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Standard Model is an amazing success of particle physics, a success further cemented by

the discovery of the Higgs boson. While its picture is incredibly satisfying, there are still a few

mysteries it cannot address, one of which is the nature of dark matter. While we have over-

whelming evidence for its existence, we still do not know its basic properties such as mass or

spin. Ultralight fields are among the most exciting dark matter candidates. Their large occu-

pation number allows us to treat them as classical fields, while their non-relativistic velocities

ensure that the field oscillates at an angular frequency equal to its mass with a long coherence

time. In this dissertation, we discuss some challenges associated with constructing successful

models of ultralight dark matter and discuss new detection strategies.

In the first part of this dissertation, we address the underlying issue with ultralight scalars,

namely the naturalness problem. Generally, requiring the scalar to couple to the Standard Model

introduces radiative corrections to its mass, which conflicts with the requirement of a small mass.

We present an ultraviolet-complete model that avoids this issue by employing ZN symmetry,



which suppresses corrections to the mass while retaining relatively large couplings to photons,

making the model testable by current and future experiments looking for the time-variation of the

fine structure constant.

In the second part of this dissertation, we focus on the experimental aspects of ultralight

scalars. The general experimental landscape is divided into two categories: experiments assum-

ing a dark matter background, and experiments measuring the fifth force associated with the new

scalar. The former provides strong constraints for the lightest scalars due to their large abundance,

while the latter provides more conservative but robust limits on scalar interactions across many

decades in scalar mass. We propose a novel approach based on measuring scalar potential using

atomic and nuclear clocks, which complements fifth force measurements and offers significant

improvements over current bounds.

In the third part of the dissertation, we shift our attention to vector dark matter. Specifically,

we consider a scenario where some of the lepton generations are charged under a new gauge field.

In this case, neutrino decays in the early universe impose strong constraints on their couplings,

particularly for the lightest vectors. At higher masses, neutrino oscillations become a leading

constraint due to the sourcing of the field by electrons affecting their oscillations. We demonstrate

that in the presence of vector dark matter, the influence of the background field on neutrinos

is even more pronounced, significantly enhancing constraints on the lightest vectors by several

orders of magnitude.
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Chapter 1: Introduction

1.1 Motivation

Particle physics has reached an interesting point in its history. On the one hand, with the

discovery of the Higgs boson [29, 30], we have completed the Standard Model puzzle, achieving

a consistent description of experimentally measured phenomena up to energies on the order of

TeV. On the other hand, there are indications that this picture is incomplete. For example, the

Standard Model does not account for the fact that neutrinos have mass. Additionally, baryons

constitute only 5% of the universe’s energy budget, while Dark Matter (DM) is more than five

times more abundant [31]. The Standard Model also lacks a symmetry that would protect the

mass of the Higgs boson from radiative corrections, leading to the unresolved hierarchy problem.

Furthermore, CP-violation in the strong sector appears to be finely tuned to a value close to zero.

Addressing all of these problems simultaneously poses a great challenge, and it is likely

that the answers require multiple ingredients. The QCD axion is an example of a modest ap-

proach, as it attempts to explain the Strong CP problem and can even account for dark matter in

some instances. It arises as a pseudo-Goldstone boson of the broken global U(1)PQ symmetry,

effectively replacing the QCD θ angle,

θ

32π2
GG̃ → a

32π2f
GG̃. (1.1)
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Here, f is the decay constant of axion a. The minimum of its potential lies at a = 0, which

does not break CP. However, after U(1)PQ breaking, the expectation is that a ∼ f , which is far

from the current bound a/f ≲ 10−10. Its value is dynamically tuned close to a = 0 as the field

starts oscillating around the QCD phase transition when its mass is generated. The amplitude

of these oscillations dilutes away due to Hubble friction, explaining why a/f is so small today.

Interestingly, if the mass of the axion is ma ∼ 10−5 eV1, it would not only solve the Strong CP

puzzle but could also naturally constitute the majority of dark matter [32].

1.2 Ultralight Dark Matter and its properties

This mass falls into an exciting regime named ultralight dark matter (ULDM). To under-

stand its significance, let us compare the volume occupied by a wave packet of a single DM

particle, VDM = λ3dB = ( 2π
mDMvDM

)3, to its number density nDM = ρDM

mDM
in our galaxy,

VDMnDM ∼ 1(
30 eV
mDM

)
4

. (1.2)

Therefore, if DM has a mass m ≲ 10 eV, the wave packets of DM particles overlap, and the

field can be treated as classical. Such a scenario can only be realized by bosons, as fermions are

limited by the Pauli exclusion principle.

The most popular way to produce axions or other scalar fields is to treat them as pseudo-

Goldstone bosons of a U(1) global symmetry that undergoes spontaneous breaking at some high

scale f . Depending on whether the U(1) breaking occurs after or before inflation, we observe

two distinct types of field evolution. In the first scenario, large spatial fluctuations lead to the

1Throughout this dissertation, we use natural units, where h̵ = c = 1.

2



formation of topological defects, necessitating numerical simulations to understand the cosmo-

logical history of the field. The second scenario, known as the misalignment mechanism [33], is

qualitatively simpler: scalar fluctuations are homogenized over superhorizon scales, and the field

gets a random value ϕ ∼ f . Its evolution is then described by the following equation of motion

ϕ̈(t) + 3Hϕ̇(t) + V ′(ϕ(t)) = 0. (1.3)

The damping term 3Hϕ̇(t) is called Hubble friction. In the typical scenario, where V ′′(ϕ(t)) ≪

H2 after the reheating, the field value is ”frozen” until V ′′(ϕ(t)) ≳ H2. Provided that there

are no sudden changes in the mass mϕ, i.e. the WKB approximation holds m2
ϕ ≫ ṁϕ, the field

amplitude evolves so that the adiabatic invariant nϕa3 = mϕϕ2a3 = const does not change with

the scale factor a. Eventually, if the field is DM it reaches the amplitude ϕ0 =
√
ρϕ/mϕ that is

consistent with the current energy density of dark matter ρϕ.

While the QCD axion is a well-motivated example of ULDM, it is not the only possibility.

Moduli are another class of exciting dark matter candidates [34–38], which can also be produced

via the misalignment mechanism. They are typically present in ultraviolet-complete theories

such as string theory, where they control the fundamental constants via their vacuum expectation

values. Specifically, in the low-energy effective theory, we expect such couplings to look like

[39, 40]

L ⊃ κϕ[ de
4e2

FµνF
µν − dgβ3

2g3
GA

µνG
Aµν − dmemeψ̄eψe − ∑

i=u,d

(dmi
+ γmi

dg)miψ̄iψi] . (1.4)

Here, κ =
√
4πG, where G is Newton’s constant, e represents the charge of the electron,
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g3 is the coupling constant of quantum chromodynamics (QCD), and β3 ≡ ∂g3/∂ logµ is its beta

function. The parameters mi denote the masses of the fermions and γm ≡ −∂ logm/∂ logµ. The

parameters dx with x ∈ {e, g,mi} represent the couplings of the scalar to the corresponding gauge

bosons and fermions.

For such a DM candidate to be experimentally accessible, these couplings need to be strong

enough to produce a significant signal. However, this inevitably leads to radiative corrections that

increase the mass of the scalar. Conversely, the period of the signal, inversely proportional to the

mass, needs to be sufficiently long to avoid being averaged out. These two requirements are

inherently in tension, giving rise to the naturalness problem. To address the naturalness problem,

we need to ensure that the couplings and mass required from the dark matter candidate are self-

consistent.

To highlight the severity of the challenge, let us consider the correction to the scalar mass

coming from its interaction with photons, i.e., de ≠ 0. The leading correction to the mass of the

scalar occurs at the two-loop level

δm2 ∼ e2d2eκ
2

(16π2)2
Λ4 (1.5)

where Λ is a UV cutoff. As an example, let us consider a scalar of mass m = 10−18 eV. Current

constraints on its coupling to photons require de ≲ 10−3. Then, the correction to its mass from

the loops involving top quarks yields δm ∼ 10−11 eV. We see that δm ≫ m, which requires

some spectacular cancellation to ensure consistency in these assumptions. In Chapter 2, which

is based on [41], we discuss a model of an ultralight modulus that achieves such cancellation by

incorporating Zn symmetry.
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Figure 1.1: Landscape of current and proposed experiments probing the coupling of the scalar to
photons de. The figure is adapted from [1].

1.3 Experimental landscape

ULDM has a rich phenomenology, which has led to significant interest in detecting such

fields, as shown in Fig. 1.1 and discussed in various references [39,40,42–77]. Two main avenues

to look for these fields include searching for time- or spatially-varying observables related to their

DM background or looking for a new force mediated by them.

The first approach relies on the fact that ULDM is non-relativistic. As the local DM field

has an average velocity of v ∼ 10−3, its frequency band is very narrow, ∆ω/ω = ∆E/E = v2/2 ∼

10−6. This means that, to a good approximation, the field oscillates at an angular frequency

equal to its mass, ϕ(t) = ϕ0 cos(mDMt). The narrow band also means that the signal has a long

coherence time tcoh ∼ (mv2)−1 = 106m−1, allowing us to observe the signal for about 106 periods
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before its amplitude and phase randomly change.

In the case of moduli DM with couplings to the SM as described in Eq.(1.4), the signature

is the oscillation of fundamental parameters, such as the fine structure constant, and the masses

of baryons, electrons, and light quarks. Assuming the scalar saturates the energy budget of DM,

ϕ0 =
√
ρDM/mDM, the bound is set on the coupling dx. A successful measurement of the time

variation of these parameters requires that the mass of the DM is small enough that the effect is

not averaged away.

One of the most exciting ways to detect such changes in parameters involves using atomic

clocks, which are ideal devices for this task. The main principle is to tune a laser to a specific

atomic transition and use this frequency as a unit of time. The change in fundamental parameters

due to the oscillation of the scalar field will affect the transition frequency of the atom. However,

different transitions generally have different sensitivities to variations in fundamental parameters.

Therefore, by comparing two clocks based on different transitions and periodically re-calibrating

them, it is possible to look for variations due to DM oscillation.

The main limitation of this approach is its reliance on being in the DM background of the

scalar field. The second approach takes advantage of the fact that the couplings in Eq. (1.4) give

rise to a new force with a range λϕ = 1/mϕ, which generally depends on the chemical composition

of the test masses.

The standard way to look for such forces is by comparing the accelerations of two bodies

of different compositions towards a third body that sources the gravitational field. Different

realizations of this type of experiment include: suspended masses in the laboratory [11,13,26,78],

free-falling objects in the field of the earth [2,12], the moon and earth in the gravitational field of

the sun [79, 80], gravitationally bound systems composed of three celestial bodies [81, 82], and
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free falling atoms [83–87].

In Chapter 3, based on [88], we present an alternative way to search for the fifth force,

which relies on measuring its potential rather than acceleration. This method is feasible because

a macroscopic body can source the scalar field, making the scalar value proportional to the grav-

itational potential. Consequently, this results in a spatial dependence of fundamental parameters

that varies with the distance from the source.

The simplest realization of this approach involves measuring seasonal changes in the fun-

damental parameters due to the eccentricity of the earth’s orbit around the sun. We show that

atomic and nuclear clocks can be successfully used to detect a fifth force using this strategy.

1.4 Vector dark matter and neutrino oscillations

While we have primarily focused on scalar fields, Vector Dark Matter (VDM) presents an-

other intriguing possibility for ULDM, offering interesting phenomenology [89–91]. The same

argument applies to their oscillation frequency and the coherence time of the signal they produce.

The main differentiating factor between these types of fields is the polarization of vector fields.

Similar to the amplitude, the polarization remains unchanged over the timescale of tcoh. Thus, for

coherence times longer than a day, there is a preferred direction that experiments could investi-

gate. In the Earth’s frame, as the Earth rotates on its axis, this vector rotates with a period of one

day, introducing an additional modulation to the measured signal.

Examples of interactions with the Standard Model include photon-dark photon kinetic mix-

ing or gauging anomaly-free symmetries, such as B − L, Le − Lµ, Lµ − Lτ , or their linear com-

binations [28, 59, 92, 93]. For instance, the existence of B − L dark photons would result in all
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atoms being charged under this mediator. Consequently, a new force would arise between all

atoms with a range λA = 1/mA, where mA is the gauge boson’s mass. If this field constituted

the majority of dark matter, its background would generate a driving force in the direction of the

polarization, a signal detectable by gravitational wave experiments.

Another interesting possibility is related to Le − Lµ and Lµ − Lτ dark photons. These, in

turn, couple only to certain generations of leptons. As Le −Lµ couples to electrons, it couples to

atoms in the same way as B − L and thus is subject to the same constraints. However, Le − Lµ

also couples to neutrinos, which opens new ways to test these gauge bosons. For instance, they

would allow neutrinos to decay, which sets strong limits [20].

Another consequence is that anyLe−Lµ orLµ−Lτ dark photon background affects neutrino

mass eigenstates and imprints itself on neutrino oscillations. This leads to a correction to the

potential of the order gv⃗ ⋅ A⃗d. As the neutrino mass eigenstates are sensitive to changes in the

potential of the order ∆m2
ν/Eν , the effect of the background becomes stronger as neutrinos are

more energetic, making atmospheric neutrinos most sensitive to this signal. Since Le − Lµ is

already sourced by electrons, even this contribution is strong enough to place leading constraints

in some regions of the parameter space [22, 23].

In Chapter 4, which is based on [94], we consider a similar effect but caused by a DM

background. As Ad ∼
√
ρDM/mA, the bound gets stronger with a lower mass of the dark photon,

significantly improving existing bounds.
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Chapter 2: A Time-Varying Fine Structure Constant from Naturally Ultralight

Dark Matter

2.1 Introduction

In this chapter, we present a framework in which the modulus that controls the fine structure

constant can naturally remain ultralight while constituting all of the observed dark matter in the

universe. In order to make the modulus naturally light, we employ the mechanism proposed in

Ref. [95]. Accordingly, we introduce N copies of the SM, where N is a number of order a few.

If the same modulus controls the fundamental parameters of all the N copies of the SM while

nonlinearly realizing the ZN symmetry, then the sum of the contributions to the potential of the

modulus from each of the copies of the SM cancels to a very high degree of accuracy. The end

result is then a modulus with a parametrically smaller mass than naively expected.

A very attractive feature of this framework is that, for certain ranges of the modulus mass

and couplings, the misalignment mechanism naturally allows the modulus to constitute all of

the observed dark matter. For a given mass and couplings of the modulus, we can determine

the thermal corrections to its potential in the early universe. The simplest region of parameter

space is that in which the Hubble friction holds the modulus in place and oscillations only begin

after thermal effects have become subdominant to the zero temperature potential. Even in this
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most simple of scenarios, there exists a vast region of parameter space in which the modulus

can constitute all of dark matter. In general, finite temperature effects can drastically alter the

behavior of the modulus at early times. They can act either to reduce or increase the abundance

of dark matter by relaxing the modulus to the minimum or maximum of its potential at high

temperatures. Including these effects expands the region of parameter space in which the modulus

can play the role of dark matter.

Prospects for probing the time variation of fundamental constants due to ultralight scalars

are very promising [10,46,55,96]. In fact, existing data from experiments [2–6,97–99] is already

sufficient to place constraints on the scenario we propose in the mass range 10−22eV < mϕ <

10−5eV. These limits can be significantly improved in the future by increasing the integration

times in the optical-optical clocks and ultimately by taking advantage of the anticipated 229Th

nuclear-optical clock [10,100]. Further advancements can be achieved with the recently proposed

earth and space based atomic gravitational wave detectors, which will rely on atom interferometry

[7–9, 96]. The MAGIS and AION experiments [8, 9] will be earth based interferometers that are

planned to gradually increase in size to finally reach a length of 1 km. MAGIS is currently

building a 100 m interferometer [9], which should be able to probe the proposed model in the

10−16eV < mϕ < 10−14eV mass range. The 1 km stage should increase this range to 10−16eV ≲

mϕ ≲ 10−12eV. Once built, the AION experiment will be able to improve the bounds set by

MAGIS at both the 100 m and 1 km scale for the same range of masses mϕ. The AEDGE

experiment [7] is a proposed continuation of the AION experiment that will take advantage of

satellites in order to increase the scale of the detector to thousands of kilometers. While it is a

very distant prospect, it will have greatly improved sensitivity for masses in the range, 10−19eV <

mϕ < 10−13eV.
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The outline of this chapter is as follows. In Sec. 2.2, we discuss the framework and explain

the mechanism that protects the mass of the ultralight modulus. In Sec. 2.3, we study the cosmo-

logical history of this class of models and show that the misalignment mechanism can allow the

modulus to constitute all of the observed cold dark matter. In Sec. 2.4 we present our results. We

determine the current bounds on this class of models and outline the region of parameter space

that will be explored by current and future experiments. We conclude in Sec. 2.5

2.2 The Framework

In this section we construct a class of models in which the fine structure constant oscillates

in time, and which are free of naturalness problems. We consider a complex scalar Φ that is

charged under an approximate global U(1) symmetry. This field is assumed to acquire a vacuum

expectation value, spontaneously breaking the global symmetry at a scale denoted by f . It is

convenient to employ an exponential parametrization of Φ,

Φ = (f + ρ√
2
) exp{iφ

f
}. (2.1)

Here ρ represents the radial mode in the potential for the scalar field after symmetry breaking,

while φ denotes the pseudo-Nambu-Goldstone boson. We write φ = φ0 + ϕ, where φ0 is the

vacuum expectation value (VEV) of φ while ϕ represents the fluctuation about this expectation

value. The field ϕ is assumed to couple to the electromagnetic field strength as shown in Eq. (1.4).

Although this interaction is nonrenormalizable, it can be generated by coupling Φ to some heavy

charged fermions that are integrated out. As a consequence of this coupling, changes in the

background value of φ will cause variations in the fine structure constant. However, this coupling
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violates the U(1) global symmetry explicitly. We therefore expect that, in general, it will generate

a potential for φ, leading to a quadratically divergent mass. Since the parameter de controls both

the amplitude of the modulation as well as the magnitude of the potential, we require some

mechanism that protects the potential against large radiative corrections while still admitting an

observable signal. As we now explain, this can be done by employing a discrete ZN symmetry

under which the pseudo-Nambu-Goldstone boson φ transforms nonlinearly [95].

We introduce N copies of the SM, each with its own matter content and gauge groups. We

label each of these different copies by an index i, where i runs from 1 to N . The N copies of

the SM are related by a discrete ZN symmetry under which i → (i + 1). To each copy of the SM

we add a heavy Dirac fermion Ψi that carries unit charge under the corresponding U(1)Y hyper-

charge gauge symmetry, but not under any of the other gauge groups. Each of the N fermions

Ψi is assumed to have a Yukawa coupling to the scalar Φ. Under the ZN symmetry these fields

transform as,

Ψk → Ψk+1, Fk → Fk+1, Φ→ Φexp{i2π
N
}. (2.2)

The discrete symmetry forces the Yukawa couplings, gauge couplings and masses to be same

across all the N sectors. The Lagrangian for the Ψi is restricted to have the form,

L ⊃
N

∑
k

{Ψ̄ki /DkΨk − (M − yΦei
2πk
N − yΦ†e−i

2πk
N )Ψ̄kΨk} . (2.3)

Here the Yukawa coupling y can be chosen to be real without loss of generality as any phase of

complex y can be absorbed into the definition of the complex scalar Φ.
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Figure 2.1: A cartoon picture of the ZN model. There are N copies of the Standard Model and
N copies of a heavy hypercharged vector-like fermion Ψ that are cyclically exchanged under the
ZN symmetry. A complex scalar Φ transforms linearly under the ZN and has a Yukawa coupling
to the fermions Ψk.

After symmetry breaking, the relevant part of the Lagrangian becomes

L ⊃
N

∑
k

Ψ̄k(i /Dk −Mk)Ψk, (2.4)

where the effective mass of each fermion depends on the VEV of the pseudo-Nambu-Goldstone

boson φ

Mk =M (1 − ϵ cos(
φ

f
+ 2πk

N
)) . (2.5)

Here the parameter ϵ is defined as ϵ ≡
√
2yf/M . After integrating out the fermions Ψk we get a

contribution at one loop to the effective potential for the pseudo-Nambu-Goldstone boson,

V (φ) = − 1

8π2

N

∑
j=1

Λ2

∫
0

dk2Ek
2
E log [k2E +M2

j ] , (2.6)

where Λ is an ultraviolet cutoff. This integral can be evaluated exactly.

After dropping terms that do not depend on φ and terms that vanish in the limit M/Λ → 0,
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we obtain

V (φ) = 1

16π2

N

∑
j=1

[−2Λ2M2(1 − ϵj)2 + 2M4(1 − ϵj)4 log
Λ

M

+ M
4

2
(1 − ϵj)4 − 2M4(1 − ϵj)4 log(1 − ϵj)] , (2.7)

where ϵj ≡ ϵ cos(φ/f + 2πj/N). The first two terms in Eq. (2.7) are quadratically divergent and

logarithmically divergent. However, they can be seen to be independent of φ as long as N > 4 by

virtue of the following identity [95]

N

∑
j=1

cosm (φ
f
+ 2πj

N
) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 m = odd < N

N
2m
( m
m/2
) m = even < N

N
2N−1 cos (

Nφ
f ) +C m = N

, (2.8)

where C is a constant. The finite contribution is, however, φ-dependent. It can be extracted

by expanding the last term in Eq. (2.7) in the small parameter ϵ. To all orders in ϵ, we get

contributions from each sector that only differ by the phase of the cosine. Due to the identity

in Eq. (2.8), all the terms up to O(ϵN−1) cancel leaving the leading φ−dependence to appear

at O(ϵN). These cancellations are a direct consequence of the unbroken ZN symmetry. After

performing the integral in (2.6), the leading φ-dependent piece arises at order ϵN

V (φ) = M
4ϵN

8π2
F (N) cos(Nφ

f
) [1 +O(ϵ)] , (2.9)

where F (N) is given by

F (N) = 21−NN
4

∑
l=0

(4
l
)(−1)

l

N − l . (2.10)
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This potential has N minima at the locations φm/f = (2m − 1)π/N where m runs from 1

to N . Integrating out the fermions Ψi also leads to an effective coupling of φ to the gauge kinetic

terms of each of the N hypercharge gauge fields at low energies,

Leff ⊃ −
N

∑
j=1

ϵ

24π2
cos(φ

f
+ 2πj

N
)F 2

j . (2.11)

One of theseN copies corresponds to the hypercharge gauge boson of the SM. Since the effective

potential Eq. (2.9) is invariant under φ → φ + 2πf/N , we have freedom to shift φ so that the

coupling to SM hypercharge gauge boson simplifies to

LφBB = −
ϵ

24π2
cos(φ

f
)F 2

Y. (2.12)

Since in our normalization Bµ = Aµ −W 3
µ , the coupling to SM photons after spontaneous sym-

metry breaking takes the same form,

Lφγγ = −
ϵ

24π2
cos(φ

f
)F 2

EM. (2.13)

When φ performs small oscillations about one of the minima φm of (2.9), it gives rise to a linear

term in the coupling to the photon,

Lφγγ =
ϵ

24π2f
sin(φm

f
)ϕF 2

EM, (2.14)

where φm is the m-th minimum of the potential, Eq. (2.9), and φ = φm + ϕ. Comparing to
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Eq. (1.4), we see that in terms of the parameters of our model, de is given by,

de =
2ϵα∣sin (φm/f)∣

3πκf
. (2.15)

We are now at a stage where we can demonstrate the improvement in naturalness that our model

affords. As discussed in the Introduction, the natural expectation is that the mass of ϕ scales as

m2 ∼ e2d2eκ
2

(16π2)2
M4 , (2.16)

which is just Eq. (1.5) with the divergence cut off by the mass of the new charged fermion, in

this case M . To see how our model compares to this, we expand Eq. (2.9) about the minimum to

obtain

m2
ϕ =

M4N2ϵN

8π2f 2
F (N) ≈ e2d2eκ

2

(16π2)2
M4
⎛
⎜
⎝
1152π6N2F (N)ϵN−2

e6 sin2 (φm

f )

⎞
⎟
⎠
. (2.17)

The term in brackets represents the improvement with respect to the naive estimate. In order

for this expression to be valid, we had assumed that N > 4. Because this correction factor

is proportional to ϵN−2, we see that as long as ϵ is small the mass is parametrically smaller than

expected from naive considerations. This demonstrates that our construction can indeed solve the

naturalness problem discussed in the Introduction. We note that the mass term for the modulus

is generated at one-loop order rather than being given by the naive 2-loop estimate in Eq. (1.5).

This is because both the mass of the modulus and its coupling to the hypercharge gauge boson

arise at the same one-loop order when the heavy fermions Ψi are integrated out, rather than the

mass being generated radiatively from the coupling.
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At this stage, the new fermions Ψk are electrically charged stable fermions. If the reheat

temperature is larger than their mass, then these particles obtain a thermal abundance and will

tend to overclose the universe if their masses lie above the TeV scale. In order to avoid this, we

allow each of the N Ψk to decay by introducing a small mixing with the right-handed τ lepton of

the corresponding sector through the interaction

L ⊃
N

∑
k

mΨkτ
c
k . (2.18)

For M = 10 TeV, we require m ≳ 100 eV in order to have the Ψ particles decay prior to Big Bang

nucleosynthesis (BBN) and not pose a cosmological problem.

2.3 Cosmological history

In this section, we will consider the cosmological history of this class of models. We work

under the assumption that of the N sectors, ours is the only one that is reheated after inflation1.

We further assume that φ is homogenized as a result of inflation. The scalar field evolution is

governed by the equation

φ̈ + 3Hφ̇ + ∂V
∂φ
= 0 , (2.19)

where the potential is given by

V = V0(φ) + VT (φ,T ) . (2.20)

1One way such a scenario can arise is if there are N separate inflatons, one for each sector. Each of the N
inflatons is assumed to reheat only its own sector. Then the inflaton that slow rolls to its minimum last is associated
with the sector that is identified with the SM, while the other (N − 1) sectors are not reheated.
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Here V0 is the zero temperature potential given in Eq. (2.9) while VT (φ,T ) is the contribution

to the potential from finite temperature effects. An explicit expression for VT may be found in

Appendix A.1. At temperatures T ≫M , the finite temperature contribution to the potential can

be approximated as,

VT (φ,T ) ≈
ϵ

6
T 2M2 cos(φ

f
) . (2.21)

Once the temperature falls below its mass, the vector-like fermion Ψ begins to decouple the

thermal bath. Accordingly the form of the thermal contribution to the potential undergoes a

change. In the temperature range M ≳ T ≳ 100 GeV it is well approximated by the expression,

VT (φ,T ) ≈ (
61ϵα2q2F

216 cos4 θW
T 4 + 4ϵM

5
2T

3
2

(2π) 32
e−

M
T ) cos(φ

f
) . (2.22)

For T ≲ M/20, the exponential suppression of the second term in the bracket means that it can

be neglected.

The evolution of the scalar field φ at early times is governed by the extent to which its

oscillations are damped by Hubble friction. To keep track of whether the system is underdamped

or overdamped at temperature T , we define the parameter

η(T ) ≡ 4m2(T )
H2(T ) , (2.23)

where m(T ) represents the contribution to the mass of the modulus from finite temperature ef-

fects,

VT (φ,T ) ≡m2(T )f 2 cos(φ
f
) . (2.24)
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For η(T ) < 1 the system is overdamped at temperature T , while for η(T ) > 1 it is underdamped.

At early times η(T ) increases as the universe cools down. This can easily be seen from

Eq. (2.21) by noting that when T ≫ M , the mass scales linearly with temperature, m(T ) ∝ T ,

while the Hubble parameter decreases faster, H ∝ T 2. Eventually, at temperatures T of order M ,

the growth of η(T ) slows down, reaching its maximal value ηp at a temperature Tp = 2M
5 . The

value of ηp is given by

ηp ≡ η(Tp) =
2250
√
5M2

pl

e
5
2π

7
2 g∗

ϵ

f 2
. (2.25)

Here Mpl is the reduced Planck mass and g∗ = 106.75 is the effective number of degrees of

freedom at T ≲ M , consisting of just the SM fields. For ηp ≳ 1, the field oscillates about the

minimum of the thermal potential at temperatures T of order M . The oscillations begin at a

temperature Tosc such that m(Tosc) =H(Tosc), given by

Tosc =

¿
ÁÁÀ 15ϵM2

pl

π2gΨ
∗
f 2
M . (2.26)

Here gΨ
∗
= 110.25 is the effective number of degrees of freedom at temperatures T ≫M , which

consists of the SM fields and the associated fermion Ψ.

Below the temperature Tp, η(T ) decreases rapidly as the exponential suppression of the

second term in Eq. (2.22) takes effect. Eventually at temperatures T ≲ M/20, the contribution

from the first term in Eq. (2.22) becomes dominant. In this temperature regime, the mass of the

modulus and the Hubble parameter scale identically, m(T ) ∝ H(T ) ∝ T 2. As a result η(T )
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reaches a terminal value η, given by

η ≡ η(T ≲M/20) =
305α2M2

pl

3π2g∗ cos4 θW

ϵ

f 2
. (2.27)

The parameters ηp and η play an important role in the description of the system. The value of

ηp indicates whether the system undergoes oscillations when T ≳ M , while η determines the

behavior of the system at temperatures T ≲M/20. These parameters are related as

ηp =
1350
√
5 cos4 θW

61α2e
5
2π

3
2

η ≈ 8300η . (2.28)

From this relation we can see that in the regime which is always overdamped at early times,

η ≪ 10−4, the modulus field is effectively frozen until the temperature-independent part of the

potential becomes dominant. In contrast, for η > 1 the oscillations of the field begin at the

temperature Tosc ≳M and continue till the present time. In the intermediate regime 10−4 ≲ η ≲ 1,

the field oscillates at temperatures T of order M . However, these oscillations have ceased by

the time the temperature falls below M/20 and only resume once the temperature-independent

contribution to the potential begins to dominate.

In what follows below we obtain analytic expressions for the contribution of the modulus

ϕ to the energy density of the universe. We focus on the limiting cases of η ≪ 10−4 and η ≳ 1,

deferring the intermediate range of η to our numerical study.
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2.3.1 η ≪ 10−4

For η ≪ 10−4 the early time evolution is especially simple as Hubble friction freezes the

field in place at high temperatures, so that its evolution is independent of VT . It follows that for

sufficiently small η the field is effectively fixed until the mass approaches its zero temperature

value, m =mϕ. Oscillations begin when 3H ∼mϕ, corresponding to a temperature

Ts = (
10

π2g∗
)
1/4√

Mplmϕ . (2.29)

At this point, we make the standard approximation that φ transitions instantly from an over-

damped harmonic oscillator to an underdamped one. At this stage the potential Eq. (2.20) is

dominated by the zero temperature term,

V (φ) = M
4ϵN

8π2
F (N) cos(Nφ

f
) ≡

m2
ϕf

2

N2
cos(Nφ

f
) . (2.30)

The mass mϕ is constant so the field will oscillate as an underdamped harmonic oscillator around

a minimum φm, with the amplitude decaying as

ϕ∝ a(t)−3/2. (2.31)

Since the field is frozen, the value of φ when 3H ∼ mϕ can lie anywhere in the range φs ∈

(0,2πf). Therefore φ can fall into any of the N minima φm of the zero temperature potential,

Eq. (2.30), with equal probability. Consequently the initial misalignment value of the excitation

around that minimum φm can lie anywhere in the range ϕs ∈ (−πf/N,πf/N). Due to this
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Figure 2.2: Example of thermal (blue) and zero temperature (orange) potentials for N = 5 (left)
and N = 6 (right)

randomness in the initial condition and the homogeneity of ϕ, it is not possible to determine

the exact value of the field today. However, what can be done instead is to average over all

possible initial misalignment values, ϕs ∈ (−πf/N,πf/N), given that all are equally likely. The

expectation value of the energy density ρ̄ϕ can be related to an effective initial amplitude of the

field ϕs,eff, where ϕs,eff =
√
⟨ϕ2

s⟩. The value of
√
⟨ϕ2

s⟩ can be obtained by averaging over all values

of the initial misalignment, leading to ϕs,eff = πf
√

3N
. As a result the expected amplitude of the field

today is given by

ϕ0 ≈ ϕs,eff (
T0
Ts
)
3/2

= πf√
3N
(T0
Ts
)
3/2

, (2.32)

where T0 represents the current temperature of the Universe. This leads to a final result for the

energy density in ϕ today,

ρ̄oϕ =
1

2
m2

ϕϕ
2
0 ≈

π2f 2m2
ϕ

6N2
(T0
Ts
)
3

∝ f 2m
1/2
ϕ . (2.33)
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2.3.2 η ≳ 1

In this subsection, we consider the range of parameter space in which the behaviour of

φ in the early universe at temperatures T ≲ M/20 is like that of a harmonic oscillator that is

either underdamped or close to critically damped. When discussing finite temperature effects,

it is necessary to distinguish between the cases when N is even and N is odd. The reason for

this can be seen from Fig. 2.2. In the case of even N , the thermal potential pushes φ towards

a maximum of the zero temperature potential. At late times, this results in an increase in the

amplitude of oscillations, leading to enhanced abundance of dark matter and a larger signal. For

odd N , the thermal potential pushes φ towards a minimum of the zero temperature potential,

decreasing the amplitude of oscillations at late times resulting in a suppressed abundance. In

this case the situation is even worse because the minimum that φ is pushed towards is the one in

which there is no linear coupling to the photon, so that the signal under consideration is greatly

suppressed. Rather than a linear coupling, this minimum leads to a quadratic coupling, which

gives rise to different phenomenology [101, 102] that we do not consider here.

N odd In the early universe φ is driven towards the minimum of the finite temperature potential,

φm = πf . From Fig. 2.2 we see that the minimum of the finite temperature potential is also a

minimum of the zero temperature potential. Consequently the range of values of φ at the time

when oscillations begin, H = 3mϕ, is significantly smaller than initial (0,2πf).

It follows from this that for each mϕ, there is a minimal value of η above which this new

range covers only the central minimum of the zero temperature potential, φs ∈ ((π−π/N)f, (π+

π/N)f). Above this critical value of η, which we denote by η0, φ always ends up in the central

23



minimum. Furthermore, from Eq. (2.14) we see that at this central minimum, φm = πf , the linear

coupling of ϕ to photons vanishes, resulting in a greatly suppressed signal. The value of η0 can

be well approximated by considering evolution only in the regime T ≲ M/20. The evolution at

higher temperatures is less efficient at focusing the range of values of φ due to the sudden drop

of the modulus mass m(T ) at T ∼ M , which has the effect of regenerating the amplitude of

the field. The subsequent evolution of φ in the regime when T ≲ M/20 and η < 1 scales with

temperature as

φ − πf ∝ T (1−
√

1−η)/2. (2.34)

It follows that η0 satisfies the condition,

( Ts
M/20)

(1−
√

1−η0)/2

= 1

N
. (2.35)

From this we obtain an expression for η0,

η0 = 1 −
⎛
⎝
1 − 2 lnN

ln M
20Ts

⎞
⎠

2

. (2.36)

We see that in the case of odd N , for η ≥ η0, the field is pushed to the minimum in which

ϕ does not have the coupling shown in Eq. (1.4), resulting in a greatly suppressed signal. The

abundance of ϕ is also suppressed limiting its contribution to dark matter.

N even For even values of N the picture is completely different. The minimum of the finite

temperature contribution to the potential, which is at φm = πf , now coincides with the maximum

of the zero temperature potential, as can be seen in Fig. 2.2. Therefore, in the regime η ≳ 1 the
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initial value of the modulus φ at the time when oscillations begin will be close to π and the initial

amplitude will be very close to

ϕs =
πf

N
, (2.37)

This is very different from the case when the system is overdamped.

The amplitude of the oscillations of ϕ today depends on how close the field is to the mini-

mum of the finite temperature potential at the time that the oscillations begin. Given that the mass

of the scalar changes as a function of temperature, the simplest way to determine the behavior of

φ(T ) at these early times is to employ the conservation of the number density of φ. The comoving

number density of φ is approximately conserved in the limit that φ is close enough to a minimum

that its potential is quadratic and as long as the WKB approximation holds, dm/dt ≪ m2. The

conserved comoving number density is given by

n = a3m(T ) (φ − πf)2 . (2.38)

Based on these considerations the effective initial value of the modulus ϕs,eff when the zero

temperature potential begins to dominate can be obtained as

∣ϕs,eff −
πf

N
∣ = ∣φs,eff − πf ∣ =

πf√
3

¿
ÁÁÀm(Tosc)

mϕ

( Ts
Tosc
)

3
2

. (2.39)

We continue to track the evolution of the field after it rolls down to the new minimum, which

happens at temperatures T of order Ts.

In contrast to the case when η ≪ 10−4, the position of φ when the zero temperature contri-

bution to the potential begins to dominate is very close to φ = πf . Since this point corresponds
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to an extremum of both the finite temperature and zero temperature contributions to the potential,

the gradient of the potential at φ = πf vanishes independent of the temperature. The fact that

the potential in the neighborhood of this point is very flat leads to a delayed onset of oscilla-

tions [103, 104] and interesting phenomenological signatures [105, 106]. As shown in Appendix

A.2, for the parameters considered in this chapter this delay is long enough to ensure that when

the oscillations about the new minimum begin, the contributions to the potential from finite tem-

perature effects are already negligible. Therefore, to a good approximation we can assume that

the potential has the zero temperature form in Eq. (2.9) from the time that the oscillations begin.

It is tempting to assume that oscillations about the true minimum occur in a harmonic

potential, starting from the temperature Ts, defined in Eq. (2.29), with an initial amplitude ϕs,eff =

πf
N and continuing till today. This leads to the following expression for the contribution of the

oscillating field to the energy density today,

ρ̄naive
ϕ ≈

π2f 2m2
ϕ

2N2
(T0
Ts
)
3

. (2.40)

However, this expression does not give the correct result for the energy density as it fails to

account for the the delay in the time at which the oscillations begin. To include this effect we

employ the following empirical approximation [104],

ρ̄uϕ = C
⎛
⎝

√
mϕ

m(Tosc)
(Tosc
Ts
)

3
2⎞
⎠
f 2m2

ϕ (
T0
Ts
)
3

∝ f 2m
1/2
ϕ . (2.41)

Here

C(y) = 0.23

N2
(β(y) + 4 lnβ(y))2 (2.42)
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and

β(y) = ln y + ln 21/4
√
3

π1/2Γ(5/4)N . (2.43)

The coefficient C(y) defined in Eq. (2.42) corresponds to the correction arising from the delayed

onset of oscillations.

The difference between the energy density in Eq. (2.41) and the naive estimate in Eq. (2.40)

turns out to be quite significant. For M = 10 TeV the correction factor is ρ̄uϕ/ρ̄naive
ϕ ≈ 9 for N = 6

and ρ̄uϕ/ρ̄naive
ϕ ≈ 10 for N = 10.

Since the field is pushed very close to the central maximum of V0(φ) potential, one could

imagine that instead of the field homogeneously rolling down to a unique minimum, quantum

fluctuations would push the field in some regions of space to the minimum on the other side of

the hill, resulting in domain walls. However, just after inflation, quantum fluctuations are given

by [103],
√
⟨(δφi)2⟩ ≃

Hinf

2π
. (2.44)

The ratio of fluctuations to the average value of the field is constrained by CMB observations,

√
⟨(δφi)2⟩

φi,eff − πf
∼ Hinf

f
≲ 10−5. (2.45)

Because this quantity changes at most logarithmically between the end of inflation and now [107]

and the emergence of domain walls requires δφs ∼ φs,eff − πf , this scenario does not take place

in our model.
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2.4 Signal

In this section, we determine the region of parameter space populated by our model and

explore the implications for experiment. Following the conventions employed in [10, 39, 40], we

parametrize the changes to α in terms of the variable de defined in Eq. (1.4),

de =
∆α

α

1

κϕlocal

= ∆α

α

mϕ

κ
√
2rρlocalDM

. (2.46)

Here ∆α represents the amplitude of oscillations of the fine structure constant while ϕlocal de-

notes the amplitude of oscillations of the scalar field at the location of the earth. We introduce

a parameter r that represents the fractional contribution of ϕ to the total energy density in dark

matter,

ρlocalϕ = 1

2
m2

ϕϕ
2
local = rρlocalDM . (2.47)

Experiments place a bound on ∆α/α for a given frequency of oscillation mϕ. Then, for a given

dark matter fraction r, this can be translated into a bound on de using Eq. (2.46).

As can be seen from Eq. (2.15), the value of de is a function of the parameters ϵ, f , M and

N . From this equation we further see that the value of de also depends on the minimum φm that

the field settles in, which is in turn determined by the initial conditions. In our analysis, we take

∣sin (φm/f)∣ to be the average of available values, e.g. for N = 6 we have ⟨∣sin (φm/f)∣⟩ = 2/3 in

the regime η ≪ 10−4 and ⟨∣sin (φm/f)∣⟩ = 1/2 in the regime η > 1. Additionally for odd values

of N we ignore the contribution of the central minimum (sin (φm/f) = 0) to the average. This

allows us to determine the expected value of de consistent with a given set of parameters.

In order to make contact with experiment it is convenient to eliminate the parameter ϵ in

28



favor of mϕ. The expression for mϕ in terms of the other four variables is given in Eq. (2.30).

The parameter space of our model can then be described in terms of the four variables f , mϕ,

M and N . Using the results of Section 2.3, the expectation value of the dark matter abundance

can also be expressed in terms of these parameters, after averaging over the initial conditions for

the scalar field φ. The requirement that, after this averaging, the field ϕ constitutes all of the

observed dark matter places a restriction on the allowed parameter space and allows us to fix the

value of f in terms of the three other variables. Then de is determined in terms of mϕ, M and N .

Taking advantage of the results of Section 2.3, we can obtain semi-analytical expressions for de

as a function of these three remaining parameters in various regimes. These will prove helpful in

illuminating the main features of the detailed numerical results, which we will present later.

2.4.1 Analytic Results for η ≪ 10−4

In the overdamped limit, we can use Eqs. (2.17), (2.33) and (2.15) to obtain an expression

for de in terms of mϕ, M and N ,

de = A1(N) (
mϕ

10−20 eV
)

N+6
4N

( M

10 TeV
)
−

4
N

. (2.48)

Here

A1(N) = B0 (
BN−2

2

B2
1

)
1

2N (10−20 eV)
N+6
4N

(10 TeV)
4
N

,

B0 =
2α ⟨∣sinφm∣⟩

3πκ
, B1 =

N2F (N)
8π2

,

(2.49)
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N AN
1 AN

2 AN
3 ηref

5 1.8 × 10−9 7.5 × 10−4 N/A 0.58
6 3.9 × 10−8 N/A 2.7 × 10−3 N/A
10 1.4 × 10−5 N/A 1.0 × 10−1 N/A
11 3.2 × 10−5 3.2 × 10−2 N/A 0.77

Table 2.1: Scaling coefficients for Eq. (2.48), Eq. (2.50) and Eq. (2.52) evaluated for a few values
of N. AN

1 corresponds to regime where η ≪ 10−4, AN
2 and ηref correspond to η ≳ 1 for odd values

of N , while AN
3 corresponds to η ≳ 1 for even values of N .

and

B2 =
π2

6N2
(π

2g∗
10
)
3/4 T 3

0

ρ0M
3/2
pl

.

For convenience, a few values of A1(N) are given in Table 2.1. This analytic approximation

reproduces our detailed numerical results up to an accuracy of around 10%. From Eq. (2.48) we

can see that de decreases as we raise the mass M of the fermions Ψ. Then, by setting this mass

to the lowest value allowed by experiment, we can place an upper bound on de as a function of

mϕ for any given value of N .

2.4.2 Analytic Results for η ≳ 1

f [GeV] y M [TeV] N mϕ [eV] de ϵ
2.0 × 1016 3.2 × 10−21 10 5 10−20 1.8 × 10−9 9.1 × 10−9
4.3 × 1014 2.5 × 10−16 10 6 10−13 1.2 × 10−4 1.5 × 10−5
7.2 × 1015 4.6 × 10−16 10 10 10−17 2.2 × 10−4 4.7 × 10−4
1.4 × 1016 3.7 × 10−16 10 11 10−18 1.9 × 10−4 7.3 × 10−4

Table 2.2: Typical values of parameters in our model for a few data points.

As η increases, the scalar field eventually enters the regime η ≳ 1. In this regime, the case

of odd N is very different from that of even N . For odd values of N , the region where η ≳ 1

does not give rise to an observable signal because the field is trapped in the wrong vacuum as

discussed in Section 2.3. The boundary of this region is marked by η0, defined in Eq. (2.36).
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The condition η < η0 translates into a restriction on the allowed range of mϕ, M and N . From

Eqs. (2.17), (2.27) and (2.15) we can determine the value of de at the boundary of this region

η = η0 to be

de = A2(N) (
η0
ηref
)

N−2
2(N−1)

( mϕ

10−11 eV
)

1
N−1
( M

10 TeV
)
−

2
N−1

, (2.50)

where

A2(N) = B0B
−

1
2(N−1)

1 (ηref
B3

)
N−2

2(N−1) (10−11 eV)
1

N−1

(10 TeV)
2

N−1
,

B3 =
305α2M2

pl

3π2g∗ cos4 θW
,

ηref = η0(mϕ = 10−11 eV,M = 10 TeV,N) .

(2.51)

The numerical values ofA2(N) for a few sample points were given in Table 2.1. The allowed pa-

rameter space is restricted to values of de lower than Eq. (2.50). The line obtained from Eq. (2.50)

is found to reproduce our numerical results up to a factor of 2.

We now turn our attention to the case of even N . The expressions for the energy density in

the case η ≳ 1, Eq. (2.41), and the case η ≲ 10−4, Eq. (2.33), differ only by their proportionality

constant. It follows from this that de scales with mϕ and M in the same way in both regimes,

de = A3(N) (
mϕ

10−11 eV
)

N+6
4N

( M

10 TeV
)
−4
N

, (2.52)
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where

A3(N) = B0 (
BN−2

4

B2
2

)
1

2N (10−11 eV)
N+6
4N

(10 TeV)
4
N

,

B4 = C(y0) (
π2g∗
10
)
3/4 T 3

0

ρ0M
3/2
pl

,

y0 = (
81π

61
√
10
)
1/4
¿
ÁÁÁÀcos2 θWg

5/4
∗ M

αgΨ
∗

√
m1Mpl

,

m1

1 eV
= (B2

1B
−2(N−1)
2 B−2N3 M8)

1
N+3

.

(2.53)

Here m1, obtained from Eqs. (2.33), (2.17) and (2.27), corresponds to the mass of the modulus

for which η = 1 and ρϕ = ρDM . The numerical values of A3(N) are given in Table 2.1 for a few

reference points. Equation (2.52) reproduces the detailed numerical solution up to an accuracy

of about 20%.

2.4.3 Numerical Results

The analytic solutions found in the subsection above are valid in the limiting cases when

the scalar field is either highly overdamped or highly underdamped. In order to determine the

solution in the region of parameter space 10−4 ≲ η ≲ 1 where the system transitions between these

two regimes, we find it necessary to solve Eq. (2.19) numerically. We parametrize the model

in terms of the four parameters f,mϕ,N and M . As explained earlier, lighter fermion masses

are associated with larger values of de. In our study, we therefore consider two different values

of the fermion mass, M = 10 TeV and M = 1 TeV, which are close to the current lower bound

from collider experiments. In addition, we consider four different values of N , the odd values

N = 5 and 11 and the even values N = 6 and 10. We then scan over f for different values of mϕ.

For each (f,mϕ) pair, the field was evolved from Ti = f to T = T0 starting from 1000 random
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initial conditions. In the case of odd N , we discard any (f,mϕ) pair such that, for more than

90% of initial conditions, the theory ends up in the vacuum with a vanishing signal. For each

point, we obtain the contribution of ϕ to the dark matter density. We also determine the value of

⟨∣sin (φm/f)∣⟩, which is obtained by averaging over solutions with sin (φm/f) ≠ 0, and use this

to find the value of de at each point from Eqs. (2.15) and (2.17).

The results of our numerical study are shown in Figs. 2.3 and 2.4, where we have plotted

de as a function of mϕ for these theories, along with the current limits and the projected reach

of future experiments. Our goal is to identify the region of parameter space that is naturally

populated by these models. To this end, for each mϕ we have singled out the value of de such

that, for any de larger than this, more than 90% of points will lead to less than the observed

abundance of dark matter, ρϕ < ρDM . Separately, for each mϕ we have singled out the value

of de such that, for any de smaller than this, more than 90% of points will lead to more than the

observed abundance of dark matter, ρϕ > ρDM . These values have been plotted in Figs. 2.3 and 2.4

as the two light blue (M = 1 TeV) lines. The region between these lines, which corresponds to

the natural parameter space for M = 1 TeV, has been shaded in. The natural parameter space for

M = 10 TeV has also been shown, shaded in dark blue. We explicitly show the values of the

parameters for a few reference points in Table 2.2.

In order to simplify the numerical computation, the number of effective degrees of freedom

in the thermal bath has been held fixed at g∗ = 106.75. The coefficient of the thermal contribution

to the potential from the first term in Eq. (2.22), which also decreases as heavier species go out

of the bath, has also been held fixed. These simplifications have an effect on the temperature

at which the final oscillations begin, resulting in an overestimate of de in the case of the lowest

values of mϕ by a factor close to two. The error is smaller for larger values of mϕ since the
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Figure 2.3: de vs. mϕ for N=5 (left) and N=11 (right). Light (M = 1 TeV) and dark (M = 10 TeV)
blue bands represent a region where no more than 90% of random initial conditions result in either
ρϕ > ρDM or ρϕ < ρDM . The green line within the dark blue band is a semi-analytic approximation
valid in the regime η ≪ 10−4 and the orange line (present in the N = 11 plot only) is a semi-
analytic approximation of the line above which the signal vanishes, both drawn only for M = 10
TeV. Explicit expressions for both lines were given in Eq. (2.48) (green) and Eq. (2.50) (orange).
The green band gives current constraints from the Equivalence Principle experiments [2–4], the
yellow band presents the current constraints from atomic clock experiments [5, 6] while dashed
lines give the potential reach of the future proposed experiments [7–10].
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Figure 2.4: de vs. mϕ for N=6 (left) and N=10 (right). Light (M = 1 TeV) and dark (M = 10
TeV) blue bands represent a region where no more than 90% of random initial conditions result
in either ρϕ > ρDM or ρϕ < ρDM . The green line within the dark blue band is a semi-analytic
approximation valid in the regime η ≪ 10−4 and the orange line is a semi-analytic approximation
in the regime η ≳ 1, both drawn only for M = 10 TeV. Explicit expressions for both lines were
given in Eq. (2.48) (green) and Eq. (2.52) (orange). The green band gives current constraints from
Equivalence Principle experiments [2–4], the yellow band presents the current constraints from
atomic clock experiments [5, 6] while dashed lines give potential reach of the future proposed
experiments [7–10].
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oscillations begin earlier, and so there are a greater number of degrees of freedom in the bath at

the corresponding Ts.

In Figs. 2.3 and 2.4, we have also shown the analytic results obtained in subsections 2.4.1

and 2.4.2 for the case of a fermion massM = 10 TeV. For the case of oddN , shown in Fig. 2.3, we

have plotted the analytic results obtained from Eqs. (2.48) and (2.50), represented by the green

and orange lines respectively. We see that there is good agreement between the analytic formulae

and our numerical results. For the lightest moduli, the de(mϕ) lines are in the overdamped regime

and the slope closely follows the one predicted by Eq. (2.48) (green line). As the mass increases,

the line eventually approaches the region where all solutions fall into the central minimum. In

this regime the de(mϕ) line tracks Eq. (2.50) (orange line), as expected.

For the plots in Fig. 2.4 where N is even, the behavior for the lowest masses mϕ again

follows Eq. (2.48). According to Eq. (2.48) and Eq. (2.52), when η ∼ 1 we should expect that

the de(mϕ) line jumps while maintaining the same slope. This is exactly what occurs. For larger

values of mϕ the lower de(mϕ) line merges with upper one. This occurs because in the (η > 1)

region, as mentioned earlier, essentially all initial conditions lead to ϕs = πf/N as an initial

condition. Therefore the parameter space populated by the model is essentially independent of

the initial misalignment angle.

In Figs. 2.3 and 2.4, we see the preferred parameter space of our model for various choices

of M and N . From these figures, it is clear that our models span a wide range of de and mϕ.

Larger values of N are currently being probed by ongoing experiments while smaller values

of N are within reach of future experiments. Much as how the QCD axion line provides a

goalpost for axion experiments, our small N models constitute a well-motivated scenario that

future experiments should aim to reach.
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2.5 Conclusions

Light moduli are one of the most attractive dark matter candidates. Not only are they

ubiquitous in ultraviolet-complete models such as string theory, but the misalignment mechanism

provides a simple explanation for their abundance. Despite these appealing features, detecting

modulus dark matter remains a challenge. The problem is that the large coupling required to

find them tends to be at odds with their very light mass, resulting in a hierarchy problem. In this

chapter, we have shown that a nonlinearly realized ZN symmetry can naturally protect the mass

of a modulus against radiative corrections, provided the modulus itself transforms nonlinearly

under the ZN . It remains an intriguing open question whether a model that exhibits these features

can be constructed within a string theory framework.

Much like the QCD axion, these models have a region of parameter space in which they

naturally reproduce the observed dark matter abundance via the misalignment mechanism. The

regions of parameter space populated by these models were shown in Figs. 2.3 and 2.4 for a few

values ofN . We see from these figures that future experiments searching for time variation of the

fine structure constant are expected to probe a large part of the preferred parameter space. This

class of models is both simple and testable and provides additional theory motivation for exciting

new quantum limited experiments.
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Chapter 3: Searching for a Fifth Force with Atomic and Nuclear Clocks

3.1 Introduction

In this chapter we explore a different approach to detecting long-range forces that violate

the EP, based on the rapidly-improving sensitivity of atomic and nuclear clocks [108–111]. Using

precision clock experiments to search for new physics is a rapidly growing field, see Ref. [112]

for a review. We limit our attention to the case when the fifth force is mediated by an ultralight

scalar field. In general, the sun and the earth act as sources for any such scalar field. Then, since

the values of fundamental parameters such as the fine structure constant α depend on the value

of the scalar field, there are corrections to atomic and nuclear spectra that depend on the distance

from these sources [113–115]. Atomic and nuclear clocks are sensitive to the frequencies of

these transitions, and can therefore be used to search for position dependence of fundamental

parameters. Since this effect is associated with EP violation [116, 117], this offers an alternative

method of searching for EP violating fifth forces. Clock experiments also offer a new approach

to detecting more exotic fifth forces such as chameleon models [118–121] that is distinct from

the existing search methods [122–124].

Clock searches for EP violation are based on comparing two atomic or nuclear transition

frequencies against each other. These frequencies could be those of two different clocks at the

same physical location, or alternatively, two clocks at separate locations. In the case of two
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clocks at the same location, as long as their transition frequencies scale differently with funda-

mental parameters such as α, the ratio of their frequencies will change as the distance from the

source changes. For example, since the orbit of the earth around the sun is not a perfect circle,

this results in an annual modulation in the frequencies of atomic and nuclear clocks [113–115].

We determine the sensitivities of current and next-generation atomic and nuclear clocks to this

effect and compare the results against the existing laboratory and astrophysical constraints on EP

violating fifth forces. We show that in the future, the annual modulation in the frequencies of

atomic and nuclear clocks in the laboratory caused by the eccentricity of the earth’s orbit around

the sun may offer the most sensitive probe of this general class of EP violating theories.

Even greater sensitivity can be obtained by comparing clocks at different locations. Com-

paring the frequency difference between a precision clock placed on a satellite in an eccentric

orbit around the earth and a similar clock on earth would offer an extremely sensitive probe of

this class of models. Experiments of this type have already been performed to test the general rel-

ativistic prediction for the gravitational redshift [125, 126], and new ones proposed [14, 16, 127].

Importantly, we find that such an experiment that employs current clock technology would al-

ready have a sensitivity to fifth forces that couple primarily to electrons at the about the same

level as the existing limits. The reason for this is that direct fifth force searches are inherently

less sensitive to forces acting on electrons, since electrons comprise less than 0.1% of the mass of

an atom. In contrast, atomic transition frequencies are extremely sensitive to the properties of the

electron. Our analysis provides well-defined sensitivity targets to aim for when designing future

versions of these experiments.

The outline of this chapter is as follows. In the section 3.2 we consider the interactions of

an ultralight scalar with the SM and discuss the current constraints on this framework from direct
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searches for EP violation and from recasting existing clock experiments. In Section 3.3 we study

the sensitivity of next-generation atomic and nuclear clocks to this class of models, and show that

they can explore new parameter space. We conclude in Section 3.4.

3.2 Ultralight Scalar Fields and Equivalence Principle Violation

In this section, we present a general framework for studying the effects of an ultralight

scalar coupled to the SM. We show how direct fifth force, gravitational redshift, and differential

redshift measurements can be used to place bounds on the parameters in the Lagrangian. This

allows a concrete comparison of the sensitivities of these different experiments.

Consider an ultralight light scalar field ϕ that couples to the particles in the SM. At energies

well below the weak scale, the interactions of ϕ with the stable matter fields and the light force

carriers of the SM can be conveniently parametrized as [39, 40]

L ⊃ κϕ[ de
4e2

FµνF
µν − dgβ3

2g3
GA

µνG
Aµν − dmemeψ̄eψe − ∑

i=u,d

(dmi
+ γmi

dg)miψ̄iψi] . (3.1)

Here the parameter κ is defined as κ =
√
4πG, where G is Newton’s constant. This parametriza-

tion allows a straightforward comparison between the force mediated by the ultralight scalar and

gravitational effects. In this expression e represents the charge of the electron, g3 the coupling

constant of quantum chromodynamics (QCD) and β3 ≡ ∂g3/∂ logµ its beta function. The pa-

rameters mi denote the masses of the fermions and γm ≡ −∂ logm/∂ logµ. The parameters dx

with x ∈ {e, g,mi} represent the couplings of the scalar to the corresponding gauge bosons and

fermions. The couplings of the scalar have been parametrized such that the limit dg = dme = dmi

with de = 0 corresponds to the interactions of a dilaton that respects the equivalence principle.
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At these energies the SM has an approximate parity symmetry under which ϕ has been taken to

be even. This represents the most general form of the interaction consistent with the symmetries

up to terms of dimension 5 and linear order in ϕ. In order to isolate the EP violating effects, it is

conventional to parameterize the Lagrangian in Eq. (3.1) in terms of the average light quark mass

m̂ ≡ (mu +md)/2 and the mass difference δm ≡ (md −mu) rather than the light quark masses

mu and md. The corresponding couplings of the modulus take the form,

L ⊃ −κϕ [dm̂m̂(d̄d + ūu) +
dδm
2
δm(d̄d − ūu)] , (3.2)

where

dm̂ =
dmd

md + dmumu

md +mu

, dδm =
dmd

md − dmumu

md −mu

.

As a result of the interactions in Eq. (3.1), the scalar field gives rise to a force between any two

macroscopic bodies [40]. By convention, this new force is parametrized in terms of its strength

relative to the gravitational force. Accordingly, the potential energy V , which includes the effects

of both the gravitational force and the new force, now takes the form,

V = −GmAmB

rAB

(1 + αAαBe
−

rAB
λ ) . (3.3)

Here mA and mB are the masses of the two bodies A and B, rAB is the distance between them,

and λ ≡ 1/mϕ sets the range of the interaction. The parameters αA and αB, which are functions

of de, dg, dme and dmi
, depend on the compositions of A and B. Therefore, in general, the force
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mediated by ϕ violates the EP. The parameters αA and αB can be approximated as,

αX ≃ d∗g+ [(dm̂ − dg)Qm̂ + (dδm − dg)Qδm + (dme − dg)Qme + deQe]X , (3.4)

where the composition-independent part d∗g is given by

d∗g ≡ dg + 0.093(dm̂ − dg) + 10−4[2.7de + 2.75(dme − dg)]. (3.5)

The remaining composition-dependent part of αX in Eq. (3.4) is parameterized in terms of the

variables Qm̂, Qδm, Qe and Qme that depend on the mass number A and atomic number Z of the

atomic nuclei of which the body is composed1,

Qm̂ ≡ −0.036
A1/3

− 1.4 × 10−4Z(Z − 1)
A4/3

− 0.02(A − 2Z)
2

A2
, (3.6)

Qδm ≡ 1.7 × 10−3A − 2Z
A

, (3.7)

Qe ≡ 7.7 × 10−4Z(Z − 1)
A4/3

+ 8.2 × 10−4 (Z
A
− 1

2
) , (3.8)

Qme ≡ 5.5 × 10−4 (Z
A
− 1

2
) . (3.9)

We see from this that αX naturally splits up into a composition-independent term d∗g and a

composition-dependent term that is contained in the square bracket in Eq. (3.4). For a general

choice of modulus couplings the term in the square brackets does not vanish, so the contribution

to the potential from the ultralight scalar depends on the compositions of the test bodies. There-

fore the resulting force violates the weak EP. The existing limits on EP violating forces can be

1Our parametrization of αX differs from that in Ref. [40], and so our expressions for Qm̂, Qδm, Qe and Qme are
also different.

42



translated into bounds on the couplings of the scalar ϕ.

We see from Eq. (3.6) that ∣Qδm∣ ≪ ∣Qm̂∣. We therefore expect that, in general, experiments

searching for EP violation will be much more sensitive to the coupling dm̂ than to dδm. For

simplicity, we will therefore neglect the coupling dδm in the discussion that follows.

Apart from generating an EP violating force, the interactions in Eq. (3.1) imply that the

effective values of fundamental constants such as α and me at any given location depend on the

value of ϕ at that location. For example, for these two parameters we have,

α(x) = ᾱ[1 + deκϕ(x)] me(x) = m̄e[1 + dmeκϕ(x)] . (3.10)

Here ᾱ (m̄e) denotes the value of the fine structure constant (electron mass) in the absence

of the terms in Eq. (3.1). Consequently the sourcing of ϕ by massive objects such as the sun and

the earth causes the value of fundamental constants such as α and me to depend on the distance

from these sources. This offers an alternative method of probing this class of models using atomic

and nuclear clocks, which is the focus of this chapter.

3.2.1 Direct Fifth Force Measurements

In this subsection we review how to map the limits from direct fifth force searches onto

bounds on the parameters in Eq. (3.1). The results are summarized in Eqs. (3.15), (3.16), (3.17)

and (3.18).

At present, the most precise tests of EP violation are based on measurements of how two

test bodies A and B composed of different materials accelerate towards a third body C, which is

usually the earth or the sun. If the EP holds, the two accelerations should be identical. By con-
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vention, the experimental limits on EP violation are expressed in terms of the Eotvos parameter,

η ≡ 2 ∣a⃗A − a⃗B∣∣a⃗A + a⃗B∣
(3.11)

where aA and aB represent the accelerations of the test bodies A and B. Since the interactions in

Eq. (3.1) give rise to an EP violating force between any two macroscopic bodies, the experimental

limits on η can be translated into bounds on the couplings of the ultralight scalar to matter.

In the limit that the distances between the bodies A,B and C are all much smaller than λ,

so that the mass of the modulus can be neglected, we can estimate the Eotvos parameter in this

class of models from Eq. (3.3) as,

η ≈ (αA − αB)αC ≈ [∆Qm̂(dm̂ − dg) +∆Qede +∆Qme(dme − dg)]αC . (3.12)

In most simple models the composition independent part of αC will dominate over composition

dependent part. In this case we can make the approximation αC ≈ d∗g so that

η ≈ [∆Qm̂(dm̂ − dg) +∆Qede +∆Qme(dme − dg)]d∗g (3.13)

≈∆Qm̂Dm̂ +∆QeDe +∆QmeDme . (3.14)

Here we have defined De ≡ d∗gde, Dm̂ ≡ d∗g(dm̂ − dg) and Dme ≡ d∗g(dme − dg). Since typically

∆Qme ≪ ∆Qe ,∆Qm̂, using the experimental bound on η for two given test bodies of known

compositions, the allowed (Dm̂,De) parameter space can be constrained to a band as shown in

Fig. 3.1. The most accurate measurement of η, performed by the MICROSCOPE mission [2,12],
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Figure 3.1: Current bounds on De vs. Dm̂ set by fifth force experiments [2, 11–13]. The black
band represents the bound set by MICROSCOPE [2, 12], the blue and yellow bands are the
constraints set by the EotWash group with Be-Ti and Be-Al masses [11], and the green band is
the Moscow group’s result obtained with Al-Pt masses [13].

sets constraints at the 10−14 level and is represented by the black band in Fig. 3.1.

In addition to constraining the Dm̂ and De parameters, we can translate the bounds on the

Eotvos parameter η into limits on the individual modulus couplings dx. For example, using Eq.

(3.12) we can set an upper bound on dg assuming that all the other couplings vanish,

η ≈∆Qm̂d
2
g ⇒ dg =

√
η

∆Qm̂

, dm̂ = dme = de = 0. (3.15)
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The analogous bounds on de, dm̂ and dme are given by,

de =
√

η

∆Qe(2.7 × 10−4 +Qe,C)
, dm̂ = dme = dg = 0, (3.16)

dm̂ =
√

η

∆Qm̂(9.3 × 10−2 +Qm̂,C)
, dme = de = dg = 0, (3.17)

dme =
√

η

∆Qme(2.75 × 10−4 +Qme,C)
, dm̂ = de = dg = 0. (3.18)

By performing multiple measurements on bodies of different compositions, it is in principle

possible to set independent constraints on all of the Dx and dx parameters.

Although these bounds have been obtained under the assumption that the distances between

the bodies A, B and C are all much smaller than λ, the extension of these limits to the more

general case is straightforward [2, 128],

dx =
dmassless
x√

Φ(RC

λ )(1 + r
λ)e−

r
λ

. (3.19)

Here Φ(x) ≡ 3(x coshx − sinhx)/x3, RC is the radius of the body C, and dmassless
x represents the

corresponding bound in the limit that mϕ = 0, given by Eqs. (3.15), (3.16), (3.17) and (3.18).

3.2.2 Clock Experiments

In this subsection, we show how to map the results of clock experiments onto the parameter

space shown in Eq. (3.1). This allows for a direct comparison between clock experiments and

direct fifth force measurements.

While direct measurement of the fifth force currently provides the most stringent con-
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straints on the couplings dx of the ultralight scalar, there is an alternative method to constrain

the new force. Recall that the couplings introduced in Eq. (3.1) modify the potential energy be-

tween two masses as shown in Eq. (3.3). The correction to the potential energy can be rewritten

in the familiar form,

δV = −GmAmB

rAB

αAαBe
−

rAB
λ = − qAqB

4πrAB

e−
rAB
λ , (3.20)

where qX = καXmX represents the charge of the body under the new Yukawa force. From the

above expression we see that each massive body X sources the scalar field ϕ as,

ϕX = −
qX
4πr

e−
r
λ . (3.21)

As can be seen from Eq. (3.10), the scalar field ϕ affects the values of fundamental constants.

This results in a spatial variation in the values of fundamental constants in the vicinity of a source

body X. For example, in the case of the fine structure constant we have,

∆α

α
= deκϕX = −

deαXGmX

r
e−

r
λ = deαXUXe

−
r
λ . (3.22)

Here UX represents the gravitational potential sourced by the body X. From the above equation,

we see that measuring the variation of fundamental constants in the neighborhood of a massive

body such as the earth or sun allows us to probe the same couplings that direct fifth force searches

are sensitive to. We now discuss the sensitivity of atomic and nuclear clocks to this variation.

The principle of Local Position Invariance (LPI) states that the frequency of any given clock

47



in its local frame is independent of its position in space. This can be expressed as

f local
A (x) = f local

A (∞), (3.23)

where f local
A (∞) denotes the frequency of the clock A at infinity, where the gravitational potential

U vanishes. It follows from Eq. (3.22) that in the class of theories we are considering the values

of the fundamental constants are not the same at different points in space. Then the frequencies of

clocks depend on their location in space and so the principle of LPI is no longer valid. Therefore

Eq. (3.23) will receive corrections whose magnitude will, in general, depend on the type of the

clock used in the experiment. This violation of LPI can be parametrized in terms of the anomalous

redshift parameter βA as

f local
A (x) − f local

A (∞)
f local
A (∞) = βAU(x) , (3.24)

where values of βA different from zero are the result of new physics. The subscriptA indicates the

type of clock being employed. In practice, when comparing two clocks, one typically measures

frequencies in the rest frame of one of the clocks, which we identify with the lab frame. This

leads to the relation 2

f lab
A (x) − f lab

A (xlab)
f lab
A (xlab)

= (1 + βA)[U(x) −U(xlab)] . (3.25)

Here, the term 1 in the parentheses represents the standard prediction from general relativity and

xlab denotes the position of the lab.

2In the literature, the anomalous redshift parameter β is conventionally defined as f∞A (x)−f
∞

A (∞)

f∞
A
(∞)

= (1 + β)U(x),
as seen by the observer at infinity. This definition implicitly assumes that the anomalous scaling is independent of
the clock used and is therefore not suitable for our purposes.
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The dependence of a clock transition on fundamental parameters is conventionally ex-

pressed as

fA ∝ RαKA
α µKA

µX
KA

q
q ∝meα

KA
α +2µKA

µX
KA

q
q , (3.26)

where α is the fine structure constant, µ ≡ mp/me is the proton-to-electron mass ratio, Xq ≡

mq/ΛQCD is the ratio of the average light quark mass to the QCD scale and R ∝ meα2 denotes

the Rydberg constant. The coefficients KA
α,µ,q characterize the sensitivity of a given transition to

variations of the corresponding parameters. Typically, KA
µ = −1 for hyperfine transitions, KA

µ = 0

for optical and KA
µ = 1 for nuclear transitions. The KA

α,q have to be determined numerically for

each transition.

From Eqs. (3.24) and (3.26) we find

βAU(x) =
∆me

me

+ (KA
α + 2)

∆α

α
+KA

µ

∆µ

µ
+KA

q

∆Xq

Xq

, (3.27)

where ∆X
X =

X(x)−X(∞)
X(∞) with X ∈ {α,µ,Xq,me}. Using this equation, constraints on βA can be

turned into bounds on the variation of various fundamental constants.

In order to compare these bounds with those from fifth force experiments we need to ex-

press the variation of the fundamental parameters in terms of the couplings shown in Eq. (3.1)3.

3The following discussion implicitly assumes that the gravitational potential can be independently determined in
the presence of the fifth force. We study this potential complication in Appendix B.1 and show that it has only a
small effect on the results of this section.
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A brief calculation yields

∆α

α
= deαXU ≃DeU, (3.28)

∆µ

µ
= −(dme − dg)αXU ≃ −DmeU, (3.29)

∆Xq

Xq

= (dm̂ − dg)αXU ≃Dm̂U, (3.30)

∆me

me

= dmeαXU ≃ (Dme +Dg)U , (3.31)

where in the second step we have approximated αX ≈ d∗g and defined Dg ≡ dgd∗g . These ex-

pressions are valid for r ≪ λ. Experiments that constrain the variation of fundamental constants

sometimes employ the alternative parameterization, ∆X/X = kXU . From Eq. (3.28), we see

that kα = De, kµ = −Dme , and kq = Dm̂. The translation of bounds between the two different

parametrizations is therefore straightforward.

From Eqs. (3.27) and (3.28) we can express βA in terms of the couplings of the modulus,

βA = [(KA
α + 2)de −KA

µ (dme − dg) +KA
q (dm̂ − dg) + dme]αX (3.32)

≈ (KA
α + 2)De + (1 −KA

µ )Dme +KA
q Dm̂ +Dg . (3.33)

Since direct fifth force measurements are also sensitive to the Dx, the relation above allows for a

direct comparison between these experiments and clock experiments.

We can translate the bounds on βA into bounds on the modulus couplings dx under the

assumption that only one coupling has a non-zero value,

dg =
¿
ÁÁÀ βA
∣KA

µ −KA
q ∣
, dm̂ = de = dme = 0, (3.34)
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Figure 3.2: A schematic picture of an experi-
ment involving two different clocks that travel
together and experience the same change in
the gravitational potential. The location de-
pendence of the ratio of the two transition fre-
quencies is a sensitive probe of EP violation.

Figure 3.3: A schematic picture of an exper-
iment involving two identical clocks that are
spatially separated. The dependence of the dif-
ference in frequencies between the two clocks
on the difference in the gravitational potential
between their locations is a sensitive probe of
EP violation.

de =
√

βA
∣KA

α + 2∣(2.7 × 10−4 +Qe,X)
, dm̂ = dg = dme = 0, (3.35)

dm̂ =
¿
ÁÁÀ βA
∣KA

q ∣(9.3 × 10−2 +Qm̂,X)
, de = dg = dme = 0. (3.36)

dme =
¿
ÁÁÀ βA
∣1 −KA

µ ∣ (2.75 × 10−4 +Qme,X)
, de = dg = dm̂ = 0. (3.37)

By employing multiple clocks, each of a different composition, it is in principle possible to set

independent constraints on all of the Dx and dx parameters.

Our results have been derived under the assumption that the experiments were performed

at distances such that r ≪ λ. When we relax this assumption, the above formulas generalize

to [128]

dx =
dmassless
x√

Φ(RX

λ )e−
r
λ

, (3.38)

where dmassless
x is the corresponding parameter given in Eqs. (3.34), (3.35), (3.36) and (3.37).

The clock experiments that search for fifth forces fall into two distinct classes, differen-

tial redshift measurements and gravitational redshift measurements, illustrated in Figs. 3.2 and
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3.3 respectively. Differential redshift measurements involve comparing two clocks composed of

different materials at the same location as they orbit another body. Gravitational redshift mea-

surements involve comparing the frequencies of a clock in orbit around the earth with a clock

on earth. This class of experiments is sensitive to the redshift predicted by general relativity and

bounds are placed on any additional source of redshift. We now consider the existing limits from

these two classes of experiments in turn.

We first consider differential redshift measurements. A comparison of two different clocks

A and B that experience the same change in the potential allows a measurement of the difference

(βA − βB). Then, using Eq. (3.32), we can easily recover information about the couplings of the

modulus,

βAB = [∆KAB
α de −∆KAB

µ (dme − dg) +∆KAB
q (dm̂ − dg)]αX (3.39)

≈∆KAB
α De −∆KAB

µ Dme +∆KAB
q Dm̂ . (3.40)

Here we have defined, βAB ≡ βA − βB and ∆KAB
X ≡KA

X −KB
X .

A natural realization of the experiment involves comparing the frequencies of two different

clocks in the laboratory over the course of a year [15, 129, 130]. As the distance between earth

and the sun changes due to the eccentricity of the orbit, the frequencies of the clocks change

accordingly. The ratio of the frequencies of the two clocks, f̃(x) ≡ f local
A (x)/f local

B (x) changes

as

f̃(x(t)) − f̃(x(t0))
f̃(x(t0))

= (βA − βB) [U(x(t)) −U(x(t0))] . (3.41)

Therefore, by comparing the frequencies of the clocks over the course of a year, we can obtain a
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measurement of (βA−βB). Currently, state-of-the-art experiments constrain this ratio at the 10−7

level [15], which results in the following limits,

De ≲ 10−8, Dme ≲ 10−6, Dm̂ ≲ 10−6 . (3.42)

From Fig. 3.1, we see that the limits from this class of atomic clock experiments are currently

at least 3 orders of magnitude weaker than the direct limits from fifth force measurements in the

(De,Dm̂) parameter space.

We now turn our attention to gravitational redshift measurements. As Eq. (3.25) suggests,

βA can be determined by comparing two identical spatially separated clocks, as illustrated in

Fig. 3.3. This approach is also not new. The first successful realization of this method was

achieved by Gravity Probe - A [125], where the frequency of a microwave clock on a satellite

was compared with the frequency of an identical clock on earth via microwave link as the satellite

was changing altitude. After accounting for special and general relativistic effects, the measured

frequency was transformed to the local frame of satellite leading to a constraint on the anomalous

redshift via the relation,

f local
A (x) − f local

A (x⊕)
f local
A (x⊕)

= βA [U(x) −U(x⊕)] , (3.43)

where x⊕ denotes the position of the clock on earth.

This experiment constrained βA at the level of 10−4. Although this bound was later im-

proved by an order of magnitude by the Galileo satellite [126], it remains many orders of magni-

tude below the strongest limits from direct fifth force searches.
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3.3 Experimental prospects
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Figure 3.4: In theDm̂ vs. De plane, we show how the projected limits from future earth and space
based differential redshift experiments compare against the current bounds from direct fifth force
searches. The black region represents the current bound set by MICROSCOPE [2, 12]. The
magenta and light cyan lines show the projected sensitivity of the SpaceQ experiment [14] while
traveling towards the r = 0.39 AU and r = 0.1 AU orbits respectively, assuming that the satellite
is equipped with two optical clocks with ∆Kα = 7 and ∆f̃/f̃ = 10−18. The green band shows
the projected sensitivity of an earth based experiment based on two optical clocks with ∆Kα = 7,
∆Kq = 0 and ∆f̃/f̃ = 10−21. The red line shows the bound that could be set by an earth based
nuclear clock - optical clock system, with ∆Kα = 104, ∆Kq = 105 and ∆f̃/f̃ = 10−18.

3.3.1 Two Different Clocks at the Same Location

In order to match the sensitivity of the direct fifth force searches by the MICROSCOPE

experiment [2, 12], the uncertainty in the frequency of optical clocks located on earth needs to
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be of order ∆f̃/f̃ ∼ 10−21 for ∆Kα = 7. This requires an improvement by about 3 orders of

magnitude over the best precision available at this time, which is expected to occur within the

next two decades [16].

However, improved precision is not the only option. Clocks based on nuclear transitions of-

fer the exciting prospect of measuring the variation of fundamental constants with unprecedented

sensitivity [131]. The nuclear clock based on the 229Th nucleus is expected to have sensitivity

to the variation of the fine structure constant about 3 orders of magnitude better than the best

optical clock, Kα ∼ 104, while the sensitivity to the masses of the quarks is expected to be even

greater, Kq ∼ 105 [132]. Because of the large Kq, nuclear clocks of this type with an uncertainty

of ∆f̃/f̃ ∼ 10−18 would be sufficient to improve on the current bounds set by the MICROSCOPE

experiment. This is shown in Figs. 3.4, 3.5, 3.6 , and 3.7.

Another possibility is to conduct an experiment in space. By sending the two clocks closer

to the sun we can take advantage of the larger gravitational potential to increase the sensitivity

to (βA − βB). SpaceQ is a recent proposal based on this strategy [14]. The satellite would be

equipped with a two-clock system, and the frequency ratio between the clocks as the satellite

orbits the sun would be measured. The first stage of the experiment proposes to send a satellite

to Mercury’s orbit, which is at r = 0.39 AU. The second stage could reach down to r = 0.1

AU. In both these stages the satellite’s orbit is designed to be circular, which means that during

the main stage of the experiment EP violating effects would not be measurable. However, as

pointed out in the proposal, data can also be taken as the satellite transits towards its final orbit,

allowing us to measure EP violating effects. In reaching the r = 0.1 AU orbit, the satellite would

experience a change in the gravitational potential of the order of ∆U ∼ 10−7, which is greater than

the annual modulation of the gravitational potential on earth by a factor of nearly 300. In Fig.
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3.6 we illustrate the sensitivity of this proposal to de in four different scenarios. In the first case

a satellite is sent out to Mercury’s orbit containing two optical clocks. In the second case, one of

the optical clocks is replaced by a nuclear clock. In the third and fourth cases a satellite is sent to

orbit the sun at r = 0.1 AU with an optical-optical and a nuclear-optical clock system respectively.

In all versions of the experiment we assume a fractional uncertainty of ∆f̃/f̃ ∼ 10−18. We see

that the use of nuclear clocks leads to great improvements over the current sensitivity.

3.3.2 Identical Spatially Separated Clocks

The FOCOS experiment [16] proposes to place a satellite carrying an optical clock in an

elliptical orbit around the earth. The clock on the satellite will communicate with an identical

clock on earth via optical links as the satellite approaches its apogee and perigee. Since the

distance between the surface of the earth and the satellite will vary between 5000 km and 22500

km, the satellite will experience a large variation in the earth’s gravitational potential, allowing

for an accurate determination of βA. The optical clock offers more stability and precision than

the microwave clocks that were used in earlier satellites. Instead of continuous monitoring of the

frequency ratio, the experiment would monitor the phase difference between the clocks which

can be translated into a frequency difference. This ultimately can be transformed into a limit on

βA using Eq. (3.43). The experiment aims to measure βA with an accuracy of 10−9.

As explained in Sec. 3.2.2, the bound on the anomalous redshift can be translated into

bounds on the parameters Dx and dx through Eq. (3.32). Since the proposal did not specify the

clocks that would be used on the mission, we will consider two scenarios. In the first scenario,

the satellite is equipped with an optical clock based on the electric octopole transition (E3) of
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171Yb+, which has the highest realized sensitivity to the variation of the fine structure constant,

Kα = −6 [132]. In the second scenario, we consider a satellite with a nuclear clock that has a

sensitivity of Kα ∼ 104. The expected experimental reach of these two versions of the FOCOS

experiment for the couplings de, dg, dme and dm̂ is presented in Figs. 3.6, 3.7, 3.8 and 3.9.

Remarkably, we see from Fig. 3.8 that with even with existing clock technology the FOCOS

experiment would be competitive with the currents bounds on dme from direct fifth force searches.

However, to improve on the current limits on de, dg and dm̂ would require the use of nuclear

clocks.

It follows from this discussion that, when it comes to fifth forces mediated by scalars that

couple primarily to electrons, satellite-based clock experiments can already compete with direct

fifth force searches. The reason why this particular coupling is where clocks first start to gain

ground is because the frequencies associated with most atomic transitions are directly propor-

tional to me, and so they are very sensitive to changes in the electron mass. In contrast, in direct

fifth force searches, the electron only contributes a small amount to the mass of any given atom

and so these experiments are inherently less sensitive to forces that act primarily on electrons.

3.4 Conclusions

In this chapter, we have explored how clock based experiments offer an alternative ap-

proach to probing EP violating fifth forces mediated by ultralight scalars. The same scalar field

that mediates the fifth force will, in general, also give rise to position dependence in the funda-

mental parameters. Clocks on the earth as it orbits the sun or clocks on satellites orbiting the

earth are sensitive to this effect, and therefore provide an excellent opportunity to test this class
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of models. The sensitivity of clock based experiments can be compared against the limits from

direct fifth force searches, providing a benchmark to aim for when designing these experiments.

We have considered two classes of experiments utilizing clocks. The first class of exper-

iments we studied were differential measurements where two different clock transitions were

being compared at the same location. These experiments, performed on earth or in space, have

the potential to probe beyond the current limits but require clocks more sensitive than currently

available. The second class of experiments are anomalous redshift measurements where a clock

in an elliptical orbit around the earth is compared to a clock on earth. Experiments along these

lines utilizing current clock technology can place constraints on fifth forces that act primarily on

electrons that are competitive with current constraints. Future nuclear clocks in elliptical orbits

would offer a significant improvement in sensitivity to several different couplings.

The rapid experimental progress in clock technology has been quite remarkable. Their sen-

sitivity has been consistently improving by an order of magnitude every few years for the past

several decades. Our analysis shows that if this rate of improvement is maintained, clock exper-

iments may soon offer the greatest sensitivity to EP violating fifth forces mediated by ultralight

scalar fields.
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Figure 3.5: In the de vs. mϕ plane, we
show how the projected limits from future
earth based two-clock experiments compare
against the current bounds from direct fifth
force searches. The orange region repre-
sents the current bounds from atomic clock
experiments [15]. The blue region shows
the parameter space excluded by the MI-
CROSCOPE experiment [2, 12]. The green
line depicts the projected limit from a future
Earth based experiment involving two optical
clocks with ∆Kα = 7 and ∆f̃/f̃ = 10−21.
The red line shows the projected sensitivity
of an Earth based two-clock experiment
involving a nuclear clock with ∆Kα = 104 and
∆f̃/f̃ = 10−18.
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Figure 3.6: In the de vs. mϕ plane we
show how the projected limits from future ex-
periments compare against the current bound
from direct fifth force searches. The blue re-
gion shows the parameter space excluded by
the MICROSCOPE experiment [2, 12]. The
red line shows the sensitivity of an Earth
based two-clock experiment involving a nu-
clear clock with ∆Kα = 104 and ∆f̃/f̃ =
10−18. The brown and dark brown lines show
the potential reach of the FOCOS experiment
[16], assuming that the satellite is equipped
with an optical clock with Kα = −6 or a nu-
clear clock with Kα = 104 respectively and
measures the redshift with the accuracy of β =
10−9. The magenta and cyan lines depict the
sensitivity of the SpaceQ mission [14] while
traveling towards the r = 0.39 AU and r = 0.1
AU orbits respectively, assuming that the satel-
lite is equipped with two optical clocks with
∆Kα = 7 and ∆f̃/f̃ = 10−18. The dark ma-
genta and dark cyan lines depict the ultimate
sensitivities of the SpaceQ experiment while
traveling towards the r = 0.39 AU and r = 0.1
AU orbits respectively, when the satellite is
equipped with a nuclear-optical clock system
with ∆Kα = 104 and ∆f̃/f̃ = 10−18.
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Figure 3.7: In the dg vs. mϕ plane we show
how the projected limits from future clock
based experiments compare against the cur-
rent bounds on fifth forces. The blue re-
gion shows the parameter space excluded by
the MICROSCOPE experiment [2, 12]. The
red line depicts the projected sensitivity of an
Earth based two-clock experiment involving a
nuclear clock, the dark brown line shows the
projected reach of the space based FOCOS ex-
periment equipped with a nuclear clock, while
the dark magenta and dark cyan lines project
the sensitivities of the SpaceQ experiment as-
suming that the satellite reaches r = 0.39AU
and r = 0.1AU respectively and is equipped
with nuclear clocks. We take ∆Kq = 105

and ∆f̃/f̃ = 10−18 for all clock pairs except
for the FOCOS experiment where we assume
β = 10−9.
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Figure 3.8: In the dme vs. mϕ plane we
show how the projected limit from the future
space based FOCOS experiment compares
against the current bound. The blue region
shows the parameter space excluded by the
MICROSCOPE experiment [2, 12] while the
brown line shows the reach of the FOCOS
experiment [16] assuming that the satellite is
equipped with an optical clock with Kα = −6
and the redshift is measured with the accuracy
of β = 10−9.
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Figure 3.9: In the dm̂ vs. mϕ plane, we show how the projected limits from future clock based
experiments compare against the current bounds from direct fifth force searches. The blue region
shows the parameter space excluded by the MICROSCOPE experiment [2, 12]. The red line
gives the sensitivity of an Earth based two-clock experiment involving a nuclear clock, the dark
brown line depicts the reach of the space based FOCOS experiment equipped with a nuclear clock
while the dark magenta and dark cyan lines project the sensitivities of the space based SpaceQ
experiment assuming that the satellite reaches r = 0.39AU and r = 0.1AU respectively and is
equipped with a nuclear clock. We assume ∆Kq = 105 and ∆f̃/f̃ = 10−18 for all clock pairs
except for the FOCOS experiment where we assume β = 10−9.
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Chapter 4: Constraining Vector Dark Matter with Neutrino experiments

4.1 Introduction

In this chapter, we move on from scalar fields to vector dark matter and discuss experimen-

tal prospects of measuring vector dark matter with neutrino experiments.

A background of U(1)Lµ−Lτ (U(1)Le−Lµ) gauge bosons acts as a time-dependent potential

that is flavor non-universal. As neutrinos and antineutrinos have opposite charges, the potential

is opposite for matter and antimatter. Additionally, the effect is proportional to the dot product of

the neutrino velocity with the polarization of dark matter resulting in a directionally dependent

chemical potential. If the dark matter oscillations are slow compared to the neutrino propagation

timescale, the effect on neutrino oscillations is similar to the MSW matter effect [133–135].

Therefore, the main signature of these models are time-dependent neutrino oscillation parameters,

e.g. ∆m2
31(t) and sin θ13(t). Measurement of these signatures might be challenging due to a

low neutrino event rate. However, we show that even after averaging over the duration of the

experiment, the effect is strong enough to place bounds several orders of magnitude better than

the leading bounds on U(1)Le−Lµ and U(1)Lµ−Lτ dark matter. Similar bounds on U(1)Lµ−Lτ

from neutrino oscillation experiments were estimated in [66] and [136]. The former studied the

effect of neutrino-DM scattering, while the latter considered the scenario where the vector field is

a relic field used to facilitate the production of sterile neutrino dark matter in the early universe.
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If the dark matter oscillations are fast compared to the neutrino propagation timescale, the

neutrinos experience a rapidly oscillating effective chemical potential. Because this potential os-

cillates rapidly, to the lowest order the effective potential averages to zero over the neutrino prop-

agation time. Thus, the leading effects are suppressed by an additional factor of m−1, where m is

the oscillation rate of the background dark matter field. The fact that our bounds on U(1)Le−Lµ

and U(1)Lµ−Lτ scale by an additional factor ofm−1 in the high mass regime reflects this chemical

potential washout effect.

The goal of this chapter is to explore the sensitivity of various neutrino oscillation exper-

iments to VDM with flavor non-universal couplings to leptons. In section 4.2, we review the

phenomenology of neutrino oscillations and introduce the effect of vector DM on neutrino oscil-

lations. In section 4.3, we constrain the model using existing and planned neutrino experiments.

We conclude with section 4.4 and propose further avenues of research.

4.2 Model

We start with a brief description of gauging lepton flavor and its effect on neutrinos. The

three individual lepton flavor numbers Lα, α = e, µ, τ , can be equivalently described in a different

basis comprising the total lepton number ∑αLα = L and two lepton number differences, which

we choose to be Le − Lµ and Lµ − Lτ without any loss of generality. The total lepton number

charge L is the identity in the flavor space and gives an equal phase to neutrinos of all flavors and

hence is unobservable in neutrino oscillations. Therefore we restrict our discussion to Le − Lµ

and Lµ −Lτ .

To the Standard Model, we add a single gauge boson Adµ which gauges either of the two
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flavor lepton number differences.

L ⊂ −1
4
FdµνF

µν
d −

1

2
m2

AAdµA
µ
d + Lint,e−µ + Lint,µ−τ

Lint,e−µ = −gAdσ (leγσle − lµγσlµ) (4.1)

Lint,µ−τ = −g′Adσ (lµγσlµ − lτγσlτ)

where mA is the mass of the gauge field, g and g′ denote coupling to the Le − Lµ and

Lµ − Lτ charges respectively and le,µ,τ denotes leptons with e, µ, τ charges. For example, le

denotes electrons, electron neutrinos and their anti-particles.

We now consider the consequences of the vector boson Adµ being dark matter. The three

polarizations of a massive gauge field satisfy pµϵµ = 0. If the gauge bosons were at rest, the three

polarizations would simply be unit vectors in the x, y, and z directions. Including a non-zero

velocity along the z-axis and considering the longitudinal polarization ϵL = 1
mA
(p,0,0,E) we see

that the temporal component of the vector fieldAd0 is subdominant to the spatial componentsAd i

by a factor of DM velocity vDM ∼ 10−3. To leading order the galactic DM field can be written as

an oscillating three vector with frequency ω ∼mA +O(v2DM)

A⃗d = A⃗0 cos (mA(t + v⃗DM ⋅ x⃗) + ϕ) + O(v2DM), (4.2)

where ∣A⃗0∣ =
√
2ρDM/m2

A and mA is the mass of the DM. Since the neutrinos are relativistic, the
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interactions in Eq. 4.1 can be written for neutrinos as

Hint = A⃗d ⋅ v⃗ν

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

g 0 0

0 g′ − g 0

0 0 −g′

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

+O(vDM) (4.3)

where v⃗ν is the neutrino velocity. The dark matter shifts the relative energies of different neutrino

flavor eigenstates. For example, in the case where the dark matter is the gauge boson of Le −

Lµ, the dark matter creates an energy difference between the electron neutrino νe and muon

neutrino νµ. The vector nature of the interaction means it has opposite signs for neutrinos and

anti-neutrinos. The dark matter thus acts as a chemical potential for the neutrinos. This can

be contrasted with the effect of a scalar field which does not distinguish between particles and

antiparticles.

It is important to note the directional dependence of the interaction. The interaction picks

the polarization of the DM along the neutrino velocity. In neutrino beam experiments, where

the neutrino velocity has a fixed orientation with respect to the earth’s frame, the direction of the

neutrino velocity rotates with the earth over the course of a day. This produces a daily modulation

of the DM effect. This is in contrast with the effect produced by a scalar field where no such

directional dependence exists and can be used to distinguish between the two. We explore this

effect in more detail in Sec. 4.2.3
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4.2.1 Neutrino Oscillations

Within the Standard Model, neutrino oscillations are controlled by two contributions, the

vacuum Hamiltonian Hvac and the MSW effect [133,134]. In absence of any matter, the neutrino

oscillation is set by the neutrino energy, the mass squared difference and the rotation matrix

between the mass and the flavor eigenstates, UPMNS. In the relativistic limit, we can expand the

Hamiltonian in powers of mν/Eν where mν denotes the mass of a generic mass eigenstate and

Eν is the neutrino energy. The non-identity piece of the vacuum Hamiltonian can be written as

Hvac = UPMNS

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

2Eν

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 0 0

0 ∆m2
21 0

0 0 ∆m2
31

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

U †
PMNS (4.4)

where ∆m2
ij = m2

i − m2
j are the neutrino mass differences and we have removed the pieces

proportional to the identity that do not contribute to oscillations.

On the other hand, in the presence of matter, for example while propagating through the

earth, the interaction of the neutrinos with matter creates a chemical potential for the neutrinos. In

the presence of protons, neutrons and electrons, the only non-identity interaction in flavor space

is a chemical potential for the electron neutrinos.

HMSW = ±
√
2GFne(x)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 0

0 0 0

0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(4.5)

where GF is the Fermi constant, ne(x) is the number density of electrons and the + (−) sign is for
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neutrinos (anti-neutrinos). The neutrino oscillations we observe in neutrino experiments are an

interplay between the vacuum oscillation and the effect of matter. Experiments that are sensitive

to this effect work in the regime L∆m2
21/Eν ≪ 1, despite the long distance traveled by neutrinos

L ∼ 103 − 104 km. As a result, the relevant mixing parameters are reduced to ∆m2
31, θ13 and

θ23. When there is a non-zero number density of electrons, ∆m2
31 and θ13 are replaced by their

effective counterparts [135]

∆m2
31,M =∆m2

31

√
(cos 2θ13 − Γ)2 + sin2 2θ13 (4.6)

sin2 2θ13,M =
sin2 2θ13

(cos 2θ13 − Γ)2 + sin2 2θ13
(4.7)

where Γ =
√
2GFneEν/∆m2

31. When Γ = cos 2θ13, magnitudes of Hvac and HMSW are com-

parable, which significantly changes mass eigenstates. This leads to enhanced oscillations into

electron neutrinos at distances of order Eν
∆m2

31,M
, which we call resonance.

The effect has important phenomenological consequences. The sign of Γ changes between

neutrinos and antineutrinos, and also depends on mass ordering. In the normal ordering, the

resonance can only happen for neutrinos, while in the inverted ordering it can only occur for

antineutrinos. Therefore, the resonance can be used to solve the mass ordering problem [135].

In the presence of vector dark matter, neutrino oscillations are modified in a similar way.
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The dark matter contribution (Eq. 4.1) to the neutrino oscillation can be written as1

Hint = ±
√
2ρ

mA

cos(mAt + ϕ) cosα(t)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

g 0 0

0 g′ − g 0

0 0 −g′

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(4.8)

where g and g′ denote coupling to the Le − Lµ and Lµ − Lτ charges respectively, ρ is the DM

energy density, mA is the mass of the vector DM and α(t) is the angle between DM polarization

and the neutrino velocity. The total Hamiltonian governing neutrino oscillations is the sum of the

parts

H =Hvac +HMSW +Hint. (4.9)

In order to see the effect of the VDM is similar to the matter effect, let us set g = 2g′. Then,

the non-identity piece of Hint has the same matrix structure as Eq. (4.5). In the L∆m2
21/Eν ≪ 1

limit this leads to a time-dependence of the effective ∆m2
31 and θ13

∆m2
31,DM =∆m2

31

√
(cos 2θ13 − Γ − ΓDM(t))2 + sin2 2θ13 (4.10)

sin2 2θ13,DM =
sin2 2θ13

(cos 2θ13 − Γ − ΓDM(t))2 + sin2 2θ13
(4.11)

where ΓDM(t) = 3g
√
ρEν

√

2m∆m2
31

cos(mt + ϕ) cosα(t). Therefore, we can see that experiments which

are sensitive to the matter effect should also be able to measure the effect caused by DM. The only

1Although the DM phase changes both in space and time, as in Eq. 4.2, the neutrino baseline is much smaller
than the coherence length so that the change in phase is suppressed by the small DM velocity. Hence we only keep
the leading time-dependent piece.

68



qualitative difference is that in this scenario the time-averaged effect is the same for neutrinos and

anti-neutrinos, which is a feature that could be used to differentiate the DM-induced effect from

the matter effect.

4.2.2 Simplified model with two flavors

To gain some insight into the effect of vector dark matter on neutrino oscillation, we con-

sider a toy model of two neutrino flavors. For clarity, we ignore the matter effect as it does not

affect our conclusions. The model is characterized by a single neutrino mass squared difference,

which we denote by ∆m2, the neutrino energy Eν and the dark matter mass and coupling, mA

and g.

H = U∆m2

4Eν

σzU
† + g
√
2ρ

mA

σz cos(mA(t − t0) + ϕ(t0)) + O(vDM)

= U∆νσzU
† + gA0σz cos(mA(t − t0) + ϕ(t0)) , (4.12)

where σz is the third Pauli Matrix, U is the PMNS matrix for two flavors, ∆ν ≡ ∆m2

4Eν
controls the

neutrino vacuum Hamiltonian, A0 =
√

2ρ
mA

is the vector amplitude, ϕ(t0) = mAt0 + ϕ0 is the DM

phase at the point of neutrino production and t0 denotes the time of neutrino production. We have

also neglected the dot product of the polarization and the neutrino velocity which changes due to

earth’s rotation. We discuss this effect in detail in Sec. 4.2.3.

Let us first consider the time dependence of the DM effect. Due to stringent constraints, the

DM effect is subdominant to the vacuum oscillation and can be treated using perturbation theory.
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The transition probability between the flavor states can be written as

Pνe→νµ = P (0) + P (1) + P (2) +⋯ , (4.13)

where we have labeled the two flavor states as νe and νµ, P (1) and P (2) are the first and second

order correction to the oscillation probability due to dark matter, P (n) ∝ gn. The first order cor-

rection, P (1), only contains contributions as sin(mAL + ϕ(t0)), where L denotes the baseline of

the experiment. This term oscillates as the initial phase ϕ(t0) changes as a function of neutrino

production time t0. If an experiment has sufficient statistics, they can look for the oscillating

first-order correction. On the other hand, if the experiment only observes time-averaged quanti-

ties, we will instead be sensitive to the second order correction, P (2), which includes terms like

sin2(mAL+ϕ(t0)). These do not average to zero in contrast with the first-order correction. Then,

⟨Pνe→νµ⟩ = P (0) + ⟨P (2)⟩ + ⋯ , (4.14)

where ⟨⟩ denotes averaging over the lifetime of the experiment. We compute ⟨P (2)⟩ using time-

dependent perturbation theory.
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⟨P (2)⟩ = − g2A2
0 sin

2(2θ)
(m3

A − 4mA∆2
ν)

2f(mA,∆ν , L)

f(mA,∆ν , L) = 8∆4
ν cos

2(2θ) (cos (L (mA + 2∆ν)) + cos (L (mA − 2∆ν)) − 2 cos (2L∆ν))

+m4
A (L∆ν sin

2(2θ) sin (2L∆ν) + 2 cos2(2θ) sin2 (L∆ν)) + 16mA∆
3
ν cos

2(2θ) sin (LmA) sin (2L∆ν)

+m2
A∆

2
ν (cos(4θ) (cos (L (mA + 2∆ν)) + cos (L (mA − 2∆ν)) − 2 cos (LmA) + 6 cos (2L∆ν) − 6))

+m2
A∆

2
ν (cos (L (mA + 2∆ν)) + cos (L (mA − 2∆ν)) + 2 cos (LmA))

+m2
A∆

2
ν (−4L∆ν sin

2(2θ) sin (2L∆ν) + 2 cos (2L∆ν) − 6) , (4.15)

where θ characterizes the two flavor PNMS matrix U .

This very complicated expression can be greatly simplified in the large or small mA limits.

In the small mass limit, where mA ≪ 1/L ∼ ∆ν , the effect of dark matter is roughly constant as

the neutrinos fly from the point of production to the point of detection. In this limit, the leading

correction to the vacuum oscillation is given by

⟨P (2)⟩ = g2A
2
0 sin

2 2θ

8∆2
ν

(4.16)

(4 cos 4θ + 2 cos(2∆νL) (cos 4θ(∆2
νL

2 − 2) +∆2
νL

2 − 1) −∆νL(5 cos(4θ) + 3) sin(2∆νL) + 2) .

On the other hand in the large mass limit, where mA ≫ 1/L ∼ ∆ν , the dark matter is oscillating

rapidly over the flight of the neutrinos and much of its effect is averaged away. In this limit, the

same second-order correction reads
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Figure 4.1: We show how the bound on the dark matter gauge coupling as a function of mass is
expected to behave for hypothetical neutrino oscillation experiments. For mAL ≪ 1, for a fixed
experimental uncertainty, the coupling scales linearly with mA whereas for mAL ≫ 1, the same
scaling is quadratic.

⟨P (2)⟩ = −g2A
2
0 sin

2 2θ

m2
A

(∆νL sin2(2θ) sin(2∆νL) + 2 cos2(2θ) sin2(∆νL)) (4.17)

From Eq. 4.16 and 4.17, it is easy to see how the bound on the dark matter coupling

constant g scales with the mass of dark matter. In the low mass regime,
√
P (2) ∼ gA0 ∼ g

mA
,

so we expect the constraint to scale as g ∝ mA. On the other hand, in the high mass regime,

√
P (2) ∼ gA0

mA
∼ g

m2
A

. Hence the constraint is expected to scale as g ∝ m2
A. This scaling behavior

can be seen in Fig. 4.1 where we have plotted the bound obtained from a hypothetical neutrino

experiment using two neutrino flavors in the perturbative regime. In making this plot, we have

assumed ∆ν ∈ [1.,2.], a fixed experimental uncertainty and considered 10 bins with equal energy

spacing (motivated by the DUNE experiment [19,137,138]). The difference in the scaling of the

bound on the coupling constant is clearly different in the small and large mass ranges. In the low
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mass regime, mAL ≪ 1, the bound increases slowly g ∝ mA. On the other hand, in the high

mass regime mAL ≫ 1 it weakens faster, g ∝ m2
A and smoothly transitions between the two at

mAL ∼ 1.

In Section 4.3.3, we will use these perturbative results to scale numerically obtained

bounds at one mass to other masses. To do this, we will need to be sure that we are in the

perturbative regime. We will look at experiments with neutrino energies Eν ∼ O(1 − 10GeV) at

which scale ∆m2
13 dominates the oscillation dynamics. By demanding P (2) ≪ 1, Eq. 4.16 gives

a bound on the coupling below which we are working in the perturbative regime.

g < 2.5 ⋅ 10−30 ( mA

10−20eV
)(GeV

Eν

) (4.18)

4.2.3 Daily Modulation

In this section, we discuss the effects of the earth’s rotation on our DM signal. In par-

ticular, we show that the effect of daily modulation does not erase the DM signal even after

time-averaging, which motivates the search for time-independent signatures of the signal.

As the DM-induced potential is the dot product between the DM polarization and neutrino

velocity, the DM-induced potential undergoes an oscillation due to the earth’s rotation. The equa-

torial component oscillates whereas the polar components remain unchanged due to the earth’s

rotation. This directional dependence is a crucial difference between vector and scalar DM.

For a neutrino beam type experiment, the neutrino beam has a fixed direction in the lab

frame. Figure 4.2 shows this in the lab frame. In general, the neutrino beam has a direction

v̂ν = (v∣∣, v⊥) (4.19)
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Figure 4.2: The equatorial component of the vector polarization n∣∣ rotates in the lab frame due
to the earth’s rotation whereas the polar component n⊥ remains unchanged. For experiments
like DUNE, the neutrino velocity has a fixed direction. Hence the angle between the vector
polarization and the neutrino velocity oscillates with the frequency of a day.

where v∣∣ and v⊥ are the equatorial and polar components of the neutrino velocity respectively.

We can similarly write the dark matter polarization unit vector in the lab frame as

Â(t) = (n∣∣ cos(ωdt), n⊥), (4.20)

where n∣∣ and n⊥ are the equatorial and polar components of the vector polarization and ωd is the

daily frequency. We can write the vector DM potential, Eq. 4.8,

Hint =
√
2ρ

mA

cos(mAt + ϕ) cosα(t)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

g 0 0

0 g′ − g 0

0 0 −g′

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(4.21)

cosα(t) = Â(t) ⋅ v̂ν . (4.22)

In an experiment with high statistics, we can make out the daily modulation of the signal. In
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absence of such opportunity, we can observe the time averaged effect of the daily modulation.

The daily average removes the first order correction ⟨P (1)⟩ = 0 and only the higher order

effects remain observable. In the case of sufficiently light DM, mA ≪ ωd, averaging over a day

does not average over a full oscillation of DM. In that case, the oscillation of the DM effect

is observable even after taking the daily average. On the other hand, if one averages over the

lifetime of the experiment, as is typically done, the dark matter oscillations are also averaged

over.

After averaging over the lifetime of the experiment, the oscillation probability is given by

⟨Pνe→νµ⟩ = P (0) + (1
2
n2
∣∣
v2
∣∣
+ n2

⊥
v2
⊥
) ⟨P (2)⟩ + ⋯ (4.23)

where P (0), P (2) is same as in Eq. 4.13. Here we have assumed that the DM is light enough

so that the coherence time of the DM is longer than the experiment lifetime, hence the vector

polarization (n∣∣, n⊥) can be treated as constant. We see that the effect of the daily average is a

correction of the DM effect which is dependent on the DM polarization and the beam direction.

Given a global network of neutrino beam experiments, we can not only observe but also map out

the DM polarization in the solar neighborhood.

If the DM coherence time is longer than a day but much smaller than the lifetime of the

experiment, we have to average over all possible DM polarization.

⟨Pνe→νµ⟩ = P (0) + 1

2
(1
2
v2
∣∣
+ v2
⊥
) ⟨P (2)⟩ + ⋯ (4.24)

For a neutrino beam experiment like DUNE, we can compare Eq. 4.14 to Eq. 4.24 to per-
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Figure 4.3: Schematic diagram showing the two different averages over atmospheric neutrino
velocity. For atmospheric neutrinos, the neutrino velocity does not have a fixed direction. On
the left, we have shown the averaging of the neutrino velocity over the same zenith angle θ (it
is conventional to assign θ = 0 to down-going neutrinos). Paths with the same zenith angle have
equal lengths which form a cone. This is standard for atmospheric neutrino experiments, as
discussed in 4.3.1. We also have to average over the daily modulation, which we have shown on
the right.

ceive the effect of the earth’s rotation. The difference depends upon the latitude and longitude

of both the points of neutrino production and detection. On the other hand, for atmospheric

neutrino experiment, shown in Fig. 4.3, there are a whole host of neutrino velocities distributed

on a two sphere. It is customary to bin events by zenith angle θ, as shown in Fig. 4.3. Then

each bin corresponds to atmospheric neutrinos with the same path length from production to de-

tection. For an experiment located near the earth’s rotation axis, like IceCube [139, 140], this

corresponds to averaging over v∣∣. However, for an experiment located elsewhere, like Super-

Kamiokande [17, 18, 135], the constant zenith angle averaging will correspond to different aver-

ages over the neutrino velocity depending on the particular location. To get an estimate of the

impact of the velocity average on the vector DM effect, we can look at average over both neutrino

76



velocity and DM polarization,

⟨Pνe→νµ⟩ = P (0) + 3

8
⟨P (2)⟩ + ⋯ (4.25)

The effect of daily average and the angular average is clear once we compare Eq. 4.14 to

Eq. 4.25.

4.3 Experiments

In order to get a qualitative understanding of which experiments are the most efficient at

detecting Vector DM, we can compare the relative strengths of various terms in the Hamiltonian

Hvac ∼
∆m2

Eν

, Hint ∼ g
√
2ρ

mA

. (4.26)

Here, we can make a simplifying assumption that a given experiment is sensitive to DM when

both terms in the Hamiltonian are comparable

Hint ≲Hvac → g ≲ mA

Eν

∆m2

√
2ρ
∼ 10−30 ( mA

10−20 eV
)(10 GeV

Eν

) . (4.27)

As the vacuum term gets smaller with higher neutrino energies, we can see that experiments that

operate at higher energies have greater discovery potential.

Naively, one could use the most energetic neutrinos to set the most stringent constraints.

However, as the energy of neutrinos increases so does the oscillation length. Since the longest
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baseline we can probe is of the size of the earth, this limits the most efficient energies to E ∼ 10

GeV. Experiments that operate or will operate at these energies are Super-Kamiokande [17, 18,

135], IceCube [139, 140], DUNE [19, 137, 138] and Hyper-Kamiokande [141]. We can divide

these experiments into two categories: atmospheric neutrino experiments (Super-Kamiokande,

IceCube, DUNE and Hyper-Kamiokande) and beam experiments (DUNE). Below, we consider

one experiment of each type, with Super-Kamiokande as an example of an atmospheric neu-

trino experiment and DUNE as an example of a neutrino beam experiment. We focus on time-

independent signatures of VDM, leaving the time-dependent analysis to future work. 2

4.3.1 Super-Kamiokande

Super-Kamiokande is a water-Cherenkov detector that is designed to measure neutrinos

of astrophysical, atmospheric and accelerator origins. In this work, we focus on atmospheric

neutrinos detected by Super-Kamiokande. In this type of experiment we can reconstruct neutrino

direction and their energy. As neutrinos are produced in the atmosphere, the distance they travel

before reaching the detector is related to the zenith angle θ shown in Fig. 4.3. When cos θ = 1, the

distance covered by neutrinos is of order O(10 km), while cos θ = −1 corresponds to distances of

orderO(104 km). In our analysis, we focus on neutrinos coming from underground (cos θ < 0) as

the longer effective baseline allows the effect of DM to accumulate, leading to stronger sensitivity.

Super-Kamiokande divides neutrino events into three main categories, fully contained (FC),

partially contained (PC) and up-going muons (Up-µ). Both FC and PC categories include neu-

trinos that convert into electrons/muons inside the detector. However, leptons produced during

2By arguments around Eq. (4.27) we expect constraints from time-dependent and time-independent analysis to
be comparable. It is important to note that the time-dependent analysis will be effective if the DM coherence time is
at least as long as the duration of the experiment.
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FC neutrino events deposit all energy inside the inner detector whereas leptons produced during

PC events stop at the outer detector or deposit only a fraction of their energy before leaving the

detector. The final type of event, Up-µ, includes muons that were produced outside the detector

but stopped inside it or passed through it leaving a trace.

As we are interested in the neutrinos that have energies of order 10 GeV and whose angular

direction can be resolved, there are two event sub-categories that meet this criterion, PC through-

going and Up-µ stopping. Both samples have similar energy distributions that peak around 10

GeV [17]. The first sub-category includes mostly muons and antimuons that were produced inside

the detector but managed to escape it. These events are binned over zenith angle cos θ ∈ [−1,1]

with a bin size of ∆cos θ = 0.2. The second sub-category contains the muons and antimuons that

were produced outside the detector but stopped inside. Here, events are binned over a shorter

range of zenith angle cos θ ∈ [−1,0], with a smaller bin size of ∆cos θ = 0.1.

In the analysis, we use two data sets for each sub-category. The first one contains the

number of observed events [18] as a function of the zenith angle cos θ, as shown in the Fig. 4.3.

The second data set has the ratio of observed neutrino events to the expectation in the case of

standard neutrino oscillations as a function of zenith angle cos θ [17]. For Up-µ stopping sub-

category both data sets are binned over cos θ ∈ [−1,0] into 10 bins of size ∆cos θ = 0.1. For PC

through-going sub-category we use the first 5 bins which correspond to cos θ ∈ [−1,0] as they are

the most sensitive to the effect of VDM. We use these data sets as an experimental input to the

χ2 test

χ2(Ni,Oi) = 2
bins

∑
i=1

(Ni −Oi +Oi ln
Oi

Ni

) = 2
bins

∑
i=1

Oi ((
Ni

N0
i

x−1i ) − 1 + lnxi
N0

i

Ni

) (4.28)
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whereOi is the number of observed events,Ni is the number of expected events,N0
i is the number

of expected events assuming standard neutrino oscillations [17] and xi = Oi/N0
i . The subscript i

refers to the bin.

The input from our model is contained in the ratio Ni

N0
i

. In our work, we make a simplifying

assumption that the energy of neutrinos is 10 GeV. We also assume that the detector response is

identical for all neutrinos collected in a single bin. As a result, we can write the ratio Ni

N0
i

as

Ni

N0
i

=
∑

a=e,µ
⟨Pa→µ⟩iΦa,i + ∑

a=ē,µ̄
⟨Pa→µ̄⟩iΦa,i

∑
a=e,µ
⟨P 0

a→µ⟩iΦa,i + ∑
a=ē,µ̄
⟨P 0

a→µ̄⟩iΦa,i

(4.29)

where Φa,i is the atmospheric neutrino flux from [142]. ⟨Pa→µ⟩i is the probability averaged over

bin i, where we average over azimuthal and zenith angles as well as DM oscillation and rotation

of the earth. The probability is calculated in the low mass limit where we assume that the DM

phase is approximately constant as the neutrino passes through the Earth. Following [17, 18] we

include the effect of changing electron density by employing the PREM model [143]. Taking the

same 3-flavor neutrino oscillation parameters as in [17] we get the following bounds at the 2σ

level

g < 2 ⋅ 10−31 ( mA

10−20 eV
) g′ < 1 ⋅ 10−31 ( mA

10−20 eV
) . (4.30)

These bounds are only valid in the low mass limit. The treatment of the high mass limit is

explained in Sec. 4.3.3. The projected bounds are shown in Fig. 4.4 and 4.5.

In order to validate the above result we performed cross-checks by reproducing the results

of Ref. [17]. Ref. [17] examined the bounds coming from Lorentz symmetry violation in the form

80



of chemical potentials and thus resembles our signal up to the time and direction dependence.

The reproduced results differed by up to a factor of two, which we can use as an estimate of the

accuracy of our method.

4.3.2 DUNE

As mentioned before, sensitivity is best for an experiment with a long baseline and high

energy. As an example of a neutrino beam experiment with these properties, we consider the

Deep Underground Neutrino Experiment (DUNE). DUNE produces a beam of primarily muon

neutrinos at Fermilab at energies between 0.5 and 10 GeV. These neutrinos are then sent along a

1285 km path to a detector in Lead, SD. There, they measure the number of muon neutrinos that

have disappeared (Ndis) and the number of electron neutrinos that have appeared (Napp). Figures

10 and 11 in Ref. [138] present a prediction for Ndis,app using standard neutrino oscillations with

the number of disappearance/appearance events. This data is presented in energy bins of width

0.25 GeV from 0.5 − 8 GeV.

We can use these measurements to place bounds on our vector dark matter interaction.

An exact treatment would involve a full simulation of the detector using the GLoBES frame-

work [144, 145] as was done in Ref. [138] for standard oscillations and for a variety of BSM

extensions to standard oscillations in Ref. [19]. However, we take a simplified approach by as-

suming that the detector response is the same for all neutrinos in a single energy bin. In this

approximation, we can write Napp
i (Ndis

i ), the number of electron-neutrino appearance events
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(muon-neutrino disappearance events) in the ith energy bin, as

Ndis
i = Ndis,0

i

1 − ⟨Pµ→µ⟩i
1 − ⟨P 0

µ→µ⟩i
Napp

i = Napp,0
i

⟨Pµ→e⟩i
⟨P 0

µ→e⟩i
(4.31)

Here the superscript 0 represents quantities taken without dark matter interactions and ⟨⟩i rep-

resents averaging over the ith energy bin. We numerically compute the oscillation probabilities

using three flavor oscillations in the low mass limit. We vary the dark matter coupling, g or

g′, while three-flavor oscillation parameters are kept fixed at the central values of the global

fit [146] used by the DUNE collaboration in their simulated data for appearance/disappearance

events [19]. Placing projected bounds from DUNE is complicated by the fact that we only have

predicted data for Napp
i and Ndis

i and not any actual data. If we did have an observed number

of events in each bin Oi we could simply compute the χ2 for our theory using Eq 4.28. If we

wanted to compare our vector dark matter theory to standard oscillations, we would look at the

difference in χ2 between the two theories

∆χ2(Ni,N
0
i ,Oi) = χ2(Ni,Oi) − χ2(N0

i ,Oi) = 2∑
i

Ni −N0
i +Oi ln(

N0
i

Ni

) (4.32)

Here the sum over bins sums over the bins for both muon-neutrino disappearance and electron-

neutrino appearance to give the total χ2. However, since we do not have any real data to compare

to, we imagine drawingOi from the distribution for appearance/disappearance events for standard

oscillations given by N0
i . Since ∆χ2 is linear in Oi this amounts to replacing Oi with N0

i in Eq

4.32.
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⟨∆χ2(Ni,N
0
i ,Oi)⟩Oi

= χ2(Ni,N
0
i ) (4.33)

If ∆χ2 > 4 we would then be able to distinguish standard oscillations from standard oscilla-

tions with our vector dark matter interaction at the 2σ level. We can then place a predicted bound

on our coupling, assuming that DUNE will not find disagreement with standard oscillations, by

demanding

∆χ2(g) < 4 (4.34)

where g is the coupling of interest. As a cross-check, we were able to use this method to reproduce

the bounds on the flavor-diagonal piece of the non-standard neutrino interactions from Ref. [19]

to within 20%. These flavor-diagonal non-standard neutrino interactions are very similar to our

dark matter interaction. In fact, they are equivalent if we send cos(mAt + ϕ) cos(α) → 1 in

Eq. 4.8. It is likely that our bounds have similar error bars.

As seen from Eq. 4.8, the strength of our interaction depends not only on the strength

of the coupling g and g′ but also on the relative direction of the neutrino velocity to the dark

matter polarization and the phase of the dark matter. All of these quantities vary on different

timescales. The phase of the dark matter, mAt + ϕ in Eq. 4.8, changes on the time scale m−1A .

The direction of the neutrinos’ velocity changes on a daily time scale due to the earth’s rotation.

Finally, the direction and amplitude of the dark matter background and changes on the scale of

the coherence time of the dark matter background which scales with tcoh ∼ 106m−1A . For time
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scales that are shorter than the total data collection time of DUNE, around 3-7 years, we should

average the probabilities Pµ→µ and Pµ→e over these time scales before placing the bound from

Eq. 4.34. This is true for all three of our relevant time scales except for the coherence time for

masses mA < 3 ⋅ 10−18 eV. For masses below this limit, the dark photon field is coherent during

the 3-7 year duration of the experiment so we must first compute bounds for each direction of the

dark photon polarization. Then, in order to capture the fact we do not know in which direction the

dark matter points, we should average these bounds over all dark photon polarizations. However,

we find that whether or not we average over dark matter polarizations before or after computing

the bounds leads to an O(10%) change in the resulting average bound in the end. We, therefore,

ignore this subtlety and average over all time scales before computing the bound. We find the

bounds on g(g′) to be

g < 10−30 ( mA

10−20 eV
) g′ < 7 ⋅ 10−31 ( mA

10−20 eV
) . (4.35)

These bounds are shown plotted below in Fig. 4.4 and 4.5.

As mentioned before, we are using DUNE as an example of the sensitivity of a neutrino

beam experiment. DUNE expects to detect oscillations from the background atmospheric neutri-

nos as described in Ref. [137] where they argue DUNE will have a sensitivity similar to Hyper-

Kamiokande. If one were to use this aspect of DUNE, then the bounds in Eq. 4.35 and Eq. 4.30

would be improved upon significantly.
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Figure 4.4: Constraints on theLe−Lµ coupling from atmospheric and beam neutrino experiments.
The curves show upper limits on the coupling g. The atmospheric neutrino bound is represented
by the cyan line, which is derived using Super-Kamiokande data [17, 18]. The dashed magenta
line gives the projected sensitivity of neutrino beam experiments, which is obtained assuming
DUNE operating in the beam mode [19]. Our constraints are several orders of magnitude stronger
than the cosmological ν-decay bound (light blue and black dashed lines) [20] and five orders of
magnitude stronger than other terrestrial bounds at the lower end of the allowed mass range. It
is expected that time dependent analysis will improve these bounds. Other constraints are from
BH superradiance (gray band) [21], neutrino oscillations modified by a fifth force (orange and
yellow lines) [22, 23], ∆Neff through νν → AdAd (green line) [24, 25], EP violating forces (dark
blue line) [22,26] and a model dependent bound coming from a mono-lepton plus missing energy
search at LHC (brown line) [27].

4.3.3 Results

We numerically find the DUNE and Super-Kamiokande bound for a DM mass in the small

mass limit using the methods described before. To obtain a bound for an arbitrary mass, we

rescale the bound using the full second-order correction to the oscillation probability, ⟨P (2)⟩,

given in Eq. 4.15. In Eq. 4.15, L is the neutrino baseline, ∆ν = ∆m2
13

4Eν
, A0 is the field strength A0 =

√

2ρDM

mA
, and g is the coupling we are interested in (either g or g′). For each of the experiments,

we insert different values of L and Eν . For DUNE [138], we use the baseline L ≈ 1300 km
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and Eν = 2 GeV, roughly the energy at which detection events peak. For Super-Kamiokande

we use Eν = 10 GeV. The length for Super-Kamiokande is complicated since, for atmospheric

neutrinos, L varies depending on the zenith angle θ. In principle, we should use an effective

length, weighted over the bins. For simplicity, we use L ≈ 12000 km, roughly the diameter of

the earth. A different choice of L does not alter our constraint in the low mass regime or its

qualitative feature over the whole of the parameter space.

In order to use Eq. 4.15 to rescale our bounds, perturbation theory in g (g′) must be valid.

Using Eq. 4.18 with Eν = 10 GeV for Super-Kamiokande and Eν = 2 GeV for DUNE to obtain

the perturbative limit for both experiments and comparing these limits to the bounds placed in

Eq. 4.30 and 4.35, we find that our bounds are soundly in the perturbative limit.

As an additional cross-check of this extrapolation, we solved for the transition probabil-

ities numerically for a few values of mA in the high mass regime for both DUNE and Super-

Kamiokande. While doing this for all points in our parameters space is too computationally

expensive, we find good agreement between our perturbation extrapolation to high masses and

the exact numerical results.

4.4 Conclusions

In this chapter, we studied the effects of ultra-light vector dark matter consisting of a dark

photon. We consider our dark photon to be the gauge boson of gauged lepton flavor number with

different couplings for each flavor. We showed the effect of such a coupling in the context of

neutrino oscillations is to give each neutrino flavor an effective chemical potential proportional to

the background dark matter field and the coupling. Because the couplings are flavor asymmetric,
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Figure 4.5: Constraints on theLµ−Lτ coupling from atmospheric and beam neutrino experiments.
The curves show upper limits on the coupling g′. The atmospheric neutrino bound is derived
using Super-Kamiokande data [17,18]. The projected sensitivity of beam neutrino experiments is
obtained assuming DUNE operating in the beam mode [19]. Our constraints are several orders of
magnitude stronger than the cosmological ν-decay bound (light blue and black dashed lines) [20]
and eight orders of magnitude stronger than other existing constraints at the lower end of the
allowed mass range. It is expected that time-dependent analysis will improve these bounds.
Previous constraints are from BH superradiance (gray band) [21], ∆Neff through νν → AdAd

(green line) [24, 25], NS binaries (red line) [28] and a model-dependent bound coming from a
mono-lepton plus missing energy search at LHC (brown line) [27].

these chemical potentials are different for each neutrino flavor and thus will have some effect on

neutrino oscillations. Because this interaction is diagonal in flavor space, we saw that the net

effect of these couplings is to dampen the mixing, and thus dampen oscillations between neutrino

flavor eigenstates.

Using this effect, we are able to place bounds on the flavor asymmetric couplings g (U(1)Le−Lµ)

and g′ (U(1)Lµ−Lτ ) by comparing to neutrino oscillation experiments. Using Super-Kamiokande

(DUNE) as an example, we found the (projected) bounds coming from an atmospheric (beam)

neutrino experiment. These bounds are shown in Fig. 4.4 and Fig. 4.5. For both, we found our

bounds beat previously leading bounds for low dark matter masses and give bounds comparable
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to leading bounds at high masses.

We also considered time-dependent effects unique to our vector dark matter background. In

particular, due to the Earth’s rotation, neutrinos in the earth’s frame see a vector background that

rotates on a daily basis. Since the coupling between neutrinos and the dark matter background

is proportional to A⃗d ⋅ v⃗ν , this rotation effect would manifest as daily modulations in neutrino

oscillations. In our bounds, we averaged over these daily modulations. However, one could

look for these daily modulations directly. These daily modulation would be seen as a daily

time dependence in the appearance/disappearance events. One would need to have the time-

stamped data to see this effect. This would involve working directly with the data from neutrino

oscillation experiments and so we leave it for future works. In addition to this time-dependent

analysis, bounds could be made more precise with future atmospheric neutrino experiments such

as Hyper-Kamiokande, DUNE and by working more directly with experiments like IceCube.
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Chapter 4: Conclusion

Ultralight fields make for exciting dark matter candidates. A simple yet efficient misalign-

ment mechanism makes it easy to produce scalar dark matter, while the multitude of potential

couplings to the SM combined with the narrow frequency band of the signal and long coherence

time, has led to a huge excitement in the experimental community. In this dissertation, we look

only at certain aspects of this vibrant area.

In Chapter 2, we show an example model of a very light modulus DM with sizeable cou-

plings to the SM. We achieve this by employing ZN symmetry, which translates to introducing

N copies of the Standard Model. Between the neighboring copies, the value of the scalar is

shifted by a 2πf/N , forcing the vacuum potential to be proportional to cosNϕ/f and paramet-

rically much smaller than naively expected. The scalar has a region in parameter space in which

it naturally constitutes the majority of DM while being within reach of the current and proposed

experiments.

In Chapter 3, we investigate the future sensitivity of atomic and nuclear clocks to measuring

a scalar potential. This approach relies on the fact macroscopic bodies such as earth or sun source

the scalar field. This Yukawa potential affects the values of fundamental parameters around these

sources. As atomic and nuclear clocks are very sensitive to changes in these parameters, we assess

the experimental reach of various scenarios, including earth-based and space-borne setups. We
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find that they can result in improvements up to 2 orders of magnitude for certain parameters.

In Chapter 4, we discuss the influence of Le − Lµ, Lµ − Lτ vector dark matter on neutrino

oscillations and use it to set constraints on the coupling to leptons. The main effect that we con-

sider is the change in the neutrino mass eigenstate due to interaction with dark photons

gv⃗ ⋅ A⃗d ∼ g
√
ρDM/mA. This contribution to the neutrino potential is detectable when it is com-

parable to ∆m2
ν/Eν . As the sensitivity improves with higher-energy neutrinos we find that atmo-

spheric neutrinos are the best suited to look for this, improving current bounds by several orders

of magnitude.
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Appendix A: Chapter 2 supplemental materials

A.1 Finite Temperature Effects

In this appendix we obtain the contribution to the potential of the modulus from finite

temperature effects. For temperatures T ≳ M , the leading contribution arises from the free

energy contribution of the vector-like fermion Ψ through the dependence of its mass on the value

of the modulus, as given in Eq. (2.5). This contribution is represented by the one-loop diagram

shown in Fig. A.1.

Figure A.1: Diagram representing the leading contribution to the potential of the modulus for
temperatures T ≳M .

The form of this contribution is well-known [147, 148] and is given by the integral

Ff =
2T 4

π2

∞

∫
0

dxx2 ln
⎛
⎝
1 + exp

⎧⎪⎪⎨⎪⎪⎩
−
√
x2 + (MN

T
)
2⎫⎪⎪⎬⎪⎪⎭

⎞
⎠

(A.1)
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We can extract the effect on the potential of the modulus by Taylor expanding the potential around

MN =M and keeping the correction of order O(ϵ),

VT (φ,T ) ⊃ −ϵM
dFf

dM
cos

φ

f
. (A.2)

This leads to

−ϵM dFf

dM
cos

φ

f
≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϵM2

6 T 2 cos φ
f T >M

4ϵM
5
2 T

3
2

(2π)
3
2
e−

M
T cos φ

f T ≲M

. (A.3)

Another type of contribution arises from the dependence of the free energy of the universe on the

hypercharge gauge coupling, which in turn is a function of the VEV of the modulus,

g′2(φ) ⊃ ϵg
′4

π2

1

∫
0

dx
x(1 − x)

1 + ( T
M
)2 x(1 − x)

cos
φ

f
. (A.4)

From the above expression we can determine the dependence of this effect on the temperature,

g′2(φ) ⊃

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϵg′4
π2 (MT )

2
cos φ

f T ≫M

ϵg′4
6π2 cos

φ
f T ≪M

. (A.5)

The leading finite temperature contributions to the free energy of the universe that involve the

hypercharge gauge coupling arise at two loops. The problem therefore reduces to computing

these two loop diagrams. There are three types of diagrams labelled by a, b and c that contribute
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at this order,

VT (φ,T ) =
2ϵαq2Fu( TM )
3π cos2 θW

(∑
i

F i
a + Fb + Fc) cos(

φ

f
) , (A.6)

where

u(y) =
1

∫
0

dx
6x(1 − x)

1 + y2x(1 − x) . (A.7)

The diagrams that give rise to F i
a, Fb and Fc are shown in Fig. A.2. Here the index i

runs over all quark and lepton flavors. Using the methods of thermal field theory [147, 148] the

first diagram, which represents the correction to the free energy from diagrams involving the SM

fermions, can be evaluated

Figure A.2: Diagrams contributing to the effective potential. The first diagram on the left corre-
sponds to the term F i

a, the next to Fb and the last to Fc as defined in Eq. (A.6).

as

F i
a = −

g′2q2i
2 ⨋
{P,R}Q

Tr{γ̃µ(−i /P +mi)γ̃µ(−i /R +mi)}
Q2(P 2 +m2

i )(R2 +m2
i )

×

× δ(4)(P +Q −R)

(A.8)

where we follow the conventions of [147]. In these conventions the γ̃µ represent the Euclidean
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Dirac matrices,

γ̃0 ≡ γ0 , γ̃k ≡ −iγk , k = 1, ..., d . (A.9)

The momenta in the loop integrals are in Euclidean space and have components P = (ωi
n, p⃗),

where i = b, f . The symbol ⨋ refers to integration over the spatial momenta along with summa-

tion over the Matsubara frequencies, which are defined as

ωf
n = 2πT (n +

1

2
) , ωb

n = 2πTn (A.10)

for fermions and bosons respectively. If the momenta below the symbol ⨋ appear between curly

brackets {...} it corresponds to summation and integration over fermionic boundary conditions

while the absence of the brackets indicate bosonic boundary conditions. After the usual Dirac

algebra we can express Eq. (A.8) in terms of known standard integrals [149, 150],

F i
a = −

d

2
(d
2
− 1)g′2q2i

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2⨋
{P}

1

P 2 +m2
i
⨋
Q

1

Q2
−
⎡⎢⎢⎢⎢⎢⎣
⨋
{P}

1

P 2 +m2
i

⎤⎥⎥⎥⎥⎥⎦

2

+ 4m2
i

d − 2 ⨋
{P,R}

1

(P −R)2(P 2 +m2
i )(R2 +m2

i )

⎫⎪⎪⎪⎬⎪⎪⎪⎭
,

(A.11)

where d = 4 − 2ϵ. In the T /m→∞ limit the last integral vanishes [150]. The remaining integrals

are well known,

⨋
Q

1

Q2
= T

2

12
and ⨋

{P}

1

P 2
= −T

2

24
. (A.12)

Putting these together we arrive at the result in the high temperature/low mass limit,

F i
a ≈

5παq2i
72 cos2 θW

T 4 , (A.13)
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where we have expressed g′ in terms of the fine structure constant α and the Weinberg angle θW .

Since the qi represent the hypercharges of the SM fermions and the heavy fermion Ψ from our

sector, after including all the contributing particles we obtain a factor of ∑i q
2
i = 6.

The second and the third diagrams represent contributions to the free energy from the Higgs

doublet. We focus on the high temperature/low mass limit prior to electroweak symmetry break-

ing. The contribution to the amplitude from the second diagram can be written as the product of

the amplitude of two independent one loop diagrams,

Fb =
g′2

2
gµµ ⨋

P

1

P 2 +m2 ⨋
Q

1

Q2
. (A.14)

In the T /m→∞ limit we obtain,

Fb ≈
πα

18 cos2 θW
T 4 . (A.15)

Finally, the third diagram has a form very similar to the first (A.11), except that now all the

integrals are bosonic,

Fc =
g′2

4 ⨋
P,Q,R

(P +R)2
(P 2 +m2)(R2 +m2)Q2

δ4(R − P −Q)

≈ πα

48 cos2 θW
T 4 .

(A.16)

Now, using Eqs. (A.3) and (A.6) we put all the pieces together and see that for T ≫ M , the

temperature dependent contribution simplifies to,

VT (φ,T ) = (
71ϵα2

36 cos4 θW
+ ϵ
6
)T 2M2 cos(φ

f
) . (A.17)
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When the temperature falls below T ∼M , the contribution given by Eq. (A.3) becomes exponen-

tially suppressed while the correction to the gauge coupling from Eq. (A.5) becomes independent

of temperature. Additionally, the vector-like fermion Ψ of our sector no longer contributes to the

Eq. (A.13), resulting in∑i q
2
i = 5. Therefore, when the temperature enters the rangeM ≳ T ≳ 100

GeV, the potential takes the form

VT (φ,T ) = (
61ϵα2q2F

216 cos4 θW
T 4 + 4ϵM

5
2T

3
2

(2π) 32
e−

M
T ) cos(φ

f
) . (A.18)

After electroweak symmetry breaking, we can neglect the contribution from the Z boson as it

is suppressed almost immediately. To get the contribution from photons we multiply the temper-

ature dependent part in Eq. (A.6) by cos4 θW , which effectively replaces the hypercharge gauge

coupling g′ by e

VT (φ,T ) = ϵα2q2F q
2
eff(T )T 4 cos(φ

f
) . (A.19)

Here q2eff(T ) is a coefficient that changes with the number of species that contribute to the tem-

perature dependent potential. As the universe cools down the number of species that contribute

to the potential drops as heavier fields go out of the bath. This in turn, increases the relative

strength of Hubble friction. However, this effect is partially compensated for by the rise in the

temperature when heavy fields exit the thermal bath.

Therefore, the thermal potential does not change qualitatively until the temperature drops

below the mass of the lightest charged particle, the electron, so that T ≲ me. However, in order

for this effect to play any role in the evolution of the modulus φ, the thermal part VT (φ,T ) has
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to be significant at this point in time, which requires

η ≳ η0, (A.20)

where η0 was defined in Eq. (2.36). On the top of that, VT (φ,T ) has to dominate over V0(φ) at

T ∼me. Hence, we have to satisfy

Ts ≲ 1MeV and η ≳ η0 (A.21)

If we additionally require that these conditions overlap with the parameter space not excluded

by experiments, we conclude that for M ≳ 1 TeV no solutions exist that satisfy the above criteria

simultaneously. It therefore suffices to consider the high temperature limit of the temperature

dependent potential.

A.2 Form of the Potential at the Onset of Oscillations

In section 2.3 we argued that in the case when N is even and we are in the underdamped

scenario, η > 1, the energy density is well approximated by Eq. (2.41). This formula assumes

that field only begins the final stage of oscillations once the finite temperature contributions to the

potential are small, so that that the potential is well approximated by its zero temperature form.

In order to verify that this condition holds, we will show that for most of the range of parameters

considered in Fig. 2.4, the height difference between the the central maximum and the closest

minimum is already within 10% of its final value at the time that the oscillations begin. Recall
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that the potential is proportional to the sum of two cosines

V (φ,T ) ∝ N2m2(T )
m2

ϕ

cos(φ
f
) + cos(Nφ

f
)

= N
2T 4

T 4
tr

cos(φ
f
) + cos(Nφ

f
)

(A.22)

where m2(T ) is defined in Eq. (2.24) and Ttr is the temperature at which V0(φ) and VT (φ,T )

have quadratic terms of the same magnitude at φ = πf ,

Ttr = (
216 cos4 θW

61α2
)
1/4
√
mϕf

ϵ1/4
=
√
6Tsη

−1/4. (A.23)

Naively, oscillations will begin at a temperature T̃ when

m̃2 ≡m2
ϕ −m2(T̃ ) = 9H2 (A.24)

This equation defines m̃, the effective mass at temperature T̃ . Eq. (A.24) may be rewritten as,

T 4
tr

T̃ 4
=

m2
ϕ

m2(T̃ )
= 1 + 9 H2

m2(T̃ )
= 1 + 36

η
, (A.25)

At temperature T̃ , Hubble friction is sufficiently small for the field ϕ to roll down. However,

due to the small gradient near the top of the potential, the moment it reaches the bottom of the

potential is delayed by approximately [103]

∆t = 2

3mϕ

log
1

x
= ts log

1

x
, (A.26)
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where x = 1 − Nϕ
πf is a measure of how close to the maximum the field is when oscillations about

the zero-temperature minimum begin and ts is the time at which oscillations would start in the

overdamped scenario. The value of x can be obtained from Eq. (2.39) as

x = N√
3

¿
ÁÁÀm(Tosc)

mϕ

(Ts
To
)

3
2

. (A.27)

Before moving on, it is important to point out that the Eq. (A.26) provides a good qualitative

explanation of the ϕ evolution, but does not lead to Eq. (2.41), which is purely empirical. Now,

with Eq. (A.26) we see that the time at which oscillations effectively start is

teff = t̃ + ts log
1

x
, (A.28)

where t̃ is a time when T = T̃ . Using the fact that this transition always occurs during the radiation

dominated epoch, when T ∝ t−1/2, we can write

T 2
s

T 2
eff

= T
2
s

T̃ 2
+ log 1

x
. (A.29)

Then, with help from Eq. (A.23) and Eq. (A.25), we can write

T 4
eff

T 4
tr

= η

36
(
√

1 + η

36
+ log 1

x
)
−2

. (A.30)

The ratio T 4
eff/T 4

tr determines the shape of the potential in Eq. (A.22) at T = Teff . Eq. (A.30)

relates this ratio to the parameter η. Using these equations we can determine the ratio of the

height difference between the central maximum and the closest minimum at T = Teff relative to
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the same height difference at zero temperature,

∆h

h
= V (πf,Teff) − V (πf + πf/N,Teff)

V (πf,0) − V (πf + πf/N,0) =

= 1 − (1 − cos π
N
)
N2T 4

eff

2T 4
tr

=

= 1 − (1 − cos π
N
)N

2η

72
(
√

1 + η

36
+ log 1

x
)
−2

.

(A.31)

Since the lowest value of log 1
x for both N = 6 and N = 10 is log 1

x ≈ 5, in order to satisfy ∆h/h >

0.9 we need η ≪ 70. This condition is easily fulfilled for N = 6 as η ≲ 40. However, for N = 10

it is satisfied only for smaller values of the mass of the modulus, mϕ ≲ 10−12 eV. Nevertheless, as

evident from the numerical simulations presented in Fig. 2.4, Eq. (2.52) continues to give a good

approximation to the actual result even when this condition is not satisfied.

A.3 Parametric Resonance

One may worry that decays of ϕ into photons may deplete the abundance of dark matter,

particularly if the decay rate is enhanced by parametric resonance. In this appendix we consider

this question. We find that in the region of parameter space of interest, the condition for paramet-

ric resonance is not satisfied. Therefore these decays are slow on cosmological time scales and

the abundance of dark matter is not affected.

The Lagrangian for the coupling of ϕ to photons can be written as

L = − 1

4g2(ϕ)F
2 where

1

g2(ϕ) =
1

e2
+ ϵ

6π2

ϕ

f
. (A.32)
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The resulting equation of motion for the photon is given by

g2(ϕ)∂µ{g−2(ϕ)}F µν + ◻Aν − ∂ν∂µAµ = 0 . (A.33)

Working in the gauge where A0, ∂µAµ = 0 this becomes,

◻Aν = −e2 ϵ

6π2

ϕ̇

f
∂0A

ν . (A.34)

This leads to the modified dispersion relation,

(ω2 − k2) = ϵe
2

6π2

ϕ̇ω

f
. (A.35)

Because the plasma mass of the photon is large at the time of the phase transition, we

are interested in parametric resonance at times when ϕ/f ≪ 1. Perturbatively expanding the

time-dependent dispersion relation, we obtain

k = ω − δk where δk = ϵe2

12π2

ϕ̇

f
. (A.36)

When the ϕ condensate decays, the resulting photons have the frequency ω = mϕ/2. In phase

space, the photons are emitted into a thin shell centered around mϕ/2 with width 2δk. The

occupation number of photons ñk
γ with momentum k can be related to the number density of

photons nγ as

ñk
γ =

nγ

4πk22δk
. (A.37)
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The integrated Boltzmann equation for the production of photons from the decay of the ϕ con-

densate in the Bose enhanced regime (ñk
γ ≫ 1) is given by,

d

dt
(a3nγ) = 2a3Γ(1 + 2ñk

γ)nϕ ≈ 4a3Γñk
γnϕ = a3

Γnϕ

2πk2δk
nγ (A.38)

where Γ denotes the decay rate of the condensate into photons at zero background photon density.

This decay rate Γ can be estimated as

Γ ∼ ( e
2ϵ

6π2
)
2 m3

ϕ

f 2
. (A.39)

For all of the benchmark points in Table 2.2, the lifetime is greater than 1075 years. This is much

greater than the age of the universe. Therefore, in the absence of parametric resonance, decays

of ϕ can safely be neglected.

The parametrically-resonant decay rate can be easily read off from Eq. (A.38) as

Γres =
Γnϕ

2πk2δk
= 2e2ϵmϕ

3π3

ϕ

f
, (A.40)

where we have used nϕ = mϕϕ2 and ϕ̇/ϕ = mϕ. In an expanding universe the proper momentum

is redshifting as k = kcomoving/a. This means that the radius of the thin momentum shell is

shrinking at the rate of kH . Since the momentum shell has a finite width 2δk, it takes time

tk = 2δk/(kH) for an emitted photon to redshift outside the momentum shell. In order to avoid

Bose enhancement of decays in the expanding universe, this time scale tk has to be parametrically
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smaller than the decay rate Γres at the time of decay,

2δk

kH
≪ 1

Γres

. (A.41)

At early times prior to photon decoupling, the photon has a plasma mass which is larger than mϕ.

Consequently, decays of ϕ into photons are kinematically forbidden until after decoupling. This

means that the condition in Eq. (A.41) only has to be satisfied at times after Tdecoupling ≈ 0.3 eV

to avoid parametric resonance. Since decoupling happens during matter domination, the Hubble

expansion at these times can be related to the field ϕ as

H = √ρm/(3Mpl) =mϕϕ/(3Mpl

√
r), (A.42)

where r is the fraction of dark matter constituted by ϕ. Then, the condition to avoid parametric

resonance becomes,

2
√
rϵ2e4

3π5

Mplϕ

f 2
≪ 1. (A.43)

This condition is easily satisfied because the amplitude of the field ϕ has already undergone

significant damping by the time of recombination.
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Appendix B: Chapter 3 supplemental materials

B.1 Effect of Uncertainty in the Earth’s Gravitational Potential on Anomalous

Redshift Measurements

Fifth force searches based on anomalous redshift measurements require a knowledge of the

general relativistic contribution to the redshift to the corresponding level of accuracy. Therefore

uncertainties in our knowledge of the earth’s gravitational field can limit the precision of the de-

termination of the anomalous redshift. In this respect anomalous redshift measurements differ

from direct fifth force searches or differential redshift measurements, for which the effect of the

uncertainties in the earth’s gravitational field is small because they compare the motion of two

bodies of different compositions or two different clocks at the same physical location. In the

neighborhood of the earth, the gravitational potential is determined from the precisely measured

orbits of many different satellites under the assumption that they are acted on only by the gravi-

tational force. However, as emphasized throughout this paper, models which give rise to position

dependence of fundamental parameters also predict a fifth force. This fifth force will affect the

orbit of satellites and will therefore affect the inferred value of the gravitational potential. In this

appendix, we systematically take this effect into account and show that the corrections to our

formulas are small.
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Anomalous redshift experiments employ a clock placed on a satellite in orbit around the

earth. The frequency of this clock is measured at different locations and compared against the

frequency of an identical clock on earth. The anomalous redshift β̃A inferred from these experi-

ments is related to the frequency change of the clock as,

∆f

f
= (1 + β̃A)∆Ũinfer , (B.1)

Here Ũinfer is the inferred value of the difference in the gravitational potential as opposed to its

actual value ∆UGR. In the class of theories we are exploring, this observed change in frequency

actually arises from two separate contributions, one from general relativity and the other from the

location dependence of fundamental constants. Together, these read

∆f

f
=∆UGR + βA∆UGR , (B.2)

where the first term is the difference predicted by general relativity while the second term is what

was calculated in the text, see e.g. Eq. (3.27). To translate the experimental bound on β̃A to a

constraint on βA, we need to relate Ũinfer to UGR.

The gravitational potential is inferred from the motion of satellites. The acceleration of a

satellite in the earth’s gravitational field is given by,

a = GM
r2
(1 + αEαS) =

∆Uinfer

r
, (B.3)

where αE and αS represent the values of αX for the earth and satellite respectively, where αX is

as defined in Eq. (3.4). For simplicity we have taken the mass of the ultralight scalar to be zero,

105



since incorporating a non-zero mass for the modulus would require a detailed understanding of

the orbits of the satellites employed.

Using the relationship ∆UGR = GM/r and Eqs. (B.1), (B.2) and (B.3), we find that

β̃A ≈ βA − αEαS. (B.4)

From Eq. (3.32) we have

βA
αE

= [(KA
α + 2)de −KA

µ (dme − dg) +KA
q (dm̂ − dg) + dme] . (B.5)

Then the inferred anomalous redshift β̃A is proportional to the difference

β̃A ∝ F (KA
X , dx) − αS , (B.6)

where F (KA
X , dx) is the term on the right hand side of Eq. (B.5). From the expression for αS in

Eqs. (3.4) and (3.6), we see that this difference is the sum of a term proportional to de, a term

proportional to (dme−dg) and a term proportional to (dm̂−dg). As we now explain, this is exactly

as expected. Recall that experiments cannot distinguish an EP preserving dilaton from general

relativity in the non-relativistic limit. Setting the couplings to their values in the dilaton limit,

dg = dme = dm̂ and de = 0, we find that β̃A = 0 as expected. This constitutes a powerful cross

check of our results.

From Eq. (3.6) we see that the parameters Qm̂, Qe and Qme are all much less than one.
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This allows us to approximate

β̃A
αE

≈ [(KA
α + 2)de + (1 −KA

µ )(dme − dg) +KA
q (dm̂ − dg)] . (B.7)

Comparing the right hand sides of Eqs. (B.7) and (B.5), we see that the difference between the

two is just dg. While the actual anomalous redshift scales with dg as βA/αE ∼ (KA
µ −KA

q )dg, the

inferred anomalous redshift scales as β̃A/αE ∼ (KA
µ −KA

q − 1)dg. Thus the errors arising from

neglecting the effect of the fifth force on the motion of the satellite are small provided that either

dg is negligible or ∣KA
µ +KA

q ∣ ≫ 1. For the clocks used in the experiments we have considered,

the second condition is satisfied.
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