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We develop adaptive finite element methods (AFEMs) for elliptic problems,
and prove their convergence, based on ideas introduced by Dorfler [7], and Morin,
Nochetto, and Siebert [15, 16]. We first study an AFEM for general second order lin-
ear elliptic PDEs, thereby extending the results of Morin et al [15, 16] that are valid
for the Laplace operator. The proof of convergence relies on quasi-orthogonality,
which accounts for the bilinear form not being a scalar product, together with novel
error and oscillation reduction estimates, which now do not decouple. We show
that AFEM is a contraction for the sum of energy error plus oscillation. Numerical
experiments, including oscillatory coefficients and both coercive and non-coercive
convection-diffusion PDEs, illustrate the theory and yield optimal meshes. The
role of oscillation control is now more crucial than in [15, 16] and is discussed and
documented in the experiments.

We next introduce an AFEM for the Laplace-Beltrami operator on C* graphs
in R (d > 2). We first derive a posteriori error estimates that account for both

the energy error in H' and the geometric error in W2 due to approximation of the



surface by a polyhedral one. We devise a marking strategy to reduce the energy
and geometric errors as well as the geometric oscillation. We prove that AFEM
is a contraction on a suitably scaled sum of these three quantities as soon as the
geometric oscillation has been reduced beyond a threshold. The resulting AFEM
converges without knowing such threshold or any constants, and starting from any
coarse initial triangulation. Several numerical experiments illustrate the theory.
Finally, we introduce and analyze an AFEM for the Laplace-Beltrami operator
on parametric surfaces, thereby extending the results for graphs. Note that, due to
the nature of parametric surfaces, the geometric oscillation is now measured in terms
of the differences of tangential gradients rather than differences of normals as for
graphs. Numerical experiments with closed surfaces are provided to illustrate the

theory.
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Overview

Adaptive procedure for numerical solution of partial differential equations
(PDEs) started in the late 1970’s and are now standard tools in science and engi-
neering. Adaptivity is an effective tool for obtaining approximate solutions of good
quality at relatively low computational costs, especially in the presence if singular-
ities. Adaptive finite element methods (AFEMs) are indeed a meaningful approach
toward multi-scale phenomena that makes realistic computations feasible.

A key ingredient of adaptivity is a posteriori error estimation. A posteriori
error estimates are computable estimates for the error in suitable norms, typically in
energy norm, in terms of the approximate solution and data of the problem. They
in fact provide the basis for adaptive mesh refinement and quantitative error control
to reach the ultimate goal - equidistribute the local discretization error. This can
be rephrased in terms of optimizing the computational effort for a given accuracy,
which in turn corresponds to avoiding overrefinement. We refer to the books of
Ainsworth and Oden [1] and Verfiirth [23] for an extensive review on a posteriori
error estimation.

For elliptic PDEs, AFEM boils down to iterations of the form

SOLVE — ESTIMATE — MARK — REFINE.

Given a current mesh and data, SOLVE finds the approximate solution; ESTIMATE
computes error estimates in suitable norms based on a posteriori error estima-
tors; MARK marks elements for refinement, thus hoping to reach the ultimate goal;

REFINE refines the current mesh to obtain a finer, hopefully enhanced, mesh. Ide-



ally, AFEMs produce an infinite sequence of approximate solutions, and the question
arises whether this sequence converges to the exact solution. A complete answer in
1d was given by Babuska and Vogelius [2]; this result and techniques do not extend
to several dimensions though. For multidimensional problems, Dorfler [7] introduced
a marking strategy and established a connection between consecutive discrete so-
lutions which turn out to be crucial for convergence. Dorfler did not construct,
however, a convergent AFEM in the sense described above. More recently, Morin
et al [15, 16] introduced the notion of data oscillation, incorporated an additional
marking to account for it, and proved convergence of the resulting AFEM. These
results, however, are only valid for second order elliptic operators with piecewise
constant coefficients and without lower order terms; the Laplace operator is a chief
example.

In this thesis we extend these results upon developing AFEM and proving
their convergence for general second order linear elliptic PDEs and for the Laplace-
Beltrami operator on surfaces. The study of AFEM for general second order linear
elliptic PDEs extends [15, 16] to variable coefficients and non-symmetric noncoercive
bilinear forms; this could be used as a basis for further work on AFEM for nonlinear
elliptic PDEs. The interest in solving the Laplace-Beltrami operator on surfaces
comes from problems in physics, biophysics, engineering problems, and image pro-
cessing, where elliptic PDEs are to be solved on surfaces instead of flat domains.
We deal first with the simpler case of graphs, and later with the general case of

parametric surfaces.



Thesis Outline

We organize the presentation of this thesis into three parts. In Chapter 1,
we develop and prove convergence of AFEM for general second order linear ellip-
tic PDEs. We introduce the concept of quasi-orthogonality to account for non-
symmetric bilinear forms corresponding to convection-diffusion PDEs. Since oscilla-
tions now depend also on the approximate solution, due to the presence of variable
coefficients and lower order terms, they are coupled with the error. This is an es-
sential difficulty, typical of general operators, that was not addressed in [15, 16].
We study this issue in detail. We prove convergence upon showing that AFEM is a
contraction for a suitably scaled sum of energy error and oscillation. We conclude
this chapter with several numerical experiments to illustrate the theory and shed
light on the more prominent role of oscillation.

In Chapter 2, we develop AFEM for the Laplace-Beltrami operator on graphs.
We start with differential geometry properties of graphs that are useful for the a
posteriori error analysis. We derive a posteriori error estimates that account for
both the energy error in H' and the geometric error in WL due to approximation of
the graph by a polyhedral one. We devise a marking strategy to reduce the energy
and geometric errors as well as the geometric oscillation. We prove that AFEM
is a contraction on a suitably scaled sum of these three quantities as soon as the
geometric oscillation has been reduced beyond a threshold; this threshold measures
closeness between exact and discrete surfaces or, equivalently, geometric resolution

of the underlying finite element mesh. Our AFEM converges without knowing such



threshold or any constants, and starting from any coarse initial triangulation. Sev-
eral numerical experiments illustrate the theory.

In Chapter 3, we extend the results of Chapter 2 to the Laplace-Beltrami op-
erator on parametric surfaces. The development and analysis are similar to those of
graphs. Starting from basic differential geometry, we discuss the local representation
of the surface within the finite element context and how conforming refinement of
macro-elements gives rise to a conforming discretization of the surface. This matter
is crucial for both the formulation of AFEM and its analysis. We next derive a
posteriori error estimates. We point out that both the geometric error and oscil-
lation for parametric surfaces are different from those used for graphs. We prove
convergence of the resulting AFEM and conclude with numerical experiments that

illustrate the theory.



Chapter 1
AFEM for General Second Order Linear Elliptic PDEs

1.1 Introduction and Main Result

Let © be a polyhedral bounded domain in R (d = 2,3). We consider a
homogeneous Dirichlet boundary value problem for a general second order elliptic

partial differential equation (PDE):

Lu=—-V-(AVu)+b-Vu+cu=f inQ, (1.1.1)

u=0 on 0% (1.1.2)

the choice of boundary condition is made for ease of presentation, since similar
results are valid for other boundary conditions. We also assume
o A : Q) — R% g Lipschitz and symmetric positive definite with smallest eigenvalue

a_ and largest eigenvalue a,, i.e.,
a(z) | < A@)E-€ <ap(x)|E], VEeRY xe; (1.1.3)
e b e [L=(Q)] is divergence free (V-b = 0 in Q);
e ¢ € () is nonnegative (¢ > 0 in Q);
o [ € L*Q).
The purpose of this chapter is to prove the following convergence results for

adaptive finite element methods (AFEM) for (1.1.1-1.1.2), and document their per-

formance computationally.



Theorem 1.1 (Convergence of AFEM). Let {uy}, .y, be a sequence of finite ele-
ment solutions corresponding to a sequence of nested finite element spaces {Vk}keNo
produced by the AFEM of §3.5, which involves loops of the form

SOLVE — ESTIMATE — MARK — REFINE.
There exist constants o,v > 0, and 0 < & < 1, depending solely on the shape
reqularity of meshes, the data, the parameters used by AFEM, and a number 0 <
s < 1 dictated by the interior angles of 02, such that if the initial meshsize hy

satisfies hi||bl|; < o, then for any two consecutive iterations k and k + 1 we have
o — e l* + 7 o5cisa (0)* < €8 (fu— well® + 7 05k (€2)°) (1.1.4)
Therefore, AFEM converges with a linear rate &, namely
llu = will® + 7 osei()* < Co €%,
where Cy == [|lu — uo|]* 4 v 0sco ().

Hereafter, ||| denotes the energy norm induced by the operator £ and osc(2),
the oscillation term, stands for information missed by the averaging process asso-
ciated to FEM. This convergence result extends those of Morin et al. [15, 16] in
several ways:

e We deal with a full second order linear elliptic PDE with variable coefficients A, b
and ¢, whereas in [15, 16] A is assumed to be piecewise constant and b and ¢ to
vanish.

e The underlying bilinear form B is non-symmetric due to the first order term b-Vu.
Since B is no longer a scalar product as in [15, 16], the Pythagoras equality relating
u, ug and ug,q fails; we prove a quasi-orthogonality property instead.
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e The oscillation terms depend on discrete solutions in addition to data. Therefore,
oscillation and error cannot be reduced separately as in [15, 16].
e The oscillation terms do not involve the oscillation of the jump residuals. This is
achieved by exploiting positivity and continuity of A.
e Since error and oscillation are now coupled, in order to prove convergence we need
to handle them together. This leads to a novel argument and result, the contraction
property (1.1.4), according to which both error and oscillation decrease together.
This chapter is organized as follows. In section 2 we introduce the bilinear
form, the energy norm, recall existence and uniqueness of solutions, and state the
quasi-orthogonality property. In section 3 we describe the procedures used in AFEM,
namely, SOLVE, ESTIMATE, MARK, and REFINE, state new error and oscillation
reduction estimates, present the adaptive algorithm AFEM and prove its conver-
gence. In section 4 we prove the quasi-orthogonality property of section 2 and the
error and oscillation reduction estimates of section 3. In section 5 we present three
numerical experiments to illustrate properties of AFEM. We conclude in section 6
with extensions to A piecewise Lipschitz, with discontinuities aligned with the ini-
tial mesh, as well as non-coercive bilinear form B due to V-b # 0 and a numerical

experiment.



1.2 Discrete Solution and Quasi-Orthogonality

For an open set G C R? we denote by H'(G) the usual Sobolev space of

functions in L?(G) whose first derivatives are also in L?*(G), endowed with the norm

1/2
lulliey = (Il oy + 190l 2y )

we use the symbols ||-||;;1 and ||||;- when G = Q. Moreover, we denote by H}(G)
the space of functions in H'(G) that vanish on the boundary in the trace sense.

A weak solution of (1.1.1) and (1.1.2) is a function u satisfying
u € Hy () : Blu,v] = (f,v) Vv e Hy (), (1.2.1)

where (u,v) := [,uv for any u,v € L*(), and the bilinear form is defined on

Hi(Q)x Hi () as
Blu,v] :== (AVu,Vv) + (b Vu+ cu,v). (1.2.2)

By Cauchy-Schwarz inequality one can easily show the continuity of the bilin-
ear form

|Blu, v]| < Cp [[ullg 0]l

where C'p depends only on the data. Combining Poincaré inequality with the diver-

gence free condition V-b=0, one has coercivity in H} ()
2 2 2
Blv,v] > / a_ |[Vul]” 4+ cv® > cp||v]
Q

where cp depends only on the data. Existence and uniqueness of (1.2.1) thus follows

from Lax-Milgram theorem. [10].



We define the energy norm on HZ(Q) by ||v||* := Blv,v], which is equivalent

to Hy(Q)-norm ||-||;;:. In fact we have

cp ol < ol” < Cs vl Yo € Hy(Q). (1.2.3)

1.2.1 Discrete Solutions on Nested Meshes

Let {7y} be a shape regular family of nested conforming meshes over : that

is there exists a constant v* such that

H
—L <y VTelJm (1.2.4)
Pr !

where, for each T € 7y, Hr is the diameter of T, and pr is the diameter of the
biggest ball contained in 7'; the global meshsize is hy := maxper, Hr.

Let {Vy} be a corresponding family of nested finite element spaces consisting
of continuous piecewise polynomials over 7y of fixed degree n > 1, that vanish on

the boundary. Let uy be a discrete solution of (1.2.1) satisfying
ug € Vg : B[UH,’UH] = <f, UH> Yog € VH; (125)

the effect of quadrature is not considered in this chapter. Existence and uniqueness

of this problem follows from Lax-Milgram theorem, since Vg C HJ ().

1.2.2  Quasi-Orthogonality

Consider two consecutive nested meshes 7y C 7y, i.e. 7, is a refinement of
Ty For the corresponding spaces Vg C V), € H}(Q), let uy, € Vj, and uy € Vi be
the discrete solutions. Since the bilinear form is non-symmetric, it is not a scalar

9



product and the orthogonality relation between u — ug and uj, — uy, the so-called
Pythagoras equality, fails to hold. We have instead a perturbation result referred to
as quasi-orthogonality provided that the initial mesh is fine enough. This result is

stated below and the proof is given in section 4.

Lemma 1.2.1 (Quasi-orthogonality). Let f € L?(Q2). There exist a constant
C* > 0, solely depending on the shape regularity constant v*, the data A,b, and c,
and a number 0 < s < 1 dictated only by the interior angles of OS2, such that if the

meshsize hy of the initial mesh satisfies C*h{ ||b|| ;. < 1, then
2 2 2
lw = unll™ < Ao flu = wn[]” = flun = ual” (1.2.6)

where Ao == (1 — C*hg ||b|| ). The equality holds provided b = 0 in €.

1.3 Adaptive Algorithm

The Adaptive procedure consists of loops of the form

[SOLVE — ESTIMATE — MARK — REFINE. |

The procedure SOLVE solves (1.2.5) for the discrete solution ug. The procedure
ESTIMATE determines the element indicators 1y (7") and oscillation oscy (7)) for all
elements T € 7. Depending on their relative size, these quantities are later used
by the procedure MARK to mark elements 7', and thereby create a subset ’ZA‘H of Ty
of elements to be refined. Finally, procedure REFINE partitions those elements in
T; z and a few more to maintain mesh conformity. These procedures are discussed

more in detail below.

10



1.3.1 Procedure SOLVE : Linear Solver

We employ linear solvers, either direct or iterative methods, such as precon-
ditioned GMRES, CG, and BICG, to solve linear system (1.2.5). In other words,
given a mesh 7, an initial guess u;_; for the solution, and the data A, b, ¢, f, SOLVE

computes the discrete solution

uy, := SOLVE(Ty, up_1, A, b,c, f)

1.3.2 Procedure ESTIMATE : A Posteriori Error Estimate

Since we assume exact numerical integration, subtracting (1.2.5) from (1.2.1)

yields Galerkin orthogonality
B[’LL—UH,UH] =0 Yog € Vg. (131)

In addition to 7y, let Sg denote the set of interior faces (edges or sides) of the mesh

(triangulation) 7z. We consider the residual R(uy) € H= () defined by
R(ug) = f+ V- (AVug) —b-Vuy — cupy,

and its relation to the error L(u—upy) = R(ugy). It is clear that to estimate ||u — ug||
we can equivalently deal with ||R(uw)| f-1(q)- To this end, we integrate by parts

elementwise the bilinear form B[u—u, v] to obtain the error representation formula

Blu —ug,v] = Z /TRT(UH)U+ Z /SJS(UH)U Voe Hi(Q), (1.3.2)

TeTy SeESH
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where the element residual Rr(ugy) and the jump residual Js(uy) are defined as

RT(UH) = f + V<AVUH) —b-Vuyg —cuy in7T e TH7 (133)

JS(UH) = _AquJr : V+ — Aqui V= [[AVUH]]S * Vg on S € SH, (134)

where S is the common side of elements T+ and 7T~ with unit outward normals
vt and v, respectively, and vg = v~. Whenever convenient, we will use the

abbreviations Rr = Rr(up) and Jg = Js(ugy).

Upper Bound

For T € Ty and S € S, an interior face, we define the local error indicator

nu(T) by

mn(1) = H | Belum)ry + Y Hs W sum)lasy- (135)
ScoT

Given a subset w C Q, we define the error estimator ng(w) by

mn(W)? =Y (D)

TETH,TCW
Hence, ny(€)) is the error estimator of ) with respect to the mesh 7y. Using
(1.3.1),(1.3.2) and properties of Clément interpolation, as shown in [1, 5, 23], we

obtain the upper bound of the error in terms of the estimator,
llu = wrll* < Cine (), (1.3.6)

where the constant C; > 0 depends only on the shape regularity v*, coercivity

constant cg and continuity constant C'z of the bilinear form.

12



Lower Bound

Using the explicit construction of Verfiirth [1, 23] via bubble functions and
positivity and continuity of A, we can get a local lower bound of the error in terms of
local indicators and oscillation. That is, there exist constants Cs, C's > 0, depending

only on the shape regularity v*, C'z , and cg, such that

Comu(T)? = Cs 3 HE||Re—Rr oy < o= wntlline (13.7)

TCwr

where the domain wr consists of all elements sharing at least a side with T', and
Ry is any polynomial approximation of Ry on T. However, for the purpose of
proving Lemmas 1.3.1 and 1.3.2 below, we will assume that Ry € P,_(T) is the

L2-projection of Ry. We define the oscillation on the elements T' € Ty by
=12
oscy(T)* := HE || Rr — R, (1.3.8)
and for a subset w C 2, we define

oscy(w)? = Z oscy (T)%.

TeTy, TCw

Remark 1.3.1. We see from (1.3.7) that if the oscillation oscy(wy) is small compared
to the indicator 9y ('), then a large ny (1') implies a large local error [|u — wn || g1,
This explains why refining elements with large indicators usually tends to equi-
distribute the errors, which is an ultimate goal of adaptivity. This idea is employed

by the procedure MARK of §1.3.3.

Remark 1.3.2. The oscillation oscy (T") does not involve oscillation of the jump resid-
ual Jg(up) as is customary [1, 23]. This result follows from the positivity and
continuity of A, and is explained in §1.4.2.

13



Remark 1.3.3. The oscillation oscy(T") depends on Ry = Ryp(ug), which in turn
depends on the discrete solution uy. This is a fundamental difference with Morin
et al. [15, 16], where the oscillation is purely data oscillation. It is not clear now
that the oscillation will decrease when the mesh 7y will be refined because uy will
also change. Controlling the decay of oscy(7') is thus a major challenge addressed
in this work; see §1.3.3 and §1.3.4. It is not possible to show that oscillation will

always decrease as the mesh gets refined as in [15, 16].

For a given mesh 7y and discrete solution uy, along with input data A, b, c
and f, the procedure ESTIMATE computes indicators ng (7") and oscillations oscy (7')

for all elements 7' € Ty according to (1.3.5) and (1.3.8):

{7’]1{ (T), OSCH<T)}T€TH = EST'MATE(TH, U, .A7 b7 C, f)

1.3.3 Procedure MARK

Our goal is to devise a marking procedure, namely to identify a subset Ty of
the mesh 7y such that, after refining, both error and oscillation will be reduced.
We use two strategies for this: Marking Strategy E deals with the error estimator,

and Marking Strategy O does so with the oscillation.

Marking Strategy E : Error Reduction

This strategy was introduced by Dorfler [7] to enforce error reduction.

14



Marking Strategy E. Given a parameter 0 < 6 < 1, construct a subset Ty of

Ty such that

> nu(T)? = 07y (), (1.3.9)

and mark all elements in 75 for refinement.

We will see later that Marking Strategy E guarantees error reduction in the
absence of oscillation terms. Since the latter account for information missed by the
averaging process associated with the finite element method, we need a separate

procedure to guarantee oscillation reduction.

Marking Strategy O: Oscillation Reduction

This procedure was introduced by Morin et al. [15, 16] as a separate means

for reducing oscillation.

Marking Strategy 0. Given a parameter 0 < < 1 and the subset 7;; C Ty

produced by Marking Strategy E, enlarge 7A'H such that

A

Z oscy (T)? > Goscy (Q)?, (1.3.10)

and mark all elements in 75 for refinement.

Given a mesh 7y and all information about the local error indicators ng(T),
and oscillation oscy (7', together with user parameters 6 and é, MARK generates a

subset, ’?H of Ty

Tt = MARK (9,0 ; Ty, {ni(T), 05¢1(T) }per,)

15



1.3.4 Procedure REFINE

The following Interior Node Property, due to Morin et al [15, 16], is known to

be necessary for error and oscillation reduction.

Interior Node Property. Refine each marked element 7" € 7y to obtain a new

mesh 7}, compatible with 7 such that

T and the d + 1 adjacent elements 1" € 7y of T, as well as their

common sides, contain a node of the finer mesh 7;, in their interior.

In addition to the Interior Node Property, we assume that the refinement is
done in such a way that the new mesh 7}, is conforming, which guarantees that both
Ty and 75, are nested. With this property, we have a reduction factor vy < 1 of
element size, i.e. if T' € 7}, is obtained by refining 7" € T, u, then hy < ~yHyp. For
example, when d = 2 with triangular elements, to have Interior Node Property we
can use the three newest bisections for each single refinement step, whence vy < 1/2.

Given a mesh 7y and a marked set ’]A'H, REFINE constructs the refinement 75,

satisfying the Interior Node Property:

75, = REFINE(Ty, Ty)

Combining the marking strategies of §1.3.3 with the Interior Node Property,

we obtain the following two crucial results whose proofs are given in §1.4.

Lemma 1.3.1 (Error Reduction). There exist constants Cy and Cs, depending only

on the shape regularity constant v* and 0, such that
i (T)? < Cy llup — ug |3, + Csosc(wr)® VT €Ty (1.3.11)
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We realize that the local energy error between consecutive discrete solutions is
bounded below by the local indicators for elements in the marked set ’?H, provided

the oscillation term is sufficiently small relative to the energy error.

Lemma 1.3.2 (Oscillation Reduction). There exist constants 0 < p; < 1 and

0 < po, depending only on v* and é, such that
0scy ()% < proscy (Q) + pa flun — um® . (1.3.12)

We have that oscillation reduces with a factor p; < 1 provided the energy error

between consecutive discrete solutions is relatively small.

Remark 1.3.4 (Coupling of error and oscillation). Lemmas 1.3.1 and 1.3.2 seem to
lead to conflicting demands on the relative sizes of error and oscillation. These
two concepts are indeed coupled, which contrasts with [15, 16], where oscillation
depends only on data and reduces separately from the error. This suggests that we
must handle them together, this being the main contribution of this chapter. We

make this assertion explicit in Theorem 1.1 below.

1.3.5 Adaptive Algorithm AFEM

The adaptive algorithm consists of the loops of procedures SOLVE, ESTIMATE,
MARK, and REFINE, consecutively, given that the parameters 6 and 6 are chosen

according to Marking Strategies E and O.

17



AFEM.
Choose parameters 0 < 6,60 < 1.
1. Pick an initial mesh 7, initial guess u_; = 0, and set k = 0.
2. up = SOLVE(7Zy, ux—_1, A, b, c, f).
3. {m(T), 05¢k(T) }peg, = ESTIMATE(Ty, ug, A, b, ¢, f)).
4. Ty = MARK(0,0 5 Tr., {ni(T), 05c4(T) } ez, ).

5. T..1 = REFINE(T;,, 7).

6. Set k =k + 1 and go to step 2.

Theorem 1.1 (Convergence of AFEM). Let {uy}, .y, be a sequence of finite ele-

ment solutions corresponding to a sequence of nested finite element spaces {Vk}keNO

produced by AFEM. There exist constants o,v > 0, and 0 < & < 1, depending
solely on the mesh regularity constant v*, data, parameters 6 and é, and a number
0 < s < 1 dictated by interior angles of 052, such that if the initial meshsize hg

satisfies hi||bl|« < o, then for any two consecutive iterations k and k+1, we have
llu = wpsr I” + 7 056,41 (2)* < € (Jlu — ugl|* + v 0sci(€2)?) (1.3.13)
Therefore AFEM converges with a linear rate &, namely,
ot — ugll? + 7 0scx(2)? < Co €2

where Cy == [Jlu — uo|]* 4  0sco ().
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Proof. We just prove the contraction property (1.3.13), which obviously im-

plies the decay estimate. For convenience, we introduce the notation
er = |lu—u, ek = |luks1r — ur|, oscy, 1= 0sck(92) .

The idea is to use the quasi-orthogonality (1.2.6) and replace the term [Jugq —
using new results of error and oscillation reduction estimates (1.3.11) and (1.3.12).
We proceed in three steps as follows.

Step 1. We first get a lower bound for e, in terms of e;. To this end, we use Marking

Strategy E and the upper bound (1.3.6) to write

0% < C16*n () < Oy Z m(T)?.

T€eT,

Adding (1.3.11) of Lemma 1.3.1 over all marked elements 7' € 7i, and observing
that each element can be counted at most D := d + 2 times due to overlap of the

sets wr, together with [|v]|7: < ¢! |v]|? for all v € HE(Q), we arrive at

DC,\C
022 < =11 22 1 DO, Cy osch.
CB
If Ay = %, Ag 1= ZEE, then this implies the lower bound for &7,
ex > MAje} — Aqoscy. (1.3.14)

Step 2. If hg is sufficiently small so that the quasi-orthogonality (1.2.6) of Lemma

1.2.1 holds with Ag = (1 — C*AS ||b||;~ )", then
B < Mot — &)
Replacing the fraction Bg2 of €2 via (1.3.14) we obtain

eni1 < (Mo — BA1)ej + BAsosc; — (1 — B)ef,
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where 0 < 3 < 1 is a constant to be chosen suitably. We now assert that it is

possible to chose hy compatible with Lemma 1.2.1 and also that
0<OZI:A()—ﬁA1<1.

A simple calculation shows that this is the case provided

OA

C*hy |Iblliee < ————

<1,

: : A
i.e., h|bll e < o with o := % Consequently

er 1 < aep + BAsosci — (1 — B)e;. (1.3.15)

Step 3. To remove the last term of (1.3.15) we resort to the oscillation reduction
estimate of Lemma 1.3.2

0scp 1 < p10SC;, + pPaci.
We multiply it by (1 — 3)/p2 and add it to (1.3.15) to deduce

1—
€ri1 + Tﬁoscile <ae+ (ﬁAg + %(1 - ﬁ)) 0sC;.

If v := 1= then we would like to choose § < 1 in such a way that
P2

BAs + p1y = py

for some p < 1. A simple calculation yields

p=p1

ﬁ_ P2

— N u—01 p1
A2+ P2

and shows that p; < p < 1 guarantees that 0 < g < 1. Therefore,
€py1 + 7 05Ch, < ef + py oscy,

and the asserted estimate (1.3.13) follows upon taking £ = max(a, u) < 1. O
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Remark 1.3.5 (Comparison with [15, 16]). In [15, 16] the oscillation is independent
of discrete solutions, i.e. py = 0, and is reduced by the factor p; < 1 in (1.3.12).
Consequently, Step 3 above is avoided by setting = 1, and the decay of e, and
osc, is monitored separately. Since this is no longer possible, e, and osc; are now

combined and decreased together.

Remark 1.3.6 (Splitting of ;). The idea of splitting ¢ is already used by Chen and
Jia [4] in examining one time step for the heat equation. This is because a mass
(zero order) term naturally occurs, which did not take place in [15, 16]. The elliptic

operator is just the Laplacian in [4].

Remark 1.3.7 (Effect of Convection). Assuming that hf ||b||;- < o implies that the
local Péclet number is sufficiently small for the Galerkin method not to exhibit
oscillations. This appears to be essential for uy to contain relevant information
and guide correctly the adaptive process. This restriction is difficult to verify in
practice because it involves unknown constants. However, starting from coarser
meshes than needed in theory does not seem to be a problem in our examples (see

§1.5.3-Experiment 2 where we carefully express the constant ¢ in terms of data).

Remark 1.3.8 (Vanishing Convection). If b = 0, then Theorem 1.1 has no restriction
on the initial mesh. This thus extends the convergent result of Morin et al. [15, 16]

to variable diffusion coefficient and zero order terms.

Remark 1.3.9 (Optimal 3). The choice of 3 can be optimized. In fact, we can easily

see that

a = Ao — BA4, = p1+ pala

g
1-p
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yields a unique value 0 < 3, < 1 for which & = p and the contraction constant & of
Theorem 1.1 is minimal. This 3, depends on geometric constant Ag, Ay, Ay as well

on H,é and hg, but it is not computable.

1.4 Proofs of Lemmas

Let 7, u C Ty be a set of marked elements obtained from procedure MARK.
Let 7;, be a refined mesh obtained from procedure REFINE, and let Vg C V;, be
nested spaces corresponding to compatible meshes 7y and 7j,, respectively. For

convenience, set

€p ‘= U — Up, €g ‘—u—ug, EH ‘= Uy — Ug.

1.4.1 Proof of Lemma 1.2.1: Quasi-Orthogonality

In view of Galerkin orthogonality (1.3.1), i.e. Blen,vn] =0, v, € V;,, we have
2 2 2
lesll” = llexll” + llewll” + Bles, enl.

If b =0, then B is symmetric and Bley, en] = Blen,eg] = 0. For b # 0, instead,
Blen, en] # 0, and we must account for this term. It is easy to see that V-b =0

and integration by parts yield
B[&?H,eh] = B[eh,aH] -+ <b . VéH,6h> — <b . Veh,£H> =2 <b . V5H76h> .

Hence

lewll® = llewI* — llexI” =2 (b - Ver, en).
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Using Cauchy-Schwarz inequality and replacing the H'(€)-norm by the energy norm

we have, for any ¢ > 0 to be chosen later,

bl
~2{b- Ve ) < dllenlfs + 1o oy
CB

We then realize the need to relate L?(2) and energy norms to replace |el;2 by

ller]l- This requires a standard duality argument whose proof is reported in [5].

Lemma 1.4.1 (Duality). Let f € L*(Q) and uw € H'T5(Q) for some 0 < s < 1 be
the solution of (1.2.1), where s depends on the interior angles of OQ (s =1 if Q is
convex). Then, there exists a constant Cp, depending only on the shape regularity

constant v* and the data of (1.1.1) such that
lenll2 < Cph®|lenlg - (1.4.1)

Inserting this estimate in the preceding two bounds, and using h < hg, the meshsize

of the initial mesh, in conjunction with (1.2.3) we deduce
“1p2s 2 2 2 - 2
(1= dCpc5"hg”) llenll” < llemll” — (1 — Il (9es) ™) llem

We now choose § = % to equate both parenthesis, as well as hq sufficiently small
0

for 6Cp*hZcy' = C*h ||bl|. < 1 with C* := Cp/cp. We end up with

1 2 2
llexll” < . lewll” =l
1= C*hi [|b] -
This implies (1.2.6) and concludes the proof. O
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1.4.2 Proof of Lemma 1.3.1 : Error Reduction

Upon restricting the test function v in (1.3.2) to V;, D Vg, we obtain the error

representation

B[EH,Uh] = Z /TR_TU}L—F/T(RT—R_T)Uh—F Z /SJS Up, \V/Uh Evh, (1.4.2)

TeTy SESH

where we use the abbreviations Ry = Ry(ug) and Jg = Js(up), and Ry = I3 ' Ry
denotes the Ls-projection of Ry onto the space of polynomials P,_1(T") over the
element T € 7. Except for avoiding the oscillation terms of the jump residual Jg,
the proof goes back to [7, 15, 16]. We proceed in three steps.

Step 1 (Interior Residual). Let T € Ty, and let zp be an interior node of T
generated by the procedure REFINE. Let ¢y € V, be a bubble function which
satisfies ¥r(xr) = 1, vanishes on 07T, and 0 < ¥7 < 1; hence supp (¢)7) C T. Since
Ry € P,_(T) and 7 > 0 in a polyhedron of measure comparable with that of T,

we have

CHR_THIZ,Q(T) S /T@Z’T R_T2=/TR_T(1/)T Ry).

Since ¥p Ry is a piecewise polynomial of degree < n over 7y, it is thus an admissible
test function in (1.4.2) which vanishes outside T (and in particular on all S € Sg).

Therefore

C Bz, < Blew,vaFor) + [ (R~ Br)urFir
T

<C <H7_“1 les |l gy + | Ry — R_THL2(T)) HR_T||L2(T) ;

because of an inverse inequality for 17 Rp. This, together with the triangle inequal-
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ity, yields the desired estimate for H% || Ry|| EQ(T) :
2 2 -2
H:2F HRTHL2(T) <C <H5HHH1(T) + H:2r HRT - RTHLQ(T)> : (1.4.3)

Step 2 (Jump Residual). Let S € Sy be an interior side of T; € ?H, and let Ty € Ty
be the other element sharing S. Let zg be an interior node of S created by the
procedure REFINE. Let vg € V}, be a bubble function in wg := T7 U T such that
s(zg) =1, 1hg vanishes on dwg, and 0 < 1g < 1; hence supp (¢s) C ws.

Since uy is continuous, then [Vug]g is parallel to vg, i.e. [Vug]g = js vs.

Moreover, the coefficient matrix A (x) being continuous implies
Js = A(z) [Vug]g - vs = js A(z)vs - vs = a(x) js,

where a(x) := A(z)vs - vg satisfies 0 < ag < a(z) < Gg with ag, ag the smallest and

largest eigenvalues of A(z) on S. Consequently,
2 —2 [ .2 —2 [ .2 az ~
1Jsllas) < as | Js < Cag | jsvs < c= (Js ¥s)Js, (1.4.4)
S s as Js

where the second inequality follows from jg being a polynomial and ¥g > 0 in a
polygon of measure comparable with that of S.

We now extend jg to wg by first mapping to the reference element, next
extending constantly along the normal to S, and finally mapping back to wg.
The resulting extension Ej(js) is a piecewise polynomial of degree < n—1 in wg
so that YsEi(js) € Vi, and satisfies [[¢sEn(js) 1205 < CH;/2||j5"L2(S). Since

v, = YsEp(js) is an admissible test function in (1.4.2) which vanishes on all sides of
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Sy but S, we arrive at

/Js(jsws) = Blen, vp) —/ Ry, vy, —/ Rr, vy,
S Th Ts

2
—1/2 1/2 .
<C (Hs P lenlly ey + HE*D ||RT2.||L2(T1.)) lisllixs)

1=1

(1.4.5)

Therefore

Rr,

2
2 2 2
Hs || Jslpzsy < C (HEHHHl(wS) + ZH:QF L2(Ti)> : (1.4.6)

i=1
Step 3 (Final Estimate). To remove the interior residual from the right hand side
of (1.4.6) we observe that both 77 and T3 contain an interior node according to

procedure REFINE. Hence, (1.4.3) implies

i=1

2
2 2 -2
Hs || Jslpzys) < C <||€H||H1(ws) + > Hj ||Rr, — Ry, Lz(Ti)> : (1.4.7)

The asserted estimate for nz(T)? is thus obtained by adding this bound to (1.4.3).
The constant C' depends on the shape regularity constant v* and the ratio @%/ag of

largest and smallest eigenvalues of A(x) for x € S. O

Remark 1.4.1 (Positivity). The use of A(x) being positive definite in (1.4.4) avoids
having oscillation terms on S. This comes at the expense of a constant depending
on a%z/ag. If we were to proceed in the usual manner, as in [1, 18, 23], we would

end up with oscillation of the form

Hy? (A = Alzs)) [Vunls - vsllpys) = Hs (@ — alzs))isllzs)

3/2 .
< CHS/ ||A||Wgo(5) HJS||L2(S)

)

< CHs HH‘}’ﬂJS L(S)

26



where C' > 0 also depends on the ratio ag/ag dictated by the variation of a(x) on
S. This oscillation can be absorbed into the term H ;/ 2 |5l 2s) provided that the
meshsize Hg is sufficiently small; see [18]. We do not need this assumption in our

present discussion.

Remark 1.4.2 (Continuity of A). The continuity of A is instrumental in avoiding
jump oscillations, which in turn makes computations simpler. However, jump os-
cillations cannot be avoided when A exhibits discontinuities across inter-element

boundaries of the initial mesh. We get instead of (1.4.7)

2
2 2
CHs || Jsl7xs) < lemli s+ >_Hr || Br,— B,

=1

oy HHs| s =T gy (1:48)

where Jg is the best L2-projection of Jg onto P,_;(S). To obtain estimate (1.4.8)
we proceed as follows. Starting from a polynomial Jg, we get an estimate similar to

that of (1.4.4)

Cl[ Tl < [ 057 = [ JstwsToy+ (5= sowsT). (149

S
In contrast to (1.4.4), we see that the oscillation term (Jg — Jg) cannot be avoided
when A has a discontinuity across S. We estimate the first term on the right hand

side of (1.4.9) exactly as we have argued with (1.4.5) and thereby arrive at

2
T —1/2 1/2 e
/S Js(Tsts) < C (Hs P llenllnywe + Hs* Y IRz, LZ(Tl.)) 75| acs) -

i=1

This and a further estimate of the second term on the right hand side of (1.4.9),

yield

2
HS HJ_S”;Q(S) < C (HgHH?{l(wS) + ZH% RTi”iQ(Ti) + HS HJS - TSH;%S)) )
i=1
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whence the assertion (1.4.8) follows using triangle inequality for || Js|;5g). Combin-

ing with (1.4.3), we deduce an estimate for 1y (7" similar to (1.3.11), namely,

nir(T)? < C (Jlenllin gy + 05cn(wr)?)

with the new oscillation term involving jumps on interior sides

oscy (1) = HE || By = R |y + Y Hs || Js = Tl o) (1.4.10)
ScoT

In §1.6.1 we discuss the case of a discontinuous A. We show an oscillation

reduction property of oscy(7), defined by (1.4.10), similar to Lemma 1.3.2.

1.4.3 Proof of Lemma 1.3.2 : Oscillation Reduction

The proof hinges on the Marking Strategy O and the Interior Node Property.
We point out that if T' € 7}, is contained in 7" € YA’H, then REFINE gives a reduction

factor 79 < 1 of element size:
hT S ’YoHT/. (1411)

The proof proceeds in three steps as follows.
Step 1 (Relation between Oscillations). We would like to relate oscy,(7") and oscy (T”)
for any 7" € Ty. To this end, we note that for all T' € 7, contained in 7", we can

write

Ry(up) = Rr(up) — Lr(en) in T,

where e = u;, — ug as before and

£T(5H> = —V'(AV€H)+b'VEH+C8H inT.
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By Young’s inequality, we have for all § > 0

osc,(T)* = h2. HRT(Uh) - MH;(T)

2 2

< (1+5)h%HRT(uH) — Ry (um) L2(T)+(1+5_1)h2T

ET(&TH) _£T<5H)

?

LXT)

where Rp(up), Rr(uy), and Lr(eg) are L2-projections of Rp(up), Rr(ug), and

Lr(ey) onto polynomials of degree < n — 1 on T. We next observe that
|eriem) —Zren, ., < IL2Em by
and that, according to (1.4.11),
hy < vy Hypo

provided yp» = v if T € Ty and v+ = 1 otherwise. Therefore, if 7;,(7") denotes all

T € 7, contained in T",

oscy (1) = Z osc, ()
e (1.4.12)

< (14 0)y20scy(T') + (1+ 67" Z hi|Lr(en ||L2(T

TET,(T)
since Ry(ug) = Ry (ug) and Ry(ug) is the L:-projection of Ry (ug) in T.
Step 2 (Estimate of Lr(ex)). In order to estimate |Lr(ew)|pzp) in terms of

et |l g1 7y, we first split it as follows
ILr(em)lyry < V- (AVer) |z + 10 Veullpyry + e enllpyr) -
We denote these terms Ny, Ng, and N¢, respectively. Since

Na < |(V-A)- VEHHL?(T) + A H<5H)HL2(T)
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where H(ep) is the Hessian of ey in T, invoking the Lipschitz continuity of A

together with an inverse estimate in 7', we infer that
Na < Ca (IV2n iy + b7 [ Venllzr )

where C'4 depends on A and the shape regularity constant v*. Besides, we readily
have

N < Cp|IVenrlpzry,  Ne < Cellenllpzgy
where Cg, Cc depend on b, c¢. Combining these estimates, we arrive at
2 2
hp | Lr(em)lzary < Crllen iy - (1.4.13)

Step 3 (Choice of §). We insert (1.4.13) into (1.4.12) and add over 7" € Ty. Recall-

ing the definition of v+ and utilizing (1.3.10), we deduce

Z V305 ( T’ = Z oscy( T’ Z oscH(T’)2

T/ Ty T eTy T'eTy\Tu
=oscy ()’ = (1—=73) Y oscy(T
T’E;]:H

< (1= (1 =9)8%)oscu (),

where 6 is the user’s parameter in (1.3.10). Moreover, since C, |leg |2 < Co [lex ||

with C, = C,cg' in light of (1.2.3), we end up with
05ci () < (14 6)(1 — (1 — 220 oscu () + (1 +071)C, len -
To complete the proof, we finally choose ¢ sufficiently small so that

p=1+0)1—(1-R)) <1, po=1+610C, O
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1.5 Numerical Experiments

We test performance of the adaptive algorithm AFEM with several examples.
We are thus able to study how meshes adapt to various effects from lack of regularity
of solutions and convexity of domains to data smoothness, boundary layers, changing
boundary conditions, etc. For simplicity, we strict to the case of piecewise linear
finite element on polygonal domains in R?. The implementation is done using the

ALBERT toolbox of Schmidt and Siebert [20, 21].

1.5.1 Implementation

We employ the four main procedures as given by Morin et al. [15, 16]: SOLVE,
ESTIMATE, MARK, and REFINE. We slightly modified the built-in adaptive solver
for elliptic problems of ALBERT toolbox [20] to make it work for the general PDE
(1.1.1) and mixed boundary conditions, as follows:

e SOLVE: We used built-in solvers provided by ALBERT, such as GMRES and CG.
e ESTIMATE: We modified ALBERT for computing the estimator so that it works
for (1.1.1), and added procedures for computing oscillations which are not provided.
e MARK: We employed Marking Strategies E and O to find a marked set ’?H

e REFINE: We employed the three newest bisections for each refinement step to

enforce the Interior Node Property.

Remark 1.5.1 (Quadrature). Computations of integrals involving non-constant func-
tions f, A b, c, g, and the exact solution u, use a quadrature rule of order 5. Our

experiments indicate that increasing the quadrature order does not change the re-
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sults. We refer to [5, 20, 21] for details on quadrature.

For convenience of presentation, we introduce the following notation:

e DOF, := number of elements in 7j;

. log(ex—1/ek) : — .
* EOC. := 5o, oF, ) experimental order of convergence, ey, := llw — wge|;

e EOC, := log(lg%)(gt 75/57;171), experimental order of convergence of 1, := n,(Q);

e RFg .= e:fl and RFg = %ﬁl, reduction factors of the error and the oscillation;
o Eff := 1y /ey, effectivity index, i.e. the ratio between the estimator and the error;
e Mg and Mg are the number of marked elements due to Marking Strategy E and
the additional marked elements due to Marking Strategy O, respectively.

The experimental order of convergence EOC, measures how the error ey de-

creases as DOF, increases. In fact we have ¢, ~ C DOF, ~EO¢,

1.5.2 Experiment 1 : Oscillatory Coefficients and Nonconvex Domain

We consider the PDE (1.1.1) with Dirichlet boundary condition u = g on the
nonconvex L-shape domain Q := (—1,1)?\[0,1] x [-1,0]. We also take the exact
solution

u(r) = ri Sin(%@),

where r? := 2?4+ y* and 6 := tan~!(y/z) € [0, 27). We deal with variable coefficients

A(z,y) = a(z,y)I, b(xz,y) =0, and c(z,y) defined by

a(z,y) (1.5.1)

" 4+ P(sin(Z=) + sin(22))

c(z,y) = Ac(cos*(lx) + cos*(lz)) , (1.5.2)
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where P, ¢, A., and [ are parameters. The functions f in (1.1.1) and ¢ are defined
accordingly. The results are shown in Tables 1.5.1 and 1.5.2 and Figure 1.5.1. The

observations and conclusions of this experiment are as follows:

k| DOF | u—us] [ EOC. | RFe | RFo | Eff | Mg | Mo
- 24 218le01 | - - — 4504 3] 0
1| 65| 1.481e-01 | 0.388 | 0.679 | 0.446 | 2.994 | 10| 0
2| 229 | 1.056e-01 | 0.268 | 0.713 | 0.558 | 2.475 | 11| 0
3| 4238.812¢-02 | 0.205 [ 0.834 | 0.652 | 2222 | 13| 0
4| 651 |5.083e-02 | 1.276 | 0.577 | 0.314 | 2.053 | 37| 0
5| 1156 | 3.305¢-02 | 0.750 | 0.650 | 0.444 | 2.028 | 89| 0
6| 2299 | 2.206e-02 | 0.588 | 0.668 | 0.408 | 1.980 | 253 | 0
7| 5148 | 1.445¢-02 | 0.525 | 0.655 | 0.658 | 1.965 | 771| 0
8 | 12678 | 7.991e-03 | 0.657 | 0.553 | 0.175 | 1.957 | 1833 | 0
9 | 29979 | 4.911e-03 | 0.566 | 0.615 | 0.426 | 2.032 |-

Table 1.5.1: Experiment 1 (Oscillatory coefficients and nonconvex domain): The
parameters of AFEM are 6 = 6 = 0.5, and those controlling the oscillatory coeffi-
cients are P = 1.8,¢ = 0.4, A, = 4.0,1 = 1.0, as described in (1.5.1) and (1.5.2). The
experimental order of convergence EOC, is close to the optimal rate of 0.5, which
indicates quasi-optimal meshes. The oscillation reduction factor RFg is smaller than
the error reduction factor RFg, which confirms that oscillation decreases faster than
error. The effectivity index Eff is approximately 2.0. There are no additional marked
elements from oscillation for this # = 0.5 i.e. Mg = 0. However, this is not the case
if # < 0.3, see §5.3.

e AFEM gives an optimal rate of convergence of order ~ 0.5, while standard uniform
refinement achieves the suboptimal rate of 0.3 as expected from theory.

e Both AFEM and FEM with uniform refinement perform with effectivity index Eff
~ 2.0, which give the estimate of constant C; ~ 0.5 for upper bound (1.3.6); no
weights have been used in (1.3.5). For AFEM, the reduction factors of error and
oscillation are approximately 0.7 and 0.5 as DOF increases (Table 1.5.1). The oscil-
lation thus decreases faster than the error and becomes insignificant asymptotically
for k£ large. In addition, AFEM outperforms FEM in terms of CPU time vs. energy

CITor.
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DOF, [ [lu — us]] | EOC. | RFe | RFo | Eff
384 | 1.005¢-01 | 0.400 | 0.574 | 0.300 | 2.398
1536 | 4.809¢-02 | 0.532 | 0.478 | 0.195 | 2.127
6144 | 2.597¢-02 | 0.444 | 0.540 | 0.182 | 1.984
24576 | 1.551e-02 | 0.372 | 0.597 | 0.242 | 1.845
98304 | 9.585¢-03 | 0.347 | 0.618 | 0.264 | 1.745

Table 1.5.2: Experiment 1 (Oscillatory coefficients and nonconvex domain): Standard
uniform refinement is performed using the same values for parameters P, e, A., and [ as
that of AFEM given in Table 1.5.1 above. EOC. is now suboptimal and close to the
expected value 1/3. The effectivity index Eff is around 2, which is about the same as
AFEM. We need about 10° DOFs to get the error around 1072, whereas for AFEM we
need only 10* DOFs.

Figure 1.5.1: Experiment 1 (Oscillatory coefficients and nonconvex domain): Parameters
of AFEM are 6 = 6 = 0.5, and those of oscillatory coefficients are P = 1.8,¢ = 0.4, A, =
1.0, = 1.0. The sequence of graded meshes after 4 and 7 iterations shows that mesh
refinement is dictated by geometric (corner) singularities as well as periodic variations of
the diffusion coefficient but not much from the zero order term. Also on the right, 3-D

plot of diffusion coefficient a(z,y) of (1.5.1) interpolated onto the mesh of iteration 7. This

shows the combined effect of rapidly varying a(z,y) and exact solution u = rs sin(%@):

meshes are refined more where a(x,y) has large gradient.

e Figure 1.5.1 depicts the effect of a corner singularity and rapid variation of diffusion
coefficient a(x,y) in mesh grading; ¢ does not play much of a role.

e The number of additional marked elements Mg due to Marking strategy O depends
on parameters 6 and 6. For this example, Mg = 0 because the parameter 6 is
sufficiently big, hence the condition for Marking strategy O is automatically satisfied.
Similar experiments for § < 0.3 and 6 = 0.5 yield Mg # 0 and Mg becomes even

dominant for # = 0.1; see Experiment 2 for more details.
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Effects of Oscillatory Coefficient A

In this section we study the behavior of the solution due to the effects of
oscillatory coefficient A. We conduct the same experiment as above but without
knowing the exact solution. We assume that the forcing term f = 1.0 and the
Dirichlet boundary condition g = 0. We consider a very oscillating coefficient A
controlled by parameters P = 1.99 and € = 0.2 as defined in (1.5.1). We perform
AFEM with parameters § = § = 0.6. The results are shown in Figures 1.5.2 with

observations and conclusions below.

Figure 1.5.2: Experiment 1: (Effect of Oscillatory Coefficients): The mesh and solu-
tion after 10 iterations. The solution behaves according to the coefficient A, namely the
solution has bumps mimicking the variation of A. As in the previous Experiment, the
mesh refinement is based on the variation of A, being more pronounced where A changes
more rapidly. It also shows that the effect of oscillatory A dominates the effect of corner
singularity.

e The approximate solutions are affected by the oscillatory coefficient A, namely,
the solutions have bumps according to the way A varies; see Figure 1.5.2.
e The mesh refinement follows the variation of A, namely, more grading when A

changes more rapidly, except around the point (—0.5,0.5) where the solution seems
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to be smooth; see Figure 1.5.2.
e Due to the very highly oscillating character of A, which exhibits a maximum of 50
and minimum of & 0.125, in a lattice with spacing ¢ = 0.2, the effect of A dominates

the effect of corner singularity.

1.5.3 Experiment 2 : Convection Dominated-Diffusion

We consider the convection dominated-diffusion elliptic model problem (1.1.1)
with Dirichlet boundary condition u = g on convex domain 2 := (0,1)%, with
isotropic diffusion coefficient A = €I, € = 1073, convection velocity b = (%% — )

and ¢ = f = 0; note that V-b = 0. The Dirichlet boundary condition g(z,y) on 02,

a pulse, is the continuous piecewise linear function given by

(

1 {24+7<z<5—-71;, y=0},
9(z,y) = Q0 o0\ {2<z< .5 y=0}, (1.5.3)

linear {(2<z<2+4+7)or(b—7<x<.5);y=0},

\

where 7 is a parameter. This problem models the transport of a pulse from 0f2
inside 2 and back to 9). Results are reported in Table 1.5.3 and Figures 1.5.3,
1.5.4 for parameters 6 = 0.3,9 = 0.6, 7 = 0.005, starting from a coarser mesh than
what we would need in theory. To see whether oscillation plays any role in AFEM,
Table 1.5.4 shows results of AFEM without using Marking Strategy O. Observations
and conclusions follow:

e Tables 1.5.3 and 1.5.4 document the role of oscillation in AFEM. Without marking

due to oscillation Mg = 0, estimator n(£2) still reduces at optimal rate but oscillation
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DOFk nk(Q) EOC77 RFO ME Mo
64 | 1.74e-1 - -
147 | 9.48e-2 | 0.73 | 0.27 8 7
360 | 2.35e-2 | 1.55 | 0.33 4 9
500 | 1.68e-2 | 1.02 | 0.50 5| 15
762 | 1.12e-2 | 0.95 | 043 | 10| 23
1170 | 8.58e-3 | 0.62 | 0.52 | 15| 70
2173 | 6.10e-3 | 0.55 | 0.48 | 22| 137
3862 | 4.75e-3 | 0.43 | 0.48 | 30 | 298
7149 | 3.45e-3 | 0.51 | 0.50 | 80 | 600
13981 | 2.60e-3 | 0.42 | 0.51 - -

Table 1.5.3: Experiment 2: AFEM with parameters 6 = O.S,é = 0.6, and 7 = 0.005.
The optimal decay = 0.5 of estimator 7({2) is computational evidence of optimal
meshes. The reduction factor of oscillation RFg := oscy/oscy_1 gives an estimate
of constant p; ~ 0.5 in Lemma 1.3.2. In contrast to Experiment 1, the additional
marking Mg due to oscillation dominates Mg from Marking Strategy E. This controls
RFo, the decay of oscillations, which decrease together with the error according to
Theorem 1.1.

64 | 1.74e-1 - -

95| 1.02e-1 | 1.34 | 0.59
244 | 3.81e-2 | 1.31 | 0.86
414 | 1.75e-2 | 4.09 | 0.62
654 | 9.42e-3 | 1.18 | 0.70
834 | 9.05e-3 | 0.16 | 0.59
1577 | 5.43e-3 | 0.89 | 0.93
2970 | 3.56e-3 | 0.51 | 0.92
4250 | 2.84e-3 | 0.62 | 0.82
6502 | 2.15e-3 | 0.65 | 0.59
10209 | 1.66e-3 | 0.57 | 0.62

Table 1.5.4: Experiment 2: AFEM performance without Marking Strategy O, using
the same parameters as for Table 1.5.3. The reduction factor of oscillation RFq is
not as stable as our AFEM shown in Table 1.5.3. The estimator still reduces at the
optimal rate but requires a few more iterations to reach the same level as that of
our AFEM.

reduction RFg is not stable. The factor RFo approximates p; of Lemma 1.3.2 and

thus controls the oscillation decay between consecutive iterations. In fact Table 1.5.4
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indicates that lack of control of RFg leads to more iterations for the same estimator.
e Tables 1.5.3 and 1.5.4 also illustrate the need of Marking Strategy O to control
the reduction rate of oscillations and confirm the convergence theory of AFEM. Our
experiments show that the ratio Mg /Mg depends inversely on the ratio 6/ 0. 10 =6 ,
then Mg dominates Mg.

e Comparison of computational cost is measured using CPU time used by each
procedure. In average, about 80% of total CPU time is used by SOLVE; the other
procedures ESTIMATE, MARK and REFINE use about 5-10%.

e In theory, the initial meshsize hy must satisfy

GA

C*Bhy < ———
14+ BA,

= Po,

where B = ||b|;«, fo = O(1), and C* is the constant from Lemma 1.4.1. In this
particular case, we can express C* in terms of ¢ and B quite explicitly. We first

observe that H?-regularity theory gives [10]

Lo=( in
= ellp2@ < CpB'2e™? 1< 220
=0 on 02

with C'r > 0 independent of data. We also note that C'p of Lemma 1.4.1 satisfies

OIOR<B>2hos1 — CDzchcR(B)Q,

« 2 c
where (' is an interpolation constant solely dependent on shape regularity. This

results from the usual duality argument and the fact that V-b = 0, namely

[{ens O = |Blen, el < Crho (e[[Venl 2 + Bllenll2) 1ol 2 -
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We finally recall that C* = Cp /e (see section 1.4.1), to arrive at

o < 20[?0]2 (%)3/2’

which is consistent with the previous restriction on hyg. We stress that this implies

ho =~ 10~* in theory, whereas hy ~ 10! works in examples; see Figures 1.5.3-1.5.4.

Figure 1.5.3: Experiment 2 (Convection-Dominated Diffusion with ¢ = 1072, b =
(v, % —x)): Adaptively refined meshes after 5, 7, and 8 iterations corresponding to
Table 1.5.3 starting from a uniform mesh coarser than required in theory. After
a few iterations, AFEM detects the region of rapid variation (circular transport of
a pulse) and boundary layer in the outflow, whereas the rest of the mesh remains
unchanged. Refinement in smooth region is caused by early oscillations.

Figure 1.5.4: Experiment 2 (Convection-Dominated Diffusion with € = 1073 b =
(y,3 —)): plots of solutions after 5, 7, and 8 iterations. No oscillations (of Galerkin
solutions) are detected after a few iterations even though AFEM is not stabilized.

e The local Péclet number P, = @ is about 10% at the beginning. Since P, > 1,
and the Galerkin method is not stabilized, oscillations are observed in the first few
iterations but cured later by AFEM via local refinement; see Figure 1.5.4, which
displays solutions without oscillations for iterations 7 and 8. Figure 1.5.3 depicts
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several graded meshes and confirms that mesh refinement is localized around the
pulse location and outflow boundary layer. Minor refinement in the smooth region

is caused by early oscillations.

1.5.4 Experiment 3 : Drift-Diffusion Model

We consider a model problem that comes from a mathematical model in semi-

conductors and chemotaxis.

—V-(Vu+ xuVy) =0 in Q:=(0,1)%
u=g on I' C 09,

du=0 on 0Q\ I,

where x is a constant. The radial function ¢ is defined in Q2 by

(

1 {vVa2+y? <},
YEy)=qa (Va2 +y2 > +al,

linear {ri <22+ 9?2 <nr+a},
\

where « is a small parameter and r; < 1 is a constant. The Dirichlet boundary

condition on I' is assumed to be

1 {r=0,0<y <05} J{y=0,0<x<0.5},
g(z,y) =

0 {r=1,05<y <1} H{y=105 <z <1}
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We resort to the following transformation (exponential fitting) to symmetrize the

problem
p = exp(xy)u = —V-(exp(—xy)Vp) =0,

which gives a simpler form of model problem with variable scalar coefficient a =
exp(—xv). We apply AFEM to solve for p and obtain solution u via u = exp(—x)p.
The experiment is performed using parameters y = 10.0,7; = 0.75, and a = 0.04
for the model problem, and parameters = 0.6, § = 0.75 for AFEM. Results are

reported in Tables 1.5.5, 1.5.6 and Figure 1.5.5. Conclusions and observations follow:

1154 | 6.645 | 1.880 | 0.267 DOF, | 7:(Q) | EOC, | RFo
1546 | 3.824 | 1.888 | 0.252 1024 | 179.831 | 3.186 | 0.009
2448 | 2.144 | 1.259 | 0.206 2048 | 30.769 | 2.547 | 0.026
4032 | 1.455 | 0.776 | 0.285 4096 | 11.031 | 1.479 | 0.096
6790 | 1.086 | 0.560 | 0.340 8192 | 3.983 | 1.469 | 0.106
12188 | 0.737 | 0.663 | 0.253 16384 | 2.173 | 0.874 | 0.188
23386 | 0.518 | 0.540 | 0.287 32768 | 1.296 | 0.745 | 0.216
45728 | 0.363 | 0.529 | 0.261 65536 | 0.874 | 0.567 | 0.250
Table 1.5.5:  Experiment 3 (Drift- Table 1.5.6:  Experiment 3 (Drift-

Diffusion Model): Performance of AFEM
with parameter 6 = 0.6, 6 = 0.75, and
model parameters y = 10, r; = 0.75 and
a = 0.04. The optimal decay ~ 0.5 of es-
timator 7(2) is computational evidence
of quasi-optimal meshes. AFEM outper-
forms uniform refinement (compare with

Table 1.5.6).

Diffusion Model): Performance of FEM
with uniform refinement and the same
parameters y,r; and « as for AFEM
given in Table 1.5.5. To have estima-
tor around 0.9, uniform refinement needs
about 65,000 DOFs, whereas AFEM
needs only around 10,000 DOFs.

e From Tables 1.5.5, 1.5.6 we see again that AFEM outperforms FEM with stan-
dard uniform refinement. Since the decay of estimator n(€2) is optimal, we have
computational evidence of optimal meshes.

e Figure 1.5.5 displays discrete solution ug and graded meshes after 8 and 10 itera-
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Figure 1.5.5: Experiment 3 (Drift-Diffusion Model): Discrete solution ug and refined
meshes after 8 and 10 iterations. Mesh grading is quite pronounced in the internal
layer where V1 does not vanish, and at the midpoints of the boundary sides, where
boundary conditions change. The solution u(x,y) has a thin transition layer where
Vi # 0, and meshes are highly refined there.

tions; note the drastic variation of ug across the annulus r; < r < r; + o. Meshes
adapt well to lack of smoothness, namely refinement concentrates in the transition
layer, where V1 does not vanish, and at the midpoints of boundary sides, where

boundary conditions change.

1.6 Extensions

We extend the model problem (1.1.1) by considering now A with discontinu-
ities aligned with the initial mesh and a non-divergence-free b. Note that if V-b # 0,

then the bilinear form B may be non-coercive if ¢ — %V-b * 0.

1.6.1 Discontinuous A

We first observe that Lemma 1.4.1, and thus Lemma 1.2.1, still holds because
the regularity H'** required in the duality argument is valid, see [11] for example.

The continuity of A is used instead for obtaining error and oscillation reduction
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estimates, Lemma 1.3.1 and Lemma 1.3.2, in that the element oscillation oscy (T
does not involve oscillation of jump residual on 9T. Remark 1.4.2 shows that when
A has discontinuities across element faces, we still obtain error reduction estimate
(1.3.11) of Lemma 1.3.1, but this time the oscillation is defined by (1.4.10) and
involves oscillation of jump residual. To prove convergence it suffices to show the
oscillation reduction estimate (1.3.12), for the new concept of element oscillation,

namely oscy (T)? = oscr i (T)? + 3 gcpg05¢sm(S)? with

2
oscpu(T)? := HF HRT(UH) - RT(UH)H VT e Ty,

LXT)

2
osc i (S)? == Hg HJS(UH) — Tslum)||,

VS eSy.

We proceed in three steps as follows.
Step 1 (Oscillation of Interior Residual). Invoking the same arguments as in the
proof of Lemma 1.3.2 in section 1.4.3, we obtain an oscillation reduction estimate

for interior residual
oscrn(T')? < (14 0)yposcru(T)? + Cu(1+671) H5HH§{1(T/) VT €Ty,
where oscg 5 (1”) is defined to be osc,(7”) in (1.4.12).
Step 2 (Oscillation of Jump Residual). To obtain estimate for osc;;,(S) we write
Js(un) = 75 [AVug]g - vs + [AVenlg - vs = vsJs(un) + Js(en),

where v¢ = 1if S C S’ € Sy and 5 = 0 otherwise, since AVuy is continuous on

S in the second case. Using Young’s inequality, we have for all § > 0

2

OSCJVh(S)Q S (1 + 5)’}/5h5 HJS(UH) — JS(UH)

LXS)
2

(146 Yhs HJS(5H> — Ts(en)

)

LX(S)
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where Jg(ug) and Jg(eg) are L2-projections of Js(ug) and Js(eg) onto P,_1(S).

For the second term we observe that

HJS(EH) — Js(en)

L) < [ Js(er)llpys) = IAVen]s - ”SHL?(S)

< |A*Vey - VS”L?(S) +[|ATVey - VS“L?(S)
<Al ey (19 sy + (V2R lxs))

—1/2
< Cahis" el g e -

where C'y depends on A and shape regularity constant v*. For simplicity, let S (7")

denote all S € S, contained in 7" € 7y; hence

oscyn(T')* = Z oscy(S)°

SES,(T)

E—
<(1+0) 3 shs||Jsun)—Tsum) [, + (1+57)Callenl
SESK(T")

(wpr)
In light of reduction factor of element size hg < vy Hg/, and definitions of vyg and

Y17, we obtain

2

E hgllJ —J ’ E H
< / i
s SH S(UH) S(UH)H 2s) — T S
SeSK(T) S'eSu(T")

Tor () — JS,(UH)]

LZ(S’)
= ’YT/OSCJ7H(T/)2 s

because for S C S" C 9T, we have Js(uy) = Jg/(ug) and Js(uy) is L*-projection

of Jg(ug) on S. Therefore
oscyn(T')* < (14 d)yroscyu(T) + 1+ )Cu lenlin,, VT €Tu

Step 3 (Choice of ¢). Combining results from Steps 1 and 2 above using vy < 1,

Cx = max {C,, Cy4} and definition of osc,(T"), we arrive at

oscy(T")” < (1 + 8)yposcy (T')? + Co(1 + 671 Hé‘HHf{l(wT,) .
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Proceeding as in Step 3 of the proof of Lemma 1.3.2, this time with Marking Strategy

O performed according to the new definition of oscy(7"), we arrive at
osci(€2)” < (14 6)(1 — (1 = 70)6%)oscrr () + Col1 +671) lenll”,

with C, = C**cgl. The assertion thus follows by choosing ¢ sufficiently small so
that

pri=1+0)1—-1—7)0) <1,  py:=Co(1+01). =

1.6.2 Non-coercive B

In this section we prove convergence of AFEM for the case ¢ — %V-b *0,¢ > 0;
the case ¢ < 0 can be treated as well. According to what we have so far, the
assumption of V-b = 0 is used for proving quasi-orthogonality and for having
equivalence between energy norm [Jv]|* :== B[v,v] and H'-norm as in (1.2.3), where
B is coercive. Since now B may be non-coercive, we cannot define energy norm in
this manner. We instead define energy norm by |Jv|” := JoAVv - Vv + ¢ v?, and

we have equivalence of norms
ce [0l < Il* < Cr [0ll g (1.6.1)
where constants cg and Cg depend only on data A, c and 2. The lack of coercivity
is now replaced by Garding’s inequality
lol* =6 10ll72) < Blv,v] Vo € Hy(9), (1.6.2)
where 7o = || V-b|| /2. To see this we integrate by parts the middle term of Bv, v],

/b-Vvv—l/b-V(UQ)—— DUQ Ve HyQ).
Q 2 Jo o 2
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The same calculation leads to the sharp upper bound for B[v, v]:
Blo,o] < ol + 76 ol Yo € HA). (163)

Existence and uniqueness of weak solutions follows from the maximum prin-
ciple for ¢ > 0 [10]. Schatz showed in [19] that the discrete problem (1.2.5) has a
unique solution if the meshsize h is sufficiently small, i.e. h < h* for some constant
h* depending on shape regularity and data but not computable; the results in [19]
are valid also for graded meshes. Assuming hg < h*, to prove convergence of AFEM
it thus suffices to prove quasi-orthogonality. We follow the steps of Lemma 1.2.1.

Using the same notation as in §4 for e,, ey and g, expanding Bley, ey, and

noticing that ey = e, + ey and Blep,ey| = 0, we arrive at
Blen,en| = Bley,en| — Blen,eu| — Blen, en), (1.6.4)
where this time integration by parts yields

B[&?H, eh] = B[eh,gy] + <b . V€H7eh> — <b . Veh,5H>

=2(b-Vep,en) +(V-bey,cn).
Consequently, using Cauchy-Schwarz inequality and (1.6.1), we have for all § > 0
Blew, enll < 21l Verlp + 1V-bllllenle) lenlle < Coolleall” + 67" lenllfs

where constant Cj, = max {2||b||__, [|V-b|} cz' /2.
Using (1.6.2) and (1.6.3) to estimate terms Blep, en|, Bley, en|, Bley,en] in

(1.6.4), and combining with the previous estimate, we infer that
2 - 2 2 2 2 2
lenll” = (ve + 7 llenll> < lleall” + 6 lenll> = (1 = Cyo) leull” + e llex ;-
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Since |lex|?> < 2]lenll?> + 2 |lenl?2, estimates for |lep||;» and |leg]|,» of the form

(1.4.1), obtained via duality, with Cq := % imply
2 2 2
Ap llenll™ < Aglles ™ — Ac leall™, (1.6.5)

where Ay, =1 — C2h2°*(3yg +7Y), Ag =1+ 37cC2h2%, and A, = 1 — CF6.

Consequently, to get A, = A., we choose ¢ depending on hg so that

C h2s CQ h4s 402 C2h23
5(ho) = Go+\/gcc)2+ AL
b

where Cg = 37¢Cs. We further choose hy sufficiently small so that CZd(hg) < 1,
whence A, = A, > 0. This can be achieved for A < min {C6Cb051, (BCﬁCb)_l}

because

C26(ho) = %h?f + CyCahiy /1 + W3 CZ(ACCR)
< 2C,Cehi (1 + h{Cq(4C,Cs) ™) < 3C,Cehf < 1.
We conclude that if the meshsize hy of the initial mesh satisfies
hi < min {CsCyC1, (3C6C,) 1, (RF)*}, (1.6.6)
then quasi-orthogonality holds, i.e. for Ag := Ay /Ay,

lenll® < Ao llexll® = llexl?, (1.6.7)

and Ay can be made arbitrarily close to 1 by decreasing hy. Convergence of AFEM

finally follows as in Theorem 1.1.

1.6.3 Experiment 4 : Non-coercive B

We repeat Experiment 2 in §1.5.3 with b = (x — 1,y + 1), and thus B is
non-coercive because ¢ — %V‘b = —1. For a better view of solutions we change the
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boundary condition g(z,y) to be 1 on z-axis from (.4+7) to (.8 —7), with 7 defined
as in (1.5.3). Results of AFEM with 6 = § = 0.5,7 = 0.005 are reported in Figure

1.6.1. Observations and conclusions follow.

Figure 1.6.1: Experiment 4 (Non-coercive B with ¢ = 1072, b = (z — 1,y + 1)):
3-D plots of solutions after 4 and 6 iterations and graded mesh after 6 iterations.
Oscillations of Galerkin solutions are observed near internal and boundary layers in
a first few iterations but AFEM eliminates them after 6 iterations.

e Figure 1.6.1 shows oscillations of Galerkin solution near internal and boundary
layers after 4 iterations. AFEM detects this effect and corrects it after 6 iterations
by selective local refinement which does not spread in regions of smoothness.

eThe resulting graded meshes are optimal and capture internal layers (diffuse bound-
ary of pulse g being transported) and outflow boundary layer, even though the initial
uniform mesh is far coarser than required by theory; see (1.6.6) which is a restric-
tion similar to that discussed in §1.5.3-Experiment 2. Moreover, the performance
of AFEM as to the estimator decay and oscillation control is analogous to §1.5.3-

Experiment 2.
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Chapter 2
AFEM for the Laplace-Beltrami Operator on Graphs:
A Posteriori Error Analysis and Convergence

2.1 Introduction

We consider a surface I' C R? described as the graph of a function z(x) defined

on a bounded polygonal region Q C R4!, d > 2, namely,
I'={(x,2(x)) eR" | x e QC R},

where z :  — R is a C! function. We develop the theory under the assumption
of C1, as opposed to C?, regularity. In general we may allow z to be C%! with
discontinuities of Vz aligned with polygonal lines on €. For example in R?, we can
allow I' to be a polyhedral surface, a graph of a piecewise polynomial function. We
will not dwell on this matter though.

We consider the Dirichlet boundary value problem for the Laplace-Beltrami

operator Ar on I’

—Aru= fonl,
(2.1.1)

u =0 on O,

where f € L*(T"). Note that a non-zero Dirichlet boundary condition can be treated
similarly to [17]. We next introduce the weak formulation, the FEM, and give an

outline of the chapter along with our main result.
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2.1.1 Variational Formulation

Given a function v : I' — R we define its lift 0 : 2 x R — R to be the obvious

extension
(x, zq) = v(x, 2(X)). (2.1.2)
We denote by Vo € R? the gradient of ¥, and point our that it is a row vector. If

() is the elementary surface area and v is the unit normal vector to I', namely,

Q= VItV  vi= é(—Vz, . (2.13)

We indicate with Vv € R the tangential gradient of v on T' (or that part of Vo

tangent to I'),
Vo =Vo— (Vo-v)v=Vo(Il—-rv®v). (2.1.4)
Likewise, the tangential divergence of a vector field q : 2 x R — R is given by
divrq = divq — vDq v7, (2.1.5)
where Dq stands for the differential matrix of q; hence, we have
Arv = dive Vv = AS — (Vi - v)(V - v) —vD*ov’ | (2.1.6)

where D20 € R%* is the Hessian of 9. To formulate (2.1.1) weakly, we now introduce

Sobolev spaces on the surface I'.

HY(T) = {f € L*(T) | Vrf € L*(I)},

Hy(T) := {f € H'(T) | f has zero trace on '} .
A weak solution of (2.1.1) is a function u : I' — R satisfying
u € Hy(T) : /Vpu-Vpnp:/fgo Vo € Hy(T). (2.1.7)
r r
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2.1.2  The Finite Element Method on Graphs

To approximate (2.1.7) via the FEM we proceed as follows. We first partition
Q into shape regular simplices, thereby giving rise to a graded triangulation (or
mesh) 75,(Q2) of local meshsize h. We next let V,(€2) be a finite element space over
71(2) consisting of C? piecewise polynomial functions of degree n > 1. Each node of
75,(2) is lifted to a point on I' and all nodes on I' are connected through a function
zn € Vi (), the interpolant of z in V,(Q); the image T'), := {(x, z,(x)) : x € Q}
is thus a ‘polyhedral’” approximation to I". This induces a pair (7,(I'y), Vn(T'y)) as
follows. We have a one-to-one correspondence between elements 7' € 75(Q) and
elements T' € 7,,(I'y) via T' = {(x,zh(x)) DX € T} The space V;,(I';) is simply
the lift of V;,(Q2) via (2.1.2) where z is replaced by z,. We point out that we insist
on the same polynomial degree n > 1 for both surface and solution approximation.

For later usage, we also denote by 7,(I') a partition of I' into curved elements

T.= {(x, 2(x)) : x € T} and by V,(Tp) = Va(Tn) N HE (D).
We are now ready to introduce the FEM for the Laplace-Beltrami operator
on graphs. If F,, € L*(T'},) is a suitable approximation of f, then the finite element

function uy, : I';, — R solves

up € Vy, - Vi, un - Vi, on = / Frop, Y on € Yy (2.1.8)

Ty, I
This yields a symmetric positive definite (SPD) linear system which can be solved
with standard linear algebra tools. We note that (2.1.8) can be thought of as a
linear elliptic PDE with variable coefficients in €2; see Remark 2.2.1. However, in
light of implementation issues and generalizations to parametric surfaces, it is better

o1



to think of (2.1.8) as defined on I'j.

2.1.3 Main Result and Outline

The main purpose of this chapter is to present a new AFEM for (2.1.1), discuss
its design, prove its convergence, and document its performance computationally.

For convenience, if T € 7;,(T'), we define its corresponding elements 7' € 75,(Q) and

T € T,(T) by
T={xeQ: (x,z(x)eT}, T:={xz2x)el : (x,z%x)eT}, (2.1.9)

and we also use V, and 7T, instead of Vk(Fk) and 7;(I'x), respectively. We now
briefly state our main result and provide an outline of the chapter.

Let (Vk, 71)52, be a sequence created via adaptive loops of the form
SOLVE — ESTIMATE — MARK — REFINE (2.1.10)

as described below. To argue about the approximation of T' by T} in Wl & we

introduce the geometric oscillation A, := maxrer, A\p(T") where
M\e(T) = ||V_Vk||Loo(T) VT €T, (2.1.11)

and the unit normals v and v, to I' and 'y are defined according to (2.1.3). We

1/2

next introduce the geometric error G, := (3. GF(T))"? where

G(T) = M(T) IVouill oy VT € T (2.1.12)

the presence of the second factor is interesting and shows the interaction between
the PDE and the surface. We note that, in contrast with A\, the accumulation in
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Cx is in (*(T). In defining the energy error
€ = ||Vp(u—uk)||L2(F), (2113)

we have decided to measure it on I' and so use Vr; in doing this, we are im-
plicitly employing the lift (2.1.2). We finally let the data oscillation be oscy =

(X rer, 0sCr (T)*)Y/? where
- 112
osci(T) = h3 || Fy = Fill oy VT €T, (2.1.14)

where F, is the L>-projection of F}, onto P,,_1(T). We are now ready to state the

main result of this chapter, the convergence of the adaptive loop (2.1.10).

In §2.8 and 2.4 we design an AFEM with the following contraction property. Let
(To, 7o) be an arbitrary initial surface-triangulation pair of I'. Then there exist an
integer ko > 0 and constants 74,7, > 0, and { < 1, solely depending on (I'y, Tp),
shape reqularity and the user’s parameters of AFEM, such that for any k > ko
AFEM satisfies

Eni1 < E&, (2.1.15)

where EF = e} + v,(F + 7,0sC; represents the combined error incurred by AFEM,
namely the energy and geometric errors, ey, (r, as well as information missing in

the averaging process 0scy.

The existence of ky is related to sufficient resolution of I' by I'y, a condition which
is attained by AFEM automatically but not imposed directly on the initial pair
(T'o, Zo). More precisely, what is needed is that A; be below a threshold dictated by
the regularity of I'.
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The chapter is organized as follows. We start in §2.2 with a review of differ-
ential geometry on graphs. We discuss the procedure ESTIMATE in §2.3 and the
procedures SOLVE, MARK and REFINE in §2.4. We prove the contraction property,
and so convergence, of AFEM in §2.4. We conclude in §2.5 with several numerical
experiments that shed light on the theory and document the performance of AFEM
on graphs.

To avoid confusions with constants, we write a < b to denote a < Cyb, and

a ~ b to denote C1b < a < Csb for some constants Cy, Cy, Cs.

2.2 Differential Geometry on Graphs

According to the lifting (2.1.2), a function v : I' — R induces a function
0 : 2 — R upon setting v(x) = v(x, 2(x)) = 0(x, 24). Therefore, Vi = (Vx0,0) and
(2.1.4) becomes

Vv = Vi D = V0 D, (2.2.1)
where D € R™? and D € R41%4 are the matrices

~ 1

D= Id><d -V v, D= [Id—lxd—l O] + Q2 Vz & (—VZ, ].), (222)

we see that D results from D upon eliminating its last row. When no confusion is
possible, we will refer to the three functions v, 0, v just as v. In view of (2.2.1) we

can express (2.1.7) as an elliptic PDE with variable coeflicients in €:

/ Vru - Vg = / Vit (@DD”) - V. (2.2.3)
T Q
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Moreover, a simple calculation shows that DD? is SPD and has the form

1
Q?
Remark 2.2.1 (PDE with Variable Coefficients). If A := QDD? and F := Qf, then

DD” =1; 1441 — —(V2® V2). (2.2.4)

(2.1.7) becomes
—div(AVTw) = F in  Q u=0 on 09,

where V7u denotes the transpose of Vu. The convergence of AFEM for this type of
PDEs is studied in Chapter 1 and [13]; see also [15, 16]. However, we prefer to view
the surface I' as a geometric object to be discretized, and the PDE to be formulated
directly on I and I',. This is consistent with the a priori analysis of Dziuk [9], and

extends naturally to parametric surfaces [14]. O
Remark 2.2.2 (Quadrature). We could regard the approximation of I' by I', as
quadrature in that the coefficient matrix A of Remark 2.2.1 is replaced by A :=
QDD This is not, however, interpolatory quadrature because A is not evaluated
at preassigned points: the value of A; within an element depends on all the values
of z(x) at its nodes. To get intuition about the structure of the error committed in
replacing A by Ay, let U, € H}(Q) be the solution of the PDE in
—div(A,VTU,) = F.

The error ¢ = u — U, € H}(2) thus satisfies

/VeA-Vg@z/VUh(Ah—A)-Vgo Y p € Hi(Q),
Q Q
whence
/ VeA - Ve < / VUh<(Ah ~A)A (A, — A)) VU,
Q Q
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We will see below how to bound A; — A in terms of the unit normals v and v,,. [

To write a sort of inverse formula to (2.2.1), we let t;,(x) = (e;, 85(")) € R?

be the tangent (column) vectors to I' and e; be the canonical basis of R4 for

1<i<d-—1.If G € R¥*¥1 is given by

G(X) = [tl(X), tQ(X), ceey tdfl(X)],
then the chain rule yields the relations
Vx0(x) = Vi(x, 2(x))G(x) = Vru(x, 2(x))G(x) VxeQ. (2.2.5)

It is easy to verify by simple matrix multiplication that D and G are pseudo-inverses,
namely,

DG = Id—1><d—17 GD = Id><d -V v, (226)

note that (GD)? = GDDTGT = GD. Similar results also apply elementwise to 2,
in place of z, namely Dy, Gy, and @}, are defined for each T' € 7;,(Q) via z.

With these relations at hand, we can now show how to transform integrals on
I to Q and back to T',. If T € 7;, we recall the definitions of 7 and T in (2.1.9) and

note that abusing notation [7vw = [ Quw = fT oovw as well as
/ Vrv - Vrw = / QV,vDD” .V, w = / —vph (G,DD'G}) - Vr,w. (2.2.7)
Conversely
/ Vi, v - Vr,w = / QnVxvDD} - Vyw = / %VFU(GD}LDZGT) -Vrw. (2.2.8)
T T T
This allows us to compare integrals over I' and I'y,. In fact, the following is valid for
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all v,w € H'()

1
/ VrhU'VFhw—/ VFU'VFQU = /VF’U éG(QhDhDZ — QDDT)GT 'VFUJ. (2.2.9)
Th r r N

=Ap

This is a consequence of (2.2.8) and (2.2.6), because Vrv-v = 0 whence VroGD =

Vru. To estimate this difference, we thus have to bound the matrix Aj,.

Lemma 2.2.1 (Basic Estimates). The following geometric estimates are valid

Vz® Vz _ Vz, @ Vzy

0 o < 3QQn|v — val.

|Q — Qn| < QQwlY — 14, '

Proof. If follows from (2.1.3) that

% é < |v — vy, hence

|Q — Qul < QQp v — val.

To get the last estimate, we write

Vz2@Vz Vz,®Vz, Vz Vz
- =(@Q@-Q (— ® —)
Q Qn @-e{g®q
Vz Vz Vz, Vz Vz, Vzy,
affe(-5) (%) %)
"le T\Q Q Q) Qu
Again, (2.1.3) implies % — Z;hh < |v -] and % , Z;hh < 1, which prove the
assertion. ]

Lemma 2.2.2 (Estimate of A;). We have || Apl[pecisy S [V — vnllpoo(zy for all

T € T,(Q).
Proof. In view of (2.2.4), we can write

1 1
Q»D,D! — QDD” = (Q, — Q)T — (@wh @ V- 5Vz® Vz).

Since || G| (r) S @, and both @ and @), are bounded because I' € C*, the assertion
thus follows from Lemma 2.2.1. O]
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Lemma 2.2.3 (Equivalence of Norms). Let Iy, be a polyhedral surface approximat-
ing I' as decribed above. For all lifted functions v : 2 x R — R, we have equivalence

of norms

”UHLQ(F) ~ HUHL2(rh) ’ (2.2.10)

||U||H3(r) ~ ||U||H3(rh) : (2.2.11)

Proof: We will prove this only for a single element T" € 7, and the results will

follow by summing over all T' € 7;,. The assertion (2.2.10) holds trivially from the

Jwe= [ S

Note that 0 < ¢ < % < (C for some constants ¢ and C' depending only on I'. To

change of integrals

prove (2.2.11), we use (2.2.7),
Vrol? = —; Vr, v(GL,DDTGY)(Vp, v)’
. ‘ FU‘ On Fhv( h h)( Fhv) :

Since DD is SPD, |Gy || is bounded away from zero, and Vr, vGy, is non-zero unless
Vn,v = 0, therefore

“VFhUHL2(T) ~ HVFUHLQ(T) )

where constants depend only on the I'. Note that the matching of vanishing bound-

aries follow from the lift (2.1.2). O
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2.3 Procedure ESTIMATE: A Posteriori Error Estimation

2.3.1 Error Representation

Employing weak formulations (2.1.7) and (2.1.8), we obtain an error represen-

tation
/FVp(u—uh) Nrp =1 + I, + I, Ve HyD), Yo e Vy, (2.3.1)
where
I = / Rer(un)( — ¢n) /Js un) (P — ¢n),
TET, Ses?
I = Vrhuh Vr, 0 — /Vruh Vro,

e /fgp [ 5

e [, is a standard residual term obtained by integrating by parts on each

T € T, where element residual Ry and jump residual Jg are defined by
RT(Uh) = (Aphuh -+ Fh>|T7 (232)

Ts(un) == (Vn,un)§ - n§ + (Vn,un)g - ng- (2.3.3)

Here n; and ng are outward unit normals to S, with respect to T and T, on the
supporting planes containing 7" and T~ respectively; T and T~ are elements in
75, that share the side S € S where S; denotes the set of interior faces of T' € 7,
see Figure 2.3.1. Similarly, (Vr,up)d and (Vr,up)g are tangential gradients of wuy
considered on T and T~ restricted to S, respectively. If V}, is a space of piecewise
linear functions, then Ry = Fj,|r and Js is constant on S, since Vp, uy, is constant
onT.
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Figure 2.3.1: S is the common side shared by the elements T and T, and n™ and
n~ are the normals to the side S on the supporting planes containing 7" and 7,
respectively.

e [y is a geometric consistency term that accounts for the difference between
I and I';. According to (2.2.9), I = [ Vrup Ay - Vi
e ][5 is a consistency term that accounts for the difference of forcing functions

f and Fj, of the PDE on surfaces I' and I';, respectively. We choose Fj, to balance

this difference, thereby making I3 = 0 upon defining

Qx)

Fr(x, zp(x)) := On )

f(x, z(x)). (2.3.4)
Hence, we arrive at the error representation

/js up) (P — )
Sesi (2.3.5)

+/VFU}L.A}L : VFQ,O i S H&(F), i S %th.
N

/VF(U —up) - Vrp = /RT up) (¢ — ¢n)
I

TeTy,

2.3.2 Upper Bound

The upper bound for the energy error e, := ||Vr(u — up)|| 2ry is obtained from
(2.3.5) and Clement’s interpolation for functions defined on a polyhedral surface.
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Lemma 2.3.1 (Clemént Interpolation). There ezists a linear interpolation oper-

ator Ip, : HY(T'y,) — V,, such that forT € Ty, and S € S we have

lv — IhUHL?(T) < Chr |]Vphv||L2(@h(T)) Vv € Hy(T'p), (2.3.6)
1/2
v = IhU||L2(S) < Chs/ HVFhUHLQ(wh(T)) Vo € Hy(Tn), (2.3.7)

where C' depends only on shape reqularity constant, hr and hg are diameters of T

and S respectively, and wp(T) :=U{T' € T, | T'NT # &}.

The proof of this lemma can be found in [5, 6]. Note that the shape regu-
larity condition still holds for a polyhedral surface which is a piecewise polynomial
interpolant of a C! graph.

Taking ¢ = u — u, € HY(T) ~ HXT}1), on = Tnp € V), into (2.3.5), and using

Lemmas 2.2.3 and 2.3.1, we obtain

Ve (u = )72y < Co Y0 mp(T) +Co Y [ VeunAnl3o7 (2.3.8)

TeT, TeT,

where the constants C; and Cy depend only on shape regularity constant and T'.

Here we define the energy error indicator n,(T) by

me(T) = W | Re(un) T2y + D hs 1Ts(un) 1725 (2.3.9)
Sesy
scor
1/2

and the energy error estimator ny, == (3 per. (1))
As a result of Lemma 2.2.2 and the definition of geometric error (2.1.12), we

obtain the upper bound for the energy error.
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Lemma 2.3.2 (Upper Bound). There exist constants C, and Cy depending only

on shape regularity constant and the surface I' such that
1V (1 = un)l[72ry < Curis + CaGi. (2.3.10)

Remark 2.3.1. If T is itself a polyhedral surface, then I';, = I". In this case we have
(n, = 0, and the estimate (2.3.10) does not involve a geometric error. The geometric
error is necessary since it tells us how well the surface I' is approximated by piecewise
polynomial surface I'j,. In fact, it is coupled with the energy error according to the

term Vruy,.

2.3.3 Lower Bound

We obtain a local lower bound for the energy error by using the idea of bubble
functions introduced by Verfiirth [23] and later refined by Dorfler [7] in that con-
tinuous piecewise linear bubble functions are used. By proceeding as in [1, 7, 23]
for estimating the local lower bound, we obtain the lemma below. Here we denote
by wi(T), T € T, a subregion of I'j, consisting of all elements in 7j, that share a

common side S € S¢ with T, and by T C I' a curved element as in (2.1.9).

Lemma 2.3.3 (Local Lower Bound). There exist constants C3,Cy, and Cs, de-

pending on the shape regularity constant and I', such that for T € Ty,

BTGy S IVelw = un)l[faq + Crosch (@n(T) + CsGn(T)). (23.11)

T'eT;,
T'Cwp, (T)

For T' € Tp,, let SP(T') :=={S € 8¢ | S C 0T'}. We define the oscillation by

osc;(T) = hi HRT(uh) - ﬁT”;(T) + hr Z ng(uh) - 75“12(5) ,
Sesg(T)
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where Ry and J g are L2-projections of Ry (uy) and Js(uy) onto P, (T) and P,,(S),
respectively, m > 0 is a fixed integer; P,,(T') and P,,(.S) denote spaces of polynomial
functions of degree < m on T and S, respectively. For w,(T) C T'j, we define
osci (wi(T)) := Yqrcu, () 05¢(T"), and denote oscy, := oscy,(I'y); the same notation
also applies to (2 (wp(T)).
Remark 2.3.2. If we take m = n — 1 as in Lemma 2.4.4 stated in the next section,
where n is the degree of Vj,, then by (2.3.2) and (2.3.3), Js(up) € P,_1(S), and
(Ar,up)|r € P—o(T) imply that
05} (T) = 3 || P = Pl 1y (2.3.12)

where F, is L*-projection of Fj, onto P,,_1(T).

According to the above two estimates (2.3.10) and (2.3.11), our adaptive algo-
rithm will rely on four indicators 1, (T), (4 (T), A (T') and oscy, (7). These indicators
are important for designing a converging AFEM; see [7, 13, 15, 16]. We compute

these values for all T' € 7, according to the definitions, and we call this procedure

ESTIMATE, namely

{nh(T)u Ch(T)7 )\h(T)v OSCh(T>}T€Th = ESTlMATE(Fv Fh7 7717 Fha Uh).

24 AFEM

As outlined before in section 2.1.3, AFEM consists of loops of procedures
SOLVE, ESTIMATE, MARK, and REFINE, consecutively. The procedure ESTIMATE
has just been introduced in section 2.3. We now describe the other three procedures
in detail.
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2.4.1 Procedure SOLVE

In this procedure we solve the SPD linear system obtained from (2.1.8). Here
we employ any standard linear solver, such as conjugate gradient CG with diagonal,
hierarchical basis, or BPX preconditioning. In other words, given a pair of approx-
imating surface-mesh (I'x,7;), a forcing function Fj, and an initial guess for the

solution ug_1, SOLVE computes the discrete solution

U ‘= SOLVE(Fk, 776, Fk, uk,l).

2.4.2 Procedure MARK

Given a pair of approximating surface-mesh (I'y,7;), ideally this procedure
will find a subset ﬁ C 7 of marked elements according to the largest indicators
of procedure ESTIMATE. Therefore, when we refine all elements in ﬁ, we will get
reductions for the errors and oscillations that will lead to convergence. The notion
of energy error reduction was introduced by Doérfler [7], and further improved by
Morin et al [15, 16] via the notion of data oscillation and its reduction. Here we
introduce a similar concept to reduce the geometric error. The following marking

strategy is just a combination of these ideas.
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Marking Strategy: Given parameters 0 < 0.,0,,60, < 1, construct a subset
ﬁ of 7. such that the following inequalities hold:
(M1) : > (1) = 02n}, (2.4.1)
TeT)
(M2) : ST QD) > 02, (2.4.2)
T
(M3) : Z osci(T) > 62osc. (2.4.3)
TeT)

The strategy (M1) is for the energy error reduction, (M2) is for geometric error re-

duction, and (M3) is for oscillation reduction. We refer to this procedure as

Ti := MARK ({1 (T), Gu(T), 0scx(T') }rer, ).

2.4.3 Procedure REFINE

This procedure refines all elements in the marked set ’f}c of 7, to obtain a
new (finer) pair of approximating surface-mesh (I'y; 1, 7x11). The refinement step is
performed according to two criteria. The first one was introduced by Morin et al

[15, 16] to guaranteed energy error reduction:

Interior Node Property: Refine each marked element 7" € 7 to obtain a new

mesh 7;; compatible with 7; such that

T and the adjacent elements 7" € 7}, of T, as well as their common

sides, contain a node of the finer mesh 7,1 in their interior.

The second criterium is new and deals with the geometric oscillation:
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Geometric Oscillation Property: Given a reduction factor 6, < 1, refine all

T € 7, such that for all T" € Tr+1(T) we have

Ner1(T7) < O (T),

where T 1 (T') := {T" € Ty41 | T' is obtained by refining T'}.

The procedure REFINE may also require additional steps to control the oscillations.

We describe the Refining Strategy in several steps as follows:

Refining Strategy: Given a sequence {a;} \, 0, a marked set 7%, geometric

oscillations {Ax(T")} 1., and a fixed reduction rate of element size 0 < 7, < 1;
1. Refine all T € 7, according to Interior Node Property;
2. Refine more if needed for Geometric Oscillation Property;

3. Refine more if needed so that for any T € 7,

A1 (T7) < min{ag, ()} VT € Tea(T);

4. Refine more if needed so that for any 7" € 7;,.,1(T), T € Ty,

2 1 T
T! T -1 Yr if T e ﬂ
7] <~ ( T ) where  yp = : (2.4.4)

[N R
1 ifTe¢T,

and T} := {(x, zx(x)) € T'x | (x,2(x)) € T'} C T, a lift of 7" back to I'.

We refine an element on a polyhedral surface 'y, via a projection (or lift) from
Iy to I' along the (vertical) zg4-axis. If (x,zx(x)) € Iy is a new node obtained by
refining T' € 7T, then it is lifted to (x, 2(x)) € I' to become a new node of I'y;;; see
Figures 2.4.1 and 2.4.2. The new ‘polyhedral’ approximating surface is formed by
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Figure 2.4.1: The element T' € 7}, is Figure 2.4.2: Two new elements 7'1

bisected thereby giving rise to the new and T2 in 7;,, are formed joining the
node z. This node is lifted (projected) new node P(z) € T with the old nodes
to P(z) € I" along the vertical axis. in T

interpolating new nodes and old nodes via zp; 1 = Zp112 € Vi 1. We refer to this

procedure as

(%+1, Fk+1) = REFINE(ﬁ) Qg Yry {)\k<T)}TE’Tk)

Note that, asymptotically, the new surface I'y,; is a better piecewise poly-
nomial approximation of I'" than I'y in the sense that A\g1(7") < A\(7T) for all
T € T;41(T). However, in the pre-asymptotic regime it can happen that this in-

equality is reversed.

Remark 2.4.1. Since for T' € Ty, the corresponding 7' C I is a smooth C* surface,
hence steps 2 and 3 of Refining Strategy can be achieved by finite number of

times. If T is C?, then A, (T') reduces proportionally to Az, the diameter of 7.

Remark 2.4.2. In step 3 of Refining Strategy, the sequence a; \, 0 is needed
to guarantee that A\, \, 0, i.e., [y gets closer and closer to I'.  However, in our
results below, Lemma 2.4.3 and Theorem 2.1, we require only that )\, decreases
monotonically and is smaller than an unknown positive threshold. The condition
ap \, 0 might be stronger than needed. In fact, in numerical experiments, if I" is
C?2, then )\, reduces monotonically without invoking step 3.
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Remark 2.4.3. Step 4 of Refining Strategy is needed in order to have a reduction
of oscillation, see Lemma 2.4.6, especially when we deal with general dimension
d # 3. For d = 3, this step is trivial since T} C T, and if T € 7. then Ty | < ~r|T|
where 77 < 1 depending only on the refinement method, and we can choose 7, :=
max {yr} < 1.

Remark 2.4.4. Step 4 of Refining Strategy can be achieved for d # 3 upon refining

T € Ty, a finite (and fixed) number times. This is the case because ‘é:—’%: is bounded

by a constant depending only on %, whereas

7|
77|

increases by refinement.

2.4.4 Lemmas

The procedures MARK and REFINE lead to the following crucial results for
proving the convergence of AFEM. For convenience we use the following notation.
For any w C T,

en(w) == V(v —w)ll 2y, err(w) = [[Ve(tpsr — w2 »
and use ey, respectively €51, when w = I'. We introduce also the bilinear forms

B(u,v) = /Vpu -Vrv  and  Bp(u,v) = [ Vpu- V. (2.4.5)
r

Ty

Geometric Error Reduction

A trivial consequence Step 3 of Refining Strategy is the following result.

Lemma 2.4.1 (Geometric oscillation reduction). For any sequence {ay} converg-

ing monotonically to 0 as k — oo we have

Ar — 0 as kK — oo monotonically.
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According to the definition (2.1.12), we have a local relation between geometric

errors (pi1, (g, and €541 as follows. For any 6 > 0,
G ) < N (1) (14 0) IVewallfagr + 14070k (), (246

where T' € Tpyy and T/ C T is its corresponding curved element. Employing
Marking Strategy (M2), Geometric Oscillation Property, and Lemma 2.4.1,
we obtain the reduction of geometric error. We state the result now but postpone

its proof until §2.4.6.

Lemma 2.4.2 (Geometric error reduction). There ezist constants 0 < p; < 1

and ps > 0 such that for any k > 0

Cisr < MG+ paAiciga- (2.4.7)

Quasi-Orthogonality

Since finite element space-mesh (Vi (I'), 7x(I'x))’s are no longer nested, the
usual orthogonality property fails. It is replaced by a quasi-orthogonality property.
As expected, the geometric error (i also plays a role in this result. We state here a

lemma but postpone its proof until §2.4.6.

Lemma 2.4.3 (Quasi-orthogonality). There exist constants Cgs,C7; > 0 and a
number k., > 0 such that Ao := (3 — p2CsAZ.) € [1,3), and for any k > k,

Cier < € — Nogiyy + CiGF (2.4.8)

Remark 2.4.5 (Threshold for \;). For quasi-orthogonality we need that A\; < A, be
sufficiently small (k is greater than some k) or, equivalently, that I'y be sufficiently
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close to I'; see the proof in §2.4.6. This is a natural a priori condition [9]. Since we
do not have a procedure to quantify a posteriori when such a condition is achieved,
we let sequence {ay} take care of this matter: it guarantees the eventual validity of

A < A, regardless of the resolution of the initial mesh-surface approximation.

Energy Error Reduction

It is well documented that the reduction of energy error hinges on four con-
cepts: the upper bound, a modified local lower bound, Marking Strategy (M1),
and Interior Node Property; see [13, 15, 16]. We discuss here the modified local
lower bound which relies on a modified error equation, obtained from the error rep-
resentation form (2.3.1) upon replacing I' by T'xy1, u by w1, ¢ by @re1 € @'kﬂ,

and setting ¢ = 0, namely

> /RT(uk)SDIH—l_ > /jS(Uk)(Pk—i-l:Bk—&-l(uk—i-h@k—i-l)_Bk(uku@k—l-l)a (2.4.9)
TeT, ' T sesg /S

where the bilinear form By, is defined via (2.4.5).

To obtain the estimate, we follow the standard arguments used on flat domains
[1, 23] with the help of piecewise linear bubble functions; see [7, 13, 15, 16]. Note
that for graphs, the lift (2.1.2) of a C piecewise linear bubble function on € is still
a O piecewise linear bubble function on I'y; hence, the standard arguments are still
valid on surfaces I'y. However, due to discrepancy between surfaces I'y, and 'y 1,
the geometric error ¢, also appears in this estimate. To see this let ¢ 11 = ¥Ry,
where R is a L?-projection of Ry(uy) onto P,,_1(T) and 7 is a C” piecewise linear

bubble function on 7', namely supp ¢xr+1 € T. Adding + fr Vr(ugs1 — ug) - Vrpgst,

70



(2.4.9) becomes

/RT(Uk)SOkH = /VF(Uk+1 — uk) - Vrgps
T r
+ / Vi1 A1 - Vrprsr + / Viup Ak - Vrorta,
N I

which later gives an estimate involving the local geometric error terms (; and (i 1.
Moreover, we can estimate locally (i1 in terms of (j and e, according to (2.4.6),

namely

Z C2+1<T,) S sz(T) + 52-&-1 (T)

T'€T1(T)

Following the usual arguments, we arrive at the estimate for the interior residual
2 n = 12
h?r HRT<UI€)HL2(T) S 512c+1(T) + le(T) + h%“ HRT(uk) - RTHLQ(T) .

The estimate for the jump residual is similarly obtained by following the standard

arguments. Combining these two estimates, we thus obtain the lemma.

Lemma 2.4.4 (Modified local lower bound). For any T € 7y, we have

(1) <Gy Y ei (1) + CiG(wilT) + Crosci (wi(T)). (2.4.10)

T'eTh
T'Cwi(T)

Applying the upper bound (2.3.10) and Marking Strategy (M1), we have

C
ex < Cini + Cy(f < 6_21 Z mi(T) + CaGi.
¢ TeT:

As a consequence of Lemma 2.4.4, using (2.4.10) to replace n7(T), we have the

following corollary.

Corollary 2.4.5. There exist constants A1, Ao, A3 > 0 depending only on 6., Ci,

Cy, Cs, C4 and Cs, such that

ep < Mieiq + No(f + Azoscy. (2.4.11)
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Oscillation Reduction

According to Remark 2.3.2 and Lemma 2.4.4 above, the element oscillation

has the form

2

osci(T) = h || Fi — Fk”L?(T) :

Since it is convenient to work with area (measure) of the element 7" when surfaces

are different, we re-define the oscillation to be

OSC%(T) = ’T|% HFk _FkHiP(T)’

since h2 ~ |T|ﬁ, where d > 2 denotes the dimension. The following lemma is a
result of Marking Strategy (M3) and step 4 of Refining Strategy; the proof is

given in §2.4.6.

Lemma 2.4.6 (Oscillation reduction). There ezists a constant 0 < & < 1 de-
pending on the surface I' and a parameter 6, from Marking Strategy (M3) such

that

osci ., < Qoscy. (2.4.12)

2.4.5 Algorithm and Convergence

Given parameters 6., 6,,0,,0,, 7., and the sequence {a;}, the adaptive algo-
rithm consists of consecutive loops of procedures SOLVE, ESTIMATE, MARK, and

REFINE as follows.
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AFEM
Choose parameters 0 < 6., 6,,6,,0x,7- < 1, asequence {a;} \, 0, and let u_y = 0;
1. Pick an initial approximating surface-triangulation pair (I'g, 7) and set k = 0;
2. uy, = SOLVE(T'y, Tk, F, ug—1);
3. (1), Ge(T), Me(T), 08¢k (T) } e, = ESTIMATE(T', T, T, B, )
4. T, = MARK ({n(T), G(T), 08¢k (T) Y et )i
5. (Tir1, i) = REFINE(Zy, a3 {A(T) b regy):

6. Set k =k + 1 and go to Step 2.

Theorem 2.1 (Convergence of AFEM). Let (I'o,7y) be an arbitrary initial ap-
proximating surface-triangulation pair of I'. Then there exist a number ko > 0, and

positive constants vg,%,, and § < 1, such that for any k > ko, AFEM satisfies
1 < €&, (2.4.13)

where E} := €3 + v,(i + 700sC.

Proof: According to Lemma 2.4.3, there is k, such that (2.4.8) holds, namely

2 < et — Nl +C ¢ VE >k, (2.4.14)

where i < Ay < % Since €11 and (i are coupled according to Lemma 2.4.2 and

(2.4.11), we split the term Agei,, into two parts

A05i+1 = ﬁAOgiH +(1 - ﬁ)AOgiH,

73



where the constant § € (0, 1) will be chosen later.

Step 1. Using (2.4.11), we can eliminate SAoe7,, by the estimate

/3/\0 2 2 AOAZ 2 1&01\3 2
P20 2 - ga 202 2043
Al ek — 6 0€k+1 + Al BCk + A1 /Bosck7
and (2.4.14) becomes
Cia1 < aeg — (1= B)Aogiyy + (C7 + AuB)GE + AsPoscy, (2.4.15)

- BAo . AoA . AoA
where o := 1 — P20 < 1, Ay := 2422 > 0, and Aj := 5422 > 0.

Step 2. To get rid of (1 — §)AoeR,,, we use Lemma 2.4.2 inequality (2.4.7), namely

(1—B)Ao
P2 Aio

p1(1—03)

A
(P < - 0+ (1—P)Aoe2,, Yk > ko,
ko

where ko > k. will be chosen later. Therefore, (2.4.15) becomes

€ri1 + VeCiin < aep + poveCh + AsBoscy, (2.4.16)

(1-B)Ao
P2A%O

where 7, := and i satisfies

toYg = C7 + M + p1yg. (2.4.17)

Step 8. From (2.4.17), writing 7, in terms of § and solving for 3, we have

~ Bo—Ch

_ Ao(po — p1)
Bo + A4 .

P2 Aio

o

where B =

Since p; < 1, we first choose p; < pp < 1 which gives Gy > 0. Since A\; \, 0, we can
then choose ky > k., so that 3y > C7, which implies that 0 < 3 < 1. Therefore, v,
defined in (2.4.16) is a positive constant.

Step 4. Using (2.4.12) of Lemma 2.4.6, we can write (2.4.16) as

Chrt  VoGi1 + 005Gk 41 < ey + o7y + 1117005,
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where 7, is a constant to be determined and p; satisfies

1Yo = Yol + A5 3.

Since & < 1, we can choose & < py; < 1, which implies that v, = lﬁiﬁ& > (0. The

assertion follows by setting £ = \/max {a, po, 11} < 1. O

2.4.6 Proofs of Lemmas

Proof of Lemma 2.4.2: Geometric error reduction

Proof: If 7" € 7,4, then by definition of (x.(7") we have for § > 0,

Clirl (TI) = /\i+1(T/) ||Vl‘uk+1‘|i2(jw) (2.4.18)

<N (T) (04 0) Vel 2oy + (14672, (7).

Case 1. If T" € Ty 1 (T) for some T € ’?k, then A1 (7") < 03\ (T). Summing over

all T" € T, 11 (T') and using A\ (T") < A\g, we have

Y. Ga(T) <A +OEGT) + (1+ 0 )Neh o (T).

T'€Tj 41 (T)
Case 2. If T' € Ty (T) for T ¢ Ty, then by using A1 (T7) < Ae(T)) we have
G (T) < NUT) (14 6) [0l Fagzoy + (14 67)E (7))

and after summing over 7" € 75,1 (7))

Y Ga@) S A+OHRT) + 1+ AL (D).

T/€T1 (T)
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Combining these two cases, we can write

€13+1:Z Z <I§+1(T/) + Z Z C%H(T/)

TeTi \T'€T+1(T) TeT\T \T" €Ti+1(T)

SA+0)[G-1=6)> GO | + 1+ )Ner,

TeT;

and by Marking Strategy (M2)

oo < (14 0) (1= (16062 )Gt + (1 57 )0eE
The assertion follows by choosing ¢ such that p; := (1 + ¢) (1 —(1- (9?\)92) < 1,

and taking py := (1+071) > 0. O

Proof of Lemma 2.4.3: Quasi-orthogonality
Proof: By symmetry of the bilinear form B defined in (2.4.5), we have

2 _ 2 _ 2
Chp1 = € — E€hpr — 2B(U — Upp1, U1 — Up).

Since for graphs @1 := ugy1 — ux € i/kﬂ, we thus have
B(u — upy1, 1 — ug) = B(u, pri1) — Blugsa, orr1) = / fors1 — B(ugy1, Pre1)-
r
By definition of Fj;; in (2.3.4) and the weak form (2.1.8),
/f%pk-&-l :/ Frv19p41 = Brpa (Upr1, Ori1)-
r Tri1
Therefore, by (2.2.9)

B(u — g1, ups1 — ug) = Brgr (Ut 1, Pit1) — B(ugg1, Qrg1) = / Vrug 1 Ags1 - Vror41.
r
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By Schwarz’s inequality and the estimate ||Vpugs1Agi1|| L2(T) < (p11, we can bound

1
—2B(u — Upi1, Prr1) < C6C1§+1 + §5i+1’

where Cs > 0 depends only on I'. Hence, by Lemma 2.4.2, we obtain
2 2 1 2) 2 2
Chp1 = € — 5~ CopaAy, | €pyr + O,

where C; := Cgp;. Since Ay — 0 as k — oo by Lemma 2.4.1, there exists a number
k, > 0 such that Ay := % — 06,02Ai* € [}1, %) The assertion thus follows for k& > k.,

by monotonicity of {Ax}. O

Proof of Lemma 2.4.6: Oscillation reduction

Proof: Let 7" € T;.11(T') for some T € T, we have

2
osc | (T") = |T'|77

—T
Fip1 — Fk+1’

(17’

where Ffjrl is the L2-projection of Fy 1 onto P, 1(T"). Recall that
T, :={(x,21(x)) € T} | (x,2(x)) €T’} CT,
a lift of 7" back to I'y. By changing the surface of integration

/ U= UQkH = |T/’ )
T T Qk ‘TI;| T}

, . —7 /| —T —=T .
Q%L = %Fk’ replacing ', ; by %Fka where F', is the

Since on 1", Fjy1 = F}
L%-projection of F} onto P,,_1(T), we have

2 TP 2

2 T
osci 1 (T") < |T/|fHW 0

—=T
- F ‘ = |71 ==&

(Fk—ﬁf’

L2(T L2(T))
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By Step 4 of Refining Strategy, we thus have

T/
’ k| <’YT‘T|%;

|7
T =

where 7 is defined in (2.4.4). By summing over all 77 € 71 (T'), we arrive at

S o5 (T') < yrosc(T).
T' €T 41(T)

Proceeding as in Lemma 2.4.2 and using Marking Strategy (M3), we end up with

oscp, < (1 -(1- %)ez) 0sC; =: (10SC;.

2.5 Numerical Experiments

To illustrate our main result, we present some numerical experiments based
on the AFEM described above. They are implemented within the FEM toolbox
ALBERT developed by Schmidt and Siebert [20, 21].

For convenience of presentation, we use the following notation:

e ¢, and (; denote the energy and geometric errors, respectively, after k iterations.
e |7;| denotes the number of elements in triangulation 7.

e EOC, (k) and EOC,(k) denote the experimental orders of convergence after k iter-
ations, namely

 log(ex—1/ex)  log(Ge1/Gr)
EOCh) = iy ™ FO%M = ez imy

2.5.1 Experiment 1: Corner Singularity
In this experiment we consider a surface I' C R? as a graph of the function
z(z,y) = 2% + y* defined on the L-shape region  := [—1,1]?\ (0,1) x (—1,1). To
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test our algorithm, we assume that the exact solution is known and defined by

uw(z,y,z) =u(r,0) = r2/3 sin(%ﬁ),

where r \/m,e := tan~!(y/x). The forcing term f = —Aru is given by
(2.1.6).

We solve the Laplace-Beltrami operator on I' together with Dirichlet bound-
ary condition that is compatible with the solution. We implemented AFEM with

parameters 6, = 0, = 0.6, §, = 0.5, and 0 = 0.8, and with {a;} = {1/k}. Our

results and comments are as follows.

k| 5| en | EOC.(k)| G | EOC,(k)
0| 96| 18501 | — |20le0l| -

1 244 | 1.10e-01 0.558 1.29e-01 0.477
2| 846 | 6.33¢-02 | 0.443 | 7.17e:02 | 0.470
3| 2288 | 3.82e-02 | 0.508 | 4.47e-02 | 0.476
4| 6034 | 2.40e-02 | 0480 | 2.85e-02 | 0.463
5111982 | 1.61e-02 0.580 2.00e-02 0.514
6| 32052 | 9.57¢-03 | 0.515 | 1.44e-02 | 0.328
7| 57416 | 7.00e-03 | 0.563 | 1.00e-02 | 0.653

Table 2.5.1: AFEM with parameters 6. = 0, = 0.6, §, = 0.5, and 0, = 0.8. Both
the energy and geometric errors decay at the optimal rate at 0.5 despite the corner
singularity; compare with FEM in Table 2.5.2 below.

T [ ex |EOC.(K)| & | EOC,(k)
06 | 1.85¢-01 | | 2.0le0l | -
384 | 1.17e-01 | 0.320 | 1.0le-01 | 0.497
1536 | 7.42e-02 | 0.329 | 5.04e-02 | 0.499
6144 | 4.69e-02 | 0.331 |2.52e-02 | 0.500
24576 | 2.96¢-02 | 0.332 | 1.26e-02 | 0.500
08304 | 1.87¢-02 | 0.332 | 6.30e-03 | 0.500

Table 2.5.2: FEM: The energy error decays slower than AFEM at the expected rate
0.33 due to corner singularity. The geometric error still decays at the optimal rate
0.5 due to the smoothness of the surface.
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Loglog Plot of Errors Vs. Number of Elements
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—e— AFEM: Energy Error
—o- AFEM: Geometric Error
% FEM: Energy Error
-x- FEM: Geometric Error
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107 1 1 1 1
10° 10° 10* 10°

Number of Elements
Figure 2.5.1: Experiment 1: Loglog plot of energy and geometric error vs. number
of elements for both AFEM and FEM. AFEM is implemented with parameters
0. =0, =0.6,0, = 0.5, and 0, = 0.8. We see that energy and geometric errors from

AFEM decay at the optimal rate of about 0.5 while the energy error from FEM does
not, due to the corner singularity.

e Tables 2.5.1 and 2.5.2 show the decay of energy and geometric errors vs. number
of elements, together with their experimental orders, for both AFEM and a standard
FEM, respectively. AFEM performs at the optimal rate of 0.5 for both errors, while
FEM performs only at the expected rate 0.3 for the energy error because of a corner
singularity. This experiment confirms that AFEM performs optimally for corner
singularities and smooth surfaces. See also Figure 2.5.1 for the log-log plot of errors
vs. number.

e Figure 2.5.2 shows a sequence of meshes, polyhedral surfaces I'y, for £ = 1, 3,
and 5. The refinements are mostly dictated by the corner singularity at the origin
but also by the surface. The zoom in near the origin shows that the refinement
concentrate more near the origin.
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2.5.2 Experiment 2: C1® Surface Singularity.

In contrast to Experiment 1, we now conduct an experiment on a C** but not

C? Surface. We let the surface I' be the graph of

(0.75 — 2% — )4 if 2%+ y? <0.75,
z(x,y) =

0 otherwise,
where (z,y) € Q :=[0,1]% Tt is easy to see that z € C194(Q) \ CVH(Q) due to the
singularity of the second derivatives of z on the curve 2% + 3% = 0.75. We assume

the exact solution to be the linear function
u(z,y) =z +y—0.75,

and the Dirichlet boundary condition and forcing term given by (2.1.6), namely
since u is linear

fi=—Aru= (Vu-v)(V-v),
if z is C?(Q). However, in this example z is C*%* and f behaves singularly like
(22 +y* —0.75)7%F; the singularity does not align with the initial mesh 75(Q2). Note
that f € LY(T")\ L*(T") in neighborhood of this curve, hence [ £l z2(ry is meaningless.
However, there is 1 < ¢ < 2 such that f € L(I") and we can estimate (if p is Sobolev

conjugate exponent of q)

/T 6= T) < Cllfllpaey I = Téll oy ¥ T €T, Vip € HAT),

since HY(T') € LP(T) for p < oco. In short, we can replace || f||;2 by ||fll;. in a

neighborhood of the singularity and follow the same analysis. Set a = 0.6,

v:={(z,y) : 2°+y*=0.75},
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and

dT = diSt(T, ’y)

We assume first that dr > hy. Then

—a12 2
1l pary S d7hy® and |l = Zollpory S 0P 10l g oy -

Therefore,

Y
/Tf(SO - ISO) SJ dT hT/q+ P ||90HH1(Q,L(T))

= h7dz® Nl e,

thTfHLQ(T)

This implies
/T £ = T) S Ihr Fll o 191, -

and nothing change. Therefore, we can compute || f|| pa(r) DY using £l 2 () instead,
if T is closed to the singularity curve but not crossing it because they are about the

same size. We assume next that dr < hy. Then

— 1.2/q—
1 oy 2 hg ™7

Hence,
/T F(o = T0) S W |l -

In practice we truncate the function f(x) as follows:
fe(x) = min {f(x),1l.e +15}.

In the first case dr > hr we never evaluate f in the truncation region because this
would require hr to be very small, namely, we need about 30 iterations. In the
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Log-Log Plot of Errors Vs. Number of Elements

=6~ Energy Error ]
4 Geometric Error |]

Error
=
o

T

Slope = 0.5

107 F

10‘4 e e e e L
10 10 10° 10 10 10
Number of Elements

Figure 2.5.3: Experiment 2: Log-log plot of energy and geometric errors vs. the
number of elements obtained from AFEM. The decay of these errors are near optimal
rate at 0.5, comparing using slopes of plots.

second case, dr < hr the quadrature error could be large there are few elements
with such a behavior. The implementation works quite well as expected and the
errors reduce with nearly optimal rate; see Figure 2.5.3.

In this experiment we study how our AFEM handles this kind of problem. We
run the algorithm with parameters 6. = 0.6,0, = 6, = 0.5, and 8§, = 0.8, and a
sequence {ay} defined as in Experiment 1. Figure 2.5.3 is a log-log plot of errors vs.
the number of elements which displays optimal error decay. The sequence of refined
meshes are depicted in Figure 2.5.4. Our observations and comments are as follows.
e According to Figure 2.5.3, the energy and geometric errors decay with a nearly
optimal rate of 0.5 after few iterations, despite the fact that f has a singularity

along the curve 22 + y? = 0.75. The effect of singularity is compensated by massive
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as to the surface. The refinements are denser near the line singularity and
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2.5.4: Experiment 2: A sequence of meshes after 2, 3, 4
coarser on the flat part of the surface.

respectively. The meshes show that refinements are adapted to the line singularity

Figure
as well



refinement near the singularity. This confirms that our AFEM works fine even if
the surface is not C1!, as predicted by theory.
e According to Figure 2.5.4, the refinement produced by AFEM depends on variation

of the normal, thereby being quite coarse in the flat part of T.
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Chapter 3
Design and Convergence of AFEM for the Laplace-Beltrami
Operator on Parametric Surfaces

3.1 Introduction

Let I' be a d — 1 dimensional C' surface in R?, d > 2, either with or with-
out boundaries; I" is a closed surface if it has no boundaries. To represent the
Laplace-Beltrami operator on I', one needs to describe I' mathematically using, for
example, parametric representations on charts, level sets, distance functions, graphs
of functions, etc. Moreover, one usually obtains approximate solutions (finite ele-
ment solutions) by solving the problem on approximate polyhedral surfaces rather
than the surface I itself; see [9] for example that exploits the variational structure of
the Laplace-Beltrami operator and gives an a priori error analysis. Our present ob-
jective is dual to that in [12] in that we introduce an adaptive finite element method
(AFEM), derive a posteriori error estimates and use them to prove convergence of

adaptive loops.

3.1.1 Geometry of and PDE on T'.

We assume the surface I' to be decomposed into several disjoint parts, each

represented parametrically. We link this decomposition to a (d — 1) dimensional
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polyhedral surface I'y C R? a piecewise linear interpolant of I'. We also assume
the existence of a continuous piecewise differentiable bijection Py : I'y — I, that
is Py is differentiable in each face of I'y. In this way, the pair (I'g, Py) provides a
global description of I' that will be used to create a sequence {I';},-, of polyhedral

approximations of I'. Since I'y is a polyhedral surface, we can write

N
Iy =T,
i=1
where N is the number of faces of [y and '}’s are distinct faces; we refer to this

element T as a macro-element. This induces the partition {I"}~ | of I' upon setting

Since I'y is a linear interpolation of I, it follows that Py(v) = v for all vertices v of
[f, 1 <i<N. Since I'j € R? is a d — 1 dimensional flat surface, there is a reference
element Q C R and an affine map F} : R — R? such that I} = Fi(Q). For
example, if '} is a triangle in R?, then we can take () to be the master triangle in R?
and F{ the affine map that connects the three vertices of Q with those of T'y. Hence,
we can view I as a parametric surface on {2 via a parametrization X := P o F.
Since Py is differentiable on '}y, then X is differentiable on 2, and thus I'" = X*(Q)
is regular.

The structure of map P, depends on the application. If ' is described on T,

via the distance function dist(z), then
[ > 7 =ux—dist(z)Vdist(z) = Po(z) VazeTly,

provided dist(z) is sufficiently small so that the distance is uniquely defined. If,
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instead, ' is the zero level set ¢(z) = 0 of a function ¢, then

VOB | _a=Pyl@) vViel

oxr=7%-+ po
0 V()

is the inverse map of Py. In both cases, dist and ¢ must be twice differentiable for
Py to be differentiable.
We note that a function v : I'" — R defines uniquely two functions o : Q — R

and v : I}, — R via the maps X* and Py, namely

v(X'(2) =0(2) VieQ and v(Po(z)) =v(x) Vzel, (3.1.1)

Conversely, given a function 9 : Q — R (respectively, v : T'j — R) defines uniquely
the two functions v : T* — R and v : I'j — R (respectively, v : I — R and
0:Q—R)

We consider, for simplicity, the Laplace-Beltrami operator Ar on a closed

surface I
—Aru=f on T, (3.1.2)

where f € L*(I') and [ f = 0; the latter is a compatability condition for (3.1.2) to
have a solution. However, surfaces with boundary and Dirichlet boundary conditions
can be handled as well as shown in section 3.5.2; see also chapter 2 and [12] for
graphs.

We denote by v = (vy,...,v4) € R? the outer normal vector to I'. For v €

CH(T") we define the tangential gradient of v on T' by

Vrv = Vo — (Vv -v)v € RY
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where Vv is the usual gradient of R?. This definition makes sense provided v is
extended to a C' function in a neighborhood of I', which is possible because I' is
C'. However, Vrv does not depend on the extension but only on the value of v on

. Likewise, for a vector field v € C''(T'), we define its tangential divergence by
Vr-v=V.v—vDvT,

where Dv stands for the differential matrix for v. Therefore, if I' is C?, the Laplace-

Beltrami operator reads as follows
Arv =Vr - Vv = Av — (Vo - v)(V - v) — vD?*u’ (3.1.3)

provided v € C*(T") and D?v is the Hessian matrix of v (suitably extended as a C?
function to a neighborhood of I').

To formulate (3.1.2) weakly, we introduce the Sobolev space on the surface I™:
HYT) := {v € L*(T) | v has weak tangential derivatives in L*(I')}.
A weak solution of (3.1.2) is a function u : I' — R satisfying

u € Hy(T) : /vau -Vrp = /ngo Vo € Hy(D). (3.1.4)

3.1.2 The Finite Element Method (FEM) on Parametric Surfaces

We recall that the initial polyhedral surface I'y, with nodes lying on I'; is
composed of macro-elements I'}), each associated to a reference element Q. We also

have the differentiable bijections

Fo:Q—T%, Xt — T
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We recall that all vertices of the initial linear interpolation I'y of T" lie on I'.
Note that the surface I'y defines macro-elements I'). We separate the surface I' into
several pieces according to these macro-elements I}y, associate them to a reference
element Q' and define the maps X* and F} accordingly.

To approximate (3.1.4) via the FEM, we first partition [y into conforming
shape regular simplices; we call this set 7;(Ty). Note that each macro-element I}
induces shape regular simplices on the reference element 0 C R?"!, thereby giving
rise to a graded triangulation (or mesh) 7,(2) of 2. This triangulation induces
a shape regular triangulation 7, (T%) of I via the regular parametrization X* as
follows. Nodes of 7;,(f2) are lifted to I via X%, and connected by a C° piecewise
linear function, thereby giving rise to a polyhedral surface I} — a piecewise linear
approximation of T'*. This also induces a unique piecewise affine map F} : Q — I
such that T = F}(T) where vertices of T are the lifts of vertices of T' € T5(Q).
The piecewise linear approximation I', of T' is just the union of all parts T and,
likewise, 7, (') denotes the triangulation of I';, obtained by combining all elements
of 7,(T'%). The conformity of 7;,(T'},) follows from that of 7;(T'y). We next form a
finite element space V,(I',) of piecewise polynomials of degree n over 7,(I';). Since
the analysis on surfaces can be done mostly on each individual macro-element T,
we omit the superscript i, namely, I" stands for either the whole surface I" or I'?; the
same notation applies also to X', I'y, and F,,.

We formulate an approximation to the Laplace-Beltrami operator on the sur-

face T'j, as follows. If F}, € L*(T'},), with th F, =0, is a suitable approximation of
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f, then the finite element solution wuy, : I';, — R solves

up € Vh(Fh) : Vrhuh : VFhSDh = / EFron i wn € Vh(Fh). (315)

Ty Ty
This yields a symmetric positive definite (SPD) linear system which can be solved

by standard linear solvers such as the (preconditioned) conjugate gradient (CG).

3.1.3 Main Result and Outline

The main purpose of this chapter is to present an AFEM for (3.1.2) for para-
metric surfaces, thereby extending the idea developed in chapter 2 for graphs. We
now briefly state our main result and provide an outline for the chapter.

Let (Vi(Tx), 7Te(I'x))52, be a sequence created via adaptive loops of the form
SOLVE — ESTIMATE — MARK — REFINE (3.1.6)

as described below. For convenience, if T € 7;(T'x), we denote its corresponding

elements 7' C Q and T C T as follows:
T={tecQ|F(@)eT}, T:={zel|i=XoF (x), 2T}, (3.1.7)

where F, 1. T, — Q is the inverse map of F. To argue about the approximation
of T by T’ in WL for parametric surfaces, we introduce the geometric oscillation

)\k = maXTGTk(pk) )\k (T) where

Ae(T) = |VaX = VaFll oy - (3.1.8)
We next introduce the geometric error ¢ := (Y req, r,) Gi(T))"? where
C(T) = Me(T) [ Vrunll o 5 (3.1.9)
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the presence of the second factor is interesting and shows the interaction between
the PDE and the surface. We note that, in contrast with A, the accumulation in

Cx is in 2(7x(T)). In defining the energy error
e - — ||Vp(u—uk)||L2(F), (3110)

and geometric error (3.1.9) we have decided to measure it on I' and so use Vr; in
doing this, we are implicitly employing the lift; for v : Iy — R, its lifts 0 : ' = R

and v :  — R are defined via
(X o F N (z) = v(x) =0(F, (z)) Vazely. (3.1.11)

Note that (3.1.11) is just the extension of (3.1.1) from [y to any T'y; Py = X o Fy '

We finally let the data oscillation be oscy == (3 rer. 1y osci(T)?)'/? where
— 2
osc(T) = hi || Fe = Fil[ 1o » (3.1.12)

where F, is the L?*-projection of F}, onto P,_1(T). We are now ready to state the

main result of this chapter, the convergence of the adaptive loop (3.1.6).

In sections 3.3 and 3.4 we design an AFEM with the following contraction property.
Let (T'o, 7o) be an arbitrary initial surface-triangulation pair of T' for which there is a
continuous piecewise differentiable bijection Py : 'y — I', as explained in subsection
3.1.1. Then there exist an integer ko > 0 and constants v4,7v, > 0, and { < 1, solely
depending on (g, 7o), shape regularity and the user’s parameters of AFEM, such

that for any k > ko AFEM satisfies

Ee1 < E &, (3.1.13)
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where EF = e} + v,(} + 7,0sC: represents the combined error incurred by AFEM,
namely the energy and geometric errors, e, (., as well as information missing in

the averaging process 0scy.

The existence of kg is related to sufficient resolution of I' by I'x, a condition which
is attained by AFEM automatically but not imposed directly on the initial pair
(T'o, Zo). More precisely, what is needed is that A; be below a threshold dictated by
the regularity of T'.

The chapter is organized as follows. The start in §3.2 with a review of differ-
ential geometry on parametric surfaces. We explain why the geometric oscillation
defined in (3.1.8) is different from that for graphs; see chapter 2, [12]. We discuss
the procedure ESTIMATE in §3.3 and the procedures SOLVE, MARK and REFINE
in §3.4. We also prove the contraction property, and so convergence in §3.4. We
conclude in §3.5 with several numerical experiments on surfaces with or without
boundaries that shed light on the theory and document the performance of AFEM.

To simplify the notation, we use the following abbreviations. We write a < b
to denote a < Cb for some constant C. We use V;, and 7}, in stead of V,(T',) and

T1(T'y), respectively. Finally, we denote by v the two lifts © or © of v : I'y — R.

3.2 Basic Differential Geometry
Let T € T, we define the corresponding regions 7' C T' and T cQby

T:= {(XoF ) |zeT} and T .= {Fi'(z)|zeT}. (3.2.1)
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This implies that 7' = fk(T) is a linear interpolation of T' = X(T), i.e., Fil|s is the

linear map approximating X over T. We thus have an estimate for any 1 < <d—1,

1% = Frill oo 7y < max | X;(z) — Xi(y)] - (3.2.2)

z,yeT

For example, if X is a smooth parametrization, say a CI’Q(T), then

)

max |X;(z) — X;(y)| < hs"

el ~
where hj is the diameter of T. This implies that the difference of X and Fy in WL
is bounded depending on the smoothness of the surface.
To compare surface integrals, we identify the elements of surface area Q(z)
and Q(z) according to the maps X and F,, respectively; for example, if d = 3 and

(u,v) are coordinates for €2, we use
Q = | X, (%) x X, and Qk = |Fru(Z) X Frol- (3.2.3)

Another way to define them is by using the determinant of the first fundamental
forms of the maps as will be described later. By changing of surface integrals and

according to the lift (3.1.11),

[o=[w aa [o- w0

Therefore, we obtain that

_ [
/T'U TU 0 (3.2.4)

To get a connection between Vg and Vr, we let a matrix G := [X}, ..., Xy 4] €
R¥4=1 where X; € R?, a column vector, is the derivative of X with respect to the
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it" coordinate of €); hence, X;’s are tangent vectors to I'. Therefore, the chain rule

yields the relation
O0z,v = 03,0(X (%)) = VoX; = VroX;, for 1 <i<d-—1,
since vX; = 0. Therefore,
Vou(z) = Vro(Z)G(2). (3.2.5)
Similar result also holds for Iy, by replacing X by Fj, that is
Vaov(z) = Vnv(x)Gg(z).

To get the reverse relation, we let a matrix G € R4 he an extension of G by

adding the normal v the the last column, namely

G .= [G,VT} = [Xl,...,Xd_l,VT}.

Since we assume that X’ is a regular parametrization, tangent vectors Xy, ..., Xy 1

are linearly independent; hence, G is invertible. If D = éil, then we can write
VFU = vaéﬁ = [VQU, O] ]5 = VQ'U D, (326)

where D € R%1%4 ig the restriction of D by cutting off the last row. Similarly, by
replacing &; by Fj; and v by v, the normal to I'y, and employing Dy, instead of D,

we also have
Vpkv = VQU Dk. (327)
Hence, we have relations

Viv=Vrv Gi,D and Vpv= Vv GDy.
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By interchange of surface integrals, we have

<kaU, Vpkw>rk = <VFU(GD]€DZGT)%, VFUJ>
T

where (a,b)r. := [ ab” and (q, b, = ka ab® for row vectors a,b € RY.

Lemma 3.2.1. Let G and D defined as above. Then we have

GDDIGT =1,,—va .

Proof: Since we know from the extension that

- D DG DuvT
IdXd:G’ilG’: |: G VT :| = ,
v vG v-v
and
- D
Idxd:GG‘lz{G VT} =GD+rv®v.
v

(3.2.8)

(3.2.9)

Therefore, DG = I;_1x4-1 and GD = I;,4 — ¥ ® v. Hence, GD is symmetric and

we have

GDD'GT=GDGD=GD =1,y — v Q.

Since X is a regular parametrization of I', the first fundamental form reads

g = (gij> = (XZ-TXJ) = GTG;
1<i,j<d—1 1<i,j<d—1

this is a symmetric and positive definite matrix. Moreover, since GD is symmetric

and DG =1, we have
DD'G"G = DGDG =1.

97



Therefore, DD = g=! which is also symmetric and positive definite.
The results above hold also for the map F; : Q — I'y, when computation is

restricted to a single element. Namely, we have for = € T,

= (fkT,z‘fk,j> = G (2)Gi(2),

1<i,j<d—1

gi(l) = (gk,z‘j>

1<i,j<d—1

which is constant on 7. We now define the elementary surface area () = /detg,
and Q) = v/detg, where detg stands for the determinant of the matrix g.
With these relations at hand, we can now transform integrals from I" to €2 and

back to I';,
/vpu-vaz/QvaDDT-va:/erkv(GkDDTGZ)-vpkw. (3.2.10)
T T 7 Qk

Conversely,

/ Vpkv . Vpkw = / QkVQUDkDg . VQU} == / %VFU(GDszGT) . pr.
T T 7 Q
(3.2.11)

This allow us to compare integrals over I' and I'j, namely

1
Vrk?] . Vrkw — /VFU . VFU) = / VFU (QG(QkaDg — QDDT)GT) 'VF’LU.
Ty r r

(. J/

=: A

(3.2.12)
This is a consequence of (3.2.11) and Lemma 3.2.1, because Vrv-v = 0. To estimate

the difference we thus have to bound A;.
Lemma 3.2.2. For T € T,(Q), the following estimates are valid.

1@ = Qkll oo (iy S N1VX = VaFill ooy 18— 8rlliei) S Vo = VaFill o) -
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Proof: Since Fj|+ is the linear interpolation of a regular parametrization X', we
realize that ) and @), are bounded and so is

_ detg —det gy
Q—Qr= 010,

Invoking the definitions of g and gy, we can bound
|det g — det gy | < || VaX — VaFk],

where ||-|| is a matrix norm and the constant depends only on the dimension d and
smoothness of X. Since (), and g are well defined for all interior points of T, the
first estimate thus follows.

Likewise, by definitions of g and g, we obtain
g — gl S [[VaX — Vo Tl
and thus the second estimate follows. O
Lemma 3.2.3 (Estimate of Ay). According to above definition of Ay, we have
1Akl iy S VX = VoFillpwiry VT € T(9).
Proof: By definition of A given in (3.2.12), and DDT = g~!, we have
HAKHLOO(T) S Hng;l - nglHLm(TA) :

We note that Gy, being an approximation of G, can be bounded by a constant
depending only on the regularity of X. The assertion follows from Lemma 3.2.2 and

the fact that

Qrgr — Qg ' = (Qr— Q)gr ' + Qg (g —gr)g ™,

and g~! can be bounded by a constant depending only on X' O
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Lemma 3.2.4 (Equivalence of norms). According to above definitions, we have

equivalence of norms for functions defined on the surfaces I' and 'y, namely

191l L2ry ~ VIl 2y (3.2.13)

HUHH&(F) ~ ol iy, - (3.2.14)

Proof: We prove the above assertions on a single element 7" € 7, which then implies
the result after summing over all the elements.

The first assertion (3.2.13) follows directly from (3.2.4) since H %HLOO(T) is
bounded away from 0 for all 7' € ().

To prove (3.2.14) we use the fact that
2 o= [ Voo Vo= [ £v,06,0D7GT v,
||UHH1(T) = [_ VIV Vrv = O I, Uk k- VLU
T T (k

Since DD is positive definite and (Vi v)Gy is non zero unless Vv = 0, we thus

have
C”UHHl(T) < HUHHl(T) <C HU”Hl(T):
where ¢, and C depend on ||Gg||. Since we can view Gy as an approximation of

G, the second assertion follows by choosing these constants depending only on the

surface. O

Remark 3.2.1. Tt follows from Lemma 3.2.4 above that if v € H*(T'), then its lift

v: [y — Risin H(T}), and vice versa.
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3.3 A Posteriori Error Analysis: Procedure ESTIMATE

3.3.1 Error Representation

For convenience in writing, we define bilinear forms as follows

Br(v,w) = / Vv - Vrw and Br, (v,w) := / Vr,v - Vi w.
r Ty

According to the weak forms (3.1.4), (3.1.5), the Remark 3.2.1, and integration by

parts on each element T" € 7, we obtain the error representation

Br(u—ug, ) = I + I + I3 Ve HT), Y or €V,

where
him 3 [ Retwe— o0 = 3 [ Tstwe - o)
Ter, /T sese /S
-[2 = BFk(ukn 90) - BF(uka (70)7
I 1:/f90_/ Frep.
r Ty
Note that

e [, is a standard residual term obtained by integrating by parts on each

T € Ty where element residual Rr and jump residual Js are defined by

Rr(uk) == (Ar,up + F)lr, (3.3.1)

Ts(ux) = (Vnour)§ - ng + (Vnur)s - ng, (3.3.2)

where n} and ng are outward unit normals to S with respect to 7" and T, on the

supporting planes containing 7" and T~ respectively; T and T~ are elements in
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Figure 3.3.1: S is the common side shared by the elements 7" and T, and n* and
n~ are the normals to the side S on the supporting planes containing 7" and T,
respectively.

7). that share the side S € S where S; denotes the set of interior faces of T € 7y,
see Figure 3.3.1. Similarly, (Vr,ux)& and (Vi uy)g are tangential gradients of uy
considered on T+ and T~ restricted to S, respectively. If Vi is a space of piecewise
linear functions, then Ry = Fj|r and Js is constant on S, since Vp uy is constant
onT.

e [, is a geometry consistency term that accounts for the different between I'
and T'. According to (3.2.12), I, = [, VruiAy - Vi,

e [3 is a forcing consistency term that accounts for the difference of forcing
functions f and Fj of the PDE on surfaces I' and I'y, respectively. We choose

Fy € L*(T':) so that ka Fj, = 0, thereby making I3 = 0, upon defining

Q%)

Filw) = Qk(2)

f@) VieQ, z=ZF(i), T=X() (3.3.3)
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Hence, we arrive at

/VF(U_Uk; er—Z/RTuk © — on) Z/Jsuk © — or)

TeT Sesy

+ / VrugAy - Ve Vg € Hl(l“), Y ¢ € V. (334)
r

3.3.2 Upper Bound

The upper bound for the energy error ey, := |[Vr(u — uy) || 2(r) is obtained from

(3.3.4) and Clement’s interpolation of functions defined on a polyhedral surface.

Lemma 3.3.1 (Clemént Interpolation). There exists a linear interpolation op-
erator

Ty, : HY(T'y) — Vi such that for T € Ty and S € S we have

lv = Zyoll 2y < Che Vol oy oy Yo € H' (Tx), (3.3.5)
1/2
lv = Tevll ags) < Che* Vil ooy V0 € HM(TR), (3.3.6)

where C' depends only on shape reqularity constant, hy and hg are diameters of T

and S respectively, and wi(T) :=J{T' € T | T' N T # o}.

Note that the mesh 7} of polyhedral surface I'j, is conforming and shape regular
according to our construction in §3.1.2. Thus, the proof of this Lemma can be found
in [5, 6].

On taking ¢ = u —uy, € HY(T') ~ HY(T}), pr = Zrp € Vi and plugging into

(3.3.4), Lemmas 3.2.4 and 3.3.1 yield

IVr(w = w2y < Cv Y (1) +Co Y (I Veus A 72z (3.3.7)
TeTy TeTy
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where constants C'; and Cy depend only on shape regularity constant and I'. Here
we define the energy error indicator ni(T) by
2 2
ni(T) == W 1R (wi) |20y + D hs | Ts(wr) 72 -

sesp
Scar

172 Ag a result of Lemma 3.2.3

and the energy error estimator ng := (3 gy Mi(T))
and the definition of geometric error (3.1.9), we arrive at the upper bound for the

energy error.

Lemma 3.3.2 (Upper Bound). There ezist constants Cy and Cy depending only

on shape regularity constant and the surface I' such that

IV (= wr) |72y < Cimi + Cali. (3.3.8)

3.3.3 Lower Bound

We obtain a local lower bound for the energy error by following the idea of
bubble functions introduced by Verfirth [23]. By proceeding as in [1, 7, 23] for

estimating the local lower bound, we obtain the following result.

Lemma 3.3.3 (Local Lower Bound). There exist constants Cs, Cy, and Cs, de-

pending on the shape reqularity constant and on I', such that for T € T},

m(T) < Cs ||V (u — uk)||iz(m) + Cyosci(wi(T)) + CsCi (wi(T)), (3.3.9)

—~——

where w(T) == J{T" € T}, | T" shares a common side with T} and wi(T) C I" is a

projection of wy,(T) to T wvia the map X o F; "
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For T € Ty, let S(T') :={S € §¢ | S C 9T'}, the oscillation is defined by

osc} (T) = 1} [R(uwe) = Rel[yaipy + b D ([ Tsu) = Ts o) -
Ses(T)

where Ry and J g are L2-projections of Ry (uy,) and Js(uy) onto Py, (T) and P,,(S),
respectively, m is a fixed integer; P,,(7") and P,,(S) denote spaces of polynomial
functions of degree < m on T and on S, respectively. For wi(T) C T'x, we define
0sci (wWi(T)) = D e, (1) ©5Ci('T), and denote oscy := oscy(I'y); the same definition

also applies to (7 (wi(T)).

Remark 3.3.1. If we take m = n — 1 where n is the degree of Vi, then by (3.3.1)

and (3.3.2), JTs(ux) € P,_1(S), and (Ar,ug)|r € Pp—2(T), which imply that
= 112
OSC%(T) = h’% HFk - Fk||L2(T) ) (3310)

where F, is L?-projection of F}, onto P,_,(T).

According to upper and lower bounds estimates (3.3.8) and (3.3.9), our adap-
tive algorithm will rely on four local errors indicators 1y (1), (x(T), Ae(T") and oscy(T').
These indicators are important for designing a converging AFEM algorithm; for ex-
ample, see [7, 13, 15, 16]. We compute these values for all T' € 7} and we call this

procedure ESTIMATE, namely

{Uk<T), Ck (T), >\k (T), OSCp <T)}T€Tk = EST'MATE(F, Fk, ﬁ, Fk, uk)

3.4 AFEM

As introduced earlier in the introduction, AFEM consists of loops of procedures

SOLVE, ESTIMATE, MARK, and REFINE, consecutively. The procedure ESTIMATE

105



is described in detail in the previous section 3.3, we now describe in detail the other
procedures. The discussion on these procedures are similar to those for the case of

graphs; see chapter 2, [12].

3.4.1 Procedure SOLVE

This procedure computes approximate solution of a SPD linear system as de-
scribed in section 3.1.2. This is achieved by employing any standard linear solver
such as CG, preconditioned CGs by diagonal, hierarchical basis, or BPX precondi-
tioning. In other words, given a pair of approximate surface-mesh (I, 7;) and an

initial guess for the solution wu;_1, SOLVE computes the discrete solution

U ‘= SOLVE(Fk, ,]7“ uk—l)-

3.4.2 Procedure MARK

Following the idea discussed for the graphs discussed in chapter 2, the proce-
dure MARK is designed to choose a subset ’f}c C 7 of marked elements according
to the relative size of their indicators found by procedure ESTIMATE. Upon setting
refining all elements in ’ZA}, we hope to reduce errors and oscillations, and thereby
obtain a convergence adaptive algorithm. We describe the marking strategy as

follows.
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Marking Strategy: Given parameters 0 < 0.,0,,60, < 1, construct a subset
7., of Ty, such that the followings hold:
(M1) : > (1) = 627, (3.4.1)
TeT,
(M2) : > QD) =62, (3.4.2)
TeT;
(M3) : Z osci(T) > 62osc;. (3.4.3)
TeT,

We will refer to this procedure as

T := MARK({n(T), G(T), 05k (T) }re,)-

The strategy (M1) is for the energy error reduction, (M2) is for geometric error

reduction, and (M3) is for oscillation reduction.

3.4.3 Procedure REFINE

This procedure refines all elements in the marked set ’j\} of 7; to obtain a new
(finer) pair of approximate surface-mesh (I'y, 7;). The refinement step is performed

according to two criteria. The first one was introduced by Morin et al [15, 16] to

guaranteed energy error reduction.

Interior Node Property: Refine each marked element T € 7. to obtain a new

mesh 7,1 compatible with 7; such that

T and the adjacent elements 7" € 7}, of T, as well as their common

sides, contain a node of the finer mesh 7, in their interior.
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The second criterium was introduced in chapter 2 for graphs to guarantee the re-

duction of geometric error.

Geometric Oscillation Property: Given a reduction factor ) < 1, refine all

T € 7T, such that for all T" € Tr+1(T) we have

MNe1(T7) < O (T),

where T 1 (T') := {T" € Ty41 | T' is obtained by refining T'}.

The procedure REFINE may also require additional steps to control the oscillations.

We describe the Refining Strategy in several steps as follows.

Refining Strategy: Given a sequence {a;} “\, 0, a marked set QA} geometric oscil-

lations {Ax(T')} ez, and a fixed reduction rate of element size 0 < v, < 1;
1. Refine all T € 7, according to Interior Node Property;
2. Refine more if needed for Geometric Oscillation Property;

3. Refine more if needed so that for any T € 7}

all T' € T (T) . N (T7) < min {ag, M(T)} ;

4. Refine more if needed so that for any 7" € 7,..1(T), T € Ty,

2 1 T
T/ T -1 Yr if T S 7;
T <r ( 7 ) where  yp = : (3.4.4)

"] " R
1 ifTe¢T,

and T}, C T is the projection of 7" back to 7.
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Remark 3.4.1. Since for T € 7}, is a linear interpolation of T', the estimate (3.2.2)
implies that Steps 2 and 3 of Refining Strategy can be achieved in finite number

of steps if T is C1 surface, 0 < o < 1.

Remark 3.4.2. In Step 3 of Refining Strategy, the sequence a; \, 0 is needed
to guarantee that A\ N\, 0, i.e., Iy gets closer and closer to I'. However, in our
results below, Lemma 3.4.3 and Theorem 3.1, we require only that A\, decreases
monotonically and is smaller than some unknown positive threshold. The condition
ax \, 0 might be stronger than needed. In fact, if I is sufficiently smooth, say C1~,
then Ay will reduce monotonically by itself according to (3.2.2), and this refinement

step is not required.

Remark 3.4.3. Step 4 of Refining Strategy is needed in order to have a reduction
of oscillation, see Lemma 3.4.6, especially when we deal with general dimension
d # 3. For d = 3, this step is trivial since T} C T, and if T' € 7i then T} < ~v7|T|

where v < 1 depending only on the refinement techniques.

Remark 3.4.4. For the case d # 3, Step 4 of Refining Strategy can be achieved

by refining the element T' € 7} a finite number of times. This is the case because

|T%
7]

T . .
| || will increase if

is bounded by a constant depending only on % However, i

we refine more, i.e. when |T"| gets smaller.

Based on ideas developed by Dérfler [7], and Morin, Nochetto, and Siebert
[15, 16], the construction of continuous piecewise linear bubble functions used for
obtaining modified local lower bound is a crucial ingredient for proving convergence

of AFEM. To apply the same idea we require that the lift of a continuous piece-
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wise polynomial function of degree m defined on Iy is also a continuous piecewise
polynomial function of degree m on I'y ;.

The design of refinement technique used here is different from the one given
for graphs because the projection Py : I'y — I' can be chosen arbitrarily and might
not be linear. We design the refinement in such a way that the lift of functions
satisfy the condition above. This can be achieved by refining I'y to get 'y, based
on macro element/reference element strategy described as follows.

Let T' € 7;, be an element on I'y. To refine T', we first pull back to an element
Ty € T(Ty) that corresponds to T, ie., T = Fu(Fy (Ty)). We next refine Ty
according to the refinement procedure described above to yield a conforming shape-
regular mesh on I'y. Note that this step may involve more than one macro-element
on I'y because the Interior Node Property and completion to conformity require
additional refinements on the neighborhood of 7. We next project all new nodes
on I'y to I' by first mapping nodes to the master element €2 and then mapping to I'
via X'. We finally form new elements in 7,1 by enforcing the same connectivity as
in €2; see Figures 3.4.1- 3.4.3. The mesh 7, is thus conforming and shape-regular
since X is regular. The new elements T" € 7. also induce a new piecewise affine

map Fpi1:Q — Ty We refer to this procedure as

(Tis1, Dhsrs Firr) := REFINE(Tg, ap, {0(D) Y pers s Fi)-

Remark 3.4.5. Let T € 7y, denoted by I'y11(T) a region of I'y; consisting of all
elements in 7;,; obtained by refining 7. With the refinement technique described

above, if v, : 'y, — R is a polynomial function of degree m on T', then its lift to
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Figure 3.4.1: The ele-
ment 1I° € 7, is corre-
sponding to a reference
element T C Q via T =
Fi(T). The surface T is
presented by dotted line.

['x11 is a piecewise polynomial function of degree m on 'y 1(T"). This is the case

x1 X2

Figure 3.4.2: Refine 1" to
obtain new nodes, for ex-
ample, 1 and z2. The
new nodes are projected
to I' via the map X.

= = =
T1 Xl T2 X2 T3

Figure 3.4.3: The new el-
ements T'1, T2, and T3
are formed by connect-
ing the new nodes with
the old ones according to
new elements on ).

because lifting polynomial functions via affine maps preserves their degree.

3.4.4 Lemmas

For convenience we will use the following notation. For any w C T,

ex(w) == ||Vr(u — uk)||L2(w) )

and use ey, respectively €541 when w = I'. The following results are consequences

of procedures MARK and REFINE described above.

Geometric Error Reduction

As a direct outcome of the Refining Strategy Step 3, we have the reduction

of geometric error.

Lemma 3.4.1 (Geometric oscillation reduction). For a sequence {ay} converg-
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1ng monotonically to 0 as k — oo as used by procedure REFINE. Then we have
Ar — 0 as kK — oo monotonically.

Employing Marking Strategy (M2), Refining Strategy, and Lemma 3.4.1
above, we obtain the geometric error reduction. The proof is the same as for graphs

and we omit here; see Chapter 2, [12].

Lemma 3.4.2 (Geometric error reduction). There exist constants 0 < p; < 1

and py > 0 such that for any k > 0

Cieyr < P1Gi + paXici (3.4.5)

Quasi-Orthogonality

The quasi-orthogonality replaces the usual orthogonality because the approx-
imating surfaces ['y and ['y,; are different, whence the pairs of associated finite
element space-mesh (Vy,7;) and (Viy1, 7x11) are no longer nested. We state here

the Lemma and stress that its proof is the same as for graphs; see Chapter 2.

Lemma 3.4.3 (Quasi-orthogonality). The exist constants Cg, C; > 0 and a num-

ber k. > 0 such that Ao := (3 — p2CsAi) € [1,1), and for any k > k,
€i+1 < 62 - A0€i+1 + C7C/§- (3.4.6)

Remark 3.4.6 (Threshold for \i). For quasi-orthogonality to hold we require that
Ai, is sufficiently small (k is bigger than some k,) or, equivalently, that T’y be suffi-

ciently closed to I'. This is a natural a priori condition [9]. Since we do not have a
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procedure to quantify a posteriori when such a condition is achieved, let sequence
{ax}, take care of this matter: it guarantees the eventual validity of the threshold

for A\ regardless of the resolution of the initial mesh-surface approximation.

Energy Error Reduction

It is well documented that the reduction of energy error relies on the upper
bound, modified local lower bound, Marking Strategy (M1), and Interior Node
Property, see [13, 15, 16]. We discuss here the modified local lower bound which is
conceptually similar to the case of graphs; see chapter 2, [12]. The main difference
is that for parametric surfaces lifting of functions from I'y to 'y may not preserve
polynomial functions, which is trivially the case for graphs, unless we design the
refinement technique as describe in the previous section. The proof of the modified

local lower bound is thus the same as for graphs and we omit here; see chapter 2.
Lemma 3.4.4 (Modified Local lower bound). For any T € ’ZA}C, we have

(T) < Caciyy (@ (1)) + CoG (wr(T)) + Csosci (wi(T)). (3.4.7)
Applying the upper bound (3.3.8) and Marking Strategy (M1), we have

C
ex < Cirgi + s < 9_21 Z me(T) + CaG-
¢ TE?h

Estimating n?(7T') using (3.4.7), we have a corollary.

Corollary 3.4.5. There are constants A1, Ay, A3 > 0 depending on 0., Cy,Cy, Cs3, Cy

and Cs, such that
2 2 2 2
€ < A1€k+1 + AQCk + A305Ck. (348)
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Oscillation Reduction

According to Remark 3.3.1, the oscillation have the form
— 12
OSCi(T) = hy HFk - Fk||L2(T) ’

where F), is the L2-projection of F, on P,_;(T). Since it is convenient to work
with area (measure) of the element 7" when we have to deal with surfaces that are

different, we thus define the oscillation

osc}(T) = |T|71 || Fx = Fi ||y

since h3 ~ \T|%, where d > 2 denotes the dimension. With this definition and
following the Refining Strategy Step 4, we obtain the reduction of the oscillation.
We state here the Lemma but its proof is exactly the same as for graphs and we

omit it; see Chapter 2, [12].

Lemma 3.4.6 (Oscillation reduction). There exists a constant 0 < & < 1 de-

pending on T and a parameter 0, from Marking Strategy (M3) such that

osc;,, < Goscy. (3.4.9)

3.4.5 Algorithm and Convergence

Given parameters 0.,6,,6,,0\,7,, a sequence {a;},, the adaptive algorithm

consists of consecutive loops of procedures SOLVE, ESTIMATE, MARK, and REFINE:
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AFEM
Choose parameters 0 < 6.,0,,0,,0, < 1, a sequence {ax} \, 0, and let u_; = 0.

1. Pick a suitable initial linear interpolation I'y and a suitable projection Py to
describe I'. Let 7y, be a mesh for I'y, pick a macro reference element €2 for
each element in 7, and obtain parametrizations X and JF; for I" and T'y.

Set k = 0.
2. up, = SOLVE(Ty, Tr, tp_1);
3. {m(T), Ge(T), Me((T), 0564 (T) } g, = ESTIMATE(T, T, T, F, )
4. Tp = MARK({ni(T'), (1), osc(T) }rer. )

5. (Tis1, Tt Fierr) = REFINE(Ty, ag, {0(T) e, Fi);

6. Set k =k + 1 and go to Step 2.

Theorem 3.1 (Convergence of AFEM). Let (I'y, 7o) be an initial approximating
surface-mesh pair of I'. There exist a number ky > 0, and positive constants g, Yo,

and & < 1, such that for any k > ko, AFEM satisfies

Err1 <& &, (3.4.10)
where EE := €3 + 7,CE + 7,05C;..
Proof: According to Lemma 3.4.3, there is k, such that (3.4.6) holds, namely

ehin < e —Nogpy +C7G2 VE >k, (3.4.11)
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1

where 1

<Ay < % Since €1 and (i are coupled according to Lemma 3.4.2 and

(3.4.8), we split the term Age7_; into two parts

A05i+1 = 5A05z+1 +(1— 5)A05i+17

where the constant § € (0, 1) will be chosen later.

Step 1. Using (3.4.8), we can eliminate SAqe;,; by the estimate

ﬁAO 2 A()Ag A0A3 9

A—lek S 6A0€2+1 + A—IBC,E + A—lﬁosck,
and (3.4.11) becomes
6i+1 <aef —(1- ﬂ)AOEiH + (Cr + MaB)Gi + AsBoscy, (3.4.12)

L BAo . AoAo . AoAs
where o := 1 — ™ <1, Ay = A >0, and A5 := ™ > 0.

Step 2. To get rid of (1 — 3)A¢er,, we use (3.4.5) in Lemma 3.4.2, namely

(1—B)Ao
p2i)

p1(1—03)

A
(P < - 0+ (1—PB)Aoed,, Yk > ko,
ko

where ko > k. will be chosen later. Therefore, (3.4.12) becomes

eiﬂ + vg(’,?ﬂ < aei + uO'ng,f + A5505C%, (3.4.13)

(1-8)Ao

Y and o satisfies
0

where v, :=

HoYg = Cr 4+ Ay + P17g- (3414)

Step 3. From (3.4.14), writing ~, in terms of 3 and solving for [, we have

_ PO ere g e Dolro — 1)

7= Bo+ A4 . P2,
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Since p; < 1, we first choose p; < pp < 1 which gives Gy > 0. Since A\; \, 0, we can
then choose ky > k., so that 3y > C7, which implies that 0 < 3 < 1. Therefore, v,
defined in (3.4.13) is a positive constant.

Step 4. Using (3.4.9) of Lemma 3.4.6, we can write (3.4.13) as
€i+1 + VG + %0ch+1 < e + HoYgCi + 117605CE,
where 7, is a constant to be determined and p; satisfies
%o = Yo + Asf.

Since & < 1, we can choose & < py; < 1, which implies that v, = /ﬁ%ﬂa > 0. The

assertion follows by setting & = y/max {a, po, p11 } < 1. O

3.5 Numerical Experiments

We now illustrate our theory developed in this chapter by showing some nu-
merical experiments. These experiments are implemented based on the AFEM de-
scribed above. The implementation is performed within the FEM toolbox ALBERT
developed by Schmidt and Siebert [20, 21].

For convenience of presentation, we use the following notation:

e ¢, and (; denote the energy and geometric errors, respectively, after k iterations.
e |7;| denotes the number of elements in triangulation 7.
e EOC, (k) and EOC,(k) denote the experimental orders of convergence after k iter-

ations, namely

_1og(Ge-1/Gk)
log(|7x| / |Tr-1l)

log(ex_1/ex)

EOC.(k) := log(|7x| / | Zr-1])

and EOC,(k):
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3.5.1 Experiment 1: Smooth Closed Surface

In this experiment we test our algorithm by considering a smooth surface I'

as a zero level set of a smooth function:
[i={(z,y,2) eR*| (z = 2*)* +y* + 2 =1 =0}

as proposed in [9]. We solve the Laplace-Beltrami operator on I' using our AFEM

assuming the exact solution is known;
u(x,y, z) = zy vV (z,y,2) €T.

We then prescribe the forcing term to satisfy f = —Aru and fr f =0, where Aru
is computed according to (3.1.3).

The AFEM starts by first choosing a suitable pair of (I'g, Py) as described in
section 3.1.1. Here, the projection Py lifts a point (z,y,z) € Iy to I' along the

normal of the function
O(x,y,2) = (¢ — 22 +9y* + 22— 1

at (x,y, z); the projection Py is thus not orthogonal to I' We implement AFEM
with parameters 6, = 0.6, 8, = 0, = 0.5, and 6, = 0.8. We present our results
as follows. Table 3.5.1 shows the reduction of the energy error and the rate of
convergence. Figure 3.5.2 presents the meshes and their refinements. We now
describe and comment the results in detail.

e Table 3.5.1 shows that our AFEM performs as expected for smooth surfaces,

AFEM gives the decay of the energy error at the optimal rate of about 0.5 as one
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k |77<:| €k EOCe(k)
0 320 | 7.03e-01 —

1 584 | 5.42e-01 0.431
2| 1124 | 4.00e-01 0.466
31 2080 | 3.07e-01 0.431
4| 3776 | 2.50e-01 0.341
5| 7016 | 1.77e-01 0.555
6 | 11096 | 1.28e-01 0.717
7121664 | 1.00e-01 0.365
8 | 38632 | 7.62e-02 | 0.472

Table 3.5.1: Experiment 1: The decay of the energy error. AFEM gives the decay

for the energy error at the optimal rate of about 0.5.

10"

Log-Log Plot of Errors Vs. Number of Elements
T

10° b

Error

10

107

. Slope - 0.5

-6~ energy error
—%- geo err + energy err

10° 10°

Figure 3.5.1: Experiment 1: Log-log plot of errors Vs. number of elements. The
energy error and the sum of geometric and energy errors decay nearly optimal at

the rate about 0.5.

would expect by uniform refinement FEM. Moreover, Figure 3.5.1 shows that the
sum of geometric and energy errors also decays nearly optimal at the rate about 0.5.
e Figure 3.5.2 displays several meshes which are more refined on region of rapid

variation but are quasi-uniform. This is the correct refinement for a smooth problem.

Number of Elements

10*

See the next Experiment when a singularity is considered.
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L a4
L4 4
LA 4

Figure 3.5.2: Experiment 1: A sequence of triangulations-surfaces produced by
AFEM. Starting from left to right and top to bottom, I'g (the initial surface), I'y,
'y, I's, I's, and I';, respectively. Despite the face that the surface is smooth, the
refinement seems to be denser where the surface has larger curvature. However, the
refinement seems to be quasi-uniform overall.

3.5.2 Experiment 2: Corner Singularity

In this experiment we consider a surface with boundary to illustrate that our

AFEM is still valid in this case. In fact our theory developed above can be extended
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to any parametric surface with smooth boundary and Dirichlet boundary condition.

We consider the surface as part of a unit sphere described by
I'={(z,y,2) eR* | 2? + > + 2> =1 (2,9) € [-1,1]*\ (0,1) x (—=1,0)};

it is obtained by cutting off the parts on the unit sphere in the octans 4 and 8. We

assume that the exact solution is known and given by

u(z,y, z) = u(r,¢) = r**sin(2¢/3),

where r = \/ﬁy2 and ¢ = tan"!(y/z), and (z,y,2z) € I'. We prescribed the

boundary condition g = u and the forcing term f = —Aru according to (3.1.3).
We first start by choosing a suitable pair of (I'y, Py), an initial piecewise linear

interpolant of I' and a projection. We take the projection Py that lifts a point from

[y to I' along the normal

1
V(x,y,z) = \/m(xayvz>‘

We implemented AFEM with parameters ¢, = 0, = 0.5, 0, = 0.4, and 6, = 0.8.

The results are presented in Table 3.5.2 for the decay of the errors vs. the number
of elements, and in Figure 3.5.3 for the sequence of meshes obtained from AFEM.
The results of the same experiment performed by standard FEM also given in Table
3.5.3. We describe and comment our results as follows.

e With the presence of corner singularities, Table 3.5.2 and Figure 3.5.3 show that
AFEM reduces both the energy and geometric errors at the optimal rate of about
0.5. This is not the case for a standard FEM with uniform refinement, see Table
3.5.3.
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k |77€| €L EOCe(k) Ck EOCg(/{?)
0 24 | 8.32e-01 — 1.03e+00 —
1 124 | 4.59e-01 0.362 7.72e-01 0.174
2 504 | 2.48e-01 0.439 3.71e-01 0.522
3 1424 | 1.59e-01 0.429 2.55e-01 0.363
4 3480 | 1.07e-01 0.441 1.75e-01 0.416
) 7896 | 7.51e-02 | 0.434 1.28e-01 0.382
6| 18264 | 4.76e-02 | 0.543 8.71e-02 0.462
7| 38944 | 3.30e-02 | 0.482 5.94e-02 0.504
8| 73856 | 2.46e-02 | 0.457 4.49e-02 0.437
9 1 156324 | 1.66e-02 | 0.529 3.19e-02 0.455
10 | 328320 | 1.18e-02 | 0.462 2.03e-02 0.612

Table 3.5.2: Experiment 2: AFEM. The decays of the energy and geometric er-
rors are nearly optimal of order 0.5 despite the fact that the solution has corner
singularities; compared with Table 3.5.3 where standard FEM is used.

k | 7% er EOC.(k) Gk EOC,(k)
0 24 | 8.32e-01 — 1.03e4-00 —

1 96 | 5.16e-01 0.345 7.93e-01 0.187
2 384 | 2.89e-01 0.417 4.10e-01 0.476
3 1536 | 1.71e-01 0.380 2.09e-01 0.485
4 6144 | 1.02e-01 0.371 1.05e-01 0.496
5| 24576 | 6.21e-02 0.359 5.27e-02 0.499
6| 98304 | 3.82e-02 0.351 2.64e-02 0.500
71393216 | 2.37e-02 0.344 1.32e-02 0.500

Table 3.5.3: Experiment 2: Standard FEM. The standard FEM with uniform re-
finement does not give the decays of the energy error at the optimal rate due to the
corner singularities. However, the geometric error still decays at the optimal rate
since the surface is smooth.

122



Log-LOg Plot of Errors Vs. Number of Elements
T T

T
-6~ AFEM: Energy Error
—¥— AFEM: Geometric Error
@ FEM: Energy Error

# ' FEM: Geometric Error

10° |

Error

Slope = 0.5

10°F b

. . . .
10 10 10° 10* 10 10
Number of Elements

Figure 3.5.3: Experiment 2: Log-log plot of errors Vs. number of elements. The
decay rates of both energy and geometric errors are nearly optimal of order about 0.5
for AFEM, whereas FEM only exhibits the expected rate of 0.33 for the energy error
due to the corner singularities; FEM performs optimally in term of the geometric
error since the surface is C2.

e Figure 3.5.4 displays graded meshes produced by AFEM to compensate the effect
of the corner singularities at points (0,0, 1) and (0,0, —1). The massive refinements
near the singularities reduce that effect and lead to nearly optimal rate of conver-
gence of the energy error. The refinements on the other parts are almost uniform

due to geometric oscillation, however they are still coarser than those near the sin-

gularities.

3.5.3 Experiment 3: O Surface Singularity.

In this section we conduct an experiment on the C' Surface I'. We let ' be

the closed surface of revolution of the curve v := v, U~y U~3 U, around the z-axis
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L
ee
L)

Figure 3.5.4: Experiment 2: A sequence of triangulations-surfaces produced by
AFEM. Starting from left to right and top to bottom, I'g (the initial surface), I'y,
I's, I'y, I's, and T'g, respectively. The refinement is adapted according to the corner
singularities; it is denser near the corners at the points (0,0, 1) and (0,0, —1). This
leads to optimal rates of convergence of the energy error whereas uniform refinement
yield a suboptimal rate. Refinement is mostly uniform on the other part to resolve
geometric oscillation.
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where

ne=A{(r2) | 2= (25— r€[0,05)},
vo:={(r,2) | z=0,r € [0.5,1]},

13 = {(r2) |1 =14 /25— (z+ 057,z € (-1, },
n=A{(rz) | z=-Lrel01]},

and 7 = /22 + 92 on I'; see Figure 3.5.5. Therefore, the curve v is C1%* which
implies that I" is a C*%4 but not C*! surface. Note that I has two flat parts; the

bottom where z = —1,r < 1, and on the top where z = 0,05 <r < 1. We let

0.5 1

ok z-axis

-0.5r -

Ya

r

Figure 3.5.5: Experiment 3: I" is the revolution surface of the curve v := v Uy U
Y3 U s

the exact solution v : I' — R of (3.1.2) be a linear function
u(z,y,z) =+ 2y.
We define the forcing term f = —Aru and, since u is linear, (3.1.3) implies

f=Nu-v)(V-v).

125



We start AFEM by choosing a suitable pair (I'g, Py) to describe I" as introduced

in §3.1.1. We define the projection Py : I'y — I' as follows. For (z,y,2) € Ty, if

r:= /2% + y?, Py maps

(x,y,2) — (z,y,2(z,y)) if r<0.5,z>—0.5
(x,y,2) — (z,y,0) if 05<r<1,z>-0.5

(x,y,2) — (x,y,—1) if r<1z<—-0.5

x . 0.5 y y.0.5 0.5 .
a2 Yy 2 5= 0, f 1.
(x,y,z)H(T—i-(x r)do’r+(y T)do’(z+05)d0 05) if r>1.0,

where dp := \/(r — 1)2 + (2 4+ 0.5)2. Note that P, is continuous on Iy but VP, may
have jumps on the curves r = 0.5 or » = 1 that may not align with boundaries of
macro-elements. In this experiment, we show that AFEM performs quite well in

this situation given that the jumps of VP, goes to zero as 'y goes to I'.

Remark 3.5.1. In theory we require that Py is differentiable on macro-elements T
so that \g(7T') defined in (3.1.8) goes to zero as 'y goes to I', which is needed for
the theory to hold. Here we design I'g such that the curves r = 0.5 or r = 1 do
not align with boundaries of macro-elements, hence Py may not be differentiable
on some macro-elements. However, the convergence of AFEM still holds since the
jumps of VP goes to zero, hence Ay also goes to zero, as I'y goes to I'. We verify

this claim by computing VP, directly as follows. On the curve r = 0.5,

VPolr=05- — VPolr—o5+ = 0 0 ol =0,

0z/0x 0z/0x O
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KT 17| e |EOC.(k)| G | EOC,(k)
0 224 | 1.62e+00 2.90e+00 —
1 600 | 8.89e-01 0.606 1.73e+00 0.525
2 1324 | 6.34e-01 0.428 1.29e+00 0.367
3| 2016 | 553¢01 | 0.326 |1.04e+00 | 0.509
4 3692 | 3.95e-01 0.555 7.64e-01 0.515
5 6548 | 2.55e-01 0.763 5.29e-01 0.641
6 | 12600 | 1.90e-01 0.448 4.13e-01 0.380
71 23836 | 1.36e-01 0.525 2.97e-01 0.518
8 1 39048 | 1.01e-01 0.611 2.25e-01 0.557
91 68876 | 7.91e-02 0.427 1.74e-01 0.454

10 | 124616 | 5.95e-02 0.480 1.31e-01 0.478

Table 3.5.4: Experiment 3: AFEM performs nearly optimal where both energy and
geometric errors decay at the rate about 0.5 despite the fact that I' is a O surface.

since 0z/0z|,—g5- = 02/0y|,—05- = 0. Similarly, on the curve r = 1,

(52 —1) ay(P-1) 0

do
V73()|r:1+ - V730|r:1* = J)y(%—f — 1) yQ((Zl_(? — 1) 0 )
0 0 0

since dg|,—1+ = |z + 0.5|. Since dy — 0.5 as I'y — T, this implies the claim.

Remark 3.5.2. As in Experiment 2 of Chapter 2, the forcing term f behaves like
(0.5—7)"%6if r < 0.5, and in fact, f € L'(T)\ L*(T). As explain before for graphs,

calculation of || f||,. is implemented via a truncation

fe(x) =min{f(x),l.e + 15} ;

see Chapter 2, Experiment 2.

We implement AFEM with parameters 6, = 6, = 0, = 0.5. The results are
shown in Table 3.5.4 and Figures 3.5.6-3.5.9. We describe and comment our results

as follows.
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Figure 3.5.6: Experiment 3: Log-log plot of errors Vs. number of elements shows
the comparison between AFEM and standard FEM.

e AFEM performs nearly optimal which gives the reduction of both energy and
geometric errors at the rate about 0.5; see Table 3.5.4, despite the fact that I' is
just a O4%4 surface. Figure 3.5.6 also shows that the AFEM performed better than
standard uniform refinement FEM.

e According to Remark 3.5.1, AFEM performs quite well and \; decrease monoton-
ically after first few iterations as expected.

e According to Figure 3.5.7 AFEM refines adaptively according to the smoothness
of the surface given that the solution is smooth, u is linear in this case. There are
no refinements where the surface is flat, i.e., the bottom of the surface in Figure
3.5.8, and the top part where 0.5 < r < 1. The refinement is more dense near the
singularity curve, r = 0.5, where the right-hand side f exhibits an unbounded but
integrable discontinuity; see the zooms 3.5.9. The refinement on other smooth parts

that are not flat, are done mostly uniform due to the geometric oscillation.
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Figure 3.5.7: Experiment 3: The sequence of meshes I's, I'5, and I'; produced by

AFEM starting from the macro-mesh ['.

129



0

Figure 3.5.8: Experiment 3: The AFEM adapts according to the surface
given that the solution is smooth, u is linear in this case; there are no
refinements on the bottom part and on the top part where the surface is
flat, the other parts are refined according to the shape of the surface.

Figure 3.5.9: Experiment 3: The zooms of meshes for I's and I'g near the
curve r = 0.5 where the surface is singular in that the second derivatives
exhibit and unbounded but integrable discontinuity. AFEM adapts and
refines massively near this curve to resolve the effect of this singularity, and
gives nearly optimal results; see also Table 3.5.4.
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