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Evolutionary PDE-based methods are widely used in image processing and
computer vision. For many of these evolutionary PDEs; there is little or no theory
on the existence and regularity of solutions, thus there is little or no understanding
on how to implement them effectively to produce the desired effects. In this thesis
work, we study one class of evolutionary PDEs which appear in the literature and
are highly degenerate.

The study of such second order parabolic PDEs has been carried out by us-
ing semi-group theory and maximum monotone operator in case that the initial
value is in the space of functions of bounded variation. But the noisy initial
image is usually not in this space, it is desirable to know the solution property
under weaker assumption on initial image. Following the study of time dependent
minimal surface problem, we study the existence and uniqueness of generalized

solutions of a class of second order parabolic PDEs. Second order evolutionary



PDE-based methods preserve edges very well but sometimes they have undesir-
able staircase effect. In order to overcome this drawback, fourth order evolu-
tionary PDEs were proposed in the literature. Following the same approach, we
study the existence and regularity of generalized solutions of one class of fourth
order evolutionary PDEs in space of functions of bounded Hessian and bounded
Laplacian. Finally, we study some evolutionary PDEs which do not satisfy the
parabolicity condition by adding a regularization term.

Through the rigorous study of evolutionary PDEs which appear in the lit-
erature of image processing and computer vision, we provide a solid theoretical
foundation for them which helps us better understand the behaviors and proper-
ties of them. The existence and regularity theory is the first step toward effective
numerical scheme. The regularity results also answer the questions to which func-
tion spaces the solutions of evolutionary PDEs belong and the questions if the

processing results have the desired properties.



Nonlinear Evolutionary PDESs
in Image Processing and
Computer Vision

by
Kexue Liu

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2004

Advisory Commmittee:

Professor Jian-Guo Liu, Chair/Advisor
Professor James Baeder

Professor Ramani Duraiswami
Professor Charles D. Levermore
Professor Ricardo Nochetto



(© Copyright by

Kexue Liu

2004



ACKNOWLEDGMENTS

I owe my gratitude to all the people who have made this thesis possible. First
and foremost I'd like to thank my advisor, Professor Jian-Guo Liu for giving
me an invaluable encouragement and advices to work on a very interesting field.
I would also like to thank Professor Ramani, Professor Levermore, Professor
Nochetto and Professor Baeder for agreeing to serve on my thesis committee and

for sparing their invaluable time reviewing the manuscript.

i



TABLE OF CONTENTS

1 Introduction

1.1

1.2

1.3

1.4

1.5

1.6

Image smoothing . . . . . . .. ... ... ... ...
1.1.1 Linear evolutionary PDEs in image smoothing . . . . . . .
1.1.2  Advantages of using evolutionary PDE to process images .

1.1.3 Nonlinear second order evolutionary PDEs in image smooth-

1.1.4  Nonlinear fourth order evolutionary PDEs in image smooth-

Image segmentation . . . . . . . ... ... ... L.
1.4.1  Mumford and Shah functional . . . . . . ... .. ... ..
1.4.2 Deformable models . . . . .. ... ... ... ... ..
Optical flow problem . . . . . . .. .. ... ... ... ......

Shape from shading . . . . . . . . ... ... oL

il

10

11

15

16

17

20

23



1.7 Thesisoutline . . . . . . . .. ... 25
Mathematical preliminary 37
2.1 Mathematical notations . . . . . ... ... ... ... 38
2.2 Generalized Sobolev spaces . . . . . . . .. ... L. 38
2.3 Spaces involving time . . . . ... ..o L Lo 40
2.4 Compactnessresult . . . . . . . ... 42
2.5 Lower semicontinuity . . . . . . . .. ... 42
2.6 Measures and function spaces . . . . ... ... ... L. 43
2.6.1 Measure, Radon measure, Hausdorff measure . . . . . . . . 43
2.6.2 Convex functions of a measure . . . . . . . . ... ... .. 46
2.6.3 Functions of bounded variation . . . . ... ... ... .. 48
2.6.4 Functions of bounded Hessian . . . . . . . . .. ... ... 52
2.6.5 Functions of bounded Laplacian . . . . . . . ... ... .. 54
2.6.6  Density result in space involving measures . . . . . .. .. 56
2.6.7 Elliptic BVP involving measures . . . . . . . . . ... ... 58
2.7 Monotone property of convex function . . . ... ... ... ... 59
The study of second order parabolic PDEs 61
3.1 Nonlinear second order parabolic equations . . . . . . . ... ... 62
3.2 Notations . . . . . . .. 64
3.3 Semigroup approach . . . . . ... ... L 66

v



3.4 Vanish viscosity approach . . . . . ... ... ... ... ... ..
3.4.1 Weak solution of regularized PDE . . . . . ... ... ...
3.4.2 Existence and uniqueness of generalized solution . . . . . .
3.4.3 Evolutionary PDE and variational problem . . . . . . . ..

3.4.4 Relationship with texture decomposition PDE . . . . . ..

4 The study of fourth order parabolic PDEs
4.1 Minimization functional . . . . . . ... ... 0000
4.2 Fourth order parabolic equations . . . . . ... ... ... ....
4.2.1 Solution of regularized equation and energy estimates . . .
4.2.2  Existence and uniqueness of generalized solution . . . . . .
4.3 Evolutionary PDE with V?u replaced by Au . . . . . .. ... ..
4.3.1 Regularized equation and energy estimates . . . . . . . ..

4.3.2 Existence and uniqueness of generalized solution . . . . . .

5 The study of PDEs derived from nonconvex functional
5.1 Smoothing-enhancing PDEs . . . . . .. ... ... ... ... ..
5.1.1 Existence and uniqueness of weak solution of regularized
equation . . . . . ... L. e
5.1.2  Relationship with other PDEs . . . . . . ... .. ... ..

5.2 You-Kaveh PDE . . . . . . .

6 Numerical experiments

149



6.1 Second order method . . . . . . . . . .. ... 149

6.1.1 Explicit finite difference method in 1D . . . . . . . . . .. 149
6.1.2 Explicit finite difference method in 2D . . . . . .. .. .. 150
6.1.3 Smoothing one dimensional signal . . . . . . . .. .. ... 151
6.1.4 Smoothing Lena image . . . . . . .. ... ... ... ... 151
6.2 Fourth order method . . . . . .. ... ... 0. 155
6.2.1 Explicit finite difference method in 1D . . . . . . . . . .. 155
6.2.2 Explicit finite difference method in 2D . . . . . . . .. .. 156
6.2.3 Smoothing one dimensional signal . . . . . .. .. .. ... 156
6.2.4 Smoothing Lena image . . . . . . . ... ... ... ... 156
6.3 Conclusion . . . . . .. ... 159
BIBLIOGRAPHY . . . . . . . 161

vi



1.1

1.2

1.3

1.4

1.5

1.6

1.7

4.1

5.1

6.1

6.2

6.3

6.4

6.5

6.6

LIST OF FIGURES

Gaussian smoothing . . . . . . ... oo
Staircase effect of second order model . . . . . . .. ... .. ..
Image enhancement . . . . . . .. ... oL
Image texture decomposition of Osher, Solé, Vese model . . . .
Image segmentation . . . . . . .. ...
Optical flow . . . . . . . . ...

Shape from shading . . . . . .. ... ... ... ... ..

Neumann extended to periodic boundary condition . . . . . ..

Image enhancement . . . . . . .. ... ... L.

Trapezoidal Signal . . . . . . ... ... ... oL
Denoising results of second order PDE on 1d signal at t =10 . . .
Denoising results of second order PDE on 1d signal at t =25 . . .
Denoising results of second order PDE on 1d signal at t =50 . . .
Denoising results of second order PDE on 1d signal at ¢t = 100 . .

Denoising results of second order PDE on 1d signal at t = 500 . .

vii

151

152

152

152

153



6.7 Lenaimage . . . . . . . ... 153
6.8 Denoised Lena image of second order PDE att=15. . . . . . .. 154

6.9 Denoised Lena image by Perona-Malik PDE and Gaussian filter . 154

6.10 Denoised Lena image of second order PDE at t =25. . . . . . .. 155
6.11 Fourth order PDE smoothing on 1D signal at t=50. . . . . . .. 156
6.12 Fourth order PDE smoothing on 1D signal at t =500 . . . . . . . 157
6.13 Fourth order PDE smoothing on 1D signal at ¢ = 5000 . . . . .. 157
6.14 Fourth order PDE smoothing on Lena image at t =100 . . . . . . 157
6.15 Fourth order PDE smoothing on Lena image at t =500 . . . . . . 158

6.16 Fourth order PDE smoothing on Lena image at t = 1000 . . . . . 158

viil



Chapter 1

Introduction

Variational methods and PDE-based methods appear in a large variety of image
processing and computer vision ! areas ranging from optical flow computation to

stereo vision and surface reconstruction.

1.1 Image smoothing

Images are unavoidably degraded during acquisition and transmission. Image
smoothing is the process which is intended to reduce noise in the image in order

to retrieve useful information.

!Mapping from images to abstract description (Computer vision) versus mapping from ab-

stract description to images (Vision).



1.1.1 Linear evolutionary PDEs in image smoothing
From variational problem to evolutionary PDE

Assume that the original image of a real scene is denoted by u € L?((2), the
observed and noisy image of the same scene is denoted by uy € L*(€2). Assume
that they satisfy the linear relationship ug = Ru+n, where R is a linear operator
and n is the Gaussian noise. Given ug, we want to recover u. According to
maximum likelihood principle, we can find the approximation of u by solving the
least square problem
inf/ |Ru — g |* dz (1.1.1)
v Ja
This problem is ill-posed [8]. The classic method to overcome ill-posed minimiza-
tion problems is to add regularization term to the minimization functional [88].

Now let’s consider

inf{/ |Vu|2dx+)\/\Ru—uo|2dm} (1.1.2)
v o Q

here \ is a positive weighting constant. The first term of minimization functional
is a smoothing term, the second term measures the fidelity to the initial data.
Under suitable assumptions on R, the minimization problem (1.1.2) admits a

unique solution which is characterized by the Euler-Lagrange equation
—Au+ AR*(Ru — up) =0 (1.1.3)
with Neumann boundary condition g—z = 0, v is the outward normal of 0€2. We

may introduce a scale-space variable ¢ and use gradient decent method to solve



the minimization problem which results in an evolutionary partial differential

equation

U= Au — AR*(Ru — uyp)

2u — (1.1.4)

u(z,0) = up(x)

\

here wu is the derivative with respect to scale-space variable ¢. In case there is no

confusion, we also call it time derivative.

Gaussian smoothing and linear evolutionary PDE

Gaussian filter is a classic method of smoothing noisy images and detecting edges.
It was introduced by Marr and Hildreth [65], then further developed by Witkin
97], Koenderink [54], and Canny [15]. Let ug € L*(R?) be the noisy image and

a2 2 . .
G, = ﬁe 21°/20% " Then the smoothed version of ug is

(Gy % up)(x) = Go(r — y)uo(y) dy (1.1.5)

RQ

On the other hand, consider the following linear parabolic PDE

U= Au
(1.1.6)
u(z,0) = ug
Assume that vy € C(R?) and bounded, the solution of (1.1.6) is
u(z,t) = (G g * uo) () (1.1.7)
It is unique if we impose that u does not grow too fast
u(z, t)| < Ce*l (1.1.8)



for some positive constants C' and a. Therefore, smoothing a noisy image using a
Gaussian filter with parameter ¢ is the same as the solution of a linear parabolic

PDE at t = 2.

Figure 1.1: Gaussian smoothing, left: original image; middle: o = 2; right:

o =4.

1.1.2 Advantages of using evolutionary PDE to process
images

We have seen some evolutionary PDEs in image processing. Are there advantages
to cast image processing problems into this frame work? It is well known that
images usually contain structures at a large variety of scales. The advantage of
casting image processing problem into evolutionary PDE frame work is that it
allows an image represented at multiple scales. By comparing the structure at
different scales, we obtain a hierarchy of image structures which are very useful

for image interpretation.



A scale-space is an image interpretation at continuum scales, embedding the
image ug into a family {Ttuo > O} of gradually simplified versions of it,
provided that it satisfies certain requirements which are very natural from the
image processing point of view [96]. Alvarez, Guichard, Lions and Morel [2]
showed that every scale space satisfies some axioms and invariance properties is
governed by a PDE with the original image as initial condition. In addition, if

we impose the linearity
Ti(auy 4 buy) = aTyuy + bTuy Yt >0,a,b € R (1.1.9)

The only candidate of linear scale space is Gaussian scale space [97, 94].

1.1.3 Nonlinear second order evolutionary PDEs in image
smoothing

The linear PDE quickly removes noise, but at the same time it blurs the edge
(see Figure 1.1). Since Gaussian filter is the only candidate in the linear frame-
work, people began to consider nonlinear filters. Perona and Malik [76] proposed
nonlinear PDEs to smooth images and detect edges

(ﬂ::V-@OVM%VU)

ou| g (1.1.10)

u(z,0) = up(x)

\

here g(s?) = m or g(s?) = e~/")° [ is some positive constant. The edges

of images smoothed by (1.1.10) are well localized from finer to coarser level, but



this PDE is not well-posed. It may suffer instability problems caused by very
noisy initial image.

We may also consider to modify model (1.1.2). Because the over-smoothing
is due to the L? norm of the gradient, one feasible solution is to decrease the reg-
ularity, which leads Rudin, Osher and Fatemi [79] to propose the Total Variation

(TV) model
A
inf { F(u) = / Vol de + 5/ 0~ w2 da) (1.1.11)
v Q Q
TV model preserves edges much better than Gaussian smoothing, which is the

direct result of L! norm instead of L? norm. Later, a class of such minimization

functionals was proposed for image smoothing [7]

F(u):/Q(I>(|Vu|)dx+%/ﬂ|Ru—uo|2dx (1.1.12)

here R is a linear continuous operator, ®(-) is an even convex function from
R — R* and approximately linear increasing. Thus, TV minimization functional
is a special case of (1.1.12). Let R* is the adjoint of R, the Euler-Lagrange

equation associated with the minimization problem can be formally written as

'(|V
_v<Mvu> + AR*(Ru — up) =0 (1.1.13)
[V
Let g(s?) = 2 and use gradient decent method to solve the minimization



problem, we obtain

w= V- (g9(|Vul*)Vu) — AR*(Ru — uyg)
ou _

E’r =0

u(z,0) = ug

\

(1.1.14)

1.1.4 Nonlinear fourth order evolutionary PDEs in image

smoothing

Although total variation minimization method has a great success for denoising

and texture decomposition, sometimes it produces undesirable staircase effect

(Figure 1.2). In order to deal with this issue, minimization method with second

Figure 1.2: Staircase effect of second order model, left: noisy signal, right: de-

noised signal. Figure from Chan [21].

order derivatives in the functional and fourth order evolutionary PDEs were pro-

posed in the hope of taking the image curvatures into account. Chambolle and



Lions [20] proposed the following minimization functional

J(ul,ug):/ ]Vulldx—l—oz/ \Vngldx+)\/(u1+u2—uo)2dx
0 0 0

to improve the staircase effects of total variation method. Here «, A are weighting

parameters. If we let ©u = u; + us and v = uy, we obtain

J(u,v):/Q\V(u—v)]dx—i—oz/ﬂ\VQU]dx—l—)\/Q(u—uo)de

What is the idea behind the new functional? “In some sense, we first approximate
locally the gradient of the function uy by Vv, that has itself a very low total
variation (o >> 1). Then we find u as an approximation of ug such that u — v
has a low total variation” [20]. To the same purpose, Chan, Marquina and Muler
[21] proposed minimization functional

Lu)? 1
|V(u|)3 + 5(u—uo)ﬂ dx (1.1.15)

J(u) = / [0V, + 3

to smooth noisy images, here |Vu|., = \/|Vu|? + ¢ and L(u) is an elliptic opera-
tor and they restricted themselves to work with £(u) = Au. Lysaker, Lundervold
and Tai [62] proposed the following minimization functionals in medical image

processing

Ji(u) = /Q(|um| + |uy,|) dedy + % [/Q(u — ug)? drdy — 02] (1.1.16)

Jo(u) :/Q\/dedijg[/ﬂ(u—uo)dedy—aQ} (1.1.17)

Tumblin and Turk [91] proposed an evolutionary PDE to preserve the details of

high contrast scenes by building a coarse to fine order hierarchy of scene bound-



aries and shadings.

p

uw=—-V"-(g(|V?u]))VAu) — AMu — o)

@’ =0
1T
? (1.1.18)

el =0

u(z,0) = ug

ka—jSQ. They call it “Lower Curvature Image Simplifiers”. Later

here g(s) =
Tumblin pointed out that |V?u| is not rotational invariant. A better choice would
be use Au instead of V?u [11]. Thus, the new rotation invariant evolutionary

PDE

(

u==V-(g9(|Au]))VAu) = A(u = uo)

@| =0

s

? (1.1.19)
aaAVu‘F =0

u(z,0) = ug
\

which is formally the gradient flow of the Euler-Lagrange equation of the following

minimization problem

A 2 A
iﬂf {J(u) = /Q [kAu arctan Tu_% log ((%)2%—1) —|—%(u—uo)2] dm} (1.1.20)
You and Kaveh [99] propose the functional
J(u) = / f(|Aul) dz (1.1.21)
Q



to eliminate the staircase effects of Perona-Malik PDE (1.1.10). Through gradient

decent procedure, they formally derived the evolutionary PDE

;

i = —Ag(|Aul) Au)

@‘ =0

T

? (1.1.22)
BaAVu = 0

u(z,0) = ug

\

where g(|Au|) = fl‘(lAAuqu). In numerical experiments, they chose f(s) = log(1 +

(s/k)%).

1.2 Image enhancement

Image enhancement is the process of improving the perceptual quality of a dig-
itally stored image by manipulating the image with software. Osher and Rudin

[72] used shock filters to improve image quality
= —|Vu|F(L(u)) (1.2.1)

where F'is a Lipschitz continuous function satisfying

(1.2.2)

10



L is a nonlinear elliptic operator such that zero crossing define the edges of the
processed image. A typical example of (1.2.1) in 1D is

U+ (uggsign(ug))u, =0

u(z,0) = ug(x)
Gilboa, Sochen and Zeevi [41] proposed the following evolutionary PDE to en-
hance image features with middle gradients: neither low gradients nor very high

gradients are enhanced.

.
T V’LL V’LL 2
=V (\/l+(|Vu|/k:f)2 - O‘1+(vu/kb)2) - )\(U - Uo) —eAu
ou
a0 =0
d ‘ (1.2.3)
agiu r=20

u(z,0) = ug

here a, A, k¢, ky, are weighting parameters. Please see Figure 1.3 for the enhance-

ment result of this PDE method.

1.3 Image texture decomposition

The minimization method and parabolic PDE-based method whose solutions
are in the space of functions of bounded variation are very successful in image
smoothing. Unfortunately, one drawback of these methods is that their inability
to handle textures and small structures properly. In practice, smaller details, such
as textures, are destroyed if the weighting parameter A is too small. Gousseau

and Morel [42] may be the first to challenge the idea that natural images are

11



Figure 1.3: Image enhancement by flows based on triple well potentials, top: orig-
inal image; bottom: enhanced image. Figures are from http://visl.technion.

ac.il/"gilboa/ppt/huji02.pps

in the space of functions of bounded variation (BV'). Through an experimental
study of the distribution of the bilevels ? of natural images, they showed the total
variation blows up to infinity with the increasing resolution. Meyer [68] took a
study of this problem from mathematical point of view. He proved that the norm
of error term ||u—h|| of the Osher, Rudin and Fatemi model in Besov space B>

is always small. Thus, it is more appropriate to represent textures or oscillatory

2Consider a digital image I whose gray levels are between 0 and N, the k-bilevels of I is

defined by [;(i,7) = 1if I(4,5) € [(I — 1)N/k,IN/k], 0 otherwise. 1 <[ < k.

12



by some weaker norms than L? norm. He proposed some alternative space G 3.

Definition 1.3.1. [68] Let G denote the Banach space consisting of all general-

ized functions f(x) which can be written as

f(x) = og1(z) + Daga(r)  g1(x), go(w) € L=(R?) (1.3.1)

The norm || f||. of f in G is defined as the lower bound of all L norms of the

functions |g| where g = (g1, 92), |9](x) = v/|g1]? + |¢2|?(x) where the infimum is

computed over all decomposition (1.3.1) of f.

Vese, Osher [93], Aujol, Aubert [9], Osher, Solé, Vese [73] followed Meyer’s
idea to decompose image into Cartoon part and texture or noisy part in space G.
The decomposition of Osher, Solé, Vese [73] (See Figure 1.4 for the decomposition

result)
: A -1 2
inf {F(u) = [ |Vuldz+ 2 [ V(A (up — u))| d:z:} (1.3.2)
“ Q 2 Ja

has almost the identical mathematical format as (1.1.12). From (3.4.93), they

formally derived second order evolutionary PDE

w=V- [%} — A u — )
=0

u(z,0) = ug

\

3Together with this space G, two other functional spaces were also introduced. F is defined
as G but the John and Nirenberg space BMO(R?) is replacing the role of L°(R?). E is the

Besov space B>, We have G C F C E [68].

13



Figure 1.4: Image texture decomposition of Osher, Solé, Vese model. Left: orig-

inal image; middle: u (cartoon) part; right: v (texture) part. Figure from [73].

Tadmor, Nezzar [85] followed Rudin, Osher and Fatemi model (1.1.11) and took
a step further, they represented an image using hierarchical (BV, L?) decompo-
sition. They argued that images could be realized as general L2-objects and the
more noticeable features of images are identified within a proper subclass of all
L? objects. This subclass is known to be functions of bounded variation. Given

initial image f € L*(Q2) and initial scale \g, their idea is to apply (1.1.11) to f

recursively:
= uo+ v [0, vo] = arginf{ [, |Vu|dz + X [, |v|* dz}
utv=f
Vg = Uy + 1 ['LLl, ’Ul] = arginf { fQ |VU1| d.CC —+ 2)\0 fQ |'l)1|2 d.CC}
u1+v1=v9
vi =t v [uvia] = arginf { [ [Vl de 4+ 27 [ [vja]* de

Uj 1TV +1=05

After k such steps, it produces the following hierarchical decomposition of f:

UO+U1+"'+Uk+Uk

14



It was proved [85] that

k

1
1f = Z%’HW-LOO(Q) = No2F i1
j=0

Here || [l = sup { f,, f(x)g(x) dz : | Vgl < 1}.

1.4 Image segmentation

Image segmentation is the problem to distinguish objects from background. A
segmentation is either a decomposition of the image domain into homogeneous

regions with boundaries, or a set of boundary points (See Figure 1.5).

Figure 1.5: Image segmentation, left: original image; right: segmented image.

Figure from [23].

15



1.4.1 Mumford and Shah functional

Mumford and Shah [70] proposed to obtain a segmented image u from ug by

minimize the functional

F(u, K) :/ [(u—uo)2+oz]Vu\2] d:zc+ﬂ/ do (1.4.1)
O\K K

where K C Q C R? is the set of discontinuities, «, 3 are nonnegative constants
and |, 5 do is the length of K. They conjectured that K is made of a finite set
of CYl-curves. But this is too restrictive since one can’t hope to obtain any
compactness property. The difficulty is overcome by considering a wider class
of sets of finite length rather than just a set of Cl'-curves. The length of K is
defined as its (d — 1)-dimensional Hausdorff measure H4"!(K). Therefore, the

Mumford and Shah functional becomes
Flu, K) = / (4 = wo)? + 0| Vel?] da + 61 () (142)
Q\K

where K C Q is closed. If K is given then u is determined as the solution of the

variational problem in the Sobolev space W12(Q \ K):

min { /Q\K [|Vu|2 +alu - uO)Q} dx} (1.4.3)

“The difficulty in studying F’ is that it involves two unknowns v and K of different
nature: v is a function defined on an d-dimensional space, while K is an (d — 1)-
dimensional set”[8]. The existence of minimizer of Mumford-Shah functional is
proved in the space of special functions of bounded variation (SBV), uniqueness

is usually not true [§].

16



1.4.2 Deformable models

Deformable models are physics-based models that deform under the theory of
elasticity. They are widely used techniques in image segmentation. These models
(snakes, balloons) are active in the sense that they can adopt themselves to fit
the given data. The active contour model algorithm, first introduced by Kass,
Witkin and Terzopoulos [50], deforms a contour to lock onto features of interest
within an image. Usually the features are lines, edges and object boundaries. The
algorithm are named snakes because the deformable contours resemble snakes as

they move. While 3-D active contour models are sometimes called active balloons.

Explicit models

Active contours can be thought as an energy-minimizing spline attracted by
image features. The energy functional consists of two parts: an internal en-
ergy and external energy. Assume that the spline is represented by a curve

C(s) = (21(s), z2(s))" in an image f, the energies are defined as

Epi(C(s5)) = /C( | %\Cs(s)P + g\css(s)ﬁds (1.4.4)
PealC(s)) = = | PRGOS (1.4.5)

Here «, 3,7 are nonnegative parameters and serve as the weights of energies.
Determining the weighting parameters is a difficult task for deformable models.

In internal energy (1.4.4), the first term is an elasticity term causing the curve

17



to shrink, the second one is a rigidity term encouraging straight contours. While
external energy (1.4.5) pushes the contour to high gradients of the image f.
Because this model makes direct use of the spline contour, it is also called an

explicit model. Spline C(s) should minimize the energy functional
E(C(5)) = Bua(C(5)) + Euar(C(5) (1.4.6)
Solving (1.4.6) through gradient descent procedure gives
C = aC + BC4sss = 7V (IVfI?) (1.4.7)

The main shortcoming of the explicit model is that it can not split in order to

segment several objects simultaneously *.

Implicit models

Implicit model was proposed by Caselles, Catté, Coll and Dibos [17], and by
Malladi, Sethian and Vemuri [64]. It overcomes the difficulty inherent in explicit
model. The idea of implicit models is to embed the initial curve Cy(s) as a zero
level curve of a function ug : R? — R, which is usually computed by using distance
transformation. Then ug is evolved under a PDE which inherits knowledge from

the original image f.

w=g(|VGy * f|?)|Vul (v : (;—Z') + y) (1.4.8)

4Later, McInerney and Terzopoloulos [66, 67] proposed modified models to deal with several

objects at the same time.

18



where ¢(s) is a stopping function, it is small for large s; v|Vu| is the motion in
normal direction. When u does hardly change anymore at some time 7', the final
contour C(s) is extracted as the zero level curve of u(z,T). Alvarez, Lions and

Morel [3] proposed the following model

. Vu
i = g(|Gy * Vul?)|Vu|V - (W) (1.4.9)

in the context of image smoothing. In (1.4.9), u(t) is the denoised image at time
t, while in (1.4.8), the zero level set of u(t) is the evolved image feature. The
well-posedness of (1.4.8) and (1.4.9) are studied in the viscosity sense ®. Tmplicit

model is very flexible in terms of topology. It allows contours splitting but it is

difficult to interpret implicit model in terms of energy minimization.

Geometric models

Geometric models (Geodesic snakes) were proposed by Caselles, Kimmel and
Sapiro [18] and by Kichenassamy [53]. They combine ideas of explicit and im-
plicit models and are represented implicitly and evolve according to an Eulerian
formulation. They are numerically implemented via level set algorithms %and can
automatically handle changes in topology without resorting to dedicated contour
tracking.  In the evolving process, unknown numbers of multiple objects can

be detected simultaneously. Geometric models are based on the minimization

SFor the theory of viscosity solutions, please refer to [69].

6We refer to [71, 81] for the details of level set method.
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functional
/C( )g(\VfU(C(s)P)]CS(s)\ ds (1.4.10)

Embedding the initial curve as a level set of some image ug, the gradient descent

method leads to the following evolutionary PDE

i = |Vu|V - (g(nya\Q)%) (1.4.11)

A new term vg(|Vf,|*)|Vu| is often added to achieve faster and more stable

attraction to edges:

Vu

o= Val(V- (s(VLR) o) +ralVERY) )

The theoretical analysis of (1.4.12) concerning existence, uniqueness and stability
of a viscosity solution was studied in [18, 53].

Geodesic active contours have also been used for motion estimation and track-
ing [75, 74], for stereo vision [36, 37|, for shape modeling and surface reconstruc-

tion [64, 47].

1.5 Optical flow problem

Optical flow field is defined as the velocity vector field of apparent motion of
brightness patterns in a sequence of images [46] (see Figure 1.6 for an optical
flow example). The computation of optical flow has proved to be an important

tool for 3-D object reconstruction and 3-D scene analysis. Optical flow problem
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Figure 1.6: Optical flow, left two: a rubik’s cube on a rotating turntable; right:

optical flow. Figures taken from Russell and Norvig [80].

is ill posed. In order to get well-posedness, we have to impose suitable a priori
knowledge. One constraint that has often been used in the literature is the “Op-
tical Flow Constraint” (OFC). OFC is the result of the assumption of constant
intensity E(x,y,t) of the image points across all of the image frames. Based on

this assumption, we have
VE - (u,v)" + E; =0 (1.5.1)

here VE = (E,, E,)" and E,, E,, E; are image intensity gradients in z,y and

oz _ Oy

9 v =5 1e (u,v)" is the flow we are interested

temporal directions. u =
in. From (1.5.1), it is not difficult to see that the computation of optical flow
(u,v) is not unique. It’s uniqueness is only up to the computation of the flow
along the intensity gradient VE at a point. This is called aperture problem.

One way of treating the aperture problem is through the use of regularization

in computation of optical flow. In their pioneering work, Horn and Schunk [48]
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used a L? smoothness constraint.
/ NVE - (w.0)" + )+ (Vuf + [Vo])] dady (1.5.2)
Q

The first term measures the fidelity to OFC, and the second term imposes con-
straint on the smoothness of the flow field. The immediate difficulty with this
constraint is that at the object boundaries, where it is natural to expect dis-
continuities in the flow, such a constraint will have difficulty to capturing the
optical flow. Thus, Kumar, Tannenbaum and Balas [56] proposed the following

minimization problem to compute optical flow.
A T 2
[E(VE (uy )+ B+ (V] + Vo)) | dedy (1.5.3)
Q

This model reduces the regularity requirement of flow field from L? norm to L!

norm. Then, they derived the Euler-Lagrange equation

=V (ma) FAEA(VE - (u,0)" + E) =0

‘ (1.5.4)
—V - (%) + AE,(VE - (u,v)" + E;) =0

Vv

By introducing a new scale-space variable ¢’ and use gradient decent method to

solve (1.5.4), they obtained

W=V () —AE(VE - (u,0)" + E,)

(1.5.5)
0=V (gg) = AE(VE - (u,0)" + Ey)
here u, © are the partial derivatives with respect to scale-space variable t’. Aubert,

Deriche and Kornprobst [6] proposed the following model

inf { /Q [[VE (u, )T + Ey| + a(p(Du) + ¢(Dv)) + Be(z) (u? + UQ)} dx} (1.5.6)

u,v
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to compute optical flow. Here a and c(z) are weighting parameters. A strict
theoretical study of (1.5.6) is also provided [6]. Both of the authors reported

that the L' norm approach preserves edges very well.

1.6 Shape from shading

Shape from shading is a method for determining the shape of a surface from the

gradual variation of shading in its image (See Figure 1.7 for an example). Under

Shape-from-shading: HornB83 scheme

Figure 1.7: Shape from shading, left: face mask image; right: 3D shape from shad-
ing. Figures are from http://www.cssip.edu.au/"danny/vision/shading.

html.

the assumption of Lambertian surface (each surface point appears equally bright

from all viewing directions), the scene radiance is simply proportional to the dot
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product between the direction of the illuminant s and the surface normal n:
R,s(n) =ps-n (1.6.1)

where p is the effective albedo. This is a particular example of reflectance map. In
general, the function R, ; is more complicated or known only numerically through
experiments. If we make some approximations about the image brightness, we

have the fundamental equation of shape from shading
E(z,y) = R,s(n) (1.6.2)

here E(x,y) is the image brightness. Thus from this equation, the surface normal
(which is also called the needle map) can be recovered. Variational method is the
classic approach of shape from shading. The pioneering work in this approach
is due to Horn and his coworkers [49]. The Horn and Brooks functional uses a

quadratic regularizer:

/Q{[E(I,y)—s.n}?+)\[(g_2)2+(Z_Z)Q] —i—,u[HnHQ—l}}dxdy (1.6.3)

The first term is brightness error which encourages data-closeness of the mea-
sured image intensity and the reflectance map. It directly exploits shading infor-
mation. The second term is the regularizing term which imposes the smoothness
constraint on recovered surface normals and penalizes large local changes in sur-
face orientation. The third term forces n to close to a unit vector. Philip and

Edwin [98] proposed the following minimization functional

/Q{[E(ZIJ,?J)—S-n]2+)\[pa(}g—g)+pa(}g_7;}>}+M[Hn"2_1]}dxdy (1.6.4)
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to recover surface normal maps. If p,(z) = Zlogcosh™, they reported good
numerical results which offer reduced over-smoothing over discontinuities in real
world image. It is not hard to verify that p,(-) is a convex function with linear

increase at infinity in this case. Thus it is an L! norm version of Horn and Brooks

functional.

1.7 Thesis outline

Although PDE techniques are widely used in image processing and computer
vision, for many of these PDEs, there is little or no theory on the existence
and regularity of solutions, thus there is little or no understanding on how to
implement them effectively to produce the desired effects.

In this thesis work, we systematically study the regularity and existence of the
generalized solution of one class of highly degenerate parabolic PDEs for given
noisy initial data uy € L?(2), which is the case often met in image processing
and computer vision. Through the rigorous study of these evolutionary PDEs, we
provide a solid theoretical foundation for them which helps us better understand
the behaviors and properties of them. The theory of existence and regularity
is the first step toward effective numerical scheme. The regularity results also
answer the questions to which function spaces the solutions of evolutionary PDEs
belong and the questions if the processing results have the desired properties. The

generalized solutions of these parabolic PDEs satisfy some variational inequalities
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and lie in the function spaces involving measures, similar function spaces involving
measures have been used in the study of 2-D vertex by Liu and Xin [60, 61].
Following Lichnewsky and Temam [59], we explain why we introduce the weak
formulation of parabolic equations and the concept of generalized solutions. Let’s
assume that Q is bounded domain, @ = [0,T] x Q, 99, ug are sufficient regular
(say up € C?(9)). Suppose that u is a classic solution of 1.1.14. Let v be a C2(Q)

test function, from 1.1.14, we obtain:

/08 (4,0 —u)dt = /08 (V- (9(IVu]*)Vu),v — u) — A(Ru — up, R(v — u)) dt

On the other hand, by the convexity of ®(-) and L? norm, notice that g(|Vul|?) =

' (|Vu))

a0 We obtain

[ [0 #vuD] e = (59 ¥, Ve - V)

1 1
§HRU — ug|)® — §HRu — o> > (Ru — ug, R(v — u))
Using integration by parts, we obtain

[ (o= iwo = uydt = 3 110s) = P = 19(0) - wal?]

{g(|Vu|*)Vu, Vv — Vu) = —(V - (9(|Vul) Vu),v — u)
If we define Jg(u = [, ®(|Vul) dz + 3 [,(Ru — u)? dz, we obtain

/Os (0,v—u) dt—l—/os [jR(v)—jR(u)] dt > %[Hv( )—u(s)|]?=[Jv(0)—uo|*] (1.7.1)

Conversely, if v € C?(Q), u(0) = wug, u is satisfying homogeneous Neumann
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boundary condition and satisfies (1.7.1) for all v € C?(Q), then
/OS (i, v —u)dt+ /Os [jR(v) - jR(u)] dt >0

Let v = u + tw with ¢t > 0, we obtain

/ (1, tw) dt +/ [JR u+tw) — jR(u)} dt >0
This inequality is divided by ¢ and let ¢t — 0, we get

/OS (i, w)dt + /OS [{g(|Vul*)Vu, Vw) + A(Ru — up, Rw) dt >0
Integration by parts, we get
/OS (0, w) dt —/ (V- (9(|Vu]*)Vu), w) — M(R*(Ru — ug), w) dt >0
Since w € C?(Q) is arbitrary, we obtain
=V - (g(|Vul*)Vu) — AR*(Ru — uq)

In Chapter 3, we study a class of second order parabolic PDEs

(

w=V-(g(|Vul*)Vu) — AR*(Ru — h)

Qul =0 (1.7.2)

\ u(z,0) = ug(x)

here % denotes the partial derivative with respect to ¢, v is the boundary normal
pointing outward. A is some positive constant. Under the following assumptions

on g(-):
g(s) : [0,4+00) — [0, +00) decreasing

as—f3 < s%g(s?) Sas+ (1.7.3)

c(s) = g(s) +2sg'(s) 2 0

\
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Equation (3.1.1) is a parabolic equation and highly degenerate 7. Although it has
been studied in [7] by using semi-group theory and maximum monotone operator
in case that the initial value is in space of functions of bounded variation (BV)
(100, 35, 5], unfortunately, the noisy initial image u is usually not in this space,
it is desirable to know the solution property under weaker assumption on ug

Following the study of time dependent minimal surface problem [86, 39] and total
variation flow problem [38], we prove the existence and regularity of generalized
solution of (3.1.1) if uy € L*(Q). If ug € BV (Q) N L*(Q), the existence and

uniqueness of generalized solution is proved, i.e. we have the following theorem,

Theorem 1.7.1 (Generalized Solution). Let 2 be a bounded open domain

with Lipschitz boundary. Jp(u) = [, ®(|Dul)dx + L [, |Ru — h|* dz.
(a) Suppose that ug, h € L*(S)), then there exists a function u such that
u € L®(0,T; L*(Q)) N LY(0,T; BV(Q))
u € L™®(s0,T; BV(Q)) N C([s0, T]; L*(2)), so € (0, T]
w € L*0,T; H Q)

u(t) is weakly continuous from [0,T] — L*(£2).

Vse (0,T],Vve L'(0,T; BV(Q))NL*0,T; L*(Q))NC([0,T]; L*(Q)) such

It has to be compared with the degenerate parabolic equations in [28]. There p > 1, here

p=1

8In [38], the generalized solution of gradient flow of total variation is studied in case uy €

L2(Q).
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that v € L*(0,T; L*()), we have

/OS/Q@(U —u)dz dt + /OS[jR(v) — Jp(u)]dt
1

> = [llo(s) = ()P = o(0) = wo?] (1.7.4)

(b) Suppose uy and uy are two functions which satisfy (1.7.4) with initial data
w10, M and usg, hy Tespectively. If uig, usg € L*(Q)NBV(Q), hy, hy € L*().

Then, there holds stability inequality

[ur(s) = uz(s)[|* < [Jurg — usol|* + sl|hn — ho|* Vs €[0,T]  (1.7.5)

(c) If ug € BV(Q) N L3(Q) and h € L*(Q), then u is unique, u(0) = uy and
u € L0, T; BV(Q) N L*(Q)) N C([0,T], L*(Q))
i e L2(0,T; LX(Q))
Vsel[0,T], Vv e LY0,T; BV(Q)) N L*0,T; L*(Q)), we have

/OS/Qu(v—u)dxdtJr/os [Jr(v) — Jr(u)] dt >0

Remark 1.7.2. Tn case of ug € L*(f2), the solution u(t) is only weakly continuous
from [0, 7] — L?*(2). The strong continuity is usually not true. The uniqueness
of the solution is not proved either. In the literature, there are some mistakes
regarding the proof of continuity and uniqueness of u when uy € L*(Q). By
looking at the proof of stability inequality in case ug € BV(Q2) N L?(Q), it is

tempting to use a density argument to do it: suppose that uf € BV (Q)NL*(Q2) —
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up € L*(Q), u™ is the generalized solution corresponding to uf, but it turns out

that we don’t know if u,, — u in any sense.

In Chapter 4, we turn to study some fourth order parabolic PDEs which are
also highly degenerate. Among the PDEs in [20, 21, 99, 62|, some are derived

from the special cases of variational problem

inf {J(u) = /Q [@1(|VU|) + ®(|V2u|) + %(u - h)Q} dx} (1.7.6)

u

here V?u is the Hessian matrix of u. ®(-), ®(-) are even, convex functions from

R — R*. They are nondecreasing in R* and satisfy the following assumptions:

©0) =0  alzf =< O(z]) Salz[+ 8
(1.7.7)
1(0) =0 Py(lz]) < aufz[+ G
where «, aq, 3, §; are positive constants. The rigorous study of fourth order evo-
lutionary PDEs which appear in image processing is not common in literature.
Greer and Bertozzi may be the first to study them. In [43], they study the trav-
eling wave solutions of PDEs (1.1.10), (1.1.22), (1.1.19) in one space dimension
by adding a Burger’s convection term. In [44], they study the H' solution of
mollifier regularized (1.1.19). Following the same approach as the second order

parabolic PDEs, we prove the existence and regularity of generalized solution of

one class of fourth order parabolic PDEs (1.7.8) in space of functions of bounded
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Hessian (BH) [25] with initial condition uy € L*(2).

p

L=V - (‘1>,1(|Vu|)vu) _ V2. (‘1> (IV2u]) v2 ) )\(u . h)

[Vul [V2u|

u(-,t) is periodic (1.7.8)

\ u(z,0) = up(x)

here @, ®; are smooth functions which satisfy the previous assumptions. We have

the following theorem,

d
Theorem 1.7.3 (Generalized solution). Suppose that Q2 = H(O, L;), a bounded
i=1
open set in R, &, ® are smooth functions which satisfy previous assumptions.

— [ [@1(1Vu]) + ©(V2u]) + (u — h)?] da.
(a) If ug,h € L*(Q)), then there exists u such that
w € L®(0,T; L*(2)) N LY(0,T; BH,e, (Q))
u € L™(s0, Ty BHper () N C([s0, T]; L*(2)), s0 € (0,7
w € L*0,T; V")
u(t) is weakly continuous from [0,T] — L*(2).

Vo € LY(0,T; BHpe, () N L*(0,T; L*(Q)) with v € L*(0,T; L*(Q))

// v—udxdtJr/(Jh() Jn(w)) dt

[Hv( ) —u(s)[I* = v(0) —uoll*] Vs € (0,T] (1.7.9)

(b) Suppose uy, ug satisfies (1.7.9) with initial data ugy, h1 and uga, he respec-

tively. Assume ug1, uoz € BHper(Q) N L2(Q), hy, hy € L*(Q) then

Jui(s) — ua(s)||” < [Juor — uoa® + As||hy — ho||* Vs €[0,T]
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(¢c) Furthermore, if ug € L*(Q2) N BHpe, (), h € L*(Q), then u is unique and
u € L=(0,T; BHp., () N C([0,T]; L*(2)), u € L*(0,T; L*(Q)), w(0) = ug

such that

// (v — u) dedt + /S(jh(v) — Jy(w)dt>0 sel0,T] (1.7.10)
0 Q 0
Vo € LY0,T; BHpe, () N L*(0,T; L*(Q)). Thus

/ (v — u) dz + Ja(v) — Ju(u) >0 ace. t€[0,T] (1.7.11)

Vv € BH,, () N L3().

The existence and uniqueness of the minimizer of the functional (1.7.6) in the
space of functions of bounded Hessian is also proved. We then introduce a new

function space — bounded Laplacian

BLP(Q) = {u e W(Q) : Au e M(Q)}

per per

BL?. (Q) = {u e WLP(Q) : Au e M(Q)}

to study fourth order evolutionary PDEs in [91, 99] which are Au (Laplacian of
u) instead of V?u. If we let ®; = 0, ®(s) = ks arctan(s/k) — k—; log((s/k)* + 1),
then ®'(s) = karctan(s/k), we will recover PDE (1.1.19). Bertozzi and Greer
[11] made a change of variables w = arctan(Au) when & = 1 and A = 0 and

derived the equation satisfied by w

W + cos® wA*w = 0 (1.7.12)
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They first proved the existence and uniqueness to the mollified equation with

periodic boundary condition

W€ = —J, cos® weA? J we

we(+,0) = wy
where J, is a standard mollifier. They then derived parameter € independent
energy estimates and proved the existence and uniqueness of the smooth solution
of (1.1.19) when initial condition wy € H%(2). They also pointed out that an
interesting point for further study is to better understand the theory for the
LCIS equation for noisy initial data. Thanks to elliptic boundary value problem
involving measures [16, 4] and the density result of [27], we can prove the existence
and regularity of the generalized solution of fourth order parabolic PDEs with

initial data ug € L*(Q2).

(

=V - (B Ty) — A (TS0 A — A(u — h)
u(-,t) is periodic (1.7.13)

u(z,0) = up(x)

\

We have the following theorem,

d
Theorem 1.7.4 (Generalized solution). Suppose that Q0 = H (0,L;), ¢, ®

are smooth functions which satisfy previous assumptions. Jh fQ [ (IVul)+

(| Aul) + 5 (u — h)?] dz.
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(a) If ug,h € L*(Y), then there exists u such that

u € L>(0,T; L*(Q) N L'(0,T; BLE,,.(2))
u € L™ (s, T; BL2, (Q)) N C([s0, T]; L*()), so € (0,7

per

we L20,T; V")

u(t) is weakly continuous from [0, T] — L*(2).

Yu € LY(0,T: BLE. () N L2(0, T; L2(Q)) with © € L2(0,T; L*())

per

// v—udxdtJr/(Jh() Ji(w) dt

[Hv( ) —u(s)[I* = [v(0) —uoll*] Vs € (0,T] (1.7.14)

(b) Suppose uq, uy satisfies (1.7.14) with initial data uor, hy and ugs, hy respec-

tively. Assume ugy, oy € BLP, (Q) NV L*(Q), hy, hy € L*() then

Jui(s) — ua(s)|]” < [Juor — uoa|® + As||hy — ho||* Vs € [0,T]

(¢c) Furthermore, if ug € L*(Q) N BLE, (), h € L*(Q), then u is unique and

u € L=(0,T; BHpe () N C([0,T]; L*(R)), u € L*(0,T; L*()), w(0) = ug
such that
// (v — u) dedt + /S(jh(v) ) dt>0 sel0,T]  (1.7.15)
0 Jo 0
Vv € L'(0,T; BLE,,(Q)) N L*(0,T; L*(2)). Thus

/ (v — u) dz + Ja(®) — Ju(u) >0 ace. t€[0,T] (1.7.16)
Q

Vo € BLE, (Q) N L2(Q).

per
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Remark 1.7.5. In Theorem 1.7.3 and 1.7.4, if ug € L*(Q2), u(t) is only weakly
continuous from [0, 7] — L?(2). The uniqueness is usually not true. The reason
is mentioned in Remark 1.7.2. By the trace theorems of BH functions and BL?
functions in Chapter 2, it makes sense to consider the Neumann boundary value
problem. But we can’t prove the convergence of boundary condition. The trace
operator is continuous in the norm topology, or a weaker topology so called strict
(tight) convergence, but not in the weak* topology. The convergence we can
obtain is weak® topology, we can’t find a way to prove that the sequence does
not concentrate on the boundary of the domain. Thus, we failed to prove the
uniqueness of the generalized solution even wug is sufficiently smooth in case of

Neumann boundary condition.

Finally, we study some evolutionary PDEs which even do not satisfy parabol-
icity condition. In practice, nonconvex functional minimization methods and the
corresponding evolutionary PDEs often perform better [8] in image smoothing.
Some such evolutionary PDEs are used for image smoothing and enhancement

[41].
=V (g(|Vu[*)Vu)

u(z,0) = ug(x)

\

The study of (1.7.17) are much more challenging. By adding a high order regular-

ization term, we prove the existence and regularities of regularized evolutionary

35



PDEs which appear in [76, 41], i.e. we prove the following theorem,

Theorem 1.7.6 (Existence, uniqueness, and energy identity). Let uy €
L3(Q2). Then, the initial-boundary-value problem (1.7.17) has a unique weak solu-
tionu : Qx[0,T] — R such that u € L*(0,T; H3(Q)) and w € L*(0,T; (H2(Q))).

For any v € H2(Q)), for a.e. t € [0,T,

(0,v) + {g(|Vu|*)Vu, Vv) + e{ Au, Av) dt =0

u(z,0) = ug
Furthermore, if ug € H*(Q), then uw € L>(0,T; H*(Q)), w € L*(0,T; L*(QQ)), for
a.e. t €[0,T], u satisfies

1d
——/ ]u]de—i—/g(]Vu\Q)]Vu\Qd:L’—l—e/\Au!Qd:z::O

d
— @(\Vu])+E]Au\2 d:1:+/ |u|* dx = 0
dt /g 2 Q

here H2(Q) = {v € H*(Q) : [yvdr =0, 0v|pq = 0}, g():R—RisaC!

function and satisfies:

lg(s)| <C, VseR

1sg'(s)] < C, VseR.

If g(s*) = 352 or g(s) = 1 —s?, we will recover the PDEs in [57] which have been

studied with periodic boundary condition. If g(s?) =

1 1
T ik CTHGRT Y

will recover (1.2.3).
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Chapter 2

Mathematical preliminary

Before we go to the details of studying those evolutionary PDEs, let’s recall some

mathematical preliminaries first.
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2.1 Mathematical notations

Q bounded open domain in RY, d =1,2,3

1* = 4

r the boundary of the domain 2

Q =QuUT

L d-dimensional Lebegue measure, sometimes it is denoted by dx

Ce () =Cr(Q) = 2(2), the space of C*functions with compact support in 2
C.(©2)  the space of continuous functions with compact support in 2
C(Q) the space of uniformly continuous functions on €2, thus there is
a unique continuous extension to {2
Co(2)  the completion of C.(£2) under sup-norm
7'(2)  the space of distributions on 2
M(Q) = [CO(Q)]/, the space of bounded Radon measures on {2
M) =[C (Q)],, the space of bounded Radon measures on

|- |l the L? norm

2.2 Generalized Sobolev spaces

WHFP(Q), k > 0 integer, 1 < p < oo is the Sobolev space of all functions u :  — R
having all distributional derivatives onto order k in LP(£2). The space WH?(Q),

equipped with the norm

1/p
||| wrr) = { Z HDQUHZ(Q)} (2.2.1)

jal <k
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is a Banach space. For s > 0 non-integer, we denote by [s] the integer part of s,

then W*P(Q) is a subspace of W*?(Q) consisting of functions u € W»(Q) for

which
Du(x) — D*u(y)|?
aylP  — |
[Dufg (g, = /QXQ 7 — g dxdy (2.2.2)
is finite for all a, |a| = [s]. W*P(Q) is a Banach space with the norm
1/p
R (T (223)

these spaces are called Sobolev-Slobodeckii spaces. They are very special cases

of the scales of Besov and Triebel-Lizorkin spaces [89, 90].

Theorem 2.2.1 (Sobolev embeddings [63]). Let Q2 be a bounded open domain

in R® with Lipschitz boundary and let 0 < sy < 51, 1 < p,q < 00.

(a) If (s1 — s2)p < d, then

s1— 52 > d( ) = W*P(Q) C W*4(Q)

(2.2.4)

S1 — So > d( ) - Wsl’p(Q) CcC WSQ’q(Q)

"Wl Q=
Q=R

(b) If (s1 — s2)p > d, then for o € [0,1),

(s1—82—a)p>d = WP(Q) C C***(Q)
(2.2.5)

(51— 82 —a)p>d = WP(Q) CcC C*%Q)

(c) If (s1 — s2)p=d, then ¥V q € [1,+00),

WoP(Q) cC WH24(Q) (2.2.6)
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The proof of this theorem can be found in Kufner [55].

d
Remark 2.2.2. Let Q = H(O, L;), C5.(2) be the set of all restrictions onto
i=1
of real-valued, L = (Ly,..., Ly) periodic, C* functions on R?. For any number
s >0, any p € [0,00], let W22(Q) be the closure of €% (Q) under the Sobolev

per per

norm of W#P(2). Note that W%P(Q) = LP(Q2). We write HS, (Q) = W52(Q).

per per per

2.3 Spaces involving time

Spaces involving time comprising functions mapping time into Banach spaces.

Let X denote a real Banach space, with norm || - ||.

Definition 2.3.1. The space LP(0,7; X) consists of all measurable functions

w:[0,T] — X with
T y
Jullrors = [ Tu(®l d)" < oo 23.1)
0

for 1 < p < oo, and

l|w|| Loo0,1:x) == ess suplju(t)]| < oo (2.3.2)
0<t<T

Definition 2.3.2. The space C([0,7]; X) comprises all continuous functions wu :

0.7) = X with [[ullogox) i= mas [Ju(®)] < oo

Theorem 2.3.3 (Time Continuity). Let u € LP(ty,T; X) and @ € LP(to,T; X)

for some 1 < p <oo. Then

(a) ue C([ty, T); X) (after possibly being redefined on a set of measure zero).
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(b) u(t) =u(s)+ [la(r)dr Vg <s<t<T.

(c¢) Furthermore, we have the estimate

max [u(®)l| < C[lull oo + litlngorin] (2.3.3)

to<t<T
Proof. See Evans [34] Chapter 5.9 Theorem 2.

Theorem 2.3.4 (Time Continuity). Suppose that V' is a Banach space, V'

denotes it’s dual space, V. C L*(Q) C V', w € L*(0,T;V), v € L*(0,T;V"). Then
(a) ue C([0,T]; L3()) (after possibly being redefined on a set of measure zero)

(b) The mappingt — ||u(t)||* is absolutely continuous, with &||u(t)||* = 2(u(t), u(t))

for a.e. t €0,T].

(c¢) Furthermore, we have the estimate

max [|u(t)]] < C[llullr2.rv) + @l 20,mv7)] (2.3.4)

0<t<T

Proof. Follow the same approach as Evans [34] Chapter 5.9 Theorem 3. See also

the Lemma 3.2 of Temam [87].

Lemma 2.3.5 (Lemma 3.3 of [87], see also [84]). Let X and Y be two
Banach spaces such that X C Y, if a function u € L*(0,7;X) and is weakly
continuous with values in'Y, then u is weakly continuous from [0,T] into X. i.e.

t— (u(t),v) is continuous, Vv € X.
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2.4 Compactness result

Theorem 2.4.1 (Weak sequential compactness [8]).

(a) Let X be a reflexive Banach space, K > 0, and =, € X a sequence such
that |z,|x < K. Then there ezists x € X and a subsequence T, of x,, such

that x,; — x(j — oo) weakly in X.

(b) Let X be a separable Banach space, K > 0, and l, € X' such that |l,,|x <
K. Then there evists | € X' and a subsequence l,, of l,, such that l,,, —

I(j — o0) weakly* in X'.

Theorem 2.4.2 (Simon’s compactness result [83]). Assume X, B,Y are
Banach spaces, X C B C'Y with the compact embedding X CC B. Let F' = {f :

fEF} be bounded in LP(0,T; X) where 1 < p < 00, and%—f = % o f GF} be

bounded in L'(0,T;Y). Then F is relatively compact in LP(0,T; B).

2.5 Lower semicontinuity

Definition 2.5.1 (Lower semicontinuity). F' is called lower semicontinuous

(Ls.c) for weak topology if for all sequence x,, — o we have

lim inf F(z,) > F(xg) (2.5.1)

Tn—X0

The same definition can be given with a strong topology.
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Theorem 2.5.2 (Convexity [8]). Let F': X — R be conver. Then F is weakly

lower semicontinuous if and only if F is strongly lower semicontinuous.

2.6 Measures and function spaces

We review some basic measure concepts first and then recall the definition of
function spaces involving measures. Many of the definitions and lemmas are

from [5]. We also refer to [78] for measure theory.

2.6.1 Measure, Radon measure, Hausdorff measure
Definition 2.6.1 (0-algebras and measure spaces). Let X be a nonempty
set and let £ be a collection of subsets of X.

(a) We say that £ is an algebraif § € £, EyUE, € £ and X \ By € € whenever

B\, E, €E.

(b) We say that an algebra &£ is a o-algebra if for any sequence {En} C € its

union (JE, € €.

(¢) For any collection C of subsets of X, the o-algebra generated by C is the
smallest o-algebra containing C. If (X, 7) is a topological space, we denote
by B(X) the o-algebra of Borel subsets of X, i.e., the o-algebra generated

by the open subsets of X.

(d) If € is a o-algebra in X, we call the pair (X, &) a measure space.
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Definition 2.6.2 (Measure). Let (X, ) be a measure space and let m > 1 be

an integer.

(a) We say that p : &€ — R™ is a measure if u()) = 0 and for any sequence

{E”}n of pairwise disjoint elements of &,

M( U En) = Z M(En)

(b) If p is a measure, the total variation |u|(F) is defined as

|ul(E) = sup { > (B, : E, € € pairwise disjoint, E = |_J En}
n=0

n=0
(c) If p is a real measure, we define its positive and negative parts respectively

as follows:

—_pl=p

Definition 2.6.3 (Radon Measure). Let X be an l.c.s (locally compact and
separable) metric space, B(X) its Borel o-algebra, and consider the measure space
(X,B(X)). A real or vector set function defined on the relatively compact Borel
subsets of X that is a measure on (K, B(K)) for every compact set K € X is
called a real or vector Radon measure on X. If p: B(X) — R™ is a measure, we

say that is a bounded Radon measure which is denoted by [M(Q)}m

Remark 2.6.4.  (a) Notice that if p is a Radon measure and sup{|u|(K) : K €
X compact } < oo then it can be extended to the whole of B(X) and the

resulting set function is a bounded Radon measure.
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(b) Let X = ©, the bounded Radon measure on €2 is denoted by [M()]™

which is the dual space of [Co(Q)]™ under the pairing

(b p1) = Z/ﬂ@ dp; (2.6.1)

(c) Let X = Q, the bounded Radon measure on ) is denoted by [M(Q)]™

which is the dual space of [C(€2)]™ under the pairing

(Go) =23 /Q Gi dpu; (2.6.2)

(c) Tt is easy to see that L'(Q2) C M(Q). Since for any f € L*(Q), by extending

to any Lebesgue measurable functions f defined on

7o) = /Q f@)d(x)de Ve @) (2.6.3)

defines a continuous linear functional on C(Q). Consequently, f € M(Q)

with f(I') = 0, moreover

FIQ) < (I fllr e (2.6.4)

Lemma 2.6.5. Let X be an locally compact and separable metric space and

p: B(X) — R? is a bounded Radon measure on it. Then any open set E € X

() = sup{ 3 [ oy € [CoE))" ol < 1} (2.6.5)

Definition 2.6.6 (Hausdorff measures). Let k € [0,00) and £ € R%. The

k-dimensional Hausdorff measure of E is defined by

HE(E) = lim HY(E) (2.6.6)

6—0
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where V§ > 0, H¥(E) is defined by

HE(E) = —1nf{ Z [diam(E;)]* : diam(E;) < 6, E C UEZ} (2.6.7)

i=1

for finite for countable covers { E;}, with the convention diam(()) = 0 and wj, =

7F(k/2+1 (here I'(+) is Gamma function).

Definition 2.6.7 (Absolutely continuity and singularity). Let u be a pos-

itive measure and v a real or vector measure on the measure space (X, &).

(a) We say that v is absolutely continuous with respect to p, and write v < p,

if for every £ € €, u(E) =0 = |v|(E) = 0.

(b) We say they are mutually singular and write v L p, if there exists F € £

such that p(E) =0 and |v|(X \ E) = 0.

Theorem 2.6.8 (Radon-Nikodym). Let u,v be measures, assume that p is a
positive measure and o-finite. Then there is a unique pair of R™ valued measures
v® v® such that v* < pu, v° L u and v = v* + v°®. Moreover, there is a unique
function f € [LY(X, p)|™ such that v* = fu. The function f is called the density

of v with respect to u and is denoted by v/ .

2.6.2 Convex functions of a measure

Assume that ® is a continuous convex function from R’ to R which has at most

a linear growth at infinity

()] < C(1+[¢]) (2.6.8)

46



for some constant C' > 0.

Definition 2.6.9 (Recession function). The recession function ®..(-) of ®(-)

is defined by

d(¢) = lim sup@

§—00

Ve eR! (2.6.9)

We assume furthermore that ® possesses an recession function ®,(-). It is
easy to see that ®., is continuous and positive homogeneous on R'. Given a
measure p € M(), we consider its Lebesgue decomposition u = fdx + p?,
where p* is singular with respect to Lebesgue measure dz. We now define ®(u)
by setting

O(p) =Po fdr+ P (1*) (2.6.10)

The formula (2.6.10) makes sense: ® o f makes sense as a function in L'(Q)

because of (2.6.8); ®.(1*) is defined as

O (1°) = Pog 0 A’ (2.6.11)

where h is a |pf|-measurable function such that p® = h|u®|.

Remark 2.6.10. In (1.1.11), ®(2) = |z|, then ®(2) = |z|. In (1.1.20), ®(2) =

k|z| arctan L — B 1og (E)% 1), then @0 (2) = E|2|. In (1.6.4), B(2) = py(2) =

2 log cosh 7%, then, ®,(z) = |2|.

We refer to Demengel and Temam [27], Ambrosio [5] on functions defined on

the space of bounded Radon measure M(£2).
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2.6.3 Functions of bounded variation

Definition 2.6.11. Let u € L'(Q); we say that u is a function of bounded
variation in €2 if the distributional derivative of u is representable by a bounded

Radon measure in €, i.e. if

d
V. ¢dr = — dD;u Yo e [cH)]* 6.
/Qu o dx Zl/ﬂgb u Vo e [CH)] (2.6.12)

for some R? valued measure Du = (Dyu,---, Dgu) in Q. The vector space of
all functions of bounded variation in €2 is denoted by BV(€2). For functions
u € [BV(Q)]™, Duis an m x d matrix of measures D;u’ in (2 satisfying

m m d

Z/ WV u! dr = — Z Z/ ¢l dDa? Y ¢ € [C’i(Q)}md (2.6.13)

j=1"9 j=1 i=1 /€

We represent by Vu the absolutely continuous part of Du with respect to

Lebesgue measure dx, D*u the singular part of Du with respect to dx. By
Theorem 2.6.8,

Du = Vudzr + D*u (2.6.14)

Definition 2.6.12 (Variation). Let v € [L'(Q)]™. The Variation V(u,Q) of

u in € is defined by

Vi, Q) :sup{Z/QujV-gbjdx e (@) ol <1} (2615)

A simple integration by parts proves that V(u, Q) = [, [Vu|dz if u is contin-

uously differentiable in €.
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Lemma 2.6.13 (Variation of BV functions). Let u € [Ll(Q)]m Then,

ue [BV(Q)]™ iff V(u,Q) < oo. In addition V (u, ) = |Dul(€2).
Lemma 2.6.14 (BV embedding). Assume € is bounded domain with Lipschitz
boundary. Then

BV () C L*(Q2)
with continuous embedding if 1 < p < 1*. If 1 < p < 1%, the embedding is
compact.

Usually, we can introduce three topologies in the space of functions of bounded

variation. [BV(2)]"™, endowed with the norm

|ull By ) = / |u| dz + | Du|(Q2) (2.6.16)
0

is a Banach space, but the norm topology is too strong for many applications.
Even continuously differentiable functions are not dense in [BV(Q)]m For an
example, in case m = 1, let’s consider any u € BV (Q2) such that Du # 0 and
singular with respect to Lebesgue measure dzx. Since |p; — po| = |p1| + |u2| for

mutually singular measures 1, p2, we obtain
|D(u —v)|[(2) = |Du|(Q) + |Dv|(Q2) > |Du|(2) > 0 (2.6.17)

for any v € C*(Q)NBV(12). However, [BV(Q2)]™ functions can be approximated
by smooth functions in an intermediate topology, which is weaker than norm

topology and defined by the following distance:

d(u,v) = /Q lu —v| dz + || Du|(Q2) — | Dv|(Q)] (2.6.18)
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The convergence under this distance is called strictly convergence. We have the

following lemma:

Lemma 2.6.15. For any u € [BV(Q)]m, there exists a sequence of functions

e [WHHQ)]™ N [C=()]™ such that
u, —u  strictly in [BV(Q)]™ (2.6.19)

Moreover, if Q is a bounded Lipschitz domain, we can choose u,, € [W“(Q)]m N

[C>=()]" (c.f.[5] Remark 5.22).
In fact, a slightly stronger density result is valid *.

Definition 2.6.16 (Weak* convergence). Let u,u, € BV (). We say that
{u,} weakly* converges in BV () to u if {u,} converges to u in L'(Q2) and

{Dun} weakly* converges to Du in ), i.e.

lim gbdDun = / ¢dDu Vo e Cy(Q) (2.6.20)
Q

n—oo
Weak* convergence is weaker than strictly convergence. Under this conver-

gence BV () has the compactness result.

Lemma 2.6.17 (Strict convergence [5]). If {u,} € [BV(Q)]™ strictly con-
verges to u, and f : R™ — R is a continuous and positively 1-homogeneous

function, we have

1im/¢f( Duy dDuh /ngf Du ‘>dDu (2.6.21)

h—oo Q ]Duh]

IPlease refer to Section 2.6.6 or Demengel and Temam [27].
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for any bounded continuous function ¢ : 2 — R.

Theorem 2.6.18 (Boundary trace theorem [5]). Let Q C R be an open
set with bounded Lipschitz boundary and u € [BV(Q)}W Then, for H*'-almost

every x € JS) there exists Tu(x) € R™ such that

lim lu(y) — Tu(z)| dy = 0 (2.6.22)
r=0JonB,(z)

Moreover, || Tul||Lroam < Cllullpy for some constant C depending only on €,
the extension u of u to 0 out of ) belongs to [BV(Rd)]m and, viewing Du as a

measure on the whole of RY and concentrated on ), Du is given by
Dt = Du — (Tu® v)H*1(09) (2.6.23)

where a @ b is the m x d matriz with (i,j)-th entry a;b; (for a; € R™, b € R?).

Furthermore, for anyi=1,---,d, j=1,--- ,m and ¢ € C}(Q) there holds

/ W22 g = / pdDu’ + / (Tu) v;pdH* (2.6.24)
o Oz Q N
where v = (v, - -+ , 1) is the unit outer norm of the Q.

In (2.6.14), Vu is also called the approximate derivative of u. Now let’s define

the approximate upper limit u™(z) and the approximate lower limit v~ (z) by

u*(z) = inf {t € [—o0, +00] : 112% dx({u > tidm B(z,r))

u*(x) = sup {t c [—OO, —|—OO] : ll_r)r(l) dl‘({u > t}:dﬁ B(x)r))

:o}
:0}
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If u e L'(Q), then

lim lu(z) —u(y)|dy =0 ae. x (2.6.25)

=0 B(a,r)

A point x for which (2.6.25) holds is called a Lebesgue point of u, and we have

wa) =l f w)dy o) =) = (o)

We denote by S, the jump set, that is, the complement, up to a set of H4!

measure zero, of the set of Lebesgue points
Su={zeQ:u(z) <u"(z)}

For H¥! a.e. z € S,, we can define a normal n,(x). Then, Du can be decom-
posed as [5]:

Du = Vudz + (u™ — u™)n,H"?

s, +Cu (2.6.26)

We define SBV () as the space of special functions of bounded variation, which

is the space of BV (Q2) functions such that C, = 0.

2.6.4 Functions of bounded Hessian
We now introduce the space of functions of bounded Hessian.

Definition 2.6.19 (Bounded Hessian).
BH(Q) = {u e Wl’l(Q) = [M(Q)]dXd}
= {ue L'(Q) : Du e [M(Q)]""} (2.6.27)

— {ue L'(Q): Due [BV(Q)]"}
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where D?u denotes the distributional Hessian matrix of w.

If endowed norm ||u||pr(o) = |Jullwri)+|D?*u|(), BH(S) is a Banach space.
d
If Q= H(O, L;), we also define

i=1

BH,,(Q) = Wor (Q) N BH(Q) (2.6.28)

per
Definition 2.6.20 (BH* convergence). {un}n>1 BH*ly converges to u is de-
fined as:

u, — u strongly in W (Q)

(2.6.29)
D?u,, — D*u weakly™ in [M(Q)}dXd
For various properties of BH (2), we refer to Demengel [25, 26].

Lemma 2.6.21 (BH embedding [25]). Let Q € R? be bounded open set with
Lipschitz boundary, then

BH(Q) c W™ (Q) (2.6.30)

with continuous embedding if 1 < p < 1%; the embedding is compact if 1 < p < 1*.

Lemma 2.6.22 (BH interpolation [25]). Let Q € R? be Lipschitz, bounded

open set, for every § > 0, there is a C(6) > 0, such that

[Vullua) < C)ul @ + 61D%ul(©) (2:6.31)
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2.6.5 Functions of bounded Laplacian

In order to study evolutionary PDEs which appear in [91, 99], we introduce a

new function space BLP(), which defined by

BLP(Q) = {ue W"(Q): Aue M(Q)} (2.6.32)

d
where 1 <p < 1*. If Q = H(O,Li), define

i=1

BLE, () = {ue W(Q) : Au e M(Q)} (2.6.33)

per per

Lemma 2.6.23. BL*(Q) is a Banach space if endowed norm topology:
[ullwrr@) + [Aul(€2) (2.6.34)

Proof. Let {un} be a Cauchy sequence in BLP(2). Then {un} is a Cauchy
sequence in W1P(Q). Since WP(Q) is Banach space, there exists u € W'?(Q)
such that u, — u in W1?(Q). On the other hand, there exists u € M() such

that Au, — u in M(Q) since M(2) is a Banach space. For any ¢ € 2(2), we

have
/ Augp = —/ Vu-V¢dr=— lim [ Vu,- -Vodr (2.6.35)
Q Q n— Jo
/ uo = lim | Au,¢ =— lim [ Vu, -Vodr (2.6.36)

Therefore, © = Aw in the distributional sense, i.e. the distributional derivative

Awu is a Radon measure on 2. Consequently, BLP(2) is a Banach space.

Similarly, BLP, () is a Banach space if endowed with norm topology.

per
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Theorem 2.6.24 (Trace theorem for BLP((2) [16]). Assume 1 < p < 1%,

there exists a unique linear and continuous mapping v, such that

v, : BLP(Q) — W~l/pe(D) (2.6.37)
Y, (u) = Vulr - v ,\Yu € C1(Q) (2.6.38)
(v (u),7(2)) = /QVU -Vzdr + /Q zdAu ¥z € WH(Q) (2.6.39)

1,1 _
where}—DjLa—l.

Proof. This proof is from [16]. Let us take g € WYP4(T) = ~(W14(Q)) and

z € Wh4(Q) such that vy(z) = g. Then we define

<7V(U),g>:/QVu-Vzd:1:+/deAu (2.6.40)

Let us prove that +, is well defined. First, from the inequality p < d%‘ll, it follows

that ¢ > d, and therefore W14(Q2) C C(€2). On the other hand, if 21, 2, € WH9(Q)

and v(z1) = v(z2) = g, then we must prove that

/Vu-Vz1 d:zc—l—/21 dAu:/Vu-VZde+/zg dAu (2.6.41)
Q Q Q Q

To do this, let us take z = 2; — 2 € W,(Q) and {2} € 2(Q) a sequence
converging to z in W,%(Q). Since ¢ > d, we have that Vz, — Vz in [LQ(Q)}d

and z; — z in C(Q), from where we obtain that

/Vszdx—i—/szu: lim {/Vu-Vzkdx+/zdeu}:O (2.6.42)
Q Q Q Q

k—o00
the last inequality being a consequence of the definition of derivative in the dis-

tributional sense. So we have that 7, is well defined, and obviously, it is linear.
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Let us prove the continuity.
[(w(w), 9)| < IVl o)l V2l ogye + | Aull e |2l e
(2.6.43)

< Cllull oo | 2llwra@

Taking now the infimum we obtain that

(@), )| < Cllullassey_int lzlwsay = Cllullazsi lglwsnae  (2644)

which implies the continuity of 7,. From the definition of ~, and using the
Green’s formula for regular functions, it is immediate to prove that (2.6.38) is sat-
isfied. The uniqueness follows from (2.6.39) and the surjectivity of v : W4(Q) —

Wi/pa(Q).

2.6.6 Density result in space involving measures
X is the space defined by
X ={ue M) sue (M©)]'} (2.6.45)

where S is a linear differential operator with constant coefficients which operates
from [C5°(2)]™ into [CSO(Q)]Z. Let ®(+) be a convex function such that ®(0) = 0
and with at most linear growth. We denote by Xg the space X equipped with

the intermediate topology defined by the distance

du,0) = lu=vlln+] [ 15u= [ 0] +| [ 10(s0]= [ @cso)| 2640
We set

v ={ue [L/@]": Sue [L/Q)]'} (2.6.47)
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Theorem 2.6.25 (Density result [27]). Assume that Q is an open bounded

domain with Lipschitz boundary ?and

l

VueX,Vée Q) S(pu) — Su e [LM(Q)] (2.6.48)

Then for every u given in X, there exists a sequence u,, € [COO(Q)}W NY such

that u, — u in X¢ as n — oo.

Suppose that @ is a convex function which satisfies (2.6.8) and ®(0) = 0. We

denote BL%(2) is the space BLP(2) equipped with the topology defined by

d(u,v) = Hu—vHW1,p(m+]/QyAu\—/QyAv1)+]/Qq>(Au)_/ﬂq>(Av)] (2.6.49)

This topology is stronger than the weak* topology on BLP({2) corresponding the

family of distance and semi-distances

|u —vl|lwir), d(u,v)= ’/Qd)Au — /Q¢Av’ ¢ € Co(Q) (2.6.50)

but it is weaker than the topology induced by norm. Following the approach of

Demengel [27], it is not hard to prove the following theorem.

Theorem 2.6.26. Assume that Q) is a bounded domain in R? with Lipschitz
boundary, for any u € BLP(Q), then there is a sequence {u,} € C*(Q)NY,
such that

up, — u in BLE () (2.6.51)

Here Y = {u e W'(Q) : Aue L'(Q)}.

2In Demengel and Temam’s paper, the boundary of Q is C*.
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2.6.7 Elliptic BVP involving measures

Elliptic boundary value problems (BVP) involving L' data or measures have been
intensively studied in the literatures, please refer to [16, 10, 14, 58, 30, 77, 4],
[82] Chapter two, [33] and the references therein. In our application, we are
particularly interested in the existence, regularity and uniqueness of the following

elliptic BVP problem
—Au = p in Q
(2.6.52)

ou _
o = Q0 on I

where 4 is a Radon measure on . Amann [4] studied a more general elliptic

problems involving measures.

(

—Au = h(z,u)+p inQ

U = 0y on I'y (2.6.53)
g—;‘ = 0 on I'y

\

Here I' =T'g UT';. He casted the problem to functional analysis frame work:

Au = p in Q
(2.6.54)

Bu = o on I
where (A, B) is a strongly uniformly elliptic BVP and is a linear isomorphism
from W2P(Q) to LP(Q) x OW?? (1 < p < o). Assume that T' = 9Q is C?,
we MQuUly), o = M(T), if o|r, = 0, then the elliptic boundary value problem

has a unique weak solution such that V0 < s <1

ullwz-—s1) < C(W(Q uly) + ‘U’(Fl)) (2.6.55)
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where C' only depends on s, 2 and (A, B). Casas [16] has also studied the
existence and uniqueness of the linear elliptic equation with Neumann boundary
condition and measure data. He used a different approach with the assumption
of I' to be in C*! and get a weaker estimate of the solution in terms of initial
data

el < C 1 () + o1(T) + w110y (2:6.56)

where 1 < p < 1*. For (2.6.52), the problem has pure Neumann boundary

condition. Following Amann’s approach, we have the following theorem,

d

Theorem 2.6.27. If i € M(Q), u(Q) = 0, T is C? or Q = H(O,Li), then
i=1

(2.6.52) has a weak solution which satisfies:

U—][U
Q

where 0 < s < 1. Up to a constant, the solution is unique.

< Clul(@) (2.6.57)
W275,1(Q)

d
Remark 2.6.28. If Q) = H(O, L;), the elliptic boundary value problem with peri-

i=1
odic boundary condition has the similar result.

2.7 Monotone property of convex function

Lemma 2.7.1. Assume that ®(-) : R — R convex and smooth, ®(-) is nonde-

creasing on RY. & n € R, then, we have

®'(|n])
Gl

<<1>’(|£|)

g~

nE&—mn) >0 (2.7.1)
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Proof. Let f(€) = £UD¢ then f(-) : R — RL

(€l "(l€NIel — @'(ED)

FE

f1(€) =

I +

By Rolle’s theorem, for some ¢ which lies on the line between &£ and 7,

(f(&) = fn).&=m) = (F(OE=m),E—m)

e (20D, UL )

_ _NT(e (1<)
BTAE E=n)(€—n)+ L

The last step holds because Cauchy inequality and ®”(s) > 0, ®'(s) > 0 for

CCT) &—n)
d"(I¢])

[ICPIE = nl* = (€= m)T¢CT(E=m)] =0

s > 0.

Lemma 2.7.2 (Convexity inequality). Assume that ®(-) : R — R is a smooth

convex function, £, € R, then

' (|n))
ul

e(l¢]) — @(|nl) = URS) (2.7.2)

Proof. This is a direct result of convex function.
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Chapter 3

The study of second order parabolic PDEs

In order to avoid over-smoothing of linear filter, many nonlinear second order
evolutionary equations were proposed [76, 3, 2, 92, 8]. In this chapter, we study
a class of highly degenerated second order parabolic PDEs which appear in [92, §]
and have been derived in Section 1.1.3. For this class of parabolic PDE, the co-
efficients of the second order terms will vanish if |[Vu| — oo. A classic method to
study such PDEs is using the so-called vanish viscosity method (also called weak
convergence method). First, we study the regularized PDE which is obtained
by adding a regularization term eAwu to the original equation. The existence of
weak solutions for regularized PDE is proved by using Galerkin method and the
property of monotone operator. For any ¢ > 0, we obtain u¢ which is the weak
solution of the regularized equation and satisfies some € independent energy es-
timates. Next, we pass the limit € — 0, by using the weak compactness result in
LP(0,T; B), here B is a Banach space, 1 < p < oo and the compactness result in

L'(0,T; B), we will obtain u as the limit of u¢. Then, by the lower semicontinuity
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property of L? norm and the lower semicontinuity property of variational func-

tional involving measures, we will obtain that u satisfies a variational inequality.

3.1 Nonlinear second order parabolic equations

We consider

p

\

uw=V-(g(|Vul*)Vu) = AR*(Ru—h) in £ x(0,+0c0)

du — on I'x[0,+00)
u(z,0) = up(x) on

(3.1.1)

here % denotes the partial derivative with respect to ¢, v is the boundary normal

pointing outward, A is some positive constant. R : L?(Q) — L2*(2), a linear

continuous operator, and R* is the adjoint. ug and h are initial data functions *.

Under the following assumptions on g(-)

(

g(s) :[0,400) — [0, 4+00)

g(s) ~(s72) ass — +00,

c(s) =g(s)+2sg'(s) 0.

\

1

(3.1.2)

we will see that (3.1.1) is a parabolic equation. Let’s look at the principle terms

of (3.1.1):
V- (9(IVul)Vu) = g(|Vul*) Au+ 2¢'(|Vul*) Y '

i=1 j=1

= g(|Vul®)Au + 2¢'(|Vul*)(Vu) ' V2uVu

&uaj u@-ju

(3.1.3)

IFor the sake of generality, in (3.1.1), a function h is being introduced. In practice, h = ug.
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The coefficient matrix of the second order partial derivatives is

ohudiu -+ OLudiu

g(IVul*)I +2¢'(|Vul?)
(3.1.4)
8du81u cee 8du8du

= g(|Vul)I + 2¢'(|Vul*) Vu(Vu)"
where I is a d x d identity matrix. Vn € RY notice that ¢’(s) < 0 and
nTVu(Vu)'n < In*|Vul?, we obtain
" g(IVul*)In + 29'(|Vul*)n" Vu(Vu)'n

(3.1.5)
> 0" [g(IVul?) + 2¢'(|Vul?)|Vul*]n > 0

Therefore, (3.1.1) is a parabolic equation. It is worth to point out that each
equation in the system of evolutionary PDEs (1.5.5) is a special case of (3.1.1).
PDE (1.1.10) proposed by Perona and Malik [76] has a similar form as (3.1.1),
but it does not have the reaction term. They restricted themselves to functions
g(s) = ﬁ or g(s) = e */* which do not satisfies (3.1.2) either. There are

some general results for degenerate parabolic equations in the literature [28]:
u—V-a(t,z,u, Vu) = b(z, t,u, Vu)
where the functions a, b satisfy the structural conditions

a(t,z,u, Vu) - Vu > ¢o| Vul? — ¢o(x, t)
la(t, z,u, Vu)| < ¢ |[VulP™" + ¢1 (2, t)

|b(x,t,u, Vu)| < co|Vul? + ¢o(z, t)
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a.e. (x,t) with p > 1. ¢, ¢1, ¢y are given constants and ¢g, ¢1, ¢2 are given non-
negative functions satisfying some integrability conditions. But we can’t apply
them because we have p = 1 here. The difficulty of studying (3.1.1) comes from
the highly degenerate behavior of it due to vanishing condition g(s) ~ (s72) as

s — +oo and is closely related to the fact that L' is not a reflexive Banach space.

3.2 Notations

|2

Now, let’s introduce some notations. For any z € R, let ®(2) = [;* 7¢(7?) dr,

then @”(2) = g(|z|*) + 2|2|%¢'(|z|?), according to (3.1.2), ®"(z) > 0, thus ®(-) is
1

a convex function. Since g(s) ~ 75 as s — $00, without loss of generality, let

a= lim g(s?)s. We further assume 2
s§—+00

as — B < s%g(s?) <as+B,Vs € [0,4+00) (3.2.1)

alz| - < ®(2) <alz|+6,VzeR (3.2.2)

here (3 is some positive constant. There are many functions which satisfy (3.1.2),
such as: ®(z) = |z] (g9(s) = =), the total variation function, was introduced by
Rudin and Osher [79]; ®(2) = V1 4+ 22—1 (g(s) = ﬁ), the function of minimal

surfaces. We refer to [22] for more such functions. Notice the assumptions on

2In fact, from (3.2.2) and the convexity of ®(-), we get s2g(s?) = s®/(s) > ®(s) > as — f.

On the other hand, due to the assumptions on g(s), sg(s?) is nondecreasing, we get sg(s?) < a.

Thus (3.2.1) is redundant.
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g(+), we obtain the recession function * of ®(-) is @ (z) = alz|. It is easy to

verify that ®.(+) is a positively 1-homogeneous function, i.e.
O (tz) =tP(2) V2R, V>0

Let u € BV (Q2), recall that the distributional derivative of u can be decomposed
as Du = Vudz + D?u, here dz is Lebesgue measure, D*u is singular with respect

to dz. Define

Jw) :/Q<1>(|Vu|)dx—|—/ﬂ<l>oo (%)'Dw (3.2.3)

Since ®(-) satisfies (3.2.2), we have

j(u):/Q@(\Vu])dx—i—oz\l?su\(Q) (3.2.4)

A

J(u) is lower semicontinuous with respect to the convergence in L'(Q) (cf. [5]
Theorem 5.47). If u € W1(Q), then the second term vanishes. For any given

h € L*(Q) and linear continuous operator R, define
. 1
Jr(u) = / O(|Vul|) dx + a|D%ul|(£2) + ) / |Ru — h|* dx (3.2.5)
Q Q
Definition 3.2.1 (Subdifferential). The subdifferential 8.J; at u is defined as:

dJr(u) = {f e L2(Q) : Jr(v) — Jp(u) > (&, v—u), Vv e LQ(Q)} (3.2.6)

3Refer to definition 2.6.9 for recession function.

65



3.3 Semigroup approach

Chambolle and Lions [20] first studied PDE (3.1.1) in the case g(s) = /s by
using nonlinear semigroup theory and monotone operator. Following the same
approach, later, Vese [92] studied the general case. She proved the following

theorem [92, §].

Theorem 3.3.1. Let @ C R? be an open bounded, and connected subset of RY
(d = 1,2) with Lipschitz boundary. Let ug € Dom(8.Jg) and h = uy. Then there

exists a unique function u(t) : [0, +00) — L*(Q) such that

u(t) € Dom(dJg), Yt>0, e L®0,400, L*(Q)) (3.3.1)
—w e dJp(ut)), aete(0,4+00), u(0)=u (3.3.2)

If uy and us are two solutions with ugy, ugy as initial conditions respectively, then

3.4 Vanish viscosity approach

PDE (3.1.1) is a generalization of the classical time dependent minimal surface
problem, whose study is carried out by using vanish viscosity method [59, 39].
Following this approach, Feng and Prohl [38] studied (3.1.1) in case g(s) = /s.
We shall follow the same approach to study (3.1.1). The generalized solution of

PDE (3.1.1) is studied in two cases: ug,h € L*(Q); ug € BV (Q) N L3(Q),h €
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L?(2). Our approach is to consider first the regularized problem

;

w=V-(9(|Vul*)Vu) — AR*(Ru— h) + eAu  in Q x (0,+00)

Gu — on 90 x[0,+00) (34.1)
u(z,0) = ug(x) on

\

We then derive some € independent estimates and pass the limit ¢ — 0. For

simplicity, let’s assume A = 1 from now on.

Lemma 3.4.1. Suppose that g satisfies (3.1.2) then,

{g(|€)e = g(Inl*)n, € —n) = 0 (3.4.2)

) and ®(-) is an increasing convex function, by Lemma

Proof. Since g(|z|?) = (I’l/(z

2

2.7.1, we conclude that (3.4.2) holds.

3.4.1 Weak solution of regularized PDE

Before moving on, we need to clarify what weak solution means for the regularized

equation.

Definition 3.4.2 (Weak Solution). A function u : Q x [0,7] — R is called a

weak solution of the initial-boundary-value problem (3.4.1), if
(a) u e L*0,T; H(Q)) and v € L*(0,T; H*(Q));
(b) Vv e HY(Q), ae. t €[0,T],

(0,v) + (g(|Vul|*)Vu, Vv) + (Ru — h, Rv) + ¢(Vu, Vo) =0  (3.4.3)
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where <-, > denotes the action of a distribution on a test function or the

inner product of L?(12).
(¢) u(0) = uo
Remark 3.4.3. According to Theorem 2.3.4, u € C([0,T); L*(Q2)).
Theorem 3.4.4 (Existence and uniqueness of weak solution). Let uy,h €
L*(Q)). Then, the initial-boundary-value problem (3.4.1) has a unique weak solu-
tion u:Qx[0,7] - R, ue C(|0,T], L*()) and satisfies the following inequali-
ties:
Lo ' 2 9, 1 2 2
~[lull> + (IVuP)Vul? 4 5 (Ru = h)? + | Vul?| d
2 . Jo 2
1
< §[HuoH2+THhH2] (3.4.4)
' 2 1 2, € 2
/ ] dt+t/ (V) dz + ~t| Ru — h|]? + St Vu]
! o 2 2
1
< [||u0“2 + Ty|hy|2] 28T Ytel0,T] (3.4.5)
T
/ 0%+ dt < 6] Juoll? + TIIAI] + 302m(e)T (3.4.6)
0
here « is the constant in (3.2.1), m(QQ) is the Lebesque measure of Q). Further-
more, if ug € HY(Q), we have
r .12 1 2 € 2
i+ [ @l do+ SR b+ 5Vl
0 Q 2 2

(3.4.7)
1 €
<2[ [ ®(1Vul) do + S Ru0 = AP + 51 Vuol]
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Galerkin method

We use Galerkin method to prove the existence of weak solution of (3.4.1). As-
sume that the functions wy = wi(x) (k = 1,--+) are the eigenfunctions of the

following problem

—Au =0
(3.4.8)
e =0
We have {w; },_, € C(Q). If T, the boundary of Q2 is of class C*!, k >= 3+[g],
d
then {wk}:il € C%(Q) *. In image processing, we often have () = H(O, L;). In
i=1
this case, {wy},_, € C*(Q) °. Furthermore,

{wk}:ozl is an orthogonal basis of H'(2) (3.4.9)

{wk};ozl is an orthonormal basis of L*(Q2) (3.4.10)

if we normalize {wk}zozl in L*(Q). Let V,, = span{wk}zl:l and P, is the finite

dimensional projection from L?(Q) to V,,.

Theorem 3.4.5 (Galerkin approximation). Let uy, h € L*(2), for each in-

teger m > 1, there exists a unique u,, : Q x [0,T] — R such that

(a) up € C®°(Q % [0,T]) and u,,(t) € Vy, for any t € [0,T].

“Please refer to [45].

5In this case, wy, is the cosine sequence.
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(b) Assume h,, = Pnh, wom = Prug. Yv € V,, and any t € [0,T],

(i, 0) + G|Vt *) Vi, VU) + (Rtry — by, RO) + €(Vtty,, Vo) = 0

U (0) = uom (3.4.11)

and the energy estimates

5l + / / (V) ki ? 4 5 (Rt — I )? + €[V
<3 [HuoH2 +THhH2] Vit e 0,7 (3.4.12)

t

1

/ i |2 d + t/ B(|Vtn]) d + 2| Rty — b2+ S| Vi |?

0 Q 2 2

1

< 5(’|U0H2+T||h||2) + 25T (3.4.13)

T
/ [t || 71y dt < 6(||uoll® + TR[*) + 3a®m(Q)T (3.4.14)
0

where m(Q) is the measure of Q). Furthermore, if ug € H'(Q), we have

’ 1
/ it dt + [/ (V) d + 5[ Rty = [ + 5[Vt
0 @ (3.4.15)

1 €
<2[ [ @(Vuonl)de + 5| Ruo = AP + 5[ Vo
Q
Proof of Galerkin approrimation. Fix now a positive integer m. We will look for

a function u,, : [0, 7] — H'(Q) of the form

=k (e

k=1

(3.4.16)

Sk‘

We hope to select the coefficients a® (t) (0 <t < T, k=1,---,m) so that

m

ak, (0) = (uo, w) (3.4.17)

(i, wi) + (g(|Vtm|*) Vi, Vwr) + (Rug, — hin, Rog) + €V, Vwg) =0
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We first note from the above equation in finite dimensional space that

(tims wp) = dp(t), k=1,---,m, (3.4.18)
dﬁ@@) :fk(a}n(t)v"' cam(t), k=1, m, (3.4.19)

where all f, : R™ — R (1 < k < m) are smooth and locally Lipschitz. It follows
from the theory for initial-value problems of ordinary differential equations that
there exists T;,, > 0 such that the initial-value problem (3.4.19) and (3.4.17), has
a unique smooth solution a’ (t),---,a™(t) for t € [0,T,,]. For each ¢ € [0,T,,],
set v = Uy, (t) in (3.4.11), we obtain

1
L2+ | gD T2 + (R — hn)? + €[V ] da
2dt
Q
— / [(Rum — hm)hm} do < 1[/(Rum — B> dx+/ h2 dx} (3.4.20)
Q 2 Q Q

§%(/Q(Rum—hm)2dx+/h2dx)

Q
Therefore,
ld 2 2 2 1 2 2
Sl [ gVt 4+ 5 (Rt = ) + € V] da
0 (3.4.21)
1
< JIh* vie .1,
Integrate (3.4.21) against t, we get,
i (@) < ol + TRIP Yt € 0,7, (3.4.22)

This, together with the orthogonality of {wk}ZLU implies that

> lanOF = lua®1® < lluoll® + T4l

m
k=1
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The solution (al (t),---,a™(t)) of the initial-value problem (3.4.19) and (3.4.17)
can be uniquely extended to a smooth solution over [0, 7). Thus, (3.4.12) follows

and

e e 0,722y < MNwoll* + TR

Juol? + AP 342
Ug +
HvumH%Q(O,T;LQ(Q)) < c
Set now v = i, (t) in (3.4.11)
o2, g 1 g 1 2
i+ [t [ @(Ft]) do+ St Rt = o[ + S]] Vet
@ (3.4.24)
1 1
_ [/ @(|Vetml) d + 5| Rty = o>+ 5 l| Vet ]
0 2 2
Integrate (3.4.24) against ¢ from 0 to s, and recall (3.2.2)
* . 2 1 2 1 2
il @t + [ | @(1Vtn]) do+ 55l Rt = 2 + Ses] V]
0 0 2 2
5 1 1
- / [/ (Vi) dz + = | Rt — o * + -] V|| (3.4.25)
0 Q 2 2
° 1 2 1 2
< [@ Vtn| dt 4+ = || Rt — hon||? + = €| Vttn]| }dt + AT
0 Q 2 2
On the other hand, from (3.2.2) and (3.4.12), we know that
S S 1
o [ [ Funldot [ TR = b+ el T ]
o Ja 0 (3.4.26)
1
< 5 |lhuoll? + TlA|2| + BT
Hence,
? . 2 1 2 1 2
||t |2 dt + [s (| Vitm|) do + 5 sl| Rutms = o + e[ V]
0 Q (3.4.27)
1
< 5[l + TIRI] + 26T Vs € [0, 7]
Recall that
|t || r-1(00) = sup{ < Uy, U > HUHHS(Q) < 1} (3.4.28)
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It is easy to see that (3.4.11) is valid for all v € Hy(€2), then
| =20 < N9V tm|*) Vit + [ Rt = T | + €l V| (3.4.29)

Take square of the above inequality and integrate ¢ from 0 to T', we obtain
T
[ il
0
T
< 3/ 1950 PVt + [ Buty, — Bl 4 eV [2] e (3:4:30)
0
< 3am(Q)T + 6(||uol|* + T|2]1*)
If ug € H'(Q), set v = 1,,(t) in (3.4.11) to get (3.4.15). Therefore,
r . 2 1 2 € 2
[ Pt + | [ ©(1F0n])d 5 Bt il + 510 2]
0 0 2 2
1
< 2[/ (| Vtol) iz + | Rto — bl + 5[Vt (3.4.31)
Q

1 €

Proof of theorem 3.4.4. According to energy estimates (3.4.14), (3.4.13) and (3.4.23),
for any fixed ¢ > 0, the sequence {um}:j:l is bounded in L>(0,T; L*(Q)) N
L*0,T; H'(2)), {tm} ., is bounded in L*(0,T; H-*()) and {V/ti,} _ is
bounded in L*(0,T; L*(£2)). Consequently, there exists a subsequence {uml}zl C

{un} -_ and afunction u € L*=(0,T; L*(Q))NL*(0,T; H'(Q)), @ € L*(0, T; H'(Q))
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and v/ti € L2(0,T; L*(2)) such that

Uy, — U weakly in L?(0,T; H*(Q))
iy — weakly in L2(0,T; H(2))

(3.4.32)
U, — U strongly in L?(0,T; L*(2))

Vti,, — Vtu  weakly in L2(0,T; L*(2))
the strong convergence is due to H'(2) CC L*(Q) and a compactness result [83]
(see also Theorem 2.4.2). Let v € H'(Q) and n € C[0,T]. For each m > 1,
set v = V(= Ppro) in (3.4.11), multiply both sides of the identity by n(t), and

integrate against ¢ to yield

/0 ()0, 1 (t)) it + /0 (1) V0 9|Vt ()2 Vi (£)) dt

T . (3.4.33)
+/ (Ru, (t) —hm,Rvm>dt+e/ (N(t)Vm, Vu,(t)) dt =0
0 0
We still denote the subscript m; of convergence sequence as m,
T T
| om0} e~ [ (oo, i) a
- 0 . (3.4.34)
= [ = 0im®)it+ [ a0 nle) — (1) d
0 0
The first term
T
[ 00 = im0t < ol —llsy [ Vil
0 (3.4.35)

T
< nlllom — v||H1(Q)T/ Vo1 df — 0 2 m — o0
0
It follows from the weak convergence of i, in L?(0,T; H~*(Q)), the second term

— 0 as m — o0. Therefore

/0 (N(t)Um, W () dt —>/0 (n(t)v,u(t)) dt as m — oo (3.4.36)
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From the strong convergences u,, — u, Pnv — v, Upym = Ppuo — U, hpm =

P.h — h, we obtain

T T
/ (n(t) Rty — By, Ry, > dt — / (n(t)Ru — h, Rv > dt (3.4.37)
0 0

as m — oo. It follows from u,, — u weakly in H'(Q) and P,,v — v strongly in

/T (N(t) Vi, Vo, ) dt — /T (n(t)Vu, Vo) dt as m — oo (3.4.38)

Finally, let’s consider the nonlinear term. g(|Vu,,|*)Vu,, is bounded L(0,T; L?(2)?),
there exists some £ € L2(0,T; L?(2)9), such that g(|Vu,,|?)Vu,, — £. Therefore,

as m — oo
T T
/ (N(t)V U, 9(| Vi |* Vi, ) dt —>/ (n(t)Vv, &) dt (3.4.39)
0 0
Let m — oo, we get from (3.4.34), (3.4.37), (3.4.38) and (3.4.39) that
T
/ n(t) [(u, v) + (&, Vv) + (Ru— h, Rv > +€¢(Vu, Vv > }dt =0 (3.4.40)
0

Since 7(t) € C[0,T] is arbitrary, this implies:

(i,v) + (£, Vv) + (Ru — h,Rv > +e(Vu,Vuo >=0 a.e.t € [0,T] (3.4.41)

Notice that, by Theorem 2.3.4, after possibly being redefined on a set of measure
zero, we have u € C([0,T]; L*(Q)). Moreover, u(t) = u(s) + f; u(T) dr for any
s,t € [0,T]. Replace n(t) in (3.4.40) by nr(t) = 1 — £ and integrate by parts

T
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against t for the first term to get

/ ne(t) [ (€, V) + (Ru— b, Rv) + e(Vu, Vo) dt
’ (3.4.42)

—l—/o %<u(t),v> dt = <u(0),v>

Repeat the same argument using (3.4.11) with v, = P,,v to get
T
/ nr(t) [<g(|Vum|2)Vum, va> + <Rum — P, Rvm> + e<Vu, va>] dt
0

T
1
—l—/ —<um(t),vm> dt = <u0m,vm>
o I
Let m — oo, we deduce from (3.4.34), (3.4.37), (3.4.38) and (3.4.39),

/OT ne(t) (€, V) + (Ru— b, Ro) + e(Vu, Vo) dt

—l—/o %<u(t),v>dt:<uo,v>

Now, a comparison of (3.4.42) and (3.4.43), together with the arbitrariness of

(3.4.43)

v e H'(Q), we get u(0) = uo. Similarly, let (t) = —%, we deduce
nll_rgo (um(T), vm) = (u(T),v) (3.4.44)
On the other hand,
’<um(T),vm — v>’ < Nt (T) || — 0| (3.4.45)

From (3.4.23), we know that lim (u,,(T),v,, — v) = 0. Consequently,

m—00

lm (uy(T),v) = lim (up(T),vm) = (u(T),v) Yve H(Q)  (3.4.46)

m—00 m—00

Let v = w in (3.4.41) and integrate against ¢ from 0 to T', we get

T 1 1
| e upa = Sl = Sl
0

T T
— / <Ru — h, Ru> dt — / e<Vu, Vu> dt
0 0

(3.4.47)
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Let vy, = uy, in (3.4.11) and integrate against ¢ from 0 to 7', we get
‘ 2 1 o 1 2
<g(|Vum| )Vumv vum> dt = §||UOH - iHum(T)H
0

. . (3.4.48)
— / 6<Vum, Vum>dt — / <Rum — hyp, Rum> dt
0 0

Therefore

T
lim sup/ (g(IVtm|?) Vi, V) dt
m—0o0 0

1
= Slluoll* = Tim inf 2 fluy, (7)) (3.4.49)

— lim inf

T
/ [<Rum — hy, Rum> + 6<Vum, Vumﬂ dt
m—oQ 0

Notice that L? norm is lower semicontinuous %, from (3.4.47) and (3.4.49)

deduce

hm sup/ <g |V, |? Vum,Vum>dt</ <§,Vu>dt

(3.4.50)
Now, from Lemma 3.4.1, we obtain, Vv € L*(0,T; H'(Q))
T
0 < lim sup/ (g(|Vum|*) YV, — g(|Vo[*) Vo, Vi, — Vo) dt
0 (3.4.51)
< / (€ = g(]Vv]*)Vo,Vu—Vo)dt Yve L*0,T; H(Q))
0
Let v = u — 6w for some constant 6 > 0
/ (& = g(|Vu — 0Vw[*)Vu — 0Vw, Vw) dt >0 (3.4.52)
0
Let 8 — 0, we deduce
/ (&= g(|Vu]*)Vu, Vw)dt >0 Yw e L*(0,T; H(Q)) (3.4.53)
0

612 norm is lower semicontinuous with respect to strong convergence, from Theorem in

Section 2.5, L? norm is lower semicontinuous with respect to weak convergence
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ie. (& Vv) = (g(|Vul[*)Vu, Vv) for any v € H'(2) and a.e. t € [0, T]. Therefore
(0,v) + (9(|Vul*)Vu, Vo) + (Ru — h, Rv) + e(Vu, Vo) = 0 (3.4.54)

Vv e HY(Q), a.e. t € [0,T]. All the inequalities follow directly from the corre-

sponding ones in Theorem 3.4.5.

Uniqueness

Suppose that u; and uy are the weak solutions of PDE (3.4.1) with initial values

19, h1 and ugg, ho respectively. Then,

(11, v) 4+ {g(|Vw|*) Vur, Vo) + (Rug — hy, Rv) + €(Vuy, Vo) =0 (3.4.55)

(tig, v) 4+ {(g(|Vuo|*) Vug, Vv) + (Rus — ha, Rv) + (Vuy, Vv) =0 (3.4.56)

(3.4.55) - (3.4.56) and let w = uy — ug, v = uy — ug and wy = U9 — Usp,

<w,w> + <g(\Vu1]2)Vu1 — g(’VUQP)VUQ, Vu1 — VU2>

(3.4.57)
+ (Rw — (hy — ha), Rw) + e(Vw, Vw) =0
Since (g(|Vur|*)Vur — g(|Vua|*)Vug, Vuy — Vug) > 0, we get
||U1(t) - Ug(t)“2 S ||U10 - U20H2 + t||h1 - h2H2 a.c. [0, T] (3458)

On the other hand, after possibly being redefined on a set of measure zero, uy, us €

([0, T, LA(©)). Thus
lur () = ua(D)]* < Jluro — usol|* +tl|hs — ho||* Yt € [0, T (3.4.59)

This inequality ensures the uniqueness of the solution.
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3.4.2 Existence and uniqueness of generalized solution

We have proved that the existence and uniqueness of the weak solution of regu-
larized PDE and derived some € independent energy estimates. Now let’s study

the properties of original PDE. We have the following theorem.

Theorem 3.4.6 (Generalized Solution). Let Q2 be a bounded open domain

with Lipschitz boundary.
(a) Suppose that ug, h € L*(S)), then there exists a function u such that
u € L®(0,T; L*(Q)) N LY(0,T; BV(Q))
u € L™®(s0,T; BV(Q)) N C([s0, T]; L*(2)), so € (0, T]
w € L*0,T; H Q)
u(t) is weakly continuous from [0,T] — L*(2).

Vse (0,T],Vve L'(0,T; BV(Q))NL*0,T; L*(Q))NC([0,T]; L*(Q)) such

that v € L*(0,T; L*(R)), we have
/OS/Q@(U —u)dxdt + /OS[jR(v) — Jp(u))dt
> %[Hv(s) —u(s)]|* = [lv(0) — uoll”] (3.4.60)

(b) Suppose uy and uy are two functions which satisfy (3.4.60) with initial data
10, M and usg, hy Tespectively. If uyg, usg € L*(Q)NBV(Q), hy, hy € L*().

Then, there holds stability inequality

[ur(s) = ua(s)||* < llurg — uzol|* + sl|h — hof* Vs €[0,T]  (3.4.61)
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(c) If ug € BV(Q) N L3(Q) and h € L*(Q), then u is unique, u(0) = uy and

w e L®(0,T; BV(Q) N LA(Q)) N ([0, T], L2(Q))

€ L2(0,T; L*(Q))

Vsel[0,T], Vv e LY0,T; BV(Q)) N L*0,T; L*(Q)), we have

A

/ s / (o — ) da dt + / " [Ja) — Ja(w)] dt > 0 (3.4.62)

0o Jo 0

Remark 3.4.7.  (a) In case of uy € L?(QQ), the solution u(t) is only weakly con-
tinuous from [0,7] — L*(Q). The strong continuity is usually not true.
The uniqueness of the solution is not proved either. In the literature, there
are some mistakes regarding the proof of continuity and uniqueness of u
when vy € L*(2). By looking at the proof of stability inequality in case
up € BV(Q) N L3(Q), it is tempting to use a density argument to do it:
suppose that ull € BV (Q) N L*(Q)) — ug € L*(Q2), u" is the generalized so-
lution corresponding to u(, but it turns out that we don’t know if u,, — u

in any sense.

(b) From (3.4.62), it is easy to see that, for a.e. t € [0,7]

/ (v —u)dz + Jp(v) — Jpu) >0 Yve BV(Q)NL} Q) (3.4.63)
Q

Proof. The proof is carried out by using the same approach as Lichnewski and

Temam [59], Gerhardt [39], Feng [38].
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Part (a)

For each € > 0, consider the regularized problem (3.4.1), from theorem 3.4.4, we
know, there exists a weak solution u¢ which satisfies the following e independent

bounds:

[ oo 0,7:22(2)) + Vel V|| 4 [[u [ pao,rwa () < Co(T [uoll, [121])

14| 20,711 () < CLT (ol [[2]])

(3.4.64)

IV 20,7 22(0) + VEIVEVU | Lo iz2 () + 10| oo 0,15w0 1)

< Co(T, [Juol[, [[2]])
here Cy, Cy, Cy are constants. These bounds imply that there exists a function
u € L>(0,T; L*(Q)), tu € L>(0,T; BV(Q)) and a subsequence {u€}€>0 (which

is denoted by the same notation) such that as e — 0

ut = u  weakly* in L>(0,T; L*(Q))

ut —u  weakly in L?(0,T; L*(Q2)) (3.4.65)
u® — u  strongly in L'(0,T; LF(Q))

¢ =  weakly in L*(0,T; H'(Q)) (3.4.66)
W~  weakly in L2(to, T; L*(Q)) Yty € (0,T]

VS — Vi weakly in L2(0,T; L*(2)) (3.4.67)
tu® — tu  strongly in LP(Q) for a.e.t € [0, T (3.4.68)

u¢ — u  strongly in LP(Q) for a.e.t € [to,T] Vto € (0,T]
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where 1 < p < 1*. The strong convergence is due to the fact that BV (Q)
compactly embedded in LP(2)(cf. Lemma 2.6.14) and the compactness result
of Simon [83] (See also Theorem 2.4.2). Since u € L>(0,T, L*(2)), u is contin-
uous from [0,7] into H~'(Q), by Lemma 2.3.5, we know that u(t) is weakly
continuous from [0,7] — L3*(Q2). Since L'(0,T; BV(Q)) is neither reflexive
nor the dual of some separable Banach space, we can’t directly conclude that

uw e LY(0,T, BV(€)). Thanks to Fatou’s lemma, we have

T
lil%inf/ [/ |Vu6|dx]dt 2/ hmmf/ |Vus |dx (3.4.69)
o 0 Q

From u¢ — u strongly in L'(0,T; LP(f2)), we have u® — u strongly in LP(2) a.e. t €
[0, T]. On the other hand, the variation of a function is lower semicontinuous with

respect to L' convergence. Thus, we conclude

T
/ hrr(l)mf/ |Vue ]dx dt >/ / ]Du]dx (3.4.70)
0 R

ie. uw € LY0,7;BV(2). Since Vsy > 0, u € L*(so,T;L*)), by The-
orem 2.3.3, after possibly being redefined on a set of measure zero, we have
u € C([s0,T], L*(Q)), i.e. u € C((0,T],L*Q)). V51,52 >0,
$2 52
u(s2) = u(s) + /81 udt, u(s9) = u(s1) + /81 U dt

From (3.4.65) and (3.4.66), we obtain

ut(s) = u(s) weakly in L*(Q) Vs € (0, T] (3.4.71)
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Substitute v by v — u€ in (3.4.3) and integrate against ¢ from 0 to s(< 7T'), we

obtain
/ / (v — uf) dadt +/ /g(|Vu€|2)Vu€ (Vo — Vu) dzdt
0o Ja 0o Ja
+ / / (Ru — h)(Rv — Ruc) dd (3.4.72)
0 Jo

+6/ /Vue-(Vv—Vue)dxdt:O
0 Jo

®(s) is a convex function and recall that ®(s) = [; g(7%)7 dr, thus,
d(|Vu|) — @(|Vus|) > g(|Vu?)Vue - (Vv — Vue) (3.4.73)

and we also have the following

//ue(v—ue)dxdt://D(v—ue)dajdt
o Jo 0 Jo
1

— 5 llos) — w () ~ () — ol (3474

%[/OS/Q(RU—h)2dxdt—/OS/Q(Rue—h)2dxdt

> /S / (Ruf — h)(Rv — Ru®) dzdt (3.4.75)
0 JQ

Hence

/ / (v —u)dx dt+/ (Jr(v) — J(u)) dt
0o Jo 0
+ e/ / Vu© - (Vo — Vue) de dt (3.4.76)
0o Jo
1
> 5[llo(s) = u()I* = llv(0) = uol’]
which holds Vv € L*(0,T; H (2))NL*(0, T; L*(Q2)) such that v € L*(0, T; L*(Q2)).

By Fatou’s Lemma and the lower semicontinuity of .J (-) with respect to L' norm,

e—0 e—0

liminf/ J(uf) dtz/ lim inf J (u°) dtz/ J(u) dt (3.4.77)
0 0 0
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It is not hard to verify that L? norm is lower semicontinuous with respect to
strong convergence. Notice that L? norm is convex, from [8] Theorem 2.1.2, we
conclude that it is lower semicontinuous with respect to weak convergence. Thus,

lir%inf v(s) —u(s)||* > ||v(s) —u(s)||* Vs € (0,T]

€e—

S S
liminf/ | Rus — |2 z/ | Ru — BJ?
e—0 0 0

Now let € — 0 and notice that \/€||Vu|| is bounded, we have, for any s € [0, T

/S/ (v —u) dedt + /S[jR(U) - jR(U)]dt
0o Jo 0 (3.4.79)
> LJo(e) = w(ol? = Jo(0) - wol?)

Vo e LY0,T; HY(Q)) N L*(0,T; L*()) such that v € L*(0,T; L*(Q2)). However,

(3.4.78)

for each v € BV(Q), there exists (cf.[27], see also Section 2.6.6) a sequence
{va}n=1 € C(Q) N WEHQ) such that v, — v strongly in L2() and J(v) =

limy, .00 J (v, ). Thus, (3.4.60) holds 7.

Stability inequality

To this purpose, let’s prove the following lemma which is using the techniques in

39, 59].

"The proof of the density result of [27] is based on mollification, for the time dependent
function, the space variable mollification will make sure the time derivative of the sequence

converge strongly.
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Lemma 3.4.8. Let n > 0 and u, be the solution of the following ODE:

Ny +u, = u for 0<t<T;

(3.4.80)
un(0) = U
If u satisfies (3.4.60) and ug € BV () N L*(Q), then asn — 0
u, — u  strongly in L*(0,T; L*(Q))
u, — u strongly in L'(0,T; BV(Q)) (3.4.81)
u,(s) — u(s) strongly in L*(Q) Vs € [0, 7]
Furthermore,
117207220y < Tr(uo) (3.4.82)

Proof of lemma. 1t is easy to see that for any ¢ > 0
t
uy(t) = e Mg + 1/77/ Ty (1Y dr = e Mg 4 (u * p,)(t) (3.4.83)
0

where the definition of u has been extended by setting u = 0 for ¢ < 0 and p,(t) =
(1/n)p(t/n), p(t) = e '. Tt is checked in a standard way that if u € L9(0,T; X)
(where 1 < ¢ < 400 and X is a Banach space), then u * p, — u in L(0,T; X)
as 7 — 0. On the other hand, if uy € X, upe ™" — 0 in L9(0,T;X) as n — 0.
Therefore, (3.4.81) hold. Now, let’s take v = u,, in (3.4.60), we get
1 S ) S N
i) =)+ [ [ Jinf dwdt < [ (ntu) = Jntu) e (308)
0o Jo 0
We write u,, as a convex combination
Uy = e My + (1-— e*t/”)

1 t
] / e(T*t)/"u(T) dr
0

n(l —e
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From the convexity of J r(u) and Jensen’s inequality, we obtain

t
Jnluy) < e n(ue) + 1/ / "D/ i (u(r)) dr

0

Thus, we get from (3.4.84)

T T
7]/ /|un|2dxdt—|—/ Jr(u)dt
o Jo 0

T T it
< jR(uo)/ e tndt + 1/77/ / e(T_t)/"jR(u(T)) dr dt
0 o Jo
T

< (1 — T F(ug) + /0 Jn(u) dt

A

Thus HUUH%Q(QT;LQ(Q)) < Jr(uo). |yl 20,1020 is bounded and u, — u in

L*(0,T; L*(€2)), upon take a subsequence, u, — @. Consequently, (3.4.82) holds.

Now let’s prove the stability inequality (3.4.61). Let u; and us be two func-
tions which satisfy (3.4.60) with initial data wjp, hy and wugy, ho respectively.
Notice that U10, Ug € LQ(Q) N BV(Q) Set

Ul tug u Uio + Uz
= 0= —
2 2

For any n > 0, define u, as in Lemma 3.4.8, now take v = u, in each inequality
(3.4.60) with u, us in place of u, u1g and ugg in place of ug, hy and hy in place of

h, add the two resulting inequalities
= [ il [ 20 = T = Jwe)
0 0
+ 5 ([1Ruy = hal|* + [ Ruy = hof|* = || Ruy — ha|* = || Ruz — thQ)] dt

RO = N

> 2t = s (5) 1 + g (5) — wals) | — 5 s — o] (3.4.85)
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Notice that J(-) is a convex functional, we have 2.J(u) < J(u1) + J(us). Thus,

we get

S ) s R . 1
—277/0 HunHZdH/O [2J(un)—2J(u)+§(HRun—h1H2
+ || Ruyy — ho||? = || Ruy — hq|® — || Ruy — hQHQ)} dt (3.4.86)

> 2 [lhta(s) — w (5)1? + ety () — a(5)” — 5o — ol

Let n — 0 and by Lemma 3.4.8, we get (3.4.61).

Part (c)

Since ug € BV (Q)NL?(2), by stability inequality, we know that u is unique. From
(3.4.82), we have 1 € L*(0,T; L*(Q2)). Combine this and v € L>(0,T; L*(Q)), by
Theorem 2.3.3, we know that u € C([0,T]; L?(Q2)) after possibly being redefined
on a set of measure zero and u(ss) = u(s;) —i—f:’f @ dt. This unique u is the limit of
a subsequence {u5}6>0 which satisfies u®(s2) = u(s1) + f:f 4 dt. Combine with

(3.4.65) and (3.4.66), we obtain
uf(s) — u(s) weakly in L*(Q) Vs € [0, 7] (3.4.87)

Since uf(0) = ug for all € > 0, thus u(0) = uy and

/O 81 /Q o0 — ) d dt = / s /Q (v —u) de di s

+ 5 [llo(s) = w(s)* = 10(0) — wolI*]
Notice that the time derivative of v has been transferred to wu, (3.4.62) holds

Vv e LY0,T; BV(Q) N L*(0,T; L*(Q)). Now, let’s prove u € L>(0,T; BV (Q)).
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Assume first ug € H*(2), by energy estimate (3.4.7), we know that this unique

u can be regarded as the limit of sequence {u€}€>0 which satisfies

A

€ 1
ntu) < €[ [ @(1Vuol)do -+ 51Vl + 31 R~ ]
Q

Thus, we get Jr(u) < C(f, ®(|Vug|) dx + L||Rug — h|?) for a.e. t € [0,T]. For
up € L*(Q2) N BV(1), there exists a sequence of {uf} " C H'() such that

ull — ug strongly in L*(Q)

uy — g strictly in BV (Q)

Using the lower semicontinuity of Jg, we obtain that Jz(u) < C( [, ®(|Duol) +

s||Rug — h||?) for a.e. t € [0,T] still holds. Thus u € L>(0,T; BV(12)).

3.4.3 Evolutionary PDE and variational problem

Theorem 3.4.9. Suppose ug € BV (Q) N L*(Q) and g € L*(Q). Let u satisfies

(3.4.63) and @ be the minimizer of Jp(u). Then,
tlim |u(t) = @ljzey =0 Vpe[l,17) (3.4.89)

Proof. We follow the approach of Feng [38]. The existence and uniqueness of the
minimizer @ of Jg(u) was proved in Vese [7]. Take v(t) = u(t — 7) for 7 > 0 in
(3.4.62) with s = T, dividing the resulted inequality by —7 and then let 7 — 0
yields

/OT [al|? dt + Jp(u(T)) < Jrlup) < 0o (3.4.90)
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Hence, there exists a sequence {tj} with ¢; — oo as j — oo such that

im ;)] = 0
’ (3.4.91)
Hu(t]’)HBv(Q)mLQ(Q) S C fOl" anyj 2 1
By compactness of BV (£2), there exists a subsequence of {u(t;)} (still denoted
by the same notation) and @ € BV(Q) N L*(R2) such that u(t;) converges to
weakly* in BV(Q), strongly in LP(Q) for 1 < p < 1*, and weakly in L?(2) as
Jj — oo. Finally, let j — oo in (3.4.63) after choosing t = t; and using the fact

that Jg is lower semicontinuous with respect to L' convergence, we get

A

Jr(v) > Jp(i) Yve BV(Q)N LY Q) (3.4.92)

which implies that @ is a minimizer of Jr. By the uniqueness of minimizer,
we conclude that & = @ and that the whole sequence {u(t)} converges to 4 as

t — o0.

It is worth to point out that the solution of the minimization problem is in
WH(Q) (cf. [31]) provided that the operator R is coercive, i.e. ||Rul > 0| ull,

the initial data h € H'(Q2) and Q satisfies some regularity condition.

3.4.4 Relationship with texture decomposition PDE

The texture decomposition model of Osher, Solé, Vese 73]

igf{F(u):/Q|Vu|dx—|—%/Q|V(A_1(h—u)|2dx} (3.4.93)
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has almost the identical mathematical format as

ir&f{F(u):/Q\Vu]dx—i—%/ﬂlh—l%u\de} (3.4.94)

The difference is that the linear operator R, = VA™ (R*R, = A7V - VA~ =
A1) acts on original image h too in OSV model. The study of the formally

derived second order evolutionary PDE from OSV model

w(0) = g (3.4.95)

e =0

is essentially the same as (3.1.1).
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Chapter 4

The study of fourth order parabolic PDEs

In chapter 3, we studied the solution existence and regularity of generalized so-
lutions of one class of second order parabolic PDEs. Although they have a great
success for denoising, edge detection and texture decomposition, sometimes they
produce undesirable staircase effect, namely, the transformation of smooth re-
gions (ramps) into piecewise constant regions (stairs) [29, 20, 21, 13]. Thus,
minimization functionals with second order derivatives of v and the fourth order
PDEs are proposed in the literatures [20, 91, 21, 99, 62] to eliminate the stair-
case effects suffered by first order derivative models. It is not a surprise that
fourth order parabolic PDEs appear in image processing literatures since many
such PDEs have been appeared widely in material science and fluid dynamics
[12, 24, 40]. For this class of fourth parabolic PDE, the coefficients of the fourth
order terms will vanish if |Su| — oo, here S is a differential operator, S = V?
or A. We use a classic method — vanish viscosity method to study them. First,

by using Galerkin method and the property of monotone operator, we prove the
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existence of weak solutions for regularized PDEs which are obtained by adding
a regularization term —eA%u to the original equations. Thus, For any € > 0, we
obtain u¢ which is the weak solution of the regularized equation and satisfies some
€ independent energy estimates. Next, we pass the limits ¢ — 0, by using the
weak compactness result in LP(0,T; B), here B is a Banach space, 1 < p < o0
and the compactness result in L'(0,T; B), we will obtain « as the limit of u®.
Finally, by the lower semicontinuity property of L? norm and the lower semicon-
tinuity property of variational functional involving measures, we will obtain that

u satisfies a variational inequality.

4.1 Minimization functional

We consider the following minimization functional

J(u):/ﬂ[cbl(|vu|)+q>(|v2u|)+%(u—w da (41.1)

where Vu, V2u are the gradient and Hessian matrix of u respectively. Minimiza-
tion functionals in [20, 99, 62] are the special cases of (4.1.1). We shall study the

existence and uniqueness of the solution of (4.1.1) in BH(2). Assume

H.1 ®(-) and ®,(-) are even, convex functions from R to R™. They are nonde-

creasing in RY.

H.2 ®(0) =0, 1(0) = 0 (without loss of generality).
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H.3 ®(-) has linear growth and satisfies
alz| = 8 < ®(|2]) < alz] + 4 (4.1.2)
where «, ( are positive constants.

H.4 ®,(-) satisfies

D1 ([2]) < aulz[ + 5 (4.1.3)

a1, 1 are some nonnegative constants.

Remark 4.1.1. (a) For smooth convex function ®(-) defined on R, we have
D(sg) — D(s) > (so — s)P'(s) Vsp,s €R (4.1.4)
Set sg = 0 and sg = 2s respectively, we obtain:
P'(s)s > D(s), P'(s)s < D(25) — P(s) (4.1.5)

Thus, ®'(s) < 22 < 20548 Jiy ¢'(s) < 2. Notice Vs > 0, d/(s) is

s $ s—+00
nondecreasing, thus it is bounded, i.e. ®'(s) < C'. Similarly, ®|(s) < C.
(b) Since ® is a convex and linear growth function, the recession function
lof @, ®(2) = alz|. For example, in (1.1.20), ®(z) = kzarctan —
%Qlog(lj—ijtl), P (2) = E|z|. Although functional J(u) = [;, ®1(|Vu|) dz+
Jo ®(IV2u]) dz+ 5 [, (u—h)?dz is well defined and finite on W2!, unfortu-

nately W21 is not a reflexive Banach space and the minimization problem

IPlease refer to definition 2.6.9
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may not have solution in this space. Following the ideas of Chambolle and

Lions [20], Vese [92], we study this minimization problem in BH () ?

Theorem 4.1.2. Let Q be a domain in R? with Lipschitz boundary, h € L*(Q),
A > 0. Under the above assumption about ®(-) and ®(-), the minimization

problem

inf{j(u):/ﬂ[<I>(|V2u|)—|—<I>1(|Vu|)—|—/\(u—h)2] dx+a|D§u|(Q)} (4.1.6)

u

forw € BH(QY), D*u = V?udx + D?u the Lebesque decomposition of D*u, has a

unique solution u € BH ().

The functional .J : BH () — [0, +00) is lower semicontinuous with respect to

BH* topology and less than or equal to J, where J is defined by

o) — Iy [O(V2u]) + 4 (|Vul) + 2 (u — B)?] dz u € W2L(Q) o

too u€ BH(Q)\ W2H(Q)

J() is not lower semicontinuous on BH (). The so called relaxed functional .J

is defined by

J(u) = inf{ lim inf J(-) : u, € W»'(Q),u, »u € Wl’l(Q)} (4.1.8)

n—oo

for any u € WL(Q). J(u) is the largest lower semicontinuous functional which

is less than or equal to J(u). Obviously, J(u) < J(u). However, From theorem

2.3 in Demengel and Temam [27], for any u € BH (), there exists a sequence

2Please refer to Section 2.6.4 for definition of BH and various properties of it.
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{u"}nzl € C=(Q) N W>(Q) such that

u, — u strongly in W (Q)
(1D [)(Q) — (| D*u])(9) (4.1.9)
O(|D%u,|)(Q) — (| D*u])(Q)

Hence J(u) < J(u). Therefore, J(-) is the relaxation of J(-) on BH() with

respect to weak® topology.

Remark 4.1.3. The proof of the above theorem is based on mollification. In [27],
Demengel and Temam assumed the regularity of the boundary I' of Q to be C*.
In fact, by using a slightly modified technique (see [35]), it is not hard to see that

the theorem is valid when I' is Lipschitz.

Existence. Let C' will be some constant which may differ from line to line. Assume
that {u,},>1 be a minimizing sequence for (4.1.6), due to the linear assumption
on ®(-), We have

|D*u,|(2) <O, lup — b < C (4.1.10)

From (2.6.31), we obtain that u, is bounded in BH(€2). Therefore, there exists

u € BH(S2), such that
u, —u strongly in W"(Q), D?u, — D*u weakly* in M(Q)  (4.1.11)

where 1 < p < 1*. We have used the fact (2.6.30). From the lower semicontinuity

of J(u), we have
J(u) < lim infJ(u,) (4.1.12)

n—o0
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Thus, v is a minimizer of J.

Uniqueness. Let u, v € BH() be two different solutions of the minimization

problem (4.1.6), from the strict convexity of .J, we have

A 1
J(zu+ -v) <

54T 3 [J(u) + J(v)] = inf] (4.1.13)

N | —

It is a contradiction! Thus, the minimizer is unique.

It is not hard to see that the relaxation functional of (1.1.20) in one space

dimension and J(u) of (1.1.16) have unique solutions in BH (£2).

4.2 Fourth order parabolic equations

In section 4.1, we mentioned that Lysaker, Lundervold, and Tai [62] proposed
the minimization functional to denoising medical images. For minimization func-
tional (1.1.17), by deriving Euler-Lagrange equation and employing gradient de-
cent method to solve minimization problem, they obtained the evolutionary par-

tial differential equation:

i+ () + (&”%m)xy + (@—m)y + (ggf;)yy FAu—u) = 0 (42.1)

with homogeneous Neumann boundary conditions. This evolutionary PDE, to-

gether with the one dimensional case of PDE proposed in [91] are the special
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cases of the following PDEs:

u(0) = wug

here ®, ®; are smooth functions which satisfy H.1 to H.4. From now on, we
d

restrict ourself to only consider Q = H(O, L;), L = (Ly, -+, Lg). In this case,
i=1
the homogeneous Neumann boundary condition problem can be mapped to a

periodic boundary condition problem by reflection symmetry (See figure 4.1).

Following the same approach as the second order evolutionary equations, we shall

Figure 4.1: Extension of ug to periodic boundary

prove the existence and regularity of the generalized solution if ug, h € L*(2) and

o € BH,er(Q) N L2(Q), h € L2(Q).
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4.2.1 Solution of regularized equation and energy esti-

mates

For this purpose, first, we will prove the existence and uniqueness of the weak

solution of the regularized equation:

(

0=V (B - v (B2 N - h) - eA%u

[Vul |V2u|
u(t) is L — periodic V¢ € (0,7 (4.2.3)
u(0) = ug
here L = (Ly,- -+, Lg). Then we derive some € independent bounds and pass the

limit to € — 0. Let V = H2, (Q), V' is the dual space. We define

per

Bu,v;t] = (g1(Vu), Vo) + (g(V*u), V*v) + e{ Au, Av) (4.2.4)

T, hit] = /Q [cpl(\w) +B(|V2u|) + %(u — )2+ %\Auﬂ dr  (4.2.5)

d
where g1 (Vu) = (I’/l@vu'u')Vu, g(V?u) = %ﬁf\)v%’ <V2U, V2U> = Zaijugz‘jv'

ij=1

Definition 4.2.1 (Weak Solution). A weak solution of (4.2.3) is defined as

we L*0,7,V)NC([0,T], L*(2)) such that « € L*(0,T,V’) and

w,v) + BYu,v;t]+ AXu—h,v) =0 ae te|0,T|VveV
(i) + B+ A(u = ) 0.1 .

u(0) = g
Existence and uniqueness of weak solution

Theorem 4.2.2 ( Existence and Uniqueness of Weak Solution ). Assume

that ug € L*(Q),h € L*(Q), @1, ® are smooth functions which satisfy H.1-H.4

98



of section 4.1, Then there is a unique weak solution of (4.2.3) which satisfies the

following energy estimates:

1d, . A A
—— B t — — h)2dz < Z||h|? 4.2.
sl + Bl + 5 [ w=n2do < i (127)
T
/ ]2 dt + £, wo; 1] < C (luoll® + [1]2) (4.2.8)
0
T
| it < CQual? + 1ale) (1.29)

Moreover, if ug € V', we have

' A
[+ a [ 190uldr+ 3 [ -2+ Siau?
0 Q 2 Q 2
Soq/ \VuO\derﬂlJra/ |V2uo| dz + 23 (4.2.10)
Q Q
€ A
+§HAUOHQ+§Hu0_hH2

Proof. Assume the functions {wk} > are smooth and

{wk}:il is an orthogonal basis of V'
(4.2.11)

{wk}:il is an orthonormal basis of L*(£2)
We could take {wk}zil be the appropriately normalized eigenfunctions of the
following periodic boundary value problem 3:
—Au=0

u is L — periodic

3In fact, the eigenfunctions are cosine and sine functions.
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Solution in finite dimensional space Fix a positive integer m, we will look

for the weak solutions of (4.2.3) in a finite dimensional space in the form of

U = Y ag(t)wy (4.2.12)
U, ¢ [0,T] — V which satisfies:

U, Wk ) + B U, Wi t] + XM — By i) =0
< k> | i < k> (4.2.13)

<um(0),wk> = <u0,wk>

for 0 <t < T, k=1,---,m, here h,, is the finite dimensional projection of h
onto linear space generated by {wk}zzl. Upm is the finite dimensional projection

of ug onto the same space.

Theorem 4.2.3 (Galerkin approximation). For each integer m = 1,2,-- -,

there exists a unique function w,, of the form (4.2.12) satisfying (4.2.13).

Proof. Assuming u,, has the structure (4.2.12), from (4.2.11), we first notice

(U (t),wi) = aj,(t). Therefore,

a;c(t) = fk(al(t)7 t 7am(t)) k= L-oym
(4.2.14)
ap(0) = <u0,wk> k=1,---,m
where fi : R™ — R(1 < k < m) are locally Lipschitz. It follows from the Picard
theorem on a Banach Space that there exists a T,, > 0 such that (4.2.14) has a

unique absolutely continuous solution (a;(t),--- ,an,(t)) for t € [0,T,,]. For each

t € [0,T,,], multiply (4.2.13) by ax(t) and sum for k = 1,--- ,m, we obtain:

1d A
5 gz 1t + B[t i 1] + 5 e = P |* <

DO >

A\
Il < SlIAI7 - (4:2:15)
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The orthogonality of {wk}:;l implies that
D ar(®) = flunl* < M + T uol|? (4.2.16)
k=1

The solution of (4.2.13) is bounded on [0,7},], hence can be uniquely extended

to [0, 00).

Energy estimates in finite dimension

Theorem 4.2.4 (Energy estimates). There exists a constant C, depending

only on Q, T, \ and ®1, P, such that

1d, A\ , Ao
—— ¢ ; — — hy) de < =|h 4.2.1
sl Bl i) + 5 [ (= b < SINE (4217
t t
/ty|umy|2dt+tf[um,hm;t]:/ T [ty B 1] it (4.2.18)
0 0
T
| Vil < € (ol + 1) (1219

If ug € V, then

' A
[t [ 9%l + 5 [ = o+ Sl
0 Q o)
<ar [ [Vuldo+ i+ a [ [Vl do (4.2.20)
Q Q
€ 9 A 5
+26+ S| Auo[” + Fluo — Al

Proof. Multiply equation (4.2.13) by ag(t), sum for k = 1,--- ,m, and then recall

(4.2.12) to find

(um, um> + B, Unm; t] + )\<um — P, um> =0 (4.2.21)
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Thus, we obtain (4.2.17). Multiply equation (4.2.13) by taj(t), sum for k =
s . e ’m’
. d
e at(]e[um, B t] = J [ty hin; t] (4.2.22)
Thus, we obtain (4.2.18). Notice (4.1.5) and assumptions on ®, ¢y, from (4.2.17)

we obtain

T A
| [l = 8)da - S~ Pt
Q 2

T

[e=]

A
[Bg[um,um; t] + 5 llum — hm\ﬂ dt (4.2.23)

A
S—

<

DO | >

1
I + 5

On the other hand,

T T
/ T [ty b t] dt < / [/ a1 |Vug,| + ﬁl] dxdt
0 o tJo

(4.2.24)
T A €
+ / [a‘v2um| + ﬁ + _(um - hm)2 + _|Aum|2] dxdt
) 2 2

Notice u,, € H?*(Q2) C BH(Q), combine Lemma 2.6.22 (see also Adams [1],
the interpolation inequality), (4.2.23), (4.2.24) we obtain, for some C' does not

depend on €, but could depend on €, T, aq, a, G, G1, A,

T
/ |t ||* dt + t T [ty B 8] < C(JJuol|* + [|2]|%) (4.2.25)
0

Recall that
[t v = sup { (i, v) : o]l <1} (4.2.26)

Vv €V with |[v]| g2 < 1, we have

V=101 vy, v = Z brwi, (4.2.27)
k=1
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and <wk,vg> =0 (k=1,---,m). Since the functions {wk};ozl are orthogonal in

Vol ez < |v]la2@) < 1. From (4.2.13),
(T, V) + B, v15t] + Mty — hyn,v1) = 0 (4.2.28)

Consequently,
(i) < [ [T T0a] + (20 V201
Q

+ € At [ A1 + = Bl ]| de

. . (4.2.29)
<{[ [ ouuar)” + [ [ @072 ar]’
Q
te /|Auml2d:r /Ium him Ide] }Hvl!lm(n
By Cauchy inequality,
. 2 / 2 / 2 2
Cioms0)” < 1] [ [0l + &'V
Q (4.2.30)
€ At + [t = B ] 01 Py
Therefore
i <4 [ (04017l + @70
Q (4.2.31)

+ €| A2 + (i — hm)ﬂ dx
By Remark 4.1.1, ®{(|z|]) < C and ®'(|z|) < C for some constant C. Conse-

quently,

][5 < 4/Q [e!AumP + (t, — hm)2] dx + 4Cm(Q) (4.2.32)

here m(§2) is the Lebesgue measure of Q. From (4.2.17), we obtain:

/ / da:dt—i—e/ /yAudexdt<O(HUOHQ+HhH ) (4.2.33)
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Thus (4.2.31) - (4.2.33) implies (4.2.19). Now assume ug € V', multiply (4.2.13)

by aj(t), sum for k =1,---,m, we find

d
(T, T ) + aJﬁ[um, Bm;t] =0 (4.2.34)

Integrate against ¢, we obtain

t
[ il Tl st
0

A
<| / By (| Vo) + / (Vo) + 5 (tom — hn)? + 5[ At |*] do - (4:2:35)
Q Q

(\V]

A
<[ [ @1vul) + [ S17%u0]) + 50— 02+ 5|Auf] do
Q Q

Notice the assumptions on ®(-), ®;(-), we deduce (4.2.20).

Existence and uniqueness of weak solution From (4.2.17) and (4.2.19), it

is not hard to see

HumHLOO(O,T;LQ(Q)) + HumHLQ(O,T;V)
(4.2.36)

+ Nl 20m5v) < C(€) (Juoll 20y + [1R]1?)

where C/(¢) is a constant which could be depending on €2, T, e. According to this
energy estimate, we see that the sequence {um}:zl is bounded in L?(0,T; V'), and
{um}:j:l is bounded in L?(0,T;V’). Consequently, there exists a subsequence
{tm},-, C {um}  _, and a function u € L*(0,T;V) N L>(0,T; L*(2)), with

w € L*(0,T; V"), such that

Upm, —u  weakly in L*(0,T;V)
Uy, —u  weakly” in L>®(0,T; L*(2)) (4.2.37)
U, —w  weakly in L*(0,T; V")
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Since V' cC H!,.(Q), By the compactness result in Simon [83] (see Theorem

per

2.4.2) or Temam [87], we obtain

—u  strongly in L*(0,T; H.(Q)) (4.2.38)

U, P

1

On the other hand, g(V?u,,) is bounded in L?(0,T; L*(2)94), upon picking up

a subsequence from {“mz}zp we still denote this subsequence as {umz}zp
(V) — & weakly in L2(0,T; L*(Q)"™*) (4.2.39)

g1(Vi,y,) is bounded in L?(0,T; L*(Q)9), upon picking up another subsequence

from {umz}zp we still denote this subsequence as {uml}il,
91 (V) — & weakly in L2(0,T; L*(Q)%) (4.2.40)
Next fix an integer N and choose a function v € C*([0,T]; V) having the form
() =) di(t)wy (4.2.41)

where {dk}szl are given smooth functions. We choose m > N, multiply (4.2.13)

by di(t), sum for k =1,---, N, and then integrate with respect to ¢ to obtain
T T
/ Rum,@ + B[, v; t]] dt + )\/ <um — hp, v> dt =0 (4.2.42)
0 0
Set m = m; and recall (4.2.37) - (4.2.40), let | — oo, we find
T T
/ [<u,v>+<§1,Vv>+<§,V21)>+6<Au, Avﬂ dt+/\/ <u—h,v> dt =0 (4.2.43)
0 0

Since the functions v of form (4.2.41) is dense in L?*(0,7; V'), we conclude that

(4.2.42) holds for all function v € L?(0,T;V). From theorem 2.3.4, we have
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uw e C([0,T], L*(Q)). In order to prove u(z, 0) = ug(xr), we first note from (4.2.43)

that

/T [_ (u,v) + (&, Vo) + (£, V?0) + e(Au, Avﬂ dt+
0 (4.2.44)

)\/O (u—h,v)dt = —(u(0),v(0))

for each v € C'([0,T); V) with v(T) = 0. Similarly, from (4.2.42), we deduce

T

/T [_ (U, V) + B[, v; t]} dt + /\/ (U — iy, v) di
= —(um(0),0(0))

Set m = m; and let [ — oo, once again employ (4.2.37) - (4.2.40) to find

(4.2.45)

/OT [_ <u, 1)> + <§1, V?}> + <§, V21;> + 6<Au, Av>} dt+

)\/0 (u—h,v)dt = —(uo, v(0))

since Uy, (0) — ug in L*(Q). As v(0) is arbitrary, from (4.2.44) and (4.2.46), we

(4.2.46)

conclude u(0) = ug. Pick up v € C*([0,T], V) such that v(0) = 0, we can deduce

U, (T') — w(T) weakly in L*(2). Let v = u in (4.2.43), we obtain

/ : [(gl, Vu) + (€, V2u>] dt
0 ., (4.2.47)
= %HUOHQ — %HU(T)HQ - /0 [€<AU,AU> + Mu — h,u>] dt
From (4.2.42), we deduce
/ : [<g1(Vum), Vi) + (g(V2un), V2um>] dt
0 (4.2.48)

1 1 r
= gl = ST = [ (et D) Mt = )]
It can be easily verified that L? norm is lower semicontinuous with respect to

strong convergence. Since L? norm is convex, by theorem 2.5.2, we conclude
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that L? norm is lower semicontinuous with respect to weak convergence. As

consequences,

lim inf [|u,, (T)|* > [[u(T)|
o (4.2.49)

T T
lliminf/ HAumlHthz/ | Aul? dt
oo 0 0
From (4.2.38) hm/ <uml — ml,uml>dt / <u—h u> dt. Thus, we have

T
lim sup/ [<gl(Vuml), Vuml> + <g(V2uW), V2uml>] dt

l—o0

1 1 4
= —|luol|* — = lim inf |[u,, (T)||* — lim inf €| Aty ||? dt
2 21 ! I !
—00 —00 0

T
— lim inf/ MUy = Py s Uiy ) i (4.2.50)
0

l—o0

1 T
< luoll = LD = [ [elaul? + 2w = )]
T
< / (€1, V) + (6, Vo) dt
0
®(-), ®y(-) are convex and smooth, by Lemma 2.7.1, Vw € L*(0,T;V),
(g1(Vum) — g1(Vw), Vi, — Vw) > 0

(4.2.51)
(g(VPup) — g(V?w), ViU, — Vw) >0

Set m = m; and let [ — oo, we find
T
0 < Jim sup / (91 (Vitm,) = 91(V0), Vit — V) dt
+llirgosup/ (9(V?Um,) — g(V?w), VU, — V) dt
= hm sup/ [<g1(Vuml), Vuml> + <9(V2uml), V2uml>] dt
0

l—o0

— lim [<g1(Vuml), Vw) + (g(Vup,), V2w>] dt

l—o00 0
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— lim [<gl(Vw), Vi, ) + (9(Vw), V2uml>] dt

+/0 [(gl(Vw), Vw) + (g(V*w), V2w>} dt (4.2.52)
By (4.2.50), (4.2.40), (4.2.39), (4.2.38) and (4.2.37), we obtain

og/OT (€1, V) + (&, V2u)] dt—/OT (&1, Vw) + (¢, V2w)| b
— lim '

l—o00

[(1(Tw), Vu) + (g(V2w), V2u)| dt
+ /0 ' {((Tw), Vo) + (g(V2w), V2w) | dt (4.2.53)
= /OT (& — g1(Vw), Vu— Vw) dt
+ /OT (&€= g(VPw), Vu— V?w)dt

Fix any v € L*(0,T; V) and set w = u — fv (6 > 0) in (4.2.52). We obtain then
/OT (&1 — 1(V(u — 6v)), Vo) dt + /OT (€ = g(V*(u—6v)),V*v)dt > 0

Let 6 — 0

/T [<£1 — 1(Vu), Vo) + (£ — g(V?u), v%)] dt >0 (4.2.54)

Replace v by —v, we deduce that

T
/ [<€1 — 1(Vu), Vo) + (& — g(V?u), V%)] dt <0 (4.2.55)
0
Therefore,

/0 : [(51, Vo) + (€, v%ﬂ dt

(4.2.56)
_ / (o (Tu), Vo) + (g(V2u), Vo) dt
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Substitute (4.2.56) into (4.2.43), to find
T T
/ [<u, v> + Bu, v; t]} dt + )\/ <u —h, v> dt =0 (4.2.57)
0 0
This inequality holds for all functions v € L?*(0,7T; V), Hence in particular
(i, v) 4+ B[u, v;t] + Mu — h,v) =0 (4.2.58)

for each v € V and a.e. 0 <t <T. Let v = u, in (4.2.58), we deduce (4.2.7).
The other energy estimates (4.2.8), (4.2.9) and (4.2.10) are direct consequences

of (4.2.25), (4.2.19) and (4.2.20) when m — oo.

Stability of weak solution

Theorem 4.2.5 (Stability). If ui, us are two solutions of (4.2.3) with initial

datum ugy, hh and ugo, ho respectively, then
lua () = ua()[* < fluor — woz||* + Atf[ 7 — hol|? (4.2.59)
Proof. Since uy, uy are weak solutions of (4.2.3), we have
(t1,v) + Blug, v;t] + Mug — hy,v) =0
<u2,v> + Bug, v;t] + )\<u2 — hg,v> =0
Therefore,
(i1 — U2,v) + (g1(Vu1) — g1(Vus), Vv)
+ (g(Vu1) — g(V?us), V?v) + e{ Auy — Auy, Av)

+)\<U1 — Uy — (hl — hg),’U> =0
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Let v = u; — uo, recall Lemma 2.7.1, we obtain

(g1(Vur) — g1(Vug), Vuy — Vuy) >0
(g(V?u1) — g(V?us), Viuy — Viug) > 0
Thus,

rd, . .
5@’\% — tio||” 4 Allur — w|* < AN(hn — o, ur — ug)

A A
< §HU1 —up® + §Hh1 — hslf?

which implies

L ) <
——|| —u
th 1 2 =

DO | >

[h1 — hall®

Integrate against ¢, we obtain (4.2.59).

4.2.2 Existence and uniqueness of generalized solution

Recall (4.1.6),
J(u) = / [®,(1Vul) + @(V?u])] dz + a| D2l () (4.2.60)
Q
which is lower semicontinuous with respect to Wh! convergence. Let

() ::/Q[@1(|Vu|)+fb(|v2u|)+%(u—h)2] dz + a|D%|(Q)  (4.2.61)

d
Theorem 4.2.6 (Generalized solution). Suppose that Q2 = H(O, L;), a bounded

i=1
open set in RY, ®,, ® are smooth functions which satisfy H.1-H.4.
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(a) If ug,h € L*(Y), then there exists u such that
u € L0, T; L*(2)) N L'(0, T; BH,er (Q))
u € L®(s0, T; BHper (2)) N C([s0, T); L*(Q)), so € (0,7
w € L*0,T; V')
u(t) is weakly continuous from [0, T] — L*(2).

Vo € L0, T; BH,., () N L2(0, T; LA()) with & € L2(0,T; L2(R2))

/OS/Q@(U — u) dxdt + /Os(jh(v) — Jp(u))dt
1

> 5 [lo(s) = w(s)II” = lv(0) —woll’] Vs € (0,7] (4.2.62)

Such w is called a generalized solution of (4.2.2).

(b) Suppose uq, uy satisfies (4.2.62) with initial data ugy, hy and ugs, hy respec-

tively. Assume ugr, uoz € BHper(Q) N L2(Q), hy, hy € L*(Q) then
Hul(s) — UQ(S)HQ < HU01 — U02H2 + )\Sth - h2H2 Vs e [O,T] (4263)
(c) Furthermore, if ug € L*(Q2) N BHpe, (), h € L*(Q), then u is unique and

u € L>®(0,T; BHy.(Q)) N C([0,T); L*()), © € L*(0,T; L*()), u(0) = uy

such that

// (v — u) dedt + /S(jh(v) ) dt>0 se(0.T]  (42.64)
0 Q 0
Vv € LY0,T; BHpe(Q)) N L2(0,T; L*(2)). Thus

/ (v —u)de+ J,(v) — Ju(u) >0 ae te0,T) (4.2.65)
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Vv € BH, () N L(Q).

The case ugy, h € L?

Proof. The first part of the proof is devoted to the existence of the generalized
solution if ug, h € L*(Q). Fix any € > 0, for ug € L*(Q), according to Theorem

4.2.2, there exists a unique u¢ which satisfies the energy estimates:

T 1/2
ooy + o sormmen + | [ 18wl d
0

< O(fluoll + A1) (4.2.66)
IVt || 20,7 22() + 10| oo 030001 < C([Juoll + [IA]]) (4.2.67)
| 207y < C(luoll +[I7]]) (4.2.68)

here C is a € independent constant, it may depend on T, €2. Therefore, there
exists u € L®(0,T,L*()), w € L*(0,T;V"), Vtu € L*0,T;L*Q)), tu €

L>(0,T, BH(S2)) such that a subsequence of {u} (we still denote it u°)

u¢ —u weakly in L*(Q) a.et € [0,T]

(Y weakly in L*(0,T; V")

ut —u strongly in L'(0,T; W,22(<2)) (4.2.69)
Vitu© — V't weakly in L*(0,T; L*(R))

tD*u¢ — tD*u weakly™ in M(Q) a.e. t € [0,7]

tu — tu strongly in W)2(Q) a.e. t € [0,T] (4.2.70)
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where 1 < p < 1*. Notice that W'? CC BH(f), the strong convergence (4.2.69)
and (4.2.70) are due to the compactness result of Simon [83] which is stated in
Theorem 2.4.2. Since u € L>*(0,T, L*(Q)), u is continuous from [0, 7] into V",
by Lemma 2.3.5, we know that u(t) is weakly continuous from [0,7] — L?*(2).

Thanks to Fatou’s lemma, we have

hmlnf/ /]VQ 6\alyz:alt>/ hm1nf/\V2 ‘| dzxdt (4.2.71)
0

Notice that [, [D?ul is a special case of J(u), by the lower semicontinuity of J(u)

with respect to Wh! convergence, we obtain

/ hmmf/]V2 6]dxdt>/ /\DQUIdt (4.2.72)

Thus, u € L*(0,T; BHpe(2)). Similarly, from (4.2.70), we know that, for any
0<so<T,ue L®(s,T;BH(Q)), u € L*(s0,T; L*(Q)). By Theorem 2.3.3,

u € C([s0, T], L*(Q)). Thus, u € C((0,T], L*(Q2)). Since V sy, so > 0,

u(s9) = u(s1) + /82 U (t) dt, u(s2) = u(s) + /82 u(t) dt

S1 S1

we obtain,

lim (u(sa) — u(s2),v) = lim (u(s1) — u(s1),v) Vv € L*(Q) (4.2.73)

e—0 e—0

Consequently, u(s) — u(s) Vs € (0,T]. For each u¢, we have

us, vy + Blus, v t] + Muc — h,v)y =0 ae. t€ |0, T|VveV
< > | | < > | | (4.2.74)

u(0) = ug
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Substitute v by v — u° and integrate with respect to t from 0 to s, we obtain

/S [<u v —u) + Bu v — ut] + A(u — h,v— uﬂ dt=0  (4.2.75)
0

Nevertheless,

/ (0 —u0—u)dt = %[Hv u(s)||* = [[v(0) = uol|?] (4.2.76)

Consequently, Vv € L'(0,T;V) N L*(0,T; L*(?)) such that v € L*(0,T; L*(Q2)),

we have

/S [@,v —u) + B, v — ut] + ANu — h,v— u5>] dt
[lv(s) = u(s)]I” = [[v(0) — uo|?]

It is easy to verify that 3|lv — h||* — 3||u® — h[|* > A(u®,v —uc). Since ®;(-), P(-)

(4.2.77)

NJI»—

are convex, from Lemma 2.7.2, we deduce:
D, (|Vo]) = @1 (|Vur]) > (g1(Vue), Vv = Vus)

(4.2.78)
(|V0]) — o(|Vuf]) > (g(VuS), Vv — Vuf)

Jn(v) — Jh )+ 6<Au Av> > Jh Jh )+ €<Au Av — Auf >
(4.2.79)

> B, v — uSt] 4+ A(u® — h,v — uf)

Since @/ (-) is bounded, we have

/Os/ﬂ)q)l(wue’)—@(\Vu]))d:z:dth/QHVuel—|Vquxdt (4.2.80)

From the strong convergence (4.2.69), we obtain

lim/ /<I>1(]Vu€\)dxdt:/ /\(I)l(]Vu\)d:z:dt (4.2.81)
e—0 0 Q 0 Q
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Notice the lower semicontinuity, by Fatou’s lemma and the strong convergence

(4.2.69),

hmmf/ / (|V2uc)) dxdt>/ hmmf/ O(|V2u|) dadt
z/ /<I>(|D2u|)dt:/ /¢(|v2u|)dxdt+a/ |D2u| ()t
o Jo 0 Jo 0

From (4.2.66), we know that €[|Auc||* is bounded. Hence e(Auc, Av) — 0 as

(4.2.82)

¢ — 0. Combine (4.2.77), (4.2.79) and the lower semicontinuity of L? norm with

respect to weak convergence, let ¢ — 0, we obtain

// v—u dxdt—i—/ Ju(v) dt — /Jh(u)dt s

[||U( ) = u(s)|I* = [|v(0) — uol?]
Vo e LY0,T; V)N L*(0,T; L*(Q)) and © € L*(0,T; L*(Q)). By a density argu-
ment, we deduce (4.2.62) holds for Vv € L'(0,T; BH,e-(2))NL*(0,T; L*(£2)) and

b€ L2(0,T; L3(Q)).

Stability inequality

The following lemma is useful in the proof of the stability inequality. It’s proof

is same as the proof of Lemma 3.4.8.

Lemma 4.2.7. Let n > 0 and u, be the solution of the following ODE:

Ny +u, = u for 0<t<T;
(4.2.84)

un(o) = U
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If u satisfies (4.2.62) and ug € BHper () N L*(Q), then asn — 0
u, — u  strongly in L*(0,T; L*(Q))
u, —u  strongly in L'(0,T; BH,e(Q)) (4.2.85)
u,(s) — u(s) strongly in L*(Q) Vs € [0, 7]

Furthermore,

HuH%Q(O,T;L?(Q)) < Jn(uo) (4.2.86)

Now let’s prove the stability inequality (4.2.63). Set

Ut U Uo1 + Up2

U : 5 Uy 1= 5

For any n > 0, define u, as in Lemma 4.2.7, now take v = u, in each inequality
(4.2.62) with uq, uy in place of u, w1, gz in place of wug, hy, hy in place of h, add

them together

= [ it [ [ ) o) = o) = )]
0 (4.2.87)

> = [lan(s) = (5)I? + letn(5) = wa5)” = llior — woal?
Notice that J(-) is a convex functional, we have
p /0 i |12 dt + 2/08 ()~ ()] ar
+ g /O/Q [ty — h1)? + (uy — ha)? — (ur — h1)? — (ug — ho)*]dadt ~ (4.2.88)
1

> 2 [Ias) = wa )2 + lug(s) = wal5)? = 5 s — ool
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Let n — 0 and by Lemma 4.2.7, we have

é\/ /(hl —h2)2 dxdt
4Jo Jo

> %/O/Q (s — wn)(hy — h) — (s — )] dadt

- S/ [(w—N1)* + (u— ho)* — (ug — h1)? — (up — ho)*|dxdt (4.2.89)
Q

> 5 [lute) = wa(6)IF + ugs) = wa(o)|* = 3l1uor = el
= 1 () = a6 = s = vl

Thus, (4.2.63) holds.

The case ug € BH,..(Q) N L*(Q)

Proof. Assume first ug € V, for any € > 0, from Theorem 4.2.2, there exists u*

such that (4.2.6) holds and satisfies the following energy estimates

|| Lo o200 < C[lluol| + ||B]] (4.2.90)
2N L2 0,7522(2)) + 1] oo 0,758 H(0)) + Vel Auf|

< Cllluollsrcy + IRNl] + Vel Aug| (4.2.91)

Consequently, there exists a subsequence of u¢ and ¢ (we still use the same

notation to denote the subsequence), u € L>®(0,T; BH(Q2)) N L>(0,T; L*(Q))
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and u € L*(0,T; L*(Q)), such that

u® —=u  weakly in L*(0,T; L*(Q))
W —a  weakly in L2(0, T; L())

(4.2.92)
u —=u  weakly in L*(Q) a.e. t € 0,7
—u  strongly in W)2(Q) a.e. t € (0,7
where 1 < p < 1*. The strong convergence is due to WP(Q) CC BH() and the
compactness result of Simon [83] (see Theorem 2.4.2). By Theorem 2.3.3, we know
that, after possibly being redefined on a set of measure zero, u € C([0,T], L*(2))

and u(sy) = u(s1) + [, (t)dt. On the other hand, u¢ € C([0,T], L*(2)) and

u(sg) = u(s1) + [;7ac(t) dt. Therefore
(u(s2) — u(s2),v) = (u(s1) — u(s1),v) + /:2 (uf(t) —a(t),vydt  (4.2.93)
Let € — 0, by the weak convergence u¢ — @ in L*(0,T; L*(f2)), we have
li_r% (u(s2) — u(s2),v) = ll_r% (u(s1) — u(s1),v) (4.2.94)
Since u(s) — u(s) in L*(Q) for a.e. s € [0,T], we conclude
u(s) = u(s) Vsel0,T] (4.2.95)

Replace u, v with u¢ and v — u® in (4.2.6) respectively, integrate against ¢ from 0

to s € [0, 7], we deduce

/S (uf,v—u)dt + / [B[u, v — uSt] + Mu — h,v—u)]dt =0 (4.2.96)
0

s
0
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for a.e. t € [0,T]. Notice the convexity of ®;(-), ®(-), (- — h)?, by Lemma 2.7.1,

we find
©1(|V]) — @1 (|VuT]) = (2(Vue), Vo = Vus)
O(|V2]) — O(|V2uf|) > (g(V2us), Vv — V<) (4.2.97)
o= B = S — ) = A — ) (o )

Therefore,

/OS [(ue, v —u) + Ju(v) — J(u€) + e(Au, Av)) dt
> /S [(ue, v —u) + Jn(v) — J(u) + e(Au, Av — AuS)] dt (4.2.98)
> /S [(uc, 0 —u) + Bu, v — ut] + AM(u® — hyvo —u)] dt =0

Recall (4.2.92), from the lower semicontinuity of J in BH() with respect to

convergence in W1(Q), we have

—/ J(u)dt > —/ lim inf J (u) dt (4.2.99)
0 0

e—0

From the lower semicontinuity of L? norm with respect to weak convergence, we

have

—/ lu— Bl dt > —/ lim inf [lu* — h|[*dt (4.2.100)
0 0

The weak convergence u¢ — u implies

lir%/ <u€,v>dt:/ (u,v)dt (4.2.101)
c~Y%Jo 0

The weak convergence uf(s) — u(s) implies

=[lu(s)[I* = = lim inf [|u(s)]|* (4.2.102)
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From (4.2.98) and (4.2.99) - (4.2.102), notice that e{Auf, Av) — 0 as e — 0 we

obtain

/OS (i v) dt -+ [l — ()] + /O Ja) — Ju(w)]dt >0 (4.2.103)

Vove L*(0,T;V). up = u(0) — u(0) implies u(0) = ug. Thus

/ (i, v — u)dt +/ [Jh(v) = Ju(w)] dt > 0 (4.2.104)
0 0

By a standard density argument, (4.2.103) holds Vv € L'(0,T; BH,.,(f2)) and
v € L*(0,T;L*(Q)). We just prove that (4.2.103) holds for uy € V. For any

function ug € L*(Q) N BH,e-(2), notice the stability inequality, another density

argument suffices.

4.3 Evolutionary PDE with V?u replaced by Au

In higher dimensional space, the computation of V2u is quite time consuming. In
order to reduce the computation cost, we consider PDEs in which V?u is replaced

by Auwu, here A denotes either the distributional derivative or weak derivative
d d

Z@ii. Again, we restrict ourselves to consider only 2 = H(O, L;). Consider
=1 =1

the following evolutionary equation

p

= V(HELVY) - AL A) - Au - h)
u(t), L — periodic (4.3.1)

u(0) = ug

\
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where ®; and ® satisfies the assumptions H.1-H.4 of section 4.1. If we let ®; =0,
®(s) = ks arctan(s/k) — ’;jlog((s/k)2 + 1), then ®'(s) = karctan(s/k), we will
recover PDE (1.1.19). Bertozzi and Greer [11] made a change of variables w =

arctan(Au) when k£ =1 and A = 0 and derived the equation satisfied by w
W + cos® wA*w = 0 (4.3.2)

They first proved the existence and uniqueness to the mollified equation with

periodic boundary condition

W€ = —J, cos? weA? J we
(4.3.3)
we(0) = wy
where J, is a standard mollifier. They then derived parameter e independent
energy estimates and proved the existence and uniqueness of the smooth solution
of (1.1.19) when initial condition wy € HY(). They also pointed out that an
interesting point for further study is to better understand the theory for the LCIS

equation for noisy initial data. Through the vanish viscosity study of (4.3.1), we

will get a clear idea on the generalized solution of (1.1.19).

4.3.1 Regularized equation and energy estimates

Now, let’s consider the regularized equation:

(

U= V(L(Wul)Vu) — A(L(MUF)AU) — Mu — ug) + €A%u

[Vul [Au]

u(t) is L — periodic (4.3.4)

u(0) = wuyg

\
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Adopt the same approach as Section 4.2.1, we can prove the existence and unique-
ness of weak solution and derive some € independent energy estimates. V and V'

are defined as Section 4.2. Define:

Blu,v;t] = <%VU, Vv> + <(I)’(‘AAUQ‘LDA@L, Av> + 6<Au, Av> (4.3.5)
fmmﬂ:KJQUWM+®WMD+QW—hV+;mMMx (4.3.6)

A weak solution of (4.3.4) is defined as v € L*(0,7,V) N C([0,T], L*(2)) such

that € L*(0,T, L*(Q)) and

(i, vy + B[u,v;t] + Mu—h,v) =0 ae t€[0,T|VveV
(4.3.7)
u(0) = wug
Theorem 4.3.1 ( Existence and uniqueness ). Assume that ug € L*(Q),h €
L3(Q2), @y, ® are smooth functions which satisfy H.1-H.J of section 4.1, Then

there is a unique weak solution of (4.3.4) which satisfies the following energy

estimates:

1d, . A\ , Ay
il Bu, w; t] + 2 - <2 43.
sl + Bl + 5 [ (= ndo < S| (138)
T

/ﬂWﬂwamwﬂgOmmW+MM (4.3.9)
0

T

[ Wil de < cpual + (43.10)
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Moreover, if ug € H*(SY), we have

t
/ ||uy|2+a/ |Au|dx+3/(u—h)2dx+5||Auy|2
0 Q 2 Jq 2

SOél/ |Vuo|dx+ﬁ1+a/\Auo\dm (4.3.11)
0 0

A
+ 28+ S| Au? + —/(uo _B)da
2 2/,

4.3.2 Existence and uniqueness of generalized solution

Define

J(w) ;:/Q (1 Vul) + B(| Au])| dr + 0] A%](©) (4.3.12)

A

J(u) is lower semicontinuous with respect to W(Q) convergence.
. A
J(u) = / [®1(190]) + @(1Au]) + 5 (0 — 02| do + alA|(Q) (43.13)
Q

d
Theorem 4.3.2 (Generalized solution). Suppose that Q = H(O,Li), o, P
i=1
are smooth functions which satisfy H.1-H.4.

(a) If ug,h € L*(QY), then there exists u such that

u € L*(0,T; L*(Q)) N LY(0,T; BL,,(2))

u € L™(so, T; BLE

per

() N C([s0, T}; L*(2)), 0 € (0, 7]

w e L*0,T; V")

u(t) is weakly continuous from [0, T] — L*(2).
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Vv e LY(0,T; BL?, (Q)) N L2(0,T; L*(Q)) with © € L*(0, T; L*())

per

/Os/ﬂz}(v — ) dxdt + /Os(jh(v) — Ja(w)) dt
1

> 5 [lo(s) = w(s)II” = lv(0) —woll’] Vs € (0,7] (4.3.14)
Such u is called a generalized solution of (4.3.1).

(b) Suppose uy, uy satisfies (4.3.14) with initial data ugy, hy and ugg, he respec-

tively. Assume ugp, ugs € BLP,, () N L*(Q), hy, hy € L*(Q) then

per

||U1(S) — U2(8)||2 S ||U01 - U02||2 + ASth - h2H2 Vs e [O,T] (4315)

(¢) Furthermore, if ug € L*(Q) N BLE, (), h € L*(Q), then u is unique and

u € L=(0,T; BHp. () N C([0,T]; L*(2)), u € L*(0,T; L*(Q)), w(0) = ug

such that

// (v — u) dedt + /S(jh(v) ) dt>0 se(0,T]  (43.16)
0 Q 0

Vv e LY0,T; BL?

per

(Q)) N L2(0,T; L*(Q)). Thus
/ (v —u)de+ J,(v) — Ju(u) >0 ae te0,T) (4.3.17)
Vv e BL2, (Q) N LX(NQ).

per

Remark 4.3.3. In Theorem 4.2.6 and 4.3.2, if uy € L*(Q), u is only weakly con-
tinuous from [0,7] — L?*(€2). The uniqueness is usually not true. The reason is

mentioned in Remark 3.4.7. By the trace theorems of BH functions and BLP
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functions in Chapter 2, it makes sense to consider the Neumann boundary value
problem. But we can’t prove the convergence of boundary condition. The trace
operators are continuous in the norm topology, or a weaker topology so called
strict (tight) convergence, but not in the weak* topology. The convergence we
can obtain is weak® topology, we can’t find a way to prove that the sequence
does not concentrate on the boundary of the domain. Thus, we failed to prove
the uniqueness of the generalized solution even wuy is sufficiently smooth in case

of Neumann boundary condition.

The proof of this theorem is essentially the same as the proof of Theorem 4.2.6.
The main difference is to replace the compact embedding W'? CC BH() with

WLe(Q) cc BL?

fios ber(§2) which is a direct result of elliptic periodic boundary value

problem.

The case ug, h € L*(Q)

Proof. Fix any € > 0, for ug, h € L*(2), according to Theorem 4.3.1, there exists

a unique u® which satisfies the energy estimates:

T 1/2
e llzomzon + 0l oipg @) + €72 / A2 e
0

< C(Jluoll + [I1]]) (4.3.18)
IVt 20,002 () + 00 L o,r:8L8, @) < C([luoll + [IR]]) (4.3.19)
(|20 < C(lluoll + 1I7]]) (4.3.20)
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here C' is a € independent constant, it may depend on T, €2. Therefore, there

exists u € L>(0,T,L*()), w € L*(0,T;V"), vtu € L*0,T;L*Q)), tu €

L>(0,T, BL%,,(€)) such that a subsequence of {u} (we still denote it uc)
ut —u weakly in L*(Q) a.e. t € [0, 7] (4.3.21)
U= weakly in L*(0,T; V")
ut —u strongly in L'(0, T; W,2(€2)) (4.3.22)
VS — Vi weakly in L*(0,T; L*(2))
tD*uf — tDu weakly* in M(Q) a.e. t € [0,T]
tu® — tu strongly in W).2(Q2) a.e. ¢ € 0,7 (4.3.23)

where 1 < p < 1*. Notice that W) ? cC BLE, (), the strong convergence
(4.3.22) and (4.3.23) are due to the compactness result of Simon [83] which is
stated in Theorem 2.4.2. Since u € L>(0,T, L*(2)), u is continuous from [0, T]]

into V', by Lemma 2.3.5, we know that u(t) is weakly continuous from [0,7] —

L?(Q). Thanks to Fatou’s lemma, we have

T T
liminf/ /]Aue\d:z:dtz/ liminf/ |Auc| dadt
=0 o Ja o <0 Q

Notice that [, |Aul is a special case of J(u). Tt is lower semicontinuous with

respect to Wh! convergence, we obtain

T T
/ lim inf/ |Auc| dxdt > / / | Auldt
0o <0 Q o Ja
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Thus, v € L'(0,T; BLE,.(Q)). Similarly, from (4.3.23), we know that, for any

per

0<sy<T,ue L>(s0,T; BLY,.(Q)), & € L*(s0,T; L*(Q2)). By Theorem 2.3.3,
u € C([s0, T], L*(Q)). Thus, u € C((0,T], L*(Q)) and u(ss) = u(s1) + [ a(t) dt,
Vs1,82 > 0. On the other hand, u¢ € C([0,T]; L*(Q)) and u(sy) = u(s1) +

fs? u€(t) dt. Thus, we obtain
lim (u(sz) = u'(s2),0) = lim (u(s1) = u(s1),0) VoeL¥(Q)  (43.24)

Consequently, u(s) — u(s) Vs € (0,7T]. For each u¢, we have

us, vy + Blus, vt + Muc — h,v) =0 ae. t€ [0, T|VveV
< > | | < > 0.7] (4.3.25)

u(x,0) = up(z)

Substitute v by v — u® and integrate with respect to ¢ from 0 to s, we obtain

/S [<u v —u) 4+ Bu, v — u5t] + Mu = h,v — uﬂ dt=0  (4.3.26)
0

Nevertheless,

[lv(s) = u(s)[I* = [[v(0) — uo||”] (4.3.27)

wl»—‘

/<v—u v — ) dt =

Consequently, Vv € L'(0,T;V) N L*(0,T; L*(?)) such that v € L*(0,T; L*(2)),

we have
/OS [<1},v —u) + B, v — uSit] + ANu® — h,v— u€>] dt
= %[HU(S) —u(s)[* = [[v(0) — uo|?]

(4.3.28)
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It is easy to verify that 3|lv — h||? — 3|ju® — h[|* > A(u®,v —uc). Since ®;(-), P(-)

are convex, from Lemma 2.7.2, we deduce:

®(|Vu]) = @1 (|Vu]) = (g1(Vue), Vo — Vu©)

(4.3.2)
B(|9%0]) — B V2] > (g(V2u), V20 — V)
Thus,
jh( ) — Jh )+ 6<Au Av> > Jh Jh )+ €<Au Av — Auf >
(4.3.30)
> Buf, v —ut] + )\<u€ —h,v— u€>
Since @/ (-) is bounded, we have
/ / ’@1(|VUE|) - cpl(|vu|)) drdt
0 Ja (4.3.31)

gc/ ||Vue| — |Vul| dzdt
Q

From the strong convergence (4.3.22), we obtain

lim/ /<I>1(]Vu€\)dxdt:/ /\(I)l(]Vu\)d:z:dt (43.32)
e—0 0 Q 0 Q

Notice the lower semicontinuity, by Fatou’s lemma and the strong convergence

(4.3.22),

hmmf/ / (|Auf)) dl‘dt>/ 11II(l]in/CI)(|AuE|)dl‘dt
€— o)
> [ [ @(supa
o Jo

From (4.3.18), we know that €[|Auf||* is bounded. Hence e(Auf, Av) — 0 as

(4.3.33)

¢ — 0. Combine (4.3.28), (4.3.30) and the lower semicontinuity of L? norm with
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respect to weak convergence, let ¢ — 0, we obtain

/OS/Q@(U — u) dxdt + /OS Jn(v) dt /OS Jn(u) dt 4334
1

> 5 [10(s) = u(I? =~ 10(0)  uo]*]

Vv e LY0,T; V)N L*0,T; L*(Q)) and v € L*(0,T; L*(Q)). By a density argu-

ment, we deduce (4.3.14) holds for Vv € L'(0,T; BL?

per

(Q))NL*0,T; L*(2)) and
v e L*0,T; L*(9)).

Stability inequality

Now let’s prove the stability inequality (4.3.15).

Lemma 4.3.4. Let n > 0 and u, be the solution of the following ODE:

Ny +u, = u for 0<t<T;

(4.3.35)
uy (0) = o
If u satisfies (4.3.14) and ug € BLY, () N L*(Q), then asn — 0
u, — u strongly in L*(0,T; L*(Q))
uy, —u  strongly in L'(0,T; BLY, () (4.3.36)
u,(s) — u(s) strongly in L*(Q) Vs € [0, 7]
Furthermore,
HuH%Q(O,T;LQ(Q)) < Ju(uo) (4.3.37)

The proof of this lemma is almost identical to the proof of 3.4.8. We will omit

it here. Set

L U + Usg
= 5 s

_ Up1 + Up2
Hom Ty
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For any n > 0, define u,, as in Lemma 4.3.4, now take v = u, in each inequality
(4.3.14) with uy, ug in place of u, ugr, gz in place of ug, hy, hy in place of h, add

them together

= [ i+ [ )+ i) = o) = )]
0 0 (4.3.38)

1 1
> [ lun(s) = wr (I + g () = wa(5)]12 = 5 lluor = el
Notice that J(-) is a convex functional, we have
- 277/ 12y ||2 dt + 2/ [j(un) - j(u)] dt
/ / — hl ( 77 — h2)2 — (Ul — h1)2 — (Ug — h2)2:| dZEdt (4339)

> 2 [Ias) = wa )2 + lug(s) = wa5)I? = 3 s — ool

Let n — 0 and by Lemma 4.3.4, we have
A S
—/ /(h1 — hy)?* dadt
4 Jo Ja
D )
>3 | e = un)(he = ba) = (w1 — )] dat
/ / (= 1) + (= ha)* = (ur — h)* = (up — h2)2}dxdt (4.3.40)

HMﬁ—UA)W+Hw$—uxNV—%Mm—UMﬂ

| \/

la(s) = wa( )|  [luor =

Thus, (4.3.15) holds.

The case ug € BLF,_(Q) N L?(Q)

per

Proof. Since ug € BLP, (Q)NL*(2), by stability inequality, we know that there is

per (

a unique u which satisfies (4.3.14). From Lemma 4.3.4, we obtain @ € L?(0, T; L*(12)).
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Since u € L*>(0,T; L*(R2)), by Theorem 2.3.3, we know that v € C([0,T]; L*(Q))
after possibly being redefined on a set of measure zero and u(sy) = u(s) +
[2a(t)dt Vsi, 55 € [0,T). From the proof of part (a), u is the limit of a subse-
quence {ue} which satisfies u(sz) )+ [ 2 uc(t) dt ,V sy, 89 € [0,T] and

u(0) = ug. Therefore
(u(s2) —u(s2),v) = (u(s1) —u(s1),v) + /82 (au(t) —a(t),v)ydt Vo € L*(Q)

By (4.3.21), we obtain u(t) — u(t) in L*(Q) Vt € [0,T]. Thus u(0) = ug and

// O(v —u)dedt = // (v — u)dz dt

[Hv( ) = u(s)[* = 0(0) — uol*]

Notice that the time derivative of v has been transferred to u, (4.3.16) holds Vv €

L'(0,T; BLE,, () N L*(0,T; L*(2)). Now, let’s prove u € L>(0,T; BL?, (Q2)).

per

First, assume that ug € Hgﬂ

(), by energy estimate (4.3.11) and the embeddings
in BLP, (), we know that the unique generalized solution u can be regarded as

per

the limit of a sequence {u6}6>0 which satisfies
e A 2, € 2
Jn(u) < c[ [ Buo] dar + 5 fug = [ + 5 | Ao }
Q

Thus, we get Jy(u) < C[ [, |Auo|dx + 3|jug — h|)?] for ae. t € [0,7]. For

ug € L*(Q) N BLE, (Q), there exists a sequence of {ug} C H2,.(Q2) such that

per per
uy — ug strongly in L*(Q)
Q)

uy — ug strictly in BLp_ (

131



Using the lower semicontinuity of J,, we obtain that J,(u) < C [ [o | Aug| do +

2luo — hl|?] for a.e. t € [0,T7] still holds. Thus u € L>(0,T; BL2,.(12)).
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Chapter 5

The study of PDEs derived from nonconvex functional

In Chapter 3 and Chapter 4, we have mainly studied the properties of convex func-
tional and corresponding PDEs (PDEs derived from the Euler-Lagrange equation
of minimization problems). In practice, some nonconvex functional minimization
often perform better than convex functional minimization in image smoothing [8].
Unfortunately, the study of the corresponding evolutionary PDEs is much more
challenging because they even do not satisfy the parabolicity condition. A well
known example is (1.1.10) proposed by Perona and Malik [76]. In this chapter,
we will use regularization method to study a class of evolutionary PDEs which
do not satisfy parabolicity condition. Following Galerkin method, we prove the
existence of the weak solution of the regularized equation and obtain energy es-
timates. These energy estimates are usually are € dependent which are different
from the energy estimates in Chapter 3 and 4. Thus, we couldn’t vanish the

regularization term as before.
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5.1 Smoothing-enhancing PDEs

In one space dimension, if |0,u| < k, the Perona-Malik PDE (1.1.10) is of forward
parabolic type, and backward parabolic type for |0,u| > k. In the backward re-
gion, Perona-Malik PDE resembles the backward diffusion equation @ = —0,,u, a
classical example for an ill-posed equation. In the same way as forward diffusion
smoothes contrasts, backward diffusion enhances them. Thus, the Perona-Malik
PDE may sharpen edges, if their gradient is larger than the contrast parame-
ter k. Kichenassamy [52] limited himself to one space dimension and proved that
(1.1.10) doesn’t have a global weak solution. “The restriction to one space dimen-
sion is not a significant one: if the equation has no solution in this case, the only
alternative would be to imagine that there is a solution which depends explicitly
on y when it’s initial condition does not — the equation therefore introduce new
features. Such behavior, however, not observed numerically”. Later, he proposed
a notation of generalized solutions, which are piecewise linear and contain jumps.
Kawohl and Kutev [51] proved that the Perona-Malik PDE does have a unique
weak solution which is continuously differentiable, satisfies a maximum-minimum
principle, and which is exists for some finite time, but not for the entire inter-
val [0,00). Tt is an open question whether the smooth Kawohl-Kutev solution,
which exists for some finite time, turns into such a discontinuous one afterwards.
Interestingly, practical implementation of the Perona-Malik model work often

better than one would expected from theory. In the following, we add a fourth
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order term to a more general equation and study the property of the regularized

equation. From now on, let’'s make some general assumptions on g(-):

p

g(s) :R — R is a C* function

l9(s)| < C, VseR (5.1.1)

1sg'(s)] < C, VseR.
\

Obviously, g(s?) = m or g(s%) = e~ (/%) satisfy these conditions. Let ®(s) =
d

Jy Tg(7?)dr. For simplicity, in this chapter, we assume that Q = H(O, Ly). Cis
i=1

a constant which could depend on €2, T" and € and may differ from line to line.

5.1.1 Existence and uniqueness of weak solution of regu-

larized equation

(
W=V (g(|Vul*)Vu) —eA’n  on Qx (0,+00)
u(z,0) = up(x) on £
(5.1.2)
dyu =0 on 900 x (0,+00)
0, Au=0 on 909 x (0,+00)

\

where v is the unit normal of the boundary of the domain {2 pointing outward.
Suppose that §, uo(x)de = pg and u(z,t) is a solution of (5.1.2), let v(x,t) =
u(z,t) — po, it is easy to verify that v satisfies (5.1.2) and [, v(x,0)dz = 0 with
initial condition v(z,0) = ug(x) — po. Therefore, without loss of generality, we

assume [, uo(x) dz = 0.

135



Lemma 5.1.1. If u(z,t) is a solution of problem (5.1.2), then it satisfies

7 Qu(x,t)dx:(]

Proof. From (5.1.2), we have

/Qu(x,t) dxz/ﬂV-(g(|Vu|2)Vu) dm—/ﬂeAQde

By Green’s formula,
/V (9(IVul*)Vu) dx:/ g(|Vul>)Vu - vds =0
Q 0

/AQde:/ V(Au)-vds=0
Q o)

Thus 4 [ u(z,t)de = 0. ie. [,u(z,t)de = [,uo(x)du.

Define:

H2(Q) = {v e H*(Q) : /

vdr =0, dv|p0 = 0} (5.1.3)
Q

It is easy to see that HZ(€) is a Hilbert space. Denote (H2(2)) the dual space

of H2(€2). Assume that

d
2 i

wi(z) = | | fcos(ﬁki%) (5.1.4)

i=1 ! !

with @ = (21, ,2q4)", k = (k1,---, ka). Thus {wy}};_, is orthogonal basis of

H2(Q) and is normalized under L?(2) norm.
Vin =span{wy : 1 < k] <m} (5.1.5)

Definition 5.1.2 (Weak solution). A function u : © x [0,7] — R is called a

weak solution of the initial boundary value problem (5.1.2), if
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(a) uwe L*0,T; H3(Q)) N C([0,T); L*(R2)) and @ € L*(0,T; (H2(Q)));
(b) For any v € H%(Q), a.e. t € [0,T],
(i, v) 4+ (9(IVu|*)Vu, Vo) + e(Au, Av) dt =0 (5.1.6)

where (-, -) denotes the inner product of L(£2) or the action of a distribution

on a test function.

(¢) u(x,0) = uo(x)

Lemma 5.1.3 (Generalized Poincaré Inequality([87]). If Q is bounded and
Lipschitz set in R™, and let p be a continuous seminorm on H'(Q) which is a
norm on the constants (p(a) = 0,a € R). Then there exists a constant c(f2)

depending only on € such that

lull < c(@)(IVull +p(u),  Yue H(Q). (5.1.7)
Specifically, p(u) = | [y u(z) dz|. Thus, Vu € H(Q), we have ||ul < ¢(Q)||Vul.
Lemma 5.1.4. For any v € H2(Q) that

IVoll* < Jloll| Av] (5.1.8)

CollAv||* < Jlollf2) < CullAv]f? (5.1.9)
Proof. For (5.1.8), by Green’s Formula,
|Vo||* = / Vu-Vodr = —/vAvd$+/ vVu-vds
Q Q o0

:—/vAvdxg/]vHAv\dxg v Av]].
0 Q
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The left hand side of (5.1.9) is trivial. From Temam [87, p. 154], we obtain, for
any 0 >0

lWlizz@ < CrlllAv]® + é]lv]*)

_ 1
Leté—ﬁ,

1 1
sl < Molka@ = lvl” < CrllAo]?
Thus, (5.1.9) holds.

Lemma 5.1.5. Let P, be the L*(Q) projection operator onto V,,, Vu € H2(),

we have
| Pl 20y < Cllull a2, lim P — ul| g2y = 0

Proof. Let {Wk(f)};:‘zl be the orthogonal basis of H,(£2) which is defined in

(5.1.4), then
u = Z apw(x), Ppu = Z apwy, ()
|k|=1 |k|=1
Therefore,
[ Pral|? <[], lim [ Ppu—ul =0

It is easy to verify that Awy € V,, for 1 < |k| < m and Awy ¢ V,, if |k| > m

(recall that wg(z) is the cosine sequence). Thus AP, u = P,,Au. Consequently
AP ull? < ||Aul?, lim [|[AP,u — Aul| =0
By (5.1.9), we have

[Pl a29) < Cllull@), Jim [Py —ul[20) = 0
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Theorem 5.1.6 (Galerkin approximation). Let uy € L*(2), For each integer

m > 1, there exists a unique uy, : Q@ x [0,T] — R such that
(a) Uy, € C(Q x [0,T]) and u,(t) € V,, for anyt € [0,T).
(b) For any v € V,, and any t € [0,T]
<v,um> + <Vv,g(\Vum\2)Vum> + 6<Av, Aum> =0 (5.1.10)
(¢) um(0) = Pruo; where P, is the projection to finite subspace Vy,.
(d) u,, satisfies energy estimate
|t || oo 0,7522(0)) + [[tm || 20,7 52(02)) F U || 20,7502y < € (5.1.11)

Furthermore, if uy € H*(), we have
[t oo 0,7 m2(0)) + wmll 20,1512 (0)) + [[dml 2007, 02(00) < € (5.1.12)

Galerkin Approxzimation. The proof is following [57]. Fix now a positive integer

m, let s(m) = dim(V;,). We will look for a function w,, : [0,7] — H2(2) of the

form
s(m)
U (t) == Z a (t)wy
k=1
where we hope to select the coefficient o (t) (0 <t < T,k =1,---,s(m)), such
that

Uy Wi ) + {g([VUum|?) Vg, V) + € Ay, Awy) =0
(s wi) + (9(| Vm?) k) + € k) (51.13)

ak,(0) = (uo, wy)
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From the orthonormality of {wy : k =1,---,s(m)}, we obtain

Sak (t) = k(al (t)v T 7af’£m)(t))7 k=1, 7S(m)

dt'm m\*m

(5.1.14)
ak,(0) = (uo, wr), k=1,--- s(m)

where all f% : R*™ — R(1 < k < s(m)) are smooth and locally Lipschitz. It
follows from the theory for initial-value problems of ordinary differential equations
that there exists T, > 0 such that the initial-value problem (5.1.14) has a unique
smooth solution (al (¢),---,an™) for t € [0,T,,). For each t € [0,T,] , set
v = up(t) € Vp, in (5.1.10), we have

1d

5%“%@(15)\]2 + / IV U ?) [ V| do + €| Ay, ||* = 0 (5.1.15)
Q

Integrate against ¢, we obtain, for all ¢ € [0, T},],

t
et (8) ]2 + 2¢ / | A2 dt

< lall + 2 [ o[ Tn( O] [Vt 6) P
0 (5.1.16)

t
< lal? + 20 [ [ V()|
0

t 02 t
<o+ [Nl dt+ S [ un?at
0 € Jo
The last inequality is due to Cauchy inequality and Lemma 5.1.4. By Gronwall’s
inequality, we conclude ||u, (#)[|2 < C. This, with the orthogonality of {wy,}:"",

implies that

(m)

[a (1)]

1

The solution (al (t),--- ,ai™(t)) of the initial-value problem (5.1.14) is thus

m

3

2

= [lun(®)|* < C (5.1.17)

i

bounded on [0, 7},], hence can be uniquely extended to a smooth solution over
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[0,00). Vv € H2(Q), we can write v = v + vy with vy € V;, and vy L V,. Hence,

(5.1.10) holds for any v € H2(2). Consequently,
(i, v) < gV ) Vun [ V0| + €| Aun|||Av|| a.e. t € (0,T) (5.1.18)
Notice the definition of (H2(£2))" norm
[ | (r2(0)y = sup {{tim, v) : [|v]|m2(0) < 1} (5.1.19)
We obtain
Take square on both sides of (5.1.20) and employ Cauchy inequality, we obtain
HumH(QH%(Q)), <2(9(IVum*) Vun|* + €| Aun|?)  ae. t € (0,T) (5.1.21)
Integrate against ¢ from 0 to 7', we have
T
T
gz/{mw%Wﬁ+¢mmﬂﬁgc (5.1.22)
0

Notice (5.1.9), combine (5.1.22), (5.1.16) and (5.1.17), we obtain (5.1.11). If

ug € H*(Q), set v = 1,,(t) in (5.1.10) to get for any ¢ € [0, T] that
. 2 d € 2
| + = [ [®(IVtm]) + = Au|? |dz = 0 (5.1.23)
dt Jo 2

Integrate against ¢, we obtain

. €
i s zan + | @(VunDdo+5 [ 8w, do
@ @ (5.1.24)

:/QCID(]Vum(O)])dx—i-%/Q\Aum(())\de
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Therefore,
. €
HumH%Q(O,T;LQ(Q)) + EHAumHQ <C (5.1.25)

From (5.1.9) of lemma 5.1.4 and(5.1.25), we obtain (5.1.12).

Theorem 5.1.7 (Existence, uniqueness, and energy identity). Let uy €
L3(Q2). Then, the initial-boundary-value problem (5.1.2) has a unique weak solu-
tion u: Q x [0,T] — R. Furthermore, if ug € H*(Q), then u € L*>(0,T; H*(Q)),

e L*0,T, L*(Q)), for a.e. t € [0,T], u satisfies

1d

——/ ]u]de+/g(\Vu]Q)]Vu\Qd:I:—i—e/ Auf? dz = 0 (5.1.26)
d €

— ) —|Aul? 1|2 de = 1.2
= Q( (IVal) + £ u\)dm—l—/ﬂ\u! dz =0 (5.1.27)

Proof. 1t follows from Theorem 5.1.6 that there exists a sequence of functions
{um} € L*(0,T; H2(2)) N L>(0,T; L*()) with {u,,} € L*(0,T;(H2(Q))') such
that for each m > 1, any v,, € V,,,

Uy U ) + {g(| VU |?) Vg, Vo, ) + €(Atty,, Avy, ) = 0
() + {10 P T+ (Nt ) o

Um(0) = Prug

Consequently, there exists u € L*(0,T; H2(Q)) with @ € L*(0,T; (H2(2))) such

that
Uy —u  in L(0,T; L*(Q)) (5.1.29)
Uy — 0 in L*(0,T; (H2(2)))) (5.1.30)
Uy — u in L*(0,T; H*(Q)) (5.1.31)
Uy — u in L2(0,T; H'(Q)) (5.1.32)
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where the strong convergence (5.1.32) follows from (5.1.31) and the compactness
result of Simon [83]. Therefore, part (a) of Definition 5.1.2 is satisfied. Letv €
H2(Q) and n(t) € C[0,T]. For each m > 1, set v,, = Py,v in (5.1.28), multiply
both sides of the resulting identity by 7(t), and integrate against t to yield,

/<n(t)Vva,g(|Vum()| Vi, (t >dt
O (5.1.33)

T T
+ / (18P, it (£) )t + € / (1(t) APy, Au(t))dt = 0
0 0
From Lemma 5.1.5, (5.1.30), (5.1.31), we obtain

/OT (N(t) P, G (t )t — /OT (n(t)yv, a(t))dt as m — oo
/0 AP, Aun(®)dt — /0 " (A0, Au(t)dt as m — oo
While
| /OT ()P, (| Vit (£)[?) Vi (£) Vit
- [ o gt vat)a
< Iilmion 1970 = V0l [ JoVun@PVuniat - G130
190l [ o9 O ¥rn(t) — o Fu() )Vt ]
Notice (5.1.1) and (5.1.11), we obtain
[ @ v @< 0 (5135
0017t ()T (6) — gVl Tu1) (5.1.36)

= [ (gU€P)T +29'(1€)E"E) (Vum(t) — Vu(t)) ]|

< C||Vum(t) — Vu(t)]|
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From (5.1.34), (5.1.35) and (5.1.36), we have

/O<n(t)Vva,g(|Vum()| VYV, (t >dt

- [ eV u(e)ar

(5.1.37)
< Ol Pmv — vl m2(0) + Clltm — | 200,7;152(0))
— 0asm — oo
Therefore,
T
| 00 a0) + (To,90TuwP) Va(o)
0 (5.1.38)

+ e(Av, Au(t)>}dt =0
Since n(t) is arbitrary, this implies (5.1.6). Notice that, after a possible modi-
fication of u on a set of measure zero, we have u € C([0,T]; L*(Q2)) (cf. The-
orem 2.3.3). Moreover, u(t) ) + ft '(1)dr for any s,t € [0,T], where
u(t) = u(t) € L*(Q) and v/(t) = u(t). In (5.1.38), let n(t) = —t/T + 1 and

integrate by parts against t for the first term to get

/OT {<VU g(IVu®)[P)Vu(t)) + e{ Av, Au(t )>}dt

. (5.1.39)
1
+/ —{v,u(t))dt = (v,u(0))
o T
In (5.1.28), letv,, = P,,v and use the same argument, we get
T T
/ T<77mv,um(t)>dt +/ () {V P, g(|Vum(t)]*) Vun(t))dt
0 0 (5.1.40)

—l—/o n(t)e( AP, Ay, () )dt = (P, un(0)) = (Ppv, Pouo)
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Let m — oo, we have
/0 a(O{ (T, g(Vu()P)Vul®)) + (Ao, Au(t)) b
—l—/o %@,u(t»dt = <v,u0>

Compare (5.1.38) and (5.1.41), we get (v,u(0)) = (v,up). Since v € H2(Q) is

(5.1.41)

arbitrary, we have u(0) = ug. Therefore, u is a weak solution. The uniqueness
follows from the stability established in Theorem 5.1.8. Now if uy € H*(Q2), from
energy estimate (5.1.12), we obtain u € L*°(0, T, H2(Q?)) and @ € L*(0, T; L*(Q2)).
The first energy identity can be obtained by setting v = u(t) in (5.1.6). Notice
(5.1.29) and (5.1.30), the second energy identity is obtained by letting m — oo

in (5.1.24).

Theorem 5.1.8 (Stability). Let ugy, ups € L*(2). Let uy, uy be the given weak

solutions of (5.1.2) with ui(x,0) = uy and us(x,0) = ugy a.e., respectively, Then,

Jur — U2||L<><>(0,T;L2(Q)) + fluy — U2HL2(0,T;H2(Q)) < Clluor — voz| (5.1.42)

Proof. Let w = uy — us. Since u; and uy are two weak solutions, we have for any

v € H2(Q) and a.e t € (0,T) that
(v,9) + (Vv, g([Vui[*)Vus — g(|Vusa*)Vus) + e(Av, Aw) =0 (5.1.43)

Since w € L*(0,T; H2()) and w € L*(0,T; L*(?)), 4(w,w) = 2(w,w). We
obtain

1d € C
——|Jw|* + el Aw|® < |[Vw|* < Cllw|l|Aw]| < §||Aw||2 + 2—€Hw||2
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By Gronwall’s inequality,

t
rmwMQsw@%mm—uMP—/kﬂAwWMM)
0

Hence, (5.1.42) holds.

5.1.2 Relationship with other PDEs

Liu and Li [57] studied the following PDEs in the context of modeling epitaxial
growth of thin films

Vu

=V Grp

+ eVu) (5.1.44)
i=-V-((1-|Vul*)Vu+eVu) (5.1.45)

These two PDEs are special cases of (5.1.2) if they are imposed homogeneous
Neumann boundary condition. We also notice that (1.2.3) is a special case of

(5.1.2). Thus, we proved the well-posedness of (1.2.3).

5.2 You-Kaveh PDE

In section Chapter 4 section 4.1, we mentioned that You and Kaveh [99] proposed

a minimization functional of the form

/Qf(]Au\) dx (5.2.1)

to smoothing images. They intentionally used nonconvex function f because

convex function will lead to globally planar images. Indeed, as we studied in
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Original Processed

Figure 5.1: Image enhancement by flows based on triple well potentials. Figures

are from http://visl.technion.ac.il/"gilboa/ppt/huji02.pps

Chapter 4, if f is convex and satisfies the conditions of Chapter 4, the solution
of the corresponding evolutionary is in W with 1 < p < 1*. The question is
how it behaves if we use a nonconvex f? In their numerical experiment, You and

Kaveh chose g(s) = m, here g(s) = L lgs). Greer and Bertozzi [43] studied

the traveling wave solution of the one dimensional You-Kaveh PDE (1.1.22) by

adding a Burgers’ convection term:

1

i+ 5 (6)s = —(g(tea)haa)e (5.2.2)

They proved that smooth traveling wave solution of (5.2.2) does not exist for

sufficient large jump height. Following the ideas of Catte, Lions, Morel and Coll
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[19] to study

;

u=V-(9(|VGy*ulVu) on (0,T)xQ

Q-0 on(0,7)xT (5.2.3)

u(z,0) = ug(x)

\

it is possible to prove the well posedness of regularized You-Kaveh PDE

i = A(g(|A(G, * u)])Au) (5.2.4)

with L? initial condition and homogeneous Neumann boundary. Here G, is Gaus-

sian filter.
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Chapter 6

Numerical experiments

In this chapter, we use finite difference method to solve evolutionary PDEs and

compare the processing results of different PDEs.

6.1 Second order method

We first describe the explicit finite difference method of second order evolutionary

PDEs.

6.1.1 Explicit finite difference method in 1D

Let uf = u(iAz, kAt), Ajuy = (uf,, — uf)/Az, Ayuf = (uf_ — uf)/Az, C} =
g(|Agul|?), CF = g(|Apul]?). Then the explicit finite difference discretization of
(3.1.1) with R = I is

u; u;

At Ax

k+1 _ ok 1
= ——(CfApuf — Cf Ayul) + Auf — hY) (6.1.1)

In order to make sure the stability of the scheme, we need that At/(Az)? < 1.
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6.1.2 Explicit finite difference method in 2D
Let Az = Ay, uf] = u(ih, jh, kAt),

Agu® (ufﬂd- — uﬁj)/Ax, Ayul (ufﬁl,j — uf])/Ax

i ij

(6.1.2)
Ay “53 = (“f,jﬂ - “ﬁj)/ Az, AS“QJ = (“ﬁjfl - “ﬁj)/ Az
and
(6.1.3)

Ck,, = 9(Dwul,P),  C5,, = g(|Asul; )

Then the explicit finite difference discretization of (3.1.1) with R = I is [32]

k+1 .k
Big Mg —(Ck Apuf. — Ok Awub))
x \Y By B Wi ; =W,
A Aot ’ ’ (6.1.4)
+ ﬁ(OJI%HANUﬁJ o Cgi,jASuﬁj) + A(uﬁj B hﬁj)
The stability of the scheme requires that
5 1
At/2(Ax)* < 3 (6.1.5)

A semi-implicit scheme was proposed by Weickert [95]. Tt is stable even the time
step and space step do not satisfy (6.1.5). Numerical experiments are carried out
in one space dimension and two space dimension. The denoising results of three

diffusion function are compared. They are g(s?) = ————— the minimal surface
/1+(s/k)?’

M, the Tumblin-Turk diffusion function; and

diffusion function; g(s?) =
g(s?) = m, the Perona-Malik (You-Kaveh) diffusion function. The first two

satisfies the conditions (3.1.2), while the third one does not.
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6.1.3 Smoothing one dimensional signal

The original signal is a trapezoidal (Fig.6.1).

“'i |{|“‘J i M H‘ ]
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Figure 6.2: Denoising results at ¢ = 10, from left to right Minimal surface,

Tumblin-Turk, Perona-Malik diffusion function

6.1.4 Smoothing Lena image

Now, let’s take a look at the denoising results on Lena image.
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Figure 6.3: Denoising results at ¢ = 25, from left to right Minimal surface,

Tumblin-Turk, Perona-Malik diffusion function

Figure 6.4: Denoising results at ¢ = 50, from left to right Minimal surface,

Tumblin-Turk, Perona-Malik diffusion function

Figure 6.5: Denoising results at ¢ = 100, from left to right Minimal surface,

Tumblin-Turk, Perona-Malik diffusion function
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Figure 6.6: Denoising results at ¢ = 500, from left to right Minimal surface,

Tumblin-Turk, Perona-Malik diffusion function

Original Image Degraded image

Figure 6.7: Left: original Lena image; right: Lena image degraded by Gaussian

noise ¢ = 30

153



Second order MS Second order TTO

Figure 6.8: Denoised image with Minimal surface (k = 1.5) and Tumblin-Turk

(k = 1) diffusion function at ¢t = 15

Second order PM Linear Denoising

Figure 6.9: Denoised image with Perona Malik (k = 8) diffusion at ¢t = 25 and

linear diffusion at ¢t = 4, i.e. Gaussian smoothing with ¢ = 2v/2
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Second order MS Second order TTO

Figure 6.10: Denoised image by Minimal surface (k = 1.5) and Tumblin-Turk

(k = 1) diffusion function at ¢ = 25

6.2 Fourth order method

Now let’s describe the finite difference scheme of fourth order evolutionary PDEs.

We only consider the case in Section 4.3 with ®;(-) = 0 and g(s?) = 2.

6.2.1 Explicit finite difference method in 1D

Let uf = u(iAz, kAt), Auf = (uf; +uf | —2ulF)/(Az)?. Then the explicit finite
difference discretization of (4.3.1) in 1D is

k+1 k
u,; -

At - = (A1x)2 (g(|Auf+1|2)Au§+1 + g(|Aul ) Aul,

(6.2.1)
—2g(| Aui[?) Auf) + Nuj — hf)
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6.2.2 Explicit finite difference method in 2D

Assume Ax = Ay, let ufj = u(ih, jh, kAt),

Aug; = (i iy g gy — dug;) [(Ax)?, (6.2.2)

and

- k12 A,k
Ciy = 9(|Aug ;" Aug; (6.2.3)

Then the explicit finite difference scheme of (4.3.1) with ®;(-) =0 is

k+1 k
Yij “%i5 1

st = o (Ol + O+ Ol + CF Ly — 4CE)

(6.2.4)
+ /\(uﬁj — hﬁj)

6.2.3 Smoothing one dimensional signal

The same 1D signal in 6.1.3 is being used.
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Figure 6.11: Fourth order PDE smoothing results for £ = 1 at ¢ = 50, from left

to right, Minimal surface, Tumblin-Turk, You-Kaveh diffusion function.

6.2.4 Smoothing Lena image

Again, we choose Lena image as our test image.
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Figure 6.12: Fourth order PDE smoothing results for £k = 1 at ¢ = 500, from left

to right, Minimal surface, Tumblin-Turk, You-Kaveh diffusion function.

Figure 6.13: Fourth order PDE smoothing results for £k = 1 at t = 5000, from

left to right, Minimal surface, Tumblin-Turk, You-Kaveh diffusion function.

Forth order MS Forth order TT

Figure 6.14: Fourth order PDE smoothing results for £ =1 at ¢ = 100, from left

to right, Minimal surface, Tumblin-Turk, You-Kaveh diffusion function.
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Figure 6.15: Fourth order PDE smoothing results for £ = 1 at ¢ = 500, from left

to right, Minimal surface, Tumblin-Turk, You-Kaveh diffusion function.

Figure 6.16: Fourth order PDE smoothing results for £ = 1 at ¢ = 1000, from

left to right, Minimal surface, Tumblin-Turk, You-Kaveh diffusion function.
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6.3 Conclusion

From the figures presented before, we know that the longer the diffusion time,
the smoother the denoised signal. Perona-Malik diffusion function does not sat-
isfy (3.1.2), hence we don’t expect that it has a global solution in time [96, 8],
but in practice, the only noticeable drawback of it is the staircase effects. The
reason is that a standard discretization serves as a regularizer [96, 8]. The second
order nonlinear diffusion equations do perform better than linear diffusion, they
preserves edges much better than Gaussian smoothing. But we also notice that
the second order method has staircase effects. For different functions g(-), the
numerical results are very different. Especially in 1D, the result of Tumblin-Turk
function is smoother than minimal surface function and Perona-Malik function.
From theorem 3.4.6, we know that the solutions of the first two are in the space
of functions of bounded variation, the different smoothing behaviors are due to
the different nonlinear properties of them.

The fourth order PDEs take a much longer diffusion time to smooth signals
and images and the computation cost of solving fourth order PDESs is much higher
than solving second order PDEs. In case that the diffusion functions derived from
convex functions which satisfy assumptions in Section 4.1, the smoothing results
will be in WP for any diffusion time ¢ > 0 as we studied in Chapter 4. Hence
they do not keep edges as sharply as the second order PDEs, but they do not

produce staircase effects either. For diffusion functions derived from non-convex
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functions such as You-Kaveh diffusion functional 1.1.21, there are speckles in the
smoothing results for smaller k& and relatively short diffusion time. The edges do
not preserve as well as second order methods if we increase diffusion time and
parameter k. You and Kaveh proposed [99] average method to post-process it to

eliminate the speckles.
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