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Record linkage methods help us combine multiple data sets from different
sources when a single data set with all necessary information is unavailable or when
data collection on additional variables is time consuming and extremely costly. Link-
age errors are inevitable in the linked data set because of the unavailability of an
error-free and unique identifier and because of possible errors in measuring or record-
ing. It has been realized that even a small amount of linkage errors can lead to
substantial bias and increase variability in estimating the parameters of a statistical
model. The importance of incorporating uncertainty of the record linkage process
into the statistical analysis step cannot be overemphasized.

The current research is mainly focused on the regression analysis of the linked
data. The record linkage and statistical analysis processes are treated as two sepa-
rate steps. Due to the limited information about the record linkage process, simpli-
fying assumptions on the linkage mechanism have to be made. In reality, however,

these assumptions may be violated. Also, most of the existing linkage error models



are built on the linked data set, which only contains records for the designated links.
Information about linkage errors carried by the designated non-links is missing.

In the dissertation, we provide general methodologies for both regression anal-
ysis and small area estimation using data from multiple files. A general integrated
model is proposed to combine the record linkage and statistical analysis processes.
The proposed linkage error models are built directly on the data values from the
original sources, and based on the actual record linkage method that is used. We
have adapted the jackknife methods to estimate bias, variance, and mean squared
error of our proposed estimators. To illustrate the general methodology, we give one
example of estimating the regression coefficients in the linear and logistic regression
models, and another example of estimating small area mean under the nested-error
linear regression model. In order to reduce the computational burden, simplified
version of the proposed estimators, jackknife methods, and numerical algorithms
are given. A Monte Carlo simulation study is devised to evaluate the performance
of the proposed estimators and to investigate the difference between the standard

and simplified jackknife methods.
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Chapter 1: Introduction

1.1 Record Linkage

In record linkage, or exact file matching, one compares two or more files on
a single population in absence of a unique and error-free identifier for purposes of
unduplication or production of an enhanced, merged database (e.g., Newcombe et
al. 1959, Fellegi and Sunter 1969, Herzog et al. 2007). Record linkage differs from
statistical matching in terms of the types of units to be linked or matched. The
primary goal of record linkage is to link an entity (e.g., person, household, farm,
etc.) from one file to the same entity in other file(s). In contrast, the primary goal
of statistical matching is to link similar units (e.g., matching the same demographic
group from different files). In this dissertation, our focus is on the statistical esti-
mation related to record linkage and not statistical matching. Readers interested in
statistical matching are referred to Réssler(2002), D’Orazio (2006), and others.

A merged or linked database, created by record linkage, is of great interest
to analysts interested in certain specialized multivariate analysis, which would be
otherwise either impossible or difficult without advanced statistical expertise as
variables are stored in different files. Record linkage is used in many applications,

including population size estimation at the Census Bureau (Winkler 1994, 1995, and



Jaro 1989), epidemiological and medical studies (e.g., Gill 1997), sociological studies,
survey frame improvement, and, more recently, counter-terrorism (Gomatam and
Larsen 2004). For more information on its applications, see Alvey and Jamerson
(1997) and references therein. The National Death Index is matched to existing
insurance, medical, and other databases for studies (e.g., Livingston and Ko 2005).

Record linkage techniques can be broadly classified into deterministic and
probabilistic record linkages. They both use common matching fields available from
files to be linked that are indicative of a true match status of an entity. Examples
of matching fields include last name, date of birth, address, etc. In deterministic
record linkage, a record pair is deemed a link if the two records agree on all or some
available matching fields according to a pre-specified rule, and hence there is no
stochastic element in the deterministic record linkage process. On the other hand,
if such a link is only deemed a link with certain probability it is called probabilistic

record linkage. This dissertation concerns probabilistic record linkage.

1.1.1 Fellegi and Sunter Model

Fellegi and Sunter (1969) first developed a theoretical framework for record
linkage. Suppose we have two files F'y and Fg, which contain records for a sample
S of size n and a sample Sp of size N, respectively, from the same population
U. Let j represent the index of a record in Fj, and let j' represent the index
of a record in Fg. The goal of record linkage is to partition all record pairs in

the set Fy X Fg = {(4,j') : j € Fa,j € Fp} into two disjoint sets: the set



of matches M = {(j,j') : l;;y = 1,j € Fa,j’ € Fp} and the set of mismatches
Me ={(j,5") : l;7 = 0,5 € Fa,j/ € Fg}. Here, l;;; represent the true matching
status of the record pair (j,j’); that is, l;;; = 1 if record j from F4 and record j’
from Fg actually correspond to the same population unit.

The goal of record linkage is achieved by making comparisons comparisons of
information on matching fields between records in F4 and records in Fg. The match-
ing fields usually do not include a unique and error-free identifier, such as Social
Security Number. Examples of matching fields include name, gender, race, date of
birth, address, etc. Some matching fields (e.g., last name) have more discriminatory
power than the others (e.g., gender) in distinguishing matches from mismatches.
Let w = (wy,)&_; denote a vector of K matching fields, and let 'w;-‘ and 'wff represent
the values of w for record j € F4 and j' € Fp, respectively. The record linkage
model is built on a comparison vector ¢ = (¢;)&_;, which is a vector-valued variable
that displays the pattern of agreement and disagreement on matching fields. The
simplest method of constructing comparison vectors is to use exact matching. The
comparison vector ¢ = (c;j)5_, for the record pair (j, j') is defined as:

1if wh = why

Cjj'k =

0 if wi # Wi
For example, when there are K = 3 matching fields, the possible values of a com-
parison vector are (1,1,1), (1,1,0), (1,0,1), (0,1,1), (1,0,0), (0,1,0), (0,0,1) and
(0,0,0). Matches tend to have more ones in their comparison vectors than mis-

matches.



Fellegi and Sunter (1969) proposed an optimal decision rule to designate record
pairs into links and non-links. The decision rule is optimal in the sense that it
minimizes the number of records requiring clerical review at a fixed error level. The

decision rule is based on the following likelihood ratio score:

7 Plejp|(G.7) € M9) ~ Plejpllyy = 0)

Intuitively, the larger the likelihood ratio Rj; is, the more likely the record pair
(4,7') is to be a true match. Therefore, based on the values of R;;, one of three

decisions are to be made based on the following rule:

o If R;; > Ry, then designate the record pair (7, ') as a link;

o If R, < Rjj < Ry, then send the record pair (7, j') to clerical review;

o If R;;» < Ry, then designate the record pair (7, j') as a non-link;

where Ry and Ry, are the optimal upper and lower thresholds, respectively, which
are determined at a pre-specified error levels for false links and false non-links. Note
that any monotone increasing function (such as logarithm) of the likelihood ratio
Rj; can serve equally well as a test statistic for the purpose of record linkage.

The probabilities in (1.1) are unknown and need to be estimated. To simplify
the estimation of these probabilities, Fellegi and Sunter (1969) made a conditional

independence assumption: agreements on matching fields are independent within



matches and mismatches. That is,

K K
P(c]] |l]]’ - ]-) - HP(C]]%N]J' = H k)l_cjj’k7
k=1 i
K K
Pejplliy = 0) =[] Plejiullyy = 0) H U (] ) 12)

e
Il
—

=1

where my, = P(cjj, = 1|l;;; = 1) and u, = P(cjj1 = 1|, = 0) are the probabilities
of a record pair agreeing on the matching field £ among matches M and mismatches
M€, respectively. Under this assumption, estimation of the unknown probabilities in
(1.1) is reduced to estimation of the matching parameters {my, ux,k = 1,--- , K}.
The optimality of Fellegi and Sunter’s method heavily depends on the accuracy of
the estimates of these matching parameters.

Fellegi and Sunter (1969) also suggested a method called blocking to reduce
the computational burden caused by the large amount of comparison vectors. The-
oretically, all the record pairs in set F)4 x Fg should be considered for comparison.
However, comparison of two moderate files can lead to an extremely large amount of
comparison vectors. For example, 10° comparison vectors will be generated for two
files of sizes 10* and 10%. Fellegi and Sunter (1969) suggested to partition records
into blocks based on whether they agree on one or a set of characteristics, such as
zip code or the first three digits of phone numbers. Only records within the same
block are compared. In this way, the number of comparison vectors can be greatly
reduced.

Remark 1: Elements of the comparison vector ¢ can be binary or continu-
ous. Besides exact matching, a comparison vector with binary elements can also
be constructed in a more general way by assigning a distance function d(-) and a

5



threshold 7 to each matching field k, k = 1,--- | K. For the record pair (j,7’), its
comparison vector can be defined as: ¢, = 1 if di(wjr, wj) < 71 and c¢jj = 0
if di(wjg, wjrr) > 1, k =1,--- , K. For example, the string comparator (Winkler
1990) can be used as a distance function for a string-valued matching field.

Remark 2: The conditional independence assumption has been criticized
since it often fails in practice. However, estimation under the conditional indepen-
dence assumption can still provide accurate decision rules even though the assump-
tion is violated; see e.g., Thibaudeau (1993), Winkler (1989a, 1994). The conditional
independence assumption can also be relaxed by introducing interactions among
matching fields; see e.g., Armstrong and Mayda 1993, Thibaudeau 1993, Larsen and
Rubin 2001.

Remark 3: The optimality of the decision rule heavily depends on the accu-
racy of the estimates of the matching parameters and the choices of the upper and
lower thresholds; see e.g., Belin 1993, Belin and Rubin 1995. Also, it is possible that
a record in F is linked to two or more records in F'g, since all the record pairs with
their likelihood ratio scores above the upper threshold will be designated as links.
Some programming approaches have been developed to force one-to-one linkage; see
e.g. Jaro (1989) and Fortini et al. (2002). Though these approaches can help to
avoid the occurrence of the one-to-many or many-to-one linkage problems in record

linkage, it may also remove the true matches.



1.2 Statistical Analysis of Linked Data

Probabilistic record linkage procedures are subject to linkage errors. There
are two types of linkage errors. The linkage error is called false positive if a true
mismatch is deemed a link by the record linkage procedure. On the other hand,
the linkage error is called false negative if a true match is deemed a non-link by
the record linkage procedure. Neter et al. (1965) showed that a relatively small
amount of linkage errors could lead to substantial bias in estimating a regression
relationship. If one simply ignores the linkage errors, analysis of linked data could
yield misleading results in a scientific study. Therefore, the importance of accounting

for linkage errors in statistical analysis cannot be overemphasized.

1.2.1 Linkage Mechanisms

Suppose that a linked data set is generated by combining the records from
two files F,, and F, through some record linkage techniques. Here, F} represents
the file containing the observed values of a scalar variable y, and F), represents the
file containing the observed values of a vector-valued variable x of order p. Let X
denote the matrix of the observed x values in file F}., let y denote the vector of the
unobserved true y values corresponding to X, and let y* denote the vector of the
y values that are selected from the file F), and linked to X. Thus, the linked data
set contains (y*, X). Most of the existing linkage error models are directly built
on the linked data by exploiting the relationship between y* and y. Under certain

assumptions, the randomness of the record linkage process can be generally modeled



via the following identity:
y =Ty (1.3)

Here, T = (t;;)"

o171 1S an unknown random permutation matrix, with ¢;;; repre-
senting the true matching status between y> and y;/, where y; is the y value that
is linked to x; and y;s is the true y value corresponding to x;; that is, t;;; = 1 if
y; and y; represent the y value for the same population unit, ¢;;; = 0 otherwise. So
tj; = 1 indicates that (x;,y}) is correctly linked.

The distribution of linkage errors depends on the characteristic of the proba-
bilistic record linkage method that is actually used. Here, based on the conditional

distribution of the matching status matrix T" given the observed data y*, X, C, we

classify the linkage mechanisms into three categories:

e LCAR: The linkage is called linkage completely at random (LCAR) if the
conditional distribution of T' given the data y*, X and C, say f(T|y*, X,C;%)
does not depend on y*, X and C; that is, f(T|y*, X,C;vy) = f(T';7) for all y*,
X, C, v, where vy denotes a vector of unknown parameters. Note that it does
not mean that the linkage process is random, but the linkage process does not

depends on values of y*, X and C.

e LAR: The linkage is called linkage at random (LAR) if the conditional distri-
bution of T' given the data y*, X and C depends only X or/and C, but not

on y*. That is, f(T|y*, X,C;vy) = f(T|X,C;~) for all y*, X, C, ~.

e LNAR: The linkage is called linkage not at random (LNAR) if the conditional



distribution of T' given the data y*, X and C depends on y*.

However, the detailed information about record linkage may not be available
to the people who perform statistical analysis. To adjust the linkage bias in the
statistical analysis of the linked data, assumptions on the linkage mechanism have
to be made based on the available information one can obtain about linkage errors.

In secondary data analysis, researchers can only get access to the linked data
generated from the record linkage process. The information about linkage errors can
be obtained from a training sample of the linked data. The true matching status for
each linked record pair in the training sample can be determined through clerical
review. If the linked data and the training sample are available to researchers, there
is a scope for correcting the linkage bias in the statistical analysis. Neter et al.
(1965) discussed this secondary analysis using an audit sample. In the context of
understanding the effects of low-level radiation data on cancer death rate, Lahiri
(1995) and Krewski et al. (2001) suggested analysis of the Cox proportional hazard
model using information contained in a sample to correct for linkage error biases.
More recently, following Neter et al. (1965), Chambers (2009) put forward a variety
of methods for different secondary data analyses that use a sample to correct for
linkage error biases. Following the work of Chambers (2009), researchers advanced
the secondary data analysis of the linked data in several different directions; see e.g.,
Chambers et al. (2009), Chipperfield et al. (2011), Kim and Chambers (2012a,b,
2013), Samart and Chambers (2014), Dasylva (2014), Chipperfield and Chambers

(2015), and Chambers and Kim (2016). Kandari and Lahiri (2016), following up



on Lahiri (1995), suggested a theory of predicting a function misclassified binary
variables using information from a sample. However, due to the limited information
about the linkage process in secondary data analysis, researchers typically assume
that the linkage is LAR or LCAR (limited to dependence on X only).

In primary data analysis, researchers can get access to not only the linked
data but also some summary information generated during the record linkage pro-
cess, such as values of matching fields, values of comparison vectors, the matching
weights (such as the likelihood ratio score), the estimated linkage probabilities,
and so on. This detailed information can assist researchers to learn more about
the linkage mechanism, and can be potentially used to correct the linkage bias in
the statistical procedures. Scheuren and Winkler (1993, 1997) showed how to use
record linkage process information in correcting the linkage bias of the ordinary least
squares (OLS) estimator of the regression coefficient in a standard multiple linear
regression model. Their approach involves first estimating an analytical expression
of the bias of the OLS using the record linkage process information and then ap-
plying the estimated bias correction to the OLS. Lahiri and Larsen (2005) obtained
an exact unbiased estimator of regression coefficients by deriving the expected value
of the linked response variable when linkage errors are uncorrelated with the true
response given the comparison vectors. Hof and Zwinderman (2012) followed up
on the Lahiri-Larsen approach and showed how to extend it to link multiple files
or when one-to-one matching is not desired. In primary data analysis, with the
additional information about the linkage process, researches are able to build more

sophisticated linkage error models by assuming that the linkage depends on C, X,

10



or both (LAR).

1.2.2  Linkage Error Model: Chambers (2009)

In this part, we introduce the linkage error model proposed by Chambers
(2009) as an example of using the LCAR linkage mechanism and a training sample
in secondary data analysis.

Chambers (2009) developed a linkage error model under the following assump-
tions:

(1) The linked data is obtained by combining two files F, and F,. F, and F,
contain the observed values of y and =z, respectively, for all the units of the same
population of size N, without duplicate. Hence, F}, and F}, are of the same size N.

(2) The records in files F}, and F}, are partitioned into G blocks, with IV; records
in block ¢, without error. So linkage errors only occur within the same block.

(3) The resulting linkage is complete (i.e., all records are linked) and one-to-one
between F, and F,.

Let x;; denote the observed value of @ for record j in block i from Fj, let
yij denote the true value of y corresponding to ;;, and let y;; denote the value
of y that is recorded in block i of Fj, and linked to z;;. Let y;, = (ym)j\f:l1 and

Y = (y;)jv;l denote the vector of true y values and the vector of linked y values in

T)Ni

block 7 corresponding to X; = (:I:Z-j j~1, respectively. Under the above assumptions,

Chambers (2009) modeled the randomness of the outcome of the linkage process via

11



the identity

where T; = (téj,);y;’ljg?,zl is an unknown random permutation matrix of dimension
N; x N; with 15 T; = 13, and T;1y, = 1y,, and the T'; are independently distributed
across blocks.

Following Neter et al. (1965), Chambers (2009) further assumed that:

(4) The probability of a designated link being a true match is the same within
each block.

(5) The probability of a designated non-link being a true match is the same
within each block.

Under these assumptions, Chambers proposed the following exchangeable link-

age error model:

P(t; = 1ldata) = X, Pty = 1data) = .

fori=1,--- ,G,j=1,---,N;, 7 =1,--- ,N;, and j # j', where ); is an unknown
block-specific parameter.

Under the above framework for statistical analysis of the linked data, Cham-
bers (2009) took account of linkage errors into the linear regression analysis of the
linked data. Inspired by Scheuren and Winkler (1993), Chambers (2009) developed
a bias-corrected ordinary least squares (OLS) estimator of the regression coefficient
by adjusting the bias of the naive OLS estimator under the exchangeable linkage
error model. Inspired by Lahiri and Larsen (2005), Chambers (2009) developed
an unbiased OLS estimator and a best linear unbiased estimator (BLUE) of the

12



regression coefficient by exploiting the regression relationship between y; and X;
under the exchangeable linkage error model. Chambers (2009) also extended these
ideas, developed a general estimating-equations-based theory for the regression anal-
ysis using linked data by correcting the bias of the estimating functions under the
proposed exchangeable linkage error model, and applied the theory to the linear
and logistic regressions. Subsequently, Kim and Chambers (2012a, 2012b, 2013)
extended the methodology to accommodate the situation where the linked data is
produced by linking more than two files and the linkage is incomplete. Smart and
Chambers (2014) proposed a method for estimating the regression coefficient in a
nested-error linear regression model when linked data is used. Other related articles
include Chambers et al. (2009), Chipperfield and Chambers (2015), Chambers and
Kim (2016).

Remark 1: The exchangeable linkage error model is based on the assumption
that the linkage mechanism is LCAR. Chambers (2009) realized that it was probably
the simplest way to characterize the behavior of a probability-based record linkage
process, and that more sophisticated models could be formulated with additional
information. Evidently, the optimal estimators derived from the proposed estimating
equations under the exchangeable linkage error model will not be optimal under
a more complex linkage error model, such as the one proposed by Scheuren and
Winkler (1993), which allows the probability of correct linkage to vary both within
and across blocks.

Remark 2: The estimators of the regression coefficient mentioned above are

unbiased in the sense that they are unbiased when the block-specific parameters \;,
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i=1,---,G (and variance component parameters if they are involved) are known.
In practice, however, these block-specific parameters are unknown and need to be
estimated by using a clerically-reviewed training sample of the linked data for each
block. The block-specific parameters \; can be simply estimated by the sample pro-
portions of the correctly-linked record pairs in block i, ¢ = 1,--- | G. Therefore, the
unbiasedness and efficiency of the proposed estimators of the regression coefficient
depends on the accuracy of the estimated block-specific parameters. The estimate
of \; can be unreliable if there are not enough samples in block 7, which occurs often

in the literature of small area estimation.

1.2.3 Linkage Error Model: Scheuren and Winkler (1993)

Here, we introduce the linkage error model proposed by Scheuren and Winkler
(1993) as an example of using the LAR linkage mechanism and summary information
from the record linkage process in primary data analysis.

Using assumptions (1) and (2) in Section 1.2.2, the linkage error models pro-

posed by Scheuren and Winkler (1993) can be generally rewritten as:

y*:sz“Z:l,,G

7

where T'; = (tﬁj,);y;’lzg?,zl with T;1y, = 1n,, and T'; are independent across blocks.
The linkage error model proposed by Scheuren and Winkler (1993) allows

the probability of being a true match to vary across record pairs. They generally

assumed that:
P(t); = 1|data) = ¢;,
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where Z§L1Q§j/ =1,i=1,...,G,j=1,...,N;,;and j'=1,..., N,.

Based on the available information about the linkage process, more specific
assumptions can be made on the linkage mechanism to simplify the estimation of
the probabilities q;-j,. As illustrated in Scheuren and Winkler (1993), one can assume
that the probability of a record pair (7, 7/) in block ¢ being a true match only depends
on its corresponding matching weight 7’2 ;> which can be derived from the comparison
vector ¢};,. That is, P(t;|data) = P(t};[r?,). In this case, the method proposed
by Belin and Rubin (1991) can be used to estimate probabilities qﬁj, by fitting
a two-class Gaussian mixture model to the transformed matching weights. Note
that a clerically-reviewed training sample is also required to estimate the unknown
parameters involved in the transformation. Under the linkage error model, Scheuren
and Winkler obtained an unbiased estimator of the regression coefficient in a multiple
linear regression model by adjusting the linkage bias of the naive OLS estimator.

Following Scheuren and Winkler (1993), Lahiri and Larsen (2005) assumed
that the probability of a record being a true match depends only on its comparison
vectors ¢, That is, P(t%;|data) = P(t’;|c};). Assuming that the comparison
vectors follow a two-class mixture model, estimation of probabilities qéj/ reduces
to the estimation of unknown parameters in the mixture model. The maximum
likelihood estimates of the mixture model parameters can be approximated by using
the Expectation-Maximization algorithm. By exploiting the relationship between
the linked y values and the true x values, Lahiri and Larsen developed an exact
unbiased estimator of the regression coefficient in a general linear model.

Remark 1: The exchangeable linkage error model proposed by Chambers
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(2009) can be treated as a special case of the one proposed by Scheuren and Winkler
(1993), where q;.j = \; and q;'.j, =1=XN)/(N;=1),i=1,....,m, j =1,..., N,
j =1,...,N;, j/ # j, which are estimated using a sample drawn from the linked
data file. In contrast, in Chapter 2 we propose a model where the probability of
correct linkage could vary both within and across blocks. Moreover, the number of
parameters is reduced by exploiting data on matching weights 7“;'-]-, or comparison
vectors c;'-j, through the mixture model and hence the parameters are estimated
efficiently using data from many blocks. The difference between the two approaches
can be attributed to the fact that Chambers (2009) focused on the secondary analysis

of linked data while we focus on a method that can be directly applied to two

separated data sets to be linked.

1.3 Discussion and Overview of the Dissertation

In Chapter 1, we have presented a brief overview of the record linkage tech-
niques for data integration. We have introduced the first statistical framework for
record linkage, and the optimal decision rules used for designating record pairs into
links and non-links, as a special example. In addition, we have discussed the effects
of linkage errors on statistical analysis and emphasized the importance of taking ac-
count of linkage errors into statistical analysis. The existing methods for correcting
the linkage bias are discussed, and several examples are provided.

In Chapter 2 and Chapter 3, we provide a methodological framework for the

regression analysis using data from two different files. Especially, we are interested
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in estimating the regression parameters related to the conditional distribution of
the response variable y given the predictors z. Rather than separating regression
analysis from record linkage as most existing methods do, we propose a general
integrated model to combine these two processes, based on the assumption that the
sample units in one file is a subset of those in the other file. We also provide a general
class of estimating equations that can produce different estimators corrected for the
linkage bias. A jackknife method is then adapted to estimate the bias, variance
and mean squared error of our estimators. Our methodology can be widely applied
to the general linear regression models, the generalized linear regression models,
and the general linear mixed models, as long as observations on y are independent
across blocks given z. To illustrate our methodology, we implement our general
methodology to two special situations where the linear and logistic regression models
are of the focus of research.

In Chapter 4 and Chapter 5, we focus our research on small area estimation
using data from two files. Specifically, we are interested in predicting an area-specific
parameter, which can be expressed as a function of fixed and mixed effects. A new
linkage error model is developed to combine the small area model with the record
linkage model. Its difference from the previously proposed linkage error model is
discussed. Under the modified general integrated model, we provide the general
methodology for obtaining the Empirical Best Prediction (EBP) estimator of the
parameter of interest and for estimating its mean squared error. To illustrate our
methodology for small area estimation, we consider the situation where the general

linear mixed model with block-diagonal covariance structure is used as the unit-level

17



small area model. The nested-error linear model is discussed as a special example.

In Chapter 6, we devise a Monte Carlo simulation study to compare differ-
ent estimators, and we investigate the performance of the standard and simplified
jackknife methods.

In Chapter 7, we offer some scope for future research.
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Chapter 2: Regression Analysis of Data from Two Files

2.1 Introduction

In Chapter 2, we provide a methodological framework for statistical analysis
using data from two different files. Specifically, we are interested in estimating
the regression parameters related to the conditional distribution of the response
variable y given the predictors £. We propose a general integrated model that takes
account of linkage errors in the analysis of a wide range of variables—discrete and
continuous. We also provide a general class of systems of estimating equations
that can produce various estimators corrected for the linkage bias. A jackknife
method is then adapted to estimate the bias, variance and mean squared error of
our estimators. Moreover, we also introduce some simplified versions of the proposed
estimators and the standard jackknife method in order to reduce the computational
burden. Application of our methodology only requires observations of the response
variable y to be independent across blocks given predictor . So it is not limited to
the observations related to mutually independent population units, but can be used
for observations corresponding to units that are independent across blocks, such as

residents in a county, patients in a clinic, or students in a school.
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2.2 Problem Description and Data Availability

Let y represent a scalar random variable of interest, and let x represent a
vector-valued variable of order p. Our goal is to model the relationship between y
and z in a population U. In particular, we are interested in estimating the regression
parameters associated with the conditional distribution of y given x. However,
the joint observations on (y,z) are not available. Instead, observations on y and
observations on & are separately recorded in two files F}, and F, but the matching
status between any record from F, and any record from £}, is unknown.

To be specific, F, contains the observed values of y for a sample S, of n units
from U, F, contains the observed values of x for a sample S, of N units from U,
and there is no duplicate in either file. In this dissertation, we assume that S, C S;.
The data layout for files F}, and F} is shown in Table 2.1. Here, g; denotes the value
of y for record j in F, x; denotes the value of x for record j' in F,, and y;» denote
value of y corresponding to x;, where j = 1,...,n, 7 =1,..., N. Since y;s exist
but are not observed in F,. their corresponding column in F), is shaded in gray.
The records in F), are not aligned to those in F}, so y; and y; may not represent
the y-values for the same population unit even if j' = j.

Assume that there also exists a vector of K matching fields, denoted by w,
whose observations are available in both files. Let @; and w; represent the values of

w for record j in F, and record j' in F, respectively. It is also sufficient to assume

that only the values of comparison vector ¢, ¢;;/, are available for each record pair
(j7j/)7 j € Syv j/ S SfE
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N

Let § = (9;)7—, denote the nx 1 vector of observed y values in Fy,, X = (x],)]_,

denote the N x p matrix of observed x values in F,, y = (yj/)é\,’:l denote the unknown

N x 1 vector of y values associated with X, W = ('LT)]T);: | denote the n X K matrix

of w values in F,, W = ('wf/)j\,f: , denote the N x K matrix of w values in F,, and

C denote the Nn x K matrix of comparison vectors derived from comparing W and

W. In summary, our observed data are {g, X, W,W}, or equivalently, {g,X,C'}.

Table 2.1: Data layout for observations on y and z in F, and F,: F, contains
observed values of variables w and y for a sample S, of size n, F,, contains observed
values of variables w and z for a sample S, of size N, and S, C S,. Note that the
true y values corresponding to # (shaded in gray) exist but are not observed in F,.

Label w! gy Label w! z! y
1w 5 L w2 oy
F, P F, .
S B T 7 ioowpm oy
n ﬁ)g Un N w% o j]\} YN

2.3 General Integrated Model for Regression Analysis

In this section, we propose a general integrated model to propagate the un-
certainty of the linkage process in the later estimation step under the assumption
of data availability described in Section 2.2. The general integrated model involves
three important components: a regression model, a linkage error model and a mix-
ture model. The regression model is used to characterize the relationship between
the response variable y and the predictor x, the linkage error model is used to

characterize the randomness of the linkage process, and the mixture model on com-
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parison vectors is used to estimate the probability of a record pair being a match
given the observed data and designate all record pairs into links and non-links. In

the following part, we introduce each component one by one.

2.3.1 Regression Model

Assume that values of (y,z) for units in the population U follow a general
regression model and the model holds for all sampled units in S,. To illustrate the

methodology, we assume that
E(y|X) =pu(X;B), Var(ylX)=V(X;B,7). (2.1)

Here, B is a p x 1 vector of unknown coefficient parameters, 7 is an ko x 1 vector of

other unknown variance components, p(X;8) = (u; (X; ﬁ))é\,{:1 is an N x 1 vector,

and V(X;8,7) = (v (X:B, 7)Y is an N x N matrix, where p;(-) and vjy(-)

j'=1t'=1

are known functions. Three simple examples are given below:
Example 1: For the linear regression model y|X ~ N (X, 021 y) where I is

an identity matrix of dimension N x N, we have u(X;8) = X8, V(X;8,7) = 0’1y,

2

and T = 0.
Example 2: For the logistic regression model where y;/s are independent and
identically distributed with P(y; = 1|lz;) = g(a:;[,ﬂ) = exp(:l:;‘.r,ﬂ)/[l + exp(:z:]T,,B)],
we have the mean component p;(X;8) = g(x?,B) and the covariance component
vy (X;B,T) = g(mﬁB) [1 — g(xfﬂ)] for j/ =t" and v (X;B,7) = 0 for 5/ # t'.
Example 3: For a nested-error linear model y;, = X8 + v;1n, + €; where

iid ind - :
v; ~ N(0,02), e; ~ N(Oy,,02Iy,), v; is independent of e;, 1y, is an N; x 1 vector
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of ones, Oy, is a matrix of zeros of dimension N; x N;, Iy, is an identity matrix of
dimension N; x N;, and N; is the number of units in group ¢, ¢ = 1,...,G, with
S, N, = N, we have u(X; 8) and V(X; 8, ) are block-diagonal with the ith block

values Il’z(Xaﬂ) = Xzﬂu Vz(XnB7T> = 0-12;1]\/11%1 + USINi and 7 = (012)7 Uz)T‘

2.3.2 Linkage Error Model

As discussed in Chapter 1, most of the existing linkage error models are built
directly on the linked data, based on the assumptions that (1) the linked data
is obtained by linking two files of the same size that contain observations on all
population units of U, and (2) the resulting linkage is complete for F, i.e., each
record in F, has a designated link selected from F,. In reality, however, the two
files used for analysis usually come from different sources, such as survey samples
and administrative records, and thus their coverage of the population is different.
Typically, the units covered by F,, are a subset of those covered by F,, as described
in our dissertation. Also, only the designated links obtained from the linkage process
are contained in the linked data file. In practice, the decision rules for most record
linkage techniques rely on the specified threshold values. Seldom, the choice of the
threshold values can lead to a complete linkage for F,. In this way, information
about the linkage error carried by the designated non-links is ignored.

Here, we develop a new linkage error model that allows different file sizes as
long as S, C S,;. The model is built directly on data from the original files by

exploiting the relationship between the observed y values in F, and the unobserved
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y values corresponding to the observed z in F,. The linkage error model we proposed
here is the key to the general integrated model, serving as a connection between the
regression model introduced in Section 2.3.1 and the record linkage model, which
will be described in Section 2.3.3.

Under the assumption that there is no duplicate in each file and that S, C S,
a specific observed y value in file F},, say 7;, and one of these unobserved y values
from the set {y; : 7' =1,..., N} must be related to the same population unit. Let
l;; be the unknown binary matching status indicator for record pair (7, ), such
that I;;; = 1 if record j in F, and record j" in F, represent the same population
unit, and /;;; = 0 otherwise, j € S, j € S;. Then the relationship between g; and

{yjy 15/ =1,..., N} can be modeled via the following identity:

N
—
Let L = (ljj/)?i\lfyj/zl. Then the above model (2.2) can also be written in the
following matrix form:
§=Ly 23)

In other words, g, the observed y values for all sampled units in S, is a n-permutation
of y, the unobserved y values for all sampled units in S,.

In this dissertation, we assume that the linkage mechanism is at random
(LAR). That is, the conditional probability of L given y, X, and C could depend
on X and C but not on y, i.e., P(Lly,X,C) = P(L|X,C). Here, specifically, we

assume that the probability of a record pair being a true match only depends on its

24



comparison vector. That is,

P(Lly,X,C) = P(L|C).

2.3.3 Mixture Model

Following Larsen and Rubin (2001), we assume that the comparison vectors fol-
low a two-class mixture model. Jaro (1989), Winkler (1993, 1994, 1995), Thibaudeau
(1993), and Armstrong and Mayda (1993) used mixture models in record linkage
problems. The two-class mixture model on comparison vectors is motivated by the
idea that patterns of agreement and disagreement on matching fields would have
different distributions among matches M = {(j,5') : l;; = 1,57 € S,,j' € S;} and
mismatches M¢ = {(j,j') : [;;; = 0,7 € S, j’ € Sy }. The comparison vectors ¢;; are
assumed to be independent and identically distributed with the following probability

mass function:
P(ejy) = mP(cjj|ljj = 1) + (1 — m) Pejy|lj; = 0),

where m = P(l;;; = 1) represents the probability of a record pair being a match,
P(cjy|lj; = 1) and P(cj;|l;;; = 0) are the probabilities of observing ¢;; among
matches M and among mismatches M€, respectively.

Under the conditional independence assumption as shown in (1.2), the above

mixture model is simplified into:
K K
P(cjy) = m [ [ (1 = mp) ) (1 — ) [T (1 = ) i) (2.4)
k=1 k=1
where c¢;;, is the kth element of ¢;;,, my = P(cj = 1|l = 1) and uy, = P(cjj =

1|l;;; = 0) are the probabilities of a record pair agreeing on matching fields & among
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matches and mismatches, respectively. Let ¢ = (m,my,...,mg,u1,...,ux)? denote
the vector of unknown parameters in the mixture model.
By Bayes’ Rule, the conditional probability of a record pair being a match

given the observed comparison vector is given by:

T Hszl ijjlk(l o mk)(l_cjj/k)

P(ljj = 1lejjrs) = = =
( 77 | 77 ) ﬂ'Hi(:l mZJ] k(l . mk)(l—cjj/k) + (1 o 7_() 521 uZJJ k(l N uk)(l_cjj'k)

= ij/.

Note that g;;; = g;j:(¢j;;%) is a function of ¢;; and ¥. Let Q(v) = Q(C;¢) =

n,N
(ij’)j:1,j/:1- Then we have

E(Lly,X,C) = E(LIC) = Q).

The maximum likelihood estimator of ¢ can be obtained using the expecta-
tion maximization (EM) (Dempster, Laird, and Rubin 1977) and the expectation

conditional maximization (ECM) (Meng and Rubin 1993) algorithms.

2.3.4 Designation of Links and non-Links

As mentioned before, it is not necessary to produce a linked file in the middle
of the record linkage process for the purpose of parameter estimation in our case.
If the primary goal is to generate a linked data set for secondary data users, the
estimated probabilities can be used to partition the record pairs into designated links
and non-links and to estimate error rates. The decision rule is similar to Fellegi and
Sunter’s method. A record pair (7, j) is declared as a link if the probability ¢;;s is
above a pre-specified upper threshold. Other than g¢;;;, one can also consider use
one of the following as a matching weight:
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. . . P( ,|l (l_cjj,k)
(1) likelihood ratio: R;; () = P(ij_,“

_ K €'k
jj’_l) — Hk::l mk“ (1—my)

Cis —c. .
jj’zO) Hi{:l uk“lk(l—uk)(1 €ji'k)
P(ljj’:1|cjj’) _ q; ;!
P(ljj/=O|ij/) =g -

(2) posterior likelihood ratio: r;; () =

In our dissertation, based on the assumption that S, C S, it is reasonable
to assume that the record linkage is complete for F; that is, each record in F),
has a linked record from F,. Thus, we designate record pairs as links and non-
links based on the following decision rule: for any record j in Fj, a record j' in F,
is selected to be its link if its corresponding probability g;;» is the largest among
{gjt :t=1,...,N}, 5 =1,...,n. By using this decision rule, we can generate a
linked dataset, which contains data (§, X*). Here, X* = (#357)7_, denote the n x p
matrix of z values which are selected from £} and linked to g, and Z} denotes the

selected x value from F, that is linked to g; in F, j = 1,...,n. Therefore, X* in

the linked data set is an n-permutation of X in F,. That is,
X*=AX

where A = (ajj/)?’:]\lfjj,zl is an n x N permutation matrix with A1y = 1,. Here,
ajy = 11if g;; is the largest among {¢;: : t = 1,..., N}, aj; = 0 otherwise. Note
that A is derived from probabilities ¢;;, which are functions of comparison vectors
c¢;; and mixture model parameters 9. Hence, when % is known and C' is observed,

A is fixed. Therefore, X* is fixed given X, C' and 1.

2.4 Estimation of Regression Coefficients

Assuming that y is conditionally independent of C' given X, the conditional
mean and variance of § given X and C can be derived under the general integrated
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model. That is,
E@X,C) =Q(C;¥)u(X;B), Var(X,C) =X(X,Ciy,8,7).  (2.5)

where ¥ =X(X,C;¢,8,7) = (U]t)] 1.—1 With diagonal entries 0;; and off-diagonal

entries 0, (j # t) equal to

0j; = 0j;(X,C;%,B,7) Z Z Qg dit Vjre + Z ¢y (1 = qj7) (v + :“?’) ,

lltl

o= op(X,Ci¢,B8,7) Z Z%g'%t/v]/t/ (t #J)-

/ 1tl
The detailed proof of (2.5) is shown in Section 2.7.1.
When % is known, merely based on (2.5), we can estimate B8 by solving the

following class of system of p unbiased estimating equations:

B:fB,m.0)=HPB,7.9)[H— QW)uB) =0, (2.6)

where H(B,7,¢) = H(C,X;B,7,9) is a given p X n matrix which does not depend
on g, and 0, is a p x 1 vector of zeros. The possible choices for matrix H(B8,T,%)
includes but are not limited to X7, X7Q”, and XTQTX L. The choices of H (B, T,1))
for the linear and logistic regressions will be discussed in the next chapter.

When g; ) exits, an application of Taylor series expansion yields

fBrw = sg7.0) + LEZY (5 g).
Based on the fact that f(,B,'r,z/)) =0,, E[f(B,7,9)] =0,, and

Var (f(B.7,9)|X,C) = HB,7.9)E (4,8,7) H (B,7.9),
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we can obtain that

-1
E<3X’C>%[W] E|[(B.rw) ~ J(B.7.4)| +B=B. (2.7)

-1 AT
Var(Bx,0) ~ | E5Y) H(ﬁ,r,«mz(«/),ﬁ,ﬂHT(ﬂ,fr,w([W] ) ,

when the matrix %gﬂp) is invertible at the true value of 8. The detailed proof of (2.7)

is given in Section 2.7.2. It implies that the resulting estimator B from solving (2.6) is
(approximately) unbiased for f when other parameters are unknown.

When the estimating equations in (2.6) are used, the resulting estimator B may
depend on the unknown variance component 7 if the selected matrix H(8,7,%) depends
on 7. In that case, methods for estimating 7 need to be considered. When additional
assumptions about the regression model are made, such as normality, other unbiased
estimating functions f(B,7,%) can be derived to estimate f and T simultaneously when 9
is known. For example, the maximum likelihood estimator of 8 and T can be obtained by
using the first partial derivatives of the log-likelihood function as the estimating functions.
An example is given for the linear regression case in the next chapter.

In order to simplify the methodology, one may replace @ in the estimating equations
f(B,7,9) by QY (or QM?), which is a simplified version of @ with all entries in each row
set to zeros except the largest one (or two). For known %, let B (%) denote an estimator
of B obtained as a solution to (2.6) for a given choice of H(B,7,%). The corresponding
estimator of B when @ is replaced by QM (or @Q?) in (2.6) is denoted by BM(¢) (or
B (¥)). When % is unknown, one can use ,3 F('t,Z*) to estimate B8 by replacing % with
one of its consistent estimators 1& The corresponding estimator of 8 when @ is replaced
by QM (or QM2) in (2.6) is denoted by Bas(¥) (or Bas2(1)). In this dissertation, the

maximum likelihood estimator of 9 is used as 1&, and it can also be treated as a solution of
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a system of estimating equations. An estimator of the variance of ,5’ ('t/;) can be obtained by
plugging in the estimates ,5', 7 and t/AJ in the variance formula from (2.7). But we do realize
that this plug-in variance estimator would underestimate Var(8(1)|X,C) since it does
not take account of the variability of 7 and zﬁ In the next section, a resampling method of
estimating Var(B(#)|X,C) is given for the case where the measurements are uncorrelated
across blocks, and we leave the variance estimation for the correlated-across-blocks case
for future research.

Now, we consider the situation where blocking is used during the record linkage
process. The records in Fy and F, can be partitioned into G' blocks based on some basic
characteristics, such as zip code, first letter of last name, or first three digits of phone
numbers. Let n; and N; be the number of sample units in block ¢ within S, and S,
respectively, 1 = 1,...,G. So ZzG:I n; = n and Zlel N; = N. Let g;; denote the value of
y for record j in block i from F);, ;; denote the value of z for record j’ in block ¢ within F,
and y;;» denote its corresponding y value, t =1,...,G, j=1,...,n;, j =1,...,N;. We

denote the vector of values §;;» and y;; within block i by §; = (gjw);“:l and y; = (yij/)j.\,]izl,

respectively. Similarly, we denote the matrix of x values in block ¢ by X; = (xz;,)j\,f;l
Then the regression model shown in (2.1) can be rewritten as:
E(yi|Xi) = pi(X5;B8), Var(yi| X:) = Vi(Xi; B,7), (2.8)

fori=1,...,G. Here, we assume that gy; are independent across blocks given X.

We assume that there is zero probability that one record from F;, and another record
from F, represent the same population unit if they are from different blocks. Therefore,
only records within the same blocks need to be compared, and linkage errors can only
occur within blocks. Let l; j» denote the matching status of record pair (7,4") in block 1,
and L; = (l; j,)’]?gf;,zl denote its corresponding matrix. The linkage error model in (2.3)
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can be simplified into:

In other words, L = diag(Ly,...,Lg).
Let c§ ; be value of the comparison vector ¢ derived from values of matching fields
W;; and w;j» for record pair (j,j") in block 7. The two-class mixture model in (2.4) can be

re-written as
. K ci T K ci i
P(cl;) =m [ my” (1 —m)" ) + (1 =) [T (1 =) (2.10)
k=1 k=1

Let ¢}; = P(l5; = 1|¢;,) and Q; = (qj;1)j2) j—, then E(Li|C;) = Q.
Therefore, in case of blocking, when y;’s are independent across blocks, the estimat-

ing equations for B (and 7) given known % can be generally written are
G
> (BT ) =0y, (2.11)
i=1

where t is equal to p for estimating 8 or (p + h) for estimating 8 and 7. In particular,

fi(B,7,%) = Hi(B,7,%) [§: — Qi(¢)pi(B)] for (2.6).

2.5 Variance Estimation

As mentioned above, when the mixture model parameter % is known, estimate of 8

(and 7) can be obtained by solving the following system of estimating equations. That is,

G
Zfi(ﬂ777¢> :0t7 (212)
i=1

In order to estimate the bias, variance, and mean squared error of an estimate B (¥), the

unified jackknife theory proposed by Jiang, Lahiri and Wan (2002), henceforth referred to

as JLW, can be used. Jackknife replicate i is obtained by deleting data from block 4 in
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both files F, and F,, (i =1,...,G). The delete-i estimates of f3, B_i('zp), and the delete-:

estimate of T, 7_;(%), are the solutions of

G
Boi(W), () : > fu(B,7,9) =0, (2.13)
i
for i = 1,...,G. The jackknife estimate of bias, variance and mean squared error of B,

when 9 is known, are then given by
biasy (B®)) = (G —1) (Bw) —Bw)).
s (B) = S22 S (Baw) - B (B - )
mses () = S21 S (B - b)) (B - B)

where ,é('t/)) = é ZZG:1 B_z(’lﬁ) is the average of the replicate estimates of 8. The bias,
variance and mean squared error of 7(%) can also be estimated similarly.

In practice, however, the mixture model parameter 9 is unknown. The maximum
likelihood estimate (MLE) of %, say '1,5, can be obtained using the EM algorithm. The
MLE 't/; can also be treated as the solution of a system of estimating equations derived from
the log-likelihood function based on the distribution of comparison vectors c§ - In order
to account for uncertainty of 1/;, % should be replaced by '1,[; and ’(/;_Z' in (2.12) and (2.13),
respectively, where 1/;4 is the delete-i estimate of ¥ by removing values of comparison
vectors in block i, = 1,...,G. Then the bias, variance, and mean squared error of ,B (1,5)
can be estimated. The properties of B(?Zv) are expected to be similar to those of B(’(/J) if 1&
is assumed to be independent of the response variable y; that is, the distribution of the
matching variables (e.g., last name, phone number) is assumed to be independent of the
response variable y (e.g., income) and hence of §. This is true in many applications. The

bias, variance and mean squared error of any smooth function of 8 can be proposed in a
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straightforward way. For large GG, under regularity conditions, asymptotic properties of
B (’l,[;) and the jackknife estimators proposed in this section can be obtained from the unified
theory on jackknife given in Jiang et al. (2002). To reduce the computational burden,
a simplified jackknife method can be used by replacing the delete-i estimate 1/;4 by its

full sample estimate 't,z Our simulation results show that the accuracy of the variance

estimate would not be jeopardized much even though the uncertainty of 'tzv is ignored.

2.6 Summary

In chapter 2, we introduce a general methodology for regression analysis when data
values are from two different files. Rather than separating regression analysis from record
linkage as most existing methods do, we connect the regression model and the record
linkage model through our proposed new linkage error model. The general integrated
model can be implemented when the sample units in one file are a subset of those in
the other file. The y values observed in F) are related to the x values observed in F},
through the integrated model, and standard statistical analysis methods can be applied
for parameter estimation. For the purpose of parameter estimation, there is no need to
generate a linked file in the middle of the process. Information about linkage errors carried
by all record pairs (links and non-links) can all be passed into the estimation process and
used to correct for linkage bias. This is where our model is different from the secondary
data analysis where only the designated links are considered.

Essentially,, parameter estimation starts with deriving the conditional distribution
of the observed y values in file Fy given the observed z values in F, and comparison
vectors. Based on their relationship, estimators can be obtained by solving a system of

estimating equations. In case of blocking, if data values are independent across blocks, the
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jackknife resampling method proposed by Jiang, Lahiri, and Wan (2005) can then be used
to estimate the bias, variance, and mean squared errors of the estimators, taking account
of both estimation errors and linkage errors. In the following chapter, we will give two

specific examples to illustrate our methodology.

2.7 Proofs

2.7.1 Proof of (2.5)

Based on the assumption that P(L|g,X,C) = P(L|C), it can be proved from the
mixture model that /;;; are conditionally independent given C' with
P(ljy =1ly. X,C) = P(ljy = 1|C) = Py = 1lejy) = gj5-
Therefore, for j =1,...,n, 7 =1,...,N,t=1,...,n,t =1,..., N, we have
qjj' if j=tand 5/ =1t
E(ljj|ly,X,C) = q;jr, E[ljjlwly,X,C] = : (2.14)

q;j'qsr  otherwise
Let @ = (ij’)?i\{,j/:p then

Now, we consider the first-order and second-order conditional expectation of § given

y, X and C. Combined result (2.15) with the linkage error model § = Ly, we can get

Since g; = Z?f:l l;7yj under the linkage error model, the (j, ¢)th entry of the matrix gg’

is equal to

N N
(ggT)]t: Zl]]’y]/ (tht’yt’>>]:171nat:177n
i=1

t'=1
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By applying the results in (2.14), we can calculate the (j,j) diagonal entries and (j,t)

off-diagonal entries of E[§§” |y, X,C]. That is, for j =1,...,nand t =1,...,n,

N N
Elgg"ly, X,Clj; = E | | D Lijyy (Zlﬁ/yt) ly. X,C
J'=1

t'=1

vy E [y, X, C|

I
8
NE

<

Il
—
&~
\

Il
—

N
iy B [Ljlvly, X,C) + > gy E (1l y, X, C]

I
.MZ

J=18Fg J'=1
N
=Y yiwwaspae + Z Vi
J=1t#j J'=1
N N
=D vt die + Z vy a5 (1= ajr), (2.16)
j'=1t'=1 j'=1
[ny|an C = ( l]]/y] tht’yt’> |an>C
7'=1 t'=1
N N
= Z Z ’yt/E lj]/ltt’|an C]
N N
= Z Z Y5y 445 qet’ (.7 7é t)'

Assuming that the response variable y is conditionally independent of comparison
vector ¢ given x, we can derive the first-order and second-order expectation of y given z

and ¢ from the regression model (2.1). That is,

E(yy|X,C) = E(yy|X) = pyr,

E [yjlyt/|X,C] = E [yjlyt/|X:| == Uj’t’ —|— Mj/Mt’ (217)

for j/ =1,...,N, ¢ =1,...,N.

Based on results (2.16) and (2.17), the first-order and second-order of § given X
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and C can be derived by applying law of total expectations. That is,

Elg|X,C] = E(Elgly, X, Cl|X,C) = E(Qy|X,C) = QE (y|X,C) = Qu,

E[gg"|X,Cl;; = E(Egy" |y, X,Cl;,1X,C)

Z Z Yy q;5'die + Z y] QJ] ij’)|X7O

j'=1t'=1

N
= Z Z%]’C]jt’E Yy yt’|X C + Z q]] QJJ (y]2’|X>C)

j'=1t'=1

- Z Z aij qv [Vjre + pyr ] + Z g5 (1 = qj5) [vjgr + 15]
j'=1

2

N
=F Z Z yj’yt’ij’Qtt"XaO

j'=1t'=1

= Z Z%]’Qtt’E vy X, C)

=1t'=1

= Z Z djj' qre U]’t’ + Mg'ﬂt') (t # 7).
=1

=1
forj=1,....,n,t=1,...,n.
By applying the identity Var(§|X,C) = E[gg’|X,C] — E[§|X,C|E[§|X,C]T, the
diagonal and off-diagonal entries of Var(g|X,C) are given by:

Var(§|X,C);; = Elgg" |X,Clj; — (E[FIX,CIEFIX.C]")

N
Z qjj' 95t [U]’t’ + MJ’Mt/ + Z ;57 (1 = qj57) [Uj/j’ + M?’]

I
M=

j'=1t'=1 j'=1
N N
- E : E :qjj’qjt’ﬂj’“t’
j'=1t'=1
N N N
— Ve (1 — ~/)[v4/-/+ 2].20..
455" 95t Vj't dj; djj 33" T My ] 2= 0445
j'=1t'=1 §'=1
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Var(g‘xac)jt = E[ggT|X’C]jt - (E[g|X70]E[g|X70]T)jt

N N N N
Z Z 45’ Qe (Uj’t’ + Mj’ﬂt’) - Z Z Q55 Qee g oy
i1=1t=1

j '=1¢'=1

[
NE
M= |

Qi Qe Vjre 1= Tjt, (t#7),

I

<.
Il
—
X
Il
—

forj=1,...,nand j=1,...,n.
Let ¥ =X(X,C;¢,8,7) = (th)?’:nl,t:p then the conditional mean and variance of

4 given X and C can be written in the following matrix form:

E@X,C) =Q(C;¥u(X;B), Var([§|X,C) =X(X,C;9,8,7).

2.7.2 Proof of (2.7)

By using Talor expansion, the estimating function can be approximated by

fB.m.0) = f(B.1,9) + 2 (BB

8f(ﬁ;ﬂf,¢) ( )

Thus, when the matrix %g"p) is invertible at the true value of 8, we can have
~ 0 ,T, -1 ~
pop~ |TEZDN 1w - b))

Based on the fact that F [§|X,C] = Q(¥)u(8) and Var (§|X,C) = X (¥,B,7), we
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can get

E[f(B.7.9)|X,C] = E[H(B,7,9) (§ - Q¥)n(B)) |X,C]
=H(B,7,9) (E[FIX,Cl - Q¥)u(B))
~0,,

Var (f(8,7,9)X,C) = Var (H(B,7,9) [§ - Q)u(B)] 1X,C)
=H(B,7,9)Var (§IX,C)H" (B, 7.9)

:H(ﬂvT7¢)2 (¢’ﬂ7T)HT(ﬁ’T’¢)‘

Combing the above results with the fact f(B,T,’R/)) =0,, we can get

-1
BIX,C)~ E (Pf ET (1w~ ri6.rw)] +ﬂ|x,0>
~1
~ (BN 0, - B (16 rwiX. 0] + 8

=B,

Var(B|X,C) =Var(B — B|X,C)

- -1 -\T
~ | var (16.mw) - 187 w1X.C) ([8f el )
- _71 71 T
- |52 wr(f(ﬂ,r,«p)rx,m([af(ﬂa’g””)] )
i 1-1
= |ZOLD ] b s s .80 BT (B7.9) ([af el
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Chapter 3: Applications to Linear and Logistic Regression

To illustrate our general methodology for regression analysis using data from two files
as described in Section 2.2, we consider two special situations where regression parameters

in linear and logistic models are of interest. Here, we use the same notation as Chapter 2.

3.1 Linear Regression using Data from Two Files

Assume that the values of y and z for all sampled units in block i of S, satisfy the

following model:

E(yz|Xz) :Xlﬂ, VCLT‘(yZ|XZ) = UgIni, = 1, e ,G, (31)

2

where o

is an unknown constant parameter. Note that values y;; in block ¢ are uncorre-
lated and have the same variance o2 (homoscedasticity).
When data (y;,X;) is available for each block, the Ordinary Least Squares (OLS)

estimator is the best linear unbiased estimator (BLUE), and it is given by:

G -1/ a
P (Lxix) (Latu) 52
i=1 i=1
However, the above estimator cannot be used to estimate 8 in our case since the y;’s are
not observed.

If a linked data file is generated based on the decision rule described in 2.3.4 during

the record linkage process and data (¥, X ¥) is available, one may simply assume the linkage
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is perfect, replace X; and y; in (3.2) by X * and 9;, and obtain a naive OLS estimator

Bn(®). That is,

~ G ~ ~ _1 G ~
Bn() = (ZX:T&*) (Z Xﬂ) : (3.3)

i=1 =1

which can be treated as the solution of the following system of estimating equations:

¥): EGjX:T (3: - X:8) =
1=1

In Section 3.3.2, we prove that the mean and variance of B ~ (%) under the general inte-

grated model are

G -1 /¢
E (Bv@)IX.C.¢) = (ZxTX> (;X:Tcm) . (3.4)
= = ) B
lzx;wf;] .

i=1

G “lra
vor(bvwix.c.w) - [Y X8| YRR

i=1 =1

Based on the result, we can see that By (1) is an biased estimator of S.

In order to correct the linkage bias and obtain a more robust estimator of 8, we
exploit the relationship between g; and X;, C; under the general integrated model. By
using the linear model (3.1) as the first component of the general integrated model, the
conditional mean and variance of §; given X; and C; can be derived under the assumption

that y; is independent of C; given X; . That is, fori=1,...,G,
E(g:1X;,Ci) = Q:X:B, Var(#|X;,C;) =X;. (3.5)

Here, ¥; = (o ;t)y“?’t 1 is the m; x n; variance-covariance matrix with diagonal element

o’ and off-diagonal element a . (J #1t) equal to

Jj
2 gjy0¢ + Z 0550 (1 = ) ? Z Qi -
The detailed proof for (3.5) is given in Section 3.3.1. It is consistent with the general

result shown in (2.5). Note that ¥; depends on B, 02 and 1. When compared to the
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distribution of y; given X; in (3.1), §; also follows a linear regression model of B, but the
design matrix changes from X; to @;X; and the variance matrix changes from UEI n; 10 2.
The unequal diagonal entries and the non-zero off-diagonal entries of ¥; imply that values
Ui in Fy have different variances and are correlated within blocks (heteroscedasticity).

When % is known, several different estimators of 8 can be developed based on the
relationship between ¢ and X, C. These estimators include the bias-corrected estimator
Bc('l/)), the ordinary least squares estimator Bo 1s(®¥), the weighted least squares estimator
BW Ls(®¥,0?), and the maximum likelihood estimator B MLE(®).

The development of the bias-corrected estimator BC (¥) starts with investigating the
bias of the naive OLS estimator 3 ~ (%) conditional on values X and C. By using the fact
that E(g;|X;,C;) = Q;X B, we prove in Section 3.3.2 that

A A<
E (Bn(®)1X.C) = (Z X:TX:> (ZX:TQZXZ) B
i=1 i=1
If the matrix Zlel X3TQ;X; is invertible, an unbiased linear estimator Bc () of B can
be obtained by adjusting the bias of B ~(®). That is,

A G ~ 71 G ~
Bo(y) = (ZX:TQiXi> (Z X:Tn) ,

i=1 i=1

which can be treated as the solution of the following system of estimating equations:
A G ~
Bo@): > X" (§i — QiXiB) =0,
i=1
In Section 3.3.2, we prove that the mean and variance of Be (¥) are equal to:
E(Bc(®)X.C) =B, (3.6)

G
> xlolk]
=1

Moreover, by directly utilizing this linear regression relationship between g; and X,

-1 -1

G G
Var(Be($)1X,C) = [Z X:TQixi] [Z 2T %
1=1

=1

C, as shown in (3.5), we can also use the ordinary least squares method to obtain an linear
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unbiased estimator Bo rs(®) of B. That is,

G
BoLs(¥) = arg H};H > @ - QiXiB) (5 — QiXiB)
i=1

G -1, q
_ (lefomxo (zxm%) |

i=1 i=1
which can be treated as the solution of the following system of estimating equations:
R G
Bors(@®) : Y X7Q! (§ — Q:X:B) =0,.

i=1

The mean and variance of BO 1s(®¥) are equal to

E(BoLs®)X,C) = B, (3.7)

G “Irea G -1
Var(Bows @)X, C) = [zxm?czixi] [zx?QiTziQixi] [zxmf@ixi] |

i=1 =1 i=1

We do realize that the OLS estimator BOLS('l,b) is not the best linear unbiased
estimator of B since ¥;; are correlated within blocks under the general integrated model.
One may consider to use the weighted least squares method to obtain the best linear
unbiased estimator of 8 by using the inverse of the variance-covariance matrix ¥; as the

weight matrix. That is,
. G
Bwrs(,07) = arg Higin > @ - QiXiB)S #: — QiXiB) (3.8)
i=1

G S
+ (ZX,-TQZ»TEfQ@-Xi> <ZXZ’Q?E#@> (39)

i=1 i=1

To obtain BW 151, 02), we take partial derivatives of the sum of weighted squares

with respect to S (k = 1,...,p), and set the partial derivatives to zeros. Then the

weighted least squares (WLS) estimator BWLS('gb 02) of B is obtained by solving the

rre

following set of estimating equations:

G

Burs@,od): > {26{)(? QT+ (i - QiximTz;lDi,k}z;l@i ~QX.8) =0, (3.10)

i=1
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for k = 1,...,p. The detailed proof is given in Section 3.3.3. Here, 8, = % is the kth

column of the identity matrix I, of dimension p x p, and D; ;, = 851 is an n; X n; matrix

with diagonal entries aﬂ“ and

oot
8Bk =2 Z Q550 (1 = 43y0) @35 B)ijerd, a—ﬁjk =0,

j'=1

We can see that the WLS estimator By s (1, 02) obtained from optimizing (3.8) is
not the best linear unbiased estimator that we expect as shown in (3.9). This is mainly
because the variance-covariance matrix ¥; is not free of 8. For the same reason, the
resulting ,BW s (¥, O'z) may not possess the nice properties of the weighted least squares
estimator of B obtained in the case where the variance-covariance matrix of the linear
regression model is free of 8. For example, (1) there is no close-form expressions for
BWLs('l/),O'g), and BWLS('t/), 02) is not a linear estimator; (2) BWLS(zp, 02) is not identical
to the MLE estimator, which can be seen by comparing their estimating equations. In
addition, BWLS(QI), 02) depends on parameter o2, which is usually unknown and need to
be estimated. Otherwise, By 15 (1, 02) cannot be evaluated even if 9 is known.

Under the assumption of normality, §;|X;,C; ~ N(Q,X;B8,%;), we can also derive
the maximum likelihood estimator (MLE) of 8 and o2 simultaneously when 4 is known.
The log-likelihood function of B and o2 based on data {g;, X;,C;,i = 1,...,G} is given

by:

1(B,02) :—72{n11n2w)+1n\2|—|—( - QXS @ - QiXiB)} -

The MLE estimators B2 2(1) and 62(3) can be treated as solutions of the following
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system of estimating equations:

G

> {(57D) - STXTQE + - QXS DB - @XiB) =0

=1

Z{tr 2'Dio) — (i — QiXB) S D (i — QX)) = 0 (3.11)

for k = 1,...,p. The detailed proof of (3.11) is in Section 3.3.4. Here, D; , = 9B —

2
do?

nl’nl
ool . . . . .
< BZ—];> denotes the partial derivative of ¥; with respect to o2 with
¢/ j=1t=1

N
N do t
:ZQ;]U qu]’qtjv t#])
=1

Remark 1: Here, based on the linear relationship between ¢ and X, C under the
general integrated model, we derive four different estimators for the regression coefficient
B in a multivariate linear regression model: BC (¥), BOLS(z/)), BWLS(‘/% 02), and ,BMLE('t/)).
Note that all these four estimators depend on %. When 9 is unknown, one can estimate 3
by substituting ¥ with its maximum likelihood estimate '1,5, which can be obtained by the
expectation-maximization algorithm. Besides 1, BWLS("/% 02) also depends on ¢2. One
may consider to use the linked data (7, X) to obtain an estimate of 02. An estimator of
o2 under the exchangeable linkage error model is given by Chambers (2009).

Remark 2: In order to estimate the variances of estimators N(zﬁ), ﬂhc('(/;), Bors (1/;),
Bw LS(1/;, 62), and BrLE (¢) we can simply replacing the unknown parameters 3, o2, and
1 with B , 62, and 1Zr in the formula of their corresponding theoretical variances of B N(®),
ﬁc('/f)» BOLSW‘), BWLS('tﬁ, 02), and BuLE (1). The expression for the theoretical variances
of By (), Be(®) and Bors(®) are given in (3.4), (3.6), and (3.7), respectively. However,
the variability of 62, and '(,Zv would be ignored in this way. Since these estimators of S
and the maximum likelihood estimator of ¥ can all be treated as solutions to a system

of estimating equations, the jackknife method proposed by Jiang, Lahiri, and Wan (2005)

can then be used to estimate their bias, variance, and mean squared error.
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Remark 3: As shown above, there is no closed-from expressions for the WLS
estimator ,BW s and the MLE estimator B MLE- Sonumerical algorithms, such as Newton-
Raphson method and Fisher scoring algorithm, are needed to find the solutions to the
estimating equations. Initial values are required for these numerical algorithms. The
naive OLS estimate B N(’QZ‘), bias-corrected estimate ,30(12'), and OLS estimate BOLS('@

can be chosen as the initial values.

3.2 Logistic Regression using Data from Two Files

Assuming there is no sampling bias, the logistic regression model also holds for all

samples units in S;. That is, y;;» are independent and identically distributed with

T
exp(:z:ij,ﬁ)
Py = zi;;8) = 9@ B) = ———F—~
1+ exp ((L'T- ,B)
ij’

di=1,...,G,5'=1,...,N.
N;
Here, let g(X;8) = (g(azz;,ﬂ)) - denote the N; x 1 vector of means.
J'=
When the joint observations (y;;,;;) are available, we can estimate 8 by using the

maximum likelihood method. The MLE estimate B of B is the solution of the following

estimating equations:
. G
B> X[ (yi—g(XiB) =0,
=1

When data values are from two different files and a linked data set with values
(ﬂi,X ¥) (i =1,...,G) is produced by any record linkage process, we can simply ignore

the linkage errors in the linked file and obtain a naive MLE estimator By (%) of B:

G
Buw): 3 X" (4 - 9(X:B)) =0, (3.12)

=1

However, the existence of linkage errors can lead to significant bias of the estimators,

this is probably because they weaken the relationship between y and z. Similarly to the
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linear regression case, we can correct the linkage bias by utilizing the relationship between
4 and X, C under the general integrated model.

Applying the fact that

E(yiy|z);) = g(xi;B),
Var(yijlel) = g@:B) [1 - g=:B)] .

Cov(yijr, yiw| Xi) =0

fori=1,...,N;, 7/ =1,...,N;, t' = 1,...,N;, t' # j', we follow the steps in Section
3.3.1 and obtain the conditional mean and variance of §; given X;, C; under the general

integrated model:
E3i1X:,Ci) = Qig (XiB), Var(gilX;,Ci) =1, (3.13)

Here, ¥; = ( [ );“ ?’t 1 is the n; x n; variance-covariance matrix depending on parameters

B and 1 with diagonal element a;'- ; and off-diagonal element O’;t (j # t) equal to:

N; N
ol = dipg@lB) 1 - dpg@lB)], o= a9 Bl gxlB).
j'=1 j'=1
Note that under the general integrated model, 4; does not follow a generalized linear model
anymore given X; and C;, and the g;; are correlated within each blocks.
Based on the fact that E(g;|X;,C;) = Q;g9 (XB), we can obtain a set of unbiased
estimating equations by adjusting the bias of the estimating function used for the naive

MLE estimator, as shown in (3.12). Noting that

G
ZX*T (3 - 9(X:B)) 1X.. cz-] =3 X7 (QuXiB) -~ 9(X:B)),
i=1
the unbiased estimating equations for the bias-corrected estimator Bc(ﬂ) are given by:

G
Z ~Qig(XiB)) =0,. (3.14)
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More generally, when 9 is known, we can focus on the following system of p unbiased

estimating equations:
G
ST H; [§i - Qig(XiB)] = 0,, (3.15)

i=1

where H; = H;(C;, X;; B,%) is a given p x n matrix. The possible choices for H; includes

X7 XTQT, and X3TQTE

3.3 Proofs

3.3.1 Proof of (3.5)

Under the linkage error model §; = L;y;, we have y;; = Zj\,[l:l l; i1Yij - Assum-

ing the linkage is at random (LAR), it is true that P(l%, = 1ly;, X, C;) = P(léj,

11C;) = P(l;.j, = llc;-j,) = q;'-j, under the mixture model. Thus, E(l;j, lyi, X;,Ci) = q§j,,
Cov(léj,,lit,|yi,X¢,Ci) = q;-j,(l - q;'-j,) if j=tand 5/ =t and Cov(léj,,lit,|yi,X¢,Ci) =0
otherwise. Here, i =1,...,G,j=1,...,n;, 7 =1,...,N;,t=1,....n;, ' =1,...,N;.
By using these facts, we can get:

N,

E(9ijlyi, Xi,Ci) = E vy lyi, X, C,

j'=1

N

Il
M=

Ellyi, X, Ci)yiy

<.
Il
A

_ )
= E 455 Yij’s
Jj'=1

N; N;
Cov (§ij, Tielyi» Xi,Ci) = > > wigryar Cov (Lir, Ly lyi, X3, Cs)

j'=1t'=1

S
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Var(gii|yi, X, Ci) = Cov (9i5, Uiz |yi, X4, Cs)
N, N,

7 i
i i
= Cov U51Yij E Uiy [yi, Xi, C;
i=1 =1

N;
Z Z Y yir Cov (10, Uy lyi, X, Ci)

j'=1t'=1

Z

N;
= wijryiy Cov (i, 1 lyi, X, C)
—

<
Il

+ Z Z Yijryiv Cov (L0, Usylyi, X3, Ci)

=LA
N;
:E( 2 i..(l_ Z’..)
Yij ;5 9550 )>
i=1

Based on the linear regression model (3.1) and the assumption that the response

variable y is conditionally independent of comparison vector ¢ given &, we have

E(yiy|Xi,Ci) = E(yiy|X:) = x;,8,
Cov(yijr, yij | X i, Ci) = Cov(yiz, yij | Xi) = 02,
Cov(yijr, yirr| X4, Ci) = Cov(ysjr, yij | X:) = 0, (' #1)
fori=1,...,G, 7 =1,...,N;, t' =1,...,N;. By applying the law of total expectation,
the law of total variance, and the law of total covariance, we can get

E(9:j|X:,C;) = E[E(9i5ly:, X i, C:)| X4, Ci]

N .
= > ¢y Elyiy 1 X

J'=1
N
— % T
= E qjj/$i_j/ﬁ7
J'=1
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Var(9;;|X;,Ci) = E[Var(gijlyi, Xi,Ci)| X, Ci) + Var (E[gi|yi, X, Ci]| X, C;)

N; N; N;
=B | S w34 (1 — g )X, Ci| +Cov [ S ahmin Y divyir| X, C
j'=1 j'=1 t'=1
= q;]/(l - q;]/)E [yZQJ/‘X“CZ] + Z Z q;‘j/q;‘t/CO’U (yij’7 Yie/ ’X“Cl)
j'=1 jl=1t'=1
N;
= ¢ (1= qiy) (Var(yiy|Xs) + (Elyiy| X ])%)
j=1
N;
+ ]]/q]]/CO'U (yZJ s Yig ’X + Z Z q]]/q]t/CO’U (yU 1y Yit! ’X )
Jj'=1 J'=1t'#5"
N; N;
=D Gy (1= gyoc + Z 05y (1 = q;) (@ 8)* + Z(q}j')gag +0
j,:1 J/:1

2L,8)% = o
;’U +Zqﬂ q]] z;B)" = 0},

I
.MZ

<
Il
A

Cov (Fij, Uit| X4, Ci) = E[Cov (§i5, Uitlyi, X i, Ci) | X, C]

+ Cov (E[gi5lyi, X i, Cil, Elyiclyi, X, Ci]| X4, Cy)

N; N;
=0+Cov | > dipvij, > dhpyiv| X, C
i=1 =1

N;
Z ’qtt’COU Yijr 1 Y| X, C )

I
I MZ

Ni Ni
= qaiCov (yigr,yigl Xa) + > > lyuahyCov (yigr, i} X:)
=1 J=LUAg
N
= Z qjj/qijfaf = U;'ta (t # 7).
=1

Let ; = (07,)77]"_,, then the above result can be written in the following matrix form:

E(4:1X;,Ci) = Q:X:B, Var(|X;,C;)=%;, i=1,...,G.
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3.3.2 Proof of (3.4), (3.6), and (3.7)

In case of blocking, the  values in the linked data set are related to the & values in

F,, through the following identity:
Xr=AX; i=1,...,G.

where 5(: is the n; x p matrix of x values linked to g; in Fy, X; is the N; x p matrix of

x values in Fy, and A; = (aé. j/);‘lif/z‘/zl is the n; x N; matrix of linkage status indicators,
where a;'.j, =1 if qéj, is the largest among probabilities {q;.t, :t'=1,...,N;}, and aéj, =0

otherwise.

Note that A; is derived from Q;, which is a function of C; and 9. Thus, A; is fixed
when C; and 9 are known, and X ¥ is fixed when X;, C; and 9 are known. Also recall that
Elg;|X;,Ci] = Qi X8, Var(g;|X;,C;) = X; under the general integrated model. Based
on these facts, when 1 is known, the mean and variance of By (¥) are given by:

G -1/ a
£(pvwxe) - | (L E7E ) (X80 xe

i=1

]
St

]
>4

~
=
<51
E
Q

~_

20



Var (Bv(®)1X.C)

G -1rg
ZX:TX:] [zx] x,c)

i=1 i=1

Var (
4-1

[ G G G

= Z)Z:TX;‘ Var (ZXZ*T'QHX,C) [ZX:TXZ*]
Li=1 1 i=1 =

-1 g

[ G
= Z)Z;‘Tf(z* ZX*TVar(yZ\X C)X ] [ZX*TX*]
Li=1 1 L=
G
b e
]

-1
-1

1-1r ¢ -1

[ G
S xrx| xR
; Li=1

Similarly, the mean and variance of the bias-corrected estimator BC('t/)) are given

EBc@)|X,C) E(

i=1 i=1
(G 171 @ 3
= > x7Qx;| Y XTE@GIX.C)
Li=1 | =1
G 17t ¢ 3
=D Xi"Qix,| > X"Qixs
Li=1 | =1
=B,
A G ~ _1 G ~
Var(Bo(®)|X,C) = Var [ZX:TQiXZ-] [ZX:Tv] X,C
i=1 =

e — a a -1
=) _X7"QX:| Var (Z X’;Tgi\x,c> [ZX?QZ )‘(]

Li=1 i=1 =1

el -1 ra -1
=) _X7"Qx:| | _X"Var (§:lX.C) X*] [ZXTQTX*]
Li=1 i Li=1 i=1

=D X7Q:X; X 8 X;

Li=1 i Li=1

G —1
[zx;f@ffc:] |
=1
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Similarly, the mean and variance of the OLS estimator Bo rs(®) are given by:

E(Bors(®)|X,C)

-1

G G
Y xielex ] [Z xTQT ] X,C
=1 i=1

e 171 @

= >_xielex:| Y XIQlE@lX.C)
Li=1 | i=1
e 171 @

= D_oxIQlQex:| Y xIQlQx
Li=1 | i=1

=B,

Var(Bors®)|X,C)

G 1re
= Var ([Z x7 Q?’Qixi] !Z XiQ! ] R 70)

i=1 i=1

Li=1 =1

TG 711 G G -1
_ S x7erex| var (zx;fcmx,o) [zxmmixi]

e 1-lra -1
= > _Xx7QIQ.x; > X7 Var (§:1X,C) Q; X] [ZXTQTQZ ]

Li=1 Li=1 =1

r G 17 're c -1
= > xlelex; ZXiTQiTEin'Xi] [ZX?QZTQiXi] :

Li=1 Li=1 i=1

3.3.3  Proof of (3.10)

Recall that the diagonal entries o,

;; and off-diagonal entries ot

it of the variance-

covariance matrix X; are equal to:

Zqﬂ’a + quj q]j Zq”/qtg'UQ (t# 7).

By taking the first partial derivative with respect to 5, we can get:

= B) do't
T T t
8[3k =2 Z q]J q]] xU/k 96 =2 E qj] q]j ,B)fL'ij/MSM 7Jk =0,

j'=1
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for k =1,...,p, where 8, is the kth column of the identity matrix I, of dimension p x p.

) Ao, o
Let D;, = gg}z =( a(;]kt );‘;ﬁzl denote the first partial derivative of ¥; with respect to 3.
When o2 and 9 are known, the weighted least squares (WLS) estimator Bw rs(02,1)
is defined to be the value of 8 that minimizes the weighted sum of squares (WSS) with X;

as its weight matrix. That is,

ﬁWLs—argmmZ ~ QXA §: — QuXiB) 1= argmin fuss(B, o2 ¥).

=1

Equivalently, BW Ls can be obtained by solving the following estimating equations:

O fuwss(B, 02, ):(afwss< Xt ))p o
oB 9Pk -1
where
Ofwss(Br 02, %)
9Pk
T
Z{ FXIQIS G- QX — (1 - QXA E I G - QXif)
re10.5. 2"
- G- exp x|

G
—Z{&TXTQTE (i — QiXif) + (§i — QiXif) T 'Dip X (i — QiX ZB)}

i=1

G
> {IXTQT + @ - @Xi8)"S D 8 @ - QX)

i=1

3.3.4  Proof of (3.11)

Under the assumption of normality, §;|X,;,C; ~ N(Q,X;8,%;). When 9 is known,
the log-likelihood function of B and o2 based on data {g;,X;,C;,i = 1,...,G} is given

by:

1(B.0?) ——fZ{nzln2w>+ln\2|+< ~QiXif)'S G - QiXiB)}

=1
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oo, \ ) dot, \ "
Jt R ) S ad11 :
Let D; 1, = 65 (8/3k > L and D; , = 902 = <8g‘g ) L denote the partial
j=1t= Jj=Lt=

derivatives of ¥; with respect to 8 and o2, respectively, where

o't
M —22% — ;)@ B)zid, 5 =0 (j #1)
j'=1
(‘)a;t a i g ,
802 Z%w oor = D Uiy (G #1)
[& ]/:1

fori=1,....G,j=1,...,n;,t=1,...,n;,and k=1,...,p
The first derivatives of the log-likelihood function I(8, 02?) with respect to 8 and o2

are:

oB,a?) 1 Cfom| 98T pp
M__Z;{ bi o5 X QIS @ - QB
— (7 —0:X:B8)T 182 Tyl 8,3T}
@ - QXB)S IS @ - QXiB) - @ - QX QX
G
:_% { (21182>—26TXTQT2 (i — QiXiB)

(G - QXB)TE DT (3, QM)}

G

:_% {trz 'D; ;) — 200 X7 QIE (5 — QiXiB)

( szzﬂ)Tz 1Dzk2 ( Qz Z.B)}a

Taz !

G .
Z{m;gl' + (7 — QiXiB) ( i_QiXiﬂ)}

G -1
S {u(=r 0 ) - G- x5 T - Qs |

:_%Z{tr 1Dza _( -QiX zﬁ)Tz IDZUE (- QiX l'B)}

o4



3.3.5  Proof of (3.13)

Under the linkage error model §; = L;y;, we have g;; = Z;Y‘Zl léj,yij/. Assum-
ing the linkage is at random (LAR), it is true that P(l . = 1y, Xi,C;) = P(lﬁj, =
11C;) = P(léj, = 1|c§-j,) = q;-j, under the mixture model. Thus, E(léj, lyi, X;,Ci) = q§j,,
Var(l§j,]yi,X¢,Ci) = q;'.j,(l - qéj,), and Cov(l;-j,,lit,m,Xi,C’i) =0if 7 #toryj #1t.
Here, : =1,...,G, j=1,...,n5, 7 =1,...,N;, t =1,...,n;, ' = 1,...,N;. By using

these facts, we can get:
N;
E(ijlyi, Xi,Ci) = > abyvigr,
v
N;
VaT(gij\yi,Xi,Ci) = Z yfj/q;j/(l — q;-j/),
Cov (ij, Yitlyi, Xi,Ci) = 0

Based on the logistic regression model and the assumption that the response variable

y is conditionally independent of comparison vector ¢ given x, we have F(y;;|X;,C;) =
9@l B), Var(yis|X:.C)) = g@l,B)[1 - g(zT,B)), and Cov(yiyr,yiw|X:,Ci) = 0 for i =
1,....,G, 7 =1,...,N;, t' =1,...,N;, and ' # j'. By applying law of total expectation,
law of total variance, and law of total covariance, we can get the following result for

i=1,....,G,j=1,...,n;,t=1,...,n; and t # j:
N .
E(9:1X4,C;) = Z ¢yg(xlB)
—
Ni
Var (i1 X:,Ci) = > _ qipg@B)1—g )]+ Z ¢y (1= ;) 9% (@] B),
N;
=Y dyg@hB)L - yg=]B)),
i=1
N . .
Cov (95, Uit| X4, Ci) = Z ¢paip9@ B — gl ,B)], (t#j).
j=1

95



Let ¥; = (Uﬁ);‘g’fjt:l, then the above result can be written in the following matrix form:
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Chapter 4: Small Area Estimation with Data from Two Files

4.1 Introduction

In this chapter, we focus our research on a specific area: small area estimation.
Specifically, we are interested in predicting an area-specific parameter, which can be ex-
pressed as a function of fixed effects and random effects related to the conditional dis-
tribution of the variable of interest given the auxiliary variables. We provide a general
methodology for small area estimation using data from two files. Similar to the regres-
sion analysis using data from two files, we propose a general integrated model for small
area estimation, where a new linkage error model is developed to connect the unit-level
small area model and the record linkage model. The empirical best prediction estimation
of the area-specific parameter is considered under the general integrated model. To es-
timate its mean squared error, two jackknife methods are provided. Application of the
general methodology is not limited to the mutual independence of measurements. It can
be applied to measurements that are correlated within small areas but independent across
small areas. Unit-level models such as the general linear model with correlated sampling
errors within small areas, the general linear mixed model with nested errors can all be

considered.
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4.2 Small Area Estimation

Small area estimation refers to the methodology and techniques used to improve
estimation precision for sub-populations (small areas, domains), where the sample sizes
for some sub-populations are not large enough to provide a reliable direct estimate (such
as a sample mean) with adequate precision.

Small area estimation is widely used to provide small area estimates to support
policy making, regional planning, and fund allocation at government agencies. For exam-
ple, the Small Area Income and Poverty Estimates (SAIPE) program established by the
U.S Census Bureau provides estimates of median household income and poverty rate of
school-aged children at state and county levels. The government utilizes these small area
estimates to allocate federal funds to states and domains within each state.

The basic idea of small area estimation is to increase effective sample size by bor-
rowing strength from values of the variable of interest from other related areas. Models
are used to link related small areas through the use of auxiliary information related to the
variable of interest, such as census and administrative records. The small area models can
be generally classified into two types: (1) area-level models that relate direct estimates to
area-specific and/or area-specific auxiliary variables, and (2) unit-level models that relate
the unit values of the study variable to unit-specific auxiliary variables. In the dissertation,
unit-level models are of the focus of the research.

Most of the existing unit-level-model-based small area estimation methods rely on
the joint observations on the variable of interest y and the auxiliary variable . The
corresponding data layout for each small area is shown in Table 4.1. This type of data

can be obtained in a couple of ways: (1) A sample of y is obtained by sampling from a
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population frame with known z; (2) Two separate files (one containing the observations
of y and the other containing the observations of ) are linked without any errors. For
example, a survey data set can be perfectly linked to an administrative data set if there
exists a unique and error-free identifier. Under this data layout, a huge literature on small
area estimation is available. We refer reader to Rao and Molina (2015).

However, the auxiliary information may not be recorded in the same file as the
variable of interest, but is available in an administrative data set. Data integration could
be a potential approach to cut down costs in data collection by preventing the need to
collect new survey data with all necessary information. In this chapter, we provide a
general methodology for small area estimation in the case where observations on y and x

are recorded in two different files, and the matching status between records is unknown.

Table 4.1: Data layout for the joint observations on (y,z): Values of y are available
for a sample of n; units in small area i, values of & are available for a finite population
of size N; in small area 7, and the values are aligned, i =1,...,m.

Label ¢y z!

T
1 Yi1 x il
T
n; ylnz mini
T
N; ZN,

4.3 General Integrated Model for Small Area Estimation

4.3.1 Problem Description and Data Availability

Suppose that the population of interest U can be partitioned into m subpop-

ulations (small areas) U;, ¢ = 1,--- ,m. Let y and z denote a scalar variable of
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interest and a vector random variable of dimension p, respectively. Our goal is to
estimate an area-specific parameter #;, which can be expressed as a function of fixed
effects B and random effects v related to the conditional distribution of y given z,
say 0; = h(B,v), where h(-) is known. However, the joint observations on (y,x)
are not available. Instead, observations on y and observations on x are separately
recorded in two files F, and F}, respectively, and the matching status between any
record from F, and any record from £}, is unknown.

To be specific, F, (F,) contains the observed values of y (z) for a sample S,
(Sy) of size n (N) selected from U. There is no duplicate in either file and S, C S,.
We assume that the records in both files can be partitioned into small areas without
error. Therefore, there is zero probability that two records (one from F, and the
other from F)) represent the same unit if they are in different small areas. The
data layout for files F}, and Fj is shown in Table 4.2. Let g;; denote the observed
value of y for record j in small area ¢ from F, let Z;; denote the unobserved value
of & corresponding to g;;, and let x;; represent the observed value of x for record
j' in small area ¢ from F,. Since Z;; exists but is not observed in Fj, hence its
corresponding column in F), is shaded in gray. Note that the records in F), are not
aligned to those in F}, so y;; and y;; may not represent the y values for the same
population unit even if j° = j. Other than y and z, there also exists a vector of K
matching fields, denoted by w, whose observations are available in both files. Let
w;; and w;j represent values of matching fields w for record j and record j’ in small
area i from F, and F), respectively. It is also sufficient to assume that only the

value of comparison vector c§-j, is available for each record pair (7,j’) in small area
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i. Here,i=1,--- m,j=1,--- ,n;,7/=1,--- , N;.

Let g; denote the n; x 1 vector of observed y values in small area 7 from £,
let X; denote the n; x p matrix of unobserved x values corresponding to ¥;, let X;
denote the N; x p matrix of observed x values in small area i from F},, let y; denote
the unobserved N; x 1 vector of y values associated with X;, let WZ denote the
n; X K matrix of w values in small area 7 from F),, let W; denote the N; x K matrix
of w values in small area i from F,, and C; denote N;n; x K matrix of comparison
vectors derived from comparing W, and W,. In summary, our observed data are

{g’]i,Xi,VVi,Wi i =1,---,m}, or equivalently, {g;, X;,C;:i=1,--- m}.

Table 4.2: Data layout for observations on y and x for each small area in F} and
F,: F, contains observed values of variables w and y for a sample S, of n; units in
small area i, F, contains observed values of variables w and z for a sample S, of N;
units in small area ¢, and S, C S,. Note that the true & values corresponding to y
exists but are not observed in F), (shaded in gray).

Label w? ¢y 27 Label w! 2!
oy A—— =T T T

1 wi; Y Ty 1 w;  ITh

y . ~ ~ ~T x -/ T T
J Wi Yij Ty J Wi Ty

~7 o~ ~T T T
ny Win, Ying Tip, N wiy, Ziy,

4.3.2 General Integrated Model for Small Are Estimation

The general integrated model for small area estimation contains three compo-
nents, similar to that for the regression analysis. The record linkage model (mixture
model) stays the same, but the regression model has been replaced by a unit-level

small area model and a new linkage error model is used.
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Unit-Level Small Area Model: In our dissertation, we focus our research
on those unit-level small area models for which the values of y are assumed to
be independent across small areas. Suppose that values of (y,z) for units in the
population U follow a unit-level small area model, which can be generally written

in the following form:
y’bj:g(mZ]vv'weZ]a(p)a Z:17 7m7.]€Uz7 (4]-)

where ¢(-) is a known function, v; is a vector of area-specific random effects, e;;
is a sampling error, and ¢ is a vector of unknown parameters. Note that y;; =
g(xij, eij; @) is a special case of the above general small area model without random
effects. Two examples of the unit-level small area models are given below:

Example 1: Linear Regression Model with Common Regression Coefficients:
yl] :m;‘jﬂ—f—e’l]v Z: 1’-.. ’m7j € UZ)

where B is a vector of unknown regression coefficients, and e;; LN (0,0?). In this
case, ¢ = (B,0%)T. When the population size N¥ of small area i is large, the small
area mean {; = # > jeu, Yij can be treated as a linear function of B under the

model; that is, ; ~ Z B, where T; = # > ey Xij is the population mean of z in

jeU;
small area i.

Example 2: Nested Error Linear Regression Model:
Z/z‘j:-’tz;-ﬂ—i-vi—i-eij,i:l,--‘,m,jEUi, (4.2)

where v, is a vector of area-specific random effects and e;; is the error term, which
takes account of any unexplained variation not taken care of by the other terms of
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the above mixed model. It is often assumed that v;’s and e;;’s are independently
distributed with v; ~ N(0,02) and e;; “ N(0,0?). Here, ¢ = (B7,02,02). When
N? is large, §; can be treated as a linear function of fixed effects 8 and random effect
v; under the model; that is, 7; ~ Z7 8 + v;. Battese et al. (1998) implemented the
model to estimate areas covered by corn (or soybeans) for m = 12 counties in north
central lowa using the farm-interview data as y and the LANDSAT satellite data
(the number of pixels classified as corn and soybeans) as . The standard method
of estimating small area mean ¥; is described in Section 5.3.1 for the situation where
joint observations (y;;, Z;;) is available for all sampled units and the population mean
for each small area Z; is known.

Here, we further assume that the model holds for the sampled units in .S,,. The
assumption is satisfied if the sample design is non-informative, that is, the sample
selection probabilities do not depend on values of y but may depends on values of

x. Then we have
gij = g(ﬁiija’vi,ez’j;¢), i=1,--- ,m,j=1,--- n,

Linkage Error Model:

Recall that the linkage error model used in Chapter 2 is developed by exploiting
the relationship between the observed y values in Fj and the unobserved y values
corresponding to x values in F,. Here, we develop another linkage error model
based on the same idea but with a focus on the relationship between the observed
and unobserved z values.

Under the assumption that (1) there are no duplications in both files, (2) S, C
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Sz, and (3) there is no error in partitioning records into small areas, the unobserved
z value corresponding to @;; in Fy, Z;;, must be one of those observed z values
{Z;1, -+ ,x;n,} in the same small area i from F,. Let léj, be the unknown binary

matching status indicator for record pair (j,j') in small area 4; that is, [,
record j from F, and record j' from F) in small area i represent the same population

unit, and l;'-j, = 0 otherwise. Then the relationship between Z;; and {z;1,--- ,Z;n,}

can be modeled via the following identity:
iz] - Zl;.ﬂxwlvz = 17 U 7m7j = 17 T, Ty
i'=1

Let L; = (l;lj,)?ﬂfj,zl be the n; x N; matrix of matching status indicators, then

the above linkage error model can be written in the following matrix form:

In other words, the unobserved z values for sampled units of .S, in small area i, is a
permutation of n; observed x values for sampled units of S, in the same small area.

More generally, the following linkage error model can be used:
X =LX. (4.4)

where X is the n x p matrix of unobserved z values for units in S,, X is the N x p
matrix of observed x values for units in S,, and L = (ljj/)givlyj,:l is the n x N
matrix of matching status indicators, where [;;; represents the matching status for
record pair (j,j'), with j € S,, 7/ € S,. This general model (4.4) can be used
when the records are partitioned into small areas with errors, and all the possible
record pairs (Nn in total) need to be considered for the purpose of record linkage.
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The linkage error model (4.3) is a special case of the general model (4.4) with
L = diag(Ly,--- ,L,,).

In most situations, both the linkage error model built on y values and the one
built on x values can be used for the purpose of regression analysis or small area
estimation. However, in some situations, it is easier to implement our proposed
general methodology when the former model is used than when the latter model is
used. The opposite may be true in other situations. Below are two examples. For
the purpose of comparison, we follow the notation in this chapter.

Example 1: Consider the situation where a logistic regression model is used as
the first component of the general integrated model. It is easier to calculate the con-
ditional expectation of the observed y values in F, given x values in F, and compari-
son vector ¢ when the linkage error model built on y values is used. When the linkage
error model built on y values is used, calculation of the conditional expectation is
quite simple. That is, E(§;|X;,C;) = Qig(XB), where g(X;8) = (g(z’ ))::1 and
9(@Lp) = exp(zB8) /[1+exp(x]B)]. However, when the linkage error model built on
x values is used, E(y;|X;,C;) = E [g(L;X8)|X;,C;], where g(L; X ;) is a n; x 1 vec-
tor with the jth element equal to exp (Z iy ol >/ [1 + exp (Z Ty Z;J )},
whose conditional expectation is difficult to calculate.

Example 2: Consider the situation where a linear model with common re-
gression coefficient and equal variance is used as the first component of the general
integrated model. The conditional covariance of observed y values in F} given x
values in F, and comparison vectors ¢ has a simpler format when the linkage model

built on z values is used. When the linkage error model built on y values is used,
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under certain assumptions, the (j, j)th diagonal and the (j,¢)th off-diagonal entries

of Var(g;|X;,C;) are given by

N; N;

N;
ol =Y a0t + Y (1= q;)(@]B)’, and o, =Y qliqi0l.
i=1

j'=1 j'=1

In contrast, when the linkage error model built on a values is used, under certain

assumptions,

ZQJ] q]j Tﬂ)2+0—g7 a‘nd O-;t = 0

When it comes to small area estimation, general linear models and general
linear mixed models are widely used as unit-level small area models. So we choose
to use the linkage error model built on X , that is, X, =LX i, in order to obtain a
simple format of the conditional covariance matrix, since X . = L;X; can only affect

the fixed effects term but not the random effects and mixed error terms.

4.4 Empirical Best Prediction Estimator

Under the squared error loss, the best prediction (BP) estimator éfp of 0; is
equal to the conditional expectation of #; given the data under the general integrated
model when both ¢ in the small area model and % in the mixture model are known;
that is 027 = E(6,]§, X,C). The resulting BP estimator §2” can be expressed as a

function of g, X,C, ¢ and 9, say

0P = 1(§,X,C;0,9) = (. 9).

To obtain the BP estimator of #;, it is important to derive the conditional
distribution of § (and v) given X and C under the general integrated model if the
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small area model is a fixed (mixed) effect model. The empirical best prediction
(EBP) estimator is obtained from BP by substituting suitable estimators qAﬁ, {p of
model parameters ¢, ¥:
678" = n(9.9).

Therefore, once the expression of the BP estimator is obtained, the estimation of
0; reduces to the estimation of unknown parameters ¢ and 9. Then the general
methodology given in Chapter 2 can be used.

Recall that when 1 is known, we can estimate ¢ by solving a system of es-
timating equations derived from the conditional distribution of g given X and C.

The estimating equations for ¢ can be generally written as

m

W) > fi(#:,X:,Ci;,%) +d (6,9) =0. (4.5)

i=1
where f; (§:, X, Ci; @, 1) are vector-valued functions such that E[f; (§i;, X, Cy; ¢,%)] =
0 with respect to the general integrated model for true values of ¢ and ¥, a’(¢, %) is a
vector-valued functions which may depend on the joint distribution of {#1, -« ,¥m},
and 0 is a vector of zeros with the same order as ¢. Note that f; (§;, X;, Ci; ¢,%) has
the same order as ¢. When a(¢, ) # 0, it plays the role of a modifier or penalizer.
In practice, however, value of ¥ is unknown. The MLE estimate 1/3 of ¥ can
also be treated as the solution of a system of unbiased estimating equations.
$: Y [ (Cip) =0 (4.6)
i=1
where where f; (Cy;9) are vector-valued functions such that E[f; (Cy;1)] = 0 for

true values of 9, and 0 is a vector of zeros of the same order as 1.
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Based on (4.5) and (4.6), ¢ = ¢(¥) and ¥ are solutions to the following

estimating equations:

6.9 F(¢.9) = Zmlfi@i,xi,ci;qb,w +a(¢.9) =0 (47)
where
[ X0Co6.9) = (116, X, Cop ) 1/ (Cop)T) . ald.9) = ((69)7,07)
fori=1,---,m.

~ EBP
4.5 Estimation of the Mean Squared Error of GiE

In order to estimate the mean squared error (MSE) of the empirical best
prediction estimator gEBP , the unified jackknife method proposed by Jiang, Lahiri
and Wan (2002, JLW) and its alternative proposed by Lohr and Rao (2009, LR)
can be used.

The jackknife replicate j is constructed by deleting (§;, X ;,C;) from the data.
The delete-j estimates qg_j, qAS_j of ¢, ¥ are the solutions of

S > il Xi.Cii¢. %) +a_;(¢,9) =0,

i#]
and the delete-j EBP estimate of 6; is given by égi]; = W(qAS_jJ/;_j), for j =
1, ,m.

The JLW jackknife estimate of bias, variance, matrix MSE and scale MSE of

68



qAS are defined as

7j=1
. — 1< . ol -
mses(§) = = 3 By~ $)(biy) B,
j=1

where qAS = % Z;n:l é,j is the average of the replicate estimate of ¢. The jackknife
estimates for 1,5 are defined similarly.
In terms of estimating the mean squared error of 0ZBF  both the JLW and LR

methods are based on the following decomposition of MSE(§EBP):

MSE(0PPY) = MSAE(0PPY) + MSE(6PT), (4.8)

where MSAE(OFBP) = E |(0FBP — §BP)?| and MSE(IPF) = E [(éiBP —Hi)z}.
The jackknife estimate of the first term on the right-hand side of (4.8) is the same

for both methods. That is,

m

. _1 . .
msae(#FBY) = m=—- 2(05_35 — OFEBP2, (4.9)

L —
The jackknife estimate for the second term is different for the two methods. The
method proposed by Jiang, Lahiri and Wan(2005) requires a closed-form expres-
oBF

sion for the mean squared error of , while the method proposed by Lohr and

Rao (2009) requires a closed-form expression for the conditional mean squared
error (CMSE) of 087, Suppose MSE(BF) = bi(¢,9) and CMSE(HBF) =

E (AP —0,)%§,X,C| = Var(b;]§,X,C) = b(¢,). Then the jackknife estimates
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of the second term are given by

mses (077) = 0 ) — "= 3 [1(d 5B )~ 03B (4.10)
mse,, (077) = b($,9) = > _ [bé@—jﬂf)—j) - bé@ﬂﬁ)] : (4.11)
JF

Both jackknife estimators are nearly unbiased for MSE (éfBP ) in the sense of
having unconditional bias of order o(1/m) under regularity conditions. Compared
with the method proposed by Jiang, Lahiri, and Wan (2005), Lohr and Rao’s ap-

proach is less computationally intensive, because it does not require the calculation

of b;(¢,%), which usually involves integration with respect to ¢;, X; and C;.

4.6 Summary

In this Chapter, a new linkage error model is developed based on the relation-
ship between observed and unobserved x values. It provides a connection between
the unit-level small area model and the mixture model in the general integrated
model for small area estimation. Under the general integrated model, we provide a
general methodology for obtaining an empirical best prediction (EBP) estimator of a
area-specific mixed parameter 6. A jackknife resampling method for estimating the
mean squared error of the EBP estimator is also provided. Application of the general
methodology is not limited to the mutual independence of measurements. It can
be applied to measurements that are correlated within small areas but independent
across small areas. Unit-level models such as general linear model with correlated
sampling errors within small areas, general linear mixed model with nested errors
can all be considered.
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Chapter 5:  Application to the General Linear Mixed Model

5.1 Introduction

To illustrate our general methodology for small area estimation, we consider
the situation where the general linear mixed model with block diagonal covariance
structure is used as the unit-level small area model. The Empirical Best Predic-
tion (EBP) estimator for a mixed parameter is derived under the general integrated
model. The closed-form expression for the conditional mean squared error of its cor-
responding Best Prediction (BP) Estimator is also provided for estimating its mean
squared error using the jackknife method provided by Lohr and Rao (2009). As a
special example, we consider the estimation of small area means when a nested error
linear model is used. We provide two methods for estimating the unknown parame-
ters: the Maximum Likelihood (ML) method and the Pseudo Maximum Likelihood
(PML) method. We also discuss the use of numerical algorithms in approximat-
ing the maximum likelihood estimates (MLE), including Newton-Raphson method
and Fish scoring algorithm, and further propose a quasi-scoring algorithm in order
to reduce the computational burden. In this chapter, we follow the notation from

Chapter 4.
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5.2  General Linear Mixed Model with Block Diagonal Covariance

In this section, we consider a specific case where the first component of the
general integrated model is a general linear mixed model with block diagonal co-

variance structure, which may be expressed as:

Here, §; = (4i;)}., represents the n; x 1 vector of observed y values in small area i
from file F}, X, = (:Ez;)?’zl is the n; x p matrix of unobserved z values corresponding
to ¢;, B is an p x 1 vector of fixed effects, U, is a known matrix of dimension n; x h,
v; is an h x 1 vector of area-specific random effects, e; is an n; X 1 vector of random
errors, and the v;s and e;s are independent with v; ~ N(0,G;) and e; ~ N(0, R;),
where G; and R; depend on variance parameters 6.

We are interested in estimating a linear combination of fixed effects f and
mixed effects v;, say §; = al 8 + bl v;, for specified known vectors a; of order p and
b, of order h,i=1,...,m.

Under the assumption that v; and e; are independent of X; and C; given X i

the conditional distribution of §; and v; given X; and C; is

Yi ind QX8 % UG,
[ X;,Ci ~ N , : (5.2)

Here, Q; = (qjj,)?;f;ﬁ,zl is the matrix of matching probabilities, and ¥; = K, +

U,G.UT + R;, where K; = (K%)= is a my x n; diagonal matrix with diagonal
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entry kl equal to

Zq” — ¢ rh BBy, i=1,... mj=1,...,n,.

The detailed proof of (5.2) is given in Appendix 5.4.1.

Therefore, the conditional distribution of v; given §; , X; and C; is
vilfi X, C; % N (GUTE 5 - QXiB). G — GUTS 0.6 ). (53)
Based on results from (5.3), the BP estimator of v; and 6; are given by
07" =0"(8,6,9) = E(wil§;, Xi,Ci) = GUIT ' (5 — QiX:B),  (5.4)
07" =077 (B,8,9) = BE(0:l§:, X:,Ci) = af B+ b] 0],

and the conditional mean squared error of épr is given by

CMSE(BP7) = b7V ar(vilgs, Xs, Cy)b; = bT (Gi - GiffiTZ;lﬁiGi) b..

Note that the estimator élBP depends on the model parameters 8, § from the small
area model and % from the mixture model.

When 9 is known, the estimates B (¥) and B (¥) of B and & can be obtained
by using the maximum likelihood method based the conditional distribution of ¥;

given X; and C;:
gi’XhCi £ N(Qixiﬂazi)'

When 9 is unknown, the MLE estimate 'lﬁ of 9 can be obtained by using the

Expectation-Maximization algorithm, and 8 = f3 (1,2'), 0 = 6(¢). By substituting B

for B, & for 8, and 9 for ¥ in (5.4), we can obtain the EBP estimator of 6:

OFBP = 98P (B,6,49) = al B + b 07" (B,5,9) (5.5)



The jackknife methods are applicable to estimate M SE(épr ), because the
data {g;, X;,C;} are independent across small areas and the unknown parameters
{B,d,%} are estimated using estimating equations. We first calculate the delete-j
estimators ,B_j, S_j, 1,5_]- for each jackknife replicate j constructed by deleting data
{y;,X;,C;} in small area j from the full data, j = 1,...,m, and then obtain the
delete-j estimators éffﬁ by replacing 8, é and 9 by B,j, S,j and 1/3,j, respectively.
The jackknife MSE estimator proposed by Lohr and Rao (2009) is recommended to
use since the closed-form expression of CMSE(§PF) is available.

The above results can be easily adjusted for the case where a general linear

model is used as the first component of the general integrated model by letting ig

be a matrix of zeros.

5.3 Nested Error Linear Model

In this section, we consider a specific example of the general linear mixed
model with block diagonal covariance structure. Here, a nested error linear model
is used as a unit-level small area model to characterize the relationship between y
and z. We are interested in estimating population means 6; = y; = # > jeu, Yij for
each small area. The small area mean 7; can be treated as a linear combination of
the fixed effect B and the mixed effect v; under the nested error linear model if the

population sizes N? are sufficiently large. To be exact,
91:gjl%:iZTﬁ+vz,2: 1,...,m.

= L s . .
where Z; = N7 > jev, Zij 1s the population mean of z for small area i.
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5.3.1 Estimation of Small Area Mean Using Data From a Single File

First, we consider the ideal case where data for small area estimation are from
a single file as shown in Table 4.1. Or equivalently, the joint observations (v;;,;;)
are available for each unit in a sample of n; units in small area i, and the population

means Z; are known, the best prediction (BP) estimator of 6; is given by
0PF =&l B+ (1 — B;)(§is — z],3) (5.6)

where ¥, s = n% 2721 yij and &; s = n% Z;;l x;; are sample means of y and x in
small area i, respectively, and B; = 02/(0? + n;0%). An empirical best prediction
(EBP) estimator of small area mean g; can be obtained by substituting the unknown
parameters ¢ = (87,02, 02) with their suitable estimates ¢ = (87,62,62) in the
above formula for BP estimator. Typically, the weighted least squares methods is
used to estimate , and methods of moments (MOM), maximum likelihood method
(ML), or restricted maximum likelihood (REML) method is used to estimate the
variance components o2 and o2. Under regularity conditions, the mean squared

error (MLE) of the EBP estimator of small area mean 6 = y; can be estimated by
MSE(0"")  9:(67,62) + 924(57,62) + 9ui(67, 67)

where the functions g1;(+), ¢2:(+), gs:(+) are given in Rao (2003), Chapter 7.

5.3.2 Estimation of Small Area Mean Using Data From Two Files

Now, we consider the case where observations on y and x are separately
recorded in two different files (F, and F,) and the matching status between records
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from F, and F, is unknown. The data layout is shown in Table 4.2.
Assuming that the nested error linear model also holds for all sampled units
in file F}, the general integrated model then becomes:

(a) Gy = LB + v + iy, v X N(0,02), e < N(0,02);

N;

(b) &; = > Iaiy; (5.7)
j=1

(c) l;»j, “ Binom(1, ), cé-j,k|l§j, =1% Binom(1, my,), cj-j,k|l§j, =0 Binom(1,ug);

where v; are independent of ¢;;, i =1,....,m, 7 =1,...,n,.

As discussed above, the small area mean can be expressed as 7; ~ T8 + v;
under the nested error linear model, where Z; is known for each small area 7, i =
1,...,m. Then, derivation of the best prediction estimator of 7; reduces to the
derivation of the best prediction estimator of random effect v;. This requires us
to obtain the conditional distribution of v; given observed data under the general
integrated model.

Under the nested error linear model as described in (a), it is not difficult to

obtain that

E(5:;1%:;) = &8, Cov(§ig, GulEis, Bu) = 0,

Var(§i|%:;) = o5 + o2, Cov(§ij, vil&i;) = o

(5.8)
for integers i <i<m, 1 <j,t<mn;, 1 <j <N,

Based on the linkage error model as described in (b), for any value of B, we

can get

N;
EB=) LxlB. (5.9)

=1
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Under the mixture model as described in (c), by using Bayes’ rule and the LAR
assumption, we can obtain that P(l§j, = 1|c§j,) = qjj,. Thus, for any 1 < 7,7 < n,,

1 <t t' <N, and j # t, we have
E(léjxlol) = q;]/7 VCLT(Z;]/|01) = q;]/<1 - q;] ) CYO'U(Zz 7y tt’|C ) (510)
By combining results from (5.9) and (5.10), we can get
N;
E(#[B|X;,C;) = Z ¢l
Var(z.81X,,C;) Z ¢’ (1 —q)(xhB)%, (5.11)
Cov( B,3LB|X:,C;) =

for integers 1 <i<m, 1 <j,t <mn,; (j #1).
Under the assumption that v; and e; are independent of X; and C; given X i

by combining results from (5.8) and (5.11), we can prove that
yZ]|X’L7C ZQJJ’Q:ZJ

Cov(¥ij, Y| X:,Cy) = o

COU(%’, Ui|Xi7Ci) =0’

for integers 1 < ¢ < m, 1 < j,t < mny;, (j # t). The detailed proof of (5.11) and

(5.12) is given in Section 5.4.2 and Section 5.4.3, respectively.
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The above results can also be written in the following matrix form:

E(?]z’|X1;7Ci) :QiXiﬁa

Var(g|X;,C;) = K; + 021, 1% + 021, := %,

ni=n;

Cov(g;,vi|X;,C;) = 21,”

where 1,,, is the n; x 1 vector of ones, I, is the n; x n; identity matrix, and K; =

(k:; )jii=y is an n; X n; diagonal matrix with diagonal entry k:Z equal to

Z ¢ (1 —q',)(xB)>.

Here, K, can also be written in a matrix form, that is,

K; = diag {[Qi o (1,1}, — Q)] [(X:B) o (XiB)]} -

where M o M4 is the Hadamard product of any two matrix M; and My of the
same dimension, and diag{v} is a diagonal matrix with diagonal entries same as
entries of a vector v. Note that both ¥; and K; depends on unknown parameter
¢ = (BT,02,02) from the nested error linear model and unknown parameter @ =
(m,ma,...,mg, U, ..., ux) from the mixture model.

Based on the above analysis, the conditional distribution of (g;,v;) given X

and C; is then given by

g Q Xzﬁ Ez ]-n, 0-12;
|X'L'7 Cl N )
v 0 1/ 02 o}
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Therefore, for known ¢ and 9, the BP estimate of v; and 6; are given by

0P" = E(vilgi, X, Ci) = o211 271 (§; — QiX.B),

0P" = 2l B + o217 27 (5 — Q. XB) (5.13)

The EBP estimate 8757 is obtained by replacing ¢ and # by their estimates ¢ and

¥ in formula (5.13). That is,
6EPY — 3TB 4 6217 3 (5 — Q,XiB), (5.14)

where %; = Zz(ciS,'ch) is an estimate of ¥;. The methods for estimating unknown
parameters ¢ and ¥ will be introduced in the subsequent part.

The jackknife methods described in this dissertation can be used to the mean
squared error of #FBF . The choice of the jackknife methods depends on whether
a closed-form expression for MSE(APF) or CMSE(APF) is available. We prove in

Section 5.4.4 that

CMSE(6P") = o2 — o1l ¥ ',,00,

MSE(PF) = 02 — 6217 B(Z;)1,,02. (5.15)

ni~ v

Note that there exists a closed-form expression for CMSE(#BF), but not for
MSE(HB”) due to the difficulty in calculating the component E(X; ). Therefore,
the estimate of MSE(AEBP) can be obtained by using the jackknife method pro-
posed by Lohr and Rao (2009) rather than the one proposed by Jiang, Lahiri and

Wan (2002).
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5.3.3 Estimation of ¢: Maximum Likelihood Method

When 9 is known, we can use the maximum likelihood method to estimate
¢. Based on the facts that f(g;,X:,Ci;0,%) = f(#:|X:,Ci;0,9) f(X:,Ci;9) and
f(X;,Cy;9) does not depends on ¢, the log-likelihood function of ¢ based on data

{y;, X, C;,i =1,...,m} can be expressed as
1($:5,X,C) < > In(f(§|Xi,Ci:6,9))
:——Z{nzln 21) + In [ + (3 — Q:X:B8) T, (§: — Q:X.B)} .

The first derivatives of [(¢;y, X, C') are given by:

% _ 1 Z { tr (B7'D;x) — 267 XTQTS (§; — QiXiB)
— (5 — QX:B)"S, ' DT (i Qz@} (5.16)
al(q&;gf;gfc’:_—Z{tr 11,10

- QXA 1T () @Zm}
w _ _1 ‘m {tr(Eil) _ (gl B Qleﬁ)T2;12;1<gz _ QIXZﬂ)}y

where tr(M) is the trace of any square matrix M, 8y, is the kth column of the identity

. . nin;
matrix I,,, and D, , = (dj], k)]l 1j/=1 is a n; x n; diagonal matrix with diagonal entries

”k—QZ/lqﬂ( — )@ By fori=1,....m, j=1,...,n;, k=1,...,p.
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The second derivatives of I(¢;§,X,C) are given by:

’lg;y.X.C) 1 i

0B 0Pk 2

{ tr (—=X;7'D;,5;'D; + X' Dy i)

=1

+20{ XIQTE'D; 27 (§: — Qi XiB)
+26, X7 QS'Qi X6, + 26/ X7 Q]S ' D v X7 (§: — Qi X iB)
+ ( Qz zﬂ)TZ lthZ lDzkz ( Qz zﬂ)

— (% — Q:X:8)"S;'D; X (g — QzXzﬂ)}

’l(¢;9,X,0) 1 1 T
: —-E - D, Z 1,1
05007 { DT )

+2(gz_Q1X1ﬂ)TEZ_1Dz,k2 1]-m]-77; 7 ( Qz zIB)}a
’U(¢:9,X,C) 1

{—trz: "D X)) + 260 X Q7SS (H — QiXiB)

85,002 2
2 — QX B)IS DS I8 g - szz-m}, (5.17)
gl (gg’;'a; O _ —% i { tr (-%;1,,17 511,17
£ - QXS TS 1T S [ - QX 43)},
a?z(g;%;éé, 9.1 f;{ (1,105

- QXB)TE AT T T (s — QX ﬁ)},

Pl X,C) 1 »
902007 __QZ{_“ =)

=1

12§ - QX8 S TG - QX m},

j— n p—
where Djj = (d )70~ is an n; X n; matrix with diagonal entries di;,, =
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23 0 Gy (=d) ey, i=1,...,m,j=1,...,n;, k=1,... ,pandt =1,...,p.

Recall that the maximum likelihood estimation (MLE) of ¢ is obtained by
setting the score function S(¢) = %j’c) to zero. Here, S(¢) is our estimating
functions. The components of S(¢) are given by equations in (5.16). Based on the
above analysis, we can see that there is no closed-form expression for the solutions
of S(¢) = 0. In this case, the equations S(¢) = 0 must simultaneously be solved
numerically by using some iterative algorithms. In the following part, we discuss
the advantages and drawbacks of two existing algorithms for optimizing I(¢; g, X, C)
(Newton-Raphson method and Fisher scoring algorithm), and propose a new algo-

rithm which is expected to be computationally friendly and robust to poor starting

values.

5.3.4 Numerical Algorithms

The Newton-Raphson method starts with an initial guess ¢(© for the root of
S(#), and then takes the following iteration step until a convergence criterion is

reached:
B = 60 + T ()5 (9 (518

where ¢ is the approximation of ¢ at iteration ¢, and J(¢) is the negative value
of the gradient of S(¢), that is, J(¢) = —%ff) = —%. The components
of J(@) can be obtained by taking the negative values of the second derivatives of

l(¢;9,X,C) given by equations in (5.17). We can see that J(¢) is a very complicated

matrix depending on data {g;,C;, X;,i = 1,...,m} and parameters ¢ and .
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The Newton-Raphson method is easy to understand and can be implemented
here since the matrix J(¢) is available. It is expected that the Newton- Raphson’s
algorithm would converge rapidly because of its quadratic converge rate. However,
it can still take long time to converge due to the difficulty in calculating the com-
plicated matrix J(¢®) in each iteration. Also, the Newton-Raphson method may
not be effective if the iterations begin with a poor starting values ¢©.

One alternative to Newton-Raphson method is the Fisher scoring algorithm,
which is commonly used for optimizing log-likelihood functions. The Fisher scoring
algorithm is obtained by replacing the matrix J(¢) in the iteration equation (5.22)
by its expectation, i.e., the Fisher information matrix I(¢). The iteration equation

then becomes

B = ¢+ 17 (9")S(9")

The Fisher scoring algorithm can reduce the computations in Newton-Raphson
method by simplifying the matrix J(¢). Jennrich and Sampson (1976) demonstrated
its robustness to poor staring values. However, the Fisher scoring algorithm requires
a closed form expression of the Fisher information matrix I(¢), which is not available

in our case. By the law of total expectations,

_ *l(¢;9,X,C)] (¢ §,X,0)
16 = 5 |- GRS < p [ (g Txe) |

Therefore, in order to derive I(¢), we need to take expectation of both sides of
the equations in (5.19) with respect to X and C' . The calculation involves taking

expectations of complicated terms QTX;'Q;, D; Dy, £;'1,, 1T 8! 5,718, and

ng
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¥, 'D,;;X; 7!, which is not practical. Therefore, the Fisher scoring algorithm cannot
be implemented here despite of its advantages over the Newton-Raphson method.
Based on the above analysis, both the Newton-Raphson method and the Fisher
scoring algorithm are not ideal for approximating the MLE estimate of ¢. Here,
inspired by the derivation of the Fisher scoring algorithm, we propose a new iterative
algorithm: the quasi-scoring algorithm. The matrix J(¢) in the Newton-Raphson
method is replaced by its conditional expectation given the observed comparison
vectors X and C, I.(¢) = E[J(¢)|X,C], rather than its expected value I(¢). Then

the interaction equation used for the quasi-scoring algorithm is given by:

B+ =9 + 11 (8)S(6)

The components of I.(¢) are given by:

E( o (g 5?52 % x. c) - {QJTXTQTZ QX 6, + tr(S; 1Di,t2;1Di,k)},
E( 82(%;;;;2 |X,C> :% D57,

E ( g (gﬁkyéji C) |X,O) - %gtr 'DLEY) (5.19)

E ( a2l(§g§’é‘; C) |X,C> - %Em: £1,17 871, ,

E (— 82“;5;;’92’ ©) |X,C> - %Em: (7S,

The derivation of (5.19) is based on the fact that ¢;|X;,C; n N(Q,XB,%;) and
E (@ — QiX:8)"M(§; — Q:X:B)|C]| = tr (MX;) for any n; X n; matrix M, which
may depends on X and C but not on g.
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We can see that the format of I.(¢) is much simpler than that of J(¢) by
comparing their components shown in (5.19) and (5.17). So theoretically the quasi-
scoring algorithm can reduce computations at each iteration when compared to
the Newton-Raphson method, while the Newton-Raphson method can take less
number of iterations compared to the quasi-scoring algorithm. Also, the quasi-
scoring algorithm may preserve the property of robustness to poor starting values
of Fisher scoring, while the Newton-Raphson method may diverge if the starting
point is too far from the root of S(¢). Here, it is highly recommended to start an
iterative procedure with the quasi-scoring algorithms in the first few steps and then
change to Newton-Raphson method later. In this way, the quasi-scoring algorithm
can reduce computations and generate a find a good starting value for iterations
using the Newton-Raphson method.

All iterative methods do have their drawbacks. First, they may not converge
well due to poor starting values. The common approach is to use different starting
values and hope the algorithm will converge. Second, the resulting approximated
solutions ¢ = (B,62,52)7 of §(¢) = 0 may not be within the parameter space of
¢ = (B,0%,0%)". For example, 62 < 0 or 62 < 0. This inaccuracy may be caused by
the different ranges of the parameters. One may improve the accuracy by scaling

the parameters o2 and o2 so that they all have approximate the same range as f3.
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5.3.5 Estimation of ¢: Pseudo Maximum Likelihood Method

Pseudo maximum likelihood method was first introduced by Samart and
Chambers (2014) as an appropriate modifications to the maximum likelihood
method of variance components estimation in presence of linkage errors. Based on
the above analysis shown in 5.3.3, we can see that the maximum likelihood method
may not be easy to use in practice. This is mainly caused by the difficulty of calcu-
lating the derivatives of I(@;¥;, X;, C;) due to the complexity of ;. The matrix X,
depends on not only the variance components 2, 02 but also the regression coeffi-
cient B. The basic idea of the pseudo maximum likelihood method is to reduce the
computation complexity by assuming that ¥; is fixed in 8, and depends on o2 and
o2 only.

When % is known, the log-likelihood function of ¢ based on data {g;, X;,C;,i =

1,...,m} is given by

1(¢:9,X,C) :——Z{nzln 27) + In || + (F — Q:X:B) i (@ — Q. X:B)} .

Under the assumption that X; is fixed in B, the first derivatives of ((¢; g, X, C)

with respect to 8, o2 and o2 are given by

oU$:9.X.C) _ 2 XIQIR 5~ @X.p),

op
% — __Z{]T 11m _QzXz,B)TE llmlz Z ( _Q.X zﬂ)} ’
(¢+g{0 = —— Z {tr -Q,X z,B)TE 12 ( szzﬂ)} (5'20)

The pseudo maximum likelihood estimate (PMLE) of ¢ is obtained by solving
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the following estimating functions:

s (OU) AU )\
S(¢)—( 98 002’ aag) =0

Note that the resulting solution of §(¢) = 0 is referred as the PMLE estimator
of ¥ because the estimating equations S (¢) is derived under the assumption ¥; is

fixed in B. However, ¥, is actually a function of B, o2

and 2. Therefore, the
estimating equations S (¢) = 0 cannot be solved analytically. Again, we can use
either Newton-Raphson algorithm or quasi-scoring algorithm to solve the estimating

equations iteratively.

From (5.20), we can obtain the second derivatives of I(@):

?*l(¢;9,X,C)
BB ZXTQTE QX
PlU:§.X.C) _ N~ yrore1y 1Ty
B2 __;XiQiE 11,5 ( - Q:X.B),
*l(¢;9,X,0)
(%ag ZXTQTE 'S5 - QiXB),
2
= (gogéf;o ___Z{ Z L1, (5.21)

+2(5; — Q:X.8)"%; 1,1l 71,17 B 1(g; szﬂ)}

82l(¢;g,X,C’) 1 Te—1y—1
= _52{ - 17 %',

0o200? —
£ - QXBS T LTS G - Q Xﬁ)}
P”l(¢:§.X.C) _ _1 Zm:{ _ tr(Zflzfl)

Jo20o? 2 =

2§ — QXB)TEISTIS ) (f, @Xﬁ)}.

The Newton-Raphson for approximating the pseudo maximum likelihood es-
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timator of ¢ = (8,02, 02) has the following iteration equations:

o) =9 + T (6)S5(4) (5.22)

where ¢® is the approximation of ¢ at iteration ¢, and J (¢) is the negative value of
the gradient of S (¢). The components of J (¢) can be obtained by taking the negative
values of the second derivatives of [(¢; g, X,C) given by equations in (5.21).

By using the fact that E [(§; — Q:.X:8)"M(§; — Q:X,8)|X,C| = tr (M%)

and that E(g;|X;,C;) = Q;X B, we can obtain the following results from (5.21):

p |- T8O x.0| - Zf;X?Q?EfQiXi,

E —82“?;8%’5;0) |X,C’: ~0,, (5.23)
E _a%(g;géé,o)lxc: _—ZIT 11,1751,

P _82l(g;§éfg,0) |X,C': _ 52122;12;11”“
Elﬁﬁggéﬁhxc::%§?421

where 0, is a p-order vector of zeros.
Thus, the quasi-scoring algorithm for approximating the pseudo maximum

likelihood estimator of ¢ = (B, 02,0?) has the following iteration equations:

¢ =60 + {L(¢")} 158"
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where ¢® is the estimate of ¢ at iteration ¢, and fc(¢) is given by

1 m
) =35>, 07 17971,175711, 175787, |- (5:24)
=1
0- 1’s's, tr (2;'%;71)
5.4  Proofs

5.4.1 Proof of (5.2)

Theorem: When the linear mixed model (5.1), the linkage error model (4.3) and
the mixture model (2.4) are used as the three components of the general integrated
model, the conditional distribution of ¢; and v; given X; and C; can be derived
under the assumption that v; and e; are independent of X; and C; given X ;. That
is,

Yi ind QX8 % UG

|X;,C; ~ N , : (5.25)

v; 0 GUT G,

Here, Q; = (qj'] )] {Vj', , is the matrix of matching probabilities, and ¥; = K, +

ﬁleﬁzT + R;, where K; = (kZ );L ;“t | is a n; X n; diagonal matrix with diagonal

entry k‘z equal to

Zqﬂ q]] U/,BﬂTxij/, j=1,....,n5i=1,...,m.

Proof: Under the LAR assumption that P(L|g, X,C) = P(L|C), we can obtain
the following from the mixture model described in (2.4):
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Recall that @; depends on C; but not X;. Therefore,
E(L;|X;,C;) = E[E(Lily:, X:,C:)| X, Ci] = E[Qi| X, Ci] = Q.. (5.27)

Under the linkage error model that X; = L;X;, by applying the result in (5.27), it

is not difficult to obtain that

E|XBIX:,Ci| = BEILX:BIX:,Cll = E[Li|X:,C: X.8 = QX8
~ ~ ~ ~ ~ T
Var [Xiﬂ’XhCi] =E [Xi,BIBTXﬂXiaCi] —FE [Xiﬂ’XhCi] (E [XzﬂIXi,Ci])
= E|X.887X]1X,.C)| - QX 88"XTQT.

Now, we partition X; and Q; into n; row vectors &7, . .. ,.’EZ%_ and ¢, ... ,qflTi,

respectively, where ¢ = (¢};, ..., ¢}y,). By using the fact that Z;; = Sl

/1]J

under the linkage model and that ¢}"X; = Zj\/[;1 iy,

4»» we can achieve the (j,1)

entry of Var [XimXi,Ci], that is,

var [RBIX.C] =B [XBERIIX.C| - (@XBBXIQL),,

= E [3L87%4/X:,C] — ¢TX:BB X q!
N; T
(Z Iy ) Bp’ (Z lx) ‘Xﬁ&
j'=1
N; N; T
— (Z qj-j/xfjl> BB" (Z (J§-t/$5/>
; t'=1

[Z Z LiyxiBB Tivly | X, C ]

! 1 t/

N Z Z q]J’mZJ BB X iy
l 1 t/

— Z Z Z’L ’ltt’ q;]’q;t’) x;fg/ﬂﬁTmit/,
ji'=1t'=1

90



forj=1,....n;andt=1,... n,.
Since I’ ;s are conditionally independent given C; with P(l};, = 1|C;) = ¢},

under the mixture model for j =1,...,n; and j' =1,...,N,, then

; Gy ifj=jandt="1
E [12,0,1C:) =

q;-j,qit, otherwise
Therefore, the (j,t) off-diagonal entry (i.e., when j # t) and the (7, j) diagonal

entry of Var [Xiﬁ]Xi,C’i] are given by

2
Z

Var [)N(imXi?C’i]jt = (q§j,q§t, — q;j,qit,) xg;,ﬂﬂT.'z:it/ =0 (j#1),

jl t

2
I
I
[

Var [)”(ZﬂIXZ-,CiLJ (B [1,05,1C.] — didiy) 2588 2,

=1
+Y Y (E[1,6,1C:) - ¢y dy) xB8 T
=144
N;
= (q]J q]J'qJJ> z;'"B'BTZij’
j=1

k3

Mz

£33 (A = 4y ) BB
L5’

7

Q; (1 q]] ) Z;’ﬂﬂTxl]/

I
z I

.

%
Il

—

= ki

Ji

Based on the above analysis,
E|XBIX:.Ci| = QX8 Var | X:BIX,.Ci| = K. (5.28)
From the general linear mixed model, we have
E [g\f(} — X.B,Var (g\f() — U,6,07 + R;, Cov (ng) ~ 0,6, (5.29)
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Under the assumption that v; and e; is independent of X; and C; given X iy Y; 1S

independent of X; and C; given X;. By combining (5.28) and (5.29), we have

E§i|X:.C)| = B |E (51X, X:.C;) 1X:.C:| = E |E (3.X,) 1X:.Ci|

—E|XBIC.] = QiX:8,

Var §|X,,Ci) = Var (E [mxxo} yxi,cl)
+ B [Var (5%, X,.C;) 1X:,C
— Var (E [y])?} ]XZ-,C'z) +E [Var (gp"() \Xi,C’l}
~ Var ()“(imxi, C’i> Vv E [ﬁiaiﬁf + RIX,, C’z}
=K, +U,GU" +R,
_%

Cov (§i,v:| X1, C;) = Cov (E [y|XXC} B [vip”(i,xi,oi} |XZ-,C'Z->

+ B |[Cov (5,01 X0, X1,C1) 1X,, €|
= Cov (B [iX.] . E [0 X] 1X,.C))
+ B |Cov (35,01 ) 1X,,Ci|
— Cov (X:8,01X,,.C;) + E |U.Gi[X,,Cy|

Therefore, the conditional distribution of §; and v; given X; and C} is

) |

Q:X.B % UG,

0

i

g ind

/l) .

GUT G;
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5.4.2  Proof of (5.11)

E(&][8|X,C;) (Zz Z-j,ﬂ|Xi,cz>

3

E (,|X,,C)«% B8

Q\'
Z
LN

E(ZZ |Z )z B

Q\'
Z
I

i

4 ,.'1:

!/

<.
Il
—

N;
Var(:iz;ﬁ]Xi,C’i) =Var (Z l§j,xiTj,ﬂ\Xi,Ci>
j'=1
N;
= Var(l’;|X;,Ci)(x],B)?
j'=1
N;
=> Var(li;le;;)(x],B)
i'=1
N;
:Zq;-j (1 QJ] )( Tﬂ)Q
j'=1

Cov(%8,%8,8X:,C;) = Cov (Z lxlB, tht,mzt,mX,,C')

Z Cov (I ,z” B, lL,zi,B|X;,C,)

ZOOU ll 3 tt’ )( T ﬂ)(mzj;’ﬂ)

)

=0.
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5.4.3 Proof of (5.12)

Assuming v; and e;; is conditionally independent of X; and C; given X,-,
then we have E(gw\fi:w,XZ,C’Z) = E(gz]‘jw)a Var(gjij\ff:ij,Xi,Ci) = Var(g]ij]:i:ij),
Cov(Fij, Uit iz, Tir, X4, Ci) = Cov(Fij, Uir| iz, Tir), and E(v| &5, X, C;) = E(vi|Zi5).

By applying the law of total conditional expectation, we have
N;
E(5;;|X;,C;) = E [E(9;;]%:5, X,,C)|X;,Ci] = E[if}ﬁlXuCi] = Zqﬁj/mz}f
By applying the law of total conditional variance, we have

Var<gij|Xi,Ci> =Var (E(@ij|53ij,Xi7C¢)|Xi,Ci) +E (Var(ﬂz‘jﬁijaxmciﬂXi,Ci)
= Var (E(9;;|2:;)| X, Ci) + E (Var(y;;|E:;)| X3, Ci)
=Var (IiZT,B|Xl,Cl) + FE (0'12) + O'?‘Xi,ci)

Zqﬂ qJJ 'B) +o; +op.

j'=1
By applying the law of total conditional covariance, we have
Cov(ij, 9| X, Ci) = Cov (E(Gi5|Zij, Zir, Xi, Ci), E(Git|Zij, Tir, X4, C;)| X, C)
E[Cov(¥ij, Git|Zij, Tit, X, Ci)| X3, C'i]
= Cov (E(4;;|&:;), E(gie|Zit) | X3, Cs)
E [Cov(Yij, it|Zij, Zit)| X4, Cl]
=Cov (Z ( Z2LB|X;, C; ) [03|XZ~,CZ-}

=0+o02
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Cov(yij,vi| X, C;) = E[Cou(yij,vi|Z5, X,,C:)| X, C]
+ Cov <E<gz’j|‘%ijaxi70i)uE(Uiﬁijyxiaciﬂxhci)
= E[Cov(gij, vil&5)| X, Ci] + Cov (E(3i|2;), E(vili;)| X, C)

5.4.4  Proof of (5.15)

Based on the general integrated model, the conditional distribution of (y;, v;)

given X; and C; is

Yi QiX.B % ]‘774‘0-’12)
|X'L7Cz ~ N )
V5 0 lfiag o?

It is also not difficult to obtain that Var(v;|g;, C;) = o2 — 0217 £:7'1,, 02

n;~¥uov-

The conditional mean squared error (CMSE) of éZBP is equal to

CMSE(0P") = B[0P — 0§ X..C]
~Var (67 - 015, %..C.) + (B 0" - 05 X, ] )
= Var (0;]§:, X;,C:) + (éfp —FE [eil.@i,Xi,Ci])Q
=Var (0|9;,X;,C;) + 0
=Var(z;B + vl|g:, X:,C;)
= Var(vilg;, X;,C;)

_ 2 2 Ty-17 2
=o,—o0,1, % 1,0,
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65"

The mean squared error (MSE) of 7" is equal to

MSE(§PP) = E | (687 — ¢, }

Al
E{E[(0FF - 0,%5:,X:,C:] |

E [CMSE(éfP)]
o) —

E ol % ,,00]

=0, — o1l BE(EZ; 1,00

ni-wv

5.4.5 Proof of (5.16) and (5.17)

When the mixture model parameter 9 is known, the log-likelihood function of

¢ based on observed data {g;, X;,C;,i =1,...,m} is given by

[(¢:9,.X,C) ———Z{mln2w>+ln|2|+< ~QiX:B8)"S (5 — QiX:B)} -

=1

Since the first derivative of /<:Z with respective to the kth element of 8, fy, is

equal to
akl i
27
@Bk - QZ g (1 q]] i B)wijn = d]] ks (5.30)
J'=1
for kK = 1,...,p, where z;j is the kth element of x;;;. Define D, as a n; x n,
matrix with diagonal entries d;'»j’k. Then ?f;}: = D, the first derivatives of ¥, =

K;+ 01,11 + 021, are

0%, OK; or;, 001,17 o2, 90
=D; - = Mmoo q,17 ) 2 et g 31
a/Bk‘ 8/Bk ,k’ 80-12) 80‘3 7T NG ao_g ao_g i) (5 3 )
and
oB
a3 = 0k 5.32
0B, " (5.32)



where 9, is defined as the kth column of identity matrix I,.
By using results from (5.31) and (5.32), the first partial derivatives of the

likelihood function I(¢;§, X ,C) with respect to parameters 3y, 0% and o2 are given

by:
ol(¢;9,X,C)
e
. 1 T 8111 |2,,| (9ﬁT 1/~
Y ; {0 + 9Bs - aBkXiTQzTEi (¥: — QiXiB)
@ - QiximTaf[;k G~ QX.8) - (5 - QX.B)S QX gg }
1 & )
T 132
- - QXAIE G - @Xf)
=5 Z { tr (£7'D,) — 261XTQTE 5 — Q.X.B)
G- QXS DT (G - Q Xm} (5.33)
91(:5.X.C)
Jo?

n —1
= __Z{ (91 \21‘ + (Fi — QiXiﬂ)T%(gi _QiXiﬂ)}

{tr(Ez 122 > ( QXZ:B)Tzz 1222 i ( QXZIB)}

I
ol
'MS

=1

{tr< L0 — (5, - QX B)'E ", 1S 4 - Qi XiB) Y (5.34)

[\DI»—t
IIMS
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ol(¢;9,X,C)
do?

:——Z{ s OBl G- expy”

-1

o8

=—%Z{tr(2f§§s) o-axsrs En o)
:—%Z{tr( N - @ - QXB)TSIE G — QXB)) (5.35)

From (5.30), we can get

5! k y .
8jﬁjt = 221 @y (L= ;) zijnzijm -= dij 5y, for integers 1 < k,t < p.

Define D j; as a diagonal matrix with diagonal entries d; ,,, then

oD, .

— D 5.36
o5 D (5:30)

Again, by using (5.31)-(5.35), and (5.36), we can obtain the second derivatives of

the log-likelihood function [(¢; g, X,C). That is,

*1(¢;§,X,C)
G,Bk@a?
- 82 ' T % TNT 1 T
2 1
—2@—@&@”05 LALS G - QX zﬂ)}
:—1§:{—tr<z 10851y IT)+26TX.TQ.T)3 11,1757 (§; — Q.X,B)
9 7 85 ni+n k<*i Wi ni+n; i<\ g

=1
0%

9Pk
. —% Z{ — (57 D% 1,1, ) + 20, X Q1N L, 1 B (3§ — QiXiB)

+2(§1—Q1X15)T211 2 11n117’€ % ( Qz ZIB)}

2§ - QXB)TE DS, 1T B G me}
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*l(¢;9,X,C)

032
-y (PP e - ax
+26TXTQTE QX ggt %%TXTQTZ 1D, =7 (G — QiX.)
XA D - QX

- - QXATE S G - QXA

ox; !

OBy
B otr (£7'D;y) PTe) Y
___Z{ 95, - 26, X;Q; a5, (1 — Q:.X.:B)

(§: — QX.B) + (5 — Q. X.8)"E' D, B QX aﬂ}

( Qz zﬁ)TZ 1Dzk aﬁt

L o6TxT0rs 0% B 1 9% xToTs 1D 515, — QiX.B)
85 86 i,k i

- 25~ QXA DU G - QXA)
- - QXA SR - Q)|
s oD, rytore s,
:“Z{ (G + B0 52 ) + 8IXTQI 8 - @

+26, X7QISQi X6, + 26/ X[ QIS 'D X (7 — QiXiB)

25~ QXB)E R DT G - QXB)
~ T 18Dzk
- - QXS - Q) |

1 m
=5 | (CEDLE D+ 5D 4 BIXTQIE DL G - QX
i=1

+ 26T XTQIS QX 6, + 26T XTQTS D kX (@ — Qi XB)
+ ( QXz,B)TZ 1th2 1Dzk2 ( QXMB)

— (% — Q:X.:8)"S;'D; 1T (§; — Q’LXZﬁ)}
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0*l(¢;9,X,C)

0B,002
1 ox;! aﬂ .
——gz{tf( aﬁk) 55 X QTS G- QX B)
_2< Yi Qz ZIB) 82 (NZ—QIXZﬂ)}

1 — 3
=52 { —tr (2;1 95, ;1) +26, X7 Q7 E 'S (G — QiX.B)

+2(F: — QiXif)' S 12? B - QZ-XUB)}
B _% Em: { —tr(8;'D; X ) + 20, X[ QTE ' (§: — QiXiB)

12 — Q.X.B)TE DS IS § — QX ﬁ)}

O*l(¢;9,X,0)
802802

ot (B 'L,1%) azl Ty

. 0%,
N 1 11 lT
:1{ (=g )

.

_ %

20 - QXS R L ALE - QXB) |
1 & _

=3 Z { tr (—%;'1,,17 271,17

+2(5; — Q:X:8)"E; "1, 1] 71,17 =71 (§; QXZﬂ)}

”l(¢;9,X,0)
0o200?
" (9t (Bt 32 1
:‘%Z{% 2§ - QXiB)" = 5 B @ QXZﬂ)}
i=1 v 0y
- _%Z{ - tr<2ilg§§2 > +2(; — QiX.B)"E] 1222& L2 (@ —Qinﬂ)}

= —% i{ — (371,10 271 + 25 — Q:X:B) S ', 1N B BN — Q; X“B)}
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0*l(¢;9,X,C)

002002
1< (otr(Z1) on-1
= — = —2_2 . — X T 7 24_1 ~ X
2 ‘:1{ 80-3 (yz Qz zﬁ) 80'3 i (yz QZ 1ﬂ)}

Il
ol

{ — tr<EZ 122221 > +2(; — Q:X:B)'E; 122221 D YRI(7? _QiXiﬂ)}

=1

I
ol

{ e + 20 - QX887E 206G - 0X8) |

=1

5.4.6 Proof of (5.19)

Since ;| X;, C; e N(Q,XB,%;), then it is not difficult to obtain that

E(§i — QiZ:if1X:,Ci) =0, E (@ — QX:B)(§: — QiX:B)"|X:,Ci] =%i.  (5.37)

By using basic properties of trace, we can prove that for any n; x n; matrix M =

M(X,C,¢,v), which may depends on X and C but not on §,
E [@z - QZXZ,B)TM(?L - QiXiIB)|X7C} = tr (M%), (5.38)
since

E[§ - QX:8)"M(§: — Q:X.8)X.C]
= E [t (5 — QX:8)"M(§: — QiX.8)) IX,C]
= E [tr (M5 — QX:B)(: — Q:X.8)") IX.C]
= tr (E [M(; - Q.X:8)(H: — Q.X:8)"1X,C])
tr (ME [(§; - QiX:8)(§: — Q:X.8)"1X.C])

= tr (MY;).
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By using the fact (5.37) and (5.38), we can obtain the following results:

g <_<921(¢;y,X70)
0B:0By,

= % Z { tr (—E;IDiytEi—lDLk -+ Ei_lDi,kt>
i=1

|X,C)

+ 26;{XfQiTZ;1DMZ;1E[gi - Q:X.8|X,C)|
+ 25;{X;TFQ;TFZ;1QZ-X@ + 25?X?Q;2;1Di,k2i_lE[gi - Q. X.8|X,C]
+2F [(!7@ - Q:X.8)"S'D;;x'D; X (g — QiXi,B)|X70]

B[ — QX8)E DS G — QiXiB)|X.C] }
1 <& -
=3 Z { tr (—X;'D;,5;'D;; + 57Dy ) + 260 X QTE'Q: X 6,

=1

+ 2tr<2;1Di,t2;lDi,k) — tr(zilDth)}

N —

> {25{)({@{2;1@)(1-& +tr(37'D;, 27D ) }
=1

O*l(¢;y,0)
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E(_821(¢;y,X,C)
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DO |
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tr (2,81 ).

=1

5.4.7 Proof of (5.20) and (5.21)

When ¥ is known, the log-likelihood function of ¢ based on data {g;,C;,i =
1,...,m} is given by
. RS . 1ys
l(¢;9,X,C) = 3 Z {nz In(27) + In || + (§: — QiXi:B>T2i 1(%‘ - QZXZﬂ)} :
i=1

Assuming that the matrix ¥; = K; + ¢21,, 17 + 021, is fixed in B8, we have

Ni+n,

oxr; 0 @ B r 08 I
o 7 Qo2 T 9oz T
and
aaz L= —Eilgzng =-% 11,5,
UU UU
0ln|%,| 0%, _
907 =tr (22‘ 1802> = tr(Ei 11m1§i),
0%, 08 g1
do? =% Oagzi = —EE
Oln |%;] 0%, _
902 = tr(Zi 1802> = tr(Zi 1).

Using the above results, the first derivative of I(¢;g,X,C) with respect to
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parameters 3, o2 and o2 are given by

0l(¢:9,X,C)
op

i=1

ol(¢;§,X,C)
Jdo?

:__Z{(?Wm —Q.XB)T 1( i—QiXZﬂ)}
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:"Z{lT —Q:X:B) S, 1T 5 - QiXB)}
(¢;y,X70)
do?
___Z{alga'f' QX BT - QX))
:__Z{tl" Qz zﬁ)TE 12 ( lelﬂ)}

2

The second derivatives of [(¢;§,X,C) with respect to parameters 8, o; and

2 .
o, are given by

*l(¢;5.X.C)
0BoOBT

TG S xIQ! T - QX

ZXTQTE IQ Xw

i=1

=-Y X'QIL ', 1T 57§ — QiXiB),
1=1
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0°1(¢:9,X.C)
Jo20o?

1
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+ (@ - QiXiB) TS (§: - Qixim}

:_%Z{—tr(&-‘ ;) 20 - QXB) BT (3 Q"Xiﬂ)}'

5.4.8 Proof of (5.23)

Since ;| X, C; nd N(Q:X:8,%;), then for any n; x n; matrix M which does

not depend on g, we have
E(y; - Q:X:B|X;,C;) =0,,, E [(?]z - Q:X,8)"M(j; _QiXi,B”Xi,Ci} = tr (M%),

where 0,,, is a n; x 1 vector of zeros.

Using the above results, we can get

825(05 v, ) ] Zm TATy—1
iy VUi — i i i iXiJ
[ 825(4’;?770) ] _ — TATs—1 Ts—17[~ _
E _—W|X¢,C’i_ = E X;Q; %; 1ni1ni2¢ E[yi_QiXi,B’Xiaoi] =0,,
[ 82l(¢;gj,0) ] TATy—1y—1
E —WPQ,C%_ = E X:Q XY Ely —Q:X:p|X;,Ci] =
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Chapter 6: Monte Carlo Simulation Study

6.1 Introduction

In this section, we design a Monte Carlo simulation study to compare finite
sample performances of different estimators of regression coefficient 3 in simple
linear and logistic models in the presence of linkage errors. Four different estimators
are evaluated: naive estimator BN that ignores linkage errors, proposed estimator
BF that incorporates linkage errors, and two of its computational simpler versions
BM and BMQ. These estimators can be derived by solving a set of corresponding

estimating equations ( See Table 6.1 ), where @M and QM2 are simplified versions

n;,N;

iZ1g=1: 0 =1,... G. All the entries except the largest

of design matrix Q; = (qj-j,)

M

one are set to zero on each row in Q;", while all the entries except the first two
largest are set to zero on each row in @M2. In our simulation, we assume that linkage
errors only exist within blocks, but not across blocks. The conditional independence
assumption is made. That is, the agreement on one matching field is independent
from that on others.

Simulation results for both equal and unequal scenarios are presented. Files
F, and F, are of the same size (i.e., the number of units) within each block in the

equal scenario while they are different in the unequal scenario. However, even in
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the equal scenario, we allow block sizes to vary across blocks. In each scenario, two
sets of simulation conditions are considered in order to compare the performances
of different estimators under different levels of linkage errors. Results for these
two different scenarios are shown in section 4.1 and 4.2, respectively. We consider
G = 100 blocks and R = 100 independent simulation replications throughout each
section.

In section 6.4, we conduct another Monte Carlo simulation to investigate the
difference between the standard and simplified jackknife methods in estimating the
variance of the estimators of §. The simulation is performed under two different
scenarios: the equal scenario and the unequal scenario. In the equal scenario, sim-
ulation is done for a simple logistic model. In the unequal scenario, simulation is

done for a simple linear model.

Table 6.1: Estimating equations used for four different estimators of regression
coefficient (8 in simple linear and logistic models. Notation is followed from Chapter
2.

Est. | Linear Model Logistic Model

By | S0 X — X8} =0 S XT (@ — 9(X:,8)) =0

br | L @iX) (3 - QiXif) =0 | X7 (QiX)" (5 — Qig(X:, 5)) =0
B | T @YX)T (- QMXi8) =0 | 7, (@QMX)T (3 — QMg(Xi,8)) =0
Bars | S0 (@M X)) (§: — QX i8) =0 | 37, (@M X)) (§: — QM9(Xi, B)) =

Note: ¢(X;, ) = collQSM% Qi = (¢ )iz ivj, 1, ¢ =1,... G is the design

matrix, and QM and QM? are its simplified versions. All the entries except the
largest one are set to zero on each row in @M, while all the entries except the first
two largest are set to zero on each row in QM2
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6.2 The Equal Scenario

Simulation Conditions: The number of records in each block i, n;, across
different simulation replications varies from 10 to 40 in case 1, and from 20 to 40 in
case 2. Then there are 3" | n? potential links in total with n? potential links in block
1 ranging from 100 to 1600 in case 1 and from 400 to 1600 in case 2. The number of
matching fields, K, across different simulation replications varies between 8 and 10
in case 1, and between 6 and 10 in case 2. Across different replications, probability
of agreement on matching field £ among matches, my, and among mismatches, uy,
take values from interval (0.55, 0.95) and (0.10, 0.50), respectively, in case 1, whereas
they take values from interval (0.55, 0.85) and (0.20, 0.50) in case 2. In general,
linkage errors are less likely to occur under case 1 than under case 2 when combining
files F, and F,, since it has smaller block sizes, more matching fields, and larger
probabilities of agreement among matches and smaller probabilities of agreement
among mismatches. Hence, we would expect to have better estimates in case 1 than
those in case 2. A summary of simulation conditions for case 1 and case 2 is shown
in Table 6.2.

Simulation Steps: (1) Data Generation: N values of z in F, and ¢ in
F, are generated based on the selected model and simulated regression coefficient
B. A comparison vector ¢ can be generated for each record pair based on their
true matching status, the number of matching fields K, probabilities of agreement
on matching fields among matches {my, &k = 1,..., K}, and among mismatches

{ug,k =1,..., K}. Note that only the records within the same blocks are compared.
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Table 6.2: Simulation conditions for case 1 and case 2 under the equal scenario.

Symbol Description Case 1 Case 2
lower upper lower upper
limit limit limit limit
G number of blocks 100 100
R number of simulations 100 100
x univariate covariate x~ N(0,1) z~ N(0,1)
16 regression coefficient 0 110 1
o? regression variance o2 =1-p? o2 =1-p?
n; size of block 7 10 40 | 20 40
N size of file F, and F, N = 2?:1 n; N = Zil n;
K number of matching fields 8 1216 10
my probability of agreement on | 0.55 0.95 | 0.55 0.85
field k for a match
U probability of agreement on | 0.10 0.50 | 0.20 0.50
field k for a mismatch

Note: the condition for o2 is used for simulation of linear regression on linked data
only.

The observed data for the following linkage step and statistical analysis includes X
in F,, g in F,, and comparison vector C.

(2) Record Linkage: A two class mixture model is fitted to observed com-
parison vectors ¢ using the expectation maximization (EM) algorithm. All the
parameters in the mixture model are estimated. These parameters consist of
weights of class, 7, probabilities of agreement on matching fields among matches,
{my,k =1,..., K}, and among mismatches, {uy,k = 1,..., K}. The probability of
a record pair (j, ') within block i being a link, q;- 4+, 1s the same as the probability of
its corresponding vector cz- ; belonging to class M. It can be estimated by applying
Bayes” Theorem and can be used to partition the record pairs into designated links
and non-links.

(8) Parameter Estimation: For the naive estimator, it is essential to determine
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designated links. The designate link to a record j within block 7 in F), is a record
j" within the same block in F, whose corresponding linkage probability qji.j, is the
largest among {q;-t,t =1,...,n;}. In our case, it is possible a record j' in F}, is
linked to two or more records in F}, since one-to-one assignment is not enforced. For
our proposed estimators, the design matrix @;, @M and QM? for block i need to
be constructed based on the estimated linkage probabilities {q;.j,,z' =1,..,G,j =
Loyng g =1} Qi = (¢, i =1,...m, @ and @}* are simplified
versions of ;. All the entries except the largest one are set to zero on each row in
QM. while all the entries except the first two largest are set to zero on each row in
QM2. Then the four estimators BN, BF, B v and BMQ can be estimated by solving
the estimating equations shown in Table 6.1.

(4)Variance Estimation: Jackknife is used to estimate bias, variance and mean
squared error of each estimator of . Jackknife replicates are generated by leaving
out data of one block from the two files at a time. Hence, there are G = 100 jackknife
replicate in total. For each jackknife replicate, step 2 and step 3 are performed and
estimates of [ are re-evaluated. The jackknife estimates of the bias, variance and
mean squared error of an estimator can be obtained by aggregating G replicate
estimates of 8. And a 95% confidence interval can be obtained for each estimate of
B.

Step (1) to (4) are performed for R = 100 simulation runs.

Performance Evaluation: The performance of the four estimators can be
evaluated by the average absolute deviation (AAD) and average squared deviation

(ASD) over all the simulation runs. The formulas for AAD and ASD of an estimator
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B are shown below.

3y et 1B — B
2 _ e (B — 8)

where B(T) is value of B calculated based on simulation r. We can also measures
improvement of an estimator B over BN with respect to AAD and ASD by relative

percent improvement (RPI). The formulas are shown below.

AAD(By) — AAD(S)

RPIsap(f3) = AAD o) x 100%,
N

RPI sp(B) = ASD (ngBAf DB s 100.%
N

To learn more about the properties of these estimators, Monte Carlo estimates
of sampling mean, bias, relative bias, variance, relative variance, mean square error,
relative mean square error of each estimator are obtained. Suppose R independent
replicates are generated, and ,@(T) is the estimate of # computed based on replicate
r, v =1,... R. Then the Monte Carlo estimate of sampling mean, variance, and

mean square error of § are given by

1. . 1.
Ep) =4 > 67, Bias(f) = & > B -8,
r=1 r=1
5o L~ a0 1RA<>2 P IR WP
_ - r) __ r _ r) 2
V(ﬁ)—R_1;<5 R;B ) , MSE(ﬁ)—R;w 8)*.

And the Monte Carlo standard deviations of the estimated mean, bias, mean square

error are given by




6.2.1 Linear regression with linked data

In each simulation run, values of a scalar independent variable X are randomly
and independently generated from N(0,1), and the corresponding values of Y are
given by

Yy =ziBt+e i=1,....G, j=1...n;:

where the regression coefficient [ is randomly selected from a uniform distribution
in [0,1], and the random errors € are randomly and independently sampled from
N(0,0?) with 02 =1 — 2

Scatter plots of B NS B r, ﬁ M, B w2 estimates versus true values of 3 are shown in
Fig 6.1. The true values of 3 is on the x-axis and the estimated value of 3 is on the
y-axis. A 45 degree straight line is plotted in red, and a fitted straight line is plotted
in blue. If an estimator performs well, the data points should gather closely around
red line and the blue line should be close to the red line. Based on the results, we can
see that naive estimator BN usually underestimate [ under both of the two cases.
This phenomenon is even more obvious under case 2. This is because the linkage
errors in the linked data weakened the correlation between y and x, which introduce
a bias toward zero when estimating the slope of the regression line. All of our
proposed estimators correct this bias, with full estimator and max2 estimator being
the most efficient, and max estimator being the least efficient. The max estimator
BM seems to overestimate [ a little bit when the true value of § increases, but it
still behaves much better than BN especially in Case 2. In general, our proposed

estimators behave better than the naive estimator based the visual results. This is
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Figure 6.1: Simulation results for a simple linear regression under case
1 and case 2 in the equal scenario: Scatter plots of naive, full, max and
max2 estimates versus true values of regression coefficient 5. Diagonal
lines with slop 1 are plotted in red. Fitted lines are plotted in blue.

probably because they take account of the linkage errors in the linked data.

Fig 6.2 shows heat maps of 100 absolute deviations and squared deviations
of each estimators from true values of  in a linear model under two cases. The
darker the color is, the smaller the absolute deviation is. We can clearly see that our
proposed estimators performs much better than the naive estimator, especially in
case 2. Table 6.3 shows the average absolute deviations (AAD) and average squared
deviations (ASD) of our proposed estimators for 3, as well as the relative percent
improvement (RPI) over the naive estimator under Case 1 and Case 2 in the equal
scenario. Values of AAD and ASD are shown in black and values of RPI are shown in
blue. Under both cases, B ~ has the smallest values of AAD and ASD among the four

estimators, implying it performs the worst in estimating the regression coefficient in
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Figure 6.2: Simulation results for linear regression under case 1 and case
2 in the equal scenario: Heat map of absolute deviations (top 2) and
squared deviations (bottom 2) for estimates of regression coefficient .

a simple linear model; B w2 performs better, but not as well as B r and B Mm2. We can

also see that values of AAD and ASD increase under Case 2 when compared to Case

1. This is as expected because Case 2 has more difficult simulation conditions (less

matching fields, larger block sizes, small probabilities of agreement among matches

and larger probabilities of agreement among mismatches) and then linkage errors

are more likely to occur. However, our proposed estimators improved more over

the naive estimator in Case 2 then in Case 1, indicated by the larger values of RPI

under Case 2. It shows that our proposed estimator would be especially useful when

linkage errors are more likely to occur.
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Table 6.3: Simulation results for linear regression under case 1 and case 2 in the
equal scenario: Average absolute deviations (AAD) and average squared deviations
(ASD) of naive, full, max and max2 estimators of regression coefficient 5. The
percent relative improvement (PRI) of the proposed estimators over naive estimator
is shown in blue.

Estimator Case 1 Case 2
AAD ASD AAD ASD
BN 0.0601  0.0070 | 0.2211  0.0670
BF 0.0166 ~ 0.0005 | 0.0286  0.0015
72.43%  92.33% | 87.08%  97.82%
BM 0.0435  0.0027 | 0.0664  0.0060
27.63% 61.92% | 69.95%  91.00%
BMQ 0.0176  0.0006 | 0.0308  0.0017
70.65% 91.85% | 86.05%  97.48%

6.2.2  Logistic regression with linked data

In this section, we want to compare the performances of different estimators of
regression coefficient 3 in a simple logistic model. Simulation for logistic regression
basically follows the same steps as those for linear regression. The only difference
is in the generation of values of x and y. In each simulation run, values of a scalar
independent variable x are randomly and independently selected from N (0, 1), and

the corresponding values of y are given by

exp(fzij)

O i m, =1,
1 + exp(fBz; ) J

P(yi; = 1]xi;) = g(xi;) =

where the regression coefficient 8 is randomly selected from a uniform distribution
in [0, 1].
Fig 6.3 shows scatter plots of naive, full, max and max2 estimates and true

values of § in a simple logistic regression on 100 simulation runs under Case 1
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and Case 2 in the equal scenario. Heat map for absolute deviations and squared
deviations for each estimator on 100 simulation runs is in Fig 6.4, and values of
average absolute deviations (AAD) and average squared deviations (ASD) of our
proposed estimators and their relative percent improvement (RPI) are displayed in
Table 6.4.

Results shown in Fig 6.3, Fig 6.4 and Table 6.4 for logistic regression on
linked data are similar to those for linear regression. Again, a bias toward zero is
introduced to the naive estimator. The proposed estimators correct this bias, with
max2 estimator and full estimator being the most efficient, and max estimator being
the least efficient. The increased relative percent improvements from Case 1 to Case
2 implied again that our proposed estimators improve more over the naive estimator

when the linkage error are more likely to occur.

Table 6.4: Simulation results for logistic regression under case 1 and case 2 in the
equal scenario: Average absolute deviations (AAD) and average squared deviations
(ASD) of naive, full, max and max2 estimators of regression coefficient 5. The
percent relative improvement (PRI) of the proposed estimator over naive estimator
is shown in blue.

Estimator Case 1 Case 2
AAD ASD | AAD ASD

BN 0.0811  0.0112 | 0.2320  0.0811
Br 0.0527  0.0045 | 0.0755  0.0098
35.01% 59.78% | 66.61% 87.90%
B 0.0681  0.0080 | 0.1215  0.0269
16.02% 28.60% | 47.65% 66.78%

Bara 0.0517  0.0043 | 0.0796  0.0106
36.24% 61.28% | 65.70% 86.99%

In order to further evaluate the performances of these four estimators, another
set of 100 simulation runs for logistic regression under case 1 in equal scenario is
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Figure 6.3: Simulation results for logistic regression under case 1 and
case 2 in the equal scenario: Scatter plot of naive, full, max and max2
estimates versus true values of regression coefficient §. Diagonal lines
with slop 1 are plotted in red. Fitted lines are plotted in blue.

performed with g fixed at 0.5. Box plot of deviations and relative deviations of
different estimators from the true value of § is shown in Fig 6.5. Table 6.5 gives
the Monte Carlo estimate of bias, relative bias, mean square error (MSE), relative
mean square error, length and coverage of nominal 95% confidence intervals of /3
for each method. The standard errors of these estimates are shown in blue. The
negative values of bias and relative bias of naive estimator implies it underestimate
values of 3, and the other three estimators correct this bias, with max2 estimator
and full estimator being the most efficient. The correctness of bias and relative bias
also lead to the decrease of mean square error and relative mean square error. In
terms of mean square error and relative mean square error, the max2 estimator B M2

performs the best, followed closely by the full estimator BF The relative efficiency
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Figure 6.4: Simulation results for logistic regression under case 1 and
case 2 in the equal scenario: Heat map for absolute deviations (top 2)
and squared deviations (bottom 2) of estimates of regression coefficient

B.

of each proposed estimator to the naive estimator with respect to mean square error
is given in Table 6.6. We can also see that the coverage rates of confidence intervals
produced by max2 and full estimators and their jackknife variances are very close to
their desired nominal level, while those produced by naive estimator is lower than

the desired nominal level.

6.3 The Unequal Scenario

In this section, we attempt to compare performances of different estimators
under the unequal scenario where the number of records in the same blocks are
different in F, and F,. Our parameter of interest is the regression coefficient 5 in
a simple linear model. Two sets of simulation conditions are considered. They are
similar to those used for the equal scenario, but slightly different. The number of
observations of y in block ¢ of file F};, n;, is different from the number of observations
of x in the same block of file F,, N;, i = 1,...,m. n; ranges from 10 to 20 under
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Figure 6.5: Simulation results for logistic regression under case 1 in
the unequal scenario: Box plot of deviations and relative deviations of
different estimators from the true value of 3 over 100 simulation runs.
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Figure 6.6: Simulation results for logistic regression under case 1 in the
equal scenario: Plot of Monte Carlo estimate of bias, relative bias, vari-
ance, relative variance, mean square error (MSE), relative mean squared
error(RMSE), length and coverage of nominal 95% confidence intervals
of regression coefficient 8 by different methods over 100 simulation runs.
Value of (3 is set to 0.5 for each simulation.
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Table 6.5: Simulation results for logistic regression under case 1 in the equal scenario:
Monte Carlo estimate of bias, relative bias (R.Bias), variance, relative variance
(R.Var), mean square error (MSE), relative mean squared error(R.MSE), length and
coverage rate (C.R.) of nominal 95% confidence intervals of regression coefficient 3
by different methods over 100 simulation runs. Value of § is set to 0.5 for each
simulation. The corresponding estimated standard deviation is show in blue.

Bias R.Bias Var R.Var MSE R.MSE Length C.R.
Naive | -0.0731 -0.1462 0.0044 0.0175 0.0097 0.0387 0.1869  63%
0.0066  0.0132 0.0011  0.0045 0.0022 0.0485
Full |-0.0096 -0.0192 0.0046 0.0185 0.0047 0.0187 0.2429  93%
0.0068  0.0136 0.0007  0.0027  0.0048 0.0256
Max | 0.0430 0.0859 0.0042 0.0167 0.0060 0.0239 0.2388  90%
0.0065 0.0129 0.0009 0.0035 0.0051 0.0302
Max2 | -0.0007 -0.0014 0.0037 0.0148 0.0037 0.0147 0.2259  95%
0.0061  0.0122 0.0005 0.0019 0.0034 0.0219

Table 6.6: Simulation results for logistic regression under case 1 in the equal scenario:
Relative efficiency (RE) of proposed estimators to naive estimator with respect to
mean square error.

Naive Full Max Max2
MSE 0.0097 0.0047 0.0060 0.0037
RE 0.4821 0.6179 0.3798

Case 1 and from 20 to 30 under Case 2. The ratio of n; and N; is denoted by r;,
which varies from 1.5 to 3, and N;, is set to N; = |n;r;|. With this setup, linkage
errors would be more likely to occur compared to the equal size scenario. For the
details of the simulation conditions, see Table 6.7.

6.3.1 Linear regression with linked data

Fig 6.7 displays scatter plots of naive, full, max and max2 estimates versus the
true values of 8 in a simple linear model under Case 1 and Case 2 in the unequal
scenario. Similar to the results for the equal scenario, the naive estimator underes-

timate the regression coefficient, indicated by the obvious discrepancy between the
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Table 6.7: Simulation conditions for Case 1 and Case 2 under the unequal scenario.

Symbol Description Case 1 Case 2
lower upper lower upper
limit limit limit limit
G number of blocks 100 100
R number of simulations 100 100
x univariate covariate x~ N(0,1) z~ N(0,1)
16 regression coefficient 0 110 1
o? regression variance o2 =1-p? o2 =1-p?
n; size of block ¢ in F 10 20 | 20 30
r; ratio of sizes of block 7 in F, | 1.5 3115 3
and F},
N; size of block 7 in F), N; = |nri] N; = |nri]
K number of matching fields | 8 1216 10
my probability of agreement on | 0.55 0.95 | 0.55 0.85
field k for a match
i probability of agreement on | 0.10 0.50 | 0.20 0.50
field k for a mismatch

red line and the blue line. Our proposed estimators, especially the full estimator,
correct the bias. The fitted blue line for the full estimator almost coincide with the
diagonal red line. Fig 6.8 shows the heat map of absolute deviations and squared
deviations of each estimator over the 100 simulation runs. The simulation runs are
sorted in a decreasing order of values of full estimator. The darker the color is,
the smaller the absolute deviation is. Table 6.8 gives the average absolute devia-
tions (AAD) and average squared deviations (ASD) of our proposed estimator and
its relative percent improvement over the naive estimator. Results show that our
proposed estimators, especially full estimator and max2 estimator, performs better
than the naive estimator, especially in the case where linkage errors are more likely
to occur.

In order to further evaluate the performances of these four estimators, another
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Figure 6.7: Simulation results for linear regression under case 1 and case
2 in the unequal scenario: Scatter plot of naive, full, max and max2
estimates versus true values of regression coefficient 5 in a simple linear
model on 100 simulation runs. Diagonal lines with slop 1 are plotted in
red. Fitted lines are plotted in blue.
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Figure 6.8: Simulation results for linear regression under case 1 and
case 2 in the unequal scenario: Heat map of absolute deviations and
squared deviations for estimates of regression coefficient 5 in a simple
linear model on 100 simulation runs.

set of 100 simulation runs for linear regression under case 1 of unequal scenario is
performed with g fixed at 0.5. Box plot of deviations and relative deviations of
different estimators from the true value of g is shown in Fig 6.9. Table 6.9 gives the
Monte Carlo estimate of bias, relative bias, mean square error (MSE), relative mean
square error(RMSE), length and coverage of nominal 95% confidence intervals of
for each method. The standard errors of these estimates are shown in blue. The
negative values of bias and relative bias of naive estimator implies it underestimate
values of 3, and the other three estimators correct this bias, with full estimator being
the best. Our proposed estimators also efficiently decreased the variance by about
50% when compared to the naive estimator. We can also see that the coverage rate

of confidence intervals produced by full estimators and their jackknife variances is
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Table 6.8: Simulation results for linear regression under case 1 and case 2 in the
unequal scenario: Average absolute deviations (AAD) and average squared devia-
tions (ASD) of naive, full, max and max2 estimators of regression coefficient § in
a simple linear model over 100 simulation runs. The percent relative improvement
(PRI) of the proposed estimator over naive estimator is shown in blue.

Estimator Case 1 Case 2
AAD ASD | AAD ASD
BN 0.0573 0.0061 | 0.2780 0.1056
BF 0.0192 0.0006 | 0.0366 0.0023
66.51%  89.88% | 86.84%  97.80%
BM 0.0456 0.0028 | 0.0665 0.0062
20.55%  53.06% | 76.08% 94.09%
BMQ 0.0201 0.0007 | 0.0402 0.0026
64.96%  88.45% | 85.53%  97.52%

very close to its desired nominal level, with only 1 percent off, while those produced
by other estimators are lower than the desired nominal level. In terms of mean
square error and relative mean square error, the full estimator BF performs the
best, followed by the max2 estimator BMQ and max estimator BM. The relative
efficiency of each proposed estimator to the naive estimator with respect to mean

square error is given in Table 6.10.

6.4 Comparison of the Standard and Simplified Jackknife Methods

Inspired by Jiang, Lahiri and Wan (2005), we proposed to use Jackknife
method to estimate variance of each estimator of 5. A Jackknife replicate 7 is
constructed by leaving out data from blocks ¢, i« = 1,...,G in file F, and Fj.
The estimate of mixture model parameters ¥ = {m, my,...,mg,uy,...,ux} are re-

estimated at each replicate data, and then are used to estimate the probability of
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Figure 6.9: Simulation results for linear regression under case 1 in the
unequal scenario: Box plot of deviations and relative deviations of dif-
ferent estimates from the true value of § over 100 simulation runs.
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Figure 6.10: Simulation results for linear regression under case 1 in the
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intervals of regression coefficient [ by different methods over 100 simu-
lation runs. Value of 3 is set to 0.5 for each simulation.
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Table 6.9: Simulation results for linear regression under case 1 in the unequal sce-
nario: Monte Carlo estimate of bias, relative bias(R.Bias), variance, relative variance
(R.Var), mean square error (MSE), relative mean squared error(RMSE), length and
coverage rate (C.R.) of nominal 95% confidence intervals of regression coefficient
B by different methods over 100 simulation runs. Value of 3 is set to 0.5 for each
simulation. The corresponding estimated standard deviation is show in blue.

Bias R.Bias Var R.Var MSE R.MSE Length C.R.
Naive | -0.0785 -0.1569 0.0028 0.0112 0.0089 0.0357 0.1149  35%
0.0053  0.0106 0.0012 0.0049 0.0025 0.0479
Full | 0.0061 0.0122 0.0011 0.0043 0.0011 0.0044 0.1225 94%
0.0033  0.0066 0.0001  0.0006  0.0023 0.0239
Max | 0.0501 0.1003 0.0016 0.0064 0.0041 0.0164 0.1294  69%
0.0040  0.0080 0.0005 0.0020 0.0031 0.0465
Max2 | 0.0117 0.0235 0.0014 0.0056 0.0015 0.0061 0.1240 88%
0.0037  0.0075 0.0002  0.0009 0.0027 0.0327

Table 6.10: Simulation results for linear regression under case 1 in the unequal
scenario: Relative efficiency (RE) of proposed estimators to naive estimator with
respect to mean square error.

Naive Full Max Max2
MSE 0.0089 0.0011 0.0041 0.0015
RE 0.1244 0.4607 0.1713

linkage and designate the record pairs as links and non-links. Then B—m the esti-
mate of 3 for replicate i, can be obtained based on replicate data and '(ﬁ_i. And
the jackknife variance of an estimator of § can be obtained by aggregating these
G replicate estimates of 5. This way, the estimated variance V cannot only cap-
ture the variability caused by linkage errors but also cover the variability caused by
expectation maximization algorithm

However, the above jackknife method of estimating variance is time consum-
ing because of the complexity of process. The expectation maximization algorithm

is operated G + 1 times estimate mixture model parameters during the entire pro-
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cess, 1 time on the full data to obtain ’l/:?, G times on all jackknife replicates to get
{1,5_1»,2' = 1,...,G}. Also, the design matrix @ used in the estimating functions
need to be re-constructed for each jackknife replicate since it depends on the mix-
ture model parameters. We wonder whether the jackknife method can be simplified
to decrease the computation time without losing much accuracy. Based on some of
our findings that (1) the expectation maximization algorithm takes most part of the
computation time during the entire process; (2) there’s no big difference between
the estimate of mixture model parameters on the full data and on the jackknife
replicates, we propose a simplified version of the above jackknife method. Instead of
re-estimating mixture model parameters 9 for each jackknife replicate, we use the
estimate obtained from the full data 1& during the entire process. Let Vo denote the
estimated variance of an estimate obtained from the simplified jackknife method.
Next, we conduct a Monte Carlo simulation study to show that the difference be-
tween these two estimated variances V and Vj is quite small.

Again, the simulation is performed under two different scenarios: the equal
scenario and the unequal scenario. In the equal scenario, simulation is done for a
simple logistic model under Case 1 with simulation conditions as shown in Table
6.2. In the unequal scenario, simulation is done for a simple linear model under
Case 1 with simulation conditions as shown in Table 6.7. Under both scenarios, the
true value of the regression coefficient (3 is set to 0.5. For each of the R simulation

runs, two different jackknife methods are used to estimate variance of an estimate.
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6.4.1 Equal Scenario

Figure 6.11 shows the box plot of the relative difference of Vo and V of each
estimate of 3. First, most of the relative differences among R simulation runs are
above 0, showing that Vis usually greater than Vp. This is expected since V, ignores
the variability in estimating mixture model parameters while V, does not. Also, we
can clearly see the relative difference of V and Vj is large for the naive estimator but
small for our propose estimators, especially for the full estimator BF, which is within
0.1. We wonder whether the absolute relative difference of f/o and V is smaller than

a positive constant L. We would like to test the hypotheses

Hol d:C

Hy: d< C

where d >= 0 is the absolute relative difference of V; and V.
A one sample t test may be considered. However, the histogram of the absolute
relative difference, shown in Figure 6.12, looks strongly skewed, suggesting lack
of normality. We would therefore to use the Wilcoxon signed rank test, a non-
parametric statistical hypothesis test. The test statistic WTis the sum of ranks of
the positive difference of d and C. That is,

R

Wt =>"|d—C| x I{sign(d — C) = 1}
i=1

Under the null hypothesis, W has mean

R(R+1)

Hw+ = 1
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and standard deviation

RR+ 1)2R+ 1)
owt = \/ 24

Under the null hypothesis, the distribution of the signed rank statistic W converges
to a normal distribution when the number of replicate R becomes large. Then we
can use the normal probability calculation (with continuity correct) to approximate

P-value for W*. The P-value is equal to

W+—,uw+) — (W+—/Lw+>

Py+(X <WH) =P (Z <= p— p—

The Wilcoxon signed rank statistics and their corresponding p values of the
hypotheses test for different choices of C' are shown in Table 6.11. Based on the
result, there is strong evidence that the absolute relative difference between V and Vj
is less than 0.02 for full estimator, and less than 0.04 for all the proposed estimators.

There’s no evidence that the absolute relative difference is within 0.05 for the naive

estimator.

Table 6.11: Simulation results for logistic regression under case 1 in the equal sce-
nario: Table of test statistic and p values of one tailed Wilcoxon signed rank test.
The alternative hypothesis is that the absolute relative difference between the two
jackknife variances of the estimate of J is less than C.

C 0.01 0.02 0.03 0.04 0.05
Estimator w p.value w p-value w p.value W p.value w p.value
Naive 4954 1.00 4787 1.00 4618 1.00 4412 1.00 4104 1.00
Full 3440 1.00 1367 0.00 654 0.00 244 0.00 45 0.00
Max 4234 1.00 3452 1.00 2578 0.57 1936 0.02 1388 0.00
Max2 4327 1.00 3073 0.97 2196 0.13 1439 0.00 864 0.00
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Figure 6.11: Simulation results for logistic regression under case 1 in the
equal scenario: Box plot of relative difference between the two jackknife
variances of each estimate of 5. The true value of [ is set to 0.5.
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Figure 6.12: Simulation results for logistic regression under case 1 in
the equal scenario: Relative frequency histogram of absolute relative
difference between the two jackknife variances of each estimate of [.
The black line is the kernel density estimate.
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Figure 6.13: Simulation results for linear regression under case 1 in the
unequal scenario: Box plot of relative difference between the two jack-
knife variances of each estimate of 3. The true value of 3 is set to 0.5.

6.4.2 Unequal Scenario

Similar results are obtained for the linear regression under case 1 in the unequal
scenario. The box plot of relative differences of V and Vj is displayed in Figure 6.13,
the histogram of absolute relative differences is shown in Figure 6.14, and the results
for the hypothesis test is given in Table 6.12. Based on the result, there is strong
evidence that the absolute relative difference of V' and VO is within 0.05 for all the

proposed estimators, but not for the naive estimator.

6.4.3 Conclusions

Based on the results of the one-sided hypothesis test, we concludes that the ab-

solute relative difference between the variances obtained from the standard jackknife
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Figure 6.14: Simulation results for linear regression under case 1 in the
unequal scenario: Relative frequency histogram of absolute relative dif-
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Table 6.12: Simulation results for linear regression under case 1 in the unequal
scenario: Table of test statistic and p values of one tailed Wilcoxon signed rank
test. The alternative hypothesis is that the absolute relative difference between the
two jackknife variances of the estimate of 3 is less than C'.

C 0.01 0.02 0.03 0.04 0.05
Estimator w p.value w p-value w p.value w p.value w p-value
Naive 5034 1.00 4994 1.00 4895 1.00 4767 1.00 4519 1.00
Full 4918 1.00 4354 1.00 3534 1.00 2773 0.80 1911 0.02
Max 4713 1.00 3887 1.00 3066 0.97 2343 0.27 1860 0.01
Max2 4866 1.00 4225 1.00 3443 1.00 2631 0.64 2019 0.04

method and from the simplified jackknife method are small for our proposed estima-

tors, but not for the naive estimator, under both the equal scenario and the unequal

scenario. Hence, we would recommend to use the simplified jackknife method to

estimate variance for any of the proposed estimators if one would like to pursue less

computation time.
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Chapter 7: Future Research

Our research has initiated some new ideas and points to several directions for
future research.

A key assumption of the general methodology for small area estimation is that
the records from multiple sources can be partitioned into small areas without error,
and small areas coincide with blocks. In reality, however, this may not hold in
different situations:

(1) The variable specifying the membership of small areas is not present in all
files to be linked. Thus, it is impossible to partition the records in each file into
small areas before the record linkage process.

(2) Even when the records in multiple files can be divided into small areas
successfully, the number of record pairs within some small areas could be large,
and thus blocking within small areas may be a reasonable option in order to reduce
computational burden. In this case, our general methodology works when a small
modification to the linkage error model is made. The matrix of matching status
indicators L; = diag(L;1, ..., L;g,) turns block-diagonal, assuming that the records
in small area i are partitioned into G; blocks without error.

(3) It is also possible that small areas are nested within blocks. In this case, the
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model is likely to introduce correlation across small areas. Our general methodology
works for point estimation because global parameters like the regression coefficients
and variance components will be estimated properly as long as we have a large
number of blocks. As for variance estimation, a new method is required since the
current jackknife methods used in the dissertation requires the measurements to
independent across small areas.

Our research is limited to performing statistical analysis on data from two
different files. Specifically, we consider the case where the variable of interest and
its predictors are observed separately for two samples of population units. When
developing the current methodology, we see the potential of extending it to an even
more general case, where observations on the variable of interest and some of its
predictors are recorded in one file and observations on the rest of its predictors are
stored in other multiple files. The basic idea is to use a system of linkage error models
and a system of mixture models. The validity of the idea need to be investigated in
the future.

Our proposed methodology requires the measurements to be independent
across blocks or small areas. This is mainly due to the assumption of the jackknife
methods we used for estimating bias, variance, and mean squared errors. Recently,
Jiang and Mahmoud proposed a Monte-Carlo-assisted approach to mean squared
error estimation of a small area estimate, which allows correlation across small areas.
It can be a potential tool to improve our research.

The dissertation is focused on the classical method of small area estimation

using data from multiple files. The classical unit-level models are used for describing
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the relationship between the study variable and auxiliary variables, and the mixture
model is used for the purpose of record linkage. In the literature of small area esti-
mation, Hierarchical Bayesian approaches have been suggested due to the following
advantages:

(1) It is straightforward to take into account all sources of variation.

(2) The MCMC techniques have made it computationally feasible and easy to
estimate the model.

(3) The Bayesian approaches allow the use of the one-to-one matching assump-
tion, so that we do not need to be concerned about the one-to-many and many-to-one
linkage problem that usually occurs when classical methods are used.

In the future, we would like extend our research to use Bayesian methods for
small area estimation using data from multiple files.

In this dissertation, Monte Carlo simulations are used to provide preliminary
evidence supporting the validity of our general methodology. In the future, we would
like to apply the classical and Bayesian methods of statistical analysis using data
from multiple files to address some real issues. Poverty mapping and nonresponse
adjustment are two possible applications. We may have very limited information
about the individuals in poverty or nonrespondents from the sampling frame, but
more valuable information about them can be obtained if we can link the survey
and administrative data. As the amount of information increases, more advanced
models can be built to help us understand their behavior and further improve the
accuracy of poverty estimates or efficiency of weight adjustment. For example,

weighting class adjustment method is commonly used for nonresponse adjustment
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when relatively few variables are available. If additional variables can be obtained
from record linkage, response propensity models, using logistic regression, can be
applied to predict the likelihood of response versus nonresponse, and then provide
a weighting factor. When it comes to poverty mapping, the more advanced models
can better predict the poverty status of an individual that was not sampled in the

survey, and further provide a more reliable poverty estimate for each small area.
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