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Atomistic modeling is a crucial research technique in materials science to simulate physical 

phenomena based on the interactions of atoms. Density functional theory (DFT) calculation has 

been the standard technique for evaluating atom interactions, but their applications are limited due 

to high computation cost. Classical interatomic potential, as another widely adopted technique, 

provides an alternative by enabling large-scale simulations that are computationally inexpensive. 

However, the employment of classical potentials for cheap atomistic simulations is achieved in 

exchange of accurately evaluating atom interactions and the transferability to different chemistries. 

Most recently, machine learning interatomic potential (MLP) emerges as a new computation 

technique to bridge the gap between first-principles computation and classical potentials. 

I first utilized the atomistic modeling based on DFT calculations to find novel Li superionic 

conductor, a key component of the emerging all-solid-state Li-ion battery technology. I performed 

a systematic study on the Li-ion conduction of lithium chloride materials system and predicted a 

dozen potential Li superionic conductors. I revealed that the Li-ion migration in the materials is 



  

greatly impacted by the Li content, the cation configuration, and the cation concentrations. I further 

demonstrated tuning these three factors in designing new chloride Li-ion conductors.  

Then, I studied the atomistic dynamics predicted by MLPs in comparison to DFT 

calculations to answer the open question whether MLPs can accurately reproduce dynamical 

phenomena and related physical properties in molecular dynamics simulations. I examined the 

current state-of-the-art MLPs and uncovered a number of discrepancies related to atomistic 

dynamics, defects, and rare events compared to DFT methods. I found that testing averaged errors 

of MLPs are insufficient and developed evaluation metrics that better indicate the accurate 

prediction of related properties by MLPs in MD simulations. I further demonstrated that the MLPs 

optimized by the proposed evaluation metrics have improved prediction in multiple properties. 

I also study the performance of MLPs in assessing the elemental orderings in a large variety 

of phases across composition range in alloy system. Using the Li-Al alloy system as a case study, 

I trained MLPs using only a few phases and the trained MLP demonstrated good performances 

over a number of existing and other hypothetical materials in- and out- of the training data across 

the Li-Al binary alloy system. We developed several new evaluation metrics on energy rankings 

to evaluate the elemental ordering, which is critical for studying the phase stabilities of materials. 

I tested MLP transferability to other phases and the limits of MLP applications on commonly 

performed simulations. I also studied the effect of diverse training data on MLP performances. 

With these efforts evaluating MLP performances for a number of properties, metrics, 

prediction errors, and dynamical phenomena, I constructed a dataset with a large number of MLPs 

and their performances and performed an empirical analysis to identify the challenging properties 

to be predicted by the MLPs. Further, I identified pairs of properties that are challenging to predict. 



  

This series of works demonstrated that atomistic modeling is an effective computation 

technique for studying atomistic dynamic mechanisms, evaluating materials thermodynamics, and 

guiding materials discovery. As an emerging computational technique, MLPs show good 

performance on many materials and have great potential to enhance the materials research, but the 

results show that critical assessments are needed to examine their capabilities to accurately 

reproduce physical phenomena and understand their limits of performing reliable simulations. My 

thesis evaluates MLP performances on a number of critical issues related to materials simulations 

and provides guidance to improve MLPs for future studies. 
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Chapter 1: Introduction1 

Atomistic modeling, which simulates physical phenomena based on the interactions of 

atoms, is a crucial research technique in a wide range of disciplines including physics, chemistry, 

biology, and materials science. First-principles computation, such as density functional theory 

(DFT) calculation have been the standard technique for evaluating atom interactions among a 

diverse range of configurations and chemistries. However, their applications are limited to small 

system sizes of a few hundred atoms (up to a few nm) due to high computation costs.[1–3] By 

contrast, classical interatomic potentials, also known as force fields, have significantly lower 

computation costs and thus can be employed for atomistic simulations with much larger length-

scale (up to 10 nm to 𝜇m) and longer timescale (up to ns – 𝜇s), but they lack the transferability to 

different atomistic configurations that are not considered in the potential fitting.[1,4,5] As an 

emerging technique to bridge the gaps among different computational techniques,[1–3,6–10] machine 

learning interatomic potentials (MLPs) utilize machine learning (ML) models to predict energies 

and forces of atomistic structures, which are mapped into the atomistic descriptors as input. 

Current state-of-the-art MLPs are trained using DFT-calculated energies and forces from a diverse 

range of atomistic configurations, typically encompassing bulk and defected structures, 

equilibrium and non-equilibrium structures, and solid and liquid phases. Current state-of-the-art 

MLPs are claimed to achieve accuracies similar to ab initio calculations,[1,5,11–16] while maintaining 

low computation costs and linear size scaling akin to classical interatomic potentials. 

 
1 Some text of this chapter is adapted from  
Y. Liu, S. Wang, A. M. Nolan, C. Ling, Y. Mo, Adv. Energy Mater. 2020, 10, 2002356. 
Y. Liu, X. He, Y. Mo, 2023. arXiv:2306.11639 
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All three computational approaches, the ab initio calculations,[17,18] the classical 

interatomic potentials,[19] and the emerging MLP techniques,[20] have been widely employed in 

studying the mechanisms of the materials at the atomistic dynamics level and conducting 

computational materials discovery for an extensive range of materials research and applications. 

1.1 First-principles computation study of halide-based Li-ion conductors 

A key application of atomic modeling is to design and discover novel materials with 

desired properties. The all solid-state Li-ion battery (ASSLB) is regarded as a key emerging 

rechargeable-battery technology with potential advantages over current Li-ion batteries including 

improved safety, higher energy density, and longer cycle life.[21–26] Solid electrolyte (SE) 

materials, which replace the liquid electrolyte in current Li-ion batteries, are critical for enabling 

ASSLBs. SE materials are lithium superionic conductors (SICs) with high Li-ion conductivities > 

1 mS cm-1 at room temperature (RT), comparable to those of liquid electrolytes.[21,27,28] However, 

only a limited number of materials systems have been demonstrated as Li SICs.  

First-principles computation studies have previously led to significant progresses in 

understanding Li-ion diffusion mechanisms and in designing and predicting new SIC materials.[29–

33] Recently, first-principles computation studies[17,34] confirmed that the chloride chemistry in 

general provide favorable properties, including fast Li-ion diffusion, wider electrochemical 

window, good interface compatibility with cathode, and good air/moisture stability compared to 

sulfide SEs. With a combination of multiple desired properties, lithium halides, particularly 

chlorides, are a promising class of Li SICs for SEs in ASSLBs.  

In Chapter 2, I performed a systematic first-principles computational study on lithium 

metal chloride systems. By using the high-throughput screening based on DFT calculations, we 

identified 18 novel materials as potential Li-ion conductors in lithium metal chloride systems. 
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Further, we investigated the mechanisms of Li diffusions in lithium metal chloride systems and 

proposed several design principles for Li-containing halide materials systems. Following our 

design principles, sparse cation configuration, low cation concentration, and low Li content are 

needed to achieve high Li-ion conductivities in Li halides. 

 

1.2 Unravel discrepancies and develop evaluation metrics for MLPs 

Though first-principles computation is an effective approach for studying the atomistic 

level mechanisms of materials and for discovering new materials discovery with improved 

properties as demonstrated in our previous results (Chapter 2), the high computation cost of the 

DFT calculations limits their applications for larger materials systems (up to a few hundred atoms 

and a few nm) or longer time scales (up to ns – 𝜇s). In Chapter 2, all DFT calculations and the ab 

initio molecular dynamics (AIMD) simulations cost ~106 CPU core hours on dual Intel Ivy Bridge 

E5-2680v2 processors (2019) for less than ~100 materials. Currently, AIMD simulations for 

studying ion diffusion are still limited to small supercell size of the materials system, high 

temperatures, and short simulation durations,[4,35] thus there are urgent needs in further lowering 

the computation costs of such simulations. 

As an emerging computation approach for atomistic modeling, the MLP technique is a 

potential solution to overcome the obstruction of high computational cost. In addition to its low 

computation cost, the MLP models trained by DFT-calculated energies and forces are claimed to 

achieve near-DFT level accuracy in reproducing the energies and forces for a range of given atomic 

configurations.  

However, as an emerging technology in its early stage of development, the MLPs are black-

box predictors not directly based on physical principles. While MLPs are well-known to reproduce 
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the calculated values of energies and atomic forces, an open question is whether MLPs can always 

accurately reproduce physical phenomena in atomistic simulations. Conventional ML error testing 

primarily quantifies MLP accuracies through average errors, such as root-mean-square error 

(RMSE) or mean-absolute error (MAE), of energies and atomic forces across a range of 

configurations known as testing dataset. These atomistic configurations in the testing dataset are 

randomly split from the entire datasets generated in the same manner as the training dataset, and 

thus are similar to the training dataset but may differ from the atomistic configurations that may 

encounter during MD simulations. Most MLPs are reported to achieve small, average errors of 

energies and atomic forces as low as 1 meV/atom and 0.05 eV/Å,[1,5,8,11,36,37] respectively, in 

conventional ML testing. These MLPs with small average errors may not always accurately 

reproduce the physical phenomena in atomistic simulations, as shown by quite a few previous 

studies.[10,38,39] 

In Chapter 3, I conduct a systematic testing on MLP prediction of atomic dynamics and 

physical properties, compared with DFT calculations. We reveal several significant discrepancies 

between AIMD and MLP-MD simulations in a collection of MLPs, leading to considerable errors 

between true and predicted physical properties. To address the observed discrepancies, we develop 

a novel evaluation metric to assess the atomic dynamical performances of MLPs. We integrated 

the newly developed metric in the training process to improve the performance of MLPs. By 

developing improved evaluation metric, our results highlight general guidance to develop future 

reliable MLPs. 
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1.3 Assessing the accuracy of MLPs in predicting the elemental ordering: a case study on Li-Al 

alloys 

Studying the thermodynamics of materials systems requires sampling a large number of 

complex atomistic configurations. The investigation of thermodynamics in binary alloy materials 

systems holds significant interest, particularly using atomistic modeling techniques. However, a 

key challenge is that the computations of a large number of elementary orderings are usually 

computationally too expensive to be carried out by DFT calculations. Furthermore, it is also a great 

challenge for interatomic potentials to fully capture a variety of phases with a wide composition 

range and complex elemental orderings even for a binary alloy materials system. 

As an emerging technique to bridge the gap between these two computation approaches, 

MLP technique has great potential to explore the complex orderings of different phases in alloy 

systems. Since MLPs are trained by a limited number of configurations with pre-selected lattice 

structures and compositions, it is still an open question about the capability of MLP to make 

accurate predictions on lattice structures, compositions, and the ordering of atomic sites outside 

the training data, which can be considered as the transferability of MLPs.[2,40–43] Thus, it is critical 

to assess the MLPs for their performances on different lattice structures and compositions in binary 

alloy materials systems, especially for alloys outside the training data. 

In Chapter 4, I test how MLPs can reproduce complex orderings of different phases in alloy 

systems. I train a set of MLPs for Li-Al materials system and study the MLP performances on Li-

Al binary alloys that are not considered in the training data. To conduct a thorough examination 

of such performances, we assess the MLPs using a range of evaluation metrics, including both 

conventional energy errors and several newly developed metrics. We find that MLPs trained by 

even a few materials may have good performances on materials outside the training data. In 
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addition, we also observe that MLPs, re-trained by dataset with more diversity but similar amount 

of data, show worse performance than original MLPs.  

 

1.4 High-dimensional assessment of MLP performances for multiple properties  

In previous chapters, we assess MLP performances on atomistic dynamics and elemental 

ordering in many phases. While these assessments provide critical and comprehensive insights on 

MLP predictions, they mostly focus on individual properties or perspectives separately. Given that 

we clearly observe trade-offs between different predicted properties in Chapter 3, as a follow-up 

our studies in Chapter 3 and 4, I conduct a systematic and comprehensive analysis the MLPs based 

on many evaluation metrics in Chapter 5. 

Since previous studies clearly show that conventional metrics based on errors of energies 

and forces are inadequate to fully describe discrepancies in MLP performances, as shown in 

Chapter 3 and 4 and Fu et al.[44]. We aim to find 1) evaluation metrics or physical properties that 

are challenging to predict separately, and 2) sets of metrics or properties that are challenging to 

achieve high prediction accuracies at the same time. As a result, we find that four major categories 

of physical properties, such as energy rankings, formation energies for defects, elastic constants, 

and force predictions on rare-event (RE) atoms, are challenging to predict in Chapter 5. We also 

highlight our work in Chapter 5 that, instead of analyzing a few MLPs, we conduct an empirical 

analysis of MLP performances systematically using a few thousand MLPs. This approach of 

statistical analysis provides additional insights of MLP predictions and opens probabilities to 

perform complicated analysis in high-dimensional space. We summarize our statistical analysis 

procedures and propose a standard process to conduct future empirical analysis. 
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Chapter 2: First-principles computation study for halide-based Li-ion 

conductors2 

2.1 Introduction 

The all-solid-state Li-ion battery (ASSLB) is regarded as the next-generation rechargeable-

battery technologies. The solid electrolyte (SE) materials based on Li superionic conductor (SIC) 

is a critical component in enabling ASSLB.[18,32] Currently, Li SICs, including Li10GeP2S12 

(LGPS),[24] garnet Li7La3Zr2O12 (LLZO),[45,46] and NASICON Li1.3Al0.3Ti1.7(PO4)3 (LATP),[47] are 

limited and they don’t have all properties required for ASSLBs. Compared to oxide SICs, sulfide 

SICs have desired mechanical deformability for forming good interface physical contacts in 

ASSLB cell assembly, but have narrow electrochemical window,[48,49] poor cathode interface 

compatibility,[50–52] and poor air/moisture stability,[25,34] which impede the large-scale 

commercialization of sulfide-based ASSLBs. Asano et al. discovered Li3YCl6 (LYC) and Li3YBr6 

(LYB) as new Li SICs with high Li-ion conductivities on the order of 1 mS cm-1 at RT and with 

good ASSLB cell performances[53]. In addition to the desired deformable mechanical properties as 

sulfides, first-principles computation studies[17,34] confirmed that the chloride chemistry in general 

gives a lower barrier for Li-ion migration, wider electrochemical window, good interface 

compatibility with cathode, and good air/moisture stability compared to sulfide SEs. With a 

combination of multiple desired properties, lithium halides, particularly chlorides, are a promising 

class of Li SICs for SEs in ASSLBs.  

The chloride anion chemistry is advantageous for Li-ion migration, thanks to the relatively 

large anion radius, large anion polarizability, and weak interaction with Li-ion.[17,30,53] First-

 
2 Some text of this chapter is adapted from  
Y. Liu, S. Wang, A. M. Nolan, C. Ling, Y. Mo, Adv. Energy Mater. 2020, 10, 2002356. 
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principles computation confirms that Li-ion migration exhibits a low energy barrier of 0.28 eV in 

face-centered cubic (fcc) and of 0.29 eV in hexagonal close-packed (hcp) Cl- anion sublattices 

with no cation under typical lattice volume of lithium chlorides.[17] Recent experimental studies 

reported a series of Li-containing chlorides Li3MCl6 (M = In, Er, Sc) and their doped variations 

that achieved Li-ion conductivities on the order of 1 mS cm-1 at RT.[17,54–58] While the discovery 

of new SIC systems in oxides and sulfides is greatly limited by the unique crystal structures 

required for achieving fast Li-ion conduction[29,32,59], Li-containing chlorides with common face-

centered cubic (fcc) and hexagonal close packed (hcp) anion sublattices exhibit adequately low Li-

ion migration barrier and are a promising chemical space for new Li-ion conductors.  

A systematic fundamental understanding of chloride Li-ion conductors is essential for 

guiding the discovery and design new Li-containing chloride SICs. While Li-containing chlorides 

are common in close-packed fcc and hcp anion sublattices, they exhibit a range of compositions 

with different Li/cation configurations, which have significant effects on ion conduction. For 

example, some earlier studied Li-containing chlorides, such as Li2CdCl4 and Li2MgCl4, were 

reported to have low Li-ion conductivities on the order of 10-6 S cm-1 at RT [60–63], though these 

chlorides have the same close-packed fcc or hcp anion frameworks as Li3MCl6 (M = In, Er, Sc) 

SICs. Earlier reports of Li3InCl6 and Li3YCl6 also show much lower Li-ion conductivity on the 

order of 10-5 S cm-1, than recently measurements on the order of 10-3 S cm-1 with the same 

composition.[53,54,64] It is not understood why different configurations and concentrations of 

Li/metal cations in Li2MCl4 (M = Cd, Mg) exhibit much lower ion conductivities than newly 

reported Li3MCl6 (M = In, Er, Sc) SIC systems with the same anion sublattice. In addition, doping 

and substitutions on these chloride SICs to tune Li concentration and cation concentration were 

demonstrated to further improve ionic conductivities.[55–58] It is not clear why certain doping 
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strategies lead to improved Li-ion conductivity. To rationally guide future materials design of new 

halide Li-ion conductors, a scientific understanding about the effects of cation concentration, 

cation configuration, and Li concentration on Li-ion conduction is needed.  

First-principles computation studies have led to significant progresses in understanding Li-

ion diffusion mechanisms and in designing and predicting new SIC materials.[29,30,32,33,65] In this 

study, we perform a systematic first-principles computational study on lithium metal chloride 

systems spanning a wide range of Li/cation concentrations and configurations to understand the 

key factors determining fast Li-ion diffusion in these chloride systems. Using first-principles 

calculations, we study Li-ion diffusion in over seventy Li-containing chlorides from the Inorganic 

Crystal Structure Database (ICSD) and identify 19 materials as potential Li-ion conductors. By 

analyzing a large set of computation data generated on a wide range of chloride materials with 

different levels of doping, our computation reveals that cation configurations and Li contents 

significantly affect the Li-ion conductivity of chloride materials. From this understanding, we 

propose design principles that sparse cation configuration, low cation concentration, and low Li 

content increase ionic conductivity in Li chlorides. Following these design principles, we 

artificially modify the cation lattice in a few poor Li-ion conductors and achieve increased Li-ion 

conductivities. Our study identifies multiple novel chloride systems as fast Li-ion conductors. 

Given the similarities among halide anion chemistries, our results provide the guidance to tailor 

cation sublattice for designing novel Li halide SICs. 
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2.2 High-throughput computation of chloride Li-ion conductors 

 

Figure 2.1. Crystal structures of chlorides and the computation scheme. (a) Example crystal 
structures LixM2/3Cl4, LixM1/2Cl4, and LixMCl4 materials systems, with LiCl6 octahedra and LiCl4 
tetrahedra colored green, and cation MCl6 octahedra and MCl4 tetrahedra in different colors. (b) 
The high-throughput computation workflow for studying halide Li-ion conductors. 
 

From a total of 202 Li-containing chlorides in the ICSD, we selected 20 chloride systems 

that have fcc and hcp anion frameworks (14 fcc and 6 hcp) with unique cation sublattices (Figure 

A1 and Table A1 in Appendix A). The selection steps are described in the Appendix B. In these 

20 candidate systems, there are six compositions, LiMCl4, Li2MCl4, Li3MCl6, LiMCl6, Li5MCl8, 
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and Li6MCl8, where M is a non-Li metal cation. Examples of crystal structures are shown in Figure 

2.1a. In addition, we generated a large number of compounds with different Li contents through 

aliovalent substitution, which is a common strategy to increase Li-ion conductivities.[29,57] For each 

materials system, we substituted original M cations by aliovalent elements with different levels of 

substitutions (e.g. 25%/33%, 50% and 100%) to either create Li-ion vacancies or insert extra Li-

ions into empty sites (if available). The doping elements were selected according to valence, ionic 

radius, and the substitution probability based on Ref.[66] (Appendix B). The structures of 

substituted materials were generated following the ordering procedure as in Ref.[29,35,67] (Appendix 

B). The energies of these substituted materials were evaluated in density functional theory (DFT) 

calculations, and the substituted materials with calculated energy above the hull Ehull < 40 

meV/atom (Figure 2.2 and Table A2) were further investigated for Li-ion diffusion. 
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Figure 2.2. Li-ion conduction in chlorides by AIMD simulations. (a) Li-ion conductivities of Li-
containing chlorides at 600 K. Each box in the heatmap corresponds to a compound with the 
original material (left) substituted by the aliovalent dopant (right) with different substitution levels 
(For the structures in P3#m1, a substitution level of 1/3 is used instead of 25%), and its Li-ion 
conductivity at 600 K from AIMD simulations are shown in color. Crossed grey boxes indicate 
predicted materials with poor phase stability (Ehull > 40 meV/atom) or significant structure change 
(e.g., melting) during AIMD simulations. Li2MgCl4* and Li2MgCl4† correspond to Li2MgCl4 
(ICSD-73229) and Li2MgCl4 (ICSD-74957), respectively. Materials are grouped by their 
renormalized compositions, LixMCl4, LixM2/3Cl4, and LixM1/2Cl4. Li-ion conductivities versus Li 
octahedral occupancy in renormalized composition (b) LixM2/3Cl4, (c) LixM1/2Cl4, or (d) LixMCl4. 
(e) The activation energies Ea and the extrapolated Li-ion conductivities at 300 K of potential Li 
chloride SICs predicted by the AIMD simulations. 
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For the candidate materials and their substituted materials with decent phase stability, we 

performed AIMD simulations to evaluate their Li-ion conductivities (Table A2). To identify Li-

ion conductors, we employed a screening scheme as in Ref.[29,68], in which we extrapolated the Li-

ion conductivities at 300K using two higher temperatures (500 K and 600 K). For the candidates 

with high extrapolated conductivities at 300 K, we performed AIMD simulations at five 

temperatures (500 K, 530 K, 560 K, 600 K, and 650 K) to obtain more accurate Arrhenius relations 

of Li-ion conductivities on temperature and corresponding activation energies (Figure 2.2e, Figure 

A2, and Table A3). 19 materials were identified as potential Li SICs with Li-ion conductivities 

higher than 1 mS cm-1 at 300 K (Figure 2.2e) with wide electrochemical window (Figure A3) and 

large band gaps between 2 eV and 7 eV calculated by DFT hybrid functional calculations (Table 

A3). The hypothetical Li3InCl6 compound generated by a full In-to-W substitution in the LiWCl6 

(R3) structure with increased lithium content has an exceptional predicted Li-ion conductivity on 

the order of 10-1 S cm-1 at 300 K. Li3YCl6 (P3#m1), Li3ErCl6 (P3#m1), Li3InCl6 (C2/m) and Li3ScCl6 

(C2/m) are all confirmed as Li SICs, in agreement with previous experimental reports. Our 

calculated Li-ion conductivity of Li3InCl6 (C2/m) is 1.2 mS cm-1, in good agreement with the 

experimental reported value of 1.49 mS cm-1.[53–56] A recent experiment study reports Li-ion 

conductivity of Li3YCl6 is reported to be 0.51 mS cm-1, which is slightly lower than our calculated 

Li-ion conductivity of 14 mS cm-1, with error bounds in the range of 5 to 47 mS cm-1 and the 

difference may be attributed to the existence of grain boundary[53] and blocking defects.[17] In 

addition, a wide range of Zr-doped Li3MCl6 were reported with greatly enhanced Li-ion 

conductivity, for example Li5/2Y1/2Zr1/2Cl6 (P3#m1), Li11/4Sc3/4Zr1/4Cl6 (C2/m), and Li8/3Y2/3Zr1/3Cl6 

(P3#m1). In addition to confirming Li3MCl6 as a promising family of Li SICs, these computation 
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results suggest that M4+ substitution to create Li vacancies is an effective strategy to further 

increase the ionic conductivity.    

Given that all studied chlorides have close-packed fcc or hcp Cl- anion sublattices, the 

differences in Li-ion diffusional properties are mostly a result of different cation configurations 

and Li concentrations. We categorize all materials according to renormalized compositions into 

LixMCl4 (corresponding to LiMCl4 and Li2MCl4), LixM2/3Cl4 (corresponding to Li3MCl6 and 

LiMCl6), and LixM1/2Cl4 (corresponding to Li5MCl8 and Li6MCl8), since most of currently known 

Li-containing chlorides have LixMCl4 compositions. These renormalized compositions allow a 

straightforward comparison of the concentration of Li-ions and M cations, and the Li-ion 

diffusional properties vary among different renormalized composition groups. The LixM2/3Cl4 

materials (i.e., unsubstituted and substituted Li3MCl6) in general exhibit the highest Li-ion 

conductivities (Figure 2.2). Among all compositions studied, 18 of 28 LixM2/3Cl4 materials have 

Li-ion conductivities higher than 200 mS cm-1 at 600 K, while only four of 47 LixMCl4 materials 

and one of 11 LixM1/2Cl4 materials can achieve a similar level of Li-ion conductivity at 600 K. 

Among the final 19 identified Li SICs, 16 LixM2/3Cl4 materials are identified to have Li-ion 

conductivity of > 1 mS cm-1 at RT (Figure 2.2e). Our results further confirm recent computation 

and experimental studies that Li3MCl6 are promising Li SICs for a wide range of cation and 

substitutions.[17,30,53–58] Most LixMCl4 and LixM1/2Cl4 materials even with substantial levels of 

substitution have Li-ion conductivities much lower than 200 mS cm-1 at 600 K, and 24 of 51 

materials exhibit a negligible amount of Li-ion hopping to obtain a statistically reliable ionic 

diffusivity. There are a few Li-ion conductors as the exceptions in the LixMCl4 category, as a result 

of their distinct local cation coordination, which are further discussed in the Chapter 2.5. 
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Our results indicate that the Li content is an important factor for Li-ion conduction. In the 

fcc and hcp anion sublattices of these materials, the total number of octahedral sites for Li/M 

cations is the same as the number of anions NCl, and the percentile of Li-ions over the octahedral 

sites available for Li-ion hopping can be a good quantification for Li content. Here, we define the 

Li octahedral occupancy 𝑓!"#$% =
&!"

&#$'&%
	as a ratio of the number of Li-ions NLi over the available 

octahedral sites excluding those NM sites occupied by M cations. As the Li octahedral occupancy 

𝑓!"#$%  decreases, there is an increased number of available octahedral sites for Li-ion hopping, 

resulting in increased Li-ion conductivity at lower Li octahedral occupancy (Figure 2.2b - d). In 

LixM2/3Cl4, Li-ion conductivities at 600 K increase with decreasing Li octahedral occupancy 

𝑓!"#$% 	until 40% (Figure 2.2d and A4a). Among the limited number of materials tested, the materials 

in LixM1/2Cl4 follow a similar trend at 600 K, as a few doped LixM1/2Cl4 compositions exhibit 

higher Li-ion conductivity at low Li octahedral occupancy, and most exhibit low conductivity at 

higher Li octahedral occupancy (Figure 2.2c and A4b). Li-ion conductivities of LixM2/3Cl4 at 500 

K have a similar trend of increased Li-ion conduction as Li octahedral occupancy 𝑓!"#$%  decreases 

until 50%, and a slight decline of Li-ion conductivity at 500 K occurs when 𝑓!"#$%  decreases below 

50% (Figure A4a), suggesting an increase in activation energy at low Li octahedral occupancy. In 

contrast to LixM2/3Cl4, Li-ion conductivities of LixMCl4 materials are low across a wide range of 

Li octahedral occupancies even for highly doped materials (Figure 2.2a, d, and A4c), except for a 

few exceptions mentioned above. Given the same fcc/hcp anion sublattice in all these materials, 

the low Li-ion conductivity in LixMCl4 compared to the high Li-ion conductivity in LixM2/3Cl4 

(i.e., Li3MCl6) across a similar range of Li octahedral occupancies can be attributed to different 

cation concentrations and configurations. Understanding these cation effects on ion conduction is 

important for guiding the design of novel halide SICs. 



 

 

16 
 

2.3 Effect of cation sublattice on Li-ion migration 

To understand the effect of the M cation sublattice on Li-ion diffusion, we performed NEB 

calculations to evaluate Li-ion migration barriers DEb in 20 materials with different levels of cation 

substitutions from six representative material systems, Li6MgCl8 (Fm3#m), Li2MgCl4 (Cmmm), 

Li2MgCl4 (Fd3#m), Li5ScCl8 (Cmmm), Li3ErCl6 (P3#m1), and Li3ScCl6 (C2/m) (Table A5). In line 

with the Li-ion conductivities from AIMD simulations, Li-ion migration energies of substituted 

LixMCl4 (between 0.3 eV and 0.5 eV) are higher than those in substituted LixM2/3Cl4 (between 0.1 

eV and 0.3 eV). For all original unsubstituted materials, the Li-ion migration mediated by a 

vacancy has an energy barrier on the order of 0.2 eV, which is consistent with the low intrinsic 

barrier in close-packed Cl- anion lattice found in previous computation study.[17] However, in 

unsubstituted LixMCl4 materials, empty octahedron sites for Li-ion migration are blocked by M 

cations (see Blocking Effect in Appendix A), leading to low ionic conduction in unsubstituted 

LixMCl4 compounds. Even in the substituted LixMCl4 materials with empty octahedron sites 

created for Li-ion migration, Li-ion migration barriers DEb increase significantly, consistent with 

the low Li-ion conductivity in substituted LixMCl4 materials from AIMD simulations (Figure 2.2). 

The high energy barriers of Li-ion migration DEb in cation substituted LixMCl4 are caused by 

increased energy differences between Li sites (Figure 2.3d), which include initial octahedral (oct), 

intermediate tetrahedral (tet) and final oct sites, along Li-ion migration pathways. In unsubstituted 

materials, the site energy differences between initial and final oct sites DEf are almost negligible, 

leading to low DEb at around 0.2 eV (Figure 2.3d), and the energy barrier mainly comes from site 

energy difference between initial oct and intermediate tet sites DEm. In contrast, for substituted 

LixMCl4 materials, site energy differences DEf increase from 0 eV in unsubstituted materials by 

0.05 to 0.4 eV (by 0.18 eV on average), and DEm change by -0.1 to 0.3 eV (by 0.1 eV on average) 



 

 

17 
 

(Figure A7), lifting the overall migration barrier DEb to above 0.3 eV. The statistical trends based 

on a large number of Li-ion migration pathways (Figure 2.3e and f) confirm that the migration 

barrier DEb and site energy differences (DEf and DEm) are strongly correlated, and thus increased 

site energy differences cause increased migration barriers in substituted Li-containing chloride 

materials. 

 

 

Figure 2.3. Effect of cation sublattice on Li-ion migration. Li-ion probability density (yellow) 
from AIMD simulations at 600 K in crystal structures of (a) original, (b) 25% Sc-substituted, and 
(c) 100% Sc-substituted Li2MgCl4 (Cmmm) and Li-ion migration pathways (green) from NEB 
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calculations. (d) Energy profile of corresponding migration pathways in a)–c) from NEB methods. 
Correlations between migration energy barrier DEb with site energy differences (e) with 
intermediate site DEm and (f) with final site DEf for all migration pathways. (g) The 2nd M-Li peak 
and the 1st M-M peak of RDF g(r) differentiate the materials with high barriers (orange) versus 
low barriers (purple). (h) The configurations of LiCl6 or MCl6 octahedral sites in fcc Cl- sublattice 
in (i) Li2MgCl4 (Cmmm), (j) Li3ScCl6 (C2/m), and (k) Li5ScCl8 (Cmmm), with corresponding RDF 
g(r) of M cations (red) and M cations surrounding Li centers (green). 
 

 

According to our analyses of the crystal structures of unsubstituted and substituted 

materials, the increase of site energy differences is caused by the surrounding cation 

configurations. Unsubstituted materials have low DEf because initial and final oct sites have 

identical cation environments (Figure 2.3a and d). However, in partially substituted materials, the 

cation environments of the initial and final oct sites are different due to the different valence of the 

substituting cation, causing an increase in the site energy differences (Figure 2.3b and d). Though 

fully substituted materials have only a single type of cation, the observed increase in DEf is caused 

by the change of surrounding Li configurations (Figure 2.3c and d). In summary, the configurations 

of cations affect the energies of Li sites and hence the migration barrier.[69,70] 

In addition, we performed quantitative analyses of the cation distributions in the structures 

with high and low energy barriers, which are LixMCl4 and LixM2/3Cl4, respectively, to understand 

the differences in cation sublattice. We analyzed the radial distribution function (RDF) g(r) of all 

M cations (red curves in Figure. 2.3i - k) and of cations surrounding Li-ions (green curves, Figure 

2.3i - k) on migration paths (Appendix B) and obtained a range of features (See Quantitative 

Analysis of Surrounding Environments in Appendix A) describing the cation configuration. We 

performed a systematic regression analysis of DEf and DEm from many migration pathways on 

these features of the cation configuration, and the key descriptors are the 2nd M-Li peak in the g(r) 

of M cations surrounding Li-ions (green curves, Figure 2.3i - k) and the 1st peak in g(r) of M cation 
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sublattice (red curves, Figure 2.3i - k). Therefore, compared to the LixMCl4 structures with shorter 

cation distances, in general, lower cation concentration and sparse cation distribution, such as in 

LixM2/3Cl4, give lower migration barriers even with a substantial level of cation substitution 

(Figure 2.3g). 

 

2.4 Tailoring cation sublattice for fast Li-ion conduction 

 

Figure 2.4. (a) Li-ion conductivities at 600 K as a function of M cation concentration y in artificial 
Li-ion conductors LixMyCl4, M = Sc3+ (purple), Zr4+ (red), and Hf4+ (green), substituted with 
reduced M cation concentration from original Li2MgCl4 materials (orange). (b) Li-ion 
conductivities at 600 K of (upper) unsubstituted Li2MgCl4, (middle) artificial Li-ion conductors 
derived from Li2MgCl4 with reduced cation concentrations, and (lower) original Li3MCl6 
materials, along with their crystal structures (right) and (d)–(g) RDF g(r) of M cations. 
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We constructed a number of hypothetical chloride materials with reduced cation 

concentrations to further investigate the effect of cation sublattice on Li-ion conduction. From poor 

Li-ion conductors Li2MCl4 with fcc anion framework, such as Li2MgCl4 (Fd3#m), Li2MgCl4 

(Imma), Li2MgCl4 (C2/c) and Li2MgCl4 (Cmmm), which have Li-ion conductivities at 600K lower 

than 80 mS cm-1, we constructed hypothetical LixMyCl4 with higher-valence M3+/M4+ cations at 

reduced concentrations y = 0.5 - 0.75, such as LixM1/2Cl4, LixM5/8Cl4 or LixM2/3Cl4, and LixM3/4Cl4, 

(M = Sc3+, Zr4+, Hf4+), in which the M cation sublattice was the same as in Li2MgCl4 with a partial 

occupancy y and the Li content x was adjusted for charge balance following a similar approach 

used in Chapter 2.2 (Appendix B). By comparing the Li-ion conductivities between these 

hypothetical LixMyCl4 materials and original Li2MCl4 materials, we can differentiate how cation 

concentration and cation configuration (as shown by the g(r), Figure 2.4c, d, and e) affect Li-ion 

conduction. The AIMD simulations show that all hypothetical materials with the decreased cation 

concentration have significantly increased Li-ion conductivities than the original Li2MCl4 

materials. Nine of 13 hypothetical Li-ion conductors showed higher Li-ion conductivities of > 150 

mS cm-1 at 600 K compared to those of the original LixMCl4 materials (Figure 2.4a and Table A6). 

All six materials in LixM1/2Cl4 and LixM5/8Cl4 compositions with most reduced cation 

concentrations have the Li-ion conductivities near or higher than 200 mS cm-1 at 600 K. In 

agreement with our computation, a recent experimental study of a halospinel material Li2Sc2/3Cl4 

derived from the structure of Li2MgCl4 (Fd3#m) achieves high Li-ion conductivity of 1.5 mS cm-1 

at RT, significantly higher than the original Li2MgCl4.[58] The increased ionic conductivities of 

these derived Li-ion conductors with reduced cation concentration in LixMCl4 confirm that low 

cation concentrations benefits Li-ion conduction in halides.  
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In addition, we compared materials with identical compositions but different cation 

configurations, in order to identify the effect of cation configuration on Li-ion conduction. We 

compared the above two hypothetical Li3ScCl6 materials derived from Li2MgCl4 with C2/c and 

Cmmm space groups, to the original Li3ScCl6 (C2/m) and Li3InCl6 (C2/m) (Figure 2.4b -e), which 

have highly distinct cation configurations, as indicated by g(r) and crystal structures (Figure 2.4). 

The Li-ion conductivities of our hypothetical Li-ion conductors are around 100 mS cm-1 at 600 K, 

significantly lower than the Li-ion conductivities of existing Li3MCl6 materials at 176 mS cm-1 

and 406 mS cm-1 at 600 K. Therefore, original Li3MCl6 materials with sparse cation distribution 

have higher Li-ion conductivities than hypothetical Li3MCl6 materials with denser cation 

distributions derived from poor Li-ion conducting Li2MCl4. These results confirm that sparse 

cation distribution is beneficial for ion conduction in Li-containing chlorides. 

 

2.5 Conclusion and discussion 

Using first-principles computation, we studied Li-ion conduction in Li-containing 

chlorides from the ICSD with fcc and hcp anion frameworks. The Li-ion conduction mechanisms 

were revealed in these materials, with compositions Li3MCl6, Li2MCl4, and Li5MCl8, and their 

substituted compounds with a wide range of lithium or cation concentrations. By analyzing the 

trend of Li-ion conductivity among these materials, we revealed that Li content and cation 

sublattices (including concentration and distribution) are crucial in determining Li-ion conduction 

in chloride materials, and the trends with respect to these factors are proposed and demonstrated 

as design principles for chloride fast Li-ion conductors. Given the similarity among halide anions, 

these understandings and design principles are likely to be applicable in other halide systems. 

Among these large number of Li-containing chlorides analyzed, Li-ion conductivities generally 



 

 

22 
 

increase as Li content decreases, and the optimal Li octahedral occupancy is around 50%, in which 

Li-ions occupy around half of the octahedral sites excluding M cations and the other half of the 

sites remain accessible for Li-ion hopping. Our computation confirm Li3MCl6 are generally fast 

Li-ion conductors and have higher Li-ion conductivities than LixMCl4, which tend to have high 

energy barriers for Li-ion migration in cation-substituted compounds. According to the analyses 

of a large number of materials, including hypothetically constructed materials, low cation 

concentration and sparse cation distributions are advantageous for fast Li-ion conduction. Based 

on the new understanding from our results and analyses, three principles for designing halide Li-

ion conductors are 1) decrease Li octahedral occupancy to have a significant fraction of available 

sites (approximately 40% to 60%), 2) decrease cation concentrations, and 3) increase cation 

distances for sparse cation distribution.  

Consistent with previous experimental and computational studies, most Li3MCl6 materials 

and their substituted variations are fast Li-ion conductors, as Li3MCl6 materials generally satisfy 

the above principles. According to the above principles, the materials design strategy to further 

increase the Li-ion conductivity in Li3MCl6 is to decrease Li content, which can be accomplished 

through aliovalent doping by higher valence cations, such as Zr4+. From our computation, 

substituted Li3MCl6 materials such as Li5/2Y1/2Zr1/2Cl6 (P3#m1), Li11/4Sc3/4Zr1/4Cl6 (C2/m) and 

Li11/4In3/4Zr1/4Cl6 (C2/m), where M3+ are substituted by Zr4+, exhibit high Li-ion conductivities on 

the level of 10-2 S cm-1 at room temperature. These predictions are consistent with recent 

experimental studies that Li3MCl6 (M = Er, Y) substituted by Zr has increased Li-ion conductivity 

to over 1 mS cm-1 at RT.[57] Another recent study on LixScCl3+x showed increased cation 

concentration leads to lower Li-ion conductivity, which is also consistent with our design principle 

regarding cation concentration.[56] As observed in experiments,[56,57] cation redistribution or 
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reordering may happen in these Li3MCl6 systems after substitution, affecting the ion conduction. 

Given our computation method for materials substitution did not consider these cation 

redistributions during cation substitution, our computation-predicted Li-ion conductivities may 

differ from experimental values for some substituted materials, and the effect of Li concentration 

and cation distribution in substituted Li3MCl6 materials merits further study. In summary, our 

computation study identifies the effect of cation on Li-ion conduction and providing design 

strategies of tailoring cation distribution and concentrations for fast ion conduction in chlorides, 

and we expect our conclusions to be applicable to other halide systems such as bromides and 

iodides. Our computation indicates further opportunities in designing novel halide SICs with even 

higher conductivities.  

In addition, our computation results also confirm generally low Li-ion conduction in 

LixMCl4 materials, consistent with earlier experimental studies.[60,61] In contrast to the earlier 

speculation of poor Li-ion diffusion in close-packed structures,[71,72] first-principles calculations 

demonstrated that a single Li-ion vacancy in fact has a low barrier in this structure,[17] and the poor 

Li-ion conductivity in the unsubstituted Li2MCl4 is caused by a lack of empty sites, i.e. a low 

concentration of vacancy sites, which would result in a high activation energy. Our calculations 

show that certain empty sites are high-energy sites and are unavailable for Li-ion migration in the 

unsubstituted LixMCl4 materials (see Blocking Effect in Appendix A). While cation-substituted 

LixMCl4 materials can create more empty sites for Li-ion hopping, they are still poor Li-ion 

conductors because of greatly increased site energy differences and migration energy barriers. 

Thus, the poor Li-ion conduction in Li2MCl4 is a result of the cation sublattice, rather than the 

anion sublattice as previously speculated.[71,72] According to our design principles and computation 

results of hypothetical Li-ion conductors, Li-ion conductivities of LixMCl4 materials can be 
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improved by reducing cation concentrations. LixMCl4 materials with heavily reduced cation 

concentrations, such as Li2Zr1/2Cl4 (C2/c), Li2Zr1/2Cl4 (Cmmm) and Li17/8Sc5/8Cl4 (Imma), have 

substantially increased Li-ion conductivities (Figure 2.2). Li4ZrCl8 (Cmmm), a fully substituted 

material originating from Li5CrCl8 (Cmmm), equivalent to LixM1/2Cl4 with half the cation 

concentration of LixMCl4, has considerable Li-ion conduction. A new experimental study on a 

halospinel Li2Sc2/3Cl4 (Fd3#m) with reduced cation concentration from Li2MgCl4 (Fd3#m) reports 

greatly increased Li-ion conductivity to 1.5 mS cm-1 at RT,[58] confirming our computation 

predictions and the design principle of reducing cation concentration for increasing Li-ion 

conduction in LixMCl4 systems. In addition, LixMCl4 systems with different cation site 

coordination can also lead to higher Li-ion diffusion. From our high-throughput computation, there 

are a few notable exceptions in substituted LixMCl4 with decent Li-ion conductivity, such as 

LiAlCl4 (Pnma), Li5/4Al3/4Zn1/4Cl4 (Zn-substituted LiAlCl4 (P21/c)), and Li2ZnCl4 (Zn-substituted 

LiAlCl4 (Pmn21)), which have cations located on tetrahedral sites instead of on octahedral sites as 

in other LixMCl4. These materials with cations on tetrahedral sites free octahedral sites for Li-ion 

migration and open up conduction pathways. A recent experimental study on LiAlCl4 (P21/c) 

suggests a Li-ion conductivity of 0.02 mS cm-1 at RT, higher than previously reported Li2MgCl4 

and Li2CdCl4, and supports our computation results about potential good Li-ion diffusion in these 

LixMCl4 systems.[73] Therefore, the strategies for improving ionic conductivity in common 

LixMCl4 systems are reducing cation concentrations or tailoring cation coordination, which 

deserve further study.  

In conclusion, we systematically studied Li diffusion in a wide range of Li-containing 

chlorides including a total of 74 compounds derived from 20 known chlorides using first-principles 

calculations. The high-throughput computation identified and predicted 19 materials as potential 
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Li SICs with Li-ion conductivity of > 10-3 S/cm at RT, wide electrochemical window, and large 

band gaps, as potential SE materials. Our computation on this wide range of chloride materials 

reveals that Li content and cation sublattice significantly affect Li-ion conduction in Li-containing 

chloride materials and that low cation concentration and sparse cation distribution are key factors 

for low Li-ion migration barriers and high Li-ion conductivity. With this understanding, we 

propose and demonstrate design principles for increasing Li-ion conductivities of poor Li-ion 

conductors by artificially altering their cation concentrations and configurations. Our results 

provide fundamental understanding, new materials systems, and guiding principles to design novel 

halides as fast Li-ion conductors. 
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Chapter 3: Unravel discrepancies and develop evaluation metrics for 

machine learning interatomic potentials3 

3.1 Introduction 

Our results in Chapter 2 demonstrated that first principles density functional theory (DFT) 

calculation is an effective approach to predict new Li superionic conductors (SICs) and understand 

fundamental ionic diffusion mechanisms in Li-chloride materials systems. However, the DFT 

calculations and ab initio molecular dynamics (AIMD) simulations in the previous analysis were 

computationally expensive, with a total cost on the order of 106 CPU core hours (dual Intel Ivy 

Bridge E5-2690v2, 2019) for around 150 AIMD simulations of 74 Li-containing chlorides. AIMD 

simulations in Li-chloride materials systems are more time-consuming because the crystal 

framework of these materials is subjected to melting at such high temperatures (of > 600 K). 

However, at low simulation temperatures below 600 K, the AIMD simulations should be 

performed over a long time up to 1 ns to obtain reliable sampling for Li-ion diffusivities.[1,2] 

To overcome the challenge of the high computation cost of AIMD simulations, applying 

machine learning interatomic potentials (MLPs) for molecular dynamics (MD) simulations is a 

promising direction for materials modeling. A variety of MLPs implemented by different software 

packages and workflows include Gaussian Approximation Potential (GAP) based on Smooth 

Overlap of Atomic Positions (SOAP) descriptors,[11,74] Neural Network Potential (NNP),[12,75] 

Spectral Neighbor Analysis Potential (SNAP),[14] Moment Tensor Potential (MTP),[15] and Deep 

Potential (DeePMD) models,[5] and many MLP variances derived from different modifications and 

combinations of ML models and descriptors. Trained by DFT-calculated energies and atomic 

 
3 Some text of this chapter is adapted from   
Y. Liu, X. He, Y. Mo, 2023. arXiv:2306.11639 
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forces, state-of-the-art MLPs are claimed to achieve near-DFT accuracies with low errors on 

predicted energies and forces. These low averaged errors reported have created the impression that 

MLPs are as accurate as DFT calculations. However, these MLPs with small average errors may 

not always accurately reproduce the physical phenomena in atomistic simulations, as shown in the 

following examples.[10,38,39]  An MLP of Al by Botu et al. was reported a low MAE force error of 

0.03 eV/Å, but its MD simulations predicted the activation energy of Al vacancy diffusion with an 

error of 0.1 eV compared to the DFT value of 0.59 eV, even though vacancy structures and vacancy 

diffusion were included in the training dataset.[76] In Vandermause et al. [37], an Al MLP with a low 

RMSE force error of 0.05 eV/Å for solid phase and 0.12 eV/Å for liquid phase also exhibited 

discrepancies with DFT in in surface adatom migration, which were considered during the on-the-

fly training. Zuo et al.[1] reported a number of MLPs (such as GAP, NNP, SNAP, MTP) with small 

RMSEs of atomic forces at the level of 0.15 - 0.4 eV/Å and 10-20% errors in the vacancy formation 

energy and migration barrier for a number of materials (such as Li, Mo, Si, Ge), while vacancy 

structures were also included in the training. Additionally, in the aforementioned studies, there 

were large errors of the predicted migration energy barriers of defects, even though these defects 

and their migrations were considered in the training and testing datasets. Atomistic diffusion is 

determined by the dynamics of atoms (often in the form of point defects) and the PES beyond their 

equilibrium sites, but the direct testing of MLPs on these atomistic-level details in MD simulations 

still shows errors and failures.[44] As reported by Fu et al.[44], the MD simulations based on MLPs 

observe errors, such as radial density functions, and even the failure of the MD simulations after a 

certain duration. These results suggest there are errors in the MLPs in causing these errors and 

failures from actual MD simulations. It is crucial to examine the accuracy of MLPs in simulating 



 

 

28 
 

the atomic dynamics and reproducing physical properties, understand potential discrepancies, and 

develop appropriate testing metrics.  

Typical approaches to improve the MLPs include adjusting the fraction or weights of 

certain structures in the training dataset, modifying the cost/loss functions, and tuning 

hyperparameters.[77] The average errors in energies and forces or a few easily computable 

properties, such as elastic constants, energy vs. volume curves for different crystal structures, and 

formation energies of point defects,[1,78] are often used to optimize and select the MLP models. 

However, to test and quantify those errors that can only be directly observed in actual MD 

simulations, such as the errors in diffusional properties, one would need to conduct numerous tests 

in MD simulations for an extended duration before selecting the final MLP models.[44] This 

approach requires a large computational cost of running MD simulations to select MLPs, which 

may be impractical for optimizing MLPs with many combinations of training variables and 

hyperparameters. Therefore, appropriate testing metrics should be developed to thoroughly gauge 

the ability of an MLP in reproducing atomic dynamics and physical properties in a range of 

typically encountered physical situations, and such quantitative metrics are crucial for the further 

improvement of MLPs.  

In this chapter, by systematically comparing atomic dynamics from MLP-MD simulations 

and AIMD simulations, we reveal that state-of-the-art MLPs, even with carefully selected training 

datasets and small average errors evaluated by conventional testing, may not fully reproduce 

atomic dynamics or related properties (Chapter 3.2). The tested MLPs show discrepancies in 

diffusions or rare events (Chapter 3.3.1), defect configurations (Chapter 3.3.2), and atomic 

vibrations (Chapter 3.3.3). We then develop the error evaluation metrics based on the atomic forces 

of RE atoms (Chapter 3.4.1) and demonstrate them for indicating the performance of MLPs on 
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atomistic dynamics in MD simulations (Chapter 3.4.2). The MLPs trained with enhanced RE data 

and selected by newly developed metrics show improved predictions of atom dynamics and 

diffusional properties. In the end, we summarize our process of developing the evaluation metrics 

for the observed simulation-based discrepancies. The identified discrepancies, our novel 

evaluation metrics, and their development process are general to all MLPs, and can serve as 

valuable guidance for future development and improvements of accurate, robust, and reliable 

MLPs for atomistic modeling. 
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3.2 Discrepancies of MLPs on atomic dynamics between MLP and DFT occur even when low 

average errors are reported 

 

Figure 3.1. Testing of MLPs. The comparison of the atomic environments from (a) the interstitial-
RE testing set 𝒟RE-ITesting (blue), (b) the vacancy-RE testing set 𝒟RE-VTesting (red), and (c) the original 
training dataset from Ref.[1] (cyan), using 6500, 6300, and 13553 atomic environments 
respectively. All atomic environments here are quantified by the 1st and the 2nd principal 
components from principal component analysis (PCA) of the SOAP descriptors. Comparison of 
the (g, h) atomic forces and (d, e) energies predicted from MLP (GAP) versus the benchmark (DFT 
K4) on (e, h) the vacancy-RE testing set 𝒟RE-VTesting and (d, g) the interstitial-RE testing set 𝒟RE-

ITesting. Phonon dispersion of (f) the bulk Si and (i) the Si supercell with a single vacancy calculated 
by DFT K4 and GAP. 
 

We conduct our study on a number of MLPs to show the observed phenomena are general 

among MLPs. In order to perform a consistent comparison, we directly retrieve the MLP (GAP, 

GAPPRX, NNP, SNAP, and MTP) models of Si from previous studies[1,78], besides the DeePMD 

model[79] trained using the same training dataset from Ref. [1]. This training dataset of Ref. [1] 
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includes a diverse range of carefully selected atomistic structures of solid Si, melted liquid Si, 

strained Si, Si surfaces, and Si-vacancy from AIMD simulations at a wide range of temperatures 

(Figure 3.1c, Appendix D and Analysis of errors of MLPs in Appendix C). In order to quantify 

the errors on predicted energies and atomic forces of these MLPs, we construct interstitial-RE and 

vacancy-RE testing sets, 𝒟RE-ITesting and 𝒟RE-VTesting, respectively, each consisting of 100 snapshots 

of atomic configurations with a single migrating vacancy or interstitial, respectively, from AIMD 

simulations at 1230 K (Figure 3.1a and b, Append D), with the true values of energies and atomic 

forces evaluated by DFT calculations with a k-point mesh of 4×4×4 (DFT K4). The MLPs 

accurately predict the energies and atomic forces in the training dataset and the testing dataset in 

consistency with the original studies,[1,78] showing low RMSEs below 10 meV/atom and 0.3 eV/Å 

(with the median force magnitude of 1.67 eV/Å) for most MLPs on the vacancy-RE testing set 

𝒟RE-VTesting (Figure 3.1e, h, C1, and Table C1). Given similar structures with vacancies are covered 

in the training dataset, the good performance of MLPs on vacancy structures should be expected.  

We also test the MLPs on the structures not included in the training data (Figure 3.1c), 

specifically the interstitial-RE testing dataset 𝒟RE-ITesting, which comprises the snapshots from the 

AIMD simulations of Si supercell with an interstitial. Most MLPs (except for GAPPRX) do not 

include the configurations with an interstitial in the training dataset. While the MLPs prediction of 

atomistic energies show a bias with an average offset of 10 – 13 meV/atom lower than DFT values, 

the overall RMSEs are below 15 meV/atom and 0.3 eV/Å (with the median force magnitude of 

1.69 eV/Å) for these interstitial structures for most MLPs (Figure 3.1d, g, C2, and Table C1). 

These small error values in energy and force on training and testing datasets are often interpreted 

as good performance of MLPs.  
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In addition to the errors of energies and forces, we evaluate and compare the phonon 

dispersion relations predicted by MLPs with DFT (Figure 3.1f, i, C3, and C4). While most MLPs 

have good agreement on phonon dispersions of bulk Si (Figure 3.1f)[78,80], a number of MLPs 

exhibit noticeable differences on phonon dispersions in the Si supercell with a vacancy (Figure 

3.1i and C4, Appendix D). For example, the phonon dispersion by GAP has imaginary frequencies 

(Figure 3.1i), and the phonon dispersion by SNAP has additional bands with lower frequencies 

compared to DFT K4 in high frequency sections (Figure C4). The training data includes the atom 

vibration from AIMD simulations with vacancies, which should help the training of phonon 

dispersion relations. Therefore, these discrepancies require further investigation. 
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3.3 Discrepancies in atomic dynamics 

 

Figure 3.2. Diffusions of point defects in Si. Arrhenius plots of the diffusivity of (a) vacancy and 
(b) interstitial in Si from AIMD and MLP-MD simulations. The missing data points indicate the 
failure of the MD simulations due to either the melting of the crystal structure or an insufficient 
number of atomic hops to quantify diffusivities (See Table C4, and C5). The error bars of 
diffusivities are estimated based on the scheme in Ref. [4] (Appendix D). 
 

3.3.1 Rare events are sources of discrepancies 

Here the MD simulations using these MLPs are performed to simulate atom dynamics and 

related physical properties in a Si supercell with a single vacancy or a single interstitial, to identify 

potential discrepancies between MLP-MD and AIMD simulations. The Si diffusivities are 

evaluated at a range of temperatures 730 – 1600 K from the mean-squared-displacements of Si 

over time (Appendix D) (Figure 3.2a and b). Given the MLPs are trained on the DFT calculations 

based on a fine k-point mesh of 4×4×4 (K4), the MLP results should be compared to DFT K4 

benchmark as in many of our tests.  For the MD simulations, the MLP results are compared to the 

AIMD simulations based on coarser accuracy setting of a k-point mesh of 2×2×2 (K2) and a single 

G-point (K1), because AIMD simulations based on K4 is takes prohibitively long to obtain enough 

number of atom hops. In addition, these lower accuracy settings are commonly utilized for AIMD 

simulations in previous studies.[4,81,82] The errors with lower-accuracy DFT calculations also can 

be used as error ranges for comparison.    
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For vacancy diffusion, which is covered in the training data, most MLPs predict 

diffusivities within a reasonable error range of the diffusivities predicted by K2 AIMD simulations. 

Most MLPs perform better than DFT-K1. DeePMD gives higher diffusivities than AIMD 

simulations, but an agreement on the fitted activation energy (0.17 eV compared with 0.19 eV 

given by AIMD K2). Some MLPs show discrepancies and deviations among each other in the 

diffusivities at lower temperatures, leading to discrepancies in the fitted activation energies and 

extrapolated RT diffusivities. Nonetheless, the comparison of the MLPs and AIMD simulations 

should take into consideration the stochastic nature of estimating diffusivities from MD 

simulations and the limited number of data points, which would lead to large uncertainty of the 

fitted activation energy and extrapolated diffusivity.[4] As shown in the previous study[4], even for 

a total mean square displacement of ion diffusion over a few thousand Å2, the standard deviation 

of obtained diffusivity can be as large as 20-30%. The error bars and range of all obtained 

diffusivity values are in Table C4, C5 and C6, Appendix C.  

While the Si interstitials are not covered in the training of MLPs (except for GAPPRX), all 

MLPs show low RMSEs in the testing dataset (Figure 3.1d, and g) with interstitial configurations. 

Here the MD simulations of interstitial diffusion is performed to test whether the atomic dynamics 

can be correctly reproduced. Some MLPs, such as GAPPRX, DeePMD, and SNAP, show significant 

deviations in the interstitial diffusional properties predicted by MLP-MD simulations (Figure 3.2a, 

and Table C2). The diffusivities predicted by GAP and MTP agree reasonably with AIMD 

simulations over the temperature range 1000 – 1600 K, and the fitted activation energies of 

interstitial diffusion, EaI, show minor differences. GAPPRX, which is the only MLP considered 

interstitial in the training, also shows discrepancies in interstitial diffusivities with a low EaI of 

0.12 eV. SNAP shows a EaI of 0.74 eV, much higher than AIMD K2 (0.30 eV). For NNP, the 
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crystalline Si structure melted during the MD simulations at the temperature of 730 – 1600 K (see 

Diffusional properties in Appendix C). According to the tests, many MLPs show some 

discrepancies in predicting diffusivity, activation energy, or both, and thus the ability to fully 

reproduce the atom dynamics of Si interstitial diffusion is limited. The discrepancies in diffusional 

properties indicate that having low average errors in energies and forces are insufficient error 

evaluation metrics to judge whether the atomic dynamics of diffusions in MD simulations are 

accurate. 

 

3.3.2 Configurations with similar energies are discrepancy sources 

 

Figure 3.3. Si interstitials by MLPs. Atomistic configurations of (a) split-<110>, (b) tetrahedral, 
and (c) hexagonal Si interstitials. Comparison of DFT (red dashed lines) and MLPs on (d) the 
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formation energies Ef of the Si interstitials and (e) the occurrence frequencies in AIMD (K2) and 
MLP-MD simulations at 1230K (Appendix D). 
 

In order to reveal the discrepancies of MLPs in predicting interstitial diffusions, we analyze 

the snapshots from MLP-MD simulations of interstitials in comparison with AIMD simulations. 

DFT studies[83–85] reported three types of Si interstitials, such as the ground-state split-<110> 

(Figure 3.3a), tetrahedral (Figure 3.3b), and hexagonal (Figure 3.3c) interstitials, with the 

formation energies Ef of 3.56, 3.72, and 3.59 eV, respectively, from DFT (K4) calculations (Figure 

3.3). Consistent with the trend of the formation energies, the split-<110> interstitial has higher 

occurrence frequency in the AIMD simulations than tetrahedral or hexagonal (Appendix D) 

(Figure 3.3d and e).[83–85] By contrast, MLP-MD simulations show higher occurrence frequencies 

of either tetrahedral interstitial (by GAP, SNAP, and MTP) or hexagonal interstitial (by DeePMD) 

(Figure 3.3e and C7). Consistent with the occurrence frequencies in MLP-MD simulations, most 

MLPs (except for GAPPRX) give lower Ef for the tetrahedral interstitial than the ground-state split-

<110> interstitial (Figure 3.3d). The trend of increasing occurrence frequencies for different 

interstitials can be largely explained by the decreasing formation energies, while the entropy of 

these defects may also play an effect (see Analysis of Si interstitials and Convergence of interstitial 

occurrence frequencies in Appendix C). Therefore, the errors in interstitial diffusion during MLP-

MD simulations are caused by the discrepancies of MLPs in the predictions of different interstitial 

configurations. These discrepancies should be expected given interstitial configurations are not 

considered in the training (except for GAPPRX). However, it is worth noting that small errors are 

reported for the testing of energies and forces for interstitial configurations (in the interstitial-RE 

test set 𝒟RE-ITesting). Thus, having small average errors in energies and forces in conventional error 
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testing on the defect configurations may be insufficient in determining whether the MLPs would 

correctly reproduce these defect configurations in MD simulations. 

3.3.3 Vibration near defects is a discrepancy source 

 

Figure 3.4. Errors in atom vibrations. (a) Illustration of a vibrating Si atom by the distance rs to 
its static site and the distance rv to the nearest static vacancy site. (b) The potential energy surface 
(PES) of the vibrating Si atom moving along the direction (green arrow) towards the vacancy. The 
probability density (c) the nearest neighbor (NN) atoms and (d) non-NN atoms of the vacancy 
plotted as a function of rs. (e-h) The probability density for the NN atoms of the vacancy plotted 
as a function of rv and rs. All distributions are obtained from MD simulations at 1230K, using an 
averaging scheme described in the Appendix D. 
 

The good performance of MLPs on Si vacancies is expected given the dynamical snapshots 

of Si vacancies in a wide range of conditions are well covered in the training dataset. However, 

the phonon dispersion of the vacancy structure predicted by the MLPs (Figure 3.1i) suggests 

potential discrepancies of potential energy surface (PES) and atomic vibrations. Additionally, for 

the vacancy diffusion (Figure 3.2a, and Table C3), the discrepancies of diffusional properties are 

observed in a few cases (see Diffusional properties in Appendix C). The diffusional properties, 

such as activation energies and the pre-exponential factors of the Arrhenius relation of diffusivity, 

are critically dependent on the PES of a migrating atom next to a defect such as a vacancy.  
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We further analyze the vibrations of Si atoms neighboring the vacancy, which is directly related 

to vacancy diffusion, in order to gain insights into the observed discrepancies of the PES. We 

visualize the vibrations of Si atoms near the vacancy by plotting the distribution of the distance rs 

and rv of the atoms from the nearest static Si site to its nearest static vacancy site, respectively 

(Figure 3.4a) (Appendix D). For the atoms that are not the nearest neighbor (NN) atoms of the 

vacancy (Figure 3.4d), the atom vibrations are similar to those in crystalline bulk. The agreement 

in the vibration of non-NN atoms is consistent with the good agreement in the phonon dispersion 

relations (Figure 3.1f) and elastic constants of bulk crystalline Si.[1,78,80]  

The vibrations of the vacancy nearest neighbor (vacancy-NN) atoms in MLP-MD 

simulations show major discrepancies with AIMD simulations (Figure 3.4e – h, and C8). In the 

MLP-MD simulations, the vacancy-NN atoms vibrate much further away from their static sites, as 

indicated by the distributions of rs (Figure 3.4c and C8). The discrepancies in vacancy-NN 

vibrations reveal that MLPs do not accurately reproduce atom dynamics around the defect.  

The observed discrepancies in the vibrations of vacancy-NN atoms can be explained by the 

errors of the PES of a vacancy-NN Si atom moving along the direction toward the vacancy (Figure 

3.4b and C10). While some pathways of the migration for a single atom in a static configuration 

with fully relaxed static sites (Figure C10) may be poorly predicted by the MLPs, some different 

pathways can be accurately predicted in very similar configurations with slightly adjusted atom 

positions (near-equilibrium snapshots from AIMD simulations) (see Analysis of potential energy 

landscapes in Appendix C, Figure C11). These observed discrepancies indicate that the PES 

predicted by the MLPs may not be always accurate and reliable under similar atomic 

configurations with minor variances in positions.  
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These errors in the atom vibrations and PESs nearby a defect are surprising, given that a range of 

dynamical configurations of vacancies from AIMD simulations is considered in the training data 

and that small errors in energies and forces are reported for these configurations. These results 

show the challenges of MLPs in accurately reproducing the PES of atoms related to defects, even 

if these defects and related dynamics are included in the training. In addition, the conventional 

error testing of MLPs based on average errors of energies and forces are insufficient in indicating 

these errors in atom vibration and PES near defects. Our results reveal previously neglected errors 

on the PES of MLPs in causing inaccurate atom dynamics.  

In summary, we have identified discrepancies based on observations of atomic dynamics 

in MD simulations, such as diffusions, configurations of defects, and atomic vibrations. In order 

to train MLPs that can more accurately reproduce these dynamical phenomena, we need to quantify 

these discrepancies by developing corresponding error evaluation metrics, which can be further 

used to train and select the MLPs with the highest metric scores. 

 

3.4 Development of error evaluation metrics 

Using the discrepancies on atom diffusions as an example, we here develop corresponding 

error evaluation metrics, and improve the performances of MLPs on diffusional properties. The 

process is as follows. We first develop a number of metrics for quantifying the aforementioned 

sources of discrepancies (3.4.1). The evaluation metrics are then statistically verified to effectively 

indicate diffusional properties derived from atom dynamics in MD simulations (3.4.2). This 

process can be generalized to improve the training and testing of MLPs, as summarized in 3.4.3. 
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Figure 3.5. Errors of atomic forces. (a) Illustration of force magnitude error 𝛿( and force direction 
𝛿) of atomic force Fpredicted predicted by an MLP in comparison to FDFT by DFT.  For the RE atoms 
in the 𝒟RE-ITesting, the errors (b) 𝛿( and (g) 𝛿) of DeePMD (orange) and GAPPRX (cyan), the 
corresponding distribution of (c) 𝛿( and (h) 𝛿), and the cumulative distribution function (CDF) of 
(d) 𝛿( and (i) 𝛿). The CDF of (e) 𝛿( and (j) 𝛿) on vacancy RE atoms in the 𝒟RE-VTesting set. 
Interstitial- and vacancy-RE atoms are atoms in the middle of migration identified in the 𝒟RE-ITesting 
and 𝒟RE-VTesting datasets, respectively. 
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3.4.1 Quantifying the force errors on RE migrating atoms 

Given the aforementioned discrepancies in diffusional properties, we identify the sources 

of errors on migrating atoms, which are the atoms of interstitial or vacancy in the middle of the 

hopping from the current equilibrium site to the neighboring site (Appendix D). These atom hops 

are known as rare events (REs) in MD simulations. To quantify the errors of MLP predictions for 

RE atoms, we compare the predicted atomic forces with DFT results on these RE atoms. We 

evaluate the error of atomic force in the magnitude 𝛿( and the direction 𝛿) of as  

𝛿( = )𝑭++⃗ 𝐩𝐫𝐞𝐝𝐢𝐜𝐭𝐞𝐝) − )𝑭++⃗ 𝐃𝐅𝐓)                                                                                                   (3.1) 

𝛿) = arccos	( 𝑭55⃗ 𝐩𝐫𝐞𝐝𝐢𝐜𝐭𝐞𝐝⋅𝑭55⃗ 𝐃𝐅𝐓
8𝑭55⃗ 𝐩𝐫𝐞𝐝𝐢𝐜𝐭𝐞𝐝8∙8𝑭55⃗ 𝐃𝐅𝐓8

)                                                                                            (3.2) 

where 𝑭++⃗ 𝐃𝐅𝐓 is the benchmark true force values calculated by DFT K4, and 𝑭++⃗ 𝐩𝐫𝐞𝐝𝐢𝐜𝐭𝐞𝐝 is the force 

predicted by the MLPs (or DFT K1, or K2). For the RE atoms in the 𝒟RE-ITesting and 𝒟RE-VTesting 

datasets, significant errors were found in the force magnitude 𝛿F (Figure 3.5a) and force direction 

𝛿) (Figure 3.5f) of the atomic forces predicted by MLPs. For the RE atoms and the nearby atoms 

within a distance r < 3 Å, 50% - 80% and >40% exhibit large errors of 𝛿F > 0.5 eV/Å or 𝛿) > 15º, 

respectively, whereas around 20% of the other atoms that are > 3 Å away from the migrating atoms 

show similar levels of errors (see Analysis of forces with large errors in Appendix C, Table C7). 

While other factors in addition to the force errors on RE atoms may contribute to the discrepancies, 

the analyses nonetheless confirm that there are large errors on the atoms near defects and RE atoms 

are a major source responsible for discrepancies in diffusions.  

The cumulative distribution functions (CDFs) of 𝛿F and 𝛿) on RE atoms show the 

distributions of force errors of MLPs (Figure 3.5d, e, i, j, and C12). Most MLPs (except for 

GAPPRX) exhibit significant errors in force prediction on RE atoms (8-25% for 𝛿F > 0.5 eV/Å and 
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40-70% for 𝛿) > 15º), whereas lower accuracy DFT K2 (< 0.5% for 𝛿F > 0.5 eV/Å and 1% for 𝛿) 

> 15º) and DFT K1 calculations (5% for 𝛿F > 0.5 eV/Å and 30% for 𝛿) > 15º) have much smaller 

errors. These results clearly show MLP predictions have large errors on RE atoms. The force 

magnitude error 𝛿F of larger than 0.5 eV/Å is significant, as the median force magnitude of all 

atoms is around 1.7 eV/Å (Figure 3.5b). Among these atoms with 𝛿F > 0.5 eV/Å, 10 – 35% 

interstitials and 3 – 15% vacancies also exhibit significant force direction errors of 𝛿)	> 30º (Figure 

3.5g), which would lead to major errors in predicting atom dynamics in MD simulations. 

Therefore, these large errors in MLP-predicted forces on RE atoms (Figure 3.5d, e, i, and j) and 

their nearby atoms (Table C7 and Figure C12) are major sources of the observed discrepancies in 

the atom vibration and diffusion between MLPs and DFT.  

By identifying what atoms tend to give large errors, it can be understood why conventional 

error testing of MLPs shows very small errors. In conventional error testing of MLPs, most of the 

atomistic configurations evaluated are for atoms near equilibrium positions, which are accurately 

predicted by MLPs with very small errors. The RE atoms only consist of a very small fraction in 

most typical testing datasets, e.g., < 1% in the dataset of Zuo et al.[1] and Bartok et al.[78] ( 2 – 3% 

in our RE-testing datasets). Therefore, the large errors on RE atoms are averaged out by the 

majority of near-equilibrium atom configurations. The total RMSEs of the forces on all atoms in 

conventional error testing mostly reflect the accurate MLP prediction of near-equilibrium atoms, 

which often dominate the typical testing dataset (see Analysis of forces with large errors in 

Appendix C). However, it should be noted that a few percent of RE-related atoms are critical for 

the correct prediction of atom dynamics and physical phenomena in MD simulations.  

In order to overcome the limitations of conventional error testing, we propose to quantify 

the CDFs of force errors 𝛿F or 𝛿) on RE atoms, using the normalized area of curve (NAC) under 



 

 

43 
 

the CDF curves (see details in Appendix D) as new metrics. The NAC of CDF equals to 1 for an 

MLP that completely agree with the benchmark true values (DFT K4), and a lower value of NAC 

suggests larger errors. To combine the metrics of force magnitude NAC(𝛿F, 𝒟) and force direction 

NAC(𝛿), 𝒟), we define the force performance score P(𝒟), as the product of NAC(𝛿F, 𝒟) and 

NAC(𝛿), 𝒟) for errors of atomic forces in a given dataset 𝒟 (Appendix D),  

P (𝒟) = 𝑁𝐴𝐶(𝛿(, 𝒟) × 𝑁𝐴𝐶(𝛿), 𝒟).                                           (3.3) 

These quantitative metrics can be effectively used in training, validation, and testing to improve 

MLPs as demonstrated in the next chapter. 
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3.4.2 Force performance scores as effective metrics 

 
Figure 3.6. The performance of RE-enhanced MLPs. (a) Comparison of MLPs for their force 
performance score P(𝒟RE-ITesting) on interstitial RE atoms versus the fitted activation energy EaI of 
interstitial diffusion in MLP-MD simulations. Black dashed lines are EaI from AIMD simulations, 
and the red dashed line indicates P(𝒟RE-ITesting) calculated by DFT K1. (b) The calculated EaI and 
D0I of interstitial diffusion from AIMD simulations (blue bar and red dash line), original MLPs 
(grey), and interstitial-enhanced MLPs (green). (c) Comparison of MLPs for their force accuracies 
P(𝒟RE-ITesting) on interstitial RE dataset versus P(𝒟RE-VTesting) on vacancy RE dataset, showing the 
Pareto fronts (dash lines). These MLPs are comprised of newly trained MLPs by RE-enhanced 
training data with interstitials RE-I (cross) or vacancies RE-V (triangles), original MLPs (circles), 
or MLPs re-trained by the original dataset in Ref.[1]  and selected by the new RE-validation process 
(Appendix D). Thin black dashed lines are P(𝒟) calculated by DFT K1. 
 

To evaluate the effectiveness of P(𝒟), we here obtain MLPs with high P(𝒟) scores and 

compare their atomic dynamics in diffusions with previous MLPs. A RE-enhanced training dataset 

is generated to train the MLPs that can achieve higher P(𝒟) scores. For the RE-enhanced training 

dataset, we replace a fraction (54%) of the structures in the original dataset in Ref.[1] by those 

containing identified migrating interstitials. In this way, the size of the training dataset is kept the 

same to eliminate the impact of training data size in the comparison with original MLPs (Appendix 
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D). In the RE-enhanced validation, the force errors on RE atoms are evaluated for trained MLPs 

using the enhanced validation set (EVS) (Appendix D), which includes those structures with RE 

atoms (migrating interstitials and vacancies) identified in addition to a fraction of the original 

dataset in Ref.[1]. We use the evaluation metrics on errors of energies, overall forces, forces of RE 

atoms (migrating interstitials or vacancies) to fine-tune the hyperparameters of MLPs and select 

the MLPs with good performances on all evaluation metrics in the validation process (Appendix 

D). Following this process, we train and obtain 135 MLPs to study the statistical effectiveness of 

our force performance score and six representative RE-enhanced MLPs (denoted by the subscript 

RE-I), GAPRE-I, NNPRE-I, DeePMDRE-I, SNAPRE-I, and MTPRE-I and compare their atomic 

dynamics in MD simulations with previous MLPs (Appendix D).  

To evaluate the effectiveness of our force performance scores, here we calculate and 

compare the force performance scores P(𝒟) and the diffusional properties from MD simulations, 

for a total of 81 MLPs with a range of models and different hyperparameters, such as 35 original 

MLPs and 46 interstitial-enhanced MLPs selected by the metrics of force performance scores P(𝒟) 

in the validation step (Appendix D). Eight criteria measuring the energy errors and force errors of 

both force magnitudes and directions (Appendix D) on RE atoms are evaluated. The diffusional 

properties, such as activation energies, diffusivities, and diffusion pre-factors, from MD 

simulations of RE-enhanced MLPs with high force performance scores, show improved agreement 

with AIMD simulations (Figure 3.6b). Among these 81 MLPs (Figure 3.6a), the MLPs with higher 

force accuracies P(𝒟RE-ITesting) on interstitial RE atoms than DFT K1 predict the activation energy 

EaI of interstitial diffusion in good agreement with the AIMD K2 value (Figure 3.6a and C14) (see 

Force accuracy as an indicator for MLP performance in Appendix C). The other MLPs with lower 

P(𝒟RE-ITesting) lower scores than DFT K1 (below the red dashed line, Figure 3.6a) show much large 
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variations and errors in their predictions of diffusion. Among the RE-enhanced MLPs with high 

performance scores, GAPRE-I, SNAPRE-I, NNPRE-I, and MTPRE-I, give EaI of 0.2, 0.33, 0.29, and 

0.26 eV, respectively, in better agreement with 0.25 and 0.30 eV from K1 and K2 AIMD 

simulations, compared to 0.42, 0.74, and 0.42 eV by the original MLPs, (Figure 3.6b, and Table 

C2). The predicted diffusion pre-factors D0I of enhanced MLPs improve from > 5.7´10-5 cm2s-1 

(except for GAPPRX) in original MLPs to 1.1´10-5 - 4.1´10-5 cm2s-1, in better agreement with 

7.7´10-6 - 2.3´10-5 cm2s-1 from AIMD simulations (Figure 3.6b). In addition, the interstitial 

configurations observed in MLP-MD simulations also agree better with AIMD simulations. The 

occurrence frequencies of split-<110> interstitials increase to around 35% in RE-enhanced GAPRE-

I, NNPRE-I, SNAPRE-I, and MTPRE-I from less than 10% by the original MLPs (Figure 3.3e). In 

addition to these improvements, the occurrence frequencies of ground-state split-<110> interstitial 

are still lower than those of ground-state tetrahedral, even the configurations of all three types of 

interstitials are included in the RE-enhanced training data. Given the total energy difference of 

0.16 eV between the two interstitial configurations is merely 3 meV/atom in the 65-atom supercell 

used, these results indicate the difficulties of MLPs in accurately reproducing the atomic 

configurations with similar energies. In summary, the force performance scores on RE atoms are 

effective error evaluation metrics to indicate related diffusional properties predicted by the MD 

simulations of the MLPs. Using improved error evaluation metrics for optimization and validation 

is demonstrated as an effective step in training MLPs with improved performance. 
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3.4.3 Process of developing error evaluation metrics 

 

Figure 3.7. Process of MLP training and developing new metrics. (a) Conventional process of 
MLP training including the validation process of fine-tuning hyperparameters. (b) The process of 
developing evaluation metrics. 
 

Developing error evaluation metrics that are indicative of the predictions of atomic 

dynamics is essential for the development of MLPs. In the conventional training process, 

optimizing MLPs on properties other than the errors of predicted energies and forces can be either 

done by 1) adding additional terms and weights into the loss functions as training targets (Figure 

3.7a-i),[1,77] or 2) adding additional metrics or material properties, such as elastic tensors in Ref. 

[1], when deciding the optimal hyperparameters for MLPs (Figure 3.7a-ii). However, this 

conventional approach would be computationally expensive for evaluating atomic dynamics 

(Figure 3.7a-ii), because it requires running multiple MD simulations for each trained model for 

the fine-tuning of hyperparameters.[44] Thus, effective error evaluation metrics that do not require 

extensive MD simulations and are indicative of atomic dynamics are essential, so one can train 
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MLPs that can accurately predict physical phenomena in MD simulations with lower 

computational costs in the training and validation process. 

Here we summarize the process of developing error evaluation metrics as follows, which 

can be generalized for future development to improve simulation-based performance of MLPs 

(Figure 3.2b): (1) Identify the sources of discrepancies in the MD simulations, (2) propose related 

but easy-to-calculate metrics that are related to the physical properties based on the simulation 

(e.g. forces on RE atoms to diffusional properties in our case), (3) quantify the proposed error 

evaluation metrics and dynamical properties based on simulations for a range of MLPs, and (4) 

verify the effectiveness of proposed metrics statistically among these MLPs with different models, 

hyperparameters, or training data. If the metrics prove to have a statistically significant effect on 

improving the atomic dynamics for MLPs, we then can add the proposed and verified evaluation 

metrics into the training process (Figure 3.7a-ii).  

There are important considerations in generalizing this process of developing new error 

evaluation metrics for simulation-derived properties. It’s important to use a large amount of data, 

on metrics and dynamical properties, predicted by diverse MLPs, and conduct statistical 

verification instead of using a single or a few MLPs because the developed metrics should be 

general enough to be applied to most MLPs, which may be in the future trained by other 

descriptors, models, or training data. In some exception cases, MLPs (e.g., NNPs (orange crosses), 

SNAPs (purple crosses), and the other models (circles), Figure 3.6a) may give poor scores in 

evaluation metrics but may have small errors on dynamical properties, thus statistically verifying 

the evaluation metrics is important. There are many factors affecting the outcome of the training 

of ML models, and many are random in nature and yet poorly understood. 
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3.5 Trade-offs in MLP performances: Pareto fronts of MLPs 

Additionally, we compare the performance and force accuracies of MLPs based on a 

variety of ML algorithms and atomic descriptors and observe the trade-off the accuracies on 

different properties (Figure 3.6c). We compare MLPs including the 46 interstitial-enhanced MLPs 

which used training data with both interstitials and vacancies, and 54 vacancy-enhanced MLPs 

trained using vacancy REs data (see Vacancy-enhanced MLPs in Appendix C), 11 original MLPs, 

and 24 MLPs retrained from the original dataset.[1] We compare the force accuracies P(𝒟RE-ITesting) 

and P(𝒟RE-VTesting) on interstitial- and vacancy-RE atoms, respectively. For all MLPs, there is a 

clear trend of decreasing P(𝒟RE-ITesting) with increasing P(𝒟RE-VTesting) as shown in Fig. 6c, 

indicating trade-offs on force accuracies of different defects (interstitials versus vacancy). The 

Pareto front lines for each type of MLPs (GAP, NNP, SNAP, MTP, DeePMD, and DeepPot-SE) 

can be shown (Figure 3.6c) for the force accuracies P(𝒟RE-VTesting) and P(𝒟RE-ITesting) on different 

defects, such as interstitial-RE and vacancy-RE atoms.  

These Pareto fronts indicate the difficulties of MLPs in achieving accurate predictions for 

all properties and serve as a good way to compare the performance of different MLPs. Some MLPs 

have lower Pareto fronts, indicating low force accuracies in interstitials at given force accuracies 

in vacancies. Notably, a few MLPs, such as GAP and MTP, are able to achieve higher force 

accuracies than DFT K1 in both interstitial and vacancy. These MLP models and descriptors may 

be more effective in accurate prediction for different defect configurations at the given training 

dataset, though the trade-offs between different predicted properties generally exist for all MLPs.  

There are more examples showing the trade-offs of MLPs on other properties. MTP gives 

accurate predictions for atomic forces and activation energies but shows discrepancies in the 

predicted atomic vibrations near vacancy (Figure 3.3f, 3.6a, and c). GAP has good predictions on 
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diffusivities in MD simulations but shows discrepancies on phonon spectra (Figure 3.1f, g, and h). 

DeePMD reproduces activation energies but shows errors for diffusivities, atomic forces, and 

interstitial configurations (Table C2, Table C3, Figure 3.1, 3.2, 3.4, and C12). Therefore, the 

performance of MLPs should not be judged by a single property or a few properties. Even if an 

MLP may give good performance for a number of properties, good performance for other 

properties should not be assumed. Furthermore, overcoming the trade-off of MLPs’ performance 

on different properties is required to further improve MLPs for a wide variety of physical 

simulations. While a careful selection and balance for different types of defect data are known to 

be essential, it is also important to have a systematic process and quantitative metrics to train MLPs 

with balanced accuracies in a range of structures and properties. 

 

3.6 Conclusion and discussion 

This chapter presents a systematic testing on the current state-of-the-art MLPs, regarding 

the discrepancies in the prediction of atom dynamics and physical properties, in comparison with 

DFT calculations. Even with the carefully selected training dataset and very low average errors in 

energies and atomic forces from conventional ML testing, MLPs may exhibit significant 

discrepancies in their calculated properties and atom dynamics in MD simulations. Examples of 

these discrepancies include different defect types, atom vibration near defects, phonon dispersion, 

and diffusional properties. These discrepancies of the MLPs in actual MD simulations should not 

be neglected. While the discrepancies for cases that are not included in the training data may be 

expected, significant discrepancies for presumed cases that are fully covered in the training dataset 

(e.g., atomic vibration around vacancy) are also significant in some cases and should be carefully 
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tested. These sources of potential discrepancies are summarized as follows and should be carefully 

considered for improved training and rigorous testing in the future development of MLPs.  

 The properties related to rare events. Atomistic diffusion is a typical example of physical 

property derived from MD simulations. However, the diffusion is largely determined by the REs, 

which are often less sampled in the training and testing data of the MLPs.[86,87] The MLP 

predictions on the atomic forces (both in force magnitude and force direction) of RE atoms deviate 

significantly from DFT values, causing errors in the predicted atomic dynamics and diffusional 

properties from the MD simulations. On the other hand, these errors associated with RE atoms 

serve as effective metrics for quantifying errors of MLPs. Similar discrepancies are expected for 

diffusions in other materials systems or other types of rare events, such as reactions and state 

transitions. In addition, while the RE atoms analyzed in this study are identified using a hand-

designed algorithm based on local atom distances, unsupervised machine learning, e.g., the k-

means clustering method, as we demonstrated in the SI, can also be employed to identify these RE 

atoms. 

The defects with similar energies. As shown in the examples of Si interstitials, the 

formation energies and the occurrence in MD simulations of different defect configurations (e.g., 

split-<110> vs tetrahedral interstitials) may be incorrectly predicted by MLPs. Even if these 

various defects are considered in the training, as shown in our results generated by RE-enhanced 

MLPs (Figure 3.6b), the MLPs’ predictions still do not completely agree with the DFT benchmark. 

These discrepancies are not revealed by low average errors on energies and forces in conventional 

ML testing for MLPs, even if the testing dataset includes these defect configurations. 

Atomic vibration. The dynamics of atoms near defects are poorly reproduced by the MLPs, 

even though these atom dynamics are considered in the training data. These errors are caused by 
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the poor prediction of PES around defects. Since the PES is a high dimensional function of multi-

atom configurations, the capability of MLPs covering these configuration spaces may still have 

limitations, which should be further studied. It’s worthwhile to note that the atomic vibration and 

the aforementioned formation energy of defect are persistent challenges for MLPs in our study and 

are not fully resolved. 

In general, these errors of MLPs in defect energies, atom vibrations, and REs are related to 

defects and their nearby atoms. These aforementioned errors given by MLPs, though yield 

significant errors in the prediction of atom dynamics and properties in MLP-MD simulations, are 

not reflected in the conventional testing of MLPs. In conventional testing, a majority of the testing 

data are near-equilibrium atomic configurations, which are well described by the MLPs, leading 

to low average error values (see Analysis of errors of MLPs in Appendix C). Those aforementioned 

error-prone atomic configurations, such as RE atoms and those around defects, account for a very 

small fraction of atomic configurations in the testing dataset and their errors are averaged out in 

the RMSE/MAE error values.  

This understanding provides important guidance for the training, testing, and development 

of MLPs. Careful considerations are required for complex defects, their surrounding atoms, and 

non-equilibrium structures in the training of MLPs.[1,78] In addition to the evaluation of average 

error values, the accuracies and robustness of MLPs should be carefully considered and tested on 

a number of key scenarios with a high likelihood of errors, including defects, atom vibrations near 

defects, and forces (both direction and magnitude) on RE atoms. As demonstrated in our study, 

the error evaluation metrics quantifying these errors can effectively improve the training, 

validation, and testing of MLPs. For example, force accuracies on RE atoms are demonstrated 

examples of such error metrics to be used in the validation (Figure 3.6a) and testing of MLPs 
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(Figure 3.3 and 3.6c). Furthermore, our demonstrated process of developing error evaluation 

metrics, which were verified over a large number of MLPs with different models and training 

datasets and were applied to selecting MLP models, can be generally applied and extended to 

alleviate or overcome these MLP errors. 

It is very important to develop these error evaluation metrics that are indicative of 

simulation-based errors. These error evaluation metrics serve as an applicable and effective 

method in the verification, testing, and selection of better MLPs, because it is computationally 

expensive to run a large number of MD simulations for all MLPs over an extended time duration 

to obtain related physical properties (such as diffusion). For these error evaluation metrics to be 

effective and generally applicable, it is important to statistically verify these metrics on a large 

number of MLPs with different models and even different training datasets and to compare many 

metrics and their values with the targeted dynamical properties. Since evaluation metrics are 

effective in a statistical sense, applying them to different MLP models, descriptors, and 

hyperparameters may show various levels of improvement. Nonetheless, developing and applying 

error evaluation metrics is critical to developing MLPs with improved performance on atomic 

dynamics and other properties derived from MD simulations. The process we demonstrate to 

develop such evaluation metrics can be generalized and extended for future studies. 

Applying our RE-based evaluation metrics provides significant improvements in MLPs, 

and the aforementioned errors are significantly reduced but not fully eliminated, including atom 

vibration near defects and defect configuration occurrences since they’re not directly related to RE 

atoms. Beyond the aforementioned issues of averaged errors and limited PES sampling, our results 

reveal a number of other potential challenges of MLPs for improving performances on these 

defect-related errors. The defect-related errors, such as on different types of interstitials or the PES 
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around defects, can be understood as atomistic configurations with small perturbations and small 

energy differences (~101 meV/atom). Given the defect has a low concentration in the supercell 

model and the total energies of the entire supercell model are used for training, it can be 

challenging for the MLPs to accurately reproduce the PES around all these atomistic 

configurations with small differences and similar energies. Small differences in the PES would 

lead to significant change in the probability density, atomic forces, occurrence frequency, and 

dynamics of atoms. While more systematic testing and more training data may be helpful, it is 

possible that the descriptors and ML models can be further improved to capture the PES of these 

varying atomistic configurations. Given the PES is a high-dimension function of the atomic 

descriptor, it is possible the interpolation among the given configurations from the training dataset 

may be inadequate for accurately covering the entire relevant portion of PES encountered during 

MD simulations. Overall, to accurately reproduce all aforementioned error cases with similar 

energies, more studies are needed to further test and improve the atomistic descriptors, ML models, 

or the schemes of training and testing.  

In conclusion, we study a number of MLPs and identified a number of potential 

discrepancy sources in their applications. Leveraging these, we develop novel evaluation metrics 

into a process that identifies sources of discrepancies in atomic dynamics, quantifies the 

discrepancies, statistically verifies the effectiveness of the developed metrics, and optimizes MLPs 

using enhanced quantitative metrics. By proposing and demonstrating improved evaluation 

metrics and the general process to develop such metrics, we show the improvement of the MLPs 

in the prediction of physical properties. Overall, our results highlight general guidance and 

potential challenges in the future development of accurate, robust, and reliable MLPs for atomistic 

modeling. 
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Chapter 4: Assessing the accuracy of MLPs in predicting the elemental 

ordering: A case study on Li-Al alloys 

4.1 Introduction 

In Chapter 3, we revealed a number of discrepancies in the machine learning interatomic 

potentials (MLPs) in predicting atom dynamics and the properties.[41–43] Given that the training of 

MLPs cannot include all possible atomic configurations that can be encountered during their 

atomistic modeling, such as molecular dynamics (MD) / Monte Carlo (MC) simulations, it is worth 

testing how MLPs would perform on these atom configurations outside of the training dataset. In 

this chapter, we test how MLPs can reproduce complex orderings of different phases in alloy 

systems. We conduct the MLP tests in binary alloy materials systems, which provide a variety of 

phases with a wide composition range of complex elemental ordering in each phase. Studying the 

thermodynamics of alloy materials systems requires sampling a large number of complex atomistic 

configurations that are usually beyond the computation power of using density functional theory 

(DFT) calculations. Generally, MLPs are trained on a limited number of configurations with pre-

selected lattice structures and compositions. It is still an open question about the capability of MLP 

to make accurate predictions on lattice structures, compositions, and the ordering of atomic sites 

outside the training data, which can be considered as the transferability of MLPs.[2,40–43]   

Multiple previous studies employ MLPs to study the thermodynamics of alloys systems 

and their complex orderings in a range of lattice structures and compositions.[88–91] To correctly 

predict the thermodynamics of different phases in an alloy system, the energies of atomistic 

configurations, in particular their lowest energy configurations (LEC), for all relevant phases with 

different structures and compositions must be accurately reproduced. In addition to the LECs, the 
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relative energies of different atomistic configurations or element orderings are also important for 

the corresponding thermodynamics, including determining the anti-site defects, diffusion, element 

dissolution, solid solution, and disordering of the system. A common application is in the (MC) 

simulations of alloys, which evaluate and compare the energies of a wide range of configurations 

for the alloy system. However, during MD/MC simulations, it is possible encountering atomistic 

configurations, site orderings, lattice structures, or compositions that were not included in the 

training data of MLP. Thus, the testing of the MLPs on reproducing these properties, which can 

be considered the transferability to these other phases and orderings, is essential before conducting 

MD/MC simulations.[16] Therefore, testing the MLP performance is required and MLPs should be 

tested on a variety of lattice structures and compositions, both in- and out- of the training data. In 

addition, the testing scheme should be conducted in a manner that are commonly employed in 

MD/MC simulations, as a true testing of the MLPs. Such testing is essential to correctly employ 

MLPs on a wide range of relevant phenomena of alloys, to identify potential errors, and to improve 

MLPs for optimal performance on atomistic modeling of alloys.  

A number of studies have investigated the effect of training data selection and have 

developed various strategies to train MLPs with improved performance. Zapiain et al. suggest that 

increasing the diversity of training data and the training data size are important by comparing the 

performance of MLPs trained by different datasets.[41] They find the MLPs trained by the dataset 

that is larger and has more diversity have better transferability, and they develop a protocol to 

select training data and maximize the complexity of the data. Similarly, Zhang et al. develop an 

active-learning scheme, DP-GEN, to train accurate and transferable MLPs.[43] In Chapter 4.3, we 

evaluate the performance of MLPs affected by the selection of training dataset, such as the different 

alloy phases included.  
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In this chapter, we train moment tensor potential (MTP) models on Li-Al binary alloys and 

systematically test the performance and transferability of these models on various lattice structures 

and compositions in- and out- of the training data and compare the results with DFT calculations. 

We find that MLPs trained by the training data with only a few phases may achieve high accuracy 

and good transferability to the orderings in different phases with low energy errors (Chapter 4.2). 

In addition to conventional testing errors of energies, we develop new evaluation metrics to 

evaluate the accuracy of energy rankings of elemental orderings and show that the MLPs well 

reproduce the energy ranking for other phases not included in the training data (Chapter 4.3). We 

find that increased diversity without significantly increasing training data size may lead to worse 

performance (Chapter 4.4). Finally, we perform three sets of MC and MD simulations with 

different supercell sizes and find mixed results as discrepancies caused by the supercell sizes in 

some of these applications (Chapter 4.5).  
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4.2 Evaluating the performance of the MLP across the alloy phase diagram 

 

Figure 4.1. The training and testing of MLP in Li-Al alloy system. (a) Among 10 known phases 
of LixAly, BCC Li (Im3#m), BCC LiAl (Fd3#m), and FCC Al (Fm3#m) are used in training data, and 
the other seven intermediate phases are used in testing data 𝒟#:;#. (b) Comparison of the energies 
and atomic forces predicted by MTP versus the benchmark DFT K4 results on training and 
validation datasets, 𝒟#<=%> and 𝒟?=@%A=#%B>. (c, d) The RMSEs of predicted energies of up to 30 
ordered configurations with different compositions (y axis) in a given lattice structure of known 
phases (x axis). 
 

We perform our study using the Li-Al alloy system, which includes body-centered cubic 

(BCC) Li (Im3#m), face-centered cubic (FCC) Al (Fm3#m), and eight known LixAly intermediate 

phases with different compositions from the Inorganic Crystalline Structure Database (ICSD). The 

intermediate phases include BCC structure, such as Li9Al4 (C2/m:b1), Li9Al4 (C2/m:b3), Li5Al3 
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(Cmcm), Li3Al2 (R3#m), and LiAl (Fd3#m), FCC structure LiAl3 (Pm3#m),  HCP structure LiAl 

(P63/mmc), and others structures LiAl (Cmce), as shown (Figure 4.1a). To train the MTP model 

for Li-Al binary alloy system, the training dataset includes the end phases BCC Li (Im3#m) and 

FCC Al (Fm3#m) (Appendix F), and only one intermediate phase BCC LiAl (Fd3#m). The training 

dataset 𝒟#<=%> is generated from these three phases, including a variety of atomic configurations 

from crystalline bulk structures, strained and distorted bulk structures, liquid structures, defected 

structures with multiple vacancies or interstitials, interfaces between each pair of the three selected 

phases with the surfaces with Miller indices of {001}, {011} and {111}, and the snapshots 

obtained from AIMD simulations (Appendix F) of bulk crystalline phases, bulks with point 

defects, and interface supercells. The trained MLP accurately predicts atomic forces and energies 

on 𝒟#<=%> and the validation dataset 𝒟?=@%A=#%B> (consisting of 66 snapshots from AIMD 

simulations, Appendix F), compared with DFT calculations using a k-point mesh of 4×4×4 (DFT 

K4). The RMSEs of energies are as low as 3 meV/atom for 𝒟#<=%> and 2 meV/atom for 𝒟?=@%A=#%B>, 

and the RMSEs of atomic forces are 0.03 eV/Å in both 𝒟#<=%> and 𝒟?=@%A=#%B> (Figure 4.1b).  

Here, we test whether the MLP trained on only three phases (i.e., two end phases and one 

intermediate phase), referred as MLPTrain, can properly predict a number of key properties for other 

intermediate phases over the entire composition range, with different orderings in different crystal 

structures and lattices over the entire Li-Al alloy system. The testing dataset, 𝒟#:;#, uses the all 

intermediate phases, including other intermediate phases, i.e., four BCCs for Li9Al4 (C2/m:b1), 

Li9Al4 (C2/m:b3), Li5Al3 (Cmcm), and Li3Al2 (R3#m), FCC LiAl3 (Pm3#m), HCP LiAl (P63/mmc), 

and the LiAl (Cmce) (Figure 4.1c). 𝒟#:;# also includes hypothetical phases that are generated by a 

number of different Li-Al compositions with the lattice structures of known intermediate phases 

(Figure 4.1c and d) (Appendix F). Given atomic environments differ significantly in different 
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phases (Figure E19), it is important to test MLPs’ capabilities in correctly modeling the 

hypothetical phases that are generated by with other compositions, which may be the same as 

known existing intermediate phases (blue lines, Figure 4.1a, and lattice structures, Figure 4.1c) or 

compositions that deviate significantly from those of known intermediate phases (red lines, Figure 

4.1a, and lattice structures, Figure 4.1d). Up to 30 configurations are generated for each of the 

intermediate and the hypothetical phases (Figure 4.1c and d) by swapping the positions of a number 

of randomly selected atoms in known intermediate phases and by random sampling the ordering 

the partially substituted sites in hypothetical phases (Appendix F). The 𝒟#:;# covers a wide range 

of lattice structures, compositions, and orderings, allowing us to test the MLP for a diverse range 

of cases that are distinct from the training data.  

This MLPTrain trained on only three phases shows low RMSEs of energies at 2 – 14 

meV/atom for most of the other intermediate Li-Al phases and their hypothetical variations not 

included in the training process (35 out of 47, Figure 4.1c and d).  The HCP LiAl (P63/mmc) and 

the LiAl (Cmce), which are neither BCC nor FCC, show energy RMSEs greater than 20 meV/atom 

(the 1st row, Figure 4.1c). The MLP shows a larger error of energy RMSEs higher than 30 

meV/atom for five materials, HCP Li5Al3 (P63/mmc), HCP LiAl3 (P63/mmc), HCP Li4Al 

(P63/mmc), BCC Li5Al3 (C2/m:b3), BCC LiAl (C2/m:b3), and BCC LiAl3 (C2/m:b3) (Figure 4.1c 

and d). The notably larger errors in HCP structures may be caused by the identical nearest-neighbor 

atomic environments between HCP and FCC in the atomistic descriptor. Similarly, the larger errors 

on C2/m:b3 BCC may also be explained by the confusion with another BCC C2/m:b1 (Figure 

4.1c). Additionally, we test our MLP in the structures with single Li or Al vacancy and the energy 

RMSEs are as low as 19 meV/atom, which confirms the good performance of the MLP to vacancy 

structures outside the training data (Appendix F). In summary, our tests of the MLP in general 
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show good results for predicted energies over a wide range of the lattice structures, compositions, 

and orderings in Li-Al alloy systems. Given that the MLP is trained using only two end phases and 

one intermediate phase, this implies the good performance and transferability of MLPs for the 

energies of atomistic configurations in the lattice model for alloy systems. 
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4.3 Energy rankings of different orderings 

 
Figure 4.2. The predicted energy rankings of configurations with different atomistic orderings. (a) 
The illustration of the energy rankings of different orderings by DFT and MLP. The crossings of 
red dashed lines indicate ranking errors. 𝛿CD(E is the energy error between the true DFT and the 
predicted MLP energies of the same configuration (blue gap). DEDFT is the DFT energy difference 
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of two mismatched configurations in a ranking error (red gap). The lowest energy lines correspond 
to lowest-energy configurations (LECs). (b) The distributions of DEDFT for all ranking errors and 
(c) the box plot of the energy distributions (the maximum, minimum, and median shown in dashed 
lines) of up to 30 configurations from Li4Al in five lattice structures (R3#m as the true phase, and 
others are hypothetical) from the 𝒟#:;#. (d, e) The differences of DFT energies, DEDFT, between 
the LECs calculated by DFT and predicted by MLP, (f, g) ranking error rates, (h, i) the mean DEDFT 
and (j, k) the maximum DEDFT for all ranking errors in 𝒟#:;#.  A match of LEC predicted by DFT 
and MLP is marked as M. 
 

Here we examine the MLP prediction on the energies, the relative stabilities of different 

elemental orderings for both the known existing and the hypothetical phases. The MLP’s capability 

to correctly reproduce the energetics of elemental ordering in alloys is important for studying the 

thermodynamical stabilities, constructing the phase diagram, understanding defects and 

disordering, and conducting MC/MD simulations. 

 We first test the lowest-energy configuration (LEC) for each of all phases from 𝒟#:;#. The 

LEC is the configuration with the lowest calculated or predicted energy, i.e., the most favorable 

atomistic ordering of sites in the phase, among all competing configurations of a given phase. The 

LECs of all eight known Li-Al intermediate phases are correctly reproduced by the MLP (the 1st 

row of Figure 4.2d), for 50% of the 24 predictions of hypothetical materials for Figure 4.2d and 

four of the 15 predictions for Figure 4.2e. The MLP correctly predicts most of the LECs of 

hypothetical LiAl (except for LiAl C2/m:b3) in all lattice structures, possibly because the 

composition LiAl is included in the training data. For a given composition among selected lattice 

structures (Figure 4.2c, E2, and E3), the MLP correctly predicts the ground-state phase (GP), 

which is the most favorable lattice structure of a given composition, (R3#m) of LiAl4 among the 

hypothetically generated phases with lattice structures of P63/mmc, Fd3#m, Pm3#m, R3#m, and Cmce 

(Figure 4.2c). In addition to LiAl4, GPs are also correctly predicted for LiAl (Fd3#m), LiAl3 

(Pm3#m), and LiAl5 (Pm3#m) (Appendix E). The GPs were incorrectly predicted to be Fd3#m for 
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Li5Al3 and Li2Al3 by MLP, whereas correct GPs predicted by DFT are Cmcm and Pm3#m, 

respectively. Even for the GPs incorrectly predicted by the MLP, the energy differences, DEDFT, 

between the LECs of the true and the MLP-predicted GPs are as low as 10 and 7 meV/atom for 

Li5Al3 and Li2Al3 respectively (Appendix E). For most phases, DEDFT are generally small, as low 

as 2 meV/atom for 13 out of the 23 MLP incorrectly predicted GPs. Generally, the MLP shows 

good performance in predicting LECs and GPs for a wide variety of phases in the materials system.  

We further examine whether the MLP can correctly predict the relative rankings of the 

energies for each of the original and the hypothetical phases. The relative energy ranking of a 

sequence of atomistic configurations with different orderings is important for studying the relative 

stabilities, such as in anti-site defects and order-disorder transitions, of alloys and for conducting 

MC simulations. To quantify how the true and the predicted rankings match, we develop several 

evaluation metrics based on ranking errors, i.e., a pair of configurations that their true and the 

predicted energy rankings are opposite (crossings with red dashed lines, Figure 4.2a). While the 

energy error, 𝛿CD(E between the true DFT and the MLP predicted energies of the same 

configuration (blue gap, Figure 4.2a), we also define the difference of DFT energies between these 

two mismatched configurations, ∆𝐸D(E (red gap, Figure 4.2a) as another measure of the ranking 

error. We calculate the error rates, the mean DEDFT, and the maximum DEDFT	of all ranking errors 

as three novel evaluation metrics to evaluate the predicted energy ranking (Appendix F). The error 

rates for all intermediate phases in the ICSD are low (< 10% as shown in the 1st row of Figure 

4.2f). In 𝒟#:;#, a majority of (24 out of 39) hypothetical phases have mismatch probabilities in the 

range of 11 - 33% (Figure 4.2f and g), while only three are higher than 50%. We also quantify the 

mean and maximum values of (Figure 4.2b as an example) DEDFT, mean DEDFT and maximum 

DEDFT, respectively, between DFT energies of all mismatched configuration pairs. Three of the 
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eight intermediate phases have mean DEDFT lower than 0.15 eV, so as 26 of the total 39 

hypothetical materials, and four maximum DEDFT of existing intermediate phases and 21 of the 

total 39 hypothetical phases are lower than 0.5 eV (Figure 4.2h - k). Notably, the DEDFT 

distributions of HCP Li-Al alloys with lattice structure P63/mmc, in general, have larger spread 

(possible ranking errors even though configurations are clearly more favorable in DFT) than the 

other Li-Al alloys. This may be caused by the fact that the specific HCP atomic arrangement is not 

considered in the training data but may share similar descriptors for the nearest-neighbor 

environments as the FCC configurations (blue line, Figure 4.2b and E4). Overall, the MLP only 

trained on three phases shows decent performance in predicting the relative energy rankings in 

most intermediate and hypothetical phases, except for the HCP phases. This implies decent 

performance in MD/MC simulations for different concentrations and different lattice structures. 

Relatively large errors of energy rankings for some hypothetical phases suggest potential 

directions for further improvements. 
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4.4 Effect of training data diversity 

 
Figure 4.3. Performances of MLPRe-train. The atomic environments of (a) Li and Al atoms in 𝒟#<=%> 
(blue) and 𝒟<:'#<=%> (orange), generated by principal component analysis (PCA) 1st and 2nd 
principal components from Smooth Overlap of Atomic Positions (SOAP) descriptors (Appendix 
F). (b) The box plot of the energy distributions (the maximum, minimum, and median shown in 
dashed lines), as Figure 4.2c, of up to 30 configurations generated in five lattice structures with 
the composition Li2Al3 from 𝒟#:;# (the Pm3#m as the true phase, and others are hypothetical). (c, 
d) The RMSEs of predicted energies of up to 30 ordered configurations with different 
compositions (y axis) in a given lattice structure of known intermediate phases (x axis). (e, f) The 
differences of DFT energies, DEDFT between the LECs calculated by DFT and predicted by MLP 
for 𝒟#:;# as Figure 4.2d and e. (g, h) The ranking error rates. A match of LEC predicted by DFT 
and MLP is marked as M. 
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While the MLPTrain tested in 4.1-4.3 was trained on only three phases, here we explore the 

MLP by increasing the diversity of training data, which is a common practice to improve ML 

models including MLPs.[40,41,92,93] The new training dataset, 𝒟<:'#<=%>, included one more material, 

HCP LiAl (P63/mmc), whereas only BCC and FCC lattices were in the original training dataset 

𝒟#<=%> for MLPTrain (4.1-4.3). 144 atomistic configurations with the HCP lattice including 

crystalline bulk with a range of orderings, liquid, point defects, and AIMD snapshots of bulk and 

defect bulks, were generated in the same manner as other phases, and replaced 24% of 

configurations in 𝒟#<=%>. With the added HCP data, the size of 𝒟<:'#<=%> has increased 16% 

compared to 𝒟#<=%>.  

Here, we perform a similar test for the re-trained MLP, MLPRe-train, on 𝒟#:;# as in 4.3. For 

hypothetical phases outside the training data, MLPRe-train performs significantly poorer than 

MLPTrain, with only six hypothetical phases having energy RMSEs lower than 15 meV/atom, 

compared to 28 from MLPTrain (Figure 4.3c and d). For example, MLPRe-train gives a higher energy 

RMSE of 103 meV/atom for hypothetical LiAl3 in the BCC (R3#m) lattice structure, whereas 

MLPTrain gives only 4 meV/atom for the same hypothetical phase. MLPRe-train also gives poorer 

predictions in energy rankings, especially for hypothetical phases with high error rates. There are 

six materials exhibiting large error rates (> 50%) for our MLPRe-train, with an error rate as high as 

80% on LiAl5 Fd3#m (Figure 4.3g and h). The MLPRe-train also performs poorer than MLPTrain on 

other metrics for energy rankings. The mean DEDFT of ranking errors increases to 0.07 – 0.11 eV 

for hypothetically generated LiAl Pm3#m, Li2Al3 Fd3#m, Li4Al Pm3#m, and Li4Al Cmce. There are 

22 hypothetical phases from 𝒟#:;# with the mean DEDFT of ranking errors lower than 0.15 eV, 

downing from 26 of MLPTrain (Appendix E). The number of correctly predicted LECs also decline 

to 13 from 16 by MLPTrain (Figure 4.3e and f). We examine three other re-trained MLPs, MLPRe-
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trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3, that are selected by the approach described in 

Appendix F, and all of them have low RMSE of energies as low as at 8 meV/atom on 𝒟#<=%> (24 

meV/atom on 𝒟<:'#<=%>), but have similarly poor performances in 𝒟#:;# and in the same tests as 

above (Figure E14, E16, and E18 in Appendix E). This indicates that the poorer performance of 

MLPRe-train is a result of different training datasets not model selection (Figure E14, E16, and E18 

in Appendix E). In summary, the MLP trained with more diverse data does not show improved 

performance to other materials out of the training data without significantly increasing the training 

data size. While only two training datasets are tested here, further in-depth studies would provide 

insights about how to select the training data for further MLP improvement. 
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4.5 Other errors in the applications of MLPs 

4.5.1 Errors in large supercells 

 

Figure 4.4. The energy RMSEs of Li-Al supercells with different compositions and sizes. Dashed 
lines are referred to energy RMSEs of all existing intermediate phases (orange) and hypothetical 
phases from 𝒟#:;# (blue).  
 

Here we further test MLPs in three application cases, in which MLPs are directly utilized 

to study physical phenomena. A key advantage of MLP technique is to conduct MD/MC 

simulations in the atomistic models with large cell sizes, which are not easily accessible by DFT, 

for studying elemental orderings, surfaces, and grain boundaries in materials.[94–97] We here test 

the MLP in large supercells with four different sizes, such as 8.9×4.5×60.7 Å3, 8.9×8.9×34.7 Å3, 

8.9×8.9×47.3 Å3, and 13.4×8.9×28.4 Å3 (Appendix F), which consist of 152, 176, 216, and 240 

atoms with the aspect ratios of 1: 13.5, 1: 3.9, 1: 3.2, and 1: 5.3, respectively. For each supercell, 

we generate multiple compositions ranging from Li4Al to Li5Al4 (Figure 4.4) (Appendix F) for 

testing, while specific compositions vary due to the number of atoms in the supercell. While our 

MLPTrain gives low energy RMSEs as low as 12 meV/atom for all existing Li-Al intermediate 

phases and 20 meV/atom for all hypothetical phases, here the same MLP tested on such large 

modeling supercells exhibit significantly higher the energy RMSEs well above 30 meV/atom at 
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Al percentage < 35% (Figure 4.4). The energy RMSEs of all supercells show large errors as high 

as 50 – 60 meV/atom at around Li3Al (roughly 25% Al) (Figure 4.4). Given the low errors on 

different ordering as tested for MLPTrain in 𝒟#:;#, this may be caused by the different elemental 

ordering or configurations encountered in these large supercells, as shown by the PCA of 

quantified atomic environments using SOAP in these large supercells (Figure E19) (Appendix E). 

This observed error may be a potential issue in applying MLPs in larger simulation cells. 
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4.5.2 Phase diagrams and phase transitions by MLP 

 

Figure 4.5. Convex hull and phase stability of Li-Al alloy system. (a) The formation energies Ef 
and the convex hulls of Li-Al alloy system were constructed using all training and testing data 
calculated by DFT (blue line and circles) and MLP (orange line and crosses). (b, c) The phase 
transition of Li-Al between BCC (LiAl Fd3#m, cyan line and squares) and FCC (LiAl3 Pm3#m, 
purple line and triangles) by (b) DFT and (c) MLP. Red dash arrow indicates the transition point 
by Ef. The black dashed line at Al% = 60% highlights the Li2Al3 composition, which has GP 
incorrectly predicted by MLPTrain (Figure 4.2c), within the area that MLPtrain predicts wrong GPs 
between BCC and FCC (Appendix E). 
 

Here, we construct and compare the energy convex hull of Li-Al alloy system by using 

MLP and DFT. The convex hull is constructed using calculated formation energies Ef of all 

configurations from 𝒟#<=%> and 𝒟#:;# (Figure 4.1c and d), the relaxed structures from the ICSD 

(Figure 4.1a), the long slabs 𝒟;@=F; in Figure. 4.4a, and the structures with single vacancies 

𝒟G="=>"H (Figure 4.5) (Appendix E). Compared with DFT, the MLP largely reproduces the overall 

trend of the convex hull, with some discrepancies in equilibrium phases and the corresponding 

energies (Figure 4.5). Both DFT and MLP give the lowest Ef configuration at Li5Al3, though the 
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minimum Ef differ by 65 meV/atom. However, while there are only two stable intermediated 

phases given DFT, MLP predicted a total of eight stable intermediate phases with most of the 

additional phases in the composition range of 19% – 50% of Al. 

We further examine the phase transition between BCC LiAl and FCC LiAl3 intermediate 

phases. By comparing the energies of different configurations across the compositions range from 

50% to 75% Al based on the BCC (Fd3#m) and FCC (Pm3#m) lattices (Figure 4.5b and c), the 

transition between BCC and FCC is at 57% Al predicted by MLP in good agreement with that at 

62% Al by DFT. The deviations of the energies of other compositions based on these phases may 

cause the deviation (Figure 4.5b and c). 

 

4.5.3 Errors of forces on migrating atoms in MD simulations 

 

Figure 4.6. Errors of forces predicted by MLP on migrating atoms in MD simulations. The 
accuracies of force predictions, including force (a) directions and (b) magnitudes, on migrating 
atoms in snapshots taken from AIMD simulations for Li3Al2 (R3#m). The cumulative distribution 
functions (CDFs) are plotted for forces by DFT K1 (dashed black lines), MLPTrain (blue), and 
MLPRe-train (orange). Red lines are visual guidance for 90%. 
 

Here we test the MLP on studying atom diffusion in MD simulations, another key 

application of MLPs. In the earlier study (Chapter 3), we reveal that atomic forces on migrating 

atoms are a key error source for MLPs. Here, we quantify the errors of atomic forces on migrating 
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atoms, which are extracted from AIMD simulations (200 snapshots) for LiAl Fd3#m, Li3Al2 R3#m, 

Li5Al3 Cmcm, and Li9Al4 C2/m:b1 with single Al vacancies (Appendix F, Figure 4.6a, b, and 

E20). The atomic forces predicted by the MLP is compared to the low-accuracy setting of the DFT 

with a single G-centered k-point (DFT K1) same as in Chapter 3, since K1 is commonly used in 

AIMD simulations for lower computation costs. The MLP achieves good accuracy in predicting 

atomic forces on migrating atoms for all four materials, even though the three intermediate 

materials Li3Al2, Li5Al3, and Li9Al4 are outside the training data. As shown in the CDF curves of 

force errors on RE atoms obtained from Li3Al2 AIMD diffusion snapshots, over 90% of migrating 

atoms predicted by MLP has less than 22 degrees for force directional error and less than 0.16 

eV/Å for magnitude error, while the CDF curve of DFT K1 shows at the same 90% cut-off larger 

errors of force directional error of 44 degrees and magnitude error of 0.33 eV/Å (Figure 4.6a, b, 

and E20).  The force performance score P(𝒟$%0I@1), which is defined as P(𝒟$%0I@1) = NAC(|𝛿J |, 

𝒟$%0I@1) × NAC(𝛿), 𝒟$%0I@1) as proposed in Chapter 3 as an error evaluation metrics, is 0.69 for 

the MLP compared to 0.50 from DFT K1, indicating better performance of MLP in predicting 

forces on migrating atoms. 

The re-trained MLP MLPRe-train, which was trained with an additional HCP phases, also 

gives better performance on force errors with its P(𝒟$%0I@1) at 0.73. Notably, though Li3Al2 R3#m 

and Li5Al3 Cmcm are not in 𝒟#<=%> or 𝒟<:'#<=%>, both CDF curves of force errors, predicted by 

either MLPTrain or MLPRe-tain, exceed those of DFT K1 calculations, indicating even our MLPRe-

train may outperform DFT K1 on predicting forces of RE atoms in unseen structures. It should be 

noted that DFT calculations for metal often require denser k-point density, and K1 is coarse k-

point sampling even for the metal supercell models used. Since force predictions on migrating 

atoms are critical for diffusional properties, this good performance of MLP on the migrating atoms 
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not included in the training data is very encouraging, but careful testing as we have shown is still 

needed before application. 

 

4.6 Conclusion and discussion 

In this chapter, we train MLPs on Li-Al binary alloy materials system and test the model 

predictions on a variety of lattice structures and compositions in- and out- of the training data. We 

evaluate our MLP predictions on hypothetical phases that are completely outside the training 

process. The large number of the tested hypothetical phases allows us to closely examine the 

transferability of MLPs on materials with unknown lattices, compositions, and structures across 

the phase diagram. Our results show low energy errors for most of the hypothetical phases, 

including some materials having lattice structures far different from common BCC/FCC phases 

included in the training data. These results imply that our MLPs can largely capture the physics of 

interatomic bonds and may lead to good transferability to other alloy intermediate phases for a 

range of atomistic modeling applications. Furthermore, our practice of testing MLPs on a large 

number of hypothetical phases, including lattices, structures, and compositions completely outside 

the training process, is demonstrated as a feasible process to assess the errors, performance, and 

transferability of MLPs, and should be further evaluated and adopted in the testing of MLPs. 

Additionally, in this chapter, we develop multiple new evaluation metrics and thoroughly 

examine the MLP predictions. Beyond the conventional error evaluation metric of energy RMSE, 

we propose evaluation metrics, such as the ranking error rates, the mean DEDFTof ranking errors, 

the maximum DEDFT of ranking errors, the GPs, and the LECs, test the predicted energy ranking 

of energies of different elemental ordering in different phases as a key component of the MLP 

performances. Our results show that good predictions on energy rankings though further 
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improvement can be made for hypothetical phases. Our novel evaluation metrics related to energy 

rankings should be further considered in the testing process of MLPs in the future. 

In this chapter, our test shows promising results that good transferability to other 

intermediate alloy phases may be achieved by using a small number of training data, only three 

phases and 356 configurations, to predict 47 original and hypothetical phases with mostly low 

energy errors. In comparison, the re-trained MLPs with more phases and more data diversity in 

the training process have worse performances. This phenomenon suggests that data diversity alone, 

without substantially increasing the amount of training data, may not always lead to improved 

MLPs. The tests mimicking real applications schemes show previously not well-known pitfalls in 

predicting configurations with large supercell models that are often used in MD/MC simulations, 

mixed results in predicting the convex hull of the phase diagram, and promising performances in 

predicting forces on migrating atoms based on MD simulations. Both good results and 

discrepancies are observed in these three application tests, suggesting that further studies are 

needed to verify the accuracy in different application cases of MLPs. 

To sum up, we systematically test our MLPs on materials in- and out- of the training data, 

assess the transferability of MLPs to a variety of hypothetical phases, develop evaluation metrics 

related to energy ranking, and examine MLPs in schemes close to applications. The newly 

developed metrics and the process of evaluating the transferability of MLPs as well as the effect 

on selecting appropriate training data can be further studied and adopted. Our study provides a 

comprehensive case study using a binary alloy system on the application and on MLP 

performances, which may offer some guidance for future studies in the field. 
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Chapter 5:  High-dimensional assessment of MLP performances for 

multiple properties 

5.1 Introduction 

 

Figure 5.1. Schematic plot of our process to conduct an empirical analysis of MLP performances 
for multiple properties. (a) The scheme of typical MLP training process. A model pool consisting 
of many MLPs with different hyperparameters is usually generated in the validation step to fine 
tune the hyperparameter set for the final MLP. (b) The procedure of our analysis process. 
 

In our systematic studies of machine learning interatomic potential (MLP) performances 

in Chapter 3 and 4, there are significant trade-off between two performance scores of force 

accuracies on migrating atoms in interstitial RE testing data versus those on migrating atoms in 

vacancy rare-event (RE) testing data as shown (Figure 3.6c). However, little is understood about 

how MLPs perform for multiple properties or performance metrics and how they correlate. In this 
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chapter, we introduce and employ an analysis process to collect and analyze a large number of 

MLPs and their performances on a diverse range of physical properties (Figure 5.1). This process 

samples MLPs from the pool generated in the validation step in MLP training and conducts 

empirical analysis of MLP performances using multiple evaluation metrics (Figure 5.1). This 

process consists five steps: 1) train MLPs using various models (such as GAP, NNP, MTP, etc.) 

and different training datasets, 2) sample a large number of MLPs from each of the model pools, 

3) calculate a large number of physical properties of materials using each MLP, compute the errors 

of these properties as evaluation metrics, and adopt reasonable error ranges as benchmarks to 

assess these calculated errors, 4) construct Pareto fronts using multiple metrics, evaluate these 

Pareto fronts, and analyze the optimal MLPs on the Pareto fronts, and 5) assess MLP performances 

using multiple metrics, including analysis of subsets, clusters of MLPs, and graphs or networks of 

metrics. 

In this chapter, we follow this process to perform an empirical analysis of MLP 

performances, using Si as a case study and utilizing the larged number of MLPs we trained in 

Chapter 3. We include many of our new evaluation metrics, developed in Chapter 3 and 4, into our 

dataset. With the rich number of metrics, we fully assess MLP performances for multiple 

properties and successfully identify multiple metrics that are challenging for MLPs to accurately 

predict. These results on challenging metrics provide valuable insights of MLP performances and 

may guide future training of improved MLPs. 
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5.2 Constructing the dataset of many MLPs and performance metrics 

 

Figure 5.2. (a) The distribution of 2300 MLPs using six models and trained by five different 
datasets, 𝒟KLB	:#	=@. (green), 𝒟:>O=>":A'P (red), 𝒟:>O=>":A'G (purple), 𝒟Q'P (orange), and 𝒟R'P 
(blue). (b) The 64 calculated properties, performance scores, and evaluation metrics over eight 
categories and the benchmarks applied on each metric (Table 5.1), including 30 metrics using the 
differences between DFT K4 and K1, ΔD(EST	#B	SR, as benchmarks (blue), 24 metrics using the 
differences between DFT K2 and K1, ΔD(EST	#B	SQ, as benckmarks in elastic constants (yellow), and 
10 handpicked values (purple). 
 

We conduct our empirical analysis on 2300 MLPs with different models and training 

datasets to analyze the accuracy and errors of MLPs in predicting a large array of different 

properties in Si as a model materials system (step 1 to 3, Figure 5.1). In order to obtain a general 

conclusion of MLPs, the MLPs are trained using six current state-of-the-art MLP models, Gaussian 

Approximation Potential (GAP), Neural Network Potential (NNP), Spectral Neighbor Analysis 

Potential (SNAP), Moment Tensor Potential (MTP), Deep Potential (DeePMD), and Deep 

Potential-Smooth Edition (DeepPot-SE), the same with those used in Chapter 3, and trained on 

five different training dataset, 𝒟KLB	:#	=@.,[1] 𝒟:>O=>":A'P (the enhanced training dataset in Chapter 

3.4.2 and Appendix D), 𝒟:>O=>":A'G (the vacancy-enhanced training dataset in Appendix D), 
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𝒟Q'P, and 𝒟R'P, (Appendix H) (Figure 5.2a). Every training dataset contains 219 configurations 

over a wide range of selected structures of solid Si, liquid Si, strained or distorted Si, Si surfaces, 

and bulk Si with single vacancy from AIMD simulations (Appendix H). To increase the data 

diversity among training datasets, 𝒟:>O=>":A'P, 𝒟Q'P, and 𝒟R'P were generated by replacing 54.7% 

(120 configurations) of training data in 𝒟KLB	:#	=@. by the configurations of single interstitial, di-

interstitials, and four interstitials, respectively, per supercell of Si bulks from AIMD simulations. 

The values of energies and forces are calculated by DFT with a k-point mesh of 4×4×4 (DFT K4).  

We select fully trained MLPs with different hyperparameters (Appendix H) in two ways. 

For each MLP model and each training dataset, we train a pool of MLPs with a wide range of 

hyperparameters to choose from, and the total number of MLPs selected from all the pools is 2300 

MLPs (Appendix G). The first half of the MLPs in the entire pool are selected as the optimized 

MLPs that have the best (lower validation scores refer to better MLPs in our approach) validation 

scores from our validation dataset (Appendix H). The other half of the MLPs in the pool are 

randomly selected from the rest of the pool excluding those already selected in the first half. 

Through this selection, the pool of 2300 MLPs balances the optimized MLPs following the 

conventional training process and the MLPs that may not exhibit the lowest validation scores in 

conventional testing but may show particularly good performances for certain properties. This 

selection gives us a pool of MLPs to understand their limits on predicting certain properties (further 

discussed in Appendix G). 

For this pool of 2300 MLPs, we evaluate every MLP by many properties and performance 

metrics (e.g., RMSEs in the predictions of physical properties) in the Si (Figure 5.2b and Table 

5.1). As summarized (Table 5.1), these physical properties include the formation energies EfDefect 

of four different types of point defects, such as vacancy, split-<110> interstitial, tetrahedral 
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interstitial, and hexagonal interstitial, the elastic constants of bulk crystalline Si and the Si structure 

supercell with a single point defect, the lattice parameters of bulk crystalline Si and the Si structure 

supercell with single point defect, the energy rankings (as defined in Chapter 4) for four sets of Si 

configurations with multiple vacancies, and the other properties, such as the free energy Efree, the 

entropy S, and the heat capacity K, for Si bulk crystalline phase and Si supercell with a single 

vacancy. Additionally, the performance metrics for the MLPs include the magnitude and 

directional errors of forces on rare event (RE) atoms in interstitial or vacancy diffusions, the 

normalized area of curve (NAC) NAC(𝛿, 𝒟RE), as defined in Chapter 3.4.1.  Other metrics include 

the root-mean-square errors (RMSEs) of energies and forces for configurations in 𝒟UV'P  (as 

defined in Chapter 3), and RMSEs of energies and forces on RE atoms 𝜎UV, as defined in Chapter 

3, and the on RMSEs of energy and forces for enhanced training datasets 𝒟:>O=>":A'P and 

𝒟:>O=>":A'G in Chapter 3.4.2, 𝜎:>O=>":A. Here, to simplify our description, we collectively refer 

to all 64 properties and their performance metrics as ‘properties’ in this chapter, summarized as 

Table 5.1. In order to have a fair comparison, we calculate and analyze the log error of properties, 

and the error for each property are normalized as follows:  

𝛿𝑀 = logTW|𝑃X<:A%"#:A − 𝑃%A:=@|       Eq. (5.1) 

Where 𝛿M is referred as ‘error metric’ with higher value indicating better MLP performance, 

Ppredicted is the property calculated by MLPs, and Pideal is the ideal value, which for most cases is 

given by DFT K4 calculations. For 24 elastic constants, DFT calculations, using a k-point mesh of 

2×2×2 (DFT K2), are used as ideal values due to the high computation cost of DFT K4 calculations 

for the large supercell of interstitial structures (Figure 5.2b). The ideal value of the performance 

score of force directional errors NAC(𝛿), 𝒟) is 1 and the ideal value of energy RMSE is 0 

(Appendix H).  
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In addition, we also compare the errors of the MLPs to the errors of prediction given by 

DFT in lower accuracy settings such as a single G-point (K1), ΔD(EST	#B	SR (ΔD(EST	#B	SQ for elastic 

constants), as reasonable benchmarks of our metrics for comparison. For 𝜎:>O=>":A and 𝜎CUV 

metrics, the benchmarks were handset to 15 meV/atom for all energy RMSEs 𝜎C and to 0.12 eV/Å 

for all force RMSEs 𝜎J. The benchmarks of EfDefect were set to 0.1 eV, because even DFT K1 

results produce errors as large as 1 eV in EfDefect (Figure 5.2b) (Appendix H). 

 

Table 5.1. Summary of 64 properties and error metrics, their corresponding categories of physical 
properties, the configurations/datasets they are calculated from, and their benchmarks (shown as 
error values before logarithm). 

Category Configuration/Dataset Error metric Benchmark error 
 

Defect formation energy, 
Ef

Defect 

Vacancy 𝛿𝐸!
"#$#%$& 0.1 eV (handpicked) 

Split-<110> interstitial 𝛿𝐸!
'()*+,-../0 0.1 eV (handpicked) 

Tetrahedral interstitial 𝛿𝐸!+1+2#3142#) 0.1 eV (handpicked) 
Hexagonal interstitial 𝛿𝐸!

315#67%#) 0.1 eV (handpicked) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Elastic constants 

 
Vacancy 

𝛿𝐶..
"#$#%$& 492 GPa (Δ89:;.	+7	;=) 

𝛿𝐶.=
"#$#%$& 251 GPa (Δ89:;.	+7	;=) 

𝛿𝐶>>
"#$#%$& 84 GPa (Δ89:;.	+7	;=) 

Bulk modulus, 𝛿𝐾"#$ 3.8 GPa (Δ89:;.	+7	;=) 
 

Split-<110> interstitial 
𝛿𝐶..

'()*+,-../0 3.2 GPa (Δ89:;.	+7	;=) 
𝛿𝐶.=

'()*+,-../0 4.9 GPa (Δ89:;.	+7	;=) 
𝛿𝐶>>

'()*+,-../0 0.7 GPa (Δ89:;.	+7	;=) 
𝛿𝐾'()*+,-../0 2.1 GPa (Δ89:;.	+7	;=) 

 
Tetrahedral interstitial 

𝛿𝐶..+1+2#3142#) 21 GPa (Δ89:;.	+7	;=) 
𝛿𝐶.=+1+2#3142#) 20 GPa (Δ89:;.	+7	;=) 
𝛿𝐶>>+1+2#3142#) 26 GPa (Δ89:;.	+7	;=) 
𝛿𝐾+1+2#3142#) 5.8 GPa (Δ89:;.	+7	;=) 

 
Hexagonal interstitial 

𝛿𝐶..
315#67%#) 0.5 GPa (Δ89:;.	+7	;=) 

𝛿𝐶.=
315#67%#) 4.4 GPa (Δ89:;.	+7	;=) 

𝛿𝐶>>
315#67%#) 3.0 GPa (Δ89:;.	+7	;=) 

𝛿𝐾315#67%#) 2.8 GPa (Δ89:;.	+7	;=) 
 

Unit cell with 8 atoms 
𝛿𝐶..?%*+	$1)) 57 GPa (Δ89:;.	+7	;=) 
𝛿𝐶.=?%*+	$1)) 5.5 GPa (Δ89:;.	+7	;=) 
𝛿𝐶>>?%*+	$1)) 17 GPa (Δ89:;.	+7	;=) 
𝛿𝐾?%*+	$1)) 15 GPa (Δ89:;.	+7	;=) 

 
Supercell with 64 atoms 

𝛿𝐶..
'?(12$1)) 1.4 GPa (Δ89:;.	+7	;=) 

𝛿𝐶.=
'?(12$1)) 4.0 GPa (Δ89:;.	+7	;=) 

𝛿𝐶>>
'?(12$1)) 3.4 GPa (Δ89:;.	+7	;=) 

𝛿𝐾'?(12$1)) 3.2 GPa (Δ89:;.	+7	;=) 
 
 
 

Lattice parameters 

Vacancy 𝛿𝑎"#$ 0.05 Å (Δ89:;.	+7	;>) 
Split-<110> interstitial 𝛿𝑎'()*+,-../0 0.04 Å (Δ89:;.	+7	;>) 
Tetrahedral interstitial 𝛿𝑎+1+2#3142#) 0.02 Å (Δ89:;.	+7	;>) 
Hexagonal interstitial 𝛿𝑎315#67%#) 0.03 Å (Δ89:;.	+7	;>) 
Unit cell with 8 atoms 𝛿𝑎?%*+	$1)) 0.16 Å (Δ89:;.	+7	;>) 

Supercell with 64 atoms 𝛿𝑎'?(12$1)) 0.03 Å (Δ89:;.	+7	;>) 
 
 

 
 

Rate of ranking errors, 
P2#%@*%6	12272.  

7.6% (Δ89:;.	+7	;>) 
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Energy rankings 

Ranking dataset 1: 
2-vacancies in supercells with 214 

atoms 

Mean Δ𝐸DFT of ranking errors, 
Mean Δ𝐸89:.  

16 meV (Δ89:;.	+7	;>) 

Max Δ𝐸DFT of ranking errors, 
Maximum Δ𝐸89:.  

54 meV (Δ89:;.	+7	;>) 

Ranking dataset 2: 
3-vacancies in supercells with 141 

atoms 

P2#%@*%6	12272=  7.4% (Δ89:;.	+7	;>) 
Mean Δ𝐸89:=  26 meV (Δ89:;.	+7	;>) 

Maximum Δ𝐸89:=  67 meV (Δ89:;.	+7	;>) 
Ranking dataset 3: 

3-vacancies in supercells with 93 
atoms 

P2#%@*%6	12272A  9.9% (Δ89:;.	+7	;>) 
Mean Δ𝐸89:A  78 meV (Δ89:;.	+7	;>) 

Maximum Δ𝐸89:A  263 meV (Δ89:;.	+7	;>) 
Ranking dataset 4: 

3-vacancies in supercells with 63 
atoms 

P2#%@*%6	12272>  5.5% (Δ89:;.	+7	;>) 
Mean Δ𝐸89:>  69 meV (Δ89:;.	+7	;>) 

Maximum Δ𝐸89:>  240 meV (Δ89:;.	+7	;>) 
 
 

Forces on RE atoms, 
NAC(𝛿,	𝒟RE) 

 
𝒟BC,D 

Directional error of forces, 
∆𝑁𝐴𝐶(δE, 𝒟BC,D) 

0.22 (Δ89:;.	+7	;>) 

Magnitude error of forces, 
∆𝑁𝐴𝐶(|𝛿F|, 𝒟BC,D) 

0.20 (Δ89:;.	+7	;>) 

𝒟BC,G ∆𝑁𝐴𝐶(δE, 𝒟BC,G) 0.15 (Δ89:;.	+7	;>) 
∆𝑁𝐴𝐶(|𝛿F|, 𝒟BC,G) 0.13 (Δ89:;.	+7	;>) 

 
𝛿BC 

𝒟BC,D 𝜎HBC,D 15 meV/atom (handpicked) 
𝜎FBC,D 0.25 eV/Å (Δ89:;.	+7	;>) 

𝒟BC,G 𝜎HBC,G 15 meV/atom (handpicked) 
𝜎FBC,G 0.17 eV/Å (Δ89:;.	+7	;>) 

 
𝛿1%3#%$14 

𝒟1%3#%$14,D 𝜎H1%3#%$14,D 15 meV/atom (handpicked) 
𝜎F1%3#%$14,D 0.12 eV/Å (handpicked) 

𝒟1%3#%$14,G 𝜎H1%3#%$14,G 15 meV/atom (handpicked) 
𝜎F1%3#%$14,G 0.12 eV/Å (handpicked) 

 
 
 
 

Thermal properties 

 
 
 

Bulk: unit cell with 8 atoms 

Free energy, 
𝛿𝐸!211I?)@(𝑇) 

0.25 (Δ89:;.	+7	;>) 

Entropy, 
𝛿𝑆I?)@(𝑇) 

0.33 (Δ89:;.	+7	;>) 

Heat capacity, 
𝛿𝑐I?)@(𝑇) 

0.12 (Δ89:;.	+7	;>) 

 
Vacancy 

𝛿𝐸!211
"#$#%$&(𝑇) 39 (Δ89:;.	+7	;>) 

𝛿𝑆"#$#%$&(𝑇) 92 (Δ89:;.	+7	;>) 
𝛿𝑐"#$#%$&(𝑇) 41 (Δ89:;.	+7	;>) 
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5.3 Finding challenging properties for MLPs to predict 

 

Figure 5.3. Distribution of the error metrics for identified ‘challenging’ properties. The cumulative 
distribution function (CDF) curves of (a) the error rates of ranking errors in ranking dataset of two 
vacancies in supercells with 214 atoms (Table 5.1), (b) the NAC of errors on force directions in 
𝒟UV'P, |∆𝑁𝐴𝐶(𝛿), 𝒟UV'P)|, (c) the error of the formation energy of hexagonal interstitial, 
|𝛿𝐸Y

O:Z=[B>=@|, and (d) the error of the elastic constant C12 for the supercell with hexagonal 
interstitial, |𝛿𝐶TQ

O:Z=[B>=@|. The red dashed lines in (a-d) are benchmarks for each metric and the 
fractions below benchmarks are shown beside the benchmark (red dot). For handpicked 
benchmark, black dashed line indicates the ΔD(EST	#B	SR value for the metric. 
 

Among the large array of properties for the large pool of MLPs, we first identify the 

properties that are difficult to be calculated accurately by the MLPs (step 3 from the process, Figure 

5.1). If less than 15% of MLPs can achieve the errors lower than the benchmark, we call it a 

‘challenging’ property to be calculated by MLP. Our results show there are 36 challenging 

properties (Appendix G), mostly fall into four groups (except for the entropy of Si Sbulk(T)), listed 

as follows: 1) the defect formation energies EfDefect (only 2.8% – 5% of MLP predictions can 
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achieve the proposed 0.1 eV benchmark), 2) 14 metrics in the elastic constants (as only 1% – 12% 

are lower than the proposed ΔD(EST	#B	SQ benchmarks), 3) all 12 metrics for energy rankings (less than 

four MLPs, or 0.2%, for each of the metrics can achieve the ΔD(EST	#B	SR benchmarks), and 4) five 

metrics for force predictions on RE atoms (Figure 5.3a, b, c, d, and Table G2). The energy 

rankings are particularly challenging for MLPs as shown by the much higher error than the 

ΔD(EST	#B	SR(Figure 5.3a) and almost no MLP can achieve the same level of prediction errors as the 

proposed ΔD(EST	#B	SR benchmark for any of the property in this category. For example, in the error 

rate in ranking dataset 1, P1ranking error, top 10% MLPs (except for two outliers) are between 18% – 

38%, compared to the benchmark 7.6% for ΔD(EST	#B	SR (Figure 5.3a). The error rates in ranking in Si 

materials system in this chapter is much higher than those in Li-Al materials system in Chapter 4, 

in which MLPTrain on known intermediate phases are all below 10% (Figure 4.2f). To sum up, we 

analyze the MLP performances on the errors of predicting a single property and identify that 

energy ranking, Ef of defects, elastic constants, and force predictions on RE atoms are challenging 

for MLPs to predict. 
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5.4 Finding pairs of properties that are challenging 

 

Figure 5.4. Examples of error metric distributions for challenging property pairs. The scattering 
plots of two properties for each MLP: (a) |∆𝑁𝐴𝐶(|𝛿J|, 𝒟UV'P)| versus |𝛿𝐸Y#:#<=O:A<=@|, and (b) 
|𝛿𝐶TT

O:Z=[B>=@| versus |𝛿𝐸Y
?="=>"H|. The black solid lines are Pareto fronts. 

 

We further analyze the performances of the MLPs for accurately predicting two properties 

and to identify certain pairs of properties that are challenging to simultaneously achieve the 

proposed benchmarks (step 4 from process, Figure 5.1). Given that all 12 metrics for energy 

rankings exhibit high prediction errors and are regarded as challenging, we exclude them from the 

analyses below (Chapter 5.4 and 5.5), and only examine the pairs of properties from the remaining 

52 properties. As shown in the Pareto fronts for each pair of properties, there are clear trade-offs 

for the optimal MLPs (which are the vertices on Pareto fronts), i.e., decreasing prediction errors 

on one property will increase the errors on the other, as shown (Figure 5.4a, b, and Figure G2, G3, 

and G4, and Appendix G). Due to this trade-off, training an MLP that exceeds the benchmark (e.g., 

DFT K1) on both properties are challenging. From our analyses of all property pairs, there are 20 

pairs of properties that no optimal MLP can simultaneously meet or exceed the benchmarks in 

both properties (Table G3). All properties in these 20 pairs are from the following five categories 

of properties, such as defect formation energy EfDefect, elastic constants, force performance score 
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on RE atoms NAC(𝛿, 𝒟UV), RMSE force errors on RE atoms 𝜎JUV, and 𝜎J:>O=>":A, which are also 

among the challenging properties. These 20 pairs are seven pairs in ‘EfDefect – elastic constants’, 

six pairs in ‘EfDefect – NAC(𝛿, 𝒟UV)’, four pairs in ‘EfDefect – 𝜎JUV’, and three pairs in ‘EfDefect – 

𝜎J:>O=>":A’ (Table G3, details of Pareto fronts are further discussed Appendix G). Given predicting 

one of these properties can be challenging, it is expected that no MLP can meet both benchmarks 

for two properties in two distinct categories. This highlights the difficulty of having MLPs that can 

accurately predict multiple properties from challenging categories. 

 

5.5 Conclusion 

In this chapter, we conduct a systematic analysis on performance for a wide range of MLPs 

and evaluation metrics, through our analysis process (Figure 5.1). Following our previous work in 

Chapter 3 on the MLP performances in Si materials system, we construct our performance dataset 

by sampling a large number of MLPs from a pool of trained MLPs, and by generating many 

physical properties and evaluation metrics. After setting benchmarks, an empirical analysis 

identifies challenging properties/metrics on MLP and investigate the correlations between these 

metrics. We identify 36 challenging properties, a majority of which belonging to four categories: 

the energy rankings, the defect formation energies, the elastic constants, and the force 

performances on migrating atoms. While the defect formation energies and the force performances 

on migrating atoms are discussed in Chapter 3, the energy ranking metrics, which are newly 

developed in Chapter 4, are difficult to predict for MLPs. Additionally, we investigate pairs of 

properties that are challenging to predict spontaneously. By excluding the energy ranking metrics 

that are specifically difficult, we identify 20 challenging pairs, for which no optimal MLP can 

achieve both proposed benchmarks. Among these 20 pairs, a majority of them are defect formation 
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energies combined with elastic constants, force performance NACs on migrating atoms, or force 

RMSEs on migrating atoms. We emphasize that the combination of properties from distinct 

categories makes property pairs difficult to predict. In summary, our proposed process is effective 

to sample a large number of MLP performance data, to identify challenging properties and their 

combinations, providing valuable guidance to improve MLP performances in future studies. 
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Chapter 6: Conclusions and future work 

6.1 Conclusions 

The key conclusions of this dissertation are summarized as follows: 

1) We systematically study the Li-ion conduction of known Li-containing chlorides and a wide 

range of doped compounds. We identify 19 potential Li superionic conductors in the materials 

system and reveal that the Li-ion conduction is greatly affected by Li content and cation 

sublattice. By analyzing a number of materials, we summarize that low Li content, low cation 

concentration, and sparse cation distribution are mainly responsible for high Li-ion conduction 

in the Li-containing chlorides system. Our work provides guidance for developing future halide 

Li-ion conductors. 

2) We examine the MLP performance on reproducing atomistic dynamics in Si system. By 

performing MD simulations using several state-of-the-art MLPs, we reveal major 

discrepancies between MLP predictions and DFT calculations, such as properties related to 

rare events, defects with similar energies, and atomic vibrations. By investigating the MLP 

predictions on RE atoms, we develop novel evaluation metrics to quantify the errors of forces 

predicted by MLPs and improve the MLPs by integrating the newly developed evaluation 

metrics into the training process. Our summarized process of developing evaluation metrics 

provides guidance to improve MLP performance for future work. 

3) We study the performance and transferability of MLPs for elemental orderings on a wide range 

of phases and lattice structures in- and out- of the training data in Li-Al alloy materials system. 

By using only three materials in Li-Al binary alloy system, the trained MLP can well predict 

energies, energy rankings, ground-state phases, and lowest energy configurations over all 

known phases and many hypothetical phases across the phase diagram. Our developed 
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evaluation metrics for the energy ranking of elemental orderings can be further used for the 

testing and development of MLPs. We further showed that the MLP performance may not be 

improved by solely increasing the diversity of training data without significantly increasing 

the data size.  

4) We thoroughly assess MLP performances in the Si system using thousands of MLPs and tens 

of calculated properties, testing errors, evaluation metrics, and performance scores. By setting 

benchmarks on each of the tested properties or performance metrics, we identify 36 properties 

and 20 pairs of properties that are challenging to predict. Challenging properties mainly belong 

to four categories such as energy rankings, defect formation energies, elastic constants, and 

force predictions on migrating atoms.  
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6.2 Future work 

This dissertation demonstrates that systematically assessing MLP performance on 

atomistic dynamics is critical to enable wide applications of MLP techniques in atomistic modeling 

studies. According to our results on the MLP errors, several future directions are listed as follows: 

1) The further development of MLPs to address the errors and discrepancies observed require 

further study on the effect of descriptors, ML models, and training data selection. For example, 

the performances on energy rankings of MLPs are rarely studied previously. Efforts such as 

modifying the training data to improve MLP with lower ranking errors will be valuable. The 

use of our evaluation metrics will greatly aid this process. Investigating how MLPs with 

high/low scores on different evaluation metrics may perform in actual atomistic simulations 

may be another interesting research topic. 

2) Examining more phenomena related to atom dynamics and develop corresponding evaluation 

metrics will expand the understanding of MLPs’ performance and their limits. A diverse set of 

assessments on properties and atom dynamics will likely uncover many more discrepancies in 

MLP applications, which can be further employed as demonstrated in our study to improve 

MLPs.  

3) Since surfaces and interfaces are of great interest for industrial applications and are widely 

studied in atomistic modeling. A systematic testing of MLP performances on surfaces and 

interfaces will be valuable for studying surface/interface phenomena and related applications.  
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Appendices 
 

Appendix A 

 

Figure A1. Steps and Criteria of selecting candidate chloride systems with face-centered cubic 
(fcc) and hexagonal close packed (hcp) anion sublattice from the Inorganic Crystal Structure 
Database (ICSD). 
 

Table A1. Selected candidate Li-containing chloride systems. 

Composition Ehull (meV/atom) Anion framework Space Group ICSD IDs 
Li6VCl8 13 fcc Fm37m 100834 
Li2ZnCl4 17 fcc Fd37m 202743 
Li5CrCl8 11 fcc Cmmm 67742 
Li2CrCl4 38 fcc C2/c 202627 
Li2CoCl4 20 fcc Cmmm 73227 
Li2MgCl4 5 fcc Fd37m 74957 
Li2CdCl4 10 fcc Fd37m 74958 
LiTiCl3 148 fcc Fd37m 56481 

Li2CrCl4 61 fcc Fd37m 67259 
Li2CoCl4 24 fcc Imma 202402 
Li2CoCl4 36 fcc Fd37m 73229 
LiTiCl3 150 fcc Fm37m 62248 

Li3ScCl6 18 fcc C2/m 50153 
Li3InCl6 20 fcc C2/m 89617 
Li2ZnCl4 13 hcp Pnma 73222 
LiAlCl4 0 hcp P21/c 1040 
LiWCl6 13 hcp R3 409938 
Li3ErCl6 0 hcp P37m1 50151 
Li3YbCl6 75 hcp Pnma 50152 
LiAlCl4 0 hcp Pmn21 244127 
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Table A2. AIMD screening of unsubstituted and substituted Li-containing chlorides in Figure 2.2. 
 

ICSD ID Composition Ehull 
(meV/atom) 

𝜎 at 500K 
(mS cm-1) 

Error bound 
[𝜎min, 𝜎max] (mS cm-1) 

𝜎 at 600K 
(mS cm-1) 

Error bound 
[𝜎min, 𝜎max] (mS cm-1) 

100834 Li6MgCl8 15 / / Very low / 
 Li23/4Mg3/4Sc1/4Cl8 28 / / Very low / 
 Li11/2Mg1/2Sc1/2Cl8 19 / / Very low / 
 Li5ScCl8 22 / / Very low / 

202743 Li2ZnCl4 17 / / Very low / 
 Li7/4Zn3/4In1/4Cl4 25 / / Very low / 
 Li3/2Zn1/2In1/2Cl4 25 / / 83 [43, 124] 
 LiInCl4 16 184 [115, 253] Melt / 

67742 Li5InCl8 0 / / 154 [93, 215] 
 Li19/4Sc3/4Zr1/4Cl8 21 / / Very low  
 Li9/2Sc1/2Zr1/2Cl8 24 / / 119 [66, 172] 
 Li4ZrCl8 26 53 [28, 79] 224 [167, 281] 
 Li21/4Sc3/4Mg1/4Cl8 22 / / Very low / 
 Li11/2Sc1/2Mg1/2Cl8 27 / / Very low / 
 Li6MgCl8 30 / / Very low / 

73227 Li2MgCl4 12 / / Very low / 
 Li7/4Mg3/4Sc1/4Cl4 15 / / Very low / 
 Li3/2Mg1/2Sc1/2Cl4 19 / / Very low / 
 LiScCl4 34 / / Very low / 

73222 Li2ZnCl4 13 / / Very low / 
 Li7/4Zn3/4Al1/4Cl4 20 / / Very low / 
 Li3/2Zn1/2Al1/2Cl4 21 / / 88 [31, 147] 
 LiAlCl4 17 269 [201, 338] 601 [448, 753] 

202627 Li2MgCl4 7 / / Very low  
 Li7/4Mg3/4In1/4Cl4 8 / / 86 [53, 120] 
 Li3/2Mg1/2In1/2Cl4 6 / / Very low / 
 LiInCl4 0 / / Very low / 

202402 Li2MgCl4 7 / / 32 [18, 47] 
 Li7/4Mg3/4In1/4Cl4 3 / / Very low / 
 Li3/2Mg1/2In1/2Cl4 4 / / 121 [70, 173] 
 LiInCl4 0 / / 128 [44, 212] 

73229 Li2MgCl4 26 / / Very low / 
 Li7/4Mg3/4Sc1/4Cl4 28 / / Very low / 
 Li3/2Mg1/2In1/2Cl4 8 / / 140 [91, 190] 
 LiInCl4 0 / / 73 [30, 116] 

50153 Li3ScCl6 18 / / 175 [130, 221] 
 Li11/4Sc3/4Zr1/4Cl6 15 167 [126, 210] 242 [192, 294] 
 Li5/2Sc1/2Zr1/2Cl6 14 179 [133, 227] 508 [409, 608] 
 Li2ZrCl6 8 122 [92, 154] 576 [431, 722] 
 Li13/4Sc3/4Mg1/4Cl6 22 / / 127 [60, 194] 
 Li7/2Sc1/2Mg1/2Cl6 26 / / 129 [44, 215] 
 Li4MgCl6 30 / / 83 [41, 125] 

89617 Li3InCl6 20 120 [88, 153] 406 [304, 509] 
 Li11/4In3/4Zr1/4Cl6 19 152 [113, 191] 350 [262, 440] 
 Li5/2In1/2Zr1/2Cl6 30 172 [129, 216] 270 [219, 321] 
 Li13/4In3/4Mg1/4Cl6 17 97 [71, 124] 181 [145, 218] 
 Li7/2In1/2Mg1/2Cl6 30 71 [48, 95] 178 [133, 223] 

1040 LiAlCl4 0 235 [114, 356] Melt / 
 Li5/4Al3/4Zn1/4Cl4 11 226 [168, 285] Melt / 
 Li3/2Al1/2Zn1/2Cl4 26 259 [194, 324] Melt / 
 Li2ZnCl4 19 135 [105, 174] 420 [315, 525] 

409938 Li2ZrCl6 13 70 [45, 95] Melt / 
 Li3InCl6 19 543 [416, 670] 785 [611, 961] 

244127 LiAlCl4 0 / / Very low / 
 Li5/4Al3/4Zn1/4Cl4 6 198 [149, 249] 581 [434, 728] 
 Li3/2Al1/2Zn1/2Cl4 13 280 [210, 350] Melt / 
 Li2ZnCl4 12 39 [8, 72] 315 [236, 394] 

74958 Li2CdCl4 10 / / 92 [43, 141] 
 Li7/4Cd3/4Y1/4Cl4 20 / / 151 [93, 211] 
 Li3/2Cd1/2Y1/2Cl4 29 / / 160 [104, 217] 
 LiInCl4 0 / / 70 [20, 121] 
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Figure A2. Arrhenius plots of potential lithium superionic conductors (SICs) predicted by 
ab initio molecular dynamics (AIMD) simulations. 
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Table A3. Energies above the hull (Ehull), Li-ion conductivities at 300 K (𝜎) with error bounds, 
activation energies (Ea), and the band gaps (Eg) of potential Li SICs predicted by AIMD 
simulations. 

 
ICSD ID of 

original compound Composition Ehull 

(meV/atom) 
𝜎 at 300K 
(mS cm-1) 

Error bound 
[𝜎min, 𝜎max] (mS cm-1) Ea (eV)  

Eg (eV) 
89617 Li3InCl6 20 1.2 [0.1, 11] 0.29 ± 0.05 2.5 
89617 Li7/2In1/2Mg1/2Cl6 30 2 [0.1, 44] 0.29 ± 0.07 4.0 
1040 Li2ZnCl4 19 3 [0.2, 38] 0.33 ± 0.06 5.0 

50151 Li3ErCl6 0 3 [0.1, 118] 0.28 ± 0.02 6.1 
89617 Li7/2In1/2Zr1/2Cl6 30 4 [0.3, 48] 0.30 ± 0.06 3.4 
89617 Li13/4In3/4Mg1/4Cl6 17 4 [0.2, 62] 0.27 ± 0.06 4.0 
50151 Li7/2Er1/2Mg1/2Cl6 18 5 [0.3, 71] 0.27 ± 0.06 5.9 
50151 Li5/2Er1/2Zr1/2Cl6 8 6 [0.4, 81] 0.29 ± 0.06 4.3 
50151 Li8/3Er2/3Zr1/3Cl6 5 11 [0.8, 133] 0.25 ± 0.06 4.1 
50151 Li2ZrCl6 13 11 [0.8, 149] 0.25 ± 0.06 4.1 
50153 Li5/2Sc1/2Zr1/2Cl4 14 12 [0.9, 158] 0.25 ± 0.06 4.1 
50151 Li3YCl6 22 14 [5, 47] 0.28 ± 0.02 6.0 

244127 Li5/4Al3/4Zn1/4Cl6 6 14 [1, 193] 0.25 ± 0.06 6.0 
89617 Li11/4In3/4Zr1/4Cl6 19 22 [2, 316] 0.20 ± 0.06 3.6 
50151 Li8/3Y2/3Zr1/3Cl6 25 23 [2, 308] 0.20 ± 0.06 4.3 
50153 Li11/4Sc3/4Zr1/4Cl6 15 31 [2, 525] 0.17 ± 0.06 4.3 
73222 LiAlCl4 17 37 [3, 527] 0.21 ± 0.06 5.8 
50151 Li5/2Y1/2Zr1/2Cl6 24 37 [3, 423] 0.18 ± 0.06 4.1 

409938 Li3InCl6 19 209 [16, 2724] 0.13 ± 0.06 4.0 
 

 

Figure A3. Thermodynamic intrinsic electrochemical windows of potential Li SICs evaluated 
using first principles computation scheme in Ref. [48]. 
  



 

 

97 
 

Table A4. Thermodynamic intrinsic electrochemical window and phase equilibria of predicted Li 
SICs evaluated using first principles computation scheme in Ref. [48]. 
 

ICSD ID 
of original 
compound 

Composition Reduction onset /V 
ref. to Li/Li+ 

Phase equilibria 
at reduction onset 

Oxidation onset /V 
ref. to Li/Li+ 

Phase equilibria 
at oxidation onset 

89617 Li3InCl6 2.17 LiCl, InCl 4.42 Cl2, InCl3 
89617 

 
Li7/2In1/2Mg1/2Cl6 

 
2.17 

 LiCl, InCl, Li2MgCl4 4.21 
 

Cl2, Li3InCl6, 
Li2MgCl4 

1040 Li2ZnCl4 1.90 LiCl, Zn 4.21 Cl2, ZnCl2 
50151 Li3ErCl6 0.62 LiCl, Er 4.27 Cl2, ErCl3 
89617 Li7/2In1/2Zr1/2Cl6 2.17 LiCl, InCl, ZrCl4 4.21 Cl2, Li3InCl6, ZrCl4 
89617 

 
Li13/4In3/4Mg1/4Cl6 

 
2.17 

 LiCl, InCl, Li2MgCl4 4.21 
 

Cl2, Li3InCl6, 
Li2MgCl4 

50151 
 

Li7/2Er1/2Mg1/2Cl6 

 
0.82 

 
LiCl, Li3ErCl6, Mg 

 
4.21 

 
Cl2, Li3ErCl6, 

Li2MgCl4 
50151 Li5/2Er1/2Zr1/2Cl6 1.71 LiCl, Li3ErCl6, ZrCl3 4.21 Cl2, Li3ErCl6, ZrCl4 
50151 Li8/3Er2/3Zr1/3Cl6 1.71 LiCl, Li3ErCl6, ZrCl3 4.21 Cl2, Li3ErCl6, ZrCl4 
50151 Li2ZrCl6 1.71 LiCl, ZrCl3 4.21 Cl2, ZrCl4 
50153 Li5/2Sc1/2Zr1/2Cl4 1.71 LiCl, ScCl3, ZrCl3 4.21 Cl2, ScCl3, ZrCl4 
50151 Li3YCl6 0.61 LiCl, Y2Cl3 4.21 Cl2, YCl3 

244127 Li5/4Al3/4Zn1/4Cl6 1.90 LiCl, LiAlCl4, Zn 4.21 Cl2, LiAlCl4, ZnCl2 
89617 Li11/4In3/4Zr1/4Cl6 2.17 LiCl, InCl, ZrCl4 4.21 Cl2, Li3InCl6, ZrCl4 
50151 Li8/3Y2/3Zr1/3Cl6 1.71 LiCl, YCl3, ZrCl3 4.21 Cl2, YCl3, ZrCl4 
50153 Li11/4Sc3/4Zr1/4Cl6 1.71 LiCl, ScCl3, ZrCl3 4.21 Cl2, ScCl3, ZrCl4 
73222 LiAlCl4 1.53 LiCl, Al 4.45 Cl2, AlCl3 
50151 Li5/2Y1/2Zr1/2Cl6 1.71 LiCl, YCl3, ZrCl3 4.21 Cl2, YCl3, ZrCl4 

409938 Li3InCl6 2.17 LiCl, InCl 4.42 Cl2, InCl3 
 

 

 

 
Figure A4. Li-ion conductivities of original and substituted Li-containing chlorides at 500 K 
versus Li octahedral occupancy for a) LixM2/3Cl4, b) LixM1/2Cl4 and c) LixMCl4. 
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Table A5. Summary of nudged elastic band (NEB) calculations for Li-ion migration in different 
materials (Figure 2.3). 
 

ICSD ID Composition Substitution level (%) Percolated barrier (eV) All barriers (eV) 
100834 Li6MgCl8 0 0.21 0.21 

 Li23/4Mg3/4Sc1/4Cl8 25 0.30 0.30 
 Li5ScCl8 100 Depends on Li 0.38, 0.38 

73227 Li2MgCl4 0 0.17 0.17, 0.38 
 Li7/4Mg3/4Sc1/4Cl4 25 0.30 0.30, 0.22 
 Li3/2Mg1/2Sc1/2Cl4 50 0.42 0.42, 0.36, 0.29 
 LiScCl4 100 Depends on Li 0.24, 0.40, 0.36 

74957 Li2MgCl4 0 0.25, 0.16 0.25, 0.16 
 Li7/4Mg3/4In1/4Cl4 25 0.38 0.38, 0.38 
 Li3/2Mg1/2In1/2Cl4 50 0.44 0.42, 0.43, 0.44, 0.40, 0.53 

50151 Li3YCl6 0 0.20 0.20, 0.24, 0.35 
 Li8/3Y2/3Zr1/3Cl6 33 0.18, 0.27, 0.35 0.18, 0.26, 0.17, 0.11, 0.27, 0.27, 

0.29, 0.41, 0.35, 0.39, 0.35 
 Li5/2Y1/2Zr1/2Cl6 50 0.18, 0.25 0.18, 0.27, 0.13, 0.39, 0.25, 

0.13, 0.14, 0.38, 0.23, 0.40 
50153 Li3ScCl6 0 0.24 0.24, 0.24, 0.32 

 Li11/4Sc3/4Zr1/4Cl6 25 0.24, 0.36 0.24, 0.43, 0.36, 0.55, 0.51, 0.35, 
0.38, 0.24, 0.21, 0.23, 0.29 

 Li5/2Sc1/2Zr1/2Cl6 50 0.20, 0.26 0.26, 0.20, 0.37, 0.26, 0.32, 0.19, 
0.49, 0.40, 0.45, 0.22, 0.15 

67742 Li5ScCl8 0 0.16 0.16, 0.37, 0.55 
 Li19/4Sc3/4Zr1/4Cl8 25 0.29 0.29 
 Li9/2Sc1/2Zr1/2Cl8 50 0.15 0.15, 0.17, 0.13, 0.26, 0.11, 0.13 
 Li4ZrCl8 100 Depends on Li 0.14, 0.32 

 

1. Cation blocking effect in Li2MCl4 

Using NEB calculations, we found that, in unsubstituted Li2MgCl4 (Cmmm), some empty 

octahedral sites have high energy barriers for Li-ions to access (green octahedra, Figure A5a). The 

energy barrier of Li-ion migration from original octahedral site to these high-energy sites is as high 

as 0.51 eV (Figure A5b and c). This result suggests the blocking effect of cations for Li-ion 

migration to certain empty octahedral sites. In addition, the Li+ probability density from AIMD 

simulations in substituted materials, such as Li3/2Mg1/2Sc1/2Cl4 (Cmmm), also confirms that these 

sites were difficult to access during Li-ion diffusion. 
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Figure A5. a) Crystal structure of unsubstituted Li2MgCl4 (Cmmm) with high-energy Li sites 
(shown in octahedra). b) Li-ion migration pathway (green spheres) through the high-energy sites 
and Li+ probability density (yellow) from AIMD simulation. c) The energy landscape of Li-ion 
migration pathway in b) from NEB calculation. 
 

2. Quantitative analysis of surrounding environments 

To generate quantitative features of surrounding cations M and Li-ions for Li-ion diffusion 

pathways, we obtained radial distribution functions (RDFs) g(r) of other non-mobile Li-ions in 

migration path surrounding Li-ion centers (Li-Li g(r)) and M surrounding Li-ion centers (Li-M 

g(r)), and took the radial distance (r) and coordination number (CN) of the first three peaks of each 

g(r) (Figure A6a and b). Standard deviation (STD) of r and CN are quantified to describe the 

distortion of crystal structures, which have multiple small peaks. A total of 54 quantitative features 

were generated for each migration pathway.  

To identify key features for Li-ion migration, we applied Lasso model, which was linear 

regression model with L1 regularization, on DEf, DEm and DEb of migration pathways. The model 

parameter a of L1 regularization was generated by using 70% of dataset as training data, 20% as 

validation data, while leaving 10% of dataset out. The variable coefficients of Lasso models were 

descriptors of feature importance. We used a bootstrap strategy and performed 200-fold cross-

validation process which took 80% of total dataset for each fold, and the average coefficients were 

obtained.  
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We further investigated correlations of site energy differences and energy barriers on the 

features suggested by averaged coefficients of Lasso models. Our analysis found that the 2nd 

nearest M location, i.e., the 2nd peak position of Li-M distances in g(r) of M with mobile Li-ions 

at the center, is an important feature, compared to the closest M (1st nearest M). The radial 

distances of the 2nd peak in Li-M g(r) are either around 5.1 Å or 6.3 Å (Figure 2.3). Migration 

paths with 2nd nearest M locating at 5.1 Å are more likely to have low site energy differences 

(Figure A6c and d). Migration pathways with high site energy differences are more likely to have 

farther 2nd nearest M at 6.3 Å (Figure A6c and d). Different 2nd nearest M locations correspond to 

distinct cation configurations, where the 2nd Li-M peaks of materials with sparse cation 

configurations are around 5.1 Å (Figure 2.3j). Other important features from Li-M g(r) include the 

CN of the 1st nearest M (the corresponding CN of the 1st Li-M peak) on initial sites, i.e., 1st CNinitial 

M, and the change of CN of the 1st nearest M between initial and final sites, i.e., 1st CND M (Figure 

A6e and f). Detailed analysis and crystal structures on individual migration pathways show that, 

the high correlations between site energy differences and these 1st nearest M CN features are 

caused by several migration pathways with very large site energy differences (around 0.5 eV). 

Features from Li-Li g(r) may have high correlation with either DEf or DEm, but not with both of 

them, implying no universal Li-Li feature for site energy differences. 
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Figure A6. a) The RDF g(r) of octahedron sites in an fcc anion framework (Figure 2.3h). The 
radial distance r of the first three peaks correspond to three nearest octahedron sites, with distances 
3.6 Å, 5.1 Å and 6.3 Å. b) the integrated CN of g(r) in a). c,d) The site energy differences DEf and 
DEm (colored squares) plotted with r of the 2nd Li-M peaks for initial and c) intermediate, d) final 
sites. e,f) the variable coefficients generated from Lasso models, showing the correlation of 
different features with site energy difference e) DEf and f) DEm. 
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Table A6. Summary of hypothetical Li-containing chloride materials with reduced cation 
concentrations. 
 

ICSD ID 
of original compounds 

Composition Ehull 

(meV/atom) 
𝜎 at 600K 
(mS cm-1) 

Error bound 
[𝜎min, 𝜎max] (mS cm-1) 

202402 Li17/8Sc5/8Cl4 39 420 [315, 525] 
 Li7/4Sc3/4Cl4 42 252 [188, 316] 

202627 Li2Sc2/3Cl4 30 148 [88, 209] 
 Li7/4Sc3/4Cl4 45 71 [31, 111] 
 Li2Hf1/2Cl4 46 244 [183, 305] 
 Li2Zr1/2Cl4 41 641 [481, 801] 

73227 Li2Sc2/3Cl4 21 77 [47, 108] 
 Li7/4Sc3/4Cl4 37 52 [30, 74] 
 Li2Zr1/2Cl4 31 231 [173, 289] 

74957 Li17/8Sc5/8Cl4 44 198 [147, 249] 
 Li7/4Sc3/4Cl4 37 262 [195, 329] 

 

 

 

 

 

Figure A7. The site energy difference DEf and DEm in substituted (black) and in unsubstituted 
(color) Li2MgCl4 (Cmmm) and Li2MgCl4 (Fd3#m). 
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Appendix B 

B1. First-principles computation 

We performed all density functional theory (DFT) calculations by using the Vienna ab 

initio simulation package[98] (VASP) within the projector augmented-wave[99] (PAW) approach. 

We adopted Perdew-Burke-Ernzerhof[100] (PBE) functionals by generalized-gradient 

approximation (GGA) to calculate total energies in most of our calculations. In addition, we used 

the Heyd-Scuseria-Ernzerhof (HSE) functional[101] to calculate the band gap and the density of 

states (DOS) for potential Li SIC materials. The convergence parameters of all static DFT 

calculations were consistent with the Materials Project.[102,103] 

 

B2. Ab Initio molecular dynamics simulation 

AIMD simulations were performed following the same scheme adopted in Ref.[29]. The 

supercell models for all materials were generated with lattice parameters at around 10 Å or larger. 

AIMD simulations used non-spin-polarized DFT calculations with a G-centered 1´1´1 k-point 

grid. The initial temperature of simulations was set to 100K after static relaxation of all initial 

structures. With the time step setting to 2 fs, the structures were heated to the final temperatures at 

a constant rate by velocity scaling during a period of 2 ps. All simulations adopted the NVT 

ensemble with Nosé-Hoover thermostat, where an Nosé-mass corresponding to period of 40 time 

steps was chosen (i.e., SMASS = 0 setting in VASP).[104] The evaluations of ionic diffusivity, 

conductivity and corresponding errors followed the method in Ref.[4] using the Einstein relation. 

During the AIMD simulations, the trajectories of all lithium ions were tracked, and the total mean 

squared displacement (TMSD) of lithium ions is evaluated as a function of time interval Dt as 

TMSD(∆𝑡) = ∑ T
&∆3

&
\]T ∑ |𝒓\(𝑡 + ∆𝑡) − 𝒓\(𝑡)|Q

^454'∆^
^]W    Eq. (B1) 
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where ri is the trajectory of the lithium ion i and NDt is the total number of time intervals Dt during 

the entire time duration ttot of AIMD simulation. TMSD(Dt) is an averaged value of TMSD over 

all possible time intervals of Dt during the AIMD simulation and represents the total diffusion of 

all lithium ions over a period of time.  

The diffusivity of a specific specie of mobile carrier can be evaluated according to Einstein 

relation: 

𝐷 = T
&
E`aD(∆^)
Qd∆^

        Eq. (B2) 

where N is the number of the mobile carriers and d is set to 3 for 3D ion conductors.  

The diffusivity or mobility is defined for a specific species of mobile carrier, for example, 

Li-ion versus vacancy, and has different values for different mobile carriers, so as the N is different.  

The lithium ionic conductivity is calculated following the Nernst-Einstein relation as  

𝜎 = &
e

f1

g6h
𝐷 = f1

eg6h
E`aD(∆^)
Qd∆^

      Eq. (B3) 

where V is the volume of the model, q is the charge of the carrier, kB is the Boltzmann constant, 

and T is the temperature. This equation assumes independent hopping of ions, which are confirmed 

by the AIMD simulations.[17] The ion conductivity is independent from the choice of specific 

species of mobile carrier, as the TMSD represents the total diffusion of all lithium ions in the 

material.  

Given that the ion hopping is a stochastic process, the statistical deviations of the 

diffusivities were evaluated according to the values of total mean squared displacement using the 

scheme in Ref.[4] The total time duration of AIMD simulations were within the range of 100 to 

1000 ps until the ionic diffusivity converged with relative standard deviation lower than 25%, 

which correspond to total mean squared displacements in an approximate range of 2500 to 6000 
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Å2. The Li-ion probability density was calculated as the time fraction of Li-ions at each spatial 

location during the AIMD simulations.[32]  

 

B3. AIMD screening of Li-ion conductors 

As an initial screening for fast Li-ion conductors, AIMD simulations were performed at 

500 K and 600 K in unsubstituted and substituted compounds. The materials with 𝜎600 K < 200 mS 

cm-1 or 𝜎500 K < 50 mS cm-1 were first excluded because they were unlikely to be Li SICs at RT. 

Then we selected materials that satisfy log(𝜎T)600 K < 1.25 log(𝜎T)500 K – 0.62, for which 

extrapolated Li-ion conductivities are higher than 1 mS cm-1 at 300 K. The materials that passed 

the initial AIMD screening were further evaluated in AIMD simulations at a total of five 

temperatures (conducting additional simulations at 530 K, 560 K and 650 K) to obtain the 

Arrhenius relation:  

𝜎𝑇 = 𝜎Wexp	(−
C7
g6h

)       Eq. (B4) 

where T is temperature, kB is the Boltzmann constant, Ea is activation energy, 𝜎0 is the pre-

exponential factor and 𝜎 is conductivity.[29] Using Arrhenius relationship, the activation energy 

and the evaluated Li-ion conductivity at 300 K were reported.  
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B4. Nudged elastic band calculations 

NEB calculations were performed in the same supercell models. Static relaxation of initial 

and final structures used an energy convergence criterion at 10-7 eV and a force convergence 

criterion within 0.01 eV/Å. For NEB calculations, five images were linearly interpolated between 

the fully relaxed initial and final structures. The energy convergence criterion of NEB calculations 

was adjusted to 10-6 eV and the force convergence criterion was set to 0.05 eV/Å.  

We constructed NEB migration pathways from Li-ion probability density generated by 

AIMD simulations[32] to best represent the Li-ion hopping with realistic lithium and cation 

configurations. For unsubstituted compounds with no vacant Li-ion sites, we removed a Li ion 

from the original structure to create a Li-ion vacancy with a background electron for charge 

compensation. Two NEB calculations were performed for the first part of migration pathways 

between initial oct and intermediate tet sites and for the second part between intermediate tet and 

final oct sites. The energy barrier DEb of the complete migration pathway was calculated by the 

difference between the maximum and minimum energies along the entire oct-tet-oct migration 

pathway. To have a consistent comparison among different pathways, the initial site was set to the 

site with the lowest energy, so that DEf was equal to or greater than 0 eV. 
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B5. Selection of Li-containing chlorides systems 

The candidate Li-containing chlorides were selected according to the following criteria. 

We first excluded compounds containing H, C, O, S, N, F, Br, I, or radioactive elements or having 

unbalanced charge. From the remaining structures, we selected the anion sublattices with fcc or 

hcp framework by applying the structural matching algorithm using pymatgen[105], following a 

similar scheme in Ref.[59]. The tolerance parameters of supercell lattice angle and the supercell 

lattice length was set to 5° and 20%, respectively, and the site root-mean-square tolerance was set 

to 0.3(V/n)1/3, where V/n was the volume V normalized by the number of atoms n. We kept only 

one representative compound for each unique structure and distinct cation configuration as a 

candidate material system. The numbers of compounds that passed each screening step are 

summarized (Figure A1).  

For candidate systems with redox-active transition metal cations such as Co, Cr, and V, we 

first substituted the original cations by isovalent non-redox-active elements, such as Mg and Sc, 

as suggested by the ionic substitution probability.[66] For candidate systems with disordered and 

partially occupied sites, we performed site ordering for these materials following the procedure 

described below. Then, static DFT relaxations were performed to select the material with the 

lowest Ehull. 
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B6. Aliovalent substitution of materials 

The aliovalent substitution elements were identified from the main group elements and Sc, 

Y, Zr, Zn, Cd, that have high ionic substitution probability suggested by Ref.[66]  and have ionic 

radii that satisfy Pauling’s first rule[106].  

To obtain substituted materials, we substituted 25%/33%, 50% and 100% of original 

cations with a partial occupancy. The Li content of the material was changed accordingly to 

balance the valence after aliovalent doping. For decreasing Li content, the partial occupancies of 

original Li-ion sites were correspondingly lowered. For increasing Li content, extra Li-ions were 

added to empty oct sites with corresponding partial occupancy. The site ordering process was 

performed to substituted material to obtain the ordered structure with lowest energy. Only 

materials with good phase stability, i.e., the energies above the hull Ehull < 40 meV per atom, were 

kept for further study. For artificially constructed materials with reduced cation concentration in 

Chapter 2.3, an identical procedure was followed. 

 

B7. Ordering of structures with partial occupancy 

To obtain the ordered structures, we generated 10,000 structures by randomly occupying 

the disordered sites with probabilities as the corresponding partial occupancies. Among all these 

structures, 20 symmetrically distinct structures with minimal electrostatic energies were selected 

for DFT calculations. The structure with the lowest DFT energy was selected as the representative 

ordered structure for further studies. 
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B8. Quantitative analysis of local environment surrounding cation and Li-ion 

Quantitative analyses of local environments surrounding cation and Li-ion were performed 

on a large number of individual Li-ion migration pathways. For each individual Li-ion migration 

pathway, we generated RDFs g(r) of initial, intermediate and final sites of Li-ion. We generated 

two RDFs of surrounding environments for each site, one for surrounding cations and the other 

one for surrounding Li-ions. The radial distances and coordination numbers obtained from g(r) 

were used as quantitative features for linear regression models of migration energy barrier and site 

energy differences (details in Appendix A). 
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Appendix C 

1. Errors of MLPs 

Here, as shown in Figure C1 and C2, we perform additional testing for the energy and 

force errors of MLPs and DFT calculations using vacancy- and interstitial- RE testing sets, where 

the construction of these testing sets is described in the Error Evaluation of Atomic Forces in 

Appendix D. Here we analyze a total of 11 known MLPs, including six MLPs from previous 

studies as shown in main text (GAP, GAPPRX, NNP, DeePMD, SNAP, and MTP), and  GAPRPA 

and GAPSCAN,[40] DeePMD (original) and DeepPot-SE (original) directly retrieved from Ref.[79], 

from Zuo et al.,[1] Bartók et al.,[78] Deringer et al,[40] and Zhang et al.,[79] and the reproduced 

DeepPot-SE retrained from the same training data and optimization scheme, as described in 

Appendix D. 

Table C1 shows the energy and force performances of 12 RE-enhanced MLPs on vacancy- 

and interstitial- RE testing sets. The six interstitial-enhanced MLPs are the representative MLPs 

obtained through our RE-enhanced work flow in Optimizing Enhanced MLPs in Appendix D and 

in main text. We obtain the root-mean-squared errors (RMSEs) of the energies and forces, 𝜎ETest 

and 𝜎FTest, predicted by MLPs (Table C1).[1,78,79] RMSEs of the energies and forces on vacancy-

RE testing set are labelled 𝜎E Vac Test and 𝜎FVac Test, while those on interstitial-RE testing set are 

labelled 𝜎E Int Test and 𝜎FInt Test, respectively. Most MLPs show small averaged errors for atomic 

forces of all atoms in the dataset where 𝜎FTest are mostly within the range between 0.1 to 0.4 eV/Å, 

consistent with the force RMSEs range 0.1 – 0.35 eV/Å in original publications[1,40,78,79], except 

for DeepPot-SE (original), which may be because its original training data lacks of similar 

configurations in the testing dataset. All RMSEs of energies and forces on training data, 𝜎ETrain and 

𝜎FTrain, are comparable with the values reported in previous publications.[1,40,78,79] 
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Figure C1. Comparison of the (a) atomic forces and (b) energies predicted by the known MLPs to 
DFT calculations for the vacancy-RE testing set.  
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Figure C2. Comparison of the (a) atomic forces and (b) energies predicted by known MLPs to 
DFT calculations for the interstitial-RE testing set. 
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Table C1. Summary of MLP errors. RMSEs of energies on the training data, on the testing data, 
and of atomic forces on the testing data, using the vacancy-RE testing set and interstitial-RE testing 
set. The training energy RMSEs, 𝜎ETrain, are based on the original training dataset in previous 
studies.[1,40,78,79] 
 

 Models RMSE 
𝜎E

Train 
(meV/atom) 

RMSE 
𝜎E

Vac Test 
(meV/atom) 

RMSE 
𝜎F

Vac Test 
(eV/Å) 

RMSE 
𝜎E

Int Test 
(meV/atom) 

RMSE 
𝜎F

Int Test 
(eV/Å) 

Ref. 

Known MLPs 
Trained in previous 

studies 

GAP 5 6 0.12 13 0.15 [1] 
GAPPRX 1 N/A 0.10 N/A 0.12 [78] 
GAPRPA 46 N/A 0.38 N/A 0.38 [40] 
GAPSCAN 3 N/A 0.28 N/A 0.27 [40] 

NNP 11 8 0.20 6 0.22 [1] 
DeePMD 5 10 0.24 7 0.26  

DeepPot-SE 5 8 0.19 12 0.26  
DeePMD (original) 1 N/A 0.21 N/A 0.29 [79] 

DeepPot-SE 
(original) 

0.3 N/A 0.51 N/A 1.43 [79] 

MTP 3 5 0.10 10 0.12 [1] 
SNAP 8 7 0.25 14 0.26 [1] 

Vacancy- 
enhanced MLPs 

GAPRE-V 3 3 0.09 8 0.13  
NNPRE-V 10 6 0.16 12 0.21  

DeePMDRE-V 11 6 0.14 12 0.24  
DeepPot-SERE-V 7 5 0.14 14 0.19  

SNAPRE-V 12 5 0.15 5 0.18  
MTPRE-V 1 1 0.07 12 0.12  

Interstitial- 
enhanced MLPs 

GAPRE-I 3 4 0.10 3 0.10  
NNPRE-I 10 6 0.17 5 0.17  

DeePMDRE-I 14 6 0.22 6 0.19  
DeepPot-SERE-I 9 7 0.16 4 0.16  

SNAPRE-I 13 6 0.15 5 0.16  
MTPRE-I 2 4 0.09 3 0.09  

Reported MLP 
errors from previous 

studies 

GAP 5 4 0.12   [1] 
GAPPRX / / 0.1a   [78] 

NNP 11 10 0.17   [1] 
MTP 3 3 0.09   [1] 

SNAP 8 8 0.34   [1] 
DeePMD 0.5 / 0.03   [79] 

DeepPot-SE 0.2 / 0.04   [79] 
a We used the reported estimation of force RMSE for GAPPRX from Bartók et. al.[78] here. 
** Energy errors of testing data on GAPPRX, GAPRPA, GAPSCAN, DeePMD (original), and DeepPot-
SE (original) are not evaluated (N/A) since they were trained using different DFT functionals or 
k-point meshes in previous publications, which cannot be directly compared with our DFT 
calculations. 
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Figure C3. Comparison of the phonon dispersion spectrums of the bulk Si calculated by (a) DFT 
calculations, (b) original MLPs, (c) interstitial-enhanced MLPs, and (d) vacancy-enhanced MLPs. 
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Figure C4. Comparison of the phonon dispersion spectrums of the Si supercell with a single 
vacancy calculated from (a) DFT calculations, (b) the known MLPs, (c) the interstitial-enhanced 
MLPs, and (d) the vacancy-enhanced MLPs.  
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2. Comparing atomic environments of training datasets 

Here we quantify and compare the atomic environments in different testing datasets and 

training datasets from previous studies and this study. The Smooth Overlap of Atomic Positions 

(SOAP) descriptor is employed using the same hyperparameter set and following the same 

approach as described in the Appendix D and Ref. [1], and has a feature vector of 325 elements for 

each atomic environment. To visualize the atomic environments and keep the computation process 

consistent for different datasets, we use all 657451 SOAP descriptors (17785 for GAPSCAN training 

data in Deringer et al. (SCAN),[40] 9498 for GAPRPA training data in Deringer et al. (RPA),[40] 

171815 for GAPPRX training data in Bartok et al.,[78] 13553 for dataset in Zuo et al.,[1] 432000 for 

DeePMD (orginal) training data in Zhang et al.,[79] 6500 for 𝒟RE-ITesting, and 6300 for 𝒟RE-VTesting) 

here and employ the following steps for dimension reduction and visualization. Firstly, we 

standardize all SOAP vectors by subtracting the mean and then scaling them by the standard 

deviation. Then, to visualize the distributions of atomic environments, we perform principal 

component analysis (PCA) on all standardized descriptors and plot the data distributions using the 

1st and the 2nd principal components. We use the two principal components generated here to plot 

the atomic environments (Figure 3.1a, b, and c in the main text, and Figure C5). 

To numerically quantify the differences of all atomic environments across the datasets, we 

first calculate a central average SOAP vector for each dataset by averaging the SOAP vector of all 

atom environments in the corresponding dataset. We then calculate the Euclidean distances d 

between the atomic environments in the given dataset (y axis) and the central SOAP vectors of the 

target datasets (x axis) as is shown (Figure C6). Thus, the differences of the atomic environments 

within the same dataset are quantified by the average and the standard deviation of the distances d 

to its central SOAP vector (the diagonal elements, Figure C6). The differences between two 
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different datasets are calculated using the same method shown as the non-diagonal elements 

(Figure C6). 

 

 

 

Figure C5. Comparison of atomic environments using the first two principal components of PCA 
based on the SOAP descriptors for the training datasets adopted in (a) Zhang et al.[79] (orange dots), 
(c) Zuo et al.[1] (cyan squares), (d) Bartok et al.[78] (cyan dots), (e) RPA in Deringer et al.[40] (cyan 
stars), (f) SCAN in Deringer et al.[40] (cyan triangles), and the testing datasets (b) 𝒟RE-ITesting (blue 
squares) and (g) 𝒟RE-VTesting (red squares). 
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Figure C6. The differences of atomic environments within and between the datasets. (a) The 
average Euclidean distances, <d>, and (b) the standard deviation of Euclidean distances, 𝜎d, for 
each pair of datasets (non-diagonal elements) and within the datasets (diagonal elements). The 
target datasets (x-axis) use their central SOAP vectors to calculate d with all the atomic 
environments in the given datasets (y-axis). 
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3. Vacancy-enhanced MLPs 

In addition to interstitial-enhanced MLPs shown in main text, we perform the RE-enhanced 

workflow (Appendix D) for vacancies, and we construct vacancy-enhanced training dataset and 

select six representative vacancy-enhanced MLPs. Following the same procedure of constructing 

interstitial-enhanced dataset in Generating RE-Enhanced Training Dataset, Appendix D, vacancy-

enhanced training dataset is constructed by replacing 120 structures in the original dataset in Ref.[1] 

by the snapshots containing vacancy REs that are selected by the vacancy k-means clustering 

model described in Chapter 3 and Appendix D. All processes and protocols, including the replaced 

structures and the sampling approach for vacancy snapshots, remain the same as described in 

Appendix D. 

Trained by the vacancy-enhanced training data, we select 54 good vacancy-enhanced 

MLPs, using the enhanced validation set, the optimization processes, and the 8-selection criterion 

same as in the Optimizing Enhanced MLPs in Appendix D. Finally, we calculate the joint force 

error score P(𝒟RE-I EVS)2+P(𝒟RE-VEVS)2 of these 54 selected vacancy-enhanced MLPs, and pick six 

of them with the highest scores (Optimizing Enhanced MLPs in the Appendix D) for each model 

as the representative vacancy-enhanced MLPs. 
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4. Diffusional properties 

The diffusional properties evaluated from AIMD and MLP-MD simulations for all MLPs 

(including known and RE-enhanced MLPs) are summarized (Table C2 and C3). For NNP (with 

interstitial) and DeepPot-SE (with either vacancy or interstitial), the crystal structures of Si melt 

at all temperatures tested (730 – 1600 K). For GAPSCAN, MD simulations with a vacancy show no 

diffusion at all temperatures tested, and for GAPRPA, the Si structures melt at temperatures 1230 K 

to 1600 K and show no diffusion below 1230 K. For NNPRE-I, DeePMDRE-I, and SNAPRE-I, MD 

simulations with a single vacancy show no diffusion at 1000 K. 
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Table C2. The diffusivities at 1000 K, the pre-exponential factors D0 and activation energies Ea 
from fitted Arrhenius relations for single-interstitial (superscript I) from AIMD and MLP-MD 
simulations. 
 

 Models D1000K
I 

(cm2/s) 
Error bound 

[Dmin, Dmax] (cm2/s) 
D0

I 
(cm2/s) 

Error bound 
[Dmin, Dmax] (cm2/s) 

Ea
I 

(eV) 
AIMD K2 6.6*10-7 [8.9*10-7, 4.4*10-7] 2.3*10-5 [4.1*10-5, 1.3*10-5] 0.30 ± 0.06 

K1 4.5*10-7 [5.7*10-7, 3.4*10-7] 7.7*10-6 [1.3*10-5, 4.5*10-6] 0.25 ± 0.05 
Known MLPs 
trained from 

previous 
studies 

GAP 4.6*10-7 [5.8*10-7, 3.4*10-7] 5.9*10-5 [9.4*10-5, 3.7*10-5] 0.42 ± 0.05 
GAPPRX 1.8*10-6 [2.2*10-6, 1.4*10-6] 8.3*10-6 [1.4*10-5, 4.9*10-6] 0.12 ± 0.06 
GAPRPA 1.8*10-6 [2.1*10-6, 1.5*10-6] 6.1*10-5 [1.4*10-4, 2.6*10-5] 0.29 ± 0.06 
GAPSCAN 6.7*10-7 [8.7*10-7, 4.7*10-7] 1.6*10-5 [2.2*10-5, 1.1*10-5] 0.23 ± 0.04 

NNP / / / / / 
DeePMD 2.3*10-6 [2.5*10-6, 2.2*10-6] 1.0*10-4 [1.1*10-4, 9.2*10-5] 0.24 ± 0.01 

DeepPot-SE 7.7*10-7 [8.7*10-7, 6.8*10-7] 2.6*10-5 [3.1*10-5, 2.2*10-5] 0.31 ± 0.02 
DeePMD 
(original) 

3.1*10-6 [3.4*10-6, 2.9*10-6] 5.5*10-6 [6.6*10-6, 4.5*10-6] 0.04 ± 0.01 

DeepPot-SE 
(original) 

/ / / / / 

MTP 5.5*10-7 [6.3*10-7, 4.7*10-7] 5.7*10-5 [7.1*10-5, 4.6*10-5] 0.42 ± 0.02 
SNAP 1.3*10-7 [1.5*10-7, 1.1*10-7] 6.4*10-4 [1.0*10-3, 4.1*10-4] 0.74 ± 0.05 

Vacancy- 
enhanced 

MLPs 

GAPRE-V 3.7*10-7 [4.5*10-7, 2.9*10-7] 5.9*10-5 [7.7*10-5, 4.5*10-5] 0.42 ± 0.03 
NNPRE-V 1.4*10-6 [1.6*10-6, 1.2*10-6] 3.6*10-6 [4.1*10-6, 3.2*10-6] 0.08 ± 0.01 

DeePMDRE-V 5.1*10-6 [5.4*10-6, 4.8*10-6] 2.2*10-5 [2.4*10-5, 2.1*10-5] 0.13 ± 0.01 
DeepPot-SERE-V 1.0*10-6 [1.1*10-6, 9.1*10-7] 1.5*10-5 [1.7*10-5, 1.3*10-5] 0.22 ± 0.01 

SNAPRE-V 2.3*10-6 [2.5*10-6, 2.0*10-6] 1.4*10-5 [1.7*10-5, 1.2*10-5] 0.17 ± 0.02 
MTPRE-V 4.3*10-8 [6.1*10-8, 2.6*10-8] 4.1*10-4 [7.1*10-4, 2.3*10-4] 0.77 ± 0.07 

Interstitial- 
enhanced 

MLPs 

GAPRE-I 1.0*10-6 [1.2*10-6, 8.3*10-7] 1.1*10-5 [1.4*10-5, 8.2*10-6] 0.20 ± 0.02 
NNPRE-I 7.8*10-7 [9.2*10-7, 6.4*10-7] 3.2*10-5 [3.9*10-5, 2.7*10-5] 0.33 ± 0.02 

DeePMDRE-I 1.1*10-5 [1.1*10-5, 1.0*10-5] 4.1*10-5 [4.4*10-5, 3.8*10-5] 0.15 ± 0.01 
DeepPot-SERE-I 1.9*10-6 [2.0*10-6, 1.7*10-6] 8.5*10-6 [9.5*10-6, 7.6*10-6] 0.14 ± 0.01 

SNAPRE-I 1.2*10-6 [1.3*10-6, 9.7*10-7] 3.1*10-5 [3.7*10-5, 2.6*10-5] 0.29 ± 0.02 
MTPRE-I 1.1*10-6 [1.2*10-6, 9.5*10-7] 1.9*10-5 [2.2*10-5, 1.6*10-5] 0.26 ± 0.02 
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Table C3. The diffusivities at 1000 K, the pre-exponential factors D0 and activation energies Ea 
from fitted Arrhenius relations for single-vacancy (superscript V) from AIMD and MLP-MD 
simulations. 
 

 Models D1000K
V 

(cm2/s) 
Error bound 

[Dmin, Dmax] (cm2/s) 
D0

V 
(cm2/s) 

Error bound 
[Dmin, Dmax] (cm2/s) 

Ea
V 

(eV) 
AIMD K2 5.2*10-7 [6.9*10-7, 3.6*10-7] 6.0*10-6 [1.1*10-5, 3.1*10-6] 0.20 ± 0.07 

K1 2.2*10-7 [2.8*10-7, 1.6*10-7] 7.4*10-6 [1.5*10-5, 3.7*10-6] 0.31 ± 0.07 
Known MLPs 
trained from 

previous 
studies 

GAP 5.8*10-7 [7.1*10-7, 4.5*10-7] 6.8*10-6 [1.0*10-5, 4.6*10-6] 0.21 ± 0.04 
GAPPRX 5.6*10-7 [7.8*10-7, 3.3*10-7] 5.1*10-6 [1.2*10-5, 2.1*10-6] 0.18 ± 0.10 
GAPRPA / / / / / 
GAPSCAN / / / / / 

NNP 6.7*10-7 [7.3*10-7, 6.1*10-7] 5.8*10-6 [8.0*10-6, 4.2*10-6] 0.19 ± 0.03 
DeePMD 2.8*10-6 [3.0*10-6, 2.5*10-6] 3.6*10-5 [4.0*10-5, 3.3*10-5] 0.17 ± 0.01 

DeepPot-SE 9.1*10-7 [1.0*10-6, 8.0*10-7] 6.3*10-6 [7.4*10-6, 5.4*10-6] 0.17 ± 0.02 
DeePMD 
(original) 

1.1*10-5 [1.1*10-5, 9.9*10-6] 4.6*10-5 [5.1*10-5, 4.2*10-5] 0.16 ± 0.01 

DeepPot-SE 
(original) 

/ / / / / 

MTP 6.0*10-7 [6.8*10-7, 5.2*10-7] 1.1*10-5 [1.4*10-5, 9.3*10-6] 0.25 ± 0.02 
SNAP 7.8*10-7 [8.5*10-7, 7.1*10-7] 5.4*10-6 [7.0*10-6, 4.1*10-6] 0.16 ± 0.02 

Vacancy- 
enhanced 

MLPs 

GAPRE-V 3.9*10-7 [4.7*10-7, 3.0*10-7] 8.7*10-6 [1.1*10-5, 6.7*10-6] 0.24 ± 0.03 
NNPRE-V 9.4*10-7 [1.1*10-6, 7.7*10-7] 9.4*10-6 [1.2*10-5, 7.3*10-6] 0.21 ± 0.03 

DeePMDRE-V 3.5*10-6 [3.7*10-6, 3.2*10-6] 1.2*10-5 [1.3*10-5, 1.1*10-5] 0.12 ± 0.01 
DeepPot-SERE-V 7.5*10-7 [8.3*10-7, 6.7*10-7] 3.6*10-6 [4.0*10-6, 3.2*10-6] 0.13 ± 0.01 

SNAPRE-V 5.7*10-7 [7.0*10-7, 4.4*10-7] 8.5*10-6 [1.0*10-5, 6.9*10-6] 0.23 ± 0.02 
MTPRE-V 8.0*10-7 [9.0*10-7, 7.0*10-7] 6.8*10-6 [8.1*10-6, 5.7*10-6] 0.19 ± 0.02 

Interstitial- 
enhanced 

MLPs 

GAPRE-I 9.7*10-7 [1.2*10-6, 7.9*10-7] 6.4*10-6 [8.2*10-6, 4.9*10-6] 0.17 ± 0.02 
NNPRE-I / / 1.8*10-6 [2.3*10-6, 1.4*10-6] 0.08 ± 0.03 

DeePMDRE-I / / 2.7*10-5 [2.9*10-5, 2.5*10-5] 0.12 ± 0.01 
DeepPot-SERE-I 6.2*10-7 [6.9*10-7, 5.4*10-7] 7.1*10-6 [8.1*10-6, 6.3*10-6] 0.21 ± 0.01 

SNAPRE-I / / 2.6*10-6 [3.2*10-6, 2.1*10-6] 0.14 ± 0.03 
MTPRE-I 1.2*10-6 [1.3*10-6, 1.1*10-6] 4.6*10-6 [5.4*10-6, 4.0*10-6] 0.11 ± 0.01 
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Table C4. The diffusivities at 1600 K, 1500K, 1230 K, 1000 K, 840 K, and 730 K for interstitial 
(superscript I) from AIMD and MLP-MD simulations. The MD simulations with melting 
structures (noted as melt) and not enough hopping events (noted as N/A) are marked. 
 

 Models D1600K
I 

(cm2/s) 
D1500K

I 
(cm2/s) 

D1230K
I 

(cm2/s) 
D1000K

I 
(cm2/s) 

D840K
I 

(cm2/s) 
D730K

I 
(cm2/s) 

AIMD K2 2.3*10-6 3.0*10-6 1.3*10-6 6.6*10-7 N/A N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[2.7*10-6, 
1.9*10-6] 

[3.6*10-6, 
2.4*10-6] 

[1.6*10-6, 
9.5*10-7] 

[8.9*10-7, 
4.4*10-7] 

  

K1 Melt Melt 6.4*10-7 4.5*10-7 1.9*10-7 1.6*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [8.0*10-7, 

4.8*10-7] 
[5.7*10-7, 
3.4*10-7] 

[2.6*10-7, 
1.2*10-7] 

[2.2*10-7, 
8.7*10-8] 

Known MLPs 
trained from 

previous 
studies 

GAP 2.8*10-6 Melt 1.1*10-6 4.6*10-7 1.7*10-7 N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.2*10-6, 
2.4*10-6] 

 [1.3*10-6, 
8.2*10-7] 

[5.8*10-7, 
3.4*10-7] 

[2.3*10-7, 
1.1*10-7] 

 

GAPPRX 3.4*10-6 2.9*10-6 3.4*10-6 1.8*10-6 N/A N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[4.0*10-6, 
2.8*10-6] 

[3.4*10-6, 
2.4*10-6] 

[4.1*10-6, 
2.8*10-6] 

[2.2*10-6, 
1.4*10-6] 

  

GAPRPA Melt Melt Melt 1.8*10-6 1.5*10-6 4.5*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
   [2.1*10-6, 

1.5*10-6] 
[1.8*10-6, 
1.3*10-6] 

[5.5*10-7, 
3.5*10-7] 

GAPSCAN 2.9*10-6 2.8*10-6 1.6*10-6 6.7*10-7 7.7*10-7 4.7*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.5*10-6, 
2.4*10-6] 

[3.3*10-6, 
2.3*10-6] 

[2.0*10-6, 
1.3*10-6] 

[8.7*10-7, 
4.7*10-7] 

[1.0*10-6, 
5.3*10-7] 

[6.4*10-7, 
2.9*10-7] 

NNP Melt Melt Melt Melt Melt Melt 
Error bound 

[Dmin, Dmax] (cm2/s) 
      

DeePMD Melt 2.1*10-5 5.7*10-6 2.3*10-6 3.8*10-6 2.5*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
 [2.2*10-5, 

2.0*10-5] 
[6.1*10-6, 
5.3*10-6] 

[2.5*10-6, 
2.2*10-6] 

[4.1*10-6, 
3.5*10-6] 

[2.6*10-6, 
2.3*10-6] 

DeepPot-SE 2.9*10-6 2.1*10-6 1.7*10-6 7.7*10-7 3.2*10-7 2.0*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.1*10-6, 
2.7*10-6] 

[2.3*10-6, 
1.9*10-6] 

[1.8*10-6, 
1.5*10-6] 

[8.7*10-7, 
6.8*10-7] 

[3.7*10-7, 
2.7*10-7] 

[2.4*10-7, 
1.6*10-7] 

DeePMD (original) Melt Melt 4.0*10-6 3.1*10-6 3.1*10-6 3.1*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [4.3*10-6, 

3.8*10-6] 
[3.4*10-6, 
2.9*10-6] 

[3.3*10-6, 
2.9*10-6] 

[3.3*10-6, 
2.8*10-6] 

DeepPot-SE 
(original) 

Melt Melt Melt Melt Melt Melt 

Error bound 
[Dmin, Dmax] (cm2/s) 

      

MTP 2.9*10-6 2.1*10-6 1.1*10-6 5.5*10-7 1.4*10-7 7.4*10-8 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.2*10-6, 
2.7*10-6] 

[2.3*10-6, 
1.9*10-6] 

[1.3*10-6, 
1.0*10-6] 

[6.3*10-7, 
4.7*10-7] 

[1.8*10-7, 
1.1*10-7] 

[1.0*10-7, 
4.8*10-8] 

SNAP 3.0*10-6 Melt 4.7*10-7 1.3*10-7 2.0*10-8 N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.5*10-6, 
2.6*10-6] 

 [6.4*10-7, 
3.0*10-7] 

[1.5*10-7, 
1.1*10-7] 

[2.9*10-8, 
9.9*10-9] 

 

Vacancy- 
enhanced 

MLPs 

GAPRE-V 2.9*10-6 2.2*10-6 1.1*10-6 3.7*10-7 1.6*10-7 1.1*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.3*10-6, 
2.6*10-6] 

[2.5*10-6, 
2.0*10-6] 

[1.2*10-6, 
9.1*10-7] 

[4.5*10-7, 
2.9*10-7] 

[2.1*10-7, 
1.1*10-7] 

[1.5*10-7, 
7.1*10-8] 

NNPRE-V Melt Melt Melt 1.4*10-6 1.5*10-6 9.4*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
   [1.6*10-6, 

1.2*10-6] 
[1.6*10-6, 
1.3*10-6] 

[1.1*10-6, 
7.8*10-7] 

DeePMDRE-V Melt Melt 7.3*10-6 5.1*10-6 3.3*10-6 3.4*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [7.8*10-6, 

6.8*10-6] 
[5.4*10-6, 
4.8*10-6] 

[3.6*10-6, 
3.1*10-6] 

[3.6*10-6, 
3.2*10-6] 

DeepPot-SERE-V 3.1*10-6 2.7*10-6 1.6*10-6 1.0*10-6 6.2*10-7 4.9*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.3*10-6, 
2.8*10-6] 

[2.9*10-6, 
2.5*10-6] 

[1.7*10-6, 
1.4*10-6] 

[1.1*10-6, 
9.1*10-7] 

[7.0*10-7, 
5.5*10-7] 

[5.5*10-7, 
4.3*10-7] 

SNAPRE-V 4.0*10-6 3.7*10-6 3.1*10-6 2.3*10-6 1.1*10-6 1.0*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
[4.4*10-6, 
3.6*10-6] 

[4.1*10-6, 
3.4*10-6] 

[3.5*10-6, 
2.7*10-6] 

[2.5*10-6, 
2.0*10-6] 

[1.3*10-6, 
9.6*10-7] 

[1.2*10-6, 
8.4*10-7] 

MTPRE-V 1.6*10-6 9.6*10-7 3.1*10-7 4.3*10-8 N/A N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.7*10-6, 
1.4*10-6] 

[1.1*10-6, 
8.6*10-7] 

[3.6*10-7, 
2.6*10-7] 

[6.1*10-8, 
2.6*10-8] 

  

Interstitial- GAPRE-I 2.4*10-6 2.3*10-6 1.6*10-6 1.0*10-6 6.5*10-7 4.6*10-7 
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enhanced 
MLPs 

Error bound 
[Dmin, Dmax] (cm2/s) 

[2.7*10-6, 
2.1*10-6] 

[2.7*10-6, 
2.0*10-6] 

[1.9*10-6, 
1.4*10-6] 

[1.2*10-6, 
8.3*10-7] 

[7.9*10-7, 
5.1*10-7] 

[5.8*10-7, 
3.5*10-7] 

NNPRE-I Melt Melt 1.3*10-6 7.8*10-7 2.7*10-7 1.7*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [1.6*10-6, 

1.1*10-6] 
[9.2*10-7, 
6.4*10-7] 

[3.5*10-7, 
2.0*10-7] 

[2.3*10-7, 
1.1*10-7] 

DeePMDRE-I Melt Melt 7.4*10-6 1.1*10-5 4.3*10-6 3.5*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [7.9*10-6, 

6.9*10-6] 
[1.1*10-5, 
1.0*10-5] 

[4.5*10-6, 
4.0*10-6] 

[3.7*10-6, 
3.2*10-6] 

DeepPot-SERE-I 6.9*10-6 2.8*10-6 2.2*10-6 1.8*10-6 1.0*10-6 9.7*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[7.3*10-6, 
6.5*10-6] 

[3.1*10-6, 
2.6*10-6] 

[2.4*10-6, 
2.1*10-6] 

[2.0*10-6, 
1.7*10-6] 

[1.1*10-6, 
9.3*10-7] 

[1.1*10-6, 
8.8*10-7] 

SNAPRE-I Melt Melt 2.1*10-6 1.2*10-6 3.6*10-7 4.3*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [2.4*10-6, 

1.8*10-6] 
[1.3*10-6, 
9.7*10-7] 

[4.5*10-7, 
2.7*10-7] 

[5.4*10-7, 
3.2*10-7] 

MTPRE-I 3.1*10-6 2.4*10-6 1.6*10-6 1.1*10-6 4.9*10-7 3.2*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[3.4*10-6, 
2.9*10-6] 

[2.6*10-6, 
2.2*10-6] 

[1.7*10-6, 
1.4*10-6] 

[1.2*10-6, 
9.5*10-7] 

[5.6*10-7, 
4.2*10-7] 

[3.8*10-7, 
2.7*10-7] 
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Table C5. The diffusivities at 1600 K, 1500K, 1230 K, 1000 K, 840 K, and 730 K for vacancy 
(superscript V) from AIMD and MLP-MD simulations. The MD simulations with melting 
structures (noted as melt) and not enough hopping events (noted as N/A) are marked. 
 

 Models D1600K
V 

(cm2/s) 
D1500K

V 
(cm2/s) 

D1230K
V 

(cm2/s) 
D1000K

V 
(cm2/s) 

D840K
V 

(cm2/s) 
D730K

V 
(cm2/s) 

AIMD K2 1.3*10-6 1.4*10-6 1.2*10-6 5.2*10-7 N/A N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.6*10-6, 
9.9*10-7] 

[1.7*10-6, 
1.0*10-6] 

[1.5*10-6, 
8.2*10-7] 

[6.9*10-7, 
3.6*10-7] 

  

K1 1.3*10-6 Melt 4.5*10-7 2.2*10-7 1.1*10-7 N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.8*10-6, 
8.4*10-7] 

 [5.7*10-7, 
3.3*10-7] 

[2.8*10-7, 
1.6*10-7] 

[1.6*10-7, 
6.4*10-8] 

 

Known 
MLPs 

trained from 
previous 
studies 

GAP 1.5*10-6 Melt 8.1*10-7 5.8*10-7 3.3*10-7 2.4*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.8*10-6, 
1.2*10-6] 

 [1.0*10-6, 
6.1*10-7] 

[7.1*10-7, 
4.5*10-7] 

[4.1*10-7, 
2.4*10-7] 

[3.2*10-7, 
1.7*10-7] 

GAPPRX 1.5*10-6 1.0*10-6 1.2*10-6 5.6*10-7 N/A N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.9*10-6, 
1.1*10-6] 

[1.3*10-6, 
7.2*10-7] 

[1.5*10-6, 
8.0*10-7] 

[7.8*10-7, 
3.3*10-7] 

  

GAPRPA Melt Melt Melt N/A N/A N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
      

GAPSCAN N/A N/A N/A N/A N/A N/A 
Error bound 

[Dmin, Dmax] (cm2/s) 
      

NNP 1.5*10-6 Melt 9.2*10-7 6.7*10-7 4.4*10-7 2.9*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.8*10-6, 
1.2*10-6] 

 [1.1*10-6, 
7.0*10-7] 

[7.3*10-7, 
6.1*10-7] 

[5.0*10-7, 
3.8*10-7] 

[3.4*10-7, 
2.5*10-7] 

DeePMD Melt 1.2*10-5 5.7*10-6 2.8*10-6 4.9*10-6 2.5*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
 [1.3*10-5, 

1.2*10-5] 
[6.1*10-6, 
5.4*10-6] 

[3.0*10-6, 
2.5*10-6] 

[5.3*10-6, 
4.5*10-6] 

[2.6*10-6, 
2.3*10-6] 

DeepPot-SE 1.8*10-6 1.8*10-6 1.4*10-6 9.1*10-7 5.4*10-7 5.0*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[2.0*10-6, 
1.7*10-6] 

[1.9*10-6, 
1.6*10-6] 

[1.6*10-6, 
1.3*10-6] 

[1.0*10-6, 
8.0*10-7] 

[6.1*10-7, 
4.7*10-7] 

[5.7*10-7, 
4.3*10-7] 

DeePMD (original) Melt Melt 9.5*10-6 1.1*10-5 3.8*10-6 4.3*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [1.0*10-5, 

8.9*10-6] 
[1.1*10-5, 
9.9*10-6] 

[4.0*10-6, 
3.5*10-6] 

[4.5*10-6, 
4.0*10-6] 

DeepPot-SE 
(original) 

Melt Melt Melt Melt Melt Melt 

Error bound 
[Dmin, Dmax] (cm2/s) 

      

MTP 1.8*10-6 1.7*10-6 9.7*10-7 6.0*10-7 3.6*10-7 2.3*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[2.0*106, 
1.7*10-6] 

[1.9*10-6, 
1.6*10-6] 

[1.1*10-6, 
8.6*10-7] 

[6.8*10-7, 
5.2*10-7] 

[4.2*10-7, 
3.0*10-7] 

[2.8*10-7, 
1.8*10-7] 

SNAP 2.1*10-6 Melt 1.2*10-6 7.8*10-7 6.3*10-7 5.0*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[2.5*10-6, 
1.8*10-6] 

 [1.4*10-6, 
9.2*10-7] 

[8.5*10-7, 
7.1*10-7] 

[7.0*10-7, 
5.6*10-7] 

[5.5*10-7, 
4.3*10-7] 

Vacancy- 
enhanced 

MLPs 

GAPRE-V 1.6*10-6 1.4*10-6 9.1*10-7 3.9*10-7 3.0*10-7 2.4*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.8*10-6, 
1.4*10-6] 

[1.6*10-6, 
1.2*10-6] 

[1.1*10-6, 
7.6*10-7] 

[4.7*10-7, 
3.0*10-7] 

[3.7*10-7, 
2.3*10-7] 

[3.0*10-7, 
1.7*10-7] 

NNPRE-V 2.4*10-6 1.6*10-6 1.2*10-6 9.4*10-7 5.3*10-7 3.4*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[2.7*10-6, 
2.1*10-6] 

[1.8*10-6, 
1.3*10-6] 

[1.3*10-6, 
9.8*10-7] 

[1.1*10-6, 
7.7*10-7] 

[6.5*10-7, 
4.1*10-7] 

[4.3*10-7, 
2.5*10-7] 

DeePMDRE-V Melt Melt 4.8*10-6 3.5*10-6 1.3*10-6 5.7*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [5.1*10-6, 

4.5*10-6] 
[3.7*10-6, 
3.2*10-6] 

[1.4*10-6, 
1.2*10-6] 

[6.1*10-6, 
5.3*10-6] 

DeepPot-SERE-V Melt 1.5*10-6 1.0*10-6 7.5*10-7 6.7*10-7 5.1*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
 [1.6*10-6, 

1.3*10-6] 
[1.1*10-6, 
9.4*10-7] 

[8.3*10-7, 
6.7*10-7] 

[7.4*10-7, 
6.0*10-7] 

[5.7*10-7, 
4.5*10-7] 

SNAPRE-V Melt 1.4*10-6 1.1*10-6 5.7*10-7 3.1*10-7 2.7*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
 [1.6*10-6, 

1.2*10-6] 
[1.2*10-6, 
9.1*10-7] 

[7.0*10-7, 
4.4*10-7] 

[3.9*10-7, 
2.3*10-7] 

[3.5*10-7, 
1.9*10-7] 

MTPRE-V 1.7*10-6 1.7*10-6 1.1*10-6 8.0*10-7 4.7*10-7 3.5*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.9*10-6, 
1.5*10-6] 

[1.8*10-6, 
1.5*10-6] 

[1.2*10-6, 
9.4*10-7] 

[9.0*10-7, 
7.0*10-7] 

[5.4*10-7, 
4.0*10-7] 

[4.1*10-7, 
2.9*10-7] 

Interstitial- GAPRE-I 1.9*10-6 1.8*10-6 1.3*10-6 9.7*10-7 5.5*10-7 5.0*10-7 



 

 

126 
 

enhanced 
MLPs 

Error bound 
[Dmin, Dmax] (cm2/s) 

[2.2*10-6, 
1.6*10-6] 

[2.1*10-6, 
1.5*10-6] 

[1.6*10-6, 
1.1*10-6] 

[1.2*10-6, 
7.9*10-7] 

[6.7*10-7, 
4.2*10-7] 

[6.2*10-7, 
3.9*10-7] 

NNPRE-I Melt Melt 8.4*10-7 N/A 5.9*10-7 5.0*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [9.9*10-7, 

6.8*10-7] 
 [7.2*10-7, 

4.5*10-7] 
[6.2*10-7, 
3.9*10-7] 

DeePMDRE-I Melt Melt 7.0*10-6 Melt 6.4*10-6 2.9*10-6 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [7.4*10-6, 

6.6*10-6] 
 [6.9*10-6, 

6.0*10-6] 
[3.1*10-6, 
2.7*10-6] 

DeepPot-SERE-I Melt 1.6*10-6 8.3*10-7 6.2*10-7 4.5*10-7 2.8*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
 [1.8*10-6, 

1.5*10-6] 
[9.2*10-7, 
7.5*10-7] 

[6.9*10-7, 
5.4*10-7] 

[5.1*10-7, 
4.0*10-7] 

[3.2*10-7, 
2.3*10-7] 

SNAPRE-I Melt Melt 6.7*10-7 Melt 4.0*10-7 2.5*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
  [8.0*10-7, 

5.3*10-7] 
 [5.0*10-7, 

3.0*10-7] 
[3.3*10-7, 
1.7*10-7] 

MTPRE-I 2.2*10-6 1.8*10-6 1.5*10-6 1.2*10-6 1.0*10-6 7.4*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[2.4*10-6, 
2.0*10-6] 

[2.0*10-6, 
1.6*10-6] 

[1.6*10-6, 
1.3*10-6] 

[1.3*10-6, 
1.1*10-6] 

[1.1*10-6, 
9.0*10-7] 

[8.3*10-7, 
6.4*10-7] 

 

 

Table C6. The additional diffusivities at 1333 K and 1080K for single-interstitials and single-

vacancies from AIMD simulations. 

 AIMD K2 K1 
Interstitial D1333K

I (cm2/s) 1.5*10-6 8.7*10-7 
Error bound 

[Dmin, Dmax] (cm2/s) 
[1.7*10-6, 
1.2*10-6] 

[1.0*10-6, 
7.4*10-7] 

D1080K
I (cm2/s) 1.0*10-6 5.4*10-7 

Error bound 
[Dmin, Dmax] (cm2/s) 

[1.2*10-6, 
8.0*10-7] 

[6.4*10-7, 
4.4*10-7] 

Vacancy D1333K
V (cm2/s) 1.2*10-6 3.7*10-7 

Error bound 
[Dmin, Dmax] (cm2/s) 

[1.4*10-6, 
9.4*10-7] 

[4.5*10-7, 
2.9*10-7] 

D1080K
V (cm2/s) 7.9*10-7 2.5*10-7 

Error bound 
[Dmin, Dmax] (cm2/s) 

[9.7*10-7, 
6.1*10-7] 

[3.2*10-7, 
1.8*10-7] 
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5. Analysis of Si interstitials 

The comparison of Ef predicted by all MLPs and DFT calculations are summarized in 

Figure C7a. As shown in the main text, existing MLPs poorly predict the formation energies Ef 

(and relative trends) of different interstitial configurations and their occurrence frequencies in MD 

simulations (Figure 3.3d). The interstitial-enhanced MLPs show significantly improved prediction 

of the occurrence frequencies of different interstitials as shown (Figure C7b). However, RE-

enhanced MLPs still cannot fully predict of Ef in enhanced MLPs. Most RE-enhanced MLPs still 

give higher Ef of DFT-ground-state split-<110> than those of tetrahedral, except for DeepPot-

SERE-I. In addition, the original and RE-enhanced MLPs generally underestimate Ef by around 1 

eV. GAP, GAPRPA, SNAP, MTP, GAPRE-V, SNAPRE-V, MTPRE-V, GAPRE-I, NNPRE-I, DeepPot-

SERE-I, and SNAPRE-I predict Ef of all three interstitial configurations to be less than 3 eV, 

compared to the Ef range of 3.5 – 3.8 eV calculated by DFT K4. As a comparison to MLPs, DFT 

K1 gives lower Ef range of DFT K1 between 2.3 – 2.8 eV but reproduces the correct trend of Ef 

among three configurations, with the split-<110> as the lowest and the tetrahedral as the highest. 

The result suggests low accuracy DFT still performs better than MLPs on predicting complex 

defect configurations.  

In most of our MD simulations, we also note that the lower formation energies don’t always 

lead to higher occurrence frequencies. For example, the occurrence frequency of split-<110> in 

the MD simulation by GAP is higher than that of hexagonal (Figure C7b), while the predicted Ef 

of hexagonal (2.1 eV) is lower than that of split-<110> (2.3 eV) (Figure C7a). Similarly, the 

predicted Ef of split-<110> and hexagonal are the same (2.85 eV) for GAPRE-I, while the 

occurrence frequency of split-<110> is higher than that of hexagonal in GAPRE-I-MD simulations. 

This may be caused by one or multiple of the following reasons. First, in addition to the formation 
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energy Ef, the occurrence frequency may also be affected by the entropy of different interstitials. 

Second, given the different interstitials are formed by the transition among them during MD 

simulations, the occurrence frequencies are influenced by their energy barriers, which is not 

identical to the formation energy Ef. Nonetheless, lower formation energy Ef is still highly 

correlated with higher occurrence frequencies. We compare the Ef and occurrence frequencies for 

each pair of interstitial configurations and count the number of pairs that have a consistent trend 

of increasing Ef and decreasing occurrence frequencies, and 73% of the interstitial pairs have the 

correct trend for all MLPs (Figure 3.3), and 61% for existing MLPs and 87% for RE-enhanced 

MLPs. Thus, the formation energy Ef may largely account for the occurrence frequencies of 

different interstitials in MD simulations. 
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Figure C7. Comparison of DFT, known MLPs, and RE-enhanced MLPs, for (a) the formation 
energies Ef and (b) occurrence frequencies in MD simulations of different interstitial 
configurations. The occurrence frequency for AIMD K4 is unavailable (N/A) due to the high 
computation cost to run AIMD simulations with 4´4´4 k-point mesh. 
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Figure C8. The distributions of rv versus rs of the vacancy nearest neighbor (vacancy-NN) atoms 
from the MD simulations with single vacancy by (a) AIMD simulations, (b) original MLPs, (c) 
vacancy-enhanced MLPs, and (d) interstitial-enhanced MLPs, in addition to Figure 3.3.  
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Figure C9. The distributions of r versus rs of the interstitial nearest neighbor (interstitial-NN) 
atoms from the MD simulations with single interstitial defect by (a) AIMD simulations, (b) original 
MLPs, (c) vacancy-enhanced MLPs, and (d) interstitial-enhanced MLPs, following the same 
plotting protocols (Appendix D) (Figure 3.3). 
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6. Analysis of potential energy landscapes 

Figure C10 shows the MLP-predicted potential energy surfaces (PESs) of a Si atom moving 

toward the nearest-neighbor vacancy same as Figure 3.4a and f. The predicted PESs of GAPRPA, 

GAPSCAN, DeePMD, DeepPot-SE, DeePMD (original), and DeepPot-SE (original) deviate 

significantly from DFT calculations (Figure C10b, c, and e), suggesting poorly reproduced PESs 

by MLPs. In addition, we also test the PES of a Si atom moving from its initial position in the 

snapshot towards the static site position in a relaxed cell, around a vacancy in a snapshot randomly 

taken from AIMD simulation with single vacancy defect (Figure C11). Interestingly, these PESs 

agree well with DFT calculations (Figure C11b, c, and e). The results of different PESs suggests 

that MLPs may potentially show large discrepancies when predicting PESs with similar but 

slightly distorted atomic configurations. 

 

 

Figure C10. Comparison of the PESs predicted by known MLPs and DFT calculations on (a) a 
single Si atom around a static site moving towards the vacancy in a static relaxed configuration, 
the same as the main text Figure 3.3a.  
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Figure C11. Comparison of the PESs predicted by known MLPs and DFT calculations on (a) a 
vacancy NN atom moving towards the static relaxed position, in a snapshot taken from AIMD 
simulations with single vacancy.  
 

7. Analysis of forces with large errors 

Following the same methods illustrated in main text Chapter 3.4.1, here we analyze the 

errors of atomic forces on all atoms in interstitial-RE and vacancy-RE testing sets and compare 

the force errors among three categories of atoms, such as RE migrating atoms (r = 0 Å), NN atoms 

of RE migrating atoms (r = 0 - 3 Å), and other non-NN atoms (r > 3 Å) (Table C7). We count the 

fraction of those atoms having large force errors with either the magnitude errors of atomic forces 

𝛿F > 0.5 eV/Å or directional errors of atomic forces 𝛿) > 15º. The fraction of atoms with large 

force errors are substantially higher in known MLPs than DFT calculations (below 2% for DFT 

K2) in all three categories. For known MLPs, 42% - 97% of RE migrating atoms have large force 

errors in interstitial-RE testing set. For vacancy-RE testing set, 31% to 64% of RE migrating atoms 

have large force errors by most MLPs, except for GAP, GAPPRX, and MTP, which are similar to 

or better than DFT K1. Therefore, atomic force predictions of most MLPs are prone to show large 

errors than even low-accuracy DFT calculations. 
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We compare known MLPs for the cumulative density functions (CDFs) of force errors on 

RE migrating atoms (Figure C12a and b) using the same approach as in the main text (Figure 

3.5d, e, i, and j), in interstitial-RE and vacancy-RE testing sets. We also perform the same analyses 

on NN atoms around RE (Figure C12c and d) and on all atoms (Figure C12e and f). Known MLPs 

from previous studies clearly underperform DFT calculations for force predictions on RE 

migrating atoms. The CDFs of most MLPs on RE-NN atoms are below the CDF curves of DFT 

K1, except for GAPPRX and MTP (Figure C12c and d).  

In contrast to RE or RE-NN atoms, the CDFs of force errors on all atoms show better 

agreement with DFT calculations (Figure C12e and f). Particularly, the CDFs of GAP, GAPPRX, 

and MTP on all atoms are similar to or higher than the DFT K1 CDF curve in interstitial-RE testing 

set. The similar CDFs of force errors for all atoms are in consistent with the low RMSEs of force 

errors given by conventional error testing, because averaged total errors are evaluated on the 

dataset with a large fraction of near equilibrium atomistic configurations with small errors. 
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Table C7. Fraction of atoms with large errors on atomic forces for three categories of atoms (RE 
migrating atoms, NN atoms of RE migrating atoms, and other non-NN atoms) in interstitial-RE 
testing set and in vacancy-RE testing set. Those atoms having large force errors with force 
magnitude errors 𝛿F > 0.5 eV/Å or force direction errors 𝛿) > 15º are counted as large errors. 
 

 Interstitial-RE Testing Set Vacancy-RE Testing Set 
Models RE r = 0 Å 

(%) 
RE-NN 0 - 

3 Å 
(%) 

Non-NN r > 3 Å 
(%) 

RE r = 0 Å 
(%) 

RE-NN 0 - 
3 Å 
(%) 

Non-NN r > 3 Å 
(%) 

DFT K1 33 17 5 21 8 5 
DFT K2 1 0.4 0 0 0.6 0 

GAP 58 23 4 21 12 4 
GAPPRX 42 16 2.5 13 6 3 
GAPRPA 97 59 47 64 60 47 
GAPSCAN 74 40 22 48 36 25 

NNP 73 36 14 31 25 15 
DeePMD 86 53 21 45 35 23 

DeepPot-SE 93 59 14 39 27 11 
DeePMD 
(original) 

86 58 7 43 23 11 

DeepPot-SE 
(original) 

93 89 30 67 59 29 

MTP 49 15 2 11 6 3 
SNAP 68 44 19 34 26 19 

 

 

Figure C12. The CDFs of force errors 𝛿F and 𝛿) on (a) interstitial RE, (b) vacancy RE, (c) 
interstitial RE-NN, (d) vacancy RE-NN, (e) all atoms in interstitial-RE testing set, and (f) all atoms 
in vacancy-RE testing set of DFT calculations and known MLPs. 
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8. K-means clustering analysis 

We here employ the clustering algorithms to automate the process of identifying RE atoms 

from the dataset encompassing snapshots from MD simulations. We apply the k-means clustering 

technique using the SOAP descriptor to identify RE atoms (Appendix D). In the 𝒟RE-ITesting and 

𝒟RE-VTesting datasets, the projections of SOAP show three clusters (Figure C13), clearly 

distinguishing RE atoms (migrating vacancies and interstitials) from non-RE atoms (Table C8). 

In addition, for a range of hyperparameters tested, this clustering approach is effective in 

identifying RE atoms. We trained three k-means clustering models, an all-RE model, an 

interstitial-RE model, and a vacancy-RE model, using different datasets to identify RE atoms in 

simulations with single vacancy or interstitial, described as follows.  

The all-RE k-means model is employed to distinguish RE atoms from non-RE atoms in a 

dataset of 12800 atomic environments from snapshots in the 𝒟RE-ITesting and 𝒟RE-VTesting dataset. 

The SOAP descriptors of atomic environments, which are calculated using QUIP package,[107] had 

325 features and the same hyperparameters as Ref. [1]. The k-means clustering is performed using 

scikit-learn package, with the maximal iteration of 1000, a convergence tolerance of 10-4, and a 

number of clusters between three to eight (Table C8). The results of the k-means models as shown 

in Figure C13 are visualized by projecting onto a 2-dimensional plane using the t-distributed 

stochastic neighbor embedding (TSNE) model in scikit-learn package[108]. The hyperparameter 

perplexity in TSNE model was set to be 50. The visualization in Figure C13 is for a subset of data 

points consisting of 520 atomistic environments from four categories (130 each), such as RE atoms 

in 𝒟RE-VTesting, RE atoms in 𝒟RE-ITesting, non-RE atoms in 𝒟RE-ITesting and 𝒟RE-VTesting. 

The interstitial-RE k-means clustering model to distinguish interstitials is trained by using 

6500 atomic environments from 𝒟RE-ITesting set, following the same protocols described above (the 



 

 

137 
 

cluster number was set to 3). The 3rd k-means clustering model (vacancy-RE k-means clustering 

model) is trained from 6300 atomic environments taken from 𝒟RE-VTesting following the same 

training procedure of interstitial k-means model.  

Here we show the precisions and recalls of the k-means clustering models, including the 

general all-RE k-means models trained by the 𝒟RE-ITesting and 𝒟RE-VTesting datasets (Table C8), the 

interstitial-RE k-means models (Table C9), and the vacancy-RE k-means models (Table C10) 

described above. Our results show that the efficiencies of most k-means models deviate less than 

5% for a range of cluster number parameters. In addition, the interstitial-RE k-means models, 

trained by atomistic environments in interstitial-RE testing set, is highly effective for identifying 

interstitial REs, with around 90% of real REs identified and 70% of identified REs being real REs. 
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Figure C13. The 2-dimensional t-SNE projections of the SOAP descriptor of 520 atomic 
environments, showing (left) the clusters by all-RE k-means model compared with (middle) 
migrating vacancies (red) or interstitials (green) and (right) non-migrating atoms (grey), from 𝒟RE-

VTesting and 𝒟RE-ITesting.  
 

Table C8. The precisions and recalls of the all-RE k-means models, with different cluster number 
parameters, for identifying both interstitial and vacancy RE migrating atoms (Appendix D). 
 

 All-REs 
Cluster number Precision 

(%) 
Recall 

(%) 
3 62 61 
4 62 59 
5 64 59 
6 65 57 
7 66 57 
8 66 57 

 

Table C9. The precisions and recalls of interstitial-RE k-means models with different cluster 
numbers, which is trained using interstitial-RE testing set and for identifying interstitial RE 
migrating atoms for RE-enhanced workflow (Generating RE Data and Constructing the Enhanced 
Training Dataset in Appendix D). 
 

 Interstitial-RE K-means Models 
Cluster number Precision 

(%) 
Recall 

(%) 
3 65 90 
4 67 90 
5 69 89 
6 68 89 
7 69 89 
8 70 88 
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Table C10. The precisions and recalls of vacancy-RE k-means models with different cluster 
numbers, which is trained using vacancy-RE testing set and for identifying vacancy RE migrating 
atoms (Optimizing Enhanced MLPs in Appendix D). 
 

 Vacancy-RE K-means Models 
Cluster number Precision 

(%) 
Recall 

(%) 
3 10 75 
4 8 80 
5 10 74 
6 20 60 
7 23 51 
8 24 47 

 

9. Force accuracy as an indicator for MLP performance 

Here, we compare the 11 known MLPs and a large number of selected enhanced MLPs for 

the force performance scores, P(𝒟RE-ITesting) and P(𝒟RE-VTesting), (see Appendix D) and their 

activation energy, EaI and EaV respectively, from the fitted Arrhenius relation of the diffusivities 

from their MLP-MD simulations (Figure C14). The studied MLPs include 11 known MLPs, 46 

interstitial-enhanced MLPs (Optimizing Enhanced MLPs in Appendix D), 54 selected vacancy-

enhanced MLPs (Analysis of Errors of MLPs above), and 24 additional MLPs produced using the 

original training dataset in Ref,[1] but with different hyperparameters, which were selected by the 

optimization processes using the eight selection criterion (Optimizing Enhanced MLPs in 

Appendix D). The force performance scores, P(𝒟RE-ITesting) and P(𝒟RE-VTesting), were evaluated on 

RE migrating atoms in interstitial-RE testing and vacancy-RE testing datasets, respectively 

(Optimizing Enhanced MLPs in Appendix D). The interstitial-enhanced MLPs generally 

outperform other MLPs on P(𝒟RE-ITesting) as shown in main text (Figure 3.6a and C14a), and 

similarly MLPs trained by vacancy-enhanced dataset have higher P(𝒟RE-VTesting) than other MLPs 

(Figure C14b). By comparing a range of MLPs with different force performance scores versus the 

activation energy from MLP-MD simulations with corresponding defect, the MLPs generally give 

better predicted values of Ea if their force performance scores are higher than DFT K1 calculations. 
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There are a few exceptions, which may deserve future study. In general, force performance scores 

are good metrics to evaluate MLPs for their performance in MD simulations.  

 

 

Figure C14. The force performance scores vs. Ea for known, interstitial-enhanced, vacancy-
enhanced, and additional MLPs on (a) interstitial RE migrating atoms and (b) vacancy RE 
migrating atoms. 
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10. Convergence of interstitial occurrence frequencies 

Here we examine whether the occurrence frequencies of different interstitials have 

converged in the MD simulations. We calculate the average and standard deviation of occurrence 

frequencies for simulations conducted over 0.25, 0.3, 0.4, 0.6, 0.8, and 1 ns shown in Figure C15. 

The average values and standard deviations of occurrence frequencies are calculated for 10 

configuration sets obtained from the MD simulations with different durations. Every set of 

configurations consists of 2000 configurations that are randomly selected during MD simulations, 

with a minimum separation time of 100 fs, following the same scheme in Appendix D. The 

occurrence frequencies of three interstitials for all MLP-MD simulations (Figure. 3.3) are well 

converged over different durations of the MD simulations, with standard deviations of occurrence 

frequencies lower than 1.3% for all three interstitials for all MLPs. Therefore, the MD simulations 

have a long duration and have sampled a large number of configurations, and thus the obtained 

occurrence frequencies are well converged.  

We also note that the occurrence frequencies of three interstitials do not always sum up to 

1, because some interstitial configurations, e.g., migrating interstitials or concerted migrations of 

multiple interstitials, happened in MD simulations cannot be classified as either of three 

interstitials. 
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Figure C15. The average occurrence frequencies and their standard deviations for MD simulations 
with different durations. The average and standard deviation of occurrence frequencies for split-
<110> (left), tetrahedral (middle), and hexagonal (right) interstitials, in (a) AIMD K2 (black 
squares) simulations and MD simulations performed by known MLPs: GAP (cyan squares), 
GAPPRX (cyan triangles), DeePMD (orange triangles), SNAP (purple circles), and MTP (red 
crosses), and (b) MD simulation performed by RE-enhanced MLPs: GAPRE-I (cyan crosses), 
NNPRE-I (orange crosses), DeePMDRE-I (blue crosses), SNAPRE-I (purple crosses), and MTPRE-I 
(red crosses). The error bars of occurrence frequencies are smaller than 1.3% in all MD 
simulations. 
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Appendix D 

D1. Obtaining and training MLPs 

To obtain existing MLPs in consistent with previous studies, we retrieved MLPs (GAP, 

NNP, SNAP, and MTP) directly from the corresponding mlearn repository of Zuo et al.[1], or 

trained MLPs (DeePMD) by using the training data the same as in Zuo et al.[1] The mlearn package 

and the corresponding MLP models, including QUIP for GAP,[11] N2P2 for NNP,[109] MLIP for 

MTP,[15,110] and SNAP coded in LAMMPS, were used for the energy and force evaluation. The 

GAPPRX model was retrieved from Ward et al.[111] Since different training data was used for the 

existing DeePMD model by Zhang et al.[5], the DeePMD model was trained here using the training 

data from Zuo et al.[1] in order to have a fair comparison with other MLP models. Here we refer to 

the early version of Deep Potential Molecular Dynamics as DeePMD[5] and the later version of 

Deep Potential–Smooth Edition as DeepPot-SE in Supporting Information.[79] The training of 

DeePMD models was performed using the DeePMD-kit package.[79,112] The hyperparameters of 

the DeePMD model, including the size of the neural network, cut-off radius, and the number of 

iteration steps, were optimized using a grid search algorithm (two to six values were considered 

for each hyperparameter) by the RMSEs of energies and forces in a separate set of 100 snapshots 

from AIMD simulations of bulk Si with single vacancy defect (vacancy validation dataset). The 

length of the neighbor list in DeePMD model was estimated based on cutoff radius. The final set 

of hyperparameters was selected to have the lowest RMSEs of energies and forces in both training 

dataset and the vacancy validation dataset.  

  



 

 

144 
 

D2. First-principles computation 

DFT calculations were performed to generate additional data of energies, forces, PES and 

atomic configurations for training and testing. All DFT calculations were performed by Vienna ab 

initio simulation package[98] (VASP) with the projector augmented-wave approach on these 

snapshots. The Perdew-Burke-Ernzerhof[100] (PBE) functionals by generalized-gradient 

approximation (GGA) were adopted to calculate the total energies of snapshots. Static relaxation 

of atomic configurations were performed using spin-polarized DFT calculations with an energy 

cutoff of 520 eV, an electronic relaxation convergence cut-off of 10-5 eV, and other parameters set 

similar to those used in Materials Project.[102,105] Our benchmark true values of energies and forces 

were calculated using 4´4´4 k-point mesh (K4), while G-centered 1´1´1 (K1) and 2´2´2 (K2) 

were also evaluated for comparison.  

 

D3. Ab initio molecular dynamics simulation 

Ab initio molecular dynamics (AIMD) simulations were performed using non-spin-

polarized, an electronic energy convergence cut-off of 10-4 eV, a G-centered 1´1´1 (K1) or 2´2´2 

(K2) k-point mesh, and a time step of 2 fs. The PBE functionals by GGA were adopted as in the 

First-Principles Computation section (Appendix D). The supercell model consists of Si bulk-phase 

with 2´2´2 conventional unit cells (64 atoms) with a single vacancy (63 atoms) or a single 

interstitial (65 atoms).  The initial temperature of the simulations was set to 100 K after a static 

relaxation of the initial structures, and the structures were heated to the final temperatures during 

a period of 2 ps with a constant rate by velocity scaling, and afterwards an NVT ensemble with 

Nosé-Hoover thermostat was adopted. To obtain diffusional properties, AIMD simulations were 

performed at different temperatures 730, 840, 1000, 1230, 1500, and 1600 K following the same 
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scheme in Ref.[4,32]. Missing diffusivities at certain temperatures (Figure 3.2a and b) are either due 

to the melting of the crystal structures or inadequate numbers of hopping events (specified, Table 

C4, C5, and C6). Given the stochastic nature of ion hopping in estimating diffusivities, the 

diffusivity calculations were converged using our developed scheme.[4,32] and the error bars are 

estimated correspondingly based on the total number of ion hops. The diffusivities and their error 

bars of AIMD simulations at all temperatures are available (Table C4, C5, and C6). 

The diffusivities and their error bars were evaluated according to the total mean-squared-

displacement (TMSD) of Si atoms as in Ref.[4]. The total time durations of AIMD simulations were 

in the range of 100 and 1000 ps, so the values of TMSD were in the range of 1200 to 3000 Å2 and 

were 600 Å2 for AIMD K2 simulations at temperatures of 1000 K and 1230 K due to high 

computation cost. 

MLP-MD simulations. All classical MD simulations based on MLPs were carried out using 

LAMMPS. The MLP-MD simulations for vacancy and interstitial diffusion were performed on 

the same supercells with single interstitial or vacancy defect as in the AIMD simulations with NVT 

ensemble. The time step of all MD simulations was set to 1 fs. MLP-MD simulations of all MLPs 

are performed at six different temperatures 730, 840, 1000, 1230, 1500, and 1600 K. The total time 

duration of MD simulations was in the range of 500 to 5000 ps, similar to those used in AIMD 

simulations. The TMSDs of MD simulations were between 6000 - 320000 Å2 for NNP, SNAP, 

MTP, DeePMD, and DeepPot-SE, and > 1500 Å2 for GAP models. The convergence of diffusivity 

and the error bars are estimated correspondingly based on the total number of ion hops in the same 

scheme as in the AIMD simulations.[4,32] The diffusivities and their error bars from MLP-MD 

simulations are summarized in Table C4 and C5, following the same scheme described in Ab initio 

molecular dynamics simulation Section (Appendix D). 
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D4. Analyzing Si interstitial in MD simulations 

The occurrence frequency of each interstitial configuration (split-<110>, tetrahedral, and 

hexagonal) was counted among 2000 snapshots (taken every 100 fs) from the single-interstitial 

supercell model from MD simulations at 1230K. To determine the interstitial type, a structural 

matching algorithm was performed for each snapshot following the scheme adopted in Ref. [59] 

using pymatgen[105]. The interstitial configurations used as matching templates were fully relaxed 

using the fixed lattices of a crystalline Si bulk and a G-centered 4´4´4 k-point mesh, with energy 

and the force convergence criteria at 10-7 eV and 0.01 eV/Å, respectively. The matching algorithm 

used the tolerance parameters of the lattice angle of 5°, the lattice length of 20%, and the site root-

mean-square tolerance of 0.275(V/n)1/3, where V/n was the volume V normalized by the number of 

atoms n. Some interstitial configurations, e.g., migrating interstitials or concerted migrations of 

multiple interstitials, happened in MD simulations, cannot be classified as any of the three 

interstitials, and thus the occurrence frequencies of three interstitials do not always sum up to 1. 
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D5. Identifying static sites, vacancies, and migrating atoms 

The algorithms for identifying static sites, vacancies, and migrating atoms during MD 

simulations were as follows. The static sites of Si were set to the sites of the perfect crystalline Si 

bulk. A static site that has no Si atoms within 1.1 Å was identified as a vacancy. A migrating Si 

atom (RE atom) was a Si atom between two nearest-neighbor static sites, which was selected if 

the distances to their 1st nearest and 2nd nearest static sites has a difference below 0.75 Å 

(approximately 31% of distances between two static sites). This criterion can effectively 

distinguish migrating atoms from atoms vibrating around static sites.  

The values of the distance to the nearest static site, rs, the distances to its nearest vacancy, 

rv, and the distances to its nearest RE atom, r, were quantified correspondingly from these static 

sites. All distributions (Figure 3.3c – h) was generated with 50´50 grid size by collecting rv and rs 

distances of vacancy NN or non-NN atoms over 2000 snapshots taken randomly (> every 100 fs) 

from each simulation of MLPs or AIMD at 1230 K. The Gaussian filter with smoothing parameter 

𝜎 set to 3 was applied in plotting the distributions using SciPy library[113]. 

 

D6. Testing dataset with REs 

Two testing sets, 𝒟RE-ITesting and 𝒟RE-VTesting sets, are constructed from 100 snapshots taken 

from AIMD simulations at 1230 K with single-vacancy and single-interstitial, respectively, with 

every snapshot having a RE. The energies and atomic forces of each snapshot were further 

converged by single-step self-consistent DFT calculations to a higher accuracy (G-centered 4´4´4 

k-point mesh) with fixed atom positions and lattices, and these converged values (DFT K4) were 

used as true values for testing.  
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D7. Error evaluation of atomic forces 

Using the 𝒟RE-ITesting and 𝒟RE-VTesting sets, the error evaluation of atomic forces was 

performed for all MLPs. The errors of atomic forces by DFT calculations with lower accuracy 

setting (K1 and K2) commonly used in AIMD simulations were also evaluated in comparison to 

the MLPs. The magnitude error 𝛿Y and the directional error 𝛿) of forces were evaluated according 

to Eq. (1) and (2) in Chapter 3, respectively. From the error evaluation results on the RE atoms 

(i.e., migrating atoms as defined above) in the 𝒟RE-ITesting or 𝒟RE-VTesting dataset, the CDFs of 𝛿( 

and 𝛿) were generated. The normalized area under the curves NAC(𝛿, 𝒟) of the CDFs of 𝛿( and 

𝛿) were quantified in corresponding dataset 𝒟 for 𝛿( over 0 – 1 eV/Å (20 bins) or for 𝛿) over 0 – 

90 degrees (20 bins), respectively, for each MLP or DFT K1/K2 as shown (Figure 3.4), and were 

normalized by the total area of the evaluation range of 0 – 1 eV/Å for x-axis and 0 – 100% for y-

axis, giving to a value between 0 and 1. Higher NAC values (closer to 1) correspond to smaller 

errors in the MLP prediction compared to DFT K4 benchmark.  

 

D8. Generating RE-enhanced training dataset 

To train MLPs with low errors of forces on RE atoms, 120 snapshots with identified RE 

atoms were randomly selected to replace the structures in the original training dataset[1] from the 

following categories, such as liquid Si, AIMD simulations of Si bulk, and the strained Si bulk, 

from the original training dataset, in order to maintain a balance of structures for each category. 

The RE-enhanced training dataset has the same size and similar diversity of different types of 

atomic configurations as the original dataset in Ref,[1] so we can make a fair comparison between 

existing and RE-enhanced MLPs.  
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D9. Optimizing enhanced MLPs 

The validation dataset to optimize the MLPs trained by RE-enhanced training data was 

constructed as follows. The enhanced validation set (EVS) contains 50 total structures, consisting 

of 20 structures randomly selected from the 120 replaced structures of the original training dataset, 

11 snapshots with vacancy RE from AIMD simulations, and 19 snapshots with interstitial RE from 

AIMD simulations. The optimization of the hyperparameters of MLPs considered four to ten 

values for each parameter including the band limit of spherical harmonic basis functions and the 

number of radial basis functions for GAP, the size of neural network for NNP, the number of radial 

basis functions number for MTP. For each MLP model, grid search algorithms were performed 

among 300 – 2000 sets of hyperparameters to identify the selected MLPs as explained below.  

For the selection of optimal MLP models, which were used to study the force performances 

of MLPs (Figure 3.6c), we evaluated the following eight metrics, such as the RMSEs of energies 

and forces of 31 structures (excluding the 19 interstitial structures), the RMSEs of energies and 

forces of RE atoms in 11 vacancy structures, the RMSEs of the energies and forces of RE atoms 

in 19 interstitial structures, the RMSEs of the energies and forces of RE atoms in 30 vacancy and 

interstitial structures in the EVS. We used the force performance score P (𝒟) for the dataset 𝒟. 

The evaluations were performed for different data such as all atoms in EVS, the RE atoms of the 

interstitial structures in EVS, the RE atoms of the vacancy structures in EVS, or all RE atoms in 

EVS.  

Using these evaluation scores, we first selected those MLPs with the lowest RMSE or the 

highest NAC in any one of the eight criteria, giving a total of 46 MLPs as interstitial-enhanced 

MLPs. The same optimization process using eight criterion was also applied on selecting 

additional MLPs trained by the original dataset in Ref.[1] obtaining 24 additional MLPs. All these 
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46 interstitial-enhanced MLPs and 24 additional MLPs were used (Figure 3.6a) for testing of their 

force performances on interstitial RE atoms. These RE-enhanced MLPs were further down 

selected to have the optimal one as the representative MLPs, using the joint force error score of 

P(𝒟RE-IEVS)2+P(𝒟RE-VEVS)2. All NACs of 𝛿( and 𝛿) were computed using the RE atoms in the EVS. 

Six optimal MLPs, one for each model, were selected. Both MLP-MD simulations with single 

vacancy and MD simulations with single interstitial were further performed at six different 

temperatures to analyze their diffusional properties. 

 

 D10. Testing interstitial-enhanced MLPs 

Our testing of the MLPs from RE-enhanced training dataset (all 46 interstitial-enhanced 

MLPs) included the evaluation of joint force error matrices calculated from 𝒟RE-ITesting and 𝒟RE-

VTesting sets, P(𝒟RE-ITesting) and P(𝒟RE-VTesting) respectively, and the evaluation of their diffusivities, 

pre-exponential factors, interstitial occurrence frequencies and activation energies of vacancy and 

interstitial in MD simulations. The joint force error metrics and their calculated diffusional 

properties are compared as shown (Figure 3.6a). The joint force error metrics, P(𝒟RE-ITesting) and 

P(𝒟RE-VTesting), of the existing MLPs and the additional MLPs were also calculated using the 𝒟RE-

ITesting and 𝒟RE-VTesting sets. 
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Appendix E 

1. Errors of MLPs on dataset with single vacancies 

We test the energies of intermediate Li-Al phases with single vacancies for the machine-

learning interatomic potential (MLP) trained by only three materials, MLPTrain, used in Chapter 

4.2. The dataset for intermediate Li-Al phases with single vacancies, 𝒟Vacancy, was constructed 

using all eight known Li-Al intermediate phases (Figure 4.1). The 30 symmetrically distinct 

structures were generated by swapping a pair of randomly selected atom, and by randomly 

removing either a Li atom or an Al atom to create a single Li vacancy (VLi) or Al vacancy (VAl).  

The same tests as Chapter 4.2 were performed for these vacancy structures, 𝒟Vacancy.  The 

overall energy root-mean-squared-error (RMSE) of all configurations in 𝒟Vacancy is as low as 19 

meV/atom (18 and 19 meV/atom for VLi and VAl configurations, respectively). Only one 

intermediate phase, LiAl (Cmce), which has a non-BCC or non-FCC lattice structure, has higher 

energy RMSEs of 37 and 36 meV/atom for VLi and VAl, respectively (Figure E1a). 11 out of the 16 

lowest energy configurations (LECs) are correctly predicted. For those LECs that are not correctly 

predicted by MLP, the errors with the DFT energies, DEDFT, are very small at < 2 meV/atom 

(Figure E1b). The error rates of ranking errors are low for most intermediate phases, and only LiAl 

(Fd3#m), LiAl3 (Pm3#m), and LiAl (Cmce) have the error rates of ranking errors of > 33% (Figure 

E1c). These results show that the MLPTrain has decent transferability to the configurations with 

vacancies of other intermediate phases, even the original 𝒟#<=%> doesn’t include these phases.  

In consistency with the findings of Chapter 4.4, our re-trained MLP (MLPRe-train) on more 

intermediate phases as in Chapter 4.4 exhibits worse performances compared to the original 

MLPTrain. The MLPRe-train shows higher overall energy RMSE of 42 meV/atom (41 and 42 

meV/atom for configurations with VLi and VAl respectively) and higher error rates of ranking errors 



 

 

152 
 

(4 defected intermediate phases have error rates above 33%) (Figure E1b and f). The MLPRe-train 

also predicts one less correct LEC compared with MLPTrain (Figure E1d). 

 

 

Figure E1. The performance of MLPs on Li-Al intermediate phases with single vacancies. The 
RMSEs of predicted energies of up to 30 ordered configurations on eight intermediate phases (x 
axis) with either VLi or VAl (y axis), for (a) the MLPTrain in Chapter 4.2 and (b) the MLPRe-train in 
Chapter 4.4. The differences of DFT energies, DEDFT between the LECs calculated by DFT and 
predicted by (c) MLPTrain, or (d) MLPRe-train. A match of LECs predicted by DFT and MLP is 
marked as M. The error rates of ranking errors for (e) MLPTrain, and (f) MLPRe-train.  
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2. Prediction of ground-state phases (GPs) for different compositions 

Following the same scheme in Chapter 4.3 in main text (Figure 4.2c and Figure 4.3b), here 

we compare the MLP-predicted GPs of Li5Al3, Li4Al, LiAl, Li2Al3, LiAl3, and LiAl5. Those phases 

in 𝒟#:;# were hypothetically generated using lattice structures of intermediate phases (all eight 

lattice structures for Li5Al3, LiAl, and LiAl3, the five selected lattice structures for Li4Al, Li2Al3, 

and LiAl5, Figure E2). The MLPTrain incorrectly predicts the GPs of hypothetical Li5Al3 and Li2Al3 

to be Fd3#m, in comparison to Cmcm and Pm3#m, respectively, predicted by DFT (Figure E2a and 

d). The energy difference, DEDFT, between the true and the predicted LECs of two phases is as 

small as 4 meV/atom (Figure E2a). The incorrect prediction of hypothetical Li5Al3 may be 

attributed to the difficulties of the MLP in accurately capturing similar BCC lattice structures of 

Fd3m and Cmcm with different site orderings. For Li2Al3, the DEDFT is relatively high (21 

meV/atom). This may also explain the discrepancy of the DFT and MLP predicted at 62% Al and 

57% Al, respectively, for the phase transition between the BCC (the MLP-predicted GP on Li2Al3) 

lattice and the FCC (the DFT GP of Li2Al3) lattice shown in Chapter 4.5.2. 

Additionally, the MLPRe-train correctly predicts the GPs of all six compositions from 𝒟#:;# 

(Figure E3), even though the predicted energies of the LECs of predicted GPs (such as the LECs 

for hypothetical Li2Al3, LiAl3, and LiAl5) differ more than 0.1 eV/atom from DFT calculations 

(Figure E3d, e, and f). It is notable that the MLPRe-Train, even having large errors on predicted 

energies, can still correctly predict the GPs.  It is notable that low energy RMSEs are not always 

equivalent to the correct prediction of GPs, which correspond to the prediction of energy rankings. 

For example, the energy RMSE of the wrongly predicted GP of Li5Al3 Cmcm (Figure E2a) is as 

low as 2 meV/atom, while the energy RMSE of the correctly predicted GP of Li2Al3 Fd3#m is 12 
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meV/atom (Figure 4.1).  Thus, the errors on energy values and relative energy rankings should be 

tested about the correct prediction of GPs.  

 

 

Figure E2. Distributions of the predicted and the true energies of MLPTrain and DFT for up to 30 
configurations in each phase as Figure 4.2c in main text Chapter 4. The box plots show the 
maximum, the minimum, and the median (dashed lines) of energies in all eight lattice structures 
(x axis) for the compositions (a) Li5Al3, (c) LiAl, and (e) LiAl3, and five selected lattice structures 
for (b) Li4Al, (d) Li2Al3, and (f) LiAl5. A match of the true and the predicted GPs produced by 
DFT and MLP is marked as red ‘matched’.  
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Figure E3. Distributions of the predicted and the true energies of GPs produced by MLPRe-train and 
DFT. The box plots show the maximum, the minimum, and the median (dashed lines) of energies 
in all eight lattice structures (x axis) for compositions (a) Li5Al3, (c) LiAl, and (e) LiAl3, and five 
selected lattice structures for compositions (b) Li4Al, (d) Li2Al3, and (f) LiAl5. A match of the true 
and the predicted GPs produced by DFT and MLP is marked as red ‘matched’. 
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3. The ranking errors of hypothetical phases in 𝓓𝐭𝐞𝐬𝐭 

As discussed in Chapter 4.3, the ranking error refers to the errors in predicting the relative 

stability of different elemental orderings. In Chapter 4.3, we analyzed the energy ranking of the 30 

configurations randomly generated in Li4Al (Figure 4.2b). Here we show the distributions of the 

energy differences, DEDFT, of ranking errors for all hypothetical phases in 𝒟#:;#, as predicted by 

MLPTrain (Figure E4) and MLPRe-train (Figure E5). For most materials, except for LiAl (P63/mmc), 

the probability density function (PDF) curves show low probability at DEDFT higher than 15 

meV/atom, suggesting that ranking errors mostly occur between those configurations with similar 

DFT energies in a close range (Figure E4, and E5). For the HCP LiAl (P63/mmc) lattice structure 

(blue lines, Figure E4a, b, c, e, Figure E5a, b, c, and e) with compositions Li5Al3, Li4Al, LiAl, and 

LiAl3, the large spreads of PDFs in both MLPTrain and MLPRe-train imply that the atomic 

environments in this lattice structure are poorly captured, even though the configurations of the 

original HCP LiAl (P63/mmc) intermediate phase were included in the 𝒟<:'#<=%> for the training 

of MLPRe-train. 
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Figure E4. The probability density functions (PDFs) of DEDFT produced by MLPTrain for all 
hypothetical phases with compositions (a) Li5Al3, (b) Li4Al, (c) LiAl, (d) Li2Al3, (e) LiAl3, and (f) 
LiAl5 derived from the lattice structures (legend, color) in 𝒟#:;#. 
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Figure E5. The PDFs of DEDFT produced by MLPRe-train, for all hypothetical phases with 
compositions (a) Li5Al3, (b) Li4Al, (c) LiAl, (d) Li2Al3, (e) LiAl3, and (f) LiAl5 derived from the 
lattice structures (legend, color) in 𝒟#:;#. 
 

 

Figure E6. The predictions of energy rankings, (a, b) the mean DEDFT and (c, d) the maximum 
DEDFT, by MLPRe-train for all hypothetical phases in 𝒟#:;#.   
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4. Test and compare multiple MLPs from 𝓓𝐭𝐫𝐚𝐢𝐧 and 𝓓𝐫𝐞'𝐭𝐫𝐚𝐢𝐧 

In order to show that our findings for the MLPs shown in Chapter 4 are representative, we 

select, test, and compare three additional MLPs for each of the 𝒟#<=%> and 𝒟<:'#<=%>. The additional 

MLPs were selected as follows. The MLPTrainextra-1 and MLPRe-trainextra-1 are obtained the same as 

MLPTrain and MLPRe-train used in the Chapter 4 but with the second lowest total validation score V 

(methods described in the Appendix F). Additionally, MLPTrainextra-2, MLPTrainextra-3, MLPRe-trainextra-

2, and MLPRe-trainextra-3, were selected as follows. We first calculate the selection score S, using the 

energy (𝜎C) and force (𝜎J) RMSEs, 𝜎ETrain, 𝜎FTrain, 𝜎EValidation, and 𝜎FValidation, based on 𝒟#<=%> (or 

𝒟<:'#<=%> respectively) and 𝒟?=@%A=#%B> as: 

S = ∑ ∑ (𝑣\
l)Ql\ ,          Eq. (E1) 

𝑣\
l= [𝜎\

l −min	(𝜎\
l)]/𝑠𝑡𝑑	(𝜎\

l), I ∈ {E, F}, and j ∈ {Train, Validation},     Eq. (E2) 

where 𝜎\
l is one of the four RMSEs, and min (𝜎\

l) and std (𝜎\
l) are the minimum and the standard 

deviation of 𝜎\
l, respectively. MLPextra-2 and MLPextra-3 are the MLP models with the lowest and 

second lowest S scores. 

Our results show that all MLPs within the same training dataset of either 𝒟#<=%> or 𝒟<:'#<=%> 

have similar performances (Table E1, and Figure E7 – 12). The energy RMSEs of MLPTrain, 

MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-3, MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and 

MLPRe-trainextra-3 are low. For example, the energy RMSEs of MLPTrain, MLPTrainextra-1, MLPTrainextra-

2, and MLPTrainextra-3 on 𝒟?=@%A=#%B> are 1, 2, 2, and 2 meV/atom, respectively (Table E1). The force 

RMSEs of MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-3, MLPRe-train, MLPRe-trainextra-1, 

MLPRe-trainextra-2, and MLPRe-trainextra-3 (excluding MLPTrain on 𝒟<:'#<=%>) are within a close range of 
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0.02 - 0.05 eV/Å. These results confirm that the performances and conclusions about MLPTrain and 

MLPRe-train shown in the main text (Chapter 4.2, 4.3, and 4.4) are representative.  

These results further confirm that MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-

trainextra-3 trained on the 𝒟<:#<=%> with four phases (two intermediate phases) show worse 

performance than the MLPTrain, MLPTrainextra-1, MLPTrainextra-2, and MLPTrainextra-3 trained on the 

𝒟#<=%> with only three phases (one intermediate phase), as shown by the energy RMSEs of MLPTrain 

and MLPRe-train on 𝒟#:;# and the ranking error rates (Figure E13, E14, E17, and E18). For the 

energy RMSEs, MLPTrain, MLPTrainextra-1, MLPTrainextra-2, and MLPTrainextra-3 only have no more than 

two hypothetical phases (2, 2, 2, and 0 respectively) in 𝒟#:;# (Figure E13a, b, c, and d) with the 

RMSEs higher than 40 meV/atom for, whereas MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and 

MLPRe-trainextra-3 have 24, 26, 24, and 23 hypothetical phases with RMSEs higher than 40 meV/atom 

(Figure E14a, b, c, and d). For the ranking error rates, MLPTrain, MLPTrainextra-1, MLPTrainextra-2, and 

MLPTrainextra-3 have only 3, 2, 2, and 2 hypothetical phases with error rates higher than 50% 

respectively (Figure E17a, b, c, and d), whereas MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and 

MLPRe-trainextra-3 have 6, 8, 4, and 4 hypothetical phases with error rates higher than 50% in 𝒟#:;# 

(Figure E18a, b, c, and d). For the worst performing materials, MLPTrain, MLPTrainextra-1, 

MLPTrainextra-2, and MLPTrainextra-3 exhibit error rates as high as 58%, 54%, 57%, and 59%, 

respectively, while MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 have higher 

error rates of 80%, 82%, 63%, and 63%. 
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Table E1. Energy and force RMSEs of MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-3, 
MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 on 𝒟#<=%>, 𝒟?=@%A=#%B>, and 
𝒟<:'#<=%>. 
 

Models RMSE 
𝜎ETrain 

(meV/atom) 

RMSE 
𝜎FTrain 
(eV/Å) 

RMSE 
𝜎EValidation 

(meV/atom) 

RMSE 
𝜎FValidation 
(eV/Å) 

RMSE 
𝜎ERe-train 

(meV/atom) 

RMSE 
𝜎FRe-train 
(eV/Å) 

MLPTrain 2 0.03 1 0.03 103 0.13 
MLPTrain

extra-1 3 0.02 2 0.03 55 0.07 
MLPTrain

extra-2 3 0.02 2 0.03 41 0.06 
MLPTrain

extra-3 3 0.02 2 0.03 81 0.22 
MLPRe-train 9 0.04 6 0.04 26 0.05 

MLPRe-train
extra-1 9 0.04 6 0.04 25 0.05 

MLPRe-train
extra-2 8 0.04 5 0.04 24 0.05 

MLPRe-train
extra-3 8 0.04 5 0.04 24 0.05 

 

 

 

 

 

 
Figure E7. The energies predicted by MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-3, 
MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 for 𝒟#<=%>. 
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Figure E8. The atomic forces predicted by MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-3, 
MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 for 𝒟#<=%>. 
 
 
 

 
Figure E9. The energies predicted by MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-3, 
MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 for 𝒟?=@%A=#%B>. 
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Figure E10. The atomic forces predicted by MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-

3, MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 for 𝒟?=@%A=#%B>. 
 
 
 

 
Figure E11. The energies predicted by MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-3, 
MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 for 𝒟<:'#<=%>. 
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Figure E12. The atomic forces predicted by MLPTrain, MLPTrainextra-1, MLPTrainextra-2, MLPTrainextra-

3, MLPRe-train, MLPRe-trainextra-1, MLPRe-trainextra-2, and MLPRe-trainextra-3 for 𝒟<:'#<=%>. 
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Figure E13. The energy RMSEs predicted by the (a) MLPTrain, additional (b) MLPTrainextra-1, (c) 
MLPTrainextra-2, and (d) MLPTrainextra-3 on 𝒟#:;#. 
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Figure E14. The energy RMSEs predicted by the (a) MLPRe-train, additional (b) MLPRe-trainextra-1, 
(c) MLPRe-trainextra-2, and (d) MLPRe-trainextra-3 on 𝒟#:;#. 
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Figure E15. The DEDFT of LECs predicted by the (a) MLPTrain, additional (b) MLPTrainextra-1, (c) 
MLPTrainextra-2, and (d) MLPTrainextra-3. A match of LEC predicted by DFT and MLP is marked as 
red 'M’. 
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Figure E16. The DEDFT of LECs predicted by the (a) MLPRe-train, additional (b) MLPRe-trainextra-1, 
(c) MLPRe-trainextra-2, and (d) MLPRe-trainextra-3. A match of LEC predicted by DFT and MLP is marked 
as red 'M’. 
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Figure E17. The ranking error rates predicted by the (a) MLPTrain, additional (b) MLPTrainextra-1, (c) 
MLPTrainextra-2, and (d) MLPTrainextra-3. 
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Figure E18. The ranking error rates predicted by the (a) MLPRe-train, additional (b) MLPRe-trainextra-

1, (c) MLPRe-trainextra-2, and (d) MLPRe-trainextra-3. 
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Figure E19. The atomic environments of (a) Li and (b) Al atoms in (blue) 𝒟#<=%>, (orange) 
𝒟<:'#<=%>, (cyan) 𝒟#:;# as in Chapter 4 (Figure 4.1c) (labeled as TestA), (purple) 𝒟#:;# as in Chapter 
4 (Figure 4.1d) (labeled as TestB), and (green) 𝒟;@=F; as in Chapter 4 Figure. 4.4. The x and y 
coordinates are the 1st and the 2nd principal components of Principal Component Analysis (PCA) 
based on Smooth Overlap of Atomic Positions (SOAP) descriptors, the same as in Chapter 4 
(Figure 4.3a). 
 

 

 

Table E2. The force performance scores, errors of force directions, and errors of force magnitudes 
for cumulative density function (CDF) curves at 90% probability on predicted forces of migrating 
atoms. All scores are calculated from AIMD snapshots for LiAl (Fd3m), Li9Al4 (C2/m: b1), and 
Li5Al3 (Cmcm) using MLPTrain, MLPRe-train, and DFT calculations using single G-centered k-point 
(DFT K1). 
 

Models DFT K1 MLPTrain MLPRe-train 
P(𝒟LiAl) 0.79 0.83 0.81 

|𝛿F| at 90% of CDF on LiAl (eV/Å) 0.075 0.065 0.090 
𝛿E at 90% of CDF on LiAl (°) 16.5 12 13 

P(𝒟J*!K)") 0.73 0.77 0.77 
|𝛿F| at 90% of CDF on Li9Al4 (eV/Å) 0.130 0.105 0.105 
𝛿E at 90% of CDF on Li9Al4 (°) 22.5 16.5 16.5 

P(𝒟J*#K)$) 0.61 0.70 0.76 
|𝛿F| at 90% of CDF on Li5Al3 (eV/Å) 0.220 0.145 0.115 
𝛿E at 90% of CDF on Li5Al3 (°) 36 22 16.5 
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Figure E20. Errors of forces predicted by MLPs on the migrating atoms in AIMD simulations. 
The directional and magnitude accuracies of forces on migrating atoms in snapshots taken from 
AIMD simulations for intermediate Li-Al phases (a) LiAl (Fd3m), (b) Li9Al4 (C2/m: b1), and (c) 
Li5Al3 (Cmcm) with single Al vacancies. The CDF curves are plotted for forces (dashed black 
lines) calculated by DFT K1, (blue) predicted by MLPTrain, and (orange) by MLPRe-train. Red lines 
are visual guidance for 90% cumulative probability, following the same scheme in Chapter 4 
(Figure 4.6). 
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Appendix F 

F1. First-principles computation 

Vienna ab initio simulation package[98]  (VASP) with Perdew-Burke-Ernzerhof[100] (PBE) 

functionals by generalized-gradient approximation (GGA) was used to perform all DFT 

calculations. The projector augmented-wave approach was adopted in DFT calculations to relax 

crystal structures and get energies and forces. All true values of energies and forces for training, 

validating, and testing MLPs were calculated using 4´4´4 k-point mesh (K4). In addition, forces 

using G-centered 1´1´1 k-point mesh (K1) were also calculated on migrating rare-event (RE) 

atoms in diffusions as benchmarks to compare with MLPs in Chapter 4.5.3. The Gaussian smearing 

method was adopted to calculate partial occupancies for each orbital (ISMEAR = 0) in 

combination with smearing width set to 0.05 eV (SIGMA = 0.05). Furthermore, all DFT 

calculations were spin-polarized with an energy cutoff set to 520 eV, electronic relaxation cutoff 

set to 10-7 eV, and other parameters set to be compatible with the Materials Project. [102,105] 

 

F2. Ab initio molecular dynamics simulation 

Ab initio molecular dynamics (AIMD) simulations were performed as the same scheme 

described in Chapter 2, Chapter 3, Appendix B, and Appendix D. All simulations adopted GGA 

for PBE functionals, as described in First-Principles Computation section. In addition, the AIMD 

simulations were non-spin-polarized, with the setting of electronic energy convergence cutoff to 

10-4 eV, a time step of 2 fs, and a G-centered 1´1´1 k-point mesh. All simulations adopted the 

NVT ensemble with Nose-Hoover thermostat (SMASS = 0). The initial structures were heated up 

from 100 K to the target temperatures with a constant heating rate using velocity scaling during a 

period of 2 ps. All supercells for AIMD simulations have lattice parameters at around 10 Å or 
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larger. The temperatures of 600 K, 2000 K, and 400 K were used to generate the near-equilibrium 

snapshots of relaxed intermediate phases, liquids of intermediate phases, and interfaces, 

respectively. 

The diffusion simulations for the selected Li5Al3 (Cmcm) and Li3Al2 (R3#m) intermediate 

phases in Chapter 4.5.3 were carried out following the established process in Chapter 2, Chapter 

3, Appendix B, and Appendix D. Since counting atom hopping is stochastic in nature, all diffusion 

simulations were converged following the scheme in Ref.[4] To obtain adequate migrating atoms, 

the total mean-squared-displacements of Li atoms were in the range between 150 to 517 Å2 within 

400 ps for Li5Al3 (Cmcm), and between 180 and 4300 Å2 during 600 to 1000 ps for Li3Al2 (R3#m). 

The diffusional properties of Li5Al3 (Cmcm) were evaluated at the temperatures of 400, 450, 500, 

550, and 600 K, while the diffusional properties of Li3Al2 (R3#m) were evaluated at the 

temperatures of 400, 450, 500, 550, 600, 650, and 700 K.  
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F3. Datasets for training, validation, and testing 

A total of eight datasets were generated for training, validating, and testing MLPs, such as 

two training datasets 𝒟#<=%> and 𝒟<:'#<=%>, two validation datasets 𝒟?=@%A=#%B> and 𝒟%<<:[L@=<, and 

four testing datasets 𝒟#:;#, 𝒟;@=F;, 𝒟G="=>"H, and 𝒟F""/Y"". The energies and the forces of all 

configurations in these datasets (except for 𝒟%<<:[L@=<) were converged using K4 by single-step 

self-consistent DFT calculations (unless indicated otherwise). 

The 𝒟#<=%> dataset contains 356 configurations based on BCC Li metal (Im3#m, ICSD 

77370), LiAl (Fd3#m, ICSD 240122), and FCC Al metal (Fm3#m, ICSD 606000). All supercells in 

𝒟#<=%> have the lattice parameters around or larger than 10 Å. For each of these three phases, a 

variety of configurations were generated as follows: 

(1) The ground-state configuration that was fully relaxed by DFT K4. 

(2) Five near-equilibrium configurations of the ground-state generated by NVT AIMD simulations 

at 600 K. Each of the near-equilibrium configurations was generated by a separate AIMD 

simulation of 2 ps. 

(3) Two liquids configurations generated by NVT AIMD simulations at 2000 K, following the 

same process as 2). 

(4) Strained supercells with a) -15% or +15% strain on each of the three lattice parameters, and b) 

-15% or +15% strain on a pair of distinct lattice parameters with four combinations (+15%, 

+15%), (-15%, -15%), (+15%, -15%), and (-15%, +15%) strains. 

(5) Distorted supercells generated by distorting each of the three lattice angles by -13.5° or 13.5° 

for cubic lattices (-15% or +15% of corresponding lattice angles if lattice angles are not 90°). 

(6) Supercells with vacancies. We removed 5%, 10%, or 15% of atoms in the supercell of Li and 

Al. For LiAl (Fd3#m), the defected supercells with either Li or Al vacancies were generated, 



 

 

176 
 

but not both Li and Al vacancies at the same time. All supercells with vacancies were then 

fully relaxed by DFT K4. 

(7) Five near-equilibrium configurations for each supercell with vacancies. All configurations 

were generated by NVT AIMD simulations at 600 K, following the same process in 2). 

(8) Supercells with interstitials. We added one, two, or four atoms of either Li or Al in the 

supercells of Li, Al, and LiAl. All bulk supercells were then fully relaxed by DFT K4. 

(9) Five near-equilibrium configurations for each of the supercells with interstitials. All 

configurations were generated by NVT AIMD simulations at 600 K, following the same 

process in 2).  

(10) Additionally, 20 interfaces with every pair of two phases in the dataset. All 20 interfaces 

were generated by directly joining the conventional unit cell of each material by the Zur and 

McGill algorithm[114] implemented in Pymatgen[105] Python package. The maximum matching 

area of Zur and McGill algorithm was set to 400 Å2 and the maximum angle tolerance was set 

to 0.01. Slabs of both materials on either side of the interface had four layers of unit cells. We 

generated interfaces using the Miller indices of {100}, {110}, and {111}. The gap distance 

and the vacuum space at the interface core were both set to 2.5 Å. Due to the high 

computational cost of evaluating energies and forces for these large interface supercells, we 

excluded the supercells that had more than 250 atoms or had lattice parameters larger than 25 

Å. For each interface supercell, four configurations were generated as follows,  

i. A supercell of the interface configuration without relaxing lattice or atom positions. 

ii. A supercell of the interface configuration relaxed by DFT K1. The energy and atomic 

forces of the relaxed supercell were then calculated by DFT K4 self-consistent run with 

fixed lattice and atom positions. 



 

 

177 
 

iii. Two near-equilibrium configurations for the relaxed supercell generated by NVT 

AIMD simulations at 400 K. 

 

The 𝒟<:'#<=%> dataset contains 414 configurations based on four phases: BCC Li metal 

(Im3#m, ICSD 77370), LiAl (Fd3#m, ICSD 240122), LiAl (P63/mmc, ICSD 262069), and FCC Al 

metal (Fm3#m, ICSD 606000). All configurations were generated following the same process as 

𝒟#<=%>, except for near-equilibrium configurations generated in 2), 7), and 9). In 𝒟<:'#<=%>, near-

equilibrium configurations were generated by displacing each atom to a random direction and the 

displacement of each atom was randomly selected using a uniform distribution between 0 and 0.5 

Å, and only three near-equilibrium configurations were generated for 2), 7), and 9) in 𝒟<:'#<=%>. 

A total of 42 interface supercells were generated in the 𝒟<:'#<=%> following the same process of 

𝒟#<=%>. Three configurations of each interface supercell were generated, including a supercell 

configuration without relaxation, a supercell configuration relaxed by DFT K1, and a near-

equilibrium configuration generated by the random displacement.  

The 𝒟?=@%A=#%B> dataset contains 66 configurations generated from NVT AIMD simulations 

of relaxed bulk, vacancy, and interstitial supercells at 600 K, following the same process used in 

2) for 𝒟#<=%>. The bulk, vacancy, and interstitial supercells were the same as 1), 6), and 8) in 𝒟#<=%> 

(a total of 33 supercells), and two near-equilibrium configurations of each supercell were taken 

following the same as 2), 7), and 9) in 𝒟#<=%>.  

The 𝒟#:;# dataset contains 1391 configurations based on eight intermediate phases from 

the ICSD and 39 hypothetical phases (Figure 3.1c and d). Hypothetical phases were generated 

using the lattice structures of eight known intermediate phases and changing the site occupancies 

to given compositions, consisting of 24 in three compositions LiAl3, LiAl, and Li5Al3 in eight 
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known intermediate phases (Figure 3.1c) and 15 phases with handpicked compositions, LiAl5, 

Li2Al3, and Li4Al (Figure 3.1d). The configurations for the dataset were generated by swapping 

random numbers of Li and Al atoms in the supercell as follows. First, we generated a random 

number n between 1 and 10% of the total number of atoms in the supercell. Then, we randomly 

picked n Li and n Al atoms, and swapped their positions. We generated up to 30 configurations 

for each intermediate phase. All configurations were symmetrically distinct to each other, 

according to the established scheme in Ref.[29,115] The hypothetical phases were generated by 

adjusting their compositions from the original intermediate phases to the target compositions in 

the relaxed supercells. The compositions were adjusted by correspondingly changing the 

occupancies of Li and Al sites in the relaxed supercells of the original intermediate phases, and 

the partial occupancies may be adjusted to include vacancies to guarantee the numbers of Li and 

Al atoms are integers  (such as Li5Al3 with lattice structures Pm3#m, C2/m:b3, and R3#m, and Li4Al 

with lattice structures P63/mmc, Pm3#m, and Cmce). Then, the structure with modified site partial 

occupancies was ordered following the scheme in Ref.[29] We generated up to 30 configurations 

for each hypothetical phase. All configurations were symmetrically distinct from each other.  

The 𝒟;@=F; dataset contains 420 configurations of interface supercells with a range of 

compositions with different orderings generated by Monte Carlo (MC) methods. Interface 

supercells in 𝒟;@=F; were between BCC metal Li and BCC LiAl (Fd3#m) based on the relaxed 

conventional unit cell, following the same process of generating interfaces in 𝒟#<=%>. The 

maximum matching area of the Zur and McGill algorithm was set to 100 Å2 and the maximum 

angle tolerance was set to 0.01. The Miller indices of both the substrate and the film were set to 

{100}. four types of supercells were used, 8.9×4.5×60.7 Å3, 8.9×8.9×34.7 Å3, 8.9×8.9×47.3 Å3, 

and 13.4×8.9×28.4 Å3, corresponding to 2´2´5.5, 2´2´7.5, 2´1´9.5, and 3´2´4.5 of the 
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conventional LiAl (Fd3#m) unit cell (Figure 4.4). Restricted by the total number of atoms in the 

supercell, the compositions of supercells were handpicked and rounded to the closest Al 

concentration at 20%, 21%, 25%, 33%, 34%, 36%, 38%, 40%, and 45%. Compositions were 

changed by adjusting the number of layers of unit cells for Li and LiAl. A total of 21 different 

compositions in four supercells were generated by MC simulations using MTPTrain (Figure 4.4). A 

MC simulation at 300 K for each interface supercell was performed to find the lowest energy 

configurations by swapping atom positions of a random Li and a random Al for each attempted 

random move. The MC simulations were terminated when the relative standard deviations of the 

total energies of the last 1000 attempts were lower than 10-5. During the MC simulations, supercells 

were relaxed with energy convergence set to 10-5. The MC simulations were conducted using 

LAMMPS by our house-customized scripts. The final 20 configurations that were accepted in each 

simulation were included in 𝒟;@=F;, with their energies were calculated by DFT K4 without 

relaxing lattices or atom positions. 

The 𝒟G="=>"H dataset contains 350 configurations based on eight intermediate phases with 

a single vacancy of either Li or Al atom (see Appendix E). In the relaxed supercells of intermediate 

phases, a random Li or Al atom was then chosen, swapped its position with any other atom (either 

Li or Al), and then removed. By using this method, we generated up to 30 configurations that were 

symmetrically distinct (including an anti-site in some cases) for each phase containing one 

vacancy.  

The 𝒟F""/Y"" dataset contains 701 configurations based on the structures with BCC and 

FCC lattices with 12 compositions with Al % of 52%, 54%, 56%, 57%, 60%, 62%, 64%, 66%, 

68%, 70%, 72%, and 74% for each lattice. The structure lattice of metal Li (Im3#m) and LiAl 

(Fd3#m) for BCC, and metal Al (Fm3#m) and LiAl3 (Pm3#m) for FCC, were adopted to generate 
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configurations with different elemental orderings. This led to a total of 48 hypothetical phases 

were generated. Compositions of these phases were adjusted following the same steps in 𝒟#:;#. 

For each phase, following the same process of ordering of hypothetical phases in 𝒟#:;#, up to 10 

symmetrically distinct configurations were generated for metal Li (Im3#m) and Al (Fm3#m), and up 

to 20 configurations were generated for LiAl (Fd3#m) and LiAl3 (Pm3#m).   

The 𝒟%<<:[L@=< dataset was a validation dataset only used to select the optimized MLPs as 

described in the F5. This dataset contains 141 configurations, which were intentionally generated 

as far-from-equilibrium configurations to give either exceptionally low energies predicted by 

MLPTrainextra-2 (Appendix E) (< -10 eV/atom, compared with -1.9 eV/atom for bulk Li and -3.7 

eV/atom for bulk Al) or exceptionally high predicted forces (> 15 eV/Å on any atom). Since the 

configurations in this dataset were far-from-equilibrium, predicted energies were expected to be 

high (> -4 eV/atom for typical LixAly). Thus, the exceptionally low predicted energies contradict 

to the physical nature of far-from-equilibrium configurations. This validation dataset was used to 

exclude those MLPs that have exceptionally low predicted energies, which can be viewed as a 

failure in capturing the correct physical interactions of Li-Al materials system. These 141 

configurations were selected from the snapshots produced by performing MLP-MD simulations 

using grand canonical ensemble (allowing the change of supercell size and the number of Li atoms) 

at 600 K. The supercell of LiAl (Fd3#m) has a size of 25.3 ´ 25.3 ´ 24.0 Å3 and contains 576 Al 

atoms with varying Li atoms (289 to 578), and another supercell is the interface between bulk Li 

and Al with the size of 27.9 ´ 19.7 ´ 22.6 Å3 and 384 Al atoms with varying Li atoms (157 to 

260). A random amount of Li atoms was removed (varying between 1 to 287 Li atoms removed 

for supercells with 576 Al atoms, and between 124 to 227 Li atoms removed for supercells with 

384 Al atoms) or inserted (< 2 Li atoms inserted for supercells with 576 Al atoms) from the 
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supercells in the dataset. During the MD simulations using grand canonical ensemble, an attempt 

to either remove or insert (50% probability for either action) a Li atom is tried every 0.1 ps. Then, 

by fixing the number of Al atoms, the acceptance of each attempt is determined by the final 

energies predicted by MLP with a given constant chemical potential of Li only,[116,117] following 

the Metropolis algorithm in Monte Carlo simulations. The probability of accepting a 

removal/insertion attempt using the final predicted energies and Li chemical potential is calculated 

following the equations developed by Ref [116,117]. Many of these generated configurations were 

intentionally generated to be less reasonable, far-from-equilibrium configurations, as some atoms 

get as close as within 1 Å, which were given by the erroneous prediction (very low energies) of 

MLPTrainextra-2. These configurations produced by MLPTrainextra-2 (Appendix E) during MLP-MD 

simulations using grand canonical ensemble were re-used in the validation process (Appendix F5) 

to select MLPs having the minimum amount of erroneously predicted energies (< -10 eV/atom). 

For some configurations with atoms very close to each other, large forces were predicted by the 

MLPTrainextra-2 even on atoms that were far away (> 5 Å) from the erroneous pairs. Given The 

𝒟%<<:[L@=< dataset was a validation dataset only used to select the optimized MLPs as described in 

the F5, no DFT values are needed.    



 

 

182 
 

F4. Training MLPs 

The MTP models were trained using the same scheme implemented in MAML[118] Python 

package interfaced with MLIP for MTP [15,110]  as in previous studies (Zuo et al.[1] and Chapter 3). 

A grid search approach was employed to identify the combination of hyperparameters, including 

the cutoff radius, the choice of the radial basis function sets, and the maximum number of 

iterations, as in Zuo et al.[1] and Chapter 3. Two to ten values were tested for each hyperparameter, 

and there were a total of 2488 MTPs trained by 𝒟#<=%> and 1537 MTPs trained by 𝒟<:'#<=%>. 

 

F5. Optimizing MLPs and fine tuning the hyperparameters 

The processes of evaluating the validation scores, fine tuning the hyperparameters, and 

selecting the optimal MLPs with the best scores were as follows. To calculate the validation scores, 

10 criteria, consisting of the RMSE energies and forces and the NAC of force errors, were used: 

(1) The RMSE of energies for training data 𝒟#<=%>/𝒟<:'#<=%> (with respect to the training process 

of MLPTrain or MLPRe-train), 𝜎C#<=%>; 

(2) The RMSE of energies for validation data 𝒟?=@%A=#%B>, 𝜎C?=@%A=#%B>; 

(3) The RMSE of forces for 𝒟#<=%>/𝒟<:'#<=%>, 𝜎J#<=%>; 

(4) The RMSE of forces for 𝒟?=@%A=#%B>, 𝜎J?=@%A=#%B>; 

(5) The normalized area of the cumulative distribution function curve (NAC) of errors on force 

magnitudes for 𝒟#<=%>/𝒟<:'#<=%>, ∆NAC(|𝛿(|, 𝒟#<=%>) = 1 - NAC(|𝛿(|, 𝒟#<=%>); 

(6) The NAC of errors on force directions for 𝒟#<=%>/𝒟<:'#<=%>, ∆NAC(𝛿), 𝒟#<=%>) = 1 - NAC(𝛿), 

𝒟#<=%>); 

(7) The NAC of errors on force magnitudes for 𝒟?=@%A=#%B>, ∆NAC(|𝛿(|, 𝒟?=@%A=#%B>) = 1 - NAC(|𝛿(|, 

𝒟?=@%A=#%B>); 
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(8) The NAC of errors on force directions for 𝒟?=@%A, ∆NAC(𝛿), 𝒟?=@%A=#%B>) = 1 - NAC(𝛿), 

𝒟?=@%A=#%B>); 

(9) The number of large forces predicted for all atoms in 𝒟%<<:[L@=<, NF; 

(10) The number of configurations that the energies predicted were < -10 eV/atom in 𝒟%<<:[L@=<, 

NE; 

The NACs were the normalized area of the cumulative distribution function (CDF) curves 

as we proposed in Chapter 3 and were calculated following the same steps in Chapter 3.4.1. The 

CDF curves of force errors were generated to show the distributions of errors over a specific error 

range, and the NAC was then calculated as dividing the area under the CDF curve by the total area 

(between 0 to 100% on y-axis and the specified error range on x-axis). Here, the NAC of errors on 

force magnitudes, NAC(|𝛿(|, 𝒟), was calculated by using the CDF curves over an error range of 0 

to 1.5 eV/Å, and the NAC of errors on force directions, NAC(𝛿), 𝒟), was calculated by using the 

CDF curves over an error range of 0 to 180 degrees. 

The value of each criterion, c, was then standardized by subtracting its minimum value 

min(c) and dividing by its standard deviation std(c),  

v = [c – min(c)]/std(c).  

The total validation score was calculated as 

V = ∑ (𝑤n𝑣)Qn ,  

where the weights 𝑤n of NF and NE were set to 1.5 and 𝑤n of all the other criteria were set to 1. 

The MLPs with the lowest total validation score V were selected as MLPTrain and MLPRe-train.  
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F6. Principal component analysis of atomic environments 

We adopted the Smooth Overlap of Atomic Positions (SOAP) descriptors to quantify the 

atomic environments in all datasets. The SOAP descriptors were calculated using the QUIP[11] 

package and the parameters set as follows (or default values if not specified), 

(1) The band limit of spherical harmonics basis function (l_max) was set to 12.  

(2) The number of radial basis function (n_max) was set to 6.  

(3) The covariance function type was set to ‘dot_product’ and its zeta was set to 4. 

(4) The cutoff radius was set to 6 Å.  

(5) The number of sparse points was set to 4000.  

We visualize the quantified atomic environments by performing the principal component 

analysis (PCA) function implemented in sci-kit learn package. We first standardized all elements 

of the SOAP descriptors by subtracting the means and dividing by the standard deviations. Then, 

we conducted PCA and plotted the 1st and the 2nd principal component (Figure 4.3 and Figure 

E19). 

 

F7. Identifying migrating atoms and evaluating force performance 

The process of identifying migrating atoms to evaluate force performance of MLPs 

(Chapter 4.5.3) follows the same approach in Chapter 3.4.1, and was explained in Appendix D. 

Since most of the diffusion events are by Li atoms in Li-Al materials systems, migrating Li atoms 

were identified to evaluate MLP performances on migrating atoms. Li migrating atoms were 

selected following a similar approach as identifying migrating atoms in Chapter 3 (Appendix D). 

If the distances of the atom between their 1st and 2nd nearest static sites have a difference below 

0.9 Å (approximately 33% of distances between two static sites), the atom is identified as migrating 
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atom. The errors of force magnitudes and force directions between the true and the predicted 

atomic forces were then calculated for these migrating atoms, and the error distribution were 

plotted as the CDF curves in Chapter 4.5.3 (Figure 4.6). 
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Appendix G 

1. Pareto fronts of MLPs and “outlier” MLPs 

Our analyses of the optimal MLPs on Pareto fronts of the MLP pool may be beneficial for 

selecting and comparing MLP models with different descriptors, training data, etc. These analyses 

test a set of representative MLPs instead of an optimized single MLP model, as a single optimized 

model may be susceptible to many factors, such as hyperparameters, training data and process, 

validation, and many more.  

In a typical MLP training process, the selection of optimized MLPs is based on a few 

metrics, most often the energy and force RMSEs of training datasets and of validation datasets. 

These metrics can be combined to calculate a validation score, e.g., 

𝑆𝑐𝑜𝑟𝑒 = ∑ (𝑤\𝑀\
?=@%A=#%B>)Q\ ,      Eq. (G1) 

where Mvalidation is the validation metric, and w is the weight of Mvalidation. The MLP having the best 

validation score is often selected as the optimized MLP for further testing. One may choose 

different weights and the formulas of validation scores, e.g., a∑ (p8q8
97$":74"5;)1<

8
&

 or ∑ p8|q8
97$":74"5;|<

8
&

, 

which would produce different ‘optimized’ MLPs with different performances. It is not obvious 

what are the best choices of the weights and the formulas of validation scores to achieve the 

optimal MLPs. Having different validation scores may greatly affect the choice of the optimal 

models and their performance, thus making the analyses and comparison of MLPs difficult as there 

are many other factors involved. Using optimal MLPs on the Pareto fronts (the vertices on the 

Pareto fronts) based on a collection of MLPs may help circumvent the issue of choosing the 

weights or formulas of validation scores.  

  Given the importance of the Pareto fronts of MLPs, sampling MLPs to construct Pareto 

fronts that clearly show the boundary of MLP performance on each error metrics is essential. Our 
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study uses both optimized MLPs and MLPs that are randomly sampled from the model pool of the 

MLPs. Though many MLPs randomly sampled from the model pool have bad performances, a few 

of them, which are referred as “outliers”, may exhibit good performance on only a very limited 

number of properties but not others. These outlier MLPs are usually excluded from the 

optimization step in typical MLP training processes, because they perform poorly on the many 

other metrics, but our random sampling scheme can still include these MLPs for our analysis 

purposes. For example, the outlier MLP (Figure G1d) has an error of 3.7 eV on Efvacancy. Similar 

outlier MLPs can be observed for many properties (as shown in Figure G2, G3, and G4). 

These outliers provide interesting insights into the upper limits of MLP performance on 

certain properties or metrics in forming complete Pareto fronts, such as the ones highlighted by 

green boxes (Figure G1). For example, the outlier MLPs (Figure G1c) and d can achieve an 

accuracy lower than 3% error rates on energy rankings, while the error rates of other MLPs are 

higher than 20%, compared with the ∆D(EST	#B	SR benchmark of 7%. These outlier MLPs suggest that 

having good predictions on energy rankings can be achieved using current MLP models and 

descriptors.  

Including randomly sampled MLPs, which have been generated in the training process, 

into the MLP model pool, incurs no additional computation costs. Analyzing both the optimal 

MLPs along with these outlier MLPs provides a more comprehensive understanding of the MLP 

behavior.  
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Figure G1. Examples of error metric distributions of property pairs containing outlier MLPs. The 
scattering plots of (a) the RMSEs, 𝜎JUV'P, versus the directional errors ∆NAC(𝛿), 𝒟UV'P) of forces 
on RE atoms for Si interstitials, (b) the mean energy differences of ranking errors, mean ∆𝐸D(ER , 
versus the ranking error rate, P<=>s%>[	:<<B<T , and (c) the formation energies of Si vacancy, 
𝛿𝐸Y

?="=>"H, versus P<=>s%>[	:<<B<T . (d) The zoom-in plot of (c) with P<=>s%>[	:<<B<T  range from 2% to 
100%. Green boxes highlight the outliner MLPs in each plot.  
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Table G1. Summary of MLP pools categorized by their models and training datasets. 
 

MLP models Training data Pool size of 
hyperparameters 

 
GAP 

𝒟L?7	1+	#). 2304 
𝒟1%3#%$14,D 2304 
𝒟1%3#%$14,G 2304 

 
 

NNP 

𝒟L?7	1+	#). 576 
𝒟1%3#%$14,D 576 
𝒟1%3#%$14,G 576 

𝒟8*,D 720 
𝒟>,D 720 

 
 

DeePMD 

𝒟L?7	1+	#). 300 
𝒟1%3#%$14,D 300 
𝒟1%3#%$14,G 300 

𝒟8*,D 294 
𝒟>,D 294 

 
DeepPot-SE 

𝒟L?7	1+	#). 200 
𝒟1%3#%$14,D 197 
𝒟1%3#%$14,G 194 

MTP 𝒟1%3#%$14,D 1760 
𝒟1%3#%$14,G 1526 

 
 

SNAP 

𝒟L?7	1+	#). 1965 
𝒟1%3#%$14,D 1980 
𝒟1%3#%$14,G 1980 

𝒟8*,D 1977 
𝒟>,D 1980 
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Table G2. Summary of 36 challenging properties and the fraction of MLPs that meet the 
benchmark of each challenging property.  
 

Category Error metric MLPs meeting the benchmark 
(%) 

 
 

Ef
Defect 

𝛿𝐸!
'()*+,-../0 5.0 

𝛿𝐸!
315#67%#) 4.4 

𝛿𝐸!
"#$#%$& 3.7 

𝛿𝐸!+1+2#3142#) 2.8 
 
 
 
 
 
 
 
 

Elastic constants 

𝛿𝐶.=
'()*+,-../0 12.7 

𝛿𝐶..
'()*+,-../0 7.0 

𝛿𝐾'()*+,-../0 7.0 
𝛿𝐶>>

'()*+,-../0 3.2 

𝛿𝐶.=
315#67%#) 12.0 

𝛿𝐶>>
315#67%#) 9.1 

𝛿𝐾315#67%#) 8.2 
𝛿𝐶..

315#67%#) 1.0 

𝛿𝐶.=
'?(12$1)) 8.5 

𝛿𝐶>>
'?(12$1)) 8.3 

𝛿𝐾'?(12$1)) 7.3 
𝛿𝐶..

'?(12$1)) 2.0 
𝛿𝐶.=?%*+	$1)) 11.5 
𝛿𝐾"#$#%$& 9.3 

 
 
 
 
 
 

Energy rankings 

P2#%@*%6	12272.  0.1 
Maximum Δ𝐸89:.  0.1 

Mean Δ𝐸89:.  0.0 
P2#%@*%6	12272=  0.2 

Maximum Δ𝐸89:=  0.0 
Mean Δ𝐸89:=  0.0 
P2#%@*%6	12272A  0.0 

Maximum Δ𝐸89:A  0.0 
Mean Δ𝐸89:A  0.0 
P2#%@*%6	12272>  0.1 

Maximum Δ𝐸89:>  0.0 
Mean Δ𝐸89:>  0.0 

Forces on RE atoms, 
NAC(𝛿, 𝒟RE) 

∆𝑁𝐴𝐶(|𝛿F|, 𝒟BC,G) 12.7 
∆𝑁𝐴𝐶(δE, 𝒟BC,D) 4.8 
∆𝑁𝐴𝐶(|𝛿F|, 𝒟BC,D) 3.8 

𝜎BC 𝜎FBC,G 11.7 
𝜎FBC,D 3.7 

Thermal properties 𝛿𝑆I?)@(𝑇) 14.5 
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Table G3. Summary of 20 challenging property pairs that no MLP can meet both benchmarks at 
the same time.  
 

Category A Error metric A Error metric B Category B 
 
 
 
 
 
 
 
 
 
 
 
 

Ef
Defect 

 
 
 
 

𝛿𝐸!
315#67%#) 

𝛿𝐶..
315#67%#)  

Elastic constants 𝛿𝐶..
'?(12$1)) 

𝛿𝐶>>
'?(12$1)) 

∆𝑁𝐴𝐶(δE, 𝒟BC,D) Forces on RE atoms, 
NAC(𝛿, 𝒟RE) ∆𝑁𝐴𝐶(|δ9|, 𝒟BC,D) 

𝜎FBC,D 𝜎BC 
𝜎FBC,G 

𝜎F1%3#%$14,G 𝜎1%3#%$14 
 
 
 

𝛿𝐸!+1+2#3142#) 

𝛿𝐶..
'()*+,-../0  

Elastic constants 𝛿𝐶>>
'()*+,-../0 

𝛿𝐶..
315#67%#) 

∆𝑁𝐴𝐶(δE, 𝒟BC,D) Forces on RE atoms, 
NAC(𝛿, 𝒟RE) ∆𝑁𝐴𝐶(|δ9|, 𝒟BC,D) 

𝜎FBC,D 𝜎H,FBC 
𝜎F1%3#%$14,G 𝜎1%3#%$14 

 
𝛿𝐸!

'()*+,-../0 
∆𝑁𝐴𝐶(δE, 𝒟BC,D) Forces on RE atoms, 

NAC(𝛿, 𝒟RE) ∆𝑁𝐴𝐶(|δ9|, 𝒟BC,D) 
𝜎FBC,D 𝜎BC 

𝜎F1%3#%$14,D 𝜎1%3#%$14 
𝛿𝐸!

"#$#%$& 𝛿𝐶..
315#67%#) Elastic constants 
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Figure G2. Pareto fronts for six property pairs in EfDefect. Scattering plots of optimal MLPs on 
Pareto fronts for each of the six MLP models, GAP (cyan lines with squares), NNP (orange lines 
with squares), DeePMD (orange dashed lines with circles), DeepPot-SE (orange dash-dotted lines 
with triangles), MTP (red lines with squares), and SNAP (purple lines with squares). Red dashed 
lines with red dots are the handpicked benchmarks. Black dashed lines with black dots are 
reference points to evaluate hypervolumes or inverted generational distances of Pareto fronts. Thin 
black dashed lines are benchmarks of differences between DFT K4 and K1 calculations, ∆D(EST	#B	SR. 
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Figure G3. Pareto fronts for six selected property pairs in either the forces on RE atoms NAC(𝛿, 
𝒟RE) category or 𝜎UV category, following the same scheme of Figure G2. The benchmark of 𝜎CUV'G 
is handpicked as 15 meV/atom in (d) and (f), while all the other error metrics in the figure use 
∆D(EST	#B	SR as benchmarks. 
 

 

 

 

 

Figure G4. Pareto fronts for six selected property pairs in the elastic constant category. All error 
metrics use ∆D(EST	#B	SQ as benchmarks. 
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Appendix H 

H1. First-Principles Computation 

Density functional theory (DFT) calculations were performed to compute energies and 

forces of configurations and to relax structures. Since a majority of MLPs were retrieved from 

Chapter 3, all DFT calculations were performed as described in Appendix D, using Vienna ab 

initio simulation package[98] (VASP) with the projector augmented-wave approach. Generalized-

gradient approximation (GGA) with Perdew-Burke-Ernzerhof[100] (PBE) functionals were used. 

All true values of energies, forces, physical properties, and evaluation metrics were calculated with 

a 4´4´4 k-point mesh (K4), except for elastic constants, which were calculated with 2´2´2 k-point 

mesh (K2). DFT calculations using a G-centered single k-point 1´1´1 (K1) were also obtained as 

benchmarks of error metrics of properties. All DFT calculations were spin-polarized, with 

electronic relaxation cutoff of 10-5 eV, energy cutoff of 520 eV, and other parameters set as in the 

Materials Project.[102,105] 

 

H2. Ab initio molecular dynamics simulation 

Ab initio molecular dynamics (AIMD) simulations were performed to generate atomistic 

configurations in training, validation, and testing datasets (Appendix H3). The supercell models 

of bulk or defected Si for AIMD simulations have lattice parameters larger than 10 Å. AIMD 

simulations were non-spin-polarized, with electronic energy convergence cutoff to 10-4 eV and a 

time step of 2 fs. A G-centered single k-point of 1´1´1 (K1) was used for AIMD simulations. All 

AIMD simulations to obtain migrating (rare event, RE) atoms were performed at 1000 K or 1230 

K, following the same scheme described in Chapter 3 and Appendix D. For each AIMD simulation, 

an initial period of heating up with static relaxed supercells from 100 K to the final temperatures 
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using velocity scaling at a constant rate over 2 ps. Then, AIMD simulations were conducted using 

NVT ensemble with Nosé-Hoover thermostat.  

 

H3. Constructing training, validation, and testing datasets 

This study used a total of five training datasets, 𝒟KLB	:#	=@., 𝒟:>O=>":A'P, 𝒟:>O=>":A'G, 

𝒟Q'P, and 𝒟R'P, a validation dataset, 𝒟?=@%A=#%B>, and two testing datasets, 𝒟UV'P and 𝒟UV'G, each 

consisting of a diverse range of bulk, defected, and distorted Si configurations. All datasets, except 

for 𝒟Q'P and 𝒟R'P, were identical to those in Chapter 3, and 𝒟Q'P and 𝒟R'P were generated as the 

same methods as 𝒟:>O=>":A'P  but with more interstitials as described below. All true values of 

energies and forces used calculation results of DFT K4, as indicated in the First-Principles 

Computation section. The five training datasets are generated by the same approach following 

Chapter 3.4.2. First, we retrieved the training dataset 𝒟KLB	:#	=@. from Zuo et al.,[1] which consists 

of 219 configurations for a wide range of Si structures, including solid Si, melted Si, distorted Si, 

thin slabs of surface Si, and Si bulks with single vacancy from AIMD simulations at different 

temperatures as described in Ref. [1]. Then, we randomly selected and removed 120 Si 

configurations from liquid Si, AIMD simulations of Si bulk, and the strained Si bulk in 𝒟KLB	:#	=@.. 

The removed 120 configurations were replaced by 120 snapshots generated by AIMD simulations 

(K1), with different defects: 𝒟:>O=>":A'G uses Si bulk with single vacancy; 𝒟:>O=>":A'P uses Si 

bulk with single interstitial; 𝒟Q'P uses Si bulk with two interstitials; and 𝒟R'P uses Si bulk with 

four interstitials. Thus, all five training datasets have totally 219 configurations. All defected 

structures are fully relaxed to perform AIMD simulations, with lattice parameters of supercells 

changing -0.4%, 0.3%, 0.3%, 0.3%, 0.5%, and 1.6% (with respect to single vacancy, split-<110> 

interstitial, tetrahedral interstitial, hexagonal interstitial, 2-interstitial, and 4-interstitial supercells) 
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compared with the supercell of perfect Si bulk. All energies and atomic forces of the AIMD 

snapshots were converged using single-step self-consistent DFT K4 without relaxing atom 

positions and lattices. Specifically, all snapshots contain at least one identified rare-event (RE) 

atom and the identification of RE atoms follows the method in Chapter 3 and Appendix D. If the 

difference between the distances to the 1st and the 2nd nearest neighbor of a Si atom is less than 

0.75 Å (approximately 31% of the distance between two nearest static sites), that Si atom will be 

identified as a migrating RE atom.  

The validation dataset 𝒟?=@%A=#%B> is the enhanced validation set used in Chapter 3.4.2, 

consisting of 50 Si structures. 20 configurations are randomly selected from the 120 removed 

structures in the original 𝒟KLB	:#	=@., 11 configurations are AIMD snapshots with single vacancy 

RE, and 19 configurations are AIMD snapshots with single interstitial RE. 

The two testing datasets, 𝒟UV'P and 𝒟UV'G, are the interstitial RE testing set and the 

vacancy RE testing set used in Chapter 3 and Appendix D. Each testing dataset consists of 100 

AIMD snapshots with single interstitial (for 𝒟UV'P) or single vacancy (for 𝒟UV'G) respectively 

and each snapshot contains an identified RE atom as previously described in Appendix D. 

 

H4. Training MLPs 

We adopted the same approach of training MLPs as in Chapter 3.2 and 3.4.2, and in Zuo 

et al.[1] The mlearn Python package and the corresponding MLP source codes, such as QUIP for 

GAP,[11] N2P2 for NNP,[109] MLIP for MTP,[15,110] and SNAP embedded in LAMMPS were used 

to train these MLPs respectively. We also used the DeePMD-kit package to train MLPs for 

DeePMD and DeepPot-SE models, following Ref. [111] and Ref. [5]. DeePMD refers to the early 

version of Deep Potential Molecular Dynamics and the later version of Deep Potential-Smooth 
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Edition is referred as DeepPot-SE. A pool of MLPs with different hyperparameter values were 

trained for each MLP model and by each training dataset, following the same approach in Chapter 

3.2. A grid search approach was adopted using two to ten values for each hyperparameter, 

including the number of radial basis functions and the band limit of spherical harmonic basis 

functions for GAP, the cutoff radius, and the size of neural network for NNP, the choice of radial 

basis function sets for MTP, and the cutoff radius and the number of iteration steps for DeePMD 

and DeepPot-SE. Each model pool has 194 to 2304 MLPs with various hyperparameters for 

different models and training datasets. There were 25327 MLPs generated for our pool. 

 

H5. Optimizing MLPs and selecting the hyperparameter sets 

The validation scores of trained MLP models were calculated as follows. We first 

calculated the energy and the force RMSEs of the corresponding training data, 𝜎C#<=%> and 𝜎J#<=%>, 

and those RMSEs of the validation data 𝒟?=@%A=#%B>, 𝜎C?=@%A=#%B> and 𝜎J?=@%A=#%B>, totally four criteria. 

These four RMSEs criteria were normalized as, 

𝜎g𝒟	u =
v=
𝒟'(v=

𝒟)?";
(v=

𝒟)?@:"7;'(v=
𝒟)?";

, 𝑘 ∈ {𝐸, 𝐹}	and	𝒟 ∈ {train, validation}  Eq. (H1) 

where 𝜎g𝒟 is one of the four RMSEs on dataset 𝒟, and (𝜎g𝒟)w%> and (𝜎g𝒟)w:A%=> is the minimum 

and the median RMSE, in order to have normalized distributions and to have lower values 

correspond to better performances. Then, the validation score was calculated as: 

𝑆𝑐𝑜𝑟𝑒 = a∑ [𝜎g𝒟	u]Qg
𝒟

     Eq. (H2) 

Lower validation scores correspond to better MLP performances. 
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H6. Construction of MLP model pools 

The MLP model pool consisted of optimized MLPs and MLPs randomly selected. If the 

pool size is larger than 1000, we picked the top 10% MLPs from each pool with the lowest 

validation scores, and among them chose 50 MLPs with even spacing according to the ranking by 

the validation scores. If the pool size is smaller than 1000, we picked the top 100 MLPs with the 

lowest validation scores and chose every other MLP (a total of 50) according to the ranking by the 

validation scores. After picking the optimized MLPs, we randomly selected 50 MLPs from the 

remaining pool. 

 

H7. Calculating different physical properties 

The methods for the calculations of the physical properties by DFT (either K4 or K2) as 

true values were described as follows. The supercells of perfect Si bulk, Si with single vacancy, 

and Si interstitials, such as split-<110>, tetrahedral, and hexagonal interstitials, were relaxed by 

DFT K4. MLP predictions on all properties used either fixed configurations relaxed by DFT K4 

or fixed snapshots from AIMD simulations without further relaxations, except for lattice 

parameters. The true values of all properties, such as energies, forces, energy RMSEs, force 

RMSEs, lattice parameters, energy rankings, the normalized area of curve (NAC), and the force 

constants, were calculated by DFT K4 except for elastic constants of bulk and defected Si bulks. 

 

Defect formation energy EfDefect: The supercells with defects were constructed using 

perfect Si bulk with 2´2´2 conventional unit cells (64 atoms) and then statically relaxed by DFT 

K4. The defects considered were vacancy, and interstitial with split-<110>, tetrahedral, or 
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hexagonal interstitial configurations. The energies of DFT K4 calculations were obtained to get 

the defect formation energy EfDefect: 

𝐸YD:Y:"# = 𝐸A:Y:"# − &:@A@B4

&CD$E
𝐸FL@s,     Eq. (H3) 

where 𝐸A:Y:"# is the energy of defected configuration, 𝐸FL@s is the energy of perfect bulk supercell, 

𝑁FL@s is the number of atoms in perfect bulk supercell, and 𝑁A:Y:"# is the number of atoms of 

defected supercell.  

Elastic constants: The true values of elastic constants were calculated by finite differences 

approach via a stress-strain relationship implemented in VASP (IBRION = 6 and ISIF = 3). The 

width of the displacement of each ion was set to 0.015 Å (POTIM = 0.015) and the number of the 

ionic displacements was set to 2 (NFREE = 2). Since the defect supercells require higher 

computation cost due to lower symmetry, the true values were calculated by DFT K2. For MLPs, 

such as GAP, NNP, MTP, and SNAP, the functions to calculate elastic constants were 

implemented in the maml Python package.[118] For DeePMD and DeepPot-SE, we utilized the 

LAMMPS scripts from the maml package to compute the elastic constants.  

Lattice parameters: While other property evaluations used the identical supercells relaxed 

by DFT K4, here the supercells were relaxed by MLPs (See H4 for the methods) to determine the 

lattice parameters given by the MLPs. 

Energy rankings: The MLP performances on energy rankings of the different ordering of 

multiple defects in Si using the following four datasets: 1) di-vacancies in Si bulks in the supercell 

with 3´3´3 conventional unit cells (214 atoms); 2) tri-vacancies in Si bulks in the supercell with 

3´3´2 conventional unit cells (141 atoms); 3) tri-vacancies in Si bulks in the supercell with 3´2´2 

conventional unit cells (93 atoms); 4) tri-vacancies in Si bulks in the supercell with 2´2´2 

conventional unit cells (63 atoms). For each set, we randomly removed two to three Si atoms and 
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generated up to 30 symmetrically distinct configurations (using Pymatgen package [105]). All 

configurations were not relaxed and had fixed lattices and atom positions.  

The energy rankings for each dataset were determined by the true energies converged by 

single-step self-consistent calculations of DFT K4. There were three performance metrics for 

energy ranking, the error rate of ranking errors, P<=>s%>[	:<<B<𝒟  for dataset 𝒟, the mean, and the 

maximum values of the energy differences ∆EDFT of ranking errors, the mean ∆𝐸D(E𝒟 and the 

maximum ∆𝐸D(E𝒟 . Following Chapter 4.3, we used the error rates of ranking errors in all ranking 

pairs to get P<=>s%>[	:<<B<𝒟 . We calculated ∆EDFT of all ranking errors in dataset 𝒟 and took the mean 

and the maximum ∆𝐸D(E𝒟 . 

Force performances on RE atoms: NAC as performance metric, as proposed in Chapter 

3.4.1, was used to evaluate the magnitude or the directional errors of forces on rare-event (RE) 

atoms. We took the identified RE atoms from 𝒟UV'P and 𝒟UV'G, and compared the true and the 

predicted forces on these RE atoms to get force errors. We constructed cumulative distribution 

functions (CDFs) curves of force errors to evaluate NACs of CDF curves of magnitude errors, 𝛿J, 

and directional errors, 𝛿x. NACs of the CDF curves were then calculated within the error ranges 

of 0 < |𝛿J | < 1 eV/Å for magnitude errors NAC(|𝛿J |, 𝒟), and 0º < 𝛿x < 60º for directional errors 

NAC(𝛿x, 𝒟).  

Energy and force RMSEs on RE atoms: The energy RMSEs of configurations from 

𝒟UV'P and 𝒟UV'G 𝜎C𝒟, were calculated as evaluation metrics. For forces, we only took the forces 

on identified RE atoms from 𝒟UV'P and 𝒟UV'G and computed the RMSEs, 𝜎J𝒟.  

Energy and force RMSEs on enhanced training data: We calculated the energy and 

force RMSEs of all configurations and all atomistic forces in datasets 𝒟:>O=>":A'P and 

𝒟:>O=>":A'G.  
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Thermal properties: Thermal properties, such as the equation of state (EOS) curves of 

entropy versus temperature S(T), free energy versus temperature Efree(T), and heat capacity versus 

temperature c(T), were calculated using Phononpy Python package.[119–121] We calculated the 

thermal properties for both Si bulk and Si bulk with a single vacancy in the supercell with 2´2´2 

conventional unit cells with a single vacancy (63 atoms). Phononpy generated Si configurations 

with displaced atoms according to the symmetry of the given cell. Then, we calculated the 

atomistic forces of these configurations with small displacements, by either DFT or MLPs, to 

generate force constants. Given the calculated forces and force constants, we generated the EOS 

curves using Phononpy with a 40´40´40 q-point mesh. The temperatures for EOS curves covered 

a range from 0 to 1000 K with a consistent spacing of 10 K. 

 

H8. Calculating errors of physical properties and evaluation metrics 

The errors were evaluated between the MLP predicted values and the true values (by DFT 

K4) of physical properties. The predicted physical properties of EfDefect, elastic constants, and 

lattice parameters were directly compared with their true values calculated by DFT K4, and then 

the logarithm of these errors were taken to construct and analyze their Pareto fronts.  

For EOS curves of thermal properties, we used the following equation to calculate the error 

metrics of curves predicted by MLPs and the true EOS curves, ∆V!a: 

∆V!a= a∑ [zF(h8)'zGH(h8)]1I
8JK

&
      Eq. (H4) 

where 𝑋|(𝑇\) denotes property X (either entropy S, free energy Efree, or heat capacity c) computed 

using method a (either MLP or DFT) at temperature Ti, 𝑋SR is the property X calculated by DFT 

K4, and N is the total number of temperatures on the curve. We then took the logarithm of ∆V!a. 
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For the properties, such as energy rankings, force performances on RE atoms, energy and force 

RMSEs on RE atoms, and energy and force RMSEs on enhanced training datasets, we used the 

differences between these properties and their ‘ideal’ values (1 for force performances on RE 

atoms and 0 for all the others) and took the logarithm of the differences as evaluation metrics.  

The benchmarks of error metrics on all properties were calculated by DFT K1, except for 

EfDefect, energy RMSEs on RE atoms, and energy and force RMSEs on enhanced training datasets. 

The differences between DFT K4 and K1 on EfDefect were large and the benchmarks were all 

handpicked to be 0.1 eV. The benchmarks of energy RMSEs for configurations on RE atoms 

(𝒟UV'P and 𝒟UV'G) were handpicked to the values of 15 meV/atom. Benchmarks of 15 meV/atom 

for energy RMSEs and 0.12 eV/Å for force RMSEs were used on enhanced training datasets 

(𝒟:>O=>":A'P and 𝒟:>O=>":A'G). 
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