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This dissertation is devoted to modeling the fracture of highly elastic materials that
consist of polymer networks, such as elastomers and hydrogels. These polymer materials
are composed of long polymer chains of repeating molecular units, which are crosslinked
to form a three-dimensional network structure. A polymer network fractures by breaking
covalent bonds, but the experimentally measured strength of a polymer network is orders
of magnitude lower than the strength of covalent bonds. In this dissertation, we develop
mesoscale models to understand what are the necessary ingredients leading to a large
reduction in the strength of polymer networks observed in experiments.

We hypothesize that the large reduction in strength is caused by statistical variation
in lengths of polymer chains and a J-shaped stress-stretch relationship. The polymer chain
carries entropic forces for most of the extension and carries covalent forces only for a narrow
range of the extension. As a result, the statistical distribution of chain lengths causes only

a small fraction of polymer chains to be highly stressed when the network is near fracture.



We test this hypothesis using two mesoscale models: an idealized parallel chain model
and a two-dimensional network model. Both models assume a statistical distribution for
the lengths of polymer chains. Polymer chains are represented by freely-jointed chains that
feature a nonlinear J-shaped stress-stretch relationship. The parallel chain model allows
for simple calculations and is amenable for analysis by analytical tools. The network model
accounts for the effect of stress concentration and is amenable for numerical simulations.

Our models show that the combination of a J-shaped stress-stretch relationship and
a distribution of chain lengths leads to a large reduction in strength, while keeping the
variability in strength small from sample to sample. The large scatter in chain lengths
causes a reduction in strength by up to two orders of magnitude, which explains a portion
of the giant discrepancy between the experimentally measured strength of hydrogels and the
strength of covalent bonds. Furthermore, our models demonstrate a power law relationship
between the strength and the scatter in chain lengths. We provide an analytical derivation
of the power law by taking advantage of the simplicity of the parallel chain model.

In addition to studying macroscopic fracture properties, we further investigate the
microscopic characteristics and the breaking mechanism of the polymer network, using the
network model. By examining the characteristics of shortest paths, we find that the links
traversed by a large number of shortest paths are more likely to break. Finally, we connect
the microstructure of the network to the macroscopic mechanical properties. It is observed

that the strength of the network correlates with the growth of holes during deformation.
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Chapter 1: Introduction to the dissertation

This dissertation is devoted to modeling the fracture of highly elastic materials that
consist of polymer networks, such as elastomers and hydrogels. We start the introduction
with an overview of polymer materials and their mechanical properties. Then we review
the experimental works and theoretical models that investigate fracture mechanisms for
many observed phenomena in polymer materials, and discuss the phenomena that have not
been explained in previous studies. In the end we summarize the main contributions of

this dissertation and provide an outline for the following chapters.

1.1 Background

Polymer materials are everywhere in our daily life. They are divided into two types:
naturally occurring and synthetic. Both types of polymers play essential roles due to their
broad spectrum of properties [1,2]. Wool, cotton, and cellulose are natural polymer-based
materials that have been used since ancient times. Proteins and DNA in our bodies are
natural biopolymers that are fundamental to biological structure and function. Examples
of synthetic polymers include nylon in fabrics and polyethylene in plastics. These polymer
materials consist of long polymer chains of repeating molecular units, known as monomers,

which are crosslinked to form a three-dimensional network structure.



In recent years, hydrogels — the polymer network swollen with water — have found
numerous biomedical applications, e.g., scaffolds for tissue engineering [3], drug delivery [4]
(drug molecules are held inside polymeric networks), and design of artificial muscles, skins,
smart optical systems (contact lenses) [5-7]. Hydrogels are also used in other spheres of
industry. The network structure of hydrogels can absorb large quantities of fluids without
the essential skeletal rupture. The ability to expand upon absorbing fluids makes hydrogels
good packers for sealing in oil wells [8,9].

Numerous existing and potential applications for hydrogels motivate the study of their
fracture properties. These properties are typically quantified by the material characteristics
such as strength, extensibility, work of fracture, shear modulus, and toughness. In recent
experimental work by Yang, Yin, and Suo [10], samples of polyacrylamide hydrogels without
and with initial cut were stretched in a few different settings and stress-stretch curves were
obtained. The key finding of [10] is that the scatter in material properties such as strength,
extensibility, and work of fracture between samples is relatively small — variability, i.e., the
ratio of the standard deviation to the mean was found to be within 10%; however, the
experimentally measured strength is much lower, by about three orders of magnitude, than
the theoretical strength associated with breaking covalent bonds. By contrast, the strength of
brittle hard materials such as silica scatters enormously, often by orders of magnitude [11].
A comparison between silica [11,12] and polyacrylamide (PAAM) hydrogel [10] on the
mechanical properties is summarized in Table 1.1.

It should be noted that the large discrepancy between the experimental strength of
silica and the covalent bond strength is known to be caused by crack-like flaws [12], i.e.,

stress concentration at defects. However, the ultimate properties (strength, extensibility,



Table 1.1: A comparison between silica glass and PAAM hydrogel.

Silica glass PAAM hydrogel

A model hard material A model soft material
Elastic prior to rupture Elastic prior to rupture
Modulus scatters by ~ 1% Modulus scatters by ~ 10%
Strength scatters by > 10% Strength scatters by ~ 10%

— caused by crack-like flaws — needs to be explained
Strength < molecular strength Strength < molecular strength

— caused by cracks — needs to be explained

and work of fracture) of PAAM hydrogels are insensitive to small cuts up to 1 mm [10],
suggesting that the structure of a polymer network deconcentrates stress. This fundamental
difference between silica glass and polymeric gels draws our attention. Why is the measured
strength of a polymer network so low compared to the strength of covalent bonds?

The hydrogel is a polymer network filled with water molecules, as depicted in Fig. 1.1.
Water has low viscosity so the friction between polymer chains is low. When stretched, the
polymer network deforms with near-perfect elasticity. The elastic deformation is due to the
entropy of polymer chains [13]. At a crack tip in the stretched polymer network, consider a
polymer chain that is about to break. Because friction between polymer chains is negligible,
the tension in the polymer chain transmits over its entire length. The tension in the polymer
chain also transmits to other polymer chains through crosslinks and entanglements [14].

Furthermore, the high tension transmits to even more polymer chains as they stretch and
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Figure 1.1: An illustration for network imperfection in hydrogels. Short chains, long chains,
and dangling chains are coexistent in the network.

re-orientate. When the polymer chain breaks at a single covalent bond, high tension in a
large volume of the polymer network releases. That is, a long-chain polymer network of
negligible interchain friction deconcentrates stress at a crack tip, so that a small crack-like
flaw will not lower the microscopically measured strength appreciably. Recently it has been
suggested by the work of Z. Suo [10] that the low strength of a polymer network originates
not from a crack-like flaw, but from the polymer network itself.

The central claim of [10] is that the small scatter of material characteristics from
sample to sample, combined with the large reduction in strength compared to the ideal
network, is a manifestation of something very basic: network imperfection (see Fig. 1.1).
The polymer network consists of polymer chains with different lengths. When the network
is stretched near rupture, only a small fraction of polymer chains are stressed to the covalent
bond strength, and other polymer chains still carry entropic forces. The two types of forces

differ by about two orders of magnitude.



1.2 Definitions

In this section, we provide an overview of T—
Ultimate
the key mechanical properties that we will refer o ________strength
to throughout this dissertation. Fracture

Stress. Stress is a measure of the force

Work of fracture
applied to a material per unit area, defined as

the ratio of the force to the cross-sectional area  Ultimate
' stretch =
of the material, o = F//A. Stress is expressed in A=1+e ‘
Stretch Strain
units of force per unit area (e.g., N/m? or Pa). Figure 1.2: Stress-stretch curve.

Stretch. Stretch is defined as the fractional change in length of the material, i.e.,
the ratio of the final length to the initial length, A = [/ly. It is a dimensionless quantity
that measures the elongation of a material when subjected to stress.

Strength. Strength refers to the maximum stress (i.e. maximum force per unit area)
that a material can withstand before failure. It indicates the ability of a material to resist
deformation under an applied load.

Extensibility. Extensibility is a measure of how much a material can be elongated
before reaching its breaking point. In this work, we define the extensibility by the stretch
at which the maximum force is achieved.

Work of fracture. The work of fracture is a measure of the energy required to
rupture a material, defined as the area under the stress-stretch curve up to fracture.

Modulus. The modulus, also known as Young’s modulus, is a measure of the stiffness

of a material, defined as the slope of the stress-stretch curve during elastic deformation.



1.3 Previous studies

A real polymer network is imperfect. Short chains, long chains, and dangling chains
are coexistent in the network, as shown in Fig. 1.1. The idea that network imperfection
plays a fundamental role in defining mechanical properties of polymer materials dates back
to the work of Lake and Thomas [15] where they conducted stretching experiments with
precut samples of vulcanized rubber. They explained the observed hysteresis (the Mullins
effect [16]) in a sequence of stretches by tearing the shortest polymer chain in each stretch.
Therefore, if a sample is stretched consecutively two times to the same length, the work of
the second stretch is smaller than that of the first one.

Network imperfection also profoundly affects other mechanical properties of polymer
materials, such as strength [17] and toughness [18]. In recent experimental work [10], the
effects of network imperfection on mechanical properties have been studied for hydrogels.
The central claim of this work is that network imperfection keeps the ultimate properties
(strength, extensibility, and work of fracture) of hydrogels within small scatter from sample
to sample, but does significantly reduce the ultimate properties compared to those of the
perfect network.

We remark that the main difference between the vulcanized rubber and the hydrogel
is that the polymer network in rubber is filled with air while the network in hydrogel is
filled with water. While the latter situation may seem more involved, it is actually more
amenable to modeling. On the one hand, water serves as a lubricant so the friction between
polymer chains can be neglected. On the other hand, water has low viscosity, hence the

additional force required to cause its flow within the network is negligible.



Understanding mechanical properties of polymer networks on the theoretical level, i.e.,
designing models that capture the observed phenomena, is of great interest. This challenge
has been approached from two directions in the literature: macroscopic and microscopic.
A macroscopic PDE-based model for the fracture of polymeric gels was developed in [19],
and finite element simulations of the fracture of precut hydrogel samples were performed.
The advantage of this PDE model is that it allows us to compute fracture properties of
reasonable size samples and make theoretical predictions. Nevertheless, as any PDE model,
it is homogenized and does not account for randomness in lengths of polymer chains.

On the other extreme of scales, fracture of polymer materials has been studied by
Robbins and collaborators by means of molecular simulations [20,21]. Formation of craze
ahead of the crack tip propagating through the sample, craze deformation, and eventual
failure were examined on a submicron scale. The polymer chains were modeled by means of
beads interacting according to a truncated Lennard-Jones potential glued to a fourth-degree
polynomial. These studies provide valuable insights into the processes taking place on the
molecular level in polymer networks while they are being stretched and ruptured. However,
molecular simulations are too computationally expensive to conduct many enough of them
to accumulate data for statistical analysis.

Finally, we present a review of existing works that investigated the stress-stretch
relationship of polymer chains. A J-shaped stress-stretch relationship was derived in the
seminal work of Kuhn and Griin [22] where the force-extension curve of a freely-jointed
chain is described by the Langevin function. For single chains of polyacrylamide, a J-shaped
force-extension curve was measured using an atomic force microscope [23]. It turns out that

the experimentally measured force-extension curve fits the Langevin function well except
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when the chains are near rupture. In [23], the authors fit the measured force-extension
curve by modifying the Langevin function with a stiffness near rupture.

The J-shaped stress-stretch relationships have been combined with polydispersity,
i.e., a distribution of chain lengths, in the mechanics models. Itskov and Knyazeva [24]
incorporated polydispersity into the freely-jointed chain model to simulate the Mullins
effect. Lavoie et al. [25] combined the Langevin chain model and rate-dependent scission
to compare stress-stretch relationships in mono and polydisperse networks. Yang et al. [26]
developed a cohesive zone model which considers a J-shaped force-extension relationship,
rate-dependent chain rupture, and polydispersity. These works focused on studying various
aspects of stress-stretch relationships, but the effect of the scatter in chain lengths on the

mechanical properties of polymer networks was not specifically investigated.

1.4 Unexplained phenomena and research goals

In this dissertation, we focus our attention on the phenomena that have not been
explained in previous works. Our goal is to understand what are the necessary ingredients

leading to a combination of the following fracture properties observed in [10]:

e A small variability in strength between samples.

e A large reduction in strength in comparison with the ideal network where all polymer

chains are of the same length.

Since there is no existing common model that explains these phenomena, our task is to
develop mesoscale models that allow for variability in local properties and are amenable

for numerical simulations.
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(a) Parallel chain model (b) Network model

Figure 1.3: (a): The parallel chain model. A large number of polymer chains are arranged
in parallel and attached to two rigid plates. Each chain has a random number of monomers.
(b): The network model. An array of nodes is connected into a diamond grid by links.
Each link represents a polymer chain consisting of a random number of Kuhn segments.
The network is of size 20 x 20. The colorcode shows the stress of individual links.

We hypothesize that the unexplained phenomena described above are caused by the

following two facts present in the polymer network:

(i) Statistical variation in lengths of polymer chains.

(ii) A nonlinear J-shaped stress-stretch relationship.

When the network is near fracture, only a small fraction of polymer chains carry the force
near the covalent strength, and the majority of chains carry forces due to entropic elasticity.

We test this hypothesis using two simple models depicted in Fig. 1.3: an idealized
parallel chain model and a two-dimensional network model. Both models feature a nonlinear
J-shaped stress-stretch relationship and assume a statistical distribution for the lengths of
polymer chains. The parallel chain model allows for simple calculations and is amenable for
analysis by analytical tools. The network model is designed to mimic the polymer skeleton

of hydrogels and is amenable for numerical simulations.



The parallel chain model can be simulated numerically with low computational cost.
The advantage of this idealized model is that it allows us to calculate the mean force exerted
by polymer chains and analyze important mechanical properties, including strength and
extensibility. In particular, we are interested in the reduction in strength compared to
the ideal model. By numerical computation and analytical derivation, our objective is to
understand and quantify the effect of the scatter in chain lengths on the strength of the
parallel chain model.

The network model accounts for the effects of stress concentration and interchain
interaction, which are ignored in the parallel chain model. As a result, simulations of the
network model are much more computationally demanding, especially for larger networks.
The goal of our work there is to investigate the reduction in ultimate properties (strength,
extensibility, and work of fracture) and the variation in these properties from sample to
sample. This investigation focuses on understanding the fracture properties of networks
with a distribution of chain lengths.

In addition to studying macroscopic fracture properties, we further focus our attention
on the microscopic characteristics and the breaking mechanism of the polymer network.
This part of research is motivated by the recent work of Yin et al. [27] where they performed
topology analyses of the polymer network by means of coarse-grained molecular simulations.
The authors characterized the microstructure of strain-induced damage by the evolution of
the global shortest path length between well-separated crosslinks. Inspired by this finding,
we investigate the characteristics of shortest paths and formation of holes in the network
model. The objective is to establish a connection between the microstructure of the network

and the macroscopic mechanical properties.
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1.5 Summary and outline

In this dissertation, we develop two mesoscale models, the parallel chain model and
the network model, to study the fracture properties of polymer networks observed from
experiments. Our models assume a J-shaped stress-stretch relationship and account for
statistical variation in lengths of polymer chains. We investigate the effects of these two
key features on reducing strength by numerical simulations and analytical argument for
the parallel chain model, and by numerical simulations for the network model. We develop
a software package written in the C language from scratch since the standard engineering
software (e.g. ABACUS) cannot handle the numerical issues arising in the simulations.
Furthermore, we examine the microscopic characteristics of the network structure, including
evolution of shortest paths and holes. The main contributions are summarized as follows.

In Chapter 2, we provide a complete description of the two facts that our models
account for, which form the foundation for our work in the later chapters. We first present
an overview of the classical Langevin function [22] and the modified Langevin function [23],
which are standard for describing the force-extension relationship of freely-jointed chains.
However, they are not suitable for simulations of the network model since they yield a zero
chain length at zero force. This entails the need for designing appropriate stress-stretch
relationships that allow for a nonzero equilibrium length. For this purpose, we derive the
root-mean-square displacement of a polymer chain in the direction of the force. We also
discuss the choice of the chain length distribution motivated by experimental data [18,28].

In Chapter 3, we investigate the effect of statistical variation in lengths of polymer

chains on strength using the parallel chain model. We consider three types of parallel chain

11



models: type one assumes a linear stress-stretch relationship, while the other two feature
J-shaped stress-stretch curves derived from the Langevin function [22] and the modified
Langevin function [23], respectively. Our results show that, with the J-shaped stress-stretch
relationship, even a small scatter in chain lengths greatly reduces the strength of the parallel
chain model. The scatter leads to a reduction in strength by up to two orders of magnitude.
We further show that the strength of the parallel chain model scales with the coefficient of
variation, the ratio of the standard deviation to the mean, by a power law. This power law
relationship is also derived analytically, demonstrating the robustness of the power law to
the J-shaped force-extension curve and the distribution of chain lengths.

In Chapter 4, we develop a network model based on a diamond grid structure, which
is an idealized representation of a polymer network. We incorporate network imperfection
into the model by assuming a statistical distribution for the lengths of polymer chains.
Numerical simulations are performed on networks of different sizes and of various amounts
of scatter in chain lengths. By conducting stretching experiments of network samples up to
complete fracture, we obtain stress-stretch curves from which strength, extensibility, and
work of fracture can be extracted. We find that the strength of the network model can
be reduced to as low as 15% of the ideal strength, while the variation in strength is small
from sample to sample. Furthermore, the power law between the strength and the scatter
in chain lengths is observed in the network model.

The reduction in strength obtained by both models accounts for a portion of the giant
discrepancy between the experimentally measured strength of hydrogels and the strength
of covalent bonds [10]. One limitation of the network model is that we cannot extrapolate
the power law relationship to larger network sizes, and simulations of larger networks are
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more computationally demanding. This motivates our subsequent study on the microscopic
characteristics and the breaking mechanism of the polymer network.

In Chapter 5, we shift our focus towards investigating the connection between the
microstructure of the network model and the macroscopic mechanical properties. The work
in this chapter can be divided into two parts. In the first part, we focus on understanding
where the stress tends to concentrate in the network. As suggested by [27], we analyze
the topology of the network model by computing the shortest paths between the top and
bottom boundaries. We characterize the broken links during deformation through analyses
of shortest paths in both qualitative and quantitative ways. We confirm that broken links
tend to occur on the global minimum shortest path, or on the shortest path with length
very close to the global minimum. Furthermore, we find that the links traversed by a large
number of shortest paths are more likely to experience breakage. We demonstrate that
link-breaking events can be quantitatively characterized by the number of shortest paths
passing through the link, which represents the betweenness centrality of a link.

In the second part of Chapter 5, we focus on the question of how the macroscopic
mechanical properties, such as strength, are controlled by the microstructural evolution of
the polymer network. We answer this question from two perspectives. On the one hand,
we analyze the evolution of the shortest path length distribution and find that the peak
force occurs when the minimum shortest path length approaches the initial average length
of shortest paths. On the other hand, we study the formation and growth of holes while
the network is being stretched and torn. We demonstrate a phase transition in the network
topology as the applied force grows, reaches the peak, and eventually drops down to zero.

Finally, in Chapter 6 we give conclusions and discuss future perspectives.

13



Chapter 2: Stress-stretch relationship and chain length distribution

This chapter provides a full description of the two facts that our models account for
in the modeling of polymer chains. That is, a nonlinear J-shaped stress-stretch relationship
and statistical variation in lengths of polymer chains. We hypothesize that the combination
of these two key features leads to a large reduction in the strength of polymer networks.
The theoretical details discussed in this chapter for modeling a single chain will be applied
in simulations of fracture of polymer networks in Chapters 3 and 4.

We first present an overview of the classical Langevin function which is standard for
describing the force-extension relationship of a freely-jointed chain. However, the Langevin
function is not appropriate for simulations of the network model since it yields a zero chain
length at zero force. We then derive the root-mean-square displacement of a freely-jointed
chain in the direction of the force, which admits a nonzero equilibrium length. We employ
the root-mean-square displacement as the nonlinear J-shaped stress-stretch relationship in
our models.

Moreover, we discuss the choice of the chain length distribution to be used in the
simulations. Motivated by experimental data [18,28], we assume the Weibull distribution
for the lengths of polymer chains. It should be noted that the chain length distribution to

be used in simulations is not limited to the Weibull distribution.
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Figure 2.1: J-shaped stress-stretch curve.

2.1 Introduction

In Section 2.2, we study the stress-stretch relationship on a single polymer chain. In
engineering, a stress-stretch curve for a material gives the relationship between the stress,
i.e., the ratio of the force to the cross-sectional area of the material, and the stretch, i.e., the
ratio of the final length to the initial length. It reveals many of the mechanical properties
of the material, such as Young’s modulus, the ultimate strength, and the work of fracture,
as illustrated in Fig. 2.1. Many biological soft tissues (e.g. mammalian skin and flesh [5,6])
exhibit the type of stress-stretch curve shown in this figure, which is known as a J-shaped
curve [7]. The curve shows the following behavior of a material. Initially, small increases in
stress lead to large extensions. As the fracture point is approached, the material becomes
stiffer and more difficult to extend. Such J-shaped stress-stretch behavior causes many

biomaterials to be extremely tough, even though the fracture energy (i.e. work of fracture)
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is not particularly high. Returning to the microscopic scale, we employ this J-shaped curve
as the stress-stretch relationship on a polymer chain.

The first statistical attempt for deriving a J-shaped stress-stretch relationship was
made by Kuhn and Griin [22], where the force-extension curve of a single freely-jointed
chain is described by the Langevin function. For a single chain of polyacrylamide (PAAM),
a J-shaped force-extension curve was measured using an atomic force microscope [23]. The
experimental force-extension curve fits the Langevin function well except when the chains
are near rupture. The covalent bonds are stretchable near rupture, which limits the steep
slope of the Langevin function. Zhang et al. [23] fit the measured force-extension curve
using an extensible freely-jointed chain (EFJC) model, in which the Langevin function is
modified with a stiffness near rupture as an adjustable parameter.

It is important to note that the Langevin function describes the mean displacement of
a freely-jointed chain in the direction of the applied force [22]. We provide a brief derivation
of this classical function via statistical treatment of a single polymer chain in Section 2.2.1.
It can be seen that the mean displacement of a chain is zero if there is no pulling force.
However, for a freely-jointed chain of n links, each with equal length [, it is well-known that
the equilibrium chain length takes the root-mean-square value, \/nl. This fact motivates
our work in Section 2.3, where we derive the root-mean-square displacement of a polymer

chain in the direction of the force.
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2.2 J-shaped stress-stretch relationship

In this section, we describe in full detail the characteristic stress-stretch relationship
that is nonlinear and J-shaped (see Fig. 2.1) on a single polymer chain. We first present
an overview of the classical Langevin function which expresses the end-to-end distance of a
freely-jointed chain as a function of the applied pulling force. The derivation of the Langevin
function using a statistical model of polymer chains is attributed to the pioneering work
of Kuhn and Griin [22]. This work was originally written in German. Here we provide
a re-derivation of the Langevin function in Section 2.2.1. Furthermore, we describe the
modified Langevin function that fits the experimentally measured force-extension curve for
polyacrylamide (PAAM) [23] in Section 2.2.2.

We represent a polymer chain by a freely-jointed chain depicted in Fig. 2.2(a), which
consists of n statistically independent, rigid segments of equal length. These statistically
independent segments are referred to as Kuhn segments. The length of a Kuhn segment,
denoted by Iy, is called the Kuhn length [29,30]. Each chain possesses a stress-stretch
relationship of the form f = f(z,n) where f is the applied pulling force, z is the extension
of the chain (i.e. end-to-end distance), and n is the number of Kuhn segments per chain.
We prescribe a constant breaking force on the chain, f,, which is much larger than the
entropic force. If the force on a chain exceeds fp, the chain ruptures and is removed. The
breaking force is the same for all polymer chains. Throughout this chapter, we will always
assume that the force f and the distance z are nondimensional quantities. We denote the

force measured in Newtons and the distance measured in meters by f and z, respectively.
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(a) (b)

Figure 2.2: (a): Freely-jointed chain model. (b): The red dashed line is the axis along the
direction of the force. 6; is the polar angle between the ith link and the axis of the force.
©; is the azimuthal angle around the axis of the force.

2.2.1 The classical Langevin function

The classical Langevin function, first derived in the work of Kuhn and Griin [22],
describes the force law of a polymer chain. For a polymer chain of n Kuhn segments, the
force-extension relationship, i.e., the end-to-end distance z as a function of the applied
pulling force f, is given by the Langevin function:

f1; kgT
f) =nJ th{ — )| — — 2.1
z(f) = nly [co <I<:BT) £1, } ; (2.1)

where [ is the Kuhn length, kg is the Boltzmann constant, and 7' is the temperature.
It was derived based on a freely-jointed chain model (see Fig. 2.2(a)) where a polymer

chain is represented by a sequence of beads connected by rigid links. Each link of length [},
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represents a monomer. The n rigid links are joined at their ends by freely rotating joints
which represent the covalent bonds. One end of the polymer chain is fixed while the other
end is subject to a pulling force of constant magnitude f in a fixed direction. Let z be the
displacement of the chain associated with the force, i.e., the end-to-end distance projected
onto the direction of the force. The mean value of the displacement (z) under the external
force f was derived by Kuhn and Griin [22]. Here we provide a re-derivation of the Langevin
function for which the original work was written in German.

In statistical mechanics, the mean value of the displacement at equilibrium is defined

by a weighted sum over all microstates v:

(2) =) P2, (2:2)

where p, is the probability for the system to be in a microstate v and z,, is the displacement
of the polymer chain at that microstate. The probability of a microstate is proportional to

the Boltzmann probability density [31]:

fz
Dy ~ €Xp (k3;> . (2.3)

A microstate of the system is characterized by two sets of angles (see Fig. 2.2(b)): the
polar angle between each rigid link and the axis of the force, {6;}, as well as the azimuthal
angle that each link rotates around the axis of the force, {¢;}. The two angles vary in
the intervals 6; € [0, 7] and ¢; € [0,27]|. The number of microstates is proportional to the

surface element on the unit sphere, sin §;d6;dp;. Then the weighted sum over all microstates
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in (2.2) is given by an integral:

2 2 T ™
Z:/ / / / sin 6, - - - sin 0,d0; - - dbndepy - - - doy,
y 0 0 0 0

= (QW)"/ e / sin@y - --sin6,,db; - - - db,. (2.4)
0 0

We further write the displacement z, of the chain at microstate v in terms of the angles
{(02, (pz)}, 1= 1, 2, oy N

Z, = Zlk cos 0;. (2.5)
i=1

Thus the mean value of z is given by

2m)™ [+ Jo (Ooiey Tk cos 6;) [ _1 €XP < Lt ) sm@} do, - --db,
o [y fy [ " exp (”’@“’59 ) sme} o, - - - db,
LY, [fo exp (M) sin @; cos 6; d@} [ i ) (”2“’;9 )Sinejdgj}
[T [y exp (M) sin 6;d6;

(2) =

(2.6)

Since the angles {6;}7_, are independent, we can replace ¢; and #; in (2.6) by a uniform

angle . We then have

n—1

nlj, [f exp (fl’lzcg’fe) sin 6 cos Hdﬁ} [fﬂ exp (fl’];“}sg) sm&d@]

[fo exp <H’“ COSG> sin Qdﬁ}

o exp (HI’; C‘j’f‘9> sin 0 cos 0df

o exp (H’“ COS@) sin 6do

(2) =

(2.7)

:TLIk
kT
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The two integrals in (2.7) can be evaluated analytically. We first integrate the denominator,

/” exp <f!kJ cos@) 1046 = _ksT [exp <f]k. cosw) exp (f[k 0050)1
; kT £l kT kT
kgT f1; f1;
o oo () o ()|

f1
_ ksl sinh ( . ) (2.8)

f1 kgT

Then, by integrating by parts and applying the integral in (2.8), we compute the numerator

of (2.7) as follows:

kT

kT fl,cosm f1, cos0
= _E [exp <l{:B—T> COST — exp ( KT ) cos 0
+ /0 ' exp (HZ;Z;,S0> sin QdH]
= % [exp (;B[T> + exp ( ;;;) — /07r exp (sz;:;fg) sin Odﬁ}
= ka[Z [2 cosh (;Z;) — 2§IB]€T sinh (%)]

- W=k ) — W2 )] 2.9
f1, [COS (kBT> £, (kBT)} (2.9)

Finally, substituting (2.8) and (2.9) into (2.7), we obtain the following expression for the

/ exp <f[k o 9) sin 0 cos 0d6
0

mean value of z:

(z) = nl, {coth (kf;;) kfiﬂ (2.10)

This yields the Langevin function (2.1) which describes the mean displacement of a single

freely-jointed chain in the direction of the applied force.
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The Langevin function (2.1) can be rewritten in a dimensionless form that expresses
the fractional extension, i.e., the ratio of the chain extension to the contour length, as a
function of the normalized force. Dividing (2.1) by the contour length of a polymer chain,

nly, we have

£1 T
2 _ coth (—’“) _ kel (2.11)

As mentioned above, the force f measured in Newtons and the distance z measured in meters

can be normalized to nondimensional quantities f and z respectively. The normalization

is given by
f1,
f - kB_T’
(2.12)
z
z=—
I,

where [ is the Kuhn length, kg is the Boltzmann constant, and 7' is the temperature.

Then we denote the nondimensional form of the Langevin function in (2.11) by

= = coth f - % = L(/). (2.13)

where z/n is the fractional extension. We will use only nondimensional quantities in this
dissertation and omit the adjective “nondimensional” for brevity.

A graph of the classical Langevin function (2.13) is shown in Fig. 2.3. It features a
sharp transition from the regime where very small force is sufficient to stretch the chain
approaching its full length, to a blow up of the force along a vertical asymptote as the chain

reaches its full length.
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Figure 2.3: Normalized force f versus fractional extension z/n for the classical Langevin
function (2.13).
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Figure 2.4: Normalized force f versus fractional extension z/n. Blue curve: classical
Langevin function (2.13). Green curve: modified Langevin function defined in (2.15).
Black graph: schematic of the experimental force-extension curve measured from stretching

PNIPAM, for which n = 676.47, I = 0.68 nm, 7" = 300 K, and K = 26000 pN/nm [23].
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2.2.2  The modified Langevin function

The classical Langevin function was modified to fit a measured force-extension curve
for poly(N-isopropylacrylamide) (PNIPAM) in the experimental work [23]. As illustrated
in Fig. 2.4, it was observed that the Langevin function (blue curve) did not match the
experimental force-extension curve (black graph) in the high-force region [23]. Therefore, a
modified Langevin function which allows Kuhn segments to deform under stress was used

to fit the measured curve:

ot (o 2 o (£ ] o0

where K is the segment elasticity that characterizes the deformability of Kuhn segments.
The nondimensional form of (2.14) is given by

z kaT

—=(14+—= )L 2.15

== (15 ) e (2.15)
where L£(f) is the Langevin function defined in (2.13).

A graph of the modified Langevin function (2.15) is plotted in Fig. 2.4 (green curve).

It shows a good match to the experimental force-extension curve measured from stretching
PNIPAM chains, with n = 676.47, I;, = 0.68 nm, 7' = 300 K, and K = 26000 pN/nm [23].
A schematic of the experimental force-extension curve is shown in Fig. 2.4 (black graph).

The breaking force measured in [23] is normalized to f, = 200. We prescribe this normalized

breaking force f, on polymer chains in our models.
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We remark that the classical Langevin function (2.13) and the modified Langevin
function (2.15) both give a zero chain extension at zero force. This can be easily seen from
the derivation of the Langevin function by Kuhn and Griin [22]: if there is no pulling force,
the distribution of the extension of the chain is isotropic, and the mean displacement is
hence zero. However, it is well-known that the equilibrium length of a freely-jointed chain
of n Kuhn segments takes the root-mean-square value, \/nly, by considering the chain as a
random walk of n steps of length [,. Taking this fact into account, the design of appropriate

stress-stretch relationships is needed.

2.3 Root-mean-square deviation

In this section, we derive the root-mean-square (RMS) deviation of a freely-jointed
chain for two distances: the end-to-end distance and the displacement in the direction
of the force. Both of them achieve a nonzero chain length at zero force. Note that the
root-mean-square (RMS) deviation is a stretch-stress relationship, expressing stretch as a
function of stress. We further design a close approximation for the inversion.

We consider the following three-dimensional model for a freely-jointed chain consisting
of n Kuhn segments (see Fig. 2.5). The chain is represented by a sequence of points
{(z5,v5,25)}1—o where neighboring points (z;,y;,2;) and (z;41,¥;11,2j41) are joined by
links of length I = 1. One end of the chain (zo,yo, 20) is fixed at the origin while the
other end (x,,, yn, z,) is pulled by a constant force f along the direction of the z-axis. The

orientation of each link is specified by the two angles 6 and ¢ described in Section 2.2.1.
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Figure 2.5: Three-dimensional model for a freely-jointed chain of n Kuhn segments.

Let r, be the end-to-end distance of the chain, i.e.,

Tn = H(xTwy'rwz'rL) - (1’0790; zO)HQ =V 'T% + yr% + Zq%, (216)

and z, corresponds to the displacement of the chain in the direction of the pulling force f,
as illustrated in Fig. 2.5. We denote the root-mean-square values of these two distances
by rrus = (r2)2 and zgys == (22)2 respectively.

As discussed in Section 2.2.1, the mean value of a quantity is defined by (2.2), which is
a weighted sum over all microstates. The probability density function (PDF') of a microstate
is given by (2.3) and (2.4). We write the free end of the chain in terms of the angles

{(05,9;)}, j =1,2,...,n, by using the spherical coordinates:

n

(Tny Yny 2n) = Z(sin 6, cos @;,sin B; sin p;, cos §;). (2.17)

=1
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The angles {;}"_, are independent and uniformly distributed on [0, 27]. The other angles

{0;}7-, are also independent and distributed on [0, 7] according to the following PDF":

exp(f cosf)sind
o exp(f cos0) sin 6df’

p(0) = 0<6<m, (2.18)

where f is the normalized force. The joint PDF of two independent angles 6; and 6, (j # k)
is the product, p(6;,0r) = p(0;)p(Ok)-
Here we provide a brief summary of the main results. The expression for the RMS

end-to-end distance is given by

rrvs = v/ + (02 = n)[L(f)]2, (2.19)

where L£(f) is the Langevin function defined in (2.13). In the absence of the force f, the
equilibrium chain length is ro = y/n since L(f) approaches 0 as f — 0. This agrees with
the random walk consideration mentioned in Section 2.2.2. The derivation of (2.19) is
detailed in Section 2.3.1. The RMS deviation for the displacement in the direction of the

force takes the following form:

ZRMS = \/n {1 - %(f)} + (n? = n)[L(f)]*. (2.20)

At zero force, we obtain the initial displacement in the z-direction,

20=4/= (2.21)
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Figure 2.6: Normalized force f versus fractional extension z/n. Blue curve: classical
Langevin function (2.13). Red curve: rrms given by (2.19) for n = 676.47. Yellow curve:
zrums given by (2.20) for the same n. The inset shows the different behavior of three curves
when the force is near zero.

Details for the derivation of (2.20) and (2.21) are given in Section 2.3.2. We also calculated
the mean value of the absolute displacement in the direction of the force, (|z,|), but derived
only an upper bound for this quantity. Graphs of the two RMS deviations, rgyms and zrws,
are shown in Fig. 2.6. Here the number of Kuhn segments is taken from the measurement
of PNIPAM in [23], n = 676.47. It can be seen that both curves agree well with the classical
Langevin function except when the force is near zero. The inset shows the discrepancy near
the equilibrium length.

In this work, we employ the RMS displacement in the direction of the force, zrwms,
as the force-extension curve for a polymer chain. Moreover, we design another J-shaped

force-extension curve by modifying zgmg with a stiffness near rupture, in the same manner
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Figure 2.7: Normalized force f versus fractional extension z/n. Blue curve: modified
Langevin function (2.15). Red curve: modified zrms given by (2.22) for n = 676.47. The
inset shows the different behavior of two curves near the zero force.

as the modified Langevin function (2.15):

modified zpys = (1 s ;@;) \/ n [1 - %(f)] + (n2 — n)[L(f))2. (2.22)

A graph of the modified zgyg for n = 676.47 is shown in Fig. 2.7 (red curve). Its behavior

resembles the modified Langevin function but admits a nonzero equilibrium length (2.21).

2.3.1 Derivation of the root-mean-square distance

We consider a freely-jointed chain of n Kuhn segments, each with link length 1, as

shown in Fig. 2.5. The root-mean-square (RMS) end-to-end distance is defined by

rrus = (E[r2])7 = (Ef? + 2 + 22])2, (2.23)



where (z,,, Yn, z,) is the free end of the chain that is pulled by a constant force f along the
z-axis. The endpoint (2, y,, z,) can be expressed as (2.17) using the spherical coordinates.

We compute E[r2] in terms of the angles {(6;,¢,)}, j = 1,2, ...,n:

E[ri] =E (Z sin 0; cos goj) + (Z sin 0; singoj) + (Z CoS 9j>
Jj=1 j=1 j=1

Z(sin 0; cos ;) + 2 Z sin @ cos @, sin 6y, cos py, + Z(Sin 0; sin p;)?

j=1 j<k j=1

=K

+2 Z sin 6; sin ; sin 0y, sin ¢y, + Z(cos 0;)? + 2 Z cos f; cos Hk] . (2.24)

i<k 7=1 i<k

The probability density function (PDF) of angles {60;}7_,, p(9), is given by (2.18), and angles
{®;}j=1 are uniformly distributed on [0, 27]. Note that the joint PDF of two independent
angles 6, and 6 (j # k) is the product, p(6;, 6;) = p(6;)p(6y).

We first compute the two cross terms in (2.24), i.e. E[sin6; cos ¢; sin 6y, cos ;] and

[E[sin 6, sin ¢; sin §j, sin ¢ ]. Since all the angles are independent, it follows that

[E[sin 6; cos ¢; sin 8y, cos ] = E[sin 6;]E[cos ¢;|E[sin 0| E[cos ¢x],

E[sin 6, sin ¢; sin 8y, sin ;] = E[sin 6;]E[sin ;| E[sin 6] E[sin ¢].

It can be easily seen that

1 2
E[cos ] = %/ cos pdp = 0,
0
1 2m
E[sin ] = %/ sin pdp = 0,
0
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where ¢ has a uniform distribution on [0, 27]. Hence the two cross terms would vanish

The expectation in (2.24) can then be simplified,

n

=FE Z(sin 0;cos ;) + Z(sin 0 sin p;)* + Z(cos 0;)% + 2 Z cos 8, cos by,

i=1 i=1 i=1 <k
=n (E [(sinf cos p)*] + E [(sinfsin p)?] + E [cos®0]) + 2 Z E[cosf;cosbi].  (2.25)

i<k

We compute each of the four expectations in (2.25) as follows.

E [(sin 6 cos )?] = E [sin* 0] E [cos® ¢]

_ Jy exp(f cos 6) sin® 0d6 fo% cos? pdyp

2m [ exp(f cos 6) sin 0d6
B s exp(f cos 6) sin® 06 (2.26)
2 [ exp(f cos 6) sin 0df’ '

E [(sin#sin ¢)?] = E [sin* 0] E [sin® ¢]

_ o exp(f cos 6) sin® 0d6 f027r sin? pdyp

2m [ exp(f cos 6) sin 0d6
 Jy exp(f cos 0) sin® 6db (2.27)
2 s exp(f cos 0) sin 0df '

™

E [COSZ 9] _ fo exp(fcosf)sinf cos? 0db (228)
o exp(fcosf)sinfdd :
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The following fact is used in (2.26) and (2.27),

2m 2m
/ cos? pdp = / sin? pdyp = T.
0 0

The sum of the three expectations above yields

E [(sin 6 cos )?] + E [(sin @ sin ¢)?] + E [cos® 6]

foﬂ exp( f cosf) sin 0 (sin2 0 + cos? 0) do
N Jy exp(f cos 0) sin 6df

= 1. (2.29)
It remains to compute the last expectation in (2.25),

E[cos 0} cos 6] = E[cos 0;]E[cos 0]

= (E[cos 6])?

_ fo7r exp( f cosf) sin 6 cos 6db 2
a Jy exp(f cos 0) sin 6df ’

(2.30)

where 6; and 6, are replaced with 6 since they are independent. The two integrals in (2.30)
have been computed in Section 2.2.1, i.e., we normalize the force f to the nondimensional

force f in (2.8) and (2.9):

2sinh f

exp(f cos ) sin Odo =

\N

2
exp (f cosB)sinf cos Odh = ? (cosh f— 7

sinh f )
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Their ratio yields the Langevin function

o exp(f cos 6) sin 6 cos 6d0 1
= coth f — — =: L(f). 2.31
o exp(f cos 0) sin 6df coth f [ (f) (2.31)
Therefore, we obtain the following expression for E[r?]:
Bl =n+23 [£())
j<k
=n+ (n* —n)[L(f). (2.32)

Taking the square root of E[r?] gives rryg in (2.19).
We remark on the limiting behavior of rgys. Note that the Taylor expansion of the

Langevin function is

x 3 220 x7
b L_@ a2 , 2.33
cothe— o =3~ tos g T BT (2.33)
This gives
lim £(f) = 0. (2.34)

f—0

When there is no pulling force (f = 0), the equilibrium length of a polymer chain assumes

the root-mean-square value,

ro = /1. (2.35)

When the force is very large (f — o0), L(f) approaches 1 and the chain will be nearly

vertical, approaching its contour length n.
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2.3.2  Derivation of the root-mean-square displacement

We consider the same setting for a freely-jointed chain as in the previous section. The
root-mean-square (RMS) displacement in the direction of the force is defined by

zrus = (E[22))2, (2.36)

n

where z, is the displacement of the chain along the direction of the z-axis (see Fig. 2.5).

By using the spherical coordinates, E[z2] can be written as

E[z2] = E <i cos Gj)

E Z(cos 0;)% + 2 Z cos 0; cos Qk]

Lj=1 i<k

= nE [cos* ] + 2 Z E[cos 6; cos 0. (2.37)

i<k

The two expectations in (2.37) have been computed in Section 2.3.1. The cross term

E[cos 0; cos 0] is given by (2.30) and (2.31), i.e.,
E[cos 8; cos 0] = [L(f)]?, (2.38)

where £(f) is the Langevin function defined in (2.13). The other expectation E [cos? §] is

given by (2.28), i.e.,

o exp(f cos 0) sin 6 cos? Odf
Jy exp(f cos @) sinfdf

E [6082 9] =
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but it remains to evaluate the two integrals in it.

The denominator of (2.28) has been computed in Section 2.2.1, i.e.,

2sinh f
f

/ exp(f cos @) sin Odh = : (2.39)
0

We recall another integral computed in Section 2.2.1 which will be used in evaluating the

numerator of (2.28),

/ exp(f cosf) sin @ cos 0dh =
0

(cosh f— sinhf) .

2
f f

Then we compute the numerator of (2.28) by integrating by parts:

/ exp( f cos 0) sin 6 cos® Od6
0

= —% {exp(f cos ) cos® ™ — exp(f cos 0) cos? 0 + 2 /7r exp(f cos f) sin 0 cos 0db
0
= ; [sinhf - ; <coshf — Sin;lfﬂ : (2.40)

Dividing (2.40) by (2.39), we obtain
E [cos®0] =1 — ; <cothf - %) =1- %(f), (2.41)

where L£(f) is the Langevin function (2.13). Finally, substituting (2.38) and (2.41) into
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(2.37), we obtain the following expression for E[22]:

f i<k
=n {1 - %()} + (n* —n)[L(f)]2 (2.42)

Taking the square root of E[22] gives zrms in (2.20).

In the limit of zero force, we derive the initial displacement in the direction of the
force. We have shown that the Langevin function L£(f) approaches 0 as the force f — 0.
The limiting behavior of L(f)/f as f — 0 can be determined in the same way. It follows

from the Taylor expansion (2.33) that

L(z) 1 2> 228  2f
—o_ T2 < 2.43
v 3 13 o gt llem (2.43)

This gives

L) 1

By letting f — 0 in (2.42) and taking the square root, the initial displacement in the

direction of the force obtained from zgugs is

20 =1/%. (2.45)

Moreover, it can be easily checked that zrys approaches the contour length n in the limit
of f — oo. That is, the n Kuhn segments are aligned nearly vertically when the force is

very large.
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Figure 2.8: Normalized force f versus fractional extension z/n. Black curve: classical
Langevin function (2.13). Colored curves: graphs of zrus given by (2.20) for various values
of n. The inset shows that the behavior of zryg near the equilibrium length approaches
the Langevin function as n increases.

2.3.3 Inversion and approximation

The two J-shaped force-extension curves described above, zgrms and modified zgwus,
express the displacement of a polymer chain as a function of the applied pulling force f.
Inversion of these RMS displacements is needed to obtain stress-stretch relationships of the
form f = f(z,n) where n is the number of Kuhn segments per chain.

We take the inversion of zgygs for illustration. The behavior of (2.20) approaches
the Langevin function z/n = L(f) for sufficiently large n, see Fig. 2.8. We thus seek to
find the inversion of zrys using the inverse Langevin function f = £71 (%) However, the
inverse Langevin function cannot be represented in a closed form. It can only be found
by numerically solving the inverse problem or making approximations. The numerical

method is not commonly used in practice because it is inapplicable for further analytical
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studies. A more practical solution is to find a simple and highly accurate approximant.
Existing standard approximations of the inverse Langevin function are summarized in [32].
These approximants generally take two forms: Taylor series expansion and rational (Padé)
approximation. The Taylor series is not a good option since it converges slowly near the

singular point. We choose the most popular Padé approximation [3/2] given by Cohen [33],

. 3— 5y
L7Ny) = y—S35, (2.46)

which is referred to as the Cohen approximation.

We then devise a close approximation for the inversion of zgumg based on the Cohen
approximation above. As seen in Fig. 2.8, the characteristic of the J-shaped force-extension
curve is that the force is low for a large range of extension when the chain is not fully
stretched (i.e. entropic regime), and grows steeply to a blow up only within a small range
of extension (i.e. energetic regime). We prescribe a constant breaking force f, on the chain
to represent the strength of covalent bonds. If the force on a chain exceeds f,, the chain
breaks and the force drops down to zero. We set f, = 200 which is measured from breaking
a single PNIPAM chain [23]. Moreover, we divide the entropic regime (i.e. low-force region)
into two subphases: phase 1 where the force is almost zero, and phase 2 where the force
starts to grow fast but is still much below the breaking force f,. An illustration for the
division of entropic regime 1, entropic regime 2, and energetic regime is shown in Fig. 2.9.
The upper bounds of the force in entropic regimes are denoted by f., and f., respectively.
Their values are to be determined by the recipe below. Different approximations for the

inversion of zryg in the three regimes of force growing are designed as follows.
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Figure 2.9: An illustration for the three regimes of force growing along the curve of zgus.
The breaking force is f, = 200 [23]. Yellow curve: zgyg given by (2.20) for n = 676.47.

Black dots: data points {(x;, f j>}?:1 used to construct the rational interpolation of the

form (2.49) in entropic regime 2.

e Entropic regime 1: 0 < f < f,,, where f., is close to 0. As we have mentioned,
the Cohen approximation (2.46) has high accuracy for y € [0,0.66] where the force is
almost zero. The force is zero at zero extension of the chain, £71(0) = 0. Recall that
for a polymer chain of n Kuhn segments, the initial displacement in the direction of
the force obtained from zgug takes the root-mean-square value, zy = \/g . To match
this nonzero equilibrium length, we construct the approximation fi(z,n) by slightly

shifting down the Cohen formula:
z Z
filtzm) = £ (2) =27 (2), (2.47)
where £71(+) is given by (2.46).
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e Entropic regime 2: f., < f < f.,, where f., is much below the breaking force f;.
The Cohen approximation is less accurate as f grows faster. Motivated by this Padé
approximant of order [3/2], we approximate the inversion of zrys with a rational
function of the same order. Note that the curves of zryg for different values of n,
where the force f is plotted as a function of the fractional extension z/n, almost
coincide with each other in this regime (see Fig. 2.8). Thus the approximation

f2(z,n) is assumed to depend only on the ratio z/n:

fa(z,n) =R (i) , (2.48)

where R(+) is a rational function of the form

ag + a1 + asr? + azx®

R<x) 1 + bll' —I— b2$2

(2.49)

The coefficients a, and b; are determined by interpolating 6 data points (x;,£;) on
the graph of zrms, as illustrated in Fig. 2.9. Here x; and fj denote the fractional
extension and the normalized force, respectively. The data points are chosen to be
denser in the low-force region such that the characteristic J-shaped curve is better

fitted. We solve the following linear system for the unknowns a; and b;,

a0+G1Xj +a2X?—|—a3X?—b1ijj —bzij? :fj, J = 1,...,6. (250)

An example of the rational interpolant for zgys, including the location of data points

and the values of coefficients, will be provided later in this section (Table 2.1).
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e Energetic regime: f., < f < f,, where f, = 200 is the normalized breaking force.
The rapid growth of the energetic force is nearly linear for a narrow range of chain
extension. To reduce computational cost, we approximate the force-extension curve
in this regime by a linear segment between points (Z.,, fe,) and (xy, fp):

fa(z,n) = Jo= e (% - xb) + fo, (2.51)

Tp — er

where z., and z;, denote the fractional extension at two endpoints.

Finally, a piecewise smooth approximation f(z,n) is obtained by joining the above three
branches given by (2.47), (2.48) and (2.51). The upper bounds f., and f, are determined by
forces at intersections of neighboring curves. A graph of f(z,n) which closely approximates
the inversion of zrmg for n = 676.47 [23] is plotted in Fig. 2.10(a). Another approximation
for the inversion of modified zgryg follows the same manner and is shown in Fig. 2.10(b).

Details for the construction of these two approximations are given in Table 2.1.
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Figure 2.10: Close approximations for the inversion of two RMS displacements: (a) zrs
given by (2.20) and (b) modified zgrmg given by (2.22). The number of Kuhn segments is
n = 676.47, the measurement of PNIPAM in [23]. The breaking force is f, = 200.
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Table 2.1: The construction of the piecewise approximation f(z,n) for the inversion of two

RMS displacements, zgrygs and modified zrps, where n = 676.47 [23].

ZRMS

modified zrums

fi(z,n)

0 < z/n<0.503
0< f<1.742

0<z/n<0.737
0< f<3.624

f2<zvn)

0.503 < z/n < 0.990
1.742 < f < 100

Coefficients:
ag = 1.283, a; = —3.314,
as = 0.954, a3 = —0.337,
b1 = —3.415, by = 2.415.

0.737 < z/n < 1.014
3.624 < f < 74.96

Coefficients:
ag = —24.73, a; = 91.32,
as = —109.9, a3 = 43.62,
by = —1.879, by = 0.885.

fa(z,m)

0.990 < z/n < 0.995
100 < f < 200

Slope:

o~ Jer _ 2.000 x 10%
$b_x62

1.014 < z/n < 1.064
74.96 < f < 200

Slope:
Jo=Jea _ 9536« 107

Ty — xez

Data points

{ (=5, fj)}?:1

(0.538,2)
(0.751, 4)
(0.875, 8)

(0.969, 32)
(0.992, 128)
(0.995, 200)

(0.752, 4)
(0.877,8)
(0.943, 16)

(0.979, 32)
(1.036, 128)
(1.064, 200)
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2.4 Length distribution for polymer chains

A real polymer network consists of polymer chains of different lengths. Coexistent
in the network are short chains, long chains, and dangling chains. A recent experimental
work [10] points out that network imperfection, i.e., scatter in lengths of polymer chains that
constitute the network, profoundly affects the mechanical properties of polymer materials.
The key finding of this work shows that the ultimate properties (strength, extensibility, and
work of fracture) of hydrogels have narrow scatter from sample to sample, but are orders
of magnitude lower than those of a perfect network. Recall that the covalent bond force
for a single chain is on the level of 107° N, which is about two orders of magnitude greater
than the entropic force (on the level of 107! N). However, the experimental strength of
a polymer network is measured within the entropic regime. This indicates that when the
network is stretched near rupture, only a small fraction of polymer chains are stressed to
the covalent bond strength, and other chains still carry entropic forces. Hence the load per
chain is small.

The distribution of chain lengths has been incorporated into the mechanics models
which study various aspects of J-shaped stress-stretch relationships [24-26]. Due to this
characteristic shape of the force-extension curve, chains with fewer links attain the breaking
force and rupture at smaller extensions, while chains with more links still have very low
forces that are almost zero. As a result, the average force per chain at rupture is in the
entropic regime of the force-extension curve. This explains the observed phenomenon that
the measured strength of a polymer network is entropic, although the breaking force for an

individual chain is energetic.
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In this work, we introduce the scatter in chain lengths by assuming a statistical
distribution for the number of Kuhn segments per chain, n. Chains of different lengths will
carry different tensile forces under the same macroscopic deformation, which enables the
large reduction in strength. The distribution of chain lengths in a polymer network has
been rarely measured. It has been estimated from the following experiment. For a polymer
network of chemiluminescent crosslinks, which emit light upon rupture, the intensity of
luminescence is measured as a function of the stretch of the polymer network [18]. Assuming
that all chains have the same stretch, the distribution of chain lengths is proportional to the
intensity of luminescence [28]. Estimated by this method, the chain length distribution in
a polymer network is found to be similar to the Weibull distribution, as shown in Fig. 2.11.
The Weibull distribution has an analytical form with well-studied statistical characteristics,
which gives a reasonable choice for scattering the number of Kuhn segments per chain, n.

Below we remind basic facts about the Weibull distribution.

2.4.1 The Weibull distribution

Let n be the number of Kuhn segments per chain. The Weibull distribution has the

probability density function (PDF)
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p(n;ym, ng) = (2.52)

The parameters m > 0 and ng > 0 describe, respectively, the shape and the scale of the

Weibull distribution (see Fig. 2.12(a)). The form of the Weibull PDF changes drastically
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Figure 2.11: Fitting a shifted Weibull distribution to the chain length distribution which is
estimated from light emission [18,28]. The size of the shift is 4.4 Kuhn segments per chain.
The fit is obtained with the shape parameter m = 1.9 and the scale parameter ny = 21.
The dip in the data occurs because three unload-reload cycles are performed at this point
before the stretch is further increased.
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Figure 2.12: The Weibull distribution is characterized by the scale parameter ng and the
shape parameter m. (a): Probability density function (PDF). (b): The coefficient of
variation, C, = o/u, as a function of the shape parameter m.
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with the value of the shape parameter, m. For m = 1, the Weibull distribution reduces to
the exponential distribution. In this study, we restrict the shape parameter in the range
1 < m < oo. For the chain length distribution estimated from light emission data shown
in Fig. 2.11, the fitting parameters are m = 1.9 and ng = 21.

The mean g and the standard deviation o are respectively given by

1= nol (1 + l) : (2.53)
o=yl (12) - [r (1 L) 25

where I'(+) is the gamma function. The coefficient of variation, i.e., the ratio of the standard

deviation to the mean

Cy :=o0o/pu, (2.55)

is a dimensionless measure of the scatter. For the Weibull distribution, the coefficient of
variation depends only on the shape parameter m. As shown by Fig. 2.12(b), C, decreases
from 1 to 0 as m increases (m > 1). The parameters m and ng can be uniquely determined

given the mean p and standard deviation o. By solving (2.53) and (2.54) for m, we have

[F(Tg)f _ (%)2 —1=0. (2.56)

Equation (2.56) is implicit with respect to m, which can be solved numerically. Then it
follows from (2.53) that

(2.57)
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Chapter 3: A parallel chain model

The work presented in this chapter is published in [34].

Imagine the following experimental setup. A box-shaped sample of a material has its
opposite sides attached to two parallel plates. The distance between these plates is slowly
increasing and the elastic force acting upon these plates due to the presence of the material
sample between them is being continuously measured. This process is continued until the
complete fracture of the material sample. The maximum value of the force measured in
this process divided by the cross-sectional area of the sample is strength.

A polymer network fractures by breaking covalent bonds, but the experimentally
measured strength of a polymer network is orders of magnitude lower than the strength of
covalent bonds [10,11]. In this chapter, we investigate the effect of statistical variation in
lengths of polymer chains on strength using a parallel chain model. Each polymer chain is
represented by a freely-jointed chain, with a characteristic J-shaped force-extension curve.
Polymer chains with a statistical distribution of the number of Kuhn segments per chain
are pulled between two rigid parallel plates, as illustrated in Fig. 3.1. A full description of
the parallel chain model is provided in Section 3.1.

Indeed, we came up with this parallel chain model after some experimentation work

on a more realistic network model (see Chapter 4). Nevertheless, the parallel chain model
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demonstrates a large reduction in strength, by about two orders of magnitude. Moreover, it
exhibits a power law dependence of the strength on the coefficient of variation of the length
distribution for polymer chains as the network model does. The simplicity of the parallel
chain model allows us to derive the power law analytically using a series of approximations,
relying on the fact that the force exerted by each polymer chain varies significantly only
for a narrow range of the extension.

The experimental setup for simulations of the parallel chain model is described in
Section 3.2. We consider three types of parallel chain models: type one assumes a linear
force-extension relationship, and the other two feature J-shaped force-extension curves
based on the Langevin function [22] and the modified Langevin function [23], respectively.
We compute the applied force on the rigid plates as a function of the extension of chains.
The strength of the parallel chain model is defined as the maximum force divided by the
total number of chains.

With the J-shaped force-extension relationship, even a small scatter in the number
of Kuhn segments per chain greatly reduces the strength of the parallel chain model. The
scatter leads to a reduction in strength by up to two orders of magnitude, see Section 3.3.
We further show that the strength of the parallel chain model relates to the scatter in the
number of Kuhn segments per chain according to a power law.

An analytical derivation of the power law between the strength and the scatter in the
number of Kuhn segments per chain (i.e. chain length) is presented in Section 3.4. We show
that the strength is approximately inversely proportional to the scatter in chain lengths,
provided that the force-extension curve is J-shaped and the probability distribution for the
lengths of polymer chains satisfies a certain nonrestrictive technical assumption.
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Finally, we test the analytical argument derived in Section 3.4 by taking a piecewise
linear approximation of the J-shaped force-extension curve. The approximation is made in
the sense that the resulting power law between the strength of the parallel chain model and
the scatter in chain lengths provides a good match to the empirical power law shown in
Section 3.3. We then test this simple piecewise linear approximation in a different setting
where the lengths of polymer chains are scattered according to the Gaussian distribution.
Comparison is again made between the resulting power law and the empirical power law.

Numerical results are given in Section 3.5.

3.1 Model setup

The polymer network has polymer chains with different numbers of Kuhn segments
per chain. When the network is stretched near rupture, only a small fraction of polymer
chains are stressed to the covalent bond strength, and other polymer chains still carry
entropic forces. Recall that the covalent bond energy is several eV, and the thermal energy
is on the order of kT = 1/40 eV at room temperature, where kp is the Boltzmann constant
and T is the absolute temperature. The two types of energy differ by about two orders of
magnitude. For either entropic force or energetic force, the force scales with energy divided
by the atomic bond length.

We hypothesize that the large reduction in the strength of polymer networks is caused
by statistical variation in lengths of polymer chains and a J-shaped force-extension curve.
We test this hypothesis using an idealized parallel chain model. Because the measured

strength of a polymer network is unaffected by small crack-like flaws, we ignore any effect
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Figure 3.1: The parallel chain model. A large number of polymer chains are arranged in
parallel and attached to two rigid plates. Each polymer chain consists of a random number
of Kuhn segments. When the two rigid plates are pulled apart by a pair of forces F, all
polymer chains are stretched to the same end-to-end distance z.

of stress concentration and adopt a model in which all polymer chains are stretched in
parallel between two rigid plates (see Fig. 3.1). In this parallel chain model, crack-like
flaws do not concentrate stress in nearby polymer chains.

We represent each polymer chain as a freely-jointed chain consisting of a number of
Kuhn segments. The number of Kuhn segments per chain, n, is a random variable, which
we assume to obey the Weibull distribution. The choice of the chain length distribution is
discussed in Section 2.4. Note that calculations involving evaluations of the force-extension
relationship f = f(z,n) for different values of n are simplified in the parallel chain model,
since effects of stress concentration and interchain interaction are ignored. Thus, we assume
that n follows the continuous Weibull distribution rather than the shifted and discretized

version that we will use in the network model in Chapter 4. Moreover, for every polymer
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chain, we prescribe a constant breaking force f, to represent the strength of covalent bonds,
which is much larger than the entropic force.

We identify a feature of the force-extension curve of a freely-jointed chain, which has a
significant effect on reducing the strength of the parallel chain model. When a single chain
is stretched, the force-extension curve is J-shaped. The force is much below the covalent
bond strength for a large range of extension (i.e. entropic regime), and grows rapidly to
the covalent bond strength only within a small range of extension (i.e. energetic regime),
see Fig. 2.4. As a result, the statistical distribution of the number of Kuhn segments per
chain causes only a small fraction of polymer chains to be highly stressed, and therefore

the average force per chain at rupture is in the entropic regime of the force-extension curve.

3.2 Simulations

In this section, we describe in detail the experimental setup for simulations of the
parallel chain model. This includes the settings for the statistical distribution of the number
of Kuhn segments per chain (i.e. representing the chain length), the types of force-extension

curves, and calculation of some of the important mechanical quantities.

3.2.1 Settings for the scatter in chain lengths

We consider the parallel chain model depicted in Fig. 3.1, in which N polymer chains
are arranged in parallel and attached to two rigid plates. The number N is assumed to be
large. Each polymer chain consists of a random number of Kuhn segments, denoted by n.

As mentioned above, we assume that n follows the continuous Weibull distribution, with
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the probability density function (PDF) given by (2.52). This choice is motivated by the
distribution of chain lengths estimated based on experimental data of chain rupture [18,28],
as discussed in Section 2.4.

To study the effect of the scatter in chain lengths on strength, different sizes of scatter
are introduced into the parallel chain model. We fix the mean of the Weibull distribution,
i = 50, and vary the standard deviation ¢ in the range 0 < o < u. We characterize
the scatter in the number of Kuhn segments per chain using the coefficient of variation,
C, = o/u, which is a dimensionless measure. The values of o used in the simulations and
corresponding values of C,, are displayed in Fig. 3.2. Note that for the Weibull distribution,
the coefficient of variation C, depends only on the shape parameter m, as evident from
(2.55) and (2.56). The shape parameter m = 1.9 estimated by fitting experimental data in
Fig. 2.11 corresponds to a coefficient of variation C, = 0.55.

Each polymer chain has a force-extension curve of the form f = f(z,n) where f is the
force pulling the chain at two ends, and z is the extension in the direction of the applied
force. The force-extension curve depends on the number of Kuhn segments per chain, n.
We experiment with three types of force-extension curves (see Fig. 3.3) to study the effect
of the shape of the force-extension curve on reducing the strength of the parallel chain
model. Type one is linear, and the other two are J-shaped curves respectively derived from
the Langevin function [22] and the modified Langevin function [23]. For the remainder of
this chapter, we will use the following names to refer to these three types of parallel chain

models based on their force-extension curves.
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e Linear model: The linear force-extension relationship takes the form:

(3.1)

3w

S =

where f, is the breaking force. The linear force-extension relationship terminates

when the force reaches the breaking force f = f;, at extension z = n.

e Langevin model: The Langevin force-extension relationship is given by the classical
Langevin function
1

% = coth f — 7 =: L(f). (3.2)

e Modified Langevin model: The modified Langevin force-extension relationship is
given by the modified Langevin function

z (1 n J;’;—iT) L), (33)

where K is the segment elasticity, kg is the Boltzmann constant, I is the Kuhn

length, 7" is the temperature, and L£(f) is the Langevin function defined in (3.2).

Moreover, we set the normalized breaking force to f, = 200 which is the representative
strength of covalent bonds, measured from breaking an individual polyacrylamide chain [23].
The breaking force is on the order of 1 nano-Newton, which is orders of magnitude larger

than the entropic force. This breaking force is assigned to every polymer chain.
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Figure 3.2: Probability density function (PDF) of the Weibull distribution given by (2.52)
for mean g = 50 and various values of standard deviation o. The shape parameter m and
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is defined as the ratio of the standard deviation to the mean, C, = o/p.
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Figure 3.3: Three types of force-extension curves: linear (black), Langevin (blue), and
modified Langevin (green) force-extension relationships given by (3.1), (3.2) and (3.3),
respectively. All curves terminate at the breaking force f, = 200 [23].
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3.2.2 Calculation of mechanical quantities

We compute the force F' applied on the rigid plates as a function of the extension
of polymer chains, z, as the rigid plates are pulled apart (see Fig. 3.1). The mean force

exerted by polymer chains is

F(2) = 5 3 Femnlny) (3.4

where NN is the number of parallel chains, n; is the number of Kuhn segments in the jth
polymer chain, f(z,n) is the force-extension relationship, and p(n) is the probability density
function (PDF) given by (2.52). The number of parallel chains N is assumed to be large

so that the mean force of the parallel chain model is given by

F(z) = /000 f(z,n)p(n)dn. (3.5)

We will evaluate this integral for the three types of force-extension relationships.

As the distance between two rigid plates increases, more and more polymer chains
break, and the force-extension curve (3.5) reaches its peak. We interpret the peak force
divided by the number of polymer chains as the strength of the parallel chain model, and

the extension at the peak force as the extensibility of the parallel chain model, i.e.

Frax = max F(z), (3.6)

Zmax ‘= arg max F'(z). (3.7)

z
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Note that in experiments of rupturing a polymer network, the strength is defined by the
maximum stress, i.e. the maximum force per unit area. In the parallel chain model, the
area is constant, and we define the strength by the maximum force per polymer chain.
An ideal parallel chain model is considered for comparison, in which all polymer
chains have the same number of Kuhn segments, deform at the same stretch, and break

simultaneously. The strength of the ideal model equals the breaking force f, = 200 [23].

3.3 Results

In this section, we present the simulation results of the parallel chain model, which
provide valuable insights into its mechanical behavior. In particular, we are interested in
the reduction in strength and extensibility compared to the ideal model. Furthermore,
a power law relationship between the strength and the scatter in the number of Kuhn

segments per chain is found.

3.3.1 Strength

As discussed in Section 3.2.1, we investigate the effects of the following two factors

on reducing the strength of the parallel chain model:

(i) The scatter in the number of Kuhn segments per chain, n. We use the coefficient of

variation C, = o/u to characterize this scatter in chain lengths.

(ii) The type of the force-extension relationship, f(z,n). We refer to the parallel chain
model with the aforementioned three types of force-extension relationships as the
linear model, the Langevin model, and the modified Langevin model, respectively.
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We normalize the quantities in (3.5) by changing the variable of integration from n
to n/ng, where ng is the scale parameter of the Weibull distribution. This allows us to
express the force-extension curve for the parallel chain model in a dimensionless form that
relates the normalized mean force F' as a function of the fractional extension z/ny.

The integration of (3.5) gives the normalized force-extension curves for various values
of the coefficient of variation C, for the three types of parallel chain models (i.e. linear,
Langevin, and modified Langevin force-extension relationships), as displayed in Fig. 3.4.
In all these cases, as the extension z increases, the force starts at zero, reaches a peak, and
asymptotically decreases to zero. For small values of C,, where the scatter in the number
of Kuhn segments per chain is small, the mean force exhibits a high peak and a small tail.
As C, increases, the number of Kuhn segments per chain scatters more, the mean force has
a lower peak and a fatter tail, and the peak force moves to a lower extension.

Comparing Figs. 3.4(a) and 3.4(b), we observe that the Langevin force-extension
relationship leads to much lower peak forces for the parallel chain model than the linear
force-extension relationship. In the Langevin force-extension relationship, for most of the
range of the extension, the force is relatively low and is primarily governed by entropy.
This feature is absent in the linear force-extension relationship so the predicted peak force
is much higher. This comparison highlights the importance of the J-shaped force-extension
relationship in reducing strength.

The modified Langevin force-extension relationship leads to somewhat higher peak
forces than the Langevin force-extension relationship, as shown in Figs. 3.4(b) and 3.4(c).
At the largest scatter characterized by C, = 1, the strength of the linear model is about 50,

while the modified Langevin force-extension relationship reduces the strength to around 5.

o7



Linear model

150 ‘ ]
—¢C,=01
. —CV=0.2
8 c,=03
(o]
%100* / C, =04
(0]
£
el
(0]
N
T
£
[e]
P4

0 1 2 3 4

Fractional extension z/n0
(a)
15 Langevin model 40 Modified Langevin model
—C =01 —C_=0.1
\2 v
w —G,=02 w —C, =02
8 C =03 830+ C, =03/
o v ° v
=107 C, =04/ = C, =04
© v S v
@ C, =05 5] C =05
1S v €20 v 1
° —C_ =06 ° —C_ =06
[0} v (0] v
S —C =08 X —C =08
A oo 8 | “
£ I/ — —GC, =10 Evor /’l i —C, =10
i ) m
0 : : 0 . —
0 1 2 3 4 0 1 2 3 4
Fractional extension z/n0 Fractional extension z/n0
(b) (c)

Figure 3.4: Force-extension curves given by (3.5) for various values of the coefficient of
variation C, for the three types of parallel chain models with (a) linear, (b) Langevin, and
(c) modified Langevin force-extension relationships, respectively.
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Notably, the Langevin force-extension relationship further reduces the strength to about 2.
We remark that the modified Langevin force-extension relationship introduces elasticity of
Kuhn segments resulting from the distortion of covalent bonds at high forces. The segment
elasticity is characterized by the parameter K.

The scatter in the number of Kuhn segments per chain, characterized by the coefficient
of variation C,,, has a significant effect on reducing the strength of the parallel chain model,
as demonstrated in Fig. 3.5. When C, = 0, all polymer chains have the same number of
Kuhn segments, so the normalized strength is equal to the breaking force f, = 200 [23].
With the Langevin force-extension relationship, introducing a small amount of scatter in
the number of Kuhn segments per chain creates a sharp reduction in strength. For instance,
for C, = 0.1 there is more than an order of magnitude reduction in strength compared to
the ideal model where all chains have the same number of Kuhn segments. Increasing the
scatter further reduces the strength. For the Weibull distribution, the largest scatter is
C, = 1, at which the strength decreases by about two orders of magnitude compared to
the ideal strength.

The reason for this large reduction is that the freely-jointed chain has a J-shaped
force-extension curve, in which the force is large only within a narrow range of extension
near rupture. Thus, most of the strength comes from a small fraction of polymer chains.
As C), increases, the maximum of the probability distribution decreases, so that strength

comes from fewer chains.
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Figure 3.5: The effect of the scatter in chain lengths, characterized by the coefficient of
variation C, = ¢/, on the maximum force (i.e. strength) Fy,. of the parallel chain model
with three types of force-extension relationships (linear, Langevin, and modified Langevin).
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Figure 3.6: The effect of the scatter in chain lengths, characterized by the coefficient of
variation C, = o/pu, on the extensibility zyay of the parallel chain model with three types
of force-extension relationships (linear, Langevin, and modified Langevin). The red dashed
curve is shown for comparison. It corresponds to a single freely-jointed chain with the
median number of Kuhn segments.
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3.3.2 [Extensibility

We define the extensibility zmax by the extension at which the mean force F'(z) peaks.
In Fig. 3.6, we plot the normalized extensibility z.x/no of the parallel chain model versus
the coefficient of variation C,, of the number of Kuhn segments per chain for the three types
of force-extension relationships (linear, Langevin, and modified Langevin). It can be seen
that the extensibility decreases as the number of Kuhn segments per chain scatters more.
However, comparing Figs. 3.5 and 3.6, we note that the scatter in the number of Kuhn
segments per chain reduces extensibility much less than it reduces strength.

We note a fact about the Weibull distribution. The median is given by

Mimed = 1o (10 2) (3.8)

where m is the shape parameter and nyg is the scale parameter. The median moves to lower
values of n as m decreases, or as C, increases. Although (3.8) is specific to the Weibull
distribution, the fact that the median decreases with increasing C, is expected for any
one-sided distribution with p(0) = 0. Balancing the fatter tail associated with larger C,
requires the median to shift to smaller n.

We find that the extensibility of the Langevin model (i.e. parallel chain model with
the Langevin force-extension relationship) is correlated with the extension where a single
freely-jointed chain with the median number of Kuhn segments is stretched to rupture.

Approximating the extensibility as the extension where the chain with the median number
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of Kuhn segments achieves the breaking force f;, gives

med _ (1n2)m L(f,). (3.9)

no

This equation is also plotted in Fig. 3.6. The right-hand side of (3.9) as a function of the
coefficient of variation C', deviates from the normalized extensibility of the Langevin model

by less than 7% over the entire range C, € [0, 1].

3.3.3 Power law relationship

We take a second look at Fig. 3.5 and seek to quantify the effect of the scatter
in the number of Kuhn segments per chain on the strength of the parallel chain model.
Graphs of the normalized strength Fl,.. as a function of the coefficient of variation C,, for
the three types of force-extension relationships are plotted in Fig. 3.7, on the log-log scale.
The curves for the Langevin and modified Langevin force-extension relationships are nearly
linear on the log-log scale and hence suggest a power law between the strength Fl,., and
the coefficient of variation C,:

Fmax =A- (Cv)qa (310)

where A and ¢ are constants that need to be determined. The empirical power laws obtained
by least squares fit are shown in Table 3.1. The power law relationship is also derived

analytically via a series of approximations in the next section.
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Figure 3.7: The empirical power law relationship between the strength Fi,.. of the parallel
chain model and the coefficient of variation C,, of the number of Kuhn segments per chain for
the three types of force-extension relationships (linear, Langevin, and modified Langevin).
The red dashed line is the least squares fit to the empirical power law relationship.

Table 3.1: The empirical power law relationship between the strength Fi,.. and C,.

Force-extension relationship | Least squares fit to Fiuax = A - (C,)?

Langevin 2.22 . C;0-824
modified Langevin 4.47 - C;70955
linear, C, > 0.5 56.40 - C;0643
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3.4 Heuristic derivation of the power law relationship

In this section, we provide an analytical derivation that explains the origin of a power
law relationship between the strength F,.. of the parallel chain model and the coefficient
of variation C, of the number of Kuhn segments per chain. The power law relationship
is in the form of (3.10). The key component of the derivation is that the force-extension
relationship is significantly different from zero only within a narrow interval near rupture.

We will show that the strength of the parallel chain model is approximately inversely
proportional to the coefficient of variation C, due to the following two factors. First, the
force-extension relationship predicts nonzero force values only within a small interval near
the fracture point. Second, the Weibull family of distributions and some other suitable
families of distributions possess the property that max [zp(2)] is approximately inversely
proportional to the coefficient of variation C,. Thus, we make the following assumptions.

Assumption 1. The force-extension relationship f(z,n), where n is the number of

Kuhn segments per chain, can be approximated by a function of the form

0, 0< 2 <&,
f(Z,n): (%_ 1)9(721)? £1<%<£27 (3.11)
07 %>€27

where g(§) is a smooth slowly changing function on the interval £ < £ < &, and the length
of the interval (&;,&2), [ := & — &1, is small in comparison with &. Assumption 1 holds for

the Langevin and modified Langevin force-extension relationships.
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Assumption 2. The family of probability distributions p(n; u, o), where p and o are,
respectively, the mean and the standard deviation, has the property that the maximum of

np(n; p, o) is approximately inversely proportional to the coefficient of variation, C, = o/

maxnp(n; u, o) ~ BC, (3.12)

where B is a constant and ¢ is close to 1. Note that this assumption holds for a family of

distributions with the probability density function of the form

p(n; p, o) = %p (n_ﬂ), (3.13)

provided that u is much larger than o, by at least a factor of 3. The function p(-) represents
a unimodal distribution. Then the maximum of the product np(n; u, o) is achieved near

the mean, i.e. n = . Hence, we have

max —p (" — “) ~ gp(()) = p(0)C 1, (3.14)

Our goal is to show that the maximum of the mean force relates to the coefficient of

variation C, according to a power law, i.e.
max/ f(z,n)p(n)dn ~ AC; 9, (3.15)
# Jo

where A is a constant and ¢ is close to 1. To derive the power law, we take a series of

approximations as follows.
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First, according to Assumption 1, for a fixed z, the approximation f (z,m) to the

force-extension relationship f(z,n) is nonzero only within the interval

z z

For further calculations of the mean force, it is convenient to introduce a parameter r and

a small parameter € such that

g T

1 — )

I+e (3.17)
r

§2—1_6

It is easy to check that such parameters r and e are given by

266
_&-&
BRIE R

Then the mean force F'(z) of the parallel chain model can be approximated by

:1Lu;(§__li€)g(§>p@wml (3.19)
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Next, we rescale the integral in (3.19) to the interval [—2/r, 2/;] by introducing a new variable

Noting that dn = edu and n = 2 + eu, we continue the calculation in (3.19):

& 5 . .
e - v : 2

E2
T

Then we take into account the fact that € is a small parameter in comparison with 1, while

Z ~ 1, and that, by Assumption 1, g is slowly changing. Furthermore, since € is small, the

expression in the first parenthesis in (3.20) can be simplified to

z T T T

f—i—eu_l—l—e_l—l—%_l—i—e

%r(l—@)—r(l—e)

z

= re (1 - %) . (3.21)

We simply ignore the small parameter € in the functions g and p in (3.20).

Therefore, we obtain the following approximation for the mean force of the parallel

chain model:

= 2e%g(r)zp (;) =: F(2). (3.22)
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The strength of the parallel chain model is the maximum of the mean force, max F'(z).
Assumption 2 and (3.22) imply that
max F(z) ~ 2e*rg(r) max [Ep (zﬂ
z = Lrt \r
~ 2e*rg(r) max [2'p(2")]
~ 2e%rg(r)BC 1

= AC; 1 (3.23)

v

where A := 2e*rg(r)B is a constant, B is the constant in (3.12), and ¢ is close to 1. Thus,
the strength of the parallel chain model depends on the coefficient of variation C, according
to a power law.

We now derive the power law relationship for two particular families of probability
distributions: the Weibull distribution and the Gaussian distribution. In order to find the
maximizer of zp(z), i.e.

Zmax ‘= argmax [zp(z)], (3.24)

z

we differentiate zp(z) and set its derivative to zero. This results in the following equation

for the maximizer zp.«:

(3.25)

68



3.4.1 The Weibull distribution

The derivative of the Weibull probability density function (PDF) given by (2.52) is

—1 2 m
P(z) = 771(7%—771)2:7”_2 — %22’”_2} exp (—Z—m> . (3.26)
L N N
Hence, (3.25) becomes
z
=— . 3.27
: (m—1)— %zm (3:27)
The solution to this equation is
Zmax — T10- (328)

Plugging z = ny and the Weibull PDF (2.52) into (3.22), we obtain

max F(z) ~ F(ng) = 2erg(r)mexp(—1). (3.29)

z

The shape parameter m of the Weibull distribution can be uniquely determined given the
coefficient of variation, C, = o/u, using equation (2.56). In particular, for 0.1 < C, < 1,

the parameter m can be closely approximated by

m =~ 0.9871-C; 1% 01<C, <1. (3.30)

Substituting the expression for m from (3.30) into (3.29), we obtain the following power
law relationship:

max F(z) ~ 0.9871 - 2¢*rg(r) exp(—1) - C, 0901, (3.31)

z
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Table 3.1 shows that the empirical values of the power of C, in the power law for the
Langevin and modified Langevin force-extension relationships are different from —1.0961,
and the discrepancy is larger for the Langevin model than the modified Langevin model.
These discrepancies result from the errors committed due to the use of the midpoint rule

and due to ignoring the tail of the Weibull distribution.

3.4.2 The Gaussian distribution

The Gaussian distribution has the probability density function (PDF)

p(z) = - 127T exp [—% (Z - “)2] . (3.32)

Equation (3.25) for the Gaussian distribution becomes

2

22— pz—o*=0. (3.33)

The positive solution to this equation is given by

Zmax -

A+ p/1+4C2
2 )

(3.34)

where C, = o/ is the coefficient of variation. We assume that C, < 1/3 so that negative
values of z are extremely unlikely, based on the fact that 99.7% of the values following the

Gaussian distribution lie within 3¢ of the mean p. Then 2., is approximated by

Zmax & (1 4+ C3). (3.35)
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Plugging (3.35) and the Gaussian PDF (3.32) into (3.22), we obtain

(3.36)

Therefore, the power law dependence of the strength on the coefficient of variation is
not specific to the Weibull distribution, but can be expected for any distribution of chain
lengths that is approximately Gaussian near its maximum. The power laws for the Langevin
and modified Langevin models are given in Tables 3.2 and 3.3, respectively. Although the
J-shaped force-extension relationships are not in the same form as approximation (3.11),

this idealized approximation allows us to provide a simple derivation of the power law.

3.5 Piecewise linear approximation of the J-shaped curve

The J-shaped force-extension curve is of particular importance due to its characteristic
behavior where the force is almost zero for a large range of extension, and is significantly
different from zero only within a small range of extension. The task in this section is to test
the analytical argument for the power law by taking a piecewise linear approximation of the
J-shaped force-extension curve, see Fig. 3.8. This approximation method is chosen because
it provides a simplified representation of the sophisticated J-shaped curve. Our goal is to
show that the exact shape of the force-extension curve is not necessary for deriving the

power law between the strength of the parallel chain model and the scatter in chain lengths.
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3.5.1 Least squares approximation

We approximate the force-extension relationship f(z/n) by a piecewise linear function

.

M, (€ — &), 0< &<y,
FO=0ME-e)+f, & <E<é (3.37)
0, §> &,

\

where £ = z/n is the fractional extension. The parameters in (3.37) are defined as follows.

e &y denotes the fractional extension at zero force f = 0. Its value is chosen to be either

& = 0, as derived from the Langevin function (2.13), or the root-mean-square value

_a_ b
§o = Y (3.38)

where zj is the equilibrium chain length given by (2.21).

e ¢, denotes the fractional extension at the breaking force f, = 200 [23]. Its value is
found to be & = 0.995 for the Langevin force-extension relationship, and & = 1.064

for the modified Langevin force-extension relationship. We set f(&) = f(&) = fi.

e The constants M; and M, represent the slopes of the linear segments in the entropic
regime and the energetic regime, respectively. Their values can be determined from

& and fi. Here M, is much larger than M; for the J-shaped force-extension curve.

~

e The point (&, f1), where f1 = f(&1), is the glue point that needs to be determined.
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The best least squares approximation to the force-extension relationship f(z/n) by
the piecewise linear function f (z/n) is obtained in the following way. First, we approximate

the mean force F'(z) defined in (3.5) by

F(z) = / " Fz/mp(n)dn, (3.39)

where p(n) is the Weibull probability density function (PDF) given by (2.52). We denote

by Emna the approximated value of the strength, i.e., the maximum of F(z)

~

F.. = max F(z) (3.40)

Next, we obtain the power law relationship between the approximated strength Frax

and the coefficient of variation C,:

A

Frax = A+ (Cy)4, (3.41)

where A and q are constants determined by least squares fit. By varying the location of
the glue point (£, f1) in (3.37), we compare the constants A and § obtained from (3.41)
with the empirical values of A and ¢ given in Table 3.1.

Finally, we choose the glue point (&3, f1) such that the resulting values of A and q
are as close as possible to the empirical values of A and ¢. This is achieved by minimizing
the sum of squared errors S = (A — A)2 4 (¢ — ¢)2, which allows us to determine the best

piecewise linear approximation f(z/n) to the J-shaped force-extension relationship f(z/n).

We will test this best approximation in a different setting for the parallel chain model.
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3.5.2 Numerical results

Below we compare the power law relationship (3.41), which is obtained using the
piecewise linear approximation of the J-shaped force-extension curve, with the empirical
power law relationship shown in Table 3.1. The comparison will be made for the Langevin
and modified Langevin force-extension relationships. Note that the empirical power law
between the strength and the coefficient of variation is observed for the parallel chain model
in which the number of Kuhn segments per chain (i.e. chain length) follows the continuous
Weibull distribution. We will show that similar results can be obtained in a different setting
where we assume a truncated Gaussian distribution for the lengths of polymer chains.

Modified Langevin model. We first implement the piecewise linear approximation
for the modified Langevin model, which refers to the parallel chain model with the modified
Langevin force-extension relationship. In this case, the J-shaped force-extension curve has
a finite slope in the energetic regime, which allows for a more accurate approximation.
As illustrated in Fig. 3.8, the best least squares approximation to the modified Langevin

force-extension relationship by a piecewise linear function of the form (3.37) yields

(

5.144(€ — &o), 0<&<0.972,
F€) = {2130.8(¢ —0.972) + 5.0, 0.972 < £ < 1.064, (3.42)
0, £ > 1.064,

\

where £ = z/n is the fractional extension and &, is the fractional extension at zero force.

The number of Kuhn segments per chain, n, is assumed to follow the continuous Weibull
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Figure 3.8: Approximation of the modified Langevin force-extension relationship by the
piecewise linear function (3.42) for two values of the equilibrium fractional extension &.
The inset shows that the value of &, affects the approximation only in the low-force region.

distribution in the simulations. The mean of the Weibull distribution for n is set to u = 50.

We consider two different values of &, for numerical experiments: £ = 0 and

o = ~ 0.082, (3.43)

8-
=

where we replace n in (3.38) with the mean value p = 50. Graphs of the piecewise linear
approximation (3.42) for & = 0 and &, = 0.082 are plotted in Fig. 3.8. The inset shows
the discrepancy in the low-force region.

The corresponding graphs of the approximated strength Fl.. as a function of the
coefficient of variation C, are shown in Fig. 3.9(a) on the log-log scale. The match between
these graphs and the black graph which corresponds to the exact strength is very close.

The resulting power laws obtained by least squares fit are given in Table 3.2 for the Weibull
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distribution of chain lengths. Comparison is made with the empirical power law observed for
the parallel chain model with the modified Langevin force-extension relationship. For both
values of &, the constants A and ¢ in the resulting power law (3.41) give good agreement
with their empirical values. This suggests that the piecewise linear approximation method
can capture the essential characteristic of the J-shaped force-extension curve, which is
appropriate for estimating the power law relationship.

To demonstrate the robustness of this simple approximation method, we implement
the piecewise linear function (3.42) in a different setting for the parallel chain model.
Instead of assuming the Weibull distribution for the lengths of polymer chains, we consider
a truncated Gaussian distribution. To obtain the power law relationship that is comparable
to the case of the Weibull distribution, we set the same mean value for the Gaussian
distribution, p = 50. The standard deviation o is varied and assumed to be small enough
so that negative values are extremely unlikely, i.e. o/p < 1/3. The coefficient of variation
C, = o/u, varying in the range 0 < C, < 0.3, is relatively small.

In Fig. 3.9(b), the approximated strength Fluax Of the parallel chain model is plotted
against the coefficient of variation C, for the case of the Gaussian distribution. The results
obtained using the piecewise linear approximation (3.42) for the two values of &, are in
good agreement with the exact strength (black graph), which is similar to the case of the
Weibull distribution. Least squares fits to the resulting power laws are shown in Table 3.2.
The estimated decay rate |g| in (3.41) is slightly higher than the empirical value |¢| = 0.821,
but lower than the power decay rate in the Weibull distribution case. The estimated value

of the prefactor A is smaller than its empirical value but comparable to the Weibull case.
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Figure 3.9: The power law between the strength F},., and the coefficient of variation C,,
obtained using the modified Langevin force-extension relationship (black) and its piecewise
linear approximation (3.42) with & = 0 (blue) and & = 0.082 (green). The red dashed
line is the least squares fit to the power law. The statistical distribution for the number of
Kuhn segments per chain: (a) the Weibull distribution and (b) the Gaussian distribution.

Table 3.2: Comparison between the empirical power law and the power law obtained using
the piecewise linear approximation of the modified Langevin force-extension relationship.

Least fit t
Chain length distribution Force-extension relationship cast squares 0

Frax = A - (Cv)q
Empirical, modified Langevin 4.47 - C;09%5
Weibull distribution Approximation (3.42), § =0 4.40 - C;0-954
Approximation (3.42), & = 0.082 4.34 . ¢ 0962
Empirical, modified Langevin 5.50 - C;0-821
Gaussian distribution Approximation (3.42), § =0 4.87 - C; 0876
Approximation (3.42), £, = 0.082 4.86 - C; 0877
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Langevin model. We now present the numerical results for the Langevin model.

The best piecewise linear approximation of the Langevin force-extension relationship is

given by
4.461(¢ — &), 0 <& < 0.964,
FE) = 1 6302.4(¢ — 0.964) + 4.3, 0.964 < & < 0.995, (3.44)
0, £ > 0.995,

\

where £ = z/n is the fractional extension and ¢ is the fractional extension at zero force.
In this case, the ratio of the slopes in the energetic regime and the entropic regime is very
large, i.e. My/M; = 1413, which captures the significant difference in the stiffness of the
force-extension curve between the two regimes. Graphs of the approximation (3.44) for
& = 0 and & = 0.082 are shown in Fig. 3.10.

Then, similar to the modified Langevin model, we implement the piecewise linear
function (3.44) in the two settings for the chain length distribution. Corresponding graphs
of the approximated strength Fmax as a function of the coefficient of variation C, for the
Weibull distribution and the Gaussian distribution are plotted in Figs. 3.11(a) and 3.11(b),
respectively. For the Weibull distribution, the results obtained from the piecewise linear
approximation closely match the exact strength (black graph). However, the match between
these graphs is less accurate for the Gaussian distribution, especially when C), is close to 0.
The discrepancy is primarily due to the error introduced by approximating the steep slope
of the Langevin force-extension relationship. Least squares fits to the resulting power laws
for both types of distributions of chain lengths are provided in Table 3.3. The close match

to the empirical power law highlights the robustness of the power law relationship.
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Figure 3.10: Approximation of the Langevin force-extension relationship by the piecewise
linear function (3.44) for two different values of the equilibrium fractional extension &.
The inset shows that the value of £, affects the approximation only in the low-force region.

14 —o—Langevin ] 25¢ —o—Langevin

<127 —A—approx, £, =0 —A—approx, £, =0

210/ ° 1 220 ° 1
u_E —m-approx, &, = 0.082 u_E —m—approx, &, = 0.082
£ 8t - - least squares fit < - - least squares fit
=g @ 15+
C c
Q <
@ 6 %
el el
S N
T 4 5 107
E £
S S
P P

0.1 0.2 0.4 06 08 1 0.05 0.1 0.15 0.2 0.25 0.3
Coefficient of variation Cv Coefficient of variation CV
(a) The Weibull distribution (b) The Gaussian distribution

Figure 3.11: The power law between the strength F},.. and the coefficient of variation C,,
obtained using the Langevin force-extension relationship (black) and its piecewise linear
approximation (3.44) with &, = 0 (blue) and & = 0.082 (green). The red dashed line is the
least squares fit to the power law relationship. The statistical distribution for the number of
Kuhn segments per chain: (a) the Weibull distribution and (b) the Gaussian distribution.
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Table 3.3: Comparison between the empirical power law and the power law obtained using
the piecewise linear approximation of the Langevin force-extension relationship.

Least fit t
Chain length distribution Force-extension relationship cast squares ©

Fmax =A- (Cv)q
Empirical, Langevin 2.22 . C;0-824
Weibull distribution Approximation (3.44), & =0 2.26 - C;0820
Approximation (3.44), & = 0.082 2.19 - C;0-8%6
Empirical, Langevin 2.61 - C; 07
Gaussian distribution Approximation (3.44), & =0 2.15 - C;0836
Approximation (3.44), & = 0.082 2.13. C; 0839
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3.6  Discussion

We compare the simulation results with the experimental data for the polyacrylamide
hydrogel [10]. In the experiment, the strength is measured by dividing the breaking force
of a sample by its initial cross-sectional area. The measured strength is 30.5 kPa in [10].
During deformation, the hydrogel does not change the volume. At breaking, the stretch is
about 11 [10], so the initial cross-sectional area is about 11 times the cross-sectional area
at breaking. The area per monomer is taken to be 2.2 x 107! m2. The hydrogel consists
of both polymer and water, and the volume fraction of polymer is 0.128. Consequently, at

breaking, the average force per polymer chain is

30.5 kPa-2.2x 107" m*-11/0.128 ~ 6 x 107 N.

The rupture force of a carbon-carbon bond is a few nanoNewtons, e.g. 1.2 nN [23]. Thus,
the ratio of the theoretical strength to the experimental strength is 2,000. By comparison,
the parallel chain model with the Langevin force-extension relationship predicts the ratio
to be 75 at the maximum amount of scatter, C, = 1.

Moreover, the measured extensibility is also much lower than that of an ideal network.
In [10], the measured extensibility is 10.1, and the ideal extensibility is estimated to be
about 41. Consequently, the ratio of the ideal extensibility to the measured extensibility is
about 4. The parallel chain model predicts the ratio to be about 2 at the largest scatter,
C, = 1. It can be seen that, in each case, the parallel chain model explains a portion of

the discrepancy between the ideal strength and extensibility. However, even pushing the
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coefficient of variation C, to the limiting value is not sufficient to completely explain the
giant discrepancy between the theoretical and experimental values.

We understand this shortcoming as follows. In the parallel chain model where all
polymer chains have the same extension, it is not possible to consider concentration of
stress and deformation around defects. Although, the parallel chain model is chosen since
it is believed that the network structure of polymer materials deconcentrates stress [35],
it alone is not sufficient to describe the large reduction in strength. This suggests that,
although polymer networks deconcentrate stress around defects when compared with silica,
concentration of stress and localization of deformation still play a role. We will investigate

these phenomena using a network model in Chapters 4 and 5.
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Chapter 4: A polymer network model

In this chapter, we develop a network model based on a diamond grid structure, which
is an idealized representation of a polymer network. Each polymer chain is represented by
a freely-jointed chain that features a J-shaped stress-stretch relationship. We incorporate
network imperfection (see Fig. 4.1) into the model by assuming a statistical distribution
for the lengths of polymer chains. Numerical simulations are performed on networks of
different sizes and of various amounts of scatter in chain lengths. The objective of our
work is to understand the effect of the scatter in chain lengths on the fracture properties

of polymer networks.
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(a) Crack-like flaws (b) Scatter in chain lengths

Figure 4.1: Examples of network imperfection: (a) cracks and (b) scatter in chain lengths.
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4.1 Model setup

Setting up a polymer network model, our goal is twofold: first, we aim to show that
some of the mechanical properties observed in fracture of hydrogels [10], i.e., a small scatter
in strength from sample to sample and a large reduction in strength compared to the ideal
network, can be demonstrated using a simple lattice structure; second, the model should
be amenable for numerical experiments.

A two-dimensional network refers to an array of nodes connected into a diamond grid
by links. Each link represents a polymer chain consisting of a number of Kuhn segments.
The nodes at the ends of links represent the crosslinkers that connect neighboring polymer
chains to form a network. We denote by M x N the size of a network with M nodes in
the z-direction and N nodes in the y-direction. In simulations, the network is assumed
to have the bottom boundary fixed, and the top boundary being pulled up via a series of
small increments until the network completely breaks.

As an idealized model, we use a network of lattice structure to represent a polymer
network. The choice of the shape and boundary conditions for the network is discussed
in Section 4.1.1. Two key factors are taken into account: (i) elimination of the boundary
effect and (ii) reduction in computation time. After experimentation, we have settled on
the following network model. The shape of the network is rectangular in a diamond grid
structure. The lateral boundaries are assumed to have z-coordinates fixed, which eliminates
the boundary effect. We incorporate the two components described in Chapter 2 into the
network, i.e., scatter in lengths of polymer chains and a J-shaped stress-stretch relationship.

A complete description of our network model is provided in Section 4.1.2.
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4.1.1 Geometry and boundary conditions

Choosing the shape and the boundary conditions for the network model requires some
experimentation. We first consider two-dimensional rectangular networks of different sizes:
20 x 20 (square), 20 x 80 (slim and tall), and 80 x 20 (wide and low), where all links are of
the same length. The bottom boundary is fixed and the top boundary is controlled by us.
We experiment with free lateral boundaries. The network is stretched in a quasi-stationary
manner until a complete fracture, i.e., the nodes on the top and bottom boundaries belong
to different connected components of the network. In all these cases, breaking scenarios
and mechanical properties such as strength, extensibility, and work of fracture, are highly
affected by the fact that the lateral boundaries are free. Upon stretching, the stress increases
at a slightly faster rate near the corners which causes the polymer chains there to rupture
first, and then a cascade of chain breakage starting from two opposite corners takes place.
Its development depends on the dimension of the network. This phenomenon is known as
the boundary effect.

One way to eliminate the boundary effect is to make the network cylindric in three
dimensions. We consider cylindric networks of sizes 20 x 20, 40 x 40, and 80 x 20 (wide)
and stretch them by pulling up the top boundaries. It is observed that the work values
for them are affected by the reduction of the diameter of the mid-section accompanying
vertical elongation. Moreover, small defects are introduced into the network model to study
the effect of network imperfection. We find that complete fracture of imperfect cylindric
networks takes significantly more time than that of rectangular networks due to additional

degrees of freedom.
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Finally, we have settled on rectangular networks of size N x N in which boundary
conditions are applied to create a pure shear deformation [36]. In other words, the left
and right lateral boundaries are constrained in the z-direction while the network is being
stretched in the y-direction. This setting eliminates the boundary effect, renders values of
work of fracture for ideal networks that are consistent with simple theoretical predictions,

and leads to reasonable runtime.

4.1.2 Our network model

In this dissertation, we have chosen a two-dimensional network model where a polymer
network is idealized to a diamond grid structure, as illustrated in Fig. 4.2. The diamond
cells in an ideal network would have two angles of 60 degrees and two angles of 120 degrees.

Each link connecting two neighboring nodes represents a polymer chain which consists

of a number of Kuhn segments, n. The equilibrium length of each link is given by (2.21),

n

where [, is the Kuhn length [29,30]. Here we set [, = 1 for simplicity. An ideal network

1.e.

is a perfect network where all links are of equal equilibrium length. In other words, all
polymer chains have the same number of Kuhn segments. The width W and the initial

height Hy of an ideal network are respectively set to

W=I(N —1)= /5 (N -1, (4.2)
Hy = ?ZO(N 1) = \/gw —1). (4.3)
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Figure 4.2: Notations for the sets of interior nodes (black) and boundary nodes (red, blue)
for a two-dimensional network in a diamond grid structure.

We will denote the set of interior nodes of the network by Z;, and the sets of its top, bottom,
left, and right boundary nodes, respectively, by Z;, Zp,, Z;, and Z, (see Fig. 4.2).

In simulations, we introduce statistical variation in local properties by scattering the
number of Kuhn segments per chain, n according to a shifted and discretized Weibull
distribution (see Fig. 4.3). We assume that n takes only integer values. The probability

for a polymer chain to have n Kuhn segments is

m 1 m
ol () e ()] o

p(n;m,ng) = (4.4)

Oa n < Nmin,

where np;, is the minimal admissible number of Kuhn segments. In simulations, we set

Nmin = 10 and fix the mean of the Weibull distribution, g = 50. The standard deviation
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Figure 4.3: The shifted and discretized Weibull distribution given by (4.4) for nmy;, = 10,
mean p = 50, and various values of standard deviation o.

o varies in the range 0 < ¢ < p. An ensemble of graphs of the shifted and discretized
Weibull distribution for n.,;, = 10, 4 = 50, and different values of ¢ are shown in Fig. 4.3.

The stress-stretch relationship on the links (i.e. representing polymer chains) is
nonlinear and J-shaped. Each link possesses a force-extension relationship of the form
f = f(z,n) where f is the tensile force, z is the extension of the link, and n is the number

of Kuhn segments per chain. In our network model, f(z,n) is implicitly defined by

modified zpys = (1 + ;@;) \/n {1 - %(f)} + (n2 — n)[L(f))2. (4.5)

We employ the modified zgys as the J-shaped force-extension curve because a nonzero
chain length at equilibrium is needed. A close approximation is designed for the inversion
of modified zrys (see Section 2.3.3). Using the representative strength of covalent bonds,

we set the normalized breaking force to f, = 200 [23] for all links.
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4.2 Simulations

In this section, we describe in detail the experimental setup for numerical simulations
of our network model. The network is first initialized by scattering the lengths of polymer

chains, and then stretched in a quasi-stationary manner until a complete fracture.

4.2.1 Initialization

The minimal admissible number of Kuhn segments is n.,;, = 10. The mean of the
Weibull distribution is set to p = 50, and the standard deviation o is varied. The different
values of o used in the simulations are displayed in Fig. 4.3. Let n denote the mean of the

shifted Weibull distribution for n, i.e.

n =l + Npin = 60. (4.6)

‘ ‘ 200 : : 200
70 4 70 J
60 60

150 150
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0 : ‘ 0 0 ‘ ‘ 0
0 20 40 60 80 0 20 40 60 80
(a) o =10 (b) ¢ =30

Figure 4.4: Initialization of 20 x 20 networks with two different scatters in chain lengths.
The number of Kuhn segments per chain, n, is scattered according to the shifted and
discretized Weibull distribution given by (4.4) for nmy;,, = 10, mean u = 50, and standard
deviations of (a) ¢ = 10 and (b) o = 30.
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We set the width W and the initial height Hy of the network respectively to

This corresponds to an ideal network where all polymer chains consist of 7 Kuhn segments.
Next, we allow the network to relax while holding the bottom boundary at y = 0 and the
top boundary at y = Hy, as well as fixing the z-coordinates of the nodes on the left and
right lateral boundaries. This means that we solve the following system of 2N? — 6N + 4

nonlinear equations for a network of size N x N:

Zf (hej = rill ) 2o =0, j €T,

foj || rj— T ”
X (4.9)
D F s = well )= =0, j € LUTUT,

\ k~j

where r; = (x;,y;) represents node j, k ~ j denotes that node k is connected to node j by
a polymer chain, nj; is the number of Kuhn segments in that chain, and f = f(z,n) is the
force-extension relationship. The sets of interior and boundary nodes (i.e. Z;, Z;, Z,) are
illustrated in Fig. 4.2. The nonlinear system (4.9) is large and poorly scaled, and therefore
requires numerical methods for its solution (see Section 4.3). Graphs of 20 x 20 networks
initialized with two different scatters in chain lengths are shown in Fig. 4.4. The scatter is

characterized by the standard deviation ¢ of the number of Kuhn segments per chain.
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4.2.2 Stretching experiments

As we have mentioned, we stretch the network in a quasi-stationary manner. Thus,
after the initial relaxation, we perform a sequence of very small stretch steps with a fixed
increment of the total height AH. The stretching is stopped when the network completely
breaks, i.e., after the final stretch step, the top and bottom layers of nodes belong to
different connected components. At each stretch step, we increase the y-coordinates of the
top layer of nodes by AH, and then allow the network to relax by solving the nonlinear
system (4.9). Note that this system is nonlinear even for a linear stress-stretch relationship.

We have conducted a series of numerical simulations of stretching networks up to a
complete fracture. The networks are of four different sizes, 20 x 20, 40 x 40, 60 x 60, and
80 x 80. The number of Kuhn segments per chain, n, follows the shifted and discretized
Weibull distribution defined by (4.4) for ny;, = 10, mean p = 50, and standard deviations
of 0 = 6, 10, 14, 18, 22, 26, and 30. The stress-stretch relationship is J-shaped, based on
the modified zrps given by (2.22). Ideal networks where all links have the same equilibrium
length are also studied for comparison.

In each setting, we compute the force at the top of the network during the stretching
process. This allows us to capture and analyze important mechanical properties, including
strength, extensibility, and work of fracture. Moreover, a power law relationship between
the strength and the scatter in chain lengths is observed in our network model, which is
similar to the findings in the parallel chain model discussed in Chapter 3. By comparison,

the power decay in the network model is slower than that found in the parallel chain model.
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4.2.3 Choosing numerical methods

In this dissertation, we will use Nesterov’s accelerated gradient descent (NAGD) [37]
to solve the nonlinear system (4.9). NAGD has shown itself to be highly reliable and robust.
A description of the NAGD algorithm is given in Section 4.3.

We have also implemented other iterative methods to solve the system (4.9), including
regular gradient descent (GD), Levenberg-Marquardt (LM) [38], and adaptive moment
estimation (ADAM) [39]. However, it turns out that all of these methods are not suitable
for solving the system (4.9). GD takes a large number of iterations for convergence that
would not finish, and is considerably slower than NAGD. The Levenberg-Marquardt (LM)
algorithm suffers from an issue of the trust region radius shrinking to machine epsilon since
the Jacobian matrix for system (4.9) is poorly conditioned. The GD and LM algorithms
are both getting stalled as chains start to break.

On the other hand, the performance of ADAM is comparable to NAGD, but ADAM
is slightly worse as it requires more adjustments of parameters. ADAM is an adaptive
optimization algorithm that computes adaptive learning rates for each parameter based on
their first and second moments. ADAM has gained popularity in machine learning due to
its robustness to a wide range of non-convex optimization problems. However, we find that
ADAM does not have obvious advantages over NAGD when solving (4.9). Hence we do

not proceed with implementation of ADAM.
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4.2.4 Computational difficulties

The runtime of simulations significantly increases with the size of the network. Larger
networks require more computational resources and time compared to smaller networks.
Simulations of complete fracture of 20 x 20 and 40 x 40 networks take only 30 to 40 minutes
and 12 to 15 hours, respectively. By contrast, the runtime for 60 x 60 networks increases
to about 3 weeks, and it takes around 5 to 6 weeks for simulations of 80 x 80 networks.

The long runtime for large networks is a consequence of the increased complexity
of numerically solving the large system of nonlinear equations (4.9). The nonlinearity
of the system is compounded by the J-shaped stress-stretch relationship. To solve the
nonlinear system (4.9), iterative numerical methods are commonly used. These methods
iteratively update the positions of nodes and recompute the forces until convergence is
achieved. However, the nonlinearity of the J-shaped stress-stretch relationship makes the
convergence slower and more computationally demanding.

Furthermore, the scatter in chain lengths adds to the computational complexity of
simulations. Recall from Section 2.3.3 that our approximation of the J-shaped stress-stretch
relationship, f(z,n), depends on the number of Kuhn segments per chain, n. Therefore,
chains of different lengths may experience different stages of stretching under the same
macroscopic deformation. This can lead to much more complicated convergence patterns
when solving the system (4.9) and hence additional calculations are required to reach the
equilibrium state.

Due to these challenges, the network model by Lavoie and Suo [40] considered only

the linear force-extension curve. They used ABACUS software and were able to introduce
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scatter only in the breaking force (i.e. strength) of network links, but not in the lengths
of polymer chains. The numerical simulations in [40] were performed on networks of size
80 x 80, which is also the maximum size of our network model. In this dissertation, we
address the computational difficulty arising from the J-shaped force-extension relationship
and focus on the effect of the scatter in chain lengths on the network strength.

To reduce the computational cost of solving the system (4.9), it is intuitive to consider
taking a simple approximation of the J-shaped force-extension curve that provides cheaper
function evaluations. We have implemented the piecewise linear approximation of the
modified Langevin function, as described in Section 3.5. However, it turns out that this

approach does not lead to a significant reduction in runtime for our network model.

4.3 Nesterov’s accelerated gradient descent

In this section, we describe Nesterov’s accelerated gradient descent (NAGD) [37], the
iterative method that we use for solving the nonlinear system (4.9). In particular, we make
the learning rate adaptive at each update step to avoid artificial chain breakage, and employ

a restarting technique [41] for fast and reliable convergence.

4.3.1 The algorithm and convergence rate

Given an objective function f : R? — R that is convex and smooth, we consider the

unconstrained minimization problem

min f(z). (4.10)

rER4
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The simplest and most common optimization approach is gradient descent (GD),

Tiy1 = Tt — ntvf<xt)7 (4~11)

where 7, > 0 is the learning rate and the gradient Vf : R? — R? is Lipschitz continuous
with constant L > 0. For a sufficiently small step size 0 < n; < %, the GD algorithm has
the convergence rate O (%) While GD is universally popular, alternative methods such as
classical momentum (MOM) [42] and Nesterov’s accelerated gradient descent (NAGD) [37]
can result in significantly faster convergence to the optimal value.

NAGD algorithm. Nesterov proposed an accelerated gradient descent (NAGD)
method in 1983 [37], which aims to improve the convergence rate of regular gradient descent
approaches. The NAGD algorithm takes the following form: starting with an initial point

zo € R? and setting yo = o, it iteratively updates the sequences

(gradient update) yi1 =z — 'V f(24),
(4.12)

(extrapolation) Ter1 = Yer1 + Or(Yer1 — W),

where 7; > 0 is the learning rate and 0 < 6; < 1 is the extrapolation weight. In other words,
NAGD performs a gradient descent step from the current point x; to an intermediate point
Yi+1, and then moves slightly beyond ;.1 in the direction given by the previous point y;.
The gradient update step can be viewed as performing a look-ahead gradient evaluation.
The subsequent extrapolation step adjusts the update direction by taking into account the
momentum accumulated from the previous update.

Recently, Sutskever et al. [43] derived an alternative scheme for NAGD that resembles
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a momentum method. They showed that by defining v; 1 := x;11 — x4, the original NAGD

algorithm (4.12) can be rewritten as:

Vg1 = Oy — iV f (a0 + Ovy),
(4.13)

Ti+1 = Tt + Vgt

Although NAGD is not typically thought of as a momentum method, this formulation
reveals its close relation to classical momentum (MOM) [42]. In both cases, the algorithm
tends to continue updating the sequences along the previous update direction. The only
difference lies in the update of the velocity vector v;: MOM evaluates the gradient V f at
the current point z;, while NAGD evaluates V f at the extrapolated point x; + 6;v;.

In practice, the choice of the learning rate 7, and the extrapolation weight 6, (also
referred to as the momentum coefficient) has a significant impact on the performance of
NAGD. Appropriate tuning of these parameters can improve convergence and stability [43].
Techniques such as line search and adaptive strategies can be employed to find suitable

parameter values. Nesterov [37] proposed the schedule 6, = which we adopt in the

_t
43
experiments. Moreover, we make the learning rate n; adaptive at each update step and use
a restarting technique [41]. Our particular schedule for n; is described in Section 4.3.2.

Convergence rate. We discuss below the convergence rate of the NAGD algorithm

with the following schedule for the learning rate 7; and the momentum coefficient 6;:

1
= -,

L (4.14)
0, — t
t_t+ )
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where L is the Lipschitz constant of the gradient Vf. Note that setting 7, = % simplifies

the original algorithm which chooses 7; at each update step using the bisection method.

Theorem 4.1 Suppose the function f : R? — R is convex and its gradient Vf : RY — RY
is Lipschitz continuous with constant L > 0. Then the sequence f(x;) generated by the
NAGD algorithm (4.12) with the parameter schedule (4.14) converges to the optimal value
f* = f(z*) at the rate O (33) as

- 2L || — az*H2

fla) = f7 < T (4.15)

Nesterov proved that the convergence rate O (t%) is optimal among all first-order
methods [37,44]. This is in contrast to regular gradient descent methods, which have
the same computational complexity but can only achieve a O (%) convergence rate [38].
Moreover, while classical momentum (MOM) [42] (also known as heavy-ball method) has
been shown to exhibit a faster convergence rate than regular gradient descent for quadratic
problems, current analysis only gives a global convergence rate of O (1) for MOM [45].

The improved convergence rate of NAGD is attributed to the introduction of the

momentum term vy, 1 = x4 — x; as well as the particularly tuned coefficient

6= :1—§+0<—). (4.16)

t+3 t

We note that the constant 3, derived from (¢+3) —¢ in (4.16), is a so-called magic number.
In fact, it is the smallest constant that guarantees the O (t%) convergence rate for NAGD,

as discussed by Su et al. [46]. They demonstrated that the constant 3 can be replaced
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by any larger number, resulting in a generalized NAGD algorithm with the momentum

coefficient defined by

et = , T > 3, (417)

while maintaining the inverse quadratic convergence (see [46] for theoretical analysis).

In general, NAGD is not a descent algorithm, i.e. does not monotonically decrease
the objective function value, due to the introduction of the momentum term. Oscillations
or overshoots along the trajectory of iterates approaching the minimizer are often observed.
This empirical observation can be modeled using an ordinary differential equation (ODE).
Su et al. [46] derived a second-order ODE which is the continuous limit of the iterates of
NAGD. This ODE exhibits approximate equivalence to the NAGD algorithm in terms of
trajectory behaviors and convergence rates, which can serve as a tool for analysis. The
observed oscillation phenomenon is interpreted by viewing the ODE as a damping system.
Despite the presence of short-term fluctuations, the overall performance of the NAGD
algorithm is highly reliable and robust.

Since the introduction of Nesterov’s accelerated gradient, there has been significant
research on the development of first-order accelerated methods. Theoretical developments
of various convergence-rate theorems were given in Nesterov’s subsequent works [44,47,48],
and a unified analysis of these methods was provided by Tseng [49]. Many approaches
have been developed to speed up the convergence of Nesterov’s algorithm, such as adaptive
learning rate methods [50-52], restarting techniques [41,46], and other variants [48,53,54].
Notable applications can be found in a wide range of fields, including deep and recurrent

neural networks [43], compressed sensing [55], and sparse linear regression [53,56].
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4.3.2 Adaptive learning rate and restarting

We now apply Nesterov’s accelerated gradient descent (NAGD) [37] to solve the
nonlinear system (4.9) and describe our particular schedule for an adaptive learning rate.
Indeed, solving the system (4.9) can be formulated as an optimization problem, where the
objective is to find the position of the network that minimizes the potential energy of this
physical system. Below we present the application of the NAGD algorithm for solving (4.9)
and provide an initial guess for the solution.

We rewrite the system (4.9) as a nonlinear equation

F(p) =0, (4.18)

where F denotes the left-hand side of (4.9) and p is the vector of coordinates of free nodes

Lj, jeT;

p= € R%. (4.19)

Yj, jeT,un I,
The dimension of the space is d = 2N? — 6N + 4 where N is the network size. Note that
the force F is the negative gradient of the potential energy U, i.e. F = —VU. Then the

system (4.9) is equivalent to

VU(p) = —F(p) = 0. (4.20)

Hence, the solution of (4.9) can be interpreted as the minimizer of the potential U(p).
In this work, we use the NAGD algorithm (4.12) to minimize the potential U(p).
As mentioned in Section 4.3.1, we adopt the schedule proposed by Nesterov [37] for the
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momentum coefficient, 6, = and design an adaptive schedule for the learning rate 7.

_t
t+3”

The NAGD update for the position vector p is given by

qi+1 = pt + i F(py),
(4.21)

t
= 4+ — ’
Pit+1 = de+1 P 3(Qt+1 Qt)

where the negative gradient —V U is replaced by the force F. We describe below a suitable
choice of the initial point py and the schedule for 7;, which can speed up the convergence.

Recall that the network is stretched by a sequence of small steps until a complete
fracture. At each stretch step, we iterate the update formula (4.21) to find the equilibrium
position of the network. For stretch step £ > 1, an initial guess p(()k) for the solution of

system (4.9) can be obtained using linear extrapolation from the previous two stretch steps:

p{) = 2pV —pt-2 k=23 (4.22)
where p{® denotes the solution of (4.9) found at stretch step k. It should be noted that
when a link breaks, the initial guess (4.22) is not applicable and we simply use the previous
solution pikil) as the initial point. In this case, the NAGD algorithm requires much more
iterations to converge, till the norm of the residual being less than 10~ for 80 x 80 networks.

The stopping criterion for the update formula (4.21) is that, either the number of

iterations exceeds 108, or the norm of the force F normalized by the network size N decays

to a certain threshold:

T2 <1078, for N = 20,40,
N (4.23)
F

<1077, for N = 60, 80.
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The convergence threshold is relaxed for large networks to reduce computation time.

In the original setting where we used a constant learning rate 1, = 0.2, scenarios of
artificial chain breakage were observed. A number of network links ruptured simultaneously
within a single stretch step, leading to a rapid and unrealistic fracture of the network.
Such artificial breaking scenarios result in an underestimation of the ultimate properties
(strength, extensibility, and work of fracture) of the network model. This entails the need
for an adaptive learning rate that can recover the behavior of progressive chain breakage.

The learning rate n; needs to be adapted to account for the J-shaped force-extension
relationship. As seen in Fig. 2.4, the force grows rapidly only within a narrow range of
extension before rupture. Even a small stretch step of the network can lead to a blow up of
forces on many endangered chains that are highly stressed. It turns out that the constant
learning rate 17, = 0.2 is too high to capture the sensitive changes in forces within the
energetic regime, and therefore results in artificial chain breakage. To address this issue,
we reduce the learning rate in situations where multiple chains may rupture simultaneously.
This ensures that polymer chains rupture only when they should, in a progressive manner.

An adaptive schedule for the learning rate 7, is carefully designed for our network
model. The default value for the learning rate is set to 7, = 0.2. At each stretch step,
we allow the network to relax. The new equilibrium position is found using the update
formula (4.21), which iteratively updates the position vector p and recomputes the force F
on chains. A chain ruptures if the force acting on it exceeds the prescribed breaking force
f» = 200. The learning rate n; is programmed to be reduced by half if more than one chain
is predicted to rupture in the next update step, and it can be reduced up to the minimum
value Nmin = 107° if necessary.
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We restart the NAGD algorithm whenever the learning rate 7 is reduced. Restarting
the algorithm means that we start the algorithm again, taking the current iteration as the
new starting point, i.e., (4.21) is restarted with py = qo := p; whenever it predicts that
more than one chain will rupture. This erases the memory of previous iterations and resets
the momentum back to zero, preventing the momentum coefficient 6, = H% from steadily
decreasing over the iterations. By periodically resetting the momentum coefficient to zero,
the restarting technique prevents the accumulation of too much momentum that may cause
unnecessary oscillations or overshoots, and therefore leads to fast and reliable convergence.
A heuristic analysis in [41] suggests that adaptively restarting the algorithm can recover
the optimal linear rate of convergence in many cases.

Indeed, we have encountered other unfavorable situations where it is necessary to
adapt the learning rate 7; and reset the momentum coefficient 6; to zero. It is well-known
that NAGD is not a descent algorithm, and the decay of the norm of the residual typically
occurs in the form of oscillations with decreasing amplitude. In programming, we keep

reducing 7; up to the minimum threshold 7, = 107° and restart the NAGD algorithm

from the current iteration if any of the following conditions holds:

(i) More than one polymer chain is predicted to rupture in the next iteration, i.e., there
are multiple chains with forces exceeding the breaking force, f > f,. This motivates

the need to avoid artificial chain breakage.

(i) The number of iterations exceeds 5 x 10% while the norm of the residual ||F||/N
remains larger than 1072. This situation indicates that the iterates of NAGD may be

overshooting the minimizer when the learning rate 7, is too high.
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(iii) The norm of the residual exhibits an oscillation pattern where ||F||/N first decreases
but then starts to grow larger than its initial value. The oscillatory behavior may

eventually lead to a blow up of the norm of the residual.

It has been empirically observed in [41,46] that the restarting technique can significantly
boost convergence by reducing bumps in the norm of the residual. Moreover, the minimum
value of the learning rate is small enough so that ||F|| decays monotonously while it is still
large or comparable to the breaking force, ensuring that chains break only if they should.

The NAGD algorithm has shown itself to be highly reliable and robust in simulations
of our network model. Despite the nonlinear system (4.9) being large and poorly scaled,
the solution can be found typically within a few thousand iterations for 80 x 80 networks,
thanks to a suitable choice of the initial guess using information from previous iterations.
When a polymer chain ruptures, the initial guess given by (4.22) is no longer applicable
due to the J-shaped stress-stretch relationship, in which case NAGD requires significantly
more iterations to converge. Most importantly, by employing an appropriate learning rate
schedule, the NAGD algorithm always converges without getting stuck.

A pseudocode providing a template for Nesterov’s accelerated gradient descent (NAGD)
is outlined in Algorithm 1. It describes the solution of the nonlinear system (4.9) at each
stretch step. In this dissertation, the numerical solver has been implemented using the C
programming language. We have programmed everything from scratch, in particular, the
design of the adaptive schedule for the learning rate, the choice of the minimum threshold
for the learning rate that ensures progressive chain breakage, and the detection of poor

convergence behavior that requires restarting. Our C codes are available upon request.
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Algorithm 1: Nesterov’s accelerated gradient descent (NAGD)

Initialization:
Set default learning rate 7, = 0.2 and minimum value 7y, = 107°;
Set stopping tolerance tol = 10~® for N = 20,40 and tol = 10~" for N = 60, 80;
Set initial point pg := 2p>(kk_l) — pik_z) if no chain breaks; otherwise pg := p&k_l);
Set qp := pg and t := 0;
while ||F(p;)||/N < tol and number of iterations < 10® do
Qr1 = Pr + 7 F(py);
Pit1 = Q41 + H%(Qtﬂ —q);
Compute forces f on polymer chains at position py1;
while more than one chain has force f > f, and 1n; > Nyin do
Reduce learning rate 7, := 1,/2 and reset t := 0;
Qe = pr + 0 F(pe);
Prr1 = Qu1 + 73 (A1 — Qo)
Compute forces f on polymer chains at position pyy1;
end
Set t:=1t+ 1;
if there exists a chain with f > f, then that chain breaks and restart NAGD;
if |F(py)||/N > 1072 and number of iterations > 5 x 10* then
Reduce learning rate 7, := 1,/2 and reset t := 0;
end
if ||F(p:)| grows larger than its initial value ||Fy|| then

Reduce learning rate 7, := 1,/2 and reset t := 0;

end

end

4.4 Results

In this section, we present the simulation results of our network model. Specifically,
stress-stretch curves are obtained during stretching experiments of the network model. The
stretching experiments are categorized by two properties, the size of the network N x N and
the scatter in chain lengths. The scatter in chain lengths is characterized by the standard
deviation o of the number of Kuhn segments per chain.
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4.4.1 Calculation for the ideal network

We calculate the strength and extensibility of the ideal network, where all polymer
chains consist of the same number of Kuhn segments, deform at the same stretch, and
break simultaneously. We denote by Fi,, the force exerted at the top of the network and
denote by A the stretch of the network. The stretch is defined by the ratio of the current
height of the network to its initial height, A\ = H/H.

In experiments, the strength of a polymer network is defined by the maximum stress,
i.e., the maximum force per unit area that the material can withstand before failure. In our
two-dimensional network model, we define the strength as the maximum force divided by
the width of the network, F.x/W, where F,,x is the maximum value of the force exerted
at the top Fiop during the deformation process. We interpret the stretch at the maximum
force as the extensibility of the network model, denoted by Aax.

We consider an ideal network of size N x N, in which all polymer chains have the same
number of Kuhn segments, n. Since there is a single chain length, all chains will experience
the same deformation and carry the same tensile force. If the force on individual chains
exceeds the breaking force f,, all chains break simultaneously. The force exerted at the
top of the network reaches its maximum right before rupture. Note that there are 2N — 1
chains attached to the top of the network and each chain carries the breaking force f, at
this point. Thus, the strength of the ideal network, i.e. the maximum force at the top

divided by the width of the network, is given by

(2N — 1) fy cos(a*)
(N —1)/n/3

Fonae/W = : (4.24)
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Figure 4.5: An illustration for the angle a* between the polymer chain and the y-direction
right before rupture. At this point, the polymer chain is stretched to length [, while
sustaining the breaking force f,. The horizontal distance between two nodes equals the
initial chain length [y at equilibrium.

where N is the network size, W is the width of the network given by (4.2), n is the number
of Kuhn segments per chain, f, is the breaking force, and a* is the angle between the
polymer chain and the y-direction right before rupture, as illustrated in Fig. 4.5. Here the
breaking force is set to f, = 200 for all chains.

We calculate the stretch of the network at the maximum force as follows. Initially,
all polymer chains have the same equilibrium length [, = \/n_/3, where n is the number of
Kuhn segments per chain. The initial height of the chain is v/31y/2. At breaking, every
chain is stretched to length [, and its height becomes [, cos(a*), where the angle a* is
displayed in Fig. 4.5. Then the extensibility of the ideal network, i.e. the stretch at the

maximum force, is given by the ratio of the height at breaking to the initial height,

_ lycos(a*)  Iycos(a¥)

A =T s T 2

(4.25)
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Finally, we calculate the angle o* which represents the orientation of the polymer
chain with respect to the y-direction right before rupture, as in Fig. 4.5. The distance
between two nodes in the z-direction equals the equilibrium chain length [y = \/n_/B, where
n is the number of Kuhn segments per chain. For the modified Langevin force-extension
relationship, the fractional extension of the chain at breaking is found to be [l,/n ~ 1.064.
In the ideal network, the number of Kuhn segments per chain, n, equals the mean of the

shifted Weibull distribution, i.e. p + ny;,, = 60. Thus, for the angle a*, we have

0.5l
L, 1.064n

cos(a*) = 1/1 — sin*(a*) ~ 0.9994. (4.27)

0.5\/n/3
- /3 0.0350, (4.26)

sin(a®)

Then, for instance, the strength and extensibility of an ideal network of size 20 x 20 are

respectively equal to

39 - 200 - 0.9994

19+ /60/3

-1.064 - 0.9994
)\max%60 064 - 0.999 ~ 16.47

V60/2

Frnax/W =

~ 91.74,

The theoretical values of the strength Fi,../W and extensibility Apna.x, respectively
given by (4.24) and (4.25), for ideal networks of sizes 20 x 20, 40 x 40, 60 x 60, and 80 x 80,
are provided in Tables 4.1 and 4.2. In addition, the computed values of the ideal strength
and extensibility obtained from simulations are included for validation. We see that the
computed values of the ideal strength are slightly lower than the theoretical values, and

the discrepancy between them becomes smaller as the network size N increases.
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Table 4.1: Theoretical and computed values of the strength F,../W for ideal networks.

Network size | Theoretical Fy./W | Computed Fyay /W

20 x 20 91.74 91.48
40 x 40 90.53 90.27
60 x 60 90.15 90.10
80 x 80 89.95 89.94

Table 4.2: Theoretical and computed values of the extensibility A\p., for ideal networks.

Network size | Theoretical A | Computed A

20 x 20 16.466 16.462
40 x 40 16.466 16.462
60 x 60 16.466 16.465
80 x 80 16.466 16.466

108



4.4.2 Stress-stretch curves and strength

We have obtained stress-stretch curves by conducting a series of numerical simulations
of stretching networks up to complete fracture. Stress-stretch curves for small networks of
sizes 20 x 20 and 40 x 40 were obtained by running 6 samples and 3 samples for each of
the seven values of standard deviation o, respectively. Due to the increased computational
time required by simulations of large networks, we ran 2 samples for each setting of 60 x 60
networks and 1 sample for 80 x 80 networks.

In Fig. 4.6, we plot the force at the top normalized by the width of the network,
Fiop/ W, versus the stretch A for each of the four network sizes N x N and each of the seven
values of standard deviation . In each plot, stress-stretch curves obtained using different
samples for the same value of ¢ are shown in the same color, which allows for observation
of sample-to-sample variations. In addition, stress-stretch curves for ideal networks are
plotted for comparison (black graph).

In all these settings, stress-stretch curves for networks with scattered chain lengths
exhibit much lower peak forces (i.e. strength) than that of the ideal network. For small
values of o, where the scatter in the number of Kuhn segments per chain is small, the force
at the top drops down precipitously after it reaches the peak, indicating a cascade of chain
breakage in the network. As o increases, the number of Kuhn segments per chain scatters
more, the force at the top has a lower peak and the peak force occurs at a lower stretch.

We observe a large reduction in strength, i.e. the maximum of the normalized force
at the top, compared to the ideal network. With the J-shaped stress-stretch relationship,

introducing a small amount of scatter in the number of Kuhn segments per chain greatly

109



20x20 network 40x40 network
100 : ' 100 i : "
—ideal —ideal
—o=6 —o0=6
80 |— =10 80— o=10
o=14 o=14
s o=18 ; oc=18
a 60 o=22 “a 60 0=22
w® —o0=26 u® 0=26
@ —o0=30 A —o=30
2 40 2 40¢
o »
20+
0 B e
0 5 10 15 20 25
Stretch \ Stretch A
(a) (b)
60x60 network 80x80 network
100 ; 100 :
—ideal —ideal
—o5=6 —o0=6
80— =10 1 80— =10
o=14 o =14
= o=18 = o=18
Ta 60F o=22 ~a 60 o =22
s =26 s c=26
@ —0=30 @ —o0=30
S 40} 2 40
n n
20¢ m’ . 20| ,
/|
A{WI . J,ﬂ‘“/‘z/
0 = 0 = ‘ —
0 5 10 15 20 0 5 10 15 20
Stretch A Stretch \
(c) (d)

Figure 4.6: Force at the top normalized by the width (i.e. stress) Fi,,/W versus stretch A
for various values of standard deviation o for (a) 20 x 20 networks, (b) 40 x 40 networks,
(c) 60 x 60 networks, and (d) 80 x 80 networks. For each o, stress-stretch curves were
obtained using 5 samples, 3 samples, 2 samples, and 1 sample, respectively, for networks
of the four sizes. Black graphs correspond to stress-stretch curves for ideal networks.
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reduces strength. For instance, for a small scatter ¢ = 6 the strength is reduced to less
than 30% of the strength of the ideal network. At the largest scatter o = 30, the strength
is further reduced to approximately 15% of the ideal strength. Moreover, we can see from
Fig. 4.6 that the variation in strength from sample to sample is relatively small.

We extract the strength values from the stress-stretch curves in Fig. 4.6 and average
them over different samples for each setting. Graphs of the strength F,./W as a function
of the standard deviation o for networks of the four different sizes are plotted in Fig. 4.7.
The variation in strength between samples is illustrated by the error bars. As the scatter
in chain lengths increases, we observe a nonlinearly scaling reduction in strength compared
to the ideal network with no scatter (¢ = 0). This nonlinear effect is due to the use of
the J-shaped stress-stretch relationship. On the other hand, we see that the strength is
relatively consistent among different network sizes. There is a slight decrease in strength
as the network size N increases.

Finally, we discuss the effect of the size of the network on the behavior of stress-stretch
curves and the resulting breaking scenarios. As seen in Fig. 4.6, stress-stretch curves for
small networks of sizes 20 x 20 and 40 x 40 exhibit a zig-zag pattern around peak forces,
especially when the scatter in chain lengths is large. The force at the top remains high for
a certain range of stretch before eventually collapsing. Moreover, a long tail of small forces
is observed in stress-stretch curves of small networks. As the network size N increases,
stress-stretch curves become smoother and the force at the top tends to drop down shortly

after reaching the peak. In particular, we observe a cascade of chain breakage for all values

of o in 80 x 80 networks (see Fig. 4.6(d)).
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Figure 4.7: The effect of the scatter in chain lengths, characterized by standard deviation o,
on the maximum stress (i.e. strength) Fi.x/W of the network model for the four network

sizes. The strength values obtained from multiple samples are averaged. The variation
between samples is shown with the error bars.
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Figure 4.8: The effect of the scatter in chain lengths, characterized by standard deviation o,
on the (a) extensibility Ayax and (b) work of fracture Wy of the network model for the four
network sizes. The values of A\, and W; obtained from multiple samples are averaged.
The variation between samples is shown with the error bars.
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4.4.3 Extensibility and work of fracture

We define the extensibility A\« by the stretch at which the stress-stretch curve peaks.
In Fig. 4.8(a), the extensibility values averaged over multiple samples are plotted against
the standard deviation ¢ of the number of Kuhn segments per chain for networks of the
four sizes. The error bars represent the variation between samples. We observe a linearly
scaling decrease in extensibility as the number of Kuhn segments per chain scatters more.
Furthermore, the variation in extensibility between samples becomes larger as ¢ increases.
This is related to the zig-zag behavior of stress-stretch curves for small networks and large
values of o, as in Fig. 4.6. Indeed, there exists a certain range of stretch at which the force
at the top of the network remains high and close to the peak force.

Another important mechanical property is the work of fracture that measures the
energy absorbed by the network before failure. In experiments, the work of fracture is
defined by the area under the stress-stretch curve up to the point of failure. Here we focus
on the mechanical behavior up to the peak of the stress-stretch curve, which corresponds
to the strength, and ignore the long tail of small forces. We define the work of fracture Wy
by integrating the area under the stress-stretch curve up to the extensibility Apax.

In Fig. 4.8(b) we plot the work of fracture Wy against the standard deviation o for
networks of the four different sizes. The work values are obtained from the stress-stretch
curves shown in Fig. 4.6 and averaged over different samples for each . The variation
between samples is illustrated by the error bars. Comparing Figs. 4.7 and 4.8(b), we obtain
a similar reduction in work of fracture as we observe in the strength of the network model.

The variation in work of fracture is also small from sample to sample.
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4.4.4 Power law relationship

We now quantify the effect of the scatter in the number of Kuhn segments per chain
on the strength of the network model. Specifically, we demonstrate a power law dependence
of the strength Fy,../W on the standard deviation ¢ of the number of Kuhn segments per
chain. This finding will be compared to the power law relationship derived in the parallel
chain model, as discussed in Chapter 3. Note that in the parallel chain model we use the
coefficient of variation, C,, = o/pu, to characterize the scatter in chain lengths, whereas in
the network model we simply use the standard deviation o to characterize the scatter.

To compare the reduction in strength for networks of different sizes, we normalize the
strength Fi.x/W by the ideal strength Fiaxidea/W. The resulting ratio, Finax/Fmax.ideal,
is referred to as the normalized strength. In Fig. 4.9(a) we plot the normalized strength
Fax/ Fnaxideal 2gainst the standard deviation o on the log-log scale for networks of the
four different sizes. The curves for large networks fluctuate due to the limited number
of samples implemented in the simulations. Despite this fluctuation, all curves are nearly
linear on the log-log scale. Hence, we seek to quantify a power law between the normalized

strength Flax/Finaxideal and the standard deviation o of the form

Fmax/Fmax,ideal = Co.p’ (428)

where C' and p are constants that need to be determined. Least squares fits to the power
laws for networks of the four sizes are shown in Table 4.3, where the power p is the same

for all network sizes and the constant C' varies with the network size N (see Fig. 4.9(b)).
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Figure 4.9: (a): The power law between the normalized strength Fiax/Fiaxideal Of the
network model and the standard deviation o of the number of Kuhn segments per chain
for the four network sizes. The red dashed line is the least squares fit to the power law
relationship. (b): The constant C' as a function of the network size N.

Table 4.3: The power law between the normalized strength Fiax/ Finax ideal and the standard
deviation o for the network model, in comparison with the empirical power law observed
for the parallel chain model with the modified Langevin force-extension relationship.

Least squares fit to
FmaX/Fmax,ideal = Co?

20 x 20 network 0.539 . g—0:334
40 x 40 network 0.515 . g~ 0334
60 x 60 network 0.502 . o—0-334
80 x 80 network 0.491 - g—0-334
parallel chain model 0.938 . g—0:955
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4.5 Discussion

Our network model suggests that, the scatter in chain lengths combined with the
J-shaped stress-stretch relationship leads to a significant reduction in strength compared
to the ideal network, while keeping the variation in strength small from sample to sample.
Specifically, we find that the strength of the network model can be reduced to as low as 15%
of the strength of the ideal network. The use of the J-shaped stress-stretch relationship
results in a nonlinearly scaling decrease in strength as the scatter in chain lengths increases.

We quantify the nonlinear effect of the scatter in chain lengths on the strength of the
network model using a power law relationship. The scatter in chain lengths is characterized
by the standard deviation o of the number of Kuhn segments per chain. We obtain the
following power law relationship between the normalized strength Finax/Fmaxidear and the

standard deviation o for networks of different sizes:

FmaX/Fmax,ideal - 00-_0.334- (429)

The power of ¢ is consistent for all network sizes, indicating a universal behavior of the
strength decay, while the constant C' depends on the network size V.

We observe an interesting pattern in the lines of least squares fits to the power laws
as in Fig. 4.9(a). The red dashed lines are almost equidistant from each other for network
sizes larger than 40 x 40. This observation suggests that the constant C' in the power law
decreases nearly linearly as the network size N increases, as demonstrated in Fig. 4.9(b).

Due to this fact, we cannot further extrapolate the power law to larger network sizes.
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A comparison between the power laws observed for the network model and the parallel
chain model in the same setting is presented in Table 4.3. In both models, each polymer
chain is represented by a freely-jointed chain with the modified Langevin force-extension
relationship, and the number of Kuhn segments per chain obeys the Weibull distribution.
We see that the decay rate of the normalized strength Finax/Fiaxideal With respect to the
standard deviation o in the parallel chain model is faster than that in the network model.
The empirical values of the power of ¢ in the two models differ by about a factor of 3.

The discrepancy in the decay rate of strength between the network model and the
parallel chain model originates from their underlying structural differences. The network
model takes into account the interactions between polymer chains, which allows for load
sharing and stress redistribution. Each individual chain in the network represents a small
segment that is part of various paths traveling from the bottom to the top of the network.
When a chain breaks, the stress carried by that segment is released, causing a redistribution
of the load to the remaining chains in the network. As a result, the failure of a single chain
contributes to a portion of the overall strength reduction.

By contrast, interchain interactions are ignored in the parallel chain model, where
all polymer chains are stretched in parallel with their ends attached to two rigid plates.
The entire chain between the rigid plates fails when any of its Kuhn segments breaks, and
the failure of each chain is independent. Therefore, the presence of shorter chains breaking
before longer chains has a more pronounced impact on the strength predicted by the parallel
chain model, leading to a faster decay rate of strength compared to the network model.
Despite this discrepancy, our findings suggest that the strength scaling with the scatter in

chain lengths by a power law may be a universal behavior in polymer networks.
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In addition to strength, we have also investigated the effect of the scatter in chain
lengths on two other important mechanical properties: extensibility and work of fracture.
We compare the simulation results with the experimental data for hydrogels [10]. In the
experiment, the extensibility of an ideal network is estimated to be about 41, which is much
larger than the measured extensibility of 10.1 for the polyacrylamide (PAAM) hydrogel.
The sample of the hydrogel used in [10] has n = 1786 Kuhn segments per chain, whereas
in our network model the average number of Kuhn segments per chain is n = 60.

The ideal extensibility of our network model is found to be 16.5, lower than the
theoretical estimate of 41 given in [10]. This discrepancy is due to the much shorter chain
lengths used in the simulations compared to the real polymer chains in the hydrogel sample.
At the largest scatter characterized by the standard deviation o = 30, the extensibility
of our network model is reduced to about 11.2, which is comparable to the experimental
measurement for the PAAM hydrogel [10]. However, the reduction in extensibility obtained
by our network model is not large enough to account for the experimentally measured
reduction by about a factor of 4 compared to the ideal network.

On the other hand, the work of fracture of the hydrogel sample is lower than that of
an ideal network by about four orders of magnitude [10]. This reduction in work of fracture
is interpreted as a measure of network imperfection, such as variation in chain lengths and
chain entanglements. Our network model captures the large reduction in work of fracture
even with a small amount of scatter in chain lengths introduced, thanks to the use of the
J-shaped stress-stretch relationship. Although the magnitude of the reduction is far smaller
than that observed in the experiment [10], our findings demonstrate the effect of network

imperfection on the fracture properties of polymer networks.
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Finally, we compare our network model to the stochastic network model developed
by Lavoie and Suo [40]. The authors simulate a network model in which the constituents
are linearly elastic members forming a periodic triangular lattice. The stochastic nature is
introduced by assigning a random strength to each member of the network, which follows
the Weibull distribution. In [40], it is shown that the strength of the stochastic network is
an outcome of a competition between stress concentration at the crack tip and statistical
distribution of member strength. When the member strength scatters narrowly, the stress
concentration prevails, and the crack greatly reduces the strength of the network, indicating
flaw sensitivity. As the scatter in member strength increases, the statistical distribution
prevails, and the network strength becomes insensitive to the crack. These findings provide
insight into the competing effects of flaws and stochastic member strength on reducing the
overall strength of the network, which is indeed a manifestation of network imperfection.

The key difference between our network model and the stochastic network in [40]
lies in the introduction of statistical variation in local properties. We assume that the
breaking force (i.e. strength) is the same for all members, while the lengths of polymer
chains are scattered according to the Weibull distribution. Nonlinear chain elasticity is
incorporated into our model by considering a J-shaped stress-stretch relationship, which
enables a significant reduction in the strength of the network. The mechanical response
predicted by our network model is qualitatively similar to the findings from [40], providing

further insight into the quantification of network imperfection.
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Chapter 5: Breaking mechanism: shortest paths and holes

Thus far, we have investigated the effect of the scatter in chain lengths on the fracture
properties of polymer networks using two different models: the parallel chain model and
the network model. In both models, the reduction in strength obtained from simulations
explains a portion of the giant discrepancy between the experimentally measured strength
of hydrogels and the strength of covalent bonds [10]. The parallel chain model allows for
simple calculations and is amenable for analysis by analytical tools. However, it does not
take into account the effects of stress concentration and interchain interaction present in
the real polymer network. On the other hand, the network model, designed to mimic the
polymer skeleton of hydrogels, is only amenable for numerical simulations. One limitation
of the network model is that we cannot extrapolate the power law between the strength
and the scatter in chain lengths to larger network sizes, and simulations of larger networks
are much more computationally demanding.

In this chapter, we shift our focus towards analyzing the microscopic characteristics
and the breaking mechanism of the polymer network. Using the network model developed
in Chapter 4, we analyze the topology of the network by computing the shortest paths
between the top and bottom boundaries (see Fig. 5.1(a)). We find that chains are more

likely to break on the global minimum shortest path, or on the shortest path with length
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Figure 5.1: (a): The minimum shortest path (highlighted) between the top and bottom
boundaries of the network. (b): The presence of isolated holes (highlighted) at peak force.
The colorcode shows the stress of individual links.

very close to the global minimum. This finding suggests that, during the stretching process,
broken links that concentrate stress can be characterized through a microstructural feature
associated with the shortest paths in the network. We seek to understand the connection
between concentration of stress and the microstructure of the network, which provides
valuable insights into the underlying fracture mechanism. In addition, we demonstrate that
the characterization of broken links through the shortest paths can serve as an amenable
tool for predicting a subset of weak links that tend to break shortly.

The length distribution of shortest paths between well-separated crosslinks has been
studied for bond-breaking events in multi-network elastomers [27]. The length of a path
connecting two distant crosslinks is defined as the sum of the number of Kuhn segments
per chain along the path. Among multiple paths connecting the two crosslinks, the path
with the lowest total weight is defined as the shortest path. In [27], it is shown that the
average shortest path length between far-away crosslinks is the key microstructural feature

that controls both molecular-level bond-breaking events and the macroscopic mechanical
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response of elastomers. In this work, we relate the strength (i.e. peak force) of our network
model to the average shortest path length at initialization. We find that the peak force
occurs when the shortest path with average length at initialization becomes the global
minimum shortest path that concentrates the majority of the stress.

Furthermore, the presence of isolated holes is observed when the network model
reaches the peak force, as illustrated in Fig. 5.1(b). To gain a better understanding of
this phenomenon, we study the formation and growth of holes while keeping track of the
force exerted at the top of the network throughout the stretching process. We demonstrate
phase transitions in the network topology as the applied force grows, reaches the peak, and

eventually drops down to zero.

5.1 Introduction

Elastomers are polymer materials that can sustain large reversible strain and are
essential components for stretchable electronics. Their elasticity and stretchability make
them suitable for the development of novel wearable and biological applications [57, 58].
The mechanical properties of unfilled elastomers can be improved by adding easier-to-break
crosslinks [59], for instance, through a multi-network structure [18,60]. The introduction
of these crosslinks, however, also leads to strong stress-strain hysteresis that is similar to
the Mullins effect [16], indicating strain-induced damage. The mechanism controlling the
pattern of bond breaking in multi-network elastomers is not yet understood. In particular,
identifying a microstructural parameter for the polymer network that explains the hysteretic

stress-strain behavior is of critical importance for understanding the damage evolution.
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Recently, Yin et al. [27] have investigated the strain-induced damage in multi-network
elastomers using coarse-grained molecular dynamics (CGMD) simulations. By analyzing
the topology of the elastomer network, they have examined multiple candidates for the
microstructural parameter that controls the strain-induced damage evolution. Based on
the results from CGMD simulations, the authors propose that a suitable microstructural
parameter needs to satisfy three criteria: (i) be anisotropic, (ii) be hysteretic with strain,
and (iii) controls the stress-strain response. The controlling microstructural parameter
connects molecular-level bond-breaking events to the macroscopic mechanical behavior of
elastomers, which can serve as a foundation for the development of physics-based models
and the design of novel materials with tunable mechanical properties [61,62].

In [27], the topological analyses of the elastomer network are performed by computing
the shortest paths (SPs) between well-separated crosslinks and examining the distribution
of SP lengths. As shown in Fig. 5.2, the authors define a network in which the crosslinked
beads are represented as vertices and the polymer chains connecting the beads as edges.
The weight of each edge equals the number of Kuhn segments per chain. For each pair of
beads (e.g. A-A’), there are multiple paths connecting the two vertices in this network.
The shortest path (SP) refers to the path with the minimum total length, where the length
of a path is defined as the sum of the weights of its constituent edges.

Recall that the goal of [27] is to identify a global parameter of the network topology
that characterizes the microstructure of strain-induced damage evolution. Thus, to serve as
the controlling parameter, the shortest paths need to be computed between pairs of beads
that are separated by a large distance. The length distribution of shortest paths is then

tested against the three criteria given above.
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Figure 5.2: Schematic of the polymer network in the undeformed state and deformed state.
A-A" and B-B' are example pairs of vertices separated by a large distance. Two different
paths connecting A-A’ are colored blue and red, and the red path is the shortest path (SP).
The shortest path (SP) connecting B-B’ is colored orange.

The key finding of [27] reveals that bond-breaking events in the elastomer network
are governed by the evolution of the global shortest path length between well-separated
crosslinks. It is shown that the length distribution of shortest paths is both anisotropic
and hysteretic with strain, and it controls the mechanical response. The average shortest
path length is identified as the controlling microstructural parameter for damage evolution.
Furthermore, the authors demonstrate that bond breaking in the polymer network follows
a predictable pattern, and specifically, they find that every bond-breaking event occurs on
one or more shortest paths in the network. These findings establish an explicit connection
between the molecular structure and the macroscopic mechanical behavior, and can be used
to develop physics-based constitutive models capable of predicting the damage evolution
with strain in highly stretchable materials.

The authors of [27] also note an interesting correlation between bond-breaking events
and a topological property called betweenness centrality [63]. The betweenness centrality

of a bond is determined by the number of shortest paths (SPs) passing through that bond.
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The simulation results from [27] show that bond-breaking events tend to occur on bonds
with a high betweenness centrality value. In other words, the bonds that are traversed by
a large number of shortest paths are more likely to experience breakage. This correlation
suggests a quantitative approach to characterize and predict bond breaking in the polymer
network, which we will investigate in this chapter.

The primary goal of this chapter is to understand stress concentration in the polymer
network by performing shortest path analyses for the network model discussed in Chapter 4.
We are interested in characterizing the broken links during deformation through microscopic
characteristics of the network in both qualitative and quantitative ways. The shortest paths
in our network model are computed between the nodes on the top and bottom boundaries.
At every breakage, we identify the minimum shortest path where the broken link occurs
as well as the global minimum shortest path. First, we check whether these two paths are
identical, that is, whether links break on the global minimum shortest path in the network.
Then, to quantitatively characterize which links tend to break, we count the number of
shortest paths passing through each individual link in the network, and determine whether
broken links belong to significantly more shortest paths than other links. The statistics for
shortest path analyses are summarized in Section 5.3.

The second question we seek to understand is how to determine the presence of the
peak force (i.e. strength) through the microstructural evolution of the polymer network.
We answer this question from two perspectives. One approach is to analyze the distribution
of shortest path lengths as it evolves with deformation, and identify a parameter that relates
to the peak force. Another perspective involves investigating the connection between the

magnitude of the applied force and formation of holes in the network, see Section 5.4.
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Figure 5.3: The shortest paths between the top and bottom boundary nodes. The red path
is the minimum shortest path (SP). The blue paths are two samples of shortest paths.

5.2 Shortest paths in the network model

We consider the network model developed in Chapter 4, in which N x N nodes are
connected into a diamond grid by links, as depicted in Fig. 5.3. Each link between the
neighboring nodes represents a polymer chain consisting of a number of Kuhn segments.
The network model is initialized with statistical variation in lengths of polymer chains.
Specifically, the number of Kuhn segments per chain, n, follows the shifted and discretized
Weibull distribution given by (4.4). The minimal admissible number of Kuhn segments
(i.e. the shift) is ny, = 10. The mean of the Weibull distribution is fixed, u = 50, while
the standard deviation o varies in the range 6 < ¢ < 30. In the remainder of this chapter,
we will investigate the microscopic characteristics of the network samples with the largest
scatter in chain lengths, which corresponds to the standard deviation o = 30. As suggested

by [27], we will analyze the shortest paths between the top and bottom boundary nodes.
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Below we introduce the definitions and notations related to the shortest paths in our
network model. The shortest paths are computed between the top and bottom boundaries

of the network. We denote the sets of top and bottom boundary nodes, respectively, by

It:{u1>u27"'7uN}7

Ib = {Ul,’Ug, ce ,UN}.

The shortest paths are defined in the same manner as in [27]. The network model
can be represented as a weighted graph, where each polymer chain corresponds to an edge
with weight equal to the number of Kuhn segments per chain, n. The length of a path P

in the network is defined as the sum of the weights of the edges on the path, i.e.

Z<P) = an

where e € P is the edge on path P and n, is the number of Kuhn segments in the edge.
As seen in Fig. 5.3, there are multiple paths connecting each pair of nodes on the top and
bottom boundaries. Among these paths, the one with the lowest total weight is defined as
the shortest path (SP).

We denote by F;; the shortest path between each pair of nodes u; and v; on the top
and bottom boundaries, respectively. The distance between nodes u; and v; is the length
of the shortest path connecting them, i.e. d;; = [(P,;). Moreover, we denote the set of
shortest paths between all pairs of top and bottom boundary nodes by P = {P,;}, and

denote the set of shortest path (SP) lengths by D = {d;;}.

127



The minimum SP. We define the minimum shortest path (SP) in the network as

the shortest path with the minimum length in the set P, and denote it by

Ppin = argmin [(P;).
Pi;eP

We denote the length of the minimum SP, i.e. the minimum length in the set D, by

dmin = min dw
dijGD

The minimum SP in a 20 x 20 network at initialization is illustrated in Fig. 5.3 (red path).

When a link in the network breaks, we identify a subset of shortest paths that pass
through the broken link. We denote by P the subset of P in which the shortest path
contains the broken link, and by D the corresponding subset of shortest path lengths.
Furthermore, we identify the minimum shortest path (SP) that contains the broken link.

We denote the minimum SP in the subset P” and its length, respectively, by

br .
P =argmin [(P;),
P epor
d. = min d;;
min ds; € Dbr 1]

It is of interest to compare the two minimum paths, P, and P . and determine if

min>
they are the same path. For illustration, two breaking scenarios are presented in Fig. 5.4.

If P, and P are identical, it indicates that the broken link tends to occur on the global

minimum SP. In the other case, we will quantify the difference in their path lengths.
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Figure 5.4: Breaking scenarios showing the comparison of two paths: the global minimum
shortest path, P, and the minimum shortest path passing through the broken link, P
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(a): PP coincides with P, i.e., the link breaks on the global minimum shortest path.
(b): PP (right) is different from Py, (left), but the lengths of two paths are very close.

Betweenness centrality. As mentioned above, betweenness centrality is a network
measure that can be used to characterize the broken links during the deformation process.
The betweenness centrality of an edge is defined as the number of shortest paths passing
through that edge. In our network model, for each individual link, i.e. each edge e € F,
we count the number of shortest paths between pairs of nodes on the top and bottom

boundaries that pass through the link:

where 0;;(e) represents the number of shortest paths between top boundary node u; and
bottom boundary node v; that pass through e. Moreover, we denote the set of centrality
values for all links in the network by C' = {¢.}ecr. We will examine whether broken links

have a significantly higher centrality value in the set C.
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Table 5.1: Notations for shortest paths in the network model.

Notation

Meaning

T = {ui}is,
1, = {Uj}évﬂ
P ={P;}
D = {d;;}
Prcp
D" c D
Prin

dmin

P
dinin
e

Ce

C= {Ce}eGE

Npr

Cor

Nodes on the top boundary

Nodes on the bottom boundary

Set of shortest paths between all pairs of node u; and node v;
Set of shortest path lengths between node w; and node v;
Subset of shortest paths that pass through the broken link
Subset of shortest path lengths that contain the broken link
The global minimum shortest path in the network

Length of Py, i.e. the minimum length in D

The minimum shortest path passing through the broken link

Length of P

min»

i.e. the minimum length in D

Number of Kuhn segments in each link

Number of shortest paths passing through each link, i.e. centrality

Set of centrality values for all links in the network
Number of Kuhn segments in the broken link

Number of shortest paths passing through the broken link
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5.3 Statistics for shortest paths

In this section, we present the statistics and analyses of the shortest paths in the
network model as it undergoes deformation. Our investigation focuses on the following two

key questions:

(i) Understanding where the stress tends to concentrate. We seek to identify the weak
links in the polymer network. Since the shortest paths concentrate most of the stress,
we will focus on understanding the role of shortest paths in characterizing the broken
links during deformation. We will investigate both qualitatively and quantitatively
the characterization of broken links through analyses of shortest paths, which can

serve as a tool for predicting the weak links in the network.

(ii) Understanding when the peak force occurs. The second question we seek to answer is
how the microstructural evolution of the polymer network controls the macroscopic
mechanical properties, such as strength and extensibility. We investigate this question
by analyzing the evolution of the shortest path (SP) length distribution, as suggested
by Yin et al. [27]. We will identify a microstructural parameter for the network model

that indicates when the peak force (i.e. strength) is achieved during deformation.

We conduct analyses of shortest paths on various samples of the network model obtained
from numerical simulations in Chapter 4. We take the four different network sizes N x N
for N = 20, 40, 60, and 80. For each network size, we consider 2 samples with the largest

scatter in chain lengths, corresponding to the standard deviation o = 30.
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5.3.1 The minimum shortest path

To understand the breaking mechanism of the polymer network, it is helpful to first
determine whether broken links tend to occur on the global minimum shortest path (SP).
In our network model, we compute the set of shortest paths between all pairs of top and
bottom boundary nodes, P, in which we identify the global minimum shortest path, Pp,.
When a link in the network breaks, we find the minimum shortest path that contains the

broken link, P""

min*

The lengths of these two paths are denoted by dyi, and d°7,

respectively.

It is of interest to examine whether the two minimum paths, Py, and P coincide

for every broken link as the network undergoes deformation. In other words, we aim to
address the question of how well the global minimum shortest path can capture the events
of link breakage. We note that while the network is being stretched, links fluctuate in space,
but the shortest paths defined here should remain unchanged if there were no link-breaking
events to alter the topology of the network. The set of all-pairs shortest paths P needs to
be recomputed after every breaking event.

We present the comparison of paths Py, and P for every broken link in Fig. 5.5.

The red graph represents the evolution of the length of the global minimum shortest path,
Prin, as the number of broken links increases. The blue dots correspond to the length of

path P’ are not the

min?

and they are marked to indicate situations where Py, and P>
same path. In other words, these are the cases where broken links do not occur on the
global minimum shortest path P.;,. The results are shown for network samples of the four
different sizes. Interestingly, we see that although many links do not break on the global

minimum shortest path, the length of P is very close to that of Py, for all broken links.

min
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Figure 5.5: Comparison of the global minimum shortest path, Pu;,, and the minimum
shortest path that contains the broken link, P | at every breakage during deformation.

The red graph represents the evolution of the length of P,;,. The blue dots correspond to
the length of P’ marked in situations where P’ is different from P,.

min
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Furthermore, we measure how close it is between the path lengths of P, and P

For a network of size N x N, the set P has a total number of N? shortest paths between
all pairs of top and bottom boundary nodes. Let D denote the set of lengths of these N2
shortest paths. The length of P.;,, denoted by dy,, is the minimum length in the set D.

denotes the length of P

min?

To quantify the difference between dy;, and d*, , where d?"

min? min

we measure the percentile rank of d”; in the set D.

min

We define the percentile rank p for the shortest path P that contains the broken

min

br

link by measuring the percentile rank of its length 7. in the set D at every breakage and
taking the maximum value over all broken links. It quantifies the lowest p% of shortest
paths in the set P, whose lengths are below the shortest path passing through broken links.
We identify these p% of shortest paths as the weak paths in the network. In other words,
broken links tend to occur on the lowest p% of shortest paths with length very close to the

global minimum length. The statistics for the percentile rank p are shown in Table 5.2.

Table 5.2: The percentile rank p for the shortest path P’ that contains the broken link.

min

This quantity identifies the lowest p% of shortest paths where links are more likely to break.

Network size | Lowest p%, Run 1 | Lowest p%, Run 2

20 x 20 4.25% 2.75%
40 x 40 6.50% 7.20%
60 x 60 11.53% 11.92%
80 x 80 10.25% 11.80%
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5.3.2 Characterization of broken links

Thus far, we have confirmed that broken links tend to occur on the global minimum
shortest path, or on the shortest path with length very close to the global minimum length.
The lowest p% of shortest paths are identified as weak paths. We now seek to quantitatively
characterize which links on these weak paths are more likely to break.

In our network model, for each individual link, i.e. each edge e € E, we count the
number of shortest paths passing through the link, denoted by c¢.. This number represents
the betweenness centrality of a link. Let C' denote the set of centrality values for all links
in the network, i.e. C'= {c.}ecp. It is of interest to examine whether the links that belong
to a large number of shortest paths tend to break, or equivalently, whether broken links
have a significantly higher centrality value in the set C.

During deformation, at every breakage, we find the number of shortest paths passing
through the broken link, ¢, and compare it to the average number of shortest paths
passing through each individual link, pe. In Fig. 5.6 we plot the centrality value ¢, for
every broken link throughout the stretching process. The blue circles indicate broken links
that occur entirely on the interior of the network, while the blue dots indicate broken links
with one end connected to the boundary nodes. We will refer to these two types of broken
links as interior links and boundary links, respectively. Moreover, the average value po and
the standard deviation o¢ of the set C' are plotted in Fig. 5.6 for comparison. The three
red curves from bottom to top correspond to uc, puc + oc, and ue + 20¢, respectively.

We can see from Fig. 5.6 that the centrality value of broken links, ¢, is significantly

higher than the average number of shortest paths passing through each individual link, pe.
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Figure 5.6: The centrality value of the broken link ¢, at every breakage during deformation,
defined as the number of shortest paths passing through the link. The blue circles indicate
interior broken links, while the blue dots indicate boundary broken links. The red curves
are shown for comparison, corresponding to ¢, e + oc, and uc + 20¢, respectively.
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In particular, most of the broken links with centrality ¢, near the curve of o are boundary
links, and most of the interior broken links have centrality ¢, above the curve of uc + 20¢.
Hence we characterize the majority of broken links as (i) boundary links and (ii) interior
links with centrality value ¢, above 2 standard deviations (o¢) from the average value pc.
This result confirms our hypothesis that the links traversed by a large number of shortest
paths are more likely to experience breakage.

Furthermore, we provide the statistics for the characterization of broken links based
on betweenness centrality. As shown in Fig. 5.6, the broken links can be divided into the

following four groups:

Interior links with centrality value ¢, < pe + o¢.

Interior links with centrality value puc + o¢ < ¢ < o + 20¢.

Interior links with centrality value ¢, > pue + 20¢.

Boundary links (centrality value ¢, close to uc).

The percentages of broken links in each of the four categories are given in Table 5.3 for
various network samples. We see that as the network size N increases, more broken links
fall into the third category, described by interior links with centrality ¢, > pe + 20¢.

It is important to note that broken links do not necessarily correspond to the shorter
chains on weak paths, in terms of the number of Kuhn segments per chain. Our simulations
show that shorter chains that belong to a small number of shortest paths are not more likely
to break. The key feature that governs link-breaking events is the number of shortest paths

passing through the link, which represents the betweenness centrality of a link.
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Table 5.3: Percentages of broken links in the four categories for various network samples.
Broken links are divided into interior and boundary links. Interior links are categorized
into three groups based on the centrality value c,: (i) ¢ below 1 standard deviation (o¢)
from the average value pc, (ii) ¢ between 1 and 2 standard deviations (o¢) from pe, and
(iii) ¢ above 2 standard deviations (o¢) from pe. Boundary links have ¢, close to puc.

Sample Interior, < o¢ | Interior, 1 ~ 20¢ | Interior, > 20+ | Boundary
N =20, Run 1 13.04% 14.13% 33.70% 39.13%
N =20, Run 2 7.22% 15.46% 36.08% 41.24%
N =40, Run 1 11.97% 17.95% 38.89% 31.20%
N =40, Run 2 10.17% 16.53% 38.98% 34.32%
N =60, Run 1 9.79% 14.07% 41.90% 34.25%
N =60, Run 2 11.06% 20.82% 42.08% 26.03%
N =80, Run 1 8.62% 21.07% 45.98% 24.33%
N =80, Run 2 13.43% 18.67% 48.47% 19.44%
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5.3.3 Prediction of weak links

By analyzing the characteristics of link breakage, we find that broken links tend to
occur on the lowest p% of shortest paths, where the percentile rank p ranges from 3 to 12.
On these weak paths, the links that belong to a large number of shortest paths are more
likely to break. Specifically, the events of link breakage can be characterized through the
centrality value of the broken link ¢,,.. It turns out that the majority of broken links are
boundary links and interior links with centrality ¢, above 2 standard deviations (o¢) from
the average number of shortest paths passing through each individual link, pc.

These findings serve as an amenable tool for predicting the weak links in the network.
We identify the links that satisfy any of the following conditions as the weak links, which

concentrate stress and tend to break shortly.

(i) Links on the global minimum shortest path Pp;,.

(ii) Boundary links on the lowest p% of shortest paths.

(iii) Interior links on the lowest p% of shortest paths, whose centrality value ¢, is above

2 standard deviations (o) from the average value pc.

The statistics for the percentile rank p are given in Table 5.2 for various network samples.
For illustration, multiple breaking scenarios are presented in Fig. 5.7, in which the stress of
individual links is shown with the colorcode and the predicted weak links are highlighted.
The left panel displays snapshots at the first breakage, while the right panel corresponds to
breakage at the peak force. It can be seen that our prediction provides good agreement with
those highly stressed links, especially for network samples of larger size (see Fig. 5.7(c)).
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Figure 5.7: Hlustrations for the predicted weak links (highlighted) in the network model.
The left panel corresponds to the first breakage, while the right panel corresponds to the
breaking scenario at peak force. The colorcode shows the stress of individual links.
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Using the recipe above for the prediction of weak links, we are able to capture around
85% to 90% of the actual broken links in simulations, while keeping the number of predicted
weak links small compared to the total number of links in the network. Notably, the subset
of weak links predicted by the recipe above accounts for only 8% of the entire set of links.
If we relax Condition (iii) by including interior links with centrality ¢, above 1 standard
deviation (o¢) from the average pc, this allows us to capture 92% to 97% of the actual
broken links, while the subset of predicted weak links is within 12% of the entire links.

We remark that there is a trade-off between the capture rate of broken links and the
subset size of weak links. All the broken links can be captured if the prediction includes
every link on the lowest p% of shortest paths. However, this increases the number of weak

links by prediction to about 20% of the total number of links, yielding a rough estimate.

5.3.4 Evolution of shortest path lengths

In this section, we shift our focus towards investigating the second question proposed
in Section 5.3. We seek to understand the connection between the microscopic events of
link breakage and the macroscopic mechanical properties. In particular, we focus on the
question of how the strength (i.e. peak force) of the polymer network is controlled by the
microstructural evolution of the shortest paths in the network.

To address this question, we analyze the evolution of the shortest path (SP) length
distribution in our network model, as suggested by [27]. The histograms of all SP lengths
at initialization and at peak force are displayed in Fig. 5.8 for various network samples.

The mean of the SP length distribution at initialization is shown for comparison.
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As seen in Fig. 5.8, the histograms of shortest path (SP) lengths exhibit a shape
similar to the exponential distribution, especially for network samples of larger size N = 80.
At the peak force, the SP distribution noticeably shifts to longer lengths. This behavior is
attributed to the fact that every link-breaking event occurs on one or more shortest paths.
After every breaking event, the shortest paths passing through the broken link are removed
and replaced by new shortest paths with longer lengths, leading to the shift of histograms.
Moreover, we notice that the SP length distribution at which strength is achieved exhibits
a higher peak than the distribution at initialization.

Let Dy and D,y denote the set of shortest path (SP) lengths at initialization and at
peak force, respectively. The mean of the set Dy is shown in Fig. 5.8 with the dashed line.
Among all the network samples, it is interesting to note that the minimum of SP lengths

at peak force almost coincides with the mean of the initial SP length distribution, i.e.

min{ D, } ~ mean{Do}.

This finding suggests that, during the evolution of shortest paths, the peak force occurs
when the minimum SP length approximately reaches the average SP length at initialization.
It establishes a direct connection between the microstructural evolution of the network and
the macroscopic mechanical behavior.

Furthermore, we present the evolution of the average SP length and the minimum
SP length in Fig. 5.9. Both curves grow almost linearly with increasing number of broken
links. We note that the minimum SP length at peak force, indicated with the red marker,

is very close to the initial average SP length (dashed line) for all network samples.
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5.4 Formation and growth of holes

In this section, we continue our study of the second question proposed in Section 5.3.
That is, we investigate the question of when the strength of the polymer network is achieved
with respect to the change of the network topology. We take an alternative perspective by

studying the formation and growth of holes in the network.

5.4.1 Observations

We start with observations from breaking scenarios at different stages of deformation.
We take one network sample of size 40 x40 for illustration. The stress-stretch curve is shown
in Fig. 5.10(a), in which we choose four different stretches. Breaking scenarios at the four
stretches are displayed in Fig. 5.10. The second stretch Ay corresponds to the peak force.
We have the following observations.

At stretch \;, where the force is low and starts to take off, broken links are separated
and there is no essential change in the topology of the network. As the force grows and
reaches the peak at stretch Ay, a few isolated holes begin to emerge, while the entire network
remains well connected to the top and bottom boundaries.

At stretch A3 where the force drops precipitously, the isolated holes are merged and
two giant holes become noticeable. Nearly half of the boundary links are detached to the
top of the network, hence the force required to stretch the network is considerably reduced.
Once giant holes are developed, the subsequent broken links tend to be adjacent to them.
The two giant holes in Fig. 5.10(d) continue to expand in size until reaching stretch A4,

right before the point of complete fracture.
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We can see from Fig. 5.10 that the change in the magnitude of the applied force
correlates to the development of holes. In particular, the maximum force (i.e. strength) is
achieved when isolated holes are present. Once the isolated holes merge into a giant hole,
the applied force drops down precipitously. These observations motivate us to investigate

the formation and growth of holes that alter the topology of the network.

5.4.2 Phase transitions

In light of the observations above, we propose that there exist phase transitions in

the network topology during deformation, as characterized by the development of holes:

e Stage (i): No noticeable holes (see Fig. 5.10(b)). At the initial stage, the force applied

to the network is very low, and broken links are separated from each other.

e Stage (ii): Multiple isolated holes (see Fig. 5.10(c)). Each hole is created by at most
a few adjacent broken links. The magnitude of the applied force is high and the peak

force (i.e. strength) occurs at this stage.

e Stage (iii): One or two giant holes (see Fig. 5.10(d)). The isolated holes merge into

one or two giant holes, and as a result the applied force drops down precipitously.

We provide the statistics for the development of holes during the deformation process.
When a link breaks, it either creates a new hole, expand an existing hole, or merge two
neighboring holes. We define the size of a hole by the number of missing links in the hole.
The histograms of hole sizes at the three stages described above are presented in Fig. 5.11
for various network samples. For network samples of size larger than N = 40, we omit the
holes of size 1 for which the number is considerably high.
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5.5 Discussion

We summarize the key findings of this chapter, which provide valuable insights into
the breaking mechanism of the polymer network. Remarkably, our findings connect the
microscopic characteristics of the network to the macroscopic mechanical properties.

By examining the shortest paths in the network model, we confirm that broken links
tend to occur on the global minimum shortest path, or on the shortest path with length
very close to the global minimum length. Furthermore, we find that the links traversed by
a large number of shortest paths are more likely to experience breakage. These shortest
paths are identified as the weak paths in the network, which concentrate the majority of
the stress.

We quantitatively characterize the events of link breakage through a network measure
called betweenness centrality, i.e., the number of shortest paths passing through each link.
We find that weak links tend to be boundary links and interior links with centrality value
above 2 standard deviations from the average number of shortest paths passing through each
individual link. The identification of weak links provides insight into the understanding of
stress concentration in the polymer network.

By studying the distribution of shortest path lengths, we relate the strength of the
network model to the evolution of the minimum shortest path length. We find that the
peak force occurs when the minimum shortest path length approaches the initial average
length of shortest paths. In other words, when the shortest path with average length at
initialization becomes the global minimum shortest path, strength is achieved. This finding

is consistent with the fact that shortest paths concentrate most of the stress in the network.
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An alternative perspective is taken to investigate the connection between the strength
and the microscopic characteristics of the network. We observe the presence of isolated holes
when the network model reaches the peak force. As the isolated holes merge into one or
two giant holes, the force applied to the network drops down precipitously. In light of these
observations, we propose that there exist phase transitions in the topology of the network,
characterized by the formation and growth of holes.

The statistics for the development of holes are consistent with the proposed phase
transitions in the network topology. We observe that the magnitude of the applied force
remains high while isolated holes exist in the network. Once the isolated holes merge into
giant holes, the subsequent broken links tend to be adjacent to them, and as a result the
applied force drops precipitously. These findings motivate the task of developing a network

growth model that accounts for the development of holes, which remains as future work.
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Chapter 6: Conclusions and perspectives

6.1 Conclusions

In this dissertation, two mesoscale models that assume a statistical distribution for the
lengths of polymer chains are developed to investigate the fracture properties of polymer
networks. In both models, polymer chains are represented by freely-jointed chains that
feature a nonlinear J-shaped stress-stretch relationship.

Our models show that the combination of a J-shaped stress-stretch relationship and
a distribution of chain lengths leads to a large reduction in strength, while keeping the
variability in strength small between samples. The results of our models are in qualitative
agreement with the experimental observations for the fracture properties of hydrogels [10].

The reduction in strength obtained by our models accounts for a portion of the giant
discrepancy between the experimentally measured strength of hydrogels and the strength
of covalent bonds [10]. The parallel chain model demonstrates a large reduction in strength
by up to two orders of magnitude. The network model shows a reduction in strength by
about a factor of 7. Although the magnitude of the reduction is not large enough, the
network model provides a more realistic representation of the polymer network.

Furthermore, our models demonstrate a power law relationship between the strength

and the scatter in chain lengths. The strength of the parallel chain model is approximately
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inversely proportional to the scatter in chain lengths, while the decay rate of the power law
in the network model is slower. This discrepancy is attributed to the underlying structural
differences between two models.

One limitation of the network model is that the power law between the strength and
the scatter in chain lengths cannot be extrapolated to larger network sizes, and numerical
simulations of larger networks are much more computationally demanding. This difficulty
is addressed by the parallel chain model.

An advantage of the parallel chain model is that it allows for simple calculations and
is amenable for analysis by analytical tools. The simplicity of the parallel chain model
allows us to derive the power law analytically, thereby providing insight into the origin of
the power law relationship between the strength and the scatter in chain lengths.

Admittedly, the reduction in strength obtained by both models is not large enough to
account for the experimentally observed strength reduction [10]. The parallel chain model
does not take into account the concentration of stress, which is believed to play a role in
reducing strength. On the other hand, the network model is only amenable for numerical
simulations and the computational complexity remains a challenge.

The investigation of the microscopic characteristics of the network model provides us
with new insight into the underlying breaking mechanism. The shortest paths are identified
as the weak paths where the stress tends to concentrate. The links that belong to a large
number of shortest paths are more likely to break. Finally, we connect the microscopic
characteristics to the macroscopic mechanical properties. It is observed that the strength

of the network correlates with the development of holes during deformation.
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6.2 Perspectives

The reduction in strength predicted by our models is not large enough to account for
the giant discrepancy between the experimentally measured strength of hydrogels and the
strength of covalent bonds [10]. This finding suggests that there exist other contributing
factors to this phenomenon.

From the physical perspective, the spontaneous breakage of polymer chains may be
a potential factor that further reduces strength. That is, there is a higher probability for
the chain at larger extension to break before reaching its full contour length. Moreover,
the actual length distribution of polymer chains is rarely measured. While we employ the
estimated chain length distribution that is similar to the Weibull distribution, the exact
distribution of chain lengths needs to be examined. Another contributing factor may be
chemical reactions in the polymer network. A real polymer network is filled with fluids.
The chemical reactions caused by fluid molecules may play a role.

From the mathematical perspective, in order to understand the development of holes,
a network growth model needs to be developed using random graph theory. Furthermore,
the statistics for shortest paths are done only for the Weibull distribution of chain lengths.
We believe it is of interest to analytically examine the shortest path length distribution.

This can be approached by means of extreme value theory [64].
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