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Chapter 1: Introduction

1.1 Why Small Area Estimation?

Historically, sample surveys have been cost-effective tools for gathering information on
a wide array of topics, ranging from socioeconomic indicators to health outcomes and market
behavior. They are widely utilized to generate estimates not only for the overall population of
interest but also for a diverse range of subpopulations (or domains) across different classifica-
tions. These domains may encompass geographic areas, socio-demographic groups, or other
specified subsets (or subpopulations). For instance, geographic domains may include regions
such as urban neighborhoods, rural townships, school catchment areas, postal code zones, cen-
sus tracts, and voting precincts. Conversely, socio-demographic domains may delineate specific
age-income-education brackets within larger geographic regions. Additionally, “other domains”
could involve categorizations like sets of households categorized by housing tenure or employ-
ment status within a given locality.

In sample survey literature, domain estimation employs “direct” estimators, which rely
solely on domain-specific sample data. These estimators can utilize auxiliary information, such
as known totals of relevant variables. Typically, direct estimators are design-based, leveraging the
sampling design’s probability distribution while holding population values at a constant. Alter-

natively, they can be “model-assisted”, incorporating “working” models to enhance “robustness”



against potential model misspecifications. Domains, or areas, are categorized as either large
or small based on their sample sizes. Large domains possess ample samples for precise direct
estimates, whereas small domains lack sufficient sample size for accurate direct estimation. In
certain cases, domains of interest may have zero sample size, presenting challenges for traditional
design-based estimation. We designate domains as “small areas” when reliable direct estimates
cannot be produced for them. “Small Area Estimation” (hereafter SAE) is a collection of sta-
tistical methods utilized in sample surveys to provide precise estimates for “small areas” when
traditional survey methods face limitations due to limited (or no) sample sizes [4].

SAE relies on two primary data sources: sample survey data and auxiliary information.
Sample survey data are collected through traditional survey methods, offering insights into broader
populations but often lacking sufficient sample sizes for smaller areas. Auxiliary information in-
cludes additional data sources, such as administrative records or remote sensing data, which
provide insights at both small and large geographic levels.

Various statistical methods are employed in SAE, including direct estimation, indirect es-
timation, and model-based approaches—both from frequentist and Bayesian viewpoints. These
methods enable researchers to combine information from sample surveys with auxiliary data
to produce more accurate estimates for small areas. SAE finds applications in official statistics,
public policy, market research, and environmental monitoring. It empowers decision-makers with
localized insights, aiding in the formulation of policies and programs, allocation of government
funds, and targeting of resources to areas in need. For instance, governments can use small area
estimates to identify regions with higher poverty rates for targeted poverty alleviation programs
or allocate healthcare resources to areas with higher disease prevalence. For further examples,

readers are referred to [4], [5], [6].



1.2 Direct estimation

In sample surveys, direct estimation refers to the set of methods used to estimate the pop-
ulation parameter of interest (such as totals, means, etc.), #, only from the sampled values of the
variable of interest, y. There are a great many books on survey sampling that provide extensive
treatment of direct estimation-like Cochran’s seminal work [7], and Lohr’s recent work [8]. In
this review, we will mainly be talking about direct estimation for small areas.

Let U represent the index set associated with the (finite) population, or the universe of

interest in a sample survey, comprising NV distinct elements:

U={j:j=1, N}

We denote the survey characteristic of interest as v, - - - , yn. This assumes that, for the variable
of interest, the entire finite population is observable and measurable without any error (free of
measurement error). Now, let us say that we want to estimate the following parameters of interest:
the population total, Y = Z;{ y;, or the population mean Y = Y/N. To do this, we can employ a
j€
sampling design to select a subset s of U, called a sample, with probability (hereafter w. p.) p(s).
In practice, p(s) ultimately depends on the sampling scheme that was used to collect the data.
Simple Random Sampling (SRS), Stratified Sampling, Cluster Sampling, Stratified Multi-Stage

Sampling, etc.

With the assumption of complete response of the units j € s selected in the sample, s, an



estimator of Y, Y’ is said to be design-unbiased (or p-unbiased) if,

(V)= > pls)Y. =Y, (1.1)

where P(s) is the superset of all possible samples s under the specified sampling design, and Y,
is the value of Y calculated for a sample s € P(s). We can follow similar notions to define a

design-consistent estimator. For this, first define the design-variance of Y as:

~ A

An estimator of this variance V,(Y') is denoted as: v(Y") = s%(Y"). We call this variance estimator

p-unbiased if,

Now, we call Y a design-consistent (or p-consistent) estimator of Y, if, Y is approximately
unbiased, and \/;,(}7) — 0, as N — oo [4]. Interested readers can refer to [9] for an even more
extensive review of design-consistency. Even though we considered only one population, such
concepts require consideration for a sequence of populations. We omit such discussions here, but

[4] considers this aspect as well.

Let us now focus on how direct estimation usually works out for small areas using survey



weights, also called design weights. They play a vital role in constructing design-based estima-
tors. Suppose there are m small areas indexed by ¢ = 1,--- ,m. Let U; and s; denote index sets
of the finite population and the sampled units from that finite population, respectively, for each
areat = 1,---,m. We can think of these sets as the mutually exclusive (but not necessarily
exhaustive) subsets of the I/ and s, respectively, using the notations used thus far. We also denote
the cardinalities of these two index sets as IV; = |U;|, and n; = |s;| for the m areas.

Let y;;, denote the outcome of the survey variable of interest for the k" unit within the
i" small area, conducted using the sample from the finite population using a possibly complex

sampling design. Our parameters of interest are the m small area population totals:
N;
Y= Y i=1-,m (1.2)
k=1

Population means can also be similarly defined as: Y; = Y] /N; for m small areas. Define the
sampling weight of the sampled unit £ within the area i, as wy, 1 = 1,--- ,m, k =1,--- n,.
Given any sampling design (simple or complex), these sampling weights (also referred to as
design weights) are the inverse of the first-order inclusion probabilities 7;;: the probability that

the £ unit within the i** small area is included in the sample s, for that area i '. Thus,

This sampling weight can be interpreted as the number of population units from U; represented

by this one sample from that area . Now, depending on the sampling scheme, these first-order

"We emphasize the distinction between the usual notation of second-order inclusion probability 45, which is
defined as the probability that both the i*" and the ;5" units of a finite population are selected in the same sample,

i 7 j 7.



inclusion probabilities can either be equal or not. When they are equal, that sampling scheme is
referred to as an ‘Equal Probability of Selection Method’ design, or in short, an EPSEM design.
This essentially means that under an EPSEM design, every unit or element in the population
has an equal probability of being selected into the sample. Simple Random Sampling (with or
without replacement) is an example of an EPSEM design.

Now, for a small area ¢, with the corresponding sample size n; > 0, and under an EPSEM

design, the sample totals:
yzzzyzk’v 1=1,--- , T
i=1

will be unbiased estimators of the population totals Y; in 1.2. Similarly, y;, = y;/n; will be
unbiased estimators for the small area population means Y;. When the sampling scheme is not
EPSEM, and the different units within an area have different selection probabilities, naturally,
their corresponding weights must vary within the small areas as well. Under such situations, sur-
vey practitioners resort to using the sampling weights as defined in 1.3 to estimate the population

totals (and means) for the small areas. The small area population total estimators are of the form:

= wpya, i =1, m, (1.4)
k=1

and the corresponding small area population mean estimators are of the form:

Z WikYik
g(w):kzl_ ci=1,---.,m. (1.5)

7 ng
Z Wik
i=1

Note that these mean estimators are simply weighted means of the y;;’s, with the weights be-



ing the survey (or design) weights w;;. This approach considers the complex survey design and
accounts for unequal probabilities of selection, nonresponse, and other survey features to pro-
duce design-based estimates for small area parameters. The domain mean estimator (1.5) is a
ratio. Thus, linearization-based variance estimators may be used for estimating its variance and
associated standard error [8]. On the other hand, various other variance estimators may be con-
structed using replicate weights-based methods. These include Balance Repeated Replication
(BRR), Jackknife methods, Bootstrap methods, etc. The replicate-based methods are partly used
for privacy reasons. For a comprehensive review of these methods, please see [10] and [11].

Design-based methods in survey sampling offer strengths in providing unbiased estimates
that properly account for the survey design (often complex) features such as stratification, clus-
tering, and unequal probabilities of selection. These methods allow for robust statistical inference
by facilitating the calculation of standard errors, confidence intervals, and hypothesis tests with-
out relying on specific distributional assumptions about the data. However, they are sensitive to
assumptions about the underlying population distribution and the behavior of survey weights, and
violations of these assumptions can lead to biased or inefficient estimates. Additionally, design-
based methods may struggle with inefficiency, particularly with small sample sizes, resulting in
wider confidence intervals and less precise estimates of means and standard errors. Please refer
to the book by [4] for examples.

Model-based approaches can mitigate some of the weaknesses associated with design-
based methods. These approaches offer greater flexibility in capturing complex relationships
and incorporating auxiliary information, allowing for more accurate estimation, especially in sit-
uations where assumptions or design features may limit design-based methods. Model-based

approaches can also provide more efficient estimates by leveraging information from auxiliary

7



variables and modeling complex relationships, particularly in small areas where sample sizes are
limited. Furthermore, model-based approaches are better equipped to handle nonresponse and
missing data, as they can incorporate imputation techniques or model nonresponse mechanisms

to mitigate bias and improve the reliability of estimates.

1.3 Model-based approaches for small domains

Direct estimates for smaller domains may exhibit considerable variability when aggregated
to a higher level, potentially resulting in significant deviations from the corresponding direct es-
timate for the higher level. This discrepancy is primarily due to the inherent sampling variability
and limited sample sizes associated with smaller areas. When aggregated, these variations can
either amplify (or attenuate), leading to estimates that may not accurately represent the true pop-
ulation characteristics at the higher level. This presents a critical challenge for statisticians and
practitioners alike. For example, policymakers and decision-makers who rely on accurate data
for resource allocation and policy formulation.

In addressing this issue, benchmarking serves as a crucial strategy to enhance the reliabil-
ity and validity of small area estimates [12]. Benchmarking involves the comparison of direct
estimates with external or auxiliary information, such as administrative records or census data,
which are often available at higher levels or for larger geographic areas—and these are usually
very reliable. By aligning direct estimates with benchmark data, one can identify and adjust for
discrepancies, thereby improving the accuracy and consistency of estimates at lower levels. This
approach helps to reduce the impact of variability in direct estimates and ensures that estimates

align more closely with known population characteristics.



Small area model-based methods complement benchmarking by incorporating auxiliary
information and sophisticated statistical models (refer to [6] for an excellent review) to enhance
estimation accuracy further. For some situations, by leveraging information from neighboring
areas and modeling spatial dependencies ([13]), these methods can provide more stable and “ro-
bust” ? estimates for small domains. Moreover, some model-based approaches (like hierarchical
Bayesian models with Markov Chain Monte Carlo) facilitate the integration of benchmark data
into the estimation process, allowing for the refinement and validation of estimates based on ex-
ternal sources. We present such examples of benchmarking in chapters 2 and 3 of this thesis,
albeit for two different applications.

The use of explicit models offers several advantages over direct design-based methods:
(i) we can employ model diagnostics—such as residual analysis facilitating detection of model
violation, choosing appropriate set of covariates deemed useful for the given data and the model
assumed, detecting influential observations (small domains for the case of SAE), etc. (ii) Area or
domain-specific measures of precision, or uncertainties can be associated with each small area.
This results in better attribution, along with precise estimation. (iii) Generalized Linear Models
can be utilized, accounting for (random) errors at different levels. Complex data structures, such
as spatial correlations and time series, can also be handled. (iv) Random effects can also be
incorporated into clever formation of modeling. In this section, we will examine key model-
based methods frequently utilized in Small Area Estimation (SAE) literature. Our emphasis will
primarily be on Bayesian estimation and inferential techniques, aligning with the hierarchical

Bayesian methodology central to our thesis.

Zrobustness here is not be confused with the traditional robust statistical methods in the literature. More often
than not, we will use this term in this thesis to mean robustness towards model mis-specifications, stability in terms
of narrower confidence or credible intervals, etc.



In constructing a model appropriate for a given small area estimation problem, the avail-
ability of administrative data presents various scenarios to consider [14]. Administrative records
may exist in different forms, including summaries for geographical areas containing one or more
small areas, summaries specific to the small areas themselves, summaries for geographical areas
entirely contained within the small areas of interest or unit-level records. Despite the complexity
inherent in hierarchical modeling, its flexibility allows for the integration of information from
diverse sources, such as surveys, administrative records, and census data available at different
geographic levels. The specifics of the hierarchical model depend on the nature and accessibil-
ity of data from these sources. The models we review here can broadly be classified into two
categories: (i) Models that relate the “true” (unknown and to be estimated) small area means
with available auxiliary variables. These are called the “area level” or “aggregate level” models.
(i1) Models that relate the unit level information of the study, or survey variable of interest, to
unit-specific auxiliary variables. These are referred to as the “unit level” models. Such models
often incorporate area-level auxiliary variables as well and are very flexible in terms of pooling

information from different sources.

1.3.1 Area level models

Area level models present one improvement over direct survey estimators by introduc-
ing hierarchical models that assume a relationship between small area parameters of interest and
auxiliary information, in terms of covariates, in the modeling step. These models offer the advan-
tage of requiring only area-level aggregate summaries of covariates from administrative records,

eliminating the need for unit-level covariates at either the sample or population level. Early ap-
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plications of area-level models in small area estimation can be traced back to works by [15], [16],
and [17]. While these authors implicitly utilized area-level covariates by grouping similar small
areas, they did not explicitly incorporate them into the modeling process or utilize complex sur-

vey data.

Notations: Let there be = 1,--- ,m small areas in the finite population of consideration. Let
y; be the direct survey or design-based estimate of the “true” population parameter of interest for
the area ¢, f;. Assume that the sampling variances of such estimates, y;, are known, and let us call
them D;. Since the area-level sample sizes, n;, are typically quite small (sometimes there may
even be no samples, n; = 0), the direct survey-weighted estimates are subjected to non-negligible
sampling variability. Model based approaches are often considered to remedy such shortcomings

of the design-based approaches. We review 3 such models in the following.

Fay Herrior (FH) model: The earliest area level model was proposed by Fay and Herriot in their
seminal work on small area estimation [1]. They considered a generalized version of the Efron-
Morris and Carter-Rolph type Bayesian models in the context of estimating per-capita income
for small domains (with some of the population sizes < 1,000). This model was used to create

empirical Bayes estimates of poverty rates. For small areas ¢ = 1,--- ., m:

Level 1 (sampling model):  y;|6; N (6, D)

Level 2 (linking model):  6;|3, 4 "% N (8, A) (1.6)
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where x; is a p x 1 vector of known covariates available for the m small areas. D;’s are the known
sampling variances. The hyperparameters S—a p x 1 vector, and A are unknown parameters to be
estimated from the given model and the data. The two levels of the FH model can be combined

into one linear mixed model, and thus, this model is an example of a matched model.

yi =10+ v+ (1.7)

where v; and ¢; are independent with v; ~ N(0,A) and ¢, ~ N(0,D;) fori = 1,--- m.
Applying this model to a proportion estimation problem, which is of special interest to us in this
thesis, can be troublesome—the assumption for normality cannot guarantee that the support stays
between 0 and 1. Likewise, the normality assumption does not guarantee the support between 0
and 1 for the posterior distribution of ¢;. Different modeling options for the sampling level and
the linking level for the area-level model are studied and discussed in a lot of different research
works, like [2], [3].

Next, we consider a class of models called unmatched models (in contrast to the FH model,
which is an example of a matched model), where other non-normal distributions with support

(0, 1) may be used at the linking level.

Normal-Logistic (NL) model: The Normal-Logistic (NL) model for modeling proportions or
probabilities can be considered by changing the level 2 under the FH model in 1.6, using a logit

transform °. This facilitates the modeling of the transformed proportions as a linear combination

3The logit transformation on 6 € (0, 1) is defined as: logit(f) = log,(7%;)
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of the auxiliary information. For small areas¢ =1,--- ,m :

Level 1 (sampling model): yi]6; N (0;, D;)
Level 2 (linking model): logit(6;)|3, A (S N(xi3, A). (1.8)

The sampling variances D;’s are not estimable from the aggregated area-level data {(y;, z;),i =
1,--+,m}. For the standard implementation of the FH and NL models, the sampling variances
D, are estimated using additional design information (within small areas), but errors due to the
estimation of sampling variances are generally ignored in the subsequent inferences. This is a
well-known deficiency of using an area-level model compared to that of a unit-level model. Even
then, these area-level models are widely used in practice because aggregate statistics can usually
be modeled using simpler distributional structures than individual observations. On top of that,
the aggregate models offer a natural way to incorporate survey weights in the model hierarchy,
which aids in accounting for the design-based features needed to be captured by the hierarchical
Bayes estimators.

Next, we illustrate the Normal-Logistic random sampling variance model (NL,s) model.
This can be viewed as an extension of the model proposed by [3] and used in this present form
by [2] in the context of analyzing smoking data from the 2008 NHIS (National Health Interview

Survey).

Normal-Logistic random sampling variance (NL,;) model: The Normal-Logistic random
sampling variance (NL,;) model can be obtained from the regular NL. model in 1.8 by aug-

menting the sampling variances at Level 1 of both FH and NL models given in 1.6, and 1.8. For
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small areas ¢ = 1, - - - , m, the model is given by:

Level 1 (sampling model): vil6; % N(6;, D; = 22—V DEFF)
n;
Level 2 (linking model): logit(6;)|3, A nd N(z3,A) (1.9)

where, ‘DEFF’ is the true design effect and is defined by the ratio of the variances under the given

design, to the variance under Simple Random Sampling (SRS).

DEFF — Vardesign

Y

Vars RS

where Vargegiq, is the true sampling variance of the survey-weighted estimates y;’s under the

given (possibly a complex) sampling design, and Vargrg is the true sampling variance of an

ng

SESE is often called

unweighted estimate under SRS of size n; with replacement. The quantity

the effective sample size (ESS) of area i, and denoted by n;.. ¢ . This concept is useful in assessing
the amount of independent information (sample size) from a complex survey sample. There are
ways of calculating n. s for a given problem. The most commonly used way is to calculate the

‘DEFF’, the design effect first, and then use the following formula to get the effective sample size

(negy):
n

= 1.10
"eff = DEFF (1.10)

A sample of size n.;s from an SRS would be expected to give the same precision as the n
observation units taken in the complex sample [8]. We present one novel way of calculating
this n;..s¢, for each small area, when we apply these area level models to a specific small area

estimation problem concerning a complex survey data in chapter 2. To maintain brevity in this
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review, we conclude our examination of area level models. Interested readers are encouraged to

explore the extensive collection of area-level models and their applications presented in this book

by [4].

1.3.2 Unit level models

In an area level model, the uncertainty arising from the estimation of the sampling variances
(D;) for the direct estimates (y;) cannot be directly addressed. To incorporate this additional
uncertainty, it becomes necessary to model observations within each small area individually. Let
i be the k™ unit within an areai; i = 1,--- ,m, and k = 1,--- ,n;. Where n, is the sample
size for the area 7. Such y;;;’s are referred to as the ‘units’ in this context. The unit level models
require availability of some unit level covariates, along with the usual area-level covariates. Unit
level covariates are not necessary for these models, because the area specific random effects can
still capture the presence of any correlation between the units within a given small area. A basic
unit-level model, incorporating only area-specific covariates, can be structured hierarchically as

follows:

Level | (sampling model):  yx|60; % N (6;,02)

Level 2 (linking model):  6;|8, A ™ N (28, 02). (1.11)

This can also be re-expressed in the form of a linear mixed model:

Yirk = Ti8 + v + €, (1.12)
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where the area specific random effects {v;} and the unit specific random errors, or sampling
errors {e;,} are mutually independent with v; <% N (0,02), and € < N(0,02). z;isap x 1
vector of known area level covariates. o2 and ¢ can be interpreted as the between and within
area unknown variance components, respectively.

The level 1 of the hierarchical model described in 1.11 inadvertently assumes exchangeabil-
ity by treating the units within each small area as being exchangeable. Exchangeability implies
that the order in which the units are observed within a small area does not affect the statistical
properties of the model. In other words, the model assumes that the units within a small area are
statistically identical or interchangeable with each other, allowing for the estimation of common
parameters across units within the same area. This is a strong assumption in most of the practical
scenarios. Such strong modeling assumption can be relaxed in presence of unit specific auxiliary
information for the sampled units, and some aggregated summaries for the non-sampled units for
each of the small areas. [18] considered such a model. This is an early application of a unit level
model, which is also a nested error regression model. They proposed this model to predict areas
under corn and soybean for 12 counties of North-Central Iowa using the 1978 June Enumerative
Survey (JES) as the primary survey data and satellite (LANDSAT) data as the source of auxiliary
variables. Refer to their paper [18] for further details. They considered the following nested error
regression model:

Vi = Tip B+ vi + €, (1.13)

wherei =1,--- ;m ,k=1---N,;, and z; is p X 1 vector of known covariates available for every
sampled units. The area specific random effects {v;} and the sampling errors {¢;,} are mutually

independent with v; ~ N(0,02), and e, = N(0,02). Such a modeling will naturally assume
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that this model will hold for all the units of the finite population. This is a common practice
for model-based small area estimation. In chapter 3, we propose an alternate way of modeling
sampled and unsampled units of the finite population. The model can be posed in a hierarchical

structure as well:

Level 11 yi|vi % N (2,8 + vy, 02)
Level 2:  v; 4 N(0,02), (1.14)
fori=1,--- ,m,andk=1,---, N,.

The unit models discussed thus far, that is in 1.12 and 1.13; and their hierarchical coun-
terparts in 1.11 and 1.14 can produce design-consistent estimators (discussed previously in 1.2),
only for a simple survey design—like SRS. This is because these models do not have the provision
for incorporating features of a more complex survey design, such as stratification and clustering
information. Such specific information are also not easily available for the publicly available
datasets, mainly for privacy issues. But, they contain survey weights, which are usually con-
structed keeping all the said complex features of the survey in mind. But the aforementioned
models cannot include survey weights either—because these models are typically posited on the
entire finite population, and the survey weights are available only for the sampled units. Thus,
more complex models are warranted for handling data from complex survey designs. [19] consid-
ered a two-fold nested error regression model for a certain survey data collected using a stratified

two-stage cluster sampling, where the strata were the small areas. Their model is given as fol-
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lows:

yl-jk:xgjkﬁ—l—vﬁ—uij%—eijk; Z:Lm,jlel, k'Il,“'Nij, (115)

where ;. is the response to the survey variable of interest for the k%" unit, within the j™ primary
sampling unit (PSU, also the clusters in this case), within the i** small area (strata). T;j 18 the
corresponding p x 1 vector of auxiliary variables. {v; YN (0,02%)} are the random area specific
effects, {u;; YN (0,02)} are the random within-area PSU effects, and {€;;s. YN (0,02)} are the
random sampling error. {v;, u;;, €;;x } are also mutually independent. The model 1.15 is assumed
on all the units of the finite population and is considered to hold for the sampled units as well.
This is only generally true for the case of simple random sampling of clusters (PSU) and the
subunits within the selected clusters (secondary selection units, or SSU). Typically, this holds for
sampling designs that make use of the auxiliary covariate vectors x;;;, in the selection scheme.
Different extensions of this model 1.15 have been considered by different authors. For example,
[20] studied the case of xgjkﬁ = 0B, V1,J,k. [21] considered only cluster specific covariates

xgjkﬂ = x;j B,V k =1,---N,;. Further extensions with useful examples are discussed in [4].

Generalized linear mixed effects unit level models: The models explored thus far in small area
estimation (SAE) are primarily designed for continuous survey response variables. However, in
applied survey statistics, binary and count response variables are frequently encountered. For
such applications within SAE, generalized linear models (GLM) prove particularly useful. For
an excellent overview of GLM, please refer to the book by [22].

In model-based inferences within SAE, GLM assumes independence of the responses.
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However, this assumption often does not hold in real-life situations due to potential correla-
tions among observations. For instance, in the two-fold nested error regression model used for
two-stage cluster sampling (see Model 1.15), the responses of units within a cluster tend to be
correlated due to shared geographical characteristics. This correlation is a common occurrence in
multi-stage cluster sampling. In such cases, a simple GLM with fixed effects may not effectively
capture this correlation. Generalized linear mixed-effects models (GLMM) provide a solution in
such scenarios. Suppose that y;; = 0, or 1 be the binary outcome variable of interest for the
k' unit within the i** small area, and let x;;, be the corresponding p x 1 unit specific vector of
auxiliary information; ¢ = 1,--- ,m; k = 1,--- ,n;. The usual parameters of interest are the

small area proportions:

> Y

Yi:k:]lv =P,,say,i=1,---,m.

In this context, [23] assumed the y;;|6;; “ Bernoulli(6;;). Then they used a logit link function
to relate the transformed 6;;’s with the known unit level covariates. The model in a hierarchical

structure can be described as follows:

Level 1: vy |0ix ind Bernoulli(6;y),
Level 2:  logit(6;.) = x}.8 + v;,

Level 3:  v; 0 N(0,02). (1.16)
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Naturally, the interpretation of the 6;;.’s can be carried out in the usual fashion:

Yik = 1, W. p. Gik,

=0, w. p. (1 —6y). (1.17)

There have been many works done on applying variations of such unit level models to real-life
problems. One notable variation can be found in the model considered by [24]. They considered
a logistic regression model with random regression coefficients to estimate the true area level
proportions using the National Health Interview Survey (NHIS) data. This is an example of a
multistage, personal interview-based sample survey that is conducted annually by the National
Center for Health Statistics (NCHS). Other relevant works include those by [25], [26], and [27],

among others.

1.4 Inference using the small area models

So far, we have discussed various models used in applied small area estimation. We have
gone through the modeling aspects but glossed over the estimation and inference procedures.
Now, we aim to seize this opportunity to delve deeper into the inferential procedures associated

with model-based small area estimation.

1.4.1 Parameters of interest

In small area estimation (SAE) model-based problems, the main parameters of interest en-

compass both survey-specific characteristics and model-related components. Survey parameters
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of interest typically include small area parameters, such as means, proportions, or totals, which
represent key attributes of the population within each small area. Oftentimes, we are also inter-
ested in assessing their estimation errors. This, in turn, provides us with the tools to carry out
various hypothesis testing. These parameters are directly related to the survey data and serve as
the focal points for the small area estimation. On the other hand, model parameters encompass
various elements associated with the statistical models utilized in SAE, including fixed effects,
random effects, and model hyperparameters. Fixed effects represent systematic relationships be-
tween the small area parameters and covariates (auxiliary data), while random effects capture un-
observed variability, spatial dependencies, etc. Hyperparameters govern the distribution of other
parameters in hierarchical Bayesian models, playing a crucial role in shaping the overall estima-
tion process. Together, these parameters facilitate accurate inference and enable researchers to
derive meaningful insights about small area characteristics from survey data, along with various

other auxiliary data.

Notations: Let us now give the mathematical definitions of the parameters and the associated

concepts. Remaining consistent with the notations used thus far, we shall refer to Y;;, as the value

of the survey variable of interest for the k*" unit within the i*" small area; i = 1,--- ,m, k =
1,---, N;. We define the small area population means as:
N;
. > Yk v
Vit =qri=lom (1.18)

where Y; is the corresponding small area population total for this particular characteristic.

In many practical scenarios, the Y;;’s often take binary values, representing the presence or
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absence of a certain variable of interest within each small area 7. In such cases, the population
total corresponds to the count of the observed characteristic within the small area, while the mean
represents the population proportion of the observed characteristic within that area. Following a
survey, we observe y;,. fori = 1,... ,mand k = 1, ..., n;, indicating that n; units out of the total
N; units within each small area ¢ have been surveyed. All estimations and associated inferences
must be based on these observed values of the population characteristic of interest.

Various methods exist for estimating the parameters of interest within small areas. In chap-
ter 1.2, we explored methods employed using the sampling design utilized in the sample survey,
discussing concepts such as design-unbiasedness, consistency, and the potential for estimation
errors. However, when it comes to model-based inference, the empirical best prediction (EBP)
approach and the hierarchical Bayes (HB) approach stand out as the two most commonly utilized
methods. The EBP approach is based on ‘classical’, or ‘frequentist’ methods, like maximum
likelihood estimation (MLE), restricted maximum likelihood estimation (REML), and method of
moments (MOM) estimation of the model parameters. Whereas the HB approach is based on the
‘Bayesian’ way of assuming priors on the model parameters and calculating the estimates based
on the posterior distributions. [28], [6], and [4] give extensive reviews of the EBP and the HB

approaches.

1.4.2 Empirical Best Prediction (EBP)

In the area level models in 1.6, 1.8, 1.9, we were modeling the direct estimates simulta-
neously with the true population parameter, using hierarchical models. Using the same nota-

tions, we call the population parameter of interest 6; for small area 7. y; is the direct estimate
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of 0;. The error in estimation is usually quantified by the direct design-based estimate of the
sampling variances D; of y;. In most applications of model-based SAE, we assume that the pair
vi, D;, 1 =1,...,mis known. Using the FH model in 1.7 as a reference, and by further assuming
that the model parameters—(3, A—are known, we can give the best predictor (BP) by minimizing

the mean squared prediction error (MSPE). This quantity is defined as:

MSPE(;) = E(6; — 6;)%, (1.19)

where the expectation is taken under the model. In our case, the FH mixed model is described in

1.7. The BP of 6, thus obtained is given by:

0PF (yi; B, A) = (1 — B,)y; + Bixl)B, (1.20)

with the MSPE of #57"
MSPE(0P") = (1 — B))D; = g1:(A), say, (1.21)
where B; = =2 is called the ‘shrinkage factor’. Naturally, when D; — 0, meaning that we

Di-i-A

observe y; with very low estimation error, the model based BP is dominated by y; and relies
less on the ‘synthetic’ part ([4]) z;3. Conversely, if for some area i, possibly with very low (or
no) sample size, where the direct estimate y; is observed with high a D;, the model based BP
will depend more on the synthetic part /3, and give less weight to the direct estimate y;. B;
determines this level of mixture between the synthetic and the direct estimate, and hence, it is

called the shrinkage factor.
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Next, we relax the assumption of the known regression coefficients 3’s and assume that
only A is known. Then the best linear unbiased predictor (BLUP) of 6; is obtained by minimizing
the MSPE (91) among all linear unbiased predictors of 6;, that is, the predictors of the form:

{6;=>" lijy; E(0; — 6;) = 0}. The BLUP is given by:
j=1
6P (yi; A) = (1= By + Bl (A), (1.22)

where BWLS is the weighted least square (WLS) estimate of 3, with the weights being {(1 —
B;), i = 1,...,m}. The expectation here is also taken under the same linear mixed model 1.7.
This BLUP can be obtained by using Henderson’s theory [29] on estimation from linear (mixed)
models. The usual WLS estimate of /3 is obtained by minimizing the weighted sum of squares of

the residuals and is given by:

m

BWLS = BWLS(A) = (Z(l - Bﬂayw})

Jj=1

1

m
j:

Note that, 1.20 and 1.22 are identical, except for the 5 part. We can obtain 1.22, by simply

replacing 3 with its WLS estimate 3"~ in 1.20. The MSPE of this BLUP is given by:

J

m —1
MSPE(P"WPY = (1 - B,)D; + B - &/, (Zu - Bj)xjx/) ;) (1.24)

j=1

= g1,(A) + g2i(A), say, (1.25)

-1
where go;(A) = B? - 2 (Zm (1-— Bj)xjx;) x; is the extra variability due to the WLS es-

i j=1

timation of the regression parameters (3, on top of g;;(A), reflected on the BLUP of §;. Now,
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under the standard regularity conditions, gi;(A) = O(1), whereas, go;(A) = O(m™1), for large
enough m, the number of small areas. In the context of small area higher-order asymptotics,
g1:(A) contributes more to the M SPE(éi) than go;(A) [14].

In practice, however, the variance components are due to the random effects in 1.7, namely
A, is not known. The empirical best prediction approach for estimating 6;, is based on replacing
A with an estimated value A in the BLUP, obtained through the standard variance components’
estimators. Such estimates can be obtained by using the method of moments ([1], [30]), max-
imum likelihood (ML), or the restricted maximum likelihood (REML) estimation. Note that
these are all based on the frequentist idea. Furthermore, since such an estimate fl, works as a
plug-in estimator (based on the empirical evidence) in the BLUP, such an estimate 0; is called
éiEBLUP

an empirical best linear unbiased predictor or EBLUP. A critical drawback of produced

in such a way is that the MOM, ML, and REML estimates of A can often yield an estimate of

N\EBLUP N\EBLUP
0; 0;

0. In such cases, the reduces to = /3, the synthetic estimate, for all the areas
1 =1,...,m. The direct estimate, y;, gets no weight at all, however big the sample sizes may be
for the individual small areas. Adjustment to density method (ADM) proposed by [31] can tackle
this problem of 0 estimates with good asymptotic properties. For an extensive review of different
ways of estimating the variance component, please see [6]. Comparing the estimation of variance
components to assessing their uncertainties due to estimation, the former is generally considered
a relatively simpler task. There have been many works done in the SAE literature to address
this issue. [30] used a mean square error (MSE) criterion to measure the M SPE(§FBLUP) for
a longitudinal mixed linear model that covers both the FH model and the nested error regression
model (like the Battese-Harter-Fuller model in 1.13). Resampling-based methods, such as jack-
knife and parametric bootstrap have been proposed for approximating the MSE of the EBLUPs.
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Please see these review papers by [6], and [32] for extensive reviews of estimation, and the MSE

estimation of EBLUP.

1.4.3 Hierarchical Bayes (HB)

Hierarchical Bayesian methods represent a powerful framework for model-based small area
inference, leveraging posterior distributions of model parameters given the observed data to pro-
duce reliable estimates for spatially disaggregated data. At the core of hierarchical Bayesian
modeling lies the incorporation of hierarchical structures, which capture the multi-level nature
of the data-generating process and allow for the estimation of parameters at different levels of
aggregation.

In the context of small area inference, hierarchical Bayesian methods typically involve two
levels: a population-level model and an area-level model. The population-level model describes
the overall distribution of the target variable across all small areas, incorporating global parame-

ters that characterize the population distribution. Mathematically, this can be represented as:

yil 0 ~ f(0;),

6;|¢ ~ Population Model(¢),

where y; represents the observed data in small area ¢, §; denotes the latent parameter associated
with area 7, and ¢ represents the hyperparameters governing the population-level distribution. The
function f represents the likelihood of the data given the parameters, which can vary depending
on the specific modeling assumptions and the nature of the data.

The area-level model captures the variability across small areas and accounts for local
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characteristics that may influence the target variable. This model typically involves specifying a
distribution for the area-specific parameters conditioned on the population-level parameters, thus
enabling the borrowing of information across areas. Mathematically, the area-level model can be

expressed as:

0;|n; ~ Area Model(n,),

where 7); represents the hyperparameters governing the distribution of parameters at the area
level. The choice of the area-level model depends on the characteristics of the data and the
spatial structure of the small areas. Similar specifications can be done for unit-level models, as
described previously in section 1.3.2.

One of the key advantages of hierarchical Bayesian methods is the ability to incorporate
prior information and external sources of data to improve inference. Priors can be specified for
both population-level and area-level, and/or unit-level parameters, allowing researchers to incor-
porate domain knowledge and existing information into the modeling process. This facilitates
robust estimation, especially in cases where data are limited or noisy.

Furthermore, hierarchical Bayesian methods naturally accommodate uncertainty estima-
tion through the posterior distribution, which provides a comprehensive representation of uncer-
tainty in the estimated parameters. By sampling from the joint posterior distribution p(n|y) of
model parameters 7 given the observed data y, researchers can obtain credible intervals and pos-
terior predictive distributions for small area estimates. This enables quantification of uncertainty
and robust decision-making based on the level of confidence in the results. In practice, posterior

samples are drawn using Markov Chain Monte Carlo (MCMC) methods, such as Hamiltonian
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Monte Carlo (HMC), to explore the high-dimensional parameter space and obtain samples from
the posterior distribution. These samples are then used to estimate the posterior mean, credible
intervals, and other summary statistics of interest.

Hierarchical Bayesian methods provide an exceptionally versatile and powerful framework
for model-based small area inference. By utilizing posterior distributions of model parameters,
they offer a reliable means of producing estimations and quantifying uncertainty in spatially

disaggregated data.

1.5 Markov Chain Monte Carlo using Stan

In this thesis, we carry out all the Bayesian computations using Stan ([33]). Stan is a
probabilistic programming language that uses Hamiltonian Monte Carlo (hereinafter HMC)—a
Markov Chain Monte Carlo method that utilizes the derivative of the posterior density function
(being sampled) to generate efficient transitions spanning the posterior distribution. It uses an
approximate Hamiltonian dynamics simulation based on numerical integration, which is then
corrected by performing a Metropolis-Accept step. The goal of the sampling is to draw from the
posterior density, say p(7]y), of the model parameters 7 given the data y.

For the sake of illustration, let us use one of the models we use in this thesis. Using this
model, let us now briefly explain the key steps of HMC for estimating model parameters of the
proposed model in 3.2. Stan can work with an unnormalized posterior density as long as it is a
proper posterior density. There are ways around drawing from improper posteriors in Stan, but

we refrain from furthering that discussion here. For the model 3.2, this unnormalized posterior
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density of interest is given by:

P c m
p(7ly) oc N(a|0,5%) - T N(8,]0,5%) - [ N(&0,5%) - N(AJ0,5%) - [ ] N (wi[0, 07)-
p=1 c=1 =1

m G
TTTI(uil0,07) - Cauchy* ([0, 5) - Cauchy™ (a0, 5)-

=1 g=1

m G Mig m G Mig

TTTITI V@il 8.6 X o2, 0) - TT LT LT /1 gk Oigns V(Oigr)) - 7(V (Bigi)),
i=1 g=1 k=1 i=1 g=1k=1

(1.26)

where 7(V (0;4)) is a proper prior distribution on the QVF 7(V (6,,)). Since we have used
proper prior distributions for all model parameters, the resulting posterior density will also be
proper (i.e., a finite integral of the unnormalized specification). This posterior can be coded in
as the ‘target posterior density’ distribution using the programming language specific to Stan.
As is the case with many practical applications, the exact posterior distribution of 1.26 is also
intractable. Stan will use HMC to draw samples from an approximate posterior and then correct
those draws to improve approximation to the target posterior density p(7|y). HMC introduces
an auxiliary ‘momentum’ (as is understood in classical physics) vector p, having the same di-
mension as our model parameters 7, and draws from the joint distribution of (p,7) given the
data—p(p, T|y). In most applications of HMC, including Stan, this auxiliary density is a Multi-
variate Normal that does not depend on the model parameters 7; p ~ M N (0, M), where M is
called a ‘mass’ matrix. The mass matrix is essentially an Euclidean metric and can be seen as
a transformation of the parameter space that makes the sampling task more efficient. Here is a
brief outline of how Stan implements the HMC technique:

HMC proceeds in a series of iterations (see [34], [33]) with each iteration having the fol-
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lowing 3 steps:

1. Introduction of a momentum: The iteration begins by updating p with a random draw
from M N (0, M), independently of 7, the current values of model parameters. To make
the algorithm more efficient, it can be useful for M to roughly scale with the inverse of the
posterior covariance matrix (var(7|y))~'. This is why, by default, Stan sets M ~! equal to

a diagonal estimate of the covariance computed during the warm-up phase.

2. Solving the joint system of the current parameter values 7 and p: The main part of the
HMC iteration is a simultaneous update of (7, p) conducted effectively via a discrete mim-
icking of the Hamiltonian dynamics for a physical system of a very specific structure—and
the introduction of the auxiliary variable p makes sure of just that. This step is all about
numerically solving a system of two-state differential equations induced by the paired time
derivatives of (7, p). These differential equations involve the gradients of the log posterior
density for each of the model parameters. Stan uses the well-known leapfrog integrator to
obtain solutions to these paired time differential equations. This second step has 3 further
sub-steps that need to be repeated L times. Details are omitted for brevity, but we refer the

readers to [34] for an excellent review of this step.

3. Metropolis-Accept step: Label 707! and p'~! as the values of the parameter and the mo-
mentum vectors at the start of the leapfrog step, and 7* and p* as the values obtained after

using the L steps of the previous step. In this final step, make an update according to the
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following rule:

MﬂWVMﬂ)>

T S, w.p.man | 1,
< p(mHy) - p(p1)

7t=1  otherwise.

Strictly speaking, it would be necessary to set p* as well, but since we are not interested
in p, and it gets immediately updated with a fresh draw at the very beginning of the next
iteration, there is no need to keep track of it after the Metropolis accept-reject step has been

performed.

From equation 3.1, our parameter of interest can be written down as: Y; ~ ©,. Thus, to estimate
the population parameter of interest: Y;, we use the posterior draws {G_Z(T), r=1,---,R} of
0;. The posterior mean (Bayes estimate) and posterior standard deviation (standard error) of 0;
are approximated by the average and standard deviation of {élm, r =1,---, R}, respectively.

Different quantiles of the posterior distribution of ¢; are approximated by the empirical quantiles

of {6, r=1,--- R}

1.5.1 Model comparison in Stan

Let us now briefly discuss the model comparison (or selection) capabilities that Stan has
built in, simply as a by-product of the log posterior density calculation that Stan does anyway
for sampling from the posterior [35]. The R-package 1oo [36] provides a quick and convenient
way to diagnose and compare model fits, and we have used the same in this work. Although the
capabilities are built-in, implementations, however, are not automatic. This is simply because

there is a need to compute separate factors: p(y;|7) in the likelihood. Stan works with the joint

31



density and in its usual computations, does not “know” how to differentiate between the prior
and the likelihood factors that go into the calculation. Thus, in order to compute these measures
of predictive fit in Stan, we, the users, need to explicitly code the terms of the log-likelihood in a
vectorized fashion. Then we can employ the package 100, to pull apart the separate terms and
compute cross-validation measures at the very end, after all the simulations have been completed.
The software computes approximate Leave-One-Out Cross-Validation (LOO-CV) using Pareto
smoothed importance sampling (PSIS), a relatively new procedure for regularizing importance
weights. We refer to [35] for a detailed discussion on ‘loo” with Stan. As a byproduct of the
calculations, 1oo can also obtain approximate standard errors for estimated predictive errors
and for comparing predictive errors between two models. We have used PSIS-LOO-CV instead
of WAIC (Widely Applicable Information Criterion — an alternative approach to estimating the
expected log pointwise predictive density) because PSIS provides useful diagnostics and effective
sample size and Monte Carlo standard error estimates (see [35]). When comparing any two
fitted models, the package can estimate the difference in their expected predictive accuracy by

the difference in their eli)d the Bayes Leave-One-Out estimate of the expected log pointwise

loo?
predictive density (elpd). This difference will be referred to as elpd_diff in the subsequent
sections, whenever needed. For a large enough sample size (used to fit the data) this difference is

an approximate standard normal distribution. This will facilitate all the model comparisons that

we have used in this research.
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1.5.2 MCMC diagnostics

In the context of Markov Chain Monte Carlo (MCMC) diagnostics, effective sample size
(ESS) and the Gelman-Rubin statistic (R-hat) are crucial metrics used to assess the quality of the
samples generated by the MCMC algorithm and to determine if the chains have converged [34].
1. Regular Effective Sample Size (Regular_ESS): The regular ESS, often simply referred to
as ESS, is a general measure of the effective sample size that considers the entire MCMC chain,
including both the initial transient phase (burn-in period) and subsequent samples. It provides an
overall assessment of the efficiency of the MCMC algorithm in exploring the target distribution.

Mathematically, the ESS can be calculated using the formula:

n
S=——F
1+2Zt:1pt

where:
* n is the total number of samples.
* T'is the lag or thinning parameter.
* p; 1s the autocorrelation at lag ¢.

A common estimate of p; is:

> (Xi = X)Xy = X)

=1

L X

where X, represents the i-th sample, and X represents the sample mean.
2. Bulk Effective Sample Size (Bulk_ESS): The bulk ESS refers to the effective sample size
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calculated from the central portion of the MCMC chain, excluding the burn-in period. It measures
how efficiently the chain explores the typical set of the target distribution. Mathematically, the

bulk ESS can be defined as:

n

Bulk_ESS = S —
142 Zt:l Pt

where the parameters are the same as in the regular ESS formula. The bulk ESS focuses on the
central portion of the chain and excludes the initial transient phase.

3. Tail Effective Sample Size (Tail_ ESS): The tail ESS measures the effective sample size
considering only the tail portion of the MCMC chain, which represents the exploration of the
tails of the target distribution. It is particularly useful when the tails of the distribution are of
interest, such as in extreme value analysis or rare event simulation. Mathematically, the tail ESS

can be defined similarly to the regular ESS, but considering only the tail portion of the chain:

nr

Tail ESS = ————=—
1+230

where np is the number of samples in the tail portion of the chain.

4. Gelman-Rubin Statistic (fi): The Gelman-Rubin statistic, commonly denoted as }? is a di-
agnostic tool used to assess the convergence of multiple MCMC chains. It compares the variance
between chains to the variance within chains, with values close to 1 indicating convergence. A
common formulation for calculating Ris by comparing the variance between chains (B5) to the

variance within chains (IV):

Var(W)

R = 5

where:
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* Var(W) is the average of the within-chain variances.
¢ B is a measure of the variance between chains.

Each of these measures provides valuable insights into the efficiency and convergence properties
of the MCMC algorithm in different contexts. Regular ESS, Bulk ESS, and Tail ESS offer as-
sessments of sample quality, while R helps diagnose convergence issues when multiple chains
are used.

According to [34], optimal choices of n.g and R values play a crucial role in diagnosing
the quality of posterior samples in applied Bayesian statistical analysis. They recommend run-
ning the simulation until the effective sample size (n.g) is at least 5m, where m is twice the
number of independent chains or sequences. This criterion helps ensure that a sufficient num-
ber of effectively independent samples is obtained accurately spanning the posterior distribution
space. Additionally, they propose using the Gelman-Rubin statistic (R) to assess convergence
and chain equilibrium. An R value close to 1, but less than 1.1, is indicative of chain equilibrium,
suggesting that the multiple chains have converged to the target distribution.

These guidelines provide practical heuristics for MCMC practitioners to evaluate and en-
sure the quality of their posterior samples, ultimately enhancing the reliability of Bayesian infer-

ence.

1.6 Multilevel Regression and Poststratification (MRP)

In Bayesian statistics, Multilevel Regression and Poststratification (MRP) ([37]) is a widely
used method for adjusting survey estimates to account for nonresponse bias and data sparsity.

MRP operates in two stages where it first employs a multilevel regression model to predict the
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outcome measure based on a set of covariates, then post-stratifies the model predictions to obtain

population-level estimates.

1. Model Specification: In the first stage, MRP fits a multilevel regression model to the
observed data. Let y denote the outcome variable of interest, and X represent the matrix
of covariates. The multilevel model specifies a linear predictor for the mean response 6

within each poststratification cell j. Mathematically, this can be expressed as:

0]- = Xj,@j + Uj

where X; represents the design matrix for poststratification cell j, 3, is the vector of fixed
effects coefficients, and u; denotes the random effects capturing the variability between

cells.

2. Poststratification: In the second stage, MRP aggregates the cell-level estimates 8; to ob-
tain population-level estimates. Let /V; denote the known population size of cell j. The
MRP post-stratified estimate for a small area ¢ is given by:

QMRP Zjei NJ'HJ'

B Zj €1 N J
where 0; represents the model-based estimate for cell j. This weighted aggregation allows

MRP to produce reliable estimates even for small areas with sparse data.

The core assumptions of MRP entail uniform inclusion probabilities for individuals within cells

and the similarity between those included and excluded (in the sample). Moreover, MRP heavily
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depends on reliable population counts sourced from extensive surveys such as the Census and
the ACS (American Community Survey). These foundational assumptions are critical for the
integrity of the poststratification process and the precision of the ensuing estimates. While MRP
has demonstrated efficacy across various Small Area Estimation contexts, as evidenced by studies
like [38], [39], [40], and [41], among others, meticulous scrutiny of the underlying assumptions

and model specifications are imperative to uphold the credibility of the outcomes.

1.7 Discussion and Organization of the Dissertation

In this final subsection, we provide a brief overview of the structure and content of the
dissertation.

Chapter 2 delves into pertinent issues within the poverty mapping literature. With a focus
on multidimensional poverty measures, we explore the synthesis of scores from various dimen-
sions to gauge poverty levels comprehensively. Our investigation aims to elucidate the contribu-
tions of individual dimensions to overall poverty scenarios at the small area level. Additionally,
we address the challenges encountered in estimating the proportions of impoverished individuals
based on household-level survey data, proposing adaptable solutions tailored to similar contexts.
This chapter endeavors to bridge research gaps in multidimensional poverty mapping.

Chapter 3 presents a unified methodology for estimating small area means. Unlike con-
ventional approaches that rely on explicit models for the finite population, our method intri-
cately models the sampled units. This nuanced approach offers several advantages, including
extensive validation of the explicit sample model and incorporation of both sample weights and

model-based estimates for enhanced robustness and reduced sensitivity to model misspecifica-

37



tions. Moreover, our methodology effectively handles informative sampling scenarios, ensuring
reliable small area estimates by leveraging information from disparate data sources.

In Chapter 4, we specialize the model introduced in Chapter 3 to accommodate survey
responses with more than two categories. Furthermore, we scrutinize the issue of biased or infor-
mative sampling, demonstrating the pitfalls of employing identical models for both population
and sample in such scenarios. We compare our proposed methodology with Multilevel Regres-
sion and Post-stratification (MRP), a popular approach in Small Area Estimation literature, high-
lighting the limitations of MRP when faced with informative sampling. Despite MRP yielding
estimates with lower standard errors, our method offers more reliable inference, especially in
contexts where national survey-based estimates serve as reliable benchmarks.

Finally, Chapter 5 concludes the dissertation with discussions on the findings and potential

avenues for future research.
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Chapter 2: Multidimensional Poverty Mapping for Small Areas

2.1 Introduction

The United Nations (UN) established the Sustainable Development Goals (SDGs) in 20135,
which comprise 17 goals and 169 targets. These goals are part of the 2030 Agenda for Sus-
tainable Development and represent a global effort to encourage all countries and stakeholders
to collaborate in order to eliminate poverty, preserve the environment, and promote peace and
prosperity for all people by the year 2030. These 17 SDGs have more than 210 indicators. These
indicators are used to measure progress toward achieving the goals and cover a wide range of
topics, including poverty, health, education, gender equality, and sustainable development. Each
goal has a specific set of indicators, and some indicators are shared across multiple goals. Re-
liable disaggregated data is critical for achieving Sustainable Development Goals because the
goals aim to be inclusive and comprehensive. Disaggregating data by factors such as age, gender,
income, and location helps policymakers identify specific needs and challenges faced by different
groups and design tailored policies and programs to address them. This approach ensures that all
segments of society are accounted for and no one is left behind in the pursuit of the SDGs.

The very first of these 17 goals is ‘No Poverty: End poverty in all its forms everywhere.’
The primary indicators for this goal include measuring the proportion of the population living

below the international poverty line, the proportion of the population covered by social pro-
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tection systems, and the proportion of the population living in households with access to basic
services. These indicators help measure progress toward the goal and inform policy development.
There are multiple approaches to conceptualizing poverty: unidimensional poverty and multidi-
mensional poverty. Unidimensional poverty measures are based on a single dimension, usually
income or consumption. Such a monetary approach is the earliest attempt at defining poverty
by assessing individuals or household welfare in terms of income or consumption. The multi-
dimensional approach considers the set of different disadvantages experienced by poor people
simultaneously, such as deprivation in health, education, nutrition, and lack of clean water etc.
Sen’s Capability approach ([42]) provides a broad normative framework for assessing in-
dividual well-being and the nature of poverty. This laid the philosophical foundations for the
multidimensional poverty measures that followed. The Fuzzy Set method (see [43]) and Counting
method (see [44]) are predominantly used to measure multidimensional poverty. Recently, [45]
proposed a Synthesis method, which is a well-organized amalgamation of these two techniques.
Multidimensional poverty measures have become feasible due to the availability of household
survey data. Multidimensional measures of poverty allow for the quantification of poverty from
different dimensions by incorporating multiple indicators of poverty. This enables a more com-
prehensive understanding of poverty, including its multiple dimensions and how they interact,
which, in turn, can inform more effective poverty reduction strategies. These measures can also
identify the most disfavored individuals or groups, enabling targeted interventions to address
their specific needs. Such multidimensional measures of poverty offer more than just an overall
measure that combine various dimensions. They can also help quantify the impact of individ-
ual dimensions, which can help identify areas of concern and allocate resources accordingly to

address issues associated with each dimension.
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In this research, we consider the multidimensional synthesis poverty measure introduced
by [45]. They selected dimensions based on popular literature and kept Goal 1 of the SDGs
into consideration. The three main dimensions that they considered are Material Deprivation
(MD), Deprivation of Social Dimension (SD), and Deprivation of Human Capital (HC). Material
deprivation includes housing facilities, consumer durables, and clothing. Deprivation of social
dimension considers social network, dignity, and autonomy. Deprivation of human capital covers
education, employment, health, and nutrition.

We develop models and methods to estimate relative contributions from different dimen-
sions of poverty as well as a composite poverty measure incorporating all dimensions for a gran-
ular level. The use of small area modeling in the context of poverty assessment is commonly
known as Poverty Mapping. In these smaller regions, there is usually limited or no information
available from surveys, making it essentially a small area problem. Numerous papers, including
those by [18], [1], [2], and [46], discussed the challenges of small area estimation and potential
solutions. However, despite the existing literature on poverty mapping, there is currently no study
that specifically addresses the estimation of relative contributions from different dimensions of
poverty, utilizing careful small area modeling tools and techniques. This research aims to bridge
that gap and contribute to the poverty mapping literature by addressing these important aspects.

In order to tackle these challenges, we adopt an approach that involves incorporating area-
level auxiliary information from reliable external sources. The availability of trustworthy area-
level auxiliary data is crucial for accurate estimation at granular levels (small areas). We employ
multivariate joint modeling to effectively estimate the relative contributions of three dimensions
at small area levels. This allows us to understand the relative importance of each dimension in

measuring poverty. Moreover, we develop a model for the multidimensional composite measure,
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which enables us to generate poverty estimates for small areas. By following this comprehensive
approach, we aim to derive more reliable and insightful poverty assessments at granular levels.
The rest of this chapter is structured as follows: We start by briefly describing the data set
that we have used in this research in section 2.2. Section 2.3 discusses the necessary small area
model and method for measuring relative contributions from different dimensions of poverty.
Section 2.4 explores models to estimate multidimensional composite measures and associated
uncertainty measures for small areas. In section 2.5, we present results obtained from applying
the proposed models and methods to the Sri Lankan data. Moreover, we present key findings from
these applications. Finally, we conclude this chapter by summarizing our findings and discussing

potential avenues for future research and extensions.

2.2 Data Description

The primary data for the analysis conducted in this research, aiming to identify impover-
ished individuals residing in the Uva province of Sri Lanka, is based on the “Synthesis method”
proposed by [45]. We prepared the set of aggregated-level covariates for our modeling from the

Sri Lankan 2012 census data.

2.2.1 Primary survey data

The authors [45] designed both the sample and questionnaire for a household survey con-
ducted in the Uva province of Sri Lanka. This survey employed a well-structured, pre-tested
questionnaire consisting of close-ended questions tailored to the study’s objectives. It was car-

ried out over the period of November 2016 to January 2017.
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The survey utilized a stratified two-stage sample design across two districts within the
Uva province: Badulla and Moneragala. These districts were further divided into five strata,
representing different regions. Badulla has the urban, rural, and estate regions, and Moneragala
has the rural and estate regions. Within these regions, Primary Sampling Units (PSUs) were
selected based on a probability proportional to size (PPS) scheme. The total sample size of 1200
housing units was allocated across the strata, with 120 PSUs chosen to represent various socio-
economic groups within the province. Of these, 78 PSUs were from the Badulla district, while
42 were from the Moneragala district.

In the second stage of sampling, Secondary Sampling Units (SSUs) were systematically se-
lected from each PSU. Ten housing units (SSUs) were systematically selected from each selected
census block (PSU) for inclusion in the survey. All households within these selected housing units
were surveyed, with information collected through face-to-face interviews. The survey collected
data on the general characteristics of both individuals within households. The study’s reference
population comprised all individuals aged eighteen and above residing in the Uva Province of Sri
Lanka, with the individual who responded during the interview serving as the unit of analysis.
The selection of respondents within households was not based on any specific method. Respon-
dents were typically individuals over the age of 18 residing in the household. The survey aimed
to enumerate all households within the selected housing units and face-to-face interviews were
conducted to collect information on the general characteristics of individuals within households.

The survey targeted a total of 1193 respondents, out of which 730 were female and 463
were male. The sample aimed to be representative of all socio-economic groups within the Uva
province. However, for the analysis conducted in this research, only records with complete infor-

mation on the selected variables were considered. As a result, the analysis utilized information
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from 731 out of the 1193 respondents.

For the analysis, a binary response variable indicating poverty status (1 for poor, O for
non-poor) was derived from the composite multidimensional measure. They considered multi-
ple indicators of poverty, combining them into three different dimensions. Based on the scores
and cut-offs for these 3 mutually exclusive and exhaustive dimensions, they created their final
composite measure. Using a separate cut-off again, they finally created the binary variable, ac-
counting for the person level poverty status. This variable was employed to estimate poverty at
lower administrative divisions using Small Area Estimation (SAE) modeling techniques. In the
sections that follow, we will talk about certain challenges we faced, even after careful design and

collection of the data by the said authors.

2.2.2 Auxiliary data

Small area literature talks about the importance of the availability of good administrative
records suitable for the response variable. Having these different kinds of data, possibly from dif-
ferent levels, such as area level aggregates or summaries, or unit-level information, increases the
flexibility of the hierarchical models [4]. The auxiliary variables (z) used here in this study were
derived from the 2012 Census of Population and Housing conducted by the Department of Cen-
sus and Statistics of Sri Lanka. These variables included “floor”, “ownsMobile”, “waterSafe”,
“ownsTV”, “wall”, and “toilet”, representing percentages of households with specific character-
istics aggregated to Divisional Secretary’s Divisions (DSDs) within the Uva province. “Floor”

represented the percentage of households with permanent flooring materials, “ownsMobile” in-

dicated the percentage with mobile phone ownership, “waterSafe” represented households with
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access to safe drinking water, “ownsTV” indicated households owning a television, “wall” repre-
sented households with permanent wall materials, and “toilet” indicated households with access
to improved sanitation facilities. For more details on how the different indicators were chosen,
how they were combined into the different dimensions, and the details about the selection of

cut-offs, readers are encouraged to read their work [45].

2.3 Relative Contributions from Different Dimensions of Poverty: Notations,

Definitions, and Modeling

In this section, we delve into the intricate dimensions of poverty and explore their rela-
tive contributions to the small areas’ poverty landscape. By establishing clear notations, defining
key concepts, and formulating appropriate models, we aim to gain deeper insights into the mul-
tifaceted nature of poverty and its underlying determinants. We seek to unravel the complex
interplay between various poverty dimensions and their impacts on individuals and communities
through rigorous analysis and modeling techniques.

In our study, we adopt a multidimensional approach to measure poverty, as outlined in
[45]. This approach, known as the ‘synthesis method,” integrates diverse poverty indicators into
distinct ‘dimensions.” By amalgamating these dimensions, the method generates a comprehensive
assessment of poverty, represented by a singular score. Through the application of a predefined
threshold, the authors dichotomized the composite measure, assigning a value of 1 to individuals
classified as poor and O to those deemed non-poor. The dimensions identified in their study
include ‘material deprivation,” ‘social deprivation,” and ‘human capital.” For detailed insights into

these dimensions, their corresponding scores, the designated thresholds, and the methodology
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employed for their determination, we direct readers to the original work by [45].

During our exploration of modeling techniques for the composite measure, aimed at making
inferences for smaller regions within the Uva province, a pertinent query emerged: Is it feasible
to jointly model the various dimensions represented by their assigned scores? Such an approach
holds the potential to address a crucial scientific inquiry regarding the relative contributions of
each dimension to the individual-level poverty status observed across the small areas within the

Uva province.

2.3.1 Notations

We will use of the following notations. For¢ =1,--- ,m; k=1,--- | K, define
* 0; = (01, - ,0;x) = vector of ‘true’ small area scores, of different dimensions of poverty,
for area i. Also, 0,1, ...,0;x are all greater than 0 and less than 1. This will be our small

area parameter of interest, which we aim to estimate through the use of modeling.

* yir: survey-weighted estimate of 6;;; denote Yi = (Yi1, - - -, Yirc)'- We use the survey design

to calculate these estimates from the person-level data.

* Y, = ((oigw)): aknown K x K sampling covariance matrix of y;. oy is the sam-
pling covariance between y;;, and y;;/. In practice, X; is often estimated using a smoothing

technique.

2.3.2 Model

With the notations set forth, we are equipped to devise a model aligned with our research
objective: discerning the relative contributions of various dimensions of poverty on the mul-
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tidimensional poverty for small areas. Given that the dimensional scores are uniformly O for
non-poor individuals, our model will focus solely on the impoverished population. In what fol-
lows, we present a hierarchical model that establishes a link between the true dimensional scores
of small areas and the available area-level covariates. While multivariate hierarchical models
have been employed in small area research previously, as seen in works like [47] and [48], our
approach differs significantly. Unlike these studies, our model incorporates unmatched level 2
linking models, and our parameter of interest varies. Moreover, to the best of our knowledge, this
specific type of multivariate unmatched model has not been utilized in the context of estimating
relative contributions of various dimensions in multidimensional poverty mapping. Hence, we

introduce the following Multivariate Normal Hierarchical Logistic model.

For small areasz =1,--- ,m,
Level 1 (sampling model): yil6: " MN(9;, ),
Level 2 (linking model): logit(6;)|3, A n MN (3, A), 2.1

where MN denotes a Multivariate Normal distribution, 3 is the vector of unknown regression
coefficients, and A is the unknown covariance matrix. We estimate 5 and A from the model,
given data. Note that the linking model facilitates the choice of different sets of auxiliary variables
(possibly from reliable external sources, different from the primary sample survey) for different
dimensions. This essentially models the direct survey-weighted estimates of 6; = (01, -+ ,0ix)’,

yi = (Yi1, - -+, Yir)" , with the reliable area level auxiliary data.
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2.3.3 Contribution of different dimensions

For the i'" area, we define the contribution of the k" dimension to the overall poverty as

Nik:
Oik
i ik

Uikze

This is our parameter of interest. Let us now turn our attention to the estimation of ;. Define
Y- the score for the k™ dimension of poverty for the j™ person in the i small area. We

propose the following smoothed estimate of o;,j:

R — Skk
Gk = Var(yix) = :
T keseff
where n; k..t = 2= is the effective sample size of the k" dimension in the i*" area; sy, is the

DEFF,,

pooled variance of y;;;, and is defined as:

> i Wigk — F.x)?
P-1

, P = # poor individuals in the sample.

Skk = y Yok

_ i Yigk
T Xl
Note that the scores for the non-poor individuals are 0. We will discuss general concepts of design
effect (DEFF), effective sample size (ESS), and the way we compute these specifically for our
work in Section 2.4. The calculation of the n; will follow the same method proposed in Section
2.4. DEFF, is the design effect corresponding to the k" dimension of poverty. To smooth the

covariance terms, o;.,/, consider the following identity:

Uar(:%k + yz’k’) = var(yik) + Uar(yik’) + 2cov(Yik, Yir' )-
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Using the above, we can get smoothed estimates of the o;.;4 as:

var(Yi + Yirr) — var(yu) — var (Y )
5 )

6i;kk’ = C/O\U(yika yik’) =

To smooth var(y;x + yir) we follow the method used to smooth var(y;,). But, we consider the

new variable: (y;jx + yijx) instead of just y; .

2.4 Multidimensional Poverty Rate: Modeling, and Estimation

In the preceding section, we delved into the intricacies of modeling scores derived from
various dimensions of poverty, unveiling insights into the relative contributions of these dimen-
sions to an area’s overall poverty. Building upon this foundation, we now shift our focus to the
modeling of a composite score, which synthesizes the diverse dimensions of poverty into a unified
measure. Such modeling endeavors enable the estimation of small area means for person-level
poverty, accompanied by robust assessments of estimation accuracy through standard errors. As
with our previous exploration, we commence by defining certain quantities of interest that help
with the formulation of the model and conclude with a discussion on the estimation of population
parameters within this framework. Through this approach, we aim to illuminate the methodol-
ogy underlying the estimation of Multidimensional Poverty Rates (MPRs), fostering a deeper

understanding of poverty dynamics at the micro level.

2.4.1 Model

Let s; be the household-level sample available for the 7' small area. For small areas i =

1,...,m,define: z = (z1,..., z,)", where z; is the estimated proportion of impoverished people
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in area ¢. z; is the direct design based estimator of 7;, which is the true proportion of impoverished

people in the i'" area.

> WinjZing
h7j €s;

2=
7 Z Winj )

h,jeSi

i=1,...,m h=1,...,n,andj=1,... ms,. 2.2)

where z;;,; is the poverty status of the j** person, within the A" household (HH), within the *"
small area. z;;,; = 1, if the said person is poor, and 0 otherwise. wj; is the corresponding person-
level survey weight. Naturally, n; = |s;| is the number of HHs in the sample for the small area i,
and my, is the HH size of the h* HH.

Now, we can formulate a model that characterizes the true means across the m small areas,
linking them to area-level auxiliary information x;, through hierarchical structures. Traditional
area-level models, such as the Fay-Herriot model ([1]) and its various extensions, including un-
matched level 2 variations, serve as suitable candidates for this purpose. Drawing inspiration
from the methodology outlined by [2], we adopt a similar approach. Moreover, to effectively
model the sampling errors associated with the direct estimates in terms of design effect, we pro-

pose the Normal-Logistic Random Sampling Variance (NL,,) model. Specifically, for small areas

indexed by 7« = 1, ..., m, the model takes the following form:
. ind U i(l - z)
Level 1 (sampling model): zi|m; ~ N(m;, D; = ———=DEFF),
n;
Level 2 (linking model): logit(m;)|y, o2 2N (2, 02), (2.3)

where 7 and o2 are unknown model parameters to be estimated from the model, given data. In
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model 2.3, DEFF represents the true design effect, given by:

DEFF — Vargesign 7
Varggs

where Vargegn 15 the true sampling variance of the survey-weighted estimate z;, of ¢;, under the
given complex sampling design. While Varggg is the true sampling variance of an unweighted
estimate under Simple Random Sampling (SRS) of size n; with replacement. n; is the ‘adjusted’
sample size of individuals for the area 7. We will shortly explain this in detail. This adjust-
ment was done on top of calculating the DEFF. The other models, for comparison purposes,
that we have considered here are the well-celebrated Fay-Herriot model, the logit extension of
the Fay-Herriot model-known as the Normal-Logistic model, and finally, the Normal-Logistic
plugin model. The details of these well-known models are deferred to external references for
brevity, such as the paper by [2] and this book by [4]. For a brief review, however, please refer to
subsection 1.3.1 of Chapter 1.

Let us now explore the quantity used in the first level of model 2.3: n,. Traditionally,

sampling variances of the direct estimators, D;, if modeled, are often expressed as:

(1 — 7 (1 — 7
p, = Bl =m)  mll =) ey 24)

Tieff n;

where DEFF represents the design effect and n; is the sample size for the small area ¢ under
simple random sampling. This form assumes simple random sampling of unit-level samples and
then corrects it for the complex sampling design by multiplying the variance under SRS by the

DEFF. Alternatively, we can define DEFF as:
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DEFF =

(2.5)

Nefr

In the context of a complex sampling design with n samples, nes = i is often referred to as the
effective sample size (ESS). This concept proves useful in evaluating the amount of independent
information obtained from a complex survey sample. We have used a different form of sampling
variance:

D; =

MDEFF (2.6)

n;

as opposed to the usual form given in equation 2.4. This approach was inspired by the data
collection methodology employed by [45] in their study. In their survey, household poverty
status aligns with the person-level poverty status for all individuals within the same household.
Hence, the sample size for an area ¢ essentially represents the number of households in the survey
data available for that area ¢. Since our parameter of interest, 7;, denotes the proportion of
impoverished people for the i'* small area, we are specifically interested in person-level poverty.
Therefore, in level 1 of equation 2.3, we adjusted this household-level n;, for the person-level
sample size, denoted as ;.

It is worth noting that despite these considerations, the survey weights associated with in-
dividuals remain valid due to the complete enumeration conducted within the SSUs. Therefore,
the inclusion probabilities, calculated up to the SSUs, ensure these individuals retain consistent
weights. Additionally, the final weights were calibrated to the small area population sizes ob-

tained from the census data, as determined by the authors.

52



2.4.2 Calculation of n

We now discuss the calculation of the adjusted sample size, n, for any small area. Recall
that, z; given in equation 2.2, is the direct survey-weighted estimate based on s;, of ;. We want
to calculate the variance of this estimator z; under the complex sampling. We drop the small area
index ¢ in the following steps for ease of explanation.

Initially, we compute the variance under the simple random sampling (SRS) framework.
Subsequently, we adjust this variance by multiplying it with the design effect (DEFF) to account
for the complexity of the sampling design. For instance, suppose n households were sampled
using the SRS scheme. Dropping the small area index ¢, let z;, represent the poverty status at the
household level, where z;, = 1 indicates that the HH is poor and O otherwise. This definition
aligns with that of z;,; in equation 2.2. Recall that all individuals residing within a HH A have
the same poverty status, which in turn is labeled as the HH-level poverty status. Thus, we have
that z5; = 23, Vj within that household & (dropping the small area index ¢ uniformly). Now,
under SRS, with equal weights, we can express equation 2.2 (again dropping the small area index

¢ uniformly) as:

mp
Yo i S mpz
h=1

h,jEs . .
z= S = , since 2p,; = 2, V7. 2.7
h.j > ma
h=1

Under SRS, we can assume that HHs were sampled from a superpopulation of households with

jid . e . . )
2, 5 B(7), where B is the Bernoulli distribution. Then, under SRS, we can obtain the variance

of z as: . .
S miv(z) Y. min(l—m)
Var(z) = v(2) £ h:}nh ==l o = m(1 - W), say. (2.8)
(3 mn)? (32 ma)? "
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From the above equation 2.8, we can obtain the adjusted 7 as:

If my, = m, Y h, then v(z) = 7(=7)  We will have % ~ 1, if the HH sizes do not vary much.

n .

Using Cauchy-Schwarz inequality, we can show that 7 < n. We can interpret 7 as:

il
I

=

where A is the adjustment factor for estimating the v(z) under person-level poverty, instead
of HH-level poverty. A can be interpreted as the ratio of the variance of the estimator under
HH-level poverty to the variance of the estimator under person-level poverty. The similarity in
defining n.s in equation 2.5, with this adjustment factor is noteworthy. We can follow the same

steps for calculating n; for a particular small area .

2.4.3 Hierarchical Bayesian Estimation

In line with typical Hierarchical Bayesian (HB) methodology, we employ Markov Chain
Monte Carlo (MCMC) methods to estimate the model parameters. Let 6; represent the population
parameter of interest for area 7. Subsequently, we utilize the set of R MCMC replicates of 6;,
denoted as {Ol@? r =1,..., R}, for making inferences regarding 6;, the true population parame-

ter. For the Multivariate Normal Hierarchical Logistic model (see Section 2.3), we parameterize
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matrix A as follows:

I pi2 ... pu

_ 2
A=o 1 Dok
1

Here, 0% denotes the common variance component, and p; ;. = corr(logit(6;.), logit(6;)) for all
small areas 7 and dimensions (k, k’). We adopt weakly informative proper priors for the compo-
nents of matrix A, specifically: o ~ Cauchy™ (0, 5), a Half-Cauchy prior [49], and the correlation
coefficients p; “ Uniform(0, 1). Although correlation coefficients could theoretically be nega-
tive, [45] suggest they are all positive. Thus, we use a positive uniform prior ranging from 0 to
1 for these correlation entries in matrix A. Finally, for each MCMC replicate r = 1,--- | R, we

compute:

r)
O

O+ O

ny =

This set of R replicates facilitates posterior inference about the contributions.

2.5 Data Analysis

We carry out all the analyses using the probabilistic programming language Stan, along

with one of Stan’s helper packages for R (100).

2.5.1 Joint modeling of the dimensional scores for estimating relative contribu-
tions of three dimensions towards the poverty status

In this subsection, we report our findings from joint modeling of the three dimensions that

were used to create the final composite measure of poverty status. Our goal here is to attribute
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different dimensions towards the final poverty status of the small areas.

As already discussed in Section 2.3, the joint modeling of the 3 dimensions requires data
only for impoverished people as determined by the composite score and the ‘Synthesis Method’.
We note that for the small area ‘Meegahakivula’, there is only one sample with a ‘not poor’
poverty status. For this particular area, we use our model and the posterior estimates of the
model parameters to create the contribution scores for this particular small area. This, again,
demonstrates one merit of the small area modeling techniques. With the help of auxiliary vari-
ables from the Census, and along with the MCMC posterior samples of the model parameters, we
could provide the estimate (with the desired uncertainty statistics) even for this small area with
no sample from the primary survey data. We restricted all prior choices to the proper Weakly
Informative Priors (WIP) [49]. The hyperparameters at Level 2 of the Multivariate Normal Hier-

archical Logistic model 2.1 are given the following priors:

By nd N(0,5%), p=1,---7, 0 ~ Cauchy'(0,5),and pj, £ Uniform(0, 1).

We run each model in 4 parallel chains, with 10, 000 iterations in each chain. We discard the first
5, 000 as burn-in samples from each chain. Thus, all the posterior analyses are based on 20, 000
post-warm-up MCMC draws. Table 2.1 displays estimates of the contributions of all three 3
dimensions for all 26 small areas. From this table, we observe that for all the 26 areas, ‘Social
Deprivation’ (sd) dimension contributes the most to an area’s person-level poverty status while
each of the other two dimensions— ‘Material Deprivation’ (md), and ‘Human Capital’ (hc)—has

about equal contribution to the same.
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Table 2.1: Bayes estimates of relative contributions of three dimensions— ‘Material Deprivation’
(md), ‘Social Deprivation’ (sd) and ‘Human Capital’ (hc)—for all the 26 small areas from the
Uva province of Sri Lanka. The table also gives the standard errors for the estimates (denoted by
md_se, sd_se and hc_se) along with their corresponding 95% Bayesian Credible Intervals (_2.5%,
_97.5%) for each dimension for 26 small areas.

small areas md mdse md25% md97.5% sd sdse sd25% sd97.5% hc hcse hc25% hc97.5%

1 Badalkumbura ~ 0.242  0.010 0.224 0.263 0.470  0.011  0.447 0.491 0.288  0.010 0.269 0.308
2 Badulla 0234 0.010 0.214 0.255 0.476  0.018  0.445 0.516 0.290  0.018 0.245 0.320
3 Bandarawela 0.234  0.010 0.217 0.256 0.486 0.012  0.462 0.509 0.280  0.011 0.258 0.300
4 Bibile 0.240  0.010 0.220 0.262 0457 0.013  0.429 0.480 0.303  0.012 0.282 0.326
5 Buttala 0.230  0.010 0.210 0.248 0492 0.012 0471 0.517 0.278  0.011 0.256 0.297
6 Ella 0.250  0.011 0.230 0.272 0487 0.013  0.463 0.512 0.263  0.011 0.241 0.284
7 Haldummulla 0.248  0.010 0.228 0.270 0.490 0.014  0.463 0.517 0.262  0.015 0.234 0.291
8 Hali-Ela 0.253  0.011 0.234 0.276 0.482  0.011 0.459 0.505 0.265  0.011 0.242 0.286
9 Haputale 0.233  0.009 0.213 0.250 0.499  0.012 0477 0.525 0.268  0.010 0.247 0.288
10 Kandaketiya 0.249  0.010 0.230 0.270 0.449  0.014 0421 0.475 0.302  0.012 0.280 0.326
11 Katharagama 0.227  0.011 0.205 0.247 0477  0.012  0.454 0.503 0.296  0.011 0.274 0.319
12 Lunugala 0.255  0.011 0.232 0.276 0.482  0.017  0.447 0.515 0.263  0.017  0.228 0.293
13 Madulla 0.253  0.010 0.235 0.275 0.452  0.014  0.423 0.478 0.295  0.011 0.273 0.319
14 Mahiyanganaya  0.222  0.010 0.201 0.241 0.491  0.011  0.468 0.511 0.288  0.011 0.268 0.308
15 Medagama 0.242  0.010 0.222 0.261 0.469 0.013  0.444 0.495 0.289  0.012 0.266 0.313
16 Meegahakivula ~ 0.262  0.009 0.244 0.281 0.455 0.014  0.427 0.481 0.283  0.012 0.259 0.307
17 Moneragala 0.246  0.009 0.230 0.266 0.462  0.011  0.440 0.483 0.292  0.009 0.273 0.310
18 Passara 0.250  0.010 0.230 0.272 0.480 0.015  0.452 0.507 0.270  0.016 0.241 0.300
19 Rideemaliyadda  0.233  0.011 0.210 0.254 0.500 0.016  0.473 0.532 0.267  0.014  0.239 0.294
20 Sevanagala 0.223  0.011 0.201 0.242 0.485 0.012  0.463 0.509 0.293  0.010 0.273 0.314
21 Siyambalanduwa 0.262  0.013 0.239 0.288 0.456  0.016  0.423 0.489 0.282  0.015 0.252 0.310
22 Soranathota 0.260  0.013 0.238 0.286 0.459 0.014  0.432 0.485 0.281  0.011 0.259 0.304
23 Thanamalvila 0.239  0.010 0.218 0.260 0.497  0.016  0.467 0.529 0.264  0.015 0.235 0.291
24 UvaParanagama 0.268  0.014 0.242 0.296 0443 0013 0418 0.468 0.289  0.012 0.267 0.311
25 Welimada 0.241  0.009 0.223 0.259 0.480  0.011 0.461 0.503 0.279  0.009 0.260 0.296
26 Wellawaya 0.231  0.010 0.211 0.249 0472 0.010  0.451 0.492 0.298  0.009 0.281 0.318
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2.5.2 Modeling of the multidimensional poverty status to create the small area
estimates of poverty for the Uva province

The main goal of this subsection is to provide the proportions of poor people for each of
the 26 small areas. We discuss how the different models performed when they are used to create
small area estimates using the real-life data collected and compiled (as discussed in the previous
section 2.2) by [45]. Again, we restrict all prior choices to the proper Weakly Informative Priors
(WIP). That is, hyperparameters at Level 2 of the described hierarchical model in 2.3 are given

the following priors:

v % N(0,5%), p=1,---7, and 0, ~ Cauchy™ (0, 5).
We run each model in 4 parallel chains, with 10, 000 iterations in each chain. We discard the first
5,000 as burn-in samples from each chain. Thus, all the posterior analyses are based on 20, 000
post-warm-up MCMC draws.

After fitting all the 3 models, we use a Model Selection criterion to select one ‘best” work-
ing model. The following Table 2.2 is used to select our working model.

Refer to subsection 1.5 for the details of the measures used in Table 2.2. From this table,
we see that the LOO information criterion selects NL,; as the best working model, and it is better
than the other 3 models as seen by the elpd_diff. Now, even though the NL,; model is not
significantly better for the given data, we still prefer this model over the other three because of the
various advantages of having a random-sampling variance component in the model. We discuss

such advantages in detail in the following paragraphs.
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Table 2.2: LOO-CV comparison table for four competing models — NL,.; is the Normal-Logistic Random
Sampling model given in Section 2.4; FH is the model proposed by [1] (also see [2], [3]); NL is the
univariate normal-logistic model, a special case of the model proposed in Section 2.3 (also see [3] and
[2]); NLpjugin is the random sampling variance model in Section 2.4 where 7; in D; is replaced by the
Bayes estimate of ;. LOO-IC selects NL,.; as the best of the 4 models.

elpd_diff  se_diff

NL, 0 0
FH —0.059 0.226
NL —0.116 0.232

NLpjugin ~ —0.835  0.284

We had 6 area level covariates from the Census data, as described in section 2.2. We
start by including all of them as the covariates, but the posterior analysis suggests that not all
of them are significant. In Table 2.3, we report the Analysis of Variance (ANOVA) table from
the full-model fit. The ‘mean’ column gives the posterior means, ‘se_mean’ column gives the
Monte-Carlo standard errors, the ‘sd’ column gives the posterior standard deviations (standard
errors of the Bayes estimates), the next 2 columns give the 2 percentiles (15" and 85" percentiles
respectively), the column n_eff gives the Effective Sample Sizes (ESS, n.s) — the number of
independent samples that is used to replace the total n dependent MCMC draws having the same
estimation power as the n autocorrelated samples. Finally, the column ‘Rhat’ gives a measure of
chain-equilibrium (R) —a value near 1 (but < 1.05) indicates that the chains have mixed well,
and the posterior samples can be used with confidence for the posterior analyses (see [34] for
details). This ANOVA table suggests that only the ‘floor’ and ‘wall’ are significant at 70%.

Table 3.1 gives a checklist summary of the ‘Full’ model and the ‘Subset’ model. Table 2.5
provides the ANOVA table of the subset model with the 2 significant covariates from Table 2.3.

So we use the only 2 covariates that were significant at 70% — ‘floor’ and ‘wall’. Since LOO
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Table 2.3: Posterior summary statistics for the Normal-Logistic Random Sampling model parameters of
the full model—with all 6 area-level covariates and 1 intercept

mean se_mean sd 15% 85% n_eff Rhat

Intercept 0.237 0.004 0.167 0.073 0402 1,649.193 1.007
floor -0.553 0.018 0.364 -0.919 -0.203 407.363 1.014
ownsMobile  -0.057 0.012 0.458 -0.504  0.395 1,393.808 1.006
waterSafe 0.023 0.011 0.350  -0.341  0.367  1,092.918 1.007
ownsTV 0.324 0.015 0.455 -0.127  0.774 915.239 1.006

wall 0.304 0.005 0.213  0.093  0.508  1,960.126 1.004
toilet 0.227 0.009 0.266 -0.042  0.496 969.290 1.003
o? 0.210 0.016 0.290 0.011 0.429 324.210 1.012

Table 2.4: A list of competing models

Model Intercept floor ownsMobile waterSafe ownsTV  wall toilet

Full Model v v v v v v v
Subset Model v v v

Table 2.5: Posterior summary statistics for the Normal-Logistic Random Sampling model parameters of
the subset model—the best Model chosen by LOO criterion with the significant (at 70%) model parameters

mean se_mean sd 15% 85% n_eff Rhat

Intercept  0.253 0.003 0.158  0.097  0.413  2,894.011 1.001
floor -0.178 0.003 0.164 -0.338 -0.013  3,323.882 1.001
wall 0.128 0.003 0.140 -0.012  0.266  2,222.158 1.001

o2 0.152 0.007 0.202  0.009 0.311 739.094 1.001
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selects the NL,; model, we report another LOO table comparing the NL,.; full model with all 6
covariates with the subset model with the 2 aforementioned covariates. Clearly, from table 2.6
we can see that the subset model with 2 covariates is significantly better than the full model with

all 6 covariates.

Table 2.6: LOO-CV comparison table for the ‘best’ model — NL,.; subset model using only the 2 signif-
icant (at 70%) covariates—with its counterpart using all the 6 small-area level covariates. Both models
include an intercept.

elpd_diff  se_diff

NL,; (subset) 0 0
NL,, (full) —2.850 1.909

Figure 2.1 presents estimates from the 3 hierarchical Bayesian (HB) models (see Table 2.2)
and the direct survey-weighted estimates for the 26 small areas, organized by increasing sample
sizes for each area. The figure also includes the overall estimate across all areas. It illustrates
the limitations of direct survey-weighted estimates and the advantages of modeling for obtaining
stable estimates. Notably, the model-based estimates alleviate issues seen in certain areas, such
as ‘Meegahakivula’, where the direct survey-weighted estimate of 0 may seem implausible due
to the limited sample size and the poverty status of the sole individual sampled. Overall, the HB
model-based estimates offer reasonable and consistent results, even in areas with limited sample
sizes.

Figure 2.2 demonstrates superiority of the NL,; model compared to the other 2 HB models.
NL,; provides an idea of the variability of the sampling standard deviations when the sample
survey data is expected to vary/change. We can observe less variability of the sampling standard

deviations for all the small areas over the smoothed design-based standard deviations as were
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Figure 2.1: Comparison of direct survey-based estimates (Direct) and 3 Hierarchical model based es-
timates — Hierarchical Fay-Herriot (FH), Normal-Logistic (NL) and Normal-Logistic-Random-Sampling
(NL,¢) models. The horizontal line refers to the overall estimate for all the areas. In the x-axis, the small
areas are arranged in increasing order of sample size.
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Figure 2.2: Interval plot of the sampling standard deviations—the red band gives the 95% pos-
terior Credible Interval of the sampling standard deviations obtained from the NL,; model. The
black dot gives the posterior mean of the sampling standard deviation, and the black cross gives
the smoothed sampling standard deviations used in the Fay-Herriot model and the Normal-
Logistic model. The blue cross gives the design-based standard deviations. In the x-axis, the
small areas are arranged in increasing order of sample size.
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Figure 2.3: Interval plot of the estimates for 26 small areas — the red band gives the 95% posterior
Credible Interval of the proportions obtained from the NL,; model. The black dot gives the
posterior mean of the proportions, and the black cross gives the survey-based estimates of the
proportions. In the X-axis, the small areas are arranged in increasing order of sample size.

used in the other 2 HB models. Moreover, we can get an estimate of the variability and produce
such plots with 95% posterior credible intervals of the standard deviations. The plot also shows
the advantage of using model-based estimates instead of survey-weighted estimates for small
areas. The direct estimates of the standard errors are very unstable, especially for areas with
smaller sample sizes.

Figure 2.3 compares small area means, proportions in this case, from the NL,; model (black
dots) along with its 95% Bayesian credible interval and the estimates from the direct survey-
weighted method. NL,; not only gives us more believable and reliable estimates for areas with
small (or no) samples, but it also gives us Bayesian credible intervals of the estimates.
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Figure 2.4: The red line gives the posterior standard deviations of the small area proportions
obtained from the ‘best’ fitting NL,; model. On the other hand, the turquoise line gives the
smoothed sampling standard deviations (1/D;) that were used at level 1 (sampling level) of the
FH and the NL models. In the x-axis, the small areas are arranged in increasing order of sample

size.
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Figure 2.5: The horizontal line intersects the Y-axis at 1. In the X-axis, the small areas are
arranged in increasing order of sample size. The ratio of the smoothed sampling deviations
(v/D;) and the standard errors of the posterior small area means from the NL,.; model.

As previously discussed, both the Fay-Herriot (FH) model and the Normal-Logistic (NL)
model assume known sampling variances of the area-level estimates modeled at level 1. However,
in practice, these variances are not known a priori and must be estimated. Figure 2.4 highlights
the superiority of the NL,; model, which directly produces posterior standard error estimates. We
compare these estimates with the smoothed sampling errors used in fitting the Hierarchical FH
and NL models, noting the stability of standard error estimates, particularly in areas with smaller
sample sizes. The efficiency gains are more pronounced for such areas, as evident in the ratios
depicted in Figure 2.5, where all ratios exceed 1, with the highest observed for smaller sample

sizes.
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Table 2.7: Direct survey based estimates for the two districts with standard errors, 68% and 95%
Confidence Intervals.

district design based estimate se 2.5% 16% 84%  97.5%

1 Badulla 0.523 0.035 0453 0.488 0.558  0.593
2 Moneragala 0.623 0.042 0.539 0.581 0.665  0.706

Table 2.8: Estimates for the two districts from the Normal Logistic random sampling model with
standard errors, 68%, and 95% Confidence Intervals. The benchmarking ratio is displayed in the
last column.

district NL,, HB estimate se 2.5% 16% 84% 97.5%  bm_ratio

1 Badulla 0.529 0.034 0.463 0495 0.563  0.597 1.011
2 Moneragala 0.589 0.039 0.507 0.551 0.628  0.663 0.946

We also produce district-wise estimates for the two districts within the Uva province. Table
2.7 gives the district-wise direct survey-based estimates along with their standard errors and 68%
and 95% confidence intervals. Table 2.8 gives the district-wise estimates from our Hierarchical
Bayes NL,; model. This table provides the same statistics as the previous one, but along with
these, we also report the posterior mean of the benchmarking ratios (benchmarked to the direct
district-wise estimates) for the two districts. These numbers are very close to 1. At least at
the higher levels (districts are at a higher level than the DSDs—the small areas), model-based
estimates are similar to the corresponding survey-weighted estimates, which are known to be
reliable at higher levels with the availability of more samples [4].

Finally, in Table 2.9, we display the direct design-based estimates and our NL,; model

based estimates for a few interesting small areas.
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Table 2.9: Direct and HB model based estimates along with their standard errors for selected few
small areas.

small areas n; n; Direct Direct.se NL,, NL,,_se v D;

1 Meegahakivula 1 1 0 0 0.619 0.119 0.783
2 Soranathota 2 2 0.500 0 0.528 0.110 0.554
3 Kandaketiya 11 10.188  0.878 0.015 0.642 0.094 0.245
4 Lunugala 23 16.400 0.481 0.246 0.531 0.081 0.193
5 Sevanagala 23 20.544  0.725 0.096 0.602 0.089 0.173
6 Welimada 45 39.607  0.536 0.092 0.519 0.071 0.124
7  UvaParanagama 73 62.146  0.658 0.120 0.556 0.088 0.099

2.5.3 Maps at the lower administrative levels

In this final subsection of our analyses, we produce maps of different estimates of the
proportions of poor people in the small areas of the Uva province in Sri Lanka. All of these maps
were created using the free and open-source GIS software: ‘QGIS version 2.18.15°.

Figure 2.6a gives the map of the direct survey-based estimates of the percentages of poor
people for all the 26 small areas or the Divisional Secretary’s Divisions (DSDs) in the Uva
province. The problems with the direct survey-based estimates for small areas can be observed
through this map—highly variable colors (estimates), anywhere from 0% to ~88%, especially for
the areas with fewer sample sizes. Figure 2.6b gives the map of the estimates of the percentages
of poor people for all the 26 small areas from the ‘best’ chosen NL,; model. In contrast to the
highly variable direct estimates, we observe much more stabilized estimates, ranging from 43%
to ~67%. The pie-charts, placed inside the maps of the DSDs, give the estimated contribution
(to the poverty percentages) of the 3 different dimensions that were used to create the composite

measure of the multidimensional poverty [45]. ‘MD_C’ indicates the contribution share of the

68



A

Legend
Direct HCT
Jo-26
[ 26-42
3 42-59
B 59-75
W 75-88

(a) The map of the direct survey based
estimates of the percentage of poor peo-
ple in all the 26 DSDs within the Uva

province.
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(b) The map of the Hierarchical Bayesian
model (NL,) based estimates of the per-
centages of poor people in all the 26
DSDs within the Uva province. The pie
charts within each area report the esti-
mated contribution of the 3 different di-
mensions towards the composite multidi-
mensional poverty measure.

Figure 2.6: comparison of Direct, and HB model based estimates
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(a) The map of the standard errors of (b) The map of the standard errors of

the direct survey-based estimates of the the Hierarchical Bayesian model (NL,)

proportions of poor people in all the 26 based estimates of the proportions of poor

DSDs within the Uva province. people in all the 26 DSDs within the Uva
province.

Figure 2.7: comparison of standard errors of Direct and HB model based estimates

‘Material Deprivation’ dimension, ‘SD_C’ indicates the contribution of the ‘Social Deprivation’
dimension, and finally, ‘HC_C’ indicates the contribution of the ‘Human Capital’ dimension.
Figure 2.7a gives the map of the standard errors of the direct survey-based estimates for all the
26 small areas or the Divisional Secretary’s Divisions (DSDs) of the Uva province. As with the
map of the direct estimates, we can also observe highly unstable values of their corresponding
standard errors, ranging from 0% to ~25%. Figure 2.7b gives the map of the standard errors of
the HB model (NL,;) based on estimates of proportions of people who are poor according to the
multidimensional measure of poverty for all the 26 DSDs—the small areas of the Uva province in
Sri Lanka. We observe much more stabilized values of the standard errors as compared to that of

the direct survey based estimates. They range from ~7% to ~12%.
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2.6 Conclusion

There is now a sizable literature on developing multidimensional poverty measures. How-
ever, the estimation of these measures, especially for small areas, has received little importance.
We need both reasonable multidimensional poverty measures and their estimation for making
good and effective evidence-based public policies. In this chapter, we attempt to fill in the im-
portant research gap concerning the estimation of multidimensional poverty measures for small
areas. Using a survey data specifically designed for obtaining information on multidimensional
poverty, we demonstrate how a Bayesian method can be useful in estimating these poverty rates
as well as the relative contributions of different dimensions towards the individual-level poverty
for small areas. We considered the synthesis method for multidimensional poverty measure.
However, our approach of small area estimation can be extended when counting or the fuzzy
set method is used to define multidimensional poverty. In our multivariate normal hierarchical
logistic model, we used a synthetic method for smoothing sampling covariance matrices. For esti-
mating the proportion of impoverished people in small areas, using the multidimensional poverty
status, we had to employ a unique way of determining effective sample sizes, motivated by the
complexity of the sampling design of the survey data. In the future, we will explore extending

the model/s to incorporate random covariance matrices.
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Chapter 3: A Unified Approach to Small Area Estimation for Finite Population

Sampling

3.1 Introduction

[50] laid a foundation for a subjective Bayesian approach to finite population sampling. In
this approach, the entire matrix of values of characteristics of interest for all units of the finite
population can be viewed as the finite population parameter matrix. In practice, a function (e.g.,
the finite population means or proportion of a characteristic of interest) or a vector of functions
(e.g., finite population means or proportions of several characteristics) of this finite population
parameter matrix is considered for inference. Using a subjective prior on the finite population
parameter matrix, inferences on the finite population parameter(s) of interest can be drawn using
the posterior predictive distribution of the unobserved units of the finite population given the
observed sample.

Using this basic idea of [50], several papers were written on the estimation of finite pop-
ulation parameters. The methodology developed can be used to solve problems in small area
estimation, repeated surveys, and other important applications. The papers can be broadly clas-
sified as Empirical Bayesian or EB (e.g., [51], [52], [53], [54], [55], [56], among others) and

Hierarchical Bayesian or HB (e.g., [57], [58], [59], [60], [24], [61], [62], [63], [64], [65], [66],
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and others). In an empirical Bayesian approach, hyperparameters are estimated using a classical
method (e.g., maximum likelihood). In contrast, in the hierarchical Bayesian approach, priors —
usually noninformative or weakly informative — are put on the hyperparameters.

The greater accessibility of administrative and Big Data and advances in technology are
now providing new opportunities for researchers to solve a wide range of problems that would
not be possible using a single data source. However, these databases are often unstructured
and are available in disparate forms, making inferences using data linkages quite challenging.
There is, therefore, a growing need to develop innovative statistical data linkage tools to link
such complex multiple datasets. Using only one primary survey to answer scientific questions
about the whole population or large geographical areas or subpopulations may be effective and
reliable, but using it for smaller domains or small areas can often lead to unreliable estimation
and unrealistic measures of uncertainty. One can often obtain reliable estimates for small areas
using an appropriate statistical model to combine information from multiple data sources. A good
review of different approaches to small area estimation can be found in [27], [67], [68], [4], [69],
among others.

[70], [71], [72], and others discussed the concept of informative sampling under which
the distribution of the sample could be markedly different from the one assumed for the finite
population even after conditioning on related auxiliary variables. Most of the papers cited in the
preceding paragraphs assume non-informative sampling, so the distribution of the sample is as-
sumed to be identical to the distribution assumed on the finite population. This could be a strong
assumption in many applications. The informative sampling approach suggested by [71] and [73]
is one possible solution, but this approach requires additional modeling of survey weights. [74]
suggested modeling the finite population given the inclusion probabilities (or, equivalently, basic
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weights) for making inferences about the finite population parameters of interest. However, in
practice, inclusion probabilities for all finite population units or detailed design information may
not be available. Also, survey data may contain information only on the final weights for the re-
spondents that incorporate nonresponse and calibration adjustments. [75] proposed an alternative
approach in which inclusion probabilities are used to augment the sample model. Unlike [74],
their approach needs weights only for the sample when estimating area means. Both [73] and
[75] considered empirical best linear unbiased prediction (EBLUP) of small area means.

Our proposed methodology here differs from Multilevel Regression and Poststratification
(MRP) [37] in the poststratification stage of MRP. Our way of estimating the population param-
eter of interest is inherently different from MRP. MRP only utilizes the known N;’s — the known
population size in the j* poststratified cell — whereas we utilize such N;’s along with the survey
weights provided in the primary survey. Including the survey weights directly into the model-
ing step may reduce the extent of informativeness of the survey sample. Besides, MRP relies
entirely on the model for the estimation. It uses the model to impute (predict) the values for all
the poststratified cells. We do not do that. Instead, we take a different approach, as we have
discussed in detail in section 3.2 and in its subsections, specifically in subsection 3.2.3. We also
give a detailed explanation of how we go from the model parameters to the small-area population
parameter of interest. Although the modeling of the MRP and the models we use here are similar,
we emphasize how different and disparate relevant sources of information may be utilized at the
modeling stage itself. Our method can be viewed as an alternative to MRP, building upon a com-
parable modeling technique (but different) and serving the same exact goal of reliably estimating
the population parameter(s) of interest for small areas. In addition, we want to emphasize how
similar models (as are used in MRP and in our methodology) can be employed to statistically
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link disparate sources of data to make robust inferences for small area parameters of interest.
And lastly, our way of estimating the population parameters is markedly different from that used
in MRP.

In this research, we propose a hierarchical Bayesian approach to estimate finite population
means for small areas. Our proposed method combines information from multiple disparate data
sources such as probability surveys, non-probability surveys, administrative data, census records,
social media big data, and/or any sources of available relevant information. We propose to reduce
the degree of informativeness in sampling by incorporating important auxiliary variables that
potentially affect the outcome variable of interest. Following [75], we also add the survey weights
to our model. Our approach differs inherently from the existing small area Bayesian approach to
the finite population sampling, which typically assumes a hierarchical model for all units of the
finite population. We assume such an elaborate model only for the units of the finite population
in which the outcome variable was observed. The reason is intuitive; for these units, the model
can be checked using existing statistical tools.

To make reasonable modeling assumptions, we propose to form several cells for each of the
small areas using factors that potentially influence our outcome variable of interest. The number
of cells is carefully chosen so the cell population sizes can be obtained from reliable sources
(e.g., population projection data). This strategy is expected to bring some degree of homogeneity
within a given cell and also among cells from different small areas that are constructed with
the same factor-level combination. However, unlike Multilevel Regression and Poststratification
(MRP) [37], our cell construction will not achieve full homogeneity either in terms of the outcome
variable of interest or survey weights. However, we stress that achieving full homogeneity in the

outcome variable and weights is likely to require numerous cells for which reliable population
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size data may not be available from population projection data, and one may have to rely on some
unstable survey data for population counts of the small cells.

In contrast to the usual modeling approaches under similar scenarios (e.g., MRP), we do
not assume an exchangeable model within cell or an elaborate model for unobserved individual
units because the assumed model cannot be checked in the absence of data on the outcome vari-
able. Instead, drawing inspiration from synthetic methods for small areas, we assume that the
population means of the study variable in the cells with the same combination of factor levels
are identical across small areas and the population mean for a cell is identical to the mean of true
values for the observed units in that cell. Since the sample size in a given area is small, many such
cells are unrepresented in the sample. If a sample for that cell can be found from other areas, the
assumed model is used to produce a hierarchical Bayes synthetic estimate of the finite population
mean of the study variable in that cell for the area. This assumes that the observations within a
given cell and area are similar to those for the cell from other areas. If the cell is unrepresented
in all areas, the cell mean can be predicted from the assumed population model. But to simplify
the methodology without having the knowledge of the sampling’s informativeness and to induce
greater stability towards model misspecifications, we can simply ignore that cell when the con-
tribution from that cell is negligible, as is the case in our illustrative example. The basic idea is
to make the proposed methodology resistant to a possible violation of the assumed model.

As an application of the proposed methodology, we use a real-life example, using a COVID-
19 probability survey representing the entire US adult population, a non-probability survey rep-
resenting only active US adult Facebook users, and Census Bureau estimates of adult population
counts at granular levels along with data from an independent COVID-19 data reporting web-

site, to estimate the vaccine hesitancy rates (proportions) for the US states and the District of
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Columbia (small areas). Through this example and application, we will demonstrate the prob-
lems with regular design-based estimates when used for small areas and how our methodology
may be employed to get better estimates along with stable measures of uncertainty.

We now give an outline for the rest of the chapter. In section 3.2, we describe our method-
ology in detail. In section 3.3, we describe an application of our method to a real-life survey. In
section 3.4, we show the results we obtained with this real-life application. Finally, we summarize

and conclude our chapter by giving future research directions for our methodology.

3.2 Methodology

For each small area ¢ (¢ = 1,--- ,m), we partition the finite population into G cells using
factors available in the survey data that potentially influence the outcome variable of interest. We
assume that population sizes for these cells are known from the census data. Let N; and N,
be the known population sizes of the area i, and of the g'" cell within the i*" area respectively,
it =1,---,m;g = 1,---,G. Naturally, Zg Nij; = N;, and ), N; = N, N being the finite
population size.

Let y;, denote our outcome variable of interest for the k" unit belonging to the g cell
belonging to the i small area (i = 1,--- ,m; g=1,--- ,G, k=1,--- | N,;,). We assume that
we have access to different types of known auxiliary variables to model our outcome variable.
Let z4(1) be a vector of indicator variables corresponding to cell g, x;2) be a vector of known
auxiliary variables specific to area ¢ and ;g (3) be a vector of individual level auxiliary variables
(i=1,---,m; g=1,--- G, k=1,--- Ny).

Suppose we have a sample of size n from the finite population. Let GG; be the number of
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cells represented in the sample for area i (¢ = 1,--- ,m). Let n; and n;, be the sample sizes
for area ¢, and for cell g within area i, respectively, so that ZQG;'I n;g = n,; and Z:; n; = n.
It is possible to have n; = 0 for some area 4, or n;, = 0 for some cell g within an area i; i =
1,---,m;g=1,---,G. Letwg denote the survey weight for k" sampled respondent belonging

to the g'" cell residing in the i small area (i = 1,--- ,m; g=1,--- ,G;, k=1, n).

3.2.1 Parameter of interest

We are interested in estimating finite population means for all areas, 1.e.,

G Nig G N _
Vi=N7'D D v =) Y (3.1)
g=1 k=1 g=1 "
where N; = ) p N;g4, population size for the iharea (i =1,--- ,m).

3.2.2 Proposed hierarchical models for sampled respondents and the finite pop-
ulation

Our approach calls for the specification of an explicit model for the outcome variable y for
all the IV units of the finite population. Given 0,4, we assume y;,;, are independent with mean
Oigkt=1,--- m; g=1,--- G, k=1,--- | Ny.

We will assume an elaborate model for all respondents because we can evaluate such a

model through careful model building steps in the actual data analysis. For: = 1,--- ., m; g =
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1,---,Gi, k=1,--- n;, we propose the following model for the sampled respondents:

Level 11 yigr|0igr s f11Oig, V (igr)],

Level 2:  ¢(0igr) = 1y + Ti9) B + g, €e + M(wigr) + vi + wig,

Level 3: v; and u;; are independent with v; <, [0, 02], wig Y [0, 02]. (3.2)
where f;[a,b] (j = 1,2, 3) denotes a known mass or density function with mean a and variance
b. For example, we can choose f; from NEF-QVF[u, V' (11)], the Natural Exponential Family
with mean p and Quadratic Variance Function V (p) = vy + vip + vop?, where vy, v and v,
are constants. The family includes the Gaussian distribution: N (1, 0?) (vg = 0%,v; = vy = 0),
the Gamma distribution: G(r,\) (x = rA\,vp = v; = 0,v = 1), the Poisson distribution:
P(A) (p = A\vg = v2 = 0,v; = 1), the Binomial distribution: B(r,0) (1 = r0,vy = 0,v; =
1,v, = —1), the Negative-Binomial distribution: NB(r,0) (1 = r%;, vo = 0,01 = 1,00 = 1),
etc. For the theoretical properties of NEF-QVF, please refer to [76]. As for f> and f3, we can
choose a normal density.

As for level 2, we can choose ¢() to be a suitable known link function (e.g., if f; is a
Binomial distribution, we can choose ¢() as logit link, and if f; is a Normal distribution, ¢()
then can be the identity link, etc.), and &, a vector of fixed unknown coefficients (the suffix ¢ in
&. allows dependence of the regression coefficients on some combination of the factors that form
the demographic cells — ¢ will be determined through the model selection step); h(-) is a known
function of survey weights to be determined by a model selection step and A is a fixed unknown

coefficient. [75] considered multiple choices of h(-). If the data analysis suggests A\ = 0, we

can assume non-informative sampling and carry out the analysis without this additional term. In
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Level 2 we added the survey weights as an additional auxiliary variable to reduce the extent of
informativeness. As for level 3, we can take f5 and f3; as normal densities for the area specific
random effects v;, and area and groups specific random effects w;, respectively. These random
errors with a mean of 0 will take care of any leftover variabilities that were not captured by the
fixed main effects, and their interactions that we had incorporated in the model at the level 2.

We now discuss our modeling assumptions for the remaining /N —n unobserved units of the finite

population. To this end, for the small areas ¢ = 1, - - - , m, define:
Gii ={9>ny >0, g=1,---,G}: the set of cells represented in the sample for the area i.
Goi = {9 2 niy = 0,n;, > 0,forsome j # i,g = 1,--- ,G}: the set of cells not represented

in the sample for the area 7, but represented by one or more other areas j # ¢. And finally,
Gsi ={9 2 nyy=0,Vi, g=1,--- ,G}: the set of cells not represented in the sample for area 1.

Define the population mean for the set of cells Gy; as,

N;
O, — degu Zk=g1 eigk
12 —

N.
_ N; ~ 2 Ok
= E big;1@ig7 where big;l =29 and @ig = Zk_#
degu Nig 9€G1; Zgégli Nig N’

Similarly, we define

N;
= degzi Dk Oigh

N
N; - 5 0;
g and O, = 2 k=1 Pig

Oy = Z b;000;,, Where by = ———2
g; tg» 19; )
ZQEQQi Nig 9EGa; ZQEQQi NZQ N;
and
Nig 9 Nig
= Dgegs 2anar Bige - N; = 2% Oigh
631' = 9<Gs = Z b,‘g;g@ig, where big;g = Y9 and @ig = —Zk_l 19 .

degiﬂ' Nig g€Ga; degsi NZQ NZ

as the population means for the set of cells Gy; and the set of cells Gs;, respectively. Here, we
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make a synthetic assumption that:

Zj;éi Zkejgk’

Oq; = E big:2Oigisyn Where, Ojgiyn = N
Zj;ﬁi Jg

9€G2;

i.e, O, is identical to the overall mean of the cells in Gs; obtainable from one or more areas
(other than area 7). We make no assumption on the rest of the finite population units. Since
population sizes V;, are in general large, appealing to the law of large numbers as in [28], we
can approximate the finite population means Y; in equation 3.1, with the following functions of

parameters of the assumed finite population model.

)

G
o N, - _ _ _
Yi=0, = E Ng Oig = 1,91, + 4202 + (1 — ay; — az;)Og;, (say)
g=1

~ 1,01 + a2;04;, (3.3)

where a1; = N[l > Niq4, the population proportion of units belonging to the set of cells

9€G1i
Guis ag; = N7 'S° geGo; Nig> the population proportion of units belonging to the set of cells Gy;;
as; = N Eg cgs, Nig» the population proportion of units belonging to the set of cells Gs;. The

approximation in equation 3.3 will only be reasonable when (1 — ay; — ag;) ~ 0.

3.2.3 A Bayesian implementation of the hierarchical model

As is the common practice with most implementations of HB methodology, the model pa-
rameters will be estimated using Monte Carlo Markov Chain (MCMC) method of sampling from

posterior distributions. Assume weakly informative priors on the hyperparameters: 3, and o,. At
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each MCMC iteration (r = 1,. .., R) step, the following is generated for the area i:
9—2(7') = ahﬂ_g) -+ ame_g) + (1 — A1y — agz)e_é:) ~ the_g) + (121‘9_52), r = 1, ceny R,

where

_ e Sl
oy = biga0L), with 6 = LY
1 Z 9; g S, Wigh

1g
9€G1;
(r)
05 = > bigalihy,, with 07 = 2zt 2k ity

21 - ig;syn’ ig;syn
9€G2; o~ ™ Z]‘fi Zk Wigk
ez(;l)c = (ﬁ*l (:c;(l)a(r) + x;(Q)ﬁ(T) + x;gk,gér) + )\(T)h(fwigk) + U,L(r) + uf?) .

To justify, note that

éli = Z big;léig ~ Z big;le_ig = 9_11‘, say,
9€G1; 9€G1;
where Q_ig — L Wigkbigh . oe [28] and [77] for similar justifications in empirical best prediction

Zk Wigk ’

and hierarchical Bayes approaches, respectively. Also,

@21' = E big;2®ig;syn ~ E big;26ig;syn = 922'7 say,

9€G2; 9€G2i

0. o > i£i 2k Wigktigk
where 0.0 = —JZ#ikajgk
The set of R MCMC replicates for the it area, i.e., {Q_Zm, r = 1,..., R}, will be used for

inferences about 6;.
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3.2.4 A special closed form of our proposed Bayes estimate

We now consider the following special case of our general small area model to understand
our estimator.
ind 2
Level 1: yigk](?igk ~ N(Gigk, Uy),

Level 2: 6| Aig, vi ind N(Aigr, + v, UZ)

Level 3: v; and u,, are independent with v; LN (0,02), wy YN (0,02),

where Ay, = x;(l)a + x;@)ﬂ + x;gk(g)gc + Ah(wjgr). Level 2 of the same model can be reex-
pressed as: 0;5 = A + v; + u;y, Where, u;; ~ N(O, 03). Under this consideration, and for
the sake of simplicity of illustration, with an additional assumption of v, 3, &, A, 02 and o being
known; we can obtain a closed form of the proposed small area Bayes estimate given in equation
3.3. Naturally, this will be the ‘Best Predictor’ (BP) of the small area means ([4]). As already
mentioned in the subsections 3.2.2, 3.2.3, and using the same notations and terminologies, the

Bayes estimate for a given area i will be given by E(a1;01; + as;0]data). Under the Normality
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of each level of the illustrative model, we obtain:

E(augu + agﬂ_ﬂ\data) = ah-E(H_li|data) + agiE(§2i|data)

geglz

+

(7. — Ai) }
(02 + UZ)(niag + 02 + 03)

QQZszgQXZ?EZk
jF#i

9€Ga;

1 (7 A )
(02 + UZ)(njag + 02 + 05)

2 2
0w Yigk + O-y Aigk:

2 2
OuYigk + Uijgk+

5T

where, ;. = ni Zg & Yigh- A; y;.., and _/_\j_ are similarly defined.

From this simple illustration, under the usual assumptions made for estimating the best

predictor, we can get an insight in the form of our Bayes estimate. We observe how the y;’s avail-

able from the groups in the sample for area 7 enter the estimator through the first summand. The

groups, for which there is no representation in the sample for the same area, enter the estimator

through the second summand-in terms of the samples available for those groups at one or more

other areas.

3.3 A real-life application

In elucidating our proposed methodology, we examine a topic of contemporary research

significance. Our focus is directed towards furnishing reasonably stable, state-wise (our small

areas of consideration) estimates of the proportions of people who are “hesitant” to get vaccinated

for COVID-19. In this section, we first provide an outline of disparate data sources that we have
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considered in this application.

3.3.1 Primary data: Understanding America Study (UAS)

The Understanding America Study (UAS), undertaken by the University of Southern Cali-
fornia (USC), comprises approximately 9,000 respondents, representing the entirety of the United
States’ adult population. Functioning as an Internet Panel, participants engage in surveys via
internet-enabled devices at their convenience. Households, broadly defined, involve individu-
als residing with the primary participant. To extract valuable insights on attitudes, behaviors,
and societal aspects, the Center for Economic and Social Research (CESR) at USC initiated the
Understanding Coronavirus in America tracking survey on March 10, 2020. Utilizing the UAS
panel, this ongoing survey, supported by the Bill & Melinda Gates Foundation and the National
Institute on Aging, delves into various dimensions, including mental health, healthcare behavior,
and the economic crisis during the COVID-19 pandemic.

The survey commenced with 8,547 eligible participants from the UAS panel, out of 9,603
respondents who expressed interest. Our study focuses on data collected during wave 16 (October
14-November 11, 2020), where 7,832 UAS participants received the survey. Among them, 6,081
completed the survey, constituting our respondents. The response rate was approximately 78%,
with participants given a 14-day window for completion and compensated with $15 upon survey

submission.
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3.3.2 Direct UAS estimates

For the “hesitancy towards vaccination” analysis, we focused on responses to the survey
question: ‘How likely are you to get vaccinated for coronavirus once a vaccine is available to the
public?’ This question offered five response options: very unlikely, somewhat unlikely, somewhat
likely, very likely, and unsure. We transformed the responses into a binary variable, assigning a
value of 1 if the respondent answered anything other than ‘very likely” and O otherwise. Utilizing
this binary variable and the corresponding survey weights, we computed the direct survey-based
estimates for the proportions of individuals who are not ‘very likely’ to get vaccinated across the
50 states and the District of Columbia. While the national estimate met high-quality standards,
with margin of errors below 3%, estimates for smaller geographic areas (50 states and DC) were
less reliable.

Table 3.7 presents direct survey estimates of vaccine hesitancy proportions for all 50 states
and the District of Columbia, accompanied by their standard errors. Notably, we encountered
an impractical estimate of 1 with an associated estimated standard error of O for Delaware. This
anomaly arises because none of the respondents from Delaware chose ‘very likely’ in response to
the survey question. However, this does not imply universal hesitancy in Delaware. The estimate
for Alaska is 0.21 with a high associated standard error of 0.19, exceeding the typical range of
0.02. Similar patterns emerge for Vermont, Rhode Island, the District of Columbia, and other

states.
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3.3.3 Supplementary data descriptions

In the subsequent subsections, we delineate various supplementary data sources examined
in the context of applying our methodology.
The COVID-19 Symptom Survey:
The COVID-19 Symptom Survey, a collaboration between public health scholars and Facebook,
was hosted in the US by the Carnegie Mellon Delphi Research Center and internationally by the
University of Maryland’s Joint Program in Survey Methodology (JPSM). This non-probability
survey, representative of adult Facebook users, gathered daily data. Seeking reliable state-level
covariates, we incorporated static variables from the survey, focusing on responses to two ques-
tions pertaining to: (1) Pre-existing medical conditions, encoding 1 if respondents reported hav-
ing diabetes, asthma, or chronic lung disease, and O otherwise; (2) Flu shots received in the last
12 months, encoding 1 for a “yes” response and 0 otherwise. Combining survey responses from
August 5 to September 9, 2020, we calculated weighted state-wise estimates for individuals with
specified diseases and those who received a flu shot. These estimates, derived as survey-weighted
means of binary encoded variables, serve as continuous covariates in our model.
Census Bureau’s Population Estimates Program (PEP):
The US Census Bureau’s Population Estimates Program (PEP) provides annual population es-
timates for various geographic levels, including states, counties, cities, and towns, along with
demographic components like births, deaths, migration, and housing units. Utilizing the rich
PEP data, we generate state-wise and demographic cell-wise population counts, focusing on
the race x ethnicity x gender x age category demographic cells. The demo-

graphics considered include four levels of race (White, Black, Asian, and Others), two levels
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of ethnicity (Hispanic and Non-Hispanic), two levels of gender (Male and Female), and
seven levels of age category (18 —24,25—34,35—44,45—54,55—64, 65— 74, &75+). The
data used pertains to ‘Annual State Resident Population Estimates for 5 race groups (5 race alone
or in combination groups) by age, sex, and Hispanic origin: April 1, 2010, to July 1, 2019’. Pre-
processing involved grouping and collapsing data to obtain counts for the specified demographic
cells (poststratified cells).

The COVID Tracking project: Data from https://covidtracking.com is utilized for
our model, providing freely downloadable COVID-19 data for all 50 states and the District of
Columbia. Two state-specific continuous covariates were created: “Testing rate’, calculated as the
total tests with confirmed outcomes divided by the overall test counts in the state (acknowledging
potential values exceeding 1 due to multiple tests for an individual), and ‘Positivity rate’, obtained

by dividing total positive test outcomes by the total tests with confirmatory outcomes.

3.4 Data analysis and evaluation

We commence this section by noting that, given the available data, we undertook a com-
prehensive exploration of several variables. Through a series of trial and error steps, we arrived
at a specific set of covariates deemed pertinent for our analysis. Subsequent considerations were
also given to the selection of models for the model selection step, all of which were grounded
in a careful assessment of the given problem and datasets. We advocate for applied scientists to
exercise their judgment, drawing on considerations such as the nature of the problem and sub-
ject matter expertise, when conducting similar steps in their analyses. As previously discussed

in subsection 3.3, we refer to ‘RACE’ by a having 4 levels — White, Black, Asian and Others,
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‘ETHNICITY’ by b having 2 levels — Hispanic or Non-Hispanic and ‘GENDER’ by c having 2
levels — Male and Female. For the variable, ‘AGE’ we have divided the whole adult population
into 7 cells, e.g., 18 — 24, 25 — 34, ..., 65 — 74 & 75+; denoted by d.

We consider fixed effect intercepts by ‘RACE’ x ‘ETHNICITY’ - so, in total, 8 fixed effect
intercepts for all the models we considered. A list of competing models is described in Table 3.1.

As for the state level covariates x;(2) (refer to section 3.2 for reference to this notation), we
use Facebook survey data, and data from the COVID tracking project. Facebook COVID symp-
tom survey data is used to calculate two state-level summary variables — survey-weighted pro-
portions of people having one of three pre-existing conditions or co-morbidity rates and survey-
weighted proportions of people who took a flu shot in the last 12 months or Flu-Shot rates (as
discussed in subsection 3.3). We use logit-transforms of these two rates as the covariates in our
models described in Table 3.1. Other state level covariates we have used came from the COVID
Tracking project, e.g., testing rates and positivity rates as defined previously. Finally, we have
also used the state level percentages of republican votes that were cast in the 2020 United States
presidential election as a state level covariate — ‘Percent Republican’ — in our model (also referred
to as ‘rep %’ in table 3.6).

For the first respondent level covariate x;4(3), we used the respondents’ 7 age-levels and
converted them into numbers 1,...,7 and used them as a continuous-scale covariate in all our
models. We use gender-specific slopes — one for males and the other for females — for the age
covariate in our model. Such a choice was motivated based on empirical studies that we had
carried out. For the second respondent level covariate, we use the survey weights associated with

every respondent from the UAS-survey data.
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Table 3.1: A list of competing models

Race x Ethnicity ~ Gender specific ~ Comorbidity Rate  FJy Shot Rate Test Rate Positivity Rate Percent

Model  specific intercept slope of Age (Facebook) (Facebook) (CovidTrack) (CovidTrack) Republican ~ Survey Weight
M1 v v v v v v v v
M2 v v v X v X v v
M3 v v v X X X v v
M4 v v v X X X v X

3.4.1 Model fit

Recall, the approximation we did to the population (here, 50 states and DC) parameter of
interest Y; in equation 3.3 would only hold when the quantity (1 — ay; — ag;) ~ 0. Table 3.2
summarizes the quantity (1 — ay; — ay;) for 50 states and Washington, DC. We can reasonably
justify our approximation, since both the maximum value (0.0120) and the 3¢ quartile (0.0031)

are negligible.

Table 3.2: Summary statistics of (1 — ay; — ag;) for 50 states and DC.

Min. 1st.Qu. Median Mean  3rd.Qu. Max.

1—ay —a; 0.0004 0.0010 0.0016 0.0026 0.0031  0.0120

Now we discuss the model fits. We consider the following special case of the general model

proposed in equation 3.2:

Level 11 yigk|0igk ind Bernoulli(f;y),
Level 2:  logit(figr) = 1y + @9)8 + g3 €e + Mi(Wigr) + vi + uig,

Level 3: v, " N(0,02), uy ~ N(0,02). (3.4)
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As already discussed in section 1.5, to fit the models in Table 3.1, we used the probabilistic
programming language Stan [78] with the Statistical software R [79]. The R-package rstan
[80] provides the R interface to Stan. For the intercept and the slopes, we have used N (0, 5°)
prior. For o, and o,, we have used the Cauchy™ (0, 5) prior. Note that, such priors are often
called ‘weakly informative priors’, or WIP in literature [34]. These prior choices made sure that
the posterior density would be proper. We ran each model for 4,000 iterations, and the first
2,000 were discarded as burn-in samples. Thus, all the posterior analyses were based on 2, 000

post-warm-up MCMC draws.

3.4.2 Model selection

After fitting all four models, we have used a Model Selection criterion to select one ‘best’
working model. As already discussed in 1.5.1, the R-package 100 was used for this purpose; see

[36]. The following Table 3.3 provides the LOO-CV comparison results for the 4 models.

Table 3.3: loo-cv comparison for the 4 models. Model 3 is selected as the best model.

elpd_diff  se_diff

M3 0 0

M2 -0.958 0.804
Ml -1.672 0.836
M4  -64.216  18.477

From Table 3.3, we see that the LOO criterion selects Model 3 as the best model, and it
is better than Model 2 as seen by the elpd_diff, which is significant at ~70%. Note that
the survey weights are entered linearly in model M3. Following [75], we wanted to see how M3

would perform when the survey weights are entered in the model non-linearly, keeping everything
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else unchanged, viz., A In(w;g;) and )\wi’gi instead of Aw;g. Naturally, to check the performance
of these two new competing models, we again employed the LOO-criterion. From Table 3.4, we
observe that neither log-transformed survey weights nor the inverse of the survey weights brings
about any improvement to the already existing M3. So, we keep M3 as our best working model

and follow up with subsequent analyses with Model 3 (M3).

Table 3.4: loo-cv comparison of Model 3 varying weight functions

elpd diff  se_diff

M3 0 0
M3(In(w;,)  -0.329  1.874
M3(w;, -3.644  2.576

Looking at the posterior analyses from Model 3, outlined in Table 3.6, we see that the
variable co-morbidity from the Facebook survey seems to be insignificant at 70%. That is why
we decided to run another model comparison between our chosen Model 3 and Model 3 without
that particular variable. LOO analysis described in Table 3.5 suggests that removing the co-
morbidity from the model does not bring about any significant difference. So we decided to leave

that variable in our model.

Table 3.5: loo-cv comparison of Model 3 and Model 3 without the co-morbidity rate from
Facebook-CMU-Delphi COVID-19 Trends and Impact Survey

elpd_diff  se_diff

M3 0 0
M3 (without co-morb from FB) -0.740 0.747
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3.4.3 Findings from the selected model

In the last subsection, we decided on one model that best fits our data with the help of LOO
criterion using Stan, rstan and 1oo. Now we present important findings from the selected

‘best” working model, Model 3.

Table 3.6: Posterior summary statistics for the model parameters of Model 3-the best Model
chosen by LOO criterion

mean  se_mean sd 10% 15% 85% 90% Neff R
a -2.457 0.063 0.888 -3.608 -3.361 -1.566  -1.349 199.651 1.002
Qs -1.232 0.061 0.870 -2.345 -2.132  -0.357 -0.141 201.311 1.003
as -0.916 0.064 0.878 -2.078 -1.843 -0.034  0.159 187.865 1.001
Qy -1.422 0.060 0.873 -2.540 -2.347 -0.545 -0.316  210.060 1.003
as -1.391 0.063 0.885 -2.522 -2.326 -0.500 -0.294 198.465 1.002
ag -1.997 0.060 0.896 -3.157 -2.932 -1.096 -0.905  221.261 1.002
Qv -1.121 0.062 0979 -238 -2.140 -0.113 0.116 245.541 1.002
ag -1.574 0.066 1.153  -3.044 -2.762 -0.368 -0.154  302.163 1.002

B1(co-morb) -0.573 0.048 0.682 -1.439 -1.273 0.109  0.280 202.383 1.002
Bo(survey wts)  -0.112 0.001 0.040 -0.161 -0.153 -0.070  -0.060 1,040.340  1.000

Emale 0.209  0.001  0.019 0.184 0.189 0229 0.233 1,122518 1.001

€ female 0.118  0.001  0.020 0.092 0.096 0139 0.144  952.271  1.001
A(rep %) 0.833  0.029 0575 -1.571 -1.427 -0.248 -0.103  385.690  1.001
o0 0.121  0.013 0072 0.026 0.035 0.196 0215 31.222  1.039

O 0.162  0.009 0048 0.108 0.116 0212  0.228 29.805  1.059

Table 3.6 gives the posterior summary statistics for the selected best model, Model 3. The
‘mean’ column gives the posterior means, ‘se_mean’ column gives the Monte-Carlo standard
errors, the ‘sd’ column gives the posterior standard deviations (standard errors), the next four
columns give the four percentiles, the column n.g gives the Effective Sample Sizes (ESS, neg)
— the number of independent samples that was used to replace the total n dependent MCMC
draws having the same estimation power as the n autocorrelated samples, and finally the column

R gives a measure of chain-equilibrium — a value near 1 (but < 1.1) means that the chains have
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mixed well, and the posterior samples can be used with confidence for the posterior analyses
([33], [34]). As a default rule, [34] recommend running the simulation until n.g is at least 5m,
where m is twice the number of independent chains/sequences. For our calculations, we ran 2
independent chains, each for 2, 000 iterations. This makes 5m = 5 X 2 x 2 = 20 for our case.
As we can see from table 3.6, all the n.; > 20, and R < 1.1. Thus, we can use these posterior
analyses with fair confidence that the chains attained stationarity and as well as achieved proper
mixing. We use the posterior estimates to calculate our state-wise parameter of interest Y; for all
the 50 states and DC — this essentially gives us the state-wise vaccine hesitancy estimates. These
numbers, along with their corresponding standard errors, are displayed in Table 3.7. For easy
comparison, the direct survey based estimates are also given in the same table.

Next, we compare our HB model-based state-wise estimates with the UAS-survey-weighted
state-wise estimates. We plot the point estimates in the same graph. From the Figure 3.1 we
observe that even though state-level UAS estimates for which enough sample are available are
reliable, some of them, for which little to no samples were available in the UAS data, are unrea-
sonably low/high due to the low sample sizes. Compared to that, our HB method produced stable
estimates even for states with small or no samples. The corresponding 95% credible intervals of
the HB estimates are also given in the same plot.

From figure 3.2, we can see how much improvement our HB estimates bring in over the
direct UAS-survey-based estimates in terms of standard errors of the hesitancy estimates. The
largest improvements came for the states that had fewer samples in the UAS survey data. We can
still observe smaller standard error estimates even for the states with larger sample sizes.

Clearly, in Table 3.7, we can see improvements over the regular survey-weighted estimates.

Delaware does not have an unrealistic estimate of 1 (with an absurd s.e. of 0) anymore and
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Figure 3.1: In x-axis, we have states in increasing order of UAS sample sizes. In y-axis, we have

the point estimates of proportion of people who are “hesitant” to get vaccinated from UAS survey
(in blue) and estimates from our HB Model — Model 3 (in red). The vertical lines around every

HB estimates are their corresponding 95% Credible Intervals.
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Figure 3.2: In x-axis, we have states in increasing order of UAS sample sizes. In y-axis, we have
ratios of standard errors of direct UAS-survey based estimates to our HB model estimates. The

horizontal dark line intersects the y-axis at 1.
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Table 3.7: HB hesitancy estimates and direct UAS design-based estimates along with their stan-
dard errors for all the 50 states and Washington, D.C.

State HB _hesitancy HB_se direct dir_se ‘ State HB _hesitancy HB_se direct dir_se

1 Alabama 0.721 0.021  0.718 0.060 | 26 Missouri 0.686 0.027  0.617  0.057

2 Alaska 0.611 0.022  0.207 0.187 | 27 Montana 0.689 0.031  0.762  0.063
3 Arizona 0.668 0.024 0.614 0.072 | 28 Nebraska 0.643 0.032  0.785 0.078

4 Arkansas 0.752 0.026  0.820 0.046 | 29 Nevada 0.615 0.023  0.737  0.085
5 California 0.601 0.009 0.629 0.016 | 30 New Hampshire 0.576 0.033  0.765 0.131
6 Colorado 0.631 0.027  0.638 0.074 | 31 New Jersey 0.583 0.026  0.549  0.067
7 Connecticut 0.566 0.030  0.553  0.088 | 32 New Mexico 0.669 0.024  0.760  0.096
8 Delaware 0.751 0.026 1 0 33 New York 0.628 0.018  0.610 0.042

9  District of Columbia 0.701 0.016  0.497 0.219 | 34  North Carolina 0.719 0.021  0.784  0.037
10 Florida 0.662 0.019 0.701  0.035| 35 North Dakota 0.669 0.042  0.831 0.086
11 Georgia 0.735 0.019 0.774 0.038 | 36 Ohio 0.689 0.017  0.658  0.036
12 Hawaii 0.573 0.019 0416 0.203 | 37 Oklahoma 0.626 0.028  0.551  0.089
13 Idaho 0.506 0.045 0393 0.118 | 38 Oregon 0.551 0.034  0.621  0.079
14 Illinois 0.674 0.022  0.726  0.045 | 39 Pennsylvania 0.733 0.015  0.756  0.030
15 Indiana 0.687 0.024 0.731 0.048 | 40 Rhode Island 0.594 0.019 0474 0.321
16 Towa 0.602 0.030  0.565 0.071 | 41  South Carolina 0.701 0.023  0.721  0.058
17 Kansas 0.676 0.022  0.777  0.050 | 42 South Dakota 0.543 0.036  0.440 0.122
18 Kentucky 0.680 0.026  0.774 0.049 | 43 Tennessee 0.622 0.026  0.605 0.055
19 Louisiana 0.721 0.028 0.827 0.071 | 44 Texas 0.661 0.015  0.656  0.037
20 Maine 0.591 0.044 0.745 0.076 | 45 Utah 0.630 0.034  0.638  0.090
21 Maryland 0.670 0.024  0.671  0.096 | 46 Vermont 0.558 0.037  0.385 0.204
22 Massachusetts 0.531 0.029 0504 0.077 | 47 Virginia 0.602 0.022  0.607 0.048
23 Michigan 0.701 0.020 0.685 0.043 | 48 ‘Washington 0.613 0.021  0.654 0.053
24 Minnesota 0.674 0.027  0.667 0.065 | 49 West Virginia 0.671 0.026  0.686 0.064
25 Mississippi 0.769 0.024 0.908 0.031 | 50 Wisconsin 0.644 0.023  0.741 0.041
51 Wyoming 0.659 0.028 0.795 0.184

Alaska, DC, etc. — they all have much more believable estimates and smaller values of standard
errors.

Table 3.8 gives a subset of table 3.7, detailing a few important states for which the differ-
ences between our HB and direct UAS-survey-based estimates are most prominent. We can see
how having moderate to large sample sizes makes the direct estimates and our HB model-based
estimates close to one another. As opposed to the states having smaller sample sizes, where the
use of such modeling really makes a lot of sense in terms of having stable estimates and increased
accuracy in their estimation. We also provide summary statistics of Direct UAS estimates and
our HB estimates in Table 3.9. The summary statistics for standard errors of the Direct UAS esti-
mates and our HB estimates are given in Table 3.10. From these latter two tables, we observe that

our HB method improves over the direct method both in terms of point estimates and associated
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Table 3.8: HB hesitancy estimates and direct UAS design-based estimates along with their stan-
dard errors for a subset of the states (small areas).

State HB hes HB.se direct direct.se sample size

1 Alabama 0.721 0.021  0.718 0.060 73

5 California 0.601 0.009  0.629 0.016 1,879

8 Delaware 0.751 0.026 1 0 5

9  District of Columbia  0.701 0.016  0.497 0.219 7

10 Florida 0.662 0.019  0.701 0.035 241

11 Georgia 0.735 0.019 0.774 0.038 164

14 Illinois 0.674 0.022  0.726 0.045 176

Table 3.9: Summary statistics of direct UAS-survey based estimates of hesitancy and our HB
based estimates of hesitancy.

Min. Ist.Qu. Median Mean 3rd.Qu. Max.

direct  0.207  0.606 0.671 0.661 0.761 1
HB 0.506  0.602 0.661 0.648 0.688 0.769

standard errors.

3.5 Conclusion

In conclusion, this research introduces a novel hierarchical Bayes estimation procedure for
finite population means in small areas, employing a sophisticated data linkage technique that inte-

grates a primary (probability) survey with diverse data sources, including non-probability survey

Table 3.10: Summary statistics of standard errors of direct UAS-survey based estimates of hesi-
tancy and standard errors of our HB based estimates of hesitancy.

Min. Ist.Qu. Median Mean 3rd.Qu. Max.

direct 0 0.046 0.065 0.081 0.089 0.321
HB 0.009  0.021 0.024 0.026 0.029 0.045
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data from social media. In our elaborate model, assumed only for the sample respondents, we
include weights from the primary survey and factors potentially influencing the outcome vari-
able of interest in order to reduce the informativeness of the sample. If the applied data analysis
suggests that the weights are significant in the model, then this will imply that the sampling is
informative. One should no longer assume the validity of the same model for the respondents
and the population. Unlike many existing works, we acknowledge and address this critical step,
assuming a simple model for the finite population regardless of the informativeness of sampling.
The resulting hierarchical synthetic estimate demonstrates reduced sensitivity to model misspeci-
fications, diminishing reliance on assumed models. Drawing inspiration from seminal works, our
methodology is versatile and applicable to various finite population mean estimation challenges.
However, it should be noted that our approach may fail to produce small area estimates in specific
scenarios, requiring the validation of a crucial condition before proceeding with the data analysis.
Using the same notations as we did in section 3.2, for a probability survey data, it is essential that
the condition (1 — ay; — ag;) ~ 0 is met. This condition needs to be checked before proceed-
ing with the estimation procedure. Finally, we illustrate the application of our methodology in
generating proportion estimates (small area means of a binary outcome variable) from a COVID-
19 survey, statistically linking information from diverse data sources. Future extensions of this
work may explore similar estimation procedures for jointly modeling categorical and continuous

response variables.
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Chapter 4: Hierarchical Bayes Estimation of Small Area Proportions for Multi-

nomial Response Variables

4.1 Introduction

Analyzing survey responses with more than two categories holds significant practical rel-
evance in various scenarios. In many survey sampling contexts, especially those concerning
socio-economic or health-related inquiries, respondents often provide nuanced responses that
binary choices cannot adequately capture. For instance, when assessing public opinion on gov-
ernment policies, respondents may express varying degrees of agreement or disagreement rather
than simply indicating a “yes” or “no” stance. Similarly, in health surveys, individuals may report
their overall well-being on a scale ranging from “poor” to “excellent,” encompassing multiple
categories.

In the small area estimation (SAE) literature, which aims to provide reliable estimates for
characteristics of small geographic areas, responses with more than two categories are common.
However, due to methodological constraints or simplicity considerations, researchers typically
dichotomize these responses into binary outcomes. While this approach may seem pragmatic,
it overlooks the nuanced information embedded within the original multi-category responses,

leading to the loss of valuable insight.
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A method capable of handling multinomial responses in survey sampling is therefore of
paramount interest to statisticians. Particularly in the context of small area estimation, where
the aim is to produce accurate estimates despite limited sample sizes and complex survey de-
signs, the ability to preserve the richness of multi-category responses can yield more precise and
informative results. By embracing the complexity of multinomial responses, statisticians can
better capture the true nature of respondents’ perceptions, opinions, or behaviors, enhancing the
quality and depth of survey-based analyses. Moreover, such an approach enables researchers to
explore subtle variations in responses across different geographic areas, thereby facilitating more
nuanced policymaking and targeted interventions. Overall, incorporating multinomial response
analysis into survey sampling methodologies represents a promising avenue for advancing the
field of small area estimation and enriching the understanding of complex social phenomena.

In this section, we aim to build upon the groundwork laid in the previous chapter 3 by
extending our methodology to accommodate survey response variables with more than two cate-
gories, eliminating the need for dichotomization. The general model, defined for a broad family
of NEF-QVF as delineated in equation 3.2, remains applicable in this context. Please refer to
section 3.2 for a refresher on the topic. Previously, we showcased the practical utility of our
model by addressing a binary outcome variable in the context of small area mean (proportion) es-
timation, as illustrated in equation 3.4. Now, we delve into the intricacies of adapting this model
to effectively handle response variables with multiple categories, thereby preserving the richness
of the original data without resorting to simplifying dichotomization methods.

The remainder of the chapter is structured as follows: In Section 4.2, we address the chal-
lenges arising from assuming a single model for both the population and the sample in the context
of biased or informative sampling. Section 4.3 introduces the methodology tailored for extend-
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ing the approach developed in Chapter 3 to handle multinomial response variables. Subsequently,
Section 4.4 presents empirical findings obtained from applying our methodology to the datasets
under consideration. Furthermore, we conduct a comparative analysis with Multilevel Regres-
sion with Poststratification (MRP) and highlight the biases introduced by MRP under informative

sampling conditions. Finally, Section 4.5 provides concluding remarks for the chapter.

4.2 Unit level models and informative sampling

Assume unit-specific auxiliary data: z;; = (241, ..., %i;p)’, is available for the entire pop-
ulation, for element j within the i* small area, i = 1,...,m, j = 1,..., N;. Oftentimes, we
have the area level summaries of these p covariates, X;. In most scenarios, this may be enough to

formulate a working model. Assume the following model, which relates the variable of interest

y;; with the z;; through a nested error linear regression structure:

yij:@;jﬁ—l—vi—i—eij,jzl,...,Ni,izl,...,m. (41)

Usual parameters of interests are: small-area population means Y;, or the small-area population
total Y;. Now assume that a sample s;, of size n;,, was drawn from the small-area population of
the size of NV; units. In model-based small area estimation, it is often assumed that the population
model given in equation 4.1, also holds for the sampled units. This is, of course, easily satisfied
by the simple random sampling (SRS) within each small area [4]. For this particular small area

1, we can rewrite equation 4.1 as:

yl =X B+ull +¢,i=1,...,m (4.2)
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where the superscript P denotes all the units of the population. 17 is the indicator variable taking
the value of 1, if the 5" unit is included in the sample, and 0 otherwise. We can partition equation
4.2 into sampled population units who responded, sampled population units who did not respond,

and finally, the non-sampled population units as follows:

v | X v |e
o= g =X Bt 1| e (4.3)
|| X el e

where the superscript r stands for sampled respondents, nr stands for sampled nonrespondents,
and ns stands for non-sampled population units. Now, under the absence of selection bias, or
under non-informative sampling, we can say that the population model also holds for the sample

respondents. Subsequently, the inference on model parameters A\ = (3,02, 02) can be based on:

f(yﬂXf,A)Z//f(yf,yi"r,y?s\XﬁA)dy?’”dy?s- (4.4)

Now, let us introduce the following two indicator variables:

1. a; = (aj,...,a;n,) is the vector of indicator variables, defined for all the population units,
where a;; = 1, if the j" population unit of the i*" area was included in the sample, and 0

otherwise.

2. In the same spirit, define another vector of indicator variables w; = (u;1, . . ., U, )’, defined
only for the sampled units, where u;; = 1, if the j* sampled unit responded to the survey

questionnaire, and 0 otherwise.
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Now, the joint distribution of the sample data (y], a;, u;) can be written down as:

f(y:7 a;, ul’XzP7 )\)

//f a, wilyl, vyl X)) Fyl yl ye | X N dy) dy

Z//f yl oyl y | XE N flas, wilyl, vyl X dy!" dyl 4.5)
_ { / / Py X P Ny | flas w] X7) (4.6)

assuming:
f(aiaui’ymyz ,yl 7XP) f(ai>ui|XiP)- 4.7)

That is, the joint distribution of (a;,u;)| X/ is independent of ¢/, but may depend on X/ If
this is the case, then we can base our inferences for X on f(y?| X! \) given in equation 4.4.

Alternatively, equation 4.5 can be further expanded into the following:

f(y;’aa’l7ul|XzP7A)
://f(yf,y?r,y?lef,A)f(az-,ui|y“yz Ly, X ) dy dy)
_ / / STy | XE N f(wilas P XP) f(adlyl, XP)dydy?  (48)

_ [ / / gy X Nyl dyr | f(udlas XP) f(as XP) (4.9)
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assuming:

fluilas,y! X)) = fuila;, X[ (4.10)

flailyl, X[) = flai| X)) (4.11)

That is, assuming given X/, the conditional distribution of the response indicator vector given
the sample selection vector, is independent of y”, but may depend on X/ . Furthermore, given
X7, the sample selection vector is independent of ¥, but may depend on X. Then, we do not
have a case of ‘informative sampling’, and we may proceed with the inferences for A based on
f(yr|XF, X) given in equation 4.4.

Now, if (u;]a;), and a; depend on auxiliary variable/s Z!', which is not included in X7,

then the distribution of the sample data: (y!, a;, u;) is given by:

fly, @i, w| X, Z5,N) (4.12)

_ [ / / Py g | XE, 2P Ny dy | fwlan XP, ZP) fa] X7, Z5)

In such a case, inferences on A must be based on f(y!| XF, ZP, X) # f(y?| X7, \), as was the

)

case in equation 4.4.

4.3 Methodology

Similar to the notations outlined in Section 3.2, we begin by partitioning the finite popula-

tion into GG cells for each small area ¢ (i = 1,...,m), leveraging factors available in the survey
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data that potentially influence the outcome variable of interest. We assume access to known pop-
ulation sizes for these cells derived from census data. Let /V; denote the known population size of
area i, and NN,, represent the population size of the ¢ cell within the i*" area, where i = 1,...,m
and g = 1,...,G. Naturally, it follows that 37  N;, = N; and 3, N; = N, with N representing
the total finite population size.

Consider y;,. as the response variable representing the £ individual’s response to a sur-
vey question with multiple categories within the g cell of the i small area (i = 1,...,m; g =
l,...,G; k =1,...,N;). We assume the availability of various types of known auxiliary
variables to model our outcome variable. Let x4,y denote a vector of indicator variables corre-
sponding to cell g, x;2) represent a vector of known auxiliary variables specific to area 7, and
Tigk(3) signify a vector of individual-level auxiliary variables.

Let us further consider a sample of size n drawn from the finite population of size N.
Define G; as the number of cells represented in the sample for area z (: = 1,...,m). Let n;
and n;, represent the sample sizes for area ¢ and cell g within area 7, respectively. This means
Zf:il nig = n; and Z:’il n; = n. It is possible to have n; = 0 for some area ¢, or n;, = 0 for
some cell g withinanareai;i =1,...,m; g =1,...,G. Denote w;y; as the survey weight for the
k' sampled respondent belonging to the ' cell residing in the 7" small area (i = 1,...,m; g =
L...,Gi k=1,...,n4).

In subsection 4.2, we explored the implications of informative or biased sampling on the
assumed population model for the sampled respondents. To illustrate this, we introduced two
indicator variables: {a;, i = 1,...,m} at the population-level, indicating whether a population
unit was included in the sample for the i’ area, and {u;, i = 1,...,m}, at the sample-level

indicating whether a sampled unit responded to the survey. We demonstrated that in the case of
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informative sampling, these variables are not independent of y!, the survey response variable
for the i*" small area. To address this informativeness of the sampling design, we can introduce
a set of auxiliary variable/s Z! that were not initially included in the auxiliary variables X/,
while devising a model for the population. Such Z7 is expected to contain information regarding
(a;,u;). However, obtaining such variables can be challenging due to the complexity of sample
selection processes and respondent behavior. In such scenarios, survey weights become valu-
able as they adjust for complex sampling schemes and non-response, among other factors. By
incorporating these weights into the model and testing the significance of associated regression
coefficients with the sampled data, we can assess the informativeness of the sampling design.
If these coefficients are significant, it indicates that the population model cannot be assumed to
hold for the sampled respondents. However, it is important to note that survey weights are only
available for the sampled data, requiring careful modifications to the model and corresponding

inference for population parameters.

4.3.1 Parameter of interest

We are interested in estimating finite population proportions of different categories of re-
sponses for all areas. If we consider that the survey question had C' categories, then the population

parameters of interest are {Yi(c), c=1,...,C}, where

Nig

G G
—(c — Nz (c
VO =N DY iy = ¢} = Y Y, (4.13)
g=1 k=1 g=1 "
where N; = Zg N,,, population size for the i" area (i = 1,- -+ ,m), and 1{y;;x = c} = 1, when

k' individual of the ¢g** cell of the i** small area responds to the survey question with category
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c,c=1,...,C, and 0 otherwise.

4.3.2 Model

Up to this point, we have introduced the notation for the different components of the
model and have defined our parameters of interest within the finite population framework. With
this foundation, we can now construct a detailed model specifically tailored to the sampled re-

spondents. Focusing on the sample data alone allows us to conduct thorough model validation

(1) W(C)) as the vector of probabilities, with

and selection procedures. Define: m;y, = (Wigk, e gk

c
{772‘(;11 = P(yigr = ) : 21 775;36 = 1}. Also, we designate category C' to serve as the baseline or

the pivotal category. For¢ =1,--- ,m; g=1,--- ,G;, k=1,--- n,,

T

€) (C))
igks 0 Tigk )s

Level 11 yjgk|migk ind Multinomial(1;

i ig )

(c)

T

Level 2: log, (%) = 2yl + 25 B9 + 256D + AN (wigr) + ol +ul?
igk

Level 3: v/ % N(0,02), independently of, u) ™ N(0,02), Ve=1,....,C —1. (4.14)
This approach for specifying level 2, along with setting the model parameters for the baseline
category to all 0, help circumvent the challenge of model identifiability. It is worth noting that
the distribution specified at level 1 is also known as the categorical distribution, given that the
multinomial distribution has only one trial. The probabilities of group membership, denoted as

(c)

;41> can be explicitly solved for as follows:
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exp <x;(1)a(c) + x;@)ﬁ(C) 4 x;gk(?))g(r:) + XOh(wige) + U§C) + u(C))

g

o—1
1+ 5:21 exp (x’g(l)a(c) + :):;(2)6(6) + x;gk(g)f(c) + AODh(wigr) + ?Ji(c) + ug?)

for each category ¢ = 1, ..., C. Typically, model parameters are estimated using maximum like-
lihood methods. However, in our approach, we will assign prior distributions to these parameters

and estimate them from the posterior distribution, in line with hierarchical Bayesian methodol-

ogy.

4.3.3 Inference

We proceed by defining the following three partitions of the group index set {1,..., G},

for small area ¢ in the following manner. Note that these are defined exactly as in the previous
chapter, in section 3.2.
Gii ={9>ny >0, g=1,---,G}: the set of cells represented in the sample for the area i.
Goi = {9 2 niy = 0,nj, > 0,forsome j # i,g = 1,--- ,G}: the set of cells not represented
in the sample for the area 7, but represented by one or more other areas j # ¢. And finally,
Gsi = {9 > nyy = 0,Vi, g = 1,--- ,G}: the set of cells not represented in the sample for area
1. The population proportion (or probability) for the response category c for the set of cells Gy; is
defined as:

Nig (o) Nig (c)
D 2gcgu 2ok=1 Tigh Nig Dkt Tigh

= 37 biya 1, where byt = 9 and [T = k=1 Tigk,
Zgégu Nig Z ! I ! degu‘ Nig g

—(¢)
Hgi = N,
9€G1: !
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Similarly, we define:

Mg ©) Nig _(c)
_ Z G 'Zk—gl T k _ N B Zk—gl T 1
Hé‘;) = R = big;2Hz('c), where b;y0 = = and ch) ==&
Zgégzi Nz‘g gezg;i ! 296922' Nig ! Nz
and finally,
Nig _(¢) Niy (o)
_ Z G 'Zk—gl T k _ N B Zk—gl P 1
M) = =odu = 0k N7 s TT) | where by = ———2— and IT{)) = =5——9¢,
de%i Nig gezg;z' ’ Zgngsi Nig ! Nig

as the population means for the set of cells Gy; and the set of cells Gs;, respectively. Here, we
make a synthetic assumption that:
S e
J#L L~k jgk

) = Z big;ZfIg;?Syn where, ﬁg;?syn =S
9€G2i

j#i1VIg

Le, ﬁ;? is identical to the overall mean of the cells in Gy; obtainable from one or more areas
(other than area 7). We make no assumption on the rest of the finite population units. Since
population sizes V;, are in general large, appealing to the law of large numbers as in [28], we
can approximate the finite population means Y in equation 4.13, with the following functions

of parameters of the assumed finite population model.

G
(¢ (¢ Nz (¢ —(c (¢ —(c
v~ = > N.g M) = ay 0157 + anT15) + (1 — ay; — ax)IT§), (say)
g=1 "
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where a;; = N; 'Y gegy; Nig» the population proportion of units belonging to the set of cells
Guis agi = N7 'S° geGo; Nig> the population proportion of units belonging to the set of cells Gy;;

=N1% geGs; Vig> the population proportion of units belonging to the set of cells Gs;i. The
approximation in equation 4.15 will only be valid when (1 — ay; — as;) ~ 0.

Most implementations of HB methodology estimate model parameters by sampling from
posterior distributions using the Monte Carlo Markov Chain (MCMC) method. We will assume
the same weakly informative priors on the model-hyperparameters as we did in the last chapter
3. At each MCMC iteration step 7 (r = 1,..., R), and for each category of responses ¢ (¢ =

1,...,(C), the following quantity is generated for the area i:

7_'('1((87)‘) = Cblﬂ_'l{:zﬂ+CL22‘77'22T)—|—(1—(]Jli—a%)ﬁégzr) ~ aliﬁi:zr)‘i‘a%ﬁgzr)v r = 1, ceey R, C = 1, R ,C,

where

Z I C)
k Yigk zgk:

o _ (0
gEgh i
(©)
() _(0) Zj;éi >k WigkT j ok (r)
Toly = D Dig2Miggngry WIth Tg ) = YOI ST
gegQ'L v
(©) © 9 L 1\ © o, ©
0 exp (‘“'( 1)+ Ty Bis) F Tigrear () + A hwige) +iE) + g (r))
igh(r) =

Ne © . 1(© © L. @\
Z eXp( L2 + i B + Tigral + A hwigr) + 010, + “z’gm)

To justify, note that

ng Z big; 1H o Z big ﬁ = 771@ , say,

gGQh gegll
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wi ()
where 7?1.( 9 = % see [28] and [77] for similar justifications in empirical best prediction

and hierarchical Bayes approaches, respectively. Also,

E E _ =(0)
blg QHzg ;syn. ™ blg727rzg ;syn = Ty, say,

g€g27, g€g2z
here 7¢)  — SasSEWATI e o of R MCMC replicates, drawn from the posters
winere ﬂ-lg syn Zj;éz‘ Zk Wigk . € Set O rep 1cates, drawn I1rom c pOS erior

distribution given the sample data for the i*" area, i.e., {7?1.((62), r = 1,..., R}, will be used for

inferences about {#”,c=1,...,C}.

4.4 Data Analysis

In the preceding subsection, we detailed the essential components for model fitting and
conducting posterior inferences. Here, we present the results derived from applying the chosen
model to the data. Notably, as we have previously described the datasets in the preceding chapter,
we will refrain from duplicating that information. Interested readers can refer to subsection 3.3
for a comprehensive overview of the primary survey data, including various auxiliary data sources
utilized.

Moreover, in the preceding chapter 3, we conducted a thorough comparison of numerous
models during the model selection phase before finalizing the model for generating small area
estimates. The model employed in this subsection 3.4 closely resembles the final selected model
from that process. Given the extensive model building and selection conducted with the same
dataset in the previous chapter, we have omitted those steps here. Instead, we focus on demon-

strating the production of small area estimates for response variables with multiple categories in
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the presence of informative sampling using a single model.

Table 4.1 presents the posterior estimates of various fixed effects terms utilized in the
model. Notably, all R values are below 1.05, indicating confidence in utilizing the posterior
samples [34]. Moreover, it is evident that the survey weights are significant at the 95% con-
fidence level for multiple categories. This underscores the informative nature of the sampling
process. Consequently, it is imperative not to disregard this aspect and proceed with a population
model lacking survey weights. This validation reinforces our approach to estimating small area
means, as outlined in subsection 4.3.3. Of course, this is given that the survey data must obey
(1 — ay; — ag;) =~ 0, as is the case for the dataset of our consideration (see table 3.2).

In Table 4.2, we present the posterior estimates of the random effects terms in the model.
Similar to the fixed effects table, all R values remain comfortably below 1.05. Moreover, both
“Bulk_ESS” and “Tail_ESS” exhibit satisfactory levels in both tables, indicating high effective
sample sizes. For further insights into these measures and their significance in assessing MCMC
sample quality, please refer to subsection 1.5. Figures 4.1, 4.2, 4.3, 4.4, and 4.5 display the com-
parison of our model based method with the direct survey estimates. The 95% credible intervals
of our HB model-based estimates are also given in the same plot. The small areas are arranged
in increasing order of sample sizes in the X-axis. Also, the national estimate is displayed as a
solid horizontal line in each of the plots for each category. We observe pretty consistent sce-
narios throughout all the different categories of response. Our model produces estimates with
considerable precision, even for the small areas with 0 samples for some categories.

As discussed in subsection 1.6, Multilevel Regression and Post-stratification (MRP) is com-
monly employed for small area estimation. However, MRP assumes that the population and sam-

ple models are identical, which is problematic in cases of informative or biased sampling, as
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Table 4.1: Summary of the fixed effects of the model parameters. 1-VUL: category 1-Very Un-
Likely; 2-SUL: category 2-Somewhat Un-Likely; 3-SL: category 3—Somewhat Likely; 4-VL:
category 4—Very Likely; and the baseline category 5S—Unsure.

Estimate | Est.Error | 1-95% CI | u-95% CI | Rhat | Bulk_ESS | Tail ESS
1-VUL Intercept -0.249 0.822 -1.848 1.312 | 1.002 | 1656.533 | 2443.167
2-SUL_Intercept 1.226 0.902 -0.561 2.954 | 1.002 | 1990.340 | 2529.666
3-SL_Intercept 0.832 0.790 -0.767 2.385 | 1.004 | 1850.438 | 2615.362
4-VL_Intercept 0.475 0.785 -1.052 2.022 | 1.006 | 1466.184 | 2515.302
1-VUL_raceBlack 0.409 0.310 -0.199 1.016 | 1.002 | 1474.273 | 1998.169
1-VUL _raceOthers 0.263 0.325 -0.380 0.901 | 1.002 | 1412.228 | 2017.522
1-VUL _raceWhite 0.412 0.290 -0.163 0.984 | 1.003 | 1419.950 | 1996.929
1-VUL_hisplatino Yes -0.288 0.159 -0.600 0.029 | 1.001 | 2472.112 | 2637.633
1-VUL_genderMale 0.167 0.099 -0.021 0.363 | 1.004 | 2340.005 | 2563.420
1-VUL_age_cat2 0.634 0.264 0.119 1.145 | 1.011 704.351 | 1538.344
1-VUL_age_cat3 0.555 0.258 0.053 1.051 | 1.013 | 552.264 | 1448.026
1-VUL_age_cat4 0.388 0.264 -0.112 0.916 | 1.013 | 586.898 | 1556.836
1-VUL_age_cat5 0.287 0.262 -0.225 0.803 | 1.013 | 601.866 | 1323.219
1-VUL_age_cat6 0.406 0.279 -0.143 0.961 | 1.009 | 717.049 | 1827.403
1-VUL_age_cat7 0.379 0.326 -0.242 1.020 | 1.009 | 719.401 | 1550.590
1-VUL_C1 0.165 0.716 -1.268 1.521 | 1.001 | 2501.864 | 3101.276
1-VUL_weight -0.048 0.055 -0.154 0.057 | 1.002 | 1835.605 | 2463.328
2-SUL _raceBlack -0.545 0.308 -1.146 0.058 | 1.002 | 1620.510 | 2575.726
2-SUL _raceOthers -0.400 0.318 -1.049 0.179 | 1.002 | 1552.967 | 2249.710
2-SUL _raceWhite -0.424 0.273 -0.944 0.100 | 1.002 | 1450.599 | 2452.281
2-SUL_hisplatinoYes -0.150 0.172 -0.487 0.194 | 1.001 | 2768.375 | 3175.447
2-SUL_genderMale 0.402 0.114 0.174 0.623 | 1.003 | 2522.710 | 2889.931
2-SUL_age_cat2 -0.073 0.266 -0.599 0.458 | 1.009 | 713.194 | 1475.523
2-SUL_age_cat3 -0.287 0.259 -0.797 0.227 | 1.009 | 712.064 | 1421.467
2-SUL_age_cat4 -0.543 0.265 -1.071 -0.033 | 1.010 725.163 | 1534.734
2-SUL_age_cat5 -0.797 0.266 -1.313 -0.281 | 1.008 | 729.491 | 1327.101
2-SUL_age_cat6 -0.589 0.284 -1.155 -0.036 | 1.008 | 779.805 | 1723.153
2-SUL_age_cat7 -0.702 0.355 -1.396 -0.009 | 1.009 | 1000.825 | 2097.173
2-SUL_CI 0.440 0.809 -1.132 2.004 | 1.000 | 2737.211 | 2995.057
2-SUL_weight -0.310 0.067 -0.439 -0.180 | 1.000 | 2425.197 | 2711.690
3-SL_raceBlack -0.808 0.258 -1.311 -0.315 | 1.001 | 1416.546 | 1843.100
3-SL_raceOthers -0.775 0.276 -1.328 -0.238 | 1.001 | 1407.175 | 1789.440
3-SL_raceWhite -0.460 0.231 -0.913 -0.009 | 1.004 | 1268.959 | 1951.808
3-SL_hisplatinoYes -0.236 0.148 -0.525 0.062 | 1.001 | 2472.712 | 2904.142
3-SL_genderMale 0.406 0.095 0.221 0.589 | 1.004 | 2133.667 | 2417.740
3-SL_age_cat2 0.096 0.241 -0.396 0.562 | 1.016 | 665.715 | 1294.748
3-SL_age_cat3 0.217 0.237 -0.253 0.668 | 1.017 | 636.064 | 1375.058
3-SL_age_cat4 0.002 0.239 -0.477 0.459 | 1.016 | 623.238 | 1520.384
3-SL_age_cat5 -0.017 0.238 -0.496 0.448 | 1.018 614.908 | 1396.900
3-SL_age_cat6 0.403 0.250 -0.080 0.889 | 1.017 | 612977 | 1347.733
3-SL_age_cat7 0.361 0.293 -0.220 0.935 | 1.015 | 690.493 | 1672.807
3-SLC1 -0.170 0.709 -1.573 1.252 | 1.001 | 2565.630 | 2567.431
3-SL_weight -0.247 0.055 -0.354 -0.138 | 1.001 | 2028.856 | 2559.987
4-VL _raceBlack -1.724 0.278 -2.255 -1.189 | 1.002 | 1457.953 | 2378.965
4-VL_raceOthers -0.938 0.280 -1.485 -0.415 | 1.003 | 1210.833 | 2339.810
4-VL_raceWhite -0.494 0.242 -0.965 -0.032 | 1.003 | 1164.846 | 2296.319
4-VL_hisplatinoYes -0.340 0.159 -0.645 -0.015 | 1.002 | 1818.375 | 2584.888
4-VL_genderMale 0.691 0.088 0.518 0.864 | 1.002 | 2134.258 | 3089.841
4-VL_age_cat2 0.179 0.233 -0.270 0.627 | 1.013 | 697.354 | 1646.674
4-VL_age_cat3 0.156 0.228 -0.301 0.590 | 1.016 | 663.182 | 1318.004
4-VL_age_cat4 0.037 0.229 -0.410 0.482 | 1.015 | 654.054 | 1367.113
4-VL_age cat5 0.188 0.228 -0.266 0.635 | 1.017 | 630.713 | 1329.275
4-VL_age_cat6 0.730 0.237 0.259 1.187 | 1.014 651.867 | 1328.418
4-VL_age_cat7 0.875 0.277 0.344 1.426 | 1.014 | 767.008 | 1679.868
4-VL_C1 -0.884 0.692 -2.261 0.443 | 1.002 | 2101.345 | 2867.892
4-VL_weight -0.280 0.053 -0.385 -0.178 | 1.003 | 1746.503 | 2676.564
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Table 4.2: Summary of the random effects of the model parameters.

State Estimate | Est.Error | 1-95% CI | u-95% CI | Rhat | Bulk_ESS | Tail_ ESS
0,(1=VUL) 0.089 0.058 0.005 0.214 | 1.003 | 1361.305 | 1865.940
0,(2—=SUL) 0.130 0.078 0.007 0.297 | 1.001 | 1071.347 | 1400.320
0,(3—SL) 0.104 0.063 0.006 0.235 | 1.006 | 1018.157 | 1121.844
0,(4—VL) 0.121 0.071 0.007 0.264 | 1.006 | 689.759 | 1351.671

State:Race:Hisp

o.(1=VUL) 0.121 0.076 0.007 0.285 | 1.001 866.657 | 1540.878
ou(2—=SUL) 0.072 0.054 0.003 0.201 | 1.000 | 1959.455 | 2021.904
o.(3—SL) 0.069 0.051 0.002 0.189 | 1.002 | 1318.036 | 2235.666
ou(4—VL) 0.142 0.074 0.011 0.286 | 1.011 491.892 | 1360.607
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Figure 4.1: Comparison of direct estimates with our proposed HB model-based estimates for the
response category 1: ‘“Very unlikely’. The national estimate is represented by the solid horizontal
line.
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Figure 4.4: Comparison of direct estimates with our proposed HB model-based estimates for the
response category 4: ‘Very likely’. The national estimate is represented by the solid horizontal
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Figure 4.5: Comparison of direct estimates with our proposed HB model-based estimates for the
response category 5: ‘Unsure’. The national estimate is represented by the solid horizontal line.
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demonstrated earlier. Despite incorporating all relevant factors influencing the sampling mecha-
nism from the available data, significant sampling weights were observed across various response
variable categories. In such situations, it is crucial to avoid using a single model for the population
and the sample in estimation methods.

For illustrative purposes, we generated small area estimates using MRP for our dataset.
Below, we present comparison plots of MRP with our proposed methodology. While MRP yields
estimates with lower standard errors compared to our model-based approach, it is not suitable
for our scenario, as discussed previously. Any method assuming a single model for both the
population and the sample is inadequate in the presence of informative sampling.

Figures 4.6, 4.7, 4.8, 4.9, and 4.10 depict the comparison between MRP-based estimates
and our proposed HB-model based estimates. Generally, both methods yield similar estimates,
with MRP exhibiting lower standard errors. However, in figure 4.7, we observe consistently
higher estimates from MRP compared to national survey-based estimates for response category
2: ‘Somewhat unlikely’. It is important to note that national survey-based estimates are highly
reliable due to the large sample sizes. Thus, for this category, our method outperforms MRP,
despite MRP’s lower standard errors. We think this is most likely because, for this category, the

survey weights were highly significant.

4.5 Conclusion

In this chapter, we explore a specialized application of the general methodology outlined
in Chapter 3, specifically tailored to address survey response variables with multiple categories.

We investigate the potential impact of biased or informative sampling on the assumed model.

118



Very unlikely

colour
HB_est
MRP_est

--
-

TV bl W\

0.24

o
I

0.16 -

o
sajewse

States in increasing order of sample sizes

Figure 4.6: Comparison of MRP-based estimates with our proposed HB model-based estimates

‘Very unlikely’. The national estimate is represented by the solid

for the response category 1:

horizontal line.

Somewhat unlikely

colour
HB_est
MRP_est

-
-

\/ “VV'\/W

States in increasing order of sample sizes

V
-
V.

[ ——

@
=
=}

S
sajewsa

A
T
Wv

@
=
=]

Figure 4.7: Comparison of MRP-based estimates with our proposed HB model-based estimates
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Figure 4.9: Comparison of MRP-based estimates with our proposed HB model-based estimates
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Figure 4.10: Comparison of MRP-based estimates with our proposed HB model-based estimates
for the response category 5: ‘Unsure’. The national estimate is represented by the solid horizontal
line.

We show that when informative sampling is present, employing the assumed population model
on the sampled units can yield erroneous/biased inferences. Given that many factors influencing
informative sampling are unobserved or inaccessible to survey statisticians, we propose utilizing
survey weights and conducting tests to evaluate the statistical significance of the associated co-
efficient. Our proposed model and estimation method accommodate survey weights seamlessly
within the modeling and estimation processes. Furthermore, we conduct a comparative analysis
between our approach and Multilevel Regression with Poststratification (MRP), a widely used
technique for generating reliable small area estimates. Despite MRP’s reputation for precision,
we highlight its unsuitability under conditions of informative sampling, which can lead to in-
flated estimates for certain response categories. However, it is worth noting that MRP generally
yields estimates with higher precision compared to our method. Moreover, had benchmarking

been utilized, MRP estimates would eventually stabilize, akin to ours. Despite the inadvisability
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of employing MRP or similar methods assuming identical models for population and observed
sample data in cases of informative sampling, benchmarking can still mitigate over or underesti-
mations within the MRP framework. Future extensions of our work may involve joint modeling
of multiple survey response variables, including binary, categorical, and continuous variables,
incorporating appropriate correlation structures where necessary to enhance the robustness and

accuracy of the modeling framework.
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Chapter 5: Discussion and concluding remarks

The dissertation aims to address significant gaps in the estimation of multidimensional
poverty measures for small areas, propose novel hierarchical Bayesian estimation procedures for
finite population means in small areas, and explore specialized applications of these methods for
survey response variables with multiple categories. Central to the dissertation is the utilization
of hierarchical Bayesian methods in the realm of small-area estimation. In this final chapter,
we provide an overview of the key findings and contributions from each chapter, along with

implications and future research directions.

5.1 Summary of Findings

In Chapter 2, we identified a research gap concerning the estimation of multidimensional
poverty measures for small areas. We proposed a Bayesian method for estimating these poverty
rates and quantifying the relative contributions of different dimensions towards individual-level
poverty for small areas. Our approach is versatile and can be easily adapted to accommodate
various methods for defining multidimensional poverty, including popular measures of multidi-
mensional poverty methods like counting or fuzzy set methods. Additionally, we introduced a
unique approach for determining effective sample sizes, considering the complexity of the survey

data and the way it was collected.
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Chapter 3 introduced a unified hierarchical Bayesian estimation procedure for finite popu-
lation means in small areas, leveraging data linkage techniques to integrate diverse data sources,
including social media data. We developed an elaborate model for sampled respondents, incorpo-
rating survey weights and factors influencing the outcome variable to reduce the informativeness
of the sample. Our methodology demonstrated reduced sensitivity to model misspecifications
and diminished reliance on assumed models, offering a robust approach for small area estimation
challenges.

In Chapter 4, we explored specialized applications of our methodology for survey response
variables with multiple categories. We addressed the potential impact of biased or informative
sampling on assumed models and proposed strategies to evaluate and mitigate these effects. Com-
parative analysis with Multilevel Regression with Poststratification (MRP) highlighted the limi-
tations of MRP under conditions of informative sampling, emphasizing the need for alternative

approaches to small area estimation.

5.2 Implications and Future Directions

The findings from this dissertation have several implications for research and practice in
small area estimation and multidimensional poverty measurement. Our Bayesian estimation pro-
cedures offer robust and flexible methods for addressing challenges such as informative sampling,
model misspecification, and data integration. These methods have the potential to enhance the
accuracy and reliability of small area estimates, providing valuable insights for evidence-based
policy-making and resource allocation.

Future research directions may involve extending our methodologies to incorporate addi-
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tional data sources, such as sensor data, to further improve the precision and accuracy of small
area estimates. Incorporating sensor data into small area estimation (SAE) can enrich analyses
by providing real-time, granular insights into environmental conditions, infrastructure usage, and
human behavior. By augmenting traditional data sources, sensor data can enhance the accuracy
and depth of SAE models, such as the ones considered in this thesis. This will facilitate more pre-
cise estimations of socioeconomic indicators and enable targeted interventions to address local
disparities and improve community well-being. Random covariance matrices can also be con-
sidered for the joint modeling of multidimensional poverty scores. Joint modeling of multiple
survey response variables, including binary, categorical, and continuous variables, could enhance
the versatility and applicability of our approach across diverse domains. Additionally, exploring
alternative strategies for handling informative sampling and evaluating the robustness of estima-
tion procedures under different sampling scenarios would contribute to advancing the field of

small area estimation.

5.3 Conclusion

In conclusion, this dissertation contributes to the advancement of small area estimation and
multidimensional poverty measurement by introducing novel Bayesian estimation procedures,
addressing key methodological challenges, and offering insights into the implications of infor-
mative sampling. By developing robust and flexible methods for small area estimation, we aim
to provide policymakers and researchers with reliable tools for understanding and addressing

socioeconomic disparities at local levels.
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