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An iron-based chalcogenide compound, FeTe1−xSex (FTS), has recently attracted

attention as a potential candidate for a readily available platform for hosting the

exotic topological superconducting (TSC) phase on its surface. In its 3D sample

the co-existence of the strong topological insulating (TI) phase and cylindrical Fermi

sheets provide the two necessary ingredients for the TSC phase on its surface - i) the

topologically protected helical surface states and ii) the intrinsically induced s-wave

pairing from the bulk superconductivity.

The strong TI phase in the FTS alloy is crucially dependent on the relative

composition ratio between Te and Se atoms. The topological FTS sample, FeTe.55Se.45,

that is widely studied for having the highest critical temperature (Tc) in this class,

interestingly, lies close to the topological-trivial phase boundary (estimated to be close

to x = .5 as observed by a recent experiment [1]). Furthermore, due to its alloy nature

a typical sample of FTS suffers from spatial inhomogeneity in Te/Se composition at

multiple length scales ranging from few nm to 100 µm. Thus, in a topological FTS

sample there might be patches where the phase is driven out of its topological natures



due to the local deficit of Te composition induced by Te/Se fluctuations. Such trivial

domains would be scattered throughout the sample - hence, we call such a phase a

topological domain disordered phase. The trivial domains in such a disordered sample

would inflict inhomogeneity in the topological surface state (TSS) density distribution

which we study in Chapter 2 of this thesis. After carefully exploring the effects of

topological domain disordered phase in an effective model of FTS, we conclude that the

non-topological domains on the surface are characterized by suppressed local density of

states (LDOS) surrounded by ridges of enhanced LDOS throughout the energy range

of the Dirac dispersion of the TSS. Moreover, the appropriately scaled LDOS at various

energies within the Dirac window collapse on each other for a given disordered sample

which, as we show, is in stark contrast to the case of conventional chemical potential

disorder. Hence, these features are expected to appear in measurements of tunneling

conductance such as in scanning tunneling spectroscopy (STS) of the FTS surface when

the sample is not in the superconducting phase.

Another kind of exotic modes, namely the helical Majorana modes, appear in the

2D TSC phase at a linear defect when the TSC gap on either side differs by a phase

difference of π from the other side - thus, forming a π shifted Josephson junction (JJ)

on the TSC surface. Signatures of such helical Majorana modes have been observed

by a recent tunneling experiment on the surface of FTS. In FTS such signatures are

characterized by the non-zero flat density of states (DOS) in an STS measurement at a

crystalline domain wall (DW) which is associated with the in-plane half-unit-cell-shift

(HUCS) of the lattice. Such non-zero flat DOS within the SC gap which is consistent

with the existence of linearly dispersing 1D modes is absent in the non-topological



FeSe sample - hinting towards the topological origin of the same in FTS. Even though

the TSC phase on the surface is expected in FTS, the origin of a π shifted order

parameter that is crucial to accommodate the helical Majorana modes at the DW, is

yet to be fully understood. In chapter 3 of this thesis we propose a mechanism that

stabilizes a π-junction at the HUCS domain wall when the intrinsic superconducting

pairing is of s± character as is the case for bulk FTS superconductivity that consists of

hole-like pockets around Γ and electron-like pockets around M point of the Brillouin

zone (BZ). We argue that if the DW induces inter-pocket transmission between the

Γ and M pockets strongly enough, the coupling between the order parameters (OPs)

of the two pockets (Γ and M) is also enhanced. Since the s± nature of the pairing

implies an intrinsic π-phase difference between the OPs associated with the Γ and

M pockets, strong DW-induced coupling between them can stabilize a Josephson

junction with π-phase shift. We explore the possibility of such π-junction in FTS

by constructing an effective model of the Fermi surface of FTS and computing the

Bogoliubov-de-Gennes (BdG) spectrum with s± pairing at the HUCS DW. Varying

our model parameters within the regime of the observed FTS Fermi surface we find

that for a wide range of parameters the π-junction accommodates Andreev bound

states (ABSs) that have lower occupied energies than those for trivial 0-phase shifted

junction. Simultaneous numerical computation of the DW-induced scattering problem

reveals that the strong inter-pocket transmission strength is positively correlated with

the stability of the π-junction, supporting our proposed mechanism for the π-junction

stability as described earlier. Such π-Josephson junctions can in principle be detected

using superconducting quantum interference device (SQUID) using either a mesoscopic



device or corner junction.

In the next chapter 4 of the thesis we consider another setup of Josephson junction

(JJ) consisting of an interacting one-dimensional quantum wire sandwiched between

two semi-infinite SC leads of conventional s-wave pairing. The low energy Physics of

such interacting 1D system which is known as Luttinger liquid (LL) is controlled by

the two decoupled sets of eigen modes - namely, the charge and spin density waves.

The SC leads in such a JJ thus allow easy access to the charge degrees of freedom

in the LL - also known as plasmons which can also be probed optically using near

field optical microscopy [2, 3]. An interesting aspect of an S-LL-S setup is that the

NS interface blocks the flow of spin current due to the perfect Andreev reflection

at low energies. Hence, the spin modes of the LL would typically be obscure to a

transport measurement due to the aforementioned spin-charge decoupling. Hence, a

conductivity measurement would not be able to detect the spin degrees of freedom if

they are separated from the charge modes. However, we note that the impurity induced

back-scattering processes which involve low energy but large momentum transfer can

couple the spin and charge densities in the LL and we study the signatures of such spin-

charge coupling in the electromagnetic (EM) response measurements. In our numerical

evaluation which incorporates the impurity potential perturbatively and we calculate

the resultant EM absorption spectrum using linear response theory which is measurable

in a similar S-LL-S setup. We find that the signatures of back-scattering induced

spin-charge coupling appear in the absorption spectrum as excitation peaks at the

energies that are associated with the spin excitations of the LL. Tuning the total

density of the 1D system and hence the Fermi momentum we find a regime where the



spin peaks are roughly of equal amplitude as that of the charge peaks. Since in a 1D

wire the density can be tuned by means of gating [3], such regime is accessible to a

transport measurement. In that regime tuning the Coulomb interaction strength one

can distinguish the charge peaks as they shift on the energy axis whereas the spin

peaks are insensitive to such interaction strength variation. We conclude that such

impurity induced signatures of spin modes can thus be probed in an S-LL-S setup by

investigating the EM response of the sample in a conductivity measurement.

In the last chapter 5 of the thesis we go beyond the regime of linear response

formalism that is discussed in relation to the EM response of the S-LL-S setup in the

previous paragraph and consider the optical response up to second order in the applied

EM field. A fundamental feature of non-linear response is its non-equilibrium nature

which is absent in linear responses. Such non-equilibrium character is manifested as the

out-of-time-ordered correlators (OTOC) in response theory associated with the second

power of the applied EM field magnitude. Such correlators for a generic interacting

system cannot be described using the standard Feynman diagrams, rather one requires

its non-equilibrium extension which is known as the Keldysh formalism. We focus on

this non-equilibrium nature of the response by considering the bulk photovoltaic effect

(BPVE) in a non-centrosymmetric system where we include electron-phonon (e-ph)

coupling as the mode of relaxation. Considering the semi classical limit where the e-ph

scattering is stronger than the applied field strength we show how the contribution of

the OTOC appears in the BPVE induced DC current measurement when the system

is illuminated by an inhomogeneous profile of optical intensity similar to the case of

a irradiation on a finite portion of the sample. We also introduce the Floquet master



equation approach to treat the e-ph coupling quantum mechanically and demonstrate

a shift in the scaling of the DC response from quadratic to linear in the limit of the

e-ph coupling strength being much smaller than the applied EM field.
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Chapter 1

Outline of the thesis

In this introductory chapter we briefly outline the contents that are covered in

the subsequent chapters of the thesis.

The potential of the topological qubits in performing fault-tolerant quantum

computation has enhanced efforts for searching new materials with novel topological

character as well as understanding the exotic signatures that are associated with them.

To realize the fault-tolerant quantum computation a new platform has emerged in the

past decade or so in the form of the three-dimensional strong topological insulator

(TI) phase which is characterized by a Z2 invariant. The 2D surface of such a TI hosts

topologically protected helical surface states which upon induction of s-wave pairing

provides a platform for realizing topological qubits at the magnetic vortex cores. In that

regard an iron-based chalcogenide compound, FeTe1−xSex (FTS), has attracted great

attention due to the existence of the strong TI phase [4, 5, 6] as well as the intrinsically

induced s-wave pairing on its surface from the bulk superconductivity [7, 8, 6, 9].

However, the strong TI phase in this material is controlled by the relative Te/Se

composition percentage [5]. For example, FeTe1−xSex with x = 0 (i.e., FeSe) is

topologically trivial whereas the widely studied sample with x = .45, i.e., FeTe.55Se.45

hosts the strong TI phase. The alloy nature of this material gives rise to inhomogeneity

in the Te/Se composition throughout the sample. Along with that the sensitivity of

1



the topological phase to the Te/Se composition gives rise to a possible scenario where a

topological FTS sample bears regions of trivial domains. The implication of such trivial

domains in an overall topological sample near the surface can be quite interesting. The

effects of such topological domain disordered phase is studied in Chapter 2 which is

based on [10].

The topological superconducting (TSC) phase that exists on the surface of FTS

when the sample is in the strong TI phase provides the possibility of another exotic

phase boundary at linear defects when the TSC gaps on both sides of the defect differ

by a phse of π. Such π-shifted Josephson junction (JJ) on the TSC phase captures

helical Majorana modes that linearly disperse along the junction boundary. In a recent

experiment [11] using scanning tunneling spectroscopy (STS) on the surface of FTS

signatures of such helical Majorana modes have been found at a crystalline domain

wall (DW) associated with half-unit-cell-shift (HUCS) of the lattice across the DW.

The flat non-vanishing density of states (DOS) within the SC gap as observed at the

DW - is consistent with the existence of the 1D dispersing helical Majorana modes.

In addition, absence of such features when the sample is not in the topological phase,

e.g., in FeSe, hints at the topological nature of the signature. However, given the TSC

phase on the surface, the appearance of helical Majorana modes along a linear defect

requires the TSC gap to flip sign across the defect [12]. In other words, the HUCS DW

must accommodate a π-junction which naturally gives rise to the question regarding

its origin. In Chapter 3 we provide a mechanism favoring such a π-junction along

with its numerical justification in an effective model of FTS layer which is based on a

manuscript [13].
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In the next part of the thesis we consider Josephson junction (JJ) of a different

kind which can be constructed by sandwiching an interacting one-dimensional (1D)

quantum wire, known as Luttinger liquid (LL), between two semi-infinite superconducting

(SC) leads. The SC leads provides easy access to the charge degrees of freedom in the

LL which can also be probed optically using near field optical microscopy in single-

walled carbon nanotube systems [2, 3]. A key effect of having semi-infinite SC leads is

that the spin density modes in the LL regions gets trapped when the system is clean

due to the perfect Andreev reflections that take place at the normal - superconductor

(NS) interfaces. The implication of such spin opacity of the NS interfaces is that

in conductivity measurement with such a setup would not be able to probe the spin

excitations of the 1D wire. However, the impurity induced back-scattering potential

can in principle couple the spin and charge density modes of the system [14]. In

Chapter 4, based on [15], we investigate the signatures of such spin-charge coupling in

the absorption spectrum which would generically contain peaks due to both spin and

charge mode excitations.

In the last Chapter (Chapter 5) of the thesis, based on [16], we go beyond the

regime of linear response as discussed in relation to the absorption spectrum of the

JJ setup in the previous paragraph and focus on the non-linear responses. A key

distinction between the linear and non-linear response is that the full second order

response to an applied electromagnetic (EM) field involves correlators that are out-

of-time-ordered [17]. Existence of such out-of-time-ordered correlators (OTOCs) in

the response points to its non-equilibrium nature which is absent in linear responses.

Considering the bulk photovoltaic effect (BPVE), where a DC current response is
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generated in the bulk of a non-centrosymmetric system when irradiated by light which

is proportional to second power of the applied field, as the example of a non-linear

response we look into the non-equilibrium nature of this effect. We also investigate

the scaling shift of the DC response from quadratic to linear by considering electron-

phonon (e-ph) coupling in the limit when the applied field is much larger than the e-ph

coupling strength.
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Chapter 2

Signatures of non-topological patches on the surface of topological

insulators

2.1 Introduction to strong topological insulating (TI) phase in FTS

In this chapter we investigate the signatures of the topological domain disordered

phase which is characterized by trivial domains scattered throughout a topological

sample. Such a phase might arise in a topological alloy sample such as FeTe1−xSex

(FTS) where the sample suffers from composition fluctuations which can drive the

phase out of its topological nature locally, thus, creating trivial domains spread across

the sample. The results presented in this chapter is based on a published paper [10].

In three-dimensions the topological classification of time reversal (T ) invariant

insulators can be characterized by four Z2 invariants that are denoted by (ν0; ν1, ν2, ν3)

[18]. We will define these invariants shortly, but let us briefly describe the topological

classes associated with the possible values of the four invariants.

The insulators with

i) ν0 = 1 are classified as strong topological insulators (TIs),

ii) ν0 = 0 and νi=1/2/3 = 1 are called weak TIs,

and

iii) ν0,1,2,3 = 0 are topologically trivial insulators that are equivalent to vacuum.
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The strong TI phase hosts surface states that are topologically protected from

disorder induced localization [19]. In contrary, even though the weak TIs possess

surface states on certain surfaces they are not immune to such localization. In case of

the strong TIs the surface states, in in-plane momentum space, have spin-momentum

locked helical dispersion with a single Dirac point enclosed by surface Fermi arcs. The

π Berry phase enclosed by the Fermi arc characterises the non-trivial phase that is

topologically protected as long as the system maintains the TRS. In contrast, for weak

TIs the Fermi arcs enclose even number of time-reversal invariant momenta (TRIM) on

the surface Brillouin zone (BZ) which results in surface Berry curvature to be multiple

of 2π or 0 equivalently. This in turn destroys the topological protection from the

disorder induced localization [18].

2.1.1 Z2 invariants

The Z2 invariants mentioned above can be expressed in terms of Pfaffians of time

reversal polarization (TRP) matrices at the time reversal invariant momenta (TRIM)

of the bulk band structure [20]. Consider the 3D BZ of the TRS system and hence,

there are 8 points that are invariant under TRS and thus, the bands are two-fold (or

multiples of two) - fold degenerate at those points which form the Kramer’s degenerate

pairs. The TRIMs in the BZ can be represented as

Γi =
1

2
(n1b1 + n2b2 + n3b3) (2.1)

where bis are the reciprocal lattice vectors and ni = 0, 1.

The four invariants, ν0,1,2,3 are defined in terms of the sign of the Pfaffian of the
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time reversal operator, Θ at the appropriate subsets of the TRIMs for the occupied

bands.

Let us define [20]

δi =

√
det[w(Γi)]

Pf[w(Γi)]
= ±1 (2.2)

where assuming N bands along with their Kramer’s partners are occupied, w is a

2N × 2N matrix given by

wmn(k) = ⟨um,−k|Θ|un,k⟩ (2.3)

such that |un,k⟩ denotes the periodic part of the Bloch wave solution for the nth band

at momentum k.

In terms of δis the Z2 invariants are defined as [20]

(−1)ν0 =
8∏

i=1

δi

(−1)νi =
∏

nk=1,nj ̸=k=0,1

δi=(n1n2n3)

(2.4)

In addition to the TRS, if the system also obeys spatial inversion symmetry,

the Z2 invariants determining the TI phases become particularly easy to calculate. In

presence of inversion symmetry, the δi s in that case can be expressed as product of the

parity eigen values of the Bloch states of the occupied bands under a certain Gauge

choice [18] given by

δi =
N∏

m=1

ξ2m(Γi) (2.5)

where ξ2m is the parity eigen value of the 2mth Bloch state.
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Combining Eqs. 2.4 and 2.5 it is easy to see that a system would be a strong TI

(ν0 = 1) when the number of odd parity eigen states combining all the TRIMs is odd.

This criteria is relatively easier to test for a given material system since it requires

checking only the parity eigen values of the occupied manifold in the subspace where

hybridization with unoccupied bands take place via band crossing and gap openning.

It turns out that at certain percentage of average Te/Se composition in the alloy

FeTe1−xSex an odd parity and an even parity band hybridizes along the ΓZ line which

gives rise to the strong TI phase in this material [5].

2.1.2 Topological superconductivity on the surface of strong TI

As we discussed that the helical surface states are protected from localization

when the bulk possesses the strong TI phase, it provides a platform for realizing

topological superconducting (TSC) phase. On the spin-momentum locked surface

dispersion when an order parameter of even parity is induced the resultant superconducting

phase is a non-trivial topological phase of matter which in 2D can be characterized by

a Z invariant which denotes the number of chiral Majorana channels at its interface

with vacuum. Such a TSC phase can also contain a zero energy particle-hole symmetric

mode called Majorana zero mode inside a magnetic vortex. At the core of the vortex

the TSC gap is killed and thus effectively forms a hole inside the TSC phase which

then accommodates gapless modes at that interface. If the vortex threads a flux of

h/2e, a zero energy state is trapped within the vortex core. Such a Majorana zero

mode (MZM) bound at the vortex core is of great interest as its potential to be used
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as a qubit for the purpose of Fault tolerant quantum computation. Since the MZMs

are bound at the vortex cores as long as the vortices are sufficiently far away from

each other the corresponding quantum state is protected as long as hybridization of

the MZMs are not allowed. Thus the localized MZMs provide a degenerate manifold

on which computation can be performed by braiding the vortices around one another

adiabatically without destroying the coherence of the quantum state.

Thus, 3D strong TIs provide a great platform by providing a robust helical surface

dispersion on which superconductivity can be induced.

2.1.3 The strong TI phase in FTS

In the Fe-based chalcogenide compound, FeTe1−xSex (FTS), the chalcogen atoms

can be treated equivalently. The structure of material in 3D can be thought of mono

layers of FTS stacked on top of each other with the layers weakly coupled. The

weak inter layer coupling manifests itself as the negligible dispersion along the out-

of-plane direction compared to the in-plane momentum directions of the electronic

bands. The material is time-reversal symmetric and even though it has Fermi pockets

that contribute to superconductivity, there is a region in momentum space that has

a topological band gap which produces protected helical surface states as we discuss

here. Due to time-reversal symmetry (TRS) of the system the corresponding bulk

topological phase can be classified by the Z2 invariants defined in earlier paragraph. In

addition to TRS, FTS also possesses inversion symmetry and thus the Z2 invariants can

be expressed as a product of the parity eigen values of half of the two-fold degenerate
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occupied bands as in Eq. 2.5.

2.1.4 Band inversion in FTS

To understand the non-trivial Z2 invariant, let us focus on the ΓZ band dispersion

which is schematically shown in Fig. 2.1. The dotted bands refer to the case when there

is no spin-orbit coupling (SOC). The two bands have opposite parity characteristics,

i.e., at the TRIMs the parity eigen values associated with those bands are opposite

to each other. Specifically, the parity for the states of the band, that appears as

conduction band at the Γ point, is odd, we would call this pz-type band which is due

to its symmetry properties under rotation at the high symmetry points. On the other

hand the band, that appears below at the Γ point, has even parity eigen values at

the TRIMs, we call this dxz/yz band. As hinted by the dotted lines, without SOC

these two bands cross each other along the ΓZ line. Once SOC hybridizes them, a

gap opens up and if the Fermi level lies in the gap, the system becomes an insulator.

Now for the conduction band the parity eigen values are even at the Γ point which

reflects its dxz/yz character whereas the parity at Z point is odd due to its pz character.

Since at all other TRIMs the occupied bands have even parity (all d-type bands with

different rotational symmetries), the odd parity at the Z point makes the Z2 invariant

non-trivial according to Eq. 2.5.

As described above the inversion of parity at the Z point is reminiscent of the

band crossing between the odd and even parity bands as shown by the dotted lines

in Fig. 2.1. DFT based electronic structure provides insight in this band inversion
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mechanism [21]. In FeSe the p-type band is has higher average energy and stay

disconnected from the d-type valence band. As a result the occupied band manifold

is d-type for FeSe which is classified as a topologically trivial phase associated with

ν0,1,2,3 = 0. With Te doping the p-type band is shifted downwards approaching the

d-type valence band [21]. At enough Te concentration they eventually intersect as

shown in Fig. 2.1 and SOC opens up the required gap to have an insulating phase.

It turns out that the p-type band in FTS is much more dispersive compared to the

d-type band from the DFT based band structure. Thus, the relative composition of

the Te/Se atoms appears to be key in determining the topological character in FTS.

Keeping in mind the role of Te composition in determining the topological character

it is thus important to understand the topological - trivial phase transition as a

function of x in FeTe1−xSex for experimental purposes. In most of the experiments

the sample corresponds to x = .45. This is because the superconducting transition

temperature Tc is the highest (Tc ≈ 14.5K) at this composition under ambient pressure.

However, in a recent experiment carried out in the Brookhaven lab [1], a large sample

of about 1mm × 1mm area where the relative Te/Se composition varied naturally due

to inhomogeneity associated with the alloy nature of the material, a close investigation

of the topological surface states (TSS) associated with the strong TI phase revealed

a phase boundary between the trivial and topological phases. The composition at

various spots of the sample was measured locally by electron diffraction spectroscopy

(EDS) and the composition was correlated with the presence/absence of the TSS

associated with the topological and trivial phases. The experiment revealed that the

phase boundary lies precariously close to the typical sample that is used with x = .45.
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2.1.5 Topological domain disordered phase

The scenario near the phase boundary becomes interesting while taking into

account the Te/Se density inhomogeneity in the sample. The inhomogeneity in the

Te/Se composition is seen in STM topographs of the sample surface [22]. Since x = .45

is very close to the topological-trivial phase boundary, this inhomogeneity can give

rise to regions of the sample where the Te/Se composition can be associated with

topologically trivial composition for a bulk sample. In fact the experiment by the

Brookhaven lab [1] directly supports this fact where the composition (averaged over

blocks of 1µm×1µm area) varied considerably in a large sample. The STM topograph

in a rather smaller field of view shows composition fluctuations in a much smaller

scale of about ∼ 3nm. Such inhomogeneity might locally drive the sample out of the

topological phase and the resultant trivial patches would be scattered across all regions

of the sample giving rise to a disordered phase - we call such a phase the topological

disordered phase since the disorder effectively alters the topological invariant, more

precisely the topological gap/mass term in a disordered manner.

One can imagine the implications of such a topological disordered phase while

considering its effect on the surface states. Let us consider a scenario where some

regions on the sample-surface are trivial creating domain boundaries with topological

regions. For simplicity let us consider that the layer below the surface is topological

as expected if the composition were homogeneous. In that case as opposed to the

clean case the surface states would also be inhomogeneously distributed on the sample

surface - specifically they would be repelled by the trivial patches. The trivial patches
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would be avoided by the surface states and in those regions they would tunnel below

the top layer into the next layer. From the topological phase perspective the trivial

regions would effectively simulate the vacuum in this case. This inhomogeneity in the

topological surface state density would be a key signature in a topological disordered

phase. Thus, motivated by the possibility of such a disordered phase in the alloy, FTS,

we investigate the resultant TSS signatures in this chapter.

To simulate the topological disordered phase in FTS we start by constructing

an effective model of the strong TI phase for a clean sample. We then introduce

a disorder potential to spatially vary one of the model parameters, that controls the

band inversion in the electronic structure, which effectively simulates the local domains

of trivial regions in the topological sample.

2.2 Construction of the effective model Hamiltonian

Here we construct an effective model for the strong TI phase in FTS. As explained

earlier the band inversion in this material occurs due to hybridization between a d-type

and a p-type band along the ΓZ. Thus, the relevant manifold includes the dxz/yz bands

which have orbital angular momentum lz = ±1 and the pz band with orbital angular

momentum lz = 0. Combining the spin degree of freedom the dxz/yz bands form a

manifold with total angular momentum j = l + s, l − s = 3/2, 1/2. The spin-orbit

coupling thus split the lz = ±1 manifold into two separate angular momentum sectors

jz = ±3/2,±1/2. On the other hand the pz band along with spin composes another

manifold of jz = ±1/2. The band crossing happens between the two sectors of same
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Figure 2.1: ΓZ band dispersion from our model ĤI, for the parameter values described

in the text, without SOC (dashed curve), i.e. t′ = 0 in our model, and with SOC (solid

curve) are shown. Crossing between d-type and p-type bands happens for |δ∥| < |δz|

(dashed). Hybridization between them via SOC opens up a gap (solid).

angular momentum, jz = ±1/2 - the d-type band being even under parity whereas

the p-band is odd at the TRIMs. The SOC between the two jz = ±1/2 manifolds

form d-type and p-type bands gives rise to an insulating gap. The jz = ±3/2 bands

of dxz/yz lie above the Fermi level and possibly intersects with the largely dispersive pz
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band. Since those two manifolds are in different angular momentum space, SOC do not

hybridize them. For our effective model however, we ignore the jz = ±3/2 manifold as

they do not take part in the topological band inversion that we are interested in. We

represent the jz = ±1/2 sector by the Pauli matrices σx,y,z. And we label the parity

sectors by another set of Pauli matrices denoted by ρx,y,z. The even (d-type) and odd

(p-type) parity bands are labelled by ρz = +1 and ρz = −1 respectively. In more

rigorous group theoretic notation ρz = ±1 represents the Γ±
6 representation at the Γ

and Z points in DFT band structure [21]. In this basis described above we build a

model similar to the Bernevig-Hughes-Zhang (BHZ) model that incorporates the band

inversion [23] as elaborated below.

Our model for FTS respects inversion symmetry and TRS. The inversion symmetry

is described by the operator ρz in the Hilbert space described above. The anti-unitary

time reversal symmetry (TRS) is described by the operator iσyK where K is the

complex conjugation operator. Additionally at long wave lengths the system possesses

C4 rotational symmetry around the z-axis. Given the representation of the angular

momentum sector by σz = ±1 and accordingly σz = 2jz, the C4 operator can be

represented by C4 = eiπj
z/2 = eiπσ

z/4.

We focus on the small in-plane momenta (kx, ky ≈ 0) since the band inversion

happens at kx, ky = 0, 0. We introduce nearest neighbor hoping along z-direction

between adjacent layers. In that limit the Hamiltonian takes the form

ĤI(k∥ ≈ 0, kz) =

[
δ∥ + δz cos kz −

A

2

(
k2x + k2y

)]
σ0 ρz + t′ sin kz σ

z ρx. (2.6)

where ρz = ±1 correspond to even and odd parity sectors and σz = ±1 correspond
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to the two angular momentum sectors of jz = ±1/2 as described above. Here the

parameters δ∥,z determine the energy differences between the p-type and d-type band

states at the Γ and Z point. The gap between the d-type and p-type band states at

the Γ point is given by δ∥ + δz whereas the same gap at the Z point is δ∥ − δz. Thus,

if |δz| > |δ∥|, the gap changes sign as it goes from Γ to Z. This sign flip results in the

valence band state shifting from ρz = +1 sector to ρz = −1 sector at Z. Thus, the

band inversion criteria for our model is |δz| > |δ∥| which facilitates the two bands to

cross somewhere along the ΓZ line as shown in Fig. 2.1. The second term in ĤI is

an SOC term that hybridizes the d-type and p-type bands via hoping across adjacent

layers of FTS and opens up a gap along ΓZ [Fig. 2.1]. The band structure plotted in

the Fig. 2.1 is for δz = −9.3meV, δ∥ = −3meV and t′ = 7.5meV. The parameter A

in the first term of ĤI(k∥ ≈ 0, kz) determines the curvature of the parabolic dispersion

for small in-plane momenta (k∥ ≈ 0) around the Γ point.

We note that since FTS is a superconducting material it has bands crossing the

Fermi level. In fact there are two hole-like Fermi pockets around Γ and two electron-like

pockets around M point. Thus, FTS is a metal. However, the Fermi sheets for the 3D

system is approximately cylindrical owing to the layered nature of the FTS with little

dispersion along the z-direction and the topological surface states reside in a region

of momentum space that do not overlap with the Fermi pockets. Thus, there exists

a clear window in energy and momentum space where the TSS are decoupled from

the bulk metallic states which preserves them and the Dirac cone associated with the

Helical TSS can be observed in ARPES measurements. Furthermore, the spin texture

of the dispersion has also been seen in spin - selective ARPES experiments [24, 6]. The
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bottom line is that the strong TI phase and the corresponding TSS remain intact in

the system even in the presence of metallic Fermi sheets.

In the topological regime of the Hamiltonian described by Eq. 2.6 (i.e., |δz|/|δ∥| >

1) the (001) surface hosts gapless helical modes with in-plane Dirac dispersion. The

corresponding velocity for the Dirac dispersion near the Γ point is determined by

another in-plane SOC term. Such an SOC term has the form

ĤSOC = α (kx σ
x + ky σ

y) ρx (2.7)

Finally, we note that the ΓZ dispersion for FTS is far from particle-hole symmetric. To

simulate this particle-hole asymmetry we include a term that breaks that symmetry of

the band energies. Such a term would be simply identity in the parity and spin basis

and is given by,

Ĥeh = δ2 cos kz σ
0 ρ0 (2.8)

The three terms together gives rise to the desired effective model for our purpose:

Ĥ = ĤI + ĤSOC + Ĥeh (2.9)

We use this model and explicitly obtain the surface states spectra by numerically

solving the eigen values problem with a finite size sample along z-direction. The

characteristics of the surface states are determined by the model parameters which

we tune to match our results with the ARPES data as we describe in the next section.
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2.3 The numerical results

2.3.1 Ideal surface spectra

To calculate the surface states with the model Hamiltonian Eq. 2.9 we need to

discretize our model along z-direction. For that purpose, cos kz is replaced by |z⟩⟨z +

c| + |z + c⟩⟨z| and sin kz is replaced by i(|z⟩⟨z + c| − |z + c⟩⟨z|). Here z is the real-

space coordinate representing planes stacked in the z direction and c is the unit cell

length along that direction. Using the resulting discretized Hamiltonian we simulate

the surface states for each (kx, ky) around the Γ point numerically.

To obtain an effective Hamiltonian one needs to adjust the parameters so that

the key features of the band structure as has been observed in ARPES measurements

match with the simulated features from the model. We recognize the following three

key features to be important part of our simulated band structure which are:

(i) the band width of the valence band along the ΓZ direction in Fig. 2.1 (about

4meV [25])

and for the topological surface states

(ii) the energy gap between the Dirac point and the top of the bulk valence band

(∼ 10meV) [25]

and

(iii) the Dirac velocity for the surface states dispersion ( ∼ 370meV-Å ) [25, 24].

To tune the band width the three δ∥, δz, δ2 parameters can be varies whereas the

dispersion of the surface states are determined mostly by A and α.

After parameter tuning the resultant model produces the surface dispersion and
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Figure 2.2: Surface-weighted parabolic bulk dispersion and the Dirac dispersion for the

surface states along with their energy dispersion curves (EDC) shown in blue and red

respectively as obtained from our model with the parameters specified in the text.

the bulk bands near the Γ point that are shown in Fig. 2.2. The energy dispersion curve

(EDC) for the broad parabolic bulk band has been shown by the blue line and that of

the Dirac dispersion by the red line. The parameters in Eqs. 2.6 - 2.8 are tuned to be

δz = −9.3meV, δ∥ = −3meV, t′ = 7.5meV, δ2 = 1.2, meV, A = 798meV-Å2
, andα =

266meV-Å such that the relevant quantities from the simulated dispersion match the

estimates from the ARPES measurements in [25, 24] as mentioned above.

So now we have an effective model for the surface states described by the Hamiltonian
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Eq. 2.9 and also a set of parameters that reasonably features the experimentally

measured properties of the TSS. We also described how the relative magnitudes of |δz|

and δ∥ controls the strong TI phase in our model. Now we proceed to spatially vary the

|δ∥| parameter to simulate a phase where patches of the sample becomes topologically

trivial as described in the topological disorder section.

2.3.2 The topological domain disorder

To simulate a topological domain disordered phase we incorporate a disorder

potential in the definition of spatially varying δ∥ parameter. As discussed in the

introduction, such a phase can arise from local fluctuations in the Te/Se concentration,

i.e., fluctuations in x in FeTe1−xSex. We model these fluctuations by allowing the

parameter δ∥ in the Hamiltonian (Eq. 2.6) to continuously vary in real space (x-y-z).

We add a disorder potential w(x, y, z) to δ∥ as δ∥(x, y, z) = δ∥ +w(x, y, z). w(x, y, z) is

random with a Gaussian correlation of a specific length scale which we will denote by

λ.

Motivated by the layered structure of FTS, we assume that w(x, y, z) is uncorrelated

between the neighboring layers, but smooth in the x-y plane at each layer. For

the purpose of conceptual and computational simplicity, we start our analysis by

assuming that w(x, y, z) varies along the x and z direction but is uniform along the

y-direction, i.e., w(x, y, z) = w1D(x, z). As mentioned earlier, we assume that the

disorder fluctuations are uncorrelated between different layers along z. The correlation

along the in-plane direction can be estimated from the length-scale associated with
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Te/Se density fluctuations as observed in STM topography [22, 26].

The Gaussian disorder potential w1D(x) can be modeled by choosing its momentum

space components randomly with a momentum dependent Gaussian weight. The

momentum-space function has the following form:

w1D(kx, z) =
σw√
2
exp

[
−(kxλ)

2

2

]
[Xkx + i Ykx ] . (2.10)

In the above, Xkx and Ykx are two normal [N(0, 1)] random variables identical and

independently chosen for each value of kx. σw is the disorder strength and λ is

the characteristic length scale of the disorder potential. We estimate σw from the

broadening of the ARPES observed band structure which is about ∼ 3meV. The typical

length scale of Te/Se density variation is chosen to be about ∼ 3 nm as estimated from

STM topographic images from the experiments [22].
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Figure 2.3: (a) |δ∥(x)|/|δz| − 1 plotted as the red curve where the black lines show

some of the topological (δ(x) < 0) and trivial (δ(x) > 0) phase boundaries. (b) Top

layer (blue) and second layer (yellow) LDOS for the topological domain disorder. (c)

Normalized top layer LDOS at different energies within the Dirac dispersion window

collapse on each other.
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After introducing the variation for δ∥ along the x-direction, the periodicity of the

model is compromised. Hence, we need to replace kx in Eq. 2.6 by −i∂x where ∂x

should be interpreted as the discretized derivative with an in-plane lattice parameter

a.

To gain an insight about the effect of topological disorder we introduce the

disordered mass δ∥(x) only on the top layer of a finite size sample. To capture the

behavior of the TSS when the disorder is on the top layer, we plot the local density of

states for the top layer and the layer beneath as we anticipate the TSS density avoids

the trivial regions on the top layer and instead accumulates at the layer below. As we

will see that as a result the suppression of TSS on the top layer is correlated with the

enhancement at the layer beneath. The resultant variation in the surface state density

is shown in Fig. 2.3. In three panels of Fig. 2.3

(a) local topological invariant as a result of particular disorder realization,

(b) the local density of states for the TSS associated with that realization for the

top and the next layer

and

(c) the scaling of the top layer density variation for different values of energy

within the Dirac dispersion window

are shown from simulating the topological domain disorder phase along x only

on the top layer of the sample.

Fig. 2.3(a) shows the variation of δ∥(x) from a particular realization of Eq. 2.10

on the top layer, i.e., z = 0. As discussed in Sec. 2.2, regions with |δ∥(x)| < |δz| are in a

nominally trivial phase, while the rest of the region is in the topological phase. To help
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identify trivial regions, Fig. 2.3(a) plots δ(x) = |δ∥(x)/δz| − 1, so that trivial domains

are associated with the regions with δ(x) > 0. Since topological phase is strictly a

global property, this local attribution of trivial and topological regions works only as

a crude guide to understanding the numerical results that follow rather than a strict

identification of the phase.

The LDOS associated with this disorder realization is plotted for the top (i.e.

z = 0) and the second layer (i.e. z = c) of the system in Fig. 2.3(b). We notice that,

as anticipated, the top layer LDOS is suppressed whereas the second layer LDOS is

enhanced at the nominally trivial regions (i.e., where δ(x) > 0). The same observation

holds for the entire energy window of the Dirac dispersion. In fact, when the top layer

LDOS is normalized by the total DOS at a specific energy the resultant quantity at

different energies collapse on each other as shown in Fig. 2.3(c). This is expected

since the TSS for most of the Dirac energy window would avoid the trivial regions

suggests. The almost perfect collapse of the scaled LDOS throughout the sample

strongly substantiates that intuition and this energy scaling would be unique for

topological domain disorder as we will see shortly. The transfer of LDOS between

the layers would be difficult to measure in STS since it can only probe the top layer.

However, a closer examination of Fig. 2.3(b) shows that the trivial regions represented

by LDOS enhancement in the second layer occur in the vicinity of large LDOS peaks

in the top layer near the topological-trivial boundaries. Such peaks that demarcate the

trivial domains persist across the entire Dirac energy window may be visible in STS.

Furthermore, the signatures of the energy scaling that discussed above should also be

visible when the density is measured for a range of energy window.
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An obvious signature of a trivial patch on the surface of a strong topological

insulator would be the reduced local density of states seen in Fig. 2.3(b). However,

as also apparent from this plot, dips in local density of states are also seen in areas

of strong fluctuations of δ(x), which are otherwise topological. This is consistent with

the fact that disorder-induced Fermi energy fluctuations on the surface can lead to the

Dirac point crossing the local Fermi level. The local density of states can be suppressed

in such scenarios since the density of states of the Dirac dispersion in two dimensions

vanishes at the Dirac point.

In the next section we compare the effects of the chemical potential disorder and

distinguish from the signatures of the topological domain disordered phase described

above. Since the Te/Se fluctuations would inevitably give rise to fluctuations in the

chemical potential as well, comparison to that is key in order to observe the topological

disorder signatures in an STS experiments.
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Figure 2.4: (a) Normalized LDOS at different energies for the chemical potential

disorder. (b) Comparison of energy dependence of LDOS-LDOS correlation length

between the topological domain disorder (orange) and the chemical potential disorder

(blue) cases

2.3.3 Topological domain disorder vs chemical potential disorder

As the next step of our numerical calculation we investigate the effects of chemical

potential disorder on the LDOS of the TSS.
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Disorder in chemical potential can be simply modeled by a spatially varying

function that is proportional to the identity matrix in parity and spin basis. Such

a term would have the form as w(x)ρ0σ0 where w(x) can be chosen to be a random

potential in a similar fashion as before with the same length scale associated with the

Te/Se density fluctuations. Since the disorder in general broadens the bands, one way

to estimate the strength of the disorder could be to look at the ARPES measured band

structure. For example in a typical ARPES data the Dirac point in the TSS dispersion

appears to be broadened by about ∼ 2meV [25, 24]). As before we put the chemical

potential disorder only on the top layer and study its impact on the LDOS of the top

layer TSS.

From the similar plot of top layer normalized LDOS (Fig. 2.4(a)) the most

obvious distinction w.r.t. the topological domain disorder case is that the scaled LDOS

at the different energies do not appear to be correlated. To quantitatively establish this

anticipation we compute the spatial correlation length associated with the variation

of the TSS LDOS for both the cases of i) topological domain disordered phase and

ii) chemical potential disordered phase. In the topological disordered phase since the

scaled LDOS collapse for different values of energy, it is expected that the length scale

for LDOS variation would be more or less constant as a function of energy. On the

other hand the same length scale may vary for the case of chemical potential disordered

phase.

The correlation length for the LDOS variation can be estimated from the Fourier

transform of the real space density as the inverse of its spread in the momentum

space, ξ ≈ 1/
√

(∆kx)2. This quantity when plotted as a function of energy in Fig.
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2.4(b) shows stark difference between the cases of chemical potential disorder and the

topological domain disorder.

For the case of chemical potential disorder ξ decays with increase in energy w.r.t.

the Dirac point. In particular, a variation of ξ(E) as ξ ∝ 1/(E − ED) where ED is

the energy of the Dirac point would fit the curve reasonably well. In contrast, ξ is

effectively constant for the case of topological disorder. This conclusion is consistent

with the collapse of the various LDOS peaks seen in Fig. 2.3(c), which shows that the

widths of scaled LDOS peaks at the edge of trivial regions are independent of energy.

This can be understood intuitively as the peaks being associated with tunneling into

domain walls, whose widths are controlled by spatial variation of the disorder parameter

δ(x).

28



Figure 2.5: (a) Trivial islands shown as white patches whereas dark blue region is

topological, (b) top layer 2D LDOS and next layer 2D LDOS shown in colour map

in the upper and lower panel respectively where the density gradient goes high to low

from yellow to dark blue. (c) Normalized top layer LDOS plot at five different energy

values along the green line marked in (a)
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2.3.4 Extending to 2D disorder potential

So far we have only modeled disorder that varies effectively along one spatial

dimension where we kept the other in-plane direction periodic. This would be associated

with stripe like disorder potential. Even though the same calculation provides key

insights that distinguishes the cases of topological and chemical potential disorder, it

is not particularly realistic.

Hence, we generalize our numerical calculation to incorporate a more realistic

scenario when the disorder potential varies along both the directions in the plane. The

2D disorder potential can be similarly modeled in the momentum space for w2D(kx, ky, z)

with the exception that the Gaussian weight given by Eq. 2.10 would depend on the

magnitude of the 2D momentum vector, k∥ =
√
k2x + k2y. In addition the Hamiltonian

has to be discretized along both the x- and y- directions. With that included in the

resultant 3D finite size model we can obtain the desired TSS LDOS for the 2D layers.

We present the results in Fig. 2.5. The trivial islands in Fig. 2.5 (a) are shown

as light colored patches and are finite in size along all directions. The 2D LDOS is

plotted using color plot in Fig.2.5 (b) for the top layer and the next layer in the upper

panel and lower panel respectively. Similar to the 1D disorder case it can be noted that

at the trivial regions the top layer LDOS is suppressed whereas the next layer LDOS is

enhanced with high peak-like density surrounding the trivial regions on the top layer

associated to the topological- trivial domain boundary. More importantly, the energy

collapse feature of the LDOS at different energies (as shown for a section of the sample

on the top layer in Fig. 2.5(c)) is also present in the 2D disordered case.
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Thus, in summary the trivial regions on the top layer that may arise due to Te/Se

composition fluctuations repel the TSS shifting them to the layer beneath which results

in peak like enhanced density on the top layer associated with the topological-trivial

boundary. The energy invariance of the scaled LDOS is another key feature in the

topological disordered phase which is completely distinct when compared to the usual

chemical disordered phase.

2.4 Summary and Conclusion

In this work, we have studied the effect of alloy disorder (i.e. Te/Se composition

fluctuations) on the topological surface state of FTS. In order to do this, we have

introduced a variant of the BHZ model [23] for the strong TI phase that is appropriate

to a layered system such as FTS where the bandwidth from out-of-plane tunneling is

much smaller than the in-plane bandwidths. Similar to the BHZ model, the topological

properties such as the surface state dispersion and the near-gap bulk band structure

can be characterized with a few phenomenologically determined parameters. We have

fit our model to ARPES [25, 24] and been able to reproduce the qualitative structure

of the surface ARPES dispersion. The BHZ model, which is based on a small wave-

vector approximation, is not appropriate to FTS because of the narrow band width in

the out of plane direction. Our phenomenological model can be combined with input

from DFT calculations [21] to model the effect of Te composition fluctuations as a

shift of the odd parity pz band. As a side note, our phenomenological approach to

model topological invariant fluctuations can be modified for the 2D FTS system which
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also possesses non-trivial topological properties as a function of x [27]. We find that

fluctuations in the position of the odd parity band can drive local fluctuations in the

topological invariant, which in turn can lead to the disappearance of the surface state

in parts of the surface for the 3D sample. More generally the fluctuations in topological

invariant can also be driven by the change of the inter layer hopping term, denoted

by δz in our model as the invariant is determined by the ratio of the onsite potential

difference, δ∥, and inter layer hopping amplitude, δz, denoted by δ(x) = |δ∥(x)/δz|.

Since the inter layer hopping amplitude is mediated by the atomic orbitals from the

next-to-top layer, the composition of Se/Te only on the top most layer may not correlate

to the local topological property on the surface of the sample. The disappearance of

the surface state at the trivial domains is marked by a reduced local density of states

on the top surface in these areas, which are bounded by domain-walls of peaks in

the LDOS. One complication that we discuss is that the suppressed density of states

in the non-topological domains may appear similar to topological areas where the

Fermi-level crosses the Dirac point. We have shown that the effects of topological

domain disorder can be distinguished from other forms of disorder by considering the

energy dependence of the pattern of the fluctuation of density of states (also known as

quasiparticle interference). Another relevant issue regarding the LDOS measurement

of the surface states using STM is the presence of large M pockets near the in-plane

BZ corner at the same energy as the Dirac cone. Hence, the states from the M pocket,

in spite of them being from bulk bands, can contribute to the STM measured surface

electronic density of states. However, states near M pocket carry large momentum and

the corresponding density oscillates at the scale of in-plane lattice constant (≈ 0.4nm)
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which is an order of magnitude smaller than the length scale of density fluctuations

due to the proposed domain disorder (≈ 3nm). Thus, averaging of the electronic

density over a length scale which is in-between these two lengths should suppress the

contribution from the states near M pocket. As a relevant point we note that the

experimental evidence of a nearly V-shaped density of states around the Dirac point

[28], which is the characteristics of a 2D Dirac dispersion, indicates that the long wave

length surface state density is not affected by the states from any other non-topological

bands.

As mentioned in the introduction, our motivation to study the effect of alloy

disorder on the topological surface states was based on its potential effect on the vortex

MBSs. As an example of how local fluctuations in the topological character of a system

can affect MBSs, consider a scenario where in the SC state a vortex core penetrates

through a trivial region on the top surface. Since the trivial region does not support

topological states on the surface, such a vortex would not be expected to support any

MBS. This would in principle be a potential explanation for the absence of MBSs in a

large fraction of vortex cores in experiments [26, 29]. Furthermore, such a topological

domain disordered phase might also help explain the absence of quantized conductance

in a large set of vortices [30]. This would occur when the trivial region is small in size

relative to the superconducting coherence length so that the MBS wave-function is

still accessible to tunneling but at a reduced tunneling strength. Quantitative effect

on MBS wave-function would depend on the actual correlation length for the alloy

disorder and must be left to future work.

The alloy disorder that is natural in FTS can have other effects such as change in
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band width of the odd parity band and the topological gap. In fact, the disappearance

of the topological surface state in experiments [1] can in principle arise from a reduction

or shift in the topological gap as opposed to a change in the topological invariant

discussed in the manuscript. However, since DFT calculations or experimental data are

not available to estimate these effects, it is difficult to estimate at present. Furthermore,

correlation between the alloy disorder i.e. Te/Se positions may complicate the analysis

of the disorder effects. However, one can hope that these effects together with iron

impurity induced Zeeman field [31] as well as nematic fluctuations and strain effects

can be included into the surface state model to develop a complete understanding of

the evolution of vortex level spectra with magnetic field [26].
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Chapter 3

Half unit cell shift defect induced sign-reversal of the induced

superconductivity in Fe-based chalcogenide superconductors

3.1 Introduction

In this chapter we would study the possibility of an exotic Josephson junction

(JJ) at a crystalline domain wall (DW) associated with in-plane half-unit-cell-shift

(HUCS) on the surface of FTS which is characterized by the SC gap differing by a

phase of π across the defect. Such π-junction is of particular importance on the TSC

phase since it captures helical Majorana modes at the defect [12]. In this chapter we

discuss a mechanism that can give rise to such a π-junction. The results presented here

is based on a manuscript, in preparation for publication [13].

The topological band inversion between an odd and even parity bands in FTS

gives rise to a topologically non-trivial strong 3D TI phase which is characterized

by helical Dirac surface states. In addition to the TI phase FTS also possesses an

unconventional s± superconducting state which is characterized by the s-wave order

parameter (OP) having opposite signs between the Γ and the M pockets. The Fermi

surface in this material is well-separated in momentum space from the bulk TI gap

owing to its almost cylindrical shape with same radius throughout its axis which

allows the TI gap to reside within the Γ Fermi circle and doesn’t mix them together.
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Furthermore, this cylindrical Fermi sheet induces strong enough s-wave pairing on

the topological surface states. A helical surface dispersion where the Fermi level

encloses a single Dirac mono pole, along with s-wave superconductivity gives rise to

a 2D superconductor which is topologically non-trivial in nature. Such a topological

superconducting (TSC) phase can be characterized by a Z integer and a magnetic

vortex passing through it by a Z2 integer. The vortices when in the topologically non-

trivial phase captures a zero-energy particle-hole symmetric state known as Majorana

bound state (MBS). The Majorana zero modes (MZMs) must occur in pairs. Hence,

within a vortex that penetrates through a 3D material perpendicular to the TSC

surface, the two MZMs appear at the two ends of the vortex. Each such MZM is

exponentially localized which protects it from hybridizing with its partner MZM at the

other end of the vortex. Such a hybridization is detrimental for the MBS and splits their

energy to open up a gap in the spectrum. For the purpose of quantum computation

one typically requires multiple such vortices on the surface that penetrates through

the TSC phase, then each vortex is expected to host an MBS as long as the vortices

are sufficiently far away from each other. As a result, one has a manifold of multiple

zero energy states that create the degenerate ground state for quantum memory. The

state of such degenerate manifold is protected from environmental local noise as long

as the vortices do not interact with each other. A gate operation on such a manifold

is achieved by non-abelian braiding a subset of vortices and during such process as

long as the time scale associated with the operation is larger compared to the inverse

of excitation gap of the system, the state remain in the ground state manifold by the

adiabatic theorem [32, 33, 34]. The protection against local noise in the system is the
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key advantage of the topological quantum computation scheme for which the Majorana

zero modes are sought after entities to be use as qubits in quantum computation.

In addition to previously known platforms for vortex Majorana bound states

VMBS [35, 36, 37] the recent discovery of the strong topological insulator (TI) phase

in the iron-based superconductor, FeTe1-xSex (FTS) [4, 5] has attracted attention as a

promising candidate due to the intrinsically induced s-wave pairing on its topological

surface states. In addition to multiple promising results for realization of VMBS states

in this material already [7, 8, 6, 9], further theoretical and experimental efforts for

understanding certain detailed aspects of the MBS, such as conductance quantization

of zero bias peaks (ZBP), inhomogeneity in ZBPs, etc., are ongoing. Apart from

the Majorana zero modes (MZMs) localized at the vortex core, another characteristic

feature of the TSC phase arises in the form of dispersing Majorana modes along a

linear defect when the TSC gap flips sign across the defect [12].

Motivation: A mono layer of FTS consists of an Fe- square lattice along with

the chalcogen atoms (Te and Se) which are located off the Fe-plane alternately above

and below the plane. As shown in Fig. 3.2 the Fe atoms are marked with dark filled

small circles and the chalcogen atoms are represented by the larger circles - among

which the hollow circles are below the plane and the shaded circles are above the

plane. The alternating above and below locations of the chalcogens in the lattice

breaks the symmetry represented by translation along the nearest Fe-Fe bond that

exists in the Fe-square lattice. Instead, such translation applied twice becomes the

symmetry of the lattice. The operators that translate the Fe atoms by Fe-Fe nearest

bonds thus becomes the half translation operators which are represented by T̂x,y in Fig.
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3.2. A shift of the lattice by T̂x or T̂y creates a crystalline domain wall (DW) which is

referred to as the half-unit-cell-shift (HUCS) defect [22]. In a recent scanning tunneling

spectroscopy (STS) measurement an exciting density of states (DOS) feature has been

observed along such a DW on FTS surface. The DOS is characterised by the suppressed

superconducting gap associated with the DOS flat as a function of energy. Such a

DOS signature originates from a linearly dispersing modes in such 1D domain wall. In

addition, such signatures are absent along same DWs in the non-topological samples in

the FTS class, e.g., FeSe, which indicates that the DOS may have a topological regime.

An explanation for the DOS signature can be provided if the TSC gap changes

sign across the DW in which case a linearly dispersing helical particle-hole modes known

as the helical Majorana modes appear at the boundary of the sign-changing TSC gap

[12]. Such a linearly dispersing helical Majorana modes has a flat DOS signature as

seen in the STS experiment [22]. Thus, it is natural to ask about the origin of such a

sign flip in the gap. Ref. [38] proposes that ferromagnetic order that is spontaneously

formed along the DW can give rise to a π- phase shift in the order parameter (OP) for

appropriate strength and width of the magnetized region. In this chapter we propose

a different mechanism for the origin of π - phase shift across the DW which we briefly

describe below. The TSC gap on the surface is induced by the bulk OP. Thus, if the

bulk OP has a natural π-shift, it would also induce a π-junction on the surface as well.

Hence, we propose a mechanism that would give rise to an exotic π-junction across the

DW in the bulk OP that is thermodynamically more stable than the trivial junction

with no phase shift.

Our mechanism is based on the s± pairing state in FTS. The OPs for both the Γ
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and M pockets have s-wave symmetry, but the sign of the OP between the two pockets

are opposite to each other. This sign flipping s-wave OP is called s± pairing state.

Given such a pairing state if a linear defect such as the HUCS DW strongly couples

the electronic modes between the two pockets, the OPs of the Γ and M pockets at

the opposite sides of the DW get mixed via Andreev reflection. Since the two pockets

on both sides of the DW have an intrinsic π phase shift, an additional π shift would

effectively cancel the phase difference and this would imply that a π-junction would

accommodate Andreev bound states (ABS) that have lesser energy for the occupied

levels compared to the trivial junction with no phase shift as we elaborate in Sec.

3.2. Thus, the strong inter-pocket mixing in a background of s± pairing gives rise

to the energetic stability of a π-junction across the half shifted DW. We numerically

calculate the junction spectrum using an effective model of an FTS mono layer and

show that indeed for a wide range of model parameters that reasonably simulate the

Fermi pockets of the FTS band structure favors the π-junction over the 0-junction.

As hinted above since the surface TSC gap is induced by the bulk pairing of

subsequent layers beneath the surface, a π-shift in TSC gap would occur when the

shifted DW continue beneath the top surface up to few layers into the bulk. We note

that the energy cost associated with such a defect is dominantly due to the lattice

mismatch that span across the shifted area of the sample. If we consider the scenario

where a few layers are half-shifted across the DW, the number of lattice mismatches is a

sum of the same on the shifted surface and the shifts along the DW interfaces. Clearly

the number of inter layer mismatches on the surface area is proportional to the shifted

area whereas the same at the DW interface is proportional to the interface length times
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the number of layers. Thus, if only few layers are shifted as opposed to a single layer,

the extra energy cost associated with it is statistically insignificant w.r.t. the cost

due to the interface area. Thus, continuation of the half shifted DW up to multiple

layers is effectively as likely as having just the top lyaer shifted. In that case where

as small number of layers are shifted forming the DW, a HUCS induced π-junction for

the bulk pairing would also induce a π-shift for the TSC gap on the surface. Hence,

the mechanism we provide for the π-shift of the bulk OP would naturally translate to

the π-shift in the TSC gap explaining the origin of helical Majorana modes along the

DW which has signatures consistent with the STS observation of the DOS in Ref. [22].

The Fermi surface in FTS, as mentioned earlier, is cylindrical with little variation

along the out-of-plane momentum direction. Thus, it is quite reasonable to approximate

its superconducting Fermi pockets by considering a mono layer of FTS. In this chapter,

hence, we focus the problem of the HUCS DW separating a mono layer of FTS into two

halves and show that in a wide range of model parameters the π-junction is energetically

more favorable than the 0-junction.

Outline of this chapter: In Sec. 3.2 we start by explaining the intuitive idea

for the π-shift mechanism in a FTS mono layer. For this purpose we consider the the

two limiting cases of scattering, viz.

i) Pure intra-pocket transmission: when the DW doesn’t mix the Γ andM pockets

at all during transmission,

and,

ii) Pure inter-pocket transmission: when an electron from Γ pocket incident on

the DW transmits entirely as an M pocket electron and vice-versa.
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For these two limiting cases one can analytically compare the energetic stability

of the ABS between the 0-junction and the π-junction. Such an analysis shows that for

pure inter-pocket transmission the π-junction accommodates ABS with lesser energy

than the same for 0-junction. The conclusion is opposite for the case of pure intra-

pocket transmission. Such an analysis indicates that the DW induced inter-pocket

transmission is the key mechanism for the origin of π-junction. To substantiate this

intuitive idea, we turn to numerical evaluation of the Bogoliubov-de-Gennes (BdG)

spectrum. First building an effective model of an FTS mono layer and incorporating

the half-shift defect in the model, we numerically solve the BdG spectrum with an

s± pairing for the cases of 0-junction and π-junction. In parallel, we also numerically

solve the scattering problem with the DW using the python based package KWANT to

obtain the intra-pocket and inter-pocket scattering strengths. By correlating the inter-

vs intra- pocket transmission and the ABS energy levels for the 0- and π-junctions

we find that strong inter-pocket transmission amplitude is positively correlated to the

energetic favorability of the π-junction.

For the purpose of modeling the FTS mono layer we choose the 3 Fe-3d orbitals,

viz. 3dx2y2 , 3dxz/yz which are the dominant orbitals according to DFT based band

structure calculations. The parameters in our effective Hamiltonian are chosen to

reasonably simulate the size and shape of the Fermi pockets around the Γ and M points

which can be estimated from the ARPES measurements. In addition, the relative Fermi

energies between the Γ and M bands were also maintained.

In the next section we first lay out the intuitive explanation of the π-shift mechanism

using schematic representation of the Γ and M pockets.
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3.2 Qualitative origin of π-junction

Figure 3.1: The schematic representation of the Andreev bound states (ABS) for the

cases of (a) pure intra-pocket and (b) pure inter- pocket transmissions. The solid arrows

correspond to electrons and dashed arrows to holes. For pure intra-pocket transmission

(a) the ABS loop consists of electron and hole modes from same pocket (either Γ or

M pocket). In contrast for pure inter-pocket transmission (b) electron and hole modes

on both sides of the DW are entirely of the opposite pockets

Here we analyze the energetic stability between the π- and 0-junctions for the

two extreme cases of scattering due to the DW, viz., i) pure intra-pocket transmission

and ii) pure inter-pocket transmission. Such an analysis would help us to gain an

understanding of the underlying mechanism for the π-shift.

We would assume that the SC gap is much smaller than the Fermi energy of

the bands that form the Fermi pockets. This approximation validates our analytical
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description of the ABS energy levels. In our numerical calculation (Sec. 3.4.2) this

assumption is no longer a constraint. Analyzing the ABS energies in a setting of

s± pairing we show that in case of pure inter-pocket transmission the energy of the

occupied ABS levels is minimized when the overall phase-shift in OP is π across the

DW, as opposed to 0-phase shift that is stabilized in case of intra-pocket transmission.

In the Fig. 3.1 we schematically show the loops that represent the ABSs. Since

the SC regions on both sides of the DW are semi-infinite we assume that the electrons

approaching at the NS interface perfectly Andreev reflects as their counter propagating

time-reversed hole counterparts. An ABS can be thought of as an electron from the

left incoming on the DW transmits through it and Andreev reflects from the SC gap

on the right side as a hole which again transmits through the DW and Andreev reflects

from the SC gap on the left to form a loop consisting of electron and hole modes. Such

loops are shown in the Fig. 3.1 where the solid lines with arrow represent electrons and

dotted lines represent holes. In that schematic representation the Γ pocket is shown

by a circle and the M pocket by an elliptical shape on both sides of the defect which is

represented by the vertical split line in the middle (Fig. 3.1). The blue loops represent

the case of intra-pocket transmission whereas the red loops correspond to the inter-

pocket transmission cases. As a result the blue loops connect same pockets on both

sides of the defect whereas the red loop connects opposite pockets.

With that let us consider the case when there is pure- intra pocket transmission,

i.e., the DW just lets through the electron and hole modes without scattering to any

other pockets. For example, consider the case when a Γ electron is incident on the

DW. The corresponding ABS loop is shown by the blue loop on the upper half of the
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Fig. 3.1. Similarly for the case when an M pocket electron is incident on the DW,

where the loop is the blue loop in the lower half of the Fig. 3.1.

In contrast, for the case of pure- inter pocket transmission, the DW completely

flips the pocket of an incoming electron. In that case the ABS loop is shown in red in

Fig. 3.1.

The key point determining the ABS energies is the phase difference of the SC

gaps on both sides of the DW since during the Andreev reflections the electron and hole

modes are connected by the phase of the SC gap. The ABS energy basically depends

on the effective phase difference between the SC gaps on two sides that Andreev reflects

an incoming electron to its hole counterpart. The phase differences between the two

SC gaps from where the Andreev reflections happen is thus the key in determining the

energy of the ABS levels in the two transmission limiting cases considered here. A

clear distinction between the two scenarios is that the SC phase difference of the two

sides is 0- and π for the cases of pure intra-pocket and pure inter-pocket transmission

respectively.

In other words in the loop representation the twist in the phase throughout the

loop determines the ABS energies as |EABS − µ| ∝
√

1− |t|2 sin2 φ/2. This formula

is valid for a single channel transmission and φ is the effective SC phase difference in

the OP and |t| is the transmission amplitude. Thus, for a single channel φ = 0 would

lower the energy of the ABS as opposed to the φ = π case.

Now consider the case of pure intra-pocket transmission where the Γ (M) pocket

electrons reflect off the SC gap from the same pocket. In that case there is no intrinsic

phase difference between the two OPs on both sides of the DW. Hence, if there is no
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additional phase difference put by the junction, the ABS energies will be minimized.

Thus, in the case of pure intra-pocket transmission the 0-junction would accommodate

lower energy ABS than that of the π-junction.

The key difference for pure inter-pocket transmission is that an electron incoming

on to the DW switches pocket and reflects off the SC gap of the other pocket implying

that the two Andreev reflections on both sides of the DW happen by the SC gaps of

opposite pockets OP. Due to the intrinsic π phase difference between the s-wave OPs

between the two pockets, such cross-pocket Andreev reflections would stabilize the π-

junction compared to the 0-junction. The π-junction puts an additional π phase twist

on the intrinsic π phase difference induced by the inter-pocket transmission. Thus, the

total phase twist accumulates to 2π which is equivalent to no phase twist. In contrast,

0-junction in that case has π phase difference intrinsically which increases the ABS

energies. Hence, DW induced pure inter-pocket transmission effectively couples OP of

opposite sign s-wave gap in the s± pairing state which gives rise to an intrinsic phase

difference of π and thus, the π-junction accommodates lesser energy ABS than the

0-junction.

This argument also indicates why s± pairing state is important for the mechanism

of π-junction. If both the pockets around Γ and M points had s-wave OP of same

sign, then even the inter-pocket transmission wouldn’t give rise to any intrinsic phase

difference like for the case of s± pairing. And hence, only the 0-junction would have

been more stable.

We note that in the realistic case the DW induced transmission is neither pure

intra-pocket nor pure inter-pocket, rather the transmission process is represented by a
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2X2 transmission matrix for two pockets with off-diagonal elements corresponding to

inter-pocket transmission and diagonal elements to intra-pocket transmission. To be

consistent with the limiting cases, when the inter-pocket transmission is much larger

than the intra-pocket transmission amplitudes, one can expect that the π junction

would be more favorable and vice-versa. When we calculate the BdG Hamiltonian

spectrum for the 0-junction and π-junction after we introduce an effective model for

the FTS mono layer Fermi pockets, we can compare the junction stability to the relative

inter-pocket transmission strength.

Figure 3.2: The lattice structure of an FTS monolayer. Fe-atoms are marked by dark

circles, Se/Te atoms that are located off the Fe-plane alternately above and below the

plane,by the shaded circles for above and hollow circles for below. The half-translations

T̂x/y and the mirror planes M1,2 are also shown.
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Figure 3.3: The band structure of FTS monolayer along the high symmetry line ΓXMΓ

showing the two hole-like pockets around Γ point and two electron-like pockets around

M point (a). The Fermi contour is shown where the Γ pockets are circular and M

pockets are slightly elliptical (b).

3.3 Microscopic model

After setting up the π-junction mechanism with a schematic of Γ and M pockets

with s± pairing state, we now construct an effective model for the Fermi pockets of

FTS mono layer.

In order to understand the symmetries of the FTS mono layer let us briefly

describe its structure as shown in Fig. 3.2. The Fe atoms forms a square lattice on

a 2D plane – we can call it the Fe-plane. In the Fig. 3.2 the Fe-atoms are shown by

dark filled circles. The chalcogen atoms (Te/Se) are located off the Fe-plane alternately

above and below the plane. In the Fig. 3.2 the atomic locations that are above the

plane are marked by shaded circles and the ones below the plane by hollow circles. The

alternate up and down chalcogen locations break the original translation symmetry of

the Fe-plane along the nearest Fe-Fe bond directions that are represented by T̂x,y in

the Fig. 3.2.
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A mono layer of FTS has:

i) The inversion symmetry

ii) The time-reversal symmetry (TRS)

iii) The two fold rotation symmetry around the x and y axes that pass through

the Fe atoms (Cx,y
2 in Fig. 3.2)

iv) The Mirror reflections across the diagonal directions of the plane (M1,2 in Fig.

3.2)

v) The glide reflection symmetries that are a combination of a half-translation

(T̂x,y) followed by a mirror reflection about the xy-plane (Mz).

With the symmetries of the Hamiltonian described we now move on to describe

the relevant basis for our model.

The superconductivity of the FTS mono layer originates from the two circular

hole-like Γ pockets and two slightly oblate-shaped electron-likeM pockets. The orbitals

that contribute to these Fermi pockets are the three Fe-3d orbitals, viz., 3dx2−y2 , 3dxz, 3dyz

orbitals according to the DFT based band structure calculations [39, 40]. The band

components are also compatible with the polarization selective ARPES measurement

of the band states near the high symmetry points. Thus, it is reasonable to consider

these three orbitals as the basis for our effective model of the FTS Fermi pockets.

Now we describe the construction of the tight binding model (TBM) that we

will use for our investigation of the BdG spectrum and the DW induced scattering

problem. We note that we are ignoring the chalcogen orbitals for our modeling as near

the Fermi level they do not contribute to the band structure. However, the alternate

up and down locations of the Fe-plane, the two nearest Fe-atoms in the square lattice
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become inequivalent and hence the Fe-lattice picks up a two-dimensional sub lattice

index. In other words, the basis for our model consists of three d-orbitals located at

the Fe-sites along with a sub lattice index, thus, there are total six degrees of freedom

and total six bands from our model (neglecting spin for which each band would be

doubly degenerate in general).

Each of the d-orbitals have different symmetry properties. For instance, the dxz

(dyz) orbital remains invariant under the rotation around y-axis (x-axis) but changes

sign under rotation around x-axis (y-axis). These symmetry properties are used to

constrain the hoping matrix elements of the Hamiltonian between various orbitals in

our TBM model. In particular, the behavior of orbitals involved in a specific hoping

term, under various symmetry operators of the Hamiltonian, constrains and connects

various hoping terms for the Hamiltonian. A detailed discussion for this symmetry

constrained approach of constructing TBM of the FeSe can be found in Ref. [41].

Hence, we avoid that discussion for the purpose of brevity. We will only discuss on

specific property of the Hamiltonian under the half-translation symmetries (T̂x,y) since

that would be useful in modeling the half-unit-cell-shift domain wall in the lattice.

As can be intuitively understood from the Fig. 3.2, the operators that translate

the lattice by nearest Fe-Fe bond length both along x- and y- directions (denoted

by T̂x,y) are not exact symmetries of the system. Rather, they are half of lattice

translations. This implies that such an operator applied twice keeps the Hamiltonian

invariant which means that the terms in the Hamiltonian are either even or odd under

T̂x,y, based on which the Hamiltonian can be split into two parts, Ĥ = Ĥ+ + Ĥ− such

that T̂x,yĤ±T̂
−1
x,y = ±Ĥ±. Such a decomposition is useful in thinking about the effect
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of the HUCS defect in our model. If we consider a scenario where the HUCS defect

is along y-direction, on one side of the defect the terms associated with Ĥ− would flip

sign w.r.t. the defect free lattice Hamiltonian, i.e., ĤD
− (x > 0) = −Ĥ−(x > 0).

With these discussions about the symmetry properties of the system Hamiltonian

we now list out the possible nearest neighbor and next-nearest neighbor terms that

our allowed by our basis choice. The resultant momentum-space Hamiltonian matrix

elements, Hαβ
ij (k) ≡ ⟨ϕα

i (k)|Ĥ(k)|ϕβ
j (k)⟩, have the following form,

Intra-sub-lattice hoping terms:

Haa
ii = Hbb

ii = ϵi + 4ui cos kx cos ky : i = 1, 2, 3

Haa
12 = 4iu cos kx sin ky = −Haa

21 = −Hbb
12

Haa
13 = 4iu sin kx cos ky = −Haa

31 = −Hbb
13

Haa
23 = −4u23 sin kx sin ky = Haa

32 = Hbb
23

Inter-sub-lattice hoping terms:

Hab
11 = 2t1(cos kx + cos ky)

Hab
22,33 = 2(tx,y cos kx + ty,x cos ky)

Hab
12 = Hab

21 = −2it sin ky

Hab
13 = Hab

31 = 2it sin kx

(3.1)

Due to rotational symmetries we have ϵ2 = ϵ3 and u2 = u3. Furthermore, among all

the matrix elements listed above Haa
12,13, H

ab
12,13 are matrix elements of Ĥ− whereas the

rest are of Ĥ+ [41].

Now that the form of the Hamiltonian is set, the next step is to adjust the model

parameters to simulate the Fermi pockets of the system. As discussed earlier the Fermi
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contour of FTS mono layer consists of two circular shaped hole-like pockets around the

Γ point (kx, ky = 0, 0) and two slightly oblate-shaped electron-like pockets around the

M point (kx, ky = 0, π) as shown in the Fig. 3.3. For our purpose we focus on the

following properties of the FTS Fermi pockets:

i) The shape and size of the Γ and M pockets

ii) The relative Fermi energies of the electron- and hole-like bands

These parameters can be approximately obtained from ARPES band structure.

After fitting the parameters a reasonable band structure along the high symmetry lines

and the associated Fermi contour are shown in Fig. 3.3.

This is a typical model that we use for our numerical evaluation of the BdG

spectrum and solution of the DW induced scattering problem. We do vary our model

parameters in order to study the robustness of the effects, however, we keep the above-

mentioned features of the Fermi surface within the error range of various ARPES data.

With that constraints the variation of the model parameters mainly have the effect of

changing the band curvature and slightly modifying the shape of the Fermi contours

which translate to change in DOS at various energy momentum window of the band

structure including near the Fermi level.

3.4 Numerical results

Using the model described in the previous section we perform two types of

numerical evaluation:

i) Calculation of the scattering problem due to the HUCS DW,
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ii) Calculation of the BdG spectrum with s± pairing potential.

For the purpose of solving the scattering problem we utilize the python based

KWANT package from which we specifically extract the transmission matrix at the

Fermi level. For the purpose of calculating the BdG spectrum we introduce an s±

pairing gap in the model Hamiltonian and study the ABS spectrum when there is an

HUCS DW.

3.4.1 Solving the scattering problem

Let us consider the case when the DW is along the y-axis which means that the

defect destroys the translational symmetry of the lattice only along x-direction keeping

y-direction intact. Thus, we can treat the problems independently for each ky in the

Brillouin zone. The DW would then mix the states between various values of kx for

each value of ky. Thus, solving the scattering problem would output scattering matrix

that is a function of ky and energy, E.

In KWANT the defect can be modeled for each of value of ky as two leads that

are half-shifted along x-direction w.r.t. each other. In this case, no scattering region

is required as this is just a crystalline shift. The half-shift can be modeled simply by

changing the sign of terms associated with Ĥ− between the two leads.

As we are interested only in the transmission amplitudes for the reasons described

in Sec. 3.2, we only take the transmission matrix from the KWANT output. At the

Fermi energy since there are four modes for each ky (two from the Γ pockets and two

from the M pockets). Thus, each transmission matrix would be 4 × 4 where the two
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dimensional blocks at the diagonals represent intra-pocket transmission whereas the

off-diagonal blocks correspond to inter-pocket transmission.

Denoting the momentum modes from the Γ pockets as ki and from the M pockets

as qi where i = 1, 2 correspond to the two pockets around each high symmetry point,

the intra-pocket transmissions can be denoted by tkikj and tqiqj and the inter-pocket

transmission amplitudes by tkiqj . Thus, the total intra-pocket transmission probability

and the total inter-pocket transmission probability can be expressed as:

Pintra(E = 0) =
∑
ky ,i,j

[|tkikj(ky, 0)|2 + |tqiqj(ky, 0)|2]

Pinter(E = 0) =
∑
ky ,i,j

[|tkiqj(ky, 0)|2 + |tqikj(ky, 0)|2]
(3.2)

For the two limiting cases considered while discussing the π-shift mechanism, only

one of these two terms is non-zero. For the cases of pure intra-pocket and pure inter-

pocket transmissions these quantities are Pintra = 1, Pinter = 0 and Pinter = 1, Pintra =

0 respectively. As we explain in Sec. 3.4.3 the relative difference between the two

quantities, i.e., δP = Pinter − Pintra can be used to quantitatively correlate to the

junction stability.

3.4.2 Calculation of the BdG spectrum

Here we describe the Evaluation of the BdG spectrum. To model a BdG Hamiltonian

first we need to choose a pairing for our model. As discussed earlier that the FTS mono

layer possesses unconventional s± pairing state, we consider the simplest potential

that changes sign from Γ (kx, ky = 0, 0) to M (kx, ky = 0, π), which is given by

∆(k) = ∆0 + 2∆1 cos kx cos ky. If |∆1/∆0| is chosen appropriately, ∆(k), would have
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opposite sign at the Γ and the M pockets. For simplicity we consider the pairing to

be proportional to the identity matrix in the orbital and sub-lattice indices. Such a

pairing term has the form:

∆ab
ij (kx, ky) = δabδij(∆0 + 2∆1 cos kx cos ky) (3.3)

With this s± pairing we construct the HUCS DW similar as before by discretizing

our model in x-direction whereas keeping the y-direction periodic and across the defect

the terms associated with the Ĥ− are flipped in sign. As we want to compare the ABS

levels between the cases of 0- and π-junction, we model both the junctions in our BdG

Hamiltonian and calculate the corresponding spectra separately.

Let us look at a typical BdG spectrum from modeling such a junction in Fig. 3.4.

One can see that the spectrum as a function of ky has a gap which is the SC gap, but

also possesses levels that lie in between the gaps, which correspond to the ABS. In the

Fig. 3.4 the BdG spectrum for a typical set of model parameters for the FTS mono

layer is plotted both for the cases of 0-junction and π-junction. From the spectrum it

is apparent that the ABS levels are closer to the Fermi level for the case of 0-junction

than the case of π-junction. Since at zero temperature the levels till the Fermi level

are occupied, this implies that the π-junction has lower energy in this case since the

bulk states that are outside the SC gap remain insensitive to the phase-twist across the

junction [42]. Hence, one can use the difference in the occupied energies of the ABS

levels between the cases of 0- and π-junction as the indicator to determine the stability

of the junction. In particular, for a given set of model parameters, whichever junction

has lower ABS energies up to the Fermi level is more stable than the other junction.
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Figure 3.4: Typical BdG spectra for the cases of (a) 0-junction and (b) π-junction.

The sub gap energy levels are typically much closer for the case of 0-junction (a) than

that of π-junction (b).

To further formalize the stability criteria of the junction, we define the difference

between the ABS energies as follows:

δE ≈ Eπ
ABS − E0

ABS =
∑
ky ,n

[|En
ABS(ky, π)| − |En

ABS(ky, 0)|] (3.4)

where n spans the set of discrete levels correspond to the ABS.

The sign of δE would determine which junction has lesser energy as δE < 0 and

δE > 0 would imply 0- junction and π-junction are preferred respectively. In fact larger
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the value of δE more the π-junction is stable as the probability of π-junction stability

is proportional to exponential of δE as pπ ∝ exp[β δE]. For the model parameters that

simulate a band structure as shown in Fig. 3.3, δE > 0 implying that π-junction is

thermodynamically stable.

3.4.3 Analysis of the numerical results

In order to substantiate the intuitive mechanism that we proposed in Sec. 3.2,

we vary our model parameters such that all of them roughly simulate the FTS band

structure near the Fermi surface. Variation of the parameters alter the band structure

in this case keeping the main features of FTS mono layer intact that are listed before.

Only the band curvatures and the Fermi contour shapes are slightly altered by this

variation. In Fig. 3.5 the resultant band structure from such a parameter variation is

shown.

While studying the BdG spectrum for a wide range of parameters provides an

opportunity to verify the robustness of the π-junction, a comparison to the relative

inter-pocket transmission probability would facilitate us to substantiate our claim of

the mechanism as we discuss in later part of this section.

The results from performing BdG spectrum calculation for a range of model

parameters reveal that for a large fraction of models the π-junction is indeed favored.

Such events are characterized by δE > 0. Furthermore, for each such model we

also evaluate the relative inter-pocket transmission probability via δP = PinterPintra.

When we plot δE and δP together in Fig. 3.6 we see that the two quantities are
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positively correlated which basically shows a strong correlation between larger inter-

pocket transmission strength and the stability of the π-junction. The quantitative

correlation shown in the plot supports the fact that inter-pocket mixing due to the

HUCS DW tends to favor the π-junction over the 0-junction.

Figure 3.5: A sample of resultant band structures (a)-(c) and the corresponding Fermi

contours (d)-(f) due to variation of the model parameters.

3.5 Summary and Conclusion

In this paper we have proposed a mechanism that favors a π-shifted order parameter

across a crystalline defect associated with half-unit-cell-shift of the lattice when the

bulk s-wave OP has opposite signs between two pockets. In such a scenario the

crystalline defect can couple the modes between the two pockets which effectively

couples the corresponding OPs of opposite signs from the two sides of the domain

wall. As discussed, using Andreev reflection process, if the inter-pocket transmission

is dominant, a π-shifted OP lowers the energy of the occupied ABS at the junction

compared to the 0-junction case. This mechanism can give rise to a π-shifted OP in
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Figure 3.6: The energy of π-junction relative to 0-junction is plotted along y-axis with

the x-axis plotting the corresponding inter-pocket transmission strength relative to the

intra-pocket transmission.

mono layers of FTS across the HUCS DW.

We built an effective model for an FTS monolayer using the tight binding approach

including the three d-orbitals that are centered at the Fe atomic sites. The parameters

for the model were chosen such that the shape and size of the Fermi contours reasonably

match the ARPES data along with the relative Fermi energies of the electron- and hole-

like bands of the system. Variation of our parameters around the base model allowed

us to conclude from the BdG spectrum that for a large fraction of the model parameters,

indeed, the π-junction has lower energy than the 0-junction. More importantly, comparison

with the relative inter-pocket transmission showed a strong correlation between larger

inter-pocket transmission and the stability of the π-junction which we show in Fig.

3.6 by plotting the energy difference between the occupied levels of the 0-junction and
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the π-junction. This is the central result of this study that supports our proposed

mechanism that domain wall induced mixing between the Γ and M pockets favors the

π-junction across the defect.

We also discussed how a π-junction at the shifted bulk mono layer of FTS

would naturally induce a π-shift in the TSC gap on the surface which would then

accommodate helical Majorana modes with the signatures as observed in the recent

STS experiment.

In conclusion we have presented a mechanism for a π-shift of the OP when

in case of a multi-pocket superconductivity where the OPs between two pockets are

intrinsically π-phase shifted. In such scenario if a linear domain boundary can mix the

modes between the two pockets strongly enough, the junction would favor an overall

π-phase shift contrary to the more conventional case of no phase shift.
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Chapter 4

Probing spin modes in a Luttinger liquid with superconducting leads

4.1 Introduction

In this chapter we consider another kind of Josephson junction (JJ) which can

be formed by sandwiching an interacting 1D quantum wire, known as Luttinger liquid

(LL), between two semi-infinite superconducting (SC) leads. We focus on the electromagnetic

(EM) response of such a setup in presence of impurity potential that is measurable

in a transport measurement. The results presented are based on a manuscript, in

preparation for publication [15].

The problem of interacting electrons in a one-dimensional metal can be solved

exactly for arbitrary interaction strength as long as the interaction is local density-

density type owing to the Luttinger liquid (LL) theory [14]. This is a very special case

of one-dimensional systems. The LL theory is valid around the Fermi level within an

energy scale much smaller than the Fermi energy of the bands. More interestingly, for

the case of spin-1/2 electrons, at long wavelengths, the eigen states for the interacting

Hamiltonian are separated into two sets, viz. the charge density excitations and spin

density excitations. This decoupling of the charge and spin modes is known as the

spin-charge separation.

However, the spin-charge separation breaks down if the Hamiltonian has terms

allowing back-scattering processes where a right moving electron is scattered to a left

60



moving electron by the impurities present in the system. This low energy process that

requires large momentum transfer can happen when the length scale associated with

the impurity potential is of the order of inverse Fermi momentum, k−1
F . Since impurity

is ubiquitous in any system, the pure spin-charge decoupling is expected to break down

in a real quantum wire. The signatures of such impurity induced spin-charge coupling

will be the focus of this chapter.

Specifically we investigate how the signatures of the spin modes in the system

can be experimentally probed with a setup involving a 1D quantum wire between two

semi-infinite superconducting (SC) leads. We find that in an experiment where only the

charge modes are accessible the impurity induced spin-charge coupling can facilitate

the observation of spin modes in the optical absorption spectrum in certain limits of

density and interaction strength that may be accessible to a realistic experiment.

The setup we consider is shown in Fig. 4.1 where a long wire is sandwiched

between two SC leads. In the limit where the length of the wire is much larger than

the SC coherence length, perfect Andreev reflection at the two normal-superconductor

(NS) interfaces form the Andreev bound states (ABS). One key aspect of having SC

leads is the blockage of spin current through the NS interface. This is because during

the Andreev reflection an electron is converted to a counter-propagating hole of opposite

spin via a phase shift. As a result at the interfaces the densities of the electronic species

are constrained as ρR↑(xbdy)+ρL↓(xbdy) = 0 and ρR↓(xbdy)+ρL↑(xbdy) = 0. Considering

the expression of the spin current, jσ ∝ [ρR↑−ρR↓−ρL↑+ρL↓], these constraints imply

that jσ(xbdy) = 0. Thus, in the low energy limit the spin modes get trapped within

the normal region as long as there is no spin-charge coupling. However, spin-charge
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coupling can allow the spin modes to leak through the interfaces which would be visible

in transport measurements. As discussed above in a real system impurity induced back-

scattering processes can couple the spin and charge modes and thus, facilitate a way

to probe the spin modes experimentally. In our work using numerical evaluation we

find specific signatures of the impurity induced spin-charge coupling in an SC-LL-SC

(S-LL-S) setup as represented in Fig. 4.1.

Thus, considering a model of 1D low energy interacting electronic system we

introduce a disorder potential to model the impurity induced scattering processes.

The bosonization procedure we use to tackle the interactions are modified due to the

SC leads imposing non-trivial boundary conditions in a similar way discussed in [43].

We treat the impurity potential perturbatively and derive the absorptive part of the

conductivity response function. The key signatures that we point out in the absorption

spectrum is that the peak strength associated with the charge mode and spin mode

excitations are comparable when the Fermi momentum, kF , is of the order of the

length scale associated with the impurity potential. In that regime specifically the

spin modes can be distinguished by tuning the Coulomb interaction strength. As

varying the same alters the charge gap while keeping the spin gap intact, the energy

spacing corresponding to the charge peaks will shift accordingly, keeping the spin peaks

constant on the energy axis. Since in a 1D system the density and hence kF as well

as the interaction strengths are tunable to a certain extent by gating [44], the spin

modes that are low energy signatures of the back-scattering processes can be probed

experimentally in a transport measurement with S-LL-S setup.

Now we layout a brief outline of this chapter. We start by describing the low
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energy non-interacting fermionic spectra for an SNS junction in Sec. 4.2.1. In the

particle-hole basis the spectrum have been previously [45] obtained by solving the

Schrodinger’s equation with appropriate boundary conditions that simulate the leads

[See Fig. 4.1 for a schematic setup]. The non-trivial effect of SC leads is the well-known

Andreev reflection that takes place at the NS interfaces which connects an electron to

its counter propagating hole counterpart via a phase shift assuming semi-infinite SC

leads. This connections are discussed in the following subsection [Sec. 4.2.2] where we

introduce a set of two chiral fields, defined on an extended manifold of twice length

[Fig. 4.1], that naturally connects the particle fields and the reflected hole fields. In

the next subsection, Sec. 4.2.3, by bosonizing the chiral fields and the conventional

particle fields and using their connections derived in Sec. 4.2.2 we derive the boundary

constraints for the charge and spin bosonic fields due to the SC leads. The constraints

that are originally put on the fermionic fields are thus translated to the spin-charge

bosonic fields. The detailed steps to derive the boundary conditions for the spin-

charge bosonic fields due to the SC leads are derived in Appendix A.1. Since the

interacting Hamiltonian is solved in terms of these bosonic fields, finding the correct

boundary conditions for those fields is a crucial step while expanding them in second

quantized discrete operators. The interacting Hamiltonian is then diagonalized and

the transformations leading to the diagonal basis are described in Appendix A.2. The

diagonal basis obtained would be used in our numerical calculation part (Sec. 4.3.2)

to explicitly calculate the absorption spectrum which contains matrix elements of the

impurity Hamiltonian in terms of the interacting diagonal bosonic basis. In Sec. 4.3.1

we introduce the Hamiltonian that models the back-scattering impurity potential. We
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introduce a Gaussian disorder potential as an envelope to the back-scattering terms

in the Hamiltonian. The resultant form of the absorption spectrum is obtained using

linear response formalism by treating the impurity potential perturbatively [details of

the linear response formalism in Appendix A.3]. The correlators contain the matrix

elements of the impurity Hamiltonian between the ground and excited states of the

unperturbed system. In Sec. 4.3.3 the explicit computation of the required matrix

elements are described in Sec. 4.3.3 and in Appendix A.4. Finally, the numerical

results are described in Sec. 4.4. After describing the length scale regime where the

bosonization scheme is valid we tune the Fermi momentum of the system and present

the consequent results in Sec. 4.4.1. We find that when the Fermi momentum, kF , is

of the order of inverse of length-scale, λ, associated with the variation of the disorder

potential, the spin peaks have the highest intensity in the absorption spectrum which

is comparable to the charge peak strengths. It is this regime of the Fermi momentum

where the spin peaks would be most visible in an experimental setup. The Fermi

momentum in a 1D system can be tuned by varying the total density of the electrons

via gating as discussed in Ref. [44]. After setting the appropriate Fermi momentum

for our numerical evaluation we then, in Sec. 4.4.2, tune the interaction strength

which only results in the charge excitation gap variation while keeping the energy

spacing of the spin excitations fixed. This can be achieved in an experiment by tuning

the Coulomb interaction strength. The tuning of the interaction strength helps to

distinguish the spin peaks from the charge peaks as the charge peaks shift along the

energy axis whereas the spin peaks remain stationary. Finally, in Sec. 4.5 we summarize

the numerical results.
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Figure 4.1: Schematic for the 1D S-LL-S junction setup. At low energy the chiral fields

denoted by γ+ (for right moving current) and γ− (left moving current) contain the

eigen modes of the non-interacting system.

4.2 The low-energy Andreev bound states and bosonization

In this section we build the theoretical framework for the interacting 1D wire

in the S-LL-S setup. The conventional bosonization scheme of an infinite 1D system

needs modification if there are boundaries in general [46, 14]. In the special case

of a finite size quantum wire between two SC leads the fermionic dispersion on which

bosonization is performed consists of the Andreev bound states that are trapped within

the normal region. In the low energy limit compared to the SC gap, the spectrum of

the ABS modes is approximately linear which is where the density-density interaction

can be treated exactly in the LL theory. We consider this low energy limit for the ABS

modes and perform bosonization and obtain the diagonal second quantized basis for
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the interacting case that would facilitate us to incorporate the impurity potential and

calculate the resulting absorption spectrum.

4.2.1 The non-interacting fermionic spectrum

The treatment of the non-interacting problem with SC leads requires introduction

of the Nambu spinor basis to incorporate the particle and hole fields for spin-1/2

electrons. The Nambu spinor is defined as a vector with its components corresponding

to the particle and hole component for each spin, viz., Ψ̂T = (ψ↑ , ψ
†
↓). The SC gap

at the semi-infinite leads couple the particle and hole sectors via Andreev reflection at

the NS interfaces that result in the ABS being an equal superposition of electron and

hole modes.

In the Nambu basis introduced above the Bogoliubov de Gennes (BdG) Hamiltonian

has the following form [47]:

ĤBdG =

∫
dx Ψ̂†(x)


Ĥ − µ ∆(x)

∆∗(x) µ− Ĥ

 Ψ̂(x) (4.1)

where Ĥ represents the spin-symmetric single-particle Hamiltonian, µ is the chemical

potential which we assume to be same for the normal region and the two SC leads and

∆(x) is the SC order parameter (OP).

In our setup (Fig. 4.1) since we focus on a long quantum wire such that the SC

coherence length (typically denoted by ξ) is negligible compared to the length of the

system, L. In that limit ∆(x) in Eq. 4.1 can be approximated to be zero within the

66



normal region and constant at the leads where the SC phase might differ between the

two leads. Such a profile for ∆(x) can be expressed as

∆(x < 0) = ∆0 e
iφ0 ,

∆(x > L) = ∆0 e
iφL ,

∆(0 < x < L) = 0.

(4.2)

where ∆0 is the constant magnitude of the SC gap for the leads and φ0 and φL are the

associated phases of order parameter (OP) at the two boundaries, x = 0 and x = L,

respectively.

In the limit of long-wavelengths and low energies, the problem given by Eq. 4.1

decouples to a pair of simpler problems each with a 2D Hilbert-space as we discuss

below. When the length of the system, L, is much larger than the microscopic length-

scales such as inverse Fermi momentum, k−1
F , the particle fields can effectively be

expanded around the two Fermi points, ±kF , as ψs ≈ ψRs e
ikF x+ψLs e

−ikF x, where the

fields ψRs and ψLs describe the right and left moving electrons for each spin, s =↑ / ↓,

with energies around the Fermi level, µ. Furthermore, to capture only the low energy

processes the single-particle Hamiltonian can be expanded around the Fermi level as

Ĥ − µ ≈ −ivF∂x where vF is the Fermi velocity. Substituting these approximations in

Eq. 4.1 and ignoring the short-wave length terms, the resultant low energy Hamiltonian
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decouples to two parts, ĤBdG ≈ Ĥ+ + Ĥ−, which are given by [43]:

Ĥ+ =

∫
dx

[
ψ†
R↑ ψL↓

] 
−ivF∂x ∆(x)

∆∗(x) ivF∂x



ψR↑

ψ†
L↓



Ĥ− =

∫
dx

[
ψ†
L↑ ψR↓

] 
ivF∂x ∆(x)

∆∗(x) −ivF∂x



ψL↑

ψ†
R↓


(4.3)

where Ĥ+ and Ĥ− describe the right and left moving up-spin electrons along with their

corresponding counter propagating holes in the normal region. Thus, Ĥ± effectively

describes two chiral channels associated with particle current flowing along right and

left directions.

The spectrum for Ĥ± can be independently obtained by solving the corresponding

eigenvalue problems given by
∓ivF∂x ∆(x)

∆∗(x) ±ivF∂x



u±

v±

 = E±


u±

v±

 (4.4)

For the setup described by ∆(x) in Eq. 4.2, the solutions (u±, v±)T are obtained

by separately solving for the normal region (∆ = 0) and the SC leads (∆ ̸= 0) and

matching the resultant wave functions at the NS interfaces, x = 0, L[45, 48] according

to the standard quantum mechanical scattering theory.

For the bound states, when |E| < ∆0, the solutions in the SC regions (|∆(x)| ̸= 0)

are evanescent waves and can be obtained by substituting (u±, v±)
T = (1, α±)

T eiq±x

in Eq. 4.4 and solving for α±. On the other hand the propagating solutions for the

normal region (∆(x) = 0) have the form (u±, v±)
T ∝ (e±iq±x, β±e

∓iq±x)T and β± can be
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obtained similarly by substituting this form in the differential equation. Matching the

two solutions at the boundaries (x = 0, L) the resultant ABS modes become discrete

according to the finite length of the system. The solutions for the discrete ABS modes

in the particle-hole basis are given by [45, 48, 43]
un±

vn±

 =
1√
2L


e±iqn±x

e±iη(En
±)−iφ0e∓iqn±x

 (4.5)

where the energy dependent phase, e±iη(E) and the quantized momenta, qn±, are given

by

e±iη(E±) =
E± ± i

√
∆2

0 − E2
±

∆0

qn± = (nπ + η) /L± φ/(2L)

(4.6)

where n is an integer that denotes a specific mode and φ is the SC phase difference

between two boundaries, i.e., φ ≡ φL − φ0. The energy eigenvalue for each mode is

related to the momentum as En
± = vF q

n
± and hence both of them need to be solved

self-consistently.

In the low energy limit, however, i.e., |E±/∆0| → 0, the eigen values can be

approximated analytically as η becomes energy independent up to leading order according

to Eq. 4.6, i.e., η → π/2 [43]. As a result, the spectrum becomes linear with the

dispersion

En
± = vF q

n
±

qn± =

[
n+

1

2

]
π

L
± φ

2L

(4.7)

It is this linear regime of the ABS spectrum that enables us to introduce the

bosonization formalism to treat the density-density interactions in the system. Before
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introducing the bosonization scheme we discuss how the particle and hole fields are

connected at the boundaries of the normal region which would set some phase constraints

in our bosonization scheme and would also dictate the basis functions for the charge

and spin density fields accommodated within the S-LL-S setup.

4.2.2 Particle-hole connection and the chiral fields

The phase relations between the particle and hole fields are set by the Andreev

reflections at the NS interfaces in the SNS junction. The solutions describing the ABS,

as obtained in the previous subsection 4.2.1, are superpositions of particle and hole

modes each having equal amplitude (i.e., |u(x)| = |v(x)|). This implies that they can

differ only by a phase-factor at the boundaries, x = 0, L. Furthermore, we note that

the Ĥ± couples fields that carry current in the same direction, viz., Ĥ+ couples ψR↑

and ψ†
L↓ both of which contain right moving current modes and conversely for Ĥ−.

This chiral nature of the fields involving the ABS modes becomes clearer when ψR,L↑,↓

are expressed in terms of operators representing the fermionic eigen modes.

Denoting the operators describing the solutions of Ĥ± with eigen values, En
±, by

γn±, and using the basis expansion of the particle fields as ψR/L,↑(x) =
∑

n u
n
±(x)γ

n
± and

ψ†
L/R,↓(x) =

∑
n v

n
±(x)γ

n
±, in the low energy limit (i.e., setting η = π/2) the particle

fields have the following expressions:

ψR/L,↑(x) =
∑
n

e±iqn±xγn±

ψ†
L/R,↓(x) = −i

∑
n

e∓iqn±xγn±

(4.8)

where qn± are given in Eq. 4.6.
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We observe that the eigen modes of Ĥ+, i.e., the γn+ operators, appear in the

expressions of the right moving up-spin particle field (ψR,↑) and its Andreev reflected

hole counterpart (ψ†
L,↓). Similarly, the eigen modes of Ĥ− appear in ψL↑ and ψ†

R↓. This

motivates us to combine these two pairs of particle-hole fields on a manifold of twice

the length of the system and define two new fermionic fields accordingly. Such a choice

of chiral fields are given by,

γ±(x) =
1√
2L

∑
n

γn± e
±iqn±x x ∈ [−L,L], (4.9)

From Eq. 4.8 we note that each of γ±(x) is related to an appropriate pair of particle

and hole field in the extended manifold (x > 0 and x < 0) as:

ψR↑(x) = γ+(x), ψ†
L↓(x) = ie−iφ0 γ+(−x),

ψL↑(x) = γ−(x), ψ†
R↓(x) = −ie−iφ0 γ−(−x).

(4.10)

Thus, the two fields, γ±(x), defined on x ∈ [−L,L], represent the appropriate pairs of

electron and hole fields that are connected via Andreev reflections. We note that this

extended manifold trick is often used for 1D problem with an open boundary condition

[46, 14]. Here, we have generalized the idea to the case of perfect Andreev boundaries.

The chiral nature of the γ± fields can be described as follows. In Fig. 4.1 we

pictorially represent the extended manifold (x ∈ [−L,L]) as a folded loop on which the

γ± fields are defined such that its upper half represents x ∈ [0, L] and the lower half

represents x ∈ [0,−L]. Thus, γ+(x) is proportional to a right moving particle field on

the upper half of the blue loop and left moving hole field on the lower half of the same

loop. Hence, modes on both halves of that loop carry particle current to the right as

indicated by a rightward arrow in the middle of the loop. Similarly for the red loop in
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the figure, γ−(x) is proportional to a field containing modes that carry current to the

left, shown by a leftward arrow on the red loop [Fig. 4.1]. From that perspective we

call γ±(x) as the chiral fields carrying particle currents in directions opposite to each

other.

Furthermore, γ+ and γ− can be treated as independent variables and the linearized

fermionic Hamiltonian within the normal region (i.e., Eq. 4.3) can be expressed in terms

of them in the extended manifold as follows:

Ĥ± =

∫ L

−L

dx
[
γ†+ (−ivF∂x) γ+ + γ†− (ivF∂x) γ−

]
. (4.11)

The form of the linearized terms in the Hamiltonian with a sign difference in the

velocity parameter vF between the terms involving γ+ and γ− justify the chirality of

the γ± fields.

Even though the boundary connections between the particle-hole fields can be

obtained algebraically from the ABS solutions as shown in [43], the construction of

the chiral fields described above, provides perhaps a more intuitive way to obtain

the same results using the relations in Eq. 4.10. For instance, the mere continuity

of the chiral fields along the extended manifold at x = 0, i.e., γ±(0+) = γ±(0
−),

implies ψ†
L↓(0) = ie−iφ0 ψR↑(0) and ψ†

R↓(0) = −ie−iφ0 ψL↑(0). Similarly, the particle-

hole connection on the other end of the wire (x = L) can be obtained by realizing that

the chiral fields have a phase-twist between x = −L and x = L. We can read off this

phase twist from Eq. 4.9 which is given by

γ±(−L) = −e−iφγ±(L) (4.12)
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where φ = φL − φ0. This phase-difference at x = ±L along with Eq. 4.10 translates

to the particle-hole connection at x = L, as ψ†
L↓(L) = −ie−iφL ψR↑(L) and ψ†

R↓(L) =

ie−iφL ψL↑(L). The particle-hole connections thus obtained impose constraints in the

bosonic fields when the bosonization scheme is induced.

As alluded in the introduction an important consequence of these particle-hole

connections is the opacity of the NS interface to the spin current. Expressing the

particle densities as appropriate bi-linears of the particle-hole fields (e.g., ρR/L,s =

ψ†
R/L,sψR/L,s), the particle-hole connections at the boundaries relate the densities of

different species as ρR↑(0, L) = −ρL↓(0, L) and ρL↑(0, L) = −ρR↓(0, L). Substituting

these constraints it’s easy to see that the charge density, ρc ∝ [ρR↑ + ρL↑ + ρR↓ + ρL↓],

and the spin current, Jσ ∝ [ρR↑−ρL↑−ρR↓+ρL↓], vanish at the boundaries of the wire:

ρc(0, L) = 0 Jσ(0, L) = 0 (4.13)

Vanishing charge density is associated with the energy gap at the Fermi level in

the semi-infinite SC regions at both sides of quantum wire. More interestingly, the

vanishing spin-current at the boundaries imply that the spin density modes are trapped

inside the normal region. We would show, however, in Sec. 4.3.1 that impurity induced

back-scattering processes can relax this constraint by coupling the charge and spin

modes in the system and thus, allowing the spin modes to leak through the leads and

appear in the conductivity spectrum.
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4.2.3 Bosonization and the interacting Hamiltonian

In this sub-section we introduce the bosonization formalism for the particle fields

following Ref. [14] and derive the constraints on the spin and charge bosonic variables

set by the particle-hole connections explained in the previous subsection. Later, we

would introduce second quantized operators and expand the spin-charge bosons in

terms of them with the appropriate boundary constraints to solve the interacting

Hamiltonian exactly.

In the bosonization scheme a fermionic field is expressed as an exponential of

appropriate group of bosonic fields where the spatial derivative of the bosonic field

is proportional to the long wave length density fluctuations of the fermionic field.

If the fermionic non-interacting Hamiltonian can be expanded around the chemical

potential in terms of linear power of spatial derivatives only, then the same Hamiltonian

can be expressed in terms of the bi-linear of the spatial derivatives of the bosonic

variables. Furthermore, since the bosonic variables represent density of the fermions,

the density-density interactions between the fermions also appear as bi-linears of the

density operators which can be readily solved by Bogoliubov transformations. We

would elaborate these steps in this subsection.

Let us first recall the bosonized expressions for the conventional particle fields

in terms of charge and spin bosons and then introduce bosonized expressions for the

chiral fermionic fields introduced in Sec. 4.2.2. We would then compare the two sets of

bosonized expressions and relate them according to the relations Eq. 4.10 which would

naturally provide the required boundary conditions for the charge and spin bosons.
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The bosonized expressions for the right and left moving particle fields (ψR/L,↑/↓)

can be concisely written [14] as

ψrs =
Urs√
2πα

eifrNrsπx/L e
− i√

2
(frϕc−θc+ts(frϕσ−θσ)) (4.14)

Explanation of each term in the bosonized expression is elaborated by Giamarchi in

[14]. Here we only briefly describe them. Here r = R, L with fR/L ≡ ±1, and

s =↑, ↓ and correspondingly t↑/↓ ≡ ±1. Urs is the fermionic annihilation operator

associated with the fermionic species ψrs, a.k.a. the Klein factor, whereas Nrs denotes

the corresponding occupancy of the same w.r.t. the ground state. In the denominator

of the expression α is a length scale such that α−1 can be thought of as a momentum

cutoff around the Fermi momentum till which the fermionic spectrum can be reasonably

approximated to be linear. Finally, ϕc,σ and θc,σ are the density and phase bosonic fields

which are conventionally used to describe charge (c) and spin (σ) density fluctuations

of the fermions. The spatial derivatives of these bosonic variables are related to the

charge and spin density and current according to ρc,σ = −∂xϕc,σ/π and jc,σ = ∂xθc,σ/π

[14].

Now we can similarly bosonize the chiral fields, γ±(x) using the same procedure

for the particle fields. Keeping in mind that they are defined in the extended manifold,

x ∈ [−L,L], we accordingly introduce two chiral bosonic fields, ϕ±(x), that are defined

on x ∈ [−L,L]. The associated boundary conditions at x = ±L [Eq. 4.12] would then

translate to the boundary conditions for the bosonic fields. In addition, introducing two

Klein factors (U±) and occupancy operators (N±) for the chiral fermions the bosonized
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expressions take the form

γ±(x) =
U±√
2πα

e±iN±πx/L ei(π+φ)x/(2L) e−iϕ±(x) (4.15)

where ϕ±(x) describes the long-wavelength density fluctuations of γ±(x) as in standard

bosonization formalism. The phase factor exp[i(π + φ)x/(2L)] is intentionally included

so that γ± satisfies the twisted boundary condition given by Eq. 4.12 even when the

bosonic fields, ϕ±, can be chosen to be periodic at the two ends of the manifold, i.e.,

ϕ±(−L) = ϕ±(L).

In order to find the constraints on the spin-charge bosonic fields, we relate the two

sets of bosonized expressions [given by Eq. 4.14 and Eq. 4.15 respectively] according to

Eq. 4.10. In Appendix A.1 we derive the relations between the Klein factors, number

operators and the bosonic variables. To save space here we just list the results of that

analysis:

UR↑ = U+ e
i(π+φ) x

2L UL↓ = −ieiφ0 U †
+ e

i(3π+φ) x
2L

UL↑ = U− e
i(π+φ) x

2L UR↓ = ieiφ0 U †
− e

i(3π+φ) x
2L

NR↑ = N+ NL↓ = −N−

NL↑ = N− NR↓ = −N−

(4.16)

The phase-factors that are multiplied with the Klein factors are mainly associated with

the phase-differences induced by the Andreev reflections on the fermionic fields. The

rest of the relations can be intuitively understood as follows. According to Eq. 4.10

since ψR/L,↑ ∝ γ± and ψL/R,↓ ∝ γ†±, the Klein factors should also be related accordingly

as, UR/L,↑ ∝ U± and UL/R,↓ ∝ U †
±. And considering the fact that creation of chiral

fermion is associated with creation and annihilation of certain particle fields, the
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corresponding number operators, NR/L,↑ should have the same sign as N± whereas

NL/R,↓ have opposite sign to N±.

Finally, the relations between the bosonic variables can be expressed separately

on two halves of the extended manifold, i.e., x ∈ [0,−L] and x ∈ [0, L], as [Appendix

A.1]

ϕ±(x) = ± 1√
2
[ϕc ∓ θc + ϕσ ∓ θσ] (x),

ϕ±(−x) = ± 1√
2
[ϕc ± θc − ϕσ ∓ θσ] (x),

(4.17)

where x ∈ [0, L]. Following Eq. 4.17 the continuity conditions of ϕ±(x) at x = 0 and

x = ±L constrain the spin-charge bosons as [see Appendix A.1 for derivation]

θc(0, L) = 0

ϕσ(0, L) = 0

(4.18)

The boundary constraints derived here would be useful in order to expand ϕc,σ and

θc,σ in terms of second quantized operators while choosing the correct basis functions for

the setup which we discuss now. As the bosonic fields contain the density fluctuations

of the fermions the momentum spacing for the density modes will be same as the

momentum spacing of the fermionic modes, hence, the density modes will be quantized

as kn = nπ/L. For such values of kn, sin(knx) vanishes at x = 0, L and hence they

should be the basis functions for θc and ϕσ to satisfy the boundary conditions given by

Eq. 4.18. This leaves the modes in ϕc and θσ to be proportional to cos(knx) in order

to satisfy commutation relations. Following these arguments we can write down the
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expansions in terms of the second quantized operators as follows

ϕc =

√
π

2L

∑
n

sgn(kn)√
|kn|

cos(knx)
[
bn + b†n

]
θc = i

√
π

2L

∑
n

sin(knx)√
|kn|

[
b†n − bn

]
ϕσ = i

√
π

2L

∑
n

sgn(kn)√
|kn|

sin(knx)
[
b†n − bn

]
θσ =

√
π

2L

∑
n

cos(knx)√
|kn|

[
bn + b†n

]
(4.19)

where bn, b†n are bosonic annihilation and creation operators satisfying the standard

commutation relation,
[
bn, b

†
n′

]
= δn,n′ . It can be explicitly verified following the

expansions given above that the charge and spin density and phase bosons satisfy

the standard commutation relations given by [ϕc,σ, ∂xθc,σ] = iπδ(x− x′).

Now using these second quantized forms we proceed to find the diagonal basis

for the interacting problem. The local density-density interactions in terms of the

charge and spin densities are given as
∫
dx[gc ρ

2
c(x) + gσ ρ

2
σ(x)] where gc and gσ are the

corresponding interaction strengths. The resultant interacting Hamiltonian, in terms

of spin and charge bosonic variables, can be written as [14]

Ĥint =
1

2π

∑
ν=c,σ

∫ L

0

dx uν

[
(∂xϕν)

2

Kν

+Kν (∂xθν)
2

]
(4.20)

where the charge and spin velocities uc,σ and interaction parameters Kc,σ are re-

normalized by the interaction strengths as [14]

uc,σ = vF

√
1 + 2gc,σ/(πvF )

1

Kc,σ

=
√
1 + 2gc,σ/(πvF )

(4.21)

where gc,σ/(πvF ) corresponds to the strength of local density-density interaction for

charge and spin density respectively.

78



In order to solve the interacting Hamiltonian we substitute Eq. 4.19 for the fields,

ϕc,σ and θc,σ, in Eq. 4.20. The raw substitutions do not have the diagonalized form

at the outset. However, a new set of bosonic operators can be defined as γc/σ,n in

terms of bn, b†n such that the Hamiltonian becomes diagonal in that basis. The required

transformations involve two steps of linear transformations for the second quantized

operators, {bn, b†n} which are described in Appendix A.2. In the diagonal basis Ĥint is

given as:

Ĥint =
∑
n>0

[
uckn γ

†
c,nγc,n + uσkn γ

†
σ,nγσ,n

]
(4.22)

where the relations between {γc,n, γσ,n} and {bn, b†n} are derived in Appendix A.2. The

operators γc,n and γσ,n represent the charge and spin density wave with momentum

kn = nπ/L respectively. The corresponding energy of the modes are given by uckn

and uσkn accordingly. The diagonal form of the interacting Hamiltonian in Eq. 4.22

reflects the well known fact that in a 1D interacting metal the eigen states are bosonic

modes corresponding to charge and spin density wave excitations with linear dispersion

characterized by their velocities, uc and uσ. Furthermore, the spin and charge modes

are decoupled from each other which is known as the spin-charge separation. The

velocities uc,σ are re-normalized by charge and spin interaction strengths separately as

given by Eq. 4.21. Once the diagonal basis is obtained, computation of any correlator

can be easily performed by expressing the involved operators in terms of these diagonal

basis. Thus, with the interacting problem solved for the S-LL-S setup we now introduce

impurity to the system in the next section and calculate the relevant correlator that

describes the absorption spectrum.
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4.3 Impurity induced absorption spectrum

In this section we study the effects of impurity induced back-scattering on the

absorptive part of the linear response function. Since impurity is ubiquitous in any

1D system, to correctly compute any experimentally measurable response function one

needs to take into account the role of that impurity while calculating the corresponding

correlators. As we will see the impurity induced back-scattering terms would have

significant effect of coupling the spin and charge degrees of freedom in the LL wire

that are otherwise separated in a clean system. Consequently the spin modes are

manifested in the charge conductivity spectrum.

In the next subsection (Sec. 4.3.1) we introduce the impurity potential that

models non-magnetic charge impurities. Then we evaluate the absorptive part of the

response function by treating the impurity potential perturbatively in the subsequent

subsections (Sec. 4.3.2 and Sec. 4.3.3).

4.3.1 The impurity potential induced spin-charge coupling

The low energy contribution of impurity scatterings in 1D can be split into

forward-scatterings involving small momentum transfers compared to kF and back-

scatterings involving processes transferring large momentum of around ±2kF . The

forward-scattering contributions result in a spatial-dependent phase factor, which can

be absorbed into the definition of back-scattering potential [14]. In other words,

ignoring the forward-scattering contribution does not alter the results. Hence, we

can effectively focus on the back-scattering terms induced by non-magnetic charge
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impurities and model the corresponding Hamiltonian as

δĤB =
∑
s=↑,↓

∫ L

0

dx
[
gB(x) e

−i2kF x ψ†
RsψLs + h.c.

]
(4.23)

where the back-scattering terms ψ†
RsψLs and ψ†

LsψRs change the direction of the particle

motion by transferring momentum of ±2kF . The potential gB(x) which determines the

spatial profile of the back-scattering terms can be chosen as a random function defined

in the system that is characterised by its momentum space representation, g̃B(k). We

choose g̃B(k) to be a Gaussian random complex number with a momentum dependent

Gaussian weight given by

g̃B(k) = δg exp

[
−(kλ)2

8

]
(Xk + iYk) (4.24)

where δg is proportional to the amplitude of the disorder potential and Xk and Yk

are two i.i.d. N(0, 1) random variables for each k. The parameter λ sets a momentum

cutoff for the Gaussian weight. The real space correlation of gB(x), given by g∗B(x)gB(y),

can be obtained by expanding gB(x) and gB(y) in Fourier space with the amplitudes

defined above. Using XkXk′ = YkYk′ = δ(k − k′), it can be shown that the disorder

potential has Gaussian correlation in real space given by

g∗B(x)gB(y) = 4
√
π
(δg)2

λ
exp

[
−(x− y)2

λ2

]
(4.25)

which indicates that λ can be interpreted as the correlation length of the disorder

potential.

The back-scattering induced spin-charge coupling in δĤB can be seen by expressing

the terms, ψ†
RsψLs and ψ†

LsψRs, in their corresponding spin and charge bosonic basis.

Using the bosonized expressions for the fermions [Eq. 4.14] and utilizing the relations
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given by Eq. 4.16 and Eq. 4.17, the back-scattering terms can be written as

ψ†
R↑,↓ψL↑,↓ =

1

2πα
U †
+U− e

∓i(N++N−+1)πx/L

e
i√
2
(ϕc−θc)e

i√
2
(ϕc+θc) e

± i√
2
(ϕσ−θσ)e

± i√
2
(ϕσ+θσ)

ψ†
L↑,↓ψR↑,↓ =

1

2πα
U †
−U+ e

±i(N++N−+1)πx/L

e
− i√

2
(ϕc+θc) e

− i√
2
(ϕc−θc) e

∓ i√
2
(ϕσ+θσ) e

∓ i√
2
(ϕσ−θσ)

(4.26)

From these expressions it is clear that the back-scattering terms, being product of

exponentials of charge and spin bosons, couple spin and charge. In the next subsection

we show that this spin-charge coupling manifests itself in the optical absorption spectrum

as peaks being present at energies corresponding to both charge and spin excitations.

4.3.2 Dissipative conductivity spectrum

In this subsection we calculate the absorption spectrum for the S-LL-S setup

in presence of impurity as described above using linear response theory. Specifically

we find the expression for the experimentally relevant dissipative part of the response

function. We assume the weak disorder limit which is obtained when δg/(πvF ) ≪ 1 so

that we can treat the impurity Hamiltonian, δĤB, perturbatively.

The linear response function is given by the ground state expectation value of

the commutator of charge current operators at two different times as

χ(t, t′) = −i
〈[
Ĵc(t), Ĵc(t

′)
]〉

(4.27)

where Ĵc(t) is the current operator in the Heisenberg picture. In the long wave length

limit the corresponding time-independent operator can be expressed as the difference
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between densities of the right moving and left moving modes as

Ĵc =
vF√
2L

∑
s=↑,↓

∫ L

0

dx (ρRs − ρLs) =

√
2vF
L

(N+ −N−) (4.28)

where N̂± describes the occupancies of the chiral fermions as described in Sec. 4.2.3.

Since N̂± commute with all the bosonic creation annihilation operators ({γc,n, γσ,n}),

Ĵc commutes with the Hamiltonian of the clean system, Ĥint, as given by Eq. 4.22

and hence [Jc(t), Jc(t
′)] = 0. However, in presence of back-scattering the U †

±U∓ terms

do not commute with N̂± and hence the current operator does not commute with the

impurity Hamiltonian. In that case, the response function, χ(t, t′), is renormalized

by the impurity Hamiltonian. As we derive in Appendix A.3, up to leading order in

impurity strength, χ(t, t′) is given by,

χ(t, t′) ≈ −2
∑

m ̸=GS

J2
c (m)

|⟨m|δĤB|GS⟩|2

E2
m

sin [Em(t− t′)] (4.29)

where {|m⟩} is the set of unperturbed excited states of Ĥint, Em is the associated

unperturbed energy eigenvalue and Jc(m) is the matrix element of Ĵc, i.e., Jc(m) ≡

⟨m|Ĵc|m⟩.

The experimentally relevant absorption spectrum is obtained from the imaginary

part of the response function in frequency space which is given by σ(ω) = Im[χ(ω)]/ω.

As derived in Appendix A.3 the spectrum has the form

Re[σ(ω)] ≈
∑
E

Z(E) δ(ω − E) (4.30)

where Z(E) is given by

Z(E) = π
∑
m

J2
c (m)

|⟨m|δĤB|GS⟩|2

E3
m

δE,Em (4.31)
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Thus, the absorption spectrum contains a series of delta-function peaks on the energy

axis wherever the impurity potential couples the excited states with the ground state,

i.e., ω = Em such that |⟨m|δĤB|GS⟩| ̸= 0. Since the impurity induced back-scattering

terms involve exponentials of both spin and charge bosons [as given in Eq. 4.26], it

can be inferred that δĤB can excite arbitrary bosonic excitations containing both spin

and charge modes. Hence, we can conclude that the absorption peak strength, Z(E),

is non-zero at energies of both charge and spin mode excitations. More specifically

the contribution to Z(E) can be divided into three parts for convenience as Z(E) =

Zc(E)+Zσ(E)+Zhyb(E), which are i) due to the charge mode excitations only (Zc(E)),

ii) due to the spin mode excitations only (Zσ(E)) and ii) from excitations containing

both the charge and spin modes (Zhyb(E)).

In the next sub-section we discuss the relevant details required for the calculation

of the matrix elements appearing in expression for Z(E).

4.3.3 Calculation of the matrix elements

Here we describe the matrix element evaluation that determine the peak strengths,

Z(E), in the absorption spectrum. In the expression for Z(E) the unperturbed eigen

state, |m⟩, in Fock space, can be represented by the occupancies of the chiral fermions,

γ±, and all the charge and spin bosonic modes, γc,n, γσ,n, as |m⟩ = |n+, n−, {pcn}, {pσn}⟩

where n± denotes the occupancy of the fermionic γ± modes and pc,σn denotes the

occupancy of the charge/spin density mode with momentum kn described by γ†c,n

(γ†σ,n). Hence, the terms in δĤB needs to be expressed in terms of the diagonal
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second quantized basis for the clean interacting system to calculate the required matrix

elements.

Since the back-scattering terms in δĤB are proportional to U †
±U∓ [as in Eq. 4.26],

it either transfers a left mover to a right mover (by U †
+U−) or vice-versa (by U †

−U+). As

a result the matrix element, ⟨m|δĤB|GS⟩, is non-zero only when n+ = ±1 or n− = ±1.

Thus, the matrix elements are non-zero when |m⟩ is |m±⟩ = | ± 1,∓1, {pcn}, {pσn}⟩. In

the expression for Z(E) the matrix element of Ĵc only depends on the difference of the

fermionic occupancies, i.e., (n+−n−), and thus, is given by Jc(m±) = (n+−n−)
√
2vF/L.

In order to calculate the contribution from the bosonic modes to the matrix

element, it is useful to express the operators appearing in δĤB [Eq. 4.26] in the diagonal

basis for the interacting system (i.e., in terms of {γc,n, γ†c,n}and {γσ,n, γ†σ,n}) and order

them such that all creation operators (γ†c,n and γ†σ,n) appear on the right. We perform

this normal ordering using Baker-Campbell-Hausdorff (BCH) formula in Appendix A.4.

Following the normal ordering the calculation of the contribution from the bosonic

modes becomes trivial [Appendix A.4] and is given by,

⟨±1,∓1,mc
n = pcn,m

σ
n = pσn|

∑
s=↑,↓

ψ†
RsψLs|GS⟩

=
e−iπx/L

2πα
F (x)

(−i cos(knx)
√

2πKc/n)
pcn√

pcn!

(− sin(knx)
√
2πKσ/n)

pσn√
pσn!

[
1 + ei2

πx
L (−1)p

σ
n
]

(4.32)

where the function, F (x), has the following expression

F (x) = exp

[
−
∑
n>0

π

n

[
Kc cos

2 knx+Kσ sin
2 knx

]
e−αkn

]
(4.33)

where α is the same cut-off introduced in Eq. 4.14.
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Using Eq. 4.32 each of the three parts of Z(E) has the following expression

Zc(E) = π
∑
pσn=0

J2
c (m±)

|⟨m±|δĤB|GS⟩|2

E3
m±

δE,Em±

Zσ(E) = π
∑
pcn=0

J2
c (m±)

|⟨m±|δĤB|GS⟩|2

E3
m±

δE,Em±

Zhyb(E) = π
∑

pcn,p
σ
n ̸=0

J2
c (m±)

|⟨m±|δĤB|GS⟩|2

E3
m±

δE,Em±

(4.34)

With these matrix element expressions [Eq. 4.32] we are now in a position to

numerically calculate the peak strengths given by Zc,σ,hyb after averaging over disorder

potential realizations that is embedded in δĤB. We present the results from our

numerical calculations and analyze them in the next section.

4.4 Numerical results and discussion

In this section we present the numerical results of Z(E) and analyze the effects

of impurity potential on the same. For the characteristics of interactions, we consider

the simple case of local Coulomb repulsion between the electrons which corresponds to

gc > 0 and gσ = 0 in the interacting Hamiltonian given by Eq. 4.20. It translates for the

interaction parameters in Ĥint to Kc < 1, Kσ = 1 and uc = vF/
√
Kc, uσ = vF according

to Eq. 4.21. Thus, in this regime tuning the interaction strength, gc, the charge velocity

can be tuned that controls the spacing of the charge excitation spectrum [as given by

Eq. 4.22], but keeps the spectrum of the spin excitations intact.

Next we describe the comparison of the length scales relevant to our numerical

evaluation. The four relevant length scales present in the system are: i) the length of

the system, L, ii) inverse of Fermi momentum, k−1
F , iii) the correlation length of the
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Figure 4.2: The peak strengths Zc (triangles), Zσ (squares) and Zhyb (circles) are shown

for Kc = 0.6 and for (a) kFλ = 1, (b) kFλ = 1.2, (c) kFλ = 1.5. Zc,σ,hyb are marked

in units of e2vF/(πL) and the energy axis is in units of vFπ/L. As kFλ increases

significantly larger than one (from (a) to (c)), the spin peaks (Zσ) get attenuated

drastically compared to the charge peaks (Zc) .
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Figure 4.3: The peak strengths Zc (filled triangles), Zσ (filled squares) and Zhyb (filled

circles) are shown for kFλ = 1 and for different values of the interaction strength,

viz. (a) Kc = .8, (b) Kc = .6, (c) Kc = .4. From (a) to (c) the energy spacing

between charge peaks, i.e. for the triangles and squares increase whereas the spin

peaks (squares) remain at same positions.

88



disorder potential, λ, as it appears in Eq. 4.24 and iv) the cutoff parameter, α, for any

momenta sum such as in Eq. 4.33. α−1, being the cutoff momentum, is typically much

larger than the momentum spacing of the bosonic spectrum, i.e. α−1 ≫ ∆kn ∼ L−1,

but smaller than the Fermi momentum, α−1 < kF . Lastly, we choose the disorder

correlation length, λ, to be of the order of k−1
F .

A relevant point to consider while calculating Z(E) is the degeneracy of higher

energy excited states. Since a single particle bosonic mode can be multiply occupied

and the energy of such excitation is integer multiples of uc,σπ/L [Eq. 4.22], the discrete

excitation spectrum is in general degenerate. Hence, while calculating the peak strength

at such a degenerate value of energy the contribution from all of those degenerate states

have to be added in the sum for Z(E) [Eq. 4.34].

In the parameter regime described above we vary the Fermi momentum, kF ,

around λ−1and for a fixed value of interaction strength and compare the resultant

peak strengths.

4.4.1 Tuning the Fermi momentum

Choosing L = 200α, λ = 0.3α and Kc = 0.6, we vary kF to explore the regime

when kFλ becomes larger than 1. The resultant peak strengths for kFλ = 2, kFλ = 2.4

and kFλ = 3.8 are shown in Fig. 4.2 (a), (b) and (c) respectively. In each of these

plots Zc(E), Zσ(E) and Zhyb(E) are marked in units of e2vF/(πL) by blue triangles, red

squares and red circles respectively. The energy axes are marked in units of vF/(πL).

As can be seen in Figs. 4.2, with increasing value of kF (from (a) to (c)), all the
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peak strengths are generically reduced. This is expected as according to Eq. 4.24

g̃B(k) ∝ exp[−(kλ)2/8] with increasing value of kF , the Gaussian weight at k = ±2kF ,

g̃B(±2kF ), reduces exponentially. Since the back-scattering terms are proportional to

e±i2kF x, the effective contribution of the back-scattering terms in δĤB [Eq. 4.23] also

falls off exponentially. More notably, the contributions from the states that include spin

modes, i.e., Zσ and Zhyb, are more drastically attenuated compared to the contributions

from the charge modes, Zc as λkF goes becomes larger. This result indicates that in

an experimental setup the spin peaks would be most prominent and about as strong

as the charge peaks when kF is tuned to have λkF ≲ 2 which sets a suggested regime

for probing the spin modes.

4.4.2 Tuning the Coulomb interaction strength

Next, choosing the fixed value for kF such that λkF = 2 we vary the interaction

strength as Kc ∈ {.4, .6, .8} and study the evolution of the peaks on the energy

axis. The resultant peak strengths are presented in Figs. 4.3 (a)-(c). With increasing

interaction strength, i.e. decreasing value of Kc (from (a) to (c)), the energy spacing

between consecutive peaks containing charge modes, i.e. for Zc and Zhyb, increase

as uc ∝ vF/
√
Kc. However, since the spin velocity, uσ is insensitive to the Coulomb

interaction strength, the spacing between the spin peaks in Zσ remains fixed. Thus,

tuning the interaction strengths in an experiment can facilitate identification of the

spin peak locations and their corresponding energy gap.

‘
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4.5 Summary and Conclusion

In summary, we have studied the effects of the impurity induced back-scattering

process in the optical absorption spectrum. We find that the back-scattering induced

spin charge coupling provides a way to probe the spin modes in an experimental system.

As discussed since the spin modes are trapped inside the normal region within an S-LL-

S setup, the conductivity spectrum for a clean system does not contain any information

about the spin modes making them undetectable in a transport measurement. Introduction

of back-scattering processes, however, couples the spin and charge modes and we find

that the signatures of such spin-charge coupling appear as peaks in the conductivity

spectrum at the excitation energies associated with the spin modes.

While treating the non-interacting problem in an S-LL-S setup we introduced

a new approach of interpreting the ABS modes in terms of the chiral Fermions that

can be represented in a loop-like manifold that spans twice the length of the system

as described in Sec. 4.2.2 and schematically shown in Fig. 4.1. These chiral fermions

also provide a natural way to derive the special boundary conditions that connect the

particle and hole fields owing to the perfect Andreev reflections at the NS interfaces.

After introduction of the interacting Hamiltonian in Sec. 4.2.3 we diagonalized it in

terms of second quantized bosonic operators associated with the charge and spin density

excitations. Following that we discussed how the back-scattering terms induced by

impurity possesses products of those charge and spin modes (Sec.4.3.1) and showed that

the corresponding coupling shows up in the absorptive part of the response function in

leading order in the perturbative impurity potential (Sec. 4.3.2).
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Considering the case of Coulomb repulsion we numerically evaluated the optical

absorption amplitudes (Sec. 4.4) and showed that for a given disorder potential length-

scale, λ, which is typically not a tunable parameter in a system, the density can be

tuned to effectively reach a regime where the Fermi momentum, kF , is of the order of

λ−1 where the spin peak intensities in the absorption spectrum becomes comparable to

the charge peak intensities. The Coulomb repulsion strength may be varied by gating

such that the charge gap can be varied and the spin peaks, being fixed throughout the

process, can be identified in the absorption spectrum.

92



Chapter 5

Non-equilibrium nature of non-linear optical response: Application to

the bulk photo voltaic effect

5.1 Introduction

In this chapter we go beyond the regime of linear response as considered in

the EM response of the S-LL-S setup in the previous chapter 4 and focus on non-

linear responses. We study the non-equilibrium nature of second order response by

considering the example of the bulk photovoltaic effect (BPVE) that occurs in a non-

centrosymmetric material. The results presented are based on a published paper [16].

In Equilibrium many-body-physics the fluctuation-dissipation theorem connects

the linear response of a system to an external perturbation with the fluctuations of

the system. The linear response is proportional to the external field with a coefficient

associated with Equilibrium two-point correlator often known as the response function

that characterizes the system. Such two-point correlators can be represented using the

well-known Feynman diagrams for the case of interacting system.

The scenario is different when one considers non-linear responses in general.

The second-order response to an applied field is in general non-equilibrium in nature.

Specifically, the response function associated with the non-linear response includes

three-point correlator that are out-of-time ordered. In particular, the three time
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indices that appear in the correlator (derived in details in Appendix B.1) are neither

monotonically increasing nor decreasing. Because of their non-equilibrium nature

manifested by out-of-time-ordered operators, the usual Feynman diagrammatic technique

is not capable to represent such correlators for an interacting system. Instead, Keldysh

diagrams are required to represent those correlators.

In this chapter we would focus on the non-equilibrium nature of the non-linear

response using the bulk photovoltaic effect (BPVE) as the example of a non-linear

phenomenon. The BPVE is a second-order optical response of a non-centrosymmetric

semiconductor where a DC current is observed throughout the bulk when an external

oscillating electric field is applied upon it. The frequency of the electric field drives

inter-band transitions in the material generating electron-hole pairs. Due to the absence

of inversion symmetry in the system the charge centers of electron and hole do not

coincide providing a preferred direction for the electric polarization which gives rise

to a DC current in a periodic system. We study this phenomenon systematically

both in the semi classical and quantum limit for a minimally interacting system where

the electrons are coupled to phonons. In the semi classical limit the electron-phonon

coupling is much stronger than the stimulating electric field amplitude so that after

each electron-phonon scattering the electrons lose coherence acquired in the quantum

part of its dynamics. In the quantum limit we treat the effects of the electron-phonon

coupling using the Floquet Master equation approach.
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5.1.1 Brief discussion of non-linear optical phenomena

In past few decades there have been several discoveries of non-linear phenomena in

solid state systems. Such phenomena can be used to characterize solid state materials.

In addition, their potential applications also make them exciting. For instance, BPVE

provides a way to couple irradiated light to generate electricity that is proportional to

the bulk volume of the system. Contrary to the conventional solar-cell systems that

rely on the junction interface area as the irradiation cross-section, BPVE in principle

is a platform for converting light in a much more efficient way. Furthermore, it has

been shown that hidden inversion symmetry breaking nematic phase can be detected

using certain second harmonic generation coefficients [49]. Similarly, second harmonic

generation has been associated with inversion symmetry breaking in certain topological

materials with hexagonal warping term and a gap for quasiparticle excitations [50, 51].

In a Weyl material circularly polarized light can induce non-linear DC current response

that is known as the circular photogalvanic effect (CPGE). Such response are quantized

and such quantization has directly been associated to the topological monopole charge

of Weyl materials [52].

5.1.2 The bulk photo-voltaic effect (BPVE)

The bulk photovoltaic effect (BPVE) was discovered experimentally where a large

voltage was seen in optically illuminated semiconductors. The origin of such a voltage

was attributed to a large number of potential sources such as inversion asymmetry in

impurity scattering, phonon-scattering and electron-electron interactions [53, 54, 55,
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56, 57, 58]. In bulk non-centrosymmetric materials the BVPE for linearly polarized

light has been argued to be a result of shift current [59] where an optically generated

electron-hole pair’s charge centers are shifted with respect to each other giving rise to

a steady rate of polarization that appears as current. In this case the shift current can

be thought of as a sequential tunneling of electrons to a certain direction within the

bulk material.

Theoretically, using a non-linear response formalism, the BPVE has been shown

to arise intrinsically in single crystalline materials that break inversion symmetry [60].

The corresponding magnitude of the SC response is directly related to the Berry

curvature over parts of Brillouin zone where the optical illumination is resonant [61, 60].

Aside from fundamental interest as a probe of Berry curvature, the BPVE naturally

has potential applications in converting light to electricity in a similar spirit to solar

cell devices but with possibly higher efficiency provided appropriate materials can be

found [62, 63, 64, 65, 66, 67, 44, 68, 69, 70].

The connection of the non-linear optical responses to the symmetries of the

systems and topology of certain materials are enlightening. However, the understanding

of such responses such as BPVE is somewhat limited outside the purview of non-

interacting systems. As discussed earlier the response function formalism dictates that

non-linear optical response contains out-of-time-ordered correlator in their response

function. Such out-of-time-ordered correlators have been shown to appear first in non-

linear response of superconductors [17]. Such correlators can not be calculated using

conventional Feynman diagram techniques and in this sense are truly non-equilibrium

in nature.
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To show the inadequacy of the Feynman technique, one might consider the process

of annihilation of photon and its conversion to electrical energy. However, in the

equilibrium diagram formalism, each power of the vector-potential A(t) is associated

with either the absorption or emission of a photon. In that case, the creation of a

DC current at second order in a vector potential must be interpreted as the sequential

absorption and emission of a photon. Within this picture, net generation of electrical

energy that drives the current appears quite paradoxical. An electrical current can

only generate electrical energy in the presence of a finite voltage that can arise in the

presence of a scattering process, which is ignored in the non-linear response theory

for shift currents [59, 60, 61]. While scattering processes play a crucial role in certain

extrinsic mechanisms for the BPVE [54, 53], the non-linear response mechanism is

typically considered to ignore such scattering processes [59, 60, 61]. Thus, it is desirable

to extend the non-linear response formalism for the BVPE to include such scattering

processes in a way that is completely consistent with energy conservation.

5.1.3 Brief outline of the chapter

We assume that the electron-phonon interaction is symmetric so as to not directly

contribute to the shift current. In Sec. 5.2, we develop the response function formalism

for the BPVE. From the derivation we point out the role of out of time-ordered

correlators (OTOC) [17]. The OTOC relevant to this work„ however involves three

operators and is not connected to the well known Lyapunov exponents as is the case

with the OTOC in Ref. [17]. Nevertheless, the presence of such correlators invalidates
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Figure 5.1: Two step process determining DC response: (a)Photon creates e-h pair

density with their charge centers separated, generating dipole moment. (b)Scattering

with phonons terminates charge shifting for that e-h pair.

the standard computation using equilibrium Feynman diagrams. In order to gain

intuition for such non-equilibrium process, we first develop a semi classical picture of

the BPVE (Sec. 5.3) based on the processes shown in Fig. 5.1. This picture is shown

to lead to the conventional expression for the DC current in the case of homogeneous

optical excitation. However, for a finite size system the application of inhomogeneous
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excitation profiles are found to lead to results that can not be described by equilibrium

response functions. The limitation of such semi classical treatment is that it is justified

only when the electron-phonon scattering strength is much stronger than the optical

excitation. We go beyond this limit in Sec. 5.4 using a Floquet Master equation

approach. We find that this approach, in addition to reproducing the known small

vector potential limit of the DC response also predicts a linearly scaling DC response

in the quantum limit of small electron-phonon scattering strength. Finally, in Sec. 5.5,

we study the cross-over between the small and large vector potential limit by computing

the response numerically within the same formalism for a simple non-centrosymmetric

Rice-Mele model [71].

5.2 Second order optical response

Let us start with the generic form of perturbative electromagnetic vector potential

coupled to the system Hamiltonian by means of minimal coupling, given by: To build

the response formalism let us consider a generic Hamiltonian describing a two band

semiconductor that is coupled to electromagnetic (EM) field. Such a Hamiltonian is

given by

Ĥ(t) = Ĥ0 +

∫
dxA(r) Ĵ(r) (5.1)

where Ĥ0 is the system Hamiltonian and r is used to denote both the space-time

co-ordinates, i.e., r = (x, t). Ĵ(r) is the current operator which is the coupling to

the monochromatic EM vector potential, A(r). The vector potential has the form,

A(r) = A0(x) e
ηt
(
eιΩt + e−ιΩt

)
≡ A0(x) e

ηtα(t), where η = 0+ is the rate at which the
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EM field is turned on.

In general one can expand Ĵ(r) in powers of A up to first order as: Ĵ(r) ≈

Ĵ0(r) + A(r)Ĵ1(r). Using that expansion the response ⟨Ĵ(r)⟩, up to second order in

A0(x), can be written as (see Appendix B.1)

⟨Ĵ(r)⟩ ≈ ⟨Ĵ(r)⟩0 +
∫ ∞

−∞
dx′A0(x

′)χlin(r, x
′)

+

∫ ∞

−∞
dx′A2

0(x
′)χn,2(r, x

′)

+

∫ ∞

−∞
dx1dx2A0(x1)A0(x2)χn,3(r, x1, x2)

+

∫ ∞

−∞
dx1 dx2A0(x1)A0(x2)χotoc(r, x1, x2)

(5.2)

where χlin is the linear response function given by

χlin(r, x
′) = i

∫ t

−∞
dt′ eηt

′
α(t′) ⟨[J0(r′), J0(r)]⟩0 (5.3)

In this equation the current operators are transformed to the interaction picture defined

as J0,1(r) ≡ eιĤ0tĴ0,1(r)e
−ιĤ0t. There are three non-linear terms in the response. Among

them χn,2 can be viewed as a linear response of the current to a perturbation A0(r) Ĵ1(r)

and is given by:

χn,2(r, x
′) = i

∫ t

−∞
dt′ e2ηt

′
α2(t′) ⟨[J1(r′), J0(r)]⟩0 (5.4)

The part of the non-linear response that contains χn,3. χn,3 is non-linear and

involves three current operators. Its expression contains a time-ordered product and

is given by

χn,3(r, x1, x2)

= −1

2

∫ t

−∞
dt1 dt2e

η(t1+t2) α(t1)α(t2) ⟨{T {J0(r1)J0(r2)}, J0(r)}⟩0

(5.5)
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Lastly, χotoc involves out of time ordered correlator of three current operators

which is given by

χotoc(r, x1, x2) =

∫ t

−∞
dt1 dt2 e

η(t1+t2) α(t1)α(t2)
〈
J̃0(r1)J̃0(r)J̃0(r2)

〉
0

(5.6)

In the integral expression of χotoc, the integral manifold contains region such that

t > t1, t2 or t1, t2 > t. In a generic interacting system since the current operators

at different times don’t commute, calculating such correlators become non-trivial In

these expressions, ⟨..⟩0 means expectation value w.r.t. the ground state of the system.

As mentioned earlier, Feynman diagrams cannot be used to evaluate the correlators

in χotoc and one requires the non-equilibrium generalization known as the Keldysh

formalism [17].

Another way to see the problem with the equilibrium formalism is to quantize

the EM field in terms of photons. Expanding A(t) = a†eiωt + h.c and substituting,

A(t) into Eq. 5.2, it is easy to see that ⟨Ĵ(r)⟩DC ∝ ⟨aa†⟩ , which represents absorption

followed by emission of a photon which suggests that no net energy is absorbed, even

though the DC current in the presence of a voltage would do work. This would likely

represent a non-equilibrium situation suggesting the need for a non-equilibrium theory.

Consequences of this somewhat imprecise argument will become clear from the semi

classical treatment of the DC current in the next section.

5.3 Semi classical description

In order to understand the absorption of energy more clearly, we consider a

semiconducting two band Hamiltonian and include an explicit dissipation process
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through phonon scattering within a semi classical approach. Along with the quantum

mechanical evolution of the electronic state due to the applied EM field, the electron-

phonon scatterings can be considered as probabilistic events in a semi classical approach.

A simple two band Hamiltonian for a semiconductor is given by

Ĥ0 =
∑
k

∆k

(
c†kck − v†kvk

)
(5.7)

where ck(vk) is conduction (valence) band state operator and 2∆k is the momentum

dependent band gap. Now we describe the shift current generation process when the

entire sample is illuminated.

5.3.1 Shift current in homogeneous excitation

The incident EM radiation creates electron-hole (e-h) pairs in the vicinity of the

momentum space where the band gap is same as the incident frequency. The time

dependent amplitude of such a pair can be extracted by treating the EM coupling in

Eq. 5.1 perturbatively. The perturbation in the electronic wave function w.r.t. the

ground state up to first order in A is given as

|δΨk(t)⟩I ≈ A0 (J
x
0,k − iJy

0,k)
sin
(
Ω
2
−∆k

)
t(

Ω
2
−∆k

) |ēhk⟩I

≡ A0 |J⊥
0,k| eiϕk

sin
(
Ω
2
−∆k

)
t(

Ω
2
−∆k

) |ēhk⟩I

(5.8)

where |0⟩ is the ground state of the system. |ēhk⟩ ≡ c†kvk|0⟩ is an e-h pair excitation

with momentum k. J⃗0 · σ⃗ ≡ Ĵ0 = ∂A ˆH(t)|A=0 such that σ⃗ is the vector of Pauli matrices

in the band basis such that σz|ck⟩ = |ck⟩, σz|vk⟩ = −|vk⟩, |J⊥
0,k| ≡

√
(Jx

0,k)
2 + (Jy

0,k)
2.

In non-centrosymmetric materials, the charge centers of the excited e-h pair are

located apart from each other generating a dipole moment. The time dependence of
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such EM field generated dipole moment is given by:

P (t) ≡
∑
k

⟨δΨk(t)| (re − rh) |δΨk(t)⟩

=
∑
k

⟨δΨk(t)| (−i∂k) |δΨk(t)⟩

=
A2

0

2π

∫
BZ

dk
sin2

(
Ω
2
−∆k

)
t(

Ω
2
−∆k

)2 (
J⃗0,k × J⃗1,k

)
z

(5.9)

where we have used the expression for |δΨk(t)⟩ from Eq. 5.8 to obtain the last line and

defined J⃗1,k ≡ −∂kJ⃗0,k.

This scenario described above applies to a purely non-interacting two band case.

In presence of electron-phonon coupling the coherent evolution under the electric field

is interrupted by phonon scatterings. In our semi classical approach such scatterings

can be modeled as Poisson processes. The scattering event time t corresponding to the

Poisson process is generically expressed by an exponential distribution function as

f(t) ≡ η e−ηt (5.10)

where η is the total rate for electron and hole scatterings as detailed in the later part

of this subsection.

In the weak electric field limit, once the scattering happens the e-h pair disperses

equally in either direction and no further dipole moment is generated. In other words

the coherence evolution that generates the e-h pair can be weighted by the probability

distribution, f(t) and the average polarization can be obtained. Thus, integrating the

quantum dipole moment in Eq. 5.9 with f(t) leads one has,

⟨P ⟩ ≡
∫ ∞

0

dtP (t)f(t) =
A2

0

π

∫
BZ

dk

(
J⃗0,k × J⃗1,k

)
z

η2 + (Ω− 2∆k)
2 .

(5.11)
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The DC current can be determined by the average rate of dipole moment generation

over the characteristic scattering time, τ ≡ 1
η
. Using this relation we obtain the

expression for the shift current to be

JDC
shift =

⟨P ⟩
τ

=
A2

0

π

∫
BZ

dk
η

(Ω− 2∆k)2 + η2

(
J⃗0,k × J⃗1,k

)
z
. (5.12)

We note that η in our model is the electron-phonon scattering rate. In general for

other kinds of interactions, η would equivalently be an energy scale associated with the

decoherence mechanism of the e-h pairs. Considering the limit of limη→0
η

(Ω−2∆k)2+η2
=

πδ(Ω− 2∆k) in Eq. 5.12 we obtain

lim
η→0

JDC
shift = A2

0

∫
BZ

dk
(
J⃗0,k × J⃗1,k

)
z
δ(Ω− 2∆k) (5.13)

which is equivalent to the known expression for shift current given in [52] (see Appendix

B.2).

The semi classical approach presented above, is valid in the limit of strong e-

ph coupling or weak electric field (A0|J⊥
0,k| ≪ η) where the scattering processes are

instantaneous events and can be modeled as rare Poisson processes with time scale, τ

which is much smaller than the excitation rate, i.e., τ ≪ 1
A0|J⊥

0,k|
. In Sec. 5.4 we will

use a more quantum mechanical approach to study the case of longer scattering times

τ .

The non-zero DC current in the mechanism of the BPVE described above relies

on the lattice breaking inversion symmetry along the direction of current flow and

consequently the excited e-h pairs carrying non-zero dipole moment. In centrosymmetric

materials since there is no special direction for the dipole moment to build up due to the

inversion symmetry of the lattice, optically excited e-h pairs cannot generate any DC
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current. In conventional solar cells based on centrosymmetric materials such as silicon,

the photo-excited electrons and holes are created in a thin region (depletion region)

around the junction of two oppositely doped (p and n type) layers of semiconductor.

The bias voltage at the depletion region drives the e-h pairs to generate a DC current

across the junction. Thus, in this case, the generation of DC current happens only at

the p-n junction due to presence of a bias voltage.

Let us now discuss the electron-phonon scattering processes that we consider here.

Such scattering occurs following the generation of coherent exciton due to the applied

EM field as discussed above. For simplicity we assume that the phonon scattering

is momentum independent and hence the momenta and velocities of the electrons

and holes are uncorrelated. Thus, the motion of the electrons and holes are diffusive

starting from their average position. We consider the case where the electron and

holes recombined and emit phonons such that the recombination takes place spatially

locally. Such locality of the recombination process implies that the e-ph scattering

doesn’t generate any further dipole moment. Local recombination can happen when

electron from an exciton-pair recombines with hole from another exciton-pair that was

generated during excitation part of the process. As a result the dipole moments from

those two pairs add up and effectively charge shifts along the same direction. This

is the notion of a shift current. In general, however, non-local recombination would

generate non-zero dipole moment which would either add up to or destroy some of the

exciton generated dipole moment. Such contributions to the DC response have been

addressed in Refs. [53, 54, 55]. For our discussions here, we ignore such contributions

to the photocurrent. Thus, the shift current in our discussion is entirely due to an
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average rate of dipole moment generation by the photo-excited e-h pairs.

As can be seen in Eq. 5.8 and Eq. 5.9, the dominant contribution to the dipole

moment is from the momentum region of the two bands where the photo-excitation is

resonant. Even in case of multiple bands, the dominant contribution to the DC current,

up to second order in A0, will be from the valence band and one excited band such that

the corresponding gap matches the frequency of the applied EM field, Ω. Hence, as

long as the electron hole recombination process via phonon scattering is spatially local,

which is the case we consider here, the shift current generation mechanism is the same

in presence of resonance between multiple bands. Off-resonant contributions, however,

can be present and involve 3 band terms such as those considered in Ref. [72, 59] which

we ignore here. Thus, our formalism makes it manifest that the DC part only depends

on two bands even with electron-phonon interactions.

5.3.2 Diffusion current response for inhomogeneous excitations

Let us now consider a scenario where the illumination on the sample is inhomogeneous

which would be the case in realistic setup or a finite size sample. The schematic is

pictorially represented in Fig. 5.2 where we assume that the optical excitation intensity

is non-zero only over a finite region R and vanishes outside.

For inhomogeneous excitation the second order shift current would also be spatially

dependent, JDC
shift = αA2

0(x), where A0(x) varies in space. This combined with the

conservation of charge leads to an inhomogeneous charge density. The gradient in

charge leads to a diffusion current Jd = −D∂xρ. The diffusivity of charge is given by
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Figure 5.2: In the optically excited region, R, shift current, JDC
shift, is countered by the

diffusion current, Jd, so that the total current is divergence-less in the steady state. A

gate in proximity can be used to measure the charge density profile capacitively and

hence the shift current in steady state.

D = σ/χ where σ and χ are the conductivity and compressibility of the unperturbed

carriers. The resultant density profile is determined from the continuity equation for

the charge density given by

∂tρ(x, t) = −∂x(Jd + JDC
shift) (5.14)

Substituting the form for the diffusion current transforms this equation into a

diffusion equation with a source term given by

∂tρ = D∂2xρ+ f(x) (5.15)

where the source term, f(x), is given by the gradient of shift current and has the form:

f(x) = −∂xJDC
shift = 2αA0(x)∂xA0(x) (5.16)
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Since there is no charge density initially (i.e. ρ(x, 0) = 0), the solution of Eq.

5.15 is given by

ρ(x, t) =

∫ ∞

−∞
dx′ f(x′)

∫ t

0

dτ
e−

(x−x′)2
4Dτ

√
4πDτ

(5.17)

The diffusion current can be obtained by differentiating the solution in Eq. 5.17

w.r.t. x to be

Jd(x) =

∫ ∞

−∞
dx′ f(x′)

(x− x′)

4
√
πD

∫ t

0

dτ τ−
3
2 e−

(x−x′)2
4Dτ (5.18)

Performing a change of variable, p = |x−x′|
2
√
Dτ

, the limits for p becomes ∞ and

|x−x′|
2
√
Dt

respectively. In the long time limit set by the illumination length and diffusion

coefficient(t ≫ |x−x′|2
D

), we can approximate the lower limit to be zero |x−x′|
2
√
Dt

→ 0. In

this long time limit, performing the Gaussian integral we obtain the expression for the

diffusion current to be

Jd(x) =
1

2

∫ ∞

−∞
dx′ f(x′) sgn(x− x′) (5.19)

Substituting Eq. 5.16 in Eq. 5.19 and integrating by parts we obtain Jd(x) =

−JDC
shift(x), i.e. the diffusion current cancels the shift current in steady state. The

intuitive explanation for this mutual cancellation in the steady state is as follows. In

case of inhomogeneous illumination since the shift current vanishes at the boundaries of

the illuminated region, opposite charges pile up at the two edges. The gradient due to

those piled up charge density generates a diffusion current which acts to homogenize

the charge density. In the long time limit the magnitude of this diffusion current

approaches the same for the shift current everywhere so that there is no net charge

flow at any point reaching a steady state density profile. In case of homogeneous case
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however, since the boundary condition is periodic, the charge density always remains

homogeneous and diffusion current doesn’t arise at all. A similar situation where the

photocurrent is compensated by the ohmic current in an open circuit is discussed in

Ref. [55]. The cancellation of the shift current by the diffusion current, in case of

inhomogeneous excitation profile, relates the shift current to the density profile as:

JDC
shift = −Jd = D∂xρ (5.20)

The charge density ρ(x) can be measured capacitively using the gate shown in Fig.

5.2. This provides a way to measure the shift current without contacts [73].

Using A0(x
′) =

∫
dx′′A0(x

′′)δ(x′ − x′′) we can rewrite the expression for the

diffusion current (Eq. 5.19) as

Jd(x) = α

∫ ∞

−∞
dx′ dx′′A0(x

′)A0(x
′′) sgn(x− x′) ∂x′δ(x′ − x′′) (5.21)

From this expression, it is clear that the diffusion current in case of inhomogeneous

excitation profile (i.e. A0(x) not constant in space) is non-local. This implies that the

resultant DC current from the response, given by Eq. 5.2, must contain a spatially

non-local contribution.

The non-local response is quite unexpected in the light of response function

formalism that is discussed in Sec. 5.2. The time-ordered response functions χn,2 and

χn,3 can be related by analytic continuation to imaginary time correlation functions,

which in turn can be written as derivatives of an effective action [74]. This is similar

to finite temperature correlation functions in classical statistical mechanics, where

correlation functions decay on the scale of a correlation length [75]. One subtlety

to keep in mind here is that χn,2 and χn,3 in Eqs. 5.4-5.5 also involve time. However,
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analytic continuation from imaginary time suggests that the time-ordered correlations

at frequencies larger than temperature are also expected to be local in space and time

on a scale determined by correlation lengths and times [74]. Thus one does not expect

χn,2 or χn,3 to contribute to the non-local response in Eq. 5.21.

Thus, the only term in Eq. 5.2 that can incorporate non-locality of Jd is the term

involving OTOC, as appears in the expression of χotoc in Eq. 5.6. The total current

is written as ⟨J⟩DC = JDC
shift + Jd. Since the shift current response JDC

shift is local, we

can compare the non-local contribution contained in χotoc with the non-local diffusion

response (Eq. 5.18) to write the non-local part of χotoc as

χotoc(r, x1, x2) ≈ ∂x1δ(x1 − x2)
(x− x1)

4
√
πD

∫ t

0

dτ τ−
3
2 e−

(x−x1)
2

4Dτ (5.22)

for |x − x1|, |x − x2| ≫ ξth, where ξth is a thermal correlation length. Thus, the semi

classical approach can be used to constrain the non-linear response correlator (Eq. 5.6),

which cannot be computed from equilibrium field theory methods. In principle, this

response can be computed from a Keldysh field theory approach [17], but it is clear

that these correlators will be qualitatively more non-local compared to equilibrium

correlators.

5.3.3 Finite voltage and size effect on BPVE

Finite voltage that may be generated in the presence of spatial variations can have

an effect on the electron-hole gas as mentioned at the end of Sec. 5.3.1. The carrier

density of this electron hole plasma, n, is limited since the rate of exciton generation, for

zero temperature, is balanced by recombination rate. We emphasise here that the time
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scale for recombination processes to lead to a steady state is inversely proportional

to some power of EM amplitude (∝ 1/Aα
0 , α > 0) till which the response function

formalism is not applicable. We circumvented this problem in the last sub-section by

working at finite temperature. The analysis of the balancing of the recombination

process at zero temperature considered in this sub-section, assuming α = 1 for free

diffusion of carriers, leads to a steady state carrier density with n2 ∝ A2
0. The shift

current in the absence of a voltage can only be stable for perfect translation invariance

with periodic boundary conditions. Any variations of parameters in the system that

would change the shift current, leads to a finite voltage. Let us now consider boundary

conditions different from periodic so that a finite voltage V can be generated over length

L of the material. The voltage V will lead to a combination of drift and diffusion current

among the carriers which is given by

Jd =
ne2τd
m

V

L
∝ A0V

L
(5.23)

where τd is the scattering time for the charge carriers.

The combined system with a BPVE together with the drift current can be thought

of as a current source Jd in parallel with a resistance R ∝ L/(τdA0). The maximum

voltage generated by this process is Vmax = JDC
shiftR ∝ LA0/τd. This voltage can

become anomalously large in the limit of large L which is consistent with experimental

measurements reported in Ref. [76] and the discussions in Ref. [55]. The large open-

circuit voltage arises from the large length of the bulk sample. This still doesn’t allow

Zener tunneling since that is determined by the electric field, εmax = Vmax/L ∝ A0/τd

which can still be kept much smaller than the characteristic electric field corresponding
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to the minimum band gap. Specifically, the tunneling rate is given by [77] :

Θ = exp

[
−c ∆min

V

L

ξ

]
(5.24)

where c is a dimensionless constant and 2∆min is the minimum band gap and ξ is the

length-scale set by the Landau-Zener formula. Thus, the voltage, Vmax, can exceed the

gap as long as L≫ ξ. The maximum power that can be extracted from this system is

Pmax,BPVE =
(
JDC

shift
)2
R ∝ A3

0L

τd
. (5.25)

Note that total incident power scales as Pinc ∝ A2
0L. Thus, despite the high open circuit

voltage Vmax, the efficiency scales as Pmax,BPVE/Pinc ∝ A0 and thus is limited by the

requirement of A0 being small. Maximum value of A0, within the range of validity of

this semi classical theory, corresponds to the excitation rate being close to the scattering

rate (i.e. A0|J⊥
0,kD

| ≈ η where kD is the resonant point for optical transition). However,

the shift current generation, being a bulk phenomenon, allows for power absorption

throughout the length of the sample. Thus, the total power extracted through current

can be enhanced by increasing the exposure length of the bulk sample to the optical

excitation. The power conversion efficiency for BPVE also depends on the magnitude

of shift current (as in Eq. 5.25) as, Pmax,BPVE = αA2
0, where α is directly proportional

to the inversion symmetry breaking factors in the lattice. Hence, materials with strong

inversion symmetry breaking will increase power conversion efficiency [64].

5.4 Quantum approach

In this section we go beyond the limit of weak optical excitation by using a more

quantum mechanical master equation based approach to calculate the photocurrent.
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The problem of the semiconductor in EM field can be described by Eq. 5.1 where Ĥ0

is the Bloch Hamiltonian as in Eq. 5.7. The EM coupled Hamiltonian (Eq. 5.1) is

time periodic with period T ≡ 1
Ω

.

According to the Floquet theory such time periodic Hamiltonian in Eq. 5.1 can

be expressed in Floquet basis as

ĤF =
∑
k

(
ϵuk f

u†
k f

u
k + ϵdk f

d†
k f

d
k

)
(5.26)

where ϵu,dk ∈ [0,Ω] are the two quasi energies and fu,d
k correspond to Floquet state

operators associated with the conduction and valence bands (see Appendix B.3 for

derivation of Floquet spectrum). In Ref. [78], a similar two band system, driven by an

external field, has been treated where the system is assumed to couple to a heat bath in

a mean-field approach. Here, we include the electron-phonon coupling microscopically

in the Hamiltonian and time evolve the system density operator to trace out the phonon

modes at the end in order to retain only the electronic degrees of freedom. We compare

our expression for the DC current with the same in Ref. [78] at the end of Sec. 5.4.2.

The Hamiltonian describing phonons is given by the corresponding dispersions,

Ĥp =
∑
q,s

ωs
q a

s†
q a

s
q (5.27)

where asq is annihilation operator for phonon of mode s and momentum q. In absence

of any e-ph coupling the evolution operator for combined e-ph system is given by

Û0 ≡ ÛF ⊗ Ûp = e−iĤF t ⊗ e−iĤpt. (5.28)

Now the Hamiltonian corresponding to the phonons coupling to the electrons

113



through the e-ph interaction can be written as

V̂ =

k,g,s∑
q=k−g

(
V1 c

†
kcg + V2 v

†
kvg

)(
asq + as†−q

)
(5.29)

where V1(V2) is the amplitude of intra band scatterings within conduction (valence)

band.

The equation of motion for e-ph combined density operator ρ̂I(t) , in the interaction

picture basis, that time-evolves according to Eq. 5.28, is given by

∂tρ̂I = −i
[
V̂I , ρ̂I

]
. (5.30)

Note that V̂I is obtained from Eq. 5.29 by transforming the field operators ck, vk

and asq to the interaction picture basis. In a standard procedure (outlined in Appendix

B.4) to obtain the dynamical equation for the reduced electronic density operator, ρ̂eI ,

Eq. 5.30 is solved up to second order in |V1,2| following which the phonon operators

are traced out under the Markovian approximation. The resultant equation of motion

for ρ̂eI becomes

∂tρ̂
e
I = −Tr

{[
V̂I(t),

∫ t

−∞
dt′
[
V̂I(t

′), ρ̂I(t)
]]}

p

. (5.31)

ρ̂eI can be represented more concretely in terms of its matrix elements in Floquet basis:

Πab
k (t) ≡ Tr

{
ρ̂eS(t) f

a†
k f

b
k

}
e
≡ Tr

{
ρ̂eI(t)U

†
F Θ̂

ab
k UF

}
e

(5.32)

where in the last line we have used the cyclic property of trace.

5.4.1 Equation for equilibrium distribution

To obtain an equation of motion for Πab
k we differentiate Eq. 5.32 and use Eq.

5.31 in the similar way described in [79]. In the process we assume zero temperature for
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the phonon bath and translational invariance for the electronic system (see Appendix

B.4) to obtain the final form of the equation of motion for Πab
k to be

∂tΠk = −i[Πk, Fk]− Πk Ak − A†
k Πk + (Î − Πk)Dk +D†

k(Î − Πk) (5.33)

where Fk can be thought of re-normalized Hamiltonian (local in k) and is given by,

F ab
k =

ϵuk − ϵdk
2

δab + i V ba
kk

βρ∑
g

[
Ṽ ρβ
gg − (Ṽ βρ

gg )
∗
]
Πρβ

g (5.34)

Here the Fourier components of the matrix elements of V and Ṽ are given by,

V αβ
kg (n) =

∑
m

⟨ψα
k (m+ n)|V̂ S|ψβ

g (m)⟩,

Ṽ αβ
kg (n) = GV αβ

kg (n)Θ
(
ϵαk − ϵβg + nΩ

)
.

(5.35)

where |ψα
k (n)⟩ is the nth frequency component of the Floquet state |ψα

k (t)⟩ and V̂ S =∑
p,p′

(
V1 c

†
pcp′ + V2 v

†
pvp′
)
. G is the constant density of states for the phonon bath and

Θ(x) is the Heaviside step function.

The structure of the tensor Dk,

Dab
k ≡

βρ∑
g

V bβ
kg Ṽ

ρa
gk Πρβ

g (5.36)

in Eq. 5.33, can be understood by considering the diagonal limit of Πk. In this limit

the product Πββ
g (1−Παα

k ) along with the corresponding matrix elements represent the

probability of scattering from |ψβ
g ⟩ to |ψα

k ⟩ state. The Θ function ensures the initial

state has higher quasi energy than the final state which effectively ensures that only the

processes dissipating energy to the phonon bath are allowed. Similarly the tensor Ak

is involved in reverse scattering processes (for instance from |ψα
k ⟩ to |ψβ

g ⟩ scatterings)

and is given by,

Aab
k ≡

βρ∑
g

V bβ
kg (Ṽ

aρ
kg )

∗ (δβρ − Πρβ
g ). (5.37)
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The steady state version of Eq. 5.33 can be obtained by setting ∂tΠab
k = 0. The

result is a set of non linear algebraic equations involving Παβ
k Πγδ

g terms and thus finding

exact, simultaneous solutions for
{
Παβ

k

}
is numerically intensive.

We note since the EM amplitude is much smaller than the bandwidth of the

electronic energy spectrum (A0|J⊥
0,k| ≪ |∆(0) − ∆(π)|), Παβ

k differs from its ground

state value only in a small region (degeneracy region) of O[A0] in Brillouin zone. Hence

scattering contributions between two degeneracy regions (being smaller by order of A0)

can be ignored.

Since Παβ
k is close to its ground state value for almost all of the Brillouin zone,

we can use the ground state values for the terms Παβ
g in the tensors Aαβ

k , Dαβ
k , F αβ

k to

linearize the steady state equation of motion which can be readily solved analytically.

The linearized equation of motion, for the k points inside the degeneracy region, is

obtained to be (see Appendix B.5 for details)

i[ϵ̃k,Πk] = −{Mk,Πk}+ Λk
(5.38)

where ϵ̃abk = 1
2
(ϵak − ϵbk)δ

ab is the Hamiltonian in Floquet basis. Mk and Λk can be

deduced from Ak and Dk as defined in Eq. 5.36-5.37, to be

Mαβ
k ≈ q

∑
n<0

⟨ψα
k (n)|Ŝv|ψβ

k (n)⟩+ p
∑
n≥0

⟨ψα
k (n)|Ŝc|ψβ

k (n)⟩,

Λαβ
k ≈ 2q

∑
n<0

⟨ψα
k (n)|Ŝv|ψβ

k (n)⟩.
(5.39)

Here p and q are effective scattering rates for electrons and holes defined as:

p ≡ f>|V1|2G and q ≡ f>|V2|2G (5.40)

where f> is the fraction of the Brillouin zone such that Ω > 2∆k. Ŝv and Ŝc are the
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projector operators on the valence and conduction band sub spaces respectively defined

as

Ŝc ≡
∑
k

c†kck, Ŝv ≡
∑
k

v†kvk. (5.41)

The solutions of Eq. 5.38 can be used to calculate current responses.

5.4.2 Expression for the current response

The matrix elements of current operator in the basis of Floquet states are

Cαβ
k ≡ ⟨ψα

k |Ĵ(t)|ψ
β
k ⟩. (5.42)

Solving the linear equations in Eq. 5.38 and calculating Cαβ
k according to Eq. 5.42

(Appendix B.6 contains expressions for the steady state matrix elements, Παβ
k and

Cαβ
k ), we obtain expression for the current response. The AC current can be obtained

by computing the ±Ω frequency components of Cαβ
k and combining with the steady

state solution for Παβ
k (see Appendix B.6). The resultant response for the AC current

up to leading order in electric field amplitude is

JAC
k (Ω) = A0|J⊥

0,k|2Lk

[
1− i+

p+ q

ϵk
+
Jz
1,k(Ω− 2∆k)

|J⊥
0,k|2

]

with Lk ≡
(
Ω
2
−∆k

)
2ϵk

2q + tk(p− q)

(p+ q)2 + (2ϵk)2

(5.43)

where tk is given by

tk ≡ Tr{Πk} =
1− 2(p−q)

p

A2
0|J⊥

0,k|
2

(p+q)2+(2ϵk)2

1 + (p−q)2

pq

A2
0|J⊥

0,k|2

(p+q)2+(2ϵk)2

. (5.44)

Similarly, computing the zero frequency component of Cαβ
k , we find the DC current up

to second order in electric field magnitude to be

JDC
shift(k) = Tr{ΠkCk}e = 2A2

0

(
J⃗0,k × J⃗1,k

)
z

2q + tk(p− q)

(p+ q)2 + (2ϵk)2
. (5.45)
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The total DC current is obtained integrating Eq. 5.45 over Brillouin zone as

JDC
shift =

1

2π

∫
BZ

dk JDC
shift(k). (5.46)

If the EM perturbation is the smallest parameter (i.e. A0|J⊥
0,k| ≪ p+ q), from Eq. 5.44

tk ≈ 1 which implies

lim
A0≪(p+q)

JDC
shift(k) = 2A2

0

(
J⃗0,k × J⃗1,k

)
z

p+ q

(p+ q)2 + (2ϵk)2
. (5.47)

Recognizing the total scattering rate as η = p + q and using the limit, limA0→0 ϵk =

Ω
2
−∆k, we recover the semi classical result obtained in Eq. 5.13.

JDC
shift(k) can also be evaluated in the opposite limit of weak scattering (i.e. p, q ≪

A0|J⊥
0,k|) to obtain

lim
A0|J⊥

0,k|→0
lim

p,q≪A0|J⊥
0,k|
JDC

shift(k) =
A0

(
J⃗0,k × J⃗1,k

)
z

2|J⊥
0,k|

[2q + tk(p− q)] δ(Ω/2−∆k).

(5.48)

Putting this expression into Eq. 5.46 it is easy to see that the resultant DC current

scales linearly with the electric field in this limit, i.e. JDC
shift ∝ A0. This result contradicts

the one obtained using the Kubo formula by producing a linear scaling with the external

oscillating EM field for the DC current. According to the analytic results in Eq. 5.47

and Eq. 5.48, the DC current response scales quadratically at small A0 and linearly

at large A0 (smaller and larger than e-ph scattering strengths). On the other hand,

the AC response doesn’t show any such scaling shift and is always linear in A0 in the

entire perturbative range of A0. Thus, the linear response is related to equilibrium

correlation functions that do not depend critically on the relaxation mechanism. For

the DC current, a similar shift of scaling from non-linear to linear, by increasing the
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EM field amplitude, is discussed in Ref. [78] where a two band system is coupled to a

heat bath. The result obtained in Ref. [78] can be compared to Eq. 5.45 in the case of

the effective intra band scattering rates via phonons within the valence and conduction

bands being equal, i.e. putting p = q in Eq. 5.44 and Eq. 5.45.

5.5 Numerical evaluation of the weak damping limit

To study how the crossover in scaling occurs between the two regimes for the DC

current, we perform the integral in Eq. 5.46 using the expression for JDC
shift(k) given by

Eq. 5.45 for the Rice-Mele model [71]. We also numerically study the scaling property

of AC current magnitude for the same model. The Rice-Mele model is described by

the following tight binding Hamiltonian [71]

Ĥ0 =
∑
n

(
h a†nbn + h′ a†nbn−1 + h.c.

)
+ d

(
a†nan − b†nbn

)
=
∑
k

∆k

(
c†kck − v†kvk

)
with ∆k ≡

√
h2 + h′2 + 2hh′ cos(k) + d2.

(5.49)

The EM vector potential A(t) introduces phases to the hoping terms according to

Peierls substitution as

a†nbn → e−iA(t)/2 a†nbn, a†nbn−1 → e−iA(t)/2 a†nbn−1. (5.50)
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Transforming to Fourier space, the perturbed Hamiltonian, in the atomic (ak, bk) basis,

becomes

Ĥ =
∑
k

(
a†k b†k

)
H⃗k · σ⃗

 ak

bk


with

H⃗k = −
[
(h+ h′) cos

k − A

2
, (−h+ h′) sin

k − A

2
,−d

]
.

(5.51)

In terms of the parameters,
(
J⃗0,k × J⃗1,k

)
z
= − d

8∆k
(h′2 − h2) where J⃗0,k ≡ ∂AH⃗k(A)|A=0

and J⃗1,k ≡ ∂2AH⃗k(A)|A=0.

The AC current for this Rice-Mele model is obtained by numerical integration

of the expression given by Eq. 5.43 over the Brillouin zone with fixed values for p, q.

The resulting values for |JAC|/|J⊥
0,kD

| are plotted as a function of 2A0|J⊥
0,kD

|/(p+ q) on

a log scale in Fig. 5.3 where kD is the momentum of the degeneracy point (with the

property, 2∆kD = Ω). The points on the plot fit to a straight line with slope 1. Thus,

the AC current response scales linearly in a range of values from A0|J⊥
0,kD

| ≪ (p + q)

to A0|J⊥
0,kD

| ≫ p + q. This scaling is as expected from conventional linear response

theory. On the other hand same plot for the shift current, |JDC
shift|/|J⊥

0,kD
|, shows a

crossover of scaling with A0 as shown in Fig. 5.4. In the limit of weak electric field,(
ln
∣∣2A0 J

⊥
0,kD

/(p+ q)
∣∣ < −1

)
, the points fit to a straight line of slope 2 whereas in the

limit of weak scattering
(
ln
∣∣2A0 J

⊥
0,kD

/(p+ q)
∣∣ > 1

)
, the corresponding fit line has slope

1. Therefore, the DC current response indeed shifts scaling from quadratic to linear

through a region where the electric field and the scattering strengths are comparable(
ln
∣∣2A0 J

⊥
0,kD

/(p+ q)
∣∣ ∼ 0

)
. Thus the e-ph coupling strength sets an energy scale for

120



Figure 5.3: ln
∣∣JAC/|J⊥

0,kD
|
∣∣ vs ln

∣∣2A0|J⊥
0,kD

|/(p+ q)
∣∣ plot depicts the scaling

dependence of AC current response, JAC, on the EM field amplitude A0 where JAC

is normalized by |J⊥
0,kD

|, the amplitude of the zeroth order current operator matrix

element between conduction and valence band states at the degeneracy point k = kD.

p and q are the intraband scattering amplitudes for valence and conduction bands as

in Eq. 5.40. The equation for the linear fit is y = −11.65 + x.

the EM field strength for a non-linear to linear crossover of the shift current response.

5.6 Conclusion

We have studied an example of a non-linear response i.e. the BPVE in a system

with electron-phonon interactions. Since the response is dominated by resonant transitions,
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Figure 5.4: ln
∣∣JDC

shift/J
⊥
0,kD

∣∣ vs ln
∣∣2A0|J⊥

0,kD
|/(p+ q)

∣∣ plot depicts the scaling dependence

of the DC current response on the applied EM amplitude. Linear fits in regimes

A0|J⊥
0,kD

| ≪ p, q and A0|J⊥
0,kD

| ≫ p, q show a switch in slope from 2 to 1 as A0 is

increased across the e-ph coupling strength. The linear fit equations are y = −13.3+2x

and y = −12.8 + 1.05x respectively.

we have limited our treatment to a two band model. As we found in Sec. 5.2, the BPVE

contains OTOC terms that cannot be computed by simple diagrams. However, in Sec.

5.3, we find that the BPVE can be understood semi classically from the dipole moment

of generated excitons. The semi classical limit assumes that the scattering rate is large

compared to the driving force. We remedy this in Sec. 5.4 using a master equation

approach. From this we find that in the small scattering rate limit the DC current
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scales linearly with the vector potential instead of quadratically. This signals that this

result is beyond the response function formalism in Sec. 5.2. The AC current doesn’t

show any such anomalous scaling behavior.

The DC current we obtain in the small A0 limit is consistent with the non-

interacting result for BPVE obtained previously. The breakdown seen in Sec. 5.4

at larger A0 shows that electron-phonon interaction affects the result in an implicit

way. However, what is interesting from comparing to the general response in Sec.

5.2 is that only the χn,2 term contribute to the shift current in configurations with

homogeneous excitation profiles. This term is really conventional linear response of Ĵ0

to Ĵ1 contributions in the BPVE and can be computed from equilibrium field theory.

However, as shown in Sec. 5.3.2, the situation is quite different for inhomogeneous

excitation profiles. In this case, owing to inhomogeneous carrier density generated by

the incident light an additional diffusion current response is generated. This modulation

of the density profile provides an alternative way to measure the shift current capacitively

without the use of contact leads. The diffusion current contribution is not captured by

the simple shift current that can be computed from χn,2 and requires the computation

of χotoc. As discussed in Sec. 5.2, since χotoc is not a time-ordered correlator, it cannot

be computed from conventional equilibrium field theory but rather requires a Keldysh

technique. In this work, we have circumvented this using a semi classical approach

that is of limited validity in the context of weak interactions to place a constraint on

the long ranged part of χotoc (Eq. 5.22). The full quantum mechanical computation

of χotoc using Keldysh field theory for strongly interacting systems where the semi

classical estimate would break down, would be an interesting future direction.
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Appendix A

Appendix to Chapter 4

A.1 Comparing the bosonization schemes for the chiral and the physical

fermions

In this Appendix we relate the Klein factors, number operators and the bosonic

fields that appear in the bosonized expressions for the chiral fermions [Eq. (4.15)] with

the same for the physical fermions [Eq. (4.14)]. For this purpose we utilize the relations

between the chiral and physical fermions given by Eq. (4.10).

First, let us consider the relation ψR↑(x) = γ+(x) [Eq. (4.10)]. Substituting the

bosonized form for either side of the relation we have,

UR↑√
2πα

eiNR↑πx/L e
− i√

2
(ϕc−θc+ϕσ−θσ) =

U+√
2πα

eiN+πx/L ei(π+φ)x/(2L) e−iϕ+(x) (A.1)

From this equation we can find relations between the Klein factor, number operator

and bosonic field. Absorbing the extra phase-factor, ei(π+φ)x/(2L), on the RHS in the

Klein factor we have, UR↑ = ei(π+φ)x/(2L) U+, for the number operator NR↑ = N+ and

lastly for the bosonic field ϕ+(x) = 1/
√
2 (ϕc − θc + ϕσ − θσ).

Now we consider the corresponding relation on the other half of the extended

manifold, i.e., x ∈ [0,−L] for γ+, which reads ψL↓(x) = −ieiφ0 γ†+(−x). Again writing
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the bosonized expressions we have

UL↓√
2πα

e−iNL↓πx/L e
i√
2
(ϕc+θc−ϕσ−θσ) = − i√

2πα
eiφ0 eiN+πx/LU †

+ e
i(π+φ)x/(2L)eiϕ+(−x) (A.2)

In order to perform the same comparison from this expression, the RHS needs to be

rearranged such that the Klein factor, U †
+, appears to the left of the exponential number

operator, eiN+πx/L. Since U †
+ increases N+ by 1 we have eiN+πx/LU †

+ = U †
+e

i(N++1)πx/L.

After this re-arrangement we can again relate the variables of the LHS and RHS as

here UL↓ = −ieiφ0+i(3π+φ)x/(2L) U †
+, NL↓ = −N+ and ϕ+(−x) = 1/

√
2 (ϕc+θc−ϕσ−θσ).

The exact same arguments can be applied for the relations involving γ−(x), i.e.,

ψL↑ = γ−(x) and ψ†
R↓ = ieiφ0 γ†−(−x). Applying the same analysis on these two relations

we have UL↑ = ei(π+φ)x/(2L) U−, NL↑ = N−, ϕ−(x) = −1/
√
2 (ϕc + θc + ϕσ + θσ) and

UR↓ = ieiφ0+i(3π+φ)x/(2L) U †
−, NR↓ = −N−, ϕ−(−x) = −1/

√
2 (ϕc − θc − ϕσ + θσ). The

relations derived in this Appendix is listed in the main text in Eq. (4.16) and Eq. (4.17).

From the relations between the chiral bosons and the spin-charge bosons [Eq. (4.17)]

we can now derive the boundary constraints invoking the continuity of ϕ±(x) at x = 0

and its periodicity at x = −L,L. The continuity of ϕ±(x) at x = 0 implies

ϕ±(0
+) = ϕ±(0

−)

=⇒ ± [ϕc ∓ θc + ϕσ ∓ θσ](0) = ±[ϕc ± θc − ϕσ ∓ θσ](0)

=⇒ [θc ∓ ϕσ](0) = 0

=⇒ θc(0) = 0 ϕσ(0) = 0

(A.3)
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Similarly the periodicity condition for the chiral bosons, i.e., ϕ±(L) = ϕ±(−L), implies

ϕ±(L) = ϕ±(−L)

=⇒ ± [ϕc ∓ θc + ϕσ ∓ θσ](L) = ±[ϕc ± θc − ϕσ ∓ θσ](L)

=⇒ [θc ∓ ϕσ](L) = 0

=⇒ θc(L) = 0 ϕσ(L) = 0

(A.4)

The boundary constraints thus obtained for the spin-charge bosons are listed in the

main text in Eq. (4.18).

A.2 Diagonalization of the interacting Hamiltonian

In this Appendix we derive the diagonal second quantized basis for the interacting

Hamiltonian given by Eq. (4.20) starting from the expressions for the bosonic fields

[Eq. (A.7)]. Using the second quantized expressions we calculate (∂xϕc,σ)
2 and (∂xθc,σ)

2

and integrating over the length of the system,
∫ L

0
dx ..., we obtain the following expressions:∫ L

0

dx (∂xϕc,σ)
2 = ±π

4

∑
n>0

kn

[
bn ∓ b−n ± b†n − b†−n

]2
∫ L

0

dx (∂xθc,σ)
2 = ∓π

4

∑
n>0

kn

[
bn ∓ b−n ∓ b†n + b†−n

]2 (A.5)

In order to diagonalize we first need to define two sets of bosonic fields as, cn ≡

1√
2
(bn − b−n) and dn ≡ 1√

2
(bn + b−n), following which the same terms can be re-written

as,∫ L

0

dx (∂xϕc)
2 =

π

2

∑
n>0

kn
[
cn + c†n

]2 ∫ L

0

dx (∂xθc)
2 = −π

2

∑
n>0

kn
[
cn − c†n

]2
∫ L

0

dx (∂xϕσ)
2 = −π

2

∑
n>0

kn
[
dn − d†n

]2 ∫ L

0

dx (∂xθσc)
2 =

π

2

∑
n>0

kn
[
dn + d†n

]2
(A.6)
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Now expanding the squares in these expressions one can see that it contains cncn

(dndn) and c†nc
†
n (d†nd†n) terms along with the desired diagonal terms. To omit those

terms a Bogoliubov transformation is performed which is defined by, cn = coshλc γc,n+

sinhλc γ
†
c,n and dn = coshλσ γσ,n + sinhλσ γ

†
σ,n where eλc =

√
Kc and eλσ = 1/

√
Kσ.

Substituting cn, c†n and dn, d†n in terms of γc,n, γ†c,nand γσ,n, γ†σ,n the diagonal form can

be obtained following some algebra as it appears in Eq. (4.22).

Next we express the bosonic fields in terms of the diagonal basis which would be

useful to calculate any correlators. The spin-charge bosonic fields have the following

expressions in terms of the diagonal basis:

ϕc =

√
πKc

L

∑
n>0

cos(knx)√
kn

[
γc,n + γ†c,n

]
θc = i

√
π

KcL

∑
n>0

sin(knx)√
kn

[
γ†c,n − γc,n

]
ϕσ = i

√
πKσ

L

∑
n>0

sin(knx)√
kn

[
γ†σ,n − γσ,n

]
θσ =

√
π

KσL

∑
n>0

cos(knx)√
kn

[
γσ,n + γ†σ,n

]
(A.7)

These expressions are used in the expressions for the back-scattering terms in order to

calculate the matrix elements in Eq. (4.31).

A.3 The linear response function perturbative in impurity potential

In this Appendix we derive the linear response function [Eq. (4.27)] perturbatively

up to second order in the impurity Hamiltonian, δĤB. We achieve this by finding the

dressing of the current operators up to first order and the perturbation of the ground

state up to first order in δĤB and then calculating the correlator in Eq. (4.27).
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In the Heisenberg picture the time-dependent current operator is given by

Ĵc(t) = U †(t) Ĵc U(t) (A.8)

where in presence of impurity the time evolution operator U(t) is governed by the

entire Hamiltonian of the system,

i∂tU = Ĥint + δĤB (A.9)

Defining U(t) ≡ e−iĤintt Ū eiĤintt and substituting in the equation of motion we have,

i∂tŪ = δH̄B (A.10)

where δH̄B ≡ eiĤintt δĤB e
−iĤintt. This unitary transformation readily enables us to

evaluate Ū(t) up to first order in δH̄B as

Ū(t) ≈ 1− i

∫ t

0

dt1 δH̄B(t1) (A.11)

Putting this form of Ū(t) and using the fact that
[
Ĥint, Ĵc

]
= 0, we have the following

expression for the time-dependent current operator up to linear order:

Ĵc(t) = e−iĤintt Ū †ĴcŪ e
iĤintt =

[
Ĵc − ie−iĤintt

∫ t

dt1

[
Ĵc, δH̄B(t1)

]
eiĤintt

]
(A.12)

Now we derive the perturbed ground state up to first order in δĤB. The first order

perturbation to the ground state, |ḠS⟩ ≡ |GS⟩+ |δG⟩, is given by,

|δG⟩ ≈ −
∑

m ̸=GS

⟨m|δĤB|GS⟩
Em

|m⟩ (A.13)

where |GS⟩ is the unperturbed ground state and {|m⟩} are the set of unperturbed

excited states. We have assumed the ground state energy to be at zero energy EGS ≡ 0.
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Using this perturbed ground state and perturbed current operator we now calculate

⟨Ĵc(t)Ĵc(t′)⟩. We note at this point that Ĵc|GS⟩ = 0 and ⟨m|Ĵc|n⟩ = δmn ⟨m|Ĵc|m⟩ ≡

δmnJc(m). Using these and filtering the non-zero contributions up to second order in

δĤB, we obtain:

⟨ḠS|Ĵc(t)Ĵc(t′)|ḠS⟩ ≈
∑
m

J2
c (m)

|⟨m|δĤB|GS⟩|2

E2
m

+ i

∫ t

0

dt1⟨GS|δH̄B(t1)Ĵ
2
c |δG⟩

− i

∫ t′

0

dt1⟨δG|Ĵ2
c δH̄B(t1)|GS⟩+

∫ t

0

dt1

∫ t′

0

dt2 ⟨GS|δH̄B(t1)Ĵ
2
c δH̄B(t2)|GS⟩

(A.14)

Now substituting δH̄B = eiĤintt δĤB e
−iĤintt and inserting identities, Î ≡

∑
n |n⟩⟨n|, on

both sides of the Ĵ2
c operator we obtain for the expectation value of the commutator:

⟨ḠS|
[
Ĵc(t), Ĵc(t

′)
]
|ḠS⟩ ≈ −2i

∑
m ̸=GS

J2
c (m)

|⟨m|δĤB|GS⟩|2

E2
m

sin [Em(t− t′)] (A.15)

Since the response function is only a function of the difference between the two times,

defining τ ≡ t− t′, we can obtain the Fourier transform in frequency space as:

χ(ω + iη) =

∫ ∞

−∞
dτ Θ(τ)χ(τ)

≈ −2
∑
m

J2
c (m)

|⟨m| ˆδH|GS⟩|2

Em

(E2
m − ω2 + η2) + 2iωη

(E2
m − ω2 + η2)2 + 4η2ω2

(A.16)

In the vanishingly small limit of η, the imaginary part of χ(ω+ iη)/ω obtains the form

given in Eq. (4.31).

A.4 Normal ordering of the exponential operators

In this Appendix we discuss the steps leading to the normal ordered form of

the exponential operators, e±i(ϕc,σ−θc,σ) ei(ϕc,σ+θc,σ) as they appear in the expressions for
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the back-scattering terms in δĤB. Since the operators ϕc,σ, θc,σ are Hermitian each

of the exponent is anti-Hermitian and for an exponential of the form eA, the anti-

Hermitian operator, A can be expressed as A =
∑

n(anγ
†
n − a∗nγn) where γn, γ†n are

bosonic annihilation and creation operators. We normal order products of two such

non-commuting exponentials, eAeB. Using Baker-Campbell-Hausdorff (BCH) formula,

we obtain the normal ordered form for such a product of operators as follows:

e
∑

n(anγ
†
n−a∗nγn) =

∏
n

[
e−|an|2/2 eanγ

†
n e−a∗nγn

]
=⇒ e

∑
n(anγ

†
n−a∗nγn) e

∑
n(bnγ

†
n−b∗nγn) =

∏
n

e−(|an|2+|bn|2+2a∗nbn)/2 e(an+bn)γ
†
n e−(a∗n+b∗n)γn

(A.17)

Now for the case of the charge modes γn ≡ γc,n whereas for the spin modes γn ≡ γσ,n.

From Eq. (A.7) we can read off the corresponding coefficients associated with the charge

modes to be

ac,n =
√
πKc/(2knL) [i cos(knx) + sin(knx)/Kc]

bc,n =
√
πKc/(2knL) [i cos(knx)− sin(knx)/Kc]

(A.18)

and for the spin modes,

aσ,n = −
√
πKσ/(2knL) [sin(knx) + i cos(knx)/Kσ]

bσ,n = −
√
πKσ/(2knL) [sin(knx)− i cos(knx)/Kσ]

(A.19)

Now using Eq. (4.26) the normal ordered form of the back-scattering terms are obtained:

ψ†
R↑,↓ψL↑,↓ =

U †
+U−

2πα
e∓i(N++N−+1)πx/L F (x)

∏
n

exp
[
i
√

2πKc/n cos(knx) γ
†
c,n ∓

√
2πKσ/n sin(knx) γ

†
σ,n

]
exp

[
i
√
2πKc/n cos(knx) γc,n ±

√
2πKσ/n sin(knx) γσ,n

]
(A.20)
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where F (x) is given by Eq. (4.33) and the expressions for the remaining terms ψ†
L↑,↓ψR↑,↓

can be obtained by taking the Hermitian conjugate.

While calculating matrix element of the form ⟨m|
∑

s ψ
†
RsψLs|GS⟩ using the normal

ordered form, the exponential of annihilation operators acting on the ground state

becomes unity. Now for a set of occupancies of the bosonic modes in |m⟩ = |pcn, pσn⟩,

from the expansion of exponential of the creation operators, only the term proportional

to
(
γ†c,n
)pcn (γ†σ,n)pσn contributes. Considering the corresponding pre-factor of that term

one can easily obtain the expressions in Eq. (4.32).
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Appendix B

Appendix to Chapter 5

B.1 Derivation of second order response

Here we describe the mathematical analysis associated with the derivation of

the non-linear response up to second order in the applied EM vector potential. The

corresponding perturbation from the minimal coupling is given by
∫
drA(r)Ĵ(r). The

space-time notation is condensed in r as r ≡ (x, t).

The response ⟨Ĵ(r)⟩ which is what we are interested in can be written in terms

of the trace of the product of the density matrix and the current operator as

⟨Ĵ(r)⟩ = Tr {ρ̃(t)J(r)} (B.1)

where ρ̃(t) and J(r) are the density operator and the current operator respectively

in the interaction picture. Using the interaction picture we compute the response up

to second order in the applied EM field, A0(x). We assume that the EM field is turned

on from t = −∞ slowly at a rate η → 0+ and so for its time-dependence we have

A(r) = A0(x) e
ηt
(
eiΩt + e−iΩt

)
≡ A0(x) e

ηtα(t).

In the interaction picture the operators are evolved by the unperturbed Hamiltonian

for the system, Ĥ0, as in Eq. 5.1. The evolution of ρ̃(t) is thus given by:

ρ̃(t) = Ũ(t) ρ̃−∞ Ũ †(t) (B.2)

where ρ̃−∞ is initial equilibrium density matrix for the system, before the EM field
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was turned on, and Ũ(t) is the interaction picture time evolution operator. The time-

evolution operator can be expanded in terms of the applied EM field up to second

order:

Ũ(t) = T
{
e−i

∫
r′ A(r′)J(r′)

}
≈ 1− i

∫ t

−∞
dt′
∫
dx′
[
A(r′)J0(r

′) + A2(r′)J1(r
′)
]

− 1

2

∫ t

−∞
dt1 dt2

∫
dx1 dx2A(r1)A(r2)T {J0(r1)J0(r2)}

(B.3)

This expansion of Ũ(t) is substituted to the density operator expression and then

combining with the current operator the response ⟨Ĵ(r)⟩ can be expressed as powers of

the applied EM field, A(x). It turns out in addition to the conventional linear response

term, the second-order response, in general, can be split into three terms depending

on the space and time dependence of the two powers of the EM field. For the purpose

of brevity of the equations we first concisely write the response up to second order

with three coefficients which are the associated response functions and then define the

response functions later in separate equations.

Thus, the current response has the form:

⟨Ĵ(r)⟩ ≈ ⟨Ĵ(r)⟩0 +
∫ ∞

−∞
dx′A0(x

′)χlin(r, x
′) +

∫ ∞

−∞
dx′A2

0(x
′)χn,2(r, x

′)

+

∫ ∞

−∞
dx1dx2A0(x1)A0(x2)χn,3(r, x1, x2) +

∫ ∞

−∞
dx1 dx2A0(x1)A0(x2)χotoc(r, x1, x2)

(B.4)

where the linear response function, χlin is given by

χlin(r, x
′) = i

∫ t

−∞
dt′ eηt

′
α(t′) ⟨[J0(r′), J0(r)]⟩0 (B.5)

The non-linear response is split into three terms. The simplest one, denoting by χn,2,
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is given by

χn,2(r, x
′) = i

∫ t

−∞
dt′ e2ηt

′
α2(t′) ⟨[J1(r′), J0(r)]⟩0 (B.6)

The χn,3 response function contains equilibrium time-ordered correlators of three current

operators and is given by

χn,3(r, x1, x2) = −1

2

∫ t

−∞
dt1 dt2 e

η(t1+t2)α(t1)α(t2) ⟨{T {J0(r1)J0(r2)}, J0(r)}⟩0 (B.7)

Lastly, and most interestingly, χotoc contains out of time ordered correlator in its

expression

χotoc(r, x1, x2) =

∫ t

−∞
dt1 dt2 e

η(t1+t2)α(t1)α(t2) ⟨J0(r1)J0(r)J0(r2)⟩0 (B.8)

In all these expressions ⟨..⟩0 = Tr {ρ̃−∞..} refers to the ground state expectation value.

Since there’s no current in equilibrium, the first term vanishes (i.e. no current response

in absence of any excitation) and one obtains Eq. 5.2. The terms involving χotoc adds

to the generic non-equilibrium nature of the non-linear response as discussed in the

main text.

B.2 Derivation of the shift vector

In this appendix we establish the agreement of DC response for our for the two

band case that we have considered in the main text in Eq. 5.13 to the conventional

form of the same as obtained before in [59, 60, 61]. The conventional expression for

the shift current is given by the following formula:

JDC
shift = A2

0

∫
BZ

dk |ucvk |2 (∂kϕk + αcc
k − αvv

k ) (B.9)

134



where ucvk = ⟨c|ûk|v⟩ and ûk is the velocity operator defined as, ûk = ∂kĤ0,k. αcc
k (αvv

k )

is the Berry connection for the |ck⟩ (|vk⟩) state and ϕk = −Im[ln ucvk ] . Recalling our

result, Eq. 5.13:

lim
η→0

JDC
shift = A2

0

∫
BZ

dk (J⃗0,k × J⃗1,k)zδ(Ω− 2∆k),

we recognize that we need to show

(
J⃗0,k × J⃗1,k

)
z
= |ucvk |2 (∂kϕk + αcc

k − αvv
k ) (B.10)

First we observe that

(
J⃗0,k × J⃗1,k

)
z
= Im

[
J cv
0,k J

vc
1,k

]
= Im [uvck (∂kûk)

cv] (B.11)

where from the definition of current operators, we have used Ĵ0,k = −ûk and Ĵ1,k =

∂kûk. Using chain rule for derivatives, we expand the off-diagonal matrix element of

∂kûk as:

(∂kûk)
cv = ⟨c|∂kûk|v⟩ = ∂ku

cv
k − ⟨∂kc|ûk|v⟩ − ⟨c|ûk|∂kv⟩ (B.12)

⟨∂kc|ûk|v⟩ can be expanded as:

⟨∂kc|ûk|v⟩ = ⟨∂kc|
[
∂k

(
Ĥ0,k|v⟩

)
− Ĥ0,k|∂kv⟩

]
= ∂kϵ

v
k⟨∂kc|v⟩+ ϵvk⟨∂kc|∂kv⟩ − ⟨∂kc|Ĥ0,k|∂kv⟩

(B.13)

Now inserting Identity operator, Î = |c⟩⟨c|+ |v⟩⟨v| in between for the second and third

terms in Eq. B.13 we obtain

⟨∂kc|ûk|v⟩ = −acvk (uvvk − acck (ϵ
c
k − ϵvk)) (B.14)
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where aαβk = ⟨α|∂kβ⟩, uvvk = ∂kϵ
v
k. Interchanging c and v in Eq. B.14 we obtain

⟨∂kv|ûk|c⟩ = −avck (ucck − avvk (ϵvk − ϵck)) (B.15)

We observe that the Berry phases are related to the aαβk as ααβ
k = −iaαβk . The off-

diagonal term acvk can be related to the velocity matrix element as

acvk = ⟨c|∂k

(
Ĥ0,k

ϵvk
|v⟩

)
= − ucvk

ϵck − ϵvk
(B.16)

Using complex conjugate of Eq. B.15in Eq. B.12 we obtain:

(∂kû)
cv
k = ∂ku

cv
k + ucvk

[
ucck − uvvk
ϵck − ϵvk

+ acck − avvk

]
(B.17)

Writing ucvk = |ucvk |e−ιϕk we obtain for the imaginary part, Im [uvck (∂kûk)
cv]:

Im [uvck (∂kûk)
cv] = |ucvk |2 (∂kϕk + αcc

k − αvv
k ) = |ucvk |2Rcv

k (B.18)

where the last equality is the connection of the shift vector to the berry connection as

defined in previous literature [59, 60, 61].

B.3 Floquet Theory for two band system

The Floquet theory treats system that are driven with a single frequency time

- periodic driving. This is a time domain analogue of the well-known Bloch theorem

which treats system with periodicity in real space. According to the Floquet theorem

for a system represented by a single frequency time dependent Hamiltonian the solutions

for the time dependent Schrodinger equation (TDSE) have the following form

|ψα
k (t)⟩ = e−iϵαk t|ϕα

k (t)⟩ = e−iϵαk t
∑
n

|ψα
k (n)⟩eιnΩt. (B.19)
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where Ω is the driving frequency and the quasi energy ϵαk can be chosen to belong in a

[0,Ω] interval and |ϕα
k (t)⟩ is time periodic with period 2π

Ω
.

Substituting the form of Eq. B.19 in TDSE, one obtains the Floquet equations

in frequency space as

∑
n

(ϵαk − nΩ) |ψα
k (n)⟩ =

∑
m

Ĥk(m− n)|ψα
k (m)⟩ (B.20)

where Ĥk
m−n corresponds to the (m−n)Ω frequency component of the Hamiltonian, Ĥk.

The eigenvalue solutions for Eq. B.20 produce ϵαk and |ψα
k (n)⟩ much like the Bloch’s

theorem.

For the two band case discussed in the main text, the EM perturbation in

frequency space can be written as

Ĥp = A0

∑
n

Jz
0,k(c

†
k,nck,n±1 − v†k,nvk,n±1) + A0

[
(Jx

0,k − ιJy
0,k)c

†
k,nvk,n±1 + h.c.

]
(B.21)

where the subscript n correspond to nΩ frequency component for the ck, vk operators

.

For the unperturbed Hamiltonian (Eq. 5.7) the quasi energies are simply

ϵ
u(0)
k =

Ω

2
+

∣∣∣∣Ω2 −∆k

∣∣∣∣ and ϵ
d(0)
k =

Ω

2
−
∣∣∣∣Ω2 −∆k

∣∣∣∣ (B.22)

with the corresponding states as

|ψu(0)
k ⟩ = Θ(Ω− 2∆k)|ck(0)⟩+Θ(2∆k − Ω)|vk(−1)⟩,

|ψd(0)
k ⟩ = Θ(Ω− 2∆k)|vk(−1)⟩+Θ(2∆k − Ω)|ck(0)⟩.

(B.23)

If Ω = 2∆k, the quasi energies are degenerate and hence to obtain the effect of

perturbation (Eq. B.21) an exact diagonalisation needs to be performed in the vicinity

of those degeneracy points.
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Up to leading order in A0, the energy shifts can be obtained by diagonalizing the

following matrix given by

H̃k =

 ∆k A0(J
x
0,k − iJy

0,k)

A0(J
x
0,k + iJy

0,k) Ω−∆k

 (B.24)

The corresponding eigenvectors can be used to obtain the Floquet state solutions in

time domain as

|ψu
k (t)⟩ =

e−iϵuk t√
1 + |xk|2

(
|ck⟩+ xk e

−iΩt|vk⟩
)
,

|ψd
k(t)⟩ =

e−iϵdkt√
1 + |xk|2

(
x∗k |ck⟩ − e−iΩt|vk⟩

)
with xk =

Ω
2
−∆k + ϵk

A0|J⊥
0,k|

Jx
0,k + iJy

0,k

|J⊥
0,k|

and ϵu,dk =
Ω

2
± ϵk with ϵk ≡

√(
Ω

2
−∆k

)2

+ A2
0|J⊥

0,k|2.

(B.25)

This concludes our short description of the application of the Floquet theorem for our

simple model of a two band semiconductor that is discussed in the main text.

B.4 Derivation of equation of motion for Πab
k

Expanding the solution of Eq. 5.30 up to second order in |V1,2| we obtain:

ρ̂I(t) = −i
∫ t

−∞
dt′
[
V̂I(t

′), ρ̂I(−∞)
]
−
∫ t

−∞
dt′

[
V̂I(t

′),

∫ t′

−∞
dt′′
[
V̂I(t

′′), ρ̂I(t
′′)
]]

(B.26)

Since, the first term contains single power of bath operators, its trace can be dropped.

In that case we note, |ρ̂I(t′′) − ρ̂I(t
′)| ≈ O[|V1,2|2] and so up to second order in |V1,2|,

we can replace ρ̂I(t′′) by ρ̂I(t′) in Eq. B.26 to obtain a second order perturbative result
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for ρ̂eI(t) as

ρ̂eI(t) ≡ Tr {ρ̂epI (t)}p ≈ −Tr

{∫ t

−∞
dt′

[
V̂I(t

′),

∫ t′

−∞
dt′′
[
V̂I(t

′′), ρ̂epI (t′)
]]}

p

. (B.27)

Differentiating Eq. B.27 w.r.t. time one obtains Eq. 5.31.

Using cyclic property of trace, from Eq. 5.32, ∂tΠab
k produces

∂tΠ
ab
k = −iT r

{[
Θ̂ab

k , ĤF

]
ρ̂eS(t)

}
e

− Tr

{[[
Θ̂ab

k , Û0V̂I(t)Û
†
0

]
, Û0

(∫ t

−∞
dt′ V̂I(t

′)

)
Û †
0

]
ρ̂epS (t)

}
ep

.

(B.28)

Noting that UF (t) f
α†
k fβ

g U †
F (t) = ei(ϵ

α
k−ϵβg )t fα†

k fβ
g and Up(t) a

s
q U

†
p(t) = asq e

iωs
qt, we

obtain

U0 V̂I(t)U
†
0 =

αβ,s∑
kg

V αβ
kg (t) fα†

k fβ
g

(
asq + as†−q

)
(B.29)

where the interaction matrix elements V αβ
kg between the Floquet states have the form:

V αβ
kg (t) =

∑
n

[∑
m

⟨Ψα
k (m+ n)|V̂ S|Ψβ

g (m)⟩

]
einΩt ≡

∑
n

V αβ
kg (n)einΩt (B.30)

And the integral over time for the interaction gives

∫ t

−∞
dt′ V̂I(t

′) =

ρ,σ,s′∑
p,p′

fρ†
p f

σ
p′ V

ρσ
pp′ (n)

as
′

q′ e
i(ϵσρ

p′p+ωs′
q′−nΩ)t

i(ϵσρp′p + ωs′
q′ − nΩ + iη)

+

ρ,σ,s′∑
p,p′

fρ†
p f

σ
p′ V

ρσ
pp′ (n)

as
′†
−q′ e

i(ϵσρ

p′p−ωs′
−q′−nΩ)t

i(ϵσρp′p − ωs′
−q′ − nΩ + iη)

(B.31)

where η is an arbitrarily small imaginary number introduced to regularize the integrals.

Considering only the Cauchy principal value one obtains energy conserving delta functions
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as follows

U0

(∫ t

−∞
dt′ V̂I(t

′)

)
U †
0

=

ρ,σ,s′∑
p,p′

fρ†
p f

σ
p′ V

ρσ
pp′ (n) e

inΩt
{
as

′

q′ δ
(
ϵσρp′p + ωs′

q′ − nΩ
)
+ as

′†
−q′ δ

(
ϵσρp′p − ωs′

−q′ − nΩ
)}

.

(B.32)

Going back to Eq. B.28, the first commutator in the second term gives

[
Θab

k , V̂I(t)
]
=

α,β,s∑
g,g′

V αβ
gg′ (t)

(
asq + as†−q

) [
fa†
k f

b
k , f

α†
g fβ

g′

]

=

β,s∑
k,g

V bβ
kg (t)f

a†
k f

β
g

(
asq + as†−q

)
−

α,s∑
k,g

V αa
gk (t)fα†

g f b
k

(
asq + as†−q

)
.

(B.33)

In order to calculate the second commutator we need to trace out the bath

operators from the product of
[
Θab

k , V̂I(t)
] ∫ t

−∞ dt′ V̂I(t
′). We use Markovian approximation

which assumes that the bath’s response time (τp) is much shorter than the dynamical

time scale due to interaction Hamiltonian, τp ≪ 1
|V | . Consequently, the phonon density

matrix remains effectively constant and can be decoupled from the combined density

operator as

ρ̂I(t) ≈ ρ̂eI(t)⊗ σ̂p
I . (B.34)

The decoupling implies ⟨aa†f †ff †f⟩ ≈ ⟨aa†⟩⟨f †ff †f⟩.

Now for the bath using zero temperature expectation values, i.e. ⟨asqa
s′†
q′ ⟩ = δss

′

qq′

and assuming continuum energy spectrum with a constant density of states, G, for each

momentum, i.e.
∑s = G

∫∞
0
dωq, we obtain for the trace of

[
Θab

k , V̂I(t)
] ∫ t

−∞ dt′ V̂I(t
′),
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Tr

{[
Θab

k , U0V̂I(t)U
†
0

]
U0

(∫ t

−∞
dt′ V̂I(t

′)

)
U †
0 ρ̂S

}
ep

= G

ρσβ∑
k,g,p,p′

V ρσ
pp′ (t) V

bβ
kg (t) Tr

{
fa†
k f

β
g f

ρ†
p f

σ
p′ ρ̂S

}
e
Θ
(
ϵσρp′p − ωs

q − nΩ
)

−G

ρσβ∑
k,g,p,p′

V ρσ
pp′ (t) V

αa
gk (t) ⟨fα†

g f b
kf

ρ†
p f

σ
p′⟩ Θ

(
ϵσρp′p − ωs

q − nΩ
)

(B.35)

Similar expression can be obtained for the term, Tr
{
U0

(∫ t

−∞ dt′ V̂I(t
′)
) [

Θab
k , U0V̂I(t)U

†
0

]}
p
.

While tracing out the electrons we assume the electronic system is non interacting

and it has translational invariance so that

(i) ⟨fa†
k f

β
g f

γ†
p f

δ
p′⟩ = δβγgp ⟨f

a†
k f

δ
p′⟩ − ⟨fa†

k f
δ
p′⟩⟨fγ†

p f
β
g ⟩+ ⟨fa†

k f
β
g ⟩⟨fγ†

p f
δ
p′⟩

(ii) ⟨fα†
k fβ

g ⟩ = δkg⟨fα†
k fβ

k ⟩
(B.36)

Using these expressions in Eq. B.35 and putting back to Eq. B.28 we obtain the rate

equation as in Eq. 5.33.
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B.5 Linearization of master equation

As argued in the main text, away from the degeneracy region only the valence

bands are completely occupied which implies

For g such that Ω > 2∆g

|ψu
g ⟩ = |vg(−1)⟩, |ψd

g⟩ = |cg(0)⟩;

Πuu
g = 1, Πdd

g = 0, Πud
g = 0;

For g such that Ω < 2∆g:

|ψu
g ⟩ = |cg(0)⟩, |ψd

g⟩ = |vg(−1)⟩;

Πuu
g = 0, Πdd

g = 1, Πud
g = 0.

(B.37)

where the states are written in frequency representation.

Putting Παβ
g values as input, Eq. 5.33 becomes linear in Παβ

k since we can ignore

scatterings in between two degeneracy regions as its contribution is order of magnitude

smaller.

Furthermore, using the state expressions we obtain for the interaction matrix

elements,

For g, such that Ω > 2∆g:

V bu
kg (n)V

uσ
gk (−n) = ⟨Ψb

k(n− 1)|V̂ S|vg⟩⟨vg|V̂ S|Ψσ
k(n− 1)⟩ = ⟨Ψb

k(n− 1)|Ŝv|Ψσ
k(n− 1)⟩.

(B.38)

Similarly all other matrix element combinations (V αβ
kg (n)V γδ

gk (−n)) for different g points

(Ω > 2∆g Ω < 2∆g) can be obtained.
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The additional Θ function puts constraint on the values of n that goes into the

summation formula in the steady state rate equation. Consequently the contributions

from g : Ω < 2∆g become O[A2
0] and thus can be dropped. Incorporating all these, one

obtains the Mk and Λk matrix elements as in Eq. 5.38.

B.6 Steady state solutions and Current matrix elements

Using the expressions for Floquet states (Eq. B.25) one can easily calculate the

Mk and Λk matrix elements in Eq. 5.39 to find the solution for Eq. 5.38 in the form,

Πk ≡ tkÎ + R⃗k · σ⃗, where each of the terms are given by

tk =
1− 2(p−q)

p

A2
0|J⊥

0,k|
2

(p+q)2+(2ϵk)2

1 + (p−q)2

pq

A2
0|J⊥

0,k|2

(p+q)2+(2ϵk)2

(B.39)

Rz
k =

2q + tk(p− q)

p+ q

Ω
2
−∆k

2ϵk
(B.40)

Rx,y
k = −A0

2ϵk

(p+ q)(2q + tk(p− q))

(p+ q)2 + (2ϵk)2

(
Jx,y
0,k ∓ 2ϵk

p+ q
Jy,x
0,k

)
(B.41)

The current operator, up to first order in A0, is given by

Ĵ =
m∑
k

(
c†k,m v†k,m

)(
J⃗0,k · σ⃗

) ck,m

vk,m



+ A0

m∑
k

(
c†k,m v†k,m

)(
J⃗1,k · σ⃗

) ck,m±1

vk,m±1

 .

(B.42)

143



Using the Floquet state expressions (Eq. B.25) along with the current operator definition

in frequency space (Eq. B.42), one can obtain the zero frequency component for the

matrix elements of current operator, C̃αβ
k (0), in {Î , σ⃗} basis to be

C̃x
k (0) ≡

1

2

(
C̃ud

k (0) + C̃du
k (0)

)
≈ |xk|

1 + |xk|2
Jx
0,k

|J⊥
0,k|

2Jz
0,k −

A0

1 + |xk|2
(
Jx
1,k srk − Jy

1,k sik
)

C̃y
k (0) ≡ − 1

2i

(
C̃up

k (0)− C̃du
k (0)

)
≈ |xk|

1 + |xk|2
Jy
0,k

|J⊥
0,k|

2Jz
0,k −

A0

1 + |xk|2
(
Jy
1,k srk − Jx

1,k sik
)

C̃z
k(0) ≡

1

2

(
C̃uu

k (0)− C̃dd
k (0)

)
≈ 1

1 + |xk|2
[
Jz
0,k(1− |xk|2) + |xk|J⃗0,k · J⃗1,k

]
with srk ≡ 1 +

(Jx
0,k)

2 − (Jy
0,k)

2

|J⊥
0,k|2

|xk|2 and sik ≡
2Jx

0,k J
y
0,k

|J⊥
0,k|2

|xk|2.

(B.43)

The ±Ω frequency components of the matrix elements of current operator, C̃αβ
k (±Ω),

are given by

C̃uu
k (Ω) =

A0

2ϵk

(
|J⊥

0,k|2 + Jz
1,k(Ω− 2∆k)

)
= C̃uu

k (−Ω)

C̃dd
k (±Ω) = −C̃uu

k (±Ω)

C̃ud
k (−Ω) = −

Jx
0,k − iJy

0,k

1 + |xk|2
C̃ud

k (Ω) =
|xk|2

1 + |xk|2
(Jx

0,k − iJy
0,k)

C̃du
k (Ω) =

[
C̃ud

k (−Ω)
]∗

C̃du
k (−Ω) =

[
C̃ud

k (Ω)
]∗
.

(B.44)
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