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The primary driving force behind autonomous vehicle (AV) research is the prospect of en-

hancing road safety by preventing accidents caused by human errors. To that end, it seems rather

improbable that AVs will replace all human-driven vehicles in the near future. The more plausible

scenario is that AVs will gradually be introduced on public roads and highways in the presence of

human-driven vehicles, leading to mixed-traffic scenarios. In addition to the existing challenges

associated with autonomous driving stemming from various uncertainty factors associated with

sensing, prediction, control, and computation, these situations pose further difficulties pertaining

to the variability in human driving patterns. Therefore, to ensure widespread public acceptance

of AVs, it is crucial to develop planning and decision-making algorithms, while benefiting from

modern sensing, computation, and control methods, that can deliver safe, efficient, and reliable

performance in mixed-traffic situations.



Considering the need to cater to the behavior variability of human drivers, we address the

joint decision-making and motion planning problem in structured environments with a multi-

timescale navigation architecture. Specifically, we design algorithms for commonly encountered

highway driving scenarios that require effective real-time decision-making, reliable motion predic-

tion of on-road entities, behavior consideration of on-road agents, and attention to safety as well

as passenger comfort. The specific problems addressed in this dissertation include bidirectional

highway overtaking, highway maneuvering in traffic, and crash mitigation on highways.

In the proposed framework, we first identify and exploit the different timescales involved

in the navigation architecture. Then, we propose algorithmic modules while pursuing systematic

complexity (data and computation) reduction at different timescales to gain immediate perfor-

mance improvements in inference and action/response delay minimization. This leads to real-time

situation assessment, computation, and action/control, allowing us to satisfy some of the key re-

quirements for autonomous driving algorithms. Notably, the algorithms proposed in this disserta-

tion ensure that the safety of the overall system is a fundamental constraint built into the system.

Distinctive features of the proposed approaches include real-time operation capability, considera-

tion for behavior variability of on-road agents, modularity in design, and optimality with respect

to various metrics.

The algorithms developed and implemented as part of this dissertation fundamentally rely

upon the application of optimization techniques in a receding horizon fashion which allows for

optimality in performance while explicitly accounting for actuation limits, vehicle dynamics, and

safety. Even though the modularity of the proposed navigation framework allows for the incorpo-



ration of modern prediction and control methods, we develop various prediction modules for the

trajectory prediction of on-road agents. We further benefit from risk evaluation methodologies to

ensure robustness to behavior variability of human drivers on the road and handle collision-prone

situations.

In the spirit of emulating real-world situations, we place special emphasis on utilizing real-

istic driving simulations that capture the effects of communication delays between different mod-

ules, limitations in computation resources, and randomization of scenarios. For the developed

algorithms, we evaluate the performance in comparative singular case studies as well as random-

ized Monte Carlo simulations with respect to several metrics to assess the efficacy of the developed

methods.
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Chapter 1: Introduction

Ever since the turn of the century, interest in automated vehicle technology has been grow-

ing, motivated by the idea of having safer roads by eliminating accidents caused by human error.

This interest culminated in four cars completing the 60-mile-long urban environment route in the

2007 DARPA Urban Challenge [2]. That feat demonstrated the viability of this particular area of

research and encouraged numerous vehicle manufacturers to direct their attention toward this ever-

growing trend. Since then, with all the computational and intellectual resources pooled together,

the research community as a whole has been edging ever closer to achieving Level 4 or 5 auton-

omy [3] for vehicles on public roads. With the existing Advanced driver-assistance (ADAS) [4]

systems in modern vehicles, we have already accomplished Level 1 to 2 autonomy [3] in which

significant control authority has already been handed over to automated systems, even though the

human is still an integral part of the system, and the one in command. In pursuit of achieving the

ultimate goal of having a ubiquitous presence of fully autonomous vehicles (beyond Level 4) on

public roads, the research community first needs to carefully address the problems that lie on the

path to making that dream a reality. See [3] for a detailed description of the Society of Automotive

Engineers’ (SAE) categorization of the five levels of autonomy of vehicles.

A major hurdle preventing the massive deployment of autonomous vehicle technology is
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the imminent coexistence of autonomous vehicles (AVs) and human-driven vehicles (HDVs) on

public roads, leading to mixed-traffic situations. With the gradual introduction of AVs alongside

the existing human-driven vehicles (HDVs), a multitude of challenges is forecasted for the near

future, particularly in the domains of decision-making, planning, and control, collectively referred

to as navigation. Specifically, any navigation algorithm deployed on the AV needs to be cognizant

of the varying driving patterns characteristics of human drivers [5]. This entails considering factors

such as varying speeds, driving styles, responses to unexpected events, and conveying as well

as understanding intentions implicitly. Therefore, the algorithms implemented on AVs must be

capable of adapting and interacting effectively with HDVs to ensure smooth and safe maneuvering

in mixed-traffic scenarios. By addressing these challenges head-on, we can pave the way for the

successful and harmonious integration of AVs into the existing transportation landscape.

Inspired by how human decision-making works [6], we approach the autonomous vehicle

navigation problem with various variants of a multi-time-scale predictive control approach with

consideration for human drivers’ behavior. In his theory of ‘thinking fast and slow,’ Kahneman [6]

proposes a human decision-making model composed of two systems: System 1 which is fast,

automatic, frequent, and unconscious; and System 2 which is slow, effortful, infrequent, and con-

scious. The two systems work harmoniously with complex communication, computation, and

information interchange allowing humans to perform navigation tasks effortlessly. This concept is

well-illustrated by an example from John Doyle’s work on speed-accuracy tradeoff [7]. Imagine

a mountain biker descending a trail: The biker’s System 2, which involves conscious and deliber-

ate decision-making based on advanced warning via visual information, sets high-level goals for
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navigating the trail while System 1, which operates unconsciously and reflexively, handles distur-

bances and minor obstacles while accounting for the dynamics of the rider and bike. Therefore, the

coordinated operation of these two systems enables the biker to successfully navigate the moun-

tain trail. Motivated by this, we propose our multi-time-scale navigation architecture, outlined in

Section 1.1 below.

1.1 Algorithmic Pipeline

Applying the principles of human decision-making to the autonomous vehicle navigation

task, it becomes readily apparent that the decision-making, planning, and control subtasks require

multiple subsystems working harmoniously at different time scales and model fidelities to achieve

safe and efficient driving. Therefore, we utilize a multi-time-scale navigation stack and an overall

modular algorithmic pipeline that allows for the integration of various external modules to meet

autonomous driving requirements.

Figure 1.1 illustrates the algorithmic pipeline of the proposed navigation stack in reference to

the various existing algorithmic modules deployed on an autonomous vehicle. Our self-contained

navigation stack, as outlined by the dotted rectangle in Figure 1.1, is composed of behavior plan-

ning, motion planning, and vehicle control modules. The behavior planner handles high-level

decision-making to meet the problem-specific design objectives while accounting for the behavior

of human-driven vehicles whereas the motion planner determines a trajectory based on the goals

set by the behavior planner. The two planning modules typically incorporate trajectory predictors

to model and predict the behavior of human-driven vehicles. The controller, on the other hand,
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Figure 1.1: Algorithmic Pipeline. Given the geographical information of the surroundings (lane
boundaries and center line trajectories) and the relative positions and velocities of neighboring
agents, the behavioral planning module computes the target lane and speed reference. The center
line trajectory of the target lane coupled with the target speed is then passed to the motion plan-
ner that generates a reference trajectory as a function of time-dependent longitudinal and lateral
displacements. The vehicle controllers take in the reference trajectory to determine throttle and
steering commands to track the trajectory accordingly.

generates actuation commands to accurately follow the trajectory generated by the motion planner,

considering sensor uncertainties and actuator disturbances. The taxonomy of the various compo-

nents of the navigation stack is borrowed from [8].

As for the data flow between the various algorithmic modules, the raw sensory input data is

first processed by the Perception and Simultaneous Localization and Mapping (SLAM) modules

to place the autonomous vehicle relative to the various environmental entities in a unified frame

of reference. This information is then transmitted to the navigation stack. The output of the
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navigation module is then passed down further in terms of actuation commands (brake, throttle,

and steering) to the actuators. In terms of computational tradeoffs, the behavior planning layer

operates at a low frequency with a long planning horizon (> 15s) while employing a low-fidelity

dynamical model; the motion planning layer operates at a moderate frequency with a moderate

planning horizon (∼ 4s) while employing a moderate-fidelity dynamical model; and the vehicle

control layer operates at a high frequency with short control horizon (∼ 2s) while employing a

high-fidelity dynamical model.

Given the abundance of methods available to address control and actuation tasks [9–15],

our focus in this dissertation is on the algorithm development for behavior and motion planning

modules, while leveraging existing control modules from the literature.

1.2 Trajectory Prediction

An essential consideration for the behavior and motion planning modules is the accurate and

reliable motion prediction of on-road agents. Here, any moving entity present within the traffic

environment qualifies as an on-road agent as long as its motion somehow affects the decision-

making process of the autonomous ego vehicle. With the ever-growing corpus on motion prediction

methods [16], it is imperative to design modular planning algorithms that have the flexibility to

incorporate modern prediction algorithms.

As for our proposed approaches, we develop various prediction algorithms with varying

levels of sophistication, dependent on the task at hand. However, as alluded to in Section 1.1,

a key component of our algorithmic pipeline is the modularity in its design. This allows for the
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integration of modern prediction algorithms that may be better suited for the problem at hand.

1.3 Challenges

Even though AV navigation research has made significant strides in recent years [8], there

still are several challenges that need to be addressed before AVs can gain a significant presence

on public roads [3]. The ability to navigate in the presence of human-driven, especially volatile,

vehicles is particularly difficult because the decision of an AV, in regards to behavior and motion

planning, at any moment is highly dependent on the behavior of neighboring vehicles. The key

considerations in the decision-making and planning process include reliable situation assessment

as well as timely decision-making. A misinformed or mistimed decision, in the worst case, will

lead to a fatal road accident or, at the very least, earn the wrath and mistrust of other drivers. On the

contrary, a sensible well-timed maneuver can gain improvements in travel time, passenger comfort,

and safety for not just the ego vehicle but the surrounding vehicles.

Reliable situation assessment involves reasonable trajectory prediction of the surrounding

vehicles. This is typically challenging because the future trajectory of a vehicle is highly contingent

upon the intrinsic behavior variability of human drivers, as outlined in Section 1.2. As for timely

decision-making, it requires the algorithms onboard an autonomous vehicle to operate in real-time

so that they are able to quickly adjust to the rapidly evolving dynamic situation. Therefore, some

of the key requirements for an AV decision-making system are embodied by the need for safety,

which is aided by adequate situation assessment, as well as real-time operation.

The algorithms presented in this dissertation prioritize the safety of the overall system as
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a fundamental requirement. Notable characteristics of our proposed methods include real-time

operability, accounting for the variability in on-road agent behavior, modularity in design, and

optimization with respect to some metrics.

1.4 Contributions

Considering the core tenets of AV technology, we tackle various closely related problems that

highlight the need for safety in the presence of varying driver behavior as well as the importance

of real-time operation. To start off, we first address the autonomous vehicle overtaking problem

in a bidirectional traffic flow setting. In this problem, the autonomous ego vehicle is required

to perform overtaking maneuvers on a two-lane bidirectional highway by safely moving into the

adjacent lane while avoiding oncoming traffic. Here, maintaining safety takes precedence over

improving performance, i.e. minimizing travel time, due to the potential fatality of a head-on

collision. For this problem, we also explore the benefits of cooperative sensing in the decision-

making process.

Moving on, we address the maneuvering problem in traffic on a multi-lane highway that

highlights the importance of foresight in behavior planning as well as behavior consideration of

on-road agents. This scenario emphasizes the importance of incentivizing performance while in-

fluencing the behavior of other vehicles. However, safety still remains the ultimate priority for the

ego vehicle. Unlike the bidirectional overtaking problem, however, being overly defensive in this

scenario can be disadvantageous as it may encourage aggressive human-driven vehicles to cut in

front, potentially compromising safety.
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Finally, we address the crash mitigation problem where an AV has to perform evasive ma-

neuvers in high-risk situations and minimize the severity of a collision if a crash is inevitable.

Contrary to the scenarios discussed earlier, this problem is not tied to any specific use case but is

applicable to any generic situation where an AV finds itself needing to perform evasive maneuvers

in order to ideally prevent a collision or minimize its severity if it is truly unavoidable.

Bidirectional Overtaking

In Chapter 2, we tackle the autonomous vehicle overtaking problem in a bidirectional mixed-

traffic setting using a non-cooperative as well as cooperative approach. In the first part of the

chapter (Section 2.3), we address the non-cooperative case by designing a model predictive con-

troller that maximizes the ego vehicle’s velocity while prioritizing safety and accounting for driver

comfort. Our controller does not assume full knowledge of the environment and utilizes a realistic

sensing and occlusion model instead. In regards to safety, we define variable safety margins as

functions of user-defined vehicle-specific attributes. Finally, the complexity of the receding hori-

zon optimal control problem is reduced by introducing a binary decision variable to approximate

the integrated lateral dynamics of the ego vehicle, thus decoupling the longitudinal and lateral com-

ponents of the dynamical model. As a result, the proposed approach is able to operate in a limited

sensing range while accounting for occlusion, is capable of active perception, is able to retract the

overtake decision through the receding horizon approach, is robust to variations in sensory input

and driving behaviors of external agents, and reduces to a mixed-integer optimization problem with

linear constraints yielding low computational complexity. We evaluate the efficacy of the proposed
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approach in a widely used simulation environment. These contributions are published in [17].

In the second part of the chapter (Section 2.4), we shift our focus to the cooperative case

where we combine the benefits of cooperation-driven communication-based control systems with

the safety guarantees of an optimization-based controller in the domain of bidirectional mixed

traffic overtaking. The main contribution of this work involves the implementation of a vehicle-to-

vehicle communication-based multi-agent strategy for autonomous bidirectional overtaking which

reduces the impact of blind spots created by sensor occlusion. In this regard, we also propose a

velocity-tracking method for trajectory prediction and an improved sensor occlusion model. Our

cooperative method is then tested using the realistic SUMO traffic simulation system, and the re-

sults and comparisons are presented. We show that this method leads to improved performance

with less risky maneuvers, higher overall throughput, and a high success rate for overtaking at-

tempts. Further tests are also carried out to show the impact of the penetration level of connected

autonomous vehicles and lane density on the performance of our method. These contributions are

published in [18].

Highway Maneuvering

In Chapter 3, we address the highway maneuvering problem in the presence of HDVs with

both the interaction and risk agnostic as well as aware approaches. The primary focus in the first

part of the chapter (Section 3.2) is on foresight in decision-making, without any interaction and risk

considerations. Therefore, we introduce a real-time optimization-based behavior planning module

that combines the advantages of optimization-based methods with high computational efficiency.
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This is achieved by utilizing a binary representation of the decoupled lane indicator dynamics

and implementing algorithmic modifications for improved numerical computations. This method

ensures optimality in terms of travel time and comfort while also providing safety guarantees

and real-time applicability for long planning horizons. Additionally, its modular design allows

for the integration of external trajectory prediction modules. By incorporating strategic decision-

making while fulfilling the core algorithmic requirements, our proposed method achieves long-

term performance benefits, as validated in simulation studies. These contributions are published

in [19].

In the second part of the chapter (Section 3.3), we enhance the formulation by incorporating

interaction and risk considerations into the previously developed behavior planning framework. To

handle the inherent behavioral uncertainty of on-road agents, we utilize an interaction-aware tra-

jectory prediction model based on a Recurrent Neural Network (RNN) architecture. The volatility

in behavior is quantified using the Conditional Value-at-Risk (CVaR) metric, while slack variables

are introduced to ensure solution feasibility. Additionally, a comprehensive case study and exten-

sive Monte-Carlo testing are conducted using a realistic simulator to evaluate the effectiveness of

our enhanced method.

Crash Mitigation

In Chapter 4, we propose a novel Risk-Aware Crash Mitigation System (RCMS) that com-

prises two key components: an activation mechanism (Section 4.4.1) and a modular trajectory

generation module (Section 4.4.2). The activation mechanism plays a crucial role in achieving a
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seamless transition between RCMS and Motion Planning (MP) systems, as these systems possess

inherently different objectives. To facilitate this transition, the activation mechanism integrates

instantaneous and predictive collision risk evaluations within a hysteresis band. This approach

ensures a smooth handoff between the two systems, enhancing passenger comfort and safety. The

trajectory generation component, on the other hand, focuses on minimizing situational risk by

leveraging a smooth functional profile for risk evaluation. This component considers various con-

straints, such as actuation limits, dynamical constraints, and road limitations, to generate trajecto-

ries that effectively mitigate situational risk. By considering these factors, we aim to enhance the

overall safety and efficiency of the autonomous vehicle navigation system, especially in collision-

prone scenarios. To validate the effectiveness of our proposed approach, we conduct simulations

involving high-risk situations.

1.5 Notation

Throughout this dissertation, we denote the set of integers by Z, the set of non-negative

integers by N, and the set of real numbers by R. For some a, c ∈ Z and a < c, we write Z[a,c] =

{b ∈ Z | a ≤ b ≤ c}. For some d, f ∈ N and d < f , we write N[d,f ] = {e ∈ N | d ≤ e ≤ f}. For

some g, i ∈ R and g < i, we write R[g,i] = {h ∈ R | g ≤ h ≤ i}. Whenever <,≤,=,≥, > are

applied to vectors, they are interpreted element-wise.
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Chapter 2: Bidirectional Overtaking

With the advent of autonomous vehicles on public roads imminent in the near future, it is

only a matter of time before autonomous vehicles will be sharing public roads with human-driven

vehicles. Therefore, it is imperative to place special emphasis on addressing safety concerns in

scenarios pertaining to mixed-traffic settings that are comprised of human-driven and autonomous

vehicles. The overtaking problem in a bidirectional mixed-traffic setting is a prime example that

highlights the difficulties pertaining to the variations in human driving patterns [5, 20]. While

fundamentally similar to the lane-changing problem [21], the overtaking problem has added com-

plexity due to the presence of oncoming traffic, which increases the chances of head-on collisions.

Moreover, the safety of overtaking maneuvers is highly contingent upon uncertainty factors such

as road conditions, measurement accuracy, sensor occlusion, human driving behavior, etc., making

it a challenging problem to address.

In this chapter, we address the problem of autonomous vehicle overtaking in a bidirectional

mixed-traffic setting using a receding horizon optimization-based approach for the non-cooperative

as well as the cooperative case. In the first part of this chapter, we address the non-cooperative

case, where no autonomous agents are assumed to be present in the vicinity of the autonomous ego

vehicle. Therefore, the ego vehicle relies solely on its onboard sensors as the primary source of
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input information. In the second part, we extend our analysis by incorporating cooperative sensing

and a refined trajectory prediction model to assess performance improvements in the presence of

varying densities of autonomous agents in the environment.

In the first part, we propose a mixed-integer model predictive controller that maximizes the

ego vehicle’s velocity while prioritizing safety and accounting for driver comfort. The proposed

approach: (i) operates in a limited sensing range while accounting for occlusion; (ii) is able to

retract the overtake decision through a receding horizon approach; (iii) is robust to the variations in

sensory input and driving behaviors of external agents due to behavior-dependent safety margins;

and (iv) reduces to a mixed-integer optimization problem with linear constraints, yielding low

computational complexity. We further demonstrate the behavior of the proposed approach in a

realistic traffic simulation environment.

In the second part, we utilize the communication capabilities of connected autonomous ve-

hicles (CAVs) to design a cooperative communication-based approach that utilizes the information

shared between CAVs to reduce the effects of sensor occlusion while benefiting from the local

velocity prediction based on past tracking data. Our control framework aims to perform overtak-

ing maneuvers with the objective of maximizing velocity while prioritizing safety and passenger

comfort. Our method is also capable of reactively adjusting its plan to dynamic changes in the en-

vironment. The performance of the proposed approach is verified using realistic traffic simulations

under varying CAV penetration levels.

This chapter is structured as follows: Section 2.1 provides an overview of the problem; Sec-

tion 2.2 summarizes the existing methods available in the literature to solve the problem; Section
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2.3 expounds on the non-cooperative case; Section 2.4 details the cooperative case; Section 2.5

summarizes our contributions while providing concluding remarks; and, Section 5.2 expands on

the future outlook. As for the non-cooperative case, Section 2.3.1 formalizes the problem; Section

2.3.2 details the various components of the proposed approach and highlights its analytical as well

as implementation details; and Section 2.3.3 analyzes the performance of the proposed approach

by running a series of tests and providing a discussion on the results. As for the cooperative case,

Section 2.4.1 details the problem description; Section 2.4.2 discusses the proposed approach while

highlighting its implementation and analytical details; and Section 2.4.3 evaluates the performance

of the proposed approach by running a series of tests and providing a discussion on the results.

2.1 Overview

Figure 2.1: Bidirectional Overtaking Scenario. The ego vehicle is depicted in red while the
leading and oncoming vehicles are both shown in yellow. The progression of time is shown with
a lighter shade. Dotted arrows show the ego vehicle’s trajectory while the t0 < t1 < t2 < t3 < t4
markers represent the progression of time.

In the bidirectional overtaking problem, an ego vehicle is required to overtake the leading

vehicle(s) by moving into the adjacent lane while avoiding oncoming traffic. To motivate this prob-

lem, consider the scenario presented in Figure 2.1. This scenario involves three types of vehicles:
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an autonomous ego vehicle that carries out the overtaking maneuver, vehicle(s) traveling ahead in

the same lane as the ego vehicle, and the approaching vehicle(s) in the oncoming lane. No restric-

tion is placed on the class of non-ego vehicles such that they can be human-driven or autonomous.

The goal of the ego vehicle is to travel at its maximum safe velocity and, when required, safely

overtake the vehicle(s) traveling ahead before returning to its original lane. Safety encompasses

respecting ego vehicle’s design (state, control, and actuation) limits, real-time operation, maintain-

ing safe distances to the neighboring vehicles, and obeying traffic rules (staying within lanes and

not exceeding speed limits). The typical vehicle trajectories in a simple three-vehicle scenario are

depicted in Figure 2.1, with the ego vehicle depicted in red and the lead vehicle and oncoming

vehicle both depicted in yellow.

2.2 Literature Review

The approaches available in the literature to address the overtaking problem from a sin-

gle agent’s perspective can broadly be classified into sampling, learning, and optimization-based

methods. The sampling-based approaches typically involve sampling feasible trajectories from

a reachable safe set and are, therefore, able to incorporate non-holonomic constraints and safety

guarantees [22]. Typically, single-query methods, in particular the different variants of RRT, are

preferred over multi-query methods, e.g., roadmap-based methods, due to the faster execution time

and their ability to incorporate non-holonomic constraints [23]. However, the overall driving expe-

rience is often uncomfortable due to the concatenation of individual trajectories, and the asymptotic

optimality guarantees do not translate to real-world implementability in complex driving scenarios
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due to high sample complexity [23].

The learning-based methods are among some of the most popular in the literature. Due to

a lack of a standardized dataset for the problem at hand, these approaches consist mainly of vari-

ations of reinforcement learning techniques trained in simulated environments [24]. Despite their

seemingly good performance in simulations, the real-world implementation of these approaches

raises a number of concerns (Sim2Real gap), such as the need for large amounts of training data,

exploration of unsafe behaviors, general inability to handle edge cases, and most importantly, the

lack of explainability and safety guarantees as a consequence of utilizing neural networks as func-

tion approximators [25].

The optimization-based approaches have been a standard in solving problems pertaining to

autonomous vehicle planning and control. In the class of optimization-based approaches, potential-

field-based methods [26] yield decent collision avoidance performance but are unable to accom-

modate vehicle dynamics. To accommodate the vehicle dynamics into the problem formulation,

the most prominent approaches in this area revolve around optimal control methods which are

able to handle collision avoidance constraints while providing performance guarantees. However,

they do so at the cost of high computational complexity, since they require solving an optimiza-

tion problem on a functional space over a large time window, where the integration of non-linear

dynamical models typically yields the additional bottleneck of non-convex constraints [27]. An

efficient trade-off between performance guarantees and computational complexity is the Model

Predictive Control (MPC) approach [13]. Many MPC variants have been proposed in the litera-

ture, such as Stochastic-MPC [28] and Robust-MPC [29], that allow for uncertainty considerations
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in the system dynamical model. However, these methods have not yet been applied to the bidi-

rectional traffic flow setting. A promising exception in this regard is the recent work of Sulejmani

et al. in [30], where a Stochastic-MPC method is applied in parallel with a Bayesian network to

predict the trajectories of human-driven vehicles. This approach, however, would require retrain-

ing the network when used in different environments. Finally, stochastic control formulations that

explicitly account for the behavior of human-driven vehicles have been explored in [31,32]. These

methods incorporate stochastic models to represent the behavior of human-driven vehicles and

derive optimal control laws based on a stochastic formulation. However, despite their rigorous for-

mulation, these methods rely on simplifying assumptions and encounter significant computational

complexity, rendering them impractical for real-time applications.

From the multi-agent perspective, the use of communication among CAVs in order to im-

prove the overall efficiency and safety of many complex traffic conditions such as highway merg-

ing [33] and traffic shock wave dissipation [34] have also been explored in the literature. This

cooperation-focused approach has multiple benefits in a bidirectional overtaking scenario. Some

of these benefits have been studied in [35] and [36], where probabilistic-driven approaches have

been applied to cooperative single-direction overtaking and lane changing, respectively.

2.3 Non-Cooperative Overtaking

In the first part of this chapter, we present a planning and control framework for the non-

cooperative case, where we do not assume the presence of any other autonomous agents near

the autonomous ego vehicle, hence, limiting the source of input information for the ego vehicle
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to its onboard sensors. Then, the focus is on developing a model predictive controller (MPC)

that maximizes the velocity of the ego vehicle while considering safety and driver comfort. The

proposed method incorporates realistic sensing and occlusion models, customizable safety margins

based on vehicle-specific attributes, and a binary decision variable to simplify the computational

complexity of the control problem.

2.3.1 Problem Formulation

In this section, we detail the road model, the dynamics model for the ego and the non-ego

vehicles, and the sensing model for the ego vehicle that will be used for the remainder of this work.

Figure 2.2: Bidirectional Overtaking Problem Formulation. On a two-lane bidirectional high-
way, the ego vehicle (shown in blue) overtakes the lead vehicle (shown in red) while avoiding the
oncoming vehicle (shown in green). The trajectories of vehicles over the course of the ego vehi-
cle’s overtaking maneuver are shown by the dashed arrows in appropriate colors. The variables
introduced in the formulation are also labeled appropriately.
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2.3.1.1 Road Model

The width of each of the lanes is denoted by Lr and the speed limit by Vl. Let the global

Frenet coordinate frame be centered at the left end of the lane divider. The Frenet coordinate frame

comprises two variables: longitudinal displacement (s) and lateral displacement (d). The binary

variable l distinguishes between the two lanes such that l(d) = 1d≥0. All introduced variables are

depicted in Figure 2.2.

2.3.1.2 Vehicle Dynamics

Let t ∈ R≥0 denote the time variable and V(t) = {xi(t) ∈ X | i ∈ N[0,n]} denote the set

of states of the vehicles present in the environment at time instant t. The state xi is comprised

of longitudinal displacement (si), lateral displacement (di) and heading angle (θi), represented

compactly as:

xi(t) = [si(t), di(t), θi(t)]
⊤ ∈ X (2.1)

where

X = {z ∈ R3 | [−∞,−Lr,−π]⊤ ≤ z ≤ [∞, Lr, π]
⊤}

represents the physical limits on the state variables. The index i = 0 identifies the ego vehicle

while i ∈ N[1,n0] and i ∈ N[n0+1,n] denote the vehicles, excluding the ego vehicle, traveling in lanes

l(d(t)) = 0 and l(d(t)) = 1, respectively. We define n1 = |N[n0+1,n]| = n − n0. For simplicity,

and without affecting any safety guarantees (Section 2.3.2.3), the vehicles are physically modeled

as rectangles with the length and width of vehicle i defined as Lci and Wci , respectively, as shown
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in Figure 2.2.

Ego Vehicle Dynamics Model: With the sampling period denoted by Ts, the discretized dynam-

ics of the ego vehicle are modeled by the non-holonomic unicycle (Dubins) model, as follows:

s0(k + 1) = s0(k) + v0(k) · cos(θ0(k)) · Ts (2.2)

d0(k + 1) = d0(k) + v0(k) · sin(θ0(k)) · Ts (2.3)

θ0(k + 1) = θ0(k) + ω0(k) · Ts (2.4)

where s0(0) = 0, d0(0) = −Lr/2, θ0(0) = 0, and k ∈ N≥0. Here, the longitudinal velocity (v0) and

angular velocity (ω0) are the control variables, represented compactly as:

u0(k) = [v0(k), ω0(k)]
⊤ ∈ U(u0(k − 1), Ts) (2.5)

where

u0(0) = [0, 0]⊤, and

U(a, Ts) = {z ∈ R2 | [0, ωmin]
⊤ ≤ z ≤ [Vmax, ωmax]

⊤,

[Amin, αmin]
⊤ ≤ z − a

Ts
≤ [Amax, αmax]

⊤}.

Here, U(u0(k − 1), Ts) represents the physical limits on control inputs at time instant k. Vmax

denotes the maximum reachable linear velocity of the ego vehicle while ωmin and ωmax denote the

minimum and maximum reachable angular velocity of the ego vehicle. The linear velocity, v0(k),

has a lower bound of 0 because reversing behavior is not permitted on a highway. Moreover,
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bounds are placed on the actuation limits by defining the admissible linear and angular acceler-

ations. Here, Amin and Amax correspond respectively to the maximum linear deceleration and

acceleration while αmin and αmax correspond respectively to the maximum angular deceleration

and acceleration of the ego vehicle.

Observed Vehicles’ Dynamics Model: The dynamics of the observed vehicles are modeled using

the linearized unicycle (Dubins) model around the trajectory defined by θ(k) = 0, as follows:

si(k + 1) = si(k) + vi(k) · Tp + ñvi(k)

di(k + 1) = di(0)

θi(k + 1) = θi(0)

(2.6)

for all i ∈ N[1,n], where vi(k) ∈ R[0,Vmax], ñvi(k) ∼ N (0, σ2
v), di(0) =


−Lr

2
, i ∈ N[1,n0]

Lr

2
, i ∈ N[n0+1,n]

,

and θi(0) = 0. Here, Tp corresponds to the observation sampling period and ñvi corresponds to

the noise in the dynamics model. Notice that the observation sampling period is denoted by a

separate variable Tp to indicate that it need not be the same as the discretization sampling period

Ts, introduced in Section 2.3.1.2. This distinction will play an important role in Section 2.3.2.1.

2.3.1.3 Sensing Model

Measurement variables: Utilizing data from the onboard sensor suite, state-of-the-art sensor fu-

sion algorithms [37] are able to obtain the relative displacement of vehicles present in the vicinity
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of the ego vehicle with a high degree of accuracy. Based on the availability of sensor data, we

formulate the problem in terms of the relative displacements zi(k) of the set of observed vehicles

{i : xi ∈ O}, defined in Section 2.3.1.3. The noisy observation measurements z̃i(k) are defined in

a moving coordinate system centered at the ego-vehicle at any time instant k as follows:

z̃i(k) = zi(k) + ñsi = si(k)− s0(k) + ñsi (2.7)

where ñsi ∼ N (0, σ2
s), and z̃i(k) ∈ R[−Ls,Ls]. Here, Ls corresponds to the measurement range

of the ego vehicle’s on-board sensor suite and ñsi corresponds to the noise in the measurement

variables. The additive uncorrelated Gaussian noise model for the measurement noise is justified

by the experimental results that show good real-world performance for 3D LiDAR data under this

modeling assumption [38].

Occlusion: To account for occlusion, we model the limited sensor visibility in the adjacent lane in

the presence of a leading vehicle. This is done by introducing an alternate measurement rangeLo <

Ls, shown in Figure 2.3, that defines the maximum longitudinal displacement at which a vehicle

can be observed in the adjacent lane when a leading vehicle is present within the measurement

range Ls. In practice, Lo can be a function of headway (distance to the leading vehicle), but for

the scope of this work, it is assumed to be constant. We take the value of Lo as the worst-case

measurement range for the adjacent lane i.e. the visibility range in the adjacent lane when the

leading vehicle is traveling at the minimum allowable safety margin L01 (see Section 2.3.2.2).
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Figure 2.3: Occlusion Model. Due to the proximity of the leading vehicle to the ego vehicle, the
ego vehicle’s visibility range is restricted such that the oncoming vehicle, which would have been
otherwise visible, is now hidden.

Then, the ego vehicle’s observation state set is defined as:

O0(k) = min
0≤zi(k)≤Ls

{xi(k) ∈ V(k) \ {x0(k)} | (l(di(k)) = l(d0(k))} (2.8a)

O1(k) = {xi(k) ∈ V(k) \ {x0(k)} | (l(di(k)) ̸= l(d0(k)) ∩ (|zi(k)| ≤ Lo)} (2.8b)

O(k) = O0(k) ∪O1(k) (2.8c)

At any time instant k, the set of states of the observed vehicles is denoted by O(k), as shown in

(2.8c). For the vehicles traveling in the same lane as itself, the ego vehicle is able to observe the

vehicle in its direct line of sight given that it falls within the measurement range Ls, as shown in

(2.8a). As for the vehicles traveling in the adjacent lane, the ego vehicle is able to observe all the

vehicles in the un-occluded region, defined by Lo, as shown in (2.8b).
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2.3.2 Methodology

In this section, we describe a state estimation mechanism based on Kalman filtering, define

the main optimal control problem, and prove the existence of a feasible solution that respects all

the defined safety constraints.

2.3.2.1 State Estimation

The ego vehicle estimates the relative longitudinal displacement ŝi(k) of the vehicles with

states in the observation state set O(k) based on the longitudinal dynamics model (2.6) and the

measured longitudinal displacement (2.7). Let the estimated relative longitudinal displacement

and the estimated covariance at time instant k for the vehicle i be defined as ŝi(k) and Σ̂i(k)

respectively. Then, for all k > 0 and i ∈ N[1,n] such that xi ∈ O(k), ŝi(k) and Σ̂i(k) can be

estimated using a Kalman filter [39] as follows:

ũi(k) =
ŝi(k − 1)− ŝi(k − 2)

Tp
(2.9)

s̃i(k) = Ai(k) · ŝi(k − 1) +Bi(k) · ũi(k)− (s0(k)− s0(k − 1)) (2.10)

Σ̃i(k) = Ai(k) · Σ̂i(k − 1) · A⊤
i (k) +Ri(k) (2.11)

Ki(k) =
Σ̃i(k)

Σ̃i(k) +Qi(k)
(2.12)

ŝi(k) = s̃i(k) +Ki(k) · (z̃i(k)− s̃i(k)) (2.13)

Σ̂i(k) = (1−Ki(k)) · Σ̃i(k) (2.14)
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where ŝi(q) = z̃i(q) ∀q ∈ {0, 1}, Σ̂i(0) = Ri(k) = σv
2
i , Qi(k) = σs

2
i , Ai(k) = 1, Bi(k) =

Tp, i ∈ N[1,n0]

−Tp, i ∈ N[n0+1,n]

. Since the estimator sampling time Tp is independent of the controller

sampling time Ts, the estimator can be run at a much higher frequency as compared to the controller

because the linear recursive updates of the estimator have low computational complexity. This

difference in frequency updates is a known property of dynamic observer design that helps establish

practical convergence of the estimated observations to the actual ones.

2.3.2.2 Optimal Control Problem

The optimal control objective is to determine a sequence of velocity commands that would

enable the ego vehicle to maximize its velocity while respecting its dynamics, actuator limits, and

safety constraints. In a highway overtaking scenario, where the road curvature is small, it is rea-

sonable to assume that the longitudinal and lateral dynamics of the ego vehicle are decoupled [40].

Moreover, given an adequate longitudinal safety margin, the existing low-level vehicle controllers

are able to efficiently perform lane change maneuvers while abiding by lateral dynamical con-

straints [41]. Under these premises, we introduce a hierarchical controller architecture composed

of a high-level central controller and a low-level lateral controller. The central controller han-

dles the high-level decision-making based on estimated longitudinal measurements and provides

commands to the lateral controller that governs the low-level lateral movements.

Central controller: The central controller makes use of a binary decision variableD(k) to abstract

out the lateral dynamics. This allows for a decoupling of longitudinal and lateral dynamics and
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controllers, which in turn leads to an overall reduction in computational complexity, as evident in

the timing statistics provided in Section 2.3.3.

Let the decision to overtake at any time instant k be denoted by D(k) ∈ {0, 1}. Here,

D(k) = 1 corresponds to the decision to travel in the adjacent lane (l(d(k)) = 1) while D(k) = 0

represents the decision to travel in the original lane (l(d(k)) = 0). With the lateral component of

the dynamics model in Section 2.3.1.2 represented by the binary decision variable, the decoupled

longitudinal dynamics model linearized around the trajectory θ(k) = 0 is posed as follows:

x̄(k + 1) = x̄(k) + ū(k) · Ts (2.15)

where ū(k) ∈ Ū(ū(k − 1), Ts) = {z ∈ R[0,Vl] | Amin ≤ z−ū(k−1)
Ts

≤ Amax}, x̄(0) ∈ R[−∞,∞],

and ū(0) ∈ R[0,Vl]. Here, x̄(k) and ū(k) correspond to the longitudinal displacement and velocity,

respectively, while Ū(ū(k − 1), Ts) encompasses the actuator limits.

The central controller is posed as a mixed-integer MPC (MI-MPC) that outputs the binary

decisionD(k+1) and the control input v0(k+1), at time instant k. The goal is to maximize the ve-

locity of the ego vehicle, minimize the time spent in the adjacent lane and penalize abrupt changes

in velocity while satisfying vehicle limits and safety constraints. The optimization problem is
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defined as follows:

min
ūk(1),··· ,ūk(H);

Dk(1),··· ,Dk(H)

H∑
j=1

[−γ1 · ūk(j) + γ2 · Dk(j) + γ3 · (ūk(j)− ūk(j − 1))2] (2.16)

s.t. x̄k(0) = 0 (2.17)

ūk(0) = ū(k) (2.18)

∀j ∈{1, · · · , H} :

x̄k(j + 1) = x̄k(j) + ūk(j) · Ts (2.19)

x̄k(j) ∈ S(j) (2.20)

ūk(j) ∈ Ū(ūk(j − 1), Ts) (2.21)

Dk(j) ∈ {0, 1} (2.22)

In the formulated optimization objective (2.16), the tradeoff parameters γ1, γ2, and γ3 govern the

tradeoff between maximizing velocity, minimizing time spent in the adjacent lane, and minimizing

abrupt changes in velocity between consecutive time steps. Increasing parameter γ1 yields a more

aggressive behavior with a higher emphasis placed on achieving maximum velocity at the expense

of driver comfort while parameters γ2 and γ3 emphasize driver comfort by reducing lane and

velocity changes, respectively, while sacrificing velocity gains. The output of the optimization at

time instant k is {ūk∗(1), · · · , ūk∗(H),Dk
∗(1), · · · ,Dk

∗(H)} which is applied in a receding horizon

fashion.
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Safety Constraints: At any planning instant j, the ego vehicle needs to maintain vehicle-dependent

longitudinal safety margins to the vehicles traveling in its lane. This is compactly represented as

follows:

S0(j) = {z ∈ R | (1−Dk(j)) · (|ŝi(j)− z| − (Lci + Lsmi
(k))) ≥ 0,∀i ∈ N[1,n0] ∋ xi ∈ O(k)}

(2.23)

S1(j) = {z ∈ R | Dk(j) · (|ŝi(j)− z| − (Lci + Lsmi
(k))) ≥ 0,∀i ∈ N[n0+1,n] ∋ xi ∈ O(k)}

(2.24)

S(j) = S0(j) ∪ S1(j) (2.25)

Here, the safe set S(j) represents the set of longitudinal coordinates deemed safe for the ego vehicle

to be in at planning instant j and Lsmi
(k) corresponds to the longitudinal safety margin that the

ego vehicle needs to maintain from vehicle i for the entirety of the planning horizon at time instant

k, which is defined as follows:

Lsmi
(k) = L0i+

Lvi

Vl
·ũi(k)+

Lai

Amax

· |ũi(k)− ũi(k − 1)|
Ts

+ 1i∈N[n0+1,n]
·Lli

Vl
·(ū(k)+ũi(k)) (2.26)

The safety margin Lsmi
(k) ∈ R>0 for vehicle i at time instant k depends on its estimated control

input (longitudinal velocity, Section 2.3.2.1); the change in its estimated control input between

sampling time steps (longitudinal acceleration); and the summation of its estimated control input

with the ego vehicle’s own control input (relative longitudinal velocity) for the oncoming vehicles.

Here, L0i ∈ R>0 corresponds to the minimum nominal safety margin that needs to be maintained
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regardless of the behavior of vehicle i while Lvi ∈ R>0, Lai ∈ R>0 and Lli ∈ R>0 correspond

respectively to the multiplicative factors associated with velocity, acceleration and lane of vehicle

i. The safety margin parameters are all vehicle dependent since different types of vehicles (cars,

trucks, bikes, etc.) require different nominal safety margins and multiplicative factors. The mod-

ification of the safety margin with the behavior of the corresponding vehicle allows the controller

to perform optimally regardless of varying driver patterns, as validated in Section 2.3.3.2.

Remark 1. In contrast to the existing work [31, 32], the proposed approach estimates the driving

behavior of a vehicle from observations rather than having it as a user-defined parameter, which

results in a reactive control strategy. This allows for a change in estimated behavior over time,

which is necessary since other vehicles are expected to react to the ego vehicle’s actions.

Remark 2. The safety margins (L0i , Lvi , Lai and Lli) are fine-tuned empirically based on the ego

vehicle’s dynamical constraints and the operational design domain (ODD) specifications, allowing

for varying level of defensiveness or aggressiveness, as demonstrated in Section 2.3.3.2.

Remark 3. The decision-making system does not explicitly account for the time required by the

lateral controller to execute its desired decision. This is by design since the ego vehicle may be

able to observe the initially occluded vehicle(s) by nudging into the adjacent lane and potentially

retracting its decision thereafter without having to move all the way to the center of the adjacent

lane. Moreover, this also allows for the decision-making system to be made completely independent

of the choice of the lateral controller, as long as L0i has been tuned appropriately (i.e. chosen large

enough to accommodate the longitudinal distance covered while changing lanes) for the controller

at hand.
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Safety constraint implementation: The safety constraints posed in (2.23) and (2.24) do not adhere

to the standard form of a mixed integer quadratic program [42]. In order to convert the constraints

into the standard linear form, the big-M method [43] is applied as follows:

(2.23) ⇐⇒


(ŝi(j)− z +M · a(j)− (Lci + Lsmi

(k))) +N1 · Dk(j) ≥ 0 (2.27a)

−(ŝi(j)− z −M · (1− a(j)) + (Lci + Lsmi
(k))) +N1 · Dk(j) ≥ 0 (2.27b)

(2.24) ⇐⇒


(ŝi(j)− z +M · b(j)− (Lci + Lsmi

(k))) +N2 · (1−Dk(j)) ≥ 0 (2.28a)

−(ŝi(j)− z −M · (1− b(j)) + (Lci + Lsmi
(k))) +N2 · (1−Dk(j)) ≥ 0 (2.28b)

where M,N1, N2 ≫ 0, and a(k), b(k) ∈ {0, 1}. The constants N1 and N2 allow for automatic

satisfaction of the inactive constraints out of (2.23) and (2.24), based on the value of Dk(j), thus

removing the quadratic terms. The constant M , in conjunction with the boolean variables a(k)

and b(k) which are responsible for accommodating the sign of the absolute value term, allows

for the transformation of the absolute value constraint into two linear ones. Therefore, the lin-

ear constraints (2.27a)-(2.28b) are used as safety constraints in the implementation of the central

controller.

Lateral Controller: Our approach can work in conjunction with any lane-changing model and

lateral controller found in the literature [44–46], given that the low-level controller does not sig-

nificantly alter the longitudinal dynamics. An example of such a decoupled lateral controller is

provided in [28]. In this work, without loss of generality, we make use of a simple yet sufficiently

effective lateral controller (see Section 2.3.3) represented by the filtering of the decision signal
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D(k) by a moving average (FIR) low-pass filter with a given window size N , as follows:

d0(k) =
Lr

N

N−1∑
n=0

D(k − n)− Lr

2
. (2.29)

2.3.2.3 Feasibility Analysis

Theorem 1. Suppose that Lo >
2V 2

max

−Amin

+ Lmax
sm , where Lmax

sm is the maximum possible safety

margin, based on the chosen parameters, and ∀i ∈ N[0,n], ñvi(k) = ñsi(k) = 0, ũi(k) = vi(k) =

vi(0). If si(0) is such that the problem (Section 2.3.2.2) is initially feasible at k = 0, with D∗
0(1) =

0, then under the assumption of self-preserving agents [47], it remains feasible for all k ≥ 0.

Proof. Given the conditions of Theorem 1, a feasible solution that holds for all k > 0, in the

presence of a leading vehicle, is as follows:

ūk(j) =



ũa(k), ∆u(j) ≥ Amin · Ts

∆u(j) ≤ Amax · Ts

ūk(j) + Amax · Ts, ∆u(j) ≥ Amax · Ts

ūk(j)− Amin · Ts, ∆u(j) ≤ Amin · Ts

(2.30)

Dk(j) = 0 (2.31)

for all j ∈ {1, · · · , H}, where ∆u(j) = ũa(k)− ūk(j), a ∈ N[1,n] such that xa(0) ∈ O0(0).

Remark 4. The conditions in Theorem 1 are required for completeness purposes since there exist
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scenarios such as ill-posed initialization or relying on faulty sensors, resulting in |ñsi(k)| ≫ 0

(measurements dominated by noise) or Ls ≈ 0 (no visibility), that may lead to infeasibility. An

example of an ill-posed initialization that leads to infeasibility is as follows: Let si(0) be such that

D∗
0(1) = 1 (initial decision to move to adjacent lane), coupled with n1 → ∞ (high-density traffic

in original lane) and n0 > 0 (at least one vehicle in adjacent lane). In this case, the problem

stays infeasible and unavoidably results in a collision. However, for appropriately defined realistic

constants, the problem with well-tuned hyperparameters is expected to stay feasible at all times.

2.3.3 Experimental Results

The performance of the proposed approach is evaluated in a bidirectional closed-loop road

simulation which facilitates continuous rerouting of traffic, enabling us to evaluate the long-term

behavior of the approach. This is an important consideration, especially in the case of high-density

traffic, since a long-duration simulation can reveal corner cases that may not appear in a short-term

simulation of a single overtake maneuver that is often utilized in existing works [31, 32, 44].

The simulation is implemented in the SUMO environment [48], depicted in Figure 2.4. The

Gurobi Optimizer (Version 9.1.1) [49] is used to solve the mixed-integer quadratic programming

(MIQP) problem posed in Section 2.3.2.2, at every sampled time instant Ts. The controller com-

municates with the simulator using SUMO’s built-in traffic controller interface (TraCI). The sim-

ulation and optimization algorithms are both implemented on a personal computer equipped with

an Intel i7-4710HQ CPU with 16GB of RAM running Ubuntu 18.04. We note that the average

time required for each optimization step is 11.246ms with a standard deviation of 0.233ms. For
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Figure 2.4: SUMO Simulation Environment. The experiments are carried out on a closed bidi-
rectional highway loop that allows for the continuous rerouting of vehicles, enabling long-term
behavior evaluation. On the road, the ego vehicle is depicted in green while the HDVs are shown
in yellow.

reference, the reaction time of a human driver is 2.3 s [50], and a vehicle with a speed of 60m/h

covers 0.2682m in 10ms. This suggests that the proposed approach is suitable for real-time use in

real-world scenarios. Note that the running time of about 10ms is achieved on an average personal

computer and can be further reduced by the use of dedicated hardware.

2.3.3.1 Simulated Trajectories

The behavior of the ego vehicle during an overtake scenario involving five vehicles is illus-

trated in Figure 2.5. The simulation and the controller parameters are outlined in Table 2.1. The

ego vehicle can initially detect two vehicles in its sensing range: a leading vehicle in the same

lane (Vehicle 1) and an oncoming vehicle in the adjacent lane (Vehicle 3). Note that the initially

occluded (depicted in a lighter shade) Vehicle 2 comes into the ego vehicle’s sensing range after

initiating the overtaking maneuver. After successfully overtaking Vehicle 1, the ego vehicle is able

to sense another leading vehicle (Vehicle 2) while still having Vehicle 3 in its sensing range. After
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Simulation Parameters Value
Simulation step size 100 ms
Simulation duration 1 hour

Road length 1 km
Road speed limit (Vl) 20 m/s

Other vehicles’ speed (vi(k) : ∀i ̸= 0,∀k) 10 m/s
Vehicles’ length (Lci : ∀i) 5 m
Vehicles’ width (Wci : ∀i) 2.16 m
Controller Parameters Value

Controller sampling time (Ts) 500 ms
Maximum acceleration (Amax) 6 m/s2

Maximum deceleration (Amin) -9 m/s2

Maximum velocity (Vmax) 30 m/s
Normal sensing range (Ls) 150 m

Occluded sensing range (Lo) 75 m
Planning horizon (H) 10 s

Safety Margin Parameters ([L0i , Lvi , Lai , Lli ]) [10, 5, 5, 10]

Table 2.1: Simulation & Controller Parameters for Non-Cooperative Overtaking

waiting for Vehicle 3 to pass, the ego vehicle starts another overtake maneuver. After initiating the

maneuver, an additional oncoming vehicle in the adjacent lane (Vehicle 4) enters the ego vehicle’s

sensing range (un-occluded region), and the overtake decision is retracted.

This result highlights the importance of active perception in autonomous driving. That is,

for a safe controller to be used in real-world settings, perception, and control cannot be assumed

independent. Rather, taking an action, e.g., starting the process of overtaking, can result in better

sensory input which should be used to alter the decision of the vehicle online. One important

detail, which is often overlooked, is that the action that leads to new observations, such as the one

presented above, must be safe. This is, therefore, different from the way reinforcement learning

algorithms are trained [25] and is availed to us by the MPC approach, detailed in Section 2.3.2.2.
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Figure 2.5: Vehicle Trajectories. For the ego vehicle (shown in blue), the leading vehicles are
Vehicle 1 (shown in yellow) and Vehicle 2 (shown in purple), while the oncoming vehicles are
Vehicle 3 (shown in green) and Vehicle 4 (shown in red). The lighter shade for a vehicle at a given
time instant alludes to its invisibility from the ego vehicle’s perspective due to occlusion. The ego
vehicle successfully completes the overtake of Vehicle 1 at t = 12.5s but fails to overtake Vehicle
2 at t = 23.0s due to the initially occluded Vehicle 4.

2.3.3.2 Performance Metrics

We analyze the performance of the proposed approach by considering the effects of different

parameters on the following performance metrics, computed over a long-term simulation in the

closed loop environment shown in Figure 2.4:

(i) Average velocity Mv;

(ii) Average change in velocity Mj;
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(iii) Time spent in the adjacent lane Mt;

(iv) Number of overtake maneuvers initiated Mo;

(v) Success percentage of overtake maneuvers Ms.

The goal of the ego vehicle is to maximize the average velocity while minimizing the time spent in

the adjacent lane and average change in velocity between time steps, which is used as a metric to

evaluate driver comfort. The number of overtake maneuvers initiated, and their success percentage,

are utilized as measures of aggressiveness of the ego vehicle.

High-level Optimization Parameters: The behavior of the ego vehicle depends on the tradeoff

parameters γ1, γ2, and γ3 in the objective function (2.16). The effects of parameters γ1 and γ3 on

the metrics Mv, Ms, and Mt are illustrated in Figure 2.6. The parameter γ1 governs the weightage

of the algorithm on maximizing ego vehicle’s velocity. Increasing γ1 up to a certain threshold

yields an increase in average velocity and overtaking success. Beyond this point, however, further

increase in the value of γ1 results in overly aggressive behavior, where the ego vehicle tries to

initiate an overtake maneuver at every chance it gets, resulting in a decrease in overtaking success,

an increase in the time spent in the adjacent lane, and a decrease in the average velocity. In contrast

to γ1, the parameter γ3 reflects the driver’s comfort by restricting abrupt changes in velocity. As

expected, increasing γ3 results in lower average velocity, lower overtaking success, and greater

time spent in the adjacent lane.

HDVs’ Level of Aggressiveness: HDVs’ driving imperfections can be modeled by the Sigma(σ)

parameter in SUMO’s Krauss Car-following model [51], and when coupled with varying accelera-
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Figure 2.6: Algorithm Performance w.r.t. Varying Behaviors of Ego and Non-ego Vehicles.
The y-axes for the top, center, and bottom plots correspond respectively to average velocity, over-
taking success, and time spent in the adjacent lane. The x-axes for the left, center, and right plots
correspond respectively to γ1, γ3, and σ. γ1 and γ3 control the ego vehicle’s behavior while σ
governs the non-ego vehicles’ behavior.

tion and deceleration limits, it gives rise to varying levels of aggressiveness of the non-ego vehicles,

as depicted in Figure 2.6. In response to aggressive behavior from non-ego vehicles, the ego ve-

hicle attempts fewer overtake maneuvers while spending less time overall in the adjacent lane,

resulting in a lower average velocity. In response to defensive behavior from non-ego vehicles,

the ego vehicle attempts more overtake maneuvers while spending more time in the adjacent lane,

resulting in a higher average velocity.
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Figure 2.7: Algorithm Performance w.r.t. Varying Traffic Density. The z-axes for the top-left
(a), top-right (b), bottom-left (c), and bottom-right (d) plots correspond respectively to average
velocity, overtaking success, time spent in the adjacent lane, and overtakes attempted. The x-axes
and y-axes correspond respectively to the number of vehicles in original and adjacent lanes while
the color bars are shown only for better visualization of the gradient. The error bars in the top-left
plot (a) represent the variations in velocity.

Traffic density: Finally, the behavior of the algorithm in varying traffic densities is summarized

in Figure 2.7. As the number of vehicles in both lanes decreases, the average velocity increases,

and the average velocity fluctuation, represented by the red error bars in Figure 2.7(a), decreases.

These trends seem more pronounced in regards to the vehicles in the original lane because, with a

lower number of leading vehicles, the ego vehicle has to execute fewer overtake maneuvers. With

decreasing traffic density on the road, the time spent in the adjacent lane decreases (Figure 2.7(c)),

the overtake attempts decrease (Figure 2.7(d)), and their success rate increases (Figure 2.7(b)).
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Note that none of the experiments resulted in a collision.

2.3.3.3 Comparison with Existing Methods

The discussion on the performance of overtaking methods found in the literature often ends

with showing that a single overtake maneuver can be successfully performed [13, 24, 31, 32]. In

contrast, we have demonstrated the feasibility of the proposed approach, without assuming global

knowledge, in theory and through simulations. In addition, we have further analyzed the perfor-

mance of the proposed approach by considering different performance metrics, as explained in

Section 2.3.3.
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2.4 Cooperative Overtaking

The promise of increased safety, efficiency, and ease of access are the key motivations in

the development and introduction of connected autonomous vehicles (CAVs) into modern road

networks. Apart from the behavior unpredictability of the human-driven vehicles (HDVs), which

was effectively addressed in Section 2.3, another complication involved in the bidirectional over-

taking problem is the low visibility caused by sensor occlusion - a situation in which neighboring

vehicles block the line-of-sight view of vehicles ahead and in other lanes. Due to this, there are

several blind spots in an autonomous vehicle’s perception of its environment. This then leads to

either overly conservative behavior which reduces efficiency or highly risky maneuvers which may

lead to increased collisions. The solution to this problem involves finding ways in which to bridge

these gaps and fill in the missing information in a CAVs field of vision. To this effect, we explore

the possibility of using vehicle-to-vehicle (V2V) communication between CAVs to share local in-

formation about neighboring tracked vehicles. The onboard sensor suite on CAVs is capable of

detecting and tracking the dynamics of their immediate neighboring vehicles. This information

can then be shared with other CAVs within the communication range. This means that in addi-

tion to its own onboard sensors, CAVs can collect information about other on-road vehicles and

obstacles by communicating with CAVs downstream of their location.

Now, in the second part, we extend our previously discussed planning and control framework

to the cooperative case, where we benefit from the information interchange between autonomous

agents using V2V communications to mitigate the challenges posed by sensor occlusion. We do

this by incorporating an improved trajectory prediction model and cooperative sensing to leverage
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the collective information obtained from other vehicles, thus enriching the perception capabilities

of our system. We then evaluate the benefits of the enhanced receding horizon framework in the

presence of varying degrees of CAVs within the environment.

2.4.1 Problem Description

In this section, we model the road infrastructure used, the characteristics of CAVs and HDVs,

and the proposed sensor occlusion model. Throughout the remainder of this chapter, V(k) will

denote the set of all the vehicles in the simulation at time k, and A(k) will denote the set of all the

CAVs in the simulation at time k.

2.4.1.1 Road Model

The physical road structure is modeled as a long continuous road segment with two adjacent

lanes, each with traffic flow in opposite directions. We set the length of this road to 2 km, which is

a parameter that can be modified. We denote the speed limit of the road segment as v̄ and compute

distances in the Frenet coordinate system; the distance along the road is defined as the longitudinal

displacement and the distance perpendicular to the road is defined as lateral displacement. It is also

possible to change the density of vehicles on this road segment in either direction as necessary.

These vehicles take the form of either CAVs or HDVs, and we can change the ratio of CAVs to

HDVs (CAV penetration level) in the simulation. A section of this simulated road is shown in

Figure 2.8, in which lane structure, HDVs, CAVs, and CAV sensor ranges are highlighted.
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Figure 2.8: Road Model. The clearly demarcated lanes on the road section separate the traffic flow
in opposite directions. The CAVs and HDVs are depicted in red and yellow respectively while a
CAV’s sensing region is highlighted in green.

2.4.1.2 Vehicle Dynamics

Two different types of vehicles are used in this research: Human-driven vehicles that are

modeled in Section 2.4.1.5, and CAVs that are modeled in the ensuing discussion. We assume that

each CAV has onboard a low-level local controller ci which is capable of computing the necessary

throttle and braking actuation commands in order to execute high-level velocity goals as well as

compute the steering commands that control the vehicles’ lateral motion in order to keep the vehicle

in lane. Therefore, for the proposed high-level controller, we find it unnecessary to consider the

highly non-linear dynamics of real-world vehicles. This allows the ith vehicle to be modeled as a

point object moving along the center of the lane according to the non-linear differential equation:

ṡi = f(t, si, ci), si(t
0
i ) = s0i (2.32)

where t0i is the initial time at which the ith vehicle enters the road segment. Therefore, we can

define the high-level discretized and linearized longitudinal vehicle dynamics by the following
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velocity control scheme:

si(k) = si(k − 1) +
vi(k − 1) + vi(k)

2
· Ts

vi(k) = ui(k)

(2.33)

where Ts denotes the sampling time while si(k), vi(k), and ui(k) respectively denote the longitu-

dinal displacement, velocity, and applied control of each vehicle i for i ∈ A(k) = {1, . . . , n(k)}.

Here, A(k) represents the set of CAVs on the modeled highway stretch at time instant k, and the

total number of CAVs is denoted by n(k). It is important to note that the velocity control requested

by the high-level controller should be reachable by the low-level vehicle controller ci in the system

(2.32). Additionally, as the control applied by the high-level controller is independent of the lane

the CAV is in, we also assume that the lane-changing procedures are handled by a separate lane-

change controller. The input to the lane-changing controller would be a high-level goal indicating

which lane to change into and what time to begin the lane change. For the overtaking case, the

desired maneuver can be seen as consisting of two sequential lane changes at calculated times.

At a time instant k, each CAV i is assigned an integer variable li(k) ∈ {0, 1} which denotes

the lane it is currently on (here, 0 and 1 represent the original lane and oncoming lane respectively).

It also has a vehicle length Le
i parameter and has bounds on its maximum linear acceleration Amax

i

and maximum deceleration Amin
i capabilities. Therefore, the CAVs are defined by the following

state vectors:

Xi(k) = [si(k), vi(k), li(k), L
e
i , A

max
i , Amin

i ]T (2.34)

Remark 5. For CAV i ∈ A(k), we define the sets Vi
0(k) and Vi

1(k) as the set of all the vehicles in
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the CAV’s original (li(k)=0) and oncoming (li(k)=1) lanes respectively.

2.4.1.3 Sensing Model

In terms of the sensing capabilities of the CAVs, each CAV is assumed to have the minimum

required onboard sensing capability to detect the positions and velocities of surrounding vehicles

within a realistic sensing range. Each CAV is assumed to be capable of tracking the positions of

up to five adjacent non-occluded vehicles surrounding it. These vehicles involve the ego vehicle’s

leader and follower in its own lane as well as a maximum of three vehicles in the oncoming lane.

In practice, the actual number of vehicles tracked may be lower due to sensor occlusion and the

density of vehicles on the road. A scenario where the ego vehicle is tracking four surrounding

vehicles is highlighted in Figure 2.9.

Figure 2.9: Sensing Model. The sensing region of a CAV (in red) is highlighted in green, while
the tracked vehicles (in yellow) are identified by the enclosing blue circles.

This assumption of tracking surrounding vehicles is justified by the fact that modern CAVs

have an advanced sensor suite that allows them to track the relative displacement of nearby line-

of-sight obstacles/vehicles with very high accuracy. This data can then be used to compute the

instantaneous velocities of surrounding vehicles with a low margin of error. The main features of
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a neighboring vehicle collected by each CAV are the vehicle’s longitudinal position, current lane,

current velocity, and a memory of past velocities.

In addition to the onboard sensor suite, the other important source of information available to

the ego vehicle is obtained in the form of V2V communication with other CAVs. Once each CAV

uses its onboard sensors to collect the features of neighboring vehicles, it can then communicate

this information with other CAVs within its communication range. Therefore, even if a vehicle is

occluded to the ego vehicle, as long as this vehicle is visible to a downstream CAV, the ego vehicle

can collect the information it needs for safe and effective trajectory planning. When considering

the V2V communication capabilities of each vehicle, we assume that the CAVs communicate

using a combination of IEEE 802.11p and 5G networks. Additionally, in this research, we do not

consider the impact of network delay and packet loss during transmission. Therefore, we assume

that vehicles within a realistic communication range of each other can share information in real-

time.

2.4.1.4 Occlusion Model

With the sensor occlusion model formulation, we aim to capture the effects of neighboring

vehicles on the visibility range of a CAV. If there are no neighboring/blocking vehicles close to the

ego vehicle, the visibility region is assumed to extend up to a fixed maximum value Ls, defined as

the sensor range. However, not all vehicles within this range are visible to the CAV due to occlu-

sion. The vehicle immediately ahead of the CAV will block the vehicles further up. Additionally,

depending on the proximity of the leading vehicle to the ego vehicle, visibility will also be reduced
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in the oncoming lane. The resultant visible regions are shown in Figure 2.10.

Figure 2.10: Enhanced Occlusion Model. Due to the presence of the leading vehicle, the ego
vehicle’s visibility range is restricted such that the oncoming vehicle falls within the occluded
region. This occluded region is characterized by the proximity of the leading vehicle to the ego
vehicle.

Here, Li
d(k), Lc, Lw and Li

v(k) represent the distance gap to the leading vehicle, half the

average width of a vehicle, the lane width, and the resulting un-occluded visible range in the

adjacent lane respectively. These variables are connected as in (2.37).

zip(k) = sp(k)− si(k), (p, i ∈ V(k); p ̸= i) (2.35)

Li
d(k) = min

p∈V(k)
{{zip(k), Ls} | lp(k) = li(k)} (2.36)

tanθ =
Li
d(k)

Lc

=
Li
v(k)

Lw

Li
v(k) =

Li
d(k) · Lw

Lc

(2.37)

Given that Lc and Lw do not change with time, we can compute the instantaneous adjacent
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lane visibility range as a function of the distance gap to the leading vehicle. Vehicles present in

this visibility region can be tracked by the ego vehicle and are added to the observation state of the

ego vehicle.

O0
i (k) = {p ∈ V(k) | lp(k) = li(k), 0 ≤ zip(k) ≤ Li

d(k)} (2.38a)

O1
i (k) = {p ∈ V(k) | lp(k) ̸= li(k), 0 ≤ zip(k) ≤ Lv(k)} (2.38b)

Oi(k) = O0
i (k) ∪O1

i (k) (2.38c)

For an ego CAV i ∈ A(k), the set of observed vehicles (2.38c) at time instant k, is denoted

by Oi(k). The CAV i can observe leading vehicles traveling ahead in its same lane (2.38a) as

long as the leading vehicle is within the measurement range Ls. The CAV i can observe vehicles

traveling in its adjacent lane (2.38b), within the un-occluded visible region, Lv(k) (2.37).

2.4.1.5 Traffic Model

The process of modeling human driving behavior in simulation usually involves two separate

models: A car-following model is used to compute the safe following velocity of a vehicle, con-

sidering its dynamic constraints and its interactions with the leading vehicle, while a lane change

model is used to determine when to change lane and the parameters necessary for a safe lane

change maneuver. While there are many car-following models such as the Krauss model [51] and

the Intelligent Driver Model (IDM) [52], we opt to use the Krauss model for its accuracy and sim-

plicity. This model computes the safe following speed vs(t) by considering the impact of speed

limits v̄, vehicle acceleration capabilities amax, the vehicle deceleration profile b(v(t)), distance
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gap ∆s(t) and speed vl(t) of the leading vehicle, time step ∆t and driver reaction time τr as shown

in equation (2.39). The final output speed provided to the vehicle will then have a zero mean Gaus-

sian noise added to it to model the imperfections in human driving. For the lane change model we

use the Erdmann [53] model, which allows for the tuning of each vehicle’s lane-changing behavior.

vs(t) = min

{
v̄, v(t) + amax∆t, vl(t) +

∆s(t)− vl(t)τr
v(t)

b(v(t))
+ τr

}
(2.39)

2.4.2 Methods and Procedures

In this section, we describe the state estimation algorithm to estimate the states of the ob-

served vehicles, the prediction model to generate the predicted future trajectories for those vehicles,

and the optimal control algorithm that is responsible for the decision-making aspects of each of the

CAVs.

2.4.2.1 State Prediction

In the literature, it has been shown that an arctangent function is a good representation of

the acceleration model of a car. Therefore, we utilize a piecewise linear approximation of the

arctangent function, to model the velocity profile of an observed vehicle. In order to predict the

future velocity profile of a vehicle p at time step k, we perform linear regression with mean-squared

error on the previously observed velocity data points to obtain the slope (m̄k
p) parameter. We utilize

the estimated parameter to project the velocity into the future for a given number of steps, defined

as Ha. For the remaining duration of the prediction horizon, we assume the velocity to remain
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constant. This is compactly represented in (2.40).

v̂kp(0) = vp(k)

v̂kp(j) =


min{v̄, v̂kp(j − 1) + m̄k

p · j}, 0 < j ≤ Ha

v̂kp(j − 1), Ha < j ≤ Hp

(2.40)

Here, v̂kp(j) corresponds to the predicted velocity j time steps into the future starting at time in-

stant k of an observed vehicle p ∈ Oi(k), Ha corresponds to the acceleration horizon and Hp

corresponds to the prediction horizon. Figure 2.11 shows the comparison between (2.40) and the

arctangent function.

Each CAV then estimates the relative longitudinal displacement ŝkp(j) of the observed vehi-

cles p ∈ Oi(k), (with ŝkp(0) = sp(k)), using the computed predicted velocities v̂kp(j) as follows:

ŝkp(j) = ŝkp(j − 1) +
v̂kp(j − 1) + v̂kp(j)

2
· Ts (2.41)

2.4.2.2 State Aggregation

Based on the state prediction model described in 2.4.2.1, we know that each CAV can track

a group of vehicles in its ‘line of sight’ as discussed in 2.4.1.3. Note that the vehicles that can

be tracked by a CAV also depend on the sensor occlusion status of the CAV as shown in 2.4.1.4.

This tracked vehicle information, including predicted velocities and positions, can then be shared

with other CAVs within V2V communication range. Therefore, the ego CAV i ∈ A(k) obtains
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Figure 2.11: Piecewise Linear Approximation of the Arctangent Function. The arctangent
function is shown in red while its piecewise linear approximation, used for our velocity prediction,
is shown in blue.

information about its surrounding vehicles from two sources, its own on-board sensor systems

(Oi(k)) and the information communicated to it from other CAVs (Ci(k)).

However, it is important that we do not overload the optimization-based controller with un-

necessary information, which may lead to increased computation times. We introduce a sorting

step to select which surrounding vehicles are most important for the overtaking problem. These

vehicles (set Ii(k)) that are pertinent to the decision-making process of CAV i, can include up to

three leading vehicles and one following vehicle on the ego vehicle’s own lane as well as up to two

leading vehicles and one following vehicle in the oncoming lane. Therefore, the predicted future

states of up to six vehicles (set Wi(k)) can be provided to the MI-MPC overtaking controller. The

next step is to populate Wi(k) based on the information availability of vehicles in set Ii(k).
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Wi(k) = Ii(k) ∩ (Oi(k) ∪ Ci(k)) (2.42)

The MI-MPC controller of CAV i will then be provided the predicted states of the vehicles

in Wi(k).

2.4.2.3 Optimal Model Predictive Control

The proposed optimal controller is responsible for computing the sequence of velocity and

lane change commands which would allow the ego CAV to maximize its velocity while respecting

system dynamics and safety constraints. In this formulation, we also assume that the longitudinal

and lateral dynamics of the ego CAV are decoupled [40], as justified by the lower road curvatures

present in highway overtaking scenarios and the capability of low-level lane change controllers

to perform maneuvers while respecting lateral dynamic constraints [41]. Note that this proposed

optimal controller is present on every CAV i ∈ A(k) and they all perform their own computations

independently.

Objective function: Each CAV i ∈ A(k) has an optimal controller, formulated as a mixed-integer

model-predictive optimal control problem (MI-MPC), that provides, at any time instant k, the

control input ui(k + 1), and the binary overtaking decision Di(k + 1).

The objective function is formulated as a maximization of the velocity of the ego CAV while

minimizing the time spent in the oncoming lane and minimizing abrupt changes in velocity. This

is defined as follows:
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min
uk
i (1),··· ,uk

i (H);

Dk
i (1),··· ,Dk

i (H)

H∑
j=1

−γ1 · uki (j) + γ2 · Dk
i (j) + γ3 · (uki (j)− uki (j − 1))2 (2.43)

Here, H denotes the planning horizon. The proposed optimization objective (2.43) contains

three trade-off parameters γ1, γ2 and γ3, which handle the trade-off between maximizing veloc-

ity, minimizing time spent in the oncoming lane, and minimizing sudden changes in velocity.

Increasing γ1 leads to increased focus on velocity maximization which results in more aggressive

overtaking behaviors and a less comfortable experience for passengers. Increasing γ2 and γ3 on the

other hand, leads to a reduction in risky overtakes while improving the comfort of the passengers,

at the cost of increased travel time.

Dynamic constraints: The dynamic constraints ensure that the optimization controller generates

reachable controls. At time instant k, the initial values of position, velocity control, and lane

control are set as ski (0) = si(k), uki (0) = vi(k), and Dk
i (0) = li(k) respectively. Next, the

longitudinal command velocity uki (j), for all j ∈ {1, . . . , H}, is bounded by the speed limit:

0 ≤ uki (j) ≤ v̄ (2.44)

as well as the acceleration capabilities of each vehicle:

Amin
i · Ts ≤ uki (j)− uki (j − 1) ≤ Amax

i · Ts (2.45)
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where Ts, as referenced previously, is the time resolution for our computations. Regarding the

lateral movement, we confine the time-dependent binary decision variable Dk
i (j) to {0, 1}. More

specifically, Dk
i (j) = 1 corresponds to the decision to travel in the adjacent lane while Dk

i (j) = 0

represents the decision to travel in the original lane. A difference in the current lane and the binary

decision variable (i.e. Dk
i (1) ̸= li(k)) will trigger a lane-change maneuver at time instant k. We

find that this simplification leads to a significant reduction in computational complexity.

Safety constraints: We next introduce the constraints responsible for the prevention of rear-end

and lateral collisions. The longitudinal positions (si(k)) of the CAV are computed with respect to

the decoupled longitudinal dynamics model given in equation (2.33).

At any future time step j starting from the time instant k, the ego CAV needs to maintain a

safe longitudinal distance to all the known vehicles traveling in its current lane. This requirement

can be defined as:

(1−Dk
i (j)) · (|ŝkp(j)− ski (j)| − (Le

p +M i
sp(j))) ≥ 0,∀p ∈ {Vi

0(k) ∩Wi(k)} (2.46)

Dk
i (j) · (|ŝkq(j)− ski (j)| − (Le

q +M i
sq(j))) ≥ 0,∀q ∈ {Vi

1(k) ∩Wi(k)} (2.47)

where Vi
0(k) and Vi

1(k) correspond respectively to the original lane and oncoming lane vehicle set

for the CAV i. Here, equations (2.46) and (2.47) represent the collision prevention constraints in

the original and the oncoming lanes respectively. These constraints need to be checked for all time

instances in the planning horizon (∀j ∈ {1, · · · , H}). We define M i
sp(j), the longitudinal safety

margin that the ego CAV i ∈ A(k) needs to maintain from the vehicle p ∈ V(k) at time instant k,
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as follows:

M i
sp(j) =M0p+

Mvp

v̄
v̂kp(j)+

Map

Amax
i

·
|v̂kp(j)− v̂kp(j − 1)|

Ts
+1Vi

1(k)
(p)·

Mlp

v̄
·(vki (j)+v̂kp(j)) (2.48)

The safety margin M i
sp(j) ∈ R>0 for vehicle p depends on the longitudinal velocity, longitudinal

acceleration, and the relative longitudinal velocity if p is in the oncoming lane of CAV i (p ∈

Vi
1(k)). Here, M0p ∈ R>0 represents the nominal safety gap that will be maintained regardless of

vehicle p’s driving behavior. Additionally, Mvp ∈ R>0, Map ∈ R>0 and Mlp ∈ R>0 correspond

respectively to the multiplicative factors associated with the velocity, acceleration, and lane of

vehicle p.

To simplify the optimization process, we pose the safety constraints in the standard linear

form, using multiple applications of the big-M method [43]. The optimization constraint (2.46)

is then converted to (2.49) and (2.50), while (2.47) is converted to (2.51) and (2.52). This con-

verts the optimization problem into a standard mixed integer quadratic program [42], which is

computationally efficient to solve.

(ŝkp(j)− ski (j) +N0 · a(j)− (Le
p +M i

sp(j))) +N1 · Dk
i (j) ≥ 0 (2.49)

−(ŝkp(j)− ski (j)−N0 · (1− a(j)) + (Le
p +M i

sp(j))) +N1 · Dk
i (j) ≥ 0 (2.50)

(ŝkq(j)− ski (j) +N0 · b(j)− (Le
q +M i

sq(j))) +N2 · (1−Dk
i (j)) ≥ 0 (2.51)

−(ŝkq(j)− ski (j)−N0 · (1− b(j)) + (Le
q +M i

sq(j))) +N2 · (1−Dk
i (j)) ≥ 0 (2.52)
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Here, these constraints are repeated ∀p ∈ (Vi
0(k) ∩Wi(k)), ∀q ∈ (Vi

1(k) ∩Wi(k)) and ∀ j ∈

{1, . . . , H}. Also, N0, N1, N2 ≫ 0, and a(j), b(j) ∈ {0, 1}. The constants N1 and N2 allow for

automatic satisfaction of the inactive constraints based on the value of Dk
i (j). The constant N0, in

conjunction with the boolean variables a(j) and b(j) allows for the transformation of the absolute

relative distance constraints in (2.46) and (2.47) into linear constraints.

The constraints given by equations (2.44), (2.45), (2.49), (2.50), (2.51) and (2.52) along

with the objective function in (2.43), form the optimization problem for optimal CAV longitudinal

command velocity and lane changing decision computation. The output of the optimization prob-

lem at time instant k is {uk∗i (1), · · · , uk∗i (H),Dk∗
i (1), · · · ,Dk∗

i (H)} which is applied in a receding

horizon fashion, i.e., ui(k + 1) = uk∗i (1), and Di(k + 1) = Dk∗
i (1).

Remark 6. The behavior of the algorithm can be modified by altering the safety margin (M0p ,

Mvp , Map and Mlp) parameters. In our tests, these parameters are tuned empirically to guarantee

safe overtaking behavior whenever overtaking attempts are carried out. Additionally, the proposed

optimal controller does not explicitly account for the time taken by the low-level lateral controller

to execute its desired maneuver. We note that this simplification does not introduce further safety

concerns, given that L0i has been tuned appropriately (e.g. chosen large enough), and that the ego

CAV has the ability to retract a lane-changing decision without having to move all the way to the

center of the adjacent lane, which is achieved by the receding horizon framework of MPC.

Low-level lateral controller: The proposed framework allows for the incorporation of any lane-

changing model and low-level lateral controller found in the literature [45, 46], as long as this

controller does not result in significant changes to the longitudinal dynamics of the system. An
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example of such a decoupled lateral controller is provided in [28].

2.4.3 Experimental Setup and Results

The performance of the proposed approach is evaluated on a bidirectional highway road

segment simulation, implemented on the SUMO [48] traffic simulation platform. The simulation

setup for the highway segment is shown in Figure 2.12. The controller communicates with the

simulator using the TraCI traffic controller interface. All simulations and control algorithms are

run on a personal computer with an Intel i7-8750H CPU and 32GB of RAM.

Figure 2.12: SUMO Simulation Environment. The experiments are carried out on a 2 km-long
bidirectional highway. This short highway segment highlights the presence of AVs, depicted in
red, and HDVs, shown in yellow, on the road.

The length of the bidirectional highway segment simulated is 2 km long. The vehicles used

were a mix of CAVs and HDVs in varying proportions (CAV penetration levels).

2.4.3.1 Performance Evaluation

The performance of our proposed communication-based overtaking algorithm is evaluated

according to its ability to avoid collisions, perform successful overtakes in order to maximize

throughput, and minimize the amount of failed overtake attempts and risky maneuvers.

Figure 2.13 shows the trajectories taken by 11 vehicles, 2 of which are CAVs following our

control algorithm. The trajectories of these 2 CAVs are marked in red with the color switching to
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Simulation Parameters Value
Simulation step size 100 ms
Simulation duration 1 hour

Road length 2 km
Road speed limit (v̄) 20 m/s
Average HDV speed 10 m/s

Controller Parameters Value
Controller sampling time (Ts) 500 ms
Maximum acceleration (Amax) 4 m/s2

Maximum deceleration (Amin) -9 m/s2

Maximum velocity (V max) 20 m/s
CAV sensing range (Ls) 150 m
Planning horizon (H) 10 s

Safety Margin Parameters ([L0i , Lvi , Lai , Lli ]) [10, 5, 5, 10]

Table 2.2: Simulation & Controller Parameters for Cooperative Overtaking

green whenever these CAVs move into the oncoming lane. The blue trajectories having positive

gradients depict the HDVs traveling in the same direction and lane as the CAVs. The purple

trajectories having negative gradients depict the HDVs traveling in the opposite direction to the

CAVs in the oncoming lane. To avoid confusion, we selected a section of the simulation in which

no oncoming lane CAVs were present. Overtakes occur whenever a CAV trajectory crosses a

same-lane HDV denoted in blue. Figure 2.13 shows four such successful overtakes. Note that at

the point of overtaking, the trajectories of the CAVs should be green indicating that the CAV is

in the oncoming lane. As such collisions with CAVs occur only if a blue trajectory intersects a

red trajectory (collision in the original lane) or if a purple trajectory intersects a green trajectory

(collision in the oncoming lane). We do not observe any of these conditions which shows us that

our algorithm allows for collision-free successful overtaking with the minimum time spent in the

oncoming lane.

Additionally, we note that the average time required for each optimization computation step
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Figure 2.13: Vehicle Trajectories. 2 CAVs (red and green trajectories) are attempting to overtake
in the presence of 9 HDVs (blue and purple trajectories). Blue (purple) trajectories are HDVs
traveling in the same (adjacent) lane as the CAVs. Overtakes occur whenever a CAV trajectory
(red) crosses the same lane HDV trajectory (blue). The green color signifies that a CAV has moved
into the adjacent lane.

for an ego CAV is 32.36ms with a standard deviation of 13.19ms. As the controller operates with

a time step of 500ms, this provides excess margins to ensure real-time operation capability.

2.4.3.2 Comparative Analysis

In order to highlight the benefits of the proposed communication-based (Cooperation) ap-

proach, we compare its performance with an approach that does not use any inter-vehicle com-

munication (Single Agent) and an approach that assumes the CAV has global knowledge (Global

Info) about its surrounding. In the Single Agent approach, CAVs cannot communicate with each

other and must rely on their own sensor information for decision-making. In the Global Info case,

CAVs make the unrealistic assumption of having access to the states of all its neighboring vehicles

irrespective of their sensor occlusion status. We utilize two key metrics to compare the perfor-
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mances of these three algorithms: The number of overtakes attempted per CAV and the success

ratio of completed overtakes to the attempted overtakes. Here, the attempted overtakes track the

number of times the CAV moves into the oncoming lane to try to perform an overtaking maneuver.

Overtaking success, on the other hand, tracks what percentage of these overtaking attempts actu-

ally lead to a successful overtaking maneuver. The performance of the three algorithms in terms

of these two evaluation metrics with varying traffic flow conditions is depicted in Figure 2.14 and

Figure 2.15. Here, the flow rate represents the vehicles per minute entering the simulation. As the

average velocities of vehicles remain generally constant, the flow rate is also directly proportional

to the density of vehicles in the simulation.

Figure 2.14: Overtaking Success w.r.t. Varying Flow Rate. With the overtaking success % on
the y-axis and the flow rate in vehicles/minute on the x-axis, the plots show a comparison between
the Global Info (in blue), Cooperation (in red), and Single Agent (in black) strategies.

From Figure 2.14, we observe that the Cooperation method as expected performs signifi-

cantly better than the Single Agent method. This difference in performance is highlighted further

with increasing levels of input flow rate. This is due to the fact that with an increasing input flow
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Figure 2.15: Overtakes Attempted w.r.t. Varying Flow Rate. With the overtakes attempted per
CAV on the y-axis and the flow rate in vehicles/minute on the x-axis, the plots show a comparison
between the Global Info (in blue), Cooperation (in red), and Single Agent (in black) strategies.

rate, there is a higher probability that some of the vehicles within the communication range of

the ego CAV are other CAVs that can share information about their neighboring vehicles. This

provides the ego CAV with more information about its surroundings which leads to less risky over-

taking attempts and more overtaking successes. As expected, the unrealistic Global Info method

outperforms our Cooperation method. However, we observe that this difference reduces with in-

creasing input flow rate for the reason mentioned earlier i.e. the increased number of CAVs in

the communication range. From Figure 2.15, we observe that up to a certain input flow rate, all

methods show an increase in overtake attempts since at higher densities, there are more HDVs

to overtake. However, beyond a certain level of flow rate, we see an overall drop in overtaking

attempts as there are fewer overtaking opportunities due to increased vehicle density. We also

find that our method is able to gather enough information about its surroundings using communi-

cation, resulting in very low levels of risky overtakes attempted as witnessed by its comparative
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performance to the Single Agent and Global Info strategies in Figure 2.15.

2.4.3.3 Impact of CAV Penetration Levels

For our cooperative control strategy, we find that the CAV penetration level plays a significant

role in performance output.

Figure 2.16: Overtaking Success w.r.t. CAV Penetration Level. With the overtaking success %
on the y-axis and the CAV penetration % on the x-axis, the plots show a comparison between the
Global Info (in blue), Cooperation (in red), and Single Agent (in black) strategies.

Figure 2.16 shows an increase in the successful overtakes for the Cooperation method with

an increasing CAV penetration level. This is due to the increase in the number of CAVs in the

environment which enables greater information interchange between the CAVs (i.e. increased

CAV penetration leads to increased information available to each CAV for decision-making).

In Figure 2.16 and 2.17, we observe that the overall performance of our Cooperation al-

gorithm lies in between that of the Global Info and the Single Agent methods. On average, we

achieve around 40% improvement over the Single Agent method in terms of successful overtakes
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Figure 2.17: Overtakes Attempted w.r.t. CAV Penetration Level. With the overtakes attempted
per CAV on the y-axis and the CAV penetration % on the x-axis, the plots show a comparison
between the Global Info (in blue), Cooperation (in red), and Single Agent (in black) strategies.

and reduced unnecessary overtaking attempts. We also find that as the CAV penetration increases,

our method’s performance approaches that of the Global Info case.

2.5 Conclusion

In this chapter, we address the autonomous vehicle overtaking problem in a bidirectional

mixed-traffic setting using a receding horizon optimization-based approach for the non-cooperative

and cooperative cases. The first part of the chapter addresses the non-cooperative case where no

autonomous agent is assumed to be present in the vicinity of the ego vehicle. As a result, the ego

vehicle relies entirely on its onboard sensors for input information. In the second part, the analysis

is extended by incorporating cooperative sensing and an improved trajectory prediction model. The

performance enhancements are then evaluated in different densities of autonomous agents present

in the environment.
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In the first part, we develop a novel mixed-integer model predictive controller, having low

computational complexity to perform autonomous overtaking while prioritizing safety. The ability

to retract the overtaking decision after initiating the maneuver is gained through the introduction of

a binary decision variable. The intrinsic behavior variability of the observed vehicles is accounted

for by the modification of vehicle-dependent safety margins. The operational capability of the

method in dense traffic is achieved through explicit modeling of limited sensing range and occlu-

sion. Finally, the performance of the controller in diverse settings is verified through simulations

in the SUMO environment.

In the second part, we propose an extension for the method developed in the first part for

CAVs through a V2V communication-based cooperative control strategy. With this enhancement,

the CAVs share information with each other, allowing them to overcome blind spots in sensing

and perform safer overtaking maneuvers. We couple the capabilities of V2V information sharing

for traffic state estimation with the mixed-integer model predictive controller capable of comput-

ing safe overtaking trajectories. We also perform explicit modeling of limited sensor ranges and

blind spots caused by sensor occlusion to allow for realistic dense traffic performance tests of our

approach. The performance of the proposed approach is evaluated using the SUMO platform and

we demonstrate that the enhanced method is capable of achieving a much higher percentage of

successful overtakes while reducing the amount of risky unnecessary overtaking attempts when

compared to a single agent method with no communication between agents.

Future work for the non-cooperative case entails the implementation of the proposed ap-

proach on a small-scale physical setup to evaluate the robustness properties of the controller and
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the need to incorporate different noise models to enhance real-world performance. As for the co-

operative case, the benefits of collaborative decision-making among CAVs can be explored for the

proposed framework.
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Chapter 3: Highway Maneuvering

Building on the discussion of safe navigation of autonomous vehicles in the presence of

human-driven vehicles, we consider another commonly faced driving situation that highlights the

complexities arising from the unpredictable nature of human drivers. In a highway driving situ-

ation, a vehicle needs to maneuver around traffic by choosing a series of appropriate lanes and

velocities to minimize its travel time, ensure safety and achieve better visibility, while accounting

for the behavior of neighboring vehicles. Although seemingly straightforward, lane changing is

considered to be one of the riskiest driving behaviors since it is highly contingent upon multi-

modal trajectory predictions of neighboring vehicles and requires timely decision-making [54]. It

is further influenced by a number of uncertainty factors such as road conditions, measurement ac-

curacy, and a long tail of behavioral uncertainty of on-road agents. However, if executed efficiently,

lane changing coupled with speed adjustment can yield a significant improvement in minimizing

overall travel time while ensuring passenger comfort [55].

Modern vehicles, such as a Tesla, are already able to perform lane changes on highways [56].

However, the algorithms deployed on these vehicles tend to have short time planning horizons and

are generally very conservative so they are ineffective in dense traffic situations. Previous studies

have addressed the general lane-changing problem through deterministic rule-based approaches
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such as MOBIL [57]. However, these methods tend to be short-sighted, or greedy, at times due

to their rigid nature, as demonstrated in [55]. Specifically, Bae et. al. outlined an improved

graph-based risk-aware planning model that showed a significant reduction in overall travel time.

However, the formulation was limited to constant speed planning, which limited its ability to assess

the advantages of speed adjustment in long-term planning.

As demonstrated in Section 3.2.4, it may be necessary at times to sacrifice short-term ben-

efits to gain long-term performance improvements. In such a scenario, an approach with speed

adjustment coupled with a long planning horizon has the foresight to deliver significantly better

results. Moreover, the inclusion of speed adjustment in the decision-making process inhibits the

risk of incurring trajectory infeasibility as the environmental conditions may prevent the ego vehi-

cle from traveling at a constant reference speed and the low-level planner may be unable to handle

such a discrepancy. Therefore, in Section 3.2, we propose a low complexity receding horizon

optimization-based approach that outputs the lane change maneuvers coupled with speed adjust-

ments for long planning horizons (> 15s) while guaranteeing safety. The long-horizon strategic

decision-making gives the ego vehicle the ability to proactively anticipate and handle challenging

driving situations.

The foresighted optimization-based behavior planning framework developed in Section 3.2

optimizes travel time and passenger comfort in determining the future speed and lane profiles but

does not explicitly account for the behavioral uncertainty of on-road agents. This uncertainty tends

to have a long tail in its distribution that needs to be effectively handled by planning methods [58].

Therefore, Section 3.3 builds on the framework presented in Section 3.2 to address long-term
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behavior planning under such uncertainty by incorporating effective risk evaluation to quantify the

‘severity’ of the consequences of decision-making under this uncertainty.

This chapter is structured as follows: Section 3.1 summarizes the existing methods available

in the literature to address the highway maneuvering problem; Section 3.2 details our foresighted

optimization-based interaction and risk agnostic approach; Section 3.3 details the interaction and

risk aware extension; and, Section 3.4 recaps the main artifacts of this chapter. As for the inter-

action and risk agnostic case, Section 3.2.1 provides an overview of the problem; Section 3.2.2

formalizes the problem; Section 3.2.3 details the various components of the proposed approach

while highlighting the implementation and analytical details; and, Section 3.2.4 analyzes the per-

formance of the proposed approach by running a series of comparative tests. As for the interaction

and risk aware case, Section 3.3.1 provides an overview of the problem; Section 3.3.2 details the

problem formulation; Section 3.3.3 outlines the interaction-aware prediction model and the risk

evaluation method employed in our approach; and, Section 3.3.4 details the experimental setup,

followed by a qualitative and quantitative comparative analysis with respect to the state-of-the-art

behavior planning methods.

3.1 Literature Review

In prior research, target lane and speed determination for lane-changing maneuvers have

primarily been examined through the lens of motion planning methods [59]. In general, the var-

ious motion planning techniques proposed in the literature can be classified into five main cate-

gories: rule-based, sampling-based, learning-based, optimal control related, and interaction-aware
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approaches. Since the rule-based and graph-based methods have already been elaborated upon in

the preliminary discussion, we focus on the remaining methods in the ensuing discussion.

In the context of sampling-based approaches, single-query methods, particularly the various

forms of RRT, are generally favored over multi-query methods, such as roadmap-based methods,

due to their faster computation time and the capability to handle non-holonomic constraints [23].

Despite their abilities to incorporate safety guarantees by sampling feasible trajectories from a

reachable safe set [22], and perform risk evaluation through chance constraints [60], these meth-

ods can often yield an uncomfortable driving experience due to stringing together of individual

trajectories. Additionally, the asymptotic optimality guarantees provided by these methods do not

necessarily translate to practical success in complex driving situations due to their high sample

complexity [23].

In the extensive body of literature on learning-based methods, different variations of Rein-

forcement Learning techniques have been identified as the preferred approach for AV navigation

by the research community [24, 25, 61–64]. While these methods have shown promising results

in simulations, their implementation in real-world settings raises concerns such as the need for a

large amount of training data, exploration of unsafe behaviors during training, and difficulties in

handling edge cases. These approaches primarily rely on using neural networks as function ap-

proximators, which results in low computational complexity but also presents limitations in terms

of interpretability and safety guarantees.

As for the interaction-aware planning methods, the game-theoretic approaches [65–68] have

gained significant prominence. Due to the inherent complexity of highway driving scenarios, char-
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acterized by the presence of various traffic participants with diverse and often unknown objectives,

leading to conflicting situations, these approaches tend to handle on-road negotiations through an

explicit understanding and modeling of the intent of on-road agents while effectively indicating

their own intentions. Despite significant research efforts toward designing human behavior mod-

els, a common limitation in this line of research is the high computational complexity associated

with the inherent uncertainty associated with human behaviors. As a result, these methods tend to

be computationally intensive and typically plan over a limited time horizon, leading to conservative

behavior and an inability to change lanes in highly uncertain situations.

Finally, in terms of optimization-based approaches, the extensions of optimal control meth-

ods have been extensively studied. Unlike the potential-field-based approaches [26], which offer

satisfactory collision avoidance performance but lack the ability to integrate vehicle dynamics, the

optimal control methods [27], specifically the derivatives of the Model Predictive Control (MPC)

approach [13, 29, 41, 69], provide excellent collision avoidance performance while incorporating

vehicle dynamics. Typically, these methods are used at the lower layers of the navigation archi-

tecture (See Section 1.1) due to their ability to incorporate high-fidelity dynamics. However, this

improved performance comes at a cost of increased computational complexity, primarily due to

the non-convex constraints introduced by the integration of non-linear dynamical models and col-

lision avoidance constraints. This results in a restricted planning horizon, limited to only a few

seconds. Our proposed architecture also falls within the realm of optimization-based methods, but

we pursue systematic complexity reduction in order to distribute the computational load of this

paradigm. Specifically, we utilize a multi-timescale architecture that allows us to isolate the long
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and short-horizon planning modules. In this work, our focus is on long-term planning, which is

responsible for lane and speed advisory, while the short-term planning module, which generates a

comfortable and safe trajectory, is taken from our previous work [70].

3.2 Interaction & Risk Agnostic Planning

This section proposes a hierarchical autonomous vehicle navigation architecture composed

of a high-level speed and lane advisory system (SLAS) coupled with low-level trajectory gen-

eration and trajectory following modules. Specifically, we target a multi-lane highway driving

scenario where an autonomous ego vehicle navigates in traffic. We propose a novel receding hori-

zon mixed-integer optimization-based method for SLAS with the objective of minimizing travel

time while accounting for passenger comfort. We further incorporate various modifications in the

proposed approach to improve the overall computational efficiency and achieve real-time perfor-

mance. We demonstrate the efficacy of the proposed approach in contrast to the existing methods,

when applied in conjunction with state-of-the-art trajectory generation and trajectory following

frameworks, in a CARLA simulation environment.

3.2.1 Overview

To motivate the problem, consider the scenario presented in Figure 3.1. Based on the pre-

dicted motion (shown in a lighter shade) of the neighboring vehicles (shown in orange), the ego

vehicle (shown in blue) may decide to either change lanes left in an attempt to minimize its travel

time or slow down in the current lane to maintain safety. However, it would be imprudent for the
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ego vehicle to risk changing lanes right and consequently get stuck behind a slow-moving vehicle

even though there is presently a greater headway. This simple scenario highlights the importance

of foresight and long planning horizon in strategic decision-making for autonomous vehicles.

1/23

X

Traffic Flow
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𝑙 = 2

Figure 3.1: Motivational Example. With a slow-moving vehicle ahead, the ego vehicle (in blue)
may decide to either change lanes to the fast-moving lane (left) to minimize travel time or adjust
its speed without changing lanes to preserve safety but it would be unwise for it to switch to the
slow-moving lane (right) as that would not benefit travel time or safety.

Contribution

The key requirements for the algorithmic design of an autonomous vehicle include real-time

operation, safety guarantees, optimality with respect to some metric(s), and accounting for the be-

havior variability of on-road agents. Considering these requirements, we propose an optimization-

based behavioral planning framework that enables autonomous vehicle maneuvering on multi-lane

highways. While having the benefits of optimization-based approaches, our method achieves a

low computational complexity by employing a binary representation of the decoupled lane indica-

tor dynamics in lieu of lateral dynamics and utilizing algorithmic modifications to aid numerical

computations. Specifically, our method provides:
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• optimality with respect to travel time and comfort;

• safety and feasibility guarantees;

• real-time applicability for a long planning horizon; and

• modularity in design, which enables the integration of external trajectory prediction modules.

The proposed method fills in the research gap by meeting all the key algorithmic requirements

while simultaneously gaining the foresight to make strategic decisions that yield long-term perfor-

mance benefits, as verified in Section 3.2.4.

3.2.2 Problem Formulation

In this section, we present the algorithmic pipeline and formalize the road, observation, and

vehicle dynamics models that will be utilized in the subsequent sections.

3.2.2.1 Algorithmic Pipeline

Our main focus in this Section is the development of the behavior planning module, high-

lighted as SLAS in Figure 3.2. SLAS outputs the target lane and reference speed which are utilized

by the motion planning module to generate a reference trajectory for the ego vehicle. The vehicle

controllers compute the throttle and steering commands to track the trajectory accordingly. Further

details regarding the different modules can be found in Section 1.1.

For the motion planning module, we adopt the Neural Networks integrated Model Predictive

Control (NNMPC) [70] due to its ability to accommodate the behaviors of neighboring vehicles
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Figure 3.2: Algorithmic Pipeline. Based on the localization information from the Perception,
and Simultaneous Localization and Mapping (SLAM) modules, our behavior planning framework,
SLAS, outputs the target lane and speed to the motion planner, NNMPC, which generates a refer-
ence trajectory for the vehicle control module.

in the trajectory generation process. In our approach, we assume that the perception (of other

vehicles) and the localization (of the ego vehicle) are known without any uncertainty, for simplicity,

but the modular architecture avails us the ability to integrate any perception or SLAM module in

the overall framework.

3.2.2.2 Road Model

The physical road structure is modeled as a continuous multi-lane highway with negligible

curvature and unidirectional traffic flow. The lanes on the highway are clearly demarcated and at

any given time k, the number of available lanes for the vehicles to travel on is denoted by Nl(k)
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while the road speed limit is denoted by Vl. Therefore, the set of lanes available for traveling at a

given time instant k is denoted by L(k) = Z[0,Nl(k)]. We work with the Frenet coordinate system

where the distance along the road is denoted by the longitudinal displacement (s) and the distance

perpendicular to the road is defined by the lateral displacement (d). Each lane is assigned a lane

indicator variable l. The leftmost lane, with respect to the direction of traffic flow, is assigned a

value of l = 0 while each subsequent lane is assigned an increasing integer value for l, as depicted

in Figure 3.1.

3.2.2.3 Vehicle Model

Since we aim to have real-time computations for a long planning horizon (> 15s), we model

the vehicle dynamics with a linearized decoupled dynamical system. For the highway driving sce-

nario, where the road curvature is typically small, it is reasonable to assume a decoupling between

the lateral and the longitudinal dynamics [40], especially for the behavior planning layer. There-

fore, we utilize a linear constant acceleration model for the longitudinal dynamics and abstract out

the lateral dynamics with a lane indicator variable. For the lane change dynamics, we use a moving

average filter coupled with a rounding function to model the time required by the ego vehicle to

change lanes. This is compactly represented as:

s0(k) = s0(k − 1) +
v0(k − 1) + v0(k)

2
· Ts (3.1)

l0(k) =

⌊
1

N

N−1∑
i=0

L(k − i) + 1

2

⌋
(3.2)
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where s0(k), v0(k), l0(k) and L(k) denote the ego vehicle’s longitudinal displacement, speed, lane

indicator, and target lane, respectively, at time instant k; the subscript i indexes the vehicles on

the road with 0 being reserved for the ego vehicle; Ts denotes the discretization time step; and, N

corresponds to the number of time steps required to change lane. The state (x0(k)) and control

input (u0(k)) to the system at time instant k are defined as:

x0(k) =

[
s0(k) l0(k)

]T
∈ R× L(k) (3.3)

u0(k) =

[
v0(k) L(k)

]T
∈ R[0,Vm] × L(k) (3.4)

where Vm denotes the maximum speed of the ego vehicle.

3.2.2.4 Observation Model

For practical considerations, we restrict the ego vehicle’s visibility range to the sensory per-

ception limit, denoted by Rv. Then, the set of vehicles in ego vehicle’s visibility range at time

instant k, represented by O(k), is defined as:

O(k) = {i ∈ Z>0 | |si(k)− s0(k)| ≤ Rv} (3.5)

where si(k) corresponds to the longitudinal displacement of the observed vehicle.

Remark 7. For the multi-lane highway driving scenario, occlusion does not play a prominent role

so we do not account for it in the existing formulation. However, the proposed framework can easily

accommodate occlusion and measurement uncertainties since the receding horizon approach bases
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its decision on the most up-to-date information available at any given time, as demonstrated in

Section 2.3.1.3.

3.2.3 Methodology

In this section, we describe the prediction model to generate the predicted future trajectories

of observed vehicles and present a discussion on the proposed receding horizon optimization-based

behavioral planning module.

3.2.3.1 Trajectory Prediction

Reliable behavior and trajectory prediction of other traffic participants are crucial for the

safe maneuvering of autonomous vehicles. The algorithm proposed in Section 3.2.3.2 is able to

incorporate any generic prediction module available in the literature [16] as long as it can provide

a deterministic predicted future trajectory for a given vehicle. In this work, we formulate a low-

complexity prediction model that highlights the flexibility and efficiency of our proposed approach.

For an observed vehicle i ∈ O(k), the future speed profile is predicted using a piece-wise

linear function while the lane profile is assumed to stay constant for the duration of the prediction

horizon. At a given time step k, the estimated acceleration (āki ) and the estimated speed (v̄ki ) pa-

rameters are obtained through linear regression with mean-squared error on the past oki > 1 speed

observations. Based on the estimated parameters, we predict the future speed and longitudinal
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displacement as follows:

v̂ki (j) =



v̄ki , j = 0

v̂ki (j − 1) + āki · Ts, 0 < j ≤ Ha

v̂ki (j − 1), j > Ha

(3.6)

ŝki (j) =


si(k), j = 0

ŝki (j − 1) + Ts

2
· (v̂ki (j − 1) + v̂ki (j)), j > 0.

(3.7)

Here, Ha corresponds to the acceleration horizon while v̂ki (j) and ŝki (j) respectively represent the

predicted speed and longitudinal displacement for vehicle i, j time steps into the future starting

from the current time instant k.

Remark 8. Due to the modular nature of the proposed framework, the behavior planning module

detailed in Section 3.2.3.2 can work with advanced maneuver-based (e.g. Markov Chain [71])

and interaction-based (e.g. Social Generative Adversarial Networks [72]) trajectory prediction

modules, allowing for interactive maneuvering behaviors.

3.2.3.2 Speed and Lane Advisory System

The goal of our behavior planning module, Speed and Lane Advisory System, abbreviated

as SLAS, is to determine a sequence of speed and lane change commands that would enable the

ego vehicle to maximize its speed, thus minimizing the travel time, while accounting for driver

comfort and abiding by its dynamical, actuator, and safety limits. The output of this module is a
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relatively smooth speed and lane change profile which is then passed on to a motion planner. It is

necessary to incorporate the dynamical and actuator limits in the behavioral planning module so

as not to provide the motion planner with goals that are not reachable and jeopardize the safety of

the overall system as a result.

In the subsequent discussion, we provide a formulation of the optimization problem for

SLAS, highlight the modifications necessary to improve the computational complexity, and present

safety and feasibility analyses.

Optimization Problem with Integer Constraints: SLAS is posed as an optimization problem, with

the objective of maximizing speed while minimizing frequent lane changes and abrupt changes in

speed. The output of SLAS, at time instant k, is the control input u0(k + 1), as defined in (3.4).
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The optimization problem is formulated as follows:

min
vk(1),··· ,vk(H);

Lk(1),··· ,Lk(H)

H∑
j=1

[−γ1 · vk(j) + γ2 · (Lk(j)− Lk(j − 1))2 + γ3 · (vk(j)− vk(j − 1))2] (3.8)

s.t. sk(0) = 0 (3.9)

vk(0) = v0(k) (3.10)

Lk(p) = l0(k), ∀p ∈ Z[−N+1,0] (3.11)

∀j ∈Z[1,H] :

vk(j) ∈ R[0,Vl] (3.12)

vk(j)− vk(j − 1)

Ts
∈ R[Amin,Amax] (3.13)

sk(j) = sk(j − 1) +
vk(j − 1) + vk(j)

2
· Ts (3.14)

Lk(j) ∈ L(k) (3.15)

Lk(j)− Lk(j − 1) ∈ Z[−1,1] (3.16)

lk(j) =

⌊
1

N

N−1∑
i=0

Lk(j − i) + 1

2

⌋
(3.17)

min
i∈A(k)

{|ŝki (j)− sk(j)|} ≥ Ls
i (j), (3.18)

A(k) = {a ∈ O(k) | lk(j) = la(k)}.

Objective Function: In the formulation above, the optimization variables are the ego vehicle’s

speed (vk(j)) and target lane (Lk(j)), j step into the future, starting from the time instant k. Here,

H corresponds to the planning horizon. The scalarization parameters γ1, γ2, and γ3 in the objective

function (3.8) account for a relative tradeoff between maximizing speed, minimizing lane changes,
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and minimizing abrupt changes in speed respectively. Increasing γ1 yields a more aggressive be-

havior with the priority placed on maximizing speed while γ2 and γ3 combine to place an emphasis

on maximizing passenger comfort by reducing lane and speed changes respectively.

Dynamical Constraints: These constraints are put in place to ensure the dynamical feasibility of

the solution. The constraints (3.9), (3.10), and (3.11) serve to initialize the longitudinal displace-

ment, speed, and target lane respectively for the optimizer, based on the values observed at time

instant k. The constraints (3.12) and (3.13) bound the ego vehicle’s speed by the speed limit and

the acceleration limits of the vehicle respectively. The ego vehicle’s speed is then used to calculate

the projected longitudinal displacement in (3.14).

The target lane values at any planning step (j) are restricted to the set of reachable values by

(3.15), (3.16) and (3.17). Here, (3.15) restricts the target lane to the set of available lanes (L(k)),

(3.16) ensures that the lane change, if needed, is made to the adjacent lane only and (3.17) models

the time steps (N ) required for a lane change. The flooring function can easily be transformed

into a couple of linear constraints by the introduction of an auxiliary integer variable, as shown

in the Appendix. Finally, lk(j) is merely the internal representation of the lane the ego vehicle is

projected to travel on at planning step j.

Safety Constraint: The safety constraint (3.18) ensures that the ego vehicle maintains a minimum

safe distance (Ls
i (j)) to the nearest vehicle i, in its projected lane of travel (lk(j)), at planning

instant j. We borrow the definition of this safe distance from [73], where the authors provide

a formalization based on the clause from Vienna Convention on Road Traffic that states that “A

vehicle [...] shall keep at a sufficient distance [...] to avoid collision if the vehicle in front should

80



suddenly slow down or stop.” Furthermore, the absolute value constraint can be decomposed into

linear constraints by the application of the big-M method and the introduction of an auxiliary

variable, as shown in the Appendix.

Remark 9. The proposed formulation can accommodate an arbitrary number of lanes at any given

time instant k. This means that if at any given time, the number of available lanes for traveling

either increases or decreases, the proposed formulation will still continue to hold. This is an

important consideration since many a time on highways, some lanes are blocked due to various

unanticipated situations such as a road accident, roadwork, narrowing of road, etc.

Computational Complexity Reduction: This section details the optimization problem reformula-

tion with binary variables, optimization warm start technique, and lazy constraint implementation,

all of which combine to improve the computational complexity of our SLAS module.

Binary Variables: The proposed formulation in Section 3.2.3.2 has relatively high computation

complexity (computation time of∼ 2s in the worst case scenario - slow moving traffic blocking all

the lanes) due to the integer decision variables yielding a mixed-integer optimization problem [74].

To circumvent the computational overload, we reformulate the problem with binary variables that

replace the integer variables, as follows:

∀i ∈ L(k),∀j ∈ Z[1,H] : L̃k(i, j) ∈ {0, 1} (3.19)

where the L̃k(i, j) represents the modified target lane variable, indexed by the lane (i) as well as

the planning step (j) and L̃k(a, b) = 1 represents the choice of lane a ∈ L as the target lane at
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planning step b ∈ Z[1,H]. Then, some of the constraints from the SLAS formulation in Section

3.2.3.2 are modified as follows:

(3.11)→ L̃k(l0(k), 0) = 1 (3.20)

(3.15)→
∑
i∈L(k)

L̃k(i, j) = 1,∀j ∈ Z[1,H] (3.21)

(3.16)→ L̃k(a, j) = 1 =⇒
∑

b∈B(k)

L̃k(b, j) = 1, (3.22)

B(k) = Z[a−1,a+1] ∩ L(k)

(3.18)→ min
i∈A(k)

{|ŝki (j)− sk(j)|} ≥ L̃s
i (j), (3.23)

A(k) = {a ∈ O(k) | L̃k(la(k), j) = 1}.

Here, (3.20) initializes the target lane, (3.21) restricts the target lane at any planning step to the

set of available lanes, (3.22) restricts the lane change between consecutive planning steps to the

adjacent lanes, and (3.23) represents the augmented safety constraint. The implication ( =⇒ ) in

(3.22) can easily be transformed into a linear constraint (see Appendix). The augmented minimum

safety distance (L̃s
i (j)) incorporates the time required to execute the lane change maneuver (N )

from (3.17) into the following unified safety constraint:

L̃s
i (j) = Ls

i (j) + γd(δ
k(j)) · (vk(j) ·N · Ts) (3.24)

γd(δ
k(j)) = γ4 ·

2|δk(j)|
Ll

(3.25)

δk(j) = min

{
δ(k) +

Ll · j
N

,
Ll

2

}
(3.26)
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where Ll is the width of the lanes (see Figure 3.1), δ(k) is the signed lateral deviation of the ego

vehicle from the previous target lane’s boundary at time step k, and γd(δk(j)) is the dynamic cost

of deviation from the previous target lane (L(k− 1)). Moreover, in the cost function (3.8), we take

Lk(0) = L(k − 1). These costs are introduced to prevent the swerving (canceling of lane switch

before completion) behavior unless absolutely necessary (for safety purposes).

Remark 10. Since the ego vehicle is considered to have changed lane once it crosses a lane

boundary, the deviation δk(j) is considered from the lane boundary instead of the center of the

target lane to maintain the continuity of γd(δk(j)) with respect to the lateral displacement of the ego

vehicle. Specifically, δk(j) > 0 if the ego vehicle has crossed the previous target lane boundary and

0 otherwise. This is an important consideration since a discontinuity in γd(δk(j)), upon completion

of lane change, may lead to infeasibility.

Remark 11. The swerving behavior is suppressed but not completely eliminated with a hard con-

straint since such behavior is necessary at times to react to the environment’s unpredictability. This

reactive strategy, which is a distinctive feature of our approach, avails the algorithm the ability to

proactively ‘change its mind’ in case something unanticipated happens in the environment that can

jeopardize safety.

Optimization Warm Start: To aid the optimizer in finding an initial feasible solution, we provide

the solution from the previous time step as a reference. Formally, {vk−1(2), · · · , vk−1(H),Lk−1(2),

· · · ,Lk(H)} is provided as a reference for {vk(1), · · · , vk(H − 1),Lk(1), · · · ,Lk(H − 1)}. This

doesn’t imply that the solution from time step k − 1 will hold exactly at time step k, owing to

the unmodeled disturbances, but providing this reference aids the optimizer in finding an initial
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feasible solution in the vicinity of the reference solution. This observation is rooted in the premise

that the solution for the long planning horizon is not expected to change significantly between time

steps, given the sampling time is not too large and the predicted behavior of on-road agents does

not alter significantly.

It is also worth pointing out that the priority here is quickly finding a feasible solution that

obeys the safety constraints and actuator limits, and recursively improving it, rather than exces-

sively iterating to reach a global optimum. In our experiments, it was observed that a suboptimal

solution was qualitatively not significantly different from the optimal one. Therefore, we utilize

the cutting planes method for optimization [75], which first looks for a feasible solution using our

provided reference, and then recursively updates it until either the globally minimal solution is

found or the time limit is reached.

Lazy Constraints: To further enhance the computational efficiency, we introduce a lazy imple-

mentation of the lane-changing constraints (3.22). It was observed in our experiments that a feasi-

ble solution without the lane changing constraints (3.22) can be found several orders of magnitude

(∼ 10×) quicker than if we include these constraints so we decided to have a lazy implementation

for them. With a lazy implementation [76], the solver finds a set of feasible solutions without

the inclusion of these constraints and then determines the feasibility of those solutions from the

reduced problem with respect to the lazy constraints.

Feasibility: By an argument similar to the one presented in Section 2.3.2.3, it is a relatively

straightforward proof for recursive feasibility of the problem, i.e. the optimization problem will

continue to stay feasible, if initially feasible, with the trivial solution being matching the speed of

84



the leading vehicle and not changing lanes.

3.2.4 Results

In this section, we detail our experimental setup, demonstrate the performance of SLAS, and

report a qualitative as well as quantitative comparative analysis. The baselines in our comparative

analysis are set to: Extended-Astar (EA⋆) [55], MOBIL [57], and no lane-change model (No-

Change).

3.2.4.1 Experimental Setup

The implementation setup, depicted in Figure 3.3, is composed of the CARLA simulator

(Version 0.9.11) [77], SLAS module (Section 3.2.3.2), and the planner and controller module [70].

To solve the optimization problem for SLAS, we use Gurobi Optimizer (Version 9.1.1) [49]. The

simulations are performed on a computer equipped with an Intel Xeon(R) CPU E5-2643 v4 @

3.40GHz × 12 and NVIDIA Titan XP, running Ubuntu 20.04 LTS. On average, the time required

for each optimization step is ∼ 0.096s, while the maximum time limit for the optimizer is set to

0.2s, indicating the strong potential for real-time applicability.

3.2.4.2 Case Study

Figure 3.4 illustrates the test case scenario for our comparative analysis. The scenario is

composed of a highway segment with four lanes and the rightmost lane reserved for merging

vehicles. The ego vehicle is initialized to follow a slow-moving vehicle in lane 1 and has even
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Figure 3.3: Simulation Setup. Scenario Runner sets up the scenario for the CARLA Simulator,
which then communicates with the SLAS and the Planning and Control ROS (Robot Operating
System) nodes through the ROS bridge node.

slower-moving traffic to its right in lane 2. Thus, the only option for it, in order to minimize

travel time, is to switch left to lane 0 with faster-moving traffic and greater headway. Once it

moves to lane 0 and overtakes the slow-moving vehicle in lane 1, it has two options: either to keep

traveling in lane 0 without making any lane change decisions until getting close to the lead vehicle

or proactively exploiting the gap in lane 2 to switch to lane 3 in anticipation of traffic buildup in

lanes 1 and 2. A strategic decision-maker with foresight will choose to take the latter option and

make the decision proactively for a greater overall benefit.

The evaluation metrics for the comparative analysis include travel time, lateral displacement,

headway, and distance to the closest vehicle. As for the simulation parameters, the simulation step

size is set to 0.05s (simulation frequency of 20Hz); the velocities of vehicles in lanes 0, 1, and

86



1 2 3 4

Figure 3.4: Testing Scenario. In this scenario with three lanes - lane 0 (left), lane 1 (center),
and lane 2 (right) - the expected motion of the ego vehicle, over the course of the simulation, is
shown with numbered frames. The rightmost lane (lane 3) is reserved for merging traffic so it is
not utilized in our simulation.

2 are set to 8, 5, and 2 m/s respectively while the speed limit Vl is set to 15m/s; the length of

the highway patch is set to 350m while the width between the lanes is set to 3.5m; and the sensor

visibility range is set to Rv = 50m. The parameters for SLAS are set as follows: Ts = 0.4s,

H = 40, N = 3, Amin = −5m/s2, Amax = 3.5m/s2, γ1 = 1, γ2 = 0.1 and γ3 = 0.01. The values

of these parameters can be tuned to yield an aggressive or defensive behavior of the algorithm.

Travel Time: The left plot in Figure 3.5 depicts the travel time as a function of longitudinal

displacement for the four algorithms. As seen in the plot, our method (SLAS) maintains a lower

overall travel time as compared to the other methods. Quantitatively speaking, SLAS outperforms

EA⋆, MOBIL, and No-change methods by 12.72%, 23.52%, and 54.34% respectively in terms

of the time required to complete the simulation scenario. This shows that our method’s foresight

compensates for its apparent conservativeness arising from the need to preserve passenger comfort.
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Figure 3.5: Case Study Results. Top: Travel time comparison. Center: Lane choice (lateral
position) comparison. The center lines of lanes 0 (left), 1 (center), and 2 (right) have fixed lateral
displacements of 0m, 3.5m, and 7m respectively. Bottom: Headway comparison. With no leading
vehicle, the headway is restricted by the visibility range of 50m.
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Lateral Displacement: To identify the differences in lane-changing behaviors between the four

approaches, the relationship between lateral and longitudinal displacements over the course of the

simulation is highlighted in the center plot of Figure 3.5. In the plot, the lateral displacement of

0 corresponds to the center of lane 0 while the center of each following lane is 3.5m away. Com-

paring the performance of the four algorithms, we see SLAS and EA⋆ showing relatively similar

performances, resulting from proactive decision-making. In contrast, since MOBIL only assesses

the advantage of switching to the adjacent lanes, it is unable to see the benefit of proactively switch-

ing to lane 2. This explains why EA⋆ and SLAS start outperforming MOBIL in terms of travel time

(left plot) at around the 130 [m] mark for longitudinal displacement.

As for a direct comparison between SLAS and EA⋆, the benefits of having a speed advisory

system become apparent in this center plot. Due to speed control, SLAS is able to constantly

maintain a greater headway (right plot) without having to brake significantly upon getting too

close to the lead vehicle. This results in a smooth lateral displacement profile which allows the

vehicle to change lanes with a minimal jerk (quantitative analysis to follow in Section 3.2.4.3) and

deliver better overall timing performance (left plot).

Headway: The right plot in Figure 3.5 shows the headway maintained by the ego vehicle over the

course of the simulation. In accordance with our prior discussion, MOBIL cruises behind the front

vehicle, maintaining a relatively low headway until sufficient space in the adjacent lane is found

to perform the lane-change maneuver. On the other hand, EA⋆ and SLAS show a comparable

headway trajectory, however, SLAS maintains a greater headway throughout and achieves the

maximum headway prior to EA⋆. Quantitatively, SLAS maintains on average 9.43%, 36.57%,
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and 113.17% more headway than the EA⋆, MOBIL, and No-change approaches respectively. This

strong performance by SLAS can be attributed to its incorporation of safety guarantees coupled

with its consideration for passenger comfort.

Distance to closest vehicle: Finally, we compare the distance that the ego vehicle maintains from

the closest vehicle throughout the simulation. On average, SLAS maintains 9.28%, 32.01%, and

22.84% more distance in comparison to EA⋆, MOBIL, and No-change approaches respectively.

These numbers are a testament to the strength of our approach resulting from the consideration of

a long planning horizon coupled with speed control.

3.2.4.3 Monte Carlo Simulations

Model Comp.
Time Brake Brake

Jerk Thr. Thr.
Jerk

Ang.
Acc.

Ang.
Jerk

Average
SLAS 27.84 -0.46 -0.45 0.74 0.69 2.21 5.04
EAstar 27.23 -0.56 -0.47 0.83 0.77 2.83 6.69
MOBIL 28.06 -0.62 -0.49 0.86 0.79 2.43 5.62

Standard Deviation
SLAS 1.77 0.25 0.09 0.08 0.15 0.73 1.89
EAstar 2.85 0.38 0.15 0.11 0.21 1.48 3.93
MOBIL 3.82 0.42 0.18 0.11 0.23 0.77 2.05

Table 3.1: Monte Carlo Simulation Results for Interaction and Risk Agnostic Planning

To demonstrate the long-term performance of the three approaches (SLAS, EA⋆, and MO-

BIL), we run a series of Monte Carlo simulations on scenarios with randomized initial positions

(within a range of 8m) and velocities (within ranges of 8, 5, and 2 m/s assigned to each of the

three lanes randomly) of traffic participants. The result from 50 simulations is presented in Table
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3.1.

In this table, the columns represent the different evaluation metrics, the rows identify the

three algorithms, and the values highlighted in green represent the best result with respect to each

evaluation metric. The evaluation metrics, going from left to right in the table, are completion time

(s), brake (R[−1,0]), brake jerk (R[−1,0]), throttle (R[0,1]), throttle jerk (R[0,1]), angular acceleration

(◦/s2) and angular jerk (◦/s3). Apart from completion time, the remaining metrics, based on the

commands passed to the vehicular actuators (Figure 3.2), are used to model passenger comfort.

In terms of average performance, SLAS greatly outperforms the other methods when it comes to

passenger comfort since it explicitly accounts for comfort in the formulation. However, it does

so at a cost of slightly reduced performance in regards to travel time, when compared to EA⋆,

since SLAS tries to strike a balance between minimizing travel time and maximizing passenger

comfort. SLAS also secures the lowest standard deviation, for each of the evaluation metrics, when

compared to the other methods, which points to the consistency in its long-term performance.
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3.3 Interaction & Risk Aware Planning

In this section, we develop a risk-aware mixed-integer optimization-based planning (RMOP)

framework for long-horizon speed and lane advisory on multi-lane highways. The key to success-

ful maneuvering on highways is precise long-term risk assessment, so we leverage Conditional

Value-at-Risk (CVaR) as a risk evaluation metric to systematically handle behavioral uncertainties

of on-road agents. The planner is formulated as a mixed-integer program with the objective to

optimize travel time and passenger comfort while maintaining safety. We show that the problem

can be reformulated as a mixed-integer linear program (MILP) that allows for enhanced compu-

tational efficiency. With this reformulation, RMOP achieves an operation frequency of over 10

Hz for a planning horizon of 16 seconds while integrating an interaction-aware prediction model.

Finally, the simulation studies in a CARLA simulation environment show that RMOP consistently

outperforms the state-of-the-art planning methods in terms of travel time, passenger comfort, and

safety, highlighting its strong potential for enhancing autonomous driving systems.

3.3.1 Overview

To motivate the problem, consider the scenario presented in Figure 3.6. Based on the pre-

dicted trajectories (shown in a lighter shade) of the neighboring vehicles (shown in orange), the

ego vehicle (shown in blue) has to decide on its speed and lane change maneuvers for the near

future. A greedy, or short-sighted, agent may decide to exploit the available headway in the right

lane but will soon find itself stuck behind an even slower vehicle. A risk-agnostic foresighted agent

may decide to switch to the left lane to minimize travel time but will end up adversely affecting

92



passenger comfort, or even jeopardizing safety, while overlooking the erratic behavior of the lead-

ing driver. A risk-aware foresighted agent, on the other hand, will choose to decrease its speed and

patiently travel behind the slow-moving vehicle, until a safe option opens up that will give it the

ability to maximize its speed while ensuring safety. This simple scenario highlights the benefit of

foresight and risk evaluation in the decision-making process for an AV.

1/23

X

Traffic Flow

𝑙𝑙 = 0

𝑙𝑙 = 1

𝑙𝑙 = 2

X

Figure 3.6: Motivational Example. On a multi-lane highway with traffic flow to the right, the ego
vehicle (in blue) is stuck behind a slow vehicle. The lane on the right has greater headway but an
even slower vehicle while the lane on the left has a fast but highly volatile (high-risk) vehicle so the
prudent choice for a foresighted risk-aware agent is to continue traveling behind the slow-moving
vehicle until better options become available.

Contribution

The key requirements for an AV navigation system are embodied by safe, comfortable, and

efficient maneuvers, especially in the presence of volatile on-road agents. These high-level require-

ments, in turn, impose some key constraints on the trajectories generated by the navigation stack.

Specifically, the generated trajectories need to be: (i) safe, in terms of avoiding collisions and ad-

hering to vehicular actuation limits; (ii) kinodynamically feasible so that they can be tracked by
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lower-level modules; (iii) optimal with respect to certain metrics such as risk, travel time, comfort,

etc.; (iv) real-time computable to enable quick reactions to the rapidly changing environment; and,

(v) adaptable to various scenarios while catering to changes in environmental and vehicle-specific

parameters.

With the aim of satisfying these requirements, we introduce an optimization-based high-level

behavior planning module into a modular navigation stack, which is responsible for determining

target lane and speed commands for long-term planning (> 15s) on a multi-lane highway. The

proposed method combines the previously discussed advantages of optimization-based approaches

with low computational complexity, achieved through the use of binary representation of decou-

pled lane change dynamics. Moreover, various reformulations and algorithmic modifications are

performed to facilitate numerical computations while the solution feasibility is ensured through the

introduction of slack variables. In order to handle the intrinsic behavioral uncertainty of on-road

agents, an interaction-aware trajectory prediction model based on a Recurrent Neural Network

(RNN) architecture is deployed, and the risk associated with the behavior volatility is quantified

through Conditional Value-at-Risk (CVaR) metric. Finally, a case study and in-depth Monte-Carlo

testing are performed on the CARLA simulator to assess the efficacy of the proposed method.

3.3.2 Problem Formulation

We utilize the same algorithmic pipeline as well as the road, observations, and vehicular

dynamics models as discussed in the prior Section 3.2.2 but for the sake of completeness, we recap

them in this section while providing some additional details pertinent to the interaction and risk
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Figure 3.7: Algorithmic Pipeline. The raw sensory input is processed by the Perception, and Si-
multaneous Localization and Mapping (SLAM) modules to locate the AV within the environment.
The navigation stack (outlined by the dotted rectangle), composed of our behavioral planning mod-
ule, RMOP, as well as the motion planning module, NNMPC, and the vehicle control module, uses
this information to control the AV through actuation commands (brake, throttle, and steering).

aware approach.

3.3.2.1 Algorithmic Pipeline

Figure 3.7 illustrates the data flow between the various algorithmic modules on board an

AV. The nomenclature for the different modules constituting the navigation stack (outlined by the

dotted rectangle) is taken from [8]. The modular architecture allows for the integration of external

modules without disrupting the entirety of the system. More details regarding this framework can

be found in Section 1.1. In this work, the goal is to develop a risk-aware behavior planning module,

95



referenced as RMOP in Figure 3.7. As for the motion planning module, we utilize the Neural

Networks integrated Model Predictive Control (NNMPC) [70], as outlined in Section 3.2.2.1, due

to its ability to consider the actions of neighboring vehicles during trajectory generation.

3.3.2.2 Road Model

In this work, we consider a clearly marked multi-lane one-way highway with minimal cur-

vature, as depicted in Figure 3.6. At any given time instant k, the road speed limit is denoted

by Vr(k) while the number of lanes available for traveling is denoted by Nr(k). Then, we define

the set L(k) = Z[0,Nr(k)] that represents the set of lanes available to travel on at time instant k.

Moreover, we also assign a unique identifier l ∈ L(k) to each of the lanes such that the leftmost

lane, relative to the traffic flow direction, is assigned a value of l = 0 while each subsequent lane

is assigned an increasing integer value for l, as shown in Figure 3.6.

For the planning subsystem, we utilize the Frenet coordinate system where the distance along

the road is denoted by the longitudinal coordinate (s) and the distance perpendicular to the road

is defined by the lateral coordinate (d). The lane identifier (l) can be obtained from the lateral

coordinate (d) through a transformation denoted by ξ : d 7→ l. Furthermore, any point (x, y) in a

global Cartesian coordinate system can be transformed into the Frenet coordinate system, w.r.t the

length-parameterized road curve, by the transformation:

φ : (x, y) 7→ (φs, φd), (3.27)

where the longitudinal and lateral displacements after the transformation are denoted by φs and φd
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respectively [1]. The details of this transformation can be found in the Appendix of this chapter.

3.3.2.3 Observation Model

The visibility range of the ego vehicle is restricted by the sensory perception limit, denoted

by Rv. Therefore, the set of vehicles visible to the ego vehicle at time instant k is given by:

O(k) =
{
i ∈ Z>0

∣∣ |si(k)− s0(k)| ≤ Rv

}
(3.28)

where si(k) is the longitudinal displacement of vehicle i present in the environment.

Remark 12. For the sake of brevity, we henceforth do not show an explicit dependence of the

environmental variables on the current time instant k such that Vr(k)→ Vr,Nr(k)→ Nr, L(k)→

L, and O(k) → O. However, such a dependence should always be assumed unless specified

explicitly.

Remark 13. Although omitted in this work to keep the formulation simple and concise, partial

information resulting from occlusion or sensory limitation, can be handled by the proposed re-

ceding horizon framework (Section 3.3.3.2) since the decision is based on the recently available

information, as demonstrated in Section 2.3.1.3.

Remark 14. There is no restriction placed on the mode of incoming data so the proposed frame-

work (Section 3.3.3.2) can easily incorporate modern V2X communication methods, as demon-

strated in Section 2.4.
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3.3.2.4 Vehicle Model

For the behavior planning layer, we utilize the linear decoupled dynamical model from Sec-

tion 3.2.2.3 whose usage is justified by the minimal road curvature assumption from Section

3.3.2.2, which is typical for most highways [40]. The state (x0(k)) and control input (u0(k)) to

the system at time instant k are:

x0(k) =

[
s0(k) l0(k)

]T
∈ R× L (3.29)

u0(k) =

[
v0(k) L(k)

]T
∈ R[0,V0] × L (3.30)

where s0(k), l0(k), v0(k), L(k) and V0 respectively denote the ego vehicle’s longitudinal displace-

ment, lane, speed, target lane, and maximum speed at time instant k; the subscript i indexes the

vehicles on the road with 0 being reserved for the ego vehicle. Then, the dynamical model is

formalized as:

s0(k) = s0(k − 1) +
v0(k − 1) + v0(k)

2
· Ts (3.31)

l0(k) =

⌊
1

N

N−1∑
n=0

L(k − n+
1

2

⌋
(3.32)

where Ts denotes the discretization time step and, N , chosen based on the empirical data [28],

corresponds to the number of time steps required for a typical lane change. Here, the longitudi-

nal dynamics are represented by a linear acceleration model while the lane change dynamics are

represented by a low-pass filter coupled with a rounding function.
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3.3.3 Methodology

This section details the interaction-aware prediction model, receding horizon optimization-

based behavioral planning module, and risk evaluation method to model the behavioral uncertainty

of on-road agents.

3.3.3.1 Trajectory Prediction

Our proposed behavior planning framework (see Section 3.3.3.2) is able to accommodate

any prediction algorithm that outputs deterministic predicted trajectories for the vehicles under

consideration. For the scope of this work, however, we propose our own prediction module that

has low computational complexity and delivers a robust and reliable performance when coupled

with our behavior planning framework, as demonstrated in Section 3.3.4.2.

In our approach, we integrate two distinct prediction models, one specifically designed for

short-term predictions that consider interactions with other entities, and another for long-term pre-

dictions that focus on independent motion forecasting. We make a distinction between short-term

and long-term predictions because the uncertainty over an agent’s expected position as well as its

behavior grows into the future so the interactions cannot be accurately predicted well into the fu-

ture. For this reason, we employ a modified constant acceleration model for long-term predictions

as it will be futile to use a high-fidelity prediction model for distant future predictions.

For the short-term prediction, we use Social Generative Adversarial Networks (SGAN) [72],

a Recurrent Neural Network (RNN) scheme, that captures the sequential interactions between on-

road agents. This is an important consideration since each driver on the road is expected to react
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to the actions of other agents on the road. SGAN is composed of a generator and a discriminator,

each of which is made up of long-short-term memory (LSTM) networks. The input to SGAN is a

series of vehicle positions of each interacting agent for the duration of the observation horizon and

the output is a series of predicted future positions of each agent for the duration of the prediction

horizon. The details on the internal workings of SGAN can be found in [72]. We use a previously

trained SGAN model from [70] for our short-term predictions.

Formally, the functional mapping of the SGAN model ϕ(k) at time instant k is given by:

ϕ(k) : {(x̄i(a), ȳi(a))} 7→ {(x̂i(b), ŷi(b))} (3.33)

where for each vehicle i ∈ O(k), (x̄i(a), ȳi(a)) corresponds to the past measurements while

(x̂i(b), ŷi(b)) corresponds to the future predicted positions. Here, a ∈ {k − Ho + 1, · · · , k},

where Ho is the observation horizon, and b ∈ {k + 1, · · · , k + Hs}, where Hs is the short-term

prediction horizon.

For the long-term prediction, we use a constant speed model with the speed estimate obtained

from the output of the SGAN model. The short-term and the long-term prediction modules are
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combined to generate the overall prediction algorithm as follows:

ŝki (j) =



s̄i(k), j = 0

φs(x̂i(k + j), ŷi(k + j)), 0 < j ≤ Hs

ŝki (j − 1) + 1/C · (ŝki (Hs)

− ŝki (Hs − C))
, j > Hs

(3.34)

l̂ki (j) =



l̄i(k), j = 0

ξ(φd(x̂i(k + j), ŷi(k + j))), 0 < j ≤ Hs

l̂ki (j − 1), j > Hs

(3.35)

Here, l̂ki (j) and ŝki (j) respectively represent the predicted lane and longitudinal displacement for

vehicle i, j time steps into the future starting from the current time instant k while C ≪ Hs is the

averaging factor introduced to reduce noise in the speed estimate.

Remark 15. Our modular algorithmic framework allows for the integration of external prediction

and control modules availing our approach the flexibility to benefit from modern prediction and

control paradigms.

Remark 16. The value of the hyperparameter Hs is determined empirically based on the experi-

mental data [28].
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3.3.3.2 Behavior Planning Module

The behavior planning module, referred to as RMOP in Figure 3.7, outputs the speed and

target lane commands for the lower-level navigation modules to follow. The main consideration

while deciding on these high-level commands is to minimize travel time while prioritizing safety

and comfort. We opt for an optimization-based framework that allows for the integration of risk-

aware safety and dynamical constraints while accounting for actuation limits so as not to output

commands that the lower-level modules are unable to follow. Specifically, we adopt a receding

horizon optimization framework that consists of repeatedly solving a constrained optimization

problem over a moving planning horizon, using the most recent observed data, and employing

prediction and dynamical models, while only taking immediate action.

We now formalize the receding horizon optimization problem that embodies RMOP, discuss

the modifications necessary to ensure feasibility while improving run-time complexity, and outline

our risk evaluation methods.

Mixed-Integer Optimization Problem: The main objective of RMOP is to minimize travel time

while maximizing passenger comfort. We model passenger discomfort by two main metrics:

abrupt changes in speed, and successive lane changes. Therefore, in order to maximize passenger

comfort, we seek to minimize these metrics corresponding to passenger discomfort whereas the

travel time is minimized by maximizing overall speed. This essentially results in a multi-objective

optimization problem with the goal to perform an effective tradeoff between multiple competing

objectives.
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In order to facilitate the formulation of the optimization problem, we represent the set of

discrete planning time steps by H = Z[1,H], where H is the planning horizon, while k corresponds

to the current time instant at which the optimization problem is being solved.

Objective Function: The mathematical description of the objective function is as follows:

min
Ck(j,n,i)

∑
j∈H

[
γv · |vk(j)− Vr|+ γa · |vk(j)− vk(j − 1)|

+ γl
∑
n∈L

|Ik(n, j)− Ik(n, j − 1)|+ γs
∑
i∈O

µk(i, j)
]

(3.36)

where Ck(j, n, i) = {vk(j), Ik(n, j), µk(i, j)}, ∀j ∈ H, n ∈ L, and i ∈ O constitute the set of

optimization variables while γv > 0, γa > 0 and γl > 0 are the scalarization parameters that

respectively perform a tradeoff between maximizing speed (represented by vk(j)), minimizing

abrupt changes in speed, and minimizing lane changes (represented by the binary lane indicator

variable Ik(n, j)). Specifically, γv governs the aggressiveness of the algorithm by prioritizing

speed maximization, or equivalently, travel time minimization, whereas γa and γl combine to place

an emphasis on maximizing passenger comfort by reducing speed and lane changes respectively.

The scalarization parameter γs ≫ 0 is responsible for minimizing the value of the slack variables

(represented by µk(i, j)).

Another peculiar artifact of the objective function is the inclusion of the non-differentiable

absolute value function as opposed to the differentiable quadratic function in Section 3.2.3.2. This

is because each absolute value function can be decomposed into a linear function coupled with two

linear constraints, with the introduction of an auxiliary variable. This results in the overall problem
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being a Mixed-Integer Linear Program (MILP) as opposed to a Mixed-Integer Quadratic Program

(MIQP), and MILP tends to have better runtime complexity as compared to a MIQP, when the

dimension of the problem is similar [74]. The mathematical details can be found in the Appendix.

Constraints: The constraints for the receding horizon optimization problem can be categorized as

follows: initialization, actuation limits, system dynamics, and safety.

Initialization: The optimization problem at time instant k is initialized as follows:

sk(0) = 0 (3.37)

vk(0) = v0(k) (3.38)

Ik(n, 0) =


1, n = l0(k)

0, o.w.

, ∀n ∈ L (3.39)

Here, the ego vehicle’s longitudinal displacement (sk(0)) is initialized to 0 in (3.37) in order to have

a moving frame of reference centered at the ego vehicle for every instance of the optimization prob-

lem while the speed (vk(0)) and lane values are initialized based on the observed values in (3.38)

and (3.39). We introduce a binary lane indicator variable Ik(i, 0) in lieu of the integer-valued lane

variable l0(k) in order to speed up the optimization problem, as demonstrated in Section 3.2.3.2.
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Actuation Limits: The actuation limits, which restrict outputs to agree with the physical limita-

tions of the vehicle and environment, are defined ∀j ∈ H as follows:

vk(j) ∈ R[0,Vr] (3.40)

vk(j)− vk(j − 1)

Ts
∈ R[Amin,Amax] (3.41)

Ik(n, j) ∈ {0, 1}, ∀n ∈ L (3.42)∑
n∈L

Ik(n, j) = 1 (3.43)

Ik(a, j − 1) = 1 =⇒
∑
b∈B

Ik(b, j) = 1,

∀a ∈ L, B = Z[a−1,a+1] ∩ L

(3.44)

Here, (3.40) and (3.41) ensure that the speed output conforms to the road speed limit and the

vehicular acceleration limits respectively. As for the lane output, (3.42) defines the auxiliary binary

lane indicator variable such that Ik(n, j) = 1 embodies ‘selecting’ lane n to travel on at planning

step j while (3.43) and (3.44) impose well-posedness conditions on Ik(n, j). Specifically, (3.43)

ensures that only one lane is chosen to travel on at any planning step j while (3.44) ensures that

lane change between consecutive time steps, if needed, is restricted to the set of available adjacent

lanes, denoted by B. The implication ( =⇒ ) in (3.44) can be transformed into a linear constraint

with the help of the big-M method, as shown in the Appendix.
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System Dynamics: The dynamical constraints, that allow for the prediction of future longitudinal

positions of the ego vehicle, are defined ∀j ∈ H as follows:

sk(j) = sk(j − 1) +
vk(j − 1) + vk(j)

2
· Ts (3.45)

This essentially is the same decoupled linear acceleration dynamical model described in Section

3.3.2.4.

Remark 17. The lane change dynamics are omitted from the constraints because, as per the anal-

ysis in Section 3.2.3.2, it is possible to reformulate the problem to have single-step lane change

dynamics while augmenting the safety margin (3.48) to incorporate the distance covered while

changing lanes. This results in a significant decrease in the runtime complexity.

Safety: The safety constraints, which ensure that the ego vehicle maintains an adequate distance

to each of the surrounding vehicles for ∀j ∈ H, are defined as follows:

Ik(c, j) = 1 =⇒ S(c, j), ∀c ∈ L (3.46)

S(c, j) = {|ŝki (j)− sk(j)|+ µ(i, j) ≥Mi(j) | i ∈ O,

l̂ki (j) = c} (3.47)

Mi(j) = M̃i(j) +Md
i (j) + γr · ρki (3.48)

Here, (3.46) ensures that if lane c is ‘selected’ to travel on at planning step j, the set of constraints

defined by S(c, j) is activated while (3.47) provides the definition for this safety constraint set.
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Specifically, (3.47) ensures that the ego vehicle maintains an adequate vehicle-dependent safety

margin (Mi(j)) to each of the vehicles traveling in lane c at planning step j. The implication

constraint in (3.46) and the absolute value constraint in (3.47) can both be transformed into linear

constraints, again with the help of the big-M method, as demonstrated in the Appendix.

Remark 18. The decomposition of the absolute value constraint in (3.47) into a couple of linear

constraints allows for the definition of distinct forward and rear safety margins, as indicated in

the Appendix. In order not to be overly conservative, we define a smaller rear-end safety margin,

which agrees with our real-life observations [47].

Furthermore, in order to deal with risk-sensitive scenarios, where some vehicles may behave

erratically, or even adversarially, it is necessary to introduce slack variables µk(i, j) to keep the

problem feasible at all times. In volatile situations, the assumptions required for feasibility guar-

antees in Section 2.3.2.3 fail to hold, so we resort to having slackness in our safety constraints that

allow us to take ‘reasonable’ actions even in the case of unanticipated behaviors of on-road agents.

Remark 19. To ensure that the slack variables are ‘activated’ only when absolutely necessary,

they are penalized heavily in the objective function by setting the associated parameter value γs ≫

max{γv, γa, γl, γr, γd}.

The vehicle-dependent safety margin (Mi(j)), for vehicle i at planning step j, is composed

of three distinctive parts: nominal safety margin, lateral dynamics augmentation, and risk mar-

gin. Firstly, the definition of the nominal safety margin M̃i(j) is borrowed from [73] where Pek

et. al. formalize it based on the clause from Vienna Convention on Road Traffic that states that

“A vehicle [...] shall keep at a sufficient distance [...] to avoid collision if the vehicle in front
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should suddenly slow down or stop.” Secondly, we have the augmentation term Md
i (j) that sub-

sumes the lane change dynamics, as referred to in Remark 17. This term incorporates the distance

covered while changing lanes while incorporating a dynamic cost of deviation from the previous

lane output that prevents unnecessary cancellation of initiated lane change maneuvers. Further de-

tails regarding this augmentation term can be found in Section 3.2.3.2. Finally, ρki corresponds to

the risk associated with vehicle i at time instant k while γr is the risk-aversion factor with higher

values of γr leading to more risk-averse (conservative) behavior. The risk quantification method

for ρki is detailed in Section 3.3.3.3.

Output: The output of the optimization problem instance at time instant k is denoted by the set

Ck∗ (j, n, i) = {vk∗(j), Ik∗ (n, j), µ∗(i, j)}, ∀j ∈ H, n ∈ L, and i ∈ O. From this optimized set, we

extract the target control commands for the duration of the planning horizon (H) as follows:

uk∗(j) =

[
vk∗(j) Lk

∗(j)

]T
, ∀j ∈ H (3.49)

where the target lane output Lk
∗(j) is obtained from the optimal lane indicator variable Ik∗ (n, j) by

the following relation:

Lk
∗(j) =

∑
n∈L

n · Ik∗ (n, j) (3.50)

This constitutes a valid output since (3.43) ensures that only one lane is selected at any planning

step j.

Finally, the target control commands are passed down to the motion planning layer in a

receding horizon fashion, meaning that only the immediate control command (uk∗(1)) is passed
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down at time instant k and the problem is reinstantiated and solved with updated measurements

and observations at time instant k + 1.

Remark 20. As per Remark 12, the set L is allowed to be time-dependent, and RMOP is com-

patible with such a definition. This allows our behavior planning module to accommodate an

arbitrary number of lanes such that if the number of lanes is projected to change, be it through

lane closure, narrowing road, etc., our framework can make timely decisions to mitigate the effects

of such unanticipated events.

Remark 21. In order to suppress the swerving behavior, i.e. cancellation of a lane change ma-

neuver before completion, Ik(n, 0) term in (only) the objective function (3.36) is replaced by

Ĩk(n, 0) = 1Lk−1
∗ (1)(n), ∀n ∈ L. This facilitates the completion of initiated lane change maneuvers

unless a cancellation is necessary to maintain safety in case of unanticipated events.

3.3.3.3 Risk Evaluation

Risk can intuitively be defined as the likelihood and severity of the damage that the ego

vehicle may suffer in the future [16]. Formally, it is captured by Definition 1.

Definition 1 (Risk). For a random variable X defined on the probability space (Σ,F ,P) with Σ,

F , and P corresponding to the sample space, σ-algebra, and probability measure over F respec-

tively, risk (ρ) is defined as [58]: ρ : X → R.

Therefore, risk is basically a functional mapping of a random variable to a real number.

However, owing to the generality of this concept, it is natural to expect a number of different math-

ematical models to represent risk. In [58], Majumdar et. al. provide a comprehensive overview of
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some of the most common risk metrics found in the Robotics literature while arguing that the only

‘sensible’ metrics for Robotics applications are the ones that fall under the category of distortion

metrics (DMs) [78, 79], a subset of coherent risk metrics (CRMs) [80]. Such a categorization is

based on a set of axioms proposed in the Finance literature, where the concept of risk originated.

Based on the arguments presented in [58], we opt not to use commonly used risk metrics such as

Mean-Variance or Entropic Risk Measure as they are not CRMs. We decide instead to go with

Conditional Value-at-Risk (CVaR) as our preferred risk metric since it is a valid DM and therefore

enjoys the associated axiomatic properties, making it an appropriate metric for our application.

Intuitively, CV aRα(X ) is the expected value of the random variable X ’s distribution in its upper

(1− α)-tail. Formally, it is defined as follows:

Definition 2 (Conditional Value-at-Risk (CVaR)). Let X be a bounded-mean random variable i.e.

E[|X |] < ∞. Let, also, the cumulative distribution function be defined as F (x) = P(X ≤ x).

Then, the Value-at-Risk (VaR) at confidence level α ∈ (0, 1), denoted by VaRα, is defined as the

(1−α)-quantile of X i.e. VaRα(X ) = inf{x | F (x) ≥ α}. The Conditional Value-at-Risk (CVaR)

at confidence level α ∈ (0, 1), which measures the expected value of X in the (1 − α)-tail, is

defined as [81]:

CVaRα(X ) = inf
w∈R

E
{
w +

[X − w]+

1− α

}
(3.51)

where (z)+ = max{z, 0} represents the positive part of z, and E : X → R is the Expectation

operator.

In our work, we evaluate the overall risk associated with a vehicle as a convex combination

of the risk associated with its longitudinal and lateral motions. The overall risk for vehicle i is
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therefore given by:

ρki = β · CVaRαs(Ak
i ) + (1− β) · CVaRαd

(Wk
i ) (3.52)

whereAk
i andWk

i respectively correspond to the absolute linear acceleration and absolute angular

speed random variables for vehicle i at time instant k while β ∈ (0, 1) serves as the tradeoff (or

normalizing) factor between the two risk modalities. The CVaR confidence levels for longitudinal

and lateral risk are denoted by αs and αd respectively, which are tuned based on the empirical data

distribution.

Remark 22. We evaluate CVaR for the stochastic processesAk
i andWk

i , indexed by time instant k,

using the empirical estimator from [82], where the authors derive rigorous concentration bounds

for the estimator.

Example: To delineate the effects of risk evaluation on the decision-making strategy, we refer back

to the motivational example presented in Figure 3.6. We simulate this example with and without

risk evaluation, and present the result in Figure 3.8.

1/23

Traffic Flow

Figure 3.8: Risk Evaluation for Behavior Planning. The ego vehicle (in blue) waits for a longer
time under a risk-sensitive strategy (shown with the green trajectory) before changing to the fast
lane, as compared to the risk-agnostic strategy (shown with the yellow trajectory).

In Figure 3.8, the length of the dashed red arrows represents the mean speeds of the ve-

hicles while the green and yellow arrows represent the planned trajectory with and without risk
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evaluation, respectively. The yellow rectangles represent the risk-agnostic safety margin while

the green rectangle represents the risk-sensitive safety margin. The vehicle on the left lane has

speed v0 ∼ N (µv, σ
2
v) while the remaining two vehicles are going at constant speeds, hence, the

overlapping of green and yellow rectangles.

The risk-sensitive strategy demonstrates a more defensive behavior, due to the augmented

safety margin, where the ego vehicle takes longer to switch to the fast-moving lane which allows

the faster-moving volatile vehicle to move further. Contrariwise, the risk-agnostic approach is

more aggressive, which may jeopardize safety in high-risk scenarios. Although the overall travel

distance, depicted by the length of the trajectories, seems better for the aggressive risk-agnostic

strategy, it becomes apparent in Section 3.3.4.3 that a risk-sensitive strategy can help improve

travel time in highly volatile situations.

3.3.3.4 Computational Complexity Reduction

In order to speed up the optimization process, the warm-start technique, based on the solu-

tion from the previous time step, is implemented in order to provide an initial reference for the

optimizer, while also having a lazy implementation for the lane change constraints (3.44). The

justifications and details of these algorithmic modifications can be found in Section 3.2.3.2.

3.3.4 Results

This section details the experimental setup, followed by a qualitative and quantitative com-

parative analysis with respect to the state-of-the-art behavior planning methods. Specifically,
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RMOP is compared against the Speed and Lane Advisory System (SLAS) from Section 3.2,

Extended-Astar (EA⋆) [55], MOBIL [57], and no lane-change (No-Change) methods in a single-

scenario as well as Monte-Carlo simulation studies.

3.3.4.1 Experimental Setup

The experimental setup, illustrated in Figure 3.9, consists of the CARLA simulator (Version

0.9.11) [77], the RMOP module (Section 3.3.3.2), and the planner and controller modules [70]. We

utilize the Gurobi Optimizer (Version 10.0.1) [49] to solve the optimization problem for RMOP.

The simulations are carried out on a computer with an AMD Ryzen 7 5800h × 16 and NVIDIA

GeForce RTX 3080, running Ubuntu 20.04 LTS. On average, the optimization process takes 0.08s

per step, and the maximum time limit for the optimizer is set to 0.1s, demonstrating the potential

for real-time applicability.

3.3.4.2 Case Study

Figure 3.10 depicts the test case scenario that is used to perform a comparative analysis, in

terms of various evaluation metrics between RMOP, SLAS, EA⋆, MOBIL, and no lane-change

methods. The scenario is composed of a four-lane highway segment with lanes labeled as 0 − 3

relative to the direction of traffic flow, and the rightmost lane (lane 3) is reserved for merging

vehicles so only lanes 0 − 2 are available for traveling. The ego vehicle is initialized to move

behind a slow vehicle in lane 1 so in order to minimize travel time, it needs to switch to lane 0,

which has faster-moving traffic and greater headway, as shown in Frame 1. Once the ego vehicle
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sbae@honda-ri.comConfidential

Implementation setup

1/2

3

Target Lane & Speed

RMOP

Figure 3.9: Implementation Setup. The simulation scenario, generated by the Scenario Runner,
is passed on to the CARLA Simulator, which communicates with the RMOP and the Planning and
Control ROS (Robot Operating System) nodes, via the ROS bridge node, at a frequency of 10 Hz.

moves to lane 0, the vehicle traveling ahead suddenly stops, resulting in a high-risk situation. The

ego vehicle has to react to this situation appropriately and move back to lane 1 as soon as possible,

as shown in Frame 2. Once the ego vehicle is back in lane 1, it is following another slow-moving

vehicle, with no headway in any of the adjacent lanes, so it has to resort to following the slow-

moving vehicle until a space to overtake opens up in any of the adjacent lanes. As soon as it passes

the stopped vehicle in lane 0, the ego vehicle is able to perform an overtake maneuver by exploiting

the available headway in lane 0, as shown in Frame 3. However, as soon as the ego vehicle speeds

up in lane 0, after the overtake, another vehicle from lane 1 suddenly swerves into lane 0 ahead

of the ego vehicle, resulting in another high-risk situation. The ego vehicle has to promptly react

to this situation and switch back to lane 1, as soon as it notices this unfavorable development, as
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1 2 3 4

Figure 3.10: Test Scenario for the Case Study. On a stretch of multi-lane highway, lanes 0
(left), 1 (center), and 2 (right) are available for traveling while lane 3 (right-most) is reserved for
merging traffic. The expected motion of the ego vehicle during the simulation is depicted through
the numbered frames.

shown in Frame 4.

The comparative analysis evaluation metrics consist of travel time, lateral displacement,

headway, and distance to the closest vehicle, all with respect to the longitudinal displacement

of the center of mass of the ego vehicle (COM).

Simulation parameters include a simulation step size of 0.05s (simulation frequency of

20Hz); speeds of vehicles in lanes 0, 1, and 2 set to 8, 5, and 2m/s respectively, with a speed limit

of 15m/s (Vr); highway segment length of 350m, with lane width of 3.5m; and, a sensor visibility

range of Rv = 50m. The RMOP parameters are set as follows: Ts = 0.4s, H = 40, N = 3,

Amin = −5m/s2, Amax = 3.5m/s2, γ1 = 0.5, γ2 = 0.1 and γ3 = 0.01. These parameters can be

adjusted to achieve aggressive or defensive behavior of the algorithm.

Travel Time: The left plot of Figure 3.11 illustrates the travel time of the ego vehicle relative to

the longitudinal displacement of COM. RMOP starts off slower as compared to the other methods
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Figure 3.11: Case Study Results. The x-axes represent the longitudinal displacement of the center
of mass of the ego vehicle (COM) while the y-axes are defined as follows. Top: Travel time;
Center: Lateral displacement of COM - The solid horizontal line depicts the road boundary while
the dashed horizontal lines represent the lane boundaries; Bottom: Headway - Restricted to the
visibility range of 50m, when no leading vehicle is present.
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due to its emphasis on passenger comfort but as soon as the high-risk situation of car stopping

develops, it is able to recognize and react to it earliest, allowing it to make up for its slow start.

Due to its ability to perceive risk, it doesn’t have to slow down significantly and this, in turn, allows

it to achieve minimum overall time. Quantitatively, RMOP has an improvement of 7.20%, 5.48%,

10.48% and 41.16% against SLAS, EA⋆, MOBIL and No-change methods respectively.

Lateral Displacement: The center plot of Figure 3.11 outlines the lateral and longitudinal dis-

placements of COM. In the plot, the horizontal solid represents the left road boundary while the

dashed horizontal lines represent the lane boundaries. It is evident from the plot that RMOP is able

to perceive the risk of stopping vehicle earliest, and switches back to lane 1 at around 30m longi-

tudinal displacement mark, without even fully merging into lane 0. This allows it to maintain its

speed without much adjustment, as indicated previously. As for the response to swerving vehicle,

RMOP is again able to recognize the situation earliest at around the 150m longitudinal displace-

ment mark and react accordingly to maintain a smooth lane change profile, with EA⋆ coming in as

a close second due to its risk-sensitive formulation.

Headway: The right plot of Figure 3.11 depicts the ego vehicle’s headway, which is restricted to

a maximum value of its visibility range of 50m, with respect to the longitudinal displacement of

COM. RMOP continues to maintain a greater headway for almost the entirety of the simulation,

in comparison to the other methods due to its proactive risk assessment and decision-making.

Specifically, compared to SLAS, EA⋆, MOBIL, and No-change methods respectively, RMOP has

an improvement of 125.73%, 79.54%, 145.22%, and 64.44% in terms of minimum headway, and
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an improvement of 38.60%, 22.90%, 29.56%, and 176.36% in terms of the average headway over

the course of the simulation.

Distance to closest vehicle: Finally, we provide a quantitative analysis of the distance between

the ego vehicle and its nearest neighboring vehicle throughout the simulation. On average, RMOP

maintained a greater distance to its closest neighbor as compared to SLAS, EA⋆, MOBIL, and No-

change methods by 63.75%, 47.97%, 58.14%, and 55.77% respectively. This data makes a strong

case for the quality of RMOP in maintaining safety and preserving passenger comfort even in the

presence of volatile on-road agents.

3.3.4.3 Monte Carlo Simulations

To have an in-depth understanding of the performance of RMOP, SLAS, EA⋆, and MOBIL

approaches in high-risk situations, a series of 100 Monte-Carlo simulations are conducted on ran-

domized scenarios. The randomization is performed with respect to the baseline scenario outlined

in Figure 3.10. The initial positions of the vehicles are allowed to vary within a range of 8m while

the mean speeds of vehicles in the three lanes are allowed to randomly vary within ranges of 8m/s,

5m/s, and 3m/s. Moreover, in order to develop high-risk scenarios, each vehicle is assigned one

of the following four behaviors at random: travel at the constant mean speed, have a variation

around the mean speed between time steps (jerk), stop at a random location, and swerve into an

adjacent lane at a random location. The results from these simulations are outlined in Table 3.2.

In Table 3.2, the columns represent the various evaluation metrics while the rows correspond

to the specific algorithms under evaluation. The cells highlighted in green indicate the optimal
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Model Time Succ.
%

Coll.
%

Time-
out
%

Brake
Avg

Thr.
Avg

Acc.
Max

Brake
Jerk
Avg

Thr.
Jerk
Avg

Jerk
Max

Ang.
Acc.
Avg

Ang.
Acc.
Max

Ang.
Jerk
Avg

Ang.
Jerk
Max

Average
RMOP 29.7 99 1 0 -0.27 0.67 1.94 -0.43 0.53 6.87 1.41 15.71 2.76 31.73
SLAS 30.16 90 7 3 -0.67 0.8 2.13 -0.53 0.63 5.02 1.98 23.37 4.04 51.71
EAstar 29.74 92 7 1 -0.8 0.91 2.34 -0.58 0.76 7.92 1.99 20.37 3.92 40.9
MOBIL 31.47 79 7 14 -0.72 0.9 2.39 -0.58 0.74 6.79 1.71 19.75 3.39 41.04

Standard Deviation
RMOP 3.72 0.1 0.1 0 0.33 0.06 0.32 0.12 0.16 5.39 0.95 13.37 1.84 25.45
SLAS 3.84 0.3 0.26 0.17 0.38 0.09 0.32 0.13 0.16 3.89 1.28 17.35 2.75 42.87
EAstar 6.53 0.27 0.26 0.1 0.5 0.12 0.44 0.26 0.3 5.4 0.95 10.28 1.94 22.09
MOBIL 8.79 0.41 0.25 0.35 0.45 0.12 0.34 0.26 0.33 4.93 1.08 13.27 2.34 32.37

Table 3.2: Monte Carlo Simulation Results for Interaction and Risk Aware Planning

performance for each metric. The evaluation metrics listed in the table, ordered from left to right,

are as follows: completion time (s); success (%); collision (%); timeout (%); average braking

(R[−1,0]); average throttling (R[0,1]); maximum acceleration (m/s2); average braking jerk (R[−1,0]);

average throttling jerk (R[0,1]); maximum jerk (m/s3); maximum angular acceleration (rad/s2);

average angular jerk (rad/s3); and, maximum angular jerk (rad/s3). Here, collision (%), time-out

(%), and success (%) correspond respectively to the percentage of simulation runs in which the

ego vehicle got into a collision with another vehicle, was unable to reach the end of the highway

segment within the allocated time of 80s, and was able to reach the end of the highway segment

without any collisions. Apart from these percentages, and completion time, which corresponds to

the time required by the ego vehicle for a ‘successful’ run, the remaining metrics are utilized to

quantify passenger comfort.

In terms of the average results depicted in Table 3.2, RMOP outperforms the other methods

in every single metric apart from maximum jerk, which is a testament to our method’s efficacy in

simultaneously optimizing for travel time and passenger comfort, especially in high-risk situations.
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As for maximum jerk, RMOP has a worse performance compared to the risk-agnostic methods

(SLAS and MOBIL) because it has to perform aggressive maneuvers at times to avoid collisions

and get out of tricky situations. The risk-agnostic methods have higher collision and time-out

percentages just because they are unable to deal with high-risk situations and end up getting into a

collision or getting stuck behind a stopped vehicle indefinitely. One interesting fact observed from

these results is that even though the inclusion of risk may apparently add a level of defensiveness

to the algorithm, it actually yields travel time improvements over the course of the simulation,

because the ability to anticipate and react to high-risk situations, with a certain level of foresight,

allows the vehicle to take timely actions to preserve safety and minimize overall travel time.

As for the standard deviation results, which serve to identify a level of consistency in the

long-term performance over different simulation runs, RMOP again outperforms other methods,

especially in averaged metrics over the course of each run. It underperforms some of the meth-

ods in terms of the maximization metrics, which can again be explained based on the need to

perform evasive safety maneuvers in high-risk situations. Therefore, RMOP consistently and re-

liably demonstrates superior performance compared to the other methods, especially in high-risk

situations.

Remark 23. The modularity in RMOP’s design enables it to be integrated into any existing system

where a long-horizon speed and lane advisory can be beneficial. While the simulation studies

reported improvements in various travel time and passenger comfort related metrics for a specific

system architecture, with fixed motion planner and controller modules, we expect the improvements

to be sustained for other similar systems, settings, and modules.
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3.4 Conclusion

In this chapter, we address the multi-lane highway maneuvering scenario first with an inter-

action and risk agnostic approach and then incorporate interaction and risk evaluation strategies

into the formulation. In the first part of this chapter, we detail our interaction and risk agnostic

approach. Specifically, we propose a novel behavior planning module, that outputs strategic target

lane and reference speed commands, and incorporate it with a state-of-the-art motion planning and

control framework. We formulate the approach as a receding horizon mixed integer optimization

with the goal of minimizing travel time while accounting for passenger comfort for a long planning

horizon. In order to reduce the computational overload, we reformulate the problem by replacing

integer variables with binary ones and further incorporate various modifications to aid numerical

computations. We also carry out a detailed comparative analysis to demonstrate the performance

of our approach on the CARLA simulator.

In the second part, we detail our enhanced interaction and risk aware approach. Specifically,

we present an efficient risk-aware behavior planning framework that is integrated into the navi-

gation architecture detailed in the first part of the chapter. As before, we formulate the approach

as a receding horizon mixed-integer program but the new formulation is reformulated to yield a

mixed-integer linear program (MILP) to further alleviate the computational burden. In order to

have a precise risk assessment, we utilize Conditional Value-at-Risk (CVaR) as a risk evaluation

metric, while integrating an interaction-aware trajectory prediction algorithm, to systematically

handle behavioral uncertainties of on-road agents. To assess the merits of our proposed architec-

ture, we conduct a comprehensive comparative analysis against various state-of-the-art planning
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frameworks as well as our interaction and risk agnostic framework on the CARLA simulator.

Future work in this area will explore the incorporation of delays and uncertainty measures

in the perception and localization modules to evaluate the robustness properties of the proposed

approach before testing it on a physical vehicle in real-world scenarios.

3.5 Appendix

3.5.1 Frenet Coordinate System

In order to transform the position of a vehicle from Cartesian frame (x, y), to Frenet frame

(s, d), we first need a reference curve (center line) - which can be a lane boundary, reference tra-

jectory, etc. in the autonomous driving case - with respect to which we perform the transformation.

This reference is typically given as a parametric curve, such as a spline, as shown by s(t) in Figure

3.12 [1]. Based on this parametric curve representation, we can redefine the vector x⃗ defined in the

Figure 3.12: Frenet Frame Transformation [1]. The representation of vector x⃗ in the Frenet
coordinate system w.r.t. the reference curve, denoted by s(t), is given by x⃗(s, d).
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Cartesian coordinate system (x, y), for the generic case, as follows:

x⃗(s(t), d(t), l(t)) = r⃗(s(t)) + l(t) · t⃗r + d(t) · n⃗r (3.53)

To simplify this notation, t is chosen such that r⃗(s(t)) is the closest point on the curve s(t) to

the point defined by the vector x⃗. In this case, the tangential component zeros out since the point

is orthogonal to the curve and we are only left with the longitudinal and lateral components as

follows:

x⃗(s, d) = r⃗(s(t)) + d(t) · n⃗r |t=t∗ (3.54)

where

t∗ = {t | min
t
∥x⃗(s(t))− r⃗(s(t))∥}.

This is effectively the Frenet frame transformation, as indicated in Figure 3.12.

3.5.2 Flooring Constraint

For y ∈ Z and x ∈ R, the constraint y = ⌊x⌋ can be represented by the following linear

constraints:

y ≤ x, y + 1 ≥ x+ ϵ

where ϵ > 0 accounts for the feasibility tolerance.
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3.5.3 Implication Constraint

For a, b ∈ {0, 1}, the constraint (a = 1) =⇒ (b = 1) can be represented with a linear

constraint as follows:

b+M · (1− a) ≥ 1− ϵ

where M ≫ 0 (big-M) and ϵ > 0 accounts for numerical errors (chosen to be 0.1 in our imple-

mentations).

3.5.4 Absolute Value Constraint

For ∆s, Ls ∈ R, the constraint |∆s| − Ls ≥ 0 can be represented as:

∆s ≥ Ls ∨∆s ≤ −Ls.

This can further be generalized, as done in our implementation, to have different forward and rear

safety margins as:

∆s ≥ Lf
s ∨∆s ≤ −Lr

s

where Lf
s and Lr

s are forward and rear safety margins respectively. This can be represented with

the following linear constraints:

∆s+M · c− Lf
s ≥ 0

−∆s+M · (1− c)− Lr
s ≥ 0
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where M ≫ 0 (big-M) and c ∈ {0, 1} is responsible for making a choice between the two con-

straints.

3.5.5 Absolute Value Cost

For x(j) ∈ R, y(j) ∈ R, and j ∈ Z[1,H], the cost function:

min
x(j)

∑
j

|x(j)− y(j)|

can be decomposed into the following linear program:

min
a(j)

∑
j

a(j)

s.t. x(j)− y(j) ≤ a(j)

y(j)− x(j) ≤ a(j)

where a(j) ∈ R is the auxiliary optimization variable.
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Chapter 4: Crash Mitigation

Many modern vehicles are already equipped with collision warning and braking systems

that help to reduce the number and severity of rear-end collisions [83]. These systems typically

utilize Autonomous Emergency Braking (AEB) systems [84, 85] to provide collision warnings

and perform partial or full braking based on the longitudinal distance from the leading vehicle.

However, in terms of planning and control, these systems are limited strictly to braking behaviors.

This restricts their ability to perform complex maneuvers involving an intricate interplay between

throttling, braking, and steering commands, while considering vehicle dynamics, in order to handle

collision-prone situations.

This chapter looks at developing a more complete steering and acceleration control system

capable of reducing the number and severity of collisions in a wider class of situations. Such a

system could potentially be used, like collision warning and braking systems, as an advanced driver

assistance system (ADAS) or it could be coupled with full autonomous driving (AD) software

system as a fail-safe protection. As opposed to developing methods for specific situations, this

proposed system can broadly be applied to any autonomous driving scenario, while augmenting

the existing planning framework, to provide fail-safe protection.

As part of this work, we propose a risk-aware crash mitigation system (RCMS), to aug-
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ment any existing motion planner (MP), that enables an autonomous vehicle to perform evasive

maneuvers in high-risk situations and minimize the severity of collision if a crash is inevitable.

In order to facilitate a smooth transition between RCMS and MP, we develop a novel activation

mechanism that combines instantaneous as well as predictive collision risk evaluation strategies in

a unified hysteresis-band approach. For trajectory planning, we deploy a modular receding horizon

optimization-based approach that minimizes a smooth situational risk profile, while adhering to the

physical road limits as well as vehicular actuator limits. We demonstrate the performance of our

approach in a realistic simulation environment.

This chapter is structured as follows: Section 4.1 provides an overview of the problem; Sec-

tion 4.2 summarizes the existing methods available in the literature to solve the problem; Section

4.3 formalizes the problem; Section 4.4 details the various components of the proposed approach,

and highlights its implementation and analytical details; Section 4.5 analyzes the performance of

the proposed approach by running a series of tests and providing a discussion on the results; Section

4.6 summarizes the approach while providing concluding remarks and future outlook; and, Section

4.7 presents a detailed discussion on the collision avoidance strategies that were considered as part

of this work.

4.1 Overview

To motivate our proposed framework, consider the scenario presented in Figure 4.1, where

an ego vehicle has vehicles traveling on its side as well as behind. If one of the vehicles on the

adjacent lanes swerves into the ego vehicle’s lane (possibly due to a blind spot), the ego vehicle has
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to perform a drastic maneuver to avoid a collision, or minimize the severity of it, if it is unavoidable.

It cannot simply use emergency braking [83] due to the trailing vehicle, and it cannot swerve into

the other lane due to the presence of the other vehicle. Therefore, it has to finesse its way around

the vehicles, depending on the space availability and actuation limits, to take the least risky action.

To handle such intricate scenarios, we develop RCMS.

1/23

Traffic Flow

Figure 4.1: Motivational Example. The ego vehicle (in blue) is cruising on a highway, with a
vehicle following behind, and two vehicles traveling on either side in adjacent lanes. If one of the
vehicles in the adjacent lanes suddenly swerves towards it, the ego vehicle is put in a high-risk
situation where a collision may be unavoidable. The ego vehicle will have to make an evasive
maneuver that ideally avoids a crash but if it’s inevitable, then choose an action that minimizes the
severity of collision.

The design of RMCS involves two components: (i) a novel activation mechanism and, (ii) a

trajectory generation method. The activation mechanism considers both the instantaneous as well

as predictive collision risk evaluation strategies under a hysteresis band to trigger the trajectory

generation method. The trajectory generation method performs situational risk analysis through

smooth functional evaluation and optimizes it in a receding horizon optimization-based framework.

Due to its modular nature, RCMS has the capability to augment any existing motion planning

framework while incorporating modern prediction algorithms.
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4.2 Literature Review

While crash mitigation in an AD setting depends also on timely detection [86, 87] and pre-

diction [88], we focus on the planning and decision-making aspect of the problem. In that regard,

most existing literature focuses on risk-based techniques. Lee and Kum [89] evaluate situational

risk through a predictive occupancy map (POM) and use a sampling-based technique for trajectory

generation. They employ a simplistic threshold-based activation mechanism and a fixed time-based

deactivation. The sampling-based approach restricts the solution search space to the set of prede-

termined samples which may be very limiting in high-risk scenarios, where the difference between

a trajectory that avoids a collision to the one that does not may be minimal. Moreover, the fixed

time-based deactivation runs the risk of deactivating the system before getting the vehicle to a safe

state or leaving it in an even worse situation during the transition.

Wang et al. [90] present a real-time Model Predictive Control (MPC) algorithm that uses

a potential crash severity index (CSI) to select the least dangerous action. However, in an effort

to improve the computational complexity, they linearize the dynamical model and subsequently

convexify the optimization problem, potentially adversely affecting the feasibility of the control

actions, which may prove detrimental in a collision avoidance situation. Moreover, their work

does not consider when to activate the system, limiting its usefulness for ADAS applications.

Shang et al. [91] combine artificial potential fields with MPC and verify that against a Hamil-

ton Jacobi reachability (HJ) based approach. They use a non-smooth energy-based cost function

which may adversely affect the computational complexity, as no timing statistics for the algorithm

are provided, while the HJ-based approach notably has high computational complexity so a simpler
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unicycle dynamical model is used. Moreover, their relatively simple rule-based activation mech-

anism is prone to running into issues pertaining to ineffective triggering, as discussed in Section

4.4.1.

Qin et al. [92] integrate a high-fidelity model with tire slip forces while considering MAIS

(Maximum Abbreviated Injury Severity) 3+ probability as CSI while using time-to-collision (TTC)

to switch between three modes of operation: path following, crash avoidance, and crash mitiga-

tion. However, such an approach raises concerns regarding its real-time applicability since no re-

marks regarding its computational complexity were made in the paper. Furthermore, as mentioned

previously, using a simplistic condition-based triggering mechanism is not adequate for effective

switching between the crash mitigation system and the regular motion planner.

In this work, we address the aforementioned drawbacks of existing methods while benefiting

from the efficiency of optimization-based techniques by designing RCMS, composed of an activa-

tion mechanism and a modular trajectory generation component. The activation mechanism com-

bines instantaneous as well as predictive collision risk evaluation in a hysteresis band to facilitate

a smooth transition between RCMS and MP, which is important since the goals of the two systems

are fundamentally different, as discussed in Section 4.4.1. The trajectory generation component

minimizes the situational risk, evaluated through a smooth function while considering actuation,

dynamical, and road limits, as detailed in Section 4.4.2. We verify the performance of our ap-

proach while providing timing statistics to ascertain its real-time applicability, in the simulation of

high-risk collision-prone scenarios in Section 4.5.2.
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4.3 Formulation

In this section, we first recap the algorithmic pipeline, that has been discussed in previous

chapters, before elaborating upon the road, observation, and vehicle models that are used within

the RCMS framework.

4.3.1 Algorithmic Pipeline

Sensor & Data Input

Perception, SLAM & Prediction

Behavioral 
Planning

Vehicle 
Control
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Figure 4.2: Algorithmic Pipeline. The Perception and Simultaneous Localization and Mapping
(SLAM) modules process the raw sensory input to locate the AV within the environment. The nav-
igation stack (outlined by the dotted rectangle), composed of behavioral planning, motion planning
as well as our crash mitigation system, and vehicle control modules, uses this information to con-
trol the AV through actuation commands (brake, throttle, and steering).

Figure 4.2 provides a visual representation of the data flow among various algorithmic mod-

ules onboard an autonomous vehicle (AV). The navigation stack, enclosed by the dotted rectangle,

consists of several modules whose nomenclature follows the conventions established in [8]. This

modular architecture facilitates the seamless integration of external modules while maintaining the
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overall system integrity. Additional insights into this framework can be found in Section 1.1. The

primary objective of this research is to augment any existing motion planning module with a crash

mitigation system, as depicted in Figure 4.2.

Notation

We reserve the variable k ∈ R to represent the current time instant such that any variable

defined as ζ(k) represents the evaluation of ζ at the current instant.

4.3.2 Road Model

Even though the proposed methodology can be applied to any general setting, we limit the

scope of this work to a multi-lane highway setting, as depicted in Figure 4.3. In this setting, we

define spatial coordinates (x, y) with respect to a global Cartesian coordinate system. We assume

that the road limits B(k) ⊂ R2 in this coordinate system as well as the speed limit V (k) are known

to us. The road limits can typically be estimated while the speed limit can be obtained through

either the map or perception information.

4.3.3 Observation Model

We limit the ego vehicle’s visibility range to its field of view, denoted by F(k), as shown

in Figure 4.3. With the set of vehicles in the environment represented by V(k) ⊂ Z>0, the set of
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Figure 4.3: Observation Model. The observation space of the ego vehicle (in blue) is limited to
its field of view, denoted by the set F(k) (highlighted in blue). Therefore, it is only able to observe
the neighboring vehicles (in orange) that are present within this set.

vehicles visible to the ego vehicle is given by:

O(k) =
{
i ∈ V(k)

∣∣ pi(k) ∈ F(k)
}

(4.1)

where pi(k) =

[
xi(k) yi(k)

]T
denotes the position of vehicle i’s center of mass in the global

Cartesian coordinate frame, with subscript 0 reserved for the ego vehicle.

Remark 24. Active perception through the receding horizon approach (Section 4.4.2) enables

the ego vehicle to handle challenges pertaining to partial information, resulting from occlusion,

sensory limitations, etc., as demonstrated in Section 2.3.1.3. Moreover, various streams of input

data, e.g. V2X communication methods, can provide additional information to overcome such

challenges, as shown in Section 2.4.

4.3.4 Vehicle Model

We utilize the nonlinear kinematic bicycle model which provides a good balance between

efficiency and accuracy [93]. Thus, the states, X(k), and control inputs, U(k), of the ego vehicle
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at time instant k are defined as:

X(k) =

[
x0(k) y0(k) θ0(k) v0(k)

]T
∈ X(k), (4.2)

U(k) =

[
a(k) δ(k)

]T
∈ U(k), (4.3)

where x0(k), y0(k), θ0(k), and v0(k) respectively denote the x-coordinate (m), y-coordinate (m),

yaw angle with respect to the x-axis (rad), and speed (m/s), whereas a(k) and δ(k) respectively

denote acceleration (m/s2), and steering angle (rad). The sets X(k) = B(k)× R[0,2π) × R[0,2V (k)]

and U(k) = R2
[Umin,Umax]

respectively denote the feasible states and actuation limits. Then, the

system dynamics read:

x0(k + 1) = x0(k) + Ts · (v0(k) cos(θ0(k)),

y0(k + 1) = y0(k) + Ts · (v0(k) sin(θ0(k)),

θ0(k + 1) = θ0(k) + Ts ·
(
v0(k)

L
tan(δ(k))

)
,

v0(k + 1) = v0(k) + Ts · a(k),

(4.4)

where Ts corresponds to the sampling time. Further details regarding this model can be found

in [93].

Remark 25. The set of feasible speeds is expanded to twice the speed limit as it may be necessary

to exceed the speed limit in order to avoid a crash and maintain safety.

Remark 26. In our dynamical model, we do not incorporate the tire model or friction forces [94].

Although these factors may play a significant role in extreme situations, we have to be mindful
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of the efficiency-accuracy tradeoff. Since our focus here is on the motion planning layer, rather

than the control layer (refer to Figure 4.2), where challenges arise from the inclusion of collision

avoidance constraints (Section 4.4.2) and a longer planning horizon, incorporating higher fidelity

models comes at a cost of degraded computational efficiency.

4.4 Approach

This section describes the activation mechanism responsible for triggering the RCMS and

the receding horizon optimization-based trajectory generation module, together with its various

components, that outputs a reference trajectory to the low-level modules.

4.4.1 Activation Mechanism

An essential component of RCMS is its activation mechanism which decides when and how

to activate it. This is because the objective of RCMS is fundamentally different from that of MP

which operates under normal (low-risk) operating conditions. Unlike MP, RCMS places minimal

emphasis on auxiliary metrics such as waypoint following, travel time minimization, passenger

comfort maximization, etc., and focuses solely on the fundamental need to ensure the safety of the

ego vehicle. Specifically, it considers only the local observations in the vicinity of the ego vehicle

to decide on actions that will place the ego vehicle in a relatively safe state as soon as possible.

Ideally, the goal of MP is to have a high level of safety and efficiency so that RCMS is never

called. However, exogenous factors such as the unexpected behavior of on-road vehicles, sensor

failures, weather conditions, etc. may potentially put the ego vehicle in situations where MP is
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rendered infeasible, in which case, RCMS has to be called upon. Due to the fundamentally different

objectives of RCMS and MP, the output of the two can at times be contradictory. Therefore, an

unnecessary activation of RCMS can negatively impact passenger comfort, or in the worst case,

even jeopardize the safety of the ego vehicle.

Being cognizant of the underlying differences in the objectives of the two modules and the

potential undesirable consequences of improper switching, we propose a novel activation mech-

anism that facilitates a smooth transition between the two systems. In the existing literature, we

notice the use of either instantaneous or predictive risk evaluation strategies to determine the ne-

cessity to activate the crash mitigation system. In terms of the instantaneous and predictive risk

evaluation methods respectively, Gaussian overlap [95] and time-to-collision (TTC) [85,92,96,97]

appear to be the preferred choices of the research community due to their simplicity and efficiency.

However, these methods are usually deployed standalone in a ‘bang-bang’ fashion which runs the

risk of constant switching between the two systems, adversely affecting passenger comfort as a

result. Moreover, having them deployed independently also runs the risk of underestimating the

risk in certain situations due to their underlying formulations. To elaborate, consider the following

two scenarios. In the first case, the ego vehicle is traveling behind a human-driven vehicle (HDV)

with negligible headway and 0 relative velocity, leading to∞-TTC. If the leading vehicle decides

to brake suddenly, it will lead to a crash so this is a high-risk situation that is not captured by

the TTC metric but is captured by the ellipsoid overlap metric due to the close proximity of the

two vehicles. On the other hand, consider the previous scenario but with considerable headway

between the two vehicles. In this case, if the HDV decides to brake, the ellipsoid overlap will
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not have a high enough value until the two vehicles get into close proximity of each other, but by

that time, it may be too late to take any evasive actions, so TTC, with its predictive nature, has a

better chance of anticipating the developing high-risk situation. To counter these drawbacks and

ensure smooth operation, we combine instantaneous and predictive risk evaluation methodologies

in a unified hysteresis-based activation mechanism.

As for instantaneous collision risk evaluation, motivated by [95], we model the risk associ-

ated with vehicle i as a bivariate Gaussian distribution p̃i(k) ∼ N (pi(k),Σi(k)). Here, the mean

corresponds to the position of the vehicle while the variance matrix is determined by the length,

width, and orientation of the vehicle as follows:

Σi(k) = Rθi(k)

βlLi 0

0 βwWi

RT
θi(k)

, (4.5)

where Li and Wi define the length and width of vehicle i with βl and βw corresponding to the

respective scaling factors while Rθi(k) represents the 2D rotation matrix with the rotation angle

θi(k).

We then evaluate the ego vehicle’s overall collision risk κ(k) as the maximum of its pairwise

collision risk, κi(k), with vehicle i where κi(k) is given as the product sum of their distributions

[95]. This is analogous to likelihood since when two distributions are completely overlapped, the

likelihood is highest and when the distributions are not overlapped, the likelihood is very low. We
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evaluate κ(k) analytically as follows:

κ(k) = max
i∈O(k)

κi(k), (4.6)

κi(k) = ηi(k) · e
1
2(ω⊤

i Ω−1
i ωi−p⊤0 Σ−1

0 p0−p⊤i Σ−1
i pi), (4.7)

where Ωi =
(
Σ−1

0 + Σ−1
i

)
, ωi = Ωi

(
Σ−1

0 p0 + Σ−1
i pi

)
, and ηi(k) is a normalizing/scaling factor.

Remark 27. For the sake of brevity, we do not show the dependence of variables in (4.7) on time

instant k.

Remark 28. To keep the formulation generalized, we let ηi(k) be vehicle i and time k dependent

which gives us the flexibility to modify the risk based on a vehicle’s class, e.g. truck, emergency,

bicycle, etc., and its behavior over time. This gives us the ability to incorporate the vehicular

behavioral risk, that was expounded upon in Section 3.3.3.3.

𝜗𝜗𝑖𝑖

P

Figure 4.4: Time-to-Closest-Encounter (TTCE) Calculation. With the ego vehicle shown in
blue and the vehicle i shown in orange, the time to collision is calculated based on the relative
velocity (v̄i) as well as the relative displacement (p̄i) between the two vehicles.
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Regarding the predictive collision risk metric, TTC is typically evaluated based only on

longitudinal displacement between vehicles [85]. However, for the crash mitigation system in a

highway setting, lateral motion plays as much of a role, if not more, as longitudinal motion. Due to

the direction of motion in the longitudinal direction, the motion planner already tends to maintain

a desired safety margin in that direction but the lane width typically restricts the safety margin in

the lateral direction. For instance, it is easier to anticipate and react to the behavior of a vehicle

traveling further ahead, even if it is acting erratically, but it’s harder to react to a vehicle traveling in

the adjacent lane that suddenly decides to swerve in the direction of the ego vehicle. Therefore, we

formulate Time-to-Closest-Encounter (TTCE), τi, as our predictive risk evaluation metric based on

the relative velocity between the ego vehicle and vehicle i as follows:

τ(k) = min
i∈O(k)

τi(k) (4.8)

τi(k) =
∥p̄i(k)∥ cos(ϑi(k))

∥v̄i(k)∥
=
p̄i(k) · v̄i(k)
∥v̄i(k)∥2

(4.9)

where p̄i(k) = pi(k) − p0(k) and v̄i(k) correspond respectively to the relative displacement and

velocity between the ego vehicle and vehicle i, as shown in Figure 4.4, while the second equality

in (4.9) follows from the fact that:

p̄i(k) · v̄i(k) = ∥p̄i(k)∥∥v̄i(k)∥ cos(ϑi(k)).

We combine the instantaneous (4.6) and predictive collision risk evaluation metrics with a

hysteresis band, depicted in Figure 4.5, to come up with an overall activation mechanism, outlined
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Figure 4.5: Hysteresis Band for RCMS Activation. Different activation and deactivation thresh-
olds enable a much smoother transition between MP and RCMS, as compared to a ‘bang-bang’
approach.

in Algorithm 1. With the hysteresis band, higher activation thresholds (κa and τa) prevent unneces-

sary activation of the crash mitigation system while lower deactivation thresholds (κd and τd) allow

for the ego vehicle to get to a much safer state before handing the control back over to the motion

planner. Moreover, the two conditions in line 6 of Algorithm 1 ensure that the predictive collision

risk is evaluated only when necessary. Specifically, v̄i(k) · p̄i(k) < 0 ensures that the ego vehicle

and vehicle i are moving towards each other while ∥p̄i(k)∥ sin(ϑi(k)) < L0+Li+ ϵ ensures that at

the point of closest encounter (‘P’ in Figure 4.4), the vehicles are in close proximity to each other

where ϵ governs how close of a proximity to consider. In the 2D Cartesian coordinate system, we

can evaluate ∥p̄i(k)∥ sin(ϑi(k)) using the following relation:

p̄i(k)× v̄i(k) = ∥p̄i(k)∥∥v̄i(k)∥ sin(ϑi(k))

∥p̄i(k)∥ sin(ϑi(k)) =
p̄i(k)× v̄i(k)
∥v̄i(k)∥

.
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Algorithm 1 RCMS Activation Mechanism

1: κ(k)← 0
2: τ(k)←∞
3: while system running do
4: for i ∈ O(k) do
5: κi(k)← (4.7)
6: if v̄i(k) · p̄i(k) < 0 and ∥p̄i(k)∥ sin(ϑi(k)) < L0 + Li + ϵ then
7: τi(k)← (4.8)
8: else
9: τi(k)←∞

10: end if
11: end for
12: κ(k)← (4.6)
13: τ(k)← (4.8)
14: if κ(k) > κa or τ(k) < τa then
15: Activate RCMS
16: else if κ(k) < κd and τ(k) > τd then
17: Deactivate RCMS
18: end if
19: end while

4.4.2 Trajectory Generation

Once the crash mitigation system has been activated, its job, just like that of the motion plan-

ner, is to provide a reference trajectory comprised of future waypoints (position as well as speed

profile), for the low-level modules (see Figure 4.2) to track and follow. For trajectory generation,

we utilize a receding horizon optimization [13] based formalism that allows us to minimize the sit-

uational risk profile while accounting for vehicular dynamics, actuator limits, and road boundaries,

ensuring the feasibility of output trajectory.
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Situational Risk Model

To quantify the spatially distributed situational risk perceived by the ego vehicle at time

instant k, we formulate the instantaneous risk function ρ(k) as an aggregate of individual agent-

specific risk functions ρi(k), for each i ∈ O(k), as well as road boundary risk ρr(k). We choose

parametric continuous smooth functions to model ρ(k). In particular, taking inspiration from a

skewed Gaussian distribution [98], we formulate a skewed hyperbolic quadratic function to rep-

resent ρi(k), and we model ρr(k) with a univariate Gaussian function. Before expanding on the

functional form for ρi(k), we first shed some light on the density function ϕs(ps) of a skewed

Gaussian distribution, outlined below:

ϕs(ps) = 2ϕ(ps;µs,Σs)Φ(q
T
s ps), (4.10)

where ps ∈ R2 and qs ∈ R2 correspond respectively to position and direction-oriented skew

parameter in the Cartesian coordinate frame while ϕ and Φ represent the density and distribution

functions of a bivariate Gaussian distribution parametrized by mean µs and covariance Σs.

To obtain a situational risk profile with its spatial density similar to that of a Gaussian mixture

while ensuring that each agent has a barrier around that prevents the ego vehicle from ‘going

through’ it, we opt to use a reciprocal quadratic function ψi instead of ϕ. Moreover, to orient

and scale the symmetric risk distribution in the direction of an agent’s motion, we use a simpler

Sigmoid function σi instead of Φ which requires the evaluation of the error function. Then, having
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p̄(k) = {p̄i(k) | i ∈ O(k)}, ρ(k) is given by:

ρ(k; p̄(k)) =
∑

i∈O(k)

ρi(k; p̄i(k)) + ρr(k) (4.11)

ρi(k; p̄i(k)) = ψi(k; p̄i(k))σi(k; p̄i(k)) (4.12)

ψi(k; p̄i(k)) =
η̃i(k)

αg + p̄Ti (k)Σ̃
−1
i (k)p̄i(k)

(4.13)

σi(k; p̄i(k)) =
1

1 + exp(−αsp̄Ti (k)vi(k))
(4.14)

ρr(k) = γr exp
(
−αrp̄

T
r (k)Γ(k)p̄r(k)

)
(4.15)

where αg controls the relative gradient of the agent distribution; αs controls skewness of the agent

distribution; η̃i(k) serves a similar normalization purpose to ηi(k) in (4.7); Σ̃i(k) is defined anal-

ogously to Σi(k) in (4.5) but the distinction is made since the scaling and rotation parameters

need not be the same; γr controls the scaling for road distribution; αr controls the gradient for

road distribution; p̄r(k) = pr(k) − p0(k), with pr(k) ∈ B(k), denotes the relative coordinates of

road boundary; and Γ(k), with the help of Frenet coordinates system, ensures that the road risk is

effective in only the lateral direction.

Prediction Model

Given the extensive literature on motion prediction methods for autonomous vehicles [16],

there exists a range of approaches that can be integrated into the RCMS framework. However,

the lack of data for high-risk near-miss or collision scenarios raises doubts about the applicability

of many state-of-the-art methods. To avoid making assumptions about the nature of neighboring
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agents as it may lead to degraded overall behavior, we opt to use a constant acceleration prediction

model for RCMS. Making assumptions about the behavior of agents, such as attributing aggressive

(adversarial) or defensive (cooperative) intent to them, increases the risk of misjudging the true

nature of the agent’s behavior in such stressful scenarios. This can lead to undesirable outcomes,

such as focusing on minimizing the severity of a crash but ultimately causing the crash when it

was actually avoidable or opting for a collision avoidance strategy but eventually increasing crash

severity when it was indeed unavoidable. In practice, most high-risk situations result from human

drivers’ negligence [99, 100] which justifies the use of our simple behavior-agnostic prediction

model formalized below:

xki (j + 1) = xki (j) + Tsv
k
i (j) cos(θi(k)) (4.16)

yki (j + 1) = yki (j) + Tsv
k
i (j) sin(θi(k)) (4.17)

vki (j + 1) = vki (j) + Tsai(k) (4.18)

where θi(k) and ai(k) are vehicle i’s estimated heading and acceleration values at time instant k

while xki (j), y
k
i (j) and vki (j) are vehicle i’s predicted x-coordinate, y-coordinate and speed values

at a future time step j w.r.t. time instant k, with xki (0) = xi(k), yki (0) = yi(k) and vki (0) = vi(k).

Then, the relative predicted position is denoted by p̄ki (j) =
[
xki (j) yki (j)

]T
− p0(k) and p̄k(j) =

{p̄ki (j) | i ∈ O(k)}.

Remark 29. The modular nature of RCMS allows for the incorporation of modern prediction

algorithms in case better models become available for the task at hand.
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Objective Function

The objective function is formulated to minimize the accumulative predictive situational risk,

defined in (4.11), over the planning horizon H while placing relatively low emphasis on control

actions regulation as the priority is to ensure safety.

J(k) =
H∑
j=1

ρk(j; p̄k(j)) + UkT(j)R(k)Uk(j), (4.19)

where R(k), chosen such that maxUkT(j)R(k)Uk(j) << max ρk(j), places a time-varying

penalty on control actions which in turn ensures passenger comfort.

Remark 30. R(k) is allowed to be time-varying so that its value is set inversely proportional to

the sum of normalized instantaneous and predictive collision avoidance risks i.e.

1

R(k)
∝ 2κ

κa + κd
+
τa + τd
2τ

,

which ensures that the emphasis on control action minimization (or passenger comfort) is

further decreased with an increased risk of collision with other agents.
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Complete Optimization Problem

The receding horizon optimization problem is posed as a nonlinear program with its formu-

lation provided below:

min
Xk, Uk

J(k) (4.20)

subject to:

Xk(0) = X(k) (4.21)

Xk(j + 1) = f(Xk(j), Uk(j)) ∀j ∈ Z[0,H−1], (4.22)

Xk(j) ∈ X(k) ∀j ∈ Z[0,H−1], (4.23)

Uk(j) ∈ U(k) ∀j ∈ Z[0,H−1], (4.24)

where X k = {Xk(j) | j ∈ Z[0,H]} and Uk = {Uk(j) | j ∈ Z[0,H−1]}, respectively representing the

future states and controls, denote the optimization variables.

Remark 31. A crucial requirement for timely collision avoidance and crash severity mitigation is

a high algorithmic computational efficiency which is achieved by the smoothness and continuity of

the objective function [101], as verified in Section 4.5.2.

Remark 32. With minimal improvement in the computational efficiency of the non-linear program

by linearizing the dynamics in our experimentation, we opt to use the non-linear dynamical model

as its higher fidelity ensures the feasibility of outputs even in high-risk situations.
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4.5 Evaluation

This section details the experimental setup and demonstrates the performance of RCMS in

our test case scenarios in Python-based as well as CARLA simulations.

4.5.1 Experimental Setup

    sbae@honda-ri.comConfidential

Implementation setup

1/2
3

Target Lane & Speed

MP RCMS

Figure 4.6: CARLA Simulation Setup. Scenario Runner configures the scenario for the CARLA
Simulator, which communicates with the Lane Selector as well as the Planning and Control ROS
nodes via the ROS bridge node. The Planning and Control node incorporates both the MP and the
RCMS modules, with the activation mechanism determining which of the two is operational.

The experimentation is conducted on a computer equipped with an AMD Ryzen 7 5800h

× 16 processor and NVIDIA GeForce RTX 3080 graphics card, running Ubuntu 20.04 LTS. To

solve the non-linear program for RCMS, we employ the interior point optimizer IPOPT [102]
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using MA27 linear solver, from the HSL library [103], within a CasADi [104] environment. The

optimization process requires 0.06s on average and 0.08s in the worst case, with H = 30 and

Ts = 0.1, showcasing the potential for real-time applicability.

For the CARLA-based simulation in Section 4.5.2.2, the experimental setup is depicted in

Figure 4.6. It is composed of the CARLA Simulator and Scenario Runner (Versions 0.9.11) [77],

Lane Selector module [57], RCMS module (Section 4.4), and MP and Controller modules [70].

4.5.2 Results

We first demonstrate our approach on scenarios developed in a Python-based simulation

environment in Section 4.5.2.1 before moving on to the demonstration in a CARLA simulation

environment in Section 4.5.2.2.

4.5.2.1 Python Simulations

t = 0 s t = 1.5 s t = 2.2 s t = 2.7 s

14 m/s

14.7 m/s

11.2 m/s 8.7 m/s

Figure 4.7: Scenario I. With the on-road agents depicted in orange, and the situational risk contour
plot depicted in red, the ego vehicle (in blue) notices a moving object (animal, pedestrian, etc.)
approaching laterally from the end of the road, leading to a high collision risk, which activates the
RCMS at t = 0s. The ego vehicle then swerves right to avoid a collision with the object when
suddenly two of the vehicles traveling ahead in the right and center lanes successively stop abruptly
in the middle of the highway at t = 1.5s, maintaining the high collision risk. Then, the ego vehicle
swerves smoothly to the left-most lane to place the ego vehicle in a relatively safe state before
handing the control over to the MP at t = 2.7s.
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t = 0 s t = 0.9 s t = 1.2 s t = 2.4 s

4 m/s 7.1 m/s 5.8 m/s
0 m/s

Figure 4.8: Scenario II. With the on-road agents depicted in orange, and the situational risk con-
tour plot depicted in red, the ego vehicle (in blue) traveling slowly in the center lane notices a
fast-moving vehicle approaching rapidly from behind, leading to a high collision risk, which acti-
vates the RCMS at t = 0s. With two other vehicles traveling close up ahead towards its right, the
ego vehicle accelerates and swerves left simultaneously to minimize the severity of the collision,
leading to a near-miss situation at t = 1.2s. Due to the drastic maneuver, the ego vehicle has to
make use of the shoulder to stabilize before handing the control back to the MP at t = 2.4s.

To evaluate the performance of RCMS, we consider two scenarios: (i) Scenario I: Object

approaching laterally (Figure 4.7); (ii) Scenario II: Fast-approaching rear-end vehicle (Figure 4.8).

These scenarios are designed to evaluate different properties of RCMS. Scenario I tests whether

the proposed framework has the ability to perform multiple evasive actions successively while

Scenario II evaluates the ability of RCMS to operate at the actuation limits to minimize the severity

of a potential collision. The corresponding speed, acceleration, and steering profiles are illustrated

in Figure 4.9.

In Scenario I, with the object approaching laterally from the end of the road, the ego vehicle

first assesses the situation to see if it can brake and swerve left to go behind the object. However,

with the imposed actuation limits making that impossible, it then decides to accelerate and swerve

right, while accessing the shoulder, to escape the object from its front at t = 1.5s. Upon noticing

the successively stopping vehicles thereafter, it decides to brake and swerve left to avoid those

vehicles before ending up in a safe zone at t = 2.7s and handing the control back to MP. In

Scenario II, the ego has to first accelerate while swerving left to avoid the fast-approaching rear-
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Figure 4.9: Control Plots for Scenarios 1 and 2. The actuation limits are given by Umin =[
−5 −0.5

]T and Umax =
[
3.5 0.5

]T, with negative steering (δ) values representing steering to
the right. In scenario 1, the ego vehicle initially switches between acceleration and deceleration
while assessing the situation before deciding to slam on the brakes and steer aggressively to avoid
the laterally moving object as well as the stopping vehicles. In scenario 2, the ego vehicle operates
at the steering and acceleration limits to barely escape the rear-end speeding vehicle. The numbers
indicated on the plots highlight the values at different time instances recorded in Figure 4.7 and
Figure 4.8.

end vehicle. Once it barely escapes at around t = 1s, it slams on the brake while steering back

right to avoid ramming into the shoulder, before reaching a safe state at t = 2.4s and handing the

control back to MP.

4.5.2.2 CARLA Simulation

To effectively evaluate the utility of RCMS in a realistic setting, we implement the mo-

tivational scenario outlined in Section 4.1 in a CARLA simulation environment. The scenario,

demonstrated in Figure 4.10, consists of a four-lane highway segment, with lanes labeled as 0− 3

from left to right, relative to the direction of traffic. The ego vehicle, as depicted in Frame 1, is

initialized to travel on lane 1 with no leading vehicle, a tailgating vehicle, and two relatively slow

vehicles traveling ahead on adjacent lanes 0 and 2. As the ego vehicle is approaching to overtake

the vehicles in adjacent lanes, the vehicle in lane 0 suddenly swerves in front of the ego vehicle,
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1 2 3

4 65

Figure 4.10: CARLA Simulation Scenario. On a stretch of a multi-lane highway, lanes 0 (left),
1 (center), 2 (right), and 3 (right-most) are all available for traveling while shoulder access is also
available for emergency situations. The ego vehicle’s motion over the course of the simulation
is depicted through the numbered frames. The turquoise-colored lines represent the ego vehicle’s
planned trajectory.

as shown in Frame 2, rendering the MP infeasible. In the absence of the RCMS module, the two

backup strategies for MP, i.e. emergency braking and continuing on the current trajectory, both

lead to a collision. In the case of emergency braking, there is a collision with the trailing vehi-
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cle while in the case of continuing on the current trajectory, there is a collision with the vehicle

swerving in from lane 0.

With the integration of RCMS, the ego vehicle carefully navigates around the surrounding

vehicles, considering space availability and actuation limits, to safely avoid a collision, as depicted

through Frames 3 − 6. First, the ego vehicle cautiously maneuvers to the right, to see if it can

exploit the available space to pass between the vehicles, as observed in Frame 3. However, with

the actuation limits preventing that, it decides to slow down slightly to accommodate the swerving

vehicle, as seen in Frame 4. Wary of the negligible distance to the now leading vehicle, RCMS

carefully steers the ego vehicle towards the left, as seen in Frame 5, to place it in a safe state while

accessing the shoulder, as seen in Frame 6, before handing the control back to MP.

4.6 Conclusion

In conclusion, we have developed a novel risk-aware crash mitigation system that comprises

an activation mechanism and a modular trajectory generation component to perform evasive ma-

neuvers in high-risk collision-prone situations. The activation mechanism effectively combines in-

stantaneous and predictive collision risk evaluation within a hysteresis band to facilitate a smooth

transition between RCMS and MP, with their distinct objectives, to maintain passenger comfort.

Meanwhile, the trajectory generation component minimizes situational risk through a smooth func-

tion while considering actuation, dynamical, and road limits. We have validated the real-time

applicability and performance of our approach by conducting simulations of two high-risk scenar-

ios which assessed the ability to perform successive evasive maneuvers at the vehicle’s actuation
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limits.

Our future work entails the implementation of RCMS on a physical small-scale setup to

evaluate its robustness to various real-world uncertainties before deploying it on actual vehicles.

4.7 Appendix

This section provides an in-depth discussion of the existing collision avoidance strategies that

were considered over the course of this work. By doing so, we aim to reemphasize the relevance

and importance of our proposed methodology.

4.7.1 Collision Avoidance

An important aspect of any motion planning algorithm, or its crash mitigation counterpart, is

the collision avoidance strategy employed in the algorithm. Since collision avoidance by its nature

is a non-convex problem, this aspect of the planning task proves to be a bottleneck in terms of

computational complexity. The sampling-based approaches [47, 55, 89], which do have low com-

putational complexity, try to evaluate a cost function on a predefined set of trajectories and select

the trajectory with minimum overall cost. However, due to the evaluation of a limited number of

trajectories, these methods are unable to find the optimal solution over the entire state and action

space. Such a rigorous search may be necessary, especially in crash mitigation scenarios, to find

a trajectory that potentially avoids a collision over the one that does not. Therefore, the improved

complexity of the sampling-based methods comes at a cost of degraded performance. The per-

formance can be improved by increasing the size of the sample space but that again comes at a
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cost of increased complexity in accordance with the efficiency-accuracy tradeoff. Moreover, the

complete state and action space can only be exploited in the limiting case of the number of samples

approaching infinity so these methods will always have a hard time matching the performance of

their continuous space optimization-based counterparts.

In terms of the continuous space optimization-based collision avoidance strategies, several

prevalent techniques in the literature [105–107] define safety requirements as hard constraints

within the optimization problem. These methods offer the advantage of “guaranteed collision

avoidance” in normal low-risk operating conditions when the real-world situation aligns well with

the predictions of the model, as discussed in Section 2.3.2.3. However, in high-risk collision-prone

scenarios, these methods encounter feasibility issues unless accompanied by slack variables (soft

constraints) [107, 108] or when opting for a chance-constrained formulation [109, 110]. More-

over, a fundamental problem observed with such methods is their high computational complexity

arising from the non-convex constraints. Therefore, for our crash mitigation system, we adopt a

risk-minimization-based approach that provides satisfactory collision avoidance performance with

significantly improved computational complexity while losing out on safety guarantees, which are

inherently unavailable for scenarios where a collision is potentially unavoidable.

When it comes to risk evaluation-based strategies [90, 96, 111] or potential-function ap-

proaches [26,112–114], it is crucial to strike a balance between optimality and runtime complexity.

If the optimal solution is obtained within the allocated time, these methods can successfully gener-

ate a path to avoid obstacles. However, given the nonlinearity of the objective function, it is highly

probable that the optimal solution cannot always be obtained within the designated timeframe. In
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such cases, two possible approaches can be adopted to ensure real-time operation: (i) Use the so-

lution from the previous time step, or (ii) Use the best feasible solution found within the allocated

time. In the case of the first approach, if obtaining the optimal solution with the global minima

for the formulated optimization problem proves to be challenging, the method will continuously

rely on past solutions based on outdated information. This reliance on outdated information under-

mines the advantages of the receding horizon framework. As a result, after a few time steps where

the optimal solution is not obtained within the allocated time, the planner will base its decisions on

predictions from a long time ago, which may differ significantly from the current situation. This

situation poses a risk to the safety of all agents involved. In the worst-case scenario, the planner

may exhaust all past solution steps to exploit if no optimal solution is obtained within the time

steps corresponding to the control horizon, leading to the same infeasibility problem again.

The second approach relies on using the best available solution obtained within the given

time limit at the current instant. With the typical gradient-based optimization methods [101], the

optimizer starts off with an initial guess and recursively improves upon it through gradient-based

updates while maintaining the feasibility of the solution until an optimal solution is found or the

time limit is reached. Thus, the preference is ensuring feasibility over achieving optimality. When

applying this approach to a risk or potential minimization-based strategy, special consideration

needs to be placed on the proper design of objective function. Typically, many existing approaches

[90, 114–116] assign a finite constant risk to the obstacles observed in the environment. In dense

traffic scenarios, such a risk evaluation function tends to yield feasible solutions that intersect with

obstacles, thereby increasing the potential severity of collisions. To mitigate this issue, we propose
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our own risk evaluation function, detailed in Section 4.4.2, that assigns a significantly high risk to

the obstacles, especially at their centers. Consequently, the optimizer is compelled to quickly find

solutions that do not intersect with obstacles head-on, effectively minimizing the potential severity

of collisions if they were to occur.

For the development of RCMS, we thoroughly explored and evaluated various collision

avoidance strategies prior to designing our situational risk minimization framework within a reced-

ing horizon optimization-based approach. The smooth functional risk profile provides continuous

and reliable situational risk assessment which when optimized over generates paths that avoid col-

lisions and minimize their severity, if they are inevitable, by minimizing the collision area overlap.

Even with the imposition of an optimizer time-limit to facilitate real-time applicability, the situa-

tional risk profile encourages the optimizer to quickly move away from solutions that ‘directly go

through’ obstacles, ensuring the validity of the sub-optimal solutions. For the sake of complete-

ness, we elaborate upon the various considered methodologies, which help further highlight the

contributions of our research and provide the rationale behind our design choices.

4.7.1.1 Farkas’ Lemma

In the Cartesian coordinate system, any polygon can be represented by the set P = {z |

Az ≤ b } where z =

[
x y

]T
∈ R2. Therefore, if each vehicle i ∈ O(k) is modeled as a

rectangle, its spatial representation is given by Pi(k) = {z | Ai(k)z ≤ bi(k)}whereAi(k) contains

its orientation information while bi(k) contains its positional and dimensional (length and width)

information. More details regarding the definitions of Ai(k) and bi(k) can be found in [105]
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and [69]. Now, in order to enforce the collision avoidance condition at a given time instant, which

states that the two polygons should not intersect, we pose the following condition:

P0(k) ∩ Pi(k) = {z | Āi(k)z =

[
AT

0 (k) AT
i (k)

]T
z ≤

[
bT0 (k) bTi (k)

]T
= b̄i(k)} = ∅ (4.25)

where, as per usual, subscript 0 is reserved for the ego vehicle.

This condition, in its current form, is not applicable to a standard optimization problem since

it requires the non-existence of any z that satisfies Āi(k)z ≤ b̄i(k). Therefore, to transform this

condition into a set of inequalities that can be posed as constraints to an optimization problem, we

benefit from the following lemma [105]:

Lemma 2 (Farkas’ Lemma). Either the system Rp ≤ q, with p ∈ Rn, has a solution or the system

RTα = 0 has a solution with qTα < 0 and α ≥ 0.

Lemma 2, when applied to our problem, states that either there exists some z ∈ R2 that

solves the primal problem given by Āi(k)z ≤ b̄i(k) (hence, a collision) or there exists some

αi(k) ≥ 0 with b̄Ti (k)αi(k) < 0 that solves the dual problem given by ĀT
i (k)αi(k) = 0. Therefore,

to enforce the collision avoidance condition, it is sufficient to ensure the feasibility of the dual

problem, which in turn ensures the infeasibility of the primal problem.

In order to formulate the collision avoidance constraints, we introduce auxiliary αi variables
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for each i ∈ O(k). Then, the constraints read:

αi(k) ≥ 0 (4.26)

ĀT
i (k)αi(k) =

[
AT

0 (k) AT
i (k)

]
αi(k) = 0 (4.27)

b̄Ti (k)αi(k) =

[
bT0 (k) bTi (k)

]
αi(k) ≤ −ϵ (4.28)

The constraints above are only for the current time instant k so in order to extend them to

the receding horizon optimization framework, we have to introduce variables for every future time

step j ∈ Z[0,H] i.e. replace αi(k), Āi(k) and b̄i(k) with αk
i (j), Ā

k
i (j) and b̄ki (j) respectively in

(4.26), (4.27), and (4.28). At first glance, these constraints may appear linear but upon closer look,

it becomes evident that they are indeed non-linear and non-convex. Recall from Section 4.4.2 that

the optimization variables for the receding horizon optimization problem comprise the future states

(X k) and control variables (Uk) for the ego vehicle. Then, we have the product of the trigonometric

functions of θk0(j) - fromAk
0(j) - with αk

i (j) in (4.27) and the product of positional variables (xk0(j)

and yk0(j)) - from bk0(j) - with αk
i (j) in (4.28) which leads to non-linearity and non-convexity. This,

in turn, leads to a higher computational complexity for the optimization problem.

Moreover, with the introduction of αk
i (j) ∈ R8×H×Nv(k), Āk

i (j) ∈ R8×2×H×Nv(k) and b̄ki (j) ∈

R8×H×Nv(k), where 8 comes from the combined sides of the two rectangles, 2 comes the spatial

dimension of the Cartesian coordinate system and Nv(k) = |O(k)| represents the number of vehi-

cles in the observation set of the ego vehicle, we significantly increase the scale of the optimization

problem. As a consequence, the runtime complexity increases further, resulting in a loss of real-
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time applicability of the approach.

Remark 33. Lemma 2 requires that the inner product of q and α (b̄ki (j) and αk
i (j) in our case)

be strictly negative i.e qTα < 0. However, the optimization problem formulation in the standard

form [101] restricts the constraints to non-strict inequalities (≤,≥) because in a continuous space

setting, a strict inequality defines an open set where a point arbitrarily close to the boundary

can be chosen and no optimal solution may be found, as a result. Moreover, under practical

considerations, i.e. considering floating point errors, there essentially is no difference between the

(<) and (≤) conditions. Therefore, to make the condition from Lemma 2 conform to the formulation

of a standard optimization framework, we require that a tolerance factor of ϵ > 0 be introduced

s.t. the condition transforms to the form qTα ≤ −ϵ. The conditions for an appropriate choice for ϵ

still need to be investigated for our application. If such a modification is not made, then the trivial

solution of α = 0 satisfies the two conditions from the lemma, regardless of the values of elements

in matrix A and vector b, rendering our collision avoidance condition invalid.

4.7.1.2 Disjunctive Constraints

As elaborated in Section 4.7.1.1, with the vehicles represented as rectangles in the Cartesian

coordinate system, the collision avoidance condition is given by (4.25). Considering the rectan-

gular vehicular geometries, we can pose a set of disjunctive constraints to model the collision
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avoidance condition for the receding horizon optimization problem as follows [107]:

{xj0(k)− x
j
i (k) ≥ Lk

b (j)} ∨ {x
j
i (k)− x

j
0(k) ≥ Lk

f (j)} ∨

{yj0(k)− y
j
i (k) ≥ Lk

r(j)} ∨ {y
j
i (k)− y

j
0(k) ≥ Lk

l (j)}
(4.29)

where Lk
b (j), L

k
f (j), L

k
r(j), and Lk

l (j) represent the vehicle-dependent backward, forward, right,

and left safety margins respectively at the future time step j ∈ Z[0,H]. For the sake of accuracy,

these distances are allowed to be time step j dependent in order to incorporate the predicted orien-

tation (yaw) of vehicle i ∈ O(k) into the safety margins. Essentially, the condition in (4.29) states

that the ego vehicle should be present either behind vehicle i, or ahead of it, or towards its right, or

towards its left, while maintaining appropriate safety margins.

In order to convert the disjunctive constraints into a set of conjunctive constraints, as appro-

priate for a standard optimization problem, we make use of the big-M method, coupled with the

introduction of auxiliary binary variables, as follows:

xj0(k)− x
j
i (k) ≥ Lk

b (j)−Mbki,1(j) (4.30)

xji (k)− x
j
0(k) ≥ Lk

f (j)−Mbki,2(j) (4.31)

yj0(k)− y
j
i (k) ≥ Lk

r(j)−Mbki,3(j) (4.32)

yji (k)− y
j
0(k) ≥ Lk

l (j)−Mbki,4(j) (4.33)

4∑
n=1

bki,n(j) ≤ 3 (4.34)
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where M ≫ 0 (big-M) and bki,n(j) ∈ {0, 1}, n ∈ Z[1,4] is responsible for making a choice between

the set of 4 constraints. Having bki,n(j) = 1 ensures the automatic satisfaction of the constraint

corresponding to n ∈ Z[1,4] due to M ≫ 0 while (4.34) ensures that, at most, 3 of the 4 constraints

can be automatically satisfied, or in other words, at least one of them has to be strictly enforced.

However, with the introduction of bki,n(j) ∈ {0, 1}4×H×Nv(k), where 4 comes from the num-

ber of constraints to choose from, H corresponds to the planning horizon, and Nv(k) = |O(k)|

represents the number of vehicles in the observation set of the ego vehicle, we increase the scale

of the optimization problem while converting it into a mixed-integer program. As a consequence,

the runtime complexity of the optimization problem increases, affecting the real-time applicability

of the approach.

4.7.1.3 Elliptical Constraint

In the Cartesian coordinate system, an ellipse centered at q ∈ R2 can be represented by the

set E = {z | (z − q)TQ−1(z − q) ≤ 1} where z =

[
x y

]T
∈ R2, and Q is a positive definite

symmetric matrix containing the orientation (rotation) and dimensional information (length and

width) of the ellipse. Therefore, if each vehicle i ∈ O(k) is modeled as an ellipse, its spatial

representation is given by Ei(k) = {z | (z − pi(k))TQ−1
i (z − pi(k)) ≤ 1} where Qi(k) contains

the vehicle i’s orientation (yaw) and dimensional (length and width) information. More details

regarding the definition of Qi(k) can be found in [117]. Now, the collision avoidance condition

states that two ellipses should not intersect i.e. E0(k) ∩ Ei(k) = ∅ where, as per usual, subscript 0

is reserved for the ego vehicle. In order to enforce this condition, we pose the following constraint
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for the optimization problem: [106]:

p̄Ti (k)Q̄i(k)pi(k) ≥ 1 (4.35)

where Q̄i(k) is an appropriately defined augmented shape matrix, considering the relative orienta-

tion and motion between E0(k) and Ei(k).

The constraint above is only for the current time instant k so in order to extend it to the

receding horizon optimization framework, we have to introduce variables for every future time

step j ∈ Z[0,H] i.e. replace p̄i(k) with p̄ki (j) and Q̄i(k) with Q̄k
i (j). For an accurate representation

of the augmented safe set into the future, the future orientation information of the ego vehicle

(θk0(j)) needs to be incorporated into Q̄k
i (j). Then, the product between the trigonometric functions

of θk0(j) - from Q̄k
i (j) - with the positional variables (xk0(j) and yk0(j)) - from pk0(j) - leads to

non-linearity and non-convexity, increasing the complexity of the problem. Moreover, even with

the simplifying assumption, stating that the orientation of the ego vehicle stays the same for the

duration of the planning horizon, which may prove detrimental in a crash mitigation scenario, the

problem already has high complexity due to the inherent non-convexity resulting from the presence

of ≥ sign in the constraints. The constraints essentially require the ego vehicle (represented by

a point mass at pk0(j)) to be present outside the augmented elliptical (convex) safe set, defined

by Q̄k
i (j). This non-convexity in constraints leads to the high computational complexity of the

optimization problem.
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Chapter 5: Conclusion

This dissertation addresses some critical research problems that lie on the path to bringing the

idea of widespread public presence of fully autonomous vehicles to fruition. We focus on scenarios

where autonomous vehicles need to operate alongside human-driven vehicles. This brings forth

numerous challenges associated with the inherent unpredictability of human behavior, that must

be effectively addressed before autonomous vehicles can gain the general public’s approval.

In this dissertation, we address various navigation tasks where the core requirements encom-

pass efficient real-time decision-making, reliable motion prediction and behavior consideration of

on-road agents, and safety prioritization for all the agents involved while ensuring passenger com-

fort. The specific problems addressed in our research include bidirectional highway overtaking,

highway maneuvering in dense traffic, and crash mitigation on highways. To address these prob-

lems, we develop a modular multi-timescale navigation architecture with the goal of performing

safe, efficient, and comfortable driving. The navigation task comprises the decision-making, plan-

ning, and control subtasks but we limit our scope, in this dissertation, to the decision-making and

planning aspects due to the prevalence of a variety of control paradigms in the existing literature.

The notable characteristics of the proposed approaches include real-time operation capability, con-

sideration of behavior variability of on-road agents, modularity in design, and optimality across
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various metrics. As for our verification and validation procedures, we perform extensive compar-

ative analyses over singular case studies as well as randomized Monte Carlo scenarios in realistic

simulation environments.

To conclude, we briefly recap our main contributions to the problems addressed in this dis-

sertation while providing a synopsis of the future outlook.

5.1 Summary of Contributions

We develop algorithms that enable autonomous vehicles to operate seamlessly within the

existing traffic ecosystem while accounting for the diverse driving patterns exhibited by human

drivers. To that end, we address a variety of commonly encountered driving scenarios.

Firstly, we discuss the overtaking scenario on a bidirectional two-lane undivided highway

where the core emphasis is on maintaining safety as opposed to enhancing performance, by min-

imizing travel time, since any miscalculation can lead to an at-fault potentially fatal head-on col-

lision. We develop non-cooperative as well as cooperative optimization-based approaches while

employing realistic sensing models that account for sensor occlusion. This gains our approach

the ability to operate in a realistic sensing range while accounting for occlusion and the ability to

retract an initiated overtake maneuver, paving the way for active perception.

Then, we move on to the maneuvering problem in traffic on a multi-lane highway, where

an overly conservative or defensive approach may be detrimental to the ego vehicle as well as the

surrounding vehicles so a balanced approach, compensating between safety and performance, is

required. This problem focuses on the importance of foresight as well as explicit behavior consid-
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eration of on-road agents through risk evaluation in decision-making and planning. We propose

interaction and risk agnostic, and interaction and risk aware optimization-based approaches that

achieve high computational efficiency through various reformulations and algorithmic modifica-

tions.

Finally, we address the crash mitigation problem where an autonomous vehicle finds itself in

an extremely precarious situation with a collision being imminent, so it has to take evasive actions.

Since the safety guarantees in this situation are non-existent, the goal is to execute potentially

drastic maneuvers to ideally avoid a collision or minimize its severity if it is indeed unavoidable.

We present a novel risk-aware framework composed of an activation mechanism responsible for

triggering the crash mitigation system and an optimization-based trajectory generation module that

computes an evasive strategy based on situational risk minimization.

5.2 Future Work

The proposed algorithms’ rigorous formulations coupled with their verification and valida-

tion procedures carried out in high-fidelity simulations serve as compelling proof-of-concepts and

demonstrate their strengths relative to the various existing methods. However, for their widespread

adoption and further development towards practical implementation on actual autonomous vehi-

cles, it is essential to first evaluate their performance on a small-scale physical setup that closely

emulates real-world conditions. By implementing the approach on realistic small-scale vehicles

that accurately capture low-level vehicular dynamics, we can evaluate our navigation framework’s

robustness in the face of real-world uncertainties, disturbances, and time delays. Enhancing real-
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world performance may involve incorporating various noise and time delay models, which, in the-

ory, can seamlessly be handled by the modular structure of the proposed method. Therefore, the

near-future outlook for the proposed navigation framework and the associated algorithms include

implementing, fine-tuning, and experimenting in controlled small-scale real-world environments in

the hopes of having some of these algorithms deployed on publicly available autonomous vehicles.
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