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Abstract

NIM/ ay,...,ax;n)is a2-player game where initially there are n stones on the board and
the players alternate removing either a; or - - - or ax stones. The first player who cannot move
loses. This game has been well studied. For example, it is known that for NIM(1,2,3;n)
Player II wins if and only if n is divisible by 4. These games are interesting because, despite
their simplicity, they lead to interesting win conditions.

We investigate an extension of the game where Player I starts out with d; dollars, Player II
starts out with do dollars, and a player has to spend a dollars to remove a stones. This game is
interesting because a player has to balance out his desire to make a good move with his concern
that he may run out of money. This game leads to more complex win conditions then standard
NIM. For example, the win condition may depend on both what n is congruent to mod some
M and on what d; — ds is congruent mod some M,. Some of our results are surprising. For
example, there are cases where both players are poor, yet the one with less money wins.

For several choices of a1, . .., a we determine for all (n, dy, d2) which player wins.
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1 Introduction

NIM is a game involving two players removing stones from a board until there are none left. We

define the standard 2-player 1-pile NIM game and then discuss other variants.

Def 1.1 Leta; <---<ap € Nandn € N. NIM (ay,...,ax;n) is played as follows.
1. Initially there are n stones on the board and their are two players, Player I and Player II.
2. The player’s alternate with Player I going first.
3. During a player’s turn he removes a € {aj, as, ..., a;} stones from the board.
4. If a player cannot move he loses.

We often say NIM (ay, ..., a;) when the n will come later in the sentence.

Notation 1.2 The expression Player I wins means that Player I has a winning strategy that will

work regardless of what Player II does. Similar for Player I wins.

NIM is an example of a combinatorial game. Such games have a vast literature (see the selected
bibliography of Frankel [1]). Variants on the 1-pile version have included letting the number of
stones a player can remove depend on how many stones are in the pile [4], having the players have
different moves allowed [2], allowing three players [6], viewing the stones as cookies that may
spoil [5], and others. Grundy [3] and Sprague [7] showed how to reduce the many-pile NIM games
to 1-pile NIM games. These games are appealing because they are easy to explain, yet involve
interesting (and sometimes difficult) mathematics to analyze.

We give several examples of known win-loss patterns for NIM-games.

Example 1.3

1. Let L > 1. Player Il wins NIM(1,...,L)iff n =0 (mod L+ 1).
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2. Let L > 2 and even (the case of L odd is a simple mod-2 pattern so we omit it). Player II

wins NIM(1,L)iff n=0,2,4,...,L —2 (mod L + 1).
3. Let L > 3and odd. Player I wins NIM(1, L—1, L)iffn = 0,2,4, ..., L—3 (mod 2L—2).
4. Let L > 4 and even. Player I wins N/M (1, L—1,L)iffn =0,2,4...,L—2 (mod 2L—1).
5. Let L > 3. Player Il wins NIM (2,3,...,L)iffn=0,1 (mod L + 2).
6. Let L > 3. Player I wins NIM(L —2,L—1,L)iff n=0,1,...,L —3 (mod 2L — 2).

We consider a variant of this game where players are also given amounts of money d;, d» and

they have to pay ¢ dollars to remove 7 stones.

Def1.4 Leta; < --- < a; € Nand n,dy,dy € N. The NIM(ay,...,ax;n,d;,ds) is played just

like NIM except that
1. If a player removes j stones from the board he must spend ;7 dollars.

2. If a player cannot move he loses; however, this can now happen in one of two ways: either
there are < a; stones on the board or the player does not have enough money to make the

move (typically the player is broke).

If we want to specify justay, . . ., ax but not n, dy, dy then we refer to this game as NI M (aq, . . . , ax)

with cash.

Our game is interesting because a player has to balance the desire to play an optimal (in the
unlimited cash version) with desire to not run out of money. This leads to some surprising results.
For example, it is possible that both players are poor yet the one with less money wins. Another
surprising scenario are discussed in Section 5.

In Section 2 we define the state of the game which will be an important concept. In Section 3

we prove a general theorem about what happens if both players are poor. In Section 4, we give a
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complete description of who wins N7M (1,2, ..., L) with Cash. This leads to a speculation which
we discuss and show is false in Section 5. We then, in Section 6 give a complete description of who
wins NIM (1, 3,4). We then make conjectures and state future research goals in Sections 7 and 8.

In the Appendix we discuss the programs used to generate the data that lead to our theorems.
2 State of the Game

Def 2.1 Leta; < --- < a; € N. Assume we are playing N/M (ay,...,ax). Letn,dy,dy € N. We

define the state of the game. In all cases it is Player I’s turn.

1. The game is in state (n; dy, dy) if there are n stones on the board, Player I has d; dollars, and

Player II has ds dollars.

2. The game is in state (n,> dy, < dy) if there are n stones on the board, Player I has > d;

dollars, and Player II has < d5 dollars.
3. States (n, < dy, > dy) and other variants are defined similarly.

4. The game is in state (n; d;, U F) if there are n stones on the board, Player I has > d; dollars

and Player II has unlimited funds (hence the U F).
5. States (n,UF,ds), (n,UF, < ds) and other variants are defined similarly.
6. We will sometimes use the notation (n; dy, dy, I1) to mean that it is Player II’s turn.

7. If the game is understood then we use the phrase Player I wins (n, dy, dy) to mean that Player
I has a winning strategy in the understood game starting from that state. Similar for Player

I wins (n, dy, ds).

Def 2.2 If Player I (Il) wins from state (n;d, UF') ((n, UF, d)) then we say that he wins normally.

Note that he can use the same strategy he uses in Standard NIM. If a Player I (II) wins by always



removing a; and waiting (with success) for Player II (I) to not be able to move because have < a,

dollars then we say that that he wins miserly.

3 Miserly Theorem

Theorem 3.1 Let 1 = a; < ag < -+ < ay. We assume the game is NIM (aq, ..., ay) with cash.
1. Foralln > 1 Player I wins (n, > {%W , < (% — 1-‘) by playing a miserly strategy.
2. Foralln > 0 Player Il wins (n, < L%J , > L%J) by playing a miserly strategy.

Proof:
We prove both parts by induction. In both cases the base case is trivial.
1)
Induction Hypothesis: For all 1 < n’ < n the theorem holds. We can assume n > 2. We can
assume the game is in state (n, ;; , ds) where d; > ’—g-‘ and d, < (% - 1-‘.
Player I’s winning strategy is to remove one stone. We can assume Player II removes a €

{ai,...,a;} stones. The state is now (n —a — 1,d; — 1,dy — a) which satisfies the induction

hypothesis:

2)
Induction Hypothesis: For all 1 < n’ < n the theorem holds. We can assume n > 1. We can
assume the game is in state (n; dy, ds) where d; < | %] and dp > |2 ].

Assume Player I removed a € {aq,...,a;}. Player II's winning response is to remove one

stone. The state is now (n — a — 1,d; — a,ds — 1) which satisfies the induction hypothesis:

5



4 NIM(1,2,...,L) with Cash
Throughout this section we assume that L. > 2 and the game is N/M (1,2, ..., L) with Cash.

Def 4.1 Let f and W be the following functions.
. f(L+1Dk)=(L—-1)kW({(L+1)k)=11I.
2. For1 <i<Lf((L+Vk+i)=L-Dk+i, W(L+1k+1i)=1.

Note that 1 (n) is who wins (if both sides have unlimited funds). We will see that f(n) is how

much W (n) needs to win normally.

In the following subsections we determine who wins (1) when both players have > f(n), (2)
when one player has > f(n) and one has < f(n), (3) when both players have < f(n). We then
put these theorems together to obtain a theorem stating exactly who wins when. We only sketch

the proofs since they are similar (but easier) then the ones in Section 6.

Theorem 4.2 Let n,d € N. Assume n < L%J +d.
1. Ifn =0 (mod L + 1) and the game is in state (n, UF, > d) then Player Il wins normally.

2. Ifn=1,2,3,...,L (mod L + 1) and the game is in state (n, > d,UF’) then Player I wins

normally.



Proof sketch:
Whichever player is supposed to win plays the strategy he would play with unlimited funds.

An easy induction shows that he has enough money to do this.

Note that if d;,ds > f(n) then the player who would win the unlimited game wins normally.

Hence we are now concerned with what happens if one or both players has < f(n).

Theorem 4.3 Letn € N. If d < f(n) then Player Il wins (n,< d,> d).

Proof sketch:
The proof is by induction on n. The base case is easy.

The induction step has two cases.

. Ifd=j (mod L),n=j+1 (mod L+ 1), and Player I removes i < j stones then Player

II’s winning response is to remove j — ¢ + 1 stones.

2. In all other cases Player II’s response is to remove one stone.

Theorem 4.4 Letn,d € N. If dy < dy — 1, f(n) then Player I wins (n, dy, ds).

Proof sketch:

Player I's strategy is to always remove one stone.

From Theorems 4.2, 4.3, 4.4 we obtain the following complete description of who wins when.

Theorem 4.5 Letn > 0.

1. Ifdy,dy > f(n) then



(a) Ifn =0 (mod L + 1) then Player Il wins.

(b) Ifn=1,2,...,L (mod L + 1) then Player Il wins.
2. Ifdy > f(n) but dy < f(n) then Player I wins.
3. Ifdy > f(n) but dy < f(n) then Player II wins.
4. If didy < f(n) then

(a) If dy < dy then Player II wins.

(b) If dy > dy then Player I wins.

5 An Incorrect Speculation and a Counterexample

The above example, and intuition, would suggest the following speculation:

If both players are rich then the game will go as it usually does, as both can afford their normal
strategies. If both players are poor, but equal, then Player Il should win since Player I will go first
and be at a monetary disadvantage.

This turns out to not be true. We give a simple example:

Consider NIM(1,3,4). As noted in Example 1.3 the following is known.
1. If n = 0,2 (mod 7) then Player II wins.
2. Ifn=1,3,4,5,6 (mod 7) then Player I wins.

Consider NIM (1,3, 4) with cash. We show that in Player I wins (14; 9, 9). Player I’s winning
first move is to remove 1 stone. Now the game is in state (13;8,9, 7). If Player II had lots of
money then he would remove four stones. But if he did that here he would be to poor to win! If
Player II removes three or four stones then Player I can adapt a miserly strategy to win. For the

first few pairs of turns Player II has to remove one stone (else he loses) and Player I will respond



by removing one stone until the game is in state (10;7, 7). From here this state it is easy to show
that Player I wins.

In the next section we analyze N 1M (1, 3,4) with cash completely.
6 NIM(1,3,4) with Cash
Throughout this section we assume that the game being played is N1M (1, 3,4) with Cash.
Def 6.1 Let f and W be the following functions.
1. f(7k) =5k, W(Tk) = I1.
2. f(Tk+1)=5k+1,W(Tk+1) = 1.
3. f(Tk+2)=5k+1, W(Tk+2)=11.
4. f(Tk+3)=5k+2, W(Tk+3) = 1.
5. f(Tk+4) =5k+4, W(Tk+4) = 1.
6. f(Tk+5)=5k+4, W(7Tk+5) = 1.
7. f(Tk+6) =5k+5 W(Tk+6)=1.
Note that 1 (n) is who wins (if both sides have unlimited funds). We will see that f(n) is how
much W (n) needs to win normally.
6.1 The Normal Case
The following theorem states when a player can win normally. We omit the easy proof.
Theorem 6.2 Letn > 0.
e [fn=1,3,4,5,6 (mod 7) and dy > f(n) then Player Il wins (n,UF, > f(n)) normally.

e [fn=0,2 (mod 7)and dy > f(n) then Player I wins (n,> f(n),UF') normally.



6.2 A Very Useful Table

To completely analyze N1M (1,3, 4) with cash we need to know what happens when one or both

players have less than f(n). Table 1 below will be useful.

n a nm—a-1 f(n) fn—a—-1) fn)<f(n—a—-1)+a(+1) f(n—a—-1)< f(n)—17
k1 T(k—1)+5 5k Bk — 1 YES YES
Thal 1 7(k—1)+6 5k+1 5k YES YES
Tk+2 1 7k 5k 4+ 1 ok YES YES
Tk+3 1 Tk +1 S5k + 2 5k +1 YES YES
Tk+4 1 7k +2 5k +4 ok +1 NO NO
Th+5 1 Thk+3  Sk+4  Sk+2 NO(YES) NO
Tk+6 1 Tk + 4 5k +5 ok + 4 YES YES
k3 T(k—1)+3 5k Bk — 3 YES YES
Th+1 3 7(k—1)+4 5k+1  5k—1 YES YES
Th+2 3 T(k—1)+5 5Sk+1  5k—1 YES YES
Th+3 3 T(k—1)+6 5k+2 5k YES YES
k+4 3 7k 5k +4 ok NO(YES) YES
Tk+5 3 Tk +1 S5k +4 5k +1 YES YES
Th+6 3  Th+2  5k+5  Sk+1 NO(YES) YES
k4 T(k—1)+2 5k Bk — 4 YES YES
Th+1 4 7(k—1)+3 5k+1  5k—3 YES YES
Th+2 4 T(k—1)+4 5k+1  5k—1 YES YES
Th+3 4 T(k—1)+5 5k+2  Sk—1 YES YES
Thtd 4 T(k—1)+6 bk+4 5k YES YES
Tk+5 4 Tk S5k +4 5k YES YES
Tk+6 4 Tk +1 5k +5 ok +1 YES YES
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Table 1

6.3 If d, < ds, f(n) then Player II Wins

Theorem 6.3 Letn > 1. If 0 < dy < da, f(n) then Player Il wins (n;dy,ds2).

Proof:

We prove this by induction on n.
Base Case: We leave the Base Case of n = 0, 1, 2, 3, 4, 5 to the reader.

Induction Hypothesis: For all 1 < n’ < n the theorem holds. We can assume n. > 5. We can assume
the game is in state (n; d1, d2) where d; < da, f(n). We can assume that Player I removes a € {1,3,4}
stones.
Case 1: f(n) < f(n —a — 1) + a. Player II's winning response is to remove one stone resulting in state
(n—a—1,d; — a,dy — 1). This state satisfies the induction hypothesis: (1) Clearly d; — a < da — 1. (2)

Note that

di—a< f(n)—a< f(n—a-—1).

Case2: f(n) < fln—a—1)+a+ 1.
Case 2.1: d; < f(n) — 2 Player II’s winning response is to remove one stone resulting in state (n — a —

1,d; — a,ds — 1). This state satisfies the induction hypothesis: (1) Clearly d; — a < da — 1. (2)

di—a<f(n)—a—2<f(n—a—-1)—1< f(n—a-1).

Case 2.2: d; = f(n) —1land W(n —a—1) = Il and f(n —a — 1) < f(n) — 1. Note that since
dy < do we have do > f(n). Player II's winning response is to remove one stone resulting in state

(n —a—1,dy — a,ds — 1). This state satisfies the premise of Theorem 6.2 since

dy—1>f(n)—1> f(n—a—-1)
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and W(n—a—1)=1II.
Case23:d; = f(n)—land (W(n—a—1)=1or f(n—a—1) > f(n) — 1). Note that da > f(n). By

Table 1 there are only two cases that fall into this category.

1. n =7k + 4 and a = 1. After Player I removes one stone Player II’s winning response is to remove
three stones resulting in state (7k,d; — a,ds — 3). This state satisfies the premise of Theorem 6.2
since

dy—3> f(n)—3=f(Tk+4)—3=5k+1> f(7k)
and W (7k) = I1.

2. n =Tk + 5and a = 1. After Player I removes one stone Player II’s winning response is to remove

four stones resulting in state (7k, d; —a, d2 —4). This state satisfies the premise of Theorem 6.2 since

dy—4> f(n)— 4= f(Tk+4) — 4 =5k > f(Tk)

and W (7k) = 11.

6.4 Ifd, < d;, +1, f(n) then Player I Wins

Table 2 below will be useful.
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n n—a-—1 fn) fn—a-1) f(n)<f(n—a—-1)+a(+3) W
7k 7(k—1)+5 5k ok —1 YES 11
Thtl 1 T(h—1)+6 5k+1 5k YES I
Tk +2 7k 5k +1 ok YES 11
Tk + 3 Tk +1 Sk 42 S5k +1 YES 1
Th+4 Th+2  Bk+4  Bk+1 NO(YES) I
Tk +5 Th+3  Sk+4  5k+2 NO(YES) I
7k 4+ 6 Tk +4 5k +5 5k 44 YES I
7k T(k—1)+3 5k 5k —3 YES I
Th+1 3 7(k—1)+4 bk+1  5k—1 YES I
h+2 3 Tk—1)+5 5k+1  5k—1 YES I
Tk+3 7(k—1)+6 bk+2 5k YES 1
Tk + 4 Tk 5k + 4 bk NO(YES) I
Tk +5 Tk+1 o5k +4 ok +1 YES 1
Tk + 6 Th+2  5k+5  Sk+1 NO(YES) I
7k T(k—1)+2 5k 5k — 4 YES I
Th+1 4 T(k—1)+3 5k+1  5k—3 YES I
Th+2 4 7T(k—1)+4 5k+1  5k—1 YES 11
Th+3 4 T(k—1)+5 5k+2  5k—1 YES I
Th+d 4 T(k—1)+6 5k+4 5k YES I
Tk +5 7k 5k + 4 5k YES 1
Tk +6 Tk+1 5k +5 ok +1 YES I
Table 2

Theorem 6.4 Letn > 1. If dy < dy — 1, f(n) then Player I wins (n; dy, da).
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Proof:

We prove this by induction on n.
Base Case: We leave the base case of n = 1, 2, 3, 4, 5 to the reader.
Induction Hypothesis: For all 1 < n/ < n the theorem holds. We can assume n > 5. We can assume the
game is in state (n; dq, d2) where do < do — 1, f(n).
Case 1: W(n) = 1and d; > f(n). In this case, by Theorem 6.2, Player I wins.
Case 2: W (n) # I ord; < f(n) — 1. Player Is strategy is to remove one stone. We can assume Player
Il removes a € {1, 3,4} stones. The game is thus in state (n — a — 1,d; — a,ds — a). We show that the
new state satisfies the induction hypothesis. Clearly d; — a < (d2 — 1) — 1. Hence we need only prove that
dy—a< f(n—a—1).

Case 2.1: f(n) < f(n —a — 1) + a. Combine this with d < f(n) to obtain
dy—a< f(n)—a< f(n—a—1).
Case 2.2: d; < f(n) — 1. By Table 2 it is always the case that f(n) < f(n —a — 1) + a + 3. Since
dy < dy —1landdy < f(n) — 1 we have d2 < f(n) — 3. Hence
dy—a< f(n)—3—a<f(n—a—-1)+a+3-3—a=f(n—a—1).
Case 2.3: W(n) =II and f(n) > f(n —a — 1) + a + 1. By Table 2 this case never occurs.

6.5 Whatifd, =dy+1< f(n)?

Theorem 6.5 Player [ wins (n, f(n), f(n) —1).

Proof sketch:  Player Is strategy is as follows: If W (n) = I then Player I wins normally. If W (n) = I1

then Player I will remove one stone. We omit the induction proof that shows that this works. |

Lemma 6.6 Let b > 1. Assume the game starts in state (n, f(n) — b, f(n) — b — 1).
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1. If on the first move Player I removes three or four stones and then Player Il removes one stone, then

Player Il wins.

2. If on the first move Player I removes one stone and then Player Il removes three of four stones, then

Player I wins.

Proof:

1) The game is now in state (n—a—1, f(n) —b—a, f(n) —b—2) where a € {3,4}. We show that this state
satisfies the premise of Theorem 6.3 and hence Player II wins. Clearly we have f(n) —b—a < f(n)—b—2.
We need f(n) —b—a < f(n —a—1). It suffices to show that f(n) —a—1 < f(n —a—1).

Casel: f(n) < f(n—a— 1)+ a. Hence

fm)—a—-1<f(n—a—-1)+a—a—-1=fn—a—-1)—-1< f(n—a—1).
Case2: f(n)=f(n—a—1)+a+ 1. Bythe Tablen = 4,6 (mod 7).

o If n = 7k + 4 then f(n) = 5k + 4 hence the current state is (7k + 3 — a,5k + 3 — a,5k + 2). If
a = 3 then the state is (7k, 5k, 5k + 2) and Player II wins by Theorem 6.2. If a = 4 then the state
is (Tk — 1,5k — 1,5k +2) = (T(k — 1) + 6,5(k — 1) + 4,5k + 2). Note that 5(k — 1) + 4 <
f(7(k —1)+6) = 5(k — 1) + 5. Hence the state satisfies the premise of Theorem 6.3 so Player II

wins.

e If n = 7k + 6 then f(n) = 5k + 5 hence the current state is (7k + 5 — a,5k + 4 — a, 5k + 3). If
a = 3 then the state is (7k + 2,5k + 1,5k + 3) and Player II wins by Theorem 6.2. If @ = 4 then
the state is (7k + 1, 5k, 5k + 3). Note that 5k < f(7k + 1) = 5k + 1. Hence the state satisfies the

premise of Theorem 6.4 so Player II wins.

By the Table there are no more cases.

2) The game is now in state (n —a — 1, f(n) —b—1, f(n) — b —a — 1) where a € {3,4}. We show that

this state satisfies the premise of Theorem 6.4 and hence Player I wins. Clearly we have f(n) —b—a—1 <
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(f(n)—b—1)—1. Weneed f(n) —a—2< f(n—a—1). Weproved f(n) —a—1< f(n—a—1)in

part 1 so we are done. |

Theorem 6.7 Let b > 0. Let n be such that f(n) —b — 1 > 0. Assume the game starts in state (n, f(n) —

b, f(n) —b—1).
1. Ifb=0 (mod 3) then Player I wins.

2. Ifb=1 (mod 3) then

o ifn < % +30rn=0,2,5 (mod 7) then Player I wins;
® ifn> @ +4andn =1,3,4,6 (mod 7) then Player I wins.

3. Ifb=2 (mod 3) then

o jfn< w +90rn=1,3,4,6 (mod 7) then Player I wins;
. 14(b—2) _ .
o ifn> "35> +10andn =0,2,5 (mod 7) then Player Il wins.

Proof: We prove this by induction on b + n.

Base Case: If b + n = 1 then one of the following occurs.

e b = 0and n = 1. The premise holds since f(n) —b—1 =1—-0—0 > 0. Player I wins by

Theorem 6.5.
e b =1andn = 0. The premise f(n) —b — 1 > 0 does not hold.

Induction Hypothesis: For all (b',n’) such that &’ + n’ < b + n the theorem holds. We prove the theorem
for (b,n). We may assume b > 1 since if b = 0 then the theorem holds by Theorem 6.5.

Assume the state is (n, f(n) —b, f(n) —b—1). By Lemma 6.6 we can assume that both Players remove
one stone (in some cases we will not use this). Hence the new state is (n — 2, f(n) — b — 1, f(n) — b — 2).
Note that in the new state the quantity b 4+ n has decreases. Hence, if the new state satisfies the conditions

of the theorem, we can use the induction hypothesis. The Table 3 will be helpful.
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n—2f(n)—b—1,f(n)—b—-2)=n—-2,f(n—2)=-7,f(n—2)—-7—1)

7k Tk—1)+55k-1)44—b5(k—-1)+4—b—1)=(n—2,f(n—2)—b, f(n—2) —b—1)

Th4+1 | (7(k—1)+6,5(k—1)+5—-b,5(k —1)+5—-b—1)= (n—2,f(n—2) —b, f(n—2) —b—1)
Th+2 | (Th,5k — b5k —b—1)= (n—2,f(n—2) —b, f(n—2) —b—1)
Th+4 | (Tk+2,5k+3—b5k+2—b)=(n—2f(n—2)—(b-2),f(n—2)—(b—2)—1

Th+5|(Th+3,5k+2—(b—1),5k+2—(b—1)—1)=(mn—2,f(n—2)—(b—1), f(n—2) — (b—1) — 1)

(
(
(7
(
Th+3| (Tk+1,5k+1-b5k+1-b—1)=(n—2f(n—2)—b,f(n—2)—b—1
(
(
(

Th+6| (Th+4,5k+4—b5k+4—b—1)=(m—2,f(n—2)—b, f(n—2)—b—1)

Table 3

Case 0: b =0 (mod 3). The state is (n, f(n) — b, f(n) — b — 1). By Table 3 note the following:

1. If n =0,1,2, 3,6 then the new state satisfies the condition of the theorem with & = b =0 (mod 3)

hence Player I wins.

2. Ifn =4 (mod 3) then the new state has ¥’ =b—2 =1 (mod 3) and n’ = 2 (mod 7), hence Player

I wins. (Since b =0 (mod 3) and b # 0 we have b > 3sob—2 > 0.)

3. If n =5 (mod 3) then the new state has b’ = b—1 =2 (mod 3) and n’ = 3 (mod 7), hence Player

I wins.

Case1.1: b=1 (mod 3) and n < Q + 3. It is easy to show that in this case f(n) —b—1 > [n/2]
and f(n) —b—2 < [n/2] — 1. Hence, by Theorem 3.1 Player I wins.

Case1.2: b=1 (mod 3) and n > 14(b D44,

1. If n =0 (mod 7) then the new state has & = b =1 (mod 3) and n’ = 5 (mod 7); hence Player I

wins.

2. If n =1 (mod 7) then the new state has ¥’ = b = 1 (mod 3) and n’ = 6 (mod 7). Player II wins
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solongasn’ =n—2> 14(b Y 4 4. We have

14(0b -1
n="7k+1> g + 4.
Using mod 7 one can easily show that actually
14(b—1
n="7k+12> L + 8.

The lower bound on n’ follows.

. If n = 2 (mod 7) then the new state has ¥’ = b =1 (mod 3) and »’ = 0 (mod 7). Hence Player I

wins.

. If n = 3 (mod 7) then the new state has b’ = b =1 (mod 3) and n’ = 1 (mod 7). Player II wins

14(b 14(b—1)

solongasn’ =n—2 > + 4. We have

14(b — 1)

n="7k+3> + 4.

Using mod 7 one can easily show that actually

14(b—1)

n="7k+3> + 10.

The lower bound on n’ follows.

. If n = 4 (mod 7) then the new state has b’ = b — 2 = 2 (mod 3) and n’ = 2 (mod 7). Player II

wins so longasn’ =n — 2 > %1_2) +10 = 14(b ) 4 10. We have

14(b—1 14(b—4)+ 14 14(b—4
n:7k+42L+4: (b )3+ X3+4:(63)+18
Hence clearly
n=n-2> (b3 4)+16> (bg 4)+10.



The lower bound on n’ follows.

6. If n = 5 (mod 7) then the new state has b’ = b —1 =0 (mod 3) and n’ =n —2 = 3 (mod 7).

Since &’ = 0 (mod 3), Player I wins.

7. If n = 6 (mod 7) then the new state has & = b =1 (mod 3) and n’ = 4 (mod 7). Player Il wins

solongasn’ =n—2 > %+4. We have

14(b — 1)

n="7k-+6> + 4.

Using mod 7 we one can easily show that actually n = 7k 4+ 6 > % + 6.

The lower bounds on n’ follows.

Case 2: b =2 (mod 3). This case is similar to Case 1 (and all its subcases) above.

6.6 What happens when d; = dy < f(n)?

The following theorems have proofs similar in spirit to that of Theorem 6.5 and 6.7 hence we omit the

proofs.

Theorem 6.8 Let n > 1 and the game is in state (n, f(n) — 1, f(n) — 1). Player I wins iff n = 0,2,5

(mod 7).

Theorem 6.9 Let b > 0. Let n be such that f(n) —b > 0. Assume the game starts in state (n, f(n) —

1. Ifb=0 (mod 3) then

o ifn< @ +11orn=1,3,4,6 (mod 7) then Player I wins;

o ifn > % +12andn =0,2,5 (mod 7) then Player Il wins.
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2. Ifb=1 (mod 3) then

14(b 1)

o ifn < +50rn=0,2,5 (mod 7) then Player I wins;

o ifn> % +6andn =1,3,4,6 (mod 7) then Player I wins.

3. Ifb =2 (mod 3) then Player I wins.

6.7 The Complete Theorem
Theorem 6.10 Let n,dy,ds > 0.
1. Ifdy,dy > f(n) then Player I wins iffn =1,3,4,5,6 (mod 7).
2. Ifds—; < f(n) < d; then Player i wins.
3. Ifdy < dy — 1, f(n) then Player I wins.
4. If di < do then Player Il wins.

5. Letb > 0. Let n be such that f(n) —b—1 > 0. Assume the game starts in state (n, f(n) —b, f(n) —
b—1).
(a) Ifb=0 (mod 3) then Player I wins.
(b) Ifb=1 (mod 3) then

o ifn< ( )+30rn_0 2,5 (mod 7) then Player I wins;

o ifn > ( Y4 dandn=1,3,4,6 (mod 7) then Player II wins.
(c) Ifb=2 (mod 3) then
o ifn< 14(b 2+ 9orn=1,3,4,6 (mod 7) then Player I wins;

e ifn > ( 2 4 10andn = 0,2,5 (mod 7) then Player II wins.

6. Letb > 0. Let n be such that f(n) — b > 0. Assume the game starts in state (n, f(n) — b, f(n) —
(a) Ifb=0 (mod 3) then
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o ifn < ( G DI orn=1,3,4,6 (mod 7) then Player I wins;

o ifn > 14(b U 4 12andn =0,2,5 (mod 7) then Player Il wins.
(b) Ifb=1 (mod 3) then
o ifn< ( Y 4 50rn=0,2,5 (mod 7) then Player I wins;

o ifn > ( Y 4 6andn = 1,3,4,6 (mod 7) then Player II wins.
(c) Ifb=2 (mod 3) then Player II wins.
7 Our Conjecture
Def 7.1 Let N be a NIM game. fy(x) is the least d such that
e If Player I wins (n, UF,UF) then he wins (n;d,UF).

e If Player Il wins (n, UF, UF) then he wins (n; UF, d).

The following conjecture is true for all of the NIM games discussed in the first section of this paper.
Conjecture: Let N be a NIM game. Let by, ...,br, M such that Player Il wins N iff n = b; (mod M).

Then, forall0 <i < M —1,

o fi)) < M—-L-—1.

e Forallk > 0,forall0 <i< M —1, f(Mk+1i)= (M — L)k + f(i)
8 Future Directions

We are confident that we can get general theorems for NIM (1, L) and NIM(1,L — 1, L). In addition we
will prove some general theorems that will make these proofs less detailed then those in this paper. Finally,

we are confident that we can get our conjecture proved.

9 Appendix
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Standard NIM

(x,y) = (input(NAT),input (NAT))
While x>0
control = input(1,2)
if control == 1
(x,y)=(x+10,y—1)
else
if control == 2

(XaY):(Y+17’X—2)

9.1 Program for finding f(n)

Program Finding f(n) takes as input the takeaway set {a1, ..., a }, the number of stones 7, and the win set

{w1,...,wq}. The program produces an array f of size n where each position represents f(n).
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Program Finding f(n)

input(a; < --- <ag)
input(n)
input (W)
For t=0 to n
if (i<ay)
then f(i)=0
else if (W(i)=1II)

then
for (=0 to ay)
if (W(i—aj)=1II)
then
f(i) = aj + f(i — aj)
r=a;+ f(i—aj)
break
else
fli)=z
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