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Chapter 1: Overview

1.1 Motivation

Mirror symmetry provides deep connections between algebraic geometry, symplectic

geometry, and mathematical physics. One of the most tractable constructions comes from

toric geometry, where Batyrev showed that reflexive polytopes naturally produce mirror

pairs of Calabi–Yau hypersurfaces.

More recently, Berglund and Hübsch proposed a broader combinatorial framework that

extends mirror symmetry beyond the classical convex toric setting. Their construction sug-

gests the existence of mirror pairs associated to certain “VEX” multitopes and their trans-

polars, whose geometry lies outside the scope of ordinary toric varieties. They conjecture

that the ambient spaces associated with VEX multitopes are certain torus manifolds.

Topological toric manifolds, a special class of torus manifolds introduced by Ishida,

Fukukawa, and Masuda, form a natural generalization of smooth toric varieties and provide

potential ambient spaces for Berglund–Hübsch–type mirror constructions.

This thesis studies equivariant vector bundles on topological toric manifolds and devel-

ops tools that may eventually contribute to a geometric understanding of Berglund–Hübsch

transpolar mirror symmetry.
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1.2 Main results

This thesis classifies all real/complex topological/smooth equivariant vector bundles

over topological toric manifolds and gives a geometric meaning of the combinatorial Hirzebruch-

Riemann-Roch theorem for torus manifolds proved by Hattori and Masuda in the context

of topological toric manifolds.

1.2.1 Klyachko vector bundles

We define the notions of affine charts, distinguished points and orbits corresponding

to cones in a topological fan, etc by mimicking their toric counterparts as shown in the

following table and replace the usual total order ≥ on R by two partial orders ≥c,≥s

that will be used to express the extendability conditions for the quotient of two character

functions.

Toric Varieties TTM
Fans toric fan Σ topological fan ∆ = (Σ,β ) (Def. 3.7)

(Abstract) Cones σ I (Def. 3.6)
Affine charts Uσ UI (Def. 3.8)

character group of T M Rn (Lemma 3.1)
cocharacter group of T N Rn (Lemma 3.1)

orders total order ≥ on R partial orders ≥c,≥s on R (Def. 4.3,4.9)
distinguished points γσ γI (Def. 4.1)
T-orbit of γσ and γI O(σ) O(I) (Def. 4.1)

closure of O(σ) and O(I) V (σ) V (I) (Def. 4.1)
stabilizer subgroups of γσ and γI Tσ TI (Def. 4.4)

character groups of Tσ and TI Mσ = M/(σ⊥
⋂

M) Rn/β⊥I (Def. 4.4, Lemma 4.9)

Table 1.1: Comparison of symbols

Then we establish an orbit-cone correspondence for topological toric manifolds:

Theorem 1.1 (4.1).

2



1. There is a bijective correspondence

Σ←→{T-orbits in X(∆)}

I 7→ O(I)

2. For each J ∈ Σ( j),dimCO(J) = n− j.

3.

UI =
⋃
J≤I

O(J).

4. J ≤ I iff O(I)⊂V (J) and

V (J) =
⋃
J≤I

O(I).

We define a Klyachko vector bundle E over a topological toric manifold X to be a

complex equivariant vector bundle whose restriction to each affine chart UI is equivariantly

isomorphic to the trivial bundle UI ×Cr. On the other hand, by modifying Klyachko’s

compatibility condition for the filtered vector spaces associated with a toric vector bundle,

we define the category of Klyachko vector spaces as follows:

Definition 1.1 (4.6). For a topological toric manifold X , the category TKVSX is the cat-

egory whose objects are complex vector spaces E with a poset P of complex subspaces

E i(µ) of E indexed by µ ∈R, i ∈ Σ(1) which satisfy the following compatibility condition:

For any I ∈ Σ, there exists a Rn/β⊥I -grading

E =
⊕

[χ]∈Rn/β⊥I

E[χ]

3



for which

E i(µ) = ∑
⟨χ,βi⟩≥cµ

E[χ], ∀i ∈ I.

A morphism f : (E,{E i(µ)}) → (F,{F i(µ)}) in TKVSX is a linear transformation f :

E → F such that f (E i(µ)) ⊂ F i(µ) for all i ∈ Σ(1) and µ ∈ R. f is an isomorphism

if E → F is an isomorphism of complex vector spaces. f is a monomorphism if E →

F is a monomorphism of complex vector spaces. f is an epimorphism if E → F is an

epimorphism of complex vector spaces and f (E i(µ)) = F i(µ) for all i ∈ Σ(1) and µ ∈R.

Finally we show that Klyachko vector bundles are completely described by their linear

algebra data.

Theorem 1.2 (4.7). The category TKVBX of topological Klyachko vector bundles over the

topological toric manifold X is equivalent to the category TKVSX of topological Klyachko

vector spaces.

Theorem 1.3. 4.15 The category SKVBX of smooth Klyachko vector bundles over the

topological toric manifold X is equivalent to the category SKVSX .

1.2.2 Classification of complex equivariant vector bundles

We prove that all topological/smooth complex equivariant vector bundles are topologi-

cal/smooth Klyachko vector bundles.

Theorem 1.4 (5.2). Let X be the 2n-dimensional topological toric manifold associated with

a topological fan ∆ and π : E → X a topological T-equivariant complex vector bundle of

rank k, then E is a topological Klyachko vector bundle.

Theorem 1.5. 5.3 Let X be the 2n-dimensional topological toric manifold associated with

a topological fan ∆ and π : E → X a smooth T-equivariant complex vector bundle, then E

is a smooth Klyachko vector bundle.
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1.2.3 Classification of real equivariant vector bundles

We generalize the equivalence between real vector bundles and complex vector bundles

with conjugates in [1] to equivalence between real equivariant vector bundles and complex

equivariant vector bundles with conjugates. By adding one more restriction on the conju-

gate maps τ on the filtered vector spaces in SKVS, we define the category FVSC of filtered

vector spaces with conjugates as follows:

Definition 1.2. 6.2 For a topological toric manifold X , let FVSCX be the category whose

objects are pairs (E,τ) where E is a complex vector space and τ : E → E is an anti-linear

involution with a poset P of complex subspaces E i(µ) of E indexed by µ ∈ R, i ∈ Σ(1)

which satisfy the following compatibility conditions:

1. For any I ∈ Σ, there exists a Rn/β⊥I -grading

E =
⊕

[χ]∈Rn/β⊥I

E[χ]

for which

E i(µ) = ∑
⟨χ,βi⟩≥sµ

E[χ], ∀i ∈ I.

2. τ(Eχ) = Eχ∗ for all [χ] ∈Rn/β⊥I where χ∗(t) = χ(t) for all t ∈ T.

Given (E,τ),(F,σ) ∈ FVSCX , a morphism f : (E,τ)→ (F,σ) is a linear transformation

f : E→ F between the complex vector spaces E and F such that

f ◦ τ = σ ◦ f .

Then we obtain a classification of all smooth real equivariant vector bundles.
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Corollary 1.6. 6.4 For a topological toric manifold X, the category REVBX of smooth real

equivariant vector bundles over X is equivalent to FVSCX .

1.2.4 Hirzebruch-Riemann-Roch theorem for topological toric manifolds

We generalize the equivalence between torus invariant Cartier divisors and equivariant

line bundles over smooth toric varieties to the equivalence between t-divisors and t-line

bundles over topological toric manifolds and give a geometric interpretation of Hattori

and Masuda’s combinatorial Hirzebruch-Riemann-Roch theorem in the case of topological

toric manifolds. The proof of our Hirzebruch-Riemann-Roch theorem mixes the geometric

proof of toric Hirzebruch-Riemann-Roch theorem in [6] and some combinatorial identities

proved in [8].

Theorem 1.7. 7.19 For a t-divisor D on a TTM X = X(∆),

∫
X

ch(D)Td(X) = #PD.

Below is a table that compares three different versions of Hirzebruch-Riemann-Roch

theorem.
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smooth complete
TV X

Σ

TTM X(∆) Torus manifolds

Divisors Cartier divisors
D = ∑ρ aρDρ ,
aρ ∈ Z

t-divisors
D = ∑

m
i=1 aiDi,

ai ∈R

not defined

Objects algebraic
equivariant line
bundles L = LOX (D)

smooth equivariant
line bundles LD

simple lattice
multipolytopes
P = (∆,F )

tangent bundle
T X

complex vector
bundle

real vector bundle real vector bundle

total Chern
class

c(T X) =

∏ρ∈Σ(1)(1+Dρ)
not defined not defined

Integrals
∫

X as defined in [6]
∫

X (formula 7.1)
∫

∆
(formula 3.5)

Todd class ∏ρ∈Σ(1)
[Dρ ]

1−e−[Dρ ] ∈
H ·(X ,Q)

∏
m
i=1

[µi]

1−e−[µi]
∈

H ·(X ,Q)

T (∆) =

∑g∈G∆
∏

d
i=1

xi
1−ρi(g)e−xi

HRR
∫

X ec1(L)Td(X) =
χ(L)

∫
X ec1(D)Td(X) =

#PD

∫
∆

ec1(P)T (∆) = #P

Table 1.2: HRRs

1.2.5 Structure of the thesis

In chapter 2 we review the basics of toric geometry, Klyachko’s classification of toric

vector bundles and toric Hirzebruch-Riemann-Roch theorem.

In chapter 3 we review the bijective correspondence between topological toric man-

ifolds and topological fans, compare smooth complete toric varieties, topological toric

manifolds and general torus manifolds and review Hattori and Masuda’s combinatorial

Hirzebruch-Riemann-Roch theorem for torus manifolds.

In chapters 4,5 we give a complete classification of complex equivariant vector bundles

over topological toric manifolds.

In chapter 6 we classify all real equivariant vector bundles based on the results in chap-

ters 4,5.

In chapter 7 we establish the correspondence between t-divisors and t-line bundles and

7



give a geometric proof of Hirzebruch-Riemann-Roch theorem for topological toric mani-

folds.
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Chapter 2: Toric Geometry

2.1 Toric varieties

In this chapter, we review the basics of toric geometry that will be generalized to topo-

logical toric manifolds in the following chapters.

Let T be the affine variety (C∗)n, M a lattice of rank n, i.e. a free abelian group of

rank n which is isomorphic to the character group of T and N := HomZ(M,Z) which is

isomorphic to the cocharacter groups of T.

Definition 2.1. A convex polyhedral cone in NR is a set of the form

σ = Cone(S) = {∑
u∈S

λuu|λu ≥ 0} ⊂ NR,

where S ⊂ NR is finite. σ is strongly convex if σ
⋂
(−σ) = {0}. σ is rational if σ =

Cone(S) for some finite S⊂ N.

We will call a strongly convex rational polyhedral cone simply a cone in this thesis.

Definition 2.2. Given a cone σ ⊂ NR, its dual cone is defined by

σ
∨ = {m ∈MR|⟨m,u⟩ ≥ 0 ∀u ∈ σ}.

A subset τ of σ is a face of σ , denoted by τ ⪯ σ if τ = σ
⋂

Hm where m ∈ σ∨ and Hm =

{u ∈ NR|⟨m,u⟩= 0}.

9



Definition 2.3. A fan Σ in NR is a finite collection of cones σ ⊂ NR such that:

i. Every σ ∈ Σ is a strongly convex rational polyhedral cone.

ii. For all σ ∈ Σ, each face of σ is also in Σ.

iii. For all σ1,σ2 ∈ Σ, the intersection σ1
⋂

σ2 is a face of each.

Given a fan Σ, we obtain a toric variety X
Σ

as follows: for each σ ∈ Σ, the affine variety

corresponding to σ is defined to be

Uσ = Spec(C[Sσ ])

where Sσ := σ∨
⋂

M. For any σ1,σ2 ∈ Σ, the intersection τ = σ1
⋂

σ2 ∈ Σ and there exists

m ∈ σ∨1
⋂
(−σ2)

∨⋂M such that

σ1
⋂

Hm = τ = σ2
⋂

M

and hence

Uσ1 ⊃ (Uσ1)χm =Uτ = (Uσ2)χ−m ⊂Uσ2.

After glueing Uσ1 and Uσ2 along Uτ for all σ1,σ2 ∈ Σ, the toric variety we obtain is X
Σ
.

2.1.1 Orbit-Cone correspondence

For a cone σ , points of Uσ are in bijective correspondence with semigroup homomor-

phisms γ : Sσ → C and the distinguished point γσ of σ is the point in Uσ corresponding to

10



the semigroup homomorphism

m ∈ Sσ 7→


1 m ∈ Sσ

⋂
σ⊥

0 otherwise.

We denote the torus orbit of γσ by

O(σ) = T · γσ ⊂ X
Σ
.

Theorem 2.1 ([6], Theorem 3.2.6.). Let X
Σ

be the toric variety of the fan Σ in NR. Then:

i. There is a bijective correspondence

Σ←→{T-orbits in X
Σ
}

I 7→ O(I).

ii. For each cone σ ∈ Σ,dimO(σ) = n−dimσ .

iii. The affine open subset Uσ is the union of orbits

Uσ =
⋃

τ⪯σ

O(τ).

iv. τ ⪯ σ if and only if O(σ)⊂O(τ) and

O(τ) =
⋃

τ⪯σ

O(σ)

where O(τ) denotes the closure of O(τ) in the Zariski topology.

11



2.1.2 Divisors and equivariant line bundles

We recall the construction of an equivariant line bundles from a torus invariant Cartier

divisor D on toric varieties in toric geometry in section 2.1 of [15].

For a Cartier divisor D = ∑ρ∈Σ(1) aρDρ on a toric variety X
Σ

such that D|Uσ
= div(−lσ )

for some −lσ ∈M, the line bundle LD corresponding to the sheaf OX
Σ
(D) is equivariantly

trivial over Uσ where the dense torus T⊂ X
Σ

acts via

t(x,v) := (tx,χ−lσ (t)v) for all t ∈ T,(x,v) ∈Uσ ×C.

For σ ,τ ∈ ∆, the transition function

gστ : Uτ ×C⊃ (Uτ

⋂
Uσ )×C→ (Uτ

⋂
Uσ )×C⊂Uσ ×C

sends (x,c) to (x, χ−lσ

χ−lτ (x)c) = (x, χ lτ

χ lσ (x)c).

2.2 Classification of toric vector bundles

Theorem 2.2 ([12],Prop 2.1.1.). Let σ be a smooth rational cone and X =X(σ) :=Speck[σ∨]

the affine toric variety.

i. All toric vector bundles on X take the form E×X where E is a linear representation

space of the torus T.

ii. Two toric vector bundles E = E×X and F = F ×X are isomorphic if and only if

the restrictions of the representations are isomorphic: E|Tσ
≃ F |Tσ

.

12



iii. Define decreasing Z-filtrations on the space E

Eα(i) =
⊕
⟨χ,α⟩≥i

Eχ ,α ∈ |σ |,

where Eχ ⊂ E is the isotypical component of the character χ ∈M. Then the space of

toral homomorphisms HomT(E ,F ),E = E×X ,F = F×X, is canonically isomor-

phic to the space of the linear operators ϕ : E → F, compatible with the filtrations:

ϕ(Eα(i))⊂ Fα(i), ∀α ∈ |σ |, i ∈ Z.

Theorem 2.3 ([12], Theorem 2.2.1). Let Σ be a smooth fan and X = X
Σ

the toric variety

corresponding to Σ. The category of toric vector bundles over X is equivalent to the cat-

egory of vector spaces E with a family of decreasing Z-filtrations Eα(i),α ∈ |Σ|, which

satisfy the following compatibility condition:

For any σ ∈ Σ, there exists a Mσ -grading E =
⊕

χ∈Mσ
E [σ ](χ) for which

Eα(i) = ∑
⟨χ,α⟩≥i]

E [σ ](χ), ∀α ∈ |σ |.

2.3 Hirzebruch-Riemann-Roch theorem for smooth complete toric vari-

eties

Definition 2.4. The Chern roots of the tangent bundle of a smooth complete toric variety

X are elements ξi ∈ H2(X ,Q) such that

c(TX) =
n

∏
i=1

(1+ξi).

The Todd class of X is

Td(X) =
n

∏
i=1

ξi

1− e−ξi
.

13



Theorem 2.4. Let X = X
Σ

be a smooth complete n-dimensional toric variety with tangent

bundle TX . Then

c(TX) = ∏
ρ∈Σ(1)

(1+[Dρ ])

and

Td(X) =
n

∏
i=1

[Dρ ]

1− e−[Dρ ]
∈ H ·(X ,Q)

where Dρ is the closure of the orbit O(ρ) corresponding to the ray ρ ∈ Σ(1).

Definition 2.5. For a complete toric variety X = X
Σ
, the Euler characteristic of an invertible

sheaf L on X is

χ(L ) =
n

∑
i=0

(−1)i dimH i(X ,L ).

Theorem 2.5 ([6], Theorem 13.3.8.). For an invertible sheaf L on a smooth complete toric

variety X = X
Σ
, we have

χ(L ) =
∫

X
ch(L )Td(X)

and the Chern character of L is

ch(L ) = ec1(L ) ∈ H ·(X ,Q).
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Chapter 3: Toric Topology

Topological toric manifolds are generalizations of smooth complete toric varieties and

torus manifolds are further generalizations of topological toric manifolds. In this chapter,

we review

1. The bijective correspondence between the isomorphism classes of topological toric

manifolds and the isomorphism classes of topological fans in [10].

2. Comparison among toric varieties, topological toric manifolds and torus manifolds.

3. Hattori and Masuda’s combinatorial Hirzebruch-Riemann-Roch theorem for torus

manifolds in [8].

Definition 3.1. A closed smooth manifold X of dimension 2n with an effective smooth

action of T having an open dense orbit is a topological toric manifold if it is covered by

finitely many invariant open subsets each equivariantly diffeomorphic to a direct sum of

complex one-dimensional smooth representation spaces of T.

Definition 3.2. Let M be a closed, connected, oriented, smooth manifold of dimension 2n

with an effective smooth action of an n-dimensional torus group G = (S1)n with non-empty

fixed point set MG. A closed, connected codimension two submanifold of M is called

characteristic if it is a connected component of the set fixed pointwise by a certain circle

subgroup of G and contains at least one G-fixed point. M is a torus manifold if a preferred

orientation is given to each characteristic submanifold Mi.
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3.1 Topological toric manifolds

3.1.1 Construction of topological toric manifolds from topological fans

Definition 3.3. Let S be the ring of 2×2 matrices of the form

b 0

c v

 where b,c∈R,v∈Z.

Denote the set C×Z by R. We define a ring structure on R via the bijection R→ S sending

µ = (b+
√
−1c,v) to

b 0

c v

, i.e.

µ1 +µ2 := ((b1 +b2)+
√
−1(c1 + c2),v1 + v2)

µ1µ2 := (b1b2 +
√
−1(b1c2 + c1v2),v1v2).

for µi = (bi +
√
−1ci,vi), i = 1,2.

For g ∈ C∗,µ = (b+
√
−1c,v) ∈R, define

gµ := |g|b+
√
−1c(

g
|g|

)v,

then (gµ1)µ2 = gµ2µ1 .

The identity element 1 = (1,1) of R corresponds to

1 0

0 1

. The ring Rn plays the

roles of the character group and the cocharacter group for topological toric manifolds. For

µ ∈Rn =Cn×Zn, we also denote it by µ = (b(µ)+
√
−1c(µ),v(µ)) where b(µ),c(µ) ∈

Rn,v(µ) ∈ Zn.

Definition 3.4. Let G be an abelian topological group. A continuous (resp. smooth) char-

acter of G is a continuous (resp. smooth) homomorphism G→ C∗. A continuous (resp.

smooth) cocharacter of G is a continuous (resp. smooth) homomorphism C∗→ G.
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For α = (α1, . . . ,αn) ∈Rn and β = (β 1, . . . ,β n) ∈Rn, define smooth characters χα ∈

Hom((C∗)n,C∗) and smooth cocharacters λβ ∈ Hom(C∗,(C∗)n) via

χ
α(g1, . . . ,gn) :=

n

∏
k=1

gαk

k , λβ (g) := (gβ 1
, . . . ,gβ n

).

Lemma 3.1. All continuous characters (resp. cocharacters) of T are of the form χα (resp. λβ ).

In particular, every continuous character of T is smooth.

Proof. Given a continuous character χ : C∗→ C∗, because C∗ ≃ R>0× S1 as an abelian

topological group, the restriction χR>0 of χ to R>0 and the restriction χS1 of χ to S1 are

also continuous homomorphisms. R>0 is isomorphic to (R,+) as an abelian topological

group via log, therefore χR>0(r) = rb+ci for some b,c ∈ R. Let π : R→ S1 be the covering

map θ 7→ e2πiθ . Let φ : R→ R be the unique lifting of χS1 ◦π with φ(0) = 0 so that the

following diagram is commutative:

Figure 3.1: Universal Covering

We prove that φ is a homomorphism. Let θ1,θ2 ∈ R. We have

χS1(π(θ1 +θ2)) = χS1(π(θ1))χS1(π(θ2)).

17



By commutativity of the diagram, this is equivalent to

π(φ(θ1 +θ2)) = π(φ(θ1)+φ(θ2)).

So f (θ1,θ2) := φ(θ1+θ2)−φ(θ1)−φ(θ2)∈Z. Since f is continuous, f must be constant.

This constant must be 0 because φ(0) = 0. Hence φ is a homomorphism. Let v = φ(1). It’s

easy to see that φ(n) = nv for n ∈Q. By continuity of φ , we know φ(r) = rv for all r ∈ R.

By continuity of the above diagram, v ∈ Z. Hence χ(z) = zµ where µ = (b+ ci,v) ∈R.

In general, given a continuous character χ : (C∗)n→ C∗, its restriction χi to the i-th coor-

dinate subspace of (C∗)n is χα i
for some α i ∈R. Hence χ = χα where α = (α1, · · · ,αn).

Notice that a continuous cocharacter of C∗ is the same as a continuous character of C∗, so

we can prove the claim about continuous cocharacters similarly.

Definition 3.5. Define a bracket operation by

⟨α,β ⟩ :=
n

∑
k=1

α
k
β

k ∈R.

Notice that in general ⟨α,β ⟩ ̸= ⟨β ,α⟩ because the matrix product is not commutative.

For a family {αi}n
i=1 of n elements in Rn, define its dual to be a family {βi}n

i=1 such

that ⟨αi,β j⟩= δi j1 for all i, j, which is equivalent to



α1
1 α2

1 . . . αn
1

α1
2 α2

2 . . . αn
2

...
... . . . ...

α1
n α2

n . . . αn
n





β 1
1 β 1

2 . . . β 1
n

β 2
1 β 2

2 . . . β 2
n

...
... . . . ...

β n
1 β n

2 . . . β n
n


=



1 0 . . . 0

0 1 . . . 0
...

... . . . ...

0 0 . . . 1


(3.1)

where α j = (α1
j , . . . ,α

n
j ),β j = (β 1

j , . . . ,β
n
j )

T .

For {αi}n
i=1 and {βi}n

i=1 with αi,βi ∈Rn, we define group endomorphisms
⊕n

i=1 χαi
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and ∏
n
i=1 λβi of (C∗)n by

(
n⊕

i=1

χ
αi)(g1, . . . ,gn) := (χα1(g1, . . . ,gn), . . . ,χ

αn(g1, . . . ,gn))

(
n

∏
i=1

λβi)(g1, . . . ,gn) :=
n

∏
i=1

λβi(gi).

(3.2)

Lemma 3.2 (cf. Lemma 2.4 of [10] ). If {bi}n
i=1 and {vi}n

i=1 are bases of Rn and Zn

respectively, then {βi}n
i=1 has a dual set {αi}n

i=1, i.e. ⟨αi,β j⟩= δi j1 for any i, j.

Lemma 3.3 (cf. Lemma 2.3 of [10]). If {αi}n
i=1 is dual to {βi}n

i=1, then the composition

(
n

∏
i=1

λβi)(
n⊕

i=1

χ
αi):(C∗)n→ (C∗)n

is the identity, in particular, both
⊕n

i=1 χαi and ∏
n
i=1 λβi are automorphisms of (C∗)n.

Definition 3.6. An abstract simplicial complex Σ is a collection of non-empty finite subsets

of a set S such that for every set I ∈ Σ and J ⊂ I, we have J ∈ Σ. Let Σ be an abstract

simplicial complex. If Σ contains only finitely many elements, then it is called a finite

abstract simplicial complex. The dimension of I ∈ Σ is |I|−1. If |I|≤ n for all I ∈ Σ and

there exists I0 ∈ Σ such that |I0|= n, then Σ is called an abstract simplicial complex of

dimension n− 1. An augmented abstract finite simplicial complex Σ of dimension n− 1

is a set Σ′
⋃
{ /0} where Σ′ is an abstract finite simplicial complex of dimension n− 1. For

i ∈ N, denote by Σ(i) the set of elements I ∈ Σ such that |I|= i. In particular, we denote the

vertex set by Σ(1). We call the elements in Σ abstract cones.

Definition 3.7. Let Σ be an augmented abstract finite simplicial complex of dimension

n−1 and let

β :Σ
(1)→Rn = Cn×Zn

where Σ(1) denotes the vertex set of Σ. We abbreviate an element {i} ∈ Σ(1) as i and β ({i})

19



as βi and express βi = (bi +
√
−1ci,vi) ∈ Cn×Zn. Denote the cone spanned by bi, i ∈ I

by ̸ bI . Then the pair (Σ,β ) is called a (simplicial) topological fan of dimension n if the

following are satisfied.

1. bi’s for i ∈ I are linearly independent whenever I ∈ Σ, and ̸ bI ∩ ̸ bJ = ̸ bI∩J for any

I,J ∈ Σ. (In short, the collection of cones ̸ bI for all I ∈ Σ is an ordinary simplicial

fan although bi’s are not necessarily in Zn.)

2. Each vi is primitive and vi’s for i ∈ I are linearly independent (over R) whenever

I ∈ Σ.

A topological fan ∆ of dimension n is complete if
⋃

I∈Σ
̸ bI = Rn and non-singular if

the vi’s for i ∈ I form a part of a Z-basis of Zn whenever I ∈ Σ.

Construction. Let ∆ = (Σ,β ) be a non-singular topological fan of dimension n. We take

the vertex set Σ(1) as [m] = {1,2, . . . ,m}. Because Σ is a fan, for all I ∈ Σ, we have I ⊂ [m].

For I ⊂ [m], we set Ic := Σ(1)\I and

U(I) := {(z1, . . . ,zm) ∈ Cm | zi ̸= 0 for ∀i /∈ I}= CI× (C∗)Ic
.

Note that U(I)∩U(J) = U(I ∩ J) for any I,J ∈ [m] and U(I) ⊂U(J) if and only if I ⊂ J.

We define

U(Σ) :=
⋃
I∈Σ

U(I).

Let

λ : (C∗)m→ (C∗)n

be the homomorphism defined by

λ (h1, . . . ,hm) :=
m

∏
k=1

λβk
(hk).
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Lemma 3.4. λ is surjective.

Proof. Given I ∈ Σ(n), let {α I
i }i∈I be the dual to {βi}i∈I . We prove that

⊕
i∈I χα I

i ◦ λ is

surjective. By Lemma 3.3
⊕

i∈I χα I
i is a bijection, hence λ is surjective.

Surjectivity of
⊕

i∈I χα I
i ◦ λ : Given (z1, . . . ,zn) ∈ (C∗)n = (C∗)I , let hk = zk if k ∈ I and

hk = 1 otherwise, then

χ
α I

i ◦λ (h1, . . . ,hm) =
m

∏
k=1

h⟨α
I
i ,βk⟩

k = zi.

Hence
⊕

i∈I χα I
i ◦λ (h1, . . . ,hm) = (z1, . . . ,zn).

Lemma 3.5 (cf. Lemma 4.1 of [10]).

Kerλ = {(h1, . . . ,hm) ∈ (C∗)m |
m

∏
k=1

h⟨α,βk⟩
k = 1 for any α ∈Rn}. (3.3)

Using {α I
i }i∈I for I ∈ Σ(n), which is dual to {βi}i∈I , we have

Kerλ = {(h1, . . . ,hm) ∈ (C∗)m | hi ∏
k/∈I

h⟨α
I
i ,βk⟩

k = 1 for any i ∈ I}. (3.4)

Definition 3.8. We call

X(∆) :=U(Σ)/Kerλ

equipped with the quotient topology together with the natural action of T = (C∗)n ≃

(C∗)m/Kerλ the topological toric manifold associated with ∆.

Denote U(I)/Kerλ by UI and the representation space of
⊕

i∈I χα I
i by

⊕
i∈I V (χα I

i )≃ CI .

The following theorem confirms that X(∆) is a smooth manifold.

Theorem 3.6 ([10], Lemma 5.1, Lemma 5.2). X(∆) is a smooth manifold with a smooth
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T-action whose equivariant local charts are the maps

ϕI : UI →
⊕
i∈I

V (χα I
i )

defined via

ϕI(z1, . . . ,zm) := (
m

∏
k=1

z⟨α
I
i ,βk⟩

k )i∈I

for all I ∈ Σ(n) and whose j-th component of transition function ϕJϕ
−1
I : ϕI(UI

⋂
UJ)→

ϕJ(UJ) is given by

∏
i∈I

w
⟨αJ

j ,βi⟩
i .

for all I,J ∈ Σ(n).

Remark 1: Because of theorem 3.6, sometimes we tacitly identify UI with
⊕

i∈I V (χα I
i ),

e.g. in lemma 4.5.

3.1.2 Construction of topological fans from topological toric manifolds

Definition 3.9. A closed connected smooth submanifold of a topological toric manifold X

of real codimension two is characteristic if it is fixed pointwise by some C∗-subgroup of T.

There are finitely many characteristic submanifolds denoted by X1, · · · ,Xm.

Definition 3.10. An omniorientation on a topological toric manifold X is a choice of an

orientation on each characteristic submanifolds Xi together with the canonical orientation

on X induced from the orientation of the open dense orbit which is identified with (C∗)n.

Let X be an omnioriented topological toric manifold. Define

Σ(X) := {I ⊂ [m]|XI :=
⋂
i∈I

Xi ̸= /0}
⋃
{ /0}.
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Lemma 3.7 ([10], Lemma 3.3). For each i ∈ [m] = Σ(1)(X), there is a unique βi(X) ∈

Rn such that λβi(X)(C∗) fixes Xi pointwise and λβi(X)(g)∗ξ = gξ for any g ∈ C∗,ξ ∈ νi

where λβi(X)(g)∗ denotes the differential of λβi(X)(g) and the right hand side denotes scalar

multiplication by g.

Write βi(X) as

βi(X) = (bi(X)+
√
−1ci(X),vi(X)) ∈Rn = Cn×Zn

and define

β : Σ
(1)→Rn = Cn×Zn

by β ({i}) = βi.

Theorem 3.8 ([10], Lemma 3.8). ∆(X) = (Σ(X),β (X)) is a complete non-singular topo-

logical fan of dimension n.

3.1.3 Classification of topological toric manifolds

Definition 3.11. Let ∆ = (Σ,β ),∆′ = (Σ′,β ′) be topological fans. ∆,∆′ are equivalent,

denoted [∆] = [∆′], if there is an isomorphism σ : Σ→ Σ′ such that β ′
σ(i) = βi for any

i ∈ Σ(1).

Theorem 3.9 ([10], Theorem 8.1). The category of isomorphism classes of omnioriented

topological toric manifolds of dimension 2n is equivalent to the category of isomorphism

classes of complete, non-singular topological fans of dimension n.
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3.2 Smooth complete toric varieties vs. topological toric manifolds vs.

torus manifolds

If ∆ is a non-singular complete topological fan such that βi = (vi,vi) ∈ Zn×Zn for

each i ∈ Σ(1), then X(∆) is just the toric variety associated with the fan Σ′ whose cones

are all σI = ̸ ({vi|i ∈ I}). Hence every smooth complete toric variety is an omnioriented

topological toric manifold.

For an omnioriented topological toric manifold X , if we restrict the T-action to G =

(S1)n-action, then X is a torus manifold.

Example 3.1 ([10] Example in section 5). CP2#CP2 is a topological toric manifold but not

a toric variety because it does not admit any almost complex structure.

Theorem 3.10 ([10, Prop 8.3]). Let X be an omnioriented TTM and let ∆(X)= (Σ(X),β (X))

be the complete non-singular topological fan associated with X. We may assume that

the vertex set Σ(1)(X) of Σ(X) is [m] and express β (X)(i) = (bi(X)+
√
−1ci(X),vi(X)) ∈

Cn×Zn for i ∈ [m] = Σ(1)(X). Then

H∗(X ;Z) = Z[µ1, . . . ,µm]/I

where µi ∈ H2(X ;Z) and I is the ideal generated by the following two types of elements:

1. ∏i∈I µi for I /∈ Σ(X),

2. ∑
m
i=1⟨u,vi(X)⟩µi for any u ∈ Zn.

Here µi is actually the Poincaré dual of the t-divisor Di in X.

Example 3.2 ([13], Example 3.2). For n ≥ 2, let S2n be the 2n-sphere identified with the
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following subset in C×R:

{(z1, · · · ,zn,y) ∈ C×R||z1|2+ · · ·+ |zn|2+y2 = 1}

with the G-action (t1, · · · , tn) · (z1, · · · ,zn,y) = (t1z1, · · · , tnzn,y) is a torus manifold but not

a topological toric manifold because its cohomology ring is not generated by degree 2

elements.

3.3 Combinatorial Hirzebruch-Riemann-Roch theorem for torus manifolds

3.3.1 Multipolytopes

We recall some general facts about multi-polytopes in sections 2,4,5,7 of [8]. We use ∆

to denote a multi-fan in this subsection and will explain the abuse of notations of multi-fans

and topological fans.

Fix the lattice N := H2(BG,Z) ∼= Zn and denote N ⊗R by NR. A strongly convex

rational polyhedral cone in NR is simply called a cone in N. Denote by Cone(N) the space

of all cones in N with a partial order ≺ defined by: τ ≺ σ if and only if τ is a proper face

of σ .

Definition 3.12. A multi-fan in N is a triple ∆ = (Σ,C,w±) where

i. (Σ,<) is a finite poset with a unique minimum element ∗.

ii. C : Σ→ Cone(N) is a map satisfying the following properties:

(1) C(∗) = {0}

(2) If I < J for I,J ∈ Σ, then C(I)≺C(J).

(3) For any J ∈ Σ, the map C restricted on {I ∈ Σ|I ≤ J} is an isomorphism of ordered

sets onto {κ ∈ Cone(N)|κ ⪯C(J)}.
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iii. w± : Σ(n) := {I ∈ Σ|dimC(I) = n} → Z≥0 such that w+(I) > 0 or w−(I) > 0 for all

I ∈ Σ(n).

A multi-fan ∆′ is simplicial (resp. non-singular) if every cone in C(Σ) is simplicial (resp.

non-singular).

Let ∆ = (Σ,C,w±) be a multi-fan and w := w+−w−. A vector v ∈ NR is called generic

if v does not lie on any linear subspace spanned by a cone in C(Σ) of dimension less than

n. For a generic v, define

dv = ∑
v∈C(I)

w(I)

where the sum is understood to be zero if there is no such I.

Definition 3.13. We say ∆ is pre-complete if Σ(n) ̸= /0 and dv is independent of the choice

of generic vectors v. This integer is called the degree of ∆ and is denoted by deg(∆).

For each K ∈ Σ, we set

ΣK := {J ∈ Σ|K ≤ J}.

It inherits the partial order from Σ and K is the unique minimum element in ΣK . A map

CK : ΣK → Cone(NC(K))

sending J ∈ ΣK to the cone C(J) projected on (NC(K))R satisfies the three properties above

required for C where NC(K) := N/⟨C(K)
⋂

N⟩ is the quotient lattice of N by the sublattice

generated by C(K)
⋂

N. Define

w±K : Σ
n−|K|
K := {J ∈ Σ

(n)|K ≤ J,dimCK(J) = n−|K|→ Z≥0

to be the restrictions of w± to Σ
n−|K|
K . The triple ∆K := (Σ,CK,w±K ) is a multi-fan in NC(K)

and the projected multi-fan with respect to K ∈ Σ.
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Definition 3.14. ∆ is complete if ∆K is pre-complete for any K ∈ Σ.

Definition 3.15. Let ∆ = (Σ,C,w±) be a complete multi-fan and let F : Σ(1)→HP(N∗R) be

a map such that the affine hyperplane F (I) is perpendicular to the half line C(I) for each

I ∈ Σ(1). We call a pair (∆,F ) a multi-polytope and denote it by P . The dimension of a

multi-polytope P is defined to be the dimension of the multi-fan ∆. A multi-polytope P

is simple if ∆ is simplicial.

For a simple multi-polytope P , we assume that Σ(1) = {1, · · · ,m} and Σ consists of

subsets of [m]. Denote by vi a nonzero vector in the 1-dimensional cone C({i}) and by Fi

the cone F ({i}) and set

FI :=
⋂
i∈I

Fi for I ∈ Σ.

If |I|= n, then FI is a point, denoted by uI . Suppose I ∈ Σ(n), then {vi|i ∈ I} forms a basis

of NR and denote its dual basis of N∗R by {uI
i |i ∈ I}, i.e. ⟨uI

i ,v j⟩= δi j. Take a generic vector

v ∈ NR, then ⟨uI
i ,v⟩ ̸= 0 for all I ∈ Σ(n), i ∈ I. Set

(−1)I := (−1)#{i∈I|⟨uI
i ,v⟩>0},(uI

i )
+ :=


uI

i if ⟨uI
i ,v⟩> 0

−uI
i if ⟨uI

i ,v⟩< 0.

Denote by C∗(I)+ the cone in N∗R spanned by (uI
i )
+’s (i ∈ I) with apex at uI and by φI its

characteristic function.

Definition 3.16. The Duistermaat-Heckman function DHP on N∗R\
⋃m

i=1 Fi associated with

P is defined to be

DHP := ∑
I∈Σ(n)

(−1)Iw(I)φI.

Lemma 3.11 ([8, Lemma 5.4]). The support of DHP is bounded and is independent of the

choice of the generic vector v ∈ NR.
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For a simple lattice multi-polytope P = (∆,F ), we further require vi to be a primitive

integral vector in the half line C({i}). Then we slightly move Fi in the direction of vi for

each i, so that we obtain a map F+ : Σ(1)→HP(N∗R) and denote the multi-polytope (∆,F+)

by P+. Since F+({i})’s miss the lattice N∗, DHP+ is defined on N∗.

Definition 3.17.

#P := ∑
u∈N∗

DHP+(u).

3.3.2 Combinatorial equivariant cohomology

This subsection is a review of §8 of [8].

Let P = (∆,F ) be a simple lattice multi-polytope associated with integers c′is by

F ({i}) = {u ∈ H2(BG;R)|⟨u,vi⟩= ci}.

Define the equivariant cohomology of ∆ as

H∗G(∆) := Z[x1, · · · ,xm]/(xI|I /∈ Σ)

where xI = ∏i∈I xi and the degree of xi is two. Define a group homomorphism

π
∗ : H2(BG,Z)→ H2

G(∆)

u 7→
m

∑
i=1
⟨u,vi⟩xi

where ⟨,⟩ is the natural pairing between cohomology and homology and extend it to an

algebra homomorphism

π
∗ : H∗(BG,Z)→ H∗G(∆).
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π∗ defines a H∗(BG,Z)-module structure on H∗G(∆).

Lemma 3.12 ([8, Lemma 8.1]). Any element in H∗G(∆)⊗Q can be written in the form

∑J∈Σ π∗(aJ)xJ with aJ ∈ H∗(BG,Q).

For I ∈ Σ(n) let {uI
i |i ∈ I} = {−q(α I

i )|i ∈ I} be the dual basis of {vi|i ∈ I} as before.

Define a ring homomorphism ι∗I : H∗G(∆)⊗Q→ H∗(BG,Q) by

ι
∗
I (xi) =


uI

i if i ∈ I,

0 otherwise.

Lemma 3.13 ([8, Lemma 8.2]). ι∗I is an Ĥ ·G({pt},Q)-module map.

For I ∈ Σ(n), define GI to be the image of

{(a1, · · · ,am) ∈ Rm|
m

∑
i=1

aivi ∈ N,a j = 0 for j /∈ I}

under the projection Rm→ Rm/Zm.

Definition 3.18. The combinatorial generalized equivariant Gysin map (called the index

map in [8]) is defined by

π! : H∗G(∆)⊗Q→ H∗(BG,Q)

x 7→ ∑
I∈Σ(n)

w(I)ι∗I (x)
|GI|∏i∈I uI

i
.

The cohomology ring of the multi-fan ∆ of P is defined by

H∗(∆) := Z[x1, · · · ,xm]/A

where A is the ideal generated by all

29



(1) xI for I /∈ Σ,

(2) ∑
m
i=1⟨u,vi⟩xi for u ∈ N.

π! induces a homomorphism

∫
∆

: H∗(∆)⊗Q→ H∗(BG,Q)/H2(BG,Q) =Q. (3.5)

For i ∈ [m], let

ρi : Rm/Zm→ C∗

(a1, · · · ,am) 7→ exp(2π
√
−1ai).

Denote by G∆ the union of all GI where I runs over all I ∈ Σ(n).

Definition 3.19. We define the equivariant Todd class T G(∆) of ∆ to be

T G(∆) := ∑
G∆

m

∏
i=1

xi

1−ρi(g)e−xi
,

and the Todd class T (∆) of ∆ by

T (∆) := ∑
G∆

m

∏
i=1

xi

1−ρi(g)e−xi
,

where xi is the image of xi ∈ H∗G(∆) in H∗(∆).

3.3.3 Combinatorial Hirzebruch-Riemann-Roch theorem

Theorem 3.14 ([8], Theorem 8.5). If P is a simple lattice multi-polytope, then
∫

∆
ec1(P)T (∆)=

#(P).
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Chapter 4: Klyachko vector bundles

4.1 Orbit-Cone correspondence

Definition 4.1. Let ∆ = (Σ,β ) be a non-singular topological fan of dimension n. For each

I ∈ Σ, we call

γI = [0I×1Σ(1)\I] ∈U(I)/Kerλ

the distinguished point corresponding to I and we denote its T-orbit by

O(I) := T · γI = (0I× (C∗)Σ(1)\I)/Kerλ

and the closure of O(I) in X(∆) by

V (I) := O(I) = (0I×CΣ(1)\I)/Kerλ ⊂ X(∆).

The following theorem is a direct generalization of Theorem 3.2.6 of [6].

Theorem 4.1.

1. There is a bijective correspondence

Σ←→{T-orbits in X(∆)}

I 7→ O(I)
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2. For each J ∈ Σ( j),dimCO(J) = n− j.

3.

UI =
⋃
J≤I

O(J).

4. J ≤ I iff O(I)⊂V (J) and

V (J) =
⋃
J≤I

O(I).

Proof.

1. Let O be a T-orbit in X(∆) and γ = [γ1, . . . ,γm] ∈O . Let I = {i ∈ Σ(1)|γ i = 0}, then

O
⋂

O(I) ̸= /0. Hence O = O(I).

2. Given J ∈ Σ( j), let I ∈ Σ(n) such that J ≤ I. Then ϕI(O(J)) = 0J × (C∗)I\J , hence

dimCO(J) = n− j.

3. follows from (a).

4. If J ≤ I, then by definition O(I)⊂V (J). Conversely if O(I)⊂V (J), then Σ(1)\I ⊂

Σ(1)\J, i.e. J ≤ I.

4.2 Topological Klyachko vector bundles

Definition 4.2. A topological Klyachko vector bundle of rank r over an n-dimensional

topological toric manifold X(∆) associated with a topological toric fan ∆ = (Σ,β ) is a T-

equivariant topological complex vector bundle E → X(∆) whose restriction E |UI
is equiv-

ariantly isomorphic to UI×Cr for all I ∈ Σ and whose action map T×E → E is continuous.
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Lemma 4.2. A continuous character χα : C∗→ C∗ where α = (b+ c
√
−1,v) ∈R can be

continuously extended to C iff b > 0 or b = c = v = 0.

Proof. In this proof, I will use i for
√
−1. Given χα : C∗ → C∗ with α = (b + ci,v)

and g = ρeθ i ∈ C∗ where ρ ∈ R>0, we have χα(g) = ρb+cieiθv. If b > 0, then |χα(g)|=

ρb → 0 as g→ 0, therefore χα(g)→ 0 as g→ 0. If b < 0, then |χα(g)|= ρb → +∞ as

g→ 0, therefore χα(g) diverges as g→ 0. If b = 0, suppose c ̸= 0, then let g(t) = t, t ∈

(0,+∞), we have χα(g(t)) = eic ln t diverges as t → 0+. Therefore c = 0 when χα can be

continuously extended to C and b = 0. When b = c = 0, let g(t) = eti

t , t ∈ (0,+∞), then

χα(g(t)) converges as t → +∞ if and only if v = 0. Therefore when b = 0, χα can be

continuously extended to C if and only if c = v = 0.

Definition 4.3. We can define a partial order≥c on R as follows: For α = (b+c
√
−1,v)∈

R, we say α ≥c 0 = (0+0
√
−1,0) if b > 0 or b = c = v = 0. For α,β ∈R, we say α ≥c β

if α−β ≥c 0.

Proposition 4.3. ≥c is a partial order.

Proof. Reflexivity is clear. Anti-symmetry: suppose αi = (bi+ci
√
−1,vi)∈R, i= 1,2 and

α1≥c α2,α2≥c α1, then b1−b2≥ 0,b2−b1≥ 0, therefore b1−b2 = c1−c2 = v1−v2 = 0.

Transitivity: Suppose αi = (bi + ci
√
−1,vi) ∈R, i = 1,2,3 and α1 ≥c α2,α2 ≥c α3. There

are four cases: 1) b1 > b2,b2 > b3, 2) b1 > b2,α2 = α3, 3) α1 = α2,b2 > b3, 4) α1 = α2 =

α3. In the first three cases, we have b1 > b3, hence α1 ≥c α3. The case 4 obviously satisfies

α1 ≥c α3.

Lemma 4.4. If I ∈ Σ(n) and α ∈Rn, then α = Σi∈Iλiα
I
i where λi = ⟨α,βi⟩ and {α I

i }i∈I is

dual to {βi}i∈I .

Proof. Let β = α−Σi∈Iλiα
I
i , then ⟨β ,βi⟩= 0 for all i. The duality relation ⟨αi,β j⟩= δi j1

33



is equivalent to



α1
1 α2

1 . . . αn
1

α1
2 α2

2 . . . αn
2

...
... . . . ...

α1
n α2

n . . . αn
n





β 1
1 β 1

2 . . . β 1
n

β 2
1 β 2

2 . . . β 2
n

...
... . . . ...

β n
1 β n

2 . . . β n
n


=



1 0 . . . 0

0 1 . . . 0
...

... . . . ...

0 0 . . . 1


(4.1)

where β j = (β 1
j , . . . ,β

n
j )

T , therefore the matrix (β i
j)i j is invertible as a 2n×2n matrix with

coefficients in R, hence β = 0.

The following lemma is used to derive the compatibility condition that guarantees that

we can extend the transition functions of the equivariant vector bundles from the open dense

subset T
⋂

UI
⋂

UJ to UI
⋂

UJ .

Lemma 4.5. If I ∈ Σ, then χα : T→ C∗,α ∈ Rn can be continuously extended to UI iff

⟨α,βi⟩ ≥c 0 ∀i ∈ I.

Proof. Given I ∈ Σ, by lemma 4.4, we may assume that α = Σi∈Iλiα
I
i where λi = ⟨α,βi⟩.

χα can be continuously extended to UI iff χα ◦λ (h1, · · · ,hm) = ∏
m
k=1 h⟨α,βk⟩

k can be contin-

uously extended to CI× (C∗)Σ(1)\I iff ⟨α,βi⟩ ≥c 0 ∀i ∈ I.

Definition 4.4. For each I ∈ Σ, let TI = ((C∗)I×1Σ(1)\I)/Kerλ be the stabilizer of γI and

β⊥I := {α ∈Rn|⟨α,βi⟩= 0 ∀i ∈ I}.

The following lemma is used in Theorem 4.7 to prove that the equivariant vector bundle

we get is independent of the choice of extensions of ϕI . It generalizes Prop 2.1.1 of [12].

Lemma 4.6. Let X = UI be an affine chart of a topological toric manifold corresponding

to a cone I ∈ Σ(n).
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i) Define a family of subspaces of a complex T-module E by

E i(µ) =
⊕

⟨χ,βi⟩≥cµ

Eχ , i ∈ I,

where Eχ ⊂ E is the isotypical component of the continuous character χ ∈Rn. Sim-

ilarly define {F i(µ)|i ∈ I,µ ∈R} for another complex T-module F. Then the space

of equivariant homomorphisms HomT(X ×E,X ×F) is canonically isomorphic to

the space of linear operators ϕ : E→ F satisfying ϕ(E i(µ))⊂ F i(µ) for all i ∈ I.

ii) Two topological Klyachko vector bundles X ×E and X ×F are isomorphic if and

only if the restrictions of the continuous representations are isomorphic E |TI≃ F |TI .

Proof. i): All topological Klyachko vector bundles on UI decompose into a sum of line

bundles by definition. Therefore we can assume that dimE = dimF = 1. A bundle mor-

phism f : X ×E → X ×F is a family of linear maps ϕx : E → F,x ∈ X . The equivariance

condition implies that for χE ,χF ∈Rn,e ∈ E, we have ϕtx(te) = tϕx(e), i.e. χE(t)ϕtx(e) =

χF(t)ϕx(e). Fix an arbitrary point x0 in the open dense orbit and let ϕ = ϕx0 . Then

f (tx0,e) = (tx0,χ
−1
E χF(t)ϕ(e)) for all t ∈ T. Since f is continuous on X , either ϕ = 0

or χ
−1
E χF can be continuously extended to X . By lemma 4.5, the latter condition is equiv-

alent to

⟨χF ,βi⟩ ≥c ⟨χE ,βi⟩,∀i ∈ I.

In both cases ϕ satisfies ϕ(E i(µ))⊂ F i(µ).

Conversely, if ϕ : E→ F satisfies ϕ(E i(µ))⊂ F i(µ), then

f (tx0,e) = (tx0,χ
−1
E χF(t)ϕ(e))

defines a continuous bundle morphism f : X×E→ X×F by lemma 4.5.
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ii) If the bundles E and F are isomorphic, then E |T= E (γI) ≃ F (γI) = F |T. (Recall

that γI is the unique fixed point in UI for the top dimensional cone I ∈ Σ(n) and E (γI)

denotes the fiber of E over γI .) Conversely, if E |T= F |T, then the posets of subspaces

{E i(µ)|i ∈ I,µ ∈R} and {F i(µ)|i ∈ I,µ ∈R} are isomorphic. By i), the bundles E and

F are isomorphic.

Definition 4.5. For a topological toric manifold X , the category TKVBX is the category

whose objects are topological Klyachko vector bundles over X . A morphism f : E →F in

TKVBX is a morphism of topological complex vector bundles over X that is T-equivariant.

Definition 4.6. For a topological toric manifold X , the category TKVSX is the category

whose objects are complex vector spaces E with a poset P of complex subspaces E i(µ) of

E indexed by µ ∈R, i ∈ Σ(1) which satisfy the following compatibility condition:

For any I ∈ Σ, there exists a Rn/β⊥I -grading

E =
⊕

[χ]∈Rn/β⊥I

E[χ]

for which

E i(µ) = ∑
⟨χ,βi⟩≥cµ

E[χ], ∀i ∈ I.

A morphism f : (E,{E i(µ)}) → (F,{F i(µ)}) in TKVSX is a linear transformation f :

E → F such that f (E i(µ)) ⊂ F i(µ) for all i ∈ Σ(1) and µ ∈ R. f is an isomorphism

if E → F is an isomorphism of complex vector spaces. f is a monomorphism if E →

F is a monomorphism of complex vector spaces. f is an epimorphism if E → F is an

epimorphism of complex vector spaces and f (E i(µ)) = F i(µ) for all i ∈ Σ(1) and µ ∈R.

Theorem 4.7. The category TKVBX of topological Klyachko vector bundles over the topo-

logical toric manifold X = X(∆) is equivalent to the category TKVSX .

36



Corollary 4.8. Let Φ : TKVBX → TKVSX be an equivalence in the proof of Theorem 4.7,

then a morphism f : E →F in TKVBX is a monomorphism (resp. epimorphism, resp. iso-

morphism) if and only if Φ( f ) is a monomorphism (resp. epimorphism, resp. isomorphism).

Definition 4.7. For each I ∈ Σ, we denote by Homcont(TI,C∗) the group of continuous

homomorphisms TI → C∗ and by Homsm(TI,C∗) the group of smooth homomorphisms

TI → C∗.

The following lemma explains the meaning of the index set Rn/β⊥I in the grading of

E.

Lemma 4.9. For each I ∈ Σ,Homcont(TI,C∗) = Homsm(TI,C∗) ≃ Rn/β⊥I as abelian

groups.

Proof. Notice that TI ≃ (C∗)k where k= |I|, therefore by the proof of lemma 3.1, Homcont(TI,C∗)=

Homsm(TI,C∗). For the isomorphism, on the one hand, given α ∈Rn, we have χα : T→

C∗ such that χα(λ (h1, . . . ,hm)) = ∏
m
k=1 h⟨α,βk⟩

k . In particular, if α ∈ β⊥I , then χα(TI) = 1.

Therefore by restricting to TI , α ∈ Rn/β⊥I gives rise to χα : TI → C∗. On the other

hand, given χ : TI → C∗ where I ∈ Σ, choose an I0 ∈ Σ(n) that contains I. Suppose

χ(λ (h1, . . . ,hm)) = ∏k∈I hλk
k where [h1, . . . ,hm] ∈ TI (the bracket denotes the equivalence

class). Let α = Σk∈Iλkα
I0
k where α I0 is dual to βI0 , then χ = χα : TI → C∗. It is easy to

check that these two assignments are inverse to each other, hence the result.

Lemma 4.10. There is a canonical splitting T ≃ TI× ιI(O(I)) where ιI : O(I)→ T is an

embedding for each I ∈ Σ(n).

Proof. Given I ∈ Σ, pick an arbitrary I0 ∈ Σ(n) that contains I. We have the following exact

sequence

1→ TI → T= (C∗)n ≃ (C∗)m/kerλ → O(I)→ 1.
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The morphism f1 : TI → T is f1([h1, . . . ,hm]) = [w] where wi = hi if i ∈ I and wi = 1 if

i∈ I0\I. The morphism f2 : (C∗)I0→O(I) is defined as follows: given g=(gi)i∈I0 ∈ (C∗)I0 ,

let hi = χα
I0
i (g) for i ∈ I0 and hi = 1 otherwise, then λ (h) = g. Define f2(g) = [w] where

wi = 0 for i ∈ I and wi = hi for i ∈ Σ(1)\I. It is easy to check that the above sequence is

exact. We define ιI below: Given w ∈ O(I), let h ∈ 0I× 1Σ(1)\I such that [h] = w, then let

ιI(w)i = 1 if i ∈ I and ιI(w)i = hi otherwise. Then f2 ◦ ι = id. Hence the exact sequence

splits.

Proof of Theorem 4.7. Klyachko’s original proof goes through with the previous lemmas:

I. Construction of a functor Φ : TKVBX → TKVSX :

Let E be a smooth Klyachko vector bundle over X . Let X =
⋃

I∈ΣUI be the open cov-

ering by the open invariant subsets UI corresponding to I ∈ Σ. By definition, we have

E |UI
≃UI×E (γI) for all I ∈ Σ. Because UI is TI-invariant and T-invariant, we have

ϕI : TI → Aut(E (γI))

which can be extended to

ϕI : T→ Aut(E (γI))

by lemma 4.10. The transition functions fIJ : UI
⋂

UJ → Hom(E (γI),E (γJ)) satisfy the

cocycle conditions fIJ fJK fKI = 1 and fIJ fJI = 1 and the equivariance condition

fIJ(tx) = ϕI(t) fIJ(x)ϕJ(t)−1.

Let x0 be an arbitrary point in the open dense orbit O( /0). We identify all fibers of E with

E = E (x0) via fIJ , i.e. we assume that fIJ(x0) = 1. Then fIJ(tx0) = ϕI(t)ϕJ(t)−1 and

the map ϕI(t)ϕJ(t)−1 can be smoothly extended from T to UI
⋂

UJ . We will interpret this
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extendability condition in terms of inclusion of filtrations below. First, as a representation

space of TI , the space E admits a weight decomposition

E =
⊕

[χ]∈Rn/β⊥I

E[χ]

where χ ∈Rn/β⊥I is considered as a map TI→C∗ by lemma 4.9 and E[χ] := {x∈ E|t ·x =

χ(t)x ∀t ∈ TI}. Define a family of subspaces of E by

E i,I(µ) = ∑
[χ]∈Rn/β⊥I ,⟨χ,βi⟩≥cµ

E[χ], ∀i ∈ I.

We prove that ϕI(t)ϕJ(t)−1 can be continuously extended from T to UI
⋂

UJ iff E i,J(µ)⊂

E i,I(µ) for all i ∈ I
⋂

J and µ ∈R. Indeed, let ei, i ∈ ΛI be a diagonalizing basis of the rep-

resentation ϕI , i.e. ϕI(t)ei = χi(t)ei,χi ∈ Hom(T,C∗) and let f j, j ∈ ΛJ be a diagonalizing

basis of the representation ϕJ , i.e. ϕJ(t) f j = ψ j(t) f j,ψ j ∈ Hom(T,C∗). Let f j = Σiai jei.

Then

ϕIϕ
−1
J f j = Σiai jχiψ

−1
j ei.

By lemma 4.5, the character χiψ
−1
j can be continuously extended to UI

⋂
UJ iff ⟨χi,βk⟩ ≥c

⟨ψ j,βk⟩ for all k ∈ I
⋂

J. In other words,

E i,J(µ)⊂ E i,I(µ) ∀i ∈ I
⋂

J and µ ∈R.

As a consequence, E i,I(µ) = E i,J(µ) for all i ∈ I,J because both fIJ and fJI can be con-

tinuously extended to UI
⋂

UJ . Therefore we denote E i,I(µ) simply by E i(µ). Define

Φ(E ) := (E,{E i(µ)|i ∈ Σ(1),µ ∈R}).

Suppose f : E → F is a T-equivariant map between two topological Klyachko vector
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bundles E ,F over X . For each I ∈ Σ(n), we have the following commutative diagram

Figure 4.1: Location Description of f

Define Φ( f ) to be f |x0: E→ F . Suppose {E i(µ)|i ∈ Σ(1),µ ∈R} comes from a grad-

ing E =
⊕

χ∈Rn/β⊥I
E[χ] and {F i(µ)|i∈ Σ(1),µ ∈R} comes from F =

⊕
χ∈Rn/β⊥I

F[χ], then

by equivariance of f , we must have Φ( f )(E i(µ))⊂ F i(µ).

II. Construction of a functor Ψ : TKVSX → TKVBX :

Given a family of doubly indexed subspaces E i(µ) that correspond to E =
⊕

χ∈Rn/β⊥I
E[χ],

we have a representation of TI that can be extended to a representation ϕI of T by lemma

4.10. As the subspaces are decreasing, fIJ(tx0) = ϕI(t)ϕ−1
J (t) can be extended to UI

⋂
UJ

by the first part of this proof. Therefore the cocycle fIJ determines a topological Klyachko

vector bundle E = Ψ(E,{E i(µ)|i ∈ Σ(1),µ ∈R}) over X(∆). By lemma 4.6, E |UI does

not depend on the choice of an extension of ϕI for each I ∈ Σ(n). That the bundle E does

not depend on the choice of gradings EI is exactly the same as Klyachko’s original proof.

Suppose given a morphism f : (E,{E i(µ)})→ (F,{F i(µ)}) in TKVSX , then by lemma

4.6, we have a T-equivariant morphism of vector bundles fI : UI ×E →UI ×F for each

I ∈ Σ(n). For any two I,J ∈ Σ(n), notice that fI and fJ coincide as their restrictions to

the dense subset T
⋂

UI
⋂

UJ are the same. Hence they glue to a T-equivariant morphism

Ψ(E,{E i(µ)})→Ψ(F,{F i(µ)}).
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We can quickly check that Ψ(Φ(E ))≃ E and Φ(Ψ(E,{E i(µ)}))≃ (E,{E i(µ)}).

4.3 Smooth Klyachko vector bundles

Definition 4.8. A smooth Klyachko complex vector bundle of rank r over an n-dimensional

topological toric manifold X(∆) associated with a topological toric fan ∆ = (Σ,β ) is a T-

equivariant smooth complex vector bundle E → X(∆) whose restriction E |UI
is equivari-

antly diffeomorphic to UI×Cr for all I ∈ Σ and whose action map T×E → E is smooth.

Lemma 4.11. A smooth character χα : C∗ → C∗ where α = (b+ c
√
−1,v) ∈ R can be

smoothly extended to C iff c = 0,b ∈ N and b± v ∈ 2N.

Proof. Write i for
√
−1 and g = ρeiθ ∈ C∗ = x+ yi where ρ > 0,θ ∈ [0,2π),x,y ∈ R.

The sufficiency is clear. We prove necessity below. Given χα : C∗ → C∗ that can be

smoothly extended to C where α = (b+ ci,v), by lemma 4.2, b > 0 or b = c = v = 0.

In the latter case, obviously we have c = 0,b ∈ N and b± v ∈ 2N. Suppose b > 0. Let

f (ρ) := χα |R (ρ) = ρb+ci. We first prove that b ∈ N. Suppose not, then there exists

n0 ∈N such that n0 < b < n0+1 and dn0+1 f
dρ

n0+1 =C1ρb−n0−1+ci (C1 is some non-zero constant)

diverges as ρ → 0+, which contradicts that χα is smooth at 0. Therefore b ∈ N. Next we

prove that c = 0. Suppose c ̸= 0, then db+1 f
dρb+1 =C2 ·ci ·ρ−1+ci (C2 is some non-zero constant)

diverges as ρ → 0+. Therefore c = 0. Now we prove that b± v ∈ 2N. The proof below

is based on the observation that for Puiseux series F,G in one indeterminate x with finitely

many terms, deg((F
G)
′) ≤ deg(F

G). Here the degree of a Puiseux series with finitely many

terms is the largest exponent whose corresponding coefficient is nonzero. We consider

three cases: 1) 0 ≤ v ≤ b, 2) 0 < b < v, 3) v < 0 < b. In case 1, χα(g) = gvρb−v =

(∑v
k=0

(n
k

)
xk(yi)v−k)(x2 + y2)

b−v
2 . By separating the real and imaginary parts, we see that

xα is smooth if and only if b− v ∈ 2N if and only if b± v ∈ 2N. In case 2, χα(g) = gv

ρv−b .
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Its real part is F
G where F(x,y) = ∑

[ v
2 ]

k=0(−1)kxv−2ky2k and G(x,y) = (x2 + y2)
v−b

2 . Since

degF = v,degG = v− b, by the observation, limρ→0+
∂ b+1 F

G
∂xb+1 does not exist. In case 3,

χα(g) = ρb+vg−v. By a similar reason as in case 1, χα(g) is smooth if and only b+v ∈ 2N

if and only if b± v ∈ 2N. Hence we proved the necessity.

Definition 4.9. We can define a partial order≥s on R as follows: For α = (b+c
√
−1,v)∈

R, we say α ≥s 0= (0+0
√
−1,0) if c= 0,b∈N,b±v∈ 2N. For α,β ∈R, we say α ≥s β

if α−β ≥s 0.

Proposition 4.12. ≥s is a partial order.

Proof. Reflexivity and anti-symmetry are clear. Transitivity: Suppose αi =(bi+ci
√
−1,vi)∈

R, i = 1,2,3 and α1 ≥c α2,α2 ≥c α3, i.e. b1−b2,b2−b3 ∈ N,(b1−b2)± (v1− v2),(b2−

b3)± (v2− v3) ∈ 2N, then by adding these expressions, we have b1− b3 ∈ N,(b1− b3)±

(v1− v3) ∈ 2N.

Lemma 4.13. If I ∈ Σ, then χα : T→ C∗,α ∈ Rn can be smoothly extended to UI iff

⟨α,βi⟩ ≥s 0 ∀i ∈ I.

Proof. The proof is the same as lemma 4.5.

Lemma 4.14. Let X =UI be an affine chart of a topological tori manifold corresponding

to a cone I ∈ Σ(n).

i) Define a family of subspaces of a complex T-module E by

E i(µ) =
⊕
⟨χ,i⟩≥sµ

E[χ], i ∈ I,

where Eχ ⊂ E is the isotypical component of the smooth character χ ∈ Rn.If F is

another T-module, we define F i(µ) similarly. Then the space of equivariant ho-

momorphisms HomT(X ×E,X ×F) is canonically isomorphic to the space of order

preserving linear operators ϕ : E→ F
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ii) Two smooth Klyachko vector bundles X ×E and X×F are isomorphic if and only if

the restrictions of the smooth representations are isomorphic E |TI≃ F |TI .

Proof. The proof is same as the one for lemma 4.6 except that we replace lemma 4.5 by

lemma 4.13.

Definition 4.10. For a topological toric manifold X , the category SKVBX is the category

whose objects are smooth Klyachko complex vector bundles over X . A morphism f :

E → F in SKVBX is a morphism of smooth complex vector bundles over X that is T-

equivariant.

Definition 4.11. For a topological toric manifold X , the category SKVSX is the category

whose objects are complex vector spaces E with a poset P of complex subspaces E i(µ) of

E indexed by µ ∈R, i ∈ Σ(1) which satisfy the following compatibility condition:

For any I ∈ Σ(n), there exists a Rn/β⊥I -grading

E =
⊕

[χ]∈Rn/β⊥I

E[χ]

for which

E i(µ) = ∑
⟨χ,βi⟩≥sµ

E[χ], ∀i ∈ I.

A morphism f : (E,{E i(µ)}) → (F,{F i(µ)}) in SKVSX is a linear transformation f :

E → F such that f (E i(µ)) ⊂ F i(µ) for all i ∈ Σ(1) and µ ∈ R. f is an isomorphism

if E → F is an isomorphism of complex vector spaces. f is a monomorphism if E →

F is a monomorphism of complex vector spaces. f is an epimorphism if E → F is an

epimorphism of complex vector spaces and f (E i(µ)) = F i(µ) for all i ∈ Σ(1) and µ ∈R.

Following the proofs in Section 3, we can prove:
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Theorem 4.15. The category SKVBX of smooth Klyachko vector bundles over the topo-

logical toric manifold X = X(∆) is equivalent to the category SKVSX .

Corollary 4.16. Let Φ : SKVBX → SKVSX be an equivalence in the proof of Theorem 4.7,

then a morphism f : E →F in SKVBX is a monomorphism (resp. epimorphism, resp. iso-

morphism) if and only if Φ( f ) is a monomorphism (resp. epimorphism, resp. isomorphism).

4.4 Holomorphic Klyachko vector bundles

Definition 4.12. Let X(∆) be a topological toric manifold with a T-equivariant complex

structure. A holomorphic Klyachko vector bundle of rank r over X(∆) is a T-equivariant

holomorphic complex vector bundle E → X(∆) whose restriction E |UI
is equivariantly

biholomorphic to UI×Cr for all I ∈ Σ and whose action maps T×E → E and T×X(∆)→

X(∆) are holomorphic.

Define diag(Z) := {(v,v)∈R|v∈Z} and diag(Zn) = {(α, · · · ,α)∈Rn|α ∈ diag(Z)}.

Lemma 4.17. If a smooth character χα : T→ C∗ is holomorphic for α ∈ R, then α ∈

diag(Z).

Proof. Let α =(b+ci,v)∈R and f (ρ,θ)= ρb+cieiθv = ρbeci lnρ+iθv =U(ρ,θ)+iV (ρ,θ)

where U(ρ,θ)= ρb cos(c lnρ+θv) and V (ρ,θ)= ρb sin(c lnρ+θv). Because χα is holo-

morphic, U,V must satisfy the Cauchy-Riemann equations

∂U
∂ρ

=
1
ρ

∂U
∂θ

,

∂V
∂ρ

=− 1
ρ

∂U
∂θ

.
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By simple computation,

∂U
∂ρ

= bρ
b−1 cos(w)−ρ

b−1csin(w),

1
ρ

∂U
∂θ

= ρ
b−1vcos(w),

∂V
∂ρ

= bρ
b−1 sin(w)+ρ

b−1ccos(w),

− 1
ρ

∂U
∂θ

= ρ
b−1vsin(w).

where w = c lnρ +θv.

After simplification, we get

(b− v)cos(w) = csin(w),

(b− v)sin(w) =−ccos(w).

Therefore (b− v)2 =−c2, i.e. b = v ∈ Z,c = 0, i.e. α ∈ diag(Z).

Theorem 4.18. A holomorphic Klyachko vector bundle E over a complex topological toric

manifold X = X(∆) is T-equivariantly biholomorphic to a toric vector bundle over a toric

variety.

Proof. In the proof of theorem 1.2 in [9], Ishida showed that for a topological toric man-

ifold X with T-equivariant complex structure, the equivariant smooth charts ϕI : UI →

V (
⊕

i∈I χα I
i ) are actually equivariant holomorphic charts. Since the T-action is holomor-

phic, the map

T−→V (
⊕
i∈I

χ
α I

i )

g 7 −→ (χα I
i (g)zi)i∈I
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is holomorphic for each I ∈ Σ(n),g ∈ T,z ∈V (
⊕

i∈I χα I
i ), in particular

T−→ C∗

g 7 −→ χ
α I

i (g)

is holomorphic for all I ∈ Σ(n), i∈ I. By lemma 4.17, α I
i ∈ diag(Zn). Hence βi ∈ diag(Zn),

i.e. the topological toric fan ∆ comes from an ordinary fan Σ, i.e. X is a toric variety. Now

fix a point x0 in the open dense torus and let E be the fiber of E over x0. For each I ∈ Σ(n),

E |UI is T-equivariantly biholomorphic to UI ×E and the T-module E decomposes into

weight spaces

E =
⊕

χ

Eχ .

By lemma 4.17, each χ appearing in the decomposition must be algebraic. In the proof of

theorem 4.7, we showed that the transition functions fIJ of E is determined by the weighs

χ , hence fIJ are algebraic and E is exactly a toric vector bundle.

4.5 Examples

In this section, we will recall the construction of Li, prove that
⊕m

i=1 Li is a smooth

Klyachko vector bundle.

Construction of Li: Let πi : (C∗)m → C∗ be the projection onto the i-th factor of (C∗)m

and denote by V (πi) the complex one-dimensional representation space of πi. Let (C∗)m

act on U(Σ)×V (πi) by

(g1, · · · ,gm)((z1, · · · ,zm),w) = ((g1z1, · · · ,gmzm),giw)
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for (g1, · · · ,gm) ∈ (C∗)m,(z1, · · · ,zm) ∈U(Σ),w ∈ V (πi). The (C∗)m-equivariant complex

line bundle Li is

Li : (U(Σ)×V (πi))/Kerλ →U(Σ)/Kerλ = X(∆).

Equivariant trivializations: X(∆) =
⋃

I∈Σ(n) UI . For each I ∈ Σ(n), on UI , depending on

whether i ∈ I, we have two types of equivariant trivializations.

When i ∈ I, the equivariant trivialization

ψI : (U(I)×V (πi))/Kerλ →UI×C

is given by

[(z,w)] 7→ ([z],w ·∏
k/∈I

z⟨α
I
i ,βk⟩

k ). (4.2)

When i /∈ I, the equivariant trivialization

ψI : (U(I)×V (πi))/Kerλ →UI×C

is given by

[(z,w)] 7→ ([z],
w
zi
). (4.3)

Injectivity of ψI: Suppose ψI([z,w]) = ψI([z′,w′]).

Case 1: i ∈ I. [z] = [z′],w ·∏k/∈I z⟨α
I
i ,βk⟩

k = w′ ·∏k/∈I z′⟨α
I
i ,βk⟩

k , therefore z′k = hzk for some

h ∈ Kerλ and w′ = w∏k/∈I h⟨α
I
i ,βk⟩ = w ·h where the last equality follow from 3.3. Hence

[z,w] = [z′,w′].

Case 2: i /∈ I. [z] = [z′], w
zi
= w′

z′i
, therefore z′k = zk for some h ∈ Kerλ and w′ = z′i

zi
w = w ·h.
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Hence [z,w] = [z′,w′].

Surjectivity of ψI: Suppose (z,c) ∈UI×C.

Case 1: i ∈ I. Let w = c ·∏k/∈I z−⟨α
I
i ,βk⟩

k , then ψI([z,w]) = (z,c).

Case 2: i /∈ I. Let w = c · zi, then ψI([z,w]) = (z,c).

Equivariance of ψI :

Case 1: i ∈ I. Let T act on UI×C via

g · (z,c) = (g · z,χα I
i (g)c),g ∈ T,(z,c) ∈UI×C.

Given g ∈ T,([z],c) ∈UI×C, let h = (h1, · · · ,hm) ∈ (C∗)m where

hk =


χα I

k(g) for k ∈ I,

1 for k /∈ I.

Then λ (h) = g.

ψI(g · [z,w]) = ψI([(hkzk)k∈I,hiw])

= (g · [z],hiw∏
k/∈I

(hkzk)
⟨α I

i ,βk⟩)

= (g · [z],hiw∏
k/∈I

z⟨α
I
i ,βk⟩

k )

= g ·ψI([z,w]).
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Case 2: i /∈ I. Let T act on UI×C via

g · ([z],c) = ([g · z],c),g ∈ T,(z,c) ∈UI×C.

Given g ∈ T,(z,c) ∈UI×C, choose h as above,

ψI(g · [z,w]) = ψI([(hkzk)k∈I,hiw])

= (g · [z], hiw
hizi

)

= (g · [z], w
zi
)

= g ·ψI([z,w]).

Transition functions gIJ of Li: Given [z] ∈UI
⋂

UJ, I,J ∈ Σ(n), there are three cases:

Case 1: i ∈ I
⋂

J.

ψI ◦ψ
−1
J ([z],c) = ([z],c

∏k/∈I z⟨α
I
i ,βk⟩

k

∏k/∈J z⟨α
J
i ,βk⟩

k

),

therefore

gIJ([z]) =
∏k/∈I z⟨α

I
i ,βk⟩

k

∏k/∈J z⟨α
J
i ,βk⟩

k

.

Case 2: i ∈ I, i /∈ J.

ψI ◦ψ
−1
J ([z],c) = ([z],zi ∏

k/∈I
z⟨α

I
i ,βk⟩

k c).

Therefore

gIJ([z]) = zi ∏
k/∈I

z⟨α
I
i ,βk⟩

k .

Case 3: i /∈ I, i ∈ J. This is essentially the same as case 2.
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Hence Li is a smooth Klyachko vector bundle.

Gradings of Li: Let x0 be the identity of T ⊂ X(∆) and Ei ≃ C the fiber of Li over x0.

For I ∈ Σ(n),

Ei =
⊕

[χ]∈Rn/β⊥I

Ei[χ] =


Ei

[χαI
i ]

i ∈ I,

Ei[χ0] i /∈ I.
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Chapter 5: Complex equivariant vector bundles

5.1 Complex equivariant line bundles

Theorem 5.1. Let X be the 2n-dimensional topological toric manifold associated with a

topological fan ∆ and π : E → X a topological T-equivariant complex line bundle, then E

is a topological Klyachko line bundle.

Proof. Given I ∈ Σ(n), we will give a T-equivariant trivialization of E |UI
. Let x0 be the

unique point fixed by T in UI . Let

G := (S1)n < T, χ : T→ GL1(E (x0)) = C∗

be respectively the maximal compact subgroup and the representation of T on the fiber

E (x0) of E over x0.

Step 1: We first prove that there is a G-equivariant trivialization of E

ϕ : π
−1(U)→U×C

for some G-invariant open subset U ⊂UI containing x0.

Let φ : π−1(W )→W ×C be a trivialization of E (not necessarily G-equivariant) over

an open neighborhood W of x0. Let ⟨ , ⟩ be an arbitrary Riemannian metric on X . Because
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G is compact, it admits a Haar measure µ , i.e. a probability measure satisfying

∫
G

f (kh) dµ(h) =
∫

G
f (hk) dµ(h) =

∫
G

f (h) dµ(h)

for all k,h ∈ G and f ∈ L1(G,µ). Let ⟨ , ⟩G be the G-invariant Riemannian metric on X

defined by

⟨v,w⟩G :=
∫

G
⟨dρh(v),dρh(w)⟩ dµ(h) ∀ p ∈ X , v,w ∈ TpX ,

where ρh : X → X is the action of h ∈ G on X . Let d(−,−) be the distance function

associated ⟨ , ⟩G. Define U to be the G-invariant open ball

B(x0,ε) := {x ∈W | d(x,x0)< ε} ⊂W

for some ε > 0. Define a G-action on U×C via

g · (u,v) = (g ·u,χ(g)v) for (u,v) ∈U×C,

where the action on the first factor is the restriction of the T-action on X . Let φu : E (u)→C

be the linear isomorphism induced from φ for each u ∈U . Define

ϕ : π
−1(U)−→U×C

e 7 −→ (u,φ u(e)),

where

φ u(e) =
∫

G
χ(g−1)φg·u(g · e) dµ(g) with u = π(e).

ϕ is clearly an isomorphism of bundles. We claim that ϕ is G-equivariant. To see this, we
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need to show that

ϕ(h · e) = (h ·u,φ h·u(h · e)) = (h ·u,χ(h)φ u(e)) = h ·ϕ(e) ∀ h ∈ G, e ∈ π
−1(U).

On the one hand,

φ h·u(h · e) =
∫

G
χ(g−1)φgh·u(gh · e) dµ(g)

=
∫

G
χ((kh−1)−1)φk·u(k · e) dµ(kh−1) (k := gh)

=
∫

G
χ(hk−1)φk·u(k · e) dµ(k) (by the invariance of µ).

On the other hand,

χ(h)φ u(e) = χ(h)
∫

G
χ(k−1)φk·u(k · e) dµ(k).

Comparing the last two equalities, we prove the claim.

Step 2: Define the section s : U → E |U by

s(u) := ϕ
−1((u,1)) ∀ u ∈U.

We claim that s is a local G-eigenframe, i.e.

(g · s)(u) = χ(g)s(u) ∀ g ∈ G, u ∈U.
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To see this, note that since ϕ is G-equivariant, we can write

ϕ(g · (s(u))) = g ·ϕ(s(u)) = g · (u,1) = (g ·u,χ(g)).

Therefore,

g · (s(u)) = ϕ
−1(g ·u,χ(g)) = χ(g)ϕ−1(g ·u,1) = χ(g)s(g ·u),

and hence

(g · s)(u) := g · (s(g−1 ·u)) = χ(g)(s(gg−1 ·u)) = χ(g)s(u)

proving the claim.

Step 3: Decompose t ∈ T= (C∗)n as t = r · eiθ , where

r := (r1, . . . ,rn) ∈ Rn
>0, eiθ := (eiθ1, . . . ,eiθn) ∈ G.

Our goal is to extend the local G-eigenframe s from Step 2 to a T-eigenframe

s : UI → E |UI .

For this, we need to find an extension of s to UI , such that

(t · s)(x) := t · (s(t−1 · x)) = χ
α(t)s(x) ∀ t ∈ T, x ∈UI.

for the continuous character χα : T→ C∗ corresponding to some α ∈Rn, or equivalently

s(t · x) = χ
α(t−1)t · (s(x)) ∀ t ∈ T, x ∈UI.
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In the following, we will show that

s(t · x) = χ
α(t−1)t · (s(x)) ∀ t ∈ T, x ∈U such that t · x ∈U. (5.1)

Once this is proven, we can define s : UI → E by

s(t · x) := χ
α(t−1)t · (s(x)) ∀ t ∈ T, x ∈U

whether t · x ∈U or not. Because T ·U = UI , this definition indeed extends the local G-

eigenframe s : U → E |U to the T-eigenframe s : UI → E , as desired. This T-eigenframe

will then give a T-equivariant trivialization of E |UI completing the proof of the theorem.

We now return to proving (5.1). The local section s : U → E |U from Step 2 satisfies

s(eiθ · x) = χ(e−iθ )eiθ · (s(x)) ∀ eiθ ∈ G, x ∈U. (5.2)

Define f : S := {(ρ,x) ∈ Rn
>0×U |x ∈ ρ ·U}→ C∗ to be the continuous function satis-

fying

(r · s)(x) := r · (s(r−1 · x)) = f (r,x)s(x) ∀ r ∈ Rn
>0, x ∈U

⋂
(r ·U),

or equivalently,

s(r · x) = f (r−1,x)r · (s(x)) ∀ r ∈ Rn
>0, x ∈U

⋂
(r−1 ·U). (5.3)
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Given r1,r2 ∈ Rn
>0,x ∈ (r1 ·U)

⋂
(r2 ·U)

⋂
(r1 · r2 ·U), we have

f (r1 · r2,x)s(x) = ((r1 · r2) · s)(x)

= (r1 · (r2 · s))(x)

= f (r1,x)(r2 · s)(x)

= f (r1,x) f (r2,x)s(x)

and since s(x) ̸= 0, we must have

f (r1 · r2,x) = f (r1,x) f (r2,x). (5.4)

Now for any t = r · eiθ ∈ T, x ∈U
⋂
(r−1 ·U), we have

s(t · x) = s(eiθ · r · x)

= χ(e−iθ )eiθ · (s(r · x))

= χ(e−iθ )eiθ · f (r−1,x)r · (s(x)) (by (5.3))

= χ(e−iθ ) f (r−1,x)t · (s(x)) (5.5)

and for t = r · eiθ ∈ T, ρ ∈ Rn
>0, x ∈U

⋂
(r−1 ·U)

⋂
(r−1 ·ρ ·U),

f (ρ, t · x)s(t · x) = (ρ · s)(t · x) (by the definition of f )

= ρ · (s(ρ−1 · t · x))

= ρ · (χ(e−iθ ) f (r−1 ·ρ,x)ρ−1 · t · (s(x))) (by (5.5))

= f (ρ,x)χ(e−iθ ) f (r−1,x)t · (s(x)) (by (5.4)

= f (ρ,x)s(t · x) (by (5.5)).
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We have shown that

f (ρ, t · x) = f (ρ,x) ∀ t ∈ T, x ∈U
⋂
(ρ ·U) such that t · x ∈U

⋂
(ρ ·U).

Given x,y ∈U
⋂
(ρ ·U), there exists a sequence of points ti ∈ T such that

lim
i→∞

ti · x = y and ti · x ∈U
⋂
(ρ ·U).

By the continuity of f ,

f (ρ,y) = f (ρ,(lim
i→∞

ti) · x) = lim
i→∞

f (ρ, ti · x) = f (ρ,x).

Thus f (ρ,x) is independent of x, so we will denote it simply by f (ρ). We can now rewrite

(5.3) as

s(r · x) = f (r−1)r · (s(x)) ∀ r ∈ Rn
>0, x ∈U

⋂
(r−1 ·U). (5.6)

Using (5.2) and (5.6), we see that (5.1) holds with the continuous T-character

χ
α(r · eiθ ) := f (r)χ(eiθ ) ∀ r ∈ Rn

>0, θ ∈ Rn

as claimed.

5.2 General case

Theorem 5.2. Let X be the 2n-dimensional topological toric manifold associated with a

topological fan ∆ and π : E → X a topological T-equivariant complex vector bundle of
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rank k, then E is a topological Klyachko vector bundle.

Proof. Given I ∈ Σ(n) and x0 the unique point fixed by the action of T on UI . Let G = (S1)n

be the maximal compact subgroup of T.

Step 1: Following Step 1 of the proof of Theorem 5.1, we can find a G-invariant open

ball U = B(x0,ε) over which there is a G-equivariant homeomorphism

ϕ : π
−1(U)→U×Ck.

Step 2: Define the section si : U → E |U by

si(u) := ϕ
−1((u,ei)) ∀ u ∈U,

where ei is the i-th standard basis element of Ck, and define

s(u) := (s1(u), . . . ,sk(u))T .

As in Step 2 of the proof of Theorem 5.1, we can check that {s1, . . . ,sk} forms a local

G-eigenframe, that is

(g · si)(u) = χi(g)si(u) ∀ g ∈ G, u ∈U

for some continuous characters χi : T→ C∗. Equivalently,

s(eiθ · x) = B(e−iθ )(eiθ · (s(x))) ∀ eiθ := (eiθ1, . . . ,eiθn) ∈ G, x ∈U, (5.7)
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where

B : G→ GL(n,C) g 7→ diag(χ1(g), · · · ,χk(g)).

Step 3: Decompose t ∈ T= (C∗)n as t = r · eiθ , where

r := (r1, . . . ,rn) ∈ Rn
>0, eiθ := (eiθ1, . . . ,eiθn) ∈ G.

Define A:S := {(ρ,x)∈Rn
>0×U |x∈ ρ ·U}→GL(k,C) to be the continuous map satisfying

(r · s)(x) := r · (s(r−1 · x)) = A(r,x)s(x) ∀ r ∈ Rn
>0, x ∈U

⋂
(r ·U),

or equivalently,

s(r · x) = A(r−1,x)r · (s(x)) ∀ r ∈ Rn
>0, x ∈U

⋂
(r−1 ·U). (5.8)

By the same argument leading to (5.4), we can show that

A(r1,x)A(r2,x) = A(r1 · r2,x) = A(r2 · r1,x) = A(r2,x)A(r1,x) (5.9)

for any r1,r2 ∈ Rn
>0, x ∈ (r1 ·U)

⋂
(r2 ·U)

⋂
(r1 · r2 ·U) using that {s1(x), · · · ,sk(x)} forms

a C-basis of the fiber E (x). One can similarly see that

A(r,x)B(eiθ ) = B(eiθ )A(r,x) ∀ eiθ ∈ G, r ∈ Rn
>0, x ∈U

⋂
(r ·U). (5.10)
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We also have that for any t = r · eiθ ∈ T, x ∈U
⋂
(r−1 ·U)

s(t · x) = s(eiθ · r · x)

= B(e−iθ )(eiθ · (s(r · x))) (by (5.7))

= B(e−iθ )(eiθ · (A(r−1,x)r) · (s(x))) (by (5.8))

= B(e−iθ )A(r−1,x)t · (s(x)), (5.11)

and for any t = r · eiθ ∈ T, ρ ∈ Rn
>0, x ∈U

⋂
(r−1 ·U)

⋂
(r−1 ·ρ ·U),

A(ρ, t · x)s(t · x) = (ρ · s)(t · x) (by the definition of A)

= ρ · (s(ρ−1 · t · x))

= ρ · (B(e−iθ )A(r−1 ·ρ,x)ρ−1 · t · (s(x))) (by (5.11))

= A(ρ,x)B(e−iθ )A(r−1,x)t · (s(x)) (by (5.9), (5.10))

= A(ρ,x)s(t · x) (by (5.11)).

Using that {s1(t · x), · · · ,sk(t · x)} forms a C-basis of the fiber E (t · x), we have shown that

A(ρ,x) = A(ρ, t · x) ∀ t ∈ T, x ∈U
⋂
(ρ ·U) such that t · x ∈U

⋂
(ρ ·U).

By the same argument as in Step 3 of the proof of Theorem 5.3, the identity above leads us

to

A(ρ,x) = A(ρ,y) ∀ x,y ∈U
⋂
(ρ ·U)

that is A(ρ,x) is independent of x, so we will denote it simply by A(ρ).
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Step 4: Let P ∈ GL(k,C) be chosen, so that the coordinates of

s̃(x0) := Ps(x0)

form a T-eigenbasis of the fiber E (x0) (note that the coordinates of s(x) form a G-eigenbasis

of the fiber E (x0)). Define

s̃(x) := Ps(x) ∀ x ∈U,

Ã(r) := PA(r)P−1, B̃(g) := PB(g)P−1 ∀ r ∈ Rn
>0, g ∈ G.

By the choice of P, we know Ã, B̃ must be diagonal matrices. Moreover, by (5.11)

(t · s̃)(x) = Ã(r) B̃(eiθ ) s̃(x) ∀ t = r · eiθ ∈ T, x ∈U
⋂
(r ·U),

or equivalently,

s̃(t · x) = Ã(r−1) B̃(e−iθ ) t · (s̃(x)) ∀ t = r · eiθ ∈ T,x ∈U
⋂
(r−1 ·U).

Extend s̃ to the section s̃ : UI → E |UI by defining

s̃(t · x) := Ã(r−1) B̃(e−iθ ) t · (s̃(x)) ∀ t = r · eiθ ∈ T, x ∈U.

Let χ̃i(t) be the (i, i)-entry of the matrix Ã(r) B̃(eiθ ) for t = r · eiθ . Then the i-th coordinate

s̃i of s̃ is a T-eigensection over UI with the eigenfunction being the continuous character χ̃i.

Since {s1, . . . ,sk} forms a G-eigenframe and s̃ = Ps, {s̃1, . . . , s̃k} must be a T-eigenframe,

and hence E |UI is T-equivariantly homeomorphic to UI×Ck showing that E is a topological

Klyachko vector bundle.

Theorem 5.3. Let X be the 2n-dimensional topological toric manifold associated with a

61



topological fan ∆ and π : E → X a smooth T-equivariant complex vector bundle, then E is

a smooth Klyachko vector bundle.

Proof. The proof is almost the same as that of Theorem 5.2. We keep the notations and

point out the slight modifications below. Given I ∈ Σ(n), in step 1 we pick a G-invariant

open ball U = B(x0,ε) over which there is a G-equivariant isomorphism

ϕ : π
−1(U)→U×Ck.

Step 2 and step 3 are the same except that the sections si are smooth. In step 4, we construct

a continuous T-eigenframe {s̃1, . . . , s̃k} over UI where the eigenfunction of s̃i is a contin-

uous character χ̃i as before. By Lemma 3.1, χ̃i is smooth for all i, hence {s̃1, . . . , s̃k} is a

smooth T-eigenframe and so gives a smooth T-equivariant trivialization of E |UI .
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Chapter 6: Real equivariant vector bundles

6.1 Equivalence of two categories of equivariant vector bundles

Definition 6.1. Let X be a topological toric manifold, define CCEVBX to be the category

whose objects are pairs (E ,τ) where E is a smooth complex equivariant vector bundle over

X and τ : E → E is a smooth map such that

1. τ is T-equivariant,

2. τ2 = Id,

3. for each x ∈ X ,τ restricts to τx : Ex→ Ex and τx is C anti-linear.

For (E ,τ),(F ,σ) ∈ Ob(CCEVBX), a morphism f : (E ,τ)→ (F ,σ) is a T-equivariant

bundle morphism E →F such that σ ◦ f = f ◦ τ .

Theorem 6.1. Let X be a topological toric manifold, REVBX the category of smooth real

equivariant vector bundles over X. The map C : REVBX → CCEVBX that sends a real

equivariant E → X to its complexification E ⊗RC→ X with the conjugate map τ : E ⊗R

C→ E ⊗RC defined via

τ(v⊗ z) := v⊗ z

63



is an equivalence of categories.

Proof. Define R : CCEVBX → REVBX as follows: for (E ,τ) ∈ Ob(CCEVBX),

R((E ,τ)) = (E )τ := {u ∈ E |τ(u) = u}

with the induced T-action.

Given (E ,τ) ∈ CCEVBX , we prove that (E )τ is a real equivariant vector bundle and

(E )τ ⊗RC≃ E . For I ∈ Σ(n), by Theorem 5.2 we have a T-equivariant isomorphism

ϕ : E |UI ≃UI×Ck =
⊕

χ

(UI×Cχ)

where E is the fiber of E over a prescribed point x0 in the open dense orbit of X and Cχ ⊂ E

is a weight space of complex dimension 1 corresponding to the character χ of T. We denote

by τ̃ the conjugate transferred to UI×Ck via ϕ , so that we have the following commutative

diagram

Figure 6.1: Transferring of τ

First we prove that (E )τ is a real vector bundle.

Let e1, · · · ,er be the pullback of the standard frame of UI×Cr on UI by ϕ and for all x ∈UI

define

Px :=
1
2
(Id+τ̃x),

S(x) = [Px(e1) · · ·Px(er) Px(ie1) · · ·Px(ier)] ∈M2r×2r(R).
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Notice that

ImPx = {(x,v)|B(x)v = v} ≃ (E )τ
x , Cr = ImPx⊕ i ImPx ∀x ∈UI. (6.1)

Therefore dimR ImPx = r ∀x∈UI . Given x1 ∈UI , we have rankS(x1) = r. Choose r linearly

independent columns c1(x1), · · · ,cr(x1) of S(x1). By continuity of the determinant function,

there is a neighborhood V ⊂UI containing x1 such that {c1(x) · · · ,cr(x)} is a local frame

for E τ . Therefore we have a local trivialization

V ×Rr→ E τ |V

(x,a1, · · · ,ar) 7→
r

∑
k=1

akϕ
−1(x,ck(x))

Moreover, {c1(x), · · · ,cr(x)} is a subframe of the real frame {e1, · · · ,er, ie1, · · · , ier} of E ,

hence E τ is a real vector sub-bundle of E .

Next we prove that E τ is T-stable. Given (x,v) ∈ ϕ(E τ), t ∈ T,

τ̃tx(A(t,x)v) = A(t,x)τ̃x(v) = A(t,x)v.

Hence t ·(x,v) =A(t,x)v∈ (ϕ(E τ))tx. This proves that E τ is T-stable and hence is a real T-

equivariant vector sub-bundle of E . From the decomposition (6.1), (E )τ⊗RC≃ E follows.

This proves that C ◦R ≃ Id. It is clear that R ◦C = Id. Hence C is an equivalence.

Corollary 6.2. Let X = X(∆) be a topological toric manifold of dimension 2n and E →

X ∈ REVBX , then for each I ∈ Σ(n), E |UI
is T-equivariant isomorphism to the direct sum

of some real equivariant line bundles and some real equivariant plane bundles.

Proof. Given a real T-equivariant vector bundle E over X , let C (E ) = (E ⊗RC,τ). Given
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I ∈ Σ(n), by Theorem 5.2 we have a T-equivariant isomorphism

ϕ : E ⊗RC|UI ≃UI×Ck =
⊕
χ∈Λ

L⊕m(χ)
χ

where E is the fiber of E over a prescribed point x0 in the open dense orbit of X , Cχ is

a weight space of complex dimension 1 corresponding to the character χ of T and Lχ =

UI×Cχ . For each character χ of T, define

χ
∗(t) := χ(t) ∀t ∈ T.

For t ∈ T,v ∈ Eχ ,

t · τ(v) = τ(t · v) = τ(χ(t)v) = χ(t)τ(v).

Therefore τ(Lχ) = Lχ∗ . We partition the index set Λ into two subsets

Λ1 := {χ ∈ Λ|χ = χ
∗},Λ2 := {χ ∈ Λ|χ ̸= χ

∗}.

For χ ∈ Λ1, define Rχ := (Lχ)
τ , then Rχ is a real equivariant line bundle and

Lχ = Rχ

⊕
iRχ .

Given χ ∈ Λ2, we must have m(χ) = m(χ∗) since E ⊗RC is stable under τ . Define Rχ :=

(Lχ

⊕
Lχ∗)

τ . Let s be a complex eigenframe of Lχ , then s∗ := τ(s) is a complex eigenframe

of Lχ∗ and e+ := s+ s∗,e− := i(s− s∗) is a real eigenframe of Rχ . This shows that Rχ is a

real equivariant plane bundle over UI . Hence

E |UI =
⊕
χ∈Λ

R⊕m(χ)
χ
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is a direct sum of real equivariant line bundles and real equivariant plane bundles as claimed.

6.2 Classification of real equivariant vector bundles

Definition 6.2. For a topological toric manifold X , let FVSCX be the category whose ob-

jects are pairs (E,τ) where E is a complex vector space and τ : E → E is an anti-linear

involution with a poset P of complex subspaces E i(µ) of E indexed by µ ∈ R, i ∈ Σ(1)

which satisfy the following compatibility conditions:

1. For any I ∈ Σ, there exists a Rn/β⊥I -grading

E =
⊕

[χ]∈Rn/β⊥I

E[χ]

for which

E i(µ) = ∑
⟨χ,βi⟩≥sµ

E[χ], ∀i ∈ I.

2. τ(Eχ) = Eχ∗ for all [χ] ∈Rn/β⊥I where χ∗(t) = χ(t) for all t ∈ T.

Given (E,τ),(F,σ) ∈ FVSCX , a morphism f : (E,τ)→ (F,σ) is a linear transformation

f : E→ F between the complex vector spaces E and F such that

f ◦ τ = σ ◦ f .

Theorem 6.3. The category CCEVBX is equivalent to FVSCX .

Proof. Given (E ,τ)∈CCEVBX , we can associate a filtered complex vector space Φ(E ,τ)=

(E,E i(µ)) satisfying the compatibility condition 1 where E is the fiber of E over a pre-
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scribed point x0 in the open dense orbit of X . When restricted to x0, τx0 : E → E is a

conjugate map and the proof of 6.2 shows that τ satisfies the compatibility condition 2.

Given a morphism f : (E ,τ)→ (F ,σ), we can associate a morphism between filtered com-

plex vector spaces Φ( f ) : (E,E i(µ))→ (F,F i(µ)). By definition, f ◦ τ = σ ◦ f , therefore

Φ( f )◦ τ = σ ◦Φ( f ).

To construct a quasi-inverse to Φ, we relate τx and τy for all x,y ∈ X . Over each UI ,

E |UI =UI×E =
⊕

χ

UI×Eχ .

On UI,τx0 is the direct sum of τx0 : Eχ → Eχ∗ where χ runs over all χ appearing in the

decomposition above. For t ∈ T,v ∈ Eχ ,

χ(t)τtx0(v) = τtx0(χ(t)v) = τtx0(t · v) = t · τx0(v) = χ
∗(t)τx0(v) = χ(t)τx0(v),

therefore

τtx0(v) = τx0(v).

By continuity of τ ,

τx = τx0 ∀x ∈ X .

Given a filtered complex vector space with conjugate (E,E i(µ),τ) satisfying the compati-

bility conditions, we can construct a smooth complex T-equivariant vector bundle E over

X . By the analysis above, we define τ : E → E by τx = τ : Ex = E → Ex = E for all

x ∈ X . Define Ψ(E,E i(µ),τ) = (E ,τ). It is clear that τ : E → E is an involution that is

C anti-linear in fibers. For x ∈ X , pick a neighborhood UI of x, then E |UI
≃UI ×E. For

v ∈ (Ex)χ = Eχ ,

τtx(tv) = τ(tv) = τ(χ(t)v) = χ
∗(t)τ(v) = t · τx(v).
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Hence τ : E → E is T-equivariant.

Given a morphism f : (E,E i(µ),τ)→ (F,F i(µ),σ) in FVSCX , there is a smooth T-equivariant

bundle morphism Ψ( f ) : E →F . Given t ∈ T, we choose a neighborhood UI containing

tx0. Over UI , the bundles E ,F are all T-equivariantly trivial and Ψ( f )|UI
: E |UI

→ F |UI

is given by UI×E→UI×F sending (x,v) to (x, f (v)) for all (x,v) ∈UI×E. Then

σtx0( ftx0(v)) = σtx0( fx0(v)) = σx0( fx0(v)) = fx0(σx0(v)) = ftx0(τtx0(v)).

By continuity of σx and τx with respect to x, we have

σx ◦ fx(v) = fx ◦ τx(v) ∀x ∈UI.

Hence Ψ( f ) is a morphism in CCEVBX . It is clear that Φ and Ψ are quasi-inverses to each

other.

Corollary 6.4. The category REVBX is equivalent to FVSCX .
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Chapter 7: Hirzebruch-Riemann-Roch theorem

7.1 t-divisors

7.1.1 t-divisors and t-line bundles

Definition 7.1. Denote V ({i}) by Di for each i ∈ Σ(1). A t-Weil divisor D is a formal linear

combination D = ∑
m
i=1 aiDi,ai ∈R. The restriction D|U of D to an invariant subset U ⊂ X

is

D|U := ∑
i

aiDi

where i runs over i ∈ Σ(1) such that U
⋂

V ({i}) ̸= /0. For a smooth character χ ∈Rn, define

its t-divisor to be

div(χ) :=
m

∑
i=1
⟨χ,βi⟩Di.

Any t-Weil divisor which is equal to the divisor of a smooth character is called a principal

t-divisor. Two t-Weil divisors D,D′ are linearly equivalent, written D ∼ D′, if D−D′ is a

principal t-divisor. A t-Cartier divisor D is a t-Weil divisor such that

D|UI= div(−χI) for all I ∈ Σ
(n)
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and we call {χI|I ∈ Σ(n)} the t-Cartier data of D. We denote by

Divt(X) :=
m⊕

i=1

RDi

the group of t-Weil divisors under the operation of +.

Remark. In toric geometry, the restriction D|U of a Weil divisor D = ∑ρ aρDρ is de-

fined to be D|U := ∑i aρDρ |U . We introduce t-divisors as a convenient language to describe

smooth t-line bundles, so we treat Di as abstract symbols and do not define Di|U to be the

subspace V ({i})
⋂

U . According to our definition, Di|U= Di when U
⋂

V ({i}) ̸= /0.

Theorem 7.1. Every t-Weil divisor D = ∑
m
i=1 aiDi is a t-Cartier divisor.

Proof. Let βi = (β 1
i , · · · ,β n

i ). Given a t-Weil divisor D = ∑
m
i=1 aiDi with ai ∈R and I =

{i1, · · · , in} ∈ Σ(n), let

BI =



β 1
i1 β 1

i2 . . . β 1
in

β 2
i1 β 2

i2 . . . β 2
in

...
... . . . ...

β n
i1 β n

i2 . . . β n
in


, χI =−(ai1, · · · ,ain) ·B−1

I ,

then ⟨−xI,βi⟩= ai for all i ∈ σ . Hence {χI|I ∈ Σ(n)} is the t-Cartier data of D.

In the following, we will simply call a t-Weil (t-Cartier) divisor D a t-divisor.

Definition 7.2. We call a complex smooth T-equivariant line a t-line bundle. For any

topological toric manifold X , we define the equivariant Picard group of X ,PicTX , to be the

group of T-equivariant isomorphism classes of t-line bundles on X , under the operation of

⊗.
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For a t-divisor D with t-Cartier data {χI|I ∈ Σ(n)}, we can define a t-line bundle LD over

X as follows: Let x0 = [(1, · · · ,1)] ∈ X = U(Σ)/Kerλ . For each I ∈ Σ(n), let L−χI be the

trivial t-line bundle over UI where T acts via

t(x,v) := (tx,χ−1
I (t)v) for all t ∈ T,(x,v) ∈UI×C.

For I,J ∈ Σ(n), by Lemma 4.11 the function gIJ(tx0) =
χJ(t)
χI(t)

can be smoothly extended from

T to gIJ : UI
⋂

J =UI
⋂

UJ→C∗ and for I,J,K ∈ Σ(n), gIJgJK = gIK . Therefore we can glue

L−χI and L−χJ via the isomorphism

ϕIJ : UJ×C⊃ (UI
⋂

UJ)×C→ (UI
⋂

UJ)×C⊂UI×C

defined by

ϕIJ(x,c) := (x,gIJ(x)c) for (x,c) ∈UI
⋂

J×C.

Theorem 7.2. The map

f : Divt(X)→ PicT(X)

D 7→ LD.

is an isomorphism of abelian groups.

Proof. It is clear that f is a homomorphism of abelian groups.

Injectivity of f : Given a t-divisor D with t-Cartier data {χI} such that LD is equivariantly

isomorphic to X×C where on the RHS T acts trivially on the fibers. For each I ∈ Σ(n), we

have LD|UI
≃UI×C−χI where on the RHS T acts via the smooth character χ

−1
I . Therefore

we have T-equivariant isomorphism UI×C≃UI×C−χI . Hence χI = 1 for all I ∈ Σ(n) and

D = 0.
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Surjectivity of f : Given L ∈ PicT, by Theorem 5.3, L|UI is equivariantly isomorphic to

L−χI for each I ∈ Σ(n), hence L ≃ LD where D is the t-divisor with t-Cartier data {χI|I ∈

Σ(n)}.

Definition 7.3. If U is an invariant subset of X and D is a t-divisor on X , then we define

L(D|U ) := (LD)|U .

7.1.2 First Chern class of t-divisors

We denote c1(LD) ∈ H2(X ,Z) by c1(D) for simplicity. We identify v ∈ Z with (v,v) ∈

C×Z, so zv is the same as z(v,v) for z ∈ C∗.

In §5 of [10], an equivariant complex line Li was constructed for all i∈ Σ(1). According

to computations in §4.5, the weight characters of Li are χα I
i for I ∈ Σ(n) containing i and

χ0 for I ∈ Σ(n) not containing i where α I
i is an element in the basis {α I

k|k ∈ I} dual to

{βk|k ∈ I}. Hence we have

Theorem 7.3.

LDi = Li for all i ∈ Σ
(1).

Theorem 7.4 ([10, Prop 8.3]). Let X be an omnioriented topological toric manifold and

let ∆(X) = (Σ(X),β (X)) be the complete non-singular topological fan associated with X.

We may assume that the vertex set Σ(1)(X) of Σ(X) is [m] and express β (X)(i) = (bi(X)+
√
−1ci(X),vi(X)) ∈ Cn×Zn for i ∈ [m] = Σ(1)(X). Then

H∗(X ;Z) = Z[µ1, . . . ,µm]/I

where µi ∈ H2(X ;Z) and I is the ideal generated by the following two types of elements:
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1. ∏i∈I µi for I /∈ Σ(X),

2. ∑
m
i=1⟨u,vi(X)⟩µi for any u ∈ Zn.

Here µi is actually the Poincaré dual of the t-divisor Di in X.

Theorem 7.5.

c1(Di) = µi.

Proof. The section (u,zi(u)) of the trivial bundle U(Σ)×C→U(Σ) descends to a section

si of Li→ X where zi : Cm→ C is the i− th coordinate function. The zero section Z(si) of

si is Di. It is not difficult to see that si is transverse to Z(si), hence c1(Di) = µi.

Theorem 7.6. For a t-divisor D = ∑
m
k=1 akDk,

LD is non-equivariantly isomorphic to
m⊗

k=1

L⊗v(ak)
k

and consequently

c1(D) =
m

∑
k=1

v(ak)µk.

Proof. In this proof, we forget T-actions on all the bundles involved. LD is isomorphic to⊗m
k=1 LakDk , so it suffices to prove that LakDk is isomorphic to L⊗v(ak)

k for all k. Given k,

suppose ak = (b+ ci,v) and define

f : C∗→ C∗

z 7→ z(b+ci,v).

If the transition functions of L := Lk are gIJ , then the transition functions of L′ := LakDk are

f ◦ gIJ . We have the following pullback diagrams by the universal property of classifying

spaces
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Figure 7.1: Pullback of γ

where γ → BU(1) is a universal line bundle, ϕL is a continuous map whose homotopy

class is uniquely determined by L and B f is a continuous whose homotopy class is the same

as that of f . Notice that

f (z) = zv for all z ∈ S1,

therefore the winding number of f is v and hence B f ∗γ = γ⊗v,L′ = L⊗v.

7.1.3 Equivariant cohomology classes of t-divisors

Recall the construction of a ring isomorphism s in §12.4 of [6]. The abelian group

M = Zn has the symmetric algebra

SymZ(M) = Z⊕M⊕Sym2(M)⊕·· · .

For each m ∈M, the map χm : T→C∗ induces Bχm : BT→ BC∗. At the level of cohomol-

ogy groups, we obtain

Z · t ≃ H2(BT,Z) (Bχα )∗−−−−→ H2(BT,Z).
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This defines a map

s : M→ H2(BT,Z)

m 7→ (Bχ
m)∗(t)

which induces a canonical isomorphism

s : SymZ(M)≃ Λ := H ·(BT,Z).

We denote SymZ(M)⊗ZQ by SymQ(M) and denote by

s : SymQ(M)→ (Λ)Q := H ·(BT,Q)

the map obtained from the above s by passing to Q coefficients.

Consider Rn as an abelian group and it has the symmetric algebra

SymZ(R
n) = Z⊕Rn⊕Sym2(Rn)⊕·· · .

For each α ∈Rn, the map χα : T→ C∗ induces Bχα : BT→ BC∗. At the level of coho-

mology groups, we obtain

Z · t ≃ H2(BC∗,Z) (Bχα )∗−−−−→ H2(BT,Z).

This defines a map

q : Rn→ H2(BT,Z)

α 7→ (Bχ
α)∗(t)
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which induces

q : SymZ(R
n)→ Λ := H ·(BT,Z).

We denote SymZ(R
n)⊗ZQ by SymQ(R

n) and denote by

q : SymQ(R
n)→ ΛQ := H ·(BT,Q)

the map obtained from the above p by passing to Q coefficients.

Definition 7.4. For a t-divisor D on a topological toric manifold X , let

(LD)T := ET×T LD→ ET×T X

be the line bundle induced by LD→ X and we define

[D]T := c1((LD)T) ∈ H2(ET×T X ,Z) = H ·T(X ,Z).

Definition 7.5. Let

iX : X ↪→ ET×T X

be the inclusion and

i∗X : H ·T(X ,Q)→ H ·(X ,Q)

the ring homomorphism induced by iX .

Below is a t-divisor version of Prop 12.4.13 of [6]. The proof is exactly the same as in

[6].

Theorem 7.7. For any t-divisors D,D1,D2 on X we have:
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i. [D1 +D2]T = [D1]T+[D2]T.

ii. [div(χα)]T =−q(α) ·1 where 1 ∈ H0
T(X ,Q) and q(α) ∈ (Λ)Q.

iii. i∗[D]T = [D|U ]T where i : U → X is the inclusion of an invariant open subset U of X.

iv. i∗X [D]T = [D].

Definition 7.6. Recall that we defined v : Rn = Cn×Zn→ Zn to be the projection. v can

be extended to a homomorphism of algebras

v : SymZ(R
n)→ SymZ(M).

Theorem 7.8. q : SymZ(R
n)→ ΛT is surjective and Kerq = {α ∈ SymZ(R

n)|v(α) = 0}.

Proof. Given α ∈Rn, notice that χα : T→ C∗ is homotopic to χv(α) : T→ C∗, therefore

q = s◦ v : Rn→ Λ.

This implies that

q = s◦ v.

q is surjective because v is surjective and s is an isomorphism of rings. α ∈ SymZ(R
n) is

in Kerq if and only if v(α) ∈ Kers = 0. Hence Kerq = {α ∈ SymZ(R
n)|v(α) = 0}.

7.2 PD and
∫

X

In this section, we associate a multi-polytope PD = (∆,F ) with a t-divisor D.
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7.2.1 Multi-polytope PD

Given a nonsingular complete topological fan ∆ = (Σ,β ), denote by AI the matrix

formed by {βi}i∈I and define

C′ : Σ
(1)→ N ∼= Zn

i 7→ q(βi).

For I ∈ Σ(n), set

(w+(I),w−(I)) =


(1,0) if |AI|> 0,

(0,1) if |AI|< 0,

and w(I) := w+(I)−w−(I). The multi-fan (Σ,C′,w±) is denoted by ∆′.

Now we modify this to give another multi-fan.

For I ∈ Σ(n), set

C : Σ
(1)→ N ∼= Zn

i 7→ vi :=−q(βi),

By abuse of notation, we denote the multi-fan (Σ,C,w±) also by ∆.

Lemma 7.9. ∆ is a complete non-singular multi-fan.

Proof. Denote by d′v the degree of ∆′ and by dv that of ∆. By Lemma 9.5 of [8], ∆′ is a

complete multi-fan. Notice that dv = d′−v and ∆K = (ΣK,−C′K,(−1)nw
′±
K ) for any K ∈ Σ,

hence ∆ is also a complete multi-fan.

Remark. While ∆′ is used to establish completeness of ∆ , all subsequent geometric results,

including the Hirzebruch-Riemann-Roch theorem, pertain to the primary induced multifan
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∆.

Definition 7.7. For a t-divisor D with t-Cartier data {χI|I ∈ Σ(n)}, define

FD : Σ
(1)→ HP(N∗R)

i 7→ q(χI)+ v⊥i

where v⊥i := {v ∈ N∗R|⟨v,vi⟩= 0}. The multi-polytope associated with D is

PD := (∆,FD).

It is clear from the definition that PD is a simple lattice multi-polytope.

Remark 2. Recall that q : Rn→N∗=H2(BT,Z) can be factorized as Rn v−→M =Zn s−→

N∗. In practice when we draw PD, we identify N∗R and MR via s and identify PD ⊂ N∗R

and s−1(PD)⊂MR.

Example 7.1. In this example, a vector β = ((b1+ ic1,v1),(b2+ ic2,v2))∈R2 is identified

with the matrix



b1 0

c1 v1

b2 0

c2 v2


and a dual vector α = ((b1+ ic1,v1),(b2+ ic2,v2)) is identified

with

b1 0 b2 0

c1 v1 c2 v2

.

Let

Σ = { /0,{0},{1},{2},{0,1},{1,2},{2,0}}.
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and the rays

β0 =



−1 0

0 −1

−1 0

0 −1


, β1 =



1 0

0 1

0 0

0 0


, β2 =



0 0

0 0

1 0

0 1


.

∆ = (Σ,β ) is the topological fan of X =CP2. The multi-fan ∆ = (Σ,C,w±) associated with

the topological fan ∆ is given

C : Σ
(1)→MR = Rn

i 7→ vi :=−v(βi),

i.e. v0 = (1,1)T ,v1 = (−1,0)T ,v2 = (0,−1)T and (w+(I),w−(I)) = (1,0) for all I ∈ Σ(2).

Let D = D0 +D1 +D2 be the anticanonical divisor of X , then PD is the polytope with

vertices (−1,3),(3,−1),(−1,1). The inward normal fan of PD is the usual toric fan of

CP2 with rays (1,0),(0,1),(−1,−1).

7.2.2 Generalized integrals

Given I ∈ Σ(n), let

iI : {γI} ↪→ X

be the inclusion map and let

p : X →{pt}

be the constant map. We have the following commutative diagram
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Figure 7.2: Identification of the completion of two cohomology rings

We use the isomorphism i∗I ◦ p∗ to identify Ĥ ·T({pt},Q) = Λ̂ with Ĥ ·T({γI},Q) and write

i∗I (α) ∈ Λ̂ for α ∈ Ĥ ·T(X ,Q).

Lemma 7.10. Let X be a topological toric manifold of dimension 2n and I ∈ Σ(n), j ∈ Σ(1).

Then :

i. If j /∈ I, then i∗I ([D j]T) = 0.

ii. If j ∈ I, then i∗I ([D j]T) =−q(α I
j) ·1 where D j|UI= div(χα I

j ),1 ∈ Ĥ ·T({γI},Q).

Proof. Factor iI : {γI} ↪→ X as {γI} ↪→UI
jI
↪−→ X . By Theorem 7.7 for any i ∈ Σ(1),

j∗I ([Di]T) = [Di|UI ]T.

i. If i /∈ I, then i∗I ([D j]T) = 0 by definition of Di|UI .

ii. If i ∈ I, then

j∗I ([Di]T) = [Di|UI ]T = [div(χ I
j)]T =−q(α I

j) ·1 ∈ Ĥ ·T(UI,Q).

The map Ĥ ·T(UI,Q)→ Ĥ ·T({γI},Q) is a homomorphism of Λ̂-modules, hence i∗I ([D j]T) =

−q(χI) ·1.
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Lemma 7.11. For I ∈ Σ(n), i ∈ I, we have q(α I
i ) ̸= 0.

Proof. Given I ∈ Σ(n), let V be the n× n real matrix whose i-column is v(βi) and W the

n× n real matrix whose i-row is v(α I
i ) , then by the proof of Lemma 2.4 of [10] we have

W =V−1, hence v(α I
i ) ̸= 0 for all i ∈ I and by Theorem 7.8, q(α I

i ) ̸= 0 for all i ∈ I.

Lemma 7.12. For I ∈ Σ(n), the equivariant Euler class of the normal bundle NI of the fixed

point γI is

eT(NI) = ∏
i∈I

(−q(α I
i )).

Proof. At each γI , its normal bundle NI ≃ (
⊕

i∈I Li)|γI , therefore its equivariant Euler class

eT(NI) = ∏
i∈I

eT(L−α I
i
) = ∏

i∈I
cT1 (L−α I

i
) = ∏

i∈I
(−q(α I

i ))

where the second equality follows from the local chart UI ≃ V (
⊕

i∈I χα I
i ) and the third

equality follows from Theorem 7.7 ii.

Let S be the multiplicative set consisting of nonzero homogeneous elements of positive

degree in Λ̂ = H∗(BG,Q) = H∗(BT,Q).

Theorem 7.13. Let X be a topological toric manifold of dimension 2n and α ∈ Ĥ ·G(X ,Q),

then ∫
Xeq

α := p!(α) = ∑
I∈Σ(n)

i∗I (α)

∏i∈I(−q(α I
i ))
∈ Λ̂S.

Proof. By Lemma 7.11 the right hand side of Theorem 7.13 is in Λ̂S. Denote by G the

maximal compact subgroup (S1)n of T. For each I ∈ Σ(n), there is a unique G-fixed point

γI in UI . Since {UI} is an open cover of X , F := {γI|I ∈ Σ(n)} is the set of G-fixed points.

At each γI , we have eT(NI) = ∏i∈I(−q(α I
i )) by Lemma 7.12, hence by the Atiyah-Bott
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localization formula, we have

∫
Xeq

α = ∑
I∈Σ(n)

i∗I (α)

∏i∈I(−q(α I
i ))
∈ Λ̂S.

Definition 7.8. Let X be a topological toric manifold of dimension 2n and α ∈ Ĥ ·G(X ,Q),

define ∫
Xeq

α := ∑
I∈Σ(n)

w(I)i∗I (α)

∏i∈I(−q(α I
i ))
∈ Λ̂S.

Theorem 7.14. Let X = X(∆) be a topological toric manifold of dimension 2n, then

H∗T(X ,Z)∼= Z[µ1, · · · ,µm]/(µI|I /∈ Σ).

Proof. This follows from Corollary 7.6 of [13] since X has vanishing odd degree cohomol-

ogy groups.

For a t-divisor D and the multi-fan ∆ of PD, we have a ring isomorphism

f : H∗T(X ,Z)→ H∗G(∆)

sending µi to xi. Now we can freely use the results of §8 of [8].

Lemma 7.15.
∫

Xeq(H∗T(X ,Q))⊂ H∗(BG,Q).

Proof. This follows from Lemma 8.4 of [8] and the isomorphism f above.

Let i∗pt : Λ̂→ Q be the map that sends any element of positive degree to 0. Notice that

H∗(BG,Q)/H2(BT,Q) is isomorphic to Q and

i∗X : H∗T(X ,Q)→ H∗(X ,Q)
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is the canonical projection by Lemma 7.7 iv. For α ∈ H∗(X ,Q), pick α ∈ H∗T(X ,Q) such

that i∗X(α) = α and define ∫
X

α := i∗pt(
∫
Xeq

α) ∈Q. (7.1)

The elements in Ker i∗X have positive degree and are killed by i∗pt, hence

∫
X

: H∗(X ,Q)→Q

is a well-defined ring homomorphism. By definition, we have the following commutative

diagrams

Figure 7.3: Equivariant Integral

7.3 Td(X) and ch(D)

The tangent bundle T X of a topological toric manifold X is not a complex vector bundle,

so its total Chern class c(T X) is not defined and we cannot define the Todd class Td(X)

using Chern roots as in [6]. We recall the Todd class of a simplicial toric variety to motivate

our definition of the Todd class of a topological toric manifold X .

Let Σ′ be a complete simplicial fan, XΣ′ the associated toric variety and T the dense

torus of X . The Todd class of XΣ′ was given in [5]. We recall the definitions in [6] with a
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slight change of notations. Let uρ be the primitive generator of the ray ρ ∈ Σ′(1) and

G = {(tρ) ∈ (C∗)Σ′(1)|∏
ρ

t⟨m,uρ ⟩
ρ = 1 for all m ∈M}.

For each ρ ∈ Σ′(1),

χρ : (C∗)Σ′(1)→ C∗

is the projection on the ρth factor. For each cone σ ∈ Σ′, let

Gσ = {g ∈ G|χρ(g) = 1 for all ρ /∈ σ(1)}

= {(tρ) ∈ (C∗)Σ(1)|tρ = 1 for ρ /∈ σ(1), ∏
ρ∈σ ′(1)

t⟨m,uρ ⟩
ρ = 1 for all m ∈M}.

Then we set

GΣ′ =
⋃

σ∈Σ

Gσ ⊂ G.

Theorem 7.16 ([5, Theorem 4.2], [6, Formula (13.3.18)]). The equivariant Todd class of

XΣ′ is

TdT (XΣ′) = ∑
g∈G

Σ′
∏

ρ∈Σ′(1)

[Dρ ]T

1−χρ(g)e−[Dρ ]T
.

Below we define the equivariant Todd class of a topological toric manifold using nota-

tions in [8] and [10] and compare this definition with that of a torus manifold [8] in section

6. Let

G = Kerλ = {(h1, . . . ,hm) ∈ (C∗)m |
m

∏
k=1

h⟨α,βk⟩
k = 1 for any α ∈Rn}.

For each i ∈ Σ(1), let

ρi : (C∗)m→ C∗
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be the projection on the i-th factor. For any I ∈ Σ, let

GI = {h ∈ G|ρi(h) = 1 for all i /∈ I}

= {(hi) ∈ (C∗)m|hi = 1 for i /∈ I,∏
i∈I

h⟨α,βi⟩
i = 1 for all α ∈Rn}.

Set

GΣ =
⋃
I∈Σ

GI ⊂ G.

Notice that if I ⊂ J ∈ Σ, then GI ⊂ GJ . For I ∈ Σ(n), by Lemma 4.1 of [10], Kerλ =

{(h1, . . . ,hm) ∈ (C∗)m | hi ∏k/∈I h⟨α
I
i ,βk⟩

k = 1 for any i ∈ I}, hence GI = {(1, · · · ,1)} and

ρi(g) = 1 for g ∈ GI .

Definition 7.9. The equivariant Todd class of a topological toric manifold X is

TdT(X) := ∑
g∈GΣ

∏
i∈Σ(1)

[Di]T

1−ρi(g)e−[Di]T
= ∏

i∈Σ(1)

[Di]T

1− e−[Di]T
.

The Todd class of X is

Td(X) := i∗X(TdT(X)) = ∏
i∈Σ(1)

[Di]

1− e−[Di]
.

Definition 7.10. The equivariant Chern character of a t-line bundle LD corresponding to a

t-divisor D is

chT(LD) := ecT1 (D)

and the Chern character character of LD is

ch(LD) := ec1(D).

It is clear that i∗X(chT(LD)) = ch(LD) by definition.
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7.4 HRR for topological toric manifold

In this section, we fix a t-divisor D with t-Cartier data {χI|I ∈ Σ(n)}.

Lemma 7.17. For I ∈ Σ(n),α = chT(D)TdT(X),

i∗I (α)

∏i∈I(−q(α I
i ))

=
eq(χI)

∏i∈I(1− eq(α I
i ))

.

Proof. We follow the proof of Theorem 13.3.1 of [6]. First

i∗I ([D]T) = q(χI),

hence

i∗I (chT(D)) = i∗I (e
[D]T) = ei∗I ([D]T) = eq(χI).

Next we compute i∗I (TdT(X)). If i /∈ I, then

i∗I (
[Di]

1− e−[Di]
) = i∗I (1+

1
2
[Di]T+ · · ·) = 1

by Lemma 7.10. If i ∈ I, then

i∗I (
[Di]

1− e−[Di]
) =

i∗I ([Di]T)

1− e−i∗I ([Di]T)
=
−q(α I

i )

1− eq(α I
i )

and

i∗I (TdT(X)) = ∏
i∈I

−q(α I
i )

1− eq(α I
i )
= (−1)n q(α I

i )

1− eq(α I
i )
.

Hence

(−1)n i∗I (α)

∏i∈I q(α I
i )

=
eq(χI)

∏i∈I(1− eq(α I
i ))

.
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Lemma 7.18. For each I ∈ Σ(n), recall that q(χI) is the corresponding vertex of PD and

{uI
i =−q(α I

i )|i ∈ I} is the dual basis of {vi =−q(βi)|i ∈ I} as in section 2. For any v ∈ N

such that ⟨uI
i ,v⟩ is a nonzero integer for any I ∈ Σ(n) and i ∈ I, we have

∑
I∈Σ(n)

w(I)tq(χI)

∏i∈I(1− t−uI
i )

= ∑
u∈N∗

DHPD+
(u)tu ∈ C[N∗].

Proof. This is a special case of Corollary 7.4 of [8].

Theorem 7.19. For a t-divisor D on a topological toric manifold X = X(∆),

∫
X

ch(D)Td(X) = #PD.

Proof.

∫
X

ch(D)Td(X) = i∗pt

∫
Xeq

chT(LD)TdT(X) (by diagram7.3)

= i∗pt( ∑
I∈Σ(n)

w(I)i∗I (chT(LD)TdT(X))

∏i∈I(−q(α I
i ))

)

= i∗pt( ∑
I∈Σ(n)

w(I)eq(χI)

∏i∈I(1− eq(α I
i ))

) (by Lemma7.17)

= i∗pt( ∑
u∈H2(BT,Z)

DHPD+
(u)eu)(by Lemma7.18)

= ∑
u∈H2(BT,Z)

DHPD+
(u)

= #PD.
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Appendix A: Equivariant Gysin maps

In this section, we present a compact T-manifold version of Prop 13.A.9-A.11 of [6].

In [11], the equivariant Gysin map

f! : hG(M)→ hG(N)

is constructed for all G-map f : M→N between smooth G-manifolds where G is a compact

Lie group and hG() is an equivariant multiplicative cohomology theory. In this appendix,

we take G to be the maximal compact subgroup (S1)n of T and hG the equivariant de Rham

cohomology theory. Notice that H ·T(X ,Z) ≃ H ·G(X ,Z) because T is homotopy equivalent

to G.

Theorem A.1. Assume f : X →Y is a proper T-equivariant map between compact smooth

T-manifolds, then there is a T-equivariant Gysin map f! : H ·T(X ,Q)→H ·+dimY−dimX
T (Y,Q)

satisfying the following properties:

i. (functoriality) If g : Y → Z is another continuous T-equivariant map between com-

pact smooth T-manifolds, then (g◦ f )! = g! ◦ f!.

ii. (projection formula) f!( f ∗(α)∪β ) = α ∪ f!(β ) for all α ∈H ·T(Y,Q),β ∈H ·T(X ,Q).

Proof. Cf. Theorem 6.1 of [11].

90



Figure A.1: Cartesian Diagram

Figure A.2: Equivariant Gysin Maps

Theorem A.2. Suppose we have a Cartesian diagram as above in the category of smooth

T-manifolds. Then we have a commutative diagram in equivariant cohomology

Proof. For each l ∈ N, define ETl := (Cl+1\{0})n, Xl := ETl×T X and fl : Xl → Yl . The

diagram

is a Cartesian diagram in the category of smooth manifolds with fl and f ′l proper and

smooth.

Now g∗l ◦ fl! = f
′
l! ◦ g

′∗
l follows from the properties of usual Gysin maps. Hence g∗ ◦ f! =
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Figure A.3: Passing from Equivariant Integral to Ordinary Integral

lim−→l∈N g∗l ◦ fl! = lim−→l∈N f
′
l! ◦g

′∗
l = f

′
! ◦g

′∗.

Theorem A.3. In the above situation, we have a commutative diagram

Proof. Cf. Theorem 6.2 of [11].
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