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1.0 Introduction

1.1 Overview

Mechanical vibration has undesirable effects in many engineapplications including
machine tool operation, earthquake isolation of buildings, electronic pagkamnd
aerospace structures, to name a few. Linear isolation methodbéaveleveloped to
help mitigate these problems. However, recent advancements shpweianding on
the application, nonlinear energy sinks (NES) can be far moretieffea vibration
attenuation than linear absorbers. In fact, nonlinear targeted enangfer (TET), the
main motive for attaching a NES, was “first observed by Geralelf2001) who studied
the transient dynamics of a two-DOF system consistingdaingped linear oscillator that
was weakly coupled to an essentially (strongly) nonlinear, danttethment” (Vakakis
et al., 2008). Clearly, the study of NES is still in itaamfy, but the concept has already
been shown effective in vibration mitigation under certain conditionsid&mentally, a
NES is nothing more than a mass attached to a primary systana wonlinear spring
and a linear or nonlinear damper.

This chapter begins by presenting an overview of earlier wedsed to NES.
General comparisons between classical linear vibration absorbdrdNBS are then
discussed, followed by a summary of related experiments. ¥iralloverview of the

topics discussed in this thesis is presented at the end of the chapter.

1.2 Summary of Related Literature

Targeted energy transfer (TET) can be broadly defined asa#®gwhen “energy of some

form is directed from a source (donor) to a receiver (recipierda one-way irreversible
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fashion” (Vakakis et al., 2008). In the case of a nonlinear energy{SES) attached to

a linear system, TET refers to the irreversible transfenefgy from the linear system to
the NES, hence the name “sink”. This process of TET is alsoreefto as energy
pumping.

Energy pumping from an impulsively loaded linear system to agityroronlinear
(incapable of being linearized) attachment was investigated/diakis (2001) by
assuming the linear system to be a chain of elasticallscorieected particles. Initially,
Vakakis introduced energy pumping concepts by application to an ivgdyldoaded

two-degree of freedom system given by

Y1+ eAy; + Cy,® +e(y1 —y2) =0, y1(0) =y1(0) =0 (1.1)
Yo + €AY, + %y, — e(y1 — ¥2) = F&(t), ¥2(0) = ¥,(0) = 0.

Note thaty; andy, correspond to displacements of the nonlinear attachment and primary
system, respectively. The system was simulated numericalljflustration of energy
pumping by assigning = 0.5,0,° = 0.9,C = 5.0, and: = 0.1. The different responses for
varying impulse magnitudes 6f= 1.0,F = 1.26, and~ = 1.50 are presented in Figure 1-

1. From inspection of each of the plots in Figure 1-1, it is evidetincreasing values

of the impulse magnitude results in reduced displacements ofitharprsystem. From
Figure 1-1b and Figure 1-1c, it is evident that energy pumping l@asred since the
displacement of the nonlinear attachment has increased relatheedsplacement of the
primary system. Additionally, the displacement of the primasgesy is shown to decay
faster that the displacement of the nonlinear attachment in #semme of energy

pumping. In other words, energy has been transferred irreversdsty the primary

system to the nonlinear attachment.
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Figure 1-1. Time response plots for (&)
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The concepts from Vakakis (2001) are then extended to a more cosyptem,
consisting of a linear chain with 101 particles and a stronglyimesanl attachment at one
end, as shown in Figure 1-2. The system is impulsively loadedeofotrth particle of
the linear chain, thus the equations of motion with initial conditions are

Vit ey, +Cy 3 +e(y;—y,) =0
Vo + EAY, + %y, —e(y1 —y2) +d(yz —y3) =0 (1.2)

Y+ eAy, + 0y + d(2y; — yii1 — Yig1) =0, i € [3,+)

yi(0) =»5(0)=0, (0 =0, %) =F, i#p.
Vakakis (2001) graphically presented the numerical results for wamnatues of the
linear coupling stiffness between particlds,and for different values of the grounding
stiffness parametery,>. The case without energy pumping is shown in Figure 1-3, in
which the nonlinear attachment displacement decays at approxirttadedame time as
the linear system. In contrast, energy pumping does occuruneFlg4. By decreasing
the linear oscillator grounding stiffness to 0.4, the response déastgs than in the
previous case withw,> = 0.9. In addition, the response of the nonlinear attachment
decays after the response of the linear system, indicatingthieat has been an
irreversible transfer of energy to the attachment. Keepisfg= 0.4, the coupling
stiffness between patrticles is increased to 3.5 for the respgim®es in Figure 1-5. The
results shown in Figure 1-5 are very close to those shown in Figdir@gain indicating
that energy pumping has occurred. Vakakis (2001) then showed thahdhesis of
energy pumping in the multi-degree of freedom system could be reduced to arsaralys

a two-degree of freedom system due to in-phase vibration of the chain of particle
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Figure 1-3. Time response plots for (a) the particle of the linear system adjacent to the
nonlinear attachment and (b) the nonlinear attachment. Parameters are
¢=0.1,A=0.5,C=5.0,d = 3.5, andv, = 0.9 (Vakakis, 2001).
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Figure 1-4. Time response plots for (a) the particle of the linear system adjacent to the
nonlinear attachment and (b) the nonlinear attachment. Parameters are
¢=0.1,A=0.5,C=5.0,d = 1.5, andv,? = 0.4 (Vakakis, 2001).

time

Figure 1-5. Time response plots for (a) the particle of the linear system adjacent to the
nonlinear attachment and (b) the nonlinear attachment. Parameters are
¢=0.1,A=0.5,C=5.0,d = 3.5, andv,” = 0.4 (Vakakis, 2001).
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The effects of attaching a NES to a linear system wWitHl] degrees of freedom
by means of a spring with low stiffness are studied by Vakekial. (2003). Refer to
Figure 1-6 for a schematic of the system. In their st\@kakis et al. (2003) focus on
the nonlinear normal modes (NNMs) of a conservative system im todexplain the
dynamics of the same system with damping. The NNMs aneedieds “the free periodic
and synchronous oscillations of the undamped, unforced system, thatessence, the
non-linear analogs of the linear modes of classical vibration ythe¢biakakis et al.,
2003). In other words, the NNMs define the shape of the vibrating nankiystem at
specific frequencies. In addition, it was shown that if damping rapadise forcing are
included in the system, the NES can vibrate at a different dreyuthan the linear
substructure at any given instant prior to reaching steady-agsaillations. During this
transient period, provided the external forcing is high enough, enenggipg can occur.
Energy pumping in multi-degree of freedom systems is due tona@ese capture
cascades, defined as “a sequence of multiple resonance inotesacti the non-linear
attachment with more than one modal oscillators of the linearraahse” (Vakakis et
al., 2003). When multiple modes of the system are excited duangie¢nt vibrations,
the attachment is able to resonate with these different mo@e®dis nonlinearity. In
contrast, a linear vibration absorber only has one frequency witthuwthi@an resonate,

greatly limiting the design options compared to those available when designing a NES
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Figure 1-6. Depiction of system studied by Vakakis et al. (2003)

Although similar to the resonance capture cascades of multi-defjfeeedom
linear systems with NES, resonance capture in single-defreeedom systems omits
the word “cascades” because there is only one linear natarpleihcy with which to
resonate. In order to understand resonance capture, the concegpbraince manifold
must first be grasped. Vakakis et al. (2008) reference Samigrgeahulst (1985) by
introducing the following damped nonlinear “system in polar form witlitiple phase
angles”:

I' = eR($,1), I €R™P (1.3)
¢'=wl), p €TY,
wherel “represents energy-like amplitudes” (Vakakis et al., 2008) gaisoa “vector of
angles” (Vakakis et al., 2008). The vedtdras lengttp, and the vectop has lengthy.

The set op positive real numbers is represented®dy, and theg-torus, or the torus

requiringq “angular coordinates to describe the motion” (Nayfeh and Balachandran,



1995), is represented l{. The frequency vector is given by

o) = [w,(D), 0y (1), ..., wa (D] (1.4)

Vakakis et al. (2008) definerasonance manifolds “the set of points il C RP where
w;(I) =0,i =1,2,..q". In other words, a resonance manifold is the set of poini in
for which all frequencies are identical to zero. Resonance eaptur be divided into
two typesTransient Resonance CaptuyfeRQ andSustained Resonance Capt(&RQ.
Vakakis et al. (2008) define TRC “as capture into a resonance nehwifidch occurs and
continues for a certain period of time, followed by a transitiorstae from capture”.
On the other hand, SRC is “defined as resonance capture that witl esnape with
increasing time” (Vakakis et al., 2008). When observing a phaseaiporgsonance
capture occurs when the trajectory of the system becomestattrand locked to the
resonance manifold. In the case of a single-degree of freaxdean system coupled to a
NES, significant amounts of energy can be exchanged between thediNators during
resonance capture as illustrated by the concept of targeted energgriransf

The effect of resonance capture on targeted energy transfe€y i Hustrated in
an example by Lee et al. (2008) of an impulsively loaded system. The system,

¥+twelx+x+L,E—-—v)+Cx—-v)3=0
(1.5)
ev+ A, —%)+Clv—x)3=0,

is given parametersy’ = ky/my = 1,C = ko/mp = 1, € = my/my = 0.05,4; = co/my = 0.0015,
A2 = CoJ/mp = 0.0015. Lee et al. (2008) discuss three different ways in whigbtéar
energy transfer (TET) can occliundamental TETsubharmonic TETandTET initiated
by non-linear beating In the case of fundamental TET, “the linear oscillator and the

non-linear attachment oscillate with identical frequencies inngighbourhood of the



fundamental frequency,” (Lee et al., 2008). Figure 1-7 presents percentages of energy
transfer to and energy dissipation by the NES. As seen fromeFig7, almost all of the
energy is eventually transferred to the NES. Corresponding torehd of energy
transfer to the NES is the trend of energy dissipated bME® From these two plots, it
can be seen that after some initial transients, the NE&tie#ly dissipates over 70% of
the total energy in the system. For illustration of the conditainhich this energy
pumping occurs, Figure 1-8 presents frequency-energy plots versustdahesystem
energy in the form of wavelet transforms (WTs). The darkgions represent high
amplitudes of the WT, and the lighter regions depict the oppositeer evakakis et al.
(2008) for detailed discussions on the use of WTs. As seen from tloeicplts, as the
energy in the system increases, the frequency of the kystem and NES tend to unity,

indicating that 1:1 resonance capture is responsible for this type of TET.

Energy transfer to the NES (%) Energy dissipation by the NES (%)
100 80
70
3 80 B
@ o 60
c c
® 60 @ 50
fs I
o S 40
2 40¢ g 30
5 5 20
TR = 10
0 i I i i O i "
0 200 400 600 800 1000 0 200 400 600 800 1000
Time(s) Time(s)

Figure 1-7.Fundamental TETPercentage of the total energy versus time for energy
transfer to the NES and energy dissipation by the NES (Lee et al., 2008).
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Figure 1-8. Fundamental TETContour plots of WTs depicting the frequency-energy
dependence of the primary system and the NES (Lee et al., 2008).

The second way in which TET can occur is through subharmonic TET.
Subharmonic TET refers to exciting “families of NNMs of the uhdieg Hamiltonian
system with the nonlinear attachment engaginguminternal resonance with the linear
oscillator (LO) (wherem, n are integers withm < n)” (Vakakis et al., 2008). A
Hamiltonian system is defined by the following relations (fdhyand Balachandran,

1995):

) oH . oH .
G =5~ D= ~ o i=12,..,n, H=H(q1,92, - qn, P1, P2, - P t) . (1.6)

Di
Internal resonance refers to the condition where the linear h&tegaenciesw;, of a
system are integer multiples of each other. In other wordsre“tbeist positive or
negative integersm, mp, Mg, ..., M, such thatmm; + Myw, + Mwz +...+ Myw, = 0”
(Nayfeh and Mook, 1995). Lee et al. (2008) continue the numerical simulagion
showing results for the case of subharmonic TET with a 1:3 reser@apture, that is,
the primary system “oscillates with a frequency approximataiee times that of the

NES” (Vakakis et al., 2008). Figure 1-9 presents percentageseofy transfer to and

energy dissipation by the NES. From inspection of the plot of grtesgsfer to the
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NES, approximately 70% of the total system energy is traesfaio the NES. As

opposed to the case of fundamental TET, Figure 1-10 shows the frgdaealized to

approximately 1/3 for the NES and unity for the primary system.

Energy transfer to the NES (%) Energy dissipation by the NES (%)
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0 . 0 . . . .

0 200 400 600 800 1000 0 200 400 600 800 1000
Time(s) Time(s)

Figure 1-9. Subharmonic TETPercentage of the total energy versus time for energy
transfer to the NES and energy dissipation by the NES (Lee et al., 2008).
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Figure 1-10.Subharmonic TETContour plots of WTs depicting the frequency-energy
dependence of the primary system and the NES (Lee et al., 2008).

In order for fundamental TET and subharmonic TET to occur in an implysi
loaded system, TET must be initiated by nonlinear beating. eAsoned by Lee et al.
(2008), fundamental TET and subharmonic TET “cannot be activated withBEBeal

rest, since in both cases the motion is initialized from a noriZedastate of the
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system”. Figure 1-11 illustrates one case of the energy egebaluring nonlinear beat
phenomena in an undamped system. As seen from the plots, the endrgyprimary
system is a mirror image (about a horizontal axis at 50%) otmleegy in the NES,
indicating a direct energy exchange between the two. As thigyetransfer is clearly
reversible, introduction of damping in the system is requirethisexchange to be final.
With damping in the system and after establishing in the resgansaitial non-linear
beat phenomenon, either one of the main (fundamental or subharmonic) TET
mechanisms can be activated by a non-linear transition (jumgbeidynamics” (Lee et
al., 2008). By inspection of the percentage of total energy iNB#as shown in Figure
1-12, the nonlinear beat phenomena is seen early in the motion asrtpe mereentage
fluctuates greatly before converging. Once the nonlinear bedtasy subsided,
fundamental TET increases energy in the NES to nearly 10Qk& dbtal system energy.
As evident from Figure 1-13, the 1:1 resonance (i.e. fundamental iSEfg¢ means of

energy pumping in this case.

100
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Figure 1-11.Example of energy exchanges due to nonlinear beat phenomena
(Lee et al., 2008).
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Figure 1-12.Initiating TET. Percentage of the total energy versus time for energy
transfer to the NES and energy dissipation by the NES (Lee et al., 2008).
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Figure 1-13.Initiating TET. Contour plots of WTs depicting the frequency-energy
dependence of the primary system and the NES (Lee et al., 2008).

Of particular interest to this thesis is the work preseime8tarosvetsky and

Gendelman (2008a) that involved studying the system

. . . 4
Y1+ &A(h — ¥2) + (1 + €0)ys +5e(y1 — ¥2)° = eAcost
(1.7)

ey, + €AY, —y1) + gE(J’Z -y1)*=0
which is represented schematically in Figure 1-14. Frorfighee, it is evident thatl is
the damping coefficient,/+¢o) is the linear spring stiffness, ave/3 is the nonlinear
spring stiffness. In addition, the foréeshown in the diagram represents the harmonic

force with amplitudeA. As shown in Figure 1-15, saddle-node bifurcation diagrams are
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presented in the-A plane to show regions of one versus three periodic solutions for
different values of the detuning parameterwhile keeping the other parameters fixed.
For each chosen value of regions of one periodic solution are located outside the
curves, while regions of three periodic solutions are bounded insidentyes. Figure 1-

16 shows bifurcation diagrams used again, now in the case of Hopfatibms to show
regions of stability and instability. Starosvetsky and Gendel2@®8g) showed also a
method of predicting the occurrence of the Strongly Modulated RespBke)(which
differs from other methods shown in earlier works. The SMRrsefo quasiperiodic
response, that “is characterized by very deep oscillations omtdlated amplitude
comparable to the amplitude of the response itself” (Starosveiskly Gendelman,
2008a). The response is considered modulated because the “respomseaisayphase
locked or chaotic”. Finally, numerical simulations are used talat& the results of the
analysis. Notably, Starosvetsky and Gendelman (2008a) showed thdb tthoee

different responses can coexist for the studied system.

y
mZ—SJ 2

At of T
V1
m; =1 J
FI (1+ e0)

) .

Figure 1-14.System considered by Starosvetsky and Gendelman (2008a)
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Figure 1-15.Saddle-node bifurcation diagram (Starosvetsky and Gendelman, 2008a)
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Figure 1-16.Hopf bifurcation diagram (Starosvetsky and Gendelman, 2008a)
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Starosvetsky and Gendelman (2008b) have presented detailed discusgimas on
analysis of the Strongly Modulated Response (SMR) by again caongidbe system
given by equation (1.7). The SMR *“exists in a vicinity of exkdt resonance and is
characterized by relaxation oscillations between stable brarmh#e slow invariant
manifold” Starosvetsky and Gendelman (2008b). The slow invariant oichig81M) is
defined by an equation found through the analysis relating the fixed pbitis system,
@, to the slow time scale;; in this case,

D +20 -2 |D?[d = C(1y). (1.8)
Note thatC(r;) is simply a consequence of an integration. The relaxationabseik
refer to jumps from one stable branch to another on the SIM. der éor the SMR to
occur, the system must be essentially nonlinear and possessaymassesry. In other
words, the system cannot be reduced to a linear form, and theofmidmes attachment
must be much less than the mass of the primary system. Ligttingtio of the mass of
the attachment to the mass of the primary system be denotedh®ycondition for this
analysis assumes that<< 1. Beginning with the system given by equation (1.7), the
system equations are manipulated such that they are placedommnasuitable for
studying the SMR, namely, separation into the slow and fastswales. Phase portraits
are presented for varying amplitudes of the external force,ispdwow the trajectory
can transition from one stable branch to another. From these phasstgaat one-
dimensional mapping procedure was discussed. The one-dimensional mags provi
method of determining regions of existence of the SMR in termghefdetuning
parameter by observation of the existence of attractors ondhs. nSince the detuning

parameter is directly related to the natural frequency olirtkar system, the conclusion
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of the SMR existing only near 1:1 resonance was determined iim#mser. Further
details on the SMR will be discussed in Chapter 4 of this thesis.
Inclusion of nonlinear damping in a NES attached to a singleedegrfreedom

linear system is discussed by Starosvetsky and Gendelman (2009). The sydie) s

. . . 4
Vitef(i—yaY1i—Y2) tyi + 55()’1 —y2)® = eAcos((1 + eo)t)
. . . 4 3 (1.9)
ey = ef 1 = ¥, Y1 = ¥2) =5y —y1)° = 0,

regardsf as the component possessing the nonlinear damping characterigties.
nonlinear damping in the system is due to the drag of a fluid thraugriable orifice.
See Figure 1-17 for a schematic of the type of device coersidérhe nonlinearity in the
system is “piecewise-quadratic” since the damping coefftctan be one of two values
depending on the configuration of the flow allowed through the device. daimping
coefficients are denoted iy and/,, in which 1, is greater than,;. Thus, for the system

considered, the damping function is given by

f= L =YV = Yol ly1 —y2l < aer (1.10)
L0 = Y)Y — Yol lyr —yal > ay’
21 = Y2)1Y1 = Y2l Y1 = Y2 cr

where a;; is a predetermined value inherent in the design of the nonlineapimz

device.

18



“““ S Qi ey
= N % ‘
B)vxﬂxD
D R R R Ve g gmweeado
g x
e fe
oy MO = — Oirifice
@ prriiin e
/ S On/Off
— . Orifice
. Valve
Oil a a
cr cr

Figure 1-17.Schematic of the nonlinear damper
(Starosvetsky and Gendelman, 2009)

The main goal of Starosvetsky and Gendelman (2009) was to showhéhat
inclusion of nonlinear damping in the NES can remove unwanted responsesimnién
a linearly damped NES coupled to a harmonically-forced linealaisci Figure 1-18
depicts a linear system coupled to a NES with linear dampirggse@n from Figure 1-
18a, an undesired response exists while the SMR (desiredx&tn eBy increasing the
linear damping coefficient as shown in Figure 1-18b, the undesirgponse is
eliminated, but the SMR disappears as well. Starosvetsky andel@an (2009)
demonstrate in Figure 1-19 how nonlinear damping can resolve this probEyn

choosing certain values f@r andi,, the SMR can exist without the undesired response.
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Figure 1-18.Linear Damping (a)4 = 0.2, (b)1 = 1 (Starosvetsky and Gendelman, 2009).
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(b), = 0.2 andl, = 6 (Starosvetsky and Gendelman, 2009).
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1.3 Comparison of Nonlinear Energy Sinks with LineaVibration
Absorbers

A classical method of reducing vibration in a system is byclattg a linear vibration
absorber, which effectively transfers energy away from thegpyisystem. The simplest
absorber consists of a mass attached to a linear spring, wiprthg also attached to the
main system. If designed properly, the vibration energy of the syaitem is transferred
to the absorber, reducing the vibration in the main system. Idtéadlyabsorber takes all
of the vibration energy away from the primary system at the fuadtal frequency of
the main system, resulting in zero displacement of the maiensyat this frequency and
very low displacements close to this frequency.

Extending the concept of the vibration absorber to the nonlinear casy a
powerful method of reducing unwanted vibration is achieved by attaehmgnlinear
energy sink (NES) to the system. A NES is similar to tassacal vibration absorber in
that energy is transferred from the primary system tottaetament. However, the NES
can reduce vibrations in the main system at multiple resonanefieigs, as opposed to
the linear vibration absorber which is tuned to operate neagk sgsonant frequency.
Consequently, the performance of the linear vibration absorber could degnastetime
due to aging of the system, temperature or humidity variatiowks s@ forth, thus
requiring additional adjustment or tuning of parameters” (Led.,e2@08). Hence, the
degraded linear vibration absorber may become detuned and would @&ferctigely at
a frequency other than the original if, for example, the spramgtant was affected. On
the other hand, if a NES degraded over time in a similar fashioce shere is no
preferred frequency of operation for the NES, the compromise in performatieeMNES
would be minimal compared to that of the linear vibration absorber.
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Vakakis et al. (2008) give an example to illustrate some of the benefitsidEBe
over classical linear vibration absorbers; in this case, a tuned desmnper (TMD) is
considered. Figure 1-20 shows the two systems considered. IrstBesyith the linear

oscillator (LO) coupled to the TMD, it is clear that the natdratjuency of the TMD

alone isv20 rad/s ~ 4.5 rad/s. Figure 1-21 was generated by varying the stiffriessf
the linear oscillator in each system. In Figure 1-2l1a, ievglent that the highest
percentage of energy dissipation occurs when the LO natugaleiney is approximately
equal to that of the TMD (4.5 rad/s). The energy dissipation dropplglzs the LO
natural frequency deviates from the TMD natural frequency. Owottiex hand, Figure
1-21b shows that the NES is effective at energy dissipation withich wider range of
LO natural frequencies compared with the TMD performance. Adsable from Figure
1-21 is that the TMD is independent of, but the NES is heavily ratianthe impulse
magnitude. Hence, the advantage of having a wide range of fregsiet which the
NES is effective is at the cost of being dependent on the impGlsapter 5 of this thesis
presents numerical evidence of the NES dependence on impulse matmitadpecific

system with nonlinear damping.

22



LO TMD

A A

0002 M 0.002 o
) / 1 .05
el 2 - 7,
k; I

(@) | xft) | vit)

LO NES
A - A -

0002 M 0002
T / j‘ 0.05
- III’_\‘ - ’“"\
k i

(b) | x(1) ‘ (1)

Figure 1-20.Schematic of the linear system attached to a (a) TMD and (b) NES.
Vakakis et al (2008); courtes§gobgle Books
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1.4 Experiments Related to NES

Experiments have been performed to verify the theories of NES r@guirements for

an NES are that it hag$sential (nonlinearizable) stiffness nonlinearitiasd that there
exists weak damping dissipatiom the integrated linear system-nonlinear attachment
configuration” (Vakakis et al., 2008). As described by (Vakakis.e2@08), a common
method of achieving nonlinear stiffness in an experimental setupusing the inherent
nonlinearity in a fixed wire with an applied force at the cem@mmresponding to a
displacement of x. Refer to Figure 1-22 for a depiction of thisaste (Vakakis et al.,
2008). The force,

F = kx[1 — L(L* + x?)7%/?], (1.11)
is found from the geometry of the wire and location of force apmitgVakakis et al.,

2008). Performing a Taylor series expansiodf+ x2)~1/2 aboutx = 0 gives

2 4
(L? + x%)~1/2 =%—2x?+%+0(x6). (1.12)

Substituting equation (1.12) into equation (1.11) and omitting higher ordes,t¢he

force is expressed with a cubic stiffness relation,

_k

F
212

x3 + 0(x5), (1.13)
in which the terms oD(X) are considered negligible. Caution must be taken in an
experimental setup to ensure very little preload is in the wiviée the system is at rest,
as this preload adds a linear stiffness term that makesifthess no longer essential (i.e.
the stiffness can be linearized).

Examples of setups for performing experiments relating to &leSliscussed by

(Lee et al., 2008) and (Vakakis et al., 2008). One experimental astappwn in Figure
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1-23, involves having the primary system attached to a fixed location with a |pnedy, s
and the NES is attached to a fixed location with the wire hvadts as a nonlinear spring.
Both the linear oscillator and NES are considered grounded in thigyuwation, and
both masses are connected with a linear spring. The primgsigns and the NES are
placed on an air track to reduce frictional losses during motiomoth&r experimental
setup involves taking nearly the same system, but now having thetoas which the
ends of the wire are attached move with the NES, thus having an ungdoNE&. This
configuration can simulate a system that is not necessamifined to one location.
Refer to Figure 1-24 for a depiction of this setup. Figures In@d5le26 show these two
experimental setups in a schematic form. Since in reaBtyall amount of damping is

always present, dampers are shown with the linear springs in the diagrams.

bl L L L

L

VAV A 4

Figure 1-22.Depiction of geometry used for stiffness nonlinearity
Vakakis et al (2008); courte§yonigle Books
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Figure 1-23.Grounded NES in an experimental set(g) photograph of setup,

(b) schematic of the setup.
Vakakis et al (2008); courtes@odgle Books
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Figure 1-24.Ungrounded NES in an experimental sefi@) photograph of setup
(b) schematic of the setup, (c) location of NES and LO.
Vakakis et al (2008); courtes@odgle Books
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_

Figure 1-25.Primary system and NES attached to fixed locations (grounded system).

my

27 Z

Figure 1-26.Primary system attached to fixed location with NES free
(ungrounded system).
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1.5 Outline of this Thesis

The goal of this thesis is to investigate the use of nonlinear dgmpa NES attached to
a single degree of freedom linear oscillator. An introducticheédbenefits of nonlinear
damping is presented in Chapter 2 with comparisons between the perdest linear,
nonlinear with linear damping (NES), and nonlinear with nonlinear dampinglegree
of freedom systems without attachments. Chapter 3 beginssttiessions related to the

specific system

y1 + AV — ¥.)* + (1 + eo)yy +§5(}’1 -y} =F
(1.14)
eyy + eA(Y, — yy)3 +§5(}’2 -y1)° =0,

guantifying the performance when subjected to harmonic fordfyged cost). The

strongly modulated response (SMR) is investigated in Chapter cugthr seeking
conditions for the existence of this response. Chapter 5 compars=rthienance of the
same system subjected now to impulsive loading of different amitwdh a similar
system having linear damping. Additionally, phase portraits and &@éinnaps are
shown in Chapter 5 to further examine the performance of the l\inead nonlinearly
damped systems subjected to harmonic excitations. Conclusions andnesudetions

are presented in Chapter 6.

1.6 Summary

This chapter has presented a brief overview of the concepts of rasnéinergy sinks
(NES), targeted energy transfer (TET), and resonance cgpQje which are essential
to the understanding of the mitigation of vibration using a speciak @& nonlinear

absorbers. Pertinent contributions to the theoretical and experinbehi@vior of this
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class of nonlinear absorbers are presented. Also, the relationgtuphotontributions to

the scope of this thesis is outlined.
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2.0 Concept Energy Sinks with Nonlinear Stiffnessral
Damping

2.1 Introduction

Substantial benefits regarding vibration mitigation can be achidyedncluding
nonlinear components in a system. Since nonlinear springs and nonliseans
dampers can have forces proportional to any exponential power of dimglac and
velocity, respectively, greater flexibility in system desig allowed with their inclusion.
This section presents simple examples to illustrate the adesntdghaving nonlinear

components in systems.

2.2  Description of Considered Systems

Three systems are compared in this section in order to ilkeistih@t advantages of
nonlinear stiffness and nonlinear damping characteristicsnrstef vibration mitigation.
The three systems under consideration are: a linear systen;Sashstem, and a
nonlinear system with nonlinear damping. For simplicity, only oneegegf freedom
systems are considered. The linear system consists of aattedsed to a linear spring
and a linear damper as shown in Figure 2-1a. The NES sysptaces the linear spring
with a nonlinear spring having restoring force proportional tacthee of displacement as
shown in Figure 2-1b. Finally, the nonlinear system with nonlinear aengx3pands on
the NES system by including a nonlinear damper having a dampuog gooportional to

the velocity cubed as shown in Figure 2-1c.
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2.3 Analysis of the Different Systems

2.3.1 Linear System

The equation of motion is written as
mi +cx + kx = 0. (2.1)
In order to perform the numerical integration, the equation of motiarass into the

following state space form:

: 0 1
Lad=[oz -4 @2

where

x; = x andx, = x. (2.3)
The system total energy is given by

E= %ma’cz + %kxz. (2.4)
Taking the derivative of the energy equation with respect togines the rate of energy
decay,

E = (mi+ kx)x = —cx? < 0. (2.5)

2.3.2 NES System

The equation of motion is written as
mi + cx + kx3 = 0. (2.6)
In order to perform the numerical integration, the equation of motiarass into the

following state space form:

(- [_ e _14 ) @.7)
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where

x; = x andx, = x. (2.8)
The system total energy is given by

E= %ma’cz + %kx‘*. (2.9)
Taking the derivative of the energy equation with respect togines the rate of energy
decay,

E = (m%+ kx®)x = —cx2 < 0. (2.10)

2.3.3 Nonlinear System with Nonlinear Damping

The equation of motion is written as
mi + cx + kx® + dx® = 0. (2.11)
In order to perform the numerical integration, the equation of motiarass into the

following state space form:

: 0 1
R R
where
x; = x andx, = x. (2.13)

The system total energy is given by

E= %mfcz + %kx‘*. (2.14)
Taking the derivative of the energy equation with respect to gines the rate of energy
decay,

E = (m#% + kx®)x = —cx% —dx* < 0. (2.15)
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2.4 Performance Comparisons

For comparison between the performances of each system, theoesguaitimotion,
equations of the total system energy, and equations of systemy emergy were

generated for all three cases. The equations of motion,

Linear mX+cx+kx=0 (2.16a)
NES mi+cx+kx3=0 (2.16b)
Nonlinear with nonlinear damping m¥ + cx + kx3 + dx3 = 0, (2.16¢)

were used to determine displacement as a function of time. TingeRKutta 4
numerical method was used to solve these equations. Parametershasen for a

lightly damped { = 0.075) linear system as shown in Table 2-1.

Table 2-1. System Parameters for Numerical Solutions

System m| k| c| d
Linear 1| 4| 03] O
NES 1| 4, 03 O

Nonlinear with nonlinear damping 1 # 0|3 |2

In performing the analysis, each system was initiallyeat and given an initial
displacement of 1. As shown in Figure 2-2, the frequency of oswmillafieach system is
different. The linear system has a faster oscillation #aqu than the NES system, and

the nonlinear system with nonlinear damping has the slowest tieqilfeequency. The
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displacement of the nonlinear system with nonlinear damping apjeehese smoother
transitions from peak to peak, and the amplitude of the displacemerdtused faster
than that for the linear and NES systems.

Further comparisons between the performances of each system oesadédyy
observing the total system energy as a function of time. dta $ystem energy is

governed by

1 .1

Linear E = mez + Ekx2 (2.17a)
1 .1

NES E= mez + ka‘* (2.17b)
. . 1 1

Nonlinear with nonlinear damping E = mez + 1 kx*. (2.17¢)

By plotting the total energy for each system versus timgurEi 2-3 was obtained.
Initially, the linear system has twice as much energy asttier two systems. Since the
initial velocity is zero, the greater initial system eneiggg consequence of the potential
energy term in the equations. Observing the graphs, it istbl@athe nonlinear system
with nonlinear damping decays faster than both the NES and linear systems.

By taking the derivative with respect to time of the eneegpations, the

eguations representing energy decay,

Linear E = (m& + kx)% = —cx? (2.18a)
NES E = (m& + kx®)x = —cx? (2.18b)
Nonlinear with nonlinear damping E = (m# + kx®)x = —cx? — dx*, (2.18c¢)

are determined. Figure 2-4 shows the magnitude of energy dmcagadh system as a
function of time. The linear system evidently takes the longesttb finish dissipating

the system energy. The NES system energy decay is tlagtethat of the linear system.
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Although the first peak of energy decay on the NES system plotves than that of the
linear system, the slower period of energy decay in the NEi®myallows energy to be
dissipated more rapidly. In contrast to the linear and NESmsgstine plot of energy
decay for the nonlinear system with nonlinear damping shows avedyahigh peak

followed by a rapid decrease in energy decay. Due to theitatigé energy decay, the
system energy is dissipated much more quickly than the otherystenss. Thus, the
nonlinear system with nonlinear damping is more effective aggrissipation than the

linear or NES systems.
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Figure 2-2. Time response of each system
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The results presented in this section have shown that the nonlinesan sygh
nonlinear damping can be far more effective at mitigating vimatihan the linear or
NES counterparts. The motion of the nonlinear system with nonlinegmmgicomes to
rest more quickly than the other two systems. The rapid reduatioeystem
displacement is due to the system energy being dissipated ifashe nonlinear system
with nonlinear damping than in the NES or linear systems. Inclutbngnear damping
in the system clearly can have a dramatic influence on the systeamgpance. Since the
nonlinear damping term is a function of velocity cubed, this termuishrmore effective

at dissipating system energy than a linear damping term.

2.5 Summary

As evident from the examples presented in this section, systersgspg nonlinear
damping characteristics can vastly outperform their linear crparts. In designing a
system, the coefficient of the nonlinear damping term could besohosreduce system
energy much more quickly than a system with only linear dampingacti€ally,

including nonlinear terms allows the designer more options when designing a system.
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2.A Appendix

In MATLAB, the Runge-Kutta 4 method was used to numerically integhsequations

of motion, equations of system energy, and equations of energy déwayease of

explanation, the magnitude of energy decay was determined. Notbdlatergy decay

is always negative; thus the magnitude of energy decay is &mubé energy decay

multiplied by -1. The following code was used to generate the phaiwn in Figure 2-2,

Figure 2-3, and Figure 2-4.

%Numerical Comparison of NES, Linear, and Nonlinear
%Damping Systems

close all
clear all

T=0.001;h=1;c=.3;k=4,m=1;d=2;

t end = 35; %end of time interval
x10=1; %initial displacement
x20 = 0; %initial velocity

t vec = zeros(1,t_end/T + 1);

x1_NES vec =t_vec; x2_NES_vec =t_vec;

x1 Lin_vec =t vec; x2_Lin_vec =t_vec;

x1 NonL_vec =t _vec; x2_NonL_vec =t_vec;
E_NES vec =t vec; E dot NES vec =t vec;
E_Lin_vec =t _vec; E_dot_Lin_vec =t_vec;
E_NonL_vec =t vec; E_dot NonL vec =t vec;

x1 NES =x10; x1_NES_vec(1) = x10; x2_NES = x20; x2
x1 Lin =x10; x1_Lin_vec(1) = x10; x2_Lin = x20; x2
x1_NonL =x10; x1_NonL_vec(1) = x10; x2_NonL = x20;
x20;

E_NES_vec(1) = 1/2*m*x2_NES"2 + 1/4*k*x1_NES"4;
E_dot NES vec(l) = c*x2_NES"2;

E_Lin_vec(1) = 1/2*m*x2_Lin"2 + 1/2*k*x1_Lin"2;
E_dot_Lin_vec(1) = ¢*x2_Lin"2;

E_NonL_vec(1) = 1/2*m*x2_NonL"2 + 1/4*k*x1_NonL"4;
E_dot_NonL_vec(1) = c*x2_NonL"2;

%Runge Kutta 4
%From Fundamentals of Vibrations by Leonard Meirovi

for t=T:T:t end
h=h+1;t vec(h) =t
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_NES_vec(1) = x20;
_Lin_vec(1) = x20;
x2_NonL_vec(1) =

tch, p. 677-679:



%NES System:

f11 = x2_NES; f12 = -(c*x2_NES + k*x1_NES"3)/m;
g1l = T*f11; g12 = T*12;

f21 = x2_NES + 1/2*g12; 22 = -(c*(x2_NES+1/2*g
k*(x1_NES+1/2*g11)"3)/m;
921 = T*21; g22 = T*22;

f31 = x2_NES + 1/2*g22; 32 = -(c*(x2_NES+1/2*g
k*(x1_NES+1/2*g21)"3)/m;
931 = T*31; g32 = T*32;

f41 = x2_NES + g32; f42 = -(c*(x2_NES+g32) + k*
941 = TH41; g42 = T*42;

x1_NES = x1_NES + 1/6*(gl1 + 2*g21 + 2*g31 + g4
x2_NES = x2_NES + 1/6%(g12 + 2*g22 + 2*¢32 + g4
E_NES = 1/2m*x2_NES"2 + 1/4*k*x1_NES™;
E_dot_NES = c*x2_NES"2;

x1 NES vec(h) = x1_NES; x2_NES_vec(h) = x2_NES;
E_NES_vec(h) = E_NES; E_dot NES_vec(h) = E_dot_

%Linear System:

f11 =x2_Lin; f12 = -(c*x2_Lin + k*x1_Lin)/m;
gll = T*f11; g12 = T*f12;

f21 = x2_Lin + 1/2*g12; f22 = -(c*(x2_Lin+1/2*g
k*(x1_Lin+1/2*g11))/m;
g21 = T*f21; g22 = T*f22;

f31 = x2_Lin + 1/2*g22; f32 = -(c*(x2_Lin+1/2*g
k*(x1_Lin+1/2*g21))/m;
g31 = T*f31; g32 = T*f32;

f41 = x2_Lin + g32; f42 = -(c*(x2_Lin+g32) + k*
g41 = T*41; g42 = T*f42;

x1_Lin=x1_Lin + 1/6*(g11 + 2*g21 + 2*g31 + g4
x2_Lin=x2_Lin + 1/6*(g12 + 2*g22 + 2*g32 + g4
E_Lin = 1/2*m*x2_Lin"2 + 1/2*k*x1_Lin"2;

E_dot Lin=c*x2_Lin"2;

x1_Lin_vec(h) = x1_Lin; x2_Lin_vec(h) = x2_Lin;
E_Lin_vec(h) = E_Lin; E_dot_Lin_vec(h) = E_dot_

%Nonlinear System:

f11 = x2_NonL; f12 = -(c*x2_NonL + k*x1_NonL"3
gll = T*f11; g12 = T*f12;

f21 = x2_NonL + 1/2*g12; f22 = -(c*(x2_NonL+1/2
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12) +

22) +

(x1_NES+g31)"3)/m;

1);

NES;

12) +

22) +

(x1_Lin+g31))/m;

1);

Lin;

+ d*x2_NonlL"3)/m;

g12) +



k*(x1_NonL+1/2*g11)"3 + d*(x2_NonL+1/2*g12) A3)/m;
g21 = T*f21; g22 = T*f22;

f31 = x2_NonL + 1/2*g22; 32 = -(c*(x2_NonL+1/2 *g22) +
k*(x1_NonL+1/2*g21)"3 + d*(x2_NonL+1/2*g22) A3)/m;
g31 = T*f31; g32 = T*f32;

f41 = x2_NonL + g32; f42 = -(c*(x2_NonL+g32) +
k*(x1_NonL+g31)"3 + d*(x2_NonL+g32)"3)/m;
g41 = T*f41; g42 = T*f42;

x1_NonL =x1_NonL + 1/6*(g11 + 2*g21 + 2*g31 + g41);
x2_NonL =x2_NonL + 1/6*(g12 + 2*g22 + 2*g32 + 042);
E_NonL = 1/2*m*x2_NonL"2 + 1/4*k*x1_NonL"4;

E_dot_NonL = c*x2_NonL"2 + d*x2_NonL"4;

x1_ NonL_vec(h) = x1_NonL; x2_NonL_vec(h) =x2_N onL;

E_NonL_vec(h) = E_NonL; E_dot NonL vec(h)=E_d ot _NonL;
end
figure
subplot(3,1,1); plot(t_vec, x1_Lin_vec, k' , 'LineWidth' , 2); grid on;
titte(  "\bfLinear System' ); ylabel( \bfDisplacement, \itx' );
subplot(3,1,2); plot(t_vec, x1_NES_vec, -k' , 'LineWidth' , 2); grid on;
title(  "\bfNES System' ); ylabel( "\bfDisplacement, \itx' );
subplot(3,1,3); plot(t_vec, x1_NonL_vec, -k' , 'LineWidth' , 2); grid on;
titte(  "\bfNonlinear System with Nonlinear Damping' )
xlabel(  "\bfTime, \itt' ); ylabel( \bfDisplacement, \itx' );
figure
subplot(3,1,1); plot(t_vec, E_Lin_vec, k' , 'LineWidth' , 2); grid on;
title(  "\bfLinear System' ); ylabel( "\bfSystem Energy, \itE' );
subplot(3,1,2); plot(t_vec, E_NES_vec, -k' , 'LineWidth' , 2); grid on;
title(  "\bfNES System' ); ylabel( \bfSystem Energy, \itE' );
axis([0 t_end 0 2));
subplot(3,1,3); plot(t_vec, E_NonL_vec, k', 'LineWidth' , 2); grid on;
title(  "bfNonlinear System with Nonlinear Damping' )
xlabel(  "\bfTime, \itt' ); ylabel( \bfSystem Energy, \itE' );
axis([0 t_end 0 2));
figure
subplot(3,1,1); plot(t_vec, E_dot_Lin_vec, k', 'LineWidth' , 2); grid
on;
titte(  "\bfLinear System' ); ylabel( "\bf|E Decay]|, \it|dE/dt|' );
axis([0t_end 0 2)]);
subplot(3,1,2); plot(t_vec, E_dot NES vec, -k' , 'LineWidth' , 2); grid
on;
titte(  "\bfNES System' ); ylabel( "\bf|E Decay]|, \it|dE/dt|' );
axis([0 t_end 0 2));
subplot(3,1,3); plot(t_vec, E_dot NonL_vec, -k' , 'LineWidth' , 2); grid
on;
titte(  "\bfNonlinear System with Nonlinear Damping' )
xlabel(  "\bfTime, \itt' ); ylabel( \bf|[E Decay]|, \it|dE/dt|' );
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3.0 Nonlinear Analysis of Nonlinear Energy Sinks

3.1 Introduction

This section analyzes the performance of a selected systanh i8 a modification of
the system studied in “Response regimes of linear oscillatorembaplnonlinear energy
sink with harmonic forcing and frequency detuning” by Starosvetsidy Gendelman
(2008). Starosvetsky and Gendelman (2008) considered a linear systenarwi
attachment consisting of linear damping and cubic nonlinear s8ffneBhis thesis
extends the work to the case of the linear system with thehatient now having cubic
nonlinear damping. Physically, the system under consideration ircésdls corresponds
to a harmonically forced linear structure with a strongly nonliagiachment acting as a
nonlinear energy sink (NES). The equations of motion of the system comi@deration

are given by

Vi + €A~ ¥2)* + (1 + e0)ys +35e(n — y2)* = eAcost
(3.1)
. . . 4
ey, + Ay, — y1)? +§5(}’2 -y1)* =0,

where y; is the displacement of the linear oscillatgs, is the displacement of the
attachmentg/ is the damping coefficientA is the amplitude of external force, asndis
the frequency detuning parameter. From equations (3.1), it is evitlahtthe
nonlinearities appear in both equations as the cube of differenceelatity and
difference in displacement between the linear system and tBe R&r simplicity in this
chapter of the thesis, the terms “damping coefficient”, “amplitnfdexternal force”, and
“frequency detuning parameter” refer to the same parameisr Starosvetsky and

Gendelman (2008), without the coefficient,
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In this thesis, periodic solutions are described in Section 3.2 atidr58@8 with
the use of saddle-node and Hopf bifurcations, respectively. FinallyJusants are

discussed at the end of this chapter.

3.2 Saddle-Node Bifurcation

3.2.1 Saddle-Node Bifurcation Background

The goal of this section is to describe the periodic solutiondefsystem through
examining the saddle-node bifurcations. A bifurcation represents lisatjua change in
the features of a system, such as the number and type of solutioedg “the variation
of one or more parameters on which the considered system depeng$&h(Nad
Balachandran, 1995). By looking at a plot of system parametersa@bspent versus a
scalar parameter, for example), one can often decipher the typfim@iation by visual
inspection. In order to study bifurcations, the system is frequently put in the form

x = F(x;p), (3.2)
in which x is the state vector andis the derivative ok with respect to time. On the
right hand side of (3.2); is called the vector field and is a functionxodndy, a scalar
parameter (Nayfeh and Balachandran, 1995).

For a saddle-node bifurcation to exit,must equal the zero vector, and the
Jacobian of (denoted byD,F) must have at least one zero eigenvalue and the remaining
eigenvalues having nonzero real parts (Nayfeh and Balachandran, 1B8&)first of
these prerequisites is the condition for a fixed point to existhéfixed pointx equals

the zero vector, anxlcan be superficially replaced wi in order to represent the fixed
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point. In addition to the aforementioned two criteria for a saddle-bhddecation, one

final condition must be met. Let

_oF
I’l_au,

(3.3)
with F being am x 1 vector, thu®,F is ann x n vector. For a saddle-node bifurcation
to occur, then x (n + 1) matrix P«F | F,] must be of rank (Nayfeh and Balachandran,
1995).
A simple example of a saddle-node bifurcation (given by Nayfeh and

Balachandran, 1995) involves the system

X =u—x2 (3.4)
whereu is a scalar control parameter. By settingqual to zero and solving far the
fixed points of the system,

x = +/u, (3.5)
are obtained. Figure 3-1 shows a plotxo¥ersusu, with a saddle-node bifurcation
occurring at the origin. This bifurcation is a saddle-node bedhad@ree conditions are

satisfied for this system. The first conditidn iust equal the zero vector) is satisfied by

settingx equal to zero since = F. Taking the Jacobian &f gives

DF =2 = _2y, (3.6)

T ox
and atx = 0,D4xF = 0. Setting
D,F—1=0 (3.7)
gives the eigenvalug = 0. Thus, this system has a zero eigenvalue at the biturcati

point. Finally, solving for

F,=%=1 (3.8)
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the matrix DsF | F,] becomes [0 1] at the poirt= 0, = 0. Since this matrix has only
one linearly independent column, the rank of the matrix is one. Thecdtion is a
saddle node bifurcation because all three conditions have been satisfied.

The plot in Figure 3-1 consists of two branches, each correspomndarg tof the
fixed points. In general, saddle-node bifurcations are charaxehby two branches
terminating at a single point, the bifurcation point. Note thatgtreditative change in
Figure 3-1 occurs at the location where the stable brancls tieetinstable branch. At
the origin, there is a single fixed point solution. However, at gatii@ > O, there are
two solutions; thus we have a qualitative change in the systemabilitg will be
discussed in Section 3.3 with the study of Hopf bifurcations, as thislédgevis not

necessary for understanding the saddle-node bifurcation impact on number of solutions.

2 T T
stable
1.5} | ===== unstable
1p------ P r
0.5F------F------b--ombo o
<o
05F------F-----b
e
T N
2 | |
-2 -1.5 -1 -0

Figure 3-1. Saddle-node bifurcation given by equation (3.4)
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3.2.2 Saddle-Node Bifurcation Analysis for the Linearly Damped Sysm

Armed with a general understanding of saddle-node bifurcationgdhe of this section

is shifted to the system with linear damping given by

yi+ eA(y; — ¥,) + (1 + o)y, + %e(yl —y,)3 =¢eAcost
(3.9)
&y, + €Ay, — Y1) +§3(J’2 -y)d=0.

The following derivations are based on the work done by Staragvatel Gendelman

(2008). By making a change of variables according to

V=y;+&Y,, W=y —Y,
Y1 TEY2 Yi— Y2 (3.10)
pet =v+iv, @ett =w+iw,

and omitting exponential terms from the resulting set of equate@s;an rewrite the

system as
. i€ ieo A

¢+ m(‘h —@3) — 2(1te) (p1tepy) = >

and (3.11)
@, + @ﬁﬂz + 2(1;;5)((” —®1) — %((Pl + £¢,) —%(1 +O)lp;|%p, = ?-
Setting the time derivatives of equation (3.11) to zero gives
ie ieo A

201te) (10 — P20) — 201te) (P10 + €@20) = X

and (3.12)

A(1+¢) i iso
5 P20 + 2018 (¢20 — P10) — 2018 (@10 + £¢20)

' A
—é(l + &) @a0l? @20 = g?'

wheregi1o andgyo are the fixed points of the system. The equations (3.12) lead to

_ (1+e0)@zo—i(1+€)A
- 1-o0

(3.13)

P10
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and

o? 20 A2
[Az + (1_0)2] lpa0l? + 1-0) l@20l* + @20l = -2 (3.14)
As a simplification, equation (3.14) can be rewritten as
CZlZ + CZZZZ + a3Z3 + 0{4 = O, (315)
where
2 2 a?
|(p20| =Z! a =41 +(1_0-)2
(3.16)
20 —A?
0{2 S E, 0{3 S 1, (l4 = (1_0_)2.
Taking the derivative of equation (3.15) with resped tpves
3“322 + 20(2Z + (ll = 0 (3.17)

EliminatingZ from equations (3.15) and (3.17) as shown in Section 3.A.1 gives

2 3
—ay a22—3a1a3 —ay a22—3a1a3 —ay a22—3a1a3
@y = —ay (S22 p VOG0 o (D g JeRne) (0 g Jatas) (g 1g)
3a3 3a3 3a3 3a3 3“3 3“3

The expression given in equation (3.18) represents the boundary of the-rsaklle
bifurcation, which separates regions of one periodic solution frononggf three
periodic solutions. From equation (3.18), Figure 3-2, Figure 3-3, anaeF834 were
generated. The boundary can be checked by substituting valuds aiod A into
equations (3.16) and (3.18), then determining the number of real perddatioss. For
example, from Figure 3-2, choosiag 0.3 andA = 1 falls within the region of three real
periodic solutions. However, far= 0.3 andA = 0.2 there is only one real periodic

solution.
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2.5¢

A=03 A=17
Z1 =2.0178
2r Z2 = 0.49112-0.34186i
Z3 = 0.49112+0.34186i
*
1.5F
< A=03 A=1
Z1 =1.7329
1L Z2 =1.1406 &
Z3 = 0.12648
0.5+
A=03 A=02
Z1 = 1.4979-0.28908i
* 22 = 1.4979+0.28908i
23 = 0.0042971
0 L L L L L L L L L |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
A

Figure 3-2. Saddle-node bifurcation fer= 3 (linear damping)
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Figure 3-3. Saddle-node bifurcations for positive values @inear damping)
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Figure 3-4. Saddle-node bifurcations for negative values @inear damping)

3.2.3 Saddle-Node Bifurcation Analysis for the Nonlinearly DampedyStem

Continuing the analysis of saddle-node bifurcations, this section fooustge system
with nonlinear damping, given by equation (3.1). The following derivatimbased on
the work done by Starosvetsky and Gendelman (2008). By making a affaragables

according to
v=Y1t&Y;, W=y —Y

(3.19)
pet =v+iv, @ett =w+iw,
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and omitting exponential terms from the resulting set of equate@ssan rewrite the

system as

. ie A

P11+ 5re (P~ @2) - 2(1+s) s (91 +€92) = —
and (3.20)

¢yt /1(1 +8)l,|%p, + m( 2= ®1) — 2(1+8) —— (1t e;) — —(1 + O, 20, = ﬁ-

Setting the time derivatives of equation (3.20) to zero gives

2(1+8) ——(¢10 — P20) — 2(1+8) —— (@10 T €920) =
and (3.22)

5 . .
gl(l + 5)|‘P20|29020 + ﬁ (¢20 — P10) — %((Pm + £¢30)

' A
—%(1 + &)|@a0l?@20 = 87,

wheregio andgyo are the fixed points of the system. The equations (3.21) lead to

_ (1+e0)@zo—i(1+€)A

P10 1-o (3.22)
and
% l@aol? + (12_66) l@aol* + —/12 + 1] la0l® (1A;2- (3.23)
As a simplification, equation (3.23) can be rewritten as
a,Z + ayZ? + azZ® +a, =0, (3.24)
where
lp20l®> =2, a; = %
(3.25)
a, :12__06’ s =%/12+1, a4=%.
Taking the derivative of equation (3.24) with resped tpves
3a3Z% + 2a,Z + a, = 0. (3.26)
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EliminatingZ from equations (3.24) and (3.26) as shown in Section 3.A.2 gives

2 3
-y a22—3a1a3 —ay a22—3a1a3 —ay 0(22—30(10(3
@y = —ay (S22 pVeT0G) g (D g JeRne) (0 Jatasm) (g g7)
3a3 3a3 3(13 3(13 3“3 3“3

The expression given in equation (3.27) represents the boundary of the-rsadklle
bifurcation, which separates regions of one periodic solution frononggf three
periodic solutions. From equation (3.27), Figure 3-5, Figure 3-6, analeF8y7 were
generated. The boundary can be checked by substituting valuds aiod A into
equations (3.15) and (3.27), then determining the number of real perdatioss. For
example, from Figure 3-5, choosiag 0.3 andA = 1 falls within the region of three real

periodic solutions. However, far= 0.3 andA = 0.2 there is only one real periodic

solution.
2.5-
2 L
A=03 A=17
Z, =1.9307
+ Z,=0.46237-0.37736i
Z, = 0.46237+0.37736i
1.5+
< A=03 A=1
Z,=16338
1h =1.0878 4«
Z,=0.13389
0.5F
A =03 A=0.2
Z, = 1.4255-0.31117i
% Z,=1.4255+0.31117i
= 0.0044711
0 | | | ZS | | | | | | |
0 00 02 03 04 05 06 07 08 09 1
A

Figure 3-5. Saddle-node bifurcation fer= 3 (nonlinear damping)
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Figure 3-6. Saddle-node bifurcations for positive values ¢honlinear damping)
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Figure 3-7. Saddle-node bifurcations for negative values @fonlinear damping)

54



3.2.4 Discussion of Results for Saddle-Node Bifurcations

From inspection of Figures 3-2 through 3-7, it is evident thatatdls-node bifurcations
all have the same shape for the various chosen values faditionally, by observation
of the saddle-node bifurcation diagrams, the valuA @dr the fixed points increases as
the magnitude of increases.

In Figures 3-2 and 3-5, the solutions are shown at three differents aai
a spot-check of the different regions. For amndA within the region bounded by the
two curves, all three periodic solutions are real. However, fdraldA outside of this
region, only one of the three periodic solutions is real, and the othdrawe imaginary
components. Figures 3-3, 3-4, 3-6, and 3-7 represent the same scenaailopefiodic
solutions for varying values of

Comparing the boundary of the saddle-node bifurcation for the linearly
damped system (Figure 3-2) with that for the nonlinearly damsgsttm (Figure 3-5),
there has been a clearly visible qualitative change. For bainsyseach branch starts
off at approximately the same initial value fo= 0. The upper branch of the linearly
damped system shows a more well-defined concave shape as opposed to the ugper branc
of the nonlinearly damped system. Conversely, the lower brancle théarly damped
system appears more linear than the curved shape of thedoaverh of the nonlinearly
damped system. Lastly, it can be seen that the two branchesgmifwea lower value
of 1 for the nonlinearly damped system than for the linearly dampéensysThe same
qualitative trend is apparent for different values of sigmalepicted in Figures 3-3, 3-4,

3-6, and 3-7. These plots show that with an increasing magnitude tbére is an
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increasing trend in the amplitud®, However, there is one exception to this trend, since

in the nonlinearly damped system the amplitudesferl.2 is greater than that fer= 2.

3.3  Hopf Bifurcation
3.3.1 Hopf Bifurcation Background

The purpose of studying Hopf bifurcations in the context of thisghesio determine
regions of stability of the periodic solutions. Similar to saddlde bifurcations, Hopf
bifurcations represent a qualitative change in the systema Hopf bifurcation to exist,
the vector fieldF, given in equation (3.2), must equal the zero vector. When the vector
field F is equal to the zero vector, let= xoandu = .. Hence, another necessary
criterion for a Hopf bifurcation is that the JacobiarFofdenoted byDsF) must have at
least one “pair of purely imaginary eigenvalues, while all obiteer eigenvalues have
nonzero real parts atXd; uc) (Nayfeh and Balachandran, 1995). The final condition for a
Hopf bifurcation is that the derivative of the real part of tigerevalues with respect fo
does not equal zero at

An example of a Hopf bifurcation was presented by Nayfeh anacBahdran

(1995). With the scalar control parameigthe following system is considered:

x = px — wy + (ax — By)(x* + y?)

(3.28)
y = wx + uy + (Bx + ay)(x? + y?).
The system given in equation (3.28) can be written in the form
X
{y} = F(x,y; ), (3.29)
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where the vectdF represents the right hand side of equation (3.28). Taking the Jacobia

of F from equation (3.29) gives

_| ox ox | _|9x oy
DoF = oty aren| = |ow oy (3.30)
ax dx dx dy

Thus,

U+ 3ax? +2pxy + ay? —w —3By? + 2axy — fx?

D,F =
x w + 3Bx% + 2axy + By?  u+3ay? + 2Pxy + ax?

(3.31)

From inspection of equation (3.28), it is obvious that (0,0) is a fixed peg#use at this

conditionx = 0 andy = 0. For this fixed point, the Jacobian reduces to
_[r T
D= ) (3.32)
The eigenvalues are found by taking the determinand.6f — A[l] and setting the
expression equal to zero. Thus,

|"_’1 Y 1=0. (3.33)

w u—A
Taking the determinant in equation (3.33) and solving the charactexigiation fori
gives the eigenvalues

Ao =ptio. (3.34)
As shown by Nayfeh and Balachandran (1995), the condition for the desiatithe
eigenvalues with respect fonot being equal to zero is satisfied since

i _ g (3.35)

di,
m and s 1.

For a Hopf bifurcation to occur, the eigenvalues must be pureginary. Thus, letting
K = 0, the eigenvalues become

AHopf 1,2 = tiw. (3.36)
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In order to create the bifurcation diagrams, first equations (3r28¢amverted to polar
form using the relations
x =rcos6f andy = rsin6. (3.37)
The system equations then become
r=ur+ ard
(3.38)
0 =w+ fpre.
Fixed points are determined by setting the time derivativesjuation (3.38) equal to

zero. Solutions for the trivial and nontrivial fixed points are
r=0andr=ii\/§, (3.39)

respectively. The Jacobian is found from
D.F = Z—i = % = u + 3ar?. (3.40)
The eigenvalues are determined by setiglg —A[I] equal to zero and solving far
Thus,
A=u+3ar?. (3.41)
For the trivial fixed point, equation (3.41) reduces to
Ar=0 = W, (3.42)
and for the nontrivial fixed points, equation (3.41) becomes
Anontrivial = —2H- (3.43)
The corresponding bifurcation diagrams for the fixed points fromteoué3.39) are
presented in Figure 3-8 far= -1 and Figure 3-9 far = 1.

From inspection of Figures 3-8 and 3-9, the Hopf bifurcation occupseascted

atp = 0. At this point, there is a qualitative change in theesyshamely, the number of
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solutions and stability. Fer = -1 as shown in Figure 3-8, any given negative valye of

results in one stable solution, while any given positive valug sults in two stable

solutions and one unstable solution. Note that stability was addegsbhe sign of the

real part of the eigenvalues, based on equation (3.42) for the trixesml point and

equation (3.43) for the nontrivial fixed points. Negative real peessilt in stable

solutions, and positive real parts result in unstable solutions. Aasirbut different,

scenario from Figure 3-8 is depicted in Figure 3-%ferl. In this case, a positive value

of p results in a single unstable solution, but negative valugsre$ult in two unstable

solutions and one stable solution.

15 -

05F -

05F---

-1.5

Figure 3-8.

Bifurcation diagram of system (3.28) in polar formdos -1.

= stabte;= = = = unstable
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0.5

-0.5

-1.5

Figure 3-9. Bifurcation diagram of system (3.28) in polar formdos 1.

3.3.2 Hopf Bifurcation Analysis for the System with Linear Damping
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For the dynamical system given by equation (3.9), let

@1 = @10t 61, @2 = @30+ 63,

(3.44)

and substituting into equations (3.11) while omitting the nonlinear terms gives

ie ico

61 =_m( 52)+2(1+ )(51 + £68),
67 = 2(1+£) 20+e) 01 ~02) — z(Lfi )(61 +£62),
8y = =208, — = (8, = 1) + 5o (81 + £82)
+i(1+ &) yol?8, + i(12+£) 0202683,
8y = — 2D 55 4 L (85— 67) — =0 (5] + £67)

2 2(1+ ) 2(1+¢)

L(1+£)

—i(1+ &)|pyl*8;5 — 0°8;.
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The characteristic polynomial can be written as
pr vl + v’ +ysp+y, =0, (3.46)

whereu are the eigenvalues, and

l@20l = Nag,  Nao* = 0202030, (3.47)
y1 =41 +e),
3 3 3 1 1
Y2 = (EE +2 +Z£2)N204 + (e20 — 1)Ny* +ZAZ(£ + 1)2 +Z(EZUZ + 1),

Y3 = %AE(SO'Z + 1),

Va = %82(1 — 0)2Nyo* + %820'(1 — 0)Ny” + iez[(l —0)%1* + o).
For the Hopf bifurcation to occur, we must have
U= +iQ, (3.48)
in which  is a real number. Substituting equation (3.48) into equation (3.46) and
separating into real and imaginary parts gives
Q*—p,0% 4y, =0, Q0% —y3)=0=0%= Z—j (3.49)
Substituting the relation fa? into the first equation of equation (3.49) gives
Y32 = V2¥3¥1 +vav1? = 0. (3.50)
MATLAB was used to determine the coefficients for
vz2 + vz +v; =0, (3.51)
based on equation (3.50). Solving zon equation (3.51) gives

SN T (352)

VA =
12 2171

and from equation (3.15), the boundaries of stability are given by

azi+ @75 Y azzd +a, =0, z;=7Z= NZOZ; i=1,2. (3.53)
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Refer to Section 3.A.4 for details on the remainder of the/sisa Figures 3-10 through

3-14 depict bifurcation diagrams, amplitude-response, and frequency-resporibe

system.

A

Figure 3-10. Hopf bifurcation foro

0.5,6 = 0.05 (linear damping)
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A

= 0.2 (linear damping)
unstable

0.5,6=0.054

Figure 3-11. Amplitude-response far

Stabi@s s s x sk %

A
Figure 3-12. Hopf and saddle-node bifurcations $éor 1.2,& = 0.05 (linear damping)

Hopf

saddle-node;= = =
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05F- -
0

A

= 0.2 (linear damping)
unstable

1.2, =0.054

Figure 3-13. Amplitude-response far

Stabhes s s %%k %

o

0.2 (linear damping)

unstable

Figure 3-14. Frequency-response fAr= 0.4, = 0.05,4

*******

stabte
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3.3.3 Hopf Bifurcation Analysis for the System with Nonlinear Dampig
For the dynamical system given by equation (3.1), let

@1 = @10+ 01, @3 =@y + 8, (3.54)

and substituting into equation (3.20) while omitting the nonlinear terms gives

: ie ieo
61 =~ i (61 = 82) + 55 (61 + £62),

' o (3.55)
61 = 2(1+£) —— (61 — 83) — 2(14e )(51 + £63),

i

. 31(1
8, = _m( —6)+ z(li(rI )(51 +&6;) — ( +e) |9201%8; + i(1 + €)|@20]*8, —

3A(1+¢€)
8

«  i(1+e) *
920765 + == ¥20°83,

Ly i 3/1(1+ ) . .
0z = 2(1l+s)( 1)_ = (61 +¢6;3) = : l9201285 — i(1 + £)|@20]?85 —

3A(1+¢) i(1+¢)

®20 52 ®30 52

The characteristic polynomial can be written as

#4 + ]’1/13 + Vzll2 +ysu+y, =0, (3.56)

whereu are the eigenvalues, and

l920l = Nog, Nao* = 0202030°, (3.57)

yl = A(l + E)l
3 3 3 1 1
Y, = <2 £+-— 2 + 26 )N204 + (€20 — 1)N,,” +ZAZ(£ + 1)? +Z(EZUZ + 1),
Y3 = %/18(80‘2 + 1),
3 1 1
)/4 = 582(1 - O-)2N204 + 2820-(1 - O-)NZOZ + Egz[(l - 0-)212 + 0-2].
For the Hopf bifurcation to occur, we must have

u = tifl, (3.58)
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in which  is a real number. Substituting equation (3.58) into equation (3.56) and
separating into real and imaginary parts gives
0 =702 +y, =0, AN’ -y)=0=0"=2 (3.59)
Substituting the relation fa? into the first equation of equation (3.59) gives
Y32 = Y2¥s¥1 +vavi® = 0. (3.60)
MATLAB was used to determine the coefficients for
vz + v,z +v3 =0, (3.61)
based on equation (3.60). Solving Zon equation (3.61) gives

S (362

Zl,Z = 20,
and from equation (3.24), the boundaries of stability are given by

a1z + 2%+ azzP +a, =0; z; =7 =Ny’ i=1.2. (3.63)
Refer to Section 3.A.5 for details on the remainder of the/sisa Figures 3-15 through

3-19 depict bifurcation diagrams, amplitude-response, and frequency-resporibe

system.
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A

0.5,6 = 0.05 (nonlinear damping)

Figure 3-15. Hopf bifurcation foro

= 0.2 (nonlinear damping)
unstable

0.5,6=0.05,4

Figure 3-16. Amplitude-response far

Stald@s # # # %%
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3.5

2.5

15

0.5

A
Figure 3-17. Hopf and saddle-node bifurcations #or 1.2,& = 0.05(nonlinear damping)

Hopf

saddle-node= = =

[ R

3.5

05F- -
0

0.4

0.2

0.2 (nonlinear damping)

unstable

1.2,6=0.054

Stab e s & %% %% %

Figure 3-18. Amplitude-response far
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Figure 3-19. Frequency-response fAr= 0.4, = 0.05,4 = 0.2 (nonlinear damping)
— = Stabhegxsxskskrx = unstable

3.3.4 Discussion of Results for Hopf Bifurcations

Figures 3-10 and 3-15 show the boundary of the Hopf bifurcatigiiispace for = 0.5

for the linearly damped and nonlinearly damped systems, resggcti The unstable

region is bounded by the curve, and the stable region is the area outside the boundary. As
shown in Figures 3-11 and 3-16, the regions of stability are comfirm&-N,, space.

Note thatN is related to the response of the system dipgg=N,,. To determine
stability in Figure 3-11, the sign of the real part of thgeevalues was evaluated.
Positive real parts indicated unstable regions, and negative mgalipdicated stable

regions.
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Similarly, Figures 3-12 and 3-17 show regions of stability of Hogpf
bifurcation, but now the saddle-node bifurcation is plotted as wellthitncase, the
frequency detuning parametet,is equal to 1.2. For the parameters chosen, the saddle-
node bifurcation also represents a boundary of stability. Verdica& shown in Figures
3-13 and 3-18 foi = 0.2. As before, the values of the Hopf bifurcation from Figures 3
12 and 3-17 at = 0.2 represent the unstable regions shown in Figures 3-13 and 3-18,
respectively. The same is true for the saddle-node bifurcdtommnsin Figures 3-12 and
3-17, which depicts another unstable region on the response curve in Bidiliesd 3-

18, respectively. Similar to the previous case, stability wessasd by checking the sign
of the real parts of the eigenvalues.

Dependence of the response on the frequency detuning parameter is
depicted in Figures 3-14 and 3-19. Eigenvalues were used agajaltate stability as
shown on the response curve. Note that this frequency-response curve s@aot-be
checked for chosen parameters. For example, in the nonlinearhedaystem, taking a
point in the unstable region from Figures 3-15 and 3-16/ sa§.2,6 = 0.5, andA = 0.4,
this location corresponds to an instability on the curve in Figure 3S1®ilarly, taking
the stable point = 0.2,0 = 1.2, andA = 0.4 from Figures 3-17 and 3-18, this point is
represented as a stable region of the response shown in Figues3vé8l. Due to these
spot-checks, agreement between the bifurcation diagrams, amplitpdeses and
frequency-response has been validated for the chosen paraniéterspot-check can be
applied in a similar manner to the plots shown for the linearly damped system.

The Hopf bifurcations of the linearly damped system appeartaginaiy

different from those of the nonlinearly damped system. Compdiiggre 3-10 with
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Figure 3-15, it is evident that although both plots begin with theesamplitude at = 0,
the shapes of the plots are clearly different. The plot givenigard- 3-10 appears
roughly symmetrical about approximately= 0.65, while the plot for the nonlinearly
damped system given in Figure 3-15 shows a more decreaswdgofréhe upper branch
and a more leveling trend of the lower branch. In addition, the nornilinéamped
system bifurcation point occurs at a higher valué tfan that of the linearly damped
system.

Comparing Figure 3-11 with Figure 3-16, there is no apparent chiange
the response between the linearly damped and nonlinearly damped dgstdmashosen
parameters. However, the boundary of the bifurcations shown in Fignir2sand 3-17
are qualitatively different. In the linearly damped systemcam be seen that the
amplitude for the Hopf bifurcation is contained within the amplitudéhnefsaddle-node
bifurcation. However, in the nonlinearly damped system, the amplatidee Hopf
bifurcation extends past the boundary of the saddle-node bifurcation. Hamngecis
attributed more to a change in the saddle-node bifurcation than théiflophtion since
in the nonlinearly damped system, the saddle-node bifurcation point atcartower
value of/ than that for the linearly damped system.

The responsdy,o, shown in Figure 3-13 is qualitatively similar to that
shown in Figure 3-18. For the chosen parameters, the only apparerdndéfen the
plots is the value of the amplitud&, at which the upper part of the response changes
direction. In the nonlinearly damped system, this change of diremticurs at a higher

amplitude than that for the linearly damped system.
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The frequency response plots for both systems (shown in Figures 3-14 and
3-19, respectively) are qualitatively similar as well. Theahlgt changes in the response
characteristics are that for the nonlinearly damped systemypper part of the lower
response changes direction at a lower value @fs opposed to the linearly damped
system. Additionally, the upper response of the nonlinearly dampg¢ehsyas a lower

range of responsel,,, ands than that for the linearly damped system.

3.4 Conclusions

As demonstrated in this chapter, the nonlinearly damped systera guaditatively
different results than the linearly damped system. By singplying the velocity
difference in the linearly damped system equations, the sylséenbeen modified to
produce clearly different results for chosen parameters. Td® notable differences
appear to be the location of the bifurcation points, which set thd fia the plots.
However, the modification of the linear velocity difference to thibic velocity
difference also changed the appearance of the plots for the -sadideéifurcations and

chosen parameters for the Hopf bifurcation.
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3.A Appendix

3.A.1 Saddle-Node Bifurcation Equation Derivations (Linear Damping)
The system is given by

Vi + eA(yy — ¥o) + (1 + e0)y, + %5(3’1 —y,)® =¢€Acost
, (3.64)
ey, + AV, — Y1) +§€()’2 -y)®=0.

Let
V=Yt €Yy W=V~ Y2 (3.65)
Making substitutions of the second equation of equations (3.65) into equations (3.64)

gives

Y1+ elw+ (1 + o)y, + §€W3 = gAcost
(3.66)

£y, — eAw — §£W3 = 0.
From the second equation of equations (3.65) and the second equation of equations
(3.66), the following can be written:
Vo= WYy, Yo =AW+ Iwd (3.67)
Combining equations (3.67), gives
¥ =w+/1w+§w3. (3.68)
From the first equation of equations (3.65) and the first equation of equations (3.66), we

can write
ey, =v—vy,, y;=¢cAcost—elw—(1+¢e0)y; — §€W3. (3.69)
Combining equations (3.69) results in

ey, =V —¢eAcost+ eAw + (1 + o)y, + §€W3. (3.70)
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In order to eliminate thg, term from equation (3.70), equations (3.65) can be combined,
resulting in

y, = LW (3.71)

1+’

and substitution of equation (3.71) into equation (3.70) leads to

ey, =1V —¢eAcost + eAw + (1 + €0) v::/ + §£W3. (3.72)

Substituting equations (3.68), (3.71), and (3.72) into equation (3.66) results in

ﬁ+(1+£0‘)%=&4€05t

(3.73)
w+ (1 +ea)vl+%+ (1 +£)Av'v+§(1 + &)w3 = A costt.
Let
pet =v+iv, @ett =w+iw. (3.74)
Rearranging equation (3.74) fer andg, gives
0, = @W+iv)e ™ and ¢, = (W +iw)e ¥, (3.75)
with the complex conjugates
;= W —iv)e and @; = (W —iw)e™. (3.76)
Also, it easily can be verified that
O, = (B +v)e ™, @, =W +w)e . (3.77)

Expanding the first equation of equations (3.73) and rewriting the cosine term on the

right-hand side of the equation gives

p4 Qrea,,  Areo) ., (et + e7i), (3.78)
1+¢ 1+¢ 2

Further manipulation of the right-hand side of the equation gives

(1+¢€0) v+ (1+€0)

.. _ €A —2ity it
U+ T W= 1+ e “H)e™. (3.79)
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Multiplying both sides of equation (3.79) by gives

(1+sa)
+e

(1+sa)

_Lt 4T —lt 4 We—it — %(1 + e—Zit)' (380)

Equation (3.80) can be rewritten as
B+ v)e ™ + [(Hw) 1] it 4 (1+€:) ewe™it = %(1 +e72t).  (3.81)

Substituting the first equation of equation (3.77) into equation (3.81) and rewriting term

gives

. (1+¢&0) _ 1l4e —it [ 82_(, it _ €A it
P1 ¥ 1+¢ 1+s] + 1+¢ + 1+ ewe -5 (1 +e ), (3.82)

which reduces to

. (sa s) —Lt 52_(7 —it 2 it
g1+ 2ve 4 [T+ S we T = T (14 €7, (3.83)

Equation (3.83) can be rewritten as
¢, + %(U + ew)e ¥ + i (w—v)e i = %(1 + g2ty (3.84)
Making use of equations (3.75) and (3.76) to eliminaadw from equation (3.84)

results in
61+ 5= (—01 — £, + @ie 7 + epze)
. (3.85)
+ﬁ(<ﬁ1 — ¢, —pieT2 + preT)
=21 +e72,
Expanding the second equation of equation (3.73) and rewriting the cosine term on the

right-hand side of the equation gives

W+ (1+sa)v n (1+eo) w+ (1+ &) +2 (1 +eowd = %(1 + e2itypll, (3.86)

1+¢& 1+¢
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Using equation (3.77), the second derivativev@ian be eliminated as

(1+sa) (1+EO’)
1+¢ 1+¢

(pre't —w) + w+ (1 + &)Aw + - (1 + w3 (3.87)
= %(1 + e 2ttt
Multiplying both sides of equation (3.87) by and rewriting gives
R A —it 4 €9 —it =it
@, —we Tt + — (w+ew)e ™+ — w+ew)e ™+ (1 +e)Awe™
(3.88)
+- (1 + )wde = (1 + e~2it),

Combining terms in equation (3.88) gives

¢, + i [v+ew—w(l+¢)]e ™ + (v + ew)e H + (1 + &)Awe ™4

(3.89)
+- (1 + ewie it = (1 + e~2it),
Equation (3.89) can be reduced to
@, + ﬁ [v—w]e i + (v + ew)e H + (1 + e)Awe™
(3.90)

+§(1 + e)wie i = %(1 + e,
Making use of equations (3.75) and (3.76) to eliminaadw from the second and third
terms in equation (3.90) results in

. i Y . —oi
P2+ 3070 (02 — @1 + @ie ™2 — gje7?)

(3.91)
B z(if:e) (@1 + €9, — @ie 2t —epse2it)
+(1 + &)Awe ™ + = (1 + e)wde it = (1 + 72it),
But
et = 3 (g2 + @3e 7). (3.92)
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Also,

we ™t = =2 (g, — p3e i), (3.93)
and
(we )’ = [~L (02 — g3e2)] . (3.94)
Thus,
(we™€)” = 2 (02° — 03’7 — 39,2030 720 + 3,576 40, (3.95)
Noting that
wle—it — (We—it)s)ezit, (3.96)
we now have
wieTit = = (et — p3%e 4t — 30,205 + 30,0577, (3.97)

Substituting equations (3.92) and (3.97) into equation (3.91) gives

¢2 + _2(1l+g) (92 — @1 + pie 2 — pje~2") (3.98)

. — L . o
_ 2(118:8) ((Pl + e, — pie Mt —gpje th) +(1+e)A [E (¢, + @3e th)]

42 (1 n 8)[ (0,3e%t — @334t — 30,205 + 3<p2(p§26_2it)] _ %(1 + e72it),
Omitting the exponential terms from equations (3.85) and (3.98) based on the

justification in Section 3.A.3.1 gives the averaged system

. e EA
G1 + e (1 — 03) — 2 (1 + £¢p,) = 2
2(1+¢) 2(1+¢) 2 (3.99)
. A(1+g) i
Po =5 P2+ 505 (P2 — 1) - —z(m) (@1 +£9,)

[ A
—; 0+ Dlps 20, ==
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Setting the derivatives of equation (3.99) to zero gives

ie ico €A
201+0) (@10 — @20) — m(fpm + e@y) = Py

(3.100)
A(1+¢) j j
2+€ P20 T ﬁ (920 — ®¥10) — % (@10 + €920)
i 2 _ EA
—5(1 + &) @20l“ P20 = ry
We can rewrite the first equation of equations (3.100) as
ie ico ie ie?o €A
[2(1+s) N 2(1+£)] P10~ [2(1+s) + 2(1+£)] P20 = 5 (3.101)
Then, after reducing equation (3.101) and rearranging, we have
L
TS (1—-0)p10 = 2(1+8) —— (1 + e0)py + —. (3.102)
Dividing equation (3.102) bfl-0) gives
i 1 A
20+ P10 = 15 [2(1+£) (1 +20)@z0 + ] (3.103)
Multiplying both sides of equation (3.103) B{1 +¢) / i gives
_ (1+ea)pao—i(1+8)A (3.104)

P10 = e

Substituting Eq. (3.103) into the second equation of equations (3.100) gives

A(1+¢) i L[
2 P20 2(1+s)(p20 1-0

(1 +£0)9z0 +3| (3.105)

2(1+¢)

A 2 A
% [2(1+g) (1+e0)pz + ] e 0) P20 — (1 + )| @20l* 920 = %

2(1+¢
Multiplying both sides of equation (3.105) by 2 and separating real and imaginary

coefficients ofp,o gives

1+&0 co(1+eo) 20

AQL+ &)z +1 [1+£ Gmoaro a-oars e (L ElP2l ](on

(3.106)
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Equation (3.106) may be further reduced to

1-e02 1+eo+e0(1+€0)

/1(1‘|‘5)(P20‘*‘i[1_|_g T T —oare —(1+€)|(P20|2]‘P20'

Ago

=ed+ -+,

-0 1-¢’
then to
. [(1-g02)(1-0)-1-2
A(1+5)<P20+l[( = )(1+:)(1 O,)EJ o’ — (1 + &)@zl ]‘on.
=Ale+ =+
1-0 1-0
followed by

—g20-2e0-0

AL+ &)y +i [m— (1 + &)l ](on = A[

1+sa]

Continuing with the reduction,

[ —o(+e)? 2 _ £(1-0)+(1+e0)
A1 +e)py +i @ o0 (1 + &)@zl ]‘on =A [—(1_0)
Dividing by (1 +¢) gives
o(1+¢)? _ 2 _ e+1
Ap20 +1 [(1+8)2(1 -0) l(p20| ](pzo - (1—0)(1+8)]'
Thus,
. A
A@ao — i [ﬁ + |9020|2] P20 = 75
Referring to the derivation in Section 3.A.3.2, we can write
AZ
[AZ = )2] l20l% + |<P20| + @0l® = o)

Equation (3.113) can be rewritten as

alz‘l‘a’zzz +a3Z3 + ay, = 0,
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where

2
lp20l> =Z, a; =27 +(13-_o.)2
(3.115)
20 —A2
a, = E, asz = 1, ay = (1_0_)2.
Taking the derivative of equation (3.114) with respe& ¢gives
3a32% + 20,7 + a; = 0. (3.116)
Next, equation (3.116) is solved fBusing the quadratic formula:
7 = 2% J@'3mas (3.117)

3(13 - 3a3
Substituting this expression f@rinto equation (3.114) gives the equation representing

the saddle-node bifurcation boundary:

2
-a Jaz2-3a,a -a Jaz2-3a,a
a4:—a1(3a2i 23 13)—052( Zi 2 103
3 as 3“3 30_’3

(3.118)
—as (_“2 + \/“22_3“10-’3)3.

- 3a3

3.A.2 Saddle-Node Bifurcation Equation Derivations (Nonlinear Damig)
The nonlinearly damped system is given by

Vi + €A~ ¥2)* + (1 + e0)ys +35e(n — y2)* = eAcost
(3.119)
. . . 4
Y2 + €AY, —¥1)° +5e(y2 —¥1)° = 0.

Let

v=y,+EY,, W=y —Y,. (3.120)
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Making substitutions of the second equation of equations (3.120) into equation (3.119)
gives
yi+eawd + (1 +e0)y, + §€W3 = gAcost

(3.121)

ey, — elw3 —§€W3 = 0.
From the second equation of equations (3.120) and the second equation of equations
(3.121), we can write
Vo= WAYs, Yo =Awd +owd, (3.122)
Combining equations (3.122), we have
Yy =W+ w3 +§w3. (3.123)
From the first equation of equations (3.120) and the first equation of equations (3.121),
we can write
ey, =D —yi, ¥i=eAcost—ehw — (1+e0)y; —zew®.  (3.124)
Combining equations (3.124), we have
ey, =V —eAcost +eAwd + (1 +e0)y; + §£W3. (3.125)
In order to eliminate thg, term from equation (3.125), equations (3.120) can be

combined, resulting in

y, = L (3.126)

1+¢

and substitution of equation (3.126) into equation (3.125) leads to

ey, =V —cAcost+ eAwd + (1 + EO’)% + §£W3. (3.127)
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Substituting equations (3.123), (3.126), and (3.127) into equations (3.121) results in

v+ew

v+(1+£) —sAcost
(3.128)
w+ (1+¢o )v+gw + (1 + &)Aw3 +§(1 + &)w3 = €A cost.
Let
piet =v+iv, @.e’t =w+iw. (3.129)
Rearranging equations (3.129) f@randg, gives
01 =@+ iv)e ™, @, =+ iw)e (3.130)
with the complex conjugates
;= (W—iv)e’, @3 =W —iw)e. (3.131)
Also, it easily can be verified that
$1= (B +v)e ™, ¢, =W+we (3.132)

Expanding the first equation of equations (3.128) and rewriting the cosine term on the

right-hand side of the equation gives

5+ (1+&0) v+ (1+¢€0) ew = A (eit + e—it). (3.133)
1+¢ 1+¢ 2

Further manipulation of the right-hand side of the equation gives

o QXD | Q¥e0) o) = 24 4 gm2ityeit (3.134)
1+¢ 1+e¢ 2

Multiplying both sides of equation (3.134) bY gives

(1+sa)
+e

et 41— pe it 4 (1+E:) swe it = % (1 + e™2i), (3.135)
Equation (3.135) can be rewritten as

(B +v)e ™ + [(Hf:) 1] -it 4 0% g:) ewe i = %(1 +e~2i), (3.136)
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Substituting the first equation of equations (3.132) into equations (3.136) and rewriting

terms gives
) (1+eg) — E —it £ 82_0 —it _ ﬁ —2it 3.137
gl + [ 1+¢ 1+£] ve + [1+g + 1+g] ewe 9 (1 t+e ), ( )
which reduces to
;oo e e E20] i _ A ait
P1 + 1+¢ ve + [1+g + 1+¢ we 9 (1 +e ) (3138)

Equation (3.138) can be rewritten as
¢, + %(U + ew)e ¢ + é (w—v)e = %(1 + e 72y, (3.139)
Making use of equations (3.130) and (3.131) to elimimaedw from equation (3.139)

results in

ie

- _ o
+2(1+€) (—<P1 —e@, + pie Tt + egse m)

¥1
(3.140)

i€

* p—21 * —2i €A o
+2(1+£)(<P1—<P2—<P1e 24 e th):?(l_}_e 2ity,

Expanding the second equation of equations (3.128) and rewriting the cosine term on the
right-hand side of the equation gives

w4+ L2y, 8D oy L (14 £)Aw? +

1+¢ 1+e (3.141)
%(1 + w3 = % (14 e 2t)elt,
Using equation (3.132), the second derivativesaan be eliminated as
. it (1+e&0) (1+¢&0) ‘3 4 3
((pze W) vt ew 1+ e)Aw3 + 3 1+ ew (3.142)

= %(1 + e72ityelt,
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Multiplying both sides of equation (3.142) b‘ﬂ’ and rewriting gives
s -t 1 —it | &9 —it '3, —it
@, —we t + — (w+ew)e ™+ — W+ ew)e ™+ (1 4+ e)Aw3e
(3.143)
+- (1 + &)wide it = (1 + e 72y,

Combining terms in equation (3.143) gives

¢, + i [v+ew—w(l+¢)]e ™ + (v +ew)e U + (1 + e)Awde it

_ (3.144)
+- (1 + e)wie it = (1 + ™2,
Equation (3.144) can be reduced to
¢, + ﬁ [v—wle™® + (v +ew)e ™ + (1 + e)Awde i
(3.145)

+- (1 + &)wide it = —(1 + e~2it),

Making use of equations (3.130) and (3.131) to elimiaaedw from the second and
third terms in equation (3.145) results in

—2it * —Zit)

P2+ 5000 (02— 01+ ie 7 — ple

ieo

* =21t
T 2(1+¢) ((P1 — P.€

epse?it) (3.146)

+(1+ )Awde ™ +2(1 + e)wle it = £ (1 4 7211),
3 2

But
we —it _ -(Qoz + §0;€_2it), (3.147)
and
. 1 13
(e = |2 (¢, + p3e720)] . (3.148)
Thus,

(re™™)? =2 (9,* + 937e ™ + 3,237 + 30,57 7HE).  (3.149)
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Noting that
Wle—it — (We—it)geZit,
we now have

Wwi3e~it =—((,0 3 2lt+(p;3e—4it+3(p22(p2 +3(p2(p22 —th)

Also,
we ™ = —%(goz — p3e~?),
and
(we )’ = B wée‘z“)r-
Thus,
(we™)” =2 (,® — 93’75 — 39,2 p3e 72 + 30,037 H).
Noting that

. ..N3 .
W3e—1t — (We—lt) eth'
we now have

wieTlt = 2 (@ e™ — 03 e — 30,70 + 30,003 ¢

*2 —th)

Substituting equations (3.151) and (3.156) into equation (3.146) gives

. i R R
P2+ 5075 (92 — 01 + @i — re7?)

ico

2(1+€) ((pl (ple

—2it * —2it
—epye )

+(1+ E)l[ (p53e%t + @3°e ™t + 30,203 + 30,057 ‘2”)]
+3 (1 +‘9)[ (@2t — @3°e™"t — 30,205 + 39,03%€ _th)]

= % (1 +e72t),
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Omitting the exponential terms from equations (3.140) and (3.157) based on the

justification in Section 3.A.3.1 gives the averaged system
. ie _ ﬁ
P11+ 5re (P~ @2) - 2(1+s) s (01 +€92) = -
. 3 [
Q2 +§/1(1 + 8)|p21? 9, +ﬁ( —@1) — 2(1+£) —— (1 + £9,)

' A
—%(1 + 8)|@,l%p, = 87

Setting the derivatives of equations (3.158) to zero gives

ieo

2(1+s) 2are (P10~ 920) ~ 2(1+¢) Tare (P10 T €920) =
3 : .
5/1(1 + 5)|‘P20|29020 + ﬁ (¢20 — P10) — %((Pm + £¢30)

] 4
—é(l + )| @209 = %

We can rewrite the first equation of equations (3.159) as

[ls _ 180'] _[ls 1820'] _ €A
2(1+8)  2(1+¢) P10 2(1+¢) = 2(1+¢) P20 =5~

Then, after reducing equation (3.160) and rearranging, we have

i
21re) (1—-0)p = 2(1_'_8) —— (1 +&0)py + ‘-

Dividing equation (3.161) bfl-0) gives

i 1 A
2042 P10 = 0'[2(1+s) (1+ea)py0 + ]

Multiplying both sides of equation (3.162) B{1 +¢) / i gives

(1+e0)@,o—i(1+€)A
P10 = ot .

1-0

(3.158)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

Substituting equation (3.162) into the second equation of equations (3.159) gives

1

E 2 ; _——

(1 + e0)@y + A]

ic2o

_S_J A e 0 _i 2 — ﬁ
1- a[2(1+s) (1 + o)z + 2] 2(1+e) P20 2(1+£)|<p20| P20 = 5
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Multiplying both sides of equation (3.164) by 2 and separating real and imaginary

coefficients ofp,o gives

A A
‘/1(1 + &) @a0l? P20 — P %
(3.165)
[ 1 1+e0 co(1+¢o) e o _
te (1-0)(1+e) (1-o)(1+e) 1+e (1 + &)lg20l® ]fpzo = ¢4

Equation (3.165) may be further reduced to

[1 —&0? _ 1+eog+ea(1+e0)

_ 2
e —o)(1t6) (1 + &)zl ]‘on

‘3(1 + &) @a0l? P20 +
(3.166)

then to

(1-e02)(1-0)-1-2e0-£2%02
(1+8)(1-0)

Zl(1+€)|<ﬂ20|2<ﬂ20+l[ — (1 + &)|gyl? ]fpzo

(3.167)
=Ale+ =+

1-o0 1-o0
followed by

—g20-2¢0-0

—€70-260-0 2
11 o(1-0) (1 + &)l ] P20

23(1 + &) @aolPpa0 + i [
(3.168)
— A[

1+sa]

Continuing with the reduction,

, [ —o(1+¢)?
(1+&e)(1-0)

Zl(l + &)l pa0l*@20 + -1+ €)|(P20|2] P20

(3.169)

e(1-0)+(1+¢€0)

=4[5

Dividing by (1 +¢) gives

o(1+¢)?

= — 2 Y
/1|9020| P20 1 [(1_'_8)2(1 o) |20l ]@20 =A (1_0)(“8)]. (3.170)
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Thus,
3 . A
ZA|<P20|2<P20 -1 [ﬁ + |<P20|2] $20 =1, (3.171)

Referring to the derivation in Section 3.A.3.3, we can write

a? 20 9 A?
m|§020|2 + 1-0) l@aol* + 5/12 + 1] lpa0l® = -0y (3.172)
Referring to equation (3.172), we now have
o2’ =2 w=g55, @@=
(pZO - 1 al - (1_0,)2 1 az - 1-0 )
(3.173)
9 -A?
@ =+l a =g
Thus, equation (3.172) can be rewritten as
alz + OCZZZ + 0(323 + a4 = 0 (3174)
The derivative of equation (3.174) with respecZ tis
3a32% + 20,7 + @y = 0. (3.175)
Next, equation (3.175) is solved fdusing the quadratic formula:
_ T% 4 Jyar?-3aas (3.176)

3“3 - 3“3
Substituting this expression f@rinto equation (3.174) gives the equation representing

the saddle-node bifurcation boundary:

2
-a Jaz2-3a,a -a Jaz2-3a,a
a4:—a1(3a2i 23 13)—0!2( Zi 2 103
3 az 3“3 30_’3

(3.177)
o (—az 1/6122—36110:3)3
- 3 - - .

3a3
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3.A.3 Saddle-Node Bifurcation Analysis Digressions

3.A3.1 Rationale for Averaged Systems

Equations (3.99) and (3.158) are obtained by taking the average of equations (3.85) and
(3.98) for the linearly damped system and (3.140) and (3.157) for the nonlinearly damped
system. First, understanding the following exponential average should besasthbli

Over one period, the average value of a function (Stewart, 1999) is given by:

=50 f®ad. (3.178)
If
f(t) = et (3.179)
then
f= %f;" eMitdt (3.180)
_ i%enitliﬂ (3.181)
= Z:ni (e2mi — ¢0) (3.182)
= Z:ni (e2m™i — 1) (3.183)
But
e?™ = cos 2mn + sgn(n)isin 2mn (3.184)
For
In| =0,2,4,6, ..., (3.185)
we can write
e?™ =1 + sgn(n)i - 0. (3.186)
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Hence

p2TNi — 1.
Thus,
f= ﬁ( - 1),
which means
f=0.

Hence, the averages of'e €', and é" are all zero.

3.A3.2 Derivation of Equation (3.113) (Linear Dammg)
Beginning with equation (3.112):

A
A@ao — [(1 2 + |20l ](on =
let
(pzo =a + ib

Substituting equation (3.191) into equation (3.190) gives

A

+ |<on|2] (a+ib) = -

. . g
AMa+ib) —i [(1_0)
Collecting real and imaginary terms gives

{Aa+[#+|¢20|2]b}+i{lb—[(lf +|<p20|] } 1%

Taking the magnitude of both sides gives

AZ

(o + [z +1020] b} + 20— [+ lonol?] )" = 2

90

(3.187)

(3.188)
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Expanding gives

22a? + 2)ab [(1f ) 2|+ [(:0) + |(p20|2]2 b2 + 122

(3.195)
A2
—ZAab[ + |20l ] [(1 + (@20l ] = o
Reducing yields
2 2
A(a“+b =0 a)z, (3.196)
But
(@2 + b?) = |02, (3.197)
so making this substitution gives
2 A2
21920l + |75+ 192017 1020]? = 7555 (3.198)
Expanding again yields
2 AZ
21920l + [ 755 + s 92017 + 10201 10202 = T (3299
Finally, reducing results in
A2
22 + 2] 1020l + 2 020l + 100l = s (3.200)
3.A.3.3 Derivation of Equation (3.172) (Nonlinear @mping)
Beginning with equation (3.171):
2 2pol? [ 4 |] =4 (3.201)
Q201" P20 — (-0 P201" | P20 = T :
let
Substituting equation (3.202) into equation (3.201) gives
2M@a0l2(@+ib) — i [== + lga0l?| (@ + ib) = 2= (3.203)
4 P20 (1-0) P20 1-0 '
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Collecting real and imaginary terms gives

o
(1-0)

{ZM(PZOFG"‘ [ + |<on|2]b}+

o A

i{%’”‘f’m'zb - [(1—0) + |9020|2] a} =—.

1-o0
Taking the magnitude of both sides gives

g

EM(PZOPQ + [(1_0) + |(P20|2] b}z +

o A2

EM‘PZOFb - [(1—0) + |<P20|2] a}z = o

Expanding gives

g
(1-0)

9 3
Rlzlfp20|4a2 + §A|<P20|2ab[ + |<P20|2] +

2 9 3
[(1:) + |<on|2] b? + — 22| @20l *b? — > Azl *ab [ﬁ-l_ |<on|2]

2 2
g 2 2 _ A
+[(1—a)+ |20l ] @ =aor

Reducing yields

o A?

(1-0)

2
Z 221 ga0l* (a2 + b7) + | = + lpa0l?| (a® +b7) =

But
(a® + b?) = |@3l?,
so making this substitution gives

2]? 2 A2
+ 1920l ] |92 = oz

g
(1-0)

%AZVPZOP + [
Expanding again yields

AZ

9 o? 20
EAZ|<P20|6 + [m +m|<ﬂzo|2 + |<P20|4] lp20l* = (1-0)2"
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(3.204)

(3.205)

(3.206)

(3.207)

(3.208)

(3.209)

(3.210)



Finally, reducing results in

+[ 222+ 1] lgz0l® = =2 (3.211)

(1-0)%

a2
mkﬂzdz

3.A.4 Hopf Bifurcation Equation Derivations (Linear Damping)

Let
@1 = @10t 61, @2 = @30+ ;. (3.212)

Substituting equation (3.212) into the first equation of equation (3.99) gives

—— (@10 + 61 — P20 — 63)

Pt T (3.213)

ico

T 2io) —— (@10 + 61 + €@y +&5;) =

but the derivative of the fixed poigko equals zero. Reducing equation (3.213) further

gives

: i€ ieo
6, + Za+e) (6, — 62) — (51 + £8,) (3.214)

+%(¢’10 ~ ®20) — %((Pm + £@y0) = %
Introducing the first equation of equations (3.100) into equation (3.214) andnging
gives
ie

81 =—55061 -8+ 55

2(1+¢€)

ieo
2(1+¢€)

(61 + €6). (3.215)

Substituting equation (3.212) into the second equation of equation (3.99) gives

A(1+s)

P20 + 82 (¢20 +02) + 2(1+ )((on + 62 — @10 — 1)
(3.216)

ieo

T = (@10 + 61 + €@y + €6,) — ‘(1 +&)l@z0 + 821% (@20 + 62) =
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but the derivative of the fixed pointo equals zero, and by the derivation in Section
3.A6.1,
|20 + 821 (P20 + 82) = 192017020 + 28219201 + 850207 (3.217)

Thus, equation (3.216) can be reduced to

S, + 2D s L (5, —8,) — =2 (8, + £6,)

2 2(1+¢) 2(1+¢)
(3.218)
A(l )
—‘(1 + )P0l @20 + 2821020|* + 85020%] + i P20
. . "
+ﬁ((ﬂzo — @10) — %((Pm + £@30) = 87
Equation (3.218) can be further reduced to
: A(1+¢) i iso
52 + 2 52 + 2(1+£) ( 51) 2(1+ ) (51 + 862)
,1(1+s) (3.219)

—i(1 4+ €)8;]@a0l* — = (1 + €)85 0% + P20

2

ieo

2
2(1+£) = (@20 — @10) — 2(1re) ——— (@10 + €p20) — ‘(1 + &)l @20l? 020 =

Introducing the second equation of equations (3.100) into equation (3.219) and

rearranging gives

: A(1+¢) i ico
8y = =578 — 575 (8= 60) + 5775 (81 + £62)
(3.220)
+i(1+ &)|@z0]*6, + fare) ©20265.
From equations (3.215) and (3.220), we can write
T _leo
o = 2(1+¢) (61 — 62) 2(1+¢) —om (61 +€63) (3.221)
and
Sk _/1(1+£) % ico
62 B 2 62 2(1+ )(62 ) 2(1+ )(61 + 862)
(3.222)
—i(1 + &)lp20l?8; — fare) 52

2
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Now we can construct the matix= [d1; 1 ; d2; d-]. Using MATLAB, the Jacobian
matrix was computed. From the MATLAB output and substituting in

|20 = Ny, Nzo4 = (P20290;021 (3.223)
we develop the relations

vi=A1+e), (3.224)

Y2 = Ge + % + %ez) Nyo* + (€20 — 1)Npo° + ilz(e + 1)+ i(ezaz + 1),
Y3 = %/18(80‘2 + 1),
Va = %82(1 — 0)2Nyo* + %820'(1 — 0)Ny” + iez[(l —0)%1% + o],
in which the characteristic polynomial is given by
P+ v + v’ +ysu 4y, = 0. (3.225)
For the Hopf bifurcation to occur, we must have
u=xQ, (3.226)
in which Q is a real number. Substituting equation (3.226) into equation (3.225) and
separating into real and imaginary parts gives
Q=102 +y,=0, QP —y;)=0=0%= % (3.227)

Substituting the relation faR? into the first equation of equations (3.227) and reducing
gives
Y32 = V2¥a¥1 +vav1? = 0. (3.228)
MATLAB was used to determine the coefficients for
vz + v,z +v3 =0, (3.229)
based on equation (3.228). Solving for z in equation (3.229) gives

AR D T (3.230)

VA =
12 2171
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and from equation (3.114), we have the boundaries of stability, given by
1z + a2t +azzP +a, =0, z;=2Z; i=12.

The remainder of this analysis is carried out using MATLAB.

3.A.5 Hopf Bifurcation Equation Derivations (Nonlinear Damping)
Let

Q1= @10+ 61, @2 = @30 + 6. (3.231)

Substituting equation (3.231) into the first equation of equations (3.158) gives

. : ie
Q10+ 061+ m(‘ﬂw + 61 — @20 — 53) (3.232)

ieo

T 2(+e) —— (@10 + 01 + €@y + £5;) =

but the derivative of the fixed poigko equals zero. Reducing equation (3.232) further

gives
81+ (8; — 6)) — o (8, + £6,)
2(1+¢) 2(1+¢) (3'233)
2(1+8) —— (P10 — P20) — 2(1+€) —— (P10 + €P20) =

Introducing the first equation of equations (3.159) into equation (3.233) amdnging

gives

N ie ieo
61 - 2(1+€)( 62) + 2(1+¢ )(61 + 662)' (3234)

Substituting equations (3.231) into the second equation of equations (3.158) gives

31(1+£)

@0 + 6, + l@20 + 8217 (920 + 62) + 2(1+ )(fpzo + 83 — @10 — 61)
(3.235)

ieo

BETer) —om (P10 + 61 + €@ + €67) — ‘(1 +&)|@20 + 8217 (@20 + 82) =
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but the derivative of the fixed pointo equals zero, and by the derivation in Section
3.A6.1,
|920 + 8212 (@20 + 82) = @207 P20 + 2851020 + 85920°. (3.236)

Thus, equation (3.235) can be reduced to

8y + (8, — 61) — =2 (8, + £5,)

2(1+e) 2(1+e)
(3.237)
3A(1+ ) i(1+¢)
+[ = —- g][|<l’20| P20 + 28319201% + 63020°]
2(1+8) ~5 (@20 = 910) — z(lfjs) (@10 + €920) =
Equation (3.237) can be further reduced to
: i ico
0z + 2(1+s)( — 0 - 2(1+¢ )(61 +e6,)
(3.238)
3A(1+¢) . 3A(1+8)  i(1+8)] o«
+ [ i+ 5)] 82lp20l% + [ 8+g —- 2+£ ] 85 P20°
3A(1+e) (1+ ) 2
2(1_,_8) s (P20 — P10) — 2(118;) (@10 + €920) + [ == ] |20l 920 =

Introducing the second equation of equations (3.159) into equation (3.238) and

rearranging gives

8, =— : (6, 51)"‘

2(1+¢€)

ieo

5 (81 +€82) (3.239)

3A(1+¢)
8

31(1+s) i(1+¢)

‘P2025; +

l920128, + (1 + &)|pz0l?8, — ©20%65.

From equations (3.234) and (3.239), we can write

S ie iso
61 = s (61 = 62) — 555 (61 + €62) (3.240)
and
o iso
% =20 (62 = 81) = 2(1+ )(51 +e62) (3.241)
A A
3 (1+£)| ©201%85 — i(1 + &)|@y0l*6; — @ 52 l(1+s) 52
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Now we can construct the matix= [d1; d1 ; d2; 2 ]. Using MATLAB, the Jacobian
matrix was computed. From the MATLAB output and substituting in
lp20] = Nao, Nzo4 = (P20290;021 (3.242)

we develop the relations

32
Yi=+ (14 &)Nyo?,

L, , , , (3.243)
_ (27¢ A 27€A 274 3i E E 4
VZ_( st T T T +2+4)N20 +
2 2 1 2 .2
(S O-_l)NZO +Z(€ o +1),
3el 2 2
V3 == (1 +&0)Ny",
_ (27€%A%0*  27¢*A%g | 27£22% | 3e’a?  3efg | 3e® 4
Ve = ( 256 28 T 256 ' 16 s T 16)N20
12,01 2 go?
+-¢ o(1—0)Ny,~ + e
in which the characteristic polynomial is given by
uE Ayl ol v+ ya = 0. (3.244)
For the Hopf bifurcation to occur, we must have
= +iQ, (3.245)

in which Q is a real number. Substituting equation (3.245) into equation (3.244) and

separating into real and imaginary parts gives

V=02 +y, =0, QP -y)=0=>0*=2 (3.246)

Y1

Substituting the relation faR? into the first equation of equations (3.246) and reducing
gives

Y32 — V2V3¥1 + Vay2® = 0. (3.247)
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Lettingz = No%, equations (3.243) can be rewritten as

A
yi=2(1+2)z (3.248)

27€220%2  27eA?  272% 32 3¢ 3
o= (R + T 2 B )2y
64 32 64 4 2 4

1
(20— 1)z + Z(szaz + 1),

Y3 = %(1 + £0?)z,

— + + =2+ )z

_(2732,1202 27220 | 27€22% | 3e202  3&?0 382) 2
Ya = 256 128 256 16 8 16

2.2
+2e20(1—a)z + 22
4 16

MATLAB was used to determine the coefficients

v, = —%5,12(9/12 +16) (g0 + 1)%(e + 1)?,
(3.249)
v, = —%elz(ea —1D(eo + 1?(e+ 1),
— 9% a9120:2.2 _ 1)\2
v = —— el (g0 — 1),
for
122 + v,z + v3 =0, (3.250)
based on equation (3.247). Solving for z in equation (3.250) gives
i -V V22 —4v3v; (3.251)
L2 — 2v; !
and from equation (3.174), we have the boundaries of stability, given by
a1z + az; + azzd +a, =0, z,=7Z; i=12. (3.252)

The remainder of this analysis is carried out using MATLAB.
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3.A.6 Hopf Bifurcation Analysis Digressions

3.A6.1 Derivation of Equations (3.217) and (3.236)

Let
@0 =a+bi, & =c+di (3.253)
Then,
®20" = a — bi. (3.254)
P209020" = (a + bi)(a — bi) (3.255)
= a? + b? = |@y|? (3.256)
Thus,
©209020" = |P20/%, (3.257)
and by similarity,
8,6," = |8,]%. (3.258)
Additionally,
|p0 + 8212 = |la + bi + ¢ + dil? (3.250)
=|(a+c)+i(b+d)|?
=(a+c)*+ (b+d)?
and
(P20 + 82) (920" + 857) = (a+ bi + ¢ + di)(a— bi + c — di) (3.260)

=[(a+c)+i(b+d)][(a+c)—i(b+d)]
= (a+c)*+ (b + d)?

=|(a+c)+i(b+d)|?.
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Thus,

[p20 + 52|2 = (¢20 + 62) (20" + 52*)-

Continuing with the derivation,

l@20 + 6212(@20 + 62) = (920 + 82) (P20 + 82 ) (@20 + 62)

= (Q20920" + 52*<P20 + 6,¢020" + 5252*)((1320 + 63)

= (lg20l* + 82 @20 + 82020" + 1621%) (920 + 82)

= |(P20|2§020 + 52|(P20|2 + 52*90202 + 5252*(1120

+62020020" + 5229020* + |52|2(9020 + 62)

= |(P20|2§020 + 52|(P20|2 + 52*90202 + |52|29020 +

821@a0l* + 5229020* + 1621220 + 62)

= |@20|2@20 + 2821 @201* + 82" 020% +

|52|2(P20 + 5229020* + |52|2(<P20 + 63)

(3.261)

(3.262)

(3.263)

(3.264)

(3.265)

(3.266)

(3.267)

Omitting nonlinear terms (specifically, terms containfififf andd.?), the equation is

reduced to

[p20 + 52|2(§020 +6,) = |(P20|2(P20 + 252|§020|2 + 52*90202-
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3.A6.2 Derivation of Equivalent Expression folN,*

Let
@0 =a+bi, @5 =a-—bi. (3.269)
Then,
9202030" = (a + bi)?(a — bi)? (3.270)
= a* + 2a®b? + b* (3.271)
= (a? + b?)? (3.272)
= lg20l*. (3.273)

SiﬂCGlgDzol = Ny, then|g020|4 = N204. ThUS,

(pZOZ(p;OZ = N204- (3.274)
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3.A.7 MATLAB Code

3.A7.1 Saddle-Node Example

close all
clear all
mu = [0:0.01:5];

Xp = sqgrt(mu);
xn = -sqrt(mu);

figure

plot(mu,xp, '-k' ,mu,xn, '--k' , 'LineWidth' ,2)

xlim([-2 2]); ylim([-2 2]);

xlabel(  "fontsize{12})\bf\mu' ); ylabel( \bfx" ); grid on;
legend( ‘\bfstable' , \bfunstable' , 'Location’ , 'NorthWest' )

3.A.7.2 Solving for Z for Saddle-Node Plots

close all
clear all

syms al a2 a3 a4 Z
z=solve( ‘'al*Z+a2*z"2+a3*2"3+a4=0' y 2);
z1 = simple(z(1))

z2 = simple(z(2))
z3 = simple(z(3))

3.A.7.3 Saddle-Node Plots (Linear Damping)

%Saddle-Node Bifurcation - Linear Damping
%(boundaries of number of real periodic solutions)

close all
clear all

n_sigma = 0; k2 = 0;

for sigma=[1.2257-0.5-2-5-7 3];
k2 = k2+1; sigma_vec(k2) = sigma; k = 0; n_sigm a=n_sigma+1;

for lambda = 0:.001:4

k = k+1;

al = lambda”2 + sigma”2/(1 - sigma)"2;
a2 = 2*sigma/(1 - sigma);

a3 =1,
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%Solving for a4:
a4 _p = -al*(-a2/(3*a3) + sqrt(a2"2 - 3*al*a
a2*(-a2/(3*a3) + sqrt(a2”2 - 3*al*a3)/(
a3*(-a2/(3*a3) + sqrt(a2"2 - 3*al*a3)/(

a4_m = -al*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a
a2*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/(
a3*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/(

%Solving for A from a4:

A_p = sqrt(-a4_p*(1-sigma)”2); A_m = sqrt(-
lambda_vec(k) = lambda; A_p_vec(k) = A_p; A
end

m = k; g = ones(1,k); h = ones(1,k);

for n=1Kk
if abs(A_p_vec(n)- A_m_vec(n)) <.0001
g(n) = 0; h(n) =0;
elseif n>1&&g(n-1) ==0&& h(n-1) ==
m =m-1; g(n) = 0; h(n) = 0;
else
end
end

lambda_vec_2 = zeros(1,m);
A_p_vec_2 =zeros(1,m); A_m_vec_2 = zeros(1,m);

for g=1:m

lambda_vec_2(q) = lambda_vec(q);
A_p_vec_2(q) = A_p_vec(q);
A_m_vec_2(q) = A_m_vec(q);

3)/(3*a3)) -
3*a3))"2 -
3*a3))"3;

3)/(3*a3)) -
3*a3))"2 -
3*a3))"3;

ad4_m*(1-sigma)"2);
m_vec(k) = A_m;

end

if n_sigma== %sigma = 1.2

figure

xlabel( ‘\fontsize{12}\bf\lambda' ); ylabel( \bfA" );

hold on;

axis([0 3.5 04.5)])

plot(lambda_vec 2, A p_vec 2, "k' , 'LineWidth' ,2)

plot(lambda_vec_2, A_m_vec 2, "k' , 'LineWidth' ,2)

text(3, 1.2, [ ‘\fontsize{14}\bf\sigma\fontsize{12} =" ,
numz2str(sigma_vec(n_sigma))])

elseif n_sigma == %sigma = 2

plot(lambda_vec 2, A p_vec 2, -k' , 'LineWidth' ,2)

plot(lambda_vec 2, A m_vec 2, -k' , 'LineWidth' ,2)

text(1.2, 1.5, [ "\fontsize{14}\bf\sigma\fontsize{12} ="' ,
numz2str(sigma_vec(n_sigma))])

elseif n_sigma==3 %sigma =5

plot(lambda_vec 2, A_p_vec_2, --k" , 'LineWidth' ,2)

plot(lambda_vec_2, A_m_vec 2, --k' , 'LineWidth' ,2)
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text(0.7, 2.5, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="' ,
numz2str(sigma_vec(n_sigma))])

elseif n_sigma==4 %sigma = 7

plot(lambda_vec 2, A p_vec 2, -k, 'LineWidth' ,2)

plot(lambda_vec_2, A_m_vec 2, -k' , 'Linewidth' ,2)

text(.7, 3.7, [ ‘\fontsize{14}\bf\sigma\fontsize{12} =" ,
num2str(sigma_vec(n_sigma))])

elseif n_sigma == %sigma = -0.5

figure

xlabel( "\fontsize{12}\bf\lambda' ); ylabel( \bfA" );

hold on;

axis([0 0.8 0 4])

plot(lambda_vec 2, A_p_vec_2, "k' , 'LineWidth' ,2)

plot(lambda_vec 2, A m_vec 2, "“k' , 'LineWidth' ,2)

text(0.21, 0.18, [ "\fontsize{14}\bf\sigma\fontsize{12} ="' ,
num2str(sigma_vec(n_sigma))])

elseif n_sigma===6 %sigma = -2

plot(lambda_vec 2, A_p_vec_2, “k' , 'LineWidth' ,2)

plot(lambda_vec_2, A_m_vec_2, “k' , 'LineWidth' ,2)

text(0.4, 0.8, [ ‘\fontsize{14}\bf\sigma\fontsize{12} =" ,
num2str(sigma_vec(n_sigma))])

elseif n_sigma == %sigma = -5

plot(lambda_vec 2, A p_vec 2, '--k' , 'LineWidth' ,2)

plot(lambda_vec 2, A m_vec 2, '--k' , 'LineWidth' ,2)

text(0.48, 2.2, | ‘\fontsize{14}\bf\sigma\fontsize{12} ="
numz2str(sigma_vec(n_sigma))])

elseif n_sigma == %sigma = -7

plot(lambda_vec 2, A_p_vec_2, -k' , 'LineWwidth' ,2)

plot(lambda_vec 2, A m_vec 2, -k, 'LineWidth' ,2)

text(0.5, 3.25, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="' ,
numz2str(sigma_vec(n_sigma))])

else

end

if n_sigma== %sigma = 3

figure

axis([0 1 0 2.5))

xlabel( "\fontsize{12}\bf\lambda' ); ylabel( \bfA" ); hold on;

plot(lambda_vec 2, A_p_vec_2, -k' , 'LineWidth' ,2)

plot(lambda_vec_2, A_m_vec 2, “k' , 'LineWidth' ,2)

else

end

end

% R R R R R R R S R R S R S S e T e R e R R R R S T *kkkkkkkkkhhhhhhhkk
*kk

%

*kk
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%

*k%

%Check number of solutions within boundaries by sub

clear all
n=0;
for sigma=[31.2257-0.5-2-5-7];

if sigma==3;
lambda = 0.3;
for A=[0.2,1,1.7];
n=n+1,

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma==1.2
lambda = 0.3;
for A=][0.2,0.75, 1.6];
n=n+1,

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif  sigma ==
lambda = 0.3;
for A=][0.2,0.75, 1.6];
n=n+1,

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif  sigma ==
lambda = 0.3;
for A=[0.2, 1.6, 2.5];
n=n+1,

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif  sigma ==
lambda = 0.3;
for A=][0.5, 2.5, 3.5];
n=n+1,

alv(n) = lambda”2 + sigma”2/(1 - sigma)
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nD:

_vec(n) = lambda;

nD:

_vec(n) = lambda;

nD:

_vec(n) = lambda;

nD:

_vec(n) = lambda;

nD:



end

for

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma==-0.5
lambda = 0.3;
for A=[0.01, 0.1, 0.5];
n=n+1;

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif  sigma==-2
lambda = 0.3;
for A=][0.1, 0.5, 1];
n=n+1;

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma==-5
lambda = 0.3;
for A=[0.5,1.5, 2];
n=n+1;

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif  sigma==-7
lambda = 0.3;
for A=][0.5, 2, 3];
n=n+1;

alv(n) = lambda”2 + sigma”2/(1 - sigma)

a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
else
end

k=1:n

%Values for Z1, Z2, and Z3 were obtained by solving
(3.15):

al = alv(k); a2 = a2v(k); a3 = a3v(k); a4 = adv
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_vec(n) = lambda;

nD:

_vec(n) = lambda;

nD:

_vec(n) = lambda;

nD:

_vec(n) = lambda;

nD:

_vec(n) = lambda;

equation

(K);



Z1 = ((al"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"3*a

(a1n2*a272)/(108*a3"4) - (al*a2*ad)/(6*a3"3
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3"
a2/(3*a3) - (al/(3*a3) - a2"2/(9*a3"2))/((a
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3);

72 = '(a3l\2*(3*3’\(1/2)*1i + 3)*('(27*3-3’\2*3.4 )

aln2*a2”2 - 18*al*a2*a3*a4 + 4*a2"3*a4 +

27*a3/2*ad"2)/(108*a3M))N(1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))N(2/3) - a2~ 2*((3"N(1/

al*a3*(37(L1/2)*1i - 1) + 2*a2*a3*(-(27*a3"2
54*a373*((4*al3*a3 - al"2*a2"2 - 18*al*a2*

27*a3"2*a4"2)/(108*a3 )\ (1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))N(1/3))/(6*a3"2*(-(27
54*a373*((4*al3*a3 - al"2*a2"2 - 18*al*a2*

27*a3"2*a4"2)/(108*a3"4))N(1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))(1/3));

73 = -(a2/2*((3M(L/2)*1i)/3 + 1/3) - a3r2%(3*3

3)*(-(27*a3"2*a4 - 54*a3"3*((4*al"3*a3 - al
18*al*a2*a3*a4d + 4*a2”3*a4 + 27*a3"2*a4"2)/

2*a2"3 - 9*al*a2*a3)/(54*a3"3))"(2/3) - al*
1) + 2*a2*a3*(-(27*a3"2*a4 - 54*a3"3*((4*al

18*al*a2*a3*a4 + 4*a2"3*a4 + 27*a3"2*ad"2)/
2*a2"3 - 9*al*a2*a3)/(54*a33))"(1/3))/(6*a
54*a373%((4*al3*a3 - al"2*a2"2 - 18*al*a2*

27*a3"2*ad"2)/(108*a3"4))\(1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))"(1/3));

%Eliminate approximation errors:

if abs(imag(Z1)) < 0.00001
Z1 =real(Z1);

else

end

if abs(imag(Z2)) < 0.00001
Z2 =real(Z2);

else

end

if abs(imag(Z3)) < 0.00001
Z3 =real(Z3);
else

108

4)/(27*a3"4) -
NNL/2) -

2)N1/3) -
173/(27*a3"3) +
*a2/2)/(108*a3"4) -

A3/(27*a3"3) +

54*a373*((4*al3*a3

2)¢10)/3 - 1/3) +
*a4 -

a3*a4d + 4*a2"3*a4 +

*a3"\2*a4 -
a3*a4d + 4*a2"3*a4 +

(1/2)*1i -
AQFA2ND -
(108*a3"4))\(1/2) +

a3*(3N(1/2)*1i +
A3*a3 - alh2*a2”2 -

(108*a374))\(1/2) +
3M2*(-(27*a3"2*a4 -

a3*a4 + 4*a2"3*a4 +



end

if k==
plot(lam_vec(k), A_vec(k), k)
text(lam_vec(k) + 0.03,A_vec(k)+0.24,[ "\fontsize{12}\bf\lambda'

‘\fontsize{10} =" , hum2str(lam_vec(k)), YA ,
num2str(A_vec(k))], 'FontSize'  ,10)

text(lam_vec(k) + 0.03, A_vec(k)+0.12, \bfz_1=" ,
num2str(Z1)])

text(lam_vec(k) + 0.03, A_vec(k), [ \bfz_2 =" , hum2str(Z2)])

text(lam_vec(k) + 0.03, A_vec(k)-0.12, | \bfz_3 =" ,
num2str(Z3)])

elseif k==

plot(lam_vec(k), A_vec(k), K)

text(lam_vec(k) - 0.21,A_vec(k)+0.24, ‘\fontsize{12}\bf\lambda'

"\fontsize{10} =" , hum2str(lam_vec(k)), CA= ,
num2str(A_vec(k))], 'FontSize'  ,10)

text(lam_vec(k) - 0.21, A _vec(k)+0.12, | \bfz_1=" ,
num2str(Z1)])

text(lam_vec(k) - 0.21, A_vec(k), [ \bfz_2 =" , hum2str(Z2)])

text(lam_vec(k) - 0.21, A _vec(k)-0.12, [ \bfZz_3=" ,
num2str(Z3)])

elseif k==3

plot(lam_vec(k), A_vec(k), k)

text(lam_vec(k) + 0.03,A_vec(k)+0.48,[ ‘\fontsize{12}\bf\lambda'

"\fontsize{10} =" , hum2str(lam_vec(k)), CA= ,
num2str(A_vec(k))], 'FontSize'  ,10)

text(lam_vec(k) + 0.03, A_vec(k)+0.36, [ \bfz_1="
num2str(Z1)])

text(lam_vec(k) + 0.03, A_vec(k)+.24, \bfz 2 =" ,
num2str(Z2)])

text(lam_vec(k) + 0.03, A_vec(k)+.12, \bfz_3 =" ,
num2str(Z3)])

else

end

%Check number of real periodic solutions:

if abs(imag(Z1)) > 0 && abs(imag(Z2)) > 0 && abs(imag (Z3)) >0
num_sol(k) = 0; sigma_out(k) = sigma_vec(k) ;

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif abs(imag(Z1)) == 0 && abs(imag(Z2)) > 0 && abs(ima g(Z3)) >0
num_sol(k) = 1; sigma_out(k) = sigma_vec(k)

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif abs(imag(Z1)) > 0 && abs(imag(Z2)) == 0 && abs(ima g(Z3)) >0
num_sol(k) = 1; sigma_out(k) = sigma_vec(k) ;

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif  abs(imag(Z1)) > 0 && abs(imag(Z2)) > 0 && abs(imag (23)) ==
num_sol(k) = 1; sigma_out(k) = sigma_vec(k)

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif abs(imag(Z1)) == 0 && abs(imag(Z2)) == 0 && abs(im ag(Z3)) ==

num_sol(k) = 3; sigma_out(k) = sigma_vec(k)
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lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

else

num_sol(k) = 2; sigma_out(k) = sigma_vec(k) ;
lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);
end

end

3.A74 Saddle-Node Plots (Nonlinear Damping)

%Saddle-Node Bifurcation - Nonlinear Damping
%(boundaries of number of real periodic solutions)

close all
clear all

n_sigma = 0; k2 = 0;

for sigma=[1.2257-0.5-2-5-7 3];
k2 = k2+1; sigma_vec(k2) = sigma; k = 0; n_sigm a=n_sigma + 1;

for lambda = 0:.001:4

k = k+1;

al = sigma”2/(1 - sigma)"2;
a2 = 2*sigma/(1 - sigma);
a3 = (9/16)*lambda”2 + 1;

%Solving for a4:

a4 _p = -al*(-a2/(3*a3) + sqrt(a2"2 - 3*al*a 3)/(3*a3)) -
a2*(-a2/(3*a3) + sqrt(a2”2 - 3*al*a3)/( 3*a3))"2 -
a3*(-a2/(3*a3) + sqrt(a2”2 - 3*al*a3)/( 3*a3))"3;

a4_m = -al*(-a2/(3*a3) - sqrt(a2”2 - 3*al*a 3)/(3*a3)) -
a2*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/( 3*a3))"2 -
a3*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/( 3*a3))"3;

%Solving for A from a4:

A_p = sgrt(-a4_p*(1-sigma)”2); A_m = sqrt(- ad4_m*(1-sigma)"2);
lambda_vec(k) = lambda; A_p_vec(k) = A_p; A _m_vec(k) = A_m;
end

m = k; g = ones(1,k); h = ones(1,k);

for n=1Kk
if abs(A_p_vec(n)- A_m_vec(n)) <.0001
g(n) = 0; h(n) = 0;
elseif n>1&&g(n-1)==0&& h(n-1) ==
m =m-1; g(n) = 0; h(n) =0;
else
end
end
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lambda_vec_2 = zeros(1,m);
A_p_vec_2 =zeros(1,m); A_m_vec_ 2 = zeros(1,m);

for g=1:m

lambda_vec 2(q) = lambda_vec(q);
A_p_vec 2(q) = A _p_vec(q);
A_m_vec_2(q) = A_m_vec(q);

end

if n_sigma == %sigma = 1.2

figure

xlabel( ‘\fontsize{12}\bf\lambda' ); ylabel( \bfA" );

hold on;

axis([0 3.5 0 4.5)])

plot(lambda_vec 2, A_p_vec_2, "k' , 'LineWidth' ,2)

plot(lambda_vec_2, A_m_vec 2, "k' , 'LineWidth' ,2)

text(0.7, 1.4, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="
num2str(sigma_vec(n_sigma))])

elseif n_sigma==2 %sigma = 2

plot(lambda_vec 2, A p_vec 2, -k' , 'LineWidth' ,2)

plot(lambda_vec 2, A m_vec 2, -k' , 'LineWidth' ,2)

text(0.7, 0.9, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="
numz2str(sigma_vec(n_sigma))])

elseif n_sigma == %sigma =5

plot(lambda_vec 2, A_p_vec_2, --k' , 'LineWidth' ,2)

plot(lambda_vec 2, A m_vec 2, '--k' , 'LineWidth' ,2)

text(0.7, 2.5, [ "fontsize{14}\bf\sigma\fontsize{12} ="'
num2str(sigma_vec(n_sigma))])

elseif n_sigma==4 %sigma =7

plot(lambda_vec 2, A_p_vec_2, -k' , 'LineWwidth' ,2)

plot(lambda_vec_2, A_m_vec 2, -k' , 'Linewidth' ,2)

text(0.7, 3.3, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="
numz2str(sigma_vec(n_sigma))])

elseif n_sigma == %sigma = -0.5

figure

xlabel( "\fontsize{12}\bf\lambda' ); ylabel( \bfA" );

hold on;

axis([0 0.8 0 4])

plot(lambda_vec 2, A_p_vec_2, "k' , 'LineWidth' ,2)

plot(lambda_vec 2, A m_vec 2, "k' , 'LineWidth' ,2)

text(0.7, 0.25, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="'
num2str(sigma_vec(n_sigma))])

elseif n_sigma===6 %sigma = -2

plot(lambda_vec 2, A_p_vec_2, -k' , 'LineWidth' ,2)

plot(lambda_vec_2, A_m_vec_2, “k' , 'LineWidth' ,2)

text(0.7, 0.8, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="

numz2str(sigma_vec(n_sigma))])
elseif n_sigma == %sigma = -5
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plot(lambda_vec 2, A p_vec 2, '--k' , 'LineWidth' ,2)

plot(lambda_vec 2, A m_vec 2, '--k' , 'LineWidth' ,2)
text(0.7, 2, [ ‘\fontsize{14}\bf\sigma\fontsize{12} =" ,
numz2str(sigma_vec(n_sigma))])
elseif n_sigma == %sigma = -7
plot(lambda_vec 2, A_p_vec_2, -k' , 'LineWwidth' ,2)
plot(lambda_vec 2, A m_vec 2, -k, 'LineWidth' ,2)
text(0.7, 2.8, [ ‘\fontsize{14}\bf\sigma\fontsize{12} ="' ,
numz2str(sigma_vec(n_sigma))])
else
end
if n_sigma== %sigma = 3
figure
axis([0 1 0 2.5))
xlabel( "\fontsize{12}\bf\lambda' ); ylabel( \bfA" ); hold on;
plot(lambda_vec 2, A_p_vec_2, “k' , 'LineWidth' ,2)
plot(lambda_vec_2, A_m_vec 2, -k' , 'LineWidth' ,2)
else
end
end
% *hkkkkkkkhhhhhhhhhhhhrhhkkkkkkkhkkhhhhhhhhhdhhhhix *kkkkkkkkkhhhhhhkx
%
% *hkkkkkkkhkhhhhhhhhhhhrhhkkkkkkkhhkhhhhhhhhhdhhhhix *kkkkkkkkkhhhhhhkk
%Check number of solutions within boundaries by sub stitution:
clear all
n=0;

sigma=[31.2257-0.5-2-5-7];
if sigma==3;
lambda = 0.3;
for A=[0.2,1,1.7];
n=n+1;
alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = (9/16)*lambda~2 + 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam _vec(n) = lambda;
end
elseif sigma==1.2
lambda = 0.3;
for A=[0.2,0.75, 1.6];
n=n+1;

alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
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a3v(n) = (9/16)*lambda”2 + 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma ==
lambda = 0.3;
for A=][0.2,0.75, 1.6];
n=n+1;
alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = (9/16)*lambdan2 + 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma==5
lambda = 0.3;
for A=[0.2, 1.6, 2.5];
n=n+1;

alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = (9/16)*lambda”2 + 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma ==
lambda = 0.3;
for A=][0.5, 2.5, 3.5];
n=n+1;
alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = (9/16)*lambda”2 + 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma==-0.5
lambda = 0.3;
for A=[0.01, 0.1, 0.5];
n=n+1;
alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = (9/16)*lambda”2 + 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif  sigma==-2
lambda = 0.3;
for A=[0.1, 0.5, 1];
n=n+1;

alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = (9/16)*lambda”2 + 1;
adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif sigma==-5
lambda = 0.3;

for A=[0.5,15, 2];
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end

for

n=n+1,

alv(n) = sigma”2/(1 - sigma)"2;

a2v(n) = 2*sigma/(1 - sigma);

a3v(n) = (9/16)*lambda”2 + 1;

adv(n) = -A"2/(1-sigma)”2;

sigma_vec(n) = sigma; A_vec(n) = A; lam

end
elseif  sigma==-7
lambda = 0.3;
for A=[05, 2, 3];
n=n+1,

alv(n) = sigma”2/(1 - sigma)"2;
a2v(n) = 2*sigma/(1 - sigma);
a3v(n) = (9/16)*lambda”2 + 1;
adv(n) = -A"2/(1-sigma)”2;
sigma_vec(n) = sigma; A_vec(n) = A; lam
end
else
end

k=1:n

%Values for Z1, Z2, and Z3 were obtained by solving

(3.24).

al = alv(k); a2 = a2v(k); a3 = a3v(k); a4 = adv

Z1 = ((al"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"3*a

(al”r2*a272)/(108*a3"4) - (al*a2*a4)/(6*a3"3
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3"
a2/(3*a3) - (al/(3*a3) - a2"2/(9*a3"2))/((a
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))"(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))(1/3);

72 = -(a3"2%(3*3N(L/2)*1i + 3)*(-(27*a3"2*a4 -

aln2*a2”2 - 18*al*a2*a3*a4 + 4*a2”"3*a4 +

27*a3"2*a4"2)/(108*a3 )N (1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))N(2/3) - a2"2*((3N(1/

al*a3*(37(1/2)*1i - 1) + 2*a2*a3*(-(27*a3"2
54*a373*((4*al3*a3 - al’2*a2"2 - 18*al*a2*

27*a3"2*a4"2)/(108*a3"4))\(1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))N(1/3))/(6*a3"2*(-(27
54*a3"3%((4*al3*a3 - al"2*a2"2 - 18*al*a2*

27*a3"2*a4"2)/(108*a3 )\ (1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))"(1/3));

73 = -(a2"2*((3N(L/2)*1i)/3 + 1/3) - a3"2%(3*3"

3)*(-(27*a3"2*a4 - 54*a3"3*((4*al”3*a3 - al
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(K);

4)/(27*a3"4) -
MNL/2) -

2)™1/3) -
173/(27*a3"3) +
*a2/2)/(108*a3"4) -

~3/(27*a3"3) +
54*a3"3*((4*al”3*a3
2)*1i)/3 - 1/3) +

*ad - ...

a3*a4 + 4*a2"3*a4 +
*a3n2%ad -

a3*a4 + 4*a2"3*a4 +

(1/2)*1i -
A2*a2"2 -



18*al*a2*a3*a4 + 4*a2"3*a4 + 27*a3"2*ad"2)/ (108*a374))7\(1/2) +

2*a2”3 - 9*al*a2*a3)/(54*a3"3))"\(2/3) - al* a3*(3™(1/2)*1i +

1) + 2*a2*a3*(-(27*a3"2*a4 - 54*a3"3*((4*al "3*a3 - al"2*a2"2 -
18*al*a2*a3*a4 + 4*a2"3*ad + 27*a3"2*a4"2)/ (108*a3"4))N(1/2) +
2*a2”3 - 9*al*a2*a3)/(54*a3"3))\(1/3))/(6*a 3N2*(-(27*a3"2*a4 -
54*a3"3*((4*al~3*a3 - al"2*a2"2 - 18*al*a2* a3*a4 + 4*a2"3*a4 +

27*a3"2*a4"2)/(108*a3 )\ (1/2) + 2*a2"3 -
9*al*a2*a3)/(54*a3"3))"(1/3));

%Eliminate approximation errors:

if abs(imag(Z1)) < 0.00001
Z1 =real(Z1);

else

end

if abs(imag(Z2)) < 0.00001
Z2 =real(Z2);

else

end

if abs(imag(Z3)) < 0.00001
Z3 =real(Z3);

else

end

if k==
plot(lam_vec(k), A_vec(k), k)
text(lam_vec(k) + 0.03,A_vec(k)+0.24,[ "\fontsize{12}\bf\lambda'

"\fontsize{10} =" , hum2str(lam_vec(k)), CA= ,
num2str(A_vec(k))], 'FontSize'  ,10)

text(lam_vec(k) + 0.03, A_vec(k)+0.12, \bfz_1="
num2str(Z1)])

text(lam_vec(k) + 0.03, A_vec(k), [ \bfz 2 =" , hum2str(Z2)])

text(lam_vec(k) + 0.03, A_vec(k)-0.12, | \bfz_3=" ,
num2str(Z3)])

elseif k==2

plot(lam_vec(k), A_vec(k), K)

text(lam_vec(k) - 0.18,A vec(k)+0.24,[ "\fontsize{12}\bf\lambda'

‘\fontsize{10} =" , hum2str(lam_vec(k)), YA
num2str(A_vec(k))], 'FontSize'  ,10)

text(lam_vec(k) - 0.18, A _vec(k)+0.12, | \bfz_1=" ,
num2str(Z1)])

text(lam_vec(k) - 0.18, A_vec(k), [ \bfz 2 =" , hum2str(Z2)])

text(lam_vec(k) - 0.18, A_vec(k)-0.12, [ \bfz_3 =" ,
num2str(Z3)])

elseif k==

plot(lam_vec(k), A_vec(k), K)
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text(lam_vec(k) + 0.03,A_vec(k)+0.24,[ "\fontsize{12}\bf\lambda'

‘\fontsize{10} =" , hum2str(lam_vec(k)), YA ,
num2str(A_vec(k))], 'FontSize'  ,10)

text(lam_vec(k) + 0.03, A_vec(k)+0.12, \bfz_1=" ,
num2str(Z1)])

text(lam_vec(k) + 0.03, A_vec(k), [ \bfz 2 =" , hum2str(Z2)])

text(lam_vec(k) + 0.03, A_vec(k)-0.12, | \bfz_3 =" ,
num2str(Z3)])

else

end

%Check number of real periodic solutions:

if abs(imag(Z1)) > 0 && abs(imag(Z2)) > 0 && abs(imag (Z3))>0
num_sol(k) = 0; sigma_out(k) = sigma_vec(k) ;

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif abs(imag(Z1)) == 0 && abs(imag(Z2)) > 0 && abs(lma g(Z3)) >0
num_sol(k) = 1; sigma_out(k) = sigma_vec(k) ;

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif abs(imag(Z1)) > 0 && abs(imag(Z2)) == 0 && abs(ima g(Z3)) >0
num_sol(k) = 1; sigma_out(k) = sigma_vec(k) ;

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif abs(imag(Z1)) > 0 && abs(imag(Z2)) > 0 && abs(imag (z3))==0
num_sol(k) = 1; sigma_out(k) = sigma_vec(k)

lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);

elseif abs(imag(Z1)) == 0 && abs(imag(Z2)) == 0 && abs(im ag(Z3)) ==

num_sol(k) = 3; sigma_out(k) = sigma_vec(k) ;
lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);
else
num_sol(k) = 2; sigma_out(k) = sigma_vec(k) ;
lambda_out(k) = lam_vec(k); A_out(k) = A_ve c(k);
end

end

3.A.7.5 Hopf Bifurcation Example

close all
clear all

mu_span = 4; mu_step = 0.0001;
r_trivial =

for alpha =[-11]
ks=0;ku=0;k ts=0;k tu=0
mu_stable = zeros(1,2); mu_unstable = mu_stable ;
for mu=-mu_span/2:mu_step:mu_span/2
if mu<=0

k ts=k ts+1;
r_trivial_stable(k_ts) =r_trivial,
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mu_trivial_stable(k_ts) = mu;
elseif mu>0
kK tu=k tu+1,;
r_trivial_unstable(k_tu) = r_trivial;
mu_trivial_unstable(k_tu) = mu;
else
end

r_pos = real(li*sqrt(mu/alpha));
r_neg = real(-1i*sqrt(mu/alpha));

lambda = -2*mu;

if lambda<=0
if abs(r_pos) >.00001
ks =ks + 1;

r_pos_stable(ks) =r_pos;
r_neg_stable(ks) =r_neg;
mu_stable(ks) = mu;

else

end
elseif lambda >0

if abs(r_pos) >.00001
ku = ku + 1;
r_pos_unstable(ku) = r_pos;
r_neg_unstable(ku) = r_neg;
mu_unstable(ku) = mu;

else
end
else
end

end
figure
hold on; grid on;

if length(mu_stable) > 5

plot(mu_stable,r_pos_stable, -k' , 'LineWidth' ,2)

plot(mu_stable, r_neg_stable, -k' , 'LineWidth' ,2)

else

end

if length(mu_unstable) > 5

plot(mu_unstable, r_pos_unstable, '--k' , 'LineWidth' ,2)

plot(mu_unstable, r_neg_unstable, '--k' , 'LineWidth' ,2)

else

end
plot(mu_trivial_stable,r_trivial_stable, -k' , 'LineWidth' ,2)
plot(mu_trivial_unstable,r_trivial_unstable, '--k' , 'LineWidth' ,2)
xlabel( \bfimu' ); ylabel( \bfr' );

end

3.A.7.6 Hopf Bifurcation Analysis - Solving for Coéficients, y,
(Linear Damping)
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%Calculation of the coefficients of the characteris tic polynomial
%(linear damping case)

close all
clear all

syms dell dell_conj del2 del2_conj Ilambda e sigma N20 phi20 phi20_conj
mu

%From equations (3.45):

dell_dot = -1li*e/(2*(1+e))*(del1l-del2) +
li*e*sigma*(dell+e*del2)/(2*(1+e));

dell_conj_dot = li*e/(2*(1+e))*(dell_conj-del2_conj ) -
li*e*sigma*(dell_conj+e*del2_conj)/(2*(1+e));

del2_dot = -lambda*(1+e)/2*del2 - 1i/(2*(1+e))*(del 2-dell) +
li*e*sigma/(2*(1+e))*(dell+e*del2) + 1li*(1+e)*N 20"2*del2 +

1i*(1+e)/2*phi20”2*del2_conj;

del2_conj_dot = -lambda*(1+e)/2*del2_conj +
li/(2*(1+e))*(del2_conj-del1l_conj) -
li*e*sigma/(2*(1+e))*(dell_conj+e*del2_conj) -
1i*(1+e)*N2072*del2_conj - 1i*(1+e)/2*phi20_con j*2*del2;

f =[dell_dot; dell_conj_dot; del2_dot; del2_conj_d ot];
v = [dell dell_conj del2 del2_conj];

DxF = jacobian(f,v);

CHAR = DxF - mu*eye(4);

C_poly = det(CHAR);

C_coeffs = coeffs(C_poly, mu);

gammal = simple(collect(C_coeffs(4), N20))
gammaz2 = simple(collect(C_coeffs(3), N20))
gamma3 = simple(collect(C_coeffs(2), N20))
gamma4 = simple(collect(C_coeffs(1), N20))

3.A7.7 Hopf Bifurcation Analysis - Simplification of Coefficients,y;
Based on the MATLAB Output (Linear Damping)

The MATLAB output for the coefficients of the characteristic polynomialsi$ollows:
gammal =

lambda*(e + 1)

gammaz2 =
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(4*N20M4*e"2 + 8*N20M*e + 4*N20™M + 4*N20"2*e2*sigma - 4*N20"2 +
e2*lambda”2 - e”2*phi20"2*phi20_conj*2 + e”2*sigma’"2 + 2*e*lambda’2 -
2*e*phi2072*phi20_conj*2 + lambda”2 - phi20"2*phi20_conj*2 + 1)/4

gamma3 =

(e*lambda*(e*sigma”2 + 1))/4

gamma4 =

(en"2*(4*N20"4*sigma”2 - 8*N20"4*sigma + 4*N20"M - 4*N20"2*sigman2 +
4*N20"2*sigma + lambda”2*sigma”2 - 2*lambda”2*sigma + lambda”?2 -
phi20"2*phi20_conj*2*sigma”2 + 2*phi20"2*phi20_conj*2*sigma -
phi20"2*phi20_conj*2 + sigma”2))/16

Rewriting this output into a more reader-friendly form yields

Y1 =41 + ),
1 4 2 4 4 2.2 2 292 2 2, % 2
Y2 =Z(4N20 €%+ 8Nyp € +4N,0" + 4Ny e“0 — 4N, 0" + €°4° — €220 P50
+e202 + 2642 — 2e202 030" + A2 — @202 P30" + 1)

Y3 = i/ls(eaz + 1),

2
&
)/4 == E(4N2040-2 - 8N2040- + 4N204 - 4N2020-2 + 4’N2020- + /120-2 - 2120- + /12

x 2 x 2 x 2
— Q202 P30 0% + 20207 P30°0 — P20°P50" + 02)
Noting that

2 % 2 _ 4
P20°P20" = Nyo ',

as shown in Section 3.A.6.,andy, can be reduced as follows
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1
Y2 = Z(4‘N20482 + 8N204€ + 4‘N204 + 4‘N202€20- - 4‘N202 + 82/12 - €2N204 + 820-2
+ 2622 — 2eNy0* + 22 — Nyp* + 1)

2
&
)/4 = E(4N2040-2 - 8N2040- + 4N204 - 4’N2020-2 + 4’N2020- + /120-2 - 2120- + /12

- N2040-2 + 2N204O- - N204 + 0-2)

Finally, yo andy, can be reduced further to
3 3 3 1 1
Yy = (Ee + 1 + ZEZ) Nyo* + (€20 — 1)N,o* + ZAZ(E +1)2 + Z(ezaz + 1),

)/4 S %52(1 - 0-)2N204 +%€20-(1 - O-)NZOZ + %82[(1 - 0-)2/12 + 0-2].

3.A.7.8 Hopf Bifurcation Analysis — Solving for Co#icients, v;
(Linear Damping)

%Calculation of the coefficients of v1*z"2 + v2*z + v3=0
%(linear damping case)

close all
clear all

syms lambda e sigma z

gammal = lambda*(e + 1);

gammaz = (4*z"\2*e"2 + 8*z"2*e + 4*z"2 + 4*z*e"2*sig ma - 4*z +
e"2*lambda’2 - en2*z"2 + e"2*sigma”2 + 2*e*lamb dan2 -
2*e*z"2 + lambda”2 - z"2 + 1)/4;

gamma3 = (e*lambda*(e*sigma”2 + 1))/4;

gammad = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4*z"2 - 4*z*sigma2 +
4*z*sigma + lambda”2*sigma”2 - 2*lambda”2*sigma + lambda”?2 -

z\2*sigma’2 + 2*z"2*sigma - z*2 + sigma”2))/16;

V = collect(gamma3”2 - gamma2*gamma3*gammal + gamma 4*gammal”2, z);
C = coeffs(V,2);

v1 = simple(C(3))

v2 = simple(C(2))
v3 = simple(C(1))
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3.A.7.9 Hopf Bifurcation Analysis - Simplification of Coefficients v
Based on the MATLAB Output (Linear Damping)

The MATLAB output for the coefficients is as follows:
vl =

-(3*e*lambda”2*(e*sigma + 1)"2*(e + 1)"2)/16

V2 =

-(e*lambda™2*(e*sigma - 1)*(e*sigma + 1)"2*(e + 1))/4

v3 =

-(e*lambdan2*(e*sigma + 1)"2*(e"2*lambda”2 + e"2*sigma”"2 + 2*e*lambda’2 -
2*e*sigma + lambda”2 + 1))/16

3.A.7.10  Hopf Bifurcation Plots (Linear Damping)

%Hopf Bifurcation (linear damping)
%Generation of the First Plot

close all
clear all

sigma =0.5; e = 0.05; k = 0;

for lambda = 0:0.001:2

k = k+1;

vl = -(3*e*lambda’2*(e*sigma + 1)"\2*(e + 1)"2)/ 16;

v2 = -(e*lambda’2*(e*sigma - 1)*(e*sigma + 1)"2 *(e + 1))/4;

v3 = -(e*lambda’2*(e*sigma + 1)"2*(e”2*lambda’2 + eM2*sigman2 +
2*e*lambda”2 - 2*e*sigma + lambda”2 + 1))/1 6;

al = lambda”2 + sigma”2/(1 - sigma)”2; %alpha 1

a2 = 2*sigma/(1 - sigma); %alpha 2

a3=1; %alpha 3

z1 = (-v2 - sqrt(v2/2 - 4*v3*v1))/(2*v1); %Boundary of stability

z2 = (-v2 + sqrt(v2"2 - 4*v3*v1))/(2*v1); %Boundary of stability
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Alp(k) = (1-sigma)*sqrt(al*z1 + a2*z1"2 + a3*z1 "3); %corresponds
to z1

Alm(k) = -(1-sigma)*sqrt(al*zl + a2*z1"2 + a3*z 173);  %corresponds
tozl

A2p(k) = (1-sigma)*sqrt(al*z2 + a2*z2"2 + a3*z2 "3); %corresponds
to z2

A2m(k) = -(1-sigma)*sqrt(al*z2 + a2*z2"\2 + a3*z 273);  %corresponds
to z2

lam_vec(k) = lambda;
end

%Truncating the plot:

k2 =0;
for m=1k
if lam_vec(m) < 0.54
k2 = k2 + 1;
Alp_2(k2) = Alp(m); lam_vec_2(k2) = lam_vec (m);
A2p_2(k2) = A2p(m); lam_vec_2(k2) = lam_vec (m);
else
end
end
figure
plot(lam_vec_2,Alp 2, 'k JJam_vec 2,A2p_2, ‘'-k' , 'LineWidth' ,2)
xlabel( "\fontsize{12}\bf\lambda' ); ylabel( \bfA" ); grid on;

axis([0 0.8 0.2 1]);

% *hkkkkkkkhhhhhhhhhhhhkhhkkkkkkkkhhkhhhkhhhhhhhrhhriixx *kkkkkkkkkhhhhhhhkx

**

% R R R R R R R R S R R R S S S T T e e R e R R R R T *kkkkkkkkkhhhhhhhkx

*%

%

**

%Generation of Second Plot

%The next two lines that are commented out were use d to find z.
%syms z
%z_solved = solve('al*z + a2*z"2 + a3*z"3 +a4 = 0/, Z)

clear lambda k k2 zl1 z2
lambda = 0.2; k =0; k2 = 0;

for A=0.2:0.01:2
k = k+1;

%From Eq. (6.1-58):
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al = lambda”2 + sigma”2/(1 - sigma)”2;
a2 = 2*sigma/(1 - sigma);

a3 =1;

a4 = -A"2/(1-sigma)"2;

%values for z, z1, and z2 were obtained by using so

z1 = ((a1"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"3*a
(al”r2*a272)/(108*a3"4) - (al*a2*a4d)/(6*a3"3
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3"
a2/(3*a3) - (al/(3*a3) - a2"2/(9*a3"2))/((a
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))\(1/2) - ad/(2*a3) - a2
(al*a2)/(6*a3"2))(1/3);

22 = (al/(3*a3) - a2°2/(9*a32))/(2*((al"3/(27*
ad"2/(4*a372) + (a2"3*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) -
(3M1/2)*1i*(((a173/(27*a3"3) + a4"2/(4*a3”
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*a3) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + a4"2/(4*a
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

z3 = (al/(3*a3) - a2"2/(9*a3"2))/(2*((a1"3/(27*
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a273*ad)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) +
(3M1/2)*1i*(((a173/(27*a3"3) + a4"2/(4*a3"
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*al) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + a4"2/(4*a
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

%Since z = N20”2, the following solves for N20:

N20_z1p(k) = sqgrt(z1); N20_z1m(k) = -sqrt(z1);
N20_z2p(k) = sqgrt(z2); N20_z2m(k) = -sqrt(z2);
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%alpha 1
%alpha 2
%alpha 3
%alpha 4

lve command

4)/(27*a3M4) -
NN/2) -

2)NL/3) -
183/(27+a313) +
*a272)/(108%a3"4) -
A3/(27+a33) +
a33) + ..
*a272)/(108%a3"4) -
A3/(27*a3"3) +

+ adh2/(4*a3r2) +
A3/(27%a313) +

2) +

A3/(27%a313) +
3n2) +
A3/(27%a313) +
az3) + ..
*a272)/(108%a3"4) -
A3/(27*a3"3) +

+ adn2/(4*a3r2) +
A3/(27*a3"3) +

2) +

A3/(27%a313) +
3n2) +

A3/(27%a313) +



N20_z3p(k) = sqgrt(z3); N20_z3m(k) = -sqrt(z3);

A_vec(k) = A;
end

%

*

%Find unstable locations:

k u=0; k check=0;

for ind = 1l:length(N20_z1p)
N20 = N20_z1p(ind);
z = N20"2;

gammal = lambda*(e + 1);

gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e"2
e’ 2*lambda’2 - en"2*z"2 + e2*sigma’2 + 2*e*
2*e*z"\2 + lambdan2 - z"2 + 1)/4;

gammas3 = (e*lambda*(e*sigma”2 + 1))/4;

gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4*
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s

z"\2*sigma2 + 2*z"2*sigma - z*2 + sigma”’*2))

%Characteristic equation
CHAR =[1 gammal gamma2 gamma3 gammad4];

R = roots(CHAR);

%Looking for positive real parts of the eigenvalues

for kR = 1l:length(R)
if real(R(kR)) >0
k u=k u+1;
z_unstable(k_u) = N20;
A_unstable(k_u) = A_vec(ind);
k_check = k_check + 1;
else
end
end

end

if k_check ==
No_Plot = 0;
else
No_Plot = 1;
end

figure
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lambda”2 -

zZ"2 - 4*z*sigma’2 +
igma + lambda’2 -

/16;



plot(A_vec,N20_zlp, -k' , 'LineWidth' ,2)

hold on

if No Plot==1;

plot(A_unstable, z_unstable, k)
else

end

xlabel(  "\bfA" ); ylabel( \bfN_2 0" ); grid on;
axis([0.2 2 0.2 1.6]);

%

*%

% *hkkkkhkkhhhhhhhhhAAAAAA kA Ak kkkhhkhhhhhhhhdhhhhrhx *kkkkkkkkkhhhhhhhkk

**
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*%

%Generation of the third plot
clear all
sigma=1.2; e =0.05; k= 0;

for lambda = 0:0.001:4

k = k+1;

vl = -(3*e*lambda’2*(e*sigma + 1)"2*(e + 1)"2)/ 16;

v2 = -(e*lambda’2*(e*sigma - 1)*(e*sigma + 1)"2 *(e + 1))/4;

v3 = -(e*lambda’2*(e*sigma + 1)"2*(e”2*lambda’2 + eM2*sigman2 +

2*e*lambda’2 - 2*e*sigma + lambda’2 + 1))/1 6;

al = lambda”2 + sigma”2/(1 - sigma)”2; %alpha 1

a2 = 2*sigma/(1 - sigma); %alpha 2

a3 =1, %alpha 3

71 = (-v2 - sgrt(v2/2 - 4*v3*v1))/(2*v1); %Boundary of stability

72 = (-v2 + sqrt(v2"2 - 4*v3*v1))/(2*v1); %Boundary of stability

Alp = (1-sigma)*sqrt(al*zl + a2*z1"2 + a3*z1"3) ;  %corresponds to
z1

Alm = -(1-sigma)*sqrt(al*zl + a2*z1"2 + a3*z1"3 );  %corresponds to
z1

A2p = (1-sigma)*sqrt(al*z2 + a2*z2"2 + a3*z2"3) ;  %corresponds to
z2

A2m = -(1-sigma)*sqrt(al*z2 + a2*z2"2 + a3*z2"3 );  %corresponds to
z2

Al11(k) = Alp; A12(k) = Alm; %corresponds to z1

A21(k) = A2p; A22(k) = A2m; %corresponds to z2

lam_vec(k) = lambda;
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if lambda == 0.001
Al2 0= A12(k); A22_0 = A22(k);
else
end
end

k2 = 0;

for n=1k
if lam_vec(n) <.525
k2 = k2 + 1;
Al11l_2(k2) = A11(n); A12_2(k2) = A12(n);
A21_2(k2) = A21(n); A22_2(k2) = A22(n);
lam_vec_2(k2) = lam_vec(n);

else
end
end
k SN=0;
for lambda_SN = 0:.001:4
k_SN = k_SN+1;
al = lambda_SN”2 + sigma”2/(1 - sigma)”2; %alpha 1
a2 = 2*sigma/(1 - sigma); %alpha 2
a3 =1; %alpha 3
%Solving for a4:
a4 _p = -al*(-a2/(3*a3) + sqrt(a2"2 - 3*al*a3)/( 3*a3)) -
a2*(-a2/(3*a3) + sqrt(a2"2 - 3*al*a3)/(3*a3 N2 -
a3*(-a2/(3*a3) + sqrt(a2"2 - 3*al*a3)/(3*a3 N3;
a4 _m = -al*(-a2/(3*a3) - sqrt(a2”2 - 3*al*a3)/( 3*a3)) -
a2*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/(3*a3 N2 -
a3*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/(3*a3 N3;

%Solving for A from a4:
A_p = sgrt(-a4_p*(1-sigma)*2); A_m = sgrt(-a4_m *(1-sigma)"2);

lambda_SN_vec(k_SN) = lambda_SN;
A_p_vec_SN(k_SN)=A p;
A_m_vec_SN(k_SN)=A_m;
if lambda_SN == 0.001
Al12_SN =A p_vec_SN(k_SN);
A22 SN =A _m_vec_SN(k_SN);
else

end
end

%Truncating the Saddle-Node Plots:
m_SN =k _SN; g_SN =ones(1,k _SN); h_SN =ones(1,k_S N);

for n_SN=1:k SN
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if abs(A_p_vec_SN(n_SN)- A_m_vec_SN(n_SN)) <.0001
g_SN(n_SN) =0; h_SN(n_SN) = 0;
elseif n_SN>1&&g_SN(n_SN-1) ==0&& h_SN(n_SN-1)==0
m_SN =m_SN-1; g SN(n_SN) = 0; h_SN(n_SN) = 0;
else
end

end

lambda_SN_vec 2 = zeros(1,m_SN);
A _p_vec 2 SN =zeros(1,m_SN); A m_vec_2 SN = zeros( 1,m_SN);

for q=1:m_SN
lambda_SN_vec_2(q) = lambda_SN_vec(q);
A_p_vec_2 SN(g) = A_p_vec_SN(q);
A_m_vec_2_ SN(q) = A_m_vec_SN(q);

end

figure

hold on; grid on;

plot(lam_vec_2,A12_2, 'k--" Jlam_vec_2,A22 2, 'k--' ,'LineWidth' ,2)
plot(lambda_SN_vec_2, A p vec_2_ SN, “k' , 'LineWidth' ,2)
plot(lambda_SN_vec_2, A_m_vec_2_ SN, “k' , 'LineWidth' ,2)

xlabel( "\fontsize{12}\bf\lambda' ); ylabel( \bfA" );

axis([0 3.5 0 1.8]);

% *hkkkkhkhkhhhhhhhhhhhhkAAAkkkkkkkhhhhhhhhhhhhhhhrhhx *kkkkkkkkkhhhhhhhx
**

%

*%

%

**

%Generation of the Fourth Plot
clear lambda k k2 zl1 z2
lambda = 0.2; k=0; kb =0; k7 = 0;

for A =0:0.001:2

k = k+1;

al = lambda”2 + sigma”2/(1 - sigma)”2; %alpha 1

a2 = 2*sigma/(1 - sigma); %alpha 2

a3 =1; %alpha 3

a4 = -A"2/(1-sigma)"2; %alpha 4
%values for z, z1, and z2 were obtained by using so lve command

z1 = ((a1"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"3*a 4)/(27*a3"4) -
(a1n2*a272)/(108*a3"4) - (al*a2*ad)/(6*a3"3 NNL/2) -
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3" 2N 1/3) -
a2/(3*a3) - (al/(3*a3) - a22/(9*a3"2))/((a 173/(27*a3"3) +
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a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))\(1/2) - ad/(2*a3) - a2
(al*a2)/(6*a3"2))(1/3);

22 = (al/(3*a3) - a2°2/(9*a3"2))/(2*((al"3/(27*

ad"2/(4*a372) + (a23*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) -
(BML/2)*1i*(((a1"3/(27*a3"3) + a4"2/(4*a3"
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*al) -
a2°2/(9*a3"2))/((a1"3/(27*a3"3) + ad4"2/(4*a
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))"(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

23 = (al/(3*a3) - a2°2/(9*a3"2))/(2*((al"3/(27*

ad"2/(4*a372) + (a23*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) +
(3M1/2)*1i*(((a173/(27*a3"3) + a4"2/(4*a3”
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*al) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + a4"2/(4*a
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

*22)/(108*a3"4) -
A3/(27+a373) +
a33) + ..
*a212)/(108*a3"4) -
A3/(27*a313) +

+ ad"2/(4*a3"2) +
r3/(27%2313) +

2) +

73/(27+2313) +
3n2) +
73/(27+2313) +
a33) + ..
*a22)/(108*a3"4) -
A3/(27*a313) +

+ adh2/(4*a3r2) +
r3/(27%2313) +

2) +

73/(27+2313) +
3n2) +

A3/(27%a313) +

%Since z = N20”2, the following solves for N20:

N20_z1p(k) = sqgrt(z1); N20_z1m(k) = -sqrt(z1);
N20_z2p(k) = sqgrt(z2); N20_z2m(k) = -sqrt(z2);
N20_z3p(k) = sqgrt(z3); N20_z3m(k) = -sqrt(z3);

A_vec(k) = A;
end

%Truncating the response:
k2 =0; k3=0; k4 =0;

for n=1k
if A_vec(n) > 0.095

128



end

for

end

for

end

k2 =k2 + 1;

N20_1(k2) = N20_z1p(n); A _vec_11(k2) = A ve
N20_2a(k2) = N20_z2p(n); A_vec_21(k2)=A v
else

end

m = 1:k2

if A_vec 11(m)<1.14

k3 =k3 + 1;

N20_2(k3) = N20_2a(m); A_vec_21 2(k3)=A_v
else

end

p=1k

if A_vec(p)<1.14

k4 = k4 + 1;

N20_3(k4) = N20_z3p(p); A_vec_31(k4) = A _ve
else

end

%

%Find unstable locations:

k ul=0;k check 1=0;

for

ind1 = 1:length(N20_1)

N20 = N20_1(ind1);
z = N20"2;

gammal = lambda*(e + 1);

gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e"2

e’2*lambda’2 - en2*z"2 + e"2*sigma’2 + 2*e*
2*e*z"\2 + lambdan2 - z"2 + 1)/4;

gammas3 = (e*lambda*(e*sigma”2 + 1))/4;

gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4*

4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s
z"\2*sigma2 + 2*z"2*sigma - z*2 + sigma”’*2))

%Characteristic equation

CHAR1 = [1 gammal gamma2 gamma3 gammad];

R1 = roots(CHARL);

%Looking for positive real parts of the eigenvalues
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c(n);
ec(n);

ec_21(m);

c(p);

*sigma - 4*z +
lambda”2 -

zZ"2 - 4*z*sigma’2 +
igma + lambda’2 -

/16;



for kR1 = l:length(R1)
if real(R1(kR1)) >0
k ul=k ul+1;
z_unstable_Hopfl(k_ul) = N20;
A_unstable_Hopfl(k_ul) = A vec_11(ind1)
k check 1=k check 1+1;
else
end
end
end

k u2=0; k check 2=0;
for ind2 = 1:length(N20_2)
N20 = N20_2(ind2);
z = N20"2;
gammal = lambda*(e + 1);
gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*z*e"2
e’2*lambda’2 - e"2*z"2 + e"2*sigma’2 + 2*e*
2*e*z"\2 + lambdan2 - z"2 + 1)/4;
gammag3 = (e*lambda*(e*sigma”2 + 1))/4;
gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4*
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s

z"\2*sigma’2 + 2*z"2*sigma - z*2 + sigma”’*2))

%Characteristic equation
CHAR2 = [1 gammal gamma2 gamma3 gammad];

R2 = roots(CHAR?2);

%Looking for positive real parts of the eigenvalues

for kR2 = 1:length(R2)
if real(R2(kR2)) >0
k u2=k u2+1;
z_unstable_Hopf2(k_u2) = N20;
A_unstable_Hopf2(k_u2) = A vec_21 2(ind
k check 2 =k check 2+ 1;
else
end
end
end

k u3=0; k check 3=0;
for ind3 = 1:length(N20_3)
N20 = N20_3(ind3);
z = N20"2;

gammal = lambda*(e + 1);
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gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e"2
e 2*lambda’2 - e"2*z"2 + e”2*sigma’2 + 2*e*
2*e*z"\2 + lambdan2 - z"2 + 1)/4;

gamma3 = (e*lambda*(e*sigma’2 + 1))/4;

gamma4 = (en2*(4*z"2*sigma”2 - 8*z"2*sigma + 4*
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s
z"\2*sigma2 + 2*z"2*sigma - z\2 + sigma”’\2))

%Characteristic equation
CHAR3 =[1 gammal gamma2 gamma3 gammad];

R3 = roots(CHAR3);
%Looking for positive real parts of the eigenvalues

for kR3 = l:length(R3)
if real(R3(kR3)) >0
k u3=k u3+1;
z_unstable_Hopf3(k_u3) = N20;
A_unstable_Hopf3(k_u3) = A _vec_31(ind3)
k _check 3=k check 3+ 1;
else
end
end
end

%If k_check == 0, then that means A _unstable Hopf a
%Z_unstable_Hopf are undefined, and thus the soluti
%Here it is determined if that is the case, and a d
%whether to plot based on the stability of the solu

if k _check 1 ==
No_Plotl = 0;
else
No_Plotl = 1;
end

if k_check 2 ==
No_Plot2 = 0;
else
No_Plot2 = 1;
end

if k _check 3 ==
No_Plot3 = 0;
else
No_Plot3 =1;
end
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%

figure

plot(A_vec 11,N20 1, k' ,A_vec 21 2,N20 2,
'LineWidth' ,2)

hold on; grid on;

if No_Plotl ==1;

plot(A_unstable_Hopfl, z_unstable_Hopf1,
else
end

if No_Plot2 ==1;

plot(A_unstable Hopf2, z_unstable_Hopf2,
else
end

if No_Plot3 ==1;

plot(A_unstable_Hopf3, z_unstable_Hopf3,
else
end

xlabel( "\bfA" ); ylabel( \bfN_2 0" );
axis([0 2 0 3.5));
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**

%Generation of the fifth plot
clear all

lambda =0.2; e =0.05; A=0.4; k=0;
syms sigma

for sigma =-5:0.001:5
k = k+1;

vl = -(27*e*lambda’2*(9*lambda”2 + 16)*(e*sigma
1)72)/1024;

v2 = -(9*e*lambda’2*(e*sigma - 1)*(e*sigma + 1)
v3 = -(9*e*lambda’2*(e”"2*sigma’2 - 1)"2)/64;
al = lambda”2 + sigma”2/(1 - sigma)”2;

a2 = 2*sigma/(1 - sigma);

a3 =1,
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a4 = -A"2/(1-sigma)"2; %alpha 4

(al*a2*a4)/(6*a3~3))(1/2) - ad/(2*a3) - a2
(al*a2)/(6*a3"2))(1/3)) - ((a13/(27*a3"3)

%values for z, z1, and z2 were obtained by using so Ive command

z1 = ((al"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"3*a 4)/(27*a3"4) -
(a1n2*a272)/(108*a3"4) - (al*a2*ad)/(6*a3"3 NNL/2) -
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3" 2™ 1/3) -
a2/(3*al) - (al/(3*a3) - a2"2/(9*a3"2))/((a 13/(27*a3"3) +
a4"2/(4*a3"2) + (a2"3*a4)/(27*a3"4) - (al"2 *a2/2)/(108*a3"4) -
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2 N3/(27*a3"3) +
(al*a2)/(6*a3"2))(1/3);

z2 = (al/(3*a3) - a272/(9*a3"2))/(2*((a1"3/(27* a3"3) + ..
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2 *a272)/(108*a3"4) -
(al*a2*a4d)/(6*a3"3))N(1/2) - a4/(2*a3) - a2 ~3/(27*a3"3) +
(al*a2)/(6*a3"2))(1/3)) - ((a1"3/(27*a3"3) + ad"2/(4*a3"2) +
(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4 -
(al*a2*ad)/(6*a3"3))N(1/2) - a4/(2*a3) - a2 ~3/(27*a3"3) +
(al*a2)/(6*a3"2))"(1/3)/2 - a2/(3*a3) -
(BMNA/2)*1i*(((@a1"3/(27*a3"3) + ad"2/(4*a3" 2) +
(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4 -
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2 3/(27*a3"3) +
(al*a2)/(6*a3"2))"(1/3) + (al/(3*a3) -
a2"2/(9*a3"2))/((al"3/(27*a3"3) + a4"2/(4*a 3N2) +
(a2"3*ad)/(27*a3") - (a1l”2*a2"2)/(108*a3" 4 -
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2 N3/(27*a3"3) +
(al*a2)/(6*a3"2))(1/3)))/2;

z3 = (al/(3*a3) - a2"2/(9*a3"2))/(2*((a1"3/(27* a3"3) + ..
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2 *a272)/(108*a3"4) -

n3/(27*a3"3) +
+ a4"2/(4*a3"2) +

(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4 -
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2 ~3/(27*a3"3) +

(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) +
(3ML/2)*1i*(((a1”3/(27*a3"3) + a4"2/(4*a3" 2) +
(a273*ad)/(27*a3"4) - (al"2*a2"2)/(108*a3"4 -
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2 N3/(27*a3"3) +
(al*a2)/(6*a3"2))\(1/3) + (al/(3*a3) -
a2"2/(9*a372))/((al"3/(27*a3"3) + a4"2/(4*a 3"2) +
(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4 -
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2 N3/(27*a3"3) +

(al*a2)/(6*a3"2))(1/3)))/2;
N20_z11(k) = sqrt(z1); N20_z12(k) = -sqrt(z1);
N20_z21(k) = sqrt(z2); N20_z22(k) = -sqrt(z2);
N20_z31(k) = sqgrt(z3); N20_z32(k) = -sqrt(z3);

sigma_vec(k) = sigma;
end
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%Truncating the response:

k2 =0; k3=0; k4 =0;k5=0; k6 =0; k7 =0;
for n=1k
if N20_z11(n)<3.1
k2 = k2 + 1;
z11 2(k2) = N20_z11(n); sigma_vec_11(k2)
z21 2(k2) = N20_z21(n); sigma_vec_21(k2)

sigma_vec(n);
sigma_vec(n);

else
end
end
for m=1:k2
if sigma_vec 21(m)<-1.21 || sigma_vec 21(m)>1
k3 =k3 + 1;
z21 2 2(k3) =z21_2(m); sigma_vec_21 2(k3) = sigma_vec_21(m);
else
end
end
for q=1:k3
if sigma_vec 21 2(q) <2.57 && sigma_vec 21 2(q) > -1 .6
k6 = k6 + 1;
z21 2 3(k6) =z21 2 2(q); sigma_vec_21 3(k6 )=
sigma_vec_21 2(q);
else
end
end
for h=1k2
if sigma_vec 11(h) >-1.6 && sigma_vec_11(h) < 2.57
k5 =k5 + 1;
z11 2 2(k5) =z11 2(h); sigma_vec_11 2(k5) = sigma_vec_11(h);
else
end
end
for p=1k
if sigma_vec(p) <-1.21
k4 = k4 + 1;
z31 2(k4) = N20_z31(p); sigma_vec_31(k4) = sigma_vec(p);
elseif  sigma_vec(p) > 1
k4 = k4 + 1;
z31 2(k4) = N20_z31(p); sigma_vec_31(k4) = sigma_vec(p);
else
end
end
%Since the response jumps from one location to anot her at some
locations,
%this part of the program separates those jumps to discrete branches to
be

%used later for determining stability:
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step_z11 1=0;step_z11 2 = 0; plot_thresh = 0.01; test_val = 0;
for stepl = 2:length(z11 2 2)

if abs(z1l 2 2(stepl) - z11 2 2(stepl - 1)) > plot_th resh &&
abs(sigma_vec_11 2(stepl) - sigma_vec_1 1 2(stepl-1))
> plot_thresh

test val = 2;

else

end

if test val<1
step_z11 1 =step_z11 1 +1;
z11 finall(step_z11 1) =z11_ 2 2(stepl);
sigma_z11 finall(step_z11 1) =sigma_vec 11 _2(stepl);
else
step_z11 2 =step_z11 2 +1;
z11 final2(step_z11 2)=z11 2 2(stepl);
sigma_z11 final2(step_z11_2) = sigma_vec_11 _2(stepl);
end
end

step_z21 1 =0; step_z21 2 = 0; plot_thresh = 0.01; test_val = 0;
for step2 = 2:length(z21 2 3)
if abs(z21 2 3(step2) - z21_2_3(step2 - 1)) > plot_th resh &&
abs(sigma_vec_21 3(step2) - sigma_vec_2 1 3(step2 - 1))
> plot_thresh
test val = 2;
else
end

if test val<1
step_z21 1 =step_z21 1+1;
z21 finall(step_z21 1) =221 2 3(step2);
sigma_z21 finall(step_z21 1) = sigma_vec_21 _3(step2);
else
step_z21 2 =step_z21 2 +1;
z21 final2(step_z21 2)=z21_2_3(step2);
sigma_z21 final2(step_z21_ 2) = sigma_vec_21 _3(step2);
end
end

step_z31 1 =0; step_z31 2 = 0; plot_thresh = 0.01; test_val = 0;
for step3 = 2:length(z31_2)
if abs(z31_2(step3) - z31_2(step3 - 1)) > plot_thresh &&
abs(sigma_vec_31(step3) - sigma_vec_31( step3 - 1))
> plot_thresh
test val = 2;
else
end

if test val<1

step_z31 1=step_z31 1+1;

z31 finall(step_z31 1) =2z31_2(step3);

sigma_z31_finall(step_z31_1) = sigma_vec_31 (step3);
else

step_z31 2 =step_z31 2 +1;

z31 final2(step_z31 2) =z31 2(step3);
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sigma_z31_final2(step_z31_2) = sigma_vec_ 31 (step3);

end
end
figure
hold on; grid on;
plot(sigma_z11 finall,z11 finall, k', 'LineWidth' ,2)
plot(sigma_z11 final2,z11 final2, -k' , 'LineWidth' ,2)
plot(sigma_z21 finall,z21 finall, -k' , 'LineWidth' ,2)
plot(sigma_z21 final2,z21 final2, -k' , 'LineWidth' ,2)
plot(sigma_z31_finall,z31_finall, k', 'LineWidth' ,2)
plot(sigma_z31_final2,z31_final2, k', 'LineWidth' ,2)
xlabel(  "\fontsize{12}\bf\sigma' ); ylabel( \bfN_ 2 0" );

% B R R R R R R R e R S R S S S S T R R R R R R T *kkkkkkkkkhhhhhhkx

*

%Find unstable locations:

k ul=0;k check 1=0;

for indl = l:length(z11 finall)
N20 = z11 finall(indl);
z = N20"2;

gammal = lambda*(e + 1);
gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e"2 *sigma - 4*z +
e’2*lambda’2 - en2*z"2 + e”2*sigma’2 + 2*e* lambda”2 -

2*e*z"\2 + lambdan2 - z"2 + 1)/4;

gammag3 = (e*lambda*(e*sigma”2 + 1))/4;

gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4* zZ"2 - 4*z*sigma’2 +
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s igma + lambda’2 -
z/\2*sigma2 + 2*z"2*sigma - z\2 + sigma”*2)) /16;

%Characteristic equation
CHAR1 = [1 gammal gamma2 gamma3 gammad];

R1 = roots(CHARL);
%Looking for positive real parts of the eigenvalues

for kR1 = 1:length(R1)
if real(R1(kR1)) >0
k ul=k ul+1;
z_unstable_Hopfl(k_ul) = N20;

sigma_unstable_Hopfl(k_ul) = sigma_z11 finall(indl);
k check 1=Kk check 1+ 1;
else
end
end
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end

k u2=0; k check 2=0;

for ind2 = l:length(z11 final2)
N20 = z11 final2(ind2);
z = N20"2;

gammal = lambda*(e + 1);
gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*z*e"2 *sigma - 4*z +
e’2*lambda’?2 - en2*z"2 + e"2*sigma’2 + 2*e* lambda”2 -

2*e*z"\2 + lambdan2 - z"2 + 1)/4;

gammas3 = (e*lambda*(e*sigma”2 + 1))/4;

gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4* zZ"2 - 4*z*sigma’2 +
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s igma + lambda”2 -
z"\2*sigma2 + 2*z"2*sigma - z*2 + sigma”*2)) /16;

%Characteristic equation
CHAR2 = [1 gammal gamma2 gamma3 gammad];

R2 = roots(CHAR2);
%Looking for positive real parts of the eigenvalues

for kR2 = 1:length(R2)
if real(R2(kR2)) >0

k u2=k u2+1;
z_unstable_Hopf2(k_u2) = N20;
sigma_unstable_Hopf2(k_u2) = sigma_z11_ final2(ind2);
k check 2 =k check 2+ 1,
else
end
end

end
k u3=0; k check 3=0;
for ind3 = l:length(z21_finall)
N20 = z21 _final1(ind3);
z = N20"2;
gammal = lambda*(e + 1);
gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e"2 *sigma - 4*z +
e’2*lambda’2 - en2*z2 + e2*sigma’2 + 2*e* lambda”2 -
2*e*z"\2 + lambdan2 - z"2 + 1)/4;

gammas3 = (e*lambda*(e*sigma”2 + 1))/4;

gamma4 = (en2*(4*z"2*sigma”2 - 8*z"2*sigma + 4* zZ"2 - 4*7*sigma2 +
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4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s
z"\2*sigma2 + 2*z"2*sigma - z\2 + sigma”*2))

%Characteristic equation
CHAR3 =[1 gammal gamma2 gamma3 gammad];

R3 = roots(CHAR3);

%Looking for positive real parts of the eigenvalues

for kR3 = l:length(R3)
if real(R3(kR3)) >0
k u3=k u3+1;
z_unstable_Hopf3(k_u3) = N20;
sigma_unstable_Hopf3(k_u3) = sigma_z21
k _check 3=k check 3+ 1;
else
end
end
end

k u4 =0; k check 4=0;
for ind4 = l:length(z21 final2)
N20 = z21 final2(ind4);
z = N20"2;
gammal = lambda*(e + 1);
gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e"2
e’2*lambda’2 - e"2*z"2 + e”2*sigma’2 + 2*e*
2*e*z"\2 + lambdan2 - z"2 + 1)/4;
gammag3 = (e*lambda*(e*sigma”2 + 1))/4;
gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4*
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s

z"\2*sigma2 + 2*z"2*sigma - z*2 + sigma”*2))

%Characteristic equation
CHAR4 = [1 gammal gamma2 gamma3 gammad];

R4 = roots(CHARA4);

%Looking for positive real parts of the eigenvalues

for kR4 = 1:length(R4)
if real(R4(kR4)) >0
k ud=k ud+1,
z_unstable_Hopf4(k_u4) = N20;
sigma_unstable_Hopf4(k_u4) = sigma_z21
k check 4 =k _check 4 + 1,
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else
end
end
end

k u5=0; k check 5=0;

for ind5 = 1:length(z31_finall)
N20 = z31_finall(ind5);
z = N20"2;

gammal = lambda*(e + 1);
gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e"2 *sigma - 4*z +
e’2*lambda’2 - e"2*z"2 + e"2*sigma’2 + 2*e* lambda”2 -

2*e*z"\2 + lambdan2 - z"2 + 1)/4;

gammag3 = (e*lambda*(e*sigma”2 + 1))/4;

gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4* z"2 - 4*z*sigma’2 +
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s igma + lambda”2 -
z"\2*sigma2 + 2*z"2*sigma - z\2 + sigma”*2)) /16;

%Characteristic equation
CHARS5 =[1 gammal gamma2 gamma3 gammad];

R5 = roots(CHARS);
%Looking for positive real parts of the eigenvalues

for kR5 = 1l:length(R5)
if real(R5(kR5)) >0
k us5=k u5+1;
z_unstable_Hopf5(k_u5) = N20;

sigma_unstable_Hopf5(k_u5) = sigma_z31_ final1(ind5);
k _check 5=k check 5+ 1;
else
end
end
end
%***

k u6 =0; k check 6=0;

for ind6 = l:length(z31 final2)
N20 = z31_final2(ind6);
z = N20"2;

gammal = lambda*(e + 1);
gammaz2 = (4*z"\2*e"2 + 8*z"\2*e + 4*z"\2 + 4*7*e2 *sigma - 4*z +

e2*lambda’2 - en2*z"2 + e2*sigma’2 + 2*e* lambda”2 -
2*e*z"\2 + lambdan2 - z"2 + 1)/4;

139



gammag3 = (e*lambda*(e*sigma”2 + 1))/4;

gamma4 = (e"2*(4*z"2*sigma”2 - 8*z"2*sigma + 4*
4*z*sigma + lambda”2*sigma”2 - 2*lambda’2*s
z"\2*sigma’2 + 2*z"2*sigma - z\2 + sigma”’\2))

%Characteristic equation
CHARG6 = [1 gammal gamma2 gamma3 gammad];

R6 = roots(CHAR®);

%Looking for positive real parts of the eigenvalues

for kR6 = 1l:length(R6)
if real(R6(kR6)) >0
k u6 =k u6 +1;
z_unstable_Hopf6(k_u6) = N20;
sigma_unstable_Hopf6(k_u6) = sigma_z31_
k _check 6 =k check 6+ 1;
else
end
end
end

%If k_check == 0, then that means A_unstable_Hopf a
%Z_unstable_Hopf are undefined, and thus the soluti
%Here it is determined if that is the case, and a d
%whether to plot based on the stability of the solu

if k check 1==
No_Plotl = 0;
else
No_Plotl = 1;
end

if k_check 2 ==
No_Plot2 = 0;
else
No_Plot2 = 1;
end

if k _check 3 ==
No_Plot3 = 0;
else
No_Plot3 =1;
end

if k_check 4 ==
No_Plot4 = 0;
else
No_Plot4 = 1;
end
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if k_check 5==
No_Plot5 = 0;
else
No_Plots = 1;
end

if k _check 6 ==
No_Plot6 = 0;
else
No_Plot6 = 1;
end

if No_Plotl ==1;

plot(sigma_unstable_Hopfl, z_unstable Hopfl, K,
else
end

if No_Plot2 ==1;

plot(sigma_unstable_Hopf2, z_unstable Hopf2, K,
else
end

if No_Plot3 ==1;

plot(sigma_unstable_Hopf3, z_unstable Hopf3, K,
else
end

if No_Plot4 ==1;

plot(sigma_unstable_Hopf4, z_unstable Hopf4, K,
else
end

if No_Plots ==1;

plot(sigma_unstable_Hopf5, z_unstable Hopf5, K,
else
end

if No_Plot6 ==1;
plot(sigma_unstable_Hopf6, z_unstable Hopf6, k),

else
end

axis([-5 5 0 3.5]);

3.A.7.11  Hopf Bifurcation Analysis - Solving for Cefficients, y,
(Nonlinear Damping)

%Calculation of the coefficients of the characteris tic polynomial
%(nonlinear damping case)

close all
clear all
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syms dell dell_conj del2 del2_conj lambda e sigma N20 phi20 phi20_conj
mu

%From equations (3.55):

dell_dot = -1li*e/(2*(1+e))*(del1l-del2) +
li*e*sigma*(dell+e*del2)/(2*(1+e));

dell_conj_dot = li*e/(2*(1+e))*(dell_conj-del2_conj ) -
li*e*sigma*(dell_conj+e*del2_conj)/(2*(1+e));

del2_dot = -1i/(2*(1+e))*(del2-dell) +
li*e*sigma/(2*(1+e))*(dell+e*del2) -
3*lambda*(1+e)/4*N20"2*del2 + 1i*(1+e)*N20"2*de 2- ..
3*lambda*(1+e)/8*phi20"2*del2_conj + 1i*(1+e)/2 *phi20"2*del2_conj;

del2_conj_dot = 1i/(2*(1+e))*(del2_conj-del1_conj)
li*e*sigma/(2*(1+e))*(dell_conj+e*del2_conj) -

3+lambda*(1+e)/4*N20~2*del2_conj - 1i(1+e)*N20 ndel2_conj- ...
3*lambda*(1+e)/8*phi20_conj*2*del2 - 1i*(1+e)/2 *phi20_conj*2*del2;
f =[dell_dot; dell_conj_dot; del2_dot; del2_conj_d ot];

v = [dell dell_conj del2 del2_conj];
DxF = jacobian(f,v);

CHAR = DxF - mu*eye(4);

C_poly = det(CHAR);

C_coeffs = coeffs(C_poly, mu);

gammal = simple(collect(C_coeffs(4), N20))
gammaz2 = simple(collect(C_coeffs(3), N20))

gamma3 = simple(collect(C_coeffs(2), N20))
gamma4 = simple(collect(C_coeffs(1), N20))

3.A.7.12  Hopf Bifurcation Analysis - Simplification of Coefficients,y;
Based on the MATLAB Output (Nonlinear Damping)

The MATLAB output for the coefficients of the characteristic polynomiakifoows:
gammal =

(3*N20"2*lambda*(e + 1))/2

gammaz2 =

N20"2*(e"2*sigma - 1) + N2074*((9*e”2*lambdan2)/16 + e”2 + (9*e*lambda"2)/8 +
2*e + (9*lambdan2)/16 + 1) + (e"2*sigma”2)/4 - (phi20"2*phi20_conj*2)/4 -
(e*phi2072*phi20_conj*2)/2 - (e"2*phi20~2*phi20_conj*2)/4 -
(9*lambda™2*phi20”2*phi20_conj*2)/64 - (9*e*lambda”2*phi20"2*phi20_conj*2)/32 -
(9*e"2*lambda”2*phi2072*phi20_conj*2)/64 + 1/4
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gamma3 =

(3*N20"2*e*lambda*(e*sigma”2 + 1))/8

gamma4 =

(en"2*(36*N20"4*lambda”2*sigma2 - 72*N20"4*lambda”2*sigma +
36*N20"M*lambda”2 + 64*N20"4*sigma”2 - 128*N20"4*sigma + 64*N20"4 -
64*N20"2*sigma”2 + 64*N20"2*sigma - 9*lambda”2*phi2072*phi20_conj*2*sigma”2
+ 18*lambda”2*phi20"2*phi20_conj*2*sigma - 9*lambda”2*phi20”2*phi20_conj*2 -
16*phi2072*phi20_conj*2*sigma”2 + 32*phi2072*phi20_conj*2*sigma -
16*phi20”2*phi20_conj*2 + 16*sigma”*2))/256

Rewriting this output into a more reader-friendly form yields
32
Vi=~ 1+ S)Nzoza

Y2 = (€20 — 1)Nyo® + (%EZAZ + &2 + SEAZ +2e + %AZ + 1) Nyo* + iezaz —
1 * 2 1 % 2 1 x 2 9 x 2 9 * 2
Z‘onzfpzo —5590202(!720 —Zfzfﬂzozfpzo —alzfpzozfpzo —58/12<p202(p20 -
9 x 2 1
agzlzfpzozﬁozo +Z1

Y3 = %(1 + SO-Z)NZOZ,

— i 2.2 4 _ 2 4 2 4 2 4 _ 4
Ya =5 (362 0°Nyo™ — 72A°0N,0" + 36A°N,~ + 640°Nyy~ — 1280 N5~ +

64N30" — 6402 N30° + 640N0% — 92202 050% 030" + 182200207 030" —

9220502930 — 16020502030 + 3200202 030" — 1690507930 + 1652).

Noting that

2 % 2 _ 4
P20°P20" = Nyo ',

as shown in Section 3.A.6.,andy, can be reduced as follows

143



9 9 9 1
Vo = (€20 — 1Ny + <—€2/12 + £2 +§s/12 + 2¢ + EAZ + 1) Nyo* +Zszaz

16
1 1 1 9 9
- Z()Nzo4 - §£N204 - Z£2N204 - aﬂthzo4 - §<9)L21Vzo4
- aSZAZN204 + Z

2
Va = = (364207 Nyo* — 72220 N30* + 3612 Noo* + 6407 Nyo* — 1280 Nyo* +

64N, * — 640%N,y% + 640N, > — 921262N,,* + 18120 N,o* — 9A2N,,* — 1602N,,* +
20 20 20 20 20 20 20
320N,0* — 16N,0* + 1602).

Finally, y, andy, can be reduced further to

(276212 27€A?  272% 3&%? 3¢
Y2 = -

3 4 2 2

1
+Z(€20'2 + 1),

27€%22%0%  27€%A%c | 27&%1% | 3g%0% 3g%0 | 3€? 4 1 2
= — + + - +—)N +-e%0(1 — 0)Nyp* +
Ya ( 256 128 256 16 8 16/ 20 4 ( Nz

252

oo

16

3.A.7.13  Hopf Bifurcation Analysis — Solving for Cefficients, v
(Nonlinear Damping)

%Calculation of the coefficients of v1*z"2 + v2*z + v3=0
%(nonlinear damping case)

close all
clear all

syms lambda e sigma z

gammal = (3*lambda/2)*(1 + e)*z;

gammaz2 = (27*e"2*lambda’2/64 + 27*e*lambda’2/32 + 2 7*lambda’2/64 +
3*e"2/4 + 3*e/2 + 3/4)*z"2 + (e"2*sigma - 1)*z + ..
(1/4)*(en2*sigma”2 + 1);

gamma3 = (3*e*lambda/8)*(1 + e*sigma’2)*z;

gammad = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*lamb da”2*sigma/128 +
27*e"2*lambda”2/256 + 3*e”2*sigma”2/16 - 3*e"2* sigma/8 +
3*e"2/16)*z"2 + (1/4)*e~2*sigma*(1-sigma)*z + e A2*sigma”2/16;
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V = collect(gamma3”2 - gamma2*gamma3*gammal + gamma 4*gammal”2, z);
C = coeffs(V,2);

vl = simple(C(3))
v2 = simple(C(2))
v3 = simple(C(1))

3.A.7.14  Hopf Bifurcation Analysis - Simplification of Coefficients v
Based on the MATLAB Output (Nonlinear Damping)

The MATLAB output for the coefficients of Eq. (6.2-20) is as follows:
vl =

-(27*e*lambda”2*(9*lambda”2 + 16)*(e*sigma + 1)"2*(e + 1)"2)/1024

V2 =

-(9*e*lambdan2*(e*sigma - 1)*(e*sigma + 1)"2*(e + 1))/16

v3 =

-(9*e*lambdan2*(e”2*sigma”2 - 1)"2)/64
Rewriting this output into a more reader-friendly form yields

v, = —%812(912 +16) (g0 + 1)? (& + 1)?

v, = —%EAZ(EJ —D(eoc+1?*(e+1)

9
vy = —aelz(ezaz —1)?

3.A.7.15  Hopf Bifurcation Plots (Nonlinear Damping)

%Hopf Bifurcation (nonlinear damping)
%Generation of the First Plot

close all
clear all
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sigma = 0.5; e = 0.05; k = 0;

for lambda = 0:0.001:2
k = k+1;

vl = -(27*e*lambda’*2*(9*lambda”2 + 16)*(e*sigma

1)72)/1024;
v2 = -(9*e*lambda’2*(e*sigma - 1)*(e*sigma + 1)

v3 = -(9*e*lambda’2*(e”2*sigma’2 - 1)"2)/64;

al = sigma”2/(1 - sigma)"2; %alpha 1
a2 = 2*sigma/(1 - sigma); %alpha 2
a3 = 9/16*lambda”2 + 1; %alpha 3

z1 = (-v2 - sqrt(v2/2 - 4*v3*v1))/(2*v1);
72 = (-v2 + sqrt(v2"2 - 4*v3*v1))/(2*v1);

Alp(k) = (1-sigma)*sqrt(al*zl + a2*z1"2 + a3*z1
° ,ZAllm(k) = -(1-sigma)*sqrt(al*zl + a2*z1"2 + a3*z
e ,Zb\lzp(k) = (1-sigma)*sqrt(al*z2 + a2*z2"2 + a3*z2
° ,ZAZZm(k) = -(1-sigma)*sqrt(al*z2 + a2*z2"2 + a3*z
to z2

lam_vec(k) = lambda;
end

%Truncating the plot:

k2 = 0;
for m= 1Kk
if lam_vec(m) < 0.772
k2 = k2 + 1;
Alp_2(k2) = Alp(m); lam_vec_2(k2) = lam_vec
A2p_2(k2) = A2p(m); lam_vec_2(k2) = lam_vec

else
end
end
figure
plot(lam_vec_2,Alp_2, 'k' lam_vec_2,A2p_2,
xlabel(  "\fontsize{12}\bf\lambda' ); ylabel(

axis([0 0.8 0.2 1]);

%

**

% *hkkkkhkkhhhhhhhhhAAAAAAk Ak kkkhhkhhkhhhhhhhhhhhhhx

*%
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\bfA'

+1)M2%(e +

A2%(e + 1))/16;

%Boundary of stability
%Boundary of stability

r3);

1"3);

/\3);

213);

(m);
(m);

k', 'LineWidth'

); grid

%corresponds
%corresponds
%corresponds

%corresponds

12)
on;

*kkkkkkkkk



%
*%
%Generation of Second Plot

%The next two lines that are commented out were use
%syms z
%z_solved = solve('al*z + a2*z"2 + a3*z"3 +a4 = 0',

clear lambda k k2 zl1 z2
lambda = 0.2; k =0; k2 = 0;

for A=0.2:0.01:2

k =k+1,

al = sigma”2/(1 - sigma)”2; %alpha 1
a2 = 2*sigma/(1 - sigma); %alpha 2
a3 = 9/16*lambda”2 + 1; %alpha 3
ad = -A"2/(1-sigma)"2; %alpha 4

%values for z, z1, and z2 were obtained by using so

z1 = ((a1"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"\3*a
(a1n2*a272)/(108*a3"4) - (al*a2*ad)/(6*a3"3
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3"
a2/(3*a3) - (al/(3*a3) - a2"2/(9*a3"2))/((a
a4"2/(4*a3"2) + (a2"3*a4)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3);

z2 = (al/(3*a3) - a2"2/(9*a3"2))/(2*((a1"3/(27*
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*a4)/(6*a3~3))(L/2) - ad/(2*a3) - a2
(al*a2)/(6*a3"2))(1/3)) - ((al3/(27*a3"3)

(a2"3*ad)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) -
(3M1/2)*1i*(((a1”3/(27*a3"3) + a4"2/(4*a3"
(a273*ad)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*a3) -
a2"2/(9*a3"2))/((al"3/(27*a3"3) + a4"2/(4*a
(a273*ad)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

z3 = (al/(3*a3) - a2"2/(9*a32))/(2*((al"3/(27*
ad"2/(4*a372) + (a2°3*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))\(1/2) - ad/(2*a3) - a2
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d to find z.

7)

lve command

4)/(27*a3"4) -
NNL/2) -

2))N1/3) -
173/(27*a3"3) +
*a2/2)/(108*a3"4) -
~3/(27*a3"3) +
a3"3) + ..
*a2/2)/(108*a3"4) -

~3/(27*a3"3) +
+ a4"2/(4*a3"2) +

)-
A3/(27*a3"3) +

2) +
A3/(27%a3°3) +
3r2) +
A3/(27%a3°3) +
a3"3) + ..
*a212)/(108*a3"4) -

A3/(27*a3"3) +



(al*a2)/(6*a3"2))(1/3)) - (a173/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) +
(3M1/2)*1i*(((a1”3/(27*a3"3) + a4"2/(4*a3"
(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4
(al*a2*a4d)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*a3) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + a4"2/(4*a
(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4
(al*a2*ad)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

%Since z = N20"2, the following solves for N20:
N20_z1p(k) = sqgrt(z1); N20_z1m(k) = -sqrt(z1);
N20_z2p(k) = sqgrt(z2); N20_z2m(k) = -sqrt(z2);
N20_z3p(k) = sqgrt(z3); N20_z3m(k) = -sqrt(z3);

A_vec(k) = A;
end

%

*

%Find unstable locations:
k u=0; k check =0;
for ind = 1:length(N20_z1p)
N20 = N20_z1p(ind);
gammal = (3*lambda/2)*(1 + e)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*en2/4 + 3*el2 + 3/4)*N20"4 + (e"2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma”2)*N20"2;
gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*

" 27*er2+lambdan2/256 + 3*er2*sigman2/16 - 3renk
3*e"2/16)*N20™4 + (1/4)*e”2*sigma*(1-sigma)*N20

%Characteristic equation
CHAR =[1 gammal gamma2 gamma3 gamma4];

R = roots(CHAR);
%Looking for positive real parts of the eigenvalues
for kR = l:length(R)
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+ a4"2/(4*a3"2) +

73/(27+2313) +
2) +
73/(27+2313) +
312) +

A3/(27%a313) +

+ 27*lambda”2/64 +

1)*N20"2 +

lambda”2*sigma/128 +

sigma/8 + .
N2 + eN2*sigma’2/16;



if real(R(kR)) >0

k u=k u+1;

z_unstable(k_u) = N20;

A_unstable(k_u) = A_vec(ind);

k_check = k_check + 1;

else
end
end
end

if k_check ==
No_Plot = 0;
else
No_Plot = 1;
end

figure
plot(A_vec,N20_z1p, -k’
hold on

if No_ Plot==1;
plot(A_unstable, z_unstable,
else

end

xlabel( "\bfA" ); ylabel(
axis([0.2 2 0.2 1.6]);

, 'LineWidth' ,2)

)

\bfN_2 0" ); grid on;

%

**

% *kkkkkkkhkkhhhhhhhhhhhhhkkrxkkxkx

*%

*kkkkkkkkkhhhhhkk *kkkkkkkkkhhhhhhkx

%

*%

%Generation of the third plot

clear all
sigma =1.2; e =0.05; k = 0;

for lambda = 0:0.001:4

k = k+1;

v1 = -(27*e*lambda’2*(9*lambda’2 + 16)*(e*sigma +1)"2*(e +
1)"2)/1024;

v2 = -(9*e*lambda’2*(e*sigma - 1)*(e*sigma + 1) "2*(e + 1))/16;

v3 = -(9*e*lambda’2*(e”2*sigma’2 - 1)"2)/64;

al = sigma”2/(1 - sigma)”2;

a2 = 2*sigma/(1 - sigma);

%alpha 1
%alpha 2
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a3 = 9/16*lambda”2 + 1; %alpha 3

z1 = (-v2 - sqrt(v2”2 - 4*v3*v1))/(2*v1);
z2 = (-v2 + sqrt(v2"2 - 4*v3*v1))/(2*v1);

Alp = (1-sigma)*sqrt(al*zl + a2*z1"2 + a3*z1"3)
ZlAlm = -(1-sigma)*sqgrt(al*zl + a2*z1"2 + a3*z1"3
ZlA2p = (1-sigma)*sqrt(al*z2 + a2*z2"2 + a3*z2"3)
ZzAZm = -(1-sigma)*sqgrt(al*z2 + a2*z2"2 + a3*z2"3
z

%Boundary of stability
%Boundary of stability

; %corresponds to
); %corresponds to
%corresponds to

);  %corresponds to

Al11(k) = Alp; A12(k) = Alm; %corresponds to z1
A21(k) = A2p; A22(k) = A2m; %corresponds to z2

lam_vec(k) = lambda;

if lambda == 0.001
Al12 0= A12(k); A22_0 = A22(k);

else
end

end

k2 =0;

for n=1k
if lam_vec(n) <.78
k2 = k2 + 1;
Al1l_2(k2) = A11(n); A12_2(k2) = A12(n);
A21_2(k2) = A21(n); A22_2(k2) = A22(n);
lam_vec_2(k2) = lam_vec(n);
else
end

end

k SN =0;

for lambda_SN = 0:.001:4

k_SN = k_SN+1;

al = sigma”2/(1 - sigma)"2;
a2 = 2*sigma/(1 - sigma);
a3 = (9/16)*lambda_SN"2 + 1;

%Solving for a4:

a4 _p = -al*(-a2/(3*a3) + sqrt(a2”2 - 3*al*a3)/(
a2*(-a2/(3*a3) + sqrt(a2”2 - 3*al*a3)/(3*a3
a3*(-a2/(3*a3) + sqrt(a2”2 - 3*al*a3l3)/(3*a3

a4 _m = -al*(-a2/(3*a3) - sqrt(a2”2 - 3*al*a3)/(
a2*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/(3*a3
a3*(-a2/(3*a3) - sqrt(a2"2 - 3*al*a3)/(3*a3
%Solving for A from a4:

A_p =sqrt(-a4_p*(1-sigma)"2); A_m = sqrt(-a4_m
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3*a3)) -
N2 -
N3,

3*a3)) -

N2 -
N3,

*(1-sigma)"2);



lambda_SN_vec(k_SN) = lambda_SN;
A_p_vec_SN(k_SN)=A p;
A_m_vec_SN(k_SN)=A_m;

if lambda_SN == 0.001
Al12_SN =A p_vec_SN(k_SN);
A22 SN =A_m_vec_SN(k_SN);
else
end

end

%Truncating the Saddle-Node Plots:
m_SN =k _SN; g_SN =ones(1,k SN); h_SN =ones(1,k_S
for n_.SN=1:k SN

if abs(A_p_vec_SN(n_SN)- A_m_vec_SN(n_SN)) <.0001
g_SN(n_SN) =0; h_SN(n_SN) = 0;

N);

elseif n_SN>1&&(g_SN(n_SN-1) ==0&& h_SN(n_SN-1)==0

m_SN =m_SN-1; g SN(n_SN) = 0; h_SN(n_SN) =
else
end

end

lambda_SN_vec 2 = zeros(1,m_SN);
A _p_vec 2 SN =zeros(1,m_SN); A m_vec_2 SN = zeros(

for q=1:m_SN
lambda_SN_vec_2(q) = lambda_SN_vec(q);
A_p_vec_2 SN(g) = A_p_vec_SN(q);
A_m_vec_2_ SN(q) = A_m_vec_SN(q);

end

figure

hold on; grid on;

plot(lam_vec 2,A12 2, 'k--" lam_vec_2,A22 2, k-
plot(lambda_SN_vec_2, A p vec_2_ SN, 'k' , 'LineWidth'
plot(lambda_SN_vec_2, A_m_vec_2_ SN, 'k' , 'LineWidth'
xlabel(  "fontsize{12}\bf\lambda' ); ylabel( \bfA'

axis([0 3.5 0 1.8]);

96 R R R R R R R S R S R S S S S S T e e R R R R R T
**

%

*%

%

**

%Generation of the Fourth Plot

clear lambda k k2 zl1 z2
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0;

1,m_SN);

, 'LineWidth' ,2)
12)
12)

);
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lambda =0.2; k = 0; kb =0; k7 = 0;

for A=0:0.001:2
k = k+1;

al = sigma”2/(1 - sigma)”"2;
a2 = 2*sigma/(1 - sigma);
a3 = 9/16*lambda”2 + 1,
a4 = -A"2/(1-sigma)"2;

%values for z, z1, and z2 were obtained by using so

z1 = ((al"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"\3*a
(al”r2*a272)/(108*a3"4) - (al*a2*a4d)/(6*a3"3
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3"
a2/(3*a3) - (al/(3*a3) - a2"2/(9*a3"2))/((a
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))\(1/2) - ad/(2*a3) - a2
(al*a2)/(6*a3"2))(1/3);

22 = (al/(3*a3) - a2°2/(9*a3"2))/(2*((al"3/(27*
ad"2/(4*a372) + (a2"3*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) -
(BML/2)*1i*(((a1"3/(27*a3"3) + a4"2/(4*a3"
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*al) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + a4"2/(4*a
(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4
(al*a2*a4d)/(6*a3"3))"(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

z3 = (al/(3*a3) - a2°2/(9*a32))/(2*((al"3/(27*
ad"2/(4*a372) + (a23*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) +
(3M1/2)*1i*(((a173/(27*a3"3) + a4"2/(4*a3”
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*al) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + a4"2/(4*a
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;
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lve command

4)/(27+*a3"4) -
NNL/2) -

2)NLI3) -
1°3/(27%a3"3) +
*212)/(108*a3"4) -
A3/(27+a373) +
az3) + ..
*a22)/(108*a3"4) -
A3/(27*a313) +

+ ad"2/(4*a3"2) +
A3/(27%a313) +

2) +

A3/(27%a313) +
3n2) +
A3/(27%a33) +
az3) + ..
*a212)/(108*a3"4) -
A3/(27*a313) +

+ adh2/(4*a3r2) +
A3/(27%a313) +

2) +

A3/(27%a313) +
3n2) +

A3/(27%a313) +



%Since z = N20"2, the following solves for N20:

N20_z1p(k) = sqgrt(z1); N20_z1m(k) = -sqrt(z1);
N20_z2p(k) = sqgrt(z2); N20_z2m(k) = -sqrt(z2);
N20_z3p(k) = sqgrt(z3); N20_z3m(k) = -sqrt(z3);

A_vec(k) = A;
end

%Truncating the response:

k2 =0; k3=0; k4 =0;
for n=1k
if A_vec(n)>0.43
k2 = k2 + 1;
N20_1(k2) = N20_z1p(n); A _vec_11(k2) = A ve
N20_2a(k2) = N20_z2p(n); A _vec_21(k2)=A v

else
end
end
for m=1:k2
if A_vec_11l(m)<1.14
k3=k3 +1;
N20_2(k3) = N20_2a(m); A vec 21 2(k3)=A_v
else
end
end
for p=1k
if A_vec(p)<1.14
k4 =k4 + 1,
N20_3(k4) = N20_z3p(p); A_vec_31(k4) = A ve
else
end
end
% * * * * *

%Find unstable locations:
k ul=0;k check 1=0;
for indl = 1:length(N20_1)
N20 = N20_1(ind1);
gammal = (3*lambda/2)*(1 + e)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*e"2/4 + 3*e/2 + 3/4)*N20™4 + (e”2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma”2)*N20"2;
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c(n);
ec(n);

ec_21(m);

c(p);

+ 27*lambda”2/64 +

1)*N20~2 +



gamma4 = (27*e"2*lambda”2*sigma”2/256 - 27*e"2* lambda”2*sigma/128 +

27*e"2*lambda”2/256 + 3*e”2*sigma’2/16 - 3*en2* sigma/8 +
3*e"2/16)*N20™M + (1/4)*e”2*sigma*(1-sigma)*N20 A2 + en2*sigma’2/16;

%Characteristic equation
CHAR1 =[1 gammal gamma2 gamma3 gammad];

R1 = roots(CHARL);
%Looking for positive real parts of the eigenvalues

for kR1 = l:length(R1)
if real(R1(kR1)) >0
k ul=k ul+1;
z_unstable_Hopfl(k_ul) = N20;
A_unstable_Hopfl(k_ul) = A vec_11(ind1) ;
k check 1=k check 1+1;
else
end
end
end

k u2=0; k check 2=0;
for ind2 = 1:length(N20_2)
N20 = N20_2(ind2);
gammal = (3*lambda/2)*(1 + €)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda”2/32 + 27*lambda”2/64 +

3*en2/4 + 3*e/2 + 3/4)*N20"4 + (e”2*sigma - 1)*N20"2 +
(1/4)*(en2*sigma2 + 1);

gammas3 = (3*e*lambda/8)*(1 + e*sigma’2)*N20"2;

gamma4 = (27*e"2*lambda”2*sigma”2/256 - 27*e"2* lambda”2*sigma/128 +
) 27*e"2*lambda”2/256 + 3*e”2*sigma’2/16 - 3*en2* sigma/8 + .
3*e"2/16)*N20™4 + (1/4)*e”2*sigma*(1-sigma)*N20 A2 + eN2*sigma’2/16;

%Characteristic equation
CHAR2 = [1 gammal gamma2 gamma3 gammad];

R2 = roots(CHAR?2);
%Looking for positive real parts of the eigenvalues

for kR2 = 1:length(R2)
if real(R2(kR2)) >0
k u2z=k u2+1;
z_unstable_Hopf2(k_u2) = N20;
A_unstable_Hopf2(k_u2) = A vec_21 2(ind 2);
k _check 2 =k check 2+ 1,
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else
end
end
end

k u3=0; k check 3=0;
for ind3 = 1:length(N20_3)
N20 = N20_3(ind3);

gammal = (3*lambda/2)*(1 + e)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*e"2/4 + 3*e/2 + 3/4)*N20™4 + (e”2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma”2)*N20"2;
gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*

" 27*er2+lambdan2/256 + 3*er2%sigman2/16 - 3renk
3*e"2/16)*N20™M + (1/4)*e”2*sigma*(1-sigma)*N20

%Characteristic equation
CHAR3 =[1 gammal gamma2 gamma3 gammad];

R3 = roots(CHAR3);
%Looking for positive real parts of the eigenvalues

for kR3 = l:length(R3)
if real(R3(kR3)) >0
k u3=k u3+1;
z_unstable_Hopf3(k_u3) = N20;
A_unstable_Hopf3(k_u3) = A _vec_31(ind3)
k _check 3=k check 3+ 1;
else
end
end
end

%If k_check == 0, then that means A _unstable Hopf a
%Z_unstable_Hopf are undefined, and thus the soluti
%Here it is determined if that is the case, and a d
%whether to plot based on the stability of the solu

if k_check 1 ==
No_Plotl = 0;
else
No_Plotl = 1;
end

if k _check 2 ==
No_Plot2 = 0;
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else
No_Plot2 = 1;
end

if k _check 3 ==
No_Plot3 = 0;
else
No_Plot3 =1;
end

% kkkkhkhkhhkhkhhkhkkkkx

figure

plot(A_vec 11,N20 1, “k' ,A_vec 21 2,N20 2, 'k' ,A vec 31,N20 3, 'k ,
'LineWidth' ,2)

hold on; grid on;

if No_Plotl ==1;

plot(A_unstable_Hopfl, z_unstable_Hopfl, K,
else
end

if No_Plot2 ==1;

plot(A_unstable Hopf2, z_unstable_Hopf2, K,
else
end

if No_Plot3 ==1;

plot(A_unstable_Hopf3, z_unstable_Hopf3, k),
else
end

xlabel( "\bfA" ); ylabel( \bfN_2 0" );
axis([0 2 0 3.5]);

%

**

% R R R R R R R R S R S R S S S S S T e R e R R R R S S *kkkkkkkkkhhhhhhhx
*%

%

*%

%Generation of the fifth plot
clear all

lambda =0.2; e =0.05; A=0.4; k=0;
syms sigma

for sigma =-5:0.001:5
k = k+1;
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vl = -(27*e*lambda”2*(9*lambda”2 + 16)*(e*sigma
1)72)/1024;

v2 = -(9*e*lambda”2*(e*sigma - 1)*(e*sigma + 1)
v3 = -(9*e*lambda’2*(e"2*sigma”2 - 1)"2)/64;

al = sigma”2/(1 - sigma)”2;
a2 = 2*sigma/(1 - sigma);
a3 = 9/16*lambda”2 + 1,
a4 = -A"2/(1-sigma)"2;

%values for z, z1, and z2 were obtained by using so

z1 = ((al"3/(27*a3"3) + a4"2/(4*a3"2) + (a2"\3*a
(a1n2*a272)/(108*a3"4) - (al*a2*ad)/(6*a3"3
a4/(2*a3) - a2"3/(27*a3"3) + (al*a2)/(6*a3"
a2/(3*a3) - (al/(3*a3) - a2"2/(9*a3"2))/((a
a4"2/(4*a3"2) + (a2"3*ad)/(27*a3"4) - (al"2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3);

22 = (al/(3*a3) - a2"2/(9*a3"2))/(2*((al"3/(27*
ad"2/(4*a372) + (a2"3*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) -
(3M1/2)*1i*(((a1”3/(27*a3"3) + a4"2/(4*a3"
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*a3) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + a4"2/(4*a
(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4
(al*a2*ad)/(6*a3"3))N(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)))/2;

z3 = (al/(3*a3) - a2"2/(9*a32))/(2*((al"3/(27*
ad"2/(4*a372) + (a2"3*ad)/(27*a3M) - (al’2

(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)) - ((a1”3/(27*a3"3)

(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3)/2 - a2/(3*a3) +
(3M1/2)*1i*(((a1”3/(27*a3"3) + a4"2/(4*a3"
(a2"3*a4)/(27*a3"4) - (al"2*a2"2)/(108*a3"4
(al*a2*a4d)/(6*a3"3))(1/2) - a4/(2*a3) - a2
(al*a2)/(6*a3"2))\(1/3) + (al/(3*a3) -
a272/(9*a3"2))/((a1"3/(27*a3"3) + ad4"2/(4*a
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+1)n2%(e +

A2%(e + 1))/16;

lve command

4)/(27*a3"4) -
NNL/2) -

2N L/3) -
173/(27+a373) +
*a2"2)/(108*a3"4) -
A3/(27*a313) +
a3n3) + ..
*a2"2)/(108*a3"4) -
A3/(27*a313) +

+ a4"2/(4*a3"2) +
A3/(27%a313) +

2) +

A3/(27%a313) +
3n2) +

Y-
A3/(27*a3"3) +

a3n3) + ..
*a2A2)/(108%a3"4) -
A3/(27*a3"3) +

+ a4"2/(4*a3"2) +
A3/(27%a313) +

2) +

A3/(27%a313) +

372) +



(a273*ad)/(27*a3"4) - (al"2*a272)/(108*a3"4 -
(al*a2*ad)/(6*a3"3))(1/2) - a4/(2*a3) - a2 N3/(27*a3"3) +
(al*a2)/(6*a3"2))\(1/3)))/2;

N20_z11(k) = sqrt(z1); N20_z12(k) = -sqrt(z1);
N20_z21(k) = sqrt(z2); N20_z22(k) = -sqrt(z2);
N20_z31(k) = sqrt(z3); N20_z32(k) = -sqrt(z3);

sigma_vec(k) = sigma;

end

%Truncating the response:

k2
for

=0;k3=0;k4=0;k5=0; k6 =0; k7 =0;
n=1k
if N20_z11(n)<3.1
k2 = k2 + 1;
z11 2(k2) = N20_z11(n); sigma_vec_11(k2) = sigma_vec(n);
z21 2(k2) = N20_z21(n); sigma_vec_21(k2) = sigma_vec(n);
else
end

end

for

m = 1:k2

if sigma_vec 21(m)<-1.36 || sigma_vec_21(m) > 1.28

k3 =k3 + 1;

z21 2 2(k3) =z21_2(m); sigma_vec_21 2(k3) = sigma_vec_21(m);
else

end

end

for

q=1:k3

if sigma_vec 21 2(q) <1.86 && sigma_vec 21 2(q) > -3 14
k6 = k6 + 1;

z21 2 3(k6) =z21 2 2(q); sigma_vec_ 21 3(k6 )=

sigma_vec_21_2(q);

else
end

end

for

h=1:k2

if sigma_vec_11(h) >-3.14 && sigma_vec_11(h) < 1.86

k5 =k5 + 1;

z11 2 2(k5) =z11 2(h); sigma_vec_11_2(k5) = sigma_vec_11(h);
else

end

end

for

w = 1:k5

if sigma_vec 11 2(w)>1.28 || sigma_vec_11 2(w) <1

k7 = k7 + 1;

z11 2 3(k7) =z11 2 2(w); sigma_vec_11 3(k7 )=

sigma_vec_11_2(w);

else
end
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end

for

end

p=1k

if sigma_vec(p) < -1.36

k4 = k4 + 1;

z31 2(k4) = N20_z31(p); sigma_vec_31(k4) =
elseif  sigma_vec(p) > 1

k4 = k4 + 1;

z31 2(k4) = N20_z31(p); sigma_vec_31(k4) =
else

end

%Since the response jumps from one location to anot
locations,
%this part of the program separates those jumps to

be

%used later for determining stability:

step_z11 1=0;step_z11 2 = 0; plot_thresh = 0.01;

for

end

stepl = 2:length(z11_2_3)

if abs(z11l 2 3(stepl) - z11 2 3(stepl - 1)) > plot_th
abs(sigma_vec_11 3(stepl) - sigma_vec_1
> plot_thresh

test val = 2;

else

end

if test val<l1

step_z11 1 =step_z11 1 +1;

z11 finall(step_z11 1) =z11 2 3(stepl);
sigma_z11 finall(step_z11 1) =sigma_vec 11
else

step_z11 2 =step_z11 2 +1;

z11 final2(step_z11 2)=z11 2 3(stepl);
sigma_z11 final2(step_z11 2) =sigma_vec_ 11
end

step_z21 1 =0; step_z21 2 = 0; plot_thresh = 0.01;

for

step2 = 2:length(z21_2_3)

if abs(z21 2 3(step2) - z21_2_3(step2 - 1)) > plot_th
abs(sigma_vec_21 3(step2) - sigma_vec_2
> plot_thresh

test val = 2;

else

end

if test val<l1

step_z21 1 =step_z21 1+1;

z21 finall(step_z21 1) =221 2_3(step2);
sigma_z21 finall(step_z21 1) =sigma_vec 21
else

step_z21 2 =step_z21 2 +1;

z21 final2(step_z21 2)=z21_2_3(step2);
sigma_z21 final2(step_z21_2) = sigma_vec_21
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end

end

step_z31 1 =0; step_z31 2 = 0; plot_thresh = 0.01;

for

end

figure

hold on; grid on;

plot(sigma_z11 finall,z11 finall, k', 'LineWidth'
plot(sigma_z11 final2,z11 final2, k' , 'LineWidth'
plot(sigma_z21 finall,z21 finall, k' , 'LineWidth'
plot(sigma_z21 final2,z21 final2, -k' , 'LineWidth'
plot(sigma_z31 finall,z31 finall, -k' , 'LineWidth'
plot(sigma_z31_final2,z31_final2, k', 'LineWidth'
xlabel(  "\fontsize{12}\bf\sigma' ); ylabel( bfN_2 0O

step3 = 2:length(z31_2)

if abs(z31_2(step3) - z31_2(step3 - 1)) > plot_thresh
abs(sigma_vec_31(step3) - sigma_vec_31(
> plot_thresh

test val = 2;

else

end

if test val<l1

step_z31 1 =step_z31_1+1;

z31 finall(step_z31 1) =2z31_2(step3);
sigma_z31 _finall(step_z31 1) = sigma_vec 31
else

step_z31 2 =step_z31_2 +1;

z31 final2(step_z31 2) =z31_2(step3);
sigma_z31_final2(step_z31_2) = sigma_vec_31
end

%

*

%Find unstable locations:

k ul=0;k check 1=0;

for

ind1 = 1:length(z11_finall)

N20 =z11 finall(indl);

gammal = (3*lambda/2)*(1 + e)*N20"2;

gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*en2/4 + 3*el2 + 3/4)*N20"4 + (e"2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma”2)*N20"2;

gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*

" 27*er2+lambdan2/256 + 3*er2*sigman2/16 - 3renk
3*e"2/16)*N20™4 + (1/4)*e”2*sigma*(1-sigma)*N20
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%Characteristic equation
CHAR1 = [1 gammal gamma2 gamma3 gammad];

R1 = roots(CHARL);
%Looking for positive real parts of the eigenvalues

for kR1 = 1:length(R1)
if real(R1(kR1)) >0
k ul=k ul+1;
z_unstable_Hopfl(k_ul) = N20;
sigma_unstable_Hopfl(k_ul) = sigma_z11_
k check 1=Kk check 1+ 1;
else
end
end
end

k u2=0; k check 2=0;
for ind2 = l:ilength(z11_final2)
N20 = z11 final2(ind2);

gammal = (3*lambda/2)*(1 + e)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*e"2/4 + 3*e/2 + 3/4)*N20™4 + (e”2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma”2)*N20"2;
gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*

" 27*er2+lambdan2/256 + 3*er2*sigman2/16 - 3renk
3*e"2/16)*N20™M + (1/4)*e”2*sigma*(1-sigma)*N20

%Characteristic equation
CHAR2 =[1 gammal gamma2 gamma3 gammad];

R2 = roots(CHAR2);
%Looking for positive real parts of the eigenvalues

for kR2 = l:length(R2)
if real(R2(kR2)) >0
k uz=k u2+1;
z_unstable_Hopf2(k_u2) = N20;
sigma_unstable_Hopf2(k_u2) = sigma_z11_
k_check 2=k check 2+ 1;
else
end
end
end
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k u3=0; k check 3=0;
for ind3 = l:length(z21 finall)
N20 = z21 final1(ind3);
gammal = (3*lambda/2)*(1 + €)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*en2/4 + 3*e/2 + 3/4)*N20"4 + (e”2*sigma -
(1/4)*(en2*sigma2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma’2)*N20"2;
gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*

" 27*er2+lambdan2/256 + 3*er2¢sigman2/16 - 3renk
3*e"2/16)*N20™4 + (1/4)*e”2*sigma*(1-sigma)*N20

%Characteristic equation
CHAR3 = [1 gammal gamma2 gamma3 gammad];

R3 = roots(CHARS);
%Looking for positive real parts of the eigenvalues

for kR3 = 1:length(R3)
if real(R3(kR3)) >0
k u3=k u3+1;
z_unstable_Hopf3(k_u3) = N20;
sigma_unstable_Hopf3(k_u3) = sigma_z21_
k check 3 =k check 3+ 1,
else
end
end
end

k u4 =0; k check 4=0;
for ind4 = l:length(z21_final2)
N20 = z21 _final2(ind4);
gammal = (3*lambda/2)*(1 + e)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*en2/4 + 3*e/2 + 3/4)*N20"4 + (e"2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammas3 = (3*e*lambda/8)*(1 + e*sigma’2)*N20"2;

gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*
" 27*er2+lambdan2/256 + 3*er2%sigman2/16 - 3renk

3*e"2/16)*N20™ + (1/4)*e”2*sigma*(1-sigma)*N20
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%Characteristic equation
CHAR4 = [1 gammal gamma2 gamma3 gammad];

R4 = roots(CHAR4);
%Looking for positive real parts of the eigenvalues

for kR4 = 1:length(R4)
if real(R4(kR4)) >0
k ud=k ud+1;
z_unstable_Hopf4(k_u4) = N20;
sigma_unstable_Hopf4d(k_u4) = sigma_z21_
k check 4 =k _check 4 + 1,
else
end
end
end

k u5=0; k check 5=0;
for ind5 = 1:length(z31_finall)
N20 = z31_finall(ind5);

gammal = (3*lambda/2)*(1 + e)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*e"2/4 + 3*e/2 + 3/4)*N20™4 + (e”2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma”2)*N20"2;
gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*

" 27*er2+lambdan2/256 + 3*er2*sigman2/16 - 3renk
3*e"2/16)*N20™M + (1/4)*e”2*sigma*(1-sigma)*N20

%Characteristic equation
CHARS5 =[1 gammal gamma2 gamma3 gammad];

R5 = roots(CHARDb);
%Looking for positive real parts of the eigenvalues

for kR5 = 1l:length(R5)
if real(R5(kR5)) >0
k us=k u5+1;
z_unstable_Hopf5(k_u5) = N20;
sigma_unstable_Hopf5(k_u5) = sigma_z31_
k _check 5=k check 5+ 1;
else
end
end
end
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%***

k u6 =0; k check 6=0;

for ind6 = l:length(z31_final2)
N20 = z31_final2(ind6);

gammal = (3*lambda/2)*(1 + e)*N20"2;
gammaz2 = (27*e"2*lambda”2/64 + 27*e*lambda’2/32

3*en2/4 + 3*e/2 + 3/4)*N20"4 + (e"2*sigma -
(1/4)*(en2*sigma”2 + 1);

gammag3 = (3*e*lambda/8)*(1 + e*sigma”2)*N20"2;
gamma4 = (27*e"2*lambda’2*sigma”2/256 - 27*e"2*

" 27*er2+lambdan2/256 + 3*er2*sigman2/16 - 3renk
3*e"2/16)*N20™4 + (1/4)*e”2*sigma*(1-sigma)*N20

%Characteristic equation
CHARG = [1 gammal gamma2 gamma3 gammad];

R6 = roots(CHAR®G);
%Looking for positive real parts of the eigenvalues

for kR6 = 1:length(R6)
if real(R6(kR6)) >0
k ué =k u6 +1;
z_unstable_Hopf6(k_u6) = N20;
sigma_unstable_Hopf6(k_u6) = sigma_z31_
k _check 6 =k check 6 + 1,
else
end
end
end

%If k_check == 0, then that means A _unstable Hopf a
%Z_unstable_Hopf are undefined, and thus the soluti
%Here it is determined if that is the case, and a d
%whether to plot based on the stability of the solu

if k_check 1 ==
No_Plotl = 0;
else
No_Plotl = 1;
end

if k _check 2 ==
No_Plot2 = 0;
else
No_Plot2 = 1;
end
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if k _check 3 ==
No_Plot3 =0;
else
No_Plot3 = 1;
end

if k _check 4 ==
No_Plot4 = 0;
else
No_Plot4 = 1;
end

if k _check 5==
No_Plots = 0;
else
No_Plots = 1;
end

if k_check 6 ==
No_Plot6 = 0;
else
No_Plot6 = 1;
end

if No_Plotl ==1;

plot(sigma_unstable_Hopfl, z_unstable Hopfl,
else
end

if No_Plot2 ==1;

plot(sigma_unstable_Hopf2, z_unstable Hopf2,
else
end

if No_Plot3==1;

plot(sigma_unstable_Hopf3, z_unstable Hopf3,
else
end

if No_Plot4 ==1;

plot(sigma_unstable_Hopf4, z_unstable Hopf4,
else
end

if No_Plot5 ==1;

plot(sigma_unstable_Hopf5, z_unstable Hopf5,
else
end

if No_Ploté == 1;
plot(sigma_unstable_Hopf6, z_unstable Hopf6,

else
end

axis([-55 0 3.5));
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4.0 Strongly Modulated Response (SMR)

4.1 SMR Introduction

As discussed by Starosvetsky and Gendelman (2008b), “the combinatessenftial

nonlinearity and strong mass asymmetry brings about a possdfililgsponse regimes
qualitatively different from steady-state and weakly modulagsgonses existing in the
vicinities of averaged flow equations in conditions of 1:1 resonanceésellesponses,
referred to as “strongly modulated response” (SMR), can bedieriquasiperiodic, or
chaotic, hence the term “modulated”. The goal of this secBoto idetermine the

frequency range for the existence of the SMR.
4.2 SMR Analysis for the System with Linear Damping

4.2.1 Slow Invariant Manifold (SIM) Projection (Linear Damping)

Manifolds are defined as “smooth and continuous surfaces”, and “ctobght of as
generalized surfaces” (Nayfeh and Balachandran, 1995). For the @ufpibss thesis, a
manifold is considered to be the space in which the system respongs. The SIM
refers to the space in which the response is dependent on the relevedale. The
following analysis presents the derivation of the SIM in terms of systermptaes.

Equations (3.11),

LEo

. i A
1+ 5005 (01— 02) — 55 (01 tew) = 5

and (4.1)

A(1+¢)

. 1 . B A
@2 + 2 @2 + —2(1l+g) ((pZ - (P1) - %((Pl + S(pz) —%(1 + S)I(pzlz(pz — %’
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can be combined into the following second-order ODE:

d?g, daf_.a+e 2 . iM(1+€)?+e20-1-¢(1-0) . e2A(1-0)
ez T dt[ 1= lpa2l®¢2 — 1 2(1+¢) 2] 4(1+¢)
(4.2)
. Ae(1-0) e(1-0) 2 eo(e?0-1)-e30+e e(1+£0)? _ . €A(1+e0)
s P2 + 4 l921%02 4(1+€)2 2T are2 P2 T ' qse
Since
Q2 = @2(T0, Ty, - ), T = et k=01, ..,
(4.3)

d [7] 7]
— T — ((.:_ cee
dt 01g + 01, e

making substitutions into equation (4.2) and separating based on poweisexd
g% D02902 + Dy [_§|‘P2|2(P2 +%§02] =0, (4.4)

and

3i 31+i(2-0)
e': 2D, + 2DoD1p; + Do |~ L 102120, + T g, | +

(4.5)

.A(1-0) n (1-0)

. A
D1[‘%|§02|2(P2+%(P2]+l 7 P2 ” |902|2

LA
¥+ %(PZ =1l
Note thatry andr; are referred to as the fast and slow time scales, tesggc
since by equation (4.3) =t, andr; = ¢t, wheres << 1.
Integrating equation (4.4) with respectf@ives
] j A+i
a_TOQOZ _%|(P2|2(P2 + %(Pz = C(1q,--), (4.6)
where C(r;, ...) is a result of the integration. The equation for the fixed powds
obtained by omitting the derivative term, thus also yielding the equation f&ilthe
. At
—%|<P2|2<P2 + %fpz = C(1y). (4.7)
Since the analysis is concerned only with studying the equatibrregpect tap andr,

note that the fixed poinis are functions only of;. Substituting
O(71) = @, (4.8)
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and rearranging, equation (4.7) can be rewritten as
—2|020 + 20 = C(xy). (4.9)
Letting
®(t,) = N(1,)e®), (4.10)
and making the substitution, equation (4.9) becomes
—§N3eie+%Nei9 = C(1y), (4.11)
Through algebraic manipulations and taking the magnitude of equation (4.11), the
following relation was obtained:
N6 —2N* 4+ (A2 + 1)N? = 4|C(t)|?% (4.12)
Making the substitution,
Z(ty) = [N(tD]?, (4.13)
yields
73 =272+ (A2 + 1)Z = 4|C(r|?. (4.14)
Taking the derivative of the left hand side with respec @nd setting equal to zero
gives
372 -4Z+ (22 +1) =0. (4.15)

The derivative has the following roots:

Zy, = 2F 1—3)12. (4.16)
Since
N(zy) = £JZ(zy), (4.17)
the positive values dfl corresponding to the roofs , are given as

27V1-322 (4.18)
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whereN; andN, define the fold lines. Physically, fold lines correspond to thatioas
on the SIM at which the trajectories of the SIM may jump between stable branches.

Equation (4.12) was used to generate the SIM projection orNth&Q[?) plane
shown in Figure 4-1. As described by Starosvetsky and Gendekfa8h), the fold
lines from equation (4.18) are plotted to show the locations for the jirotpsone stable
branch of the SIM to another. Refer to Section 4.A.1.1 for detailedatiens of these

equations and Section 4.A.4.1 for the MATLAB code used for generation of Figure 4-1.

0.2
0.18
0.16 - Y LLTTTTITTITPPITTTPRPPPPPPPoTs > Nu

\
0.14 - Y

\
LY
LY
\\
0.12} \
1
[}
)
1

0.1

4|cp

0.08 -

0.06 -

0.02 -

Figure 4-1. SIM projection forl = 0.2 (linear damping)
— =stable; - - - - - = unstable
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4.2.2 Phase Portraits (Linear Damping)

Continuing the analysis with equation (4.5), taking the limitp@agpproaches-« and
substituting
O(71) = @3, (4.19)

the equation becomes

6
6‘:

/1(1 o)

2o + 22 cD] (- ")|<1>|cp+[ ;

|o-if=0. (4.20)

Note that the derivatives with respectgalrop out since a finite function is constant with

respect to an infinite time.

Let
G = -2 j0)o - [ 4 ")]cD+ 4 (4.21)
then equation (4.20) simplifies to
2 A+i 6(1) 26;1)*_
il + 2= L ] (4.22)

Taking the complex conjugate of equation (4.22), making substitutions,edndimg

gives (4.23)
20 _ 2G(2i| 02 +A—i)+2id*G*
014 3|04 —4|D|2+22+1
Substituting
®(t;) = N(1,)el®C) (4.24)

into equation (4.23) and performing manipulations, the following relations aredterive

ON _ —AN?cos§-AN+AAsin6+Acos 0 4.95
aty 2(3N*—4N2+12+1) ' (4.25)
and
80 _ —3(1-0)N*+(1-40)N?+3AN sin 0+[0-12(1—0)|+(1A cos 6 - AsmG)/N (4.26)
aty 2(3N4—4N2+12+1) )

170



Lettingg(N) represent the denominator in equations (4.25) and (4.26), the fold lines occur
wheng(N) = 0. Thus, the equations can be rescaled(bl) to avoid singularities as
follows:

N' = —AN? cos@ — AN + AAsin@ + Acos @ (4.27)
and

0'=—-3(1-0)N*+ (1 —40)N? + 3ANsinf + (4.28)

[0 —22(1 —0)] + (AAcosO — AsinB)/N.
Locations on the lower fold line at whi¢his unchanging (and thWéO) are denoted by
®: and®,. The interval®;- ®, was derived in MATLAB by determining the valueséof
that satisfy these conditions. Refer to Section 4.A.4.2 for the osdd for this
computation.
In addition, MATLAB was used to numerically integrate equations (4a2i0)

(4.28) in order to generate the phase portraits shown in Figures3-2nd 4-4. Due to
the rescalingN refers taV’, andé refers tod' in these plots. The phase portraits were
generated for time up to five seconds. Refer to Section 4.A.1.2 for details on the equation
derivations and Section 4.A.4.4 for the MATLAB code. The phase portnalysshow
stable trajectories on the SIM. Arrows denote the directiotheftrajectories with

increasing time.
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Figure 4-3. Phase portrait of the SIM févr= 1,1 = 0.2, and> = 0 (linear damping)
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Ny

Figure 4-4. Phase portrait of the SIM fév= 1,1 = 0.2, and = 5 (linear damping)

4.2.3 1-D Mapping (Linear Damping)

Since Cf,) is constant, equation (4.14) may be rewritten as

7150 =22+ (PP + D2y =Zy g — 27y 0" + (BB + 17, (4.29)
MATLAB was used to determing, 4 (see Section 4.A.4.3 for the MATLAB code used).
Since one solution foz; , (the fold lines) was already determined, the MATLAB code
returns the solutions that are not equivaler;te Interpretation of the MATLAB output

gives

N, = \/gu TVIZ3D), (4.30)
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and

N, = J§(1 —V1-322). (4.31)
From equation (4.11), the phase angle of the fixed point is found to be
0(t,) = argC(r;) —tan™? [@] (4.32)
Taking into account that @( is constant, manipulations between equations (4.30) and
(4.32) give the phase angleMton the upper stable branch from the jumpNat

0, = 0y, + tan~! [ 91372 ] (4.33)

1542-1-v1-322]’
Additionally, equations (4.31) and (4.32) give the phase andig ah the lower stable
branch from the jump af,:

9AV1-3212

1512—-1+V1-322]’ (4.34)

9d = 902 - tan_l [

Figures 4-5 through 4-9 were generated using MATLAB for varyialues ob. Refer
to Section 4.A.1.3 for details on the equation derivations, Section 4.A.3 fds detdhe
1-D map creation, and Section 4.A.4.4 for the MATLAB code. From ngryiand
observing when trajectories from tk#-®, interval no longer returned, the SMR was

found to exist in the intervals ef=[-5.07, 9.11] ando = [9.73, 10.07].
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Figure 4-5. 1-D map forA = 1,1 = 0.2, andr = -2 (linear damping)

Figure 4-6. 1-D map forA = 1,1 = 0.2, ands = 0 (linear damping)
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Figure 4-7. 1-D map forA= 1,2 = 0.2, and = 5 (linear damping)

Figure 4-8. 1-D map forA = 1,1 = 0.2, ands = -5.07 (linear damping)
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Figure 4-9. 1-D map forA =1,/ = 0.2, andr = 9.11 (linear damping)
4.3 SMR Analysis for the System with Nonlinear Damg

4.3.1 Slow Invariant Manifold (SIM) Projection (Nonlinear Damping)

Equations (3.20),

i€ i€

@1 +m(§01 — ;) — 0

A
_(:g) (01 +epy) = %

and (4.35)

.3 '
@, t+ 53(1 + 8)|g,1%p; +ﬁ(fp2 — 1) —

ieo
2(1+¢)

i A
(p1 +€9;) — é(l + &)lg,l%p, = g?
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can be combined into the following second-order ODE:

d? ¢, [ (BAi+4)(1+¢) 8(1 o)—g%0+1 . e2A(1-0)
_+_ l—| 2Py +i——— 2]_
dt? dt 2(1+ 4(1+
e (e (4.36)
. 3Ae(1-0)—ide e(1+e0)?
= 02102 + 5T P2 o290, —
eo(e20-1)-e30+e __ . €A(1+e0)
4(1+¢)2 Y2 = e
Since
@02 = 02(T0, T, ), T = €Xt, k= 0,1, ...,
(4.37)
d 6
- on —+ 86_11 + -

making substitutions into equation (4.36) and separating based on powegrses

. (31i+4) i
% Do’y — Dy |i ; lp21% @, —%fpz] =0, (4.38)
and
3(3/1 +4)
2Do @2+ 2DyDy@, — Dy |i [ . | 2| Pz — l_(Pz]
(4.39)
., (31i+4) . 3A(1-0)-4
i~ z|2<P2—‘<P2] —al|<P |2<P2+ 2 P2~
-1 LA
%|<P2|2<P2 +JT<P2 =l
Integrating equation (4.38) with respecti@ives
G (3;1 4)
6_10('02 - a |(P2| () +: 902 = C(1q,...), (4.40)

where C(r;, ...) is a result of the integration. The equation for the fixed powds

obtained by omitting the derivative term, thus also yielding the equation f&ilthe

(ani .
i& :4) lp21%@, + %‘Pz = C(1q). (4.41)

Since the analysis is concerned only with studying the equatibrregpect tap andz,

note that the fixed poinig are functions only of;.
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Substituting
D(14) = @, (4.42)
and rearranging, equation (4.41) can be rewritten as

@ |20 + %(D = C(zy). (4.43)

Letting
®(t,) = N(1,)e®), (4.44)

and making the substitution, equation (4.43) becomes

(3)1;40 N3eif 4 %Neie = C(zy), (4.45)

Through algebraic manipulations and taking the magnitude of equation (4.45), the
following relation was obtained:
(912 + 16)N® — 32N* + 16N? = 64|C(1,)|>. (4.46)
Making the substitution,
Z(ty) = [N(r)]?, (4.47)
yields
(922 +16)Z3 — 32722 + 16Z = 64|C(t))|*. (4.48)
Taking the derivative of the left hand side with respect to Z atithg equal to zero
gives
3(91% + 16)Z% — 64Z + 16 = 0. (4.49)

The derivative has the following roots:

_ 32F4V16-2722 4.50
212 = 27A2+48 ( )

Since
N(ty) = +/Z(zy), (4.51)
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the positive values dfl corresponding to the roofs , are given as

N = 32F4V16-2712 (4.52)
12 =\ 27448

whereN; andN, define the fold lines.

Equation (4.46) was used to generate the slow invariant manifold) (SIM
projection on theN, 64C[f) plane shown in Figure 4-10. As described by Starosvetsky
and Gendelman (2008b), the fold lines from equation (4.52) are plotted totkhow
locations for the jumps from one stable branch of the SIM to anofRefer to Section
4.A.2.1 for detailed derivations of these equations and Section 4.A.4.5 MdAMEAB

code used for generation of Figure 4-10.

2.5¢ N

1.5¢

64|CP
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4.3.2 Phase Portraits (Nonlinear Damping)

Continuing the analysis with equation (4.39), taking the limitoa@pproaches « and
substituting

O(11) = ¢y, (4.53)
the equation becomes

(31—410) (3i+4)(1-0)

[(D+ 16

|020| + 1020 + 20 — i2 = 0. (4.54)
4 4

Note that the derivatives with respectgalrop out since a finite function is constant with

respect to an infinite time. Let

G = - VD g2 _ L 42, (4.55)
16 4 4
then equation (4.54) simplifies to
(3;1 4) (3A—4i) - 290"
[2 CL RPN ] R0 T = G (4.56)

Taking the complex conjugate of equation (4.56), making substitutions,eandimg

gives
20 _ 16G[-2i+(3A+41)|®|%]|-86* (31—4i) D> (4.57)
a1q 16—64|D|2+3(9A2+16)|D|*
Substituting
®(t,) = N(1,)el®C) (4.58)

into equation (4.57) and performing manipulations, the following relations aredterive

ON _ —120AN3+4A(31sin6—4cos O)N2+16Acos (4.59)
at, 2[16—-64N2+3(912+16)N*] '
and
90 (16 2722)(1-0)N*-[(121-16)(1-0)+480|N?+4A(9A cos 6 +12 sin O)N+160— 16A(sm9)/1v (4 60)
611 2[16—-64N2+3(9A2+16)N*] '
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Letting g(N) represent the denominator in both differential equations, the folddooes
wheng(N) = 0. Thus, the equations can be rescaled(bl) to avoid singularities as
follows:
N'= —12AN3 + 4A(31sin0 — 4 cos )N? + 164 cos 6, (4.61)
and
0 = —(48 +2722)(1 — 0)N* + (16 — 640)N? +

(4.62)
4A(9AcosB + 12sinB)N + 160 — (16Asinf)/N.

Locations on the lower fold line at whighis unchanging (and th#s=0) are denoted by
®; and®,. The interval®;- ®, was derived in MATLAB by determining the valueséof
that satisfy these conditions. Refer to Section 4.A.4.6 for the osdd for this
computation.

In addition, MATLAB was used to numerically integrate equations (4ait)
(4.62) in order to generate the phase portraits shown in Figures 41P],ahd 4-13.
Due to the rescalindy refers taV’, andd refers tod " in these plots. The phase portraits
were generated for time up to five seconds. Refer to Sett#@.2 for details on the
equation derivations and Section 4.A.4.8 for the MATLAB code. The phasaifsort
only show stable trajectories on the SIM. Arrows denote tleetibn of the trajectories

with increasing time.
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Figure 4-12. Phase portrait of the SIM fér= 1,1 = 0.2, andr = 0 (nonlinear damping)
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Figure 4-13. Phase portrait of the SIM fér= 1,4 = 0.2, andr = 4 (nonlinear damping)

4.3.3 1-D Mapping (Nonlinear Damping)

Since Cf,) is constant, equation (4.48) may be rewritten as

(922 +16)Z1,° — 327, ,° + 1621, = (942 + 16)Z, ° — 327, 4" + 16Z,, 4.  (4.63)
MATLAB was used to determing, 4 (see Section 4.A.4.7 for the MATLAB code used).
Since one solution foz; , (the fold lines) was already determined, the MATLAB code
returns the solutions that are not equivaler;te Interpretation of the MATLAB output

gives

N = [32+8m (4.64)
u 27A2+48 '
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and

N, = ,32—8\/16—27/12. (4.65)
27A%+48
From equation (4.45), the phase angle of the fixed point is found to be

0(r,) = arg C(z,) — tan~? [i (i - 1)] (4.66)

31 \N2

Taking into account that @ is constant, manipulations between equations (4.64) and

(4.66) give the phase angleMNiton the upper stable branch from the jumplat

(4.67)

0 —o +tan_1[ 272(922+16)V16-2722 ]
u = Yo1 -

121514+3612(56-V16—271%)-64V16-271%2-256
Additionally, equations (4.65) and (4.66) give the phase andig ah the lower stable

branch from the jump af,:

(4.68)

0. =0 tan_l[ 27A(922+16)V16-2712 ]
a = Yoz — -

121524+3612(56+V16—2712)+64V16-274%2-256
Figures 4-14 through 4-18 were generated using MATLAB. Ref&ection 4.A.2.3 for
details on the equation derivations, Section 4.A.3 for details on the 4prraation, and
Section 4.A.4.8 for the MATLAB code. From varyiagand observing when trajectories
from the®1-0, interval no longer returned, the SMR was found to exist in thevaitef

o =[-7.17, 8.47].
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Figure 4-14. 1-D map forA = 1,4 = 0.2, andr = -4 (nonlinear damping)

Figure 4-15. 1-D map forA = 1,1 = 0.2, andr = 0 (nonlinear damping)
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Figure 4-16. 1-D map forA = 1,4 = 0.2, andr = 4 (nonlinear damping)

Figure 4-17. 1-D map forA= 1,1 = 0.2, andr = -7.17 (nonlinear damping)
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Figure 4-18. 1-D map forA = 1,4 = 0.2, andr = 8.47 (nonlinear damping)

4.4 Discussion of Results for SMR

From observation of the preceding plots, there exist qualitativeasitie$ between the
linearly and nonlinearly damped systems. First, comparison betihve&iN projections
reveals that the values Ni, N2, Ny, andNg in the linearly damped system are close to the
corresponding values in the nonlinearly damped system. Trandlagieg values over to
the phase portraits shows locations of interest to the 1-D mapfihg.fold lines are
depicted, separating stable and unstable regions. In all pbasaits, the trajectories
that leave the®;-@, interval are evident with arrows denoting the direction @& th
trajectory with increasing time. Note that in the neighborhobd = 0, the phase
portraits of the linearly and nonlinearly damped systems appeasiveitsr. Qualitative

similarities are seen between the two systems for increasingtondes ofo as well.
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From observation of the 1-D maps, it is clear that varyilgs an effect on the
location of the return trajectories. Whenis increased or decreased beyond specific
values, the 1-D map can no longer be generated since the tiagct@ionger return to
the ®;- O, interval. Hence, determining these threshold values gives a aiagor the
existence of the SMR. Sineeds directly related to the frequency of the linear oscillator
a frequency band for the SMR existence can be obtained. Byawédil) and (3.9),
the natural frequency of the linear oscillator in both linearlgg aanlinearly damped

cases is given by

w = \/stiffness of linear system _ m (469)

mass of linear oscillator

Since the forcing frequency (1) in each case is very clo#@gmatural frequency (~1),
due toe << 1, the intervals o& derived in this analysis also provide an approximate
range of forcing frequency for the occurrence of the SMR. Rerlihearly damped
system withe = 0.05, the SMR exists for frequency ranges of [0.86, 1.21] and [1.22,
1.23]. Again using: = 0.05, the SMR exists in the nonlinearly damped system for a
frequency range of [0.80, 1.19]. Thus, the SMR exists in both linaadynonlinearly
damped systems near 1:1 resonance.

It should be noted that the results presented in this chapterlar®nig for an
amplitude ofA = 1. One may vary the amplitude to obtain results in other casegthe

same approach.
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4.A Appendix
4.A.1 SMR Equation Derivations (Linear Damping)

4.A.1.1 Derivation of Equations Related to SIM Progction (Linear
Damping)

Beginning with equations (3.11),

ieo

. ie A
¢+ m(‘h — ;) — 2(1te) (p1+epy) = >

and (4.70)

A(1+e) i
2 92 % 305 (P2~ 9 -

ieo
2(1+¢)

¢, + (¢4 +5<P2)—%(1+8)|(P2|2<P2 Z%-

the second equation can be rewritten as

i ieo _&¢ . A(1+¢€) i 2 _
2?1l TP T T P2 P2 +2(1+€)|<P2| p) 4.71)
i io
20+0) P2 T 304 P2
The equation can be reduced to
_ i(1+e0) _gA . A(1+e) i 2 i(e?0-1)
2are P1= 5 T @2 S P2t 1+ &)lp2l*p, + 2t P2 (4.72)
Solving forg; gives
_ . eAl+e) L 2(1+e) . . A(14€)? (1+¢)? 2 g20-1 4.73
17" 1te0 1+ec T2 1+e0 $2 1+e0 |(P2| $2 1+e0 P2 ( ) )
Substituting into the first of equations (4.70) gives
d[.eA(1+e)  .2(1+¢) . . A(14€)? (1+¢)? 2 g2o-1 ie . eA(1+¢€)
E[ 1+e0 -t 1+ec T2 - 1+e0 2= 1+e0 |(P2| $2— 1+e0 (pz] + 2(1+£)[ 1+e0 -
2(1+¢) A(1+e)? (1+£)? 201 (4.74)
. . _ . _ 2 _ - _
1+e0 2 1+¢eo0 2 1+¢eo0 |¢2| P2 1+¢eo0 ¥2 §02]
__ieg [.eA(1+e)  .2(14e) . L A(1+€)? _ (1+¢)? 2 _ g20-1 _ €A
2(1+s)[ 1+e0 1+eo ' 2 1+ec T2 1+e0 |¢2| ®2 1+¢e0 P2+ £<p2] T2
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This expression can be reduced to

_.2(1+9) d2<p2 eA(1+s) . A(1+¢€)? _ (1+¢)? 2 ]
1+eo dt? + 1+eo —i 11e0 P27 Tieo o202 — 1+eo (Pz
[_ €24 e . Ae(1+¢€) _ . e1te) | |2 . 3o-¢ _ (4'75)
2(1+¢&0) 1+ec T2 2(1+¢0) $2 2(1+¢&0) $21"¢2 l2(1+80')(1+€) $2
., € ] [SZO'A _&o . Aea(1+e) sa(1+s)| |
l2(1+g)(p2 2(1+£0) 11e0 P2 2(1+£0) ¥2 2(1+£o) P21"¢2 +
. eo(e?0-1) &g ] €A
2(1+£0)(1+¢) $2— 2(1+s) 2a+0 %2l = 7

Sincew is not dependent on time, the derivative of this term with respdrhe is

zero. Thus, this term may be removed from the bracketed expressiesponding to
the first derivative with respect to time. Taking this sinigdifion into account and

further reducing the system gives

.2(1+e)d?p, . d (1+¢)? P ir(14€)%+e20-1 e24A(1-0)
—t 1+&0 dt? E[_ 1+eo |(,02| $2— 1+eo 2] B 2(1+¢0) (4 76)
e(1-0) . Ae(1+€)(1-0) _ .8(1—0')(1+8)| | ea(e o-1)-&3c+e _
1+ T2 2(1+£0) 2 2(1+£0) P21"¢2 + 2(1+£0)(1+¢) 2
. &(1+¢0) _ €A
2(1+e) T2 2"
Taking into account thag, = %, and reducing the system further gives
_.2(1+9) d?g, afl_ (1+¢)? P _ iA(1+€)%+e%0- 1 8(1 o) _
' 1+e0  dt? dt[ 1+&0 |(,02| P2 1+&0 1+e0 ] (4'77)
e24(1-0) , 2e(1+€)(1-0) _ _e(1—o)(1+s)| |2 n eo(e?0-1)-e30+e _
2(1+£0) 2(1+£0) 2 2(te0) (P2l P2 L 2(ten)1re) P2
.(1+e0) _EA

2040 P2 T
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Again reducing the system yields

l.2(1+£) d?g, d (1+¢)? | |2 ir(14€)2+e20-1-¢(1-0) ]
1+eo dt? = dt 1re0 1921792 1+eo 2

e24(1-0) , 2e(1+&)(1-0) _ . e(1-0)(1+e) 2 .eo(e?0-1)-e30+e _
2(1+&0) 2(1+¢0) 2 2(1+£0) l92l"02 +1 2(+e0)(1te) P2
. &(1+¢0) _ €A
2(1+¢) 2=
. . i(1+e0) _.
Multiplying by eS| gives
d?g, daf_.a+e P _ L iA(1+€)%+e20-1-¢(1-0) . e24(1-0)
az Tal Tl 92"z — i 2(1+¢€) 2] 4(1+¢)
. Ae(1-0) e(1-0) 2. eo(e?0-1)-e3c+e e(1+£0)? _ . eA(1+e0)
: P2t [ 4(1+€)2 2T are2 P2 T ' qse
Since
(pz == (pz(To, Tl' ...), Tk - Skt, k - 0,1, veny
d a d
E_a_‘[o-l_ga_‘[l-l_ —D0+ED1+“',
and

2 2
d =(a +gi+) =(D0+€D1+"')2,

F 6_1'0 6‘[1
the equation can be rewritten as
(DO + EDl + .- )2(/)2 +

Y I eED) 2 . iA(1+€)%+e20-1-¢(1-0) _
(Do + €Dy + )[ l— l@2|“@, — i 2(110) ‘Pz]

,e2A(1-0) . . Ae(1-0) e(1-0) P
20 7 P2t —; l@21“p,

eo(e?0-1)-e30+e
4(1+¢)2

@ +

e(14¢£0)? _ . eA(1+e0)
2+02 P2 T " dae
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Multiplying both sides by(1 + £)? gives

Dy + eDy + - )2(1 + £)2¢@, + (Do + €Dy + -+ [—l(1+£)
(Do 1 )7( )2@, + (D 1 ) | 2| Qo — (4.83)

iA(1+e)3+(e20-1-¢(1-0) )(1+¢) 24(1- - 2
_ia(1+£)3+(e20-1-£(1-0) ) (1+¢ (pz] _£A0-0)Gte) | Ae1-a)(1+e)

L 2 4 4 P2 +

e(1-0)(1+¢)? eo(e?0-1)-€30+¢ e(1+&0)? . eA(1+e0)(1+¢€)
Tl le(pz_ ( 4_) (p2+ 4 Zzlf'

Expanding the equation and ignoring terms&nd above gives

(DOZ + 2€DOD1 + b )(1 + 28 + b )(pz + (484)

. (143&+-++) l)l(1+3s+ )-(1+¢&)—-e(1-0)+--
(Do + €Dy + ) [-1 22 g, g0, — - 0| +

—&o+tet- e+ , EA+---

2, _
lp2 1% P2t P2=1—

L Ae(1—-0)+-- e(1-0)+-
L= P2t —,

Reducing the equation gives

(Do® + 2eDyDy + -+ ) (1 + 26 + - ), +
(4.85)
. (1+3&+-+) A(1+3e+ ) +it+ic(2—0)+---
(Do + €Dy + ) [—l%VPZPQDZ + o +2H-lg 2 ‘Pz] +

i 18(1—40')+--- 0, n e(1-0)+-

EA+-

g0+ .
" lp21%@, + 2 P2=1

Separating the equation based on powersgdies

(4.86)

0 ) i ) A+
€ Dy (P2+D0[_§|(P2| @ + > (p2]=0

and

3i 3A+i(2—-
81: 2D02(p2 + 2D0D1(p2 + DO [_?l |$2|2(Pz + #(pZ] + (487)

|2

A+i ]+ .A(1-0) (1 U)|§02

i LA
D [_%|§02|2‘P2+_(P2 2 2+ ) +%(P2:lz-

Integrating the equation of ordet with respect tay gives

A+i

;coz ——I<pz| P2+ @2 = C(1y,..), (4.88)
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where C(r;, ...) is a result of the integration. The equation for the fixed powds

obtained by omitting the derivative term, thus yielding

. .
—%|<P2|2<P2 + Tlfpz = C(1q). (4.89)

Since the analysis is concerned only with studying the equatibrnregpect tap andz,
note that the fixed poinis are functions only of;. Substituting
O(71) = @ (4.90)
and rearranging, the fixed point equation can be rewritten as
i 2 A+i
— 2|00 + =0 = (). (4.91)
Letting
®(1,) = N(1,)e?@), (4.92)

and making the substitution, the equation becomes

—IN3e® + 22 Ne® = C(zy), (4.93)
and thus
[—%N?’ + %N] el = C(1y). (4.94)
Using the relation
e = cos@ +isinf (4.95)

and substituting, the equation can be rewritten as

[—%N3+%HN] (cos@ +isinf) = C(ty). (4.96)
Separating into real and imaginary parts gives

EN cos @ + (%N3 — g) sin 9] + (4.97)

i[%N sinf — (%N3 —g) cosH] = C(1y).
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Taking the magnitude of both sides gives
2 1 AN E
[EN cos 6 + (5N3 _3) sin 0] + (4.98)

N) cos 9]2 =|C(z)|?.

T2

[&N sinf — (lN3
2 2
Expanding gives

2 2
L N2 cos? 6 + (1N3 —ﬂ) sin? @ + AN (1N3 —ﬂ) sin 8 cos 8 + (4.99)
4 2 2 2 2

2 2
%Nz sin? 6 + GN3 - g) cos? 0 — AN (%N3 - %) sinf cos @ = |C(ty)]?.
Using trig identities, the equation becomes
ENz+ (3w —g)z = |C(z)I%. (4.100)
Expanding the expression in parenthesis gives
ENZ+IN—IN* 4 IN2 = (ol (4.101)
Multiplying the equation by 4 gives
A2N2 + N® — 2N* + N? = 4|C())]?. (4.102)
Finally, the equation is reduced to
N® —2N* 4+ (A2 + 1)N? = 4|C(71)|?. (4.103)
Making the substitution,
Z(ty) = [N(z)]?, (4.104)
yields
Z3 =272+ (A2 + 1)Z = 4|C(7)|>. (4.105)
Taking the derivative of the left hand side with respect to Z atithg equal to zero
gives

322 —4Z + (12 +1) = 0. (4.106)
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The derivative has the following roots:

Zl,z _ 4$\/16—;2(AZ+1)l (4_107)
This equation reduces to
2F/4—-3(12+1) .
Z,, = ) (4.108)

which can be further simplified to
2¥V1-322 (4.109)
Since

N(ty) = +/Z(1y), (4.110)
the positive values dfl corresponding to the roafs ; can be written as

2FV1-322 (4.111)

N1,2 = 3 )

whereN; andN, define the fold lines.

4.A.1.2 Derivation of Equations Related to Phase Rwoaits (Linear
Damping)

Continuing the analysis with the equation ofc'Q)( taking the limit asz

approaches « gives

A+i ] . A(1-0)

D [_%|‘P2|2(P2 + - P2 +1 7 P2 + (4.112)

(1-0)
46 [,

2 T, =il
%P2 + 202 =iz,
with D; being replaced with the original notation. Note that the derivatith respect
to 7o drop out since a finite function is constant with respect to an iafimte. Reducing

and again substituting

O(14) = @2, (4.113)
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the equation becomes

d
6‘[1

Simplifying yields

O i o2 + A
Let
(1-0) o)

G =—

then

—[-s1070 + 20| +i

(1- 0)

a%[‘%'cl)'z@ + ’”lcb] G.

Distributing the derivative gives

_Lipl2 4+ A+i] 90 i L O|0*
[ o + 2 ]611 2 oty G.
But since
|0 = o7,
the expression can be rewritten as
[__l(DIZ /1+1] o0 [ (CI)cD*)] —c
Distributing the derivative gives
o2, Atilo0 i . 00
|- 1o + ] “ofo 2> +<1>arl
The equation can be reduced to
_hip 4 2|22 L2 00 1200
[ 2 |©]% + 2 ]6‘[1 2 || at, 2 dt, G.
Finally, the equation simplifies to
2 L M 00 i 42007 _
[ fol” + 6‘[1 2 aty G.
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H20 + 21020 + 20 =02
+ 2100 + [2+ 122 o —i2 =0,
4
— | D|*D — [ 42 J)](D-I-l—

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

(4.119)

(4.120)

(4.121)

(4.122)

(4.123)



Taking the complex conjugate gives

+o0 == G

2 FIox i «2 00
[ll(Dl ] 0ty 011

Solving for the complex conjugate derivative gives

iz 0
6(1)* _ G Z(I) a1

- . A-i "
Jty l|(I)|2+Tl

Substituting into the expression above gives

G* lq)*z oD
A+i] 00 i 2
2 2 2 0t | _
[ Hel® + ]6‘[ -2 I ﬂ-ill =G

Multiplying the equation b(zICI)l2 l) gives

(-tof+22) (g + ) 22—

~0? (G* Lp? ;’z) ( |D|2 +—)

Further manipulation yields

4 A+ A=i) , AHD@A-D] 00 i 2 ..
[fo1* + il (5 - 7) + SR 52— S

~ 1929292 _ ¢ (i) + 22
~ 00 arl—G(l|(D| + 2).

Simplifying gives

[l01* = 02 + 22 - 2020?22 — L0%6" = 6 (i]o)* +

4- 6‘[1
Multiplying the equation by 4 gives

[4]0]* — 4|02 + 22 + 1 — 0?0**| 22 -

6‘[1
2i0%G* = 2G(2i|D2 + 1 —0).
Solving for the derivative term gives

a0 2G(2i|®2+2A—i)+2i0?G*
0ty 4|0|*—4|0)2+A2+1-0%0*
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(4.124)

(4.125)

(4.126)

(4.127)

(4.128)

(4.129)

(4.130)

(4.131)



Substituting in
||t = @2
and reducing gives

a0 2G(2i|®12+1-i)+2i0*G*
1, 3|D|*—4|D|2+A2+1

Since
O(1y) = N(Tl)ew(rl),

the following can be written:

oD ON g . i 00
—=—0 iNe'” —.
014 14 + 014

Thus,

a0 oN ., 00 0
—=(—+IN —) e'”,
Jtq (6‘[1 + atq

Setting equal to the expression above gives

AN .. 90\ ; 2G(2i|®24+A—i)+2id%G*
(— +iN —) git — 26 )
a1 a1 3|D|*—4|D|2+A2+1

Again substituting
O(1y) = N(T1)ei0(rl)

gives

ON | .90 2G(2iN%+21-i)+2iN%e?0G*
(— +iN —) git — 26( )
0ty 014 3N*-4N24+A2+1

Moving the exponential term to the right hand side gives

ON | ... 00 _ 2Ge~"9(2iN%2+1-i)+2iN?G"e!?

0T, 0Ty 3N4—4N2+22+1

Substituting

®(1;) = N(1y)elf
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(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)

(4.140)

(4.141)



into the expression fdB gives

G =_0- J)Ng i0 [Z + i—’l(l_a)] Nei + 2,
4 4 4
Thus,
G = _a- 0) (-9) \r3,-i0 [E — i—l(l_a)] Ne™t0 — ié
4 4 4
Therefore,
Ge—i0 — — (1—0)N3 [_ + l/1(1 U)] N +l e—i0
4 4
and
Grelf = _ﬂ]\p _ [E_ iM]N _idei0
4 4 4

Substituting into the differential equation gives

ON
6‘:1

o0 _ 2{- a- ”)N3 |5+ A0 ”)]NH e~0}(2iN?+2-1)

6‘:1

2iN?{-

3N4—4N2+A%2+1

-9)ya_ [0
4 4

A=)y Ao}

3N*—4NZ2+22+1

Manipulating the expression gives

20 | (1~ J)'V3 - 42 J)]N+l e~0}(2iN?+1-1)

arl + at, 3N*—4N24+A%+1
_(-0) 5 [.0, A1-0)]\ 3,4, i0 2
+{l —2N [12. . ]N +ZeLN}
3N4—4N2+A2+1 '
Reducing gives
IN LN 20 _ {-i(1-0)N5-[ic—A(1— 0')]N3—Ae_‘9N2}
9ty aty 3N*—4N2+A2+1

2 L T () N

{_i(lzd)‘,vs_[ig : )L(lz—U)]N3+§ei6N2}

3N4—

4N24+72+1
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4N2+2%+1

(4.142)

(4.143)

(4.144)

(4.145)

(4.146)

(4.147)

(4.148)



Further simplification gives

D e e

a1 a1 3N4—4N2+2A2+1

e e I )

3N4—4NZ2+A2+1

Multiplying out terms gives

2

v, o _ [ a2 AUy, -io)

6‘[1 6‘[1

_|_
3N4—4N2+4+22+1

({23 [~

3N4—

FAO e o) (20 AO D vz (el )
4N2+A2+1 3N4-4N2+22+1

Further reductions give

ON | .., 00 _ {-A(1-0)N3-A[o+iA(1-0)IN+ilAe 0}

+ iN

6‘[1 6‘[1

{i{1-0)N3~[-ic+A(1-0)IN+Ae~ 10} n {~i3(1-0)N°—[i30-1(1-0)IN3+AN?(elf —2¢710)}

_|_
2(BN*—4N2+22+1)

2(3N%4—4N2+12+1) 2(3N%4—4N2+12+1)

Substituting

and

gives

_ _ 3_ . _ . _. .
ON .Nﬂ :{ A(1-0)N3-A[o+iA(1—0)IN+iAdA(cos 6 LsmG)}_I_

e® = cos@ +isiné,

e~® = cosf —isinb

014 01, 2(BN*—4N2+22+1)

{i(1—0)N3-[-ic+A(1-0)]N+A(cos —isin 6)}
2(BN*—4N2+22+1)

{-i3(1—-0)N5—[i30-A(1-0)]N3+AN?(— cos 8+3isin 8)}
2(3N*—4N2+22+1)
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(4.151)
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(4.154)



Separating into real and imaginary parts gives

oN LN 80 _ {-A(1-0)N3—AoN+2AAsin 0—A(1-0)N+A cos 0+A(1—0)N3—ANZ cos 6} n
a1, aty 2(3N4—4N2+12+1) (4.155)
i {-22(1-0)N+AA cos 0+(1-0)N3+oN-Asin8-3(1-0)N5—30N3+34N? sin 0}
2(3N4—4N2+22+1) )
Reducing gives
N LN 90 _ {AAsin@—-AN+Acos O—ANZ cos 0}
a7y oty 2(3N4—4N2+22+1) (4.156)
i {14 cos 6+(1-40)N3+[0-22(1-0)|N-Asin §-3(1-0)N5+3AN? sin 6}
2(3N4—4N2+22+1) )
Equating real parts of the equation gives
ON _ 2Asin§-AN+Acos 0—AN?Z cos 0 (4.157)
T, 2(3N*—4N2+12+1) '
and equating imaginary parts gives
80 _ AAcos0+(1-40)N3+[0—2%(1-0)|N—-Asin 6-3(1-0)N°+3AN? sin 6 (4.158)
aty 2(3N*—4N2+12+1) '
Final manipulations give
ON _ —AN? cos9—-AN+AAsin8+Acos 6 (4.159)
at, 2(3N4—4N2+12+1) '
and
80 _ —3(1-0)N*+(1-40)N2+3AN sin 0+[0—-12(1—0)|+(AA cos 6—Asin 8) /N (4.160)
at, 2(3N4—4N2+12+1) .

Lettingg(N) represent the denominator in both differential equations, the fold lines occur
wheng(N)= 0. Thus, the equations can be rescalegiNyto avoid singularities as
follows:

N' = —AN?cos8 — AN + AAsin6 + Acos 0 (4.161)
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and
0'=-3(1-0)N*+ (1 —40)N? + (4.162)
3ANsin6 + [0 — 22(1 — 0)] + (AAcos @ — Asin8)/N.

Phase portraits were generated using the rescaled equations. The foldkedits@sgmay
be obtained by settindj = 0 andg(N) = 0, thus forcing the situation on the fold lines
with unchangind. Rewriting gives

0’ =0(3N* —4N? 4+ 1?2 +1) —3N*+ N? + 3AN sin6 — A% + (4.163)
(AAcos6@ — Asin@)/N.

Since
~g(N) = 3N* —4N% + A2 + 1, (4.164)
settingg(N)= 0 andd’ = 0 results in
—3N*+ N2+ 3ANsin®;, — A% + (1A cos©,, — Asin@®;,)/N =0.  (4.165)

Rewriting gives

—3N*+ N? + (3AN — A/N) sin®, , — 22 + (1A cos ©;,)/N = 0. (4.166)
Since
sin®; , = /1 — cos2 0 ,, (4.167)

the following may be written

—3N* 4+ N2 + (3AN — A/N)\/1 = c0os2©,, — 2* + (1A cos©,,)/N = 0. (4.168)

MATLAB was used to solve fob,; and®, (see Section 4.A.4.2).
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4.A.1.3 Derivation of Equations Related to 1-D Mapmg (Linear
Damping)

Since Cf;) is constant, equation
73 =272+ (22 + 1)Z = 4|C(x)|? (4.169)
may be rewritten as
Z1p° = 220" + WP+ DZyp = Zya® —2Zy0° + PP+ 12,y (4.170)
MATLAB was used to determing, 4 (see Section 4.A.4.3 for the MATLAB code used).
Since one solution foz; , (the fold lines) was already determined, the MATLAB code

returns the solutions that are not equivaler#;te Interpretation of the MATLAB output

gives

M= [2(1+VT=3), (4.171)
and

N, Z\/g(l—’/l—Bﬂz). (4.172)
From

[%Ncose + GN3 —g) sine] + i [%Nsine - (%N3 —g) cosH] =C(1y), (4.173)

the argument of G() can be expressed as

A . 1 N
=N 51n9—(—N3——) cos 6
c — tan-1 ]2 2 2 , 4.174
arg (Tl) an [%Ncos 9+GN3—¥) Sinel ( )
which can be rewritten as
_ _1 [ANsin@—(N3-N) cos 6 4.175
arg C(T1) = tan [AN cos 0+(N3—N) sin 9]' ( :
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Since the coefficienlN is common to the numerator and denominator in the inverse

tangent expressiolN may be factored out, leaving

_ _1 [Asin6—(N%-1)cos 6 4.176
arg C(r,) = tan [AcosB+(N2—1)sin9]' (4. )

Dividing the numerator and denominator in the inverse tangent expressibtod§

gives
(N%-1)
9_—
argC(r;) =tan™?! [taz\,z_—l)’l] (4.177)
1+Ttan9
which can be rewritten as
(1-N?)
9 X 7
argC(t;) =tan™?! [ta(nl_;—z)’l] (4.178)
1—Ttan9
Let
q1 = tan 0, (4179)
and
(1-n2) (4.180)
Q2 =~
Then,
C = -1|91t9z (4.181)
arg C(t,) = tan L

From the formula of the “sum and difference of two inverse cirdulactions” given by
Zwillinger (2003), the equation can be rewritten as
argC(r;) =tan"1q, + tan"! q,. (4.182)

Thus,

arg C(t;) = tan"!(tan @) + tan~! [(1_/1—1\]2)] (4.183)
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This equation can be reduced to

arg C(t,) = O(r;) + tan™?! [@]
Finally, the following can be written:

0(t,) = argC(r;) —tan™? [@]

Since

Z(ty) = [N(T1)]2,

the relation becomes

0(t,) = argC(7;) —tan™? [%(Tl)]

Since Cf;) is constant, the equation may be rewritten as

arg C(ty) = G102 +tan™" [%] =0, 4 +tan™? [1_iu,d:|.
Thus,
Hu,d = 901,02 + tan~! [%] —tan~? [1_iu,d]l
Let
_1-Z,
P1=—1"
and
— 1_Zu,d
P2 = —
Then,

H‘U.,d = 901,02 + tan_l pl - tan_l pz.

(4.184)

(4.185)

(4.186)

(4.187)

(4.188)

(4.189)

(4.190)

(4.191)

(4.192)

From the formula of the “sum and difference of two inverse circular functionshdgy

Zwillinger (2003), the equation can be rewritten as

— P1—P2
B = Oonon + tan~* [ 22222
u,d 01,02 1+p1D
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Thus,

(1—21‘2)_(1—zu‘d
9u’d = 901‘02 + tan_l [ 11_Z12 1_}2ud ] (4194)
1+(T')( P )
Reducing gives
Zy,d—Z41,2
= -1 A 4.195
Bua = 001,02 + tan [1+,1iz(1—21.z)(1—2u,d) : ( )

The equation reduces to

_ 1 (Zua=Z12)2 4.196
eu,d - 901;02 + tan I:AZ+(1—Z1,2)(1_Zu,d):|' ( )

and thus

B 1 (Nya?—Ny,%)2 4.197
Oua = 001,02 + tan [/12+(1—N1_22)(1—Nu.d2)]. @190

Substituting inN, andN; gives

2 2—/1-312
(5(1+m_7>a

0, = 6y, +tan™? _ (4.198)
v ,12+<1——2“/13‘3’12)(1—§(1+\/m)
Reducing gives
_ -1 AV1-322
Ou= 0o+ tan 12+1_3(1+W)_2—¢1——”2+3(1+m)(2—“——”2) - (4199)
3 3 3 3
This equation can be reduced to
_ -1 AV1-322
Ou = b0 + tan [/12+1—§—§\/1—3/12+§(1+\/1—3,12)(2—\/1—3,12) ' (4.200)
Simplification leads to
_ -1 AV1-3A2
Ou = b0 + tan l12—§—§\/1—3/12+§(2+\/1—3/12—1+3/12) ' (4.201)
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The equation can be rewritten as

H‘U. = 901 + tan_l [ o 1_312 ]

9A2-3-3vV1-322+2(1+V1-312+312)
Simplifying gives

Hu = 001 + tan_l [ V1327 ]

1542-1-v1-322]’
Substituting ilNg andN; gives
—322
(g(l_m)_¥>a
/12+<1——2+J13‘3’12)(1—§(1—\/m) '

ed S 902 + tal’l_l

Reducing gives

-W1-322

gd = 802 + tan_l

This equation can be reduced to

—AV1-342

2 2+/1-322 2 2+v1-322\ |’
A2 +1—§(1—m—T+5(1—m<T>

ed ES 902 + tan_l l

Simplification leads to

—-AV1-342

2 L L A 3242 (2—V1-312— )|’
A2—2+2V1-322+7(2-V1-322-1+322)

ed ES 902 + tan_l l

The equation can be rewritten as

—9AV1-3A2
9A2-3+3V1-312+2(1-V1-312+322) |’

9d = 902 + tan_l [

Simplifying gives

—-9AV1-322

_ -1
Oa = 0oz + tan L512—1+V1—312'
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A2+1-2+3V1-322+5(1-V1-322)(2+V1-322)

(4.202)

(4.203)

(4.204)

(4.205)

(4.206)

(4.207)

(4.208)

(4.209)



Using the properties of inverse tangent as given by Zwillinger (2003),

137 (4.210)

6, =6, —tan ! |————|.
d 02 1542—1+V1—342

4.A.2 SMR Equation Derivations (Nonlinear Damping)

4.A.2.1 Derivation of Equations Related to SIM Progction
(Nonlinear Damping)

Beginning with equations (3.20),

ico

. i A
1+ 5005 01— 02) — 55 (01 tew) =

and (4.211)

. 3 ]
@, + 5/1(1 + )|, |* @, +ﬁ((ﬂ2 — @) —

ieo
2(1+¢)

i A
(p1 +€9;) — é(l + )l@,l%p, = 87.

the second equation can be rewritten as

_ i _ ieo _ ﬁ T E 2
20?1 T a1 T 3 T P2 AL+ o)z, +
(4.212)
i 2 _ i ie?c
2(1+8)|(p2| (pz 2(1+€)(p2 +2(1+€)(p2'
The equation can be reduced to
i(1+e0) A . 3
- ﬁﬁol = 87_ ¢ —5 A1+ &)lpa |, +
(4.213)
. (201
%(1 + &)@, p2 + l(;(;g))(l’z-

Solving forg; gives

__ . EA(1+e) _ L 2(1+¢) . _ . 3A(14¢€)? 5 _ (1+¢)2 5 B 251
P1=1 1+é&o ' 1+e&o $2 1 4(1+&0) |(,02| P2 1teo |(P2| P2 1+e0 P2 (4-214)
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Substituting into the first of equations (4.211) gives

d [.sA(1+£) .2(1+e) . . 3A(1+¢)? 2 (1+¢)? 2 &20-1
- - 2 lp2|“p, — |21, — (P2]+
dt 1+eo 1+eo0 4(1+¢€0) 1+eo 1+&0 (4.215)
ceA(l+e)  .2(1+e) . . 3A(1+¢€)? 2 _ (14¢)? 2 _
2(1+8)[ 1+&0 1+ec T2 4(1+¢0) |(P2| $2 1+&o |(P2| $2
g20-1 _ __ieg [.eA(1+e) . 2(1+e) . . 3A(1+¢)? P _
1+eo $2 (Pz] 2(1+¢€) 1+&0 1+ec T2 ¢ 4(1+¢€0) |(,02| $2
(1+€) -1 €A
1+¢eo0 I 2| (pz 1+&0 (pz + £¢2] - ?
This expression can be reduced to
. 2(1+e) dz(pz [ cA(14+¢e) . 3A(14¢)? | P (1+¢)? 2
teo diZ - P22 — lp2|“p2 —
1+so0 dt dt 1+&o 4(1+&0) 1+&o (4.216)
201 _ £2A g . 31e(1+¢) P _ . ei+e) 2 _
1+eo0 ] 2(1+e&0) + 1+eo $2 8(1+¢€0) | 2| 2(1+¢&0) |(,02| $2
, 30—¢ . &Py ] [ £20A . 3lea(1+e) 2
l2(1+sa)(1+£) $2 lz(1+s) 2(1+e0) 1+g0 T 2 8(1+£0) P21, +
isa(1+s) 10| i eo(e?0-1) %0 ] _ €A
2(1+£0) $21" 92 2(1+£a)(1+s) $2~ 2(1+£) 20+0) P2 2"

Sincew is not dependent on time, the derivative of this term with respdrhe is

zero. Thus, this term may be removed from the bracketed expressiesponding to
the first derivative with respect to time. Taking this siniqdifion into account and

further reducing the system gives

. 2(1+e) d?g, i[_ (3Ai+4)(1+¢)? P _ g20-1 ] _
L 1+eo0 dt? dt 4(1+¢&0) |(,02| $2 1+e0 $2 (4'217)
e2A(1-0) . £(1-0) . 31e(1+&)(1—0)—ide(1+¢€) | |2 e(1+sa)
2(1+£0) 1+ T2 8(1+£0) $21"¢2 — 2(1+£) ¥2
,eo(1+¢€) 2 sa(s o-1)-e3o+e _ €A
l2(1+sa)| 92|02 + 2(+e0)1te) P2 T
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Taking into account thag, = dd

=%z and reducing the system further gives

g20-1

_.2(1+8) d?g, afl_ (3Ai+4)(1+¢)? 2 _ e(1-0)
¢ 1+&0 dt? dt[ 4(1+¢€0) |(P2| $2 1+eo T 2 1+eo0 2] (4-218)
_ e24A(1-0)  31e(1+e)(1—0)—ide(1+¢) £(1+sa) . e0(1+¢) P
2(1+£0) 8(1+£0) 921702 — Lt 2(1+£0) lp2l"¢2 +
.eo(e?o-1)-eote €A
2(1+£0)(1+¢) 27
Again reducing the system yields
_.2(1+e) d?g, d _(3Ai+4)(1+8)2 2 8(1 o)—e20+1 _
1+e0  dt? dt[ 4(1+e0) |p2|"¢2 + 1+eo ] (4.219)
e24(1-0) = 31e(1+¢e)(1—-0)—ide(1+¢) £(1+sa) . eo(1+¢) 2
2(1+£0) 8(1+¢0) 921?02 - e 2(Lte0) lp2]“p, +
.eo(e?0-1)-e30+e _ €A
2(1+ea)(1+e) T2 2°
Multiplying by (1+ ) glves
d? ¢, (3Al+4)(1+s) 8(1 o)—e%0+1 _ . e2A(1-0)
ac? + 8 |921% 02 + 2(1+¢) ('02] e (4.220)
. 3Ae(1-0)—i4e e(14¢€0)?
= 0202 + T 02 AR
eo(e20-1)-e30+e _ . eA(1+e0)
4(1+€)2 P2 = ' e
Since
(pz = (pz(To, 71, ...), Tk = Skt, k == 0,1, veny
(4.221)
L2 4l 4 =Dy+eD; +
dt - 6‘[0 € 6‘[1 0 € 1
and
a2 ] a 2 2
=2 (X Z 4.) = 4,222
— (6T0+eaﬁ+ ) (Do + €Dy + ++)?, ( )
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the equation can be rewritten as

. (BAi+4)(1+¢)
(Do + €Dy + )%, + (Dy + €Dy + )[ l—g| 2%, +
(4.223)
.e(1-0)-€%0+1 ] . e2A(1-0) . .3e(1-0)—ide | |2 e(1+€0)?
2(1+¢) 2 4(1+¢) 16 2 4(1+¢)2
& 2 _ eo(e?0-1)-e30+e _ . eA(1+e0)
4 9210, 4(1+¢)? $2 = 4(1+¢)
Multiplying both sides by(1 + £)? gives
. (3Ai+4)(1+¢)3
(D + €Dy + - )*(1 + €)*¢p, + (Dy + €Dy + ) [—l%mﬂz(ﬂz +
(4.224)
i [8(1—0‘)—€ZO'+1](1+€) 2] _ iszA(l—Z)(1+s) y [3)18(1—0)1—61'48](1+£)2 |§02|2§02 n
e(1+€0)? _ eo(14¢€)? | |2 _ eo(e?0-1)-e30+¢ _ . eA(1+eo)(1+€)
4 2 4 4 4 2 =1 4 .
Expanding the equation and ignoring terms“fnd above gives
(Do® + 2eDoDy + -+ )(1 + 2e + ), + (4.225)
. (3Ai+4)(1+3¢&+-++) 1+e(2—0)+
(Do + €Dy + “)[—l : 5 R E+‘P2] +
. e[3A(1—0)—4i]+ +o +- —&t , €A+
i ; l |§02|2902+€T§02 = |(P2| @ + w: Yy = i 2
Separating the equation based on powersgpies
g% DOZ(pZ - A |<P2|2<P2 - §¢2] =0 (4.226)
and
3(31i+4) . 2—
gt 2Do% @, + 2DgDyp, — Dy |i [ lp2]?p, — lTJ(PZ] -
(4.227)
. (3Ai+4) . 3A(1-0)—4i 1
[l : |§02|2902_‘(P2] +| 2|2‘P2 +Z(P2_
-1 A
%|§02|2‘P2 +UT(P2 =iy
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Integrating the equation of ordet with respect tay gives

5} 3li+4
P2t  { L+)| 02120, + = <p2—C(Tl,...), (4.228)

where C(r;, ...) is a result of the integration. The equation for the fixed pawds

obtained by omitting the derivative term, thus yielding

(3/1L+4)

lp21%@; +2 ‘Pz = C(1q). (4.229)

Since the analysis is concerned only with studying the equatibrregpect tap andz,
note that the fixed poinis are functions only of;. Substituting

O(7,) = o, (4.230)
and rearranging, the fixed point equation can be rewritten as

E0 10120 + L0 = C(ry). (4.231)

Letting
®(14) = N(11)ef, (4.232)

and making the substitution, the equation becomes

EE2 N3 + INel? = C(zy), (4.233)
and thus
[E2N3 4+ 2N et = c(ry). (4.234)
Using the relation
e = cos@ +isinb (4.235)

and substituting, the equation can be rewritten as

[(3'1 GA4D s 4 L N] (cos 8 + isin@) = C(1y). (4.236)
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Separating into real and imaginary parts gives

(3AcosO+4sinB)

N3 — ﬁsin 9] +i [(BAsin 6—4cos0)
8 2

N3 + §c059] = C(1y).
Taking the magnitude of both sides gives

[(3A cos0+4sin @)
8

2 .
N3 — ﬂsin 9] n [(3Asm6 4cos0)
2 8

Expanding gives

(31 cos B+4sin 6)2 N6 (31 cosB+4sin6)sin 6
64 8

4, N o
N +Tsm 0+

(31 sin0—4 cos 0)? N6 n (3Asin@—-4cosB)cos b

4 N2 o 2
64 3 N +4COS 6 =|C(r)I*.

Further expansion and reduction gives

922 cos? 9+24AcosOsinf+16sin20 , .  sin?6

NZ
N N* +—sin? 6 +
64 2 4
912 sin% 0—241 cos 0 sin 6+16 cos? 0 cos2 6 N2
” N® — - N4+TC0529=|C(T1)|2.

The equation can be reduced to

942 (sin? 8 +cos? §)+16(sin? O+cos? @)
64

4
N® —N?(sin2 0 + cos?0) +

2
NT(sin2 0 + cos?0) = |C(ty)]|>.

Using trig identities, the equation becomes

912416 .o N* N?2 P
NG -+ = [C(r)2.

Eliminating the denominators gives
(942 + 16)N® — 32N* + 16N? = 64|C(1y)|?.

Making the substitution,
Z(1y) = [N(T1)]2.

yields

(922 +16)Z3 — 32Z% + 16Z = 64|C(1)|%
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N3 +£c056?]2 = |C(1))]|?
2 - L

(4.237)

(4.238)

(4.239)

(4.240)

(4.241)

(4.242)

(4.243)

(4.244)

(4.245)



Taking the derivative of the left hand side with respec @and setting equal to zero
gives
3(91% + 16)Z% — 64Z + 16 = 0. (4.246)

The derivative has the following roots:

7. = 64T+/4096-192(912+16) (4.247)
12 = 6(912+16) '

Reducing begins with

_ 64FV4096-3072—1728A2 4.248
Z12 = 6(912+16) ( :

Simplifying gives

_ 64FV1024-172822 (4.249)

Z1,2 6(9A2+16)

which then becomes

7. = 64F/64(16—2712)
1z — 6(942+16)

(4.250)

The equation gives

_ 64F8V16-2712
212 = 6(9A2+16) ' (4.251)

which can be further reduced to

7 _ 32F4V16-2722 (4.252)
L2 ™ 3(922+16)

Finally, the equation becomes

_ 3214—\/16—27)12. (4.253)

VA =
12 27A2+48

Since

N(ty) = £ Z(19), (4.254)
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the positive values dfl corresponding to the roafs ; can be written as

N = 32F4V16-2742 (4.255)
12 =\ 272148

whereN; andN, define the fold lines.

4.A.2.2 Derivation of Equations Related to Phase PRoaits
(Nonlinear Damping)

Continuing the analysis with the equation ofc'Q( taking the limit aszo

approaches « gives

30(1- a) —4i

a1,

il (3/11+4)
[ | 2| @ +

lp21%¢ ——<p +i
val'02 50 (4.256)

1 -1 LA

292 —%|<P2|2<P2 +JT<P2 =i,
with D; being replaced with the original notation. Note that the derivatith respect
to 7o drop out since a finite function is constant with respect to an iafiimte. Reducing

and again substituting

(D(Tl) = (pz, (4257)
the equation becomes
i[iq) (3Al+4)|q)|2q)] - 3201~ ‘7) 4l|(D|2 — 202D + 2D = i (4.258)
atq L2 4 4 4
Simplifying yields
6 2 (31 41) 2 31(1 O') 2 1 2
- —[r0+ 22 00| + i1 2522 020 + 2|00 (4.250)
~Z1p2o+ 20 =2,
4 4 4
Continuing with the simplification yields
%[E(D_I_G)l 4l)|(D|2(D] 4 3)1(1 O')I(Dlzq)_l_ I(Dlzq)_l_ O = l— (4260)
1
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which reduces further to

Z[ro+ ER 0] + EEED o0 + 20 - £ = 0.
6‘[1 2
Let
G = _w|®|2®_5@+ ié,
16 4 4
then
il (3/1 4i)
| 0+ 2020 = 6.
Distributing the derivative gives
2
[2 n (32— 4l)|(D| ] (3/1841)(1)6;1[)| — G
1
But since
|0 = o0,
the expression can be rewritten as
(3A—40) (3/1 41)
5+ ‘|<1>|] o= (qxp)]

Distributing the derivative gives

[2 (34— 41)I(I)| ] (3A 41)(1)[(1)*6—(1)-}-(1) ] G

6‘[1 6‘[1
The equation can be reduced to

[ (31 41) |(D| ] (31 4i) |(D|2 00 n (31—-41) (Dzai ey
2 8 6‘[1

Finally, the equation simplifies to

[2 (32~ 41)|q)| ] Mq)z 00" _ -

6‘:1
Taking the complex conjugate gives
[——+ (BA+41i) |(D| ] (3/1+4z) q)*za_cb — G*.
2 8 6‘:1
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(4.261)

(4.262)

(4.263)

(4.264)

(4.265)

(4.266)

(4.267)

(4.268)

(4.269)

(4.270)



Solving for the complex conjugate derivative gives
« (BA+41) . 42 0D
6(1)* G- 8 @ 61'1

a‘tl ; (3A+4L)|(D|2 .

Substituting into the expression above gives

(31-40) (31 40) G* (3A+4L)q)*2 oD
[+ 0|5 lcpl : "Tll

; (3}L+4L)|(D|2

Multiplying the equation by 8 gives

G*_wq)*za_@
4i 4 2(31 — 41)|c1>|] +(3/1 4) 0% |—2—2| = 86
[

3A+4
_i+w|®|2
2 4

Simplifying the fraction in the bracketed term gives

86" —(31+40)0" "2 o0
[4i +2(31 — 41)|c1>|] +(3/1 41)®2I Ll = 8G.

—4i+2(31+41)|D|2

Further manipulation yields

{41’ + 2032 — 40)|0|? — [(31—41’)(3A+4i)c1)2c1)*2]}a_<b [ 86" (31—4i)®?

—4i+2(31+41)|D|2 0T, —4i+2(31+41)|D|2

Solving for the derivative term gives

SG—[ 8G*(31—41)D2 ]
a_cD _ —4i+2(31+41)|0|2

aty . Sz |BA=4)BA+4D D2 0*
41+2(31-40)|0| _[ —4i2(3A+40) |02
Simplifying gives
9> 8G[-4i+2(31+41)|®|?]-8G* (31— 4i)D?

or, [4i+2(31—40)|®|2] [~ 4i+2(3A+40)|0|2]— (3A—41) (3A+41) D2 D™
Expanding the terms in the denominator gives

v 8G[—4i+2(31+41)|0|?|-8G* (3A—4i)®?
dt4 16+8i(31+4i)|D|2—-8i(3A1—41)|D|2+4(91%2+16)|D|*— (912 +16)c1)2c1)*2'

Substituting in
||t = @2
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| =86.

(4.271)

(4.272)

(4.273)

(4.274)

(4.275)

(4.276)

(4.277)

(4.278)

(4.279)



and reducing gives

00 16G[-2i+(31+40)|®|?]-8G* (31—41)®*

8t1  16+8i(31+40)|0|2—8i(31—4)|D|2+3(9A2+16)|D|*’

Simplifying the denominator gives

00 16G[-2i+(3A+41)|D|2]|-8G6" (31—41)®?
871 16+8i|®|2(3A+4i—31+40)+3(912+16)|0|*’

Finally, the expression can be written as

00 _ 16G[-2i+(3A+41)|0|?]-86" (31— 4)d?
aty 16—64|®|2+3(912+16)|D|*

Since
O(1y) = N(T1)ei9(rl)'

the following can be written:

oD ON g . i 00
—=—0 iNe'” —.
014 14 + 0ty

Thus,

a0 oN ., 00 0
—=|(—+IN —) e'”,
dt4 (6‘[1 + atq

Setting equal to the expression above gives

(6N 4 N2 ) olf — 16G[-2i+(3A+41)|0|?|-8G* (31—41) ®?

0Ty 0Ty 16—64|®|2+3(9A2+16)|D|*
Again substituting
O(1y) = N(T1)ei0(rl)

gives

at4 16—64N2+3(912+16)N*

Moving the exponential term to the right hand side gives

N | ... 90 _ 16Ge 9[-2i+(31+4i)N?]-8G"e!® (31—-4i)N?

AN .. 90\ ; 16G[—-2i+(31+4i)N2]-8G*(31—4i)N2e2i0
(5 +iNz) et = ]
1

l
iR a1 16—64N2+3(912+16)N*
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(4.280)

(4.281)

(4.282)

(4.283)

(4.284)

(4.285)

(4.286)

(4.287)

(4.288)

(4.289)



Substituting

®(14) = N(1,)e® (4.290)
into the expression fdB gives
G = —BAHDA-0) y3i0 T Noib 4 A (4.291)
16 4 4
Thus,
" (=32i+4)(1-0) ;3 —ip o —io LA
G*= - N30 _ZNe7¥0 = (4.292)
16 4 4
Therefore,
Ge-i10 = _BADU-0) 3 T o i4e-i0 (4.293)
16 4 4
and
Grelt — _ 3AFDU-0) 3 o A LG (4.294)
16 4 4

Substituting into the differential equation gives

N i a0
6‘[1 6‘[1

= (4.295)

_(3Ai+4)(1—0)
16

_(—3/1i+4)(1—u)

1] i

N3—5N+iée—i9][—2i+(3/1+4i)N2]—8
4 4
16—64N2+3(9A2+16)N*

N3 —gN—iéeiG](3A—4i)N2
4 4

Manipulating the expression gives

ON . a0
— +iN— =
6‘[1 + 6‘[1
16[21’(3/11‘4;;)(1—:1)1\,3+2i%N+§e_i9 (3M+4)(3f6+4i)(1_d)N5 u(3);+4i)N3+l.A(3);+4i)e_i9N2] B (4296)

16—64N2+3(9A2+16)N*

8[ (—3AL+4)(3)L—41)(1—U)N3 U(3A—4—L)N_l.A(SA—zH)eig]NZ
16 4 4
16—64N2+3(912+16)N*
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Reducing gives

w LN
dty dtq o (4297)

[2i(32i+4)(1-0)N3+8ioN+84e 0 —(31i+4)(3A+4i)(1-0)N>—40(3A+4i)N3+4iA(37+41)e "0 N?] +
16—64N2+3(912+16)N*

[(—3Ai+4)(3a—4i)(1—o)

- N3+20(3A—4i)N+2iA(3A—4i)eiG]NZ

16—64N2+3(9A2+16)N*
Further simplification gives

N i a0
6T1 6T1

= (4.298)

[2i(34i+4)(1-0)N3+8ioN+84e 0 —(31i+4)(3A+4i)(1-0)N°—40(3A+4i)N3+4iA(37+41)e "0 N?]
16—64N?%+3(942+16)N*

[(-32i+4)(3A—4i)(1-0)N3+40(31—4i)N+4iA(31—4i)e 0 |N?
2[16—64N2+3(912+16)N*4] '

Multiplying out terms gives

ON . 00
6T1 6T1

= (4.299)

[(-61+8i)(1-0)N3+8iaN+84e 0 —(16i+9A21)(1-0)N°—40(31+4i)N3+4A(3i-4)e IO N?]
16—64N2+3(912+16)N*

[(-92%i-16i)(1-0)N3+40(31-4i)N+4A(3Ai+4)e P |N?
2[16—64N2+3(9A2+16)N*] )

Continuing with reducing the equation gives

N4 in 2 = (4.300)

6‘[1 6‘[1

2[(-6A+8i)(1-0)N3+8igN+84e 0 —i(16+912)(1-0)N5—40 (31 +4i)N3+4A(3i-4)e IO N?]
2[16—64N2+3(9A2+16)N*]

[-i(942+16)(1-0)N5+40(3A—40)N3+4A(3Ai+4)elO N?]
2[16—64N2+3(912+16)N*] .

Substituting

e = cos@ +isin6 (4.301)
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and

e =cosf —isinf (4.302)
gives
ON . . 30
2L iNZE =
on o n (4.303)
2[(-61+8i)(1—0)N3+8ioN+8A(cos O—isin 0)—i(16+912)(1-0)N5—40(31+4i)N3+4A4(3Ai—4)(cos O—i sin O)N?] "
2[16—64N2+3(912+16)N*]
[-i(922+16)(1-0)N>+40(3A—4i)N3 +4A(31i+4)(cos O+i sin O)N?]
2[16—64N2+3(9A2+16)N*4] '
Reducing again yields
ON | .30
an TN = (4.304)
2[(—6A+8i)(1—0)N3+8icN+8A(cos O—isin 0)—i(16+912)(1-0)N°>—40(31+4i)N3+4A(31i cos O+3A sin H—4 cos O+4i sin H)N?]
2[16-64N2+3(9A%2+16)N*]
[-i(92%2+16)(1—0)N°>+40(31—4i)N3+4A(3i cos #—3A sin 6+4 cos O+4i sin H)N?]
2[16-64N2+3(912+16)N*] )
Distributing the 2 in the numerator leads to
ON | .90
o TiNG, = (4.305)

[(-122+16i)(1—0)N3+16icN+16A(cos 6 —i sin 8)—i(32+1812)(1-0)N°—-40(6A+8i)N3+4A(6Ai cos O+6A sin 6 —8 cos H+8i sin B)N?] +
2[16-64N2+3(912+16)N*]

[-i(92%2+16)(1—0)N°>+40(31—4i)N3+4A(31i cos #—3A sin 6+4 cos O+4i sin H)N?]
2[16-64N2+3(912+16)N*] )

Simplifying gives
W LN (4.306)

[(-122+16i)(1—0)N3+16icN+16A(cos 6 —i sin 0)—i(48+2712)(1-0)N°—40(3A+12i)N3+4A(9Ai cos O+3A sin O —4 cos H+12i sin §)N?]
2[16-64N2+3(91%2+16)N*4] )

Separating into real and imaginary parts gives

LR

6‘[1 6‘[1

(4.307)

[-122(1-0)N3+16A4 cos 6—120AN3 +4A(31 sin -4 cos ) N?|
+
2[16—64N2+3(9A2+16)N*]

i [16(1—0)N3+160N-16Asin —(48+274%)(1-0)N5—480N3+4A(91 cos O+12 sin O)N?|
2[16—64N2+3(9A2+16)N*] '
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Equating real parts of the equation gives

ON _ —12A(1-0)N>+16A cos §—120AN>+4A(3Asin 6—4 cos O)N? (4.308)

014 2[16—64N2+3(9A2+16)N*]

and equating imaginary parts gives

— 3 —_ 3 _ 2 _ 5_ 3 : 2
ﬂ: 16(1-0)N3+160N—16Asin 6—(48+2712)(1—0)N°—480N3+4A(9A cos O+12sin )N . (4'309)

N
o1, 2N[16-64N2+3(912+16)N*]

Final simplifications give

ON _ —12AN3+4A(3Asin6—-4cos 6)N?+16A cos 6 (4.310)
aty 2[16—-64N2+3(912+16)N*] ' '
and
90 _ —(48+272%)(1-0)N*+(16-640)N>+4A(9A cos §+125in )N+160—(1645in 6)/N (4.311)
aty 2[16—64N2+3(912+16)N*] .

Letting g(N) represent the denominator in both differential equations, the folddaoes
wheng(N) = 0. Thus, the equations can be rescaleg(Nyto avoid infinite responses as
follows:

N’'= —12AN3 + 4A(31sin @ — 4 cos O)N? + 16A cos b, (4.312)

and
' 2 _ 4 _ 2
0 =—-(M48+271*)(1—0)N*+ (16 — 640)N~ + (4.313)
4A(9AcosB + 12sinB)N + 160 — (16AsinB)/N.
Phase portraits were generated using the rescaled equations. The foldkedits@sgmay
be obtained by settingj = 0 andg(N) = 0, thus forcing the situation on the fold lines

with unchangind. Rewriting gives

0 = o[(48 + 27A%)N* — 64N? + 16] — (48 + 27A2)N* +
(4.314)
16N? + 4A(92Acos @ + 12sin@)N — (16AsinH)/N.
Since

~g(N) = (48 + 27A2)N* — 64N? + 16, (4.315)

223



settingg(N)= 0 andd’ = 0 results in

—(48 + 27A*)N* + 16N? + 4A(9A cos 0, , + 12sin 0 ;)N

(4.316)
—(16A4sin@,,)/N = 0.
Rewriting gives
—(48 + 27A*)N* + 16N? + 36AAN cos 0., +
(4.317)
(48AN — 16A/N) sin @, , = 0.
Since
sin®;, = /1 — cos? 0, ,, (4.318)
the following may be written
—(48 + 27A*)N* + 16N? + 36AAN cos 8 +

(4.319)

(48AN — 16A/N) /1 — cos2 @, , = 0.
MATLAB was used to solve foB, and®, (see Section 4.A.4.6).
4.A.2.3 Derivation of Equations Related to 1-D Mapimg (Nonlinear
Damping)
Since Cf;,) is constant, equation
(922 +16)Z°% — 3272 + 16Z = 64|C(1))|? (4.320)
may be rewritten as
(942 + 16)Z, ,° — 327, ,° + 167, , (4.321)
= (922 +16)Zy 4> — 32Zy,4° + 16Z,,4.
MATLAB was used to determing, 4 (see Section 4.A.4.7 for the MATLAB code used).

Since one solution foz; , (the fold lines) was already determined, the MATLAB code
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returns the solutions that are not equivaler;te Interpretation of the MATLAB output
/32+8m (4.322)
N, = |——
27A%+48
N, = ,32—8\/16—2712. (4_323)
272%+48

(3Acos@ +4sinf) . N l N (4.324)

gives

and

From

3 —isme

i [(3A sinf@—4cos @)

3, N _
. N° + 2cosé?] = C(1y),

the argument of G() can be expressed as

(3Asin6—-4cos )

N3+¥ cos 6
_ -1
arg C(Tl) = tan [(3}Lc0568+4sin9) 3 Izv ; l' (4.325)
N —Esme
which can be rewritten as
_ _1 [(32sin 8—4 cos O)N3+4N cos 9] 4.326
arg C(z;) = tan [(3;1 cosf+4sin6)N3—4Nsin 6]’ ( )

Since the coefficienN is common to the numerator and denominator in the inverse

tangent expressiolN may be factored out, leaving

(31sin -4 cos O)N?+4 cos 0]. (4.327)

arg C(t =tan‘1[
g (1) (31 cosB+4sin@)N2—4sin b

Dividing the numerator and denominator in the inverse tangent expressioshgives

_ -1 (31tan 6—4)N2%+4 4.328
arg C(t;) = tan (32+4tan @)N2—4 tan 9]' ( )

which can be rewritten as

(4.329)

(31 tan 6—4)+—
argC(n):tan‘ll = N2 l

(3A+4tan@ —% tan @
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Reducing gives

1
arg C(7,) = tan™ l"’“a“ "*‘*(F‘l)l_ (4.330)

31—4(%—1) tan 0

Dividing the numerator and denominator ¥y gives

g+ (L _
arg C(r;) = tan™! [%l (4.331)
3A\N2
Let
q: = tan 0, (4332)
and
4 1
62 == (55— 1). (4.333)
Then,
= -1 —q1+q2 4334
arg C(t,) = tan [1_q1q2]. ( )

From the formula of the “sum and difference of two inverse cirdulactions” given by

Zwillinger (2003), the equation can be rewritten as

argC(r;) =tan"1q, + tan! q,. (4.335)
Thus,
arg C(t;) = tan"!(tan @) + tan™?! [% (% - 1)] (4.336)

The equation can be reduced to

arg C(t,) = 0(r,) + tan™?! [% (ﬁ — 1)] (4.337)

Finally, the following can be written:

0(t,) = arg C(r,) — tan~! [i (i - 1)] (4.338)

31 \N?2
Since
Z(ty) = [N(t)]%, (4.339)
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the relation becomes

4

0(t,) = argC(r;) —tan™? [ﬁ (z(;) - 1)] (4.340)

Since Cf;) is constant, the equation may be written as

arg C(t1) = By, + tan? [i (L — 1)] =0y 4+ tan™? [i (L — 1)] (4.341)

34\Z1.2 340 \Zya
Thus,
eu'd = 801'02 + tan_l Ii% <i - 1)] - tan_l Ii% <ﬁ - 1)] (4342)
Let
A (A
pL=; (ZLZ 1), (4.343)
and
4 1
P2 =33 (a - 1)- (4.344)
Then,
Qu’d = 901‘02 + tan_l P1— tan_l P2- (4345)

From the formula of the “sum and difference of two inverse circular functiomehdgy

Zwillinger (2003), the equation can be rewritten as

Oua = Oor00 + tan™! [ 222 (4.346)
Thus,
4( 1 4( 1
s = o1y + tan-t | 2B HET) | (4.347)
wd = Uo1,02 T 1an +[%($_ )][%(ﬁ—l)]
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Reducing gives

4 1 1
_ L Haan)
Bua = Oor0s + tan Sz Tudl | (4.348)
)
Multiplying the numerator and denominator ®# gives
12,1(L_L)
Z12 Z
6ya = Bo1,02 +tan™" . 2 , (4.349)
91 +16(m—1)(m—1)
and thus
o
0 —p -1 Miz" My 4,350
wda = bo1,02 T tan - - : (4.350)
9AZ+16< 2—1><———7—1)
Ni,2 Nyd
Substituting inN, andN; gives
| 121 L L |
I 32-4/16-2712 32+8y16-2712 l
0, = 0y, + tan—ll 27A%+48 2712+48 |, (4_351)
912+16 L 1 L 1
32-44/16-2712 32+8v16-2712
2712448 2712448
which becomes
121( 2722 +48 2722 +48 )
9. =6 -1 32-4v16-2712 32+8/16—2712 4.352
w = bpp t+tan 912+16( 2712 +48 )( 2722 +48 ) : ( ' )
32-4+/16-2722 32+8v16—2712

The equation can be rewritten as

2722448 2722448
121( + + )
32-4v16-2712 32+8y16-2712

2712 +48 )( 2722 +48 ) 2712 +48 2712+48 ] (4353)

32-4y16-2712/\3248V16-2712/) 32-416-2712 32+8/16-2712

Gu = 601 + tan_l

(9/12+16)+16[<

Multiplying the numerator and denominator (82 — 4v16 — 2742)(32 +

8V16 — 2712) gives

0, = 0y, + tan~! [ 122[(2742 +48)(32+8V16—27A%) —(2742 +48) (32-4V16—27AZ)| (4354)

(922+16)(32-4V16-274%)(32+8V16-2712)+16[ (2742 +48)2—(2742+48) (32+8V16-2742) —(2712+48)(32-4V16-2722) ||’
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Reducing gives

6, = 6y, + tan~! [ 12A(2722+48)[(32+8V16-274%)—(32-4V16-2727)| ] (4355)

(922 +16)(32-4V16-2722) (32+8v16—-2742) +16(2712+48)2—16(2712+48)[(32+8V16-2712) +(32-4V16-2712)|
Continuing with the reduction yields

122(2722+48)(12V16-271%)
(922+16)(32-4V16-272%)(32+8V16—-27A2) +16(27A2+48)2-16(271% +48)(64+4V16-2742) |’ (4356)

0, = 6y, +tan™! [

which leads to

144A(272%2+48)V16—-2722
(9A2+16)[1024+128v16-2722-32(16-2712)]|+16(2712+48)%—~16(271%+48) (64+4V16-271%)

6 = By +tan”? | | (4.357)

Simplifying gives

1441(27A*+48)V16-2712
(942+16)[1024+128V16—27A2-512+86412|+16(2742+48)2-16(2712+48) (64+4V16-2722) |’ (4-358)

911. = 601 + tan_l [

becoming

0, = 0o, + tan~t [ 144A(274%+48)y 162712 ] (4.359)

(912+16) [512+128J16—27AZ+864,12]+16(27,12 +48)2-16(2742 +48)(64+4J16—27AZ)
Multiplying out terms gives

Ou= Ot (4.360)

1 144A(272%+48)V16-2712
(460842 +115242V16-2722+777614+8192+2048V16-2712+1382412|+16(2712+48)2—16(172842+10812V16-2712+3072+192 16—2722)J'

tan™

and then
6, =6 +
u = O (4.361)
tan-1 1442A(272%+48)V16-2722
4608A2+1152A2V16-27A2 +7776A*+8192+2048V16-27A% +1382412+16(2712+48)2~2764812~172822V16—-2712~49152-3072V16-2722

Reducing gives

0, = 0o, + tan—1 [ 1444(2722+48)V16—27 A2 ] (4.362)

—9216A2-576A2V16—2712+7776A*~40960—1024V16—271%2+16(271%+48)?

Again multiplying out terms gives

2 —
0, = 0, + tan_l[ 144A(2722+48)V16—27 A2 ]‘ (4.363)

—9216A2-576A2V16-2712+7776A*—40960—1024V16—27A%2+16(729A*+259212+2304)2

which becomes

6. =6 +tan-1 1441(27A2+48)V16-2712 (4 364)
u 01 —9216A2-576A2V16—27A2+77761*—40960—1024V16—272%+11664A*+4147212+36864 | !
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Making another reduction gives

0, =0, +tan?! [ 144A(27A%+48)V16=27A% ]
u = Vo1 ,

32256A2-57642V16—2722+194401%-4096—1024V16—27 22

which then leads to

6 =0, +tan-! [ 14442742 +48)V16-272 ]
u — Yo1 )

19440A*+576A2(56—V16—271%)—1024V16—-271%-4096

Dividing the numerator and denominator by 16 gives

6. = 0, +tan-1 [ 9A(27 12 +48)V16-27 12 ]
u — Yo1 .

12152*+3612(56-V16-271%)—64V16-2712-256

Final reductions give

0. = 0o + tan-1 [ 27A(9A2+16)V16-27A2 ]
u — Yo1 .

1215244 +3612(56—V16-274%)—-64V16-2712-256

Substituting ifNg andN; gives

[ . . 1
124
l 32+44+/16-2712 32-8y16-2712 l
_ ) 2
ed — 002 + tan 1| 2714448 2714448 |,
9A2+16 L 1 L 1
32+4v/16-2712 32-8v16-2712
2712448 2712448
which becomes
121( 2722 +48 2722 +48 )
_ -1 32+4v/16-2712 32-8y16-2712
ed - 002 + tan 9/12+16( 2722 +48 )( 2722 +48 ) :
32+4/16-2712 32-8v16-2712

The equation can be rewritten as

2 2
12/1< 271%+48 271%+48 )
0, =06, +tan"1 32+4v/16-2712 32-8Y/16-2712
d 02 (912+16)+16[( 2722 +48 )( 2722 +48 ) 2722 +48 2722 +48
32+4416-2712/\32-8V16-2712/ 32+4V16-2712 32-8V16-2712

Multiplying the numerator and denominator (82 + 4v16 — 2742)(32 —

8V16 — 2712) gives

04 ="0y+
-1 122[(272% +48)(32-8V16-274%)—(27A%+48)(32+4V16-271%)|
tan .
(912 +16)(32+4V16-2722)(32-8v16—-2742) +16[(2742+48)2—(27A2+48)(32-8V16-2712) - (2742 +48) (32+4V16—-2712))
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Reducing gives

Oa = 0ot (4.373)
tan—1 124(2722+48)[(32-8V16-2712)—(32+4V16-2717)| ]
an (922+16)(32+4V16-2742)(32-8V16-274%)+16(271%+48)2—16(2712+48) [ (32-8V16-274%) +(32+4vV16-274%)| |
Continuing with the reduction yields
Hd = 602 +
can-1 124(2722 +48)(-121/16-2722) (4.374)
an ,
(9,12+16)(32+4J16—27/12)(32—8J16—27AZ)+16(27AZ+48)2—16(27,12+48)(64—4J16—27AZ)
which leads to
P = 0ot (4.375)
tan-1 -144A(271%+48)y/16-2712
(9,12+16)[1024—128\/16—2712—32(16—2712)]+16(27,12+48)2—16(2712+48)(64—4J16—27AZ) )
Simplifying gives
Ba = 6oz + (4.376)
tan-1 -144A(274%+48)y/16-2712
(9/12+16)[1024—128\/16—2712—512+864AZ]+16(27AZ+48)2—16(27/12+4-8)(64-—4-\/16—27/12) !
becoming
- —1441(274%+48)y 162712
6,=20 tan~! . .
d 0z T [(9/12+16)[512—128\/16—2712+864AZ]+16(27/12+48)2—16(2712+4-8)(64-—4\/16—27AZ) (4.377)
Multiplying out terms gives
60 =0, + (4.378)
tan-1 —1442(272%+48)V16-27A%
an [460842-115212V16-2722+777614+8192-2048V16-2712+1382412|+16(2712+48)2—16(172842-10812V16-2712+3072—192 16—2722)J'
and then
et 4.379
tan-1 —1442(272%+48)V16-27A% ( ) )
an 460812 —-1152A2v16-27A2+7776A*+8192~-2048V16-2712+1382412+16(271% +48)2—27648A2+1728A2V16—27A2-49152+3072V16-27A% |’
Reducing gives
_ 1 —1442(272*+48)V16—2712 ]
Ba = 0oz + tan —9216A2+576A2V16-27A2+77761%—40960+1024V16—27A2+16(2712+48)2 | (4'380)
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Again multiplying out terms gives

—1441(274%+48)V16-27A2

Hd = 902 + tan_l [

which becomes

—1442A(272%+48)V16—2722

—9216A2+576A2V16—27124+7776A*—40960+1024V16—2712+16(7291*+259212+2304)2

J

Qd = 602 + tan_l [

Making another reduction gives

—14421(272%+48)V16-2722

Hd = 902 + tan_l [

which then leads to

—144A(271%+48)V16—-27A2

32256A2+57612V16—2712+19440A*—4096+1024V16—2712

Hd = 902 + tan_l [

Dividing the numerator and deno

minator by 16 gives

—9A(27A%2+48)V16—-2722

19440A4+576A2(56+V16—-271%)+1024V16-2712 4096

gd = 002 + tan_l [

Final reductions give

12152*+36A2(56+V16—271%)+64V16—-27A2-256

—27A(9A%+16)V16-2712

|

Qd = 602 + tan_l [

12152%+3642(56+V16—271%)+64V16-2742-256

|

|

|

—9216/12+576/12\/16—27/12+7776/14—40960+1024«/16—27/12+11664/14+41472/12+36864]'

Using the properties of inverse tangent as given by Zwillinger (2003),

gd = 902 - tan_l [

27A(92%2+16)V16-2722

121544+3642(56+V16—2712)+64V16-274%-256
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4.A.3 Method of Creating 1-D Maps

The 1-D maps were created using a four-step process. Rka@dtajectories betwedd,
and®; onN; were connected to the corresponding trajectories on the upper biangh
a line segment for each connection. In this interval, all of #jectiories jump from the
lower stable branch &i; to the upper stable branchM{. The connection was made
using equations (4.33) and (4.30) fQrandN,, respectively.

Next, @u, Ny) was set as the initial condition for the equations originallyl tise
generate the phase portrait. Following the same steps usedeiatg the phase portrait
and keeping only the trajectories abdMg results in a connection fron¥( N,) to
corresponding values éfonN..

These values af on N, were then connected to the corresponding trajectories on
the lower branch,&;, Ng), using a line segment for each connection. Refer to equations
(4.34) and (4.31) fofy andNgy, respectively.

Finally, the trajectory is mapped back to the, @,) interval by settingdy, Nq) as
the initial condition for the equations originally used to genetiaée phase portrait.
Following the same steps used to generate the phase portrait gmdgkenly the
trajectories belowN; completes the mapping. The resultant 1-D map was generated by
connecting the initial points oN; between betwee®, and®;, and connecting to the
return points oN; between betwee®, and®; using a line segment for each trajectory.
An example of this map creation is shown in Figure 4-19 for the eBBnear damping

andos = 0. The process of 1-D map creation is similar for the nonlinearly dampethsyst
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Figure 4-19. Creation of 1-D map foh = 1,4 = 0.2, andr = O (linear damping)

4.A.4 MATLAB Code

4.A4.1 Plotting SIM (Linear Damping)

%SIM Projection for the Linearly Damped System

close all
clear all

lambda = 0.2; k = 0; ks1 = 0; ks2 = 0; ku = 0;
N_end = 1.6; N_step = 0.0001;

C_sqg_4 = zeros(1,N_end/N_step + 1);
N_vec =C_sq_4;

%Fold Lines (N1 and N2):

N1 = sqrt((2 - sqrt(1-3*lambda”2))/3);
N2 = sqrt((2 + sqrt(1-3*lambda”2))/3);
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%Fold Line End Locations (Nu and Nd):

Nu = sqrt(2/3*(1 + sqrt(1-3*lambda”2)));
Nd = sqrt(2/3*(1 - sqrt(1-3*lambda”2)));

for N =0:N_step:N_end
k=k+1;
C_sq_4 = N6 - 2*NM4 + (lambda’2+1)*NA2;

if N<N1
ksl = ksl + 1;
C_sqg_4_stablel(ksl) = C_sq_4;
N_stable1(ksl) = N;
elseif N> N2
ks2 = ks2 + 1;
C_sqg_4_stable2(ks2) = C_sq_4;
N_stable2(ks2) = N;
else
ku =ku + 1;
C_sqg_4_unstable(ku) = C_sq_4;
N_unstable(ku) = N;
end

end

C_u =[max(C_sq_4 unstable) max(C_sq_4 unstable)];
C_d =[min(C_sq_4 unstable) min(C_sq_4 unstable)];
fold_u = [N1 Nu]; fold_d = [Nd N2J;

figure

hold on; xlabel( \bfN" ); ylabel( \bf4|C["2' );

plot(N_stablel,C sq_4 stablel, -k' , 'LineWidth' ,2)
plot(N_stable2,C_sq_4 stable2, k', 'LineWidth' ,2)
plot(N_unstable,C_sq_4 unstable, '--k' , 'LineWidth' ,2)

plot(fold_u, C_u, "k' , 'LineWidth' ,2)

plot(fold_u(2)-.03, C_u(2), '>k' , 'LineWidth' .2, 'MarkerFaceColor'
plot(fold_d, C_d, "k' , 'LineWidth' ,2)

plot(fold_d(1)+.03, C_d(1), '<k' , 'LineWidth' .2, 'MarkerFaceColor'
text(N1, C_u(1)+.01, \bfN_1" )

text(N2, C_d(1)-.01, \bfN_2" )

text(Nu+.03, C_u(1), \bfN_u' )

text(Nd, C_d(1)-.01, \bfN_d" )

axis([0, N, 0, 0.2])

4.A4.2 Determining®; and O, (Linear Damping)

%Chapter 4 - SMR

%Find THETA_1 and THETA_2 for the system with linea r damping:
close all
clear all

lambda =0.2; A = 1;
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N1 = sgrt((2 - sgrt(1-3*lambda”?2))/3); %Lower fold line
k=0;n=0;

for theta = -2*pi:.001:2*pi
k=k+1,
g =-3*N1M + N172 + 3*A*N1*sin(theta) - lambda N2 +
(lambda*A*cos(theta) - A*sin(theta))/N1;
q_vec(k) = q;
theta_vec(k) = theta;
if abs(q) <.01
n=n+1;
near_zero(n) = theta;
else
end
end

figure
plot(theta_vec,q_vec, k' , 'LineWidth' ,2)
xlabel(  "\bf\theta' , 'fontsize' ,12); ylabel( bfN" ); hold on;

syms c_theta

cos_vec = solve( -3*N1M + N172 + (3*A*N1 - A/N1)*sqrt(1 - c_theta” 2) -
lambda”2 + lambda*A*c_theta/N1 = 0' ,C_theta);

ctl = subs(cos_vec(1));
ct2 = subs(cos_vec(2));

theta 1 maybe = acos(ctl);
theta_2_maybe = acos(ct2);

for h = 1:length(near_zero)
if abs(abs(near_zero(h)) - abs(theta_1 maybe)) < .1
theta 1 = sign(near_zero(h)) * abs(theta_1_ maybe);
else
end

if abs(abs(near_zero(h)) - abs(theta_2_maybe)) < .1
theta 2 = sign(near_zero(h)) * abs(theta_2_ maybe);
else
end
end

theta 1 final = max(theta_1,theta_2);
theta 2 final = min(theta_1,theta_2);

theta 1 =theta_1 final
theta 2 =theta_2_final

plot([theta_1 theta_1],[-50 50], "k' , 'LineWidth' ,2)
plot([theta_2 theta_2],[-50 50], "k' , 'LineWidth' ,2)
plot([theta_vec(1) theta_vec(k)],[0 0], "k' , 'LineWidth' ,2)
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text(theta_2 - 0.65,0.1, bf\Theta_2' , 'FontSize' ,12)
text(theta_1 + 0.15,0.1, \bf\Theta_1' , 'FontSize'  ,12)
axis([theta_vec(1), theta_vec(k), -1.5, 1.5])

Qutput:

theta_1 =

1.6942

theta 2 =

-1.0937

1.5

0.5 |

_15 | | | E | E | | |

4.A.4.3 DeterminingN, and Nq4 (Linear Damping)

%SMR - Linearly Damped System
%Finding Zu, Zd

237



close all
clear all

syms zu_m zu_p lambda

z_vecl = simple(solve( 'zu_m”3 - 2*zu_m”"2 + (lambda”2+1)*zu_m = ((2-
sqrt(1-3*lambda”2))/3)"3 - 2*((2-sqrt(1-3*lambda”2) )3)"2 +
(lambda”2+1)*((2-sqgrt(1-3*lambda”2))/3)’' ,ZU_m));

zul = z_vecl(l);
zu2 = z_vecl(2);
zu3 = z_vecl(3);

z_vec2 = simple(solve( 'zu_p"3 - 2*zu_p"2 + (lambda™2+1)*zu_p =
((2+sgrt(1-3*lambda”2))/3)"3 - 2*((2+sqrt(1-3*lambd an2))/3)"2 +
(lambda”2+1)*((2+sqrt(1-3*lambda”2))/3)' ,ZU_p));

zud = z_vec2(1);
zu5 = z_vec2(2);
zu6 = z_vec2(3);

lambda = 0.2;

zu_minus = (2-sgrt(1-3*lambda”2))/3;
zu_plus = (2+sqgrt(1-3*lambda”2))/3;

zul_num = subs(zul); zu2_num = subs(zu2); zu3_num = subs(zu3);
zu4_num = subs(zud); zu5_num = subs(zu5); zu6é_num = subs(zu6);

if zu_minus ~=zul_num && zu_plus ~= zul_num
if zul num>0
zul
else
end
else
end

if zu_minus ~= zu2_num && zu_plus ~= zu2_num
if zu2_num>0
zu2
else
end
else
end

if zu_minus ~= zu3_num && zu_plus ~= zu3_num
if zu3_num >0
zu3
else
end
else
end

if zu_minus ~= zu4_num && zu_plus ~= zu4_num
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if zu4_num >0
zu4
else
end
else
end

if zu_minus ~= zu5_num && zu_plus ~= zu5_num
if zu5_num>0
zu5
else
end
else
end

if zu_minus ~=zu6_num && zu_plus ~= zu6_num
if zu6_num >0
Zu6
else
end
else
end

Qutput:

Zu3 =

(2*(1 - 3*lambda~2)(1/2))/3 + 2/3

zZub =

2/3 - (2*(1 - 3*lambda”2)~(1/2))/3

4.A.4.4 Plotting Phase Portraits and 1-D Maps (Ling& Damping)

%Chapter 4
%SMR Phase Portraits for the Linearly Damped System

close all
clear all

%SMR vanishes for sigma < -5.07 and sigma > 9.11
%SMR returns for sigma = [9.73,10.07] then vanishes again

for sigma=1[-5.07-2059.11 9.73 10.07]
lambda = 0.2; A =1,
%Fold Lines (N1 and N2):
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N1 = sqrt((2 - sgrt(1-3*lambda”2))/3);
N2 = sqrt((2 + sqrt(1-3*lambda”2))/3);

%Fold Line End Locations (Nu and Nd):

Nu = sqrt(2/3*(1 + sqrt(1-3*lambda”2)));
Nd = sqrt(2/3*(1 - sgrt(1-3*lambda”?)));

%Folded singularities:

theta 1 =1.6942; %From separate m-file (for A = 1, lambda = 0.2)
theta_2 =-1.0937, %From separate m-file (for A = 1, lambda = 0.2)
theta_i = -10; theta_f = 10; theta_span = theta _f-theta_i;

theta_step = theta_span/100;

N test=0;k R=0;

figure

hold on; box on;

axis([0 2*pi 0 Nu]);

xlabel( "fontsize{12}\bf\theta' ); ylabel(  "\bfN' );

size_of axes = get(gca, 'Position’ );

origin_x = size_of_axes(1); %Position of origin relative to figure
origin_y = size_of _axes(2); %Position of origin relative to figure

x_conv = size_of _axes(3)/(2*pi);
y_conv = size_of axes(4)/Nu;

for No =[N1-.001 Nu]
N_test = N_test + 1;

for theta_o =theta_i: theta_step : theta_f
theta_vec = zeros(1,theta_span/theta_st ep +1);
N_vec = theta_vec;
theta = theta_o; N = No; k = 1;
theta_vec(1) = theta; N_vec(1) = N;

%*********For lD
Mappl ng * * * * * * * * *

if theta <theta 1 && theta>theta 2 && k==1&& N_

k R=k_R+1,;

R_theta(k_R) = theta_vec(1);
R_N(k_R) = N_vec(1);

theta u(k_R) = R_theta(k_ R) +

atan2(-1 + 15*lambda”2 - sqrt(1 - 3*lambda”?2),

9*lambda*sqrt(1 - 3*lambda’2));
Nu_vec(k_R) = Nu;
else
end
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Yr**+**+*Back to phase

portrait
k end=0;t=0;

for t end =[.0005 .005 .05 5]
k end =k end + 1;

if k end==
dt = 0.00001;

elseif k_end ==
dt = 0.0001;

elseif k_end ==
dt =.001;

else
dt =.001;

end

for t=dt+t.dt:it end
den = (2*(lambda’2 + 1 - 4*N"2

d_theta = (-3*(1 - sigma)*N"4 +
3*A*N*sin(theta) +
(sigma - lambda”2*(1 - sigm

(lambda*A*cos(theta) - A*si

d_N = (-A*N”*2*cos(theta) - lamb
lambda*A*sin(theta) + A*cos

theta = theta + d_theta*dt;
N =N + d_N*dt;

k=k+1,;
theta_vec(k) = theta;
N_vec(k) = N;
end
end
kL = 0; kU =0;
%Remove unstable response:
stable_check = 0;

for k2 = 1l:length(theta vec)

if N_test==

if N_vec(k2) < N1 && stable_check ==

kL = kL + 1;

theta_lower(kL) = theta_vec

N_lower(kL) = N_vec(k2);
else
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stable_check = 1;
end

elseif N_test==
if N_vec(k2) > N2
kU =kU + 1;
theta_upper(kU) = theta_vec
N_upper(kU) = N_vec(k2);
else
end
else
end

end

if kL>0
plot(theta_lower,N_lower, -k’
arrow_L = round(kL/3);

arrow_min_theta =
[origin_x+theta lower(arrow_L)*x_conv,
origin_x+theta_lower(arrow_L+1)
arrow_min_N = [origin_y+N_lower(arr
origin_y+N_lower(arrow_L+1)*y ¢

if theta_lower(arrow L) < theta 2 + 2*pi &&
theta_lower(arrow_L+1) < th
theta_lower(arrow_L) > thet
theta lower(arrow_L+1) > th
annotation( ‘arrow'
else
end
else
end

if kU>0
plot(theta_upper,N_upper, -k’
arrow_U = round(kU/1.2);

arrow_min_theta =
[origin_x+theta_upper(arrow_U)*x_conv,
origin_x+theta_upper(arrow_U+1)
arrow_min_N = [origin_y+N_upper(arr
origin_y+N_upper(arrow_U+1)*y ¢

if theta_upper(arrow_U) < theta_2 + 2*pi &&
theta_upper(arrow_U+1) < th
theta_upper(arrow_U) > thet
theta_upper(arrow_U+1) > th
N_upper(arrow_U) < Nu - .00

annotation( ‘arrow'
else
end
else
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1
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end

clear theta_lower theta_upper N_lower N_upper N_vec
theta_vec
end
end

plot([0 2*pi],[N1 N1], k', 'LineWidth* ,4)

plot([0 2*pi],[N2 NZ2], k', 'LineWidth* ,4)

plot([theta_2+2*pi theta_2+2*pi],[-50 50], "k' , 'LineWidth' ,2)

plot([theta_1 theta 1],[-50 50], "k' , 'LineWidth' ,2)

text(theta_2 + 2*pi - 0.3,N1 + 0.05, \bf\Theta_2' , 'FontSize'  ,12)

text(theta_1 + 0.1,N1 + 0.05, \bf\Theta_1' , 'FontSize'  ,12)

text(2*pi + 0.15,N1, \bfN_1" )

text(2*pi + 0.15,N2, \bfN_2" )

%

*kkkkkkkkkhhhhhhkx

% B R R R R R R R e R S R R S R S S S T e R R R R R T

%

%1D Mapping:

figure
hold on; grid on; box on;
xlabel( "fontsize{12}\bf\theta' ); ylabel(  "\bfN' );

%Plotting from the interval R on N1 to Nu:

for q = 1l:length(R_theta)
theta plot = [R_theta(q); theta_u(q)];
N_plot = [R_N(q); Nu_vec(q)];

plot(R_theta(q),R_N(q), "k' , 'MarkerSize' ,20)
plot(theta_plot,N_plot, k', 'LineWidth' ,2)
end

%Plotting from Nu to N2:

k t=0;
dt =.0001;t end = 10;

for h = 1:length(theta_u)
k=1, k t=k t+1;

N = Nu; theta = theta_u(h); theta_1D(1) =t heta; N_1D(1) = N;
for t=dtdtt end
d_theta = (-3*(1 - sigma)*N"*4 + (1 - 4* sigma)*N"2 +
3*A*N*sin(theta) + (sigma - lambda” 2*(1 - sigma)) +
(lambda*A*cos(theta) - A*sin(theta) )IN);
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k

d_N = (-A*N”*2*cos(theta) - lambda*N + | ambda*A*sin(theta) +
A*cos(theta));

theta = theta + d_theta*dt;
N =N + d_N*dt;

if N>=N2&&N <=Nu
k=k+1;
theta_1D(k) = theta;
N_1D(k) = N;
else
end
end

theta_1D_min(k_t) = theta_1D(K);
theta IC_u(k_t) = theta_u(h);

plot(theta_1D,N_1D, k' , 'LineWidth' ,2)
clear theta_ 1D N_1D
end

%Plotting from N2 to Nd:

R2=0;

for g = 1l:length(theta_1D_min)

k R2=k R2 +1;

U_theta(k_R2) =theta_1D_min(g);

U_N(K_R2) = N2;

theta_d(k_R2) = U_theta(k_R2) -
atan2(-1 + 15*lambda”2 + sqgrt(1 - 3*lam bdan2),
9*lambda*sqrt(1 - 3*lambda’2));

Nd_vec(k_R2) = Nd;

end

for z = 1l:length(U_theta)

theta plot2 = [U_theta(z); theta_d(z)];
N_plot2 = [U_N(z); Nd_vec(2)];
plot(theta_plot2,N_plot2, k')
end

%Plotting from Nd to N1:

=0;
t=.0001;t end =1,

for h = 1:length(theta_d)

k=1,

N = Nd; theta = theta_d(h);

theta 2D(1) = theta; N_2D(1) = N;

for t=dtdtt end
d_theta = (-3*(1 - sigma)*N"4 + (1 - 4* sigma)*N~2 +
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of

of

3*A*N*sin(theta) + (sigma - lambda”
(lambda*A*cos(theta) - A*sin(theta)

d_N = (-A*N”*2*cos(theta) - lambda*N + |
A*cos(theta));

theta = theta + d_theta*dt;
N =N + d_N*dt;

if N<=N1
k=k+1;
theta_2D(k) = theta;
N_2D(k) = N;

else

end
end

if theta_2D(k) <=theta_1 && theta 2D(k) >= theta_2

k t=k t+1,;
theta_2D_map(k_t) = theta_2D(K);
theta 2D _IC(k _t) = theta_d(h);

else

end
plot(theta_2D,N_2D, -k' , 'LineWidth' ,2)
clear theta 2D N_2D

end
%PIlotting the 1D Map:

%Backing out the values of theta on N2 correspondin

%theta on Nd (from the values of theta returned to

k_map2 = 0;

for k_mapl = 1:length(theta_d)
for b = 1l:length(theta_2D_map)
if theta 2D _IC(b) == theta_d(k_mapl)
k_map2 =k map2 + 1;
theta N2(k_map2) = U_theta(k_mapl);
else
end
end
end

%Backing out the values of theta on Nu correspondin

%theta on N2 (from the values of theta returned to

k_map4 = 0;

for k_map3 = 1:length(U_theta)
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for b2 = l:length(theta_N2)

if theta _N2(b2) ==theta_1D_min(k_map3)
k_map4 =k _map4 + 1,
theta N1(k_map4) = theta_u(k_map3);

else
end
end
end
%Backing out the values of theta on N1 correspondin g to the values
of
%theta on Nu (from the values of theta returned to N1):
k_map6 = 0;
for k_map5 = 1:length(R_theta)
for b3 = 1:length(theta_N2)
if theta_N1(b3) == theta_u(k_map5)
k_map6 =k _map6 + 1;
theta_map(k_map6) = R_theta(k_map5b) ;
else
end
end
end
figure
hold on;box on;
xlabel( \bf\theta' , 'FontSize'  ,12)
axis([theta_2 - 0.5, theta_1 + 0.5, -0.5, 1.5])
size_of axes = get(gca, 'Position’ );
x_conv = size_of axes(3)/(theta_1 + 0.5 - (thet a 2-0.5);
y_conv = size_of axes(4)/(1.5-(-0.5));
origin_x = size_of _axes(1); %Position of origin relative to figure
origin_y = size_of _axes(2); %Position of origin relative to figure
for k_map = l:length(theta_map)
map_vec = [theta_map(k_map); theta_2D_map(k _map)];
offset_vec = [0; 1];
plot(map_vec,offset_vec, -k' , 'LineWidth' ,2)
arrow_min_theta = [origin_x+(map_vec(1)-(th eta 2-
0.5))*x_conv,
origin_x+(map_vec(1)-(theta_2-0.5))*x_c onv +
1/4*(map_vec(2)-map_vec(1))*x_conv];
arrow_min_N = [origin_y+0.5*y conv,
origin_y+0.5*y_conv+1/4*(1*y_conv)];
annotation( ‘arrow' ,arrow_min_theta, arrow_min_N);
end
plot([theta_2 theta_1],zeros(1,2), k', 'LineWidth' ,6)
plot([theta_2 theta_1],ones(1,2), k', 'LineWidth' ,6)
plot([theta_2 theta_2],[-50 50], "k' , 'LineWidth' ,2)
plot([theta_1 theta 1],[-50 50], "k' , 'LineWidth' ,2)
text(theta_2 - 0.25,0, bf\Theta_2' , 'FontSize'  ,12)
text(theta_1 + 0.1,0, \bf\Theta_1' , 'FontSize'  ,12)
set(gca, 'ycolor' , ‘W' ytick! 1))
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clear all
end

4.A.4.5 Plotting SIM (Nonlinear Damping)

%SIM Projection for the Nonlinearly Damped System

close all
clear all

lambda = 0.2; k = 0; ks1 =0; ks2 = 0; ku = 0;
N_end = 1.6; N_step = 0.0001;

C_sq_64 = zeros(1,N_end/N_step + 1);
N_vec = C_sq_64;

%Fold Lines (N1 and N2):

N1 = sqrt((32 - 4*sqrt(16-27*lambda”2))/(27*lambda”
N2 = sqrt((32 + 4*sqrt(16-27*lambda”2))/(27*lambda”

%Fold Line End Locations (Nu and Nd):

Nu = sqrt((32 + 8*sqrt(16-27*lambda”2))/(27*lambda”
Nd = sqrt((32 - 8*sqrt(16-27*lambda”2))/(27*lambda”

for N =0:N_step:N_end
k=k+1,;
C_sqg_64 = (9*lambda’2+16)*N"6 - 32*N"4 + 16*N"2

if N<N1
ksl = ksl + 1;
C_sqg_64_stable1(ksl) = C_sq_64;
N_stable1(ksl) = N;
elseif N> N2
ks2 = ks2 + 1;
C_sq_64_stable2(ks2) = C_sq_64;
N_stable2(ks2) = N;
else
ku =ku + 1;
C_sqg_64_unstable(ku) = C_sq_64;
N_unstable(ku) = N;
end

end

C_u =[max(C_sq_64_unstable) max(C_sq_64 unstable)]
C_d =[min(C_sq_64_unstable) min(C_sq_64_unstable)]
fold_u = [N1 Nu]; fold_d = [Nd N2J;

figure
hold on; xlabel( \bfN'" ); ylabel( \bf64|C|"2' );
plot(N_stablel,C sq_64 stablel, -k' , 'LineWidth'
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plot(N_stable2,C _sq_64_ stable2, -k' , 'LineWidth' ,2)

plot(N_unstable,C_sq_64 unstable, '--k' , 'LineWidth' ,2)

plot(fold_u, C_u, "k' , 'LineWidth' ,2)

plot(fold_u(2)-.03, C_u(2), '>k' , 'LineWidth' .2, 'MarkerFaceColor' k)
plot(fold_d, C_d, "k' , 'LineWidth' ,2)

plot(fold_d(1)+.03, C_d(1), '<k' , 'LineWidth' .2, 'MarkerFaceColor' k)
text(N1, C_u(1)+.1, \bfN_1" )

text(N2, C_d(2)-.1, \bfN_2" )

text(Nu+.03, C_u(1), \bfN_u' )

text(Nd, C_d(1)-.15, \bfN_d" )

axis([0, N, 0, 2.8])

4.A.4.6 Determining®; and ®, (Nonlinear Damping)

%Chapter 4 - SMR

%Find THETA_1 and THETA_2 for the system with nonli near damping:
close all
clear all

lambda =0.2; A =1;

N1 = sqrt((32 - 4*sqgrt(16-27*lambda”2))/(27*lambda” 2+48));  %Lower fold
line

k=0;n=0;

for theta = -2*pi:.001:2*pi
k=k+1,
g = -(48+27*lambda”2)*N1"4 + 16*N1/2 + 36*A*lam bda*N1*cos(theta) +

(48*A*N1-16*A/N1)*sin(theta);
q_vec(k) = q;
theta_vec(k) = theta;
if abs(q) <.01
n=n+1,;
near_zero(n) = theta;
else
end
end

figure
plot(theta_vec,q_vec, k', 'LineWidth' ,2)
xlabel(  "\bf\theta' , 'fontsize' ,12); ylabel( bfN" ); hold on;

syms c_theta

cos_vec = solve( -(48+27*lambda”2)*N1"4 + 16*N1"2 +
36*A*lambda*N1*c_theta + (48*A*N1-16*A/N1)*sqrt(1-c _theta”"2) =
0' ,c_theta);

ctl = subs(cos_vec(1));
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ct2 = subs(cos_vec(2));

theta 1 maybe = acos(ctl);
theta 2 _maybe = acos(ct2);
near_zero;

for h = l:length(near_zero)
if abs(abs(near_zero(h)) - abs(theta_1_maybe)) < .1
theta_1 = sign(near_zero(h)) * abs(theta_1_ maybe);
else
end

if abs(abs(near_zero(h)) - abs(theta_2_maybe)) < .1
theta 2 = sign(near_zero(h)) * abs(theta 2_ maybe);
else
end
end

theta_1 final = max(theta_1,theta_2);
theta_2_final = min(theta_1,theta_2);

theta_1 =theta 1 final
theta_2 = theta 2 final

plot([theta_1 theta_1],[-50 50], "k' , 'LineWidth' ,2)
plot([theta_2 theta_2],[-50 50], "k' , 'LineWidth' ,2)
plot([theta_vec(1) theta_vec(k)],[0 0], "k' , 'LineWidth' ,2)
text(theta_2 - 0.7,0.4, \bf\Theta_2' , 'FontSize' ,12)
text(theta_1 + 0.2,0.4, \bf\Theta_1' , 'FontSize'  ,12)

axis([theta_vec(1), theta_vec(k), -5, 5])

OQutput:

theta 1 =

1.6028

theta_2 =

-1.4504
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4.A.4.7 DeterminingN, and Ny (Nonlinear Damping

%SMR - Nonlinearly Damped System
%Finding Zu, Zd

close all
clear all

syms zu m zu_p lambda

z_vecl = simple(solve( '(9*lambda”2+16)*zu_m"3 - 32*zu_m”"2 + 16*zu_m =
(9*lambda”2+16)*((32-4*sqrt(16-27*lambda”2))/(27*la mbdan2+48))"3 -
32%((32-4*sqrt(16-27*lambda’2))/(27*lambda”2+48))"2 + 16%(32-4*sqrt(16-
27*lambda”2))/(27*lambda”2+48)' ,ZU_m));

zul = z_vecl(l);
zu2 = z_vecl(2);
zu3 = z_vecl(3);

z_vec2 = simple(solve( '(9*lambda”2+16)*zu_p~"3 - 32*zu_p"2 + 16*zu_p =
(9*lambda”2+16)*((32+4*sqrt(16-27*lambda”2))/(27*la mbdan2+48))"3 -
32*((32+4*sqrt(16-27*lambda”2))/(27*lambda”2+48))"2 + 16*(32+4*sqrt(16-
27*lambda”2))/(27*lambda”2+48)' ,ZU_p));
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zud = z_vec2(1);
zu5 = z_vec2(2);
zu6 = z_vec2(3);

lambda = 0.2;
zu_minus = (32-4*sqgrt(16-27*lambda”2))/(27*lambda”2 +48);
zu_plus = (32+4*sqrt(16-27*lambda”2))/(27*lambda”2+ 48);
zul num = subs(zul); zu2_num = subs(zu2); zu3_num = subs(zu3);
zu4_num = subs(zud); zu5_num = subs(zu5); zu6é_num = subs(zu6);
small = 0.0001;
if abs(zu_minus - zul_num) > small && abs(zu_plus - z ul_num) > small
if zul num>0
zul
else
end
else
end
if abs(zu_minus - zu2_num) > small && abs(zu_plus - z u2_num) > small
if zu2_num>0
zu2
else
end
else
end
if abs(zu_minus - zu3_num) > small && abs(zu_plus - z u3_num) > small
if zu3_num >0
zu3
else
end
else
end
if abs(zu_minus - zu4_num) > small && abs(zu_plus - z u4_num) > small
if zu4_num>0
zu4
else
end
else
end
if abs(zu_minus - zu5_num) > small && abs(zu_plus - z u5_num) > small
if zu5_num>0
zu5
else
end
else
end
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if abs(zu_minus - zu6_num) > small && abs(zu_plus - z u6_num) > small
if zu6_num >0
Zu6
else
end
else
end

Output:

Zu2 =

(8*(16 - 27*lambda’2)7(1/2) + 32)/(27*lambda’2 + 48)

Zu6 =

-(8*(16 - 27*lambda’2)M(1/2) - 32)/(27*lambda’2 + 48)

4.A.4.8 Plotting Phase Portraits and 1-D Maps (Nomiear

Damping)
%Chapter 4
%SMR Phase Portraits for the Nonlinearly Damped Sys tem
close all
clear all

%SMR vanishes for sigma < -7.17 and sigma > 8.47
for sigma=[-7.17 -4 0 4 8.47]
lambda = 0.2; A =1,
%Fold Lines (N1 and N2):

N1 = sqrt((32 - 4*sqrt(16-27*lambda”2))/(27*lam bda"2+48));
N2 = sqrt((32 + 4*sqrt(16-27*lambda”2))/(27*lam bda"2+48));

%Fold Line End Locations (Nu and Nd):

Nu = sqrt((32 + 8*sqrt(16-27*lambda’2))/(27*lam bda"2+48));
Nd = sqrt((32 - 8*sqrt(16-27*lambda”2))/(27*lam bda"2+48));

%Folded singularities:
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theta_1 = 1.6028; %From separate m-file (for A = 1, lambda = 0.2)

theta 2 = -1.4504; %From separate m-file (for A = 1, lambda = 0.2)
theta_i = -10; theta_f = 10; theta_span = theta _f-theta_i;
theta_step = theta_span/100;
N_test=0;k R=0;
figure
hold on;box on;
axis([0 2*pi 0 Nu]);
xlabel( ‘\fontsize{12}\bf\theta' ); ylabel( \bfN' );
size_of axes = get(gca, 'Position’ );
origin_x = size_of _axes(1); %Position of origin relative to figure
origin_y = size_of _axes(2); %Position of origin relative to figure
x_conv = size_of _axes(3)/(2*pi);
y_conv = size_of_axes(4)/Nu;

for No =[N1-.001 Nu]

N_test = N_test + 1,

for theta o =theta i: theta_step : theta f
theta_vec = zeros(1,theta_span/theta_st ep +1);

N_vec = theta vec;
theta = theta_o; N = No; k = 1;
theta_vec(1) = theta; N_vec(1) = N;

%*********For 1 D

Mapping

if theta <theta 1 && theta >theta 2 && k==1&& N_

k R=Kk_R+1,
R_theta(k_R) = theta_vec(1);
R_N(k_R) = N_vec(1);
theta_u(k_R) = R_theta(k_R) +
atan2(1215*lambda”™4 +
36*lambda”2*(56-sqrt(16-27*lamb
64*sqrt(16-27*lambda”?2) - 256,
27*lambda*(9*lambda”2+16)*sqrt(
Nu_vec(k_R) = Nu;
else
end

Yr**+**+*Back to phase

portrait
k end=0;t=0;

for t end =[.0005 .005 .05 5]
k end=k end + 1;

if k end==
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dt = 0.00001;
elseif k_end ==

dt = 0.0001;

elseif k_end ==
dt =.001;

else
dt =.001;

end

for t=dt+t:dtit end

den = (2*(lambda’2 + 1 - 4*N"2 + 3*N"4));

d_theta = -(48+27*lambda’2)*(1- sigma)*N~4 +
(16-64*sigma)*N"2 +
4*A*(9*lambda*cos(theta) + 12*sin(theta))*N +
16*sigma - (16*A*sin(theta) )IN;

d_N = -12*lambda*N"3 +
4*A*(3*lambda*sin(theta) - 4*cos(theta))*N~2 +
16*A*cos(theta);

theta = theta + d_theta*dt;

N = N + d_N*dt;

k=k+1;

theta_vec(k) = theta;
N_vec(k) = N;
end
end

kL = 0; kU = 0;

%Remove unstable response:
stable_check = 0;

for k2 = 1l:length(theta vec)

if N_test==

if N_vec(k2) < N1 && stable_check ==
kL = kL + 1;
theta_lower(kL) = theta_vec (k2);
N_lower(kL) = N_vec(k2);

else
stable_check = 1;

end

elseif N _test==
if N_vec(k2) > N2
kU =kU + 1;
theta_upper(kU) = theta_vec (k2);
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N_upper(kU) = N_vec(k2);
else
end
else
end
end

if kL>0
plot(theta_lower,N_lower, -k' , 'LineWidth' 2);

arrow_L = round(kL/1.5);

arrow_min_theta =
[origin_x+theta lower(arrow_L)*x_conv,

origin_x+theta_lower(arrow_L+1) *x_conv];
arrow_min_N = [origin_y+N_lower(arr ow_L)*y conv,
origin_y+N_lower(arrow_L+1)*y ¢ onvy;

if theta_lower(arrow_L) <theta 2 + 2*pi &&

theta_lower(arrow_L+1) < th eta 2 + 2*pi &&
theta lower(arrow_L) > thet alé&&
theta lower(arrow_L+1) > th eta 1&&
N_lower(arrow_L) > 0.001
annotation( ‘arrow' ,arrow_min_theta, arrow_min_N);
else
end
else
end
if kU>0
plot(theta_upper,N_upper, -k' , 'LineWidth' 2);

arrow_U = round(kU/1.1);

arrow_min_theta =
[origin_x+theta_upper(arrow_U)*x_conv,

origin_x+theta_upper(arrow_U+1) *x_convy;
arrow_min_N = [origin_y+N_upper(arr ow_U)*y conv,
origin_y+N_upper(arrow_U+1)*y ¢ onvy;

if theta_upper(arrow_U) < (4*pi + theta_2)/1.8 &&

theta_upper(arrow_U+1) < (4 *pittheta_2)/1.5 &&
theta_upper(arrow_U) > thet alé&&
theta_upper(arrow_U+1) > th eta 1 &&
N_upper(arrow_U) < Nu - .00 1
annotation( ‘arrow' ,arrow_min_theta, arrow_min_N);
else
end
else
end
clear theta_lower theta_upper N_lower N_upper N_vec
theta_vec
end
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end

plot([0 2*pi],[N1 N1], k', 'LineWidth* ,4)

plot([0 2*pi],[N2 N2], k', 'LineWidth' ,4)

plot([theta_2+2*pi theta_2+2*pi],[-50 50], "k' , 'LineWidth' ,2)
plot([theta_1 theta_ 1],[-50 50], "k' , 'LineWidth' ,2)

text(theta_2 + 2*pi - 0.3,N1 + 0.05, bf\Theta_2' , 'FontSize' ,12)
text(theta_1 + 0.1,N1 + 0.05, \b\Theta_1' , 'FontSize' ,12)

text(2*pi + 0.15,N1, bfN_1" )

text(2*pi + 0.15,N2, bfN_2" )

% R R R R R R R R S R S R S S S T R R e R R R R S T *kkkkkkkkkhhhhhhkx

%

% *hkkkkkkkhhhhhhhhkhhhhrAAkkkkkkkhhhhhhhhhhhhhhhhrix *kkkkkkkkkhhhhhhhkx

%1D Mapping:

figure
hold on; grid on; box on;
xlabel( ‘\fontsize{12}\bf\theta' ); ylabel( \bfN' );

%Plotting from the interval R on N1 to Nu:

for q = l:ilength(R_theta)
theta_plot = [R_theta(q); theta_u(q)];
N_plot = [R_N(q); Nu_vec(q)];

plot(R_theta(q),R_N(q), "k' , 'MarkerSize' ,20)
plot(theta_plot,N_plot, -k' , 'LineWidth' ,2)
end

%Plotting from Nu to N2:

k t=0;
dt=.0001;t end = 10;

for h = 1l:length(theta_u)
k=1;k t=k t+1;

N = Nu; theta = theta_u(h); theta_1D(1) =t heta; N_1D(1) =N
for t=dtdt:it_end
d_theta = -(48+27*lambda’2)*(1- S|gma)*N N+
(16-64*sigma)*N"2 + v
4*A*(9*lambda*cos(theta) + 12*sin(t heta))*N +

16*sigma - (16*A*sin(theta))/N;
d_N = -12*lambda*N"3 +

4*A*(3*lambda*sin(theta) - 4*cos(th eta))*N"*2 +
16*A*cos(theta);
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k_

k
dt

theta = theta + d_theta*dt;
N = N + d_N*dt;

if N>=N2&& N <=Nu
k=k+1;
theta_1D(k) = theta;
N_1D(k) = N;
else
end
end

theta 1D_min(k_t) = theta_1D(K);
theta IC_u(k_t) = theta_u(h);

plot(theta_1D,N_1D, -k' , 'LineWidth'
clear theta_ 1D N_1D
end

%Plotting from N2 to Nd:
R2 =0;

for g = l:length(theta_1D min)

k R2=k R2 +1;

U_theta(k_R2) =theta_1D_min(g);

U _N(k_R2) = N2;

theta d(k_R2) = U_theta(k_R2) -
atan2(1215*lambda”™4 +
36*lambda2*(56+sqrt(16-27*lambda”2)) +
64*sqrt(16-27*lambda”?2) - 256,
27*lambda*(9*lambda”2+16)*sqrt(16-27*la

Nd_vec(k_R2) = Nd;

end

for z = 1l:length(U_theta)

theta plot2 = [U_theta(z); theta_d(z)];
N_plot2 = [U_N(z); Nd_vec(2)];
plot(theta_plot2,N_plot2, k')
end

%Plotting from Nd to N1:

= 0'
=.0001;t end =1;

for h = 1:length(theta_d)

k=1,

N = Nd; theta = theta_d(h);

theta 2D(1) = theta; N_2D(1) = N;

for t=dtdtit end

d_theta = -(48+27*lambda”2)*(1-sigma)*N
(16-64*sigma)*N"2 + 4*A*(9*lambda*c
12*sin(theta))*N + 16*sigma - (16*A
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of

of

d_N = -12*lambda*N"3 + 4*A*(3*lambda*si
4*cos(theta))*N"2 + 16*A*cos(theta)

theta = theta + d_theta*dt;
N =N + d_N*dt;

if N<=N1
k=k+1;
theta 2D(k) = theta;
N_2D(k) = N;

else

end
end

if theta 2D(k) <=theta_1 && theta 2D(k) >= theta 2
k t=k t+1;
theta_2D_map(k_t) = theta_2D(K);
theta_2D_IC(k_t) = theta_d(h);

else

end
plot(theta_2D,N_2D, k', 'LineWidth' ,2)
clear theta_2D N_2D

end
%Plotting the 1D Map:

%Backing out the values of theta on N2 correspondin

%theta on Nd (from the values of theta returned to
k_map2 = 0;

for k_mapl = 1l:length(theta_d)
for b = l:length(theta 2D _map)
if theta_2D_IC(b) == theta_d(k_mapl)
k_map2 =k _map2 + 1;
theta N2(k_map2) = U_theta(k_mapl);
else
end
end
end

%Backing out the values of theta on Nu correspondin
%theta on N2 (from the values of theta returned to
k_map4 = 0;
for k_map3 = 1:length(U_theta)
for b2 =1:length(theta_N2)

if theta_N2(b2) ==theta_1D_min(k_map3)
k_map4 =k map4 + 1;
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theta N1(k_map4) = theta_u(k_map3);

else
end
end
end
%Backing out the values of theta on N1 correspondin g to the values
of
%theta on Nu (from the values of theta returned to N1):
k_map6 = 0;
for k_map5 = 1:length(R_theta)
for b3 = l:length(theta_N2)
if theta N1(b3) == theta_u(k_map5)
k_map6 = k_map6 + 1;
theta_map(k_map6) = R_theta(k_mapb)
else
end
end
end
figure
hold on; box on;
xlabel( ‘\bfitheta' , 'FontSize'  ,12)
axis([theta_2 - 0.5, theta_1 + 0.5, -0.5, 1.5])
size_of axes = get(gca, 'Position’ );
x_conv = size_of axes(3)/(theta_1 + 0.5 - (thet a 2-0.5);
y_conv = size_of axes(4)/(1.5-(-0.5));
origin_x = size_of _axes(1); %Position of origin relative to figure
origin_y = size_of _axes(2); %Position of origin relative to figure
for k_map = 1l:length(theta_map)
map_vec = [theta_map(k_map); theta_2D_map(k _map)];
offset_vec = [0; 1];
plot(map_vec,offset_vec, -k' , 'LineWidth' ,2)
arrow_min_theta = [origin_x+(map_vec(1)-(th eta 2-
0.5))*x_conv,
origin_x+(map_vec(1)-(theta_2-0.5))*x_c onv +
1/4*(map_vec(2)-map_vec(1))*x_conv];
arrow_min_N = [origin_y+0.5*y conv,
origin_y+0.5*y_conv+1/4*(1*y_conv)];
annotation( ‘arrow' ,arrow_min_theta, arrow_min_N);
end
plot([theta_2 theta_1],zeros(1,2), k' , 'LineWidth' ,6)
plot([theta_2 theta_1],ones(1,2), -k' , 'LineWidth' ,6)
plot([theta_2 theta_ 2],[-50 50], "k' , 'LineWidth' ,2)
plot([theta_1 theta_ 1],[-50 50], "k' , 'LineWidth' ,2)
text(theta_2 - 0.25,0, \bf\Theta_2' , 'FontSize'  ,12)
text(theta_1 + 0.1,0, \bf\Theta_1' , 'FontSize'  ,12)
set(gca, 'yecolor'  ,'w' , 'ytick' )
clear all
end
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5.0 Time Response Analysis of the Nonlinear Energink

5.1 Introduction

In addition to the applications of NES in harmonically forced systéMisS can be
effective in impulsively forced systems as well. This sectdepicts the temporal
dependence of displacement and energy of the system consisting limetreprimary

system and nonlinearly damped NES attachment exposed to varyingudesplof

impulsive forcing on the mass of the primary system. For congparigsults using a
linearly damped NES also are presented. Following the impudpense discussions,
the performance of harmonically forced linear systems witdally versus nonlinearly

damped NES attachments is presented with the use of Poincaré maps.

5.2 System Performance when Subjected to Impulsading

The system with linear damping, given by

i+ eA(yy —y2) + (1 + o)y, + %5()’1 —y2)3 = €Aé(t)

. (5.1)
eyy + €AY, — Y1) +§5(YZ -y1)* =0,
was compared with the system with nonlinear damping given by
Y, + eA(Y, — )3 + (1 + €0)y, + %e(yl — )3 = eAS(t)
(5.2)

ey + eA(¥, —y1)* +2e(y — y1)* = 0.
As shown by equations (5.1) and (5.2), the systems are Iinitialiedxty an impulse of
magnitudesA. Additionally,y; represents the displacement of the primary systemy.,and
represents the displacement of the NES. In order to help shovfe¢bgveness of the

NES, it is of interest to determine the energy of the mmasgsponding to each of these
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components. Letting; represent the energy of the primary systemBnekpresent the
energy of the NES, the energies of the system with linear dangod the system with

nonlinear damping are both given by

E, = %)"12 +%(1 +e0)y,? + éf()ﬁ —y2)*
(5.3)
E, = %53"22 + %5()’2 -yt

For performance comparisons between the linearly and nonlindarhped
systems, plots of the displacement and energy as functions ofvéneegenerated. The
Runge-Kutta 4 method was used to perform the numerical integratidMAITLAB.
Figures 5-1 through 5-5 show the response and energy versustiverying impulse
amplitudes with fixedk = 0.2,¢ = 0.05, andr = 0.5. The responses corresponding to the
lowest impulse amplitude are presented in Figure 5-1, and saokequent figure
represents the responses to increasingly higher forcing ampli@uitom time intervals
were chosen for each plot in order to visually observe the differences bahedmearly
damped and nonlinearly damped NES results.

For an impulse amplitude of 5x40Figure 5-1 shows that the linearly damped
NES clearly outperforms the nonlinearly damped NES. The dispi&deof the main
system in the chosen time interval of 100 to 200 seconds is lowéefbnéarly damped
NES than for the nonlinearly damped NES. More notably, the plotstérsyenergy
unambiguously shows that the energy in the system with thellirdeamped attachment
is lower than its nonlinearly damped counterpart.

The time responses of the system subjected to an impulsewatepit 1x18 are

presented in Figure 5-2. For the time interval from zero to &onsks, greater

displacement (in general) of the primary system is obsenmvetfie case of nonlinear
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damping as opposed to the linear damping case. Additionally, thlaaiment of the
NES is shown to be greater for the nonlinearly damped attachmemlasinitially the

same, the energy of the primary system in the linearisadearly lower than that of the
nonlinear case after about 25 seconds in the motion. Energy afg¢bdy damped NES
is lower at almost each instant than that for the nonlinearlypddMIES. The effects of
the energy reduction are evident due to the decreased displacement of thestamin sy

As the amplitude of the impulsive force is increased, the diffesebhetween the
linearly damped and nonlinearly damped responses become lesstudllye once the
amplitude is increased beyond a certain value, the nonlinearly damsystdm
outperforms the linearly damped system. As inferred from ingpecf Figures 5-3
through 5-5, this transition occurs near= 5x1C. In Figure 5-3, withA near the
transition value, the displacements of each system are shown terpelese to one
another. The energies of each system are also shown to bemgay, ut with the
nonlinearly damped NES system having slightly less enerdyeim@ain system and NES
than the linearly damped NES system.

The plots of displacement and energy versus time shown in Figdireléarly
show that the nonlinearly damped NES outperforms the linearlpedmMES for the
amplitudeA = 1x10d. The trend toward increased vibration mitigation is further observ
in Figure 5-5 for increasing the amplitude to 5%1The responses shown in Figure 5-5
clearly show the displacements decreasing faster for thenearly damped NES versus

the linearly damped NES.
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5.3 System Performance Comparisons Using Poincaraypisl

5.3.1 Background on Poincaré Sections and Maps

The purpose of using Poincaré maps is “to transform complicated beata phase
space to discrete maps in a lower-dimensional space” (Lynch, 200%)essence,
Poincaré maps provide a simplified representation of the dynamics. Lynch (20€gln
simple example to introduce the concept of Poincaré maps andnsectAs seen in
Figure 5-6, the trajectory starting framon X leads to the poinyronX. The Poincaré
section in this example is represented by the line seglienThis line segment is
considered a Poincaré section becalisis “crossed transversely (no trajectories are
tangential toX)” (Lynch, 2004). Since the trajectory frompy to r; does cross:
transverselyx can be considered as a Poincaré section. If the part of thetdrgjnot
crossingX is removed from Figure 5-6, the Poincaré section will show drmdytivo
points of intersection. A Poincaré map is simply the function usedldte points on a
Poincaré section. In this example by Lynch (2004), the Poincaré map idgiven

The1 = P(13), (5.4)
whereP mapsX into itself. In addition, in the case of

1, = P(1,), (5.5)

rn is considered afikxed point of period origlLynch, 2004) since the point is stationary

-
T

Figure 5-6. Example of a Poincaré section (Lynch, 2004); Courtesy of Google Books

for each iteration.
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The simplification achieved by using Poincaré maps to représgettories in
the phase-space is illustrated in an example by Lynch (2004) for the system
%+ kx + (x3 — x) = T'cos(wt). (5.6)
The system is rewritten in state-space as

X =
Y (5.7)
y =x—ky —x3+ T cos(wt),
as shown by Lynch (2004). The Poincaré section in this examaplersss section of a
torus at an angle ofin(n = 0, 2, 4 ...). Hence, this Poincaré section corresponds to the

period of the harmonic forcing in the system. Lynch (2004) explicitjudes this angle

in the system equations as follows:

X=y
y =x—ky —x3 + T'cos(6), (5.8)
6 = w.

Figures 5-7 through 5-12 were generated for var¥imgd keepind = 0.3 ando
= 1.25 constant. Figures 5-7 and 5-8 show the case for which thoal perizi/o,
represented as a closed orbit on the phase portrait and a simglerptiie Poincaré map.
This single point corresponds to where the Poincaré section isedrdyy the phase
trajectory of the system. Since this trajectory has ordingle orbit within one period,
the corresponding Poincaré map representation is simply one point.

Figures 5-9 and 5-10 show a closed phase trajectory with a peribdaof As
evident from the phase portrait, two orbits are completed for thisdperThus, two
points are plotted in the Poincaré map to represent that the Posectisn was crossed

twice before the trajectory repeated itself.
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Figures 5-11 and 5-12 are shown to further illustrate the diogpions achieved

by using Poincaré maps versus phase portraits. The seeminglyerdnagctory in the

phase space is greatly reduced in the Poincaré map, whilmaitiltaining information

In each of tteessss, the Poincaré maps

regarding the periodic behavior of the system.

would appear different if a different Poincaré section was chosen.

I

1.8

N
o

X

0.2 (Lynch, 2004)

Figure 5-7. Phase portrait fdr
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1.4 1.6 1.8

1.2

0.4 0.6 0.8

0.2

X

0.2 (Lynch, 2004)

Figure 5-8. Poincaré map fdr

X

0.3 (Lynch, 2004)

Figure 5-9. Phase portrait fdr
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12

0.8

0.6

0.4

0.2

X

0.3 (Lynch, 2004)

Figure 5-10. Poincaré map fdr

X

Figure 5-11. Phase portrait fdr

0.5 (Lynch, 2004)
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Figure 5-12. Poincaré map fdr = 0.5 (Lynch, 2004)

5.3.2 Analysis of the Linearly and Nonlinearly Damped Systesnusing Phase
Portraits and Poincaré Maps

The linearly damped system under consideration is

yi+ 5/1(}"1 —¥) + (1 +eo)y; + §S(Y1 - YZ)3 = ¢eAcost

. (5.9)
ey, + €AY, — Y1) +§5()’2 -y1)* =0,
and the nonlinearly damped system under consideration is
Vi + €A~ ¥2)* + (1 + e0)ys +35 60 — y2)* = eAcost
(5.10)

. . . 4
&Yy + €Ay, — y1)° + 5 e(v; — y1)° = 0.
In order to generate the corresponding Poincaré maps, the symietioes had to be
converted to state space form. By letting

X1 = Y1, Xz = Y1, X3 = ¥,, @ndx, =y, (5.11)
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the following state space forms were created for the lpedaimped and nonlinearly

damped systems, respectively:

X1 = Xy

(5.12)
X, = €Acost —eAd(xy, —x,) — (1 + €0)xy — %e(xl —x3)°
x.3 = X4
: 4
Xy = —Mxy —x3) — g(xg - x,)°
and
1= (5.13)

X, = eAcost —ed(x, —x4)3 — (1 + e0)x; — ge(x1 —x3)3
X3 = X4
X, = —A(xy — x5)3 —%(x3 —x1)3.

Using MATLAB, the phase portraits and Poincaré maps were dedeifar the
linearly damped and nonlinearly damped systems using fixed valdes 012, = 0.05,
0=0.5A=0.4, ando = 1. Figures 5-13 and 5-15 (linearly damped case) and Figures 5-
17 and 5-19 (nonlinearly damped case) show the phase portraits of Hreokioélator
and NES, respectively. Each phase portrait was createdifoe anterval of [0 500] and
with the primary system and NES initially at rest. AdditibnaFigures 5-14 and 5-16
(linearly damped case) and Figures 5-18 and 5-20 (nonlinearly dazapeyl show the

Poincaré maps of the linear oscillator and NES, respectively.Pdhcaré maps were

20

generated for time intervals [ﬂ 00"] and with the primary system and NES initially at

w

rest.
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-13. Phase portrait for the primary system in the case of linear damping
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Figure 5-14. Poincaré map for the primary system in the case of linear damping
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Figure 5-15. Phase portrait for the NES in the case of linear damping
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Figure 5-16. Poincaré map for the NES in the case of linear damping
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Figure 5-17. Phase portrait for the primary system in the case of nonlinear damping
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Figure 5-18. Poincaré map for the primary system in the case of nonlinear damping
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Figure 5-20. Poincaré map for the NES in the case of nonlinear damping

278



5.3.3 Discussion of Phase Portraits and Poincaré Maps of thenkearly and
Nonlinearly Damped Systems

As seen from the Poincaré maps, the information in the phaseitgoitragreatly
simplified. In the linearly damped case, the orbits in the sgahce have been reduced to
a “figure-8” shape on the Poincaré map. Similarly, the orliot fthe state space of the
linearly damped NES are represented in a simplified shape sdmpled in increments
of the period of oscillation as shown on the Poincaré map.

In the case of nonlinear damping, the phase portraits of the tisedlator show
more orbits close to the origin than in the linearly damped cake. cdnclusion to be
drawn from these closely spaced orbits is that the displacermedtselocities of the
nonlinearly damped system are less than those for the lineampeti system for the
considered parameters in the case presently studied (harmaringfaear resonance).
Although the phase portrait of the linearly damped NES shows dinbitsappear to be
closely spaced near the origin, the orbits of the nonlinearly dhiMB& are also closely
spaced, but located farther from the origin, indicating that ernmngping is taking place
from the primary system to the nonlinearly damped NES. In additierRoincaré maps
corresponding to the linear oscillator and NES in the nonlineartypdd case show
points more tightly packed than those for the linearly dampednsysiether reinforcing
the previous claim. Note that the structure of the phase poraraitsPoincaré maps
remains the same in both linearly and nonlinearly damped systentbedatal density

of orbits (phase portraits) and points (Poincaré maps) varies between the tsvo case
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5.4 Conclusions

This chapter has presented the time-dependent performance odindagly and
nonlinearly damped systems. First, the time response of ttearsyso impulse loading
was investigated. From these results, it was evident that theesnhy damped NES is
more effective than the linearly damped counterpart only if thgnmitude of the impulse
is sufficiently high. Consequently, if the magnitude of impulsecitively low, the
linearly damped system has a faster reduction in displacement.

The second part of this chapter focused on comparing the phase pamits

Poincaré maps between the two systems. In the case of haforemg near resonance
(w=1= \/m for small¢), the chosen parameters result in the nonlinearly
damped system having lower displacements and velocities thamnéaelyl damped
system. Under these conditions, the nonlinearly damped NES outpetfersearly

damped NES in regards to vibration attenuation.
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5.A

Appendix

5.A.1 MATLAB Code for Time Response Simulations

%Comparison of system with linear damping and syste
damping
%when subjecting to varying impulsive loads

close
clear

all
all

sigma =0.5; e =0.05; lambda=0.2; ml1=1,m2=e

m with nonlinear

for A =[5e2 1e3 5e3 1le4 5e4] %Amplitude of impulsive force
k=1, %iteration constant
T =0.01; %time step
t end =1000; %end of time interval
yl1=0;y2=0;y1l NL=0;y2 NL=0;
t vec = zeros(1,t_end/T + 1);
Yl=t vec;Y2=t vec; Y1 NL=t vec; Y2_NL= t vec;
El1=t vec;E1l NL=t vec;E2=1t vec; E2 NL = t vec;
Y1(1) =y1; Y2(1) =y2; Y1_NL(1) =y1; Y2_NL(1) =y2;

z1

=0;,2z2=0,23=0,z4=0;

z1 NL=0;z2 NL=0;z3 NL=0;z4 NL=0;

%Runge Kutta 4
%From Fundamentals of Vibrations by Leonard Meirovi

for t=T:T:t end
k =k+1;t vec(k) =t;

%Condition for impulsive force:

if k==
F=A,

else
F=0;

end

%Linear Damping:
f11 = z2;
f12 = e*F - e*lambda*(z2-z4) - (1+e*sigma)*
(4/13)*e*(z1-z3)"3,;
f13 = z4;
f14 = -lambda*(z4-z2) - (4/3)*(z3-z1)"3;

g1l = T*f11; g12 = T*12; g13 = T*13; g14

281

tch, p. 677-679:

z1 -

= T*f14;



f21 = z2 + 1/2*g12;

f22 = e*F - e*lambda*((z2+1/2*g12)-(z4+1/2* gl4)) -
(1+e*sigma)*(z1+1/2*g1l) - (4/3)*e*((z1 +1/2*g11) -
(z3+1/2*g13))"3;

23 = z4 + 1/2*g14;
f24 = -lambda*((z4+1/2*g14)-(z2+1/2*g12)) -
(4/3)*((z3+1/2*g13)-(z1+1/2*g11))"3;

921 = T*21; g22 = T*22; g23 = T*23; g24 = T*24;

f31 = z2 + 1/2*g22;

f32 = e*F - e*lambda*((z2+1/2*g22)-(z4+1/2* g24)) -
(1+e*sigma)*(z1+1/2*g21) - (4/3)*e*((z1 +1/2*g21) -
(z3+1/2*g23)"3;

33 = z4 + 1/2*g24;
f34 = -lambda*((z4+1/2*g24)-(z2+1/2*g22)) -
(413)*((z3+1/2*923) - (z1+1/2*g21))"3;

g31 = T*f31; g32 = T*f32; g33 = T*f33; g34 = T*{34;

f41 = z2 + g32;

f42 = e*F - e*lambda*((z2+g32)-(z4+934)) -
(1+e*sigma)*(z1+931) - (4/3)*e*((z1+g31 )-(z3+g33))"3;

f43 = z4 + g34;

f44 = -lambda*((z4+g34)-(z2+g32)) - (4/3)*( (z3+933) -
(z1+g3))"3;

041 = T*f41; g42 = T*f42; 943 = T*f43; g44 = T*f44,

z1 =271 + 1/6*(g11 + 2*g21 + 2*g31 + g41);
z2 =72 + 1/6*(g12 + 2*g22 + 2*g32 + g42);
z3 =z3 + 1/6*(g13 + 2*g23 + 2*g33 + g43);
z4 = 74 + 1/6*(g14 + 2*g24 + 2*g34 + g44);

yl =21;y2 = z3;
Y1(k) =y1; Y2(Kk) = y2;

%Energy of mass 1 (primary system):
E1(k) = 1/2*m1*z2~2 + 1/2*(1 + e*sigma)*y1” 2 + 1/3*e*(y1l -
y2)™4;

%Energy of mass 2 (NES):
E2(k) = 1/2*m2*z4"2 + 1/3*e*(y2 - y1)"4;

% kkkkkhhkhhhhkhkhkkx

%Nonlinear Damping:
f11_NL = z2_NL;
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f12_NL = e*F - e*lambda*(z2_NL-z4_NL)"3 - (

(4/3)*e*(z1_NL-z3_NL)"3;
f13_NL = z4_NL;
f14_NL = -lambda*(z4_NL-z2_NL)"3 - (4/3)*(z

g1l NL = T*f11_NL; g12 NL = T*12_NL; g13_N
gl4_NL = T*f14_NL;

f21_NL =z2_NL + 1/2*g12_NL;
f22_NL = e*F - e*lambda*((z2_NL+1/2*g12_NL)
(z4_NL+1/2*g14 NL))"3 - (1+e*sigma)*(z1

(4/3)*¢*((z1_NL+1/2*g11_NL) - (z3_NL+1/
f23_NL =z4_NL + 1/2*g14 NL;
f24 _NL = -lambda*((z4_NL+1/2*g14 NL) - (z2_

(4/3)*(z3_NL+1/2*g13_NL)-(z1_NL+1/2*g1

921 NL = T*21_NL; g22_NL = T*22_NL; g23_N
924_NL = T*24_NL;

f31_NL =z2 NL + 1/2*g22_NL;
f32_NL = e*F - e*lambda*((z2_NL+1/2*g22_NL)
(z4_NL+1/2*g24 NL))"3 - (1+e*sigma)*(z1

(4/3)*e*((z1_NL+1/2*g21_NL) - (z3_NL+1/
f33_NL = z4_NL + 1/2*g24_NL,;
f34_NL = -lambda*((z4_NL+1/2*g24_NL)-(z2_NL

(4/3)*(z3_NL+1/2*g23_NL) - (z1_NL+1/2*

931_NL = T*31_NL; g32_NL = T*32_NL; g33_N
934_NL = T*34_NL;

f41_NL =z2 NL +g32_NL;

f42_NL = e*F - e*lambda*((z2_NL+g32_NL)-(z4
(1+e*sigma)*(z1_NL+g31_NL) - (4/3)*e*((
(z3_NL+g33_NL))"3;

f43_NL =z4 NL + g34 NL;

f44 NL = -lambda*((z4_NL+g34 _NL)-(z2_NL+g32
(4/3)*((z3_NL+g33_NL) - (z1_NL+g31_NL))

g41_NL = T*f41_NL; g42_NL = T*42_NL; g43_N
g44_NL = T*f44_NL;

z1 _NL =z1 NL + 1/6%(g11_NL + 2*g21_NL + 2*
72 NL = z2_NL + 1/6%(g12_NL + 2*g22_NL + 2*
z3_NL = z3_NL + 1/6%(g13_NL + 2*g23_NL + 2*
z4_NL = z4_NL + 1/6%(g14_NL + 2*g24_NL + 2*

283

1+e*sigma)*zl NL -

3_NL-z1_NL)"3;

L = T*f13_NL;

NL+1/2%911_NL) -
2*g13_NL))"3;

NL+1/2%g12_NL))"3 -
1_NL)3;

L = T+23_NL;

NL+1/2"g21_NL) -
2%g23_NL))3;
+1/2%g22_NL))3 -
g21_NL)"3;

L = T+33_NL;

_NL+g34_NL))"3 -
z1 NL+g31_NL) -

_NL))"3 -
A3;

L = T*f43_NL;

031 _NL +g41 NL);
032_NL + g42_NL);
033 _NL + g43_NL);
034 NL + g44_NL);



y1 NL=2z1 NL;y2 NL =z3 NL;
Y1_NL(K) =yl NL; Y2_NL(k) =y2_NL;

%Energy of mass 1 (primary system):
E1_NL(k) = 1/2*m1*z2_NL"2 + 1/2*(1 + e*sigm a)*yl NL"2 +
1/3*e*(y1_NL - y2_NL)"4;

%Energy of mass 2 (NES):

E2_NL(k) = 1/2*m2*z4_ NL"2 + 1/3*e*(y2_NL - yl NL)"4;
end
if A==1e3

lim_x_min = 0; lim_x_max = 80; lim_y = 1;

elseif A ==5e3

lim_x_min = 100; lim_x_max = 300; lim_y =1 ;
elseif A==1e4

lim_x_min = 300; lim_x_max = 500; lim_y =1 ;
elseif A ==5e4

lim_x_min = 300; lim_x_max = 500; lim_y =1 ;

else
lim_x_min = 100; lim_x_max = 200; lim_y =1 ;
end

figure( ‘Units' , ‘inches' , 'OuterPosition' ,[2.3710.7])

subplot(4,1,1, 'Units' , ‘inches' , 'OuterPosition' -
[-.3,7.5,7.7,2.3]);

plot(t_vec,Y1, '--k' , 'LineWidth' , 2)

axis([lim_x_min lim_x_max -lim_y lim_y])

axis ‘auto y'

hold on; grid on;

plot(t_vec,Y1_NL, k', 'LineWidth* ,2)

title([ \bf{\itA} =" , hum2str(A, '%.0e" )]

ylabel( \bfDisp. of Main System, \ity 1' )

subplot(4,1,2, ‘Units' , ‘inches' , 'OuterPosition' ,
[-.3,5,7.7,2.3));

plot(t_vec,Y2, '--k' , 'LineWidth' , 2)

axis([lim_x_min lim_x_max -lim_y lim_y])

axis 'auto y'

hold on; grid on;

plot(t_vec,Y2_NL, k', 'LineWidth' , 2)

ylabel( \bfDisp. of NES, \ity_2" )

subplot(4,1,3, ‘Units' , ‘inches' , 'OuterPosition' ,
[-.3,2.5,7.7, 2.3]);

plot(t_vec,E1, '--k' , 'LineWidth" , 2)

axis([lim_x_min lim_x_max -lim_y lim_y])

axis ‘auto y'

hold on; grid on;

plot(t_vec,E1_NL, k', 'LineWidth' , 2)

ylabel( \bfEnergy of Main System, \itE_1' )

subplot(4,1,4, 'Units' , ‘inches' , 'OuterPosition' ,
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[-.3,0,7.7,2.3)];
plot(t_vec,E2, '--k' , 'LineWidth' , 2)
axis([lim_x_min lim_x_max -lim_y lim_y])
axis ‘auto y'
hold on; grid on;

plot(t_vec,E2_NL, k', 'LineWidth* ,2)

xlabel( \bfTime, \itt' )

ylabel( \bfEnergy of NES, \itE_2" )
end

5.A.2 MATLAB Code for Phase Portrait and Poincaré Examples

%Examples for Chapter 5
%Based on examples given by Lynch (2004)

close all
clear all

k=0.3; w=1.25;

for gamma =1[0.2 0.3]
x=1;y=0; theta=0;
ind=0;ind2=0;p=0;n=2;
dt=0.001;t end =400;t_steady =t_end - 100
t steady;

for t=dtdtit end

ind =ind + 1,

x_dot =vy;

y_dot = x - k*y - x*3 + gamma*cos(theta);
theta_dot = w;

X = X + X_dot*dt;
y =y +y_dotxdt;
theta = theta + theta_dot*dt;

if abs(theta - n*pi) < 0.001
n=n-+2;

else

end

if t>t_steady
ind2 =ind2 + 1;
X(ind2) = x; Y(ind2) = ;

if abs(theta - n*pi) < 0.01
p=p+1;
X_p(p) = X(ind2);
Y_p(p) = Y(ind2);

else
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end

else
end
end

%Plot State-Space:

figure
plot(X,Y, k', 'LineWidth' ,2)
axis([0 2 -2 2]); grid on;

xlabel(  "\bfx' );ylabel(  \bfy ):

%Plot Poincare Map:

figure
plot(X_p,Y_p, k)
axis([0 2 -2 2]); grid on;
xlabel( \bfx' ); ylabel( \bfy' );
end
clear all
%The following code is based on those given by Lync h (2004):
state_space = inline( x(2);x(2)-0.3*x(2)-(x(1)"3 +
0.5*cos(1.25*t)]' ST )
options = odeset( 'RelTol' ,1e-4, 'AbsTol' ,(le-4);
[t,x_ss] = oded5(state_space,[0 200],[1,0], options );
[t,x_p] = ode45(state_space,0:2*pi/1.25:4000*pi/1.2 5,[1,0]);
%Plot State-Space:
figure
plot(x_ss(:,1),x_ss(:,2), k', 'LineWidth' ,2)
axis([-2 2 -2 2]); grid on;

xlabel(  "\bfx' ); ylabel( \bfy' );

%Plot Poincare Map:

figure
plot(x_p(:,1),x_p(:,2), K)
axis([-2 2 -2 2]); grid on;

xlabel(  "\bfx' ); ylabel( \bfy' );

5.A.3 MATLAB Code for Phase Portraits

%Phase portraits for the systems with linear and no nlinear damping
%Based off of code used by Lynch (2004)

close all
clear all

%lambda = 0.2; sigma = 0.5; e = 0.05; A = 0.4;
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%Linear damping case:

w=1;t end = 500;

state_space = inline( '[x(2); .05*0.4*cos(t) - .05*0.2*(x(2)-x(4)) -
(1+.05*0.5)*x(1) - 4/3*.05*(x(1)-x(3))"3; x(4); -0. 2*(x(4)-x(2)) -
4/3*(x(3)-x())"3]' , o, X ),

[t, x_vec] = ode45(state_space,[0 t_end],[0,0,0,0])
figure

plot(x_vec(:,1),x_vec(:,2), k')
xlabel(  "\bfy_1' ); ylabel( \bfy_1-dot' )
figure

plot(x_vec(:,3),x_vec(:,4), k')
xlabel(  "\bfy 2" ); ylabel( \bfy_2-dot' )
clear all

%Nonlinear damping case:

w=1;t end = 500;

state_space = inling( '[x(2); .05*0.4*cos(t) - .05*0.2*(x(2)-x(4))"3 -
(1+.05*0.5)*x(1) - 4/3*.05*(x(1)-x(3))"3; x(4) -0. 2%(x(4)-x(2))"3 -
4/3*(x(3)-x(1)"3]' , 't X'

[t, x_vec] = ode45(state_space, [Ot end] [0,0,0,0]) ;
figure

plot(x_vec(:,1),x_vec(:,2), k')

xlabel(  "\bfy 1" ); ylabel( \bfy_ 1-dot' )

figure

plot(x_vec(;,3),x_vec(:,4), k)
xlabel(  "\bfy 2" ); ylabel( \bfy_2-dot' )

5.A.4 MATLAB Code for Poincaré Maps

%Poincare maps for the systems with linear and nonl inear damping
%Based off of code used by Lynch (2004)

close all
clear all

%lambda = 0.2; sigma = 0.5; e = 0.05; A = 0.4;
%Linear damping case:

w =1,
dt = 2*pi/w; t_end = 2000*pi/w;
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state_space = inline( '[x(2); .05*0.4*cos(t) - .05*0.2*(x(2)-x(4)) -

(1+.05*0.5)*x(1) - 4/3*.05*(x(1)-x(3))"3; x(4) -0. 2%(x(4)-x(2)) -
4/3*(x(3)-x())"3]' , 't X'

[t, x_vec] = ode45(state_space, O dt:t end ,[1,0,0,0] );

figure

plot(x_vec(:,1),x_vec(:,2), k)

xlabel(  "\bfy 1" ); ylabel( \bfy_1-dot' )
axis([-0.8 1 -0.4 1))

figure

plot(x_vec(:,3),x_vec(:,4), "k

xlabel(  "\bfy_2" ); ylabel( \bfy_2-dot' )
axis([-2.52.5-1.5 2)])

clear all

%Nonlinear damping case:

w=1;
dt = 2*pi/w; t_end = 2000*pi/w;

state_space = inline( '[x(2); .05*0.4*cos(t) - .05*0.2*(x(2)-x(4))"3 -
(1+.05*0.5)*x(1) - 4/3*.05*(x(1)-x(3))"3; x(4); -0. 2*(x(4)-x(2))"3 -
4/3*(x(3)-x(IN)"3]' , o, X ),

[t, x_vec] = ode45(state_space,0:dt:t_end,[1,0,0,0] );

figure

plot(x_vec(:,1),x_vec(:,2), k)

xlabel(  "\bfy 1" ); ylabel( \bfy_1-dot' )
axis([-0.8 1 -0.4 1))

figure

plot(x_vec(:,3),x_vec(:,4), "k

xlabel(  "\bfy_2' ); ylabel( \bfy_2-dot' )
axis([-2.52.5-1.5 2)])
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6.0 Conclusions and Recommendations

6.1 Summary of Work Presented

This thesis has presented analytical and numerical comparistwmsdn single-degree of
freedom linear systems with linearly and nonlinearly damped nonlieeergy sink
(NES) attachments. Chapter 1 provided an introduction to NES dadkground of
previous related work. Concepts such as targeted energy transfeneaomormal
modes (NNMs), and resonance capture were discussed to provide #repreadquisite
information for understanding how NES achieve energy pumping. Compsaiietween
classical linear vibration absorbers and NES were presentedantorinstill motivation
for studying NES. Finally, experimental methods used in thdysof NES were
illustrated.

Chapter 2 focused on the differences between various singleedef freedom
systems. A linear system, a NES system, and a nonlinganmswysth nonlinear damping
were compared in terms of time response, system energy @ascton of time, and
energy decay as a function of time. In each performance cmmpathe nonlinear
system with nonlinear damping exhibited the most desirable chastics in regards to
vibration attenuation. Clearly, the nonlinear damping allowed the nonlgystem to
dissipate energy faster than its linearly damped countergartsproviding a more rapid
reduction in displacement.

Saddle-node and Hopf bifurcations of the single-degree of freedoan ipstems
with linearly and nonlinearly damped NES were presented in Chajmeorder to study

the periodic behavior of the two systems. The saddle-node bifurchkéigrams showed
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boundaries between one and three real periodic solutions. Boundariegisgpable
and unstable regions were shown by the Hopf bifurcation diagrams. itafueal
differences between the two systems were discussed by camphe bifurcation
diagrams of each system for the same sets of parameters.

Chapter 4 deviates from the analysis of periodic solutions by corgpthe
Strongly Modulated Response (SMR) between the linearly and nonjinéarhped
systems. First, the projection of the slow invariant manifold §SiNo a 2-D plane of
system parameters was presented to show the locations for the pfnthe system
response between stable branches. Phase portraits were presetitegtable branches
of the SIM in order to show the manner in which the system respmamsjump between
these branches. For a concise illustration of the trajesttivéd leave the lower fold line
and eventually return, 1-D maps of the phase angles were corgtfactearying the
system parameter. A range ofs that permitted the return trajectories was determined,
thus providing the conditions for the existence of the SMR. Due to thelat@n
betweens and the forcing frequency, frequency ranges were deterntia¢dallow for
the SMR to occur.

In Chapter 5, time response comparisons were made betweenethy|and
nonlinearly damped systems. Plots of displacement and energys vense were
presented for the systems with varying amplitudes of impuladirlg. From these
numerical simulations, it was determined that the displacemengrardy of the linear
oscillator decay faster in the linearly damped system thanahknearly damped system
for low impulse amplitudes. However, if the impulse amplitudencseiased beyond a

certain level, the performance of the nonlinearly damped systeomes more desirable
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in terms of vibration attenuation than the linearly damped systdaerformance
comparisons of the periodically forced system were continued ththuse of phase
portraits and Poincaré maps. Comparisons between these plots reveal that therlyonlinea
damped system in general has lower displacements and veldbaiesthe linearly
damped system for the chosen system parameters.

One should keep in mind that this thesis has investigated therpanfoe of the
single-degree of freedom systems with linearly and nonlinetatyped NES for only
specific cases. Periodic forcing near resonance was stud@aapters 3 through 5, and
the SMR discussed in Chapter 4 was only possible due to the 1.Jamesowith the
linear oscillator. Additionally, only specific parameters weh®sen to illustrate the

system behavior for these cases.

6.2 Suggested Future Work

In order to expand on the work presented in this thesis, the obvious sugygesio
repeat the work using different system parameters. Ubiegniethods presented, this
variation should be straightforward to implement. Additionally, th&tesys could be
investigated to determine their behavior when subjected to pefioding away from
1:1 resonance, although the SMR will not exist in this case.

Prior to attempting to apply the work shown in this thesis to peda@ngineering
applications, experiments should be run to confirm these conclusions. fetha
analytical and numerical results have been correlated to exgesnone must determine
a method of physically implementing the system parametengeirdésign. Piecewise
nonlinear damping can be achieved in practice via the variablleeodiscussed by

Starosvetsky and Gendelman (2009), but this nonlinear damping diffars the
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damping discussed in the work of this thesis. Nonlinear stiffnesseen achieved in
experiments by using a grounded wire as shown in Section 1.4 of Chayfttns thesis,
but the designer of an engineering application involving NES mustrdme if this
method is suitable for a particular situation. This thesis presaty preliminary work
on nonlinearly damped NES, and much work still remains before praappétations

can be implemented.

6.3 Practical Applications of Nonlinear Energy Sisk

Before deciding to use nonlinear energy sinks in a design,ntgertant to consider the
application. In some cases, a linear vibration absorber may lwedekie to its
simplicity of design and likely cost savings. For example, if vibratiansamngle resonant
frequency is the only concern, a tuned linear absorber is alagiton. However, if the
application demands attenuation at multiple frequencies and/or areliatde design, a
nonlinear energy sink is advantageous. Furthermore, the use of lareas monlinear
damping in the NES design should be given consideration as well. dktbmal forces
on the system are very high, a NES with nonlinear damping would ligsllt in more

efficient energy reduction in the primary system than a NES with lireapuhg.
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