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A heat engine is a cyclically operated statistical mechanical system which
converts heat supply from a heat bath into mechanical work. The heat engine
is operated by varying the system parameter. As it is operated in finite time,
this non-equilibrium statistical mechanical system is a dissipative system. In this
dissertation, our research focuses on two heat engines: one is a stochastic oscillator
and the other is a capacitor connected to a Nyquist-Johnson resistor (a stochastically
driven resistor-capacitor circuit). In the stochastic oscillator, by varying the stiffness
of the potential well, the system can convert heat to mechanical work. In the
resistor-capacitor circuit, the output of mechanical work is due to the change of the
capacitance of the capacitor. These two heat engines are parametrically-controlled.
A path in the parameter space of a heat engine is termed as a protocol.

In the first chapter of this dissertation, under the near-equilibrium assumption,
with the help of linear response theory, fluctuation theorem and stochastic thermo-
dynamics, we consider an inverse diffusion tensor in the parameter space of a heat

engine. The inverse diffusion tensor of the stochastic oscillator induces a hyperbolic



space structure in the parameter space composed of the stiffness of the potential
well and the inverse temperature of the heat bath. The inverse diffusion tensor of
the resistor-capacitor circuit induces a Euclidean space structure in the parameter
space composed of the capacitance of the capacitor and the inverse temperature of
the heat bath. The average dissipation rate of a heat engine is given by a quadratic
form (with a positive-definite inverse diffusion tensor) on the tangent space of the
system parameter.

Along a finite-time protocol of a heat engine, besides the energy dissipation,
there are two auxiliary quantities of interest: one is the extracted work of the heat
engine and the other is the total heat supply from the bath to the engine. These
two quantities are fundamental to the analysis of the efficiency of a heat engine. In
Chapter 2, combining the energy dissipation and the extracted work of a heat engine,
we introduce sub-Riemannian geometry structures underlying both heat engines.

In Chapter 3, after defining efficiency of a heat engine, we show the equivalence
between an optimal control problem in the sub-Riemannian geometry of the heat
engine and the problem of maximizing the efficiency of the heat engine. In this
way, we bring geometric control theory to non-equilibrium statistical mechanics. In
particular, we explicate the relation between conjugate point theory and the working
loops of a heat engine. As a related calculation, we solve the isoperimetric problem
in hyperbolic space as an optimal control problem in Chapter 4.

Based on the theoretical analysis in the first four chapters, in the final chap-
ter of the dissertation, we adopt level set methods, mid-point approximation and

shooting method to design maximum-efficiency working loops of both heat engines.



The associated efficiencies of these protocols are computed.
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Chapter 0: Introduction

0.1 Background

The second law of thermodynamics formulated the relation between dissipation
and irreversibility of a statistical mechanical system. With development of the
research in non-equilibrium statistical mechanics, fluctuation theorems [1] [2] and
stochastic thermodynamics [3] provide more thorough and complete understanding
of dissipation and irreversibility of a statistical mechanical system. Among the
fluctuation theorems, the core is to compute the irreversibility between a trajectory
of the forward process of a statistical mechanical system and the time-reversed
trajectory of the backward process of the system. This irreversibility is measured
by the relative entropy defined in the path space of the random process associated
to the system. The irreversibility is also described as the entropy production in
statistical mechanics. From the view of stochastic thermodynamics, by defining the
heat released by the system, work done on the system with Stratonovich integral,
the first and second law of thermodynamics are proved and quantitively analyzed.
These two methodologies - fluctuation theorem and stochastic thermodynamics can

only be proved to be consistent with each other in some special cases [4].



0.2 Motivation

Geometric analysis appeared in the study of thermodynamics long ago (as
Carathéodory principle for second law [5]). Later researchers sought to connect
stochastic control and filtering to thermodynamics [6] [7] [8]. Specifically in [6], a
thermodynamic system consisting of a controllable capacitor and a Nyquist-Johnson
resistor [9] [10] in contact with two heat baths serves as a model of a heat engine. For
a thermodynamic system, a protocol is a path in the space of its system parameter.
In [6] the maximum efficiency protocol is quasi-static (Carnot cycle) and hence
dissipation is not included. In this dissertation, we seek finite-time protocols of
maximum efficiency, accounting for dissipation arising from the non-equilibrium
setting. This requires explicit (approximate) expressions for dissipation.

Much more recently, in the work [11], the concept of an inverse diffusion tensor
was first proposed. In the near-equilibrium regime, with linear response analysis [12]
, this inverse diffusion tensor can describe the dissipation along a protocol in the
space of system parameter. In the paper [13], the inverse diffusion tensor of a
stochastic oscillator is computed as an example. The work of this thesis is motivated
by these two papers [6] and [13] coming from different research fields — one from
control theory and the other from statistical mechanics. In this thesis, there are two
heat engine models: one is the stochastic oscillator and the other is the resistor-
capacitor circuit. By computing the inverse diffusion tensor of each heat engine, we
investigate optimal control of the heat engines.

In either the stochastic oscillator or the resistor-capacitor circuit, the inverse



diffusion tensor in the space of system parameter induces a Riemannian manifold
structure. By considering the extracted work of a heat engine, the space of the
system parameter is enlarged into a new manifold. We would like to investigate the

existence of a sub-Riemannian manifold structure in this enlarged manifold.

0.2.1 Introduction to sub-Riemannian geometry

The knowledge of sub-Riemmanian geometry is extensively explored in the

work [14]. Here, we just introduce the elementary concepts on it.

Definition 0.2.1. A sub-Riemannian geometry on a manifold N consists of a dis-
tribution, which is to say a vector subbundle A C T'N of the tangent bundle of N,
together with a fiber inner-product (-, -) on this subbundle.

We call A the horizontal distribution. An object such as a vector field or a

curve on N is called horizontal if it is tangent to A.

Given a collection {X,} of vector fields, form its Lie hull, the collection of all
vector fields { X, [Xp, X¢|, [Xa, [Xp, XcJ], ...} generated by Lie brackets of the X,.
The collection {X,} is bracket generating if this Lie hull spans the whole tangent

bundle.

Definition 0.2.2. A distribution A C TN is called bracket generating if any local

horizontal frame {X,} for the distribution is bracket generating (over this domain).

Theorem 0.2.3 (Chow-Rashevski theorem). If a distribution A C TN is bracket
generating then the set of points that can be connected to ¢ € N by a horizontal path
is the connected component of N containing q.

3



If N is a manifold with a bracket-generating distribution then any point g of
N is contained in a neighborhood U, such that every ¢ € U can be connected to
q. With this A—connectivity and the fiber inner product, we can say there is a

sub-Riemannian manifold structure in the enlarged space.

0.2.2 Pontryagin’s maximum principle

On the sub-Riemannian manifolds associated to our heat engines, we would
like to solve associated optimal control problem by appeal to Pontryagin’s maximum
principle. In this subsection, we state the Pontryagin’s maximum principle for fixed-
endpoint control problem. For more details on Pontryagin’s maximum principle and
its application to different types of problems, refer to [15], and reference therein.

Control systems take the form (following [15])
T = f(z,u), z(ty) = o (0.1)

where x € R" is the state, u € R™ is the control, t € R is time, t is the initial time
and xg is the initial state. Both x and u are functions of time. We will consider the

problem of minimizing a cost functional of the form

ty
J(u)E/ L(z(t),u(t))dt (0.2)
where t; and x(t;) are the final time and state, L : R x R” x R™ — R is the
Lagrangian. Pontryagin’s maximum principle for above control system to minimize

the cost functional (0.2) is:

Theorem 0.2.4 (Maximum principle for fixed-endpoint problem). Let u* : [to, ] —
R™ be an optimal control and let x* : [to, ts] — R" be the corresponding optimal state

4



trajectory. Then there exists a function p* : [to, tf] — R™ and a constant p* satisfying

(ps, p*(t)) # (0,0) for all t € [to,tf] and having the following properties:
1. =¥ and p* satisfy the canonical equations
i = Hy(o", a5, ), (0.3)
yr=—Hy(x" u", p", pg)

with the boundary conditions x*(ty) = xo and x*(ty) = x1, where the Hamilto-

nian H : R" x R™ x R" x R — R is defined as
H(z,u,p,po) = (p, f(x,u)) + poL(z, u) (0.4)
where (-, -) in above definition is the Fuclidean inner product.

2. For each fized t, the function uw — H(z*(t),u,p*(t),ps) has a global maximum

at u = u*(t), i.e., the inequality
H("(t),u"(t),p"(t), p5) > H(x"(t),u, p*(t), py) (0.5)
holds for all t € [ty,ts] and all u € R™.
3.Vt € [to, ty], H(x*(t),u*(t),p*(t),p}) is a constant.

4. When the extremum satisfies p§ # 0, then we can take it to be equal to —1 and

this is the case of normality.

0.3 Main results

In Chapter 1, we first discuss the inverse diffusion tensor of the stochastic oscil-
lator from the point of view of system theory. Moreover, in the case of the resistor-

bt



capacitor circuit, by introducing the ideas of fluctuation theorem and stochastic
thermodynamics, we extend the concept of inverse diffusion tensor to have it de-
scribe the dissipation of the resistor-capacitor circuit appropriately. We also show
the consistency between fluctuation theorem and stochastic thermodynamics in the
circuit model.

In Chapter 2, with the inverse diffusion tensors from Chapter 1, we reveal the
underlying sub-Riemannian geometry structures of the heat engines. As a conse-
quence, in Chapter 3, in both engines, we show the equivalence between finding max-
imum efficiency working loops and the associated optimal control problems, which
are analytically solved by appeal to the maximum principle. The same methodology
is shown to recover the explicit solution to the isoperimetric problem in Poincaré
upper half plane in Chapter 4. In Chapter 5, following the results of Chapter 3, we
design maximum efficiency working loops numerically and the associated efficiencies

are computed.



Chapter 1: Inverse Diffusion Tensor of A Statistical Mechanical Sys-

tem

A heat engine is a cyclically operated statistical mechanical system which
converts heat supply from a heat bath into mechanical work. As it is operated
in finite time, this non-equilibrium statistical mechanical system is a dissipative
system. In this thesis, our research focuses on two heat engines: one is a stochastic
oscillator in contact with a heat bath and the other is a capacitor connected to a
Nyquist-Johnson resistor [9] [10] which is a stochastically-driven resistor-capacitor

circuit.

1.1 A Hamiltonian system in contact with a heat bath

In this section, we will introduce a stochastic oscillator in contact with a heat
bath, as an example of a Hamiltonian system in contact with a heat bath.
A stochastic oscillator with position & and momentum &; is driven by Brow-

nian motion,



déy = —C%dt — k&ydt + \/%dB(t) (1.1)

where B(t) is standard Brownian motion, such that
(dB(t)) =0 (dB(t)dB(t')) =d(t — ¢')dt' (1.2)

We let € = (£1, &) denote the state of the oscillator. Angled brackets indicate sta-
tistical average of Brownian motion and 4 is Dirac delta function. ( is the Cartesian
friction coefficient and m is the mass of the oscillator. These are two constants.
At time t, 3(t) = (kgT(t))~! is the inverse temperature of the heat bath in natural
units with Boltzmann constant kg and k(t) is the stiffness of the potential well. The
pair A = (B, k) is the system parameter.

The stochastic oscillator in contact with a heat bath is an example of a Hamil-

tonian system in contact with a heat bath,

dé = (J — G)%ﬁ’k)dt + \/%Gmdw(t) (1.3)

In (1.3), € is the d—dimensional state variable and w(t) denotes an R%valued stan-
dard Wiener-process while J is a skew-symmetric matrix (J = —JT7) and G is a

d—dimensional positive-semidefinite matrix, such that

0 0
G = (1.4)
0 G
where G is a symmetric positive-definite matrix (G = G1GT) and the dimension of

G is less than or equal to d. In the case that the dimension of G is less than d, G/2

8



is . In the stochastic oscillator, d = 2 and
0 Gy
0 1 0 0
J = , G = (1.5)
-1 0 01

As a dissipative dynamical system [16], we consider the unitless term S = SH
as the storage function, where H is the Hamiltonian of the system which is a function
of the state ¢ and the system parameter \. Correspondingly, the vector A is the

_ 08

input, X = 5 is the output and w = M X is the supply rate. For a statistical

mechanical system, its state probability density at equilibrium

pega(§) o e (1.6)

when the system is held at fixed control parameter A. For us, dissipativeness has
to do with the transition of a system which has been disturbed from equilibrium
to a new equilibrium. When X is changed to a new value, the oscillator undergoes
a transition to a new equilibrium probability distribution. In general this process
results in dissipation of energy.

We define the average dissipation rate (in the spirit of [16]) d = (w) — 4 () g
where () is the average evaluated with non-equilibrium distribution and (), , is the
average evaluated with the equilibrium distribution of the statistical mechanical

system with system parameter fixed at the value of X\. For the stochastic oscillator,

its Hamiltonian H (&, \) = % + %ﬁf Given that S(t,€) € C*([0,00) x R?), by Ito’s



formula [17],

s = ﬁdt + (ﬁ) g, + (E) d&s

ot 061 08,
]
928 928
] Uk 0 0
T B dt (1.7)
2 s oS 2 2
0€20¢1 0€2 B B

= (H(g, NS+ 51&:5;% L M?) dt + —de(t)
2 m m m

2 2
By the equipartition theorem [18], such that <k§> = <2%> = %
eq,\ eq,\

d : 3k

I (18)
Thus,

d= AT <X - <X>W> = \T(AX) (1.9)

where the vector AX = X — (X)

eq,\"

The average dissipation rate defined above is closely related to the energy dis-

sipation rate in non-equilibrium statistical mechanics. For the stochastic oscillator,

the equilibrium distribution is Boltzmann distribution, pe,A(§) = %SN, where
Z(\) = [ e PHENGE is the partition function. Moreover,
Jln Peg,\
- ——= =AX 1.10
20 (1.10)
The thermodynamical entropy associated to p is
H@wamB/mommo% (1.11)

The internal energy U of the system is the average value of the total energy H (&, \)

(it is denoted below as U, when it is evaluated with non-equilibrium distribution).

10



Free energy

F=U-TH (1.12)

is the portion of internal energy which could be converted to mechanical work or

dissipated into surrounding environment. At equilibrium,
Fo,=—kgTInZ(\) (1.13)

For a non-equilibrium distribution pye,» with a time-dependent protocol A(t),
its divergence from the equilibrium distribution with the same control parameter is

measured by relative entropy D(pnegallfPegr) = [ PregrIn (p"e—‘”) dé¢

Peg,\

D(pnqu\Hpeq,)\) = /pneq,A I ppegad€ — /pneq,A In peg 2d€

Lo | e "
= — 7 Preg,\ _/pneq,)\ D=y
ks Z(\) (1.14)
1
= —k—H(pneq,)\) + BUTLGII - BFeq
B

= ﬁ(Fneq - Feq)

As relative entropy is non-negative, in relaxing from non-equilibrium to equi-
librium under the Fokker-Planck dynamics, the statistical mechanical system dumps
(part of) its free energy to surroundings. In this case of the stochastic oscillator,
the energy dissipation refers to the (unitless) loss of free energy. Thus, the time

derivative of relative entropy is the energy dissipation rate of the system.

11



d 0 ne neq,
D g llpegn) = [ 2Poea ln(” “)dg

dt at Peg,\
1 Opnegpr  0Inpegn
. A _ A1) g 1.15
i / Preg.A (pneq,)\ at 8t g ( )

apneq A (pneq )\) \T
= "~ In = dE+ N (AX

On the right hand side of above equality, the first term in the case of stochastic

oscillator [19] can be simplified as

o o G ()
- = e m a0 | €2 Pne
5 Preq 852 Fneq

and the second term is the average dissipation rate d. Therefore, d is an upper

<0 (1.16)

bound of the entropy dissipation rate.

1.2 A port-Hamiltonian system in contact with a heat bath

A capacitor with voltage v is con-

nected with a Nyquist-Johnson resistor

= ¢(t) @*)\/%dﬁ’(t)

[9] [10] (as shown in Figure 1.1), based

¢ AA~A — ¢
Q

on the charge conservation principle in

Figure 1.1: RC circuit
the circuit,

d(cv) = —gvdt + \/%dB(t) (1.17)

_ c+g 1 2_g
dv = ( . )vdt+c\/;d3(t) (1.18)

In this heat engine model, g is the electrical conductance of the Nyquist-Johnson

As a consequence,

resistor, which is a constant. ((t) and B(t) carry the same meaning as in the

12



stochastic oscillator model. ¢ is the capacitance of the capacitor and A\ = (¢, 3) is
the system parameter of this heat engine.
The capacitor-resistor system can be generalized as a port-Hamiltonian system

[20] in contact with a heat bath,

dé = (J — G)%ﬁ’k)dt + h(&, Nudt + \/%Gmdw(t) (1.19)

n (1.19), &, w(t), and matrices J, G, G'/? have the same meaning as in (1.3). For
the resistor-capacitor circuit with A = (¢, ),

E=v,J=0G=2 H, A)_; hv,)) = —= (1.20)

Given the unitless function of the system BH (&, \) € C?(R? x [0,00)), where H is
the Hamiltonian of the system and usually it is the total energy of the system, by

Ito’s rule [17]

0BH IBH\T 1 2
dBH = %dt (g—g) d¢ + itr (Hessian(ﬁH) (BG)) dt

- %—H ' %_H ' 0_H 2 /2
_< . ) )\dt+< 5 ) ((J )% dt+hudt+\/;G dwt) (1.21)
+ %tr (Hessian(ﬁH) (%G)) dt
As (BH) is the average value of BH and J = —JT,
d _/(0BHNT 0BH OH OBH\T
i om= () =5 ) %)= ((5) )
+ %tr <Hessian(5H) <%G))

T
u is referred to as the linear input and y = (ag_g) h (h € R™>™) is the linear

(1.22)

output. The term -yu is the power extracted by an external agent who applies the
linear input. Part of this extracted power will convert to the internal energy of

13



the system and the other part will be the extracted mechanical power. Move the

extracted power term to the right-hand side of the above equality,
d OBH\T OBHN\T\ . OBH\" OH
o (52 )= () )12 2
dt o€ O\ 0& 0& (1.23)
1 . 2
+ 51:1" (Hess1an(ﬁH) (BG)>

Assuming that S is the storage function of the system, A is the nonlinear input

TaS

and g is the nonlinear output. w = A is nonlinear supply rate. The difference

_ <(8§—§H)T G%—?> + 1tr (Hessian(ﬁH) (%G)) is the average heat transfer between

the system and the heat bath.
In the case of the resistor-capacitor circuit, at time ¢ > 0, we define the storage

function of the system S = SH (v, \) — ft fwléi(m)h(v, A)uds, which is a sum of the

unitless internal energy and the accumulation of the unitless power extracted by an

external agent from time 0 to time ¢, with the assumption f(f <85%¢h(v Au >| <

0o. The nonlinear supply rate is w = AT (85%7&?”)‘)) The average dissipation rate

d = (w) — £ (S),,r Given that S(t,v) € C*([0,00) x R), by Ito’s formula [17],

dt

s 9S  10°S 2g

= 37 a5 CYCREI) 1.24
ds 5 dt + 5 dv + 352 ﬁc2dt (1.24)
0ﬁ 2 9
=\ o dt — Sgvdt + \/2gPBvdB(t) Edt (1.25)
v2 _ 1
By equipartition theorem [18], <7>eq’)\ = 25+
d . /OBH
il _ T (22t
77 (Fegn = A < o) >6qA (1.26)
Thus, given X = gi = ag){{’
d= AT <X - (X)em> — AT(AX) (1.27)



where AX = X — (X)), ;.

For the non-equilibrium distribution p,, of the resistor-capacitor system
associated with a time-dependent protocol A(t), as discussed in the case of the
stochastic oscillator, the relative entropy D(pneq.allpeq.r) describes the dissipation of
the system into its surrounding environment, through the loss of free energy. In the

. . . _ Be?
case of the resistor-capacitor circuit, as pe,a(v) xe™ 2,

J OPneg Preg\
LD (pueaallpean) = [ LLrcaryy (Prear)
7 (PregllPegn) ot N ( Peg,\ ’

1 Oppegr  OInpega
. L A g
* / Pea <pnem ot ot v

apneq A (pneq )\) N
= = In =) dv+ AT (AX
ot Peg,\ < >

0 ¢ Preg,\
_ I 1 9,
/(921 (CUPnqu\) " ( Peq,A ) o
0 g 1 82 2g Preg,\
+/ <% (E,Upneq’)\> + 5% <@pneq,)\>> In <—peq7>\ dv

+ AT (AX)

(1.28)

The first term on the right of the last equality

g (¢ Preg ¢ ¢ 9
/% (Evpneq»\) In (pe—%}\) dv = E E < ﬁC'U > (129)

= <h(v,)\)8§UEu> - <h(v,)\)8§UEu> .

Based on the calculation in [19] (Chapter 2, page 7), the second term on the right

of the last equality

d (g 1 o 29 Preg.\
a  \ ne ~aAa 9 ne 1 d -
[ (G Cronas) + 53 (5lpeas) ) (e ) (1.30)
C2 ( 8n6 A 2 1 .
- Becvppegr + %) dv <0
Bg P 7507 ) e



Thus, (1.28) shows

ATUAX) > 2 D(pragallpeg) + (— <h<v= N “> ! <h(”’ NG “>>

(1.31)

By viewing — (h(v, )\)‘r)g—vH@ as the power extracted by an external agent, the dif-
ference between its non-equilibrium average and the quasi-static one is the extra
extracted power due to the finite-time protocols. The average dissipation rate is
an upper-bound approximation of the entropy production of a finite-time protocol
which comprises of two sources: one is the dissipation due to the free energy dif-

ference at the end of a protocol and the other is the extra power extracted by the

external agent along the protocol.

1.3 Linear response theory and inverse diffusion tensor

In both heat engine models, the average dissipation rate is d = A (AX). To
analyze the average dissipation rate d, it is crucial to compute an expression for
(AX). Assuming that X is varied smoothly and the statistical mechanical system
is always near its equilibrium, linear response theory is the standard framework
for understanding (AX) [12]. The analysis in this section is mainly stated in [19]
and [11] and it is presented here with greater detail. The key idea of this analysis is
to use a discrete-time protocol to approximate the continuously time-varying one.

Assuming our statistical mechanical system is at equilibrium at time t = 0,
with control parameter ), it is operated with a protocol A\(t), where A(0) = X\g. At

time 0, the system is perturbed by )\(O) This process is approximated as follow
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where linear response theory is applicable.

The statistical mechanical system reaches equilibrium from time —oo to time
t = 0 with control parameter Ao+ (Ao — A(t1)) (later we denote Ao —A(t1) as ANX). At
time ¢ = 0, A\ vanishes and at time ¢; (t; > 0), the system is under investigation

with the control parameter \q as the reference value. To have this approximation

Ao—(No+(Ao—A(t1))) _ >\(O) )

process meaningful for our real process, let lim i

t1—0

In the approximation process, from time -oco to time t = 0, the system arrives

at an equilibrium distribution with control parameter \g + AX. So, the equilib-

e BH(EA+AN)

rium probability distribution at time t = 0 1S pegr,+ar(§) = “Zooran and the
equilibrium distribution with control parameter Ao is pega,(§) = %. By the
linearization of S H,
Pegroran(§) e PHR0TAND 7 ()
Peara(€)  Z(Ao+ AN) ePHG0E (1.32)
~ (1= XTAN+ O(AN))(1 + (XT)eqr AN+ O(AN?))
Following static linear response theory,
Pegro+AA R Pegro = PegroDXTAN. (1.33)

At time t1, (AX) = [p(&§,t1)AXdE = [ pegrorar(&o) [ AXp(E, t1|€0, Mo +

AN)dEdEy. Denote AX(t1) = [AXp(E,t1|€o, Ao + AX)dE and use the result in

(1.33),

<AX> = /\peq)\o_i_A)\(é-O)AX(tl)dfo ~ — <AX(t1)AXT>eq7)\O WADY (134)

17



On the other hand, based on dynamic linear (step) response theory, at t; > 0,
(AX) ~ ffloo X(t1—=t")(A(t")=A(t1))dt’. From time —oo to time 0, A(f)—A(t1) = AN

Do change of variable s = t; — ¢’ and ds = —dt’.

(AX) ~ /OO \(s)ds - AN (1.35)

t1

where x is the linear response kernel. Compare the results from both static linear
response theory (1.34) and dynamic linear response theory (1.35), f:o X(s)ds =

—(AX(t1)AXT) Assuming that (AX(s)AXT) is differentiable against s and

eq, o’

lim (AX(s)AXT) =0,

S§—00

1) = L (ax(s)axT)

- (1.36)

€q,Ao

Look into the integral (AX(s)AXT), carefully.

AXEAXT,,, = [ ([ AXODE 10006 ) pan(&)AX (G0 (130

As A\ — 0,

AX(E)AXT),, = [ [AX©AX e 56 0dede (139)

where p(&, s;&p,0) is the joint probability density of £ and &.

Let us apply dynamic linear response theory to the real process with the
approximated linear response kernel (1.36). Assuming that S1i_)1rro1o (AX(s)AXT) =0,
use change of variable s = t; — t' and integrate-by-parts in the integral of dynamic

linear response.

18



(AX) ~ /tl Xt =) - (A() = At))dt

—00

_ /OO X(5) - (At — ) — A(t))ds
0 (1.39)

_ /0 N % (AX(AXT), - (A — 5) = A1)

_ /0 T(AX(S)AXT), A — s)ds
In our heat engines, there are two time scales: one is fast time scale of fluctuations
of the statistical mechanical systems and the other is slow time scale of the system
parameter. The system parameter varies slowly to have the system operating near

its corresponding equilibrium.
Theorem 1.3.1. For the heat engines, we have following assumption:

1. At time s, every element in the covariance matriz (AX(s)AXT) is upper-
bounded with an exponential decaying term Be™*/", where B and T are positive

constants.

2. The protocol is a function which is slowly varying with time as A(et), where
e < 1. Thus, \ = €Nl and A= e2N"| ;. We assume that there existsr > 0 and
Ky > 0, such that for Vs € [0,77], | Me(ti—s))—A(et1)]|oo < €K, ande™ < .
Also, there exists Ky > 0, such that Vs € [0,00), || A(e(t1—s))—A(et1)] oo < €K,

where || || Stands for supremum norm, applied to vector A.

Then, up to order O(€%), we have an inverse diffusion tensor to approzimate the

average dissipation rate d.
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Proof.
(AX) — / T(AX()AXT, s M) =
/ h (AX(5)AXT), - Aty — s)ds — / h (AX(s)AXT), \ ds- A(ty) =

/0 h (AX(s)AXT), . - (A(tl 5 - A(tl)) ds

(1.40)
Thus,

183) = [T AXEAXT), s At <

/ T AX(s)AXT),, . (At = ) = A(t1)) lloeds
o (1.41)

= [ HAX @A, - (3= 5) = (0)) s

+ / T HAX (AKX, - (Mt — ) = A1) s

T

By calculation, if n is the dimension of A,

[ HOXE8X7,, - (At 9 = M) s < “PEEEED o

(1.42)
Thus, up to order O(€?), at time t,, (AX) is approximated by [;* (AX (s)AXT),  ds-
A(t1). Moreover, because of smoothness of A(t), tlirrloj\(tl) = \(0)

1—
(AX) ~ / (AX(5)AXT), . ds- \(0) (1.43)
0
. dAT dA
=\ AX) ~ |— Mol | — 1.44
d=soan ~ |G| ol |G (144
with the inverse diffusion tensor
gy = / (AX(5)AX,) egods (1.45)
0
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O

Let us return to the case of the stochastic oscillator. Based on the calculation
in [13], in the space of control parameter A\ = (f3, k), its inverse diffusion tensor
has constant negative sectional curvature —(/m. The ranges of k and § are both
positive. By a theorem from Riemannian Geometry [21], there is an isometric map-
ping between this constant negative-curvature submanifold and a submanifold of

Poincaré upper half plane.

1 _1\/%
T YTV e

-2 -2
g="r*Y (1.46)

y2

The dissipation rate in the unit (kg7 /sec) in space (x,y) is

C .
- d i + g2 A
d:B: ( . =i g (1.47)
0 <) \y
£ 0
This positive-definite tensor | can be viewed as a metric tensor in the space of
0 ¢

(x,y). The geometric energy of a curve in (x,y) space has the statistical mechanical
meaning of the energy dissipation following a protocol.

In the case of the resistor-capacitor circuit, A = (¢, B)T, the associated conju-

gate force is X = 6%5 02”2 = (67”2, %)T As a slow-perturbed process, the circuit has

an approximate dynamics
g L /2
dv = —Zodt + = dB(t 1.48
v vdt+ - 5 () (1.48)
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The associated solution v is in a form of v, + v,, where v, is the homogeneous
part, which depends only on the initial condition v(0) and is independent of the
Brownian motion. The non-homogeneous part v, has vanishing initial conditions
but depends linearly on the stochastic driven force. For the stochastic driven force
dB(t), it is easy to show that the non-homogeneous part v, does not contribute to

the equilibrium time correlation function (§X;(0)6X;(t)) [19]. As vn(t') = e¥v(0)

(00*(0)d0* (1)), = (V*(E)0*(0)),, \ = (W ()1 (V7 (0)), 5

(1.49)
2y 2
= e ((40)),,,, — ()7,
Because of equipartition theorem [18], (v*(0)),, , = 3; and (v*(0)),,\ = -
29 1
(0v*(0)30*(t)),, , = 2¢7 <" P (1.50)

o0 29 41 1 1
Q¢ ! dt’ =
/0 ¢ B B*cg

Thus, the inverse diffusion tensor of the resistor-capacitor circuit is

d:<é 5‘) g 4P C (1.51)

1 c
w 775) \P
The associated tensor is only positive-semidefinite. It will not describe the entropy
production of the finite-time protocols properly and other dissipation source needs

to be considered for this system.

Remark 1.3.2. In our example of the stochastic oscillator, note that the average
dissipation rate d has a positive-definite inverse diffusion tensor. Indeed, it is a

dissipative dynamic system in the spirit of [16].
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1.4 Inverse diffusion tensor of the resistor-capacitor system

Based on the discussion about the inverse diffusion tensor of the resistor-
capacitor system, it is seen that besides the dissipation from the free energy differ-
ence at the end of a protocol and the extra power done on an external agent, another
dissipation source along the protocol needs to be considered. In non-equilibrium sta-
tistical mechanics, there are two methodologies to investigate this dissipation source:
one is stochastic thermodynamics 3| and the other is fluctuation theorem [1] [2]. We
will apply these two methodologies to the resistor-capacitor system in parallel. It
will be shown that these two methodologies are consistent with each other in this

example.

1.4.1 The stochastic thermodynamics

Given the resistor-capacitor system with

_ c+g 1 2_g
dv = ( . )vdt+c\/;dB(t) (1.52)

By change of variable v = ¢\/Bv,

do = — (—% + %) vdt + /2gdB(t) (1.53)

We have a new system dynamics with a constant diffusion coefficient. Based on the

stochastic thermodynamics theory, we use the notation

do = —gFdt 4+ /29dB(t) (1.54)
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where the systematic force F = (—% + %) 0. As 602”2 = % is the unitless (stored)

is the conservative force and f = —%v

potential energy of the capacitor, %” = %

is the non-conservative force.

We define the heat released by the system from time 0 to time ¢ is

5@5—/0tfﬁoth:—/0tfﬁo(—%me%)dt (1.55)

where o stands for Stratonovich integral. The work done on the system is defined

0 .
(5W:/0 <§%—fov)dt (1.56)

Based on these two definition, the first law of thermodynamics is satisfied with the

as

unitless potential energy of the capamtor by

SW — 50 = / <C> 2Z<tf) ?272(()) (1.57)

C

Based on the equation (1.53), we introduce several vector fields:

b= — (—% + %) 7 (1.58)

b= [P 95 9,2

b= (254—0)@ 298~1np(v,t)
LA - A PR

wy = = (254—0)@ ga~lnp(v,t)
b—b 0 .

w2 =5 =95 In p(0, 1)

where p(0,t) is the probability density of ¢ at time ¢. (With an abuse of the notation,
let ¥ also denote the value of the random variable 0. ) The expectation of the

released heat is

Qz<5@>:</gtf—éo<—%+i> @dt>:§</0tff)obdt> (1.59)



By switching from Stratonovich integral to Ito’s integral,

1 tfbcr abd 1.60
Q=g ([ v +agge) o
ty
:1</ <b2+gab)dt>
g 0 v

As b= wy+ws, { [y 8t} = { [o7 (wn +wn) dt). Also,

</0 —bdt> /tf /+OO (—b) o, 1) didt (1.61)
_ /0 tf /_ :O ap (6, £)db(5)dt
= [ (swon@nz = [ apio) (goto)) o))

Assuming that when |0| — 0, p(9,t) converges to zero fast enough, such that

g9p(,4)b(0)| 73 = 0 and

</otf %bdt> </Otf aa~ (@, 1t)dt> </Otf(w1 +w2)w2dt> (1.62)

Thus, by combining (1.60) and (1.61), the average released heat

1

Q= p </0tf (w1 +ws)* = (wy + wy) wy) dt> (1.63)

([ )3 [ s

Next, we would like to discuss the physical meaning of the term % < fot ! wlwgdt>.

Given the stochastic process,

dv = bdt + \/2gdB(t) (1.64)
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its Fokker-Planck equation is

—(0.1) (1.65)

On the other hand, as the information-theoretical entropy (with an abuse of the

notation H) H(p(v,t)) = — fj;o p(0,t) In p(0,t)dv is a function of time ¢,

0 o [t N
EH = —a/ p(0,t) In p(0,t)dv

S o 2,o(@,t) lnp(f},t)—l—gp(f},t) dv
[ (Girto) ot

Due to the conservation of the integral of probability density, [ oo %p(f], t)do = 0.

—00

(1.66)

Based on the Fokker-Planck equation,

%H S /_ :O (%p(ﬁ,t)) In (7, )do (1.67)

+oo a
_ / G (p(®, tywr) In p(5, £)do
oo 0D
“+oo

= p(0, t)wy In p(v,t)|T2 — / p(v, t)w1§ In p(0,t)dv
o v

Assuming that when |9] — oo, p(0,t)w; In p(,t)|72 =0,

%H _ /_ : L (5, ywrwndis = —é ((wrws)) (1.68)
L[, 1 [
Q= 5/0 (wi)dt + ;/0 ((wywe)) dt (1.69)

_ ;/Of<wf>dt—?-[(tf)+?-[(0)
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Therefore,
Q+ H(ty) — / (wi) dt (1.70)

The total entropy produced from time 0 to time ¢ is f

( )

u;>dt and the entropy

. Taking expectation on both sides of (1.57),

o) -@= (S ) - (20) (1.71)

Replacing @ with (1.70),

production rate is

(SW) = <S—Z(tf)> — <S—Z(O)> H(tr) +H(O / (w?) dt (1.72)

o)) (o) e

2

At time ¢, the unitless free energy F(t) = <<%) (t)> — H(t). We have the unitless

version of the second law of thermodynamics,
(OW) > F(ty) — F(0) (1.73)

To estimate the entropy production rate in the near-equilibrium scenario, where

we can estimate the non-equilibrium distribution with the equilibrium distribution,

such that p(0,t) o exp (—2222 ) and qu = @2)@@ =6

. 2 .
o 2
(0 (—)—)> i o
eq,\

1.4.2 The fluctuation theorem

In parallel with the stochastic thermodynamics analysis, we can analyze the
non-equilibrium behavior of the resistor-capacitor system with the fluctuation theo-
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rem [1] [2]. In fluctuation theorem analysis, we would like to discuss the irreversibil-
ity of the statistical mechanical process by comparing the trajectories of the forward
process with their time-reversed trajectories of a backward process.

Given the forward process from time 0 to time ¢, dv = (C+g) vdt—l— 2ngB(iE),
we have the backward process: dv* = —lv)(v*)dtjtc% %dB(t), where ¢*(t) = c(ty—t),

B*(t) = Bt — ) and

b(v*,t) = — <g ;C) Ve () — *22—%( )aa* In p(v*, ) (1.75)
= _ (9 ﬂCL é) (tr — t)v*(t) — 52;(]2 (t — t)ai In p(v*, t)

The Fokker-Planck equation associated to the forward process is

Sty =2 (- (S22 wtpten)) + L0 g (170

From time 0 to time ¢y, with the initial distribution p(v,0), we have he solution of

the Fokker-Planck equation p(v,t). By replacing ¢ with ¢; —t in p(v, t),

(9
2

o <c+g) (t; — t)a% (vp(v, ty —t)) — %(tf - t)%p(v,tf — 1)

(1.77)

By replacing v and p(v,t; —t) by v* and p(v*, t), above is exactly the Fokker-Planck

equation of backward process:

20 = o (B 000 ) + ) 1) (17
= () 1= 1 070000 = s = 0503000
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Thus, following the backward process with initial distribution p(v*,0) = p(v,t),

vVt € [0,ts] and VV € R,
o0 = V,t) = plu=Vit; 1) (1.79)

With the initial condition p(v* = V.t = 0) = p(v = V,t" = t;), it is known
that for any ¢, t” € [0,tf] satisfying t; —t' = t", p(v* = V,t') = p(v = V,t"). By
observing the probabilities of v* and v, it is impossible to distinguish between a
result of the forward process from time 0 to time t” and a result of the backward

process from time 0 to time t’, such that t; — ¢’ =¢".

Theorem 1.4.1. With the change of variable © = c\/Bv, the backward process v*

will produce the backward process v*.
Proof. Given v* = c¢*+/f*v*,

L B
dv* = /B0 dt + ¢ | —= | v*dt + "/ Brdv*
vrrare () vave,

_< S+ 2@ o*dt
0r 9 . (1.80)
(9~ ¢ x g
+ ¢/ B* (( = )v dt + el on —Inp(v”, t)dt+ —1/ ﬁ*dB( ))
[ B g . 29 0
—( 2ﬁ+ )(tf t)o dt+\/3(tf t)a In p(v*,t) + \/29dB(t)
As o = Grege = VB 5 (0%,1) = p(v*. 1) |55 ] = \ﬁp(v t),
d~* _ B g ~ %k a ~ %k
"=\t (ty = )" dt + 25— Inp(i, 1) + V/2¢dB(t) (1.81)
It is the backward process of . O

The core of fluctuation theorem is to measure the irreversibility between the
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trajectories of the forward process and their time-reversed trajectories of the back-

ward process by relative entropy:

Definition 1.4.2. If dP(v(t),t € [0,t5]), dP(v*(t),t € [0,t¢]), dP(0(t),t € [0,tf])
and dP(0*,t € [0,ts]) are the probability measures of trajectories v, v*, ¥ and v*
from time 0 to time ty and v* and 0 are the time-reversed trajectories of v and v,
the relative entropy in path space between the trajectories (v) of the forward process
and their time-reversed trajectories (v*) of the backward process

D(dP(v(t), t € [0,t;])]|dP(v(£),t € [0,2])) =

/ln dP(v(t),t € [0,tf])
dP(v*(t),t € [0,ty])

and the relative entropy between the trajectories (V) of the forward process and their

(1.82)

dP(v(t),t € [0,%y])

time-reversed trajectories (0V*) of the backward process

D(dP(o(t),t € [0, ¢,])[|dP(@*(t),t € [0,2/]))

_ /m dP(o(t),t € [0,t4])
= dP(v*(t),t € [0,t/])

In the following theorem, we would like to prove that under the change of

(1.83)

dP(o(t),t € [0,%4])

variables © = ¢y/fv and 0* = ¢*y/F*v*, the relative entropy is invariant.

Theorem 1.4.3. As stated in the above definition, v* and v* are time-reversed
trajectories of v and v. If dP(v(t),t € [0,tf]) and dP(v*(t)) are mutually absolutely
continuous [22] and so are dP(0(t),t € [0,t¢]) and dP(0*(t),t € [0,ts]),

dP(v(t),t € [0,tf]) dP(5(t),t € [0,t4])

1 =1 1.84

AP (), 1€ [0.47]) " dP(E (1), € 0.1) .
Moreover, if above ratio is an Ito integral of v or v from time 0 to time ty,

D (dP(u(t),t € [0, 1;])[|dP(v*(t),t € [0,14])) = (L.55)

D(dP(o(t),t € [0, tf])||dP(v*,t € [0,tf]))
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In other words, the relative entropy is invariant under the change of variables from
(v, v*) to (v, V*).

Proof. Given the time duration T = [0,2¢], n is an positive integer and At = ;—ﬁ,

let T, = {iAt|li = {0,---,2"}} be an increasing sequence of the finite subset of
T, such that T, becomes dense in T as n — oco. Let P, denote the o-algebra
generated by {v(t) : t € T,,} (as v*(t) = v(t; — t), it is also the o-algebra generated
by {v*(t) : t € T,,}). Based on [22],

/dP(t),t € [0,t)])
Ln = <dP(v*(t),t c [o,tff])

Pn> w.r.t. dP(v*(t),t € [0,])

] (1.86)
_ PUeste )
P{v*(t) : t € T,,})
Similarly,
;P te D)) s
P({o*(t) : t € T,,})
As 0 = ¢y/Bv and v* = ¢*/B*v*,
Pt teT}) (Hi:o \/amlt)c(mt)) PRu®) 1€ To}) (1.58)
P{o*(t):t €T, on 1 wla\ . ~
ety <Hi:0 Vﬁ*(iAt)c*(iAt)) PAo(@) -t € 1))
Because c¢*(iAt) = ¢(2"At — iAt) and f*(iAt) = G(2"At — iAt),
H s/ BAY)c(iAL) H 5 /B (iAt) e (iAt) (1.89)
S <{v<>:t67}}> _ P):teT)
TPty iteT,)) Pv(t):teTn})
Moreover, based on [22],
lim L, = dPu(t),t € 0, /) a.s. and in 1-mean (1.90)

oo " dP(v*(t),t € [0,1/])
. dP(o(t),t € [0,4])
nroo dP(0*(t),t € [0,/])

a.s. and in l-mean
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Thus,

dP(v(t),t € [0,t7])  dP(d(t),t € [0,
dP(v*(t),t € [0,t7])  dP(t*(t),t € [0,¢7])
L AP, te[0.t]) | dP(O(1).t € [0,t])
dP(v*(t),t € [0,t/]) dP(5*(t),t € [0, t])

(1.91)

If the ratio is an Ito integral of v or ¥ from time 0 to time ¢, i.e.

dP(v(t),t € [0,4,])
dP( “(t),t € [0, 7))
dP(i(t),t € [0,4,])
dP(°(),t € [0,4,])

In /flde/ a0, )dB(?) (1.92)

In

/flvtdt+/ Fa@,)dB()

As 0(t) = c(t)\/B(t)v(t), plv, t)dv = p(v,t)dv

D (dP((t),t € [0, t,)|dP(v" (1), ¢ € [0,1)])) = <1n jjf (ij)*((tt); tfe[[%’ ttf;]]))> (1.93)

_ /0 "Rt dt + /0 " fal, AB(D)

= D(dP(o(t),t € [0, ¢;])[|dP(0"(t), ¢ € [0,2/]))
U

To compute the relative entropy between the trajectories of the forward process
and the time-reversed trajectories of the backward process, we would like to compare

each of them with a diffusion driven by a Wiener process alone. First, let us compare

dv = bdt + \/2gdB(t), b= — (—% + %) (1.94)
with
dy = \/2gdB(t) (1.95)
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Given the initial value 9(0) = y(0) = ¥, from time 0 to time ¢y, by Girsanov’s

theorem [17], assuming that <exp ( 7 B dt>> < 00,

0 2g
dP(o(t),t € [0,t]|0o) </tf b v )
~ — = exp ——dB(t) — —dt 1.96
aP(y(t) = 50t € 0. 47][) o vt (199
A Vb b
= exp odBl(t dt — —dt)
([ g oame -
Secondly, we would like to compare the backward process
~% 7 7 6 g * a
do* = —bdt+ +/2gdB(t), b = — —% —|— (ty—1)0 dt—2ga—lnp(v t) (1.97)
with a diffusion process

dy* = /29dB(t) (1.98)

Given the initial condition ©*(0) = y*(0) = @y, by Girsanov’s theorem again [17],

assuming that <exp ( Otf g;dt>> 00,

(INJ ( ) t e [ f”'Utf) B ty b B2
=Dt 0t l,) </0 vz @dt) (1.99)

Yo I
= exp — odB(t) + —dt — —dt)
< o vz B

As 0*(t) = 0(ty —t) and due to the reversibility of Wiener process, dP(y*(t) =

dP(y*(t

vr(t),t € [0, t7][on,) = dP(y(t) = 0(t), ¢ € [0, 4] 00),

<ln dP(5(t).t € [0, t]|T0) >:
dP(T*(1),1 € [0, 1/][3,)

</Otf <b2igb> o /Otf Va(b+b) + (zg)—1 (02 — 52)dt>

t; Vi (b+b)+(29) "1 (2 —b?)
0 2

(1.100)

Let us first consider the integral — dt. By Fokker-Planck

equation (1.65), it is known that

2ot =—2 (0 (252)) (1101
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Thus,

(5, 1) (1.102)

The integral is

dt = In p(0, t)dt = 1Inp(v,t) — Inp(v,0)

/tf Vi (b+0) + (29)7" (0° —1?) 0
0 2 0 0

(1.103)

The expectation

<ln dP(5(t).t € [0, t]|T0) >
AP (1), 1 € [0, /][3,)

</otf (%) ’ d6> +(np(,tg)) = (In p(0,0))

(1.104)

Therefore,

D (dP(o(t),t € [0, t])[|dP(@*(1),t € [0,2/])) (1.105)

)
R ()

([ (5)ee- [H5

(w?)

{((+0)?)

i which is the consistent with the result

The entropy production rate =
from the stochastic thermodynamics analysis. In summary, the entropy production

Com-

rate in the regime where the system is operated near its i B
bining this result with the positive-semidefinite inverse diffusion tensor from last

section, we have a new inverse diffusion tensor to express the entropy production
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rate

d:(c- 5‘) feg W C (1.106)

1 c
1w 5) \P

and this new inverse diffusion tensor is positive-definite. Taking it as a metric tensor
in the space of (¢, ), it is seen that the sectional curvature is zero. In other words,
this is a flat parameter surface. Furthermore, the average dissipation rate in the

unit of kgT'/sec is
1 l2 ¢
d= <C- B) dcgh AP (1.107)
18%g ﬁ B

Remark 1.4.4. Given that the new average dissipation rate d is positive, it tells
us that the resistor-capacitor system produces entropy into its surroundings once it
is perturbed from equilibrium by changing the system parameter A = (¢, 3). In the

sense of statistical mechanics, the system is a dissipative system.

1.4.3 Dissipation from different processes

When a system is perturbed from equilibrium with probability density peqa
by a change of system parameter of o\, it will first arrive at a non-equilibrium
probability density pneq.atsx and then it will relax to the new equilibrium associated
to the equilibrium probability density pegator. AS D(pnegrtonllPegrrorn) = BN +
ON) (Fregr+oxr — Fegaton), where B(A + 0A) is the inverse temperature of the heat
bath with system parameter A\ + A, the first dissipation is due to the relaxation
of the system from pjeqatsx tO Pegatsr, Which is described by the inverse diffusion

tensor introduced in the work [11]. The dissipation due to the perturbation from pe,
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t0 Pregr+oa 1S accounted for by stochastic thermodynamics and fluctuation theorem
in parallel. Thus, dissipation comes from two different processes. The entropy
production rate computed by stochastic thermodynamics and fluctuation theorem is
distinct from the entropy production rate computed by the original inverse diffusion
tensor from [11].

Secondly, the entropy production rate due to the change of 8 from fluctuation

4Cgﬁ ;2 . Analogously for the colloidal

theorem (also from stochastic thermodynamics) is

particle dynamics which is the limit of the stochastic oscillator when m — 0, the

¢kp?
157 -

entropy production rate term associated with B is Comparing it with the

entropy production rate from the inverse diffusion tensor of the stochastic oscillator

associated with (2, which is & (

7 o4 i). When £ is a very small number, as we

¢ Tk

k2
482

g

TogE 18 much larger than It is an

shall see in an example in Chapter 5, the term
appropriate approximation to exclude the dissipation from the fluctuation theorem
for the stochastic oscillator case.

Also, it should be pointed out that stochastic thermodynamics is not a method-
ology to compute the dissipation of the system with kinetic energy, and fluctuation
theorem itself is not a methodology to compute the dissipation of the system whose
diffusion coefficient matrix is singular, as Girsanov’s theorem cannot be directly

applied to it.
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Chapter 2: Sub-Riemannian Geometry Structures of the Heat En-

gines

2.1 The extracted work and total heat supply

As a heat engine is a cyclically operated machine which can extract heat from
its heat bath to output mechanical work, it is essential to define the extracted work
of the engine and the total heat supply from heat bath to it for efficiency analysis
of the heat engine. For our stochastic oscillator and the resistor-capacitor circuit,
these quantities will be defined as the basis for later investigation of efficiencies of

these heat engines. For the stochastic oscillator,

g, = %dt (2.1)
dfy = —k&ydt — (%dt + %CdB(t)

Given that its internal energy U, is the average value of H = %ﬁf + %, by Ito’s

rule [17],
02H 02H
H . H H 1 e 0 0
aif = i e,y M,y L[| 8 20 dt
Ok 0€, og, 0 2 o on | |
dEL9E;  9E2T B (2.2)

S &£ & |2 ¢
= St = (ot + \/;dB(t)Jr—dt

m mp
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Taking average on both sides of above equation,

. ke &\, ¢
Uneq— <71>_< m_22>+m—5 (23)

where Uneq is the rate of change of the internal energy, — <%§%> is the extracted
mechanical power of the stochastic oscillator. In consequence, from time 0 to time
ts, the integral fotf — <k—§%> dt is the extracted work of the stochastic oscillator. The
difference between the fluctuation and dissipation mLB — <§ %> = Uneq — <k2ﬁ> is
the heat flux associated with the heat bath. If it is positive, the heat flux is injected

from the heat bath to the engine. If it is negative, the heat flux is flowing from the

heat engine to the heat bath. Thus, the integral of the positive heat flux from time

/Otf (Uneq - <%§%>> 1 {Umq - <%5%> > O}dt (2.4)

is the heat supply from the heat bath to the heat engine. If we approximate the

0 to time

integrands inside these two integrals with equilibrium averages (Ugy = % and
<%§%>eq = %) in the near-equilibrium regime,

tf_ k_g% B tf_i
[ <2>Wﬁ_A o 25)

)

ty L£2 . &2
/ Uqu—<é> 1 Ueq)\—<é> >0 pdt
. ’ 2 : 2
eq,A €q,\
b A i . i
AN Y R
0 52 2Pk 5?20k

Moreover, besides the heat supply from the heat bath to the heat engine, due to
the fact that the engine is operating in finite-time, the heat bath will also provide

the extra energy dissipated into the surroundings by the engine which accompanies
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heat transfer between the engine and the heat bath. The total heat supply from
the heat bath is the sum of the heat supply from the heat bath to the heat engine
and the dissipated energy of the heat engine, which in the near-equilibrium regime,
approximately equals to

sl 5 i 5 . 8
[ <_@—%>1{—@—%>0}+(5 || o eo

k
where g[A] is the inverse diffusion tensor of the stochastic oscillator at A = (8, k).

In the case of the resistor-capacitor system,

dv = — (”Tg) vdt + %\/%dB(t) (2.7)

The total energy of the capacitor is the potential energy stored in the capacitor

H = % By Ito’s rule [17] again,

0 cv? oOH 1 0% cv? 29
dH = ——c¢dt + —d ——— =t
dc 2 ¢ +8v U+28v2 2 2p
cv? 29 g
= ———dt — gv*dt + vy | =dB(t) + =dt
5 guidt +v 5 () + e

C’U2

As the internal energy of the capacitor U,., = <T>v we have the First law of

thermodynamics,
2

Uneq = - <%> + % - <g'U2> (28)

where Uneq is the rate of change of the internal energy, <72> is the extracted me-

chanical power of the capacitor. The integral from time 0 to time ¢

ty C',U2
/ <—> dt (2.9)
0 2
is the extracted work of the capacitor. Similar to the stochastic oscillator case,

& - (gv?) = Upeq + <%> is the heat flux from the heat bath and the engine.
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Similar to the case of the stochastic oscillator, the integral

/Otf (Unq+<%2>> n{Uneq+<%2> >0}dt (2.10)

is the heat supply from the heat bath to the heat engine from time 0 to time ;.
Assuming that the resistor-capacitor circuit is operated near the equilibrium, we

can approximate the integrands in these two integrals with the equilibrium ones

cv? > 1
@ = =), such as
(< 2 [fegrn 28 ) ’

ty C'U2 ty ¢
/0 <7>eq7>\ dt :/0 @dt (211)
/f Ueq,A+<CE> 1 Ueq,A+<CE> >0 pdt =
0 2 eq,\ 2 eq,\
S B
/0 (—2—B2+ﬁ>ﬂ{—2—ﬁ2+ﬁ>0}dt

Taking the dissipation from the heat engine to its surroundings as a portion of the
total heat supply from the heat bath, the total heat supply from the heat bath is, in

the near-equilibrium regime,

tf > . . . : 1 C
[ o ()| ™ |||
1
L

In this section, based on the First law of thermodynamics and Ito’s rule, we have
given definition of the extracted work of the heat engines and the total heat supply
from the heat bathes in both systems. These are basic quantities in the analysis of

the efficiencies of our heat engines.
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2.2 Correction terms for extracted mechanical power of the heat en-

gines

In the previous section, we approximated non-equilibrium averages with equi-
librium averages with the near-equilibrium assumption of both heat engines. How-
ever, there are still differences between the equilibrium averages and the near-
equilibrium averages. The discussion over these differences is inspired by the work
[23]. In this section, we will give the correction term for the extracted mechanical
power of each heat engine.

In the case of the stochastic oscillator, from time —oo to time 0, k and 3 are
fixed. Then the oscillator is at the corresponding thermodynamic equilibrium. The

dynamics of the average of ({1, &2)

d (&) _ 0 o (&1) (2.13)

Ney) Vv =5 L

where () is the average evaluated with non-equilibrium distribution and (), , is the

average evaluated with the equilibrium distribution of the thermodynamic system

0 1
with the system parameter A\. As matrix has negative eigenvalues,
—k =<

((€1), (&2)) converges to the zero vector exponentially. At time 0, we can assume

((61), (€2)) = (0,0). Thus,

S I G -

(G&(1)  (€(1)
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is the covariance matrix of the stochastic oscillator. By Ito’s formula [17],

3(t) = A(t)S(t) + S(t)AT(t) + BBT(t) (2.15)
where
0 1
A(t) = "
—k(t) -
0 0 0
B(t) = BBT(t) =
2¢ 0 2
B(t) B(t)
If at time ¢, the system is at thermodynamic equilibrium, <§%(t)>eq,)\(t) = W,
(€&1(1)&(t)) egry = 0 and <§22(t))eq’)\(t) = 30- The covariance matrix g @) com-
prises these terms and
A(t)Zeq)\(t) + Zeq,)\(t)AT(t) + BBT(t) =0 (2.16)

At time ¢ (t > 0), the system is perturbed by (k, ). At time t+¢€ (0 < e < 1),
Y(t+€) = Begaw) + AX(t, €). Here AX(t, €) is the non-equilibrium correction term

and k(t+¢) = k(t) + ek, B(t+¢€) = B(t) +¢f. The matrix AX(¢, €) is symmetric and

AO’H(T,, 6) AO'12 (t, 6)
AX(t,€) = (2.17)
AO’gl (t, E) AO’QQ (t, 6)

Therefore,

Yit+e)=At+e)X(t+e)+X(t+e)AT(t+¢€)+ BB (t+¢) (2.18)
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(2.20)

0

+ AX(t,e)AT(t) + € + O(€?)
0 X8
B2(t)

e}

If € — 0, equation (2.20) becomes
S (t) = A(t)AX(t,0) + AX(t,0)AT(t) (2.21)

On the other hand,

N(t) = Sega) + 7 AX(t,0) (2.22)

where,

Z:eq,)\ =

iAO'H(t,O) iAO’m(t,O)
%Az(t,()) = @

%A(Tlg(t, 0) %AO’QQ(t, 0)
Based on (2.21) and (2.22)

A()AS(H,0) + AS(t, 0)AT (1) — %Az(t, 0) = Segro (2.23)
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In the form of a linear system,

k(t)lﬁ(t) Aoy (t,0) 0 % 0 Aocy1(t,0)
d d
% 0 = _E AO’lg(t, 0) + —]{Z(t) —% % AO'lg(t, 0)
E0) Ao (t,0) 0 —2k(t) —Z) \ Aon(t,0)
(2.24)
0 % 0
R(t) =1 —k@t) -£ L (2:25)
0 2k() —-=
Its inverse is
Ltk & 2
2
1y = 2k
22 0o
Thus,
=OE0] Ao (t,0)
S A B o d
Rz | o [ =(1-r0%) | aowt0) (2.27)
% AUQQ(t,O)

As the velocities k and § are very small, up to the first order time-derivative,

1

Aai(t,0) EOE
_ d
AO'lg(t,()) ~ R 1@)% 0
AO'QQ (t, 0) % (2 28)
2¢2 | 2k()  4C 2 d_ 1
m2 m m2 m2 dt k(t)8(t)
2
m
- _2Ck(t)
Ak ()¢ m 0 0 0
k m
2k%(t) 0 20 4
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Based on this approximation, we have the non-equilibrium correction term

Aou(t,0) ~ —4£Z:>< ((% - %@) <%k‘(t)1ﬁ(t)) ! mi <%%))

_om? (2 +2mk 2+ 4mk
_CAmk(t) +2mh(t) .
T2R()B(E) T 2CK2 (1) B2(1)

At time t, the extracted power with above non-equilibrium correction term is

%= < 0 k& (t )>k __oult);

ok 2 9
k(1 4 mk(t) . 2+ 2mk(t) . |
A (’f(t)ﬁ(t) BRI DM EOEEON ) (2:50)
_ 3 _ ¢+ mk(t) . C2 4 2mk(t )kﬁ
2k(t)B(t)  4Ck3(t)B(t) ACK2(1)B2(t)

Remark 2.2.1. ]fﬁ = 0, (i.e. the temperature is a constant), the extracted me-
chanical power with non-equilibrium correction term is less than the estimation in

the near-equilibrium regime.

In the case of the resistor-capacitor system,

__(¢tyg 1/29
dv = < - )vdt+c\/;dB(t) (2.31)

Considering the quadratic term v2,

19202 12
v’ —2vdv+—av —Egd

<C+g) Vit + = \/7dB(t) Cfﬁdt

The second order moment o = (v?) follows the dynamics

—0=——0——0+ —= (2.32)

When ¢ = 0, the equilibrium value of o.q ) is C(t)lﬁ(t). As a near-equilibrium ap-

proximation, o(t + €) = Gegrp + Ac(t,€), c(t +¢) = c(t) + ¢, Bt +¢€) = B(t) + B
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and

. d 2(¢c+ 2
Teg ) (1) + aAa(t, €) = —ﬁ(a(t)eq,)\(t) + Ao(t,e)) + O ec’)iﬁ(t) )
(2.33)
As<ex 1
1 T 9
DS ap o) (2.34)
1 1 & )
- R — 0
B +ef B B o)
Given that € — 0 and 0¢qx¢) = m,
d  2(¢+g) B é 3
(E + 0 ) Ao(t,0) = _cz(t)ﬂ(t) + O (2.35)
With the assumption that velocities ¢ and 3 are very small, 2(f(t)g) # 0 and
B ct) d\' ef-¢cp

Thus, up to the 0" order of the differential order %, Ao(t,0) ~ % The

extracted mechanical power by the capacitor with the correction term is

1,

%é (v*) =~ 2¢ (Gegrity + Ao (t,0)) = ¢ c(t)eB — B(t)e?

263 | Age(H)F ()

(2.37)

Remark 2.2.2. Similar to the stochastic oscillator case, when B is a constant, the
extracted mechanical power with the correction term will be less than the extracted

mechanical power which is only evaluated with equilibrium average.

2.3 Sub-Riemannian geometry structures of the heat engines

In the previous chapter, it was shown that with proper assumptions, the inverse
diffusion tensor induces the structure of a Riemannian manifold in the space of the
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system parameter of a heat engine. A path in the space of the system parameter A,
is denoted as the protocol A. The geometric energy of the path carries the meaning
of energy dissipation of that protocol.

Besides the dissipation of energy in the analysis of non-equilibrium thermo-
dynamic system, there are auxiliary quantities 1 of interest, such as the average
extracted work of a heat engine, which are functionals of a protocol and system pa-
rameter’s velocity along the protocol. The system parameter space M is enlarged to
a higher dimensional manifold N of pair (A, ¢). Let m denote the projection from N
to M. Assuming 7 is a surjective submersion, 7, is the corresponding push-forward
action m, : T y)N — ThM. 7, and metric tensor g on M induce a positive semidef-
inite inner product (, ), on the manifold N. Vv, vo € T(y )N, its inner product
is

(v1,v2) y = (1, TV2) (2.38)

As the number of control variables is smaller than the dimension of T{y )N,
we ask if a sub-Riemannian manifold structure might exist in the space of (X, ).
This requires controllability. Once we write down the dynamics explicitly, as a
control system, controllability depends on the Chow-Rashevski theorem [14]. We
will analyze both the stochastic oscillator and the resistor-capacitor circuit.

At time t, the mechanical power w is extracted from the oscillator by varying

the stiffness of potential well during the transition between equilibrium states,

: 0 (kTS%) : S
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In the case of the resistor-capacitor circuit, its extracted mechanical power is

; cv? ¢
wz N <7>eq,)\ B @ (240)

In linear response regime, the average dissipation rate d of each heat engine is
positive while the system parameter of the engine is varied. The average dissipation

rate with kgT'/sec unit of the stochastic oscillator is

dy = M (2.41)

which defines the metric tensor on the system parameter manifold of (z, y). (\/% ,0)T
and (0, \/% )T are orthonormal vectors on the tangent space to the control parameter

manifold. The dynamics of the heat engine can be formulated as a control system,

@ ¢ 0
: 3/2 2 3/2
a) o\ -

where u and v now take the role of control signals.

Taking m and ( as units in the controllability analysis, for the vector fields

fi = (V=x,0, xZ—iZ)T and fo = (0,/z, —%)T, the Lie bracket [, ] of f; and fy gives
fs=[f1, fo] = (0,1, =37 The rank (f1, fo, f3) = 3 indicates that the system (3.1)
is completely non-holonomic (controllable). From above definitions, it follows that
d = u®+v? and hence, the problem finding a protocol minimizing dissipation is an

optimal control problem for (3.1) with quadratic cost functional.

In the case of the resistor-capacitor circuit, the average dissipation rate in
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kpT /sec unit is
1 1 . ¢
dy = <é 5‘) degf - 49f (2.43)

1 c
4982 2983 p

which defines the metric tensor of the manifold of (¢, 5). The control system of the
circuit is
¢ 24/ gcp —2+/gcp
Bl=u 0 +tu|2p%2, /2 (2.44)
i 5) \ s

Taking ¢ as the unit, there are two vector fields f; = (2/¢3, 0, ﬁ)T and fy =

(—2v/cB, 253/2%, —\/175)1 The Lie bracket of f; and f5 is f3 = (=2, —#, )T and
the rank(fi, fo, f3) = 3 indicates that the control system of the resistor-capacitor
circuit is completely non-holonomic (controllable). Again, d» = u? + v? and the

problem of finding a protocol minimizing dissipation is an optimal control problem

with quadratic cost functional.
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Chapter 3: Design of a Heat Engine: Optimal Control Approach

3.1 Optimal control of the heat engines

As shown in Chapter 1, a parametrically-controlled heat engine can convert
heat flow into mechanical work. The engine is modeled by focusing on the control

of the system parameter. In the case of the stochastic oscillator,

T ¢ 0

y | =w 0 + U1 % (3.1)
. 3/2 ,2 3/2

1 S — v

where (z,y) is the system parameter and ;(¢) is the mechanical work extracted over

3/2 42 ¢3/2

the interval [0,¢]. Correspondingly, extracted power ¥ = ul%m — 017% =
2 (2. .
S (5 -1).
In the case of the resistor-capacitor circuit,

¢ 2/ gcB —2/gcp
B = U9 0 + vo 253/2\/% (32)
i 9 _ /a9
2 cp B

where 1)5(t) is the mechanical work extracted over the interval [0,¢]. The extracted
mechanical power is s = uy /% + vy /% - ﬁ
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The total heat supply from the heat bath to the engine is consumed in two
ways. Some of the heat flows to the engine as useful supply (some of it is converted
to extracted work and some of it is converted to the internal energy of the system)
and the remaining part is dissipated to the engine’s surroundings. Based on the
discussion in Chapter 1, d; = u2 4 v2 (i = 1 for the stochastic oscillator and i = 2
for the resistor-capacitor circuit) is the average dissipation rate in kgT'/sec. Given a
protocol A (i.e. a trajectory on the space of system parameter), from time 0 to time
tr, along a trajectory in the space of (z,y), the total heat supply in the stochastic

oscillator system is

N AT :
Ql_/o ((—@—%>1—@—%>0}+d1>dt (3.3)

where 1 is an indicator function. Expressing )1 in the coordinate of (z,y), it is

lefotf ((%%y) 1{%y>0}+<<fb2?2))dt (3.4)

In the resistor-capacitor system, the total heat supply

[ b e b e A
Qz—/o <<—2—52+@)1{—2—52+@>0}+d2>dt—
1 1

b 5 : 5 ' . gc 932 ¢
/0 <_2—ﬁ2+%>1{_2—62+%>0}+<é 5) 416 o ‘ dt

496% 2983 p

(3.5)
Efficiency n of a heat engine is the ratio of the extracted work of the heat

engine to the total heat supply from the heat bath. The efficiency of the stochastic
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oscillator is,
Jo! et
B ((S29) 129 > 0} + i) at
Jy 5 (% - vy) at

K ((%%}) 1{Zy > 0} + Jl) dt

h =

(3.6)

The efficiency of the resistor-capacitor circuit is
Jo ot
B (Ch s )1 —ht £ 0V 1 d) e
o (T2 Tag) Ly 72 Tag > Uy T2

I oLt

Jf((_%+ﬁ>]l{—%+ﬁ>0}+d~g)dt

If the extracted work is prescribed, to maximize the efficiency of a heat engine, the

total heat supply (i.e. the denominator in 7; or 75) must be minimized. This can be
first formulated as a problem in the calculus of variations on the sub-Riemannian
manifold N; (where N; is the manifold for the stochastic oscillator and Ny is the

manifold for the resistor-capacitor circuit):
Find t — v (t) = (x(t), y(t),¢1(t), a curve in Ny such that,

JI:/Otf <<%%y)n{gy>o}+dl) it (3.8)

is minimized subject to

ty .
/ Y1dt = A and end-points are specified.
0
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Find t — ~o(t) = (c(t), B(t),¥2(t)), a curve in Ny such that,
B ty B ¢ ﬁ ¢ -
Jg—/o <<—E+@>ﬂ{—@+@>0}+d2>dt
(3.9)

is minimized subject to

ty .
/ Podt = A and end-points are specified.
0

As a heat engine is a cyclically operated machine, working loops are a type of proto-
cols of special interest. In the stochastic oscillator, the necessary condition for the
working loops is: z(0) = z(t;) and y(0) = y(t;) and in the resistor-capacitor circuit,

the necessary condition for the working loops is: ¢(0) = ¢(ty) and B(0) = S(ty).

Theorem 3.1.1. If a non-contant working loop v € C* is an optimal solu-
tion to problem (3.8) and along ~v{ : [0,t;] — Ny, there are finite number of
ti € [0,t7](i = 1,2,...,m) when Ly is zero, v{ is also a solution to the follow-

ing optimal control problem with dynamics (3.1).

t 2 2
Min J:/f(u1+vl)dt
(ul’vl)eLFO,tf]XL%O,tf] 0 2

ty
subject to / Urdt = A, and end-points are specified.  (3.10)
0

Proof. If there are m points along ~f : [0,t;] — Ni, such that Zg(t;) = 0 (i =

1,2,...,m), in general (assuming that £3(0) and £y(t;) are non-zero), we can de-
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compose 77 to (m+1) pieces, such as 77 : [to,t1] = N1, ..., Vi ¢ [ty tmga] — N1,
where we set tg = 0 and ¢,,41 = ty.

Moreover, as from time 0 to time ¢, we have a loop in the parameter space

b B rrd 1 . _ tf(j_
/O@bldt—/o (Eﬁ(x,y)+wl)dt_/o mxy (3.11)

which indicates that the extracted work over [0, t¢] being a prescribed value is equiv-

(z, ),

alent to the integral %%y being the same prescribed value. As 77 is the opti-
mal solution to problem (3.8) from time 0 to time ¢y, each 77, : [ti;tip1] — N

(t=0,1,...,m) should be the optimal solution to following problem.

i+1 2 ~
Min J:/ <C——]l{ >O}+d1)dt
1,i t; m x ZL’
subject to:  y1,:(t;) =71 (t:) and y13(tiv1) = 71 (tir1) (3.12)

If during [t;,2;41], £y is non-negative. The augmented Lagrangian along 7} is

2 ‘2 °2
Li = (1+pz)<—— TS

(3.13)

where p; is the Lagrange multiplier and it is a constant. As an optimal solution, 7

must follow Euler-Lagrange equation, such that

Cyy ° 9 2%
1 i) s T 2t 2 — =0
(1+p1) m x? x2+:£2+:)3
Cyr 2y 21y
(1—1—/)@-)———;4-?:0 (314)

In time interval [t;41,%;42], £y is either non-negative or non-positive. If £5 is

non-negative, it is seen with p;.; as the Lagrange multiplier and L;,; as the aug-
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mented Lagrangian, 77, ,; should be a solution of following Euler-Lagrange equation.

Cyy *  y* 2%
lp)~ 22 L 2y
(+p+1)mz2 z2+x2+x
. o5 90
Py (3.15)
x

¢
1t pir)—>
( +p+1)m T 72

Comparing equations in (3.14) and (3.15) at time ¢;;1, because of 7}’s smoothness,

vy

(pi — pi-l—l)ﬁ =0
Y
(pi — Pz‘+1)? =0 (3.16)

either p; = p;x1 or £ = 0 and y = 0. It is seen that L; is time-independent. Along

L;

* — . L;
M Bi = G+ G

0
ay

y—L; =C # is a conserved quantity. Similarly, along 77,4,
E,1=C # is also conserved. If £ = 0 and y = 0 at time ¢;,1, E; and E;,; are
both zero along 77 ; and 77 ,,,. Thus, in an interval [t;, ;5] we have a static point.
If t; = 0 and ¢;12 = ty, the whole trajectory v; is constant, which does not satisfy
~1’s non-constancy assumption. The only plausible solution to (3.25) is p; = pit1-
If £5 is non-positive from time #;;; to time ¢;,, the augmented Lagrangian is

Pi+1%%y +¢ xzxLyz and its Euler-Lagrange equation is

Cyy &  9? n 27

pl+1ma:2 2 22
T 2y 2z

pi+1£y———y+—y =0 (3.17)

m T x 2

Again, following a discussion similar to the one for solving equations in (3.25),
14 p; = pi+1. Thus, along each piece of vj, the augmented Lagrangian L = p%%y +

¢ # and p is a constant. It indicates that ~; is an optimal solution of following

25



calculus of variations problem.

ty 22 2
Min J:/ <z +y di
7

ty -2
subject to: / ¢ (—x — gy) dt and end-points are prescribed. (3.18)
0

22
Based on (3.1), (= % = u?+v}. Apparently, problem (3.8) is equivalent to problem

(3.10). O
In the case of the resistor-capacitor circuit, we have a similar result:

Theorem 3.1.2. If a non-contant working loop v5 € C* is an optimal solu-
tion to problem (3.9) and along v3 : [0,t;] — Ny, there are finite number of
€ [0,tf](s = 1,2,...,m) when —% + ﬁ is zero, s s also a solution to the

following geometric optimal control problem with dynamics (3.2).

ty 2 + 2
Min J = / (“2 ”2) dt
(u27v2)€L[0 tf] [() tf] 0 2

ty .
subject to / odt = A, and end-points are specified.  (3.19)
0

Proof. If there are m points along 5 : [0,t;] — N, such that — 2/32 + 205(t )=0
(i =1,2,...,m), in general (assuming that —% + ﬁ(O) and —% + ﬁ(tf) are

non-zero), we can decompose 75 to (m + 1) pieces, such as 3, : [to,t1] = Na, ..

)

*

Youm * [tm, tms1] — Na, where we set to = 0 and t,,1 = t;.

Moreover, as from time 0 to time ¢y, we have a loop in the parameter space

ty B tr/d 1 tf ﬁ ¢
/O%dt—/o (dtzﬁ—lﬂ/}z) /0 (—2—B2+%>dt (3.20)

o6

(¢, ),



which indicates that the extracted work over [0, t¢] being a prescribed value is equiv-

alent to the integral — being the same prescribed value. As 7; is the op-

7+ 55
timal solution to problem (3.9) from time 0 to time ¢y, each 3, : [t;; ti1] — Ny

(1=0,1,...,m) should be the optimal solution to following problem.
Min J - p ' p ' dy | d
in J= SR [ ¢
L /t 252+205 262+26>0 t2
subject to:  y;2(t;) = 75 (t:) and Yo 41(tit1) = 75 (tit1) (3.21)

If during [t;, tiy], —5 62 —|—— is non-negative. The augmented Lagrangian along

Vi s

(3.22)

Li=(1+p,~)<—5 é>+ D

252 " 2e8 ) T acgp T 295 T 2y

where p; is the Lagrange multiplier and it is a constant. As an optimal solution, 73,

must follow Euler-Lagrange equation, such that

B¢ B 3 & B

—(1 + p; — — — =0
WA 0055 ¥ 5eg8 T 29 ~ 29F  iPgB 209
¢ 2003 N ¢ & 3
2cp%  29p%  gp3  gp3  4egB? 2gB4

(14 p) =0 (3.23)

In time interval [t; 41, ;12], —% + ﬁ is either non-negative or non-positive. If

-3 52 +— is non-negative, it is seen with p;,, as the Lagrange multiplier and L;,, as

the augmented Lagrangian, 75, ., should be a solution of following Euler-Lagrange

equation.

poe  Boosp 2
T 2B Y 2B 2P 1B 2B

é ¢ 2B B 2 3¢32
+ + + —
2c4? 2982 gB®  gB®  degB? 2g9p°

(1 + piy1) =0 (3.24)
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Comparing equations in (3.23) and (3.24) at time ¢;;1, because of 73’s smoothness,

(Pi - pi+1)%;2 =

(pi — Pz’+1)%ﬁ2 =0 (3.25)

either p; = p;y1 or ¢ = 0 and B =0. It is seen that L; is time-independent. Along

_|_

Vs B = %ic —|— ﬁ L, = 52 + ;3 is a conserved quantity. Similarly,

- 4cgﬁ

along 73,1, Eiv1 = & + 5 ﬁ2 + o 2953 is also conserved. If ¢ = 0 and 3 = 0 at time

tiv1, B and iy, are both zero along 75, and 73 ,,,. Thus, in an interval [t;, ;o]
we have a static point. If ¢, = 0 and t,42 = ¢, the whole trajectory 73 is constant,
which does not satisfy v;’s non-constancy assumption. The only plausible solution
0 (3.25) 18 p; = pit1-

If —% + ﬁ is non-positive from time ¢;,,; to time t;.5, the augmented La-
grangian is p;i1 (—% + ﬁ) + 4ch + 2962 + o 2963 and its Euler-Lagrange equation
is

B, & B 3¢ & B

—p; _ _ _ -0
PigesE T 2egB T 29 2958 UPgB | 2eql
é ¢ 206 ¢ 2 3c3?
Z. — =9 3.26
Piigege T ogm T um T g T dgp  2gp° (3.26)

Again, following a discussion similar to the one for solving equations in (3.25),

1+ p; = pit1. Thus, along each piece of 73, the augmented Lagrangian L =

p (—% + ﬁ) + 45:5 + 5,57 T 3,55 and p is a constant. It indicates that 73 is

an optimal solution of following calculus of variations problem.
ty C'2 Cﬁ 062
Min J= dt
I = [ s

tf .
subject to: / ﬁdt and end-points are prescribed. (3.27)
0 C
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Based on (3.2), % + % + % = u2 +v3. Apparently, problem (3.9) is equivalent

to problem (3.19). O
Remark 3.1.3. Sivak and Crooks [11] suggested that obtaining efficient performance
of molecular machines requires minimization of dissipation. Theorems 3.1.1 and

3.1.2 give a mathematical basis for why this must be so.

3.2 Maximum efficiency protocols of the heat engines

On the sub-Riemannian manifold V; (i = 1 for the stochastic oscillator and
i = 2 for the resistor-capacitor circuit) of a heat engine, for a trajectory ~; : t €
0,t7] = N;, % € T, ) N; 1s its tangent vector and p; € T;‘i(t)Ni is a cotangent
vector, such that p; : 4; € T,y N; — R is the duality pairing (p;, ¥;),. In canonical
coordinates, p; = (pi1,pi2, pi3)T and we let (p;, %), = pl4:. The pair i = (pi,mi) €
T*N;, where T*N; = {TyN;| Yq € N;} is the cotangent bundle of N;. In this
Chapter, we would like to consider optimal solutions to problem (3.10) and problem
(3.19) with non-zero controls. In other words, these optimal solutions are regular
extremals. As shown in Chapter 2, in the case of the stochastic oscillator fi; =

(1/%0, %%)T and f12 = (0, \/%, —%%)T denote vector fields of the control

system (3.1) and in the case of the resistor-capacitor circuit fo1 = (2v/9¢B,0, /%)
and fo2 = (—2v/gcf, Qﬁ?’/z\/g, -\ /%). In either case, following maximum principle
25] [26], at time ¢ € [0, tf], the sub-Riemannian Hamiltonian is the smooth function

of T*N; defined as follows

" 5 uf + vf
Hi T N,' — R, Hl()\,) = Imax (pi,uifm + Uifi72>d — . (328)

Ui,V 2
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So, in the case of the stochastic oscillator, the optimal control in canonical coordi-

nates is

: Sl s
u; = (pl, f1,1>d = \/gpl,l + mel,g

z 3/2
v) = (p1, f12), = \/gpl,z - %%pm (3.29)

and in the case of the resistor-capacitor circuit, it is

p27f21 = 2¢/gcp P21t 4/ 5]923
" g g
vy = (P2, fa2)y = =2V 9cBpay + 253/2\/;1?2,2 — U@pz,g (3.30)

Correspondingly,

((@)* + (v))?) (3.31)

N —

H;i(pi, vi(t)) = % ((pini,1)2 + (Pini,z)2> —

In particular, every regular extremal trajectory is smooth and it is a solution

of the Hamiltonian system \; = ﬁZ(S\Z), where H; is the Hamiltonian vector field.

Here {,} is Poisson bracket. In canonical coordinates, for a real-valued function f

- OHN\' 0 OHN\T 0
A=y = (5) - (5) o 5.3

If X\;(0) is the initial condition, the solution of the Hamiltonian system is A;(t) =

of )\Z’,

etfi();(0)) and

: OH,; ] ]
bi = — i =y D%‘(pT.le) — Y D'Yi(pri72)
T e P fin) fin + (P fiz) fiz = i fin + i fiz (3.33)
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where p; 3 is observed to be a constant. As HZ- ={H;, H;} =0, H; is also a constant

along the trajectory of H;. u; and v] can be parameterized as /2H;cos ¢; and

vV 2HZ sin ¢z

{UZ,H}—U {uw 2}

= {vi, Hi} = uwi{v],ui} (3.34)

Thus, in the case of the stochastic oscillator,

P12 3¢ 8/2 )
—{ui, i} = 2C  2m R (3.35)
and in the case of the resistor-capacitor circuit,
. 98 g
¢ = —{uz,v5} = —298pay — 27192,2 + P23 (3.36)

To replace p; 2 in the equation of q51 in the stochastic oscillator, from v] = v/2H; sin ¢ =

\/%pl — ﬂ%pl 3, We get pro = %%p + 4/ #C sin ¢, The necessary condition

for the heat engine (3.1) to work with maximum efficiency gives a trajectory on N;

[2H [2H
1:17 cos ¢1; Y 11’ sin ¢

oH, .
¢ = 5 —1 sin ¢, — ——p13 (3.37)
A m

with dynamics:

In the case of the resistor-capacitor circuit, from uj = \/2Hs cos g2 = 2v/gcfpa21 +

\ /%pg’g and v = /2Hysin ¢ = —2/gcfpa + 2ﬁ3/2\/gp272 — /%ng, we have

2H.
—29Ppa1 = —\| —— 295 Ccos g2 + gpz 3 (3.38)
9 g 2H2g 2590 .
- g?pzz = c sin ¢q
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The necessary condition for the heat engine (3.2) to work with maximum efficiency

gives a trajectory on Ny with dynamics:

¢ = 2v/2Hygc3 cos ¢ — 2+/2Hogcf sin ¢g; (3.39)

. 2H.
b =2/ 5 sin ¢
c
. [2H. [2H. 2
Py = —2 jgﬁ COS g — jgﬁ sin ¢9 + ?gpz?,

Definition 3.2.1. In general, from v(0) € N and along a reqular extremal trajectory

of H determined by Pontryagin maximum principle, at time t, we define the t-

exponential map of the optimal solution

—

Ex0) i RY x TiN = N, E,0)(t,A(0)) =7 (etH(x(O))) (3.40)
where w 1s a projection from T*N to N.

In the case of the heat engines, as v;(0) is fixed, the information of \;(0) is
determined by ¢;(0), H; and p; 5. We can write X\;(0) = X;(¢:(0), Hi, p;.3)-

Also, along a regular extremal in the time interval [0, /], Vt € [0, ], if v/ (¢)
belongs to a bounded region and /() is piece-wise continuous and satisfies a Lip-
schitz condition in that region, there exists a unique solution +;(¢) to the Cauchy

problem

Vi =i fin +v; fiz, 77 (0) is fixed (3.41)

The t-exponential map of a heat engine can also be defined as mapping

t
FRY x Ly, g % Liy, ) — Ni, F(t,uj,07) = ~7(0) + /0 (uffin +vf fig)dt' (3.42)

) Y1) Y
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At time ¢, the partial differential of the t-exponential map at (u},v}) is the map

t

D(u;f,v;f)F : L[zo,tf]XL%O,tf] - Tw(t)Niu D(u:m;)F(“i,pvvi,p) :/0 R;t’*(ui,pfi,1+vi,pfi,2>dt/

(3.43)
where P! : (1) — ~#(t) is the flow generated by (uf,v}), PL, is its push-forward
operator [26] and (u;,,v;,) is the perturbation in control (further elaborated in the
proof of proposition 3.2.2). After introducing the concept of t-exponential map,
we state a local property of geodesic sphere on N;, which can be viewed as Gauss’
lemma [21] in sub-Riemannian manifold NN;. This theorem and the proof is a special

case of the work in [26].

Proposition 3.2.2. Along a regular extremal starting from v;(0), Ai(t) = et (Xi(0)).
The corresponding cotangent vector p;(t) of Xi(t) annihilates the tangent space to the

sub-Riemannian front at &,,(t, Mi(0)).

Proof. X3(0) is a smooth variation of initial co-vector \;(0) = Xi(¢:(0), Hy, pis),
such that A%(0) = A(0);. As a consequence, V' € [0,#], A3(') = e (X3(0)) and
As(t') = (pg,~¢)(t)). The pair (u$,v) is the optimal control associated to A?, where
W) = (9, fin)a (#) and 03 () = (6}, fiahy ()

As H; is a constant along a regular extremal, let us consider a family of initial
cotangent vectors A$(0) € H; ' (1), where H; ' (1) = {S\f|(uf)2 + (vf)? = 1}. With
this assumption, A*(0) = X5(¢$(0), p;3). To prove the theorem, it is enough to show

that at time ¢

(O o 32 0)) =0 (3.44

d

As shown in (3.42), the t-exponential map &, (, A3(0)) is a functional of
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(u, v3) (Le. Eyo(t, A2(0)) = F(t, uf,vf), with a fixed ~;(0)).

719 Y1 ) Y T

d \s d s .8
E|s:05 0 (8, A7(0)) = £|S:0F(t, ui,v7) = Dz or) F (Ui, vip), (3.45)

where u; , = %h:o and v; , = %|8:0. Notice that since (uf)?+ (v5)? =1, (u;p, vip)

is orthogonal to (u},v}):

17 71

t
/ (wipuf + v pvs) dt' =0 (3.46)
0
Thus,

d ~
(PO Aot 30D ) = (10) Diaay P (a0,
d

t
_ <p?<t>, [P i + i) dt'>
0

t 1 (3.47)
= / <Ptt/*p?(t), u@pfi,l + Uz‘,pfi,2>d dt/
0
t
= [ g+ vyt =0
0
where P}* is the dual of P} , and it is a pull-back operator. O

Here, we expand the result in the proof a little bit further. As 5\1(0) =

Xi(#:(0), pi.3), the variation A3(0) is due to the variation of (#7(0),p; 3)-

d d

£|s:05 (0 (A (0)) = £\s=05 (0t Ai(65(0), p55))

N <d¢§§O>> |s:0%|8=05%(0)(t7 N(@1(0),p7a)  (348)

dpf,?} 0 3 s s
(52 oz lemorio A 0).12)
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As ¢3(0) and p; ; are independent variables, we get separately

0 -
<p?<t>, o oot Ai<<z>f<o>,pf,3>>>d 0
9 3
(0 oo 8 200 122))) =0 (3.49)
Pis d

3.3 A working cycle for a heat engine and conjugate point theory

In the last section, we saw that protocol (working loop) for a heat engine of
maximum efficiency, under the condition of being a regular extremal, satisfies the
Hamilton equations associated to the Pontryagin maximum principle. Among these
optimal working loops, there is a special group called working cycles. By analyzing
the working cycles with conjugate point theory, the optimality of working loops is

investigated.

Definition 3.3.1. For a heat engine operating along optimal working loops, from
time 0 to time ty, we say the protocol is a working cycle if it satisfies the following
conditions.

(1) For the stochastic oscillator: x(0) = z(ts), y(0) = y(tf) and for the resistor-
capacitor circuit: ¢(0) = c(ty), B(0) = B(ty);

(2) For both the stochastic oscillator and the resistor-capacitor circuit: ¢;(ty) =
¢:(0) — 27 and ¢; is monotonically decreasing.

For the stochastic oscillator, along a loop in the space of (x,y),

[y Cy _/ ¢y
Ui(ty) = mx2daj mxdy_ m:c?dxdy (3.50)
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For the resistor-capacitor circuit, along a loop in the space of (¢, 3),

Unlt) :/i—; _ —//20152dcd5 (3.51)

Condition 1 and 2 are sufficient conditions to have the working cycle to be a periodic

and clock-wise trajectory in the space of (x,y) or (¢, (), by which we can extract
positive mechanical work from the heat bath by operating the stochastic oscillator
system or the resistor-capacitor circuit. Moreover, the time ty is the period of the

working cycle.

AS for the geodesics in Riemannian geometry, along a geodesic on a sub-
Riemannian manifold, at time ¢, the image of t-exponential map may turn out to be
a conjugate point, beyond where the geodesics will lose its optimality. The conjugate
point theory of sub-Riemannian geometry is well-developed in [26], we apply this

knowledge to our heat engine problem.

Definition 3.3.2. In general, fit v(0) € N and consider the t-exponential map
E0)(t, A0)). A point y(t) # v(0) is said conjugate to v(0) if y(t) is a critical value

for E,0)(t, A\(0)) at time t.

Following the definition of a working cycle for our heat engine models, we will
prove that at time ty, v,;(ts) is a conjugate point to 7;(0) (i = 1 for the stochastic

oscillator and 7 = 2 for the resistor-capacitor circuit).

Theorem 3.3.3. Along a regular extremal of one of our heat engine models and
satisfying conditions 1 and 2 in the definition of a working cycle, vi(ts) # 7:(0) and
it is conjugate to ~;(0).
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Proof. Along a working cycle of the stochastic oscillator, as  and y are positive,
Yi(ty) = mmzdi’f - o 2dy = ff—%z—dedy > 0. 1(ty) # 7(0).

Similarly, along a working cycle of the resistor-capacitor circuit, as ¢ and /3
are positive, ¥o(ts) = @ —Jf 2 152 dedf > 0. Hence, ya(ts) # 72(0).

Once we choose the initial condition 7;(0) for a working cycle, its t-exponential
map &,,0)(t, \i(0)) is a function of time ¢ and X;(0) = X;(6:(0), pi3). (Again, we take
H; = 3.) It vi(ty) = &0ty Xi(0)) will be conjugate to ;(0), its differential is not
surjective. To prove the differential is not surjective, it is enough to prove that

D) 3
mh:tfgw(o) (t, Ai(0)) = 0. (3.52)

At time ¢y, as a working cycle is an optimal working loop, for the stochastic oscillator:
z(0) = z(tr), y(0) = y(ty) and for the resistor-capacitor circuit: ¢(0) = c(ts),

B(0) = B;,. Thus, along a regular extremal of a heat engine model,

Ox(ty) _ Oy(t

)
961(0) ~ 96n(0) " (3.53)
5C(tf) _ 0B(ty) 0

' 30(0) ~ 96a(0)

As ¢, is monotonically decreasing (¢1 < 0),  and y can be re-parameterized with

¢1. Thus,

e v (3.54)
R L

By calculation, as a working cycle is a periodic trajectory in the space of (x,y), it

is observed 8w11(tf 0 and z7°5€ (t;, \(0)) is a zero-vector. Similarly, it can be
proved that 5 ( 7€ (t;, 22(0)) is also a zero-vector. Therefore, in each model, rank
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of the differential of the t-exponential map is less than 3 and a working cycle will

gives us a conjugate point to v;(0) at time ;. O

Moreover, the appearance of conjugate point will affect the optimality of a
regular extremal. On that, without proof we state a theorem below. For more

details, please refer to [26]

Theorem 3.3.4. Let v be a working cycle. ~(t) is not conjugate to v*(0) for
every 0 <t < ty. The extremal ; is a strong minimum and the period time t; of

the working cycle is called conjugate time of this extremal.

Remark 3.3.5. For a optimal working loop of a heat engine, whose monotonically
decreasing phase angle ¢; does not reach ¢;(0) — 27, it is a strong minimum over

the time interval [0,t].

Remark 3.3.6. ¢ is on an area moment for a metric conformal to Poincaré met-
ric, so the constraint is on area-moment. The related sub-Riemannian problem of
Poincaré length minimization subject to Poincaré area constraint is classical - the
hyperbolic isoperimetric problem. The well-known solution is arrived in next chapter
using the Pontryagin maximum principle, exploiting symmetry that is clear when the

problem is mapped to SL(2,R).
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Chapter 4: Optimal Control in Hyperbolic Space

In Chapter 3, we solved the optimal control problems associated to the max-
imum efficiency working loops of both heat engines by appeal to Pontryagin max-
imum principle. The solutions are in the form of ordinary differential equations,
whose integration is of interest to design the working loops in practice. The ana-
lytic integrability of a solution is desired. With this property, the design of a working
loop is simpler than using numerical methods, and accuracy of the design is also
well guaranteed. Even though analytic integrability of the solution to the maximum
efficiency working loop problem of an engine does not hold, integrability of the solu-
tion to a related problem can be a stepping stone for further analysis and design. In
this chapter, we recover the isoperimetric equality in Poincaré upper half plane as
the result of solving an optimal control problem related to the maximum efficiency
working loop problem of the stochastic oscillator, because the extracted mechanical
work along a working loop of the stochastic oscillator is on an area moment for a

metric conformal to Poincaré metric.
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4.1 Symmetry in Poincaré upper half plane

In the discussion in Chapter 1 on the stochastic oscillator, the system parame-
ter manifold with (3, k) is isometrically mapped to a submanifold of Poincaré upper
half plane H with coordinate of (z,y). Along a curve 7 : t € [0,tf] — H with its
tangent vector 4 = (&, ¢)T, the length of 7, I(y) = fotf %dt. If v is a loop,

its enclosed area is ¢, Sdt = I dz#. For the ease in later investigation, we scale

the enclosed area by —1

3, such that 6 = (ff —%dt. With a pair of control (u,v),

dynamics of (x,y,0) is

T Y 0
gl=ul o [+v]y (4.1)
0 -1 0

As fi = (y,0,—1/2)T and fo = (0,y,0)T are vector fields in (4.1), (4.1) can be verified
to be completely non-holonomic (i.e. controllable). Thus there is a sub-Riemannian
geometry structure M in the coordinates of (z,y,0). The control (u,v) will steer

a curve in M and its length is measured by [ vu?+v2dt = [ 22y dt, which is

y2

equal to the length of ~ in H.
On the other hand, the matrix group G = SL(2,R) consists of all elements g

of the form

g= ,  where a,b,c,d € R and ad — bc = 1. (4.2)
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By QR factorization

y = cos) sind
g= R (4.3)
0o -+ —sinfé cosf

In other words, there is a local diffcomorphism between M and SL(2,R). A basis

for the Lie algebra g = sl(2,R) is

L 9 0 1 0 —1
A =72 Ay = | a4, = ? (4.4)
0 -1 L g Lo

With [A;, Ay] = —Asz and inner product (A;, Aj) = 2trace (4;AT),

Uy —sin 26 cos 20 U
g = g(ur Ay + ugAs) and its control is = (4.5)
U cos20 sin 26 v
It is clear that (4.5) is left-invariant and completely non-holonomic. Moreover,
[Vul+uidt = [Vu?+v?dt. Thus the length of a curve in SL(2,R) with the

control (uq, uz) is equal to the length of the corresponding curve in H. The symmetry

of M is exposed in (4.5) and it will be helpful for further analysis.

4.2 Isoperimetric problem in Poincaré upper half plane

To minimize the length of a curve (loop) v : ¢t € [0,7] — H whose enclosed
area is prescribed, is the isoperimetric problem in Poincaré upper half plane. In the
language of geometric optimal control and based on Holder’s inequality, for a curve

in M, this is the same as
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T 2 2
Min  J :/ (“ v )dt (4.6)
(u,v)EL2x L2 0 2

subject to:  x(0) = z(T), y(0) = y(T),0(T) are specified

For each trajectory in M, there is a corresponding trajectory in SL(2,R) with

the same length. The problem (4.6) is equivalent to

T 2 2
Min J:/ <M> dt (4.7)
(u1,u2)EL2XL 0 2

subject to: ¢ = g(u1 A1 + uzAs), g(0) and ¢g(7') are specified

In (4.7), the Lagrangian L = $(u? + u3) is G-invariant. ¢ = g¢ € T,G, where
§(= wAr + upAy) € g. Correspondingly, p € TG and (p, g), € R. Following the
maximum principle for optimal control on a differentiable manifold [24], we define
the Hamiltonian as H (p, g) = max ((p, 9§), — L).
u1,u2
Given p(= A + po A + psA3) € g* where { A}, A5, A3} is a basis of g* such
that <AI2?7Aj>d = (5@' (Z,j = 1, 2,3)
<p> gg)d = <p> TeLg . €>d = <TeLZ D, §>d = <:u>€>da (48)
optimal controls satisfying v = py and ui = ps. H(p,g) = h(p, po) = @ is
G-invariant. Thus the Hamiltonian vector H on T*G induced by H can be reduced

to a Hamiltonian vector field on g*. This reduction is Lie-Poisson reduction [27].
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Let ji = (y1, 12, pt3) denote coordinate representation of i with basis {4}, A3, A%},

(4.9)

.
i = A(i)Vh, where Vh = < oh Oh On )

O’ O’ Ops

where A(f1) is the Poisson tensor. As [A; Ag] = —Ag; [Ag Ag] = —Ag; [Ag A3] = A,

the non-vanishing structure constants are '}, = —1, I'3; = —1, '}, = 1.
0 ps  po
A(/]’) = — U3 0 — U1 (410)
—p2 g1 0

There is a Casimir invariant function f(ji) = p? + p3 — p3, as Vf is in the kernel of

A(f1). Express (4.9) explicitly,

fin = flafis
flo = — 143
s =0 (4.11)

Apparently, us3 is a constant and the solution of (uq, ps) is

p1 = Acos(pust) + B sin(ust)

po = —Asin(ust) + B cos(pust) (4.12)

where A and B are constants depending on the initial condition. As optimal controls

uj = py, ujy = p1o and based on (4.5), the optimal control (u*,v*) in (4.6) is

u* —sin(260) cos(26) I
v* cos(20)  sin(20) P
. u*
b= (4.13)
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Let VA2 + B2 = K and ¢ = ust + 20 + «, where sina = % and cosaw = 2. A
solution of the isoperimetric problem in H is given by

= Kcos(¢)y; y= Ksin(¢)y; ¢ = —K cos ¢+ s (4.14)

4.3 Isoperimetric equality in Poincaré upper half plane

A curve t — (x(t),y(t)) satisfying (4.14) is the solution of isoperimetric prob-
lem in H and the integration of (4.14) will satisfy the isoperimetric equality. In this
section, it will be seen that Euclidean curvature x of this curve which is viewed as
a curve in the Euclidean plane is the key element in deciding the integrability of
(4.14).

Following the maximum principle to solve (4.7), Let P denote the pair (T*G, {, }),
which is a Poisson manifold, where {, } is the canonical Poisson bracket. As
H = @ is G-invariant on P, by Noether’s theorem [28] there is a momentum

map which is conserved on the trajectories of the Hamiltonian vector field H.

Theorem 4.3.1. The Euclidean curvature of a solution to (4.14) is a linear com-

bination of terms of momentum map on P and hence it is also conserved.

Proof. Following the construction of momentum maps in [28], the momentum map

on Pis J:T*G — ¢*. If(p,g)GT*GandéEg,
(1.6) 1.9)=(p.6(9)) (4.15)

d

where £;(g) is the infinitesimal action of € on G and explicitly £g(g) = %[exp(ef~ ) -
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<J7 é> (p7 g) = <Tng*1* © TeRg ' £>
d d (4.16)
= <,U’7 TyLg— - TeRy - é>d - <“’g_1£g>d
As {A1, Ay, As} is a basis of g, there are three linearly independent terms J;, J and
Js in J. Moreover, for i = 1,2,3, the basis element A? € g* is represented by A;

and <A'§, Aj>d = 2trace (AZ-AJT-) = 0;5. Therefore, J;, Jo and J3 are expressed in the

coordinates of G x g* as

J1 = pi(ad + be) + pa(bd — ac) — ps(ac + bd)
Jy = —pyi(ab — ed) + %ug(a2 — =+ d?) + %ug(cﬁ — A+ b —d?)

J3 = —pi(ab+ cd) + %(a2 + =0 —d*) + %(a2 + b+ 2+ d?) (4.17)

Because of QR factorization in SL(2,R) (4.3), they can also be expressed in the

coordinates of (z,y,0) in H as

) xT T
Ji Yy — T M3~
y oy )
P2+ 1) @ a1
5= : )__y+@(y7)
2y y 2 y
vy (P -2 —1Di s (PP +a?+1
Jyg = —— — |/ 4.18
3 y + 2 + 5 ” (4.18)
On the other hand, the Euclidean curvature s from (4.14) is
_ EgE 6 & m (4.19)
(i2+42): Ky  Ky* Ky '
It is clear that from (4.18) & (J5 — Jo) = —Kiyz + %, = . Hence £ is conserved
along the trajectories of the Hamiltonian vector field H. O
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Remark 4.3.2. The conservation of Fuclidean curvature could be understood from

the view of Euler-Lagrange principle. As an optimal control problem on H, % (532;292 ) +

)\% 1s the augmented Lagrangian Ly where X is the Lagrange multiplier which is a

constant. By observation,  is a cyclic coordinate in the augmented Lagrangian. Fol-

lowing Euler-Lagrange principle, %% = % = 0. y_x2 + %% s a conserved quantity.
Taking A\ = —2pus, it indicates that the Euclidean Curvature is conserved.

By reconstruction of (4.14), it is desired to have a cycle on H with perimeter
L and enclosed hyperbolic area A. The relation between L and A will be the
isoperimetric equality on Poincaré upper half plane.

First and foremost, to have a cycle on H satisfying (4.14) it is necessary to

have

#(0) = (1), y(0) = y(T) (4.20)

Thus ¢(0) = ¢(T) + 2km, k = £1,42,---, which indicates that along the cycle,
¢ = —V/2H cos ¢ + 3 does not have any equilibrium point ( i.e. |us| > V2H ).
After this discussion on the relation between constants H and pus3, we will present
the control-theoretical proof of isoperimetric equality on Poincaré upper half plane,

which has appeared in [29] from mathematical community.

Theorem 4.3.3. The isoperimetric equality of Poincaré upper half plane is L =
VA2 + 4w A, where L is the perimeter of a loop and A is the enclosed hyperbolic

area of the loop.
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Proof. Without losing generality, assume the curve in (4.14) is unit-speed in H,
ie. K =1 and pus > 1, ¢ is monotonically increasing from its initial value ¢(0) to
#(0) + 2m.

i = cos(d)y; ¥ = sin(@)y; ¢ = — cos$ + s (4.21)

It is proved in 4.3.1 that the Euclidean curvature x = % is a nonzero constant.

d¢ = ky and (4.21) is re-parameterized by ¢.

dr 1 dy 1 .
d_qb_ECOqu’ do H81H¢ (4.22)

It is easy to verify that (4.21) is a closed and positive-oriented loop in (z,y) space.

The enclosed area of the loop is

0)+2m COS¢

/ S = / </€y ) + cos ¢(0) — cos qb) d¢
B cos ¢
L (o semsio—ewss)

$(0)+27 COS¢
/ ky(0) + cos ¢(0) — cos qb) d
(\/ 0) + cos (0))° _1> .
| (ky(0) + cos ¢(0))* — 1]

On the other hand, as a unit speed curve and dt = %, its perimeter is

(4.23)

#(0)+2m do #(0)+27 dé
L= / @ _
$(0) ¢ $(0) Ky (0) + cos ¢(0) — cos ¢

y—
(0) KY(0) + cos ¢(0) — cos ¢

o(0)+2m do (4.24)
* /7r+ ky(0) + cos p(0) — cos ¢

ky(0) + cos ¢(0)
V10sy(0) + cos 6(0))* — 1]

=27
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Comparing both (4.23) and (4.24), isoperimetric equality in Poincaré upper half

plane is L = VA% + 47 A. O

78



Chapter 5: Numerical Design of Working Loops

In Chapter 3, for each heat engine model, we showed the necessary condition
of the maximum efficiency working loops. Also, based on the conjugate point theory
analysis, a sufficient condition for the optimality of the maximum efficiency working
loops is proposed. As a cyclically operated machine, the working loops of a heat
engine are of special interest to design. The time span of a working loop is a key
quantity in the design. To have this important information, in section 1, we apply
level set methods to solve the reachability problem of each engine. By fixing the
initial condition of a protocol, we can have the time spans and ending points of
working loops which start from the same point in the parameter space with initially
zero extracted mechanical work.

With the end-points and time span of the working loops, in section 2, we can
reconstruct these working loops by mid-point approximation. To reduce the dif-
ferences between the starting points and ending points in the space of the system
parameter along each reconstructed trajectory, we refine the trajectories with shoot-
ing method. After above three steps, we have the maximume-efficiency working loops
of both heat engines. The efficiencies of each engine working along different working

loops are calculated and compared in section 3.
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5.1 Reachable set of a heat engine

Over a time interval [0, t], the working loops of the stochastic oscillator satisfy
the condition x(0) = z(t) and y(0) = y(¢) and the working loops of the resistor-
capacitor circuit satisfy the condition ¢(0) = ¢(t) and 5(0) = S(¢).

As both heat engines are controllable, starting from a point ¢¥ = (z°,¢y°, ¢, =
0) or ¢8 = (c° 8%y = 0), over the time interval [0,¢], the ending points of all
minimum path dissipation protocols in the space of (z,y,1;) (for the stochastic

oscillator) or (¢, B,19) (for the resistor-capacitor circuit) of a heat engine form a set
{7 (#)]y; : R — Njis a regular extremal and v;(0) = ¢} (5.1)

This set is the reachable set of the heat engine at time t. Vt € [0, tyax], With fixed

q?, the collection of reachable sets

R(¢")r<tpr = Urctnn 177 (7)) |77 : R = Njis a regular extremal and ~7(0) = ¢}
(5.2)
is the set of all reachable points till time #,,.y.

Among this set R(q)), we can select the points which satisfy the working loop
condition. Thus, given a heat engine model, the first step to design the working loops
is to compute the collection of reachable sets till ... For design purpose, t.x is
sufficiently large. The reachable sets of some control problems can be computed by
level set methods [30] [31]. In the following discussion, we will show that our control
problems are numerically solvable by level set methods.

Given a heat engine (i = 1 for the stochastic oscillator and ¢ = 2 for the
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resistor-capacitor circuit),
Vi = uifig + vifio (5.3)
where curve «; : R — N; and N; is the sub-Riemannian manifold of a heat engine.

(ui,v;) is the control and (f;1, fi2) are the vector fields. Over the time interval

[0, 2], the dissipation of a protocol A; (scaled by a constant 1)

T =5 [ (o) a (5.4)

Compare with the associated arc-length of the curve on the sub-Riemannian mani-

fold N;

() = /Otf \Ju? + vidt (5.5)

Geometrically, it is known that the dissipation J is the geometric energy of the curve
7vi. As in Riemannian geometry, in [26], Lemma 3.47, it is proved that minimizing
the arc-length of the curve is equivalent to minimizing the geometric energy of the
curve.

Along a unit-speed minimizer v/ (u? + v? = 1) from Chapter 3, starting from
point A to point B on the manifold N;, over the time interval [0,%;], the length
l(vf) = ty. Traveling along the extremal trajectory at a different speed v; from
A to B, the minimum length (i.e. the distance between two points on the sub-
Riemannian manifold) is invariant but the dissipation along the extremal (i.e. the

geometric energy)

. l2 . tfl/,'
/v 2

J (5.6)

Thus, instead of directly computing the reachable sets of a heat engine with min-
imum dissipation, we can compute the reachable sets of the heat engine with the
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minimum arc-length. Based on the information from the reachable sets, we can
compute the minimum dissipation by (5.6).
To minimize the arc-length for a heat engine, by Pontryagin’s maximum prin-

ciple,

H;: T*N; = R, H;(\;) = max ((pi, wifin +vifio), — \/ul + vf) (5.7)

U, V5

It follows that the optimal control is

u; = (pi> fi1)y \/ ul? +vp? (5.8)
vf = (pi, fi2)y \/ up? 4 vp?

Bring the (uf,v;) into H;, the Hamiltonian is zero. Moreover, as it is shown in

[26], the minimizers are of constant speed. In the case of unit-speed extremals

(Vu® +v* = 1),

Hy =\ (s fi) 2+ (pis )2 = 1= 0 (5.9)

which gives us

\/<pz-, fin)2 +pi, fia)2 =1 (5.10)
On the other hand, by the approach of dynamic programming, to minimize

the cost function,

ty
L(t,vi(t), ui, v; :/ u? + vidt 5.11
(t,7:(t) ) o (5.11)

where L(t,7;(t), u;(t),vi(t)) = \/ui(t) +vZ(t) is the Lagrangian and ; is a curve
starting from a point in N; and 7;(t;) = ¢f. We have the value function over the

time interval [0, ¢ ]

A~

Ui,V
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A sufficient condition for optimality of the geodesics on the sub-Riemannian man-
ifold is: there is a C' function V : [0,¢;] x R" — R satisfying Hamilton-Jacobi-
Bellman equation [15]

_%—‘;(t,%(t))z inf {L(t,%(t),ui(t),w(t)w<g—‘;(t,%(t)),%>d} (5.13)

(ui,vi)
(Vt € [0,tf) and Vv;(t) € N;) and the boundary condition

~

Vi(ty,vilty)) =0 (5.14)

Supposing that there exists a control (u], v) and the corresponding trajectory

v+ [0,t] = N;, with a given initial condition, satisfies the equation everywhere

o, .,
i J

. ov
= dfffi) {L(t,%(t), ui(t), vi(t)) + <a%-’%>}

compare (5.15) with Pontryagin maximum principle,

(5.15)

oV
H; <t,ﬁ,uf,vf, _8—7-“;) = max ((pi>uz’fi,1 +vifio)y — \Jui + Uf) (5.16)

It is seen that along a regular extremal

oV
i

pi = o (5.17)

In the space of (z,y,11) or (¢, ,12), based on [32], there exists a function V; :
(t,q;) — R, which is monotonically decreasing with time, where ¢; € N; and
Vi(t(g:), ¢;) = 0 is equivalent to the fact that there 3t and V(¢',v*(t') = ¢;) = t(q;)

(i.e. the distance between the ¢; and ¢ is t(g)). Thus, on the level surface

‘/i(t(Qi)vqi) =0
dVv, oV, OV ot
— = Nl
i og ot og " (5.18)
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Given that aa\? <0,

oV ot oV, ot
B = — - 5.19
i i )= dq; dq; OV (5.19)
1% oV, ot
long the ext LyF, pi(t) = ———|r ()=, = =— —=
along the extremal v, , p ( ) 3, |~,2. t)=q; En v,
Bringing this expression of p; into (5.10)
av,or .\ Jovier .\
<%W“k<%wﬁ% o
we have a Hamilton-Jacobi equation,
av, o, \" Jov, \
: — f; L fi2) =0 5.21
d d
In the case of the stochastic oscillator, the Hamilton-Jacobi equation
2 2
i i ¢ Y
A% oVy A%
— — — z =0 5.22
o+ <aq1’ 0 >+<0q1’ VE > (5:22)
SN _¢Py
\ m z3/2 d m Ve d

In the case of the resistor-capacitor circuit, the Hamilton-Jacobi equation

2
24/ gcB
Vs s Vs
T <@ > * <a

\ 9
cf d

2

> =0 (5.23)

d

—2v/gcp
263/2\/g

cp

Both of them are numerically solvable by level set methods and the reachable sets

are realizable.
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5.1.1 A stochastic oscillator example

Given that
d&, = %dt (5.24)
dey — — C§2 2¢

Edt — k&idt + EdB(t)

and choosing kg as the initial value of k, then as a deterministic oscillator, its natural
frequency wg = \/é . To have this deterministic oscillator to be critically damped,
¢ = 2¢/mky and (3, is the initial value of the inverse temperature. In the space

(x,y), the initial value is

1
4Boko

1 m 1 m 1
= — _ = — _— = — =
Yo BoC\ ko 2Bp2v/mko \V ko 4Boko
It indicates that  and y are of the same scale and of the same unit meter?. Choos-

ing kg = 0.25 x 107" N/meter = 10~ kg/sec?, m = Ing = 107'2kg and By = ﬁ =

2.473x10%(sec)?/(meter’kyg) (Ty = 293K and kp = 1.38x 10723 (meter(sec) 1)?kg/K)),
T = 1o = 4.0436 x 10" meter? (5.26)
Rescaling = and y by 10714, we have

r=2x107" y=gx10" (5.27)

F=rx107" g=gx107H

The average dissipation rate in the unit of kgT'/sec is

5 9 | oo ) —28 | A2 28 to | Ao
dz((x —|—y)zg(x x 1072 + y* x 10 ):g(x ny)xl()‘”‘ (5.28)

T T x 10-14 T
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and the extracted power is

Uy = ¢ (y_zx _ Ey-) _¢ (y_Zg; — %y) x 107 (5.29)

m \ 22 z m \ 12

In consequence, the efficiency 7; over a time interval [0, ] is

Based on the theorems in Chapter 3, having % as a constant weighting factor be-

tween the extracted mechanical work and the dissipation, the scaled extracted me-

. o 72 L
chanical power ¢ = 57 —

SIS

g and ,(0) = 0, it is straightforward to show that to
find a maximum efficiency working loop of the stochastic oscillator is equivalent to

the problem of finding an optimal protocol which minimizes

ty ~2 <2
J:/ Y (5.31)
0

T

ISX
5
(@]

gl=w| o |+ | v& (5.32)
iy i -%

where (11, 71) is the new control and the new average dissipation rate is 43+ ;. The

2—;}’““ = 10. Following the discussion on the

weighting factor in our example % =
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Hamilton-Jacobi equation (5.22), with the new Vi, the Hamilton-Jacobi equation is

given by
2 2
V7 0
Vi oV Vi _ B
o <% 0 >+<% & >‘O >3
P _
T 5

Rescaling (z,y, 1) to (2,7, 1/;1) is for the ease of implementing the level set methods
by having the range of the Z, § and ¢; in the same scale. Having the (2(0),9(0), @Z)(O)) =
(4,4,0) with associated units, up to arc-length of 1, the reachable set of the stochas-

tic oscillator in 3D is given by figure 5.1.

Figure 5.1: Reachable set of a stochastic oscillator in 3D

The view of the reachable set through z-axis is given by figure 5.2.
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Figure 5.2: Reachable set in the space of (g, 1)
The view of the reachable set through g-axis is given by figure 5.3.

t=1

o

Figure 5.3: Reachable set in the space of (Z,1)

The view of the reachable set through z/zl—axis is given by figure 5.4.
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Figure 5.4: Reachable set in the space of (Z,7)

The reachable set provides the information about the distance between reachable
points with (#,7) = (4,4) and positive ¢); coordinates and the center of the reach-
able set (Z,7, 1) = (4,4,0). We display the distance information in table 5.1. Due

to the discretization of ¢y, the coordinate of ¢y is of step size 0.0784.
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Table 5.1: Working loop end-points of the stochastic oscillator

Point number distance @Zl — coordinate

1 1.1126 0.1207
2 1.5302 0.1991
3 1.8331 0.2775
4 2.0515 0.356
) 2.2134 0.4344
6 2.3471 0.5128
7 2.4982 0.5913
8 2.6546 0.6697
9 2.8082 0.7481
10 2.9525 0.8266

5.1.2 A resistor-capacitor circuit example

Choose the initial values of the capacitance ¢y and the inverse temperature of

the heat bath 3, as

co = 60pF =6 x 107''F (5.34)

1 1

ksTy 1.38 x 10723 x 293((me er) sec)”/kg

o

= 0.34 x 10**((meter) *sec)?kg*
Thus, rescale the parameter as

c=¢x107" B =p5x10% (5.35)
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and the velocities are rescaled as
c=Ex 1071, B =3 x 102 (5.36)

Assuming that ¢ = 10~ "%hm™", efficiency of the resistor-capacitor circuit over the

time interval [0, ¢ ]

o 2t
T2 = . " - " ) - — "
B é 8 é 2 6] cf3?
Jo’ ((‘W + ﬁ) - {_W + 35 > 0} + <4gcg + g 2g53)> dt
[t
_ 0 25
tr((_B , & B & R - o
Ik (( s 253) ]1{ S+t 0} n (m P 233) % 10 )dt

(5.37)
Based on the theorems in Chapter 3, having 107! as a constant weighting factor
between the extracted work and the dissipation, to maximize the efficiency 7y is

equivalent to the problem of finding an optimal protocol to minimize

tf <9 P ~ ~ :“2
J:/ R (5.38)
o \4gcB8 29P5%  295°
while the extracted mechanical work f; ! %Bdt is a prescribed value and (¢(0), 5(0)) =

(&(ts), B(ts)). The corresponding sub-Riemannian structure is given by

¢ 2\/éB —24/ép
Gl=t]| o |[+%]| 222 (5.39)
) 1 —/x

where (@, 72) is the new control and scaled average dissipation rate is 43 + 03.
Also 1/32 is the scaled extracted mechanical power. Based on the Hamilton-Jacobi

equation (5.23) of the resistor-capacitor circuit, the new Hamilton-Jacobi equation
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associated to above optimal control problem is given by

0V,

ot T

1 /1
\ B B

2 2
2\/5 —2./B
vy |
0 >+<8q22’ 2597, /1 > —0  (5.40)

d

o
0qa ’

d

Having the (¢(0), 5(0),12(0)) = (6,0.34,0), up to the arc-length of 0.5, the reachable

set of the resistor-capacitor circuit in 3-D is given by figure 5.5,

t=0.5

Figure 5.5: Reachable set of the RC-circuit in 3D

The view of the reachable set through ¢-axis is given by figure 5.6
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n

Figure 5.6: Reachable set in the space of (B, 1/;2)
The view of the reachable set through (-axis is given by figure 5.7

t=0.5

Figure 5.7: Reachable set in the space of (¢, 122)
The view of the reachable set through 1,-axis is given by figure 5.8
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Figure 5.8: Reachable set in the space of (¢, )
For the resistor-capacitor circuit, we only acquire one data point whose 15 coordi-

nate is positive and the information on the distance of that data point and its 1;2

coordinate is listed in tabel 5.2.

Table 5.2: Working loop end-points of the resistor-capacitor circuit

Point number distance 1;2 — coordinate

1 1.7182 0.1353

Comparing with the information collected for the stochastic oscillator which has 10
data points, the scarcity of data point of the circuit is due to the sub-Riemannian
structure. Comparing % and 1/}2, with z, 9, ¢, B in the scale O(1), ¥ grows much
slower than 1, with the increment of the distance along the geodesics. Inside the

given ranges of Z, ¢, ¢ and B , we will collect less desired data points for the resistor-
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capacitor circuit.

5.2 Trajectory reconstruction

For the stochastic oscillator, from Chapter 3, the necessary condition for a
unit-speed regular extremal in the space of (z, 7, @El) is given by

T =Vicosdr, j=\Ising

: 1 7
¢1 = W cos ¢1 — %pm (5.41)

where p; 5 is a constant. The complete information (&(t),7(t), 4 (t)) of the regular
extremal can be recovered from above reduced dynamics by quadrature. Given the
time span ¢ of the extremal and the number of steps NV (we use N = 75 in our thesis
work) used in the mid-point approximation, the step size h = tﬁf and the reduced

dynamics (5.41) is approximated as

i+l i _ [Fi+1 4 Fi o il+1 + ¢zl
h 2 2

gi-l—l _ ,gz B :Z.i—',-l + jz <in <¢2i+1 + ¢zl>
R VT 2 2
i+l i 1 i+1 i ~ibl i
Nl , — Cos O+ _ (44T P13 (5.42)
h 2(:2',24_1 + :i,z) 2 x’l-i—l + xt )

where 7%, 3", ¢" are the values of z,y, ¢ at time ih (i = 0,1,..., N). There are 2°,
o aN oy YN, 9% L oY and py 3, in total (3N + 4) variables. Based on the

definition of a working loop
P =3V =4, 5" =gV =4, (5.43)
T
There are 3N unknowns, X = (530’ o BN GO gl g0 Ny 3) in the

3N equations (5.42). The problem can be numerically solved by Newton-Raphson
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method. In the solution, we pick up the values of ¢1(0) and p; 3 and bring them to
(5.41) with (2(0),7(0)) = (4,4). Thus, the ordinary differential equation (5.41) from
time 0 to time ¢y can be numerically solved. Using shooting method, by varying the
initial value of ¢; around the solution from mid-point approximation, the differences
between (Z(0),7(0)) and (Z(tf), g(ts)) is minimized to have the numerical solution
to be close to a working loop.

For the resistor-capacitor circuit, the necessary condition for a unit-speed

maximum-efficiency working loop is given by

2\/£cos $o — 21/ B sin s (5.44)
5= 2\@83/2 sin ¢
Gy = —2\/2(305 Pa — \/Esin P2 + %pz,?,

& C &

where py 3 is a constant. By applying mid-point approximation and shooting method

c

as shown in the case of the stochastic oscillator, we can also have the numerical

solution of the working loop for the resistor-capacitor circuit.

5.2.1 Numerical results

In this subsection, we display the numerical results after each step (i.e. mid-
point approximation and shooting method). For the stochastic oscillator, after the
mid-point approximation, we have the initial values of ¢;s and the values of p; 3s of

different working loops in table 5.3

As an example, for the working loop with length of 2.9525, the mid-point approxi-
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Table 5.3: Reconstructed working loops through mid-point approximation

Point number distance 1/31 — coordinate  ¢1(0) P13
1 1.1126 0.1207 10.0348 4.6472
2 1.5302 0.1991 10.0607 3.1298
3 1.8331 0.2775 10.0534 2.4688
4 2.0515 0.3560 10.0337 2.1159
5) 2.2134 0.4344 10.0095 1.9005
6 2.3471 0.5128 16.2691 1.7457
7 2.4982 0.5913 9.9729 1.5918
8 2.6546 0.6697 9.9652 1.4519
9 2.8082 0.7481 9.9595 1.3306
10 2.9525 0.8266 9.9537  1.2287

mation result is given by figure 5.9.
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Figure 5.9: Reconstructed working loop through mid-point approximation

Based on the information from the trajectory reconstruction of the stochastic
oscillator, we can implement shooting method, by which, we try to minimize the dif-
ferences between the starting points and ending points of the different working loops
in parameter space of (Z, ) which are measured separately by Euclidean distances
as shown in table 5.4.

As an example, the numerical result of the working loop with length of 2.9525
and extracted mechanical work of 0.8266 after the shooting method in 3D is given
by figure 5.10. The projection of the working loop in the space of (Z,7) is given by

figure 5.11.
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Table 5.4: Reconstructed working loops through shooting method

Point number Difference in £ Difference in § Extracted work Heat supply

1 0.0058 0.0026 0.1207 0.8319
2 0.0184 0.0051 0.1991 1.2085
3 0.0441 0.0088 0.2775 1.5055
4 0.05999 0.0086 0.3560 1.7363
3 0.0637 0.0063 0.4344 1.9179
6 0.069 0.0038 0.5128 2.0771
7 0.0730 0.0002 0.5913 2.2568
8 0.0964 0.0006 0.6697 2.4464
9 0.1275 0.0052 0.7481 2.6362
10 0.1611 0.0114 0.8266 2.8185

Figure 5.10: Reconstructed working loop through shooting method
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Figure 5.11: Projection of reconstructed working loop of length 2.9525

The difference between (2(0),7(0)) and (Z(¢f),y(ts)) in the figure 5.11 is notice-
able. One reason is that the step-size in mid-point approximation is increasing
with the length of the loop (i.e. t;). The working loop of the shortest distance
(t; = 1.1126) provides the smallest error, which is given by figure 5.12. Along &
direction, the ratio of |Z(0) — Z(¢s)| to the diameter of the working loop (i.e. the
biggest difference along the working loop in Z coordinate) is smaller than 0.01 and

so is the ratio between |§(0) — ¢(¢;)| and the diameter of the loop in ¢ direction.
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Figure 5.12: Projection of reconstructed working loop of length 1.1126

At time ¢, referring to the coordinate (Z(t), g(t)) along the working loop of length
1.1126 at unit speed, the perfect working loop is approximated with an error in the
scale of (0.01Z(¢),0.017(t)). The associated efficiency is as follows:
o (G- Lj) i
m = ty g;_ﬂ 7~ 0 m ;24_52 d
Jo (#yn{ty>0) + 2 (=) ) dt

It turns out that the error of the extracted work is in the scale of 0.01¢4 (¢f) and the

(5.45)

error of the total heat supply is in the scale of 0.01 fotf (%gjﬂ {%gj > O} + % <x2:y2>> dt.
Referring to the associated perfect working loop of length 1.126, the efficiency error
of our reconstructed working loop is in the order of 0.001. Hence, the accuracy of
efficiency associated to our reconstructed working loop is up to 0.01.

To reduce the errors of our reconstructed working loops, there are several
procedures to improve our algorithms. On the level set methods, we may have

denser mesh grid in the space of (Z, gj,zﬁl) for higher accuracy. On the mid-point
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approximation, the error could be reduced by increasing the step number and on
the shooting method, it is possible to vary p; 3 to gain higher accuracy.

For the resistor-capacitor circuit, after the mid-point approximation, we have
the information of the ¢5(0) and po3 and the reconstructed working loop in table

5.5 and figure 5.13.

Table 5.5: Reconstructed working loop through mid-point approximation

Point number distance 1Z2 — coordinate  ¢o(0) D23
1 1.7182 0.1353 9.4998 -9.1532
_— - - )

Figure 5.13: Reconstructed working loop through mid-point approximation

Similar to the case of the stochastic oscillator, based on above information, we
implement shooting method to minimize the differences between the starting point
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and ending point of the working loop which are measured separately by Euclidean

distance.

Table 5.6: Reconstructed working loop through shooting method

Point number Difference in ¢ Difference in § Extracted work Heat supply

1 0.9741 0.0294 0.1353 0.9765

The plot of the working loop after shooting method is given by figure 5.14.

The projection of the working loop is given by figure 5.15.

Figure 5.14: Reconstructed working loop through shooting method
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Figure 5.15: Projection of reconstructed working loop

Remark 5.2.1. With all the sample points collected from both models, after im-
plementing shooting method to reconstruct the associated working loops, it is shown
that phase angle ¢; is monotonically decreasing with time along each loop and the
phase angle difference between the end-points are smaller than 27w. Based on the
conjugate point analysis in Chapter 3, it turns out that there is no conjugate point

along each working loop and these solutions are optimal.
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5.3 Efficiencies of the heat engines

By defining 7; and 7, in (5.30) and (5.37),

= o (BE- ) a (5.46)

(>0} + 2 (EE))

ftf C dt

N2 = 0 288
2 = - . .
tf _ B i _ _C_ &2 Cﬁ CB _1
0 (( 232+255)1{ _2B2+ >0}+<_463+262+2B3) x 10 )dt

For a heat engine, the total heat supply is the sum of the heat supply from the

heat engine and the dissipation along the working loop. Based on (5.6), along the
maximum efficiency working loop, the dissipation along the loop numerically equals
to product of the distance of the loop and the speed of the protocol v;. Based on

(5.46), along a maximum efficiency working loop of a stochastic oscillator

Ve (5.47)
0 (g—/zu’{ — %v’f) dt

L {fvl > o} de+m f17 ( (%)2) dt

If the unit-speed optimal control is (7, 0] o) With £z, any other optimal control
can be expressed as (11} o, 1107 ) With 117 0.

-1
L4} tfao QQ ~ %k g] ~ %
Jo (m”lul,o — i) dt

= 1 N — N -
Sy (Fmat ol {Emng > 0} + 20 (@) + (57)2)) dt

tro [ 5% ~x Y % (548)
Jo" (Wul,o - ﬁ%,e) dt
To operate the system in unit speed, v; = 1, in the example of the stochastic
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oscillator, % =0.1,

tro [ 4% ~x Y~
Jo (W“Lo_ Vzllo) dt

3
mh = tro 7 ~ — (549)
Jyre g1 { Fvtg > 0} dt + 0.1t
Similarly, for the resistor-capacitor circuit,
ty ¢
0 ﬁdt

N2 = 3 - - : : _
-k rs) {5+ 5 RN T NV
fO (( 232 _I_ 253) ]]-{ 252 _I_ 255 > 0} ‘I’ (463 _I_ 252 + 2B3> X ]_0 > dt
t , &*
fOfO 25*B*dt

tfao _ B* 5* . E* 5*
fO ( 2(6+)2 + 25*B*) 1 { 2(@*)2_ + 25" > O} + 0'1tf,0

(5.50)

where t7o, ¢* and B* are associated to the unit-speed maximum efficiency working
loop of the resistor-capacitor circuit. Thus, the efficiencies of the stochastic oscillator
along different working loops are listed in table 5.7.

The efficiency of the circuit along a working loop is listed in table 5.8.

Remark 5.3.1. By comparing the efficiencies of the stochastic oscillator along dif-
ferent loops, it is seen that, the more energy the system dissipates into the environ-
ment, the more mechanical work it can extract and the efficiently of the working loop

1s higher.

Remark 5.3.2. Based on the equations (5.48) and (5.50) of heat engine efficien-
cies, in the near-equilibrium regime, it s shown that the extracted mechanical work
and the heat supply along a working loop is independent of the speed v; and the dis-
sipation is proportional to it. Hence, the faster the heat engine is operated along a
mazimum efficiency working loop, the higher mechanical power which is the ratio
of the extracted mechanical work per loop to the time span of the working loop, the
engine will produce. Meanwhile, the efficiency of the engine will be lower.
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Table 5.7: Efficiencies of maximum efficiency working loops

Point number Extracted work Heat supply Dissipation M
1 0.1207 0.8319 1.1126 0.1280
2 0.1991 1.2085 1.5302 0.1462
3 0.2775 1.5055 1.8331 0.1643
4 0.3560 1.7363 2.0515 0.1834
5 0.4344 1.9179 2.2134 0.2031
6 0.5128 2.0771 2.3471 0.2218
7 0.5913 2.2568 2.4982 0.2359
8 0.6697 2.4464 2.6546 0.2470
9 0.7481 2.6362 2.8082 0.2565
10 0.8266 2.8185 2.9525 0.2655
Table 5.8: Efficiency of maximum efficiency working loop
Point number Extracted work Heat supply Dissipation Mo
1 0.1353 0.9765 1.7182 0.1178
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Chapter 6: Conclusions and Directions for Future Research

This thesis, using the stochastic oscillator and resistor-capacitor circuit as ex-
amples, built a connection between geometric control theory and non-equilibrium
statistical mechanics. This was done by first showing that in a heat engine, extrac-
tion of work from thermal fluctuations is associated to a sub-Riemannian structure
derived from the average-dissipation-rate construct in statistical physics. Extract-
ing work efficiently is a constrained optimal control problem — minimize dissipation
for prescribed work in a loop. Recognizing that in the case of the stochastic os-
cillator, this constraint is an area-moment over a loop suggested investigating the
isoperimetric problem on Poincaré upper half plane by optimal control methods as
a preparation. Eventually, following the theoretical analysis, we designed maximum
efficiency working loops for both heat engines numerically and associated efficiencies
were computed.

Our work only touched upon a small class of control problems in non-equilibrium
statistical mechanics. For example, in both heat engines, the protocols are open-
loop. There are physics experiments and theoretical analyses showing that with
feedback, a system can extract work from a single heat bath of a constant tempera-

ture [33] [34]. The framework of fluctuation theorem and stochastic thermodynamics
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used in our thesis may be applicable to systems with feedback. Also, the framework
of fluctuation theorem and stochastic thermodynamics can be adapted to investigate
far-from equilibrium behaviors of a system, which turns out to be related to optimal
transport problem [35]. To tackle these challenging problems in the future requires
more advanced understanding and exploration in control theory, optimization and

numerical methods.
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