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The concept of structured singular value was introduced by Doyle [1] as a tool for the analysis
and synthesis of feedback systems affected by structured uncertainties. It is a key to the design of
control systems under joint robustness and performance specifications and it nicely complements
the H™ approach to control system design [2,3]. It has already been used successfully in various
application areas [4-7]. The question of how to numerically evaluate, in a reliable manner, the

structured singular value of a matrix has been explored by several authors [1,8-11] but is not
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Abstract

Although the question of the numerical evaluation of Doyle’s structured singular value has
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Given an m-tuple K = (ky, ..., ky) of positive integers, referred to as block-structure of size m,
the structured singular value u of a square complex matrix M of size n = } [~ k; can be defined

as (see [9,12])}
b = max (|Ma] : |[Pial] [|Mzl] = [ PiMeal, i = 1,...,m} (1)
zeC
where, for e =1,...,m,
P; =block diag (O,, ..., Ok;_;, Ir;s Okyy 15+ - -5 Ok)

where, for any positive integer k, I is the k X k identity matrix and Oy the k X k zero matrix and
where || - || denotes the Euclidean norm. The question of efficiently computing p has been resolved
for the case when m < 3 [1,9] but is still open in the general case. In particular, formula (1) is
of limited help as the optimization problem it involves generally has some nonglobal maximizers.

Also, if m < 3, the structured singular value can be obtained by solving the quasi-convex problem
= inf 6(DMD™! <3 2
b= inf 3(DMD™) (m<3) (2

where

D = { block diag (diIy,,. .., dmlk,) : di € (0,00)}

and where & indicates the largest singular value. While (2) often holds when m > 3, its right hand
side is sometimes a strict upper bound to u, as is the case in an example suggested by Doyle[13](see
Appendix) hereafter referred to as Example D. In [10] it is shown that the concept of structured
singular value is related to that of m-form numerical range of certain tuples of matrices. The

m-form numerical range of an m-tuple of n x n Hermitian matrices Ay,..., Ap is the set
W(Ai,...,An) ={f(z) : z€dB}
where 9B is the unit sphere in €%, i.e.,
0B ={|lz]| =1,z€C"},
where f: €™ — IR™ has components

fi(z) =oH Az, i=1,...,m.

1This definition of the structured singular value, while computationally more tractable, is equivalent to that
originally proposed by Doyle [1]: gk (M) = 0 if there is no block diagonal matrix A, with ith block of size ki, such
that det(I + MA) = 0; px (M) = (min{7(A) : det(I + MA) = 0})~! otherwise, where the ‘min’ is taken over the

same family of block diagonal matrices.



It is shown in [10] that, if one defines, for « € IR,
Ai(e) = aP; - MEP:M

where the superscript ‘H’ indicates the complex conjugate transpose, and if one denotes by W («)

the m-form numerical range W (41 (), . . ., Am()), the structured singular value of M is given by
= Jim /o
where oy is recursively defined by

ap = 52 (M) = max |Mz||?
ll=ll=1
ap+1 = op — c{og), k=0,1,2,...
with
c(a) = min{||v|| : veW(a)}.
Thus the question of computing u is reduced to that of iteratively computing the distance c(ox)
from the origin to the m-form numerical range W (ax).

In this paper, in an attempt to address the latter question, we examine properties of W (o) and
propose procedures to graphically display the boundaries of its 2-dimensional sections. In Section 2,
some properties of the m-form numerical range are reviewed. In Sections 3 and 4 the question of
graphically displaying 2-dimensional sections of the m-form numerical range is investigated. In
Section 3 it is shown that if one rotates and translates the m-form numerical range so as to
map any given k-dimensional section to the subspace spanned by the last k coordinate axes, the
resulting set is still an m-form numerical range; thus there is no loss of generality in considering
only sections of the latter type. In Section 4, procedures are proposed to display (or attempt to

display) 2-dimensional such sections. Several examples are considered, including Example D.

2 Some Properties of the Generalized Numerical Range

Given m complex Hermitian n X n matrices Aj,..., Am, their m-form numerical range W =
W(Ai,..., An) satisfies the following properties.
Property 1.[14-17)2 If n = 2 and m = 3, W is (the boundary of) an ellipsoid. In all other cases,

if m < 3, W is convex. If the A;’s are real symmetric then, if m < 3, W is always convex. [

2For m = 2, this result has been long known [18,19].



Note that, in our context, the first alternative cannot occur since n > m.

Property 2.[17]The intersection of W(Ay,..., An) with any of its supporting hyperplanes is an
IR™-imbedding of the m-form numerical range of a certain (m — 1)-tuple of matrices. [}

The next property is an immediate consequence of Properties 1 and 2.

Property 3. If m =4 and A, ..., A4 are real symmetric, then W has a convex boundary, i.e., the
intersection of W with any of its supporting hyperplanes is convex. [J
Property 4.[17]If z € 3B is such that f(z) is on the boundary of W (A, ..., As) then there exists
a direction w € IR™ such that z is an eigenvector of 3.1, w* A;. Moreover (1) if ¥ is any supporting
hyperplane to W(Ay,..., An) at f(z), then the direction orthogonal to ¥ is a valid choice for w.
if (43) for some ¢ € {1,...,m — 1} there exists no subset of W(Ay,..., An) containing f(z) that
is locally homeomorphic to IR™? around f(z), then there is a (¢ + 1)-dimensional subspace § of
V={Ae @™ : A=Y, w*A, w' € IR} such that all matrices in § admit z as an eigenvector. {J
With W (a) as defined in Section 1, the following holds.
Property 5.[10]

b= jnf 3(DMD™) 3)
if, and only if there exists a vector A € IR™, with A’ > 0 for all 4, such that W (p?) is contained in

the closed half space
H(X) ={ve IR™|{v,X) >0}. O

We conclude this section with two conjectures.
Conjecture 1. For complex Ay, ..., Am, if m < 2n — 2 and W has a convex boundary, then W is
convex. [}

Conjecture 2. For any m, if Ay, ..., Am are real symmetric, W has a convex boundary. [}

3 Coordinate Transformations

In this section, we show that if one rotates and translates an m-form numerical range so as to
map any given k-dimensional section to the subspace spanned by the last k coordinate axes, the
resulting set is still an m-form numerical range.

The intersection, denoted by A, of the m-form numerical range W of matrices Ay, .. ., Apm with

a k-dimension affine space can be expressed as

A=WnHN---NHp_j



where, fori = 1,...,m — k, H; is the one-dimensional hyperplane defined as
Hi={ve IR™| (v,u) =)'}

for some u; € IR™, M € IR. Without loss of generality, it can be assumed that the u;’s are
orthonormal.

Now consider the following coordinates transformation

p=UTv—X (orv=U(d+1)) (4)
where
U=[ug...up
for some Um—k41,- . ., Um, such that U is an orthonormal matrix (i.e., UTU = I), and
A=t
with arbitrary A™~*+1 _ A™  Transformation (4) is a composition of coordinates rotation and

translation. Under this transformation, it is easily checked that the image of the k-dimension

section A of the m-form numerical range is

A=WnHn N Hpy (5)
where W is the image of W and similarly for H;,i=1,...,m—k. Since

W={velR™ : 3zcdBst. v =z AavVie{1,...,m}},

we obtain
W = {p€IR™ : Iz€dBst. p=UTv -, withv' =2 Azvie{1,...,m}}
= {p€IR™ : 3zcdBst. ¥ =24z Vie{l,...,m}}
= W(AyL...,An) (8)
where, fori=1,...,m,

m
A":ZUJ';A:,'—-/\' .
i=1
Similarly, fori =1,...,m—k,
H = {peR™|o=UTv- 1, (v,u) =X}
= {(dDeR™ | (U(®+A),w) =X}

= {peR™ | =0} (7)



Since U is orthonormal, it follows from (4), (5), (6) and (7) that A can be obtained by translation
and rotation from the intersection of the m-form numerical range of }11, .. .,;1,,, with the span of

the last k coordinate axes.

4 Graphically Displaying W

In the 2-dimensional case (m = 2), the following simple procedure displays the boundary of W (see
[10,12]).

Procedure 1.

Step 0. Set 6 =0 and N = a large integer.

Step 1. Let z be any unit length eigenvector corresponding to the smallest eigenvalue of cos§A; +

sinfA,. Set
zH Az

Y2 =
:z:HAzx

If 6 # 0, draw the line segment y1yz. If § > 27, stop.

Step 2. Set y; = y2, § =0+ 27 /N and go to Step 1. [}

Figure 1 depicts W (A, Az) with

1 0 0O 00 O
Ai=]0 -1 1 A2=jl0 0 -1
0 1 -1 01 0

where j = \/—1 (the example is borrowed from [21] where a different algorithm is used to plot W).
In agreement with Property 4, the point (1,0) is the image of an eigenvector [1,0,0]T of all linear

combinations of A; and Aj, i.e., an eigenvector of both A; and As.

Consider now the question of displaying convex 2-dimensional sections of W. In view of the
discussion in Section 3, without loss of generality, suppose that the section of interest is defined by
w; =0,¢=1,...,m— 2. The following procedure is suggested.

Procedure 2.

Step 0. Set § = 0 and N = a large integer.



Step 1. Find z3,. .., 2y, (e.g. using a Newton iteration) such that, fori =1,...,m—2, 2% A;z =0
where z is any unit length eigenvector corresponding to the smallest eigenvalue of cos0A; +
sinf Ay + > g 2 Ai. Set

_ zH Az
"= o Aqx
If 8 # 0, draw the line segment §192. If § > 27, stop.

Step 2. Set y; = y2, 0 =0+ 2x/N and go to Step 1. [}

In view of Properties 1 and 3, Procedure 2 will correctly display the boundary of W when m = 3
and the ‘outer’ boundary of W when m = 4 and the A;’s are real. It should be clear that, if the
section under consideration is not convex, Procedure 2 will display the convez hull of its boundary.
Figure 2 was generated by Procedure 2. It is the section by a 2-dimensional affine space passing
through the origin of the convex hull of the m-form numerical range W (u?) (u ~ .87) corresponding
to Example D (see Appendix). As a side point, notice that on both Figures 1 and 2, Procedures 1
and 2 naturally space points y; proportionally to the curvature (this property can be easily proved).
Thus more points are used in region of high curvature, as is desirable. This property is illustrated
on Figure 3.

Our main purpose in this paper is to investigate the geometric properties of W in the non-convex
case. Thus we turn now to the question of graphically displaying nonconvex 2-dimensional sections
of W. The next procedure uses ‘brute force’ to display the intersection of any given W with the
span of the last two coordinate axes.

Procedure 3.
Step 1. Randomly generate z; € €", z; #0,¢=1,...,m— L.
Step 2. Find B;,¢=1,...,m— 2 such that,for j=1,...,m—2,

m—2 m-2
(37 Bizi + 2m—1)7A; (> Bizi+ Tm—1) =0
i=1 i=1
Step 8. Set = = Y™ Bizi + Tm—1. If z =0, go to Step 1. Else set z = z/||z|| and
zH Az
y =
zH Ay

Draw a small dot at y. Go to Step 1. [



In view of Property 5, Example D (see Appendix) corresponds to a set W (u?) for which there
is no A > 0 such that W (u?) is contained in the closed half space {v € IR* | (v,)) > 0}. Figure
4 (generated using Procedure 3), which displays that intersection of W (u?) with a 2-dimensional
affine set passing through the origin, illustrates this point. The ‘corner’ at 0 on the same picture
indicates, in view of Property 4 (i7), that O is the image under f of a vector € IR™ which is an
eigenvalue of all matrices in a 2-dimensional subspace of the real span of the A;’s.

Clearly Procedure 3 is computationally expensive. As an alternative, one can try to make use
of Property 4. This possibility was investigated in the particular case of Example D. Figure 5
shows the boundary of the section displayed on Figure 4. The ‘convex’ portion of this boundary
was drawn using Procedure 2. It turns out that, in this case, the ‘nonconvex’ portion is constituted
of images of eigenvectors corresponding to the second largest eigenvalue of the linear combination
> wiA;, with w a vector orthogonal to the hyperplane ‘tangent to W (u?)’ at the point under
consideration. A similar technique was used to generate Figures 6 to 9. These also come from
Example D, this time with o = 1. As seen on Figure 6, coW (1) touches the origin (while W (1)
does not) and the corresponding supporting hyperplane H intersects W (1) at more than one point.
Clearly, the ‘contact surface’ is not convex so that, in view of Properties 1 and 2, it must be an
ellipsoid. This is confirmed by Figures 7 to 9 which depict 2-dimensional sections contained in

3-dimensional sections of W defined by hyperplanes parallel to H.

5 Appendix: Example D

For easy of reference, we reproduce here an example due to Doyle [13] where m = 4 and equality
in (2) does not hold. Some background from [1} is given first.

For a complex n X n matrix M, consider the singular value decomposition
M=[U; U [Vy Vo),
where Uy, V; € €™*" with r the multiplicity of (M) and [Uy Us], [Vy V3] are unitary. Define
Vo={zeIR™' : Jved, |jv|=1st. z=vFHv, Vie{l,.... m-1}}
where

1
H; = 5 (U Mvy + VI M Uy)

and

M; =PM - MPF; .



The following two facts are proved in [1].
Fact 1. infpep 3(DMD™!) = 5(M) if, and only if, 0 € coV, . [0
Fact 2. p(M) =&(M) if,and only if, 0€ V, . [

Doyle’s example is as follows. Let

- - 1 H
a 0 0 a
ab ab ab —ab
M=
ab abj ab —abj
/1 _ 2 —a? 1+j a?(1—J 1 _ 9.2
| V1—2a WT(—TZ% 4 L 217242 1-20% |

and

K = (1,1,1,1)

where a =4/1 — 53§, b= 32Q and j = 4/—1. One obtains

1 0 01 0 j
H1:a2 3 H2:a2 y H3:a2
0 -1 10 -j 0
and it is easy to check that Vg is a circle with radius a? centered at the origin. Thus, by Facts 1

and 2, we have

inf 3(DMD™) = 5(M) # u(M) .
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