to the case of multiple users. The theory and experiments included

herein highlight the important role that user supervision can play in effective information

retrieval. Meanwhile, structural similarity in graphs can be observed in many disciplines;

the RMHSBM provides a general framework for describing graphs with similarity defined

in a hierarchy. Such models can drastically reduce the number of parameters required to

describe these networks, which is especially important for large networks with many small

communities. Such simplification can help us better understand and estimate models for

these networks. In addition, we used theory and simulations to show the difficulty of global

testing in situations where there is partial similarity in the hierarchy. In this case, the sen-

sitivity of likelihood ratio tests to small differences overwhelms the signal in a potentially

repeated structure (as shown in the penalized LLR setting). Instead, we propose locally

more robust methods that work to identify a repeated structure at the motif level.
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Section 4.1.1 shows the importance of analyzing the original algorithm and the validity

of user input before including them. For example, if the inferred clustering is incorrect in a

hierarchical subgraph nomination framework, in the sense that the correct clusters’ vertices

are evenly spread among the inferred blocks, then our resources should be focused on

collecting relevant data that would improve the inferred blocking structure, as even oracle

user supervision in this case could be detrimental to the performance. In our approach to

subgraph nomination, inferring high-fidelity clusters is essential, and we have demonstrated

that clustering can be improved by incorporating informative vertex features. Exploring

this further, understanding the information-theoretic gain of features on our nomination

performance as in [59], is an open area of research that we are actively pursuing.

The validity of the user input itself is also important to consider when thinking about

adding a user-in-the-loop. While we have theoretically demonstrated the possibility of in-

creased performance even with an errorful user, in practice the situation is significantly

more nuanced. The user errors, rather than being uniformly random, may be systematic or

deterministic. For example an adversarial attacks could manipulate the results of the search

using a user bot attack. More nuanced users-in-the-loop demand more nuanced theory to

understand their broad effects. As an example, in our nomination regime an adversary can

target the obtained cluster labels for contamination. This would immediately mitigate the

benefit of a user-in-the-loop, as the benefit of the user decays as the cluster fidelity worsens.

More robust users would be, most likely, more costly and a cost-benefit optimization anal-

ysis would be needed in these more nuanced setting to tease out the positive (or negative)

impact of incorporating the user.

Another avenue that has not been investigated explicitly but for which the framework

is still sufficient is the situation with multiple blocks of interest. For that we need to adjust

the definition of the VN-user to accommodate for different values of p for each block of

interest. Then, after some necessary adjustment to the loss function, one may obtain results
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generalized to the case of multiple blocks of interest in the simple user-in-the-loop setting.

On the other hand, one may want to extend the results of Theorem 4.1 to more nuanced

users.

For implementing the core subgraph nomination routine, the computational burden is in

graph partitioning and subgraph comparison, both of which can be implemented efficiently;

e.g., any number of scalable clustering routines for graph division, and fast graph similarity

algorithms (e.g., [12]). For the VN user-in-the-loop it will greatly depend on the setting,

essentially we randomly retrieve an element from each of the top h communities. We

then apply the user, if the user is an expert then the cost is not only computational (if the

expert needs to perform some analysis on the node’s feature for example) but also in human

resources, which is beyond the scope of this paper, but intuitively scalability is an issue.

If an automated user is used (e.g., one who is trained on the node features alongside the

algorithm) then the cost is that of training and h times the cost of retrieving the model’s fit

on the selected nodes, here scalability is less of an issue.

In Section 4.2.2, we compared global and local methods in a simulated setting and

applied local testing methods to the BNU1 data set, where we found some structural sim-

ilarity between the left and right hemispheres in human brains. For naturally developing

networks, confounding environmental effects can cause small perturbations that challenge

the underlying symmetry. By employing a hierarchical structure, we can study these net-

works at multiple levels of resolution to uncover the underlying symmetry. However, even

with hierarchical thinking, global testing suffers on two fronts: perturbations may lead to

false rejections and failure to discover symmetries when some but not all sub-communities

admit it.

We give theoretical support that likelihood ratio testing in the presence of small per-

turbations (that grow at a rate ω

(
1√
n

)
) rejects any similarity under classical LLR testing

assumptions. From simulations, we see that both ANOVA and Friedman’s signed rank
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tests are resilient to these perturbations, discovering the underlying symmetry in a setting

where likelihood-ratio testing fails. In light of these discoveries, we apply these methods to

test for symmetries between the hemispheres of human brains. We discover that when we

account for these perturbations by using ANOVA or Friedman’s test, there are some sym-

metries at the mesoscale. Also, during our work with brain imaging data, we discovered

that functional regions of the brain do not admit the associative structure defined in 7 on

which most clustering algorithms rely.

We used the natural clustering given by the data set, but a method that can reliably

retrieve these structures and find further subdivisions of them to retrieve a hierarchical

structure would allow for this testing to be performed on multiple levels to explore the

degree to which there is symmetry. An extension of this framework to mixed memberships

can be considered here; if the attachment probability in a community is lower than another

and a node has mixed membership, it will naturally lead to the break from associativity

conditions. In addition to symmetry, we discussed how repeated structure is related to

subgraph matching. In this work, the matches were already known, and we tested whether

they represent a repeated motif. Further study of the extent to which a repeated motif can

lead to the discovery of matches would be another direction to extend this work.
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Appendix A: Detailed Proofs

A.1 Proof of Theorem 4.1

For i≤ j≤ c, let the event A[i, j] be the event that the unknown subgraph of interest in g2

has rank in [i, j]. Let Eh be the event that after user-in-the-loop supervision, the subgraph

of interest has rank strictly greater than h.

Part I: With an oracle user-in-the-loop, we have that

P(Eh) = P(Eh|A[1,h])︸ ︷︷ ︸
=0

P(A[1,h])

+P(Eh|A[h+1,h+t])︸ ︷︷ ︸
=0

P(A[h+1,h+t])

+P(Eh|A[h+t+1,mk])︸ ︷︷ ︸
=1

P(A[h+t+1,mk])

= P(A[h+t+1,mk])

If h+ t ≤ c, then P(A[h+t+1,k]) = 1− h+t
c , else it is 0. Hence, P(Eh) = max(0,1− h+t

c ) as

desired.

Part II: When the user has probability p of misidentifying the vertex from the subgraph of
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interest as non-interesting, then when h+ t ≤ c,

P(Eh) = P(Eh|A[1,t])︸ ︷︷ ︸
=p

P(A[1,t])

+P(Eh|A[t+1,h+t])︸ ︷︷ ︸
=0

P(A[t+1,h+t])

+P(Eh|A[h+t+1,mk])︸ ︷︷ ︸
=1

P(A[h+t+1,mk])

= pP(A[1,t])+P(A[h+t+1,mk])

=
pt
c
+1− h+ t

c
= 1− (1− p)

t
c
− h

c
.

When mk > h+ t > c, the above probability is simply pt
c .

Part III: When the user has probability p of misidentifying the vertex from the subgraph of

interest as non-interesting and probability q of misidentifying a non-interesting vertex as
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interesting, then when h+ t ≤ c and t ≤ h,

P(Eh) = P(Eh|A[1,t])︸ ︷︷ ︸
=p

P(A[1,t])

+P(Eh|A[t+1,h])︸ ︷︷ ︸
=0

P(A[t+1,h])

+
t

∑
i=1

P(Eh|A[h+i,h+i])P(A[h+i,h+i])︸ ︷︷ ︸
= 1

c

+P(Eh|A[h+t+1,mk])︸ ︷︷ ︸
=1

P(A[h+t+1,mk])


=

pt
c
+

t

∑
i=1

1
c

i−1

∑
j=0

(
t
j

)
(1−q) jqt− j

+1− h+ t
c

=
pt
c
+

t−1

∑
j=0

t− j
c

(
t
j

)
(1−q) jqt− j

+1− h+ t
c

=
pt
c
+

t

∑
j=0

t− j
c

(
t
j

)
(1−q) jqt− j

+1− h+ t
c

=
pt
c
+

qt
c
+1− h+ t

c
.
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When h+ t > c and t ≤ h,

P(Eh) = P(Eh|A[1,t])︸ ︷︷ ︸
=p

P(A[1,t])

+P(Eh|A[t+1,h])︸ ︷︷ ︸
=0

P(A[t+1,h])

+
c−h

∑
i=1

P(Eh|A[h+i,h+i])P(A[h+i,h+i])︸ ︷︷ ︸
= 1

c

+P(Eh|A[c+1,mk])P(A[c+1,mk])︸ ︷︷ ︸
=0

=
pt
c
+

1
c

c−h

∑
i=1

F(i−1; t,1−q)
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When t > h, and h+ t ≤ c, then

P(Eh) = P(Eh|A[1,h])︸ ︷︷ ︸
=p

P(A[1,h])

+
t−h

∑
i=1

P(Eh|A[h+i,h+i])P(A[h+i,h+i])︸ ︷︷ ︸
= 1

c

+
t

∑
i=t−h+1

P(Eh|A[h+i,h+i])P(A[h+i,h+i])︸ ︷︷ ︸
= 1

c

+P(Eh|A[h+t+1,mk])︸ ︷︷ ︸
=1

P(A[h+t+1,mk])

=
ph
c

t−h

∑
i=1

1
c

(
p

+(1− p)
i−1

∑
j=0

(
h+ i−1

j

)
(1−q) jqh+i−1− j

)

+
t

∑
i=t−h+1

1
c

i−1

∑
j=0

(
t
j

)
(1−q) jqt− j +1− h+ t

c

= 1− h
c
− (1− p)t

c

+
1− p

c

t−h

∑
i=1

F(i−1;h+ i−1,1−q)

+
1
c

t

∑
i=t−h+1

F(i−1; t,1−q)
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When t > h, and h+ t > c, then (assuming c≥ t,h)

P(Eh) = P(Eh|A[1,h])︸ ︷︷ ︸
=p

P(A[1,h])

+
t−h

∑
i=1

P(Eh|A[h+i,h+i])P(A[h+i,h+i])︸ ︷︷ ︸
= 1

c

+
c−h

∑
i=t−h+1

P(Eh|A[h+i,h+i])P(A[h+i,h+i])︸ ︷︷ ︸
= 1

c

+P(Eh|A[c+1,mk])P(A[c+1,mk])︸ ︷︷ ︸
=0

=
pt
c
+

1− p
c

t−h

∑
i=1

F(i−1;h+ i−1,1−q)

+
1
c

c−h

∑
i=t−h+1

F(i−1; t,1−q)

A.2 Supporting results

We will make use here of the following theorem, adapted here for our present purposes.

(Theorem 3.3 in [24])

Theorem A.1. Let X ∼ Binom(n, p), and let t > 0. We then have

P

(
X
n
− p≤−t

)
≤ exp

{
−t2n

2p

}
P

(
X
n
− p≥ t

)
≤ exp

{
− t2n

2p+2t/3

}
.

We will also make use of the following two Pinsker-like inequalities that relate the Kullback-

Liebler divergence to the total variation distance. To wit, let P denote a Bernoulli distribu-

tion with probability p and Q a Bernoulli distribution with probability q. Without loss of
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generality, we let q < 1/2. Let DKL(P∥Q) denote the Kullback-Leibler divergence between

P and Q and dTV(P,Q) the total variation distance between the measures. Then

2dTV (P,Q)2 = 2(p−q)2 ≤ DKL(P∥Q)≤ 2
min{q,1−q}

dTV (P,Q)2 =
2
q
(p−q)2. (A.1)

See Lemma 2.5 in [110] for the lower-bound, and Lemma 4.1 in [43] for the upper bound.

A.3 Proof of Lemma 4.1

Proof of Lemma 4.1. Under the null:

L(A;B0|τ) = ∏
i< j

(B0
τiτ j

)Ai j(1−B0
τiτ j

)1−Ai j

Defining the following function

δγ(i, j) =


1 if (i, j) ∈Bl×Bk for (l,k) ∈ γB

0 otherwise

and defining nγ = ∑i< j δγ(i, j), we can write,

ℓ(B0) = log
(
L(A;B0|τ)

)
=∑

i< j
Ai j log(B0

τiτ j
)+(1−Ai j) log(1−B0

τiτ j
)

= ∑
γ∈Γ

∑
i< j

Ai j log(B0
γ)+(1−Ai j) log(1−B0

γ)

= ∑
γ∈Γ

nγ B̂(0)
γ log(B0

γ)+(1− B̂(0)
γ )nγ log(1−B0

γ)
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Where B̂0
γ =

1
nγ

∑i< j Ai jδγ(i, j). Since, log is a strictly increasing function on the support of

L(A;B0|τ), we get

argmax
B0∈(0,1)K×K

{ℓ(B0)}= argmax
B0∈(0,1)K×K

{L(A;B0|τ)}

We note that since B0
γ ∈ (0,1), we have

∂ℓ(B0)

∂B0
γ

= 0

if and only if

B0
γ = B̂(0)

γ .

Writing

ℓ(B0) = ∑
γ∈ΓT

nγ B̂(0)
γ log(B0

γ)+(1− B̂(0)
γ )nγ log(1−B0

γ),

we have

max
B0∈(0,1)K×K

ℓ(B0)

= max
B0

{
∑

γ∈ΓT

nγ B̂(0)
γ log(B0

γ)+(1− B̂(0)
γ )nγ log(1−B0

γ)

}

= ∑
γ∈ΓT

max
B0

lk∈(0,1)

{
nγ B̂(0)

γ log(B0
γ)+(1− B̂(0)

γ )nγ log(1−B0
γ)
}
.

We then conclude that the MLE under the null hypothesis of a hierarchical HSBM takes

the form B̂0 = [B̂0
lk], where, if (l,k) ∈ γ then

B̂0
lk = B̂0

γ =
1
nγ

∑
i< j

Ai jδγ(i, j)

Under the alternative, the model is a traditional SBM, and the form of MLE is shown in
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(for example) [16].

A.4 Proof of Theorem 4.2

Before proving Theorem 4.2, we first restate the Theorem for ease of reference.

Theorem 4.2: Let P0,S indicate the probability conditioned on the null hypothesis in 4.5

being the true distribution, where these {si j} further satisfy

εS = min
γ∈Γ

min
(i, j)∈γB

∣∣∣∣∣si j−
1
|γB| ∑

(ℓ,h)∈γB

sℓh

∣∣∣∣∣> 0. (A.2)

Let

−2λ̂γ = ∑
(l,k)∈γB

nlk log

(
1− B̂(1)

lk

1− B̂(0)
γ

)
+nlkB̂(1)

lk log

(
B̂(1)

lk (1− B̂(0)
γ )

B̂(0)
γ (1− B̂(1)

lk )

)

We then have that P0,S

(
ε2

S nγ

9 ≤−2λ̂γ ≤
8nγ

δ

)
≥ 1−C(εS,{nlk},δ ), where

C(εS,{nlk},δ ) = 2e−2(min(εS/3,δ/2))2nγ +2 ∑
(l,k)∈γB

e−2(min(εS/3,δ/2))2nlk

Proof. Let E0,S[·] (resp., P0,S[·]) be the expectation (resp., probability) conditioned on the

null from the hypotheses in Equation (4.5) and the collection of {si j}(i, j)∈γB being observed

for each γ ∈ Γ and that these si j’s satisfy Eq. 4.7. For a single collection of blocks γ ∈ Γ

and (l,k) ∈ γ , we have:

E0,S[B̂
(1)
lk ] =B(0)

γ + slk

E0,S[B̂
(0)
γ ] =B(0)

γ +Sγ
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Where Sγ =
1
|γB|∑(l,k)∈γB slk. From Hoeffding’s inequality applied to B̂(0)

γ and B̂(1)
lk , we have

that for any t > 0,

P0,S

(∣∣∣B̂(0)
γ −B(0)

γ −Sγ

∣∣∣≥ t
)
+ ∑

(l,k)∈γB

P0,S

(∣∣∣B̂(1)
lk −B(0)

γ − slk

∣∣∣≥ t
)

≤ 2e−2t2nγ +2 ∑
(l,k)∈γB

e−2t2nlk

Let t = min(εS/3,δ/2), and note that

∣∣∣B̂(1)
lk −B(0)

γ − slk

∣∣∣≤ t, and
∣∣∣B̂(0)

γ −B(0)
γ −Sγ

∣∣∣≤ t, (A.3)

holds with probability at least

1−2e−2nγ t2
−2 ∑

(l,k)∈γB

e−2nlkt2
.

Given the event in Eq. A.3,

B̂(1)
lk −B(0)

γ − slk ≥−t; − B̂(0)
γ +B(0)

γ +Sγ ≥−t;

B̂(1)
lk −B(0)

γ − slk ≤ t; − B̂(0)
γ +B(0)

γ +Sγ ≤ t.

Combining these inequalities, we see that

−2εS/3−Sγ + slk ≤ B̂(1)
lk − B̂(0)

γ ≤ 2εS/3−Sγ + slk

⇒


B̂(1)

lk − B̂(0)
γ ≤−εS/3 if Sγ > slk

B̂(1)
lk − B̂(0)

γ ≥ εS/3 if Sγ < slk

113



and hence |B̂(1)
lk − B̂(0)

γ |≥ εS/3. Applying A.1 with P = B̂(1)
lk ,Q = B̂(0)

γ ,

−2λ̂γ = ∑
(l,k)∈γB

nlkDKL(P ||Q)≥ ∑
(l,k)∈γB

nlk

(
B̂(1)

lk − B̂(0)
γ

)2
≥ nγε

2
S/9

Moreover, given the event in Eq. A.3, we have that B̂(0)
γ ∈ (δ/2,1− δ/2) so that Eq. A.1

also provides

−2λ̂γ ≤ ∑
(l,k)∈γB

4
δ

nlk

(
B̂(1)

lk − B̂(0)
γ

)2
≤ 8

δ
nγ

as desired.

A.5 Proof of Theorem 4.3

Consider the case where the graph under consideration comes from an RMHSBM distri-

bution; note that below we will assume that the assumption in Eq. 4.10 holds. In this

setting, an application of Theorem A.1 yields that for n > n0 (letting t =
√

c2B(1)
ℓ,k

lognℓ,k
nℓ,k

for

a constant c2 > 0 to be set shortly)

P(B̂(1)
ℓ,k −B(1)

ℓ,k ≤−t)≤ e−
c2 lognℓ,k

2 (A.4)

P(B̂(1)
ℓ,k −B(1)

ℓ,k ≥ t)≤ exp

− c2B(1)
ℓ,k lognℓ,k

2B(1)
ℓ,k +

2
3

√
c2B(1)

ℓ,k
lognℓ,k

nℓ,k

 (A.5)

≤ exp

{
−

c2 lognℓ,k
2+ 2

3
√

c2

}

Note that, if

|B̂(1)
ℓ,k −B(1)

ℓ,k |≤

√
c2B(1)

ℓ,k
lognℓ,k

nℓ,k
for all {ℓ,k} ∈ γ, (A.6)
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then it holds that

|B̂(0)
γ −B(1)

ℓ,k |≤ max
(ℓ,k)∈γB

√
c2B(0)

ℓ,k
lognℓ,k

nℓ,k

as well. Now, (where n∗∗ = minℓ,k nℓ,k)

P

⋂
γ∈Γ

⋂
(ℓ,k)∈γB

{
|B̂(1)

ℓ,k −B(1)
ℓ,k |≤

√
c2B(1)

ℓ,k
lognℓ,k

nℓ,k

}
= ∏

γ∈Γ

∏
(ℓ,k)∈γB

P

(
|B̂(1)

ℓ,k −B(1)
ℓ,k |≤

√
c2B(1)

ℓ,k
lognℓ,k

nℓ,k

)

≥∏
γ∈Γ

∏
(ℓ,k)∈γB

1−2exp

− c2B(1)
ℓ,k lognℓ,k

2B(1)
ℓ,k +

2
3

√
c2B(1)

ℓ,k
lognℓ,k

nℓ,k


 (A.7)

= Ω

(
exp

(
−((K∗)2 +K∗) · exp

{
− c2 logn∗∗

2+ 2
3
√

c2

}))
(A.8)

We then have that with probability at least the value in Eq. A.7, it uniformly holds that

(where n∗,γ = min{ℓ,k}∈γ nℓ,k)

B̂(1)
ℓ,k ∈ B(1)

ℓ,k ±

√
c2B(1)

ℓ,k
lognℓ,k

nℓ,k
(A.9)

B̂(0)
γ ∈ B(1)

ℓ,k ±

√
c2B(1)

ℓ,k
logn∗,γ

n∗,γ
(A.10)

Note that Eq. A.10 implies that

B̂(0)
γ ≥ B(1)

ℓ,k −

√
c2B(1)

ℓ,k
logn∗,γ

n∗,γ

and

1− B̂(0)
γ ≥ 1−B(1)

ℓ,k −

√
c2B(1)

ℓ,k
logn∗,γ

n∗,γ
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Assuming Eq. A.9–A.10 hold moving forward, applying the Pinsker upper bound in Eq.

A.1 to Eq. (4.4), for n > n0 we then arrive at the following which holds with probability at

least 1−4K2e−c4 logn∗ .

−2λ̂T ≤ ∑
γ∈Γ

∑
(ℓ,k)∈γB

nℓ,k
2

min(B̂(0)
γ ,1− B̂(0)

γ )
(B̂(0)

γ − B̂(1)
ℓ,k )

2

≤ ∑
γ∈Γ

∑
(ℓ,k)∈γB

nℓ,k
8c2B(1)

ℓ,k
lognℓ,k

nℓ,k

B(1)
ℓ,k −

√
c2B(1)

ℓ,k
logn∗,γ

n∗,γ

(applying Eqs. A.9 and A.10)

≤ ∑
γ∈Γ

∑
(ℓ,k)∈γB

8c2

(1−√c2)
lognℓ,k

We then have the BIC difference is equal to

∆̂T,BIC =−2λ̂T −

(
∑
γ∈Γ

(|γB|−1)

)
log
(

n
2

)
≤ ∑

γ∈Γ

(
|γB|

8c2

(1−√c2)
− (|γB|−1)

)
log
(

n
2

)
(A.11)

=

[(
8c2

(1−√c2)
−1
)
(K∗)2 +K∗

2
+ |Γ|

]
log
(

n
2

)

Choosing c2 ≤ 1
16

(
1− 2|Γ|

(K∗)2+K∗

)
yields ∆̂T,BIC < 0 as desired.

A.6 Proof of Theorem 4.4

Again, applying Theorem A.1, we have that with probability at least

1−4(K∗)2e
− c2 logn∗∗

2+ 2
3
√c3
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it uniformly holds that

B̂(1)
ℓ,k ∈ B(1)

ℓ,k ±

√
c3B(1)

ℓ,k
lognℓ,k

nℓ,k
and

B̂(1)
γ ∈ E(B̂(1)

γ )±

√
c3E(B̂(1)

γ )
lognγ

nγ

,

(A.12)

where nγ = ∑(ℓ,k)∈γB nℓ,k.

If the RMHSBM is (M,η)-incompatible with the true SBM, then for n > n0, applying the

lower Pinsker bound in Equation (A.1) to Equation (4.4) yields (we remind the reader that

C > 0 is a constant which may change from line to line)

−2λ̂T ≥ ∑
γ∈Γ

∑
(ℓ,k)∈γB

nℓ,k4(B̂1
γ − B̂0

ℓ,k)
2 = Ω

(
n∗∗Mη

2−CM logn∗∗
)

Hence, we have the BIC difference satisfies

∆̂T,BIC =−2λ̂T −∑
γ∈Γ

(|γB|−1) log
(

n
2

)
= Ω

(
n∗∗Mη

2−C
((

K∗

2

)
+K∗+M

)
logn

)

Hence, if η2M = ω((K∗)2 logn
n∗∗

), under the high-probability event in Equation (A.12), we

have ∆̂T,BIC > 0, completing the proof.
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[71] Marina Meilă. Comparing clusterings—an information based distance. Journal of
multivariate analysis, 98(5):873–895, 2007.

[72] Lingyao Meng, Mengqi Lou, Jianyu Lin, Vince Lyzinski, and Donniell E Fishkind.
On seeded subgraph-to-subgraph matching: The sssgm algorithm and matchability
information theory. arXiv preprint arXiv:2306.04016, 2023.

123



[73] Bruno T Messmer and Horst Bunke. Efficient subgraph isomorphism detection: a
decomposition approach. IEEE transactions on knowledge and data engineering,
12(2):307–323, 2000.

[74] Ron Milo, Shai Shen-Orr, Shalev Itzkovitz, Nadav Kashtan, Dmitri Chklovskii, and
Uri Alon. Network motifs: Simple building blocks of complex networks. Science,
298(5594):824–827, 2002.

[75] Jacob D. Moorman, Qinyi Chen, Thomas K. Tu, Zachary M. Boyd, and Andrea L.
Bertozzi. Filtering methods for subgraph matching on multiplex networks. 2018
IEEE International Conference on Big Data (Big Data), 2018.

[76] D. Mottin, M. Lissandrini, Y. Velegrakis, and T. Palpanas. Exemplar queries: a new
way of searching. The VLDB Journal, 25(6):741–765, 2016.

[77] M. E. J. Newman. Modularity and community structure in networks. Proceedings
of the National Academy of Sciences, 103(23):8577–8582, 2006.

[78] Roberto Imbuzeiro Oliveira. Concentration of the adjacency matrix and of the lapla-
cian in random graphs with independent edges. arXiv preprint arXiv:0911.0600,
2009.

[79] Yongjin Park, Cristopher Moore, and Joel S Bader. Dynamic networks from hierar-
chical bayesian graph clustering. PloS one, 5(1):e8118, 2010.

[80] H. G. Patsolic, Y. Park, V. Lyzinski, and C. E. Priebe. Vertex nomination via lo-
cal neighborhood matching. Statistical Analysis and Data Mining: The ASA Data
Science Journal, 13(3):229–244, 2020.

[81] F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion, O. Grisel, M. Blon-
del, P. Prettenhofer, R. Weiss, V. Dubourg, J. Vanderplas, A. Passos, D. Cournapeau,
M. Brucher, M. Perrot, and E. Duchesnay. Scikit-learn: Machine learning in Python.
Journal of Machine Learning Research, 12:2825–2830, 2011.

[82] Tiago P Peixoto. Hierarchical block structures and high-resolution model selection
in large networks. Physical Review X, 4(1):011047, 2014.

[83] Christina Prell and John Skvoretz. Looking at social capital through triad structures.
Connections, 28(2):4–16, 2008.

[84] P. Rastogi, A. Poliak, V. Lyzinski, and B. Van Durme. Neural variational entity
set expansion for automatically populated knowledge graphs. Information Retrieval
Journal, 22(3-4):232–255, 2019.

[85] Pushpendre Rastogi, Vince Lyzinski, and Benjamin Van Durme. Vertex nomination
on the cold start knowledge graph. Human Language Technology Center of Excel-
lence: Technical report, 2017.

124



[86] John W Raymond, Eleanor J Gardiner, and Peter Willett. Rascal: Calculation of
graph similarity using maximum common edge subgraphs. The Computer Journal,
45(6):631–644, 2002.

[87] Douglas A Reynolds et al. Gaussian mixture models. Encyclopedia of biometrics,
741(659-663), 2009.

[88] Mehrdad Rostami, Mourad Oussalah, and Vahid Farrahi. A novel time-aware food
recommender-system based on deep learning and graph clustering. IEEE Access,
10:52508–52524, 2022.

[89] Marta Sales-Pardo, Roger Guimera, André A Moreira, and Luı́s A Nunes Amaral.
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