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1. Introduction

A classical result from matrix analysis, the Eckart-Young-Mirsky Theorem, states
that the best approximation of a given M x N-matrix A by matrices of smaller rank
is given by a truncated singular value decomposition of A. In more precise terms, an
approximation X e RM*¥N of rank X < nto A € RM*V {5 to be found that satisfies

|A=X| =inf{]|A=X]| |rank X <n}

and the theorem of Eckart-Young and Mirsky solves this problem for any unitarily
invariant matrix norm; see Golub, Hoffman and Stewart (1987). Such results are
of interest for Total Least Squares Approximation; see Golub and Van Loan (1980).
The classical paper of Eckart and Young (1936) considers the case where || X||p =
(tr X'X)7 is the Frobenius norm. In this case f4(X) = ||A — X||? defines a smooth
function in X. Since the variety M(n, M x N) of real M x N-matrices X of fixed
rank n is 4 smooth manifold (see section 4) we thus have an optimization problem for
the smooth distance function
farM(n,M x N) — R

FalX) = [A-XIP (-1

defined on M(n,M x N). The fact that we have in (1.1) assumed that the rank of
X is precisely n instead of being < n is no restriction in generality, because we will

later prove that any best approximant X of A of rank < n will automatically satisfy

rank X = n.

~In this paper we study the approximation problem of a linear operator by lower rank
operators. Related questions arise in control theory where one is interested in finding
best approximations of linear systems by lower order ones. The results obtained in
this paper may be viewed as a prototype for an investigation one would like to pursue

in model reduction theory of linear systems.

The critical points of the distance function f4(X) = ||A — X||? on varieties of fixed
rank symmetric, skew-symmetric and rectangular matrices X are investigated. The
critical points of f4 and their local stability properties are determined and the number
of local minima are determined. Such results are of interest if gradient flow methods
are used in order to find the best approximant. Our results contain those of Eckart

and Young, as well as those of Higham (1988) and others as special cases.



2. Approximations by Symmetric Matrices

Ior integers 1 < n < N let
S(n,N) = {X e RN | X' = X rank X = n} (2.1)

denote the set of real symmetric N x N matrices of rank n. Given a fixed real

symmetric N x N matrix A we consider the distance function
fa:S(n,N) — R
X — A= X
where [|X||* = tr(XX') is the Frobenius norm. We are interested in finding the

critical points and local and global minima of the function f4, i.e. in particular the

best rank n symmetric approximants of A.
The following result summarizes some well known geometric properties of the con-

straint set S(n, N).

Proposition 2.1
(1) S(n, N) is a smooth manifold of dimension %n(?N —n+1) and has n+1 connected

components

S(p,q; N) = {X € S(n,N) | signature X = p — ¢} (2.3)

p,q 2 0, p+ g =n. The tangent space of S(n, V) at an element X is

TxS(n,N) = {AX + XA' | A e RV*Y) (2.4)

(i1) The topological closure of S(p,q: N) in RV*V is

SN = S, ¢ V) (2.5)
p'<p
¢'<q

and the topological closure of S(n,N) in RY*¥ is

SNY = SV, (2.6)

1==()

Proof

By Sylvester’s inertia theorem. the function which associates to every X € S(n,\)



its signature is locally constant. Thus S(p,q; N) is open in S(n,N) with S(n,N) =

U S(p,q; N). It follows that S(n, N) has at least n + 1 connected components.

ptqg=n
2,920

Any element X € S(p, ¢; V) is of the form .\ = vQ~' where v € GL (N, R) is invertible
and @ = diag ({p,—1,,0) € S(p,q; N). Thus S(p,q; V) is an orbit of the congruence
group action (v,X) +— vX+' of GL(N,R) on S(n,N). Thus S(p,¢; N), p,q = 0,
p + ¢ =n, is a smooth manifold and therefore also S(n, N). Let GL *(N,R) denote
the set of invertible N x N matrices v with det I' > 0. Then GL *(V,R) is a connected
subset of GL (NV.R) and S(p,q; V) = {vQ+'|y € GL*(N;R)}. Consider the smooth

surjective map

n:GL(N.R) — S(p,q; N), n(v) =v@+. (2.7)

Then S(p,q; N) is the image of the connected set GL *(N,R) under the continuous
map 7 and therefore S(p, ¢; V) is connected. This completes the proof that S(p, ¢; V)
are precisely the n+1 connected components of S(n, V). Furthermore, the derivative
of n at ¥ € GL(N,R) is the linear map Dp(y): TyGL (N,R) — TxS(p,¢; N), X =
vQ~', defined by Dy(7)(A) = AX+ XA’ and maps TyGL (V,R) = RY*¥ surjectively
onto T'xS(p,q; N). Since X and p,q > 0, p + g = n, are arbitrary this proves (2.4).
Let

A A A
A=14 Az Axp
Az Az Asg

be partitioned according to the partition (p,q, N —n) of N. Then A € ker D,(/)(A)
if and only if A3 =0, Aoz = 0 and the n X n submatrix

A Agg
Aop Ago

is skew-symmetric. A simple dimension count thus yields dimker D,(I) = (Z,_l) +
N(.N —n) and therefore

2 1
dimS(p,q; N) = N — dimker Dy(I) = §n(2N —-n+1)

This completes the proof of (i). The proof of (ii) is left as an exercise to the reader.

0
Theorem 2.2
(i) Let A € RV*YN be symmetric and let
Ny = dimEig 7(4), Vo = dim Eig ~(A) (2.8)
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be the numbers of positive and negative eigenvalues of A, respectively. The critical

points X of the distance function f,:S(n, N) — R are characterized by AX = X-.

(i) f A = Odiag(A1,...,Ax)0", © € O(N), has N distinct eigenvalues Ay < ... <
Ay, then the restriction of the distance function f4:S(p,q; V) — R has exactly

(v) - (V)

p q

critical points. In particular, f4 has critical points in S(p,¢; N) if and only if p < N4
and ¢ < N.. The critical points X € S(p,q;N) of f4, p < Niyqg < N_, are

characterized by
X = Odiag (z1,...,25)0 (2.9a)

with
z;=0o0rz; =X, 2=1,...,N | (2.9b)

and exactly p of the z; are positive and ¢ are negative.

Proof
Without loss of generality, we may assume that A = diag (A1,...,Ax) with A\ < ... <
Ay. A straightforward computation shows that the derivative of f4:5(n,N) — R at
X is the linear map Df4(X): TxS(n,N) — R defined by

Dfa(X)(AX + XA') = =2tr (4 - X)(AX + XA)

(2.10)
= —4tr X(A — X)A

for all A € R¥*¥  Therefore X € S(n,N) is a critical point of f4 and only if
X? = AX. This proves (i). Now assume that A\; < ... < Ay. From X* = AX we have
AX = XA by symmetry of X. Since A has distinct eigenvalues. X must be diagonal.
Thus the critical points of f4 are the diagonal matrices X = diag(z1,...,zx) with
(A= X)X =0 and therefore z; = 0or z; = A; fori = 1....,N. X € S(p,q; V) if and

only if exactly p of the z; are positive and ¢ are negative. Consequently, there are

()00
p q
critical points of f4 in S{(p.q: V). characterized by (2.9). This completes the proof.

a

Theorem 2.2 has the following immediate consequence.



Corollary 2.3

Let A = Odiag(A,...,An)0O" with © € O(N) a real orthogonal N x N matrix and
A > ... > Ay. A minimum X € S(p,q; N) for fa:S(p,q; N) — R exists if and only
if p < Ny and ¢ < N_. One such minimizing X € S(p,q; N) is given by

X =0dag(\,.- 0,0, ,0, ANcgi1s- - AN)O' (2.11)
N—gq
and the minimum value of f4:S(p,q; N) — R is Z A2, X e S(p,q;N), given by
i=p+1
(2.11) is the unique minimum of f4:S(p,q; N) — Rif Ap > Apy1 and Ay_g > Ay_g41.
O

Example
LetN:Z,n:la,ndX::[

a

b
of rank < 1 is a cone {(a,b,c)|ac = b*}. Let A be 2 x 2 real symmetric nonsingular

b : : :
CJ. The variety of 2 x 2 real symmetric matrices

with distinct eigenvalues.

Figure: Real symmetric matrices of rank < 1.

The function f4:5(1,2) — R has 2 local minima, if signature A = 0 and 1 local =
global minimum, if A > 0 or A < 0. No other critical points exist. a

The next result shows that a best symmetric approximant of A of rank < n necessarily
has rank n. Recall that the singular values of A € R¥*¥ are the nonnegative square

roots of the eigenvalues of AA’.

Proposition 2.4
Let A € RY*N be symmetric with singular values oy > ... > oy and let n € N
be any integer with n < rank A = r. There exists X € S(n, N) which minimizes

fa:S(n,N) = R. If X € R¥*¥ is any symmetric matrix which satisfies

rank X < n (2.12a)



|A— X|| = inf{||]A = X|| | X € 5(;, N),0 <i < n} (2.12b)

then rank X = n. In particular, the minimum value
pn(A) =min{f4(X) ]| X € S(n,N)} (2.13)

coincides with the minimum value min {f4(X)|X € S(:,N),0 < i < n}. One has

IAII? = po(A) > p1(A) > ... > p(A) =0, r = rank A (2.14)
and for0 < n<r
N
pn(A)= Y of (2.15)
1=n+1

Proof
By Proposition 2.1
n
Stn, Ny = S(i, N)
1=0

RNxN_ RNXN

1s a closed subset of Since f4: — R is proper, this implies that

the restriction f4:S5(n, N) — R is proper. Since any proper continuous function

f:X — Y has a closed image f(X) it follows that a minimizing X € S(n, N) for

fa:S(n, V) — R exists:

|A = X|* = min {f4(X) | X € 5{n, V)}.

Suppose rank X < n. Then for ¢ € R and b € R¥, [[6]] = 1, arbitrary we have
rk(X + ebb') < n and thus

A~ X — ebb'))? = ||A = X||> = 2etr (A — X)bY + €
> [|A - X"
Thus for all e € R and b € RN, J)b)] =1,

€€ > 2etr (A — X)bb

and therefore tr(A—X)bb' =0 forall b € RY. Hence A = X, contrary to assumption.
Therefore X € S(n,N) and po(A) > ... > pr(A) =0 for r = rank A. (2.15) follows

immediately from Corollary 2.3. O

Under a genericity assumption on A, the best symmetric rank n approximant of a

symmetric matrix A € RY*Y in the Frobenius norm is uniquely determined. To



what extent is this also true for other critical points, such as, e.g. local minima, of
f4:8(n, N) — R? To answer this question we will now show that - under a suitable
genericity condition on A - each critical point of f4:5(n, N) — R is nondegenerate
and we will compute the indez of each critical point, i.e. the dimension of the largest

subspace on which the Hessian is negative definite.

Fix p,q and let Q = diag (Ip, —14,0) € S(p,¢; N). Define
n:GL (N,R) — S(p,¢; V), n(7) = '@
Consider the function
9a:GL(N,R) = R, g4 = faon.
If 4 is a critical point of g4, then a simple calculation shows that
galy+A) = gal7) = 260 {77 Qv = ATQA +77QAATQY + (7QA)%) + 0(4%).
Thus, the Hessian of g4 at v is given by the quadratic form

Dga(v)[A] = 2tr {(v'Qv — A)A'QA + Y QAAQy + (v/QA)*}. (2.16)

We make the generic assumption that A has distinct eigenvalues. Without loss of
generality we may assume A is diagonal. Let b < ... < b%\,+ denote the positive
eigenvalues and let —c} > ... > —c}_ denote the negative eigenvalues. (We take
bi > 0, ¢; > 0, ¥i.) A may or may not have 0 as an eigenvalue. Let X be a
critical point of f4 in S(p,q; N). Let u be a permuation of {1,..., N4} such that
p1 < ... < pp and ppy1 < ... < pn,. Let v be a permutation of {1,..., N_} such
that 1 < ... <ygand vg41 < ... <wvy_. Without loss of generality, we may assume

that for appropriate u, v

I 2 2 2 2
X—~dlag(bm,...,bﬂp,—cul,...,——c,,q,O,...,O)
and either
: 2 2 2 2 2 2 2 2
A =diag (by,,.... by, —Chs-e =05, bup+1""vbuN+v_Cuq+1a"""cuw_)
or
: 2 2 2 2 2 2 2 2
A_—;dlag(bm,...,b“p,—c,,l,...,—c,,q,b”p“,..., #N+,—c,,q+l,...,—(,,,N_,0)



depending on whether or not A has a 0 eigenvalue. Set

y=diag (b, by oy e onCogy 1y oo 1),

Then = is a critical point of g4 and n(y) = X.

Straightforward calculations show that

Ny+q n .
r{(yQv—A)A'QA} = > b} Zé > 65
Jj=n+1 1=p+1
Niy+N_ p n .
+ Z C?},_M{Z‘S?j“ Z 057}
J=Ny+q+1 1=1 1=p+1
tr{vQA-&Qv}—Zb“ Zé > & ,,Zé
7=1 1=p+1
r P
r(7'QA) =ZZ by, by, 6i565: + Z Z CurepCuy_p0ijOji
i=1 y=1 '-‘p+1j‘p+1
y n
Z Z buic,_,0i565i — Z chn—p u; 0i50ji.
i=1 j=p+1 1=p+1 j=1

From (2.16) - (2.19), it follows that

(1/2)D*gal~ Zzaz] + > Biybisde

=1 j=1 1€i<j<n
where the coeflicients a4;, 3;; are as follows:

(i) iy =202, 1<i<p.
(il) ajj =03, 1<i<pl<j<ni#j.
p+1<1<n.

9
= 92
Qyy = ‘-‘CV._,,a

aij=c;_, p+1<i<n1<j<ni#j.

Viep?

Oéz']‘:bi.—bi,_qa 1<:<pn+1<)< Ny +4q.

)
)
)
)
)

(vi)a,'j“lz—%-cg_N 1<i<pNy+q+1<j<Ny+N_.
) +()“) , p+Hl<i<nn+1<)<Ng+g.
)

)
)
)
)

V,..p
o

Qij = ¢ — c,,] vy

p+1<i<n Ny +qg+1 <7 <Ny + NV
aij=b2, 1<i<pNyg+N_+1<5<N.
p+1<i<n, Ny + N_+1< 7N,

(xi) Bij =2bu, by, 1<50<)<p.

(xil) fij = =2bypcp,_,, 1 <i<pp+1<j<n.

2
(X Qi = Cu,_,,a

o
o)
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(xill) Bij = 2¢p,_,c0,_,, PF+1 <1<y <0
Note that cases (ix) and (x) only occur when A has 0 as an eigenvaluc.

Let w denote the symmetric bilinear form on 7,(GL (N,R)) determined by the
Hessian quadratic form D?g4(7) and let © denote the symmetric bilinear form on
Tv(S(p,q; N)) determined by the Hessian quadratic form D? f4(X). Since X = n(v)

is a critical point of f4, it follows that w = *@ - i.e.,
w(o1,v2) = O(Dy(x)[unl, Dn(ozl), You,m € THGL(N,R).  (221)

Let us compute the rank of w. It follows from (2.20) that the matrix representation
for w relative to the standard basis {Ej;|1 < 1,7 < N} for T,(GL (V,R)) is diagonal
except for principal 2 x 2 blocks corresponding to each pair of indices (¢, ), (7,),1 <
1<7<n lf1<i<j<p,the2 x 2 block is

2
([ ).  em

buiby; bi}
Ifp+1<i<j<n,the?2x2blockis
2
c;. Cui_,Cu,_
( Viep M P>. (2.23)
CvimpCry—p Vy—p

i1 <:<p,p+1<j7<n,the2 x2blockis

b2 ~b
( i “; C”J-P) . (2.24)

——bu‘CVJ—P C;J“P

We note that there are (}) 2 x 2 submatrices of the types (2.22), (2.23), (2.24) and
each has one positive eigenvalue and one zero eigenvalue. Now consider the diagonal
elements in the matrix representation for w which are not contained in submatrices
of the forms (2.22), (2.23), (2.24). In other words, consider the diagonal element
(1,7) where we do not have 1 < i # j < n. If n+1 < i < N, then the (,;)
diagonal element is 0. Otherwise it is nonzero. Consequently the rank of w is

(3) + (nN -2 (5) ) = (1/2)n(2N = n + 1) = dim S(p, ¢; N). Together with (2.21),
we have

rank © > rank w = dim S(p, ¢; V)

which shows that the rank of © is equal to the dimension of S(p,q; N) - i.e., O is

nondegenerate.

Next, we determine the signature of ©. It follows from (2.21) that the number of

positive (respectively, negative) eigenvalues of © is at least as great as the number of



positive (respectively, negative) eigenvalues of w. Since w and © have cqual rank,
this implies that they have the same number of positive (respectively, negative)
eigenvalues. Thus, the signature of ©® can be computed by using (2.20) to count
the number of negative eigenvalues of the matrix representation of w. Only cases (v)
and (viil) can contribute negative eigenvalues. In (v), bi‘, - bi;w < 0 if and only if

i < pij—q. It follows that the number of negative eigenvalues of this type is equal to
Card {(4,5)|ui < pj, 1 Se<pp+1 <7< Nyj (2.25)
Similarly, the number of negative eigenvalues of type (viii) is equal to
Card {(4,j) | vi <v;,1 <1< qq+1<j < N-} (2.26)

The number given in (2.25) (respectively, (2.26)) is the dimension of the cell asso-
ciated with the permutation u (respectively, v) in the Bruhat decomposition of the
Grassmann manifold Grass(p, RV+) (respectively, Grass(q,RY-)). Here the Grass-
mann manifold Grass(k, R") denotes the compact manifold of all k-dimensional linear
subspaces of R™. Since the number of Bruhat cells of a given dimension d is equal to

the d** mod 2 Betti number of the Grassmann manifold, we have the following result:

Theorem 2.5

Let A € RV*Y be symmetric with distinct eigenvalues.

(a) Every critical point f4:5(n, N) — R is nondegenerate.

(b) The index of the critical point X € S(p,q; N) associated with the permutations

pyv (p1 < ... < ppand ppp1 < ... < png, V1 < ... <vygand gy <. < wy_)
is given by

Card{(,7) | i < pj, 1 <i<p, p+1<j < Vy}
+ Card {(¢,)) |vi<vj,1 <i<q, g+1 <)< N2}

(c) The number of critical points in S(p, ¢; N) which have index d is equal to the dth

mod 2 Betti number of the product of Grassmann manifolds

Grass(p,RY*) x Grass(q.RY-).

Remark 2.6
The submanifold of S(p, q; V) consisting of those .X for which Eig 7(\X') C Eig 7(A)
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<

and Eig ~(X) c Eig~(A) is a fiber bundle with base manifold Grass(p, R¥+) x
Grass(q,R¥-) and Euclidean space of dimension %p(p + 1) + %q(q + 1) as fiber. All
of the critical points of f4 in S(p,q; N) are contained in this submanifold.

A local minimum of f4:S5(n,N) — R is a critical point of index 0. By Theorem 2.5

the number of local minima of f4:S(n, V) — R is equal to

Card {(p,q) |0 <p< N4, 0<g¢<N_, p+qg=n}.

In particular, for n < min (N4, N_), the number of local minima of f4:5(n, N) — R
is n + 1. If the nonzero singular values of A are distinct, exactly one of the local

minima is the global minimum.

3. Skew-Symmetric Matrices

In this section we obtain analogous results for distance functions defined on the variety
of skew-symmetric matrices of fixed rank. Let N, n be positive integers with 2n < V.
Let

R(2n,N):= {X e RV*V | X = - X, rank X = 2n}

denote the variety of skew-symmetric N x N matrices of rank 2n. GL(N,R) acts

transitively on R(2n, N) by the congruence action (v, X) — ' X+~.

0 1
LetL_<_~1 0) and let

Q = diag (L, ..., L,0,...,0) € R(2n, N).

Define
n:GL(.V,R) — R(2n,N), n(y) =7'Q7.

Then Dp(I)[A] = A'Q + Q:\. A straightforward calculation shows that the rank of
Dn(I)[A]is n(2N —2n—1). Consequently, the dimension of R(2n, N) is n(2N —2n—1).
Let A be a fixed N x N skew-symmetric matrix. and consider the distance function
fa:R(2n,N) — R
X — A - X))

where ||.X]|? = tr X X" is the square of the Frobenius norm. Our next result describes

the critical points of f,.



Theorem 3.1

Let A € RV*Y be skew-symmetric with distinct eigenvalues. Let m be such that
N = 2mor N = 2m + 1 depending on whether N is even or odd. Then f, has
exactly (T) critical points.

Proof:

Without loss of generality, we may assume that either
A = diag (8°L,... b2 L) or A=diag(b?L,...,0%L,0), (3.1)

depending on whether IV is even or odd. We take 0 < b3 < ... < bp. Consider the
function
ga:GL(N,R) — R, gi=faon.

A straightforward calculation shows that
dga(1)[A] = dtr (7 Q¥ Q + AYQ)A, A e RV, (3.2)
Thus, + is a critical point of g4 if and only if

Y'Q1Y'Q = A7'Q. (3.3)

Since 7 is a submersion, X = n(v) is a critical point of f,4 if and only if v is a critical
point of g4. Thus X is a critical point of f4 if and only if X? = AX. Consequently, if
X is a critical point of f,4, then AX = X A. Since A has distinct eigenvalues, X' must
be a polynomial in A. Thus. the critical points of f4 are the rank 2n matrices of the
form X = diag (z1L,...,zmL) or X = diag (z1L,...,zmL,0) (depending on whether
N is even or odd) with z; = 0 or z; = b?. Consequently, there are (77':) critical points
of fa. O

Now we will show that each critical point of f,4 is nondegenerate and we will compute
the index of each critical point. If 4 is a critical point of g4, then a simple calculation

shows that the Hessian of g4 at v is given by the quadratic form
D*ga(IA] = 2r {(=7"Qv + A)A'QA — 4" QAN QY — ("QA)},  (34)

where we use conjugate transpose in place of transpose to allow for future complexi-

fication.

We now compute a matrix representation for the Hessian. Let A have the form (3.1).

We will initially assume that /V is even. Later, we indicate the minor changes when N
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is odd. I'rom the proof of Theorem 3.1, cach critical point X is uniquely determined
by a permutation g of {I,...,m} such that gy < ... < pn and jug1 < ... < fim.
The critical point associated with p is X' = diag(z1L,...,zmL) with z,, = 1),2“ for
r=1,...,nand z,, =0 forz =n+1,...,m. If X (and hence ) is fixed, we may
reorder to obtain

A =diag (b7 L,...,03 L,b2  L,....b5 L)

YUY T ing T

.9 2 (3.5)
X=dlag(b;“L....,b;"L,O....,O).

Let v = diag (buy,buyy---ybpns by, 1,...,1). Then 4 is a critical point of g4 and
n(y) = X.

To simplify the calculation of the Hessian. we will complexify. Let w; = e; + ie;41
where ¢; is the j* standard basis vector for R, Let U denote the N x N unitary

matrix

U= (1/\/5)[101,103,---,w2m-1.i'1,153,---’wzm—l]a (3.6)
where overbar denotes complex conjugation. Let A= U*AU,Q = U*QU,y =
U*’yU,A = U*AU. Since the righthand side of (3.4) is unchanged if we replace

A, Q,v,A by /1, Q,’y, A, there is no loss of generality is assuming that A, @,v, A are
in fact equal to A, Q, 4, A. Thus, we may assume that

A = diag (ib5,,... b5, —ibl ..., —ib; )
Q = diag (z,....2.0,..., 0,—1,.... ~i.0,...,0)
3.7)
v =diag (bu,y. s buny byeo oy by by 1,000, 1) (
' . <12 0792 212 .19
X = diag(¢by, ,...y2b, ,0,...,0,=2by ... =2y ,0,...,0).

A 1s now a complex matrix which has the partitioned form

Ay Ap
A=13 =, 3.8
<A12 An )’ (3:8)
where each submatrix is m x m. Note that A contains N* real parameters as before.

Let ug; + ivg; denote the kst entry of the matrix \.

Straightforward calculations show that

tr{(=7" Qv+ A)AQAY =2 > b > (U + Vhmaj — Uiy — i) (3.9)
J=n+1 k=1
n N
tr {~7" QAN Q) =2 b/‘lk Z (u%]-+7)z]) (3.10)



n n

tr — (v*QA)* = ZZ bu, b (UjkUks = VjkVk) = UjmakUk,mj — Ugm+kVkm+))-
1=1 k=1

(3.11)

We now indicate what changes are required when N is odd - i.e., N = 2m + [.

Modify U in (3.6) by adding “0” as the (2m + 1)'" entry in each of the 2m columns
and appending egm1 as the (2m+1)" column. Append “0” as the (2m+1)* diagonal
entry in the expressions for A, (), X and append “1” as the (2m + 1)“‘ diagonal entry

in the expression for 4 in (3.7). The matrix A now has the partitioned form

An A A
A= Apr Ap A (3.8)
Azr Az A3z

corresponding to the partition (m,m, 1) of N. In (3.8)', the scalar Asz is real. Thus,
A contains N* real parameters. Let uy; + ivg; denote the k7t entry of the matrix A
and note that vamy1,2m+1 = 0. It is easily verified that the expressions (3.9), (3.10)
and (3.11) are unchanged. However, note that the upper summation limit /V in (3.10)

is now 2m + 1 instead of 2m so the Hessian contains 2n additional terms.

From (3.9) - (3.11), it follows that

(1/2 )D galy ZZ ak]“k] +/3kjvk])

k=1 j5=1

+ 4 Z bui by (UkjUjk — Uk mjUjmak — VkjUk — vk,m+;r'vj,m+k)
1<k<j<n
(3.12)

where the coefficients ay;, 3; are as follows:

apg =46, B =0.

fx?
oy =200 =8y, 1<)j<ng#k
ag; =207 --?.bijzﬁkj, n+l<)<m.

Hk

aij‘b /3L], m+1<j3j<m+n,7%m+k.

e

= 2b? +2b/t1_m:3kja m+n+1 <) <2m.

ik

=92h° = ﬂk]', 2m+1 <7 <N,

Hi

)
)
)
(iv) mak = 0= Bk mys-
)
(vi) a
(vil) «

Note that case (vii) only occurs when V is odd.

Let w denote the symmetric bilinear form on T,(GL (N,R)) determined by the

Hessian quadratic form D?g (y)and let © denote the symmetric bilinear form on



16

Tx(R(2n,N)) determined by the Hessian quadratic form D?f4(.X). To show the
nondegeneracy of O, it suffices to show 1:1at the rank of w is equal to the dimension
of R(2n, N), namely n(2N — 2n — 1). This follows easily from (3.12). The number of
negative eigenvalues of O is equal to the number of negative eigenvalues of w. Using

case (iii) of (3.12), it follows that the number of negative eigenvalues of w is equal to

2 Card {(k,j) | pr < pj, 1 <k<ny,n+1<j<m}. (3.13)

The number given in (3.13) is the (real) dimension of the cell associated with the
permutation g in the Bruhat decomposition of the Grassmann manifold Grass(n,C™)
of n-dimensional complex linear subspaces of C™. Since the number of Bruhat cells of
a given dimension 2d is equal to the (2d)*™ Betti number of the Grassmann manifold,

we have the following result:

Theorem 3.2
Let A € RV*N be skew-symmetric with distinct eigenvalues.

(a) Every critical point of f4: R(2n, N) — R is nondegenerate.
(b) The index of the critical point X associated with the permutation p (¢ < ... <
pn and fing1 < ... < fm) is given by

2 Card {(k,j) |k < pj, 1 Shk<n,n+1<7<m}.

(c) The number of critical points which have index 2d is equal to the (2d)'! Betti

number of the Grassmann manifold Grass(n,C™).

Remark 3.3
The submanifold of R(2n, N) consisting of those .X for which Eig *(:.X') C Eig T(:4)
is a fiber bundle with base manifold Grass(n,C™) and Euclidean space of dimension

n? as fiber. All of the critical points of f, are contained in this submanifold.

The above theorem implies that, for A skew-svmmetric with distinct eigenvalues,
there is a unique local and hence global minimum of f4: R(2n, N) — R. Moreover,

every critical point has an even index.

4. Approximations by Rectangular Matrices

Here we address the related issue of approximating a real rectangular matrix by

matrices of lower rank.



For integers | <n < min(M,N) let
M(n, M x Ny = {X e RM*V | rank X = n} (1.1)

denote the set of real M x N matrices of rank n. Given A € RM*¥ the approximation

task is to find the minima and, more generally, the critical points of the distance
function Fy:M(n,M x N) — R
Fa(X) = |4 - X|I*

for the Frobenius norm ||X]|* = tr (XX') on R¥*¥,

(4.2)

Proposition 4.1
M(n,M x N) is a smooth and connected manifold of dimension n(M + N —n). The

tangent space of M(n, M x N) at an element X is

TxM(n, M x N) = {A1X + XAq | Ap € RMHM A, e RV (4.3)

Proof
Let @ € M(n,M x N) be defined by

I 0 |
Q={0 0} (4.4)

Since every X € M(n, M x N) is congruent to () by the congruence action
(11,72), X) = XY, 11 € GL(M,R), v2 € GL(N,R), M(n,M x N) is an or-
bit of this smooth Lie group action of GL (M) x GL (N) on R¥*¥ and therefore a
smooth manifold. Here 51,v2 may be choosen to have positive determinant. Thus
M (n, M x N) is the image of the connected subset GL (M) x GL *(N) of the conti-
nuous (and in fact smooth) map m: GL (M) x GL (N) — RMx*N (1, 72) = /1Q72‘1,
and hence also connected. The derivative of 7 at (v1,~2) is the linear map on the

tangent space 7| GL (M) x GL(N)) = RM*3 « RVXN (defined by

‘71,‘72)(
Dr(v1,72)[(A1,A2)] = A1(m1Q47 ) = (m Qv HAs,

and Txy M(n, M x N) is the image of this map. Finally the dimension result follows

from a simple parameter count. since any rank n M x N matrix

X Xp
A= {‘\'31 ‘\'22}
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with X1 € R™ ™ invertible. Xy € RGY=nxn v, ¢ (V=) i characterized by
Xy = X21X1_1]X12 and thus depends on n* + n(M + N — 2n°) = n(M + N — n)

independent parameters. This completes the proof. a

Employing a standard trick from linear algebra, the general approximation problem
for rectangular matrices is reduced to the approximation problem for symmetric
matrices. To this end. define for 4, X € RM*¥

s 10 A > _ (0 X -

A-—[A, O}’ ‘X_[X’ OJ. (4.5)
Thus A and X are (M +N) x (M + N) symmetric matrices. If A € RM*¥ has singular
values o1,...,0%, kK = min (3, N), then the eigenvalues of A are +01,....+0p, and

possibly 0. By (4.5) we have a smooth injective embedding
Mn,M x N) — S2n, M + N)

. 4.6
X— X (16)

with 2[4 — X||? = |4 — X%

It is easy to check that, for X € M(n, M x N), X is a critical point (or a minimum)
for f;:5(2r,M + N) — R if and only if X is a critical point (or a minimum) for
FyM(n,M x N) — R.

Thus the results of the previous sections all carry over to results on the function
Fa:M(n,M x N) — R. We thus have the following results

Theorem 4.2
Let A = ©;50, be the singular value decomposition of A € RM*Y with singular
values o1 > ... > o, 1 <k < min(M,N).

(i) The critical points of F.i: M(n, M x N) — R, Fa(X) = ||A — X||*, are characte-
rized by (A— X)X ' =0, X'(X - A)=0.

(1) Fy: M(n,M x N) — R has a finite number of Crifical points if and only if M = NV

and A has M distinct singular values.
(ii1) If op > opg1, n < k. there exists a unique global minimum X4, of Fa: M (n, M x

N) — R which is given by
‘\,min = @121162 (47)

where ¥, 1s obtained from ¥ by setting op41,...,04 all to zero. a
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As an immediate corollary we obtain the following classical theorem of Eckart and

Young (1936).

Corollary 4.3
Let A = ©;¥0; be the singular value decomposition of X €& RM~N (—)1@'1 = I.

0,0, = [, C =diag(o1,...,0), 01 > ... > 0 > 0. Let n < k and oy, > opy1.

Then with ¥y, = diag (o1,...,04,0,...,0)

AYmin - elzn Ok

is the unique M X N matrix of rank n which minimizes || A —~ X || over the set of rank

< n matrices. O
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