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Gibbs measure which are also called Sinai-Ruelle-Bowen Measure describe
asymptotic behavior and statistical properties of typical trajectories in many phys-
ical systems. In this work we review several methods of studying Gibbs measures
by Ya.G. Sinai, D. Ruelle, R. Bowen [4], and P. Walters [18]. First, using symbolic
dynamics we show for subshifts of finite type that the invariant measure obtained in
the Ruelle-Perron-Frobenius (R-P-F)Theorem is an ergodic Gibbs measure. Second,
the proof of the R-P-F theorem is given following Walters approach, where he con-
siders maps with infinitely many branches. In both cases, the idea is to find a fixed
point p € C(X) of the transfer operator which will allow us to define the measure
1 = p-m where m is the Lebesgue measure. Ergodic properties of u are studied.
In particular results are valid for expanding maps. These ideas are illustrated in
the example of an expanding map with two branches where we show explicitly the
existence of an invariant measure as well as we prove ergodicity, exactness, and the

Rochlin Entropy formula.
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Chapter 1: Preliminaries

Let T : X — X be a continuous map of a compact metric space and let
M(X) be the set of all Borel probability measures on X where B is the family
of the Borel sets. One of the main important topics in Dynamical systems is to
study the behavior of the orbits {1™ : n € Z}. The existence of an absolutely
continuous invariant measures gives an important information about the system.
In this chapter, we will introduce some concepts and properties of Ergodic Theory
and the well known transfer operator which is also called Ruelle-Perron-Frobenius

operator.

Definition 1.1. Let u be a measure in M(X). We say that p is invariant under T

or T- invariant if for every Borel set B,

where Top(B) = u(T™'B).

Definition 1.2. Let (T, 1) be measure preserving . We say that p is ergodic if for

every Borel sets B € B such that T™'B = B, u(B) =0 or u(B) = 1.

Let C(X) be the set of all continuous function on the set X. Recall that C(X)
is a Banach space with the supreme norm || - ||.

1



Definition 1.3. Let ¢ € C(X), K € R, and let T : X — X be a continuous map
such that cardinality of the set {T'x} does not exceed K, for each v € X. The

transfer operator L, is defined formally on functions f : X — C by

L,f(x) = Z e“"(y)f(y).

yeT 1z

Proposition 1.1. Let X be a compact metric space and T : X — X be as in the

previous definition. The transfer operator has the following properties.
1. L,:C(X) — C(X) is linear and bounded.
2. If f € C(X) is a positive function, then L, f is also positive.

3. Forall f,g € C(X),

(wa) 9= Cso(f (goT)). (1.1)

4. If n is a positive integer number,

where Syp(y) = Z o(T"y).
k=0

Proof. 1. It is clear that £, is linear. To prove that £, is bounded we must show

there is a constant K > 0 such that ||L,f|| < K]||f|| for all f € C(X). Thus,

Lof(@)] = | > Wiy
yeT—1z
< 1Y)
yeT 1z
< A DD (e
yeT 1z



Define K = Kell?ll then

< (KePD]IfL.

LA < KIS

2. If f is positive, then it is immediately that L, f(z) = > -1, e?W f(y) >0

3. Let f,g € C(X),

(Lof)-9)x) = D fWf(y) - glo)

yeT 1z

= Y W) g(T(y)

yeT 1z

— L,(f-(goT)(a).

4. We see that (1.2) holds for n = 1. Suppose (1.2) holds for n, then we want to

prove that it also holds for n + 1. In fact,

Ly f()

Lo(LLf) ()

> WL f)(y)

yeT -1z

Z W) Z €5n<p(2)f(z)

yeT 1z 2€T—"(y)

Z AT (2 gSnee) £ 7)

€T~ (y)

Z €Sn+1so(2)f(z)'

2€T—(n+1) (y)



Example 1.1. Let T : C — C be defined by T(z) = 2%. We can note that every
w € C, w # 0 has two pre-images z; and 2y, i.e 22 = w wherei =1,2. Let ¢ : C -+ R

define by ¢(z) = In(|z|? + 1). Then,

Lof(w) = (|21l +1)f(21) + (22> + 1) f(22)
= (lw|+1)f(21) + (Jw| + 1) f(z2)

= (Jwl+D(f(z1) + f(22))

Note that if w =0, then L, f(0) = 2f(0).

Definition 1.4. The dual B* of a Banach space B is the set of continuous linear
functionals p : B — C endowed with the weak™ topology.
For every p € B*, let us also define the dual T* : B* — B* of a linear operator

T:B— B by

" p(f) = w(T(f)) (1.3)

for every f € B.

Remark 1.1. A sequence pu, in the space B* converges to n € B* if and only if

wn(f) converge to p(f) for each f € B.

The following Theorem from Functional analysis identifies the space of prob-

ability measures with the dual space of continuous function on X.

Theorem 1.1 (Riesz Representation Theorem). For each p € M(X) define o), €

C(X)* by



Then there is a bijection between the space of Borel probability measures, M (X) and
the set

{a e C(X)" :a(l) =1 and a(f) > 0}

A proof of this theorem can be found in [13]. The importance of this theorem
is that we can identify the functional a,, with the measure p. Note that if u is a
probability measure a(1) = [, du = p(X) = 1. On the other hand, if (1) = 1,

then p(X) = /Xdu =a(l)=1.

Proposition 1.2. As a consequence of the identification given in the Riesz Repre-

sentation Theorem we can see that p € M(X) is invariant if and only if p(f) =

u(foT) forall f eC(X).
Proof.
p=Tp = plA)=upTA)
= /fd,u:/de*,u for all f € C(X)
= /fd,u:/fon,u
u(f) =p(feT)
O

In Measure theory we define the absolute continuity of two measures. Let pu
and v be in M(X), we say that v is absolutely continuous with respect to u, and

it is denoted by v < u, if v(B) = 0 for every set B € B such that u(B) = 0.



The major result that characterized the absolute continuity is the Radon Nikodyn
Theorem which was proved for a special case by Johann Radon in 1913 and then

generalized by Otto Nikodym in 1930.

Theorem 1.2 (Radon Nikodyn Theorem). Let m and p be two probability measures
on M(X). Then, p is absolutely continuous with respect to m if and only if there
exist f € L(m), f >0 and [ fdm =1, such that p(A) = [, fdm for all Borel set

A. The function f is unique almost everywhere.

The details of the proof can be found in [14].
The function f in the above theorem is called the Radon- Nikodym derivative
. o dp
of p with respect to m, and it is denoted by I
m
The Birkhoff Ergodic Theorem was proved by David Birkhoff in 1931 in his
work: Proof of the ergodic theorem [2]. It is considered one of the most important

theorems in Ergodic Theory. There are many different proof of this theorem, however

we suggest to see Walters [18].

Theorem 1.3 (Birkhoff Ergodic Theorem for Measure Preserving Transformations).
Let (X, B, 1) be a finite measurable space. Let T : X — X be a measure preserving

transformation. For any f € L*(u), the limits

o1
lim —
n—oo M

n—1
> H(TH())
k=0
converges almost everywhere to a function f € L*(u). The function f satisfy that
foT =fae and [ fdu= [ fdu.
The second version of this theorem gives a more explicit result for the physical

average we want to study in the particular case when 7' is ergodic.
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Theorem 1.4 (Birkhoff Ergodic Theorem for Ergodic transformations). Let (X, B, i)
be a finite measurable space. Let T : X — X be an ergodic measure preserving trans-

formation. For any f € L*(u), the limits
D S
S rs

for u - almost every r € X.

Proof. Since T is ergodic, every function that is invariant almost everywhere is

constant almost everywhere (See [18] pag.28). Suppose f = ¢, where ¢ € R, then
/fdu:c-u(X) =

but [ fdp= [ fdu,so

c:/fdu.

Thus by Birkhoff ergodic theorem for measure preserving transformations.

. 1n71 . B B
Jim > @) =c= [ 1dn



Chapter 2: Shift Spaces

2.1 R-P-F Theorem for a shift space

Symbolic dynamics study the structure of the orbits in a dynamical system
using an infinite sequence of symbols. Usually it is used as an important tool to
study dynamical systems by partitioning the space. The first person who introduce
shift spaces, in 1898, was Hadamard [6] with the study of the geodesics on surfaces
of negative curvature. In 1938, M. Morse and G. Hedlund presented the first sys-
tematic work named: Symbolic Dynamics [9]. Since then symbolic dynamics has
been an important tool in different areas like Ergodic Theory, Topological Dynamics,
Hyperbolic Dynamics, Information Theory, and Complex Dynamics.

In this section we will introduced the concept of one sided shift spaces and then
we will state the famous Ruelle-Perron-Frobenius Theorem which will be crucial to
obtain an absolutely continuous invariant measure.

The one-sided shift space is defined by
+ = ,
ZA ={ze[[{1,---.n} : Asa,, =1forali>0}
i=0
where A = (a;;) is a n X n matrix whose entries are zero and ones. Let

+
Fa={¢: ZA — R continuous : V2r¢ <b-a" some b,a € (0,1), for all k> 0}
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where vary ¢ = sup{|¢(z) — ¢(y)| : x; = y; for all i < k}. Thus F, is the space of

continuous Holder functions.

Example 2.1. Define o : S5 — Y.} by o(2); = xiy1. Note that o is a surjective

continuous map. Suppose p € ZZ NFa. Then, definition 1.3 can be writlen as:

Loflm)= > eWfy)

yeolx
where for each x € ZX, the set o~ 1(x) has no more than n pre-images.
Definition 2.1. We say that o : } — XY is topologically mizing if for every U
and V, non-empty open subsets of ¥, there exist N such that c™U NV # O for all

m > N.

Theorem 2.1 (Ruelle-Perron-Frobenius). Let ¥4 be topologically mixing. Let ¢ €

FanC(XF). There exist A > 0, h € C(X}) with h > 0 and v € M(X}) such that

1. Lh = Ah,
2. L'v = A\,
3. v(h) =1,

4. limy, oo [[AN"L™g — v(g)R|| = 0 for all g € C(Z7).

This theorem will be proved in Chapter 4 in a more general context. However,
for this particular case of one-sided shift we refer to [4].
The R-P-F Theorem give us the existence of the measure v, the eigenvalue A,

and h. Define = h - v by

p(f) = v(hf).



Using Theorem 1.1, we can see that u is a probability measure. In fact,

w(l) =v(h) =1and pu(f) =v(hf) > 0 since h > 0 by R-P-F Theorem.
Proposition 2.1. The measure u is o-invariant on $7.

Proof. By Proposition 1.2 we are going to prove that u(f) = u(f oo) for all f €

C(X%) In fact,

— AL (foo))  (by L)

= M w(h-(foo))

Definition 2.2. Let yu be a measure in M (X%). We say that p is mizing if

lim p(ENo"F) = p(E)u(F)

n—oo

for all Borel sets E and F.

Proposition 2.2. Let the measure p be o-invariant. If p is mixing, then p is

ergodic.

Proof. Let E be any Borel set and suppose the measure p is mixing. Then by the

definition above lim pu(ENo "E) = pu(E)u(F). Now suppose T~ (E) = E, then

n—oo

lim u(FENo"E) = u(E) and so u(E) = (u(F))? Thus, u(F) =1lor u(E) =0. O

n—oo

10



Lemma 2.1. Let f € C(X}) be such that var, f = 0 and let h be as in R-P-F

Theorem, then for n > s there exist a constant A > 0 and € (0,1) such that
IATL(fh) = v(fR)B]| < Av(fh)B™. (2.1)
The proof of this lemma can be found in [4].
Proposition 2.3. Let p be the measure obtained in the R-P-F Theorem. Then p s
mizing for o : X4 — XF.

Proof. First note that

(L"f-g)x) = > W f(y)g()

yep~mx

= ) W f(y)g(o™y)

yep~mx

= L[ (goo™))(x)

Nowlet E={ye Xy :y=a,r<i<s} F={yeXs:y =b,u<i<uv}

but since p is o—invariant, we can assume r = v = 0. Then,
WENe™F) = pwxe Xo—nr)
= ulxe - (xroo"))
= v(hxe - (xroo"))
= A"L™w(hxg - (xpoo™))
= v(A\T"L"(hxe - (xpod™)))

= v(A"(L"(hxg)) - XF))

11



On the other hand,

(W(ENo™"F) = p(E)u(F)| = [p(E0o™F) —v(hxe)v(hxr)l
= [v(AT"LYhxEe) - xF) — v(hxp)v(hxr)|
= A" L"(hxe) - xp — v(hxe)hxF]]
= [v(AT"L"(hxEe) — v(hxe)hlxr)|

= ALY (hxe) — v(hxe)h)l[v(xr)|
Since xg € C(X}) and var,(xz) = 0, applying Lemma 2.1 we have:

(AL (hxs) — v(bxe)h)llv(xe)] < Ap(E)B"°v(F)

< Au(E)B"

where 5 € (0,1). As the last expression tend to zero as n approaches to infinity. We
get,

WENo™F) = p(E)u(F)

2.2  Gibbs Measures

Lemma 2.2. Let A = ngrgp < oo. If x,y € 3% with x; = y; fori € [0,m).
k=0
Then,
1Sme(x) — Sme(y)| < A

12



Proof. Let v € C(X}),

m—1 m—1
1Smp(z) = Smp()] = | wlo*z) =) o(d*y)|
k=0 k=0
m—1
< lp(o*z) — p(ay)|
k=0
<
L LN
< A

[]

In the following theorem we will use the following inequalities which are im-

mediately consequences of the previous lemma;

Smp(y) = Smp(x) < [Smp(x) — Smip(y)] < A (2.2)
Smp(y) < Smep(z) + A (2.3)

Theorem 2.2. Suppose >4 is topologically mizing and ¢ € C(X}) is a Holder
Function. Then, there exist € ng an invariant probability measure and a number

P such that:

ply :y; = x; for alli € [0,m)}
Cl S e*PmeSm@(l“) S C2 (24)
for every x € 35, m > 0.
Proof. Define the set
E={y: y;=u;forallie[0,m)}. (2.5)

13



For any z € Zj there exist only one y € 072z with y € E. For example, if

z = (20, 21,...) we can take § = (xg, 21, "+, Tm_1, 20, 21, - - -). Now, by (2.3)
Lr(hxp)(z) = Y eWh(y)xe(y).
yco~ Mz
= A n(y)
< e
< eS| |,

thus

L™ (hxp)(z) < e #@et|[h]|. (2.6)
Using inequality (2.6),
u(E) = pxe)
= A"w(L™(hxe))

< /\_m/ﬁm(hXE)dV

< ATmeSne@eA| |

Taking ¢, = e?||h|| we have,

1(E)
\—meSme(z) < .
Moreover, let P = log A, then
E
HE) c (2.7)

e—PmeSme(z) —

14



On the other hand, let M > 0 which exist since ZX is topologically mixing,

—-m—M

then for every z € Zz there exist at least one y € o z where y € E.

Then,
LM (hxp)(z) = ) e WR(y)xp(y)
yco—m—My
> €Sm+M<P(ﬂ)h(g)7
but,
M+m—1
Smen (@) = Sme@) + Y (0" (@),
k=m
SO
M+m—1 M+m—1
IR () | I W = G A7)
k=m k=m
< (M =1)lfel] < Mlel]
Hence,
M+m—1
“Mllell < > eldt (@)
k=m

This together with inequality (2.3) gives:

eSerMcp(z?)h@) > esmso(y)e—MH@IIh(g)

> Sme(@)=A=Mllell i b

Note that min A is positive since h > 0.
Finally,

15



wE) = XML M (hxp)

v

)\*m*Me*M”‘PH*A(min h)es’”“’(x)

= )\’M(minh)e’M”‘pH’A)\’meSm‘p(”).

Taking ¢; = A\~ (inf h)e‘M”‘PH_A,

pE)
A—meSme(x) = (2:8)
This last result together with (2.7) give us:
E
C1 < ,U( ) < Co.

— 67Pm€Smgo(:1:) —

where P = log A. O

A measure p that satisfy (2.4) is called a Gibbs measure of ¢ and it is denoted

by fi,.

Theorem 2.3. Suppose ZX is topologically mizing and ¢ € C(XY) is a Holder
function. The measure p € M(>.}) and the constant P obtained in the previous

theorem are unique.

Proof. Let E be the set defined in the previous theorem, equation (2.5). Suppose

there exist 1 € M(>_}), and real constant ¢;, ¢ and P which satisfies 2.4, i.e,

A(E) .

o —_— <
C1 > e_PmeSmSO(Z’) S Co. (29)

16



Let x be in 3_7%, and define the set

+
E,(z)={y € Z cy; = x; for all 4 € [0,m)}.
A
Let Ty, be a subset of Y. such that:

1. The cardinality of T, is finite.

2. 0= || En(x).

€T

Re-writing (2.9), we have

cre PmeSme®) < (E,,) < e PmeSmel®) (2.10)

=i

S0,

C—le—Pm Z esmcp(m) < ﬂ(Em) =1< C—Qe—Pm Z esmcp(z).

€T, €T €T
Then,
log & _p lo eSm®(x)
g C1 + m + g ZxETm S 0
m m m
Similarly,

logcés —Pm lo eSm#(@)
m m m

0<

Taking limit when m — oo,

_ 1 S
< 1 mg&(I)
P< h_rgomlog E e

m
CCETm

and

1 s _
1 _ m () <
n}le mlogng e P

17



respectively.

Therefore,

_ 1
P = lim —log Z eSme(®),

m—o0 1M,
:BETm

Applying the same argument to the measure i, we get P = P. Now we will prove

that p is unique. In fact, from (2.10) we have
(2) " (E) < e Pmefnet?

and similarly for the measure p,

but since P = P,

Let K = (c;)"'¢, then,
i(E) < Ku(E)
for all Borel sets E. Thus, f is absolutely continuous with respect to u. By the Radon

Nikodyn Theorem, theorem 1.2 there exist a function f which is y- measurable such

that g = fu.

Then,



= (foo)oupu
= (foo)u
= (foo)

i.e f = foo p-almost everywhere. and so f = c.

Now since 1 = (o) = [ ¢ du = ¢, we conclude:
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Chapter 3: Expanding maps with finitely many branches

3.1 Existence of an invariant measure

In the previous Chapter, we introduced subshifts of finite type which are a
powerful tool to study hyperbolic systems. Indeed, it is often used to prove ergodic
properties without any advance knowledge of measure theory. In the 1970’s, Sinai,
Ruelle, and Bowen introduced the invariant measures which nowadays are called
SRB measures. In their works, they constructed Markov partitions and they studied
SRB measures for subshifts of finite type. However, the study of non-hyperbolic
systems often requires countable Markov partitions. In the particular case of the
quadratic family fy(z) = Az(1 — ), which was studied by Jakobson [7], there exists
a set of positive measure where the respective power maps have infinitely many
expanding branches and satisfy conditions of the Folklore Theorem which gives the

existence of an absolutely continuous invariant measure.

Theorem 3.1 (Folklore Theorem). Let X = [0,1] and let {I;} be a countable disjoint
collection of open subsets of [0,1] such that UI; has full measure in [0,1]. Suppose

fi : I; = [0,1] are C*-expanding maps,suppose there is a constant K such that:

|1 D2 fi(x)|
Dl =R

20

sup
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for alli. Let T be a map defined a.e on [0,1] by T | I; = f;. Then T has a unique

invariant probability measure which is equivalent to the Lebesque Measure on [0,1].

The proof of the theorem, as stated above, can be found in the work of Jakob-
son [7]. An earlier proof of a similar result can be found in Adler [1]. Adler refers
to earlier similar results by Renyi and Sinai, so it is traditionally called “Folklore
Theorem”. In the following chapter we will generalize the Folklore Theorem using
Waters [18] approach, but first we would like to present a simple example which will
connect the two ideas between Chapter 2 and Chapter 3.

In order to start getting familiar with our general problem of finding absolutely
continuous invariant measures, we will consider the case of an expanding map with
two branches.

Let us consider the following example. Let T : [0,1] — [0,1] be an C3-
expanding map with two branches. We say that T is expanding if there exist Ky > 1
such that

|DT| > K.
Let us consider ¢ = log (|[DT(x)|)~! according to notation in Chapter 1. We want
to find an absolutely continuous invariant measure for 7" which is invariant with
respect to the Lebesgue measure. We say that a measure is absolutely continuous
when it is absolutely continuous with respect to the Lebesgue measure. Thus, for
this particular ¢, the transfer operator becomes:

_ f)
Lof(z) = Z DT

yeT 1z

Note that the function DT is just the Jacobian of T with respect to the

21



Lebesgue measure and more explicitly, since we are considering two branches, if

{z1, 25} is the set of pre-images of z € [0, 1], we have:

- f(xl) f(xz)
Lol ) = 1o DT ()]

Let m be the Lebesgue measure on [0, 1]. Then by a simple change of variable

we have that £ satisfy the following equation:

Jtrem)-gam= [(t.g)- 1 im (3.1)

Thus, the Lebesgue measure m is a fixed point for the dual operator L. In

fact, let f be in C([0, 1]),

mif) = [ 1am
_ /(1OT). f dm
_ /(ﬁm ‘1dm  (by equation 3.1)
= [t am

= m(‘ccpf)

Now, we will show the existence of a fixed point for the operator £L,. To do
this we need to state the following famous theorem which will be a very important
tool for the proof of existence, not only in this case but also in the more general

case that we consider in Chapter 4.
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Theorem 3.2 (Schauder-Tychonoff Fixed Point Theorem). Let K be a compact
convex subset of a locally convex space V, and let F' : K — F(K) be a continuous

map of K into itself. Then there exists a point k € K such that F (k) = k.

This Theorem is a generalization of the Schauder Fixed Point Theorem which
was proved for Banach spaces by Juliusz Schauder in 1930. Four years latter, Ty-
chonoff generalized the proof for a compact convex subset of a locally convex space.

The proof can be found in Royden [14].

Proposition 3.1. The operator L, has a fized point.

Proof. Let us fix some K > 0 and let

f(z1)
f(z2)

A={f: < @) for all 21, 25 € [0,1], and /fdm =1}

Note that the set A is convex and compact. Let f be in A we want to show that if
K is sufficiently large, then £, f € A. Consider any z,y € [0, 1] and let {z1, 22} and

{y1,y2} be the set of pre-images under T" for x and y respectively.

f(371) f($2>
Lol ) = o) T DT ()]

_ fln) f ()
Lol W) = o160 T DTG

Also for any z,y € [0, 1] we have d(z,y) > Ko - d(z1,y1). In fact,

d(z,y) = /:DT(a:) dz
> /xleT(x) dz

> Ko -d(x,y1)

23



so, since f € A,

< eHd(@1,y1) < e%d(:p,y)‘ (3.2)

On the other hand, by Mean Value Theorem, there exist § € [0,1] such that if

g(x) =log |DT(x)| we have:

log <g§:<(ii)>> = log DT (y1) — log DT (1)

< 9/(9)d<$1,y1)

22 e

DT(0)

Let Ki = max DT(0)

z€[0,1]

’ . Since T is C?, K, exist and then

DT(yl) Kid(z1,y1 %(:’y)
DT(az’l)ge (@) < ¢ (3.3)
Thus, by equations (3.2) and (3.3),
L0 o FE)DT() DT (),
Lf(y) — f)DT (1) f(y2) DT (x2)
B N AT

IN

o { (55t

As K is fixed and Ky > 1 we get that for a sufficiently large K, K;g—é(l < K.

Then,

Lf(x)
Lf(y)

<exp{K -d(z,y)}

24



and we have proved that

L,(A) C A

Then, by Schauder-Tychonoff fixed point Theorem, Theorem 3.2, there exist a fixed

point, p, for the operator L, i.e L,p = p. n

Define
p=p-m
where p is given in the previous proposition. Note that from the definition of A it

follows that there exists a constant Cj such that p > Cy > 0. Now, we can prove

that p is a T-invariant measure. In fact, using Proposition 1.2,

plfoT) = p-m(foT)
_ /(foT)-pdm
= /(ﬁsop)fdm, (' by 3.1)

= /p - f dm, (since p is a fixed point of L )

Hence, p is T-invariant and it is clear that it is absolutely continuous with
respect to the Lebesgue measure m.

The next goal is to prove Bounded Distortion for 7. The idea is very similar
to the one we did in Proposition 3.1. Since we are considering 7" : [0,1] — [0, 1]
an expanding map with with two branches. Let us define the partition &, = &,, N
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T7%,, N...NT~™ V¢, where w; are either 0 or 1 and its elements are denoted

,,,,,,,,,, w,_, onto [0, 1].

Proposition 3.2. Let T be a C? expanding map with two branches, then Bounded

Distortion Property holds for T™, i.e there exist C' > 0 such that

1 (T)(2)
¢ < oy <€ (3.4)

whenever x,y lie in the same partition element I, . w,_,-

Proof. Let z,y € [0,1]. Note that if z,y € I, then Tz and Ty belong to

05 sWk—1

the same partition element [y or I; for all = 0,...,n — 1. Then by the Mean Value

Theorem,
(T (@)| _ |, s T (@)
8Ty T lgn’“m <y>>‘
< Z |log(T"(T"(x))) — log(T"(T"(y)))|
T"(T0) [ = iy o
< e | T T (9)) Od(T (), T"(y))

%

but since d(T"z, T'y) < Ki -, 1=1,2,...,n— 1, we have:

[y

n— n—1

d(T'(x),T'(y)) < lim Y d(T"(x),T"(y))
=0 =0
< m >
- ng{olo Kn_i
i=1 0
1
19
= lim K
B 1
Ky —1
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T"(T(0))
TT0) D we have,

s {7y | <

Taking C; = (Kol_l) (maXee[o,l}

(1) (x)
+ —C < log (W) < (O

Let C' = e“1

3.2 Ergodic properties of T'

In this section we will prove two important ergodic properties for our system
(T, ). First, we will start by showing that (7, u) is ergodic and we will conclude

with the proof of exactness.

Lemma 3.1. Let T be a C? expanding map with two branches, then

m(T"(A))
m(T™(B)) ~ m(B)

for any A, B C [0,1] which belong to the same partition element, where C is the

constant obtained from the Bounded Distortion Property.

Proof. Using Bounded distortion property, by 3.4, there exist C' > 0 such that for

any x,y in the same element of the partition,

(T")(z) < C-(T")'(y)
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Let A, B be subsets which belong to the same partition element. Integrating the

last expression with respect to the Lebesgue measure m over the set A, we get for

y in that element,

/ () (2)dm(z) < C / (T (y) dm(x)
A A

< C-((T")(y) - m(A).

Then integrating over the set B with respect to y we get

(/A(T")’(:c) dm(q:)) m(B) < C-m(A) (/B(Tn)/(y) dm(y>>

Thus,

O

We recall the well known Lebesgue’s Density Point Theorem, the proof can be

found in [5].

Theorem 3.3 (Lebesgue’s Density Point). Let A be a Lebesgue measurable subset

of [0,1] and let B.(x) be a e- neighborhood of a point x € R. Then for almost all

z € A the limit

lim m(AN Be(z))

8 m(Bu(w) &)
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exist and equals 1.
The points for which 3.5 hold are called density points of the set A.
Theorem 3.4. (T, ) is ergodic.

Proof. Suppose by contradiction that T is not ergodic. Let A be a Borel set such
that T7'A = A and 0 < u(A) < 1. Let = be a density point of A, then by the above

result we know that for the Lebesgue measure m,

lim m(AN B(z))

N By

Re-writing this,

¢ BB @) mB)
o m(B(x)\A)
o ==
. m(Be(z)\4)
& lm m(z(ae()x)) =0
- m(B(x) N A°) _
R RN R
Thus, given § there exist ¢y such that
m(Bex) N A% _ ¢ (3.6)

m(B(r))
for any € < €.
Now consider an interval of size € around z which is the union of intervals

Lo wr....w, UD to a set of Lebesgue measure zero. Then, 3.6 holds for at least one
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[w07w17~~~7wn7 17e
m(Iw07~~~7wn N AC)

m(Iwo,---,wn)

<9

On the other hand, note that since A is T invariant, then A€ is also 7" - invariant
and since T™ : Iy w,....w, — [0, 1] is one to one, we get that 77 (1, . v, N A°) = A°
up to a set of Lebesgue measure zero.

Then from Theorem 3.1 we get

o m(A9)
miA) = e
(T (L, o, N A))
o m(?n([wo,...,wn)) )
M (L. w, N A
- ¢ m([’wo,.‘.,’wn)
< C.6

Thus if we choose ¢ small enough we get m(A°) = 0, but we showed that
is absolutely continuous with respect to the Lebesgue measure m, then pu(A°) = 0,
and so u(A) = 1 which is a contradiction since we suppose 0 < u(A) < 1. Hence,

(T, 1) is ergodic. O

Our next goal is to prove that (7, u) is an exact endomorphism. To do this
we will start defining exactness which will be used again in the next Chapter where

will prove exactness for a more general system.

Definition 3.1. We say that T is and exact endomorphism if

Ay os

n=0
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where B is the given o—algebra and N is the o—algebra of sets of measure 0 or 1.
In other words, (T, X) is exact if there is no set A such that 0 < u(A) <1

and for every n there exists a set B,, € B which satisfies A=T""B,,.

Theorem 3.5. (T, 1) is exact.

Proof. Suppose by contradiction that there exist A such that 0 < u(A) < 1 and for
each n there exists B,, € B such that A =T""(B,). Let x be a density point of A.

Then by Lebesgue’s Density theorem

i AN Be2) _
0 m(Be(z))

where B, is a e-neighborhood of the point x. Then,
lim m(A° N B(x)) _0

0 m(B.())

where A€ is the complement of the set A. Thus, for all 6 > 0 there exist ¢y > 0 such

that if € < €,

m(A°N B.(x))
m(Bo@) <. (3.7)

Now consider an interval of size € around z which is the union of intervals

Lo wr.....wn, UD to a set of Lebesgue measure zero. Then, (3.7) holds for at least one

Let D,, be the complement of B,, then A° = T~"D,,. Considering this, the

fact that T : Ly, w, — [0,1] is injective, and lemma 3.1 we get:

.....
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Choosing ¢ small enough, we have that lim m(D,) = 0, but u is absolutely con-

n—oo

tinuous with respect to the Lebesgue measure, then lim pu(D,) = 0. On the other
n—oo

hand, since T' is p-invariant and A¢ =T""D,, we have

p(Dn) = pw(T7"(Dn))

= u(A%)

but we proved lim pu(D,,) =0, then p(A¢) = 0. Therefore, u(A) = 1 which contra-

n—oo

dicts our assumption that 0 < p(A) < 1. Hence, (T, i) is exact. O

3.3 Rochlin Entropy Formula

Entropy theory was developed essentially by Rochlin, Sinai ,and Kolmogorov
in the late 1950’s. Here we will introduce the concept of the entropy of a measure
preserving transformation.

Let € = {A4;}%_, be a finite partition of (X, B, ). Let

k

H(E) = =) nl(Ai) log p(Ay).

i=1



We define the Entropy with respect to the partition £ by

n—oo N,

n—1
1 )
WT,€) = lim —H(\/ T7'¢)
i=0
and the Entropy with respect to the measure p is define by
hu(T) = Sup hT,€).
A partition £ of X is called a generator for a measure preserving transformation
T if
\/ 1 =B,
0
in other words, every measurable set can be arbitrary well approximated by elements
of \/ T7"¢.
0
Theorem 3.6 (Kolmogorov-Sinai Theorem). If £ is a generator, then

hu(T) = (T, €)

Kolmogorov proved this theorem for Bernoulli partitions and Sinai [16] gener-
alized the proof in 1959. We now introduce Shannon-McMillan-Breiman Theorem

which will be an essential tool to prove Rochlin Entropy formula.

Theorem 3.7 (Shannon-McMillan-Breiman). Let T' be an ergodic measure preserv-
ing transformation of (X, B, ). Let £ be a finite partition of X and let B, (x) denote

the member of the partition \/?;01 T—€ to which x belongs. Then,

lim -1 log u(B,(x)) = h(T,€) a.e.

n—oo M,

For details about this theorem we suggest Parry [11] and Walters [19].
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Theorem 3.8. Let T be a C? expanding map with two branches. Then, the absolutely

continuous tnvariant measure p satisfies Rochlin entropy formula, i.e,

hu(T) = /log(z—f) dp.

Proof. Consider the partition &, = & V T, V... T~ V¢, with elements

w,_, such that

.....
77777

.....

Then,

10g W(Buy,.wn) < log Ky +log(DT"(z))™"

1 1 1
_ > _ - n —1'
- log i(Ew,..w,) = - log K - log(DT"(x))
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Taking limits in this last expression when n tend to infinity we have that the left

terms on the right side go to zero so:

1 1
lim ——log(DT™(x))™! = lim —Elogu(Ew0 wn)-

n—oo M n—soco n 7

But by Shannon-McMillan-Breiman Theorem (3.7),

-1
lim — log p(Ew,

n—oo 1
for p-almost all x, which implies that

lim —~ log(DT™ ()" = h,(T).

n—oo n

Now, let fix such an x, then

1 _ 1 L (AT @)\
lim ——log(DT"(z))™" = lim —log [ ———*
Tim nog( (2)) e 1 Og< dx )
1 "
n—oo M, dl’

()

SO
1 dT(T%(x))
lim — 1 ——== ) = h,(T).
nggonizlog( - u(T)
On the other hand by Birkhoff Ergodic Theorem, theorem 1.4, for u- almost
all x,

R dT(T(z)) / dT
lim = "log ( ————= | = [ log = dp.
v}bgn — 08 ( dx o8 dx H
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Hence choosing the same z from Shannon-McMillan-Breiman Theorem and from

Birkhoff Ergodic Theorem we get,

T
h,(T) = /log% dp.
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Chapter 4: Expanding maps with infinitely many branches

4.1 Existence and ergodic properties of Gibbs measures

The problem of showing the existence of invariant measure has been approach-
ing from different points of view in the previous chapters. Here we present a gen-
eralization of this problem following Walter’s paper [18]. In particular, expanding
maps are treated as a particular case. The proof of the Ruelle’s Perron Frobenius
Theorem will allow us to study the existence of absolutely invariant measures and
their ergodic properties.

Let X be a compact metric space and let X and X, be open dense subsets of
X such that Xy C X C X. Let us also consider 7 : Xy — X a continuous map with

the following conditions:
(i) There exist ¢g > 0 such that for every x € X,
T (Ba(r) 1 X) = ] Aile)

where the union can be countable. Here A;(x) are open subsets of X, and
T|A; : A; = By, () N X is an homeomorphism non-decreasing distances, i.e,
if two element belong to the same set A;(x), then their distance under 7' is
grater or equal to the distance between them.
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(ii7) For every e there exists M > 0 such that for each z € X, T~z is e-dense in

X.

Now, let ¢ be a continuous function on Xy, and let € > 0. Suppose there exists

K such that:

(1) Z e?W < K for all z € X, and

yeT -1z
(i1), if d(x,2") < €, then

Cy(r,2") =sup sup i[w(Tiy) — (T

n>1 yeT—ng i—0

exist and it is bounded from above by a constant C,,.

Proposition 4.1. Let G(Xy) = {g € C(X)| g >0and > 1, 9(y) =1 Vo €

X} If g € G(Xo), then for ¢ =logg condition (i), is satisfied.

Proof. Note that

Z efW = Z g(y)=1forall z € X. (4.1)

yeT—1x yeT— 1z

and so condition (7), is satisfied with K = 1. O

Let g € G(Xp) and ¢ = log g as in the the above proposition. Note that if ¢

satisfies condition (i), then

n—1

Ti
If d(z,z") < €y, then Cy(z,2") =sup sup 9 Ay/) (4.2)
n>1yer-nz o 9(TY)
exist and it is bounded. In fact,
n—1 n—1
sup sup Y [p(T'y) — o(T'y)] = sup sup » [logg(T'y) —log g(T"y)]
n>1 yeT—ng i—0 n>1 yeT—ng i—0
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n—1

n—1
= sup sup [log [[g(T%) —log [ 9(T"y)]

n>1 yeT g i=0

(T
= sup sup logH 9(T"y)
n>1 yeT—ng i 0 y)

].
Thus, condition (ii,) is equivalent to condition (4.2).
Now, we will state the following lemma which will be used in the next theorem

where we prove the existence of a fixed point for the Dual operator £,

Lemma 4.1. Let T : Xo — X be as above and let o satisfy conditions (i,) and (ii,).
Then, for any € > 0 there exist a positive natural number N and a real constant a

such that for any x,w € X there exist y € TNz N B.(w) which satisfy

N—-1
o(T'y) >

i=1

The proof can be found in [18].

Theorem 4.1. Let T' be as above and let g € G(Xy) satisfying (4.2). Then, there

exists 1 € M(X) such that:

1. For all f € C(X)

hm |£logg :U’(f>| — 0.

2. p is the only fized point of L;

logg-

Proof. In this case our function ¢ = logg. Let f be in C(X), we will show the
existence of the measure u by using Arzela Ascoli Theorem (See [12]). Define the
set

={L"f : n>0}.
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We want to prove that L, is equicontinuous. In fact, let x, 2’ be in X such that

d(z,2") < € < €. Then,

crfe) - enfe@] = | S [T wnfw - S TLo@ 6w

= | E;n :ﬁg(T“(y))f(y)— e;n :ﬁg(T“(y))f(y’)
+ ETZn EQ(T“(y))f(y’) - ETZn EQ(T“(y’))f(y/)l
< e;n ﬁg(T“(y))f(y) - E;n ﬁg(T“(y))f(y’)
+ Z ﬁg(T“(y))f(y’)— Z ﬁg(T“(y’))f(y’)
< Sij{lez)— f() 2 d(u,v) < E}yET h

n—1 n—1 i—1
- [limy 9(T"(y))
+ lI£ll < g(T" 1(3/))) ( o ~1
ye;n 11 [T (T4 ()
< sup{f(u) — f(v) : d(u,v) < e} +[|f||Cp(, 2")
where the last inequality is because g satisfy (4.2). Thus, we have proved that
L, is equicontinuous. Also, we can easily see that the set L, is compact since
L2 fI] < ||f]] for all f € C(X), so by Arzela-Ascoli Theorem there exist a sequence

{n;} and a continuous function f such that L f — f.

On the other hand we have that:

min(f) < min(L,f) < ... <min(f) <max(f) <...

< max(L,f) < max f

Clearly

min(/j';f) = min(f) for all £ > 0. (4.3)
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That implies (see Walters [18]),

min(f) = f. (4.4)
Then f is constant and so we can define u(f) = f. Thus, u is a measure in X,
p:C(X) — R. Now we claim that L= p. In fact,

Lop(f) = wLyf)

= (Lof) by 4.4

= min (L, f), by 4.3

= minLy(f),
= min(f)

= f

= u(f)

Hence, we have proved that y is a fixed point of L7, and that

LLf = pulf)- (4.5)

Now to prove uniqueness, suppose there exist m € M(X) such that £m = m, then

integrating 4.5 with respect to m we have:
/ng dm — p(f).
On the other hand,

/q;fdm = m(Lef)



This implies that m(f) = u(f) for all f € C(X). O

Theorem 4.2 (Ruelle-Perron-Frobenius Theorem). Let T : Xo — X be as before
and let ¢ € C(Xy) satisfy (i), and (ii),. Then, there exist v € M(X), h € C(X),

h > 0 and a positive real number X\ such that:

1. [,:;1/ = .
2. L,h = Ah
3. v(h)=1

4o =L — h-v(f) for dl f € C(X)

Proof. 1. First note that

Now consider the function

F: MX) - M(X)
Ly
(Lev)(1)
In order to use Theorem 3.2 , we need to prove that F'(v) € M(X). However,

v

by Theorem 1.1 we only need to prove that F'(v) belongs to the set

{aeC(X)" :a(l)=1and a(f) > 0}.
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o WT(]C1)>Of0r all f e C(X).

Thus by Shauder-Tychonoff Fixed Point Theorem, there exist v € M(X) such that

Fv)=v,ie

Taking A = L3v(1) > 0, we have LIv = Av.

2. Consider the set
P={feCX):f>0,u(f)=1,f(z) <@ (') if z,2" € X with d(z,2") < e}.
Note that I" is not empty. In fact we can check that A™1£1 € T since:

e M 'L1 >0since A >0and £1 > 0.

v(ATIL1) = AT(L1)

e Let z and 2’ be in X such that d(z,z’) < €, then
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< Z e ( Z W) — g2y
yeT 1z y'eT— 1z’
— Z ePW)—e(y') Z W)
yeT— 1z y'eT—1a!
< exp{ sup oy) —ey)} D eV
yeT 1z v ET 1o/
< exp{C(z,2")}L1(z").

Now we will prove I' is bounded and equicontinuous. To prove I' is bounded, let €
be such that € < ¢3. Note that by Lemma 4.1, there exist N and a constant a. Let

z,w be in X, then choose yo € T™"z N B.(w) such that

Thus,

LNFle) = ) W f(y)

yeT—Ng

eSNewo) £ (y0)

v

v

e f(yo)

v

e Y flw).

Hence, f(w) < e“72LN f(x) for all w, z € X, so we have that f(w) < e“~ (LN f) =
eCTUNN Let K = e“~*\N then f(w) < K for all w € X and so I is bounded.

In order to prove that I' is equicontinuous, let f be in I' and let x, 2" € X such
that d(x,2') < €. Note that since f € T, f(x) < @) f(2'), writing C = C(z, ")

we have,



< max(e’f(z') — f(z'), e f(x) — f(x))
= max(f(2')(e® = 1), f(z)(eC — 1))

= Kmax(e® —1,e% —1)

Now, by condition (i), if d(x,2") < €, C'is bounded above by C,, then

() = f(@')] < e,

where, ¢, = K max(e®s — 1,e% — 1), and so I' is equicontinuous.

Since T is clearly convex and closed it only remain to prove that A\™1£(T") € T.
In fact, let f be in I'. Clearly A™*£f > 0 and by definition of the dual, definition
1.4,

vALE) = AL = () = 1.

It is only left to prove the last condition in our set I'. Let z,2’ € X such that

d(z,7") < €. Since f € I, in particular satisfies that f(z) < e“@") f(2/). Then,

ANLf@) = AT ) eWi(y)

yeT -1z

< A1 Z egp(y)ecu,x’)f(y/)ev(y’)*w(y’)
yeTﬁlx

— ! Z eso(y')f(y/)[ew(y)—w(y’)]ec(zyw’)
yeT -1z

IA

)\—lﬁf(x/)ec@,x’)

Applying Schauder-Tychonoff Theorem there exist a fixed point h € I" such
that \™'Lh = h, i.e
Lh = \h.
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Since h € T, it follows that v(h) = 1 and h > 0 as we wanted. So we have proved
(2) and (3).
Now, let ¢ = e?h/(Ah o T). Note that g € G(Xo) and moreover, g satisfies

equation (4.2). In fact, let  and 2’ be in X and d(x,2’) < €g. If y € T7"x then

g(T'y) my 1) (1Y)
o 9(Ty) T R ey ))h(yl> o
= exp (Sup(y) — Snp(y')) flzl((;j’)) ];l((xxl)) .

Since

Co(y',y) =sup sup S,p(y') — Sae(y),

n<lyeT—"x

then,

i
L

— N — "y)— Oz, 2 9(I"y)
exp (Snsp(w Sn(p(y) Cy ,y) C(z,2")) < 11 g(Tiy)
< exp (Sup(y) — Sup(y') + C(y' y) + C(z,2"))
and so,
: , T 9(T') , ,
exp (—C(z,2') — C(a', 1)) < L1577y <exp (C(z,2") + C(2', 1))

which proved that (iii)q is verified.

Now, by Theorem 4.1 there exist u € M(X) such that L7

loggJ COnMVerges uni-

formly to u(f) for all f € C(X) where u € M(X) satisfy Liog gt = H-



Since g = 352, then L7 f(x) = X"h(x)(Lioggf/h)(x). Thus, L7.f converges to

N'hu(f/h). Now we want to prove that

p(f/h) =v(f), (4.6)

which will implies that L7 f — A"hv(f) as we want. In fact, define m(f) = v(hf).

Then,

m(»cloggf) = V(h : Lloggf)

]

Note that proving 4.6 we actually prove that u(f) = v(hf), i.e the measure
that was obtained in Theorem 4.1 is equivalent to the measure v. Thus pu = hv is

the absolutely continuous invariant measure for 7.

Corollary 4.1. The measure p and the scalar \ are uniquely determine by the

conditions: X >0, v € M(X), and L3y = Av.
Proof. We showed in the previous theorem that

lim - £,"(f) = hv ()

n—oo \™

for all f € CX. In particular, for f =1,

iy L
nSi0o AT

£M(1) = hew(1)
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= v(h)=1
Applying logarithm,
L(1
lim log o) =0
n—00 A"
lim [log £,"(1) —nlogA] = 0
n—oo
logh = 1l 11 L(1)
ogA =l Tlog

On the other hand, by R-P-F Theorem we have that £k = A"h which implies

that we can write h = /\inﬁwnh. Replacing this in part 4 of R-P-F Theorem, we get

lim £°f = %(ﬁgh)y(f).

n—oo

Hence,

]

Proposition 4.2. Let T : Xg — X satisfy (i)r and (ii)p. Then T is a measure

preserving transformation and p(Xo) = v(Xo) = 1.

Proof. Let f > 0 be in C(X) with compact support inside X N By, (x) for some €.

Then by Propositionl.2 we want to show:

p(foT) = pu(f).
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Let {A;}22, be the component of T71(X N By (z)) and define T; = T'| A;.
Thus, f o T; has compact support inside A; and we can extend it over the

whole space by defining f o T; = 0 on X \ A;. Then,

(foT)(@) = F(Ti@)
and by Theorem 4.1.
p(foTi) = Liggu(foT) (4.7)

= /Elogg(foTZ-)d,u (4.8)
- /X T )@l (49)

Now summing this last expression, we get u(f oT;) = u(f).

To prove that p is concentrate in Xy see [18]. O

Definition 4.1. A measure p is said to have no atoms if for any measurable set A

of positive measure there exist B C A such that
1(A) > p(B) > 0.

Corollary 4.2. Let T : Xo — X as before and let ¢ € C(Xo) satisfy (i), and (ii),.

Consider A\, v, h,u, and g as in Theorem 4.2. Then
1. w 1s positive on non-empy open sets and has no atoms.

2. voT™" converges to p in M(X).
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Proof. Let € > 0. By Lemmad4.1 there exist N > 0 and b > 0 such that if x,w € X

there exist y € T~z U B, with

N—

—_

g(T
=0

Thus using Theorem 4.1
u(Be) = nlxs.(w))

= 1(Liggy(x5. (w)))

£5 s, (w) () dp(x)

I
—

N-1

=/ > Hg(Tiy)du(x)

yeT-NzNB. 1=

where the last expression is grater or equal than b. Therefore, p is positive on
nonempty open sets. Now let xy be a point with the largest mass among all atoms.

Then,

(wo) = Liog git(Xap)
= ((LioggXao)
— [ Lusnl)duta)
= [ ¥ swna@dut

yeT 1z

— [ gten)dn(Tar

= g(wo)pu(Txo)
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but since g(zo) < 1 and by the choice of zg we must have g(x¢) = 1 which contradicts

that ¢ > 0 and
> gz =1
2€T1(T(20))

To prove part 2, first note that

LM(foTm) = Y W (foTm)(y)

yeT "y

= Y )

yeT g

Thus by Theorem 4.2,

/fd(z/oT") = /foT”dz/

1 n mn
= F Lsp(fOT )dV
1 n
= V/fo‘ccp]‘dy
= /f-hdy
= v(f-h)
= u(f)
Hence, f o T" converge to p in M(X) O

Definition 4.2 (Conditional Expectation). Let (X, B, u) be a measure space and

let C be a sub o-algebra of B. We define the conditional expectation operator

E(-]1C): EM(X,B,u) — LY(X,C, ).

o1



Let f be in LY(X, B, ), f >0 and define

s (C) = k/cfdu,

where k = (fX fdu)~t. Clearly, uy is a probability measure which is absolutely con-
tinuous with respect to p. Then, by Radon- Nikodym Theorem there exist a function

E(f|C)>0in LY(X,C, ) such that:

|eicya= [ ra

If f is a real valued function on L'(X,B, 1), we define the conditional expec-

tation linearly by considering the positive and negative parts of f.

Definition 4.3. A transformation T : X — X is said to be an exact endomorphism
of

T "B=N

n=0
where B is the given o—algebra and N is the o—algebra of sets of measure 0 or 1.

To prove that (7, ) is an exact endomorphism is the same as to prove
E(f|()T"B)=n(f)
n=0

almost everywhere for all f € L'(u).

Lemma 4.2. Let T satisfy condition (i), and let g € G(X) satisfy (4.2). Let pu be

as in the Theorem 4.1. Then,
E,(f|T7'B)(x) = Lf o T(x)

p-almost everywhere. Note that Lf o T(x) =3 cr1rp 9(¥) f(y)
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Proof. Let f be in C(X).

/ﬁloggfd,u = /ﬁloggfdu
X X

Then, by definition 4.2,

E(fIT'B)x)= > gwf)

yer—!(Ta)

Applying Lemma 4.2 consecutively we get the following corollary.

Corollary 4.3. Let T satisfy condition (iy), and let g € G(X) satisfy (4.2). Let p

be as in the Theorem 4.1. Then,
E,(f | T™"B)(x) = L7 f o T"(2).
u-almost everywhere.

Theorem 4.3. Let T : Xo — X as before and let p € C(Xy) satisfy (i), and (ii),.
Consider A\, v, h,u, and g as in Theorem 4.2. Then (T, u) is an exact endomor-
phism.
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Proof. Let € > 0, we can choose | € C(X) with [|f — 1] < £. This implies the

following observation:

€
() = )| < [ 1f = ldn < 5. (411)
Now, since by Theorem 4.1, LR f — u(f) for all f € C(X):
[ 180of =Pl = [ VL = gyl + Ll = @)+ (D)~ )l
S /‘Elogg logg”du—i_/“clogg ‘du—i_/‘/’t ‘d:u
€ € €
< sH5gt5 =€

3 3 3

Thus L7

e gf converge to p(f) in L'(u). Next, we estimate:

JIEG I nset ) = u(Pldn = [ 1B |02 B) ~ B | 7) + £ | 7VB)
—p(f)| dp
< [IBG 10T "B) - B | TVB)| +
1B T78) = ()] dn

For large N the first term is small by the Martingale Theorem, and for the second

term we use Corollary 4.3 and get

/ B(f | T-VB) - u(f)] dpe = / LNF o TV — u(f)ldu

o4



which is small as we proved above. Thus the result follows when n tends to infinity.

]

4.2 Expanding Maps

In this section we will apply the results obtained in Section 4.1 for the case
when 7" is an expanding map where all conditions stated before are satisfied. Let
X be a compact connected manifold, in this case, X = X = Xj. Let v be a smooth
probability measure on X, we would like to find a T-invariant probability measure
€ M(X) which is equivalent to v. The result will be an immediate consequence

from the results proved in the previous section.

Definition 4.4. Let T : X — X be a C' map, n > 0. We say that T is expanding

if there exist constants v > 1 and K > 0 such that

IDT™ 0l = K~"[[v]]

for all tangent vectors v, where DT is the tangent map of T.

This constants depends on the choice of the Riemannian metric and then an
appropriate metric can be chosen so that we can consider K = 1. Also, if d is the
metric on X which is determined by the Riemannian metric, there exist 6 > 0 such
that if d(z,2") < J, then

d(Tz,Tx") > ~vd(x,x).
Lemma 4.3. Let T : X — X be expanding, then T satisfies conditions (ir) and
(iip.)
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Since T' is an expanding map, then T is a covering map. In fact, the set
T~'By(z) = ||, Ai(z) and T : A; — By (x) is a homeomorphism. A good ref-
erence for more details is the well known lectures notes from Viana [17]. To prove

that (ir) holds, we refer to [18] and [15].

Lemma 4.4. Let T : X — X be an expanding C*-map. If p(x) = —log|T" ()|,

then ¢ satisfies condition (i), and (77),.

Proof. Since we showed that the set {T'z} is bounded, there exist a constant

K > 0 such that

Z eso(y)f(y) <K.

yeT 1z

To prove (it),, let y € T7™(x), and € > 0. Suppose that d(z,z’) < € for z,2" € X.

Then, for n > s we prove,

dz,2") = d(T(T 'z),T(T'2"))

> yd(T 'z, T2).

Then inductively we get that
d(T 72, T 2"y <y d(z,2') for j > 0.

Then, as —log |T"(x)| is a C*-map we get,

n—1
1> e(Ty) —o(T'y)| < Czd iy, T'y)
=0
n—1 . ‘
S C Z d(Tz—’VL(Tny)’ T'L—n(Tny/))
=0

o6



IA

O3 T (@), T )

IN

n—1
C’Z v (z, 2
i=0

C,d(x, )

IA

IA
Q

n—1

Therefore Cy(z,2") = sup sup Z[cp(sz) — @(T"y")] is bounded. O

n>1 yeT—ngx i=0
Since we have verified the conditions over 1" and ¢. We can apply the results
obtained in the previous section which give the following important Theorem for

expanding maps.

Theorem 4.4. Let T : X — X be expanding and let v € M(X) be a smooth
measure. Then, there exist p a T-invariant measure which is equivalent to v and

h € C(X), h >0 such that:

1. LLf = h-v(f) for all f € C(X). Note that in this case

Lol = 2. Ty

yeT—"x

2. The measure yp = h - v is T-invariant.
3. voT™ — pin M(X).

4. (T, X) is an exact endomorphism.

5. The measure v is T-invariant if and only if Z
yeT—1(z

1
=1, forallx € X.
)
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The proof is an immediately consequence of the Theorems 4.2, 4.3, and Corol-

lary 4.2. To prove the last statement, we can se that v is invariant if and only if

1

T

h = 1. In this case, L,1 = 1, so v is T- invariant if and only if Z
yeT—1z

Example 4.1. Consider T : z + z? on |z| = 1 or equivalently T : x + 2z (mod 1).

In this case, T' = 2, and v is the Lebesque measure.
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