
 
 

 
 
 

 

 
ABSTRACT 

 
 
 

 
Title of Dissertation: HOW DO RESOURCE AVAILABILITY, 

INFORMATION FLOW AND TARGETED 
INTERACTIONS SHAPE ECO-
EVOLUTIONARY PROCESSES IN 
MICROBIAL ORGANISMS ACROSS 
SCALE? 

  
 Anshuman Swain, Doctor of Philosophy, 2022 
  
Dissertation directed by: Prof. William F. Fagan, Department of Biology 

 
 
This work explores the crucial link between biological organization and dynamics in microbes. I 

have developed and applied different sets of quantitative tools to investigate this theme using a 

multi-disciplinary approach.  

 

My first project uses flow optimization tools to explore microbial intra-cellular dynamics as a 

function of resources, cell structure, and trade-offs between major energy production processes. 

This model explains emergent cell-level properties such as the dependence of bacterial growth 

rates on cell shape, size patterns in long-term evolutionary experiments, and the intriguing 

Warburg effect – wherein cells use inefficient anaerobic energy production pathways instead of 

efficient aerobic processes, despite ample oxygen availability.  

 



 
 

Moving to the community-level, I explored the mechanisms by which high levels of diversity are 

maintained in natural systems. Via a cutting-edge agent-based model that incorporates biologically 

realistic higher-order interactions, a continuous species space in which microbes interact via 

antibiotics and defenses, and an evolution-via-mutation regime, I link the trajectory of community 

assembly to both spatial heterogeneity patterns and diversity dynamics, thereby providing a new 

perspective on the origin and maintenance of diversity in complex communities. 

 

At the ecosystem-level, I built a dynamical system model to explore how the availability of 

resources and oxygen—mediated by interactions among microbial functional groups—affect 

environmental production of major greenhouse gases, like methane, especially on early Earth. This 

work provides 1) the first ecosystem-based functional explanation of periodic global methane 

‘hazes’ in Earth’s early atmosphere and 2) a way to predict oxygen concentrations of ancient 

environments in a novel way. 

 

Lastly, in research that can involve multiple scales of biological organization, I use novel network 

science and information theoretic metrics to understand differences in interaction patterns in 

networks through the lens of degeneracy, noise, and determinism. The tradeoff between 

degeneracy and determinism can help us define the most informative scale of a network, and this 

is explored in the project through the development of new openly accessible toolkits. 
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Chapter 1 : Introduction 

 

Complex Systems Thinking in Biological Systems 

 

Organization in a biological system is shaped both by constraints from factors outside the system, 

and by interactions among elements within it. Unlike physical systems where the interactions 

between its components are usually ‘homogeneous and isotropic’ (the nature of interaction does 

not depend upon component identity, e.g., gravitational forces between any two objects can be 

expressed in the same way), interactions between components of a biological system (and in many 

cases, constraints affecting them) are specific in nature, and can evolve through time (Thurner et 

al., 2018). In addition, the components in a system themselves can evolve due to the interactions 

and constraints placed upon them. Therefore, in biological complex systems, the interactions 

between components can sometimes result in global behaviors that are not predictable from the 

known properties of the components alone (von Bronk et al., 2018).  

For many biological systems and the phenomena associated with them, a major challenge 

is to discern an appropriate scale of description and whether the description is a sufficient 

representation of the system’s complexity. This is further complicated by the fact that all biological 

systems are spread across a hierarchy of description levels that researchers have constructed to 

categorize, understand, and explore natural systems in an easier way (Morrison, 2015). 

Modeling systems consisting of many interacting components, spread across multiple 

scales, involves making assumptions about the system though our model choices. Most models 

serve the reductionist paradigm, although to different degrees, for ease and convenience of 

representing complex systems (Regenmortel, 2004). Boiling down a system to its most crucial 

components is the major backbone in modeling a phenomenon, but the degree of reductionism 
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plays an important part in the validity of the model. Complex systems thinking entails keeping the 

heterogenous, non-isotropic nature of interaction structures and the relationship between scale as 

intact as possible to generate honest representations of real (biological) systems (Thurner et al., 

2018). 

Such ‘complex system’ models help us to identify properties of complex systems that are 

otherwise lost in simpler representations (Ladyman et al., 2013). These properties can include, but 

are not limited to, emergence (complex systems as a whole can be very different, and often 

unexpectedly, from what is expected of their individual components), unpredictable long-term 

behavior (such as cyclic behavior or chaos), self-organization or structuring (systems can 

sometimes generate non-trivial patterns spontaneously in absence of a blueprint), adaptation and 

evolution (of components) (Auyang, 1998; Ladyman, 2013). 

Microbes as complex systems 

Stating that microbes are everywhere around us, might be an understatement. Microbes are found 

in and on our human bodies, and that of all animals and plants that we observe, in the atmosphere, 

deep in the ocean, and under the earth’s crust. They were the earliest inhabitants of our planet 

(Golding and Glikson, 2010) and continue to dominate the diversity of forms around us, evolving 

and adapting to the surroundings every moment. They occupy two domains of life (bacteria and 

archaea) and are the cause of our (eukaryotic) very existence (López-García and Moreira, 2020). 

The estimate of microbial diversity runs into a figure of a trillion species (Locey and Lennon, 

2016), and even a gram of soil may contain hundreds of millions of microbial cells and thousands 

of species. These microbial cells do not just inanimately exist – they interact intricately with the 

environment and with other microbes. They are metabolic marvels, and can synthesize, process, 

and modify an incomprehensible array of chemicals, based on the availability of substrates in their 
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surrounding medium and external environmental factors (Fuhrman, 2021). The effects of these 

metabolic reactions are both local and global at the same time: these affect the cellular level 

conditions of each microbe and also, as an aggregate, impact the planetary scale biogeochemical 

cycles of the Earth (Rousk and Bengston, 2014). These metabolic activities also result in chemicals 

that aid microbes as they interact with other microbes in a variety of ways – they cooperate with 

each other for sustenance, compete for resources, and kill for space – and most of these interactions 

are specific in nature (e.g., between a fixed set of microbial partners) and happen under only a 

limited set of circumstances (e.g., environmental conditions such as resource scarcity) (Peterson 

et al., 2020; Seth and Taga, 2014; West et al., 2006). Even more, these interactions and the 

microbially produced chemicals that mediate them, evolve fast – as the microbes reproduce 

quickly (compared to eukaryotic organisms) and can exchange genetic materials with each other 

using horizontal gene transfer (Smets and Barkay, 2005). This results in an overlapping of not only 

different scales of space (cellular to ecosystem) where the interaction plays out and evolves, but 

also scales of time – where ecological and evolutionary processes happen over similar timespans.  

These features make microbes an excellent choice for studies using a complex systems 

perspective. Although the number of questions that can be explored using such a philosophy in the 

realm of microbial dynamics are endless, in this dissertation, I focus on a few yet diverse aspects 

of microbial complex systems. In specific, I look at how interactions at different scales of 

biological organization affect eco-evolutionary dynamics at various spatiotemporal scales. This 

interaction between biological organization and microbial dynamics is a crucial problem in 

biology, and each of my projects looks at a different scale (both spatial and temporal) of microbial 

dynamics. Each project also uses a different suite of complex systems tools that best represent the 

scale of the problem. 
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Short Overview of the Tools and the Questions  

 

Linear optimization for understanding metabolic reactions (intra-cellular level) 

 
Metabolic reactions within a cell at stable state are subject to certain constraints due to their 

stoichiometry. Therefore, frameworks for studying such reactions typically use constrained linear 

optimization tools to understand growth and substrate usage in microbes (Orth et al., 2011). Most 

of these models either include detailed chemical reactions occurring within the cell of a particular 

species of microbe) or portray a very general perspective of game-theoretic agents in a population 

with basic metabolic properties (Kareva, 2011; Pfeiffer et al., 2001; Shlomi et al., 2011; Zhuang 

et al., 2011). Previous works have rarely considered the allometric and (in many cases,) the kinetic 

constraints on the major reactions affecting metabolism and growth in microbes (Schuster et al., 

2015). Keeping these things in mind, my first dissertation project focuses on how resource 

availability, along with cell size and shape, control growth and metabolism in microbes. Using 

tools from earlier linear (flow) optimization models, I explore the intra-cellular dynamics as a 

function of resources, cell structure, and trade-offs between major energy production processes 

(Swain and Fagan, 2019). My model explains numerous emergent properties of microbes such as 

cell-shape dependence of growth, size patterns in long term evolutionary experiments and the 

intriguing Warburg effect – where cells use an inefficient anaerobic energy production pathway 

instead of efficient aerobic processes, despite ample oxygen availability.  

ODE models for describing dynamics between microbial guilds (ecosystem level) 

 
The second dissertation project builds off the first chapter (cell-level properties) to construct an 

ecosystem-level dynamical system model where different major functional guilds of microbes 

interact in a targeted way (Swain et al., 2021a). This model uses a suite of ordinary differential 



 

5 
 

 

equations (ODEs) to portray the dynamics of the system. This work focuses on how the availability 

of resources and oxygen, mediated by interactions among microbial guilds, affects environmental 

production of major greenhouse gases like methane, and causes important geological events like 

mass extinctions (see Rothman et al., 2014) and methane hazes (see Eigenbrode and Freeman, 

2006; Farquhar et al., 2013; Izon et al., 2015; 2017, Williford et at., 2016; Zerkle et al., 2012). I 

explore an array of different scenarios of resource and oxygen availability through the lens of 

different microbial processes, which are encoded as parameters in our model. The project then 

aims specifically on providing the first ecosystem-based functional explanation of 2.5 billion years 

old global methane hazes (large methane fluctuations) preserved in geochemical records (see 

Eigenbrode and Freeman, 2006; Farquhar et al., 2013; Izon et al., 2015; 2017, Williford et at., 

2016; Zerkle et al., 2012) and allowing researchers a way to predict oxygen concentrations of 

ancient environments in a novel way. 

Individual-based models to explore microbial community assembly (community level) 

 
The third dissertation project takes a more general approach to targeted interaction among 

microbes, to target a long-standing open question in theoretical biology – modeling the origin and 

maintenance of species diversity (Chesson, 2001; Hutchinson, 1961). The assembly and 

maintenance of microbial diversity in natural communities, despite the abundance of toxin-based 

antagonistic interactions, presents major challenges for biological understanding (Peterson et al., 

2020). A usual way for investigating such interactions involves cyclic dominance games with 

pairwise-mode interactions (Kerr et al., 2002; Kirkup and Riley, 2004; Szolnoki et al., 2014). The 

inclusion of higher-order interactions in such models permits increased levels of microbial 

diversity, especially in communities where antibiotic-producing, sensitive, and resistant strains 

coexist (Kelsic et al., 2015). However, most such models involve a small number of discrete 
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species, assume a notion of pure cyclic dominance, and focus on low mutation rate regimes 

(Szolnoki et al., 2014; Kelsic et al., 2015), none of which well represent the highly interlinked, 

quickly evolving, and continuous nature of microbial phenotypic space (Tarnita, 2018). The 

incorporation of these features is difficult in traditional models, because of a number of factors. 

The most important of these is that these models are usually equation-based, and controlling so 

many parameters can quickly evolve into chaos (see Kelsic et al., 2015). Therefore, instead of 

using the older equation-based frameworks, we opted for cutting-edge individual-based (or agent-

based) models (IBMs). These models are algorithmic or rule-based in nature, and can better 

account for spatial heterogeneity, individual interactions and stochasticity (Grimm et al., 2005). 

These models have been used in ecology to account for the complex rule-based characteristics of 

the various spatio-temporal scales of the ecosystem, ranging from foraging and decision making 

to landscape-scale changes and conservation (An et al., 2021; Grimm et al., 2005; McLane et al., 

2011). In this and previous work (Swain et al., 2021b; Swain et al., 2022), I introduce statistical 

learning tools to make sense of the parameters, which is usually the missing component when 

compared with easily explorable equation-based systems. This allows me to identify which 

parameters most affect the system, and to what extent. 

Via IBMs in this project, I incorporate emergent higher-order interactions among microbes, 

a continuous species space and an evolution-via-mutation regime in this model, through the lens 

of non-cyclic dominance (i.e., where a single species is not dominant in any specific ecological 

trait). In this work, I link the trajectory of community assembly to both spatial heterogeneity 

patterns and diversity dynamics – providing a new perspective on eco-evolutionary dynamics. I 

find that mutation size and mobility enhanced microbial diversity and temporal persistence to 

extraordinarily high levels. I also discovered that the duration of the transient phase in community 
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assembly provides the best guide to equilibrial diversity—highlighting the potentially critical role 

that antagonistic interactions play in promoting the diversity of bacterial systems. 

Network techniques to look at higher order information in interactions (multi-scale) 

 
My fourth dissertation project focuses on a method to look at interactions in a more general sense. 

Networks are a great way to look at interactions between entities (be it at an organismal, intra-

cellular or ecosystem level), with nodes being the entities and edges between them being the 

interactions (Gosak et al., 2018). Among other uses, these networks can represent host-microbiome 

interactions, protein-protein interactions within a cell, cellular metabolic pathways, and species 

interactions, and have revolutionized our understanding of these systems (Faust and Raes, 2012; 

Gosak et al., 2018; Hoel et al., 2021; Muller et al., 2018). A major problem that arises in many of 

these networks is trying to understand what scale of the network is the most informative for asking 

certain biological questions. This is especially compounded by the fact that many biological 

networks involve inherent noise. Likewise, research tends to focus on the raw, micro-scale network 

from data/simulations and seldom explores the scale-dependence of properties (Klein & Hoel, 

2020).  

In this project, we I address this problem by developing novel tools in network science and 

information theory. I provide a general framework for exploring differences of interaction patterns 

through the lens of degeneracy, noise, and determinism (see Hoel et al., 2013). The tradeoff 

between degeneracy and determinism can help us define the most informative scale of a network, 

and this is the focus of this project (Klein et al., 2022). More interestingly, the process of finding 

the most informative scale also enables us to find redundant nodes and, in a way, functionally 

similar node classes. The tools developed in this project are available through software packages 



 

8 
 

 

written in R and Python, the two most commonly used programming languages in biological 

applications (Klein et al., 2022). 

Conclusion  

 

The projects undertaken in this dissertation explore how interactions among biological entities 

result in emergent properties across varied spatiotemporal and organizational scales. Even though 

most of my projects focus on a specific problem in microbial ecology, they develop new general 

tools that can help answer similar questions in ecology and evolution. These tools span a wide 

range of equation-based and rule-based modeling frameworks, in addition to novel ways of 

applying statistical learning methodologies to large data volumes generated from these complex 

system models. I hope that these tools and techniques can contribute to the rising field of biological 

complex systems. 
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Chapter 2 : A mathematical model of the Warburg Effect: Effects of cell 

size, shape and substrate availability on growth and metabolism in 

bacteria 

 
Please note that the contents of this chapter have been published as: 

Swain, A. and Fagan, W.F., 2019. A mathematical model of the Warburg Effect: Effects of cell size, shape 

and substrate availability on growth and metabolism in bacteria. Mathematical Biosciences and 

Engineering, 16(1).  

DOI: https://doi.org/10.3934/mbe.2019009 

 

Abstract 

The Warburg effect refers to a curious behavior observed in many organisms and cell types 

including cancer cells, yeast, and bacteria, wherein both the efficient aerobic respiration pathway 

and the inefficient fermentation pathway are utilized, despite the presence of ample oxygen.  Also 

termed as overflow metabolism in bacteria, this phenomenon has remained an enigmatic and 

poorly understood phenomenon despite years of experimental work. Here, we focus on bacterial 

cells and build a model of three tradeoffs involved in the utilization of aerobic and anaerobic 

respiration pathways (rate versus yield, surface area versus volume, and fast versus slow biomass 

production) to explain the observed behavior in cellular systems. The model so constructed also 

predicts changes in the relative usage of both pathways in terms of size and shape constraints of 

the cell and identifies how substrate availability influences growth rate. Additionally, we use the 

model to explain certain complex phenomena in modern- and paleo-ecosystems, via the concept 

of overflow metabolism. 
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Introduction 

Nutrients and substrates play a pivotal role in the sustenance and proliferation of living 

organisms, and therefore, evolutionary forces have constrained organisms to detect their 

availability. Cells reproduce quickly in a nutrient and substrate-rich environment and reduce 

proliferation when those resources become scarce. Availability of both energy rich substrates and 

starting materials for biomass production control this balance of growth and starvation (Vander 

Heiden et al., 2009). 

Energy is produced in heterotrophic organisms by degrading organic compounds into 

products with low free energy. As per the second law of thermodynamics, no process can be fully 

efficient. So, a part of the free energy is used up to drive the reaction itself and the rest is stored 

into ATPs, the cell's energy currency. When more than one process is available for such 

conversions, there usually occurs a trade-off between rate (kinetic efficiency) versus yield 

(thermodynamic efficiency). This is true for fermentation and oxidative phosphorylation (OP) 

(Schuster et al., 2015). 

Fermentation yields 2-4 moles of ATP per mole of glucose whereas OP produces about 30 

ATPs (the actual number may vary with the organism).  In contrast, the rate of fermentation can 

reach about two orders of magnitude higher than the rate of OP (Voet and Voet, 2004; Schuster et 

al., 2015).  

Many organisms can utilize both pathways in the presence of oxygen and substrate (Pfeiffer 

et al., 2001), but OP is not feasible in the absence of oxygen. A direct consequence of this is seen 

in a phenomenon, first observed in cancer cells (Warburg, 1956),  called  the Warburg effect, where 

cells utilize the fermentation pathways much more than the OP in presence of ample substrate and 

even oxygen (Schuster et al., 2015). A similar phenomenon can be seen across a broad range of 
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cell types and organisms. Many yeast variants (in which the same phenomenon is called the 

Crabtree effect (Deken, 1966)) and bacteria (where it is called overflow metabolism (Basan et al., 

2015)) exhibit this behavior. Other than the cells undergoing growth, lymphocytes and Kupffer 

cells (upon activation), fast twitch muscle fibers and microglial cells, also display this effect in the 

human body (Schuster et al., 2015; Vander Heiden et al., 2009). Most of the work on the Warburg 

effect has been concentrated on cancer cells, and for bacterial metabolism, the phenomenon has 

been well studied in Escherichia coli (Zhuang et al., 2011).  

This behavior can appear to be paradoxical in that a less efficient pathway is utilized even 

when a more efficient one is available. Given that substrate limitation is a major environmental 

constraint, the properties of these two pathways must have been under intense selection. Such a 

behavior, therefore, should confer some additional biological advantage, and a number of 

explanations and modeling frameworks have been suggested accordingly (Schuster et al., 2015). 

Several game theory models have been proposed describing a population using a common 

resource (glucose in most cases), and the two metabolic pathways (i.e. OP and fermentation) as 

alternate strategies based on a kinetic-thermodynamic trade-off. A tragedy of the commons 

scenario sometimes emerges (Pfeiffer et al., 2001; Kareva. 2011). Prisoner's dilemma and Nash 

equilibria (based on relative enzymatic/protein costs of the two pathways) were also used to 

describe the dynamics of this system (Frick et al., 2003; Schuster et al., 2015). 

For a similar trade-off between investment in protein synthesis and metabolic yield, a 

medium-scale kinetic model has also been proposed (Molenaar et al., 2009). Such a model explains 

the increase in ribosomal content observed with increasing growth rate and related characteristics 

in bacteria (Schuster et al., 2015). 
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Another family of models that has been used extensively to explain this behavior belongs 

to a framework called Flux Balance analysis (FBA) (Famili et al., 2003; Price et al., 2004; Ruppin 

et al., 2010). In such an analysis, linear maximization is utilized to determine optimal values of 

reaction rates at a steady state condition where a linear combination of rates attain a maximized 

value. There has been some controversy on whether the criterion for optimality should be based 

on rate or yield in these models (Schuster et al., 2015). A branch-off from this family of models, 

called FBA with macromolecular crowding (FBAwmc), incorporates the areal and volumetric 

needs of the enzymes constrained by the cell membrane space and cytoplasm, respectively 

(Zhuang et al., 2011). Some studies looked at maximization of biomass production using this 

framework (Shlomi et al., 2011). 

Some of the models discussed above focus on one specific behavior seen in the Warburg 

effect but avoid other behaviors that are part of the same process, thus preventing study of 

interactions among the observed behaviors. Among notable ones, Pfeiffer et al., (2001) use the 

rate-efficiency trade-off to explore the problem and delve into origins of multicellularity. Kareva 

(2011) uses efficiency of the two pathways (respiration and fermentation) and the effect of lactic 

acid produced from fermenting cells, on neighbouring cells but it looks at cancer cells in specific. 

In many other cases, the work utilizes more than one trade-offs, especially using the FBA 

regime (Beg et al., 2007; Vazquez et al., 2010; Shlomi et al., 2011; Zhuang et al., 2011, Schuster 

et al., 2015). Vazquez et al., (2010) focuses on cancer cells, and uses constraints on maximal 

glucose uptake, enzyme efficiency and total cellular volume, in order to maximize ATP 

production. Their model considers not only the stoichiometry of glycolysis and oxidative 

phosphyrylation but also the enzyme-volumetric costs of activating these pathways. A comparable 

idea of constraints on enzyme-volumetric costs was used in a work focusing on Escherichia coli 
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to explain overflow metabolism (Beg et al., 2007). Yet another work which used a similar concept 

was that of Shlomi et al. (2011), which focuses on cancer cells in specific. For this class of models, 

a consistent criticism has been that, despite its overwhelming success, these models fail to explain 

overflow metabolism from first principles, that is, without imposing multiple measured fluxes as 

constraints on the models (Molenaar et al., 2009). In comparison, a slightly different approach was 

taken in the work by Molenaar et al., (2009), where they focus on trade-offs between investments 

in enzyme synthesis and metabolic yields for different catabolic pathways, in order to maximize 

growth rate. Zhuang et al., (2011) uses the constraint on membrane occupancy to explore the 

effects on fermentation and respiration, via a transformed FBA.  

Given this large body of work on modeling the Warburg effect, yet another model may 

seem to be a futile exercise, but if one looks closely, most of the models either focus on cancer 

cells or dive only into the biochemical aspect of the problem. This leaves the ecological 

implications of the Warburg effect to be modeled, specifically in bacteria. None of the models 

discussed above take into account the effects associated with size and shape of the bacterial cell 

on the overall metabolism of the organism, especially considering the wide variability in both those 

physical characteristics. Moreover, predicting overflow metabolism from first principles has 

always been a challenge without invoking a large number of boundary conditions (Molenaar et al., 

2009). 

In this work, we attend to the three major trade-offs involved in the Warburg effect, 

specifically in the case of a bacterial cell. We seek to incorporate only the necessary details, both 

from a physical and a biochemical viewpoint, to retain model simplicity and usability in an 

ecological context (See Table 2.1). 
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Our aim here is to predict size and shape dependence of growth rate in bacteria across a 

range of substrate concentrations, in addition to estimating the proportions of OP and fermentation 

(hereafter denoted AG, for aerobic glycolysis in presence of oxygen) for respiration and 

metabolism.  We also seek to explain overflow metabolism in our model as a direct consequence 

of energy production and consumption trade-off, through first principles. Unlike the previous 

models on the Warburg effect, we explore more of the ecological ramifications through the model, 

in addition to the basic biochemical effects.  In turn, we limit ourselves to a single bacterial cell as 

the model system and glucose as the substrate. 

 

Trade-offs involved in a bacterial cell in the 

Warburg Effect 

Seen in 

1. Yield versus rate: Fermentation yields about 2-

4 moles of ATP per mole of glucose whereas OP 

produces about 30 ATPs. However, rates of 

fermentation can reach about two orders of 

magnitude higher than that of OP (Voet an Voet, 

2004; Schuster et al., 2015) 

Game theory models  

(Pfeiffer et al., 2001; Kareva, 2011) 

2. Surface area versus volume: The enzymes 

responsible for OP are located on the cell surface 

whereas those for fermentation are in the 

cytoplasm 

FBAwmc  

(Zhuang et al., 2011) 

3. Biomass production trade-off: Fermentation 

facilitates biomass generation (Vander Heiden et 

al., 2009) 

FBA and related models  

(Shlomi et al., 2011) 
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Table 2.1: Trade-offs involved in Warburg effect 

 

The Model 

The model assumes a bacterial cell, with glucose transporter proteins (responsible for 

importing glucose into the cell) and cytochrome oxidase enzymes (where OP occurs) embedded 

in the cell membrane as trans-membrane proteins (Zhuang et al., 2011). In contrast, the (upper) 

glycolytic enzymes, which convert glucose to pyruvate, and the fermentation enzyme pathways 

function in the cytoplasm (Schuster et al., 2015).  Thus, OP should scale as a function of the surface 

area of the cell whereas fermentation processes should scale as a function of cell volume. A 

schematic representation of the model is illustrated in Figure 2.1. 

The rate of glucose input into the cell (�
) can be represented as, 

�
 ���  =   d ��������
d �   =  ����  ⋅  �������� ⋅  ��   ⋅  �
��, �� … (1) 

where � is time, r is position, ����� is the cellular concentration glucose, �
 is the concentration of 

glucose in the environment around the cell, β is the areal density of glucose transporter sites on 

the cell membrane, A is area of the cell membrane (as a function of the semi-major axis of the cell, 

�����), and �� is normalized efficiency of the transporters (we define normalized efficiency as the 

ratio of molecules transported relative to the total number present on the outer/source side per unit 

time). We assume a uniform �
 in the environment around the cell here and therefore, inside it 

(�����). 

This glucose imported into the cell goes into the upper glycolysis pathway, whose enzymes 

are located in the bacterial cytoplasm. In bacteria, there are two well-known pathways for this: 

Embden-Meyerhof-Parnas (EMP) pathway and Entner-Doudoroff (ED) pathway, which differ in 

both their output of ATP (2 mol in EMP versus 1 mol in ED for every mol of glucose consumed) 
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and their enzyme costs (the EMP enzyme costs can be 3.5 to 5 fold higher than ED pathway 

enzymes) (Flamholtz et al., 2013). The end product is pyruvate in both the cases, and the rate of 

conversion (� ) can be written as: 

� ��� = �!"#$ ⋅ %"#$��� ⋅ �"#$ + !"' ⋅ %"'��� ⋅ �"'� ⋅ (������� ⋅ �
��� … (2) 

 
 
where %"#$ and %"' are the volume density of EMP and ED enzyme sites respectively, �"#$ and 

�"' are normalized efficiencies of the pathways, and ( is the volume of the cell. !"#$ and !"' 

indicate presence of EMP and/or ED pathway in the organism under scrutiny, taking a value 1 if 

present and 0 if absent; else if both are present, it denotes the fraction out of 1 which is occupied 

by either pathway such that !"#$ + !"' = 1. About 43% of the prokaryotic cells use just EMP 

pathway, 13% use just the ED pathway, 14% use both pathways, and in about 30% of the cases, 

the pathway is not known (Flamholtz et al., 2013).  

The relative usage of the EMP and ED pathways can be calculated on the basis of protein 

cost, kinetics and the efficiency of the enzymes involved in both the pathways at any given glucose 

concentration as well as the thermodynamic constraints (Flamholtz et al., 2013). To put it in 

simpler terms, the ED pathway is about 3-5 times faster than EMP pathway, but EMP produces 2 

ATP molecules whereas ED produces 1 per molecule of glucose (Flamholtz et al., 2013). So, in 

the case of OP, a difference of one ATP is not of much significance because the total production 

of ATP is high, but in cases of fermentation, one ATP is a substantial difference. 
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Figure 2.1: A simplified representation to model Warburg effect. The external glucose is imported into the bacterial call via glucose 

transporters located on the cell membrane at a rate �
. This glucose is utilized by upper glycolysis pathways to convert it to pyruvate at 

a rate � . This converted substrate is then divided into two paths: either to OP (at a rate �) at the cytochrome oxidase located in the 

membrane) or to fermentation/aerobic glycolysis (AG) (at a rate �* at the fermentation enzyme sites located in the cytoplasm). Note that 

only the substrate used in the latter shunt goes into biomass production whereas substrate used in OP is lost as ��). 
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Thus, we would expect to see mostly EMP in anaerobes versus ED in aerobes. Anaerobic 

bacteria have predominantly only EMP (97%), whereas some facultative anaerobes and aerobes 

have ED only (10% and 21% respectively), others have both ED and EMP (19% and 21% 

respectively), and more than half have only EMP (Flamholtz et al., 2013). Here we seek to model 

aerobic heterotrophic bacteria, so we can expect that the ED pathway is prevalent when the 

metabolism is predominantly aerobic (OP) while EMP is prevalent when it is anaerobic 

(fermentation). 

Next, this � ��� flux of products from upper glycolysis goes to either the oxidative 

phosphorylation (OP) pathway (�)���) or to the fermentation pathway (�*���). This splitting of the 

flux forms the basis of the three trade-offs on which we focus:  yield vs rate, surface area vs 

volume, and biomass production (Table 2.1). The rates for �) and �*, can be written as: 

�)��� = +,-./ ⋅ �-./ + ,-.011 ⋅ �-.0112 ⋅ �������� ⋅ � ��� … (3) 

and 

�*��� = 3 ⋅ �4 ⋅ (������� ⋅ � ��� … (4) 

where ,-./ and ,-.011 are the areal density of the two cytochrome complexes Cyo and Cyd-II 

respectively, �-./ and �-.011 are normalized efficiency of the complexes, 3 is the volume density 

of the fermentation enzymes (sites), and �4 is the normalized efficiency of the fermentation 

enzymes (sites). Here, normalized efficiency is defined as the ratio of products formed by the 

enzyme site relative to the total substrate that was present, per unit time. As a part of the 

simplification in the model, we have only considered the cytochrome complexes Cyo and Cyd-II 

as a part of the model leaving behind the Cyd-I complex. 

For maintenance of the cellular membrane structure in prokaryotes, the protein-to-lipid 

ratio is kept within certain bounds (Molenaar et al., 2009). At high rates of catabolism, the surface 
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area available to proteins can become saturated and proteins might need to 'compete' for expression 

(Zhuang et al., 2011). Both substrate transporters (in this case, glucose transporters) and OP 

enzymes are located on the membrane, and thus, compete for the available space for expression. 

Thus, we can write: 

�)��� ≤ �),678 … (5) 

where, we assume a constant maximal value. 

In previous literature, the relative membrane cost of an enzyme has been inversely related 

to its turnover rate (Bekker, et al. 2009) and hence at high catabolic rate one would expect the 

faster and inefficient Cyd-II to be preferred over efficient but slower Cyd (Bekker et al., 2009). 

The relative cost of moderately efficient Cyd-I is similar to Cyo under completely aerobic 

conditions, but under low concentration of oxygen, the cost becomes much less due to the high 

affinity of Cyd-I to �) (Tseng et al., 1996; Zhuang et al., 2011).  

Summarizing the model, the net energy production rate can be written as 

9:��� = d;<7=>
d� = 9?@��� + 9?A��� = BCD$E��� ⋅ �)��� + BCFE��� ⋅ �*��� … (6) 

where 9?@ is the energy produced through �) (via OP) and 9?A is the energy produced through �* 

(via fermentation (F) or in presence of oxygen, termed as aerobic glycolysis). BCD$E and BCD$E��� 

are the weighted average efficiencies of ATP production from OP (via Cyo and Cyd-II), and F 

respectively. For simplicity, each of these process averages also include a term regarding the 

overall efficacy of the upper glycolysis (as a function of the proportion of EMP and ED pathways). 

In other words, the two averages mentioned above involve the efficiency from the point of upper 

glycolysis to the end of their respective processes. 



 

26 
 

 

A main function of unregulated glycolysis in proliferating cells is to maintain the supply 

of intermediates required to support biosynthesis (Lunt et al., 2011; Vander Heiden et al., 2009). 

Interestingly, in such rapidly proliferating cells, most of the glucose is converted into lactate (or 

other fermentation products) and excreted. However, an increased lactate excretion is correlated 

with increased growth (Lunt et al., 2011; Vander Heiden et al., 2009; Basan et al., 2015). Such a 

seemingly inefficient high glycolytic flux to fermentation products and low flux to biosynthesis 

actually helps in regulation of biomass production during growth (Lunt et al., 2011; Vander Heiden 

et al., 2009). The branching of a low flux process (biosynthesis) from a high flux one 

(fermentation) would render the former extremely sensitive to the latter (Lunt et al., 2011; 

Newsholme et al., 1985). Comprehending the exact role of such processes in biomass production 

would need a thorough study of carbon metabolism (for details please see Lunt et al., 2011). 

However, given the dependence, one can certainly assume a simple linear relationship between 

biomass synthesis and fermentation. 

Here onwards, we explain biomass production in terms of �* flux and thus, the rate of 

biomass addition Λ, can be given by: 

Λ��� = H ⋅ �*��� … (7) 

 

where H is the conversion constant relating the products of fermentation pathway to biomass. The 

process of biomass production also involves energy usage (along with the need for other resources 

such as nitrogen and phosphorus, which have been assumed to be present in sufficient quantity for 

this model).  

The energy consumption rate can thus, be given by: 
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9I��� = 9J + C< ⋅ H ⋅ �*��� … (8) 

where 9J is the basal energy requirement of the cell and C< is the energy required per unit 

conversion for biomass production from base materials. 

Most metabolic networks operate in a steady state (Schuster et al., 2015). Thus, here we 

tried to optimize the energy production and growth using linear programming, adhering to the 

following relations: 

�
��� ≥ �)��� + �*��� … (9) 

 

9J ≤ BCD$E��� ⋅ �)��� + BCFE��� ⋅ �*��� … (10) 

�)
+,-./ ⋅ �-./ + ,-.011 ⋅ �-.0112 ⋅ �������� − �*3 ⋅ �4 ⋅ (������� = 0 … (11) 

The first inequality states that the total glucose processing that takes place in OP and 

fermentation is constrained by the total glucose input into the cell. The next relation describes the 

fact that the total energy production in the cell has a lower bound of the basal metabolic rate of the 

cell (9J). Below this level, the cell may cease to function properly or shut down entirely (Kempes 

et al., 2017). The third relation is an equation which is modified and combined form of equations 

(3) and (4). The way to look at it is that both the terms in Equation (10) simplify to � , as is evident 

from the equations (3) and (4). 

Let us also define an additional parameter called � denoting the ratio of surface area-to-

volume of a cell. From (11), it is evident that � controls the distribution of �  into �) and �* by 

controlling the total number of sites available for those processes. A low value of � denotes either 

a spherical cell and/or a large cell size; and a high value of � represents an elongated/deformed 

cell shape and/or a small cell size. 
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These conditions can be used for linear programming and the point in solution space having 

the highest value of �* will give the optimal values of ��), �*� at a given set of steady state 

conditions. This accords with our assumption that only �* related processes directly help in 

biomass production, and any organism would maximize its biomass production in a given set of 

conditions, provided its basal needs are satisfied. All other parameters are considered to be 

constants for finding the optimal solution for a given iteration. 

Results 

Given the number of model parameters, it is pragmatic to focus on a few important ones, 

which would enable us to predict and investigate broad-scale natural phenomena from an improved 

viewpoint. In this work, we primarily focus on changing the substrate concentration and the surface 

area-to-volume ratio of bacterial cells to gain insights from the model and explore the Warburg 

effect (overflow metabolism) in bacterial cells. 

Dependence on substrate concentration 

�
 is the rate of substrate input from the environment, and is representative of the external 

substrate concentration. Figure 2.2 plots the results of the applying the maximization criterion for 

�* constrained by (9)-(11), on changing the value of �
. Three important regimes of substrate 

concentration are considered: glucose starved (low �
), moderate glucose availability (moderate 

�
), and glucose rich environment (high �
). 

When (9) and (10) do not have a common solution space, i.e. when the substrate availability 

is not sufficient to sustain all basic metabolic activities, but is high enough not to cause complete 

dormancy (Kempes et al., 2017), the maximized solution is �0, �
� in the ��), �*� space. This 
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suggests that under a substrate-poor scenario there exists a need for high efficiency in substrate 

conversion, without much consideration for its rate of production or cellular growth. 

Increasing �
 enables high rates of �* due to fulfillment of basal metabolic processes and a 

need to increase biomass output for growth. This points at the higher growth rates associated with 

nutrient and substrate rich environments (Vander Heiden et al., 2009). At extremely high glucose 

concentrations, the value of � would saturate (to its highest value in order to keep the protein-to-

lipid ratio of the membrane intact) and �� would decrease (as only a specific maximal number of 

glucose molecules can be transported into the cell constrained by the protein efficiency) in 

Equation (1).  These two features make the value of �
 constant above a certain threshold of �
. 

Thus, beyond this threshold value, growth (which is proportional to �*) would not depend upon �
 

explicitly, but only on the available �
. Such a behavior is observed in E. coli along with an increase 

in expected growth rate with increasing �
 until the threshold concentration (maximal value of �
)  

is reached (Shehata et al., 1971).  

Such an overall pattern of starvation metabolism in environments with scarce substrate 

environments and proliferative metabolism in environments with abundant substrate is seen in all 

unicellular organisms (Vander Heiden et al., 2009). 

Dependence on cellular size and shape 

The solutions of the constraint equations (9)-(11) for three differing regimes of � are 

plotted in Figure 2.3. The value of �
 has been kept constant in the three cases for clarity. As 

mentioned previously, a low value of � refers to either a spherical cell and/or a large cell size; and 

a high value of � points to an elongated/deformed cell shape and/or a small cell size. 
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Large values of � enable higher efficiency for energy conversion processes but trade off 

for slower growth, which may be typical for substrate poor environments. Low values of � 

sacrifice efficiency for a higher rate of energy and biomass production and would be expected in 

conditions where substrate is abundant. This shape and size based control of metabolic strategies 

is quite commonly seen in different types of bacteria (Young, 2006). Numerous previous works 

and experiments support the predictions from our model regarding the interdependence of 

metabolism, growth, shape and size. These cases have been analyzed in the discussion section. 

Overflow metabolism and bacterial metabolic regime 

The Warburg effect is termed overflow metabolism in bacteria, due to the cellular excretion 

(or overflow) of excess metabolites like lactate, acetate, or ethanol after incomplete oxidation of  
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Figure 2.2. Representation of the solutions for a bacterial cell at steady state with all features except glucose concentration constant. 

The dot-dashed red line represents relation (9), the solid green line represents relation (10) and the dashed blue line represents Equation 

(11). The area shaded in yellow represents the solution for (9) and (10), and the red dot represents the optimized value of �* for (9)-(11). 
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Figure 2.3. Representation of the solutions for a bacterial cell at steady state with all features constant except the ratio of surface area 

to volume of the cell (denoted by �). The dot-dashed red line represents relation (9), the solid green line represents relation (10) and the 

dashed blue line represents Equation (11). The area shaded in yellow represents the solution for (9) and (10), and the red dot represents 

the optimized value of  �* for (9)-(11).
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glucose. Acetate overflow metabolism has been well documented in E. coli (Zhuang et al., 2011), 

but the process is not clearly understood (Vemuri et al., 2006). 

During the process of conversion of �* products into biomass, energy consumption is 

involved as in Equation (8). If the value of ϵ< ⋅ H > ϵF, then the energy gained from �* alone is 

insufficient to convert substrate into biomass and the cell would depend upon more efficient �) for 

energy. But, if the value of �* is high enough 9: (Equation 6) would be insufficient to sustain 9I 

(Equation 8), i.e. 9I > 9:. In such a case, the excess �* products would be dumped outside the cell 

and the rest would be used for biomass production. The maximum value of �* for which all 

substrate would be converted into biomass, is given by the relation: 

9: ≥ 9I ⇒ C) ⋅ �) + C* ⋅ �* ≥ 9J + C< ⋅ H ⋅ �* 

⇒ C) ⋅ �) + +C* − C< ⋅ H2 ⋅ �* ≥ 9J 
… (12) 

 

The solution for (9) and (12) would give us the maximal value of �*  beyond which export 

of excess �* products will occur. Additionally in such a high flux regime, we would need to invoke 

Equation (5), which describes the maximum rate of OP, in order not to destabilize the protein-lipid 

ratio of the bacterial membrane. 

In such a scenario, the fermentation related enzymes are up-regulated (Lunt et al., 2011), 

resulting in changes to the slope of Equation (11), even though the value of � remains unchanged. 

This occurs because the number of OP enzymes (γ) remaining constant whereas that of 

fermentation (σ) increasing in value. This decreases the slope of the line- a shift to match the 

intersection of Equations (5) and (9), i.e., in order to process the remaining glucose influx (shown 

in Figure 2.4a via the black dot, which is the final solution for Equations (5), (9)-(11)). 
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Figure 2.4. Representation of overflow metabolism in a bacterial cell. (a) The dot-dashed red line represents relation (9), the solid green 
line represents relation (10) and the dashed blue line represents Equation (11) and the solid purple line represents relation (5). The area 
shaded in yellow represents the solution for (9) and (10), and the red dot represents the optimized value of �* for (9)-(11). The black dot 
represents altered final solution due to (5). See text for details. (b) The solid green line represents (10), the solid purple line represents 
the final solutions of (5), (9)-(11) and the black dot dash line represents (12). 	�* represents the estimate of overflow metabolic products. 
The phase space has been divided in four parts based on the solid purple line and (12). (c) Overflow products vs. growth (Equation 7)
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Furthermore, the intersections of the line representing final solutions of (5), (9)-(11) with 

the line representing (12), provides us with three different regimes of bacterial metabolism 

(denoted by regime 2-4 in Figure 2.4b). We also find an additional regime of metabolism arising 

from the part of the phase space where there is no solution for (5), (9)-(11) (denoted by regime 1 

in Figure 4b). This leads us to a total of four such scenarios (as seen in Figure 4b).  We discuss 

these regimes in brief before delving into overflow metabolism in detail again. 

As discussed in section 3.1, regime 1 in Figure 2.4b,c, is characterized by substrate 

concentrations that are insufficient to fulfill all the basic metabolic requirements of the cell.  Thus, 

the cell resorts to limited activity and uses only OP to extract as much energy as possible from the 

substrate for sustenance. 

Regime 2 is more interesting and is denoted by an arrow in figures 2.4b,c. Here, the 

substrate flux is enough to maintain the basic cellular metabolic requirements, but does not produce 

enough energy for biomass production (i.e. 9: ≥ 9J but < ϵ< ⋅ H ⋅ �*). In such a case, even though 

it is a low substrate scenario, �* products are in excess. According to a previous model (Moller et 

al., 2018), in such a regime, excess �* products might be converted back to pyruvate �  product) 

and reused for OP to keep the respiration at full capacity. Unfortunately, a direct prediction of this 

could not be obtained from our model, but it predicts excess �* products that is definitely not known 

to be excreted away (see data in Basan et al., 2015). 

Once enough energy can be produced for the cell to start proliferating (the first intersection 

of the solid purple line and the dot dashed black line in Figure 2.4b), the cell not only has enough 

energy to sustain basic metabolic activities but also for biomass production. In this case, there are 

no overflow products. This scenario continues till the second intersection of the aforementioned 

lines in Figure 2.4b. Above this limit, overflow metabolism takes place, because 9: ≯  9I and 
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thus the excess products are excreted. There are several other reasons for non-reduction of �* 

processes even though they seem wasteful and they can be found in relevant reviews (Lunt et al., 

2011). 

In Figure 2.4b, the difference (Δ�*) in the final solution of �* value for the solutions of (7), 

(9)-(11) with (12) will give an estimate of the overflow metabolism. In this fourth regime, Δ�* can 

be plotted against growth/biomass production rate (Equation (7)) to obtain Figure 2.4c. The 

prediction of this relation matches numerous laboratory observations of overflow metabolism in 

multiple strains of bacteria (Basan et al., 2015). 

Further considerations and applications 

As represented in Equation (7), the bacterial growth rate U can be given by: 

U = Λ
Λ
 = H ⋅ �*,678Λ
  … (13) 

 

where �*,678 is the final solution for (5), (9)-(12) (symbolized by the purple line in Figure 2.4b) 

and Λ
 is the biomass (Λ) required to make a new cell. This growth rate, U, can then be incorporated 

into a regular Lotka-Volterra equation system to find the population size V= of a species W directly 

as a function of substrate concentration through U, given by: 

XV=���
X� = U= ⋅ V=��� Y1 − ∑ [=\\ ⋅ V\���

]= ^ … (14) 

where U= is the growth rate of species W, V= is the number of individuals of species W, α=\ is the 

competition coefficient between species W and ` and ]= is the carrying capacity of species W. 
Our model can be extrapolated to include multiple substrates using a vector to symbolize 

�
, in order to estimate U.  We can then use the independent experimental data for growth and 
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substrate preference in individual species to calculate α=\ (Swain and Chatterjee, 2017), in order 

to obtain all the parameters in (13). 

In addition to the direct estimation of populations, we can use the same technique of 

vectorization of resources and then species in the model to calculate the magnitude of overflow 

metabolism.  This understanding can then be used in the context of many modern and paleo-

ecosystems where spatio-temporal change in substrate concentration is significant and would result 

in interactions between various communities. Such usage is not possible from any of the earlier 

models because they do not estimate overflow metabolism from first-principles (Molenaar et al., 

2009), and further, most the FBA models are specific to a particular species. Temperate wetlands 

are one such example of an ecosystem with spatio-temporal change in substrate concentration. Our 

model can be extrapolated to predict and estimate the gas fluxes (��) and methane), and further 

to account for phenomena such as aerobic methanogenesis. 

 

In temperate zone wetlands, the fall season can be seen as a pulse of high concentration of substrate 

and resources. Due to the Warburg effect, an increased concentration of substrates would not result 

in higher carbon dioxide fluxes, but rather in production of secondary metabolites like lactate and 

acetate, and a sudden proliferation of bacterial populations. This can not only affect the amount of 

carbon dioxide released but also the amount of substrate that is available to methanogens. Acetate 

is produced by heterotrophic bacteria through overflow metabolism (Basan et al., 2015) and can 

be utilized by the acetate-based methanogens, which form a large part of the methanogen 

community in the wetlands. Moreover, lactate is also formed during the process (Vander Heiden 

et al., 2009) and can be used by the syntropic relations of hydrogen-based methanogens and 

sulfate-reducing bacteria (McInerney et al., 1981). 
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This methane produced by the methanogens, using the metabolites from the Warburg effect 

(overflow metabolism), is then oxidized by the methanotrophs, which use the oxygen from the 

water column (of the small water bodies in these wetlands) above the methanogens, thus producing 

carbon dioxide. We illustrate this idea in Figure 2.5 where the bold red line is the total ��) 

production and the dotted red line represents the ��) emitted from the heterotrophic bacteria. So, 

even though the total ��) emissions increase, it is actually the increase in methane production and 

its subsequent oxidation that is fueling this rise.  

Once the initial substrates start depleting, the water column becomes anoxic due to oxygen 

usage by both the methanotrophs, whose population rises because of increased methane 

availability, and by the already large aerobic heterotrophic community, fueled by the initial pulse 

of substrates. After a certain degree of anoxia is reached, the aerobic heterotrophs start declining 

due to lower oxygen and lower substrate availability.  Only the anaerobic heterotrophs remain 

plentiful, but in reduced abundance as easily available resources have been depleted, and they have 
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Figure 2.5. A representation of the effect of overflow metabolism in temperate zone wetlands. A 

refers to heterotrophic bacteria, B refers to methanogens (which feed on lactate and acetate to 

produce methane), and C refers to methanotrophs (which consume �
a and �) to produce ��)). 

The area shaded yellow in the figure, refers to the ��) produced by methanotrophs, by oxidizing 

�
a. The ��) and methane emissions are representative from previous literature (Corteselli2017). 
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to process the less usable ones. During this time the total ��) production falls, and due to the lack 

of sufficient oxygen, not all of the methane gets oxidized. This results in a net release of methane 

from the system.  

Now as the process continues, the methane flux rises to a maximum, where the metabolites 

for methanogenesis are still available (from the accumulated overflow metabolism of the 

heterotrophs) but are getting depleted. After a certain tipping point, the methane flux also 

decreases, and the column becomes completely anoxic. In previous literature (Corteselli et al., 

2017), such a rough pattern has been observed and the time frame for the whole process sums up 

to about one year. Seasonal rainfall mixes the anoxic waters with atmospheric oxygen well, and 

the cycle starts again by provision of pulsed high substrate input in the next fall. The process has 

been visualized in Figure 2.5. 

Discussion 

Here we considered the three major trade-offs of Warburg effect in a bacterial cell through 

linear equations and inequalities with the goal of improving the understanding of the ecological 

consequences of bacterial metabolism. 

Comparison with previous work 

Most previous modeling of the Warburg effect comes from the family of models called 

FBA (Flux Balance Analysis), which was briefly discussed in the introduction of this work 

(Molenaar et al., 2009; Moller et al., 2018; Schuster et al., 2015; Shlomi et al., 2011; Vazquez et 

al., 2010; Zhuang et al., 2011). These models use the knowledge of constructed biochemical 

networks, in particular the genome-scale metabolic network reconstructions (Molenaar et al., 

2009). These networks consist of most identified metabolic reactions in a given organism and the 
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genes that encode each enzyme. The model estimates the flow of metabolites through this network, 

thus predicting the growth rate of an organism or rate of production of a given metabolite. These 

networks are specific to organisms and making a generalized model network for all aerobic 

heterotrophic bacteria would be an immense task. Calculations over such networks are also 

computationally intensive. 

In contrast, we try to generate a very simple model using linear relations. The parameters 

that are used in the model can be inferred from experiments and are usable for any aerobic 

heterotrophic bacterial species. In addition, one can look at the growth and other estimates that are 

predicted by the model, and explore how they change as functions of the parameter values. 

Disadvantages of our approach are that we cannot predict the flux of other metabolites that are not 

encoded in our model and we cannot take protein costs and related terms into account. 

Consequently, our model reflects the classic trade-off between generalizability and 

specificity. Because our aim was to study the ecology of these organisms, we chose a more general 

model that helps us explore the Warburg effect in this class of organisms broadly, rather than 

obtaining highly resolved pathways and fluxes. This simple formulation allowed us to incorporate 

the volume and surface area of the cell, leading to parameterization of shape and size of the cell. 

Exploration of how cellular metabolism and growth depend on cell shape and size (in addition to 

substrate concentration) is a novel feature of our model as compared to previous studies (Molenaar 

et al., 2009; Moller et al., 2018; Schuster et al., 2015; Shlomi et al., 2011; Vazquez et al., 2010). 

Even though this family of FBA models has been noticeably successful in estimating 

fluxes, it is unable to explain overflow metabolism from first principles (Molenaar et al., 2009). 

Only when using measured fluxes like maximal oxygen uptake rates or other pathway capacities 

as auxiliary constraints do FBA models predict the use of fermentation or other inefficient routes 
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(Molenaar et al., 2009). Such a method does not seem adequate, as these constraints act like fitted 

parameters and the models do not fully explain why organisms simply do not increase the capacity 

of the efficient routes by producing more enzymes (Molenaar et al., 2009). We note, however, that 

Zhuang et al., (2011) incorporated membrane crowding and an upper limit on the number of 

respiratory enzymes in order to add a physical constraint on the model (FBAwmc).  

In comparison, our model has a physical constraint similar to Zhuang et al., (2011), but 

unlike them, we use a generalized model instead of a specific organism's metabolic network. We 

take into consideration the facts that, as a component of the maintenance of cellular membrane 

structure in prokaryotes, the protein-to-lipid ratio is kept within certain bounds (Molenaar et al., 

2009) and that at high rates of catabolism, the surface area available to proteins can become 

saturated and proteins (such as glucose transporters and OP enzymes) might 'compete' for 

expression (Zhuang et al., 2011).   

Molenaar et al., (2009) used constraints of membrane structure maintenance and a maximal 

cellular density of proteins to construct their model. That work introduced a shape parameter but 

did not develop it further as the primary focus was to optimize enzyme systems in order to 

maximize growth. But even their model, which overcame some of the shortcomings of FBA, did 

not consider the minimal energy requirement of the cell. 

Though minimal energy requirements for bacterial cells have been known for some time 

(Kempes et al., 2017), they were not directly incorporated in the models mentioned above. Our 

incorporation of such a constraint helped us to classify different metabolic regimes in bacteria, 

something that has not been done in many previous studies (Molenaar et al., 2009; Schuster et al., 

2015; Shlomi et al., 2011; Vazquez et al., 2010). Vazquez et al., (2010) sought to identify dynamic 

regimes but ended up making two very strict ones: one with only OP and one with mixed 
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metabolism (fermentation and OP).  Moller et al., (2018) aimed to classify dynamical regimes but 

did not take minimal energy requirements into consideration and did not address overflow 

metabolism.  

Our adoption of a minimum energy constraint equation leads directly to the four regimes 

in metabolism, as described in the Results and Figure 2.4. These regimes stretch all the way from 

low substrate conditions to very high substrate concentrations. Even more, the same set of 

equations give us a direct estimate of overflow metabolism products. Understanding this set of 

regimes is crucial for many biotechnological applications which may utilize bacterial culture under 

different conditions. 

Support from previous studies and experiments 

There are numerous studies and experiments that follow the predictions outlined in our 

work - especially regarding the shape and size dependence of bacterial metabolism and growth.  

In substrate poor conditions, it has been observed that E. coli reduces its � by becoming 

much smaller to allow for more efficiency (Lange et al., 1991). In a similar note, certain strains of 

E. coli grew to become much larger than undiluted cells within a few generations (Begg et al., 

1985) on serial dilution with fresh growth media.  

A comparable result was shown in a long term evolutionary experiment in the same organism, 

where the mean cell volume increased in serial dilutions over 10,000 generations (Lenski et al., 

1994). The increase in cell volume was also accompanied by an increase in relative fitness, which 

can be taken as a measure of �*, implying a lower � has a higher �*, as predicted from our model. 

Such a general trend of higher fitness being associated with larger size was shown in about 40 

species of obligate heterotrophic bacteria in another work (DeLong et al., 2010). 
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In a set of classic experiments, Salmonella enterica serovar Typhimurium produced wider 

cells (lower �) in resource rich medium than when grown in minimal medium, and slow growing 

cells (low �*) were smaller than fast growing cells (high �*) (Schaechter et al., 1958). The latter 

was been also demonstrated in E. coli, where faster growing cells (high �*) are significantly wider 

(high �) (Nanninga et al., 1988). 

Geobacter sulfurreducens has a capacity to process acetate more efficiently than a similar 

iron-reducer Rhodoferax ferrireducens (Esteve-Nunez et al., 2005; Risso et al., 2009; Zhuang et 

al., 2011) due to its smaller size (and thus, larger �). Similarly, living in energy-starved 

environments Dehalococcus spp. may have evolved its disc shape to maximize the dechlorination 

rate (given that the process has a low thermodynamic efficiency) (Jayachandran et al., 2004).  

When grown in nutrient-limiting conditions, Streptococcus isolates grew as true filaments 

instead of as cocci (Ruoff, 1991; Frenkel and Hirsch, 1961). In a similar way, Pseudomonas 

aeruginosa, Pseudomonas putida and Pseudomonas fluorescens elongate into thin slim cells in 

nutrient poor environment, unlike the short rods observed in normal media (Shim et al., 1999; 

Steinberger et al., 2002). 

A cell cannot increase its � indefinitely by change in cell shape, hence another strategy 

would be to use subsidiary filaments to increase surface area (and �). When deprived of certain 

substrates, Actinomyces israelii grows branched filamentous roads (high �) and returns to its 

normal morphology once those substrates are added back (Pine and Boone, 1967). Nutrient-poor 

conditions also enhance filamentation in Arthobacter globiforms (Germida et al., 1980; Deutch 

and Perera, 1992) and Clostridiium welchii (Webb, 1948, 1953}. 
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Further comments 

As outlined in the Results, we can use a vectorized version of our model to understand the 

wetland gas emission dynamics via estimation of overflow metabolism. As a further speculation, 

we note that a similar process may have happened over longer geological timescales. In the past, 

events involving heavy releases of methane such as the end-Permian mass extinction (Rothman et 

al., 2014) might also be explainable to some extent using our formulation. High primary 

productivity and substrate availability due to increased ��) and weathering processes might have 

triggered overflow metabolism in the heterotrophic microbes leading to a large-scale production 

of metabolites such as acetate and lactate. These substrates can then be utilized by methanogens, 

especially acetate, which has been linked to the massive methanogenic burst at end-Permian 

(Rothman et al., 2014). 

Although simple, our work provides a fairly straightforward way to look at ecological 

trends in systems of bacterial taxa.  This is an added benefit which extends beyond the main results 

concerning overflow metabolism and the relative dynamics of respiration and fermentation. Not 

only are these trends supported by previous studies and experiments, but even more importantly 

they provide simple predictions, which can be tested in the lab. 
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Chapter 3 : Were Neoarchean atmospheric methane hazes and early 

Paleoproterozoic glaciations driven by the rise of oxygen in surface 

environments? 

 
 

Abstract 

Geochemical evidence suggests methane was the predominant greenhouse gas in the Archean and 

early Proterozoic eons. Consequently, fluctuations in methane concentration in Earth’s atmosphere 

(i.e., ‘methane hazes’) would have contributed to climate change and influenced the flux of UV 

radiation reaching surface environments.  If correct, understanding what factors (e.g., O2 and/or 

resource concentration) drove the biological methane cycle might shed light on the repetition of 

biological, atmospheric and climatic events preserved in the sedimentary rock record from ~2.8 to 

2.0 BYA. To explore these interdependencies, we developed a novel dynamical model of microbial 

ecological interactions to investigate the conditions under which methane is preferentially released 

to the atmosphere. We found that the interplay between resource and O2 availability results in 

complex cyclic methane dynamics unrelated to the functional groups or efficiencies of microbial 

communities, to initial conditions, or to other model constraints. Based on these results, we 

propose that the cyclicity of methane haze events and glacial episodes in the Neoarchean and early 

Paleoproterozoic may have been linked to the progressive increase in oceanic and atmospheric O2 

through the interval. 

 

Introduction 
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Like Titan, Saturn’s orange-shrouded moon, the early Earth may have been episodically enveloped 

in a thick blanket of atmospheric methane (CH4), a powerful greenhouse gas produced by archaeal 

methanogens in anoxic environments. A methane haze would have formed if the CH4/CO2 ratio 

was >0.2 (Trainer et al., 2004; Domagal-Goldman et al., 2008) contrasting with the value of 0.005 

in the modern oxygenated atmosphere. Although the depth and distribution of the CH4 haze during 

such events likely varied across the planet due to vertical atmospheric motion and mixing (Wolf 

and Toon, 2010), the biogenic gas would nonetheless have warmed the troposphere, and through 

attenuation of the solar UV flux, protected surface environments from high energy radiation.  

Carbon isotope evidence from Neoarchean (2.8 to 2.5 BYA) organic matter preserved in 

sedimentary rocks (Eigenbrode and Freeman, 2006) suggests a prolonged increase in the 

production of CH4 and its consumption by methanotrophs to form biomass. Depending on the leak 

rate of the greenhouse gas from anoxic sediments, CH4 may have accumulated in sufficient 

concentrations in the atmosphere to form periodic hazes. The extent and depth of such hazes is 

likely to have been modulated by the photosynthetic production and accumulation of molecular 

oxygen (O2) in the oceans and atmosphere. 

Due to the rapid oxidation of CH4 to CO2 in the presence of O2 (Saunois et al., 2016), the 

atmospheric concentration of CH4 is generally thought to represent a balance between source and 

sink reactions. Tipping the scales between the two would thus modulate the size of the atmospheric 

reservoir of CH4. On the source side, the production of CH4 could have been affected by 

competition for critical metabolic substrates between methanogens and sulfate reducers, or by the 

lack of key metal cofactors, like nickel, required for methanogenic enzymes (Anbar and Knoll, 

2002; Konhauser et al., 2009). In this analysis, however, we consider ecological factors and 

biological interactions that may have increased the CH4 flux from surface environments that are 



 

54 
 

 

directly associated with the release of photosynthetic O2. Such a scenario would be particularly 

relevant in the Neoarchean when periodic CH4 hazes are suggested from geochemical 

measurements of sedimentary rocks and photochemical models (Zerkle et al., 2012; Farquhar et 

al., 2013; Izon et al., 2015; 2017, Williford et at., 2016). 

Our dynamic resource-driven model for CH4 generation and release is based upon the 

metabolic repercussions of the Warburg Effect in microbial functional groups (see Swain and 

Fagan, 2018) – which was initially proposed to explain uncontrolled cellular proliferation during 

cancer growth (Warburg, 1956) – to an ecological scenario appropriate to Neoarchean and early 

Paleoproterozoic surface environments and atmospheric fluctuations. The Warburg Effect in 

microorganisms describes a shift in metabolic respiration where the energetic process of oxidative 

phosphorylation (OP), which produces CO2 as an end product, is replaced by glycolysis that 

instead generates products that can be incorporated into biomass but yields 10 times less energy. 

This shift in respiration mechanisms is particularly pronounced during the rapid growth of 

microbial cells that are not resource limited – even in the presence of oxygen. This metabolic 

phenomenon has been observed in a wide variety of organisms such as bacteria (where it is termed 

“overflow metabolism”; Basan et al., 2015, Schuster et al., 2015; Zhuang et al., 2011), yeast (the 

“Crabtree effect”; Deken, 1966), and a diversity of human cells, including Kupffer and microglial 

cells (specialized macrophages in the liver and brain, respectively), lymphocytes (white blood 

cells), and fast twitch muscle fibers (Schuster et al., 2015; Vander Heiden et al., 2009). Especially 

in microorganisms, this phenomenon is known to have cascading effects on the stoichiometry and 

community dynamics in natural ecosystems (see Manzoni et al., 2012; Carlson et al., 2018; Kreft 

et al., 2020). While the Warburg Effect may seem energetically counterintuitive, one can observe 

that as cells grow rapidly, the kinetic advantage of glycolysis that occurs in the cytoplasm results 



 

55 
 

 

in a two-fold energy advantage over OP, which is restricted to the cell membrane (Voet and Voet, 

2004). Past models thus describe a metabolic arms race between OP and glycolysis that includes: 

i) efficiency vs. rate (OP is more efficient, but glycolysis is faster), ii) surface area vs. volume 

(glycolysis occurs in the cell interior whereas OP is constrained to the cell surface), and iii) 

biomass production (glycolysis produces organic substrates that can be used in biomass production 

directly, which is generally not true for OP) (see Swain and Fagan, 2018; Schuster et al., 2015). 

Results from these models suggest that large inputs of resources (i.e., any carbon substrate that 

allows the microbes to grow) with even small inputs of oxygen can stimulate glycolysis over the 

more energetic process of OP, and therefore, can affect ecological processes, specifically 

methanogenesis, that use these glycolytic overflow products (e.g., formate, lactate, and acetate).  

To understand the dynamics of how resource and O2 availability can affect the production 

and consumption of CH4, we present a dynamical model of microbial ecological interactions, using 

the concept of overflow metabolism associated with the Warburg Effect. The ecological 

interactions described in this ordinary differential equation (ODE) model may be relevant to 

geological episodes where pulsed resource inputs or the availability of O2 can alter the CH4 

production rate. Our ODE model might then apply to climatic and environmental perturbations of 

the early Earth, including the cyclic patterns of Neoarchean CH4 haze events (Pavlov et al., 2001; 

Zerkle et al., 2012; Izon et al., 2015; 2017) and early Paleoproterozoic glacial episodes (e.g., 

Bekker and Kaufman, 2007).  

In our model, we focus on five major functional groups of microbes: obligate aerobic 

heterotrophic bacteria (A), methanogens (B), aerobic methanotrophs (C), generalized fermenters 

(F), anaerobic methanotrophs (G; also known as the anaerobic oxidation of methane (AOM) 

consortia), and anaerobic heterotrophs (H; such as iron and sulfur reducers). All of these 
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microbial functional groups are involved in the production and/or consumption of generalized 

resources (R), glycolytic/fermentation products (FP), O2, CH4, and CO2 (Fig. 3.1). Here, the 

generalized resources are an abstract representation of a variety of materials that organisms 

might use as a carbon source, or in an indirect assimilation of carbon source and growth. 

Through this generalization of resources, we allow that some carbon-based compounds come 

from oxygenic photosynthesis. For example, anoxygenic photosynthesis (which, in turn, 

depended on and was limited by electron acceptors; see Ward et al., 2019) appears to have 

provided carbon sources for microbes, especially in Neoarchean and early Paleoproterozoic 

sedimentary environments. As a consequence of this generalization of resources, our model 

considers a decoupled system of R and O2.  In addition, non-carbon resources can vary in their 

stoichiometry in organisms (see Sterner and Elser, 2002); therefore, this decoupling of R and O2 

also helps to decode the effects of the continental nutrient influx to the oceans, or related 

phenomena. 

Key relationships within the flow diagram (Fig. 3.1) can be understood as follows. 

Methanogens depend upon fermentation products (FP) for their methane production; FP are simple 

organic substrates such as formate, lactate, and acetate that are produced by Fermenters (F). 

Aerobic heterotrophic bacteria (A) also produce fermentation products (FP) through overflow 

metabolism, insofar as this functional group responds to increasing R by producing more FP than 

CO2, and thereby stimulating methanogenesis (see Methods). Anaerobic heterotrophs (H) 

compete with methanogens (B) for FP. Methane is consumed by aerobic methanotrophs (C) that 

utilize O2 to produce CO2, and by anaerobic methanotrophs (G), in consortia with various other 

groups of microbes, to produce either alkalinity or CO2 through the anaerobic oxidation of methane 
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Figure 3.1. Flow diagram representation of the model system. Here (in blue) A, B, C, F, G and H are functional groups of heterotrophic 

bacteria, methanogens, aerobic methanotrophs, fermenters, anaerobic methanotrophs, and anaerobic heterotrophs, respectively. The flux 

arrows indicate processes that produce (in red) either metabolic reactants or gases cycled among the microbial functional groups. 

Ordinary differential equations with detailed explanations representing this dynamical system appear in Methods.
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(AOM). Changes in the size of microbial functional groups are modelled as functions of the 

availability of R and the efficiency of their utilization (energy production), as well as their basal 

energy requirements necessary to maintain homeostasis (energy requirement). We assume 

methanogens (B) represent both acetoclastic and hydrogenotrophic methanogenesis with respect 

to reduced FP compounds. Acetoclastic methanogens use primary FP, and hydrogenotrophic 

methanogens depend on secondary fermentation for H2 and formate. We did not include the 

hydrogenotrophic methanogens as a sink for CO2, however, because this can cause unintended 

model estimation errors that are important for the decoupling between R and O2. As we are 

assuming a decoupling between CO2, O2, and R (given the unknown extent of oxygenic 

photosynthesis), we can either leave CO2 as a sink (as modeled) or couple CO2 back to R as a 

function of oxygenic and anoxygenic autotrophy. In the latter case, we would include an explicit 

CO2 flux to the hydrogenotrophic methanogens. In the former (as chosen), we assume only that 

there is enough CO2 to fulfill all necessary demands, and therefore the substrate is not a limiting 

reagent. 

The main rationale behind constructing this coupled ODE-based ecological model is to understand 

the response of microbial functional groups to the availability of R and O2, through mutual 

interactions and usage of substrates. Changes in the abundance of resources, metabolic products 

(FP, CH4, and CO2), and O2 associated with consortia interactions are functions of efficiencies of 

i) overflow metabolism, ii) respiration, and iii) biomass production and maintenance, as well as 

the rate of addition of both resources and O2. To explore the model, we considered both driven and 

non-driven states. First, for non-driven dynamics, we explore the basic dependence of metabolic 

parameters and species interactions in closed systems wherein microbes and resources start from 

an initial condition, and are then closed off to external changes. Second, we consider driven 
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dynamics in open systems, in which there are constant rates of addition of R and O2. Numerical 

exploration of the model suggests that the interplay between the two results in complex, but robust, 

cyclic methane dynamics. We relate this new dynamic perspective to the episodic nature of 

Neoarchean methane haze events and early Paleoproterozoic glaciation. 

Results 

No External Forcing  

For the case of no external forcing (non-driven) where the only initial inputs were R and O2, we 

ran 500,000 model simulations to steady-state (Figure S3.1). Across these simulations, we varied 

key model parameters (the efficiency of various metabolic reactions, including methanogenesis, 

AOM, and fermentation) and initial conditions (starting populations of different microbial 

functional groups, and original abundance of R and O2) using Latin Hypercube Sampling (LHS; 

Carnell, 2020) to explore their impacts on final gas (O2, CO2, and CH4) concentrations. We gauged 

the importance of the different parameters and conditions using partial rank correlation coefficients 

(PRCC) (see Methods), and found that steady-state CH4 and CO2 concentrations varied the most 

based upon the metabolic parameters of methanogens (these included resource incorporation 

efficiency (�), resource utilization efficiency ( %) and energy requirement (u)) (Figure S3.2B,C). 

The model further reveals that steady state CO2 concentration varied strongly as a function of the 

metabolic parameters that controlled anaerobic methanotrophy (or AOM, G) (Figure S3.2B). 

Steady state O2 concentrations varied as functions of the metabolic parameters of aerobic 

methanotrophs (C), aerobic heterotrophic bacteria (A), and methanogens (B) (Figure S3.2A). 

None of the initial conditions that we varied (i.e., starting populations of different microbial 

functional groups and initial concentrations of R and O2) had a high PRCC for any of the stable 
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state gas concentrations (Figure S3.3), except for the dependence of the final CO2 concentration 

on the initial value of O2 concentration (Figure S3.3B).  

          Although the steady state gas concentrations varied quantitatively with certain parameters, 

the qualitative trends that they depicted were relatively invariant across the Latin Hypercube sweep 

of parameter space and initial conditions. Figure 3.2 depicts a specific case, where we plot the 

steady state variations of the proportions of various gases in a closed, non-driven system 

(initialized with a biologically-relevant base parametrization) due to changes in the methane 

production efficiency coefficient ( , see Eqs. 4, 9, and 11 in Methods), which was set at 1%, 10%, 

and 50%.  With increasing efficiency, the system became more anoxic (lower O2) and less acidic 

(lower CO2), while CH4 concentrations increased, especially at low initial O2 and high initial R 

inputs. We recorded similar model responses for variations of all other parameters (See Figures 

S3.4A-O). However, we noted lower than expected CO2 concentrations at low initial O2 inputs for 

low efficiencies of parameters governing the incorporation and utilization of resources by the 

aerobic heterotrophs (see Eqs. 2, 3, 8, and 10 in Methods; and Figs. S3.4D and S3.4H); these can 

be attributed to the PRCC dependence of CO2 on initial O2 concentration. We also noted a minor 

deviation in CH4 concentration at a high initial O2 input in the  (resource utilization efficiency 

for anaerobic methanotrophs, G; see Methods) simulations (see Eqs. 7 and 10 in Methods; Fig. 

S3.4K); this was attributable to the formation of CO2 and its dependence on metabolic parameters 

of G. These non-linearities arose in cases where the efficiency of usage, or of incorporation, is 

either biologically unrealistic, or are at the extreme end of what is possible for biological systems 

(e.g., a very low O2 affinity for aerobic heterotrophs or a high CH4 usage efficiency in anaerobic 

methanotrophs (see Morris and Schmidt 2013; Bowles et al., 2019). Overall, these results signify 
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Figure 3.2 Dynamic variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady 

state at set O2 and R input values, with the coefficient of CH4 production (β) set at 1, 10, and 

50% in rows 1-3, respectively. Note that the resource (R) axis begins at 2; this is due to 

constraints posed by the minimal energy requirements for each microbial functional group, 

below which all functional groups diminish.    
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that, on average, the qualitative outputs of our ODE computations remained consistent across the 

parametrizations and initial conditions in the non-driven setting. We further tested the stability and 

the sensitivity of the modeled system to the addition of new microbial functional groups to the 

main structure by comparing with results of a model lacking H (anaerobic heterotrophs) that 

compete directly with B (methanogens). The comparison shows no significant differences among 

the two models in terms of their partial rank correlation coefficients (see Figure S3.2). 

External Forcing 

In contrast with the no external forcing scenario above, microbial systems may also be 

forced, particularly by influxes of metabolizable organic substrates (resource, R) and O2 that are 

linked through oxygenic photosynthesis, wherein R is synthesized and O2 is released as a 

byproduct of the metabolic activity. Model runs with only forced R inputs were qualitatively 

simple. As illustrated in Fig. S3.5, initiating the model with a constant rate of addition of R depletes 

O2 rapidly regardless of its initial abundance. Under these conditions, the Warburg Effect in 

oxidative heterotrophs does not play a major role in the long-term dynamics of the microbial 

system. In this scenario, the Warburg Effect only affects the system initially, so that most FP is 

derived from general fermenters (F) for the subsequent production of CH4 through 

methanogenesis. Most notably, simulations with lower initial O2 (Fig. S3.5B) resulted in an 

oscillatory behavior over longer periods of CH4 generation. These results contrast with simulations 

with higher initial O2 (Fig. S3.5A), which resulted in rapid damping of the oscillatory behavior. 

Note, however, that all simulations with the same parameter values reached the same steady state 

irrespective of the initial conditions, as one can extrapolate from Figure S3.5 (and PRCC values 

from steady state dynamics). Thus, these simulations revealed that differences in the initial O2 

input only affected the relative timescale of events, as the saturation values (amplitudes) and 
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profiles of the CH4, CO2 and R concentrations remained the same. Higher initial O2 stabilized the 

system more rapidly to steady state condition, while higher initial R under low O2 resulted in 

sustained oscillations over longer intervals. If the initial R input is held constant, the dynamic 

solution to forcing the microbial system with a fixed rate of addition of O2 is that CH4 will be 

produced briefly associated with the initial concentration of resource, and O2 will fall as long as 

methane is produced and aerobic methanotrophs consume it (Fig. S3.6). After the CH4 resource is 

depleted, the continued input of O2 overwhelms the system and kills the anaerobes, thereby 

allowing O2 to increase at a linear rate. Different starting concentrations of R have no apparent 

effect on system-level dynamics.    

 Truly complex dynamics occur when both R and O2 are supplied at constant rates (the input 

rate per unit time, denoted as 3 ��� for R and 3)��� for O2; see Eqs. 8 and 12 in Methods) (Fig. 

3.3). Low oxygen supply rates relative to resource supply rates (i.e., high 3)��� / 3 ���)  or 

conversely low 3)��� / 3 ���) result in large amplitude, slow frequency oscillations in methane and 

oxygen concentrations in the system, a phenomenon that differs from the model behavior with 

only resource addition (see Figure S3.5; Figure 3.3A). With decreasing 3)��� / 3 ���), these 

oscillations reduce in amplitude and increase in frequency until a threshold value (of relative O2 

input), where the system reaches a non-oscillatory stable state (Figure 3.3A-J; Figure 3.4). The 

transitions into and out of the periodic behavior appear smooth, and the amplitude and periodicity 

of the CH4 peaks within the dynamic interval decline with increasing O2 input rate.  Moreover, the 

ratio of resource to oxygen input rates at which oscillatory behavior transitions to a stable, non-

oscillatory pattern remains constant across the parameter variations and initial conditions (i.e. the 

ratio of R to O2 input remained at 5, or, 3)��� / 3 ���~5) (Figure 3.4B). Figure 3.4A further 

illustrates the relationship between the O2 input rate (3), varied from 10 to 20% of 3 ) on the 
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Figure 3.3: Dynamic variations in O2 and CH4 for the externally forced model with constant rates of addition of R and O2. The O2 input 

rate (3)) varied between 1% to 50% relative to the resource input rate across panels (3 ), but in all cases the R input rate (3 ) was held 

constant at 1.
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Figure 3.4: (A) shows the dependence of amplitude (in red) and time period (in black) of the CH4 

oscillations in Fig. 3.3 as a function of the O2 input rate (3)). (B) demarcates the resource input 

(3 ) -oxygen input (3)) space on the basis of oscillatory behavior for our standard set of 

parameters. (C) depicts the dependence of the slope of the line separating the space between 

oscillatory and non-oscillatory behavior in 3 -3) space on specific parameters (for description of 

parameters, see Methods; Table 3.1 in Methods) over a wide range of parameter combinations 

through partial rank correlation coefficient (PRCC).
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amplitude and periodicity of CH4 peaks. Clearly the greatest amplitudes and periods in CH4 

concentration occur at low O2 input rates, and these both decline rapidly as oxygen overwhelms 

the system, leading to a phase transition when 3) is ~ 20% of 3  (Figures 3.3 and 3.4).  

  We conduct a similar robustness test for the dynamics of a reduced model (lacking the H 

functional group of anaerobic heterotrophs) with the dynamics of the full model, and find 

negligible differences between the two (e.g., Figure S3.7). This signifies that the model is mostly 

affected by the relative addition rates of oxygen to resources, and not by other parameters or initial 

conditions (see Figure S3.2, S3.3, S3.7) for large qualitative changes. 

We also perform a sensitivity analysis of the slope demarcating the oscillatory and non-

oscillatory behavior in a variety of parameter combination (selected through LHS) with the results 

illustrated in Figure 3.4C. We find that the space demarcation is affected most by the resource 

utilization efficiency of methanogens (β), anaerobic methanotrophs (Ω) and anaerobic heterotrophs 

( ), as well as resource incorporation efficiency of aerobic methanotrophs (λ) and methanogens (κ). 

Increased conversion efficiency of carbon substrates to methane (represented by β) has been 

hypothesized to result in severe biotic crises and methanogenic bursts in the past (Rothman et al., 

2014). The role of aerobic and anaerobic methanotrophs (represented by Ω and λ, respectively) is 

usually to control the large-scale methane flux, and that of anaerobic heterotrophs is to compete 

for carbon substrates with methanogens (Lyu et al., 2018). 

Discussion 

Our dynamic, resource-driven ecological model based on the Warburg Effect reveals clues to the 

production of CH4 in response to the availability of molecular O2 when applied to a consortium of 

aerobic and anaerobic microbial functional groups. By progressively increasing the input rate of 

O2 from 10-20% with respect to the resource input rate, the overflow metabolism of the 
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heterotrophic bacteria provides the resources necessary to produce CH4 in greater proportions than 

it is consumed by both aerobic and anaerobic methanotrophs.  

 Applied to potentially coupled biological and environmental events across the Neoarchean-

early Paleoproterozoic transition, this dynamic ecological model may help to explain how the 

evolution of oxygenic photosynthesis drove fluctuations in the oxidation state of surface 

environments, as well as the pulsed releases of CH4 to the atmosphere that formed periodic 

methane hazes. Carbon isotope compositions of organic matter preserved in sedimentary rocks 

deposited between ~2.8 to 2.5 billion years ago reveal unprecedented levels of 12C enrichment that 

are most parsimoniously attributed to the incorporation of biomass formed by methanotrophs 

(Hayes, 1994; Eigenbrode and Freeman, 2006). Under aerobic conditions, CH4 is oxidized with 

molecular O2 to form biomass through the serine or ribulose monophosphate pathways, and CO2 

(Chistoserdova et al., 2005), where the minimum concentrations of CH4 and O2 required to drive 

the microbial process are estimated at 5-10 µM and 12-20 µM, respectively (Harris and Hanson, 

1980; Lidstrom and Somers, 1984). Under anaerobic conditions NO3
-, NO2

-, SO4
2-, Fe3+, or Mn2+ 

may also be used to oxidize CH4 to form simple organic compounds, like acetate (Yan et al., 2018). 

If photosynthetically derived resources were high — as expected by the pervasive occurrence of 

thick organic-rich black shales and carbonates in Neoarchean sedimentary successions worldwide 

(e.g. Zhelezinskaia et al., 2014) — then almost any local increase in O2 could have initiated 

overflow metabolism in extant heterotrophic bacteria. Through microbial community dynamics, 

this could have resulted in the enhanced release of CH4 to the atmosphere, as described in the 

model above. Distributed globally, oceanic O2 oases could then have been the source of 

Neoarchean CH4 hazes. 
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 Independent evidence for the presence of repetitious Neoarchean CH4 haze events comes 

from multiple sulfur isotope measurements of pyrite from the same samples where organic matter 

was isolated and analyzed. In Neoarchean marginal marine sedimentary successions on multiple 

continents, carbon isotope evidence links enhanced methanotrophic biomass inputs in organic-rich 

sedimentary rocks to the presence of a CH4 haze that would have attenuated the UV flux and 

isotopically altered the products of atmospheric SO2 photochemistry (see Domagal-Goldman et 

al., 2008), predominantly sulfate aerosols and elemental sulfur (Kasting, 2001). The 

photochemical reactions resulted in mass-independent fractionation, or redistribution, of the sulfur 

isotope masses (S-MIF) in both of the products that rained down and accumulated in surface 

environments. Notable deviations in the ratio of multiple rare sulfur isotope abundances (Δ33S/δ34S 

and  Δ36S/Δ33S) (see Methods) relative to normal distribution of Archean S-MIF data (typically 

referred to as Archean Reference Arrays, or ARAs) coincide in several discrete stratigraphic 

intervals with negative excursions in carbon isotope values suggestive of methanotrophic inputs 

of organic carbon (Zerkle et al., 2012; Farquhar et al., 2013; Izon et al., 2015; 2017, Williford et 

at., 2016). The most recent of these studies (Izon et al., 2017) used available radiometric constraints 

to estimate the duration of a single haze event at ~1 million years. Through accelerated H2 loss to 

space, the haze events are postulated by these authors to have hastened planetary oxidation. 

Atmospheric models of Neoarchean hazes suggest that CH4 concentrations may have been at the 

level of 20-30 ppm (e.g. Zerkle et al., 2012), as opposed to ~2 ppm in the modern atmosphere.  

Photochemical experiments with SO2 have shown that isotope effects and resulting sulfur 

isotope fractionations depend on both reaction condition and the wavelength of incident radiation. 

Recent results (Whitehill et al. 2012; Endo et al., 2016) show that shallow positive slopes for 

Δ33S/δ34S (<0.1) are produced by photolysis reactions at wavelengths shorter than ~220 nm, and 
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steeper slopes (>3) are produced when longer wavelengths (240 – 340 nm) cause photoexcitation. 

Similarly, photolysis of SO2 yields steeper negative Δ36S/Δ33S (<-2), while photoexcitation 

reactions yield positive Δ36S/Δ33S values (e.g., Whitehill et al., 2012). Applying these observations 

to the Neoarchean and early Paleoproterozoic atmosphere, shifts to shallower Δ33S/δ34S and 

steeper Δ36S/Δ33S slopes would be anticipated with the transmission of shorter-wavelength UV 

light resulting in greater proportional photolysis reactions. This may result from the shielding of 

UV wavelengths by a photochemical CH4 haze (e.g. Wolf and Toon, 2010), although quantitative 

details are lacking. 

Pertinent to our model, it appears possible that anoxygenic photosynthesis may have been 

dominant during intervals when a CH4 haze blanketed the planet. The presence of a methane haze 

would have shielded surface environments from harmful UV radiation that might then allow 

ammonia (a strong greenhouse gas) to accumulate in the lower atmosphere, and thus have shifted 

upward the peak wavelength of solar radiation reaching the oceans (Sagan and Chyba, 1996; Wolf 

and Toon, 2010). Insofar as a Neoarchean CH4 haze would scatter and absorb UV and visible 

wavelengths (Wolf and Toon, 2010), it may have influenced photosynthetic reactions and primary 

productivity. In this regard, the pigments used during anoxygenic photosynthesis differ from those 

associated with oxygenic photosynthesis in their molecular details and peak wavelength of light 

absorbed. Notably the peak absorption wavelength for chlorophyll-a used by oxygen-producing 

plants and cyanobacteria is 100-200 nm less than the peak absorption wavelength used by 

bacteriochlorophylls during anoxygenic photosynthesis. The development of a significant methane 

haze may thus have shifted primary production of organic matter towards anoxygenic 

photosynthesis where the electrons necessary to drive the metabolic activity ultimately come from 

the oxidation of H2S or Fe (II) (rather than from H2O in oxygenic photosynthesis). If correct, the 
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dominance of the anaerobic metabolism over oxygenic photosynthesis would have decoupled 

inputs of R and O2, matching a key assumption of our model. 

While our resource-driven ecological model is neither calibrated for amount nor time, the 

consistent, robust periodic dynamics observed in the system under some parameter regimes 

nonetheless accord with the episodic release of CH4 from surface environments assuming a 

constant, but not overwhelming, source of O2. According to our ecological model, if this oxidant 

was globally distributed at low concentrations, and if resources were high, a CH4 haze would likely 

result. Izon et al. (2017) suggest that the coupled carbon/sulfur isotope anomalies were associated 

with biospheric responses to increased nutrients, with the CH4 flux controlled by the availability 

of organic carbon and sulfate. Increased loading of the oceans with nutrients (e.g., nitrogen, 

phosphorus) is most often associated with uplift, mountain building and weathering of exposed 

continental masses, all of which could erode, disrupt, or accelerate sedimentation on marginal 

marine platforms. In the relatively continuous sedimentary successions where these episodic 

coupled anomalies have been recorded, there is no physical evidence for any temporal sedimentary 

disruption in the form of unconformities or major hiatal surfaces. As an alternative hypothesis, we 

propose that if nutrients (including ferrous iron, which would have been soluble in the ocean under 

anoxic conditions) were widely available in the Neoarchean ocean, then the dynamic release of 

CH4 and the episodic development of CH4 hazes in the atmosphere could simply have been the 

result of constant low level (or gradually increasing) inputs of photosynthetic O2 to anaerobic 

environments where overflow metabolism was dominant.  

Geochemically documented CH4 haze events are currently known only from the 

Neoarchean, but the episodic and potentially globe-encompassing ice ages of the succeeding early 

Paleoproterozoic Era may similarly be understood in terms of fluctuations of O2 and greenhouse 
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gases in the ancient atmosphere (Pavlov et al, 2000; Bekker et al., 2005; Kopp et al., 2005; 

Goldblatt et al., 2006; Claire et al., 2006; Bekker and Kaufman, 2007).  Insofar as the early 

Paleoproterozoic glacial epoch is related to the transition from the anoxic CH4-rich atmosphere to 

an oxic CO2-rich atmosphere, the multiplicity of ice ages (including at least three discrete events) 

in this interval is arguably related to oscillations in O2 and CH4 production and utilization. Related 

to the dynamic ecological model presented here, the rise of photosynthetic O2 prior to each of these 

Paleoproterozoic glaciations would have progressively drawn down atmospheric CH4 levels 

resulting in surface refrigeration. Primary productivity would then be severely limited beneath ice-

covered oceans, thereby constraining the production of both fermentative products (FP) and O2. 

Atmospheric CO2 levels during the glaciations likely rose due to unabated volcanic fluxes and 

limited chemical weathering of exposed continental rocks (e.g., Hoffman et al., 1998). However, 

once threshold concentrations of CO2 were reached, the glaciations would have ended rapidly, 

resulting in high rates of silicate weathering on land, and the enhanced delivery of sediments, 

oxidants (including sulfate and nitrate), nutrients, and alkalinity to the oceans. Melting glaciers 

and sea ice coupled with higher post-glacial temperatures would have flooded continental margins 

and stimulated both oxygenic photosynthesis and methanogenesis. 

Support for such an environmental scenario comes from carbon isotope analyses of drill 

core samples collected from across the oldest recorded ice age deposit (the Ramsay Lake 

diamictite) in southern Ontario, which reveal strongly negative δ13C values (with a nadir of ca. -

41‰) in organic matter from sediments that accumulated in the glacial aftermath (Bekker and 

Kaufman, 2007). The magnitude and duration of 13C depletion in the post-glacial Pecors Formation 

(expressed over 100 meters of sedimentary strata) is consistent with long-term methanogenic 

production and methanotrophic oxidation of CH4 in a shallow oceanic setting. Multiple rare sulfur 
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isotope abundances in pyrite extracted from the same Pecors samples reveal even more profound 

negative deviations in ∆36S/∆33S values relative to the ARA (Wing et al., 2002; 2004), which may 

similarly record atmospheric processes during this (and other) post-glacial early Paleoproterozoic 

CH4 haze events. Considering our model results, we suggest that the end of the early 

Paleoproterozoic glacial epoch around 2.2 billion years ago likely marked the end of extended 

methane-dominated atmospheres of the early Earth.  This repetitive series of ice ages was followed 

by a remarkably long-lived (>100 million years) interval of highly positive carbon isotope 

compositions in carbonates known as the Lomagundi-Jatuli event (Karhu and Holland, 1996; 

Bachan and Kump, 2015; Mänd et al., 2020). Insofar as significant 13C enrichments in marine 

carbonates are driven by the burial and sequestration of 12C-rich organic matter (Broecker, 1970; 

Hayes, 1983), the attendant photosynthetic production and release of O2 at this time would most 

likely have marked the transition to an oxygenated atmosphere with carbon dioxide acting as the 

major greenhouse gas thereafter. 

Episodically enhanced CH4 release and buildup in the atmosphere later in Earth history 

may be related to the tectonic reorganization of the mobile continents, which modulate the delivery 

of reduced gases from spreading ridges and weathering fluxes from uplifted mountains. These 

variable fluxes would have impacted the photosynthetic production of organic matter and degree 

of ocean oxygenation during discrete climatic and biological events. Insofar as our model results 

indicate that these factors control CH4 fluxes to the atmosphere, we speculate that younger ice ages 

of the Neoproterozoic and Paleozoic eras, as well as some Phanerozoic mass extinctions, may be 

linked to the dynamic microbial processes modeled here. 
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Conclusion 

Patterns of CH4 production and release in both driven and non-driven versions of a novel 

microbial ecological model, based upon the metabolic repercussions of the Warburg Effect, 

suggest that resources and O2 play important roles in defining the dynamics of microbial 

ecosystems over both short and long-time scales. We demonstrate that forced low level inputs of 

O2 result in pulsed releases of CH4 via overflow metabolism, a pattern that may explain periodic 

CH4 haze events and episodic glaciation deep in Earth’s history. Such pulsed methane releases 

also occur in modern-day wetlands where tidal flooding repeatedly tips the balance between oxic 

and anoxic conditions (see Zhu et al., 2017), suggesting similar mechanisms may be at work. The 

qualitative behavior of this ecosystem model provides a platform for understanding the dynamics 

of mixed microbial communities in ancient, modern, and future ecosystems. More detailed models 

that blend empirical gas-release data with calibrated input parameters should shed further light on 

the links between microbial communities and the timing of atmospheric dynamics. 

 
Methods 

Modeling Microbial System Dynamics 

We model the dynamics of the interacting microbial system as a system of ordinary 

differential equations (ODEs). First, we define functions pertaining to the Warburg Effect (eq. 1-

2) and then describe the equations for each of the microbial functional groups.  

We begin by defining two functions that describe Warburg Effect dynamics in aerobic 

heterotrophic bacteria (A):  

              Eq. 1 (overflow metabolism of A) 
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    Eq. 2 (respiratory function of A) 
 
The first function f(R, A) denotes the process of overflow metabolism, where, despite the presence 

of ample oxygen, heterotrophic aerobic bacteria (A) produce fermentation products when 

resources are abundant. In this function, at resource concentrations higher than base levels 

(represented by R0), there is a linear increase in overflow products (see Basan et al., 2015, Swain 

and Fagan, 2018). The second function g(R, A) denotes the respiratory function (see Eq. 3 below) 

for these organisms (with the maximal resource usage condition represented by resource 

concentration of R1). Both  and  are proportionality constants that denote the efficiency of 

overflow metabolism and respiration, respectively, and fall in the range [0, 1]. 

The differential equations below pertain to changes through time of the dominance of 

metabolic functional groups as the different microbial functional groups (A, B, C, F, and G as 

defined in Fig. 3.1) compete for available substrates under variable environmental conditions. 

0b
0c = �1 − μ� fO2h H�fUh, �� − i �      Eq. 3 

0j
0c = �1 − κ� β fFPh n − o n       Eq. 4 

0-
0c = �1 − λ� γ fO2hfCH4h � − s �      Eq. 5 

0F
0c = �1 − ξ� ω fUh v − �  v       Eq. 6 

0w
0c = �1 − ψ� Ω fCH4h � − �) �      Eq. 7 

0z
0c = �1 − ρ� τ fFPh 
 − } 
       Eq. 8 

The first term on the right-hand side (RHS) of each differential equation is positive and denotes 

the process of assimilation of substrates needed for growth (increase in biomass) and energy 

production for the metabolic class. The second RHS term in each equation is negative and denotes 
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the energy requirement for homeostasis (see Table 3.1). In equations 3-8, the terms governing 

resource incorporation efficiency, generically denoted with X replaced by the consortium-

specific parameters  specify the proportion of the required substrate in the 

extracellular environment that is incorporated into cells, which can then be used for making 

biomass by those microbes. Variation in these efficiencies is assumed to be modulated by 

biochemical and physical constraints of the different microbial functional groups. The remaining 

reservoir of resources outside of the cell either leave the system as gases or are available for later 

incorporation. All twelve coefficients of efficiency ( ) lie in the range 

[0, 1]. The coefficients related to homeostasis ( ) represent the basal metabolic 

requirement values for microbial functional groups A, B, C, F, G, and H respectively. All 

parameters and their interpretations are summarized in Table 3.1. 

Functional group 

Resource 

incorporation 

efficiency 

Resource 

utilization 

efficiency 

Energy 

requirements 

for homeostasis 

A (aerobic heterotrophs) (1 - ~) � (for R) i 

B (methanogens) (1 - %) � (for FP) o 

C (aerobic methanotrophs) (1 - �) , (for O2 and CH4) s 

F (fermenters) (1 - �) � (for R) �  

G (anaerobic 

methanotrophs) 
(1 - �) � (for CH4) �) 

H (anaerobic heterotrophs) (1- �) � (for FP) m 

Table 3.1: Differential equation parameters governing the dynamics of a system of five 
microbial functional groups. Parameters summarize the efficiency of resource incorporation, the 
efficiency of resource utilization, and the energy requirements for homeostasis. 
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The following set of differential equations reflect dynamic changes in the abundance of 

resources or metabolic products in the five microbial functional groups through time: 

0f�h
0c = −��fUh, �� − H�fUh, �� − ξ ω fUh v + σ ���     Eq 9 

0fFPh
0c = ��fUh, �� − β n fFPh + ξ ω U v − �fv�h
     Eq 10 

0fCO2h
0c = μ fO)h H�fUh, �� + γ λ fO)h fCH4h � + ψ Ω fCH4h � + ��fv�h
  Eq 11 

0fCH4h
0c = κ βn fFPh − γ fO2h fCH4h � − Ω fCH4h �     Eq 12 

0fO2h
0c = −�μ fO)h H�fUh, �� + γ λ fO)h fCH4h �� + σ)���    Eq 13 

In equations 8-12 the RHS positive terms indicate either input or production of the resources, while 

negative terms indicate metabolic resource consumption. All the terms involve interaction of the 

resources with one or more of the microbial functional groups, which are modelled in equations 3-

8, except for the ‘forcing terms’ σ ��� and σ)���. These terms (see Eqs. 9 and 13) denote the time-

dependent input rates of R and O2 that are controlled externally. In this model, CO2 is considered 

a sink that evades to the atmosphere and is decoupled from the autotrophic processes. This 

assumption makes R an independent variable, and further ensures that substrate production is not 

photoautotrophic (the case in many scenarios). Moreover, as developed here, the ecological model 

is not spatially compartmented in order to make the results more general in nature.  

There exist many methanogenic systems where oxic and anoxic parts are heterogeneously 

mixed, albeit at generally small scales or temporally, such as in wetlands (Kirsche et al., 2013). In 

this ecological model we have simplified the process of methanogenesis in several ways: i) FPs 

can be one of many substrates, including formate, acetate, and lactate, all of which can be used for 

methane production by various methanogens; and ii) for hydrogen (H2) + CO2 methane production, 
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we assume that reduced reactants are unlimited, and insofar as CO2 is a sink and evades the system 

as a gas, it is unlimited as well (i.e., it is not used for autotrophic processes that deliver new 

resources to the community). For the anaerobic oxidation of methane by functional group G, we 

lump all of the potential anaerobic methanotrophs here, but recognizing that both CO2 and 

carbonate alkalinity may be formed, we include a conversion efficiency term ( ) to calculate the 

relative concentrations of CO2 alone. 

This coupled differential equation system was solved through Wolfram Mathematica v. 

12.1 and R v. 3.6.2. A regular parameter sweep was first performed for the non-driven case (no 

external input: σ , σ = 0) using Latin Hypercube sampling (LHS) for 500,000 different scenarios 

using R packages deSolve (Soetaert et al., 2010) and lhs (Carnell, 2020). We then calculated the 

partial rank correlation coefficients (PRCCs) to explore the effect of each parameter and initial 

condition on the concentrations of gases (CH4, O2 and CO2) through R package sensitivity (Iooss 

et al., 2020).  

To further explore the trends in these gas emissions, we calculated the relative proportions 

of these gases under a set of base parameters that depict biologically possible scenarios (according 

to data from Payne and Wiebe, 1978; Geyer et al., 2016; Bowles et al., 2019; and Morris and 

Schmidt, 2013). All the efficiencies were set at half maximum for the base case. We then varied 

one parameter at a time to look at the dependence on that specific variable on gas emissions as a 

function of resource and oxygen initial conditions. In doing so, we collated the data for different 

initial conditions (such as different initial ratios of the microbial functional groups) and plotted the 

averaged values of the equilibrium state as a function of initial resource and oxygen inputs. For 

driven dynamics, we followed the same procedure of parameter dependence, but now including 

the two R and O2 external input parameters, σ ��� and σ)���. To calculate the period and amplitude 
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of the driven dynamics, values were numerically estimated based on dynamic results from the first 

few oscillations. Periodicity statistics for the dynamics resulting from both high and low extreme 

values of  are estimates given the difficulty of estimating them for very long or extremely short 

oscillations that occur at these values of σ)���. 

For looking at the sensitivity of the model to addition or removal of microbial functional groups, 

we ran the same tests for a model without H (anaerobic heterotrophs). To measure sensitivity of 

the demarcation of the oscillatory phase in the space of resource and oxygen addition (σ - 

σ)space), across a wide variety of parameter combinations, we first used LHS to sample 100,000 

combinations through the parameters space. We calculated, for each set of parameters, twenty 

points on the σ - σ) space, estimated the relative value for which there is a phase change from 

oscillatory behavior to no oscillations, and from these values calculated the slope of the line which 

demarcates the space for each set of LHS parameters. We performed PRCC analysis to find the 

dependence of the slope value on the parameters. 

Notation for Sulfur Isotope Compositions 

Sulfur-isotope ratios are conventionally reported in delta (δ) notation and reflect the permil (‰) 

deviation of the ratio of the least abundant isotope (33S, 34S, or 36S) to the most abundant isotope 

(32S), relative to the same ratio in an international reference standard (Vienna Canyon Diablo 

Troilite, V-CDT). For example, δ34S = [(34S/32S)sample/(34S/32S)V-CDT – 1] x 1000.  The majority of 

terrestrial processes fractionate S-isotopes mass-dependently, whereby δ33S ≈ 0.515 * δ34S and 

δ36S ≈ 1.91 * δ34S. Departure from mass-dependent behavior, or mass-independent fractionation 

(S-MIF), is expressed in capital-delta (Δ) notation as either non-zero Δ33S = 
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[(33S/32S)sample/(33S/32S)V-CDT − (34S/32S)sample/(34S/32S)V-CDT]0.515 or Δ36S = 

[(36S/32S)sample/(36S/32S)V-CDT − (34S/32S)sample/(34S/32S)V-CDT]1.9. 

Acknowledgements 

This research was supported in part by NSF award EAR-1338810 to AJK. AS would like to thank 

the COMBINE program at the University of Maryland (DGE-1632976) for technical and academic 

support. 

Code and data availability 

All the codes that were used to explore the ODE model and generate the relevant figures are 

available publicly at the following github repository: 

https://github.com/anshuman21111/ch4_haze .  

All extra figures and simulation data, above and exceeding the supplementary materials are also 

found on this repository. 
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Supplementary materials 

 

Figure S3.1: Dynamic variations in O2, FP, CH4, and CO2 through time with set initial boundary conditions so that 

(relative) concentrations eventually level out when the system reaches steady-state equilibrium, for a non-driven case. 
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Figure S3.2: Latin hypercube sampling (LHS) based Partial rank correlation coefficient (PRCC) (which varies from 

-1 to 1) of the model parameters with respect to the final gas concentrations in (A) the complete model, (B) in the 

model with H removed (for checking sensitivity). (A) and (B) have negligible differences, signifying model capacity 

to perturbations and additions.  
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Figure S3.3: Latin hypercube sampling (LHS) based Partial rank correlation coefficient (PRCC) (which varies from 

-1 to 1) of the model initial conditions with respect to the final gas concentrations in (A) the complete model, (B) in 

the model with H removed (for checking sensitivity). (A) and (B) have negligible differences, signifying model 

capacity to perturbations and additions. Please note the extremely small values (absolute value <0.05) of PRCC in 

all cases except that of CO2 dependence on O2 initial value. 
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Figure S3.4A: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with the energy requirement for fermenters (a1) set at 1, 10, and 50% in rows 1-3, respectively. 
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Figure S3.4B: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with the energy requirement for anaerobic methanotrophs (a2) set at 1, 10, and 50% in rows 1-3, 

respectively.  
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Figure S3.4C:  Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with efficiency of overflow metabolism in aerobic heterotrophs (α)  set at 1, 10, and 50% in rows 1-3, 

respectively.   
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Figure S3.4D: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource utilization efficiency for respiration in aerobic heterotrophs (ε)  set at 1, 10, and 50% in 

rows 1-3, respectively. 
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Figure S3.4E: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource utilization efficiency in aerobic methanotrophs (γ)  set at 1, 10, and 50% in rows 1-3, 

respectively. 
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Figure S3.4F: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource incorporation efficiency in methanogens (κ) set at 1, 10, and 50% in rows 1-3, 

respectively. 

  

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12
0

0.2

0.4

0.6

0.8

1.0

κ=0.01

κ=0.1

κ=0.5

O2 proportion CO2 proportion CH4 proportionA. B. C.

1.

2.

3.

Initial resource (R) concentration

In
it
ia

l 
o
x
y
g

e
n

 (
O

2
) 

c
o

n
c
e

n
tr

a
ti
o

n



 

94 
 

 

 

 Figure S3.4G: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource incorporation efficiency in aerobic heterotrophs (λ) set at 1, 10, and 50% in rows 1-3, 

respectively. 
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Figure S3.4H: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource incorporation efficiency in aerobic methanotrophs (μ) set at 1, 10, and 50% in rows 1-3, 

respectively. 
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Figure S3.4I: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R input 

values, with energy requirements of aerobic methanotrophs (v) set at 1, 10, and 50% in rows 1-3, respectively. 
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Figure S3.4J: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R input 

values, with resource utilization efficiency in fermenters (ω) set at 1, 10, and 50% in rows 1-3, respectively. 

 

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12
0

0.2

0.4

0.6

0.8

1.0

ω=0.01

ω=0.1

ω=0.5

O2 proportion CO2 proportion CH4 proportionA. B. C.

1.

2.

3.

Initial resource (R) concentration

In
it
ia

l 
o
x
y
g

e
n

 (
O

2
) 

c
o

n
c
e

n
tr

a
ti
o

n



 

98 
 

 

 

Figure S3.4K: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource utilization efficiency in anaerobic methanotrophs (Ω) set at 1, 10, and 50% in rows 1-3, 

respectively. 

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12
0

0.2

0.4

0.6

0.8

1.0

Ω=0.01

Ω=0.1

Ω=0.5

O2 proportion CO2 proportion CH4 proportionA. B. C.

1.

2.

3.

Initial resource (R) concentration

In
it
ia

l 
o
x
y
g

e
n

 (
O

2
) 

c
o

n
c
e

n
tr

a
ti
o

n



 

99 
 

 

 

Figure S3.4L: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource incorporation efficiency in anaerobic methanotrophs (ψ) set at 1, 10, and 50% in rows 1-

3, respectively. 
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Figure S3.4M: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with energy requirement for aerobic heterotrophs (s) set at 1, 10, and 50% in rows 1-3, respectively. 
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Figure S3.4N: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with energy requirement for methanogens (u) set at 1, 10, and 50% in rows 1-3, respectively. 
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Figure S3.4O: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource incorporation efficiency for fermenters (ξ) set at 1, 10, and 50% in rows 1-3, 

respectively. 

  

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

1
2
3
4
5
6
7
8
9

10
11
12

2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12 2 3 4 5 6 7 8 9 10 11 12
0

0.2

0.4

0.6

0.8

1.0

ξ=0.01

ξ=0.1

ξ=0.5

O2 proportion CO2 proportion CH4 proportionA. B. C.

1.

2.

3.

Initial resource (R) concentration

In
it
ia

l 
o
x
y
g

e
n

 (
O

2
) 

c
o

n
c
e

n
tr

a
ti
o

n



 

103 
 

 

 

Figure S3.4P: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource utilization efficiency for fermenters (τ) set at 1, 10, and 50% in rows 1-3, respectively. 
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Figure S3.4Q: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with energy requirement for anaerobic heterotrophs (m) set at 1, 10, and 50% in rows 1-3, respectively. 
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Figure S3.4R: Variations in O2, CO2, and CH4 proportions (in columns A-C) run to steady state at set O2 and R 

input values, with resource incorporation efficiency for anaerobic heterotrophs (ρ) set at 1, 10, and 50% in rows 1-3, 

respectively.  
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Figure S3.5: Long term dynamic variations in O2, FP, and CH4 run at two different initial O2 concentrations, but 

constant input of R (resource) - (A) 5 units, (B) 1 unit.  The initial O2 concentrations affect the transient dynamics, but 

nevertheless the system converges towards the same stable state. These dynamics are reminiscent of the complex 

cyclic dynamics that we observe in the constant input of both resource and oxygen. 
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Figure S3.6: Dynamic variations in O2, CO2, and CH4 under constant addition of O2 and fixed initial amount of R 

(resource). In contrast to figure S5, due to lack of resources, different functional groups crash and the concentrations 

of gases/substrates (except oxygen) stabilize. Because oxygen is being pumped in continually, it keeps increasing. 
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Figure S3.7: A comparison of concentrations of O2, and CH4 in time under three different regimes of addition of O2 

( ) (and fixed rate of R (resource) addition ( )) in the reduced model (full model without H) compared with the 

full model. The dynamics of methane and oxygen are similar in both the models and are mostly controlled by the 

relative addition rates of oxygen in both the models. This signifies the qualitative robustness of the model to addition 

of removal of new microbial functional groups (with respect to general behavior) 
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Chapter 4 : Higher-order effects, continuous species interactions, and 

trait evolution shape microbial spatial dynamics 

Please note that the contents of this chapter have been published as: 

Swain*, A., Fussell*, L. and Fagan, W.F., 2022. Higher-order effects, continuous species interactions, and 

trait evolution shape microbial spatial dynamics. Proceedings of the National Academy of Sciences, 119(1).  

DOI: https://doi.org/10.1073/pnas.2020956119 

(*equal contributions; first co-authors) 

 

Abstract 

The assembly and maintenance of microbial diversity in natural communities, despite the 

abundance of toxin-based antagonistic interactions, presents major challenges for biological 

understanding. A common framework for investigating such antagonistic interactions involve 

cyclic dominance games with pairwise interactions. The incorporation of higher-order interactions 

in such models permits increased levels of microbial diversity, especially in communities where 

antibiotic producing, sensitive, and resistant strains co-exist. However, most such models involve 

a small number of discrete species, assume a notion of pure cyclic dominance, and focus on low 

mutation rate regimes, none of which well represents the highly interlinked, quickly evolving, and 

continuous nature of microbial phenotypic space. Here, we present an alternative vision of spatial 

dynamics for microbial communities based on antagonistic interactions—one in which a large 

number of species interact in continuous phenotypic space, are capable of rapid mutation, and 

engage in both direct and higher-order interactions mediated by production of and resistance to 

antibiotics. Focusing on toxin production, vulnerability, and inhibition among species, we observe 
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highly divergent patterns of diversity and spatial community dynamics. We find that species 

interaction constraints (rather than mobility) best predict spatiotemporal disturbance regimes, 

whereas community formation time, mobility, and mutation size best explain patterns of diversity.  

We also report an intriguing relationship among community formation time, spatial disturbance 

regimes, and diversity dynamics. This relationship, which suggests that both higher-order 

interactions and rapid evolution are critical for the origin and maintenance of microbial diversity, 

has broad-ranging links to the maintenance of diversity in other systems. 

Introduction 

Understanding the origin and maintenance of species diversity is a long-standing biological 

question, and understanding diversity through the lens of species interactions has been deemed 

key (Hutchinson, 1961; May, 1972; Chesson, 2000; McCann, 2000; Shoresh et al., 2008). Natural 

communities possess high species diversity, often much higher than expected from a 'simple' 

Darwinian interpretation of species interactions (Reichenbach et al., 2007). Extraordinary levels 

of diversity exist in several macroscopic systems (e.g., coral reefs, tropical forests), but remarkable 

levels of diversity also exist in microscopic systems, among microbial communities. High levels 

of diversity in microbial systems are especially intriguing given the ubiquity of antagonistic 

interactions among microbes, such as the production of antibiotics/toxins against one another 

(Cordero et al., 2012; Ghoul and Mitri, 2016; García-Bayona and Comstock, 2018; Hibbing et al., 

2010; Peterson et al., 2020).  

Theoretical and empirical studies have explored microbial interactions with the goal of 

understanding the mechanisms of species coexistence in hyper-diverse microbial systems. Major 

examples include models with: (A) mutualistic and cross-feeding interactions (Hoek and Merks, 

2017); (B) resource-based competitive interactions (Butler and O’Dwyer, 2018); (C) a 
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combination of mutualistic and competitive interactions (Butler and O’Dwyer, 2018, 2020; Coyet 

et al., 2015; Momeni et al., 2017); (D) stochastic spatio-temporal processes (Chase, 2003; Jeraldo 

et al., 2012); and (E) antagonistic interactions due to toxin production (Czárán et al., 2002; Kelsic 

et al., 2015; Reichenbach et al., 2007).  

Previous studies focusing on the mutualistic, cross-feeding and resource-based competitive 

interactions (points A-C above) have demonstrated that positive interactions arising from resource 

exchange can affect key criteria governing the relationship between community diversity and 

stability. Examples of such criteria are that species richness is inversely related to the strength of 

random pairwise interactions in stable communities (May, 1972) and communities constructed 

with random pairwise interactions feature an upper bound on diversity (Allesina and Tang, 2015; 

Gross et al., 2014; Sinha and Sinha, 2005). Additional key findings from the resource-based 

framework are that cooperative (metabolic) interactions can arise spontaneously in complex 

microbial communities (Libby et al., 2019) and that a cooperative versus competitive dichotomy 

of microbial communities may exist, depending on conditions (Machado et al., 2021). Sometimes, 

the interactions arising from resource exchange allow systems to bypass classic stability-diversity 

relationships (Butler and O’Dwyer, 2018, 2020). Collectively, these results have tremendously 

improved our understanding of the factors influencing the development and persistence of 

microbial community diversity. However, resource-based perspectives fail to account for a major 

class of well-known antagonistic interactions that exist among microbes, mediated through 

bacterial toxins or antibiotics (also termed as bacteriocins and related compounds). Toxin-based 

interactions are ubiquitous in both natural microbial communities and controlled settings (Cordero 

et al., 2012; García-Bayona and Comstock, 2018; Ghoul and Mitri, 2016; Hibbing et al., 2010), 
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are found in all known phyla of bacteria, come in diverse forms, and play a central, yet usually 

underappreciated role in shaping microbial community structure (Peterson et al., 2020). 

Here, we focus on modeling microbial communities structured by antagonistic interactions 

among antibiotic/toxin producing, sensitive and resistant species. Prior research in this area has 

relied on the framework of cyclic dominance (also termed non-transitive systems or rock-paper-

scissors systems) and related techniques in evolutionary game theory (Czárán et al., 2002; Kelsic 

et al., 2015; Frey, 2010; Hibbing et al., 2010, Kerr et al., 2002; Szolnoki et al., 2014). Early models 

using cyclic dominance explored community stabilization, increased co-existence, and 

maintenance of diversity in spatially structured environments (Czárán et al., 2002; Durrett and 

Levin, 1998; Kerr et al., 2002; Kirkup and Riley, 2004). However, because these models focused 

on pairwise interactions, they generally did not account for other kinds of interactions that occur 

when intermixed species coexist at very small spatial scales (García-Bayona and Comstock, 2018; 

Ghoul and Mitri, 2016; Green et al., 2006; Raynaud and Nunan, 2014; Reichenbach et al., 2007; 

Vetsigian et al., 2011). For example, real microbial species are routinely involved in multi-species 

interaction systems including so-called ‘higher-order interactions’ in which the interactions 

between two species can be modulated by other species (Bairey et al, 2016; Grilli et al., 2017). 

One simple example of such a behavior occurs when an antibiotic produced by one species, that 

inhibits the growth of a competing (sensitive) species, can be attenuated by a third species that can 

degrade the antibiotic (Abrudan et al., 2015; Kelsic et al., 2015; Perlin et al., 2009). Here, the third 

species modulates the interaction between the antibiotic-producing and antibiotic-sensitive 

species, without impacting either of them directly (Bairey et al, 2016), thus creating a higher-order 

interaction.  
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Models using cyclic dominance with higher-order interactions for a small number of static 

(i.e., non-evolving) species have demonstrated increased stability and diversity in both spatially 

structured and well-mixed communities (Czárán et al., 2002; Durrett and Levin, 1998; Kelsic et 

al., 2015; Kerr et al., 2002; Kotil and Vetsigian, 2018; Reichenbach et al., 2007), and findings 

from such models have been verified empirically (Kelsic et al., 2015). In contrast, horizontal gene 

transfer and mutation blur the boundaries among microbial strains and species, reflecting the 

continuous nature of phenotypes in microbial assemblages. Scaling up analytic models of cyclic 

dominance to species-rich scenarios is not possible because the incorporation of more than a few 

discrete species makes the dynamics extremely complex and hard to interpret using equation-based 

approaches (Kelsic et al., 2015). 

Despite its prominence in modeling studies, pure cyclic dominance, in which there is a 

‘closed’ loop of dominance, is rare in nature (Friedman et al., 2017; Higgins et al., 2017; Park et 

al., 2020; Wright et al., 2016). In contrast, rapid evolution routinely leads to model systems 

featuring semi-cyclic or non-cyclic patterns in which higher-order interactions, such those 

involving antibiotic producing, sensitive, and resistant species, are common (Grilli et al., 2017; 

Park et al., 2020). Therefore, the notion of pure cyclic dominance used in earlier studies of 

antagonistic microbial dynamics needs to be supplemented with evolving, ‘mixed’ patterns of 

dominance, in order to better model microbial community interactions. 

Prior studies of community-level eco-evolutionary dynamics, which have explored the 

evolution of species interactions abstractly or the specific traits that determine such interactions 

(Ginzburg et al., 1988; Guill and Drossel, 2008; Loeuille and Loreau, 2005), focused on niche-

based food web models (i.e., those involving resource consumption) rather than the non-resource 

based antagonistic interactions that characterize our work. Even when studies did investigate 
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antagonistic interactions and resultant species dynamics, they emphasized very slow mutation 

regimes and assumed a separation of ecological and evolutionary timescales (Diekmann, 2002; 

Gorter et al., 2020; Tarnita, 2018). Such assumptions do not work very well for microbial systems, 

where high mutation rates and extensive horizontal gene transfers are commonplace, creating an 

overlap of ecological and evolutionary timescales (Gorter et al., 2020; Hall et al., 2017; Le Roux 

and Blokesch, 2018; Tarnita, 2018). These eco-evolutionary feedbacks can affect the nature of trait 

evolution (48) and even destabilize species interactions (Rodríguez-Verdugo and Ackermann, 

2021). Recent models exploring these fast-evolving regimes in antibiotic-mediated antagonistic 

communities have uncovered mechanisms responsible for de novo assembly of diverse microbial 

communities with higher-order interactions, but such results are qualitatively different from what 

is possible when mutation is rare (Kotil and Vetsigian, 2018; Tarnita, 2018).  What is needed, then, 

are studies of community assembly in models where a large number of species interact in 

continuous phenotypic space, are capable of rapid mutation, and engage in both direct and higher-

order interactions. 

Here, we integrate three major themes concerning the dynamics of microbial communities 

structured by antagonistic interactions, specifically higher-order interactions, a continuous view of 

microbial trait space, and an eco-evolutionary perspective on community assembly wherein 

evolution can happen rapidly. This integrated perspective allows us to explore mixed, rather than 

strict, patterns of dominance among a large number of biologically realistic species (hundreds to 

thousands; constrained only by computational power) to study microbial communities of 

toxin/antibiotic producing, sensitive, and resistant species. Within an agent-based modeling 

framework, we use a continuous species parametrization model with a wide range of mutational 

sizes to explore spatio-temporal community assembly, diversity, and stability (see Figure 4.1 and  
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Figure 4.1: A conceptual representation of the model, with descriptions of all the parameters involved. See Methods for details about 

implementation. 
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methods). Parameters are defined at a global level and are divided into two categories: spatial 

(which define rules and properties of spatial interactions) and species-level (which define the toxin 

interactions in the species space). The continuous (phenotypic) species space generalizes intra-

species relationships of toxin production, vulnerability, and resistance that arise randomly in 

populations through mutation and interspecies relationships.  

We find that species-level properties, such as constraints on higher-order interactions 

among species, affect the spatial structure of microbial dynamics more than spatial factors like 

mobility and the effective distance over which individuals kill or inhibit each other. In contrast, 

nonspatial metrics of community diversity reflect complex interactions among species-level and 

spatial parameters, especially mobility and mutation size, plus community formation time (the time 

it takes to form a stable community; see Kotil and Vetsigian, 2018). Our attention to community 

formation time, which provides an opportunity for characterizing transient dynamics rather than 

just focusing on stable states or the long-term maintenance of diversity (Coyte et al., 2015; 

Friedman et al., 2017; Tarnita, 2018), is intentional. It turns out that community formation time is 

a very good predictor of diversity dynamics, but this time duration cannot be estimated well from 

other parameters, pointing at emergent complex properties of community assembly. 

Results 

After running 10.49 million simulations across a broad range of parameter combinations, we 

observed strong differences in spatial heterogeneity among runs. We classified this behavior into 

three major categories depending only on the observed level of spatial disturbance (low, medium, 

and high disturbance; Figure 4.2, Methods). These three categories featured both between- and 

within-category differences in community spatio-temporal dynamics, but exhibited similar 
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Figure 4.2: System dynamics in three example conditions of initial conditions pertaining to different regimes of spatial disturbance 

behavior (Low, Medium and High) (rows A-C). Snapshots of each simulation at different timesteps (10, 100, 250 and 500) are shown 

in columns 1 through 4. The respective species dynamics (where different colors represent different species ‘bins’, see Methods) and 

diversity dynamics are represented in columns 5 and 6, respectively. In columns 5 and 6, the time taken for the simulation to stabilize 

(i.e., the community formation time or CFT) is denoted with a vertical red dotted line. The community existing after the system has 

reached the CFT is termed an eco-evolutionary stable community (ESC).
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Figure 4.3: Dependence of model dynamics on different parameters and community formation 

time (CFT). (A) shows the variable importance score for all the parameters from a random forest 

classification (with 10,000 trees) on the three categories of spatial disturbance (OOB=10.2%). (B) 

and (C) denote the variable importance scores from random forest regression models (with 10,000 

trees) for Shannon diversity (SD) mean and variance respectively. (D)-(E) show the SD mean-

variance plots overlaid with mutation size, growth radius, and community formation time (CFT) 

values of the respective simulations. For (A)-(C), IncNodePurity (used in regression random 

forests) and MeanDecreaseGini (used in classification random forests) refer to how well a 

parameter explains the prediction variable in question.  
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disturbance regimes within categories (Figure 4.2). The continuous trait axis and the mutable 

nature of traits together allow for the simulation and visualization of hyper-diverse communities, 

contrasting with the small, fixed number of discrete, immutable species in previous works (see 

Kelsic et al., 2015; Frey, 2010; Reichenbach et al., 2007). 

The time that each simulation took to stabilize (i.e., to form a stable community) is termed the 

community formation time (CFT; see Methods and Kotil and Vetsigian, 2018), and the community 

that thus assembled is called an eco-evolutionary stable community (ESC). The incorporation of 

mutations allows for an exploration of community assembly, transient dynamics (such as CFT and 

its relation to community properties over time), and complex spatial patterns that was not possible 

using previous frameworks (Figure 4.2) (Kelsic et al., 2015; Kotil and Vetsigian, 2018). 

To understand how parameters relate to the spatial disturbance categories, we performed a 

random forest classification using the six model parameters (kill radius, inhibit radius, growth 

radius, kill margin, inhibit margin and mutation size). The model had an out-of-bag error of 10.2% 

and identified kill margin and inhibit margin as the best predictors of the disturbance classification 

(Figure 4.3A). Note that kill margin and inhibit margin are global species-specific parameters. 

The next most important parameter was growth radius, which is a proxy for mobility in 

our model (Figure 4.1), followed by mutation size, kill radius, and inhibit radius. These findings 

showed that, except for growth radius, other spatial parameters played a minor role in determining 

the structure of spatial disturbance in the model systems.  

To assess non-spatial metrics of community assembly, we performed a random forest 

regression on the Shannon diversity (SD) mean (i.e., mean Shannon diversity (SD) for the period 

from timestep=0 to the CFT) and the associated SD variance using the same six simulation 

parameters (and an associated species bin size of 0.05 for discretizing species; for more details on 
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species binning, see Methods). That random forest model explained 68.4% of the variance for the 

SD mean and 70.2% for the SD variance. Mutation size and growth radius were the two best 

predictors of both outcome variables (Figure 4.3B,C). Among the less important parameters that 

affect SD mean and variance, we note that kill margin and kill radius play a larger role in 

determining SD mean whereas inhibition processes better predict SD variance (Figures 4.3B,C, 

S4.1).  

From a naïve interpretation, one would expect mutation size to be a good predictor of increasing 

diversity, as a higher mutation size allows for the possibility of greater variation in microbial 

phenotypic space and therefore the binned SD would be expected to be higher. However, after 

overlaying the plot of SD mean versus variance with the respective mutation size values, the picture 

is largely muddled (Figure 4.3D). We saw even more mixed results after overlaying the growth 

radius values on the SD mean-variance plot (Figure 4.3E). Overlaying other less important model 

parameters on the SD mean-variance plot showed no straightforward pattern at all (Figure S4.2). 

Interestingly, upon overlaying the SD mean-variance plot with the values of the respective 

CFTs, a stronger pattern emerged. Note the clustering by color gradient of the points due to CFT 

in SD mean-variance space (Figure 4.3F). Although CFT is not a parameter, it is an emergent 

outcome of the community assembly process and exploring it further provided insights into the 

diversity formation process itself. 

To formally detect clusters in the SD mean-variance plot with respect to CFT, we used k-

means clustering optimized for the number of clusters using multiple methods (Methods) and 

identified four clusters (Figures 4.4A, S4.3). These clusters pertain to (1) Low SD mean and SD 

variance, (2) High SD mean and SD variance, (3) High SD mean and medium SD variance and, 

(4) High SD mean and low SD variance, in order of increasing values of CFT. 
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Figure 4.4: Effects of Community formation time (CFT) on the spatial diversity dynamics. (A) depicts the 

four optimal clusters (groups) of SD mean-variance space found using k-means clustering (see Figure S3). 

(B) shows the results from the partial rank correlation coefficient (PRCC) analyses of the four groups and 

the overall data. (C) shows the proportion of spatial disturbance regimes present in different groups. (D) 

and (F) show the distribution of the values of mean and variance of Shannon Equitability and Simpson’s 

index, respectively, for a smaller subsample of the runs, with points colored by groups from (A). (E) depicts 

the group-wise histogram of Shannon equitability and (G) the histogram of Simpson’s index (for clarity, 

only the range between 0 and 0.04 is shown). 
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On performing random forest regression predicting CFT using the six-parameters for the 

whole dataset, we found a low explanation of variance (22.3%), with the kill parameters (kill 

radius, and kill margin) being the strongest predictors. However, upon performing the analysis 

separately on the four CFT groups, a stronger pattern emerged (Figure S4.4). For group 1, the 

regression explained 30.2% of the variance with growth radius being the strongest predictor, and 

other variables playing a smaller part, but nevertheless the second and third best predictors are kill 

parameters (Figure S4.3A). Group 2 regression explained 90.6% of the variance with again 

growth radius as the strongest predictor with other parameters making almost no contributions 

(Figure S4.4B). For group 3 and 4, the regression explains 27.2% and 6.0% of the variance 

respectively, with growth radius again having most impact on prediction (Figure S4.3C,D). This 

pattern of results is unusual because the overall regression did not show any strong dependence on 

growth radius (Figure S4.3E).  

To explore this dilemma further, we performed a partial rank correlation coefficient 

analysis on this data pertaining to CFT (Figure 4.4B). We found that the sign and strength of the 

dependence of growth radius for CFT groups vary widely; hence, the random forest regression on 

the whole dataset misses this signal. Growth radius had a strong positive PRCC with CFT in group 

1, a very strong negative PRCC with CFT in group 2, a weakly positive PRCC in group 3 and a 

negligible one in group 4. Other parameters had relatively smaller PRCC values as compared to 

growth radius values for group 1 and 2. Kill radius and kill margin had overall higher PRCC values 

than the other parameters and thus were identified by the random forest algorithm (Figures 4.4B, 

S4.4E). Moreover, on calculating PRCC of parameters on SD mean and SD variance, we found 

that the general values are similar for both SD metrics, but what differentiates SD mean and SD 

variance values the most is growth radius (Figure S4.1).  
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To link the dependence of diversity dynamics on CFT with the spatial disturbance regimes, 

we compared what proportion of the three spatial disturbance regimes (low, medium, and high) 

fall into the four CFT-classified groups from SD mean-variance space (Figure 4.4C). We found 

that the low disturbance regime was most associated with group 1 and, to a much lesser extent, 

group 4. The medium disturbance regime was primarily dominated by group 2, with a small 

contribution from group 3. Lastly, the high disturbance regime was dominated by groups 3 and 4. 

These results can be interpreted in the light of Shannon equitability and Simpson’s index values 

for the simulations (Figures 4.4D-G). Transitioning from Group 1 to 4 reveals an increase in mean 

Shannon’s equitability (Figure 4.4D,E) and a decrease in mean Simpson’s index (Figure 4.4F,G). 

One interpretation here is that higher equitability among species (i.e., higher values of Shannon 

equitability), which can occur when comparatively few species dominate the community (i.e., 

lower Simpson’s index), results in simulations that take longer to equilibrate (i.e., longer CFTs). 

For example, communities in Group 4 take longer to equilibrate (longer CFTs) as the species in 

those communities are more nearly equitable, with comparatively fewer species whose interactions 

exercise control over the community. In contrast, Group 1 has low equitability, implying a higher 

level of community dominance by some players, and therefore, those simulations settle down 

quickly (low CFTs). Collectively, these results highlight some important, and novel, connections 

between temporal spatial patterns and diversity dynamics, especially through the lens of transient 

phenomena (see Hastings, 2001; Hastings et al., 2018).  

All the results in this section were performed using a species bin size (for discretization of 

species for diversity metrics; see Methods) of 0.05, but we repeat the analyses at three other 

reasonable bin sizes (0.03, 0.07 and 0.09; see Methods) and find almost no changes in the structure 

of the results and their interpretations (see Figure S4.5) in any of the cases. The space of SD mean 
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and variance shrinks in scale (Figure S4.5C) as the bin sizes increase, which is expected because 

increasing bin sizes results in fewer distinct species for analysis. However, the categorization of 

spatial disturbance remains unaltered because binning does not affect the actual dynamics of the 

model, but only how we quantify those dynamics through discretization. Therefore, the 

dependence of CFT on parameters remained unaltered (Figure S4.5D). The categorization of SD 

mean and variance into groups, their relation to spatial disturbance regimes, and their dependence 

on parameters also varied little (Figures S4.5A,B,E). 

Discussion 

A continuous species model with simple rules for interactions based on antibiotic 

production, inhibition, and vulnerability can produce a wide array of complex dynamics and 

generate hyper-diverse, persistent communities. Despite enormous heterogeneity in behavior, 

certain general patterns in the assembly and stability of these hypothetical microbial communities 

stand out.  

The diversity patterns seen across time were expressed in the form of mean Shannon 

diversity (SD) and its associated variance. The phase space of these two metrics shows a non-

linear relationship between the metrics. Random forest regressions revealed that mutation size and 

growth radius were the best predictors of mean SD diversity and its variance (Figures 4.3B,C). In 

other words, the mutation size and mobility of species jointly determine how diversity dynamics 

play out in these theoretical communities.  

Mobility controls diversity dynamics in numerous previous studies (Kelsic et al., 2015; 

Frey, 2010; Reichenbach et al., 2007; Szolnoki et al., 2014). In particular, small amounts of 

mobility enhance diversity, whereas large amounts of mobility jeopardize it (Reichenbach et al., 
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2007; Szolnoki et al., 2014). Reduced mobility results in spatially structured populations where 

co-existence is easier to maintain, as seen in experimental works on competing E. coli strains (Kerr 

et al., 2002, 2006; Weber et al., 2014). Recent work has shown that even in cases of high mobility 

(i.e., well-mixed communities), one can observe co-existence if higher-order interactions, such as 

antibiotic production and degradation, are considered (Kelsic et al., 2015). This is the case for in 

vivo experiments with bacterial colonies in the intestines of co-caged mice; these systems can be 

considered locally well-mixed and have high levels of coexistence (Kirkup and Riley, 2004). 

High mutation rates, and processes such as horizontal gene transfer (HGT), have been long 

known to affect diversity in experimental microbial populations, especially during the initial phase 

of community assembly (Giraud et al., 2001; Dutta and Pan, 2002). But cyclic dominance models 

have tended to overlook the role of mutations and HGT in coexistence. Such studies have focused 

instead on detailed understanding of a small number of discrete species under a low mutation 

regime (Tarnita, 2018). Recently, studies have focused on understanding the effects of high 

mutational regimes in community assembly, which better represent microbial systems (Kotil and 

Vetsigian, 2018), and can generate frequent non-cyclic interactions (Park et al., 2020). Our efforts 

have considered an array of mutational regimes and characterized the importance of non-cyclic 

patterns of interactions in the assembly and maintenance of microbial communities.  

Mutation size and growth radius (a proxy for mobility) were good predictors of SD mean 

and SD variance but yielded no discernable patterns in the phase space (Figures 4.3D,E). In 

contrast, community formation time (CFT) partitioned the space cleanly into four regions with 

distinct properties (Figures 4.3F, 4.4A). Communities that have low diversity (SD mean) and 

small fluctuations in diversity (i.e., low SD variance) (group 1) assemble quickly, and mobility 
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enhances diversity and co-existence in this scenario (Figures 4.4A,B). In contrast, mobility 

negatively affects diversity and coexistence for communities with high diversity (SD mean) and 

larger fluctuations (high SD variance) (group 2), and these communities assemble slower than 

group 1. For communities that take a long time to stabilize (groups 3 and 4), diversity is generally 

high (SD mean), but it fluctuates less and mobility has a negligible effect. 

Mutation sizes were weakly correlated with CFT, as observed previously (Kotil and 

Vetsigian, 2018) but exhibited substantial variation in trends due to interactions with other model 

parameters. For low SD mean and variance (group 1) and high SD mean and variance (group 2), 

mutation size positively affects CFT (Figure 4.4B). This implies that communities with larger 

mutations take longer to stabilize, but only when the diversity outcome corresponds to these two 

groups (Figure 4.4B). If SD mean is high but SD variance is low, mutation affects CFT negatively, 

i.e., higher mutation helps communities converge faster (Figure 4.4B).  

Community spatial structure is also important for coexistence (Szolnoki et al., 2014). 

However, rather than focusing on the final spatial structure, we examined the degree of spatial 

disturbance that occurred throughout the assembly process, which provides insight into the extent 

of mixing/migration that might occur in these communities. The categorization of spatial 

disturbance regimes was best predicted by species-level parameters (kill margin and inhibit 

margin), rather than by other spatial parameters in our model. This is somewhat surprising, but 

higher-order interactions are known to influence spatial patterns of coexistence (Kelsic et al., 

2015). Importantly, we found a strong correspondence between the regimes of spatial disturbance 

and the groups produced by CFTs. The communities that formed quickly (group 1) tended to have 

low spatial disturbance (Figure 4.4C). Communities that took more time to stabilize and ended up 
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with high diversity through large overall diversity fluctuations (high SD mean and SD variance, 

group 2) have primarily a medium level of spatial disturbance. The communities that took longest 

to stabilize were characterized by high diversity (SD mean) and lower average fluctuations in 

diversity (SD variance) (groups 3 and 4) but have larger spatial disturbances.   

All these observations point towards a complex interplay of mutation and mobility, which 

affects the assembly time of a community (CFT), and in turn controls the diversity of the assembled 

community. Although mobility (or more broadly, dispersal) is known to enhance diversity in 

ecological communities in both theoretical (Barton, et al., 2010; Tilman, 1994) and experimental 

(Howeth and Leibold, 2010; Venail et al., 2008) settings, especially at local scales (Cadotte, 2006), 

we found that mobility is linked to diversity only in communities with short and intermediate CFT 

(i.e., those that equilibrated relatively quickly).  Mobility enhances diversity and coexistence in 

Group 1, where a subset of dominant (high relative abundance) species appear to set community 

dynamics.  In this capacity, dispersal would appear to act in the classic disruptive fashion, 

permitting coexistence where it would otherwise not occur (Hassell et al., 1991; Snyder et al., 

2003).  In contrast in Group 2, where communities are characterized by both high diversity and 

high fluctuations, mobility has a negative effect on diversity and coexistence, in keeping with the 

capacity for dispersal to homogenize otherwise diverse systems (McKinney and Lockwood, 1999; 

Pauchard and Shea, 2006).  This dichotomy, together with the absence of an important role for 

mobility in Group 4, where communities are characterized by long-term nonequilibrial dynamics, 

offers an intriguing target for future integrative research. 

The mechanistic light shed upon these patterns by studying the Shannon equitability index (which 

measures the distribution of relative abundance of species in a community) and Simpson’s index 
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(which measures the distribution of ‘dominance’ of species in a community) is also worth 

mentioning. The more equitable a community (higher Shannon equitability), the lower the chance 

of a particular species dominating the interactions (lower value of Simpson’s index) and therefore, 

the longer it takes for the community dynamics to stabilize (longer CFTs), as seen in the behavior 

of the four groups (see Figures 4.4D-G). The importance of species dominance to the maintenance 

of diversity in this model, which is structured via non-resource based antagonistic interactions, is 

intriguingly similar to the critical role that species dominance plays in both real and theoretical 

communities structured via resource-based competition (Holt et al., 1994; Sasaki et al., 2011; 

Seabloom et al., 2003; Stanley Harpole et al., 2006). 

Collectively, these results demonstrate the rich spatiotemporal dynamics that are possible when 

large numbers of microbial species with limited but heterogeneous rules for aggressive, inhibitory, 

and vulnerable interactions live in a common space. Although these findings are focused primarily 

on non-resource-based antagonistic interactions between microbes, such dynamics may also be 

relevant for coral communities and other spatially structured systems featuring diverse types of 

interspecific interactions (see Laird and Schamp, 2018; Karlson and Jackson, 1981; Precoda et al., 

2017).  

Our results also point towards the important yet often-overlooked role that transient dynamics play 

in the behavior and structure of ecological systems (see Hastings et al., 2018). Usually, models of 

ecological dynamics use asymptotically stable behavior or values at stability to explore patterns in 

the system (Hastings et al., 2018). Admittedly, we have followed this approach in our exploration 

of how different parameters affect microbial communities’ long-run behavior (i.e., after CFT is 

reached). In addition, however, we also focused on categorizing spatio-temporal disturbance 
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regimes and connecting these transient phenomena to system diversity. Great opportunities exist 

for future work investigating temporal diversity dynamics and how they relate to spatial 

heterogeneity and system processes. Such investigations can shed light on how transient microbial 

dynamics and assembly history affects the species diversity seen in microbial communities 

(Fukami, 2004).  

Even though our model introduced the use of continuous axes for species traits and interactions, 

we note that the post-hoc binning procedure creates a bridge back to the matrix/network framework 

that has characterized community ecology studies for decades (Allesina and Tang, 2015; Butler 

and. O’Dwyer, 2018, 2020; May, 1972; McCann, 2000; Sinha and Sinha, 2005). In this case, 

however, a multi-layered network perspective would be necessary to accommodate the different 

kinds of antibiotic-mediated interactions (production, inhibition, and vulnerability). Future work 

could also incorporate other important forms of microbial interactions (e.g., mutualism, cross-

feeding, resource competition) into the continuous species framework we have developed. Such 

investigations would allow exploration of how the interplay between resource-based and 

antagonistic interactions jointly shape diversity dynamics. However, to do this we need to 

understand the interrelationships between resource-based and antagonistic interactions across 

species (see Gonzalez and Mavridou, 2019; Peterson et al., 2020; West et al., 2006). Such 

investigations could be highly beneficial by providing a more complete view of how higher-order, 

intransitive interactions shape community assembly, stability, and diversity in natural systems. 
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Methods 

Model Description 

Here we outline an algorithmic presentation of the model. The parameters of the model and their 

corresponding symbols are detailed in Table 4.1. The simulation takes place on a 200 x 200 square 

lattice with toroidal boundary conditions. This size of this simulation was a tradeoff between being 

small enough for computational feasibility and large enough to allow interesting dynamics. We 

found 200 x 200 to be a reasonable range for our computation budget. The model of microbial 

dynamics on this simulation is split into two parts: the microbial (phenotypic) space and the 

environment space (see Figure 4.1). This division of the model is purely for convenience and can 

easily be reinterpreted where the microbes and the environment are not differentiated. For the 

microbial phenotypic space, each cell in the lattice represents a single ‘variant’ of microbe and is 

parameterized by a stateful three-dimensional species vector ��� �Ø, f�, �h�, where Ø represents a 

cell that is unoccupied and [0,1] is a bounded real value that defines the parameters of any 

occupants. The three elements of the species vector are the species’ vulnerability (��), the species’ 

inhibition value (�=), and the species’ antibiotic production value (�7). In the microbial space, 

neighboring cells do not interact with each other directly, but instead affect the environment space 

which then affects the microbial space. The environment space is stateless and instead always 

resets to the most recent effects from the microbial space, or in other words, no antibiotics remain  

in the environment between timesteps. This can just be interpreted as diffusion on a less granular 

timescale. A cell in the environment space is parameterized by a single scalar value ���Ø, f�, �h, 
which represents the antibiotic occupying that cell space (�7), or indicates the cell contains no 

antibiotics, represented by Ø.  



 

131 
 

 

Parameter Type Definition 

Species antibiotic 

production value (�7) 

Species-level, 

Species-specific 

Defines what species are vulnerable to the 

antibiotic that an individual produces 

Species vulnerability value 

(��) 

Species-level, 

Species-specific 

Defines what antibiotics (and hence species) an 

individual is vulnerable to 

Species inhibition value (�=) 
Species-level, 

Species-specific 

Defines the species whose antibiotics an 

individual can inhibit 

Kill radius (]?) Spatial, Global 
Maximum spatial distance of diffusion of the 

antibiotics produced by an individual 

Inhibit radius (�?) Spatial, Global 

Maximum spatial distance of diffusion of the 

inhibitors to antibiotics of produced by an 

individual 

Growth radius (�?) Spatial, Global 

Maximum spatial distance at which an individual 

can reproduce by producing a copy of itself with 

certain possible mutations 

Kill margin (ϵ�) 
Species-level, 

Global 

The total span centered around the specified 

Species antibiotic production value (�7), which 

can be affected/killed by the antibiotic of a given 

species 

Inhibit margin (ϵ=) 
Species-level, 

Global 

The total span centered around the specified 

Species inhibition value (�=), whose antibiotic can 

be inhibited by a given species 

Mutation size (~) 
Species-level, 

Global 

Maximum value by which the species-specific 

parameters can be additively altered during 

reproduction/copying 

Table 4.1: Brief description of model parameters 
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Note that our model involves only a phenotypic space for microbial traits. There is no 

underlying genotypic space, and our phenotypic microbial space abstracts away genotypic changes 

into expressed phenotypic traits. Doing this in a meaningful way is a very difficult problem, and 

this is especially true for bacterial toxin-based antagonisms, where the basic nature of the 

interactions remains at a preliminary level of research and discovery (García-Bayona et al., 2018; 

Gorter et al., 2021; Granato et al., 2019; Heilbronner et al., 2021; Pérez-Gutiérrez et al., 2013; 

Peterson et al., 2020; Schoustra et al., 2012; Sibinelli-Sousa et al., 2021; Ting et al., 2018; Wang 

et al., 2018). 

At fixed-interval time steps, the state of the microbial space is updated synchronously in 

four stages. First, an antibiotic release step occurs, which simulates the process of microbes 

diffusing antibiotics into the environment. Here each cell’s antibiotic value (�7), in the 

environment space is randomly assigned a species’ antibiotic value (�7) of one other cell from the 

microbial space that is within the antibiotic radius (]?). Note that rewrites of the environment cell 

are possible during this step, so the order of cell updates is randomized. Second, an inhibition step 

occurs which handles any inhibiting effects of the antibiotics in the environment space. In this 

step, for every cell in the microbe space, an inhibition radius (�?) around it is checked for other 

cells in the environment space which contain an antibiotic value (�7) such that the inhibition value 

is within a marginal range of the antibiotic value, ��– ϵ= ≤ �7 ≤ �� + ϵ=. If this is the case, the cell 

in the environment space antibiotic value (�7) is made empty, Ø . Third, a kill step occurs where 

we iterate over every cell, comparing the antibiotic value (�7) in the environment space and the 

individual vulnerability value (��) in the microbial space. If the individual vulnerability value (��) 

is within the range of the antibiotic value ��7), �7 − ϵ7 ≤ �� ≤ �7 + ϵ7 then the individual is 

killed and the cell in the microbial space is made empty, Ø. Fourth and last, a growth step occurs, 
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where for every cell in the microbial space that it is not empty, another cell in the microbial space 

that is within that cell’s growth radius (�?) is randomly selected. If the selected cell is empty, the 

species vector of the growing microbe cell is copied to the selected cell. The copied parameters 

are also further modified according to a mutation size (~). This modification is a non-correlated 

additive perturbation of the species’ vector by a uniform value sampled from ��−~, ~� and the 

value is restricted in the range [0,1] by adding or subtracting 1 if it is outside this range. This 

ensures that all species have equal likelihood of interactions with other species by putting the 

species parameters on a three-dimensional toroid. From a theoretical perspective, this growth can 

be seen as a model of growth probability, where the probability that an individual will reproduce 

is equal to ;���/v��� where ;��� is the number of empty cells within radius �? of the current � 

and v��� = ������2� �?)� is equal to the total number of cells within radius �? of cell �.  

Model Assumptions 

There are three major assumptions/rules underlying our model implementation. The first is that 

the model only attends to toxin-based antagonistic interactions. Little evidence is available to 

characterize the relationship between antagonistic interactions and other forms of microbial 

interactions (e.g., mutualisms, resource competition) across species (Heilbronner et al., 2021; 

Peterson et al., 2020). Therefore, our aim here was to build a ‘base’ model that allows for the 

investigation of antagonistic interactions with more nuance and across more dimensions of 

complexity than was possible in previous work on the subject. The interplay between antagonistic 

interactions and other types of microbial interactions may be explored in future work as more 

information becomes available.  
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The second assumption pertains to the structure of the microbial trait space. Our model 

represents species traits of ‘antibiotic production’, ‘vulnerability’, and ‘inhibition’ as continuous 

values on a real number line. A chief advantage of this approach is that a continuous trait space 

makes it easy to introduce mutations that preserve some history of the evolutionary process. 

Though critical to representations of species evolution, such mutations are difficult to combine 

with graph-based models of species interactions because it is unclear how mutation would update 

the graph edges (Kelsic et al., 2015). We define the presence or absence of a species interaction 

using a simple thresholded Euclidean distance (termed a ‘margin’ in our model). In a multi-species 

context, the larger the margin, the greater the connectivity of the graph of interacting species, and 

likewise the smaller the margin, the sparser the graph.  

These distance-based margins assume that the trait space is a uniform, three-dimensional 

toroid, which has implications for how we deal with changes in trait space. In particular, changing 

the value of one trait in one species and a second trait in another species by the same value d, will 

result in the interacting edge between those two species remaining unchanged in the graph of 

interacting species. For example, if species A is vulnerable to species B’s antibiotic, and the trait 

values of vulnerability (��) in A and antibiotic production (�7) in B each mutate by a value d, 

species A will remain vulnerable to species B’s antibiotic. This approach, which is mathematically 

simple compared to alternative representations of trait evolution (see Supplemental Methods and 

Fig. S4.6), is a reasonable starting point because the true nature of the relationship between 

antibiotic production and vulnerability across microbial species is very much unknown (see 

García-Bayona et al., 2018; Gorter et al., 2021; Granato et al., 2019; Heilbronner et al., 2021; 

Pérez-Gutiérrez et al., 2013; Peterson et al., 2020; Schoustra et al., 2012; Sibinelli-Sousa et al., 

2021; Ting et al., 2018; Wang et al., 2018). 
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In real species, a small genotypic change may or may not correspond to a small change in 

phenotypic space, and some phenotypes can be independently reached via alternative sets of 

genotypic mutational processes (including horizontal gene transfers). To accommodate such 

phenomena, models of microbial diversity and / or mutational processes often adopt an explicitly 

phenotypic modeling approach (see Kelsic et al., 2015, Vetsigian et al., 2011). The phenotypic 

structure of our model allows for such complexity—including the possibility of both small and 

large phenotypic changes in a single generation, and no specific correlation exists between distance 

on the phenotypic space along any axis and the (implicit, unmodeled) genetic change from which 

it results. Modeled in this fashion, phenotypic changes could plausibly represent the outcome of a 

diverse set of microbial mutational processes, given that the details of such processes affecting 

antagonistic microbial interactions are still in their infancy (for details see García-Bayona et al., 

2018; Gonzalez and Mavridou, 2019; Gorter et al., 2021; Granato et al., 2019; Heilbronner et al., 

2021; Pérez-Gutiérrez et al., 2013; Peterson et al., 2020; Schoustra et al., 2012; Sibinelli-Sousa et 

al., 2021; Ting et al., 2018; Wang et al., 2018). We emphasize that we do not model mutations at 

a genotype level because horizontal gene transfer, which plays a major role in trait evolution in 

microbes, especially bacteriocins (see García-Bayona et al., 2018; Heilbronner et al., 2021; 

Peterson et al., 2020), is not easily amenable to such modeling. 

For our third assumption, we stipulate that, within a run of our model, mutations only affect 

species identity (i.e., parameters �7, ��, �= within the continuous trait space). Other parameters (i.e., 

those governing spatial aspects of interactions, the species-breadth (“margin”) of interactions, and 

mutation size; see Table 4.1) remain constant in a given run. We make this assumption because 

antagonistic spatial interactions between bacteria (which we emulate via parameters for kill radius 

and inhibit radius) are typically affected by diffusion properties of the toxin compounds, which 
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have similar physical properties within a given class of molecules but can vary across classes of 

toxins (Peterson et al., 2020). Hence, for computational purposes, we keep the radius parameters 

constant over a run. Likewise, we keep the margin parameters constant over a run because they 

govern the generality of the interactions within the fixed kill and inhibit radii. We keep the 

maximum mutation size constant within runs to facilitate comparisons across different regimes of 

trait alteration. 

Model Implementation 

We implemented the simulation in C++ using the SFML graphics library for rendering. It is 

possible to parallelize the updating of sub-steps of the cells due to the synchronous nature of the 

model, but we chose to use a simpler sequential algorithm that looped through each cell one at a 

time. We did, however, parallelize the running of multiple simulations when sweeping parameter 

spaces. This allowed us to reduce the total computation time required by two orders of magnitude. 

Each simulation was run for 2000 timesteps or until stability/stagnation (also termed the 

Community Formation Time (CFT)). Stagnation/stability was determined by comparing the state 

of all cells between two consecutive time steps, and if it remained unchanged for a total of five-

time steps, the simulation was terminated. This helped to quickly remove a large number of 

simulations that terminated early due to poor parameter settings. Because the simulation was so 

large, collecting per-cell data across many parameters was not practical. Alternatively, we chose 

to compute population-level statistics online during each simulation using Shannon Diversity mean 

and variance (over time) and then from the analysis of this lower-granularity data, we selected 

individual parameter settings to explore population-level statistics. Further, we also built a 

qualitative application to allow quick classification of simulations, assigning them to a class based 
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on their spatial heterogeneity/disturbance dynamics. Simulations were assigned to one of three 

classes according to how the spatial dynamics evolved (Fig. 4.2).  

To track population-level statistics, it was necessary to discretize the continuous species 

space. -discretization (or -binning) assigned individuals to the same species if the three 

parameters of those individuals had the same integer values after performing a binning 

transformation on them like so: ���
� �, �� 

� �, ��¡
� �. When recording the population-level data, we stored 

the number of individuals per species every time step, using a standard 0.05-discretization. 

Although the choice of 0.05-discretization is arbitrary, we emphasize that the binning only affects 

the resolution of the statistical analysis and has no influence on the dynamics of the model itself. 

We found 0.05 to be a small enough value for which the simulation statistics did not blend away, 

but not too small such that there were no measurable statistics (see Data Analysis below). For 

comparison, we repeated the complete set of analyses on system properties at three other 

reasonable species bin sizes (0.03, 0.07, 0.09) (see Fig. S4.5 for more details). 

For every parameter setting, we repeated the simulation ten times, seeding the pseudo-

random number generator with a unique value for each repetition. Every simulation began by 

assigning every cell vector the all-empty state �−1, −1, −1, −1, −1� except the center cell which 

is assigned a random value in the range f−1, 1h for the first three elements of its vector. This initial 

cell represented a randomly created individual. One potential issue was that if the center cell was 

assigned a random value such that it was vulnerable to its own antibiotic, it would kill itself and 

the simulation would terminate immediately. Although this was possible, it was rarely the case, 

and it did not significantly affect our results due to our use of multiple runs per parameter setting. 
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Data Analysis 

We ran a total of 10.49 million runs of our model with various parameter initializations, and 

performed data analysis with Python 3.7 and the R statistical language. For these runs, we obtained 

a manual-classification of the size of the spatial disturbance (low, medium and high). The 

simulations which stabilized quickly (fewer than 20 time-steps) with no further changes in spatial 

patterns and the ones that had (more-or less) stabilized by 20 time-steps, except for a small number 

of point fluctuations in the grid, were categorized as the ‘low disturbance’ regime (Figure 4.2 A1). 

The simulations which, had not stabilized after 20 time-steps but exhibited small waves of diversity 

replacements which diminished over time were termed as ‘medium’ disturbance. All medium 

disturbance simulations stabilized before 500 time-steps (Figure 4.2 B1). The remaining 

simulations did not stabilize even after 500 time-steps, nor had reduced amplitude of waves of 

diversity replacements; these were categorized as the ‘high’ spatial disturbance regime (Figure 

4.2 C1). 

We also calculated the mean Shannon diversity, Shannon equitability, and Simpson’s index 

over time (until a community stabilized, i.e., reached the community formation time, CFT), and 

the variance in each of the three metrics over the same time period. The disturbance classification, 

SD mean, and SD variance were our three outcomes of interest and are the focus of the results. We 

later connect the results to the values of Shannon equitability and Simpson’s index. 

To understand how parameters affect diversity dynamics, we determined the partial rank 

correlation coefficient (PRCC) of various parameters with respect to the three outcomes of interest, 

using the sensitivity package (Iooss et al., 2021) in R. We also performed Random Forest (RF) 

regressions and classification, using the randomForest package (Liam and Wiener, 2002) in R, to 
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identify which parameters were the strongest predictors of the patterns in predicting the outcomes 

of interest. We optimized the number of parameters available for splitting at each tree node in the 

RF using out-of-bag error (OOB) (Liam and Wiener, 2002). Please note that the overlay figures 

(Figures 4.3 D-F, S4.2) have been plotted with pruned samples for better visualization. 

For clustering values on the SD mean versus SD variance space with respect to CFT, we used k-

means clustering in R and optimized for the number of clusters using the elbow method, the D 

index, and the Hubert indices (which all yielded similar results) using the package NbClust 

(Charrad et al., 2014). For each obtained cluster in the Shannon diversity space, we performed a 

random forest analysis to calculate differences in variable importance scores across these clusters. 

For each cluster, we also performed PRCC and random forest analyses, in order to delineate the 

effects that individual parameters had on the different subsets of the diversity space. 
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Supplementary materials 

 

Figure S4.1: Partial rank correlation coefficients (PRCC) of model parameters in relation to the Shannon Diversity 

(SD) mean and variance. Please note that different parameters have similar values of PRCC for both the diversity 

metrics, and the greatest difference in the trends of the two metrics was for growth radius. 
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Figure S4.2: Overlaying values of parameters, (A) Kill margin, (B) Kill radius, (C) Inhibit margin, and (D) Inhibit 

radius, over the respective values on Shannon Diversity (SD) mean and SD variance space. No obvious patterns are 

discernable in how these parameters affect the diversity space as compared to the ones in Figure 3 D-F, where 

distinct patterns in clustering of the diversity space can be observed. 
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Figure S4.3: (A) k-means clustering of the Shannon Diversity (SD) mean-variance space by the community 

formation time (CFT) value. (B) shows the optimal number of clusters using the elbow method. We obtained similar 

results when optimizing clusters using the D index and the Hubert indices. 
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Figure S4.4: Random forest regressions (10,000 trees each with optimization for splits using out-of-bag (OOB) 

error) for community formation time (CFT) for the four diversity groups clustered using k-means. Variance 

explained for- Group 1: 30.2%, Group 2: 90.6%, Group 3: 27.3%, Group 4: 6.0%, Overall: 22.3%. Note: 

IncNodePurity refers to the total decrease in node impurities from splitting on a given parameter, averaged over all 

trees. 

  



 

154 
 

 

 

Figure S4.5: Dependence of the results on species bin sizes. (A) and (B) depict the normalized variable importance 

scores for a random forest regression of Shannon diversity (SD) mean and variance, respectively, at the four bin 

sizes. Percent variance explained remained between 68-75% for all bin sizes, and all other results were similarly 

consistent. (The only thing to note is that the dependence on growth radius (a mobility-related metric) weakens with 

increasing bin size, which may occur because increasing bin size results in greater discretization for a given length 

scale). (C1-4) depict the k-means clustering of the space of SD mean and variance for the four bin sizes. Increasing 

bin size collapses the range of SD mean and SD variance of the resultant communities, but otherwise no changes are 

obvious. (D1-4) depict the Partial Rank Correlation Coefficients (PRCC) of variables on Community Formation 

Time (CFT), which are consistent across bin sizes. (E1-4) depict how the spatial categorizations correspond to the 

diversity groups at four bin sizes, and again the results are consistent. 
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Supplemental Methods. Species interactions can be generalized by keeping the distance-based 

threshold function but changing the geometric representation of the trait space by defining some 

function ��¢�: �� →  �� which maps the uniform trait space to a transformed trait space. The 

threshold function (margin) is then applied to this transformed trait space to determine the 

interactions between species. In other words, if we imagine the interactions in our model to be 

represented by a graph (as in the case of Kelsic et al. 2015), the original trait space defines the 

identity of the species (i.e., nodes in the graph) and the transformed trait space (after being acted 

upon by the threshold function) defines the interactions (i.e., the edges in the graph).  

Our current model simply uses the identity mapping ��¢� = ¢, and therefore the transformed trait 

space and the original trait space are equivalent. The identity map is the simplest functional 

assumption. Instead of the uniform toroidal space in our current model, other trait space geometries 

are possible which could represent very intricate non-linear relationships between how individual 

species, and their traits, interact and evolve (See Figure S6 for simplified examples). The nature 

of these interactions is not explicitly known from current experimental literature and there is much 

debate around it, i.e., there is a dearth of empirical information on the structure and dependencies 

of these traits (e.g., whether they are independent, or constrained; see Schoustra et al., 2012; Pérez-

Gutiérrez et al., 2013; Gonzalez et al., 2019; Granato et al., 2019; Peterson et al., 2020; Gorter et 

al., 2021). In the absence of any guiding information, we assumed an independent, uniform linear 

space of microbial traits for simplicity. This leaves room to develop the model to more complex 

definitions of trait interactions based on future experimental findings. 



 

156 
 

 

 
Figure S4.6: Simple example of two-trait space: (A) depicts the distance between the original trait α for 

species 1 and trait β for species 2 before and after both traits are mutated by a value 'd'. The transforming 

function (i.e., the function that transforms the trait value for use in interaction mapping) is linear (i.e., identity 

function, as is the case with our model). The trait distance between both species is the same before and after 

mutation (Δx1 = Δx2). These principles of linearity and equidistance underpin the simplicity of our approach to 

trait evolution. (B) depicts the same species and traits, but trait β has a different geometry (here the 

transforming function is exponential) such that mutating both traits by a value 'd' does not preserve the trait 

distance between the two species (Δx1 ≠ Δx2). (C) is similar to (B) but with a more non-linear transforming 

function. Both (B) and (C) represent more complex (and more specific) assumptions about trait 

interrelationships than the scenario in (A) which we adopted. If we imagine the interactions in our model to be 

represented by a graph (as in the case of Kelsic et al. 2015), the original trait space (X-axis) defines the identity 

of the species (i.e., nodes in the graph) and the transformed trait space (Y-axis) (after being acted upon by the 

threshold function) defines the interactions (i.e., the edges in the graph). 
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Chapter 5 :  Exploring noise, degeneracy, and determinism in biological 
networks with the ‘einet’ package 
 

Please note that the contents of this chapter have been published as: 

Klein*, B., Swain*, A., Byrum, T., Scarpino, S.V. and Fagan, W.F., 2022. Exploring noise, degeneracy, 

and determinism in biological networks with the einet package. Methods in Ecology and Evolution. 

https://doi.org/10.1111/2041-210X.13805  

(*equal contributions; first co-authors) 

Abstract 

1. Understanding noise in networks and finding the right scale to represent a system are 

important problems in network biology. Most research focuses on the raw, micro-scale 

network from data/simulations and seldom explores the scale-dependence of properties. 

2. Here, we introduce the einet package, which looks at the most informative scale in a 

biological network using recent concepts from information theory and network science. 

3. einet uses two metrics: Effective information, which measures the interplay between 

degeneracy and determinism in a network’s edges, and causal emergence, which finds the 

scale of the network with the highest effective information. 

4. einet is available in R and Python and provides tools to explore noise and scale 

dependency in networks as well as compare information flow and noise across networks. 

 

Introduction 

The functioning of biological systems depends heavily on the interaction of its constituents at 

various levels of organization, be it at the subcellular level or at the ecosystem scale. In order to 
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understand the complexity of such interactions in a more abstract yet workable way, people have 

turned to networks as a useful representation (Gosak et al., 2018; Gysi et al., 2020). The use of 

network science and its tools in biology has exploded in the past two decades, owing to the burst 

of high-resolution data and improved computational capabilities. The application of network 

science has improved our fundamental understanding of many biological systems and structures, 

such as food webs (Dunne et al., 2002; Pascual & Dunne, 2006; Shaw et al., 2021), neuronal 

functioning and signaling (Sporns, 2014; Bassett & Sporns, 2017), gene interactions and regulation 

(Constanzo et al., 2019), mutualistic interactions (Vázquez et al., 2009), epidemiological networks 

(Zang et al., 2015), microbial interactions (Faust & Raes, 2012), and animal social networks 

(Pinter-Wollman et al., 2014). 

Most network studies focus on the structure and/or the dynamics of the constructed network 

itself, and probe how its various properties can explain or predict certain biological activity. 

However, sometimes due to noise—either inherent to the system or introduced via measurement 

and observation—the structure and dynamics of networks can be affected by the way the networks 

are constructed (Tsimring, 2014). The kind of noise introduced through observation will often be 

specific to particular systems under study.  Past work has focused on the estimation, and in rare 

cases, the correction of such noise (Newman, 2018; Freilich et al., 2020; Swain et al., 2021). 

Beyond such estimation, it can often be difficult to deal with the noise that is inherently present in 

complex biological systems regardless of whether the noise is from measurement or is inherent to 

the system in question. 

Because of the high levels of noise and stochasticity associated with biological systems, 

and because such systems are often subjected to random fluctuations and perturbations, biological 

systems tend to be redundant and degenerate in their functioning. This has led to a lot of research 
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on the resilience and robustness of biological systems through degeneracy and other similar 

features (Tononi et al., 1999; Edelman & Gally, 2001). These studies have changed our view about 

the function of degeneracy in such systems, emphasizing increased resilience to sudden 

perturbations, and functional equivalence of degenerate entities (see Edelman & Gally, 2001, Ahn 

et al., 2006, Hoel et al., 2020). Research on biological networks often seeks to connect certain 

deterministic or partially deterministic processes through the lens of redundancy, resilience, and 

degeneracy (Ahn et al., 2006). Indeed, the interplay between complexity and degeneracy/ 

determinism in biological systems has received a great deal of attention in network science and 

the complex systems literature (Hoel et al., 2013). 

Generally, network methods focus on the literal constructed network to explore the effects 

of noise, perturbations, degeneracy and deterministic processes—but such an approach might not 

be able to tease apart certain informative aspects of the structure of the network (Klein & Hoel, 

2020). Most biological networks have a certain form of hierarchy, and it is quite possible that 

despite the noise at the micro-scale (or the literal network), a network can possess more informative 

structure at a different scale (Klein & Hoel, 2020; Hoel et al., 2020). The big question, then, is 

how to infer these higher, content-rich scales and to decide which scale is the most informative to 

use in analyses. 

The concepts of effective information and causal emergence are network metrics devised 

to confront these problems (Klein & Hoel, 2020; Hoel et al., 2020). These two indices, which are 

based on information theory (Hoel et al., 2013), measure the information associated with the 

structure of a network, which can be used to identify the presence of informative higher scales. In 

this work, we briefly describe the metrics, their interpretations and usage, through implementation 

both as an R package and a Python library. 
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Overview of the metrics 

The deterministic nature of a network can be measured in terms of the uncertainty in the 

interactions among the nodes. That is, if activity on a given node influences or induces changes in 

another node’s behavior, we can study the inherent uncertainty in this relationship. This influence 

may come in the form of neuronal activity, where one neuron’s firing could induce firing in a 

neighboring neuron; in social networks, influence could come in the form of a connection strength, 

where my activity may depend more on a close friend than a mere acquaintance; or in biological 

systems, where the co-expression of two biological processes may indicate a dependency between 

the two processes. 

If node j is connected to node i, and the behavior of i suddenly changes, what are the 

chances that node j’s behavior is also changed? To quantify this, we can calculate the average 

Shannon entropy of the out- and in-edges of nodes in a network. The entropy (or uncertainty) of 

out-edges corresponds to the degree of determinism in the network connections, while degeneracy 

captures how evenly the in-edges are distributed across the network (see following section). 

Effective information (EI) brings these two concepts (i.e., determinism, degeneracy) together, and 

is defined as the difference between the entropy of the average out-weight in the network minus 

the average entropy of the out-weights (see Klein & Hoel, 2020, for a detailed discussion): 

;� = H�〈¦=/§c〉� − 〈
�¦=/§c�〉 … (5.1) 

where 
 refers to the entropy, and 〈 〉 is the average over all nodes, denoted by i. Effective 

information varies with network size, so researchers typically use a size-normalized measure 

known as effectiveness to characterize networks:
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Figure 5.1: Determinism and degeneracy. Simple networks highlighting the differences between high/low determinism and degeneracy. (a) In 

this network, random walkers on node A will traverse to node B with probability of 1.0. (b) In this network, random walkers on node A will 

traverse to any other node in the network with probability 1/n, where n is the size of the network. (c) In this network, no single node has a higher 

in-weight than any other node, which means that degeneracy has been minimized. (d) In this network, every node has a single outgoing edge, each 

of which connects to node A; this is an example of a maximally degenerate network
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where EI is normalized with respect to the number of nodes, n. Using these measures, we can 

compare different networks, highlighting structural properties that are associated with more or less 

uncertainty in the edges of a network. This gives researchers a lens through which to view network 

dynamics, robustness, and growth, and can inform why we may expect different systems across 

nature and society to vary in the amount of noise contained in their connectivity structures. For 

example, researchers have studied the effectiveness of various biological or socio-technical 

systems (Klein & Hoel, 2020), protein interaction networks (Hoel et al., 2020), animal social 

networks (Swain, Williams, Di Felice & Hobson, 2021; van der Marel et al., 2021), and more. 

Breaking down effective information: Determinism and degeneracy 

As previously mentioned, the EI is defined by two key components: determinism and degeneracy. 

Determinism refers to the average uncertainty over outgoing edges in a network. If a given node i 

has a single outgoing edge, there is no uncertainty about where a random walker on node i will 

traverse to next—in other words, node i increases the network’s determinism. On the other hand, 

if i has outgoing edges to the other n nodes in a network, we are maximally uncertain about the 

subsequent location of the random walker (Figures 5.1a, 5.1b). Whereas determinism is a measure 

that quantifies uncertainty about the future states of random walkers in the network, degeneracy 

captures uncertainty about the source of the random walkers on a given node. Consider a node 

with only one incoming edge compared to a node with n incoming edges; when few nodes have 

disproportionately many connections, the network becomes more uncertain, on average, about past 
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states of random walkers (see Figures 5.1c, 5.1d). Note: the notion of random walkers is a useful—

if incomplete—way of formalizing flow or transitions in networks. Because networks are such a 

ubiquitous tool for representing complex systems, there are a number of ways to represent 

dynamical processes on networks from different domains; random walks have the benefit of being 

well-studied mathematically and are general enough such that they add few domain-specific 

assumptions. The prospect of re-defining a version of the effective information metric by replacing 

random walk dynamics with domain-specific dynamics is a rich and promising future direction of 

research. 

Different networks display different behavior when it comes to determinism and 

degeneracy. For example, networks with heavy-tailed degree distributions, which are common 

across nature and society, typically have higher degeneracy (and lower EI as a result). Similarly, 

networks containing dense subgraphs and/or community structure typically have lower 

determinism (and lower EI as a result). Networks that are sparse and have low variance in degree 

have higher EI and have less uncertainty about the micro-scale interactions that take place in the 

network. 

In practice, determinism and degeneracy may correspond to different facets of biological 

systems. For example, a highly deterministic relationship in a gene expression network would 

correspond to almost one gene almost certainly causing the expression of another. A degenerate 

structure in, for example, an ecological network would be more sensitive, a connectivity structure 

where fluctuations in the prevalence of any of a number of species would influence the prevalence 

of a target species. 
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Causal emergence: Informative higher scales 

Networks that have higher determinism and lower degeneracy are less noisy and have more 

certainty in the interactions among their nodes; in this sense they are more effective (i.e., they have 

higher effectiveness). One recent development in network science and information theory has been 

the introduction of causal emergence to the study of complex networks (Klein & Hoel, 2020); this 

is a phenomenon where the original micro-scale network is recast as a coarse-grained, macro-scale 

network so as to increase the effective information of the original network. Algorithmically, this 

involves selecting a subgraph of nodes and their edges—a subgraph with low determinism and/or 

high degeneracy—from the original network and replacing the subgraph with a single macro node. 

A core functionality of the einet package is that it automates this coarse-graining process, using a 

variety of techniques from spectral graph theory to find and isolate regions of low determinism 

and/or high degeneracy. Users simply input a network into the causal_emergence function, and if 

there are highly noisy subgraphs, the function will use those subgraphs to create a higher scale 

macro representation of the network. We illustrate this process in Figure 2, using the protein-

protein interaction network of Mycoplasma putrefaciens as an example. 

Causal emergence (the quantity) is defined as the difference between the EI of the original, 

micro-scale network and the EI of a coarse-grained, higher scale representation of the network. In 

the context of ecological or biological systems, causal emergence of a network can be interpreted 

in many ways. For example, in insect social networks, we might expect to see more informative 

higher scales that capture more of the emergent coordination of the collective as a whole (e.g. in 

ant colonies; see Swain et al., 2021). 

Higher order networks are of growing interest to network scientists, and they appear to be 

relatively ubiquitous, appearing in a variety of contexts from biology to economics to social 
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structures and more. What causal emergence adds to this growing body of work is the ability to 

quantify why certain higher scale structures emerge, identifying common structural properties at 

the micro scale that tend to facilitate higher order structure. How to interpret a given higher order 

structure (i.e., output from the einet package) can vary greatly across different disciplines, but put 

simply: causal emergence uses the pattern of noise/uncertainty at the micro scale to define the most 

informative scale at which to represent a complex system. These higher scale structures may hold 

theoretical import (e.g. by comparing the amount of causal emergence across different species 

groups or ecosystems, as in Klein, Hoel, et al., 2020), or they help uncover measurement noise that 

must be addressed before studying networks from a given system (similar to recent advances in 

network permutation testing, as in Puga-Gonzalez, Sueur, & Sosa, 2021). Future work may also 

explore the use of causal emergence in network comparison (Hartle et al., 2020) or parameter 

selection when modeling ecological networks (e.g., animal social networks, species interaction 

networks, etc.), in order to constrain the structure of networks produced by a generative model. 

Ultimately a comprehensive, prescriptive description of how to interpret higher order structure in 

networks requires more theoretical development; we view einet as important to such future 

theoretical advances. 

Implementation and usage 

These tools are available through einet, both as an R package (GitHub) and a Python library 

(Github). For details about the implementation of the spectral algorithm for computing the micro-

to-macro scale mappings, see (Griebenow et al., 2019).
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Figure 5.2: Causal emergence in protein networks. To illustrate the basic steps for calculating causal emergence in networks, we use the protein-

protein interaction network of Mycoplasma putrefaciens as an example. (a) The original (micro scale) network. (b) The different color circles are 

meant to highlight subgraphs in the original network that are especially noisy—either because they consist of densely connected nodes or because 

they are sources of degeneracy. (c) In order to calculate causal emergence, we construct a macro scale network by grouping the subgraphs from (b) 

into macro nodes, while preserving the total in/out edge weights into the selected subgraph. Note here that the EI of the network in (a) and the EI 

from (c) are different: the macro scale network has more effective information than the original micro scale network. 
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Example usage (R) 

Effective information and effectiveness 

>>> library(devtools) 

>>> library(igraph) 

>>> install_github(‘‘travisbyrum/einet’’) 

>>> library(einet) 

>>> G <- karate 

>>> ei_micro <- effective_information(G) 

>>> sprintf("EI micro: %.6f",ei_micro) 

EI micro: 2.350095 

>>> eff_micro <- ei_micro / log2(gorder(G)) 

>>> sprintf("Effectiveness: %.6f",eff_micro) 

Effectiveness: 0.461939 

 

Causal emergence 

>>> library(einet) 

>>> library(igraph) 

>>> set.seed(2) 

>>> G <- karate 

>>> CE <- causal_emergence(G) 

>>> ei_macro <- CE$ei_macro 

>>> sprintf("EI macro: %.6f",ei_macro) 

EI macro: 2.410400 
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The CE object returned by the causal_emergence function is a list object composed 

of g_micro (original network), g_macro (coarse-grained network), mapping (a list mapping 

from the micro nodes to their corresponding macro node, after coarse-graining happened), 

ei_macro (effective information of the coarse-grained network), ei_micro (original 

network’s effective information), effectiveness (original network’s effective information, 

divided by log(n) (normalization), where n is the number of nodes) and ce (the normalized 

difference in effective information between the micro and macro scale networks). Because the 

causal_emergence() function depends on the initial conditions of the search for the higher 

scale mapping, we recommend running the function several times and selecting the mapping with 

the largest effective information (note that this is the source of the small differences between the 

causal emergence in the R implementation and the Python below). 

Example usage (Python) 

Effective information and effectiveness 

>>> from ei_net import effective_information 

>>> import networkx as nx; import numpy as np 

>>> G = nx.karate_club_graph() 

>>> EI_micro = effective_information(G) 

>>> print(‘‘EI micro: %.6f’’%EI_micro) 

EI micro: 2.350095 

 

Causal emergence 

 
>>> from ei_net import causal_emergence 

>>> import networkx as nx; import numpy as np 

>>> np.random.seed(2) 
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>>> CE = causal_emergence(G) 

>>> EI_macro = CE[‘‘EI_macro’’] 

>>> print(‘‘EI macro: %.6f’’%EI_macro) 

EI macro: 2.415379 

>>> N = G.number_of_nodes() 

>>> eff_gain = (EI_macro-EI_micro)/np.log2(N) 

>>> print(‘‘Effectiveness gain: %.6f"%eff_gain) 

Effectiveness gain: 0.012832 

 

The CE object returned by the causal_emergence function is a dictionary with the 

following keys: G_micro (original network), G_macro (coarse-grained network), mapping (a 

list mapping from the micro nodes to their corresponding macro node, after coarse-graining 

happened), EI_macro (effective information of the coarse-grained network), and EI_micro 

(original network’s effective information). In the Python implementation of this software, there is 

an additional causal_emergence_spectral() function that leverages tools from spectral 

graph theory to compute causal emergence, and does so much faster than the greedy search used 

in causal_emergence() (see Griebenow, Klein, & Hoel, 2019 for more details). 

 

Software and Code Availability 

 
The R package is available at github.com/travisbyrum/einet. The Python code is available at 

github.com/jkbren/einet; this repository also includes introductory Jupyter notebooks detailing 

various aspects of effective information, causal emergence, and networks. 
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