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This dissertation is a study of problems that relate to a Fokker-Planck (Klein-
Kramers) equation with hypoelliptic structure. The equation describes the statistics
of motion of an ensemble of particles in a viscous fluid that follows the Stokes’
equations of fluid motion. The significance in this problem is that it relates to a
variety of phenomena besides its obvious connection to the study of macromolecular
chains that are composed by particle “units” in creeping flows. Such phenomena
range from Kramers escape probability (for a particle trapped in a potential well),
to stellar dynamics. The problem can also be seen as a simplified version of the
Vlasov-Poisson-Fokker-Planck system that mainly describes electrostatic models in
plasma physics and gravitational forces between galaxies.

Well-posedeness of the equation has been studied by many authors, including
the case of irregular coefficients (Lions-Le Bris). The study of Sobolev regularity
is interesting in its own right and can be performed with fairly elementary tools

(Hérau,Villani,. ..). We are interested here with short time estimates and with how



smoothing proceeds in time. Different types of Lyapunov functionals can be con-
structed depending on the type of initial data to show regularization. Of particular
interest is a recent technique developed by C.Villani that builds upon a system of
differential inequalities and is being implemented here for the slightly more involved
case of non constant friction. The question of asymptotic convergence to a station-
ary state is also discussed, with techniques that are similar to certain extend to the
ones used in regularization but which in general involve more computations.
Finally, we examine the hydrodynamic (zero mass) limit of the parametrized
version of the Fokker-Planck equation. We discuss two different approaches of hy-
drodynamic convergence. The first uses weak compactness principles of extracting
subsequences that are shown to converge to a solution of the limit problem, and
works with initial data in weighted L? setting. The second is based on the study of
relative entropy, gives L! convergence to a solution of the limit problem, and uses

entropic initial data.
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Chapter 1: Introduction

This dissertation studies relationships between different math models of sys-
tems in which a large number of macromolecules are sparsely immersed within a
far larger number of micromolecules. Examples of such systems include dilute solu-
tions of polymers such as arise in many industrial settings (see [3,18,19,38,40,41]).
We model the macromolecules (or more precisely the monomer parts they are com-
prised of) as idealized particles (spheres) whose interactions are solely mediated by
interactions with the micromolecules. We model the micromolecules as an incom-
pressible fluid governed by Stokes flow. The interactions of these idealized particles
with the fluid are modeled by admissible boundary conditions, Brownian noise and a
damping term. This leads to a high-dimensional Markov process, whose probability
density function is governed by a Fokker-Planck equation in NV particle phase-space.
We introduce a re-scaling that separates scales, in a way that the now fast scale
leads the system to relaxation to local Gibbs states. The main goal is to present a
rigorous derivation of the macroscopic density equation, through the study of the
hydrodynamic limit as we let the particle mass m — 0.

The importance of the these models lies in the huge diversity of industrial

applications of polymeric solutions and materials. Such applications include the



use of polymers to thicken and raise the viscosity of industrial products. Examples
may range from the thickening of motor oils, which is extremely important in high
temperatures (by diblock copolymers), to the reduction of turbulent flows in water
(e.g. by polyethylene oxide) and proteins used to remove substances from food. In
general, applications involve fields as diverse as biology, medicine, food processing,
oil industry, pharmacology and many others.

Despite the simplicity of fluid /particle models, complications arise that cannot
be ignored. The first and foremost is that as a model it is extremely special and
therefore it is not ideal for describing every single individual polymer architecture.
Assuming that monomers can be modeled as spherical particles (this is already a
big assumption), the specifics of many polymer structures (how monomers bond
together) requires in many cases a reduction to a simpler model. For instance,
many macromolecules can be modeled quite satisfactory by rigid rod models, worm-
like polymers, thread or tube models etc. Another important problem is related to
particle/fluid interactions. In order to have a physically meaningful model, we need
to be specific on how to couple the system of particles/fluid so that we get a well-
posed mathematical problem. As we are going to show soon, in our model, particles
and fluid interact via a set of boundary conditions (the damping force is a result of
these BCs). This will allow us to forget the specifics of fluid motion and focus on the
kinetic description of the particle system alone, since the equations of particle motion
form a closed system now. On the upside, there are also advantages. The particles in
the model system imitate the monomer constituents that are the building blocks of

the macromolecule. These monomers (particles in our model) form covalent bonds



and interact with each other with various forces, e.g. bond forces, electrostatic and
van der Waals. In many cases, we can capture the nature of these interactions with
the help of a potential U(z). Regardless of all the complexities, there are still many
important cases where this basic model stands as a good approximation.

As we put together all the important parts that follow, we begin with a math-
ematical description of the particle system and how we go from a microscopic to
a kinetic (mesoscopic) level of description. We then derive a kinetic many particle
Fokker-Planck equation which will be studied in detail. This equation, re-scaled,
has the important property that it reaches local equilibration very fast, thus mak-
ing the study of the equation that corresponds to the Gibbs states more relevant
for small masses or larger time scales. This motivates us to discuss the specifics of
the macroscopic (hydrodynamic) limit and deduce a Smoluchowski type of equation
that describes the evolution of the particle cloud at a macroscopic level. Doing so,
we shall not ignore the importance of an independent study of the regularity of the

Fokker-Planck equation.



1.1 From Particle Systems to a Kinetic Formulation

The starting point is a system of N identical, spherical particles of mass m
emersed in a fluid governed by Stokes flow. The particles are assumed to be con-
fined by an external potential field U(z). We shall make the assumption that the
particles are not allowed to slip in the fluid medium, and therefore consider the fluid
velocity constant on the surface of the particle and equal to the particle’s velocity.
This assumption is consistent in the sense that it leads to a well-posed fluid /particle
mathematical model. Because of the linearity of the Stokes system and the condi-
tions on the boundary interface between fluid/particles, the hydrodynamic (fluid)
forces that particles experience depend linearly on the particle velocities and this de-
pendence is manifested with the use of a 3N x 3N friction tensor G(z). The friction
is a function of the configuration of the center of particles. As mentioned already,
the equations of particle motion can be studied independently from the Stokes flow.
The last major assumption that we make is to include a Brownian forcing term in
the equations of particle motion to account for the presence of random collisions of
small molecules in the fluid with the large particles.

To use mathematical language, the kinematic equations of particle motion are
described by the phase-space vector (z,v) € R3N x R3M  where x describes the

v

position of the center of mass of the IV spheres and v their velocities. The resulting



system of 6N equations of motion is

;ﬁ ’ . (1.1)
md—;} = ~Ga)v — VU) + V26" (2) .

where W (t) is the standard Brownian vector in R3V,

Before we continue with the study of the system of equations, we shall describe
how the friction G(z) can be computed or at least approximated. Let us mention
for the time being that G(x) is the only part of the equations of motion where
information about the interaction of particles is contained. In fact the friction tensor
contains all the information for the interaction between spheres through the fluid,
making the equations of fluid motion obsolete. The case of a diagonal constant
friction G(z) = 41 (for v > 0) corresponds to particles that move freely in the
fluid without interacting with each other. It is a case of special interest because
it is a good approximation for dilute regimes of particles which will be described
in Chapter 2. The case of diagonal, non constant, friction G(z) = ~y(z)I is also of
special interest, since it helps simplify calculations in the analysis.

Unfortunately, the exact computation of the friction would require solution
of the Stokes problem for every possible profile of particles in the fluid. We can
nonetheless approximate it by various techniques making the business of construct-
ing meaningful approximations an important topic on its own. We are going to
present the two approximations that are most prominent and the problems related
to them.

The first approximation encountered is the Stokeslet approximation. The

Stokeslet (Oseen tensor) is the Green’s function to the Stokes problem associated



with point particles that experience a singular force. This would actually be a good
first order approximation of the hydrodynamic mobility tensor (inverse of friction
tensor) if not for its failure to be nonnegative. Nonnegativity of G(x) is a property
essential for constructing meaningful energies for the particle system and thus fails
an important test.

The construction of a nonnegative tensor can be achieved via a variational
(energy) formulation, first developed in [65] & independently as a perturbation ex-
pansion in [73]. This approximation takes into account particle size and can be seen
as the second order (correction to Oseen tensor) term of an expansion with respect
to a parameter which is typical inter-particle distance over particle radius. A closer
study of the Rotne-Prager-Yamakawa tensor will reveal, that although the tensor is
nonnegative by construction, we cannot avoid degeneracy of G(x) for certain con-
figurations. These configurations as we will examine in the case of a two particle
system happen when the particles coincide.

We now go back to the kinetic equations of motion and consider the problem
for unit mass (non-parametrized version). The evolution of the particle system
can be described statistically with the use of a probability density f(¢,z,v). The
equation for f is the forward N-particle Fokker-Planck equation 0, f+ Lf = 0, where

L is the operator

The Cauchy problem

of+Lf=0, f(0,2,v) = fo(x,v) (1.2)
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will be the object of study for a large part of this dissertation. The ideal is for initial
data fo to lie in L' (R3V3Y). Unfortunately, for many results it will be required that
initial data belong to the less natural functional space L3 = My L?(Mey da dv),
where M, (z,v) = e‘u(“")e_é/Z (with Z = [[ e U@ e~ dy dx) is the global sta-
tionary state solution.

Besides the motivation for the particle/fluid problem given in the beginning of
this introduction, equation (1.2) is interesting by itself as it relates to a wider class
of physical phenomena.

It is worth mentioning, for example, that it serves as a model case for the

Vlasov-Poisson-Fokker-Planck system described by the couple of equations
Of+v-Vof =VU(t,x) - Vof =V, - (Vof +vf),

AU(t,x) = /fdv z,v € RY,

in higher dimensions d > 3. The theory of this system of equations is still in
relatively early stage, with results on well-posedness (see [5,9,13,69] ...), regularity
(see [5,6,13,62,70] ...), and hydrodynamic limit (see [24,25,61] ... ), to name only
a few. Other mathematical problems with similar structure are the Vlasov-F-P

equation, the Vlasov-Navier-Stokes system (see e.g. [26,27]) etc.



1.2 Macroscopic Limit

Hydrodynamic limits are extremely important in connecting between two dif-
ferent levels of description (a kinetic or in some cases microscopic and a macroscopic
one). Historically, this goes back to the work of Maxwell, Boltzmann and Hilbert
(famous sixth problem, Hilbert expansion etc) in the foundations of the kinetic the-
ory of gases. Typically, macroscopic variables and the conservation laws they obey
are far more helpful in describing observable quantities of a physical system than
the rapidly changing phase-space densities. This makes their study necessary not
just for theoretical but also experimental reasons.

Going back to the equations of particle dynamics with mass m (1.1), we want
to study the behavior of solutions of the new Cauchy problem as m — 0. We shall
first consider the parabolic scaling € = /m, ev — v, x — x, which leads to the

parametrized FP equation

Opfe + Lefe = 0, f6(0>xvv) = fO,e(xav)ﬂ (13)

with
Le= (0 Vafe = VU()- Vof.) — 5V (G)(Vaf.+ 7).

Defining the hydrodynamic density and flux vector by

pez/fedv, Jezl/vfedv
€

and taking the limit as ¢ — 0 we should at least formally obtain the system of



equations

8t,0 + Vm -J = 0,
(1.4)

J =G Y (2)(Vp+ pVU(z)).

In the above system p, J are the limits of p. and J. with convergence understood
in some appropriate setting. At the same time, the formal limit for f. is f. —
p(t, x)M(v), where M(v) is the canonical Maxwellian M(v) = e‘é/(%r)"/z (where
n = 3N). We give two results proving the rigorous limit based on different a priori
estimates to the solutions of (1.3).

The first result establishes weak convergence for the hydrodynamic variable
pe(t, x) based on weak compactness arguments. The proof is actually quite elemen-
tary and can be outlined here. We assume that operator L. generates a continuous
semigroup and that a solution fc(t,z,v) to the equation (1.3), with initial data
f(0,z,v), is fc(t,z,v) = et f(0,2,v). We shall also make the assumption of
finite initial energy in L% , i.e. ||f€(0,x,v)||L§v(eq < C, Ve > 0,C > 0. Next,
we decompose f(t,z,v) into a local equilibrium state M(v)p.(¢, ), and a deviation
M(v)ge(t, z,v). With the help of the a priori estimate, we can extract convergent
subsequences for p.(t,z), ge(t,z,v) and 1GV*(2)V,gc(t, z,v). By a simple applica-
tion of Arzela-Ascoli lemma, one can show that p. is compact in C'([0, T], w—L?*(R")),
for any 7' > 0. Next, we write an evolution equation for g. (in distributional sense)
and pass to the limit in € — 0. To do this, since we are dealing with a weak for-
mulation, one has to find the order in ¢ of each integral in the formulation and
ignore lower order terms in €. The final step is to couple the limiting equation for g,

with the limiting equation for p.. This coupling results in the Smoluchowski limit



equation. The exact statement of the theorem is:

Theorem 1. Let p. be the hydrodynamic density defined above, where f. is a mild-

weak solution of (1.3) with bounded initial energy || f(0,.,.)|[L2, @mmy < 0o (uni-
eq ’

formly in €). Assume that the divergence-free tensor G='(x) is non-degenerate a.e.,

with G~ (x) € L, .(R?). In the limit € — 0,
pe—=p in C(0,T],w— L*(dx)),
where p(t, x) satisfies the Smoluchowski equation
Op =V (G(w) (Tap + TU@p) in C(0,T], D'(RL)).

The second method was actually born after some fruitful discussions with
P-E Jabin |35], who indicated to me how relative entropy can be used to establish
hydrodynamic limits. His experience on this method is contained among other
sources in his own work, e.g. see [27].

Since the relative entropy functional H(f|g) = [/ flog % dv dx between two
probability densities f, ¢ is a measure of the distance between them (see Csiszar-
Kullback-Pinsker inequality), by finding 11_1)101 H(f|pM) we can actually control the
square of the L' distance between f. and pM in the limit ¢ — 0. We can show
for our problem that the dissipation of H(f.|pM) contains a non negative part and
residual terms. It will be our purpose to show rigorously that the residual terms
vanish as € — 0, and this is exactly where we have to be specific on the regularity
required for the solutions f.(¢,z,v) of (1.3). Once we show that in the limit the

relative entropy is strictly dissipative, it will be enough to consider initial data
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“prepared” in a way s.t. H(fc(0,.,.)[p(0,.)M) — 0 (as € — 0) so that it is implied
that H(f.(¢t,.,.)|p(t,. ) M) — 0 for ¢ in some finite interval [0, T, for any T > 0.

We now give details on the requirements for the statement to be proven. The
first assumption is the existence of a unique stationary state M.,(x,v), and a poten-
tial U(z) that satisfies e"4(*) € L'(R"). The assumption on the potential alone, is in
fact enough, (as long as G(z) is non degenerate) to imply the existence of a unique
stationary state. We work with weak solutions to (1.3) in the sense given in [50],
which allows for irregular coefficients that satisfy certain growth assumptions. The
computations involving the relative entropy are performed first at a formal level,
e.g. by assuming solutions that belong in Schwartz class with all derivatives vanish-
ing polynomially fast. We continue with a standard regularization argument that
approximates a solution f. with a mollified one f.; € C*. All the formal compu-
tations performed earlier will hold for f. 5, with extra terms that will be shown to
vanish as 6 — 0. In the limit § — 0, H(f.|pM) is non increasing. We then take
e — 0 and the result follows readily.

Under these assumptions we get theorem:

Theorem 2. Let f.(0,z,v) be initial data for the FP equation s.t. f(0,z,v) >0

and

sup // £(0,2,0)(1 +U(z) + [v]* +log fo(0,z,v)) dvdr < C < oo.

e>0

Let p(0,2) € D'(R?) be initial data to the limit equation that satisfies

/p(O,x) da z/ £(0,z,v) dvdx = 1.

11



We finally make the assumption for the initial data that
H(f(0,2,v)|p(0,2)M) -0 as €— 0.

Then, if we assume a solution p(t,x) € C([0,T], D' (RZ)) to the limit equation for

T > 0, we have

sup H(fc(t,z,v)|p(t,z)M) =0 as €—0.

0<t<T
The two theorem presented above answer the question of relaxation of the hy-
drodynamic density p. to a limiting density p, which follows the prescribed macro-

scopic equation. These two results are to the best of my knowledge novel and assume

weak solutions to equation (1.3).
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1.3 Regularity

In this Section, we mention some of the partial contributions which will be
presented in Chapter 4 related to the regularity of solutions, and review other known
results.

We limit ourselves to the study of two types of regularity estimates, namely
local and short time estimates. Much emphasis will be given to the second category.

A local regularity estimate can be obtained as a straightforward application

of Hormander’s hypoellipticity theory. The theory suggests an estimate of the type
[ullar < C([Lull> + lull2)  for somer >0,

as long as the operator L can be expressed in the form L = A*A + B and the
operators A, B which are smooth differential operators generate all the directions of
differentiation (here x and v). Since this fact is rather established, we only review
the main ingredients of a proof presented by J.Kohn (see e.g. [29,43]) which uses
the language of pseudo-differential operators.

The local regularity estimates can be extended with appropriate tools to reg-
ularity estimates that are valid on a short time interval, typically 0 < ¢ < 1. The

main estimate for the Cauchy problem is

C
IVl 2y + [IVoR] 22y < gl 0st<1,

f
Meq "

for a measure ;¢ having density the stationary state Mc,(x,v), and h =
A good motivation for starting the study of short time estimates is to find the
exact estimates for a quadratic potential. Here, we use a semi-explicit representation

13



of the solution to the FP equation (given in [15]) that allows for a quadratic potential
plus a smooth perturbation of it (as long as the perturbation decays fast enough in
space). Based on estimates of this solution we present an exact short time estimate
for initial data in fo € L'(R27), i.e.

C

HfHHL“;L(R;‘;Z) < Ty 0<t<ty forsome ty>0.
Short time regularity estimates will be obtained with the help of two different
approaches. The first approach is a method originally used by F. Hérau which is

quite elementary in nature. The method employs the use of the functional

E(t,h) = /h2 du+at/]Vvh|2du+2bt2/Vvh-Vxhdu+ct3/\vxh]2du,

that depends on three parameters a,b,c (in general aligned as 1 > a > b > ¢),
which is proven to be dissipative for carefully selected values of those parameters,
when 0 < ¢t < 1. Tt assumes a C? potential U(x) and a smooth friction G(z) = v(z)I
with v(x) bounded by Ay > y(x) > Ag > 0. An important feature of this technique
is that it can be applied to the treatment of Llog L(x) initial data, and give short
time estimates for log-Sobolev type of norms. As will be explained in more detail,
the Hérau technique is quite similar to techniques used for proving hypocoercivity
of the operator L. This result is quite standard, and it will be reviewed in detail in
Sections 4.2.2 - 4.2.3.

A different approach is provided by C.Villani and explained in detail in his
excellent monograph [71]. It is, generally speaking, stronger than the one presented
by Hérau but not quite as elementary. The objective of his approach is the construc-
tion of a system of differential inequalities that can be studied independently and

14



provide the desired short time estimate. Although the Hérau method treats L*(p)
& Llog L(u) data, the power of the Villani approach is that it can be used for the
treatment of L! initial data in the case of constant friction v > 0. The interesting
twist in this approach is that when we tried to implement it for a diagonal, non
constant, smooth friction y(x) with bounds like above, we were only able to prove
the desired inequalities in L?(u) for the quadratic potential (allowing L> perturba-
tions of it). An explanation of this restriction is based on the fact that a certain
type of Sobolev interpolation inequalities that are part of the differential system,
can only be proven “by hand” in flat and in the Gaussian measure. It is exactly for
this reason that the method itself leaves some very interesting extensions and open
problems. These results will be presented in Sections 4.2.4 - 4.2.6.

The exact Sobolev estimate for the quadratic potential with constant friction
v > 0, appears to be new, at least as it is derived in the case with an added
perturbation. Although there is no doubt that the result for the purely quadratic
case is known for quite some time, our case is more interesting in that it reaffirms
the robustness of the estimate under a smooth enough perturbation. This result
can be found in Section 4.2.1. In the same spirit, Theorem 14, presented in Section

4.2.5 is another minor addition to theory.
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1.4 Outline

Chapter 2 gives a detailed description of the fluid/particle system. In Section
2.2 we provide an iterative technique of solving the Stokes’ equations of motion which
converges under certain assumptions. A characterization of a regime of convergence
(dilute regime) is given in Section 2.2.2. Section 2.3 gives the most important
approximations of the friction /hydrodynamic tensors.

In chapter 3, we give a definition of a weak solution to the Cauchy problem.
We shall present a theory for L? & L' initial data. This theory is based on the
study of renormalized solutions by Di-Perna & Lions (see [17,49,50]), for solutions
of transport equations with irregular coefficients. The existence of solution is a
straightforward consequence of the energy estimate, but some extra effort is required
for showing uniqueness.

Chapter 4 follows with a discussion of results on regularity. As we explained
already, two types of estimates are more common. Local estimates are given in
Section 4.1, with the presentation of Héormander’s theorem on hypoellipticity and
an exact estimate based on [32|. In Section 4.2 we list all the details of the results
mentioned in Section 1.3.

Chapter 5 follows with the study of convergence to the unique stationary state
solution. We review an elementary method (presented in detail in [71]) very close in
spirit to the Hérau regularization method, giving convergence in L?(u) (Section 5.1).
A different result following [15] is given in Section 5.2. An L' result is presented in

Section 5.3. The chapter closes with a method that can be applied to a wider class
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of problems (not necessarily linear) following [20].
Finally, in Chapter 6, after a brief discussion of the formal derivation of the

hydrodynamic limit, we give the proof of the two results mentioned earlier.
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Chapter 2: Particle System

As a motivation of what follows, we begin with a presentation of the dynamics
of the particle system. The system at hand consists of Stokes’ equations of fluid
motion for a medium and the kinematic equations of motion for a number of particles
embedded in the fluid. The fluid interacts with the particles through the boundary
conditions on the surface of the particles. Although the ensuing system cannot be
solved exactly, there is an iterative procedure that in some cases may be shown to
converge to the solution. Such an instance appears in the so called dilute regime
which we discuss briefly.

Due to linearity of Stokes’ problem, hydrodynamic forces acting on the parti-
cles depend linearly to the particle velocities. This dependence is encapsulated in the
form of the hydrodynamic friction G;;(z1, ..., zy) tensor. The friction G;;(z1, ..., zn)
measures the interaction (through the fluid) between two particles with centers at
points z; and x;. Naturally, we have a freedom of choice in constructing approxi-
mations of G;; or its inverse mobility tensor and we give the two most important
examples in literature. Of course, we should always keep in mind the very inter-
esting case of identity friction, which physically corresponds to particles that move

freely without interacting with each other.
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2.1 Particle Dynamics with Noise

A physical motivation for the occurrence of the Fokker-Planck equation that
is being studied here is provided in the realm of particle dynamics. The particle
system under study can be found e.g. in [36,37] etc. The inclusion of “white noise”
is one of the ways to maintain dissipative structure.

Consider N identical spherical particles, of uniform density, mass m and radius
R, located in physical space R3. Let z; be the center of the i’th particle and B; the
open ball with center x; and radius R. S; is the surface of the ball. The particles
are immersed in a slow, incompressible, Stokes flow. All forces are assumed central
so the particles cannot rotate. The particle system (fluid + particles) obeys the

system of equations:

—nAu+Vp=0 x € R?’\UE, (2.1a)
V-u=0 J:ER?’\UE, (2.1b)
wx)=v; for ze€8 1<i<N, (2.1c)
u(zx) -0 as |x| — oo, (2.1d)
o(x) = —pl +n(Vu + Vu'), (2.1e)
dxl-
=V (2.1f)
d’Ui
m— = —/ o-ndS — V,,Ux). (2.1g)
dt s,

In the above system, 7 is the fluid viscosity, u(z) a velocity vector in R?, and
p(z) the fluid pressure at a point = in space. We assume an external potential U(x)
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that is a function of the configurational vector x = (xq,s,...,zy) € R3N. Later
we will drop the boldface typeface and describe by = the configurational vector in
R3N (for now we use it to avoid confusion with the typical spatial variable in R?).
In (2.1c) & (2.1d) we consider two boundary conditions. (2.1d) is the condition
of a vanishing velocity field at infinity and (2.1c) assumes that the velocity on the
surface of the i’th particle is the constant vector v; € R3.

Forces that act on a surface in the fluid (hydrodynamic forces) are described
by the surface integral — fSi o-ndS of the viscous stress tensor o(z). Finally, (2.1g)
is the equation of particle motion that states that the force on the particle has a
part caused by hydrodynamic interactions and one caused by the external potential
U(x).

Of central importance to our theory, is that linearity implies that the force the

i'th particle exerts on the fluid (F;), can be written in the form

N
E:ZGijvj:/ o-nd>s.
j=1 Si

The tensor {Gy;}1;_, is symmetric and non-negative in R3¥ x R2V. The non-
negativity of the friction tensor follows from a study of the energy dissipation of the

particle system, since

N
Z v} Gijvj = 277/ e:edx (2.2)
i,jil R3\Ui B’i

with e = 3(Vu+Vu?) (rate of strain tensor) is the energy dissipation of the particle

system.
Introducing a more compact vector/tensor notation, we set F' = (F},..., Fy),
v = (v1,...,vy) for the R3" hydrodynamic force and velocity vectors. The friction
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inverse is the mobility tensor H = G(z)~' that has been the object of study of
polymer dynamics for dilute sedimentations.

Naturally, the N particle system does not have an exact solution because of
the complexity of the boundary. The usual approach for treating hydrodynamical
interactions is to introduce an approximation for the friction or mobility tensors
that respects the following properties:

e It is valid for all configurations, admissible and non-admissible. By non-
admissible, we mean cases where particles overlap. Since we are dealing with a
kinetic formulation that doesn’t account for collisions this is a very important prop-
erty to have. Of course, this also allows for a freedom in the choice of the friction
or mobility for non-admissible configurations.

e It is non-negative for all configurations. This property is consistent with
the non-negativity of the “exact” friction and mobility that guarantees dissipation
of energy for the system.

We are working under the assumption that the particles are located in a “ther-
mal bath”, modeled by a stochastic term. The dynamics of particles, after the

inclusion of Brownian motion, is described by the system of equations

dx

E =, (23&)
m% =—Gv—VUx) + \/§G1/2(J:)dd—‘§/. (2.3Db)

W (t) is a Brownian vector in R3*", and % is the “white noise”. The derivative in
the Brownian vector is used only as a notational instrument, since the Brownian

measure is not differentiable in the classical sense. The statistics of the “white noise”
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is given by

. (dW;t(t)) _o,
. (dﬂgt(t) dmc;t(’t/)) —en

where [E here stands for the expectation w.r.t. to Brownian measure.
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2.2  Reflections Method

Although, it is impossible to have an exact solution for the general N particle
Stokes problem for the domain D = R3\ U B}, we can try an approximation process
using reflections. The method is an iterative technique in which one solves the Stokes
problem in a simpler domain and makes a successive correction at each step. In our
case, we solve the problem for a single particle and correct the BCs on the surface

of particles in the next step.

2.2.1 Approximation Scheme

We introduce the formulation of the reflections technique. Let U;(x) be the
velocity on the surface of the ¢’th particle. Notice, that in general, we don’t assume
a homogeneous velocity on particle surface.

The ensuing steps of the method are:

e l-step: Solve fori =1,..., N
nou (@) = Vo (x) = 0,
V-uz(-l)(x) =0 in z€R*\ B,

with B.Cs

u,gl)(x) = U;(z) r €95,
S, (1)
We also define u™ (z) = Y u;” (2) and p(z) = 3 p; ().
=1 =1
e n-step: Solve forv=1,..., N
(n) R (D) _
nAu; " (x) — Vp; () =0

(2
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V-ul(-")(x) =0 in zeR*\ B
with B.Cs

u(@) == u" V@) zes.
J#i

We finally define u™(z) = u™ Y (z) + fj u"(z) and p™(z) = p™m=D(z) +
N i=1
;pin) (@).

We have reserved subscript notation to denote particle number (i = 1,..., N),
and superscripts to denote the step number (n = 1,2,...). We argue that (under
certain conditions which we will present) the limit of u(™(z) solves the N particle
Stokes problem. The convergence of the reflections technique depends on the relative
position of particles and holds in an appropriate space.

In order to prepare for the presentation of the convergence result, we borrow
the notation from Jabin & Otto, [36]. This formulation borrows from the language
of operators.

We describe the solution of the single-particle problem for the j’th particle
with the help of an operator Tj. T} acts on a vector U defined on the surface of the

particle and maps it onto the solution of the Stokes’ problem for the particle. The

operator will be called Stokes operator for the j’th particle, i.e.
Tj: L§°(S;) — L=(R*\ By)
U—T;U

,where Lg° is L*> with U picked with an average normal component that is zero, i.e

/ U-ndS=0.
S

J
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We also consider the family of operators {A;};_,, from L3°(UxBy) to

L¥ (U By), with the property

T;Uls))

AUU —

U i= 7.

Using the language of operators, the reflections technique is formalized by

o 1l-step:
uW(z) = iTi(Ul)
i=1
e n-step:
W™ (z) = u" D (z) + i u" (),
i=1
with

u (@) =Y T - A)LU;.
J

The solution, if the technique converges, should be formally written as

u(@) = 3 ST - AU,

n=0 i,j

or using formal Neumann expansion

u(z) = Z TZ-A;]-IU]-.
0]

2.2.2 Dilute Regime & Convergence of Reflections Technique

We are about to present a case where convergence of the reflections method
holds. This case goes back to the work in [36] in which the dilute regime of particle
sedimentation is described. This regime is the one in which particles approximately
behave like free particles (with no interaction between them).
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The dilute regime is characterized by R < dpi, and A < 1, where

(Za¥]

The critical parameter A, is

dimin
for a cloud of NN identical spherical particles with radius R each.
We use the symbol <, for inequalities, instead of <, in order to suppress the
use and having to re-evaluate constants that do not depend on R, N & d,;,. We

may now proceed to

Theorem 3. In the dilute regime the following estimates hold:

(i)

R .,
10N, S T-10lls,  forj #i,
ij
(i)
R .,
145Ul < o~ Ulls,  for 5 #1,
ij
1 Ary (CA T NN, forg #1i
— A <
(CA) ' §lUls, — fori= 3],
and some constant C > 0,
(iv)
. R o,
HAile Si 5 d_HUHS] fOT.] 7£ Z,
ij
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(v)

1A;'U

S;

for || -

If we also define

s, being the L™ norm on S; .

S

i

for a constant vector U, then the following hold

(vi)
R3N3
@2

min

(vii)
R? .
|G ,STIE for j #1,
ij

where | - | is now the matriz norm induced by || - ||

Proof. Care will be given in presenting the most important steps of the proof of the

statement. The proof is presented in many of the results in [36].

The statements (i) & (ii) are a straightforward result of the regularity of the

Stokes problem solution for a ball. As we show in appendix this is trivial for the

Stokes problem with constant B.Cs. The same regularity estimate holds for the

Stokes problem solution with inhomogeneous BCs as shown after more delicate

analysis.
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Statements (iv) & (v) are also an easy consequence of the estimate (iii). The

formal Neumann expansion for A~ is
-1 E : n

n=0

So, with the help of (iii), for j # i

143

/'\J
Z d’LJ

o
SSZMan
n=1
For j =1, since

AU =U+> 1 AU
n=2

we have the estimate

o0

145

An 1_||U

n=2

’L N N
which yields estimate (v).

Some extra effort is needed in establishing (iii). The argument is carried out

using induction. The inductions step uses the relation

(I— AU = Z (1= Al — AU = =3 Al

ki

Using (ii), the above relation yields

1T = A)3

R n
<> d_ik”(:[ — A)Ulls,-

ki

The reason why the critical parameter A appears in the estimate (iii) has its
foundations in the inequalities
R R\*> _A?
Shen e R(R)ed
— d;; — \ d;; N
J#i J#i
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which can be proven with an application of a covering lemma (for the first one) and
some extra algebra for the second. The two for-mentioned inequalities are used in
the induction step. We omit the details of the induction step.

Using single particle solution for a constant vector U we have,
S;

For non-constant vectors it can still be proved using the regularity of Stokes’
solution that

/ o(TU) -ndS < nR|U].
S;

According to the definition of tensor G;; we also have

Gl — 67 RU = / o(T(AZ' — U)) - n dS.
Si

The above yields,

R3N1/3
d?

min

IGuU = 6mRU| < nR|IAZ'U - Ul < 1U1-

With similar arguments (vii) is established.
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2.3 Approximations of Friction & Mobility Tensors

2.3.1 Stokeslet Approximation & Oseen Tensor

We have asked the question of constructing a mobility or friction tensor with
the properties mentioned earlier. The first related construction will be based on a
simplified particle model.

Assume a very viscous flow in R?® and point particles localized at position z;
fori =1,...,N. Let F; be the hydrodynamic force acting on the i’th particle (no
other force is assumed to act on it). The flow is once again a Stokes, incompressible,

with equation of motion adjusted to be
N
Vp(z) — nhu(zr) = — Z Fo(x — x;) T € R (2.5)
i=1

The boundary condition at infinity is the same as in the original problem, namely
u — 0 as |z| — oo. See, for instance, [19]. The role that the Dirac delta function
plays is to localize forces, since we are dealing with point particles. For the sake of
mathematical rigor, we may view the delta function as a distribution, or might as
well consider the weak formulation of the problem.

The above problem is solvable, as one can see in [19] and with the help of the

superposition principle we find

u(z) =Y H(x —x)F, (2.6)

i=1

where the Green’s function is the 3 x 3 mobility tensor, given by

1 TR T
H = I .
(@) 87|z ( * |z[? )

30




The tensor is divergence free

as one would expect due to the fluid incompressibility. It is positive definite, in the
sense that ¢THE > 0 for € € R?\ {0}. This property is extremely important in the
theory for the mean field limit, when the number of particles N — co. Finally, it

exhibits asymptotic behavior

H(z) ~ %I for |z|> 1.
T

The first mathematical difficulty appears in the fact that H is singular at
0. This prohibits us from assigning a value to the velocity of particles simply by
Vi = u(z;). Engineers go around this difficulty by assigning the value H(0) = L
Here ( = 671 is the friction that a single particle of radius 1 experiences in a viscous
environment.

We have solved one problem by defining A at 0 and we can now consider the
3N x 3N tensor {H;;},,_, = H(x; — x;) for a given particle configuration. It turns
out this tensor is not non-negative for all configurations. In fact, problems usually
arise for small distances between particles (by small here we mean compared to 1).
The name that this tensor carries is Oseen tensor. The flow studied above is known

as Stokeslet flow. We will see how we can get around the inconvenience of a non

positive hydrodynamic tensor.
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2.3.2 Rotne-Prager-Yamakawa Tensor

In this section, we follow the idea found in [65] for the approximation of the
friction tensor based on the variational formulation of the Stokes problem ((2.1a)-
(2.1d)). The same approximation has been reproduced in |73] with the use of a
different method. The variational technique states that the energy dissipation, seen
as the integral in (2.2), is minimized for the solution of the problem.

By picking a trial velocity field u®?, we calculate an approximation Gj} with

the property that Gif > Gi;. This not only guarantees the positivity of Gy, but

also that this approximation is bounded below by G;;. Briefly, the choice of the
approximate u® will be the superposition of the solution to the Stokes problem for

each individual sphere. This might appear a crude approximation but for particles

that are well separated it is satisfactory. Thus, u®(z) = 3.~  u;(z), where

ui(x):(:a R 1 R )Ui

Z|x—xl| 1|x—xi|3

N 3 R 3 R (x—z;) @ (x — ;)
dle—x) 4l —a) |z — x;)?

(%

is the outer solution (|x — x;| > R) of the one particle Stokes problem.

To simplify the computation of the integral that appears in (2.2), we extend
the integration from R*\ B; to R®. Doing this we can only add to the value of the
integral (since the integrand term is non negative), so G > Gj; is reinforced. For
this we make the extra assumption that the inner solution for one particle is 0.

The actual computation will give the following expressions for the approxima-

tion of the friction tensor:

32



The approximate friction has diagonal elements
The non-diagonal elements are

9 R? Tii R Tis 2R? /1 Tii @ T
Gij = > _[ [ 4 29 9T i P ]
’ 27m|%‘! ( - |zi5]2 - |22 \ 3 |51

for |z;;| > 2R, and

for |z;;| < 2R.

The task of finding eigenvalues for each configuration of the RPY friction in
the N particle system requires the solution of an algebraic equation of order 3N. It
is therefore more natural to obtain bounds for the eigenvalues. For the 2-particle

system, when the radius is R and the centers of the particles are distanced by

|d| = |z12|, the exact eigenvalues are:
For |d| > 2R
36mnR2 (1 1 R
Mo=6mmR+ ——— (-~ —=—
AT (4 6 \d\?)
36mR? (1 1 R?
A3q =06mR £ -+ ——
34°= 070 d] (8 TRar)
and for |d| < 2R
1 1]d
Ao = + S d
12 = 6mnR £ 36T R (6 D) R)
1 3
Aoy = + S _ 2l
34 = 6mnR £ 36T R <6 61 R)
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Each of A 5 is simple, whereas A3 4 are both double. The minimum eigenvalue
for overlapping spheres (|d| < 2R) is Apin > 27n|d| and for non- overlapping (|d| >
2R), Apin > 37R.

Introducing the friction tensor G(x) for the particle configuration

x = (r1,%2,...,2y), it is evident that the RPY approximation satisfies
Amin ()1 £ G(x) < Amaal,

in the sense of non-negative forms. For two particles we have just shown that
Amin(T1, T2) ~ |x1 — 23]

Finally, we shall mention the interesting case of a particle system in the absence
of hydrodynamic interactions. In such a regime, particles move like “free particles”

in the medium and a coarse approximation can be made by assuming G(z) = 67nRL.
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Chapter 3:  Well-Posedness of the Fokker-Planck Equation

In this chapter we present the Cauchy problem 0;f+Lf =0, fli=o = fo (FP
equation -+ initial data) describing the statistical evolution of the particle system
discussed in the previous section. For this and the next two chapters the focus
is directed in giving results on existence (uniqueness), regularity and large time
asymptotics for the non scaled operator L that corresponds to particles with constant
mass.

In particular, we discuss how the FP equation arises in a simple application
of 1td’s formula and give formulations of the equation that are equivalent and are
appropriate for a study in different functional settings. The writing of operator L as
the sum of a transport term 7T, and a collision term € is followed by a brief study of
the properties of these operators as well as of the semi-group (e_tL)tzo' The main
question answered in this section is the existence of a unique! distributional solution
under the assumption of initial data in L? or even better in L. The theory for this is

well established for quite irregular friction G(x), and potential U(z) (see [17,49,50])

and is given for completeness.
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3.1 Cauchy Problem

The objective from this point forward is to pass from the particle dynamics
system to a kinetic level of description. Consider the random vector X = (z,v) €
R3N3N that follows the motion described by the stochastic differential system (2.3a)-
(2.3b). The statistics of motion at time t is characterized by the probability density
function (p.d.f.) f(¢t,z,v). This function describes the probability of finding the

random vector X = (Z,7) between the states X and X + dX, for an infinitesimal

phase space vector d.X, i.e.
ft,z,v)de =P{w e QX < X(w) < X +dX})

in an appropriate probability space (2,5, P).

Consider the semigroup P, defined by
Pip(x) = E(¢(X)|Xo = X)

and acting on bounded measurable functions 1 : R — R. Let £ be the generator

of the semi-group (£ = d

<1 P) and £* its adjoint in L?. £ can be found for our
t=0

system with the help of It6’s formula (or Feynmann-Kac formula for the matter),
so that we arrive to the Backward-Kolmogorov equation of “observables” 0, P =
L Pap. Then, the density f(t,z,v) satisfies the forward Fokker-Planck (Kolmogorov)
equation O, f = L*f, i.e.

1

0f + Vo (0) = Vo (G)+ VUE)S) = 90+ (GE)Vad)

In order to study the diffusion limit of the above, one needs to introduce
the appropriate scaling to separate conservative and dissipative terms. The scaling
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procedure is described with more detail in [14] and follows the change of variables,

The above change of variables leads to the following equation (after we re-

introduce the notation for x, v in the place of 2, v')

0.+ LT() = C(f) (3.)

where

T(f)=v-V.f —VU(x) - V,f

is the sum of an advective/transport term v - V. f, and a confinement F(z) -V, f
for F(z) = =V, U(z). For simplicity, we call operator T the transport operator.

The term

C(f) = V- (G(2) (Vuf +0)),

on the other hand, is the dissipative (or collision) part of the equation.

The scaling we have chosen is the only one that provides separation of scales
for the collision and the transport terms. The limit e — 0 corresponds to small mass
limit. In the first part of our study (in what relates to questions of well-posedness,
regularity and asymptotics) we will focus in the non parametrized version of the
equation, with m = ¢ = 1. This equation can be presented in the form of the

Cauchy problem
atf + Lf = 07 f‘t:O = fO(x7U)7 (32)

with L = T—C an operator which from now on will be called Fokker-Planck operator.
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Remark 1. As a side remark on the history on the equation (3.2), it should be
noted that Adriaan Fokker [22] and Maxz Planck [60], were the first to derive a
PDE for a stochastic equation with noise in other than spatial variables (with the
exception of Lord Rayleigh in 1891). Fokker obtained a stationary equation for
a probability density W(q,t), with q being the angular momentum of a dipole in
an environment with fluctuations. Planck derived the non-stationary equation on
his own, few years later. The first instance of an equation with exactly the same
structure (density f(t,x,v), diffusion only in velocities), appeared originally in [42]
in the work of Oskar Klein . Later, Hans Kramers derived the same equation in
[46]. Thus, a more accurate name for (3.2) could be Klein-Kramers (or even Klein-
Kramers-Chandrasekhar according to others). For the above information and much

more see [21]. For an earlier account see [10].

To give some perspective, the fundamental solution to the 1-d (for z,v) case
with constant friction v > 0 and initial conditions f(0,z,v) = (xg,v) for the
equation

Ouf +v0,f = YO2f (n=1),

is known for quite some time (see e.g [44,45]) and is given by

[t x,0) =

2v/3 |v — v ? 3|x—x0— (v + o)t
exp | — -
ry2t2 At 3

(see appendix for more details and other solvable cases).

We can use the fundamental solution to extract various regularity estimates,
but we would rather focus on regularity results for cases where an explicit solution
cannot be obtained. An explicit solution can in general be obtained for a quadratic
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potential U(x) = x? with constant diffusion. The regularity question will be studied
in detail later.

The general structure of a FP equation in phase space is

O f +div,,(bf) = divx,v<UUTVx»”f>’

with b(x,v) € RSN being a vector field, and o(z,v) > 0 a possibly degenerate
matrix in RV*6N Tn our case, diffusion acts only upon the velocity variable and

the ellipticity condition
oz, v)€ > NEP for some A\ >0, V¢ € R®Y

fails trivially even for uniformly positive G(x). More specifically, the failure of
ellipticity won’t be a problem for the existence of a unique weak solution. A weak
solution can be constructed, for quite irregular coefficients b and o, in the realm of
the theory of renormalized solutions first presented in [17].

On the other hand the failure of ellipticity poses some technical issues in the
study of regularity and relaxation to a unique global equilibrium state. The interplay
between the transport and collision terms will in fact be responsible for regulariza-
tion in the missing = direction. This phenomenon has been studied thoroughly by
tools of hypoellipticity theory.

A similar problem will arise in the study of convergence to a global equilibrium
state. In terms of the long time (asymptotic) behavior, the collision operator acts
only in the velocity variable and tends to draw the system in the so called local

equilibria states which are Maxwellians. The transport term on the other hand is
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the reason that a solution is drawn away from each local equilibrium and driven

towards a unique, global equilibrium state M., (z, v), where

_l?
— e Uw) & 2
Me‘](xv U) =€ (27?)3N/2

for our problem. The potential U(x) is normalized so that [e % ® dx = 1. This
problem will be solved by constructing a norm for which L becomes coercive.

A different formalism for the (3.2) problem is presented by considering the

f
Meg*

equation for h = The equation for A can now be written as d;h + Lh = 0, for

the operator
Lh=v-V,h—VU) -V,h =V, - (G(x)V,h)+v-G(x)V,h,

and h is now normalized by [[ hoM., dvdz = 1.
A second commonly used conjugated formulation of the equation is by consid-

ering the equation for h = # The FP operator L now becomes
eq

Lh=v-V,h— VU(z)- V,h+ GY? (—vv + g) ek (vv + g) h,

and the normalization for h now becomes [ ho ML dv da = 1.

The significance of the two conjugated versions of the Cauchy problem becomes
apparent when each one is attached to an appropriate functional setting. This
setting is the “weighted” L? i.e. L?(u) (with p being the stationary measure of L)
for the first one, and the flat L? space for the second. L can now, in both cases,
be written as L. = A*A 4+ B, with B being the anti-symmetric transport term T
and A*A the self-adjoint diffusion operator €. The adjoint of an operator will be

understood in the corresponding functional space.
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3.2 Properties of the Operators €, L and the Semigroup (e~F);>g

We shall review some of the important properties of operators €, L and
(e7'F);>0. To simplify things, especially for the reason of having an operator L
with a unique stationary measure, we assume a non degenerate matrix G(x).

For a full matrix G(x), the null space of € is

NEC) = {f(z,v)[Fe(x) st flz,v) = o(z)M(v)},

which consists of the local equilibria states spanned by the standard Maxwellian in

velocity space M(v) = “—x.
The null space of L is contained in the intersection of the null spaces of T, C.

The following proposition sheds light on the nature of stationary states for L.

Proposition 1. Assume a potential U(z) € CHR3N), with e '@ € LY(R3N). Then,
there exists a unique stationary state for equation O;f + Lf = 0, characterized by

the Mazwell-Boltzmann distribution

—E(z,w)

Z Y

e

Meg(z,v) =

with E(z,v) = |v|* + U(z) the Hamiltonian of the system. Z is the partition

function Z = (2m)3N/2 [ e=U@) g

This observation motivates for a treatment that is customized for the Hilbert
space H = L*(u) setting, with du = M, (x, v)dvdz. Operators can now be consid-
ered as acting from JH to J. In this setting, the collision operator € is symmetric
with € = A*A for A = GY2(2)V,. With a bit of more work it can be shown that
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C is in fact self-adjoint, see e.g. [24,63]. The transport term T is antisymmetric

The domain of € is defined by
D(€) = {h € L*(1)|(=V. +v) - G(x)Vuh € L* ()}
At the same time, the range of C is characterized by

R(€) = {1 € L*(u)| / hdy = 0}.

Operator L generates the continuous semigroup e~**. Since L can be written in

t

the form A*A+ B with B being antisymmetric, the semigroup e~** is non expansive

in 3 as a result. Indeed, let h = e *Lhg

| =

% (h.h) = (Lh,h) = (A*A + B)h, h)

QU

t
— —(Ah, Ah) = —[ Ah] < 0

Thus, ||A|| < |lho|| implying ||e™**||2(,) < 1. This property, for instance, allows for

short time estimates with L?(1) data to be essentially global in time estimates.
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3.3  Well-Posedness

3.3.1 A priori Energy & Weak Formulation

In this section we give a weak formulation for the FP equation and an existence
theory that is based on the notion of renormalized solutions (for kinetic equations
with irregular coefficients) as first presented in [17].

The original work was initiated for proving existence of renormalized solutions

to transport equations i.e.

Ou+b(z) - Vyu=0 (3.3)

for a vector field b(x) € R™. For this equation it is a trivial task to formally obtain

an energy functional in L” (for p < oo) provided that

V -b(x) € L'0,T; L°(R™)) for p>1.

Consider a function 8 € C'(R) with 8’ € L> and multiply the (3.3) by 3'(u).
This yields the equation

() +b- VoB(u) = 0

which if it admits a weak solution for every choice of § then this solution constitutes a
so called renormalized solution. This is a step forward the already classical approach
to distributional solutions because the existence of a renormalized solution in fact
implies uniqueness of a distributional solution by a simple energy argument.

To study the L? theory all one needs to do is multiply (3.3) by f'(u) = uP~?.
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After integration by parts one gets
u(®)]|, < e“T||u(0)]l, a.e.in(0,7] for C > 0.

The energy inequality can be proven not just formally but also rigorously here. The
inequality is enough to give weak compactness and assert the existence of a weak
solution. Uniqueness is the difficult part of our theory and will be given in detail
for our problem. We need a regularization type of argument to address uniqueness
and this will require some extra conditions on the coefficients.

Going back to our example, in [49] & [50| there is an extension of the DiPerna-

Lions theory to the FP equation of the type
1
Of + V- (bf)+ §Vz (00"V,f) =0

for a general, possibly degenerate, matrix o(x) € R™™ and b(x) € R*. We will

prove the theorem for our equation but first give the details of the formulation.
There exists a variety of a priori energies we can pick for (3.1). As noted

already, we will work on the L%,[eq framework. After multiplying the equation by

hM,, and integrating first in phase space and then in time we get,

1 ¢ 1
§/h2(t,9c,v)du+/ /]Gl/z(x)vvh(s,x,v)\zduds:§/h2(0,a§,v)du.
0

Under the additional assumption G(z) > A, A > 0, the energy estimate is

1 ! 1
§/h2(t,x,v)du+)\/ /|Vvh(s,x,v)|2duds < E/hQ(O,x,U)d,u
0

which gives at least some hint of extra regularity.
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So, if fo € L%,[eq then the solution f(t,z,v) will remain in L%,[eq. At the same
time the maximum principle implies that bounded initial data will remain bounded.
Therefore, we seek to construct solutions for initial data fo € L3, N L>(RJY).

We are ready to proceed in the weak formulation to (3.1) with initial data

h(0,z,v) in Li N L®(RSY). We characterize h as a weak solution to (3.1), if
T T
—/ /h@tgbd,u dt — /h(O, 16(0, ) dpe +/ /hVU(:L’) Vb dudt
0 0

T T
—/ /hv-VIgﬁdudt—i-/ /Vvh-G(:U)VU¢dudt—O
0 0

for any smooth ¢, compactly supported in [0,7") x R% . The weak formulation for
(3.2) is similar.

The following theorem can be proven.

Theorem 4. Assume that the potential U(z) and diffusion matriz GY/*(x) satisfy

the following assumptions:

(i) G(zx)v+VU(x) e (WEYN (i) tr(GQ) € L®

loc

G(xz)v + VU(z)
L+ |z| + |v]

€ (L>)3N

(iid)

G1/2($)

(iv) G1/2(x) c (W1,2)3N><3N (v) - |a:|

loc

c (LOO)?’NXSN.

Given initial data fo € L?V[eq N L there exists a unique weak solution f to (3.1) s.t.
fe L>([0,T], Ly, N L™)
satisfying the additional condition G(x)Y2V,f € (L3, ([0, 71, Li[eq))?’N.

Remark 2. tr(G) is the trace of tensor G(x). The above assumptions are pretty
general in their nature and in many cases they become obsolete, e.q. for bounded
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G(z) (i) and (v) become trivial. Furthermore, for smooth U(x), G(x) with the
appropriate growth at infinity conditions they are all superficial. Assumption (ii)
is needed for a general LP theory (including L*) but not for L?vteq- It is also worth
mentioning that all the conditions are actually used for the uniqueness result since

showing existence is the “easy” part and requires only bounded initial data.

For instance, let us for a moment consider the special case of constant diffusion
(G(x) = T). One may typically assume a C! potential U(z) that grows sufficiently
fast at infinity. The initial data will be L', although the following result also applies

for measure initial data. It can be shown,

Theorem 5. Assume a potential U(z) € CH(R3N) with a uniformly bounded Hessian

IV2U(z)| < C for C > 0. Then the Cauchy problem
Of+Lf=0  f(0,-,-) = foe L'RN xR)

admits a unique solution f(t,z,v) € C(Ry, D'(R3N x R3N)) that satisfies the addi-
tional

J € Lin(Ry, LR < BIV)) 0 L2 (Re, HA(REY x REY)).

loc loc

Proof. The proof is very similar in philosophy to the one that will be presented

shortly for the general case. [

We take a note for later that the regularity in this case is similar to the one
achieved for full rank (uniformly positive) diffusion matrices as we will show.

For now let us present the proof.

46



Proof. For the sake of a complete presentation we give the steps of the proof in
the spirit of [50]. Since regularization plays a central role, we begin by defining a

mollification kernel

e o) = w0 (5)0(3)

where p is a smooth compactly supported (p € D(R™)), normalized ([ pdx = 1),
nonnegative function (p > 0).

The existence part is the easiest. One assumes existence for smooth U(z),
G(x) holds and regularizes potential and diffusion matrix by Us = ps x U, Gclg/ ? =

ps * GY/2. Then, equation
Oif +v-Vuf —VUs(x) - Vof =V, (Gs(x)(Vof +vf))

has a solution fs that depends on 6 > 0. Using the energy estimate, provided that
tr(G) € L™, we can extract a subsequence of f5 and pass to the limit (since we have
convergence in L>(0,T; L*(R%Y))) to obtain a solution in the weak sense.

The uniqueness is proven by showing short- in-time stability of the solution.
Stability implies that a zero initial condition remains zero. Thus we need to establish

an estimate of the form,
1£llze < Ke| foll -

There are two main technical difficulties in proving the stability estimate. The
first to be overcome is the need to do computations beyond the formal level. To
do this, we regularize the equation by convoluting with ps, so that we obtain an

equation for fs = ps = f. This yields the regularized Fokker-Planck equation

Oufs+v- Vo fs=VU(2) Vo fs= Vo (G@)(Vofs + vfs)) = Us+V, - (G2 Rs), (34)
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for

Us = =lps; v - Vo = (VW) + Gu) - Vo] (f) + [ps, tr(G)](f)

+ [ps, GY?V](GV2V, f)

and Rs = [ps, G1/2Vv](f)~

The commutator [ps, c(x) - V] between a mollification function ps and a derivation

is defined by

[ps, c(x) - V] = psx (c- Vf) = c-V(ps* [)

where ¢(z) is a vector field. It can actually be proven that in the limit § — 0,

Us—0 in L>+ L*[0,T],LL,)

loc

R; =0 in L*([0,T], Li,,)
if the following conditions

Go+ VU(z) € (WEYN tr(G) e L™, GY? e (Wh2)3Nx3N

loc loc

hold.

The second fix in the proof is based on the fact that it is much simplified
in bounded regions. The trick here is to consider a cut-off function ¢g(z,v) =
10) (%) 10) (%), where ¢ is a smooth function s.t. ¢ = 1 in the ball of radius 1 and
vanishes outside the ball of radius 2. If we multiply (3.4) by fs¢r and integrate in

RSN we get

T,v9
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d 2
E/ f?% B % / ftr(@)on + / G2V fsl*or
= %/ﬁ?(v -Veor — (Gv+ VU(x)) - Vyor) — /f5G1/2VUf6 ) Gl/QVU¢R

+/U5f5¢R— /(G1/2Vuf5) - Rspp — /fa(Gl/QVuch)'Ra.

The idea is to bound all the terms in r.h.s and send R — oo uniformly in 0

and see what terms vanish. The first two terms are

| /f(?(vquéa— (Go+VU)- V)| < CHGSTI;:FI ?fv(lgj) [, et~ /|:c,|v>R &

and

G (x)Y/? e
1+ [z] HLOOHV(b”L“’ /|z,|v|2R’f6HG A\

| [5G 69 o] <

If assumptions (iii) & (v) are satisfied, then it can be shown that when R — oo
the two integrals above go to zero Vd < 1 (as well as L' in time). The other integrals
can be bounded in similar manner. So, for any n > 0, we can find large enough

radius R > 0 s.t. uniformly in 6 > 0 the following holds

/%2¢R§77+C/Ot/f2¢}%-

Taking R — oo proves the stability estimate.

3.3.2 Propagation of L' Initial Data

A more natural assumption for the choice of initial data is to be L! (for conve-
nience we consider L' N L>°). The study of a general L? theory is possible. First, we
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consider a regular function S of one variable and we multiply (3.2) by 5'(f). After

integration in the x, v variables we obtain:

G [0 = [us - s+ [ #ni6a v ~o

Consider a sequence of convex, regular functions /3, that converge to the ab-

solute value. Given the fact that G(z) is bounded it is implied that

d
g [1nse il = 1 < inl

Thus, a unique weak solution for initial data L' N L™ exists under the same

conditions of previous theorem. The solution is now modified to belong in the space

f e L>(0,T], L' n L*>), G(x)V2V, f e (LY([0,T], LY))*N.
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Chapter 4: Regularity

The question of Sobolev regularity is undertaken in this section. Due to the
nice structure of the Fokker-Planck operator, one can anticipate regularization prop-
erties under certain plausible assumptions on the coefficients of L, despite the fact
that L is a hypoelliptic operator (diffusive only in velocity). There are two types of
regularity results treated here. Local (instantaneous) results, and short time regu-
larity estimates. Estimates of the latter type are stronger and being coupled with

the non expansivity of the semigroup e=*"

imply global regularization.

Starting with local results, we discuss only the basics of the language of pseudo-

differential operators, stating Hormander’s theorem for operators of the type iOXf—I—
i=

Xo and Kohn’s method of proof for this result. We shall also present an explicit

local estimate for the problem with constant friction v > 0.

We begin with exact estimates for the solution to the equation with a quadratic
potential, based on the representation of the solution found in [15]. Next, we in-
troduce certain entropies E(¢, f) that imply immediate short time estimates, an
idea first presented in [31]. We can apply this method for initial data in L*(u)

and LlogL(u), where p is the unique stationary measure. C Villani in [71] gives

a method of regularization which builds upon a system of differential inequalities.
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This method gives regularity for unbounded initial data as one expects from prob-
lems of the kind. Here we apply the method for the slightly more general case of a

diffusion G(x) = y(x)1. Finally, we present a result of regularization from L' data.
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4.1 Local Regularity

4.1.1 Pseudodifferential Operators

The following is the statement of the Hormander theorem valid for operators
of type

p
L= X+ X, (4.1)

j=1

This form has been traditionally called Hormander form of a second order differential

operator.

Remark 3. The Hormander theorem is also wvalid for operators of the type L =
p P
> XJ2 and L = ) X;X;+ Xo. The latter is treated by view of the observation that
j=1 Jj=1
X7 = —Xj+c¢; for c; € C, with the adjoint being understood in the Hilbert setting

H = L(R").

Here, the operators X, Xi, ..., X, are derivations (vector fields). Derivations
are first order differential operators with C' coefficients, i.e. X; = a;(z) - V etc.
Before we present Hormander’s theorem, we shall define commutators of the deriva-

tions using induction and Lie bracket notation,

Xi = [Xz [Xzé,...,[$ia71,Xia]...]].

192...0q 19

Theorem 6. For the operator L, mentioned in (4.1), we say that Xo, X1, ..., X,
satisfy the Hormander condition at a point xo € Q iff there exists some r(xg) € N
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s.t the vector space generated by X i, i, at xo for |a] < r(zg) — 1 spans the whole
tangent space. If the Hormander condition is satisfied for all points in Q0 (open set),

it can be proven that

lullyr < CUILullg + [ullo),
for some r > 0 and ||ul||s the typical H® norm.

In [29] there is a proof of the above inequality based in an approach by J.J
Kohn [43]. The proof by Kohn does not give the optimal exponent for 1/r in
Hormander’s estimate, which is 1/3, but rather the exponent 1/4. For this proof,
one needs to introduce the basics of the language of pseudo-differential operators.

The starting point is the introduction of the notion of a symbol. A symbol
p(z, &) of order m (real), is a function p : R*" 5 (z,€) — R that can be expanded in

homogeneous terms w.r.t. the £ variable

p(x7 5) ~ me—j(xv g)a

with p,(z, &) satisfying

Pu(,0E) = N'p,(, €) for [¢] > 1.

The operator P that corresponds to the above symbol

1
(2m)"

P(p)u(x) = / €7 Ep(, €)(€) e,

is called a pseudo-differential operator of order m.
A more convenient characterisation of the symbol class S™ for symbols of order

m is the following. A symbol p(z,&) € S™ with m € R if

1020, p(x, )| < Cop()™ ' Va,3 € NN {0},
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where (¢) stands for the “japanese bracket” symbol (&) = (1 + |¢[?)Y/2.
Pseudo-differential operators are generalizations of differential operators. They
form an algebra in the sense that a composition of two pseudo-differential operators
of order m; and ms is a pseudo-differential operator of order m; + msy. Notice
that the symbol of the composition is NOT the product of the two symbols of the

operators! More detailed, if p; € S™ and p, € S™2, then

P(p1)P(p2) = P(pip2) + P(ps3)

where p3 € S™*m2~1  This implies that the commutation [P(p;), P(p2)] is an
operator with symbol in S™*™2~1  This observation lies in the heart of any proof
of Héormander’s theorem that uses pseudo-differential calculus.

The adjoint (in L?) of a pseudo-differential operator of order m, is a pseudo-

differential operator of the same order, i.e. if p € S™

P(p)" = P(p) + P(q) with ¢ € S™ .

Pseudo-differential operators of order 0 form an algebra of bounded operators
in L2(R"), i.e.
|P(p)] <C if pe S
In this family of operators of special importance are operators A® that corre-

spond to the symbol p(z, &) = (£)* = (1 + |£|?)*/2. Notice that the classical Sobolev

space H® can now be related to A® by

H*(R™) = A~5L*(R™).
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Kohn proved the following as a step for showing hypoellipticity of the operator

(4.1).

Theorem 7. Consider the pseudo-differential operators of order O for which the

following inequality holds

[Pulle < C(ILullg + llulls). (4.2)

for some € > 0 and C > 0. The operators that satisfy the above inequality belong to
a class which we denote by P. If P € P the following are satisfied:

(i) P*€?®

(ii) X;,A"t e P j=0,...,p

(111)[X;, Pl € P 7=0,...,p

(iv) TP, PT € P for any pseudo-differential operator T' of order 0.

In order to understand how this theorem combined with the Hérmander con-
dition leads to hypoellipticity, we should start with the following simple observation.
For proving regularity it suffices to prove (4.2) for P = I or P being the operator
FA~! for all directions of derivations F. The Hoérmander condition is satisfied if
Xo, X1,..., X, create all directions which in turn with the help of Kohn’s theorem
proves that F'A™! € P for all directions F. The rest is an iterative use of (4.2) that
proves u € H® for all s > 0.

To provide a common framework with results that will follow, we consider the
Hilbert setting 3 = L?(u), and operators of the form L = A*A + B. We shall

also consider the finite-dimensional Hilbert space V which will be the space of all
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variables on which an operator acts (typically we can think of it as R™). In the
above abstract setting A is an operator A: H — H®V and B : H — H.

This form has more structure and lies in the heart of many results shown
later. To make a notational clarification, one can view A as an array of derivations,
namely A = (Ay,...,A4,). We can now define commutations involving an array of
derivations and a derivation, or two arrays of derivations in the following way:

[A, B] will be viewed as the array ([A1, B],[A2, B],...,[An, B]), or with the
help of tensorization as

[A,B] := AB — (B®1)A.

On the other hand, [A, A] will be the matrix of operators defined by [A, A];; =
[As, Ajlis-
We have already stated the Fokker-Planck operator can be written in form

L = A*A + B, with
A=G"Y?*(x)V,, A" = -G"*(2)(V,—v) and B=v-V,—VU)-V,.

For G(z) =1, [A, B] = V., and the Hérmander condition is satisfied. The commu-
tator algebra gets significantly more complicated for non constant diffusion G(z).
At the same time, it is worth noticing that local estimates tell us nothing about
regularization in time. Therefore, the biggest part of this section will be devoted to

answering the second question.
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4.1.2 Algebraic Core

For simplicity let us consider the equation
Ohf+v-Vof —=VUx) - V,f =9V, - (Vo f +0f)

with constant friction v > 0 and initial data f|;—o = fo. The equation allows for
a closed and more symmetric structure of the FP operator L. The potential U(x)
satisfies

e~ U@ ¢ S(RM) for IV2U(x)] < C.

Remark 4. The estimates that will follow are formal and can be proven for slightly
weaker assumptions on the potential U(z). In [32] the potential assumed is the so

called “high degree” potential that behaves like U(z) = |z|*™ (for m > 1) at infinity .

After conjugating f with Mif we have the new functions h = # and hy =
eq

MfT(ZQ Operator L now takes the form L = X, + Zj bj»bj where X, is the field

Xo =v-V, = VU(z) -V, described as in Xo =y7' 3 (a;0; — ajb;) and b3, b; the
annihilation-creation pair.

The operators a;, b; are given by

1 \ 1
a; =70, = 30,U), a5 =70, + 50, U(@))

o1 ) 1
b; = (0,5 + §v~), by =" (—0uj + 5%‘)

A more compact, vectorial notation, can be used with the introduction of
operators
a=(a,...,a,)" and b= (b1,...,b,)"
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with adjoints a* = (af,...,ak), b* = (b3,...,b%).

»'n

Operators a, b satisfy the canonical commutator relations

b, = [b*,b"] = 0

[0,0"] = vId (element-wise[b, b"]; j = [b;, b]] e.t.c)

as well as

la,a] = [a",a*] =0

[a,a*] = yV*U(z).
Also a,b commute in the sense
[a*, 6] =0

for § and f corresponding to either * or nothing.
The Lie algebra structure is summarized by the following commutation rela-

tions between a, b and the field X, i.e.

[b, Xo] = a, b, Xo] = a” and

[a, Xo] = —V*U(z)b, [a*, Xo] = —b*V*U(x).
The natural Sobolev scaling is introduced with the help of the operator
A2 =1+a*a+b.
This satisfies the relations,

(A%, Xo] = —b*(V*W(z) — Da — a*(V*U(z) — )b
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as can be easily checked, and
[A™ (1+b0))=0  for m,l€R.
It is proven, e.g. see [32] that

Theorem 8. Under the assumptions that we made on U(x) there exists C > 0 s.t.
vhe SRy, ARl < CoullZR® +1A*)  0<e<

A proof of the above theorem can be given with the help of pseudo differential
calculus and key hypoelliptic estimates. Here we are only giving a brief sketch of

the proof based on the following estimate

Vh € S(RYD),  |[Ah|]®> < (Lh, (M + M*)h) + (M Lh, Mh) (4.3)

+C ((Lhh) +R]IP),  0<e<

A~ =

where M = A?**72a*b , for some C > 0 that depends on v and U(z).

Although we are not presenting the proof of the estimate which can in fact be
found in [32], we will show how it implies the estimate in the above theorem. All
terms in the r.h.s of the hypoelliptic estimate will be bounded by ||Lh|*+ ||h]|?. We

use the fact that A>*~2a* and aA?*~? are bounded operators and that

A 20| & |laA*™ 7% <1 for 0<e<

This implies immediately that

IMR]* = [|A*2a"bh|[* < [[bh||* = (Lh, h).
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At the same time for the adjoint of M we have

M* = b ah* % = b (14 0°b) /> (1 + 0°b) /2aA> >

B (1 4+ 575) a1+ D) 2N = b*(1+ b7b)"Y2ah2 2 (1 + b*b) /2.
Since both operators b*(1 + b*b) /2 and aA%~? are bounded, we have that
[MR)* < [[R]1* + (bR,
With these estimates at hand, we get

2(Lh, (M + M*)h) = 2(Lh, Mh) + 2(Lh, M*h) < 2||Lh]|| | M|
+2|[ LR [|M*B|| < | LA|* + || MR + 2[| LA ([bh]* + [[2]1)/?
< 2(||LA[* + [1h[I*) + | LAl ((Lh, B) + |R])'/?

< C(IILA)P + |h1?),
and

(MLh, Mh) = (A*2a*bLh, A* 2a*bh) = (aA***a*bLh, bh)

< llaA* *a*bLA| [bh]| < L] [oR[l < 20 LA]* + [[2]%).

The above two estimates and (4.3) prove the estimate in the theorem.
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4.2 Short time & Global Regularity

4.2.1 Exact Regularity Estimates for the Quadratic Potential

Before we start with the functional related techniques for obtaining short time
regularity estimates, we deviate a bit by extracting exact estimates for the solution
in the case of a quadratic potential. We assume a quadratic potential plus smooth
perturbations of it (typically wo@ + ®(x) for ®(z) € H®(R3N), wy > 0), in the
spirit of [15]. The friction matrix is assumed identity G(x) = L

As a part of a procedure of showing algebraic rates of convergence to the unique
global equilibrium state for equation 0,f + Lf = 0 with initial data f|;—0 = fo,
the authors in [15] show that the solution propagates Sobolev regularity under the
above assumptions for the potential U(z). This was done by constructing an exact
solution taking the Fourier transform, and proving all the estimates with the help
of the transformed solution. Here, we use the same solution to derive the short time
regularity estimates. Unfortunately, the exact solution offers no insight on the long

time behavior of the solution.

Consider the equation
Of+v-Vuf —x-Vof =V, (Vof +0vf). (4.4)

We initially avoid using the perturbative part to simplify the computations a bit.

Also, to make things slightly more presentable we let n = 3N. The Fourier transform
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A~

f(t,&,m) of f(t,z,v) is defined by

f(t,§,n) = // f(t,x,v)e_i(mf“'”) dv dz,

with (£,71) being the conjugate variables of (z,v). The equation for the Fourier

transform f is
Of +n-Vef+ (=) - Vof +InPf =0 (4.5)

The characteristic lines for the equation for f satisfy

d¢
a | | 01 §
d
= -1 1 n

with assigned initial data £(0) = &, n(0) = 1. The eigenvalues of the above system

2 0
are %:ti‘/?g, with eigenvectors +1 . Subsequently, the characteristic

1 V3

system has the solution (£(t) n(t))" = e/2X (t)(& o), for X (¢) the 2 x 2 matrix

V3 1 V3 2 V3
coSs <—t> — —=sIn (—t) —=sin (—t)
——jg sin (—‘ggt) cos (—23t) + —\}5 sin (—‘/gt>

)
This induces the characteristic flow x:(£,1m) = (x;(€,7), X2(£,7)) s.t.

Xt (&0, m0) = &(1) and X; (0,m0) = n(t).

The solution for f is given by

Ft.6,m) = F0, x40 (&,m), X2, m))e o PEs(Eml*ds

Remark 5. If we allow a perturbation ®(x) on the quadratic potential, then the

r.h.s of (4.5) now contains the extra term in - @, and the full solution to the
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transformed equation now reads

Flt,€m) = F0, X, (6,m), X2, (€, m))e o I cEm 2 ds

t
+i/ Y2(EMVOF(t — s, % .(6,m), X2, (&, n))e o WEa&mPdo gg
0

The following estimate proven in [15]| gives control of f . We present it here.

Lemma 1. There exists some K > 0, s.t. for any 0 <t <1 and (§,n) € R" x R",

we have

t
| D e P ds = K@ + P
0
Proof. See paragraph 5 in [15]. O

Let us begin, for instance, with an estimate for || f|| .2, that can be established
with the help of the lemma above. For this estimate, we want to have some con-
trol of fo(-, ) = f(O, -,+) uniformly in & n. This can be easily obtained, since by

conservation of mass one has

sup sup |f(t,&,0) < || follo-
t>0 €neRn

Indeed, for a quadratic potential, the L? norm for a solution can be controlled
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explicitly by

18 = [[ 5P avds = [ [ 152 anae
= // |f0|2672f0t |X%s(£7n)|2ds dndé S Hf()”%l // 672K(t3|£|2+t|77|2) dndé'
= Hf0”%1 (/ €—2Kt3\£|2 df) (/ 6—2Kt|m2 dn)
= HfoHil (/ / LG dep) (/ / o 2Ktp? dep>
0 JOB(0,) 0o JaB(0,p)
= Hf0|’%1’83(0,1)|2 (/ pn71672Kt3p2 dp) (/ pn71672Ktp2 dp)
0 0

2 2 L pmy_ L p(m

R Q)

2

where I'(+) is the gamma function, and 0B(0, 1) is the surface area of the n dimen-
sional unit sphere.
The following theorem gives a precise short-time estimate, for the non-weighted

Sobolev norm of the solution, for a potential of the type U(z) = %2 + O(x).

Theorem 9. Assume a smooth solution f to the equation
Ohf+v-Vof —x-Vof =VO(z) - V,f =V, - (V,f +0vf),

with initial data fo € L'(R™ x R™), where the perturbative part ®(x) satisfies (x) €

H*(R™) for all k > 0. Then, there erists to > 0 s.t.

C
HfHHEZ’Z;lSt for 0<t<ty, and C >0.

n—&—%m—s—%l

Proof. We begin by writing the solution for f in the form f = A(t,&,n)+iB(t, &, 1),
where the functions A and B have already been presented in Remark 5.
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e = [ [ 1Vt avdn = [ [ 16 in e an

<2 [ [l AE 0P + BG.& )P dedn
The computation of the first part in the above integral gives

//|§|2m|n|2l|A(t,§,n)|2dnd§:// |g|2m|77|2l|f0|2€—2f5|><2_s(45,n>|2dsdnd5

S Hf()”%l/ |£‘2m|7]|21672K(t3|§‘2+t|m2) dnd§

— 15l ([ 1P ag ) ([ apren2mio ay)
= ||f0||3le (/ / p2m672Kt3p2 ds dp) (/ / p2[€f2Ktp2 S dp)
o JoaB(o,) o JoB(o,)

— ||fo||%1\3B(0, 1>|2 </ p2m+n—1€—2Kt3p2 dp) (/ p21+n—16—2Ktp2 dp>
0 0

I foll2:10B(0, 1) 1 n o
- 4(2K)n+m+l t2n+3TrL+lF (m + 5) T <l —+ 5) .

The second integral, [ |£]*™|n|?|B(t,&,n)[* d€ dn, will be shown to be bounded
by a constant for sufficiently small values of ¢ > 0. First, we begin with some
estimates for B(t,&,n) already pointed out in [15] par. 5.

Indeed, with the help of mass conservation and induction, it is proven that

—_— C
sup [V (t, £, )| < é

>0 1+ €2+ [nP)* for C, >0, Yk>0.

The above estimate is used in

[B(t,€,m)| < / C(EMVBFE — 5, XL (€, ), x2u(€ m))] e 0 W oEmlae g

Cy

o K(SIEP ) g6
L+ (& mIP + XL )Pk

< | (slé]+ ) (
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By continuity of the characteristic lines, it follows that there exists t; > 0 s.t.

IXEMP+DELEmP > S (EP +nl*)  for s <t

N —

This implies

Ch
(1 + &2+ nl?

t
|B(t,&,n)| < iz / (s|€] + |77|)6—K(s3|€\2+s|77|2) ds for t<t,.
0

The last integral is bounded, so this results to

Ci

for C, >0, Vk>D0.
TP+ mRr o =

|B(t,&n)| <

The above estimate holds for all £ > 0. Given any choice for m and [, one can
pick & large enough so that the integral [ |£]?™|n|*|B(t, &, n)|? d€ dn is bounded for
t <t

Combining the two estimates,
[ 1€ At € )P de dn = O(1 /27 and

/mmwwwmwﬁmzmn

for t < ty, finishes the proof.
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4.2.2 Héraou Method

The technique we are going to present in this section , with a slight modifica-
tion, was first presented in [31]. It shows regularization from L?(u) to H*(p), where

 is the measure with density M., (z,v). It uses the energy functional

E(t, h) ::/h2d,u—|—at/|Vvh|2du+2bt2/Vyh-vxhd,quct‘g/|Vzh|2 du, (4.6)

which is shown to be dissipative for appropriate choice of values a,b,c > 0.

The Héraou technique has some advantages, but it also comes with a slight
expense. Among the advantages is the fact that it makes use of a single functional
that happens to be dissipative for certain values of parameters. It is also a very basic
technique, since it relies solely on estimates that are based on the Cauchy-Schwartz
and the Young inequalities. In the implementation of the method we have to assume
a potential U(z) € C*(R3Y) that has a bounded Hessian (e.g. quadratic potential
etc). This assumption on the potential can be relaxed a bit, with a method that
uses a system of inequalities to extract regularity estimates based on an approach
by C. Villani.

Here we are about to generalize slightly on the method in [31], by assuming a

smooth, diagonal diffusion matrix G(z) = v(z)I, with v(x), V,v(z) bounded by
)\0 < ’7(13) < AO for >\07A0 > 0,

and Vey(z)] < Ay for Ay > 0.

The norm used above is the Hilbert-Schmidt norm i.e. |V, y(x)| = /> |0.,7(x)[%

2

With all the above assumptions, we prove the following.
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Theorem 10. Let U(x) € C*(R3N) with inf U(z) > —oo, having a bounded Hessian
IV*U(z)| < C.

Assume a solution to the Fokker-Planck equation, with initial data hy € L*(u).
It can be proven that there exist parameters a,b,c > 0 (generally aligned as in
1>a>b>c)st.

d

%8(t,h)§0 for 0<t<1,

for the functional (4.6). More specifically, it is shown that
/|Vvh|2d,u =0, /|Vzh|2du =0t  for 0<t<1.

Proof. As stated already, we are using the energy functional (4.6) which we show
it is dissipative for carefully selected parameters a,b,c > 0. More precisely we will
show that there is a constant K > 0 s.t.

d
— <

- K (/ |V oh|? du + at/ |V2h|? dy + bt? / |V h|? du+ ct? / V2 h|? d,u) :
The result then follows by the form of the energy functional.

The derivative of the energy £(¢, h) is

d d d
—&(t.h)=— | hW¥d t— hl?d
Ce(t,n) dt/ u+adt/|vv| "

d d
2 @ ) 3@ 2
+ 2bt pn /Vvh V.hdu+ ct pr / |V .h|* du
+ a/ IV h|? du + 4bt/Vvh - Vihdp + 3ct? / |V.h|* dp. (4.7)
Before we compute the estimates of the time derivatives of expression (4.7),

we simply give the bound (based on Cauchy-Schwartz and Young inequalities) for
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the last line. Indeed,

a/|Vvh]2du+4bt/Vvh-Vzhdu+30t2/|vxh|2du
ga/|vvh|2du+4b/|vvh|2du+bt2/|vxh|2du+3ct2/\vxhdeu

< (4b+a)/\Vvh|2du+(b+30)t2/lvxh|2du.

In general, we assume the ordering a > b > c for parameters a,b, ¢, which
somewhat simplifies the analysis. With this assumption, the above expression is
bounded by C (a [ |V, h|*du+ bt* [ |V h|*dp) for C > 1.

The easy term in (4.7), is the time derivative of ||h||%2(#) which is controlled

1d

37 h*dp = — / |GY2(2)V,h|? du < —Xo / |V, h|?dp. (4.8)
In order to compute the time evolution of the remaining norms, we use the following
trick. Assume that we want to find the derivative of the norm ||Ch||;2(, for a given
derivation operator C. After we compute the action of the operator 0; + L on the
first order differential operator C i.e. (0; + L)Ch = [L, C]h, we multiply by C’h and

integrate in p to get

1d

Sz / ChI2 dp + / IACH[2 dp = /Ch (L, Clhdp.

The last integral term, [ Ch-[L, C]hdpu, should be controlled with further analysis.
The above computation has been performed in the appendix for C' = V, and

C = V,, resulting in equations (4.9) & (4.11). For equation (4.10), we have per-

formed the computation in a straightforward manner.

70



2dt/w h|2¢m+/|c:1/2 (2)V2h|* du = —/Vvh-vrhdu

- / Voh- G(2)Vohdp, (4.9)

d
dt

—/Vvh-G(m)thdu—Q/(G(x)meh) :V2hdp — /vzh - (V.G (z) - V,h) dp,

Vaih-Vohdp = /Vh V2U(2) Vo h dy — /|V h|? dp

(4.10)

th/yv h\zdu+/\Gl/2( )szhIQdu:/Vxh-vzu(:z:)vvhdu

— /meh : (V,G(x) - V,h) dp. (4.11)

Each of the above derivatives will be treated separately. Let us only note here that
notation-wise we have chosen the use of operators rather than present calculations
componentwise. That way we avoid a heavy notation use. To be more specific, 1
have tried to keep the following conventions. The - symbol, as usual, stands for
the dot product between two vectors, but it is also used when a third order tensor
is multiplied by a vector to give a second order tensor. The symbol : is the usual
tensor product between second order tensors. The product of a second order tensor
and a vector and that between two second order tensors is the usual one (matrix
multiplication). Norms for a tensor of any order are the usual Hilbert-Schmidt
norms. For the reader who wants to be meticulous about the computations with
components, these have been thoroughly performed in the appendix.

The rate of change of the Hérau energy i.e (4.7) with the help of (4.8)-(4.11)

is shown to be controlled by
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d
Cet,h) < —2A0/|Vvh|2du—2A0at/|V§h|2du

— ob? / Vb dpt — 220t / V2 A2 (4.12)
+th2/Vvh-V2u(x)Vvhdu—2)\0at/\VUh|2du (4.13)

+ 2ct? / Vah - V*W(x)V,hdp — 2at/Vvh -V.hdu

— 2bt? / Y(2)Vph - Vi hdu (4.14)
_ ap? / V@)V V2hdp (4.15)
— 20t? / Voy(x) - V2hV  hdp — 2ct? / Voy(z) - V2 hV,hdu (4.16)
+ (4b+a)/|vvh|2d,u—l— (b+3c)t2/|th|2dp,. (4.17)

We have grouped the terms in £&(¢, h) in a way that all the terms in first line
i.e (4.12) have a sign, and will be used to dominate the terms in the lines (4.13)-
(4.17) that follow. The conditions that suffice for such a control will be unveiled in
this study. We begin for instance with (4.17). The estimate that appears in (4.17),
which is the first estimate of terms contained in %E(t, h) that we obtained, can be
trivially controlled by terms in (4.12) for A\g > a (H1). Notice that since we look for
values of a, b with the ordering a > b, no extra condition for b is necessary. Another
remark to be made here is that since t € [0, 1], we are going to use in many occasions

the fact that t3 < t? < t < 1 without further notice.

Next is (4.13). The second integral term in (4.13) has a sign, so rightfully we
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focus on the first term. This term is

< 2bC/|Vvh\2du§ )\0/|Vvh|2du,

if b < 22 (H2).

For the terms in (4.14), one has

(4.14) < (2¢C + 2a + 2Aob)t/ \Vuh|| Vi h|dp

b %C + 20 1 2Agh)?
§t2/|vxh|2du+( cC' + 2a + 2A0b) /|Vvh|2d,u,

IN

2b

which can be controlled by terms in (4.12) if w < Ao (H3). This practi-

cally implies that a?/b should be sufficiently small.

As for (4.15),

(4.15) < dbAoP? / V2, h|[V2h| dp

A
< 2bA, <2A°Cbt3/ (V2,12 dp +
0

2A0b
ob, / |vzh\2du),
)\QC

which is dominated by (4.12) if £ < 2 (H4).

Finally, let’s treat (4.16). This line is comprised of 2 integral terms. The first

one is controlled by

Ist integral in (4.16) < bA4 (/ |Vvh|2d,u+t/ |V3h|2du) ,

which is trivially dominated by the terms in (4.12) if 2 < 3¢ (H5).

1

Concluding with the second integral term in (4.16), one has

2nd integral in (4.16) < 20A1t3/ |V2, 1|V | du

A
gcAl( o [ IV o+

26A1
t Jh2d
2, oc /W | “)’
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which is also controlled by terms in (4.12) if ¢ < ;\X—é’ (H6).
1
The last step in the proof, is to put down all the assumptions (H1) — (H6)
that a, b, c need to satisfy so that (¢, h) is dissipative. All these assumptions boil

b

down to our ability to pick a,b,c > 0 so that the quantities a, , 7, L

ac’

and % can
be made sufficiently small, for a given choice of the constants A\, Ag, Ay, C' > 0.

This becomes a trivial task, once we can prove that we are able to send all these
quantities to 0 at the same times. Take for instance the choice of sequences a; = 277,
by =273, and ¢; = 27%. Then b;/a; = 2737, ¢;/b; = 2734, v/ (ajc;) = 2737, and
a?/b; = 2737 which finishes the proof (pick j large enough).

]

Remark 6. An important point to mention is the necessity to include a mized
derivative term [ Vyh - V,hdu in the energy functional. The main reason behind
this choice is the fact that the dissipation of the mized derivative contains the term
[ |Vah|? dp, which isnt seen in % [ |V,h|*dp, nor in % [|Vyh|*dp. At the same
time, the mized term can be trivially controlled by a combination of [ |V h|*du
and [ |V, h|[*dp (with a simple Cauchy-Schwartz). This means that with proper
manipulations, like the ones presented here, the inclusion of this term in E(t,h)
plays a central role in proving that E(t, h) dissipates. As we are going to see, this is
a technical trick which is not just important for reqularization, but also important
in convergence results. In fact, it will be shown that hypoelliptic reqularization and
hypoelliptic coercivity (hypocoercivity) are phenomena very similar in nature that

can be treated with similar techniques.
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4.2.3 Regularization in the Entropic Sense

The technique that we described can lend itself to the treatment of solutions
that belong in the Llog L(u) space. Indeed, in many physically relevant cases the
initial data does not belong in the weighted L?(u) space but has finite entropy.
Unfortunately, the Hérau method cannot work in the entropic case, unless we assume
G(z) = 1. This part will be explained in more detail later. For now, let us present

what will serve as the Lyapunov functional in this case, which is

E(t,h) = /hloghdu—|—at/hlvvlogh|2d,u+2bt2/h(Vvlogthlogh) dp
+ct3/hyvx log h|? dp. (4.18)

One cannot help but notice the striking resemblance in the form of this func-
tional with the one presented for the L?(u) theory. Indeed, the relevant Sobolev
norms have the form of integrals [ % du, for a first order differential operator C.
Of particular importance is the mixed term [ W dp which plays the same role

as in the L2(p) theory, i.e. when differentiated along the semi-group et~

it provides
the important — [ W du term for the dissipation of E(¢, h).
The resemblance is even more obvious when it comes to the proof of dissipation

for E(t,h). One is occupied with the task of bounding each term that appears in

%E(t, h) with terms of the type
/h|VU10gh|2d,u, t/h|Vilogh|2du, t2/h|Vxlogh|2du, and
t3/h|V3wlogh|2d,u.
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Next, we make sure that there exists a choice of a, b, c > 0, so that when we sum all
the terms in %S(t, h), a combination of the four terms above with a negative sign
appears making E(¢, h) non increasing in 0 <t < 1.

The precise statement of this result is :

Theorem 11. Consider the potential U(z) € C*(R3N) with inf U(x) > —o0o, having
a bounded Hessian

IV2U(z)| < C.

Assume also a solution h (with [ hodu = 1) to the F-P equation
Oh+v-V,h—VU(Z) - V,h = Ayh—v-Vyh,

having finite initial entropy [ hologhodu < co. It can be shown, that for the energy

functional (4.18) and for a certain choice of the parameters a,b,c > 0, we have

d
%E(t,h)SO for 0<t<1.

More specifically, it is shown that
/h|VU log h|*du < O(t™), /h|Vz logh*du < O(t™3) for 0<t<I1.

Proof. As explained already, the main goal will be to find a,b,¢, K > 0, s.t. for

0 <t <1, the following holds

d
Eé:(t, h) < —-K </ h|Vvlogh|2du+at/h\V3 log h|* du

+bt2/h|Vm logh|2du+ct3/h|vzx logh|2du>.
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Starting with the time derivative of £(t, h), one has

d

d d )
EE(t, h) = E/hloghdu—l—ata/lﬂvvlogm du

+ 2bt2% / h(Vylogh -V, logh)du + ct3% / h|V . log h|* du
+ a/hlvv log h|* dy + 4bt / h(V,logh -V, log h) du + 3ct? / h|V, log h|* dp.
(4.19)
In similar manner like before, the last line in the equation above is bounded

above by

(4b+a)/h|vv logh|2du+(b+30)t2/h|vx10gh|2d,u.

It remains to treat the r.h.s terms in the first two lines of (4.19).

We start with the easy term, which is the evolution of the entropic term
(in math literature, this entropic term is often addressed with the name Kullback
entropy functional, and its rate of change with a “—” sign as the Fisher information)

1.e.

Wh?
vl

h

d
— [ hloghdu = —
o og hdp /

= —/h\Vu log h|? dpu. (4.20)

The evolution of the remaining integral terms is more complex in nature but
can be studied in an abstract setting. Here we follow the computations performed

in [71] where the differentiation is performed along the semi-group e~**. In short,
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it is shown that

— h(Clogh -C'logh) du =

/h(Clogh-[C',B]logh) du+/h([C’,B]logh~C’logh) dp
+2/h(CAlogh-C"Alogh) dp
+/h([C,A*]Alogh-c’1ogh) du+/h(Clogh- (', A*]Alog ) du
+/h(C’Alogh-[A,C”]logh) d,u+/h([A,C’]logh-C”Alogh) dp

—|—/h([A,C]*(Alogh@C'logh)) d/L—i—/h([A,C']*(Alogh@Clogh)) dp.

where C,C" are first order differential operators of the type a(z) - V, with a(z)
being a smooth vector field with derivatives that grow at most polynomially. The
convention in the notation used above is that ® stands for the dyadic product, and
the action of an operator on another described by
[C,AA =Y [C,A5JA;,  CAu-[A,Clu=>_ CiAjulA;, Cllu,
J i,J

CAu-C'Au=> " CiAjuCiAju and [A,CT"(Au® C'u) =Y [A;, Cj]* (AuCju).
i,j (2]

More precisely, it is shown with the help of the above, that the evolution of

the log Sobolev norms is governed by the equations
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1d
——— [ h|V,logh|? du = /h(vv logh -V logh)dpu

2dt
+/h|V§logh|2du+/h|Vv log h|* dp, (4.21)
1d 9 9
57 hV logh|*du=— [ h(V,logh - V*U(z)V,logh) du

+/h|szlogh|2d,u, (4.22)
d 2
% h(Vilogh-V,logh) du= [ h|V,loghl|®du
—/h(Vv log h - V*W(z)V, log h) du + 2 / h(V2, logh : V2logh)du

+/h(Vv logh -V, logh)du. (4.23)

It is now evident that the idea that was implemented in the proof in the
previous section actually works in this case without any real change. Equations
(4.20)-(4.23) above, when inserted in the equation for £&(¢, h), will give a number
of integrals dominated by just 4 of these integral terms which have a (negative) sign.
For instance, from (4.20) comes the contribution — [ h|V,logh|*du. From (4.21)
comes the contribution — [ h|VZlogh|*dp. From (4.22) comes the contribution
— [ h|V?2,log h|*du (contained in the second line of (4.22)), and finally from (4.23)
comes the main contribution — [ h|V,logh|*du. The remaining of the integral
terms in the above equations are dominated by the main contributions stated above
(if one uses the C-S and Young inequalities with appropriate choice of a,b,c > 0).

In detail,
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%S(t h) < /hm logh|2du—2at/h|Vf) log h|* du
— 2bt2/h|vm logh|2dp—20t3/h|V72}x log h|* du
+ 2bt* / h(V,logh - V*U(z)V, log h) du — 2at / h|V, log h|* du
— (2at + 2bt?) / h(Vylogh -V, logh) du + 2ct? / h(V,logh - V*W(x)V,logh) du
— 4bt? / h(V2, logh : V21ogh)du
+ (4b+ a) / h|V,log h|* du + (b + 3c)t? / h|V . log h|* dp.

It turns out that the choice of parameters a, b, ¢ > 0 that we made in the H'(u)

regularization, i.e., choosing the values of a, %, n % and b - to be sufficiently small,
is good enough to prove dissipation for (¢, h).

O

Remark 7. A brief explanation of why the above method fails for a general diffusivity
G(z) is the following. The short answer is that the more complicated structure of

the commutator algebra does not allow for good log Sobolev bounds. If we assume

A, B to be first order derivation operators, then bounds for [ Ah}'LBh dp are achieved

by the simple inequality

Ah - Bh 1An2  N\Y? 7 r|1BR)2 O\
< .
[H —(/ n ) [

Now, if we want to continue taking advantage of such expressions and continue e.g.

with an inequality of the type

Ah2 Rh2 R.A12 -\ Y2
(/Ih\ ) (!1\ ) ...+ck< ";L’du)
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for some integer k > 1 and C; > 0, then A as an operator should be bounded

pointwise by Ry, ..., Ri and not just bounded in the operator sense like
[ AR Lo(uy < Crl[Rubl[ Loy + - - -+ Crl| Rih|| Ly)-

This makes it impossible, for instance, for exact estimates for an integral like

f —‘”'V;h‘z du, whereas it is true on the other hand that

/|v-Vzh|2d,u§C</|Vzh|2du+/|vgm|2du>.

The last comment that we make here is to explain exactly what we mean when saying

that a derivation operator A is bounded pointwise by Ry, ..., Ry. In brief, by writing

Aas A=a(z) -V => a;(x)0;, and R; = ri(x) -V = ) 1;j(x)0;, we then say that
J J

A is bounded pointwise by Ry, ..., Ry iff

k
aj(z) <Y Cilry(x)|,  for C;>0, Va€R"and Vj.
=1
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4.2.4 Hypoellipticity a la Villani

We now present a different approach based on a method developed by C.Villani
and discussed in [71]|. In this approach, instead of dealing directly with an energy
functional, one tries to construct a system of differential inequalities to derive the
short time (hypoelliptic) estimates. This method offers the advantage that it re-
laxes the assumption on the potential U(z), and most importantly that it offers the
optimal estimate in H? instead of H! as was the case using the Hérau technique.
As shown here, estimates of H? imply estimates for H! by a standard interpolation
argument. The assumptions for the control of v(x) are the same as in the previous

section.

Theorem 12. Assume a potential U(x) € C*(R3N) with inf U(x) > —oo, satisfying
the condition

V2U(2)| < C(1+ |[VU(x)|)  for C >0.

It can be shown that the solution h of the Fokker-Planck equation with bounded in

L3(u) initial data satisfies the following reqularity estimates when 0 <t <1,

/!Vzh|2du 04t and /\Vih|2d/,c — 0@,

Let us make a couple of observations before we start with the proof of the

theorem.

Remark 8. The first one is related to the fact that |VU(z)|* defines a bounded

operator from H'(u) — L*(p) (as long as [V*U(x)| is dominated by |VU(x)|), which
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implies

/IVU(@")IQQ2 dp < C' (/92 du+/|ngl2du) (4.24)
/\VQU(x)\ZgZ dp < C' </92 du+/|ng]2du) : (4.25)
A second estimate we will use in many instances is
/]v|292 du < C' (/ > dp + / Vgl d,u) for C'">0. (4.26)
The constant C" depends on C, N only (and only on N for (4.26)).
Proof. A straightforward computation gives
/\VU )?ge” = —/Vx(e_u(“’))-VU(a:)dex
= /Vx (VU(z)g?)e M@ do = /AU(m)ng_u(””) dx + Q/gVU(x) - Vege W dg
12N C*?
2 2 - )d 2 —U(a:)d
—12N(J2/| T /ge !
—i—Z/WU(:E)Fngu(x) d:c+4/|Vzg|2eu(“) dx
6NC?
< 1 2\ 2 _—U(x) N 2/ 2 _—U(x)
_12NC2/( + [VU(z)|*)g%e dz+3NC? [ g% dr
/|VU )|?g%e da:—|—4/|ng|2 dx
3 2 2 U 1 2 2 () 2 )
=2 IVU(z)|“g°e dx + 5 +3NC ge dx +4 | |V.g|°e dx.

This sums up to

/]VU(m)\QQQeu(I) dr < (2+12NC?) /ngu(:‘) dx + 16/ V9| @) da,
which concludes the estimate after we multiply by M(v) and integrate in v.
The only point to be made about the above inequalities is that we have used
the trivial inequality
|AU(z)[* < 3N|V*U(2) > < 6NC?*(1 + |[VU(2)]?).
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The estimate (4.25) follows from
/|V2U(:v)\2g2e_u(‘”) dr < 207 /(1 + |VU(z)[*)g2e U da.

Similarly, for (4.26)

/|U|2g23\/[ /V cvgtdv = /VU - (vg*)M(v) dv
—3N/ dv+2/gv~vaM(v) dv
< 3N/g23\/[(v) dv+%/|v\2g2M(1}) dv+2/|va|2M(v) dv

which yields

/|v g M(v dv<6N/ dv—|—4/|vyg|2M( ) dv

After multiplication by e *) and integration in z the desired result follows. O

Remark 9. (Interpolation) The second main observation has to do with justifica-
tion of why this result is slightly stronger than the one encountered in the last para-
graph. Here, we prove that [|V3h|*du = O(t™3) coupled with [ h*du < oo implies
[IVhPdp = O@™t) and [|V2h|*dp = O(t™2). This is in fact a straightforward
interpolation result. As mentioned in [71] one can easily prove the interpolation

inequality

, 1-5/3 i/3
/!Vﬂh!QdmC(/h?du) (/\Vih\%) for 0<j<3,

using Hermite polynomials. The n’th Hermite polynomial is defined by H,(v) =
(=)™ e%j—e_% with n > 0. Hermite polynomials form an orthonormal basis in
L3 (M(v)dv) i.e.

/ Ho (o) o (0)M(0) dv = 5y
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The polynomials satisfy, among others, the property H! (v) = 2nH,_1(v). Consider
the function h(z,v) and its expansion in Hermite polynomials h(z,v) =Y ¢, H,(v),

with coefficients c,, that depend on x in general. It follows that

/\v hPM(0) dv—/‘chH’ dv—/‘Zann o
—4/271 2| Hpoo ( (U)dv:42n20i

2

)| M(v) dv

In similar fashion,
/yv%y M(v) dv = 16Zn

U@ dy and applying the Holder inequality yields the desired inter-

Integrating in e~

polation inequality.

Remark 10. (Evolution of H? seminorm). The evolution of the mized derivative,
as well as the H! and H? semi-norms is used in the proof. The first two have
already been presented in equations (II) & (IV). The evolution of H? is described by

the equation

2dt/|V3h|2d +/|G1/2 ()V2h|? dp = —3 /|G1/2 (2)V3h|? du

-3 / V3hiv3,  hdpu. (4.27)

We are now ready to proceed with the proof of the main result.
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Proof. We begin with the first r.h.s integral of (4.11),
/v h-V*U(x)Vohdu = — /v2 h: VAU( hdu+/Vxh~V2u(x)vhdu
2\
/yvu )[2h? dp + O/W LW dp
2 212 2)\0 2 2
o | VU@IR du+ = [ o[ Veh]m dp
5
A— ((2—|—12NC2)/h2du+16/|V h|2du> 8/|v3$h|2dﬂ

—8 (GN/|Vxh|2du+4/|vgmh|2du)

5(2 + 12N C? 80
S%/hzd/ﬂr()\ + )\ON)/\V h)*dp + = /yv I dp.
0

_2)\

It is not necessary to keep track of the optimal constants in computations like
the above. One just has to make sure that the last integral term [ |V2 h|*du is
multiplied by a constant strictly less than Ay (here %)

The second integral in r.h.s of (4.11) is bounded by

A A
- [ Vorte) VAT < (T [ 190P 52 [ (95RE d).
>\0 4A1

The above two estimates, together with (4.11), can be combined to give

th/w B2 dp < —_/|v h[2d,u+C(/(h2+\vxh|2+\vvh|2)du>.

The integral term [ |V,h|[*du in the estimate above is an extra term that
does not appear in the estimate obtained by Villani when he treats G(z) = 1. On
the other hand, the estimates for the mixed derivative f V.h -V, hdp and the HS’
semi-norm [ |[V2h|? dp are the same as in the Villani theory.

Indeed, the derivative for the H3 semi-norm satisfies

2dt/|V5h]2d < ——/\V4h|2du+0(/\v h]Qdqu/!Vthdu).
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The estimates for H! and H? combined for sufficiently small ¢ > 0 yield

s (1P aue [1vnPan) < i ([19:00 dus [ 19202 dn)
e ( [iaus (19 [9apac | IV§h|2du> |
Some of the estimates of the terms involved in % [ Vioh - V,hdp are e.g.
/ Voh - V*UW(2)V,hdy = — / AV2U(z) : V2hdu + / AV2U(z) : (vV,h) du
< i/\vwhﬁdqu C (/ (R* + [V,h|* + |V2h|?) du> :
Also, we have

/fy(:L’)meh V2hdp = —/7(x)vxh VoAb dp + /’y(:c)Vxh - (vV2h) du

1
< Z/|Vxh|2d,u+0(/|V3h|2du+/|V§h|2dp)

etc. These sum up to
dt / h h s 2 / | ' h| dﬂ
v x /’L — x

+C (/h2du+/|Vvh|2du+/!V3h|2du+/\Vih|2du>.

System of inequalities:

Borrowing once again notation from [71], we sum up the estimates to a system

of inequalities. Set

X:/|V$h|2du, M:/V,;h-vvhdu, Y}:/|Vz)h|2dﬂ 1<j<4.

Also, for the sake of brevity, we consider

Z =Y, &=X+4cY; forsomec>0.
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Then, we end up with the system of inequalities
d
EE <-KZ+4+C(1+Y,+9),

d
EMg—KX+C(1+Y1+Y2+Y3),

M| < VX1,

Y, < C’Ygl/2 < C”Ygl/3 < C”Y41/4 (interpolation inequality ).

For the above system of inequalities, it can be proven that when 0 <t < 1,

¢

3 for C > 0.

E(t) <

~

This concludes the proof of the hypoellipticity estimate.

[]

In the preceding proof we made use of the following lemma for providing the

regularity estimate.

Lemma 2. (Villani) Assume the nonnegative continuous functions €, X,Y,Z on

[0,1], and the continuous M on [0, 1], that satisfy the system of inequalities

KX+Y)<&ELSCOXH4Y),

M| < ce,

d€é

% < _Kkzyc0e
i = T

Y <C(X +2)7°,

dM
— < —-KX + (Y,
dt — +oT

(4.284a)
(4.28b)
(4.28¢)
(4.28d)

(4.28e)

for K,C >0 and 6,0 € (0,1). It can be proven that there erists a constant C > 0
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(depending on C, K,6,0) s.t

£(t) < Cokos

S~k for 0<t<1,

and k = min ((5, ﬁ) )

Remark 11. In the ezample of reqularization implied by the system presented above
(when we proved reqularity estimates for H2(p) and H}(w)), the values of 0 = 5 and

0= % give the desired optimal exponent 1/k = 3.

One could start with the observation that the constant C' that appears in the
estimate is not dependent on the regularity of fy. This allows for the a priori estimate
being true for the most general initial data that ensure a unique solution (say fo €
L'). At the same time, there is nothing that ensures an optimal exponent (here
1/k) for the estimate proven. Care must be taken in the choice of the interpolation
inequalities so that one gets the best possible values for 6, 9.

Although the system of inequalities looks quite specific in nature, it has been
correctly conjectured that it can be applied to more general cases of hypoelliptic
regularization. A brief logistic explanation could be the following. Assume the
evolution of a second order differential operator that is diffusive in a certain number
of variables (in the problem we consider it is the velocity variables) and the remaining
variables (which we might call missing variables) appear in derivatives of order at
most one. If the quantity € corresponds to a general Sobolev norm (or rather
seminorm) in all possible variables i.e. &€ = [|[VEVLf?, X = [|VEf]? and YV =
[IVLfI>+ [ f% The inequality (4.28a) can be proven trivially with the help of
Hoélder’s inequality in Fourier space. Inequalities (4.28¢) and (4.28e) describe the
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evolution of € and the mixed derivative term M. The propagation of € is controlled
by a norm similar to —Y but of order higher by one. That of M is controlled by —X.
Finally, inequalities (ii) and (iv) are usually proven via interpolation techniques and
are necessary for the system closure.

We present a proof to the above lemma, based on a proposition that appears to
be more in the core of the proof. The idea lies in proving that a certain integro-
differential inequality satisfies algebraic short time estimates with exponent that can

be explicitly specified.

Lemma 3. Assume the non increasing, continuous E(t), defined on the interval

[0, 1] which satisfies the integro-differential inequality

/8(5) ds < Oy sup E)* + Cy /(8’(5))5 ds + 03/8(3)’7 ds,

I 1 I

for any interval I in [0,1] with the constants 0 < o < 1, 0 < 8,7 < 1, and

C1,C5,C5 > 0. Then, E(t) is shown to satisfy
g <2 o<t<l,

1-p

'3 ) and a constant C that depends only on the constants

for k = min(1 — «

Cla 02,04,5.

Proof. We consider £ > 0 (w.l.o.g. we can assume E > 1) and try to find the first
time to s.t E(tg) < E. We will show that ty < g—; Let I,, be the time interval for

which 2"F < &(t) < 2" E, for n > 0. Then, the length of this interval is
I, =m(t€[0,1]:2"E < &(t) <2""'E, n>0),
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where m is the Lebesgue measure on the real line. Using the fact that E(¢) is non

increasing it is evident that to = >  |I,|. We will find a bound on |I,,| related to E
n>0

using the given integro-differential inequality and treating each term separately i.e.

sup & < 20t go &(s)Yds < 2FEY| L,
In I,

and

/ (&'(s))Pds < (/I €'(s) ds)ﬂ |I,|'7° < 2" EP|I,|* 7.

In

In the second line above, we have employed Hélder inequality.

Putting all terms together, one gets

ME|IL,| < / &(s)ds < C1 2V pe 4 02" BA| 1, 1P Co2 TV EY| L.
I,

It is only the first two terms in the r.h.s that can control the Lh.s (for large enough

E). If the first term in r.h.s dominates, then

L1
|In| S 3012 mm.

In the case of the second term being the dominant

1 1

1/8
1l <365 Soiay gaavs:

Summing on |I,,| terms gives ¢, < C'/E*, for the value of k as presented in the

lemma. O

In this final step in the proof of Villani’s lemma, we show that &(t) satisfies an
inequality similar to the one in the lemma above. To make E(t) non increasing, one

considers e"“*&(t) which should satisfy the same short time estimates. With this
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transformation, equation (4.28¢) now becomes & < —KZ. Employing inequalities

(4.28a) - (4.28e), we get

E(t) < C(X(t) + Y (1))

SCXM+CXO)+Z({)") <CX(t)+C*HX(t)+ Z(t)°
<C (—%M’(t} + %Y(t)) + CHX(t) + Z(t)*
< —%M’(t) + %Y(t) +CX () T+ CPZ(t) 0
<-Iav+ 0 (% s 1) (X (67 + Z(8))
1-6
< —%M’(t) +C? (% + 1) ((%8(75)) + Z(t)1—9> :

This is short of the inequality
E(t) < CLMU(t) + CL&() 0 + C5(—&' (1)),
for constants Cy,Cy, C3 > 0. Integrating over a time interval I, we have

/18(8) ds < 2C, sup E(t)° + 02/18(3)1‘9 ds + Cs /(—8’(3))1‘9 ds.

1

We can now conclude with the second lemma, with the choice of exponents « = 1—9

and f=v=1-—46.
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4.2.5 Higher Order Sobolev Regularity

We can use the differential system presented previously to obtain short time
estimates for higher Sobolev norms both in weighted and in “flat” space (with no
weights). The analysis is not really that much different to the one followed in the
previous paragraph, with the exception that in this case it is the evolution of higher
Sobolev norms that is considered, and so one must also find appropriate expressions
for higher order mixed derivatives. We begin with a statement for identity (G(z) = I)
diffusivity, in which a stronger result for solutions with L initial data can be proven.

The exact statement is:

Theorem 13. (Villani) Assume the unique solution to the F-P equation
Of+v-Vof =VWzx) -V, f =V, (Vof +0vf),

with initial data fo € L'(R2Y), a smooth potential U(z) satisfying inf U(z) > —oo

and having all its derivatives uniformly bounded, i.e. for 7 > 2
VIU(z)| < Cj for some C; > 0.

Under the above assumptions, it can be proven that for any positive integers m > 0,

we have

C
3k+1<3m

where the constant C(k,l,C;, No, A;) does not depend on the regularity of the initial
data, and a constant = B(n,m) > 0. It can be proven with a bit of further analysis

that the estimate above is true for any > n+3m/2 .
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Since, in the proof of this result initial data with L' regularity is used, one has
to be especially careful with the interpolation technique that will be required. For
this reason the following Nash type inequality is used instead of the more elementary

interpolation with Hermite polynomials used in previous paragraph.

Lemma 4. Assume a smooth function f(x,v) with (z,v) € R} x RY. Assume also

integers A\, >0 and N, ' > 0. If

there exists a constant C' depending only on these integers s.t.

[z <e([f e [ |V5'f|2>1_9 (/] f)ze,

1= (3 +4)
0= v
1+ (4 +5)

The proof we are about to present is a slightly modified version of the one

where

given by Villani, in the sense that we treat the more general case of non-constant
diffusivity. This case involves slightly more elaborate treatment of the estimates for
E(h) and M(h), which turn out being essentially the same as in the proof of the
previous theorem. Unfortunately, we were unable to reproduce the result in the flat
space HPL(R? xR?) but rather in H"(1). The reason for this is the slightly different
structure in the evolution of Sobolev norms. Moreover, the interpolation estimates
are not necessarily satisfied for every measure pu. Here we were able to prove them
for the quadratic potential U(z) = %2 (+L> perturbations of it), using a simple
extension of the interpolation result with Hermite polynomials (where interpolation
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is now performed both in z, v variables) presented in the previous paragraph. On
the plus side, we were able to catch the optimal exponent 8 = 3m. Indeed, it is

proven that:
Theorem 14. Let h(t,x,v) be a solution to the F-P equation
Oh +v-V.h —VU(x) - Voh =~(x)Ayh — y(z)v - Vyh,
with hy € La(p). Assume a smooth U(zx) € C*(R?) satisfying inf U(x) > —oo and
IVIU(z)| < Cy for C; >0, j>2.
Assume also, y(z) € C(R!) satisfies the extra conditions
Ao <(z) <A for Ao, Ay > 0,

and
Viv@ <A A;>0 j21

It is proven that for any integer m > 0, the following estimates holds

d
a&n(h) < —K/|V3m+1h|2dy+08m(h), and

iMm(h) < —K/\vghdeu+C > /yv’;vﬁ)hﬁdu for K,C >0,

dt
k<m,3k+1<3m

where E,(h) = Y apy [|[VEVLR2du is the generalized Sobolev norm that cap-
3k+1<3m

tures up to m derivatives in x and up to 3m in v (with coefficients ai; > 0 that are
going to be determined in detail), and M, (h) = [ V™h-V7=1V ,hdu is the general-

ized mized derivative functional. If in addition, the following interpolation inequal-

2

ities hold for the measure i (like in the case of a quadratic potential U(z) = %)

En(h) < C (/\V?h|2du+/\VimhIQdqu/hzdu),
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M (h) < C&(R)0

for some 0,6 € (0,1), then the Sobolev reqularity estimate

C
D Mhllgrg, < 5 for 0<t<
3k+1<3m

holds, with 8 > 0 and C > 0.

As mentioned already, we make use of the following interpolation estimate.

Lemma 5. (Interpolation in Gaussian measure) Let h € H™(u) N HX™(p) for the
measure p(dz,dv) = e=/2e="*/2dxdv. Then, h € HF! (1) for 3k +1 < 3m. Specifi-

cally,

[Ivivihpan < c ( / |V;”hl2du> ( / |vi’”h|2du) ( I du)

for some C' > 0 independent of h.

Proof. Since one deals with Gaussian measure, the proof is based as usual on in-

terpolation using Hermite polynomials. Hermite polynomials form a natural basis

because they are orthonormal in the gaussian measure. The only slight deviation

here is that interpolation is done w.r.t. both variables x,v. Indeed, if we write

h(z,v) = Y ch,Hy(x)H,.(v), then it follows upon differentiation of h, subsequent
n,r

integration using the orthonormality of Hermite functions, and finally by a simple
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C-S inequality for series that

2
dp

[t an= [ 3 e ViV @) 0)

2

n! rl 2 g2 2
:/‘Zcm(n_k)!(T_D!Hn_k(x)Hr_l(v)‘ e z2e 2 dvdx

2
N 2 n! r! 2 2k 2l
‘ZC""‘(m—k)'(r—m) <O et

1—k_ 1

L L
m 3m m  3m
2 2m 2 6m 2
n,r n,r n,r

IN

]

Notice that the above lemma implies directly the interpolation inequality
Em(h) < C([|VrhPdp+ [|V3h|*dp+ [ h*dp) for the Gauss measure p. The

proof of the main result follows.

Proof. The proof begins with an estimate on higher order derivatives in both x,v
variables, i.e we look after an estimate for

et = 3 i / VEVL R dp,

3k+1<3m

with coefficients a;; that will be chosen appropriately.
Here, |VAV!h|? is short for the sum > o [Okt A ghln 2,
kitothn=k lLi4otlo=l o
In general, the notation V*V! will be used short of any operator of the type
Okl where ky 4 ... 4+ ky = kand Iy + ... 4+ 1, = I for k;,l; > 0. This

compact notation is used to avoid the extremely cumbersome alternative of carrying

indices.
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We differentiate the equation %k times in the x variables and [ times in the v

variables (k,[ are both non negative integers), to get

k
OVEVLR + IVERY 40 VERV R = Y T GV U(e) - VETVE R

r=0

- Z O,V (vk AV L v v V’;”Vi“h)

for specific constants C,., (Cy = 1,...).
Then after we multiply by V¥V!h and integrate (in measure p) by parts, we
have
2dt/|v’fvlh|2du /(vfgvglAvh—u.vgvgh) VRN h Ay
- ZCT / VEVLL - (VT U(z) - VETVETR) dp
k
=-> C, / VEVE D VT (2)VE" Vb dy
r=0
k
-y il / VEVLL - Vi (2)VE Ve b dp.
This yields the following inequality
2dt/|V’“VZh|2du< A0/|vkvl+lh|2du+c/|vkvl+1h||vk+lvl 25 du

O3 [ DB () 9T
k

+ €3 [ IVETLR V2 (@) [VE V] d
r=1

k
oy / VARV (@) [ V5V B dp,

for some C' > 0. This inequality, together with the fact that |V/U(z)|, |[Vivy(z)|
are bounded by assumption and the use of Young and C-S inequalities gives
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1d
2dt

k k
+CZ/N’;TvgthMJrCZ/W’;’“ijlhﬁdu.
r=0 r=1

A
[ 190 e < =5 [ IV P d s © [ VAR d

Now, we fix some integer m > 0 and choose coefficients a;; with the only
condition to be satisfied that Cay3(m—r) < %akﬂ,g(m,k,l) for 0 < k <m—1. From

this choice of coefficients ay, it is trivial to reduce the last inequality to

d
Eé:m(h) < —K/yv§m+1h|2du+cem(h),

for the new constants K,C > 0.
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In similar manner, differentiating M,,(h) gives

_Mm<h)

= /at(v;”h)V?1vvhdu+/v?h~at(v;”1vvh) dp
—ZC / (V’”Hu z) - v;"-’“vvh)-vgl-lvvhdu
+ZC /v 2)V R (vxmflvavh—vngAvh) dy
- / |V?h|2du+ZCr / (VTHU(x)-V?_l_TV%h) - V™hdu
+Zc/v V"”TVAh VY — - leTV2h>~V;”hdu
[k an 03 19979V
r=1

+CZ/|V DIV bl (V2,80 h] [0V ) dp
e Z / VU @)| [V d
+CZ/|V |Vm1TVAh|

VT 4 o VETT2A]) VR dp

Now, using the fact that |V/U(z)| and |VZ~(x)| are bounded, and Young’s inequality
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2ab < ea® + %bg with € > 0, one gets

d

1 m
— < = mi, |2 m—r 2 m—1 2
dtMm(h) < 2/|Vx h| dM+CT§:1/(|Vx Voh|* + |V VA )du

+ CZ/ |V TR dp + 0/ <|V;”‘1V§h|2 + |v;”—1v§;h|2) du
r=1
m—1

+C > / V1202 dy
r=0
m—1

+C Z/ (V2 Vb2 4 [V 2R 4+ (92 3R ) dp
r=0

1 mi, |2 kol 1,12
< —§/|V$ hPdp+C ) /|vxvvh| dp.

k<m,3k+I<3m

Now that the two major estimates for &,, and M,, have been shown, consider
the choice X = [|VZh[2du, Y = [(IVZ"h]* + h?)du, and Z = [ |VE"Hh? dp.
Coupled with the extra conditions in the assumptions of the theorem and the use
of the differential inequality system we have already mentioned implies the desired
Sobolev estimate.

The last step in the proof is to show that the Gaussian measure satisfies these
extra interpolation assumptions made in the statement of this theorem. It turns out
that this is the case with values of 6, that can be computed explicitly.

Indeed, one has the estimate the standard interpolation inequality

3m 2 3m+1 2 331% 2 ﬁ
/m W2 dp < C /!vv B2 dy /hdu

and subsequently % = ﬁ

3m
Im—+1

which implies that 1 — 0 =
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At the same time, the estimate for the mixed derivative is

Mo (B)] < ( / |V2”h|2du) ( / |V?1vvh|2du)
s(/ IVQ”hI2du)2( / |vzw|2du) 7 (/ rvimh|2du)6m ( / hzdu>2 e
() (fea)” (fra)”

This implies that in our case § = 5 (for m > 1). This means that for the
Gauss measure dp = e /2¢7""/2dzdv, the exponent that one gets is § = 3m which
happens to be optimal.

]

We shall make a couple of remarks on the connection between the estimates
for weighted and flat Sobolev spaces and the optimal exponents. The first one is
that given initial data in L?(u), the weighted estimates actually hold for flat norms

with the same exponent due to the inequality
v2
/|V§vgf|2dv dx :/|v';vg(h3v[eq)|2dv do = / IVEV! (he U@ e )2 dv da

kool
w2 |2
< C’/ ‘ Z Z VovERVE (e W TF (e~ 7)) dvde

a=0 B=0

< Csup(L+ ol + .+ o) (14 U) P + .+ [VRU(2) )M,

1.7
l

k kol
ZZ/’V3V5h|2dM < OZZ/\vgvfthﬂ_

a=0 B=0 a=0 =0

Of course, this estimate says nothing about the case of L! initial data and as
we have seen so far, one can expect that the optimal exponents (at least when () is
a constant) is given in ||V f|| 2 +[|[ V3™ f|| 2 < 75575 with C being independent of

the regularity of fo. In fact, Villani shows that when ~(x) is constant the exponent
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that one gets by his technique is 3n + 3m/2 and that with the help of the Nash
inequality presented in the form of a lemma earlier, this exponent can decrease to

any [ with 5 > n + 3m/2 (but not shown in the critical case § = n + 3m/2).
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4.2.6 Regularization from L' Data

We have already presented a result on the regularizing properties of the semi-
group e~ 'L for the F-P operator Lh = vV h—VU(z)-V,h—(V,—v)-V,h, when
one encounters entropic initial conditions (in Llog L(x)). In fact this result can be

relaxed to L' data as it is evident in:

Theorem 15. Consider the Cauchy problem O0,f + Lf = 0 with initial data fy €
LY(R? x R"). The potential U(x) is assumed to be Lipschitz which guarantees a
unique solution. Assume also bounded second moments for fo i.e. [[ fo(Jz]*+|v]?) <

oo. It is shown that the semigroup solution regularizes the relative entropy in the

/

Proof. We start with an estimate on the growth of the general moment [[ f(|z|* +

sense that

for t>0.

[v|?)¥/2 for s > 0. Computations are performed component-wise with the standard

convention of summation over repeated indices.

G [ 20 w10y = [[op(ap + o)

— [ (20008 + 00010, = 02 £ = 0003l + 1o

= [ wsson, el + o2+ [[ (200005 + 00 f +008) 0, 1 + e
=5 [[ 500+ P (v, = 0,00, 200) + 42) = 0, (el + o))
< [[ #at 4 10y P s [[ 55(1aP 410y

— 28 (g - 1) // fojui(l=? + v]*)2 72,
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where we made use of the Lipschitz continuity of U(x). Taking s = 2 and using

conservation of mass, one gets

%//f(|a:|2+|v|2) SC/ F(jal* + o)

which implies [[ f(|z|?+|v|*) = O(e“?), or O(1+¢) for 0 <t < 1 (given [ fo(|z|*+
[0]?) < o0).

The regularization in H}L(R? x R}) coupled with the anisotropic Nash in-
equality used by Villani implies that [[ f? behaves like O(¢™?) for some 8 > 0 and
0 < ¢ < 1. One can now make use of the bounds for [ f* and [ f(|z|* + |v]?) to

obtain

//flogfdvdxSC’g/g/f3/2dvd:U
<C’3/2<//f (L+ |z + [v]?) dvda:) (//1+|x|2+|v|2dvdaz>2
1+t\"?
(7).

While, at the same time

/

which completes the proof.

//flogf+0/ £l + o)
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Chapter 5: Convergence to Equilibrium

In this chapter, we present results of long time asymptotics for a regularized
FP operator L. The results are strongly influenced by the theory of hypocoercivity
systematically studied by C.Villani and outlined in [71|. Hypocoercivity deals with
operators that are not coercive in a Hilbertian framework, but for which we can
create an “appropriate” norm so that L is now coercive. The theory has some nice
generalizations but results tailored for the F-P operator suffice here.

The method employed here bears a strong resemblance to the technique by
Hérau used in the previous section. We make use of a functional E(h) that gives
a measure of distance of a solution to the unique stationary state M.,(z,v). In
general, we try to prove under certain assumptions, that —&’(h) > K&(h)'*¢ for
some K > 0, ¢ > 0. If e = 0, exponential decay of E(h) is implied, otherwise for
€ > 0 the rate of decay is algebraic.

We start with a result for L?(u) initial data, exactly like we did when we
studied short time regularity estimates. We then proceed to a result from |[15],
which gives an algebraic decay rate for the relative entropy functional. We can
strengthen this result by adding extra terms to the entropy functional (terms in-

cluding derivatives + a mixed derivative term), and show exponential convergence
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rate for Llog L(x) initial data. Finally, a different approach based on a method by

Dolbeault-Mouhot-Schmeiser is presented.
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5.1 Hypocoercivity

The theorem proved in this paragraph can be generalized to any unbounded
operator of the form L = A*A+ B in some Hilbert space H, with B being antisym-
metric (B* = —B). It is related to the study of convergence rates of a solution of the
equation 0;f + Lf = 0 to the unique stationary state M,,. The Hilbert space J can
be assumed being L?(u) for the main result in this paragraph. The norm in L*(p)
will be denoted by || - || and it is generated by the inner product (-,-). The adjoint
of an operator will be understood in this setting. Any norm and inner product in
this paragraph that isn’t specified otherwise will be assumed to be related to L?(u).

Before we begin with the main theory, we give two definitions to shed some light
on the difference between coercivity and hypocoercivity. First, let us assume that the
(unbounded) operator —L generates the continuous, contraction, semigroup (St)t>0
on on the Hilbert space H (with inner product mentioned above), i.e. S; = e7*£. We
will define the two notions of coercivity /hypocoercivity to hold on a Hilbert space
ﬁTC, which will in general be narrower than . H is endowed with the inner product
(-,-)5. For simplicity, we assume both Hilbert spaces to be real Hilbert spaces. We

now give give definitions of coercivity and hypocoercivity in the spirit of |71], so

that the importance of functional setting becomes apparent.

Definition 1. An operator L is called \-coercive (for X > 0) on K, if
(h,Lhyz > M|h||%  Vhe D(L)NK,

and coercive on H if the above inequality holds for some X > 0.
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From this definition, it follows trivially that L is A-coercive iff
VheH, t>0, [lehllg < e M|h] 5

The usual space H on which we define coercivity is 5 = H/N(L). The
following definition provides a property weaker than that of coercivity, which we

call hypocoercivity. It will hold on a generally different Hilbert space K.

Definition 2. Assume an (unbounded) operator L on H, generating a continuous
semi-group (e7'F)i>o. We say that L is A\-hypocoercive on K (for X > 0) if there

exist some C' > 0 s.t.
le™h; < CeM||hllz;  VYheXH, Vi>0,
and hypocoercive on K if the above inequality holds for some A > 0.

The typical choice for H, when showing hypocoercivity, is N(L)* endowed
with a Sobolev norm e.g. H = H'/N(L).

A couple of remarks should be made with respect to the above definitions.

Remark 12. The first comment is that coercivity implies hypocoercivity with con-
stant C' =1, as we already saw. The inverse statement is also true. If the constant
C equals 1 in the definition of hypocoercivity, then for the inner product of ’J"vf, A-

coercivity holds. This is just a consequence of Lummer-Phillips theorem.

Remark 13. The important feature of the constant C' that appears in the definition
of hypocoercivity is that it makes the property of hypocoercivity for a semi-group,
wnwvariant for equivalent norms. The importance of this property will be highlighted
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later. For now one should keep in mind that proving coercivity for an operator un-
der a carefully designed norm automatically proves hypocoercivity for any equivalent

norm.

An example of how the coercivity condition can be relaxed to imply hypoco-

ercivity is found in the following theorem presented in [31].

Theorem 16. Let L be a generator of a contraction semi-group on a Hilbert space
H. Assume that there exists some a > 0 and a bounded operator M (on H) s.t. the

following condition holds,
Vhe DIL)NKH, t>0, allh||* < (Lh,h) 4 (Lh, (M + M*)h).
Then, it follows that L s hypocoercive on I,

In the theorem that follows the key Sobolev space in which hypocoercivity is

shown is the space H! with norm
2 2 2\1/2
lullser = (lull® + [[Aul* + [|Cul*) .
We can now give a general theorem that proves hypocoercivity for our case:

Theorem 17. Consider the operator L = A*A+B (with B* = —B) and C = [A, B|.
Assume that the following hold:

(i) [A,C] = [A,C] = 0, [A, A] = O,

(ii) 14, A*JR) < a (IAl + 1AR])  for some a0,

(iii) [|[B, Clhll < B ([ ARl + [[A%A]| + |CR|| + [|ACR||)  for some >0,

(iv) A*A+ C*C is k-coercive.
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Then, there exists an inner product ((-,-)) in H (defining a norm equivalent to H*)

and A > 0 s.t. L is A-coercive in the inner product ((-,-)), i.e.
((h, L)) > X((h,h))  Vh e 3" /N(L),

and hypocoercive on H. PFurthermore, ((h,h)) = ||h||% + a||AR|/> + 2b(Ah, Ch) +

c||Ch|*.

Proof. The proof of this theorem can be found in [71]. O

In what follows, we give the statement of result and proof tailored to our

problem.

Theorem 18. Assume a smooth solution h(t,z,v) to the problem
Oh+v-V,h —VU(z) - V,yh =7y(x)ANh —vy(x)v - V,h,

with initial data hy € L*(u) s.t [ hodp = 0. We further assume a potential U(x) €
C*(R3N) and v(x) € CHR3N) that satisfy:
(i) IV*U(z)| < C" (this condition can be relazed to |V2*U(x)| < C'(1+|VU(x)|)) for
C'" >0,
(11) No < y(x) < Ay and |V y(x)] < Ay with Ao, Ao, Ay > 0, and
(iii) the measure e"“@)dx satisfies a Poincaré inequality for a constant A > 0.

It is proven that there exists a constant C' > 0, such that for the given initial
data

e holl iy < Ce | holl L2(0-
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Proof. The proof bears a striking resemblance to the strategy employed in the Hérau

regularization. First, we consider the functional

&(h) :/thqua/|Vvh|2du+2b/Vvh-Vxhdu+6/lvxhl2du,

and try to show that for carefully selected a,b,c > 0 we get

d
%S(h) < —C(/]Vzh|2du+/|vvh12du+/Ivgxh\2du+/|Vf}h|Qdu)

for some C' > 0.
Indeed, with computations very similar to the ones presented when proving

regularization, one has that

d
T&(h) <
—2)\0/|Vvh|2du—2/\0a/|V3h12d,u—Zb/yvthdu—2>\0c/|szh|2du
+2b/Vvh-V2U(x)Vvhd,u— 2)\0a/lvvh|2dp

+ 2c/Vxh - V2U(2)V,hdp — 2a/Vvh - V.hdp — Qb/y(x)vvh - Vhdu
—4b/7($)vgzh : Vihdp

— Qb/ V. (x) - V2hV hdp — 2(:/ V. (x) - V2,hV  hdp.
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This implies that £&(h) is bounded above by
—2)\0/|Vvh|2du—2/\0a/|Vzh|2d,u—2b/|V$h|2d,u—2/\00/|V3xh|2d,u
+2bC’/|Vvh]2d,u—2)\0a/lvvhl2d,u
+2cC’/|Vxh|\Vvh\du+2a/|VvhHVxh|du+2bAo/]Vvhl\vxh]du
+ablo [ V2,01|920] dy
+2bA1/|V3h||Vvh|du+20A1/|Vf,zh||vvh|dp.

With a bit more work and putting terms together, we have

d
Ze(h) <
gt =
2cC" + 2a + 2bA)? A2
o + (" — 2aga + P 2N BT o A /]VthQdu
2b N
b A2 b? A
- %/|Vxh\2du+ (—2>\0a+4/\—0;+b/\1> /|V3h\2du—%c/\vzzh|2du,
0

Under pretty much the same assumption on the parameters a, b, ¢ > 0 like the

b

. . , . . 2 2
ones we had when picking the parameters in Hérau technique, i.e. a, 2,7, %, and f’;

being chosen sufficiently small, it follows that

d
Sy < —C </|vvh|2du+/|vxh|2du>.

We now make use of the assumption that e%®)dx satisfies a Poincaré inequal-
ity with constant A. This implies that du(z,v) satisfies a Poincaré inequality with

same constant, i.e.

/h2 dp < A (/|th|2du+/|vvh|2du),

’U2 . . . . . .
since e~ 2 dv satisfies a Poincaré inequality with constant 1. This leads to

%E(h) < -C (/th/H—/]Vxh\Qdqu/th]Qd,u)
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for a new constant C' > 0.

The inclusion of the mixed derivative term f V.h - Vyhdp in the functional
E(h) has the same affect in proving hypocoercivity as it did for the proof of reg-
ularization. The evolution of this term provides the — [ |V h|*du term necessary
for closure. At the same time, it doesn’t really alter the nature of the functional
&(h). Indeed, if we choose b?/ac < 1 (a condition that as we saw is necessary in the

proof), then by a trivial C-S we get

—(1-96) <a/|Vvh|2d,u+c/|Vxh|2du) < 2b/vmh-vvhdﬂ

<(1-9) (a/lvvhlzdu+c/|vxh|2du)

for sufficiently small § > 0.

Hence, it is shown that

%8(}1) < —KE&(h) for some K > 0.

The last part of the proof is to incorporate the regularity estimates we previ-
ously obtained to relax the assumptions of the initial data to hg € L?(u), i.e.

—K(t—to)

32

e

HhHHl(,LL) S G_K(t_tO)Hh(tQ)HHl(#) S C HhOHLQ(M) for any 0< t() < 1.
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5.2 Relative Entropy

Another technique to study rate of convergence to the global stationary state
M, (x,v), is via the use of relative entropy, see [15]. The relative entropy H(f|g)

between two probability density functions f, g is given by

H(flg) = / flog dv dz.

The main idea behind the study of the convergence rate for the relative entropy
H(f|M,,), is that due to the Csiszar-Kullback-Pinsker inequality for probability

measures, the relative entropy controls the square of the L! distance between f and
Mey(z,v), ie.

If — Mgl man xrany < 4/ 2H (f[Meg).

The entropy dissipation rate (Fisher information) is

——H (fIM,,) = //f’V log 57~ dvdw—//f‘v log - } dv dz.

The dissipation rate vanishes iff f = pM(v), where p = [ f dv. This is exactly

the difficulty in the entropy method approach as it appears in many types of kinetic
equations with the most notable example that of the Boltzmann equation treated
in [16]. In equations where the dissipative term acts only in the velocity space,
the total entropy vanishes for states that belong in a subfamily of the Gaussian
distribution. For this type of equations the transport term is responsible for driving
the system away from these local equilibria states, thus making the entropy positive

again and giving it space to dissipate more. The interplay between the transport
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and the dissipative terms drives the equation to a global equilibrium state with the
relative entropy approaching 0 in a non monotone way.

To see the difference that the transport term makes consider this example of
the Ornstein-Uhlenbeck equation borrowed from [52|. In this, there is a probability

density f(v,t) : R x R, — R, that solves the equation
atf = VU : (va + Uf)

The unique global equilibrium state for this equation is the standard Gaussian in
velocity space M(v). With the help of the log-Sobolev inequality (see appendix),
one gets

d

—SH(M) = CH(fM),

which yields exponential decay of the entropy and subsequently of a solution to the
equilibrium state.

In the above spirit, the log-Sobolev inequality here implies that

d
— S H(f M) = CH(f1pM)

which does not offer a closed inequality. The missing bit of information is the

distance of a hydrodynamic variable p from e~4(®)

H(f|Meg) — H(f|pM) = H(p|e "™)).

We assume that that if we focus in higher order time derivatives of the relative
entropy of f with respect to local equilibria states we can provide a system of

differential inequalities that is closed. It can be proven that

d2

@H(ﬂpm

V,log— | d
)local eq. N /P’ @108 e_u(l’) L

116



The above relation is indicative of the closure we can obtain since it connects the
second time derivative of H(f|pM) with the Fisher information of H(p|e 1®)).
Under suitable assumptions on the regularity of the solution and potential

U(x), it can be shown after detailed analysis that the following system of inequalities

holds,

d
_EH<f’Meq) > CH(f[pM)

d2

(1M = K (H(f|Meg) = H(f|pM)) = C(fo) H(f[pM)"*

for any € > 0, and some K > 0, C(fy) > 0 that depend on €. C(fy) is a constant
that depends on initial solution profile fy. This system of inequalities gives algebraic
convergence rate as it is well explained in [15].

The precise statement of the theorem is:

Theorem 19. Assume a probability density fo(x,v) € L' (initial data) that is

controlled by Mazwellians, in the sense that there exists a, A > 0 s.t.
aMq(z,v) < folz,v) < AMey(z,v).

Assume also a globally smooth solution f(x,v,t) to the F-P equation, and a quadratic

potential UW(zx) with an added perturbation term, i.e.
U(x) = w— + D(z), w>0, ®(x)e H*(RY).
Then, for every e > 0, there exists a constant Ce(fo) s.t.

If = Megll o1 (ran xrany < Ce(fo)t™=.
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5.3 Entropy & Commutators

We have already modified the technique by Hérau to show hypocoercivity for
the operator Lh = v - V,h — VU(z) - V,h — (V, — v) - V,h , with L?(u) data. We
can pretty much follow the same lines of proof, to relax the initial data to belong in
the space Llog L(u).

The Lyapunov functional used here takes the form

E(h) :/hloghdu+a/h|vvlogh|2du

+Qb/hvvlogh‘vmloghdu+c/h\Vxlogth/,c.

At the same time, we have given a regularization result that allows for more general
initial data (measure initial data), under the extra assumption of bounded first

moments, which is used in:

Theorem 20. Assume an initial profile fo(x,v) € L*(R?xR?) that has finite second

moments, i.e.
//(|$|2 + |v]?) fo dv dx < 0.

Assume also that the potential U(zx) € C*(R3N) satisfies |V*U(z)] < C for all

r € RN, and that e @) satisfies a log-Sobolev inequality. It can be proven that

/ flog J\/{ dvdr < O(e™*)  for t>1,
eq

with k > 0, which implies exponential decay in L'.
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5.4 Hypocoercivity a la Dolbeault-Mouhot-Schmeiser

We present here another approach borrowed from [20], which strengthens
slightly the Villani theory in some sense. The main framework will once again

be the Hilbert space H = L*(M_dvdx) with inner product denoted by (-, -) as in

(f,g) = // J\iq Mieqjvteq dv dz.

The idea is similar to the general idea of constructing an entropy H(f) that allows
a Gronwall type of inequality, like in the Villani theory, but with a difference. The
functional entropy will satisfy —LH(f) > CH(f) for some C' > 0 and is shown to
be equivalent to the square of the L?(11) norm rather than a Sobolev type of norm.
So this theory suffices to show convergence in L?*(u) without any regularization
properties for et~

We consider the general kinetic equation 0;f + T f = Cf with transport term
T=v-V,—VU(x) -V, and a general collision operator € which is mass preserving
and acting only in velocity space. The operator 7 is anti-symmetric and we make
the extra assumption of a self-adjoint € (€* = €). We further assume that C is
dissipative in the sense —(Cf, f) > 0 for all f € D(C), but not coercive (no C' > 0
s.t. (Cf, f) = ClIfIP).

We finally make the assumption of considering the k.e for f —M,,, so that the
new density f corresponds to perturbations about the equilibrium zero state. The

new f will be normalized as in [[ fdvdz = 0.

We now introduce the orthogonal projection P onto the null space of C (space
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of local equilibria N(@)), i.e.

Pf= (/fdv) M) = pM(v).

It is natural to assume at least one conservation law (mass) for the k.e, which would
simply imply

/efdu:o — PC=0.

The entropy functional that will be used and was inspired by the work of [30]
is

1

H(f) = SIfIP+ AL ) >0,

for the operator A = (I + (TP)*TP)~1(TP)*.

The dissipation rate D(f) = —< H(f) is computed to be

D(f) = =(Cf, ) — (A€ = T)f, [) — (A, (€= T)f)
= —(CL. ) + {ATPS, [) + (AT(I = P)f, [) — e(TAS, [) — e{ACS, ).

The last term should equal —e((A+ A*)Cf, f) but is simplified since PC = 0 implies
(A*Cf, f) = 0. In the attempt to bound all the terms of the dissipation rate and
obtain a rate of convergence for H(f) we make “natural” assumptions which are
easily applicable in the case of a Fokker-Planck operator C.

The first two are the assumptions of micro & macro coercivity which have
already been employed in the Villani treatment of relative entropy when in the
attempt to derive the system of differential inequalities that we presented.

The microscopic coercivity assumption states that —C is coercive on N(€)*,
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ie.
—(Cf, /) > Ml = P)fI? for some A\, > 0. (5.1)

Microscopic coercivity for € =V, - (V, + v-) boils down to the Poincaré inequality

for L?(M(v)dv) which holds trivially,

—(Cf, f) /eu(x/M ]v I_
2 [ [

The second condition assumed is the macroscopic coercivity condition

f( dvde = (1 P

ITPLI? > AullPfI? for some  Aj > 0, (5.2)

which amounts to the validity of the Poincaré inequality with measure L?(e~%(*)dx)

for the macroscopic variable p, i.e.

‘ dz.

—U PP “u@| P |?
e ()| ez f oo by

This assumption is not automatically satisfied for the equation at hand and boils

U(x)

down to finding the measures e~ for which a Poincaré inequality holds. In the

appendix we present a sufficient condition for the Poincaré inequality to hold for
U(ac)

the measure e~

Employing (5.1), (5.2) and the extra assumption
PTP =0, (5.3)

it can be shown that A = PA, as well as the fact that A and TA are bounded

operators since it is easily proven that

(@) lAfl < %H(I— Py & () [ITAF < (1T = P)F.
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Condition (i) is the reason that the entropy functional H(f) is equivalent to
1%

The last assumption that is employed to give a decay rate for entropy is
|ITA(I = P)f|| + ||ACS|| < Cu||(T—= P)f]| for some Cj; > 0. (5.4)
All the above can be combined in:

Theorem 21. Consider the kinetic equation Oyf + T f = Cf where operators T, C
have the properties mentioned in the first two paragraphs.

Assume that the following are satisfied

(i) —(Cf, ) > Anll(T= P)f||* for some Ay, >0

(i) |[TPfI1* = Al fI? for some Apr > 0

(i1i) PTP =0

(iv) |AT(L = P) f[| + [[ACS]| < CullT = P)f|| for some Cy, > 0.

Given initial data fo € L*(du) (fo >0, [[ fo=1), it can be shown that

—%H(f) > NH(f) for some X >0,

for the entropy we have defined. This implies that there exists C' > 0 s.t.
le™ foll < Ce™™|Ifoll ¢ >0.

Proof. See |20]. O

For the case of the inhomogeneous Fokker-Planck operator € = V,, - (V,, + v-)
the assumptions mentioned in the theorem above are met in (see [20] for details)
the following theorem.
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Theorem 22. Assume that the external potential U(x) has the following properties:
(i) W(z) € C*(R*N), with [ e '@dz =1

(ii) e Y*) satisfies a Poincaré type of inequality

(i) AU(x) < ¢y + 2|VU(z)[* for ¢y >0 and ¢, € (0,1), and

fiv) [VAU()]| < el + [U(z)).

Then, the solution of O,f +T f = Cf with initial data in L*(du) decays exponentially

fast towards the global equilibrium state.
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Chapter 6: Diffusive Limit

In this last Chapter, we examine the hydrodynamic limit of the Cauchy prob-

lem Oy f + Lcfe = 0 with f.(0,.,.) = f.

(.,.), as € = 0, for the Fokker-Planck

t=0

operator

1

(0 Vol — VU() - Vof) ~ 5V, (G(xmeqvv (i)) .

Lef ==
/ € Meq

There is an obvious analogy in this study, with the Kramers-Smouchowski limit for
SDEs, see e.g. [23]. We begin with a formal argument based on the Hilbert expansion
of f., which gives an expansion for the hydrodynamic variable p. = [ f.dv as well.
After we explicitly compute the first terms of the expansion, i.e. fy, fi,..., we obtain
an equation for the limit hydrodynamic variable p (first term of the p. expansion),

which is the Smoluchowski equation
Oup = V- (G (&) (Vup + VU)p)).

Two techniques are employed to establish the rigorous limit under different a
priori energies. In the first, we prove weak convergence p. — p for mild solutions,
using weak compactness principles and initial data in weighted L? space. The second
technique relies on a relative entropy argument, uses entropic initial data and gives

convergence in L', uniformly on any time interval [0, T], for T' > 0.
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6.1 Formal Result

6.1.1 Hilbert Expansion

The study of the hydrodynamic limit as ¢ — 0 will begin with the Hilbert
expansion, and we will see the problems that arise in this analysis. We expand f.
in powers of € as in

fe=fotefi+eEf+...

and after we substitute in the FP equation 0,f. + L.f. = 0, we balance powers of
€. This procedure leads to a cascade of equations which in our case can be solved

explicitly at least for the initial terms. This hierarchy of equations is
C(fo)=0 (0’th order term)

T(fo) = C(f1) (1st order term)
Oifj—2+T(fi—1) = C(f)) (j’th order term for j > 2).

Solving the first equation, one trivially gets

Jo = poM,

where pg is the hydrodynamical variable of highest order in the expansion of p,,
defined by py = [ fodv. A typical feature of the expansion is that the hydrodynamic
variable p. = [ fedv is also expanded in a power series of € where each term p; is
given by p; = [ fidv, i>0.

The next two terms are,

fi = —vTG'BpoM(v) + pyM(v)
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and

fo = %(UTG—%TG—IB;)OM(U) ~G'B- G—IBpoM@))

— TG B M(v) + paM(v),

for the vector field B =V, + V,U(z).
A rigorous approach to the Hilbert expansion for f. and how it can be used to
study the limit as € — 0 is given by the following procedure. In general we truncate

the expansion to some order i.e.
j; ::jb +‘€jﬁ + ... +'€naﬂn +_3Qe

and set up the equation for the remainder term R(t, z,v).

In fact the truncated expansion could help us obtain a rigorous result for the
hydrodynamic limit if
(i) R. is a term of some order [ > 0 in ¢, i.e. R, = €!R’, for some function R, which
we should rigorously be able to show is of order €® (I does not necessarily have to
be equal to m + 1) and
(i) we can prove that for an appropriate selected space equipped with a norm || - ||,
the functions R'¢, f1,... fi, are sufficiently regular uniformly in time (or at least for

a finite time interval [0, T for 7" > 0), in the sense that

sup {|[f1ll, 120, - [ fmll IR e[} < o0,
e>0,tel

where I = [0,00), or [0,T]. This would be enough to establish that f. — peM in

the || - || norm, uniformly on the time interval I.
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In our case, it is enough to truncate after the second term as in f. = fo+e€fi +
€2 fy + R. and substitute in the F-P equation. The equation for the remainder term
is

IR+ LT(R) — SE(R) = F(t, 2, 0),
€

2
where F(t,z,v) = —e(T(f2) + 0,f1) — €20, fa.

The study of the remainder equation in terms of its stability w.r.t. F will
allow the rigorous justification of the limiting procedure. In reality, one should be
able show that R, is of order € or less and be able to establish regularity results for
the hydrodynamical variables that appear in . In this chapter we are going to use
two methods different than the expansion we presented above based on two different
types of a priori estimates. These methods either rely on compactness arguments,
or functional “entropic” inequalities and the study of a relative entropy. Before that,

we need to proceed with the formal argument and derive the limit equation of p.

6.1.2 Equation for the limit Hydrodynamic Variable p

In the study of the limit case ¢ — 0, we want to derive the equation for the
hydrodynamic term p, which at least formally should be the limit of p..

Integrating the FP equation in velocity space we obtain
8tp€ + Vg; . JE = O, (61)

where J(t,z) = % [vf.dv is the flux vector.
To this end, we want to derive an expression for J. and see the terms that are
involved in it. In the derivation of the equation for the first moment one multiplies
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the FP by v and integrates. The equation for J. is
E0iJ (t,x) + V- Pc(t, ) + VU(2)pe = —G(x)J(t, ), (6.2)

where P (t,2) = [v ® vf. dv is the pressure tensor.
As will be shown rigorously, the main contribution to the above equation comes
from the r.h.s as well as the second and third terms of the L.h.s. Indeed, treating

the pressure tensor P.(t, ), we see that

/vivjfedv:—/avi( v]MdU—/%f dv+/3\/[3vl(f6>v]dv

which leads to a second term in (6.2) that equals

Ve P(t,x) =Vipe + V- /J\/[Vv (%) R vdv.

With the above, (6.2) now becomes

J.(t,z) = —G~Y(z) (Vape + VU@)p) — ECGY(2)d, (L, ) (6.3)

o () e

The last term in (6.3) contains the second term in the expansion of P.(t,z)
which can be shown to be of order e if one uses an appropriate a priori energy
estimate e.g. in L?(p). This implies that in the limit ¢ — 0, we should be able to
establish rigorously that P(¢,z) ~ p(¢,x)I. The previous to last term G~ (z)0;J.
should also be shown to be a term of order ¢, as long as we give an appropriate
interpretation to a solution Jc(t,z) of equation (6.3). What is implied by this is

that

J(t,z) = —G(2) " (Vepe + VU(2)pc) + lower order terms in e. ...

128



Finally, as € — 0, the system of equations (6.1)-(6.2) converges to

J = —G(a) ™ (Vap + VU()p),

with f.(t,z,v) ~ p(t, ) M(v).

All this is enough to suggest that the equation for p is
Op =V (G Hz)(Vap+ VU(2)p)) -

To understand how the formal argument can be used to establish the rigorous
limit, we need to formulate in what way a solution f. to (6.3) makes sense. Here
inspired by the analysis in the next section, we can consider that (6.3) is understood
in the “weak” sense.

Assume a test function ¢ € C°(R,,R”? R"”). Multiply the equation for J. by
¢(t,z,v) and integrate in v, x,t. The goal is to provide a bound for the integral

terms

€ /Ot // G YJ.0pdrdvds and /Ot //J\/[ (Vv (%) ® v) G 'V, dxdvds

which we should be able to show are of order € or less. In this direction it would
be enough to elaborate on the use of an energy estimate (assuming bounded L*(p)

initial data) which implies the bounded term

[ ANE
—2/ //)G”QVU (L) ‘ Mdxdvds < oo for any ¢t > 0.
e Jo M

The finite energy itself implies, (since J. = 1 [ MV, ({—/[) dv)

t
[ fle
0

2
dx ds < o0 for any ¢t > 0.
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Of course, after using the energy estimate to find the order in € of all terms in
the equation for J., and using compactness to get convergent subsequences, there

still remains open the question of passing to the limit in e.
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6.2 Diffusive Limit via Weak Compactness and Proof of Theorem 1

6.2.1 Main Result

We are now in position to state and prove the main result about the limit of
pe using compactness. Before we go into the statement of the theorem, we need to
define a weak solution for (3.1).

Mild Solution

The discussion of weak formulation for (3.1) can start with a weak formulation

of the stationary problem. The evolution equation can be written down in the form

O;h + Lh = 0, where the operator L is
L=v-V,—VU(x) -V, =V, -GV, +v-GV,.

The weak formulation of the stationary problem LA = 0, gives a solution h €
D'(Rpw). In fact, we shall assume that —L generates the continuous semigroup
(e7'F);>0. We have also shown that solutions to the problem d;h + Lh = 0 remain
bounded in L3 N L*.

Thus, a distributional solution h(t,z,v) for the non-stationary problem will
be a solution

he C(Ry;D'(REY)) N L. (Ry; L?weq nL>).

loc

We now proceed to the proof of theorem 1.
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6.2.2 A priori Energy & Weak Compactness

In order to study the limit ¢ — 0, we begin with the a priori estimate in
L3, (Ri7). That is an energy estimate for h(t) in L?(du) (where h(t) is an abbre-

viated notation for h.(t,z,v)), i.e
1 2 I 1/2 2 1 2
5 [ B d )G (x)Vvhf(s)) duds = 5 [ B2(0) dp.
0
We proceed in the decomposition of f.(¢) in the following manner
fe= M(”)(pe + gé)

where the hydrodynamic variable p. has already been defined by

mz/ﬂ%

and a deviation g, from the local equilibrium state p.M(v), that satisfies
/QEM(U) dv = 0.
Integrating in velocity we obtain the hydrodynamic equation for p,,
1 -
ope+ -V, - /J\/[(v)vvg6 dv = 0. (6.4)
€

To simplify the analysis we consider the basic assumption inf U(z) > —oo

which result in the following finite intervals for finite initial energy,

/pfdx<oo, //ng(v)dvdx<oo vt > 0.

The first bound is proven by a simple Jensen inequality on the L?(M,,dv dz) estimate

of h.. We also have the energy estimate,

1 [T
—/ // IGY2V 5P M(v) dv dx ds < oo for any T > 0.
€Jo
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We can now, after picking a sequence of ¢; — 0, extract a subsequence which

w.l.o.g. we still call ¢; s.t.

pe, = p weakly in  L*(dz) Vt >0,
Ge, — ¢ weakly in  L*(M(v)dvdz) VYt >0,

1
—GY?’V,j., = J weakly in L*(M(v)dvdzdt).

€;

It is important to notice that we actually want something stronger than just
pe being weakly compact in L?(dxr) V¢t > 0. We actually want a uniform in time
type of convergence so that we don’t have a problem when we later pass to the

limit in integrals of time. For this, we are actually proving that p. is compact in

C([0,T],w — L?*(dz)) in the lemma that follows.
Lemma 6. p. is compact in C([0,T], w — L*(dz)) i.e.
pe—p in C([0,T],w— L*(dz)).

Proof. Consider the functional H(t) = [ ¢(z)pe(x,t)dx , 0 < t < T, for a fixed
T > 0and ¢ € CX(R?). H(t) can be proven pointwise finite for any 0 < ¢t < T,

using Cauchy-Schwartz inequality and assuming always finite initial energy.
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Now if we consider t1,t5 > 0s.t. 0 <t; <ty <T, we get

Hits) — H(ty) = /t 2 / 6(@)dpededs  (Using (6.4))

1 [*
== / / V.o(x) - Vg M(v) dv dx ds
€ t

< (/tQ/ |G_%Vm¢($)|2M(U) dv dxds)2 (/tQ/ ‘GQY—;EJGPM(U) dv dxds)
< (ty — )2 (/|G%Vx¢(x)|2dx>2 </ 2/ |G2Y—;§e|23\/{(v) dvd:cds)

< Oty — )2

(NI

By a density argument, it is shown that the above inequality is true for ¢ € L*(R?).
The Arzela-Ascoli theorem states that pointwise boundedness and equicontinuity

suffice to show that p. is compact in C([0,T], w — L?(dx)). O

6.2.3 Passage to the Limit

Now that uniform convergence for p. has been established, we can proceed

into deriving an equation for the remainder term g, i.e.

€0hge — Vg - /Mvvge dv+wv - (vw(pe + ge) + VU(7) (pe + 3e)) (6'5)

. 11 _

A weak solution of (6.5) will be in C(R, D'(R77')). For the sake of this proof

we work with the choice of test functions p(z,v) s.t. p(z,v) € C*(R}y). The weak

134



formulation is then given by

//ZM (e(t2) — (1) dvdz
+/ // M(v)Vap - (/M(v’)vvffyE dv') dvdz ds
/ //M —V20 pe + ©VU(z) pe) dvdx ds

/ //M Voo Ve + oVU(x) - V,ge) dvdxds

to 1 to
—/ // M(v)eVU(z) - Vyge dvdx ds = ——/ // M(v)Vyp - GV yGe dv dz ds.
t1 € t1

We use the notation [;, for 1 < j < 6 for the successive integrals that appear
in the weak formulation. The study of the order of magnitude for each of them
reveals that in the limit € — 0 only terms I3 & Is do not vanish. For now, we need
to show the order of magnitude of each integral term and then consider the choice
of test function that allows the coupling of (6.4) and the equation that we obtain
in the limit € — 0 in the weak formulation of (6.5).

Order of Magnitude for the I; integral terms.

In what follows is the identification of the order of magnitude in € of the I;
integrals.

Term [;: The use of the Cauchy-Schwarz inequality, the a priori estimate and

the fact that all Maxwellian moments are finite ( [ dv|v|*M(v) < co) yields

I < e//M (Ge(ta) — ge(t1)) dvdx

<e( [ eatwa dx)% (/[ a2+ laePinece) ao dac)é
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Term Is:

In similar fashion,

= [ [T 0.9 Tt ) s
1/2v7 7
/ ///M G YAV |Mdv’dvdmdg
€
1/2
; ( [ [[rewie gk ds)
t1
1 t2
x (3 / / / M(U/)|G1/2VUI§E|2dv’dxds)
€ t

< Ce=0(e).

1/2

Term Is:

Using the Cauchy-Schwartz once again ,

I3 < / //JV[ —V.2p pe + ©VU(Z) pe) dvdxds

g(/ [ M@ + fevucr) dvdwds) (/ / pgdxds)
<o ( [[Mwlr.ek + rwu@s)\?)das)z (/ dm) ~ o).

Term I,: For this term

I, < / //M Voo Voge + oVU(2) - V,Ge) dvdads

<€ (/ //M(’U)(’Glﬁvx(’p’Q + \¢G1/2VU(:L’)]2)dvdxds)
t1
to 1 %
. (/ // _2|G1/2Vv§5|23\/[(v)dvd:vds)
t1 €

< Ce=O(e).
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Term [5: This term yields
to
I; < —/ // M(v)pVU(z) - V,Ge dv dx ds
t1

t2 3
<e (/ // M(v)|pG~ V2V U () |* dv dx d5>
t1
12 1 %
X (/ // —2]G1/2VU§6]2M(U) dvdx ds)
t1 €

< Ce=0O(e).

Term I4: Finally for the Ig term,

1 [t
Iy < —/ //M(U)vao -GV ,gedvdx ds
€ th

t2 %
< (/ //|G1/2VU¢|2M(U) dvdxds)
t1
to 1 %
X (/ //—2|G1/2Vv§6|2M(v) dvdxds)
t1 €

=0(1).
Now we go back and consider the weak formulation of the (6.4), which is

to to
/ /¢0t,0dm ds :/ // M@)V,¢p-G V2 Jdvdrds — for ¢ € C(R?).
t1 t1
(6.6)
At the same time as the order analysis showed above, in the limit € — 0, the

(6.5) yields

to t2
/ // M(v)v-(=Vaep p+pVU(x) p) dvdzds = —/ // M(v)Vop-GY2 T dvdads.
t1 t1

(6.7)
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These two equations are coupled for the choice of test function ¢(z,v) = V,¢-G v
where ¢ € C°(R”). The only problem is that this function is not smooth or
compactly supported in R, so we have to modify it slightly.

We begin by considering the cut-off function xs, (v) = x(d1v), where x(v) €
C*(R?) is a function with values 0 < x(v) < 1 s.t. x(v) = lfor|v] < 1 and

x(v) = 0for |u] > 1. We also consider the standard mollification function,

1
ns,(v) = 5 (5%) for ne CXRY) s.t. /n(v) dv = 1.
2

We now consider the function ¢s, s5,(7,v) = (x5, (v)Ved - G710) x ns,. A standard
result for the mollified function is that ys, 5, converges to ¢ a.e. in R? (as 61,02 — 0).
Obviously Vs, s, converges to V,p a.e. in R} | since the cut-off and mollification
acts only in the v variable.

By substitution of ¢ with s, 5, in (6.7) one gets

to
/ // M(U)U ’ (_VZQD(SL@ p+ @51752vu(l‘) p) dvdz ds =
t1

to
—/ // M(v) V495, .6, - G2 J dv dx ds.
t1

We also have,

Vs, 6, (x,0) = Vi (V- G0 x5, (0)) * 1s,)
= Vo(Vad - G™oxs,(v) %15,
= (Va0 G x5, (v) + Vag - G0 Vixe, (v) * 15,
where we made use of the fact that V,(f xns) = V. f * ns.
A typical estimate for V,xs, (v) is |V, xs, (v)| < Cd;. This can be easily seen

by the definition of ys and the fact that |V,x| < C for some C' > 0, since x €
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C2°(R?). This estimate, together with the computation of V,ps, s,(x,v) above and
the dominated convergence theorem imply that in the limit d;,dy — 0, one actually
has that (6.7) holds with p(z,v) = V,é(x) - G~tv. This choice of test function

allows the coupling of (6.6) and (6.7) that yields

/i /¢3tpdx ds = /:2 / (Ve (G7'V,0) + Vo6 - GT'VU(2)) pda ds

which completes the proof.
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6.3 Diffusive Limit via Relative Entropy and Proot of Theorem 2

In this paragraph we are employing the relative entropy method in order to
study the hydrodynamic limit. We have already used relative entropy for the study
of the long time asymptotics of the equation. The technique goes back to the work
by [74] for the Ginzburg-Landau model and S.Varadhan [68]. See for instance [27]
(for Vlassov-Navier-Stokes equations) for a more elaborate instance of the method.

The relative entropy here measures the LlogL distance between the distribu-
tion f. and the hydrodynamical equilibrium state pM(v). The idea is to study its
rate of change and either establish that it has a sign in the leading order or that it
satisfies a Gronwall type of inequality. Here, we are able to show that the entropy
dissipates and that if initial data is prepared so that ll_r:% H(f.(0)|poM) = 0 then
li_r%H(fE]pM) =0 for all t € [0, 7] for any T > 0.

Control of the relative entropy directly implies control of the L' norm || f. —
pM]|, by virtue of the Csiszar-Kullback-Pinsker inequality proven in the appendix.

Hydrodynamic variables play an important role in the calculations that follow

so we re-introduce them here. The hydrodynamical density and flux are given by

1
pez/fedv and Je:—/vfedv
€

respectively. The evolution of p. is governed by 0;p. = —V,. - J¢, where the equation
for the hydrodynamical flux was calculated to be J.(z,t) = =G~ (Vp.+VU(z)pc)+
lower order terms in €. The equation for the formal limit pis 9;p = V- (G™(V,p+

VU(z)p))-
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We can start with an easy computation on the evolution of the H(p.|p) relative
entropy. This computation becomes partly obsolete later when we show that the
time derivative of the entropy H(f.|pM) satisfies a similar estimate. In fact, it is

manifested by the following lemma that H(pc|p) < H(fe|pM), since

Lemma 7. Consider the hydrodynamic variables p1, po associated with the density

functions fi, fo. Then, we have

H(pi|p2) < H(f1]f2)-

Proof. The proof is given in appendix. O

Nevertheless, we present the computation here, because it is a good starting

point and it also contain parts helpful for the computation of H(f |pM).

d d pe . d d
EH(pJp) dt/pelog dr = d /pelogpedx d /pelogpdx

= /&pe(logpeJrl)d:r—/@tpe logpd:c—/%&spdw

:/Je_vppe dg:—/Je~de—/%V-(G_l(Vp—i-VU(a:)p)) dx

:/JE (Vpe_@ di/pv(’;j)-a <Vp+VU( )) dz

p

)

:/JE (v’)f— )da:+ (vﬂe—¥) G (VperVU( )>p5d$
(
i

/(WE_—) e ( —i—VU()))pedx

Pe

:—/ ( EJrvu )) (£+G1 (EjLVU(x)))pedx
p Pe p

. /‘G1/2 LGl (Vpp_'_vu )‘ pdz + 7.

The remainder term 7. is found to be exactly equal to

_/(e2atje+vx-/mvv (%) ®vdv) - <£+G‘1 (Vp’)+vu< ))) da.
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Notice that r. is a remainder term that should vanish as e — 0. We don’t bother
with showing that . — 0 in rigorous manner, as we mainly work with the relative
entropy H(fe|pM).

Yet, as we are about to remark promptly after the proof, the above computa-
tion of %H(p€|p) alone can be used to establish the exact same result that we are
about to prove!

At this point we compute the evolution of H(fe|pM) in similar manner. To
make things easier we can introduce the global equilibrium state M., (z,v) in the

computation that follows.

H(fe|pM)://felogfedvdx—//felog(pM)dvdx
/ 1. / f.log Mj\g dv dz
— [[ g0 5%

e_u(x)
/ pe log dz
p

— H(fM.,) - / plogpds ~ [ pU(w) s

The reason we have introduced the global equilibrium state and H(fe|M.,) is
that the term involving 4 H(f./M.,) can be easily bounded by an integral involv-

ing only hydrodynamical variables. Indeed, the time derivative of the first term

H(fe[Meg) is

/fglg dvdx_——//ﬂ
“a [ e () fwars - [0 0

Pe

G'/?v, log% dv dx
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The last inequality is in fact due to the Holder’s inequality

/ \Gl/zJ |2 _ 6_2/ (fG1/2 <U+M> fgdv)z .
< 62//‘G1/2 <V fe v) 2

We are now in position to compute the time evolution of the H( f.|pM) entropy

by means of computing the sum of its terms. Indeed,

d d d d
H _ %y 1 _c
G H(felpM) = — H(felMeg) — dt/pg ogpdr — — [ pU(z)dw
1/2 72
S—/Md:ﬁ—%/pelogpdx—/Je-VU(I)dx.
pe

The computation of % [ pelog pdx has been performed as a part of the com-

putation of %H(p€|p) above. We thus get,

1/2 712
L (110M) < /ud —/J VU(z )dz—/JE-@da:

dt p
+/ (VpE —@> G! (VP+VU( )) pe dx
pe P p
:_/J (GJ +Vp’)+vu(x)) do

€

—/(G£+E+VU( )) G (V’)+vu( ))pedx—i-re

pe P p
= / (G + — Ve + VU(x)) : <£ +G7! <@ + VU(m))) pedx + 17,
Pe P Pe P
2
—/’Gl/Qf-I—G_I/Q (vpp—i-VU( )) ‘ pedr + 7. (6.8)

Now that we have computed the dissipation of the relative entropy, we can

proceed to the proof of Theorem 2.

Proof. We have already given the formal computation for %H (felpM). What is left
is to find the exact expression for the remainder term r. and show that it is indeed

of lower order using the a priori estimate.
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Let us begin with the observation that the quantity

de = GY* () (v\/fe + 2V \/fo) = 2VMGY?(2)V,, J]\t/[

is of order O(¢) in L?, as implied by the boundedness of the total energy, i.e.
T
/ / \d.|* dvdx dt < Ce?, T >0.
0

Indeed, consider the free energy associated with the FP equation

/ Je <1nfe+—+U( )> dv dz.

This quantity is dissipated since

d 1 9
%8(1”6)— = //|d5| dv dz,

which implies

E(f(T,-,") / / \d|* dv dx ds = E(£.(0,,")).

We now have to compute the remainder term r,. that appears in (6.8). By (6.3), it

is implied that

Vo V J. ¥
Po 2P _g= XL _YU() -
Pe P Pe P

——V /MV( )®vdv.

Hence, by direct substitution in (6.8) the remainder term is

n:—/(e2atje+vx~ (/Mv,, (%) ®vdv)) G (Vp’)+vu( )) dz.

This consists of two parts 71 and 75, which integrated in time are

/mdt ///&fev G (V’)+VU( )) dv dz dt,
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/OT’T‘Q,edt:/OT// (MU®VU (%)) :V (G‘l (%Jrvu(x))) dv de dt.

It will be our task to show that both integrals vanish as ¢ — 0. An important step
towards this is showing that |[v|>f. € L>((0,T), L}(R™ x R")) for any T > 0.
e Bound for [[ |[v]*f.dvdz in L>(0,T).

The bound on the kinetic energy (uniform in time) is a straightforward con-

sequence of the elementary, yet general, Young’s inequality
ab < h(a) + h*(b),

where h,h* are a Young’s convex pair (h* is explicitly computed by the Legendre

transform of the convex function h). Here we use h(z) = zlog z, and h*(z) = ¢!,

1 } o2
—//\U\zfedvdxg/ felog / dvdx+//e_2_13\/[eqdvdx.
2 Meq

This implies that

1.e.

2
/ %fe(t,wl’) dvdz <€ for some C' >0, vt € [0, 7],

since e 4@ ¢ LY(R") and the entropy integral is bounded by the a priori estimate.
It is now time to control the residual terms. Let tensor D and vectors E,F
be shorts for D = V(G (Vlogp + VU(z))), £ = G} (Vlogp + VU(x)), and

F = G711V, log p. The easiest term to control is

T T f
/ TzedtZ/ / Mv ® V, (—E>:dedxdt
0 ’ 0 M

:/OT//\/ﬁv@w(x)_%dg:dedxdt

T |d |2 3 T 3
< Ce (/ // Ao—5— dv dxdt) (/ / | D]|so|v|? fe dv dxdt) .
0 € 0
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Finally, the term

/rledt // fe(T,v,2) — fo(0,v,2))v - Edvdz
0
+e//f€v-dedxdt
0

is treated with the use of the Cauchy-Schwartz inequality which concludes the proof.

[]

Remark 14. Let us mention here why showing L' convergence of p.(t,z) to the
limiting distribution p(z) is enough to imply that f. converges to pM (in L') by the

following simple arqgument. Indeed, we decompose f. — pM as in
f€ - PM = fe - p5M+ (pe - P)M

It is trivial showing that the second term (p. — p)M of the decomposition — 0 in L*,
by assumption. For the first term f. — p M, we use the Csiszar-Kullback-Pinsker
and log-Sobolev inequalities in that order, and finally the a priori energy bound to

get

[ fe = p M| z1 < V2 </ e

) v ([0 )

<V2eC = 0 as € — 0,

which concludes the argument.
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Chapter A:  Appendix

This appendix is devoted to some individual topics that are standard in various
literature. We made an effort to include them here for the sake of a full presentation.

We begin by reviewing the energy dissipation for the Stokes system that in-
cludes the particles and the medium. The energy or “variational” formulation is in
fact another way to present the N particle Stokes problem. The reason this for-
mulation was important in our study was because it allowed the derivation of a
non-negative hydrodynamic and friction tensor.

Next, the Stokes flow solution for a single particle is presented both for the
homogeneous and non homogeneous Dirichlet boundary conditions. The under-
standing of the Stokes’ solution operator to a single particle problem coupled with
the method of reflections sheds light to the behavior of the N particle system in the
so called dilute regime.

As we begin with the analysis of the FP operator L, we are overwhelmed by the
amount of computations on derivations and especially those on commutators. All
these calculations are squeezed here in the paragraph with the name ‘Commutator
Algebra’. These calculations have not been included in the main text for economy

of space.
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Finally, there is a paragraph devoted to sufficient conditions for the Poincaré
and log-Sobolev inequalities. These conditions are important in giving decay rates
to Kramers-Smoluchowski type of equations and they are employed in many cases
when the question of convergence to a global equilibrium state for the FP Cauchy

problem is involved.
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A.1 Energetics of Particle System

In order to understand the variational formulation that gives the energy dissi-
pation used for the RPY approximation, we need to study the energy of the particle

system. The physical energy E(¢) at time ¢ is the sum
E(t) = Epar(t) + Ep(t)

of the particles’ energy

N

1
SPaT(t) = Z §m‘vi’2 + u(xlax% e 737N)7

i=1

and the energy of the medium

1
8fl<t) = 5 /R\U.B. |u(x)|2dl',

when one considers a fluid with unit density (p = 1).

The rate of change in the above terms is

N
d dv;
%8Par(t> = E (mvi : % + VmiU(xl, To, ... ,xN) . Ui) .

=1

Using the balance of forces, the last term yields

N N
%c%m(t) :Z/ U;‘Fo-nidS:Z/ w(z)To - n;dS,
i=1 Y S i=1 VS

for n; being the outward normal on .S;.

The rate of energy change for the fluid motion is

d D
Lo nt) = / a(z) - 24 g
dt Rg\UiBi Dt
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as follows by the transport theorem. The notation % stands for the material deriva-

tive involving a time derivative plus a transport term

D d
E—E—FU() \Y%

Du

Since = divo by the equation of motion, we get

Lo () = / w(z) divo(x) da
dt R3\Ul

= / div(u®o) dx — / o Vudz
R3\U; B; R3\U; B;

8u2
_—/Sua n; dS — Z/%a

where indices in the second integral designate vector and tensor components.

The expression in the last integral, for an incompressible fluid, yields

Zaij(‘?_xj N 2;% (8xj * 8xi> N Qnsizj: <a$j i axi) ’

1,J

where we have made use of the symmetry of o.

As a result, the rate of change for the total energy of the system is

d 8u1 8’&]' 2
Let) = —=n, dx < 0.
d 77 Z/?’\UkBk (axj 8:61) v
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A.2 Stokes Flow Past a Sphere

We have presented a methodology for solving the Stokes N particle problem
in a complex domain D, by virtue of an iterative scheme. In order to proceed with
the technique, we need to solve the particle problem for a single sphere.

For now, we present the solution of Stokes’ problem for a sphere of radius R,
with center located at the origin x = 0. The velocity on the surface of the sphere
isu(x) = U+ QAzx (Jr] = R) and vanishes at infinity. Observe that there is a
translational U, and angular {2 component to the velocity. The choice of frame of
reference with a static sphere simplifies the problem. The resulting solution (outer
solution) can be found in any standard textbook in fluid mechanics e.g. [48,56] etc.,

and is also presented in [36,37] i.e.

3R TR 1 R3 rQx R3
LN L | L S i § L D)
u(e) 4|:cr( " |x|2) *4@\3( W) TP T
3 U -

Computing the fluid forces on the surface of the particle, we end up with
Fy=6mRnU,

Ty = 8TR*n .

One notices that translational and rotational components are fully decoupled.

Also, in the leading order the solution is

which is exactly the Stokeslet approximation for R = 1.
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Although this solution does not cover the case of an inhomogeneous BC on
the surface of the sphere, it is highly indicative that the velocity field at a point in
the medium is inversely proportional to its distance from the sphere. For a solution

to the inhomogeneous BCs problem one can see e.g. [36, 56].
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A.3 Fundamental Solutions
In this part of the appendix we give the fundamental solution to the equation
of+v-Vof =~vA,f for x,veR" v>0,

and initial data f(0, x,v) = d(zo, vo). We present here two solutions. The first one is
“analytic" in nature, and the second is “algebraic" in the sense that is takes advantage
of the Lie algebra structure. We should mention that many special solutions to the
Fokker-Planck equation can be found in [64].

Starting with the analytic solution, we consider the transformed equation
Of =€ Vof +9nff =0,

for the Fourier transform f(t,&,1) = [[ e @t f(t . v) dvdz. The initial con-

dition is transformed to

f<07 g()? T]O) - e_i(IO'fo-‘rvo'no).

The solution to the characteristic system of the transformed equation is £(t) = &,

and n(t) = —&t + 1o, and hence the solution of the transformed equation is

.}E(t7 57 77) = f(O, 50, no)e_wf(f In(t—s)|* ds

— o~ i@o€otvon) , = fy In(t—s)|? ds

(3.
— o i(@otHvo-(n+EL) 7( Tt nt2+n2t> )
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Taking the inverse transform, one gets

_ 1 eil@étvn) £
flta.0) = oo [ @S e e dna

2
B 5 1)2 // ei((:c—xo—vot)fﬂv—vo)'77)6_7(%t3+£'nt2+n2t> dn de.
T n

Last integration when performed yields

1 1 1 /. |z — 2o — vot|?
Jltzv) = (3m2y)n 20 P [_ w2y <3 t3
(x — g — vot) - (v — vg) N lv — v0|2>]

-3
12 t

The second method was suggested to me by C.D.Levermore and makes use of
the Baker-Campbell-Hausdorff formula for elements of a Lie algebra. We write the
equation as Oyf = Lf for L=~vA— D, with A=A, and D =v-V,.

Here [A,D] = 2V, -V, = 2B and [B, D] = A,. At the same time we have
[A,B]|=1[A,C]=[B,C]=1[C,D]=0. Soasaresult, A=A, B=V,-V,,C =A,,
and D = v -V, form a Lie algebra. The idea is to write et* as e*) 4P Bect)Cedt)D
for the differentiable functions a(t), b(t), c(t), d(t), with a(0) = b(0) = ¢(0) = d(0) =

0. Those functions are to be computed explicitly.

We need to compute commutations of the fields A, B, C, D with e*®4 etc. For
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that, we first have to find [A", D], [B™, D], .... We begin with,

[A", D] = A"D — DA™ = A"D — (DA)A™"' = A"D — (AD — [A, D]) A"
= A"D — ADA™ ' +2BA" = A"D — A(DA)A"? + 2BA™!
= A"D — A(AD — [A,D])A"? + 2BA" ' = A"D — A’DA"* + 4BA"!
= (n — 2 commutations of A,D)... = A"D — A"D + 2nBA"*

= 2nBA™ L,

In the same manner, it is shown [B", D] = nC'B"~! with the rest similar terms

being 0 e.g. [C™, D] = 0 etc. This implies

(A", D] = i o)y g an-

n!

[ea(t)A7 D] _ [Z ((I(t)'A)n7D] _ Z a(t)

n n!
=0

=0 n=0
o t n—1
=2a(t)BY )" yue1 _ 2a(t) Be*®4.

3
3

We also calculate [e!®B D] = b(t)Ce’®B and [e*®4 B] = [e*®4 O] =

Differentiating €'’ in time yields

Letl — d(t)A UM A DB e(t)C d(®)D ea(t)Ab/(t) Beb®B oe()C () D
+ ea(t)Aeb(t)BC/ (t) Cec(t)Ced(t)D + 6a(t)Aeb(t)Bec(t)C'dl(t)Ded(t)D
_ (a'(t)A + b/<t>B + Cl(t)O)etL + d/(t)ea(t)Aeb(t)BDec(t)Ced(t)D
= (d()A+V(t)B + (t)0)ett + d'(1)e™DA(b(t)C + D)ebWBetC d®D
= (d()A+V(t)B+ ()0 +d(1)b(t)O)e™ + 2d (t)a(t) Be'™ + d'(t)Det*

= (a'(t)A+ (V' (t) +2d (t)a(t))B + (c'(t) + d'(t)b(t))C + d'(t)D)e'.
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This implies the system of equations:
a(t)y=r, @) +2d{)alt)=0, d@t)+d)bt)=0, d(t)=-1,

with solution a(t) =~t, b(t) =~t%, c(t) =~%, d(t) = —t.

L_ e'y<tA+tzB+§C) o—tD

Hence, the semi-group can be written as e’ , which gives

the exact solution f(¢,x,v) that we presented with the method above.

Remark 15. The equation that we solved above is not the toughest example with a
possible exact solution that we can compute using the Lie algebra structure. In fact,
equation

Ouf +v-Vaof =9(Auf +v-Vof +nf),

which now has a unique non-zero equilibrium state can be solved with same tricks.
We write the equation in form Oyf = Lf for L =~(A+E)— D, with E=v-V,+n
and the rest of vector fields A, B,C,D same as before. The new commutations

introduced here are the ones with E, which are
[A,E]=2A, [B,E]=B, [C,E]=0, [D,E]=-D.
Like above, one computes with help of induction
[A", E] =2nA", [B",El=nB", [C",E]=0, [D", E]=—-nD",
which in return yields the relations

(et E] = 2aAe™*, [P, E] = bBe*?, [¢*“ E] =0, [P, E] = —dDeP.

With the above computations at hand and using the same idea of expanding et

as eePBeCedPect for functions a(t),...,e(t) with a(0) = ... = e(0) = 0, after
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differentiating in time and commuting fields we end up with the system of equations
2a(t)e' (t) + d'(t) = v

¢'(t)(b(t) — 2a(t)d(t)) + V' (t) + 2a(t)d (t) = 0

() + d'()b(t) — b(E)d(t)e (t) = 0

e(t) =~
The above system has solution a(t) = 3(1 — e %), b(t) = % - %e‘”t + e,
c(t) = —% + % - 2,%26_27': + %e‘”t, d(t) = %(1 — ") and e(t) = t.
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A.4  Strong Solutions with Regular Coefficients

The link between an SDE and its corresponding Fokker-Planck (forward Kol-
mogorov) equation has been discussed massively in literature and it can be viewed
as the evolution to the idea of the link between a transport equation and its char-
acteristic ODE. Here, we review the existence of strong solutions in its connection
to the corresponding SDE problem.

Let us consider the SDE for X; € R,
dX, = b(X;) dt + V20 (X;) dW,

with initial condition X, € R". The drift b(z) is a vector in R™ and the dispersion
matrix o(x) € R"*". Also W} is the standard Brownian vector.

The definition that holds for a strong solution of the SDE is

Definition 3. A strong solution to the SDE is a solution X, that exists for a given
probability space (Q,F,F, P), the given Brownian motion Wy, and initial data Xo.
Furthermore, uniqueness of a strong solution is meant to be understood in the path-

wise Sense.

The following theorem is a well known result (see [39]) and has its analog in

the Lipschitz-Cauchy theory for ODEs. The theorem, as presented in [50], states

Theorem 23. Assume that the drift and dispersion satisfy the following growth

conditions,

b(z)
1+ |z

o(x)

€ (L>(R™))", T+ o]

& (L")
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Also, assume they satisfy the Lipschitz condition

1b(z) = b(y)[lr» + llo(z) — o (y)||lgnxn < Cllz = yllrn.
Then, there exists a unique strong solution to the SDE given X, initial data.

The same assumptions are actually enough to establish a unique continuous

solution to

Of —b-Vf—ool :V2f=0
for continuous initial data fo € C*(R;,R"). The solution to the backward Kol-
mogorov equation is given by f(t,r) = E(fo(X;')) as a result of the famous
Feynmann-Kac formula.

Going back to our original problem in this thesis, the SDE under study is

Ty
d = b(xt, 'Ut) dt + \/§U($t, ’Ut) th
Ut
v 0 0
for b(x,v) = and o(z,v) =
~Gv — VU(x) 0 GY%(x)

Conditions of Theorem 15 are trivial for the above drift and dispersion. The

growth conditions are,

G(z)  GY(x)
L+ |z]” 1+ |z

c (Loo(R3N))3N><3N

Y

and the Lipschitz regularity condition is

IG(2) = G(y)|zswxsn +[|G2(x) = G2 (y)[lpowxon + [VU@) = VUY) [lrsy

< Cllz = yllzov.
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A.5 Commutator Algebra

We present some of the computations for the commutators of the operators
we deal with in Chapter 4. In these computations assume summation over repeated

indices. The operators L, & A, B are:

Lh=v-V,h —VUz)-V,h—V, -G@)V,h+v-G(x)V,h,
A=G"*x)V,, A" =-GY*2)V,+GY?*(z)v, and B=v-V, - VU(z)-V,
with B* = — B, where the adjoint is understood in the L?(u) sense.

First, we start with some easy ones e.g.
[0, =0, +vjlijh = 0p,(=0y, +vj)h — (=0, +v;)0yh

= —83th + 5Uh + Ujavih + 83th — vjé?vih = 5l]h

[avﬂ Ukaﬂ?k - aﬂﬁku(m)avk]lh = avz‘ (Ukaa?kh
— 0, W(2)Dy h) — (04— D W() Dy h)osh = SiDa b+ 0302, I

Vp Tk

— 8mkU(ZL')82 h — vkc?Q

V; Ve VT

D+ aka(x)agmh = Oy, h.
[81)1., 8xj]i,jh - O

[—&M + Vs, 8acj]i,jh = 0.
In other words,

V., Vil =1,[V,, Bl =V, [V, V,] =0, [V}, V,] =0.

160



[Ai, Al jh = G2 (2)00, G2 () Dy, — V)b + G2 (2)(D

Vg~ jm Um

— )Gl ()00

= —G(2)GY2(2) By, b+ G (2) G2 (2) b + o2 (2) G2 (2) 0O B

Jjm Jjm Jjm

— G ()G (1) vm0n b + GA2 (2) G (2)By, 0 h = Gij ().

Jm J

U(z)0,,

)h

Tm

Ch = [A;, Bl;ih = Gi[*(2)0,, (030, — O

— (Um0, — O, W)y, )G (2) Dy b = G (2) 0O, b+ G2 ()0, O B
— G (2)85, W)y, 0, h — G2 ()00, O b+ Gil ()0, U(2) Dy, 0 P

— (e G ()b = G2 (1) b — 0 (D1, G2 (1)) D .

Now it is time to compute commutators of L in directions of certain derivatives

e.g.

(0, + L)Dy,h = —0y, Lh + L0y h = [L,8,,]h.

Here,

— 0y, Lh = —v;07 , b+ 07, W)y, h + 0y W(2)DZ,, b+ (00, G i ()05, P

VU

+ ij(:v)83 h — vj(ﬁsz]k(a:))avkh — ’U]'ij(x)a2 h

TiVjVk TivE 7"

Ly h = ;0% h = 0, W(x) D2, b — Gp(2) D5, P+ 0;G ik (2)05,, T

TV UV x;vE' "
Hence,

[L, 0y, lh = 8§iij(x)6vjh + (00, G (1)) 02 ) h — vj(0,G (), h.

VUK
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In vector notation this is

(0; + L)V h = V*U(2)V,h + V,.G(2)V2h — (V,G(z) - v)V,h.

We now compute the commutator (0; + L)0,,h = [L, Oy,]h.

—0y, Lh = =0y h — 0,07, h + 0, W(x)D: b+ G ()0, P

Vj VRV

— le<$)8ykh — ijjk(x)ﬁz h

Vvt

also

LOyh = ;07,1 — 00, W(2)0; , h = Gi(2)8}, 0 b+ 0;G ()05,

VUV VU4

Hence,

[L, 8%]]1 = —chh - Gij (x)@l,]h s

or in vector notation

(0, + L)Voh = —V,h — G(2)V,h.

The evolution of the mixed derivative

(O + L)y, h - Oy h = —0y Ll - Oy h — Oy b+ Oy, Lh + L(y 1 - Dy, h)

will require the computation of the following:

— Oy Ll - 8y h = —v;0% , hdy b+ 03, W)y, Dy, b+ 0y U(2) D7, , 7Dy, h

T (O, Cyn(@))2,, B+ G (@), 1O,

TV Um

— Uj (6’% G]m(x))ﬁvmhﬁvkh — ijjm(x)82 h@vkh,

ThUm
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0 b0y, Lh = —| 0y, h|* — v;0% , hy b+ 0, W(2)02 |, hOy

iUk VjVE

+ G jm(2)0? hOy,h — Grj(2)0y, hOp b — v;Gin (2)0, , hOy h,

VjUmVg Um Vg

and

L(Op,h - Oy h) = 004, (0g, b - Oy h) — 0p, W(2) 0y, (O, b - O, )

— G3m<l’>82 ((%kh . avkh) + UjGjm(I)gvm (&Ckh . &th)

VjUm
The sum of the three terms above is

(O + L)y - Db = 02, W(&) Dy, hoy o — |0 B> — G () Dy h, B

T

+ (00, G (@)D, hDuh = 0100, G () Dy, o b — 2G ()02, hO2,

UmTk VU T
Finally, the sum of the above in vector notation yields

(0, + L)Voh - Voh = Voh - V2U(2)Voh — |Voh|2 = Voh - G(z)Veh  (AL3)

+ Voh - (V.G(2)VZh) — V,h - (V,G(z) - v)Voh — 2(G(2)VZ,h) : V2h.

The third order derivative in velocity, when commuted with L i.e. [L, @ivﬂ,k],

gives (for the case of an identity diffusion matrix G(z) = I)

O, +0)2, h=-30 ,h—0 h—0_  h—0 _h

ViV Vg ViUV 05Uk VTV vivjTg'
In the case of a matrix G(x), this is given by

0+ L0)02 o h=—Grm(2)02 o h—Gin(2)02,  h— Gin(2)02

ViUV ViV Um ViUm Uk VmV;j Vg

-9 h—0)  h—02 _h

TV Vg VTV VUL
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A.6 Csiszar-Kullback-Pinsker Inequality & other Inequalities based on

Convexity of Entropy

We have employed the Csiszar-Kullback-Pinsker inequality in Chapters 5 &
6. This inequality gives a bound on the total variation between two probability
measures [, v in terms of the relative entropy of p w.r.t. measure v. The original
derivation of the inequality can be found in [12,47,59|. The exact CKP inequality
(with optimal constant) for two measures p,v is |[u — vilpy < (/3H(pu|v), where
|t — v||7v is the total variation between u, v and H (pu|v) the Kullback information
of u w.r.t. v as will be defined shortly after. In the case of measures u, v with
corresponding densities g1, g2 (g1 = ‘;—Z etc.) the CKP inequality is ||g1 — g2f|z1 <

2H(g1]g2) (since ||n = virv = 3llg1 — g2 1)

Here we follow a proof which can be found e.g. in [4] and is attributed to

Talagrand. To fix things, we assume a Polish space X, P(X) is the set of Borel

probability measures on X, and p,v two measures in P(X).We define the Kullback

information of p w.r.t. v by

d
H) = [ poggan, f=5

if 4 < v, and H(u|lv) = 400 otherwise. Remember also that the total variation is
defined by || — v|lzv = sup [u(A) — v(A)].
ACX
Now consider the function h(t) = (1 +t)log(1 +t) — ¢, for t > —1. With the

help of h, we can write



Notice that /(t) = log(1+1t) & R"(t) = implying ~(0) = A/(0) = 0. The Taylor

L
1+t°

expansion of i about 0 with the remainder term in integral form yields

t ) 1 1 — s
(t) /0 (t—x)h"(x)de =t /0 [T st ds

We now infer from a simple CS inequality that

/|u|()du/ 1—sds<<// 1—i—su dsdy)éx
</X/O (1—3)(1+su(x))dsdu);

The last inequality implies

(1 —3s) :
— <
/\1 fldv < C<// 1+3u dsdu) ,

(fx Jo (1=s)( 1+su(z))dsdu)
fo (1—s)ds

for the constant C' = which can be explicitly computed and

has the exact value C' = v/2. Since ||p—v||7v = 1 [, |1 — f| dv, the CKP inequality
follows.

It is now time to prove the inequality H(p1|p2) < H(f1|f2) mentioned earlier
in this study, where pi, po are hydrodynamical variables associated to fi, fo. The

relative entropy mentioned here is the one in LlogL sense.

Proof. For the probability measures p1, p2, we have

H{(p1]p2) Z/mlog&dw:/(pllog&—pﬁrpz) dzx
P2 P2
:/p2 (&log&—ﬂ—l—l) dx.
P2 P2 P2

Once again, we consider the convex function ¢(x) = zlogxz — z + 1. The above
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expression can now be written as

H(p1|02)=/p2¢( >dfv—/pz¢( ﬁﬁz )d:r
f1 o h
// 2¢( ) dvdr = / f2< E—E—Fl)dvdx

= H(f1lf2).

The inequality employed here is a Jensen’s inequality for the measure /{—; in L'(dv).

]
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A.7 Poincaré & Log-Sobolev Inequalities

We give sufficient conditions for a probability measure ; with density e~ "®)
(du = e '@ dx), in order that it satisfies Poincaré and log-Sobolev inequalities.
Since the need for such results appeared in the study for convergence rates, we will

typically introduce these inequalities in their connection with convergence rates for
dip =V - (D()(Vp+ VU(z)p)) (A4)

for a function p(z,t) on R™ x R, with initial data po(x) > 0 satisfying [ podr =1
and D(x) > 0 being symmetric, uniformly strictly positive n X n matrix.

There is a broad choice of functionals (entropies) for the study of convergence
rates. Assume a strictly convex function ¢ : Ry — Ry (¢”(z) > 0), with the

additional restrictions

In order to construct an admissible relative entropy, one considers the extra
condition
2(¢///)2 < ¢//¢(4).

We introduce the relative entropy related to ¢, i.e

Hy(ple ) = / o(h) dp,

where h = p/e @),

The entropy dissipation rate Dy (ple ") = —L H,(ple ")), after computa-
tion yields

Dy(ple @) = / ¢"(h)Vh - D(x)V hdp. (A.5)
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One such choice of functions ¢ is

oia) = T IEZD e
These functions satisfy all the conditions mentioned, including the admissi-
bility condition. The two obvious choices for entropies are the L?(du) space for
¢2(h) = (h—1)%, and the LlogL(du) for ¢y(h) = hlogh —h+ 1 (which corresponds
to the limiting case p | 1).

The dissipation rates for these two functionals are
Da(ple ) =2 [ Vb D@)V.hdy
Dy (ple V@) = /h‘D(a:)l/QVx loghrdu
_ 4/ D) 9.V du

Restricting ourselves to D(z) = I, the Poincaré inequality with constant A > 0

for a measure e~ dz in this setting, is
D (ple™ ) > 2XAHa(ple ).

Integrating from initial time ¢ = 0 to time ¢ we can prove exponential decay

for the H, relative entropy

Hy(p(t)e™")) < Ha(p(0)]e™")e Y.

In this case, we say that p admits a spectral gap with constant A. The following

theorem gives a sufficient condition for the measure i to satisfy a Poincaré inequality.
Theorem 24. Let U(z) € C%(R™) s.t u is a probability measure with density e,
If
[VU()?
2

— AU(z) > 00 as |z| — oo,
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then a Poincaré inequality holds for measure p and some constant A > 0.
Proof. The proof can be found in |71] pg 132. O

The log-Sobolev inequality with constant A > 0 for the measure e %® dx is
by definition

Di(ple @) > 2AH, (ple @),

As previously, integration in time implies exponential decay for the H; relative
entropy which by means of the Csiszar-Kullback-Pinsker inequality gives exponential
convergence to the stationary solution in the L' norm.

In standard formulation, a log-Sobolev inequality with constant A > 0 for a

measure 4 is satisfied for a function h on R™ iff

2
/h2 log h* dp — (/ h? du) log (/ h? d,u) < X/|Vggh|2 djs.

The original version of a log-Sobolev inequality states that the inequality is

satisfied with constant 1 i.e.

/thogh2 dv — </ h? dz/) log (/ h? dV) < Q/WIhqu,

—n/2¢=2%/2 4y for any real function.

for the standard Gaussian measure dv = (2m)
This allows the embedding H'(dv) C L?log L?(dv). Proof of the original log-Sobolev
inequality for a standard Gaussian can be found in many sources e.g [8,28] etc.
Sufficient conditions exist that guarantee the validity of a log-Sobolev inequal-
ity, when p solves (A.4). The Bakry-Emery condition that appeared in [2]| is the
original mention of such a condition. We now present this condition, as well as two

simplified versions of the condition for a diagonal and an identity matrix D(z).
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Theorem 25. Consider a probability measure p with density e~4®).

(1) Assume a symmetric, uniformly positive matriz D(x) and that there exists Ay > 0
S.t.

Ric > M\ D(z).

Then, for any function p that solves (A.4), p satisfies a log-Sobolev inequality with
constant \1. Here, Ric is the Ricci curvature tensor for the manifold
M = (R, D(z)™1).

(i) The condition for a scalar diffusion D(x) = d(x)1 is

(% _ Z) @v(m) @ Vd(z) + %(Ad(m) —Vd(z) - VU())T
VU(z) ® Vd(z) + Vd(z) @ VU(z)

+ d(2)V2U(z) + 5

— V24d(z) > ML

Finally,

(111) the condition for identity diffusion D(z) =1 is

Remark 16. The reason for the different versions of the Bakry-Emery condition is
due to the following observation. Let @g be the entropy dissipation as seen in (A.5)
for the dissipation rate associated with the F-P operator Lp = V-(D(Vp+VU(x)p)),

D(x) > 0. Assume two matrices Di(x), Dy(x) that satisfy
Dl(ZL') S DQ(ZE) Vo € R"

in the sense of positive definite matrices. The dissipation rates for these two matrices
satisfy
D —U(z D —U(x
®¢2(P|6 ( )) < ®¢1(P|€ ( ))-
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An immediate consequence is the following. If for any uniformly positive D(z) there

exists a function d(x) >0 s.t Vo € R”
0 <d(x)l < D(z),

then condition (ii) settles the exponential decay for D(x) in the Hy(h) entropy. A

similar scenario holds for the condition (iii), if there exists some d > 0 s.t. Vo € R”
0 <dl < D(z).

Proof. The theorem can be proved with an “inverted” point of view. We differentiate

the dissipation rate and establish the inequality

d —U(x —U(x
== Do (ple™) = 224Dy (ple ™))

which yields exponential decay for the entropy dissipation functional. The remaining
steps are :
(a) Integrating w.r.t. time from ¢ to +o0o to establish the log-Sobolev inequality
(b) Since the computation is done formally, a density argument should be performed
in the end.

We omit the proof of the full Bakry-Emery condition Ric > A D(z) because it
requires the language of differential geometry for its full understanding. The reader
is directed to the original source [2]| for the proof of (i), or even [1]. We restrict

ourselves to the interesting case (ii) of the condition, which is more general than

(iii).
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We start by computing the time derivative of the dissipation rate i.e.

d
dt®¢ (ple™™ /(b”’ (DVhe Y)Y RT DV dx

—2 / ¢"(h)VhT DV h, dpu.

Since Vh; = V('@ V - (De W®)Vh)) and using the fact that D is diagonal D =
d(x)I, after a tedious algebra which can be traced in [1], the grouping of different

terms will give

th¢>(P’€ ) /tr(XY) d,u+2)\1/¢//(h)d(x)|Vh\2du,

where the matrices X, Y are

2¢"(h) 2¢"(h) a b
X = and Y = ,
2¢"(h) ¢ (h) b c

for

2
a=3 (d(m)Vimh +1V,.d(2)V, b+ 1V, AV, d(z) — L6, Vd(z) - vn) ,
,J
b= d(x)2Vh- V2hVh + Ld(2)|Vh*Vh - Vd(z) , and
c=d(x)*|Vh|.

It can be shown that both X and Y are non negative matrices, which yields

d
dtD¢(P|e D) > 20Dy (ple M),

and concludes the proof.
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