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Abstract

A new canonical form for the action of restricted system equivalence on controllable singular
systems is given. The construction of this form is based on the Weierstrass decomposition
of the singular system into a slow and a fast subsystem. Both subsystems are transformed
into Hermite canonical form. The resulting Hermite canonical form for singular systems has
a particularly simple structure and is expected to.be useful for e.g. identification purposes.
Continuity properties of the Hermite form are investigated and the nonexistence of a globally
defined continuous canonical form for controllable singular systems is shown.

1. Introduction

In this paper we consider canonical forms for controllable singular systems
Ez = Az + Bu (1.1)
with £, A n x n and B n x m matrices, which satisfy the admissibility condition
det(AE + pA) #0. (1.2)

Two such systems (E, A, B), (E', A', B') are called restricted system equivalent if they are

related by suitable invertible coordinate transformations M, N with
(£, A", B') = (MEN"! MAN~!,MB). (1.3)

For regular systems (F, A, B) with det £ # 0, canonical forms for the group action of
restricted system equivalence (1.3) are well known and form now a cornerstone of the
structure theory of controllable regular systems. They play an important role in diverse

topics such as parametrization theory, model reduction theory and the identification

problem, to name a few. See e.g. [5], {9], (12], [17].

1 Research partially supported by the National Science Foundation under grants ECS-8696108, CDR-
8500108, and by a grant froin the Monsanto Company.



In the past few years there has been a growing interest in the analysis and classification
of general singular systems, see e.g. [19], [20], [22], and the references cited there. However,
only very recently there has been some progress on the general canonical form problem for
arbitrary controllable singular systems (1.1), (1.2). Pseudo-canonical form for restricted
system equivalence were derived by Christodoulou and Mertzios (3], Tan and Vandewelle
[21] and applied to the observer design for singular systems in [22]. However, these pseudo-
canonical forms are not canonical forms in the usual sense and there exist in general several
inequivalent singular systems having the same pseudo-canonical form. Glising-Lierfien
and Hinrichsen [8] were the first who described a canonical form for controllable singular
systems in the terminological sense; see also [6]. They use the well-known Weierstrass
decomposition of a singular pencil A E— A to decompose the system into a controllable slow
subsystem (Aj, B1) and a controllable fast subsystem (A2, B2). The slow subsystem is
then transformed into standard control canonical form while the fast subsystem { Az, B2)
,with A, nilpotent, is transformed into Jordan canonical form. They also analyse the
continuity properties of this resulting Jordan control canonical form for singular systems.
Due to the inherent structural complexity of both Popov’s control canonical form {17] and
the Jordan canonical form [15] the Jordan control canonical form for singular systems is

quite complicated to describe.

In this paper we propose a different canonical form which is based on the Hermite
canonical form for controllable pairs (A, B) described in [16], see also [14]. Our construc-
tion is similar to that in {8] but transforms both subsystems (A1, B1) and (A2, B;) into
Hermite canonical form. The resulting canonical form for singular systems has a con-
siderably simpler structure than the Jordan control canonical form [8] and should be of
value for structural considerations. Our analysis runs parallel to the basic treatment of

Gliising-Liierfen and Hinrichsen [8] and we refer to [8], [13] for additional information.

The paper is organized as follows: Section 2 contains the preliminaries. In section 3 we
recall the construction of the Hermite canonical form for controllable pairs. The piecewise
continuity of the Hermite form is shown. Section 4 gives the Hermite canonical form for
controllable singular systems. The discrete invariants of the form are given by pairs of
combinations (Ky,...,Km; L1,...,Ly). Continuity properties of the form are investi-
gated in section 5. Based on a topological version of the Weierstrass decomposition due
to [4] we prove the continuity of the Hermite canonical form on the subsets, obtained by
fixing the discrete invariants (K1,. .., Km; L1,..., Lm). Finally we prove the nonexistence
of continuous canonical forms for singular systems. This depends on certain results on

the topology of singular systems, given in [15].



2. Preliminaries

Let F denote either the field IR or real numbers of the field C of complex numbers.

A singular system
Ez = Az 4+ Bu (2.1)

with (E, A, B) € F*™*" x F™" x F"*™ arbitrary is called admissible if the genericity

condition for the homogenous polynomial
det(\E + pA) #0 (2.2)

in (A, u) holds. In the sequel we will only consider singular systems (2.1) which satisfy
the admissibility condition (2.2). Let Upm(F) denote the subset of Frx(2n+m) of all

admissible singular systems:
N, m(F) := {(E, A, B) € Frx(2n+tm) . det(AE + pA) #0} .
Ql,,,m(F) is a Zariski-open subset of the affine space Fr(2n+m) and is thus open and dense.

Two linear state space systems (4, B), (A',B') € F**" x F"X™ are called similar,
(A,B) ~ (A, B')if
(A, B') = (SAS™',SB) (2.3)

for some invertible transformation S € GL,(F). ~ defines an equivalence relation on
o

Frx{(r+m) and the equivalence classes
[4, B], == {(SAS™!,SB); S € GLu(F)} (2.4)

are by definition the orbits of the group action
o GL,,(F) X F""("+m) N an(n+m)

(S, (A, B)) — (SAS™',SB). (2.5)

o is called the similarity action of GLn(F).

Two singular systems (E, 4, B), (E',A',B') € Upn.m(F) are called equivalent (in sym-
bolds (E, A, B) ~ (E', A, B')) if they belong to the same orbit of the group action of
1

(restricted) system equivalence
n: (GLn(F) X GLa(F)) X U, m(F) — Up,m (F)

B B (2.6)
(M, N),(E, A, B)) — (MEN"}, MAN™!, MB).



The orbits of n are denoted by

(£, A, Bly := {(MEN"!,MAN"!,MB); M, N € GL,(F)} (2.7)
Thus

(E, A, B) ~ (E'A,B"Y < [E,A,B),=|E' A, BY,. (2.8)

By the well-known Weierstrass decomposition for singular systems (7], every system
(E,A,B) € Upm(F), r := degdet(AE — A), is equivalent to a singular system in the

standard form

zy = A1z + Biu (2.9&)
Arz9 = 29 + Bou (2.9b)
with A2 nilpotent and By € F™*™, B, € F(*~7)%m_ (2.9a), (2.9b) are called the slow

resp. fast subsystems of (1.1). They are defined uniquely up to a similarity which leaves

the slow and fast subspaces invariant.

Lemma 1.2. Let
[t 8] a8 )

0 A 0 Iu—,
|y O 1A} 0
S EA R

be in standard form (2.9) with A;, A} nilpotent. Assume there exist M, N € GL,(F)
with (E', A') = (MEN~!, MAN™!). Then

with My € GL,(F), M2 € GL,_.(F).
Proof.

We partition

_{ M Mo _ | N Npo
M—[sz Mn]’ N_{NZI Nza]

with My, Njyr X 1, Mys, Nog (n — ) x (n —r), etc. Then (E', A') = (MEN"!, MAN"1)

is equivalent to the following set of equations:

M2 Az = Nio, Miz = A’lNl'l (2.10a)
A'2N21 = Mo, Noy = My Ay (2.10b)
MiAi = AiNg, Mi=Ni,  i=12. (2.10¢)



(2.10a) implics that A} N12 Ay = Nj2 and thus (upon iteration) that Ny = 0, since A, is
nilpotent. Similarly for Nyp, M2 and M. 0

Recall that a singular system ([, A, B) is called controllable if and only if the pencil

condition

rank (AE — pA,B) =n V() pu) € C* - {(0,0)} (2.11)

is satisfied [18]. The following characterization is due to Yip and Sincovec [23].

Lemma 1.3 ({23)]. A system (E, A, B) € 2, m(F) in standard form (2.9) is controllable
if and only if the subsystems (A;, By), (A2, B;) are controllable. O

Let
C'(n,m) = {(E,A,B) € Q[n,m(F); (E,A,B) is controllable}

denote the set of all controllable systems (F, A, B) € an'm(F), C’(n, m) ist a Zariski-open
subset of F*(***+™) [13] and thus open and dense in F*(27+m),

Similarly let

Sam = {(4, B) € F™™" x F™™; 1k(B, AB,...,A""!B) = n}

3

denote the Zariski-open subset of F*("+™) of all controllable pairs (A, B).

The group actions @, restrict to actions on the spaces £y resp. C(n, m) of controllable

systems. - ~
O’!GL"(F) X En,m - z:n,m
2.12
(S,(A,B)) — (SAS™!,SB) (2.12)
resp. ~ N
7: (GLa(F) x GLa(F)) x C(n,m) — C(n,m)
(2.13)

(M,N),(E, A,B)) — (MEN~"! MAN~! MB).
We refer to (2.12) resp. (2.13) as the similarity action resp. equivalence action on £, ,
resp. C(n,m).
Let
C(n,m) := C(n,m)/(GLa(F) x GL,(F))

denote the set of all orbits [E, A, B], of controllable systems. We endow C(n, m) with the
quotient topology, i.e. with the finest topology on é(n,m) for which the quotient map

x:C(n,m) — C(n, m)

(E,A,B)— [L, A, D],



is continuous. Since equivalent systems (FE, A, B), (E', A", B') have the same system
theoretic properties, we may consider C(n,m) as the proper space of all (abstract)

controllable singular systems.

3. Hermite indices

In this section we recall the construction of the Hermite canonical form for the similarity
action on controllable pairs (A, B). This canonical form due to Mayne [16] and Hinrichsen
and Priatzel-Wolters [14], will be the basic tool for our construction of a canonical form

for singular systems, described in section 4.

A combination of n € IN into m parts is any m-tuple of nonnegative integers K =
(Ky,...,I{y) with K; + .- + K, = n. Combinations K of fixed length m and weight n
form a finite set Ky p := {K €Z™ K; >0,y K, = n} of cardinality

(n+m—1>=(n+m—1)!'

n nl(m — 1)

Let (A,B) € i)n,m be controllable and let by,...,b,, denote the first, ..., m-th column
of the matrix B. We consider the following deletion procedure on the columns of the

controllability matrix of (A, B):

Delete in the list
(by, Aby,..., A" 1y, ... by, Abp, ..., A% 1byy),
while going from left to right, all vectors A¥b; which are linearly dependent on the set of

all previous vectors.

By controllability, the remaining vectors
Tap :=(by,..., A% 710y, .. b, .., AR 10, (3.1)

form a basis of the state space F* with nonnegative integers K,..., N satisfying
Iy + -+ K = n. The combination K = (Ky,...,Km) € Kp,m is called the list
of Hermite indices of (A, B).

In the sequel we use the following terminology which is standard in control theory, see

(1], (8], {12].
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Definition 3.1. Let X be a sct with equivalence relation ~. A canonical form for ~ is
a map [ X — X which satisfies:

(i) I(z) ~z forallz € X

(i) T(z) =T'(y) <= z~yforally,z € X.

It is now easy to describe a canonical form for the similarity action ¢ on the set ‘2,,,,,, of
controllable pairs (A4, B). For any (4, B) € £, m let

(A, By) = (T13ATap,T5 pB) (3.2)

with T4p € GLn(F) defined by (3.1). Then
Cy: i:n,m — f;'n,m

(4, B) — (Ay, By)

~ -~

is called the Hermite canonical form for the similarity action o: GLa(F) x Xy +— g .

'

Theorem 3.2 ([14],{16]). 'y is a canonical form for the similarity action on controllable
systems. Every (A, B) € f),,,m with Hermite indices K = (K,,...,Kp) is similar to a
unique system (Ag, By) € £q m of the form

( -0 - 0 a,'jl
1 --- 0
ifi=j
Ay = (Aij)i,jém with A,J = 9 [0 -+ 1 aijk ] KixK; (34)
'0 [N 0 a']l 7
: : ifi<y
L0 e 0 oiimid ki,
| OK;xK, ifi>7
ER 4+ K, +1 for [(]‘ >0
. K;
By = {by,...,bp) with b; = IE QijIeK 4Ky for K =10
=1
1<y
Here ey,..., e, are the standard basis vectors of F*. (If i; = 0 for some : € m =
{1,...,m} the corresponding block in Ay is not present.) O

The Hermite canonical form induces a canonical form
I-‘([)13/\71;,"1 — ~n'm
(A,B) — (Ay, By)



on the GL, (F)-invariant subvariety ./\7,,,,,, C ):7,,,,,, of all controllable pairs (A, B) € 2,,,,,,

with A nilpotent. Since a block matrix Ay = (Aij)i jem, Aij defined by (3.4), is nilpotent

if and only if the diagonal blocks Ayy,..., Ajum are nilpotent, Thm. 3.2 implies:

Theorem 3.3. I'Y: N, ,, — Numy (A, B) — (Ay, Byr), is a canonical form for the
similarity action on M, ,,. Every (A, B) € ./\7,1,,,1, A nilpotent, with Hermite indices
K = (K,,...,Kyp) is similar to a unique system (Ay, By) € ./\7,,',,, of the form

([0 00
1 0 0
0 fori =7
Al = (Aij)ijem with Aj = ¢ LO -+ 1 0] g (3.6)
[0 -+ 0 aip ]
: : fori <y
Lo --- 0 AGKd Kx K,
| Orix K, fort >3
€+t Ko +1 for K; >0
. K,
By = [b1,...,bn] with b; = Y Qi€ 4K+l for K =0 -
I=
i<
(For K; = 0 the corresponding block in Ay is not present.) 0O

In order to analyze the continuity properties of the Hermite canonical forms 'y, F(}, we
consider the subsets of &, ,, (resp. N, ,,) consisting of all controllable pairs (A, B) with
fixed Hermite indices I = K(A, B).

For any combination K € Knm a Hermite stratum of £, m (resp. of Ny m) is defined as
Her (K) := {(A,B) € £nm; K(A,B) = K}

resp.

Het’(K) := {(A,B) € Nym; K(A,B)= K} .

The next result follows immediately from the definition (3.2), (3.3) of the Hermite canon-

ical form:.

Theorem 3.4. The Hermite canonical forms I‘”,F(}, are continuous (even analytic) on

each Hermite stratum. O



4. Canonical forms

The Weierstrass decomposition (2.9) allows us to construct canonical forms for singular
systems from arbitrary canonical forms for the similarity aciton o. For example, the
Jordan control canonical form of [8] is obtained in this way, by transforming the slow
subsystem (Aj, B;) into Popov’s control canonical form {17] while the fast subsystem is
transformed into Jordan canonical form [15).

For0<r <nlet . .
I Er,m a— Z:r,m

4.1
(A1, By) — (AT, BY) )

resp.

Fozjvn-—r,m — -/vn—r,m
, 4.2
(Ag, Ba) — (A, BL) (42)

be arbitrary canonical forms for the similarity action (2.12) on f),,m resp. N, —rm. We

define a mapping [ on the space of controllable singular systems by

I':C(n,m) — C(n,m)

LA 4.3
(E, A, B) — (E¥, AT, BI) (43)
Here (Ef, Af, Bf‘) are defined by
n I, © ; AN 0
E = {0 Ago] Ar = [ 01 In—r] (4.4&)
. BF
Bl = [ B%IOJ (4.4b)

where (Ay, By) € f],,m resp. (A2, B2) € N, —r,m denotes the slow resp. fast subsystem of
(E, A, B).

By Lemmas (2.1), (2.2) the Weierstrass decomposition (2.9) of (E, A, B) into a slow and
a fast subsystem (Aj, By) resp. (A2, B2) is unique up to similarity

(Ai, Bo) — (M AMTY MBy), i=1,2. (4.5)

Since I, 'Y are invariant under similarity transformations (4.5), the map I"in (4.3) is well
defined. Obviously I is a canonical form for (restricted) system equivalence 7 on C(n,m),

called the (I',T'%)-canonical form on C'(n,m); see Lemma 1.1, 1.2. This shows

Proposition 4.1. Let T resp. '’ be canonical forms for the similarity actions on Srm
resp. /Vn_r,m, r=20,...,n. Then f‘, defined by (4.3), (4.4) is a canonical form for the

group action (2.14) of restricted system equivalence on C(n,m). Each singular system
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form - .
1, 0 Al 0 @1
0 A'Z ’ 0 ]n—r ’ B2

(a) the slow subsystem (A}, B;) is in '-canonical form

with

(b) the fast subsystem (Ag, B) is in I'°-canonical form. a

By choosing [ as the Kronecker-Popov form [17] on £, and I'° as the Jordan canonical
form on Ny—r.m, [15], [8], the Jordan control canonical form [§] is obtained. This canonical
form on C(n, m) is quite complicated to describe, due to the rather complicated structure
of both thePopov canonical form as well as the Jordan canonical form; cf. [8]. By choosing
[:=Tyand I := F‘}{ as the Hermite canonical form on f),,m resp. ./(f,._,_m, the canonical

form I' has a particularly simple structure; compare with Thm. 3.3 in [8].

Theorem 4.2. To every (E, A, B) € C(n, m) there belongs a unique pair of combinations
KN =(K1,...,Km), L=(L1,...,Lm) of r resp. n —r and a unique system (Ey, Ay, By)

in Weierstrass form

comon= ([ 4] (4 LD ws

which is system equivalent to (E, A, B), such that
() (A#,Bl!Y € Z,, is in Hermite canonical form (3.5) with Hermite indices
(Ki1y... Km).
(i) (AY,Bf) € Nu—ym is in Hermite canonical form (3.7) with Hermite indices
(L1y...yLy). a
We refer t . = -
¢ relerto I'y:C(n,m) — C(n,m)
(EvAvB) L (EH"AH’BH)
defined by (4.5) as the generalized Hermite canonical form on C(n,m). By Prop. 4.1, Tn

(4.6)

is a canonical form for restricted system equivalence.

For 0 < r < nlet (E,A,B) € C(n,m) with degdet(A\E ~ A) = r. The pair of
combinations (K,L) = ((I\’l,...,I\’m),(Ll,...,Lm)) € Kym X Kneym C Ky2m ap-
pearing in Theorem 4.2 is called the list of generalized Hermite indices of (E, A, B).
(K(E,A,B),L(E, A, B)) = (K, L) are discrete invariants for system equivalence, i.e. for
all M, N € GL.(F)

K(MEN"!, MAN~! MB) = K(E, A, B) (4.7a)
L(MEN~!,MAN~! MB) = L(E, A, B) (4.7D)
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Let
I(n,m):={(r,K,L); 0<r<n, K€ Kem, L € Kn_rmm}. (4.8)

I(n,m) ~ Ky 2m is a finite set of cardinalty

card[(n,7n)=z<m+:“l) (m—{-:::—l) = <n+2rrln—1). (4.9)

r=0
For any (r, K,L) € I(n,m) there exists (E,A,B) € C(n,m) with degdet(A\E — A) =
r, K(E,A,B) = K, L(E,A,B) = L. Thus I(n,m) ~ Ky 2m is the set of all discrete

invariants for the Hermite canonical form.

Let (Ey, Ay, By) be in Hermite canonical form (4.5) with Hermite indices (K,L).
Then for the slow and fast subsystems (A, Bff), resp. (A, BH), Al AY are upper

block triangular matrices

An - - - Amm
Af = . : (4.10)
0 Amm
where
ro 0 ]
! 0 0 -+ 0 =
Aii= | _ o , A= | : , i<7, (4.11)
0 - 0 *]pxx,
-O 1 *'K.'X]\’.'
and . .
An - - - Amm
A = - (4.12)
0 Amm
with
r 0 07
1 0 0 0 .-~ 0 =
Aii = o : , A= : L i<y, (4.13)

0 -~ 0 = LixL,




Example 1. For m = 1, the Hermite canonical form on C’(n,l) has the structure

(r = degdet(AE — A)):

1
Al =

Lo

0

1
Af =

L0

similar to the Jordan control canonical form on C(n,1) [8].

o

OO

1

]

rxr

0.

(n—r)x(n-r)

B{' =

BH

1

0

. (4.14a)
0 rxl

1

0

_ (4.14b)
0 (n—-r)x1

Example 2. Let n = 5, r = 2, m = 2, (I(1, K3; L1, L2) = (2,0;1,2). Each (E,4,B) €
C(n,m) with generalized Hermite indices (I}, I{2; L1, L2) has the Hermite canonical form

Aff

5. Continuity aspects

B =

1

:} (4.15a)
0

1} (4.15b)
0 0O

For any (r, K, L) € I(n,m) a Hermite stratum of C(n,m) is defined by
Her (K,L) := {(E, A, B) € C(n,m); (K(E,A,B),L(E,A,B)) = (K,L)}.

Thus

-~

C(n,m) =

C"(n,m)

U

(r,K,L)el(n,m)
is a finite decomposition into finitely many disjoint n-invariant subsets. For 0 < r < n let

C'(n,m) := {(E,A,B) € C(n,m); degdet(\E — A) =r}.

is a quasi-affine subvariety of C(n,m) and

r=0

C(n,m) = C"(n,m).

Her (K, L)
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The following lemma is a special case of a result of Cobb [4].

Lemma 5.1 ([4]). Let (E,A,B) € C"(n,m). There exists an open neighborhood
U C C(n,m) of (E, A, B) and a continuous map

F:C"(n,m)NU — C"(n,m)
ean—([5 A (3 L)

which associates with every (E, A, B) an equivalent system in standard form.

Using Lemma 5.1 we have defined a continuous map

w: C’:r(n, mynU — ir,m X Nn-r,m
(E, A, B) — ((A1, B1), (A2, B2))

with (A, B;) defined by (5.1).

Theorem 5.2. The Hermite canonical form I'y: C(n,m) — C(n, m) is continuous on
each Hermite stratum Her (K, L).

Proof.

Let Ty: 8, m — Xy m and I‘(},:Nn_r,m — /Vn_,,m be the Hermite canonical forms
defined in section 3. By Thm. 3.5, 'y resp. F‘I)i are continuous on each Hermite stratum
Her (I) resp. Her(L) of ¥rm resp. Np—rm. Thus the composed map

(T, TY) 0 p:CT(n,m)NU — £, ;0 X Ny
(E, A, B) — (Ty(A1, B1), T} (A2, By))

is continuous on Her (K, L)NU = ¢~ (Her () x Her’(L)). The result follows. ]

However the Hermite canonical form is discontinuous as a map [g:C(n,m) —
C(n,m). More generally we have

Theorem 5.3. Let n,m 2> 1~be arbitrary. There does not exist a global continuous
canonical form I': C(n,m) — C(n, m) for the system equivalence action 7.

Proof.
By [8], [13] the quotient map

r:C(n,m) — C(n, m)
(E1 A’ B) — [EaAaB]ﬂ

is a principal fiber bundle with structure group GLy(F) x GL,(F). Thus the existence of
a continuous canonical form I': €(n,m) — C(n,m) for 7 is equivalent to the triviality
of the bundle 7 [12]. While for m > 2 this would follow immediately from results of [2],

[9], [10], we prefer to give the following independent argument.

Let PGL2(F) = GLo(F)/F*-I; denote the projective general linear group, i.e. the quotient
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of GLo(F) by the subgroup of nonzero scalar multiples of the identity. Choose n pairwise
lincarly independent vectors (es,a;) € F2, ¢ = 1,...,n. Let b!,... 0" € F™ — {0}
denote n arbitrary nonzero row vectors of F™. Then (F, A, B) defined by

bl
- ] o2

L= diag(e1,...,en), A:=diag(ay,...,a,), B=]:
bm

is admissible and controllable. For such an (£, A, B) fixed, consider the map

0:GLy(F) — C(n,m)

[‘7’ ﬁ s (aE + BA, 1E + 6A, B). (5-3)
o descends to a continuous map
5:PGLy(F) — C(n,m)
[: ﬂ s [aE + BA,vE + 64, B], . (5.4)

We have the commutative diagram
GL2(F) 5 C(n,m)

Pl I (5.5)
PGL»(F) - C(n,m)

where p: GLy(F) — PGL2(F) denotes the canonical quotient map. p:GLy(F) —
PGL2(F) is a nontrivial GL;(F)-principal fibre bundle. Suppose = were trivial. Then by
(5.5) also p: GL2(F) — PGLy(F) were trivial. Contradiction. O
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