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Chapter 1:  Overview

1.1 Motivation

Mirror symmetry provides deep connections between algebraic geometry, symplectic
geometry, and mathematical physics. One of the most tractable constructions comes from
toric geometry, where Batyrev showed that reflexive polytopes naturally produce mirror
pairs of Calabi—Yau hypersurfaces.

More recently, Berglund and Hiibsch proposed a broader combinatorial framework that
extends mirror symmetry beyond the classical convex toric setting. Their construction sug-
gests the existence of mirror pairs associated to certain “VEX” multitopes and their trans-
polars, whose geometry lies outside the scope of ordinary toric varieties. They conjecture
that the ambient spaces associated with VEX multitopes are certain torus manifolds.

Topological toric manifolds, a special class of torus manifolds introduced by Ishida,
Fukukawa, and Masuda, form a natural generalization of smooth toric varieties and provide
potential ambient spaces for Berglund—Hiibsch—type mirror constructions.

This thesis studies equivariant vector bundles on topological toric manifolds and devel-
ops tools that may eventually contribute to a geometric understanding of Berglund—Hiibsch

transpolar mirror symmetry.



1.2 Main results

This thesis classifies all real/complex topological/smooth equivariant vector bundles

over topological toric manifolds and gives a geometric meaning of the combinatorial Hirzebruch-

Riemann-Roch theorem for torus manifolds proved by Hattori and Masuda in the context

of topological toric manifolds.

1.2.1

Klyachko vector bundles

We define the notions of affine charts, distinguished points and orbits corresponding

to cones in a topological fan, etc by mimicking their toric counterparts as shown in the

following table and replace the usual total order > on % by two partial orders >, >

that will be used to express the extendability conditions for the quotient of two character

functions.
Toric Varieties TT™M
Fans toric fan £ topological fan A = (£, B) (Def.[3.7)
(Abstract) Cones o I (Def. @
Affine charts Us U; (Defm
character group of T M Z" (Lemma|3.1
cocharacter group of T N Z" (Lemma|3.1
orders total order > on R | partial orders >, >, on % (Def.
distinguished points Yo ¥ (Def. 4.1
T-orbit of 5 and ¥ 0(0) O(I) (Def. 4.1
closure of &'(c) and O(I) V(o) V(I) (Def. 4.1
stabilizer subgroups of Y5 and ¥; Ts T; (Def. |4.4

character groups of 75 and T,

Mo =M/(c= M)

A" |Bj- (Def. 4.4] Lemma

Table 1.1: Comparison of symbols

Then we establish an orbit-cone correspondence for topological toric manifolds:

Theorem 1.1 (4.1)).




1. There is a bijective correspondence

Y <— {T-orbits in X (A)}

I— O(I)

2. Foreach J € V), dimcO(J) =n— j.

u=\Jow.

J<I
4. J<Iiffo(I)CV(J)and
v =J o).

J<I

We define a Klyachko vector bundle & over a topological toric manifold X to be a
complex equivariant vector bundle whose restriction to each affine chart U is equivariantly
isomorphic to the trivial bundle U; x C". On the other hand, by modifying Klyachko’s
compatibility condition for the filtered vector spaces associated with a toric vector bundle,

we define the category of Klyachko vector spaces as follows:

Definition 1.1 {#.6). For a topological toric manifold X, the category TKVSy is the cat-
egory whose objects are complex vector spaces E with a poset P of complex subspaces
E'(u) of E indexed by u € #,i € £1) which satisfy the following compatibility condition:

For any I € X, there exists a Z" / B[L—grading

E= EB Epy

X)€% | B~



for which

E'(u)= Y Ey, Viel
(X:Bi)=Zcn

A morphism f: (E,{E'(u)}) — (F,{F'(n)}) in TKVSy is a linear transformation f :
E — F such that f(E(u)) C Fi(u) for all i € V) and pu € Z. f is an isomorphism
if E — F is an isomorphism of complex vector spaces. f is a monomorphism if £ —
F is a monomorphism of complex vector spaces. f is an epimorphism if £ — F is an

epimorphism of complex vector spaces and f(E! = Fi foralli € ¥V and u € .
p p p p u u u

Finally we show that Klyachko vector bundles are completely described by their linear

algebra data.

Theorem 1.2 @.7). The category TKVBy of topological Klyachko vector bundles over the
topological toric manifold X is equivalent to the category TKVSyx of topological Klyachko

vector spaces.

Theorem 1.3. The category SKVBy of smooth Klyachko vector bundles over the

topological toric manifold X is equivalent to the category SKVSy.

1.2.2 Classification of complex equivariant vector bundles

We prove that all topological/smooth complex equivariant vector bundles are topologi-

cal/smooth Klyachko vector bundles.

Theorem 1.4 (5.2). Let X be the 2n-dimensional topological toric manifold associated with
a topological fan A and . & — X a topological T-equivariant complex vector bundle of

rank k, then & is a topological Klyachko vector bundle.

Theorem 1.5. [5.3| Let X be the 2n-dimensional topological toric manifold associated with
a topological fan A and it : & — X a smooth T-equivariant complex vector bundle, then &

is a smooth Klyachko vector bundle. O



1.2.3 Classification of real equivariant vector bundles

We generalize the equivalence between real vector bundles and complex vector bundles
with conjugates in [[1] to equivalence between real equivariant vector bundles and complex
equivariant vector bundles with conjugates. By adding one more restriction on the conju-
gate maps 7 on the filtered vector spaces in SKVS, we define the category FVSC of filtered

vector spaces with conjugates as follows:

Definition 1.2. [6.2) For a topological toric manifold X, let FVSCx be the category whose
objects are pairs (E, ) where E is a complex vector space and 7 : E — E is an anti-linear
involution with a poset P of complex subspaces E‘(11) of E indexed by u € #,i € £(V
which satisfy the following compatibility conditions:

1. For any I € ¥, there exists a 2" / 3;--grading

E= @ Epy

(] e<%n/ﬁ[J'

for which

E(wy= Y Ey, Viel
(2.Bi)=sm

2. 1(Ey) = Ey for all [x] € 2" /B;j* where x*(t) = x(¢) forall t € T.

Given (E,T),(F,0) € FVSCyx, a morphism f : (E,7) — (F,0) is a linear transformation

f : E — F between the complex vector spaces E and F such that

fort=00f.

Then we obtain a classification of all smooth real equivariant vector bundles.



Corollary 1.6. [6.4) For a topological toric manifold X, the category REVBy of smooth real

equivariant vector bundles over X is equivalent to FVSCy.

1.2.4 Hirzebruch-Riemann-Roch theorem for topological toric manifolds

We generalize the equivalence between torus invariant Cartier divisors and equivariant
line bundles over smooth toric varieties to the equivalence between t-divisors and t-line
bundles over topological toric manifolds and give a geometric interpretation of Hattori
and Masuda’s combinatorial Hirzebruch-Riemann-Roch theorem in the case of topological
toric manifolds. The proof of our Hirzebruch-Riemann-Roch theorem mixes the geometric
proof of toric Hirzebruch-Riemann-Roch theorem in [6] and some combinatorial identities

proved in [8].

Theorem 1.7. [7.19 For a t-divisor D on a TTM X = X (A),

/ ch(D) Td(X) = #Pp.

Below is a table that compares three different versions of Hirzebruch-Riemann-Roch

theorem.



smooth complete TTM X (A) Torus manifolds
TV X5

Divisors Cartier divisors t-divisors not defined
D:Zp apr, D:Z;nzla,’Di,
ap € Z a; € X

Objects algebraic smooth equivariant | simple lattice

equivariant line
bundles L = Lg, (p)

line bundles Lp

multipolytopes
P =(AF)

tangent bundle
TX

complex vector
bundle

real vector bundle

real vector bundle

total Chern c(TX) = not defined not defined

class [Tpes1)(1+Dp)

Integrals [x as defined in [6] fx (formulal7.1 Ja (formula

Todd class ez % € i 1_[5 i}[ui] T(A) = _
H(X,Q) H(X,Q) Yeean o1 75050

HRR Jy e Td(X) = [xe ' POTdX) = | [, ') T(A) =42

x(L)

#7p

Table 1.2: HRRs

1.2.5 Structure of the thesis

In chapter 2 we review the basics of toric geometry, Klyachko’s classification of toric
vector bundles and toric Hirzebruch-Riemann-Roch theorem.

In chapter 3 we review the bijective correspondence between topological toric man-
ifolds and topological fans, compare smooth complete toric varieties, topological toric
manifolds and general torus manifolds and review Hattori and Masuda’s combinatorial
Hirzebruch-Riemann-Roch theorem for torus manifolds.

In chapters 4,5 we give a complete classification of complex equivariant vector bundles
over topological toric manifolds.

In chapter 6 we classify all real equivariant vector bundles based on the results in chap-
ters 4,5.

In chapter 7 we establish the correspondence between t-divisors and t-line bundles and



give a geometric proof of Hirzebruch-Riemann-Roch theorem for topological toric mani-

folds.



Chapter 2: Toric Geometry

2.1 Toric varieties

In this chapter, we review the basics of toric geometry that will be generalized to topo-
logical toric manifolds in the following chapters.

Let T be the affine variety (C*)", M a lattice of rank n, i.e. a free abelian group of
rank n which is isomorphic to the character group of T and N := Homy(M,Z) which is

isomorphic to the cocharacter groups of T.

Definition 2.1. A convex polyhedral cone in Np is a set of the form

o = Cone(S) = {Z Ayu|Ay > 0} C Ng,

ues

where S C Ny is finite. o is strongly convex if o(\(—o) = {0}. o is rational if c =

Cone(S) for some finite S C N.
We will call a strongly convex rational polyhedral cone simply a cone in this thesis.

Definition 2.2. Given a cone ¢ C N, its dual cone is defined by
' ={me Mg|(m,u) >0Vucoc}.

A subset 7 of ¢ is a face of o, denoted by T < ¢ if T = 6(H,, where m € ¢ and H,, =

{u € Ng|(m,u) = 0}.



Definition 2.3. A fan X in Mg is a finite collection of cones & C Ng such that:
i. Every o € X is a strongly convex rational polyhedral cone.
ii. Forall o € X, each face of o is also in X.
iii. For all 07,0, € X, the intersection o ()0 is a face of each.

Given a fan X, we obtain a toric variety Xs as follows: for each o € ¥, the affine variety

corresponding to o is defined to be
Us = Spec(CISo))

where Sg := 6 (M. For any 61,0, € L, the intersection T = 07 () 0> € X and there exists

m € 6}/ (—02)" MM such that

o[ \Hn=1=0[ |M

and hence

Us, O (Uﬁl)%’” =Ur = (Uﬁz)x"” C Ug,.

After glueing Uy, and Uy, along U, for all 01,0, € ¥, the toric variety we obtain is X5.

2.1.1 Orbit-Cone correspondence

For a cone o, points of Uy are in bijective correspondence with semigroup homomor-

phisms ¥y : S¢ — C and the distinguished point Y5 of ¢ is the point in Ug corresponding to

10



the semigroup homomorphism

1 meSsNot
meSqg—

0 otherwise.

We denote the torus orbit of 5 by

ﬁ(G):T-’}/G CXE.

Theorem 2.1 ([6], Theorem 3.2.6.). Let X5 be the toric variety of the fan Y in Ng. Then:

i. There is a bijective correspondence

X «— {T-orbits in X5 }

I— O(I).

~.
~

. For each cone 6 € X,dim0(6) =n—dimo.

iii. The affine open subset Ug is the union of orbits

Us= ] O().

70

iv. T2 0 ifandonlyif O(c) C O(t) and

where O(7) denotes the closure of O () in the Zariski topology.

11



2.1.2  Divisors and equivariant line bundles

We recall the construction of an equivariant line bundles from a torus invariant Cartier
divisor D on toric varieties in toric geometry in section 2.1 of [[15].

For a Cartier divisor D =}, es(1yapDp ona toric variety X5 such that D|y, = div(—Is)

for some —[s € M, the line bundle Lp corresponding to the sheaf Ox.(D) is equivariantly

trivial over Us where the dense torus T C X5 acts via

1(x,v) := (tx,x "o (t)v) for all € T, (x,v) € Us x C.

For 0,7 € A, the transition function
o7 : Ur x CD (Ur[ \Us) X C — (Ur[\Us) x C C Us x C

sends (x,¢) to (x, ;CC:—IZ(x)c) = (x, X—lr(x)c)

2.2 Classification of toric vector bundles

Theorem 2.2 ([12],Prop 2.1.1.). Let 6 be a smooth rational cone and X = X (o) := Speck[c"]

the affine toric variety.

i. All toric vector bundles on X take the form E x X where E is a linear representation

space of the torus T.

ii. Two toric vector bundles & = E x X and % = F x X are isomorphic if and only if

the restrictions of the representations are isomorphic: E "JTU ~ F ‘Ta'

12



iii. Define decreasing Z-filtrations on the space E

E*i)= P Ey.aclol,
o) >i

where Ey C E is the isotypical component of the character § € M. Then the space of
toral homomorphisms Homy (&, %), & = E x X, % = F x X, is canonically isomor-
phic to the space of the linear operators ¢ : E — F, compatible with the filtrations:

Q(E%(i)) C F*(i), Va € |o|,i € Z.

Theorem 2.3 ([12], Theorem 2.2.1). Let X be a smooth fan and X = X5 the toric variety

corresponding to ¥. The category of toric vector bundles over X is equivalent to the cat-

egory of vector spaces E with a family of decreasing Z-filtrations E*(i),o € |X|, which
satisfy the following compatibility condition:

For any ¢ € X, there exists a Mg-grading E = @xeMgEm (x) for which

E*(i)= Y El(y),Vaclol.
(x,00=i]
2.3 Hirzebruch-Riemann-Roch theorem for smooth complete toric vari-
eties

Definition 2.4. The Chern roots of the tangent bundle of a smooth complete toric variety

X are elements & € H?(X,Q) such that

n

o(Tx) =J(1+&).

~
—_

The Todd class of X is

=
EAN




Theorem 2.4. Let X = X5 be a smooth complete n-dimensional toric variety with tangent

bundle Tx. Then

co(Tx)= ] (1+[Dp])

peX(l)

and
i [Dp]

Td(X) = l]:]l =57

€H(X,Q)
where Dy, is the closure of the orbit O(p) corresponding to the ray p € X(1).

Definition 2.5. For a complete toric variety X = X, the Euler characteristic of an invertible
sheaf .Z on X is
n
x(Z) = Z(—l)‘dimH’(X,Z).
i=0
Theorem 2.5 ([6], Theorem 13.3.8.). For an invertible sheaf £ on a smooth complete toric

variety X = X5, we have

1(2) = [ eh(2)Td(x)

and the Chern character of £ is

ch(Z) =¥ e H'(X,Q).

14



Chapter 3: Toric Topology

Topological toric manifolds are generalizations of smooth complete toric varieties and
torus manifolds are further generalizations of topological toric manifolds. In this chapter,

we review

1. The bijective correspondence between the isomorphism classes of topological toric

manifolds and the isomorphism classes of topological fans in [10].
2. Comparison among toric varieties, topological toric manifolds and torus manifolds.

3. Hattori and Masuda’s combinatorial Hirzebruch-Riemann-Roch theorem for torus

manifolds in [8]].

Definition 3.1. A closed smooth manifold X of dimension 2n with an effective smooth
action of T having an open dense orbit is a topological toric manifold if it is covered by
finitely many invariant open subsets each equivariantly diffeomorphic to a direct sum of

complex one-dimensional smooth representation spaces of T.

Definition 3.2. Let M be a closed, connected, oriented, smooth manifold of dimension 2n
with an effective smooth action of an n-dimensional torus group G = (S')" with non-empty
fixed point set MC. A closed, connected codimension two submanifold of M is called
characteristic if it is a connected component of the set fixed pointwise by a certain circle
subgroup of G and contains at least one G-fixed point. M is a torus manifold if a preferred

orientation is given to each characteristic submanifold M;.

15



3.1 Topological toric manifolds

3.1.1 Construction of topological toric manifolds from topological fans

b 0
Definition 3.3. Let S be the ring of 2 x 2 matrices of the form where b,cc R,v € Z.

c v

Denote the set C x Z by Z%. We define a ring structure on % via the bijection # — S sending

b 0
U= (b++v—lc,v)to ,i.e.

c v

pi+ o = ((b1 +b2) +vV—1(c1 +¢2),vi +v2)

Hilp = (b1b2+\/ —1(b1C2+C]V2),V1V2).

for w; = (bi—f—v—lc,-,vi),i: 1,2.
Forg e C*,u = (b++/—1lc,v) € Z, define

—Tc 8
g/,t — |g’b+ﬁ6(_>v7
8
then (g.ul)uZ — g/~12/~11 .
1 0
The identity element 1 = (1,1) of & corresponds to . The ring %" plays the
01

roles of the character group and the cocharacter group for topological toric manifolds. For
pex"=C"x7Z" wealso denote it by u = (b(u) ++/—le(u),v(p)) where b(u),c(u) €
R v(u) € Z".

Definition 3.4. Let G be an abelian topological group. A continuous (resp. smooth) char-
acter of G is a continuous (resp. smooth) homomorphism G — C*. A continuous (resp.

smooth) cocharacter of G is a continuous (resp. smooth) homomorphism C* — G.

16



For oo = (a!,...,0") € #" and B = (B!,..., B") € %", define smooth characters y* €

Hom((C*)",C*) and smooth cocharacters Ag € Hom(C*, (C*)") via

1 n
X815 8n) = Hg g) = ,....¢").

Lemma 3.1. All continuous characters (resp. cocharacters) of T are of the form x* (resp. lﬁ ).

In particular, every continuous character of T is smooth.

Proof. Given a continuous character y : C* — C*, because C* ~ R~ x S! as an abelian
topological group, the restriction yg_, of ¥ to R-( and the restriction )¢ of ) to S! are
also continuous homomorphisms. R~ is isomorphic to (R,+) as an abelian topological
group via log, therefore yr_(r) = ¢ for some b,c € R. Let m : R — S! be the covering
map 6 — ¢*™%, Let ¢ : R — R be the unique lifting of y o 7 with ¢(0) = 0 so that the

following diagram is commutative:

R—2,R

| K
st 8

Figure 3.1: Universal Covering

We prove that ¢ is a homomorphism. Let 0,6, € R. We have

Xs1 (m(61+62)) = X1 (7(61)) 251 (7(62))-

17



By commutativity of the diagram, this is equivalent to

(961 +62)) = 7(¢(61) +¢(62)).

So f(61,0,) :=¢(61+6>)—¢(6)) —¢(6,) € Z. Since f is continuous, f must be constant.
This constant must be 0 because ¢ (0) = 0. Hence ¢ is a homomorphism. Let v= ¢ (1). It’s
easy to see that ¢ (n) = nv for n € Q. By continuity of ¢, we know ¢(r) = rv for all r € R.
By continuity of the above diagram, v € Z. Hence x(z) = z* where u = (b+ci,v) € Z.

In general, given a continuous character y : (C*)" — C*, its restriction y; to the i-th coor-
dinate subspace of (C*)" is % for some o € %. Hence y = x* where a = (ol o).
Notice that a continuous cocharacter of C* is the same as a continuous character of C*, so

we can prove the claim about continuous cocharacters similarly. [

Definition 3.5. Define a bracket operation by
n
(a,B):=Y o't ez
k=1

Notice that in general (¢, 3) # (B, o) because the matrix product is not commutative.
For a family {o;}7 | of n elements in %", define its dual to be a family {f;}?_; such

that (o, B;) = §;;1 for all 7, j, which is equivalent to

al of ... o |B B ... B 10 ..0
o o5 ... | |BE By ... B7? 010 A
o, o or| |Bl B - By [0 0 ... 1]

where ;= (at},...a0), B; = (B},....B})".

For {o;}" | and {B;}}_, with o, B; € #", we define group endomorphisms @i, x%

18



and [Ti_; A, of (C*)" by

(@Xai)(gla--wgn) = (X (g1, 8n)s - XM (81,1 8n))
i=1 (3.2)

(ﬁzﬁi><g1,...,gn> = ﬁaﬁxgo.

Lemma 3.2 (cf. Lemma 2.4 of [10] ). If {b;}} , and {v;}!_, are bases of R" and 7"

respectively, then {B;}!_| has a dual set {0;}"_,, i.e. (04, B;) = 0;;1 for any i, j.

Lemma 3.3 (cf. Lemma 2.3 of [10]). If {o;}!, is dual to {B;}}_,, then the composition
n n
([T2) (B x%):(C*)" — (C*)"
i=1 i=1

is the identity, in particular, both @j_; x* and [[\_, Ag, are automorphisms of (C*)".

Definition 3.6. An abstract simplicial complex X is a collection of non-empty finite subsets
of a set S such that for every set / € ¥ and J C I, we have J € X. Let X be an abstract
simplicial complex. If X contains only finitely many elements, then it is called a finite
abstract simplicial complex. The dimension of I € X is |[[|—1. If |[I|< n for all € £ and
there exists Iy € X such that |Iy|= n, then X is called an abstract simplicial complex of
dimension n — 1. An augmented abstract finite simplicial complex ¥ of dimension n — 1
is a set ¥’ J{0} where ¥’ is an abstract finite simplicial complex of dimension n— 1. For
i € N, denote by £() the set of elements / € ¥ such that |I|=i. In particular, we denote the

vertex set by (1), We call the elements in X abstract cones.

Definition 3.7. Let £ be an augmented abstract finite simplicial complex of dimension
n—1 and let

B:x) — 2" = C" x 7"
where (1) denotes the vertex set of £. We abbreviate an element {i} € £(!) as i and B({i})
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as ;i and express 3; = (b; ++/—1c;,v;) € C" x Z". Denote the cone spanned by b;,i € I
by /b;. Then the pair (X, ) is called a (simplicial) topological fan of dimension n if the

following are satisfied.

1. b;’s for i € I are linearly independent whenever I € ¥, and /b;N /by = /bjny for any
I,J € . (In short, the collection of cones /b; for all I € ¥ is an ordinary simplicial

fan although b;’s are not necessarily in Z".)

2. Each v; is primitive and v;’s for i € I are linearly independent (over R) whenever

Iel.

A topological fan A of dimension n is complete if | J;cy /b; = R" and non-singular if

the v;’s for i € I form a part of a Z-basis of Z" whenever I € X.

Construction. Let A = (X, ) be a non-singular topological fan of dimension n. We take
the vertex set (1) as [m] = {1,2,...,m}. Because X is a fan, for all I € £, we have I C [m].

For I C [m], we set I° :== Z()\I and
U(I) :={(z1,...,2m) €C™ | zi £ 0 for Vi ¢ I} = Cl x (C*)F".

Note that U(I)NU(J) =U(INJ) for any I,J € [m] and U(I) C U(J) if and only if I C J.
We define
uE):=Ju.

Iex

Let
A (CH" — (CH)"

be the homomorphism defined by
m
/1(/’11,. .. ,hm) = Hlﬁk(hk).
k=1
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Lemma 3.4. A is surjective.

Proof. Given I € 2™, let {a!}ics be the dual to {B;}ic;. We prove that @,c; x% o is
surjective. By Lemmam Dics xo‘i is a bijection, hence A is surjective.
Surjectivity of @;c; x% o A: Given (z1,...,24) € (C*)" = (C*)/, let hy = z if k € I and

hy = 1 otherwise, then

zol h17 7 Hhalﬁk

Hence@ie,x“{o/l(hl,...,hm):(z1,...,zn). O

Lemma 3.5 (cf. Lemma 4.1 of [10]).

KerA = {(h1,...,hn) € (C)" | T[1*P =1 for any a € 2"}, (3.3)
k=1

Using {o Yicy for I € £, which is dual to {B;}ict, we have
1
KerA = {(h1,....hm) € (C)" | L [[ASP =1 foranyic 1}, (3.4)
kil
Definition 3.8. We call

X(A):=U(X)/KerA

equipped with the quotient topology together with the natural action of T = (C*)" ~
(C*)™ /Ker A the topological toric manifold associated with A.
Denote U(I)/KerA by U; and the representation space of @;¢; x% by BV ( X% )~ CL.

The following theorem confirms that X (A) is a smooth manifold.

Theorem 3.6 ([10], Lemma 5.1, Lemma 5.2). X(A) is a smooth manifold with a smooth
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T-action whose equivariant local charts are the maps
1
o :Ur—Pvx*)
iel
defined via
AL
Or(z1,---y2m) = (Hz,ﬁa‘ ’m)iez
k=1

forall I € ") and whose Jj-th component of transition function (pj(pfl o (UrNUy) —

©;(Uy) is given by
<a‘;7ﬁi>
[
iel
forall1,J € x(m),

Remark 1: Because of theorem sometimes we tacitly identify Uy with @;c;V ( xo‘il )s

e.g. in lemmaf.5]

3.1.2  Construction of topological fans from topological toric manifolds

Definition 3.9. A closed connected smooth submanifold of a topological toric manifold X
of real codimension two is characteristic if it is fixed pointwise by some C*-subgroup of T.

There are finitely many characteristic submanifolds denoted by Xi,-- -, X,.

Definition 3.10. An omniorientation on a topological toric manifold X is a choice of an
orientation on each characteristic submanifolds X; together with the canonical orientation

on X induced from the orientation of the open dense orbit which is identified with (C*)".

Let X be an omnioriented topological toric manifold. Define

X(X) = {1 C [m]|X; == X; # 0} J{0}.

icl
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Lemma 3.7 ([10], Lemma 3.3). For each i € [m] = £1)(X), there is a unique B;(X) €
A" such that Ag,x)(C*) fixes X; pointwise and Ag,x)(g)«§ = g& for any g € C*,& € v;
where Ag,x)(g)« denotes the differential of Ag,x)(g) and the right hand side denotes scalar

multiplication by g.

Write B3;(X) as
Bi(X) = (b:(X) +V—1ci(X),vi(X)) € #" =C" x 2"

and define

B:zW " =C"x2"

by B({i}) = B

Theorem 3.8 ([10], Lemma 3.8). A(X) = (X(X),B(X)) is a complete non-singular topo-

logical fan of dimension n.

3.1.3 Classification of topological toric manifolds

Definition 3.11. Let A = (X, ),A’ = (X', ') be topological fans. A,A" are equivalent,
denoted [A] = [A'], if there is an isomorphism ¢ : £ — ¥’ such that [3(’7(1.) = B; for any

iex®,

Theorem 3.9 ([10], Theorem 8.1). The category of isomorphism classes of omnioriented
topological toric manifolds of dimension 2n is equivalent to the category of isomorphism

classes of complete, non-singular topological fans of dimension n.
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3.2 Smooth complete toric varieties vs. topological toric manifolds vs.
torus manifolds
If A is a non-singular complete topological fan such that ; = (v;,v;) € Z" x Z" for
each i € Z(1), then X (A) is just the toric variety associated with the fan X’ whose cones
are all oy = /({v;]i € I'}). Hence every smooth complete toric variety is an omnioriented
topological toric manifold.

For an omnioriented topological toric manifold X, if we restrict the T-action to G =

(S")"-action, then X is a torus manifold.

Example 3.1 ([10] Example in section 5). CP?#CP? is a topological toric manifold but not

a toric variety because it does not admit any almost complex structure.

Theorem 3.10 ([10, Prop 8.3]). Let X be an omnioriented TTM and let A(X) = (£(X), B(X))
be the complete non-singular topological fan associated with X. We may assume that
the vertex set L) (X) of £(X) is [m] and express B(X)(i) = (bi(X) 4+ v—1ci(X),vi(X)) €
C* x Z" for i € [m] = Z1)(X). Then

H*(X:Z) = Z[H1.... )| 7

where u; € H*(X;7) and .9 is the ideal generated by the following two types of elements:

L M forl €5(X),
2. X vi(X)) iy for any u € T

Here U; is actually the Poincaré dual of the t-divisor D; in X.

Example 3.2 ([13]], Example 3.2). For n > 2, let 52" be the 2n-sphere identified with the
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following subset in C x R:

{(Zh”'yzn;y) € C XRHZ1|2++|Zn|2+y2 — 1}

with the G-action (1,-,t,) - (z1,"**,2n,y) = (1121, ,tnZn,Y) is a torus manifold but not
a topological toric manifold because its cohomology ring is not generated by degree 2

elements.

3.3 Combinatorial Hirzebruch-Riemann-Roch theorem for torus manifolds

3.3.1 Multipolytopes

We recall some general facts about multi-polytopes in sections 2,4,5,7 of [8]. We use A
to denote a multi-fan in this subsection and will explain the abuse of notations of multi-fans
and topological fans.

Fix the lattice N := Hy(BG,7Z) = 7" and denote N ® R by Ng. A strongly convex
rational polyhedral cone in Ng is simply called a cone in N. Denote by Cone(N) the space
of all cones in N with a partial order < defined by: 7 < o if and only if 7 is a proper face

of 0.
Definition 3.12. A multi-fan in N is a triple A = (X,C,w®) where
i. (X,<) is a finite poset with a unique minimum element .

ii. C:X — Cone(N) is a map satisfying the following properties:
(1) C(x) ={0}
() IfI < J for I,J € X, then C(I) < C(J).
(3) For any J € £, the map C restricted on {I € X|I <J} is an isomorphism of ordered

sets onto {x € Cone(N)|kx <C(J)}.
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iii. wt: 20 :={I € £|dimC(I) = n} — Z= such that w* (I) > 0 or w™(I) > 0 for all

Jcxm),

A multi-fan A’ is simplicial (resp. non-singular) if every cone in C(X) is simplicial (resp.

non-singular).

Let A = (X,C,w™) be a multi-fan and w := w* —w™. A vector v € Ny is called generic
if v does not lie on any linear subspace spanned by a cone in C(X) of dimension less than

n. For a generic v, define
veC(I)
where the sum is understood to be zero if there is no such /.

Definition 3.13. We say A is pre-complete if () = 0 and d,, is independent of the choice

of generic vectors v. This integer is called the degree of A and is denoted by deg(A).

For each K € ¥, we set

Y :={J XK <J}.

It inherits the partial order from X and K is the unique minimum element in Xx. A map
Ck : Tk — Cone(NCK))

sending J € Lk to the cone C(J) projected on (NC(K))p satisfies the three properties above
required for C where N¢K) := N /(C(K)(NN) is the quotient lattice of N by the sublattice

generated by C(K)(N. Define

w s K= (7 e 2K < J,dimCx(J) = n— |K|— Z=o

to be the restrictions of w* to Z"K*|K|. The triple Ag := (X,Ck,wj) is a multi-fan in NC(K)

and the projected multi-fan with respect to K € X.
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Definition 3.14. A is complete if Ak is pre-complete for any K € X.

Definition 3.15. Let A = (X,C,w*) be a complete multi-fan and let .% : £(1) — HP(Ng ) be
a map such that the affine hyperplane .% (I) is perpendicular to the half line C(I) for each
1M, We call a pair (A,.%) a multi-polytope and denote it by &. The dimension of a
multi-polytope & is defined to be the dimension of the multi-fan A. A multi-polytope &

is simple if A is simplicial.

For a simple multi-polytope &7, we assume that > = {1,---,m} and X consists of
subsets of [m]. Denote by v; a nonzero vector in the 1-dimensional cone C({i}) and by F;
the cone .# ({i}) and set

Fr = ﬂFi forl € X.
iel

If |I|= n, then F; is a point, denoted by u;. Suppose I € £, then {v;|i € I'} forms a basis
of Ng and denote its dual basis of Nj; by {ulli € I}, i.e. (ul,v;) = §;;. Take a generic vector
v € Ng, then (u!,v) #0forall I € 2" i € I. Set

ulif (udv) >0

1

. I
(_1)1 — (_1)#{161|(u[,v)>0}, (u{)-F —
—ul if (ul,v) <0.

1

Denote by C*(I)" the cone in Nj; spanned by (u!)™’s (i € I) with apex at u; and by ¢ its

characteristic function.

Definition 3.16. The Duistermaat-Heckman function DH 5 on Ny \UiZ F; associated with

2 is defined to be
DHy = Y (=1)'w(l)¢r.

Jexm)

Lemma 3.11 ([8, Lemma 5.4]). The support of DH % is bounded and is independent of the

choice of the generic vector v € Np.
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For a simple lattice multi-polytope & = (A,.%), we further require v; to be a primitive
integral vector in the half line C({i}). Then we slightly move F; in the direction of v; for
each i, so that we obtain a map .%, : £(1) — HP(Ny) and denote the multi-polytope (A, .7 )

by .. Since Z({i})’s miss the lattice N*, DH, is defined on N*.

Definition 3.17.
#2:= Y DHy, (u).

UeEN*

3.3.2 Combinatorial equivariant cohomology

This subsection is a review of §8 of [8]].

Let & = (A, .#) be a simple lattice multi-polytope associated with integers c/s by
Z({i}) = {u € H*(BG;R)|(u,v;) = ci}.
Define the equivariant cohomology of A as
HG(A) = Zlx1,- -+ Xm] /([T € X)
where x; = [];¢;x; and the degree of x; is two. Define a group homomorphism

n*: H*(BG,Z) — H(A)

m
U Z(u,v,-)x,-
i=1

where (,) is the natural pairing between cohomology and homology and extend it to an
algebra homomorphism

7% : H*(BG,Z) — Hi(A).
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n* defines a H*(BG, Z)-module structure on H(A).

Lemma 3.12 ([8, Lemma 8.11). Any element in H,(A) ® Q can be written in the form

Y e (ay)xy with ay € H*(BG,Q).

For I € 2 let {ulli € I} = {—q(a)|i € I} be the dual basis of {v;|i € I} as before.

Define a ring homomorphism 1; : Hj(A) ® Q — H*(BG,Q) by

ul ifiel,

l
y(xi) =
0 otherwise.

Lemma 3.13 ([8, Lemma 8.2]). ;" is an H;({pt},Q)-module map.

ForI ¢ Z(“), define Gy to be the image of

{(a1,--,am) € ]Rm]Zaiv,- €N,a;=0for j¢ I}
=1

1=
under the projection R” — R™ /7.

Definition 3.18. The combinatorial generalized equivariant Gysin map (called the index

map in [8]]) is defined by

m : H5(A) ®Q — H*(BG,Q)
e ¥ w(l)1j (x)

Jex(n) ‘GI‘HI'EI ulI' .

The cohomology ring of the multi-fan A of &7 is defined by
H*(A) :=Zx1, -, xm] /A

where 2/ is the ideal generated by all
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(D) x;forI ¢ £,

(2) X" (u,vi)x; foru e N.

m induces a homomorphism

| '@ eQ - 1 (B6.Q)/H(B6.Q) - Q.
For i € [m], let

pi: R" /7" — C*
(ar,--,am) — exp(2nv—1a;).
Denote by G, the union of all G; where [ runs over all 1 € xm),

Definition 3.19. We define the equivariant Todd class .7 %(A) of A to be

768) =Y []— .
@ g’gl—Pi(é’)e""

and the Todd class .7 (A) of A by

7w =Yl

Gaicl L= Pi

where ¥; is the image of x; € H;(A) in H*(A).

3.3.3 Combinatorial Hirzebruch-Riemann-Roch theorem

Theorem 3.14 ([8], Theorem 8.5). If & is a simple lattice multi-polytope, then [, e (

e
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Chapter 4: Klyachko vector bundles

4.1 Orbit-Cone correspondence

Definition 4.1. Let A = (X, ) be a non-singular topological fan of dimension n. For each
I €Y, wecall

=0 x 12"V € U (1) /Ker A

the distinguished point corresponding to / and we denote its T-orbit by
o) =T = (0" x (C)="\) /Ker A
and the closure of &(I) in X(A) by
V(1) := 0(1) = (0 x CE"\V) /Ker A € X(A).
The following theorem is a direct generalization of Theorem 3.2.6 of [6].
Theorem 4.1.
1. There is a bijective correspondence

Y «— {T-orbits in X(A)}

I— O(I)
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2. ForeachJ € V) dimcO(J) =n— j.

3.
u=Jou).
J<I
4. J<Iiffo(I)CcV(J)and
v =Jou
J<I

Proof.

1. Let € be a T-orbitin X(A) and y= [y!,...,¥"] € 0. LetI = {i € £(1)|y' = 0}, then
ONO(I)#0.Hence 0 = O(I).

2. Given J € 2U), let I € £ such that J < I. Then @;(0(J)) = 0/ x (C*)'V, hence
dimcO(J) =n—j.

3. follows from (a).

4. If J < I, then by definition &'(I) C V(J). Conversely if (1) C V(J), then £(1)\I C
r(1)\J,ie. J<I.

4.2 Topological Klyachko vector bundles

Definition 4.2. A topological Klyachko vector bundle of rank r over an n-dimensional
topological toric manifold X (A) associated with a topological toric fan A = (X,) is a T-
equivariant topological complex vector bundle & — X (A) whose restriction & |U1 1s equiv-

ariantly isomorphic to Uy x C" for all / € ¥ and whose action map T x & — & is continuous.
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Lemma 4.2. A continuous character x% : C* — C* where a = (b+cv/—1,v) € Z can be

continuously extended to C iff b >0 orb=c=v=0.

Proof. In this proof, I will use i for /—1. Given y* : C* — C* with o = (b +ci,v)
and g = pe¥ € C* where p € R.g, we have y%*(g) = p?*e/®. If b > 0, then |x*(g)|=
p? — 0 as g — 0, therefore y*(g) — 0 as g — 0. If b < 0, then |y%(g)|= p? — 4o as
g — 0, therefore y*(g) diverges as g — 0. If b = 0, suppose ¢ # 0, then let g(¢) =t,1 €
(0,+o0), we have x*(g(t)) = I diverges as t — 0T. Therefore ¢ = 0 when ¥* can be
continuously extended to C and b =0. When b =c¢ =0, let g(t) = %ﬁ,t € (0,+o0), then
x%(g(r)) converges as t — +oo if and only if v = 0. Therefore when b = 0, % can be

continuously extended to C if and only if c =v =0. U

Definition 4.3. We can define a partial order >, on Z as follows: For a = (b+cv/—1,v) €
X, wesay ¢ >.0=(0+0y/—1,0)ifb>00rb=c=v=0.Fora, 3 € #Z, wesay o >.
ifa—p >.0.

Proposition 4.3. > is a partial order.

Proof. Reflexivity is clear. Anti-symmetry: suppose ; = (b; +c;/—1,v;) € Z,i= 1,2 and
Q| >. 00,0 > o, then by —by > 0,by — by >0, therefore by —bry =c; —cp =vi —vp =0.
Transitivity: Suppose o; = (b; +c;v/—1,v;) € Z,i=1,2,3 and 0o >. 0,0 > 03. There
are four cases: 1) by > by, by > b3,2) by > by, 00 = 03,3) 0t} = 0, by > b3, 4) 0 = 0p =
0;3. In the first three cases, we have by > b3, hence o >, 3. The case 4 obviously satisfies

o > 03. O

Lemma 4.4. If 1 € £ and o € #", then a@ = Ticihicd where ; = (o, B;) and {od }iep is
dual to {ﬁi}igl.

Proof. LetB =a— Ziellia{, then (B, ;) = O for all i. The duality relation (¢, ;) = 9;;1

33



is equivalent to

-all ot oc?- | LB ,}- 10 ... 0
o o3 ... o |B? B; ... B? _ (.) 1 ? @
a, oy .oon| [BYOBY - By (000 ... 1]
where f3; = ( }, ey ﬁj’.l)T, therefore the matrix (f3 J’) ij is invertible as a 2n x 2n matrix with
coefficients in R, hence § = 0. O

The following lemma is used to derive the compatibility condition that guarantees that
we can extend the transition functions of the equivariant vector bundles from the open dense

subset TN U; Uy to Uy Uyj.

Lemma 4.5. If [ € X, then x* : T — C*,a € #" can be continuously extended to Uj iff

(a,B)) >0 Viel

Proof. Given I € X, by lemma we may assume that o0 = Ziellia{ where 4; = (&, B;).
X% can be continuously extended to Uy iff x* oA (hy,-- -, hy) =T}, h,ia’ﬁ ©) can be contin-

uously extended to €7 x (C*)"\ iff (o, B) >. 0 Vi€ L. 0

Definition 4.4. For each I € ¥, let T; = ((C*)! x 15\/) /Ker A be the stabilizer of y; and
Bl = {a € 2" (a,B) =0 Viel).

The following lemma is used in Theorem [4.7)to prove that the equivariant vector bundle

we get is independent of the choice of extensions of ¢y. It generalizes Prop 2.1.1 of [12]].

Lemma 4.6. Let X = Uj be an affine chart of a topological toric manifold corresponding

to a cone I € £,
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i) Define a family of subspaces of a complex T-module E by

Ew)= € Eyicl,
<X>ﬁi>2C:u
where Ey C E is the isotypical component of the continuous character y € %". Sim-
ilarly define {F'(1)|i € I, € R} for another complex T-module F. Then the space
of equivariant homomorphisms Homp(X X E,X X F) is canonically isomorphic to

the space of linear operators ¢ : E — F satisfying @(E'(1)) C F'(u) forall i € I.

ii) Two topological Klyachko vector bundles X x E and X x F are isomorphic if and

only if the restrictions of the continuous representations are isomorphic E |1,~ F |7,.

Proof. i): All topological Klyachko vector bundles on U; decompose into a sum of line
bundles by definition. Therefore we can assume that dimE = dimF = 1. A bundle mor-
phism f: X X E — X X F is a family of linear maps ¢, : E — F,x € X. The equivariance
condition implies that for yg, xr € Z",e € E, we have @ (te) =t@y(e), i.e. xe(t)@u(e) =
XF(t)@c(e). Fix an arbitrary point xo in the open dense orbit and let ¢ = ¢,,. Then
f(txo,e) = (tx0, xg ' xF()@(e)) for all t € T. Since f is continuous on X, either ¢ = 0
or Xp !¥F can be continuously extended to X. By lemma , the latter condition is equiv-

alent to

(xr,Bi) >c (xE,Bi),Vie I

In both cases ¢ satisfies (E*(u)) C F'(u).
Conversely, if ¢ : E — F satisfies ¢(E*(u)) C Fi(u), then

f(le,e) = (IXO,%EIXF(I)([)(E))
defines a continuous bundle morphism f : X x E — X X F by lemma H.5]
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ii) If the bundles & and .# are isomorphic, then E |t= & (Y1) ~ % (Y1) = F |r. (Recall
that 9; is the unique fixed point in U; for the top dimensional cone I € £ and &(y)
denotes the fiber of & over y;.) Conversely, if E |y= F |, then the posets of subspaces
{El(n)li e l,p € Z} and {F'(u)]i € I,u € #Z} are isomorphic. By i), the bundles & and

% are isomorphic. O

Definition 4.5. For a topological toric manifold X, the category TKVBy is the category
whose objects are topological Klyachko vector bundles over X. A morphism f: & — % in

TKVBy is a morphism of topological complex vector bundles over X that is T-equivariant.

Definition 4.6. For a topological toric manifold X, the category TKVSy is the category
whose objects are complex vector spaces E with a poset P of complex subspaces E'(1) of
E indexed by p € Z,i € £1) which satisfy the following compatibility condition:

For any I € X, there exists a Z" / BIL—grading

E= EB Epy

x|z /Bi-

for which

E'(u)= Y Ey, Viel
<X>ﬁi>26“

A morphism f : (E,{E'(u)}) — (F,{F(1)}) in TKVSy is a linear transformation f :
E — F such that f(E(u)) C Fi(u) for all i € ") and p € Z. f is an isomorphism
if E — F is an isomorphism of complex vector spaces. f is a monomorphism if £ —
F is a monomorphism of complex vector spaces. f is an epimorphism if £ — F is an

epimorphism of complex vector spaces and f(E'(u)) = Fi(u) forall i € (V) and u € Z.

Theorem 4.7. The category TKVBy of topological Klyachko vector bundles over the topo-

logical toric manifold X = X (A) is equivalent to the category TKVSy.
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Corollary 4.8. Let @ : TKVBy — TKVSy be an equivalence in the proof of Theorem
then a morphism f : & — % in TKVBy is a monomorphism (resp. epimorphism, resp. iso-

morphism) if and only if ®(f) is a monomorphism (resp. epimorphism, resp. isomorphism).

Definition 4.7. For each I € X, we denote by Hom,;(T;, C*) the group of continuous
homomorphisms T; — C* and by Homyg,,(T;,C*) the group of smooth homomorphisms

T] — C.

The following lemma explains the meaning of the index set 2"/ ﬁf in the grading of

E.

Lemma 4.9. For each I € ¥,Hom,, (T;,C*) = Homy,(T;,C*) ~ %"/Bi* as abelian

groups.

Proof. Notice that T; ~ (C*)* where k = |I|, therefore by the proof of lemma Hom,g, (T, C*) =
Homyy, (T;,C*). For the isomorphism, on the one hand, given @ € %#”", we have y* : T —
C* such that x*(A(hy, ..., hp)) = [T h\*P¥) . In particular, if & € B, then x%(T;) = 1.
Therefore by restricting to T;, o« € Z"/ ﬁf gives rise to y* : Ty — C*. On the other
hand, given x : T; — C* where I € X, choose an Iy € £ that contains I. Suppose
XA (hy, ... ) = Tlker h,’}" where [hy,...,hy,] € T (the bracket denotes the equivalence
class). Let o = Zkellkaéo where o0 is dual to fy,, then y = x*: T; — C*. It is easy to

check that these two assignments are inverse to each other, hence the result. [

Lemma 4.10. There is a canonical splitting T ~ T; x y(O(I)) where 17 : O(I) — T is an

embedding for each I € ),

Proof. Given I € ¥, pick an arbitrary [ € ¥(") that contains /. We have the following exact
sequence

1T, —T=(C)" =~ (C)" /kerd — O(I) — 1.
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The morphism f; : T; — T is fi([h1,...,hm|) = [w] where w; = h; if i € [ and w; = 1 if
i € Ip\I. The morphism £, : (C*) — /(1) is defined as follows: given g = (g;)es, € (C*)P,
let h; = x“ilo (g) for i € Iy and h; = 1 otherwise, then A (h) = g. Define f»(g) = [w| where
w;=0forieland w; = h; fori e Z(l)\l . It is easy to check that the above sequence is
exact. We define 1; below: Given w € &(I), let h € 0 x 1X"'\! such that [4] = w, then let
y(w); =1ifi €I and y;(w); = h; otherwise. Then f> o1 = id. Hence the exact sequence

splits. [

Proof of Theorem Klyachko’s original proof goes through with the previous lemmas:

I. Construction of a functor ® : TKVBy — TKVSyx:
Let & be a smooth Klyachko vector bundle over X. Let X = (J;cx Ur be the open cov-
ering by the open invariant subsets U; corresponding to I € X. By definition, we have

&y, =Ur x &(yr) for all I € X. Because Uy is Tj-invariant and T-invariant, we have
¢r: Ty — Aut(&' (1))

which can be extended to
or: T — Aut(&())
by lemma The transition functions fi; : Uy\U; — Hom(& (1), & (yy)) satisfy the

cocycle conditions fy; fix fxkr = 1 and f7; f;; = 1 and the equivariance condition

fuu(tx) = @i(t) frs (x) s ().

Let xo be an arbitrary point in the open dense orbit &'(0). We identify all fibers of & with
E = &(xo) via fiy, i.e. we assume that fi;(xo) = 1. Then fi;(txo) = @;(t)@;(t)~! and

the map ¢;(¢)@;(t)~! can be smoothly extended from T to U;(U;. We will interpret this
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extendability condition in terms of inclusion of filtrations below. First, as a representation

space of Ty, the space E admits a weight decomposition

E= @ Epy

[x\e%" | B-

where y € %" /B;* is considered as a map T; — C* by lemma and Ep={x€E|t-x=

x(t)x ¥t € T;}. Define a family of subspaces of E by

E'(u) = ) Ep, Viel.
X)€" /B (x,Bi) =1
We prove that @7 (1) @;(t)~! can be continuously extended from T to U; Uy iff ™ (i) C
E™(u) foralli € INJ and u € Z. Indeed, let e;,i € A; be a diagonalizing basis of the rep-
resentation @y, i.e. @;(t)e; = xi(t)e;, xi € Hom(T,C*) and let f}, j € Ay be a diagonalizing
basis of the representation @y, i.e. @;(t)f; = y;(t)fj, v; € Hom(T,C*). Let f; = Xa;je;.
Then

Qo fi = Tiaijuy; e

By lemma the character ¥; wj_l can be continuously extended to U; Uy iff ()i, B) >¢
(y;,Bx) for all k € I(J. In other words,

EY(u) CEY(u) Viel()Jand pu € %.

As a consequence, E® (i) = E*/(u) for all i € 1,J because both f;; and fj; can be con-
tinuously extended to U;(\U;. Therefore we denote E*(u) simply by E‘(u). Define
(&)= (EAE(u)li e 2. p € 2}).

Suppose f: & — Z is a T-equivariant map between two topological Klyachko vector
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bundles &,.% over X. For each I € (), we have the following commutative diagram

f
Elv, ——— Flu,

ok

UxE —— Uy x F
Figure 4.1: Location Description of f

Define ®(f) to be f |5,: E — F. Suppose {E*(u)|i € 21, u € #} comes from a grad-
ing E = eaxee%‘”/ﬁf Ep, and {Fi(u)|i e 2, u € Z} comes from F = @xe%n/ﬁli Fjy), then

by equivariance of f, we must have ®(f)(E'(u)) C F'(u).

II. Construction of a functor ¥ : TKVSy — TKVBy:

Given a family of doubly indexed subspaces E*(u) that correspond to E = @ 2 /Bt Epy,
we have a representation of T; that can be extended to a representation ¢; of T by lemma
m As the subspaces are decreasing, f77(txp) = (p,(t)(p]l(t) can be extended to U\ Uy
by the first part of this proof. Therefore the cocycle f;; determines a topological Klyachko
vector bundle & = W(E, {E‘(u)|i € 1), u € #}) over X(A). By lemma {.6, & |y, does
not depend on the choice of an extension of ¢y for each I € »("). That the bundle & does

not depend on the choice of gradings E is exactly the same as Klyachko’s original proof.

Suppose given a morphism f : (E,{E‘(u)}) — (F,{F'(u)}) in TKVSy, then by lemma
.6 we have a T-equivariant morphism of vector bundles f; : Uy x E — U; x F for each
I € X™. For any two [,J € ¥ notice that f1 and f; coincide as their restrictions to

the dense subset T(\U;(\Uy are the same. Hence they glue to a T-equivariant morphism

W(EAE (n)}) = P(FAF (1)}).
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We can quickly check that ¥(®(&)) ~ & and ®(W(E,{E'(1)})) ~ (E,{Ei(1)}). O

4.3 Smooth Klyachko vector bundles

Definition 4.8. A smooth Klyachko complex vector bundle of rank r over an n-dimensional
topological toric manifold X (A) associated with a topological toric fan A = (£, ) is a T-
equivariant smooth complex vector bundle & — X (A) whose restriction &/, is equivari-

antly diffeomorphic to U; x C” for all / € X and whose action map T x & — & is smooth.

Lemma 4.11. A smooth character x* : C* — C* where a0 = (b+cv/—1,v) € Z can be
smoothly extended to C iff c =0,b € N and b+v € 2N.

Proof. Write i for /—1 and g = pe® € C* = x + yi where p > 0,0 € [0,27),x,y € R.
The sufficiency is clear. We prove necessity below. Given x% : C* — C* that can be
smoothly extended to C where o = (b + ci,v), by lemma b>0orb=c=v=0.
In the latter case, obviously we have ¢ = 0,b € N and b +v € 2N. Suppose b > 0. Let

f(p) == 2% (p) = pP*i. We first prove that b € N. Suppose not, then there exists
f

no+1 . .
no € Nsuch thatny < b <ng+ 1 and gpon()H = Clpb—no—l+ct (C is some non-zero constant)

diverges as p — 0T, which contradicts that ¥ is smooth at 0. Therefore b € N. Next we

db+1f

_ e o
T = Cy-ci-p~ "% (C, is some non-zero constant)

prove that ¢ = 0. Suppose ¢ # 0, then
diverges as p — 0. Therefore ¢ = 0. Now we prove that b+ v € 2N. The proof below
is based on the observation that for Puiseux series F, G in one indeterminate x with finitely
many terms, deg((%)') < deg(£). Here the degree of a Puiseux series with finitely many
terms is the largest exponent whose corresponding coefficient is nonzero. We consider

three cases: 1) 0<v<b,2)0<b<v,3)v<0<b. Incasel, x*(g) = gvpb_" =

Xy (O)xF i) ) (x* + y2)"7". By separating the real and imaginary parts, we see that

x% is smooth if and only if » —v € 2N if and only if b+ v € 2N. In case 2, x*(g) = p‘fﬁb.
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Its real part is £ where F(x,y) = Z,Eio(—l)kxv’Zkka and G(x,y) = (x> +y%)'2". Since
b+1F

degF = v,degG = v — b, by the observation, limp_>0+ %XT‘{ does not exist. In case 3,

x%(g) = p?*Vg 7. By a similar reason as in case 1, y*(g) is smooth if and only b4 v € 2N

if and only if b £v € 2N. Hence we proved the necessity. 0
Definition 4.9. We can define a partial order >, on % as follows: For & = (b+cy/—1,v) €
R, we say o >;0=(0+0y/—1,0)ifc=0,b€N,b+vc2N. For o, § € Z, we say o >, B
ifa—p >;0.

Proposition 4.12. >; is a partial order.

Proof. Reflexivity and anti-symmetry are clear. Transitivity: Suppose o; = (b;+civ/—1,v;) €
H,i=1,23and q) >, 0,0 >, 03,1.e. by —by,by —b3 € N, (by —by) £ (vi —v2), (by —
b3) & (v — v3) € 2N, then by adding these expressions, we have by —b3 € N, (b) — b3) +
(vi —v3) € 2N. ]
Lemma 4.13. I[f [ € ¥, then x* : T — C*,a € #" can be smoothly extended to Uy iff
(a,B;) >0 Viel

Proof. The proof is the same as lemma [4.3] [

Lemma 4.14. Let X = U; be an affine chart of a topological tori manifold corresponding

10 aconel € ¥,
i) Define a family of subspaces of a complex T-module E by
El(nu‘): @ E[x]viEIv
(i) =sp

where Ey C E is the isotypical component of the smooth character ¥ € Z"If F is
another T-module, we define F'(i) similarly. Then the space of equivariant ho-
momorphisms Homy (X X E,X X F) is canonically isomorphic to the space of order

preserving linear operators ¢ : E — F
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ii) Two smooth Klyachko vector bundles X x E and X X F are isomorphic if and only if

the restrictions of the smooth representations are isomorphic E |p,~ F |,.

Proof. The proof is same as the one for lemma [.6)except that we replace lemma [.5]by
lemma F.13 O

Definition 4.10. For a topological toric manifold X, the category SKVBy is the category
whose objects are smooth Klyachko complex vector bundles over X. A morphism f :
& — % in SKVBy is a morphism of smooth complex vector bundles over X that is T-

equivariant.

Definition 4.11. For a topological toric manifold X, the category SKVSy is the category
whose objects are complex vector spaces E with a poset P of complex subspaces E'(u) of
E indexed by u € Z,i € (1) which satisfy the following compatibility condition:

For any I € £, there exists a %" / B;--grading

E= D Ey

x|z /B~

for which

E(u)y= Y Ey, Viel
(X:Bi) =kt

A morphism f : (E,{E'(n)}) — (F,{F(u)}) in SKVSy is a linear transformation f :
E — F such that f(E(u)) € Fi(u) for all i € V) and u € Z. f is an isomorphism
if E — F is an isomorphism of complex vector spaces. f is a monomorphism if £ —
F is a monomorphism of complex vector spaces. f is an epimorphism if £ — F is an

epimorphism of complex vector spaces and f(E'(u)) = Fi(u) forall i € (V) and u € Z.

Following the proofs in Section 3, we can prove:
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Theorem 4.15. The category SKVBy of smooth Klyachko vector bundles over the topo-

logical toric manifold X = X (A) is equivalent to the category SKVSy.

Corollary 4.16. Let ® : SKVBx — SKVSy be an equivalence in the proof of Theorem
then a morphism f : & — % in SKVBy is a monomorphism (resp. epimorphism, resp. iso-

morphism) if and only if ®(f) is a monomorphism (resp. epimorphism, resp. isomorphism).

4.4 Holomorphic Klyachko vector bundles

Definition 4.12. Let X (A) be a topological toric manifold with a T-equivariant complex
structure. A holomorphic Klyachko vector bundle of rank r over X (A) is a T-equivariant
holomorphic complex vector bundle & — X(A) whose restriction c5"|U1 is equivariantly
biholomorphic to U; x C” for all I € X and whose action maps T x & — & and T x X (A) —

X(A) are holomorphic.
Define diag(Z) := {(v,v) € Z|v € Z} and diag(Z") = {(a,---, o) € Z"|a € diag(Z)}.

Lemma 4.17. If a smooth character x* : T — C* is holomorphic for o € %, then o €

diag(7Z).

Proof. Let o= (b+ci,v) € Zand f(p,0) = p’Tciel® = pbecinP+i0v — 7 (p 0)+iV(p, )
where U(p, 0) = p”cos(clnp +6v) and V(p,8) = p”sin(clnp + 6Ov). Because y* is holo-

morphic, U,V must satisfy the Cauchy-Riemann equations

oU 19U
dp  pIe’
vV 19U
dp  pdb’
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By simple computation,

g_g = bp”~cos(w) — p”Lesin(w),
;l)g_z = p~tycos(w),

g_:; = bp”sin(w) + p?lecos(w),
_;l)g_g — pbusin(w).

where w = clnp + Ov.

After simplification, we get

(b—v)cos(w) = csin(w),

(b —v)sin(w) = —ccos(w).

Therefore (b—v)? = —c%,ie. b=vEZ,c =0, ie. a € diag(Z).

]

Theorem 4.18. A holomorphic Klyachko vector bundle & over a complex topological toric

manifold X = X (A) is T-equivariantly biholomorphic to a toric vector bundle over a toric

variety.

Proof. In the proof of theorem 1.2 in [9]], Ishida showed that for a topological toric man-

ifold X with T-equivariant complex structure, the equivariant smooth charts ¢; : Uy —

V(Dicr xo‘iI ) are actually equivariant holomorphic charts. Since the T-action is holomor-

phic, the map

T —s V(@x“{)
icl
I

g — (X% (g)zi)ier
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is holomorphic for each I € £ g € T,z € V(;; X of ), in particular

T —C*

1
g — x%(g)

is holomorphic for all I € £ j € I. By lemma o € diag(Z"). Hence B; € diag(Z"),
i.e. the topological toric fan A comes from an ordinary fan X, i.e. X is a toric variety. Now
fix a point xq in the open dense torus and let E be the fiber of & over xy. For each I € x(),
& |y, is T-equivariantly biholomorphic to Uy x E and the T-module E decomposes into

weight spaces
E=EPE,.
X

By lemma .17} each x appearing in the decomposition must be algebraic. In the proof of
theorem we showed that the transition functions f7; of & is determined by the weighs
X, hence fj; are algebraic and & is exactly a toric vector bundle. 0
4.5 Examples

In this section, we will recall the construction of L;, prove that @} | L; is a smooth

Klyachko vector bundle.

Construction of L;: Let 7; : (C*)™ — C* be the projection onto the i-th factor of (C*)™
and denote by V(m;) the complex one-dimensional representation space of m;. Let (C*)™

acton U(X) x V(m;) by

(81, ,8m) (2155 zm),w) = ((g121,°*, 8mZm) 8iW)
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for (g1, --,gm) € (C)" (21, ,z2m) € U(X),w € V(m;). The (C*)"-equivariant complex

line bundle L; is
Li:(UZX)xV(m))/KerA — U(X)/KerA = X(A).

Equivariant trivializations: X (A) = U,y Us. For each I € ¥ on Uy, depending on
whether i € I, we have two types of equivariant trivializations.

When i € I, the equivariant trivialization
Yy (U(I) X V(?ti))/KerQL — Ur x C

is given by

[(eow)] = (- [T B). 4.2)

kél

When i ¢ I, the equivariant trivialization
Yy (U(I) X V(?ti))/KerQL — Ur x C

is given by
w

[(w)] = ([e], —)- (4.3)

<

Injectivity of y;: Suppose v ([z,w]) = wi([Z,w']).

. T . (of Be) _ /- (o] Be) I
Case 1: i € I.[z] = [Z],w - Tker2; =w Tlker 7 , therefore z; = hz; for some
heKerA and w' = wllkes n'% B = . hh where the last equality follow from m Hence

[z,w] = [Z,w].

/
Case2: i¢ 1.7l =[], 2 = VZL{, therefore z; = z; for some h € KerA and w' = ?w =w-h.
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Hence [z,w] = [Z,W/].

Surjectivity of y;: Suppose (z,¢) € Uy x C.

<ailvﬁk>

Case l:iel Letw=c-[Tkesz; , then y;([z,w]) = (z,¢).

Case2: i ¢ 1. Letw = c-z;, then y([z,w]) = (z,¢).

Equivariance of y; :

Casel:iel. Let T acton U; x C via
1
g (z,¢)=(g-2,x%(g)c),g € T,(z,c) € Uy x C.
Given g € T, ([z],c) e Uy x C, let h = (hy,- -, hy) € (C*)™ where

xalg(g) fork e,

1 fork ¢ I.

Then A(h) =g.

vi(g - [z,w]) = wi([(hkzk)ker, hiw])

= (g~ [z, how ] T (huzs) (B0

k¢l
!
_ (g . [Z] : hiWHZIEOh ﬁk))
k¢l
=8 WI([&W])-
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Case2: i ¢ 1. Let T act on Uy x C via
8 ([Z]7C) = ([g-Z],C),g € T,(Z,C) € UI x C.
Given g € T, (z,c) € Uy x C, choose h as above,

vi(g - [z,w]) = wr([(hezk)ker, hiw])
hiw
e )

Transition functions g;; of L;: Given [z] € UyN\Uj,1,J € £, there are three cases:

Case l:ieINJ.

Hk¢1 Zkal Pl

vioy; ' ([d.¢) = ([a],c TET)

Hkgé] Zk

therefore

Hk$lzk 17Bk>

qu(ld) = A%

[xgs Zk

Case2:iel,i¢J.

yjo W] 7 Zl szal ,Bk
kel

Therefore

Q; ﬁk
gu([z]) = zlnzk ’
kél

Case 3: i ¢ I,i € J. This is essentially the same as case 2.
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Hence L; is a smooth Klyachko vector bundle.

Gradings of L;: Let xo be the identity of T C X(A) and E; ~ C the fiber of L; over xy.

Forl € Z(”),

af
= @ Ey=y ¥
EZl Ejpo i¢1
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Chapter 5: Complex equivariant vector bundles

5.1 Complex equivariant line bundles

Theorem 5.1. Let X be the 2n-dimensional topological toric manifold associated with a
topological fan A and m : & — X a topological T-equivariant complex line bundle, then &

is a topological Klyachko line bundle.

Proof. Given I € 2", we will give a T-equivariant trivialization of &|;;. Let xo be the

unique point fixed by T in U;. Let
G:=(S"Y"<T, x:T—GL(&(x))=C*

be respectively the maximal compact subgroup and the representation of T on the fiber

& (xp) of & over xg.

Step 1: We first prove that there is a G-equivariant trivialization of &
¢o:n ' (U)—UxC

for some G-invariant open subset U C Uj containing xg.
Let ¢ : ! (W) — W x C be a trivialization of & (not necessarily G-equivariant) over

an open neighborhood W of x¢. Let (, ) be an arbitrary Riemannian metric on X. Because
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G 1s compact, it admits a Haar measure U, i.e. a probability measure satisfying

/fkhdu /fhkdu /f ) du(h

for all k,h € G and f € L'(G,u). Let (, ) be the G-invariant Riemannian metric on X

defined by

(v, W) = /G<dph(v),dph(w)> du(h)  VpeX,nweTX,

where p; : X — X is the action of 7 € G on X. Let d(—,—) be the distance function

associated ( , ). Define U to be the G-invariant open ball
B(xp,€) :={xe W |d(x,xg) <€} CW
for some € > 0. Define a G-action on U x C via

g (u,v)=(g-u,x(g)v) for (u,v) e U xC,

where the action on the first factor is the restriction of the T-action on X. Let ¢, : & (u) — C

be the linear isomorphism induced from ¢ for each u € U. Define

o: 1 '(U)— UxC

er— (u,0,(e)),

where

9u() = [ 267 0eule-e) dua(g) with u = 7(e).

¢ is clearly an isomorphism of bundles. We claim that ¢ is G-equivariant. To see this, we
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need to show that

o(h-e)=(h-u,9p,(h-€)) = (h-u,x(h)§,(e)) =h-@(e) VheG, ecn '(U).

On the one hand,

Bualh-e) = [ 267 dunuleh-e) dus)
—/x (k™)) Pk €) dp(kh™) (k= gh)

- / 2 (kY oru(k-¢) du(k)  (by the invariance of 1),
G

On the other hand,

X 08,() = 2(0) [ 7)ok e) du().

Comparing the last two equalities, we prove the claim.

Step 2: Define the section s : U — &|y by
s(u) =@ 1 ((u,1)) VYuel.
We claim that s is a local G-eigenframe, i.e.

(g-5)(u)=x(g)s(u) VgeG,ucl.
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To see this, note that since ¢ is G-equivariant, we can write

¢(g-(s(u)) =g - o(s(u) =g (u,1) = (g-u,2(g))-
Therefore,
g (sw) =0 ' (g-u,2(2) = 2(8)0~ " (g-u,1) = x(g)s(g-u),

and hence

(8-5)(u) =g (s(g™" ) = x(g)(s(gg™" 1)) = x(g)s(u)
proving the claim.

Step 3: Decompose t € T = (C*)" ast = r-¢'®, where
ri=(ry,...,m) € RY, ¢f = (eiel,...,eie”) €q.
Our goal is to extend the local G-eigenframe s from Step 2 to a T-eigenframe
s:Ur— &y,
For this, we need to find an extension of s to Uy, such that
(t-5)(x) =1 (s(t71-x)) = x%(t)s(x) VtieT, xeU.
for the continuous character y% : T — C* corresponding to some o € #", or equivalently

s(t-x) = %t e (s(x)) VieT,xeU.
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In the following, we will show that
sit-x) =x%@c - (s(x)) VteT,xeUsuchthatr-xecU. (5.1)
Once this is proven, we can define s : Uy — & by
st-x) =% Dr-(s(x))  VreT,xeU

whether ¢ - x € U or not. Because T -U = Uy, this definition indeed extends the local G-
eigenframe s : U — &y to the T-eigenframe s : Uy — &, as desired. This T-eigenframe
will then give a T-equivariant trivialization of &|y;, completing the proof of the theorem.

We now return to proving (3.1)). The local section s : U — &'|y from Step 2 satisfies
s(e® . x) = x(e )€ - (s(x)) Ve eG, xel. (5.2)

Define f: §:= {(p,x) e R:; x Ulx € p-U} — C* to be the continuous function satis-

fying
(r-s)(x):=r- (s(r_l -x)) = f(r,x)s(x) VreRY), xe Uﬂ(r~U),
or equivalently,

s(r-x) = f(r 1 x)r (s(x)) VFGR’;()?)CGUH(F_]'U). (5.3)
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Given ri,rs € RZj,x € (r1-U)N\(r2-U)(\(r1-12-U), we have

fri-ra,x)s(x) = ((r1-r2) -5)(x)
= (r1-(r2-5))(x)
= f(r1,x)(r2-5)(x)
= f(r1,x)f(r2,x)s(x)

and since s(x) # 0, we must have
f(rl 'rz,X) :f(rlvx)f(r27x>'

Now forany t =r-¢® € T, x c UN(r~'-U), we have

6-r-x)

s(t-x) = s(é'
=2(e7%)e® (s(r-x))
=2(e)e® f(rhx)r-(sx))  (by B3))

= x(e”)f(r o)t (s(x)
andfort=r-e® €T, peR:y, xcUNF-U)NF"p-U),

flp,t-x)s(t-x)=(p-s)(t-x) (by the definition of f)
=p(s(p™" 1)
=p-(x(e ) f(r "t px)p~t 1 (s(x)))  (by BI))
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We have shown that
flp,t-x)=f(p,x) VieT,xcU()(p-U)suchthatt-xecU((p-U).
Given x,y € U(\(p - U), there exists a sequence of points #; € T such that
ili_)riloti-x:y and f;-x€ Uﬂ(p-U).

By the continuity of f,

fp.y) = f(p,(limz;) -x) = lim f(p.1;-x) = f(p,x).

Thus f(p,x) is independent of x, so we will denote it simply by f(p). We can now rewrite

BG.3) as
s(r-x) = f(r-Hr-(s(x)) VrER’;O,erﬂ(r_l-U). (5.6)
Using (5.2) and (5.6), we see that (5.1)) holds with the continuous T-character
2% (r-e) = f(r)x(?) VreRY,, 6 cR"

as claimed. ]

5.2 General case

Theorem 5.2. Let X be the 2n-dimensional topological toric manifold associated with a

topological fan A and © : & — X a topological T-equivariant complex vector bundle of
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rank k, then & is a topological Klyachko vector bundle.

Proof. GivenI € £ and x, the unique point fixed by the action of T on U;. Let G = (S')"

be the maximal compact subgroup of T.

Step 1: Following Step 1 of the proof of Theorem 5.1} we can find a G-invariant open

ball U = B(x, &) over which there is a G-equivariant homeomorphism

o:n ' (U)—>UxCk

Step 2: Define the section s; : U — &y by

si(u) == @ 1 ((u,e)) Yuel,

where ¢; is the i-th standard basis element of Ck, and define

s(u) := (s1(u),...,se(w)T.

As in Step 2 of the proof of Theorem we can check that {sy,...,s;} forms a local

G-eigenframe, that is

(g-si)(u) = x:(g)si(u)  VgeG,uel
for some continuous characters y; : T — C*. Equivalently,

s(e-x) = Ble ®)(€? - (s(x)) Ve i= (... eGxeU, ()
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where

B:G—GL(n,C)  grsdiag(xi(g), - x(g)).

Step 3: Decompose t € T = (C*)" as t = r- ¢, where

ri=(ry,...,m) € RY, 0= (% ... %) eG.

Define A:S:= {(p,x) € R, ; xUlx € p-U} — GL(k,C) to be the continuous map satisfying

(r-s)(x):==r-(s(r~'-x)) = A(r,x)s(x) VreRY,, xe Uﬂ(r- U),

or equivalently,

s(r-x) =A@ x)r-(s(x)) VFGRZO,XGUﬂ(V_I-U).

By the same argument leading to (5.4), we can show that

A(ry,x)A(ry,x) = A(ry - r2,x) = A(ry - r1,x) = A(ry,x)A(r1,x)

(5.8)

(5.9)

forany ri,rp, € R?,, x € (r;-U)(\(r2-U)(\(ry - r2- U) using that {s;(x),---,s¢(x)} forms

>0’

a C-basis of the fiber & (x). One can similarly see that

A(r,x)B(¢'®) = B(e")A(r,x) Vel G, reRl,, xc Uﬂ(r- U).
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We also have that forany r =r-¢® € T, xc UN (- U)

s(t-x) = s(e"

=B(e™)(e" - (s(r-x)))  (by GD)
=B(e ) (€® (A )r)-(s(x))  (by BB))

=B(e A x)r- (s(x)), (5.11)

rx)

andforanyt=r-e® €T, p R, xeUN(-U)N(r-p-U),

A(p,t-x)s(t-x) = (p-s)(t-x)  (by the definition of A)
=p-(s(p~"-1-x))
=p-(Be A px)p~ 1 (s(x))  (by GID))
=A(p,x)B(e A )t (s(x))  (by BI). GI0))
=A(p,x)s(t-x)  (by G.I0)).

Using that {s;(¢-x),---,s¢(t-x)} forms a C-basis of the fiber &( - x), we have shown that
A(p,x)=A(p,t-x) VteT,xeU()(p-U)suchthatt-xeU((p-U).

By the same argument as in Step 3 of the proof of Theorem[5.3] the identity above leads us

to

Alp,x) =A(p,y)  VYxyeU(\(p-U)

that is A(p,x) is independent of x, so we will denote it simply by A(p).
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Step 4: Let P € GL(k,C) be chosen, so that the coordinates of
$(xp) := Ps(xo)
form a T-eigenbasis of the fiber &' (x) (note that the coordinates of s(x) form a G-eigenbasis

of the fiber &(xp)). Define

A(r):=PA(r)P™', B(g):=PB(g)P! VreRY, g€G.
By the choice of P, we know A, B must be diagonal matrices. Moreover, by (5.11)
(t-9)(x) =A(r)B(¢®)5(x) Vi=r-e®eT, xeU[\(r V),
or equivalently,
§(t-x)=A(r ") B(e )t (5(x)) Vi=r-®eTxeur ' U).
Extend § to the section §: Uy — & |y, by defining
§(t-x):=A>r Y B(e )1 (5(x)) Vi=r-e%ecT, xeU.

Let (1) be the (i,i)-entry of the matrix A(r) B(e'®) for t = r-¢®. Then the i-th coordinate
§; of §is a T-eigensection over U; with the eigenfunction being the continuous character ;.
Since {sy,...,s;} forms a G-eigenframe and § = Ps, {5],...,5} must be a T-eigenframe,
and hence & |y, is T-equivariantly homeomorphic to U; x Ck showing that & is a topological

Klyachko vector bundle. [

Theorem 5.3. Let X be the 2n-dimensional topological toric manifold associated with a
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topological fan A and it : & — X a smooth T-equivariant complex vector bundle, then & is

a smooth Klyachko vector bundle. [

Proof. The proof is almost the same as that of Theorem 5.2} We keep the notations and
point out the slight modifications below. Given I € £, in step 1 we pick a G-invariant

open ball U = B(x, €) over which there is a G-equivariant isomorphism

o:n (U)—>UxCk

Step 2 and step 3 are the same except that the sections s; are smooth. In step 4, we construct
a continuous T-eigenframe {51, ...,8§} over U; where the eigenfunction of §; is a contin-
uous character J¥; as before. By Lemma Xi is smooth for all i, hence {§],...,5;} is a

smooth T-eigenframe and so gives a smooth T-equivariant trivialization of &, . 0
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Chapter 6: Real equivariant vector bundles

6.1 Equivalence of two categories of equivariant vector bundles

Definition 6.1. Let X be a topological toric manifold, define CCEVBy to be the category
whose objects are pairs (&', T) where & is a smooth complex equivariant vector bundle over

X and 7: & — & is a smooth map such that

1. 7 is T-equivariant,

3. for each x € X, 7 restricts to T, : & — &y and 7, is C anti-linear.

For (&,71),(#,0) € Ob(CCEVBY), a morphism f : (&,7) — (#,0) is a T-equivariant

bundle morphism & — .% such that 6o f = for1.

Theorem 6.1. Let X be a topological toric manifold, REVBy the category of smooth real
equivariant vector bundles over X. The map € : REVBx — CCEVBy that sends a real
equivariant & — X to its complexification & @r C — X with the conjugate map T : & QR

C — & ®r C defined via



is an equivalence of categories.

Proof. Define % : CCEVBy — REVBy as follows: for (&', 1) € Ob(CCEVBY),
Z((&,7)) = (&) :={u € &|t(u) = u}

with the induced T-action.
Given (&,7) € CCEVBy, we prove that (&)" is a real equivariant vector bundle and

(6)* @R C ~ &. For I € £™, by Theorem [5.2| we have a T-equivariant isomorphism

¢: Ely, U xC =EPU xCy)
X

where E is the fiber of & over a prescribed point x in the open dense orbit of X and C,, C E
is a weight space of complex dimension 1 corresponding to the character y of T. We denote
by 7 the conjugate transferred to U; x C* via @, so that we have the following commutative

diagram

Ely, —2— U xC"
Ely, —— Uy xCr

Figure 6.1: Transferring of 7

First we prove that (&)° is a real vector bundle.
Letey,---,e, be the pullback of the standard frame of U; x C" on U; by ¢ and for all x € Uy
define
P = %(Id+%x),

S(x) = [Pi(ey1) --- Pc(ey) P(iey) - -- Pc(ier)] € Marsor(R).
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Notice that

ImP, = {(x,v)|[B(x)v=v} ~ (&)f, C"=ImP, ®ilmP, Vx € U,. (6.1)

X

Therefore dimg Im P, = r Vx € U;. Given x| € Uy, we have rank S(x;) = r. Choose r linearly
independent columns ¢ (x), -+, cr(x1) of S(x1). By continuity of the determinant function,
there is a neighborhood V C U; containing x; such that {c;(x)---,c(x)} is a local frame

for &7. Therefore we have a local trivialization

VxR — &%,
,

(x,ala' "7ar) — I;lak(p_l(xv Ck(x))

Moreover, {c;(x),---,c(x)} is a subframe of the real frame {ey,---,e,,ie1,---,ie,} of &,
hence &7 is a real vector sub-bundle of &

Next we prove that &7 is T-stable. Given (x,v) € ¢(&°),r € T,
T (A(t,x)v) = A(t,x) T (v) = A(t,x)v.

Hence t- (x,v) =A(t,x)v € (¢(&T))sx. This proves that &7 is T-stable and hence is a real T-
equivariant vector sub-bundle of &. From the decomposition (6.1)), (£)* ®r C ~ & follows.

This proves that ¢ o # ~ Id. It is clear that % o ¢ = Id. Hence % is an equivalence. [

Corollary 6.2. Let X = X(A) be a topological toric manifold of dimension 2n and & —
X € REVBYy, then for each I € ) & |U1 is T-equivariant isomorphism to the direct sum

of some real equivariant line bundles and some real equivariant plane bundles.

Proof. Given a real T-equivariant vector bundle & over X, let (&) = (& ®r C, 7). Given
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Iexh), by Theorem [5.2| we have a T-equivariant isomorphism

Q: g@R (C|U, ~ U X (Ck = @L;‘?m(%)
xEA

where E is the fiber of & over a prescribed point x( in the open dense orbit of X, C is
a weight space of complex dimension 1 corresponding to the character ¥ of T and L, =

Uj x Cy. For each character y of T, define

x*(t) = x(tr) Ve e T.

Fort € T,v € Ey,

t-r(v) =(r-v) = 2(x()v) = x ()7 (v).
Therefore 7(Ly ) = L,+. We partition the index set A into two subsets

A ={xeAx=x}tA={xeAx#x}

For x € Ay, define Ry := (Ly )", then Ry is a real equivariant line bundle and

Ly =R, DiR,.

Given € A, we must have m(y) = m(x*) since & ®g C is stable under 7. Define Ry, :=
(Ly @Ly+)". Let s be a complex eigenframe of Ly, then s* := 7(s) is a complex eigenframe
of Ly+ and et :=s+s*, e :=i(s—s*) is a real eigenframe of R,. This shows that R, is a

real equivariant plane bundle over U;. Hence

®@|U1 _ @R?m(l)
XEA
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is a direct sum of real equivariant line bundles and real equivariant plane bundles as claimed.

]

6.2 Classification of real equivariant vector bundles

Definition 6.2. For a topological toric manifold X, let FVSCy be the category whose ob-
jects are pairs (E,T) where E is a complex vector space and 7 : E — E is an anti-linear
involution with a poset P of complex subspaces E‘(u) of E indexed by u € #,i € =1
which satisfy the following compatibility conditions:

1. For any I € ¥, there exists a Z" / ﬁf—grading

E= GB Epy

(xlezn/Bi-

for which

2. 1(Ey) = Ey» for all [y] € %" /Bj- where x*(t) = x(t) forall € T.

Given (E,T),(F,0) € FVSCyx, a morphism f : (E,7) — (F,0) is a linear transformation

f: E — F between the complex vector spaces E and F such that

foTt=00f.

Theorem 6.3. The category CCEVBY is equivalent to FVSCy.

Proof. Given (&, 1) € CCEVBY, we can associate a filtered complex vector space ®(&’, ) =

(E,E'(u)) satisfying the compatibility condition 1 where E is the fiber of & over a pre-

67



scribed point xo in the open dense orbit of X. When restricted to xp, Ty, : E — E is a
conjugate map and the proof of [6.2] shows that 7 satisfies the compatibility condition 2.
Given a morphism f: (&, 1) — (%, 0), we can associate a morphism between filtered com-
plex vector spaces ®(f) : (E,E'(u)) — (F,F(u)). By definition, fo T = o o f, therefore
P(f)ot=00D(f).

To construct a quasi-inverse to ®, we relate 7, and 7, for all x,y € X. Over each Uy,

Ely, =Urx E=EPU; x Ey.
X

On Uy, 7y, is the direct sum of 7y, : E;, — Ey« where ) runs over all ¥ appearing in the

decomposition above. Forr € T,v € Ey,

X(0)Tixg (V) = Tay (X (1)V) = Tang (1 V) = 1Ty (v) = 27 () Ty (v) = 2 (1) T (v),

therefore

Ty (V) = T (V)-

By continuity of 7,

Ty = Ty, VX € X.

Given a filtered complex vector space with conjugate (E,E’(u),7) satisfying the compati-
bility conditions, we can construct a smooth complex T-equivariant vector bundle & over
X. By the analysis above, we define 7:& — & by 7w, =17 : 6 =E — & = E for all
x € X. Define W(E,E'(u),t) = (&,7). Itis clear that T : & — & is an involution that is
C anti-linear in fibers. For x € X, pick a neighborhood U of x, then &| v, = Ur X E. For

T(tv) = T(tv) = T(x(0)v) = 1" (1)T(v) =1 - T:(v).
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Hence 7: & — & is T-equivariant.

Given a morphism f: (E,E'(u),7) — (F,Fi(u),0) in FVSCy, there is a smooth T-equivariant
bundle morphism W(f) : & — .%. Given t € T, we choose a neighborhood U; containing
txo. Over Uy, the bundles &,.7 are all T-equivariantly trivial and ¥(f)|y, : &y, = F|y,

is given by Uy x E — Uy x F sending (x,v) to (x, f(v)) for all (x,v) € U; X E. Then

Oixo (flxo (v)) = Oixg (fxo (V)) = Ox, (fxo (V)) = fxo(cxo (V)> = ftxo(ffxo (V))

By continuity of o, and 7, with respect to x, we have

0,0 fr(v) = frot(v) Vx € Uj.

Hence W(f) is a morphism in CCEVBy. It is clear that & and ¥ are quasi-inverses to each

other. O]

Corollary 6.4. The category REVBY is equivalent to FVSCy.
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Chapter 7:  Hirzebruch-Riemann-Roch theorem

7.1 t-divisors

7.1.1 t-divisors and t-line bundles

Definition 7.1. Denote V ({i}) by D; for each i € £(1). A t-Weil divisor D is a formal linear
combination D =Y | a;Dj,a; € #. The restriction D|y of D to an invariant subset U C X
is

D’U:: ZaiDi
i

where i runs over i € £(1) such that U NV ({i}) # 0. For a smooth character y € %", define

its t-divisor to be

™=

div(y):= ) (x,B:)D:.

i=1
Any t-Weil divisor which is equal to the divisor of a smooth character is called a principal
t-divisor. Two t-Weil divisors D, D’ are linearly equivalent, written D ~ D', if D— D’ is a

principal t-divisor. A t-Cartier divisor D is a t-Weil divisor such that

D|y,= div(—y;) for all I € £
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and we call {y;|I € ("} the t-Cartier data of D. We denote by
m
Div(X) := P %D;
i=1

the group of t-Weil divisors under the operation of +.

Remark. In toric geometry, the restriction D[y of a Weil divisor D =Y, ap D, is de-
fined to be D|y:= Y ;apDp|vy. We introduce t-divisors as a convenient language to describe
smooth t-line bundles, so we treat D; as abstract symbols and do not define D; |y to be the

subspace V ({i})U. According to our definition, D;|y= D; when U NV ({i}) # 0.
Theorem 7.1. Every t-Weil divisor D =Y 1" | a;D; is a t-Cartier divisor.

Proof. Let Bi = (B},---,B"). Given a t-Weil divisor D = Y, a;D; with a; € % and I =
{ir, - in} €20, let

(a1 gl 1]
0 By o B,
2 B2 ... B2
BI: .ll .12 .ln , XI:_(al'N”'?ain)'B]_l?
n n n
[Fir P o Fi |
then (—x;, B;) = a; for all i € o. Hence {y;|I € £} is the t-Cartier data of D. O

In the following, we will simply call a t-Weil (t-Cartier) divisor D a t-divisor.

Definition 7.2. We call a complex smooth T-equivariant line a t-line bundle. For any
topological toric manifold X, we define the equivariant Picard group of X, Pic’X, to be the
group of T-equivariant isomorphism classes of t-line bundles on X, under the operation of

&.
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For a t-divisor D with t-Cartier data {;|I € x() }, we can define a t-line bundle Lp over
X as follows: Let xo = [(1,--+,1)] € X = U(Z)/KerA. For each I € X, let L_,, be the

trivial t-line bundle over U; where T acts via

t(x,v) := (tx, x; ' (t)v) forall r € T, (x,v) € Uy x C.

For1,J € £, by Lemma4.11|the function g7y (1x0) = ;Z—g)) can be smoothly extended from

Tto gy :Uiny=UNU; — C* andfor1,J,K € Z(”), g1787k = 8ik- Therefore we can glue

L_y, and L_, via the isomorphism
QU xCD (U[ﬂU]) xC — (U]ﬂUJ) xCcUxC
defined by

¢r7(x,c) := (x,817(x)c) for (x,c) € Uins x C.

Theorem 7.2. The map

f : Div;(X) — PicT(X)

D— Lp.

is an isomorphism of abelian groups.

Proof. It is clear that f is a homomorphism of abelian groups.

Injectivity of f: Given a t-divisor D with t-Cartier data {y;} such that Lp is equivariantly
isomorphic to X x C where on the RHS T acts trivially on the fibers. For each I € > we
have LD‘U, ~ U x C_,, where on the RHS T acts via the smooth character }(1_1. Therefore
we have T-equivariant isomorphism Uy x C ~ U; x C_,,. Hence y; =1 forall I € ¥ and

D =0.
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Surjectivity of f: Given L € Pic’, by Theorem , L|y, is equivariantly isomorphic to
L_,, for each I € T, hence L =~ Lp where D is the t-divisor with t-Cartier data {y;|I €

y(n) }. O

Definition 7.3. If U is an invariant subset of X and D is a t-divisor on X, then we define
Lip|y) = (Lp)lu-

7.1.2  First Chern class of t-divisors

We denote c1(Lp) € H*(X,Z) by c1(D) for simplicity. We identify v € Z with (v,v) €
C x 7Z, so 7" is the same as z("") for z € C*.

In §5 of [10], an equivariant complex line L; was constructed for all i € (), According
to computations in §4.5, the weight characters of L; are x“il for I € £() containing i and
x° for I € T not containing i where ! is an element in the basis {Oc,{ |k € I} dual to

{Bx|k € I'}. Hence we have

Theorem 7.3.

Lp, = L;forallic ).

Theorem 7.4 ([10, Prop 8.3]). Let X be an omnioriented topological toric manifold and
let A(X) = (X(X),B(X)) be the complete non-singular topological fan associated with X.
We may assume that the vertex set £V (X) of £(X) is [m] and express B(X)(i) = (b;(X) +
V—=1c¢i(X),vi(X)) € C" x Z" for i € [m] = £V)(X). Then

H(X:Z) = Zl1, .. )7

where y; € H? (X;7Z) and .Z is the ideal generated by the following two types of elements:
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L lier i for I ¢ £(X),
2. Y (u,vi(X))u;  forany u € Z".
Here ; is actually the Poincaré dual of the t-divisor D; in X.

Theorem 7.5.

c1(Di) = ;.

Proof. The section (u,z;(u)) of the trivial bundle U(X) x C — U(X) descends to a section
s; of L; — X where z; : C™ — C is the i — th coordinate function. The zero section Z(s;) of

s; is D;. Tt is not difficult to see that s; is transverse to Z(s;), hence ¢ (D;) = ;. O

Theorem 7.6. For a t-divisor D =Y} | a;Dy,

m
Lp is non-equivariantly isomorphic to (X) L]?V(“")

k=1

and consequently
m

c1(D) = Z v(ag) Uy
k=1
Proof. In this proof, we forget T-actions on all the bundles involved. Lp is isomorphic to

Qi1 Lap,, so it suffices to prove that L, p, is isomorphic to Lfv(a") for all k. Given k,

suppose a; = (b+ ci,v) and define

f:cr=cr
7 Z(b-i—ci,v)'
If the transition functions of L := L are g;, then the transition functions of L' := Ly, p, are
fogr. We have the following pullback diagrams by the universal property of classifying

spaces
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L=piv ——~ L'=(BfogL)y —— Bf*y —— v

| | | | |

X —*% ., BU(1), X —*% . BU@) 25 BU(Y)

Figure 7.1: Pullback of y

where ¥ — BU (1) is a universal line bundle, ¢ is a continuous map whose homotopy
class is uniquely determined by L and Bf is a continuous whose homotopy class is the same
as that of f. Notice that

f(z) =7 forallz € S,

therefore the winding number of f is v and hence Bf*y = y*V, L' = L*®".

7.1.3 Equivariant cohomology classes of t-divisors

Recall the construction of a ring isomorphism s in §12.4 of [6]. The abelian group

M = 7* has the symmetric algebra
Symy (M) =Z®&M & Sym*(M) @ - --.

For each m € M, the map ¥ : T — C* induces Bx™ : BT — BC*. At the level of cohomol-

ogy groups, we obtain

71 ~ H*BT,2) P20 H2(BT,7).
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This defines a map

s:M — H*(BT,Z)

m— (Bx™)"(t)

which induces a canonical isomorphism

s:Symy (M) ~ A :=H (BT, Z).

We denote Symy, (M) ®z Q by Symg (M) and denote by

s: Symg(M) — (A)q := H (BT, Q)

the map obtained from the above s by passing to QQ coefficients.

Consider #" as an abelian group and it has the symmetric algebra

Symy (#") = Z® Z" ® Sym*(#") D - --.

For each o € #", the map x* : T — C* induces Bx“* : BT — BC*. At the level of coho-

mology groups, we obtain
71~ H2(BC*,7) s 52 (BT, 7).

This defines a map

q: %" — H*(BT,Z)

o= (Bx®)"(1)
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which induces

q:Symy(#")— A:=H (BT,Z).

We denote Symy, (%") @z Q by Symg(#") and denote by

q:Symg(#£") — Ag := H' (BT, Q)

the map obtained from the above p by passing to QQ coefficients.

Definition 7.4. For a t-divisor D on a topological toric manifold X, let

(LD)']I‘ =ET X1 Lp — ET XTX

be the line bundle induced by Lp — X and we define

D]t :=c1((Lp)t) € H*(ET x1X,Z) = Hy(X,Z).

Definition 7.5. Let

ix : X >ETxX

be the inclusion and

iy : Hp(X,Q) — H'(X,Q)
the ring homomorphism induced by ix.

Below is a t-divisor version of Prop 12.4.13 of [6]]. The proof is exactly the same as in

[6].

Theorem 7.7. For any t-divisors D,D1,D, on X we have:
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i. [D1+Da]r = [Di]T+ [D2]r.

ii. [div(x®)]r = —q(@)-1 where 1 € HY(X,Q) and g(a) € (A)q.

iii. i*[D]t = [D|y]r where i : U — X is the inclusion of an invariant open subset U of X.
iv. i%[D]1 = [D).

Definition 7.6. Recall that we defined v : Z" = C" x Z" — 7 to be the projection. v can

be extended to a homomorphism of algebras
v:Symy (#£") — Symy(M).

Theorem 7.8. ¢ : Symy(%") — Ar is surjective and Kerq = {a € Symy, (%")|v(a) = 0}.

Proof. Given o € %", notice that ¥* : T — C* is homotopic to x"(® : T — C*, therefore
g=sov:%" — A.

This implies that

q=Sow

q is surjective because v is surjective and s is an isomorphism of rings. o € Symy(%") is

in Kerg if and only if v(ar) € Kers = 0. Hence Kerg = {a € Symy, (Z")|v(a) =0}. O

72 pand fX

In this section, we associate a multi-polytope &p = (A, ) with a t-divisor D.
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7.2.1 Multi-polytope &p

Given a nonsingular complete topological fan A = (X, 3), denote by A; the matrix

formed by {f;}ics and define

C:x) s Nxgn

i q(Bi)-

ForI ¢ Z(“), set

1,0) if |A;|> O,
bty =4 O
(0,1) if |A7|< O,

and w(I) := w*(I) —w~(I). The multi-fan (X,C’,w*) is denoted by A’
Now we modify this to give another multi-fan.

ForI ¢ Z(“), set

c:x2V s N=7"
i—vi:=—q(Bi),
By abuse of notation, we denote the multi-fan (X,C,w™) also by A.

Lemma 7.9. A is a complete non-singular multi-fan.

Proof. Denote by d|, the degree of A" and by d, that of A. By Lemma 9.5 of [8], A" is a
complete multi-fan. Notice that d, = d’ , and Ax = (g, —Ck, (—1)”w/Ki) for any K € X,

hence A is also a complete multi-fan. U

Remark. While A is used to establish completeness of A, all subsequent geometric results,

including the Hirzebruch-Riemann-Roch theorem, pertain to the primary induced multifan
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A.
Definition 7.7. For a t-divisor D with t-Cartier data {y;|/ € Z(™}, define

Fp 2V — HP(N},)

i () +vi
where vit := {v € Nj|(v,v;) = 0}. The multi-polytope associated with D is
EQDIZZ(A,ézb).

It is clear from the definition that &p is a simple lattice multi-polytope.

Remark 2. Recall that g : %" — N* = H>(BT,Z) can be factorized as #" ~» M = 7" >
N*. In practice when we draw &p, we identify Ny and Mg via s and identify &p C Ny

and s~ (Zp) C Mg.

Example 7.1. In this example, a vector B = ((by +icy,vy), (b +icy,v2)) € %7 is identified

by 0O
. 1 Vi .. .
with the matrix and a dual vector o = ((by +icy,v1), (b2 +icp,v72)) is identified
b, 0
2 V2
by 0 by O
with
cl1 Vi C2 V)
Let

2 ={0,{0},{1},{2},{0,1},{1,2},{2,0}}.
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and the rays

-1 0 1 0 00

0 -1 0 1 00
ﬁO: Y Bl_ 9 B2:

-1 0 00 10

0 -1 00 01

A= (Z,B) is the topological fan of X = CP2. The multi-fan A = (£,C, w*) associated with

the topological fan A is given

C:2W — Mp =R"
i—vi:=—v(B),
ie. vo=(1,1)7,v; = (=1,0)7,v2 = (0,—1)T and (w*(I),w— (1)) = (1,0) for all I € £?),
Let D = Dy + Dy + D, be the anticanonical divisor of X, then &p is the polytope with

vertices (—1,3),(3,—1),(—1,1). The inward normal fan of &) is the usual toric fan of

CP? with rays (1,0),(0,1),(—1,—1).

7.2.2  Generalized integrals

Given I € Z(”), let

i {nt—X

be the inclusion map and let

p:X — {pt}

be the constant map. We have the following commutative diagram
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hXQ
p*T \

Hy({pt}, Q) = A 2= Hr({n}, Q)
Figure 7.2: Identification of the completion of two cohomology rings

We use the isomorphism i} o p* to identify H;({pt},Q) = A with H({y;},Q) and write
it(a) € A for a € (X, Q).

Lemma 7.10. Let X be a topological toric manifold of dimension 2n and I € UM JjE ),

Then :

i.. If j¢1, theni;([Dj]t) =0.
ii. If j€l, thenij([Dj]r) = —q(ocJI.) -1 where Dj|y,= div(xaf),l € H:({n},Q).

Proof. Factor iy : {y} — X as{y} = U I x. By Theorem [7.7|for any i € £(),
Ji([Dilt) = [Dily;]T-

i. If i ¢ I, then i} ([D;]) = O by definition of D;|,.

ii. If i € I, then
Jji(IDilr) = [Dily,]r = [div(x})]r = —g(a)) - 1 € Hp (U, Q).

The map Ay (Ur, Q) — Hy ({7}, Q) is a homomorphism of A-modules, hence i} ([D;]t) =
—q(xr) - 1.
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Lemma 7.11. For I € Z™ i € I, we have q(al) # 0.

Proof. Given I € 2™ let V be the n x n real matrix whose i-column is v(f;) and W the

n x n real matrix whose i-row is v(¢) , then by the proof of Lemma 2.4 of [10] we have

W =V~! hence v(af) # 0 for all i € I and by Theorem g(ol) #0foralliel O

Lemma 7.12. For I € "), the equivariant Euler class of the normal bundle Ny of the fixed
point Yy is

e" (N1) =[] (—gler)).

il

Proof. At each ¥, its normal bundle N; ~ (;c; L) |y, therefore its equivariant Euler class

" (Np) = [Te"(L_g) = [TeFL_r) = [T(~aled)
icl icl icl
where the second equality follows from the local chart Uy ~ V (¢, x% ) and the third

equality follows from Theorem [7.7)ii. O

Let S be the multiplicative set consisting of nonzero homogeneous elements of positive

degree in A = H*(BG,Q) = H*(BT, Q).

Theorem 7.13. Let X be a topological toric manifold of dimension 2n and o € H;(X,Q),

then
. i (a) A
/X"’q @i=ple)= ,e%]) Mici(—a(e)) A
Proof. By Lemma the right hand side of Theorem is in Ag. Denote by G the
maximal compact subgroup (S')" of T. For each I € > there is a unique G-fixed point
y; in U. Since {U;} is an open cover of X, F := {y|I € £} is the set of G-fixed points.
At each y;, we have e"(N)) = [T;c;(—¢q(a!)) by Lemma hence by the Atiyah-Bott
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localization formula, we have

]

Definition 7.8. Let X be a topological toric manifold of dimension 2n and o € I-AIC (X,Q),

define

g ¥ M@ g

Theorem 7.14. Let X = X (A) be a topological toric manifold of dimension 2n, then

Hy(X,Z) = Zlp, - ] / (1T € X).

Proof. This follows from Corollary 7.6 of [[13] since X has vanishing odd degree cohomol-

ogy groups. 0

For a t-divisor D and the multi-fan A of &?p, we have a ring isomorphism
[ Hp(X,Z) — Hg(A)

sending U; to x;. Now we can freely use the results of §8 of [§].
Lemma 7.15. [ y.,(H:(X,Q)) C H*(BG,Q).
Proof. This follows from Lemma 8.4 of [8]] and the isomorphism f above. [
Let i A — Q be the map that sends any element of positive degree to 0. Notice that
H*(BG,Q)/H?*(BT,Q) is isomorphic to Q and
ix : Hp(X,Q) — H*(X,Q)
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is the canonical projection by Lemma [7.7)iv. For @ € H*(X,Q), pick a € H}(X,Q) such

that iy, (o) = @ and define

/a:: i;;t(/ a) € Q. (7.1)
X

Xed

The elements in Ker iy have positive degree and are killed by i, hence

/:H*(X,Q) —-Q

X

is a well-defined ring homomorphism. By definition, we have the following commutative

diagrams

J xeq

Hy(X,Q) 2% A THX,Q) 14 A
l@;{ Jj;t and lz-;{ };t.
H*(X,Q) — Q H*(X,Q) — Q

Figure 7.3: Equivariant Integral

7.3 Td(X) and ch(D)

The tangent bundle 7X of a topological toric manifold X is not a complex vector bundle,
so its total Chern class ¢(7X) is not defined and we cannot define the Todd class Td(X)
using Chern roots as in [6]. We recall the Todd class of a simplicial toric variety to motivate
our definition of the Todd class of a topological toric manifold X.

Let ¥’ be a complete simplicial fan, X5/ the associated toric variety and T the dense

torus of X. The Todd class of Xy was given in [S]. We recall the definitions in [6] with a
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slight change of notations. Let u, be the primitive generator of the ray p € ¥'(1) and
G = {(tp) € (CYF D" = 1 for all m € M}.
P

For each p € ¥/ (1),
Xp : (C*)E'(l) L

is the projection on the pth factor. For each cone o € ¥/, let

Go = {8 € Glip(g) = 1 forall p ¢ 6(1))
—{(tp) € (CV*D)ty =1 forp ¢ o(1), T 15" =1 forall m € M}.

pea’(l)

Then we set

Gy = |J Gs CG.

oex

Theorem 7.16 ([5, Theorem 4.2], [6, Formula (13.3.18)]). The equivariant Todd class of

X):/ is

TdT<XZ/) _ Z H [DP]T

cGy pex/(1) L = 2p (g)e Dol
Below we define the equivariant Todd class of a topological toric manifold using nota-
tions in [8]] and [10] and compare this definition with that of a torus manifold [8] in section

6. Let
G=KerA ={(hy,...,hy) € (C)™| I_Ih,ia’ﬁ"> =1 forany a € Z"}.

Foreachi € Z(l), let
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be the projection on the i-th factor. For any I € X, let

Gr={heGlpi(h)=1foralli¢ I}
= {(h;) € (C*)"|h; = 1 for i ¢I,Hh§a"ﬁ"> =1forall @ € Z"}.
icl
Set

Gy = UG] CG.
IeX

Notice that if I C J € X, then G; C G;. For I € ym), by Lemma 4.1 of [10], KerA =
1
{(h1,.. - hm) € (C" | hiTTigr %P =1 forany i € I}, hence Gy = {(1,---,1)} and

pi(g) =1forg € Gy.

Definition 7.9. The equivariant Todd class of a topological toric manifold X is

)= [T i 2

(€0 jexy 1 —pig)e Pl S,
The Todd class of X is

[Di]

Td(X) := ix (Td" (X)) = ] B

iex()

Definition 7.10. The equivariant Chern character of a t-line bundle Lp corresponding to a
t-divisor D is

ch®(Lp) := “1(0)

and the Chern character character of Lp is
ch(Lp) := e1(D)

It is clear that i% (ch™ (Lp)) = ch(Lp) by definition.
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7.4 HRR for topological toric manifold

In this section, we fix a t-divisor D with t-Cartier data { x|/ € 2™ }.

Lemma 7.17. ForI € 2™ a = ch"(D)Td" (X),

(o) ed(xr)

[Tics(—q(o)) - [Tic(1—e1@))

Proof. We follow the proof of Theorem 13.3.1 of [6]. First

i ([D]r) = q(xr),

hence

i (chT(D)) = it (elPIr) = ¢ii IP)7) — pa(1),

Next we compute i (TdT(X)). If i ¢ I, then

ll(l—e_[Dl]> ll<1+§[Dl]T+ )_1
by Lemma[7.10] If i € I, then
Dl ik —qte)
I3 e—[Di] 1 —e~ii(Dilr) 1 _ palaf)

and
I I
i7(Td (X)) g,l_eqwi') e
Hence
L i) ed(xr)
(—1 ~ = o
[Ticra(e) i (1 —e2(%))
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Lemma 7.18. For each I € ™, recall that q(xr1) is the corresponding vertex of #p and
{ul = —q(of)|i € I} is the dual basis of {vi = —q(B;)|i € I} as in section 2. For any v € N

such that (u{ ,V) Is a nonzero integer for any I € > and i € I, we have

w(l)rdx) . .
L) & o e
1exm Llie ueN™

Proof. This is a special case of Corollary 7.4 of [8]. 0

Theorem 7.19. For a t-divisor D on a topological toric manifold X = X (A),
/ ch(D)Td(X) = #Fp.
X

Proof.

/Ch(D)Td(X) :i;t/ChT(LD)TdT(X) (by diagram7.3)
X Xeqa
e w(l)i (ch™ (Lp) TdT (X))
. 1ex® Hiel(_Q(a{))
- W([)g‘](%l)
=i ( :
: Ig(’“) [Ties (1 — (%))

= ipy( Z DHy,, (u)e") (by Lemma7.18
uceH?(BT,Z)

= ) DHy, (u)
ucH?*(BT,Z)

) (by Lemm4q7.17

=#2p.
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Appendix A: Equivariant Gysin maps

In this section, we present a compact T-manifold version of Prop 13.A.9-A.11 of [6].

In [11]], the equivariant Gysin map
fithg(M) = hg(N)

is constructed for all G-map f : M — N between smooth G-manifolds where G is a compact
Lie group and &¢() is an equivariant multiplicative cohomology theory. In this appendix,
we take G to be the maximal compact subgroup (S')” of T and /¢ the equivariant de Rham
cohomology theory. Notice that Hy(X,Z) ~ H,(X,Z) because T is homotopy equivalent
to G.

Theorem A.1. Assume f : X — Y is a proper T-equivariant map between compact smooth
T-manifolds, then there is a T-equivariant Gysin map f,: Hp(X,Q) — H{rdimy_dimx (Y,Q)

satisfying the following properties:

i. (functoriality) If g : Y — Z is another continuous T-equivariant map between com-

pact smooth T-manifolds, then (go f); = g0 fi.

ii. (projection formula) fi(f*(a)UB) = U fi(B) for all o« € Hy(Y,Q), B € Hy(X,Q).

Proof. Cf. Theorem 6.1 of [[11]. OJ
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x Ly

bl

X%Y

Figure A.1: Cartesian Diagram

Hy(X',Q) 1 Hy(v',Q)

-] i

28 Ji :
Hp(X,Q) —— Hp(Y,Q).
Figure A.2: Equivariant Gysin Maps

Theorem A.2. Suppose we have a Cartesian diagram as above in the category of smooth

T-manifolds. Then we have a commutative diagram in equivariant cohomology

Proof. For each [ € N, define ET; := (C**1\{0})", X; := ET; x7 X and f; : X; — Y. The
diagram
f.f
/ l /
X —— Y
9; 1))

X, — " Ly

is a Cartesian diagram in the category of smooth manifolds with f; and f; proper and
smooth.

Now g/ o fir = fl/! o g;* follows from the properties of usual Gysin maps. Hence g* o f; =
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H(X,Q) Jx y Q

" -
ZXT ?’ptT

(X, Q) X Ay ({pt}, Q).

Figure A.3: Passing from Equivariant Integral to Ordinary Integral

. . / ! / !
lin, & 0 fn =1im,  fro8" =fiog™
Theorem A.3. In the above situation, we have a commutative diagram

Proof. Cf. Theorem 6.2 of [11].
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