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Illicit drug trafficking networks are difficult to observe directly due to their clandestine nature,

resulting in sparse, incomplete, and often inconsistent data. These limitations hinder law enforcement

efforts, including identifying trafficking routes, detecting emerging hot spots, and understanding the

underlying structure of illicit supply chains. This dissertation develops methodological approaches to

improve the analysis and inference of cocaine trafficking networks under such data constraints. Using

cocaine-related data from Colombia and the United States, the research applies geographically weighted

regression analysis, introduces an improved spatial data analysis method, and develops a data-driven

optimization framework to generate actionable insights for law enforcement and policymakers.

The first study investigates region-specific drivers of cocaine trafficking in Colombia using a local

geographically weighted regression framework, addressing spatial heterogeneity, sparse observations,



and separation issues. The results reveal substantial geographic variation in the factors associated

with cocaine trafficking destinations, demonstrating that the determinants of trafficking activity differ

considerably across regions.

The second study examines the use of Local Indicators of Spatial Association (LISA) for

identifying trafficking hot spots. Using crack cocaine seizure data from the United States, the study

shows that conventional LISA methods may overlook meaningful spatial patterns in zero-heavy datasets.

An enhanced LISA framework is proposed to better capture local clustering under extreme sparsity,

resulting in the identification of hot spot patterns that differ meaningfully from those obtained using

traditional approaches.

The third study develops a data-driven optimization model to infer hidden cocaine flow networks

in the United States from incomplete and noisy observations, including seizure records, undercover

purchases, and overdose data. The proposed framework constructs plausible trafficking networks

consistent with observed data and allows the exploration of alternative network structures through

adjustable design parameters. Validation against anecdotal trafficking intelligence demonstrates the

capability of the approach for identifying potential supply chain structures.

Collectively, these studies contribute new methodologies for analyzing illicit supply chains in

settings characterized by limited information, spatial heterogeneity, and partially observed network

structures. The findings demonstrate how statistical and optimization-based approaches can enhance

understanding of cocaine trafficking systems and support more effective interdiction and enforcement

strategies.
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Chapter 1: Introduction

Illicit activities, including drug trafficking, money laundering, and environmental crime, are

growing global threats to public security and the rule of law. Among them, illegal drug trafficking

alone generates an estimated $870 billion annually (Bjarnadottir et al. 2024). Among various types

of illicit drugs, cocaine was the second most seized illicit drug worldwide in 2024 after cannabis

(UNODC 2024). The 2024 National Drug Threat Assessment (Drug Enforcement Administration

2024) reports that cocaine consumption levels in the U.S. remain high despite increases in cocaine

seizures, signaling the need for more effective enforcement strategies. This underscores the need for

more effective enforcement strategies to enhance cocaine seizure operations. Efficiently disrupting

cocaine supply chains begins with accurate predictions of trafficking routes and a better understanding

of the hidden drug supply chain network.

The vast majority of the world’s coca cultivation and cocaine production occurs in the Andean

region, particularly Colombia, Peru, and Bolivia (UNODC 2024). Coca leaves cultivated in remote rural

areas are processed into coca paste and subsequently refined into cocaine hydrochloride in clandestine

laboratories (UNODC 2021). From these production zones, cocaine is transported through complex

networks of rivers, roads, air routes, maritime corridors, and transshipment hubs before reaching

wholesale and retail markets in North America, Europe, and beyond. The supply chain continuously

adapts to enforcement pressure by shifting cultivation sites (Ruiz et al. 2016), trafficking routes, and

transportation methods, making it difficult for authorities to identify critical nodes and effectively

allocate interdiction resources. As a result, understanding the structure and dynamics of cocaine

trafficking networks remains a central challenge for policymakers and law enforcement agencies

seeking to reduce cocaine availability.

Accurately mapping such network supply chains is challenging due to the clandestine nature
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of illicit activities. Unlike legal supply chains, trafficking organizations deliberately conceal their

operations, resulting in limited and fragmented observations of production, transportation, and distribution

activities. Available data, such as seizures, prices, arrests, laboratory detections, and anecdotal

intelligence reports, are often sparse, incomplete, and subject to substantial measurement error and

reporting bias (Bjarnadottir et al. 2024). An additional challenge, critical to the use of such data, is that

limited or no ground truth exists to compare the prediction results as a reference.

Motivated to overcome these challenges, this dissertation seeks to enhance the understanding

cocaine trafficking networks with the ultimate goal of network disruption through three studies: (i) an

analysis of trafficking patterns in Colombia using a geographically weighted regression model to

uncover region-specific drivers, (ii) an improved spatial analysis method for detecting trafficking

hot spots with zero-heavy data, and (iii) a data-driven optimization framework to infer cocaine flow

networks across the United States.

Each study addresses a critical gap in conventional methods when leveraging real-world, sparse,

and often incomplete data to generate insights for drug policy and enforcement. The first study develops

a localized regression framework tailored to partially observed, sparse, and spatially heterogeneous data

on cocaine trafficking in Colombia. The results reveal regional variation in the factors associated with

cocaine trafficking destinations. For example, coca cultivation is an important factor along the Pacific

coast, whereas river and road accessibility are the important drivers in more central inland areas. Along

the Caribbean coast, recorded trafficking activity is strongly associated with the presence of police

stations, while airports consistently emerge as a factor predictive of cocaine destinations in northeastern

Colombia near the Venezuelan border.

Second, we present an enhanced spatial exploratory data analysis technique that improves the

identification of local trafficking clusters in areas that would otherwise be overlooked. The proposed
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method addresses the limitations of traditional spatial cluster detection when applied to zero-heavy data.

Its application to U.S. cocaine seizure data provides a broader interpretation of spatial seizure patterns

and identifies additional trafficking hot spots that the conventional method fails to detect.

Finally, in the third study, we develop a novel optimization approach to combine multiple,

incomplete, and inconsistent data with the goal of constructing the unknown cocaine supply chain

network in the United States. Using secondary trafficking data, the model identifies plausible state-

level cocaine flows without relying on prior knowledge of the network’s structure. By addressing

uncertainty and inconsistency across the data, the framework reveals previously unidentified cocaine

flows originating near the northern U.S. border. We further generate a set of evidence-based scenarios

of cocaine flows across different model formulations and parameter values, enabling law enforcement

agencies and policymakers to evaluate competing hypotheses about cocaine trafficking activity.
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Chapter 2: Identifying Region-Specific Drivers of Cocaine Trafficking in Colombia

Using Local Geographically Weighted Regression

The first study of my thesis develops a modeling framework that utilizes a localized regression to

investigate the key drivers of cocaine trafficking in Colombia, when there is available information on

cocaine trafficking routes. The objective is to uncover meaningful insights about cocaine transportation

in Colombia by integrating cocaine trafficking records, information on coca cultivation, interdiction

activity, and geographic and demographic data. Specifically, we seek to identify key factors that make

certain locations more or less likely to be cocaine trafficking destinations. We focus on destinations of

cocaine hydrochloride, the final refined form of cocaine intended for consumer markets, to capture the

movement of consumer-ready cocaine within Colombia and heading toward international export routes.

The proposed framework can be applied to any stage of cocaine production, and generalizes for other

illicit drugs.

A key concern when mapping Colombia’s cocaine supply chain is the incomplete information on

cocaine destinations and production sites (laboratories). The available data only provide a partial picture

of the underlying trafficking network, which complicates statistical inference and model estimation.

Compounding this challenge is the geographic heterogeneity in determinants of trafficking activity.

The effects of socioeconomic, geographic, and enforcement-related factors on trafficking patterns

are unlikely to be spatially uniform across Colombia. This heterogeneity is reflected in our data.

For example, coca cultivation is concentrated primarily in southwestern Colombia, whereas cocaine

refinement more commonly takes place in central and northern regions before domestic and international

distribution. In addition, cocaine trafficking networks are not governed by a single homogeneous
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organization (Kenney 2007). Consequently, the relationships between independent variables and

trafficking destinations are likely to vary substantially across Colombia depending on region-specific

characteristics. As a result, applying a single global regression model would obscure important regional

differences underlying trafficking dynamics.

To account for this spatial heterogeneity, we adopt a geographically weighted regression (GWR)

(Brunsdon et al. 1996). More specifically, we develop and apply a localized logistic regression

framework addressing technical challenges arising from data sparsity. We incorporate Firth’s penalized

maximum likelihood (PML) estimation (Firth 1993), together with neighbor-selection rules designed to

mitigate small-sample issues as we explain in Section 2.3.1.1. We show that the proposed local approach

yields stable and reliable coefficient estimates while preserving the ability to capture meaningful spatial

heterogeneity in trafficking-related patterns.

Our analysis is conducted at the municipio and corregimiento levels. A municipio is an administrative

unit equivalent to a county in the United States (U.S.)1. Corregimientos are usually less populated

than a municipio, but at the same administrative level. For simplicity, we hereafter refer to both

municipios and corregimientos collectively as municipios. In total, mainland Colombia contains 1,120

municipios. Unlike global regression approaches, GWR estimates a separate local regression model for

each location using observations from neighboring municipios. This localized estimation enables us

to capture spatially varying relationships between different factors and estimate the probability of a

municipio being a cocaine trafficking destination.

Beyond its application to cocaine trafficking, the proposed framework contributes to the analysis

of illicit activities or rare-event phenomena characterized by spatial heterogeneity, sparse observations,

and partially observed binary features. By combining geographically weighted modeling with bias-

1The primary administrative division in Colombia is departamento (department), which is similar to a U.S. state.
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reducing estimation techniques, the proposed approach offers a flexible methodological framework for

studying complex criminal and clandestine activities in settings where conventional global or penalized

regression approaches may produce unstable or misleading results.

2.1 Literature Review

2.1.1 Geographically Weighted Regression

The concept of geographically weighted regression was originally introduced by Brunsdon et al.

(1996). Unlike conventional global regression approaches, GWR estimates separate local regression

models for each geographic location while assigning weights to neighboring observations according

to spatial proximity. These weights may be binary or continuous functions of distance, typically

decreasing as observations are farther from the focal location (Brunsdon et al. 1996). The size of the

local neighborhood can be fixed or optimized based on model selection criteria such as the Akaike

Information Criterion (AIC) (Comber et al. 2018). By allowing regression coefficients to vary spatially,

GWR can capture geographic heterogeneity in the relationships between independent and dependent

variables. Owing to this flexibility, GWR has been widely applied in studies of ecosystems (Wang et al.

2005), environmental processes (Atkinson et al. 2003), and transportation systems (He et al. 2021).

One of the primary methodological challenges in GWR is multicollinearity among independent

variables. Wheeler and Tiefelsdorf (2005) emphasized that multicollinearity can become particularly

severe in GWR because local regressions are estimated using substantially smaller samples than

global models. This may produce highly correlated coefficient estimates, inflated standard errors, and

unstable inference. To overcome these issues, several extensions of GWR incorporating penalized

regression techniques have been proposed. For example, ridge-based GWR models were introduced by
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Wheeler (2007) and Bárcena et al. (2014), while geographically weighted Least Absolute Shrinkage

and Selection Operator (LASSO) models were proposed by Wheeler (2009) and Wang and Li (2017).

Bárcena et al. (2014) further proposed an adaptive sampling strategy that enlarges local sample sizes

when the condition number2 of an independent variable exceeds a specified threshold, thereby reducing

the effects of multicollinearity. This strategy differs from our approach that focuses on the heterogeneity

of the independent variables.

Subsequent research extended these approaches to logistic GWR settings involving binary

dependent variables. For example, Yoneoka et al. (2016) proposed a geographically weighted logistic

LASSO model, while Comber and Harris (2018) introduced an elastic-net extension combining

ridge and LASSO penalties. Although these methods address multicollinearity and improve local

estimation stability, they do not explicitly address the problem of (quasi-)complete separation (Heinze

and Schemper 2002) in GWR models. Separation occurs when one or more independent variables

perfectly or nearly perfectly distinguish the binary outcome, often resulting in inflated or unstable

coefficient estimates. This issue is especially problematic in GWR because local estimation frequently

involves small and highly imbalanced samples. Heinze and Schemper (2002) demonstrated that Firth’s

penalized maximum likelihood (PML) (Firth 1993) method provides a robust solution to the separation

issue in logistic regression.

Fotheringham and colleagues introduced a multiscale geographically weighted regression (MGWR;

Fotheringham et al. 2017), which allows each independent variable to have its own optimal bandwidth.

MGWR relaxes the assumption that all independent variables operate at the same spatial scale and

estimates coefficients via a generalized additive modeling framework in which independent variables are

iteratively added through regressions on model residuals. However, MGWR poses practical challenges

2The ratio of the largest to the smallest singular value of a covariate matrix (Bárcena et al. 2014).
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in our setting. In particular, extending MGWR to logistic regression is nontrivial, as the use of residuals

in the additive model is less straightforward for binary outcomes. Moreover, the sparsity of our data

increases the risk of overfitting when variable-specific bandwidths are estimated. For these reasons, we

apply GWR in our setting, which applies a common bandwidth across all independent variables.

2.1.2 Coca Cultivation and Cocaine Trafficking in Colombia

There is a growing literature focusing on the effects of eradication policies on coca cultivation

dynamics in Colombia. Reyes (2014) found that coca eradication increased subsequent coca cultivation.

Ruiz et al. (2016) reported that eradication reduced overall coca production while displacing the coca

cultivation areas. In contrast, Dávalos and Morales (2023) provided quantitative evidence that aerial

fumigation affects coca cultivation beyond the targeted municipio.

A study by Grajales-Marı́n et al. (2025) employed GWR to identify spatial non-stationarity in the

effects of socioeconomic variables on coca cultivation within the Nariño departamento of Colombia.

However, their analysis was limited to a single department and focused primarily on coca cultivation

rather than trafficking dynamics. From a different perspective, Andrade et al. (2024) examined the illicit

drug trafficking patterns in Colombia’s maritime space, providing insights into trafficking routes beyond

the mainland. In contrast, this chapter focuses on spatial variation in the drivers of cocaine trafficking

destinations across Colombian municipios and the diverse geographic, socioeconomic, enforcement,

and conflict-related factors associated with them.

Other studies have focused on the behavioral and environmental dimensions of the cocaine supply

chain. Using a field experiment, Ibanez and Martinsson (2013) demonstrated that coca farmers respond

differently to anti-drug interventions depending on their perceived moral costs of cultivating coca. Mejia

8



and Restrepo (2016) modeled the marginal costs of subsidizing intervention strategies in Colombia

to reduce a kilogram (kg) of cocaine in the retail market of the U.S, estimating that the investment in

interdiction is more than three times as cost-efficient as investment in eradication. Negret et al. (2019)

investigated the effects of armed conflict and coca cultivation on deforestation in Colombia, while

Ruiz et al. (2013) examined the relationship between coca cultivation and environmental degradation,

showing that both the drivers of coca cultivation and its association with deforestation vary substantially

across regions. However, these studies generally focus on a limited set of independent factors or do not

directly examine the determinants of cocaine trafficking patterns.

A single previous study focuses on data-driven discovery of cocaine trafficking networks in

Colombia. Benı́tez et al. (2019) inferred cocaine trafficking networks by analyzing correlations in

cocaine prices between pairs of municipios and validated the resulting network against anecdotal

evidence. However, their approach relied exclusively on price information and was not designed to

identify the broader set of socioeconomic, geographic, and conflict-related factors associated with

cocaine trafficking.

Several studies have focused on violence in Colombia and its connection to the cocaine trade.

For instance, Holmes et al. (2006) conducted a departamento-level analysis and found that violence

committed by Colombian guerrilla and paramilitary groups was more strongly associated with economic

conditions and coca-eradication efforts than with coca cultivation itself. Jiménez-Garcı́a et al. (2023)

documented significant relationships among violence, drug trafficking, and socioeconomic disadvantage

in the city of Pereira, located in the Risaralda departamento of Colombia. In a qualitative study,

Kenney (2007) noted that the Colombian cocaine industry is not controlled by a small number of

vertically integrated cartels, but instead consists of decentralized and adaptive networks composed of

numerous smaller organizations. Millán-Quijano (2020) demonstrated that homicide rates in Colombia
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are associated with fluctuations in cocaine prices in major consumer markets such as the United States

and Europe, while also revealing geographic heterogeneity in these relationships across municipios.

Collectively, these studies have provided important insights into individual mechanisms shaping

illicit drug production and trafficking. However, no studies have examined a comprehensive set of

socioeconomic, geographic, and enforcement-related factors and investigated how these factors relate to

the spatial dynamics of cocaine trafficking in Colombia. Specifically, no previous study has conducted

a nationwide municipio-level analysis of cocaine trafficking destinations in Colombia. Since trafficking

networks are formed by a complex interplay of production, transportation opportunities, state presence,

and armed-group activity, analyses focusing on a few factors or not considering spatial heterogeneity

may overlook important spatial interactions among these factors.

2.2 Data Overview

This study’s analysis period is 2016 and 2017, the two years immediately following the Colombian

Peace Process; the negotiations between the Government of Colombia and the Fuerzas Armadas

Revolucionarias de Colombia (Revolutionary Armed Forces of Colombia; henceforth FARC). Throughout

the decades, FARC has been the major player in cocaine trafficking in Colombia. The Peace Process

brought about substantial political and territorial instability that altered both trafficking dynamics and

their detection.

2.2.1 Dependent Variable

Central information to this study is hydrochloride cocaine destinations from anecdotal evidence

of cocaine trafficking routes in Colombia. The anecdotal information consists of the location names
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Figure 2.1: Cocaine hydrochloride destinations in 2016 and 2017 highlighted in red.

and coordinates for cocaine hydrochloride destinations in Colombia, which are confidentially reported

by the Colombian Antinarcotics Police (Benı́tez et al. 2019). To construct the dependent variable,

we aggregate the hydrochloride destinations from 2016 and 2017 at the municipio level. Specifically,

we use a binary indicator variable equal to 1 if a municipio is identified as a cocaine hydrochloride

destination in either year, and 0 otherwise. We note that most cocaine destinations identified in 2016

also appear in 2017. The aggregation provides a more stable representation of trafficking destinations

in the analysis period, while reducing sparsity in the dependent variable. There are 384 municipios

(approximately 34%) reported as destinations in the anecdotal data, as shown in Figure 2.1.
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2.2.2 Independent Variables

We group the independent variables into three categories: cocaine-related, conflict-related, and

demographic and geographic information. These categories comprise three, three, and seven variables,

respectively, for a total of 14 independent variables.

2.2.2.1 Cocaine-Related Data

The first variable measures the area of coca cultivation (“coca area” henceforth) in hectares.

The data were obtained from the Sistema Integrado de Monitoreo de Cultivos Ilcitos (SIMCI, the

Integrated Monitoring System for Illicit Crops) project by the United Nations Office on Drugs and

Crime (UNODC). We sum up the coca-growing area for each municipio during the analysis period.

The next variable captures information on cocaine seizures (“seizures” henceforth) collected by

Observatorio de Drogas de Colombia (ODC; Drug Observatory of Colombia), which is administered

by the Colombian Ministry of Justice and Law (ODC 2022). The seizure data report the annual

quantity of cocaine hydrochloride confiscated within each municipio, measured in kilograms. We use

seizures measured before the analysis period rather than contemporary observations in the analysis,

since interdiction activity can be endogenous to trafficking routes; drug traffickers may avoid regions

with a high perceived risk of interdiction, while enforcement agencies are also more likely to allocate

resources toward areas suspected of intensive trafficking activity, reflecting the interplay between drug

price and enforcement (Caulkins and Reuter 1998). This simultaneous relationship can create potential

back-and-forth causality between seizures and trafficking destinations. To limit the direction of causality

such that only previous seizures affect the likelihood of a municipio being a cocaine destination, we

use seizure records from 2015 as independent variables of trafficking destinations during the analysis
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period.

We also address missing observations for coca cultivation or seizure data. Given the reliability of

the data collection procedures employed by the ODC (2022) and UNODC (2023) for coca cultivation

and seizures, we treat missing values in these variables as zeros. Specifically, since coca cultivation

data is obtained by analyzing satellite images, we interpret the absence of a record for a municipio as no

coca cultivation. Similarly, we treat missing seizure records as zero based on the assumption that all

official interdiction is reported to the ODC (2022).

The laboratory dataset contains annual municipio-level information on cocaine-processing

laboratories (cocaine hydrochloride laboratories), also collected by ODC (2022). As noted in a

publication by UNODC (2021), the final product of cocaine is produced by first extracting cocaine base

from coca leaves. Then, the cocaine base is chemically refined into cocaine hydrochloride through

crystallization and hydrochloric acid processing in hydrochloride laboratories. The hydrochloride

laboratory data are converted into a binary indicator, “lab reported”, equal to 1 if at least one cocaine

hydrochloride laboratory was reported in a municipio during the analysis period, and 0 otherwise.

Since illicit activity is partially observed, the absence of a cocaine-processing laboratory does

not necessarily imply the true absence of a production site within a municipio. Laboratories may

be more likely to be detected and reported in areas with stronger law-enforcement presence, greater

institutional capacity, or better accessibility. Consequently, observed laboratory reports may reflect not

only underlying cocaine trafficking activity but also spatial differences in the detection and reporting

process. Directly using reported laboratory presence may therefore lead to biased or misleading

estimation. In addition, cocaine laboratories are observed only in specific regions of Colombia, as

shown in Figure 2.2(c). This spatial sparsity may produce unstable coefficient estimates and complicate

their interpretation.
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To address these problems, we construct a laboratory probability variable (lab prob) instead

of using the binary laboratory indicator directly. We obtain the predicted probability of laboratory

presence with a logistic regression model by regressing the observed laboratory indicator on coca area,

seizures, and other independent variables introduced in the following sections. Conceptually, this

approach is similar to propensity-score regression adjustment (Cai et al. 2025, D’Agostino Jr 1998,

Davis et al. 2021), in which the propensity score represents the conditional probability of receiving a

treatment given a set of observed covariates (Rosenbaum and Rubin 1983). If laboratory presence is

considered as a treatment, the predicted probability (lab prob) serves as the corresponding propensity

score. Replacing the locally sparse binary indicator with a continuous measure of expected laboratory

presence, this approach can reduce estimation instability associated with the geographic concentration

of reported laboratories.

2.2.2.2 Conflict Data

To examine the relationship between armed conflict and cocaine trafficking, we construct

municipio-level binary indicators that represent the presence of armed groups (left- and right-wing)

using two complementary datasets. Armed groups have long played an important role in Colombia’s

illicit drug economy, often exercising territorial control, facilitating trafficking activities, and engaging in

violence related to the drug trade (National Drug Intelligence Center 2016, UNODC 2024). Furthermore,

prior research has identified a significant association between violent crime, drug trafficking, and

socioeconomic disadvantage in the city of Pereira, Risaralda, Colombia (Jiménez-Garcı́a et al. 2023).

We therefore expect the presence of left- or right-wing armed groups to be associated with a municipio’s

likelihood of serving as a cocaine trafficking destination, at least for some regions.
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We use two sources of data to indicate the presence of left- or right-wing armed groups. First, we

use reports published by the Instituto de Estudios para el Desarrollo y la Paz (INDEPAZ; Institute of

Studies for Development and Peace; Indepaz 2020). These reports provide information on the territorial

presence of paramilitary organizations between 2008 and 2020, primarily documenting right-wing

paramilitary organizations such as Clan del Golfo and Los Puntilleros. From these reports, we construct

municipio-level indicators capturing the presence of right-wing armed groups.

The INDEPAZ data primarily document right-wing paramilitary organizations and do not

comprehensively capture the activities of left-wing guerrilla groups such as FARC or ELN (Ejército

de Liberación Nacional; National Liberation Army), both of which have historically played important

roles in cocaine trafficking networks. Therefore, to complement the INDEPAZ data, we incorporate an

additional dataset on violent events involving armed groups in Colombia. This dataset is constructed

using large language models (LLMs) to classify whether specific armed groups were involved in violent

incidents described in Colombian news articles, including murders, attacks, kidnappings, and related

events (we refer the reader to (Anderson et al. 2025) for additional details on the data construction

process). Using these classified news records, we construct annual municipio-level indicators for violent

activity associated with both left- and right-wing armed groups.

We combine the INDEPAZ data and the violence-event dataset to construct two binary indicators:

“left wing” and “right paramilitary”, which represent the presence of left-wing guerrilla groups and

right-wing paramilitary groups, respectively. We aggregate observations from 2013 to 2017, which

is a longer aggregation window than the other variables used in the study. Armed groups typically

maintain territorial influence over extended periods rather than relocating frequently. The aggregation

over a longer period reflects these facts and reduces the sparsity of the data. The variable left wing

is equal to 1 if at least one violent event involving a left-wing armed group occurred in a municipio
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during the five years, and 0 otherwise. Similarly, right paramilitary equals 1 if evidence from either

dataset indicates the presence or violent activity of a right-wing paramilitary group in the municipio.

We further introduce an interaction term of left wing and right paramilitary, “left right”, to capture

municipios in which both left- and right-wing armed groups were present, which may indicate regions

of heightened strategic importance for cocaine trafficking.

2.2.2.3 Demographic and Geographic Data

We collect publicly available geographic and demographic information for Colombia, including

data on rivers, roads, ferry terminals, airports, police stations, military facilities, and population size.

These data are obtained from the OpenStreetMap (OSM) project, except for population size from the

Colombian National Department of Statistics (DANE 2018).

The OSM’s river data classify waterways into four categories: river, stream, canal, and drain.

Since major rivers are the most likely to serve as transportation routes for trafficking activities, we retain

the “river” category in the analysis. The river data consist of sequential geographic coordinate points

connected by line segments. We aggregate these data into a municipio-level variable, “river length”,

defined as the total Euclidean length of rivers within each municipio.

We apply an analogous procedure to the road network data. The road dataset includes motorways,

trunk roads, and primary and secondary roads. We retain all roads belonging to these categories and

construct the variable “road length” as the total Euclidean road length within each municipio.

Lastly, we use point-location data for ferry terminals, airports, police stations, and military

land use; ferry terminals and airports facilitate cocaine transportation, while the presence of police

and military may act as a trafficking deterrent. These data are converted into municipio-level binary
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indicators representing the presence of each facility type within a municipio.

2.2.3 Final Dataset

The final regression model includes the following variables: coca cultivation area (coca area),

cocaine hydrochloride seizures (seizures), the predicted probability of cocaine hydrochloride lab

presence (lab prob), the distances of rivers and roads (river length and road length), population,

binary indicators for right-wing paramilitary presence (right paramilitary), left-wing guerrilla presence

(left wing), and their interaction term (left right), and binary indicators of an airport (airport), a

ferry terminal (ferry), a police station (police), and military land use (military). These variables are

summarized in Table 2.1.

We applied a logarithmic transformation to the coca area, seizure, and population variables to

reduce their skewness. Then, coca area, seizure, lab prob, population, river length, and road length

variables were normalized using their respective means and standard deviations. This normalization

sets the variables on comparable scales and improves numerical stability in regression analysis.

As an illustration, Figure 2.2 presents the spatial variation of lab reported and the three cocaine-

related variables: coca area, seizures, and lab prob. Both coca cultivation (coca area) and the presence

of reported cocaine laboratories (lab reported) exhibit clear spatial clustering in Figures 2.2(a) and

2.2(c), indicating that large cultivation areas and laboratory detections tend to occur in geographically

contiguous regions rather than being randomly distributed across Colombia. Coca cultivation areas and

cocaine laboratories are concentrated in municipios located in southern Colombia, along the Pacific

coast, and in parts of north-central Colombia. Seizure activity and lab prob also display clear spatial

patterns. Figure 2.2(b) illustrates that higher seizure levels are concentrated along the western and
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Variable Name Definition Source

Dependent Variable (y)
A binary indicator of cocaine trafficking
destinations in Colombia

Colombian
Anti-narcotics Police

Cocaine-Related Variables

coca area
Area of coca cultivation (normalized log
values)

UNODC (2023)

seizures
Seizure weight of cocaine before the
analysis period (normalized log values) ODC (2022)

lab prob
Predicted probability of cocaine lab
presence

ODC (2022)

Conflict Variables

left wing
A binary indicator of left-wing guerrilla
groups

Anderson et al. (2025)

right paramilitary
A binary indicator of right-wing
paramilitary groups

Indepaz (2020)
Anderson et al. (2025)

left right Interaction of left- and right-wing groups

Geographic and Demographic Variables

population
Population in a municipio (normalized log
values)

DANE (2018)

river length
Total length of rivers in a municipio
(normalized values)

OpenStreetMap

road length
Total length of trunk, primary, and
secondary roads in a municipio
(normalized values)

OpenStreetMap

airport A binary indicator of airport OpenStreetMap
ferry A binary indicator of ferry terminal OpenStreetMap
military A binary indicator of military land use OpenStreetMap
police A binary indicator of police station OpenStreetMap

Table 2.1: Variables used in the analysis.
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(a) coca area (log of ha) (b) seizures (log of kg)

(c) lab reported (d) lab prob

Figure 2.2: Geographical variation of (a) coca area (log of ha), (b) seizures (log of kg), (c)
lab reported, and (d) lab prob data.
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northern coastlines and in the vicinity of Bogotá D.C. (yellow region in the center). In Figure 2.2(d),

lab prob is distributed with substantial geographic variation, which overlaps most regions with a

reported laboratory. Additional maps presented in Appendix A (Figures A.1–A.3) summarize the

remaining independent variables, each similarly exhibiting distinct spatial patterns. The observed

geographic variation across both the dependent and independent variables further motivates the use of a

localized modeling framework to capture spatially varying relationships.

2.3 Methodology

This section presents the methodological framework used to identify region-specific risk factors

associated with cocaine hydrochloride destinations in Colombia. The sparsity and imbalance in our data

motivate our approach, as such data can lead to overfitting when local models based on relatively small

neighborhoods are estimated. To address this challenge, Section 2.3.1 presents the local geographically

weighted regression framework with Firth’s penalized maximum likelihood estimation. This framework

mitigates separation problems that frequently arise when applying a GWR model to sparse data. We

also describe the use of binary spatial weights and a bandwidth selection procedure based on predictive

performance. Finally, we introduce modeling parameters that ensure the necessary variation across

variables.

2.3.1 Local Geographically Weighted Regression with Penalized Maximum Likelihood

Estimation

In this study, we chose to use the geographically weighted regression (GWR) approach (Brunsdon

et al. 1996, Fotheringham et al. 2002) to capture the potentially geographically diverse relationship

20



between our dependent variable and the various factors in our data set. Unlike the ordinary regression

model, which assume spatially invariant relationships, GWR estimates location-specific coefficients for

each focal point, a municipio in our case.

In a mathematical form, if there are n municipios, the logistic regression equation for location i

can be expressed as:

P (yi = 1) = logistic

(
β0i +

M∑
m=1

βmixmi

)
, (2.1)

where yi is a dependent variable, xmi is a value for the mth independent variable of location i, and M

is the number of independent variables. Local estimates (βmi) are obtained by only allowing nearby

observations to contribute to the estimation process. We refer to our approach as “local” GWR, since, for

each focal municipio, we only consider nearby locations, municipios within a given distance from i to

fit the logistic regression model. Let dij be the Euclidean distance between the centroids of municipios

i and j, where the distance is computed from their longitude and latitude coordinates.3 Then the data

from municipio j is included when fitting the model for municipio i if dij is less than a bandwidth b.

We will refer to the locations for which dij ≤ b as the “neighbors” of municipio i. We note that the

neighbors of municipio i do not include the observation itself (xmi) to prevent it from influencing its

own prediction (see Section 2.3.1.2 for details).

When fitting GWR models, it is common to use continuous weighting schemes such as exponential

or Gaussian kernels, such that data closer to each focal point weigh more. We adopt the binary

weight approach to highlight local geographic variation in the estimated coefficients more effectively;

observations within the local neighborhood contribute equally to model estimation. This choice reflects

our assumption that the relationship between cocaine hydrochloride destinations (the dependent variable)

3As a reference, one degree of longitude or latitude is approximately 111 km, implying that a bandwidth of b corresponds
roughly to 111× b km.

21



Cocaine Destination: Yes Cocaine Destination: No
Airport: Yes 9 0
Airport: No 27 56

Table 2.2: An example of quasi-complete separation in the dependent variable (Cocaine
Destination), with the binary indicator for airport’s presence in a municipio (Airport).

and the independent variables varies spatially, and only local data near a municipio are relevant.

For a municipio i, the best bandwidth, b∗i , can be dynamically determined based on any goodness

of fit or performance measure. We use the Area Under the Curve (AUC) as our measure and vary the

value of b∗i from 0.5 to 4.0 in steps of 0.1, to determine b∗i , the best bandwidth for each municipio.

2.3.1.1 Quasi-Complete Separation in Observations

Complete or quasi-complete separation refers to one or more of the independent variables perfectly

or nearly perfectly predicting a binary outcome, which in turn leads to non-convergence or infinite

coefficient estimates (Heinze and Schemper 2002). As an example, consider Table 2.2 in which the

variable airport only takes the value 1 for municipios with a positive outcome, and is either 1 or 0

for all municipios with a negative outcome. This is an example of quasi-complete separation, which

undermines the stability and reliability of parameter estimates and can lead to inflated regression

coefficients.

The separation issue becomes especially prominent when the bandwidth is small or when fitting

models for municipios in southeast Colombia, where municipios tend to be geographically larger,

resulting in a fewer number of neighbors within a given bandwidth. We implement Firth’s penalized

maximum likelihood (PML; Firth 1993) to address this separation issue in our GWR models, as

suggested by Heinze and Schemper (2002). Details about Firth’s method are described in Appendix B.

We will refer to this approach as “local GWR PML”.
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Start with the initial bandwidth bi = 0.5

Construct local dataset (Xi,yi)
with dij ≤ bi for all municipios j ̸= i

yi has at least ny zeros and ones?

Drop the kth variable if nik < ndrop for k = 1, 2, ...,M

Fit local GWR PML model bi = 4?

Select best b∗i based on AUC

bi ← bi + 0.1

yes

no

yes

no

Figure 2.3: Flowchart for local GWR PML model fitting with the variable-drop procedure
for municipio i.
dij : the Euclidean distance between municipios i and j,
ny : the minimum number of observations required in each response class,
M : the number of independent variables,
nik : the number of distinct values for a continuous variable or the minimum count of occurrences

for each class of a binary variable, and
ndrop : the threshold used to exclude an independent variable.

2.3.1.2 Implementation of Local GWR PML

At a high level and as summarized in Figure 2.3, we determine the best bandwidth b∗i by iterating

from 0.5 to 4 in steps of 0.1 for each municipio, each time fitting a logistic regression model. To avoid

basing the optimal bandwidth b∗i on overfitted models due to the separation issue, we take steps to

ensure sufficient data density before fitting any local model. We achieve this goal by requiring enough

observations from both classes of the dependent variable and dropping independent variables when the

variation in their values is below a threshold.

We denote neighbors’ independent variables of municipio i by X i, an N i ×M matrix whose
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rows consist of vectors of neighbors’ observations, where N i is the number of neighbors of i. Similarly,

an N i × 1 vector yi denotes the outcomes of municipio i’s neighbors. For each location i and a given

bandwidth bi, the dataset (X i,yi) consists of all neighbors whose dij ≤ bi.

We introduce two threshold parameters, ny and ndrop, to ensure reliable model estimation. First,

ny determines if there is a sufficient number of observations for each class in the outcome variable.

For a given bandwidth bi, if either class in yi contains fewer than ny observations, we do not fit the

local GWR PML model and increase bi by 0.1. Second, ndrop is used as a threshold for independent

variables. If, for a given bandwidth bi, a numerical variable has fewer than ndrop unique values, then the

variable is not included in the model. If, on the other hand, the independent variable is binary, then the

variable is excluded if either category (0 or 1) occurs fewer than ndrop times. Let nik be the number of

distinct values for a continuous variable or the minimum count of occurrences for each class of a binary

variable. Variable k is included in the local model only if nik ≥ ndrop. Once the process is repeated for

the full range of bandwidths, we select the best bandwidth corresponding to the highest AUC.

We set ny = 8 and ndrop = 10 to generate the results of our local GWR PML models. We note

that the value of these thresholds is a modeling choice; we report on sensitivity analysis investigating

their impact in Section 2.4.4. For each municipio, we implemented the local GWR PML model in R

programming language version 4.4.2 using the logistf package.

2.3.1.3 Model Evaluation

Our goal of applying the local GWR PML model to our Colombian cocaine trafficking data is

twofold. First, we seek to reliably estimate and explain the effects of independent variables on the

probability of a municipio being a cocaine destination. Second, we aim to identify potential trafficking
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nodes not reported in the anecdotal evidence using the model in a “predictive” manner. It is, therefore,

important not only to avoid overfitting since it may lead to misleading interpretations or inaccurate

predictions but also to evaluate the models’ predictive performance. To this end, we select the optimal

bandwidths based on the models’ performance evaluated using neighbors only. Then, when reporting

the predictive performance of the finalized model, we evaluate it on the focal location itself, which was

not used in any modeling decisions (e.g., the model fitting and performance estimation).

2.4 Results and Discussion

In this section, we present key findings from the analysis. First, we summarize the impact of

different features across Colombia in Section 2.4.1. Then, to illustrate the spatial heterogeneity in

the estimated coefficients, we examine the local estimation results for two municipios-San Antero

(Córdoba) and Convención (Norte de Santander)-as a case study in Section 2.4.2. We discuss two

municipios identified as potential cocaine destinations in Section 2.4.3. Lastly, Section 2.4.4 presents

the results of the sensitivity analysis for the two modeling parameters, ny and ndrop.

2.4.1 Spatial Variation of Regression Coefficients

Figure 2.4 displays the distribution of the estimated local coefficients for all independent variables

using violin box plots. To improve visualization of the central distributions, coefficient estimates with

absolute values greater than 20 are excluded from the figure. The variable lab prob has 2.2% of its

regression coefficient values outside the displayed range (24 out of the 1,101 municipios that include

lab prob variables in their local models), and the variable road length has one coefficient exceeding this

range. For other variables, the figure includes all values.
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Figure 2.4: Violin box plot of estimated regression coefficients using the local GWR PML
model (absolute values greater than 20 are excluded).
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Table 2.3: Summary of regression coefficients obtained with the local GWR PML and the
global model.
nsig: the number of municipios with statistical significance (p ≤ 0.1) for each variable.

Variable Global Local GWR PML Coefficients

Coefficients Min Q1 Median Mean Q3 Max nsig

Intercept -0.221 -23.731 -2.595 -1.120 -0.494 0.916 36.284 446
coca area -0.839 ** -9.851 -1.432 -0.219 -0.376 0.737 13.055 61
seizures -0.015 -10.448 -0.334 0.374 0.347 1.008 8.405 235
lab prob 0.950 ** -64.176 -1.954 -0.058 0.313 2.022 82.535 181

left wing -0.252 -19.090 -0.605 -0.008 0.156 0.907 6.113 48
right paramilitary -0.518 ** -6.901 -1.361 -0.423 -0.340 0.543 14.172 140
left right 0.384 -8.295 -1.060 0.263 0.130 1.399 20.078 36

population 0.507 *** -5.405 0.135 0.815 0.896 1.735 7.505 360
river length 0.282 *** -2.941 -0.289 0.200 0.197 0.557 6.758 243
road length -0.045 -13.183 -0.543 0.001 0.093 0.628 30.225 279
airport -0.029 -7.568 -1.287 0.199 0.115 1.423 12.867 307
ferry 0.352 * -4.192 -0.341 0.283 0.211 0.922 4.037 23
military 0.032 -8.841 -1.044 -0.318 -0.158 0.649 9.579 137
police -0.525 *** -5.835 -1.194 -0.461 -0.386 0.435 2.852 209

AUC 0.692 0.825
Significance *** p≤0.001 ** p≤0.05 * p≤0.1

A notable feature of Figure 2.4 is that the coefficient distributions for all variables are distributed

above and below zero. This pattern indicates again substantial spatial heterogeneity in the relationships

between the independent variables and the likelihood of a municipio being a cocaine hydrochloride

destination. Positive coefficients are most prevalent for seizures, population, river length, and ferry,

whereas negative coefficients are observed predominantly for right paramilitary, military, and police.

Lastly, lab prob exhibits notably wider coefficient distributions than the other covariates. This variation

indicates that the relationship between predicted laboratory presence and trafficking destinations differs

substantially across Colombia, suggesting that cocaine production laboratories may play different roles

within local trafficking networks.

To summarize the coefficient distributions shown in Figure 2.4, Table 2.3 lists descriptive statistics
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of the estimated coefficients alongside the corresponding global regression coefficients for comparison,

estimated with a single model using data from all municipios. For each variable, Table 2.3 reports the

global coefficient followed by the local coefficients’ minimum, first quartile (Q1), median, mean, third

quartile (Q3), and maximum values across municipios.

Consistent with the objectives of the local modeling framework, the coefficients estimated for

the local GWR PML models differ substantially from the global estimates, including some municipios’

estimates having the opposite coefficient signs. These wide ranges of estimates demonstrate the ability

of the GWR approach to capture spatial heterogeneity in the relationships between the independent

variables and cocaine trafficking destination.

We compute the AUC values for both the global and local GWR PML models by predicting

the dependent variable (yi) for each municipio using the estimated coefficients and covariate values

at location i. For the local GWR PML model, these predictions are generated from models estimated

without the focal location. The local GWR PML model achieves an AUC that is 0.133 higher than that

of the global model (0.825 versus 0.692), indicating a better predictive capability than the global model.

The geographically heterogeneous effects identified by the local GWR PML model can be further

studied through the statistical significance of the estimated coefficients (variables with a p-value less

than 0.1). The nsig value in Table 2.3 counts the number of times a regression coefficient was statistically

significant. A considerable number of coefficients have consistently significant effects on the outcome.

The nsig value also illustrates how geographically weighted regression can reveal relationships that are

hidden in a global model. As shown in Table 2.3, the global regression identifies coca area, lab prob,

right paramilitary, population, river length, ferry, and police as statistically significant independent

variables. In contrast, the three variables with the largest nsig in the local GWR PML models are

population (360), airport (307), and road length (279), only one of which is significant in the global
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model. This difference suggests that the effects of these variables vary considerably across space, with

positive, negative, or negligible associations depending on local conditions. By allowing coefficients

to vary geographically, the GWR framework is able to uncover localized relationships with cocaine

trafficking destinations that may be masked when a single coefficient is estimated for the entire study

area.

2.4.1.1 Cocaine-Related Variables

Figure 2.5 presents the estimated coefficients for three cocaine-related variables —coca area,

seizures, and lab prob— obtained from the local GWR PML model. To emphasize statistically

meaningful spatial patterns, black points in municipio centroids indicate that the estimated coefficient

for a given variable is statistically significant at the 10% level.

Note that coefficient estimates are unavailable for municipios in southeastern Colombia. Although

larger bandwidths could increase the number of neighboring municipios available for estimation, it

would require incorporating data from geographically distant municipios, which is inconsistent with

the underlying assumption of GWR that local relationships are best characterized by nearby locations.

Consequently, we restrict estimation to bandwidths that preserve the local nature of the model, resulting

in 19 municipios being excluded from the analysis.

The regression coefficients summarized in Figure 2.5 reveal substantial regional heterogeneity,

indicating that the relationships between these variables and the probability of a municipio serving as a

cocaine hydrochloride destination vary considerably across Colombia.

Positive coefficients for coca area along the western coastline of Colombia, in Figure 2.5(a),

suggest that coca cultivation in these regions is associated with a higher probability of a municipio being
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(a) coca area (b) seizures

(c) lab prob

Figure 2.5: Estimated regression coefficients of (a) coca area, (b) seizures, and (c) lab prob
using the local GWR PML model.
Notes: Positive associations are represented by colors ranging from yellow to red according
to their magnitude, whereas negative coefficients are shown in shades of light to dark blue.
Municipios with coefficients equal to zero are shaded in gray, while white regions indicate
locations where the corresponding variable was excluded from the local GWR model due
to insufficient variation in its values among neighbors. Striped regions are excluded from
the analysis.
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a cocaine hydrochloride trafficking destination (e.g., Cauca, Chocó, and Valle del Cauca). This pattern

may reflect the presence of more established and spatially integrated cultivation-to-manufacturing supply

chains in these areas, potentially indicating greater organizational coordination in cocaine production

and trafficking activities relative to other parts of the country (Kenney 2007). In contrast, coca

cultivation exhibits weak, negligible, or in some cases negative associations in several inland regions

(e.g., Antioquia, Bolı́var, and the southeastern areas), highlighting the substantial spatial heterogeneity

in the role of coca cultivation within Colombia’s cocaine economy. These variations may reflect a

divergence in illicit supply chain structures managed by distinct transnational criminal organizations.

While some networks exhibit high levels of vertical integration, others operate within more fragmented,

market-driven frameworks, with structures heavily influenced by their strategic orientation toward

specific transit corridors, such as the Pacific maritime, Caribbean littoral, or contiguous land borders.

The estimated coefficients for seizures in Figure 2.5(b) exhibit more positive patterns across

much of Colombia, with positive associations observed in nearly all west-coast municipios. Since the

seizure variable represents the quantity of cocaine confiscated leading up to the analysis period, positive

coefficients suggest that municipios with prior seizure records are, on average, more likely to continue

functioning as active cocaine trafficking destinations. At the same time, several regions have negative

seizure coefficients (e.g., Atlántico and Risaralda). These areas may reflect the so-called “balloon

effect” of law enforcement interventions, in which intensified enforcement pressure in one location

displaces trafficking activity toward alternative routes or neighboring regions (Rouse and Arce 2006).

An alternative explanation is that the peace process influenced cocaine trafficking away from these areas.

The observed spatial heterogeneity suggests that seizures may capture stable trafficking corridors in some

parts of the country while indicating deterrence or displacement effects in others. These geographically

varying relationships provide potentially important implications for the design of localized enforcement
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and interdiction strategies. Specifically, positive seizure coefficients are concentrated along Colombia’s

Caribbean coast of Córdoba and Sucre, the major Andean corridor connecting Bogotá D.C. to northern

export points, and portions of the Pacific coast, regions corresponding to established high-volume

trafficking corridors.

As shown in Figure 2.5(c), the estimated coefficients of lab prob are moderate across most regions,

except in central Colombia (Cundinamarca). Moderately positive coefficients are concentrated primarily

in northern and southeastern Colombia and tend to coincide with areas exhibiting high predicted

probabilities of cocaine processing lab presence in Figure 2.2(d). Conversely, municipios with negative

coefficients generally have lower predicted probabilities of laboratory presence. Several regional

exceptions to this rule are observed. Along parts of the Pacific coast, particularly in Cauca and Nariño,

higher lab prob values are associated with a lower likelihood of being a cocaine destination. Further,

parts of the Caribbean region in northern Colombia, including Atlántico, northern Bolı́var, and Cesar,

exhibit positive coefficient values despite relatively low lab prob values. These contrasting patterns

suggest that the relationship between cocaine processing laboratories and trafficking destinations varies

across Colombia.

2.4.1.2 Conflict Variables

We next examine how the presence of two major armed groups, left-wing guerrillas (e.g., FARC

and ELN) and right-wing paramilitary groups (e.g., Clan del Golfo and Los Puntilleros), is associated

with cocaine trafficking destinations. The local coefficient estimates for left wing and right paramilitary

obtained from the local GWR PML model are mapped in Figures 2.6(a) and 2.6(b), respectively. Overall,

positive associations between cocaine trafficking destinations and the presence of left-wing groups are
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(a) left wing (b) right paramilitary

(c) left right

Figure 2.6: Estimated regression coefficients of (a) left wing, (b) right paramilitary, and (c)
left right using the local GWR PML model.
Notes: Positive associations are represented by colors ranging from yellow to red according
to their magnitude, whereas negative coefficients are shown in shades of light to dark blue.
Municipios with coefficients equal to zero are shaded in gray, while white regions indicate
locations where the corresponding variable was excluded from the local GWR model due
to insufficient variation in its values among neighbors. Striped regions are excluded from
the analysis.
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concentrated mainly in the southern Pacific coast of Nariño departamento and the Northeast of Colombia

(e.g., Cesar, Norte de Santander) bordering Venezuela. In central Colombia (e.g., Cundinamarca and

Tolima), several municipios exhibit positive coefficients for left wing. In contrast, positive coefficients

for right paramilitary are relatively uncommon across the central region and are generally small in

magnitude. This contrast is consistent with prior research documenting strong links between FARC

presence and the cocaine business, as well as important differences between left-wing guerrilla and

right-wing paramilitary organizations (González 2022, Gutiérrez Sanı́n 2008, Mateus-Rugeles and

Arias 2020, Norman 2018, Sierra 2016). However, some municipios along the northern coastline of

Colombia (e.g., Magdalena and northern Bolı́var) exhibit positive associations with right paramilitary

and negative or weaker associations with left wing.

These findings suggest that the relationships between armed groups and cocaine trafficking

destinations vary considerably across Colombia. Such spatial heterogeneity is consistent with the

decentralized nature of Colombia’s illicit drug economy, in which armed organizations may differ in

their territorial influence, operational strategies, available resources, and involvement in trafficking

activities across regions (Grajales-Marı́n et al. 2025, Kenney 2007). The contrasting coefficient signs

observed in central Colombia and along the northern coast further indicate that the relative importance

of different armed actors may vary geographically. Consequently, analyses based solely on global

models may obscure important local dynamics linking armed conflict and illicit trafficking.

To further investigate the joint presence of armed groups, we added an interaction term between

left wing and right paramilitary, with the resulting local coefficients shown in Figure 2.6(c). Interestingly,

several municipios in the central and northern regions (e.g., Boyacá and Santander) that exhibit

negative coefficients for both groups individually display positive coefficients with their joint presence.

Conversely, in parts of southern Colombia (e.g., Caquetá), where each group individually shows
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a positive association with trafficking destinations, the interaction term is negative. These results

suggest that the combined presence of the two groups may be associated with trafficking destinations

in ways that differ from their individual effects, and that such relationships are themselves spatially

heterogeneous. The observed patterns may reflect regional differences in competition, coexistence, or

other forms of interaction between different armed groups.

2.4.1.3 Infrastructures, Rivers, and Population

Infrastructure-related variables (roads, airports, ferry terminals, military land use, and police

stations), as well as rivers and population, again exhibit substantial spatial heterogeneity in their

relationships with cocaine trafficking destinations, as summarized in Figures 2.7 and 2.8. The spatially

varying coefficients for airports and ferry terminals (Figures 2.7(a) and 2.7(b)) suggest that the likelihood

of being a cocaine trafficking destination varies considerably across Colombia.

Positive and statistically significant coefficients suggest regions where air or ferry transportation

may play a more important role in cocaine trafficking than other regions. These localized patterns

can help guide future investigations into the mechanisms through which different transportation

infrastructures facilitate trafficking activity. For example, Bogotá D.C., Cundinamarca, and Sucre

with weak or negative airport coefficients may indicate that other modes of transport are more influential

in the area. One may further examine such areas to identify factors underlying the reduced influence

of airports on trafficking outcomes. Potential explanations include differences in airport type, traffic

volume, ownership structure, and security or inspection capacity. Such analyses could provide valuable

insights into the factors driving regional variation in the role of airports and ferry ports within cocaine

trafficking networks.
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(a) airport (b) ferry

(c) military (d) police

Figure 2.7: Estimated regression coefficients of (a) airport, (b) ferry, (c) military, and (d)
police using the local GWR PML model.
Notes: Positive associations are represented by colors ranging from yellow to red according
to their magnitude, whereas negative coefficients are shown in shades of light to dark blue.
Municipios with coefficients equal to zero are shaded in gray, while white regions indicate
locations where the corresponding variable was excluded from the local GWR model due
to insufficient variation in its values among neighbors. Striped regions are excluded from
the analysis.
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The coefficients for military land use and police stations, summarized in Figures 2.7(c) and 2.7(d),

are mostly negative across much of the country, consistent with the expectation that the presence of

law enforcement acts as a deterrent for trafficking activity (Du et al. 2026, Mejia and Restrepo 2016).

Nevertheless, several areas, such as the west coast and northern Colombia (e.g., Atlántico, La Guajira,

and Nariño), exhibit positive coefficients for police. Such patterns may arise for multiple reasons. One

possibility is that regions experiencing elevated trafficking activity receive greater allocations of military

and police resources, resulting in a positive association that reflects enforcement responses rather than a

direct deterrent effect. Alternatively, these coefficients may indicate regional differences in enforcement

effectiveness or the adaptive behavior of trafficking organizations. Consequently, caution is warranted

when interpreting these relationships causally or when using them for predictive purposes in regions

where positive coefficients are observed.

The estimated coefficients for river and road lengths (Figures 2.8(a) and 2.8(b)) also display

distinct spatial variation. In particular, statistically significant positive coefficients indicate regions

where rivers or road networks may serve as trafficking routes to cocaine destinations, suggesting

that they may facilitate the transportation of cocaine in those areas. In contrast, negative coefficients

observed elsewhere, for example in northwestern Colombia, imply that the importance of rivers and

roads is not uniform across the country. Such differences may reflect regional variation in accessibility,

transportation efficiency, geographic constraints, or the relative risk of interdiction along specific routes.

Finally, Figure 2.8(c) highlights that population is positively associated with cocaine trafficking

destinations in most regions of Colombia. This pattern is consistent with the tendency for trafficking

destinations to be located near major population centers, which may function as consumer markets,

logistical hubs, or gateways to export routes. However, several municipios exhibit negative population

coefficients. These locations may represent less conspicuous trafficking routes, intermediate transshipment
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(a) river length (b) road length

(c) population

Figure 2.8: Estimated regression coefficients of (a) river length, (b) road length, and (c)
population using the local GWR PML model.
Notes: Positive associations are represented by colors ranging from yellow to red according
to their magnitude, whereas negative coefficients are shown in shades of light to dark blue.
Municipios with coefficients equal to zero are shaded in gray, while white regions indicate
locations where the corresponding variable was excluded from the local GWR model due
to insufficient variation in its values among neighbors. Striped regions are excluded from
the analysis.
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Figure 2.9: Natural regions of Colombia (Milenioscuro 2014).

points, or smuggling routes that avoid major population centers in order to reduce interdiction risk.

To summarize the geographically weighted regression results presented in Figures 2.5–2.8,

we organize the findings according to Colombia’s natural and geographic characteristics. Mainland

Colombia is commonly divided into five natural regions (Rivera 2013): Amazon (Amazonı́a), Andean

(Andes), Caribbean (Caribe), Orinoquı́a, and Pacific (Pacı́fico), as depicted in Figure 2.9. Population

and river length show relatively consistent positive associations with trafficking destinations across

much of the country, whereas the effects of other factors vary considerably by region.

In the Pacific region, particularly Cauca and Valle del Cauca, coca cultivation is a dominant

positive factor. Within the Andean region, river accessibility is positively associated with trafficking
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Variables San Antero Convención

Value Coefficients Value Coefficients

Intercept 4.440 -6.450 ***
coca area -0.416 2.960 -2.150
seizures 2.660 2.090 * 0.020 -0.857
lab prob 0.281 -4.86 2.530 2.880

left wing 1 -1.16 1 3.420 **
right paramilitary 1 1
left right 1 1

population 0.707 0.943 0.305 -0.966
river length -0.420 3.530 ** 0.435 -0.222
road length -0.131 -2.240 ** -0.578 -0.702
airport 0 -3.520 ** 1 2.230
ferry 1 0 0.933
military 1 1 2.430 *
police 1 0.800 0 -0.232

Significance *** p≤0.001 ** p≤0.05 * p≤0.1

Table 2.4: Local GWR PML model results of San Antero, Córdoba, and Convención, Norte
de Santander.

destinations in northern areas such as Antioquia and Boyacá, while road accessibility is more important

in central areas such as Caldas, Risaralda, and Tolima. In the Caribbean region, police station presence

is strongly associated with destinations in Atlántico, whereas river length is more influential in Córdoba.

In the Amazon region, both river and road accessibility are positively associated with trafficking

destinations, while airport presence is a consistent positive factor in the Orinoquı́a region.

2.4.2 Case Study: San Antero, Córdoba, and Convención, Norte de Santander

To highlight the geographic heterogeneity captured by the local GWR PML model, we compare

the estimated coefficients for the two municipios with high predicted probabilities of being cocaine

destinations: San Antero, Córdoba, located on Colombia’s northern Caribbean coast, and Convención,

Norte de Santander, located in northeastern Colombia near the Venezuelan border. Both municipios are
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observed cocaine destinations (yi = 1) and their predicted probabilities are 1 and 0.931, respectively.

Although both locations are assigned similarly high predicted probabilities by the model, the

factors driving these predictions differ substantially. As summarized in Table 2.4, eight variables are

included in both local models: seizures, lab prob, left wing, population, river length, road length,

airport, and police. In contrast, coca area, ferry, and military are included in the Convención’s model.

In San Antero, seizures constitute the primary contributor to the high predicted probability. The

combination of a large value and a statistically significant positive coefficient of seizures produces the

largest positive contribution among the selected variables. River and road length also exhibit significant

but opposing effects, with waterways positively associated with destination status and roads negatively

associated. However, because San Antero, Córdoba has negative values for both variables (recall that

the data are normalized), limited road infrastructure contributes positively to the prediction, while the

lack of rivers to use contributes negatively. The airport coefficient is significantly negative, but because

no airport is present in the municipio, it does not affect the predicted probability. Overall, the results

suggest that trafficking activity in San Antero is primarily associated with prior seizure activity. These

seizures fail to act as an effective deterrence because this municipio serves as a critical export hub

within the drug trafficking network, dominated by the Clan del Golfo.

In contrast, the presence of left wing guerrillas and military land use emerges as the dominant

factors in Convención, Norte de Santander. Both variables have statistically significant positive

coefficients and generate positive contributions to the predicted probability. Unlike San Antero, seizures,

river, and road length are not statistically significant, indicating a different local trafficking context.

Despite a strongly negative intercept, which suggests a relatively low baseline probability of trafficking

activity in surrounding municipios, the presence of left wing armed groups and military land use

substantially increases the likelihood that Convención is a cocaine destination. These results suggest
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that armed groups operating in the area may be closely connected to cocaine trafficking activity, while

the presence of military land use may reflect the concentration of regular army in response to their illicit

activity.

Taken together, these two cases demonstrate that municipios with similarly high probabilities of

being cocaine destinations may be characterized by fundamentally different local conditions. While

trafficking risk in San Antero appears to be historically associated with interdiction activity, the

prediction in Convención is driven primarily by the existence of left wing groups and the military.

These contrasting results illustrate the value of geographically weighted modeling for identifying

region-specific drivers that would be obscured by a single global model in Table 2.3. Empirically, these

findings highlight the distinct roles that each municipio plays within the broader trafficking network,

which carries direct implications for antinarcotic operations. San Antero functions primarily as a transit

hub to the Caribbean Sea via the Gulf of Morrosquillo, whereas Convención operates as a production

and logistics hub situated within the mountainous Catatumbo region along the Venezuelan border.

Because both locations present unique geographic particularities and operational challenges, they

demand a strategic, highly localized approach rather than a general enforcement model. Consequently,

for a production hub like Convención, law enforcement must concentrate on monitoring armed groups’

activities; conversely, in a coastal transit node like San Antero, the highest-impact strategies rely on

maritime interventions and targeted raids on local storage facilities.
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Variables Medio San Juan Cumaral

Value Coefficients Value Coefficients

Intercept -1.480 0.030
coca area 2.250 -0.657 -0.416
seizures -0.480 -2.010 -0.450
lab prob 1.690 1.940 -0.410 -20.700 **

left wing 0 1.930 0
right paramilitary 1 0
left right 0 0

population -0.260 -0.850 0.445 2.440
river length 1.750 2.490 ** 0.192 -1.310
road length -0.685 -0.330 -0.433 11.200 **
airport 1 1
ferry 0 0
military 0 0
police 0 -2.70 ** 1

Significance *** p≤0.001 ** p≤0.05 * p≤0.1

Table 2.5: Local GWR PML model results of Medio San Juan, Chocó, and Cumaral, Meta.

2.4.3 Case Study: Potential Cocaine Trafficking Destinations Based on the Local

GWR PML Model

To further illustrate the practical value of our local GWR PML framework, we examine two

municipios with the high predicted probabilities among locations that are not reported as cocaine

destinations in the anecdotal data: Medio San Juan, Chocó, located along Colombia’s Pacific coast,

and Cumaral, Meta, located in the central region. Their predicted probabilities are 0.998 and 0.989,

respectively.

As summarized in Table 2.5, the local models for Medio San Juan and Cumaral differ substantially

in both selected variables and the estimated coefficients. Both models include lab prob, population,

river length, and road length, while coca area, seizures, left wing, and police are only included in the
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Medio San Juan model.

In Medio San Juan, river transportation appears to be the most influential factor associated with

the high predicted probability of being a cocaine destination. The coefficient of river length exhibits

a large positive value (2.49) with statistical significance, resulting in the largest positive contribution

among the included variables. This finding suggests that Medio San Juan’s predicted trafficking risk

might be primarily linked to the accessibility of river transportation.

For context, Medio San Juan remains a critical geostrategic region for transnational criminals,

serving as a vital smuggling corridor on the Pacific. The municipio serves as a vast hydrological

basin where dozens of tributaries feed into the San Juan River, one of the largest rivers by discharge

along South America’s Pacific coast. The river empties into a delta approximately 60 kilometers

north of the Port of Buenaventura. This intricate waterway network forms a transit route that allows

trafficking operations to move illicit cargo seamlessly from inland processing zones to coastal departure

points. Historically monopolized by the FARC’s 30th Front, the corridor underwent severe territorial

fragmentation following the 2016 peace accord (UNODC 2026). Today, the security landscape is

defined by a violent, multipolar conflict as FARC dissident factions, the ELN, and the Clan del Golfo

clash to secure hegemony over this fractured but vital territory (ACAPS 2021).

Cumaral, on the other hand, is predicted to be a potential trafficking node for a different set of

reasons. The strongest statistically significant variables are lab prob and road length. In particular,

road length has the largest positive coefficient, which characterizes this area as a critical transit and

micro-trafficking corridor linking the production hubs of southern Meta and Guaviare to the primary

highway networks leading to Bogotá D.C. and Villavicencio. However, since Cumaral has a below-

average road length (a normalized value of −0.433), this variable contributes negatively to its predicted

probability despite its positive coefficient. In contrast, lab prob has a large negative coefficient of -20.7,
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indicating that a higher predicted probability of laboratory presence is associated with a lower likelihood

of being a cocaine trafficking destination. Because Cumaral itself has a below-average lab prob value,

its negative normalized value (-0.41) and negative coefficient produce a strong positive contribution to

the prediction of trafficking destination.

These findings highlight the distinct roles that the two municipios play within the broader

trafficking network, carrying direct implications for antinarcotic operations. Medio San Juan functions

primarily as a riverine transit hub to move illicit cargo toward the Pacific coast, whereas Cumaral

operates as a critical logistics and transit region linking jungle production zones to the central

highways. Because both locations present unique geographic particularities, they demand a strategic,

highly localized approach rather than a generalized enforcement model. Consequently, for an inland

transit corridor like Cumaral, law enforcement must concentrate on highway checkpoints, land-based

interdiction, and dismantling localized supply networks; conversely, in a riverine node like Medio San

Juan, the highest-impact strategies rely on fluvial interventions, mangrove-corridor interdiction, and

targeted raids on riverbank storage facilities.

2.4.4 Sensitivity Analysis

Our modeling framework has two modeling parameters, ny (the minimum number of observations

required in each response class) and ndrop (the threshold used to exclude an independent variable).

Here, we study the sensitivity of the results with respect to these two parameters. Specifically, we

study how the predictive performance, as measured by AUC, changes when ny and ndrop are varied

from 7 to 9 and 5 to 20, respectively. We consider a relatively narrow range for ny because larger

changes can substantially alter the estimation procedure. Increasing ny requires larger local sample
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Figure 2.10: AUC of the local GWR PML model obtained with various ny and ndrop. (There
is no difference with varying ny for a fixed ndrop. Thus, three lines with ny = 7, 8, and 9
are overlapped in this figure.)

sizes to have more observations for each class in yi, causing more municipios to be included with the

larger bandwidths, whereas decreasing ny allows models to be estimated with smaller local samples. In

contrast, varying ndrop primarily affects the set of independent variables included in each local model

while leaving the best bandwidth b∗ unchanged. Consequently, here we place more emphasis on ndrop

to evaluate the robustness of the results to variable-selection decisions.

We find that the predictive performance of the local GWR PML models also remains robust

across the full set of parameter values, as illustrated in Figure 2.10. The AUC values range from 0.813

to 0.848, and are not affected by ny. The AUC exhibits a modest increasing trend as ndrop increases.

When selecting final parameter values, a balance must be struck between reduced model insights

(due to dropping more variables) and modest improvement in model performance. We selected ndrop

equal to 10, in part to retain the ability to evaluate the impact of coca area, one of the central cocaine-

related variables.

Table 2.6 summarizes the variation in the estimated coefficients obtained from the local GWR
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Table 2.6: Sensitivity analysis for ny and ndrop for each variable. (Note: nlarge sd is the
number of municipios where the standard deviation of each coefficient is greater than 20.)

Variable The standard deviations of local GWR PML Coefficients

Min Q1 Median Mean Q3 Max nlarge sd

coca area 0 0.005 0.145 0.333 0.459 3.344 0
seizures 0 0.085 0.202 0.418 0.434 15.675 0
lab prob 0 0.299 0.811 2.106 2.014 49.116 17

left wing 0 0.122 0.309 0.436 0.571 7.618 0
right paramilitary 0 0.048 0.242 0.455 0.559 26.376 1
left right 0 0.016 0.164 0.404 0.486 26.278 1

population 0 0.094 0.252 0.346 0.484 3.600 0
river length 0 0.053 0.133 0.209 0.274 2.577 0
road length 0 0.062 0.174 0.419 0.460 9.940 0
airport 0 0.036 0.174 0.313 0.449 2.827 0
ferry 0 0.000 0.000 0.145 0.213 1.441 0
military 0 0.036 0.157 0.280 0.371 3.668 0
police 0 0.079 0.181 0.283 0.403 2.354 0

PML model under different combinations of ny and ndrop. For each municipio, we first compute the

standard deviation of each variable’s estimated coefficient across 48 different combinations of ny and

ndrop. We then summarize these municipio-level standard deviations using the minimum, first quartile

(Q1), median, mean, third quartile (Q3), and maximum values.

From the minimum values through the third quartiles, the results indicate that the estimated

coefficients remain relatively stable across most municipios for all variables. In particular, the largest

third-quartile value is 2.014 for lab prob, suggesting that the coefficient variability is limited to a

small range. Although lab prob exhibits a comparatively large maximum standard deviation of 49.116,

this instability is primarily attributable to partial observations of cocaine laboratories with a smaller

ndrop, which can result in insufficient variability of lab prob values (i.e all values are in a small range).

Consequently, even when applying the PML framework, the estimation of the coefficient for lab prob

may become inflated when ndrop is below ten.
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The column labeled nlarge sd in Table 2.6 reports the number of municipios with coefficient

standard deviations exceeding 20. From this column we learn that only a small fraction of municipios

experience substantial variation in their estimates. For lab prob, only 17 municipios exceed this

threshold, representing less than 2% of all municipios included in the analysis. These findings suggest

that the proposed local GWR PML framework generally produces stable coefficient estimates across a

wide range of parameter specifications (ny and ndrop).

Overall, the sensitivity analysis demonstrates that the proposed local GWR PML framework

yields stable and reliable regression estimates while effectively mitigating the separation and small-

sample issues that commonly arise in localized binary regression models. Taken together, it supports

the robustness of the proposed framework and highlights its suitability for analyzing partially observed

illicit activity data characterized by spatial heterogeneity and data sparsity.

2.4.5 Comparisons to Another Approach: GWR LASSO

To demonstrate the advantages of the local GWR PML framework in addressing the separation

issue discussed in Section 2.3.1.1, we compare the coefficient surfaces obtained from the local GWR

PML (Figure 2.5) and local GWR LASSO regression models (Figure 2.11). GWR LASSO has been

proposed in the literature as a means of mitigating multicollinearity in estimation (Comber and Harris

2018, Yoneoka et al. 2016). In contrast to the PML framework, the LASSO-based logistic regression

does not explicitly resolve the separation problem, which can result in unstable or implausibly large

coefficient estimates in regions with limited or highly imbalanced local observations. This issue

is evident especially for lab prob, where some estimated coefficients attain unrealistically extreme

magnitudes, indicating overfitting (e.g., a value less than −400 in Figure 2.11(c)). Furthermore, the
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(a) coca area (b) seizures

(c) lab prob

Figure 2.11: Estimated regression coefficients of (a) coca area, (b) seizures, and (c) lab prob
using local GWR lasso model.
Notes: Positive associations are represented by colors ranging from yellow to red according
to their magnitude, whereas negative coefficients are shown in shades of light to dark blue.
Municipios with coefficients equal to zero are shaded in gray, while white regions indicate
locations where the corresponding variable was excluded from the local GWR model due
to insufficient variation in its values among neighbors. Striped regions are excluded from
the analysis.
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GWR-LASSO results contain a considerably larger number of zero-valued coefficients, which indicates

that more municipios exclude particular variables from their local models than the local GWR PML

models.

As a consequence, the coefficient maps produced by the local GWR LASSO model appear less

interpretable and exhibit weaker spatial variation than those from the local GWR PML model. These

results highlight the importance of accounting for separation in localized logistic regression settings,

particularly when modeling sparse and partially observed illicit activity data.

2.5 Conclusion

This study examined the spatially heterogeneous factors associated with cocaine hydrochloride

trafficking destinations across Colombia. Overall, the local GWR PML framework provides a nuanced

and stable geographic characterization of trafficking-related factors while effectively addressing

separation issues associated with sparse binary dependent and independent variables, and avoiding

overfitting and inflated regression coefficients. By producing stable estimates of spatially varying

relationships, the proposed model helps narrow the range of plausible trafficking dynamics and facilitates

the development of more targeted hypotheses for subsequent empirical investigation and policy analysis.

The analysis provides several substantive insights into the spatial organization of cocaine

trafficking in Colombia. The key drivers of trafficking risk vary geographically: coca cultivation

is most important along the Pacific coast, transportation accessibility dominates in the Andean and

Amazon regions, police station presence and river access are influential in the Caribbean, and airport

presence is a consistent predictor in Orinoquı́a.

The variation in factors associated with cocaine hydrochloride destinations suggests that trafficking
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patterns cannot be explained by a single nationwide model. Seizures in prior years generally indicate

persistent cocaine trafficking activity within a municipio, but they also show localized negative

associations that may reflect displacement or deterrence in response to interdiction.

The influence of armed groups also differs geographically. Left-wing guerrilla presence is more

frequently associated with trafficking destinations across Colombia than right-wing paramilitary groups.

Furthermore, the interaction between the two groups varies geographically, suggesting that regional

differences in competition, coexistence, or collaboration shape their influence on cocaine trafficking.

Transportation infrastructure exhibits region-specific importance, with airports, rivers, roads, and

ferry terminals facilitating trafficking in some regions but not others, while population is positively

associated with trafficking destinations across much of the country. The case study further illustrates

that municipios with similarly high probabilities of serving as cocaine destinations can be driven by

fundamentally different local factors.

Despite these contributions, several limitations warrant consideration. First, the analysis focuses

on spatial variation in trafficking destinations by pooling information in 2016 and 2017, leaving temporal

dynamics unexplored. Although longitudinal data are available, annual observations of trafficking-

related activities and several independent variables are considerably sparser than the aggregated dataset

used in this study. As a result, extending the analysis to a spatiotemporal framework presents substantial

challenges related to data availability, model stability, and local sample sizes. Future research could

explore approaches for incorporating temporal dynamics while preserving the ability to estimate

geographically localized relationships.

Second, as with most studies of illicit activities, the analysis relies on partially observed data

that may reflect variation in detection and reporting processes. Although the predicted probability of

laboratory presence helps account for potentially undetected cocaine laboratories, the effectiveness
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of this approach depends on the accuracy of the lab prediction model. Incorporating additional data

sources and more precise measures of laboratory and trafficking activity would strengthen the analysis

and improve inference regarding the mechanisms underlying observed cocaine trafficking patterns.

Third, the GWR framework assumes that all independent variables operate at a common spatial

scale, although their associations with trafficking destinations may occur over different geographic

ranges. Future research could extend the model to MGWR, which estimates variable-specific bandwidths.

However, adapting MGWR to binary, sparse, and partially observed data would require methods that

limit instability and overfitting, such as a penalized MGWR approach.

Nevertheless, this study has two main contributions. First, it provides critical insights into the

Colombian case at a historically significant moment of change in the global cocaine supply chain.

Second, it develops a robust methodological framework useful in other contexts characterized by spatial

heterogeneity, rare events, and partially observed data. Consequently, the proposed framework offers a

methodological blueprint for future research on illicit economies, organized crime, environmental crime,

and other geographically heterogeneous processes in which data limitations and rare-event outcomes

pose significant analytical challenges.
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Chapter 3: Improved LISA Analysis for Zero-Heavy Crack Cocaine Seizure Data to

Detect Trafficking Hot Spots

The second study employs a spatial data analysis approach to identify potential trafficking hot

spots using secondary observational data, such as drug seizures, in settings where no ground-truth

information on trafficking routes or networks is available. A major challenge in analyzing such criminal

data is their extreme sparsity and incompleteness, which often produce a large proportion of zero

observations. This zero-heavy structure can substantially reduce the effectiveness of conventional

spatial analysis methods.

To address this challenge, the study extends the Local Indicators of Spatial Association (LISA)

framework (Anselin 1995), a widely used tool in criminology for detecting localized spatial clustering

of criminal activity. Traditional LISA analysis is designed to identify areas characterized by unusually

high or low levels of activity relative to their neighbors. However, when we applied the conventional

LISA procedure to crack cocaine seizure data in the United States, we found that the prevalence of zeros

created a critical limitation: important spatial observations could be overlooked, leading to incomplete

or potentially misleading interpretations of hot spot patterns.

This study demonstrates how zero-heavy data can affect the detection of spatial clusters and

examines the implications for interpreting LISA results in criminological applications. Building on

this analysis, we propose an improved LISA methodology specifically designed for zero-heavy spatial

data. The proposed approach provides a more appropriate representation of the underlying spatial

relationships in such cases, while preserving the strengths of the original LISA framework. When

applied to U.S. crack cocaine seizure data, the enhanced method identifies spatial patterns that differ
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meaningfully from those detected by the conventional approach, thereby offering insights that may

support more effective law-enforcement and drug-interdiction strategies.

3.1 Literature Review

Local measures of spatial autocorrelation appeared in the early 1990s as tools for detecting

geographically localized patterns. Among these early contributions, the works of Getis and Ord

(1992) and Anselin (1995) are particularly influential, introducing two of the most widely used LISA

statistics: the Gi and G∗
i statistics, and local Moran’s I, respectively. These LISA statistics enabled the

identification of local hot spots, cold spots, and areas of spatial mismatch—locations where a unit’s

local spatial clustering significantly deviates from the global average. Since their introduction, LISA

statistics have been broadly applied in criminology literature, including studies of the spatial impact of

murders (Cohen and Tita 1999) and terrorist activity (LaFree et al. 2012).

According to Anselin (1995), the LISA statistics are defined as follows:

Definition 3.1.1. A local indicator of spatial association (LISA) is any statistic that satisfies the

following two requirements:

1. The LISA for each observation gives an indication of the extent of significant spatial clustering of

similar values around that observation.

2. The sum of the LISAs for all observations is proportional to a global indicator of spatial

association.

Unlike global measures of spatial autocorrelation, LISA statistics identify specific locations that

exhibit significant spatial correlation with their neighbors. These statistics provide localized insights
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into spatial clustering patterns that global indicators may overlook. When the data distribution is

known, statistical significance can be evaluated using conventional tests. Otherwise, significance can

be assessed using a permutation-based approach, in which the observed data serve as the reference

distribution to compute pseudo p-values (Anselin 1995). This method is commonly referred to as

conditional randomization or permutation inference.

Recently, LISA analysis has been extended in several ways. Some of them tried to expand the

formula of LISA statistics from univariate to multivariate. For example, Anselin (2019) introduced a

multivariate version of Geary’s c, which can measure feature similarity and locational similarity at the

same time. Liu et al. (2015) developed spatial autocorrelation measures for vector data that incorporate

both magnitude and direction, making them well-suited for analyzing “flow” data such as wind patterns,

the distribution of products, migration, communication, and capital movement. Another line of research

has expanded LISA to longitudinal spatial data, building on earlier efforts to incorporate temporal

dynamics in the data. While prior approaches incorporated local temporal dynamics, they failed to

adjust for evolving global temporal trends because local Moran’s I is defined relative to the global

average. To address this, Tao and Chen (2023) proposed an “absolute perspective” version of local

Moran’s I that accounts for temporal trends in the data. Despite these advances, none of these studies

have addressed the challenges posed by zero-heavy data in LISA analysis.

The most closely related works were about regression models that used Poisson or zero-inflated

Poisson distribution to incorporate rare response variables. Feng (2021), for example, introduced hurdle

models with two-stage regression models: one for the likelihood of a non-zero outcome, and another

for the magnitude of non-zero values. With longitudinal data, regression models often incorporate

spatial autocorrelation through spatially structured random effects, typically assumed to be normally

distributed. Applications include studies of offender counts in Sheffield, England (Haining et al. 2009),
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and lung cancer incidence in Ontario (Feng and Dean 2012). To the best of our knowledge, however, no

prior work has adapted LISA analysis for zero-heavy data. This chapter fills this gap by demonstrating

the limitations of applying conventional LISA techniques to such data and proposing methodological

improvements to enhance their applicability.

3.2 Data Overview

At first, this chapter assumes that the amount of interdicted illegal drugs, or “seizure”, is

proportional to the actual trafficking activities. Under the assumption, LISA analysis is implemented to

crack cocaine seizure data in the U.S. collected by the High Intensity Drug Trafficking Areas (HIDTA)

program.1 The HIDTA program aims to disrupt illicit drug trafficking by cooperating with U.S. federal,

state, and local governments and tribal law enforcement agencies. Their tasks include collecting and

sharing drug seizure data (Washington/Baltimore High Intensity Drug Trafficking Area 2022). This

HIDTA dataset contains four years (2018–2021) of drug seizure records. Each entry includes the county

name, the name of the seized drug, its weight in kg, and the date of the seizure. In this study, it is

assumed that the seizure amount is 0 for a given period if no seizure is reported for the period in a

county participating in HIDTA. On the other hand, seizures for non-participating HIDTA counties are

assumed to be missing, unless data are reported. The 48 mainland states (Alaska and Hawaii are not

considered) and the District of Columbia are included in this study. Of 3,108 counties in total, 1,518 are

HIDTA counties or have non-zero seizures. Counties with missing data on seizures are excluded from

the study. As a result, some counties are abutted or sometimes fully surrounded by excluded counties.

This makes LISA analysis inapplicable since it works when all the neighbors of a focal point have

1This program is administered by the Office of National Drug Control Policy. Visit https://www.hidtaprogram.
org for more details.
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Figure 3.1: The number of crack cocaine seizures in January 2020 by county.

observations. To circumvent this issue, the proposed approach does not use a geographic neighborhood.

Instead, it assigns each county the k closest reporting counties as its neighbors.2 The value of k is fixed

at 5 for all counties in the analyses that follow throughout the chapter. This value is selected based on

the average number of geographical neighbors, 5.8, for the 3,108 U.S. mainland counties. It is rounded

down to reduce the number of counties with “too far away” neighbors.

In this study, the focus is on crack cocaine data because of its distinct geographic patterns; the

2020 National Drug Threat Assessment (Drug Enforcement Administration, U.S. Department of Justice

2020) reported that crack cocaine is primarily produced and distributed by U.S. domestic criminal

2See https://geodacenter.github.io/workbook/4b_dist_weights/lab4b.html for more details
on implementing the k closest neighbors approach.
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Figure 3.2: Histogram of county-level crack cocaine seizure counts in January 2020.

groups, unlike other types of cocaine. Finally, seizure data is used after being aggregated into the

monthly seizure counts with the assumption that the frequency of trafficking uncovered is more related

to the intensity of crime activities than the amount of drugs interdicted.

As an example, Figure 3.1 shows the number of crack cocaine seizures in January 2020,

represented by a color spectrum, for each county. Seizure-missing counties are colored in white.

Only a few counties have high seizure counts; the two highest counts are 92 for Miami-Dade, FL and

76 for Pinellas, FL. Figure 3.2 is the histogram of seizure counts shown in Figure 3.1. It indicates

approximately 92% of counties have zero seizures, illustrating the zero-heavy non-normal distribution

of the spatial data of crack cocaine seizure counts. The most notable states with the highest seizure

counts are Florida (314 seizures) and Maryland (132 seizures). However, it is hard to gauge the intensity

of spatial association based solely on this raw seizure data at first glance. In this case, LISA analysis

can be useful in identifying areas of local patterns, hot spots, cold spots, and spatial mismatches.

When applied, it can provide valuable insights to law enforcement and policymakers, for instance, by

indicating warranted areas with heightened attention when faced with resource constraints.
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3.3 Local Indicator of Spatial Association (LISA) Statistic: Local Moran’s I

Anselin (1995) explained the main advantage of LISA statistics over global indicator. First,

LISA can assess the statistical significance of local spatial autocorrelation or clustering. Therefore,

LISA statistics can highlight spatial association outliers, or some localized areas that are different from

their surrounding neighbors. In other words, it provides us with local-level information about spatial

correlation around each location, which helps identify local areas of interest that can be missed using

global statistics.

Formally, a LISA statistic can be written as Li = f(xi, xJi), where xi is a value at location i and

xJi are the values observed in the neighborhood Ji of i. For example, the standardized local Moran’s I

(Ii) is defined by Anselin (1995) as:

Ii =

∑N
j=1wij(xi − x̄)(xj − x̄)∑N

j=1(xj − x̄)2/N
, (3.1)

where N is the number of locations, x̄ is the sample mean of x, and wij are weight coefficients with

wij ≥ 0 if j is a neighbor of i and wij = 0 otherwise or i = j. Local Moran’s I at i, Ii, represents the

spatial autocorrelation among i and its neighbors.

Practically, geographers who utilize LISA analysis generally translate the values of Ii into

five categories, which we refer to as LISA labels: Insignificant (Insig), High-High (HH), Low-Low

(LL), High-Low (HL) and Low-High (LH). These labels indicate whether the spatial autocorrelation

surrounding the focal point i is statistically significant and the direction of the autocorrelation in both

the focal location i (the first or left letter) and its neighbors (the second or right letter).
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3.4 Statistical Significance Test of LISA Statistics: Permutation Inference

Moran’s I calculated from a dataset do not necessarily follow a well-defined distribution like a

normal distribution. In this case, the statistical significance of Ii is typically tested with nonparametric,

empirical inference, known as permutation inference (see Anselin 1995, for details). In summary,

permutation inference uses the simulated data drawn multiple times from the empirical distribution of

observed values xi. The standard approach of permutation inference is to generate a specific number M

(typical values are 999, 9999, or 99999) of permuted Moran’s I for Ii, or Imi where m ∈ {1, 2, ...,M},

with a fixed local value xi using spatial shuffling.

Formally, the mth permuted Ii is defined as:

Imi =

∑N
j=1wij(xi − x̄)(xm

(j) − x̄)∑N
j=1(xj − x̄)2/N

, (3.2)

where (j) is the index of permuted neighbor xj . The only difference from Ii (Equation 3.1) is that xj is

now xm
(j), which refers to a neighbor’s observed value sampled from the set {x1, ..., xN}. Then, a set of

M values of Imi s forms a reference distribution for Ii. This empirical distribution is used to derive a

pseudo p-value for Ii, which allows us to determine the significance of Ii. Specifically:

p =
R + 1

M + 1
, (3.3)

where R is the number of times the permuted Moran’s I is equal to or more extreme than the observed

Moran’s I. R is defined as R+ :=
∑M

m=1 I{Imi ≥ Ii} for upper-tail tests and min{R+,M − R+} for

two-sided tests (this follows the implementation of the R package “spdep”3 as in Hughes and MacKenzie

3https://www.rdocumentation.org/packages/spdep/versions/1.2-8
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xi Observed value at location i
x̄ The sample mean of xi

zi xi − x̄
x(i), z(i) ith element in the permuted sequence of xi and zi

Ii Local Moran’s I at location i
Imi mth permuted local Moran’s I at location i for m ∈ [1,M ]
M The number of permutations taken in permutation inference
N The total number of locations
wij A weight representing the neighborhood between two locations i and j with wii = 0
Ji A set of j ∈ {1, ..., N} where wij = 1 at location i
SJi

∑
j∈Ji xj

Table 3.1: Notation for Section 3.3 and 3.4.

(2016) and Oldekop et al. (2019)). If the pseudo p-value is smaller than a significance level α ∈ [0, 1],

Ii is said to be statistically significant. Note that the significance is independent of the value of xi and is

determined solely by the value of SJi since xi stays fixed and is canceled out in the inequality when the

M different Imi are generated. Henceforth, the process described above will be referred to as “standard”

method. We summarize the notations of variables in Table 3.1.

3.5 Limitations in LISA Analysis with the Standard Method

Conventionally, LISA analysis visualizes the local Moran’s I as a scatter plot, known as Moran’s

scatter plot, with respect to the focal unit (xi) and its surrounding units
(∑N

j=1wijxj

)
to easily

understand the characteristics of spatial autocorrelation of a given data in one figure. Then, the LISA

labels, which indicate the significance and direction of Ii, can be applied to the plot with colors as shown

in Figure 3.3(a). Moreover, it is possible to visualize LISA labels that would be obtained for the other

unobserved values using the same empirical distribution with the actual observations colored black, as

Figure 3.3(b), which we would call the “significance region”. Note that the borders between significant

(red and orange) and insignificant (gray) regions are horizontal. This is because the significance of Ii is
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(a) (b)
Figure 3.3: Moran’s scatter plots of (a) centered crack cocaine seizure counts (zi = xi − x̄)
in January 2020 versus the sum of its neighbors’ seizure counts

(∑N
j=1wijzj

)
and (b) its

significance region with M = 999, k = 5, and α = 0.1.

independent of the value of zi as mentioned in Section 3.3.

Figure 3.3 highlights that the standard LISA analysis fails to identify certain counties with high

levels of trafficking activity. For example, in the lower right of Figure 3.3(b), Pinellas County, FL

—despite exhibiting very high seizure counts— is labeled as insignificant since neighbors with low

positive values surround it. From a drug enforcement perspective, it is counterintuitive to exclude such

a county from further investigation for that reason. This illustrates that relying solely on standard LISA

analysis may lead to overlooking regions that are actively involved in cocaine trafficking.

For comparison, we generated a normally distributed sample xi with a mean of 10 and a variance

of 25. Figure 3.4 is Moran’s scatter plot and the significance region with the normally distributed sample.

Unlike Figure 3.3, LISA labels with the normally distributed data exhibit a symmetric configuration of

the significance region. We also observe horizontal boundaries between significant and insignificant

regions, but almost equally stretched toward both positive and negative directions on the y-axis. This is

because of the symmetry of the normally distributed sample, where they are equally distributed from its

center at (0, 0).
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(a) (b)
Figure 3.4: Moran’s scatter plots of (a) centered values zi of normally distributed random
samples xi ∼ N(10, 25) with sample size of 1,518 and (b) its significance region with
M = 999, k = 5, and α = 0.1.

One key difference between Figure 3.3 and 3.4 is that the LL label does not appear with zero-

heavy data. We can prove that none of the samples will be labeled as LL when the proportion of

zero-valued observations exceeds a certain point:

Proposition 3.1. Let xi be a non-negative random variable for i ∈ {1, 2, ..., N}, and let N0 denote the

number of zero-valued observations, or N0 =
∑N

i=1 I(xi = 0). Assume that each of the N focal points

has k neighbors. If (
N0
k )
(Nk)

> α/2, where α is the significance level for the permutation inference, then no

focal point will be labeled as LL with the standard approach.

Proof. To demonstrate Proposition 3.1, we note that for a location to be labeled as LL, we need zi < 0,

or xi < x̄, and min{P (Ii ≤ Imi ), 1− P (Ii ≤ Imi )} needs to be smaller than α/2 (for a two-sided test).

Since we are discussing the LL label, we will assume that xi < x̄ and show that even with the lowest

possible values for the neighbors, all of them zero, min{P (Ii ≤ Imi ), 1− P (Ii ≤ Imi )} > α/2. Recall

that

P (Ii ≤ Imi ) = P

(
(xi − x̄)

N∑
j=1

wij(xj − x̄) ≤ (xi − x̄)
N∑
j=1

wij(x(j) − x̄)

)
.
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Since xi < x̄, the inequality in the probability is reversed when (xi − x̄) is canceled out, and

therefore

P (Ii ≤ Imi ) = P

(
N∑
j=1

wij(xj − x̄) ≥
N∑
j=1

wij(x(j) − x̄)

)

= P

(
N∑
j=1

wijxj ≥
N∑
j=1

wijx(j)

)
.

With all neighbors assumed to be zero,
∑N

j=1wijxj = 0. Then, we have:

P (Ii ≤ Imi ) = P

(
0 ≥

N∑
j=1

wijx(j)

)

= P

(
0 =

N∑
j=1

wijx(j)

)
.

Now, with the number of zero-valued observations N0, the probability of all k neighbors having

zero values4 (
∑N

j=1wijx(j) = 0) is

P

(
N∑
j=1

wijx(j) = 0

)
=

(
N0

k

)(
N
k

)
As long as this probability is greater than α/2, we have:

P (Ii ≤ Imi ) = P

(
0 =

N∑
j=1

wijx(j)

)
> α/2. ■

Based on Proposition 3.1, when one chooses the significance level α = 0.05, for example, with

five neighbors for all focal points, there will be no LL labels even with a mild zero-heaviness of

4Recall that permuted neighbors x(j) are selected without replacement
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N0/N = 0.5 for N = 1518, as

P

(
0 =

N∑
j=1

wijx(j)

)
=

(
759
5

)(
1518
5

) ≈ 0.03104 > α/2 = 0.025.

Our seizure data has many zero-valued locations, with N0/N = 0.92 and N0 = 1397, which

demonstrates why no LL label is observed in Figure 3.3 since

(
1397
5

)(
1518
5

) ≈ 0.6597.

3.6 Improved LISA Analysis

As discussed in Section 3.5, the standard LISA significance test depends solely on the values of

neighboring observations because the focal observation remains fixed during permutation inference.

This limitation becomes particularly problematic when the data are highly skewed and contain a large

proportion of zero observations. In such settings, locations with unusually large values may be classified

as insignificant simply because they are surrounded by neighbors with relatively low values. Motivated

by these limitations, we propose two extensions to the conventional LISA framework: first the permuted

i method and second the moderate label method, as well as a combined approach that integrates both

modifications.

3.6.1 Permuted i Method

In the permuted i method, the significance of LISA statistics is evaluated based on observations

from both a focal location and its neighbors. The updated LISA analysis has the following modified
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Figure 3.5: Significance regions using the permuted i approach for centered crack cocaine
seizure counts zi vs. sum of neighbors’ seizure counts

(∑N
j=1wijzj

)
with M = 999,

k = 5, and α = 0.1.

version of the permuted local Moran’s I formula:

Imi =

∑N
j=1wij(x(i) − x̄)(x(j) − x̄)∑N

j=1(x(j) − x̄)2/N
, (3.4)

where x(i) is the permuted observation for a local point i. The difference from the standard method

(Equation 3.2) is that, in Equation 3.4, xi is permuted as well as the values of neighbors x(j). As a result,

the value of a focal point, xi, also contributes to the significance of Ii. Then a county with a relatively

high seizure is more likely to be significant, even when its neighbors have relatively lower seizures. This

property is especially important when working with zero-heavy data, as larger positive observations are

considered rarer events and are therefore regarded as more valuable for further investigation.

3.6.2 Moderate Label and Combined Methods

Motivated by the need to distinguish between moderately high and very high values in a focal

county, we propose the use of a “moderate label”, M (Getis and Ord 1992), which adds detail to our
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(a) (b)
Figure 3.6: Significance region with the zero-heavy data using the moderate label with (a)
the standard approach and (b) the permuted i approach with M = 999, k = 5, and α = 0.1.

interpretation of the results. The M label enables us to distinguish moderately positive values from

very high ones, which is especially important for zero-heavy data as the range of values indicating a

significant region of HH is typically very large. Adding the M label allows the analyst to compare the

intensity of the significant values, which can be vastly different. However, introducing a new label adds

complexity. One additional label for local values increases the number of LISA labels from four (HH,

HL, LH, and LL) to six (adding MH and ML). If we add a “moderate” label for the neighbors as well,

then there are three additional LISA labels (HM, LM, MM).

The threshold for the new M label should be selected to align with the interpretation of what

qualifies as moderate or extreme within the specific context of the application, based on the data

distribution. For example, in our crack cocaine seizure data displayed in Figure 3.6, we decided to

add the M label to the focal county only and set the boundary corresponding to x̄ plus two standard

deviations of seizure counts; seizures beyond this threshold signify high activity. This label will aid in

the interpretation of the resulting analysis, drawing differences between seizure activity in the focal

location. We then combine the permuted i approach and add the moderate label, referring to these two
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updates as the “combined method”.

3.7 Case Study with the Northeastern States and Florida

To highlight the potential of the improved LISA analysis, we compare the LISA labels results to

the standard method using crack cocaine seizure data in the Northeastern states. We visualize the results

of the four methods in Figure 3.7, which highlights five major cities (Baltimore, Boston, Chicago,

Detroit, and Pittsburgh). In Figure 3.7(a), displaying the standard LISA approach, the labeled counties

each exhibit a notably high or low local Moran’s I. Prominent HH clusters are identified around the five

cities, while several HL counties are observed away from these urban areas. These results serve as a

reference against the permuted i method, contrasting the different insights they possess.

Some previously significant counties in the standard approach (Figure 3.7(a)) become insignificant

in the permuted i (Figure 3.7(b)) approach. There are two reasons for this transition: i) the seizure count

of the focal county is less than five (HL to Insig), reflecting a low seizure count in the focal county

and zero seizures among its neighbors, or ii) neighbors’ seizure counts are low (LH to Insig). By not

labeling these relatively low-seizure areas as areas of importance, the permuted i method allows the

analyst’s focus to move to higher activity areas. The new criteria for the significance test of permuted

i intensifies existing HH clusters by increasing the number of HH counties around the five cities and

reveals additional HH clusters, e.g., Portland, Maine (north of Boston), and an area on the border

between West Virginia and Virginia (identified as number 6 in Figure 3.7(b)). Although these areas may

merit the interest of law enforcement and/or policymakers due to their high seizure counts, they were

labeled insignificant by the standard method because they are surrounded by neighbors with moderate

seizure counts. This reflects our earlier discussion of the differences in significance regions identified
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Figure 3.7: The Northeastern states’ LISA labels for crack cocaine seizure data from
January 2020 under (a) standard, (b) permuted i, (c) moderate label, and (d) combined (key
cities are labeled as 1: Baltimore, 2: Boston, 3: Chicago, 4: Detroit, 5: Pittsburgh, and 6:
the border between Virginia and West Virginia).

by the different approaches.

The moderate label approach introduces additional information about the intensity of seizure

counts for individual focal points. The significant counties obtained by the moderate label method

remain consistent with those identified by the standard method, and the only change is that certain

counties previously labeled as HH or HL are now labeled MH and ML, respectively. This is illustrated

in Figure 3.7(c). By introducing the distinction between HH and MH, we gain the ability to evaluate

the strength of the focal county’s activity within a cluster. For example, from Figure 3.7(c), we can
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infer that the cluster around Pittsburgh (MH cluster) exhibits a weaker intensity than the cluster around

Baltimore (HH cluster). This allows for a more detailed interpretation of the areas of interest. The

moderate label method introduces an additional dimension to the HL classifications as well: counties

with moderately positive seizure counts surrounded by zero-count neighbors, like Berrien, Michigan (a

county east of Chicago), are now labeled ML, and counties with extremely high seizure counts also

surrounded by zero neighbors like Muskegon, Michigan (a county in west Michigan) are labeled HL.

Similar patterns are observed when we compare the results from the permuted i and combined

approaches. The significant counties in Figure 3.7(d) are consistent with those in Figure 3.7(b).

However, some counties previously labeled HH and HL are now labeled MH and ML, respectively.

The introduction of the new M label again provides insight into the level of seizure activity; it helps us

identify whether the newly significant counties (when compared to the standard method) exhibit high

(HH and HL) or moderate (MH and ML) seizure counts. For example, when comparing the intensity of

spatial autocorrelation between and within HH clusters, we note that Boston demonstrates relatively

weaker intensity and lower seizure activity than other HH clusters. Also, within HH clusters, some

counties in the Baltimore, Chicago, Detroit, and Pittsburgh clusters exhibit lower seizure counts than

the other counties in their HH clusters. Collectively, the results from the improved LISA approach

focus the analyst’s attention on areas of higher importance and provide a more nuanced view of the data,

therefore better supporting interdiction strategies by law enforcement and insights for policymakers.

We next study the labels in Florida resulting from the standard and the permuted i methods. This

serves to demonstrate an additional advantage of the permuted i method and underscores the rationale

for its consideration. Figure 3.8 summarizes the results.

When comparing the two approaches we note that in Figure 3.8(a), the majority of HH counties

are concentrated in the southern region of Florida. Additionally, there are two HH counties in the
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Figure 3.8: Florida’s LISA labels for crack cocaine seizure data in January 2020 under (a)
standard and (b) permuted i approaches.

middle-western area and two HL counties along the northern border. Given these results, one could

hypothesize that the most likely trafficking route for crack cocaine originates in the southern counties

and moves northwards along the western coastline of Florida. However, the presence of additional HH

counties in Figure 3.8(b) indicates the high activity —and the potential for major trafficking routes—

along key highways traversing central Florida. In this case, the differences between the standard

and the permuted i methodologies directly impact the interpretation of the drug seizure data and can

consequently point to the need for different interception strategies. This illustrates how the different

approaches lead to different insights and interpretations, and we argue that the permuted i approach is

better suited for highlighting relevant activity when the data is zero-heavy.

3.8 Conclusion

In this study, we propose an improved LISA method and a more detailed labeling approach

that allows analysts to detect trafficking hot spots more reliably in the presence of zero-heavy data, a

common feature in many types of illicit activity reporting. Our method will provide better decision-
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making support for geographic data contexts in diverse fields, including but not limited to criminology

or business problems.

Although the proposed methodology improves LISA analysis for zero-heavy data, several

limitations remain. The approach inherits many assumptions of the underlying LISA framework,

including the need to specify an appropriate neighborhood structure and the reliance on a numerical

outcome variable. Moreover, the method is designed for cross-sectional spatial data and does not

explicitly account for temporal dependence. Future research could extend the proposed framework to

spatiotemporal settings, allowing analysts to examine how localized spatial associations evolve over

time. Such extensions would further enhance the usefulness of LISA-based methods for studying

illicit activities and other phenomena characterized by sparse and highly skewed spatial data. Given

the critical role that LISA plays in policy analysis, this study serves to advance LISA analysis by

appropriately accounting for zero-heavy property in data.
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Chapter 4: Data-Driven Optimization Model for Cocaine Flow Networks Inference

The third study develops a novel data-driven optimization approach to maximize the potential

information gained from noisy and inconsistent data to detect illicit networks. Using real-world data

on state-level cocaine seizures and undercover purchases as well as records on overdose deaths in the

U.S., the approach derives network structures that best align with available data and validates them

with the DEA report on U.S. cocaine trafficking. By varying model parameters, the model creates

multiple networks highlighting different plausible network structures, thereby offering unique insights

and demonstrating the utility of the approach. The framework has the potential to become a tool for law

enforcement agents and policymakers to guide strategies and policies to combat illicit activities.

4.1 Literature Review

Researchers have developed a number of approaches to predict or discover networks. We will

review key approaches below, and further detail why they are not appropriate in our setting.

Link prediction or network completion models aim to learn or derive unknown network structures

and links. This includes both similarity-based algorithms (e.g., Holme and Huss 2005) and different

maximum likelihood methods (Clauset et al. 2008, Doreian et al. 2005). We refer the reader to Lü and

Zhou (2011) for a detailed overview. However, link prediction models require at least some part of

the network structure to be known (typically with incomplete network data or via assumptions on the

node connections). In our case, we do not have any of the network structure; our approach necessarily

does not assume an underlying network structure, because no such information is available. This

also makes the related idea of structural estimation modeling problematic in our setting. Although
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researchers are most likely familiar with structural estimation in the context of economics or finance

(e.g., Li et al. 2002, Strebulaev and Whited 2012), structural estimation has been recently adopted in

fields ranging from management to sociology (e.g., Kolenikov 2011, Musalem et al. 2010) to address

questions where an underlying model is unknown but can be reasonably assumed from similar problems

or other available information. However, because structural estimation naturally requires researchers to

assume an underlying model specification, structural modeling techniques become increasingly biased

as models are misspecified (Kaplan 1988, Kolenikov 2011, Yang and Green 2010). Thus, structural

estimation works best when there is a strong, if ultimately unknown, model basis. Since no part of

the illicit drug supply network is either approximately known or can be concretely inferred, structural

modeling is at best inappropriate and at worst misleading. Other more complex machine learning

approaches are similarly not appropriate in our setting, for example dynamic causal modeling (Friston

et al. 2011), as here again, the dynamic network is estimated using structural estimation.

The key contribution of this study is to introduce a new approach to learn networks in the absence

of any labeled data and/or when traditional machine learning approaches do not apply. We build

our ideas on the illicit network literature, which has used price correlations in illicit drug data across

pairs of locations to infer potential trafficking flows. Benı́tez et al. (2019), for example, inferred

cocaine trafficking networks in Colombia using correlations in cocaine prices. More recently, Chandra

et al. (2025) incorporated cocaine purity alongside price to estimate cocaine flows across the United

States. However, neither study used an optimization framework to directly infer the structure of the

trafficking network. Bjarnadottir et al. (2024) developed an optimization model related to cocaine and

methamphetamine flows in the United States, but the model was designed to identify an appropriate

time window for aggregating the underlying data. In contrast, the optimization framework proposed

in this study is used to directly infer plausible cocaine flows across the United States. We combine
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multiple noisy, incomplete data sources and use optimization to combine the data sources to discover

the underlying unknown illicit network. In doing so, we provide a novel modeling technique for

estimating network flows. We show not only the empirical strength of our technique but also compare

our findings to available anecdotal evidence. As further validation, we explore constraint relaxations

and suggest other sensitivity analyses for understanding possible variations of the unknown network.

These verification steps are important for networks where there is no ultimate ground truth available.

4.2 Data Overview

To demonstrate our approach, we use multiple data elements from two data sources. The

first data set is comprehensive data of undercover purchases and seizures from the System to Retrieve

Information on Drug Evidence (STRIDE). The STRIDE data are collected by the U.S. Drug Enforcement

Administration (DEA) and contain information on illegal drug seizures and undercover purchases by

its agents. The suitability of STRIDE data for policy analysis and research has been questioned in

the literature. In particular, STRIDE was collected primarily to support criminal investigations rather

than to provide a representative measure of illicit drug market prices (Horowitz 2001). As a result, the

data is noisy and biased to differences across data-collection agencies, measurement error, or temporal

inconsistencies. However, research has demonstrated their strengths in both policy analysis and network

detection (Arkes et al. 2008, Bjarnadottir et al. 2024, Chandra et al. 2025).

We restrict the STRIDE data to observations from 2009 to 2014 (the most recent observations we

have) and include all 48 contiguous U.S. states and the District of Columbia (thus excluding Alaska

and Hawaii), resulting in 11,692 observations. The data include the month, state, drug type, weight,

purity, and the price (in the case of a purchase) of each seizure or purchase. To develop a robust price
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N The number of states
si Cocaine inflow from outside the U.S. into state i
ti An indicator variable indicating inflow from outside the U.S. I(si > 0)
wij Cocaine flow from adjacent state i to adjacent state j
oi Overdose deaths in state i
ci The maximum cocaine seizure in state i
pi Median purity-adjusted price in state i

Table 4.1: Decision variables and key parameters.

estimate, we restrict the weight to be between 5 g and 1 kg, which reflects the “middle market” (with

smaller price variance compared to the retail market), resulting in 5,583 observations. Further, the price

of cocaine varies with its purity, we therefore calculate the “purity-adjusted price,” which reflects the

price of a gram of fully pure cocaine:

purity-adjusted price =
price

cocaine weight× purity
.

The second data set we use is fatal overdose information collected by the Centers for Disease

Control and Prevention (CDC)1. Consistent with CDC definitions Ahmad et al. (2024), the count of

overdose deaths was extracted from the CDC website using a key ICD-10 code: T40.5 (Poisoning by

cocaine). During our time period, the number of reported overdose deaths ranged between 7,500 and

11,000 deaths annually.

4.3 Network Optimization Framework

We represent each state and the District of Columbia as a node indexed with i. The aim is to learn

the inflow to each state (si) and the flow from i to another adjacent state j (wij). Table 4.1 summarizes

the key notation used in the optimization approach.

1https://wonder.cdc.gov/mcd.html
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The modeling approach relies on three key assumptions. First, cocaine consumption is proportional

to overdose deaths. Second, cocaine flow increases its price (due to transport costs and risk). Lastly,

maximum seizure at a state is assumed to be indicative of the underlying cocaine flow in a state. Note

that the absence of large seizures is not necessarily indicative of no cocaine flow - it could be a result

of limited enforcement resources, for example. However, large seizures cannot happen without large

flows.

Since the data are inconsistent and noisy, imposing these assumptions as strict constraints can

produce infeasible or unrealistic solutions. We therefore develop three model variants with different

relaxation mechanisms. The first model relaxes the seizure constraint (nationally). The second model

removes price directionality when observed price differences are not statistically significant. The third

model introduces a more systematic framework, relaxing the seizure constraints at the state level, and

the penalties for price relaxations are linked to the level of statistical evidence. Across the formulations,

rather than identifying a single network, we generate a series of plausible trafficking scenarios, revealing

how the inferred network changes under different parameter settings. All three optimization models

were implemented in R and solved using the Gurobi Optimizer. Each model was solved in less than a

second on a PC with an Intel i7-13700 processor (2.1 GHz) and 32 GB RAM.

4.3.1 Model 1: Relaxed Seizure Constraint

Using the above assumption and notation, we formulate the network discovery process as a

mixed-integer programming (MIP) problem presented in Equation 4.1. Standard supervised learning

frameworks minimize a loss function based on minimizing the differences between predicted values

and actual outcomes. However, for illicit networks, there is no known ground truth. This means that
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multiple network structures could be equally consistent with all or part of the available data. To facilitate

network inference, we define an objective function that produces networks that are both simple and

reflective of the illicit drug flows literature. Specifically, the objective function (4.1a) balances the two

terms: the first counts the number of states with positive external inflow, and the second measures the

total inter-state cocaine flow. We minimize the objective function, using a tuning parameter α ∈ [0, 1]

that controls the trade-off between these two network characteristics.

minimize
si, ti, wij

z = α
N∑
i=1

ti + (1− α)
N∑
i=1

N∑
j=1

wij (4.1a)

subject to
N∑
i=1

si = 100, (4.1b)

si +
N∑
j=1

wji −
N∑
j=1

wij = 100 · oi/
N∑
j=1

oj, i = 1, ..., N (4.1c)

si +
N∑
j=1

wji ≥ 100 · ε · ci/
N∑
j=1

cj, i = 1, ..., N (4.1d)

wji = 0, ∀i, j : pi < pj, i, j ∈ {1, ..., N}

(4.1e)

si

mini 100 · oi/
∑N

j=1 oj
− ti ≥ 0, i = 1, ..., N (4.1f)

−0.01 · si + ti ≥ 0, i = 1, ..., N (4.1g)

si, wij ≥ 0, i, j ∈ {1, ..., N} (4.1h)

ti ∈ {0, 1} i = 1, ..., N (4.1i)

The constraints formalize the modeling assumptions introduced above. First, Constraint (4.1b)
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scales the total cocaine inflow to 100 (without loss of generality), so that each state’s inflow si can be

interpreted as a percentage. Constraint (4.1c) requires that the net inflow (inflow minus outflow) for each

state matches its scaled consumption, 100 · oi/
∑N

j=1 oj , which represents the state’s percentage share of

national overdose deaths. Constraint (4.1d) links total inflow to the state’s maximum observed seizure,

but because seizures are noisy indicators of actual flow, we relax this constraint using a parameter

ε ∈ [0, 1], requiring only that inflow meets or exceeds ε · ci/
∑N

j=1 cj . Constraint (4.1e) limits the flow

from state j to i to zero if the price of cocaine is lower in i compared to j, enforcing directional flow

toward higher prices. Constraints (4.1f) and (4.1g) ensure that the binary variable ti reflects whether a

state receives any inflow (si > 0). Finally, si and wij are defined to be non-negative, and ti is binary by

construction.

4.3.1.1 Model 1 Results and Comparison with Anecdotal Evidence

To obtain feasible solutions of the optimization problem (4.1), the seizure constraint had to be

significantly relaxed, setting ε to a maximum of 0.4. The balance parameter α was set to 0.9 to manage

the trade-off between the number of source states and unrealistic long-distance flows. Figure 4.1

illustrates inferred cocaine trafficking flows with these parameter settings, where major inflows (and

distribution across the U.S.) are seen from Florida (northward), Arizona (to California and eastward),

and Texas. Smaller inflows enter through Michigan and some East Coast states.

Figure 4.2 presents cocaine routes that were reported in the 2011 National Drug Threat Assessment

published by National Drug Intelligence Center (2011), or the DEA. Comparison of the inferred network

with the DEA trafficking map reveals both overlaps and differences from the inferred network. While the

DEA map highlights California as a key entry point, the model suggests Arizona was more significant
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Figure 4.1: The optimal network from Model 1 with α = 0.9 and ε = 0.4.

Figure 4.2: Routes for cocaine flows across the U.S.; source National Drug Intelligence
Center (2011). Arrows indicate the direction of flows and their thickness represents flow
magnitude. Source states are labeled with red numbers indicating the estimated amount of
cocaine entering from outside the United States.
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during the study period, possibly due to differences in border enforcement. The model also detects

inflows from Michigan and eastern states that were not a part of the DEA map, highlighting how the

data-driven method can provide additional or updated insights into trafficking patterns.

4.3.2 Model 2: Relaxed Seizure and Price Directionality

Model 1 (4.1) does not have a feasible solution without significantly relaxing the seizure constraint.

In other words, a feasible solution satisfying the directionality of flow based on prices exists only when

the required maximum seizures are reduced by 60%. In Model 1, we chose to relax the seizure

constraint, as the seizure data are a noisy signal of the underlying network (maximum seizures are

heavily influenced by law enforcement efforts) compared to price (median price estimates are based on

multiple undercover purchases). However, if the prices in two adjacent states are statistically similar, we

may want to relax the imposed directionality. More generally, it may be beneficial to trade off different

signals to obtain different complementary views of the underlying network.

Therefore, in Model 2, we relax the price constraint when the level of confidence in the price

directionality is low. More specifically, we remove the directionality constraints if the average purity-

adjusted prices in two adjacent states are similar (assessed using Welch’s t-test for equal means). If we

fail to reject the null hypothesis at a selected significance level, we remove the directionality constraint

between i and j, allowing cocaine flow in either direction between i and j but not both. The hypothesis

testing reveals several state pairs (e.g., North Carolina and South Carolina, and Colorado and Utah)

that have very similar purity-adjusted prices. Specifically, if statistical testing reveals that the price

differences between i and j are not statistically significant, the constraint wij = 0 is removed from the

model formulation.

81



Figure 4.3: The optimal network from Model 2 with α = 0.9 and ε = 1.0. Flows associated
with the removed price constraints are colored red, while flows consistent with price
directionality are colored green. The black numbers indicate the inflows.

As a demonstration, we rerun the analysis, keeping α at 0.9 and removing price constraints for

state pairs with a t-test p-value above 0.252. By allowing cocaine to flow in either direction between

pairs of states with very similar prices, all the maximum seizure constraints (4.1d) are satisfied, and we

therefore set ε equal to one. Figure 4.3 illustrates the resulting network.

Removing price directionality constraints that are not strongly supported by the price data results

in different routes (compared to Model 1), reflecting alternative routes while satisfying the consumption

and seizure information. The Model 2 network positions Alabama as a key supply state in the Southeast,

with flows extending as far as North Carolina, which is no longer identified as a source state. The

western portion of the network also changes: compared with Model 1, western flows become more

closely connected to routes leading toward the eastern United States. On the West Coast, Washington

has the same cocaine inflow but no longer sends cocaine to Idaho; instead, Idaho receives cocaine from

Oregon.

2At this significance level, the constraints for 34% of neighboring state pairs (34 out of 101) are relaxed, reflecting the
high level of noise in the data
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4.3.3 Model 3: Statistical Price Penalty Relaxation

Model 2 relaxed the price directionality constraint using a fixed significance threshold applied

to all neighboring state pairs. Under this approach, price directionality is either enforced or removed,

depending on whether the observed price difference meets the selected threshold. However, the

statistical evidence supporting price directionality varies across state pairs, which is not fully captured

by a single binary decision.

To capture these differences, we update the formulation, resulting in Model 3, which assigns

penalties to price directionality violations based on the strength of the statistical evidence. A violation

receives a larger penalty when the data provide strong evidence that the price in state i exceeds the

price in state j, and a smaller penalty when the observed price difference is small and therefore

highly uncertain. This provides additional flexibility, discouraging violations of price directionality

assumptions that are strongly supported by the data, but weakly supported price directionality results

in a much smaller penalty. The goal of Model 3 is to provide a more flexible and statistically driven

formulation by incorporating state-specific seizure relaxation and differentiated price directionality

penalties based on statistical evidence.

To quantify the strength of the statistical evidence supporting price directionality from i to j, we

consider the hypothesis test

H0 : pricei ≤ pricej, H1 : pricei > pricej.

Let pp,ij denote the corresponding p-value of the test. Small p-values imply stronger evidence

that pricei is greater than pricej , and therefore it is very unlikely for cocaine to flow from i to j,

83



whereas large p-values indicate weak evidence against such a flow. Consequently, violating the expected

direction of flow should incur a larger penalty when pp,ij is small. Therefore, we set the penalty

associated with the flow from i to j equal to (1 − pp,ij) and incorporate it directly into the objective

function.

Model 3 also incorporates state-specific seizure-relaxation variables, enabling the model to

accommodate inconsistencies in seizure information across states. Let εi denote the seizure-relaxation

variable for state i. A value of εi = 1 indicates that the maximum-seizure constraint is fully enforced,

whereas εi = 0 corresponds to its maximum relaxation. The resulting formulation is given in

Equation 4.2.

The objective function (4.2a) contains four components. The first sums the total amount of

cocaine transported through the network, encouraging parsimonious networks with shorter and less

extensive trafficking routes. The second term counts the number of source states, favoring solutions

with fewer importation points. The third term accounts for the relaxation of the seizure constraints.

Because larger values of εi correspond to less relaxation, the third term is subtracted from the objective

function, thereby penalizing large relaxations and encouraging the optimal solution to satisfy as much

of the observed seizure information as possible. Finally, the fourth term penalizes violations of the

price directionality assumption. Specifically, a flow from state i to state j incurs a penalty of (1− pp,ij),

where smaller p-values (pp,ij) correspond to stronger statistical evidence that the price in state i exceeds

that in state j. To avoid penalizing flows when the available data do not provide sufficient evidence

for such a price difference, we set p-values above a prespecified threshold to one, before solving the

optimization model (4.2). Consequently, only flows associated with sufficiently small p-values between

two states i and j cost the objective function (4.2a), while flows with p-values greater than or equal to

the threshold incur no relaxation cost.
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The four terms are balanced through two nonnegative parameters, α and β, which can be set by

the user to balance the number of importing states and overall flows.

minimize
si, ti, wij, xij, zij, εi

z = α

(
N∑
i=1

N∑
j=1

wij

)
+ β

(
N∑
i=1

ti

)
−

N∑
i=1

εi +
N∑
i=1

N∑
j=1

(1− pp,ij) xij (4.2a)

subject to
N∑
i=1

si = 100, (4.2b)

si +
N∑
j=1

wji −
N∑
j=1

wij = 100 · oi/
N∑
j=1

oj, i = 1, ..., N (4.2c)

si +
N∑
j=1

wji ≥ 100 · εi · ci/
N∑
j=1

cj, i = 1, ..., N (4.2d)

wij ≤ 100xij, i, j ∈ {1, ..., N} (4.2e)

wij ≥ 0.0001xij, i, j ∈ {1, ..., N} (4.2f)

wij ≤ 100zij, i, j ∈ {1, ..., N} (4.2g)

wji ≤ 100(1− zij), i, j ∈ {1, ..., N} (4.2h)

si ≤ 100ti, i = 1, ..., N (4.2i)

si ≥ 0.0001ti, i = 1, ..., N (4.2j)

si, wij ≥ 0, i, j ∈ {1, ..., N} (4.2k)

ti ∈ {0, 1} i = 1, ..., N (4.2l)

xij, zij ∈ {0, 1} i, j ∈ {1, ..., N} (4.2m)

εi ∈ [0, 1], i = 1, ..., N (4.2n)

α, β ∈ R+, (4.2o)
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Constraint (4.2b) normalizes the total cocaine inflow entering the United States to 100 units. As

in constraint (4.1b), this normalization allows all flows to be interpreted as percentages of the total

supply. Constraint (4.2c) enforces flow conservation at each state. Constraint (4.2d) requires the total

cocaine entering a state to be at least as large as its normalized maximum observed seizure. Unlike

the previous model (4.1), no global seizure-relaxation parameter is used; instead εi is used to relax the

seizure requirement for a state i.

Constraint (4.2e) and (4.2f) link the binary variables xij to the existence of a flow between states

i and j of magnitude wij . Specifically, xij = 1 if and only if a positive flow exists from state i to state j,

and xij = 0 otherwise. The variable xij is included in the objective function to ensure that penalties

associated with relaxing the price directionality assumption are incurred only when a flow actually

occurs between the two states. Therefore, state pairs with no flow (wij = 0) do not contribute to the

price-relaxation penalty.

Constraints (4.2g) and (4.2h) ensure that at most one directional flow exists between any pair of

neighboring states. Constraints (4.2i) and (4.2j) ensure that the source-state indicator ti equals 1 if and

only if state i imports cocaine from outside of the United States, and is zero otherwise. Finally, the

remaining constraints specify non-negativity and integrality requirements for the flow and indicator

variables.

4.3.3.1 Model 3 Results

We present two optimal solutions generated using α = 1, while varying the parameter β.

Figure 4.4(a) shows the solution obtained with β = 5, whereas Figure 4.4(b) presents the solution

obtained with a larger weight (β = 10) on the number of importing states. In both figures, the extent of
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(a) With α = 1, β = 5 (b) With α = 1, β = 10

Figure 4.4: The optimal network for Model 3 with two different parameter settings (a)
α = 1 and β = 5, (b) α = 1 and β = 10. State-level seizure relaxation (εi) is indicated
by gray shading. Price directionality violation penalties are represented by flow colors
ranging from green to red, with redder flows indicating higher penalty for relaxing price
directionality.

seizure and price constraint relaxation is represented by the corresponding penalty costs.

The two networks exhibit similar patterns in domestic cocaine flows. Especially, near Illinois

and Texas, both states supply cocaine to several neighboring states. However, when β = 10, the model

suggests a northward flow from California to Washington, which is not present when β = 5. This

occurs because, when β = 10, the number of importing states is penalized more and Washington is no

longer selected as an importing state. The southeastern network also changes, primarily because the

regional source shifts from North Carolina to Georgia.

Overall, both Model 3 solutions exhibit noticeably different trafficking patterns compared to the

solutions of Models 1 and 2 (Figures 4.1 and 4.3). In particular, in the Model 3 solutions, the cocaine

flows originating from California become shorter despite a similar number of importing states. Further,

Florida no longer serves as a key source state of cocaine, and under the larger value β = 10, is not

selected as an importing state, as shown in Figure 4.4(b).

Another notable change occurs in the Midwest, where in the Model 3 solutions, Michigan is

no longer identified as a source state, and Illinois emerges as a regional supplier. At the same time,
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California, Texas, and New York remain major importing states for both parameter settings, suggesting

that their roles are robust to the introduction of the relaxation mechanism.

The Model 3 results (Figure 4.4) demonstrate that incorporating state-level seizure constraints

and statistical penalties for violating the price directionality assumption produces different plausible

cocaine supply chain networks. Rather than forcing all flows to strictly follow observed price gradients,

the model relaxes directionality assumptions by applying penalties proportional to the strength of the

statistical evidence (rather than the binary relaxation used in Model 2), resulting in alternative trafficking

routes. This flexibility is particularly valuable in settings such as ours, where the available data exhibit

substantial variability and uncertainty.

Together, these two relaxation mechanisms reduce the need to fit potentially noisy observations

exactly in the optimization model. Instead, Model 3 prioritizes network structures that are as consistent

as possible with the available evidence, while penalizing differences based on statistical principles. The

persistence of several major importing states across parameter settings further suggests that certain

structural features of the inferred network are relatively robust, whereas the locations of intermediate

suppliers and specific trafficking routes remain sensitive to assumptions regarding price directionality

and seizure enforcement patterns. These findings highlight the importance of incorporating uncertainty

into network inference models and demonstrate how carefully designed relaxation mechanisms can

improve the plausibility and provide an alternative lens of inferred illicit supply chains.

4.4 Conclusion

This study developed a data-driven optimization framework for inferring hidden cocaine trafficking

networks in the United States using multiple incomplete and noisy data sources. Unlike traditional
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network inference approaches that require at least partial knowledge of the underlying network

structure, the proposed method operates without any observed network links. Instead, we leverage

information from cocaine prices, seizures, and overdose deaths to identify plausible trafficking routes.

By formulating the problem as a network optimization model, the approach integrates multiple sources

of evidence while explicitly accounting for the uncertainty and inconsistency that are inherent in illicit

drug market data.

The empirical results demonstrate that the proposed framework can generate network structures

that are broadly consistent with available anecdotal evidence while also revealing alternative trafficking

patterns supported by the data. The inferred networks consistently identify several major importing states

and highlight the importance of regional redistribution hubs within the domestic cocaine supply chain.

Furthermore, the comparison between alternative formulations illustrates how different assumptions

regarding price directionality and seizure information can lead to different but plausible network

configurations. Rather than producing a single definitive network, the different parameters and

formulations generate a set of evidence-based scenarios that can help law enforcement agencies

and policymakers evaluate alternative hypotheses about trafficking activity.

Several limitations remain. First, cocaine prices may be influenced by factors other than

transportation costs and trafficking risk. For example, differences in local demand, competition

from substitute drugs, market structure, or enforcement intensity may cause cocaine prices to decrease

along a trafficking route. In a state where demand for cocaine is relatively low, cocaine transported from

another state may be sold at a lower price than in the supplying state. The current price-directionality

assumption does not capture these patterns. Although the formulations allow price directionality to be

relaxed, they do not explicitly model the underlying economic factors that produce these exceptions.

Second, our model does not use cocaine purity as an additional source of directional information.
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Because cocaine purity generally decreases as the drug moves through the supply chain and is diluted

before reaching retail markets, purity information could provide additional constraints on the likely

direction of cocaine flows. Incorporating such information may improve network identification and

further reduce ambiguity in the inferred routes. However, adding additional constraints inevitably

reduces the feasible region of the optimization problem and may increase the difficulty of obtaining

feasible and interpretable solutions when the underlying data are noisy.

Future research should therefore focus on developing more effective methods for balancing

multiple sources of information while preserving model feasibility, interpretability, and consistency

with data. This includes incorporating additional constraints, exploring alternative formulations for

handling uncertainty, and developing systematic procedures for selecting relaxation parameters and

penalty weights. More broadly, the proposed framework could be extended to other illicit supply chains

and hidden networks where direct observations of network structure are unavailable. By combining

optimization, statistical evidence, and multiple noisy data sources, such approaches have the potential

to provide valuable insights into a wide range of clandestine systems.
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Chapter 5: Conclusion

Illicit supply chains present a unique challenge for researchers and policymakers because the

underlying networks are intentionally concealed. Unlike legitimate supply chains, where transactions,

inventories, and transportation flows are routinely recorded, illicit activities generate only incomplete

and partial observations. As a result, analysts must often redesign conventional methodologies and

draw inferences to incorporate sparse, incomplete, and inconsistent data while operating with little or

no ground-truth information. These limitations complicate efforts to understand trafficking behavior

and develop effective interdiction strategies.

This dissertation addressed these challenges through three complementary studies focused on

cocaine trafficking in Colombia and the United States. Although each study examined a different

analytical problem, all three shared a common objective: improving the extraction of actionable

information from imperfect data on illicit supply chains.

The first study investigated regional drivers of cocaine trafficking in Colombia using partially

observed information on trafficking routes. To account for substantial spatial heterogeneity and localized

data sparsity, a geographically weighted logistic regression framework incorporating Firth’s penalized

maximum likelihood estimation was developed. The results demonstrated that the relationships between

trafficking destinations and associated factors vary considerably across regions.

The second study considered situations in which no direct information on trafficking routes is

available and investigators must rely on secondary indicators such as drug seizures. Using crack cocaine

seizure data in the United States, the study identified an important limitation of conventional LISA

analysis when applied to zero-heavy criminal datasets. To address this issue, an improved LISA method

was developed to enhance the identification and interpretation of spatial clusters with zero-heavy data.
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The results demonstrated that conventional methods may overlook meaningful spatial patterns and that

appropriate adjustments can substantially improve hot spot detection.

The third study addressed the problem of inferring cocaine trafficking networks from multiple

incomplete and potentially inconsistent variables. A novel data-driven optimization framework was

developed to infer plausible cocaine supply-chain structures in the United States, supported by multiple

incomplete and potentially inconsistent data sources, including seizure records, undercover purchase

data, and overdose mortality. Rather than producing a single deterministic network, the framework

generates multiple candidate network structures that are consistent with observed evidence, thereby

providing decision-makers with a richer understanding of uncertainty in network inference. The

resulting approach demonstrates how optimization methods can be used to reconstruct hidden illicit

supply chains when direct observations are unavailable.

Overall, this dissertation demonstrates that meaningful insights into illicit drug supply chains can

be obtained without complete information. Across all three studies, the central methodological theme

is the development of analytical approaches that explicitly account for sparsity, incompleteness, and

uncertainty. Collectively, these studies show that these characteristics should not be viewed merely as

limitations of criminal data but rather as features that must be incorporated directly into model design

and interpretation to fully utilize the data and support more effective enforcement decisions.
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Appendix A: Geographical Variation of Aggregated Data: Remaining Variables

This appendix presents maps of the independent variables used in the second study that were not

included in Section 2.2.3.

(a) left wing (b) right paramilitary

Figure A.1: Geographical variation of (a) left wing and (b) right paramilitary data.
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(a) airport (b) ferry

(c) military (d) police

Figure A.2: Geographical variation of (a) airport, (b) ferry, (c) military, and (d) police data.
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(a) river length (b) road length

(c) population (log values)

Figure A.3: Geographical variation of (a) river length, (b) road length, and (c) population
data.
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Appendix B: Firth’s Penalized Likelihood Method

When estimation is based on a relatively small sample, models may suffer from multicollinearity

and unstable coefficient estimates (Wheeler and Tiefelsdorf 2005), including local GWR models.

To address these issues, several extensions have incorporated regularization techniques, including

ridge- and LASSO-based geographically weighted models (Bárcena et al. 2014, Comber and Harris

2018, Wang and Li 2017, Wheeler 2007, 2009, Yoneoka et al. 2016). However, these approaches do

not explicitly consider (quasi-)complete separation when applying geographically weighted logistic

regression, which may lead to unstable or inflated coefficient estimates (Heinze and Schemper 2002).

To address the severe class imbalance in the data, we propose a GWR framework that incorporates

Firth’s penalized maximum likelihood (PML) estimator, a bias-reduction technique that has been widely

applied in conventional logistic regression settings (Heinze 2006, Heinze et al. 2013, Rainey 2016).

Let θ = (θ1, θ2, . . . , θM) for M ∈ N denote the vector of model parameters and let L(θ) denote the

likelihood function. Standard maximum likelihood estimation (MLE) seeks the parameter values that

maximize the likelihood, or equivalently, the log-likelihood ℓ(θ) = logL(θ). The gradient of the

log-likelihood, U(θ) ≡ ∇ℓ(θ), is referred to as the score vector and measures the sensitivity of the

log-likelihood to changes in the model parameters. The standard maximum likelihood estimators are

obtained by solving the score equation

U(θ) = ∇ℓ(θ) = 0. (B.1)

By adjusting the standard score equation to account for estimator bias, Firth’s PML method

produces finite and more stable coefficient estimates, particularly in the presence of complete or quasi-
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complete separation, where conventional maximum likelihood estimation may fail or yield excessively

large coefficients (Heinze 2006, Heinze and Schemper 2002).

Firth’s method modifies the standard MLE by introducing a bias-reducing penalty term into the

score function for M parameters θ:

U∗(θ) = U(θ)− I(θ)b(θ) = 0 (Firth’s score) (B.2)

where I(θ) is the Fisher information matrix (the variance of the standard score (B.1):

[I(θ)]j,k = E

[(
∂

∂θj
ℓ(θ)

)(
∂

∂θk
ℓ(θ)

)∣∣∣∣θ] (B.3)

for j, k ∈ {1, 2, ...,M}), and b(θ) represents the biases for the estimators of θ. This penalized maximum

likelihood approach yields more stable coefficient estimates compared to standard MLE, particularly in

the presence of separation in datasets (Heinze 2006, Heinze and Schemper 2002).

For a logistic regression, consider the following model with a dependent variable y and M

independent variables x = (x1x2 · · · xM) and x0 = 1:

P (y|x,θ) = π =

[
1 + exp

(
−

M∑
m=0

xmθm

)]−1

. (logistic regression model) (B.4)

The standard score function (B.1) corresponding to model (B.4) for a parameter θm is:

U(θm) =
n∑

i=1

(yi − πi)xmi = 0 (B.5)
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For logistic regression, Firth’s score (B.3) for a parameter θm becomes:

U∗(θm) =
n∑

i=1

[
(yi − πi) + hi

(
1

2
− πi

)]
xmi = 0, (B.6)

where hi denotes the ith diagonal element of the hat matrix H = W 1/2X(XTWX)−1XTW 1/2 and

W = diag(πi(1− πi). Equation (B.6) can be rewritten as follows:

U∗(θm) =
n∑

i=1

[
(yi − πi)

(
1 +

hi

2

)
+ ((1− yi)− πi)

hi

2

]
xmi = 0 (B.7)

This representation shows that the adjusted score (B.7) contains contributions from both the observed

response yi and its binary complement (1− yi) for the same observation i (Heinze and Schemper 2002).

As noted by Heinze and Schemper (2002), this formulation can be interpreted as augmenting the data

with pseudo-observations, thereby preventing coefficient estimates from diverging under complete or

quasi-complete separation and “guarantees finite estimate” for θm.
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