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Quantum emitters coupled to a nanophotonic waveguide have revolutionized quantum sci-

ence and technology by enabling engineered light-matter interactions. In particular, a system of

neutral atoms coupled to an optical nanofiber (ONF) offers a unique platform for quantum optics

and quantum computation, as it integrates two well-established technologies: neutral atoms with

high-fidelity control and optical fibers with low-loss light propagation. This thesis presents a

study of the collective dynamics of 85Rb atoms coupled to an ONF, with a focus on the atomic

spatial distribution.

We first present the collective dynamics of V-type multilevel quantum emitters, emphasiz-

ing the interaction between multiple excited states and multiple atoms mediated by a common

electromagnetic (EM) field mode. Remarkably, we observe quantum beats even in the absence

of an initial superposition in the excited states, which arises from vacuum-induced coupling be-

tween the excited levels. Although such second-order processes are typically weak, they can



become observable through collective enhancement. We theoretically investigate these collective

quantum beats in an extended system of V-type atoms coupled to a waveguide and identify a

characteristic length scale that governs the interference in the multi-atom, multi-level emission.

Then, we describe our efforts to observe long-range interaction between macroscopically

separated atomic clouds via an optical fiber. We develop a theoretical framework for modeling

resonant scattering of an atomic ensemble placed in front of a mirror in the waveguide quantum

electrodynamics (QED) setup. We identify the competition of two parameters that govern the

scattering process: the drive strength and the strength of time-delayed feedback. Our intensity

correlation measurement shows that an atomic cloud coupled to an ONF operates in the indepen-

dent emission regime, where time-delayed feedback is negligible. This work highlights the need

for an ordered atomic array with a lattice constant commensurate with the transition wavelength

to collectively enhance cooperativity.

In the final chapter, we present a novel method for creating a tunable-spacing atomic array

interfaced with an ONF using a set of binary phase transmission gratings. The optical setup

and preliminary results on atom trapping within the lattice are described. Our approach opens

the door to high-cooperativity neutral-atom-nanofiber interfaces, paving the way for advances in

quantum optics and quantum technology.
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Chapter 1: Introduction

The atom-light interaction lies at the heart of the revolution of quantum science and tech-

nology [1, 2]. It has long served as a testbed for quantum theories, with examples ranging from

the observation of antibunched photons [3, 4], squeezed photons [5], and violation of Bell’s in-

equality [6]. Later on, atom-light interaction has begun to be regarded as a promising platform

for a new kind of information processing-quantum computation [7–11]. Atoms provide station-

ary systems that can store quantum states for a long time, while photons propagate through space

carrying quantum states with minimal environmental disturbance. Thus, controlling and engi-

neering interaction between single atoms and single photons have become increasingly critical

for the advancement of quantum technologies.

Realistically, atoms and photons exist in an open system, where both atomic and field

excitations dissipate into the surrounding bath, gradually losing their ability to participate in

coherent interactions. In this context, the atom-light interaction has an appreciable impact only

when it is strong enough, so that the interaction rate exceeds the decay rate of the individual

quantum systems. In free space, coherent atom-light interaction has been implemented by tightly

focusing light using a high-NA optical system [12–15] or interfacing weakly focused light with a

large number of atoms [9, 16]. However, achieving strong interaction between single atoms and

photons, as well as engineering photon-mediated interactions between atoms, is limited in free
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space, as diffraction limits the size of the minimum focal spot of a Gaussian light [17–19] and

causes a focused beam to diverge quickly.

In an effort to engineer atom-light interactions in a more useful way, cavity quantum elec-

trodynamics (QED) [20] and waveguide QED [21–23] have been widely employed. In cavity

QED, photon travels multiple times before it escapes the cavity, increasing the chance to interact

with the atom in the cavity. In waveguide QED, the light is tightly confined along the waveguide,

increasing its mode overlap with the quantum emitters. Both schemes offer a way to interface

atoms to a photonic environment with high efficiency, opening a pathway to quantum computa-

tion [24, 25] and quantum networks [26–28].

In this thesis, we focus on a unique waveguide QED system: neutral atoms coupled to an

optical nanofiber (ONF). The ONF enables direct integration of the neutral atom system into an

optical fiber network with low transmission loss [29], making it an ideal platform for quantum

networking and distributed quantum computing [8, 26–28, 30]. Our study investigates the inter-

action of a photon in the ONF guided mode and a collection of atoms, whose distribution spans

from a disordered ensemble to an ordered array.

1.1 Cooperativity

In achieving a strong atom-light interaction, the figure of merit is the cooperativity parame-

ter. Historically, the term cooperativity was first invented in the context of cavity QED, where the

interaction of confined single atoms and photons was considered [20, 31, 32]. The cooperativity
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is defined as

C =
4g2

κΓ
, (1.1)

where 2g is the vacuum Rabi splitting, which signifies the interaction strength between the atom

and the cavity field mode, and κ and Γ are the dissipative rates of the photon and the atom,

respectively. The cooperativity compares the atom-photon energy exchange rate to the geometric

mean of the energy loss rates of the atomic and photonic systems to the surrounding bath. The

interaction strength between an atom and a cavity field mode, g, is given by

g = d

√
ω0

2ε0ℏV
, (1.2)

where d is the atomic transition dipole moment, ω0 is the angular transition frequency, ε0 is the

vacuum permittivity, ℏ is the reduced Plank constant, and V is the cavity mode volume. The

cavity linewidth κ is

κ =
Tc

L
, (1.3)

where T is the transmission of the lossless mirrors forming the cavity, c is the speed of light, and

L is the cavity length. The atomic decay rate is

Γ =
d2ω3

0

3πε0ℏc3
. (1.4)

The cooperativity can be collectively enhanced. When N atoms couple to the same EM
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field mode of the cavity, the cooperativity is enhanced in proportion with N :

C(N) = NC. (1.5)

Note that the spatial distribution of atoms and their initial phases are important in collectively

enhancing the total cooperativity; the atoms must be constructively coupled to the field mode of

interest.

Cooperativity is a purely geometrical factor related to the overlap of the atomic scattering

cross section and the field mode area [32]. Putting in Eqs. (1.2), (1.3), and (1.4) into Eq. (1.1),

we can express the cooperativity in terms of the geometrical parameters:

C =
Aatom

Afield

1

T
. (1.6)

Here, Aatom = σ0 = 3λ20/(2π) is the resonant atomic scattering cross section with λ0 the tran-

sition wavelength, and Afield = V/L = πw2/4 is the effective field mode area with w the beam

waist of the field mode at the position of the atom. Note that an atom positioned at the antinode

of the cavity is considered here, thus the effective field mode area is decreased by a factor of

4 considering intensity concentration at antinodes [32]. Eq. (1.6) indicates that the single-atom

cooperativity in cavity QED can be regarded as the geometrical overlap of the atomic and field

mode areas multiplied by the number of photon roundtrips before it escapes the cavity.

In this geometrical framework, the cooperativity in free space and waveguide QED can be
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written as

C =
Aatom

Afield

, (1.7)

where T = 1 accounts the fact that there is no mirror. Indeed, it has been independently shown

that the efficiency of interaction between an atom and a free-space light is determined by the

spatial overlap of incident light and atomic dipole radiation pattern, a purely geometrical fac-

tor [19, 32].

In waveguide QED, the atom-light strength is typically quantified by the coupling effi-

ciency, which is defined as

β =
Γ1D

Γrad + Γ1D

, (1.8)

where Γ1D is the radiative decay rate into the guided modes, and Γrad is the decay rate into the rest

of the free-space modes. Note that the total decay rate Γrad +Γ1D is different from the decay rate

of an atom in the free space, as the waveguide modifies the vacuum mode structure by imposing

boundary conditions. The coupling efficiency is connected to the cooperativity parameter by the

relation [33]

C =
β

1− β
. (1.9)

The above equation follows the same intuition as in Eq. (1.1): β represents the amount of inter-

action between the atom and the guided field mode, and 1-β the amount of incoherent decay to

the free-space modes.
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1.2 Waveguide QED

Waveguide QED has been widely used to achieve strong atom-light interactions and photon-

mediated interactions between multiple atoms [21–23]. In this approach, quantum emitters

are coupled to optical waveguides, enabling the use of a vast amount of technologies devel-

oped for modern optical communication systems [34–36]. The versatility offered by waveg-

uide QED has attracted significant interest for quantum optics and quantum information re-

search [8, 26–28, 30, 37–39].

Nanophotonic waveguides modify the vacuum mode structure in such a way that quantum

emitters can be efficiently interfaced to the guided optical modes. Strong coupling between emit-

ters and guided modes has been demonstrated in various platforms, including atoms coupled to

photonic crystals [40–42] or hollow-core photonic crystal fibers [43,44], quantum dots imbedded

in nanowires [10, 45–49], color centers in diamond waveguides [50–52], and superconducting

qubits coupled to microwave transmission lines [53, 54].

Beyond strongly coupling single atoms and photons, guided light also naturally facilitates

collective dynamics of quantum emitters by providing a shared photonic environment. Collec-

tive dynamics mediated by guided modes have been demonstrated across several platforms, in-

cluding neutral atoms coupled to an optical nanofibers (ONFs) [55] or photonic crystal waveg-

uides [41, 42], and superconducting qubits coupled to transmission lines [54, 56–59]. These

collective effects can also lead to novel optomechanical phenomena, such as self-organization of

atoms coupled to a nanophotonic waveguide [60, 61].

Importantly, the collective modes can be exploited to enhance the cooperativity, as briefly

discussed in Eq. (1.5). However, care must be taken to ensure that the atomic emissions inter-
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fere constructively to achieve collective enhancement of cooperativity. If atoms are randomly

distributed relative to the EM field mode of interest, their emissions will not exhibit coherent

build-up. In contrast, for a regularly spaced atomic array, atoms can collectively couple to a spe-

cific scattering mode that has a specific angle relative to the axis of the atomic array. To interface

such an array efficiently with a waveguide, one must ensure that the direction of constructive

scattering aligns with the guided mode. The collective dynamics in waveguide QED will be

discussed in detail in Sec. 1.4.

The one-dimensional nature of guided modes further enables photons to propagate over

long distances with minimal loss, allowing for long-range atom-atom interactions [55, 62, 63].

These long-range interactions enable exploration beyond standard assumptions in atom-light in-

teraction, such as the dipole approximation or Markovian approximations. One striking example

of the breakdown of dipole approximation is the “giant atom”, where a quantum emitter is cou-

pled to a waveguide at multiple points spaced comparably to the resonant wavelength [64, 65].

In this case, the emitter cannot be approximated as a point-like object, as it experiences different

optical phases simultaneously. An example of breaking the Markovian approximation is delay-

induced non-Markovian dynamics in delocalized emitters coupled to a waveguide [66–70]. In

scenarios where emitters couple to multiple locations along a waveguide separated by distances

comparable to the coherence length, they experience coherent time-delayed feedback from their

past emissions. Such time-delayed feedback introduces memory effects into the emitter dynam-

ics, leading to a breakdown of the Markovian approximation. Since non-Markovian dynamics

falls within the scope of this thesis, it is discussed in detail in Sec. 1.5.
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Figure 1.1: (a) Diagram showing geometry of an optical nanofiber (ONF) pulled from a conven-
tional fiber. A typical single-mode fiber has core of diameter ∼ 5 µm and cladding of diameter ∼
125 µm. An ONF has diameter ≲ 0.5 µm. (b) A typical guided mode profile showing substantial
amount of power being guided outside the fiber.

1.3 Neutral Atoms coupled to an ONF

We consider a unique system of waveguide QED: neutral atoms coupled to an optical

nanofiber (ONF) [71–75]. Figure 1.1 (a) illustrates the geometry of an ONF in comparison to

the conventional fibers. Conventional near-infrared (NIR) single-mode fibers have a core of di-

ameter ∼5 µm and a cladding of diameter ∼125 µm. On the other hand, the ONF diameter is

typically ≲500 nm. The sub-wavelength structure allows a significant amount of power to be

guided outside the fiber, as shown in Fig. 1.1 (b). A detailed calculation of the guided mode

profile is discussed in Appendix A. The evanescent mode can be mode-overlapped with atoms

trapped in the vicinity, allowing efficient interfacing of atoms to the fiber modes [76–85].

ONF can be pulled from a commercial optical fiber using a heat-and-pull method using

various heat sources including a pure flame [29, 86–89], CO2 laser [90], ceramic heater [91],

and electric strip heater [92]. The glass forms a uniform and smooth surface when it is melted.

Thus, the ONF surface smoothness is at the atomic level, and recent measurement shows that

the axes length difference of an ONF is within ∼ 1 Ångström [93]. The transmission is gov-
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erned by the adiabatic transfer of the fiber core mode to the ONF mode, which can be precisely

controlled using localized heating techniques [87, 94, 95]. ONFs can be readily fabricated with

ultrahigh transmission to conventional optical fibers [29]. Therefore, the atom-ONF interface ef-

ficiently integrates neutral atoms into an optical fiber network. This allows scaling up mid-sized,

high-fidelity quantum computation with neutral atoms [11, 96, 97] by connecting multiple such

quantum systems via optical fibers [28, 80, 85, 98–100].

The ONFs are tapered so thin that the conventional fiber core vanishes, leaving the orig-

inal cladding to serve as the core of the ONF, and the surrounding vacuum to serve as the

cladding. This vacuum-clad structure results in a huge refractive index contrast between the

silica core (n ∼ 1.45) and the vacuum-clad (n ∼ 1), resulting in strong guiding. The guided

mode in the ONF is tightly confined around the core and exhibits a large transverse evanes-

cent field gradient. Such a large field gradient leads to rich physics, including chiral cou-

pling [61, 101–103] and quadrupole transitions with small power [104]. Furthermore, high in-

tensities resulting from strong confinement enable the study of nonlinear processes with small

injection powers [105–107].

As the atoms couple to the guided mode evanescently, its coupling efficiency is typically

a few percent [76, 77]. However, the ONF can easily host thousands of atoms, opening the

possibility to collectively enhance the cooperativity to reach the strong coupling regime [33,

81, 82, 108, 109]. Collective effects such as Bragg reflection [108, 110, 111] and superradiant

emission [55, 109, 112], have been investigated in atomic arrays coupled to an ONF.
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1.4 Collective Dynamics in Waveguide QED

In 1954, Dicke theoretically demonstrated that spontaneous decay of an atom can be mod-

ified by the presence of other atoms [113]. Depending on the initial symmetry in the superpo-

sition state, the decay rate of the atom can be either enhanced (“superradiance”) or suppressed

(“subrdiance”). Since Dicke’s pioneering work on collective effects in spontaneous radiaion,

it has been central to much quantum optics research [114]. Although Dicke considered a set

of co-located atoms when he first predicted such phenomena, it has been demonstrated that the

extended systems exhibit more rich interference effects, and that the spatial distribution of the

atoms is critical in determining the properties of the collective dynamics [115–117]. With pre-

cise spatial arrangement, the dissipative and dispersive couplings between emitters could be fully

engineered [54, 57, 59, 118, 119]. Superradiance has been used in the development of narrow-

linewidth lasers [120] and in the study of phase transitions [121–123]. Subradiant states are

particularly valuable in quantum technologies, as they can be used to protect quantum systems

from decoherence due to the coupling to environment [58, 119]. Superradiance and subradiance

have been observed in various systems, including atomic clouds [55,124–126], atoms coupled to

photonic crystal waveguides [42], trapped ions [118, 127], quantum dots [128, 129], and super-

conducting qubits [54, 56–59].

Dimensionality typically plays a significant role in determining the collective behavior. De-

pending on the dimension of the space, the Green’s function, which represents the structure and

scaling of the atomic interactions, is modified. Collective dynamics of atoms in one-dimensional

space offers a rich and diverse set of physical phenomena, as atoms exhibit long-range interac-

tions [21, 130, 131]. These one-dimensional collective effects can be directly explored in waveg-
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uide QED setups. Discussions on collective dynamics in two- and three-dimensional spaces can

be found in [132–134].

The critical parameter in determining the collective decay modes in one-dimensional sys-

tems is the atomic distribution, as it sets the phase-matching conditions for constructive and

destructive interference in the decay process. For a randomly distributed ensemble coupled to a

waveguide, the collective modes are typically blurred [135], resulting in a mixture of superradiant

and subradiant contributions [55]. However, There is a special EM field mode that is ensured to

strongly couple to randomly distributed atoms: the forward scattering mode, which aligns with

the propagation direction of the driving laser [115–117]. In this direction, the phases imprinted

on the atomic dipoles by the drive field are exactly compensated by the propagation phase of the

photon traveling between the atoms, leading to constructive interference and enhanced scattering.

Thus, the emission in the forward direction always exhibits collectively enhanced decay rates, and

such modes have been observed in waveguide QED systems [109, 112, 136, 137]. For detailed

discussions on the collective modes of randomly distributed ensembles, see Appendix B.1.

For ordered arrays of atoms coupled to a waveguide, the collective dynamics becomes

richer, as the scattering from each atom can build up. In this case, the interatomic distance d

relative to the resonant wavelength λ0 plays a crucial role in determining the collective behavior.

In the dilute regime (d≫ λ0), the atoms interact primarily via the guided mode only, and the in-

teraction via free space modes is negligible [33,56,110,130,131]. In this regime, the atom-atom

interaction is mediated solely by the one-dimensional Green’s function G = eik|zj−zl|, where k is

the wave vector of the guided mode and zj denotes the position of the j-th atom. Consequently,

the collective dynamics of the atomic array depends on the lattice constant modulo the transition

wavelength. In particular, when the interatomic spacing satisfies d = nλ0 (with n an integer),
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the atoms couple coherently to the guided mode, leading to collectively enhanced coupling effi-

ciency [33]. The calculation of collective modes of ordered arrays of atoms interacting via the

guided mode only is described in Appendix B.2.

As atoms are brought closer together, their interactions can be mediated by both free-space

and guided modes [138–141]. In such case, it is helpful to first consider the collective modes of

a linear array of atoms in free space [117, 130, 139, 141–143]. There are two resonance involved

in such systems: resonance of the periodic structure in the atomic arrangement, and the internal

transition resonance of the constituent emitters. We first consider the resonance arising from the

periodic structure in spirit of solid-state physics. The collective mode of an infinite chain of an

atomic array along z-axis can be depicted as a spin wave with a quasi-momentum kz [140]:

|Ψ⟩ ∼
∑
j

eikzzj σ̂+
j |gg · · · g⟩ , (1.10)

where σ̂+
j is the raising operator for the j-th atom and |gg · · · g⟩ is the state where all the atoms

are in the ground state. Note that this quasi-momentum is defined in the first Brillouin zone

(−π/d < kz < π/d). We now consider a resonant emission process of the constituent atoms.

The atoms are two-level system with transition wavelength λ0 with the corresponding wave vector

k0 = 2π/λ0. For these atoms to emit collectively, the quasi-momentum kz and the corresponding

transverse quasi-momentum k⊥ should satisfy the following wave equation:

k2z + k2⊥ = k20. (1.11)

When the momentum of the spin wave is smaller than the momentum of the resonantly emitted
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photon, i.e., kz < k0, the condition in Eq. (1.11) leads to a real value of k⊥. Therefore, the atoms

can collectively radiate into free space. Suppose now the spin wave has a larger momentum

than the spontaneously emitted photon, i.e., kz > k0. In that case, the transverse mode k⊥

should be imaginary, indicating that the corresponding collective mode decays evanescently in

the transverse direction. Therefore, such modes are guided along the atomic chain and decoupled

from the free space radiative modes. Recall that the maximum value of kz is π/d in the first

Brillouin zone. Therefore, when the atoms are distant, i.e., d > λ0/2, the quasi-momentum

kz is always smaller than the resonant frequency k0 within the first Brillouin zone. In such a

case, collective modes are always radiative to free space to some degree. As the atoms enter a

sub-diffraction regime, i.e., d < λ0/2, the quasi-momentum kz crosses the light line kz = k0

within the first Brillouin zone, and subradiant, guided modes arise [139, 140]. These subradiant

modes can be thought as spin waves that have a larger spatial frequency than the resonant spatial

frequency k0.

Now consider placing a nanophotonic dielectric waveguide parallel to the atomic chain.

Such a system can be analyzed either by adding additional interaction channels between atoms [140,

141], or equivalently, by considering the polaritonic modes between the atomic chain states and

the guided mode [139]. A key feature of this setup is that the subradiant states with quasi-

momentum kz > k0 can be radiant with respect to the dielectric waveguide modes. Dielectric

waveguides possess higher refractive index for guiding using total internal reflection. Therefore,

the resonant wave vector k0 is enhanced inside the waveguide medium. This enables “selective

radiance”, where an atomic array is completely decoupled from all radiative modes except the

guided mode of a nanophotonic waveguide [140].
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1.5 Non-Markovian Dynamics

Waveguide QED enables long-range interactions between emitters through guided pho-

tons. This raises a natural question: what happens to collective emission when the atoms are

separated by distances so large that a photon emitted from one atom reaches another only after

the atoms have already significantly decayed? Such a scenario enters a new regime character-

ized by non-Markovian dynamics, where memory effects become significant [144–146]. In the

typical treatment of open quantum system dynamics, a Markovian approximation is employed,

where the system is assumed to interact with the same state of the bath at all times. Therefore, the

system evolution depends only on its instantaneous state, and it does not remember any past time

evolution. The essential requirement for making such an approximation is that any correlations

in the bath decay much faster than the system relaxation time scale. The non-Markovian regime

is where this approximation is not valid. The bath retains information of the past states of the

system, and thus the system experiences memory effects. Non-Markovian processes typically

exhibit the revival of quantum properties such as coherence or correlations [69, 147]. The rich

physics in non-Markovian processes can be leveraged to create intricate quantum states [38, 39]

and quantum information protocols [148] that are otherwise inaccessible in Markovian processes.

We consider non-Markovian dynamics in a waveguide QED setup, where two distant emit-

ters couple to the guided mode. To understand the non-Markovianity originating from time-

delayed interactions between two emitters, one can compare the system relaxation time scale

τR ∼ 1/Γ with the time scale associated with the bath τB ∼ d/v to bring information back to the

delocalized system. The Markov approximation is no longer valid when τB becomes comparable
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to τR:

τB/τR ≳ 1 =⇒ Γd/v ≳ 1. (1.12)

The above condition illustrates different origins of non-Markovian dynamics in this scenario: 1)

delocalized systems (large d), 2) slow bath modes such as the modes near the band gap (small

v), and 3) strong coupling (large Γ). In this thesis, we focus on the first case where the emitters

are macroscopically separated. The non-Markovian dynamics in separated emitters has been

studied theoretically in the model system of two emitters coupled to a waveguide [66–70] or

a single emitter placed in front of a mirror [70, 149–151]. The general feature of such delay-

induced non-Markovian dynamics is that the system relaxation now deviates from exponential

decay – indicating a memory-like effect. The coherent time-delayed feedback exerts a sudden

kick on the system, leading to faster-than-superradiant decay [66–68] or bound state in continuum

(BIC) [69, 70]. Especially, BIC can be used to suppress decoherence of quantum emitters, as

demonstrated in the system of superconducting qubits forming a giant atom [152].

1.6 Thesis Outline and Statement of Contribution

This thesis describes investigations on the interaction of 85Rb atoms mediated by photons

traveling in an ONF. In Ch. 2, we describe the apparatus for the integration and control of neutral

atoms with ONFs, which involves a vacuum system, coil system, lasers, electronics, and a custom

program for experimental control and data acquisition. In Ch. 3, we present a summary of our

work on the collective dynamics of multi-level atoms, as presented in [136, 153]. We show that

the quantum beats arising from interference of multiple transitions can be collectively enhanced.
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We also discuss the effects of photon propagation in such a multi-atom, multi-level system. Ch. 4

describes our investigation on the possible long-range interaction of a multi-atom system through

the intensity correlation measurement. A theoretical framework is developed to capture both

strong- and weak-coupling regimes. Experimental measurements in the system of neutral atoms

coupled to an ONF indicate that the system is in the weak-coupling regime and suggest that

achieving strong coupling would require proper spatial ordering of the atoms. In Ch. 5, we

present a new approach for making a tunable-spacing atomic array around an ONF, which can

enhance cooperativity using collective effects. A summary of the optical setup, as presented

in [154], is provided. Preliminary data are presented, demonstrating atoms trapped in tunable-

spacing lattice sites and interfaced to the ONF guided mode. Conclusions and outlooks are given

in Ch. 6. Appendix A presents the calculation of ONF guided mode profiles along with example

plots. Appendix B demonstrates the collective atomic modes mediated by one-dimensional EM

field modes. The relevant publications [136, 153, 154] are included at the end of this thesis.

The work presented in this thesis is the result of a collaborative effort involving many

people. The construction of the experimental systems described in Ch.2 was primarily carried

out by Hyok Han and me. Hyok Han led the chamber design and assembly, as well as the

nanofiber fabrication. I was responsible for the design and implementation of the coil systems.

The computer-controlled unipolar current control circuit was designed by Alessandro Restelli and

me. The control program was initially written by Huan Bui, who implemented communication

with NI PCI boards. It was later further developed by Hyok Han and me to incorporate object-

oriented principles and multi-threading for better extensibility, as well as to include pseudoclock

functionality and automated parameter scanning. In Ch. 3, the experiment was conducted by

Hyok Han, and the theoretical work was performed by me with guidance from Kanu Sinha. In
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Ch. 4, the initial experiment was conducted by Hyok Han, while the final sets of experiments was

carried out by me. The theoretical modeling was also performed by me with guidance from Kanu

Sinha. In Ch. 5, the accordion lattice setup was designed by Hyok Han, Sarthak Subhankar, and

me. The construction and testing of the optical setup was carried out by Hyok Han. Integration

of the optical setup with the ONF and the measurement of atomic data were jointly conducted by

Hyok Han and me. All works are advised and led by Steve Rolston and Fredrik Fatemi.
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Chapter 2: Apparatus

This chapter describes the setup for experiments with cold, trapped 85Rb atoms interfaced

with an ONF. The setup integrates multiple components, including the vacuum system, coil sys-

tem, fibers, lasers, and experimental control and measurement programs. These components

have evolved over time to meet the specific needs of each project. In this section, we describe our

experimental system, focusing on key upgrades and the motivations behind them.

2.1 Vacuum System

We describe the components and assembly procedure for an ultra-high vacuum (UHV)

system that contains two ONFs and Rb atom sources. The chamber has been re-built after the

completion of our first project (observing vacuum-induced quantum beats, described in Sec. 3.1),

as the ONFs were broken while changing the Rb dispensers. Figure 2.1 shows the design and

photo of the new chamber, where the Rb sources are separated from the main chamber. This

prevents the dense Rb atomic flux from directly hitting the ONFs.

The main vacuum chamber is a 6.0” spherical-octagon chamber (Kimball Physics MCF600-

SphOct-F2C8), which has two 6.00” conflat (CF) ports and eight 2.75” CF ports. Viewports that

are anti-reflection (AR) coated for 780 nm are attached to the flanges, except for two of the 2.75”

ports; one is connected to the ONF assembly and the other is attached to a 6-way cross (Kurt J.
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(a) (b)

Figure 2.1: (a) Design of a new chamber, where the Rb sources (dispenser and ampoule) are
separated from the main chamber. (b) A photograph of the new chamber.

Lesker C6-0275), which connects to the atomic sources and pumps.

One of the 2.75” ports of the main chamber is used to insert the ONFs. The ONF assembly

is shown in Fig. 2.2. A 4.50” flange and CF port aligner (Kurt J. Lesker PA64-H) is adapted by

a 4.50” to 2.75” flange adapter (Kimball Physics MCF450-ClsCplr-E1Cr1) to the main chamber.

The 4.50” flange is attached to the ONF holder, where the fibers are taken outside the chamber

through two fiber feedthroughs installed at the two holes of the 4.50” flange. The fiber can be

adjusted by the three knobs in the port aligner. The ONFs are positioned horizontally inside the

chamber so that no structure other than a 6.0” viewport is above them, minimizing the probability

of dust falling onto the fiber.

The Rb dispensers are installed at the top port of the 6-way cross, in between the ion

pump and the main chamber. We spot-welded five Rb dispensers (SAES RB/NF/7/25 FT10+10)

onto a 6-pin feedthrough 2.75” CF flange (MDC Precision, Part # 9132003) as in Fig. 2.3. The

dispensers are connected in series with electrical access points between them, allowing us to

19



(a) (b)

Figure 2.2: (a) A 4.50” flange is connected to the main chamber via a 4.50” CF port aligner and
a 4.50” to 2.75” flange adapter. (b) The ONF holder is fixed to the flange. The position of the
ONF is indicated with dashed red line.
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(a) (b)

Figure 2.3: (a) Rb dispensers welded onto a 6-pin feedthrough 2.75” CF flange and (b) their
connection diagram. Each resistance indicates the composite resistance of the dispenser and the
rod.

apply different currents to each of them and use only one dispenser at a time. The resistance of

each getter is about 0.2 Ω. As a backup atomic source, we also put a Rb ampoule (Alfa Aesar,

Rubidium, 99.75% (metals basis), CAS: 7440-17-7). The ampoule is housed in a separate bellow,

which is connected to the bottom port of the 6-way cross. The bellow can be bent to break the

ampoule and release atoms. Once broken, the ampoule can be either heated up or cooled down

to control the Rb vapor pressure in the chamber. The ampoule has not been used yet and all

experiments so far have been conducted using the Rb dispensers.

The chamber is initially pumped by a roughing turbo pump (HiCube 80 Eco), and the

vacuum is maintained by an ion pump (Duniway Varian Classic Style Ion Pump 20 I/s). The

turbo pump took one day to reach a pressure of 1.4E-7 mbar. Then we turned on the ion pump

and closed the valve to the turbo pump, which further reduced the pressure to 3.5E-9 mbar over

two weeks. We did not bake out the chamber due to the risk of ONFs sticking to each other. Glass
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generally has lower thermal conductivity than titanium, so there can be a temperature gradient

between the ONFs (glass) and the holder (titanium). In the case where the ONFs are at a higher

temperature than the holder, they may expand and shift laterally, potentially coming into contact

with each other. We observed this once during the cool-down phase of a precious bake-out.

After pumping, we activated a getter by applying a current of 3 A. To suppress the pressure

increase caused by outgassing during getter activation, we temporarily turned on the turbo pump.

The outgassing acted as a mild bake-out and helped to reduce the vacuum pressure further to

2.4E-9 mbar. The remaining unactivated getters were supplied with 0.7 A to prevent them from

catching junk gases. When not in use, the activated getter is applied 1 A (standby mode). Over

time, as we turned on the coils and ran experiments, the vacuum level in standby mode further

improved to ∼1E-10 mbar indicated by ion pump current, due to local bake-out from the heat

dissipation of the coils.

2.2 ONF Pulling

We pull a single-mode (SM) fiber (SM800-5.6-125) using the flame brushing method,

where the fiber pulling apparatus is built by previous graduate students in the lab [29, 155, 156].

The fiber is pulled in a cleanroom to prevent dust from sitting on the fiber. The schematics of

the setup for nanofiber pulling is shown in Fig. 2.4. The general procedure for fiber pulling is

summarized here.

The motor stages are pre-aligned using a dummy fiber. The position of the stages are

calibrated with respect to the fiber-nozzle distance: The stage is moved to the point where the

dummy fiber touches the nozzle, which marks the reference point.
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Figure 2.4: A diagram showing ONF pulling process.

The fiber to be pulled is first stripped and cleaned using acetone and isopropyl. It is then

mounted on motorized stages, clamped tightly, and tensioned by moving the stages apart. To

filter out cladding modes, the upstream section of the fiber is wound around a 1” post ≈ 10 times.

This mode purification allows monitoring the adiabatic transfer of the core mode to the tapered

region during the pulling process.

The oxygen and hydrogen valves are opened, and the flame is ignited by an electric spark

generated by a voltage of ∼1 V. The flame is brought to the fiber, which locally melts and tapers

the glass. The transmitted optical power is monitored during the pulling process to observe

the adiabatic transfer of light into and out of the tapered region. Figure 2.5 shows a typical

transmission measurement of the fiber, normalized to its initial value, during the pulling process.

As the fiber is thinned out, a portion of the core mode begins to couple to higher-order modes.

The interference among these modes gives rise to the beating patterns in the transmission signal.

As the fiber is further tapered and reaches the cutoff diameter that supports only the fundamental

HE11 mode, the beating disappears. The final transmission typically exceeds 99%.

Once pulling is completed, the tapered fiber is carefully inspected to make sure that the

tapered region does not have any dust. This is crucial because, once placed in vacuum, even a

small dust particle can scatter light, generate local heating, and potentially break the fiber. The
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Figure 2.5: Transmission data during the fiber pulling process.

pulled fiber is applied with a small tension and fixed at two points (outside the tapered region) to

the holder with vacuum-compatible epoxy (EPO-TEK OG116-31) and UV curing (110 mW/cm2,

2 minutes) (see Fig. 2.2 (b)).

We pulled two ONFs and fixed them on a titanium holder where the separation between the

ONFs is 1 mm. Such a configuration enables us to have two systems of atoms + ONF which may

be connected by an optical fiber outside the chamber.

2.3 Coil System

Creating magnetic field gradient and offsetting its zero point are essential in trapping and

cooling neutral atoms. We describe the coil and driver system to create desired magnetic fields

inside the chamber.

We use two types of coils; an anti-Helmholtz coil and shim coils. The anti-Helmholtz coil

is made of a set of parallel coils running the current in the opposite direction. It produces a linear

magnetic field gradient around the center. The shim coil is a set of parallel coils as well, but

with the current running in the same direction. They are used to offset the zero-field point of the
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Figure 2.6: (a) The magnetic coils assembled to the chamber. (b) An anti-Helmholtz coil wound
around its frame and (c) x- and y-shim coils wound around the frame.

magnetic field gradient created by the MOT coils and cancel the Earth’s field. The overview of

the coils assembled around the chamber is shown in Fig. 2.6.

2.3.1 MOT Coil

Design Principle

The important parameters for designing a MOT coil are the magnetic field gradient, heat

dissipation, and inductance. A typical magnetic field gradient required for a magneto-optical trap

of Rb atoms is around 15 G/cm [157]. The power dissipation limit depends on factors such as

the surface area of the coil, mounting material, and air flow. Typically, up to 20 W of heat can

be safely dissipated with passive air cooling alone. The inductance becomes critical when rapid
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ramping of the magnetic field is required. The inductance of a solenoid is given

L =
µN2A

l
(2.1)

where µ is the permeability of the coil material, N is the number of turns, A is the cross-sectional

area, and l is the length of the solenoid. Thus, it is generally better to restrict the total number of

turns as low as possible.

The magnetic field gradient and the thermal heat generated by the MOT coil are closely

correlated; both are determined by the coil geometry (number of turns, radius, and separation)

and the current passing through the coils. When the MOT coils are placed closer to the chamber,

less current is required to produce the desired magnetic field gradient. However, when it is put

close to components such as viewports, the local heat gradient can damage the component. In

contrast, putting the coils farther away from the chamber necessitates higher current to make

the same magnetic field gradient. But managing heat dissipation becomes much easier and the

temperature rise is less critical at a large distance from the chamber.

We decided to make smaller coils on top of the 6” viewport with passive air cooling. The

coils are ∼ 2 mm air-gapped from the viewport surface to mitigate any local heat gradient in the

glass. Our rule of thumb in coil design was to achieve a magnetic field gradient of 15 G/cm using

less than 20 A of current, while keeping the power dissipation below 20 W. When we made the

coil, we did not need dynamic switching of the coil during the experiment. However, we opted

for thicker wire with fewer turns to ensure that the coil could support rapid magnetic field ramps

in future experiments.

26



Figure 2.7: Geometry of a MOT coil. The coils of radius r are positioned at z = ±a, carrying
currents I in opposite directions.

Magnetic Field Calculation

Now we describe the calculation of the magnetic field gradient and the thermal power

generated by a MOT coil. Suppose that two coils of radius r are positioned parallel to each other

at ±a along the z-axis (Fig. 2.7). The current I flows through the two coils in opposite directions.

The magnetic field at z is given by:

B(z) = µ0I

(
r2

2(r2 + (z − a)2)3/2
− r2

2(r2 + (z + a)2)3/2

)
, (2.2)

where µ0 = 4π×10−7 H/m is the vacuum permeability. The derivative of the magnetic field with

respect to z gives the magnetic field gradient:

dB(z)

dz
= µ0I

(
3r2(a+ z)

2(r2 + (z + a)2)5/2
− 3r2(z − a)

2(r2 + (z − a)2)5/2

)
. (2.3)

The gradient at center is

dB(z)

dz

∣∣∣∣
z=0

= µ0I
3ar2

(r2 + a2)5/2
. (2.4)
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Once the geometry is known, we can sum the magnetic field gradient contributions from

each segment and calculate the current required to generate 15 G/cm at the center. We then

calculate the electric power I2R where R is the total resistance of the coil.

We opted to use gauge 11 wire since MOT coils require high currents. The coil has inner

radius 30 mm, giving optical access for MOT beams. The outer radius is 60 mm, snugly fitting

within the viewport diameter. The separation between the coils (2a) is 114 mm, which is slightly

larger than the chamber height of 100 mm. Each coil consists of 4 layers with 12 turns per layer,

totaling 13.3 meters in length. A current of ≈ 19 A produces a magnetic field gradient of ≈ 15

G/cm at the center and generates ≈ 21 W. The inductance of the coil is ≈ 2 mH.

2.3.2 Shim Coils

The shim coils are used to shift the atomic position by adjusting the zero field position. The

expression for the magnetic field generated by the shim coil is the same as that for the MOT coil,

except for a sign difference in the second term:

B(z) = µ0I

(
r2

2(r2 + (z − a)2)3/2
+

r2

2(r2 + (z + a)2)3/2

)
. (2.5)

The shim coils are designed to make ± 0.5 cm shift of the magnetic field center. Thus, it should

generate ± 7.5 G in the z-direction, and ± 3.7 G in the x- and y-direction. Note the factor 2

difference in the magnetic field gradient created by anti-Helmholtz coils in the transverse and

axial directions.

The z-shim coil is wound around the 6” viewport. Gauge 20 wire was used, and the coil

consists of three layers with 16 turns in each layer. The inner radius is ≈ 87 mm and the outer
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radius is ≈ 90 mm. The separation of the coils (2a) is 110 mm. The total wire length is ≈ 53

m, corresponding to a resistance of ≈ 2 Ω. A current of ≈ 2 A generates ≈ 7.5 G magnetic field

while producing ≈ 7 W of heat. The inductance of the z-shim coil is ≈ 5 mH.

The x- and y-shim coils are mounted around the 2.75” viewports. The inner radius of each

coil is ≈ 39 mm, and the outer radius is ≈ 44 mm. The separation between the coils is ≈ 192

mm. The total wire length is ≈ 26 m corresponding to a resistance of ≈ 1 Ω. A current of ≈ 4 A

generates a homogeneous horizontal magnetic field of 3.7 G at the center and produces ≈ 17 W

of heat. The inductance of the coils is ≈ 2 mH.

2.3.3 Mounts

We 3D-printed the frames for coil winding and assembly using Markforged Onyx One.

Fig. 2.8 shows the frames and assembly of the z-direction coils including the MOT coil and the

z-shim coil. The MOT coil is wound around the center pillar of the frame (Fig. 2.8 (a)). The

length of the pillar is a few milimeters longer than the coil, ensuring air gap between the coil and

the viewport. The z-shim coil is wound around the bigger frame (Fig. 2.8 (b)). The two frames

fits to each other so that they are combined after coil winding and sits on the 6.0” viewport.

The x- and y-shim coils are wound on the frame shown in Fig. 2.9, which is designed to fit

onto the 2.75” viewport. The frames are secured by interfacing them with 30 mm cage systems.

The frame also serves as an adapter between the 2.75” viewport and the 30 mm cage system.

Note that the frames are designed to mount directly onto the chamber, ensuring that the

magnetic system is centered with respect to the chamber. Furthermore, the frame also aligns the

cage system to the chamber center, which ensures that the cooling lasers are properly aligned
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with both the chamber and the magnetic field center set by the coil.
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Figure 2.8: MOT coil and z-shim coil assembly.
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Figure 2.9: x- and y-shim coil assembly.

2.3.4 Computer-controlled Unipolar Current Control Circuit

Previously, the MOT coils were driven using DC power supplies that were manually con-

trolled via front-panel knobs (Topward Dual-Tracking DC Power Supply 6306D). For the new

setup, we designed custom electronic circuits to control the current via computer, ensuring bet-

ter reproducibility. Our circuit takes a digital input and outputs a corresponding current. The

schematic of the current control circuit is shown in Fig. 2.10. The full schematics and code can be

found in https://github.com/JQIamo/unipolar-multichannel-current-controller.

Before explaining the circuit in detail, we note a few of its limitations. First, the update time

is approximately one second due to its daisy-chain structure to communicate with the computer.

Since the circuit is designed to adjust the static position of the MOT, it does not support dynamic

ramping during the experiment. For the same reason, the current output is unipolar, and reversing

the direction requires physically switching the wiring. The current output is designed to be in the

range 0 ∼ 5 A, although this range could, in principle, be adjusted by tuning certain parameters

in the circuit.
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Reference Number Description Part Number

U1 DAC LTC1655CN8#PBF
U2 op-amp OPA388ID
U3 FET driver op-amp OPA810IDCKR
U4 instrumentation amplifier (gain=20) INA293B1IDBVR
U5 D-type flip-flop SN74LVC1G79DBVR
U6 analog switch SN74LVC2G53DCUR
U7 linear regulator MC78M05CDTRKG
D1 diode 1N4148WSFSCT-ND
Q1 MOSFET NTHL095N65S3H
R5 shunt resistor (0.01 Ω) FHR4V-0R01F1

Table 2.1: Description of the electrical components in the unipolar current controller circuit in
Fig. 2.10.

A description of each component in the current control circuit (Fig. 2.10) is provided in

Table 2.1. The basic design principle is as follows. The digital-to-analog converter (DAC) (U1)

receives 16-bit digital data and converts it into an output voltage VDAC. This voltage is compared

with the sensing voltage Vsense, which is measured across the sensing resistor (R5) and amplified

by the instrumentation amplifier (U4). The operational amplifier (op-amp) (U2) adjusts its output

to minimize the difference between the two inputs, VDAC and Vsense. The output of U2 is amplified

through the second op-amp (U3) and applied to the gate of the MOSFET (Q1), which controls

the current flowing through its drain and source.

The relation of the set voltage, VDAC, and the current flow in the load, I , is determined

by the combination of the resistance of the sensing resistor and the gain of the instrumentation

amplifier. To ensure precise current output, both components were picked from models having

low thermal drift and high accuracy. The sensing resistor has a resistance of 0.01 Ω, and the

instrumentation amplifier has a gain of 20. Using the relation VDAC = Vsense, we see that the
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(a) (b)

Figure 2.11: (a) The measured current output for set current from 0 to 4 A. (b) The relative error
of the current output.

current flowing through the load, I , is given by

I = VDAC × 5, (2.6)

where I is in amperes and VDAC is in volts. The DAC has an internal reference of 2.048 V, and its

output voltage swings from 0 to 4.096 V in steps of 216 = 65536. Therefore, the digital input to

the DAC to set the current to a desired value Iset (in amperes) is

DIN_SPI = round
(
Iset
5

× 65535

4.096

)
, (2.7)

with the maximum allowable current limited to 5 × 4.096A = 20.48A. In practice, I is limited

below 5 A in the control program. From calibration, we adjusted the formula to

DIN_SPI = Iset × 3205 + 11, (2.8)

Fig. 2.11 shows the comparison of the set value and the actual value of the current. Overall, the
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Figure 2.12: Diagram illustrating the data flow into and out of each circuit in the daisy-chain
configuration, where the output of a circuit is connected to the input of the next circuit.

relative error is below 0.2 % within the 0 to 4 A range.

To ensure the stability of the feedback circuit, a capacitor (C7) is added between the nega-

tive input and the output of U2. The inductance of the coils is ≈ 2 mH. Assuming a 10 V supply

and a 1 A change in current, the rate of the current change is given by (inductance)×(current

change)/(voltage) = 0.2 ms, which corresponds to a frequency of 5 kHz. Thus, the transfer func-

tion (1/R7)/(s×C7) should cross 0 dB below this frequency. We set 0 dB cross at 1 kHz, which

implies C7≈ 16 nF. Based on this estimation, a 10 nF capacitor was used.

All components of the circuit, except for the load, MOSFET, and shunt resistor, are pow-

ered by a 12 V DC supply provided by an AC-DC converter (ECL15US12-S), which converts

the AC power from electric outlet to 12 V DC. The load, MOSFET, and shunt resistor are pow-

ered separately via banana connectors. This supply voltage can be adjusted to minimize power

dissipation in the MOSFET, since the power dissipated at the MOSFET equals the total supplied

power minus the power dissipated in the load. To avoid ground-loop issues, the power grounds

of the control circuit and the load are connected at a single point, among multiple circuits.

Our current control box contains five of the current control circuits (Fig. 2.10). The circuits
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(a) (b)

Figure 2.13: (a) Current control circuit. (b) A housing containing five current control circuits and
a microprocessor with USB and Ethernet interfaces.

are controlled and monitored by a microcontroller (Teensy 4.1) using a daisy-chain configuration,

in which data is transferred sequentially through the circuits, as shown in Fig. 2.12. The chip

select (CS) pin on the DAC determines whether the incoming data is reflected on the output

(VDAC) or passed to DOUT. During the data writing phase, CS is pulled low, allowing the data

to shift to the next circuit. Once all data has been transferred and each circuit has received its

intended value, CS is pulled high, simultaneously updating all DAC outputs.

The sensing voltage Vsense is also read out for monitoring purposes. It is routed to one of

the inputs of the analog switch (U6). A single low-level monitoring signal propagates through

the circuits, activating the switch of the selected circuit and connecting it to Vmon. This allows

sequential readout of the actual voltage from each circuit.

Fig. 2.13 shows photographs of the current control circuit and a housing containing five

circuits connected in a daisy-chain configuration. Power to the load, MOSFET, and shunt resistor

is supplied through banana connectors on the front panel. The load power lines are divided into

two groups: one for low-power applications, suitable for driving shim coils, and another for
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high-power applications, such as powering dispensers or other high-current devices.

2.3.5 Bipolar Operational Power Supply (BOP)

As the experiment progressed to creating an atomic array around an ONF (see Sec. 5),

it became necessary to cool the atomic cloud below the Doppler limit, which in turn demanded

dynamic ramping of the magnetic field on a millisecond time scale. As a result, the current

control circuit described in Sec. 2.3.4 could no longer be used, as its update time was on a second

scale.

For dynamics control of the magnetic field during the experiment, a 20 V - 20 A Kepco

Bipolar Operational Power Supply/Amplifier (BOP) was employed. Since the maximum output

voltage of the BOP is ± 20 V, the electromotive force (emf) generated during current ramping

through the coils must remain within this limit. Generally, driving an inductive load with in-

ductance exceeding 0.5 mH can cause unstable output of BOP. Therefore, it is recommended to

place either a capacitor or a capacitor-resistor series circuit in parallel with the load to suppress

oscillations.

The output voltage and current of the BOPs were tested using the rear programming unit.

This unit enables monitoring of the output current and voltage, as well as adjustment of internal

settings. The output current can be monitored through pin 10 on the rear programming unit,

which provides a voltage signal ranging from 0 to 10 V, corresponding to an output current range

of 0 to 20 A (i.e., 10 V corresponds to 20 A).

Driving the MOT coils was smooth, with no unstable oscillations. However, the shim coils

picked up noise at a frequency of approximately 5.625 kHz due to an unfortunate combination
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(a) (b)

Figure 2.14: (a) Current (red) and voltage (green) output of a BOP driving a shim coil without
any external capacitors. (b) Current ramp-down test (1 A change in 0.2 ms) with 35 nF capacitor
connected between pins 16 and 18 on the BOP rear programming unit. The current control signal
(black) ramps down by 1 A within 0.2 ms in 0.1 ms steps. The actual current output (red) is
smoothened due to the external capacitor placed in the current control circuit. The voltage output
(green) swings within 7 V.

of its inductance and stray capacitance, and the resulting emf exceeded the voltage range of

the BOP. Fig. 2.14 (a) shows the current and voltage output when the current control input is

set to 0 V (no ramp). The shim coil picks up the 5.625 kHz noise and oscillates, causing the

BOP to output a voltage exceeding 50 V peak-to-peak. This output was so large that it went

beyond the measurable range of the oscilloscope. We first tried placing a 0.39 µF capacitor

in parallel with the load. While this initially suppressed the oscillation, the capacitor quickly

burned out due to excessive power dissipation. We then tried placing a 35 nF capacitor between

pins 16 and 18 (the current-mode compensating terminals) on the rear programming panel. As

the power in the control circuit is limited, the capacitor successfully suppressed the oscillation

without burning out. We tested a 1 A ramp within 0.2 ms, which is faster than the eddy current

timescale associated with magnetic field switching in the actual experiment. The current output

was smoothed and the voltage output fluctuated within a 7 V range, as shown in Fig. 2.14 (b).

We ultimately soldered 33.8 nF for the MOT coil drivers and 35 nF for the shim coil drivers.
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2.4 Laser System

We use lasers to cool, trap, pump, and probe 85Rb atoms interfaced with an ONF. The hyper-

fine state
∣∣52S1/2, F = 3

〉
serves as our ground state. The other hyperfine state,

∣∣52S1/2, F = 2
〉
,

is used as a reservoir where atoms can be pumped and become transparent to the probe beam.

The cycling transition |F = 3⟩ ↔ |F ′ = 4⟩ in the D2 line is used to cool and trap the atoms, as

well as to probe the atoms. The |F = 2⟩ ↔ |F ′ = 3⟩ transition in the D1 line repumps the atom

to the ground state, and the |F = 3⟩ ↔ |F ′ = 3⟩ transition in the D2 line depumps the atom out

of the ground state.

The dipole trap beam is far red-detuned (∼ 100 GHz) from the D2 line and does not see the

hyperfine structure. However, it still sees the fine structure and is blue to the D1 transition.

We continuously send heating beams through the ONFs to prevent atoms from adhering to

the fiber surface.

2.4.1 Cooling and Pump Beams

The level structure of the 85Rb atom with relevant laser frequencies for cooling, pumping,

and probing is shown in Fig. 2.15. The cooling beam is 18 MHz red-detuned from the cycling

transition |F = 3⟩ ↔ |F ′ = 4⟩ in the D2 line and sent to the atoms from the three perpendicular

directions. The repump beams, resonant with the |F = 2⟩ ↔ |F ′ = 3⟩ transition in the D1 line,

co-propagate with the cooling beams to repump atomic population from |F = 2⟩ back to |F = 3⟩

in the ground-state hyperfine manifold.

Figure 2.16 (a) shows the schematic of the preparation of cooling, depump, and probe

beams. They all originate from a Toptica TA pro. The 780 nm laser diode (LD) is frequency-
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Figure 2.15: 85Rb D1 and D2 transitions [158] with relevant laser frequencies for cooling, pump-
ing, and probing atoms. The cooling ECDL is locked to the crossover peak between |F ′ = 3⟩
and |F ′ = 4⟩ in the D2 transition using SAS, where the frequencies of the cooling, depump, and
probe beams are shifted accordingly using AOMs. The repump laser is locked to the crossover
peak between |F ′ = 2⟩ and |F ′ = 3⟩ in the D1 transition, where an AOM brings the repump beam
to resonance.
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Figure 2.16: Schematics of the laser setup preparing (a) cooling, depump, and probe beams
using the 85Rb D2 line, and (b) repump beams using the D1 line. In (a), the retro-reflected
beams in the double-pass AOM configuration are slightly offset for visualization purposes. The
prepared cooling and MOT repump beams are combined and split into three equal powers via
a 2×3 fiber multiplexer, then sent to the chamber. The depump and probe beams are routed to
additional preparation stages. HWP: half waveplate, QWP: quarter waveplate, PBS: polarizing
beam splitter, PCL: plano-convex lens, PD: photodiode, BB: beam block.
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locked using saturated absorption spectroscopy (SAS) to the crossover resonance between |F ′ = 3⟩

and |F ′ = 4⟩ in the D2 line. The SAS setup involves a weak probe beam, which is frequency-

shifted by +180 MHz via a double-pass AOM configuration, and a strong pump beam. Since the

probe and pump beams have different frequencies, they interact with a group of atoms moving

with velocity v toward the probe beam. The resonance condition for simultaneous interaction

with both beams is given by:

ωprobe − kv = ωpump + kv =⇒ kv =
ωprobe − ωpump

2
, (2.9)

where k = ωprobe/c ≃ ωpump/c is the wave vector of the light. As a result, the Doppler-free peaks

appear at a + 90 MHz frequency shift relative to the atomic rest frame. Therefore, the 780 nm LD

is locked to a frequency 182 MHz red-detuned from the cycling transition. The cooling beam is

generated using a double-pass AOM scheme. It is then combined with the repump beam and split

into three equal-power outputs using a 2×3 fiber multiplexer (Evanescent Optics, Polarization

Maintaining Couplers). The combined cooling and repump beams are sent to the chamber along

three mutually perpendicular directions.

The zeroth order path of the cooling AOM is sent to a separate stage and used as a depump

line. We chose such scheme because the depump and cooling is not turned on simultaneously in

general, so one can avail maximum power of depump when cooling is turned off. The depump

line is tuned resonant to the |F = 3⟩ ↔ |F ′ = 3⟩ D2 transition using a single-pass AOM scheme.

The depump beams are either sent from the side or through the fiber.

Figure 2.16 (b) shows the schematic of the repump beam preparation. The repump beam

originates from a Toptica DL pro. The repump laser is locked to the crossover peak between
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Figure 2.17: Schematics of laser setup for probe beam preparation. SOM: semiconductor optical
modulator, HWP: half waveplate, QWP: quarter waveplate, PBS: polarizing beam splitter, PCL:
plano-convex lens.

|F ′ = 2⟩ and |F ′ = 3⟩ in the D1 line. The repump beams are brought to resonance with the

|F = 2⟩ ↔ |F ′ = 3⟩ transition in the D1 line by double-passing through an AOM.

2.4.2 Probe Beam

The probe light is resonant with the |F = 3⟩ ↔ |F = 4⟩ transition in the D2 line. It orig-

inates from the main cooling beam preparation stage (see the fiber coupler labeled as “probe

stage” in Fig. 2.16 (a)). We send around 2 mW of seed power to a semiconductor optical modu-

lator (SOM) (AeroDiode, SOM-HPP), which both amplifies and switches the optical power. The

maximum output power of the SOM is around 40 mW with an operating current of 200 mA. The

light is brought into resonance via a double-pass through an AOM and sent to the atoms either

through a fiber or through the 2.75” viewports perpendicular to the ONF.

2.4.3 Dipole Trap Beam

For trapping atoms in the optical lattice interfaced around the ONF (see Sec. 5), a dipole

trap laser is prepared with a combination of a seed laser (Toptica DL pro) and a tapered amplifier
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Figure 2.18: Schematics of laser setup for dipole trap beam preparation. The trap beam (red
lines) is mixed with a pick-up from the depump line (blue line) via VBG. Since the two beams
are separated in frequency by 125 GHz, the depump beam passes through the VBG. The two
beams are sent to an AOM and the zeroth order mode is sent to the accordion lattice setup. HWP:
half waveplate, PBS: polarizing beam splitter, BB: beam block, VBG: volume Bragg grating.

(TPA) (Thorlabs TPA780P20). The seed laser is 125 GHz red-detuned from depump transition

|F = 3⟩ ↔ |F ′ = 3⟩ in the D2 line. The typical power of the seed laser injected into the TPA is

≈ 40 mW, and the typical output is ≈ 900 mW.

Fig. 2.18 shows the schematics of coupling the TPA output to the accordion lattice setup.

We first filter the frequency mode with a volume Bragg grating (VBG). Then the beam is passed

through an AOM and the zeroth order is fiber-coupled and sent to the optical lattice setup (see

Fig. 5.4). The AOM modulates the power of the dipole trap beam by reducing the power to the

zeroth order mode. By coupling the zeroth-order mode instead of the first-order mode, more

trap beam power can be utilized. Although the AOM efficiency is not perfect, this configuration

allows for effective power turnoff; when the AOM is fully driven, the zeroth-order mode becomes

distorted, significantly reducing the fiber coupling efficiency. The maximum power at the fiber
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Figure 2.19: Schematics of laser setup for sending heating beams to the ONFs. The heating beam
sent to the upper ONF is mixed with the probe beam at PBS.

output is ≈ 450 mW.

As can be seen in Fig. 2.18, another beam resonant to the depump transition is mixed into

the setup. Since the depump and dipole trap beams are separated by 125 GHz, the depump beam

passes through the VBG. This depump beam is blocked during the experiment and is only sent to

the accordion lattice setup during alignment with the ONF. Having this additional resonant beam

in the same optical path as the trap beam helps in visualizing the beam path, as it excites the

ambient Rb vapor. It also assists with alignment to the ONF, since a portion of the lattice beams

are coupled into the ONF and can be monitored.

2.4.4 Heating Beam

We continuously send a 790 nm light with a power of approximately 200 µW to the ONFs.

This laser heats the ONF surface, preventing the fiber from being coated by Rb atoms. The

exact frequency of the heating beam is not important as long as it is far detuned from atomic

resonances.
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The laser setup for sending the heating beam to the ONF is shown in Fig. 2.19. The heating

beam is from Toptica DL pro which is frequency-tuned to 790 nm. It is first frequency filtered

by a volume Bragg grating (VBG, bandwidth ≈ 50 pm) to suppress any frequency component

in the resonant transition |F = 3⟩ ↔ |F ′ = 4⟩ in the D2 line. This is to protect the avalanche

photodiode (APD) down the line. Then, the heating beam is separated in two, which are sent to

each ONF. The heating beam directed to the upper ONF, which is used in the current experiments,

is mixed with the probe beam in orthogonal polarizations. The polarization of the combined

heating and probe beams is linearly rotated by the HWP downstream to adjust their orientation

in the ONF region (see Sec. 2.5.1).

2.5 Imaging

2.5.1 Fluorescence Imaging

We image the MOT from the bottom and from the top to check its overlap with the ONFs.

The setup for bottom-view imaging is shown in Fig. 2.20 (a). The bottom-view imaging setup

shares the beam path with the z-direction MOT beams. We put a PBS in between the QWP and

the retro-reflecting mirror to pick up the unpolarized MOT fluorescence without affecting the

MOT beams. The fluorescent light is 4f -imaged onto the camera (PointGrey FL3-FW-03S1M-

C). We block the DC point in the Fourier plane to reject possible reflection of the MOT beams and

get a cleaner image. Fig. 2.20 (b) shows an image taken which shows that MOT is horizontally

overlapped with the ONFs.

The side-view imaging setup is shown in Fig. 2.21 (a). We collect the MOT fluorescence

with 150 mm PCL. Then the beam passes through PBS, which only transmits vertical polariza-
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Figure 2.20: (a) Schematics of MOT fluorescence imaging from the bottom. The collimated
and polarized MOT beams pass through the PBS and retro reflected. The MOT fluorescence is
uncollimated and unpolarized, thus half of the power is reflected at the PBS, which is imaged
via 4f imaging scheme. (b) A typical bottom-view image where the MOT and ONFs are aligned
vertically.

Figure 2.21: (a) Schematics of MOT fluorescence imaging from the side. A PCL of focal length
150 mm is placed at the focal point from the MOT center. Then the MOT is imaged by a second
PCL of focal length 50 mm and onto the CCD camera. The PBS is placed between the two PCLs
for polarization alignment of the guided beam. (b) A typical side-view image where the MOT
and the upper ONF are overlapped vertically. The red and white lines are indicators in the camera
program.
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tion. This is used to align the polarization of the guided beam. We focus the fluorescent light

with a 50 mm PCL onto a CCD camera (PointGrey FL2G-50S5C-C), with a magnification of 3.

2.5.2 Absorption Imaging

For absorption imaging, a collimated probe beam, which is large enough to cover the MOT,

is sent from the direction opposite to the side-view imaging setup. The side-view imaging system

images the intensity profile at the MOT position, effectively capturing the shadow cast by the

atoms in the probe beam. For normalization, images are taken at three different time points: 1)

with atoms present, 2) after the atoms have been dissipated away, and 3) with the probe beam off

(background). The atomic absorption profile is then calculated using these three images.

Imaging atoms via their attenuation of light provides a direct measurement of the OD of the

atomic cloud. In addition, since absorption imaging uses collimated probe light, it achieves unity

collection efficiency and does not require a large collection angle, unlike fluorescence imaging.

2.6 Photon Counting System

Single-photon counting modules (SPCMs) and time-tagging electronics are used to mea-

sure photons emitted by the atoms into the ONF guided modes. Two SPCMs (Excelitas SPCM-

780-13-FC and SPCM-AQRH-15-FC) are employed for photon detection. Since SPCMs operate

at the single-photon level, they must be protected from exposure to excessive photon flux. To

prevent saturation or damage from unknown source of light, strong frequency filtering is applied

using two sequential VBGs. The VBGs are tuned to the 85Rb D2 transition and reflect only a

narrow frequency band of ≈ 50 pm, centered around Bragg condition. The combined reflectivity
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of the two VBGs for resonant light is ≈ 95%. Off-resonant frequency components do not reach

the SPCMs.

The electrical signals from the SPCMs are sent to a time-tagging electronics (PicoQuant,

PicoHarp 300). We record the arrival time of each photon with a bin time of 0.512 ns. Since the

SPCMs output TTL signals while the PicoHarp accepts NIM signals, electrical attenuators and

inverting circuits are used.

For simultaneous measurement from both SPCMs, we use a four-channel detector router

(PicoQuant, PHR 800) designed to interface with the PicoHarp 300. It accepts up to four input

channels, assigns time tags to each photon detection event, and sends the timing information for

each channel to the PicoHarp 300.

2.7 Experimental Control and Measurement Program

A custom-written Python program is used to control and operate the experiments. It pri-

marily interfaces with National Instruments PCI boards (NI PCI-6733 and PCIe-6353) and direct

digital synthesizers (DDSs) (Novatech 409B). The analog and digital I/O channels of the PCI

boards are used to switch and modulate various systems, including AOMs, APDs, and digital

delay generators (Standard Research Systems DG645) The DDS outputs are sent directly to RF

amplifiers, where the amplified signals drive the AOMs.

The program features a graphical interface for creating experimental sequences. Each se-

quence line supports two operation modes: constant and ramp. Based on this information on the

modes, the clock signal is generated, inspired by the pseudoclock architecture in LabScript [159].

The devices are all clocked by a third device, a pulse blaster, which only clocks when the data
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needs to be updated.

The program supports rapid repetition of experimental shots on the microsecond timescale,

suitable for quantum optics experiments. The repetition rate is currently limited by the DDS table

mode, which has a minimum time step of 100 µs.

A recent major update integrated measurement systems into the program, including analog

inputs from NI boards and image acquisition from PointGrey cameras. This enables automated

parameter scans, allowing for fast data collection with minimal system drift and human-induced

noise.
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Chapter 3: Collective Vacuum-Induced Quantum Beats

3.1 Observation of Vacuum-Induced Quantum Beats in Forward Scattering

We first investigate the forward-scattered mode of an ensemble with random positions. In

this direction, it is known that the ensemble exhibits superradiant mode [115, 116]. We observed

that in the superradiant mode, the transitions involving multiple excited levels can be also collec-

tively enhanced, exhibiting collective quantum beats.

Quantum beats arise from the interference between transitions involving multiple excited

states sharing a common ground state [160]. This interference leads to a periodic modulation

in the decay profile of the emitted field intensity, with the modulation frequency corresponding

to the energy difference between the excited states. Quantum beats have been used in precision

measurements to probe the energy structure in atoms [161, 162], molecules [163], semiconduc-

tors [164], and quantum dots [165, 166].

Quantum beats are typically associated with an initial superposition of excited states. How-

ever, Hegerfeldt and Plenio theoretically demonstrated that quantum beats may appear even with-

out such an initial superposition [167,168]. This counterintuitive result arises from second-order

vacuum-induced coupling between the excited states via a common ground state, which transfer

population into initially unoccupied levels. It is helpful to recall that spontaneous emission is a

second-order process, where the vacuum takes an excitation from an atom and returns it to the
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atom. Upon integration of all the vacuum field modes, the excitation in the atom is gradually

lost to the vacuum, resulting in exponential decay. If other excited levels lie near the initially

populated one, the vacuum can see those levels and return the excitation into them. This second-

order process connects the excited levels during decay and gives rise to vacuum-induced quantum

beats.

Altenmuller reinterpreted the vacuum-induced quantum beats phenomenon using the dressed

state picture [169]. In the presence of atom-field interaction, the bare atomic and field states are

no longer the eigenstates of the system. Instead, the bare atomic state is a superposition of dressed

states, thus resulting in the beating of these eigenstates.

The amplitude of vacuum-induced quantum beats scales as ∼ Γ/∆ω, where Γ is the decay

rate of the excited states and ∆ω is the energy separation between them. Since one typically

considers Γ ≪ ∆ω for a well-defined multi-level energy structure, vacuum-induced quantum

beats have generally been too small to be observed.

We show that vacuum-induced coupling between the upper levels can be collectively en-

hanced in an ensemble of atoms that are symmetrically coupled to the vacuum [136]. As a result,

the amplitude of the quantum beats can be enhanced proportionally to the number of atoms partic-

ipating in the collective dynamics. In this chapter, we summarize the theoretical and experimental

study of collective quantum beats without an initial superposition. For more detailed discussions,

see [136], which is included in Appendix C.
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Figure 3.1: Schematics of the physical system and forward-scattering measurement for observa-
tion of collective vacuum-induced quantum beats.

3.1.1 Setup and Procedure

Figure 3.1 illustrates our system and measurement geometry for observing collective vacuum-

induced quantum beats. We consider a three-level V-type level structure in the 85Rb atom:

|1⟩ =
∣∣52S1/2, F = 3

〉
is the ground state, and the two hyperfine states |2⟩ =

∣∣52P3/2, F
′ = 4

〉
and |3⟩ =

∣∣52P3/2, F
′ = 3

〉
serve as the excited states (see Fig. 1(b) in [136]). The decay rates

from |2⟩ and |3⟩ to the ground state |1⟩ are Γ22 = 2π×6.1 MHz and Γ33 = (5/9)Γ22, respectively,

where Γ33 is reduced considering the branching ratio [158]. The energy separation between the

two excited states is ω23 = 2π × 121 MHz, and the transition wavelength between the ground

and the excited states is λ = 780 nm.

We trapped a cloud of 85Rb atoms and illuminated it with a long and weak drive beam

resonant to the |1⟩ ↔ |2⟩ transition. The drive intensity is ∼ 6 × 108 times smaller than the
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saturation intensity, Is = 3.9 mW/cm2 [158]. Such a long and weak drive allows the system

to reach a steady state in which most of the atomic population remains in the ground state |1⟩,

with a small fraction excited to |2⟩. The population in |3⟩ is negligible and can be ignored (see

Supplemental Material in [136]).

We measured the forward-scattered mode with a small collection angle ≈ 6 × 10−6 sr. In

forward scattering, interference between atoms is ensured to be constructive regardless of their

positions, as the phase differences in the atomic dipoles are exactly compensated by the photon

propagation phase [115, 116].

3.1.2 Model

As we measure the forward scattered emission, we can capture the dynamics after the drive

is turned off using a simple model in which N three-level V-type atoms are co-located at the

origin. The Hamiltonian for such a system is

H =
N∑

m=1

∑
j=2,3

ℏωj1σ̂
+
m,jσ̂

−
m,j +

∑
k,µ

ℏωkâ
†
k,µâk,µ +

N∑
m=1

∑
j=2,3

∑
k,µ

ℏgm,j,k,µ

(
σ̂+
m,j âk,µ + σ̂−

m,j â
†
k,µ

)
,

(3.1)

where σ̂+
m,j and σ̂−

m,j are the raising and lowering operators for the m-th atom and j-th level

and â†k,µ and âk,µ are the creation and annihilation operator of the field mode with wave vector

k and polarization µ. The atom-field coupling strength is gm,j,k,µ ≡ d⃗mj1 · ε⃗k,µ
√

ωk

2ℏε0V , where

ε⃗k,µ is the polarization unit vector of the field mode, ε0 is the vacuum permittivity, and V is

the vacuum mode volume. Each term in Eq. (3.1) corresponds to the atomic energy, EM field

energy, and atom-light interaction energy, respectively. The atom-light interaction Hamiltonian
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can take a single excitation from the N atom system and put it to the EM field modes and vice

versa. Consequently, an excitation in the m-th atom and j-th level can couple to another atom and

level via the second-order process mediated by the atom-light interaction. The vacuumm-induced

coupling between |j⟩ and |l⟩ is quantified by the generalized decay rate

Γjl =
dj1 · dl1ω3

j1

3πε0ℏc3
. (3.2)

The vacuum-induced coupling between multiple atoms leads to collective decay, whose rate is

enhanced in proportion to the number of atoms emitting cooperatively. In a realistic system,

atoms may emit cooperatively only into certain field modes. Therefore, the collective decay rate

can be written as Γ(N)
jl = (1 + fN)Γjl, with f representing the fraction of emission modes that

exhibit collective interference. In general, f depends on the geometry of the system, such as the

shape of the atomic cloud and the detection mode.

Now imagine an initial state where all atoms share a single excitation in one of the excited

levels, say |2⟩, while the field modes are in the vacuum state |vac⟩:

|Ψ(0)⟩ = 1√
N

N∑
m=1

σ̂+
m,2 |11 · · · 1⟩ |vac⟩ . (3.3)

In the regime where the upper levels are well resolved, i.e., Γ(N)
jl ≪ ω23, the atomic excitation

amplitudes in |2⟩ and |3⟩ are

c2(t) =
1√
N

e−Γ
(N)
22 t/2e−iω21t −

(
Γ
(N)
23

2ω23

)2
δ∗

δ
e−Γ

(N)
33 t/2e−iω31t

 , (3.4a)

c3(t) = − iΓ
(N)
23

2
√
Nδ

[
e−Γ

(N)
22 t/2e−iω21t − e−Γ

(N)
33 t/2e−iω31t

]
, (3.4b)
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where δ =

√
ω2
23 −

(
Γ
(N)
avg

)2
+ 2iω23Γ

(N)
d with Γ

(N)
avg =

Γ
(N)
33 +Γ

(N)
22

2
and Γd =

Γ
(N)
33 −Γ

(N)
22

2
. Note that

the evolution of all atoms is identical, as both the initial state and the Hamiltonian are symmetric

with respect to all atoms. As shown in Eq. (3.4a), most of the population in level |2⟩ decays at a

rate Γ
(N)
22 , while the vacuum-induced coupling to level |3⟩ enters as a perturbation. On the other

hand, Eq. (3.4b) shows that the population in level |3⟩ arises solely from the vacuum-induced

coupling of the initial population in level |2⟩ and scales as |c3 (t)|2 ∼
(

Γ
(N)
23

ω23

)2

.

The intensity of the light emitted from the atoms is

I(τ)

I0
= e−Γ

(N)
22 τ +

Γ
(N)
33

Γ
(N)
22

(
Γ
(N)
23

2ω23

)2

e−Γ
(N)
33 τ +

(
Γ
(N)
23

)2
ω23Γ

(N)
22

e−Γ
(N)
avg τ sin

(
ω23τ + arctan

Γ
(N)
22

ω23

)
,

(3.5)

where I0 =
2dj1dl1ω

3
j1ω

3
l1

3πε0c5
. The first term is the decay of the initial excitation in level |2⟩, the second

term is the decay of the induced excitation in level |3⟩, and the third term is the beating between

the excitation in |2⟩ and |3⟩. The second term is negligible and can be omitted. Thus, we obtain

the simplified model for the vacuum-induced beat dynamics seen in the intensity profile:

I(τ)

I0
= e−Γ

(N)
22 τ + Ibe

−Γ
(N)
avg τ sin(ω23τ + ϕ), (3.6)

where the relative beat amplitude is

Ib ≡

(
Γ
(N)
23

)2
ω23Γ

(N)
22

, (3.7)
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Figure 3.2: (a) Examples of the forward-scattered intensity normalized to the drive intensity for
various ODs. As the drive field is abruptly turned off, the forward emission from atoms shows
up. (b) The spontaneous decay profiles after the drive is turned off at time t = 0. The intensity
of each curve is further normalized to the initial intensity (I0). The single-atom decay profile
I(t) = e−Γ22t is drawn in black dashed line for comparison. The fast-Fourier transform (FFT) of
the decay curves subtracted by the corresponding exponential fits are shown in the inset. Figures
adapted from [136].

and the beat phase is

ϕ = arctan

(
Γ
(N)
22

ω23

)
. (3.8)

3.1.3 Result

The measured intensity profiles of the forward-scattering modes for different ODs are

shown in Fig. 3.2. The OD is obtained from the steady-state transmission using the formula

OD = − lnT. The emission of atoms after the drive is turned off at time t = 0 is first fitted to an

exponential function e−Γ
(N)
22 t, which shows linear dependence on the OD (see inset of Fig. 3.3 (a)).

This confirms that we are seeing collective modes by measuring the forward-scattered emission.

On top of the decaying curve, we see a periodic modulation of intensity. The decaying

curves are subtracted by the exponential fits and then Fourier-transformed (see inset of Fig. 3.2
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Figure 3.3: (a) The beat amplitude Ib and (b) the beat phase ϕ−ϕ0 as a function of the collective
enhancement factor Γ(N)

22 /Γ22 for various ODs. The inset in (a) shows that the collective enhance-
ment factor has linear dependence on the OD. Figures adapted from [136].

(b)), confirming that the modulation frequency corresponds to the energy separation between the

excited levels. This signifies that we are seeing vacuum-induced quantum beats without initial

superposition between upper levels.

Finally, the decay curve is fitted to Eq. (3.6) where we obtained the relative amplitude of the

beating term and its phase, whose result is shown in Fig. 3.3. The beat amplitude is collectively

enhanced, showing excellent agreement to the theory in Eq. (3.7). The phase of the beat is three

times larger than expected value in Eq. (3.8). This might be due to the transient dynamics during

the finite turn-off edge of the drive field (3.5 ns fall-time).

3.1.4 Discussion

We demonstrated collective quantum beats in the radiation of V-type atoms without an ini-

tial superposition of the upper levels, both theoretically and experimentally. The quantum beats

without initial superposition show that the vacuum field can mediate population exchange be-

tween multiple atomic excited states. Although vacuum-induced coupling between hyperfine lev-
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els is typically weak due to their large energy separation, the effect can be collectively enhanced

by preparing an ensemble of atoms that couple to common EM field modes symmetrically. We

measured forward scattering from a cloud of 85Rb atoms driven by a weak and long excitation

pulse. The spontaneous decay profile in the forward-scattered mode exhibits an enhanced decay

rate increases linearly with OD, indicating the observation of supperadiant decay. The decay

curve also shows periodic modulation at a frequency corresponding to the energy difference be-

tween the two upper hyperfine levels. The measured relative beat amplitude is proportional to

the decay rate enhancement factor Γ(N)
22 /Γ22, showing excellent agreement with our theoretical

model without any free parameters. The observed beat phase also depends on the collective en-

hancement factor but is approximately three times larger than predicted. This discrepancy may

arise from transient dynamics during the finite turn-off of the drive, suggesting the possibility

that quantum beats could serve as a useful probe for characterizing non-equilibrium dynamics.

Our work demonstrates the rich interplay between two distinct quantum interference phe-

nomena in spontaneous decay: collective dynamics in multi-atom systems [113] and quantum

beats arising from multi-level systems [160]. Although these phenomena may seem unrelated,

they can be described within a unified framework; multiple transitions, whether involving dif-

ferent atoms or different levels, can become coupled during the decay process. In the case of

quantum beats, the key distinction lies in the energy differences between the transitions, which

give rise to interference patterns manifesting as beating in the decay dynamics.

The study not only provides fundamental insight, but also applications in quantum tech-

nologies. For example, the vacuum-induced coupling between upper levels can provide tran-

sition pathways that can be engineered to make bright single-photon sources [170, 171]. The

calculation we used can be applied to predict the collective dynamics of two quantum emitters
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with energy level difference, which would be critical consideration in quantum computing using

inhomogeneous emitters.

3.2 Collective Quantum Beats in Waveguide QED

Until now, the atoms have been assumed to be positioned at the same spatial point and to

interact instantaneously. We now extend the study to include the effect of the photon propaga-

tion by considering the collective dynamics of V-type atoms via the waveguide. The waveguide

enables long-range interaction between distant atoms as the photon does not suffer the ∼ 1/r2

power loss as in free space.

In analogy to the transition wavelength becoming the relevant length scale in determining

the interference feature (super-/sub-radiance), we investigate the length scale that determines the

interference involving multiple transitions of multiple atoms. Think of two photons emitted from

an atom with slightly different transition frequencies, ω21 and ω31, which are in phase when first

emitted (see Fig. 2 in [153]). As the two photons travel along a waveguide, they gradually

accumulate a phase difference, becoming perfectly out of phase at a distance πv/ω23. Thus,

in determining the interference feature of multiple transitions, the “beat wavelength”, 2πv/ω23

becomes relevant. To give a sense of the relevant length scale, consider the example of the 85Rb

D2 lines (Fig. 1(b) in [136]). The transition wavelengths for |1⟩ ↔ |2⟩ and |1⟩ ↔ |3⟩ are

both around 780 nm. However, the beat wavelength between these two transitions is ≈ 2.5 m, a

macroscopic length scale compared to the optical wavelength.

We first solve for the atomic and field dynamics where the physical systems for the quantum

emitters and the waveguide are left general. For the numerical simulation, we use parameters
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typical of superconducting qubit systems. We first investigate the Markovian regime, in which

the atoms are delocalized but still interact instantaneously. This happens when the time delay

between the atoms is smaller than the atomic relaxation timescale. Then we extend the system

to the non-Markovian regime. The atomic separation becomes comparable to the relaxation time

scale, introducing memory effects. In this limit, each atom interacts with the photon emitted

by the other atom in the past. This section summarizes the work presented in [153], which is

included in Appendix C, and also provides additional information not contained in the original

publication.

Note that this theoretical study investigates scattering into modes other than the forward-

scattered mode; specifically, it considers the case where the drive field illuminates the atoms

perpendicularly, enabling the exploration of photon propagation effects.

3.2.1 Model

Consider two V-type emitters A and B coupled to a waveguide and positioned at xA and

xB, as illustrated in Fig. 3.4. The ground state is denoted as |1⟩ and the two excited states are |2⟩

and |3⟩. The transition frequency between |1⟩ and |2⟩ (|3⟩) is ω21 (ω31), and the energy difference

between the two excited states is ω23 = ω21 − ω31. The excited states |2⟩ and |3⟩ decay to the

ground state with rates Γ22 and Γ33, respectively.

The Hamiltonian for the system is the same as Eq. (3.1), except that now the interaction

Hamiltonian carries the phase term e±ikxm:

HAF = −
∑

m=A,B

∑
j=2,3

∞∑
k=−∞

∑
µ

ℏgm,j,k,µ

(
σ̂+
m,j âk,µe

ikxm + σ̂−
m,j â

†
k,µe

−ikxm

)
. (3.9)
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Figure 3.4: Schematics of the two V-type emitters coupled to a waveguide.

Note that k is now restricted in one-dimensional space. The phase terms reflect how atoms

at different positions pick up different phases of the k-th Em field mode, leading to distance-

dependent interference. Note that the previous model in Eq. (3.1) did not include such phase

factors, as it assumed the atoms were co-located.

We solve the dynamics for two special initial states, where the atoms share a single excita-

tion in state |2⟩, either symmetrically or antisymmetrically:

∣∣Ψ(+)(0)
〉
=

1√
2

(
|2⟩A |1⟩B + |1⟩A |2⟩B

)
, (3.10a)

∣∣Ψ(−)(0)
〉
=

1√
2

(
|2⟩A |1⟩B − |1⟩A |2⟩B

)
. (3.10b)

Once we have the dynamics of the two initial states in Eq. (3.10), we can obtain the time-evolved

state of a general initial state |Ψ(0)⟩ = a |2⟩A |1⟩B + b |1⟩A |2⟩B + c |3⟩A |1⟩B + d |1⟩A |3⟩B

from the superposition principle and the symmetry of the problem upon the exchange of variable
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|2⟩ ↔ |3⟩.

The time-evolved state remains in the single-excitation manifold:

∣∣Ψ(+)(t)
〉
= c

(+)
2 (t)

(
|2⟩A |1⟩B + |1⟩A |2⟩B

)
+ c

(+)
3 (t)

(
|3⟩A |1⟩B + |1⟩A |3⟩B

)
, (3.11a)∣∣Ψ(−)(t)

〉
= c

(−)
2 (t)

(
|2⟩A |1⟩B − |1⟩A |2⟩B

)
+ c

(−)
3 (t)

(
|3⟩A |1⟩B − |1⟩A |3⟩B

)
. (3.11b)

Note that the symmetry of the atomic correlation in the initial state is maintained throughout the

dynamics as the interaction Hamiltonian in Eq. (3.9) preserves the symmetry.

The atomic excitation amplitudes at time t for symmetric and antisymmetric initial states

are expressed as a superposition of collective decay modes 1:

c
(±)
2 (t) =

∞∑
n=−∞

α(±)
n es

(±)
n t, (3.12a)

c
(±)
3 (t) =

∞∑
n=−∞

β(±)
n es

(±)
n t. (3.12b)

Here, s(±)
n is the generalized decay rate of the n-th decay mode, and α(±)

n and β(±)
n are the corre-

sponding coefficients of the decay modes for the dynamics of level |2⟩ and |3⟩, respectively. The

generalized collective decay rate s(±)
n is the n-th pole of the propagator

G(±)(s) ≡
(
s+ iω31 +

Γ33

2
± β

Γ33

2
e−

d
v
s

)(
s+ iω21 +

Γ22

2
± β

Γ22

2
e−

d
v
s

)
− Γ23Γ32

4

(
1± βe−

d
v
s
)2
. (3.13)

1Note that here we define the atomic excitation amplitudes in Schrödinger picture, whereas in [153], we were
defining things in the interaction picture. We later found that the Schrödinger picture yields a more symmetric
form of the equations for |2⟩ and |3⟩. For example, The propagator in Eq. (3.13) shows symmetry upon change of
variables: |2⟩ ↔ |3⟩.
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The coefficients of n-th decay mode are

α(±)
n = lim

s→sn
(s− sn) ·

1√
2

s+ iω31 +
Γ33

2
± β Γ33

2
e−ds/v

G(±)(s)
, (3.14a)

β(±)
n = − lim

s→sn
(s− sn) ·

1√
2

Γ32

2
± β Γ32

2
e−ds/v

G(±)(s)
. (3.14b)

Note the symmetry of the problem under the exchange |2⟩ ↔ |3⟩, except for the coefficients in

Eq. (3.14), which are determined by the initial state. Since our initial state involves excitation

only in |2⟩, this symmetry is broken.

We now calculate the intensity of the light emitted by the two atoms. The intensity is evalu-

ated by the expression I(x, t) = ϵ0c
2
⟨ψ(t)| Ê†(x, t)Ê(x, t) |ψ(t)⟩, with the electric field operator

defined as Ê(x, t) =
∫∞
0

dkEkâkeikxe−iωkt. Thus, the scattered light intensity is expressed as

atomic amplitudes with appropriate time delay:

I (x, t)

I0
=

∣∣∣∣∣∣∣∣∣
∑
j=2,3

∑
m=A,B

gj
g2

cm,j

(
t− x− xm

v

)[
Θ

(
t− x− xm

v

)
−Θ

(
−x− xm

v

)]
︸ ︷︷ ︸

Right light cone for atom m at frequency ωj1

+ cm,j

(
t+

x− xm
v

)[
Θ

(
t+

x− xm
v

)
−Θ

(
x− xm
v

)]
︸ ︷︷ ︸

Left light cone for atom m at frequency ωj1


∣∣∣∣∣∣∣∣∣
2

.

(3.15)

Each term represents the light cone emitted by each atom, spreading in space-time with speed v

while preserving causality. The rich interference pattern involving emission from two separated

atoms and two excited levels can be seen in the intensity profile.
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Decay rate of level 3 (Γ33/Γ22) 1
Energy separation of level 2 and 3 (ω23/Γ22) 50

Resonant frequency of level 2 (ω21/Γ22) 104

Coherence length (Lc · Γ22/v) 1
Beat wavelength (λbeat · Γ22/v) 4π × 10−2

Transition wavelength (λ21 · Γ22/v) 2π × 10−4

Table 3.1: Summary of parameters used in numerical simulation of quantum beats in waveguide
QED, based on typical values in a superconducting circuit setup. The frequencies are in the units
of Γ22, and the lengths are in the units of v/Γ22. Table adapted from [153].

3.2.2 Markovian limit

We numerically simulate the intensity profile in Eq. (3.15) using parameters in typical

superconducting circuit systems [59, 172], as shown in Table 3.1. We first present the result in

the Markovian limit, where the time delay between the two emitters is much shorter than the

atomic relaxation time scale, i.e., d/v ≪ 1/Γ. To ensure this condition, we chose the atomic

separations between 0.5λbeat and λbeat, which are about ten times shorter than the coherence

length.

Figure 3.5 shows the numerical simulation of the atomic and intensity profile of symmetric

(blue solid lines) and antisymmetric (red dashed lines) initial states for the atomic separations

being λbeat and 0.5λbeat, assuming perfect coupling efficiency (β = 1). Figure 3.6 illustrates the

poles and their coefficients in the dynamics of |2⟩ and |3⟩.

Level 2 Dynamics

The population in level |2⟩ (Fig. 3.5 (a-b)) exhibits collective decay rate that is either en-

hanced (“superradiance”, symmetric state) or suppressed (“subradiance”, antisymmetric state)

upon the arrival of the photon emitted by the other atom. The dynamics of level |2⟩ resemble
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0 1 2 3

Figure 3.5: Atomic and field dynamics of two three-level V-type atoms coupled to a waveguide
in the Markovian regime for perfect coupling efficiency (β = 1): (a-b) population in |2⟩, (c-
d) population in |3⟩, and (e-f) intensity measured outside the system (x → x+B, for interatomic
separation (a,c,e) d = λbeat and (b,d,f) d = 0.5λbeat. In all cases, the interatomic separation d
is set to integer multiples of λ21, and the symmetry of the problem is controlled by choosing the
initial state to be either symmetric (blue solid lines) or antisymmetric (red dashed lines). The
vertical dash-dotted lines indicate the time at which a photon emitted by one atom reaches the
other. For comparison, the dynamics of a single atom are plotted as dotted lines. Figures adapted
from [153].
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Figure 3.6: Poles of the collective dynamics for (a-d) d = 0.5λbeat and (e-h) d = λbeat, with
symmetric (blue) and antisymmetric (red) initial states. Each pole represents the collective decay
mode with (a,e) real part indicating the decay rate and (b,f) the imaginary part energy level. The
coefficient of the poles for (c,g) |2⟩ and (d,h) |3⟩ dynamics are shown. Figure adapted from [153].
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that of an two-level system, and shows negligible dependence on the interatomic distance relative

to λbeat. This is because the coupling to level |3⟩ enters only as a second-order perturbation effect.

Level 3 Dynamics

The population in level |3⟩ (Fig. 3.5 (c-d)) signifies the collective vacuum-induced cou-

pling, which is the dominant term when there is no initial excitation in level |3⟩. When the inter-

atomic distance is d = λbeat, the vacuum-induced coupling is fully enhanced (symmetric state) or

fully suppressed (antisymmetric state). However, when the interatomic distance is d = 0.5λbeat,

the vacuum-induced coupling is fully suppressed due to the destructive interference involving the

two atoms, regardless of the initial symmetry of the atoms. The two photons with frequencies

ω21 and ω31 are exactly out of phase when they travel a distance 0.5λbeat.

Field Dynamics

As a result, the intensity profile (Fig. 3.5 (e-f)) shows a composite effect. First, the intensity

is collectively enhanced in its size and decay rates when the two atoms are in the symmetric

initial state, whereas it is fully suppressed when the atoms are antisymmetric initial state. It

follows the level |2⟩ dynamics as it is the leading term. Secondly, the collective quantum beats

enters as a second order perturbation, which shows dependence on the interatomic separation with

respect to λbeat. Looking at the superradiant decay curves (solid blue lines), the quantum beats

are collectively enhanced (suppressed) when the interatomic distance is integer (half-integer)

multiples of λbeat.

The limit d → 0 with the symmetric initial state qualitatively agrees with our previous

investigation using 85Rb atoms described in Sec. 3.1. In that experiment, the atomic cloud size
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Figure 3.7: Span of distances in a Markovian regime: (a-d) level 2, (e-h) level 3, and (i-l) intensity
dynamics for distances 0.6λbeat, 0.7λbeat, 0.8λbeat, and 0.9λbeat. The blue solid lines are for the
case of symmetric initial state, and red dashed lines are for the antisymmetric initial state.

(∼ 2 mm) was much smaller than the beat wavelength (∼ 2.5 m). Consequently, the two photons

of slightly different frequencies remained effectively in phase across the entire ensemble. Thus,

the approximation of treating atoms as co-located could be justified.

Distance span between d = 0.5λbeat and d = λbeat

Figure 3.7 shows the span of atomic and field dynamics in between d = 0.5λbeat and

d = λbeat. The |2⟩ dynamics does not depend much on the atomic separation on the scale

much less than v/Γ. The dynamics of |3⟩ shows the interference of vacuum-induced coupling

involving two atoms. For antisymmetric initial state (red dashed lines), the vacuum-induced

coupling ceases as soon as the photon from one atom arrives to the other atom. In comparison,

for symmetric case, we see transition from fully suppressed to fully enhanced vacuum-induced

coupling as the distance is varied from d = 0.5λbeat to d = λbeat. As a result, the intensity
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Figure 3.8: Atomic and field dynamics of two three-level V-type atoms coupled to a waveguide
in the non-Markovian regime for perfect coupling efficiency (β = 1): (a-b) population in |2⟩,
(c-d) population in |3⟩, and (e-f) intensity measured outside the system (x→ x+B, for interatomic
separation (a,c,e) d = 8λbeat and (b,d,f) d = 7.5λbeat. In all cases, the interatomic separation
d is set to integer multiples of λ21, and the symmetry of the problem is controlled by choosing
the initial state to be either symmetric (blue solid lines) or antisymmetric (red dashed lines). The
vertical dash-dotted lines indicate the time at which a photon emitted by one atom reaches the
other. For comparison, the dynamics of a single atom are plotted as dotted lines. Figures adapted
from [153].

profile shows transition from collectively suppressed quantum beats to the collectively enhanced

quantum beats from d = 0.5λbeat to d = λbeat.

3.2.3 Non-Markovian limit

We now consider the non-Markovian case, where the atoms are now separated by a time

delay comparable to the atomic relaxation time scale (d ≳ v/Γ). In this regime, the atoms have

significantly decayed by the time the photon emitted by the other atom arrives. Therefore, the

photon-mediated interaction can no longer be treated as instantaneous, and a coherent time-
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Figure 3.9: Poles of the collective dynamics for (a-d) d = 7.5λbeat and (e-h) d = 8λbeat, with
symmetric (blue) and antisymmetric (red) initial states. Each pole represents the collective decay
mode with (a,e) real part indicating the decay rate and (b,f) the imaginary part energy level. The
coefficient of the poles for (c,g) |2⟩ and (d,h) |3⟩ dynamics are shown. Figure adapted from [153].
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Figure 3.10: The dynamics of level |2⟩ population for three different models: independent de-
cay (d = ∞, dotted black), superradiant decay in Markovian regime (d = 0, dashed red), and
faster-than-superradiant decay in non-Markovian regime (d = 8λbeat, solid blue). The curves are
rescaled to 1 at t = 8λbeat/v for comparison. Figures adapted from [153].

delayed feedback effect must be taken into account [66–68]. The atomic separations are varied

between 7.5λbeat and 8λbeat, which are comparable to the coherence length.

Figure 3.8 shows the numerical simulation of the atomic and field dynamics of symmetric

(blue solid lines) and antisymmetric (red dashed lines) initial states for the atomic separations

being 8λbeat and 7.5λbeat, assuming perfect coupling efficiency (β = 1). Figure 3.9 illustrates

the poles and their coefficients in the dynamics of |2⟩ and |3⟩.

Level 2 Dynamics

The level |2⟩ dynamics as seen in Fig. 3.8 (a-b) manifests non-Markovian two-level sys-

tem dynamics; the atom decays independently until it sees the photon that has been emitted by

the other atom, and exhibit deviation from exponential decay thereafter. For a symmetric initial

state, the atoms decay faster than the usual superradiant decay [66–68]. Figure 3.10 shows a
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Figure 3.11: Intensity dynamics for an initially antisymmetric state of the two atoms as a function
of detector position x and time. (a) For a small separation (d = λbeat), the excitation stays mostly
in the atoms, whereas (b) for a larger separation comparable to the coherence length (d = 8λbeat),
the bound state has a significant contribution from the photonic excitation amplitude, as observed
from the standing wave formed in the region between the two atoms.

comparison of the population dynamics in |2⟩, for independent decay (dotted black line), super-

radiant decay as in Markovian regime (dashed red line), and the faster-than-superradiant decay

in non-Markovian regime(blue solid line). The time-delayed feedback accelerates the decay even

beyond the Dicke superradiant decay.

For an antisymmetric initial state, the atoms form atom-photon bound states in the contin-

uum (BIC) [69, 70, 173]. Such atom-photon bound states arise from the destructive interference

between an atomic dipole and the fields emitted by the other atom, resulting in the field being

reflected by the atoms and thus trapped between them. Note that, in the non-Markovian regime,

this bound state comprises a large photonic excitation amplitude, unlike the subradiant state in

the Markovian regime. This can be observed from Fig. 3.11, as well as the atom-photon bound

state solution for a delocalized two-level system in Eq. (9) in [70], which we rewrite here for
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convenience:

|ψb⟩ = εb

[
σ̂+
± − i

√
Γ22

4v

∫ d/2

−d/2

dx
(
eik0(x+d/2)â†R(x)− e−ik0(x+d/2)â†L(x)

)]
|1⟩A |1⟩B |{0}⟩ ,

(3.16)

where |εb|2 = 1/(1 + Γ22d
4v

), k0 = ω21/v, σ̂+
± = (σ̂+

A ± σ̂+
B)/

√
2 is the raising operator for the

symmetric and antisymmetric collective state, â†R(L)(x) is the real-space creation operator for the

resonant right-(left-)going field modes at x. As d increases, the field component in the atom-

photon bound state becomes more pronounced.

Level 3 Dynamics

The collective vacuum-induced coupling is seen in the dynamics of |3⟩ (see Fig. 3.8 (c-d)).

When the interatomic separation is d = 8λbeat (Fig. 3.8 (c)), two different transitions of two

different atoms are in phase. The symmetric state (solid blue line) shows collective enhancement

of vacuum-induced coupling beyond the Markovian scaling that is proportional to the number of

emitters. This can be explained by the significant contribution of collective decay modes near

resonance (see blue dots in Fig. 3.9 (f) and (h)) arising from the delayed feedback effect. For the

antisymmetric state (red dashed line), the vacuum-induced coupling is moderately suppressed.

This is because of the contribution of collective modes near the resonance, which are not as fully

suppressed as the resonant modes (see red dots in Fig. 3.9 (f) and (h)).

On the other hand, for the case d = 7.5λbeat, the collective vacuum-induced coupling is

moderately suppressed regardless of the symmetry of the initial state. For a non-Markovian case,

there are collective modes with frequencies close to the resonance, which significantly contribute
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to the dynamics (see Fig. 3.9 (b) and (d)). Although the photons of the two transition frequencies

become out of phase as they travel between the atoms, there are still collective decay channels

they can couple to, and vacuum-induced coupling is not fully suppressed.

Field Dynamics

The field dynamics as shown in Fig. 3.8 (e-f)) exhibits a memory effect upon the arrival of

the photon emitted by the other atom. For a symmetric initial state (blue solid lines), the intensity

is enhanced in its size and decay rate, beyond collective enhancement in the Markovian regime.

This is coined as superduperradiance [67, 68]. On the other hand, the radiation from atoms in

an antisymmetric initial state exhibits destructive interference upon arrival of the time-delayed

feedback. This suggests that the photon bounces back and forth between the atoms, forming a

BIC [70].

We focus on the intensity profile of emission from symmetrically correlated atoms for the

analysis of collective quantum beats. (solid blue lines in Fig. 3.8 (e-f)). When the atoms are sepa-

rated by integer multiples of λbeat, they exhibit quantum beats whose size is enhanced beyond the

Markovian limit. On the other hand, for the case where the atoms are separated by half-integer

multiples of λbeat, the quantum beats are moderately suppressed; although the two transitions

are destructively interfering at this propagation distance, there are other decay modes near the

resonance that provide unsuppressed decay channels.

Distance span between d = 7.5λbeat and d = 8λbeat

Figure 3.12 shows the atomic and field dynamics in between d = 7.5λbeat and d = 8λbeat.

In the level 3 dynamics (e-h), the vacuum-induced coupling shows a transition to fully enhanced
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Figure 3.12: Span of distances in a non-Markovian regime: (a-d) level 2, (e-h) level 3, and (i-l)
intensity dynamics for distances 7.6λbeat, 7.7λbeat, 7.8λbeat, and 7.9λbeat. The blue solid lines
are for the case of a symmetric initial state, and the red dashed lines are for the antisymmetric
initial state.

and suppressed cases as the separation of atoms is varied from d = 7.5λbeat to d = 8λbeat.

3.2.4 Discussion

We theoretically studied collective vacuum-induced quantum beats, manifested in the spon-

taneous emission of two separated atoms coupled to a waveguide. We showed that atomic sep-

aration relative to the characteristic length scale λbeat = 2πv/ω23 determines the interference

between two different transitions in the distant atoms. As photons at frequencies ω21 and ω31

propagate, they accumulate a relative phase with a spatial period of λbeat. When the atoms are

separated by λbeat/2, the two frequency components become out of phase. Consequently, if one

transition becomes superradiant at this separation, the other must be subradiant, leading to sup-

pression of the beating. In contrast, when the atoms are separated by λbeat, the two frequency
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components become in phase and exhibit collectively enhanced quantum beats.

We numerically calculated the atomic and field dynamics of spontaneous emission from

two distant V-type emitters in a waveguide QED setup. In the Markovian regime, quantum beats

are either enhanced proportionally with the number of atoms or completely suppresed, depending

on the initial atomic state. As the atomic separation becomes comparable to the atomic relaxation

timescale, the system enters the non-Markovian regime. In this regime, additional collective de-

cay modes emerge near the resonant transitions, providing new decay channels that the traveling

field modes can couple to. This leads to qualitatively different dynamics: quantum beats may

become super-enhanced beyond the Markovian enhancement factor for symmetric initial states,

or only moderately suppressed for antisymmetric states.

Our work offers valuable insights into delay effects in systems involving multi-level atoms.

In particular, we demonstrated how collective decay modes interplay with atomic transition res-

onances. Our work offers a theoretical foundation for modeling long-range interactions between

inhomogeneous emitters with multiple transition frequencies.
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Chapter 4: Photon Correlations from Atomic Scattering in front of a Mirror

We now move on to investigate long-range interactions between atoms via ONF guided

modes, as manifested in their radiative emission. Previously, Solano et al. demonstrated the col-

lective decay of two atomic clouds separated by ≈ 300µm, mediated by ONF guided modes [55].

Building on this experiment, we designed a new experiment aimed at observing the collective de-

cay of a delocalized system interacting via an optical fiber, where the photon propagation time

between the subsystems is comparable to the atomic relaxation time scale. In this setup, a cloud

of 85Rb atoms is coupled to an ONF and interacts with its mirror image formed by a distant mirror

at the end of a long optical delay line (see Fig. 4.1).

We measure the intensity correlation function of the light scattered from the atomic cloud

in this half cavity. Due to the low coupling efficiency of atoms to the ONF modes, we expect

Figure 4.1: Schematic of the experimental setup for measuring the intensity correlation of light
scattered from atoms in a half-cavity. M: mirror, S: shutter, L: lens, 99:1, 95:5, 50:50: beam
splitters with given splitting ratio, VBG: volume Bragg grating, APD: avalanche photodiode.
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correlation measurement will provide a clearer signature of non-Markovian dynamics than direct

intensity measurements, as the intensity correlation function is conditioned on emission into the

guided modes. The intensity correlation function of a single atom in front of a distant mirror has

been theoretically studied [150] and experimentally demonstrated using a trapped ion in front of

a mirror [174]. Depending on the emitter’s position relative to the mirror, whether at a node,

antinode, or slope of the standing wave in the half-cavity, the scattered light exhibits distinct

behavior in its correlated photon counts. We aim to extend this study to (1) a waveguide QED

platform, which offers greater scalability in delay length and atom number, and (2) a many-atom

system, to explore the interplay between collective effects within a single ensemble and the non-

Markovian dynamics.

On the other hand, a distinct yet equally relevant phenomenon that may arise in this setup is

interference in the scattering from independent emitters coupled to a single EM field mode [175–

180]. In the presence of multiple atoms, the photon statistics of the scattered light no longer

exhibit the clean antibunching characteristic of single-atom scattering [3]. Instead, the sys-

tem undergoes a transition from quasi-antibunching to bunching as the number of atoms in-

creases [175, 176, 179, 180]. This transition arises from the increased probability that two atoms

can be excited simultaneously and emit photons at the same time. Notably, the correlation be-

tween oppositely emitted photons remains antibunching regardless of the number of scatterers

due to the underlying phase-matching condition [177, 178].

In this chapter, we present a theoretical framework for modeling a system comprising an

atomic ensemble coupled to a waveguide and placed in front of a mirror, along with an experi-

mental investigation using 85Rb atoms interfaced with an ONF. The theory explores two distinct

regimes: one dominated by time-delayed feedback (strong-coupling regime), and the other by
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the external driving (weak-coupling regime). Analysis of our experimental data suggests that

atoms coupled to an ONF interact only weakly via the guided modes. This implies that atomic

ordering is required to achieve collectively enhanced cooperativity and exhibit strong atom-atom

interaction via the ONF guided modes.

This chapter includes preliminary results from an ongoing project. The interpretations

presented here are subject to revisions as the research progresses.

4.1 Model: Atomic Cloud in Front of a Mirror

We consider a system of N two-level atoms coupled to an ONF with coupling efficiency β.

The atomic transition frequency is ω0 and the decay rate is Γ. The atoms are driven by a laser

of frequency ωD propagating perpendicularly to the ONF. The j-th atom (j = 1, 2, · · · , N ) is

placed at z = zj and a mirror is placed at z = 0, along the ONF. Without loss of generality, we

can assume that both detectors are positioned at the same longitudinal location z = zd along the

ONF, outside the half-cavity (zd > zj, (j = 1, 2 · · · , N)).

The length scales relevant to this problem have the following relations. First, the size

of the atomic ensemble is much smaller than the coherence length of the emitted photons, i.e.,

|zj − zl| ≪ v/Γ with v being the speed of light in the waveguide. This places the collective

effects within a single ensemble in the Markovian regime. Secondly, the characteristic time delay

between the atomic ensemble and its mirror image, τD, is comparable to the atomic relaxation

time scale, 1/Γ. The characteristic time delay is defined as τD ≡ 2z0/v, where z0 =
∑N

j=1 zj/N

is the average atomic position with respect to the mirror. As a result, the collective dynamics

of the ensemble and its image lie in the non-Markovian regime. It is convenient to define the
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dimensionless parameter η = τDΓ, which is the normalized characteristic time delay with respect

to the atomic relaxation time. Note that η ≳ 1 indicates that the system enters non-Markovian

regime.

4.1.1 Hamiltonians

The electric field operator of the guided mode can be written as the sum of the positive and

negative frequency components:

Ê(z) = Ê(+)(z) + Ê(−)(z). (4.1)

The positive frequency component is given by

Ê(+)(z) = i

∫ ∞

0

dkαk sin(kz)âk, (4.2)

where αk is the mode amplitude and âk is the annihilation operator for the k-th guided mode. The

negative frequency component Ê(−)(z) is the Hermitian conjugate of the positive frequency com-

ponent Ê(+)(z). Note that the mode profile forms a standing wave structure due to the presence

of the mirror at z = 0.

The total Hamiltonian is

H = H0 +HD (4.3)

where H0 is the total Hamiltonian of the system of atoms and the guided field modes, and HD is
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the drive Hamiltonian. H0 is

H0 = HA +HF +HAF, (4.4)

where HA is the atomic Hamiltonian, HF is the Hamiltonian of the electric field in the guided

mode, and HAF describes the interaction between the atoms and the guided mode. Note that we

omitted the free-space field modes for simplicity; their effect is accounted phenomenologically

through the coupling efficiency β. Each Hamiltonian reads

HA =
N∑
j=1

ℏω0σ̂
+
j σ̂

−
j , (4.5a)

HF =
∑
k

ℏωkâ
†
kâk, (4.5b)

HAF = i
N∑
j=1

∫ ∞

0

dk (dj ·αk) sin(kzj)
(
σ̂−
j â

†
k − σ̂+

j âk

)
, (4.5c)

HD = −ℏ
Ω

2

N∑
j=1

(
eiωDtσ̂−

j + e−iωDtσ̂+
j

)
, (4.5d)

where ℏ is the reduced Planck constant, σ̂+
j , and σ̂−

j are the raising and lowering operators for the

j-th atom, ωk is the frequency of the k-th guided mode, dj is the dipole moment of the j-th atom,

and Ω is the Rabi frequency of the drive field.

4.1.2 Electric Field Operator in Heisenberg Picture

To calculate the correlation functions of the electric field operator, it is convenient to work

in the Heisenberg picture. Since our primary interest lies in how excitations transfer between

the atoms and the guided modes, we neglect the drive Hamiltonian for now. The guided field
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operator in the Heisenberg picture is thus

âk(t) ≡ eiH0t/ℏâke
−iH0t/ℏ (4.6)

The guided mode field operator follows the equation of motion:

dâk(t)

dt
=
i

ℏ
[H0, âk(t)] ,

=
i

ℏ
eiH0t/ℏ [H0, âk] e

−iH0t/ℏ,

= −iωkâk(t) +
N∑
j=1

dj ·αk

ℏ
sin(kzj)σ̂

−
j (t). (4.7)

Under the transformation

ˆ̃ak(t) = âk(t)e
iωkt,

ˆ̃σ−
j (t) = σ̂−

j e
iω0t, (4.8a)

we get a simpler form of the equation of motion:

dˆ̃ak(t)

dt
=

N∑
j=1

dj ·αk

ℏ
sin(kzj)ˆ̃σ

−
j (t)e

i(ωk−ω0)t. (4.9)

Formally integrating Eq. (4.9), we get the annihilation operator of the guided field mode at time t

ˆ̃ak(t) = ˆ̃ak(0) +
N∑
j=1

dj ·αk

ℏ
sin(kzj)

∫ t

0

dt′ei(ωk−ω0)t′ ˆ̃σ−
j (t

′). (4.10)
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Thus, the electric field operator in guided mode is

Ê(+)(z, t) = N̂(+)(z, t) +
N∑
j=1

Ê
(+)
j (z, t), (4.11)

where N̂(z, t) is the noise field and Êj(z, t) is the field scattered by the j-th atom:

N̂(+)(z, t) = i

∫ ∞

0

dkαk sin(kz)e
−iωktˆ̃ak(0), (4.12a)

Ê
(+)
j (z, t) = i

∫ ∞

0

dkαk sin(kz)e
−iωkt

dj ·αk

ℏ
sin(kzj)

∫ t

0

dt′ei(ωk−ω0)t′ ˆ̃σ−
j (t

′). (4.12b)

Assuming a flat spectral density of the guided modes (α = αk) and identical and aligned atomic

dipoles (d = dj), we can simplify the integration in Eq. (4.12b).

Ê
(+)
j (z, t) = E0

[
ˆ̃σ−
j

(
t−
∣∣∣∣z − zj

v

∣∣∣∣) e−iω0

(
t−

∣∣∣ z−zj
v

∣∣∣)
Θ

(
t−
∣∣∣∣z − zj

v

∣∣∣∣)
−ˆ̃σ−

j

(
t−
∣∣∣∣z + zj

v

∣∣∣∣) e−iω0

(
t−

∣∣∣ z+zj
v

∣∣∣)
Θ

(
t−
∣∣∣∣z + zj

v

∣∣∣∣)] , (4.13)

where E0 = iπ(d·α)α
4ℏ . The first term is the field emitted by the real atom, and the second term is

the field emitted by the image atom.

We consider a realistic system in which losses due to free-space emission and imperfect

mirror reflectivity are taken into account. The overall amplitude of the electric field operator

is scaled by the coupling efficiency β, to account for emission into non-guided modes, while

the reflection term is multiplied by the mirror reflection coefficient r. We interchangeably use

the mirror reflectivity R = |r|2 in this chapter. The electric field operator, including these loss
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channels, is given by

Ê
(+)
j (z, t) = βE0

[
ˆ̃σ−
j

(
t−
∣∣∣∣z − zj

v

∣∣∣∣) e−iω0

(
t−

∣∣∣ z−zj
v

∣∣∣)
Θ

(
t−
∣∣∣∣z − zj

v

∣∣∣∣)
−r ˆ̃σ−

j

(
t−
∣∣∣∣z + zj

v

∣∣∣∣) e−iω0

(
t−

∣∣∣ z+zj
v

∣∣∣)
Θ

(
t−
∣∣∣∣z + zj

v

∣∣∣∣)] . (4.14)

4.1.3 Correlation Functions of Radiation Fields

The intensity correlation function of the radiation emitted from the atoms in the half-cavity

is

G
(2)
N (τ) = lim

t→∞

N∑
j,l,m,n=1

〈
Ê

(−)
j (zd, t)Ê

(−)
l (zd, t+ τ)Ê(+)

m (zd, t+ τ)Ê(+)
n (zd, t)

〉
, (4.15)

where we have neglected the noise field, assuming it is much weaker than the fields scattered

by the atoms. Plugging in Eq. (4.14) into Eq. (4.15), the intensity correlation function can be

expressed in terms of atomic operators’ correlation functions as follows:

G
(2)
N (τ)

|βE0|4
= lim

t→∞

N∑
j,l,m,n=1

〈[
ˆ̃σ+
j

(
t− zd − zj

v

)
eiω0

zj
v − r ˆ̃σ+

j

(
t− zd + zj

v

)
e−iω0

zj
v

]
[
ˆ̃σ+
l

(
t+ τ − zd − zl

v

)
eiω0

zl
v − r ˆ̃σ+

l

(
t+ τ − zd + zl

v

)
e−iω0

zl
v

]
[
ˆ̃σ−
m

(
t+ τ − zd − zm

v

)
e−iω0

zm
v − r ˆ̃σ−

m

(
t+ τ − zd + zm

v

)
eiω0

zm
v

]
[
ˆ̃σ−
n

(
t− zd − zn

v

)
e−iω0

zn
v − r ˆ̃σ−

n

(
t− zd + zn

v

)
eiω0

zn
v

]〉
. (4.16)
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The steady-state intensity of light scattered by N atoms outside the half-cavity is

IN = lim
t→∞

N∑
j,l=1

〈
Ê

(−)
j (zd, t)Ê

(+)
l (zd, t)

〉
. (4.17)

Expressing Eq. (4.36) in terms of atomic operators, we get

IN

|βE0|2
= lim

t→∞

N∑
j,l=1

〈[
ˆ̃σ+
j

(
t− zd − zj

v

)
eiω0

zj
v − r ˆ̃σ+

j

(
t− zd + zj

v

)
e−iω0

zj
v

]
[
ˆ̃σ−
l

(
t− zd − zl

v

)
e−iω0

zl
v − r ˆ̃σ−

l

(
t− zd + zl

v

)
eiω0

zl
v

]〉
. (4.18)

Now, both the intensity correlation function (Eq. (4.16)) and the intensity (Eq. (4.18)) of

the scattered light are expressed in terms of atomic operators and are governed by the atomic

dynamics. The atoms interact with two types of EM fields: the drive laser illuminating the

atoms from the side, and the photons emitted by the atoms and reflected back onto them. The

competition between these two fields can be characterized by the ratio of the drive strength (∼ Ω)

to the feedback strength due to the interaction with the returning photons (∼ β2Γ).

4.2 Strong Coupling Regime (β2Γ ≳ Ω)

In the regime where the coupling efficiency is large and the drive is weak (β2Γ ≳ Ω), the

atomic internal dynamics is primarily determined by the returning photons, resulting in a time-

delayed feedback effect. We first solve for the atomic dynamics considering the time-delayed

back action without the drive field, and then include the external drive as a perturbation.
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4.2.1 Free Dynamics

We first solve for the dynamics of the atoms and guided field modes underH0, the undriven

part of the Hamiltonian. We consider the initial state of atoms that are symmetrically excited:

|ψ(0)⟩ = |+⟩ = 1√
N

N∑
j=1

σ̂+
j |G, {0}k⟩ , (4.19)

where |G⟩ = |g, g, · · · , g⟩ is the state where all atoms are in the ground states, and |{0}k⟩ is

the state where there is no photon in the guided modes. We only consider the symmetric state

as our initial state because the perpendicular illumination of the drive prepares the atoms in the

symmetric superposition state.

We move to the interaction picture with respect to HA + HF. The atom-field interaction

Hamiltonian in the interaction picture is

H̃AF = i
N∑
j=1

∫ ∞

0

dk (dj ·αk) sin(kzj)
(
σ̂−
j â

†
ke

i(ωk−ω0)t − σ̂+
j âke

(−i(ωk−ω0)t
)
. (4.20)

The system evolution under H̃AF keeps the system in the single excitation manifold. Thus, the

time-evolved ansatz can be written as

|ψ(t)⟩ =
[

N∑
j=1

c̃j(t)σ̂
+ +

∑
k

c̃k(t)â
†

]
|G, {0}k⟩ , (4.21)

where c̃j(t) is the excitation amplitude for the j-th atom and c̃k(t) is the amplitude for the k-th

guided mode in the interaction picture. Writing the Schrodinger equation and removing the field
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degrees of freedom, we get the differential equation for the atomic dynamics:

∂tc̃j(t) = −Γ

2
c̃j(t)Θ(t)

− β
Γ

2

∑
l ̸=j

c̃l

(
t−
∣∣∣∣zj − zl

vp

∣∣∣∣) eiω0

∣∣∣ zj−zl
v

∣∣∣
Θ

(
t−
∣∣∣∣zj − zl

vp

∣∣∣∣)

+ rβ
Γ

2

∑
l

c̃l

(
t−
∣∣∣∣zj + zl

vp

∣∣∣∣) eiω0

∣∣∣ zj+zl
v

∣∣∣
Θ

(
t−
∣∣∣∣zj + zl

vp

∣∣∣∣) . (4.22)

The first term represents free evolution, the second term describes interactions between different

atoms within the ensemble, and the third term accounts for the back-action of past emissions

reflected back onto the atoms. Given specific atomic positions, one can calculate the atomic exci-

tation amplitude cj(t) numerically by integrating Eq. (4.22). Note that c̃j(t) is defined in the inter-

action picture, thus it varies at a timescale ∼ 1/Γ. As the timescale for a photon to travel within

the atomic ensemble is much smaller than the atomic decay time scale (|(zj − zl)/v| ≪ 1/Γ),

we can re-write Eq. 4.22 using c̃l
(
t−
∣∣ zj−zl

v

∣∣) ≃ c̃l (t) and c̃l
(
t−
∣∣ zj+zl

v

∣∣) ≃ c̃l (t− τD):

c̃j(t+∆t) = c̃j(t)−∆t
Γ

2

[
c̃j(t) + β

∑
l ̸=j

c̃l (t) e
iω0

∣∣∣ zj−zl
v

∣∣∣]
Θ(t)

+ ∆t
MβΓ

2

∑
l

c̃l

(
t− 2z0

v

)
e
iω0

∣∣∣ zj+zl
v

∣∣∣
Θ

(
t− 2z0

v

)
, (4.23)

for numerical simulation. Note that the numerical integration time step is required to satisfy

∆t≪ 1/Γ, but it can be much larger than the actual system evolution time scale ∼ 1/ω0. This is

the benefit of working in the interaction picture where the fast-rotating phases are removed.
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Figure 4.2: Examples of free dynamics of a single excited atom in front of a mirror at node (blue,
ω0τD = 2nπ), slope (orange, ω0τD = (2n+1/2)π), and antinode (green, ω0τD = (2n+1)π, for
time delays (a,c) η = 0 and (b,d) η = 1. The coupling efficiency is simulated for (a-b) β = 0.5,
which corresponds to a cooperativity of 1, and (c-d) β = 0.1, typical of ONF-based systems. The
mirror reflectivity is R = 0.7. Vertical dashed lines indicate the delay time η.
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For the single atom case, Eq. (4.22) reduces to

∂tc̃j(t) = −Γ

2
c̃j(t)Θ(t) + rβ

Γ

2
c̃j

(
t−
∣∣∣∣2zjvp

∣∣∣∣) eiω0

∣∣∣ 2zjv ∣∣∣
Θ

(
t−
∣∣∣∣2zjvp

∣∣∣∣) , (4.24)

which agrees well with the result in [150]. Examples of the dynamics of single excited atoms

are shown in Fig. 4.2, for time delays η = 0, 1 and coupling efficiencies β = 0.1, 0.5. When

the delay is small, the atom exhibits superradiant decay at the antinode and subradiant decay at

the node. The degree of collective enhancement and suppression of the decay rate depends on

the coupling efficiency. In the non-Markovian regime (η = 1), the atoms show delayed feedback

behavior, where the decay is either faster than superradiant at the antinode [67,68], or form a BIC

at the node [67, 69].

To investigate the interplay between collective effects within a single ensemble and long-

range interactions with its mirror image, we compare the decay dynamics of various atomic

ensemble configurations, including single- and many-atom decays with various coupling effi-

ciencies, as shown in Fig. 4.3. We simulate three scenarios:

1. single-atom decay with β = 0.1 (solid blue): A single atom decays independently with

rate Γ until its past emission arrives at t = τD. The impact of the time-delayed feedback is

governed by the cooperativity C = β/(1− β) = 1/9.

2. multi-atom (N = 9, ordered array with lattice constant λ0) decay with β = 0.1

(dashed orange): An ordered array cooperatively couples to the guided mode and has

an enhanced decay rate Γ(N) = (1− β +Nβ)Γ (see Appendix B for derivation), which is

1.8 Γ for this case. Although the single-atom cooperativity is small, the total cooperativity
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Figure 4.3: Comparison of free dynamics of single and multiple excited atoms in front of a mirror,
for (a) N = 1, β = 0.1 (solid blue), (b) N = 9, β = 0.1 (dashed orange), and (c) N = 1, β = 0.5
(dash-dotted green). The latter two cases have the same total cooperativity, C = 1. Vertical
dashed lines indicate the delay time η between the atomic array and its mirror image.
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is collectively enhanced to reach the strong interaction regime: C = Nβ/(1− β) = 1.

3. single atom decay with β = 0.5 (dash-dotted green): Although it has higher coupling

efficiency than in the first case (N = 1, β = 0.1), the decay rates for the two cases are the

same. Thus, the atom decays with rate Γ before t = τD. However, as the cooperativity is

larger (C = 1), the effects of time-delayed feedback are more pronounced than in the first

case.

Figure 4.3 (a, c, e) shows the case where the atoms are placed at η = 1. The atoms show

either faster-than-superradiant decay when they are at antinodes and BIC when they are at nodes.

However, the many-atom decay (N = 9, dashed orange) always shows a larger single-ensemble

decay rate, and it is hard to compare. Furthermore, it is not only hard to analyze, but also the

atoms feel an effectively larger η as their effective decay rate is increased. Although the distance

between the atomic ensemble and the mirror is fixed, the array with a larger number of atoms

decays faster, and thus, the feedback has an impact on a more delayed time compared to the

atomic relaxation time scale.

Figure 4.3 (b, d, e) shows the case where the delay η(N) = 2z0Γ
(N)/v reflects the collective

decay rate in the atomic ensemble. The time axis is also renormalized to Γ(N)t for each curve.

We observe that the second and the third situations, which have the same cooperativity, agree

with each other. Thus, one can regard an atomic array with a lattice constant commensurate

with the transition wavelength as a single superatom that has both the enhanced decay rate and

cooperativity.
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4.2.2 Driven Dynamics

Now we consider the driven dynamics perturbatively. The driven time-evolved state is

expressed as the sum of perturbative terms:

∣∣ψ(D)(t)
〉
≃
∣∣∣ψ(D)

0 (t)
〉
+
∣∣∣ψ(D)

1 (t)
〉
+ · · · , (4.25)

where each term represents 0-th and 1-st, and higher order perturbation terms. The 0-th and 1-st

order terms are

∣∣∣ψ(D)
0 (t)

〉
= e−iH0t/ℏ |ψ(0)⟩ , (4.26a)∣∣∣ψ(D)

1 (t)
〉
= − i

ℏ

∫ t

0

dt′e−iH0(t−t′)/ℏHD(t
′)e−iH0t′/ℏ |ψ(0)⟩ . (4.26b)

The 0-th order term corresponds to the state that has never interacted with the drive, while the

1-st order term represents the state that has interacted with the drive once. Note that the drive

Hamiltonian changes the number of excitations in the system, whereas the rest of the Hamiltonian

conserves it.

Now we assume an initial state where atoms are in the ground state and the field is in the

vacuum, i.e., |ψ(0)⟩ = |G, {0}k⟩. Then, the zeroth-order term
∣∣∣ψ(D)

0 (t)
〉

remains in the zero-

excitation manifold. Putting in the drive Hamiltonian as defined in Eq. 4.5d, we can write the

first order term
∣∣∣ψ(D)

1 (t)
〉

as

∣∣∣ψ(D)
1 (t)

〉
=
i
√
NΩ

2

∫ t

0

dt′e−iωDt′e−iH0(t−t′)/ℏ |+, {0}k⟩ , (4.27)
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where |+⟩ = 1√
N

∑N
j=1 σ̂

+
j |G⟩ is the symmetrically excited atomic state. Note that the drive

excites the atom to the symmetric state because it is driving perpendicularly from the side; all the

atoms see the same phase of the drive field.

Then the driven excitation amplitude can be expressed in terms of the undriven excitation

amplitude which can be obtained by numerically integrating Eq. (4.22).

∣∣∣ψ(D)
1 (t)

〉
=

N∑
j=1

c̃
(D)
j (t)e−iωDt |j, {0}k⟩ , (4.28)

where |j⟩ = σ̂+
j |G⟩ is the state where j-th atom is excited. The driven atomic excitation amplitude

is

c̃
(D)
j (t) =

i
√
NΩ

2

∫ t

0

dt′ei(ωD−ω0)t′ c̃j(t
′). (4.29)

Note that c̃(D)
j (t) is defined in the rotating frame of the drive field, whereas c̃j(t) is in the interac-

tion picture with respect to HA +HF .

The examples of driven dynamics of a single atom in the presence of a mirror are shown in

Fig. 4.4. When the atom is placed right in front of a mirror (Fig. 4.4 (a,c)), the driven dynamics

show subradiant and superradiant behaviors depending on the atomic position. When the atom is

at a node, it forms a subradiant state with its mirror image. This forms trapped light in between

the atom and the mirror, and thus, the atomic excitation is higher in the steady state. On the

other hand, when the atom is at antinode, it forms a superradiant state. Thus, the excitation is

favorably scattered outside the half-cavity, leading to a smaller steady-state population in the

atomic state. When the atom and its mirror image are distanced far apart (Fig. 4.4 (b,d)), they
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Figure 4.4: Examples of driven dynamics of a single atom placed in front of a mirror at node
(blue, ω0τD = 2nπ), slope (orange, ω0τD = (2n+1/2)π), and antinode (green, ω0τD = (2n+1)π
of the standing wave sin(ω0z/v), for time delays (a,c) η = 0 and (b,d) η = 5. For comparison,
The coupling efficiency is simulated for (a-b) β = 0.5, which makes cooperativity to 1, and (c-
d) β = 0.1, which is typical in ONF-based systems. The mirror reflectivity is R = 0.7, Rabi
frequency of the drive is Ω = 0.05Γ, and the drive detuning is zero. Vertical dashed lines indicate
the time delay between the atom and its mirror image.
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Figure 4.5: Comparison of driven dynamics of atoms in front of a mirror with various atomic
configurations: N = 1, β = 0.1 (solid blue), N = 9, β = 0.1 (dashed orange), and N = 1,
β = 0.5 (dash-dotted green), and a single atom in free space. The delay time is η = 5, mirror
reflectivity is R = 0.7, Rabi frequency of the drive is Ω = 0.05Γ, and the drive detuning is zero.
The vertical dashed lines indicate the time delay between the atom and its mirror image.
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exhibit coherent time-delayed feedback effects. When the atom is at a node, it forms a BIC, and

thus, the excitation is trapped between the half-cavity and the atom. Compared to the Markovian

case, the BIC state has appreciable amplitudes of photonic component [69], and thus, it has more

capacity to store an excitation coming from the external drive. This can be seen in the atomic

population which increases beyond the Markovian limit (in the simulation, the atomic population

did not reach the steady state and keep increasing). When the atom is at an antinode, it exhibits

a sudden increase of radiation outside the half-cavity, which is shown as the sudden decrease of

atomic population as the coherent delayed feedback comes to the system. This effect is mitigated

when the coupling efficiency becomes small.

The multi-atom dynamics in comparison with the single-atom dynamics is shown in Fig. 4.5,

where the simulation parameter for the atomic configuration is the same as in Fig. 4.3. The time

is scaled as Γ(N)t, where Γ(N) = (1 − β + Nβ)Γ is the collective decay rate. The atom-mirror

distance and the Rabi frequency are also adjusted to reflect the collective enhancement of the

system’s relaxation rate. For a single atom with coupling efficiency β = 0.1, the effect of the

time-delayed feedback is small and shows a small deviation from the free space case. This small

coupling efficiency can be overcome by having multiple atoms. The overall time-delayed dynam-

ics only depends on the cooperativity, given that the delays and drive strength are normalized to

the collective decay rate within the ensemble.
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Figure 4.6: Four scenarios for photon click at time t = t′ and t = t′ + τ which interfere in the
correlated measurement.

4.2.3 Correlation Functions

The second-order correlation function in Eq. (4.16) can be written as a square of the am-

plitude of the final state vector:

G
(2)
N (τ)

|βE0|4
= lim

t→∞

∣∣∣∣∣
∣∣∣∣∣

N∑
j,l=1

T

[
ˆ̃σ−
j

(
t+ τ − zd − zj

v

)
e−iω0

zj
v − r ˆ̃σ−

j

(
t+ τ − zd + zj

v

)
eiω0

zj
v

]
[
ˆ̃σ−
l

(
t− zd − zl

v

)
e−iω0

zl
v − r ˆ̃σ−

l

(
t− zd + zl

v

)
eiω0

zl
v

]
|ψ(0)⟩

∣∣∣∣∣∣∣∣2 . (4.30)
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where T is the time ordering operator. Thus, we have

G
(2)
N (τ)

|βE0|4
= lim

t→∞

∣∣∣∣∣
N∑

j,l=1

[
c̃
(D)
j

(
τ +

zj − zl
v

)
c̃
(D)
l

(
t− zd − zl

v

)
e−iωD

zj+zl
v

+ r2c̃
(D)
j

(
τ − zj − zl

v

)
c̃
(D)
l

(
t− zd + zl

v

)
eiωD

zj+zl
v

− rc̃
(D)
j

(
τ +

zj + zl
v

)
c̃
(D)
l

(
t− zd + zl

v

)
e−iωD

zj−zl
v

− rc̃
(D)
j

(
τ − zj + zl

v

)
c̃
(D)
l

(
t− zd − zl

v

)
Θ

(
τ − zj + zl

v

)
eiωD

zj−zl
v

−rc̃(D)
l

(
zj + zl
v

− τ

)
c̃
(D)
j

(
t+ τ − zd + zj

v

)
Θ

(
zj + zl
v

− τ

)
eiωD

zj−zl
v

]∣∣∣∣2 .
(4.31)

Each term represents the four interfering scenarios of emission from real atoms and image atoms

clicking the start and stop counts (see Fig. 4.6). Note that Eq. (4.31) agrees with Eq. 29 in [150]

for the single atom case.

Examples of the second-order correlation function of light scattered by multiple atoms are

shown in Fig. 4.7. For this simulation, we used real parameters from 85Rb atoms with time

delay of 98 ns which corresponds to η ≈ 3.8, coupling efficiency β = 0.1, Rabi frequency

Ω = 0.05 × Γ0 where Γ0 is the natural linewidth of the D2 transition, and mirror reflectivity

R = r2 = 0.7. Fig. 4.7 (a-c) shows the second-order correlation function G(2)
N of light scattered

by an array of atoms placed in front of a mirror where the atoms are at nodes (ωDτd = 2nπ),

antinodes (ωDτd = (2n + 1)π), and slope (ωDτd = (2n + 1/2)π), for varying number of atoms

N = 1, · · · , 5. Here, the atom-mirror distance and Rabi frequency are all fixed throughout the

simulation without renormalization with respect to the collectively enhanced decay rate. This

is because we are more interested in simulating real parameters and comparing the model with
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Figure 4.7: Second-order correlation function of scattering from (a-c) arrays of atoms of which
lattice constant is commensurate to the drive wavelength and positioned at (a) nodes, (b) antin-
odes, (c) slopes in the half-cavity, and (d) an ensemble of atoms (averaged over 50 random
distributions, which is checked to be converging). The number of atoms is varied between
N = 1, · · · , 5. The delay between the atoms and their mirror images is η = 3.77, coupling
efficiency is β = 0.1, mirror reflectivity is r2 = 0.7, Rabi frequency is Ω = 0.05Γ0, and the drive
detuning is zero.
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the experimental observations. Fig. 4.7 (a) shows that the scattering of atoms at nodes shows

strong bunching at the coincidence count and local bunching at the delay corresponding to the

atom-image distance. This shows that the BIC formed by delayed interaction of atoms exhibits a

strong bunching effect when it leaks out of the cavity formed by the atom. Overall, the probability

of observing photon pairs with large separation (G(2)(τ → ∞)) is suppressed. Fig. 4.7 (b) shows

atoms at antinodes, where antibunching at τ = 0 and τ = τD is observed. We observe that the

faster-than-superradiant radiation [68] is strongly antibunched. Fig. 4.7 (C) shows atoms at the

slope, which exhibit the strongest correlation at τ = τD. Fig. 4.7 (d) shows an average of 50

random distributions of atoms. We checked that 50 is a sufficient number to show converged

dynamics. Regardless of the number of atoms, bunching at τ = 0 and antibunching at τ = τD are

consistently showing, and these effects become more distinct as the number of atoms increases.

These features can be understood by considering the probability of photon scattering outside the

half-cavity. An atom at a node forms a cavity with its mirror image. It tends to emit strongly

bunched photons, while photon pairs with finite separations are significantly suppressed. As the

atomic position shifts toward antinodes, these effects transition to antibunched photons at both

τ = 0 and τ = τD, accompanied by an overall increase in photon count. Consequently, the atoms

at the nodes predominantly contribute to the strongly bunched scattering at τ = 0, whereas atoms

located away from the nodes dominate at τ ≳ τD.

Overall, both for the ordered and randomly distributed atoms, the increase in the number

of atoms results in a sharper structure in G(2)(τ). In particular, the features in the correlation

function become more pronounced when multiple atoms form a commensurate array, enabling

cooperative radiation into the waveguide. This observation is consistent with the earlier analy-

sis on atomic dynamics, which showed that a commensurate atomic array behaves as a single
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Figure 4.8: Second-order correlation function of scattering from (a-c) arrays of atoms of which
lattice constant is commensurate to the drive wavelength and positioned at (a) nodes, (b) antin-
odes, and (c) slopes in the half-cavity, and (d) an ensemble of atoms (averaged over 50 random
distributions, which is checked to be converging). Parameters are the same with Fig. 4.7 except
that the coupling efficiency is β = 0.5.

superatom with enhanced decay rate and cooperativity.

The second-order correlation functions with higher coupling efficiencies are shown in

Fig. 4.8. Overall, the features discussed for lower coupling efficiency in Fig. 4.7 consistently

appear but are more pronounced.
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4.3 Weak Coupling Regime (β2Γ ≲ Ω)

4.3.1 Correlation Functions

Now, in the opposite limit where the external drive is stronger than the back-action of

the radiated photons, the atoms behave like independent emitters. This implies that atoms are

randomly distributed, as ordering would collectively enhance the coupling and thus increase the

coupling efficiency, which may result in a strong coupling regime. Thus, we limit our scope to

randomly distributed atoms in this regime.

In this regime, we can assume that the electric fields scattered from different atoms are

not correlated as they do not see each other. Thus, we can separate the expectation value of

fields scattered from different atoms, i.e., ⟨Ê(−)
j Ê

(+)
l ⟩ = ⟨Ê(−)

j ⟩ ⟨Ê(+)
l ⟩. Also, we ignore terms

involving rapidly rotating phases such as eiω0zj/v, as the contribution of such terms is negligible

due to the random positioning of the atoms. Thus, the intensity correlation function includes only

the one- and two-atom contributions [175, 178].

Each term contributing to the intensity correlation function of the N-atom scattering is

• Single-atom contribution (j = l = m = n):

N∑
j=1

[(
1 + r4

)
⟨ˆ̃σ+

j (t
′)ˆ̃σ+

j (t
′ + τ)ˆ̃σ−

j (t
′ + τ)ˆ̃σ−

j (t
′)⟩

+ r2 ⟨ˆ̃σ+
j (t

′)ˆ̃σ+
j (t

′ + τ − τd)ˆ̃σ
−
j (t

′ + τ − τd)ˆ̃σ
−
j (t

′)⟩

+ r2 ⟨ˆ̃σ+
j (t

′)ˆ̃σ+
j (t

′ + τ + τd)ˆ̃σ
−
j (t

′ + τ + τd)ˆ̃σ
−
j (t

′)⟩

+2r2Re ⟨ˆ̃σ+
j (t

′)ˆ̃σ+
j (t

′ + τ − τd)ˆ̃σ
−
j (t

′ + τ)ˆ̃σ−
j (t

′ − τd)⟩
]
, (4.32)
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where t′ is a steady-state time point that is larger than any characteristic timescale of the

atom and field dynamics. Note that ˆ̃σ−
j (t) varies slowly with a timescale of ∼ 1/Γ, since the

fast rotating part e−iω0t has been factored out. In writing Eq. (4.32), the rapidly oscillating

terms are neglected as they are averaged out when summed over the atomic ensembles. The

first term represents the case where the start and stop photons are from the same ensemble -

either from the real or image ensemble. The second term is the case where the start photon

is from the real ensemble and the stop photon is from the image ensemble, and the third

term is vice versa. The fourth term is the cross terms of the photons emitted by the real and

image ensembles.

• Two-atom contribution (j = l ̸= m = n):

∑
j ̸=m

r2
[
⟨ˆ̃σ+

j (t
′)ˆ̃σ+

j (t
′ + τ − τd)⟩ ⟨ˆ̃σ−

m(t
′ + τ − τd)ˆ̃σ

−
m(t

′)⟩

+ ⟨ˆ̃σ+
j (t

′)ˆ̃σ+
j (t

′ + τ + τd)⟩ ⟨ˆ̃σ−
m(t

′ + τ + τd)ˆ̃σ
−
m(t

′)⟩

+2Re ⟨ˆ̃σ+
j (t

′)ˆ̃σ+
j (t

′ + τ − τd)⟩ ⟨ˆ̃σ−
m(t

′ + τ)ˆ̃σ−
m(t

′ − τd)⟩
]
, (4.33)

This corresponds to the case where single scattering involves two atoms: the j-th atom

absorbs a photon, and the m-th atom emits the photon. Such processes have been dis-

cussed in analogy to the four-wave-mixing process involving spontaneous radiation in two

atoms [177].
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• Two-atom contribution (j = m ̸= l = n):

∑
j ̸=l

[(
1 + r4

)
⟨ˆ̃σ+

j (t
′)ˆ̃σ−

j (t
′ + τ)⟩ ⟨ˆ̃σ+

l (t
′ + τ)ˆ̃σ−

l (t
′)⟩

+2r2Re ⟨ˆ̃σ+
j (t

′)ˆ̃σ−
j (t

′ + τ)⟩ ⟨ˆ̃σ+
l (t

′ + τ − τd)ˆ̃σ
−
l (t

′ − τd)⟩
]
, (4.34)

This corresponds to the case where the two photon-clicks are coming from the combina-

tion of first-order correlation functions involving two atoms. These first-order correlation

functions are responsible for the bunching effect in two-atom scattering.

• Two-atom contribution (j = n ̸= l = m):

∑
j ̸=l

[(
1 + r4

)
⟨ˆ̃σ+

j (t
′)ˆ̃σ−

j (t
′)⟩ ⟨ˆ̃σ+

l (t
′ + τ)ˆ̃σ−

l (t
′ + τ)⟩

+ r2 ⟨ˆ̃σ+
j (t

′)ˆ̃σ−
j (t

′)⟩ ⟨ˆ̃σ+
l (t

′ + τ − τd)ˆ̃σ
−
l (t

′ + τ − τd)⟩

+r2 ⟨ˆ̃σ+
j (t

′)ˆ̃σ−
j (t

′)⟩ ⟨ˆ̃σ+
l (t

′ + τ + τd)ˆ̃σ
−
l (t

′ + τ + τd)⟩
]
. (4.35)

This case represents the scenario where each photon is emitted by two different atoms,

contributing to the uncorrelated counts.

Similarly, the intensity of the scattered light in Eq. (4.18) only has single-atom contribu-

tions:

IN = lim
t→∞

N∑
j=1

〈
Ê

(−)
j (zd, t)Ê

(+)
l (zd, t)

〉
. (4.36)
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Expressing Eq. (4.36) in terms of atomic operators, we get

IN = |βE0|2
N∑
j=1

(
1 + r2

)
⟨ˆ̃σ+

j (t
′)ˆ̃σ−

j (t
′)⟩ . (4.37)

The terms in the intensity correlation function and the intensity function are expressed in

terms of single atom correlation functions. Since the atoms are independently scattering, we can

use textbook formulae for the atomic correlation functions. The single-atom correlation functions

are defined as:

g
(1)
A (τ) ≡ ⟨ˆ̃σ+(t)ˆ̃σ−(t+ τ)⟩

⟨ˆ̃σ+(t)ˆ̃σ−(t)⟩
, (4.38a)

g
(1′)
A (τ) ≡ ⟨ˆ̃σ+(t)ˆ̃σ+(t+ τ)⟩

⟨ˆ̃σ+(t)ˆ̃σ−(t)⟩
, (4.38b)

g
(2)
A (τ) ≡ ⟨ˆ̃σ+(t)ˆ̃σ+(t+ τ)ˆ̃σ−(t+ τ)ˆ̃σ−(t)⟩

⟨ˆ̃σ+(t)ˆ̃σ−(t)⟩2
, (4.38c)

I ≡ ⟨ˆ̃σ+(t)ˆ̃σ−(t)⟩ , (4.38d)

where t is a sufficiently large time when the system reaches a steady state. The form of single-

atom correlation functions can be found in [181] and [178]. For a strong drive (Ω > Γ/4), the

single atom correlation functions are

g
(1)
A (τ) =

Γ2

2Ω2 + Γ2
+

1

2
e−

Γ
2
τ + e−

3
4
Γτ (P cosκτ +Q sinκτ) , (4.39a)

g
(1′)
A (τ) = − Γ2

2Ω2 + Γ2
+

1

2
e−

Γ
2
τ − e−

3
4
Γτ (P cosκτ +Q sinκτ) , (4.39b)

g
(2)
A (τ) = 1− e−

3
4
Γτ

[
cosκτ +

3Γ

4κ
sinκτ

]
, (4.39c)
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where ω is the drive frequency, κ =
√
Ω2 − Γ2/16, P = (2Ω2 − Γ2)/(2Ω2 + Γ2)/2, and

Q = Γ(10Ω2 − Γ2)/(8κ)/(2Ω2 + Γ2). For a weak drive (Ω < Γ/4), the single atom correlation

functions are

g
(1)
A (τ) =

Γ2

2Ω2 + Γ2
+

1

2
e−

Γ
2
τ + e−

3
4
Γτ
(
P cosh κ̃τ + Q̃ sinh κ̃τ

)
(4.40a)

g
(1′)
A (τ) = − Γ2

2Ω2 + Γ2
+

1

2
e−

Γ
2
τ − e−

3
4
Γτ
(
P cosh κ̃τ + Q̃ sinh κ̃τ

)
(4.40b)

g
(2)
A (τ) = 1− e−

3
4
Γτ

[
cosh κ̃τ +

3Γ

4κ̃
sinh κ̃τ

]
, (4.40c)

where κ̃ =
√

Γ2/16− Ω2 and Q̃ = Γ(10Ω2 − Γ2)/(8κ̃)/(2Ω2 + Γ2).

The single- and two-atom contributions in the intensity correlation function (Eqs. 4.32,

4.33, 4.34, 4.35) can then be expressed in terms of the free space single-atom correlation func-

tions. Thus, the intensity correlation function reads

G
(2)
N (τ)

|βE0|4 I2
=N(N − 1)

[
r2
∣∣∣g(1′)A (τ − τd) + g

(1′)
A (τ + τd)

∣∣∣2 + (1 + r2)2
(∣∣∣g(1)A (τ)

∣∣∣2 + 1

)]
+N

[
(1 + r4)g

(2)
A (τ) + r2

(
g
(2)
A (τ − τd) + g

(2)
A (τ + τd)

)]
. (4.41)

The first term is the two-atom contribution, which scales as N(N − 1), and the second term is

the single-atom contribution, which scales as N . Note that we ignored the four-time correlation

function in the last term of Eq. (4.32), as it is highly unlikely that a single atom is excited at

t = t− τd, t+ τ − τd, t, t+ τ .
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Similarly, the intensity of the light scattered by N atoms is

IN = |βE0|2N
(
1 + r2

)
I. (4.42)

4.3.2 Same- and Opposite-Direction Correlation Functions

Eq. (4.41) can be understood as a simple summation of same-direction and opposite-

direction correlation functions of N-atom scattering. The same-direction and opposite-direction

correlation functions can be easily obtained by truncating terms in Eq. (4.16):

G
(2)(same)
N (τ)

|βE0|4
= lim

t→∞

N∑
j,l,m,n=1

〈
ˆ̃σ+
j

(
t−
∣∣∣∣zd − zj

v

∣∣∣∣) ˆ̃σ+
l

(
t+ τ −

∣∣∣∣zd − zl
v

∣∣∣∣)
ˆ̃σ−
m

(
t+ τ −

∣∣∣∣zd − zm
v

∣∣∣∣) ˆ̃σ−
n

(
t−
∣∣∣∣zd − zn

v

∣∣∣∣)〉 eiω0
zj+zl−zm−zn

v

(4.43a)

G
(2)(opp)
N (τ)

|βE0|4
= lim

t→∞

N∑
j,l,m,n=1

r2
〈
ˆ̃σ+
j

(
t−
∣∣∣∣zd + zj

v

∣∣∣∣) ˆ̃σ+
l

(
t+ τ −

∣∣∣∣zd − zl
v

∣∣∣∣)
ˆ̃σ−
m

(
t+ τ −

∣∣∣∣zd − zm
v

∣∣∣∣) ˆ̃σ−
n

(
t−
∣∣∣∣zd + zn

v

∣∣∣∣)〉 eiω0
−zj+zl−zm+zn

v .

(4.43b)

In the opposite-correlation function (Eq. (4.43b)), the reflectivity r2 now represents the imbalance

in the power transmission efficiency in the two detection modes.

Assuming a random distribution of atoms, we get the same- and opposite-direction corre-
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lation functions

G
(2)(same)
N (τ)

|βE0|4 I2
=N(N − 1)

(∣∣∣g(1)A (τ)
∣∣∣2 + 1

)
+Ng

(2)
A (τ) (4.44a)

G
(2)(opp)
N (τ)

|βE0|4 I2
=N(N − 1)

(
r2
∣∣∣g(1′)A (τ)

∣∣∣2 + 1

)
+Nr2g

(2)
A (τ) (4.44b)

Therefore, the correlation of scattering in front of a mirror (Eq. (4.41)) can be regarded

as a simple sum of same- and opposite-direction correlations (Eq. (4.44a) and (4.44b)), with

appropriate time shifts in the opposite correlations. As a result, the intensity correlation function

of independent emitters in front of a mirror exhibits a nontrivial structure at t = τD, despite the

absence of atomic correlations.

4.3.3 Transit Time Effect and Atom Number Fluctuation

To compute the averaged intensity correlation function in a fluctuating system, it is con-

venient to count the number of photon pairs separated by a delay τ for each configuration. We

follow [175] to calculate the number of photon pairs emitted from a finite-temperature atomic

cloud.

Let’s say two detectors measures the output of a 50-50 beam splitter. The detector “a”

measures the start pulse and the detector “b” measures the stop pulse. The number of photon

pairs in the field scattered by N-atom system that are separated by τ within the detector time
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window ∆τ is [175]:

⟨nN(τ)⟩ = ΛN∆τ
αbSbG

(2)
N (τ)

IN
, (4.45)

where ΛN is the number of the accepted start pulses in the course of the experiment, and αb

and Sb are the efficiency and the area of detector b, respectively. Since the number of the start

clicks ΛN is proportional to the intensity at the detector IN , the overall number of photon pairs

separated by τ is proportional to the second order correlation function G(2)
N .

In a real experiment with neutral atoms interfaced with an ONF, the atoms fly around the

ONF. Thus, the number of atoms involved in the dynamics and the coupling efficiency of each

atom varies over time. Such atom number fluctuation and transit time effect have been consid-

ered theoretically in [175, 176] and the model has been verified experimentally in atoms moving

in and out of cavity or ONF region [179,180]. We re-state the model for the intensity correlation

function of light emitted by moving atoms, for a more general scenario which includes the case

of atoms in front of a mirror.

Atom Number Fluctuation

We first consider the atom number fluctuation. When there is an N fixed number of atoms

in the system, the number of photon pairs that are separated by τ is given by Eq. (4.45). Now

considering the fluctuating number of atoms in the system, the number of photon pairs separated
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by τ is the summation of all possible ⟨nN(τ)⟩:

⟨n(τ)⟩ =
∞∑

N=0

⟨nN(τ)⟩

= Λ∆τ
∞∑

N=0

pc(N)
αbSbG

(2)
N (τ)

IN
, (4.46)

where Λ is the total number of accepted start pulses and pc(N) is the conditional probability that

there are N atoms in the system when there is a start pulse.

For independent emitters, one can connect this conditional probability to the atom number

distribution p(N) following argument in [175]. Let us say that the mean counting rate of the

fluorescent light isRa at detector a. Also, let P (N, start)∆t be the joint probability that there are

N atoms in the system and that a start pulse occurs at time t within ∆t. The conditional probability

pc(N) is then obtained by dividing the joint probability P (N, start)∆t by the probability that a

start pulse occurs within ∆t, which is Ra∆t:

pc(N) =
P (N, start)∆t

Ra∆t
. (4.47)

The joint probability P (N, start)∆t consists of mutually exclusive possibilities; there may be N

atoms and the start pulse may be caused by emission of the first atom (p(N)αaSaη ⟨I⟩∆t), etc,

where η is the geometric factor that may reduce or increase the number of photon counts and

⟨I⟩ is the single-atom fluorescent light intensity in one direction. Also, the mean counting rate is

connected to the mean intensity as Ra = αaSa ⟨N⟩ η ⟨I⟩. Thus,

pc(N) = p(N)× N

⟨N⟩ . (4.48)
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This enables us to use the atom number distribution function to describe the number of photon

pairs separated by τ in a fluctuating system:

⟨n(τ)⟩ = Λ∆τ
∞∑

N=0

p(N)
N

⟨N⟩
αbSbG

(2)
N (τ)

IN
. (4.49)

Plugging in Eq. (4.41) and (4.42), we have the number of photon pairs separated by τ in

the scattering from atoms in front of a mirror:

⟨n(τ)⟩ =Λ∆ταbSb

∞∑
N=0

p(N)

⟨N⟩ I |βE0|2

×
{
N(N − 1)

[
r2

(1 + r2)

∣∣∣g(1′)A (τ − τd) + g
(1′)
A (τ + τd)

∣∣∣2 + (1 + r2)

(∣∣∣g(1)A (τ)
∣∣∣2 + 1

)]
+N

[
(1 + r4)

(1 + r2)
g
(2)
A (τ) +

r2

(1 + r2)

(
g
(2)
A (τ − τd) + g

(2)
A (τ + τd)

)]}
. (4.50)

Assuming the Poisson distribution of the number of atoms, the summation over atomic ensembles

results in

⟨n(τ)⟩ =Λ∆ταbSbI |βE0|2

×
{
⟨N⟩

[
r2

(1 + r2)

∣∣∣g(1′)A (τ − τd) + g
(1′)
A (τ + τd)

∣∣∣2 + (1 + r2)

(∣∣∣g(1)A (τ)
∣∣∣2 + 1

)]
+

[
(1 + r4)

(1 + r2)
g
(2)
A (τ) +

r2

(1 + r2)

(
g
(2)
A (τ − τd) + g

(2)
A (τ + τd)

)]}
. (4.51)

Transit Time Effect

The atomic motion not only results in the atom number fluctuation but also in the varying
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coupling efficiency. If a photon was emitted from an atom at time t, the probability of having a

second photon count from the same atom at time t+ τ is reduced due to the atomic motion. This

reduction is captured by the transit time function f(τ).

For atoms traveling around an ONF, the transit time function is known to have form [180]

f(τ) = A
e−2(|τ |/τ0+qr0)

(|τ | /τ0 + qr0)
, (4.52)

where A is the normalization coefficient which makes f(τ = 0) = 1, τ0 is the characteristic time

an atom takes to exit from guided mode, q is the radial decay parameter of the guided mode (see

Appendix A.1 for guided mode profile), and r0 is the nanofiber radius.

The transit-time function f(τ) has to be multiplied whenever the correlation involves a

single atom at different times. Thus, the single atom correlation functions defined in Eq. (4.53)

are replaced with

g
(1)
A (τ) → f(τ)g

(1)
A (τ), (4.53a)

g
(1′)
A (τ) → f(τ)g

(1′)
A (τ), (4.53b)

g
(2)
A (τ) → f(τ)g

(2)
A (τ). (4.53c)

Considering the transit time effect, the number of photon pairs separated by time τ (Eq. (4.51))
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becomes

⟨n(τ)⟩ =Λ∆ταbSbI |βE0|2
{
⟨N⟩ (1 + r2)

(
1 +

∣∣∣f(τ)g(1)A (τ)
∣∣∣2)

+ ⟨N⟩ r2

(1 + r2)

∣∣∣f(τ − τd)g
(1′)
A (τ − τd) + f(τ + τd)g

(1′)
A (τ + τd)

∣∣∣2
+
(1 + r4)

(1 + r2)
f(τ)g

(2)
A (τ) +

r2

(1 + r2)

(
f(τ − τd)g

(2)
A (τ − τd) + f(τ + τd)g

(2)
A (τ + τd)

)}
.

(4.54)

Normalizing to the uncorrelated counts, i.e., ⟨n(τ → ∞)⟩, we get the normalized intensity

correlation function (note that f(τ → ∞) = 0):

g(2)(τ) = 1 +
∣∣∣f(τ)g(1)A (τ)

∣∣∣2 + r2

(1 + r2)2

∣∣∣f(τ − τd)g
(1′)
A (τ − τd) + f(τ + τd)g

(1′)
A (τ + τd)

∣∣∣2
+

1

⟨N⟩

{
(1 + r4)

(1 + r2)2
f(τ)g

(2)
A (τ) +

r2

(1 + r2)2

(
f(τ − τd)g

(2)
A (τ − τd) + f(τ + τd)g

(2)
A (τ + τd)

)}
(4.55)

Similarly, the same-direction and opposite-direction correlation function of scattered light

from finite temperature atom is obtained from Eq. (4.44):

g
(2)(same)
N (τ) =1 +

∣∣∣f(τ)g(1)A (τ)
∣∣∣2 + f(τ)g

(2)
A (τ)/ ⟨N⟩ (4.56a)

g
(2)(opp)
N (τ) =1 + r2

∣∣∣f(τ)g(1′)A (τ)
∣∣∣2 + f(τ)g

(2)
A (τ)/ ⟨N⟩ (4.56b)

The above equations match with the previously derived equations for same- and opposite-

direction correlation functions in multi-atom systems [175, 176, 178–180].
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Figure 4.9: Simplified schematics of measurement setup for (a) with-mirror correlation function
where the reflected photon goes through the atoms and may interact again, and (b) bypass delay
correlation function where the returning photon does not interact with the atoms and combined
with the directly emitted light at a beam splitter. For simplicity, only one detector is drawn.

4.4 Experiment

Figure 4.1 shows the schematics of our experiment. A cloud of 85Rb atoms is trapped by

MOT and overlapped with an ONF. The 1/e2 size of the MOT is ≈ 15 mm, and the temperature

of the cloud is around the Doppler temperature of ∼125 µK. We consider the ground state |g⟩ =∣∣52S1/2, F = 3
〉

and the excited state |e⟩ =
∣∣52P3/2, F

′ = 4
〉

as our two-level system. The atoms

are resonantly driven from the side and emit into the fiber mode. A mirror is placed at one end

of the fiber with an intervening delay line, and detectors measure the correlation counts at the

other end of the fiber. The repump beam passes through the fiber and repumps only the atoms

that are coupled to the ONF mode. It is injected through the 1% port of a fiber beam splitter

from the mirror side. Since the repump power critically affects the number of atoms, we avoid

directing it toward the mirror. The heating beam passes through the fiber via the 5% port of a

fiber beam splitter from the detector side. The heating will have a reflection when the mirror is

present, but the change in heating power is less critical as the heating beam is turned off during

the measurement.

The major measurement geometry is shown in Fig. 4.9. We measure the correlation func-
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tion of light scattered outside the half-cavity as shown in Fig. 4.9 (a). We also measure the

correlation function of the same setup, but with the returning photon routed to a delay line that

bypasses the atomic cloud, as illustrated in Fig. 4.9 (b). The comparison of the two measurements

tests the effect of the delayed interaction of the atomic ensemble and its mirror ensemble.

We took the waiting-time distribution, i.e., a click at one of the detectors triggers the his-

togram, and a click at the other detector stops the histogram. We checked that the waiting-time

distribution shows a similar structure to the true intensity correlation function, except that it

shows global decay. We can thus reconstruct the pseudo-intensity correlation function by fitting

the decaying curve of waiting time distribution far outside the relevant physical time scales, i.e.,

2.5 µs. Then, we divide the data with the fitting to compensate for the global decay due to the

artifact of the waiting-time-distribution measurement.

Then we fit τ > 500 ns to obtain the transit time envelope. At time scales much larger than

the atomic internal dynamics or delay time between the atom and the mirror, we can approximate

the single atom correlation functions to g(1)A (τ → ∞) = 0, g(1
′)

A (τ → ∞) = 0, and g(2)A (τ →

∞) = 1. Furthermore, the transit time envelope has a decaying timescale much larger than the

delay times in our setup; thus, it can be approximated as f(τ ± τd) ≈ f(τ). Then, Eq. (4.55)

becomes

g(2)(τ) = 1 +
f(τ)

⟨N⟩ . (4.57)

Note that this transit time fitting formula is the same for the same- and opposite-direction corre-

lation functions, as can be seen from Eq. (4.56). We use the transit time function form for ONF

modes defined in Eq. (4.52). From this fitting, we get the average number of atoms ⟨N⟩ and the
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Figure 4.10: Intensity correlation functions of photons scattered into the (a) same and (b) opposite
direction in the ONF guided modes. The correlation measurement was taken for varying the
average number of atoms. The red solid lines are fits obtained using Eq. (4.56).

transit time constant τ0.

4.5 Results

Fig 4.10 shows the intensity correlation function of scattered radiation into the same and

opposite direction in the ONF guided modes for various average atom numbers. Both same- and

opposite-direction emission correlation data fit well with the theoretical prediction in Eq. (4.56),

shown as red solid lines. The emission in the same direction shows an antibunching-like fea-

ture when the average number of atoms is low. This is because of the single-atom contribu-

tion dominating the dynamics, as it is highly unlikely to have multiple atoms. As the average

number of atoms increases, the coincidence count shows a transition to a bunching peak. The

multi-atom scattering process becomes dominant, where two atoms can scatter photons simul-

taneously. This behavior has been well studied in [175, 176, 179, 180, 182]. On the other hand,

the correlated counts of oppositely emitted photons show strong antibunching regardless of the

average number of atoms. This is due to the phase-matching condition in the emission to the
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Figure 4.11: Intensity correlation functions of photons scattered from atoms in front of a mirror,
for time delay (a) 60 ns, (b) 98 ns, and (c) 148 ns. The correlation measurement was taken for
varying average number of atoms.

opposite direction. The two atom contribution of kind ⟨σ̂+(t)σ̂−(t+ τ)⟩ has a fast rotating term

and thus averaged out over random atomic distribution. However, the two atom contribution of

kind ⟨σ̂+(t)σ̂+(t+ τ)⟩ survives, which shows antibunching as well. It has been interpreted using

analogy to four-wave-mixing in [177], where two photons are mixed at two atoms.

Figure 4.11 shows typical data taken for the atomic ensemble in front of a mirror, where

the delay time between the atomic ensemble and the mirror ensemble is varied among 60 ns, 98

ns, and 148 ns, all of which are much larger than the atomic relaxation time scale (26 ns). For all

three cases, the coincidence count at τ = 0 shows an antibunching-to-bunching transition as the

average number of atoms in the system increases, whereas it shows the robust antibunching at

the delay that corresponds to the atom-image distance. Such behavior qualitatively matches the

correlation function of the independent emission. If it were the strongly correlated emission, then

it would’ve shown bunching at the null delay, as discussed in Sec. 4.2.3. The red graphs show the

fitting to the weak-coupling g2 formula in Eq. (4.55), with Γ and Ω as free parameters. It shows

exceptional agreement with the theory, where the fitted value of Γ is ≈ 1.6Γ0 and Ω ≈ 2.3Γ0

where Γ0 = 2π × 6 MHz is the natural linewidth of the 85Rb D2 line.

To experimentally confirm that the interaction between the returning photons and the atomic
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Figure 4.12: Comparison of mirror case as in Fig. 4.9 (b) and the bypassing delay case as in
Fig. 4.9 (c) for three different delay times. Each case has a similar average number of atoms for
direct comparison.
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cloud is negligible, we measured the case where the reflected photon is sent to a bypassing delay

line. The comparison of the mirror case and the bypassing delay case is shown in Fig. 4.12,

for three different delay times. The two cases show negligible differences, implying that the

interaction of the atomic ensemble via ONF guided mode is minimal.

4.6 Discussion

We investigated the driven-dissipative dynamics of 85Rb atoms coupled to an ONF and put

in front of a distant mirror. We investigated the scattering properties in terms of the intensity

correlation function. The time delay between the atomic cloud and its mirror image is larger than

the atomic relaxation timescale, possibly placing the system in the non-Markovian regime.

Our theoretical framework models the driven-dissipative dynamics of multiple atoms in

front of a mirror, in a waveguide QED setup. The theory investigates two regimes: i) the time-

delayed feedback due to the emission in the past dominates the atomic dynamics, and ii) the

continuous external drive governs the atomic dynamics. The first case is studied for a single

atom in free space, both theoretically [150] and experimentally [174]. Our model gives a more

general picture, including the effect of multiple atoms cooperatively emitting and coupling to

a waveguide. We demonstrated that, in this strong-coupling regime, the collective decay of a

single ensemble rescales the problem, and cooperativity determines the delayed-feedback dy-

namics in atomic population and the intensity correlation of the emitted field. We investigated

non-Markovian dynamics of atomic ensembles, where a single ensemble may exhibit collective

effects. The atomic relaxation time scale depends on these collective effects. As non-Markovian

criteria are defined with respect to the system relaxation time scale, one should rescale the non-
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Markovian parameter (i.e., η for our case) with respect to the collectively modified relaxation time

scale. On the other hand, the cooperativity determines how strongly the atoms interact via the

guided mode. Thus, it determines both the collectively enhanced decay rate in a single ensemble

and the interaction of an ensemble with its mirror image.

In the second regime of weak coupling and strong drive, we derived an intensity corre-

lation function involving radiation from independent emitters, which involves one- and two-

atom processes. The derived expression can be understood as a combination of the intensity

correlation functions of photons emitted to the same- and opposite-direction in the EM field

modes [175–177, 179, 180, 182].

We experimentally measured the correlation function of photons scattered by atoms cou-

pled to ONF guided modes and placed in front of a mirror. The measured data could be ex-

plained by the weak coupling theory, where the drive determines the atomic internal dynam-

ics and atoms independently scatter photons into the guided modes. It demonstrates a rich

multi-emitter interference effect featured in the intensity correlation function of the scattered

light [175–177, 179, 180, 182]. The strength of time-delayed interaction is qualitatively inves-

tigated by comparing the two cases, where the reflected photons either pass through or bypass

the atomic cloud. The two cases showed negligible difference, indicating minimal effects of

time-delayed interaction of the atomic cloud and its emission in the past.

We originally began this project based on [55], where atomic interaction via ONF guided

modes has been demonstrated. However, the observed collective enhancement was within 10%

due to low coupling efficiency. In this experiment, we introduced additional loss channels by

taking the fiber outside the chamber, which include fiber splicing, butt coupler, and mirror losses.

Furthermore, non-Markovian dynamics of two distant emitters involve complicated dynamics
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even for a well-defined atomic position, making it even harder to analyze mixed signals of en-

hanced and suppressed decay rates due to random atomic positions.

Our work discusses the interference in the scattering from a multi-emitter system put in

front of a mirror, where comparison of two light fields, that is, the past emission into the waveg-

uide coming back to the system (∼ β2Γ) and the continuous external drive (∼ Ω), leads to distinct

features in the intensity correlation function of the scattered light. Our discussion offers insight

into the interplay between the collective effects and cooperativity in waveguide QED systems.

Our work suggests the need for an ordered array commensurate with the resonant wavelength,

interfaced with an ONF, for future studies of strong photon-mediated interactions in this all-fiber

system.

123



Chapter 5: A Tunable-Spacing Atomic Array Coupled to an ONF

5.1 Introduction

Phase ordering of atoms is essential for enhancing collective cooperativity in waveguide

QED systems. When atoms are spaced by integer multiples of the resonant wavelength, their in-

teraction via the waveguide leads to collectively enhanced decay into the guided mode [33]. This

phase alignment is especially important for neutral atoms coupled to an ONF, where the individ-

ual coupling efficiency is low (typically <10%) but thousands of atoms can be interfaced [71–75].

A commensurate atomic array thus provides an effective way to enhance cooperativity in ONF-

based systems.

There have been two major approaches to building an ordered array of atoms around an

ONF: i) guided optical lattices [81, 82, 183], and ii) optical tweezer arrays projected onto the

ONF [28, 184]. In the first method, red- and blue-detuned trap beams are guided through the

fiber. They have different evanescent decay lengths, forming a potential minimum around a few

hundred nanometers from the fiber surface. By counter-propagating one of the trap beams, an

evanescent optical lattice is formed. While this approach is power-efficient and supports thou-

sands of uniform trapping sites, its lattice-constant tunability is limited. Moreover, because the

dipole-trap beams are far-detuned from the atomic resonance, it cannot produce a commensu-

rate array. On the other hand, interfacing optical tweezer arrays with an ONF offers excellent
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Figure 5.1: Diagram of optical accordion lattice interfaced with an ONF. Figure adapted from
[154].

tunability in lattice spacing. A proof-of-principle demonstration has shown that a single atom

can be trapped in a tweezer spot and coupled to the ONF guided modes [184]. While extend-

ing this method to multiple sites is still technically demanding, it holds significant promises for

fiber-integrated quantum information processing [28].

We demonstrate a novel approach for creating an atomic array coupled to an ONF using an

optical accordion lattice. In this method, two trap beams intersect at the ONF with an angle 2θ

(see Fig. 5.1), which determines the lattice constant via

d =
λT

2 sin θ
, (5.1)

where λT is the wavelength of the trap beams. This approach offers tunable lattice spacing by

interfacing free-space trap beams with the ONF, and scalability, as the interference of the two

beams naturally creates thousands of lattice sites.

In this chapter, we describe the optical setup for making the accordion lattice, its integration

with the ONF, and the procedure for loading atoms into the lattice sites. The preliminary data on

trapped atoms is presented.
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Figure 5.2: (a) Grating plate composed of stacked binary phase transmission gratings with vary-
ing grating periods. (b) The effective grating period can be tuned by rotating the plate by a small
angle κ. For both cases, top views are provided for clarity.

5.2 Optical Setup and Test

In this section, we summarize our proposal and experimental demonstration of an opti-

cal setup for creating an optical accordion lattice using phase transmission gratings. A detailed

discussion can be found in [154], which is included at Appendix C. A binary phase transmis-

sion grating is used to split the trapping beam into two spatial modes. The binary phase grating

is composed of alternating equal-length regions with 0 and π phase shifts. It directs approxi-

mately 80% of the incoming optical power into the first-order diffraction modes. These gratings

are fabricated in a cleanroom at DEVCOM Army Research Laboratory using the electron beam

lithography technique (Raith EBPG5200 Plus), which provides precision better than 5 nm.

The first-order diffracted beams are made parallel by the first aspheric lens, re-focused by

the second aspheric lens, and overlapped at the ONF to form an optical lattice (see Fig. 2(a)
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Figure 5.3: Large-scale lattice uniformity test—lattice constant fitted across different sections.

in [154]). The zeroth- and higher-order diffraction modes are spatially filtered out at the Fourier

plane. The setup can also be viewed as a 4f imaging system that projects the grating structure

onto the ONF plane, with DC filtering implemented in the Fourier plane. As a result, the quality of

the resulting optical lattice directly inherits the sub-wavelength precision of the grating structure.

The practical limitations to the lattice quality are set primarily by the numerical aperture (NA) of

the aspheric lenses and the alignment accuracy. Furthermore, this configuration enables flexible

lattice design, including non-uniform lattice spacings.

To create a quasi one-dimensional optical lattice, the trap beam is focused in one direction

using a cylindrical lens positioned upstream. The grating plate is placed at the focal point of

the cylindrical lens. This lens compresses the beam profile along one axis while leaving the

orthogonal direction unchanged, resulting in a beam waist at the grating plate of ≈ 3.8 mm

× 20 µm. At the ONF plane, the beam waist is reduced to ≈ 1.5 mm × 8 µm. The aspect

ratio of roughly 190:1 enable efficient concentration of trap power around the ONF. Notably, the
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Figure 5.4: Optical setup for the accordion lattice generation using binary phase transmission
grating.

transverse beam waist of 8 µm is still much larger than the ONF diameter of 480, so aligning the

optical setup to the ONF is not too difficult.

The lattice constant is tuned by changing the grating period. The grating plate contains

a stack of 251 quasi one-dimensional gratings with grating constants ranging from 3.0 µm to

8.0 µm in 20 nm steps, as illustrated in Fig. 5.2 (a). Each grating has a width of 10 mm and a

height of 100 µm, fully enclosing the beam profile. By translating the grating plate vertically,

the lattice constant at the ONF plane can be adjusted from 0.8 µm to 2.0 µm in 5 nm steps (see

Fig. 4(a) in [154]). Fine tuning is achieved by rotating the grating plate with a small angle κ, as

shown in Fig. 5.2 (b). This rotation effectively reduces the grating period by a factor of cosκ.

Consequently, within an angular tuning range of ≈ 100 mrad, the entire lattice spacing range can

be covered (see Fig. 4(b) in [154]).

The optical setup was built on rails mounted on an optical breadboard, as shown in Fig. 5.4.

We checked the quality of the optical lattice by imaging its intensity profile using a microscope

objective lens (Mitutoyo P Plan 100x) and a CCD camera (PointGrey FL2G-50S5C-C). Within

a 50 µm imaging window, the interference fringe contrast exceed 0.98 (see Fig. 3 in [154]).

The large-scale uniformity has been checked by translating the imaging setup to capture different
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Figure 5.5: COMSOL simulation of light scattering from the ONF surface. (a) 2D simulation
showing a 780 nm beam with a waist 10 µm incident from the left onto an ONF of radius 240
nm. (b) Intensity profile along cut line 1, which crosses the center of the ONF; the dashed
gray lines mark the ONF surfaces. (c) Intensity profile along cut line 2, taken through the first
standing wave peak in the y-direction. (d) Intensity profile along cut line 3, which intersects the
trap position located at the focal point behind the ONF surface.

regions of the lattice and fitting each segment to extract the lattice constant as a function of

position. We observed an overall variation of 2.05(7) nm/mm change in lattice constant, which is

sufficiently uniform for quantum optics experiments.

5.3 Interfacing an Optical Lattice with an ONF

5.3.1 Simulation

We now interface the optical lattice with the ONF. Figure 5.5 shows a COMSOL simulation

of an ONF with a radius 240 nm illuminated perpendicularly from the left by a trapping beam with
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Trap site 1/e2 radius U0 (arb.) U1 (arb.)

In front of the ONF
x-direction 0.18 µm 0.85 0.66
y-direction 0.60 µm 0.60 0.91

Behind the ONF
x-direction (long tail) 0.75 µm 0.31 1.4

y-direction 0.35 µm 1.18 0.53

Table 5.1: Geometrical parameters of the trap sites formed in front of and behind the ONF (see
Fig. 5.5).

780 nm wavelength and 10 µm waist. The incident light reflects off the ONF surface, forming a

standing-wave pattern in front of the fiber, while the beam is focused behind the ONF. These two

regions - one in front of and one behind the ONF - form trap sites with tightly confined intensity

profiles and close proximity to the fiber surface. The front trap site is located 210 nm from the

ONF surface, and the back site is 206 nm away. These positions correspond to a calculated

coupling efficiency of ≈0.7%. Atoms trapped in these sites can thus be interrogated through the

ONF guided modes.

The transverse trap potential can be modeled with a Gaussian function:

U(x) = U0 exp

(
−2x2

w2
0

)
+ U1, (5.2)

where w0 is the 1/e2 beam radius, U0 is the trap depth, and U1 is an offset potential. The trap

geometries for the sites in front of and behind the ONF are summarized in Table 5.1. The trap

site behind the ONF is notably anharmonic in the x-direction, with a long tail extending ≈ 0.75

µm.
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(a) (b)

Figure 5.6: (a) 80/20 system for interfacing optical setup on a breadboard to the chamber. (b)
The optical setup for the accordion lattice is put on top of the vacuum chamber. Parts of the beam
path are drawn with red arrows.

5.3.2 Alignment

The optical setup (Fig. 5.4) is mounted vertically above our existing chamber, supported

by an 80/20 frame as shown in Fig. 5.6. The 80/20 frame has three legs with adjustable height

and one rod that supports the breadboard from the back. It is important to ensure that the rear leg

remains firmly pressed against the optical table either by securing it with a screw or holding it

manually, as the center of mass can be beyond the frame, posing a risk of tipping. We made sure

to hold the rear leg securely whenever we loosened and moved it around.

The alignment was checked by looking at the CCD camera that images the reflection from

the grating plate (see ‘CCD_grating’ in Fig. 5.4). Recall that the optical lattice is created by
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(a) (b)

Figure 5.7: Fine alignment of the lattice setup to the ONF is performed by (a) applying pressure
to the 80/20 frame using sets of screws and nuts, and (b) monitoring the trap light scattered from
the ONF surface.

4f -imaging the grating structure onto the ONF. Conversely, this also means that the ONF is 4f -

imaged onto the grating plate, which is then imaged by the CCD camera. Thus, the CCD captures

both the grating structure and the ONF. By bringing the ONF into sharp focus on the CCD, we

ensure that the optical lattice is properly aligned with the ONF. The alignment of the entire optical

setup on the breadboard relative to the ONF was achieved by translating the entire 80/20 system

and adjusting the height of its supporting legs.

For daily fine-tuning of the alignment, we applied slight pressure to the 80/20 frame using

sets of screws and nuts, as shown in Fig. 5.7 (a). As a reference signal, the trap beam scattered

off the ONF surface is measured, as in Fig. 5.7 (b). The trap beam scatters from the fiber surface,

forming a long parabolic-like shape. With ≈ 400 mW trap beam power delivered to the lattice

setup, the typical scattered power was ≈ 100 µW.

Furthermore, we observed that a small fraction of the lattice beam is scattered into the ONF
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while preserving its original polarization. This scattered photon count also provides a useful sig-

nal for aligning the optical lattice with the ONF. With approximately 80 mW of power delivered

to the optical lattice setup, we observed photon count rates on the order of 106 counts per second

on the APD, measured without any heavy attenuation or filter in the fiber. In addition, this light

scattered into the ONF serves as a reference for aligning the polarization analysis setup, enabling

precise determination of the polarizations of other beams (e.g., probe or heating beams) at the

ONF.

We cross-checked that maximizing the free-space scattered light also maximizes the pho-

ton counts coupled into the fiber, confirming that both signals provide consistent and reliable

reference for aligning the lattice beams to the ONF.

5.4 Loading Atoms

5.4.1 Polarization Gradient Cooling (PGC)

The dipole trap beam is red-detuned by 125 GHz from the 85Rb D2 transition, providing

a conservative trapping potential with minimal photon scattering [185]. The effective transfer

of atoms into the dipole trap requires the atomic ensemble to be cooled to a temperature lower

than the trap depth while the trap potential is in effect. A common rule of thumb is that the

atomic temperature should be about one-tenth of the trap depth. Since our optical lattice provides

a trap depth ≈ 400 mK, which is comparable to the Doppler temperature of 85Rb D2 line (145

µK [158]), additional sub-Doppler cooling is necessary after the MOT stage.

We use polarization gradient cooling (PGC) to cool the atomic cloud to ≈ 20 µK. PGC uti-

lizes polarization gradients on the scale of the resonant wavelength, formed by the standing wave
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Figure 5.8: Experimental sequence for loading atoms into the optical lattice and measuring OD
of the trapped ensemble. The trap beam is on all the time.

structure of the cooling beams [186, 187]. The general PGC sequence used in the experiments

is illustrated in Fig. 5.8. After MOT collection, the magnetic field is ramped down with cooling

beams turned off. Therefore, atoms do not feel any forces and remain in their initial position.

The coils are ramped to a final value that cancels the ambient magnetic field. Once the magnetic

field ramping is complete, the cooling and repump beams are turned on and ramped in power

and detuning. As this molasses stage only slows down without confining them spatially, the final

position of the cooled atoms remains unchanged. As a result, the position of the atomic cloud

after PGC is determined solely by the initial MOT position, which is adjusted to overlap with the

ONF and lattice. The lattice beam is on throughout the sequence, so that the cooled atoms can be

transferred into the trap sites during the molasses phase.
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Figure 5.9: Example of OD measurement as a function of probe detuning. The blue data were
taken with the lattice beam on throughout the entire sequence, while the orange data were taken
with the lattice beam turned off. The TOF was 10 ms, and a free-space repump covering the
atomic cloud was applied during the probing stage.

5.4.2 Transmission (OD) Measurement

We measure transmission through the ONF guided mode to diagnose atoms trapped within

the lattice sites. Figure 5.9 shows a typical OD measurement as a function of probe detuning.

During the measurement, a free-space repump beam is illuminated from the side to maintain the

atomic population in the cycling transition. Comparing the cases where the lattice is turned on

and off provides insight into the trapped atom population.

• AC Stark shift: When the lattice is on, the atomic resonance shifts by ≈ 20 MHz to the

blue, due to the AC Stark shift experienced by atoms spatially overlapped with the dipole

trap light. This does not necessarily refer to “trapped” atoms, but free atoms may pass

through the optical lattice and become frequency-shifted.

• Inhomogeneous broadening: Also, a significant inhomogeneous broadening is observed

in the presence of the lattice. This broadening likely arises from two main sources: i)
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Figure 5.10: The OD of atoms in the ground state F = 3 is measured through the ONF guided
modes over a 0.2 ms probe duration, following varying delay times after a 1 ms depump (blue)
or repump (orange) pulse. The green data points correspond to measurements where the repump
beam remains on during the probing. The total TOF is fixed at 10 ms across all cases.

the longitudinal intensity variation of the trapping beam, which has a Gaussian envelope

along the ONF axis, and ii) differential AC Stark shifts are different for different Zeeman

sublevels.

• Contribution of untrapped atoms: The OD remains relatively high even when the lattice

beam is turned off. This is because the MOT dissipation timescale is comparable to the trap

lifetime, which makes it difficult to distinguish between trapped and untrapped atoms. This

implies that, even in the presence of the lattice, a substantial number of free atoms may

linger near the ONF, experience an AC Stark shift despite not being trapped, and contribute

to the measured OD.

In addition, we observed a depolarization effect in the atomic ground state manifold caused

by scattering of the trap beam, as shown in Fig. 5.10. After the atoms are loaded into the lattice,

a 10 ms time-of-flight (TOF) period is applied, followed by a 0.2 ms measurement stage. During
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the TOF, either the depump (blue) or repump (orange) beam is illuminated to the atoms perpen-

dicularly to the ONF for 1 ms. The time delay between the pump and the measurement is varied

from 0 to 4 ms. The effects of both the repump and depump beams diminish on a time scale of ≈

1 ms, which is attributed to the trap beam’s scattering. The total OD (green) is measured with the

repump beam kept on during the probing. Thus, atoms should be continuously repumped during

the measurement stage to counteract depolarization caused by trap beam scattering. However,

a brute-force free-space repumping can also affect untrapped atoms that happen to be near the

ONF, making it difficult to distinguish between trapped and free atoms.

The following subsections explain how we addressed the issues discussed above.

5.4.3 Selective Probe of Trapped Atoms

We devised two measurement schemes to selectively probe only the trapped atoms. The

first scheme utilizes the microscopic time scale over which untrapped atoms move in and out

of the ONF field of view, using optical pumping to separate trapped and untrapped atoms into

different ground states. Figure 5.11 illustrates the sequence (a-b) and typical spectroscopy data

(c) of this scheme. The atomic cloud is depumped just before the measurement stage. During

the measurement window, trains of chopped repump and probe pulses are sent through the ONF.

The fiber-coupled repump beam selectively repumps atoms near the fiber, regardless of whether

they are trapped or free. Untrapped, repumped atoms quickly drift away from the ONF within a

few µs, while newly arriving free atoms remain depumped. A delay of 4 µs between the repump

and probe pulses ensures that the probe primarily interrogates trapped atoms. The advantage of

this method is that it enables selective probing of trapped atoms even when the entire atomic
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Figure 5.11: Chopped repump and probe scheme - (a) Experimental sequence for measuring the
OD of trapped atoms. After TOF, a depump beam is illuminated on the atomic cloud prior to
the measurement stage. (b) The measurement stage consists of trains of chopped fiber-repump
and probe pulses, separated by 4 µs. This delay allows untrapped atoms to move out of the
vicinity of the ONF, ensuring that the probe interacts only with the trapped atoms. Repetition
of the sequence keeps the trapped atoms repumped, mitigating depolarization effects caused by
scattering from the trap beam. (c) Typical spectroscopy data with the lattice on (blue) and off
(orange).

cloud is still present around ONF, allowing measurements with short TOFs. However, because

the scheme relies on the statistical motion of free atoms, there is a possibility that slowly moving

untrapped atoms contribute to the signal.

The second scheme physically removes untrapped atoms by applying a push-out beam

to clear the atomic cloud from the vicinity of the ONF. During TOF, the atomic cloud is first

accelerated by resonant beams for 3 ms and then translated away for an additional 4 ms. As

shown in Fig. 5.12, this method enables excellent separation of trapped and untrapped atoms in

the OD measurement. However, it requires a minimum TOF ∼ 7 ms.

We used both schemes interchangeably throughout the experiment.
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Figure 5.12: OD spectrum with (blue) and without (orange) the trap beam, taken after a 7 ms
TOF, during which push-out beams remove the atomic cloud.

5.4.4 Mitigating Inhomogeneous Light Shifts

To minimize the broadening of trap depth due to the Gaussian intensity profile of the lattice

along the ONF, we masked the lattice beam so that the atoms are trapped only in the central

region of the optical lattice, where the intensity profile is flatter. Figure 5.13 (a) shows the mask,

which blocks all but the central 2 mm of the lattice beam. The mask is placed directly on top

of the grating plate. To safely dissipate the high-power trap beam blocked by the mask, black

aluminum tape (Thorlabs T205-2.0) is applied. Figure 5.13 (b) shows a side-view fluorescence

image, demonstrating the sharp edges of the masked trap beams. Figure 5.13 (c) presents the

OD spectra with (orange) and without (blue) the lattice beam. These data were taken using the

chopped repump and probe scheme. The spectrum in the presence of the lattice shows that a

higher fraction of atoms experience large AC Stark shifts and a reduced population near zero

shift, indicating that atoms are in the central, more intense region. However, this method does

not completely eliminate inhomogeneous broadening, since even atoms at the same trap potential
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Figure 5.13: (a) Mask with 2 mm width window, which will be placed on top of the grating plate.
(b) Side view of the trap beams with the mask. The red lines indicate the position of the upper
ONF and the center of the MOT and the trap. The trap beam profile exhibits a sharp edge. (c)
OD spectroscopy after placing the mask, with the lattice on (orange) and off (blue).

Figure 5.14: OD spectroscopy taken after 8 ms of TOF, with the lattice power either held constant
(blue) or ramped down 0.4 ms before the measurement (orange).

experience different transition frequencies depending on their Zeeman sublevels.

Although optical pumping could be used to eliminate the spread in Zeeman sublevels, we

adopted a simpler approach. The overall AC Stark shift was reduced by ramping down the trap

beam power just before the measurement. As shown in Fig. 5.14, ramping down the lattice power

reduces both the average light shift and its inhomogeneous broadening. As a result, the atomic

population becomes more localized in frequency space, allowing a single probe frequency to

interact with a larger number of atoms.
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(a) (b)

Figure 5.15: Parametric heating measurement: (a) OD as a function of the modulation frequency
for a lattice constant of dlat=1 µm. A resonance peak appears at 290 kHz, around twice the
trap frequency in the longitudinal direction. (b) Resonance modulation frequencies measured for
varying lattice constants dlat. The data are fit to extract the trap depth in the longitudinal direction,
yielding a value of 0.44 mK.

5.5 Trap Geometry

We have confirmed that the atoms are indeed trapped within the periodic structure of the

optical lattice by observing changes in the trap frequency corresponding to variations in the lattice

constant. Assuming a lattice constant dlat and a trap depth U0, the potential near each lattice site

can be approximated as a harmonic potential:

U(z) = U0 sin
2

(
πz

dlat

)
≃ U0

(
π

dlat

)2

z2 =
1

2
mω2z2, (5.3)

where m is the atomic mass and ω is the angular trap frequency. The trap frequency is thus

f =
ω

2π
=

1

dlat

√
U0

2m
. (5.4)
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From the measured AC Stark shift of ≈ 20 MHz in the atomic transition, we attribute half of this

shift to the ground state shift. This corresponds to a trap depth of U0 ≈ 0.5 mK. For a lattice

constant of dlat = 1µm, this yields trap frequency of ≈ 155 kHz.

We use parametric heating to measure the trap frequencies of trapped atoms. The trap beam

power is periodically modulated ≈ 10% in its power using an AOM. Figure 5.15 (a) shows the

OD as a function of the modulation frequency for a lattice constant of dlat = 1 µm. We observe

a clear heating resonance near twice the trap frequency, 2f . A smaller heating resonance near

f was also observed, but further investigation revealed that this was due to the overdrive of the

modulation. The dip at f disappeared when we reduced the modulation amplitude, confirming

that it was not intrinsic to trap geometry. Figure 5.15 (b) shows the trap frequencies measured

for lattice constants of 1.00 µm, 1.20 µm, and 1.35 µm, and their fitting to Eq. (5.4). From the

fitting, the trap depth of 0.44 mK is obtained. This measurement confirms that the atoms are

indeed trapped in the tunable-spacing optical lattice.

5.6 Number of Trapped Atoms

We measure the number of trapped atoms using the saturation behavior of atomic scattering.

A resonant probe beam is sent through the ONF with varying power. The scattering rate of a

single two-level atom follows the standard saturation model [158]

R =

(
Γ

2

)
I/Isat

1 + 4(∆/Γ)2 + (I/Isat)
, (5.5)

where Isat is the saturation intensity and ∆ = 0 for resonant probing. As seen in Eq. (5.5), the

scattering rate saturates to a maximum value of Γ/2 per atom at high probe intensity. For N
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(a) (b)

Figure 5.16: Saturation measurement in the (a) transmitted and (b) reflected photon flux with
varying probe photon flux. The measurement uses push-out scheme with TOF of 7 ms. From
the transmission data, the number of atoms is extracted to be 95 (3). The coupling efficiency
from reflection data is found to be ≈ 0.66%, which is in good agreement with the theoretical
prediction.

atoms, the total scattering rate scales as NΓ/2 in the saturated regime. Thus, by measuring the

scattered photon flux as a function of the probe photon flux, we can extract the number of atoms.

The scattered photon flux is obtained from the difference in photon counts with and without

atoms. The raw counts measured at the APD are converted into the actual photon flux at the ONF

by accounting for losses from fiber coupling and detection inefficiency. Figure 5.16 (a) shows

the measured scattered photon flux as a function of probe photon flux, fitted to Eq. (5.5). The

measurement was performed after a 7 ms TOF, during which the atomic cloud was removed using

pushout beams. From the fit, we extract the number of trapped atoms 95(3). This corresponds to

a filling factor ≈ 2.5% assuming a 2-mm-long lattice with a 1 µm spacing.

The coupling efficiency can be obtained from the reflection measurement. The reflected

photon flux divided by the scattered photon flux provides a direct estimate of β/2. The measured

coupling efficiency is 0.66%, in good agreement with the theoretical prediction of 0.7%.

143



5.7 Discussion

We presented a novel optical setup for creating a tunable-spacing one-dimensional optical

lattice around an ONF and a proof-of-principle demonstration of trapping atoms in these lattice

sites.

We first demonstrated the qualities of the optical lattice created by this method. Our

setup uses stacks of quasi-one-dimensional binary phase transmission gratings to create variable-

spacing optical lattices. The grating structure is 4f -imaged onto the ONF, allowing for the cre-

ation of thousands of lattice sites. The gratings are fabricated using the electron-beam lithography

technique, which offers precision below 5 nm, well below optical wavelengths. Thus, the gen-

erated optical lattice showed excellent uniformity and precision over the entire 2 mm length.

The overall lattice constant exhibited a 0.2% chirp over the entire 2 mm lattice region, which

is attributed to imperfect alignment and lens aberrations. The power balance between the two

first-order diffracted beams is excellent, resulting in high contrast (>0.98) in the lattice. We

demonstrated continuous tuning of the lattice constant over large range (0.8 µm to 2.0 µm), by

shifting between different gratings having different periods and rotating the grating plate with a

small angle. This tuning range can be flexibly adjusted, with the NA of the aspheric lenses being

the primary limiting factor.

The proof-of-principle demonstration of trapping atoms in this lattice has been performed

with the optical setup installed outside the chamber using 80/20 frame. The atoms are trapped at

two localized spots in the transverse plane, each distanced ≈ 200 nm from the ONF surface.

Preliminary data indicate that ∼ 100 atoms are trapped within the tunable-spacing lattice

sites and coupled to the ONF guided modes with a coupling efficiency ∼ 0.66%. Further charac-
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terization and improvement are left to future work: The trap geometry can be fully characterized,

including distinguishing atoms trapped in front of and behind the ONF; the number of trapped

atoms can be increased by optimizing the MOT parameters and the loading sequence; the inhomo-

geneous broadening can ultimately be mitigated by opticaly pumping the atoms into a maximally

stretched Zeeman sublevel.

The final chapter presents a new method of creating a tunable-spacing atomic array coupled

to an ONF. While existing methods, such as guided optical lattice [81, 82, 183] or tweezer array

interfaced to an ONF [28, 184], offer distinct advantages, our setup accesses a new parameter

regime that enables both one-dimensional tunability and scalability.

In this chapter, we demonstrated a new method of interfacing an atomic array with an ONF,

which offers both lattice tunability and scalability. The tunable array enables the realization of

various geometries, including commensurate configurations that exhibit collectively enhanced

coupling to the guided mode. This facilitates high-cooperativity atom-fiber systems, providing a

platform for exploring collective quantum optics phenomena in waveguide QED setups. Addi-

tionally, it presents a promising route toward scaling up neutral atom–based quantum computers

by connecting mid-sized systems through optical fiber networks.
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Chapter 6: Conclusion and Outlook

We have investigated the collective dynamics of 85Rb atoms coupled to an ONF. In par-

ticular, the effects of atomic spatial distribution and photon propagation effects on the one-

dimensional collective dynamics have been studied.

We have first investigated collective dynamics in V-type multilevel systems, considering

two hyperfine states |F ′ = 4⟩ and |F ′ = 3⟩ in the 85Rb D2 transition [136]. The forward-scattered

mode is measured, ensuring the atoms are superradiantly emitting. We have experimentally

demonstrated that vacuum-mediated coupling between the two well-separated hyperfine excited

levels (120 MHz apart) can be collectively enhanced. As a result, collective quantum beats are

observed even when only one of the excited states is initially populated. While such vacuum-

induced coupling is a second-order process and has a small effect, we could collectively enhance

it.

We theoretically extended the system to a waveguide QED setup and studied the effect of

photon propagation between the atoms [153]. We showed that the relevant length scale in de-

termining collective quantum beats involving two distant atoms is the beat wavelength λbeat. It

determines the period of relative phase shifts between two EM field modes corresponding to two

resonant transitions. As a result, the quantum beats are collectively enhanced (suppressed) when

the emitters are separated by an integer (half-integer) multiple of λbeat. In the non-Markovian
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regime, the scattering from distant atoms forms a cavity-like system, leading to additional col-

lective decay modes near resonance. This alters the dynamics of the collective quantum beats;

the beat size is enhanced beyond the Markovian limit for symmetric systems and only moder-

ately suppressed for antisymmetric systems. Our work on the collective dynamics of V-type

multilevel systems can have applications in quantum technologies, such as bright single-photon

sources [170, 171] or the analysis of collective dynamics in inhomogeneous emitters.

We also experimentally studied the possible long-distance interaction of atoms via the ONF

guided mode. A 85Rb atomic cloud is overlapped with an ONF and put in front of a mirror, where

the delay time between the atomic ensemble and its mirror image is comparable to the atomic

relaxation time scale. We developed a unified model describing the intensity correlation function

of light scattered from atoms in front of a mirror for strong and weak coupling regimes. In a

strong coupling regime, the dynamics exhibit rich interplay between the collective effects within

the single ensemble and the delayed interaction between multiple ensembles. We showed that

when the dynamics are normalized to the collectively enhanced decay rate, it is the cooperativity

that determines the interaction between multiple ensembles. In a weak coupling regime, we

demonstrated the interference effects of scattering from multiple independent emitters, shown in

the intensity correlation function. Intensity correlation measurement indicates that our physical

system resides in a weak coupling regime, where time-delayed feedback is negligible. While

the observed multi-emitter interference itself is interesting, our study suggests that long-range

interaction in ONF-based systems would require the ordering of atoms commensurate to the

transition wavelength.

The final chapter presents a new method of creating a tunable-spacing atomic array coupled

to an ONF. While existing methods, such as guided optical lattice [81, 82, 183] or tweezer array

147



interfaced to an ONF [28, 184], offer distinct advantages, our setup accesses a new parameter

regime that enables both one-dimensional tunability and scalability. Our setup generates a high-

quality optical lattice–with trap sites ∼ 1000, contrast > 0.98, power efficiency to trap beams ∼

80%, and uniformity of ∼ 0.2% chirp over the entire 2 mm range–, suitable for quantum optics

and computation research [154]. A proof-of-principle demonstration of trapping ∼ 100 atoms

in the lattice and interfacing them to ONF is presented. This number can be further increased

by optimizing the initial MOT and loading parameters. We envision this novel setup as a step

toward integrating a neutral atom system into an optical fiber network with high cooperativity,

which will be essential for distributed quantum computation, quantum networks, and studying

the fundamental physics of collective quantum optics.
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Appendix A: ONF Guided Mode Profile

Conventional optical fibers guide light through a total internal reflection at the core-cladding

boundary. Both the core and the cladding are made from silica, but the refractive index of the

core is slightly increased by doping with materials such as Germanium and Aluminum, and the

refractive index of the cladding can be decreased by doping with materials such as Fluorine. For

a typical single-mode optical fiber, the diameters of the core and the clad are 5 µm and 125 µm,

respectively. Such geometry makes a weakly guided mode profile, which can be approximated

by the linear modes LP01.

An ONF is pulled from the conventional optical fiber to the level where the diameter be-

comes subwavelength. Because the ONF is pulled so thin, the core of the original fiber vanishes,

and the clad silica now serves as the core for the ONF. The surrounding vacuum serves as the

cladding. Thus, ONF is different from conventional fibers in two senses: its subwavelength diam-

eter and the high contrast in the refractive indices of the core (silica) and the clad (vacuum). Such

properties make ONF host the fundamental mode HE11 that cannot be approximated as the linear

mode LP01 as in conventional optical fibers. Furthermore, significant power of the light is guided

outside the fiber. Therefore, the atoms residing near the ONF surface can be mode-overlapped

with the guided mode and emit into the fiber.

In this appendix, we present the calculation of the fundamental HE11 mode of the step-
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Figure A.1: A step-index fiber of radius a is aligned along z-axis, with a core refractive index n1

and cladding refractive index n2.

index fiber and the numerical calculation for an example ONF geometry.

A.1 Mode Profile of a Propagating EM Wave in a Step-Index Fiber

We consider a step-index fiber placed along the z-axis as shown in Fig. A.1. The refractive

index is n1 for r < a, and n2 for r > a, where n1 > n2 is assumed so that the light can be guided

by total internal reflection. The guided modes of a step-index fiber can be obtained by solving

the Maxwell equations in cylindrical coordinates [155,156,188–191]. The Maxwell equation for

electric and magnetic field vectors E⃗ and H⃗ in source-free space is

∇⃗ · E⃗ = 0, (A.1a)

∇⃗ · H⃗ = 0, (A.1b)

∇⃗ × E⃗ = −µ∂H⃗
∂t

, (A.1c)

∇⃗ × H⃗ = ε
∂E⃗

∂t
, (A.1d)

where µ and ε are the permeability and permittivity, respectively.
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We consider an EM wave propagating along the waveguide:

E⃗(r, ϕ, z, t)
H⃗(r, ϕ, z, t)

 =

E⃗(r, ϕ)
H⃗(r, ϕ)

 ei(ωt−βz). (A.2)

Here, ω is the angular frequency and β is the propagation constant of the propagating light.

Using the ansatz in Eq. (A.2), the Maxwell curl equations in Eqs. (A.1c) and (A.1d) can be

written as

1

r

∂

∂ϕ
Ez + iβEϕ = −iωµHr, (A.3a)

−iβEr −
∂

∂r
Ez = −iωµHϕ, (A.3b)

1

r

∂

∂r
(rEϕ)−

1

r

∂

∂ϕ
Er = −iωµHz, (A.3c)

1

r

∂

∂ϕ
Hz + iβHϕ = iωεEr, (A.3d)

−iβHr −
∂

∂r
Hz = iωεEϕ, (A.3e)

1

r

∂

∂r
(rHϕ)−

1

r

∂

∂ϕ
Hr = iωεEz. (A.3f)

Rearranging Eqs. (A.3a), (A.3b), (A.3d), and (A.3e), we can express the transverse field profiles
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(Er, Eϕ, Hr, and Hϕ) in terms of Ez and Hz:

Er =
iβ

β2 − µεω2

(
∂

∂r
Ez +

µω

β

∂

r∂ϕ
Hz

)
, (A.4a)

Eϕ =
iβ

β2 − µεω2

(
∂

r∂ϕ
Ez −

µω

β

∂

∂r
Hz

)
, (A.4b)

Hr =
iβ

β2 − µεω2

(
∂

∂r
Hz −

εω

β

∂

r∂ϕ
Ez

)
, (A.4c)

Hϕ =
iβ

β2 − µεω2

(
∂

r∂ϕ
Hz +

εω

β

∂

∂r
Ez

)
. (A.4d)

The longitudinal field components Ez and Hz can be obtained from the wave equation,

which is derived from Eqs. (A.1) and (A.2):

(
∇2 + k2

)E⃗
H⃗

 = 0, (A.5)

where k2 = µεω2 = n2ω2/c2 = n2k20 with n being the refractive index at the position of interest

and k0 being the angular wavenumber in free space. The z-component of the wave equation is

(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂ϕ2
+ (k2 − β2)

)Ez(r, ϕ)

Hz(r, ϕ)

 = 0 (A.6)

The differential equation is separable, and the solution takes the form

Ez(r, ϕ)

Hz(r, ϕ)

 = ψ(r)e±ilϕ, (l = 0, 1, 2, 3, · · · ) (A.7)
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where radial part satisfies

∂2ψ

∂r2
+

1

r

∂ψ

∂r
+ (k2 − β2 − l2

r2
)ψ = 0. (A.8)

The solutions are the Bessel functions of order l.

ψ(r) =


c1Jl(hr) + c2Yl(hr), if k2 − β2 > 0

c1Il(qr) + c2Kl(qr), if k2 − β2 < 0

(A.9)

where h =
√
k2 − β2, q =

√
β2 − k2, Jl and Yl are Bessel functions of the first and second kind

or order l, respectively, and Il and Kl are the modified Bessel functions of the first and second

kind of order l, respectively.

For lossless guiding of the field, the propagation constant β should be within the range

n2ω/c ≤ β ≤ n1ω/c (A.10)

Thus, in Eq. (A.9), r < a corresponds to the case k2−β2 > 0 and r > a to the case k2−β2 < 0.

Furthermore, Yl(hr) is singular at r = 0 and Il(qr) diverges as r → ∞, and thus they are not

153



physical. The z-component of the electric and magnetic fields are thus

Core (r < a):

Ez = AJl(hr)e
i(ωt±lϕ−βz), (A.11a)

Hz = BJl(hr)e
i(ωt±lϕ−βz), (A.11b)

Clad (r > a):

Ez = CKl(qr)e
i(ωt±lϕ−βz), (A.11c)

Hz = DKl(qr)e
i(ωt±lϕ−βz), (A.11d)

where h =
√
n2
1k

2
0 − β2, q =

√
β2 − n2

2k
2
0 characterizes the field inside and outside the fiber,

and the coefficients A, B, C, and D are determined by the boundary conditions.

Using Eqs. (A.4) and (A.11), we obtain all the components of the electric and magnetic
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field vectors:

Core (r < a):

Er = − iβ
h2

(
AhJ ′

l (hr)±
iµωl

βr
BJl(hr)

)
ei(ωt±lϕ−βz), (A.12a)

Eϕ = − iβ
h2

(
±il
r
AJl(hr)−

µω

β
BhJ ′

l (hr)

)
ei(ωt±lϕ−βz), (A.12b)

Ez = AJl(hr)e
i(ωt±lϕ−βz), (A.12c)

Hr = − iβ
h2

(
BhJ ′

l (hr)∓
iε1ωl

βr
AJl(hr)

)
ei(ωt±lϕ−βz), (A.12d)

Hϕ = − iβ
h2

(
±il
r
BJl(hr) +

ε1ω

β
AhJ ′

l (hr)

)
ei(ωt±lϕ−βz), (A.12e)

Hz = BJl(hr)e
i(ωt±lϕ−βz), (A.12f)

Clad (r > a):

Er =
iβ

q2

(
CqK ′

l(qr)±
iµωl

βr
DKl(qr)

)
ei(ωt±lϕ−βz), (A.12g)

Eϕ =
iβ

q2

(
±il
r
CKl(qr)−

µω

β
DqK ′

l(qr)

)
ei(ωt±lϕ−βz), (A.12h)

Ez = CKl(qr)e
i(ωt±lϕ−βz), (A.12i)

Hr =
iβ

q2

(
DqK ′

l(qr)∓
iε2ωl

βr
CKl(qr)

)
ei(ωt±lϕ−βz), (A.12j)

Hϕ =
iβ

q2

(
±il
r
DKl(qr) +

ε2ω

β
CqK ′

l(qr)

)
ei(ωt±lϕ−βz), (A.12k)

Hz = DKl(qr)e
i(ωt±lϕ−βz), (A.12l)

where ε1 = ε0n
2
1 and ε2 = ε0n

2
2 are the permittivity at the core and the clad, respectively, and

J ′
l (hr) = dJl(hr)/d(hr) and K ′

l(qr) = dKl(qr)/d(qr).

The four coefficients A, B, C, and D can be determined from the boundary condition, that
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is, Eϕ, Ez, Hϕ, and Hz should be continuous at R = a:

± il

h2a
Jl(ha)A− µω

hβ
J ′
l (ha)B ± il

q2a
Kl(qa)C − µω

qβ
K ′

l(qa)D = 0, (A.13a)

Jl(ha)A−Kl(qa)C = 0, (A.13b)

ε1ω

hβ
J ′
l (ha)A± il

h2a
Jl(ha)B +

ε2ω

qβ
K ′

l(qa)C ± il

q2a
Kl(qa)D = 0, (A.13c)

Jl(ha)B −Kl(qa)D = 0. (A.13d)

We have nonzero solutions for A, B, C, and D, when the determinant of the above coupled

equations is zero:

(
J ′
l (ha)

haJl(ha)
+

K ′
l(qa)

qaKl(qa)

)(
n2
1J

′
l (ha)

haJl(ha)
+
n2
2K

′
l(qa)

qaKl(qa)

)
= l2

[(
1

ha

)2

+

(
1

qa

)2
]2(

β

k0

)2

,

(A.14)

where k0 =
√
ε0µ0ω = ω/c is the wave vector of the propagating EM wave in the vacuum. From

the above transcendental equation, we can solve for the propagation constant β. Let us express

Eq. (A.14) in the form of a quadratic equation of J ′
l (ha)/(haJl(ha)):

n2
1

(
J ′
l (ha)

haJl(ha)

)2

+ (n2
1 + n2

2)

(
K ′

l(qa)

qaKl(qa)

)(
J ′
l (ha)

haJl(ha)

)
+ n2

2

(
K ′

l(qa)

qaKl(qa)

)2

− l2

[(
1

ha

)2

+

(
1

qa

)2
]2(

β

k0

)2

= 0. (A.15)
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Figure A.2: Solutions neff = β/̨0 to Eq. (A.20) for various V-numbers. Each color represents
the modes HE (solid blue), EH (dashed-dotted black, TE (dashed red), and TM (dotted green)
modes. Figure adapted from [73].

The solution has the form

J ′
l (ha)

haJl(ha)
= −n

2
1 + n2

2

2n2
1

(
K ′

l(qa)

qaKl(qa)

)
±


(
n2
1 − n2

2

2n2
1

K ′
l(qa)

qaKl(qa)

)2

+
l2β2

n2
1k

2
0

[(
1

ha

)2

+

(
1

qa

)2
]2

1/2

,

(A.16)

where the ± solutions correspond to the EH and HE modes, respectively. In determining the

propagation constant β, it is convenient to define a parameter called V-number:

V = k0

√
n2
1 − n2

2 a =
2π

λ

√
n2
1 − n2

2 a, (A.17)

which scales the fiber geometry (radius a and NA=
√
n2
1 − n2

2) with respect to the wavelength of

the guided light. Figure A.2 shows the solutions neff = β/k0 to Eq. (A.20). Below V = 2.405,

only the HE11 mode can propagate through the waveguide.
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When β is found, the coefficients B, C, and D are expressed in terms of A:

B

A
= ±ilβ

µω

[(
1

ha

)2

+

(
1

qa

)2
] [

J ′
l (ha)

haJl(ha)
+

K ′
l(qa)

qaKl(qa)

]−1

, (A.18a)

C

A
=
Jl(ha)

Kl(qa)
, (A.18b)

D

A
= ±ilβ

µω

Jl(ha)

Kl(qa)

[(
1

ha

)2

+

(
1

qa

)2
] [

J ′
l (ha)

haJl(ha)
+

K ′
l(qa)

qaKl(qa)

]−1

. (A.18c)

The coefficient A is determined by the normalization condition [77]:

∫ 2π

0

dϕ

∫ ∞

0

n(r)
∣∣∣E⃗(r, ϕ)∣∣∣2 rdr = 1. (A.19)

A.2 Mode Profile of a Subwavelength Waveguide with Vacuum-clad

Now we consider a subwavelength-diameter waveguide that hosts only a single mode HE11.

The transcendental equation in Eq. (A.20) is now [189]
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haJ1(ha)
= −n

2
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2

2n2
1

(
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1(qa)
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+

1
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±
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1 − n2

2

2n2
1

K ′
1(qa)

qaK1(qa)

)2

+
β2

n2
1k

2
0

[(
1

ha

)2

+

(
1

qa

)2
]2

1/2

, (A.20)

where we employed the property J ′
l (x) = Jl−1(x)− Jl(x)/x.

The numerical simulation of the guided mode profile for circularly polarized HE11 modes

(l = ±1 in Eq.(A.12)) and for quasi-linearly polarized modes (obtained by summing the circu-

lar polarization components) using the experimental parameters is shown in Fig.A.3. Note that,

due to the strong guiding in a subwavelength vacuum-clad fiber, the longitudinal field compo-

158



(a) (b)

(c) (d)

Figure A.3: Guided mode profile of (a-b) circular and (c-d) quasi-linear polarization. The fiber
radius is 240 nm, wavelength of the propagating light is 780 nm, effective refractive index
neff=1.1622.
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nent Ez is non-negligible and the mode cannot be approximated by the linearly polarized LP01

mode [189].
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Appendix B: Collective Modes of Dilute Atomic Systems in Waveguide QED

We formulate the collective decay modes of atoms coupled to a waveguide where the atom-

atom interaction is only mediated via the guided mode (dilute atomic ensemble regime) [33, 56,

110,130]. In this formulation, we remain in the Markovian regime. Thus, the interaction between

atoms takes over distances comparable to or larger than the transition wavelength, yet it happens

instantaneously before the atoms decay away. Specifically, we discuss the collective modes of

randomly distributed atoms and an ordered array of atoms.

Consider a system of N two-level atoms positioned along a waveguide at z = z1, z2, · · · , zN

and coupled to the guided mode. The free Hamiltonian for the emitter and the guided field modes

is

H0 =
N∑
j=1

ℏω0σ̂
+
j σ̂

−
j +

∑
k

ℏωkâ
†
kâk, (B.1)

where ℏ is the reduced Planck constant, ω0 is the atomic transition frequency, and ωk is the

frequency of the k-th field mode. The operators σ̂+
j and σ̂−

j are the raising and lowering operators

for the j-th atom, and â†k and âk are the creation and annihilation operators for the k-th field mode.

Note that we ignored the polarization modes of the field here.

The emitters and the field modes are coupled by dipole interaction. The atom-field interac-
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tion Hamiltonian is [2]

HAF =
N∑
j=1

∑
k

ℏgj,k
(
σ̂+
j âke

ikzj + â†kσ̂
−
j e

−ikzj
)
, (B.2)

under rotating wave approximation, which leaves the terms that preserve the number of excita-

tions in the atom + field system. The interaction strength between the j-th atom and the k-th mode

gj,k is defined as

gj,k = −dj · Ek
ℏ

, (B.3)

where dj is the transition dipole matrix of j-th atom and Ek is the field amplitude of k-th field

mode. As we are interested in the interaction between the atoms and the field modes, we move

to the interaction picture with respect to the free Hamiltonian H0. The interaction Hamiltonian

in the interaction picture is

H̃AF =
N∑
j=1

∑
k

ℏgj,k
(
σ̂+
j âke

ikzje−i(ωk−ω0)t + â†kσ̂
−
j e

−ikzjei(ωk−ω0)t
)
. (B.4)

For consistency, we will use tilde signs for the operators and states in the interaction picture with

respect to the free Hamiltonian H0 in this dissertation.

We consider the time evolution of single excitation in the atom + field system. Note that

the total Hamiltonian H0 +HAF preserves the number of excitations. Thus, we can write single
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excitation ansatz for our time-evolved state:

∣∣∣ψ̃(t)〉 =

[
N∑
j=1

c̃j(t)σ̂
+ +

∑
k

c̃k(t)â
†

]
|G, {0}k⟩ , (B.5)

where |G⟩ = |g, g, · · · , g⟩ denotes the state where all the atoms are in the ground state, and

|{0}k⟩ represents the vacuum state. c̃j(t) is the j-th atom excitation amplitude at time t, and c̃k(t)

is the k-th field mode’s excitation amplitude, both in the interaction picture.

The Schrödinger equation leads to the coupled differential equation for the atomic and field

amplitudes:

∂tc̃j(t) = −i
∑
k

gj,ke
ikzje−i(ωk−ω0)tc̃k(t), (B.6a)

∂tc̃k(t) = −i
N∑
j=1

gj,ke
−ikzjei(ωk−ω0)tc̃j(t). (B.6b)

The Eq. (B.6a) represents the case where the j-th atom absorbs a photon, and Eq. (B.6b) the case

where the atoms (coherently) emit a photon in a k-th mode. Formally integrating (B.6b) and

putting back into the (B.6a), we get the atomic differential equation:

∂tc̃j(t) = −
N∑
l=1

∫ t

0

dt′c̃l(t
′)eiω0(t−t′)

∑
k

gj,kgl,ke
ik(zj−zl)eiωk(t

′−t). (B.7)

We assume a flat spectral density of the guided mode and parallel atomic dipoles, which leads to

homogeneous atom-light interaction strength; gj,k = g0. Evaluating the integrations, we get the
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equation of motion for the atomic dipoles:

∂tc̃j(t) = −Γ

2
c̃j(t)Θ(t)− βΓ

2

∑
l ̸=j

c̃l

(
t−
∣∣∣∣zj − zl

vp

∣∣∣∣) eiω0

∣∣∣ zj−zl
vp

∣∣∣
Θ

(
t−
∣∣∣∣zj − zl

vp

∣∣∣∣) , (B.8)

where Γ is the total decay rate, β = Γ1D/Γ is the coupling efficiency of atom to the guided mode

(where Γ1D is the decay rate to the guided mode), and vp is the phase velocity of the field in the

waveguide. Although we did not explicitly consider the coupling of atoms to the mode outside

the waveguide, we phenomenologically added the contribution of free space modes in obtaining

Eq. (B.8) by adding free space coupling (1 − β)Γ/2. In doing so, we assumed that the distinct

atoms are far enough that they only interact via the guided mode.

We now use the assumption that the atoms are in the Markovian regime, i.e., the size

of the atomic cloud is smaller than the atomic relaxation length scale (|zj − zl| ≪ vp/Γ). The

interaction between atoms takes place instantaneously as it happens at a time scale (|zj − zl| /vp)

much smaller than the atomic relaxation time scale (1/Γ). In this limit, the atomic amplitudes

on the right-hand side can be evaluated for the identical time points, i.e., c̃j (t− |zj − zl| /vp) ≃

c̃j (t). Note that the atomic amplitude is evaluated in the interaction picture and there is no fast-

oscillating phase. The total system evolution can be written as

∂tc⃗(t) = −Mc⃗(t) (B.9)
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where

c⃗(t) =



c̃1(t)

c̃2(t)

· · ·

c̃N(t)


(B.10)

is the atomic amplitude vector and

M =
Γ

2



1 β e
iω0

∣∣∣ z1−z2
vp

∣∣∣ · · · β e
iω0

∣∣∣ z1−zN
vp

∣∣∣
β e

iω0

∣∣∣ z1−z2
vp

∣∣∣
1 · · · β e

iω0

∣∣∣ z2−zN
vp

∣∣∣
...

... . . . ...

β e
iω0

∣∣∣ z1−zN
vp

∣∣∣
β e

iω0

∣∣∣ z2−zN
vp

∣∣∣ · · · 1


(B.11)

is the generalized decay rate matrix. The diagonal terms in M represent the atomic decay of its

own, and the off-diagonal terms represent the interaction between atoms via guided mode. Due to

this coupling between atoms, the atomic system decays rather collectively. The eigenstates of M

are the collective modes, and the corresponding eigenvalues are the decay rates of the collective

modes. Note that the eigenvalues can be complex numbers whose real values represent the decay

rate of the mode and the imaginary values represent the energy of the mode.

For example, consider a special case where the atoms are symmetrically excited in the

beginning

c̃1(0) = c̃2(0) = · · · = c̃N(0) =
1√
N
, (B.12)
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and the propagation phases between the atoms are zero

ω0
zj − zl
vp

= 2nπ, (n ∈ Z) . (B.13)

We see that the symmetry in the atomic state is maintained during time evolution; c̃1(t) = c̃2(t) =

· · · = c̃N(t). Thus, we have

∂tc̃1(t) = −
(
(1− β)Γ

2
+N

βΓ

2

)
c̃1(t). (B.14)

Thus, the decay into the guided mode is collectively enhanced (superradiance), proportional to

the number of atoms. The antisymmetry, either in the initial state or the propagation phases,

would introduce decay modes with suppressed rates.

B.1 Randomly Positioned Atoms

For the case when the emitters are randomly positioned, the collective modes are distributed

within a range whose real values are bound by the theoretical lower limit ((1 − β)Γ) and upper

limit ((1 − β +Nβ)Γ). The single-shot simulation of randomly distributed N = 2 and N = 30

atoms with coupling efficiency β = 0.1 is shown in Fig. B.1 (a) and (b). When there are only two

atoms, there are equal amounts of collective decay modes with enhanced and suppressed decay

rates. However, as the number of emitters increases, most collective modes exhibit suppressed

decay rates, while only a few may have enhanced decay rates. This is because the enhancement

of the decay rate requires the atoms to be aligned with respect to the transition wavelength, which

becomes increasingly difficult as the number of atoms increases. The theoretical maximum decay
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(a) (b)

(d)(c)

N = 2

N = 2

N = 30

N = 30

Figure B.1: Simulation of collective modes of randomly distributed atoms with coupling effi-
ciency β = 0.1. Single-shot simulations for (a) N=2 and (b) N=30 atoms and 100 shots for (c)
N=2 and (d) N=30 atoms are demonstrated. The theoretical lower and upper limits of the collec-
tive decay rates are drawn as dashed horizontal lines.

rate is (1 − β + Nβ)Γ, which corresponds to the case when the atoms are precisely aligned in

integer multiples of the transition wavelength. The theoretical lower limit of the collective decay

rate is (1− β)Γ and corresponds to the case when the emission of atoms into the guided mode is

fully destructive. The simulation for 100 random distributions for each case is shown in Fig. B.1

(c) and (d). The collective modes are well bound by the theoretical limits. The range of detuning

of the collective modes gets broader as the number of atoms increases.

B.2 Ordered Arrays of Atoms

Now we consider a special case where the atoms form a periodic array with lattice constant

d [33,56, 130]. We can see from the form of the collective evolution matrix M in Eq. (B.11) that
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Figure B.2: Simulation of collective modes of periodically positioned atoms as a function of
lattice constants d. (a-c) shows the collective decay rates and (d-f) shows the energy shifts of the
collective modes. (a,d) for N=2, (b,e) for N=30, and (c,f) for N=100.

the exact lattice constant does not matter, but the lattice constant modulo the transition wavelength

matters.

The collective mode’s decay rate and energy shifts as a function of lattice constants be-

tween 0 to λ are shown in Fig. B.2, for number of atoms N=2, 30, and 100. The atom-atom

interaction can be tuned from dissipative to dispersive interactions by tuning the lattice constant.

When the lattice constant is an integer multiple of λ/2, the atom-atom interaction becomes purely

dissipative. As a result, the pure superradiant and subradiant collective modes with zero energy

shift open. For the lattice constants other than multiples of λ/2, the atoms interact with each

other both dissipatively and dispersively, leading to collective modes with modified decay rates

and energy shifts. For N = 2, the interaction can be purely dispersive when the separation be-

tween the atoms is λguided/4. In this case, there are no shifts in the decay rates; however, the two

collective modes now have a maximum energy difference.
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Appendix C: Relevant Publications

In this appendix, the publications produced during this dissertation work are presented.

These include the observation of vacuum-induced collective quantum beats [136], a theoretical

investigation of collective quantum beats in distant emitters [153], and the proposal and demon-

stration of an optical setup for making a tunable-spacing optical lattice coupled to an ONF [154].
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We demonstrate collectively enhanced vacuum-induced quantum beat dynamics from a three-level
V-type atomic system. Exciting a dilute atomic gas of magneto-optically trapped 85Rb atoms with a weak
drive resonant on one of the transitions, we observe the forward-scattered field after a sudden shut-off of the
laser. The subsequent radiative dynamics, measured for various optical depths of the atomic cloud, exhibits
superradiant decay rates, as well as collectively enhanced quantum beats. Our work is also the first
experimental illustration of quantum beats arising from atoms initially prepared in a single excited level as a
result of the vacuum-induced coupling between excited levels.

DOI: 10.1103/PhysRevLett.127.073604

Introduction.—Quantum beats are a well-studied phe-
nomenon that refers to the interference between sponta-
neously emitted radiation from two or more excited levels,
resulting in a periodic modulation of the radiated field
intensity [1]. This has been a valuable spectroscopic tool to
measure the energy difference between excited levels
across many experimental platforms such as atoms [2,3],
molecules [4], semiconductors [5], and quantum dots [6,7].
Although quantum beats have been extensively studied,

here we demonstrate two new aspects: (i) quantum beats
without an initial superposition of excited levels, and
(ii) enhanced beat amplitudes due to collective emission
of light [8,9]. In a typical quantum beat experiment, an
excitation pulse with sufficient bandwidth to span the
energy spacing between multiple excited atomic levels is
used to create an initial coherent superposition. The beat
signal amplitude is proportional to the coherence between
the excited levels; and in the absence of an initial super-
position, one might expect no quantum beats. This notion
was challenged in [10,11], predicting that the vacuum
electromagnetic field can create the required coherence
between the excited atomic levels. However, experimental
observation of such vacuum-induced quantum beats is
challenging due to the competing requirements on the
level structure: The excited level’s separation needs to be
large compared to the natural linewidth to enable the
initialization of only one of the levels that, in turn, reduces
the strength of the vacuum-induced coupling.
We experimentally address this using the well-separated

85Rb 5P3=2 F0 ¼ 3 and 4 hyperfine levels as our excited
levels and using a long enough (200 ns) excitation pulse
such that any coherence due to the turn-on edge decays

away, leaving the atomic population in a single excited
level. Detecting the forward-scattered mode [see Fig. 1(a)]
allows us to observe the radiation from a timed-Dicke state
[12–14]. We theoretically illustrate that for such a collective
state, the quantum beat dynamics can be cooperatively

(a)

(b)

( )

FIG. 1. (a) Experimental setup. Linearly polarized excitation
beam containing train of pulses illuminates cold 85Rb atomic
cloud produced by MOT. Photons scattered by cloud in forward
direction coupled into single-mode fiber, counted by avalanche
photodiode, and histogrammed to obtain atomic radiative decay
profile. (b) Relevant energy levels of 85Rb atom. Excitation beam
(780 nm) resonantly drives j1i ↔ j2i transition. Γ22 and Γ33 are
decay rates of excited levels j2i and j3i, respectively, to ground
level j1i.
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enhanced by the constructive interference between the
transition processes in different atoms. The collective
amplification of the forward-scattered beat signal allows
us to observe vacuum-induced quantum beats and serves as
an experimental proof of collective effects in quantum
beats. Such collective enhancement may also be used to
amplify small signals that are otherwise unobservable.
Model.—Let us consider a system of three-level V-type

85Rb atoms, with the ground level j1i ¼ j5S1=2; F ¼ 3i and
the two excited levels j2i ¼ j5P3=2; F0 ¼ 4i and j3i ¼
j5P3=2; F0 ¼ 3i [see Fig. 1(b)]. The frequency difference
between the excited levels is ω23 ¼ 2π · 121 MHz, and the
optical transition wavelength between the ground and the
excited levels is λ ¼ 780 nm. We observe the forward
scattering, where the phase factor of the field from
propagation within the atomic cloud is exactly compen-
sated for by the phases of the atomic dipoles initially
induced by the drive [12]. The damping rate of atomic
levels originating from second-order coupling between jji
and jli is

Γjl ¼
d⃗j1 · d⃗l1ω3

j1

3πε0ℏc3
;

where d⃗j1 andωj1 are the transition dipole moments and the
transition frequency between jji and j1i, respectively. Note
that Γ23 represents the cross-damping rate between the
excited states [11], whereas Γ22 and Γ33 describe the normal
decay of the excited states. Assuming that all the transition
dipole moments are real and parallel to each other,
Γ23 ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffi

Γ22Γ33

p
. In our system, Γ22 ¼ 2π · 6.1 MHz is the

single-atom decay rate of the 5P3=2 level and Γ33 ¼
ð5=9ÞΓ22 because j3i decays to j1i only fractionally with
the branching ratio of 5=9 [15].
The atoms are initialized in a symmetric state with a

shared single excitation in j2i. After a sudden turn-off of
the drive field, the atomic ensemble starts to decay due to its
interaction with the vacuum field modes, which couple the
excited levels to reveal quantum beating. We analytically
solve the atomic and field dynamics using the Wigner-
Weisskopf theory in the experimental regime where the
excited atomic levels are well separated from each other

(ΓðNÞ
jl ≪ ω23) [16] to find the intensity of light emitted from

the ensemble as (see Supplemental Material [17])

IðtÞ
I0

¼ e−Γ
ðNÞ
22

t þ Ibe−Γ
ðNÞ
avg t sin ðω23tþ ϕÞ; ð1Þ

where we have defined the total collective decay rate as

ΓðNÞ
jl ≡ ð1þ NfÞΓjl, with f corresponding to the angular

emission factor into the forward-scattered modes and N
corresponding to the effective number of atoms emitting
collectively [18]. We have assumed here that the atoms emit

collectively in the forward direction as a result of the phase
coherence due to the timed-Dicke state, whereas the
emission in the remainder of the modes is independent.

ΓðNÞ
avg ≡ ðΓðNÞ

22 þ ΓðNÞ
33 Þ=2 is the average decay rate of excited

levels, the beat contrast is defined as

Ib ¼
ðΓðNÞ

23 Þ2

ω23Γ
ðNÞ
22

≈
5

9

ΓðNÞ
22

ω23

; ð2Þ

and the beat phase is defined as

ϕ ¼ arctan

�

ΓðNÞ
22

ω23

�

: ð3Þ

The first term of Eq. (1) represents the collective decay
from j2i, with a cooperatively enhanced amplitude and
decay rate relative to a single atom. The second term
accounts for the small but non-negligible beat that decays

away with an enhanced average rate of ΓðNÞ
avg . This result

shows that vacuum-induced quantum beats in the absence
of an initial superposition of excited atomic levels can
exhibit collective effects, generalizing the single-atom
quantum trajectory prediction in [11]. From Eq. (2), we
observe that the collective nature of the quantum beat
originates from the virtual coupling between the excited
levels as indicated by the cross-damping term Γ23.
Experiment.—Figure 1(a) shows the schematic of the

experiment. A cold atomic cloud of ∼108 85Rb atoms is
produced by a magneto-optical trap (MOT) with Gaussian-
shaped atomic density distribution having a 1=e diameter of
∼2 mm. The ensemble satisfies the dilute regime, ρλ3 ≪ 1,
where ρ is the spatial atomic density, meaning that the
separation between atoms is much larger than the photon
wavelength. An excitation beam with a 1=e2 diameter of
1.6 mm is overlapped with the cloud whose transmitted
light is collected by a single-mode (SM) fiber 0.6 m away in
the forward direction.
For the observation of the spontaneous emission, the

MOT lasers are turned off for 200 μs, during which atoms
initialized in j1i are illuminated by a train of excitation
pulses that resonantly drive the j1i ↔ j2i transition. The
peak intensity of the excitation beam is ∼6 × 108 times
smaller than the saturation intensity of Is ¼ 3.9 mW=cm2

of the transition [15], delivering less than one photon per
pulse on average, and ensuring that the system is well
within the single-excitation regime. Each excitation pulse is
turned on (off) for 200 ns (800 ns) with> 30 dB extinction
and a 3.5 ns fall time controlled by two fibered Mach-
Zehnder intensity modulators (EOSPACE AZ-0K5-10-
PFA-PFA-780) in series.
After the driving field is switched off, spontaneously

emitted photons coupled to the SM fiber are counted by an
avalanche photodiode and histogrammed by time tagging
them with 0.5 ns resolution. By detecting only those

PHYSICAL REVIEW LETTERS 127, 073604 (2021)
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photons coupled to the SM fiber, we effectively filter out
incoherent fluorescence, owing to the small collection
solid angle (≈6 × 10−6 sr). The atomic velocity of v ≈
120 nm=μs corresponding to the Doppler temperature of
TD ≈ 150 μK gives negligible motion compared to the
optical wavelength (780 nm) within the timescale of the

emission process (1=ΓðNÞ
22 ≤ 26 ns). After the repetition of

200 pulses within 200 μs, the MOT lasers are turned back
on to recover and maintain the atomic cloud for 1.8 ms
before a new measurement cycle begins, repeating the
whole sequence every 2 ms. For typical histogrammed data,
we run the sequence continuously for 30 min, comprising
2 × 108 excitation pulses.
Examples of histogrammed photon counts are shown in

Fig. 2(a), where IðtÞ represents the intensity of the forward-
scattered light normalized to the incident intensity. The
atomic samples are almost transparent at the sharp switch-
on edge of the excitation pulse due to its broad spectral
components, but the transmission soon decays to a steady-
state value Ts, which we use to calculate the optical
depth (OD ¼ − lnTs). We vary the OD of the MOT cloud
between 0 and 5 by adjusting the injection current running
through the rubidium dispensers (SAES Getters RB/NF/7/
25) between 3.5 and 6.5 A to increase atomic background
pressure. The steady-state transmission Ts results from the
destructive interference between the driving field and the
field coherently radiated (with π-phase shift) in the forward
direction by the atomic dipoles. When the driving field is
switched off, only the atomic radiation field remains in the
forward direction, resulting in a sudden intensity jump
(“flash”), which has been intensively investigated in
previous studies [19–21]. The flash peak intensity, which

is proportional to the OD before it saturates at OD ≈ 4,
represents the intensity I0 of the overall decay as in Eq. (1).
The decay profiles after the flash peak are magnified in

Fig. 2(b) for detailed analysis. Each curve is normalized to
the exponential decay amplitude I0 [see Eq. (1)], and so the
enhanced decay rates and the beat contrast for different
ODs can be easily compared. For comparison, the single-
atom decay curve of IðtÞ ¼ e−Γ22t with no collective
enhancement is also shown (black dashed line). We first
note that a higher OD results in an enhanced decay rate,
demonstrating the collective nature of the emission process.
The quantum beat signal is apparent as a sinusoidal modu-
lation of the exponential decay. To verify the frequency of
the observed beat signal, we first remove the exponential
decay profile from the data and then fast-Fourier transform
(FFT) the residual. The FFT results (see inset) confirm that
the observed beat frequency is ω23, as expected. This
illustrates the occurrence of quantum beats in the absence
of an initial superposition between the excited levels.
The solid curves overlaid with the experimental data in

Fig. 2(b) represent the fitting of Eq. (1) with Ib, Γ
ðNÞ
22 , and ϕ

as fitting parameters, showing excellent agreement between
the analytical prediction and the observed emission dynam-
ics. To preclude the possibility of exciting additional
population in levels j2i and j3i due to the off-resonant
Fourier components of the drive intensity, we numerically
simulate the atomic dynamics via the optical Bloch
equations (OBEs) by considering a realistic model for
the laser dynamics with a 3.5 ns turn-on edge, a 200 ns
drive, and a 3.5 ns turn-off edge (see Supplemental Material
[17]). The emitted intensity curves calculated from the

-300 -200 -100 0 100
0

0.5
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0 10 20 30 40
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0.5

1

0 121 250
0
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(a) (b)

FIG. 2. (a) Examples of the histogrammed photon counts for various optical depths, representing forward-mode intensity, and
normalized to that of excitation pulse. As excitation pulse is abruptly (within ≈3.5 ns) turned off, flash of photon emission occurs with
peak intensity close to I0. (b) Zoomed-in view of decay profiles after flash peak for analysis. Intensity of each curve further normalized
to exponential decay amplitude I0 [≈ flash peak size shown in Fig. 2(a)]. Error bars represent shot-noise limit of photon counts. Overlaid
solid lines fit data using Eq. (1), whose results are displayed in Fig. 3 for entire OD range of experiment. Black dashed line represents
single-atom decay curve IðtÞ ¼ e−Γ22t (Γ22 ¼ 2π · 6.1 MHz) without considering collective effects. In inset, absolute values of fast-
Fourier transforms of beat signals for OD ¼ 0.9 (solid blue), 2.1 (dashed red), and 4.2 (dash-dotted green line) show peaks at splitting
between two excited levels (see Supplemental Material for detail [17]).
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OBE dynamics are indistinguishable from the solid curves
that represent the analytical Wigner-Weisskopf approach
excluding the drive dynamics [Eq. (1)]. We therefore
conclude that the off-resonant Fourier components asso-
ciated with the turn-on and turn-off edges are sufficiently
small that they do not cause an appreciable difference to the
beat dynamics.
The data fitting of Eq. (1), the examples of which are

presented in Fig. 2(b), is extended to the full experimental
range of ODs between 0 and 5 as presented in Fig. 3. In the
inset, the linear dependence of the enhancement factor

ΓðNÞ
22 =Γ22 on the OD displays the collective nature of the

emission process, which is in agreement with the super-
radiant behavior [13,18,22–25]. The blue solid line fitting

the data provides a linear relation ΓðNÞ
22 =Γ22¼1.0ð1Þ·ODþ

1.4ð4Þ, showing a qualitative agreement with the previous
studies [26]. The beat contrast Ib is plotted as a function of

ΓðNÞ
22 =Γ22 in Fig. 3(a). The blue shaded region represents the

one-sigma confidence band of the linear fit to the data,
displaying the amplification of the quantum beat due to the
increasing number of cooperative atoms. The red solid line
plotting Eq. (2) is in good agreement with the data,
confirming the validity of our model.
The measured beat phase ϕ is displayed in Fig. 3(b) and

fit to

ϕ ¼ arctan

�

η ·
ΓðNÞ
22

Γ22

�

þ ϕ0: ð4Þ

The fitted value of ϕ0 ¼ 0.17 is presumably due to the
transient intensity of the driving field during the switch-off
time. From the fit, η ¼ 1.5ð3Þ × 10−1 is almost three times
larger than its expected value of Γ22=ω23 ¼ 5.0 × 10−2 [see

Eq. (3)]. We note that nonequilibrium dynamics during the
switch-off time can produce an additional OD-dependent
phase delay, potentially resulting in a larger η value than
expected, which is not captured by our current model. Such
an additional phase can be used to characterize the non-
equilibrium dynamics of emission during the transient time,
the study of which is left to future work.
Discussion.—We have demonstrated collective quantum

beats in a spontaneous emission process without an initial
superposition of the excited levels in a three-level atomic
system. The collective nature of the forward emission
results in an enhanced coupling between the excited levels,
which is manifested in cooperatively amplified quantum
beats. We observe that the enhancement factor ΓðNÞ

22 =Γ22 for
the collective decay rate increases with the atomic OD. The

beat contrast also scales with ΓðNÞ
22 =Γ22, in agreement with

our theoretical prediction. It signifies a combination of two
different quantum interference phenomena featuring inter-
play between multilevel atomic structure and multiatom
collective effects, which have been the focus of many
theoretical studies [27–29].
The collective enhancement of quantum beats can be a

valuable tool in precision spectroscopy by enhancing beat
amplitudes in systems with small signals. It can also be
utilized as a source of strongly correlated photons. For
example, previous works have illustrated that a system of
three-level V-type atoms in an interferometric setup,
as in the case of a “quantum beat laser” [30,31], can
exhibit strong correlations in the two-frequency emission
[32,33]. It has been suggested as a means of generating or
amplifying entanglement in the radiated field modes
[34,35]. These proposed schemes rely on the coherence
between the excited atomic levels, therefore requiring a
strong classical drive to induce such coherences.

1 2 3 4 5 6 7
0

0.1

0.2

(a) (b)

0 5
0

7

1 2 3 4 5 6 7
0

0.2

0.4

0.6

0.8

1

FIG. 3. (a) Beat contrast Ib plotted as function of Γ
ðNÞ
22 =Γ22 for various ODs. Plotted error bars represent one-sigma confidence interval

of fitting to modulated decay curves. Shaded region displays one-sigma confidence band of linear fit to data. Red solid line is theory

curve plotting Eq. (2). Inset shows linear dependence of ΓðNÞ
22 =Γ22 on OD. (b) Beat phase ϕ subtracted by common offset ϕ0 presented.

Shaded region represents one-sigma confidence band of fitting of Eq. (4) to data.
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Vacuum-induced collective quantum beats can circum-
vent the need for a classical drive, thereby avoiding
additional noise, while facilitating a collective signal
enhancement.
Our study of collective quantum effects can be readily

combined with waveguide optics to study interactions
between distant atomic ensembles [36–42]. Recent studies
have shown that such delocalized collective states can
exhibit surprisingly rich non-Markovian dynamics [43–50].
A challenge in observing such exotic dynamics is that the
quantum optical correlation between the multiple emitters
is highly sensitive to the position of individual atoms,
requiring subwavelength precision. Replacing the optical
frequency by the beat radio frequency could allow one to
bypass the strict requirements on controlling the atomic
positions. An experimental investigation of collective
effects in non-Markovian regimes with multilevel atomic
ensembles coupled to optical nanofibers is within the scope
of our future works [42].

The supporting data for this Letter are openly available
from D. A. Steck’s Alkali D Line Data suppository [15].
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I. MODEL

We consider a collection of N three-level V-type atoms located at the same position. We label the ground state as
|1〉 and the two excited states as |2〉 and |3〉, and the transition frequency from level j to i as ωij . A weak drive field
which is resonantly tuned to ω21 prepares the atomic system in a timed-Dicke state. As the drive field is turned off,
we detect the photons emitted from the cloud in the forward direction. In the experiment, the atomic cloud has a
finite size, but for theoretical simplicity we can assume it to be point-like ensemble interacting each other through the
vacuum field modes. This is because we are measuring the forward scattering, where any phases of emitted photons
due to the atomic position distribution is exactly compensated by the phases initially imprinted on the atoms by
the drive field [S1]. Additionally, the transitions |1〉 ↔ |2〉 and |1〉 ↔ |3〉 interact with the field effectively with the
same phase considering that the atomic cloud size is much smaller compared to 2πc/ω23. We note that while the
forward-scattered field is collectively enhanced, the decay rate of the atoms arising from interaction with the rest of
the modes is not cooperative [S2].

The atomic Hamiltonian HA and the vacuum field Hamiltonian HF are

HA =
N∑

m=1

∑

j=2,3
~ωj1σ̂+

m,j σ̂
−
m,j ,

HF =
∑

k

~ωkâ†kâk,
(S1)

where σ̂±m,j is the raising/lowering operator acting on mth atom and jth level, â†k and âk are the field cre-
ation/annihilation operators of the corresponding frequency mode ωk, and N refers to the effective number of
atoms acting cooperatively in the forward direction.

First, we prepare the atomic system by a weak drive field. The atom-drive field interaction Hamiltonian is

HAD = −
N∑

m=1

∑

j=2,3
~Ωmj

(
σ̂+
m,je

−iωDt + σ̂−m,je
iωDt

)
. (S2)

Here, ωD is the drive frequency and Ωmj ≡ ~dmj1 · ~εD ED is the Rabi frequency of jth level, where ~dmj1 is the dipole
moment of |j〉 ↔ |1〉 transition of mth atom, ~εD is the polarization unit vector of the drive field, and ED is the electric
field of the drive field. Given that the atomic ensemble is driven with the common field in our experiment, we will
assume that the atomic dipoles are aligned with the drive and each other. We can thus omit the atomic labels to
write Ωj .

The interaction Hamiltonian describing the atom-vacuum field interaction, under the rotating wave approximation,
is given as

HAV = −
N∑

m=1

∑

j=2,3

∑

k

~gm,j(ωk)
(
σ̂+
m,j âk + σ̂−m,j â

†
k

)
. (S3)

Here, the atom-field coupling strength gm,j(ωk) ≡ ~dmj1 ·~εk
√

ωk

2~ε0V
, where ~εk is the polarization unit vector of the field

mode, ε0 is the vacuum permittivity, and V is the field mode volume. As justified previously, the atomic dipoles are
aligned to each other and we write gj(ωk). Also, note that the sum over k only refers to the forward-scattered modes.
The spontaneous emission arising from the rest of the modes is to be considered separately later.

∗ kanu@princeton.edu
† rolston@umd.edu
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FIG. S1. The drive field intensity (red circles) at turn-on and turn-off edges simulated as a truncated cos4 (π
2
t−t0
τ

)
function

(red solid line). We assume the initial time for the turn-on and turn-off edges at t0 = −204 ns and t0 = −4 ns, respectively,
and the fall-time to be τ = 3.5 ns. While the intensity of the drive field turns off mostly within ≈ 3.5 ns, the data is analyzed
after an additional 0.5-ns to further remove the residual drive intensity and the transient effect from our measurement, which
sets t = 0 as shown in Fig. 2 (b).

II. DRIVEN DYNAMICS

We consider here the driven dynamics of the atoms. Moving to the rotating frame with respect to the drive
frequency, and tracing out the vacuum field modes, we can write the following Born-Markov master equation for the
atomic density matrix:

dρ̂A
dt

= − i
~

[
ĤA + ĤAD, ρ̂A

]
−

N∑

m,n=1

∑

i,j=2,3

Γ(D)
ij,mn

2
[
ρ̂Aσ̂

+
m,iσ̂

−
n,j + σ̂+

m,iσ̂
−
n,j ρ̂A − 2σ̂−n,j ρ̂Aσ̂+

m,i

]
, (S4)

where ĤA = −∑N
m=1

∑
j=2,3 ~∆j σ̂

+
m,j σ̂

−
m,j is the free atomic Hamiltonian and ĤAD = −∑N

m=1
∑
j=2,3 ~Ωmj

(
σ̂+
m,j + σ̂−m,j

)

is the atom-drive interaction Hamiltonian in the rotating frame, with ∆j ≡ ωj1 − ωD. The driven damping rates are
defined as Γ(D)

ij,mn ≡
~dm

i1·~dn
j1ω

3
D

3πε0~c3 , with the indices i, j referring to the atomic levels, and m,n to different atoms.

Using the above master equation, one can obtain the following optical Bloch equations (OBEs) for the case of a



3

single atom:

∂tρ33 = iΩ3(ρ13 − ρ31)− Γ(D)
33 ρ33 −

Γ(D)
23
2 ρ23 −

Γ(D)
23
2 ρ32 (S5a)

∂tρ22 = iΩ2(ρ12 − ρ21)− Γ(D)
22 ρ22 −

Γ(D)
23
2 ρ23 −

Γ(D)
23
2 ρ32 (S5b)

∂tρ11 = −iΩ3(ρ13 − ρ31)− iΩ2(ρ12 − ρ21) + Γ(D)
33 ρ33 + Γ(D)

22 ρ22 + Γ(D)
23 (ρ23 + ρ32) (S5c)

∂tρ31 = −iΩ2ρ32 − iΩ3(ρ33 − ρ11)−
(

Γ(D)
33
2 − i∆3

)
ρ31 −

Γ(D)
23
2 ρ21 (S5d)

∂tρ13 = iΩ2ρ23 + iΩ3(ρ33 − ρ11)−
(

Γ(D)
33
2 + i∆3

)
ρ13 −

Γ(D)
23
2 ρ12 (S5e)

∂tρ21 = −iΩ3ρ23 − iΩ2(ρ22 − ρ11)−
(

Γ(D)
22
2 − i∆2

)
ρ21 −

Γ(D)
23
2 ρ31 (S5f)

∂tρ12 = iΩ3ρ32 + iΩ2(ρ22 − ρ11)−
(

Γ(D)
22
2 + i∆2

)
ρ12 −

Γ(D)
23
2 ρ13 (S5g)

∂tρ32 = −iΩ2ρ31 + iΩ3ρ12 −
(

Γ(D)
22 + Γ(D)

33
2 − iω23

)
ρ32 −

Γ(D)
23
2 (ρ22 + ρ33) (S5h)

∂tρ23 = iΩ2ρ13 − iΩ3ρ21 −
(

Γ(D)
22 + Γ(D)

33
2 + iω23

)
ρ23 −

Γ(D)
23
2 (ρ22 + ρ33) , (S5i)

where we have defined the single atom driven damping rate as Γ(D)
ij ≡

~di1·~dj1ω
3
D

3πε0~c3 .
Numerically solving Eq. (S5a)–Eq. (S5i) along with the normalization condition ρ33+ρ22+ρ11 = 1 gives us the steady

state density matrix ρS for the atom. Substituting our experimental parameters, we get the populations: ρS,33 ≈ 0,
ρS,22 ≈ 10−10, and ρS,11 ≈ 1. The absolute value of the coherences are: |ρS,23| ≈ 0, |ρS,21| ≈ 10−5, and |ρS,31| ≈ 0.
These estimates are made assuming the collective enhancement of the damping rate to be Γ(D)

ij (N)/Γ(D)
ij ≈ 1−10 and

the collective Rabi frequency to be Ωj(N) ≈
√
NΩj . Thus we can conclude that the atomic ensemble is well within

the single excitation regime in |2〉.
To preclude the possibility of exciting additional population in the levels |2〉 and |3〉 during laser turn-off due to off-

resonant Fourier components, we numerically simulate the OBEs to find the atomic density matrix evolution, modeling
the laser turn-off shape as a truncated cos4 function (see Fig. S1) and varying the Rabi frequency accordingly. Fig.
S2 shows a comparison of the three different cases:

I. OBE : We simulate the atomic dynamics via the OBEs for (i) 3.5 ns laser turn-on edge, (ii) 200 ns laser drive,
(iii) 3.5 ns laser turn-off edge, and (iv) 60 ns after laser turn-off, modeling the laser turn-on and turn-off with a
truncated cos4 function as shown in Fig. S1. The atoms are assumed to be initially in the ground state before
the drive is turned on.

II. Wigner-Weisskopf (WW) approach: We calculate the atomic density matrix dynamics analytically starting after
the laser turn-off, and assuming an initial state to be a collective state with a shared single excitation in level
|2〉 (see Section III for details).

III. OBE, Γ23 → 0: This corresponds to the OBE dynamics with the drive and initial atomic state as in case I,
except we ignore the vacuum-induced coupling between the excited levels, assuming Γ23 → 0.

We see that the atomic dynamics for cases I and II behave similarly, illustrating that the approximate model of
the dynamics excluding the drive turn-on and turn-off edges gives correct atomic dynamics up to an initial time
displacement. This shows that the off-resonant Fourier components associated with the turn-on and turn-off edges
are sufficiently small such that they do not cause an appreciable difference to the beat dynamics. On the other hand,
we also observe that the atomic dynamics in the absence of vacuum-induced coupling (case III) differs from the other
two cases, demonstrating that the vacuum-induced coupling is indeed responsible for the beat dynamics. This is
explicit in the dynamics as shown in Fig. S2.
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FIG. S2. Atomic populations (a) ρ22 and (b) ρ33 during and after the drive turn-off. Green solid curves correspond to the
atomic dynamics obtained from the OBEs including the laser turn-on, the 200-ns drive and finite-time turn-off edge (case I).
Red solid curves represent the analytical solution from the Wigner-Weisskopf (WW) approach where the system evolves without
the drive (case II). The black dashed curves represent the dynamics obtained from the OBEs ignoring the vacuum-induced
coupling between the excited levels (Γ23 → 0) (case III). The horizontal axis for the red solid curves (case II) is adjusted with
respect to the green solid (case I) so that the plots overlap in time.

III. QUANTUM BEAT DYNAMICS FROM WIGNER-WEISSKOPF THEORY

As the drive field is turned off, the system evolves with the atom-vacuum field interaction Hamiltonian. Moving to
the interaction representation with respect to HA+HF , we get the interaction Hamiltonian in the interaction picture:

H̃AV = −
N∑

m=1

∑

j=2,3

∑

k

~gj(ωk)
(
σ̂+
m,j âke

i(ωj1−ωk)t + σ̂−m,j â
†
ke
−i(ωj1−ωk)t

)
, (S6)

Initially the system shares one excitation in |2〉 symmetrically, and the EM field is in the vaccum state such that

|Ψ(0)〉 = 1√
N

N∑

m=1
σ̂+
m,2 |11 · · · 1〉 |{0}〉 . (S7)

As the system evolves due to the atom-vacuum field interaction, it remains in the single-excitation manifold of total
atom + field Hilbert space, as one can see from the interaction Hamiltonian (Eq. (S6)):

|Ψ(t)〉 =




N∑

m=1

∑

j=2,3
cm,j(t)σ̂+

m,j +
∑

k

ck(t)â†k


 |11 · · · 1〉 |{0}〉 . (S8)

Now we solve the Schrödinger equation to find the time evolution of the atom + field system under the atom-field
interaction using Eqs.(S8) and (S6) to obtain

∂tcm,j(t) = i
∑

k

gj(ωk)ei(ωj1−ωk)tcωk
(t), (S9a)

∂tcωk
(t) = i

N∑

m=1

∑

j=2,3
gj(ωk)e−i(ωj1−ωk)tcm,j(t). (S9b)

Formally integrating Eq. (S9)(b) and plugging it in Eq. (S9)(a), we have

∂tcm,j(t) = −
∑

k

gj(ωk)ei(ωj1−ωk)t
∫ t

0
dτ

N∑

n=1

∑

l=2,3
gl(ωk)e−i(ωl1−ωk)τ cn,l(τ). (S10)
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We observe that cm,2(t)’s (cm,3(t)’s) have the same initial conditions and the same evolution equation, thus we can
justifiably define c2(t) ≡ cm,2(t) (c3(t) ≡ cm,3(t)).

Assuming a flat spectral density of the field and making the Born-Markov approximation we get

∂tc2(t) = −Γ(N)
22
2 c2(t)− Γ(N)

23
2 eiω23tc3(t), (S11a)

∂tc3(t) = −Γ(N)
33
2 c3(t)− Γ(N)

32
2 e−iω23tc2(t), (S11b)

where we have defined Γ(N)
jl ≡ Γjl+NfΓjl, with Γjl = ~dj1·~dl1ω

3
l1

3πε0~c3 as the generalized decay rate into the quasi-isotropic
modes and NfΓjl as the collective decay rate in the forward direction [S2, S3]. The factor f represents the geometrical
factor coming from restricting the emission to the forward scattered modes. We emphasize here that the emission
into all the modes (not specifically the forward direction) denoted by Γjl is added phenomenologically and is not
collective. Considering that the atomic dipole moments induced by the drive field are oriented along the polarization
of the driving field, we can obtain Γ23 =

√
Γ22Γ33, which can be extended to Γ(N)

23 =
√

Γ(N)
22 Γ(N)

33 .
To solve the coupled differential equations, we take the Laplace transform of Eq. (S11)(a) and (b):

sc̃2(s) = c2(0)− Γ(N)
22
2 c̃2(s)− Γ(N)

23
2 c̃3(s− iω23), (S12a)

sc̃3(s) = c3(0)− Γ(N)
33
2 c̃3(s)− Γ(N)

32
2 c̃2(s+ iω23), (S12b)

where we have defined c̃j(s) ≡
∫∞

0 cj(t)e−std(t) as the Laplace transform of cj (t). Substituting the initial conditions,
we obtain the Laplace coefficients as

c̃2(s) = 1√
N

s+ Γ(N)
33
2 − iω23

s2 + (Γ(N)
avg − iω23)s− iω23

Γ(N)
22
2

, (S13a)

c̃3(s) = − Γ(N)
32

2
√
N

1

s2 + (Γ(N)
avg + iω23)s+ iω23

Γ(N)
33
2

. (S13b)

And the poles of the denominators are, respectively,

s
(2)
± =− Γ(N)

avg

2 + iω23
2 ± iδ

2 , (S14a)

s
(3)
± =− Γ(N)

avg

2 − iω23
2 ± iδ

2 , (S14b)

where we have defined Γ(N)
avg = Γ(N)

33 +Γ(N)
22

2 , Γd = Γ(N)
33 −Γ(N)

22
2 , and δ =

√
ω2

23 −
(

Γ(N)
avg
)2

+ 2iω23Γ(N)
d . The real part

of the above roots corresponds to the collective decay rate of each of the excited states, while the imaginary part
corresponds to the frequencies. The fact that δ is generally a complex number unless Γ22 6= Γ33 means that we will
have modification to both the decay rate and the frequency. To see this more clearly, we can expand δ up to second
order in Γ(N)

jl /ω23, considering we are working in a spectroscopically well-separated regime (Γ(N)
jl � ω23);

δ ≈ ω23


1− 1

2

(
Γ(N)

23
ω23

)2

+ iΓ(N)

d


1 + 1

2

(
Γ(N)

23
ω23

)2

 , (S15)
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the above poles become

s
(2)
+ =− Γ(N)

33
2

(
1 + Γ(N)

d Γ(N)
22

2ω2
23

)
+ iω23


1−

(
Γ(N)

23
2ω23

)2

 , (S16a)

s
(2)
− =− Γ(N)

22
2

(
1− Γ(N)

d Γ(N)
33

2ω2
23

)
+ iω23

(
Γ(N)

23
2ω23

)2

, (S16b)

s
(3)
+ =− Γ(N)

33
2

(
1 + Γ(N)

d Γ(N)
22

2ω2
23

)
− iω23

(
Γ(N)

23
2ω23

)2

(S16c)

s
(3)
− =− Γ(N)

22
2

(
1− Γ(N)

d Γ(N)
33

2ω2
23

)
− iω23


1−

(
Γ(N)

23
2ω23

)2

 . (S16d)

The atomic state coefficients in time domain are

c2(t) = 1
2
√
Nδ

e−Γ(N)
avg t/2eiω23t/2

[
(−iΓ(N)

d − ω23 + δ)eiδt/2 + (iΓ(N)
d + ω23 + δ)e−iδt/2

]
, (S17a)

c3(t) = iΓ(N)
32

2
√
Nδ

e−Γ(N)
avg t/2e−iω23t/2

[
eiδt/2 − e−iδt/2

]
. (S17b)

Again, expanding δ assuming Γ(N)
jl � ω23, we get

c2(t) = 1√
N


e−Γ(N)

22 t/2 −
(

Γ(N)
23

2ω23

)2
δ∗

δ
e−Γ(N)

33 t/2eiω23t


 , (S18a)

c3(t) = − iΓ(N)
23

2
√
Nδ

[
e−Γ(N)

22 t/2e−iω23t − e−Γ(N)
33 t/2

]
. (S18b)

We note from the above that to lowest order in Γ23/ω23 the population in level |3〉 scales roughly as |c3 (t)|2 ∼
(

Γ(N)
23
ω23

)2
.

Note that the collection of N atoms behaves like one “super-atom” which decays with a rate that is N -times that
of an individual atom in the forward direction. We note that the system is not only superradiant with respect to
the transition involving the initially excited level, but also with respect to other transitions as well as a result of
the vacuum-induced coupling between the levels. Most population in |2〉 decays with the decay rate Γ(N)

22 , and small
amount of it decays with Γ(N)

33 and has corresponding level shift ω23. In |3〉 are the equal amount of components
decaying with Γ(N)

22 (and level shifted −ω23) and Γ(N)
33 . The small but nonzero contribution of |3〉 makes beating of

frequency about ω23.

IV. FIELD INTENSITY

The light intensity at position x and time t (assuming the atom is at position x = 0 and it starts to evolve at time
t = 0) is

I(x, t) = ε0c

2 〈Ψ(t)| Ê†(x, t)Ê(x, t) |Ψ(t)〉 , (S19)

where the electric field operator is

Ê(x, t) =
∫ ∞

−∞
dk Ekâkeikxe−iωkt. (S20)

Plugging in the electric field operator and the single-excitation ansatz (Eq. (S8)), we obtain the intensity up to a
constant factor:
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FIG. S3. Beat intensity dynamics for (a) OD = 0.9, (b) OD = 2.1, and (c) OD = 4.2, corresponding to the experimental
data in Fig. 2(b) of main paper. The solid green curve denotes the dynamics obtained from the OBEs including the drive
dynamics, the red dashed curve corresponds to analytical solution obtained from Wigner-Weisskopf approach (Eq. 1 of main
paper), the blue circles represent the experimental data, and the pink region indicates the drive pulse. The inset in (b) further
shows that if we ignore the vacuum-induced coupling in the OBE model (Γ23 → 0), there are no beats, demonstrating that the
vacuum-induced coupling is essential for obtaining the beat dynamics.

I(x, t) = I0N
2
∣∣∣
√

Γ22e
−iω23τ c2(τ) +

√
Γ33c3(τ)

∣∣∣
2

Θ(τ), (S21)

where τ = t− |x/v|.
Substituting Eqs. (S17)(a) and (b) in the above and approximating δ in the regime Γ(N)

jl � ω23, we get

I(τ)
I0

= e−Γ(N)
22 τ + Γ(N)

33

Γ(N)
22

(
Γ(N)

23
2ω23

)2

e−Γ(N)
33 τ +

(
Γ(N)

23

)2

ω23Γ(N)
22

e−Γ(N)
avg τ sin(ω23τ + φ), (S22)

where I0 is a normalization factor which increases as the number of atom increases. Neglecting the small second term
in the right hand side, we get the beat contrast:

Ib ≡

(
Γ(N)

23

)2

ω23Γ(N)
22

, (S23)

and the beat phase φ:

φ = arctan
(

Γ(N)
22
ω23

)
. (S24)

We see that even if there was no population in level 3 in the beginning, the vacuum field builds up a coherence between
level 2 and level 3 to make a quantum beat. This is in line with the quantum trajectory calculation of single atom
case [S4], where the individual decay rates are replaced with collective decay rates. We can verify that the collective
effect manifests in the beat size and the beat phase.

The intensity profile from Eq. S22 for three different OD’s used in the experiment are shown as red dashed lines in
Fig. S3. With appropriate time adjustment the Eq. S22 matches well with the experimental data. For comparison,
the OBE calculation considering the realistic laser dynamics (turn-on, drive for 200 ns, turn-off) is overlaid (green
solid line). The OBE calculation assumes the atoms to be initially in the ground state before the laser is turned
on, and the emitted intensity is obtained as I(t) = − d

dt (ρ22 + ρ33). The inset of (b) shows the decay curve without
vacuum-induced coupling (Γ23 → 0), confirming that the observation of beat is indeed from the vacuum coupling of
excited states.
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V. PRECURSOR DYNAMICS

We analyze the precursor dynamics in Fig. S4. The atoms are initially in an uncorrelated state at the laser turn-on
edge. The collective behavior builds up during the dynamics, as can be seen in Fig. S4, where the beat contrast versus
OD is compared for precursor and flash dynamics. We observe from the slope of the two curves that the flash exhibits
a larger collective enhancement compared to the precursor.

0 1 2 3 4 5 6

0

0.05

0.1

0.15

0.2

FIG. S4. The beat contrast as a function of the optical depth (OD) for the flash and precursor dynamics. Due to the systematic
uncertainty (such as fluctuations in background photon counts) of the individual ODs measured at higher values (see inset of
Fig. 3 (a) of main), the OD-axis in this figure was re-calibrated by the linear-fit of the OD and Γ(N)

22 /Γ22 relation.

VI. DATA ANALYSIS IN FIG. 2 (B)

The modulated decay profiles of the flash after the peak are magnified in Fig. 2 (b). The purpose of the figure is
to visually compare the decay rate and the beat contrast Ib, so we normalize each curve with the exponential decay
amplitude such that the normalized intensity starts to decay from ≈ 1 at t = 0. In practice, we fit the I(t) shown
in Fig. 2 (a) after t = 0 using Eq. 1 to get I0 for each curve, to get I(t)/I0 curves as in Fig. 2 (b). Note that, more
precisely, it is the fitting curve that decays from I(t)/I0 ≈ 1, not the experimental data. In fact, the plotted data
tend to be lower than the fitting curves near t = 0, due to the effect of the transient behavior around the flash peak.

The inset displays the FFT of the beat signal shown in the main figure. We first subtract from I(t)/I0 data the
exponential decay profile the first term of the fitting function Eq. 1 as well as the dc offset. The residual, which is a
sinusoidal oscillation with an exponentially decaying envelope, is the beat signal represented by the second term of
Eq. 1. The FFT of the beat signal has the lower background at ω = 0 due to the pre-removal of the exponential decay
and the offset. The linewidth of each spectrum is limited by the finite lifetime of the beat signal, which corresponds
to Γ(N)

avg as in Eq. 1.
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We analyze the dynamics of quantum beats in a system of two V-type three-level atoms coupled to a
waveguide. We show that quantum beats can be collectively enhanced or suppressed, akin to Dicke super- and
subradiance, depending on the interatomic separation and the initial correlations between the atoms. In particular,
the interference properties of the collective beats are determined by the distance between the atoms modulo the
beat wavelength. We study the collective atomic and field dynamics, illustrating a crossover from a Markovian to
a non-Markovian regime as the atomic separation becomes sufficiently large to bring memory effects of the elec-
tromagnetic environment into consideration. In such a non-Markovian regime, collective quantum beats can be
enhanced beyond the Markovian limit as a result of retardation effects. Our results demonstrate the rich interplay
between multilevel and multiatom quantum interference effects arising in a system of distant quantum emitters.

DOI: 10.1103/PhysRevA.107.013701

I. INTRODUCTION

Quantum beats refer to the quantum interference effect
in the radiation emitted from different excited levels in a
multilevel atomic system [1]. Similar to the well-known
phenomenon of collective atomic spontaneous emission [2],
quantum beats can exhibit cooperative effects when consid-
ering the fluorescence from a collection of multilevel atoms
as demonstrated theoretically [3] and experimentally [4]. Col-
lective effects can thus be a tool for enhancing quantum
beats, relevant to improving the sensitivity of precision time-
resolved spectroscopy methods [5].

Collective atom-field interactions have been historically
explored in systems where atoms are confined within small
volumes compared to the resonant wavelengths [6–10]. How-
ever, waveguides allow for the realization of cooperative
effects between distant emitters, which has been a subject
of significant interest in recent theoretical and experimental
works [11–22]. In such cases, the radiation emitted from a
pair of emitters that are prepared in a symmetric initial state is
super(sub)radiant for an interatomic separation that is a (half-
)integer multiple of the resonant transition wavelength. Thus
the atomic separation (d ) modulo the resonant wavelength is
crucial in determining the collective emission properties of a
system. The interference can thus be engineered in ordered
atomic arrays to exhibit strong collective phenomena creat-
ing nearly perfect mirrors [23–25] and facilitating quantum
metrology [26,27] and quantum memory [13,28].

In this paper, we study the collective quantum beat dy-
namics of distant multilevel emitters coupled to a waveguide.
In such a case, the collective dynamics involves multiple
transition frequencies and exhibits even richer interference be-
havior. We find that at larger length scale the beat wavelength

*alee1206@umd.edu

λbeat ≡ 2πv/ωbeat (ωbeat being the beat frequency and v being
the speed of light in the waveguide) becomes relevant in deter-
mining the phase relations between the radiation emitted from
different transitions. For a pair of distant multilevel atoms that
are prepared in a symmetric initial state with respect to one of
the transitions, we show that the resulting quantum beats can
be enhanced (suppressed) for an interatomic separation that is
a (half-)integer multiple of the beat wavelength, similar to the
dependence of Dicke super- and subradiance on the atomic
separation modulo the resonant wavelength.

Furthermore, we investigate the regime where the in-
teratomic separation becomes comparable to the coherence
length defined as Lc = v/�, where � is the characteris-
tic spontaneous emission rate for individual atoms. It has
been shown that in such a case the system exhibits rich
retardation-induced non-Markovian dynamics, with features
such as collective spontaneous emission rates exceeding those
of Dicke superradiance [29–32] and formation of highly de-
localized atom-photon bound states [32–36]. Increasing the
atomic separation to regimes where the retardation effects
become relevant, we illustrate a crossover from a Markovian
to a non-Markovian dynamics of collective quantum beats.

The paper is organized as follows. We present the model
for the system of two V-type three level atoms coupled to
a waveguide in Sec. II. Section III analyzes the collective
quantum beat dynamics for the atomic and field degrees of
freedom. In Sec. IV, we describe the distance dependence of
collective quantum beat dynamics. We discuss the conclusions
and outlook of the paper in Sec. V.

II. MODEL

We consider two three-level V-type atoms coupled through
a one-dimensional waveguide, as shown in the schematic
Fig. 1. The ground state is labeled as |1〉 and the two excited

2469-9926/2023/107(1)/013701(12) 013701-1 ©2023 American Physical Society
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FIG. 1. Schematic representation of two three-level atoms, de-
noted by A and B, coupled to a waveguide. We consider that each
atom has a V-type level structure, with the ground state denoted by
|1〉 and the two excited states denoted by |2〉 and |3〉, with decay rates
�22 and �33, respectively. The detuning between levels |2〉 and |3〉
is ω23. We consider different regimes of the interatomic separation
d such that (1) d ∼ λbeat � Lc and (2) λbeat � d ∼ Lc, with λbeat =
2πv/ω23 as the beat wavelength and Lc = v/�22 as the coherence
length, with v as the speed of the EM field in the waveguide.

levels are |2〉 and |3〉. The frequency difference between levels
i and j is denoted as ωi j . The positions of the two atoms are
denoted by xA = −d/2 and xB = d/2.

We can write the total Hamiltonian of the system as H =
H0 + HAF , where H0 is the free Hamiltonian and HAF rep-
resents the atom-field interaction. The free Hamiltonian is
defined as

H0 =
∑

m=A,B

∑
j=2,3

h̄ω j1σ̂
+
m, j σ̂

−
m, j

+
∑

k

h̄ωk
[
â†

R,k âR,k + â†
L,kâL,k

]
. (1)

The first term corresponds to the atomic Hamiltonian where
σ̂±

m, j are the atomic raising and lowering operators acting on
the jth level of atom m. The second term is the Hamiltonian
for the electromagnetic (EM) field where the creation and
annihilation operators â(†)

R,k and â(†)
L,k correspond to the right

and left propagating field modes with frequency ωk along
the waveguide, respectively. Moving to the interaction picture
with respect to H0, the atom-field interaction Hamiltonian
H̃AF ≡ eiH0t/h̄HAF e−iH0t/h̄ is given by

H̃AF = −
∑

m=A,B

∑
j=2,3

∑
k

h̄gm, j (ωk )
{
σ̂+

m, j

[
âR,keikxm

+ âL,ke−ikxm
]
ei(ω j1−ωk )t + H.c.

}
(2)

where we have employed the rotating-wave approximation.
We remark that the waveguide enables the interaction between
two distant atoms via a common set of guided modes, without
the ≈1/r3 reduction of interaction strength as in free space.
We further assume that the atom-field coupling strengths
for the two atoms are equal such that gA, j (ωk ) = gB, j (ωk ) ≡
g j (ωk ).

We consider a system where the two atoms initially share a
single excitation in level 2 and the EM field is in the vacuum
state:

|�(0)〉 = (
cos θ |2〉A|1〉B + eiφ sin θ |1〉A|2〉B

)⊗ |{0}〉. (3)

We remark that even in the absence of an initial superposition
of the levels 2 and 3 there is a second-order coupling between
the excited levels due to the emission and absorption of virtual
photons. Such a second-order coupling allows for the pos-
sibility of the initially unpopulated excited level |3〉 to emit
simultaneously with level |2〉, resulting in vacuum-induced
quantum beats [37], as was recently demonstrated experi-
mentally in [4]. Furthermore, the above initial state readily
extends to the more general initial state in the single excitation
manifold where a single excitation is shared among any of the
excited states and any of the two atoms.

Observing that the interaction Hamiltonian preserves the
number of excitations in the atom-field system, we make the
following ansatz for the time-evolved state:

|�(t )〉 =
⎡
⎣ ∑

m=A,B

∑
j=2,3

cm, j (t )σ̂+
m, j +

∑
k

{
cR(ωk, t )â†

R,k

+cL(ωk, t )â†
L,k

}⎤⎦|1〉A|1〉B|{0}〉. (4)

cm, j (t ) denotes the excitation amplitude for the mth atom in
the jth level and cR(L)(ωk, t ) stands for the excitation ampli-
tude for the right (left) propagating field mode of frequency
ωk .

III. COLLECTIVE QUANTUM BEAT DYNAMICS

A. Equations of motion

From the interaction Hamiltonian and the single-excitation
ansatz for the total system state [Eqs. (2) and (4)], we obtain
the equations of motion for the atomic and field excitation
amplitudes as follows:

∂t cm, j (t ) = i
∑

k

g j (ωk )ei(ω j1−ωk )t

× [
cR(ωk, t )eikxm + cL(ωk, t )e−ikxm

]
, (5)

∂t cR(ωk, t ) = i
∑

m=A,B

∑
j=2,3

g j (ωk )e−i(ω j1−ωk )t cm, j (t )e−ikxm ,

(6)

∂t cL(ωk, t ) = i
∑

m=A,B

∑
j=2,3

g j (ωk )e−i(ω j1−ωk )t cm, j (t )eikxm . (7)

One can solve for the atomic dynamics by tracing out the
field modes assuming a flat spectral density of the EM field
such that g j (ωk ) ≈ g j (ω j1) ≡ g j to obtain

∂t cm, j (t ) = −
∑
l=2,3

� jl

2
eiω jl t cm,l (t )

−
∑
l=2,3

η� jl

2
eiω jl t eiωl1

d
v cn,l

(
t − d

v

)
�

(
t − d

v

)
,

(8)

where the atomic indices n and m are not equal and the
generalized decay rate � jl is defined as

� jl = d j1dl1ω
3
jl

3πε0hv3
, (9)

013701-2
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FIG. 2. Schematic representation of the interference between ra-
diation emitted from different atomic transitions for propagation
distances of d = λbeat/2 and λbeat . The two field modes at different
frequencies are in phase right after being emitted and gradually
become out of phase as they travel through the waveguide. For a
propagation distance of half the beat wavelength, the two modes
are exactly out of phase with each other; for a propagation distance
equal to the beat wavelength, they become in phase again. Thus,
the interatomic distance modulo the beat wavelength determines
the interference properties of the radiation emitted from the two
transitions.

assuming the transition dipole moments are parallel to each
other. We remark that we phenomenologically added the cou-
pling efficiency η ≡ �1D/�tot, where �1D is the decay rate
to the waveguide and �tot is the total decay rate, in order to
account for the decay to the other channels such as free space.
The underlying assumption is that spatially separated atoms
only interact via guided modes.

One can identify the various processes that contribute to
the total collective quantum beat dynamics from Eq. (8) as
follows: (1) individual atomic spontaneous emission, corre-
sponding to the terms involving the same atom and same
excited level (n = m, j = l); (2) individual atomic quantum
beats, corresponding to the terms involving the same atom
and different excited levels (n = m, j �= l); (3) collective
spontaneous emission, corresponding to the terms with dif-
ferent atoms and same excited levels (n �= m, j = l); and (4)
collective emission of quantum beats, represented by the in-
terference terms between different atoms and different excited
levels (n �= m, j �= l).

The collective atomic and field dynamics is obtained as
a combination of the above four processes, exhibiting a rich
interplay between different length scales. For example, for a
symmetric initial state, (1) when d is a (half-)integer multiple
of the transition wavelength λ j1, the photons emitted by the
two distant atoms from the respective transitions (| j〉 ↔ |1〉)
are in (out of) phase, and (2) when d is a (half-)integer
multiple of the beat wavelength λbeat, the two photons of
wavelengths λ21 and λ31 become in (out of) phase at the
position of the other atom, as illustrated in Fig. 2.

Furthermore, non-Markovian retardation effects become
prominent as the atomic separation becomes comparable to
the coherence length of the photons emitted from the atoms.
The Markov approximation assumes that the bath correlations
decay on a much faster timescale compared to the system
relaxation, thus the system evolution only depends on its

instantaneous state. In a regime where d � Lc, the timescale
over which the EM field interacts with the delocalized sys-
tem (τB ∼ d/v) becomes comparable to the system relaxation
timescale (τR ≈ 1/� j j). Thus, as d/v � 1/� j j , or τB/τR � 1,
it becomes pertinent to include the retardation effects in the
EM field mediating the interaction between the two atoms,
making the system non-Markovian [32].

B. Atomic dynamics

An arbitrary initial state with a shared single excitation
between the two atoms in level |2〉 [Eq. (3)] can be always
decomposed into symmetric(|ψ+〉) and antisymmetric(|ψ−〉)
states:

|ψ±〉 = 1√
2

(|2〉A|1〉B ± |1〉A|2〉B). (10)

Thus, we will limit our investigation to the initial states |ψ±〉.
For completeness, the description of a general initial-state
case is given in Appendix A.

The time-evolved excitation amplitudes for the two atoms
follow the symmetry of the initial state, such that

c(±)
A, j (t ) = ±c(±)

B, j (t ), (11)

where the superscripts +(−) correspond to the
(anti)symmetric initial states |ψ±〉. Importantly, we note
that the symmetry of the atomic state with respect to both
the |3〉 ↔ |1〉 and the |2〉 ↔ |1〉 transitions is the same as the
initial symmetry for the |2〉 ↔ |1〉 transition throughout the
dynamics.

To simplify the notation, we will drop the atomic labels
m, i.e., c(±)

A, j (t ) ≡ c(±)
j (t ), and focus on the evolution of atom

A. From solving the coupled atomic dynamical equations of
motion in Eq. (8) by taking a Laplace transform, one ob-
tains the atomic dynamics as the sum of various modes (see
Appendix A for details):

c(±)
2 (t ) =

∞∑
n=−∞

α(±)
n es(±)

n t , (12)

c(±)
3 (t ) =

∞∑
n=−∞

β (±)
n e(s(±)

n −iω23 )t . (13)

The coefficients s(±)
n and s(±)

n − iω23 denote the characteristic
complex eigenfrequencies of the amplitude dynamics for the
levels 2 and 3, respectively, and are defined as the poles of the
propagator G(±)(s):

G(±)(s) ≡
[(

s − iω23 + �33

2
± η

�33

2
eiφ2 e− d

v
s

)

×
(

s + �22

2
± η

�22

2
eiφ2 e− d

v
s

)

−�23�32

4

(
1 ± ηeiφ2 e− d

v
s
)2
]−1

. (14)

Here, φ2 = ω21d/v is the propagation phases for the res-
onant transition frequency ω21. In general, the propagator
above has an infinite number of poles, and it is difficult to
express the corresponding eigenfrequencies in a closed-form
analytical solution. We therefore obtain s(±)

n numerically for
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a finite number of poles of the propagator G(±)(s(±)
n ) with

n ∈ {−N, . . . , N}.
The corresponding coefficients α(±)

n and β (±)
n for the nth

eigenfrequency are

α(±)
n = 1√

2
lim
s→sn

s − iω23 + �33
2 ± η�33

2 eiφ2 e− d
v

s

∂s
{
[G(±)(s)]−1} , (15)

β (±)
n = − �32

2
√

2
lim
s→sn

(
1 ± ηeiφ2 e− d

v
s
)

∂s
{
[G(±)(s)]−1} . (16)

In the limit where atoms are colocated, the eigenfrequen-
cies given by the poles of the propagator [Eq. (14)] can be
solved analytically, and the atomic dynamics corresponds to
simple collective quantum beat dynamics without delay. We
remark that when the atoms are colocated different atoms
may interact via the free space as well as the guided field
modes, thus the effective coupling efficiency for this specific
case should be set to 1. Generally, when the atoms are close
enough so that they may interact through the free space
mode, the coupling efficiency should change accordingly.
For the symmetric initial state, this yields two solutions:

s(+) = {−�22+�33
2 + i ω23+δ

2 ,−�22+�33
2 + i ω23−δ

2 } where

δ = [ω23
2 − (�22 + �33)2 − 2iω23(�22 − �33)]

1
2 . In the

regime where the excited levels are well separated ( �i j

ω23
� 1),

the atomic dynamics can be simplified as follows:

c(+)
2 (t ) = 1√

2

[
e−�22t −

(
�32�23

ω23
2

)
e−�33t eiω23t

]
, (17)

c(+)
3 (t ) = i�32√

2ω23

[
e−�33t − e−�22t e−iω23t

]
. (18)

The dynamics of the amplitude of level 2 is dominated by the
collective decay at a rate �22, overlaid with a beating term
with an amplitude �32�23/ω

2
23 � 1. The initial population in

level 3 being zero, the excitations in level 3 arise exclusively
from a second-order vacuum-induced coupling between level
2 and level 3. Thus, the decay and the beat terms in c3(t ) have
the same amplitude.

For the antisymmetric initial state in the zero-distance case
we obtain the complex eigenfrequencies as s(−) = {0, iω23},
without any real component or decay. Thus, the system
remains in the subradiant state with no evolution of the cor-
responding atomic coefficients: c(−)

2 (t ) = 1√
2
, c(−)

3 (t ) = 0.

C. Field dynamics

While the atomic dynamics provides physical intuition, it cannot be measured directly in experiments. Instead, one measures
the intensity of the light emitted from the system, which carries indirect information about the atomic dynamics. The intensity
emitted by the atomic system is given by I (x, t ) = ε0c

2 〈ψ (t )|Ê†(x, t )Ê (x, t )|ψ (t )〉, with the electric-field operator defined as
Ê (x, t ) = ∫∞

0 dkEk[âR,keikx + âL,ke−ikx]e−iωkt . This can be calculated explicitly as follows (see Appendix B for details):

I (x, t )/I0 =

∣∣∣∣∣∣∣∣∣
∑
j=2,3

∑
m=A,B

g j

g2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩cm, j

(
t − x − xm

v

)
e−iω j1(t− x−xm

v )
[
�

(
t − x − xm

v

)
− �

(
−x − xm

v

)]
︸ ︷︷ ︸

Right light cone for atom m at frequency ω j1

+ cm, j

(
t + x − xm

v

)
e−iω j1(t+ x−xm

v )
[
�

(
t + x − xm

v

)
− �

(
x − xm

v

)]
︸ ︷︷ ︸

Left light cone for atom m at frequency ω j1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

∣∣∣∣∣∣∣∣∣

2

. (19)

The first and second terms in the above expression appear
in terms of t ± (x − xm)/v, corresponding to the light cone
emitted by atom m at frequency ω j1 towards right and left,
respectively. Before the two light cones meet, the atoms are
causally disconnected and emit independently. As each atom
“sees” the other atom, the interference between the light cones
at the two transition frequencies emitted by the two atoms
leads to collective quantum beat dynamics.

The intensity measured outside the system (x < xA or x >

xB) can be expressed in a further simplified form by taking the
limit x → x+

B and making use of the system eigenfrequencies:

I (t )/I0 =
∣∣∣∣∣∑

n

(
α(±)

n + g3

g2
β (±)

n

)

×
(
�(t ) ± e−s(±)

n d/v�(t − d/v)
)

es(±)
n t

∣∣∣∣∣
2

. (20)

From the above expression we note that quantum beats result
from the interference of the modes with different frequencies,
such that Ims(±)

n �= Ims(±)
m . In particular, collective quantum

beats originate from the interference between the fields emit-
ted by the two atoms at different frequencies for t > d/v. The
collective beat amplitude has a distance dependence as can
be seen from the prefactor e−s(±)

n d/v , which corresponds to the
difference in phase and amplitude for various field modes as
they propagate between the two atoms.

In the limit of two coincident atoms (d → 0), the intensity
measured at x → x+

B is

I (t )/I0 =
∣∣∣∣cA2(t ) + g3

g2
cA3(t )eiω23t

+ cB2(t ) + g3

g2
cB3(t )eiω23t

∣∣∣∣2�(t ). (21)
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TABLE I. Summary of parameters used in calculations, based on
typical values in a superconducting circuit setup. The frequencies are
in the units of �22, and the lengths are in units of v/�22.

Decay rate of level 3 (�33/�22) 1
Energy separation of level 2 and 3 (ω23/�22) 50
Resonant frequency of level 2 (ω21/�22) 104

Coherence length (Lc×�22/v) 1
Beat wavelength (λbeat×�22/v) 4π×10−2

Transition wavelength (λ21×�22/v) 2π×10−4

For the antisymmetric initial state where cA2(t ) = −cB2(t )
and cA3(t ) = −cB3(t ), the total emitted intensity vanishes, as
expected for a Dicke subradiant state.

For a symmetric initial state where cA2(t ) = cB2(t ) and
cA3(t ) = cB3(t ), the emitted intensity is four times that of
a single three-level atom, corresponding to standard Dicke
superradiance. Plugging in Eqs. (17) and (18) into Eq. (21),
one gets

I (t )/I0 = e−2�22t + �33

�22

(
�23�32

ω23
2

)
e−2�33t

− 2
�23�32

ω23�22
sin(ω23t )e−(�22+�33 )t , (22)

using the relation g j
2 ∝ � j j . The first two terms correspond

to spontaneous emission from levels 2 and 3, and the third
term represents quantum beats. The above expression is in
agreement with the collective quantum beat dynamics from
coincident atoms as previously obtained in [4].1

IV. DISTANCE DEPENDENCE OF COLLECTIVE
QUANTUM BEAT DYNAMICS

We now present the system dynamics for a specific im-
plementation of the model in a superconducting circuit setup
as an example [21,38], with parameters described in Table I.
As superconducting circuits allow for both a strong enough
coupling between the emitters and field, as well as a precise
control of emitter positions, the parameters can be prefer-
entially chosen to best observe the collective quantum beat
dynamics. For example, the ratio ∼�23/ω23 can be suffi-
ciently large so that the vacuum-induced coupling between
the excited levels results in sizable quantum beats [Eq. (22)].
Unlike in the case of optical frequencies, the transition wave-
lengths being in the microwave regime enables a precise
enough positioning of emitters such that one can realize the
desired separations needed to observe various interference
phenomena in collective quantum beats. Also, the ratio of the

1While, strictly speaking, the experiment in [4] corresponds to a
timed Dicke state of a finite-sized ensemble, it can be approximated
well by a symmetric state of coincident atoms. Such an assumption is
valid in the limit where the ensemble size (≈2 mm) is much smaller
compared to the beat wavelength (≈2.5 m). We further remark that
the dynamics of a timed Dicke state of atoms separated by a distance
comparable to λbeat is different from that of the symmetric state of
coincident atoms because every 1

2 λbeat the photons of two different
frequencies would be out of phase.

characteristic wavelengths (transition and beat wavelengths)
to the coherence length, while being small, is still substantial
enough compared to optical regimes to allow one to access
both the Markovian and non-Markovian regimes of the system
dynamics with a small variation of the emitter separation d .
We note that, as long as the parameters are carefully chosen
regarding the above requirements, the various interference
properties of collective quantum beats should appear in any
multilevel quantum system.

In particular we discuss the dependence of the collective
system dynamics on atomic separation across two different
regimes wherein (1) d � Lc (Markovian regime) and (2)
d � Lc (non-Markovian regime). In each of these regimes,
we analyze the system dynamics for the symmetric and an-
tisymmetric initial states of the two artificial atoms [Eq. (10)],
considering interatomic separations of integer and half-integer
multiples of the beat wavelength. For simplicity we assume
that d is an integer multiple of λ21. While the initial state
determines the total collective spontaneous emission, the in-
teratomic distance modulo the beat wavelength determines
the interference properties of the collective quantum beats, as
discussed in Sec. III A.

A. Markovian regime

We study the dynamics of atomic excitation probabilities
and the field intensity for interatomic separations of d =
{λbeat, λbeat/2} � Lc. We numerically calculate the poles of
Eq. (14) for |Re[s( j,±)

n ]| < 200 �22 and |Im[s( j,±)
n ]| < 200 ω23.

Including sufficient high-frequency modes allows one to cor-
rectly capture the dynamics of the system for the timescales
of interest (see Appendix C for details).

Figure 3 depicts the atomic and field dynamics for initial
symmetric and antisymmetric states of the two atoms. We
note that the onset of collective dynamics happens at d = λbeat

or 1
2λbeat depending on the interatomic separation as indi-

cated by the vertical dash-dotted lines. Figures 3(a) and 3(b)
illustrate the level 2 population dynamics which exhibits a
super(sub)radiant decay for (anti)symmetric initial states. It
can be seen from Eq. (17) that the amplitude of the beat term
is smaller compared to that of the individual decay in level 2
dynamics by a factor of �23�32/ω23

2 � 1. Thus, we do not
see any visible beats in the level 2 population curves.

More interestingly, Figs. 3(c) and 3(d) illustrate the col-
lective quantum beat effect as seen in the level 3 population
dynamics. We note that for an interatomic separation of
d = λbeat there is a collective enhancement of the quantum
beats for the symmetric initial state, and suppression for the
antisymmetric initial state as denoted in Fig. 3(c). For this
separation, the phase of the field modes mediating the interac-
tion between the atoms is an even integer multiple of 2π such
that ω21d/v = 2nπ , ω31d/v = 2mπ ({n, m} ∈ N). Further-
more, the total atomic state is (anti)symmetric with respect
to the |3〉 ↔ |1〉 transition for an initial (anti)symmetric state
with respect to the |2〉 ↔ |1〉 transition. Thus, we observe
an enhancement or suppression of the quantum beats for an
initial symmetric or antisymmetric state, respectively. More
specifically, it can be seen that the amplitude of the first peak
of the collective “superradiant” quantum beats (solid blue) is
enhanced roughly by a factor of ≈4.1 in comparison with the
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FIG. 3. Atom-field dynamics in the Markovian regime: (a), (b)
level 2 dynamics, (c), (d) level 3 dynamics, and (e), (f) field dy-
namics measured at x → x+

B for interatomic separations (a), (c), (e)
d = λbeat and (b), (d), (f) d = 1

2 λbeat . The solid blue curves are for
the symmetric initial state, and the dashed red curves are for the
antisymmetric initial state. The vertical dash-dotted lines indicate the
times when the field emitted from one atom reaches the other atom.
For comparison the single atom dynamics is drawn with the dotted
gray lines. The level 3 population is scaled by a factor of 103 for
clarity of illustration.

independent emission case (dotted gray). In contrast, it can
be seen in Fig. 3(d) that for a separation of d = λbeat/2 the
resulting beats are suppressed as a result of the destructive
interference between the fields emitted from the two atoms at
ω21 and ω31, as illustrated in Fig. 2.

In Figs. 3(e) and 3(f), the intensity of the light measured
outside the system is depicted. The radiated intensity, as given
by Eq. (19), is governed by the interference between the
atomic excitation amplitudes. For the (anti)symmetric initial
state, the overall emission is superradiant (subradiant). For
the case of superradiant emission, the size of the beat is
enhanced (suppressed) for an atomic separation of d = λbeat

(d = 1
2λbeat ), in agreement with the collective atomic dynam-

ics.

B. Non-Markovian regime

We now consider the case wherein the atomic separations
are comparable to the coherence length of the emitted pho-
tons, with d = 7.5λbeat ≈ 0.94Lc and 8λbeat ≈ Lc. We note
that for such large separations the retardation effects of
the waveguide field become relevant, rendering the system
dynamics non-Markovian. We calculate the dynamics numeri-
cally by obtaining the characteristic system frequencies as the
poles of the propagator Eq. (14) within |Re[s( j,±)

n ]| < 10 �22

and |Im[s( j,±)
n ]| < 10 ω23 (see Appendix C for details).

The atomic and field dynamics for this regime is shown
in Fig. 4 for the initial symmetric and antisymmetric states.
The level 2 dynamics for a symmetric initial state as de-

FIG. 4. Non-Markovian regime: (a), (b) level 2 dynamics, (c),
(d) level 3 dynamics, and (e), (f) field dynamics measured at x →
x+

B for interatomic separations (a), (c), (e) d = 8λbeat and (b), (d),
(f) d = 7.5λbeat . The solid blue curves are for the symmetric initial
state, and the dashed red curves are for the antisymmetric initial state.
The vertical dashed-dotted lines indicate the times when the field
emitted from one atom reaches the other atom. For comparison the
single atom dynamics is drawn with the dotted gray lines. The level
3 population is scaled by a factor of 103.

noted by the solid blue curves in Figs. 4(a) and 4(b) exhibits
collective emission rates faster than standard Dicke superradi-
ance, which is termed “superduperradiance” (see Appendix D
for comparison of decay profiles of superduperradiance and
Dicke superradiance), similar to the non-Markovian collective
dynamics for a system of two two-level atoms [29,32,39].
Such an enhancement of the collective decay rate can be
understood by considering the atomic collective emission in
terms of a mutually stimulated emission process wherein
each atomic dipole is stimulated by the field emitted by the
other atom [31,40]. As each atom emits into the waveguide,
there is a probability amplitude associated with the emit-
ted field reaching the other atom—in the presence of delay
this amplitude increases with the atomic separation, caus-
ing an enhancement in the instantaneous rate of collective
emission beyond regular superradiance. For an antisymmetric
initial state (dashed red curves), one can see the formation of
delocalized atom-photon bound states in continuum in agree-
ment with previous studies in delocalized two-level emitters
[33,34]. Such atom-photon bound states arise as a result of
the destructive interference between the atomic dipole and the
fields emitted by each of the atoms, which causes the fields to
be reflected as they interact with the atoms.

The effects of retardation on collective quantum beats are
illustrated in the population dynamics of level 3 in Figs. 4(c)
and 4(d). For an interatomic separation d = 8λbeat as seen in
Fig. 4(c), we observe an enhancement of the quantum beats
for a symmetric initial state and moderate suppression of beats
for the antisymmetric initial state. Furthermore, comparing
the first peak of the collective quantum beats (solid blue)
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with that of the independent decay (dotted gray) shows an
enhancement beyond the Markovian case by roughly a factor
of ≈6.8. For a separation of d = 7.5λbeat as illustrated in
Fig. 4(d), the population dynamics of level 3 for both the
initial symmetric and antisymmetric cases exhibits beating in
addition to an exponential decay.

The light intensity measured outside the system is depicted
in Figs. 4(e) and 4(f). The symmetric initial state exhibits
an overall exponential decay faster than Dicke superradiance,
with an overlaid beating that is enhanced (suppressed) for
a separation d = 8λbeat (d = 7.5λbeat ). The antisymmetric
initial state shows a suppressed total emission outside the
system, indicating that most of the light is trapped in between
the atoms forming a delocalized atom-photon bound state. We
note that the atom-photon bound state in this case has a larger
photonic amplitude than in the Markovian case. However,
there is a finite emission into the field modes from the other-
wise subradiant state, indicating existence of additional modes
in a non-Markovian regime that provide channels for the
atomic excitations to decay away. Such modes have been pre-
viously investigated in the context of the steady-state atomic
spectrum emitted from two distant two-level atoms [31].

V. DISCUSSION

In this paper we have demonstrated the distance-dependent
dynamics of collective quantum beats, resulting from the in-
terference between the radiation emitted from a collection
of multilevel atoms coupled to a waveguide. Considering
a system of two V-type three-level atoms interacting via a
waveguide, we show that the coherent interference between
the spontaneous emission from different excited levels of the
two atoms results in a collective quantum beat phenomenon
[4] (Sec. II). We find that the distance between the atoms
modulo the beat wavelength (d/λbeat) is critical in determin-
ing the interference properties of such collective quantum
beats: the emitted fields at the two transition frequencies go
from interfering constructively to interfering destructively for
d = nλbeat to (n + 1/2)λbeat (Fig. 2). We obtain the collective
dynamics of the total atom-field system by analyzing the
system in terms of its characteristic complex eigenfrequencies
determined by the poles of the system propagator (Sec. III). In
the limit d → 0 our results agree with the recent experimental
investigations of vacuum-induced collective quantum beats

from a small sample, which could be approximately consid-
ered as a system of coincident atoms [4]. A general analysis
of the collective atomic and field dynamics as a function
of the interatomic separation and the initial atomic states is
presented in Sec. IV. We find that while the atomic separa-
tion modulo the transition wavelength in conjunction with the
symmetry properties of the initial state governs the overall
collective spontaneous emission the length scale λbeat governs
the collective nature of the quantum beats. We further in-
vestigate the non-Markovian dynamics of collective quantum
beats in Sec. IV B. As the system size become comparable to
the coherence length of the emitted photons (d ∼ v/�), there
can be significant retardation effects in the field mediating the
interaction between the atoms, rendering the system dynamics
non-Markovian. In such a regime, we find that the collective
quantum beats can exhibit a non-Markovian enhancement
beyond superradiant quantum beats arising in the Markovian
regime, as illustrated in Fig. 4.

The results presented in this paper open directions for
investigating and controlling radiation from multilevel atomic
systems coupled to waveguides. Quantum beats are relevant
to precision time-resolved spectroscopy measurements [5]; a
collective enhancement of quantum beats can improve sensi-
tivities of such measurements. It would be pertinent to extend
the present model to a system of N atoms for characterizing
the metrological advantage offered by the collective nature of
quantum beats.

Furthermore, collections of quantum emitters coupled to
waveguides are a paradigmatic system for implementation of
quantum networks and long-distance quantum communica-
tion protocols. It has been shown that collective multilevel
atomic systems offer a higher-dimensional entangled state
space, enabling efficient quantum memories [41] and secure
quantum communication [42–44]. Our analysis is relevant
to such schemes, with a consideration of retardation effects,
which can be significant in distributed quantum information
processing.
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APPENDIX A: ATOMIC DYNAMICS

We can solve the coupled atomic equations of motion [Eq. (8)] by using Laplace transformation. Defining Laplace-
transformed coefficients, c̃m, j (s) ≡ ∫∞

0 cm, j (t )e−st dt , Eq. (8) reads

∂t cm, j (t ) = −
∑
l=2,3

� jl

2
c̃m,l (s − iω jl ) −

∑
l=2,3

η� jl

2
e− d

v (s−iω j1 )c̃n,l (s − iω jl ), (A1)

where m �= n. Setting the initial-state condition [Eq. (3)], we get the coupled equations in Laplace space:

sc̃A2(s) = cos θ − �22

2
c̃A2(s) − �23

2
c̃A3(s − iω23) − �22

2
ηeiφ2 e− d

v
sc̃B2(s) − �23

2
ηeiφ2 e− d

v
sc̃B3(s − iω23), (A2a)

sc̃B2(s) = eiφ sin θ − �22

2
ηeiφ2 e− d

v
sc̃A2(s) − �23

2
ηeiφ2 e− d

v
sc̃A3(s − iω23) − �22

2
c̃B2(s) − �23

2
c̃B3(s − iω23), (A2b)
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sc̃A3(s) = −�32

2
c̃A2(s + iω23) − �33

2
c̃A3(s) − �32

2
ηeiφ3 e− d

v
sc̃B2(s + iω23) − �33

2
ηeiφ3 e− d

v
sc̃B3(s), (A2c)

sc̃B3(s) = −�32

2
ηeiφ3 e− d

v
sc̃A2(s + iω23) − �33

2
ηeiφ3 e− d

v
sc̃A3(s) − �32

2
c̃B2(s + iω23) − �33

2
c̃B3(s). (A2d)

Here, φ j = ω j1d/v is the general propagation phase for a photon of frequency ω j1. First solving for c̃A2(s) and c̃B2(s), we get

c̃A2(s) = cos θ A(s) − eiφ sin θ B(s)

C(s)
,

c̃B2(s) = eiφ sin θ A(s) − cos θ B(s)

C(s)
, (A3)

where A(s), B(s), C(s), and D(s) are defined as

A(s) =
(

s − iω23 + �33

2

)[(
s + �22

2

)(
s − iω23 + �33

2

)
− �23�32

4

]

− η2e2iφ2 e−2 d
v

s

[(
�33

2

)2(
s + �22

2

)
+ �23�32

4

(
s − iω23 − �33

2

)]
,

B(s) = ηeiφ2 e− d
v

s

[
�22

2

(
s − iω23 + �33

2

)2

− �23�32

4

(
2s − 2iω23 + �33

2

)]
− η3e3iφ2 e−3 d

v
s �33

2

[
�22�33

4
− �23�32

4

]
,

C(s) =
[(

s − iω23 + �33

2
+ �33

2
ηeiφ2 e− d

v
s

)(
s + �22

2
+ �22

2
ηeiφ2 e− d

v
s

)
− �23�32

4

(
1 + ηeiφ2 e− d

v
s
)2
]

×
[(

s − iω23 + �33

2
− �33

2
ηeiφ2 e− d

v
s

)(
s + �22

2
− �22

2
ηeiφ2 e− d

v
s

)
− �23�32

4

(
1 − ηeiφ2 e− d

v
s
)2
]
. (A4)

Then c̃A3(s) and c̃B3(s) are obtained in terms of c̃A2(s) and c̃B2(s):

c̃A3(s) = − �32

2

(
s + �33

2 − �33
2 η2e2iφ3 e−2 d

v
s
)

c̃A2(s + iω23) + sηeiφ3 e− d
v

sc̃B2(s + iω23)(
s + �33

2

)2 − (
�33
2

)2
η2e2iφ3 e−2 d

v
s

,

c̃B3(s) = − �32

2

sηeiφ3 e− d
v

sc̃A2(s + iω23) +
(

s + �33
2 − �33

2 η2e2iφ3 e−2 d
v

s
)

c̃B2(s + iω23)(
s + �33

2

)2 − (
�33
2

)2
η2e2iφ3 e−2 d

v
s

. (A5)

We first numerically find the poles sn of the denominators in Eqs. (A3) and (A5), with each pole representing a complex
eigenfrequency of the system. The excitation amplitude c̃(s) in Laplace space is expressed in terms of its modes:

c̃(s) =
∑

n

wn

s − sn
, (A6)

where wn = lims→sn (s − sn)c̃(s).
In this paper we consider two specific initial states: a symmetric and antisymmetric superposition of a single excitation in

level 2. For the symmetric initial state, i.e., θ = π/4 and φ = 0,

c̃A2(s) = c̃B2(s) = 1√
2

s − iω23 + �33
2 + �33

2 ηeiφ2 e− d
v

s(
s − iω23 + �33

2 + �33
2 ηeiφ2 e− d

v
s
)(

s + �22
2 + �22

2 ηeiφ2 e− d
v

s
)− �23�32

4 (1 + ηeiφ2 e− d
v

s)2
, (A7)

c̃A3(s) = c̃B3(s) = − �32

2
√

2

1 + ηeiφ3 e− d
v

s(
s + �33

2 + �33
2 ηeiφ3 e− d

v
s
)(

s + iω23 + �22
2 + �22

2 ηeiφ3 e− d
v

s
)− �23�32

4 (1 + ηeiφ3 e− d
v

s)2
. (A8)

Note that the denominators in Eqs. (A7) and (A8) are the same up to a constant shift of the Laplace variable s → s + iω23.
Similarly, for an antisymmetric initial state, i.e., θ = π/4 and φ = π ,

c̃A2(s) = −c̃B2(s) = 1√
2

s − iω23 + �33
2 − �33

2 ηeiφ2 e− d
v

s(
s − iω23 + �33

2 − �33
2 ηeiφ2 e− d

v
s
)(

s + �22
2 − �22

2 ηeiφ2 e− d
v

s
)− �23�32

4 (1 − ηeiφ2 e− d
v

s)2
, (A9)

c̃A3(s) = −c̃B3(s) = − �32

2
√

2

1 − ηeiφ3 e− d
v

s(
s + �33

2 − �33
2 ηeiφ3 e− d

v
s
)(

s + iω23 + �22
2 − �22

2 ηeiφ3 e− d
v

s
)− �23�32

4 (1 − ηeiφ3 e− d
v

s)2
. (A10)

Similar to the symmetric case, the denominators on the right-hand sides of Eqs. (A9) and (A10) are the same up to a Laplace
variable shift of s → s + iω23 as well.
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FIG. 5. Markovian regime: The poles and the corresponding coefficients for symmetric (blue circle) and antisymmetric (red x) initial states,
for the separation of (a)–(d) d = 0.5 λbeat and (e)–(h) d = λbeat . (a), (e) The real part of the poles corresponds to the decay rate of each mode
in units of �22 and (b), (f) the imaginary part corresponds to the frequency of the modes in units of ω23. (c), (g) The coefficient αn shows the
contribution of each pole to the level 2 dynamics and (d), (h) the coefficient βn shows the contribution to the level 3 dynamics.

We remark that the dynamics of a general initial state in the single excitation manifold |�(0)〉 = K2A|2〉A|1〉B + K2B|1〉A|2〉B +
K3A|3〉A|1〉B + K3B|1〉A|3〉B, with |K2A|2 + |K2B|2 + |K3A|2 + |K3B|2 = 1, can be obtained directly from our result. An initial
excitation in |3〉A(|3〉B) would follow the same dynamics as for the case of an initial excitation in |2〉A(|2〉B), given by Eqs. (12)
and (13), with the following substitutions:

ω23 ↔ −ω23,

�22 ↔ �33,

�23 ↔ �32.

APPENDIX B: FIELD INTENSITY DYNAMICS

We consider the dynamics of the intensity radiated by the atoms as follows:

I (x, t ) = ε0c

2
〈�(t )|

[∫ ∞

0
dk1E∗

k1

{
â†

R,k1
e−ik1x + â†

L,k1
eik1x

}
eiω1t

][∫ ∞

0
dk2Ek2

{
âR,k2 eik2x + âL,k2 e−ik2x

}
e−iω2t

]
|�(t )〉

= ε0c|E0|2
2

∣∣∣∣
∫ ∞

0
dk
[
cR(ωk, t )eikx + cL(ωk, t )e−ikx

]
e−iωkt

∣∣∣∣2, (B1)

where we have assumed that Ek ≈ E0 to be constant near the atomic resonance frequency.
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FIG. 6. Non-Markovian regime: The example of the poles and the corresponding coefficients for symmetric (blue circle) and antisymmetric
(red x) initial states, for (a)–(d) d = 7.5 λbeat and (e)–(h) d = 8λbeat . (a), (e) The real part of the poles corresponds to the decay rate of each
mode in units of �22 and (b), (f) the imaginary part corresponds to the frequency of the modes in units of ω23. (c), (g) The coefficient αn shows
the contribution of each pole to the level 2 dynamics and (d), (h) the coefficient βn shows the contribution to the level 3 dynamics.

We can derive the excitation amplitudes of the field modes from Eq. (6) and (7) as follows:

cR(ωk, t )=i
∫ t

0
dτ

∑
m=A,B

∑
j=2,3

g j (ωk )e−i(ω j1−ωk )τ cm, j (τ )e−ikxm , (B2)

cL(ωk, t ) =i
∫ t

0
dτ

∑
m=A,B

∑
j=2,3

g j (ωk )e−i(ω j1−ωk )τ cm, j (τ )eikxm . (B3)

Then one can simplify the intensity expression [Eq. (B1)] in terms of the atomic coefficients as follows:

I (x, t ) = ε0c|E0|2
4π

∣∣∣∣∣∣
∫

dωe−iωt

⎡
⎣∫ t

0
dτ

∑
j=2,3

g j
{
cA j (τ )eiω(−x+xA )/v + cB j (τ )eiω(−x+xB )/v

+ cA j (τ )e−iω(−x+xA )/v

+ cB j (τ )e−iω(−x+xB )/v
}
ei(ω−ω j1 )τ

⎤
⎦
∣∣∣∣∣∣
2

, (B4)

where we have used Eqs. (B2) and (B3) to determine the field excitation amplitudes in terms of those of the atoms. Performing
first the integral over frequency and subsequently the integral over time leads to Eq. (19).
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FIG. 7. The dynamics of the population in level 2 of the initial
symmetric state of atoms for three scenarios: independent decay
(d = ∞, dotted black), Dicke superradiance (d = 0, dashed red), and
superduperradiance, i.e., the non-Markovian collective decay with
retarded backaction (d = 8λbeat , solid blue), each rescaled to 1 at
t = 8λbeat/v for clear comparison.

APPENDIX C: POLES FOR THE MARKOVIAN
AND THE NON-MARKOVIAN EXAMPLES

The poles sn and the corresponding coefficients α(±)
n and

β (±)
n in Eqs. (12) and (13) determine the atomic and the

field dynamics. However, the coefficients α(±)
n and β (±)

n also
account for the higher eigenfrequencies that cause an abrupt
change at t = d/v, arising due to the time-delayed feedback.

Since we are interested in the dynamics after t = d/v, we
redefine the following coefficients:

αn ≡ αnesnd/v, (C1)

βn ≡ βnesnd/v. (C2)

The dynamics after t = d/v is thus described as

cA2(t ) =
∞∑

n=−∞
αnesn (t−d/v), (C3)

cA3(t ) =
∞∑

n=−∞
βne(sn−iω23 )(t−d/v). (C4)

αn and βn do not consider the high-frequency components
constituting the abrupt change at t = d/v, and only account
for the dynamics in the regime t > d/v.

Figures 5 and 6 show the poles sn and the corresponding
coefficients αn and βn for Markovian and non-Markovian
regimes, respectively. The real part of the poles represents
the collective decay rate and the imaginary part represents
collective shift of energy in the eigenmodes. We see that in
the Markovian regime (Fig. 5) the high-frequency and fast
decaying modes have negligible contribution. In contrast, the
non-Markovian regime (Fig. 6) shows that the dominant poles
occur in the range of frequencies between zero and ω23, and
decay rates that are enhanced beyond the Markovian limit.

APPENDIX D: COMPARISON OF
SUPERDUPERRADIANCE AND DICKE

SUPERRADIANCE IN LEVEL 2 DYNAMICS

The enhancement of decay rate of level 2 population for
symmetrically correlated emitters in a non-Markovian regime
exceeds the standard Dicke superradiant decay rate, whereas

FIG. 8. The atom-field dynamics for coupling efficiency η = 0.4: (a)–(d) level 2 dynamics, (e)–(h) level 3 dynamics, and (i)–(l) field
dynamics measured at x → x+

B for interatomic separations (a), (e), (i) d = λbeat , (b), (f), (j) d = 0.5λbeat , (c), (g), (k) d = 8λbeat , and (d), (h), (l)
d = 7.5λbeat . The solid blue curves are for the symmetric initial state, and the dashed red curves are for the antisymmetric initial state. The
vertical dash-dotted lines indicate the times when the field emitted from one atom reaches the other atom. For comparison the single atom
dynamics is drawn with the dotted gray lines. The level 3 population is scaled by a factor of 103 for clarity of illustration.
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it is hard to tell just by looking at Figs. 4(a) and 4(b). Figure 7
shows a direct comparison of non-Markovian enhancement
of decay for the case of d = 8λbeat, to the standard Dicke
superradiant decay and independent decay, demonstrating that
retarded backaction may lead to a faster-than-superradiance
decay.

APPENDIX E: MARKOVIAN AND NON-MARKOVIAN
DYNAMICS FOR IMPERFECT COUPLING EFFICIENCY

The example of imperfect coupling efficiency of η = 0.4
is shown in Fig. 8. The general effect of having a finite

coupling efficiency is that the interference between different
atoms observed at the separation time is mitigated. In conse-
quence, the level 2 dynamics shows reduced enhancement and
suppression of decay rates for symmetric and antisymmetric
initial states, respectively. Similarly, the level 3 dynamics
for d = nλbeat shows less enhancement and suppression of
quantum beats for symmetric and antisymmetric initial states,
respectively. In the level 3 dynamics for d = (n + 1

2 )λbeat,
destructive interference due to the out-of-phase photon from
the other atom is also reduced. As a result, the intensity of
light emitted from the system shows less enhancement or
suppression of the decay rate and the quantum beats.
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Abstract: Optical accordion lattices are routinely used in quantum simulation and quantum
computation experiments to tune optical lattice spacings. Here, we present a technique for creating
tunable optical lattices using binary-phase transmission gratings. Lattices generated using this
technique have high uniformity, contrast, lattice spacing tunability, and power efficiencies. These
attributes are crucial for exploring collective quantum phenomena in highly ordered atomic arrays
coupled to optical waveguides for quantum networking and quantum simulation. In this paper,
we demonstrate adjustable-period lattices that are ideally suited for use with optical nanofibers.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The study of highly ordered arrays of atoms is a rich and active area of research with applications
in quantum optics, quantum computation, quantum simulation, and quantum networking [1–4].
There are two primary methods for creating ordered arrays. Optical lattices made by interfering
beams have been the workhorse of efforts to simulate condensed matter systems with cold atoms
[5,6]. Arrays of optical tweezers (tightly focused beams) have become a competitive platform
for quantum computation [7–10]. Quantum optics of ordered arrays of atoms coupled to 1D
nanophotonic waveguides [11–15] requires the ability to create arrays of many atoms over many
lattice sites (range of a thousand) with precise control of the lattice constant commensurate with
the emission wavelength to probe aspects of interference (e.g., super- or subradiance) [16–20].

While optical lattices made with fixed interfering beams provide a dense, large number of
trapping sites, flexibility is constrained by tunable wavelength range. In contrast, tweezer arrays
provide greater flexibility, but increasing the number of trapping sites with wavelength-scale
trap spacing remains challenging. A need for both scalability and flexibility led to the creation
of optical “accordion lattices,” with the ability to change the angle of the interfering beams
through a single control parameter [21–29]. Using movable free-space optics to tune the lattice
spacings [21–25] allows large tuning range of the lattice spacings but introduces potential power
imbalances and alignment sensitivity. Acousto-optic deflectors (AODs) provide fine control
over the angle of the beams [26–28], but can degrade beam quality and tend to have large
minimum lattice spacings, although the latter limitation is not intrinsic to AODs but arises from
experimental designs that prioritize large dynamic tuning range.

Here, we present a simple, compact, and novel optical accordion lattice technique based
on binary-phase transmission gratings to trap atoms that is ideally-suited for one-dimensional
systems. The advantages of this approach are the high uniformity, contrast (>98%), tunability of
the lattice spacings, and laser power efficiency (∼ 80%). The technique benefits from imprinting
the precision of the structure created by electron beam lithography onto the optical field. Phase
plates with fixed lattice spacing have been previously employed to create periodic potentials for
ultra-cold atomic gas [30]. In our implementation, the lattice spacing is adjustable by utilizing

#544727 https://doi.org/10.1364/OE.544727
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the gradual variation in grating periods between the adjacent rows of the compact grating set,
with the range limited only by the numerical aperture (NA) of the imaging system. Additionally,
modifications to the optical lattice intensity distribution can be made by tailoring the beam profile
at the transmission grating or inserting other custom phase plates without further realignment of
the relay optics. While a similar approach can be made using a spatial light modulator (SLM) to
generate a reconfigurable lattice potential [31], tunability and extent of the lattice are constrained
by the array size of the SLM. Figure 1 shows our designed implementation with optical nanofiber,
but the technique is not limited to this specific application.

Fig. 1. An optical accordion lattice projected onto a nanophotonic waveguide, such as an
optical nanofiber.

The paper is organized as follows. In Sec. 2, we develop a Fourier optics-based framework
[32] to derive the properties of the optical lattice created using a diffraction grating. In Sec. 3,
we present details on the experimental realization and characterization of the accordion lattices.
The summary and concluding remarks are given in Sec. 4.

2. Theory

In our approach, shown in Fig. 2, the two beams are generated by diffraction of a laser beam
passing through a binary phase transmission grating. The beams are relayed through a 4f−
imaging system that only transmits the ±1 diffracted orders. The far-field pattern of the electric
field of light diffracted by a grating is given by the Fraunhofer diffraction integral:

E(u) = E0eikzeikx2/2z

iλz

∞∫
∞

f (x′)e−i2πux′dx′, (1)

where u = x/(zλ), E0 is the electric field of the laser light illuminating the grating, λ is the
wavelength of light, k = 2π/λ, and f (x) is the structure function of the grating. The Fourier
decomposition of the structure function is as follows:

f (x) =
∑︂
m

ame−2πimx/dgrt , (2)

where am is the mth Fourier coefficient with m = 0,±1,±2, . . ., and dgrt is the grating period.
The structure function for a periodic binary phase transmission grating [33–36] in air/vacuum

is (Fig. 2(c))

f (x) =
⎧⎪⎪⎨
⎪⎪⎩

eiϕ if x ∈ [0, l]
1 if x ∈ [︁

l, dgrt
]︁ , (3)

with
φ =

2πh
λ

(n0 − 1), (4)
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Fig. 2. (a) The spatially-filtered and plane-symmetric 4f -imaging system for creating the
optical accordion lattices. (b) The grating plate with the horizontal red stripe representing
the beam illuminating the jth grating. (c) Cross-section of a binary phase transmission
grating.

where h is the relief depth and n0 is the refractive index of the grating material. The Fourier
coefficient am for the binary phase transmission grating is

am =
1

dgrt

∫ dgrt

0
f (x)ei2πmx/dgrtdx (5)

= − i
(︁
eiϕ (︁−1 + e2iπDm)︁ − e2iπDm + e2iπm)︁

2πm
, (6)

where D = l/dgrt is the duty factor of the grating. The diffraction efficiency of the mth order is

ηm = |am |2 = 4
π2m2 sin2(πmD) sin2(φ/2). (7)

For D = 0.5 and φ = π, the diffraction efficiency for all even diffraction orders is 0, a±1 = ∓2i/π,
and η±1 = 40.5%. Additionally, the angle of the mth order diffracted beam (ξm) with respect to
the optical axis is given by the Bragg condition:

sin(ξm) = −mλ
dgrt

. (8)

The 4f− imaging system illustrated in Fig. 2 (assumed to be diffraction-limited) transmits only
the first-order diffracted light. The intensity of the optical accordion lattice at the nanofiber plane
NP is then [32]:

Ilattice(x) =
16E2

0
π2M2 sin2

(︃
2π

Mdgrt
x
)︃

, (9)

where M = f2/f1 is the magnification of the imaging system. The accordion lattice spacing is:

dlat = M
dgrt

2
. (10)

Note that the lattice spacing is independent of the wavelength of light used to generate the
lattice.
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For a grating rotated about the y-axis by a small angle κ, the lattice spacing is given by the
following equation:

dlat = M
dgrt

2
cos κ. (11)

Note that this rotation changes the phase φ in the structure function (Eq. (3)), which changes
the diffraction efficiency (Eq. (7)). However, as shown in the next section, we only need to change
κ within ±0.1 rad for continuous fine-tuning of the lattice period, which leads to a negligible
reduction (<0.01%) in the diffraction efficiency.

3. Experiment

In this section, we present details on the experimental realization and characterization of optical
lattices using this approach. The optical system (Fig. 2 (a)) is specifically designed for our
nanofiber experiment, which requires a large lattice extent (∼ 2 mm) along the nanofiber direction
(x-axis) and tight focus (<10 µm) in the transverse direction (y-axis). The nanofiber is under
high vacuum and located at the center of a 6” spherical octagonal chamber (Kimball Physics
MCF600-SphOct-F2C8), requiring an imaging lens with a long working distance (>65 mm) and
a large diameter (100 mm). While our specific implementation requires these larger diameter
aspheric lenses due to experimental constraints, the technique is not restricted to large optics.

Laser light at λ = 775 nm is delivered to the imaging system by a single-mode polarization-
maintaining fiber optic patch cable (Thorlabs P3-780PM-FC-2). The light is collimated (Thorlabs
F810APC-780) and polarized along the y-axis. The laser beam with a waist of 3.8 mm and
propagating along the z-axis is first focused in the y direction by a plano-convex cylindrical lens
CL (Thorlabs LJ1653RM-B) with a focal length fCL = 200 mm. The grating plate is placed at the
focus of CL.

The grating plate GP is a compactly stacked array of 251 binary phase transmission gratings
with different grating constants (see Fig. 2(b)). Each grating spatially modulates the optical
path difference φ using silicon nitride (SiN) (yellow rectangles in Fig. 2(c)) patterned onto a
1-mm-thick quartz substrate (blue-shaded region in Fig. 2(c)) through electron beam lithography.
The grating plate was fabricated in a cleanroom at DEVCOM Army Research Laboratory using
the Raith EBPG5200 Plus electron beam system with patterning accuracy well below optical
wavelengths. Given the refractive index of SiN is ≈2.0 at 780 nm, 390-nm-thick SiN deposition
height (h) yields φ ≈ π. Each grating spans a rectangular area of 10 mm×100 µm, fully enclosing
the beam profile (wx × wy = 3.8 mm × 20 µm) at the focus of CL.

The grating constant for each grating is

dgrt[j] = d0 + jδ, (12)

where d0 = 3.0 µm and δ = 20 nm are the designed offset and step size, and j ∈ N is the array
index of the grating ranging from 0 to 250. Therefore, the designed accordion lattice spacing is

ddsgn
lat [j] = M

2
cos κ(d0 + jδ), (13)

where we have used Eq. (11) and Eq. (12).
The grating plate is mounted on a linear translation stage to choose a grating with dgrt[j].

The total diffraction efficiency in the m = ±1 is ∼ 80%. The first aspheric lens AL1 (Thorlabs
AL100200-B, f1 = 200, NA = 0.23) is placed f1 away from the grating plate. We filter out all
diffracted orders except the m = ±1 orders. The spatially filtered conjugate image of the grating
is then imaged by the second aspheric lens AL2 (Thorlabs AL100100-B, f2 = 100 mm, NA =
0.48) placed f1 + f2 from AL1 and f2 away from the nanofiber image plane through a 6” CF flange
viewport VP (Kurt. J. Lesker VPZL-600) placed 1 cm downstream of AL2. While the vacuum
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chamber and the nanofiber were absent during this demonstration, VP was included to assess its
impact on the lattice quality. At the NP, each lattice beam has a measured beam waist of 1.5
mm along the x-axis and 8 µm along the y-axis. This large aspect ratio of 190 : 1 allows us to
generate lattices with approximately a thousand lattice sites along the nanofiber with good optical
power efficiency.

To analyze the lattices, we use microscope objective lenses MOL (Mitutoyo P Plan 100×), a
plano-convex lens (f = 200 mm) and a CCD camera to image the accordion lattice projected onto
the NP. Background-subtracted images of accordion lattices resulting from gratings with index
j = 15 and j = 250 are presented in Fig. 3. The axes are scaled to represent the structure at the
NP, given a 100× magnification and a 3.45 µm camera pixel size. The background-subtracted
images are integrated along y to generate a 1D profile along the x-axis, which is subsequently fit
with a sinusoidal function which yields dmeas

lat [j] = 0.80 µm and 2.0 µm for j = 15 and j = 250,
respectively, agreeing well with the grating specifications scaled by the magnification of the
imaging system M = 0.5 and the grating rotation angle κ = 0. The contrast of the interference
fringes is very high >0.98, which is important for quantum optics experiments.

Fig. 3. Measured 2D intensity profile (top) and integrated column density profile (bottom)
of an accordion lattice created using the (a) j = 15 and (b) j = 250 grating. (bottom) The
blue dots represent data, and the black trace represents the fit.

We measure and fit images of optical lattices to extract the dmeas
lat [j] for a range of grating

indices j (in increments of 10), which are represented as blue circles in Fig. 4(a). We fit the
measured lattice spacings using a linear fit (black solid line) dmeas

lat [j] = (727 + 5.2j) nm. The
red dashed line is a plot of the designed lattice spacing ddsgn

lat [j] = (750 + 5.0j) nm from Eq. (13)
with M = 0.5 and κ = 0. We attribute the small discrepancy between the dmeas

lat [j] and ddsgn
lat [j]

to uncertainty in the exact magnification in the 4f−imaging relay due to the thick aspheric
lenses. The range of lattice spacings (0.8 - 2 µm) in this demonstration was chosen to meet our
experimental requirements. The lattice spacing range, including the smallest spacing, can be
customized by using different gratings and optics. The inset in Fig. 4(a) shows a montage of 31
lattices (220 ≤ j ≤ 250), where image rows are stacked vertically and aligned horizontally at
x = 0, exhibiting a quasi-continuous variation in lattice spacing (1.9 - 2.0 µm).

The δ = 20 nm change in the period between the adjacent gratings leads to a 5 nm change
in the optical lattice spacing with our choice of aspheric lenses. Sub-5 nm tuning of the lattice
spacing can be achieved by rotating the grating plane about the y-axis by κ(<0.1 rad). In Fig. 4(b),
we plot the measured dmeas

lat [j] (filled circles) as a function of κ for three adjacent gratings. We fit
the measured dmeas

lat [j] using Eq. (13) with Md0/2, and Mδ/2 as the fit parameters. The fits are
represented as solid lines with Md0/2 = 734 nm and Mδ/2 = 5.1 nm extracted from the fits.
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Fig. 4. (a) Measured lattice spacing dmeas
lat [j] as a function of j with the black solid line

representing a fit to the data and the red dashed line representing the ideal design ddsgn
lat [j].

Inset: Vertically stitched lattice images for 220 ≤ j ≤ 250, showing a gradual change in
periodicity as j varies. (b) Measured dmeas

lat [j] as a function of κ for j = 84, 85, 86. The solid
lines are fit to the data using Eq. (13) with Md0/2, and Mδ/2 as the fit parameters, and the
dashed horizontal lines correspond to dlat[j] at κ = 0. The error bars are smaller than the
data markers and are not visible in the plots.

All accordion lattice implementations are susceptible to aberration-induced changes in lattice
spacing over the entire extent of the lattice. To inspect large-scale lattice uniformity, we analyze
the lattice spacing over the entire 2-mm lattice region by translating the MOL stage along
the x-axis in 0.5-mm increments. We observed a minor amount of lattice spacing variation
∂dmeas

lat /∂x = 2.05(7) nm/mm, corresponding to a 0.2% chirp over the entire 2-mm lattice region.
This indicates that our approach yields high-quality lattices with thousands of sites. We attribute
this minor frequency chirp to aberrations in the 4f− imaging system.

4. Conclusion and outlook

In this paper, we have presented a technique for generating optical accordion lattices which
makes uniform, high-contrast lattice sites (∼ 0.2% chirp in the lattice frequency over the entire 2
mm lattice region with contrast larger than 98%) with highly tunable lattice spacings (0.8 − 2
µm) and high power efficiencies (∼ 80%). We propagate laser light illuminating binary phase
transmission gratings through a spatially filtered plane-symmetric 4f−imaging system to create
these lattices. The lattices have a large 190 : 1 aspect ratio and are therefore ideal for interfacing
atoms trapped in these lattices to longitudinally extended nanophotonic waveguides such as
an optical nanofiber or a nanophotonic crystal waveguide. The number of lattice sites lies in
the thousand range, making these lattices well-suited for exploring photon-mediated collective
quantum phenomena arising from large, highly ordered arrays of atoms. Although our current
implementation uses a set of gratings with discrete spacings, grating plates with continuously
varying grating spacing can be fabricated. Such a grating plate combined with fast RF beam
steering can allow for dynamic tuning of the spacing of these optical accordion lattices necessary
for quantum gas and quantum optics experiments.
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