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Characterization of optical propagation through the low turbulent atmosphere has
been a topic of scientific investigation for decades, and has important engineering
applications in the fields of free space optical communications, remote sensing, and
directed energy. Traditional theories, starting with early radio science, have flowed
down from the assumption of three dimensional statistical symmetry of so-called
fully developed, isotropic turbulence. More recent experimental results have
demonstrated that anisotropy and irregular frequency domain characteristics are
regularly observed near boundaries of the atmosphere, and similar findings have been
reported in computational fluid dynamics literature. We have used a multi-aperture
transmissometer in field testing to characterize atmospheric transparency, refractive
index structure functions, and turbulence anisotropy near atmospheric boundaries.

Additionally, we have fielded arrays of resistive temperature detector probes



alongside optical propagation paths to provide direct measurements of temperature
and refractive index statistics supporting optical turbulence observations. We are
backing up these experimental observations with a modified algorithm for modeling
optical propagation through atmospheric turbulence. Our new phase screen approach
utilizes a randomized spectral sampling algorithm to emulate the turbulence energy
spectrum and improve modeling of low frequency fluctuations and improve
convergence with theory. We have used the new algorithm to investigate open
theoretical topics, such as the behavior of beam statistics in the strong fluctuation
regime as functions of anisotropy parameters, and energy spectrum power law
behavior. These results have to be leveraged in order to develop new approaches for

characterization of atmospheric optical turbulence.
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Chapter 1 : Overview and Theoretical Considerations

1.1: Introduction

Spurred by the fluid dynamics theories of Taylor [1], Kolmogorov [2, 3],
and Obukhov [4], the study of wave propagation through turbulent media is at the
intersection of fluid dynamics and electromagnetics. There is a rich tradition of
knowledge [5, 6, 7, 8, 9] in the theoretical study of optical propagation of
electromagnetic waves through isotropic turbulence. However, experimental data
from telescope interferometric systems [10], focal plane images [11, 12], Shack-
Hartman wave front sensors [12, 13], Differential Image Motion Monitor (DIMM)
systems [14], thin wire anemometers [15], and temporal statistics from various
instruments [12] indicate that anisotropy and non-Kolmogorov behavior can
commonly occur under certain conditions. There are also studies of anisotropic
turbulence in the computational fluid dynamics literature [16, 17, 18], supporting
the claims of experimentalists.

The issues outlined above have, in recent years, led to an increasing interest
in studies of anisotropic, non-Kolmogorov turbulence [11, 19, 20, 21, 22, 23, 24,
25]. However, open questions remain regarding the behavior of beam propagation
in the presence of anisotropic, non-Kolmogorov turbulence within traditional
assumptions and approximations [25], and also practical methods to link anisotropy

and irregular turbulence spectra in a reliable way to other observable phenomena



have not been well developed. In this author’s dissertation work we use a
combination of simulation and field experiments in order further reliable methods
for estimating variations of anisotropy and deviations from the 2/3™% law of
Kolmogorov (i.e. non-Kolmogorov turbulence) in an experimental environment.
That said, this work covers three key areas:
1. Improvements to the Split Step Propagation Phase Screen Method Using
Randomized Sampling of the Turbulence Spectrum
2. Computational Analysis to Verify Theoretical Claims Using Split Step
Propagation Phase Screen Methods
3. Experimental Investigations of Anisotropic and Non-Kolmogorov

Turbulence

1.2: Theoretical Backgeround Regarding the Nature of Optical Turbulence

The study of optical propagation through isotropic random media has been
extended well beyond the benchmark theories of Taylor [1], Kolmogorov [2, 3],
and Obukhov [4] to include finite scale sizes [8, 9] and the rise in spectral energy
(spectral bump) in the viscous-convective range investigated by Hill [26]. More
general theories of anisotropic, non-Kolmogorov turbulence have not yet tackled
all of these idiosyncrasies, and as such we start not with traditional models of

isotropic turbulence and extend in the direction of anisotropy and non-Kolmogorov-



ness, but start by generalizing the initial assumptions of the earlier theories, and
moving forward.
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Figure 1-1: Illustrations of the inertial subrange concept of classical turbulence theory,
from [9].

In his first 1941 paper on turbulence [2], Andrey Kolmogorov used
assumptions of isotropy and scale invariance to argue for a universal power law
governing the second statistical moment of fluid velocity as a function of spatial
separation, which we will define more formally later using the concept of a
structure function. His second 1941 paper on turbulence [3] makes a more

straightforward dimensional analysis claim, which we will attempt to concisely

paraphrase. The claim is that far away from the largest scale sizes (the outer scale)



and the limitations of fluid viscosity (the inner scale), the spatial frequency energy

spectrum of turbulence should depend only on the kinematic energy dissipation rate

® _

. m?s~3, and the spatial wavenumber, x, which

of the system, ¢, with units of
has units of m'. The one dimensional energy spectrum, E(k), is a frequency

2
domain representation of the kinematic energy, kp, with units (%) = m?s~2,

Given E (k) is the kinematic energy density per unit wavenumber, its units are

3o—2

m°s Due to the units of € and k the only function, E(k), that satisfies the
dimensional criteria is ~e2/3k~5/3, i.e.:
E(k) = Ce*3|k|™>/3 (1-1)

where C is a unitless constant.
For obvious reasons, we wish to relate the energy spectrum to spatial
domain intuition regarding the nature of turbulence. The Weiner-Khinchin theorem

[27] relates the autocorrelation, Bf (1) = (f (r — o) f (15)), of a function or field to

its energy spectrum by a Fourier transform relation:
B,,(r) = f E(x) e/*" dk = 2662/3f k~5/3 cos(kr) dk (1-2)
— 00 0
where the u; subscript of B, indicates that this is the i component of the velocity

— dx . . .
vector, u (e. g.u = E)’ and j =+v—1. Because we have assumed an infinite

inertial range, this integral diverges, however we shall demonstrate that other useful

statistical metrics do converge.



We now define the structure function, Dy, of a function, f; as [6]:

Dp(x) = ((f(x +x0) — f(x0))?) (1-3)
where (x) denotes the expectation value of x, and we note the following relation for
stationary fields (i.e.(f (x0)?) = (f(0)?) and (f (x + xo) f (xo)) = (f () f (O))):

Dy (x) = (f (x + x0)%) + (f (x0)*) — 2(f (x + x0) f (x0))
= 2(f (x0)*) = 2(f (x + x0) f (x0))

(1-4)
= 2(f(0)*) — 2(f (x)f (0))
Applying Wiener-Khinchin again:
Ds(x) =2 j Er(1)(1 — e/**) dx (1-5)
For our quantity of interest, the velocity structure function is given by:
Dy, (r) = 4662/3f k=33 (1 = cos(kr)) dx
" (1-6)

[oe)

= 4r2/3¢Ce?/3 f K'=3/3 (1 — cos(k")) dx’
0

Where we have made the change of variables, k' = rk. In Equation (1-6), we have
demonstrated the r%/3 dependence of the famous Kolmogorov’s 2/37% law [2, 3],
as we note that | Ooo k'~3/3 (1 — cos(k")) di’ is both a definite integral and is not a
function of . Clearly, from the form of (1-6) we can see a r? dependence in the

spatial domain maps to a x~®*1 dependence in the frequency domain, with p an



arbitrary constant between 0 and 2, exclusive. It can be shown [6] for integrals of
the form of (1-6):

2T

sin (7tz_p) r'l+p)

f x~ P+ (1 — cos(x)) dx = , 0<p<2 (1-7)
0

where x and p are arbitrary, and I'(x) is the gamma function of x.

As applied to optical propagation, we will generally be more interested in
the three dimensional energy spectrum, ®(k), of the wave vector, kK = k,&; +
Ky€; + k,€;, where the é€’s are orthogonal unit vectors in three dimensional
frequency space. ®(k) can be expressed as a function of the vector autocorrelation

function, By, () = B, (I7]), as [6]:

D(@) = #ﬂj cos(i - 7) By, (7) dF

© T
1
= Qe f f cos(kr - cos @) B, (r) r* sin 6 d6 dr (1-8)
0 0
1 [
= ankf rsin(kr) By, (r) dr

0

where in the second step 6 is the angle between K and 7. By noting that 2B, (r)

and E (k) are Fourier transform pairs, this implies:

[oe)

E(x)=n"1 j By, (r) cos(kr) dk (1-9)

0



dE (k) B
dik

—mt foor By, (r) sin(kr) dx (1-10)
0

Investigating Equations (1-8) and (1-10), we establish a useful relation between the

one dimensional and three dimensional energy spectra:

B(R) = —— (1-11)

In the earth’s atmosphere wind is primarily a product of natural convection
due to the sun’s heating of the ground and the ground’s cooling of the air at night
[9]. There is also a natural relationship between the refractive, n, index of air and

temperature given by [28]:

. 7.52 1071\ P(7)
n(@)=1+77.6-10"%-(1+

22 T(P)
(1-12)
. L P®

where the approximation given is valid for optical wavelengths, A, in the visible
and infrared range, P is pressure in millibar (mb), and 7 is temperature in Kelvin
(K). Consistency of the experimental observations of temperature flows with
velocity flows have led to the assumption that the convective transfer of
temperature is driven primarily by advection [9, 26, 29], the transfer due to bulk
flow, as opposed to diffusion (transfer due to Brownian motion). It flows naturally

from this assumption that we have a structure function for temperature of the form:

Dr(r) = ((T(r + 7o) — T(10))?) (1-13)



= C2rP
where C2 is the temperature structure constant with units K - m~?. With a natural
link between turbulent atmospheric mixing and refractive index already
established, we now consider index of refraction index structure functions, D,;, of

the form:

D (r) = ((n(r +1p) — n(ry))’) = C2rP
) (1-14)

P
=~ (79 : 10-65) C2rP

where C? is the index of refraction structure constant. Because the index of
refraction, n, is unitless CZ has units m~P. For Kolmogorov turbulence, the units

2/3 asp = 2/3. The structure given in Equation (1-14), along with

of C2 are m™
the definite integral relation given in Equation (1-7), corresponds to a one

dimensional energy spectrum given by:

. (Ttp
sin|—=-)'(1+ p)
E, (k) = C? ( 2 )27'[ ||~ @+D

(1-15)
cos (712_0() I'a—2)
21

= c} 2=

where we have introduced a new variable, @ = p + 3, which is the three dimension
spectral power law. Applying equation (1-11), we have the three dimensional

spectrum:



cos (712_0() I'a—2)

472

Pn(K) = (a = 2)[x|™

(1-16)
C2A(a)

= @
(rcx? + 12 + K,2) /2

Where we use the relation I'(x + 1) = xI'(x) to define the 4 function, given by:

cos (71'2_a) 'a-—1) (1-17)

Al@) = 42

For Kolmogorov turbulence « = 11/3 and A(a) = A(11/3) = 0.0330.

We have been careful to derive the refractive index spectral model, initially
justified by dimensional arguments, in a more flexible manner that allows for
varying dependence of the energy spectrum on wave number, and structure on
radial distance. It is also notable, that although the traditional units of C? are m=2/3,
in the generalized model the units of €2 are m3~%. We now have a framework to
discuss non-Kolmogorov turbulence without consideration of inner and outer scale
sizes, which is applicable to propagation of beams with diameters well between that
of the inner and outer scales.

To include statistical anisotropy, or directional dependence, we can modify

the three dimensional energy spectrum, again, to be of the form [19, 23]:

é,%A(O() Hx Ky

(u,chc,% + UKy + K2

D, (k) = )a/z (1-18)



where we have introduced p, and u,, as the unitless anisotropy parameters in the x-

and y-directions, respectively, and we have added the tilde notation above C? to
indicate it is no longer the structure function in any direction, but only in the z-
direction. Note that for the ranges of a’s that allow the structure function implied
by Equation (1-19), given below, to converge (i.e. 3 < a < 5), independently
increasing u in either direction decreases the energy in the spectrum. Additionally,
direct investigation of the structure function predicted by Equation (1-18) after
change of variables x’ = ux indicates increasing u effectively lowers the structure

function in the x-, y- directions:

Hx

oo 1—cos<xKx +y y +z Z)
D, (1) =C, A(a) fff di’
Ke'? + Ky 2+, 2) /2

(1-19)

However, as it is a convention that propagation is in the z-direction [9], and
in keeping with the paraxial approximation [9] of light which assumes propagation
is by-in-large in a single direction, the refractive index fluctuations in the direction
of propagation are not considered [9], and so we simplify Equation (1-18), also

expressible as @, (k) = @, (K, k;) = O (ky, Ky, K, ) as [24]:

10



. CEA(Q) piy 1
®,(i,,0) = —= — (1-20)
(e + ujiy) ™

Given we will assume the direction of mean propagation as z, p = xé; + yé, and
Ep = Ky€; + K, &,. Equation (1-20) gives the form of the refractive index three
dimensional spectrum we will use for the majority of this work.

Finally, we note that in later sections the statistics of an ideal atmospheric
turbulence phase screen an understanding of the covariance function of refractive
index will be necessary. The classical theory for propagation through random
media derives all statistics in light of the Markov Approximation, which is the
assumption that atmospheric turbulence is approximately delta-correlated in the

direction of propagation. Formally:

B,(p,z) = fff D, (K, ;) exp[j(ﬁp D+ K,7)] dx,dx,

[oe)

J

—00

(1-21)

IR

exp(jk,z) dk, jf @, (k,,0) exp(jK, - p) dK,

= 218(2)A,(p)
In Equation (1-21) we have implicitly defined the two dimensional autocorrelation,

A, (p), and made use of the identity [9]:

o)

j exp(jxz) dk = 2m6(z) (1-22)

—00

With regards to Equation (1-22), we note also that:

11



a

a
exp(2mjxf)]?

)
(x) 2mjx

2

lim fexp(anxf) df = lim l

a—oo a—oo
a

2

|
N Q

(1-23)

sin(mxa)
a—»w  TIX

Equation (1-22) is an extension of Equation (1-23) under a change of variables

within the integral.

1.3: Mathematical Background Regarding the Simulation of Optical Propagation

In this section we shall discuss the paraxial approximation of the Green’s
function for optical propagation, the use of this function to define a transfer function
for propagation, how this is approximated in discretized simulations, and a
modification to the traditional propagation technique which allows for shrinking
and expanding grid spacing with each propagation step. The Green’s function for
optical propagation in vacuum is given by [30]:

exp(jkolT])

G() = —
™) 41|7|

(1-24)

where ky = 27” is the vacuum optical number with A the wavelength, and 7 = xé, +

yé, + z&, is the position vector. For the study of coherent light relevant to this

thesis, i.e. beam waves, Equation (1-24) is approximated by the paraxial

approximation:

12



o
) exp(jko '—pz n Zz) ) exp (]koz 1+ Z2>

G(p,2)
[02 1 ,2 { 2
myp” +z 4mtz 1+§—2 (1-25)
p?
exp(jkyz) exp (jko Z)
- 4tz

where p = xé, +yé, and p = |p|. The Huygen-Fresnel Integral yields the

diffracted field at any point due to an input complex field, U(p’, 0), as per:

UG = ~2jky [[ 66 -5 UG 0 (1-26)

Equation (1-26) implies that paraxial optical propagation a distance, z, can be
approximated as a convolution with a kernel given by the Fresnel impulse response

[31]:

2
exp(jkyz) exp <jk0 %) (1-27)
jzA

H(p,z) =

Acknowledging that the constant phase rotation term, exp(jkqz), associated with
z-direction propagation is of little interest, we note that simulations of optical
propagation usually take advantage of the Fourier Convolution Theorem [32] (also
known as the Convolution Theorem or convolution property of the Fourier
transform). The Fourier Convolution Theorem states that the convolution operator

is equivalent to the inverse transform of the product of Fourier transforms of the

13



impulse response and input field. As we shall later demonstrate, neglecting the
phase rotation term, the Fourier transform of Equation (1-27) is given by:

(G, z) = e~mzAlal? (1-28)
where q = &, + q,é, is the spatial frequency vector. In most manifestations of
phase screen simulation of optical turbulence, the discretized complex field matrix,
Uout nm- 1 computed from the input field matrix, Uy, . and the Fresnel impulse
response matrix, Q,,,, with use of the two dimensional Fast Fourier Transform

(FFT) and Inverse FFT (IFFT):

2
Q% = (MAqy)? + (ndg,) (1-29)
Q. = fftshift{exp[—jmAzAq3,, 1} (1-30)
Uoutm = IFFT; {Quun * FFT{Un e }} (1-31)

Equations (1-29) - (1-31) define the relevant matrices and summarize the
propagation algorithm, with Aq, = ﬁ, Aq, = ﬁw are the frequency domain grid

spacings in terms of the spatial grid spacings, 4x, Ay, with M, N the number of grid
points in the x- and y-directions (respectively), fftshift{ } represents the process of
FFT-shifting [33] a two dimensional matrix, and FFT,{ }, IFFT,{ } represent the
FFT and IFFT operators (respectively).

Equation (1-31) has a notable limitation, which is that it does not allow for

a change in spatial resolution (and by extension spatial domain size) between the

14



source and receive planes. The angular spectrum propagation algorithm [33] enacts

a change in spatial resolution between the source and receive planes by noting that:

U(ﬁz;z) = ff G(ﬁz - ﬁl'z) U(ﬁl' O)d,51

52 = P -
2z
jAz

ff exp (jko
= J) ;

We can write, using p; = |p4|, p2 = |p2|, and introducing a scaling factor, m:

U(ﬁll O)dﬁl

|p2 — P11 = p2* — 2py - p1 + p1°

Pzz Pzz m
_ 2 P20 P27 s s 2 2 _ 2
(pz +— m) P2 p1+(p1° +mp, 2
2
P2 1 ) m
_pt (1 __) 022 — 2Dy py + [mp2 + (1 —m)p,?] (1-33)

B ) . 1
=m (&) _2<%>' Q1+Plzl +(1_a>922+(1—m),012

:m——al
m

2
m P2 P1

Insertion of (1-33) into (1-32) yields:

o fﬁ[mﬁ_ﬁ ‘2_(1"’”) 2+(1-m) Z]
e 2z m~ F1 m)P2 P1
U(py,z) = U@’ 0)dp’
(P2, 2) f f jAz (0 0)dp
oo (1-34)
—jko 1—m) ) , — 2
] P2 ik Jkom|p, —
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In order to use the Fourier Convolution Theorem, we wish to rewrite (1-34)

in terms of a convolutional integral. First, we define:
1 O(1-m)p,
U'(p1,0) = _U(Pl 0)9 zz ! (1-35)

The above allows us to write (1-34) as:

525

R e jkom|ﬁ_ﬁ |2 .
U(pz,z)%—f mU'(py,0)e 27 Im " dp, (1-36)

We now introduce the scaled coordinates:

~ 1 P2 P2
= — == 1-37
P2 ) P2 ( )
z
4 = (1-38)
m

Use of (1-37) and (1-38) yields in (1-36):

0

e 2 (1= m)pz I N
U(mﬁz’,z) = fo (pl,O)QZZ 2] P1| dﬁl (1_39)

(1-39) is now in the form of a convolutional integral, with kernel H (,52' —p1,2"):

Jko|= 1 ~|2

e2z'IP2 ~P1 (1-40)

H(ﬁ _,01,2)—

!

JjAz

. K001 _myp,”? o N
U(mpz ,Z) =e 2z (=mps fo (Pl'O)H(Pz _pl;Z)dpl ( )

The Fourier transform of the kernel, H(qy,z"), which using p = xé, + yé, as a

dummy variable of integration, is given by:
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Ay, 2) = f f H(G,2") exp(=2mj - Gy) dp
- (1-42)

O:o ( p? -
eXp[ﬂ1<m—2p-q1)] .
d

We have written (1-42) in terms of a spatial frequency vector, g1 = g1 ,é; + q1,é;,
as opposed to a spatial angular frequency (e.g. a k), because ultimately we are
deriving these expressions for use with the FFT, which is not implemented using
angular frequencies. We continue:

e

(L% s 1 2
em(m—mqﬁz Aqy )

H(@Gy,2) = 7 _U jAz' dp

— 00
o8]
2

.y 2 [ee]
—mjz Aqq .(xz ) .(y )
e i Y 2 AN ! 2
_ fem AL A1) jem Ttz Ayt

— 00 — 00

(1-43)

.1 2 @ 2 co 2
e ™7 A0 T '(L— \/AZ’) T '(L— \/AZ’)
= fefm‘“'x dxfe’mqw dy
z
] — 00

We now examine the first integral in the final form of (1-43). We note that through

a change of variables to x' = x — q, ,Az' we can write:

oo x 2 °°+Q1,xAZ’ x,g oo x'z

| (- v—m) nx X 1-44
je ]<W 1 dx = f e jAz' dx' = | e JAz" dx’ (1-44)
o ~00+qy 22" o

The Gaussian integral identity given by (1-44) is readily generalizable as (1-45),

2
. . T
given below using r'=—, dr’ = rdr, x'=vVax, and dx'=Vadx:

17



(1-45)

=2m

- —ax? 1 - —x'* 2T _
fe 2 dx =— ferx’= — (1-46)
Va a

Substituting % for a in (1-46) allows us to write (1-44) as:

( i) [ T

f e Waz' T dx = f e 122" dx' = \[jAz' (1-47)
Noting that, in reality, both integrals in the final form of Equation (1-43) are

equivalent yields our optical transfer function:

2

~ emmizda? (0 x e
H(qy,2") =—< j e’”<m 01/727) dx

iz (1-48)
— e—rrjz’)uh2
Using the Fourier Convolution Theorem, we can now write (1-39) as:
—ik '
) o2 (mmp"” (1-49)
U 7)) g —————
(mp,', 2) iz
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X ff H(qy,2") <ff U'(p1,0) 92njﬁ1'ald,51> eznjﬁzl'aldﬁl

For discretized simulations, this can be implemented using FFTs by defining the

following matrices:

riy = (14%,)? + (kAy;)? (1-50)
15 = (14%,)? + (kAy,)? (1-51)
2 2 )

Qi = (Mch,x) + (kAqu) (1-52)
jko(l —m)

Q11 = €xp lT i (1-53)

_ —2jn*Az

Q2 = fftshift|exp m—koql'”‘ (1-54)
Jko(m —1)

Q3 = exp lw 3 (1-55)

Uin,lk
Uoutik = Qa1 IFFT, 1 Qg i - FFT, 1Qq 1 - - (1-56)

where Ax,, Ay, are the simulated spatial domain spacing in the input plane, Aq; , =

1 1 o . :
7R Aqy,y = Ny, are the frequency domain grid spacings with M, N the number

of grid points in the x- and y-directions (respectively), 4q, ,, are the , Ax,, Ay, are
the simulated spatial domain spacing in the output plane. Note that for m = 1,
Q1% and Q3 are always one at all points in the matrix, and Qg simplifies to
the traditional Fresnel transfer function given by other sources [31]. (1-56) is the

method of propagation used for all computational work in this thesis.
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1.4: Theoretical Considerations for Propagation through Anisotropic, Non-

Kolmogorov Turbulence

The theory derived in Section 1.2 has interesting repercussions when
applied to the theory of optical propagation. In this section, we largely follow the
approach give in [9] which is most applicable to this proposal. An important

quantity in the study of propagation through isotropic turbulence is the Rytov

21

variance [9], 02 = 1.23C,%k,"/®L1Y/®, where k, = -

is the optical wavenumber,

and L is the propagation distance. The Rytov variance physically represents the
normalized irradiance fluctuations, or scintillation index, 67, of an unbounded plain
wave traveling through isotropic, Kolmogorov turbulence. Theorists have
developed a generalized form of the Rytov variance applicable to anisotropic, non-

Kolmogorov turbulence as [23]:

GE(L, @, p y) =

a
m (cos2 ¢, sin? (p>7_1
[ Iy?

(1-57)
do

#F (1 - %) sin (%) cos (?) anko3_%L%f0

2 inZ ¢ \2 i
cos?2@  sin <p> de are sometimes [24]

+
ﬂyz ﬂyz

) 1 (2
where the combined factors Py f0n<

referred to as the multiplicative anisotropy factor. Equation (1-57) gives the
scintillation index of an unbounded plane wave propagating through anisotropic,

non-Kolmogorov turbulence, with scintillation index defined by:
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(A =IN?*) _ (1% = (D)*
nz  (n?

of

(1-58)

where because ¢/ is normalized, and therefore unitless, and / can be either the
irradiance with units W-m™ or the electric field intensity (£%) with units V>m™.
Both choices of units are related by a constant, the impedance of the medium,
Z=Zy/n, where Zy is the vacuum impedance of the medium, and # is the refractive
index. Also of interest is the scintillation index of a spherical wave propagating
though anisotropic, non-Kolmogorov in the weak fluctuation regime, i.e. the
generalized Rytov variance for a spherical wave, which is given by the below
expression [24]:
64 s(L, a, iy, 11y)

a a
e i-gr) ., e

a_ 1-59
N fZTI (COSZ 1) N SinZ (p>2 ld ( )
o\ Hi? Hy? v
a: &I%(L' a, Uy, :uy) -I? (%) [T[(a - 2)]
= . cos 2
2 - sin (T) -I'(a)

The most widely accepted method of analyzing the statistical nature of the
propagation of light through optical turbulence, at least for Rytov variances less
than or equal to unity, is the Rytov Method, which assumes that the long term
statistics of turbulence can be modeled as a modulating function affecting the mean

field of the otherwise vacuum diffracted light, Uy(p, L), with Uy(p, 0) being the
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undiffracted complex field. A rigorous examination of the two point mutual
coherence function (MCF) at a given propagation distance [9]:

T, (p1, P2, L) = (U(py, YU (P2, L)) (1-60)
where the 2 subscript of I', denotes that this is the 2" order moment of the field, U
is the true field propagating through turbulence, and * denotes complex
conjugation. This method predicts the long term mean irradiance via:

(|U(,51;L)|2> = Fz(ﬁpﬁpL) (1-61)

Although there is more than one manner to express the behavior of a Gaussian beam
diffracting in vacuum [34], we use a convention associated with the derivation of
diffractive behavior in the paraxial approximation, defining behavior in terms of
non-dimensional beam parameters. That is, the input plane curvature parameter
and Fresnel ratio, ®9 and Ao, respectively, and the output plane curvature parameter

and Fresnel ratio, ® and A, as [9]:

B,=1 z Ay = 2z 0, = z 1-62
0 — FO, O_kOWOZI O_FO (' )
0, Ay _

0=—2 . A=—"2 0=1-0 1-63
002 + Ay? 002 + Ay? (1-63)

0o

koAr? A k,Or?
Uo(p,z) =02 + A2 exp <— OZZT )exp (j <koz —tan~! (—0) + Oer )) (1-64)

where W, is the initial spot size (radius of e~! field magnitude relative to the
maximum) and F; is the initial beam radius of curvature. The diffracted spot size,

W, and radius of curvature, F), are given by [9]:
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2 ¢]
z -2 (1-65)

— F
koA VA
Equation (27) is consistent with a Green’s function for propagation given by [30]:

exp(jkol7 —7'|)
At|r — 7’|

G(r,7") =
(1-66)
1

lp—p'I?

'k -7

47T(Z z") P l] 0 (Z z 2(z—2")
The approximation in the last step of (1-66) is the paraxial approximation as applied

to the Green’s function.

Next, we consider the Born Approximation [9]:

n2(p,2) = (no(p,2) + n,(5,2))°

(1-67)
= ny(p,z) + 2n,(p, 2)
UG = ULD+ Y. UnGiD) (1-68)
Where we have already defined Uy, and the U,,,’s are given by:
Un(p,L) =
L oo 5,2) (1-69)

' IP pIZ =/ nl(p'
2] @ [ o exp<f"°<L‘ 26 -2)) OO
0 —00

As previously referred to, the Rytov Method assumes that turbulence acts as a

modulating function on the beam, via the Rytov Approximation:

U(p,L) = Uy(Ipl, L) exp(y(p, L)) (1-70)
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= upl e (Y pnGib)

It is noteworthy what the Born and Rytov approximations can be shown to be by

introducing the normalized Born perturbations, ®,,:

Un(p,L)
UO (,5, L)

In looking for the 1% and 2™ order terms in the Rytov approximation, taking the

P (p, L) = (1-71)

Maclaurin series around the right side of Equation (1-73) and keeping the 1% and

2™ order terms yields the relation:

DG+ L) = 0, L) + [0, L) + 307G L] (7
Where we will equate the bracketed terms with 1, (p, L). As it has been shown [9]
that the mean field, (U(p, L)), goes rapidly to zero propagating any distance beyond
a few meters in even weak turbulence, and because we are typically interested in
the field intensity and fluctuations thereof, we ignore the 1% order moment, and

begin in looking at the second previously given in (1-60):

I3 (p1, P2, L) = Ug (111, LYUo" (121, LY(exp(¥(p1, L) + ¢* (P, 1))
(1-74)
= on(ﬁpﬁz’ L)<9Xp(¢(.51’ L) + ™ (p2, L)))

Where Iy (0, py, L) is the mutual coherence function of the unperturbed field.
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Evaluation of the exponent requires us to borrow from the method of

cumulants [9, 35]:

[oe] Km
(exp(V)) = exp (Z m) (1-75)
m=1
K= (W), K= (W= ()™ (1-76)

Therefore, to second order:
(exp(l/)(ﬁl, L) + 9~ (py, L)))
(Y(p1, L) + 9" (p2, L)) (1-77)
=P () + 9 (o 10)) — WG L) + 9 (B L))
Applying (1-73), along with the assumption (®,(p, L)) = 0 due to the mean field

approaching zero, and then dropping all terms smaller than (1/)12), (W1"), (Ps)
yields [9]:
(eXp(lp(ﬁli L) + lp*(ﬁZ' L)))
(1-78)
= exp(2(y,(0,L)) + (¥1(0,L)?) + (1 (p1, L)1 (P2, L)*))
where 0’s now appear in some of the function arguments by virtue of an assumption
of homogeneity of turbulence (not isotropy, necessarily).

Equation (1-78) applied to (1-74) allows an approximation to the mean field

having propagated through turbulence:
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(I =(Upl,U(pL.L)") =Tz(p,p, L)

= U (Ipl, L)I? exp(2(1 (0, L)) + (11 (0,L)?)

+ (Y1(p1, L)1 (P2, L)) (1-79)
wg  =2|pl?
= Y exp (oD exp (20620, ) + (1 (0,1)7)

+ (Y1(p1, L)1 (P2, L))

For Kolmogorov turbulence, examination of the above leads to [9]:

wg —2p? 5,3 5  2p? 5.5
(I(p,L))=mexp W2 + 1.3205A6( 1 — F; —g;l;m —1.3303As

(1-80)
W¢ —2p? 2 5
= —Lexp (—p) exp (2.220§A§% - 1.33a,§A€)
where ,F; represents the confluent hypergeometric function [36]. To simplify, we

define T as per (1-81) and make the approximations given in (1-82), (1-83), and

(1-84) yields the final weak fluctuation theory mean irradiance approximation,

(1-85):
5
T = 1.330%Aé (1-81)
5 pz pz pz
2220706 5 =167 T 5=2"T (1-82)
1

A p— 1-83
e T (1-83)

_2p2 p2 _2p2 _2p2
— 42T = 1-T) = — 1-84
w2 w2 = wz =1 W2(1+T) (=59
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W,* —2p?
(I(p, L)) = w21+ 1) P <m> (1-85)

Clearly, the perturbation theory based derivation for Kolmogorov turbulence

predicts the long term spot size, W;r, can be approximated by:

. (1-86)
Wy = W1+ 1336206 = WV1+T

In the course of this derivation, we started with the Born approximation and
made further approximations based upon keeping only leading order non-zero-
mean terms in the exponential functions. These approximations as applied to the
Born and Rytov approximations constitute the Weak Fluctuation Regime, which is
assumed valid for 62 « 1. Given the number of approximations that have been
made in the process of deriving (47), it is not surprising that pragmatic adjustments

have been made to the theoretical prediction [23]:

51 3/5
Wy =W (1 + 1.330,%A€) =W(1+T)>35 (1-87)

This has been extended to anisotropic, non-Kolmogorov turbulence as [23, 24]:

vl w

3
Wire =W (14T i)’ Wiry =W (14 Ty (@ pny))’ (1-89)

r(z-3)

L2, g @@ @,
Te(, by pty) = ZHWA(Q) Cn ko™ 2L2A2
(1-89)

]

2m cos? sinZ p\2
- j cos? ¢ ( zfp + 2(/)) do
0 Hy Hy
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r(2-3

T. 2 A@) G, kg 217 AT
= —_— 21,2\2
y(a, le'lly) ﬂ(a— D, ? (a) C, ky
(1-90)

a
2m cos? sin2 \Z 2
- f sin? ¢ ( 2(p + 2(p> do
0 My My

Note that the C,,, k,, and L dependences of are identical to the generalized Rytov
variance of (1-89) and (1-90), and the A dependence is the same as the 7in (1-81).
Because of the connection with Equation (1-87), later in this proposal we will refer
to the use of Equation (1-88) a Rytov variance based approach. In order to estimate
the fluctuations of the intensity of light, theorists analyzed the 4™ moment of the
field, given by:

T2 (P1, P2, P3, Par L) = (U1 |, LYU* (1921, LYU U3, LYU (1p4l, L))

= Ug(Ips|, LU (1921, LYUo (193], L)Uo " (1p4l, L) (1-91)
. (exp(l/)(ﬁl, L) +9*(pz, L) +(p3, L) + ™ (P4, L)))

Investigation using (1-91) yields an on-axis scintillation index of [9]:

012(0: a, Uy, liy) =
(1-92)

ozA%_1
2(a—1)

&7 (a e 1y

IR\ P ly) pol 271 F (1—E
sin(%7/,) )% 2 2’

N R

;1+%;@+jA)

where ,F; is the Gaussian hypergeometric function [36].
For o3 > 1, theorists have applied similar methods to the parabolic

equation method. Chernov [5] gives the stochastic wave equation as:
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V2E(F) + ko*ny (MEF) + 2V(E(F) - Viog(n(#))) = 0 (1-93)
Where E is the electric vector field. The last term on the right hand side results in
and is related to changes in the polarization state of the light, and is typically
ignored [5, 9]. For a plane wave, the substitution of any transverse component of

the field as U(7) = V(i")e/*0? yields the parabolic equation:

o o (1-94)
2]k07 + ViV () + 2ky'ny(MV(r) =0
)4 R o (1-95)
ko &— 2y + Ve V(1)) + 2k ™ (m MV (1)) = 0
with V%= % + %. Tatarskii suggested the approximation [37]:
e JKo a (1-96)
(M (P () =524, OV (5, 2))
4n(5) = 2n ff . (|i,|) exp(ii, - 3) di,
(1-97)
= 4712] KpCDn(Kp)]O(KPI,BI)de
0
Equation (1-95) then becomes:
. a 2 . 3 -
|2k0 o+ V3 + ko 4, (0| V (5,20) = 0 (1-98)

Following an approach similar to that done in the weak fluctuation regime

eventually leads to, for plane waves of initial field magnitude of 1:

T, (Py, P2, L) = exp(—ko*z[A,(0) — A, (1 — p2)]) (1-99)
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= exp <—47T2k022f qu)n("p) (1 _fo(Kp|ﬁ1 - ,52|)) de)
0

For Gaussian beam waves, in the strong fluctuation regime, we look for solutions

of the form:

U(p,L)——ﬁdp Uo(p', 0)ex <] olp 7'

+ ll)(ﬁﬁ')) (1-100)

Then, again following similar methods as in earlier in this section [9]:

(I(ﬁl L)) = FZ(:BMBI L)
T 20" _ 2|
da’ dal _ 1 P2
27rL ff & ﬂ & eXp< W, W02>

Jko L., o0 o . (1-101)
“exp| - (1——)p1 P2 — P P1

1 oo
- exp —4n2k02LffKpobn(;cp)m—]O(Kp|52|§))d;cp dé
00

Further approximations lead to:

12
Wir = W\1+ 16305 A (1-102)

Equation (1-102) can be modified and extended to anisotropic, non-Kolmogorov
turbulence, however for examples of interest (1-102) yields similar results to the

method described below.
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An alternative expression for the long term spot size which, as we will
examine later sections, seems appropriate in deep turbulence, o5 > 1, is derived
from the spatial coherence radius. The wave structure function (WSF) for a
spherical wave is given by [23]:

D (ﬁll ,52, L)

Sy ) (Kpf\](xlﬂ—xxz)Z B (}ﬁﬂ‘y%)z)

= 82 A(@)C, koL f f . di,d§  (1-103)
00

a-2
P il (2) . (<) ((xl ) (y1 - y2>2> 2

- a
(@—1)2¢11 () M Ky
Note the emergence of the £ symbol is due to the change of variables, { =1 — %,

to an integral originally over z. The spatial coherence radius, g, in the x- and y-

directions is given by solving

D(0,0,L)
2

D(pg, po, L) = , and setting pg = |po|. For isotropic turbulence, we have:

1
a 2—a

ar(@-1r(-3) an (1-104)
(@=1)2oT (3) os(7)

Ps = ankozL

Solving Equation (1-103) with pg = 2 _¥ for x = 0 and y = 0 then predicts

Ux? ﬂyz
the x-, y-coherence lengths pg, = uyps, ps, = Wy, Ps giving the spatial coherence

ratios in the x- and y-directions:
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i al(a—1Dr(-% 2-a
Psx = Ux ankozL (a ~ 1) Sa ['((%2)) coSs (0{2—7-[) (1-105)
1
a 2-a
Psy = Hy énzkozLar(a il (_7) cos (%) (1-106)

(@ —1) 22 r(%)

Xiao and Voelz [38] give an estimate for the long term x- and y-spot size as:

A 2W,* 2z \*
WLT,X(Z) = WO (1 - F) +(1+ P 2 PRy 7
s, % oo

(1-107)
2W,2
=W0j®02 <1+ 02>A02
ps,x
772 2W,A\ [ 2z \
Wiy @) =W, [(1=2) +[1+
11,y (2) 0\/( F) < Ps,y2>(koWoz>
(1-108)
2W,>
=W, [0,%+ (1 + 02>A02
ps,y
Note that for C,,~ = 0, Psx = Psy =
Wir(2) = W(z) =W, |(1 Z)2+ 22 )’
z)=W(z) = - = —
LT 0 F koWoz
(1-109)
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which is consistent with earlier equations for free space beam propagation. This
completes the background knowledge necessary to understand the proposed areas

of study detailed in the rest of this proposal.

1.5: A Note Regarding Alternatives to the Paraxial Approximations

We now examine the Green’s function for optical propagation given by

[30]:
exp(jkor
G(T) =M (1-110)
4nr
Taking the Fourier transform:
~ p exp(jkor
G(k) = fff M exp(—jkr cos 8)r?sin 0 dpdOdr
4nr
j‘o exp(jkor) sin(kr)
= dr
K
° (1-111)

= ZJ_Kf exp(j(ky — k)r) — exp(j(ko + K)1r) dr
0

_ L —exp(j(ko — K1) _ exp(j(ko + K1)
2K Jj (e — ko) lo Jj(e + ko) lo

If we assume either that k, has a small imaginary part (there is some small
attenuation in propagation) or that exp(j(ko — 1)), exp(j(ky + k)r) equal their

average value (of 0) at r = oo, we have:
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G(x) =

j 1 1 Kk+ky+k—k
]( ) > 2 = > (1-112)

2K \j (e — ko) J(K + ko) 2x(k2 — 02) k2 — ko
In order for this to be useful to us, as we will see shortly, we need to inverse

transform this in k,:

1 j‘o exp(jK,z)

G(Kplz) " 2n Kp? + K2 — ko®

- d, (1-113)

—00

The integrand is analytic on the real line, and has first order poles at k, =

+ /koz — Kk,%. Assuming Re(ky) > k,, (which will be a good approximation for

the grids used in our simulations of optical phenomena), and that k, has a small
and positive imaginary part, kg ;, such that ky = kg, + j - ko ; closing the contour

of (1-113) upwards leads to:

’k
~ 1 exp(jK,z) J exp <]Z 0 >
G(K ,Z) = — dk, =

P 21 ) K, + K,% — ko? ,

Taking the limit as ky; — 0, kg = k,, demonstrates that this equation is valid for

(1-114)

vacuum propagation.

It is interesting to note that although typically the paraxial approximation is

2
used for studies of laser propagation, by noting fkoz —K,2 =kg ’1 — ZLZ and
0

taking advantage of the Taylor series for V1 + x we achieve:
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ol <1 (-115
ko (1-115)

_ C(CDrER)! e\
ko2 — sz = ko (1 ¥ ;4"(71!)2(2” -1 (k_0> ),

one this allows us to write G (Kp, Z) as:

jexp(jzk,) D) (k2"
D e Xp( k°Z4"(n!)2(2n—1)(k_o) ) (1-116)
Ky

The above expression is valid for |~2| < 1. We have written G (Kp, Z) in this form,

0
with two exponentials function, for reasons related to computing G (Kp, z) for use
in simulation. Because the jzk, term in the 1% exponential is expected to be very
large compared to the non-constant phase terms given by the rest of the series, we
have noted when this form of G (Kp,z) is used to compute the effective Green’s
function (or point spread function) for the simulation of optical propagation
quantization errors can become significant leading to error in the relative phase

between points in K,-space. For simulations of complex optical fields bandlimited
by |Kp| < ko, Equation (1-116) provides a method of performing non-paraxial

propagations. By noting that the exp(jzk,) contributes only to the constant phase
term of the propagated wave, and noting that the infinite summation in Equation
(1-116) cannot be computed, we note that an approximation for non-paraxial

propagation is given by:
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N

~ J . (D" (2n)! K, 2n)
G(x, z) =2 —————exp|jzk . Kp _
o) 2 [ko® — K,2 ( On=14 (n)?(2n—-1) (ko) (1-117)

where N, the number of terms, should be larger than 1 for non-paraxial simulations.
For paraxial simulations, N = 1 as we will demonstrate. We note, however, that in
paraxial simulations, there is no harm in using more than just the 1* series term
aside from increases in computation time.

The Huygen-Fresnel integral [9, 39] gives the propagated, U(p, z), field at
distance z, in terms of the Green’s function for propagation, G (p, z), and the initial

field in the z = 0 plane, U(p, 0), as per:

UG = =2jky [[ 6G - 5.2 UG 00 (1-118)

As (1-118) contains a convolutional integral, we can use the Fourier Convolution
Theorem which equates convolution in the spatial domain as equivalent to

multiplication in the frequency domain. This allows us to write:

U(K, z) = —2jkoG(K,,2)U(K,, 0) (1-119)

R I B
U(p,z) =— ffG(Kp,z) U(Kp, 0) exp(]p-lcp) dK,

(1-120)

= (2m)2 f f G0 2) U(%,,0) exp(j5 - ,) dii,
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where we dub G ’(Ep, Z) in (1-120) as the Fourier transform of the effective Green'’s
function for propagation. For paraxial propagation, G '(Ep, Z) is determined from

the G (x,,z) of (1-117) as per:

5’(1?,),2) = —2jkOG(Kp,Z)

_ ke (
= ——exp| jzk,
2

koz — K,

N (—1)"(271)! <&)2n (1-121)
14n(n!)2(2n - 1) ko

n=

By approximating (1-121) and as per [33, 40] we confirm that we recover a paraxial

approximation form of the Green’s function:

n?Ai,* + TnzAKyz (1-122)
2k,

G'(nAky, mAk,, Az) = exp <—jAZ
where N, M are the number of grid points in the x-, y-directions, Az is the
propagation distance, Ax, Ay are the x-, y- grid resolutions, and Ak,, Ak,, are the
spatial angular frequency resolutions. The act of propagating takes advantage of
the convolution / multiplication equivalence in the space and spatial frequency
domains, respectively, and we may propagate distorted beams via inverse FFT
(IFFT) as per:

U(nAx,mAy,z) =

(1-123)
IFFT(U(nAky, mAky, z — Az) - G'(nAk,, mAk,y, Az)NAk, MAx,)

37



where U is the Fast Fourier Transform (FFT) of the electric field, U, and the
NAk,MAk, factor implements a change of variables to normalize the spatial
frequencies in the discrete approximation to the Fourier integral. We also note that
as per computational conventions involving FFTs, there is also a circular shift
necessary of the spatial frequency domain Green’s function which is not include in

the above equation for clarity and consistency with continuous space integrals.
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Chapter 2 : A Revised Method for Simulation of Atmospheric
Turbulence

2.1: Background

The split-step propagation method for modeling optical propagation through
atmospheric turbulence has been widely used in statistical analysis of beam propagation
since its introduction by Fleck et al. [40, 41]. This method remains popular in simulations
of long-range, linear optical propagation due to computation time advantages associated
with using the fast FFT algorithm to compute the DFT, which are used in both the optical
propagation and atmospheric distortion algorithms of the cited method. In simulations of
nonlinear optical propagation, phase screens are also widely used [42, 43, 44, 45],
including when supporting studies centering on filamentation [46, 47, 48, 49, 50, 51].
However, due to periodicity and aliasing effects associated with the DFT, significant effort
has gone into the development of computational methods that add subharmonic, low-
spatial-frequency components to the atmospheric screens [52, 53]. Additionally, Zernike-
polynomial-based methods [54] and other creative methods [55] have been pioneered
partly to address this issue, including methods using randomized sampling of the
turbulence energy spectrum introduced by Chamotskii [56]. However, due to the
computational efficiency of leveraging the FFT algorithm, DFT-based methods for phase

screen generation remain popular [33, 38, 57, 58, 59, 60].
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In this section, we present a modified method that exploits the Fourier
transform shift theorem [39], which also extends to the DFT [61], in order to
include low-frequency components in an FFT-centric method in a straightforward
manner. For many applications, this method may provide sufficient phase screen
accuracy relative to theory without additional computational penalty associated
with subharmonics and other methods. Additionally the method can be combined
with the subharmonic method of Lane et al. [52] in order to give very accurate

results across a range of spectral models of practical and theoretical importance.

2.2: Overview of the Split Step Algorithm for Simulation of Optical Propagation

through Atmospheric Turbulence

The split step algorithm for simulations of optical propagation through
turbulence was first pioneered by Fleck, et. al, in order to study the time-dependent
propagation of lasers through the atmosphere [40, 41]. Since that time, significant
effort has been devoted by the computational optics community to increasing the
fidelity of phase screen statistics [52, 53, 54, 55, 56, 62, 63], as well as providing
modifications to the vacuum propagation algorithm [33]. In most implementations
of the split step algorithm, FFT’s are utilized for the purposes of both propagating
the beam and for creating the simulated atmospheric distortion. We note, however,
in certain implementations [54, 56, 62] phase screens may be produced without use
of the FFT. Propagation is typically performed using an optical transfer function

[31] derived from a point spread function derived from the paraxial approximation
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to the Green’s function for propagation, given by (1-122). In order to simulate
optical atmospheric turbulence distortions a refractive index energy spectrum,
similar to (1-20), defines a noise filter which is used to create a random phase screen
with the correct spectral energy statistics. Both the propagation and distortion steps
both provide approximate solutions via inverse FFT, and as such are pseudo-
spectral methods [64]. The typical implementation of algorithm alternates the
propagation and distortion steps as per Figure 2-1, although we note that partial

propagations may be used between atmospheric distortion steps [33].
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Figure 2-1: Illustration of a generic phase screen simulation using five screens. The beam
is propagated a distance of Az/2 or Az using the FFT-based angular spectrum propagation
algorithm. After all but the final propagation step, a random phase screen is applied as a
phase modulation of the propagating wave.

Optical propagation may be performed simply, without changes in grid
spacings between steps, by using the method outlined in Equation (1-56). The
atmospheric optical turbulence phase screens used to modulate the propagating
wave have traditionally been created by defining a noise filter using the three

dimensional energy spectrum of turbulence (see Section 2), and using that filter to
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shape complex noise in the frequency domain. The output of this noise filtering

process is given by:

M . N
>-1 5-1
8(m,n) =k, /AKxAKy Z Z C(mAKx, nAk )e](mAXkAKx+nAylAKy)
k———l_——
(2-1)
M_, N_,
22
- mk nl
Ak, Ak, Z Z c(mAKx,mAKy) exp [Zn] ( I + M)]
M, N
k=—7l=—%
where N, M are the number of grid points in the x, y directions, Ak, = 2r o _zn AKk. =

MAx Ly Y

2m _ 2m

= —, with Ly, L,, being the x-, y-direction screen lengths, Ax = Lx, Ay = L—y, and ¢
NAy Ly’ M

is a random variable given by:

¢(kAky, lAK,) = (a + jb) - JznAzq>n(kA;cx,lAKy), (k,1) = (0,0) (2-2)

where a, b are Gaussian random variables with variance 1. ¢(0,0) is typically set to 0 as
it represents a constant phase factor, and only relative phase differences in x, y should affect
propagation. The 2m factor appears under the square root in the expression representing
our noise filter due to the approximation of the refractive index correlation function given
by (1-21).

Equation (2-1) produces a finite grid of random complex variables, and each real
and imaginary part of 8 (m, n) may be taken as an independent phase screen. The author

has been careful to give two forms of equation (2-1) as, while the first form is somewhat
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intuitive relative to the previous calculus expressions given in regards to atmospheric
turbulence statistics, the second form demonstrates clearly that the phase screen algorithm

is readily implementable via the inverse FFT. By allowing the random function

¢ (kAKx, lAKy) to define a random matrix, €;, as per:

In order to assess the accuracy of this phase screen method, as well as those not yet
discussed, it is helpful to derive the theoretical structure function, denoted as Dy, of three

dimensional turbulence collapsed into two dimensions. Dy is given by [53]:
Dy (p, Az) = 4mk?Az j (1 —cos(p-k,)) Pn(K,) di, (2-4)

Writing p = pcos¢ é, + psing é,, and k, = Kk, cos ¢, & + k, sin ¢, é,, for

isotropic turbulence we can re-write as:

0 2T
Dg(p,Az) = 47Tk2AZf f [1 — COS(pr cos((p))] dJn(Kp) K, do dk,
00

(2-5)

= 8n2k2Azf (1 —jo(pkp)) D, (x,) K, dx,
0

where p = |p — pol, ¢ is the angle between p and K, and J, is the 0" order Bessel

function of the first kind. In later sections, we shall use (2-5) directly for numerical
calculations of the theoretic structure function associated with spectral models including

mner and outer scales.
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For the general models of isotropic turbulence discussed in Section 1.4, in the

absence of scale sizes, we have a structure function:

~ ‘ 1- K
Dy(p,Az) = 81? - A(a) - kiAzC? f %dkp (2-6)
5 P
1— ]O(t) Ttsec(’m)
After using the identity given in [65], f dt = —m 1<u<3,and
2
change of variables from px, — k,’, we arrive at:
813 - Aa) - k3AzC?
DG (p: AZ) = (EX )_ 3)(;_[ na p 2
-1 2 (&
29=1 cos ) r (2)
(2-7)
m?T(a—1)- cosaz—n- k2AzC?
= p -

2a-2 cos@l“2 (%)

For anisotropic turbulence:

r 1- cos(xrcx + yrcy)

dk
(i o+ Py 7Y

Dy (x,y,Az) = 4n?A(a)k§AzCE e,

°°1—COS<M£KX +3 y>
= 4n?A(a)k2AzC? ] ad ¢4 di’

2-8
L (e 4ry) 25)
’cosze sin? 6
0027T1—cos<p 02 +— = Kpcos¢>K>
= 4n2A(a)k§AZC~,%ff ya—1 do, di,’
K
00 p
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= 4m?A(a)kiAzCE | p >

cos?8 sin26 r 1—J(x!

m?l'(a—1) - cosaz—n- k2AzC?

2%=2 cos —(a _23)7TI“2 (%)

The above expressions give the theoretical structure functions in continuous space
for phase screen distortions applied to optical paraxial waves, where we have made
the substitutions:

o K= lykyly + Uk e, = Ky + k8,

* Ky =K, COSQ, Kk, =K,'sing,

. =TIV
o O=2s(x+jy)
* = @c—0
We note that the distance power law in expressions (2-7) and (2-8) is lower
by 1 from the three dimension structure function predicted by (1-19) of @ — 3. This
is consistent, however, because when a three dimensional volume is summed, or
integrated across, assuming the z-dependence is expressible via Fourier series, only
the O-frequency (constant) term survives, which is why k, can be set to 0 in (1-20).
Another way to look at this is that the statistic of sums of line segments with the
same z-bounds and directions should not be expected to have the same statistics as

the statistics between points. As we can only perform discretized simulations with
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computer technology, we seek to approximate these expressions in creating our
phase screens for distorting propagating beams and will later use these expressions
to generate root mean square (RMS) error statistics.

Returning to the pragmatic discussion of phase screen creation, We note the
expression given in Equation (2-1) is typically achieved via FFT, however because
a large amount of the distortion energy spectrum is represented around the
(Kx, Ky) = (0,0) grid point, Lane, Glindemann, and Dainty [52] suggested that
convergence with theory could be improved by partitioning the (0,0) section of the
grid up into subsections, and adding so-called subharmonic frequency components

to the traditional phase screen, as per:

Np 11
Ak, Ak Ak AK . (kAmeAxilAKyTlAy
S g e R

The subharmonic method summarized by Equation (2-9) is referred to throughout
the remainder of this work as the Lane subharmonic method. Figure 2-2, taken

from [52], illustrates the manner in which the method partitions the frequency

domain in a fractal manor around the (Kx, Ky) = (0,0) point.
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Figure 2-2: Visual aid demonstrating fractal nature of the subharmonic expansion, taken
from [52].

Frehlich created an algorithm designed to improve convergence in scenarios

of interest via [53]:

Ak, Ak (kAmeAxllAKynAy
Osp,r(m, n) —Z Z Z ~r( 2x J/) e ( 3P M 3PN ) (2-10)

319
p=1k=-11=—1

(kl%,i)—(a+jb)k\/27mz If(klA A';y),(k,l);t(o,O) (2-11)

3p " 3P 3p
Biey (), 1\AKy
A A (k+ )5 3P (1+3) 3P
I (k, l 3Kx 3’;3/) J- D, (rx 1cy) dicyedrcy, (2-12)
(k=2V5 (-3)3%

The subharmonic method summarized by Equations (2-10) - (2-12) is referred to

throughout the remainder of this work as the Frehlich subharmonic method. These
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equations summarize what we will generally refer to as traditional subharmonic

methods in the later sections of this thesis.

2.3: Motivation for a New Method

The randomized spectral sampling algorithm was originally motivated by
investigation of the three dimensional structure function integrand vs the ideal
structure function of a phase screen (which is analogous and equal to the wave
structure function of a plane wave [9]). For anisotropic optical turbulence,
analyzing the first equality of (1-19) under a change of variables, we are able to
write the three dimensional structure function of the refractive index in terms of a

sinc transform [6] relation as:

a-3

2 2 <
Dn(x,y,7) = 8mA(a)C? j% + !% + 22 f [1— sin(k)]x>%di’ (2-13)

x y J
We note the following features of the integral of Equation (2-13):
1. For small k', the integrand behaves like x'*™*
2. The integrand is finite over all k' for a < 4
3. The integrand approaches zero as k' approaches zero, for a < 4
4. The integral converges to [8m - A(a)] 1 for3 < a < 5

On the other hand, the desired structure function for a phase screen is given by an

integral of the form:
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a=2
2 2
Dy (x,y) = 812 A(a)kZAzC? ( % + %) f (1= otk i, (2-14)
y

x 0
An important aspect of Equation (2-14) relative to Equation (2-13) is that the spatial
power law has increased from ¢ — 3 to @ — 2, which is related to the discussion of
the Fourier series in Section 2. We note the following features of the integral of
equation (2-14):

1. For small k,, the integrand behaves like K;)3_a

2. The integrand diverges at x, = 0 for a > 3
3. The integral converges for 2 < a < 4 to [65]:

[o9)

1= o0y~ =

0

(a— 3)71]

T[SEC[ 2

e (@) (2-15)

Additionally, due to our formation of the A function in (1-17), equation (2-14) gives
a positive and finite two dimensional structure for alphas between 3 < a < 4, and
other power laws produce integrals that are either divergent or unphysical (e.g.
structure functions with negative power law).

With regards to using phase screens to perform optical propagation
simulations, it is very important to note that, unlike the three dimension k-space
integrand in (2-13), the contributions of the integrand in equation (2-15) grow
without bound as the normalized wavenumber approaches zero. Additionally, as

the spectral power law, a, approaches 4, more and more of the integrand’s total
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contribution to structure is attributable to low wavenumber spectral components.
This implies that for non-Kolmogorov turbulence, higher a’s will require more care
in modeling low frequency components, and lower a’s may be modeled with

relaxed simulation constraints relative to Kolmogorov turbulence.
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Figure 2-3: Demonstration of the traditional FFT phase screen method’s observed
structure function’s agreement with theory degrading as the three dimensional spectral
power law, a, increases.

The above point is best demonstrated by investigating the accuracy of the
simulated structure function over many trials vs the desired theory for the phase
screen structure function. Using the traditional FFT-based method of Fleck, Figure

2-3 demonstrates how the phase screen structure function diverges from theory as
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more and more of the total spectral energy becomes concentrated at low spatial
frequencies with increasing . Sections to follow will expand upon the relationship
between low frequency optical turbulence spectral energy and convergence with

theory in phase screen modeling.

2.4: Randomized FFT-based Spectral Sampling., Core Algorithm

Traditional phase screen simulations using square grids [33, 40, 41, 52, 53]
approximate the continuous energy spectrum as discrete, and generate complex
screens as per (2-1). Equation (2-1) represents a Fourier series using elements that
are all harmonic across the spatial domain, creating screens that are periodic [52].
Investigating the effect the ¢(0,0) term has on the summation in (2-1), we note that
it results in only the addition of a constant phase, piston term across all of 8(m, n).
This piston term does not contribute tip, tilt, focus, or defocus effects at any scale,
or otherwise contribute to the behavior of the propagating field. Should ¢(0,0) have
a large enough value, a quantization error [61] will result. ¢(0,0) is commonly set
to zero in practice [33, 53], which avoids these issues.

In defining a new type of complex phase screen, 8z, we propose a more

meaningful use of the point closest to the -space origin by virtue of:
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5—1 %—1
Or(m,n) = Z Z é(kAky, + Sk, Ak, + 5Ky)
i (2-16)

M
k 2

- exp [j (mAx(kAKx + Oky) + nAy(lAKy + 5Ky))]
where 8k, and 6k,, are random variables described by a uniform distribution bound
by 6Kk, = Ak,/2 and 6k, = Ak, /2, respectively. This offsets the lowest
wavenumber grid point away from the origin, along with also translating the rest of
the sampling grid in the frequency domain. By allowing E(kAKx + Oky, DKy, +
5Ky) to define the elements of a matrix, €; g, we find that Equation (2-16) is
implementable via inverse FFT as per:

Cmng = M? - IFFT,[€ k] (2-17)
Oz (m,n) = exp|j(mAxSk, + mAy(SKy)] " CmnR (2-18)
We note that the FFT can be used in place of the IFFT in Equation (2-17) by
appropriate conditioning of the €, p matrix.

Figure 2-4 juxtaposes the sampling methods discussed, where the
convention of setting £(0,0) to zero is reflected by the lack of a traditional spectral
sampling grid point at the origin. 8z (m, n) represents a single complex-number-
valued phase screen, with the real and imaginary parts therein defining a pair of
real-number-valued phase screens. Simulated atmospheric turbulence distortion is

applied via multiplication of our complex propagating beam or wave by
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explj - Re(6zr(m,n))] or explj - Im(6z(m,n))], where the Re and Im functions

represent taking the real and imaginary parts of an array, respectively.

4 T T T T T T T T

Traditional spectral samping
Randomized spectral sampling

Figure 2-4: Example k-space grid partitioning and sampling showing traditional spectral
sampling approach versus randomized spectral sampling approach. Black dots represent
traditional sampling points, red dots represent one realization of the randomized sampling
approach, and the blue grid lines demarcate the sampling boundaries for the randomized
method.

Or(m,n) and the real-valued phase screens it produces no longer exhibit

periodicity, and will have domain-wide low spatial-frequency distortions.
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Additionally, we find the increase in computational delays associated with the use
of the algorithm given in Equation (2-16) relative to Equation (2-1), in the context
of split-step wave optics simulations, to be only 25.4% — 28.5% for grid sizes
between 512 X 512 and 2048 x 2048. The phase screens shown in Figure 2-5
were generated using the Kolmogorov spectrum (a« = 11/3). Note that tip and tilt
components can be seen across the x- and y-axes, respectively, in the screen shown
in Figure 2-5¢. Additionally, Figure 2-5a displays periodicity [52], in that should
one circularly shift [61] the phase screen in either or both directions, no sharp
discontinuities would be apparent within the boundaries of the screen. To help
visualize this, we have added Figure 2-5b and Figure 2-5d to illustrate the presence

and lack of periodicity resulting from the relevant algorithms, respectively.
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Figure 2-5: a) Phase screen produced using traditional FFT-based algorithm on a 1024x1024 grid; b) same phase screen as
previous, repeated four times and placed adjacent to itself in order to illustrate the periodicity associated with traditional FFT-
based screens; ¢) phase screen produced using modified FFT-based algorithm on a 1024x1024 grid; d) same phase screen as
directly previous, repeated four times and placed adjacent to itself in order to illustrate the lack of periodicity associated the
modified randomized FFT-based algorithm. The colors shown denote the phase shift of the screen in radians on the simulated

propagating wave, as per the colorbar.
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2.5: Core Algorithm Results for Anisotropic, non-Kolmogorov Spectral Models

To assess the accuracy of the revised method, we must designate our metrics
of interest. We had previously defined the refractive index three-dimensional
structure function, D,,(7), via the spectral model of interest in Equation (1-3). The
structure function we are interested in, however, is that of an atmospheric phase
screen that approximates the cumulative effects of optical propagation through a
finite propagation distance, Az. By substituting Equation (2-15) into Equation
(2-14), we are able to produce an equation for the ideal theoretical phase screen

structure function as per [66]:

DB(ny) =

a—2
2 x2 yz

_ (2-19)
AzA(a)C22**m3k3 sec l@l [F (%)] x Ly

It is well documented that aliasing effects associated with the FFT-based
propagation step of the split-step algorithm make parts of the simulation domain
unusable [33, 40, 67, 68]. For this reason, a region of interest must be defined,
which drives properties of the simulation. Number of grid points, simulated
resolution, as well as the propagation distance between screens must be chosen
carefully [33]. This requires consideration of many factors, including wavelength,
coherence lengths, aperture sizes, etc. As a practical matter, many studies explicitly

dedicate half of the x- and y-domains of simulation as guard bands to protect against
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edge effect aliasing [69, 70]. Additionally, the requirement of grid sizes greater than
or equal to twice the size of the limiting apertures (or regions of interest) is explicit
in some analyses of simulated propagation using changes of scale between the
source and observation planes [67, 68]. In our own simulations of Gaussian beam
propagation [57, 63, 71], we typically constrain the beam diameter to half the
domain of simulation in each x- and y-direction in order to avoid edge aliasing
effects. In order to present our results in a simple fashion, we assume that most
users would have a region of interest defined by approximately this inner portion
of the simulation domain.

Defining the measured x-direction structure function along the M /2th row
from the M/4th point to the M/4 + mth point as D,(mAx), and y-direction
structure function along the M /2th column for its corresponding points as

Dy, (nAy), we can define our percent root mean square (RMS) error metric, €y; ,

in terms of the Dy defined by Equation (2-32) via the equations:

M/2
2 D, (mAx)—Dg(mAx) 2 2-20
Emyox = M z [ D (mhx) ] (2-20)
m=1
M/2
2 Dy, (nAy)—Dg(nA 2
_ | = y o (ndy) 221
Emyay = MZ [ Dg(nhy) (&21)
n=1
€ + €
Emjz = 1009 x — 22— (2-22)
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It should also be noted that as part of this study, the diagonal direction structure
function was also assessed, with similar results. However, because the grid
diagonals are not orthogonal to the x- and y- directions, those metrics are not
included in our overall statistics as they are not independent.

We have found that for the range of outer scale values from one to 1000
times the domain of simulation, the RMS error as a percent assessed over half the
simulation domain is constrained to less than 4%. More precisely, errors observed
over the range 1 < Ly/(MAx) < 103 range from 0.34% to 3.79%. For the non-

randomized grid, errors range from 2.57% to 61.51% over the same region.

RMS Error over Region of Interest vs. Spectral Power Law, a.
2
RVl s — — —— ——— ——— —
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Figure 2-6: RMS error as a percent relative to theory over 50,000 phase screen trials for
the simulated domain region of interest as parameterized by the three dimensional
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spectral power law, a. 512 x 512, 1024 x 1024, 2048 x 2048 grid results are shown for
randomized method. For the traditional method, the 2048 x 2048 grid is shown. Other
grid sizes are not shown for the traditional method because the results appear to
completely overlap at this scale.

Figure 2-6 displays the Monte Carlo simulation results over 25,000 complex
phase screens. All data in this study were collected using MATLAB. Because each
complex screen contains a real and imaginary component, and structure function is
computed over orthogonal x- and y-directions, this simulation set contains 100,000
independent samples per point. Results are not shown for 512 X 512 or 1024 X
1024 traditional grids due to overlap of the plotted results, i.e., the results are
largely indiscernible from the 2048 X 2048 traditional grid results. Additionally,
in order to impress a sense of proportionality upon the reader, we have included
Figure 2-7, which is parameterized by the grid size, outer scale, inner scale, and
effective coherence lengths, p, . and py ,,, given for non-Kolmogorv turbulence as

[59]:

—23-en?r (1 - %)ﬁ

@)

Pox =ty |A(@)Cik3z

(2-23)

_93-a, 2 _ X\]2-«a
p3-ag r(1 2)

@)

Poy = Uy A(a)érzlk(z)z

On the logarithmic scale, the randomized method follows the theoretical structure
function very closely, relative to the traditional method for a’s at or below the

Kolmogorov turbulence power law, 11/3.
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In general we note that for these a’s the RMS error over the region of
interest using the randomized method appears to be constrained below 15%,
however for the traditional method errors range from 32.73% - 65.76% over this
range. In general, lower a’s perform closer to theory for either method. In later
sections we shall verify that this is because more and more of the spectral energy is
concentrated around the origin in frequency space for higher a’s, which will require
better resolution sampling via use of a non-uniform Fourier series around the origin
in k-space to complement the uniformly sampled IFFT.

During the peer review process which led to the publication of the new
method, it became apparent that reviewers had concerns regarding the probability
distribution of absolute phase produced by the screens. For small variations in
temperature, the relationship between refractive index and temperature is
approximately linear [see Equation (1-12)], and as such it is seen as a desirable
property that the phase of the screens be approximately distributed according to a
Gaussian distribution. Confirming the reviewers’ concerns, we have found that the
randomized sampling technique produces approximately log-normally distributed
statistics, as displayed in Figure 2-8. Although a log-normal characteristic of
absolute phase may seem undesirable, we do not believe this to be a significant
issue with the randomized method, as the phase difference histograms maintain
approximately zero mean Gaussian distributed characteristics. Results from the

trials for several spectral power laws are shown in Figure 2-7. We note that the
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relative phase statistics in the x and y directions were combined to create the plots
of Figure 2-8. Additionally, we remind the reader that the assumption that only
relative phase statistics meaningfully affect the wave statistics of interest, as
absolute phase associated with each screen only affect the constant phase rotation

of the wave.
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Figure 2-7: Phase screen structure function produced by the randomized and traditional methods compared to theory over x- and y-
directions over 25,000 phase screen for several values of the three dimensional spectral power law, a, 1024 x 1024 grid results. The
coherence length used to produce the screens was pg. = pg, = 0.05 cm for all a’s.
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Figure 2-8: Histogram plots of probability density for: a) natural logarithm of the
magnitude of phase at phase screen center using the randomized method for various
values of the three dimension spectral power law, a; b) relative phase difference across
the region of interest using the randomized method for various values of the three
dimension spectral power law, a. For each subplot, the probability densities were
collected over 5,000 phase screens using a 2048 x 2048 grid created using the
randomized method.

In order to demonstrate that the refinement in structure function accuracy
using the randomized method reliably improves statistics of propagating light, we
have performed wave optics simulations quantifying the angle of arrival (AoA)
fluctuations of plane waves propagating through optical turbulence using both our
randomized method and the traditional FFT-based method. Closely following the

methodology used by Voelz, et al. [60], we have simulated 500 nm plane waves
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propagating through multiple phase screens, using a number of Rytov variances,
and collected the aperture averaged AoA’s for each trial by focusing the light
collected over varying aperture sizes and examining the location of the centroid in
the focal plane. We have deviated from Voelz’s method, however, in that instead
of fixing the relationship between the propagating plane wave’s spatial domain size
and aperture diameter, D, such that D/(MAx) = .4, we have always chosen a
spatial domain of MAx = 1 m prior to aperturing. Once the propagating light
reaches the aperture plane, a focusing transmittance function [31] is applied,
followed by circular aperture functions of several diameters ranging from .5 cm to
50 cm. The resulting waves from each aperture function are separately propagated
to the focal plane using the angular spectrum propagation method discussed by
Schmidt [33] in order to allow for differing spatial domain sizes between the
aperture and focal planes.

In Voelz’s method, a constraint on the number of phase screens, N, as well
as propagation distance associated with each screen, i.e. Az = z/Nq, is that the
associated Rytov variance associated with each phase screen application and
propagation remains approximated by weak fluctuation regime statistics. For our
application, this boils down to the following constraint:

62(Az, @,y py) < 0.1 (2-24)

Analyzing (1-57) with z = AzN; and u, = u, = 1:
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Alternatively, because we have function handles to calculate the generalized Rytov

variance, we choose to actually use the equivalent constraint:

z _ s 2
N, = Az > ceil [10 " Of (z, a, ux,uy)]“ (2-26)
where the ceil operator reflects rounding up to the nearest integer. If one wishes to

verify this is correct, note that insertion of Az < z - [10 . 61% (Z, a, Uy, ,uy)]_% for L
in Equation (1-57) ensures that 63 (L = Az, a, uy, uy) < 107!, Fortherange 3.1 <
a <3.9, a =3.9 requires the most screens to meet this constraint, at 20.
Therefore, we have elected to use 20 screens for all simulations in this set. We note
that this range of a’s was chosen because for any non-zero C? the weak fluctuation
theory wave structure function, which has values identical to those given in
Equation (1-14), only converges to a non-zero, non-negative values for a = (0,2)
and (2n - 1, 2n), with n any integer greater than 1. Given that turbulence has been
famously observed displaying a three dimensional structure function with power
law ¢ — 3 = 11/3, which is justified by Kolmogorov’s theoretical work [2, 3], for
these reasons alpha’s below or equal to 3 and above or equal to 4 are ruled out as
unphysical.

A theoretical expression for the variance of AoA for apertured plane waves

for isotropic turbulence is given by Cheon [72] as:
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_ ‘ 2 2 D
(62%) = nsz k3D, (k) [1 + (K}T)z sin <(K2];) )l Ay (%) dk  (2-27)

2
where f = VAL is the Fresnel length, and Ar(x) = (ZJITOC)) is the Airy function

with J; denoting the first-order Bessel function of the first kind. We note that we
believe there may have been a typo in [72], and have added a factor of = to Equation
(5) in the reference in order to make the equation compatible with later derivations
therein. This theoretical metric has been compared to the results of the wave optics
simulations in Figure 2-9. In general, we find a marked improvement of results
relative to theory when the randomized method is in use for all Rytov variances and

aperture sizes.
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Figure 2-9: a) AoA variance averaged over a 40 cm diameter aperture of a plane wave
propagating through Kolmogorov turbulence plotted as a function of Rytov variance for
wave optics simulations using the randomized method and the traditional method
compared to theory for Rytov variance 0.1; b) aperture averaged AoA variance of a plane
wave propagating through turbulence plotted as a function of aperture diameter for wave
optics simulations using the randomized method and the traditional method compared to
theory Kolmogorov spectrum and Rytov variance 0.1; ¢) aperture averaged AoA variance
of a plane wave propagating through turbulence plotted as a function of the three
dimensional spectral power law for wave optics simulations using the randomized
method and the traditional method compared to theory for Rytov variance 0.1 and
aperture size 40 cm. All simulations were performed using a 1024 x 1024 grid and 20
equally spaced phase screens over a 2 km propagation distance.

To summarize the results in this section, we have noted a marked
improvement in the results relative to theory for both raw structure function
measurements and wave optics metrics. Though, the accuracy of our method still

does not always converge closely with theory, especially for higher a’s when
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viewing the raw statistics. The wave optics simulations still show substantial
disagreements across all alphas. Luckily, we are aware of methods to improve the
accuracy of the traditional method, which we shall again modify and apply in later
sections. Although originally conceived for application of non-Kolmogorov and
anisotropic turbulence, our intuition is that when applied to other spectral models
of interest, specifically ones which band limit the inertial range of turbulence using
finite inner and outer scales, this method may perform better relative to theory and
does not have complications associated with having infinite spectral energy. In the
next section, we consider additional spectral models and demonstrate that our

Intuition is correct.

2.6: Core Algorithm Results for Bounded Spectral Models

The most widely used three-dimensional spectral model of atmospheric

turbulence is derived from A. Kolmogorov’s famous 2/3 law as [6, 9]:

@, (1) = A(1/3)-c2- |;2|‘13—1 =0.0330-C2 - |;2|‘13—1 (2-28)
This model is popular due to its simple formulation and approximate accuracy when
the beam statistics of interest are within the inertial subrange of turbulence.
However, this spectrum diverges at the x-space origin leading to unphysical
properties such as containing infinite energy, divergent covariances, lack of a

viscosity-driven minimum feature size, and lack of a maximum feature size [9]. For

these reasons, we refer to this type of spectral model as unbounded. As we alluded
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to in the previous section and will demonstrate in the next section, additional
modifications to the FFT-based algorithm may be required to accurately model
unbounded spectral models using phase screens, as is the case for Kolmogorov
turbulence.

We turn our attention to a practical atmospheric turbulence spectral model
that accounts for inner scale, [, and outer scale, Ly, bounds on the inertial subrange,
as well as intricacies of the experimentally observed energy spectra at higher spatial
frequencies [26, 29, 73]. The modified atmospheric spectrum is given by Andrews
[9, 74]:

exp(—x/K,2)

K
@, (k) = 0.0330-C2- f, (K_l) (k2 + K2)11/6
0

(2-29)

where k; = 3.3/1y, kg = 21/Ly, k = ||, and we define the function f;, as:
fu(x) =1+ 1.802x — 0.254x7/° (2-30)
The f,, function serves to implement a spectral rise at higher wave numbers
observed by Hill [26], and which we note will have a marked effect on the
scintillation index of the propagating beam [9]. This spectral model can be thought
of as a modification to the von Karman Spectrum [9], which includes the Hill Bump. As
this spectral model does not present the same complications as that of Equation
(2-28), we refer to this as a bounded spectral model.
To assess the accuracy of the revised method, we again must designate our

metrics of interest. We, again, assume that the phase screen structure function is of
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primary importance and will compare simulation results with the theoretical ideal,

Dg(p). Dg(p) is defined by the two-dimensional integral over all ik, = K, &, +

K, &, as per [53]:

Dy(p) = 4mkiAz || D,(k,)|1 — cos(p - K,)|d*k (2-31)
P P P

For the modified atmospheric spectrum, though we are aware of closed-form
approximations of turbulent structure functions for plane waves applicable to our
analysis [75], we have instead developed our theoretical structure function via

numerical integration of the equivalent form for isotropic turbulence:

o)

Dg(p) = 8n%kZAz j 1, P (K,)[1 — Jo(px,)]dr, (2-32)

“o0
where p = |p], K, = |1€p|, and J, denotes the zeroth-order Bessel function of the
first kind. We will again be primarily interested in the RMS error of different
approaches over the region of interest (the inner quarter by area of the simulation
domain) as defined by Equations (1-20) - (1-22). It should also be noted that as
part of this study, the diagonal direction structure function was also assessed, with
similar results. However, because the grid diagonals are not orthogonal to the x and
y directions, those metrics are not included in our overall statistics.

We have found that for the range of outer scale values from one to 1,000
times the domain of simulation, the RMS error as a percent assessed over half the

simulation domain is constrained to less than 4%. More precisely, errors observed
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over the range 1 < Ly/(MAx) < 103 range from 0.34% to 3.79%. For the non-
randomized grid, errors range from 2.57% to 61.51% over the same region. Figure
2-11 displays the Monte Carlo simulation results over 25,000 complex phase
screens. All data in this study were collected using MATLAB. Because each
complex screen contains a real and imaginary component, and structure function is
computed over orthogonal x and y directions, this simulation set contains 100,000
independent samples per point. Results are not shown for 512 x 512 or 1024 X
1024 traditional grids due to overlap of the plotted results, i.e., the results are
largely indiscernible from the 2048 X 2048 traditional grid results. Additionally,
in order to impress a sense of proportionality upon the reader, we have included
Figure 2-11, which is parameterized by the grid size, outer scale, inner scale, and
effective coherence length, p,, given for isotropic turbulence and Kolmogorov’s
11/3% spectral power laws as [33]:

po = (1.46k2AzC2)~3/5 (2-33)
On the logarithmic scale, the randomized method follows the theoretical structure

function very closely relative to the traditional method as displayed in Figure 2-10.
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Figure 2-10: Comparison of phase screen structure function versus theory using 2048 x
2048 grid, inner scale 1 cm, outer scale 100 km, and effective coherence length of po =5
cm.
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Figure 2-11: RMS error as a percent relative to theory over 50,000 phase screen trials for
the simulated domain region of interest as parameterized by the three dimensional
spectral power law, a. 512 x 512, 1024 x 1024, 2048 x 2048 grid results are shown for
randomized method. The outer scale has been normalized by the domain width, M Ax
(m), to make the results applicable for any domain size. For the traditional method only
the 2048 x 2048 grid is shown due to significant overlap of the RMS error metric.

Histogram analysis of the phase screen statistics has been performed in a
manner similar to the previous section based on peer reviewer comments. The
histograms of results showed some interesting characteristics of the collected
samples. For small L,’s, the probability density of the absolute phase was clearly
Gaussian in nature; however, as L, was increased, this property quickly faded.
Analysis of the natural logarithm of |6z (M /2, M /2)| showed a clear log-normal

characteristic as L, was increased beyond MAx = 10 m. As discussed in the
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previous section, though a log-normal characteristic of absolute phase may seem
undesirable we do not believe this to be a significant issue with the randomized
method as the phase difference histograms maintain approximately zero mean
Gaussian distributed characteristics. Results for several Lo’s are shown in Fig. 6.
We note that the relative phase statistics in the x- and y-directions were combined
to create the plots on the right-hand side of Figure 2-12. Repeating this exercise
over several different grid sizes, as well as different separations over which the
phase differences were measured, yielded qualitatively similar results. Since the
statistical fluctuations of interest (e.g., scintillation, beam wander, etc.) of the light
undergoing atmospheric turbulence distortion are induced by relative phase, we do
not believe that the log-normal characteristic of the absolute phase measured will
harm the overall statistical properties of the simulated light, provided the relative

phase maintains zero mean Gaussian characteristics.
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Figure 2-12: Histogram plots of probability density for: a) absolute phase using outer
scale Ly = 1 - MAx; b) relative phase over region of interest using outer scale Ly = 1 -
M Ax; c) natural logarithm of the magnitude of absolute phase using outer scale Ly =
102 - MAx; d) relative phase over region of interest using outer scale Ly = 10% - MAx;
e) natural logarithm of the magnitude of absolute phase using outer scale Ly = 10% -
MAx; ) relative phase over region of interest using outer scale Ly = 10* - MAx. For
each subplot, the probability densities collected over 5000 phase screens using a 2048 x
2048 grid created using the randomized algorithm and modified spectrum.

In order to demonstrate efficacy of the revised method in reliably improving
statistics of propagating light, we have performed wave optics simulations
quantifying the AoA fluctuations of plane waves propagating through optical
turbulence using both our randomized method and the traditional FFT-based

method in a manor analogous to what was done in the previous section, but
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parametrized by outer scale length as opposed to spectral power law, a, which is
fixed at 11/3 for the results in this section. For all simulation results and theoretical
curves shown, the modified spectrum with inner scale [, = 1 cm and outer scale L,
=100 m was used. A 2 km propagation distance and Rytov variances between .001
and 10 were used. In order for the Rytov variance associated with each Az
propagation and phase screen application to meet weak fluctuation regime criteria,

13 phase screens were used for each simulation run as an outcome of using

6
Equation (2-26) and Rytov variance 10, i.e. Ny = ceil ([10 : 10]3) = 13.

AoA variance vs Rytov variance for A0 cm diameter aperture
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Figure 2-13: a) AoA variance averaged over a 40 cm diameter aperture of a plane wave
propagating through turbulence plotted as a function of Rytov variance for wave optics
simulations using the randomized method and the traditional method compared to theory;
b) aperture averaged AoA variance of a plane wave propagating through turbulence
plotted as a function of aperture diameter for wave optics simulations using the
randomized method and the traditional method compared to theory. All simulations were

76



performed using a 1024 x 1024 grid and 13 equally spaced phase screens over a 2 km
propagation distance.

2.7: Hybrid Algorithm Including Subharmonics

The modified algorithm discussed in previous sections was first
investigated with regards to unbounded, anisotropic, non- Kolmogorov spectral
models [63]. Therein it was discovered that for structure function power laws
greater than the 2/3 of Kolmogorov, the randomized algorithm alone was not
sufficient to ensure accurate statistics of observed simulated structure functions.
For this reason, we have developed an algorithm utilizing both FFT-based
frequency sampling randomization and subharmonic frequency sampling

randomization. We define the following:

M
-1

0,p(m,n) = z (1= 8Lk, 11) - é(k ey + 5k, LAk, + 6K,

it (2-34)

. exp(j[mAx(kAKx + 6K,) + nAy(lAKy + 6Ky)])

1

Hout(mr n, p) =377 1- 6[k: l]) ' E(

kAk, + 6k, Ak, + 6k,
3p ’ 3p
(2-35)

) kAk, + Ok, Ak, + 6k,
Lexp lj (mAx3—p + nAy3—p
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Om(m,n) = 3~Mp 1. E(

kAk, + 6k lAk, + 6K
Lexp lj (mAx# + nAy #ﬂ

3Np+1 3Np+1

kAk, + 6k, lAk, + 6k,
3Np+1 ’ 3Np+1

(2-36)

In Equation (2-36), N, is the number of subharmonic constellations of sampled
frequencies (groups of eight subharmonics chosen from common subgrid
boundaries), and 6[k,l] is the two dimensional discrete Dirac delta function
(6[k,1] = 1fork =1 = 0, otherwise 6|k, [] = 0), which we use to ignore the DFT
frequency domain origin and the central point of each constellation. It is very
important to note that in Equations (2-35) and (2-36), we choose a different 6k,
6k, for each element of the summation (see Figure 2-14). That is, for any index (n,
m) change in Equation (18) or (19), we choose a new 8k, 6k, according to a
uniform distribution. This is not done for Equation (2-34), because it is
implemented using an FFT.

The final hybrid phase screen, 8y, is given by:
Np

Oy (m,n) = g(m,n) + 0oue(m,n,p) + 0;,(m,n) (2-37)
p=1

In Equation (2-37), the summation over 6,,; represents the contributions of each
of the N,, subharmonic constellations to the phase screen, and 8;, in provides the
final low-frequency contribution to the phase screen from a spectral sample closest

to the origin in k-space. The sampling approach described by Equation (2-37) is
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shown in Figure 2-14 for N,, = 1. In Figure 2-14, the red dot closest to the origin
represents the 6;,, in spectral sample, and the red dots in the surrounding eight grid
partitions represent the 6,,, spectral samples associated with the subharmonic
constellation. We have found by choosing the correct number of subharmonic
constellations, Ny, Equation (2-37) yields very accurate results for any reasonable
spectral model. We shall demonstrate results for both bounded and unbounded

spectral models later in this section.

79



4 T T T T
3 - " " " " - - - - -
2 - - - " - - - - - —
-"I - " " " - - - - - -
s a a & T : & & &
D L & » M & *.‘ ® Lw ™ " ™ .
- " § [ w] ™ F* | " [ [ [
i
At . . . . . . . . -
2} . . . . . . . . .
3 F . . . . . . . . -
_4 - " " " " - - - - -
_5 1 | 1 1
-4 -2 0 2 4
%
x

*  Traditional samping with subharmonics
Randomized hybrid spectral samping

Figure 2-14: Example x-space grid partitioning and sampling showing traditional
subharmonic sampling approach versus hybrid randomized spectral sampling approach
for N, = 1. Black dots represent traditional sampling points (including subharmonic
expansion), red dots represent one realization of the randomized sampling approach, and
the blue grid lines demarcate the sampling boundaries for the randomized method.
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2.8: Addition of White Noise to Phase Screens to Support Subresolution Inner

Scales

Since the introduction of generalized spectral models by Kon [19], much
theoretical work has gone into the study of wave propagation through anisotropic,
non-Kolmogorov turbulence defined by unbounded refractive index spectra [22,
23, 59, 76, 77, 78, 79]. These spectral models are derived from the structure

function of refractive index of the form:

a-3

~ 2 2 -
Du(ry,2) = G (S+%+22) (2-38)
Ux Uy
where i, i, are the anisotropy parameters in the x- and y-directions, respectively,

is the three-dimensional spectral power law, and C? is the generalized refractive

index structure function constant with units m3~%. Although occasionally studies

state that this structure function model is valid only for [, « \/m K L
[77], as applied to integrals for calculating second- and fourth-order beam statistics,
the inner and outer scales appear as zero and infinity, respectively. In order for the
phase structure function integral definitions of Equations (1-19), (2-4), and (2-5) to
converge to positive quantities is typically limited to the range 3 < a < 4. Also
note that for « = 11/3 and p,, = u,, = 1, Equation (2-38) simplifies to the 2/3 law
of Kolmogorov. It can be shown [22] that Equation (2-38) corresponds to a three-

dimensional energy spectrum given by:
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~ 2
Cn A(a) ety
(1% + 216, + 16, 2) /2

D (K Ky, K7) = (2-39)

These spectral models do not address practical matters of maximum feature
sizes (outer scales) or Kolmogorov microscales (inner scales), where the internal
subrange ends and dissipation is the primary form of energy transfer [80, 81].
However, these models are useful for studies of non-classical turbulence when the
inertial subrange can be approximated as infinite. For these unbounded cases, great
attention has so far been devoted to modeling low spatial frequency components.
In order to explain why this is necessary, we note that insertion of the energy
spectrum (Dn(Kx, Ky, 0) given by Equation (2-39) into the structure function
identity given in Equation (2-31) results in an integrand that diverges as the

magnitude of k, = k€, + Kk, €, approaches zero. For a more thorough

explanation of issues involving use of spectral models that diverge at the zero-
frequency point, please see [63].

Very little emphasis, however, has been placed on high frequency
components outside of the simulated x-space. As demonstrated in Figure 2-15 and
Figure 2-16, this results in a sag of the phase screen structure function relative to
theory over small distances. In order to explain why this sag occurs, we note that
the DFT formation of the phase screen algorithm given by Equations (2-1), (2-16),
and (2-34) includes spectral energy contributions only within its frequency domain

sample space, which we later define explicitly as K;,,. Spectral energy outside this
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sample space, K,,:, is not typically included in the discretized simulations,
although the structure function integral definition given by Equation (2-4) includes
spectral energy across all x-space. We attempt to resolve this problem via addition
of white noise to the screen, in order to simulate spectral energy not included in the
x-space sampling grid or subharmonic subgrids. Recalling the formation of the
structure function in Equation (2-4), we calculate the variance of the white noise to

be added to the screen as per the set of area integrals:

02 = 2mAzk3 X ff @, (x, Ky, 0)[1 — cos(Ax - k) |drcdicy (2-40)
K,

out

o3 = 2mAzk§ x ij @, (kx, 16y, 0)[1 — cos(Ay - k)], dEc, (2-41)

out

where K,,,,; represents the region spanning all of the k, = 0 plane, which we define

unambiguously via:

o () =< <o i
—0 < Ky < 0

M
(Kx, Ky): —Aicx? < Ky < Ak, >
Kin = M M—1 (2-43)
—Aky? <Ky < AKy

Koy = {(Kx, Ky): (Kx, Ky) € K|(Kx, Ky) ¢ Kl-n} (2-44)
In practice, the variances of Equations (2-40) and (2-41) can be evaluated
numerically as the sum of several integrals. For the data sets in this paper, four

integrals per parameter set were used for spanning from each corner of K;,, to a
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|k, | = |Ky| = oo point in an adjacent quadrant of x-space. Finally, the variances of
two white noise processes are calculated as:
of = Minimum(c%, 0%) (2-45)
of = |o% — o3| (2-46)
In order to whiten our phase screens, a M X M matrix of white-noise-generated
variance o is added to the screen, and is followed by addition of a random number
with variance 0% across each column (if g > g;) or row (if 0 > g) of the grid.
For isotropic turbulence g2 = aj, g2 = 0, and the second step can be negated. This
method ensures the small-scale structure function across the x, y, and diagonal
directions is improved relative to theory. All random elements pertaining to white
noise are generated using a zero-mean Gaussian distribution.
Figure 2-15 and Figure 2-16 show qualitative results of using this method.
As lower power law values place a higher portion of their spectral energy at high
frequencies, we have chosen to display a power law of « = 3.1. In order to reduce
the number of independent variables specifying each plot, Figure 2-15 has been
given in terms of effective coherence length, po, =5 cm, which for non-
Kolmogorov, anisotropic turbulence is given by Equation (2-23). Additionally, we
have included a curve in Figure 2-16 showing the phase screen structure function,
normalized by theory, produced using the hybrid method but without the addition

of white noise. This is intended to demonstrate the positive effects of our white
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noise algorithm on the relative error at small separations (i.e., near 1% of the spatial
domain and below). The following sections will characterize the performance
associated with this addition combined with the subharmonic method described in

the previous section.
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Figure 2-15: X-axis structure function of phase screens made with the randomized, hybrid
subharmonic algorithm and white noise added, as well as screens using the traditional
subharmonic method. Parameters for the screens are 1024 x 1024 grid, N, = 1, and
effective coherence length pox =5 cm.
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Figure 2-16: X-axis structure function normalized by theory of phase screens produced
with the randomized, hybrid subharmonic algorithm both with and without white noise
added, as well as screens using the traditional subharmonic method. The parameters used
to create this figure are identical to those in Figure 2-15.
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2.9: Hybrid Algorithm Results for Unbounded Spectral Models

We wish to assess the accuracy of our revised algorithm for the cases of
generalized anisotropic, non-Kolmogorov turbulence spectra discussed. Due to the
combination of our assessment of error as a ratio relative to a theory, as well as the
scale invariance [52] of this section’s turbulence models, the specific C2’s and
domain lengths, MAx and MAy, do not affect results. The results are, however,
sensitive to the number of grid points in use and the number of subharmonic
constellations. Figure 12 displays a comparison of the hybrid method, including
the addition of white noise, versus the Frehlich subharmonic method for multiple
a’s over 5,000 independent phase screens using various numbers of subharmonic
constellations. The tables of Appendix A summarize the errors observed in testing
for both schemes, as well as associated N,. We have observed that our hybrid
method outperforms the Frehlich subharmonic method on any grid size for any
number of subharmonic constellations, except for @« = 3.7 and 3.9 with the 512 X
512 grid. Comparing the minimum RMS error observed using each method for
a = 3.1 to 3.9, we note that the average ratio of our Frehlich method’s minimum
€m/2 to that of the hybrid method is 4.77 for the 512 X 512 grid, 11.13 for the
1024 x 1024 grid, and 7.00 for the 2048 x 2048 grid. For the 512 X 512 grid,
statistics were also collected for the Lane subharmonic method [52] and the error
ratio between the Lane and hybrid method over all a’s under test was 16.89. In

general, as previously stated in the literature [53] the Frehlich method outperforms
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the Lane method with the choice of an optimum N,,. The ratio of minimum €, /,

between Lane vs Frelich’s method was 5.32.
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Figure 2-17: RMS error over region of interest computed along x and y directions of 50,000 phase screens for 512 x 512 grid
using various spectral power laws (a’s) and number of subharmonic constellations, N,. . = u, = 1 for all data points. The
randomized hybrid method (green), Frehlich subharmonic method (black), and Lane subharmonic method (magenta) are shown.
Full results for all grid sizes and spectra under test are given in Appendix A..
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Figure 2-18: RMS error over region of interest computed along x and y directions of 50,000 phase screens for 1024 x 1024 grid
using various spectral power laws (a’s) and number of subharmonic constellations, N,. w. =1, u, =2 for all data points. The
randomized hybrid method (blue) and Frehlich subharmonic method (black) are shown.
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Figure 2-19: RMS error over region of interest computed along x and y directions of 5,000 phase screens for 2048 x 2048 grid
using various spectral power laws (a’s) and number of subharmonic constellations, N,. w. =1, u, =2 for all data points. The
randomized hybrid method (red) and Frehlich subharmonic method (black) are shown.
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2.10: Hybrid Algorithm Results for Bounded Spectral Models

Returning to the modified atmospheric spectrum discussed in Section 2.6,
we observe a marked difference in accuracy of the hybrid method versus the
subharmonic method of Frehlich [53], which we refer to interchangeably as the
traditional subharmonic method. We have chosen to compare with this specific
subharmonic method, as opposed to other candidates [82], due to its improved
convergence with theory [53] by virtue of weighting the subharmonic amplitude
variances using area integrals of spectral models of interest, as opposed to
(nonrandomized) spectral samplings. Results for various values of the outer scale,
Ly, are shown in Figure 4-20 through Figure 4-22, for grid sizes of 512 x 512
through 2048 x 2048 with full results given in Appendices A and C. For each case,
the size of the outer scale has been set as a factor of the total simulated x-, y-domain,
which was always 1 m for this simulation set (i.e., MAx = 1 m for all bounded
spectrum data sets). The inner scale for the simulations of this section was fixed at
lo = MAx = 1 cm. Because the inner scale of interest was many times larger than
the resolution of the grid, we elected not to include the white noise algorithm in the

results of this section.
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Figure 2-20: RMS error over fégion of interest computed along x- and y-directions for 5000 phase screens using modified
spectrum, with [y = MAx/100 and M = 512 (i.e. grid size 512 x 512). Complete tables of results for all grid sizes and spectra
under test can be found in Appendix A.
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Figure 2-21: RMS error over fegion of interest computed along x- and y-directions for 5000 phase screens using modified
spectrum, with [ = MAx/100 and M = 1024 (i.e. grid size 1024 x 1024).
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Figure 2-22: RMS error over fégion of interest computed along x- and y-directions for 5000 phase screens using modified
spectrum, with l; = MAx/100 and M = 2048 (i.e. grid size 2048 x 2048).
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The data in this section represent statistics taken from a large sampling of
phase screens, along the number M /2 + 1 ordered row and column of each screen.
Because the sampling directions are orthogonal, the sample set sizes are,
essentially, 10,000 trials. We find that for each case, the hybrid method outperforms
the traditional subharmonic method, which can be verified by close inspection of
the tables in the appendices. Comparing the minimum RMS error observed using
each method for L, = 1 to 10°, we note that the average ratio of our Frehlich
method’s minimum €y, to that of the hybrid method is 2.54 for the 512 X 512
grid, 2.76 for the 1024 x 1024 grid, and 3.13 for the 2048 x 2048 grid. For the
512 x 512 grid, statistics were also collected for the Lane subharmonic method
[52] and the error ratio between the Lane and hybrid method over all L,’s under
test was 5.63. In general, as previously stated in the literature [53] the Frehlich

method outperforms the Lane method with the choice of an optimum N,,. The ratio

of minimum €/, between Lane vs Frehlich’s method was 2.21.
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Chapter 3 : Numerical Verification of the Statistical Theories
of Propagation of Optical Beams through Anisotropic, Non-
Kolmogorov Turbulence

3.1: Backeground

Other the past year, we have performed a large number of simulations of
anisotropic and non-Kolmogorov turbulence. During this time, careful review of
the theoretical literature [22, 23, 25, 59] showed various expressions for predicted
spot sizes and scintillations indices in the presence of anisotropic turbulence. We
have compared these theoretical predictions with simulation in order to determine
which expressions to use in beam profiling-based turbulence analysis [83].
Although it is not possible to convey all that we have learned, the following sections
are intended to convey the most important points of interest. All cases used the
split-step method, and the angular spectrum propagation algorithm [33]. With
regards to number of subharmonic groups added to phase screens, for each test a
calibration was done to determine the minimum RMS percent error over the strong

fluctuation theory beam diameter, with the best performing configuration chosen.

3.2: Spot Size Predictions in the Presence of Non-Kolmogorov Turbulence

Several expressions exist in the literature for the long-term beam radii (spot
sizes) for Gaussian beams propagating in non-Kolmogorov turbulence, within the

deep fluctuation regime (Rytov variance much greater than one). Before moving

98



on, we will introduce the non-dimensional curvature parameter and Fresnel

parameter for the input and output planes, respectively, as:

L

0y =1-% (-1
2L

Ao = T WZ (3-2)
— G)O

= 02 + A3 (3-3)
Ao

T2+ A2 (3-4)

’ 2L
W = kO_A (3'5)

with k the optical wavenumber, F the radius of curvature in the transmit plane, W,
the beam spot size in the transmit plane, L the propagation distance, and W the
diffraction limited spot size. It has been implied, that the weak fluctuation regime
prediction, based upon the Rytov method, can be extended to the strong fluctuation
regime with reasonable accuracy [25]. In terms of the diffraction limited spot size,

W, and the output plane Fresnel parameter, the prediction is given by [25]:

Wire =W +T)7s (3-6)
3
Wiry = W(1+T,) /s (3-7)
a
r(z-3) «
_ 2) 1272 5—172
T = 2n o Ty KELA(@A ' C

o cos? sinZ @\2
xf cosz<p< 2<p+ 2('0) do
0 Uy Uy
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a
22212 A(a) AT CE
S CEE VT "

(3-9)

a

2m cos? sinZ @\2
x] sin2<p< 2(p+ 2('0) do
0 Uy Uy

We shall refer to this method as the Rytov variance based method, because it is

derived using the same technique as the expression for Kolmogorov turbulence,
Wir = W (1+1.330r2A%®)*3, in which the perturbation term is proportional to the
Rytov variance.

Perhaps of greater interest, there are two expressions in the strong
fluctuation regime that are derived from the concept of coherence width. We define

the inverse spatial coherence method 1 using the coherence width of a plane wave,

Po, as[25]:
812
Wi, = [W2+ (3-10)
Lnx 3k0p5x
812
Wir, = W2+ _ (3-11)
3kOpO,y
1
—n2r(1-2)F
. 7 -
Pox = Hx A(a)C,%k(Z)L ( a ) (3-12)
25731 (3)
1
_m2r(1=2)|*«
. 2 _
Poy =ty |A(@) C2K2L ( _ ) (3-13)
2531 (3)

We define inverse spatial coherence method 2 using the coherence width of a

spherical wave, ps, as [59]:
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Wiry= |[W? (3-14)
g " kopéx
812
Wiry = [W?+ 3-15
1y kop.g,y ( )
1
~nr(1-5) |©°¢
~ 2 _
Psx =ty [A(@)CERGL ( )a (3-16)
2¢73(a — T (5)
N
—n2r(1-5) [
) 5 _
Psy = Uy [A(@)CFKGL ( )a (3-17)
20-3(a — T (3)

In order to test the validity of the above equations, we ran 1,000 independent
propagation simulations using nine a’s between 3.1 and 3.9, in steps of .1, as well
as a Kolmogorov turbulence case. Trials were performed with 10 evenly spaced
phase screens each, and 5 km propagation distance using a collimated, 50 cm
diameter, 1060 nm beam. Phase screens were 2048 x 2048 with 0.5 mm grid
spacing for a’s below 3.8, however a 4096 x 4096 grid with .25 mm spacing was
used for o’s of 3.8 and 3.9 to avoid aliasing effects during propagation. The
generalized Rytov variance [23] was held at 10 for all cases. As in two of the
theoretical predictions of interest the anisotropy factor in one direction had no effect
on the spot size in the orthogonal direction, we chose to simulate isotropic
turbulence (ux = 1, 1y, = 1) for this example. As is evident in Figure 3-1, Equations
(3-14) and (3-15) which makes use of the spherical wave coherence length produces

the best agreement with theory across the span of a’s of interest.
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Figure 3-1: Beam diameter theoretical predictions vs simulation result across various a’s, with the Rytov variance held at 10 and
i.e. grid size 2048 x 2048. Trials were performed with 10 evenly spaced phase screens each, and 5 km propagation distance using
a collimated, 50 cm diameter, 1060 nm beam. Phase screens were 2048 x 2048 with 0.5 mm grid spacing for o’s below 3.8,
however a 4096 x 4096 grid with .25 mm spacing was used for a’s of 3.8 and 3.9 to avoid aliasing effects during propagation.

102



3.3: Focused Beams in Non-Kolmogorov Turbulence

After reading comments from Xiao and Voelz [38] regarding the superior
accuracy of the inverse spherical wave coherence width based method, shown in
Equations (3-14) and (3-15) for focused beams, we investigated for several
wavelengths, x, values, and propagation distances. Specifically, Figure 3-2 shows
the result for an initially 50 cm diameter, 632.8 nm beam propagating through 5 km
of C2 = 10""* m** anisotropic turbulence with x4, = 1 and y, = 3. Phase screens were
2048 x 2048 with 0.5 mm grid spacing. Although Equations (3-14) and (3-15) does
appear to trend best with simulation results, agreement is not as good as in the
collimated beam case of Figure 3-1. Additionally, when running additional
simulations with increased wavelength and increased u,, in order to lower the
generalized Rytov variance, the undershooting of the simulation beam diameters
relative to theory was sustained, suggesting it is not an artifact of different
turbulence regimes being applicable to differing values of a. Perhaps the most
interesting feature in Figure 3-2 is the Rytov variance based method’s differing
shape relative to all the other curves and simulation trends shown. This may be
related to the manner in which the perturbation term is applied in Equations (3-6)

and (3-7), vs Equations (3-10), (3-11), (3-14), and (3-15).

103



beam diameter (m)

3.1 3.2 3.3 34 3.5 3.6 3.7 38 3.9

alpha =11/3

® X simulated anisotroptic turbulance beam diameter

X beam diameter theory, Rytov variance based method

X beam diameter theory, inverse spatial coherence method 1

X beam diameter theory, inverse spatial coherence method 2
¥ ¥ simulated anisotroptic turbulance beam diameter

— — —¥ beam diameter theory, Rytov variance based method

— — —Y beam diameter theory, inverse spatial coherence method 1

— — —Y¥ beam diameter theory, inverse spatial coherence method 2

Figure 3-2: Measured beam diameter results for an initially 50 cm diameter, 632.8 nm focused beam propagating through 5
km of of €2 = 10"'* m** anisotropic turbulence with x, = 1 and y, = 3. Phase screens were 2048 x 2048 with 0.5 mm grid
spacing.

104



The on-axis scintillation indices of focused beams in non-Kolmogorov,
anisotropic turbulence were analyzed in various configurations during the course
of this study. Although we note very good agreement with theory for collimated
beams, even with effective beam parameters considered [84] the results do not trend
well, as shown in Figure 3-3 which we feel is representative of many of the
simulations run. The configuration used for generation of Figure 3-3 was similar
to that of Figure 3-2, however we used a 1060 nm beam in isotropic turbulence (ux
=u,=1). We should note that simulations in the weak fluctuation regime were not
run, as extreme contracting the grid spacing of simulation during each propagation
step would most likely be necessary to get accurate estimates. Although we later
altered our propagation algorithm in order to allow for this adjustment[33], a more
detailed method of choosing the best configuration for the phase screens would
need to be considered, as we assumed a constant basis of simulation in our
calibration for optimum number of subharmonics groups to be added for each value

of a.
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Figure 3-3: Simulation results vs theory for on-axis scintillation index, ?(0,0), of
focused 1060 nm beam propagating through 5 km of anisotropic turbulence. Simulation
results do not trend well with theoretical predictions.

3.4: Weak Turbulence Regime Predictions of Spot Size

Equations (3-6) though (3-9) were initially derived using weak fluctuation
theory assumptions [23]. An interesting feature of Equations (3-6) though (3-9) is
that as u,. 1s held constant, and u, increases, the spot size in the x-direction is
predicted to slightly increase, and the y-direction spot size decrease, for valid values

of a. We found this surprising, as the generalized Rytov variance is expected to
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decrease as u, increases [23], indicating less optical turbulence. Other similarly
derived equations [76] predict no change in the x-direction spot size, or a radially
symmetric beam [23]. In order to test this, a simulation was carried out for an
initially 10 cm diameter beam propagating across a 2 km path in 2 = 104 m™/1°
of turbulence, with o = 3.7. These values were chosen such that the highest
generalized Rytov variance under test was just under one, placing us squarely
outside the strong fluctuation regime for collimated beams [9]. As shown in Figure
8, the x-direction spot size does not show good agreement with theory. On a
positive note, this test does in-fact demonstrate that in the weak turbulence regime
the x- and y-direction spot sizes are not independent of the anisotropy parameter in

the orthogonal direction, as predicted by the coherence radius predictions of

Equations (3-10), (3-11), (3-14), and (3-15).
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Figure 3-4: Simulation results for long term beam diameters in anisotropic turbulence versus theory as u. is held at one, and g, is
swept from one to ten, for an initially 10 cm diameter beam propagating across a 2 km path in C2 = 10"'* m”'° of turbulence, with

o =3.7. The x-direction spot size does not trend well with theory, though the simulation does show that the x- and y-direction spot
sizes are not independent of the anisotropy parameter in the orthogonal direction.
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3.5: Scintillation Index and Aperture Averaging of Scintillation in the Presence of

Optical Turbulence and Refractivity Distortions

During the course of performing the research relevant to this thesis,
concerns began to grow within the atmospheric modelling community that the
effects of non-turbulent optical refractivity were non-negligible [85, 86, 87]. In
addition to a renewed focus on the models used for the optical refractive index in
the atmosphere [85, 86], researchers have also generalized the weak fluctuation
regime predictions associated with propagation through non-Kolmogorov,
anisotropic turbulence to encompass non-turbulence spot size asymmetries in the
receiver plane. To analyze these predictions using the phase screen Monte Carlo

methods, we define the following:

z z 3-18)
@ - -, @ = —_—_— (

0,x FO’x O,y Fo’y

_ Ao _ Ay (3-19)
OAR+03 T A+ 05,

0 — Oox 0 - Bo,y (3-20)
*oA2+0:, 7 AR+ 05,

0,=1-0, 0,=1-0, (3-21)

(3-22)

W — 2L W - 2L
¥ koA 7Y koA,

where 0 , and 0 ,, are the transmit plane curvature beam parameters in the x- and

y-directions, A, and A, transmit plane Fresnel beam parameters in the x- and y-
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directions, ©, and ©,, are the receive plane curvature beam parameters in the x- and
y-directions, and W, and W,, are the receive plane diffraction limited spot sizes x-
and y-directions. In the weak fluctuation regime, the scintillation index at any point
can be expressed at the sum of off-axis and axial contributions [9, 24], i.e.:

of (x,y,L) = o/ (x,y,L) + a{;(L) (3-23)
The off-axis contribution, a,z‘r, axial contributions, a,z'l, and mean intensity, /,

according to weak fluctuation regime approximations are given by:

1 o

o (x,y,L) = 4nk(2,Lfd§ f dr, f dr, (Dn(Kx, Ky) exp [— —kf (K,%Ax + K;Ay)]
0
0 —o00 —00

(3-24)
x {exp[2& (ke Apx + KkyAyy)] — 1}
1 © o sz
of(L) = 4mkiL f g f dicy f dicy @y (kcy, Ky ) exp [_k_O(K’ZCAx + KJZ’AY)]
0 —oo -0 (3_25)
L _ _
X {1 — cos (k—j [(1—0.8)i+ (1~ eyf)";’])}
kz XZAx +y2A O-Zr(xiyJL)
I(x,y,L) x exp [— O( L2 y)] X exp [—I' >
(3-26)

2x%  2y%\ o?.(x,y,L
=exp[—<—+ y >+ I,r(zy )]

In order to check the reliability of the above expressions, phase screen
simulations were performed using the hybrid method discussed in Chapter 2. Based
on observations from experiments which will be discussed in the next chapter, a
two to one ratio of the x- and y-axis diffraction limited spot sizes was chosen as a

worst case for examination. Simulations were performed for a range of u,, values,
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generalized Rytov variances, and input plane beam parameters. u, and the
propagation distance were held constant at 1 and 530 m, respectively. For weak
fluctuation regime experiments, we have been mainly interested in the study of
divergent beams in because we generally needed to defocus the beam expander
calibration away from collimated in order to fully illuminate the instrument
collecting apertures. All cases shown used 1,000 trials, 10 phase screens and
propagations, and 4 subharmonic constellations (N, = 4). In this section, only
Kolmogorov (« = 11/3) turbulence has been considered. For the below three
figures, the elliptical diffraction limited beam was achieved by warping the input
plane radius of curvature such that Fy, = —54.63 m and F,, = —122.42 m.
These values were chosen in order to achieve diffraction limited spot sizes of W, =

15 cm and W, = 7.5 cm.
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Scintillation Index {dB) Divergent Beam Case
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x {1m)

Figure 3-5: Output plane scintillation index in decibels for p,, = py, = 1, W, = 1.4 cm,
W, =15 cm, W,, = 7.5 ecm, L = 530 m, spherical wave Rytov variance of .1 case.
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Scintillation Indices Along x- and y-axes for Asymmetric, Divergent Beam Case
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Figure 3-6: Comparison of observed and theoretically predicted scintillation
indices in for u,, = py, = 1, Wy = 1.4 cm, W, = 15 cm, W), = 7.5 cm, L = 530
m, spherical wave Rytov variance of .1 case.

113



Ap Ave Scintillation Index {dB) Divergent Beam Case
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Figure 3-7: Output plane aperture averaged scintillation index in decibels for p,, = u,, =
1, Wy =14 cm, Wy =15 ecm, W), = 7.5 cm, L = 530 m, spherical wave Rytov variance
of .1 case. Beam intensity was averaged over a 2.5 cm diameter aperture for this trial.

Figure 3-6 underscores problems with the theoretical predictions from the
weak fluctuation theory. We make the following observations:
1. The on-axis scintillation index is roughly accurate, but overestimates
turbulence at the beam’s long term center.
2. The scintillation index prediction trends well with theory along the semi-
major axis of the spot ellipse.
3. The scintillation index prediction trends very poorly with theory along the

semi-minor axis of the spot ellipse.
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4. The scintillation index produced from the phase screen simulation
observations near the diffraction limited spot radii are approximately equal.

5. Use of a 2.5 cm aperture provides significant attenuation of the observed
scintillation index.

6. The on-axis scintillation index is better approximated by the spherical wave

Rytov variance (0.1) than the theoretical prediction.

Regarding observations number 2 and 3, in order to sanity check the results we have
also included simulation results for a symmetric divergent beams, below.

A second run of simulation set was performed using a beam with W, = 1.4
cm, W, = 15 cm, and Fy ,, = —54.63 m. We believed that this step was necessary
because weak fluctuation theory predictions for scintillation index have been
present in the literature for quite some time [9], and off-axis scintillation index
predictions have been compared to theoretical predictions. In light of that, we have
included results for the 15 cm and 7.5 cm diffraction limited spot size cases in
Figure 3-8 and Figure 3-9, respectively. As Figure 3-8 and Figure 3-9 demonstrate,
for symmetric input beam parameters the theory appears to work quite well.
Additionally, the attenuation of scintillation index via aperture averaging for this
case is roughly the same as for asymmetric beam case with an identical turbulence

profile.
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Seintillation Indices Along x- and y-axes for Symmetric, Divergent Beam Case
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Figure 3-8: Comparison of observed and theoretically predicted scintillation indices in
of .1 case.

for py = py, =1, Wy = L4 cm, W = 15 cm, L = 530 m, spherical wave Rytov variance
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Scintillation Indices Along x- and y-axes [or Symmetric, Divergent Beam Case
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Figure 3-9: Comparison of observed and theoretically predicted scintillation indices
in for p, = p, =1, Wy = L4 cm, W = 7.5 cm, L = 530 m, spherical wave Rytov
variance of .1 case.

Given the issues observed with the theoretical predictions we use an
approximation aimed at better estimating the scintillation index within the spot
ellipse, which will be of key importance in our experimental results presented in
the next chapter. Noting that the radial component of scintillation index along the
beam’s semi-major axis is approximated quite well by Equation (3-24), we build a
new approximation based on the following:

1. The radial component of the scintillation index is approximately parabolic

within the diffraction limited spot ellipse [9, 24].
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2.

3.

The on-axis component of scintillation index for divergent beams is better
approximated by the spherical wave Rytov variance than Equation (3-23).

The scintillation index along the semi-minor axis is better approximated by
scaling the semi-major axis prediction such that the scintillation index at the
spot radius of the semi-minor axis equals the corresponding scintillation

index at the spot radius of the semi-major axis.

In order to explicitly demonstrate observation number two we have included

Figure 2-10 which shows that, for a divergent beam case, this observation is

robust across a number of u,, values. In Figure 2-10 we have provided some

averaging of the scintillation index around the beam centroid using the

following methods:

a)
b)

d)

Using the point estimate as the beam center (0,0).
Averaging those factors collected within a 1 c¢cm radius around the beam
center.

Averaging the factors collected from points within half the spot radius for a

given transverse angle across the receive plane (i.e. \/ x2/WE +y? /W? <

.5), which we dub the half spot average method.

Averaging the factors collected from points within the spot radius for a

given transverse angle across the receive plane (i.e. \/x2/W2 + y2 /W2 <

1), which we dub the full spot average method.
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Figure 3-10: Comparison of observed and theoretically predicted scintillation indices
plotted as functions of the spherical wave Rytov variance for an asymmetric beam in
isotropic turbulence for a range of u,,’s with u, =1, Wy, = 1.4 cm, W, = 15 cm, W), =
11.25cm, L = 530 m.

In order to deal with these observations as well as the issue of anisotropy
(i.e. the faster rise of scintillation index along the axis of lower u), we investigate
an approximation provided by Beason [87] for symmetric beams in the presence of

anisotropic turbulence, assuming C? has been calibrated such that p, = 1:

a
nl'(2 — 5 4 % g a
ofr-(x,y,L) = ( Z)A(a)C,Zlk: 212712

. o e, G
sin sin
xj xcosg0+u Coszg0+—2¢ do

: Hy My
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For the isotropic turbulence case (uy = p, = 1), clearly the issue regarding
equalizing the scintillation index at the spot radii can be achieved via the revised
radial scintillation index approximation:

T (2-3)

a a
— A(a)Czk L [Minumum (A, 4,)]2

61y (x,y,L) =

A
X (COSZ[L(x + M+ A—ysinz [£(x +iy)]) (3-28)

21 Z_

) 2
sin sin

xf <xcos<p+y <p> <c 0s? @+ <p> do
Hy I

0

We note that for Equation (3-28) yields, 6/.(x,0,L) = o/ (x,0,L), where
a,z,r (x,0,L) is given by Equation (3-27). However for isotropic turbulence (i, =

1), for y = W, Equation (3-28) yields G2 (O ) = g/, (W, 0,L) by virtue of

a

the factor [Minumum(/lx, Ay)]E X cos?[z(x + jy)] + %sin2 [2(x+jy)]. This is

because of the following relationship:

4n?r (2 -5 WC o @
5,2,7(0, Wy,L) = %A( )CZ 2L7—1 /1925 —Z Wyz
4”2F(2—7) 42 a « W2 (3-29)
=—1A(a)62k 21271 A W
a y
= O-IT(VVXrO L)
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The results using this revise approximation are shown below. Although we
acknowledge that the revision is not perfect, the results within the diffraction

limited ellipse are much improved as compared to Figure 3-6.
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Scintillation Indices Along x and y-axes [or Symmelric, Divergent Beam Case with p,—0.33333
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Figure 3-11: Comparison of observed and theoretically predicted scintillation indices for
an asymmetric beam in anisotropic turbulence for u, = 1/3, Wy = 1.4 cm, W = 15 cm,
L =530 m, spherical wave Rytov variance of .01 case.
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Seintillation Index Along x- and y-axes for Asymmetric, Divergent Beam Case (Revised)
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Figure 3-12: Comparison of observed and theoretically predicted scintillation indices
for an asymmetric beam in isotropic turbulence for u, = u, = 1, Wy = 1.4 cm,
Wy = 15 cm, Wy, = 7.5 cm, L = 530 m, spherical wave Rytov variance of .01 case.

In order to use the approximations in experiments using apertured receiver
systems, we seek to also assess the aperture averaging factor associated with
divergent beams in anisotropic turbulence. Specifically, we are interested in the
impact of a 2.5 cm circular aperture. Prior to reviewing the simulation data, we
review the theory of aperture averaging of scintillation with regards to a parameter
we have so far ignored in this chapter, which is the inner scale. The so called
Kolmogorov microscale of turbulence is typically approximated by the expression

[80]:
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Y
I, = (f) * (3-30)

€
where v is the kinematic viscosity, with units of m?/s, and ¢ is the rate of
kinematic energy dissipation, with units of watts per kilogram or m?/s3. In Section
2.6 we discussed the modified atmospheric spectrum, which is dependent upon both
inner and outer scale parameters. Prior to work done by Andrews [74] and Frehlich
[53] to approximate the spectral energy density near the spectral cutoff studied by
Hill [26], it was common to account for inner and outer scale effects by using the

von Karman spectrum given by [9]:

exp(—k*/1%)

®,, (k) = 0.0330 - C2 - (3-31)
n n (Kz + K(2))11/6
3.3 21
K; = ?, Ko = L_O (3-32)

This equation for the power spectrum is essentially identical to that of the modified
spectrum, but without the f function factor given by Equation (2-30). The plot
below displays the effect of inner scale on the scintillation index for vary beam

conditions.
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Scintillation index theoretical prediction as a function of inner scale, I, for r;r%.—.().’)
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Figure 3-13: Theoretically predicted scintillation index as a function of inner scale, [,
for a variety of beams in isotropic turbulence: 1) Blue curves represent prediction for a
beam with W, = 50 cm; 2) Green curves represent prediction for an initially collimated
beam with Wy = 1.4 cm and F; = 120 m; 3) Red curves represent prediction for a beam
with W, = 50 um and F, = 530 m, which was the propagation distance for all curves.
All results are for a wavelength of 632.8 um and a plane wave Rytov variance of .05.

Before looking at inner scale affects, we note that Figure 3-13 shows that

for an initially very wide, collimated beam the on-axis scintillation index

approaches the plane was Rytov variance very closely for small inner scales.

Additionally, the initially very small with a divergence equal to the propagation
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distance behaves approximately the same as a spherical wave in Kolmogorov
turbulence for small inner scales. These observations lend confidences that our
numerical evaluations of the scintillation index integrals are correct.

However, the theoretical dependency of scintillation index on inner scale
for on scintillation for both the modified spectrum and von Karman spectrum are
both quiet drastic. Luckily, analysis of these effects when using an apertured
receiver indicate the effects are tempered with large enough apertures, as we will
demonstrate. Sasiala [88] has provided an aperture averaging filter function, F, for
use in spectral domain scintillation index equations, in this case Equation (3-25),

using a normalized Airy function given by:
2J,(kD/2)]?
F(k,D) = |———= 3-33
(e, D) I kD /2 (3-33)

where D is the diameter of the aperture, k = |/k + k3 is the radial wavenumber,

and J; is the first order Bessel function of the first kind. Insertion of this filter
function into Equation (3-25) yields the results below, demonstrating that

aperturing tempers the results of the inner scale.
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Figure 3-14: Theoretically predicted 2.5 cm diameter aperture averaged scintillation
index as a function of inner scale, [, for a variety of beams in isotropic turbulence: 1)
Blue curves represent prediction for a beam with W, = 50 cm; 2) Green curves
represent prediction for an initially collimated beam with W, = 1.4 cm and Fy = 120 m;
3) Red curves represent prediction for a beam with W, = 50 um and F; = 530 m, which
was the propagation distance for all curves. All results are for a wavelength of 632.8 um
and a plane wave Rytov variance of .05.

Although weak fluctuation theory approximations for the aperture
averaging factor are available, we choose to investigate the aperture averaging
factor using our wave propagation simulations directly. This is because all of the
weak fluctuation theory filter functions for aperture averaging share the
characteristic that they scale directly with the C2? (and therefore the Rytov

variances) along the propagation path whereas, as we will demonstrate, we note a
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slight increase in the aperture averaging factor as the Rytov variance (and therefore
C2) is increased, as we will demonstrate. Before moving forward, we would like
to discuss general trends of the aperture averaging function for asymmetric beams.
The aperture averaging factor as a function of distance along the semi-major (x-)
and semi-minor (y-) axes of the spot ellipse for a somewhat typical case is shown
in Figure 3-15. Having examined many such plots we have observed that within
the diffraction limited spot ellipse, if one ignores the noisiness of observation, the
aperture averaging factor is approximately constant.

In order to mitigate the noisiness of the aperture averaging factor estimates,
we compare several methods for estimating the on-axis aperture averaging factor
in light of all of the phase screen simulation data we’ve collected:

1. Using the point estimate as the beam center (0,0).
2. Averaging those factors collected within a 1 cm radius around the beam
center.

3. Averaging the factors collected from points within half the spot radius for a

given transverse angle across the receive plane (i.e. \/x2/W2 + y2 /W2 <

.5), which we dub the half spot average method.

4. Averaging the factors collected from points within the spot radius for a

given transverse angle across the receive plane (i.e. \/ x2/WE +y? /W? <

1), which we dub the full spot average method.
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Figure 3-16 and Figure 3-17 help visualize the impact of using the four cited
methods. We note that generally, the half spot ellipse method significantly reduces
the noisiness of the estimates without significantly appearing to attenuate the
aperture averaging factor away from the 1 cm or point estimates, which cannot be

said for the full spot average method.

Aperture Averaging Factor Along x- and y-axes [or Assymetric, Divergent. Beam Case
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Figure 3-15: Aperture averaging factors along x- and y-axes for u, = u, =1, Wy =
1.4 cm, Wy = 15 ¢cm, W), = 11.25 ecm, L = 530 m, spherical wave Rytov variance of .1
case.

10?

Aperture averaging factor

10!

Aperature averaging factor, x-axis
Aperature averaging factar, y-axis

129



Seintillation Indices vs Spherical Wave Rytov Variance for p, =1
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Figure 3-16: Comparison of point vs 2.5 diameter aperture averaged scintillation indices
for a variety of spherical wave Rytov variances and an asymmetric beam in isotropic
turbulence using p,, = py, = 1, Wy = 1.4 cm, W = 15 cm, W), = 7.5 cm, L = 530 m.
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Aperture Averaging Factor Estimates Collected Using Various Criteria for p, =1.
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Figure 3-17: Comparison of 2.5 diameter aperture averaging factors for a variety of
spherical wave Rytov variances for an asymmetric beam in isotropic turbulence using
Uy =y =1, Wy =14 cm, W, = 15 cm, W), = 7.5 cm, L = 530 m. The results were
further averaged using the following methods

Finally, in order to build confidence that the techniques discussed are
correct for a range of anisotropy ratios, we have provided a plot of the half spot
averaged aperture averaging factor across a number of y,,’s between 1/3" and 3,
while holding p,, = 1. Figure 3-18 demonstrates that for a wide range of anisotropy
ratios, the aperture averaging factor as a function of the spherical wave Rytov
variance 1s approximately constant over a wide range of p,’s. Additionally, we
have performed the same analysis for a variety of symmetric and asymmetric beams
with differing spot sizes, and noted that the aperture averaging factors collected are

approximately the same.
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Figure 3-18: Aperture averaging factor for various values of p,, plotted as a function of
the spherical wave Rytov variances using an asymmetric beam in isotropic turbulence

using Wy = 1.4 cm, W, = 15cm, W,, = 7.5 cm, L = 530 m.

In the next chapter, we will use the aperture averaging factor collected for
divergent beams in order to estimate C2 over a long path in the weak fluctuation
regime. In order to do so, we have performed a fourth order polynomial fit of the
aperture averaging factor, averaged across all u,’s, as a function of the natural
logarithm of the spherical wave Rytov variance. Details regarding the fit plotted in
Figure 3-18 are given in Equations (3-34) and (3-35). We note that there is only a

small error of the fit across all u,, (1.28% standard deviation, and 3.47% maximum

error).

2 0 4 n
£y (024, D) = :,IT(D)) =Y 4, [In(a,)] (3-34)
n=0
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[40] [ 5.277 ]

Aq 7.975-1071
Ayl =12.342-1071 (3-35)
IABJ 2.660 - 1072
A, 6.847 - 1074

In conclusion, we have noted issues with the weak fluctuation theory
predictions for the scintillation index of divergent and asymmetrical beams.
However, the set of updated approximations developed in this section provide a
good fit of the unexplained differences between the weak fluctuation theory results
and the observed results from Monte-Carlo phase screen simulations of optical
propagation through turbulence within the spot ellipse. We remind the reader, that
both the weak fluctuation theory and the phase screen codes use the Markov
Approximation (see Section 1.2) and the Paraxial Approximation, so these
discrepancies are somewhat unexpected. Although it seems evident a thorough
review of the mathematics and symmetry assumptions employed to develop the
weak fluctuation theory predictions for beam waves needs to be performed, we

leave these items as work to be performed in the future.
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Chapter 4 :  Experimental Investigations  Atmospheric
Distortions Using a Multi-Aperture Transmissometer

4.1: Introduction

Lasers transmissometers are devices used to estimate the absorption of light
traveling through the atmosphere [89]. These devices have applications in
monitoring visibility conditions [90], measuring concentrations of aerosols in the
atmosphere [91], estimating concentrations of dissolved particles in media [92], and
estimating predictions of thermal blooming [93]. Accurate monitoring of
atmospheric absorption of light is highly desirable in free-space optical (FSO),
directed energy (DE), and remote sensing (RS) applications, as alteration of system
performance due to aerosol effects can lead to system degradations and failures
[94].

Transmissometers consist of transmitters and receivers, which are typically
spaced at short distances so as to enable total collection of the transmitted laser
beam at the receiving aperture in the presence of optical turbulence effects.
Although other apparatus aimed at estimating extinction coefficients of the
atmosphere over longer, multiple kilometer paths have been experimentally tested
[95], devices typically produce useful extinction estimates below the strong
turbulence regime. With these considerations as motivating factors, the Maryland

Optics Group (MOG) has designed a multi-aperture transmissometer (MAT)
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capable of long-path extinction coefficient estimates, which uses beam profiling
techniques robust to optical turbulence distortions [71]. In this paper, we will
demonstrate the successful operation of the MOG MAT at estimating absorption in
the strong turbulence regime, as well as in estimating turbulence strength by virtue
of estimates of the turbulent beam spreading along long paths along with

scintillation index profiling.

4.2: MOG MAT Fundamentals

Laser transmissometers are devices traditionally used to measure the
extinction coefficient of a medium by measuring the total intensity of light at a
receiver larger in diameter than the diameter of the beam, and measuring the

extinction coefficient as [83]:

Jz_lln M (4-1)

L \J1,dA
__ 10, (fida -
9ap = ~ 7 L0g1o (m) (4-2)

Where L is the propagation length, / is the optical intensity at the receiver, [, is the
optical intensity at the transmitter, and [ dA is the area integral [94]. Due to beam
spreading by optical turbulence effects, as well as diffractive effects, traditional
transmissometer transmitters and receivers can only be spaced on the order of 10’s
of meters apart. In order to get an accurate measurement across, say, an airfield,

transmissometers must be periodically spaced throughout the length of the field.
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The multi-aperture, hexagonal transmissometer designed by the Maryland
Optics Group utilizes an array of 13 point detectors, which sample incoming light
at various positions. The device also uses three retroreflecting dielectric corner
cubes to aid in aligning the transmitter at long range. Additionally, the device can
be controlled using a touch screen or via a remote radio frequency link.

() [— (b)

1. Weatherized Housing ————————=

3. b v Panel +———— 8. Front Plate

5. Central Plate with FPGA and Control 7. Dielectric Corner Cube Reflectors (x3)
Board in the Back

Figure 4-1: Juxtaposition of: a) Traditional single aperture transmissometer used for
making a short range extinction estimate in an airfield; b) Maryland Optics Group multi-
aperture transmissometer designed for estimating extinction coefficients over path
lengths of the order of magnitude of a kilometer.

Figure 4-2: Pictures of the multi-aperture hexagonal transmissometer displacing: a) The
thirteen detectors and corner cube reflectors; b) the local user interface.
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The MOG MAT receiver utilizes an array of 13 point detectors that sample
incoming light at various positions. The device also utilizes three retroreflecting
dielectric corner cubes to aid visual alignment of the laser transmitter at long range.
Figure 4-1 shows a breakout diagram of the MOG MAT and its various
subcomponents. Typically, the transmitter is mounted on a stabilized tripod or
optical table, and the receiver is mounted on a tripod. Table 4-1 summarizes the

nominal specifications of the transmissometer system.

MOG Multi-Aperture Transmissometer Specifications

Transmitter Receiver Detection

632.8 nm HeNe Laser Source 13 sub-aperture detectors

Greater than 95% TEMoo Mode Purity =~ 60° angular spacing

Beam expanded to 2.8 cm diameter 6.9 cm radial spacing

10 Hz chopping frequency 25 mm diameter aspherical lenses
16 mm lens focal length

Receiver Features 632nm bandpass filters, £5Snm FWHM

Weatherized receiver housing 550 Hz read-out rate

3 retroreflecting cubes to aid alignment

Transimpedance amplifiers

Table 4-1: Nominal MOG MAT specifications

Once the transmitter and receiver have been aligned, an optical chopping
wheel is enabled at the transmitter, and the receiver is set to record. Binary files
documenting timestamps and values of detector readings are created locally on the

transmissometer, to be analyzed in post-processing. The optical intensity is
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assumed to be directly proportional to the voltages recorded at each sub-aperture.
Based upon sparse sampling techniques [96], the MOG MAT’s thirteen sub-
aperture detectors’ recorded samples enable beam profiling of the average intensity
profile of the received signal. The averaging time should be chosen to be long
enough to minimize receiver noise and scintillation variations, but short enough
that a significant global change in atmospheric conditions does not occur.
Previously, we presented several predictions of spot size as functions of W,
Fy, L, C,°, tix, Uy, and a, e.g. as per Equations (3-6) through (3-17). We return to
re-examine the spectral model as shown in (20) in order to make a point regarding

degrees of freedom. We can give a structure constant specific to the x-direction:

~ 2 52 o-q ‘u_y
N Cn A(“)ﬂxﬂy Cn Hx A(a) Uy
CDn(Kp’O) - 2, 2 2, 2\"/2 - 2 “/2 (4-3)
(mxex T Uy Ky) (K2+”L2K z)
x y
Uy

We can write a similar form as (4-3) where Kyz is not accompanied by any factors

in the denominator. For the purposes of evaluating the two dimensional integrals

. . ~ 2
of interest for wave propagation through turbulence, we can define a €, and a

C

2
ny s per:

~ 2 ~ 2 _ ~ 2 ~ 2 _
Cn,x =Lln .uxz “, Cn,y =Lln :uyz * (4-4)

Therefore, the three variables C’nz, Uy, and u, represent only two degrees of

freedom. Note that power associated with u, and u,, matches that given in Equation
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(2-8). Also note that increasing the anisotropy parameters decreases the structure
constant in either direction. Therefore, we may say that increasing the anisotropy
parameters effectively decreases the level of turbulence.

There is an issue, however, using (4-4) for comparison with point detectors
which do not use optical propagation to estimate turbulence or anisotropy. The

three dimensional refractive index structure function is given by:

(4-5)

(4-6)
We elect to adjust results as per Equation (4-6) for consistency with other

equipment under test.

4.2: Synchronization of Transmitter and Receiver for Elimination of Background

Light

In order to measure light from a transmitting laser arriving at the
transmissometer receiver, we estimate and remove background light by on / off
modulating the beam with a chopping wheel, and subtracting the signal observed
during the off period, from the on period [71]. In order to facilitate this, we must
synchronize with the wheel, which we choose to run at 10 Hz, as the outer time

scale is roughly .1 seconds [9], in order to generate approximately uncorrelated
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samples, and the sampling frequency of recordings for each aperture is 250 Hz. In

order to facilitate this, a new algorithm has been developed consisting of the

following steps:

1.

The transmissometer data is offloaded from the measurement device to a local
computer.

The data is broken up into between 100 and 1000 samples, typically, within a
program and stored in memory structures internal to the routine.

For each set of samples, a FFT is performed on the sum of the data from all
detectors, and the peak frequency is assume to be the center frequency for
synchronization, i.e. a rough frequency estimate.

For each set of samples, a phase-frequency correlation matrix is constructed
(more info on this below) based off the rough frequency estimate, and the
reference clock phase and frequency is derived from the reference clock
parameters.

The sample sets are re-aligned in time, and the synchronization routine searches
for sampling skips and repeats. Skips are handled by inserting a sample at the
mean time between adjacent samples. Sample repeats are averaged into a
common sample.

On- and off-samples are collected mid on-, off-cycle, and two adjacent off-

samples values are averaged and subtracted from the straddled on-cycle in order
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to generate the final approximately independent sample of the laser propagated
through turbulence and absorbing atmosphere.

7. Samples are averaged, and the scintillation index estimated, as an input to later
fitting.

To create the phase frequency correlation matrix, first a preliminary three
dimensional data structure is created. As a pre-requisite, the number of elements
in the z-direction must be the same length as the time series you are attempting to
correlate with, namely sum of voltages signal. Along the z-direction of the data
structure are a collection of reference clocks, with values +/- 1, which are running
with difference frequencies, along the x-direction. Usually, we use values between
90% and 110% of the rough reference clock rate (from the FFT), and have on the
order of 21 columns (for this example resolution is 1%). The y-direction of the data
structure represents clocks started with different phases (resolution //N cycles, with

N the number of rows).
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Figure 4-3: Example phase frequency correlation matrix generated by summing the final
three dimensional data structure described in the text along the z-direction. Note, one
cycle equals 27 radians.

Another, secondary three dimensional data structure is created by first level
shifting, and gain controlling the sum of all the time domain signals, such that it is
approximately zero mean and approximately constant envelope. This vector is then
permuted such that it is z-directional, then replicated such that it has the same x-
and y- dimensions as the primary three dimensional data structure. The final data
structure is created by multiplying element-by-element the primary and secondary
three dimension data structures along the z-direction, and normalizing for the

number if z-directional samples summed across. These operations implement a
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normalized cross-correlation of two signals, for each row / column pair. In
analyzing the cross correlation values across multiple data sets (e.g. a 100 chop run
is one data set) for a given attenuation level at the transmitter and beam divergence,
a clear correlation coefficient threshold should become obvious to detect correct
clock sync. Fig. 9 shows a representative example of a clock recovered from a data

set.

Example Recovered Clocks and Detector Signals

B [ [ [ [ Instantaneous Sampling Clock 7
Recovered Chopping Wheel Clock
fr 1 1 1 I |— — —Detector Signals (volts) T

Signal Level

1 1 1 1 1 1 1 1 1
1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time {zec)

Figure 4-4: Example juxtaposition of the 13 signals from each aperture of a test (dashed
lines) and the replica chopping wheel clock (red square wave) and the sampling clock
(blue dotted line), which both appear at or below 1 on the y-axis of the plot. Sample
clock values of 1 indicate that on-samples are taken and sample clock values of -1
indicate that off-samples are taken.
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4.3: Estimates of Extinction Coefficient

As all theoretical models of beam propagation through turbulence predict a
Gaussian beam at the receive plane, the mean value of all the on-samples for a given
sample set can be summed, and together with the x-, y-locations of the optical
detectors, provide all the information necessary to do a fit to an elliptic Gaussian
profile. So far, we have generally assumed that the x-direction is the direction of
the semi-major axis of the spot size ellipse, and the y-direction that of the semi-
minor axis. However, relative to the transmissometer receiver alignment, we
designate the relative angle between the transmissometer’s x-axis (normally tangent
to the earth’s surface and perpendicular to the z-axis of propagation) as . In
general, a received elliptic Gaussian beam will have an intensity of the form [71]:

(I(x,y)) = A-exp[—a(x —x0)* + b(x —x))(y —¥0) —c(y —y0)?]  (4-7)
Where x,, y, are the coordinates of the beam center at the receiver, and:

W,*

A= Ag———-
0 WLT,x WLT,y

e~ oL (4-8)

B 2cos?6  2sin?0 b= sin20 sin 26
Wiry®  Wiry ' Wiry Wiry'

a
(4-9)
2sin’0 2cos?0

TR
LT, x LT,y

c

Where 4, in (4-8) is the peak intensity at the transmitter. For a known propagation
distance, L, it is therefore possible to estimate o, Wyr,, Wir,, and 6

simultaneously. We typically achieve this by performing a least squares best fit to
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equation (4-7) using a numerical software such as MATLAB or Octave, and then
we can also use the goodness of fit information returned by the software in order to
provide thresholds for additional outlier removal. Nonlinear equation solvers, such
as those previously described, can be used to then retrieve the parameters of

interest, o, Wiy, Wiz, and 6.

Reconstructed long term beam profile

Date and Time = 19-00ct-2017 15:06:39

Beam Power = 1T.138mW Extinction Rate = 1.085 dBikm

=30 =20 =10 0 10 20 30

X (cm)
Figure 4-5: Example output of elliptic Gaussian fitting as displayed in MATLAB.

Once a fit has occurred, the estimated beam centroid at (xo, yo) is typically

used for outlier removal. Beams with centroids determined to be significantly
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outside the polygon defined by the outer detectors of the transmissometer aperture
are removed from consideration. With the remaining fits, the total received

integrated intensity can be estimated as:

T
Proces = [ (1.3, L) dxdy = AT Wig. Wiy (4-10)

The value of received power recovered using equation (4-10) is compared to
previously determined calibrated value in order to estimate the extinction
coefficient, in decibels per km, of the propagation path under test.

In order to validate the operation and measurements of our device, we
arrange for remote testing at a large outdoor range in Central Florida. The Townes
Institute Science and Technology Experimentation Facility (TISTEF) includes an
approximately 1 km flat, outdoor range used for experiments regarding atmospheric
optics, laser filamentation, and other wave propagation research. The facility has
access to various commercial equipment for atmospheric research, and as such we
made arrangements for side by side testing with a point visibility meter [97] owned
by the institute.

To verify proof of concept, the MAT over a 980 m propagation path with a
the commercial visibility meter from All Weather Inc (AWI) logging measurement
simultaneously alongside the transmissometer in order to verify results. Although
visibility meters typically output a visibility measurement in terms of a visible

range, R,, defined by a contrast ratio, C,,, which is typically standardized at either
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.02 or .05. The extinction coefficient can be determined from visible range via the

following relationships [97]:

o= _ln(Cv) P _]-Ologlo(cv)
- Rv ) dB — Rv

(4-11)
Additionally, the visibility meter under test provided a precipitation rate estimate.
Using the described algorithms, we are able to compare the MOG MAT results with

the commercial visibility meter as shown in Figure 4-6. The overall test layout is

shown in Figure 4-7.
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Figure 4-6: Comparison of visibility meter and MAT metrics over 2 days: a) Extinction
coefficient estimates from the MAT (red) vs the visibility meter (black), b) Precipitation
rate estimates from the visibility meter (blue), ¢) another rendition of the top figure, with
the axis zoomed in to demonstrate that overall trends, and small features, of both devices’
estimates of extinction correspond.
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Laser T(ansmig,’someter
Receiver

Laser TransmisSometer

@(— = )¢ Receiver

AW/ VisibilityiMeter

Laser Transmissometer
Transmitter

Figure 4-7: Equipment locations over TISTEF range: a) Layout picture on the receiver
end; b) overall view of the TISTEF range from the transmitter end.

In general, the results of the transmissometer and visibility meter compare

well during periods without significant precipitation. The MAT, however, seems
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to have a higher sensitivity to precipitation, especially during heavy periods (above
8 mm/hour). This may have been due to the transmissometers lower elevation
(approximately one meter off the ground) relative to the visibility meter (above 2
meters high), meaning the transmissometer may have observed both falling and
“bouncing” rain drops during this period. We also note that during the test period,
the transmitted beam was diverged via adjustments to a sliding lens in the beam
expander in order to guarantee that multiple detectors on the transmissometer

receiver were illuminated.

4.4: An Iterative Beam Fitting Approach to Capture Refractivity and Turbulence
Effects

When the MOG experimental team first began performing beam profiling
experiments using the MAT, based on the large volume of literature investigating
and analyzing anisotropic optical turbulence effects [11, 18, 19, 23, 24, 25, 59, 76,
78, 79] we had been under the assumption that turbulence was the primary cause of
observations of initially symmetric beam observed as elliptical after propagating
through atmospheric distortions. During the course of our experimental campaign,
through our own observation and more recent contributions to the literature [85, 86,
87] indicated that non-turbulence optical refractivity effects may dominate under

some scenarios.
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Figure 4-8: Simulation results illustrating differing scintillation index profiles despite
comparable intensity profiles: a) Scintillation index profile for an initially collimated
beam propagating 530 m through Kolmogorov, anisotropic turbulence with .= 1, y,=
1/3, and spherical wave Rytov variance of 1; b) Mean intensity profile for an initially
collimated beam propagating 530 m through Kolmogorov, anisotropic turbulence with .
=1, u,= 1/3, and spherical wave Rytov variance of 1; ¢) Scintillation index profile
approximating non-turbulent optical refractivity dlstortlon using a beam which is initially
collimated across the x-axis but with a radius of curvature of -4,142 m in the y-direction
propagating through 530 m of Kolmogorov, isotropic turbulence with spherical wave
Rytov variance of 1; d) Mean intensity profile approximating non-turbulent optical
refractivity distortion using a beam which is initially collimated across the x-axis but with
a radius of curvature of -4,142 m in the y-direction propagating through 530 m of
Kolmogorov, isotropic turbulence with spherical wave Rytov variance of 1. A 2.5 cm
diameter aperturing filter was used to collect all results for comparison with the collected
transmissometer data.
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More specifically, the type of non-turbulent optical refractivity distortion
we are referring to occurs when the refractive index gradient is not constant (i.e.
simply leading to tip and tilt), and has a significant parabolic component. As
discussed in Section 3.5, and specifically displayed in Figure 3-6 and Figure 3-11,
the hallmark feature distinguishing of non-turbulent optical refractivity distortion
in contrast to anisotropic turbulence affects is that the scintillation index
paraboloid’s semi-major axis is in the same direction as the semi-major axis of the
elliptical Gaussian intensity profile. For anisotropic turbulence alone, the inverse
is the case. In order to show this, we have also included Figure 4-8, which
demonstrates this fact for two cases: a) An initially collimated beam propagating
530 m through Kolmogorov, anisotropic turbulence with u, =1, pu, = 1/3, and
spherical wave Rytov variance of 1; b) Simulation approximating non-turbulent
optical refractivity distortion using a beam which is initially collimated across the
x-axis but with a radius of curvature of -4,142 m in the y-direction propagating
through 530 m of Kolmogorov, isotropic turbulence with spherical wave Rytov
variance of 1.

In field experiments, we have found the beam intensity and scintillation
index profiles corresponding to non-turbulent optical refractivity distortion to be
common. Figure 4-9 shows a somewhat typical case observed at the
transmissometer receiver when doing near ground turbulence profiling. Note that,

although there is a slight disagreement in the directionality of the intensity Gaussian
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and scintillation index paraboloids, the fact that the semi-major axes are in
approximately the same direction indicates that the non-turbulent refractivity

distortion condition under discussion is clearly playing a role.

Mean intensity on 02-Oct-2018 12:20:17 (interpolated) = Scint index on 02-Oct-2018 12:20:17 (interpolated)
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Figure 4-9: Example observed main intensity at the MAT receiver and from an outdoor
field experiment. The observation that the intensity spot ellipse and the scintillation
index are pointing in approximately the same directions indicate that refractivity effects
are dominating optical propagation distortions. The subplots are: a) Interpolated mean
optical intensity profile; b) Detector-by-detector mean optical intensity; ¢) Interpolated
scintillation index profile; d) Detector-by-detector scintillation index.

Seeking to mitigate the effects of the somewhat unexpected non-turbulence

optical refractivity distortion on the turbulence estimate, we have developed an
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iterative fitting scheme aimed at addressing both sets of effects. In order to do so,
we take advantage of the observations of Sections 3.2, 3.3, and 3.5. Specifically,
we note that Equations (3-14) and (3-15) indicate that the size of the spot ellipse in

a given direction is perturbed in a given direction as per:

Wir (HR' Or, A1, Az, Ps x) Ps,y) =

(4-12)

2-L 2L 8172 8172

J v cos2(6g) + v sin?(05) + Tops cos2(0g — 07) + Korl sin2(0z — 67)
Where A; and A, as the larger and smaller, respectively, Fresnel parameters [see
Equations (3-19) and (3-22)] including diffractive and non-turbulent refractive
effects, 6z we dub the refractivity angle, W (6g) is the radius of the spot ellipse in
the absence of turbulence in at a given angle, 8 we dub the turbulence angle (the

direction of higher turbulence), ps, and p; ,, are spherical wave coherence lengths

along the major and minor axes of turbulence. The observed scintillation index at
is given by:

67(r, 0,07, C2 1) =

r(2-5)
a

-1

a
)
0

3 a a A
&2 + A(a)-C2 -k, 2Lz7' - A2 % [cosZ(HR) + A—ZsinZ(HR)]

1
(4-13)

sin(8z — 0;) sin(p — 0,)]°
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X [cosz((p —07)+ *] de
y

Equation (4-13) the leading term &,2'1 is meant to allow for adjustments in the fit in

order to capture both aperture averaging effects which may vary according to
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distance across the receiver. Additionally, this allows for operation in the deep
fluctuation regime, where the on-axis scintillation index is expected to saturate.
During iterative fitting, we all this factor to be a free parameter estimated by the
fitting routine.

Equation (4-13) is designed to generalize Equation (3-28) for the common
case observed using the MAT system in which the direction of the refractivity
distortion is not either in the same direction or at a right angle to the direction of
higher turbulence. For a given set of input Fresnel parameters, performing a best
fit for C2, Oz, and Uy using the detector-by-detector scintillation indices (after
adjusting for offset of the beam centroid from center). Given that we follow the
conventions of setting C2 = Ch s Uy =1, once a fit has occurred we have an

estimate of the x- and y-direction spherical wave coherences lengths as per:

. ZF 1 _g 2—a
pox = |A(@)C2KEL 72Ta-3(r (%)2) (4-14)
1
—12T 1_ﬁ 2-a
Poy = Hy A(a)érgk(z)l‘%(%;) (4-15)

The coherence length determined by the fit can then be fed back into the spot size
estimate of Equation (4-12). In practice, in order to fit our spot size we make use

of the equation:
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WLT (97«; et; All Al' pS,X’ pSJ’)

(1(7”, 07‘! Htl /11, All ps,xl ps,y)) =A exp (4'16)

where 4 is the long term beam intensity at the centroid. Equations (4-12) through
(4-16) provide a framework for iteratively fitting both turbulence-based and non-
turbulent refractivity distortion based beam spreading. In order to limit the number
of fit parameters, we will be holding the three dimensional power law, a, to the
11/3%95 law of the Kolmogorov. We will later show additional justifications for
this in the next section via frequency domain analysis using point detectors of
turbulence (temperature probes).

Given the above analysis and observations, we have implemented an
iterative fitting algorithm which can be summarized as follows. Using the observed
detector-by-detector scintillation indices and detector positions, we fit the €2, 6,
and u, using the best estimates of the beam centroid, 8,, A, and A,. Using the
estimates of the three turbulence parameters from the previous fit as well as the
derived p; , and py ,,, we then fit the intensity profile using Equation (4-16) in order
to obtain new estimates for 6,, A, and A,. Figure 4-10 gives a high level visual

summary of the iterative approach.
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Figure 4-10: High level visual summary of the iterative fitting approach.

In order to provide more details regarding the technique we provide a list of
specific steps. They are, as follows:

1. Using the long term mean intensity data collected at each detector perform
a best fit, without differentiating between non-turbulence refractivity and
turbulence effects, in order determine the beam centroid (i.e. xy and y,) as
well as initial estimates of 8z, A, and A,. In order to achieve this, we
perform a best fist for xo, yo, O, 41, and A, while setting p; , and ps ,, to
very long lengths (i.e. 10° m) such that the contribution of turbulence is
negligible.

2. Using the estimates of x,, ¥y, O, A1, and A, from the previous step, fit the
detector-by-detector scintillation indices using Equation (4-13) in order to
provide updated estimates for 6,2,1, CZ, 07, and Uy

3. Calculate estimates for p, , and p; ,, using the C? estimate from the previous

step and Equations (4-14) and (4-15).
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4. Repeat the mean intensity best fit using updated values of pg , and py ,, in
order to produce updated estimates of 05, 4, and A,.

5. Repeat steps 2 through 4 a pre-determined number of times.
We note that in step 5, an alternate approach would be to threshold the size of
corrections wherein corrections below some predetermined value would signal to
the iterative fitting loop to exit. We have found, however, that in the majority of
cases the fitting routine predictively converges and, as such, will count on other
outlier removing techniques to be discussed in order to remove bad fits which do
not trend well with the data from nearby times. Results from a somewhat typical
iterative fit are shown in Figure 4-11. We note that although 50 iterations of the
fitting routine were performed, we’ve truncated the x-axes in the respective
subplots due to the fit converging around 12 or 13 iterations. We chose 50 durations
because after the algorithm initially converges, subsequent fits complete more

quickly.
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Figure 4-11: Behavior of turbulence and beam parameter estimates during iterative
fitting. The subplots shown are as follows: a) The estimated refractive index structure
constant, C,%; The turbulent and refractivity angles, Oz and 7, respectively; c¢) Fresnel
parameters, A; and /4>, respectively; d) the anisotropy parameter, y,.

While the iterative fitting routine reliably fits the data from the MAT
receiver, we have noted that the turbulence estimates are typically above what is
suggested by the observed on-axis scintillation index. This is most likely due to
the fact that the aperture averaging factor for scintillation index is not constant
across the beam profile, and in fact varies by position as illustrated in Section 3.5.
In order to mitigate this feature, the final estimates of 2 = CE . C,Zl'y, and p,, are
determined by a combination of the scintillation indices observed at the
transmissometer as well as the total change in the spot size estimates at the turbulent

angles. In order to estimate C? using the observed on-axis scintillation index, we
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first consider the approximation for the aperture averaging factor developed in
Section 3.5. Specifically, Equations (3-34) and (3-35) are used in order to facilitate
the adjustment for aperture averaging factor. Given the observation that the
unapertured on-axis scintillation index for a divergent beam is well approximated
by the spherical wave Rytov variance, we can also state that the spherical wave
Rytov variance, 0%, on-axis aperture averaged scintillation index, 012’1 (D),
multiplied by the aperture averaging factor, Fy, (a,%s, D). In order to estimate the
actual g ;, we create a vector of possible spherical wave Rytov variances from .001
to 10 and using our approximation, and given by 0',2“. A corresponding vector for
the aperture averaging factor associated with the values in a,ze,s is created, dubbed
F4p. Finally a vector of expected, observed on-axis scintillations indices for a given
Rytov variance, dubbed af, 1> 1s created using:
071 = Oks° Fap (4-17)

where o denotes element-by-element multiplication (the Hadamard product).

Given that both o and a’,ze‘s are monotonically increasing, the true spherical wave

Rytov variance may be estimated using the statement (in MATLAB):
of. = inter 1(2 2 of -
Rs = PL\O11,ORs 01 (D) (4 18)

where the interpl operator denotes one dimensional linear interpolation. In
practice, because the scintillation index is often observed varying log-normally we

chose to perform the interpolation on the logarithmic scale, as per:
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o3, = exp[interp1(In[o?,],In[o% ], In[a?(D)])] (4-19)

In order to provide an updated estimate of the anisotropy parameter, p,,, we
compare the change in the spot size prediction from the our initial beam fit, which
has assumed negligible turbulent beam spreading, with the final output of the fit.
The initial estimates for the Fresnel parameters we dub A, g and A, ,, with 4,
defined as the smaller of the two (corresponding to the larger spot size), and the
initial angle for the fit is labeled 6,. Given the final fitting estimates for the
diffraction and non-turbulent refractivity distortion Fresnel parameters along with
the final estimated turbulence angle, 6;, we can calculate the estimated beam
spreading due to optical turbulence effects along the major and minor axes of
turbulence (x- and y-directions, respectively). First, we note that the spot sizes
along the semi-major and semi-minor axes of the long-term beam profile, W, 5 and

W, o respectively, are given by the initial fit are given by:

2L 2L

W, = R 7/ 4-20
1,0 kOAl,O 2,0 ( )

Similarly, the final beam sizes after removing the effects of optical turbulence

induced beam spreading are given by:

2

*T k| A
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y =

) _ 2 —
2L|sin*(0r — Or)  cos*(Or — br) (4-22)
kO Al AZ

For reasons which will later become clear, we are interested in the square
of the total deviation in spot sizes along our x- and y-axes, i.e. the major and minor
axes of turbulence. We calculate these deviations using the previously estimated
parameters along with our formula for the long term spot given by Equation (4-12).
We, therefore calculate these deviations, AW,? and AW,2, via the equations:

AW = WEy cos?(8r — 0y) + Wi, sin®(0r — 6y) — W2 (4-23)

AW = Wi sin®(8r — 8y) + Wy cos? (O — 6,) — Wy (4-24)
Based upon investigation of Equations (3-10) and (3-11) when the beam is not
affected by non-turbulence refractivity distortion, and therefore has a diffraction

limited spot size W, we make the observation:

812
= W2 . — W2 (4-25)
kopsz,x L
812
= Wi, —W? (4-26)
kOps,y

We assume that this relation still holds when turbulence is distorting an otherwise
warped beam undergoing optical refractivity distortion. Coupling this with an
investigation of Equations (4-14) and (4-15) yields the following simple

relationship:
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= Pox _ [AWE
y Ps,y A Wyz

(4-27)

Equation (4-27) provides the final estimate for the anisotropy parameter, f,,.
Using this estimate for y,,, we may now turn the estimate of the spherical
wave Rytov variance into estimates for CZ, and C,iy. An expression for the
generalized spherical wave Rytov variance is given by Equation (1-59), and we will
note that the quantity is directly proportional to C?. Because we have chosen to fix
our three dimensional power law, a, to 11/3 we may then rewrite Equation (1-59)

as:

5
UI%‘S N = (g) r (_ ?2 r? (1_61) o5 <1ln) cos [S_n] CrzlkogL%
2nl () 6 12

5

m sin? ¢\® 4-28
xf (cos2 o+ 2(p> do (4-28)
0 Hy

2

s, 24 1 [ 5 sin? @ gd
= 0.4968 - C;ky6L 6 X — +
no 27‘[_[0 cos™ ¢ i ®

We have written Equation (4-28) in this form in order to demonstrate that for the
case of u,, = 1 this expression matches the Kolmogorov turbulence spherical wave
Rytov variance given in [9]. Because we have set the convention that (2 = Chx

by virtue of setting u,, = 1, we produce our final estimates of C7, and C,ZW using

the equations:
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2
UR,s

-
Cn,x -

5
71| op sinZ ¢\6 (4-29)
0.4968 - koL X 5— [ <cos2 @+ Ilyz(p) do
CZ
2 _ nx
Cry = 1?73 (4-30)

Figure 4-12 shows an example of results collected using this approach.
These results were collected along an approximately flat path on an airfield in
Southern Maryland with the MAT transmitter and receiver both at a central
elevation of 1.5 m. In order to stabilize the transmitter and receiver in order to
mitigate the effects of vibrations, both pieces of equipment were placed in custom
made racks of 80/20 T-slot structural framing with an approximately 1 m x 1 m
square base. Both cinderblocks and sandbags were placed leaning upon the base of
the structural framing at the corners to provide further stabilization. More details
regarding the 80/20 racks will be provided in the next section. The results of Figure
4-12 show relatively stable fits for both the refractivity and turbulent angles, non-
turbulent spot size estimates, and relatively stable estimates for CZ , and C,zl,y. The
anisotropy estimates are somewhat sporadic, however they trend relatively stably

when the 5 minute median is plotted.
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Figure 4-12: Output data from MAT experiment using the iterative fitting method: a) Refractive and turbulent angle estimates, 6z
and Oy, relative the an objective horizontal angle; b) Non-turbulence spot size estimate produced from best fits for 4; and A>; ¢)
Estimates of the anisotropy parameter, 1, given as both as an instantaneous estimate and the five minute median; d) Estimates of
the refractive index structure constants, C,,” and C,,,°, with the x-axis being along the turbulent angle.
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4.5: Turbulence Profiling Results in the Weak Fluctuation Regime

The MAT system was deployed in order to facilitate turbulence profiling
alongside temperature probe based systems at a remote facility in Southern
Maryland with access to a local airport which was able to provide a long, flat optical
propagation path which is ideal for the study of approximately homogenous optical
turbulence. The University of Maryland (UMD) Unmanned Aerial System (UAS)
test site is located in California, St. Mary's County, Maryland, and has a relationship
with the St. Mary's County Regional Airport which permits them to perform testing
of drone systems and other scientific test campaigns. After a request was submitted
to the UAS site and St. Mary's County Regional Airport, permission was granted
in order to perform both MAT testing, as well as a vertical turbulence profiling test

using a tethered weather balloon.

Distance @
529.97m ~

w — B
—
StiMary/s|County/ &
Regional-2W6)
) L — "

aMa

.- _.-"
'\St rys Air; Szripj‘

shown in within the St. Mary’s County Airport complex within the St.
Mary’s County Regional Airport complex. The MAT transmitter was in place on the east
side, and the MAT receiver to the west.
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Figure 4-14: Images of the MAT transmitter breadboard: a) Without markup labeling; b)
With markup labeling. In Image b) the labeled components are as follows: 1) Helium
neon laser transmitter; 2) First redirection mirror; 3) Second redirection mirror; 4) Fixed
magnification beam expander with adjustable sliding lens; 5) Steering mirror for
downfield pointing. Additionally, although obscured by the beam expander, an optical
chopping wheel is in place between the two redirection mirrors on the breadboard. A
scope is placed on the breadboard adjacent to the steering mirror for alignment, however

it is not a permanent component of the optical breadboard.
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Figure 4-15: Alternative view of the MAT transmitter optical breadboard with the illuminated retroreflectors of the MAT receiver
shown in the background. Note that the placement of the optical chopping wheel is shown more clearly in this figure.
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Figure 4-16: Overall view of the MAT transmitter rack. Note that vibrational
stabilization is applied using both sandbags and cinderblocks at the base. A weather
station is attached at the top of the rack.
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Figre 4-17: MAT receiver placed upon glmal mount within structural ramlng rack and
the operator shown during alignment. Note that the operator is standing upon a
weatherized pelican case housing the logging computer for the MAT receiver.

For the test campaign, the receiver was housed in a similar rack of structural
framing. Additionally, the MAT receiver was fastened to a gimbal mount which
provide pitch, roll, and yaw adjustability enabling use to control for uneven ground
conditions and keep the receiver oriented horizontally and in the direction of the

target. Although the MAT receiver features optical detector systems with wide
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acceptable angle, a sun shield is present on the MAT receiver in order to block both
incident light from the sun, as well as reflected off of (primarily) the ground within
the MAT receiver’s view.

Once a coarse alignment is performed by searching for and illuminating the
MAT receiver retroreflectors using the MAT transmitter breadboard’s steering
mirror, a fine alignment is performed with operators manning the transmitter and
receiver while communicating over phone or radio. The MAT receiver features a
touchscreen display featuring a readout of the detector-by-detector electrical
intensity measurements, and the operators can coordinate to provide fine tuning
increments at the transmitter steering mirror such that the beam is approximately
centered with regards to the MAT receiver optics at the beginning of the data
collection period. Additionally, in order to assure the detectors are not compressed,
during this time neutral density (ND) filters are attached by the MAT transmitter
operator such that the detected levels at the MAT receiver are below half of their
maximum read-out level.

In addition to the MOG MAT, temperature based turbulence estimation
devices were used for validation. We have deployed horizontally and vertically
oriented commercial resistance temperature detector (RTD) probe systems to
simultaneously estimate both C2 and anisotropy [98]. The RTD systems are arrays
of differential thermometer pairs used in order to infer parameters of the

temperature structure function. This method follows that of Lawrence, et al. [99],
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which has been demonstrated to very accurately predict C2 relative to a large
aperture scintillometer by Wang, et al. [100]. The RTD arrays each consist of eight
non-uniformly placed probes, with probe pair separation distances between 2 and
50 cm such that measurements span within the inertial range of turbulence. Probes
are polled by a data logging system once every 2 seconds, and a temperature
structure function constant, C2, is estimated in post-processing. As temperature
fluctuations are the primary source of optical turbulence in the atmosphere [28], CZ
are C2 are approximately related by a factor [99], given by Equation (1-14), and the
structure functions of temperature and refractive index display the same anisotropy
parameters and power law indices [9]. Due to uniformity of ground conditions in
our experiments, we’ve assumed local results from the RTD systems approximately

represent the path-averaged statistics, for comparison.

Figure 4-18: View of two RTD arrays mounted using tripods: 1) Horizontally oriented
eight probe RTD array mounted to a tripod; 2) Vertically oriented eight probe RTD array
mounted to the base of a heavy-duty tripod.
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During the post-processing routine, C#’s for individual sets of probe pairs
are computed using the equation:

Ci(n,m,t) =

var [ATn,m (t - %) , ATn,m (t — % + 1) N ATn,m (t + %)] (4-31)

hem
where C2(n,m, t) is the single CZ estimate for probes n and m, var is the variance
operator, AT, ,, is the Temperature difference between probes n and m, At is the
scan time associated with the variance, and 7, ,, 1s the distance between probes n

and m. The final, average C# estimate is produced via:

N-1yN
C_'% (t) — n=11 m=n+1 C’IZ" (Tl, m, t) (4_32)
N(N-1)/2
The final RTD C? estimate is performed using [9]:
, e 7.52x 10°\ P() |” -,
Cn,RTD(t) = 77.6 X 10 1 + Az Tz(t) CT(t)
(4-33)
POT .
=179 x 1076 = CA(t
[ Tz(t) T( )

where P is the average pressure in millibar (mb), and T is the average temperature
in Kelvin (K).

During the testing at the UMD UAS site, RTD array systems were placed
at distances of 130 m, 223 m, and 310 meters from the MAT transmitter and

adjacent to the optical propagation path in order to provide C,%RTD measurements
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with comparison to the MAT turbulence estimates. Additionally, for a subset of
tests the 8-probe RTD array was put in place vertically for comparison with the

horizontal detectors in order to provide an estimate of anisotropy via the equation:

3
Crrrp(O]?

Uy rrp(t) = l— : (4-34)

Y Cr%,y,RTD (®)

where CZ, prp is an average C; estimate from the detectors oriented in the x-
direction and C,zl‘y,RTD is an average C?2 estimate from the detectors oriented in the
y-direction. We note that in the figures to follow, because the MAT anisotropy
ratio is determined along the direction determined to have more turbulence (i.e. 67),
we have elected to define the x-direction as vertical for comparison with the MAT

data.

3) Estimated Power Law using Best Fit b) Differential Temperature Spectrum
1200 o0

1000 ~
10

800 i
10%

K im

samples per bin

10*

10?2

0 10°
0.5 0 0.5 1 1.5 2 25 k] 1078 10
estimated power law Hz

Figure 4-19: Power law estimates from the RTD array systems: a) Power law histogram
in the spatial domain using a three minute variance scan time; b) Power law estimate in
the time-frequency domain compared to the -5/3" Law predicted by theory.

Although in previous sections we performed rigorous studies of
theoretically proposed non-Kolmogorov turbulence we have elected to only

consider the 2/3™ law of Kolmogorov in this section based upon data collected
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using the RTD array systems. Histogram analysis of best fits for the RTD array
data observed power law, shown in Figure 4-19a, shows a large amount of variation
in the detected power law. However, we note that the largest two values in the
histogram occur between .64 and .77. Additionally, we remind the reader that
power law estimate above unity result in divergent wave structure functions, and
so are considered unphysical. Time-frequency domain analysis of the differential
temperature readings from the detectors, shown in Figure 4-19b, suggests that
within the inertial range a -5/3" law is indeed followed. Figure 4-19b plots the
mean power spectrum from each probe pair’s differential temperature, normalized
by distance between probes, and averaged on the logarithmic scale. This matches
the energy spectrum prediction of Kolmogorov [3] under the assumptions of
Taylor’s frozen flow hypothesis. In order to reduce the number of estimated
parameters using fitting algorithms in this section, we have simply assumed a 2/3%
spatial law and -11/3™ three dimensional spatial spectrum law in this section based
on the RTD array data. We also note that separate analysis of temperature
fluctuations from sonic anemometer data analyzed during testing at UCF as well as
MAT optical detector power spectra collected without a chopping wheel at the
MAT transmitter showed similar time-frequency characteristics to the RTD array
data.

The results from testing with both the MAT transmitter and receiver at 150

cm average height was conducted at the UMD UAS site between 10 AM and 5 PM.
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During the extent of the testing, the temperature measurements polled from a
weather station attached at the top of the MAT transmitter structural framing rack
began at 26 °C and steadily rose to a peak of 28 °C at 2 PM, and then varied between
27 °C and 28 °C for the rest of the testing. The atmospheric pressure at the start of
testing was polled at 1019.9 mb and declined steadily to 1016.1 mb during the
testing. Figure 4-20 and

Figure 4-21 summarize the results of the testing. Beginning with Figure 4-20, we
note that the estimates of the refractivity angle and turbulence angle are at odds,
however not orthogonal during the testing. The mean refractivity angle estimate
was -41.5° and the mean turbulence angle estimate was -89.0° on this day. The
median angles agreed with these metrics within 1.1°, and so were not significantly
different. The mean and median u,’s were both 1.40. The mean spot sizes
(turbulent contribution removed) were 16.3 cm and 12.9 cm, with the medians

agreeing to within 2 mm.
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Figure 4-20: Output data from MAT experiment using the iterative fitting method, as well as a comparison with the RTD array
averaged C,” estimate with both sets of systems configured for 150 cm average elevation: a) Refractive and turbulent angle
estimates, Oz and 6r, relative the an objective horizontal angle; b) Non-turbulence spot size estimate produced from best fits for A4;
and 4; c) Estimates of the anisotropy parameter, 1, given as both as an instantaneous estimate and the five minute median; d)
Estimates of the refractive index structure constants, C,,” and C,,,”, with the x-axis being along the turbulent angle, as well as the
C,’ estimate from the RTD arrays averaged across all three systems.
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Anisotropy Parameter Estimates
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Figure 4-21: Anisotropy parameters using the MAT iterative fitting method compared with the estimate using the RTD array
systems. The MAT system’s instantaneous samples are computed using the normalized variance over one minute duration, with
10 seconds resolution. In addition to the instantaneous samples, a 5 minute median value is also shown. The RTD array systems’
anisotropy parameter estimates are computed using temperature variances over three minutes duration, with 10 second resolution.
Please note that the RTD array system’s anisotropy estimate has be produced along the approximate turbulent angle estimated for
this test, i.e. the x-direction is vertical and the y-direction is horizontal in this figure.
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Figure 4-21 presents a comparison of the MAT iterative fitting algorithm’s reported
anisotropy parameter estimate versus the collected estimate from the RTD array
systems. Additionally, a 5 minute median MAT anisotropy estimate is included.
The RTD-based estimate was collected by averaging C2 estimates from both
horizontal systems and comparing with the estimates from the vertical system.
While there is not complete agreement between MAT and RTD array system
estimates, we note that rises in the anisotropy parameter appear to covary for the
majority of occurrences. The RTD systems, however, produce much higher peak
anisotropy parameter estimates and occasionally dip below unity (i.e. detects the
turbulence direction is horizontal), whereas outside of 12:00 and 13:00 the MAT
estimates are steadily vertical. Because the RTD probes were placed at different
locations along the path and additionally are producing point estimates as opposed
to path averages (the MAT system produces a weighted path average estimate) we
assume the likely source of the discrepancy are inhomogeneities along the
propagation path. Additionally, we note that the MAT comparisons seem to be
more reasonable when compare to other estimates of anisotropy produced over long
propagation paths at similar elevations. Beason, et al., [79] produced anisotropy
parameter estimates at an elevation of 2 meters over a 1 km propagation path in

January and February of 2017, and noted anisotropy estimates of u, /u, between

1.05 and 1.67. The turbulence directions were reported as both horizontal and
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vertical in this study. A similar study was performed in the summer by Wang, et
al., [11] during which anisotropy estimates of u,, /., between 1.11 and 3, however
these measurements were taken at elevations varying between 39 and 139 cm
during the summer. In Wang’s study, the turbulence direction was always
approximately vertical.

The MOG field experiment team’s original plan for this test campaign was
to test optical propagation path heights of 50, 100, and 150 cm sequentially in order
to profiles turbulence and anisotropy at each height. Due to problems encountered
during testing, such as issues keeping the MAT transmitter steadily pointed near
the center of the MAT receiver, we were not able to accomplish these goals in
sequence. Therefore, testing at 100 cm elevation was performed on October 1%,
2018. During this testing, the MAT system’s estimate of the refractive and
turbulent angles vary widely in a manor much different from the October 2™ 150
cm test. Additionally, we note that the anisotropy parameter also varies widely.
Due to a concurrent test using the RTD arrays to profile inhomogeneous horizontal
turbulence, no RTD arrays were placed vertically to provide an independent
anisotropy estimate. Results from this testing are summarized in Figure 4-22. The
mean and median refractivity angle estimates were -4.10° and 1.86° respectively.
The mean turbulence angle estimates were -7.33° and -12.8° respectively. The

mean and median p,’s were 2.05 and 1.80. The mean spot sizes (turbulent

contribution removed) were 19.2 cm and 17.9 cm, with the medians being 19.0 cm
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and 17.9. Additionally, we note that the C?, and C,ZW estimates are relatively

accurate relative to the average produced by the RTD array systems. We note the
temperature on this day was noted as 25° C and the pressure noted at 1024.7 mb at

11:55 AM.
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Refractivity and Turbulence Angles Estimates

. ERC L |
L na,.
- fp 'k
50 F—arm o . .
I
g "
B0 |.:I -
< ;-‘-‘_: af
Y
T 5
-50 Y
_—
-100
10:30  11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00 15:30
time (EST) Oct 01, 2018
b) Non-Turbulent Spot Size Estimates
24

Axis 1 i
Axis 2 . e
L3 1
14 I ] -
10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00 15:30
time (EST) Oct 01, 2018

Anisotropy Parameter Estimates

50 Instantaneous |
45 || e— 0y TT11TL 11’1(5(11':].11 == "
4 .
35
' o
- H .
e
2 5 - - I.P.
1
2 .
15 : el 8 .
d oA ashs WKL
1 r: S R r
1 1 1
10:30  11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00 15:30
time (EST) Oct 01, 2018
d) ° Refractive Index Structure Constant Estimates
107" = =

= 1078 ¢

10:30

11:00 11:30 12:00 12:30 13:00 13:30

time (EST)

14:00 14:30 15:00 15:30

Oct01, 2018

Figure 4-22: Output data from MAT experiment using the iterative fitting method, as well as a comparison with the RTD array
averaged C,’ estimate with both sets of systems configured for 100 cm average elevation: a) Refractive and turbulent angle
estimates, 0r and Oy, relative the an objective horizontal angle; b) Non-turbulence spot size estimate produced from best fits for A4;
and 4; c) Estimates of the anisotropy parameter, 4,, given as both as an instantaneous estimate and the five minute median; d)
Estimates of the refractive index structure constants, C,,” and C,,,°, with the x-axis being along the turbulent angle.
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Because the MAT anisotropy estimate seems to be performing poorly on
October 1%, we sought to investigate possible reasons to explain our problems.
Review of the individual intensity and scintillation index profiles from the testing
indicated that atypical scintillation index profiles were at times accompanying the
otherwise nominal intensity fits. An example plot is shown in Figure 4-23.
Because this type of a scintillation index profile has not been observed in phase
screen simulations, we assume this type of a profile indicates an extreme refractive
index profile is present, causing the laser to interact with itself in an atypical manor.
In our testing with other research groups, we have been told that large aperture
optical scintillometers will often report strange results relative to other equipment
on particularly hot days when the scintillometers are placed at ground elevation.
The UCF group, as an example, typically places there commercial large aperture
scintillometer atop a trailer when testing at the Kennedy Space Center (KSC)
Shuttle Landing Facility (SLF) runway. Within our atmospheric testing
community, this is sometimes referred to as a micro-mirage effect, because a mirage
may not be visible when viewing incoherent light, however analysis of coherent
light (which may interfere with itself) shows odd characteristics. For this data set,
another source of error may be that given the observed scintillation indices and
computed aperture averaging factors given in Section 3.5, the true Rytov variance
for the shown data sample is likely above 1, and therefore we are not approximately

within the weak fluctuation regime. However, phase screen simulations in the deep
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fluctuation regime still show parabolic scintillation index profiles, and so we

believe this is unlikely the major source of error.
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Figure 4-23: Example observed main intensity at the MAT receiver and from an outdoor
field experiment on October 1%, 2018 at 100 cm elevation. The subplots are: a)
Interpolated mean optical intensity profile; b) Detector-by-detector mean optical
intensity; ¢) Interpolated scintillation index profile; d) Detector-by-detector scintillation
index.

Testing at 50 cm elevation was performed on September 27" and October
3™ with mixed results. On September 27% although the angle estimates appeared
to be relatively stable, the anisotropy parameter varied widely. The mean and
median refractivity angle estimates were 70.0° and 67.7°, while the mean and

median turbulence angles were -35.0° and -44.2°. The mean and median anisotropy
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estimates were 1.92 and 1.53. The mean non-turbulent spot sizes were 21.3 cm and
18.6, with the medians within 1 mm of the mean. CZ, and C,iy estimates are
relatively accurate relative to the average produced by the RTD array systems. The
temperature and pressure for September 27%, 2018 were noted at 20° C and 1018.1
mb at 10:08 AM.

Two datasets were collected using the MAT on October 3™, 2018 with
improved results. Because the direction of greater turbulence seems to have
switched between the collected data sets, we will present the relevant statistics
separately beginning with the data set collected between 10:00 AM and 11:00 AM.
Mean and median refractivity angle estimates were -17.7° and -18.6°, while the
mean and median turbulence angles were 87.4° and 86.7°. The mean and median
anisotropy estimates were 1.69 and 1.49. The mean non-turbulent spot sizes were

14.9 cm and 12.7, with the medians within 1 mm of the mean. C7, and C7,

estimates are relatively accurate relative to the average produced by the RTD array
systems.

For the second data set of October 3™, 2018 which was collected between
11:10 AM and 12:15 PM we note that the direction of turbulence notably changed
to being approximately horizontal. Mean and median refractivity angle estimates
were -8.9° and -7.3°, while the mean and median turbulence angles were -15.7° and
-22.5°. The mean and median anisotropy estimates were 1.28 and 1.19. The mean

non-turbulent spot sizes were 14.5 cm and 12.5, with the medians within 1 mm of
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the mean. C3, and C,ZW estimates are relatively accurate relative to the average

produced by the RTD array systems.
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Refractivity and Turbulence Angles Estimates

Anisotropy Parameter Estimates

100 T T T
. zf: rﬂi\ N" .L;J.: ' ' -:: M L . ’:| \ 2 H I11.»;t::1.11t;1.11(‘;(.>115 S va— 5
. T H - et = min median et = . -
) ‘Lf‘*!w.'#'\ fun W AT S .
50 F . oy 18 et e — .
w . LTI i " - o "= R U LY
£ ' "':; A . " i 16 B A, - i . - 1
3] H = - ) ' . .
& 0 . P 4 = \ 1; Pl PR -
= o & B i F . 14 Al et =
oot . . .
; L ,E* . i H k. N 1- ll PO
Yot VREy Fi e S | L. : &l
-50 W afl H v 1.2 LI ] N | ", 0 r
: =l bt riis I, . . T . L
[+ B 1"" - £ e . [
¥ ': e Ol LW A . L i e
L LA 1
TH0:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00  14:30  15:00 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00
time (EST) Sep 27, 2018 time (EST) Sep 27, 2018
b) Non-Turbulent Spot Size Estimates d) Refractive Index Structure Constant Estimates
24 I I : I I
Axds 1 . 108 E ' #
B . Axis2 3 . A
t Lo,
KA , ¥
22 “#{.’ P i} R R
i ' N L FIoT R
S R RHER W h
21 il W $W 4 A v
SR L T e ' D 4%
g ir H 4 [’
20 i ; 10 # N
[ " 1 ﬂ ......
19 e : . : H ﬂh_ ......
v L ; P‘I :gﬁ?*"u 1 'ﬁ Ay bbb
ol end L 7L I T P L 8 b
FIRTYA
17 01
10:00  10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00
time (EST) Sep 27, 2018 time (EST) Sep 27, 2018

Figure 4-24: Output data from MAT experiment using the iterative fitting method, as well as a comparison with the RTD array
averaged C,’ estimate with both sets of systems configured for 50 cm average elevation on September 27", 2018: a) Refractive
and turbulent angle estimates, 6z and 6, relative the an objective horizontal angle; b) Non-turbulence spot size estimate produced
from best fits for 4, and A4»; c) Estimates of the anisotropy parameter, x,, given as both as an instantaneous estimate and the five
minute median; d) Estimates of the refractive index structure constants, C,,” and C,,’, with the x-axis being along the turbulent
angle.
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a) Refractivity and Turbulence Angles Estimates C) Anisotropy Parameter Estimates
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Figure 4-25: Output data from MAT experiment using the iterative fitting method, as well as a comparison with the RTD array
averaged C,° estimate with both sets of systems configured for 50 cm average elevation on October 3", 2018: a) Refractive and
turbulent angle estimates, 6z and 67, relative the an objective horizontal angle; b) Non-turbulence spot size estimate produced from
best fits for 4; and A»; c) Estimates of the anisotropy parameter, 4,, given as both as an instantaneous estimate and the five minute
median; d) Estimates of the refractive index structure constants, C,,” and C,,”, with the x-axis being along the turbulent angle.
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Again, a possible explanation for the disconnect in results between the September
27" and October 3™ data is the prevalence of odd scintillation index profiles seen in the
September 27™ data which is not prevalent in the October 3™ data set. Figure 4-26 shows a
capture of the September 27" data and Figure 4-27 displays a capture of the October 3™
data. We note that the low scintillation indices observed on September 27" indicate that

we are indeed within the weak fluctuation regime, supporting the micro-mirage effect

hypothesis.
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Figure 4-26: Example observed main intensity at the MAT receiver and from an outdoor
field experiment on September 27", 2018 at 50 cm elevation. The subplots are: a)
Interpolated mean optical intensity profile; b) Detector-by-detector mean optical
intensity; ¢) Interpolated scintillation index profile; d) Detector-by-detector scintillation

index.
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a) Mean intensity on 03-Oct-2018 11:51:08 (interpolated) C) Seint index on 03-C

51:08 (interpolated)
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Figure 4-27: Example observed main intensity at the MAT receiver and from an outdoor
field experiment on October 3%, 2018 at 50 cm elevation. The subplots are: a)
Interpolated mean optical intensity profile; b) Detector-by-detector mean optical
intensity; c) Interpolated scintillation index profile; d) Detector-by-detector scintillation
index.

In conclusion, the MAT turbulence profiling experiment seems to be a
partial success. We see that at some times we produce anisotropy and turbulent
angle estimates which seem to correlate with observations made using the RTD
arrays. However, during the one experiment where we had placed an RTD array in
a vertical configuration for anisotropy profiling validation, only slightly more than
half of the data seemed correlated well between systems. We note also, that

inhomogeneity of the turbulence profile in the propagation direction was most
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likely playing a roll. On the other hand we see good agreement between the C2
estimates produced by the MAT and the RTD array systems in place along the path.
Therefore, in the weak fluctuation regime the MAT seems to be operating as a
reliable scintillometer. Additionally, we have produced experimental observations
of atypical scintillation index profiles which may spur additional study of refractive

index affects affecting near surface coherent light propagation.

4.6:  Simultaneous Extinction Rate and Turbulence Profiling in the Deep

Fluctuation Regime

Prior to the testing at the UMD UAS site, a conceptually simpler test was
performed at the KSC SLF runway in Merritt Island, Florida in early May, 2018.
The testing concept was to use an initially collimated beam, such that the initial
beam parameters were well understood, over a long path such that significant beam
expansion due to turbulence was observed. In that manner, given the diffraction

limited spot size, W, is well known CZ , and C,%,y can be estimated using the below

set of equations, assuming a -11/3™ spectral power law:

~ 8L > 2 (4-35)

Psx = k_O (VVLT,x -w )
8L?

Psy = jk_o (VVLZT,y - Wz) (4-36)

5 1.8300

nx = T . 573 (4-37)

k(z) "L~ ps,fc3
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W, = | (4-38)
Y I/VLZT,y - w2
C2
Cry =375 (4-39)
y

In order to test this method, we performed testing over a 2 km propagation
path at the KSC SLF. The SLF features a roughly 5 km long runway with has been
specially engineered to run tangent to the curvature of the earth, and as such is ideal
for deep fluctuation regime experiments. An aerial view of the KSC SLF is given

in Figure 4-28a.

- !
Figure 4-28: (a) Aecrial view of the SLF site; (b) MAT receiver with a GPS receiver
resting on the sun-shield.
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b)

F - R - 3 ; s 5 T80 DR
Figure 4-29: a) MAT receiver initial setup; (b) MAT receiver in operation partially under
a canopy adjacent to a USC trailer with a scintillometer transmitter on the roof.

In order to avoid vibrations and disturbances, the MAT transmitter was
placed in a UCF trailer and all optics of the operational MAT system were mounted
to an optics table. A shearing interferometer was used in tandem with beam
expander lens position adjustments in order to collimate the transmit beam. Once
again, an optical chopping wheel was in place to aid the removal of background
light, and a large steering mirror was used for pointed at the target. Additionally,
the transmit spot size was measured at 1.4 cm and the transmitter wavelength was

once again 632.8 nm.
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Figure 4-30: Images of the shearing interferometer hologram during collimation
procedure, with the beam propagating from left to right: a) Shearing interferometer
readout for weakly divergent beam; b) Shearing interferometer readout for a collimated
beam.

The biggest issue for the May 2018 testing was maintaining accurate
pointing on the MAT receiver. For that reason, there are large dropouts in the data.
However, we believe the data collected is quite consistent during periods when the
MAT is operating successfully. Figure 4-31 displays comparisons between the
MAT C? estimates and those of RTD probes placed near the MAT transmitter at
approximately 1 m (4-probe RTD array) and 1.5 m (8-probe RTD array) elevation.
The MAT transmitter was at roughly 2 m elevation, and the receiver at roughly 1.5

m elevation at the end of the 2 km propagation path.
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("> Estimates Across Systems
10" |

MAT |
MAT 7
4-probe RTD
B-probe RTD

10712

10"

10°1°
May 02 May 03 May 04

time (EST) 2018

Figure 4-31: C,” estimates from the MAT system as well as two RTD array systems from
May, 2018 testing.

Figure 4-31 summarizes the MAT and RTD turbulence estimates over both
days. Individual plots are given below. Along with the turbulence estimates, in
order to demonstrate that the MAT system is able to estimate extinction coefficient
accurately we have also included plots of comparisons between the MAT extinction
rate estimate alongside those from UCF’s commercial visibility meter placed
midway along the propagation path. We believe the results match very well, given
that the MAT produces a path averaged estimate and the visibility meter provides

a point estimate.
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MAT Svstem Extinction Coefficient Estimate
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Figure 4-32: a) Extinction rate estimate from the MAT system on May 2", 2018; b)
Extinction rate estimate from UCF’s commercial visibility meter on May 2™, 2018.
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(> Estimates Across Systems
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Figure 4-33: C,” estimates from the MAT system as well as two RTD array systems from
May 2", 2018 testing. Please note that the x-direction for the MAT estimate is given by
the beam angle in the next figure.
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a) MAT System Anisotropy
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Figure 4-34: a) Anisotropy parameter estimate from the MAT system from May 2™, 2018
testing; b) Beam angle estimate from the MAT system from May 2", 2018 testing, i.e.
the major axis of turbulence under our assumptions.
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Figure 4-35: a) Extinction rate estimate from the MAT system on May 3™, 2018; b)
Extinction rate estimate from UCF’s commercial visibility meter on May 3%, 2018.
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(> Estimates Across Systems
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Figure 4-36: C,” estimates from the MAT system as well as two RTD array systems from
May 3%, 2018 testing. Please note that the x-direction for the MAT estimate is given by
the beam angle in the next figure.
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Figure 4-37: a) Anisotropy parameter estimate from the MAT system from May 3%, 2018
testing; b) Beam angle estimate from the MAT system from May 3™, 2018 testing, i.e. the
major axis of turbulence under our assumptions.

The data collected during the early May 2018 testing is limited, but very
interesting as compared to the data collected in the weak fluctuation regime at the
UMD UAS test site. Noting that some of the MAT turbulence estimates approach
C2’s of 5 x 10713 m~2/3 we first discuss the extinction coefficient estimates. At
the noted C2, along with the propagation lengths and wavenumbers under test, the
Rytov variance is 100.78, putting our testing squarely within the strong fluctuation
regime [9], or deep turbulence. The transmissometer extinction rate estimates still

compare very closely to the point visibility meter in spite of the optical turbulence
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effects, although there are some clear spikes in extinction at low readings. Given
the complications of the testing, and the fact that others may have been working
along the propagation path, the spikes in extinction estimates from the MAT system
may have been due to exhaust fumes from portable generators or vehicles along the
path blowing into the propagation path, or due to short duration pointing
inaccuracies due to sudden changes in steady-state refraction along the path. A
cloud passing overhead can, for instance, cause a sudden dip of the beam centroid
at the detector. We also note low extinction reading, which may have been due to
light pollution. The transmissometer synchronization and background light remove
routines work well for slow changes in background light, however if a blinking
instrument light was captured by the transmissometer this type of light pollution
would most likely not be successfully removed by our algorithms.

The turbulence estimates from the MAT system seem quite steady as
compared to readings from the RTD array systems. Given that our diffraction
limited spot size for this test was 3.2 cm, and long term spot sizes upwards of 30
cm were commonly observed, this indicates that the change in coherence length is
the main driver of the long term spot size. Given that the spherical wave coherence
length in homogenous turbulence is dependent upon the propagation distance

according to a -3/5 law [see Equations (3-16) and (3-17)], and the beam expansion

used to estimate C?2 is given by approximately /8L2/(kyp2), we assume the

estimates weight inhomogeneities by a 2/3™% law of distance to the from the receiver

201



(integration of a 2/3™ law weighting over L yields a 5/3" law). Despite the C?
estimates weighting turbulence near the transmitter higher, we still appear to get a
very good average estimate with a low incidence of extreme fluctuations.

Given the work in the previous section, the estimates of anisotropy are
somewhat surprising. The spot size ratios in the deep turbulence regime appear to
be closer than what was noted in the weak turbulence regime (see Figure 4-38),
with a fit routine attempting to mitigate the effects of turbulence. Additionally, we
note that typical anisotropy estimates in the deep fluctuation regime seem to hover
between 1 and 1.2. Much of the weak fluctuation regime anisotropy readings were
more extreme than this, with exceptions being parts of the days’ testing on Oct 2™
and Oct 3", 2018. This may point to issues in the weak fluctuation regime iterative
fitting method, the approximations used, or (perhaps) a problem with the optics in
the weak fluctuation regime testing. Alternatively, it may be the case that strong
turbulence is simply more isotropic than weak turbulence. Certainly, we can infer
that any refractivity distortions observed in the weak fluctuation regime testing
appear to be approximately negligible in our strong fluctuation regime testing. This
may, again, be a natural element of deep turbulence or point to the collimation of
the laser in deep turbulence testing mitigated problems with transmitter optics, such
as differing radii of curvature along different axes of the transmit beam.
Regardless, we believe that in this section we have demonstrated a reliable

approach for simultaneous estimating atmospheric turbulence and extinction rate in
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a regime where the scintillation index is expected to saturate. In the future, it is
possible that this method could be made more reliable using automated transmitter
pointing along with a control loop with a low enough bandwidth as to allow all the
low temporal frequency contributions of turbulence to manifest, but still allow for
accurate point over the long term. The temporal frequency analysis in the previous

section suggests that 1 mHz would likely be sufficient.
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Figure 4-38: MAT long term spot size estimates on: a) May 2™, 2018; b) May 3™, 2018.
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Chapter 5 : Summary and Future Work

5.1: Summary

The work contained in this dissertation has demonstrated novel methods for
both simulation and experimental characterization of atmospheric optical
turbulence. We have developed new method for performing computational optics
simulations of wave propagation through novel forms of atmospheric turbulence,
presented a thorough survey of performance of various theoretical predictions’
performance when tested using Monte-Carlo simulation methods.  These
investigations of theoretical predictions using simulations have informed our
experimental methods, and based on this we have developed new methods for the
characterization of anisotropic turbulence in the weak and deep fluctuation regimes.

In Chapter 2, recent theoretical investigations of non-Kolmogorov and
anisotropic turbulence spawned an investigation regarding the convergence of
statistical metrics of interest in the simulation of atmospheric optical turbulence
under new symmetry and power law assumption. This led us to augment standard
algorithms to include randomized spectral sampling as well as new guidelines
regarding the number of subharmonic frequency elements which should be added
to the FFT-based phase screens in order to assure accurate statistics. While the
focus was initially on anisotropic, non-Kolmogorov spectral models, being aware

of other widespread spectral models (i.e. the modified atmospheric spectrum) in
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common use in the atmospheric optics community we began to investigate the
impact of using the revised method on other spectral models, with positive results
both with and without considering the effects of randomized subharmonic
distortions. Additionally, we have provided an abundance of data regarding the
relationship between both power law (in the case of non-Kolmogorov turbulence)
and outer scale (in the case of the modified atmospheric spectrum) and statistical
accuracy parameterized by number of subharmonics added to the phase screens,
which should be of great utility to researchers attempting to choose an ideal set of
model parameters.

Using the newly refined phase screen algorithm, in Chapter 3 we use the
revised method to investigate the accuracy of theoretical predictions regarding both
long term spot size and scintillation index statistics. In Section 3.2, we have
investigated several predictions regarding long term spot size of collimated
Gaussian beams propagating through deep atmospheric turbulence. We have
demonstrated that extensions of the weak fluctuation regime predictions into the
strong fluctuation regime are not accurate, and additionally that expressions
depending upon an inverse relationship between the coherence length of a spherical
wave and the spot size growth are more accurate than expressions based upon the
coherence length of plane waves when the spot size results are parameterized
according to the three dimensional spectral power law of turbulence, «, across

reasonable values of 3 to 4. We then continued with a similar analysis applied to
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beams focused upon the receive plane propagating through anisotropic, non-
Kolmogorov turbulence. We find that while the expressions which were determine
to be very accurate for initially collimated beam were the most accurate predictors
of long term spot size for focused beams, there was a non-negligible disagreement
between predictions and results for low values of a. The observation echoes
sentiments in the literature that the behavior of focused beams propagation through
turbulence are not completely understood. Additionally, analysis of the
scintillation index behavior of focused beams in Section 3.3 showed a stark
disagreement with theoretical predictions. Finally, in Section 3.5 we have
demonstrated problems applying the weak fluctuation approximations to beams
with initially circular Gaussian intensity but in which the initial radius of curvature
varies with angle. Having reviewed the Rytov method’s application in predicting
weak fluctuation regime results [9], it is my feeling that this is mostly because
extensions of the age-old analysis to more recent developments (such as the
consideration of refractivity distortions) the statistical moments of the field need to
be re-derived from first principles without the symmetry assumptions present in the
original analysis.  Despite these issues, we have derived some useful
approximations based upon the wave optics simulation results, and applied them to
our experimental analysis.

Chapter 4 describes a variety of experiments using the MAT system to

profile both extinction rate and turbulence in outdoor field tests, as well as the
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fundamental method of operation of MAT system. As noted in Sections 4.3 and
4.6, the system appears to very accurately estimate extinction coefficient in the
weak and deep fluctuation regimes, provided the transmitter is accurately aligned
with the receiver. Additionally, we consider it quite impressive that the
transmissometer extinction rate estimate appears to be accurate when tested in
experiments featuring Rytov variances nearing 100. In Section 4.4 we have
outlined a method for iterative fitting refractivity and turbulence parameters in
scenarios were the initial beam radius of curvature and steady-state atmospheric
refractive affects are not understood, which is based partly upon observations from
phase screen simulations in the previous chapter. We consider this work to be
partially successful. Although we have not been able to observe high accuracy in
comparison with point detectors extrapolating C2 estimates from observations of
temperature fluctuations, we do find that in the weak fluctuation regime the
transmissometer is working quite accurately as a scintillometer. The turbulence
results of Section 4.6 in the deep fluctuation regime are very encouraging, and quite
stable when compared to point detectors. However, the low anisotropy parameters
measured in this test cause us to question some of the higher values (i.e. above 1.3)
noted in Section 4.5. While the results were encouraging, the major downside to
testing in the deep fluctuation regime and over long propagation paths is the

temperamental pointing accuracy associated with ranges nearing 2 km.
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In final summary, in this thesis we have reviewed and augment simulation
techniques for the study of optical propagation through atmospheric turbulence, and
successfully demonstrated a revised simulation method. These methods have been
used to both confirm and draw skepticism upon various predictions regarding long
term spot size and scintillation index of waves propagating through atmospheric
turbulence.  Additionally, these methods were applied in order to inform
atmospheric distortion testing in outdoor field experiments, and while not all the
efforts have been completely successful, we have produced novel methods for
estimating turbulence in the weak and strong fluctuation regimes. Possible
improvements to the methods given in this dissertation will be discussed in the next

section.

5.2: Future Work

During the course of performing research in support of this dissertation, we
have gained a familiarity with the mathematics underlying theoretical
investigations of optical wave propagation through atmospheric turbulence as well
as methods for simulating these effects. The stark difference between predicted
and simulated scintillations index of beams with differing radii of curvature
dependent upon the polar angle across the transmit beam profile highlights a major
problem with the theoretical predictions appearing in the literature [87]. Therefore,

a promising area of future work is to revisit the fundamental equations of weak
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fluctuation theory, and attempt to repair problems in current derivations.
Additionally, we believe that these so-called warped beams may have applications,
such as in communications with low earth orbit satellites where a vehicle is moving
quickly along a well-known orbital path. In this field, along-track or time-bias
prediction errors [101] are the major source of error, as opposed to predictions of
the orbital path. For that scenario, purposefully diverging the transmit beam along
one axis in order to produce an elliptical diffraction pattern would seem to be
beneficial in lowering the required output power of the transmitter. Warped beams
is one method of achieving this, as are anisotropic partially coherent beams. We
intend to study this topic further using phase screen simulations.

Finally, given the issues observed when testing using a divergent beam in
the weak fluctuation regime along with the newfound concerns regarding non-
turbulent refractivity distortions, we believe many of the problems observed in the
UMD UAS site testing could be resolved by coordinating the testing of the MAT
system in tandem with a wavefront sensor. The MOG group has developed a
configurable wavefront sensor capable of operating in both plenoptic sensor and
light field (LCF) camera configurations. In outdoor experiments, we have
demonstrated direct detection of the wave structure function (WSF) of a received
beam as well as the transverse mutual coherence function (MCF), and therefore

also the anisotropy ratio. A view of the experimental setup is shown in Figure 5-1,
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and recovered WSF’s along the major and minor axes of turbulence are shown in

Figure 5-2 (both taken from [102]).
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Figure 5-2: Recovered WSF’s from the LFC October 2019 experiment: a) Along the
minor axis of turbulence; b) Along the major axis of turbulence.
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Fielding the light field camera in tandem with the MAT system would
facilitate simultaneous estimates of optical turbulence, anisotropy ratios, and allow
for any non-turbulent refractive effects (or problems with transmitter optics) to be
estimated, as well. The LFC system has the added feature that the WSF estimates
are true path averages, and are not weighted towards the transmitter. This would
allow for the turbulence estimates derived from LFC observations to be equally
valid if the propagation path was in the opposite direction of that of the MAT
system. Therefore, receivers and transmitters could be mounted on the same
structural housing and beams propagated in opposing directions in order to avoid
light pollution, although the MAT receiver’s retroreflecting corner cubes may need
to be covered after alignment. We believe a very fruitful experimental campaign

would result from this joint testing approach.
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Appendix A: Tables of RMS Error Statistics over Region of Interest

a

Np 31 | 3.2 | 33 | 34 | 35 3.6 11/3 3.7 3.8 3.9

0 069|121 | 148 | 1.05| 635 | 4.17 | 8.23 | 1259 | 931 | 55.33
1 0.63 | 056 | 1.26 | 1.65 | 2.75 | 13.87 | 5.25 | 6.88 | 16.10 | 42.68
2 0.60 | 055|087 | 119|193 | 192 | 3.33 | 3.62 | 99.54 | 33.01
3 0.62 | 056 | 0.88 | 095 | 0.76 | 1.98 | 5.00 | 3.77 | 12.57 | 33.91
4 0.65 | 055 | 093 | 096 | 0.86 | 1.89 | 3.06 | 2.46 | 12.78 | 24.91
5 0.63 | 059|082 |073|063| 049 | 1.84 | 1.27 4.87 | 32.69
6 0.61 | 055 | 081 | 0.76 | 0.60 | 0.71 | 1.84 | 0.91 5.82 | 28.33
7 0.62 | 0.54 | 0.86 | 0.87 | 0.61 | 0.53 | 1.04 | 0.97 6.26 | 20.29
8 0.62 | 053 | 0.84 | 0.84 | 0.50 | 1.01 | 0.76 | 0.94 4.83 | 21.54
9 0.62 | 0.54 | 0.86 | 0.84 | 0.51 | 0.60 | 0.55 | 0.72 4.15 | 33.83
10 | 062 | 0.54 | 0.86 | 0.86 | 0.46 | 0.59 | 0.91 | 0.56 2.43 | 16.74
11 | 062 | 0.54 | 0.87 | 0.86 | 0.49 | 0.64 | 0.77 | 0.31 191 | 13.53
12 | 062 | 0.54 | 0.88 | 0.87 | 0.50 | 0.67 | 0.83 | 0.30 2.02 7.79
13 | 062 | 054 | 087 | 0.87 | 0.49 | 0.71 | 0.62 | 0.28 1.00 | 13.15
14 | 062 | 0.54 | 0.87 | 0.87 | 0.49 | 0.70 | 0.64 | 0.28 1.51 6.99
15 | 062 | 0.54 | 0.87 | 0.87 | 0.48 | 0.72 | 0.67 | 0.43 1.22 9.55
16 | 062 | 0.54 | 0.87 | 0.87 | 0.48 | 0.74 | 0.67 | 0.26 0.83 6.09
17 | 062 | 0.54 | 0.87 | 0.86 | 0.48 | 0.73 | 0.68 | 0.27 1.08 6.92
18 | 062 | 0.54 | 0.87 | 0.86 | 0.48 | 0.73 | 0.68 | 0.29 0.69 5.54
19 | 062 | 054 | 087 | 0.86 | 0.48 | 0.72 | 0.67 | 0.29 0.70 5.73
20 | 062 | 054 | 087|086 |047 | 072 | 068 | 0.29 0.57 5.35
21 | 062|054 |087|086|048 | 073 | 0.68 | 0.29 0.47 4.12
22 | 062|054 |087|086|048 | 073 | 0.68 | 0.30 0.54 3.57
23 | 062 | 054 | 087|086 |048 | 0.72 | 069 | 0.30 0.48 3.53
24 | 062 | 0.54 | 0.87 | 0.86 | 0.48 | 0.72 | 0.68 | 0.30 0.50 3.60
25 | 062|054 |0.87|086|048 | 073 | 069 | 0.30 0.41 2.61

Table A-1: RMS error over region of interest computed using the randomized hybrid
subharmonic method along x- and y-directions of 5,000 phase screens for 512 x 512 grid
using various spectral power laws (a’s) and number of subharmonic constellations, N,.
Ux = ity =1 for all entries.
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a

Np 3.1 3.2 3.3 3.4 3.5 3.6 | 11/3 | 3.7 3.8 3.9

0 32.82 | 37.16 | 42.53 | 47.70 | 54.16 | 60.81 | 65.75 | 68.32 | 77.16 | 87.54
1 9.51 | 11.93 | 15.29 | 18.96 | 25.17 | 32.44 | 38.71 | 42.20 | 55.71 | 74.51
2 2.06 | 195 | 2.65 | 3.70 | 7.67 | 13.52 | 19.28 | 22.64 | 38.06 | 62.28
3 3.65 | 431 | 403 | 467 | 296 | 1.60 | 580 | 8.56 | 24.02 | 51.25
4 479 | 6.02 | 668 | 871 | 871 | 657 | 3.76 | 1.92 | 12.37 | 41.27
5 5.25 | 6.72 | 8.03 | 11.05| 12.00 | 11.77 | 10.08 | 8.99 | 3.24 | 32.59
6 541 | 7.06 | 8.62 | 12.16 | 13.91 | 15.05 | 14.70 | 14.15 | 3.99 | 24.86
7 546 | 7.16 | 892 | 12.77 | 15.03 | 17.21 | 17.98 | 17.87 | 9.87 | 17.84
8 549 | 7.20 | 9.08 | 13.04 | 15.68 | 18.53 | 20.13 | 20.63 | 14.45 | 11.17
9 550 | 7.21 | 9.13 | 13.17 | 16.06 | 19.36 | 21.58 | 22.59 | 18.47 | 5.73
10 551 | 7.22 | 9.16 | 13.25 | 16.31 | 19.94 | 22.61 | 23.97 | 21.49 | 0.73
11 551 | 7.23 | 9.15 | 13.31 | 16.41 | 20.37 | 23.36 | 24.95 | 23.94 | 3.63
12 551 | 7.23 | 9.15 | 13.33 | 16.46 | 20.59 | 23.92 | 25.75 | 25.93 | 7.59
13 5,51 | 7.23 | 9.16 | 13.35 | 16.49 | 20.78 | 24.28 | 26.34 | 27.40 | 11.27
14 5,51 | 7.23 | 9.16 | 13.36 | 16.52 | 20.88 | 24.51 | 26.68 | 28.74 | 14.50
15 551 | 7.23 | 9.16 | 13.36 | 16.53 | 20.93 | 24.68 | 26.93 | 29.72 | 17.21
16 5,51 | 7.23 | 9.16 | 13.36 | 16.54 | 20.98 | 24.79 | 27.13 | 30.68 | 19.89
17 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 20.99 | 24.86 | 27.30 | 31.41 | 22.38
18 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.02 | 24.92 | 27.39 | 31.85 | 24.44
19 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.03 | 24.95 | 27.44 | 32.24 | 26.32
20 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.04 | 24.97 | 27.51 | 32.58 | 28.02
21 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.04 | 24.98 | 27.55 | 32.79 | 29.49
22 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.05 | 25.00 | 27.59 | 33.01 | 30.74
23 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.05 | 25.02 | 27.63 | 33.13 | 32.04
24 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.05 | 25.03 | 27.63 | 33.28 | 33.06
25 5,51 | 7.23 | 9.16 | 13.36 | 16.55 | 21.05 | 25.03 | 27.64 | 33.39 | 34.02

Table A-2: RMS error over region of interest computed using the Frehlich subharmonic
method along x- and y-directions of 5,000 phase screens for 512 x 512 grid using various
spectral power laws (a’s) and number of subharmonic constellations, N,. ux =y =1 for
all entries.
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a

N, | 3.1 3.2 3.3 3.4 3.5 3.6 |11/3 | 3.7 3.8 3.9

0 |32.82|37.16 | 42.53 | 47.70 | 54.16 | 60.81 | 65.75 | 68.32 | 77.16 | 87.54
1 |16.19|19.37 | 23.61 | 28.83 | 35.59 | 42.97 | 49.04 | 52.62 | 64.37 | 79.83
2 | 9.77 | 11.74 | 14.50 | 18.55 | 24.20 | 30.92 | 36.92 | 40.49 | 53.87 | 72.95
3 | 747 | 860 |10.24 | 13.25 | 17.68 | 23.15 | 28.62 | 31.99 | 45.48 | 66.55
4 | 661 | 731 | 8.29 | 10.46 | 13.97 | 17.91 | 22.93 | 25.93 | 38.41 | 60.82
5 6.28 | 6.81 | 741 | 9.08 | 11.82 | 14.67 | 18.75 | 21.58 | 33.05 | 55.71
6 | 6.16 | 652 | 6.99 | 838 | 10.59 | 12.63 | 15.98 | 18.28 | 28.74 | 50.99
7 | 613 | 644 | 6.80 | 7.98 | 9.90 | 11.30 | 14.04 | 15.93 | 25.23 | 47.02
8 | 6.11 | 640 | 6.71 | 7.77 | 9.47 | 10.47 | 12.63 | 14.32 | 22.27 | 43.42
9 | 6.11 | 639 | 6,66 | 7.66 | 9.22 | 9.93 | 11.62 | 13.21 | 20.04 | 40.22
10 | 6.11 | 638 | 6.63 | 764 | 9.10 | 9.61 | 11.01 | 12.29 | 18.17 | 37.21
11 | 6.11 | 638 | 6.63 | 761 | 9.03 | 9.36 | 10.52 | 11.72 | 16.71 | 34.59
12 | 6.11 | 639 | 6.63 | 759 | 898 | 9.19 | 10.21 | 11.25 | 15.60 | 32.20
13 | 6.10 | 639 | 6.63 | 758 | 896 | 9.10 | 10.03 | 10.96 | 14.68 | 30.15
14 | 6.10 | 6.39 | 6.63 | 758 | 894 | 9.08 | 9.88 | 10.69 | 13.95 | 28.25
15 | 611 | 639 | 6.63 | 758 | 894 | 9.05 | 9.78 | 10.53 | 13.32 | 26.44
16 | 6.10 | 6.39 | 6.63 | 758 | 894 | 9.03 | 9.69 | 10.41 | 12.87 | 24.84
17 | 6.10 | 639 | 6.63 | 758 | 893 | 9.01 | 9.64 | 10.32 | 12.49 | 23.41
18 | 6.10 | 639 | 6.63 | 758 | 893 | 9.00 | 9.60 | 10.24 | 12.16 | 22.19
19 | 6.10 | 6.39 | 6.63 | 758 | 893 | 9.00 | 9.59 | 10.22 | 11.97 | 21.17
20 | 6.10 | 639 | 6.63 | 7.58 | 893 | 8.99 | 955 | 10.19 | 11.71 | 20.14
21 | 610 | 6.39 | 6.63 | 7.58 | 893 | 898 | 9.54 | 10.16 | 11.55 | 19.27
22 | 610 | 639 | 6.63 | 7.58 | 893 | 8.99 | 955 | 10.15| 11.43 | 18.50
23 | 610 | 639 | 6.63 | 7.58 | 893 | 898 | 9.54 | 10.14 | 11.33 | 17.76
24 | 6.10 | 6.39 | 6.63 | 7.58 | 893 | 898 | 9.54 | 10.13 | 11.26 | 17.07
25 | 6.10 | 639 | 663 | 7.58 | 893 | 8.98 | 954 | 10.12 | 11.17 | 16.50

Table A-3: RMS error over region of interest computed using the Lane subharmonic
method along x- and y-directions of 50,000 phase screens for 512 x 512 grid using
various spectral power laws (a’s) and number of subharmonic constellations, N,. ux = iy
=1 for all entries.
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a

Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9

0 0.88 1.58 0.98 3.04 10.59 10.92 8.59 11.76 4.30 51.95
1 0.94 0.81 0.97 2.44 1.51 8.00 6.93 8.01 25.56 29.46
2 0.65 0.41 1.03 0.93 4.97 4.06 5.44 2.35 2089.99 45.20
3 0.79 0.33 1.01 0.86 0.89 0.99 2.85 6.27 7.21 34.02
4 0.73 0.36 0.82 0.98 1.01 1.20 2.87 3.74 6.63 36.21
5 0.72 0.39 0.98 0.93 0.39 0.69 0.72 2.89 10.05 31.62
6 0.75 0.43 0.97 0.96 0.27 0.54 0.58 2.76 8.97 23.55
7 0.75 0.38 0.92 1.00 0.26 0.47 1.58 1.24 6.17 23.03
8 0.76 0.39 0.91 1.00 0.32 0.50 5.27 0.56 70.46 21.88
9 0.76 0.40 0.91 0.99 0.32 0.52 0.48 1.15 4.51 16.12
10 0.75 0.41 0.91 0.99 0.35 0.46 0.54 0.68 3.47 17.30
11 - - - - - - 0.51 0.48 4.92 16.14
12 - - - - - - 0.47 0.52 1.07 14.04
13 - - - - - - 0.48 0.43 1.23 9.73
14 - - - - - - 0.49 3.86 1.56 9.63
15 - - - - - - 0.49 0.34 0.62 8.38
16 - - - - - - 0.52 0.33 0.93 8.11
17 - - - - - - 0.46 0.32 0.96 5.01
18 - - - - - - 0.48 0.33 0.87 6.07
19 - - - - - - 0.52 0.32 0.62 5.35
20 - - - - - - 0.51 0.32 1.14 3.94

Table A-4: RMS error over region of interest computed using the randomized hybrid subharmonic method along x- and y-
directions of 5,000 phase screens for 1024 x 1024 grid using various spectral power laws (a’s) and number of subharmonic
constellations, N,. px =1, uy =2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9
0 29.13 33.66 38.75 44.12 50.49 57.65 62.98 65.60 75.01 86.31
1 8.45 10.35 13.09 17.71 23.29 30.72 37.27 40.86 54.78 73.88
2 8.88 9.69 9.57 9.47 10.06 13.16 19.03 22.38 38.00 62.32
3 9.44 10.50 10.23 10.57 10.64 9.95 9.88 10.38 24.47 51.83
4 9.67 10.84 10.62 11.07 11.44 10.78 10.50 10.76 13.76 42.46
5 9.76 11.00 10.98 11.63 12.31 11.50 11.14 11.48 10.19 34.27
6 9.78 11.01 11.19 12.25 13.70 13.95 13.00 12.21 10.84 26.83
7 9.78 11.04 11.30 12.73 14.71 15.88 15.74 15.30 11.17 19.97
8 9.79 11.05 11.33 13.03 15.26 17.23 17.80 17.77 12.01 13.96
9 9.79 11.06 11.34 13.16 15.55 18.07 19.30 19.56 15.31 9.50
10 9.78 11.06 11.36 13.22 15.76 18.62 20.19 20.89 18.25 9.67
11 - - - - - - 20.85 21.77 20.57 10.02
12 - - - - - - 21.34 22.53 22.53 10.38
13 - - - - - - 21.63 23.00 23.91 10.87
14 - - - - - - 21.85 23.38 25.08 11.34
15 - - - - - - 22.03 23.62 26.06 14.05
16 - - - - - - 22.14 23.83 26.80 16.80
17 - - - - - - 22.23 23.95 27.48 19.10
18 - - - - - - 22.27 24.05 27.96 21.08
19 - - - - - - 22.28 24.13 28.36 22.74

20 - - - - - - 22.33 24.19 28.72 24.16

Table A-5: RMS error over region of interest computed using the Frehlich subharmonic method along x- and y-directions of 5,000
phase screens for 1024 x 1024 grid using various spectral power laws (a’s) and number of subharmonic constellations, N,. px=1,
y = 2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9

0 4.06 2.17 1.11 14.06 5.60 4.69 9.75 17.79 46.46 48.45
1 1.47 3.00 2.81 2.64 4.92 3.46 24.36 17.49 24.18 56.47
2 1.68 2.94 1.40 2.63 4.49 4.48 10.50 10.48 26.66 48.96
3 1.61 1.34 1.13 2.44 3.21 7.16 1.97 3.47 15.62 25.81
4 1.39 1.61 1.08 1.47 1.38 1.33 2.01 6.58 15.45 36.92
5 1.61 1.82 1.22 1.87 1.30 5.20 2.49 3.95 27.76 16.82
6 1.73 1.51 1.19 1.92 1.63 0.96 1.98 1.48 6.37 31.25
7 1.75 1.64 1.24 2.03 1.65 0.95 1.52 2.79 4.86 26.08
8 1.72 1.61 1.23 1.77 1.51 1.21 1.48 1.20 5.57 23.56
9 1.73 1.66 1.25 1.88 1.61 1.45 1.77 1.48 3.81 18.55
10 1.73 1.65 1.24 1.98 1.58 1.26 1.65 2.64 3.00 20.05
11 - - - - - - 1.58 1.47 2.12 11.43
12 - - - - - - 1.47 1.51 3.55 14.99
13 - - - - - - 1.83 1.42 1.65 13.16
14 - - - - - - 1.78 1.85 1.45 11.92
15 - - - - - - 1.66 1.67 2.27 6.82
16 - - - - - - 1.65 1.66 1.40 10.23
17 - - - - - - 1.58 1.62 1.31 4.01
18 - - - - - - 1.68 1.65 1.63 10.09
19 - - - - - - 1.72 1.67 1.68 7.16
20 - - - - - - 1.71 1.77 1.68 9.09

Table A-6: RMS error over region of interest computed using the randomized hybrid subharmonic method along x- and y-
directions of 5,000 phase screens for 2048 x 2048 grid using various spectral power laws (a’s) and number of subharmonic
constellations, N,. pux =1, gy = 2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9
0 29.42 33.40 39.23 43.60 50.96 57.19 62.52 65.32 74.43 86.02
1 10.54 11.74 13.03 16.50 25.08 30.29 36.80 41.16 54.30 73.44
2 11.62 11.40 11.45 8.24 9.49 13.85 17.76 24.07 37.29 61.71
3 11.93 11.98 11.63 9.67 10.13 13.16 11.82 11.33 23.73 51.42
4 12.26 12.42 12.59 11.48 10.05 13.46 12.59 10.74 13.90 42.08
5 12.44 12.49 12.31 13.27 10.55 14.18 12.92 11.51 12.77 33.85
6 12.51 12.57 12.33 14.09 12.11 14.90 14.99 12.03 12.95 27.03
7 12.58 12.63 12.28 14.49 12.95 16.12 17.84 13.45 13.10 20.53
8 12.55 12.63 12.19 14.73 13.56 17.53 20.25 15.89 13.48 15.14
9 12.55 12.68 12.24 14.83 13.97 18.48 22.20 17.38 14.85 10.59
10 12.56 12.69 12.26 14.85 14.21 19.05 23.39 18.49 17.70 9.08
11 - - - - - - 24.42 19.31 20.20 10.22
12 - - - - - - 24.86 20.02 22.14 10.75
13 - - - - - - 25.18 20.71 23.92 10.54
14 - - - - - - 25.39 21.15 25.32 10.19
15 - - - - - - 25.48 21.20 26.53 11.73
16 - - - - - - 25.48 21.51 27.40 14.22
17 - - - - - - 25.51 21.62 27.98 16.22
18 - - - - - - 25.55 21.69 28.33 17.93
19 - - - - - - 25.60 21.83 28.81 19.49

20 - - - - - - 25.59 21.92 29.05 21.16

Table A-7: RMS error over region of interest computed using the Frehlich subharmonic method along x- and y-directions of 5,000
phase screens for 2048 x 2048 grid using various spectral power laws (a’s) and number of subharmonic constellations, N,. px =

1, py = 2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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Lo

N, 10° 1005 10! 105 102 105 103 1035 104 1045 10°

0 1.16 1.40 1.53 1.71 2.88 31.31 12.94 12.91 6.16 17.46 12.26
1 1.39 1.33 2.18 2.10 1.49 2.81 20.22 18.76 9.81 6.23 10.45
2 1.42 1.25 2.20 1.82 1.36 1.80 2.25 5.34 2.68 3.76 3.15
3 1.42 1.26 2.22 1.37 1.97 2.73 2.96 7.14 3.28 2.95 4.24
4 1.42 1.26 2.23 1.38 1.44 2.08 1.13 2.04 2.07 1.84 1.59
5 1.42 1.26 2.23 1.36 1.37 1.86 0.85 2.42 1.39 2.47 2.67
6 1.42 1.26 2.23 1.36 1.36 1.80 0.96 2.31 1.73 1.90 3.33
7 1.42 1.26 2.23 1.36 1.35 1.80 0.95 2.46 1.80 2.09 2.67
8 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.93 2.21 2.79
9 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.19 2.98
10 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.95
11 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
12 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
13 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
14 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
15 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
16 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
17 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
18 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
19 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96
20 1.42 1.26 2.23 1.36 1.36 1.80 0.95 2.50 1.91 2.27 2.96

Table A-8: RMS error over region of interest computed along x- and y-directions for 5000 phase screens using the hybrid method
and the modified spectrum, with /y = MAx/100 and M = 512 (i.e. grid size 512 x 512).
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Lo

Np 10° 10°° 10! 10'> 10? 10> 10° 10%° 10° 10%> 10°
0 2.70 24.92 44.52 53.06 57.41 59.17 61.49 62.42 64.16 62.92 63.61
1 1.90 4.96 6.39 14.30 24.19 27.55 30.90 33.88 36.28 35.67 35.91
2 1.94 4.23 3.43 7.73 1.55 5.19 8.60 12.25 16.95 16.32 16.04
3 1.95 4.23 3.93 13.86 12.56 8.81 5.24 2.67 3.20 3.21 2.75
4 1.95 4.23 3.92 14.08 16.27 17.84 14.83 11.39 7.51 7.39 7.27
5 1.95 4.23 3.92 14.07 16.47 20.05 21.15 17.46 14.37 14.77 14.49
6 1.95 4.23 3.92 14.07 16.48 20.26 23.01 21.55 19.41 19.60 18.90
7 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.58 21.81 22.44 21.53
8 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.58 22.61 24.20 23.46
9 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.67 24.80 24.77
10 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.85 25.21
11 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.25
12 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
13 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
14 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
15 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
16 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
17 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
18 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
19 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26
20 1.95 4.23 3.92 14.07 16.48 20.26 23.25 22.59 22.65 24.83 25.26

Table A-9: RMS error over region of interest computed along x- and y-directions for 5000 phase screens using the Frehlich
subharmonic method and the modified spectrum, with /[y = MAx/100 and M = 512 (i.e. grid size 512 x 512).

221




Lo

N, 10° 10°° 10! 10'> 10° 10'* 10° 10%3 10° 10%° 10°

0 2.70 24.92 44.52 53.06 57.41 59.17 61.49 62.42 64.16 62.92 63.61
1 2.28 6.72 17.35 29.58 35.49 39.85 44.10 44.58 46.91 45.35 46.65
2 2.29 5.64 9.02 13.55 20.67 26.74 30.43 32.64 34.52 33.07 35.55
3 2.30 5.61 8.54 8.63 11.13 17.82 21.65 23.84 25.84 2491 27.72
4 2.30 5.61 8.55 8.28 7.91 11.75 15.54 17.62 20.27 18.79 22.37
5 2.30 5.61 8.55 8.29 7.64 9.58 11.85 13.54 15.97 14.57 18.50
6 2.30 5.61 8.55 8.29 7.64 9.43 9.89 11.02 12.61 12.02 15.78
7 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.86 10.60 10.23 13.81
8 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.86 9.85 8.95 12.79
9 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.86 9.78 8.17 12.08
10 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
11 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
12 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
13 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
14 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
15 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
16 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
17 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
18 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
19 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57
20 2.30 5.61 8.55 8.29 7.64 9.44 9.82 9.85 9.77 8.19 11.57

Table A-10: RMS error over region of interest computed along x- and y-directions for 5000 phase screens using the Lane
subharmonic method and the modified spectrum, with /[y = MAx/100 and M = 512 (i.e. grid size 512 x 512).
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Lo

N, 10° 1005 10! 105 102 105 103 1035 104 1045 10°

0 1.21 1.44 1.89 3.36 9.18 11.03 6.15 6.22 14.61 19.50 29.15
1 1.03 0.92 3.14 2.78 4.85 1.25 7.06 7.37 7.15 10.51 16.78
2 1.04 0.91 1.71 2.59 1.36 2.77 3.96 3.60 6.09 3.86 5.74
3 1.04 0.90 2.08 2.61 2.70 1.44 1.31 2.68 2.60 4.20 5.91
4 1.04 0.90 2.07 2.73 2.43 1.31 1.25 2.06 3.03 6.84 2.23
5 1.04 0.90 2.07 2.73 2.57 1.36 1.83 1.17 1.64 1.27 4.02
6 1.04 0.90 2.07 2.74 2.57 1.46 1.50 1.37 1.59 0.92 1.13
7 1.04 0.90 2.07 2.74 2.57 1.47 1.55 1.24 1.33 1.50 1.26
8 1.04 0.90 2.07 2.74 2.57 1.47 1.55 1.28 1.37 1.33 1.20
9 1.04 0.90 2.07 2.74 2.57 1.47 1.55 1.28 1.37 1.39 1.38
10 1.04 0.90 2.07 2.74 2.57 1.47 1.55 1.28 1.36 1.34 1.12

Table A-11: RMS error over region of interest computed along x- and y-directions for 5000 phase screens using the hybrid method
and the modified spectrum, with [y = MAx/100 and M = 1024 (i.e. grid size 1024 x 1024).
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Lo

Np 10° 10°° 10! 10 10° 10 10° 1035 10* 10*5 10°

0 3.20 24.54 43.89 51.83 57.69 60.35 61.92 62.51 63.15 63.31 63.88
1 1.27 4.86 5.18 13.93 24.33 29.36 34.35 35.32 35.42 35.93 36.80
2 1.25 4.08 4.15 9.66 1.36 7.56 13.18 16.00 15.03 15.07 16.39
3 1.25 4.07 4.60 15.45 13.30 7.28 1.55 3.41 1.09 3.38 3.22
4 1.25 4.06 4.62 16.02 17.01 16.93 10.75 7.04 9.75 7.33 6.01
5 1.25 4.06 4.62 16.03 17.14 18.96 17.14 14.09 16.32 14.13 11.18
6 1.25 4.06 4.62 16.03 17.16 18.98 18.95 18.05 20.62 19.02 15.00
7 1.25 4.06 4.62 16.03 17.16 18.97 18.97 19.59 23.89 22.71 17.83
8 1.25 4.06 4.62 16.03 17.16 18.97 18.99 19.78 24.89 24.70 19.74
9 1.25 4.06 4.62 16.03 17.16 18.97 18.99 19.77 25.07 25.21 21.44
10 1.25 4.06 4.62 16.03 17.16 18.97 18.99 19.77 25.08 25.26 21.81

Table A-12: RMS error over region of interest computed along x- and y-directions for 5000 phase screens using the Frehlich
subharmonic method and the modified spectrum, with /[y = MAx/100 and M = 1024 (i.e. grid size 1024 x 1024).
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Lo

Np 10° 10°° 10! 10 10° 10 10° 10%° 10* 10*5 10°
0 2.00 1.45 2.85 1.73 2.71 4.88 14.90 40.83 13.39 7.63 20.21
1 1.67 2.79 2.42 2.81 2.48 2.55 7.48 1041 13.92 7.38 13.85
2 1.70 3.01 2.67 3.41 1.08 1.05 5.29 1.59 1.83 6.98 6.35
3 1.70 2.99 2.66 2.89 1.37 1.34 1.45 1.51 1.80 1.85 2.96
4 1.70 2.99 2.64 2.71 1.25 1.11 1.64 1.50 0.81 1.63 1.44
5 1.70 2.99 2.65 2.66 1.25 1.26 1.51 1.08 0.88 1.89 1.41
6 1.70 2.99 2.65 2.66 1.26 1.28 1.55 1.32 0.94 1.89 2.01
7 1.70 2.99 2.65 2.66 1.26 1.27 1.51 1.36 1.02 1.47 2.36
8 1.70 2.99 2.65 2.66 1.26 1.28 1.52 1.34 1.25 1.54 2.52
9 1.70 2.99 2.65 2.66 1.26 1.28 1.52 1.34 1.15 1.58 2.43
10 1.70 2.99 2.65 2.66 1.26 1.28 1.52 1.34 1.14 1.56 2.63

Table A-13: RMS error over region of interest computed along x- and y-directions for 5000 phase screens using the hybrid
subharmonic method and the modified spectrum, with /y = MAx/100 and M = 2048 (i.e. grid size 2048 x 2048).
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Lo

N, 10° 10°° 10! 10'* 10? 10> 10° 10%° 10° 10%° 10°

0 2.40 25.64 44.36 52.02 57.11 60.46 61.43 62.33 62.87 63.10 63.74
1 2.12 5.86 5.35 14.39 24.44 29.58 31.35 34.58 35.67 35.66 37.39
2 2.16 4.84 4.50 7.57 3.31 7.92 9.68 14.75 15.45 15.90 17.69
3 2.16 4.83 4.86 13.43 11.28 8.46 6.07 2.56 2.25 2.73 5.01
4 2.16 4.83 4.85 13.75 15.36 17.15 15.87 8.84 8.16 7.61 5.28
5 2.16 4.83 4.85 13.74 15.83 19.90 22.01 16.95 15.14 13.90 11.99
6 2.16 4.83 4.85 13.74 15.85 19.97 23.72 21.79 20.02 18.91 16.28
7 2.16 4.83 4.85 13.74 15.85 19.98 23.77 23.17 23.04 22.48 19.40
8 2.16 4.83 4.85 13.74 15.85 19.98 23.79 23.33 24.13 23.89 21.75
9 2.16 4.83 4.85 13.74 15.85 19.98 23.79 23.34 24.12 24.56 23.40
10 2.16 4.83 4.85 13.74 15.85 19.98 23.79 23.34 24.12 24.64 24.06

Table A-14: RMS error over region of interest computed along x- and y-directions for 5000 phase screens using the Frehlich
subharmonic method and the modified spectrum, with /[y = MAx/100 and M = 2048 (i.e. grid size 2048 x 2048).
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Appendix B: Charts of RMS Error Statistics over Entire Domain

RMS Error over Entire Domain vs. Spectral Power Law, o.
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Figure B-1: RMS error as a percent relative to theory over 50,000 phase screen trials over the entire simulated domain as
parameterized by the three dimensional spectral power law, a. 512 X 512, 1024 X 1024, 2048 x 2048 grid results are shown for
randomized method. For the traditional method, the 2048 X 2048 grid is shown. Other grid sizes are not shown for the traditional
method because the results appear to completely overlap at this scale. No subharmonics were used in the phase screens used to
generate statistics in this chart.
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RMS Error over Entire Domain vs. Outer Scale Length, Lj.
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Figure B-2: RMS error as a percent relative to theory for the modified spectrum over 50,000 phase screen trials for the entire
domain region of interest as parameterized by the three dimensional spectral power law, a. 512 x 512, 1024 x 1024, 2048 x 2048
grid results are shown for randomized method. The outer scale has been normalized by the domain width, MAx (m), to make the
results applicable for any domain size. For the traditional method only the 2048 x 2048 grid is shown due to significant overlap of
the RMS error metric.
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EMS percent error over entire domain for o = 3,10
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Figure B-3: RMS error over entire domain computed along x- and y-directions of 50,000 phase screens for 512 x 512 grid using
various spectral power laws (a’s) and number of subharmonic constellations, N,. u.=u, =1 for all data points. The randomized
hybrid method (green), Frehlich subharmonic method (black), and Lane subharmonic method (magenta) are shown.
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Figure B-4: RMS error over entire domain computed along x- and y-directions of 50,000 phase screens for 1024 x 1024 grid using
various spectral power laws (a’s) and number of subharmonic constellations, N,. u. =1, u, = 2 for all data points. The
randomized hybrid method (blue) and Frehlich subharmonic method (black) are shown.
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RMS percent error over entire domain for o = 3.1, RMS percent error over entire domain for o = 3.2,

10? 3 107
i \ . \
T E 10!
= \ B
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
N, N,
5 RMS percent error over entire domain for o = 3.3, 5 RMS percent error over entire domain for o = 3.4,
10 3 10
-] B
g 1 E 1 \
210 210 \
10° 10°
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
N, N,
5 RMS percent error over entire domain for o = 3.5, 5 RMS percent error over entire domain for o = 3.6,
" \""N " F——
. \ “ \
5 10! E ,._—-—‘\
D \’________..4
100 10 c|
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Ny N,
\ RMS percent error over entire domain for o = 11/3. \ RMS percent error over entire domain for o = 3.7,
" \ E v \
& o
g NN i\ ——
210 ¥ E £ 10 E
) e ~— 4
o ,--—'"\.__‘-_' /\,\___.__w_._ . [ — \\ /
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Ny N,
5 RMS percent error over entire domain for o = 3.8, 5 RMS percent error over entire domaln for o = 3.9,
10 10
. R == = -
£ 4ot _ g v%"“‘*‘“‘\/ —1
= 10 --..,_-_,_.4\-_‘ E = ; \\ —— J_..-—-—-‘ "
4 - \ q = qp N \/ 4
10°
2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
N, N,
w »

e TIyhrid Method, 2048 2048 grid
e Frellich Methiond, 20485 2048 grid

Figure B-5: RMS error over entire domain computed along x- and y-directions of 5,000 phase screens for 2048 x 2048 grid using
various spectral power laws (a’s) and number of subharmonic constellations, N,. u.=1, u, = 2 for all data points. The
randomized hybrid method (red) and Frehlich subharmonic method (black) are shown.
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RMS percent error over entire domain for Ly = 10" x MAx
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Figure B-6: RMS error over entire domain for the modified spectrum computed along x- and y-directions for 5,000 phase screens

using modified spectrum, with /o = MAx/100 and M = 512 (i.e. grid size 512 x 512).
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Figure B-7: RMS error over en!'tire domain computed along x- and y-directions for 5000 phase screens using modified spectrum,
with [y =MAx/100 and M = 1024 (i.e. grid size 1024 x 1024).
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Figure B-8: RMS error over eﬁﬁre domain computed along x- and y-directions for 5000 phase screens using modified spectrum,
with [y =MAx/100 and M = 2048 (i.e. grid size 2048 x 2048).
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Appendix C: Tables of Non-Kolmogorov RMS Error Statistics over Entire Domain

a

Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9

0 2.24 2.33 6.37 2.40 5.31 15.08 24.92 29.87 36.12 60.02
1 2.09 2.69 4.46 3.61 9.77 6.51 14.32 4.11 34.06 54.30
2 2.05 2.52 3.47 1.77 54.07 9.01 4.71 16.80 29.89 40.97
3 2.72 2.35 1.76 2.92 2.72 5.96 4.10 7.76 14.78 45.58
4 2.64 2.22 1.69 2.56 3.65 2.89 2.47 10.06 18.26 39.54
5 2.87 2.23 1.68 2.16 1.89 1.96 4.47 2.40 10.77 39.29
6 2.84 2.27 1.63 2.18 2.10 1.36 1.52 6.45 10.17 28.35
7 2.93 2.24 1.75 2.23 1.92 1.13 7.74 4.15 8.42 13.49
8 2.99 2.21 1.72 2.35 1.74 1.06 1.58 3.69 7.21 20.94
9 3.00 2.25 1.73 2.09 1.75 1.09 1.18 3.11 5.24 19.09
10 2.99 2.24 1.69 2.23 1.64 1.14 1.44 3.97 3.64 23.16
11 3.00 2.24 1.65 2.22 1.63 1.00 1.33 2.96 3.80 17.92
12 2.99 2.25 1.67 2.27 1.69 0.98 1.71 2.44 2.24 17.93
13 2.99 2.24 1.69 2.26 1.75 1.04 1.64 2.92 2.55 15.50
14 3.00 2.25 1.68 2.29 1.71 1.12 1.63 3.16 2.98 11.43
15 2.99 2.25 1.67 2.27 1.74 1.04 1.79 3.00 3.16 10.07
16 3.00 2.25 1.67 2.25 1.72 1.07 1.68 2.84 2.26 10.76
17 2.99 2.25 1.67 2.27 1.71 1.05 1.71 3.08 2.23 10.81
18 2.99 2.25 1.67 2.27 1.72 1.08 1.67 2.92 3.35 9.80
19 2.99 2.25 1.67 2.27 1.72 1.07 1.67 2.88 2.63 13.37
20 2.99 2.25 1.67 2.27 1.73 1.06 1.63 2.73 2.62 7.46

Table C-1: RMS error over entire domain computed using the randomized hybrid subharmonic method along x- and y-directions
of 50,000 phase screens for 512 x 512 grid using various spectral power laws (o’s) and number of subharmonic constellations, N,.
L= 1, =1 for all entries.
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Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9

0 61.06 63.93 67.56 70.85 74.26 78.44 81.17 82.83 87.55 93.00
1 23.65 24.96 29.84 33.54 38.31 45.63 51.29 54.34 65.85 80.21
2 7.72 7.38 8.30 10.61 14.20 21.59 26.79 30.38 45.64 67.56
3 3.04 6.35 4.44 3.39 2.71 5.28 9.87 13.43 28.98 55.81
4 3.46 8.66 8.01 7.62 9.16 5.93 2.85 2.33 16.74 45.86
5 3.83 9.92 10.04 11.29 13.62 12.54 10.55 8.74 7.56 37.50
6 4.00 10.20 10.99 12.88 16.03 17.33 15.56 15.81 2.63 29.16
7 4.11 10.30 11.25 13.76 17.44 20.26 19.36 20.54 8.59 22.11
8 4.14 10.39 11.50 14.16 18.71 21.72 22.65 25.21 14.22 15.51
9 4.13 10.46 11.65 14.33 19.40 22.71 24.73 27.72 19.21 9.54
10 4.13 10.49 11.69 14.47 19.56 23.38 26.20 29.40 23.19 2.97
11 4.13 10.50 11.71 14.58 19.71 23.96 27.32 30.92 26.20 2.25
12 4.12 10.50 11.69 14.59 19.79 24.48 27.85 31.79 28.26 6.45
13 4.12 10.50 11.70 14.56 19.89 24.84 28.24 32.37 30.10 10.65
14 4.13 10.50 11.70 14.58 19.89 25.09 28.69 33.01 31.76 14.24
15 4.13 10.50 11.69 14.57 19.88 25.19 28.94 33.05 32.98 17.56
16 4.13 10.50 11.69 14.57 19.89 25.28 29.02 33.23 33.95 20.65
17 4.13 10.50 11.70 14.57 19.91 25.35 29.11 33.18 34.83 23.50
18 4.13 10.50 11.69 14.58 19.93 25.41 29.20 33.16 3541 26.07
19 4.13 10.50 11.69 14.58 19.94 25.42 29.27 33.21 35.79 28.45
20 4.13 10.50 11.69 14.58 19.94 25.43 29.31 33.30 36.05 30.77

Table C-2: RMS error over entire domain computed using the Frehlich subharmonic method along x- and y-directions of 50,000
phase screens for 512 x 512 grid using various spectral power laws (a’s) and number of subharmonic constellations, N,. ux =y, =

1 for all entries.
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Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9

0 61.06 63.93 67.56 70.85 74.26 78.44 81.17 82.83 87.55 93.00
1 32.70 33.33 38.75 41.82 47.70 54.22 59.85 62.00 72.08 84.23
2 19.37 18.95 22.88 24.29 29.63 37.54 42.76 44.17 58.29 75.22
3 14.74 12.51 15.07 16.20 20.02 27.10 30.83 31.45 47.39 67.53
4 12.94 10.51 11.16 11.98 13.35 19.79 22.47 22.77 38.38 60.62
5 12.58 9.92 9.81 9.93 10.25 15.15 16.87 17.19 31.05 54.84
6 12.21 9.77 9.38 8.87 9.17 12.57 13.04 12.16 24.66 49.26
7 12.14 9.73 9.15 8.47 8.82 11.42 10.20 10.87 19.69 43.92
8 12.11 9.70 9.06 8.24 8.82 11.23 10.05 11.37 15.68 39.49
9 12.12 9.72 9.04 8.16 8.94 11.03 10.47 11.58 12.37 34.96
10 12.12 9.73 9.02 8.15 9.07 11.03 10.69 11.60 12.52 30.74
11 12.13 9.74 9.02 8.13 9.04 11.24 11.01 12.24 12.92 28.04
12 12.14 9.75 9.01 8.10 9.07 11.19 11.21 12.34 13.06 24.83
13 12.14 9.75 9.02 8.11 9.05 11.31 11.27 12.47 13.33 22.07
14 12.14 9.75 9.01 8.10 9.09 11.36 11.32 12.39 13.21 19.64
15 12.14 9.75 9.01 8.10 9.04 11.36 11.36 12.36 13.63 17.34
16 12.14 9.75 9.01 8.10 9.03 11.38 11.38 12.48 13.77 15.09
17 12.14 9.75 9.00 8.09 9.04 11.37 11.33 12.48 13.72 13.57
18 12.14 9.75 9.00 8.09 9.04 11.36 11.36 12.43 13.76 13.15
19 12.14 9.75 9.00 8.09 9.04 11.37 11.31 12.47 13.87 13.00
20 12.14 9.75 9.00 8.09 9.04 11.39 11.32 12.52 13.97 13.05

Table C-3: RMS error over entire domain computed using the Lane subharmonic method along x- and y-directions of 50,000

phase screens for 512 x 512 grid using various spectral power laws (a’s) and number of subharmonic constellations, N,. = u, =

1 for all entries.
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a

Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9

0 1.24 2.42 1.93 4.63 14.96 14.56 11.18 14.72 4.92 55.72
1 0.89 1.45 1.00 2.83 2.04 10.53 8.65 9.71 29.37 31.70
2 0.49 0.91 0.97 0.78 7.19 5.60 6.68 2.96 2401.99 48.54
3 0.60 0.58 0.88 0.73 1.24 1.27 3.70 7.57 8.17 36.55
4 0.54 0.34 0.67 0.79 1.36 1.62 3.54 4.53 7.56 38.82
5 0.54 0.34 0.78 0.69 0.54 0.74 0.77 3.66 11.20 34.04
6 0.56 0.36 0.78 0.69 0.39 0.49 0.55 3.46 10.10 25.29
7 0.57 0.32 0.69 0.77 0.45 0.48 1.86 1.54 6.93 24.77
8 0.57 0.32 0.68 0.75 0.47 0.38 6.70 0.71 81.45 23.48
9 0.57 0.32 0.68 0.73 0.47 0.39 0.39 1.47 4.94 17.32
10 0.57 0.33 0.69 0.73 0.54 0.43 0.51 0.83 3.78 18.58
11 - - - - - - 0.45 0.57 5.70 17.30
12 - - - - - - 0.41 0.65 0.97 15.12
13 - - - - - - 0.42 0.50 1.21 10.46
14 - - - - - - 0.41 4.62 1.56 10.33
15 - - - - - - 0.45 0.35 0.53 8.98
16 - - - - - - 0.46 0.38 0.83 8.70
17 - - - - - - 0.38 0.38 0.87 5.32
18 - - - - - - 0.39 0.38 0.76 6.56
19 - - - - - - 0.44 0.35 0.54 5.80
20 - - - - - - 0.43 0.35 1.38 4.27

Table C-4: RMS error over entire domain computed using the randomized hybrid subharmonic method along x- and y-directions
of 50,000 phase screens for 1024 x 1024 grid using various spectral power laws (o’s) and number of subharmonic constellations,

N,. pue=1, y, =2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9
0 59.08 62.33 65.64 69.03 72.73 76.73 79.70 81.17 86.30 92.46
1 25.01 27.26 30.04 34.45 39.19 45.76 51.23 54.21 65.60 80.38
2 13.67 13.89 13.98 14.67 17.38 22.90 28.59 31.90 46.69 68.11
3 12.85 13.46 12.74 12.45 12.06 11.82 13.85 16.21 31.19 56.90
4 12.94 13.65 12.95 12.89 12.59 11.71 11.15 11.44 19.05 46.87
5 12.98 13.77 13.22 13.28 13.33 12.37 11.72 11.92 11.54 38.05
6 13.00 13.72 13.39 13.51 14.15 13.87 12.91 12.58 11.00 30.04
7 13.00 13.74 13.45 13.79 15.11 16.10 15.95 15.13 11.23 22.74
8 13.00 13.76 13.46 14.00 15.77 17.85 18.45 18.09 11.97 16.33
9 13.00 13.76 13.45 14.09 16.16 18.92 20.26 20.28 14.76 11.04
10 12.99 13.76 13.46 14.14 16.42 19.65 21.39 21.91 18.08 9.80
11 - - - - - - 22.20 23.00 20.72 10.06
12 - - - - - - 22.81 23.95 22.95 10.41
13 - - - - - - 23.17 24.51 24.50 10.90
14 - - - - - - 23.46 24.98 25.84 11.34
15 - - - - - - 23.67 25.28 27.01 13.84
16 - - - - - - 23.82 25.52 27.87 16.74
17 - - - - - - 23.92 25.68 28.65 19.20
18 - - - - - - 23.99 25.80 29.22 21.33
19 - - - - - - 24.00 25.88 29.68 23.12

20 - - - - - - 24.06 25.95 30.10 24.63

Table C-5: RMS error over entire domain computed using the Frehlich subharmonic method along x and y directions of 50,000
phase screens for 1024 x 1024 grid using various spectral power laws (a’s) and number of subharmonic constellations, N,. u. =1,
uy =2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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a

Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9

0 5.11 3.56 1.19 21.50 7.47 6.66 13.72 21.82 53.72 52.02
1 1.38 3.02 4.04 4.38 7.02 3.12 29.55 22.56 28.40 60.73
2 1.92 3.08 1.24 2.24 5.14 6.39 13.54 13.51 31.17 52.60
3 2.24 1.10 1.54 2.15 3.21 10.12 2.74 3.40 18.67 28.16
4 1.61 1.36 1.63 1.63 1.27 3.25 2.19 8.63 18.37 39.70
5 2.01 1.45 1.52 1.69 1.33 5.94 2.57 5.12 31.11 17.73
6 2.25 1.17 1.57 2.12 1.65 1.44 1.50 2.47 8.19 33.84
7 2.31 1.30 1.58 1.84 1.55 1.89 1.30 2.18 6.40 28.22
8 2.27 1.26 1.65 1.79 1.63 1.48 1.14 1.70 7.56 25.55
9 2.26 1.31 1.71 1.76 1.64 1.35 1.97 1.76 5.48 20.31
10 2.28 1.31 1.63 1.83 1.67 1.43 1.39 3.34 4.82 21.94
11 - - - - - - 1.42 1.56 3.56 12.61
12 - - - - - - 1.32 1.28 3.54 16.41
13 - - - - - - 1.64 1.61 2.35 14.38
14 - - - - - - 1.60 2.15 1.63 13.13
15 - - - - - - 1.53 1.80 2.47 7.59
16 - - - - - - 1.54 1.70 1.80 11.30
17 - - - - - - 1.43 1.81 1.86 4.41
18 - - - - - - 1.52 1.84 2.21 11.00
19 - - - - - - 1.56 1.79 2.25 7.81
20 - - - - - - 1.54 2.00 2.16 9.95

Table C-6: RMS error over entire domain computed using the randomized hybrid subharmonic method along x- and y-directions
of 5,000 phase screens for 2048 x 2048 grid using various spectral power laws (a’s) and number of subharmonic constellations,
Ny. =1, p, =2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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Np 3.1 3.2 3.3 3.4 3.5 3.6 11/3 3.7 3.8 3.9
0 59.36 62.17 65.71 68.72 72.81 76.57 79.48 80.96 86.00 92.30
1 24.48 28.38 29.79 33.75 40.16 45.30 51.10 54.63 65.08 80.17
2 15.07 15.08 14.60 13.98 17.67 23.08 27.99 33.37 45.88 67.70
3 14.45 14.15 12.62 12.17 11.67 13.85 14.84 17.95 30.20 56.85
4 14.50 14.50 13.62 13.43 10.87 13.44 13.41 11.83 18.56 46.82
5 14.68 14.40 13.38 14.16 11.06 14.31 13.43 12.22 12.91 37.93
6 14.73 14.41 13.33 14.78 12.14 15.38 14.57 12.72 12.51 30.32
7 14.81 14.45 13.29 15.21 13.26 16.77 17.44 13.69 12.61 23.27
8 14.79 14.45 13.26 15.51 14.15 18.64 20.30 16.30 13.06 17.49
9 14.79 14.51 13.32 15.67 14.65 19.83 22.51 18.24 15.07 12.67
10 14.79 14.51 13.36 15.68 14.98 20.54 24.05 19.60 18.43 9.37
11 - - - - - - 25.27 20.66 21.23 10.17
12 - - - - - - 25.84 21.44 23.53 10.69
13 - - - - - - 26.20 22.27 25.56 10.58
14 - - - - - - 26.50 22.85 27.06 10.33
15 - - - - - - 26.68 22.92 28.51 11.38
16 - - - - - - 26.72 23.26 29.50 13.90
17 - - - - - - 26.78 23.40 30.23 15.99
18 - - - - - - 26.85 23.52 30.59 17.74
19 - - - - - - 26.92 23.67 31.12 19.46

20 - - - - - - 26.90 23.75 31.40 21.24

Table C-7: RMS error over entire domain computed using the Frehlich subharmonic method along x and y directions of 5,000
phase screens for 2048 x 2048 grid using various spectral power laws (a’s) and number of subharmonic constellations, N,. u. =1,
uy =2 for all entries. Hyphen ( - ) entries indicate no RMS error was computed for this entry.
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