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Modern scientific and engineering challenges rooted in physics often require searching immense

solution spaces. Sampling these high-dimensional spaces can be computationally prohibitive. I ob-

serve that many underlying dynamical processes are nearly everywhere differentiable: physical states

evolve smoothly in time, and even brief discontinuities preserve overall continuity. When a system’s

next state and its gradient with respect to the current state are available, those gradients act as beacons

that steer optimization far more efficiently than gradient-free exploration. More broadly, gradients

capture how changes in one set of parameters induce changes in system outputs, and thus provide

a general mechanism for guiding optimization—even in systems that are not strictly continuous. In

robotics, for example, differentiable physics allows us to train controllers in very high-dimensional

action spaces and to learn policies that operate robustly in contact-rich environments, where gradi-

ents propagate through complex interactions between bodies. In 3D reconstruction, differentiable

formulations enable efficient optimization over high-dimensional visual cues aggregated from many

viewpoints, making it feasible to recover detailed 3D geometry from multi-view observations without



resorting to exhaustive search. Consequently, researchers are investing heavily in differentiable mod-

els of real-world phenomena, especially within physical sciences and engineering, where the laws of

motion and interaction naturally provide the required smoothness.

Building on these observations across natural and engineered systems, this thesis demonstrates

how exploiting differentiability can systematically accelerate problem-solving in both decision mak-

ing and geometric reconstruction. I first develop gradient-aware reinforcement learning methods that

explicitly incorporate system-level derivatives into policy learning: one that augments Proximal Policy

Optimization (PPO) with analytic gradients to constrain policy updates and speed convergence, and

another that trains a continuous-time world model by randomly sampling time steps, greatly improv-

ing sample efficiency. Across these studies, a common insight emerges: exposing derivatives of a

system’s dynamics turns exploration in high-dimensional control spaces into a far more efficient and

directed optimization process. This perspective extends beyond continuous-time dynamics: even in

systems with discrete structures or topological changes, useful gradients can be obtained by relax-

ing, approximating, or reparameterizing the underlying representations. Motivated by this insight, I

then focus on implementing and strengthening differentiability in complex physical systems them-

selves, so that their internal gradients can be directly leveraged for downstream tasks. The first system

is a GPU-accelerated traffic simulator with exact vehicle-kinematic derivatives, enabling rapid opti-

mization of autonomous vehicle policies and traffic-signal timing in road networks. The second is

a family of differentiable mesh formulations that make traditionally discrete triangle and tetrahedral

meshes amenable to gradient-based optimization, including a probabilistic triangular-mesh represen-

tation that relaxes edge existence into continuous variables and a differentiable tetrahedral-mesh ex-

traction pipeline for 3D object and mesh reconstruction. Although mesh connectivity and topology are

inherently discrete, these methods reformulate geometric relationships so that gradients—interpreted



as sensitivities between geometric parameters and observations—can be computed and exploited for

efficient optimization. By weaving these case studies together, the thesis articulates a unified path to-

ward simulators and learned agents that use physics-based gradients to reason more effectively about

the real world, support scalable optimization for robotics and autonomous systems, and enable high-

fidelity, differentiable 3D representations of our environment.
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Chapter 1: Overview

1.1 Motivation

Modern scientific and engineering problems in the physical world increasingly require solving

large-scale optimization and learning tasks. Examples range from controlling autonomous vehicles

in complex traffic networks and coordinating robot fleets, to reconstructing detailed 3D geometry for

simulation and design. In all of these settings, the underlying phenomena—motion, interaction, and

deformation—evolve continuously in time and space. Yet, our computational tools often treat these

systems as black boxes or rely on discrete approximations. This mismatch between the continuous

nature of the physical world and the discrete nature of our algorithms leads to inefficient exploration,

high sample complexity, and suboptimal solutions.

A key observation behind this thesis is that many physical processes are nearly everywhere dif-

ferentiable. When the evolution of a system can be expressed as a differentiable mapping from current

states and actions to next states, its derivatives provide powerful information about how to change

inputs in order to improve future outcomes. Instead of blindly searching over actions or parameters,

we can use gradients as “beacons” that guide optimization. Recent advances in differentiable pro-

gramming and automatic differentiation have made such gradients accessible for a growing class of

simulators and geometric pipelines. However, most existing learning and optimization methods either

ignore these gradients, approximate them with surrogate models, or apply them only in small-scale,

highly specialized settings.

This disconnect is particularly evident in reinforcement learning (RL) for physical control.

Model-free RL methods have achieved impressive results in domains such as video games and rec-

ommendation systems, where the environment can be treated as a black box. For continuous control
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in physics-based environments, however, naively sampling trajectories and estimating policy gradients

from returns is often prohibitively expensive. At the same time, differentiable simulators can provide

accurate system-level derivatives of the underlying dynamics, but it remains unclear how to exploit

these gradients effectively within standard RL algorithms without introducing excessive variance or

bias. Bridging this gap—between gradient-free policy learning and gradient-rich physical models—is

a central motivation of the first part of this thesis.

Similar challenges arise in large-scale traffic systems, which form the backbone of modern

transportation infrastructure and autonomous driving applications. Traffic dynamics can be modeled

at macroscopic scales, using partial differential equations that describe flows of vehicles, or at mi-

croscopic scales, using ordinary differential equations that govern the motion of individual drivers.

Macroscopic models enable city-level reasoning but can be too coarse for fine-grained control, while

microscopic models capture rich local behaviors but are expensive to scale up. Current traffic sim-

ulators are typically designed for forward prediction and scenario analysis, not for gradient-based

optimization. As a result, tasks such as calibrating model parameters from data, optimizing signal

timing, or jointly planning the trajectories of many vehicles often rely on heuristics or gradient-free

search. Developing a differentiable, hybrid traffic simulator that retains the strengths of both macro-

and micro-scale models, while exposing analytic gradients for control and learning, is therefore a key

step toward more scalable “physical AI” in transportation.

A third domain where this tension between continuity and discreteness is pronounced is ge-

ometry processing, particularly mesh-based representations of 3D shape. Triangular and tetrahedral

meshes remain the de facto standard in graphics, vision, and simulation because they encode explicit

topology and are compatible with existing rendering and finite element pipelines. However, meshes

are inherently discrete: their connectivity is combinatorial, and traditional meshing algorithms depend
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Figure 1.1: The overview of my research. The upper box shows the keyword, and the
lower block shows specific work.

on non-differentiable decisions such as edge flips, collapses, and refinement operations. Conversely,

many recent learning-based methods adopt differentiable but implicit representations, such as signed

distance fields or neural implicit functions, which are well-suited for gradient-based optimization but

do not directly yield high-quality meshes suitable for simulation. This creates a methodological gap

between differentiable shape optimization and mesh-based downstream tasks.

This thesis is motivated by the belief that these three lines of work—reinforcement learning for

physical control, differentiable traffic simulation, and differentiable mesh processing—are all mani-

festations of the same underlying question:

How can we systematically exploit differentiability in physical and geometric systems to make opti-

mization and learning more efficient, scalable, and physically faithful?
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To address this question, my research develops specialized algorithms and frameworks that treat

differentiability as a first-class design principle. My overall work can be largely summarized into three

categories as shown in Figure 1.1. For each category, I denote its keyword in the upper block and

specify my work for it in the lower block. (1) Develop specialized reinforcement learning algorithms

for our physical world: I will present my work to accelerate the optimization and learning processes

for tasks happening in physical environments. With this, I emphasize the importance of differentiable

frameworks in problem solving. Then, I will present two case studies of differentiable frameworks in

kinematics and geometry, which are core components of our physical world. (2) Differentiable traf-

fic: I demonstrate how we can formulate traffic laws in a differentiable manner and use them to solve

various problems in the traffic domain. (3) Differentiable mesh: Then, I show my differentiable ap-

proach to surface and volumetric meshes, which can be used for 3D reconstruction. While pushing the

boundaries of these research areas, I have made significant contributions published in major, renowned

venues, including SIGGRAPH Asia (TOG), NeurIPS, ICML, ICCV, ICRA, and IROS.

1.2 Technical Challenges

While the promise of differentiability is conceptually simple, turning it into a practical tool for

optimization and learning in physical systems raises several technical challenges. In this thesis, I focus

on three closely related technical difficulties.

C1. Reliable gradients in the presence of non-smooth and discrete phenomena. Although many

physical processes are nearly everywhere differentiable, realistic models of the world inevitably con-

tain non-smooth events and discrete structures. In rigid body dynamics, contact, impacts, frictional

transitions, and mode switches introduce discontinuities into otherwise smooth dynamics. In traffic,
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lane changes, intersection logic, and right-of-way rules behave like discrete state machines layered

on top of continuous car-following laws. In geometry processing, triangular and tetrahedral meshes

encode combinatorial connectivity, and traditional meshing operations—such as edge flips, collapses,

and refinement—are inherently non-differentiable. Naively applying automatic differentiation through

such pipelines often yields undefined, unstable, or uninformative gradients exactly where the behavior

matters most. The first challenge is therefore to construct formulations that provide reliable gradient

information even in the presence of non-smooth and discrete phenomena, for example by relaxing

discrete decisions into continuous variables, designing differentiable surrogates for topological oper-

ations, or carefully localizing non-smooth events while still exposing useful sensitivities to upstream

optimizers.

C2. Scalable computation and organization of system-level derivatives. Even when differen-

tiable formulations are available, computing and storing derivatives at the scale required by real-world

applications is non-trivial. Backpropagating through long-horizon trajectories or high-resolution fields

quickly leads to prohibitive memory usage and runtime. City-scale traffic systems may involve hun-

dreds of thousands or millions of vehicles; volumetric meshes for simulation may contain millions of

elements and degrees of freedom. Generic reverse-mode automatic differentiation treats these systems

as dense computation graphs, often ignoring problem structure such as local coupling, sparsity, or the

separability of independent agents. A second challenge is therefore to design scalable differentiable

formulations and parallelization schemes that retain exact or controlled-approximation gradients while

exploiting domain structure: batching and vectorizing across vehicles in traffic, leveraging sparse op-

erators in mesh-based computations, and using tailored adjoint or Jacobian–vector products that avoid

unrolling every intermediate state in memory.
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C3. Integrating analytic gradients into stochastic learning algorithms. Finally, even high-quality,

efficiently computed system-level gradients do not automatically translate into better learning algo-

rithms. Reinforcement learning methods such as policy gradient and actor–critic are typically derived

under the assumption that the environment is a black box, returning only sampled transitions and re-

wards. Directly injecting analytic derivatives from a differentiable simulator into these updates can

introduce bias, numerical sensitivity, or excessive variance, especially in stochastic and long-horizon

settings. Similar issues arise when combining analytic gradients with statistical estimates in model-

based planning or trajectory optimization. The third challenge is to develop learning rules that system-

atically combine statistical estimators with analytic derivatives, preserving the robustness and general-

ity of standard RL algorithms while benefiting from the additional structure provided by differentiable

dynamics.

1.3 Problem Statements

The challenges outlined above can be distilled into a set of concrete research problems that this

thesis aims to address. At a high level, the overarching problem can be stated as follows:

High-level Problem. Given physical and geometric systems that are nearly everywhere differentiable,

how can we systematically exploit their differentiable structure to design optimization and learning

procedures that are more efficient, scalable, and physically faithful than purely gradient-free or black-

box approaches?

To make this question precise and actionable, I focus on three families of sub-problems corre-

sponding to the main thematic directions of this thesis.

7



Problem 1: Efficient learning and control in differentiable physical environments. Consider a

continuous-control task with state space S, action space A, and dynamics

st+1 = f(st, at), st ∈ S, at ∈ A,

where f is differentiable (almost everywhere) and its gradients ∂st+1/∂st and ∂st+1/∂at are available

from a differentiable simulator. The objective is to learn a parametrized policy πθ(at | st) that maxi-

mizes expected return E
[∑

t γ
tr(st, at)

]
. The problem is to design reinforcement learning algorithms

that: (i) obtain reliable gradient information from the underlying dynamics even in the presence of

contacts, non-smooth events, and stochasticity; (ii) scalably compute and organize these system-level

derivatives along long trajectories; and (iii) integrate them with trajectory-based policy gradient es-

timators in a way that improves sample efficiency and stability over model-free baselines, without

introducing unacceptable bias or variance.

Problem 2: Scalable differentiable hybrid traffic simulation for optimization and control. In

large-scale traffic systems, the state of the network can be modeled at two coupled levels: a macro-

scopic description of traffic density and velocity fields over a road graph, and a microscopic descrip-

tion of individual vehicles following car-following laws and lane-change rules. Let ρ(x, t) and u(x, t)

denote macroscopic density and velocity fields governed by PDEs, and let (pi(t), vi(t)) denote the

position and velocity of vehicle i governed by ODEs such as the Intelligent Driver Model. The prob-

lem is to construct a hybrid traffic simulator that: (i) provides a differentiable mapping from initial

conditions, control inputs (e.g., signal timings, pace-car policies), and boundary conditions to future

macroscopic and microscopic states; (ii) yields reliable gradients with respect to these inputs despite
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the presence of discrete events such as intersection logic; and (iii) scales to city-level scenarios with

hundreds of thousands or millions of vehicles by exploiting parallelism and problem structure. Such a

simulator should support downstream tasks including parameter calibration from data, gradient-based

signal optimization, and trajectory refinement or forecasting.

Problem 3: Differentiable surface and volumetric mesh generation from observations. In ge-

ometry processing, letO denote observed data such as point clouds, signed distance samples, or multi-

view images of a 3D object. The goal is to produce a mesh M = (V, F ) or a volumetric tetrahedral

mesh T = (V,K) whose geometry and topology are suitable for downstream applications such as

rendering or physical simulation. Traditional pipelines solve this via non-differentiable meshing al-

gorithms, while many learning-based methods optimize differentiable implicit representations without

directly producing high-quality meshes. The problem is to develop mesh formulations that: (i) encode

geometry and connectivity in a differentiable manner, providing meaningful gradients with respect

to vertex positions and continuous connectivity parameters even when the underlying structures are

combinatorial; (ii) admit scalable computation of gradients through Delaunay-based constructions,

isosurface extraction, or volumetric tessellation; and (iii) enable end-to-end optimization of meshes

against observationsO, improving both geometric fidelity and element quality over non-differentiable

baselines.

Together, these problem statements instantiate the high-level question of how to leverage differ-

entiability in physics and geometry. In the next section, I formalize the central thesis statement and

hypotheses that guide the design of the proposed algorithms and systems.
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1.4 Thesis Statement and Hypotheses

The problem statements above motivate a unifying perspective on the role of differentiability in

physical and geometric systems. Rather than treating gradients as an optional byproduct of numerical

methods, this thesis takes the view that differentiability should be a first-class design principle for

simulators, representations, and learning algorithms.

Thesis Statement. By explicitly exploiting differentiable structure in physical dynamics and geomet-

ric representations, we can design optimization and learning procedures that are significantly more

efficient, scalable, and physically faithful than methods that treat the environment as a black box or

rely solely on discrete, non-differentiable pipelines.

This thesis investigates this claim through three concrete hypotheses, each corresponding to one

of the main problem families introduced above.

H1. Gradient-aware reinforcement learning in differentiable environments. When system-level

derivatives are available from a differentiable environment, policy learning algorithms that combine

the analytic gradients with statistical estimators can achieve substantial gains in sample efficiency and

stability over purely model-free methods, without sacrificing robustness.

The intuition behind H1 is that analytic gradients of the dynamics provide low-variance direc-

tional information about how actions influence future states and rewards, especially in smooth regions

of the state space. At the same time, trajectory-based policy gradients are agnostic to modeling errors

and can handle non-smooth events and stochasticity. By carefully integrating these two sources of in-

formation—rather than replacing one with the other—we can leverage the strengths of both: analytic

gradients guide exploration and constrain updates, while stochastic estimators preserve correctness un-
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der complex noise and contact patterns. Chapters 2 and 3 test this hypothesis by introducing gradient-

informed policy optimization and time-aware world models in differentiable physics environments.

H2. Scalable differentiable hybrid traffic simulation. By formulating both macroscopic PDE-

based traffic models and microscopic ODE-based car-following laws within a unified differentiable

framework, and by exploiting their inherent problem structure, we can construct hybrid traffic simula-

tors that scale to city-level scenarios and support gradient-based optimization and control tasks that

are impractical for traditional gradient-free approaches.

The intuition behind H2 is twofold. First, macroscopic and microscopic traffic models each pro-

vide complementary advantages: PDEs capture global flow patterns while ODEs capture local driver

interactions. A differentiable hybrid formulation allows gradients to propagate across scales, enabling

joint optimization of signal timing and vehicle trajectories. Second, the local coupling structure of traf-

fic dynamics—vehicles primarily interact with nearby neighbors and adjacent cells—can be leveraged

to design custom parallelization schemes and adjoint computations that avoid the prohibitive costs of

naive automatic differentiation. Chapters 4 and 5 investigate this hypothesis by developing a differen-

tiable hybrid traffic model with analytic derivatives and a parallelized simulator for trajectory filtering,

reconstruction, and forecasting.

H3. Differentiable mesh representations for surface and volumetric reconstruction. Relaxing

discrete mesh connectivity and volumetric tessellation into differentiable formulations, while carefully

regularizing for quality, enables end-to-end optimization of simulation-ready meshes from observa-

tions, yielding better trade-offs between geometric fidelity, mesh quality, and element efficiency than

traditional non-differentiable pipelines or purely implicit representations.
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The intuition behind H3 is that classical meshing algorithms solve inherently combinatorial

problems (e.g., choosing connectivity, flipping edges, refining elements), which are difficult to di-

rectly couple with gradient-based optimization. On the other hand, differentiable implicit representa-

tions such as signed distance fields provide smooth objectives but do not directly produce high-quality

meshes tailored for simulation. By encoding connectivity and volumetric structure into continuous

features and differentiable constructions—such as Delaunay-based structures, probabilistic face exis-

tence, or differentiable marching tetrahedra—we can optimize geometry and (topologically meaning-

ful) connectivity jointly with respect to observational and regularization losses. Chapters 6–8 examine

this hypothesis through differentiable surface mesh representations and volumetric tetrahedral mesh

optimization from point clouds and multi-view images.

Together, these hypotheses instantiate the central thesis across different but closely related do-

mains: reinforcement learning for physical control, large-scale traffic simulation, and mesh-based ge-

ometry processing. The remainder of this chapter outlines how the subsequent chapters are organized

around these themes and how each contributes evidence in support of the thesis.

1.5 Overview of Thematic Approaches

The thesis develops three thematic lines of work that instantiate the above hypotheses in concrete

settings: (i) gradient-aware reinforcement learning in differentiable environments, (ii) scalable differ-

entiable hybrid traffic simulation, and (iii) differentiable surface and volumetric mesh representations.

Figure 1.1 summarizes these themes at a high level, with each upper block highlighting a core concept

and each lower block listing the specific algorithms and systems developed in this dissertation.
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Theme A: Gradient-aware reinforcement learning in differentiable environments. The first theme

addresses Problem 1 and Hypothesis H1 by designing RL algorithms that treat analytic system-level

derivatives as a first-class signal. In Chapter 2, I introduce Gradient Informed Proximal Policy Op-

timization (GI-PPO), which augments PPO with analytic gradients from differentiable environments.

GI-PPO constrains policy updates using these gradients, aiming to reduce variance and improve sample

efficiency while retaining the robustness of trajectory-based policy gradients. In Chapter 3, I develop

a Time-Aware World Model (TAWM) that conditions on variable time steps and is trained using a mix-

ture of step sizes. This model leverages continuity of the underlying dynamics to support planning and

control across a range of observation rates. Together, these chapters show how analytic derivatives can

be safely integrated into stochastic RL algorithms, directly targeting Challenge C1 and Challenge C3

in the context of continuous-control tasks.

Theme B: Scalable differentiable hybrid traffic simulation. The second theme addresses Prob-

lem 2 and Hypothesis H2 by building differentiable traffic simulators that couple macroscopic and

microscopic models and expose analytic derivatives for optimization and control. Chapter 4 presents a

differentiable hybrid traffic model that combines PDE-based macroscopic dynamics with ODE-based

microscopic car-following laws, along with differentiable macro–micro conversion operators. This

framework yields analytic gradients with respect to initial conditions and control parameters such as

signal timings and pace-car policies. Chapter 5 then focuses on scalability, introducing a parallelized

differentiable traffic simulator that exploits the local structure of car-following models to simulate and

differentiate through trajectories for up to millions of vehicles. These chapters collectively address the

need for reliable and scalable gradients (Challenges C1 and C2) in city-scale traffic systems, enabling

gradient-based calibration, control, and trajectory optimization.
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Theme C: Differentiable mesh representations for surface and volumetric reconstruction. The

third theme addresses Problem 3 and Hypothesis H3 by developing differentiable formulations for sur-

face and volumetric meshes that can be optimized end-to-end from observations. Chapter 6 introduces

DMesh, a probabilistic mesh representation in which face existence is encoded by continuous variables

derived from weighted Delaunay structures. This formulation allows both geometry and connectivity

to be optimized using gradients with respect to point-wise parameters. Chapter 7 presents DMesh++,

which refines this idea into a more efficient framework with reduced tessellation cost and memory

usage, enabling reconstruction of complex shapes from point clouds and multi-view images. Chap-

ter 8 extends the differentiable mesh paradigm to volumetric tetrahedral meshes, proposing a pipeline

for generating and optimizing tetrahedral elements via differentiable volumetric marching and mesh-

quality–aware loss functions. Across these chapters, the focus is on relaxing discrete connectivity and

tessellation decisions into continuous parameters, addressing Challenge C1, and on designing scalable

gradient computations suitable for complex meshes, addressing Challenge C2.

Interplay between themes. Although each theme targets a different application domain, they are

tightly connected. The RL algorithms in Theme A provide generic tools for exploiting analytic gra-

dients in control problems and are applicable to differentiable traffic simulators and differentiable

physics more broadly. The traffic simulators in Theme B demonstrate how large-scale, structured dy-

namical systems can be made differentiable and used to solve optimization and forecasting tasks that

would be impractical with black-box models. The mesh representations in Theme C show how dif-

ferentiability can be extended from kinematic and traffic dynamics to geometric structures, enabling

reconstruction of simulation-ready meshes that could themselves serve as substrates for future differ-

entiable simulation and control. Together, these thematic approaches provide complementary evidence
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for the central thesis that differentiability, when explicitly exposed and systematically exploited, can

serve as a unifying tool for efficient optimization and learning in physical and geometric systems.

1.6 Related Work

1.6.1 Reinforcement Learning for Physical Tasks

1.6.1.1 Model-Free Algorithms

Model-free Reinforcement Learning (RL) algorithms often use experiences or trajectories from

a (black-box) environment and learn policies based on them. As they do not have to learn an addi-

tional approximate model of the environment, they often demonstrate rapid convergence to the optimal

policy.

Policy Gradient Methods. Policy gradient methods are one of the most popular model-free RL

algorithms, and they learn a policy by estimating the gradient of the expected cumulative return with

respect to policy parameters [28]. [29] is one of the earliest approaches that use a stochastic estimator to

estimate the policy gradient and use it for learning. [30] used the term ‘likelihood-ratio’ (LR) gradient

to represent the policy gradient estimated in this way. While being unbiased in nature, policy gradients

estimated in this way exhibit high variance, which hampers learning [28]. [31, 32] proposed a way

to reduce the high variance of this estimated policy gradient using control variates. [33] proposed an

actor-critic method, which is also helpful for reducing the variance. Building on this, [34] presented

a more stable advantage estimator as a critic for accelerating training. More recently, [35, 36] were

proposed to further stabilize training by constraining policy updates to remain close to the current

policy. Now, Proximal Policy Optimization (PPO) [36] is one of the most widely used reinforcement
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learning algorithms across various domains, including robotics [37–41] and large language models

(LLMs) [42–45], due to its generalizability and robustness.

Analytical Gradient Methods. Instead of a stochastic policy gradient estimator, one can obtain

analytic gradients of the policy parameters when the environment is differentiable and thus provides

downstream gradients. Analytical gradient methods use these analytically computed policy gradients

for learning, but they are still model-free, as they do not train a surrogate model to replicate the envi-

ronment. [46] proposed one of the earliest approaches to use analytical gradients for learning, which

is called Back-Propagation Through Time (BPTT). Compared to policy gradients, analytical gradients

exhibit lower variance [47, 48] and therefore contribute to much faster convergence than policy gra-

dients. However, [49–51] point out that analytical gradient methods can suffer from the exploding or

vanishing gradients problem when the horizon becomes longer, due to the chaotic nature of environ-

ments. Furthermore, [52] reports that these methods are vulnerable to the empirical bias problem in

learning. To amend these issues, [14] propose a truncated window approach, and [50,52] claim to use a

mixture of policy gradients and analytical gradients. With these corrective measures, analytical gradi-

ents are often used in solving physical tasks that have a high-dimensional search space [14,49,53–63].

1.6.1.2 Model-based Algorithms

Despite its generalizability and robustness, the lack of sample efficiency is often referred to as a

main weakness of model-free RL algorithms. Model-based RL (MBRL) algorithms tackle this sample-

efficiency problem by training a surrogate model that approximates the given environment during

training. This surrogate model lets the agent predict what the outcome of the agent’s action would

be without accessing the true environment [64]. Because the actor can obtain an unlimited number
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of simulated samples from the surrogate model, it is inherently more sample efficient than model-free

methods. While early attempts like [50, 65] used a Gaussian Process (GP) to define this surrogate

model, recently neural networks are preferred over them because of their superior representational

power [66–71]. Specifically, Dreamer and its variants [67–69, 72] train policies directly within the

learned model. On the other hand, model-predictive-control (MPC) methods [70, 71] rely on action

planning. These MBRL methods are also widely used to solve physical tasks, mainly due to their

generalizability to multi-task environments and scalability [72–77].

1.6.2 Differentiable Kinematics

1.6.2.1 Differentiable Physics Simulation

Physics simulators have traditionally been used for solving optimization problems in various

domains, such as topology design [78, 79], aerodynamics/fluid dynamics [80, 81], and meteorol-

ogy [82, 83]. When it comes to physics simulators for simulating rigid bodies, soft bodies, or fluids,

differentiable simulators have gained popularity as they provide system-level gradients, which can be

used for advanced data sampling for efficient optimization and learning [84]. Specifically, [55, 57]

proposed differentiable rigid-body physics simulators that could be used for robotics learning. [59]

proposed a differentiable MPM simulator for soft bodies, and [85] presented a differentiable cloth

simulator. [53] went one step further by coupling rigid-body and cloth simulation. When it comes to

projective dynamics, [86, 87] presented differentiable projective dynamics-based simulators for simu-

lating multiple soft bodies. [88, 89] proposed differentiable fluid simulation, or its coupling with rigid

bodies, for optimization. In parallel to these works, various software tools were developed to help

implement differentiable simulations [58, 90, 91] – these frameworks often support automatic differ-

17



entiation. Based on these research efforts, the standard physics simulators that people use in practice,

such as MuJoCo [92], Isaac Sim [93], Genesis [94], and Brax [49], are also trying to extend their sup-

port for differentiable physics to accelerate optimization and learning. They have become especially

important nowadays, as people are trying to use physics simulators for generating synthetic datasets for

training “world models” that understand real-world physical laws, and gradients from these simulators

play a vital role in this application.

1.6.2.2 Traffic Simulation

Based on the physical principles that describe traffic flow, traffic simulations are used to solve

various optimization and learning problems in the traffic domain.

Traffic Models. Techniques for traffic simulation can be broadly classified as either macroscopic

or microscopic based on their modeling assumptions. In macroscopic formulations, traffic flow is

described using density and flux. [95,96] suggested one of the earliest models, called the LWR model,

based on this idea, which is essentially a nonlinear PDE on the density of vehicles. [97, 98] added a

momentum term to the LWR model, which allowed them to model more complex traffic dynamics.

[99,100] modified the momentum term in the previous model based on the observation that traffic flow

is anisotropic, which is called the ARZ model. [101,102] used this ARZ model to visualize traffic flow

and solve traffic congestion problems.

On the other hand, microscopic models describe the motion of individual vehicles, typically

tracking velocity, the bumper-to-bumper distance to the leading vehicle, and the relative velocity

between them [103]. [104–106] are regarded as the initial attempts for this microscopic approach.

[107–110] proposed modern variations of these models, including behavioral traits of individual ve-
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hicles, which make simulations more realistic and descriptive. Among them, the Intelligent Driver

Model (IDM) [109] is one of the most widely adopted microscopic models in recent simulators.

In general, macroscopic models are computationally more efficient than microscopic ones when

simulating a large number of vehicles, as their computational cost is proportional to the length of the

simulated road, not the number of vehicles therein. However, microscopic models provide more fine-

grained details of vehicle motion than macroscopic ones, because every individual vehicle observes

its surrounding environment and decides its actions. [111–114] try to find a middle ground between

these two regimes; these hybrid models often simulate only the regions of interest with microscopic

models for accuracy and use macroscopic models elsewhere to maintain overall flow correctness while

attaining computational efficiency.

Traffic Simulators. Modern traffic simulators like SUMO [115], HighwayEnv [116], CARLA [117],

and FLOW [118] use the Intelligent Driver Model (IDM) to model vehicle movements. On the other

hand, simulators like MATSIM [119] and VISSIM [120] employ similar car-following models, but

not IDM. Despite their widespread usage in traffic problem solving, these simulators have a limitation

in computational efficiency because they are implemented in a sequential way. More recently, ad-

vancements in machine learning and GPU hardware have led to the development of parallelized or dif-

ferentiable traffic simulators for large-scale traffic simulation and urban mobility optimization. [121]

proposed a differentiable formulation of IDM, but it does not support parallelization. In contrast,

non-differentiable MOSS [122] uses GPU power for city-scale traffic simulation based on IDM and

MOBIL [123]. Data-driven simulators like Waymax [124] and GPUDrive [125] offer both GPU ac-

celeration and differentiation, but focus on replaying real-world trajectory logs from the Waymo Open

Dataset (WOMD) [126], without reactive traffic behaviors.
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1.6.3 Differentiable Geometry

1.6.3.1 Neural Implicit Shape Representations

Recently, the use of neural implicit functions for shape representation has gained popularity in

graphics and vision applications [5,127–132], due to their innate differentiability and the development

of neural networks. They mainly use a neural network to encode density and additional visual fea-

tures of a space. [5, 6, 133–137] proposed using neural signed distance functions (SDFs) to enhance

geometric accuracy. [7, 8] are extensions of these methods, which use neural unsigned distance fields

(UDFs) to represent thin shells instead of volumes. After optimization is done, they extract the explicit

geometry using iso-surface extraction techniques [22,23,138]. Nowadays, these neural implicit shape

representations are widely used in 3D reconstruction [5,6,127,132,134] and 3D generation [139–145].

1.6.3.2 Explicit Mesh Representation

While neural implicit representations have gained popularity in machine learning, explicit sur-

face or volumetric mesh representations are still favored in downstream applications, such as rendering,

geometric design, or physics simulation. For instance, volumetric tetrahedral meshes are widely used

in volumetric rendering [146–150], fluid simulation [151–153], soft-body simulation [154–157], and

fracture simulation [158]. However, adopting meshes into current machine learning frameworks has

not been as easy as neural implicit representations, because the connectivity information of the mesh

is discrete in nature. Therefore, some workarounds have been developed to handle meshes in current

machine learning or gradient-based optimization pipelines.
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Differentiable Mesh with Fixed Topology. As it is difficult to model changing connectivity during

mesh optimization, some approaches freeze the connectivity and only optimize vertex positions [3, 4,

24, 159–161]. To improve mesh quality, they often adopt remeshing during optimization, which is not

differentiable.

Differentiable Mesh Extraction from Implicit Fields. There are other methods that represent a

shape with an implicit field using vertex-wise signed distance function (SDF) values and extract a

surface or volumetric mesh using differentiable isosurface extraction algorithms. [9, 162] proposed a

deformable background tetrahedral grid to encode the SDF information and extract the surface mesh

using the Marching Tetrahedra (MT) [23] algorithm. [11] presents a more advanced version, which

uses a background cubic grid to encode the SDF and utilizes a variant of the Dual Contouring (DC)

algorithm to extract a surface or volumetric mesh. More recently, [12] proposed using two layers of

SDF to extract thin shells instead of closed surfaces from the implicit field. Due to their differentiability

and ability to represent diverse topologies, these methods are widely used in 3D reconstruction [10,

163] and generation [164–166], similarly to neural implicit methods.

1.7 Outline and Contributions

This dissertation is organized into five parts.

Part I – Introduction. Chapter 1 provides an overview of the thesis. It motivates the need for

exploiting differentiability in physical and geometric systems, formalizes the core research questions

and hypotheses, and outlines the three thematic threads: gradient-informed reinforcement learning

for physical control, differentiable traffic simulation, and differentiable mesh processing for shape
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reconstruction.

Part II – Reinforcement Learning for Physical Tasks. In Part II, I develop reinforcement learning

algorithms that explicitly leverage system-level derivatives in differentiable environments.

Chapter 2 introduces Gradient-Informed Proximal Policy Optimization (GI-PPO), a policy learn-

ing method that augments PPO with analytical gradients from differentiable simulators. The chapter

proposes the notion of an α-policy as a locally superior policy, derives criteria to diagnose variance

and bias in analytical gradients, and shows how to adaptively modulate their influence during learning.

Extensive experiments on function optimization, differentiable physics, and traffic control demonstrate

accelerated convergence compared to gradient-free baselines.

Chapter 3 presents the Time-Aware World Model (TAWM), a continuous-time model-based RL

approach that conditions on the time-step size ∆t and is trained on a mixture of time steps. By learn-

ing a single latent dynamics model that is consistent across multiple temporal resolutions, TAWM

achieves improved sample efficiency and robustness on control tasks and PDE control problems, while

providing theoretical insight into the benefits of multi-scale temporal supervision.

Part III – Differentiable Kinematics: Traffic. Part III focuses on differentiable kinematic models

for large-scale traffic systems.

Chapter 4 develops a differentiable hybrid traffic simulator that tightly couples a macroscopic

PDE-based flow model with a microscopic ODE-based car-following model. The chapter formulates

both scales in a unified differentiable framework, derives analytic derivatives for macroscopic evolu-

tion, microscopic dynamics, and macro–micro conversions, and demonstrates how these gradients can

be used for parameter calibration, control, and policy learning in realistic traffic networks.

22



Chapter 5 builds on this simulator to propose a parallelized differentiable traffic engine for

gradient-based trajectory optimization. It introduces a batched simulation scheme that scales to many

vehicles and scenarios in parallel, analyzes and mitigates unrealistic behaviors induced by naïve gra-

dient descent, and applies the resulting system to trajectory filtering, reconstruction, and forecasting.

The chapter highlights how exact kinematic gradients enable efficient, training-free baselines and serve

as a foundation for learned predictors.

Part IV – Differentiable Geometry: Mesh. Part IV investigates differentiable mesh representations

for surface and volumetric geometry.

Chapter 6 introduces DMesh, a probabilistic surface-mesh representation that relaxes triangle

existence into continuous variables over a weighted Delaunay triangulation. By formulating mesh

connectivity as soft probabilities and defining differentiable losses on geometry, regularity, and data

fidelity, DMesh enables gradient-based optimization over both connectivity and vertex positions, and

demonstrates applications to point-cloud reconstruction and and multi-view reconstruction.

Chapter 7 presents DMesh++, an efficient extension of DMesh tailored to complex, high-resolution

shapes. It decouples connectivity selection from geometric optimization using a minimum-ball con-

struction, reduces the computational cost of probability evaluation and tessellation, and improves re-

construction quality on challenging shapes while maintaining differentiability.

Chapter 8 develops a differentiable pipeline for volumetric meshing based on Delaunay tetra-

hedralization and volumetric Marching Tetrahedra. The chapter defines a loss-driven procedure that

optimizes volumetric meshes with respect to signed distance fields, multi-view image cues, and mesh-

quality metrics, enabling gradient-based control of internal element quality and demonstrating com-

patibility with downstream physics simulation.
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Part V – Conclusion. Chapter 9 summarizes the main findings of the thesis, reflects on the unifying

role of differentiability across reinforcement learning, traffic simulation, and geometric modeling, and

outlines several directions for future work in scalable differentiable systems and physical AI.

Summary of Contributions. The main technical contributions of this dissertation are:

• Gradient-informed policy optimization in differentiable environments (Chapter 2). I pro-

pose GI-PPO, a variant of PPO that integrates analytical gradients from differentiable simulators

via an α-policy formulation, together with diagnostic metrics for variance and bias that allow

the algorithm to selectively trust or downweight simulator gradients, leading to faster and more

stable policy improvement.

• Time-Aware World Model for multi-scale continuous-time dynamics (Chapter 3). I intro-

duce TAWM, a continuous-time world model trained on a mixture of time-step sizes, show-

ing both theoretically and empirically that conditioning on ∆t enables a single model to cap-

ture high- and low-frequency dynamics, thereby improving sample efficiency and robustness in

model-based RL and PDE control.

• Differentiable hybrid macro–micro traffic simulator with analytic gradients (Chapter 4).

I design a unified differentiable traffic framework that combines macroscopic flow models and

microscopic car-following dynamics, derive closed-form gradients for each component and their

conversions, and demonstrate how these gradients can be used for parameter calibration, signal

optimization, and policy learning in realistic traffic networks.

• Parallelized differentiable traffic simulation for trajectory optimization and forecasting

(Chapter 5). I develop a GPU-accelerated, batched differentiable traffic simulator that supports
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large-scale gradient-based trajectory optimization, introduce strategies to detect and suppress

unrealistic gradient-driven behaviors, and show applications to trajectory filtering, reconstruc-

tion, and prediction as efficient baselines for learned forecasting models.

• Probabilistic differentiable surface-mesh representation (Chapter 6). I propose DMesh, a

differentiable mesh formulation that relaxes triangle connectivity into continuous probabilities

over a weighted Delaunay triangulation, enabling end-to-end gradient-based optimization of

mesh connectivity and geometry from point clouds and multi-view images while maintaining

compatibility with explicit mesh pipelines.

• Efficient differentiable mesh modeling for complex shapes (Chapter 7). I extend DMesh to

DMesh++, which leverages a minimum-ball based construction to reduce the computational

overhead of probability evaluation and tessellation, improving scalability to complex, high-

resolution shapes and yielding higher-quality reconstructions under much lower computational

cost.

• Differentiable Delaunay tetrahedral mesh generation for volumetric reconstruction (Chap-

ter 8). I introduce a differentiable volumetric meshing pipeline that combines Delaunay tetra-

hedralization with volumetric Marching Tetrahedra and mesh-quality losses, enabling gradient-

based optimization of tetrahedral meshes with respect to signed distance fields, multi-view ob-

servations, and FEM-oriented quality metrics, and validating the resulting meshes in downstream

physics simulations.
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Part II

Reinforcement Learning for Physical Tasks

26



Chapter 2: Gradient Informed Proximal Policy Optimization

This chapter presents the first concrete instantiation of the thesis’s central idea: leveraging gra-

dient information to guide efficient optimization in high-dimensional decision-making problems. We

introduce a policy learning framework that integrates analytical gradients from differentiable envi-

ronments into Proximal Policy Optimization (PPO), using the notion of an α-policy to regulate the

influence of these gradients during learning. This formulation demonstrates how gradient-informed

reasoning can systematically improve exploration and convergence, even in environments that exhibit

complex interactions and partial discontinuities.

2.1 Introduction

Reinforcement learning (RL) techniques often take gradient-free experiences or trajectories to

collect information and learn policies—suitable for many applications such as video games and rec-

ommender systems. In contrast, differentiable programming offers analytical gradients that describe

the action-result relationship (Equation 2.2). In particular, recent developments in programming

tools [167] have enabled direct access to accurate analytical gradients of the environmental dynam-

ics, as exemplified in physics simulations [49, 53, 55–57], instead of using differentiable models for

approximation [64, 65]. Policy gradients estimated from the integration of these analytical gradients

and the reparameterization trick (RP gradient) [47] often display less variance than likelihood ratio

policy gradients (LR gradient) [29, 30], derived using the log-derivative trick. Consequently, a subset

of research has explored the utilization of these analytical gradients for RL applications, especially in

physics domains [14, 53, 54].
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Nevertheless, in environments with inherent chaotic nature, the RP gradient is found to exhibit

high variance [50] and even empirical bias [52]. Therefore, a strategic approach is necessary for the

adoption of analytical gradients in policy learning [51]. One such strategy involves the interpolation

of the LR and RP gradients based on their variance and bias [50, 52], made possible by the fact that

both are different estimators of the same policy gradient. However, this approach requires estimating

the LR and RP gradient for each sample trajectory to compute sample variance, a process that can

be time-consuming (Appendix A.7). Additionally, for on-policy RL methods that do not initially

estimate the LR gradient, such as Trust Region Policy Optimization (TRPO) [35] or Proximal Policy

Optimization (PPO) [36] algorithms, it remains uncertain how to evaluate the variance and bias of

analytical gradients. These gradients, however, continue to be desirable when they exhibit low variance

and provide insightful information about environmental dynamics.

Given these challenges, our study explores how to incorporate analytical gradients into the PPO

framework, taking their variance and bias into account. Our primary contributions are threefold: (1)

we propose a novel method to incorporate analytical gradients into the PPO framework without the ne-

cessity of estimating LR gradients, (2) we introduce an adaptive α-policy that allows us to dynamically

adjust the influence of analytical gradients by evaluating the variance and bias of these gradients, and

(3) we show that our proposed method, GI-PPO, strikes a balance between analytical gradient-based

policy updates and PPO-based updates, yielding superior results compared to baseline algorithms in

various environments.

We validate our approach across diverse environments, including classical numerical optimiza-

tion problems, differentiable physics simulations, and traffic control environments. Among these,

traffic environments typify complex real-world scenarios where analytical gradients are biased. We

demonstrate that our method surpasses baseline algorithms, even under these challenging conditions.
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2.2 Related Work

2.2.1 Policy Learning Without Analytical Gradients

The policy gradient is described as the gradient of the expected cumulative return in relation

to policy parameters [168]. For a stochastic policy, as examined in this paper, REINFORCE [169]

represents one of the initial methods to employ a statistical estimator for the policy gradient to facil-

itate policy learning. The policy gradient obtained with this estimator is commonly referred to as a

likelihood-ratio (LR) gradient [30,170]. Despite the LR gradient’s ability to operate without analytical

gradients of dynamics and its unbiased nature, it frequently exhibits high variance [28]. Furthermore,

the nonstationarity of the policy renders stable learning difficult to guarantee [31, 34].

Several strategies have been proposed to address the high variance issue inherent to the LR gra-

dient, including the use of additive control variates [31,32]. Among these, the actor-critic method [33]

is highly favored. However, the introduction of a value function may induce bias. To counteract this,

the Generalized Advantage Estimator (GAE) [34] was developed to derive a more dependable advan-

tage function. Concerning the issue of unstable learning, methods such as TRPO [35] and PPO [36]

propose optimizing a surrogate loss function that approximates a random policy’s expected return.

By constraining the policy updates to remain close to the current policy, these methods significantly

enhance stability in learning compared to pure policy gradient methods, which makes them more pre-

ferred nowadays.
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2.2.2 Policy Learning With Analytical Gradients

In contrast to the LR gradient, the RP gradient is based on the reparameterization trick, which

mandates analytical gradients of dynamics yet typically achieves lower variance [47, 48]. The RP

gradient can be directly estimated over the entire time horizon using Backpropagation Through Time

(BPTT) [46] and subsequently used for policy updates. However, BPTT has been found to encounter

multiple optimization challenges such as explosion or vanishing of analytical gradients over extended

trajectories [49]. This is because, surprisingly, the RP gradient, contrary to earlier beliefs, may experi-

ence exploding variance due to the chaotic nature of environments [50, 51]. Additionally, [52] noted

that the RP gradient could also be subject to empirical bias.

Several corrective measures exist for the issues concerning the RP gradient [51], such as using

a truncated time window bootstrapped with a value function [14]. This approach has demonstrated

its efficacy in addressing physics-related problems. Another class of solutions involves interpolating

between LR and RP gradients by evaluating their sample variance and bias [50, 52]. Likewise, when

we carefully address the problems of RP gradient, it can provide valuable information helpful for

policy learning. However, when it comes to PPO, which is one of the most widely used RL methods

nowadays, it is unclear how we can leverage the analytical gradients that comprise the RP gradient, as

it does not estimate LR gradient which can be used for comparison to the RP gradient. In this paper,

we address this issue and show that we can use analytical gradients to enhance the performance of

PPO.
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2.3 Preliminaries

2.3.1 Goal

We formulate our problems as a Markov decision process (MDP) defined by a tuple (S,A, P, r, ρ0, γ),

where S is a set of states, A is a set of actions, P : S × A × S → R is a state transition model,

r : S × A → R is a reward model, ρ0 is the probability distribution of the initial states, and γ is a

discount factor.

Under this MDP model, our goal is to train a parameterized stochastic policy πθ : S ×A→ R+,

where θ represents parameters, that maximizes its expected sum of discounted rewards, η(πθ):

η(πθ) = Es0,a0,...∼πθ

[
∞∑
t=0

γtr(st, at)

]
. (2.1)

In this paper, we denote the current policy that is used to collect experience as πθ̄.

2.3.2 Analytical Gradients

We assume that S and A are continuous, differentiable spaces, and P and r are also differen-

tiable models. Then, our differentiable environment provides us with following analytical gradients of

observation or reward at a later timestep with respect to the action at the previous timestep:

∂st+1+k

∂at
,
∂rt+k

∂at
, (2.2)

where k ≥ 0 is an integer. With these basic analytical gradients, we can compute the gradient

of certain advantage function, which we denote as ∂A
∂a

. In this paper, we use Generalized Advantage
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Estimator (GAE) [34]. See Appendix A.2.1 for details.

2.3.3 Policy Update

In this section, we discuss how we update policy in two different settings: the policy gradient

method based on RP gradient and PPO.

2.3.3.1 RP Gradient

To compute the RP gradient, we rely on the reparameterization trick [47]. This trick requires us

that we can sample an action a from πθ by sampling a random variable ϵ from some other indepen-

dent distribution q. To that end, we assume that we use a continuous differentiable bijective function

gθ(s, ·) : Rn → Rn that maps ϵ to an action a, where n is the action dimension. Then the following

holds because of injectivity, ∣∣∣det(∂gθ(s, ϵ)
∂ϵ

)
∣∣∣ > 0,∀ϵ ∈ Rn, (2.3)

and we can define the following relationship.

Definition 2.3.1 We define πθ ≜ gθ if following holds for an arbitrary open set Tϵ ⊂ Rn:

∫
Ta

πθ(s, a)da =

∫
Tϵ

q(ϵ)dϵ,

where Ta = gθ(s, Tϵ).

Lemma 2.3.2 If πθ ≜ gθ,

πθ(s, a) = q(ϵ) ·
∣∣∣det(∂gθ(s, ϵ)

∂ϵ
)
∣∣∣−1

,

where a = gθ(s, ϵ). The inverse is also true.
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Proof: See Appendix A.1.1.

Specifically, we use q = N (0, I) in this paper, and define gθ as follows,

gθ(s, ϵ) = µθ(s) + σθ(s) · ϵ (||σθ(s)||2 > 0),

which satisfies our assumption.

With gθ(s, ϵ) and the analytical gradients from Equation 2.2, we obtain RP gradient by directly

differentiating the objective function in Equation 2.1, which we use for gradient ascent. See Ap-

pendix A.2.2 for details.

2.3.3.2 PPO

PPO relies on the observation that we can evaluate a policy πθ with our current policy πθ̄, using

its advantage function Aπθ̄
as

η(πθ) = η(πθ̄) +

∫
s

ρπθ
(s)

∫
a

πθ(s, a)Aπθ̄
(s, a),

where ρπθ
(s) is the discounted visitation frequencies. See [35, 171] for the details.

As far as the difference between πθ̄ and πθ is sufficiently small, we can approximate ρπθ
(s) with

ρπθ̄
(s) [35], and get following surrogate loss function:

Lπθ̄
(πθ) = η(πθ̄) +

∫
s

ρπθ̄
(s)

∫
a

πθ(s, a)Aπθ̄
(s, a). (2.4)

Note that we can estimate this loss function with Monte Carlo sampling as described in Ap-
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pendix A.2.3. Since this is a local approximation, the difference between πθ̄ and πθ must be small

enough to get an accurate estimate. TRPO [35] and PPO [36] constrain the difference to be smaller

than a certain threshold, and maximize the right term of (2.4). In particular, PPO restricts the ratio of

probabilities πθ(si, ai) and πθ̄(si, ai) for every state-action pair (si, ai) in the buffer as follows to attain

the goal, using a constant ϵclip:

1− ϵclip <
πθ(si, ai)

πθ̄(si, ai)
< 1 + ϵclip. (2.5)

2.4 Approach

In this section, we discuss how we can use analytical gradients in the PPO framework while

considering their variance and biases. We start our discussion with the definition of α-policy.

2.4.1 α-Policy

With the analytical gradient of advantage with respect to an action (∇aAπθ̄
(s, a)) from our dif-

ferentiable environments, we can define a new class of policies πα, parameterized by α, as follows.

Definition 2.4.1 Given current policy πθ̄, we define its α-policy as follows:

πα(s, ã) =


πθ̄(s,a)

|det(I+α∇2
aAπθ̄

(s,a))| if ∃a s.t. ã = f(a) = a+ α · ∇aAπθ̄
(s, a)

0 else
,

where constant |α| < 1

max(s,a)|λ1(s, a)|
.

(2.6)

Here λ1(s, a) represents the minimum eigenvalue of ∇2
aAπθ̄

(s, a).
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Figure 2.1: α-policies for 1-dimensional (a) De Jong’s function and (b) Ackley’s function.
The original policy is rendered in blue, and alpha policies for different α values are ren-
dered in orange and red. Those α-policies are obtained from analytical gradients of the
given function f(x) rendered in black. Note that Ackley’s α-policy becomes invalid when
α = 2 · 10−3, because of singularities near 0.

Lemma 2.4.2 Mapping f is injective, and for an arbitrary open set of action T ⊂ A, πα(s, ·) selects

a set of action T̃ = f(A) with the same probability that πθ̄(s, ·) selects A.

Proof: See Appendix A.1.2.

In Figure 2.1, we provide renderings of α-policies for different αs when we use 1-dimensional

De Jong’s function and Ackley’s function [172] as our target functions. The illustration provides us

an intuition that when α is sufficiently small, πα can be seen as a policy that selects slightly better

action than πθ̄ with the same probability. In fact, we can prove that πα indeed gives us better estimated

expected return in Equation 2.4 when α > 0 is sufficiently small.

Proposition 2.4.3 If |α| ≪ 1,

Lπθ̄
(πα)− η(πθ̄) = O(|α|) when α > 0,

η(πθ̄)− Lπθ̄
(πα) = O(|α|) when α < 0,

(2.7)

where Lπθ̄
denotes estimated expected return defined in Equation 2.4.
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Proof: See Appendix A.1.3.

This proposition tells us that α-policy fits into PPO framework seamlessly, and thus if we update

our policy towards α-policy, it does not contradict the PPO’s objective. However, since there is a

second order derivative ∇2
aAπθ̄

(s, a) in the definition, it is unclear how we can update our policy πθ

towards πα. In the next section, we show how we can do this and how it is related to RP gradient.

2.4.2 Relationship between RP gradient and α-policy

To show how we can approximate α-policy, for a deterministic function gθ̄ such that πθ̄ ≜ gθ̄,

we define a new function gα as follows, and provide a Lemma about it.

gα(s, ϵ) = a+ α · ∇aAπθ̄
(s, a), where a = gθ̄(s, ϵ). (2.8)

Lemma 2.4.4 When a = gθ̄(s, ϵ),

det(
∂gα(s, ϵ)

∂ϵ
) · det(∂gθ̄(s, ϵ)

∂ϵ
)−1 = det(I + α · ∇2

aAπθ̄
(s, a)). (2.9)

Proof: See Appendix A.1.4.

Note that we can update gθ to approximate gα by minimizing the following loss.

L(θ) = Es0,ϵ0,...∼q

[
||gθ(st, ϵt)− gα(st, ϵt)||2

]
. (2.10)

In fact, it turns out that minimizing Equation 2.10 leads our policy πθ to approximate πα, because of

the following Proposition.
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Proposition 2.4.5 If πθ̄ ≜ gθ̄, for α that satisfies the constraint in Definition 2.4.1, πα ≜ gα.

Proof: See Appendix A.1.6.

Note that we can use different advantage function formulations for A in Equation 2.8, such as

GAE [34] that we use in this work. However, let us we consider the following advantage function Â

to see the relationship between RP gradient and α-policy.

Âπθ
(st, at) =

1

2
Est,at,...∼πθ

[ ∞∑
k=t

γkr(sk, ak)
]
, (2.11)

Then, the following Lemma holds.

Lemma 2.4.6 When α = 1, if we define gα with Â, the RP gradient corresponds to ∂L
∂θ

at θ = θ̄.

Proof: See Appendix A.1.5.

This Lemma tells us that we can understand the RP gradient as the very first gradient we get

when we update our policy toward πα by minimizing Equation 2.10. In other words, α-policy is not

only a superior policy than the original one in the PPO’s point of view (Proposition 2.4.3), but also

a target policy for RP gradient (Lemma 2.4.6). Therefore, we conclude that α-policy is a bridge that

connects these two different policy update regimes.

2.4.3 Algorithm

Our algorithm is mainly comprised of 3 parts: (1) Update πθ to πα by minimizing Equation 2.10,

(2) Adjust α for next iteration, and (3) Update πθ by maximizing Equation 2.4. In this section, we

discuss details about Step 2 and 3, and provide the outline of our algorithm.
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2.4.3.1 Step 2: Adjusting α

In Definition 2.4.1, we can observe that α controls the influence of analytical gradients in policy

updates. If α = 0, it is trivial that πα = πθ̄, which means that analytical gradients are ignored.

In contrast, as α gets bigger, analytical gradients play bigger roles, and πα becomes increasingly

different from πθ̄. Then, our mission is to find a well-balanced α value. Rather than setting it as a fixed

hyperparameter, we opt to adjust it adaptively. We first present the following variance and bias criteria

to control α, as it is commonly used to assess the quality of gradients [50, 52].

Variance After we approximate πα in Step 1), we can estimate det(I + α∇2
aAπθ̄

(s, a)) for every

state-action pair in our buffer using Lemma 2.4.4, and adjust α to bound the estimated values in a

certain range, [1− δ, 1 + δ]. There are two reasons behind this strategy.

• As shown in Definition 2.4.1, we have to keep α small enough so that πα does not become

invalid policy. By keeping det(I + α∇2
aAπθ̄

(s, a)) larger than 1− δ to keep its positiveness, we

guarantee that our policy is not updated towards an invalid policy.

• Note that det(I+α∇2
aAπθ̄

(s, a)) = Πn
i=1(1+αλi), where λi is the i-th eigenvalue of∇2

aAπθ̄
(s, a).

By constraining this value near 1 by adjusting α, we can guarantee stable policy updates even

when some eigenvalues of ∇2
aAπθ̄

(s, a) have huge magnitudes, which is related to a high vari-

ance RP gradient. In Appendix A.3.1, we provide empirical evidence that this estimation is

related to the sample variance of analytical gradients.

Bias By Proposition 2.4.3, we already know that when we estimate the right term of Equation 2.4

after Step 1), it should be a positive value. However, if the analytical gradients were biased, this
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condition could not be met. In runtime, if we detect such cases, we decrease α.

In addition, we use one more criterion to adjust α, which we call the out-of-range ratio. This

criterion was designed to promise the minimum amount of policy update by PPO.

Out-of-range-ratio We define out-of-range-ratio as follows,

out-of-range-ratio =
1

N

N∑
i=1

I(|πθ(si, ai)
πθ̄(si, ai)

− 1| > ϵclip), (2.12)

where N is the size of the buffer, I is the indicator function, and ϵclip is the constant from Equation 2.5.

We assess this ratio after the policy update in Step 1), allowing its value to be non-zero when α > 0.

A non-negligible value of this ratio indicates a potential violation of the PPO’s restriction outlined

in Equation 2.5, thereby compromising the effectiveness of PPO. Further elaboration can be found

in Appendix A.3.2. Therefore, when this ratio exceeds a predetermined threshold, we subsequently

reduce the value of α.

To sum it up, our strategy to control α aims at decreasing it when analytical gradients exhibit

high variance or bias, or when there is little room for PPO updates. This results in greater dependence

on PPO, which can be thought of as a safeguard in our approach. Otherwise, we increase α, since we

can expect higher expected return with a greater α as shown in Proposition 2.4.3.

2.4.3.2 Step 3: PPO Update

Since we do policy updates based on PPO after the update based on πα, there is a possibility that

the PPO update can “revert” the update from Step 1). To avoid such situations, we propose to use the
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following πh in the place of πθ̄ in Equation 2.5:

πh(s, a) =
1

2
(πθ̄(s, a) + πα(s, a)).

By using this virtual policy πh, we can restrict the PPO update to be done near both πθ̄ and πα.

See Appendix A.3.2 for more details.

2.4.3.3 Pseudocode

In Algorithm 1, we present pseudocode that illustrates the outline of our algorithm, GI-PPO.

There are five hyperparameters in the algorithm, which are α0, β, δdet, δoorr, and max(α). We present

specific values for these hyperparameters for our experiments in Appendix A.4.2.

2.5 Experimental Results

In this section, we present experimental results that show our method’s efficacy for various

optimization and complex control problems. To validate our approach, we tested various baseline

methods on the environments that we use. The methods are as follows:

• LR: Policy gradient method based on LR gradient.

• RP: Policy gradient method based on RP gradient. For physics and traffic problems, we adopted

a truncated time window of [14] to reduce variance.

• PPO: Proximal Policy Optimization [36].

• LR+RP: Policy gradient method based on interpolation between LR and RP gradient using sam-

ple variance [50].
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Algorithm 1 GI-PPO
1: α← α0 ▷ initial value
2: β ← constant multiplier (> 1) for updating α
3: δdet, δoorr ← constant thresholds
4: B ← experience buffer
5: while training not ended do
6: Clear B
7: while not collected enough experience do
8: Collect transitions {st, ϵt, at, rt, st+1} and add to B
9: end while

10: Estimate advantages A for all (si, ai) in B using Eq. A.2
11: Estimate advantage gradients ∂A

∂a
for all (si, ai) in B using Eq. A.3

12: For current α, approximate the α-policy by minimizing Eq. 2.10
Variance

13: Estimate det(I + α · ∇2A) for each (ϵi, si, ai) using Lemma 2.4.4
14: Compute sample minimum ψmin and maximum ψmax

Bias
15: Evaluate expected additional return (Eq. A.4) to obtain Rα

Out-of-range ratio
16: Evaluate out-of-range ratio (Eq. 2.12) to obtain Roorr

17: if ψmin < 1− δdet or ψmax > 1 + δdet or Rα < 0 or Roorr > δoorr then
18: α← α/β
19: else
20: α← α · β
21: end if
22: α← clip(α, 0,max(α))
23: Perform PPO update by maximizing the surrogate objective in Eq. A.6
24: end while
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Table 2.1: Average maximum reward (↑) for function optimization problems.

Problem LR RP PPO LR+RP GI-PPO

Dejong (1) -1.24∗10−6 -1.42∗10−8 -5.21∗10−5 -6.36∗10−8 -3.84∗10−10

Dejong (64) -0.0007 -9.28∗10−7 -0.0011 -3.05∗10−6 -1.04∗10−6

Ackley (1) -1.2772 -0.4821 -0.2489 -1.2255 -0.0005
Ackley (64) -0.6378 -0.0089 -0.1376 -0.0326 -0.0036
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Figure 2.2: Optimization curves for Dejong’s and Ackley’s function of dimension 1 and
64.

• PE: Policy enhancement scheme of [53], for physics environments only.

• GI-PPO: Our method based on Section 2.4.3.

Please refer Appendix A.4 to learn about implementation details of these baseline methods,

network architectures, and hyperparameters that we used for all of the experiments.

We have implemented our learning method using PyTorch 1.9 [90]. As for hardware, all experi-

ments were run with an Intel® Xeon® W-2255 CPU @ 3.70GHz, one NVIDIA RTX A5000 graphics

card, and 16 GB of memory. Experiment results are averaged across 5 random seeds.

2.5.1 Function Optimization Problems

We start with how different learning methods find the maximum point for a given analytical

function. We ran these experiments because RL algorithms can be thought of as function optimizers

through function sampling [29]. These problems are 1-step optimization problems, where agents guess
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an optimal point as an action and get the negative function value as the reward.

As we used for rendering α-policies in Figure 2.1, we use De Jong’s function and Ackley’s func-

tion for comparison, as they are popular functions for testing numerical optimization algorithms [172].

Please see Appendix A.5.1 for the details about the function definitions. In this setting, the optimum

occurs at the point x = 0 for both of the problems. However, their loss landscapes are quite dif-

ferent from one another—De Jong’s function has a very smooth landscape that only has one local

(global) maximum, while Ackley’s function has a very rugged landscape with multiple local maxima.

Therefore, De Jong’s function represents environments where RP gradients have lower variance, while

Ackley’s function represents the opposite.

Table 2.1 shows that GI-PPO finds far better optimums than the other methods for most of

the functions, except 64-dimensional Dejong’s function, where the RP method found slightly better

optimum than GI-PPO. Optimization curves in Figure 2.2 also prove that our method converges to

the optimum faster than the other methods. Interestingly, the RP method achieved better results than

the LR and LR+RP methods for all the functions, which contradicts our assumption that it would

not work well for Ackley’s function. However, we found out that even though the RP method takes

some time to find the optimum than the other methods as shown in Figure 2.2, when it approaches

near-optimum, it converges fast to the optimum based on analytic gradients. Since GI-PPO adaptively

changes α to favor RP gradient near optimum, it could achieve better results than the other methods. In

Appendix A.3.3, we provide visual renderings that trace the change of α value during optimization to

help understanding, which also shows that higher α is maintained for Dejong’s function than Ackley’s

function, which aligns with our initial assumption. Also note that even though LR+RP also takes

advantage of the RP method, and thus achieved a better convergence rate than the two methods when

it is far from optimum, it did not work well when it comes to near-optimum.
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(c) Hopper

Figure 2.3: Learning graphs for 3 problems in differentiable physics simulation: Cartpole,
Ant, and Hopper [14]. In these environments, RP gradients already exhibit lower variance
without much bias than LR gradients, because of variance reduction scheme of [14].

2.5.2 Differentiable Physics Simulation

Next, we conducted experiments in differentiable physics simulations. We used Cartpole, Ant,

and Hopper environments implemented by [14] for comparisons. However, since the current imple-

mentation does not support multiple backpropagations through the same computation graph for these

environments, we could not test the LP+RP method for them. Instead, we tried to faithfully imple-

ment another policy enhancement (PE) strategy of [53] as a comparison, as it showed its efficacy in

differentiable physics simulations using analytical gradients.

In Figure 2.3, we can see that GI-PPO converged to a better policy much faster than the baseline

PPO for every environment, which validates our approach. However, the RP method achieved the

best results for Ant and Hopper, while GI-PPO converged to the optimal policy slightly faster for

Cartpole. To explain this result, we’d like to point out that α is upper bounded by out-of-range-ratio

in our approach (Section 2.4.3.1). Therefore, even if the RP gradient is very effective, we cannot fully

utilize it because we have to use PPO to update the policy up to some extent as a safeguard. In the

Ant environment, we could observe that it was the major bottleneck in training—in fact, GI-PPO could

achieve better results than RP when we increased the ratio from 0.5 to 1.0 (Appendix A.3.4). However,
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Figure 2.4: Learning graphs for traffic pace car problem. Each problem has different num-
ber of lanes and following human vehicles, which represent discontinuities and dimension
of the problem, respectively.

when the out-of-range ratio equals 1.0, it becomes more likely that we cannot use PPO as a safeguard,

which contradicts our design intention. When it comes to the Hopper environment, we found that

the variance of proper α values over time was large, so our strategy could not conform to it properly.

Overcoming these limitations would be an interesting future work to extend our work.

2.5.3 Traffic Problems

Here we demonstrate the effectiveness of GI-PPO in an environment where continuous and

discrete operations coexist, which leads to highly biased analytical gradients. We suggest a mixed-

autonomy traffic environment as a suitable benchmark, which has previously been explored as a bench-

mark for gradient-free RL algorithms [118, 173]. In this paper, we use the pace car problem, where a

single autonomous pace car has to control the speed of the other vehicles via interference. The number

of lanes, which represent the discontinuities in gradients, and the number of following human vehicles

are different for each problem. Please see Appendix A.5.2 for the details of this environment, and why

the analytical gradients are biased.

In Figure 2.4, we can observe that GI-PPO exhibits a faster convergence rate and converges to

better policy overall compared to all the other methods in 2, 4, and 10-lane environments. In a single-

lane environment, however, LR+RP showed a better convergence rate than GI-PPO. Note that the RP
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method still performs well for 2 and 4-lane environments just as other baseline methods, even if there

were multiple lanes. We assume this is because the RP method also leverages a state value function,

which can provide unbiased analytical gradients in the presence of discontinuities. However, it does

not perform well in the 10-lane environment, where discontinuities are excessive compared to the other

environments.

This result shows that GI-PPO can still leverage analytical gradients, even if they were highly

biased for policy learning. Even though LP+RP, which is based on a similar spirit as ours, also exhib-

ited some improvements over LP and RP, our method showed better results for more difficult problems

because baseline PPO offers more stable learning than baseline LR. Also, the computational cost of

GI-PPO was a little more than RP, while that of LR+RP was much more expensive (Appendix A.7).

2.6 Conclusions

We introduced a novel policy learning method that adopts analytical gradients into the PPO

framework. Based on the observation that the RP gradient leads our current policy to its α-policy,

we suggested approximating it explicitly, which allows us to indirectly estimate variance and bias of

analytical gradients. We suggested several criteria to detect such variance and bias and introduced an

algorithm that manipulates α adaptively, which stands for the strength of analytical gradients in policy

updates. In our experiments of diverse RL environments, we successfully showed that our method

achieves much better results than the baseline PPO by adopting analytical gradients. Even though the

interpolated gradient of LR and RP gradient is based on similar motivations, our method performed

much better, thanks to the baseline PPO’s stable learning.
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Limitations Despite GI-PPO’s promising results, there are some remaining issues. First, even if

we use a large α, we may not fully approximate the corresponding α-policy in a limited number of

optimization steps, which may give a false signal for our strategy. We can upper bound the maximum

α as we did here, but a more rigorous optimization process may be helpful. This is also related to

improving the strategy to control α adaptively, which would be a promising future work.

Also, as discussed in Section 2.5.2, our method is tightly bound to PPO—that is, even when

analytical gradients are much more useful as illustrated in differentiable physics problems, we cannot

fully utilize them if they exit the PPO’s bound. Even though it is more suitable for stable updates,

it could result in a worse convergence rate. If we could adjust PPO’s clipping range dynamically, or

detect environments where RP gradients are much more reliable, we would be able to overcome this

issue.

Finally, computational costs can be further reduced. To utilize analytical gradients, we need

backpropagation, which usually requires more time than forward steps. This is the reason why the

learning methods based on analytical gradients require longer training time than the others (Ap-

pendix A.7). When the time window gets longer, the cost grows accordingly. However, as we have

shown in our traffic experiments, our method works even when gradients are biased. Therefore, it

would be an interesting research direction to see if using a very short time window for backpropaga-

tion, which produces more biased gradients, would be worthy of exploring for improved computational

efficiency.

Taken together, these limitations highlight that effectively leveraging analytical gradients in rein-

forcement learning depends not only on how gradients are incorporated into policy updates, but also on

how accurately and consistently system dynamics are represented over time. In particular, the reliance

on finite backpropagation windows and policy-level constraints motivates a closer examination of how
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temporal structure and dynamics modeling influence the quality and utility of gradient information. In

the next chapter, we therefore shift focus from policy-level gradient integration to learning time-aware

world models that explicitly capture system dynamics across multiple time scales.
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Chapter 3: Time-Aware World Model for Adaptive Prediction and Control

As discussed in the previous chapter, the effectiveness of gradient-informed learning critically

depends on how accurately system dynamics and their temporal sensitivities are represented. This

chapter addresses this challenge by introducing the Time-Aware World Model (TAWM), a model-

based formulation that explicitly conditions on the time-step size, ∆t, to capture system dynamics

across multiple temporal resolutions. By learning from a diverse range of time scales rather than a

fixed sampling rate, this approach provides a principled foundation for modeling dynamics and their

associated sensitivities in complex control tasks.

3.1 Introduction

Deep reinforcement learning (DRL) has recently demonstrated human-level or even expert-level

capabilities on many highly complex and challenging problems, such as Go [174, 175], Chess and

Shogi games [176], and StarCraft II video game [177]. DRL is also effectively adopted in a broad

range of applications, including robotics [72, 178, 179], autonomous vehicles [180, 181], and chal-

lenging control tasks where classical approaches fail to deliver satisfactory performance [182–184].

Beyond model-free reinforcement learning (RL) methods, where an agent directly maps observation

ot to action at [29, 35, 36, 185], there has been growing interest in model-based RL (MBRL). Un-

like model-free approaches, MBRL constructs a modelM that captures the underlying task dynam-

ics [50, 65, 186–188], enabling the agent to plan actions using the learned world model M. These

model-based methods have gained traction over their model-free counterparts due to their superior

sample efficiency and enhanced generalization capabilities [66–71].
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Figure 3.1: Overall framework of our time-aware world model. An encoder h encodes
the given observation ot into a latent vector zt, which is then fed into various models with
action at and time step size ∆t to estimate values for action planning.

Despite the remarkable success of world models in various control tasks, a critical factor in

handling dynamical systems – the time step size, ∆t – has been largely overlooked in existing research.

Specifically, the dynamics model D : (st, at) → st+1 , a fundamental component of the world model,

governs state transitions from the current state st to the next state st+1. Conventional approaches train

D using experience tuples (ot, at, ot+1, rt) collected from interactions with the environment at a fixed

time step size. However, this existing practice presents three key limitations [189]:

1. Temporal resolution overfitting: In current training pipelines, the observation time step ∆t are

often fixed (e.g., ∆t = 2.5ms or frequency f = 400Hz). While smaller ∆t values stabilize

simulations and prevent system aliasing, world models trained exclusively at a single, fixed

∆t often suffer significant performance degradation when deployed in real-world scenarios with

different observation rates (e.g. ∆t = 20ms or f = 50Hz) due to compounding errors [190,191]

and computational costs of roll-out predictions. This discrepancy presents a major challenge in

extending the applicability of world models beyond simulated environments.

2. Inaccurate system dynamics: Training the dynamics modelM on a fixed time step ∆t can lead

to overfitting, as the model may not capture the true underlying dynamics of the task without
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conditioning on ∆t. This can result in inaccurate state transitions and diminished generalization

capabilities.

3. Inefficient dynamics learning: Although small ∆t values are essential for numerical stability

and for capturing high-frequency dynamics, relying exclusively on fine-grained time steps re-

sults in inefficient sampling. Real-world systems often exhibit multiscale behavior, with some

components evolving rapidly while others change more slowly. Sampling solely at a high fre-

quency captures redundant information about the slower components, wasting computational

resources and training data. This issue is exacerbated in systems with widely varying time

scales, where no single sampling rate is optimal for every dynamical component.

Recent work [192, 193] has explored temporal aspects of world models, but primarily to im-

prove long-horizon predictions through roll-outs of fixed-∆t models. Our approach instead conditions

the world model directly on ∆t, enabling single-step predictions across arbitrary temporal intervals

(Figure 3.1). Although previous methods can, in principle, accommodate variable time steps through

repeated application, that strategy compounds errors and is computationally inefficient. By sampling

strategically across multiple time scales, our method lets the model learn dynamics at different fre-

quencies simultaneously, without increasing the number of training samples. Consequently, it gener-

alizes effectively across varying observation rates – crucial for simulation-to-reality transfer – while

maintaining superior sample efficiency compared with fixed-∆t approaches.

In this work, We focus on the following question: How can we efficiently train a world modelM

to capture the underlying task dynamics across varying time step sizes ∆t without increasing sample

complexity?

To answer this, we introduce a time-aware world model,MTA. Unlike earlier world modelsM,
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our model conditions both the dynamics model and the reward function on ∆t (Figure 3.1), because

these depend on the temporal gap between consecutive states. We construct MTA by adapting the

TD-MPC2 world model [71] and incorporating the fourth-order Runge–Kutta (RK4) method [194] to

stabilize learning at large ∆t values (Section 3.4.1). We likewise modify the value model to accept ∆t

as an additional input. Both models are trained on ∆t values log-uniformly sampled from a predefined

interval.

Although one might expectMTA to require more training samples thanM because of the ad-

ditional parameter ∆t, this is not necessarily the case. According to the Nyquist–Shannon sampling

theorem [195, 196], a signal with highest frequency f can be perfectly reconstructed by sampling at

any frequency just above 2f. Thus, if the observation rate greatly exceeds 2f, the excess data are redun-

dant – they contribute little to training the world model. A physical environment typically comprises

multiple dynamical subsystems operating at different characteristic frequencies (Section 3.3.2.1). By

training with a mixture of time-step sizes, we expose the model to a range of effective sampling fre-

quencies, enabling each subsystem to be learned more efficiently (Section 3.3.2.3).

Inspired by the Nyquist–Shannon sampling theorem (Section 3.3.2.2), we prove that our time-

aware model trained on observation data sampled at a mixture of time steps achieves substantially

better performance in learning world dynamics across different time steps at inference time, while

using the same training budget as the baseline. We demonstrate these results on a variety of control

problems in Meta-World [197] and PDE-control environments [198]. Our contributions are summa-

rized as follows:

1. We underscore the importance of a time-aware world model (TAWM) that conditions its dy-

namics modeling on the time step size ∆t, a fundamental quantity in any dynamical system.

By explicitly incorporating ∆t, the model learns to capture the underlying task dynamics across
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a broad spectrum of step sizes. Our model’s ability to generate a one-step prediction of the

next state conditioned on ∆t mitigates the well-known problem of compounding errors. This

approach is particularly suitable for real-world learning and control, where the observation rate

may vary – or be substantially lower than – the default observation rate used for training.

2. Motivated by the Nyquist–Shannon sampling theorem and by the fact that real-world dynamics

comprise many subsystems operating at different – and often unknown – frequencies, we pro-

pose a mixture-of-time-step training framework for TAWM that performs well across a range

of observation rates at inference time, without increasing the number of training steps. This

perspective – training a world model with varying sampling rates – offers a new avenue for

developing more efficient training strategies.

3. Empirically, we demonstrate that our time-aware world model can solve a range of control tasks

at various observation rates without increasing either the amount of data or the number of

training steps. This capability helps narrow the gap between simulation environments and real-

world control problems.

3.2 Related Work

Although model-free RL algorithms have gained popularity for their impressive performance,

their inherent sample inefficiency limits their applicability to many real-world problems [29,33,35,36,

168]. Several works mitigate this limitation by integrating low-variance analytical gradients into the

policy-learning process [14, 52, 199].

In contrast, model-based RL (MBRL) tackles sample inefficiency at its root by training a dy-

namics model that simulates the environment, enabling agents to predict future states and action out-
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comes [64]. Because prediction is unconstrained by real-time sampling, MBRL is inherently more

sample efficient. MBRL methods vary mainly in (1) how they define the world model M and (2)

how they exploit M for training or planning. Historically, Gaussian processes (GPs) [50, 65] were

widely used, but modern work favors neural networks [66–71] for their greater representational power.

Among these, Dreamer and its variants [67–69, 72] train policies directly inside the learned model,

whereas model-predictive-control (MPC) methods [70, 71] rely on action planning.

However, these approaches paid little attention to the temporal component when designing the

world model M, despite its importance in dynamical systems. To address its limitation in long-

horizon prediction, Multi-Time-Scale World Models (MTS3) [192] explicitly leverages temporal gaps

when learning task dynamics. MTS3 captures state transitions over different prediction horizons H

but uses a single fixed ∆t during training; it therefore represents only two discrete time scales – fast

and slow dynamics corresponding to ∆t andH∆t. In contrast, we incorporate a continuous-valued ∆t

directly into the model, enabling single-step predictions across a range of inference step sizes. This

allows our model to handle large temporal gaps (e.g., ∆t = 30ms) that would otherwise require 12–20

smaller steps in a fixed-step model. Our approach is architecture agnostic: it builds on the TD-MPC2

framework [71] yet crucially differs by explicitly conditioning the world model on ∆t and training on

a mixture of step sizes, rather than assuming a fixed step throughout.

3.3 Background and Motivations

3.3.1 Model-Based Reinforcement Learning

We formulate the control problem as a Markov decision process (MDP) ⟨S,A, P, r, γ⟩, where S

is the state space, A is the action space, P : S×A×S → R is the (stochastic) state-transition function,

54



r : S × A → R is the reward function, and γ ∈ [0, 1) is the discount factor. We refer to P and r as

the ground-truth models, because in Section 3.4.1 we learn approximations of them within our world

model.

The goal of reinforcement learning is to obtain a policy or planner π that maximizes the expected

discounted return along a trajectory τ = {s0, a0, . . . , sH−1, aH−1, sH} of length H:

η(π) = Es0,a0,...∼π

[
∞∑
t=0

γtr(st, at)

]
. (3.1)

In model-based RL (MBRL), we train a world dynamics model consisting of a state-transition

function dϕ : S × A→ S and a reward function rϕ : S × A→ R. The learned world model can then

be exploited in multiple ways to derive a policy, for instance by using a planner such as TD-MPC2.

Section 3.4.1.2 details our model formulation and the training pipeline for the time-aware world model.

3.3.2 Theoretical Motivations

Here we provide theoretical motivations to explain the sample efficiency of using a mixture of

time step sizes during the training process of the time-aware world model.

3.3.2.1 Multi-scale Dynamical Systems

In many control problems, the environmental dynamics can be decomposed into multiple sub-

systems, each evolving on a different temporal scale [200]. In other words, these subsystems can be

described by distinct functions, each with its own highest frequency. Formally, consider a general dy-

namical system ẋ = f(x, u, t), where x, u, and t denote the state, control input, and time, respectively.
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Applying the Euler integration method, the next state x′ is

x′ = x+ f(x, u, t) ·∆t (3.2)

where ∆t is the time-step size. From a multi-scale perspective, this update can be rewritten as

x′ = x+
∑
i

fi(x, u, t) ·∆t (3.3)

where fi(x, u, t) represents the dynamics of subsystem i. Each subsystem may evolve at its own

temporal scale and therefore have its own highest frequency fimax.

3.3.2.2 Nyquist-Shannon Sampling Theorem

The Nyquist–Shannon sampling theorem states that a signal must be sampled at a rate of at

least twice its highest frequency to avoid information loss (i.e., to prevent aliasing): fsample > 2fmax

[195]. Here, fsample is the observation rate, and fmax is the highest frequency of the environment’s

dynamics in the MBRL context. If the observation rate is too low – such that fsample < 2fmax – we

lose important dynamic details due to the large temporal gap ∆t. This loss causes high-frequency

components to fold back into lower frequencies, leading to inaccurate dynamics learned by the world

model [201]. Although a higher fsample enables more accurate reconstruction of the environment’s

dynamics, an excessively high rate leads to oversampling, introducing redundant data that increase

sample complexity and reduce learning efficiency. Therefore, choosing an appropriate observation

rate fsample is crucial for balancing modeling accuracy and sample efficiency.
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3.3.2.3 Simultaneously training on multiple temporal resolutions

To better align observation sampling with task dynamics across subsystems operating at differ-

ent frequencies, we propose simultaneously training the world model at multiple temporal resolutions

by varying the observation rate fsample (i.e., varying ∆t) during training. As shown in Equation 3.3,

the overall dynamics comprise several subsystems fi(·), each with its own maximum frequency fimax.

According to the Nyquist–Shannon sampling theorem, each subsystem is learned most efficiently at a

distinct fsample. By randomly varying fsample during training, we avoid undersampling high-frequency

components and oversampling low-frequency ones, thereby training the subsystems fi(·) more effi-

ciently. Consequently, our time-aware world model learns the underlying task dynamics at multiple

temporal resolutions without needing additional data (Section 7.5).

3.4 Methodology

In this section, we present our time-aware model formulation and training pipeline, designed to

learn a world model that performs well across a range of observation rates. We introduce a novel time-

aware training method that can be seamlessly integrated into any existing world-model architecture,

enhancing robustness to observation-rate variations at inference time. We adopt TD-MPC2 [71] as our

baseline and adapt its architecture to train time-aware world models for various control tasks. We begin

with a high-level overview of TD-MPC2 and its key architectural components. The overall framework

is depicted in Figure 3.1.
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3.4.1 Model Architecture

3.4.1.1 Baseline World Model

TD-MPC2 [71] is a model-based RL algorithm that captures task dynamics in a latent space

– an “implicit” world model. Unlike reconstruction-based architectures [66, 69], TD-MPC2 omits a

decoder that maps latent representations back to raw observations. Recovering latent states in the high-

dimensional observation space is computationally expensive and often unnecessary, as many elements

are irrelevant to control. Once the latent dynamics are learned, TD-MPC2 rolls out latent predictions

for local trajectory optimization with planning algorithms such as MPC [70, 71]. The baseline TD-

MPC2 model comprises five key components:

Encoder: zt = h(ot)
Latent dynamic: ẑt+1 = D(zt, at)
Reward: r̂t = R(zt, at)
Terminal value: q̂t = Q(zt, at)
Policy prior: ât = p(zt)

where ot is the raw observation at time step t, zt is its latent encoding, ẑt+1 is the predicted next

latent state, r̂t is the predicted immediate reward, q̂t is the estimatedQ-value of the current state–action

pair, and ât is the action sampled from the policy for the current state. At inference time, the Model

Predictive Path Integral (MPPI) planner – an instance of Model Predictive Control (MPC) – is used

for planning and action generation. All five component models are implemented using multilayer

perceptrons (MLPs).

To train TD-MPC2, we maintain a replay buffer B that stores trajectories (ot, at, ot+1, rt)
H
t=0 col-

lected from the environment after each episode of length H . At the end of every episode, the model

parameters are updated with batches randomly sampled from B. The encoder h, dynamics model D,
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reward model R, and terminal-value model Q are optimized jointly using a self-supervised consis-

tency loss, a supervised reward loss, and a supervised temporal-difference loss for the terminal value.

See [71] for details. The agent then resumes interaction with the environment, gathering additional

data to augment B for subsequent training.

3.4.1.2 Time-Aware World Model

One notable limitation of TD-MPC2 and other state-of-the-art world models is that they ignore

the effect of the observation rate ∆t at inference time. To introduce time awareness, we condition

every component of the world model on ∆t, as described below:

Encoder: zt = h(ot)
Latent dynamics: ẑt+∆t = zt + d(zt, at,∆t) τ(∆t)

where τ(x) = max(0, log10 x+ 5)
Reward model: r̂t = R(zt, at,∆t)
Value model: q̂t = Q(zt, at,∆t)
Policy prior: ât = p(zt,∆t)

Our time-aware model formulation is architecture-agnostic and can be readily integrated into

any state-of-the-art world model. Because the observation encoder merely maps raw observations to

the latent space, without modeling dynamics, it is not conditioned on ∆t. All other components that

depend on the system’s dynamics are conditioned on the time step size by taking ∆t as an explicit

input.

While the baseline latent dynamics model D maps a state–action pair (zt, at) directly to the next

latent state zt+1, we reformulate D using Euler integration:

ẑt+∆t = D(zt, at,∆t) = zt + d(zt, at,∆t) · τ(∆t),
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where d(·) is implemented as an MLP. This formulation enforces the intrinsic property

zt+∆t|∆t=0 = zt, ∀zt, at.

Thus, instead of learning the transition function D directly, TAWM learns the latent-state derivative

(gradient) function d, which is itself conditioned on ∆t to capture higher-order effects, and then ad-

vances the state by a single Euler step.

State Transition Rather than integrating over the raw time step ∆t, our dynamics model integrates

using

τ(∆t) = max(0, log10(∆t) + 5).

The possible values of ∆t span several orders of magnitude – from a minimum of about 10−3 s to a

maximum of roughly 5× 10−2 s – creating numerical challenges. Because latent vectors change only

slightly between steps, the dynamics model d(zt, at,∆t) must scale appropriately across this wide

range. Empirically, we observed convergence failures in some tasks (e.g., mw-assembly) when

employing linear ∆t integration. By allowing the latent state to evolve with respect to the logarithm of

the time step via τ(∆t), we effectively normalize ∆t to a narrower range, mitigating numerical issues

and enabling more stable learning.

Before proceeding, we note that we experimented with two popular integration methods for

our dynamics model: (1) Euler and (2) fourth-order Runge–Kutta (RK4), even though only Euler

integration was introduced earlier. See Appendix B.1 for RK4 implementation details. We include

RK4 because it is broadly applicable to both simple linear and complex nonlinear systems and is

standard in physical simulation. The integration method thus serves as a tunable hyperparameter for
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Algorithm 2 Time-Aware World Model Training Paradigm
1: Initialize task environment E
2: Initialize time-aware world modelMTA

3: Initialize experience buffer B ← ∅
4: repeat
5: for each episode do
6: Sample ∆t ∼ Log-Uniform(∆tmin,∆tmax)

▷ Meta-World: ∆tmin = 0.001, ∆tmax = 0.05 (∆tdefault = 0.0025)
▷ Log-Uniform or Uniform sampling can be used

7: step← 0
8: while step < H do
9: at ←MTA.act(ot,∆t)

10: Execute at in E and observe (ot+∆t, rt)
11: Add (ot, at, ot+∆t, rt,∆t) to B
12: Sample minibatch {(ot, at, rt, ot+∆t,∆t)}1:B ∼ B
13: UpdateMTA using the sampled minibatch
14: step← step+ 1
15: end while
16: end for
17: until total training steps reach N
18: returnMTA

maximizing TAWM’s performance and learning efficiency across control tasks.

For most Meta-World robot-manipulation tasks, the dynamics are simple enough to be well ap-

proximated by Euler integration. Our ablation study shows that TAWM with Euler integration outper-

forms its RK4 counterpart on the majority of Meta-World tasks, indicating that Euler suffices in these

settings (Figure 3.3). By contrast, RK4’s benefits become more pronounced for tasks with complex

dynamics, such as those in PDE-control environments (Figure 3.3).

3.4.2 Training Procedure Using a Mixture of ∆t

Algorithm 2 summarizes our training procedure, in which we vary the observation rate to en-

courage the model to learn the underlying dynamics at multiple temporal resolutions. The world model

acquires a spatiotemporal representation of the environment by sampling observations from the var-
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ious dynamical subsystems at specific points in time and space. According to the Nyquist–Shannon

sampling theorem, a signal must be sampled at a rate of at least 1/(2fmax), where fmax is the highest

frequency present in the band-limited signal. Because there is no systematic way to determine fmax for

every subsystem, we instead sample observations at several temporal rates to capture the underlying

dynamics more effectively.

At the start of each episode (Algorithm 2), we sample ∆t from a log-uniform distribution and

set the observation/control rate to 1/∆t. A log-uniform distribution assigns equal probability mass to

every octave of time scales, yielding good coverage across multiple orders of magnitude. This is espe-

cially useful when ∆tmax ≥ 1
2fmax

, where fmax is the highest frequency of the task dynamics. For tasks

with dynamics slow enough to be captured by ∆tmax, however, uniform sampling may outperform

log-uniform sampling, particularly at larger ∆t values (Figure 3.7).

3.4.3 Theoretical Analysis of TAWM’s Sample Efficiency

We present theoretical insights into TAWM’s sample efficiency, showing that it can be trained

to capture task dynamics across temporal scales without increasing the number of samples or training

steps and without sacrificing performance. We begin with two core assumptions:

1. Model capability: Because our time-aware training framework is model-agnostic, it inherits

the limitations of the underlying world-model architecture. We assume that this architecture has

enough representation power to capture the system’s complex dynamics.

2. Sampling frequency: We focus our analysis on those subsystems and time intervals for which

∆tmax can effectively capture the underlying dynamics. We assume that the empirically deter-

mined range [∆tmin = 0.001s,∆tmax = 1s] adequately captures the behavior of most subsys-
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tems.

In the following discussion, we denote by f̄ the ground-truth dynamics function, which satisfies

the equation:

zt+∆t = zt + f̄(zt, at,∆t) ·∆t.

Also, we say that an environment’s dynamics can be fully captured with a time step ∆t̄ if its

dynamics function f̄ satisfies:

||f̄(zt, at,∆t̄)− f̄(zt, at,∆t)|| < ϵ, ∀∆t < ∆t̄,

where ϵ≪ 1 is a sufficiently small constant.

Then, the following lemma shows that the optimal time-aware dynamics function d∗ (Sec-

tion 3.4.1) can approximate dynamics for all ∆t < ∆t̄ through simple interpolation.

Lemma 3.4.1 When the environment’s dynamics can be fully captured with ∆t̄, the optimal dynamics

function d∗ satisfies the following relation for any smaller time step ∆t < ∆t̄:

||d∗(zt, at,∆t)− d∗(zt, at,∆t̄) ·
∆t

τ(∆t)
· τ(∆t̄)

∆t̄
|| < ϵ.

Proof. Please see Appendix B.7.6.1.

Note that the interpolation factor ∆t
τ(∆t)

· τ(∆t̄)
∆t̄

is common to every training sample; regardless of

zt or at, this relationship holds. Based on this observation, we introduce our third core assumption as

follows.
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3. Interpolation Learning: During training, the dynamics function d effectively learns the rela-

tionship described in Lemma 3.4.1 as the interpolation factor is shared across all samples.

With this assumption, we can prove the following lemma, which states that error reductions at larger

temporal scales contribute to reductions at smaller scales during training.

Lemma 3.4.2 When the environment’s dynamics can be fully captured with ∆t̄, reducing the modeling

error at ∆t̄ lowers the upper bound of the error for every ∆t < ∆t̄.

Proof: Please see Appendix B.7.6.2.

Building on this lemma, we conjecture that improvements gained at one temporal scale transfer

to all smaller scales, thereby enhancing TAWM’s sample efficiency. In the next section, we empirically

confirm this conjecture by demonstrating TAWM’s high sample efficiency.

3.5 Experiments

We address three key questions in our experiments: (1) Under the same planner, does TAWM

match the baseline’s performance at the default observation rate while avoiding degradation at lower

rates? (2) At which observation rates does TAWM outperform the baseline? (3) Does TAWM require

more training data than the baseline? We primarily investigate these questions in Section 3.5.1 and

present ablation studies on sampling strategies in Section 3.5.2.

3.5.1 Evaluations on Control Problems

To answer our main questions and evaluate the performance and learning efficiency of our time-

aware world model, we conducted experiments on several control tasks from the Meta-World simula-

tion suite, which uses a default time step of ∆t = 2.5ms (0.0025s) [197]. We tested nine diverse tasks,
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Figure 3.2: Visualizations of the Meta-World control tasks. From left to right: Assem-
bly, Basketball, Box Close, Faucet Open. The default time step size of all environments is
∆t = 2.5ms.

each with distinct goals and motion characteristics: Assembly, Basketball, Box Close, Faucet Open,

Hammer, Handle Pull, Lever Pull, Pick Out of Hole, and Sweep Into. Representative environments

are shown in Figure 3.2, and Appendix B.2 provides renderings of all nine tasks. Following [71], we

report the success rate (%) as the primary metric for comparing the time-aware and baseline models

on these Meta-World control tasks.

On top of that, our experiments also include three non-linear, one-dimensional PDE-control tasks

from control-gym [198]: Burgers, Allen–Cahn, and Wave. For these tasks, we use the (continuous)

total episode reward as the primary metric. Because of space constraints, we defer detailed problem

descriptions, visualizations, and additional analysis of these environments to Appendix B.7.

Training Setup. We built our time-aware model on the base TD-MPC2 architecture, using the same

default training hyperparameters (e.g., model size, learning rate, and horizon). As shown in Algo-

rithm 2, we randomly varied ∆t during training to create a mixture of training observation rates. Be-

cause there is no systematic way to identify the highest frequency in each task’s dynamics, we set ∆t

to the range [0.001, 0.05] for Meta-World tasks and [0.01, 1.0] for PDE-control tasks. For Meta-World

tasks, each TAWM was trained for 1.5 million steps, which required roughly 40–45 hours on a single

NVIDIA RTX 4000 GPU (16 GB VRAM) and 32 CPU cores. For PDE-Allen-Cahn and PDE-Wave,
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Figure 3.3: Performance comparisons for 3 tasks from Meta-World (Up), and 3 tasks
from PDE-Control (Down). The x-axis corresponds to the evaluation ∆t (in ms), and
the y-axis corresponds to success rate (Meta-world) and episode reward (PDE-Control).
We trained our TAWM model using either RK4 or Euler integration method with log-
uniform sampling strategy. The baseline method was trained using only default time step
(∆t = 2.5ms for Meta-World tasks; ∆t = 50ms/10ms/100ms for PDE-Burgers, PDE-
Allen-Cahn, PDE-Wave, respectively), which is signified with the black dashed line in
each environment. For fair comparisons, we extended the baseline method by repeating
the same actions for the larger evaluation time steps than the default one. For instance,
when the evaluation ∆t = 5ms, we repeat the same action for 5/2.5 = 2 times. Plots
show mean and 95% confidence intervals over 3 seeds, with 10 evaluation episodes per
seed.

the TAWM and baseline models were trained for 1M steps. For PDE-Burgers, all models were trained

for 750k steps.

Performance Comparisons Across Different ∆t. To assess the time-aware model’s performance

at different inference-time observation rates, we evaluated it on multiple tasks with varying ∆t. As

shown in Figure 3.3 and Figure B.4, both TAWM variants – one using RK4 integration and the other

using Euler integration – outperform the baseline (trained at a fixed ∆t = 2.5 ms) across all tasks under

identical hyperparameters. We observed similar gains in every other Meta-World task (Appendix B.5),
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Figure 3.4: Performance comparisons to baseline methods trained on different ∆t
values for Meta-World tasks. The x-axis corresponds to the evaluation ∆t, and the y-
axis corresponds to the success rate. The non–time-aware baseline models were trained
with different fixed ∆t values (shown in the legend). Our TAWM model employs RK4
integration and log-uniform ∆t sampling. TAWM outperforms all baseline models trained
with fixed time-step sizes. When the baselines are trained only at low observation rates
(∆t ≥ 10ms), they fail on all tasks. The dashed black line indicates the default time-step
size (∆t = 2.5ms). Means and 95% confidence intervals are computed over 3 seeds, each
evaluated for 10 episodes.

indicating that the time-aware model effectively learns both fast and slow dynamics without increasing

sample complexity. Empirically, the dynamics of some Meta-World tasks are sufficiently simple to be

well approximated by TAWM with Euler integration, leading to better performance than with RK4

integration.

Effects of using Mixtures of ∆t. To demonstrate the effectiveness of training the world model at

multiple temporal resolutions ∆t, we compare our approach with baselines trained only at fixed ∆t

values different from the default ∆t = 2.5ms. Figure 3.4 shows that our time-aware model outper-

forms all baselines across three Meta-World tasks. Most notably, when baselines are trained solely

at low observation rates (e.g., ∆t ≥ 10ms), they fail to converge and achieve zero success on every

task at every evaluation rate. In contrast, by training with a mixture of time steps, our time-aware

model consistently surpasses any baseline trained at a single step size, regardless of that fixed ∆t.

These results suggest that environmental dynamics comprise multiple subsystems, each describable as
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Figure 3.5: Learning curve comparison on Meta-World Basketball (Up) and Meta-
World Lever-Pull (Down). The x-axis corresponds to the evaluation ∆t (in ms), and the
y-axis corresponds to the success rate. We trained our TAWM using either RK4 or Euler
integration method with log-uniform sampling strategy. The baseline method was trained
using only the default time step (∆t = 2.5ms). Plots show mean and 95% confidence
intervals over 3 seeds, with 10 evaluation episodes per seed.

a time-dependent, spatially parameterized function with its own highest frequency. Varying the obser-

vation rate (i.e., varying ∆t), therefore enables the world model to learn these underlying subsystems

more effectively.

Convergence Rate on Various ∆t. To evaluate the sample efficiency of TAWM, we compare the

episode success rate curves across different control tasks between our TAWM models and non-time-

aware baseline models trained with a fixed default time step of ∆t = 2.5ms. We assess the success rate

curves of TAWM and baseline models under different evaluation ∆t values across various control tasks

throughout training. In Figure 3.5, we present the learning curves for the Meta-World Basketball and

Lever-Pull tasks. Despite having to learn state transitions under varying time step sizes, our TAWM

with RK4 integration method converges at least as quickly as the baseline when evaluated at the default

∆t = 2.5ms – the exact time step on which the baseline was specifically trained. Compared to the

non-time-aware baseline specialized at only ∆t = 2.5ms, TAWM (RK4) still converges to a higher

success rate at ∆t = 2.5ms after 1.5M training steps. Both TAWM variants (RK4 and Euler) reach
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Figure 3.6: Performance comparisons to MTS3 across different evaluation ∆t’s on
Meta-World tasks. The x-axis corresponds to the evaluation ∆t, and the y-axis corre-
sponds to the success rate. The MTS3 models were trained under different slow dynamics
settings, indicated by the H values shown in the legend, using offline data with 4M tran-
sitions. Our TAWM employs RK4 integration method with log-uniform sampling strategy
and was trained for 1.5M steps. The dashed black line indicates the default time-step
size (∆t = 2.5ms). Means and 95% confidence intervals are computed over 3 seeds for
TAWM, each evaluated for 10 episodes. TAWM outperforms MTS3 across different H
settings, especially at large ∆t values.

100% success on the Meta-World Basketball task at ∆t = 2.5ms, outperforming the baseline.

When evaluated at inference ∆t values greater than the default (∆t > 2.5ms), both TAWM

(RK4) and TAWM (Euler) significantly outperform the non-time-aware baselines. We refer the readers

to Figure B.5 and Figure B.6 in Figure B.6, as well as Figure B.10 in Figure B.7, for additional learning

curves on other control tasks. These results demonstrate that, despite having to learn task dynamics

across different temporal scales, our time-aware model does not require additional training steps or

samples to converge to a sufficiently accurate model capable of effectively solving control tasks at

varying observation rates.

Comparison to MTS3 Finally, we compare our model’s performance with the Multi Time Scale

World Model (MTS3) [192], a closely related approach that shares the high-level motivation of mod-

eling world dynamics across multiple temporal scales, as introduced in Section 3.2. We would like to
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Figure 3.7: Ablation Study on ∆t Sampling Strategy. We trained our TAWM models
with log-uniform and uniform sampling strategies, both of which use the RK4 integration
method. The baseline method was trained using only default time step (∆t = 2.5ms),
which is signified with the black dashed lines. The x-axis corresponds to the evaluation
∆t, and the y-axis corresponds to the success rate. Means and 95% confidence intervals
are computed over 3 seeds, each evaluated for 10 episodes.

refer the readers to Appendix B.4 for detailed descriptions of MTS3’s experimental settings. In Fig-

ure 3.6, we observe that our TAWM consistently outperforms MTS3 across various settings of MTS3’s

slow dynamics hyperparameterH . Notably, MTS3 exhibits rapid performance degradation as the eval-

uation time step increases, suggesting that it suffers from compounding errors due to long-horizon

predictions. In contrast, our TAWM shows greater robustness at lower observation rates, especially on

the Meta-World Faucet-Open task in which TAWM’s success rate remains at ≈ 90% at ∆t = 50ms

(0.05 s).

3.5.2 Ablation studies on sampling strategies

The ∆t sampling strategy is a tunable hyperparameter to optimize TAWM’s performance and

efficiency. In this section, we conduct an ablation study on the impact of the ∆t sampling strategy

during training on the performance and sample efficiency of TAWM. In Meta-World tasks, we trained

the same TAWM architecture in the same ∆t range using two different sampling strategies: (1) Log-
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Uniform(0.001 s, 0.05 s) s and (2) Uniform(0.001 s, 0.05 s). In some tasks, such as Meta-World As-

sembly and Basketball, uniform sampling may outperform log-uniform sampling – particularly when

the task dynamics are sufficiently slow to be captured by ∆tmax.

Figure 3.7 shows that while TAWM trained with the uniform sampling strategy generally per-

forms better in most environments and achieves higher performance at low sampling rates (∆t ≥

30ms), it exhibits lower success rates at smaller inference ∆t in some environments, such as Meta-

World Assembly. Additional results in other environments are presented in Figure B.1, which show a

similar pattern. Regardless of the ∆t sampling strategy, time-aware models consistently outperform

non-time-aware baselines. Therefore, depending on the task dynamics, TAWM can be effectively and

efficiently trained with any reasonable ∆t sampling strategy and is not restricted to log-uniform or

uniform schemes.

3.6 Conclusion

In this paper, we introduce a novel time-aware world model (TAWM) that adaptively learns task

dynamics across different temporal scales. By explicitly conditioning the dynamic model on the time

step size ∆t and training it with a mixture of temporal scales (via ∆t sampling), TAWM achieves robust

performance across varying observation rates on diverse control tasks without requiring additional

training steps or samples. Empirical results show that our model consistently outperforms the non-

time-aware baseline models, which are trained only on a fixed time step size ∆t for different training

∆t values. We hope that the insights and results in this paper offer a new perspective on world model

training, thereby contributing to the community a new, efficient, yet simple world model training

method.
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Limitations and Future Work. We have yet to develop a systematic methodology to analyti-

cally compute the highest frequency of the underlying task dynamics; therefore, the upper bound for

the training time step size ∆tmax is determined empirically. This limitation necessitates a search for

∆tmax when applying TAWM to new environments (e.g., autonomous driving or PDE controllers) to

improve training efficiency and convergence. An interesting direction for future work is to develop

an automatic method to identify the highest frequency of task dynamics, which would determine the

lower bound for sampling frequency (or the upper bound for ∆tmax) in training TAWM. We also plan

to extend our current deterministic dynamics model to a probabilistic one to better capture real-world

state transitions, particularly at larger ∆t values and/or over longer horizons.

These limitations underscore that while learned world models can capture temporal structure

across multiple scales, their effectiveness ultimately depends on approximations of the underlying dy-

namics and frequencies. This observation motivates a complementary approach that moves beyond

learned models toward explicitly differentiable simulators, where system dynamics and their sensitiv-

ities can be computed analytically rather than inferred. In the next chapter, we therefore shift focus

to differentiable traffic simulation, demonstrating how exact kinematic derivatives enable scalable and

reliable gradient-based optimization in large-scale physical systems.
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Part III

Differentiable Kinematics: Traffic
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Chapter 4: Differentiable Hybrid Traffic Simulation

While the previous chapter focused on learning world models to capture system dynamics and

their temporal sensitivities, an alternative and complementary approach is to compute such sensitiv-

ities directly from physically defined systems. This chapter adopts this perspective by introducing a

differentiable hybrid traffic simulator, in which macroscopic and microscopic traffic dynamics are ex-

plicitly modeled and analytically differentiated across time steps. By computing exact gradients from a

large-scale physical simulator rather than inferring them through learned models, this approach enables

scalable and reliable gradient-based optimization for complex traffic control and planning problems.

4.1 Introduction

Automobile traffic is a dynamic phenomenon that emerges from the interactions of a multitude

of distinct entities, and its complexity has led analysts to rely on simulations to solve complex real-

world traffic problems, such as signal control, congestion, road design, and urban planning [202].

Traffic simulation has become increasingly more important due to population growth, fast-growing

technologies, and demands for autonomous driving. Autonomous driving agents need accurate and

efficient models to simulate all types of plausible traffic scenarios to capture corner cases and accelerate

learning-based training that requires data not easily available from real-world capturing [203].

Techniques for traffic simulation can be broadly classified as either macroscopic or microscopic

based on their modeling assumptions. Macroscopic models describe traffic evolution as a system of

partial differential equations (PDE), and the traffic state is represented as a continuum of values across

the road network. Since we treat vehicles as particles translated by convection under this assumption,
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Figure 4.1: Traffic simulation in an urban environment. Traffic simulation can be used
to analyze complex traffic dynamics. Among two popular traffic models, by simulating
areas of interest with the microscopic one and using macroscopic simulation elsewhere, we
can reduce the overall computational cost without compromising significant details. For
instance, the center of intersection can be simulated with discrete, agent-based models for
higher-fidelity inter-vehicle dynamic interaction. (This scene is rendered in CARLA [15].)

it is computationally efficient but provides coarse simulation results. In contrast, microscopic models

represent traffic through individual vehicles, or agents, that are evolved individually and which together

characterize the traffic state of the road network [114]. Therefore, this approach gives us fine-grained

details but often requires much more computation resources than macroscopic models.

In this work, we propose to adopt both microscopic and macroscopic models to create a more

general traffic simulator that is differentiable (Figure 4.1). This kind of hybrid approach has already

been proven to simulate large-scale traffic environments much more efficiently than either of the ap-

proaches while maintaining integrity [114]. Here we leverage the power of the hybrid approach to

support large-scale traffic scenes, which will be demonstrated in our experiments. During simulation,

our framework computes gradient information that provides abundant insight into traffic dynamics.

This approach results in enhanced sample efficiency in our simulation, as each sample of traffic simu-

lation comes with gradient information explaining how and why such an event has occurred. Moreover,
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this differentiability allows us to integrate our framework with neural networks to support a wide range

of traffic control, planning, management, and flow optimization problems.

We first derive the analytical formulation of the differentiable traffic models for both macro-

scopic and microscopic paradigms. The resulting representations can simulate traffic on road networks

for any metropolitan region more efficiently. Furthermore, we present a probabilistic method to con-

vert traffic states between macroscopic and microscopic ones, which is also differentiable. With this

novel differentiable traffic simulation model, we can find near-optimal solutions to some traffic prob-

lems that were otherwise not previously solvable, and we can do so efficiently. To summarize, in this

paper we introduce the following main results:

1. Derivation of a differentiable macroscopic traffic model based on ARZ model [99,100] (Sec. 4.3);

2. Analytical formulation of differentiable Intelligent Driver Model

[109] for agent-based vehicle dynamics (Sec. 4.4);

3. Differentiable conversion between deterministic and probabilistic instantiation of two traffic

models (Sec. 4.5);

4. Application of the first differentiable hybrid traffic simulation framework to traffic control (Sec. 4.6).

In our experiments, we observe up to an order of magnitude speedup in runtime performance, in both

forward simulation and back propagation process, compared to a baseline differentiable simulator

based on automatic differentiation.
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4.2 Previous Work

4.2.1 Traffic models

The preponderance of macroscopic models are based on the density and flux of the traffic flow;

[95, 96] suggested one of the earliest models based on this idea; the LWR model is a non-linear PDE

on the density of vehicles. To overcome the limitations of this model, [97, 98] added a momentum

term to the LWR model, which allowed for more complex traffic dynamics than before. However,

modeling traffic flow as isotropic [204, 205] led to non-physical behavior, such as negative velocity.

Based on the observation that traffic flow is anisotropic, [99,100] modified the momentum term in the

previous model. The ARZ model has been used to visually simulate the traffic flow [101], and to solve

traffic congestion problems [102]. Because of the basic assumption, the computational cost of these

macroscopic models is proportional to the length of the simulated road, not the number of vehicles

therein. Therefore, they are often more computationally efficient than the other models for large-scale

environments. However, they are not suitable for simulations where fine details, such as the behavior

of individual vehicles, are needed.

Microscopic models describe the motion of individual vehicles, typically tracking velocity, the

bumper-to-bumper distance to its leading vehicle, and the relative velocity between them [103]. The re-

search history dates back to [104,105] and [106]. Modern variations of the model often include behav-

ioral traits of individual vehicles, which make the simulation more realistic and descriptive. [107–110]

are such models. These models are widely adopted in current agent-based traffic simulators, such

as [206]. Since every individual vehicle observes its surrounding environments and decides its actions

in these models, we can get more fine-grained details of vehicle motions than in the macroscopic mod-
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els. However, their computational cost is proportional to the number of vehicles in the scene, which

makes them harder to be adopted for large-scale simulations.

Hybrid models seek to combine these models in various fashions to take advantage of their

complementary properties; [111–114] fall into this category and show the computational gains we

can get from these models. This hybridization is commonly a spatial one, with different parts of

a network running under distinct regimes. That is, these models often simulate only the regions of

interest with microscopic models for accuracy and use macroscopic models elsewhere to maintain

the overall flow correctness while attaining computational efficiency. This typically necessitates a

technique for converting between different traffic flow representations [112]. In this work, we adopt

this hybrid approach to support large-scale scenarios and let our simulator be more general so that

users can select the simulation modes based on their needs.

4.2.2 Differentiable models

Differentiable models have been widely used in graphics and robotics applications like visual-

ization [207,208], design [209,210], and control [211]. This paradigm enables gradient information to

flow across complicated functions, and facilitates the machine learning process by improving sample

efficiency [54, 212]. They often show better results in finding optimal solutions for various high-

dimensional problems [213, 214].

Related to traffic simulation, there especially have been a number of differentiable simulations

for a variety of systems including rigid bodies [57, 215], ariticulated bodies [?], soft bodies [?, ?, 86],

cloth [216], and fluids [89, 217].

Because many traffic models are differentiable in nature, we can apply this technique to traffic
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simulation and control. Recently, [121] has presented a differentiable agent-based traffic simulation,

and showed how it can be used to solve traffic signal control problems. However, the scope of this

work was limited to microscopic models for traffic, and the implementation relies on automatic dif-

ferentiation, which can be computationally inefficient. In addition to traffic, this hybrid differentiable

simulation framework can potentially generalize to other large-scale, multi-agent systems, such as

crowds, insects, fluids, grains, etc. [218–221] as well.

4.3 Macroscopic Model

In a macroscopic traffic model, traffic evolution is described by a system of Partial Differential

Equations (PDEs) on the road network.

4.3.1 Formulation

The ARZ [99,100] model describes vehicle flow in a single lane of traffic through the following

system of differential equations in one dimension:

qt + f(q)x = 0, f(q) = qu =

ρu
yu

 (4.1a)

where q(x, t) = [ρ(x, t), y(x, t)]⊺; ρ denotes the density of traffic (cars per car length), y is the relative

flow of traffic, and u is the velocity of traffic. As per the notation, these terms are observed at a certain
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position x at a time t, and they are related to each other as follows:

y(ρ, u) = ρ (u− ueq(ρ)) (4.1b)

ueq(ρ) = umax (1− ργ) (4.1c)

where umax denotes the maximum velocity, or speed limit, of the given lane, and 0 < γ < 1 is a

constant tuning parameter. Conceptually, ueq represents a ‘comfortable’ velocity based on density. We

used γ = 0.5 in all of the experiments.

Note that the system (4.1a) is a conservative system, where the sum of ρ and y over the entire

lane is conserved, excluding the incoming and outgoing fluxes at the borders of the lane.

4.3.2 Numerical Solution

Conservation laws like the ARZ system of PDEs are typically discretized with the Finite Volume

Method (FVM) [222] and integrated explicitly in time. The discretized quantities in a lane are Qn
i ,

where n refers to the time step and i refers to the ith cell. The solution procedure follows:

1. Compute wave speeds λ and fluxes f (from Eq. (4.1a)) by solving the Riemann problem at the

interface of each adjacent cell.

2. Compute global time step ∆t ≤ max |λ|; in this work we choose a conservative, constant ∆t.

3. Integrate: Qn+1
i = Qn

i − ∆t
∆x

[f(q(b))− f(q(a))]. q(a) and q(b)) are the intermediate states

identified between
(
Qn

i−1,Q
n
i

)
and

(
Qn

i ,Q
n
i+1

)
respectively. ∆x is the length of cell i.

Details can be found in [223]; Appendix C.1.1 reproduces the six relevant cases for the ARZ

Riemann problems.
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4.3.3 Differentiation

Our differential technique built on this requires analytical gradients of the above; these gradients

form the basis of still other gradients that are used in solving more complex traffic control problems.

In our update scheme, we compute the gradients of Qn+1
i using Qn

i−1,Qn
i , and Qn

i+1:

∂Qn+1
i

∂Qn
i−1

= −∆t

∆x

[
−f ′(q(a)) ∂q(a)

∂Qn
i−1

]
(4.1a)

∂Qn+1
i

∂Qn
i

= I− ∆t

∆x

[
f ′(q(b))

∂q(b)

∂Qn
i

− f ′(q(a))
∂q(a)

∂Qn
i

]
(4.1b)

∂Qn+1
i

∂Qn
i+1

= −∆t

∆x

[
f ′(q(b))

∂q(b)

∂Qn
i+1

]
(4.1c)

We thus need the Jacobian f(q) and the partial derivatives ∂q(a)
∂Qn

i−1
, ∂q(a)

∂Qn
i

, ∂q(b)
∂Qn

i
, ∂q(b)
∂Qn

i+1
; this arises

from differentiating solutions to Riemann problems as shown in Appendix C.1.2. The analytical gradi-

ents computed here play an important role in accelerating our traffic simulator, as shown in Section 7.5.

4.3.3.1 Time step sizes

We have derived these gradients under the assumption that ∆t is constant and satisfies the CFL

and stability conditions [222] for the entire simulation. It would be possible to have a dynamic ∆t,

since this is also differentiable (the speed λ is determined by the eigenvalues of the flux function f ).

However, for the sake of the hybrid approach we ultimately use, we use a constant ∆t to ensure that

the microscopic simulation is stable.
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4.3.3.2 Continuity issues

We have computed the gradients above assuming that the update scheme is differentiable, and

in fact, we can see that it is continuous and piece-wise differentiable across most cases suggested in

Appendix C.1.

We do not prove it thoroughly here, as it is generally trivial when we keep in mind that limul→ur qm =

ql. However, Case 1 is exceptional; there is a shock between the phase states ql and qm, which makes

the two states discontinuous. Specifically, we cannot guarantee that qm converges to ql when λs < 0

converges to 0. Therefore, the gradients we compute when λs is near zero could become unstable.

However, in most cases in our simulation, these cases rarely happened and did not affect the quality of

our solution even when we used the possibly unstable gradients as they are; it is possible that numerical

viscosity plays a role here.

4.4 Microscopic Model

In a microscopic traffic model, traffic flow is described by interactions between multiple discrete

vehicles that follow certain rules. Here we use the Intelligent Driver Model (IDM) [109] to simulate

such vehicles.

4.4.1 Formulation

Under the microscopic viewpoint, we can describe the state of a discrete vehicle as

q(t) =

p(t)
v(t)

 , (4.1)
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where p and v denote the position and velocity of the vehicle respectively for a given time t.

Using these states to describe discrete vehicles occupying a lane, IDM describes the motion

of each individual vehicle based on its relationship with the vehicle directly ahead of it; the leading

vehicle. For the ith vehicle, let h(i)th its leading vehicle. According to the IDM, the acceleration of

the ith vehicle is determined as follows:

∆p = ph(i)(t)− pi(t)− lengthh(i) (4.2a)

∆v = vi(t)− vh(i)(t) (4.2b)

sopt = smin + vi(t)Tpref +
vi(t)∆v

2
√
amaxapref

(4.2c)

ai(t) = amax

[
1−

(
vi(t)

vtarg

)δ

−
(
sopt
∆p

)2
]

(4.2d)

There are various hyperparameters included in the model. They characterize a vehicle’s motion;

see Appendix C.2.1 for more details. In our experiments, we randomly initialized those hyperparam-

eters for every single vehicle. Note that we compute sopt before we compute the acceleration term. It

represents the optimal space that the vehicle should have to avoid collision to its leading vehicle.

With the acceleration ai(t), we can update the vehicle’s state using Euler’s method.

4.4.2 Differentiation

Based on this update scheme, we can compute the analytical gradients of the IDM. Since the

derivation is straightforward, we offer the analytical gradients in Appendix C.2.2. Note that compared

to the macroscopic model, there is no significant theoretical challenge that we have to deal with in the

IDM.
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4.5 Macro-Micro-Macro Conversion

Our traffic simulation can transition between the continuous, flow-based macroscopic model

and the discrete, agent-based microscopic model. We need to consider the differentiation across the

interfaces.

4.5.1 Macro to Micro

Given a lane in the macroscopic regime that flows into a microscopic lane, we must convert

the continuous representations therein to discrete vehicles at their junction. This can be done in a

deterministic or stochastic fashion.

4.5.1.1 Deterministic Instantiation

Assume that ρ(t) is the density of the traffic flow at the end of a macro lane on time t, and v(t)

is the velocity. We can set a flux capacitor (c.f. [223]) at the interface; this counts the total number of

vehicles Nd(t) that have reached this point:

Nd(t) =

⌊∫ t

0

ρ(t)v(t)dt

⌋
(4.1)

where ⌊x⌋ is the floor function that gives the greatest integer less than or equal to the real number x.

Nd(t) will then start from 0, and we will instantiate a vehicle when it increases by 1. The velocity of

the instantiated vehicle is set to be the macroscopic traffic flow’s velocity.
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4.5.1.2 Stochastic Instantiation

Another possible interpretation of the macro to micro conversion is as a Poisson process. The

flux of the traffic flow can be viewed as the intensity of a Poisson process. In each time step of length

dt, the number of instantiated vehicles X(t) follows a Poisson distribution X(t) ∼ P (ρ(t)v(t)dt),

P (X = k) = e−ρ(t)v(t)dt(ρ(t)v(t)dt)kk!−1. Similarly, the total number of vehicles Ns(t) can be

expressed as

Ns(t) =

∫ t

0

X(t) (4.2)

As above, the velocity of the emitted discrete vehicle is the velocity of the macroscopic state at

the junction of the two lanes.

4.5.2 Micro to Macro

Compared to the macro to micro conversion, agent-based information can be converted to a

continuum representation more simply. The density of a cell at the interval (l, r] in a macro lane can

be defined as

ρ(l, r) =
1

r − l

n∑
i=1

1(l,r](pi) (4.3)

where 1(·) is the indicator function that identifies vehicles that lie in the interval, n is the number of

vehicles and pi is the position of ith vehicle. The velocity of this cell can be the average velocities of

all the vehicles therein.
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4.5.3 Differentiation

We have described two types of discrete processes: instantiation of vehicles, and the indicator

function. Automatic differentiation is able to compute the gradients of velocities v but cannot handle

the gradients of densities ρ. To backpropagate derivatives to the densities ρ, we first create an ancillary

variable ai = 1 for each discrete vehicle. We rewrite Equation 4.3 as:

ρ(l, r) =
1

r − l

n∑
i=1

1(l,r](pi) · ai (4.4)

Since we always set ai = 1, the equation constantly holds for forward simulation. But ai can also

receive the gradients for discrete vehicles from the following macro lanes. Let L be the loss function;

then for each vehicle in (l, r]:

∂L

∂ai
=

∂L

∂ρ(l, r)
(4.5)

The next challenge for differentiation is the vehicle instantiation process in the macro to micro

conversion. We will start with the deterministic strategy: assume that the total number of vehicles

reach n and n+ 1 at time t1 and t2, respectively. We therefore have the following equation

n+ 1 = n+

∫ t2

t1

ρ(t)v(t)dt = n+ ai (4.6)

where the ith vehicle is the one instantiated at t2. So for t ∈ (t1, t2],

∂L

∂ρ(t)
=
∂L

∂ai
v(t)dt (4.7)
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For the stochastic case, we can first compute the expectation value of the total number of vehicles

according to the Poisson distribution

E[Ns(t)] =

∫ t

0

E[X(t)] =

∫ t

0

ρ(t)v(t)dt. (4.8)

We notice that the expectation value of Ns(t) is the same as the flux capacitor in the deterministic

strategy. Similarly, we can find time t1 and t2 when the total number of vehicles reach n and n+1. For

all time step t ∈ (t1, t2], ∂L
∂ρ(t)

= ∂L
∂ai
v(t)dt. Intuitively, if ∂L

∂ai
≤ 0, it means the density is higher than

the desired level and we need to decrease the intensity of the Poisson process. We will also validate

in our numerical experiments that such estimation of gradients can effectively optimize our objective

function.

4.6 Experimental Results

We show the effectiveness of our differentiable hybrid traffic simulator with application to solve

a variety of traffic problems. We first show that we can accelerate the differentiable traffic simulator

with the analytical gradients that we have computed above by comparing it against a baseline simulator

using automatic differentiation. At the same time, we will justify the use of the hybrid model by

comparing its computation time with other approaches in large-scale scenarios. Then, we prove the

correctness and efficacy of our analytical gradients by solving parameter estimation problems. Lastly,

we conduct experiments with traffic control problems to illustrate how we can integrate our simulator

with neural networks and how we can use our simulator to solve real-world traffic problems.

We have implemented our traffic simulator with Python, and used PyTorch 1.9 [90] for automatic

differentiation. All experiments were run on an Intel® Xeon® W-2255 CPU @ 3.70GHz, and traffic
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rendering was mainly based on our own implementation on Unity Engine.

4.6.1 Acceleration

4.6.1.1 Analytical Gradients

Here we present how our analytical gradients can contribute to the acceleration of both forward

simulation and backward propagation in our simulator. We have compared our simulator to the baseline

simulator that relies on automatic differentiation to compute the gradients in the system. For all of the

simulations, we have computed the gradients of the states at the last time step with respect to the

states at the initial time step. For macroscopic and microscopic simulations, we used a single lane.

For hybrid simulation, we used 3 lanes, which is the minimum case to cover both macro-to-micro and

micro-to-macro conversion. The first and third lanes are set as macroscopic lanes and the second one

is a microscopic lane. To show how the computation time changes with the scale of the simulation, we

have experimented with different scales of settings.

Table 4.1 shows that our analytical gradient allows us to run both forward simulation (FW)

and back propagation (BP) of the system much faster than the baseline framework. In macroscopic

and hybrid simulations, the speedup was up to 4x times for forward simulation, and 18x for back

propagation. In the microscopic simulation, the speedup was up to 6x times for forward simulation,

and 7x times for back propagation. This shows the computational efficiency of our framework, which

is necessary to implement large-scale traffic simulation.
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Figure 4.2: Comparison on the average frame rate (FPS) under the hybrid model, with
different ϵ. The total number of vehicles is set to be 10K, and the ϵ value denotes the ratio
of microscopic vehicles among them.

4.6.1.2 Hybrid Model

In this paper, we selected the hybrid model to run large-scale traffic simulations in interactive

time, while not losing their fidelity. To justify this design choice, here we present the average frame

rate for simulating a large environment, which includes approximately 10K vehicles. Note that we

can specify the ratio ϵ of the vehicles which would be simulated using a microscopic model; ϵ could

be regarded as an interpolant between the two models, where ϵ = 0 means macroscopic and ϵ = 1

means microscopic approach. We measured the average frame rate for different ϵ using single core; see

Figure 4.2. Note that the average frame rates decreases as ϵ increases and thus the simulation becomes

more "microscopic".
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Table 4.1: Comparison of our technique against automatic differentiation for various types
of simulations. Scale denotes number of time steps taken and the number of cells (for
macroscopic, and hybrid)/ number of vehicles (microscopic). FW: forward simulation;
BP: backpropagation. Ours outperforms autodifferentiation in both forward passes and
backpropagation, by up to a factor of 18.77, 7.84, and 15.27 in macroscopic, microscopic,
and hybrid traffic simulation, respectively.

Scale 10/1K 50/5K
M

ac
ro

sc
op

ic FW(Auto) 5.28s±0.16s 125.88s±5.66s
FW(Ours) 1.42s±0.04s 30.06s±0.88s
Speedup 3.71x 4.19x

BP(Auto) 2.42s±0.20s 71.08s±6.01s
BP(Ours) 0.18s±0.03s 3.79s±0.25s
Speedup 13.73x 18.77x

M
ic

ro
sc

op
ic

FW(Auto) 1.54s±0.08s 66.74s±1.67s
FW(Ours) 0.45s±0.02s 10.86s±0.24s
Speedup. 3.42x 6.15x

BP(Auto) 1.58s±0.06s 45.36s±0.95s
BP(Ours) 0.20s±0.03s 7.10s±0.42s
Speedup 7.84x 6.39x

H
yb

ri
d

FW(Auto) 11.81s±0.42s 310.67s±15.02s
FW(Ours) 3.41s±0.06s 66.52s±0.47s
Speedup 3.47x 4.67x

BP(Auto) 2.70s±0.11s 111.06s±3.09s
BP(Ours) 0.38s±0.02s 7.27s±0.13s
Speedup 7.13x 15.27x

4.6.2 Parameter Estimation Problem

One of the most fundamental problems that we can solve with our framework is the parameter

estimation problem. There are many parameters involved in our system; the speed limit is the most

typical example. In our formulation, we focus on retrieving preceding states in the system based on

given subsequent ones. The simplest form of this problem would be, assuming 0 ≤ t ≤ 1, estimat-

ing the initial state q(0) given the last state q(1). This problem is considered to be the most basic
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(a) Macroscopic (b) Microscopic

(c) Hybrid (Macro-Micro-Macro) (d) Hybrid (Micro-Macro-Micro)

Figure 4.3: Parameter estimation problem. For given final states of the system, one has
to estimate the initial states that lead to the final states. (a)–(d) Our results rendered in
blue exhibit much faster convergence to the correct solutions than the other state-of-the-art
gradient-free optimization methods by up to one order of magnitude.

formulation to solve, as it only requires fundamental gradients computed analytically.

In our experiments, the simulation length was set as 10 seconds for every setting. Theoretically,

we can use any simulation lengths for this experiment, but we found out that too long simulation

lengths make this problem much harder than it should be and 10 seconds is a proper length to prove

our approach’s efficacy. Under this setting, we have to estimate the initial traffic states that would end
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up in the given final traffic states in 10 seconds. For a proposed estimate qest(0), we can compute the

estimation error with the following loss function, where n denotes the size of the state vector:

L =
1

n
|q(1)− qest(1)|2

We have compared our framework with other gradient-free optimization algorithms: CMA-

ES [224], SLSQP [225], and Nelder-Mead [226] algorithm. Experiments were run five times with

randomly initialized initial states for each of the algorithms and for each of the simulation modes.

In the hybrid setting, we used 3 sequentially connected lanes. One of the experiments was done for

macro-micro-macro lanes, and the other was done for micro-macro-micro lanes. The loss graph for

each setting is shown in Figure 4.3. We can observe that our framework retrieves more precise initial

states faster than other algorithms for every setting.

4.6.3 Traffic Control Problems

Our differentiable traffic simulator can be integrated with neural networks to enhance its ability

to learn and control a given task. To test our framework’s capability, we have experimented with the

“intersection signal control problem” (ITSCP) for macroscopic and hybrid simulation, and the pace

car problem for microscopic simulation.

For all the experiments, we used two fully connected layers as our neural network, where each

of the layers has 256 nodes. The neural network is trained to emit proper control input, which would

be fed into our simulator. Then we can compute the gradient of the aggregated reward of each episode

with respect to each control input therein, and apply gradient descent to directly maximize the reward.

Note that this approach is same as analytical policy gradient (APG) method. Then we compare our
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Figure 4.4: 4x4 Grid of Intersections. Hybrid traffic simulation at a 4x4 grid of intersec-
tions: the density of each cell is rendered in red, which shows the volume of traffic agents
to cross the intersection. One has to optimize time allocations for traffic lights at each
intersection to maximize overall traffic flow.

results to other baseline gradient-free RL algorithms, as they are widely used to solve these kinds of

control problems.

4.6.3.1 ITSCP

ITSCP is one of the most widely studied traffic control problems, because of its significance in

controlling traffic congestion in urban environment [227]. We have devised a scenario that falls into

this category, where an agent has to compute the optimal time allocations for traffic lights (Figure 4.4).

In this scenario, there are two different traffic lights at a given intersection: one is green across
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(a) Macroscopic (b) Hybrid

Figure 4.5: ITSCP. (a), (b) Learning graphs for macroscopic and hybrid simulations. Our
framework shows better convergence rates and results than other RL algorithms.

(a) Time = 0 sec, Initial States

(b) Time = 10 sec, Target Speed Limit = 30 m/sec

(c) Time = 20 sec, Target Speed Limit = 10 m/sec

Figure 4.6: Pace Car Problem. Sequence of simulation images in time order, from top
to bottom. (a) A pace car rendered in green guides following vehicles to maintain a target
speed limit, which varies over time. It fails when it runs too fast, too slow, or goes out of the
lane. (b) When a high target speed limit (30 m/sec) is given, the pace car accelerates fast,
and keeps a wide distance from its following vehicles to let them run fast. (c) However,
when the target speed limit is reduced (10 m/sec), it swiftly decelerates and keeps short
distance from the following vehicles, to prevent them from running over the target speed
limit.

the West-East direction (WE-light), and the other one is across the North-South direction (NS-light).

When one of the lights is turned on, the other one has turned off automatically. In a single signal

phase, the WE-light is turned on first, and then the NS-light is turned on next. There are multiple

signal phases during the entire simulation, and the agent has to determine optimal time allocations for

each light in each signal phase.

The input to the neural network is given as the schedule of incoming traffic flow for every
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lane. Our experiments were inspired by a synthetic traffic scenario devised for another ITSCP experi-

ment [228]. We also followed a conventional scheme to compute the reward [227]. The reward for an

action is computed as the weighted sum of traffic flow that crosses the intersection (Rf ) and the length

of waiting queue in each lane (Rq), which is formulated as follows:

R = c1 ·Rf + c2 ·Rq.

For our experiments, c1 is set as 1 and c2 is set as -1, to maximize the traffic flow and minimize the

length of waiting queue. In macroscopic environments, the length of the queue is computed as the

number of cells that have speed less than certain threshold. In hybrid environments, the traffic flow

is computed as the number of discrete vehicles crossing the intersection, as the central part of an

intersection is simulated with a microscopic model.

For comparison, we used three baseline model-free RL algorithms; DDPG [229], PPO [36], and

SAC [185]. Note that these algorithms do not use gradient information that our simulator provides.

In contrast, our gradient-based optimization algorithm uses this information to optimize the objective

function. Experiments were run five times for each algorithm, and Figure 4.5 shows the learning graphs

of both macroscopic and hybrid environment. In the macroscopic setting, our framework converged to

the near-optimal solution very quickly, while DDPG failed to learn at all and PPO and SAC learned,

but not to the extent of ours. In hybrid setting, our framework and SAC both succeeded in converging

to the best solution, but ours converged faster than SAC. Also, Table 4.2 shows that our best reward is

better than any other algorithms for both settings.
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Figure 4.7: Pace Car Learning Graph. Our result rendered in blue shows far better
performance (as indicated by higher reward values) than other algorithms, which make no
significant gains in learning even after long periods.

4.6.3.2 Pace Car Problem

In this problem, we assume there is a discrete pace car, which runs in front of other vehicles

that follow the IDM. The pace car leads the vehicles to enforce a specified target speed limit, which is

often smaller than the lane’s speed limit (Figure 4.6).

The optimal solution for this problem is clear to the human observer; all vehicles should maintain

the desired speed limit. However, the pace car has to determine both acceleration and steering at every

frame to remain on the road and lead the vehicles at the same time. To introduce even more complexity,

in our experiments, we used a speed limit target that varies over time. Therefore, the neural network

receives other vehicle’s states and the speed limit as input, and has to compute the optimal acceleration

96



Table 4.2: Comparison of maximum rewards from each control problem. Our framework
is able to find better solutions (indicated by higher reward values) than the other baseline,
model-free RL algorithms (DDPG, PPO, or SAC) for every experiment setting (Macro,
Micro, or Hybrid).

Ours DDPG PPO SAC

Macro 124.38 113.62 104.53 115.73

Micro 4482.87 4.97 3218.19 3373.99

Hybrid 208.48 174.18 158.18 191.51

and steering for next several frames, which is quite challenging. The reward is formulated as follows:

R =
t∑

i=1

n∑
j=1

Cmax − (vtarg − vi,j)2 (4.9)

where Cmax denotes an arbitrary constant value, t and n denote number of frames and number of

vehicles respectively. vtarg and vi,j represent the target speed limit and jth vehicle’s speed at the given

frame i.

We also used three baseline RL algorithms for comparison, each of which were run 5 times. The

learning graph in Figure 4.7 and the maximum rewards in Table 4.2 show that our framework achieved

far better overall reward than the other algorithms. PPO and SAC also succeeded in accomplishing

initial high rewards but their performance soon plunged. Our framework continuously learned and

achieved better and improved results.

4.7 Conclusions

We have proposed a novel differentiable hybrid traffic simulator. In our simulator, gradients

of traffic states across the time steps are computed analytically and propagated across lanes modeled

under complimentary but deeply different regimes. This was made possible with our novel discrete-
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continuous differentiable conversion module. Further, our analytic formulation is much more efficient

than one based on automatic differentiation; therefore, our technique can offer real-time traffic simu-

lation, as shown in Figure 4.8, that would not have been possible otherwise.

We have also shown that we can use the gradients to solve classic traffic problems. For the

parameter estimation problems, our framework is able to find far better estimates than other gradient-

free optimization algorithms. For control problems, our framework succeeded in finding near-optimal

policies, which was not possible with other model-free RL algorithms.

4.7.1 Generalization

The concept of hybrid simulation is applicable to many different types of dynamical systems,

such as fluids [230–232], crowd [233, 234], and many other multi-agent systems [235]. And, our

method to differentiate the conversion between macro and micro traffic flow is applicable to a broad

range of dynamical systems that are simulated by hybrid techniques, transitioning between continuous

and discrete simulation domains. In general, other deterministic or stochastic instantiation process

can also take advantage of our technique introduced in this paper. For example, the micro and macro

representations for crowd share many similarities with traffic. The conversion between individual

pedestrians and the crowd flow is analogous to the process of instantiating and removing vehicles in the

roads. We also hypothesize that the algorithmic and computational framework on differentiable hybrid

simulation, as proposed here, can also be extended to hybrid control of complex and autonomous

systems [236, 237].
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Figure 4.8: Large-scale Hybrid Traffic simulation. These traffic scenes consist of many
hundreds of vehicles across an urban scene simulated and controlled in real time using a
differentiable hybrid traffic model.

4.7.2 Limitations and Future Directions

Given these promising results, we plan to further augment the capability and application of our

simulator. First, while hybrid techniques are naturally suited to metropolitan-scale scenarios, we have

not yet applied this differentiable hybrid technique to these; we expect to achieve even higher per-

formance improvements from these mega-scale experiments. We can also integrate realistic vehicle
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motions, such as lane changing, to further capture complex traffic dynamics in higher fidelity. Fi-

nally, we used simulated data for solving traffic control problems in this paper, but we expect that our

simulator is applicable to real-world data as well.

Beyond extending the simulator itself, an equally important question is how such differentiable

physical models can be exploited for downstream optimization tasks. The availability of exact ana-

lytical gradients across large-scale traffic dynamics enables not only learning-based control, but also

direct gradient-based trajectory optimization and parameter estimation. Motivated by this capability,

the next chapter focuses on leveraging the differentiable traffic simulator as an optimization engine for

large-scale trajectory optimization problems.
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Chapter 5: Gradient-based Trajectory Optimization with Parallelized Differentiable

Traffic Simulation

Building on the differentiable traffic simulator introduced in the previous chapter, this chapter

focuses on directly exploiting analytical gradients for large-scale trajectory optimization. We present

a parallelized, differentiable vehicle simulator based on the Intelligent Driver Model (IDM), which en-

ables gradient-based optimization of driving behaviors and trajectories at scale. By treating the simu-

lator itself as an optimization engine rather than a passive environment, this formulation demonstrates

how physically grounded gradients can be used to filter, reconstruct, and predict traffic trajectories

while preserving physical consistency.

5.1 Introduction

For design, prototyping, testing, and evaluation of dynamical systems, we often rely on computer

simulations that replicate reality, such as urban dynamics or natural phenomena. Traffic simulation,

for example, is often used to optimize traffic light policies [238, 239] or to train autonomous vehicles

in varied scenarios [116, 118]. Traffic models come in different scales, in this paper we focus on

microscopic models that simulate the movement of every individual vehicle [104–110,240], as opposed

to macroscopic models that simulate aggregate traffic flow [95–100]. We adopt the Intelligent Driver

Model (IDM) [109], an ODE describing car-following behavior, as it is widely used in diverse traffic

simulators [115–117, 124].

When developing a traffic simulator, we aim for both efficiency and differentiability. The sim-

ulator must be efficient to gather enough data to solve the problem without excessive cost. This is
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Figure 5.1: Computational cost of our traffic simulator. Using either (multi-threaded)
CPU or GPU, our simulation takes less than 30 milliseconds per timestep to process 2
million vehicles in both (a) forward and (b) backward pass.

especially important as traffic problems continue to grow in scale [122, 238]. Optimization tech-

niques are also key, and they can be classified as either gradient-based or gradient-free. Among them,

gradient-free methods typically require significantly more data, because of its inferior sample effi-

ciency. To ensure sample efficiency and reduce costs in training, testing, and evaluation, we designed

our simulator to be differentiable via auto-differentiation frameworks.

Differentiable simulation has successfully bridged real-world dynamical systems with the power

of deep learning [14, 49, 53, 55, 57, 199]. It allows a state at one timestep to be differentiable with

respect to that of the previous one, enabling gradient-based optimization techniques that require fewer

samples than gradient-free methods. The differentiable programming paradigm for traffic modeling

has gained traction recently [121, 239, 241, 242], including data-driven approaches [125]. However,

these methods often suffer from computational inefficiencies such as sequential processing and non-

differentiable logic, limiting their practicality for real-time autonomous systems.

To address these limitations, we propose a parallelized differentiable vehicle traffic simulator
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that achieves both efficiency and differentiability. Our implementation supports both CPU and GPU

parallelization and can simulate up to 2 million vehicles in real-time (Figure 5.1). We also introduce

several differentiable modifications to the original IDM to eliminate unrealistic vehicle behaviors (e.g.,

backward motion), which were not addressed in previous work [121, 239]. This simulator can handle

various trajectory optimization tasks, including filtering, reconstruction, and prediction (Figure 5.2).

Specifically, in trajectory prediction, we explicitly incorporate road network and lane membership

information, which existing frameworks have not done. Our main contributions are summarized as

follows:

• We present an efficient traffic simulator based on IDM, which can simulate up to 2 million

vehicles in real time using either CPU or GPU parallelization.

• We derive and implement a differentiable IDM layer that is guaranteed to generate realistic vehi-

cle motions. Using the gradients from this layer, we can leverage sample-efficient gradient-based

optimization schemes for traffic optimization problems; this greatly enhances the feasibility of

traffic simulation in end-to-end deep learning.

• We validate our method by solving large-scale trajectory filtering, reconstruction, and predic-

tion for autonomous driving on various datasets. Our trajectories are guaranteed to follow the

physical laws, while the existing methods may not always do.
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5.2 Related Work

5.2.1 Traffic Simulators

Most microscopic traffic simulators are based on car-following models, which describe vehi-

cle acceleration using driver parameters like comfortable acceleration. Notable examples include the

Newell Model [106], the Gipps Model [107], the Krauss Model [240], and the Intelligent Driver

Model (IDM) [109]. Popular simulators such as SUMO [115], HighwayEnv [116], CARLA [117],

and FLOW [118] use IDM to model vehicle movements, while others like MATSIM [119] and VIS-

SIM [120] employ similar car-following models. IDM’s widespread use in simulators influenced our

choice. However, these IDM-based simulators lack parallelization and differentiability, making them

less suited for solving large-scale traffic problems.

Recent advancements in machine learning and GPU hardware have led to the development of

parallelized or differentiable traffic simulators for large-scale traffic simulation and urban mobility

optimization. MOSS [122] uses GPU power for city-scale traffic simulation based on IDM and MO-

BIL [123], but it lacks differentiability, preventing application with gradient-based optimization and

deep learning. Other approaches have applied differentiable methods to traffic optimization and con-

trol [121, 239, 241], but they are not as efficient as MOSS. Data-driven simulators like Waymax [124]

and GPUDrive [125] offer both GPU acceleration and differentiation but focus on replaying real-world

trajectory logs from the Waymo Open Dataset (WOMD) [126], without reactive traffic behaviors. To

the best of our knowledge, our simulator is the first model-based traffic simulator that achieves both

high efficiency and differentiability for optimization, learning, and control (Table D.1).
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(a) Filtering

(b) Reconstruction

(c) Prediction

Figure 5.2: Trajectory Optimization Problems. For the given data points (red flags),
we can fit a simulated trajectory to them by optimizing IDM variables. (a) When data
points are dense, we can filter physically inaccurate noises in the original trajectory. (b)
When they are sparse, we can reconstruct dense trajectories. (c) We can even predict future
trajectories based on the IDM variables.

5.2.2 Trajectory Optimization

We address three trajectory optimization problems: trajectory filtering, reconstruction, and pre-

diction (Figure 5.2). For trajectory filtering, we assume we have dense observations (e.g., vehicle

positions) that can be simply concatenated to construct a dense trajectory. However, numerical deriva-

tion on this trajectory amplifies noise, leading to physically impossible estimates of speed or accel-

eration [243] (Figure 5.4). To address this, various filtering methods have been proposed, including

moving averages [244–246], spline smoothing [247], and wavelet analysis [243]. While this has been

studied under “trajectory reconstruction," we use the term “trajectory filtering" to differentiate it from

our reconstruction task, which focuses on generating dense trajectories from sparse data points – es-

sentially an interpolation task. Unlike previous model-free approaches, our model-based approach is

guaranteed to generate physically plausible trajectories.

In the trajectory prediction task, many data-driven methods forecast future trajectories based on
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Figure 5.3: Overall Framework. In our traffic simulator, for each frame, (a) we first
collect variables for each vehicle in the scene to use in IDM. These variables include the
position (pi) and velocity (vi) of each vehicle, and its relationship to its leading vehicle
(ph(i), vh(i)). Since we can apply IDM to each vehicle’s variables independently, we can
process them in parallel, rather than sequentially. In (b) and (c), the process ordering is
depicted with colors and numbers. In (c), we assume there are two computational units
that can run in parallel.

historical data and road context [248–253]. Current state-of-the-art methods use transformer architec-

tures to model trajectories as sequences of positions, similar to natural language processing. However,

none incorporate explicit micro-simulated dynamic states into the modeling process, instead relying on

highly parameterized models to implicitly capture traffic dynamics during training. This gap exists due

to the lack of fast, differentiable traffic simulators—most are either sequential or non-differentiable.

While some differentiable environments are used in reinforcement learning tasks [199, 239], no such

simulators are available for imitative or open-loop methods.

5.3 Method

5.3.1 Preliminary

Our traffic simulator is built on the Intelligent Driver Model (IDM) [109], which assumes that a

vehicle’s acceleration is determined solely by its relationship to the vehicle directly ahead in the same

lane. Specifically, if the position and speed of the i-th vehicle at time t are denoted as pi(t) and vi(t),

and the index of its leading vehicle is h(i), we compute ∆p (distance gap) and ∆v (speed difference)

106



as follows:

∆p = ph(i)(t)− pi(t)− lengthh(i)

∆v = vi(t)− vh(i)(t).

Based on these variables, we can compute the optimal spacing sopt and acceleration ai(t) of the

i-th vehicle as

sopt = smin + vi(t)Tpref +
vi(t)∆v

2
√
amaxapref

(5.1)

ai(t) = amax

[
1−

(
vi(t)

vtarg

)δ

−
(
sopt
∆p

)2
]
. (5.2)

The formulation for IDM above includes several hyperparameters that describe the vehicle’s

behavioral traits: amax and apref for maximum and preferred acceleration, smin for the minimum

distance gap, Tpref for the preferred time to maintain current speed, and vtarg for the target speed. In

this paper, we use meters (m) for position, meters per second (m/s) for speed, and meters per second

squared (m/s²) for acceleration.

After we obtain the acceleration of each vehicle at time t, we compute its position and speed at

the next time step, t+∆t using Euler integration as follows:

pi(t+∆t) = pi(t) + ∆t · vi(t),

vi(t+∆t) = vi(t) + ∆t · ai(t).
(5.3)

The time step ∆t can be adjusted depending on the scenario. While a differentiable version of

this formulation has been proposed in several prior works [121,239], these implementations often lack
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parallelization and result in unrealistic behaviors, such as negative speed. In the following sections,

we demonstrate how to address these limitations.

5.3.2 Parallelization Scheme

Figure 5.3 illustrates the overall framework of our simulator. We first collect the necessary

per-vehicle information for each simulation frame to compute acceleration using IDM. As shown in

Figure 5.3(b) and (c), each vehicle’s data can be represented as independent data blocks. Due to

this independence, instead of processing the blocks sequentially (Figure 5.3(b)), we process them in

parallel (Figure 5.3(c)). Additionally, the IDM kernel is implemented in a differentiable manner. With

this parallelization, our simulator can simulate up to 2 million vehicles in real-time on either CPU or

GPU and efficiently compute gradients (Figure 5.1).

5.3.3 Unrealistic Behaviors

We observed that IDM often estimates negative accelerations that are physically impossible or

end up with negative speed. To prevent these cases, we first set the lower bound of sopt to 0, as it should

be a positive value by its conceptual definition (‘optimal spacing’). Then, we set the lower bound of

ai(t) to alb = max(−vi(t)/∆t, amin), where amin is a new hyperparameter that corresponds to the

(physically valid) maximum deceleration. Note that we can guarantee that the next speed estimated

from this acceleration term is non-negative, as we use Euler integration (Eq. 5.3). We choose to use

Euler integration, as opposed to other time integration methods such as Runge-Kutta, for its simplicity.

While other methods may be more numerically stable, we find that Euler works well with a sufficiently

small timestep δt and minimal computing cost.
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To implement these lower-bound operations in a differentiable way, we use the softplus function

as follows:

s∗opt = log (1 + exp (sopt))

ai(t)
∗ = alb + log (1 + exp (ai(t)− alb)).

Note that ai(t)∗ is guaranteed to exist in [amin, amax].

5.4 Application

In this section, we provide our solutions to the trajectory optimization problems using our dif-

ferentiable simulator.

5.4.1 Trajectory Filtering & Reconstruction

Since the trajectory filtering and reconstruction tasks differ only in data point density, we apply

the same solution to both. We assume that each trajectory is represented by a sequence of timestamps

and corresponding vehicle positions in a 1-dimensional space. For the i-th trajectory, let Ti
j (sec)

be the j-th timestamp and Pi
j (m) the corresponding vehicle position. Our goal is to generate dense

trajectories that interpolate these points while adhering to physical laws. Simple linear interpolation

often leads to sudden changes in estimated speed and acceleration, which are physically infeasible

(Figure 5.4).

Therefore, we use our traffic simulator to reconstruct physically consistent trajectories that ad-

here to the given data as much as possible. To be specific, if we denote the temporal length of an
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i-th trajectory as Ti
l, we simulate the motion of the ego vehicle from time 0 to Ti

l, using δt as ∆t in

Eq. 5.3. Then, for each time stamp Ti
j in the input, we can find the nearest time step kij · δt, where kij is

a positive integer, and compute the reconstruction loss for the i-th trajectory based on mean absolute

error (MAE):

Li
recon =

l∑
j=1

|Pi
j −P[kij]|, (5.4)

where P is an array that stores the position of the vehicle during simulation. As our simulator supports

large-scale simulation, we simulate all trajectories at once and compute the final loss L =
∑N

i=1 L
i
recon.

Once the reconstruction loss is computed, we minimize it using gradient-based optimization

techniques. We optimize five IDM parameters (amax, apref , Tpref , smin, vtarg), which represent driver

behavior and remain fixed for each trajectory. These parameters are initialized to 10, 2, 1, 5, and 50,

respectively, with constraints of [5, 10], [0.1, 5], [0.1, 5], [1, 10], [20, 60]. We also optimize the lists of

∆pk and ∆vk for each simulation step k, initializing them to 10 and 0. Lastly, amin is set to −10 and

remains fixed during optimization.

5.4.2 Trajectory Prediction

In trajectory prediction, the goal is to forecast a future trajectory based on a historical trajectory

and scene context. Recent open-loop deep learning methods use neural networks to identify patterns

from real-world trajectory data and predict human-like outcomes [248,249,253–256]. However, com-

mon failure modes early in training involve scenarios where vehicles collide with the leading vehicle

or go beyond road boundaries. Additionally, deep neural network approaches for trajectory prediction

are known to be data inefficient, despite achieving SOTA results [257].

We use our differentiable traffic simulation to provide a learning-free performance baseline using
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differentiable ODE modeling and inferred road context. First, we infer traffic states from vehicle trajec-

tories and lane shapes. For our experiments, we use the Waymo Open Motion Dataset (WOMD) [126].

Agents are assigned to lanes based on proximity to lane polyline features, and both lane polylines and

agent states are projected into 1-dimensional representations for our simulator. We then fit IDM param-

eters using the historical trajectory, similar to the optimization process in the trajectory reconstruction

task. In deep learning approaches, this information would be encoded into context embeddings. Fi-

nally, we simulate trajectories in the 1-dimensional space using the fitted IDM parameters and project

them back onto the original lane polylines.

We hypothesize that by using this approach, the “predicted" trajectory will closely align with

real-world trajectories, without requiring deep neural networks for learning. If successful, these ODE-

based rollouts could provide a strong baseline and lower bound on performance metrics for more

complex, learning-based methods.

This task is not feasible with existing simulators. While some simulators use ODE-based traffic

state construction, their lack of differentiability or parallelization makes them impractical for large-

scale trajectory prediction. Conversely, large-scale parallelized simulators do not explicitly construct

traffic states from road data or use ODEs to model agents, making them heavily dependent on learned

policies and real-world data logs for future rollouts.

5.5 Experimental Results

In this section, we provide experimental results. First, we present the experimental results about

the efficiency of our simulator. Then, we provide results of trajectory filtering and reconstruction tasks

together and discuss those of trajectory prediction in the end. Our approach is implemented in Python
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Table 5.1: Quantitative comparison for trajectory filtering & reconstruction task. For
each task, we compare the average positional error rate (Pos.), magnitude of estimated
acceleration (Acc.), physically implausible trajectory rate (Imp.), and average computa-
tion time per trajectory (Time.) between compared methods. For estimated acceleration
magnitude (m/s2), we provide mean and standard variation (µ/σ).

Task Value Linear MA EMA Spline Ours

Fil.

Pos.↓ 0.00% 0.01% 0.02% 0.00% 0.08%
Acc.↓ 6.4/5.5 0.9/0.9 0.5/0.6 3.5/2.1 0.5/0.5
Imp.↓ 100% 8.18% 4.61% 2.00% 0%
Time.↓ 0.115s 0.233s 0.237s 23.9s 0.308s

Rec.

Pos. 0.00% 0.05% 0.06% 0.01% 0.13%
Acc. 1.8/5.4 0.5/0.7 0.2/0.4 1.6/1.9 0.3/1.1
Imp. 99.84% 9.83% 7.24% 4.12% 0%
Time. 0.033s 0.038s 0.042s 3.37s 0.164s

and PyTorch [90]. All of our experiments were done on a workstation equipped with Intel® Xeon® W-

2255 CPU @ 3.70GHz and a single NVIDIA RTX A5000 GPU.

5.5.1 Computational Efficiency

To assess the computational efficiency of our simulator, we measured its running time for both

the forward and backward passes. The total time was divided by the number of simulation steps,

as running time scales proportionally with the number of steps. To evaluate scalability and device

impact, we tested different numbers of vehicles using either CPU (with 16 threads) or GPU. As shown

in Figure 5.1, our simulator can handle up to 2 million vehicles in real-time on both CPU and GPU.

The CPU performs efficiently due to the use of 16 threads. For smaller numbers of vehicles, the

CPU is faster since launching GPU jobs introduces overhead. However, the GPU demonstrates better

scalability as the number of vehicles goes beyond 20K.
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5.5.2 Trajectory Filtering & Reconstruction

5.5.2.1 Dataset

For the trajectory filtering task, we used the publicly available Next Generation Simulation

(NGSIM) dataset [258], specifically 6,101 trajectories from US Highway 101, recorded every 100

milliseconds, providing dense data for filtering. For trajectory reconstruction, we used a non-public

dataset containing 21,750 sparse trajectories from Singapore, recorded with a minimum sampling in-

terval of 1 second. Each trajectory is up to 20 minutes long.

5.5.2.2 Baselines

For comparison, we used two interpolation methods (linear, spline) and two filtering techniques

(moving average [244, 245], exponential moving average [246]) as baselines. For interpolation, we

set δt to 0.1 and 1.0 for each task, estimating vehicle positions at every δt to generate dense trajec-

tories. This matches our method, where δt is the simulation time step. For the filtering task, linear

interpolation results were identical to the raw data, as the data was recorded every 100 milliseconds.

For spline interpolation, we fitted a cubic B-spline curve using Scipy’s optimization function [259],

setting bounds on the first and second derivatives (speed and acceleration) to [0,∞) and [−10, 10],

respectively, to ensure realistic trajectories as much as possible. For filtering, we applied both methods

to the dense trajectories from linear interpolation, using a window size of 9 for moving average (MA)

and a smoothing width of 5 for exponential moving average (EMA), following [245] and [246].
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Figure 5.4: Qualitative comparison for trajectory filtering task. For comparison, we
use the speed (up) and acceleration (down) profiles for a single trajectory in the NGSIM
dataset. Estimated acceleration from our method exhibits a more stable pattern than the
baseline methods.

5.5.2.3 Optimization Details

In our optimization process, we used the Adam optimizer [260] with 500 optimization steps for

both tasks. During optimization, we linearly reduced the learning rate from an initial value of 0.1 to

0.01. The initial position p(0) and speed v(0) for each trajectory were set to 0 and (∆P)/∆t, where

∆P is the distance between the first two data points.

5.5.2.4 Quantitative Comparison

Table 5.1 presents quantitative results based on four criteria:
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1. Average positional error rate (Pos.): Represents the precision of the trajectory, calculated by

finding the nearest time step in the estimated dense trajectory for each data point, measuring the

distance, dividing by the total trajectory length, and averaging across all points.

2. Statistics about estimated accelerations (Acc.): Mean and standard deviation of absolute ac-

celerations. Lower values usually indicate more stable trajectories.

3. Ratio of physically implausible trajectories (Imp.): Ratio of trajectories with any step where

absolute acceleration exceeds 10, as most real-world absolute accelerations stay below 3.

4. Running Time (Time.): Running time per trajectory.

As we can see in Table 5.1, linear and spline interpolation achieved the best results in posi-

tional error, but most of their trajectories were physically invalid. MA and EMA also performed well

in positional error and gave impressive results on the second criterion. However, they still produced

physically invalid trajectories, and they are not negligible—one of the trajectories exhibited an ac-

celeration of 66, which is physically impossible. In contrast, trajectories from our method were all

physically valid, and showed stable acceleration pattern, with only a slight loss in positional error.

In terms of computational cost, our method was up to 5 times slower than simple linear interpolation

but processed each trajectory in under 0.4 seconds with parallelization.

5.5.2.5 Qualitative Comparison

To qualitatively assess the optimized trajectories, we plot the speed and acceleration profile of a

trajectory from the NGSIM dataset in Figure 5.4, comparing our results with linear interpolation and

EMA. Linear interpolation simply mirrors the raw data (possibly with noise), so the resulting speed and
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Figure 5.5: Distribution of optimized IDM parameters in trajectory reconstruction
task. Note that the distribution of each parameter adheres well to the general, real-world
scenarios.

acceleration profiles contain significant physically invalid noise. After applying the EMA filter, high-

frequency noise is reduced, and both profiles become smoother – however, it is still not guaranteed

to be physically valid. Our method produces even smoother results, and they are guaranteed to be

physically valid.

5.5.2.6 IDM Parameters

As mentioned earlier, we optimize five IDM parameters during trajectory optimization. To as-

sess the impact of optimizing these variables, we reran the trajectory reconstruction task with fixed

IDM parameters. As expected, this produced worse results than our original approach: the positional

error rate increased to 0.22%, and the estimated acceleration became (0.5/1.7). Optimizing the IDM

parameters allows for better results by providing more flexibility. Figure 5.5 shows the distribution of

the optimized IDM parameters, which closely aligns with real-world observations. This demonstrates
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Figure 5.6: Training-free future rollouts on the Waymo Open Motion Dataset
(WOMD). We show qualitative results in trajectory forecasting with our differentiable
traffic simulator. In the trajectory forecasting task, we infer the traffic state based on road
graph and agent observations, including agent membership and order within lanes. Then,
we fit IDM parameters for each vehicle to its 1-second historical trajectory and roll out
trajectories via IDM for all agents according to their current lane. As shown above, agent
vehicles maintain realistic trajectories with no deep learning or ground truth.

that, in addition to producing better results, our method can infer driver behavior during optimiza-

tion, offering an advantage over baseline methods.

5.5.3 A Training-Free Trajectory Forecasting Baseline

In trajectory forecasting experiments, we use our differentiable simulator to fit IDM parameters

and perform training-free trajectory rollouts on the Waymo Open Motion Dataset (WOMD) [126] val-

idation set, which contains 15.5K 20-second segments split into overlapping 9-second samples. Each

sample represents a traffic scenario centered on an autonomous vehicle. Using the Adam optimizer, we

fit IDM parameters to 1-second trajectory histories sampled at 10Hz over 10 timesteps. To compute the

traffic state as positions along 1-dimensional lanes, we project each vehicle’s historical trajectory onto

lane centers, where only vehicles within a certain distance threshold of lane centers are considered for
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future prediction. After solving for IDM parameters with gradient-based optimization, we initialize

the traffic state to the starting state and roll out 8-second futures at 10 Hz, for a total of 80 frames.

For each vehicle active in traffic lanes, we evaluate their performance with WOMD benchmark

metrics. That is, we show results in mean average precision (mAP), minimum average displacement

error (minADE), minimum final displacement error (minFDE), and miss rate (MissRate):

1. mAP: Mean average precision across all trajectory types and agent classes, where trajectory

types include straight, straight-left, straight-right, left, right, left u-turn, right u-turn, and station-

ary.

2. minADE: L2 norm between closest prediction and ground truth.

3. minFDE: L2 norm between closest final position and ground truth final position.

4. Miss Rate: % of agent predictions outside of a threshold from ground truth.

Closer details on metrics can be found in Ettinger et al.’s work introducing the benchmark [126].

We show quantitative results on WOMD validation set in Table 5.2, and compare to recent SOTA

models in trajectory forecasting [251, 252, 254–256, 261]. In this result, we consider all benchmark

trajectories and agent classes in the validation set, including that of cyclists and pedestrians in addition

to vehicles.

Expectedly, results with our traffic simulator does not outperform SOTA methods, and should

not be directly compared against models trained on ground truth annotations. However, we find that

our simulator achieves comparable mAP performance (0.354) and acceptable distance metric per-

formance (7.862 minADE), given no training on a large amount of pre-annotated data, where the

next best mAP performance is Multipath++ [253] at 0.393. We point out that minADE and minFDE
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Table 5.2: Waymo Open Motion Dataset validation set metric comparisons between
SOTA models and training-free rollouts generated by our differentiable simulator.
We show metric performance results generated from our simulator versus current SOTA
models for trajectory prediction. Without any neural networks or training, future predic-
tions using our simulator can attain 0.3541 mAP on validation—while this result does
not outperform SOTA models, this performance is attained with no training, where IDM
parameters are only fitted on 1-second of data. Missing values are not reported by the
respective original work.

Method mAP↑ minADE↓ minFDE↓ MissRate↓ Params

Multipath++ [253] 0.393 0.978 2.305 0.440 -
MTR [252] 0.416 0.605 1.225 0.137 66M
ControlMTR [255] 0.422 0.590 1.201 0.132 66M
Wayformer_Ens [256] 0.430 0.530 - - 60M
MTR++ [251] 0.435 0.591 1.199 0.130 86M
EDA [261] 0.435 0.571 1.173 0.119 -
MTRv3_Ens [254] 0.488 0.554 1.104 0.110 -

Ours 0.354 7.862 15.668 0.586 5

values are high perhaps due to poor performance on samples involving non-straight driving. In this

experiment, vehicles merely advance forward along the current road centers. mAP values may be com-

petitive purely due to overrepresentation of straight driving in benchmark datasets. Still, our method

provides an interesting blind driving benchmark for trajectory forecasting work, which does not in-

volve any deep learning whatsoever. We visualize an example rollout on a WOMD validation sample

in Figure 5.6, where we show qualitatively that simulated rollouts are realistic and follow road struc-

tures.

5.6 Conclusion

In this paper, we introduced a parallelized differentiable traffic simulator based on IDM, capable

of simulating up to 2 million vehicles in real-time on parallel CPU or GPU implementations. To ad-

dress physically implausible results, we modified the original IDM and demonstrated the simulator’s

effectiveness in solving trajectory optimization problems. For trajectory filtering and reconstruction,
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our method reliably estimated physically plausible trajectories. Additionally, we showed that differ-

entiable traffic simulation serves as a strong training-free baseline for trajectory forecasting and paves

the way for integrating traffic simulation with deep learning for robust, traffic-aware techniques.

A limitation of our work is its focus on IDM-based vehicle modeling, which could be extended

to include ODE-based pedestrian and cyclist behavior for more robust agent representations. Future

work could also explore more complex loss functions for improved trajectory accuracy and support

for complex road networks. Nonetheless, our simulator can serve as a core computational layer for

integrating with traffic simulators that handle such systems.

More broadly, this chapter demonstrates how gradient-informed optimization can be effectively

applied to large-scale, physically grounded dynamical systems when accurate sensitivities are avail-

able. Importantly, the underlying principle—leveraging gradients as measures of input–output sen-

sitivity—extends beyond time-evolving traffic dynamics to problems defined by spatial structure and

geometric relationships. Motivated by this observation, the next part of the thesis shifts focus from

differentiable dynamics to differentiable geometry, exploring how similar ideas can be applied to tra-

ditionally discrete mesh representations.
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Part IV

Differentiable Geometry: Mesh
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Chapter 6: DMesh: A Differentiable Mesh Representation

Figure 6.1: (→) Optimization process. We can optimize our mesh starting from either
(a) random state or (b) initialization based on sample points for faster convergence. Mesh
connectivity changes dynamically during the optimization. To make this topology change
possible, we compute existence probability for an arbitrary set of faces in a differentiable
manner.

Figure 6.2: Versatility of DMesh. DMesh can represent diverse geometry in differen-
tiable manner, including (a) non-convex polyhedra of different Euler characteristics, (b)
non-orientable geometries (Möbius strip, Klein bottle), and (c) complex protein structure
(colored for aesthetic purpose).

The previous chapters demonstrated how gradient-informed optimization can be effectively ap-

plied to time-evolving dynamical systems, from policy learning to large-scale physical simulation

and trajectory optimization. This chapter extends the same underlying principle beyond temporal

dynamics to static but highly structured geometric representations. We introduce DMesh, a differ-

entiable mesh representation that reformulates discrete geometric connectivity and topology so that
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gradients—interpreted as sensitivities between geometric parameters and observations—can be com-

puted and exploited for optimization.

6.1 Introduction

Polygonal meshes are widely used in modeling and animation due to their diverse, compact

and explicit configuration. Recent AI progress has spurred efforts to integrate mesh generation into

machine learning, but challenges like varying topology hinder suitable differentiable mesh represen-

tations. This limitation leads to reliance on differentiable intermediates like implicit functions, and

subsequent iso-surface extraction for mesh creation [9–12, 262, 263]. However, meshes generated by

such approaches can be misaligned at sharp regions and unnecessarily dense [11], not suitable for

down-stream applications that require light-weight meshes. This limitation necessitates us to develop

a truly differentiable mesh representation, not the intermediate forms.

The fundamental challenge in creating a differentiable mesh representation lies in formulating

both the vertices’ geometric features and their connectivity, defined as edges and faces, in a differen-

tiable way. Given a vertex set, predicting their connectivity in a free-form way using existing machine

learning data-structures can cost significant amount of computation and be difficult to avoid irregular

and intersecting faces. Consequently, most studies on differentiable meshes simplify the task by using

a mesh with a pre-determined topology and modifying it through various operations [3, 4, 159, 264].

This work, on the contrary, ambitiously aims to establish a general 3D mesh representation, named as

DMesh, where both mesh topology and geometric features (e.g. encoded in vertex location) can be

simultaneously optimized through gradient-based techniques.

Our core insight is to use differentiable Weighted Delaunay Triangulation (WDT) to divide a
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convex domain, akin to amber encapsulating a surface mesh, into tetrahedra to form a mesh. To create

a mesh with arbitrary topology, we select only a subset of triangular faces from the tetrahedra, termed

the “real part", as our final mesh. The other faces, the “imaginary part", support the real part but are not

part of the final mesh (Figure 6.4). We introduce a method to assess the probability of a face being part

of the mesh based on weighted points that carry positional and inclusiveness information. Optimization

is then focused on the points’ features to generate the triangular mesh. The probability determination

allows us to compute geometric losses and rendering losses during gradient-based optimization that

optimizes connectivity and positioning.

The key contributions of our work can be summarized as follows.

• We present a novel differentiable mesh representation, DMesh, which is versatile to accom-

modate various types of mesh (Figure 6.2). The generated meshes can represent shapes more

effectively, with much less number of vertices and faces (Table 6.2).

• We propose a computationally efficient approach to differentiable WDT, which produces robust

probability estimations. While exhaustive approach [13] requires quadratic computational cost,

our method runs in approximately linear time.

• We provide efficient algorithms for reconstructing surfaces from both point clouds and multi-

view images using DMesh as an intermediate representation.

• We finally propose an effective regularization term which can be used for mesh simplification

and enhancing triangle quality.

Additionally, to further accelerate the algorithm, we implemented our main algorithm and dif-

ferentiable renderer in CUDA, which is made available for further research.
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Figure 6.3: Our overall framework to optimize mesh according to the given observations.
(a): Each point is defined by a 5-dimensional feature vector: position, weight, and real
value. Points with larger real values are rendered in red. (b): Given a set of points, we
gather possibly existing faces in the mesh and evaluate their probability in differentiable
manner. (c): We can compute reconstruction loss based on given observations, such as
mesh, point cloud, or multi-view images. (d): To facilitate the optimization process and
enhance the mesh quality, we can use additional regularizations.

6.2 Related Work

6.2.1 Shape Representations for Optimization

Recently, using neural implicit functions for shape representation gained popularity in graphics

and vision applications [5, 127–132]. They mainly use volume density, inspired by [127], to represent

a shape. However, because of its limited accuracy in 3D surface representation, neural signed distance

functions (SDFs) [5,6,133,134] or unsigned distance functions (UDFs) [7,8] are often preferred. After

optimization, one can recover meshes using iso-surface extraction techniques [22, 138].

Differing from neural representations, another class of methods directly produce meshes and

optimize them. However, they assume that the overall mesh topology is fixed [4, 24, 160, 161], only

allowing local connectivity changes through remeshing [3]. Learning-based approaches like BSP-

Net [265] allow topological variation, but their meshing process is not differentiable. Recently, dif-

ferentiable iso-surface extraction techniques have been developed, resulting in high-quality geometry
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reconstruction of various topologies [9–12,18,136,262]. Unfortunately, meshes relying on iso-surface

extraction algorithms [22,138] often result in unnecessarily dense meshes that could contain geometric

errors. In contrast, our approach addresses these issues: we explicitly define faces and their exis-

tence probabilities, and devise regularizations that yield simplified, but accurate meshes based

on them (Table 6.2). See Table E.1 for more detailed comparisons to these other methods.

6.2.2 Delaunay Triangulation for Geometry Processing

Delaunay Triangulation (DT) [266] has been proven to be useful for reconstructing shapes from

unorganized point sets. It’s been shown that DT of dense samples on a smooth 2D curve includes

the curve within its edges [267, 268]. This idea of using DT to approximate shape has been success-

fully extended to 3D, to reconstruct three-dimensional shapes [269] for point sets that satisfy certain

constraints. However, these approaches are deterministic. Our method can be considered as a differ-

entiable version of these approaches, which admits gradient-based optimization.

More recently, [13] focused on this DT’s property to connect points and tessellate the domain,

and proposed a differentiable WDT algorithm to compute smooth inclusion, namely existence score of

2-simplexes (triangles) in 2 dimensional space. However, it is not suitable to apply this approach to our

3D case, as there are computational challenges (Section 6.3.2). Other related work, VoroMesh [17],

also used Voronoi diagrams in point cloud reconstruction, but their formulation cannot represent open

surfaces and is only confined to handle point clouds.
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(a) 2D Font (b) 3D Dragon

Figure 6.4: Illustration of our mesh representation for 2D and 3D cases. (a): Our repre-
sentation in 2D for a letter “A”. (b): Our representation in 3D for a dragon model. Blue
faces are “real part” and yellow ones are “imaginary part”.

6.3 Preliminary

6.3.1 Probabilistic Approach to Mesh Connectivity

To define a traditional, non-differentiable mesh, we specify the vertices and their connectivity.

This connectivity is discrete, meaning for any given triplet of vertices, we check if they form a face

in the mesh, returning 1 if they do and 0 otherwise. To overcome this discreteness, we propose a

probabilistic approach to create a fully differentiable mesh – given a triplet of vertices, we evaluate the

probability of a face existing. This formulation enables differentiability not only of vertex positions

but also of their connectivity.

Note that we need a procedure that tells us the existence probability of any given face to realize

this probabilistic approach. This procedure must be 1) differentiable, 2) computationally efficient, and

3) maintain desirable mesh properties, such as avoiding non-manifoldness and self-intersections, when

determining the face probabilities.

Among many possible options, we use Weighted Delaunay Triangulation (WDT) (Figure 6.6(a))

and a point-wise feature called the "real" value (ψ) to define our procedure. Each vertex in our frame-
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work is represented as a 5-dimensional1 vector including position (3), WDT weight (1), and real value

(1) (Figure 6.3(a)). Given the precomputed WDT based on vertices’ positions and weights, we check

the face existence probability of each possible triplets. Specifically, 1) a face F must exist in the WDT,

and then 2) satisfy a condition on the real values of its vertices to exist on the actual surface. We

describe the probability functions for these conditions as Λwdt and Λreal:

Λwdt(F ) = P (F ∈WDT), Λreal(F ) = P (F ∈ Mesh |F ∈WDT). (6.1)

Then we get the final existence probability function, which can be used in downstream applica-

tions (Figure 6.3), as follows:

Λ(F ) = P (F ∈ Mesh) = Λwdt(F ) · Λreal(F ). (6.2)

This formulation attains one nice property in determining the final mesh – that is, it prohibits

self-intersections between faces. When it comes to the other two criteria about this procedure, Λwdt

function’s differentiability and efficiency is crucial, as we design Λreal to be a very efficient differen-

tiable function based on real values (Section 6.4.2). Thus, we first introduce how we can evaluate Λwdt

in a differentiable and efficient manner, which is one of our main contributions.

6.3.2 Basic Principles

1In 2D case, a vertex is a 4-dimensional vector including position (2), WDT weight (1), and real value (1).
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Figure 6.5: Renderings of ∆ks
for different pairs of (d, k).
Different ∆ks are rendered in
different colors.

To begin with, we use (d, k) pair to denote a k-simplex (∆k)

in d-dimensional space. For a 3D mesh, we observe that our face

F corresponds to (d = 3, k = 2) in Figure 6.5(b). To compute the

probability Λwdt for the face, we use power diagram (PD), which is

the dual structure of WDT (Figure 6.6(a)). While previously Rakoto-

saona et al. (2021) proposed a differentiable 2D triangulation method

for the (d = k = 2) case (Figure 6.5(c)), it suffers from quadratically

increasing computational cost (e.g. it takes 4.3 seconds to process

10K points in 2D, Table E.2) and unreliable estimation when (k < d). We will discuss later how

our formulation conquer these computational challenges. Our setting for 3D meshes are similar to 2D

meshes, the (d = 2, k = 1) case in Figure 6.5(d), where a triangular face reduces to a line. Therefore,

we will mainly use this setting to describe and visualize basic concepts for simplicity. However, note

that it can be generalized to any (d, k) case without much problem. We generalize the basic principles

suggested by [13] to address our cases. For formal definitions of the concepts in this section, please

refer to Appendix E.2.

Let S be a finite set of points in Rd=2 with weights. For a given point p ∈ S, we denote its weight

as wp. We call those weighted points in S as “vertices”, to distinguish them from general unweighted

points in R2. Then, we adopt power distance π(p, q) = d(p, q)2 − wp − wq as the distance measure

between two vertices in S. As depicted in Figure 6.6, ∆k=1 is a 1-simplex, which is a line connecting

two vertices pi and pj in S. Its dual form D∆1 (red line) is the set of unweighted points2 in R2 that are

located at the same power distance to pi and pj . In the power diagram, the power cell Cp (gray cell) of

a vertex p is the set of unweighted points that are closer to p than to any other vertices in S. We can

2We treat unweighted points’ weight as 0 when computing the power distance.
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Figure 6.6: Basic concepts to compute existence probability of given 1-simplex (∆1)
when d = 2. (a): WDT and PD of given set of weighted vertices are rendered in solid
and dotted lines. The size of a vertex represents its weight. (b): Power cell of p1 (Cp1) is
rendered in grey. Also, ∆1 is rendered in black line, of which dual line (D∆1) is rendered
in red. (c), (d): For given ∆1, reduced power cell of p1 for the ∆1 (Rp1|∆1) is rendered in
blue, with the original power cell (grey). We can evaluate the existence of ∆1 in WDT by
computing the signed distance from D∆1 to Rp1|∆1 .

use Cp and D∆1 to measure the existence of ∆1. From Figure 6.6, we can see that when ∆1 = {pi, pj}

exists in WDT, its dual lineD∆1 aligns exactly with Cpi’s boundary, while when ∆1 = {pi, pj} doesn’t

exist in WDT, D∆1 is outside Cpi .

To make this measurement less binary when ∆1 exists, we use the expanded version of power

cell called "reduced" power cell (Rp|∆), introduced by [13]. The reduced power cell of pi ∈ S for

∆1 = {pi, pj} is computed by excluding pj from S when constructing the power cell 3. For example,

when ∆1 exists, Rpi|∆1 will expand towards pj’s direction (Figure 6.6(c)), and D∆1 will "go through"

Rpi|∆1 . In contrast, when ∆ doesn’t exists, even though we have removed pj , Rpi|∆1 will not expand

(Figure 6.6(d)), and thus D∆1 stays outside of Rpi|∆1 .

Now we can define a signed distance field τpt(x,R) for a given reduced power cell R, where

the signed distance is measured as the distance from the point x ∈ Rd to the boundary of the reduced

power cell (sign is positive when inside). Then, we can induce the signed distance between a dual

3In 3D case where k = 2 and ∆2 = {pi, pj , pk}, pj and pk would be ignored for Rpi|∆2 .
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form D and a reduced power cell R:

τ(D,R) = max
x∈D

τpt(x,R). (6.3)

As illustrate in Figure 6.6(c) and (d), τ(D∆1 , Rp1|∆1) is positive when ∆1 exists, while negative when

it does not exist in WDT.

This observation can be generalized as follows:

Remark 6.3.1 ∆k exists in WDT if and only if ∀pi ∈ ∆k, τ(D∆k , Rpi|∆k) > 0.

In fact, the sign of every τ(D∆k , Rpi|∆k) is same for every pi ∈ ∆k. Therefore, we can use its

average to measure the existence probability of ∆k, along with sigmoid function σ:

Λwdt(∆
k) =

1

k + 1

∑
p∈{∆k}

σ(τ(D∆k
, Rp|∆k) · αwdt), (6.4)

where αwdt is a constant value used for the sigmoid function. Λwdt(∆
k) is greater than 0.5 when ∆k

exists, aligning with our probabilistic viewpoint and being differentiable.

Computational Challenges. As mentioned before, Rakotosaona et al. (2021) solved the problem

for the case where (d = k = 2) where the dual D∆k is a single point. Naïvely applying their approach

for computing Eq. 6.3 to our cases poses two computational challenges:

• Precision: When (d = 3, k = 2) or (d = 2, k = 1), D∆k
becomes a line, not a single point.

Finding a point on the line that maximizes Eq. 6.3 is not straightforward.

• Efficiency: When naïvely estimating the reduced power cell in exhaustive manner, the compu-

tational cost increases with the number of points at a rate of O(N2), where N is the number of

131



points.

See Appendix E.2.2 for a detailed discussion of these limitations.

6.4 Formulation

6.4.1 Practical approach to compute Λwdt

We introduce a practical approach to resolve the two aforementioned challenges. Specifically,

we propose constructing the PD first and use it for computing lower bound of Eq. 6.3 in an efficient

way. We also propose to handle the two cases separately: whether ∆k exists in the WDT or not.

First, when the simplex ∆k does not exist, we choose to use the negative distance between the

dual form and the normal power cell, −d(D∆k , Cp). This is the lower bound of Eq. 6.3:

−d(D∆k , Cp) ≤ τ(D∆k , Rp|∆k) < 0, (6.5)

as Cp ⊂ Rp|∆k . See Figure 6.6(d) for this case in (d = 2, k = 1) case. We can observe that computing

this distance is computationally efficient, because the normal PD only needs to be computed once for

all in advance. Moreover, Cp is a convex polyhedron, and D∆k is a (convex) line, which allows us to

find the distance between line segments on the boundary of Cp
4 and D∆k , and choose the minimum.

Second, we analyze the case when the simplex ∆k exists in WDT. In this case, we have to

construct the reduced power cell Rp|∆k for given ∆k, which requires much additional cost. Instead of

doing it, we leverage pre-computed PD to approximate the reduced power cell. Then, we pick a point

4This holds when d = 3. When d = 2, we can use vertices of of Cp.
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v ∈ D∆k ∩Rp|∆k , where p ∈ {∆k}, and the following holds:

0 ≤ τpt(v,Rp|∆k) ≤ τ(D∆k , Rp|∆k), (6.6)

because v ∈ Rp|∆k and by the definition at Eq. 6.3. In our case, since D∆k ∩ Rp|∆k is a line segment,

we choose its middle point as v to tighten this lower bound. See Figure 6.6(c) for the line segment in

(d = 2, k = 1) case. We use this bound when ∆k exists. Note that computing this lower bound is also

computationally efficient, because we can simply project v to the reduced power cell.

To sum up, we can rewrite Eq. 6.3 as follows.

τ(D∆k , Rp|∆k) =


τpt(v,Rp|∆k) if ∆k ∈WDT

−d(D∆k , Cp) else
(6.7)

By using this relaxation, we can get lower bound of Eq. 6.3, which is reliable because it always has

the same sign. Also, we can reduce the computational cost from O(N2) to nearly O(N), which is

prerequisite for representing meshes that have more than 1K vertices in general. See Appendix E.2.2

for the computational speed and accuracy of our method, compared to the previous one. Finally, we

implemented our algorithm for computing Eq. 6.7 in CUDA for further acceleration.

6.4.2 Definition of Λreal

Λreal evaluates the existence probability of a k-simplex ∆k in our mesh when it exists in WDT.

To define it, we leverage per-point value ψ ∈ [0, 1]. To be specific, we compute the minimum ψ of the

points in ∆k in differentiable way: Λreal(∆
k) =

∑
p∈∆k κ(p)·Ψ(p), where κ(p) = e−β·Ψ(p)/

∑
q ∈∆k e−β·Ψ(q),

and Ψ is function that maps a point p to its ψ value. We set β = 100.
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Along with Λwdt that we discussed before, now we can evaluate the final existence probability

of faces in Eq. 6.2. We also note here, that when we extract the final mesh, we only select the faces of

which Λwdt and Λreal are larger than 0.5.

6.4.3 Loss Functions

DMesh can be reconstructed from various inputs, such as normal meshes, point clouds, and

multi-view images. With its per-vertex features and per-face existence probabilities Λ(F ), we can opti-

mize it with various reconstruction losses and regularization terms. Please see details in Appendix E.3.

6.4.3.1 Reconstruction Loss (Lrecon)

First, if we have a normal mesh with vertices P and faces F, and we want to represent it with

DMesh, we should compute the additional two per-vertex attributes, WDT weights and real values.

We optimize them by maximizing Λ(F) since these faces lies on the reference mesh. Conversely, for

the remaining set of faces F̄ that can be defined on P, we should minimize Λ(F̄). Together, they define

the reconstruction loss for mesh input (Appendix E.3.1).

For reconstruction from point clouds or multi-view images, we need to optimize for all features

including positions. For point clouds, we define our loss using Chamfer Distance (CD) and compute

the expected CD using our face probabilities (Appendix E.3.2). For multi-view images, we define the

loss as the L1 loss between the given images and the rendering of DMesh, interpreting face proba-

bilities as face opacities. We implemented efficient differentiable renderers to allow gradients to flow

across face opacities (Appendix E.3.3).
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6.4.3.2 Regularizations

Figure 6.7: Results with different λweight.

Being fully differentiable for both vertices

and faces, DMesh allows us to develop various

regularizations to improve the optimization pro-

cess and enhance the final mesh quality. The first

is weight regularization (Lweight), applied to the

dual Power Diagram of the WDT (Appendix E.3.4). This regularization reduces the structural com-

plexity of the WDT, controlling the final mesh complexity (Figure 6.7). The next is real regularization

(Lreal), which enforces nearby points to have similar real values and increases the real values of points

adjacent to high real value points (Appendix E.3.5). This helps remove holes or inner structures and

makes faces near the current surface more likely to be considered (Appendix E.4). The final regular-

ization, quality regularization (Lqual), aims to improve the quality of triangle faces by minimizing

the average expected aspect ratio of the faces, thus removing thin triangles (Appendix E.3.6).

To sum up, our final loss function can be written as follows:

L = Lrecon + λweight · Lweight + λreal · Lreal + λqual · Lqual,

where λ values are hyperparameters. In Appendix E.5, we provide values for these hyperparam-

eters for every experiment. Also, in Appendix E.5.3, we present ablation studies for these regulariza-

tions.
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6.5 Experiments and Applications

In this section, we provide experimental results to demonstrate the efficacy of our approach.

First, we optimize vertex attributes to restore a given ground truth mesh, directly proving the dif-

ferentiability of our design. Next, we conduct experiments on 3D reconstruction from point clouds

and multi-view images, showcasing how our differentiable formulation can be used in downstream

applications.

For the mesh reconstruction problem, we used three models from the Stanford 3D Scanning

Repository [270]. For point cloud and multi-view reconstruction tasks, we used four closed-surface

models from the Thingi32 dataset, four open-surface models from the DeepFashion3D dataset, and

three additional models with both closed and open surfaces from the Objaverse dataset and Adobe

Stock. These models are categorized as "closed," "open," and "mixed" in this section. Additionally,

we use nonconvex polyhedra of various Euler characteristics and non-orientable geometries to prove

our method’s versatility.

We implemented our main algorithm for computing face existence probabilites and differentiable

renderer used for multi-view image reconstruction in CUDA [271]. Since we need to compute WDT

before running the CUDA algorithm, we used WDT implementation of CGAL [272]. We implemented

the rest of logic with Pytorch [167]. All of the experiments were run on a system with AMD EPYC

7R32 CPU and Nvidia A10 GPU.

6.5.1 Mesh to DMesh

In this experiment, we demonstrate that we can preserve most of the faces in the original normal

triangular mesh after converting it to DMesh using the mesh reconstruction loss introduced in 8.3.4.
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Table 6.1: Mesh reconstruction results.

- Bunny Dragon Buddha

RE 99.78% 99.72% 99.64%

FP 0.00% 0.55% 0.84%

In Table 6.1, we show the recovery ratio

(RE) and false positive ratio (FP) of faces in our

reconstructed mesh. Note that we could recover

over 99% of faces in the original mesh, while

only having under 1% of false faces. Please see

Appendix E.5.1 for more details. This result successfully validates our differentiable formulation, but

also reveals its limitation in reconstructing some abnormal triangles in the original mesh, such as long,

thin triangles.

6.5.2 Point Cloud & Multi-View Reconstruction

In this experiment, we aim to reconstruct a mesh from partial geometric data, such as (oriented)

point clouds or multi-view images. For point cloud reconstruction, we sampled 100K points from the

ground truth mesh. We can additionally use point orientations, if they are available. For multi-view

reconstruction, we rendered diffuse and depth images of the ground truth mesh from 64 view points. In

Appendix E.5, we illustrated the example inputs for these experiments. Also, please see Appendix E.4

to see the initialization and densification strategy we took in these experiments.

To validate our approach, we compare our results with various approaches. When it comes

to point cloud reconstruction, we first compare our result with classical Screened Poisson Surface

Reconstruction (PSR) method [16] 5. Then, to compare our method with optimization based approach,

we use recent VoroMesh [17] method. Note that these two methods are not tailored for open surfaces.

To compare our method also for the open surfaces, we use Neural Dual Contouring (NDC) [19], even

though it is learning-based approach. Finally, for multi-view reconstruction task, we compare our

5We provide point orientations for PSR, which is optional for our method.
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Figure 6.8: Point cloud and multi-view reconstruction results. (a): Ground truth mesh.
(b), (f): Our method restores the original shape without losing much detail. (c), (d), (g),
(h): PSR [16], VoroMesh [17], FlexiCube [11], and NIE [18] fail for open and mixed
surfaces. (e): NDC [19] exhibits artifacts from grids.

results with Flexicube [11] and Neural Implicit Evolution (NIE) [18], which correspond to volumetric

approaches that can directly produce meshes of varying geometric topology for given visual inputs.

In Figure 6.8, we visualize the reconstruction results along with the ground truth mesh for qual-

itative evaluation. For closed meshes, in general, volumetric approaches like PSR, VoroMesh, and

Flexicube, capture fine details better than our methods. This is mainly because we currently have

limitation in the mesh resolution that we can produce with our method. NIE, which is also based on

volumetric principles, generates overly smoothed reconstruction results. However, when it comes to

open or mixed mesh models, which are more ubiquitous in real applications, we can observe that these

methods fail, usually with false internal structures or self-intersecting faces (Appendix E.5.2). Since

NDC leverages unsigned information, it can handle these cases without much problem as ours. How-

ever, we can observe step-like visual artifacts coming from its usage of grid in the final output, which

requires post-processing. Additionally, to show the versatility of our representation, we also visualize
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Table 6.2: Quantitative comparison for point cloud and multi-view reconstruction
results. Best results are written in bold.

Methods CD (×10−5)↓ F1↑ NC↑ ECD↓ EF1↑ # Verts↓ # Faces↓ Time (sec)↓

PC

PSR 690 0.770 0.931 0.209 0.129 159K 319K 10.6

VoroMesh >1K 0.671 0.819 >1K 0.263 121K 242K 12.2

NDC 3.611 0.874 0.936 0.022 0.421 20.7K 42.8K 3.49

Ours (w/o normal) 3.726 0.866 0.936 0.067 0.342 3.87K 10.4K 775

Ours (w/ normal) 3.364 0.886 0.952 0.141 0.438 3.56K 7.54K 743

MV
NIE 585 0.439 0.848 0.064 0.023 74.5K 149K 6696

FlexiCube 273 0.591 0.881 0.039 0.152 10.9K 21.9K 56.47

Ours 34.6 0.685 0.892 0.094 0.113 4.19K 8.80K 1434

various shapes reconstructed from oriented point clouds in Figure 6.2.

Table 6.2 presents quantitative comparisons with other methods. We used following metrics

from [19] to measure reconstruction accuracy: Chamfer Distance (CD), F-Score (F1), Normal Con-

sistency (NC), Edge Chamfer Distance (ECD), and Edge F-Score (EF1) to the ground truth mesh.

Also, we report number of vertices and faces of the reconstructed mesh to compare mesh complexity,

along with computational time. All values are average over 11 models that we used. In general, our

method generates mesh of comparable, or better accuracy than the other methods. However, when it

comes to ECD and EF1, which evaluate the edge quality of the reconstructed mesh, our results showed

some weaknesses, because our method cannot prevent non-manifold edges yet. However, our method

showed superior results in terms of mesh complexity – this is partially due to the use of weight reg-

ularization. Please see Appendix E.5.3 to see how the regularization works through ablation studies.

Likewise, our method shows promising results in producing compact and accurate mesh. However,

we also note that our method requires more computational cost than the other methods in the current

implementation.

Before moving on, we present an experimental result about shape interpolation using DMesh

in Figure 6.9. We used multi-view images to reconstruct a torus first, and then optimized the DMesh
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Figure 6.9: (→) Shape interpolation using DMesh exhibiting topology change. After
fitting DMesh to a torus (upper left), we optimize it again to reconstruct a double torus
(lower right), which has a different genus. We use multi-view images for the optimization.

again to fit a double torus. The results show that DMesh effectively reconstructs the double torus, even

when initialized from a converged single torus, highlighting the method’s robustness to local minima.

However, this also indicates that our representation lacks meaningful shape interpolation, as it does

not assume any specific shape topology.

6.6 Conclusion

6.6.1 Limitations

As shown above, our method achieves a more effective and complete forms of differentiable

meshes of various topology than existing methods, but still has several limitations to overcome.

Computational Cost. Currently, the resolution of DMesh is limited by computational cost.

Although our theoretical relaxation and CUDA implementation reduce this burden, processing meshes

with over 100K vertices remains challenging due to the computational bottleneck of constructing the

WDT at each optimization step. In Figure 6.10, we analyze computational costs relative to the number
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Figure 6.10: Analysis of computational cost for computing face existence probabilities
(Λ(F )). The computational cost rises sharply beyond 20K points, with most of the time
spent on WDT construction (“WDT"), while the probability computation (“Prob") requires
significantly less time.

of points. As shown, costs rise sharply beyond 20K points, with WDT construction consuming most

of the time. This limits our method’s ability to handle high resolution mesh.

Non-Manifoldness. As we have claimed so far, DMesh shows much better generalization than

the other methods as it does not have any constraints on the shape topology and mesh connectivity.

However, due to this relaxation of constraint, we can observe spurious non-manifold errors in the

mesh, even though we adopted measures to minimize them (Appendix E.4.3).

Specifically, an edge must have at most two adjacent faces to be a "manifold" edge. Similarly, a

"manifold" vertex should be adjacent to a set of faces that form a closed or open fan. We refer to edges

or vertices that do not satisfy these definitions as "non-manifold." In our results, we found that 5.50%

of edges and 0.38% of vertices were non-manifold for point cloud reconstruction. For multi-view

reconstruction, 6.62% of edges and 0.25% of vertices were non-manifold. Therefore, we conclude

that non-manifold edges are more prevalent than non-manifold vertices in our approach.
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6.6.2 Future Work

To address the computational cost issue, we can explore methods that reduce reliance on the

WDT algorithm, as its cost increases significantly with the number of points. This is crucial since

representing complex shapes with fine details often requires over 100K vertices. To tackle the non-

manifold issue, we could integrate approaches based on (un)signed distance fields [11, 12] into our

method, ensuring manifold mesh generation. Finally, future research could extend this work to solve

other challenging problems, such as 3D reconstruction from real-world images, or applications like

generative models for 3D shapes. This could involve encoding color or texture information within our

framework, opening up exciting new directions for exploration.

These limitations highlight a fundamental trade-off in differentiable mesh representations be-

tween expressiveness, computational efficiency, and geometric regularity. While DMesh establishes

a flexible and general framework for gradient-based reasoning over mesh connectivity and topology,

its current formulation leaves room for improvement in scalability and robustness. Motivated by these

observations, the next chapter introduces DMesh++, which refines the core ideas of DMesh to achieve

more efficient and scalable differentiable mesh optimization.
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Chapter 7: DMesh++: An Efficient Differentiable Mesh for Complex Shapes

(a) 2D Point Cloud Recon. (b) 3D Point Cloud Recon. (b) 3D Multi View Recon.

Figure 7.1: DMesh++ for complex 2D and 3D shapes. DMesh++ encodes all geometric
and topological information into continuous point features. (a) By optimizing these point
features, DMesh++ is able to reconstruct complex 2D drawings from sample points. (b)
This approach is also applicable to 3D, where it reconstructs the complex geometric struc-
ture of DNA from a point cloud. (c) By incorporating additional color features, DMesh++
can reconstruct complex, colored 3D shapes from multi-view images. For each result,
the “imaginary” part is rendered in gray, while the “real” part—which defines the final
mesh—is rendered in other colors. (section 7.3.1).

While DMesh establishes a flexible differentiable representation for mesh connectivity and topol-

ogy, its computational cost limits scalability to high-resolution shapes. This chapter addresses this

limitation by introducing an efficient differentiable mesh processing framework that preserves the ex-

pressive power of probabilistic mesh connectivity while significantly improving computational and

memory efficiency. Building on the foundations of DMesh, the proposed method enables practical

gradient-based optimization for complex geometric structures at scale.
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7.1 Introduction

Among various possible shape representations, a mesh is often favored for a wide range of

downstream tasks due to its efficiency, versatility, and controllability. A mesh is defined by its vertices’

position and their connectivity in the form of edges and faces. This connectivity is discrete in nature,

and also the number of possible connectivities grows exponentially with the number of points, which

prevents meshes from being differentiable shape representations (fig. 7.2). To address this, recent data-

driven efforts have attempted to predict mesh connectivity using Transformer-based models [273–276].

However, these methods face inherent challenges with robustness to outlier meshes, potential self-

intersections, and high computational costs.

On another route, Son et al. [20] introduced a new form of differentiable mesh called DMesh,

which is essentially a probabilistic approach. For a given set of points, they explicitly compute proba-

bilities for possible face combinations to exist on the mesh based on the continuous point-wise features.

This approach minimizes several mesh degeneracies, and is free from outliers, as it is not data-driven

(fig. 7.2). Therefore, this probabilistic approach opens up a new venue to adopt meshes in a machine

learning pipeline, such as generative models [277, 278]. However, it suffers from excessive computa-

tional cost when the number of points increases (fig. 7.7), which limits its applicability for representing

complex shapes with detailed structures.

In this work, we introduce DMesh++, which overcomes the computational limitations of DMesh

while retaining its core advantages. To that end, we present Minimum-Ball algorithm. While the

computational cost to evaluate face probability is O(N) for DMesh, where N is the number of points

that define the mesh, our Minimum-Ball algorithm has O(logN) computational cost (section 7.3.2

and fig. 7.7).
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Differentiable?

(a) (Traditional) Mesh (b) DMesh, DMesh++

Position “Real” Value

Etc. (e.g. Color)

Self-Intersection

(Vertex Indices)

Thin Triangle

Figure 7.2: Conceptual comparison of traditional mesh and variants of DMesh [20].
Traditional meshes employ a non-differentiable, discrete data structure, F, to store vertex
indices that define connectivity, whereas DMesh++ encodes connectivity and additional
information into continuous point-wise features, P. Mesh generated from DMesh++ avoids
several degeneracies—such as self-intersections and thin triangles—that can compromise
its suitability for downstream applications.

The direct application of DMesh++ is a reconstruction task. It effectively reconstructs complex

2D and 3D meshes of diverse topology from point clouds or multi-view images (figs. 7.9, 7.10 and 8.1).

During the optimization of continuous point-wise features, we observe dynamic topological changes

in the mesh that recover the target shape (fig. 7.3).

To summarize, our contributions are the following:

• We present DMesh++, an enhanced version of DMesh [20], which overcomes its computational

bottlenecks by employing the Minimum-Ball algorithm.

• We propose a reconstruction algorithm that incorporates efficient loss formulations and addi-

tional mesh operations to effectively recover 2D and 3D shapes from point clouds or multi-view

images.

• We validate our approach on 500+ mesh models with diverse topology, which are collected from
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Figure 7.3: Mesh topology change during 3D point cloud reconstruction of a vase.
We visualize the evolution of point-wise features by projecting them onto a 2-dimensional
space using T-SNE [21] at each optimization step (ranging from 0 to 2K). As these features
continuously evolve, the mesh undergoes discrete topological changes to progressively
recover the target shape.

Thingi10K [1] and Objaverse [2] dataset.

7.2 Related Work

While meshes offer an efficient and flexible representation of shapes, they are mainly constrained

by their connectivity issues, which limit their applicability in machine learning. To address these

challenges, shape inference in machine learning has evolved through three stages.

Using Alternative Differentiable Shape Representations. Rather than handling mesh directly, some

prior work extract mesh from alternative differentiable shape representations. Neural implicit represen-

tations, like (un)signed distance fields [5–8, 133–137], encode distance fields in neural networks, and
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use iso-surface extraction algorithms [22,138,279] to generate the final mesh. Another method encodes

distance directly into spatial points and applies differentiable iso-surface extraction [9–12,18,136,262].

While often more efficient, these methods typically cannot handle open surfaces; though [12] does, it

cannot represent non-orientable geometries. Gaussian Splatting [280] also encodes visual data as spa-

tial “splats” but lacks the geometric accuracy of implicit functions.

Inferring Meshes Differentiably. The main challenge in differentiable mesh handling is the exponen-

tial growth of possible vertex connections as vertex count increases. To simplify this challenge, most

prior works assume fixed registration and permit only local connectivity changes [3, 4, 24, 159–161].

Recently, data-driven approaches have aimed to overcome these limitations by training generative

models [273–276] that predict vertex connectivity from point clouds. Specifically, SpaceMesh [276]

ensures combinatorial manifold mesh generation. However, these models struggle with outliers and

self-intersections.

Designing A Differentiable Form of Mesh. Son et al. [20] recently introduced DMesh, a differen-

tiable mesh formulation using a probabilistic approach. DMesh augments each point with two con-

tinuous values, along with its position (fig. 7.2), and applies a “tessellation” function in eq. (7.1) to

deterministically generate a mesh from a point set. This method adapts to various geometric topolo-

gies, including non-orientable open surfaces, and avoids self-intersections. With DMesh, optimizing

or inferring only point-wise features is sufficient to generate the mesh.

However, DMesh’s tessellation function is slow due to its reliance on Weighted Delaunay Tri-

angulation (WDT), which has a practical time complexity of O(N) for N points using the CGAL

package [272]. For N = 100K in 3D, the runtime can reach up to 800 milliseconds (fig. 7.7), limiting

DMesh’s applicability for complex shapes requiring finer detail. Moreover, it is hardly possible to
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Figure 7.4: Bounding balls of a face F (red) in 2D (left) and 3D (right). The minimum
bounding ball (BF ) is rendered in blue, while the others are rendered in gray.

accelerate WDT using parallelization, because of its inherent race conditions. Therefore, in this work,

we eliminate WDT, and propose a more efficient differentiable mesh formulation.

7.3 Formulation

In this section, we first provide the high-level formulation for computing probability of a face to

exist in the mesh. Then, we introduce Minimum-Ball (section 7.3.2), which is our primary algorithm.

7.3.1 Preliminary

In this work, we refer to a (d−1)-simplex in d-dimensional space as a “face” (e.g., a line segment

for d = 2 or a triangle for d = 3). DMesh [20] tessellates d-dimensional convex space using faces,

with the actual surface on “real” faces and “imaginary” faces enclosing the “real” part to support the

convex space (fig. 8.1).

In DMesh, each point is a (d + 2)-dimensional vector: the first d values denote position, while

the remaining two represent the Weighted Delaunay Triangulation (WDT) weight (w) [281] and real
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value (ψ). The ψ ∈ [0, 1] of a point indicates whether it lies on the shape, specifically if Ψ(p) > 0.5,

where Ψ(p) is ψ of a point p.

For a point set P, let Fwdt represent the faces in WDT of P. DMesh then introduces a “tessella-

tion” function to determine if a face F exists on the mesh:

TDMesh(P, F ) = (F ∈ Fwdt) ∧ (min
p∈F

Ψ(p) > 0.5). (7.1)

DMesh++ introduces an alternative tessellation function for faster processing. By removing the

need for WDT, we eliminate the WDT weight and represent each point as a (d+1)-dimensional vector,

(x1, ..., xd, ψ)
1. In place of WDT, we implement a faster scheme called the Minimum-Ball condition

(Definition 7.3.1) for defining the tessellation function. Letting Fmin represent the set of faces that

meet this condition, we define the tessellation function as

TDMesh++(P, F ) = (F ∈ Fmin) ∧ (min
p∈F

Ψ(p) > 0.5). (7.2)

In our differentiable framework, we compute probability of F to satisfy these two conditions:

Λmin and Λreal, respectively. Then, we compute the final probability of F to exist on the mesh as

Λ(F ) = Λmin(F ) × Λreal(F ). For Λreal, we use differentiable min operator as DMesh. In the next

section, we explain how we define Λmin.

1Points could carry additional features, such as color (fig. 7.2).
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Figure 7.5: Minimum-Ball condition in 2D. In the left, 2D Delaunay Triangulation (DT)
of 6 points is given. In middle and right figure, we render BF for two faces (AB, DF ) in
blue.

7.3.2 Minimum-Ball Algorithm

The mesh generated by DMesh’s tessellation function in eq. (7.1) is free from self-intersections

because Fwdt itself is free from them. Additionally, it minimizes the occurrence of thin triangles—undesirable

in many downstream tasks such as physics simulations—thanks to the properties of the WDT. How-

ever, computing the tessellation function is computationally expensive, as it requires calculating the

WDT to define Fwdt. In designing our Minimum-Ball, we aimed to eliminate this computational bot-

tleneck while preserving the favorable properties related to self-intersection avoidance and triangle

quality. In the following, we demonstrate that Minimum-Ball satisfies these requirements.

For a given set of points P ∈ Rd and a face F = {p1, p2, ..., pd} ⊂ P, we define a bounding ball

of F as a d-dimensional ball that goes through every point of F . Note that this bounding ball is not

unique, but there exists a unique minimum bounding ball, which has the minimum radius among every

bounding ball. We name it as BF (fig. 7.4). Then, we define Fmin as a set of faces whose minimum

bounding ball does not contain any other point in P.

Definition 7.3.1 F ∈ Fmin if and only if there is no point in P that lies (strictly) inside BF .
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Note that we can ignore points in F , as they are located on the boundary of BF . In fig. 7.5, we

render a 2D case, where AB does not satisfy this definition because of F . In contrast, DF satisfies

this condition. Then, we can observe that Fmin is a subset of faces in Delaunay Triangulation (DT) of

P (Fdt).

Lemma 7.3.2 F ∈ Fmin ⇒ F ∈ Fdt.

Proof. By definition, a face F is in Fdt if there is a bounding ball of F that does not contain any other

point in P [282]. If the face F is in Fmin, its minimum bounding ball satisfies this condition. Thus F

is in Fdt.

Note that Fdt is also free from self-intersections as Fwdt, and thus is Fmin. Furthermore, it

inherently minimizes the number of thin triangles, as guaranteed by DT. However, note that Fmin does

not necessarily tessellate the entire convex shape, as there could be faces in Fdt that are not in Fmin

(e.g., AB in fig. 7.5).

Now, based on Definition 7.3.1, we can check if F is in Fmin. Let us denote the center and radius

of BF as Bc
F ∈ Rd and Br

F . We can compute these values in a differentiable way (Appendix F.1.2).

Then, we can compute the signed distance between BF and P as follows:

d(BF ,P) = min
p∈P−F

||p−Bc
F || −Br

F . (7.3)

As shown above, we can easily find d(BF ,P) by finding the nearest point of Bc
F in P−F . Using

this signed distance, we can check if F is in Fmin as follows.

F ∈ Fmin ⇔ d(BF ,P) > 0. (7.4)
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Then, we define Λmin with sigmoid function as

Λmin(F ) = σ(d(BF ,P) · αmin), (7.5)

where αmin is a constant (Appendix F.1.3).

With this formulation, we can evaluate eq. (7.2) far more efficiently than eq. (7.1). Our method

relies on a highly parallelizable nearest neighbor search algorithm2, unlike the sequential WDT. While

WDT has a practical time complexity of O(|P|), it is relatively slow. In contrast, our approach has

a time complexity of O(|F | · log |P|), where |F | is the number of query faces to evaluate. However,

by parallelizing the nearest neighbor search across query faces, especially on GPU, this complexity

effectively reduces to O(log |P|)3. This allows our tessellation function to run up to 32 times faster

in 3D than DMesh [20] (fig. 7.7). For optimization tasks like reconstruction, we further accelerate

by periodically caching nearest neighbors for each query face (Appendix F.1.4). We provide formal

algorithm in Appendix F.1.1.

7.4 Reconstruction Process

The goal of reconstruction is to optimize point-wise features so that the resulting mesh aligns

with the input observation. As shown in fig. 7.3, the discrete mesh topology dynamically changes

during the optimization of continuous features to better fit the given input.

fig. 7.6 provides an overview of our reconstruction process for recovering a 3D colored mesh

from multi-view images. In the first stage, we initialize per-point features. If a point cloud is available,

2We used implementation of PyTorch3D [283].
3We assume that |F | does not increase exponentially, which is a practical assumption as query faces are often deter-

mined by local proximity.
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Figure 7.6: Reconstruction process for 3D multi-view colored images of a sculpture.
In each stage, we optimize different per-point features: the position and the real (ψ), while
the per-point color is refined at every stage. (Left) We display the meshes at each stage
during the first epoch. (Right) We provide a rendering of the final mesh along with its
view-point normal, which reveals the fine mesh details.

we use it to obtain a better starting point (see the initial mesh in fig. 7.3); otherwise, we initialize

with a regular tetrahedral grid. Next, we optimize the point positions while keeping the real values

fixed, followed by optimizing the real values while fixing the point positions. In these two stages, we

minimize loss functions tailored to each input modality (e.g., Chamfer Distance loss for point clouds,

rendering loss for images). To increase mesh complexity and capture finer details, we subdivide the

mesh by inserting additional points. This process is iterated for a fixed number of epochs. Finally, to

accelerate the overall process and enhance the final mesh quality, we introduce several innovations at

each stage. Detailed explanations are provided in Appendix F.2, due to lack of space.

7.5 Experiments

This section presents our experimental results. First, we evaluate how Minimum-Ball enhances

the computational efficiency of the tessellation function in both 2D and 3D. Next, we demonstrate the

results of a point cloud reconstruction task in 2D and 3D as a practical application. Finally, we show-

case an application in 3D multi-view reconstruction. Together, these results illustrate that our method

is well-suited for downstream tasks involving complex shapes. Our main algorithms are implemented

in PyTorch [167] and CUDA [271]. All experiments were conducted on a system with an AMD EPYC
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(a) 2D (b) 3D

Figure 7.7: Comparison of tessellation cost. Our method computes face probabilities up
to 16 times faster in 2D and 32 times faster in 3D than DMesh [20], while using up to 96%
less GPU memory in 2D and 75% less in 3D.

7R32 CPU and an NVIDIA A10 GPU. For details, refer to Appendix F.3.

7.5.1 Tessellation Cost

We compare the computational cost of the tessellation function for DMesh [20] (eq. (7.1)) and

our DMesh++ (eq. (7.2)). For both 2D and 3D scenarios, we randomly generate N points within a

unit cube, find each point’s 10 nearest neighbors, and use these proximities to form potential face

combinations. From these, we randomly select N faces as query faces for the tessellation function.

For each value of N (ranging from 1K to 200K to reflect practical scenarios), we conducted 5 trials

and averaged the computational costs.

In fig. 7.7, we compare the computational costs of DMesh and DMesh++. In terms of speed,

DMesh’s performance scales linearly with the number of points in both 2D and 3D due to its sequential
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WDT algorithm. In contrast, DMesh++ exhibits sub-linear scaling up to 50K points, benefiting from

GPU parallelization (section 7.3.2). Beyond this range, computational costs increase more sharply

because of GPU thread limitations; however, DMesh++ still processed 200K points in 117ms for 2D

and 168ms for 3D. Regarding GPU memory usage, both methods scale linearly, but DMesh++ uses

significantly less memory since it stores only the additional information related to the minimum balls,

whereas DMesh must store all details of the power diagram on the GPU4.

These results demonstrate that the Minimum-Ball algorithm significantly enhances tessellation

efficiency, enabling the effective handling of complex shapes.

7.5.2 Reconstruction Tasks

Dataset. For the 2D point cloud reconstruction task, we used vector graphics of 26 letters from four

different font styles downloaded from the Google Fonts service5. Additionally, we employed six vector

graphic images representing complex drawings from Adobe Stock6.

For the 3D reconstruction tasks, we randomly selected 500 models from Thingi10K [1] dataset,

half of which are closed-surface models and the other half are open-surface models. Also, we manually

chose 20 and 30 models from Thingi10K and Objaverse [2] dataset for better diversity. We normalized

the model scale to 1 before reconstruction.

Metrics. For 2D results, we report the Chamfer Distance (CD) of the reconstructed outputs for

quantitative comparison. For 3D, we assess geometric accuracy using five metrics—CD (Chamfer

Distance), F1 (F1 score), NC (Normal Consistency), ECD (Edge Chamfer Distance), and EF1 (Edge

4Note that the 2D version of DMesh requires more memory than the 3D version, as the 2D implementation is not as
optimized using CUDA.

5https://fonts.google.com/
6https://stock.adobe.com/
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(a) Pacifico, “a” (b) Permanent Marker, “Q”

Figure 7.8: Qualitative comparison of 2D point cloud reconstruction results. The out-
puts of DMesh [20] and DMesh++ are rendered in red and blue, respectively.

Method CD(×10−6)↓ # Verts. # Edges. Time (sec)

DMesh [20] 1.97 2506 2245 30.39

DMesh++ 1.82 2862 2793 11.33

Table 7.1: Quantitative comparison of the 2D point cloud reconstruction task for the
font dataset. DMesh++ reconstructs 2D meshes with greater accuracy and efficiency than
DMesh.

F1 score)—following [19]. Additionally, we evaluate mesh quality using four metrics: AR (Aspect

Ratio), SI (Self-Intersection ratio), NME (Non-Manifold Edge ratio), and NMV (Non-Manifold Vertex

ratio). Finally, we provide statistics on mesh complexity (e.g., vertex and face counts) along with the

reconstruction time.

7.5.2.1 2D Point Cloud Reconstruction

In this task, we aim to reconstruct a 2D mesh from a 2D point cloud to demonstrate that the

DMesh++ formulation is applicable in 2D. We primarily compare our reconstruction results on a font

dataset with those obtained by DMesh [20], whose formulation is also easily extendable to 2D. As

input, we sampled 1,000 points from each spline curve composing the font and downsampled the

entire point cloud using a grid with a cell size of 0.005.

In table 7.1, we present a quantitative comparison of the reconstruction results. We observe that
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DMesh++ reconstructs 2D meshes more faithfully than DMesh in terms of CD loss, while also running

2.6× faster. In fig. 7.8, we render the reconstructed 2D meshes for two examples. The results show

that DMesh++ produces significantly fewer holes compared to DMesh, which is consistent with the

CD loss comparison. However, some of these holes are inevitable, as we mainly reconstruct our shape

with CD loss and there are places that lack points.

Additionally, we reconstructed several complex 2D drawings from point clouds to demonstrate

the computational efficiency of DMesh++. Since these drawings contain finer details than the fonts,

we downsampled the entire point cloud using a grid with a cell size of 0.001. When we attempted to

reconstruct these drawings with DMesh, the GPU memory consumption became prohibitively high,

resulting in an error during reconstruction. Therefore, for qualitative evaluation, we report only the

results of DMesh++ in fig. 8.1 and Appendix F.3.2.2.

Before moving on, we’d like to introduce an experimental algorithm that is applicable to 2D

mesh optimization called the Reinforce-Ball algorithm, which could be used for producing an efficient

mesh that adapts to local geometry. Please see Appendix F.4 for more details.

7.5.2.2 3D Point Cloud Reconstruction

In this task, we reconstruct a 3D mesh from a dense 3D point cloud. As input, we sampled 200K

points from the ground truth mesh using the Poisson disk sampling algorithm [284] implemented

in MeshLab [25]. For comparison, we employed other widely used optimization-based point cloud

reconstruction methods, including Screened Poisson Surface Reconstruction (PSR) [16], VoroMesh

[17], PoNQ [26], and DMesh [20]. For PSR, DMesh, and PoNQ, we used oriented point clouds for

reconstruction, while for DMesh++ we tested both unoriented and oriented point clouds. We used the
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Geometric Accuacy Mesh Quality Statistics

Method CD(×10−3)↓ F1↑ NC↑ ECD↓ EF1↑ AR↓ SI↓ NME↓ NMV↓ # Verts. # Faces. Time (sec)

VoroMesh [17] 19.591 0.352 0.855 0.054 0.072 145.7 0 0.001 0 64561 129338 11

DMesh++ 0.034 0.471 0.919 0.063 0.094 1.765 0 0.130 0.003 25415 58537 282

PSR [16] 10.164 0.392 0.943 0.302 0.026 5.218 0 0 0 139857 279739 4
PoNQ [26] 1.578 0.402 0.934 0.056 0.090 2.288 0 0.002 0 47254 94664 32
DMesh [20] 0.154 0.289 0.921 0.077 0.069 1.961 0 0.103 0.002 5815 13088 1147

DMesh++ 0.033 0.480 0.938 0.060 0.116 1.814 0 0.087 0.004 25396 55546 282

Table 7.2: Quantitative comparison of 3D point cloud reconstruction results over 50
manually chosen models from Thingi10K [1] and Objaverse [2]. We highlight the
best results for each metric. The upper panel compares methods that use unoriented point

clouds (VoroMesh, DMesh++), while the lower panel displays methods that use oriented
point clouds (PSR, PoNQ, DMesh, DMesh++).

Method CD(×10−4)↓ F1↑ NC↑ ECD↓ EF1↑

PSR [16] 12.1 / 16.3 0.47 / 0.45 0.97 / 0.96 0.45 / 0.37 0.01 / 0.01
PoNQ [26] 2.44 / 7.86 0.48 / 0.45 0.97 / 0.95 0.01 / 0.04 0.26 / 0.22
DMesh [20] 2.82 / 3.29 0.25 / 0.22 0.94 / 0.93 0.01 / 0.01 0.15 / 0.12

DMesh++ 0.37 / 0.37 0.48 / 0.47 0.96 / 0.95 0.02 / 0.02 0.25 / 0.23

Table 7.3: Quantitative comparison of 3D point cloud reconstruction results over 500
randomly chosen models from Thingi10K [1]. The results over closed surfaces and open
surfaces are shown together: (closed / open). We highlight the best results for two different
categories with red and blue, respectively.

PSR implementation available in MeshLab. For DMesh, we used its default settings; for VoroMesh

and PoNQ, we employed a grid size of 128 and optimized for 1000 epochs to achieve the best results.

We report the quantitative comparisons in tables 7.2 and 7.3. In table 7.2, results are averaged

over the 50 manually chosen models and split into two categories: methods using unoriented versus

oriented point clouds. In both categories, DMesh++ performs best or is comparable to other methods in

geometric accuracy and triangle aspect ratio. Compared to DMesh, DMesh++ outperforms all metrics

while handling 4.2× more faces with a 76% reduction in computation time. Furthermore, DMesh++

achieves significantly better CD, F1, and EF1 scores than PSR, VoroMesh, and PoNQ, which struggle

with open surfaces. Separate evaluations in table 7.3 over 500 randomly chosen models confirm that
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(a) GT (b) PSR (c) VoroMesh

(d) PoNQ (e) DMesh (f) DMesh++

Figure 7.9: Qualitative comparison of 3D point cloud reconstruction results for a toad
sitting on a leaf. For each result, we render its diffuse image on the left, and view-point
normals on the right.

DMesh++ largely outperforms on open surfaces and performs comparably or better on closed surfaces.

These quantitative results align with the qualitative comparison in fig. 7.9, where a toad sitting

on a thin leaf is reconstructed . While PSR and VoroMesh fail to reconstruct the open surface of

the leaf and PoNQ produces many holes, DMesh captures the overall geometry but misses fine de-

tails. DMesh++ successfully recovers both the overall shape and the intricate details. For qualitative

comparison on a closed surface, see fig. F.7.
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(a) Ground Truth (b) DMesh++ (c) GShell (d) DMesh (e) FlexiCubes (f) DMTet (g) Remeshing

Figure 7.10: Qualitative comparison of 3D multi-view reconstruction results for open
surface. Here we illustrate from back of an open surface model (the front view is rendered
at the left top of (a)). Colors represent inside and outside facing surfaces.

Geometric Accuacy Mesh Quality Statistics

Method CD(×10−3)↓ F1↑ NC↑ ECD↓ EF1↑ AR↓ SI↓ NME↓ NMV↓ # Verts. # Faces. Time (sec)

Remeshing [3] 0.977 0.343 0.907 0.088 0.044 1.562 0.220 0 0 13273 26540 25
DMTet [9] 1.395 0.191 0.868 0.145 0.032 6.175 0 0 0 20549 41131 201
FlexiCubes [11] 3.493 0.290 0.880 0.091 0.038 2.093 0.011 0 0.005 14811 28882 88
GShell [12] 5.807 0.326 0.904 0.116 0.047 2.793 0.047 0 0.004 14587 28054 209
DMesh [20] 0.697 0.328 0.898 0.104 0.045 1.820 0 0.042 0.002 2461 5058 772

DMesh++ 0.342 0.360 0.923 0.074 0.059 1.639 0 0.025 0.036 12507 23727 205

Table 7.4: Quantitative comparison of 3D multi-view reconstruction results over 50
manually chosen models from Thingi10K [1] and Objaverse [2]. We highlight the best
results and the second best results for each evaluation metric.

7.5.2.3 3D Multi-View Reconstruction

In this task, we reconstruct a mesh from multi-view images of a target object, assuming full

knowledge of the rendering model and lighting conditions. Specifically, we employ simple Phong

shading [285] with a directional light from the camera to the object for rendering the ground truth

images. We generate (512× 512) diffuse and depth maps of the object from 64 viewpoints (fig. F.8) to

supervise the reconstruction process. Note that we omit colors and textures in this experiment to focus

solely on geometric quality.

For comparison, we evaluated five mesh reconstruction algorithms: Remeshing [267], DMTet [9],

FlexiCubes [11], GShell [12], and DMesh [20]. We optimized each method to produce the best-quality
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Method CD(×10−4)↓ F1↑ NC↑ ECD↓ EF1↑

REM [3] 58.0 / 27.5 0.33 / 0.32 0.90 / 0.90 0.06 / 0.07 0.11 / 0.09
DMT [9] 36.2 / 65.1 0.21 / 0.21 0.89 / 0.88 0.17 / 0.13 0.03 / 0.03
FLE [11] 14.5 / 34.1 0.37 / 0.35 0.92 / 0.91 0.04 / 0.06 0.10 / 0.08
GSH [12] 5.74 / 54.6 0.38 / 0.36 0.94 / 0.93 0.04 / 0.06 0.15 / 0.12
DME [20] 11.9 / 11.7 0.18 / 0.20 0.87 / 0.87 0.06 / 0.08 0.04 / 0.04

DMesh++ 3.35 / 3.82 0.37 / 0.36 0.94 / 0.93 0.03 / 0.03 0.21 / 0.17

Table 7.5: Quantitative comparison of 3D multi-view reconstruction results over 500
randomly chosen models from Thingi10K [1]. The results over closed surfaces and open
surfaces are shown together: (closed / open). We highlight the best results for two different
categories with red and blue, respectively.

(a) DMesh++ (b) GShell (c) FlexiCubes (d) Remeshing

Figure 7.11: Self-intersection of the reconstructed mesh. The self-intersected faces of
the mesh are rendered in red.

meshes with similar vertex and face counts. Specifically, we set the grid sizes to 128 for DMTet, and

80 for both FlexiCubes and GShell. For more details, please refer to Appendix F.3.4.

In tables 7.4 and 7.5 and figs. 7.10 and 7.11, we present quantitative and qualitative comparisons

of the reconstruction results. In table 7.4, we observe that Remeshing, DMTet, and FlexiCubes have

high CD errors, largely because they cannot represent open surfaces (fig. 7.10). This limitation also

explains why Remeshing and FlexiCubes are faster than other methods. Although Remeshing achieved

the best AR and avoided non-manifoldness, it generated numerous self-intersections, particularly on

open surfaces (fig. 7.11).
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When it comes to GShell, we found out that it usually improves CD loss by representing open

surfaces through sub-surface extraction from closed templates. However, it still struggles with com-

plex open surfaces (fig. 7.10). Also, it had a robustness issue with several outlier models – which is

the main reason of high average CD, even though it achieved much better CD for most of the models.

Additionally, it also suffers from self-intersections (fig. 7.11) and suboptimal AR. Compared to that,

DMesh produced self-intersection free mesh with better CD and AR, as it can represent open surfaces

robustly. Also, it produced much simpler mesh than the other methods. However, it sometimes pro-

duced false inner structure due to occlusion (fig. 7.10), and its largest drawback was in computational

cost, limiting its utility for fine-grained reconstructions.

DMesh++ addresses this issue using the Minimum-Ball algorithm (section 7.3.2) and nearest

neighbor caching (Appendix F.1.4). It achieves the best or comparable results across all metrics while

maintaining computational costs similar to those of other methods. Furthermore, as shown in table 7.5,

DMesh++ delivers superior, or at least comparable performance for both closed and open surfaces.

Qualitative comparisons in figs. F.8 and 7.10 also support this observation. These results prove the

robustness of DMesh++ in handling complex shapes with diverse topologies, whereas other methods

are limited in one aspect or another.

Colors. As mentioned in fig. 7.2 and section 7.3.1, points can carry additional features. Here, we

demonstrate that we can jointly optimize per-point colors to recover a textured shape from multi-view

images. For a point on a face, the color of the point is determined by barycentric interpolation of the

face vertex colors. Under the assumption that we know all the rendering and lighting conditions, we

can reconstruct textured meshes from multi-view images as shown in figs. 7.6, 8.1 and 8.10. In particu-

lar, fig. 8.10 demonstrates that DMesh++ can reconstruct a small scene on which physics simulations,

such as bouncing balls, can be run directly. These results highlight a promising future direction of
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Figure 7.12: Physics simulation on a staircase reconstructed from multi-view images.
We simulate the motion of bouncing balls directly on the mesh generated by DMesh++.

jointly optimizing additional per-point features.

7.6 Conclusion

We presented DMesh++, a probabilistic approach for efficient, differentiable mesh connectivity

handling. Our Minimum-Ball algorithm significantly reduces computational costs, enabling DMesh++

to recover 2D and 3D shapes with diverse topologies from point clouds or multi-view images more

effectively than baseline methods.

Limitations. There are areas where DMesh++ can be further improved. First, some non-manifoldness

errors remain in the reconstruction results (tables 7.2 and 7.4), while observing significant improve-

ment over DMesh [20]. We conjecture that there is a trade-off between the representation power and

the occurrence of these topological errors; more careful analysis of the trade-off is needed to maintain

expressiveness while eliminating errors. Second, there are application-specific challenges. Although

our method yields superior 3D point cloud reconstruction results, it incurs higher computational costs

(table 7.2), and it is less effective for sparse point clouds. In 3D multi-view reconstruction, we cannot

use the current implementation for real-world images, as discussed in Appendix F.3.4.2.
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Future Directions. For 3D point cloud reconstruction, we plan to explore alternative loss formulations

to CD loss, as its computation currently dominates the overall cost.

To extend our 3D multi-view reconstruction algorithm to real-world images, we will integrate

DMesh++ with alternative representations such as Gaussian Splatting (GS) [280, 286]. By appending

GS features to the per-point features and optimizing them jointly, we expect to recover high-quality

meshes that we can readily use for downstream tasks.

Furthermore, we envision leveraging DMesh++ to train generative models that capture complex

mesh connectivity. Currently, the Minimum-Ball algorithm only uses point positions for connectivity.

In future work, we plan to incorporate additional per-point features into this algorithm to train gener-

ative models capable of understanding diverse and intricate mesh connectivity, such as that of DNA

(fig. 8.1).

We believe our work establishes an important foundation for harnessing differentiable, prob-

abilistic mesh within the current optimization framework, and we hope it will further drive future

downstream applications.

While DMesh++ enables efficient and scalable optimization over complex surface mesh con-

nectivity, many physical and geometric reasoning tasks require explicit volumetric representations. In

particular, applications such as physical simulation, collision handling, and solid modeling demand

access to interior structure rather than surface geometry alone. Motivated by this need, the next chap-

ter extends differentiable mesh optimization from surfaces to volumes by introducing a differentiable

tetrahedral mesh representation.
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Chapter 8: Differentiable Delaunay Tetrahedral Mesh Generation

2.34%

Input Images

26.77%

29.27% 5.97%

Step 1000 Step 5000

...

...

Figure 8.1: Tetrahedral mesh reconstruction from multi-view images. Using our dif-
ferentiable tetrahedral mesh formulation, we reconstruct a high-quality volumetric mesh
from multi-view images. Over the course of optimization, geometric fidelity and mesh
quality improve concurrently: the recovered surface resolves fine-scale image details, and
the tetrahedral elements and surface triangles become more regular. Notably, the frac-
tion of elements whose minimum dihedral angle is below 10◦ (shown in red) decreases
markedly. The final mesh further exhibits internal grading: fine near the boundary and
coarse in the interior; thereby concentrating degrees of freedom where they matter most
and yielding a more efficient representation without losing precision.

The previous chapters established efficient and scalable differentiable representations for surface

meshes, enabling gradient-based reasoning over geometry and connectivity. However, many geometric

processing and physical simulation tasks require explicit access to volumetric structure rather than

boundary surfaces alone. This chapter addresses this need by introducing a differentiable framework

for tetrahedral mesh optimization, extending gradient-informed reasoning from surface representations

to volumetric domains with adaptive topological tessellation.
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8.1 Introduction

3D shape modeling in machine learning has progressed rapidly, driven by advances in both

implicit and explicit representations. Implicit neural fields, such as signed distance and occupancy

functions, offer compact, continuous parameterizations that are naturally optimized by gradient de-

scent and easily conditioned on images, text, or multimodal cues [127, 135, 287, 288]. In parallel,

explicit representations remain prevalent due to their direct geometric access and mature differentiable

operators (e.g., differentiable rendering, correspondence losses), enabling end-to-end training toward

task objectives [3, 4, 20, 24, 160, 161, 289]. This diversity of representations has catalyzed impressive

results in 3D reconstruction, mesh generation, and shape editing.

Despite this progress, many downstream applications in 3D graphics, VR, Robotics, and scien-

tific computing represent geometry using volumetric discretizations. Finite Element Method (FEM)

solvers for elasticity, heat transfer, or wave propagation require tetrahedral meshes with solver-friendly

element quality (e.g., non-degenerate dihedral angles) to discretize and solve governing PDEs [290].

Related to this, a line of work has proposed differentiable pipelines that produce volumetric

tetrahedral meshes [9,11,162], enabling direct use in FEM solvers and other downstream applications.

A common limitation, however, is the reliance on a space-tiling background grid (voxel or tetrahedral)

that is deformed during optimization while its connectivity remains fixed. Because the grid topology

cannot change, and its vertices are initialized on a regular lattice, the class of representable meshes is

restricted. Such fixed-topology lattices also impose practical drawbacks: they introduce many more

degrees of freedom than necessary because uniform tilings must be globally fine to capture local detail.

The resulting high-dimensional optimization often converges slowly and is memory-intensive. The

near-uniform element distributions lead to unnecessarily large linear systems and, consequently, slow
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(a) FlexiCubes (# T = 972K) (b) Ours (# T = 553K)

Figure 8.2: Comparison of reconstructed tetrahedral mesh to FlexiCubes [11]. Com-
pared with FlexiCubes, our method yields more element-efficient, internally graded tetra-
hedral mesh as it allows topological tessellation changes.

FEM solves. Since connectivity cannot adapt, these methods struggle to represent adaptive, anisotropic

element layouts; in practice, they produce nearly uniform meshes (see the left panel of fig. 8.2).

Allowing the mesh topology to change during optimization would address these issues but is

technically challenging: Re-meshing operations are discrete, and connectivity changes can introduce

discontinuous gradients. Degeneracies (e.g., sliver elements) or inverted tetrahedra must be avoided to

preserve physical validity. Element quality must also be maintained throughout optimization to keep

downstream analysis such as FEM numerically stable.

To overcome these limitations and handle a broader class of tetrahedral meshes, we introduce

a differentiable optimization framework grounded in Delaunay triangulation (DT). At each iteration,

we re-tetrahedralize the (freely moving) vertex set with DT and then extract the volumetric mesh

via a volumetric Marching Tetrahedra (MT) procedure. This design offers two key advantages: (i)

DT maintains a valid connectivity as vertices move; and (ii) it promotes well-shaped elements that

satisfy quality constraints to prevent degeneracy, which contributes to alleviate discontinuity issues
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from connectivity changes. Consequently, from the same input modality as FlexiCubes [11], our

method can produce more element-efficient, high-quality mesh, as shown in fig. 8.2. Our contributions

are as follows:

• We present a differentiable tetrahedral mesh optimization framework based on Delaunay trian-

gulation (DT).

• By allowing topological grid changes and differentiability with optimization, our method repre-

sents a broader class of tetrahedral meshes than baseline approaches.

• We demonstrate efficacy by reconstructing geometrically accurate, high-quality tetrahedral meshes

from signed distance fields (SDFs) and multi-view images.

8.2 Related Work

8.2.1 Tetrahedral Meshing

Tetrahedral mesh is one of the most widely used data structure in subareas of computer graphics,

including volumetric rendering [146–150], fluid simulation [151–153], soft-body simulation [154–

157], and fracture simulation [158]. In these applications, a tetrahedral mesh discretizes the shape

or domain and provides support for background fields. Values at arbitrary points are obtained by

interpolating data on the mesh. When element quality is poor (e.g., extreme dihedral angle), the

interpolation error worsens, degrading accuracy and stability [291, 292]. Consequently, generating

high-quality tetrahedral meshes has been a long-standing research focus.

For tetrahedralization, Delaunay-based methods are often preferred for practical performance [282,

293, 294], but they can be brittle in the presence of imperfect or noisy inputs. To address this,
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TetWild [295,296] introduced a robust tetrahedralization pipeline that attains mesh quality and perfor-

mance comparable to Delaunay-based methods while tolerating imperfect surfaces. A separate line of

work “stuffs” the interior of an isosurface using a space-tiling background grid that may be deformed

or clipped [297–299]. Among them, Isosurface Stuffing [300] provides guarantees on element quality

(e.g., bounded dihedral angles) and efficiency. However, none of these are differentiable, thus they

are only used for post-processing after a surface has been reconstructed. In contrast, our approach is

differentiable and can be integrated into end-to-end optimization pipelines.

8.2.2 Differentiable Mesh

Compared to implicit shape representations, meshes are widely regarded as more challenging

to optimize in a differentiable setting because they couple continuous vertex positions with discrete

connectivity. Changes in connectivity are inherently non-differentiable, which complicates gradient-

based optimization. Consequently, several approaches fix the mesh topology and optimize only vertex

positions [3, 4, 24, 160, 161]. More recently, probabilistic formulations have been suggested to model

mesh connectivity, enabling dynamic topology updates during optimization [20, 289]. However, these

methods produce only surface meshes, necessitating an additional post-processing stage to obtain a

volumetric mesh.

Instead of optimizing a mesh directly, another approach extracts an isosurface from an implicit

field whose parameters are explicitly defined [9, 11, 12, 162, 301]. Representative methods, such as

DefTet [162], DMTet [9], and FlexiCubes [11], instantiate a voxel/tetrahedral lattice, assign SDF val-

ues (and other differentiable features) to its vertices, and recover the surface and enclosed volume

via variants of classical isosurface extraction [22, 23, 138]. While effective for differentiable sur-
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faces and volumes, these approaches rely on a topologically fixed background lattice, which limits

the set of tetrahedral meshes to be represented. In contrast, our method updates grid topology by re-

tetrahedralizing the moving vertices at each iteration, enabling a substantially broader class of meshes

(fig. 8.2).

8.3 Approach

In this section, we first outline our overall approach to optimizing a tetrahedral mesh in a dif-

ferentiable manner. Then, we introduce an extended version of the conventional Marching Tetrahedra

(MT) algorithm to extract a volumetric mesh from a signed distance function (SDF). Finally, we pro-

vide our loss function to optimize the tetrahedral mesh for the given input modalities, including SDF

and multi-view images.

8.3.1 Definition

We represent a shape by a set of vertices, each endowed with a spatial position and an SDF

value. Vertex positions are the primary optimization variables; when a ground-truth SDF is unavailable

(e.g., in multi-view reconstruction), the per-vertex SDF values can also be optimized. While this

parameterization resembles prior work [9, 11], a key distinction is that we impose no pre-defined

connectivity among vertices. This design aligns with DMesh-style approaches [20, 289], which avoid

fixed lattices and capture connectivity via per-vertex features rather than a prescribed grid. Finally, we

adopt the convention that negative SDF indicates the shape interior.
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(a) Vertex Initialization (b) DT (c) Volumetric MT (d) Optimized Mesh

...

Figure 8.3: Overview of our tetrahedral mesh optimization pipeline (illustrated in
2D). (a) Initialize the vertex set: retain samples near the zero level set (red) and discard
far-away samples (black). (b) Obtain the tetrahedral grid by computing a Delaunay tri-
angulation (DT) of the retained vertices. (c) Using this grid and per-vertex SDF values,
extract a volumetric tetrahedral mesh via a volumetric Marching Tetrahedra (MT) algo-
rithm. Colors encode mesh quality; red triangles indicate poor aspect ratios. (d) Improve
quality by minimizing losses defined on the extracted mesh and backpropagating to per-
vertex attributes (positions and SDF values). After several iterations, the vertex features
are optimized to produce an element-efficient, high-quality tetrahedral mesh.

8.3.2 Overview

We perform iterative, gradient-based optimization to get the optimal mesh from given inputs (see

fig. 8.3).

Vertex Initialization. We initialize by placing a uniform voxel grid over the computational domain

and using its lattice points as candidate vertices. Each vertex is assigned an SDF value: when a

ground-truth SDF is available, we sample it directly; otherwise, we hold the grid fixed and run a brief

pre-optimization to estimate per-vertex SDF values. We then prune vertices that are far from the zero

level set, retaining only a narrow band of samples near the surface.

Delaunay Triangulation At each iteration, we compute a Delaunay triangulation (DT) of the current

vertex set to obtain the background grid. This maintains valid element orientations and avoids the

tangling or negative-volume inversions that can arise when deforming a fixed-topology grid.

Volumetric Marching Tetrahedra. We then apply our volumetric MT procedure (Sec. 8.3.3) to

extract a volumetric mesh using the per-vertex SDF values and the tetrahedral grid from DT. The
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Figure 8.4: Tetrahedron classification for volumetric mesh extraction. Based on vertex
signs, we can broadly classify a tetrahedron T into 3 cases. The sign of each vertex is
labeled as + (outside) or - (inside), and a boundary surface patch of the target shape and its
outward normal is rendered together. (a) When every vertex is outside, we can exclude T
from our mesh. (b) When the boundary of the target shape intersects the tetrahedron, some
vertices are outside while the others are inside. Then, we need to extract subset of T that
is inside the target shape (see fig. 8.5b). (c) When every vertex is inside, we can include T
in our mesh.

interior tetrahedra produced in this way typically satisfy the Delaunay property and are therefore well

shaped (fig. 8.3c). Nonetheless, sliver elements [302] can still arise even under the Delaunay condition.

Evaluation. To suppress such pathologies while preserving geometric fidelity, we evaluate quality-

and fidelity-oriented losses on the extracted mesh (section 8.3.4) and backpropagate gradients to the

per-vertex attributes. Because we reconstruct tetrahedral grid at every step, the connectivity updates

dynamically, enabling local topological changes in the grid throughout optimization.

8.3.3 Volumetric Marching Tetrahedra (MT)

The original MT algorithm [9,23] is designed to extract surface meshes from an implicit field. To

obtain a volumetric mesh, we extend MT to operate on volumes. Prior work on tetrahedralizing isosur-

faces [300] targets a fixed, body-centered cubic lattice and is not directly compatible with our setting.

We therefore devise a new, GPU-parallelizable procedure that is robust to connectivity changes.
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We refer to this procedure as volumetric MT. As outlined in algorithm 8 (Appendix), given a

tetrahedralization T and an SDF S, we iterate over each tetrahedron T i ∈ T, compute the portion

{x∈T i | S(x)≤0 } inside the target shape, and tessellate this clipped region into a small set of tetra-

hedra. The union of these local volume tessellations yields the global volumetric mesh. Details of the

clipping and local tetrahedralization steps are provided below.

8.3.3.1 Classification based on vertex SDF values

We start by evaluating the SDF values for the 4 vertices of T i. Then, based on the combination

of the vertices’ signs, we can classify T i into 3 cases shown in fig. 8.4. Specifically, when every sign

is positive, there is no inner part in T i, so we discard it. Otherwise, if every sign is negative, it means

that the whole T i is inner part. Therefore, we include it in our mesh. When the boundary of the target

shape intersects T i, the signs would be mixed. In this case, we need to clip only the subset of T i that

is inside the target shape.

8.3.3.2 Clipping Algorithm

For T i of which vertices have mixed signs, we approximate its inner part with a convex poly-

hedron V i and decompose it into a set of tetrahedra. To get V i, we can use linear interpolation along

edges that intersect the target shape. That is, for an edge E that connects two vertices pi and pj with

signed distance value of si > 0 and sj < 0 respectively, we can approximate the point p0 on E that is

located on the boundary of the target shape as:

p0 =
sipj − sjpi
si − sj

. (8.1)
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Figure 8.5: Inner part approximation. For each edge that connects vertices that have
different signs, we can approximate the point on the iso-surface using linear interpolation,
which are rendered in green. By connecting red inner vertices and these approximation
points, we can get the orange convex polyhedron that approximates the inner part of the
tetrahedron.

By connecting these interpolated points and the vertices with negative SDF values, we can get V i as

shown in fig. 8.5.

In fig. 8.6, we illustrate our tetrahedral decomposition process for V i. To decompose V i, we first

compute the centroid Ci of V i. This can be done by averaging the vertices of V i, and it is guaranteed

to be located inside V i, as it is convex. Then, we compute a set of triangles Fi that triangulate the faces

of V i. Note that the faces of V i are comprised of a face that approximates the iso-surface (F i
iso), and

the faces that are subsets of faces of T i (F i
j |j=1,2,3,4). We can get the triangles Fi

iso for F i
iso using the

look-up table of the original MT algorithm [23]. For F i
j , we can also take a similar approach based

on look-up table to get triangles Fi
j . Then, we get Fi by merging these triangle sets. Finally, for each

triangle F in Fi, we merge the triangle with Ci to generate a tetrahedron T F , and add it to our mesh.

The quality of the decomposed tetrahedra depends mainly on the geometry of the clipped convex

region. When this region is nearly planar (i.e., sliver-like), any valid local tetrahedralization tends to

contain poorly shaped elements; in extreme cases, finite-precision effects can even place the computed

centroid marginally outside the convex region. However, in practice, such cases are rare and are effec-
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Figure 8.6: Tetrahedral decomposition of a polyhedron. (a) We decompose a polyhe-
dron using a centroid C. (b) For each face T on the polyhedron, if it is not a triangle (e.g.,
Tb, Tc), we subdivide the face into a set of triangles (e.g., Tb → Tba, Tbc). (c) We can
define a set of tetrahedra that compactly decomposes the polyhedron by connecting each
triangle with C. The tetrahedra not visible from the front are not rendered.

tively suppressed by our mesh quality loss (section 8.3.4.2), which penalize ill-shaped configurations

and steer the optimization toward well-conditioned elements.

Before moving on, we would like to note that the volumetric MT procedure is massively paral-

lelizable: the operation that extracts the interior of each tetrahedron is independent across elements,

and the lookup-table triangulation of polygonal faces (and subsequent local tetrahedralization of the

clipped polyhedron) reduces to simple index remapping. Consequently, the algorithm admits efficient

GPU implementation with no inter-element data dependencies.

8.3.4 Loss Formulation

After obtaining the mesh M using the volumetric MT algorithm, we evaluate it with a loss

function L. There are various measures to evaluate the mesh, but here we mainly consider the losses

for geometric fidelity and mesh quality.
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8.3.4.1 Geometric Fidelity

We can employ different loss functions to measure the geometric fidelity of M based on the

input modality. Here we discuss loss functions for SDF and image inputs.

SDF. We first sample N points on M ’s surface. Then, for every sample point, we evaluate its signed

distance value using the given SDF, and get their average absolute value to compute distance loss:

Ldist(M) =
1

N

N∑
i=1

|si|, (8.2)

where si is the signed distance value of i-th point pi.

To further enhance the accuracy, we compute normal loss from the sampled points. Specifically,

for each sampled point, we compute the normal direction
−→
df of the face that the point is sampled

from, and compare it with the ground truth normal direction
−→
dgt estimated from SDF. Note that we can

estimate
−→
dgt easily by computing the first-order derivative of the SDF with respect to the input point

position. Then the normal loss is defined as:

Lnormal(M) =
1

N

N∑
i=1

1− |
−→
df,i ·

−−→
dgt,i|. (8.3)

Images. When multi-view images are given as input, we render M with a differentiable renderer [24]

and compare with the given images. For comparison, we use L1 loss:

Limage(M) =
1

N

N∑
i=1

|Lgt
i − LM

i |, (8.4)

where N is the number of images to compare per batch, Lgt
i is the i-th given image, and LM

i is the i-th
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(b) Ratio of Unchanged Tetrahedra(a) Reconstruction Loss

Figure 8.7: Effect of quality loss in differentiability. (a) We can attain better recon-
struction loss when we use quality loss. (b) This is because it contributes to suppressing
discontinuous topological changes, which could harm the optimization process.

rendered image of our mesh.

8.3.4.2 Mesh Quality

Downstream applications like physics simulation often require a mesh to satisfy certain qual-

ity constraints, and volume-length measure is one of the widely used metrics to measure the mesh

quality [282]. For a tetrahedron T , its volume-length measure Q(T ) is computed as:

Q(T ) =
V

l3rms

, (8.5)

where V is the volume of T , and lrms is root-mean-squared length of T ’s 6 edges. This value reaches

the maximum value of 1
6
√
2

when T is ideal.

While a tetrahedron in Delaunay triangulation usually has good quality, it could become a sliver,

which has a very small dihedral angle. The volume-length measure detects such slivers and allows us

to remove them. Note that when the minimum dihedral angle is near zero, the volume-length measure

becomes zero. Also, compared to the other measures like aspect ratio, it is easier and more stable to
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compute, because we do not have to compute the circumradius of a tetrahedron [282]. Moreover, this

loss also contributes to improving the surface mesh quality, as shown in fig. 8.1.

Using this volume-length measure, we compute the quality loss of M as follows:

Lquality(M) =
1

|T|
∑
T∈T

1

6
√
2
−Q(T ). (8.6)

Differentiability Beyond improving element shape, the quality loss stabilizes gradient-based opti-

mization by reducing discrete connectivity changes that introduce discontinuity. Note that the mesh

we get from our pipeline is fully differentiable with respect to the vertex attributes when the tetrahedral

grid is fixed, and the sign of the vertices remains the same. However, discontinuities could arise from

1) DT connectivity changes and 2) SDF sign flips in the lookup-based volumetric MT. Due to these

factors, the gradients that we get also become discontinuous, which could undermine the optimization

process.

However, despite these potential discontinuities, we find the gradients are still usable in practice.

This is because SDF interpolation, together with the typically well-shaped elements produced by DT,

reduces abrupt changes in the extracted mesh. In particular, even when the tetrahedral grid’s con-

nectivity changes, appropriate per-vertex SDF values keep the interpolated surface nearly unchanged

when the tetrahedral elements are well-shaped.

To prove this, we render reconstruction loss curves for the SDF-conditioned mesh optimization

task (section 8.4.2), using 1,000 randomly initialized vertices over five seeds and a SDF representing

unit sphere (fig. 8.7). The loss decreases even without a quality term (cquality = 0), but convergence

is suboptimal due to slivers and sign flips. Enabling the quality loss (cquality = 1) yields faster loss

reduction and a higher per-iteration fraction of preserved tetrahedra. This is because the quality loss
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effectively removes slivers in our tetrahedral mesh, and suppresses sign flips of the vertices (as the

tetrahedral quality worsens before sign flip happens).

8.3.4.3 Total Loss

We compute our total loss as:

L(M) = cfidelity · Lfidelity(M) + cquality · Lquality(M), (8.7)

where Lfidelity is the geometric fidelity loss dependent on the input modality. Exact coefficient values

are detailed in the next section.

8.4 Experimental Results

In this section, we present experimental results demonstrating our method’s ability to produce

high-quality, element-efficient tetrahedral meshes. We first report optimization results conditioned on

known signed distance fields (SDFs), followed by multi-view 3D reconstruction results. Our imple-

mentation is in Python with PyTorch [90]. Delaunay triangulation is performed using CGAL [303],

leveraging its CPU parallelization. All of our experiments were conducted on a workstation with an

Intel® Xeon® W-2255 (3.70 GHz) CPU and a single NVIDIA RTX A5000 GPU.

8.4.1 Metrics

To evaluate the geometric accuracy of the extracted tetrahedral mesh, we select its boundary

and compute Chamfer Distance (CD), F1 score (F1), and Normal Consistency (NC) to the ground

truth mesh [19]. To assess the mesh efficiency, we count the total number of tetrahedra (#T). Finally,
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Table 8.1: Quantitative Comparison of Extracted Mesh

Method CD(×10−5)↓ F1↑ NC↑ #T(Mil.)↓ BT(%)↓

MC(256) [22] 1.975 0.674 0.993 - -
MT(128) [23] 5.225 0.641 0.981 1.469 12.22

Ours 1.984 0.670 0.992 0.754 1.204

to measure the mesh quality, we compute the ratio of tetrahedra whose minimum dihedral angle is

smaller than 10◦ in the mesh (BT).

8.4.2 SDF Conditioned Mesh Optimization

Dataset For this experiment, we use 256 models from the ABC dataset [304], consisting primarily of

mechanical parts (fig. 8.8). We select this dataset to demonstrate our ability to recover sharp geometric

features. As preprocessing, each mesh was converted to a SDF at a resolution of 3843 [305]. For

evaluation, a reference surface was extracted from the SDF using Marching Cubes (MC) on 3843

voxel grid.

Baselines To evaluate the geometrical accuracy of the mesh, we employ the standard iso-surface

extraction algorithms for comparison. They include Marching Cubes (MC) [22] and Marching Tetra-

hedra (MT) [23]. For MC, we used grid resolution of 2563. For MT, we simply used our volumetric

MT algorithm, as the surface mesh we get from the algorithm is the same as the vanilla MT sec-

tion 8.3.3.2. We initialized vertices for MT using a voxel grid, of which resolution is 1283, and built

tetrahedral grid using DT. Note that the resolution was set different between MC and MT to produce

similar number of faces on the surface mesh.

Our Settings We initialize the vertex set on the 1283, followed by pruning. We then optimize for

1,000 iterations using Adam [260] with a learning rate of 10−4. We set the loss weights to cdist = 102,
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(a) GT (b) MC (256) (c) MT (128) (d) Ours (128)

Figure 8.8: Qualitative comparison of the volumetric mesh representing mechanical
structures. Using our method, we can attain geometrically accurate mesh comparable to
MC [22] that used 2× higher grid resolution, while the baseline MT [23] is noticeably less
accurate. Our mesh is comparably more element-efficient than MT, as ours prunes away
unnecessary vertices.

cnormal = 10, and cquality = 1.

Comparisons After optimization, our method produces an element-efficient, high-quality tetrahe-

dral mesh without sacrificing accuracy (fig. 8.8). Compared with the baseline MT, our mesh preserves

sharp, fine-scale features and closely matches the detail achieved by MC, while using substantially

fewer elements. The reduction in element count follows from pruning redundant vertices. These

qualitative observation aligns well with the quantitative results in table 8.1: our geometric accuracy

improves markedly over MT and is only marginally below MC. In terms of efficiency, our meshes

contain 49% fewer tetrahedra than MT. Moreover, the fraction of low-quality elements was signif-

icantly lower than in MT. Overall, these results confirm that our differentiable framework recovers

high-quality, element-efficient tetrahedral meshes directly from SDF.
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Table 8.2: Quantitative comparison of the multi-view reconstruction results. For each
metric, the better result is highlighted with color.

Method Metric Armadillo Bimba Botijo Bumpy Sphere Bunny Hand Lion Gargoyle Knot

FlexiCubes [11]

CD (10−5)↓ 1.855 2.218 1.473 3.167 2.470 1.583 2.566 2.816 4.024

F1↑ 0.623 0.554 0.704 0.432 0.518 0.679 0.502 0.469 0.358

NC↑ 0.973 0.991 0.992 0.996 0.995 0.989 0.985 0.974 0.984
# T. (Mil)↓ 0.530 1.282 0.521 0.972 1.540 0.574 1.231 0.959 1.266
# BT (%).↓ 4.751 2.707 3.949 2.123 2.465 3.849 2.866 3.598 4.866

Ours

CD 2.167 2.712 1.475 3.112 2.569 2.111 3.074 3.065 3.788

F1 0.624 0.545 0.699 0.435 0.507 0.684 0.507 0.468 0.367

NC 0.977 0.988 0.990 0.996 0.996 0.986 0.986 0.975 0.982

# T 0.521 0.828 0.403 0.553 1.165 0.474 0.752 0.742 1.174

# BT (%). 4.460 2.343 1.781 2.781 3.143 2.201 2.982 5.971 4.589

8.4.3 Mesh Reconstruction from Multi-View Images

Dataset For evaluation, we used 9 representative meshes from the dataset collected by [306]. For

each mesh, we randomly sampled 8 viewpoints for each iteration, and rendered mask, depth, and

normal maps of resolution (2048, 2048) for computing the reconstruction loss.

Baselines We mainly compare our reconstruction results with those from FlexiCubes [11]. We set

the grid resolution to 963, and optimized for 3,000 iterations with the default settings to get the best

results. Also, for the fair comparison, we tried to use FlexiCube’s protocols as closely as possible,

only replacing the shape representation with ours.

Our Settings We used the same grid resolution of 963 as the FlexiCubes, and optimized for the same

3,000 iterations. However, as we do not have ground truth SDF in this case, we ran preliminary opti-

mization for vertex-wise SDF values with fixed grid for the first 1,000 steps (section 8.3.2). Then we

pruned redundant vertices and optimized both vertex positions and SDF values for another 2,000 steps.

We used Adam optimizer [260], and set the learning rate to 10−2 for the preliminary optimization, and

10−3 for the next phase. For the loss weights, we set cimage = 1, and cquality = 10−3.
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(a) FlexiCubes (b) Ours

Figure 8.9: Qualitative comparison of the reconstruction results from multi-view im-
ages (From top: Knot, Hand, and Bunny) Compared to FlexiCubes [11], our method
reconstructs much more element-efficient mesh, without losing visual details and mesh
quality.

Comparisons As shown in fig. 8.2 and fig. 8.9, our reconstruction results are more element-efficient

than FlexiCubes while preserving comparable near-surface detail. The quantitative results in table 8.2

corroborate this observation: although FlexiCubes achieves a slightly lower Chamfer Distance (CD),

the remaining accuracy metrics were almost the same. On average, our method produced 26% fewer

tetrahedra than FlexiCubes, and the fraction of low-quality tetrahedra is comparable between the two.

Specifically, note that the reduction in element count varies across inputs. Because our pruning retains

only a narrow SDF band around the zero level set, shapes with greater interior “thickness” discard

more interior vertices and thus see a larger reduction; see the Bumpy Sphere in fig. 8.2 and the Knot

in the top row of fig. 8.9. Taken together, these results indicate that our approach yields more element-

efficient meshes without sacrificing geometric fidelity or element quality.
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Initial Setup Frame 10 Frame 30 Frame 50 Frame 100Reconstructed Shape

Figure 8.10: Physics simulation using reconstructed Armadillo. We pass the Delaunay-
triangulated output of our method directly to an elastic FEM simulator with contact. Rigid
balls are dropped and collide with the deformable body, producing contact-rich behavior.
The full animation is provided in the supplementary video.

8.4.4 Validation with Physics Simulation

We validate downstream usability by feeding the output of our method, i.e., a solver-ready

tetrahedral mesh, directly into an elastic FEM simulator. Using the Armadillo reconstructed by our

pipeline, we simulate multiple rigid balls that bounce and collide with the deformable body. The mesh

runs without remeshing or manual cleanup and exhibits stable, contact-rich deformations; results are

shown in fig. 8.10 and full animation is in Supplementary Video.

8.5 Conclusion

In this work, we introduced a gradient-based framework for tetrahedral–mesh optimization. Un-

like prior differentiable mesh methods, we do not enforce a topologically fixed background lattice

during optimization. Instead, vertices move freely in the space, and at each iteration we reconstruct a

well-posed tetrahedral grid via Delaunay triangulation (DT). This dynamic connectivity allows us to

represent a broader class of tetrahedral meshes than fixed-grid approaches. Furthermore, we presented

a GPU-friendly volumetric Marching Tetrahedra (MT) algorithm to extract the volumetric mesh ef-

ficiently from the grid. Together, these components yield element-efficient, high-quality tetrahedral
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meshes from SDFs and multi-view images without sacrificing geometric detail.

Limitations However, the main bottleneck of our approach is in computational cost. Our compu-

tational cost is more expensive than the baseline methods. For the multi-view reconstruction experi-

ments, our method required 1.67×more wall-clock time in average than FlexiCubes, even though they

optimized for the same number of iterations. This is because we have to run DT at every optimiza-

tion step. Also, for the SDF conditioned mesh optimization, ours definitely take longer time than the

baselines, because they are not optimization-based methods.

Future Work To address this limitation, a learning-based approach is promising for generating

element-efficient tetrahedral meshes from input data without optimization. For example, one could

train a neural network to predict per-vertex attributes (i.e., positions and SDF values) that yield high-

quality meshes for the given inputs. Because our pipeline is fully differentiable, it can be integrated

seamlessly into such learning frameworks.

Second, our framework can be extended to reconstruct element-efficient meshes with estimated

physical properties from real-world images or videos, enabling direct use in physics simulation and

robotics training. At present, we demonstrate simulation with the multi-view–reconstructed Armadillo

(fig. 8.10). In future work, we aim to reconstruct textured meshes that can be simulated efficiently

thanks to their low element counts.

Taken together, this chapter completes the geometric arc of the thesis by extending gradient-

based optimization from surface representations to volumetric domains with adaptive topology. Across

dynamics, control, and geometry, a unifying theme emerges: gradients serve as a general mechanism

for reasoning about input–output sensitivity, whether the underlying system is continuous, discrete, or

topologically evolving. In the final chapter, we reflect on this unifying perspective and discuss how
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gradient-informed modeling can support scalable optimization, learning, and simulation for complex

physical systems.
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Part V

Conclusion
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Chapter 9: Conclusion

9.1 Summary of Results

To summarize, my work has focused on developing specialized reinforcement learning algo-

rithms for continuous and differentiable physical environments, and designing differentiable formula-

tions for kinematics and geometry, which could be used for efficient optimization and learning. My

specific contributions can be summarized as follows.

Gradient Informed Proximal Policy Optimization [307] In this project, we introduced a novel

policy learning method that integrates analytical gradients from differentiable environments with the

Proximal Policy Optimization (PPO) algorithm. Our proposed approach outperforms baseline algo-

rithms in various scenarios, such as function optimization, physics simulations, and traffic control

environments. Code can be found online: https://github.com/SonSang/gippo.

Time-Aware World Model for Adaptive Prediction and Control [308] In this work, we proposed

the Time-Aware World Model (TAWM), a model-based approach that explicitly incorporates tempo-

ral dynamics. Empirical evaluations show that TAWM consistently outperforms conventional models

across varying observation rates in a variety of control tasks, using the same number of training sam-

ples and iterations. Our code can be found online at: https://github.com/anh-nn01/Time-Aware-World-

Model.

Differentiable Hybrid Traffic Simulation [239] In this project, we introduced a novel differen-

tiable hybrid traffic simulator, which simulates traffic using a hybrid model of both macroscopic and

microscopic models and can be directly integrated into a neural network for traffic control and flow
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optimization. Thanks to the differentiability, our simulator can provide more efficient and scalable

solutions for complex learning and control problems posed in traffic engineering than other existing

algorithms. Code is available at: https://github.com/SonSang/diff-hybrid-traffic-sim.

Gradient-based Trajectory Optimization with Parallelized Differentiable Traffic Simulation [309]

Here we presented a parallelized differentiable traffic simulator based on the Intelligent Driver Model

(IDM), a car-following framework that incorporates driver behavior as key variables. With the capa-

bility to simulate up to 2 million vehicles in real time, the system is scalable for large-scale trajectory

optimization. The code is publicly available at: https://github.com/SonSang/diffidm.

DMesh: A Differentiable Mesh Representation [20] In this work, we presented a differentiable

representation, DMesh, for general 3D triangular meshes. DMesh considers both the geometry and

connectivity information of a mesh in a differentiable manner. DMesh can be used to represent meshes

of various topology in a differentiable way, and allows us to reconstruct the mesh under various obser-

vations, such as point clouds and multi-view images using gradient-based optimization. The code is

available at: https://github.com/SonSang/dmesh.

DMesh++: An Efficient Differentiable Mesh for Complex Shapes [289] We introduce a new dif-

ferentiable mesh processing method that addresses computational challenge of DMesh and efficiently

handles meshes with intricate structures. Our method reduces time complexity fromO(N) toO(logN)

and requires significantly less memory than DMesh. Building on this innovation, we present a recon-

struction algorithm capable of generating complex 2D and 3D shapes from point clouds or multi-view

images. The code is publicized at: https://github.com/SonSang/dmesh2.
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Differentiable Delaunay Tetrahedral Mesh Generation In this work, we introduce a differen-

tiable framework for tetrahedral mesh optimization. Given a set of vertices, each with an associated

signed distance function (SDF) value, we construct a Delaunay tetrahedralization (DT) and extract

a volumetric mesh via a volumetric extension of the Marching Tetrahedra (MT) algorithm. We vali-

date our approach by reconstructing geometrically accurate, high-quality tetrahedral meshes from both

prescribed SDF fields and multi-view images. Compared to baselines, our method produces a more

element-efficient, high-quality mesh with upto 49% fewer elements without losing fidelity. The code

is publicized at: https://github.com/SonSang/difftet.

9.2 Future Work

Looking ahead, the field can be advanced by further integrating reinforcement learning and

differentiable modeling toward what might be called physical AI: agents that reason, predict, and

act in the physical world by leveraging explicit models of geometry and dynamics. Building on the

foundations laid in this thesis, several promising directions emerge, with an eye toward concrete real-

world systems such as autonomous robots, interactive simulators, and large-scale digital twins for

transportation and built environments.

World-model-based RL for physical intelligence A first direction is to further develop reinforce-

ment learning algorithms that make more systematic use of world models in continuous, physics-

based environments. The current work combines analytical gradients and policy optimization, but

largely treats model-based and model-free ideas separately. Future research can design algorithms

that tightly couple learned or differentiable world models with policy optimization, enabling agents to

plan, imagine counterfactual futures, and adapt online to changing conditions. This includes learning
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uncertainty-aware world models that can reason over variable time scales, integrating differentiable

simulators directly into model-based planning loops, and scaling such methods to high-dimensional

robotic systems. In practical terms, such algorithms could allow legged robots to adapt their gaits

to novel terrains, manipulators to replan under contact uncertainty in cluttered environments, and au-

tonomous vehicles to negotiate dense, interactive traffic more safely and efficiently.

Differentiable physical and geometric simulators A second direction is to broaden the scope and

fidelity of differentiable physics and geometry simulation. The simulators in this thesis already demon-

strate that exact or approximate gradients can substantially accelerate optimization and control, but

they are specialized to particular domains, such as traffic or meshes. Going forward, a key goal is

to construct a more unified family of differentiable simulators that cover rigid and deformable bod-

ies, contact-rich interactions, and complex geometries under a common framework. Such simulators

should be efficient enough for large-scale training, yet physically faithful enough to support reliable

gradient-based design and control across robotics, graphics, and engineering applications. In the long

term, such tools could form the backbone of high-fidelity digital twins—for example, simulating fleets

of robots in warehouses, optimizing traffic flow in entire cities, or co-designing mechanical structures

and control policies for next-generation robotic systems.

Perceptual models that recover geometry, topology, and physical properties Finally, an impor-

tant direction is to develop AI systems that can infer rich physical structure from raw observations,

such as images or videos. Beyond reconstructing geometry efficiently, a key goal is to recover mate-

rial parameters, constraints, and forces in a way that is both consistent with physical laws and useful for

downstream control. Of particular interest are models that, like humans, form a detailed understand-
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ing of topology: distinguishing connectivity, holes, and handles, and reasoning about how objects can

deform or break. By combining differentiable geometric representations (such as DMesh and differ-

entiable tetrahedral meshes) with physics-informed world models, future systems could yield agents

that not only see the world, but also understand how it is put together and how it will respond to their

actions. Such perceptual capabilities are essential for robots that must manipulate everyday objects

safely, for simulators that support reliable virtual prototyping, and for immersive AR/VR systems that

require physically plausible interactions with complex 3D environments.
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Part VI

Appendix
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Appendix A: Gradient Informed Proximal Policy Optimization

A.1 Proofs

A.1.1 Proof of Lemma 2.3.2

By Definition 2.3.1, πθ(s, a) should satisfy the following condition:

∫
Tϵ

q(ϵ)dϵ =

∫
Ta

πθ(s, a)da

=

∫
Tϵ

πθ(s, gθ(s, ϵ)) ·
∣∣∣det(∂gθ(s, ϵ)

∂ϵ
)
∣∣∣dϵ (by change of variable).

We denote the set of continuous distributions that satisfy this condition as P . That is,

Pθ(s, ϵ) ∈ P if
∫
Tϵ

q(ϵ)dϵ =

∫
Tϵ

Pθ(s, ϵ) ·
∣∣∣det(∂gθ(s, ϵ)

∂ϵ
)
∣∣∣dϵ.

Clearly, P̄θ(s, ϵ) = q(ϵ) ·
∣∣∣det(∂gθ(s,ϵ)∂ϵ

)
∣∣∣−1

is an element of P , and is well defined, because of

Equation 2.3. In fact, P̄θ(s, ϵ) is the only element of P , as the above condition should be met for any

Tϵ ⊂ Rn. That is, if there was another distribution P̃θ(s, ϵ) ∈ P ,

∫
Tϵ

(P̄θ(s, ϵ)− P̃θ(s, ϵ)) ·
∣∣∣det(∂gθ(s, ϵ)

∂ϵ
)
∣∣∣dϵ = 0, ∀Tϵ ⊂ Rn.
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Since P̃θ is different from P̄θ, there exists an open set T̂ϵ where P̃θ < P̄θ. Then

∫
T̂ϵ

(P̄θ(s, ϵ)− P̃θ(s, ϵ)) ·
∣∣∣det(∂gθ(s, ϵ)

∂ϵ
)
∣∣∣dϵ > 0,

which is a contradiction. Therefore, πθ(s, a) = πθ(s, gθ(s, ϵ)) = P̄θ(s, ϵ). The inverse holds

trivially.

A.1.2 Proof of Lemma 2.4.2

First, we show that f is an injective function by showing that the determinant of Jacobian ∂f
∂a

is

always positive:

det(
∂f

∂a
) = det(I + α · ∇2

aAπθ̄
(s, a))

= Πn
i=1(1 + α · λi(s, a)) > 0 (∵ |α| < 1

max(s,a)|λ1(s, a)|
),

where λi(s, a) are the eigenvalues of ∇2
aAπθ̄

(s, a) sorted in ascending order.

Then, for an arbitrary open set of action T ⊂ A, πα(s, ·) selects T̃ = f(T ) ⊂ A with the same

probability that the original policy πθ̄(s, ·) selects T .

∫
T̃

πα(s, ã)dã =

∫
T

πθ̄(s, a)

|det(I + α∇2
aAπθ̄

(s, a))|
·
∣∣∣det(∂f

∂a
)
∣∣∣da

=

∫
T

πθ̄(s, a)

|det(I + α∇2
aAπθ̄

(s, a))|
·
∣∣∣det(I + α · ∇2

aAπθ̄
(s, a))

∣∣∣da
=

∫
T

πθ̄(s, a)da.

Therefore, πα(s, ·) is a valid probability distribution as πθ̄(s, ·).
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A.1.3 Proof of Proposition 2.4.3

For a given state s, we can estimate the (approximate) expected value of the state under πα as

follows.

∫
ã

πα(s, ã)Aπθ̄
(s, ã)dã

=

∫
a

πθ̄(s, a)

|det(I + α∇2
aAπθ̄

(s, a))|
Aπθ̄

(s, a+ α∇aAπθ̄
(s, a))|det(I + α∇2

aAπθ̄
(s, a))|da

≈
∫
a

πθ̄(s, a)
[
Aπθ̄

(s, a) + α||∇aAπθ̄
(s, a)||2

]
da

=

∫
a

πθ̄(s, a)Aπθ̄
(s, a)da+ α

∫
a

πθ̄(s, a)||∇aAπθ̄
(s, a)||2da.

Therefore, we can see the following holds:

Lπθ̄
(πα) =

∫
s

ρπθ̄
(s)

∫
ã

πα(s, ã)Aπθ̄
(s, ã)dã

≈ η(πθ̄) + α

∫
s

ρπθ̄
(s)

∫
a

πθ̄(s, a)||∇aAπθ̄
(s, a)||2da.

Since πθ̄(s, a) and ||∇aAπθ̄
(s, a)||2 are positive, Lπθ̄

(πα) is greater or equal to η(πθ̄) when α > 0.

On the contrary, when α < 0, Lπθ̄
(πα) is smaller or equal to η(πθ̄). Since this argument builds upon

local approximation, it holds only when |α| ≪ 1.
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A.1.4 Proof of Lemma 2.4.4

When a = gθ̄(s, ϵ),

gα(s, ϵ) = gθ̄(s, ϵ) + α · ∇gθ̄(s,ϵ)
Aπθ̄

(s, gθ̄(s, ϵ))

⇒ ∂gα(s, ϵ)

∂ϵ
=
∂gθ̄(s, ϵ)

∂ϵ
+ α · ∇2

gθ̄(s,ϵ)
Aπθ̄

(s, gθ̄(s, ϵ)) ·
∂gθ̄(s, ϵ)

∂ϵ

=
(
I + α · ∇2

gθ̄(s,ϵ)
Aπθ̄

(s, gθ̄(s, ϵ))
)
· ∂gθ̄(s, ϵ)

∂ϵ

⇒ det
(∂gα(s, ϵ)

∂ϵ

)
= det

(
I + α · ∇2

gθ̄(s,ϵ)
Aπθ̄

(s, gθ̄(s, ϵ))
)
· det

(∂gθ̄(s, ϵ)
∂ϵ

)
= det

(
I + α · ∇2

aAπθ̄
(s, a)

)
· det

(∂gθ̄(s, ϵ)
∂ϵ

)
.

Since
∣∣∣det(∂gθ̄(s,ϵ)

∂ϵ

)∣∣∣ > 0 (Equation 2.3), we can divide both sides of the above equation with

det
(

∂gθ̄(s,ϵ)

∂ϵ

)
and prove Lemma 2.4.4.

A.1.5 Proof of Lemma 2.4.6

From Equation 2.11,

∇aÂπθ
(st, at) =

1

2
Est,at,...∼πθ

[ ∞∑
k=t

γk
∂r(sk, ak)

∂at

]
,

which can be rewritten using gθ as follows.

∇aÂπθ
(st, at) =

1

2
Est,ϵt,...∼q

[ ∞∑
k=t

γk
∂r(sk, gθ(st, ϵt))

∂gθ(st, ϵt)

]
. (A.1)

Then, by differentiating Equation 2.10 with respect to θ after plugging in Â, we can get following
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relationship:

∂L(θ)

∂θ
= Es0,ϵ0,...,∼q

[ ∞∑
t=0

2 · ∂gθ(st, ϵt)
∂θ

· (gθ(st, ϵt)− gα(st, ϵt))
]

= Es0,ϵ0,...,∼q

[ ∞∑
t=0

2 · ∂gθ(st, ϵt)
∂θ

· (gθ(st, ϵt)− (gθ(st, ϵt) +∇aÂπθ
(st, at)))

]
(∵ α = 1)

= Es0,ϵ0,...,∼q

[ ∞∑
t=0

−2 · ∂gθ(st, ϵt)
∂θ

· ∇aÂπθ
(st, at)

]
= Es0,ϵ0,...,∼q

[ ∞∑
t=0

−2 · ∂gθ(st, ϵt)
∂θ

· 1
2
·

∞∑
k=t

γk
∂r(sk, gθ(st, ϵt)

∂gθ(st, ϵt)

]
(∵ Equation A.1)

= Es0,ϵ0,...,∼q

[ ∞∑
t=0

∞∑
k=t

−γk ∂gθ(st, ϵt)
∂θ

· ∂r(sk, gθ(st, ϵt))
∂gθ(st, ϵt)

]
,

which equals to RP gradient in Appendix A.2.2, but with different sign. However, they turn out

to be the same because we minimize L(θ), but maximize η(πθ). Therefore, we can say that we gain

RP gradient as the first gradient when we minimize Equation 2.10 for particular advantage function Â

and α = 1.

A.1.6 Proof of Proposition 2.4.5

By Definition 2.4.1 and Lemma 2.4.4,

πα(s, α̃)

πθ̄(s, a)
=

1

| det(I + α · ∇2
aAπθ̄

(s, a))|

= | det(∂gθ̄(s, ϵ)
∂ϵ

)| · | det(∂gα(s, ϵ)
∂ϵ

)|−1,
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where a = gθ(s, ϵ), and thus ã = gα(s, ϵ). Since πθ̄ ≜ gθ̄, following holds:

πα(s, α̃) = πθ̄(s, a) · | det(
∂gθ̄(s, ϵ)

∂ϵ
)| · | det(∂gα(s, ϵ)

∂ϵ
)|−1

= q(ϵ) · | det(∂gθ̄(s, ϵ)
∂ϵ

)|−1 · | det(∂gθ̄(s, ϵ)
∂ϵ

)| · | det(∂gα(s, ϵ)
∂ϵ

)|−1

(∵ Lemma 2.3.2)

= q(ϵ) · | det(∂gα(s, ϵ)
∂ϵ

)|−1,

which implies πα ≜ gα.

A.2 Formulations

A.2.1 Analytical Gradient of Generalized Advantage Estimator (GAE)

GAE schulman2015high has been widely used in many RL implementations schulman2017proximal,

stable-baselines3, rl-games2022 to estimate advantages. GAE finds a balance between variance and

bias of the advantage estimation by computing the exponentially-weighted average of the TD residual

terms (δVt ) [28], which are defined as follows:

δVt = rt + γV (st+1)− V (st).

Then, GAE can be formulated as follows:

AGAE
t (γ, λ) =

∞∑
k=0

(γλ)kδVt+k. (A.2)
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We can compute the gradients for these terms as:

∂AGAE
t

∂at
=

∞∑
k=0

(γλ)k
∂δVt+k

∂at

= (
1

γλ
)t

∞∑
k=0

(γλ)t+k ∂δ
V
t+k

∂at

= (
1

γλ
)t

[
∞∑
k=0

(γλ)t+k ∂δ
V
t+k

∂at
+

t−1∑
k=0

(γλ)k
∂δVk
∂at

]

(∵
∂δVk
∂at

= 0 for k < t)

= (
1

γλ
)t

∞∑
k=0

(γλ)k
∂δVk
∂at

= (
1

γλ
)t
∂AGAE

0

∂at
.

(A.3)

Based on this relationship, we can compute every ∂AGAE
t

∂at
with only one backpropagation of

AGAE
0 , rather than backpropagating for every AGAE

t .

A.2.2 RP Gradient Formulation

To differentiate Equation 2.1 with respect to θ, we first rewrite Equation 2.1 as follows.

η(πθ) = Es0,a0,...∼πθ

[
∞∑
t=0

γtr(st, at)

]

= Es0,ϵ0,...∼q

[
∞∑
t=0

γtr(st, gθ(st, ϵt))

]
.
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Then, we can compute RP gradient as follows.

∂η(πθ)

∂θ
=

∂

∂θ
Es0,ϵ0,...∼q

[
∞∑
t=0

γtr(st, gθ(st, ϵt))

]

= Es0,ϵ0,...∼q

[
∂

∂θ

∞∑
t=0

γtr(st, gθ(st, ϵt))

]

= Es0,ϵ0,...∼q

[
∞∑
t=0

∂gθ(st, ϵt)

∂θ

∞∑
k=t

γk
∂r(sk, gθ(sk, ϵk))

∂gθ(st, ϵt)

]

(∵
∂r(sk, gθ(sk, ϵk))

∂gθ(st, ϵt)
̸= 0 only when k ≥ t.)

= Es0,ϵ0,...∼q

[
∞∑
t=0

∞∑
k=t

γk
∂gθ(st, ϵt)

∂θ

∂r(sk, gθ(sk, ϵk))

∂gθ(st, ϵt)

]

= Es0,ϵ0,...∼q

[
∞∑
t=0

∞∑
k=t

γk
∂gθ(st, ϵt)

∂θ

∂r(sk, ak)

∂at

]
.

We can estimate this RP gradient using Monte Carlo sampling and terms in Equation 2.2, and

use it for gradient ascent to maximize Equation 2.1.

A.2.3 Estimator for Equation 2.4

Since η(πθ̄) does not depend on θ, we can ignore the term and rewrite our loss function in

Equation 2.4 using expectation as follows:

Lπθ̄
(πθ) =

∫
s

ρπθ̄
(s)

∫
a

πθ(s, a)Aπθ̄
(s, a)

= Es∼ρπθ̄ ,a∼πθ(s,·)

[
Aπθ̄

(s, a)
]
.

However, note that we did not collect trajectories, or experience buffer, using πθ. Therefore, we
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use another importance sampling function q(s, a) [35].

Lπθ̄
(πθ) = Es∼ρπθ̄ ,a∼q(s,·)

[πθ(s, a)
q(s, a)

Aπθ̄
(s, a)

]
.

Then, we can estimate this value using Monte Carlo estimation as follows, where B is the ex-

perience buffer of size N , which stores state (si), action (ai), and their corresponding advantage value

(Aπθ̄
(si, ai)) obtained by following policy πθ̄:

Lπθ̄
(πθ) ≈

1

N

N∑
i=1

πθ(si, ai)

πθ̄(si, ai)
Aπθ̄

(si, ai). (A.4)

Note that we used πθ̄ in the place of q, as it is the most natural importance sampling function we

can use [35, 36].

A.3 Algorithm

Here we present the details of our algorithm in Section 2.4.3. To be specific, we present 1) an

empirical evidence to validate our strategy to control α, 2) the exact loss function that we use in PPO

update, and 3) provide the change of α during real training to help understanding.

A.3.1 Empirical evidence

In Section 2.4.3, we argued that the estimate of det(I + α∇2
aAπθ̄

(s, a)) is related to the sample

variance of analytical gradients, and we can get the estimate using Lemma 2.4.4. In Figure A.1,

we empirically prove the validity of this argument in the differentiable physics environments used in

Section 2.5.2. In the illustration, we can observe a clear relationship between the sample variance of
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(b) Ant
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(c) Hopper

Figure A.1: The first row shows the sample variance of analytical gradients (∂A
∂a
), and the

second row shows the statistics of estimates of det(I + α∇2
aAπθ̄

(s, a)) for every state-
action pair in the buffer after each epoch of training in 3 different differentiable physics
environments (Cartpole, Ant, and Hopper). We used a fixed α = 10−2. Note that the
minimum and maximum estimates in the second row exhibit a clear tendency to deviate
from 1 more as the sample variance increases.

analytical gradients and the statistics of our estimates. Therefore, we can use these estimates as a cue

to control α based on the variance of analytical gradients.

A.3.2 Loss function for PPO Update

As discussed in Section 2.3.3.2, PPO finds a better policy in the proximity of the original policy

by restricting the ratio of probabilities πθ(si, ai) and πθ̄(si, ai), as shown in Equation 2.5. In fact, PPO

uses following surrogate loss function, which is a modified version of Equation A.4, to mandate this:

LPPO(θ) =
1

N

N∑
i=1

min(
πθ(si, ai)

πθ̄(si, ai)
Aπθ̄

(si, ai), clip(
πθ(si, ai)

πθ̄(si, ai)
, 1− ϵclip, 1 + ϵclip)Aπθ̄

(si, ai)). (A.5)

Note that if out-of-range-ratio defined in Equation 2.12 is already 1.0, which corresponds to an

extreme case, the gradient of LPPO(θ) with respect to θ is 0. Therefore, PPO does not contribute to the

policy update at all in this case. It justifies our decision to upper bound out-of-range-ratio by restricting

α.
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(a) De Jong’s Function (64)
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(b) Ackley’s Function (64)

Figure A.2: Change of α during solving function optimization problems in Section 2.5.1.
Since these problems are one-step problems, and observations are all the same, there is no
difference between mean, min, and max of estimated determinant.

Also note that we proposed to use a virtual policy πh instead of πθ̄ in Section 2.4.3.2 to restrict

PPO update to be done around πα. This changes the importance sampling function in Equation A.5 as

follows, which corresponds to our final surrogate loss function to use in PPO update:

LGIPPO(θ) =
1

N

N∑
i=1

min(
πθ(si, ai)

πh(si, ai)
Aπθ̄

(si, ai), clip(
πθ(si, ai)

πh(si, ai)
, 1− ϵclip, 1 + ϵclip)Aπθ̄

(si, ai)).

(A.6)

A.3.3 Example: Function Optimization Problems (Section 2.5.1)

Here we present how α changes as we solve function optimization problems in Section 2.5.1

with Figure A.2. There are 4 plots for each of the problems.

• Alpha: Shows change of α over training epoch.

• Estimated current performance: Shows expected additional return, which corresponds to Equa-
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(a) Statistics of training in Ant environment when δoorr = 0.5.
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(b) Statistics of training in Ant environment when δoorr = 1.0.

Figure A.3: Change of α during training in Ant environment in Section 2.5.2. In this
environment, maximum out-of-range-ratio (δoorr) plays a major role in bounding α from
growing. Observe that GI-PPO achieves better results than RP when we set δoorr = 1.0.

tion A.4 (Rα in Algorithm 1).

• Estimate Determinant: Shows statistics of estimated det(I + α · ∇2
aAπθ̄

(s, a)).

• Out of Range Ratio: Shows out-of-range-ratio in Equation 2.12.

For these problems, we have set α0 = 10−5, δdet = 0.4, and δoorr = 0.5.

For De Jong’s function (Figure A.2a), we can observe that α shows steady increase over time, but

it is mainly upper bounded by variance criterion and out-of-range-ratio. In the end, α stabilizes around

10−3. In contrast, for Ackley’s function (Figure A.2b) we can see that α increases rapidly at first, but it

soon decreases due to the variance and bias criteria. Compare these graphs with optimization curve in

Figure 2.2d. Then we would be able to observe that this large α contributes to the faster convergence

of GI-PPO compared to PPO at the early stage. However, after that, α decreases slowly due to the
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out-of-range-ratio. In the end, α reaches approximately 10−6, which is much lower than 10−3 of De

Jong’s function. These observations align well with our intuition that RP gradient would play bigger

role for De Jong’s function than Ackley’s function, because De Jong’s function exhibits RP gradients

with much lower variance than those of Ackley’s.

A.3.4 Example: Physics Simulation Problems (Section 2.5.2)

In Section 2.5.2, GI-PPO could not achieve better results than RP in Ant and Hopper environ-

ments. For Ant environment, we found out that the hyperparameter δoorr was a bottleneck that bounds

GI-PPO’s performance. In Figure A.3, we illustrated the change of α during training along the change

of out-of-range-ratio. When we set δoorr = 0.5, α keeps decreasing over time to keep the ratio around

0.5, which means the diminishing role of RP gradients in training. In contrast, when we set δoorr = 1.0,

after 750 epochs, α does not decrease anymore, and out-of-range ratio stays near 1. This means that

PPO rarely affects the training – policy update is almost driven by RP gradients.

Likewise, there are environments where RP gradients are much more effective than the other

policy gradients. In those situations, it would be more desirable to solely depend on RP gradients

without considering PPO. Since our method considers RP gradients in the PPO viewpoint, it is hard to

detect such cases yet.

A.4 Experimental Details

A.4.1 Baseline Methods

Here we explain implementation details of the baseline methods that were used for comparisons

in Section 2.5. First, we’d like to point out that we used relatively a short time horizon to collect
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experience, and used the critic network for bootstrapping, instead of collecting experience for the

whole trajectory for all the methods. Therefore, the collected experience could be biased. However,

we chose to implement in this way, because it allows faster learning than collecting the whole trajectory

in terms of number of simulation steps.

A.4.1.1 LR

We can estimate original LR gradient as follows, using log-derivative trick [29, 30]

∂η(πθ)

∂θ
=

∂

∂θ
Es0,a0,...∼πθ

[
L(s0, a0, ...)

∞∑
t=0

log πθ(s0, a0)
]

=
∂

∂θ
Es0,a0,...∼πθ

[ ∞∑
t=0

L(s0, a0, ...) log πθ(s0, a0)
]
,

where L(s0, a0, ...) =
∑∞

t=0 γ
tr(st, at) is the discounted accumulated return. However, this LR

gradient often suffers from high variance, because L varies a lot from trajectory to trajectory. To

reduce such variance and faithfully compare our method to LR gradient-based method, we decided to

use advantage function in the place of L, and particularly used GAE [34] as the advantage function as

we used for PPO. After calculating this LR gradient, we take a gradient ascent step with pre-defined

learning rate.

A.4.1.2 RP

By using RP gradient in Appendix A.2.2, we can perform gradient ascent as we did in LR. Also,

because we use short time horizon and critic network, this method is very similar to SHAC [14]. Please

refer to the paper for more details.
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A.4.1.3 PPO

Our PPO implementation is based on that of RL Games [310]. However, to be as fair as possible,

we used the same critic network as the other methods, instead of using that implemented in the RL

library. Also, we omitted several other additional losses that are not vital to PPO’s formulation, such

as entropy loss.

A.4.1.4 LR+RP

After we compute LR (∇LR) and RP (∇RP ) gradient as shown above, we can interpolate them

using their sample variance as follows [50].

∇LR+RP = ∇LR · κLR +∇RP · (1− κLR),

κLR =
σ2
RP

σ2
RP + σ2

LR

,

where σRP and σLR are sample standard deviation of RP and LR gradients. We gain these terms

by computing trace of covariance matrix of the sample gradients from different trajectories.

Since we have to compute this sample statistics, we have to do multiple different backprop-

agations for different trajectories, which incur a lot of computation time. Also, we found out that

computing covariance matrix is also time consuming when controller has a large number of parame-

ters. Therefore, we decided to use only limited number of sample gradients (16) to compute sample

variance, and also truncate the gradient to smaller length (512) to facilitate computation.
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A.4.1.5 PE

We tried to faithfully re-implement policy enhancement scheme of [53].

A.4.2 Network architecture and Hyperparameters

In this section, we provide network architectures and hyperparameters that we used for experi-

ments in Section 2.5. For each of the experiments, we used the same network architectures, the same

length of time horizons before policy update, and the same optimization procedure for critic updates,

etc. We present these common settings first for each of the problems.

For GI-PPO, there are hyperparameters for update towards α-policy, and those for PPO update.

We denote the hyperparameters for α-policy update by appending (α), and those for PPO update by

appending (PPO). For the definition of hyperparameters for α-policy update, please see Algorithm 1

for details.

A.4.2.1 Function Optimization Problems (Section 2.5.1)

For these problems, common settings are as follows.

• Actor Network: MLP with [32, 32] layers and ELU activation function

• Critic Network: MLP with [32, 32] layers and ELU activation function

• Critic Hyperparameters: Learning rate = 10−3, Iterations = 16, Batch Size = 4

• Number of parallel environments: 64

• Horizon Length: 1
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• γ (Discount factor): 0.99

• τ (GAE): 0.95

Hyperparameters for LR are as follows.

• Learning Rate: Dejong(1), Dejong(64) = 10−3, Ackley(1) = 10−4, Ackley(64) = 3 · 10−4

• Learning Rate Scheduler: Linear1

Hyperparameters for RP are as follows.

• Learning Rate: Dejong(1), Dejong(64) = 10−2, Ackley(1), Ackley(64) = 10−3

• Learning Rate Scheduler: Linear

Hyperparameters for LR+RP are as follows.

• Learning Rate: Dejong(1), Dejong(64) = 10−3, Ackley(1) = 10−4, Ackley(64) = 3 · 10−4

• Learning Rate Scheduler: Linear

Hyperparameters for PPO are as follows.

• Learning Rate: Dejong(1), Ackley(1) = 10−4, Dejong(64), Ackley(64) = 10−2

• Learning Rate Scheduler: Constant

• Batch Size for Actor Update: 64

• Number of Epochs for Actor Update: 5

1Learning rate decreases linearly to the minimum value as learning progresses.
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• ϵclip: 0.2

Hyperparameters for GI-PPO are as follows.

• (α) Learning Rate: 10−3

• (α) Batch Size for Actor Update: 64

• (α) Number of Epochs for Actor Update: 16

• (α) α0: 10−5

• (α) max(α): 1.0

• (α) β: 1.1

• (α) δdet: 0.4

• (α) δoorr: 0.5

• (PPO) Learning Rate: Dejong(1), Ackley(1) = 10−4, Dejong(64), Ackley(64) = 10−2

• (PPO) Learning Rate Scheduler: Constant

• (PPO) Batch Size for Actor Update: 64

• (PPO) Number of Epochs for Actor Update: 5

• (PPO) ϵclip: 0.2
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A.4.2.2 Differentiable Physics Problems (Section 2.5.2)

For these problems, common settings are as follows.

• Actor Network: MLP with [64, 64] (Cartpole), and [128, 64, 32] (Ant, Hopper) layers and ELU

activation function

• Critic Network: MLP with [64, 64] layers and ELU activation function

• Critic Hyperparameters: Learning rate = 10−3(Cartpole), 2 · 10−3(Ant), and 2 · 10−4(Hopper),

Iterations = 16, Batch Size = 4

• Number of parallel environments: 64(Cartpole, Ant), 256(Hopper)

• Horizon Length: 32

• γ (Discount factor): 0.99

• τ (GAE): 0.95

Hyperparameters for LR are as follows.

• Learning Rate: 10−4

• Learning Rate Scheduler: Linear

Hyperparameters for RP are as follows.

• Learning Rate: Cartpole = 10−2, Ant, Hopper = 2 · 10−3

• Learning Rate Scheduler: Linear
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Hyperparameters for PPO are as follows.

• Learning Rate: Cartpole = 3 · 10−4, Ant, Hopper = 10−4

• Learning Rate Scheduler: Cartpole = Adaptive2, Ant, Hopper = Constant

• Batch Size for Actor Update: 2048

• Number of Epochs for Actor Update: 5

• ϵclip: 0.2

Hyperparameters for GI-PPO are as follows.

• (α) Learning Rate: Cartpole = 10−2, Ant = 5 · 10−4, Hopper = 5 · 10−3

• (α) Batch Size for Actor Update: Cartpole, Ant = 2048, Hopper = 8192

• (α) Number of Epochs for Actor Update: 16

• (α) α0: Cartpole, Ant = 5 · 10−1, Hopper = 5 · 10−3

• (α) max(α): 1.0

• (α) β: 1.02

• (α) δdet: 0.4

• (α) δoorr: Cartpole, Hopper = 0.75, Ant = 0.5

• (PPO) Learning Rate: Cartpole = 3 · 10−4, Ant, Hopper = 10−4

2Learning rate is adaptively controlled, so that the KL divergence between the updated policy and the original policy is
maintained at certain value, 0.008 in this case.
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• (PPO) Learning Rate Scheduler: Cartpole = Adaptive, Ant, Hopper = Constant

• (PPO) Batch Size for Actor Update: 2048

• (PPO) Number of Epochs for Actor Update: 5

• (PPO) ϵclip: 0.2

A.4.2.3 Traffic Problems (Section 2.5.3)

For these problems, common settings are as follows.

• Actor Network: MLP with [512, 64, 64] layers and ELU activation function

• Critic Network: MLP with [64, 64] layers and ELU activation function

• Critic Hyperparameters: Learning rate = 10−3, Iterations = 16, Batch Size = 4

• Number of parallel environments: 64

• Horizon Length: 32

• γ (Discount factor): 0.99

• τ (GAE): 0.95

Hyperparameters for LR are as follows.

• Learning Rate: 3 · 10−4

• Learning Rate Scheduler: Linear

Hyperparameters for RP are as follows.
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• Learning Rate: 10−3

• Learning Rate Scheduler: Linear

Hyperparameters for LR+RP are as follows.

• Learning Rate: 3 · 10−4

• Learning Rate Scheduler: Linear

Hyperparameters for PPO are as follows.

• Learning Rate: 3 · 10−4

• Learning Rate Scheduler: Constant

• Batch Size for Actor Update: 2048

• Number of Epochs for Actor Update: 5

• ϵclip: 0.2

Hyperparameters for GI-PPO are as follows.

• (α) Learning Rate: 10−5

• (α) Batch Size for Actor Update: 2048

• (α) Number of Epochs for Actor Update: 16

• (α) α0: 10−1

• (α) max(α): 1.0
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• (α) β: 1.1

• (α) δdet: 0.4

• (α) δoorr: 0.5

• (PPO) Learning Rate: 3 · 10−4

• (PPO) Learning Rate Scheduler: Constant

• (PPO) Batch Size for Actor Update: 2048

• (PPO) Number of Epochs for Actor Update: 5

• (PPO) ϵclip: 0.2

A.5 Problem Definitions

Here we present details about the problems we suggested in Section 2.5.

A.5.1 Function Optimization Problems (Section 2.5.1)

(N-dimensional) De Jong’s function (FD) and Ackley’s function (FA) are defined for n-dimensional

vector x and are formulated as follows [172]:

FD(x) =
n∑

i=1

xi
2,

FA(x) = −20 · exp(−0.2 ·

√√√√ 1

n

n∑
i=1

xi2)−

exp(
1

n

n∑
i=1

cos(2πxi)) + 20 + exp(1).
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(a) De Jong’s Function (b) Ackley’s Function

Figure A.4: Landscape of target functions in 2 dimensions.

As we mentioned in Section 2.5.1, we multiply -1 to these functions to make these problems

maximization problems. Also, even though these two functions have their optimum at x = 0, they

exhibit very different landscape as shown in Figure A.4.

When it comes to the formal definition as RL environments, we can define these problems as

follows.

• Episode Length: 1

• Observation: [0]

• Action: n-dimensional vector x, all of which element is in [−1, 1].

• Reward: De Jong’s Function = FD(5.12x), Ackley’s Function = FA(32.768x)
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A.5.2 Traffic Problems (Section 2.5.3)

Before introducing pace car problem, which we specifically discussed in this paper, we’d like to

briefly point out the traffic model that we used to simulate motions of individual vehicles in the traffic

environment.

A.5.2.1 Traffic Model

In our traffic simulation, the state s ∈ R2N is defined as a concatenation of all vehicle states,

qn ∈ R2, where 1 ≤ n ≤ N stands for vehicle ID. qn can be represented simply with the vehicle’s

position (xn) and velocity (vn).

qn =

xn
vn


s =

[
qT1 , . . . , q

T
N

]T
,

where n is the vehicle ID. Since this traffic state s changes over time, we represent the traffic

state at timestep t as st. Then our differentiable traffic simulator is capable of providing the gradient

of the simulation state at the next timestep t + 1 with respect to the state at the current timestep t, or

dst+1

dst
.

This is possible because we use the Intelligent Driver Model (IDM) to model car-following

behavior in our simulator [311], which is differentiable. IDM describes vehicle speed ẋ and accelera-

tion v̇ as a function of desired velocity v0, safe time headway in meters T , maximum acceleration a,
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comfortable deceleration b, the minimum distance between vehicles in meters δ, vehicle length l, and

difference in speed with the vehicle in front ∆vα as follows:

ẋα =
dxα
dt

= vα,

v̇α =
dvα
dt

= a

(
1−

(
vα
v0

)δ

−
(
s∗(vα,∆vα)

sα

)2
)
,

sα = xα−1 − xα − lα−1,

s∗(vα,∆vα) = s0 + vα T +
vα∆vα

2
√
a b

,

∆vα = vα − vα−1,

where α means the order of the vehicle in the lane. Therefore, (α − 1)-th vehicle runs right in

front of α-th vehicle, and this relationship plays an important role in IDM. Also note that the computed

acceleration term (v̇) is differentiable with respect to the other IDM variables.

IDM is just one of many car-following models used in traffic simulation literature. We choose

IDM for its prevalence in previous mixed autonomy literature, however, any ODE-based car-following

model will also work in our simulator as far as it is differentiable. In our simulator, automatic differ-

entiation governs the gradient computation.

A.5.2.2 Lane

Under IDM, lane membership is one of the most vital variables for simulation. This is because

IDM builds on the leader-follower relationship. When a vehicle changes its lane with lateral move-

ment, as shown as red arrows in Figure A.5, such relationships could change, and our gradients do not

convey any information about it, because lane membership is a discrete variable in nature. Note that
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this lateral movement also affects the longitudinal movement, rendered in green arrows in Figure A.5,

of a vehicle, and gradient from it is valid as far as the lane membership does not change. However,

when the lane membership changes, even if our simulator gives gradient, it tells us only “partial” in-

formation in the sense that it only gives information about longitudinal behavior. Therefore, we could

say that analytical gradients we get from this environment is “incomplete” (not useless at all, because

it still gives us information about longitudinal movement), and thus biased.

A.5.2.3 Pace Car Problem

In this problem, there is a single autonomous vehicle that we have to control to regulate other

human driven vehicles, which follow IDM, to run at the given target speed. Since human driven

vehicles control their speeds based on the relationship to their leading vehicles, our autonomous vehicle

has to control itself to run in front of those human driven vehicles and adjust their speeds to the target

speed. The number of lanes and human driven vehicles varies across different environments as follows.

• Single Lane: Number of lanes = 1, Number of vehicles per lane = 1

• 2 Lanes: Number of lanes = 2, Number of vehicles per lane = 2

• 4 Lanes: Number of lanes = 4, Number of vehicles per lane = 4

• 10 Lanes: Number of lanes = 10, Number of vehicles per lane = 1

See Figure A.6 for 10-lane environment.

Then we can formally define RL environments as follows, where N is the number of human

driven vehicles in total, and vtgt is the target speed.

• Episode Length: 1000
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• Observation: s ∈ R2N

• Action: a ∈ R2 (a0 = Acceleration, a1 = Steering)

• Reward: 1− 1
N

∑N
i=1min( |vi−vtgt|

vtgt
, 1)

However, to facilitate learning, we additionally adopted following termination conditions to fin-

ish unpromising trials early.

• Terminate when autonomous vehicle collides with human driven vehicle

• Terminate when autonomous vehicle goes out of lane

• Terminate when autonomous vehicle runs too far away from the other vehicles

• Terminate when autonomous vehicle falls behind the other vehicles

When one of these conditions is met, it gets reward of −1 and the trial terminates.

A.6 Renderings

A.6.1 Traffic Simulation

A.6.1.1 Gradient flow

As described in Appendix A.5.2, analytical gradients are only valid along longitudinal direction,

as illustrated with green arrows in Figure A.5. When a vehicle changes lane with lateral movement,

as shown with red arrows, even though such change would incur different behaviors of following

vehicles in multiple lanes, analytical gradients cannot convey such information. However, they still
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tell us information about longitudinal behavior - which is one of the motivations of our research, to

use analytical gradients even in these biased environments.

Figure A.5: Traffic Environment. In traffic flows, only partial gradients of forward simu-
lation are known; acceleration along a (longitudinal) traffic lane is continuous and admits
gradient flow (green), while (lateral) lane-changing is a discrete event and thus prohibits
gradient flow (red). Analytical gradients convey only partial information about traffic dy-
namics.

A.6.1.2 Pace Car Problem

We additionally provide renderings of the 10-lane pace car problem defined in Appendix A.5.2.

In Figure A.6, we can observe 10 parallel lanes, 10 human driven vehicles rendered in yellow, and the

autonomous vehicle rendered in blue that we have to control. As shown there, human driven vehicles

adjust their speeds based on IDM when the autonomous vehicle blocks their way. Therefore, the

autonomous vehicle has to learn how to change their lanes, and also how to run in appropriate speed

to regulate the following vehicles. Our experimental results in Section 2.5.3 show that our method

achieves better score than the baseline methods by adopting biased analytical gradients in PPO.

222



(a) 0-th frame (b) 150-th frame

(c) 300-th frame (d) 450-th frame

Figure A.6: 10-Lane pace car environment. The autonomous vehicle (Blue) has to interfere
paths of the other human driven vehicles (Yellow) to limit their speeds to 10m/s. Even
though it is a hard problem to achieve high score, our method achieved far better score
than the baseline methods.

A.7 Computational Costs

We provide wall clock training times for each method in traffic environments to finish all the

training epochs in Table A.1. All of the trainings were done based on the settings in Appendix A.5.2.

Note that the longer training time does not always mean that the method is worse than the others –

the method could have achieved better results in shorter time, while requiring much longer time to

complete all the training epochs.
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In Table A.1, we can observe that GI-PPO requires a little more time than RP, as it computes

analytical gradients as RP does, but requires an additional time for controlling α and doing PPO

update. However, the additional cost is not so significant. In contrast, LR+RP consumes much more

time than the other methods, even though it is based on the same spirit as ours. This is because it has

to backpropagate through each trajectory in the experience buffer to estimate the sample variance of

the gradients. Therefore, we can see that our method attains better results than LR+RP (Figure 2.4)

with lower computational cost.

Table A.1: Average (wall clock) training time (sec) for traffic problems.

Problem LR RP PPO LR+RP GI-PPO

Single Lane 120 282 181 1335 332
2 Lanes 142 330 218 1513 411
4 Lanes 304 646 366 2093 813

10 Lanes 244 496 294 2103 533

224



Appendix B: Time-Aware World Model for Adaptive Prediction and Control

B.1 Descriptions of 4th-order Runge-Kutta integration.

In this section, we extend our description of the 4th-order Runge-Kutta (RK4) integration men-

tioned in Section 3.4.1.2. The detailed RK4 integration is as follows:

k1 = d(zt, at,∆t)

ẑ1 = zt + d (zt, at,∆t/2) · τ (∆t/2)

k2 = d (ẑ1, at,∆t)

ẑ2 = zt + d (ẑ1, at,∆t/2) · τ (∆t/2)

k3 = d (ẑ2, at,∆t)

ẑ3 = zt + d (ẑ2, at,∆t) · τ(∆t)

k4 = d (ẑ3, at,∆t)

ẑt+∆t = zt +
1

6
(k1 + 2k2 + 2k3 + k4) · τ(∆t)

(B.1)

Consistent with the notations in Section 3.4.1.2, zt, at denotes the latent state-action pairs at

time t, d(·) denotes our dynamic model parameterized by a neural network, and ẑi (i ∈ 1, 2, 3) are the

intermediate middle points. The final prediction of next latent state under time step size ∆t is ẑt+∆t.
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B.2 Meta-World Task Dynamics Visualizations.

To illustrate the diversity and key differences in dynamics across control tasks in our experi-

ments, we present additional visualizations of different Meta-World tasks. Figure B.2 and Figure B.3

show sequences of renderings from the task initialization to the task completion (from left to right) of

different control tasks.

B.3 Additional results for ablation study of ∆t sampling strategies.

In this section, we provide additional results for the ablation study on the impact of ∆t sampling

strategy on the TAWM’s performance and efficiency. Specifically, we trained the same TAWM over the

same range of ∆t values using two different sampling strategies: (1) Log-Uniform(1ms, 50ms) and

(2) Uniform(1ms, 50ms). The performance of TAWMs trained with different ∆t sampling strategies,

along with the non-time-aware baselines, is shown in Figure B.1.

Figure B.1 shows that while our time-aware models trained with the uniform sampling strategy

generally perform better across most environments – and significantly outperform at low sampling
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Figure B.1: Ablation Study on ∆t Sampling Strategy. We trained our TAWM models
with log-uniform and uniform sampling strategies, both of which use the RK4 integration
method. The baseline method was trained using only default time step (∆t = 2.5ms),
which is signified with the black dashed lines. The x-axis corresponds to the evaluation
∆t, and the y-axis corresponds to the success rate. Means and 95% confidence intervals
are computed over 3 seeds, each evaluated for 10 episodes.
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Figure B.2: Visualizations of the Meta-World control tasks. From top to bottom: (1)
Assembly, (2) Basketball, (3) Box Close, (4) Faucet Open, (5) Hammer. From left to right:
sequences of renderings from task initialization to completion.
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Figure B.3: Visualizations of the Meta-World control tasks. From top to bottom: (6)
Handle Pull, (7) Lever Pull, (8) Pick Out Of Hole, (9) Sweep Into. From left to right:
sequences of renderings from task initialization to completion.
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rates (inference ∆t ≥ 30ms) – they exhibit lower success rates at smaller inference ∆t in certain

environments, such as Meta-World Lever-Pull. Regardless of the ∆t sampling strategy, TAWMs con-

sistently outperform the non-time-aware baselines. Therefore, our time-aware model can be effi-

ciently and effectively trained with any reasonable sampling strategy and is not restricted to

either log-uniform or uniform sampling.

Developing a more adaptive and optimal ∆t sampling strategy tailored to specific objectives and

scenarios is a promising direction for future work – particularly to achieve strong performance across

both small and large ∆t values and to accelerate convergence rates. In the meantime, TAWM with

either log-uniform or uniform sampling strategy has demonstrated practical effectiveness, as shown by

our experimental results.

B.4 Comparisons with Multi Time Scale World Model (MTS3).

As mentioned in Section 3.2, Multi Time Scale World Model (MTS3) [192] is a closely re-

lated work sharing the high-level motivation with our work: to model the world dynamics at multiple

temporal levels. Specifically, MTS3 proposes a probabilistic approach to jointly learn the world dy-

namics at two temporal abstractions: task level (slow dynamics/timescale) and state level (fast dynam-

ics/timescale). These 2 timescales are separately learned by two state space models (SSMs): SSM fast

and SSM slow, where SSM fast learns the dynamics evolving at original small timestep ∆t of the dy-

namical systems and SSM fast learn the slow dynamics evolving at H∆t. Although this approach also

explicitly considered different temporal abstraction levels in learning the world dynamics, there are

several critical differences between MTS3 compared to our work:

1. Models vs Training method: [192] proposes a model architecture to learn a world model with
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several discrete temporal abstraction levels. On the other hand, we proposed a simple yet ef-

fective and efficient time-aware training method that can be employed to train any world model

architecture.

2. Discrete vs continous timescales: The original MTS3 currently only handle only 2 timescales:

∆t and H∆t, where both ∆t and H is fixed in the training process. Although the MTS3 can

be adapted to learn multiple timescales, the number of timescales is limited to a discrete value.

Furthermore, the SSM slow (slow dynamic model) does not directly model state transition un-

der large temporal gap ∆t (or low observation rate) but rather learns the task latents to guide

SSM fast to long-horizon predictions. On the other hand, our time-aware approach can directly

predict the future states st+∆t under large ∆t.

3. Multi-step vs one-step prediction: MTS3 considers the future prediction under large ∆t as a

long-horizon prediction problem. Specifically, to predict st+∆t, MTS3 discretizes the long tem-

poral gap into several smaller timesteps: ∆t = M∆tfast, where ∆tfast is the original timestep

size SSM fast is trained with and M ∈ N+. MTS3 then iteratively applies the model M times to

predict st+∆t. This timestep discretization approach has 2 critical limitations: (1) MTS3 cannot

model state transitions under ∆t that is not divisible by ∆tfast and (2) multi-step predictions

are vulnerable to compounding errors, a well-known problem in long-horizon modeling. On the

other hand, our model can directly predict the next state with a one-step prediction, effectively

alleviating the compounding error problem.

4. Inference efficiency: Another disadvantage of multi-step prediction is inference inefficiency. In

contrast, our time-aware model can efficiently predict long-term future states without sacrificing

computational efficiency by using one-step prediction.
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5. Prediction-only vs Control: As acknowledged by [192], the original MTS3 is strictly a pre-

diction model. On the contrary, our time-aware model can be used efficiently with a planner to

solve control problems.

We conduct empirical comparisons between MTS3 and our proposed time-aware model on the

control problem, extending beyond the prediction-only scope in MTS3. First, MTS3 is trained with

offline data consisting of 4× 106 (4M transitions) collected from random trajectories (10%), partially-

trained policy’s trajectories (20%), and fully-trained expert policy trajectories (80%). Since MTS3 is

strictly prediction-focused and is not designed for controls, we combined MTS3 with MPPI planners

and our world model’s trained value and reward functions. Implementation-wise, we replaced our

dynamic model with MTS3 and kept all other components unchanged, including the planner (MPPI),

learned value function, and learned reward function. This design ensures a fair comparison between the

models, as any performance gap is attributed solely to the difference between MTS3 and our dynamic

model.

We kept the default hyperparameter settings as in the original MTS3 paper and codebase while

varying the slow dynamics H to investigate the impacts of H on MTS3’s performance. The authors

of MTS3 suggested that using H =
√
T , which is

√
99 ≈ 10 in our experiments on Meta-World

environments. We chose H = 11 to divide the episodes into equal-length local SSM windows. The

MTS3 inference stepping are adjusted such that when evaluated on ∆teval > ∆ttrain, the model is

applied ∆teval/∆ttrain times (∆ttrain is the fast time step between SSM fast’s observations).
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Figure B.4: Performance comparisons for 6 additional tasks from Meta-World tasks.
The x-axis corresponds to the evaluation ∆t (inms), and the y-axis corresponds to success
rate. We trained our TAWM model using either RK4 or Euler integration method with log-
uniform sampling strategy. The baseline method was trained using only the default time
step (∆t = 2.5ms), which is signified with the black dashed lines. For fair comparisons,
we extended the baseline method by repeating the same actions for the larger evaluation
time steps than the default one. For instance, when the evaluation ∆t = 5ms, we repeat
the same action for 5/2.5 = 2 times. Plots show mean and 95% confidence intervals over
3 seeds, with 10 evaluation episodes per seed.

B.5 Additional performance comparisons between TAWM and baseline models

In this section, we provide additional performance comparisons between TAWM and baseline

models across varying inference ∆t values, as shown in fig. B.4. On each task, both TAWM variants

(using RK4 and Euler integration methods) were trained for 1.5 million steps, with ∆t values sampled

from a Log-Uniform(1ms, 50ms) distribution during training. In contrast, the baseline models were

trained solely on a fixed default time step of ∆t = 2.5ms. For these baselines, we use the pretrained

weights provided by the original TD-MPC2 paper [71] for each corresponding task.
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B.6 Additional learning curve comparisons between TAWM and baseline models

In this section, we present additional learning curve results for TAWM and baseline models on

various Meta-World control tasks. Specifically, fig. B.5 and fig. B.6 show the learning curves of our

time-aware models (TAWMs) and the non-time-aware baseline models (original TD-MPC2), evaluated

at different inference ∆t values. Each curve is generated by evaluating the models at various training

steps using a fixed inference ∆t ∈ [1, 50]ms.
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Figure B.5: Additional Meta-World tasks: Success Rate Curve under different evalu-
ation time step sizes.
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Figure B.6: Additional Meta-World tasks: Success Rate Curve under different evalu-
ation time step sizes.
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B.7 Additional experiments on PDE control problems.

In this section, we provide detailed descriptions of the PDE control tasks and present additional

experiments and analysis of our TAWM on various PDE control problems in control-gym environ-

ments [198].

B.7.1 PDE Control Problems.

The PDE problems are one-dimensional PDE control problems featuring periodic boundary con-

ditions and spatially distributed control inputs. The spatial domain is defined as Ω = [0, L] ⊂ R. The

continuous field of the PDE is defined as u(x, t) : Ω × R+ → R, where x, t represent the spatial

coordinates in the field and time, respectively. Generally, the PDE in each control task is defined as:

∂u

∂t
−F

(
∂u

∂x
,
∂2u

∂x2
, ...

)
= a(x, t)

In the equation above, F is a differential operator (linear or non-linear) defined differently for

each control task. The specific formulations of F are carefully described in the next subsection for

each environment. a(x, t) is the distributed control force over the PDE field. a(x, t) is defined as:

a(x, t) =
na−1∑
j=0

Φj(x)aj(t)

The control force is composed of na scalar control inputs aj(t), each influencing a specific

subset of the domain Ω through its corresponding forcing support function Φj(x). Generally, each

action introduces external forces/energy to the PDE fields to control their dynamics and steer them
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Figure B.7: Visualizations of systems dynamics of uncontrolled Burgers PDE. The spatial
domain has length L = 1 with the diffusivity (viscosity) parameter ν = 10−3. The initial
state is u(x, t = 0) = sech(10x− 5).

toward the target state. More comprehensive details of the PDE environments are described in [198].

In our experiments, the target state of all PDE control tasks is starget = 0⃗. At each step t, the reward is

computed as the LQ-error between the current state st and the target state starget:

rt = J(at) = −E
[
(st − starget)⊤Q(st − starget) + a⊤t Rat

]

B.7.2 Burgers’ Equation.

Burgers’ equation is a simplified PDE that captures the essential dynamics of fluid waves and

gas dynamics. The visualization of the Burgers’ Equation is shown in Figure B.7. The field velocity

u(x, t) in Burgers’ equation is defined as:

∂u

∂t
+ u

∂u

∂x
− ν ∂

2u

∂x2
= a(x, t)

where ν > 0 is the diffusivity (viscosity) parameter, and a(x, t) is a source term modeling an external

force acting on the PDE system at coordinate x and time t.
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Figure B.8: Visualizations of systems dynamics of uncontrolled Allen-Cahn PDE. The
spatial domain has length L = 2 with the diffusivity (viscosity) parameter ν = 10−4 and
potential constant V = 5.0. The initial state is u(x, t = 0) = (x− 1)2 · cos(π(x− 1)).

B.7.3 Allen-Cahn Equation.

In material sciences, the Allen-Cahn PDE is a non-linear PDE used to model the binary alloy

systems’ phase separation. The visualization of the Allen-Cahn equation is shown in Figure B.8. The

temporal dynamics of field u(x, t) is:

∂u

∂t
− ν2∂

2u

∂x2
+ V · (u3 − u) = a(x, t)

where u = ±1 indicates the presence of each phase, ν > 0 is the diffusivity/viscosity parameter, V

is the potential constant, and a(x, t) is a source term modeling an external force acting on the PDE

system at coordinate x and time t.

B.7.4 Wave Equation.

The wave equation is a second-order linear PDE describing the spatial propagation of waves in

homogeneous mediums. Such wave propagation PDE has many important applications in physics and

engineering problems. The visualization of Wave PDE is shown in Figure B.9. The scalar quantity
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Figure B.9: Visualizations of systems dynamics of uncontrolled Wave PDE. The spatial
domain has length L = 1 with c = 0.1. The initial state is u(x, t = 0) = sech(10x − 5)
and ψ(x, t = 0) = 0.

u(x, t) has wave-propagation dynamics defined as:

∂2u

∂t2
− c2∂

2u

∂x2
= a(x, t)

where c is spatial wave speed, and a(x, t) is a source term of a force acting on the system at coordinate

x and time t.

B.7.5 Additional learning curve comparisons on PDE control tasks.

We present additional learning curves on PDE control tasks to provide insights into TAWM train-

ing efficiency on these tasks. Due to the small simulation time step required for stable simulation in

PDE-Burgers (∆tsim = 10−3 seconds), training on this task takes longer in wall-clock time. Therefore,

we trained TAWM for only 750k steps on PDE-Burgers. The learning curves of TAWM and the base-

line under different observation ∆t values are shown in Figure B.10. For each model and environment,
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the same set of intermediate weights is used for evaluation at each training step.
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Figure B.10: PDE control tasks: Average Negative LQ Error learning curves un-
der different evaluation time step sizes. The default time step size are ∆t =
50ms/10ms/100ms for PDE-Burgers, PDE-Allen-Cahn, PDE-Wave, respectively.
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B.7.6 Proofs

In this section, we present the proofs of Lemma 3.4.1 and Lemma 3.4.2 from the theoretical

analysis of TAWM’s sample efficiency in Section 3.4.3.

B.7.6.1 Proof of Lemma 3.4.1

According to the definitions of the true dynamics function f̄ and the optimal learned dynamics

function d∗, we have

zt+∆t − zt = f̄(zt, at,∆t)∆t = d∗(zt, at,∆t) τ(∆t)

⇒ f̄(zt, at,∆t) = d∗(zt, at,∆t)
τ(∆t)

∆t
.

(B.2)

Since we are considering scenarios where the environment dynamics can be captured with ∆t̄,

the following holds:

||d∗(zt, at,∆t) ·
τ(∆t)

∆t
− d∗(zt, at,∆t̄) ·

τ(∆t̄)

∆t̄
|| < ϵ

⇒ ||d∗(zt, at,∆t)− d∗(zt, at,∆t̄) ·
∆t

τ(∆t)
· τ(∆t̄)

∆t̄
|| < ϵ · ∆t

τ(∆t)
.

(B.3)

Given the sampling-frequency assumption in Section 3.4.3 (∆t ∈ [0.001, 1.0]) and the definition

of τ(·), we observe that ∆t
τ(∆t)

< 1. Consequently, Lemma 3.4.1 holds.
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B.7.6.2 Proof of Lemma 3.4.2

Under Assumption 3 in Section 3.4.3, the following holds for our current dynamics model d:

||d(zt, at,∆t)− d(zt, at,∆t̄) ·
∆t

τ(∆t)
· τ(∆t̄)

∆t̄
|| < ϵ. (B.4)

If we denote I(∆t) = ∆t
τ(∆t)

· τ(∆t̄)
∆t̄

, then the following holds:

||d(zt, at,∆t)− d∗(zt, at,∆t)||

= ||d(zt, at,∆t)− d(zt, at,∆t̄) · I(∆t) + d(zt, at,∆t̄) · I(∆t)

− d∗(zt, at,∆t) + d∗(zt, at,∆t̄) · I(∆t)− d∗(zt, at,∆t̄) · I(∆t)||

≤ ||d(zt, at,∆t)− d(zt, at,∆t̄) · I(∆t)||

+ ||d∗(zt, at,∆t)− d∗(zt, at,∆t̄) · I(∆t)||

+ ||d(zt, at,∆t̄)− d∗(zt, at,∆t̄)|| · I(∆t)

= 2ϵ+ ||d(zt, at,∆t̄)− d∗(zt, at,∆t̄)|| · I(∆t).

(B.5)

Likewise, the modeling error at time step ∆t is upper bounded by the error at ∆t̄. Therefore, by

minimizing the error at ∆t̄, we expect that the error at the smaller time step would safely decrease as

well.
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Appendix C: Differentiable Hybrid Traffic Simulation

C.1 Solution to the Riemann problem in ARZ model

C.1.1 Formulation

For the given left state ql and right state qr, we can determine the intermediate state q0 as

follows.

Case 0 : ul = ur

q0 = ql (C.1)

Case 1 : ul > ur

q0 =


ql if λs ≥ 0

qm if λs < 0

(λs =
ρmum − ρlul
ρm − ρl

) (C.2)

Case 2 : ur − umaxρ
γ
l < ul < ur

q0 =



ql if λ0l ≥ 0

qm if λ0m ≤ 0

q̃(0) if λ0l < 0, λ0m > 0

(C.3)
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where

λ0l = ul − umaxγρ
γ
l

λ0m = um − umaxγρ
γ
m

= ur − umaxγρ
γ
l + γ(ur − ul).

Case 3 : ul ≤ ur − umaxρ
γ
l

q0 =


ql if λ0l ≥ 0

q̃(0) if λ0l < 0

(C.4)

Case 4 : ρl = 0, ρr > 0

q0 = ql =

0
0

 (C.5)

Case 5 : ρl > 0, ρr = 0

Same as Case 3.

From above, qm is given as

ρm = (ργl +
ul − ur
umax

)

1
γ

um = ur

ym = ρm(um − ueq(ρm)),
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and q̃(0) is given as

ρ̃(0) = (
ul + umaxρ

γ
l

(γ + 1)umax

)
1
γ

ũ(0) =
ρl

ρl + 1
(ul + umaxρ

γ
l )

ỹ(0) = ρ̃(0)(ũ(0)− ueq(ρ̃(0))).

C.1.2 Differentiation

We can see from the above formulation that we have to compute the partial derivatives of ql, qm,

and q̃(0) with respect to ql and qr, as those values comprise the solutions of the Riemann problem. We

can compute the partial derivatives as shown below.

The Jacobian of f is:

f ′(q) =

ueq + ρu′eq 1

yu′eq −
y2

ρ2
2y
ρ
+ ueq

 (C.6)

Partial derivatives of ql

∂ql
∂ql

= I2×2

∂ql
∂qr

=

0 0

0 0


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Partial derivatives of qm

∂qm
∂ql

=

∂ρm
∂ρl

∂ρm
∂yl

∂ym
∂ρl

∂ym
∂yl


where

∂ρm
∂ρl

=
1

γ
(ργl +

ul − ur
umax

)
1−γ
γ (γργ−1

l +
1

umax

∂ul
∂ρl

),

∂ρm
∂yl

=
1

γ
(ργl +

ul − ur
umax

)
1−γ
γ (

1

umax

∂ul
∂yl

),

∂ym
∂ρl

=
∂ρm
ρl

(um − ueq(ρm)) + ρm(−u′eq(ρm)
∂ρm
∂ρl

),

∂ym
∂yl

=
∂ρm
yl

(um − ueq(ρm)) + ρm(−u′eq(ρm)
∂ρm
∂yl

).

∂qm
∂qr

=

∂ρm
∂ρr

∂ρm
∂yr

∂ym
∂ρr

∂ym
∂yr


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where

∂ρm
∂ρr

=
1

γ
(ργl +

ul − ur
umax

)
1−γ
γ (− 1

umax

∂ur
∂ρr

),

∂ρm
∂yr

=
1

γ
(ργl +

ul − ur
umax

)
1−γ
γ (− 1

umax

∂ur
∂yr

),

∂ym
∂ρr

=
∂ρm
ρr

(um − ueq(ρm)) + ρm(
∂ur
∂ρr
− u′eq(ρm)

∂ρm
∂ρr

),

∂ym
∂yr

=
∂ρm
yr

(um − ueq(ρm)) + ρm(
∂ur
∂yr
− u′eq(ρm)

∂ρm
∂yr

).

Partial derivatives of q̃(0)

∂q̃(0)

∂ql
=

∂ρ̃(0)
∂ρl

∂ρ̃(0)
∂yl

∂ỹ(0)
∂ρl

∂ỹ(0)
∂yl


where

∂ρ̃(0)

∂ρl
=

1

γ
(
ul + umaxρ

γ
l

(γ + 1)umax

)
1−γ
γ (

1

(γ + 1)umax

)(
∂ul
∂ρl

+ umaxγρ
γ−1
l ),

∂ρ̃(0)

∂yl
=

1

γ
(
ul + umaxρ

γ
l

(γ + 1)umax

)
1−γ
γ (

1

(γ + 1)umax

)(
∂ul
∂yl

),

∂ỹ(0)

∂ρl
=
∂ρ̃(0)

∂ρl
(ũ(0)− ueq(ρ̃(0))) + ρ̃(0)(

∂ũ(0)

∂ρl
− u′eq(ρ̃(0))

∂ρ̃(0)

∂ρl
),

∂ỹ(0)

∂yl
=
∂ρ̃(0)

∂yl
(ũ(0)− ueq(ρ̃(0))) + ρ̃(0)(

∂ũ(0)

∂yl
− u′eq(ρ̃(0))

∂ρ̃(0)

∂yl
).
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∂q̃(0)

∂qr
=

0 0

0 0



C.2 Differentiating IDM

C.2.1 Hyperparameters

In the IDM, following hyperparameters are used to describe different behavioral traits of discrete

vehicles [109].

• smin: Minimum desired distance to the leading vehicle.

• Tpref : Desired time to move forward with current speed.

• amax: Upper bound of the computed acceleration.

• apref : Comfortable braking deceleration, positive value.

• vtarg: Target velocity it wants to maintain.

• lengthi: Length of the i-th vehicle.
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C.2.2 Differentiation

First we compute the gradients of ai(t) with respect to pi(t), vi(t), ph(i)(t), and vh(i)(t), where

h(i)-th vehicle is the leading vehicle of i-th vehicle.

∂ai(t)

∂pi(t)
= −2amax

sopt
2

(ph(i)(t)− pi(t)− lengthh(i))3
,

∂ai(t)

∂ph(i)(t)
= 2amax

sopt
2

(ph(i)(t)− pi(t)− lengthh(i))3
,

∂ai(t)

∂vi(t)
= amax(−δ

vi(t)
δ−1

vtargδ
− 2

sopt
(ph(i)(t)− pi(t)− lengthh(i))2

∂sopt
∂vi(t)

),

∂ai(t)

∂vh(i)(t)
= amax(−2

sopt
(ph(i)(t)− pi(t)− lengthh(i))2

∂sopt
∂vh(i)(t)

),

where

∂sopt
∂vi(t)

= Tpref +
2vi(t)− vh(i)(t)
2
√
amaxapref

,

∂sopt
∂vh(i)(t)

=
−vi(t)

2
√
amaxapref

.

Now for arbitrary i and j, we can compute the gradient of the state of the i-th vehicle with

respect to that of the j-th vehicle by plugging in the above values. Note that the gradient is non-zero

only when j equals to i or h(i).

249



∂pi(t+ 1)

∂pj(t)
=



1 if j = i

0 if j = h(i)

0 if else

(C.7)

∂pi(t+ 1)

∂vj(t)
=



∆t if j = i

0 if j = h(i)

0 if else

(C.8)

∂vi(t+ 1)

∂pj(t)
=



∆t(−2amax
sopt2

(ph(i)(t)−pi(t)−lengthh(i))
3 ) if j = i

∆t(2amax
sopt2

(ph(i)(t)−pi(t)−lengthh(i))
3 ) if j = h(i)

0 if else

(C.9)

∂vi(t+ 1)

∂vj(t)
=



1 + ∆tamax(−δ vi(t)
δ−1

vtargδ
− 2 sopt

(ph(i)(t)−pi(t)−lengthh(i))
2 (Tpref +

2vi(t)−vj(t)

2
√
amaxapref

)) if j = i

∆tamax(−2 sopt
(ph(i)(t)−pi(t)−lengthh(i))

2

−vi(t)
2
√
amaxapref

) if j = h(i)

0 if else

(C.10)
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Appendix D: Gradient-based Trajectory Optimization with Parallelized Differen-

tiable Traffic Simulation

D.1 Feature Comparison with Existing Vehicle Simulators

Simulator Parallelized GPU Acceleration ODE-Differentiable Log Replay

HighwayEnv [116] ✗ ✗ ✗ ✗

SUMO [312] ✗ ✗ ✗ ✗

Waymax [124] ✓ ✓ ✗ ✓

MOSS [122] ✓ ✓ ✗ ✗

GPUDrive [125] ✓ ✓ ✗ ✓

Ours ✓ ✓ ✓ ✓

Table D.1: Feature comparisons between existing popular traffic simulators and ours. Note
that this comparison is for vehicle simulation only.
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Appendix E: DMesh: A Differentiable Mesh Representation

E.1 Comparison to Other Shape Reconstruction Methods

Here we provide conceptual comparisons between our approach and the other optimization-

based 3D reconstruction algorithms, which use different shape representations. To be specific, we

compared our method with mesh optimization methods starting from template mesh [3, 4], methods

based on neural signed distance fields (SDF) [5, 6], methods based on neural unsigned distance fields

(UDF) [7, 8], and methods based on differentiable isosurface extraction [9–12]. We used following

criteria to compare these methods.

• Closed surface: Whether or not the given method can reconstruct, or represent closed surfaces.

• Open surface: Whether or not the given method can reconstruct, or represent open surfaces.

• Differentiable Meshing: Whether or not the given method can produce gradients from the loss

computed on the final mesh.

• Differentiable Rendering: Whether or not the given method can produce gradients from the loss

computed on the rendering results.

• Geometric topology: Whether or not the given method can change geometric topology of the

shape. Here, geometric topology defines the continuous deformation of Euclidean subspaces [313].

For instance, genus of the shape is one of the traits that describe geometric topology.
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Table E.1: Traits of different optimization-based shape reconstruction methods. We com-
pare methods based on template mesh [3, 4], neural SDF [5, 6], neural UDF [7, 8], differ-
entiable isosurface extraction techniques [9–12] with ours.

Methods Closed Open Diff. Mesh Diff. Render. Geo. Topo. Mesh Topo. Manifold

Template Mesh O O O O X X O

Neural SDF O X X O O X O

Neural UDF O O X O O X △

Diff. Isosurface O △ O O O X O

DMesh (Ours) O O O O O O X

• Mesh topology: Whether or note the given method can produce gradients from the loss computed

on the mesh topology, which denotes the structural configuration, or edge connectivity of a mesh.

• Manifoldness: Whether or not the given method guarantees manifold mesh.

In Table E.1, we present a comparative analysis of different methods. Note that our method meets

all criteria, only except manifoldness. It is partially because our method does not assume volume,

which is the same for methods based on neural UDF. However, because our method does not leverage

smoothness prior of neural network like those methods, it could exhibit high frequency noises in the

final mesh. Because of this reason, we gave △ to the neural UDF methods, while giving X to our

approach. When it comes to methods based on differentiable isosurface extraction algorithms, we

gave △ to its ability to handle open surfaces, because of [12]. They can represent open surfaces as

subset of closed ones, but cannot handle non-orientable open surfaces. Finally, note that our method

is currently the only method that can handle mesh topology.

Likewise, DMesh shows promise in addressing the shortcomings found in previous research.

Nonetheless, it has its own set of limitations (Section 6.6). Identifying and addressing these limitations

is crucial for unlocking the full potential of our method.
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E.2 Details about Section 6.3.2

E.2.1 Mathematical Definitions

Here, we provide formal mathematical definitions of the terms used in Section 6.3.2. We mainly

use notations from [266] and [282].

Generalizing the notations in Section 6.3.2, let S[w] be a finite set of weighted points in Rd,

where w is a weight assignment that maps each point p ∈ S to its weight wp. We denote a weighted

point as p[wp] and define power distance to measure distance between two weighted points.

Definition E.2.1 (Power distance) Power distance between two weighted points p[wp] and q[wq] is

measured as:

π(p[wp], q[wq]) = d(p, q)2 − wp − wq, (E.1)

where d(p, q) is the Euclidean distance.

Note that an unweighted point is regarded as carrying weight of 0. Based on this power distance,

we can define the power cell Cp of a point p[wp] as the set of unweighted points in Rd that are closer

to p[wp] than to any other weighted point in S[w].

Definition E.2.2 (Power cell) Power cell of a point p[wp] ∈ S[w] is defined as:

Cp = {x ∈ Rd | ∀q[wq] ∈ S[w], π(x, p[wp]) ≤ π(x, q[wq])}. (E.2)

Note that some points may have empty power cells if their weights are relatively smaller than

254



neighboring points. We call them “submerged” points. As we will see later, weight regularization aims

at submerging unnecessary points in mesh definition, which leads to mesh simplification.

To construct the power cell, we can use the concept of half space. A half space Hp<q is the set

of unweighted points in Rd that are closer to p[wp] than q[wq].

Definition E.2.3 (Half space) Half space Hp<q is defined as:

Hp<q = {x ∈ Rd | π(x, p[wp]) ≤ π(x, q[wq])}. (E.3)

Note that we can construct a power cell by intersecting half spaces, which proves the convexity

of the power cell. Now we call H(p, q) as a half plane that divides Rd into two half spaces, Hp<q and

Hq<p.

Definition E.2.4 (Half plane) Half plane Hp,q is defined as:

Hp,q = {x ∈ Rd | π(x, p[wp]) = π(x, q[wq])}. (E.4)

Then, for a given k-simplex ∆k comprised of weighted points {∆k} = {p1[wp1 ], . . . , pk+1[wpk+1]} ⊂

S[w], the dual structure D∆k is the intersection of half planes between the points in {∆k}, which is a

convex set.

Definition E.2.5 (Dual form) Dual form D∆k of ∆k = {p1[wp1 ], . . . , pk+1[wpk+1
]} is defined as:

D∆k =
⋂

i,j=1,...,k+1

H(pi, pj), (E.5)
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which is equivalent to:

D∆k = {x ∈ Rd | ∀pi[wpi ], pj[wpj ] ∈ S[w], π(x, pi[wpi ]) = π(x, pj[wpj ])}. (E.6)

Note than when k = d, D∆k becomes a point, while it becomes a line when k = d − 1. As

discussed in Section 6.3.2, we leverage the distance between this dual form D∆k and reduced power

cell [13] of the points in D∆k to query the existence of ∆k. The reduced power cell Rp|∆k is a power

cell of p that does not concern the other points in ∆k in its construction.

Definition E.2.6 (Reduced power cell) Reduced power cell of a weighted point p[w] ∈ S[w] for

given ∆k is defined as:

Rp|∆k = {x ∈ Rd | ∀q[wq] ∈ S[w]− {∆k}, π(x, p[wp]) ≤ π(x, q[wq])}. (E.7)

Using these concepts, we can measure the existence probability of a k-simplex, as provided in

Section 6.3.2.

E.2.2 Analysis of previous approach

E.2.2.1 Theoretical Aspect

As mentioned in Section 6.3.2, the previous approach of [13] has two computational challenges

in computational efficiency and precision. These limitations are mainly rooted in not knowing the

power diagram structure before evaluating Eq. 6.3. We summarize the overall procedure of the previ-

ous approach, and point out how our method is different from it.
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Collecting simplexes to evaluate First, we need to collect simplexes that we want to compute prob-

abilities for. Here we assume the number of simplexes increases linearly (O(N)) as the number of

points (N ) increases. This is a plausible assumption, because we often search for k-nearest neighbors

for each point, and combine them to generate the query simplexes.

Sampling a point on the dual forms of the simplexes The previous method relies on point pro-

jections to evaluate Eq. 6.3. This did not incur any problem for their case (d = k = 2), because

the dual form was a single point. However, when (k < d) as in our cases, the dual form contains

infinite number of points, which makes unclear how to apply this point-based approach. One possible

solution is sampling the most “representative” point on the dual form, and leveraging the point to es-

timate Eq. 6.3. By definition, this estimation is lower bound of Eq. 6.3. However, the problem arises

when this sample point does not give reliable result. For instance, we can consider the case shown in

Figure 6.6(c). In the illustration, we can observe that ∆1 exists in WDT, and thus D∆1 goes through

Rp1|D∆1 . If we sample a point on D∆1 that is included in Rp1|D∆1 , the signed distance from the sample

point would have same sign as Eq. 6.3. However, if the sample point is selected outside Rp1|D∆1 , the

sign would be different from the real value. In this case, even if ∆k exists, we can recognize it as not

existing. Note that this false estimation produces false gradients, which could undermine optimization

process.

In contrast, we do not have to concern about this precision issue, because we construct PD,

which tells us good sample points that give reliable lower bounds of Eq. 6.3, when the given simplex

exists in WDT. Otherwise, we explicitly compute minimum distance between the dual form and the

reduced power cell, as discussed in Section 6.4.1.

257



Projecting sample points to reduced power cells The final step is point projection, where we

project the sample points from dual forms to the reduced power cells to estimate Eq. 6.3. Based

on the definitions in Appendix E.2, we can observe that a (reduced) power cell’s boundaries are com-

prised of half planes. That is, the boundaries of Cp is comprised of multiple half planes between p and

the other weighted points. However, when we do not know which half planes comprise the boundaries,

we have to do exhaustive search to find the signed distance from the sample point to the boundaries

of the reduced power cell. As the number of half planes that are associated with a point p is N , the

computational cost to precisely compute the signed distance is O(N).

Note that it does not hold for our case, because by constructing WDT and PD, we know which

half planes form the boundaries of each power cell. Also, note that even when the number of points

increases, the average number of half planes that comprise the boundaries of power cells remains

constant. Therefore, in our case, this step requires only O(1) computational cost.

Summary To sum up, the computational cost of the previous approach amounts to O(N2), as the

number of simplexes to evaluate increases linearly, and the cost for the projection step also increases

linearly as the number of points increase. However, the cost for ours remains at O(N). Moreover, the

previous approach does not guarantee satisfactory estimations of Eq. 6.3.

Before moving on, we point out that the original implementation limited the number of half

planes to consider in evaluating Eq. 6.3 to reduce the computational cost to O(N). This relaxation is

permissible to the case where the precision is not very important. However, the precision is important

in our case, because we aim at representing mesh accurately.
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Table E.2: Comparison of computational speed and accuracy between the previous
method [13] and ours. For each number of points in 2D, we report the triplet of (com-
putational speed (ms) / false positive ratio (%) / false negative ratio (%)), along with the
number of query simplexes that we give to the algorithm.

# Pts. 100 300 1K 3K 10K 30K

(d=2, k=2)
Prev. 6.38 / 0 / 0 19.7 / 0 / 0 139 / 0 / 0 739 / 0 / 0.16 4376 / 0 / 0.12 -

Ours. 105 / 0 / 0 107 / 0 / 0 108 / 0 / 0 111 / 0 / 0 116 / 0 / 0.12 125 / 0 / 0.25

# Simp. 342 992 2274 3672 4974 6332

(d=2, k=1)
Prev. 5.95 / 0 / 49.9 16.9 / 0 / 49.8 116 / 0 / 49.9 609 / 0 / 49.9 3681 / 0 / 49.9 -

Ours. 99.4 / 0 / 0 100 / 0 / 0 103 / 0 / 0 105 / 0.03 / 0 111 / 0 / 0.08 123 / 0 / 0.29

# Simp. 526 1504 3428 5522 7482 9524

E.2.2.2 Experimental Results

To prove the aforementioned theoretical claim, we conducted experiments to measure the com-

putational speed and accuracy of the probability estimation for (d = 2, k = 2) and (d = 2, k = 1)

cases, for varying number of points. We randomly sampled points in a unit cube uniformly, and set

the weights by random sampling from a normal distribution: N (0, 10−3). For fair comparison, we did

not use CUDA implementation that we mainly use in the paper. We implemented both algorithms in

PyTorch, and ran 10 times for each setting to get fair values. In each experiment, we fed the query

simplexes into the algorithm, and computed their existence probabilities. If the computed probability

for a simplex was over 0.5, but did not exist, it is counted to false positive ratio. In contrast, if the

computed probability for a simplex was below 0.5, but did exist, it is counted to false negative ratio.

We measured the computational accuracy with these metrics.

In Table E.2, we can see that as the number of points increases, the computational cost increases

exponentially for the previous approach, while ours remain fairly stable up to 30K points. When the

number of points reached 100K, the previous method failed because of excessive memory consump-

tion. However, when the number of points is smaller than 1K, the previous method ran faster than
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ours, because we need to construct PD even for the small number of points, which consumes most of

the time for all these cases.

In terms of accuracy, we can observe that the previous method and ours both give accurate esti-

mations when (d = 2, k = 1). However, when (d = 2, k = 1), we can see that the false negative ratio

is almost 50% – as we set the number of existing simplexes and non-existing simplexes in the query

set as the same, it means that the previous method chose wrong sample points for most of the query

simplexes, so that it predicted most of them as not existing. To select the most representative point,

we found the intersection point between the dual form and the affine space created by the weighted

points in the simplex. This could be another interesting direction to explore, but this approach found

out to be not very accurate in this experiment. In contrast, our approach gave stable estimations for

all the cases. This result demonstrates that our method is more scalable, and gives reliable probability

estimations than the previous approach, which is necessary for accurate 3D mesh representation.

E.3 Loss Functions

Here we provide formal definitions for the loss functions that we use in the paper.

E.3.1 Mesh to DMesh

In this section, we explore the loss function used to transform the ground truth mesh into our

DMesh representation. As previously mentioned in Section 8.3.4, the explicit definition of ground

truth connectivity in the provided mesh allows us to establish a loss function based on it.

Building on the explanation in Section 8.3.4, if the ground truth mesh consists of vertices P and

faces F, we can construct an additional set of faces F̄. These faces are formed from vertices in P but
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do not intersect with faces in F.

F̄ = F∗ − F, where F∗ = every possible face combination on P.

Then, we notice that we should maximize the existence probabilities of faces in F, but minimize

those of faces in F̄. Therefore, we can define our reconstruction loss function as

Lrecon = −
∑
F∈F

Λ(F ) +
∑
F∈F̄

Λ(F ). (E.8)

If the first term of the loss function mentioned above is not fully optimized, it could lead to the

omission of ground truth faces, resulting in a poorer recovery ratio (Section 6.5.1). Conversely, if the

second term is not fully optimized, the resulting DMesh might include faces absent in the ground truth

mesh, leading to a higher false positive ratio (Section 6.5.1). Refer to Appendix E.4.1 for details on

how this reconstruction loss is integrated into the overall optimization process.

E.3.2 Point Cloud Reconstruction

In the task of point cloud reconstruction, we reconstruct the mesh by minimizing the (L1-norm

based) expected Chamfer Distance (CD) between the given point cloud (Pgt) and the sample points

(Pours) from our reconstructed mesh. We denote the CD from Pgt to Pours as CDgt, and the CD from

Pours to Pgt as CDours. The final reconstruction loss is obtained by combining these two distances.

Lrecon = CDgt + CDours. (E.9)
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E.3.2.1 Sampling Pours

To compute these terms, we start by sampling Pours from our current mesh. First, we sample a

set of faces that we will sample points from. We consider the areas of the triangular faces and their

existence probabilities. To be specific, we define η(F ) for a face F as

η̄(F ) = Λ(F ), η(F ) = Farea · η̄(F ),

and define a probability to sample F from the entires faces F as

Psample(F ) =
η(F )∑

F ′∈F η(F
′)
.

We sample N faces from F with replacement and then uniformly sample a single point from

each selected face to define Pours. In our experiments, we set N to 100K.

In this formulation, we sample more points from faces with a larger area and higher existence

probability to improve sampling efficiency. However, we observed that despite these measures, the

sampling efficiency remains low, leading to slow convergence. This issue arises because, during opti-

mization, there is an excessive number of faces with very low existence probability.

To overcome this limitation, we decided to do stratified sampling based on point-wise real values

and cull out faces with very low existence probabilities. To be specific, we define two different η
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functions:

η̄1(F ) = Λwdt(F ) ·min(ψi, ψj, ψk), η1(F ) = Farea · η̄1(F )

η̄2(F ) = Λwdt(F ) ·max(ψi, ψj, ψk), η2(F ) = Farea · η̄2(F )

where (ψi, ψj, ψk) are the real values of the points that comprise F . Note that η1 is the same as

η 1.

For the faces in F, we first calculate the η̄1 and η̄2 values and eliminate faces with values lower

than a predefined threshold ϵη. We denote the set of remaining faces as F1 and F2. Subsequently, we

sample N
2

faces from F1 and the other N
2

faces from F2, using the following two sampling probabilities:

Psample,1(F ) =
η1(F )∑

F ′∈F1
η1(F ′)

, Psample,2(F ) =
η2(F )∑

F ′∈F2
η2(F ′)

.

The rationale behind this sampling strategy is to prioritize (non-existing) faces closer to the

current mesh over those further away. In the original η = η1 function, we focus solely on the minimum

real value, leading to a higher sampling rate for existing faces. However, to remove holes in the

current mesh, it’s beneficial to sample more points from potential faces—those not yet existing but

connected to existing ones. This approach, using η2, enhances reconstruction results by removing

holes more effectively. Yet, there’s substantial potential to refine this importance sampling technique,

as we haven’t conducted a theoretical analysis in this study.

Moreover, when sampling a point from a face, we record the face’s existence probability along-

side the point. Additionally, if necessary, we obtain and store the face’s normal. For a point p ∈ Pours,

1We do not use differentiable min operator, as we do not require differentiability in the sampling process.
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we introduce functions Λpt(·) and Normal(·) to retrieve the face existence probability and normal,

respectively:

Λpt(p) = Λ(F (p)), Normal(p) = F (p)normal,

F (p) = the face where p was sampled from.

E.3.2.2 CDgt

Now we introduce how we compute the CDgt, which is CD from Pgt to Pours. For each point

p ∈ Pgt, we first find k-nearest neighbors of p in Pours, which we denote as (p1, p2, ..., pk). Then, we

define a distance function between the point p and the k-nearest neighbors as follows, to accommodate

the orientation information:

D̄(p, pi) = ||p− pi||2 + λnormal · D̄n(p, pi),

where D̄n(p, pi) = 1− | < pnormal, Normal(pi) > |,
(E.10)

where λnormal is a parameter than determines the importance of point orientation in reconstruc-

tion. If λnormal = 0, we only consider the positional information of the sampled points.

After we evaluate the above distance function values for the k-nearest points, we reorder them
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in ascending order. Then, we compute the following expected minimum distance from p to Pours,

D(p,Pours) =
∑

i=1,...,k

D̄(p, pi) · P (pi) · P̄ (pi),

P (pi) = Λpt(pi) · Iprev(F (pi),

P̄ (pi) = Πi=1,...,k−1(1− P (pi)),

where Iprev is an indicator function that returns 1 only when the given face has not appeared

before in computing the above expected distance. For instance, if the face ids for the reordered points

were (1, 2, 3, 2, 3, 4), the Iprev function evaluates to (1, 1, 1, 0, 0, 1). This indicator function is needed,

because if we select pi as the nearest point to p with the probability Λpt(p), it means that we interpret

that the face corresponding to pi already exists, and then we would select pi on the face as the nearest

point to p rather than the other points that were sampled from the same face, but have larger distance

than pi and thus come after pi in the ordered points.

Note that we dynamically change k during runtime to get a reliable estimation of D(p,Pours).

That is, for current k, if most of P̄ (pk)s for the points in Pgt are still large, it means that there is

a chance that the estimation could change a lot if we find and consider more neighboring points.

Therefore, in our experiments, if any point in Pgt has P̄ (pk) larger than 10−4, we increase k by 1 for

the next iteration. However, if there is no such point, we decrease k by 1 to accelerate the optimization

process.

Finally, we can compute CDgt by summing up the point-wise expected minimum distances.

CDgt =
∑
p∈Pgt

D(p,Pours).
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E.3.2.3 CDours

In computing CDours, which is CD from Pours to Pgt, we also find k-nearest neighbors for each

point p ∈ Pours, which we denote as (p1, p2, ..., pk). Then, for a point p, we use the same distance

function D̄ in Eq. E.10 to find the distance between p and (p1, p2, ..., pk). After that, we select the

minimum one for each point, multiply the existence probability of each point, and then sum them up

to compute CDours.

D(p,Pgt) = min
i=1,...,k

D̄(p, pi),

CDours =
∑

p∈Pours

Λpt(p) ·D(p,Pgt).

Finally, we can compute the final reconstruction loss for point clouds as shown in Eq. E.9.

E.3.3 Multi-View Reconstruction

When we are given multi-view images, we reconstruct the mesh by minimizing the L1 difference

between our rendered images and the given images. In this work, we mainly use both diffuse and depth

renderings to reconstruct the mesh.

If we denote the (Nimg) ground truth images of Npixel number of pixels as Igti (i = 1, ..., Nimg),

and our rendered images as Ioursi , we can write the reconstruction loss function as

Lrecon =
1

Nimg ·Npixel

∑
i=1,...,Nimg

||Igti − Ioursi ||.
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Then, we can define our rendered image as follows:

Ioursi = F(P,F,Λ(F),MVi,Pi).

where F is a differentiable renderer that renders the scene for the given points P, faces F, face

existence probabilities Λ(F), i-th modelview matrix MVi ∈ R4×4, and i-th projection matrix Pi ∈

R4×4. The differentiable renderer F has to backpropagate gradients along P, F, and Λ(F) to update

our point attributes. Specifically, here we interpret Λ(F) as opacity for faces to use in the rendering

process. This is because opacity means the probability that a ray stops when it hits the face, which

aligns with our face existence probability well. For this reason, we ignore faces with very low existence

probability under some threshold to accelerate the reconstruction, as they are almost transparent and

do not contribute to the rendering a lot.

To implement F , we looked through previous works dedicated for differentiable rendering [24,

161]. However, we discovered that these methods incur substantial computational costs when render-

ing a large number of (potentially) semi-transparent triangles, as is the case in our scenario. Conse-

quently, we developed two efficient, partially differentiable renderers that meet our specific require-

ments. These renderers fulfill distinct roles within our pipeline—as detailed in Appendix E.4, our

optimization process encompasses two phases within a single epoch. The first renderer is employed

during the initial phase, while the second renderer is utilized in the subsequent phase.

E.3.3.1 FA

If there are multiple semi-transparent faces in the scene, we have to sort the faces that covers a

target pixel with their (view-space) depth values, and iterate through them until the accumulated trans-
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mittance is saturated to determine the color for the pixel. Conducting this process for each individual

pixel is not only costly, but also requires a lot of memory to store information for backward pass.

Figure E.1: FB uses tessellation struc-
ture to efficiently render overlapped
faces in the correct order.

Recently, 3D Gaussian Splatting [280] overcame this

issue with tile-based rasterizer. We adopted this approach,

and modified their implementation to render triangular

faces, instead of gaussian splats. To briefly introduce its

pipeline, it first assigns face-wise depth value by comput-

ing the view-space depth of its center point. Then, after

subdividing the entire screen into 16 × 16 tiles, we assign

faces to each tiles if they overlap. After that, by using the

combination of tile ID and the face-wise depth as a key, we

get the face list sorted by depth value in each tile. Finally, for each tile, we iterate through the sorted

faces and determine color and depth for each pixel as follows.

C =
∑

i=1,...,k

Ti · αi · Ci, (Ti = Πj=1,...,i−1(1− αj)),

where Ti is the accumulated transmittance, αi is the opacity of the i-th face, and Ci is the color

(or depth) of the i-th face. Note that αi = Λ(Fi), as mentioned above.

Even though this renderer admits an efficient rendering of large number of semi-transparent

faces, there are still two large limitations in the current implementation. First, the current implemen-

tation does not produce visibility-related gradients (near face edges) to update point attributes. There-

fore, we argue that this renderer is partially differentiable, rather than fully differentiable. Next, since

it does not compute precise view-point depth for each pixel, its rendering result can be misleading for
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(a) Rendered Images from FA (b) Rendered Images from FA′

Figure E.2: Rendered images from two differentiable renderers, FA and FA′ . Left and
right image corresponds to diffuse and depth rendering, respectively. (a) FA is our (par-
tially) differentiable renderer based on tile-based approach. (b) Since FA does not produce
visibility-related gradients, we additionally use FA′ [24] to render images and integrate
with ours.

some cases, as pointed out in [280].

To amend the first issue, we opt to use another differentiable renderer of [24], which produces the

visibility-related gradients that we lack. Since this renderer cannot render (large number of) transparent

faces as ours does, we only render the faces with opacity larger than 0.5. Also, we set the faces to be

fully opaque. If we call this renderer as FA′ , our final rendered image can be written as follows.

Ioursi =
1

2
(FA(P,F,Λ(F),MVi,Pi) + FA′(P,F,Λ(F),MVi,Pi)).

In Figure E.2, we illustrate rendered images from FA and FA′ .

Acknowledging that this formulation is not theoretically correct, we believe that it is an in-

triguing future work to implement a fully differentiable renderer that works for our case. However,

we empirically found out that we can reconstruct a wide variety of meshes with current formulation

without much difficulty.

As mentioned before, this renderer is used at the first phase of the optimization process, where

all of the point attributes are updated. However, in the second phase, we fix the point positions and
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(a) Extracted Mesh after phase 1 (b) Extracted Mesh after phase 2

Figure E.3: Reconstructed mesh from multi-view images, rendered in MeshLab’s [25] x-
ray mode to see inner structure. In multi-view reconstruction, we divide each epoch in two
phases. (a) After the first phase ends, where we do inaccurate depth testing, lots of false
inner faces are created. (b) To remove these inner faces, we require a renderer that does
the exact depth testing, which we use in the second phase. Also see Appendix E.4.2 for
details about post-processing step to remove the inner structure.

weights, and only update point-wise real values (Appendix E.4.2). In this case, we can leverage the

tessellation structure to implement an efficient differentiable renderer. As the second renderer does a

precise depth testing unlike the first one, it can be used to modify the errors incurred by the second

limitation of the first renderer (Figure E.3).

E.3.3.2 FB

The second renderer performs precise depth ordering in an efficient way, based on the fixed

tessellation structure that we have. In Figure E.1, we illustrate a 2D diagram that explains our approach.

When the green ray, which corresponds to a single ray to determine the color of a single pixel, goes

through the tessellation, we can observe that it goes through a sequence of triangles (tetrahedron in

3D), which are denoted as T1, T2, and T3. When the ray enters a triangle Ti through one of its three
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edges, we can see that it moves onto the other adjacent triangle Ti+1 only through one of the other

edges of Ti, because of compact tessellation. Therefore, when the ray hits one edge of Ti, it can only

examine the other two edges of Ti to find the next edge it hits. Note that we do not have to do depth

testing explicitly in this approach. Also, unlike the first approach, this renderer does not have to store

all the possible faces that a ray collides for the backward pass, because it can iterate the same process

in the opposite way in the backward pass to find the edge that it hit before the last edge. If we only store

the last edge that each hits at the forward pass, we can start from the last edge and find the previous

edges that it hit to compute gradients. Therefore, this second renderer requires much less memory than

the first one, and also performs precise depth testing naturally. However, note that this renderer is also

partilly differentiable, because it cannot update point positions and weights.

To sum up, we implemented two partially differentiable renderers to solve multi-view recon-

struction problem with DMesh. They serve different objectives in our reconstruction process, and we

empirically found out that they are powerful enough to reconstruct target meshes in our experiments.

However, we expect that we can simplify the process and improve its stability, if we can implement a

fully differentiable renderer that satisfy our needs. We leave it as a future work.

E.3.4 Weight Regularization

Weight regularization aims at reducing the complexity of WDT, which supports our mesh. By

using this regularization, we can discard unnecessary points that do not contribute to representing our

mesh. Moreover, we can reduce the number of points on the mesh, if they are redundant, which ends

up in the mesh simplification effect (Appendix E.5.3).

We formulate the complexity of WDT as the sum of edge lengths in its dual power diagram.
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Formally, we can write the regularization as follows,

Lweight =
∑

i=1,...,N

Length(Ei),

where Ei are the edges in the dual power diagram, and N is the number of edges.

E.3.5 Real Regularization

Real regularization is a regularization that is used for maintaining the real values of the connected

points in WDT as similar as possible. Also, we leverage this regularization to make real values of

points that are connected to the points with high real values to become higher, so that they can be

considered in reconstruction more often than the points that are not connected to those points. To be

specific, note that we ignore faces with very low existence probability in the reconstruction process.

By using this regularization, it can remove holes more effectively.

This real regularzation can be described as

Lreal =
1∑

i=1,...,N Λ(Fi)

∑
i=1,...,N

Λ(Fi) · (σ1(Fi) + σ2(Fi)),

σ1(Fi) =
1

3

∑
j=1,2,3

|ψj −
(ψ1 + ψ2 + ψ3)

3
|,

σ1(Fi) =
1

3

∑
j=1,2,3

|1− ψj| · I( max
j=1,2,3

(ψj) > δhigh).

Here ψ1,2,3 represent the real values of points that comprise Fi, and δhigh is a threshold to deter-

mine “high” real value, which is set as 0.8 in our experiments. Note that the faces with higher existence

probabilities are prioritized over the others.
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E.3.6 Quality Regularization

After reconstruction, we usually want to have a mesh that is comprised of triangles of good qual-

ity, rather than ill-formed triangles. We adopt the aspect ratio as a quality measure for the triangular

faces, and minimize the sum of aspect ratios for all faces during optimization to get a mesh of good

quality. Therefore, we can write the regularization as follows.

Lqual =
1∑

i=1,...,N Λ(Fi)

∑
i=1,...,N

AR(Fi) · Emax(Fi) · Λ(Fi),

AR(Fi) =
Emax(Fi)

Hmin(Fi)
·
√
3

2
,

Emax(Fi) = Maximum edge length of Fi,

Hmin(Fi) = Minimum height of Fi.

Note that we prioritize faces with larger maximum edge length and higher existence probability

than the others in this formulation. In Appendix E.5.3, we provide ablation studies for this regulariza-

tion.

E.4 Optimization Process

In this section, we explain the optimization processes, or exact reconstruction algorithms, in de-

tail. First, we discuss the optimization process for the experiment in Section 6.5.1, where we represent

the ground truth mesh with DMesh. Then, we discuss the overall optimization process for point cloud

or multi-view reconstruction tasks in Section 6.5.2, from initialization to post processing.
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E.4.1 Mesh to DMesh

Our overall algorithm to convert the ground truth mesh into DMesh is outlined in Algorithm 3.

We explain each step in detail below.

Algorithm 3 Mesh to DMesh
1: Pgt,Fgt ← Ground-truth mesh vertices and faces
2: P,W, ψ ← Initialize point attributes for DMesh
3: F̄← ∅
4: while optimization not ended do
5: Perform point insertion using P and F̄
6: WDT,PD ← Run WDT with P,W
7: F̄← Update faces to exclude based on WDT
8: Λ(Fgt),Λ(F̄)← Compute face existence probabilities using P, ψ,WDT, PD
9: Lrecon ← Reconstruction loss using Λ(Fgt) and Λ(F̄)

10: Update P,W, ψ to minimize Lrecon

11: Apply bounds to P
12: end while
13: M ← Final mesh extracted from DMesh
14: return M

Point Initialization At the start of optimization, we initialize the point positions (P), weights (W),

and real values (ψ) using the given ground truth information (Pgt, Fgt). To be specific, we initialize the

point attributes as follows.

P = Pgt, W = [1, ..., 1], ψ = [1, ..., 1].

The length of vector W and ψ is equal to the number of points. In Figure E.4, we illustrate

the initialized DMesh using these point attributes, which becomes the convex hull of the ground truth

mesh.

Note that during optimization, we allow only small perturbations to the positions of initial points,
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(a) Ground Truth (b) Initialization (c) Point Insertion (d) 5000 Steps

Figure E.4: Intermediate results in converting bunny model to DMesh. For given
ground truth mesh in (a), we initialize our point attributes using the mesh vertices. (b)
Then, the initial mesh becomes convex hull of the original mesh. (c) To remove undesirable
faces that were not in the original mesh, we insert additional points on the undesirable
faces. Then, some of them disappear because of the inserted points. (d) After optimizing
5000 steps, just before another point insertion, DMesh recovers most of the ground truth
connectivity.

and fix weights and real values of them to 1. This is because we already know that these points

correspond to the ground truth mesh vertices, and thus should be included in the final mesh without

much positional difference. In our experiments, we set the perturbation bound as 1% of the model size.

However, we notice that we cannot restore the mesh connectivity with only small perturbations

to the initial point positions, if there are no additional points that can aid the process. Therefore, we

periodically perform point insertion to add additional points, which is described below.

Point Insertion The point insertion is a subroutine to add additional points to the current point

configurations. It is performed periodically, at every fixed step. The additional points are placed at the

random place on the faces in F̄, which correspond to the faces that should not exist in the final mesh.

Therefore, these additional points can aid removing these undesirable faces.

However, we found out that inserting a point for every face in F̄ can be quite expensive. There-

fore, we use k-means clustering algorithm to aggregate them into 0.1 · NF clusters, where NF is the

number of faces in F̄, to add the centroids of the clusters to our running point set. On top of that, we
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select 1000 random faces in F̄ to put additional points directly on them. This is because there are cases

where centroids are not placed on the good positions where they can remove the undesirable faces.

In Figure E.4, we render DMesh after point insertion to the initialized mesh. Note that some of

the undesirable faces disappear because of the added points.

Maintaining F̄ In this problem, we minimize the reconstruction loss specified in Eq. E.8 to restore

the connectivity in the ground truth mesh, and remove faces that do not exist in it. In the formulation,

we denoted the faces that are comprised of mesh vertices P, but are not included in the original mesh as

F̄. Even though we can enumerate all of them, the total number of faces in F̄ mounts to O(N3), where

N is the number of mesh vertices. Therefore, rather than evaluating all of those cases, we maintain a

set of faces F̄ that we should exclude in our mesh during optimization.

To be specific, at each iteration, we find faces in the current WDT that are comprised of points in

P, but do not exist in F, and add them to the running set of faces F̄. On top of that, at every pre-defined

number of iterations, in our case 10 steps, we compute k-nearest neighboring points for each point in

P. Then, we find faces that can be generated by combining each point with 2 of its k-nearest points,

following [13]. Then, we add the face combinations that do not belong to F to F̄. In our experiments,

we set k = 8.

E.4.2 Point cloud & Multi-view Reconstruction

In Algorithm 4, we describe the overall algorithm that is used for point cloud and multi-view

reconstruction tasks. We explain each step in detail below.

276



Algorithm 4 Point Cloud and Multi-view Reconstruction
1: T ← Observation (point cloud, multi-view images)
2: P,W, ψ ← Initialize point attributes for DMesh (using T if available)
3: F← ∅
4: while epoch not ended do
5: Initialize P,W, ψ with sampled points from current DMesh (if not first epoch)

▷ Phase 1: Joint optimization
6: while step not ended do
7: WDT,PD ← Run WDT with P,W
8: F← Update faces from WDT
9: Λ(F)← Compute face existence probability using P, ψ,WDT, PD

10: Lrecon ← Reconstruction loss using P,F,Λ(F), T
11: Lweight ←Weight regularization using PD
12: Lreal ← Realizability regularization using P, ψ,WDT
13: Lqual ← Quality regularization using P,F,Λ(F)
14: L← Lrecon + λweightLweight + λrealLreal + λqualLqual

15: Update P,W, ψ to minimize L
16: end while

▷ Phase 2: Probability refinement
17: WDT,PD ← Run WDT with P,W
18: F← Faces in WDT
19: Λwdt(F)← 1
20: while step not ended do
21: Λ(F)← Compute existence probability using P, ψ,Λwdt(F)
22: Lrecon ← Reconstruction loss using P,F,Λ(F), T
23: Lreal ← Realizability regularization using P, ψ,WDT
24: L← Lrecon + λrealLreal

25: Update ψ to minimize L
26: end while
27: end while
28: M ← Final mesh from DMesh after post-processing
29: return M
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Two Phase Optimization We divide each optimization epoch in two phases. In the first phase (phase

1), we optimize all of the point attributes – positions, weights, and real values. However, in the second

phase (phase 2), we fix the point positions and weights, and only optimize the real values.

This design aims at removing ambiguity in our differentiable formulation. That is, even though

we desire face existence probabilities to converge to either 0 and 1, those probabilities can converge

to the values in between. To alleviate this ambiguity, after the first phase ends, we fix the tessellation

to make Λwdt for each face in F to either 0 or 1. Therefore, in the second phase, we only care about

the faces that exist in current WDT , which have Λwdt value of 1. Then, we can only care about real

values.

Note that the two differentiable renderers that we introduced in Appendix E.3.3 are designed to

serve for these two phases, respectively.

Point Initialization with Sample Points In this work, we propose two point initialization methods.

The first initialization method can be used when we have sample points near the target geometry in

hand.

This initialization method is based on an observation that the vertices of Voronoi diagram of a

point set tend to lie on the medial axis of the target geometry [268, 269]. Therefore, for the given

sample point set Psample, we first build Voronoi diagram of it, and find Voronoi vertices Pvoronoi. Then,

we merge them to initialize our point set P:

P = Psample ∪ Pvoronoi,

all of which weights are initialized to 1. Then, we set the real values (ψ) of points in Psample as 1,
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(a) Ground Truth (b) Initialized DMesh (Points, Extracted Mesh)

Figure E.5: Initialized DMesh using sample points from ground truth mesh. (a) From
ground truth mesh, we uniformly sample 10K points to initialize DMesh. (b) In the left
figure, sample points from the ground truth mesh (Psample) are rendered in red. The points
that correspond to Pvoronoi are rendered in blue. In the right figure, we render the initial
mesh we can get from the points, which has a lot of holes.

while setting those of points in Pvoronoi as 0.

In Figure E.5, we render the mesh that we can get from this initialization method, when we

use 10K sample points. Note that the initial mesh has a lot of holes, because there could be Voronoi

vertices that are located near the mesh surface, as pointed out by [269]. However, we can converge to

the target mesh faster than the initialization method that we discuss below, because most of the points

that we need are already located near the target geometry.

Point Initialization without Sample Points If there is no sample point that we can use to initial-

ize our points, we initialize our points with N3 points regularly distributed on a grid structure that

encompasses the domain, all of which has weight 1 and ψ value of 1. We set N = 20 for every ex-

periment (Figure E.6a). Then, we optimize the mesh to retrieve a coarse form of the target geometry

(Figure E.6b). Note that we need to refine this mesh in the subsequent epochs, as explained below.
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(a) Epoch 1, Initial State (b) Epoch 1, Last State

(c) Epoch 2, Initial State (d) Epoch 2, Last State

(e) Epoch 3, Initial State (f) Epoch 3, Last State

(g) Epoch 4, Initial State (h) Epoch 4, Last State

Figure E.6: Optimization process for multi-view reconstruction for Plant model. At
each row, we present the initial state (left) and the last state (right) of each epoch. For each
figure, the left rendering shows the point attributes color coded based on real values, while
the right one shows the extracted mesh. (a), (b) In the first epoch, we initialize DMesh
without sample points. At the end of each epoch, we sample points from the current mesh,
and use them for initialization in the next epoch.

Point Initialization for Different Inputs Until now, we introduced two point initialization tech-

niques. When the input is a point cloud, we sample subset of the point cloud to initialize our mesh

(Figure E.5). However, when the input is multi-view images, we start from initialization without sam-

ple points (Figure E.6), because there is no sample point cloud that we can make use of.

Maintaining F We maintain the running set of faces to evaluate probability existence for in F. At

each iteration, after we get WDT , we insert every face in WDT to F, as it has a high possibility
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to persist in the subsequent optimization steps. Also, as we did int mesh to DMesh conversion (Ap-

pendix E.4.1), at every 10 optimization step, we find k-nearest neighbors for each point, and form face

combinations based on them. Then, we add them to F.

Mesh Refinement At start of each epoch, if it is not the first epoch, we refine our mesh by increasing

the number of points. To elaborate, we refine our mesh by samplingN number of points on the current

DMesh, and then initialize point attributes using those sample points as we explained above. We

increase N as number of epoch increases. For instance, in our multi-view reconstruction experiments,

we set the number of epochs as 4, and set N = (1K, 3K, 10K) for the epochs excluding the first one.

In Figure E.6, we render the initial and the last state of DMesh of each epoch. Note that the mesh

complexity increases and becomes more accurate as epoch proceeds, because we use more points.

Therefore, this approach can be regarded as a coarse-to-fine approach.

E.4.3 Post-Processing

When it comes to multi-view reconstruction, we found out that it is helpful to add one more

constraint in defining the face existence. In our formulation, in general, a face F has two tetrahedra

(T1, T2) that are adjacent to each other over the face. Then, we call the remaining point of T1 and T2

that is not included in F as P1 and P2. Our new constraint requires at least one of P1 and P2 to have ψ

value of 0 to let F exist.

This additional constraint was inspired by the fact that F is not visible from outside if F exists

in our original formulation, and both of P1 and P2 have ψ value of 1. That is, if it is not visible from

outside, we do not recognize its existence. This constraint was also adopted to accommodate our real

regularization, which increases the real value of points near surface. If this regularization makes the
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real value of points inside the closed surface, they would end up in internal faces that are invisible from

outside. Because of this invisibility, our loss function cannot generate a signal to remove them. In the

end, we can expect all of the faces inside a closed surface will exist, because of the absence of signal

to remove them. Therefore, we choose to remove those internal faces by applying this new constraint

in the post-processing step.

Note that this discussion is based on the assumption that our renderer does a precise depth testing.

If it does not do the accurate depth testing, internal faces can be regarded as visible from outside, and

thus get false gradient signal. In Figure E.3a, the final mesh after phase 1 is rendered, and we can see

therer are lots of internal faces as the renderer used in phase 1 does not support precise depth testing.

However, we can remove them with the other renderer in phase 2, as shown in Figure E.3b, which

justifies our implementation of two different renderers.

Finally, we note that this constraint is not necessary for point cloud reconstruction, because if

we minimize CDours in Appendix E.3.2, the internal faces will be removed automatically.

E.5 Experimental Details

In this section, we provide experimental details for the results in Section 7.5, and visual ren-

derings of the our reconstructed mesh. Additionally, we provide the results of ablation studies about

regularizations that we suggested in Section 8.3.4.

E.5.1 Mesh to DMesh

As shown in Table 6.1, we reconstruct the ground truth connectivity of Bunny, Dragon, and

Buddha model from Stanford dataset [270]. For all these experiments, we optimized for 20K steps, and
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(a) Ground Truth Mesh

(b) Reconstructed DMesh

Figure E.7: Reconstruction results for mesh to DMesh experiment. From Left: Bunny,
Dragon, and Buddha. We can observe that most of the edge connectivity is perserved in
the reconstruction, even though the appearance is slightly different from the ground truth
mesh because of small perturbations of vertex positions.

used an ADAM optimizer [260] with learning rate of 10−4. For Bunny model, we inserted additional

points at every 5000 step. For the other models, we inserted them at every 2000 step.

In Figure E.7, we provide the ground truth mesh and our reconstructed mesh. We can observe

that most of the connectivity is preserved in our reconstruction, as suggested numerically in Table 6.1.

However, note that the appearance of the reconstructed mesh can be slightly different from the ground

truth mesh, because we allow 1% of positional perturbations to the mesh vertices.
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E.5.2 Point Cloud & Multi-view Reconstruction

E.5.2.1 Hyperparameters for Point Cloud Reconstruction

• Optimizer: ADAM Optimizer, Learning rate = 10−4 for open surface meshes and two mixed

surface meshes (Bigvegas, Raspberry) / 3 · 10−4 for closed surface meshes, and one mixed

surface mesh (Plant).

• Regularization: λweight = 10−8, λreal = 10−3, λqual = 10−3 for every mesh.

• Number of epochs: Single epoch for every mesh.

• Number of steps per epoch: 1000 steps for phase 1, 500 steps for phase 2 for every mesh.

E.5.2.2 Hyperparameters for Multi-view Reconstruction

• Optimizer: ADAM Optimizer, Learning rate = 10−3 in the first epoch, and 3 · 10−4 in the other

epochs for every mesh.

• Weight Regularization: λweight = 10−8 for every mesh.

• Real Regularization: λreal = 10−3 for the first 100 steps in every epoch for open surface meshes

and one mixed surface mesh (Plant) / 10−2 for the first 100 steps in every epoch for closed

surface meshes and two mixed surface meshes (Bigvegas, Raspberry).

• Quality Regularization: λqual = 10−3 for every mesh.

• Normal Coefficient: λnormal = 0 for every mesh (Eq. E.10).
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(a) Ground Truth Mesh (b) Flexicube (c) Ours

Figure E.8: Reconstruction results for a closed surface model in Thingi32 dataset.
Flexicube [11] can generate internal structures, while our approach removes them through
post-processing.

• Number of epochs: 4 epochs for every mesh. In the first epoch, use 20−3 regularly distributed

points for initialization. In the subsequent epochs, sample 1K, 3K, and 10K points from the

current mesh for initialization.

• Number of steps per epoch: 500 steps for phase 1, 500 steps for phase 2 for every mesh.

• Batch size: 64 for open surface meshes, 16 for the other meshes.

E.5.2.3 Visual Renderings

In Figure E.12, E.13, and E.14, we provide visual renderings of our point cloud and multi-view

reconstruction results with ground truth mesh. We also provide illustration of input point cloud and

diffuse map. Note that we also used depth renderings for multi-view reconstruction experiments.
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(a) Ground Truth (b) Flexicube (c) Flexicube, self-intersecting faces
removed

Figure E.9: Reconstruction results for the Plant model. Flexicube [11] can generate
redundant, self-intersecting faces for open surfaces, in this case, leaves. To better capture
the redundant faces, we rendered the models from upper side, which is shown in the bottom
right figures.

E.5.2.4 Additional Discussion

Generally, we can observe that reconstruction results from both point cloud and multi-view

images capture the overall topology well. However, we noticed that the multi-view reconstruction

results are not as good as point cloud reconstruction results. In particular, we can observe small holes in

the multi-view reconstruction results. We assume that these artifacts are coming from relatively weaker

supervision of multi-view images than dense point clouds. Also, we believe that we can improve

these multi-view reconstruction results with more advanced differentiable renderer, and better mesh

refinement strategy. In the current implementation, we lose connectivity information at the start of

each epoch, which is undesirable. We believe that we can improve this approach by inserting points

near the regions of interest, rather than resampling over entire mesh.

Also, regarding comparison to Flexicube [11] in Table 6.2, we tried to found out the reason why

ours give better results than Flexicube in terms of CD to the ground truth mesh for closed surfaces in
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thingi32 dataset. We could observe that Flexicube’s reconstruction results capture fine geometric de-

tails on the surface mesh, but also observed that they have lots of false internal structure (Figure E.8).

Note that this observation not only applies to closed surfaces, but also to open surfaces, where it gener-

ates lots of false, self-intersecting faces (Figure E.9). Our results do not suffer from these problems, as

we do post-processing (Appendix E.4.2) to remove inner structure, and also our method can represent

open surfaces better than the volumetric approaches without self-intersecting faces.

E.5.3 Ablation studies

In this section, we provide ablation studies for the regularizations that we proposed in Sec-

tion 8.3.4. We tested the effect of the regularizations on the point cloud reconstruction task.

E.5.3.1 Weight Regularization

We tested the influence of weight regularzation in the final mesh, by choosing λweight in (10−6, 10−5, 10−4).

Note that we set the other experimental settings as same as described in Section E.5.2, except λquality,

which is set as 0, to exclude it from optimization.

In Table E.3, we provide the quantitative results for the experiments. For different λweight, we

reconstructed mesh from point clouds, and computed average Chamfer Distance (CD) and average

number of faces across every test data. We can observe that there exists a clear tradeoff between CD

and mesh complexity. To be specific, when λweight = 10−6, the CD is not very different from the

results in Table 6.2, where we use λweight = 10−8. However, when it increases to 10−5 and 10−4,

we can observe that the mesh complexity (in terms of number of faces) decreases, but CD increases

quickly.
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(a) Bigvegas

(b) Plant

Figure E.10: Point cloud reconstruction results with different λweight. From Left:
λweight = 10−6, 10−5, and 10−4.

Table E.3: Ablation study for weight reg-
ularization, quantitative results.

λweight 10−6 10−5 10−4

CD 7.48 8.08 10.82

Num. Face 4753 2809 1786

The renderings in Figure E.10 support these quantita-

tive results. When λweight = 10−6, we can observe good re-

construction quality. When λweight = 10−5, there are small

artifacts in the reconstruction, but we can get meshes of

generally good quality with fewer number of faces. How-

ever, when it becomes 10−4, the reconstruction results dete-

riorate, making holes and bumpy faces on the smooth surface. Therefore, we can conclude that weight

regularization contributes to reducing the mesh complexity. However, we need to choose λweight care-
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(a) Bigvegas

(b) Plant

Figure E.11: Point cloud reconstruction results with different λquality. From Left:
λreal = 10−4, 10−3, and 10−2.

fully, so that it does not harm the reconstruction quality. The experimental results tell us setting λweight

to 10−6 could be a good choice to balance between these two contradictory objectives.

E.5.3.2 Quality Regularization

As we did in the previous section, we test the influence of quality regularization in the final mesh

by selecting λreal among (10−4, 10−3, 10−2). We also set the other experimental settings as same as

before, except λweight = 0.
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Table E.4: Ablation study for quality
regularization, quantitative results.

λqual 10−4 10−3 10−2

CD 7.60 7.42 7.28

Num. Face 8266 8349 10806

Aspect Ratio 2.33 2.06 1.55

In Table E.4 and Figure E.11, we present quantita-

tive and qualitative comparisons between the reconstruction

results. We provide statistics about average CD, average

number of faces, and average aspect ratio of faces. Interest-

ingly, unlike weight regularization, we could not observe

tradeoff between CD and aspect ratio. Rather than that, we

could find that CD decreases as aspect ratio gets smaller,

and thus the triangle quality gets better.

We find the reason for this phenomenon in the increase of smaller, good quality triangle faces.

Note that there is no significant difference between the number of faces between λqual = 10−4 and

10−3. Also, we cannot find big difference between visual renderings between them, even though the

aspect ratio was clearly improved. However, when λqual becomes 10−2, the number of faces increase

fast, which can be observed in the renderings, too. We believe that this increase stems from our quality

constraint, because it has to generate more triangles to represent the same area, if there is less degree of

freedom to change the triangle shape. Since it has more triangle faces, we assume that they contribute

to capturing fine details better, leading to the improved CD.

However, at the same time, note that the number of holes increase as we increase λqual, which

lead to visual artifacts. We assume that there are not enough points to remove these holes, by gen-

erating quality triangle faces that meet our needs. Therefore, as discussed before, if we can find a

systematic way to prevent holes, or come up with a better optimization scheme to remove them, we

expect that we would be able to get accurate mesh comprised of better quality triangles.
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(a) Mesh 164

(b) Mesh 30

(c) Mesh 320

(d) Mesh 448

Figure E.12: Point cloud and Multi-view Reconstruction results for open surface mod-
els. From Left: Ground truth mesh, sample point cloud, point cloud reconstruction results,
diffuse rendering, multi-view reconstruction results.

291



(a) Mesh 64444

(b) Mesh 252119

(c) Mesh 313444

(d) Mesh 527631

Figure E.13: Point cloud and Multi-view Reconstruction results for closed surface
models. From Left: Ground truth mesh, sample point cloud, point cloud reconstruction
results, diffuse rendering, multi-view reconstruction results.
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(a) Bigvegas

(b) Plant

(c) Mesh 313444

Figure E.14: Point cloud and Multi-view Reconstruction results for mixed surface
models. From Left: Ground truth mesh, sample point cloud, point cloud reconstruction
results, diffuse rendering, multi-view reconstruction results.
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Appendix F: DMesh++: An Efficient Differentiable Mesh for Complex Shapes

F.1 Details about Minimum-Ball algorithm

F.1.1 Algorithm

Algorithm 5 Minimum-Ball
1: P,F← Set of points and query faces
2: αmin ← Coefficient for sigmoid function
3: Bc

F, B
r
F ← Compute-Minimum-Ball(P,F)

4: P nearest
F ← Find-Nearest-Neighbor(Bc

F, P)
5: d(BF,P)← Br

F − ||P nearest
F −Bc

F||
6: λmin(F)← σ(d(BF,P) · αmin)
7: return λmin(F)

We formally describe the Minimum-Ball algorithm in algorithm 5.

• Line 1: We define the given set of points (specifically, their positions) as P and the query faces

as F.

• Line 2: We introduce αmin, the coefficient for the sigmoid function used to map the signed

distance to a probability. Details on determining αmin are provided in Appendix F.1.3.

• Line 3: For each query face F ∈ F, we compute the minimum bounding ball (BF ) as described

in Appendix F.1.2. We denote the entire set of bounding balls as BF, their centers as Bc
F, and

their radii as Br
F.

• Line 4: For each F ∈ F, we find the nearest neighbor of Bc
F in P− F . However, this operation

cannot be parallelized across all query faces because the set P − F varies for each face. To
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address this, we find (d + 1)-nearest neighbors of Bc
F in P, where d is the spatial dimension.

This approach ensures correctness in two scenarios:

– If F ∈ Fmin, the bounding ball BF does not contain any points from P within it, and the

points on F are the d-nearest neighbors of Bc
F . To find the nearest neighbor in P − F , we

need to consider (d+ 1)-nearest neighbors.

– If F /∈ Fmin, only the single nearest neighbor of Bc
F is relevant.

To safely handle both cases, we always search for (d+ 1)-nearest neighbors and then select the

first neighbor from the list that does not belong to F .

• Line 5: We compute the signed distance d(BF,P) for all query faces.

• Line 6: The signed distance is converted to a probability using the sigmoid function, with αmin

as the scaling factor.

• Line 7: Finally, the algorithm returns the computed probabilities for all faces.

F.1.2 Minimum-Ball computation

Let us define a face F = {p1, p2, . . . , pd}, where pi ∈ P. To determine the bounding balls of F ,

we first identify the set of points that are equidistant from the vertices of F . Among these, we select

the point lying on the hyperplane containing F as the center of the minimum bounding ball, denoted

as Bc
F .

When d = 2, the center simplifies to the midpoint of F :

Bc
F

∣∣
d=2

=
1

2
(p1 + p2). (F.1)
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Figure F.1: Common signed distance for a 2D (left) and 3D (right) face in (initial)
regular grid. We compute the signed distance by subtracting the radius of the minimum
bounding ball from the length of the red line. The red dot represents the center of the
minimum bounding ball.

For d = 3, the computation is more complex 1:

Bc
F

∣∣
d=3

= p1 +
||d2||2(d1 × d2)× d1 + ||d1||2(d2 × d1)× d2

2||d1 × d2||2
, (F.2)

where d1 = p2 − p1 and d2 = p3 − p1.

Unlike the case where d = 2, for d = 3, we cannot compute Bc
F if ||d1 × d2|| = 0. During

computation, cases where this value falls below a certain threshold are marked and excluded from

subsequent steps to avoid numerical instability.

After determining Bc
F , we calculate the radius Br

F as the distance between Bc
F and the points on

F .

F.1.3 Sigmoid coefficient αmin

The sigmoid coefficient αmin plays a critical role in determining the probability to which a

signed distance d is mapped. Even if a face F satisfies the Minimum-Ball condition by a large margin

1Derived from the Geometry Junkyard: https://ics.uci.edu/~eppstein/junkyard/circumcenter.
html
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(d(BF ,F) ≫ 0), indicating a high existence probability for F , a small αmin value would result in the

derived probability being only slightly greater than 0.5. To minimize such mismatches, we set αmin

based on the density of the grid from which optimization begins.

As discussed in Appendix F.2.2.1, the reconstruction process often starts from a fixed triangular

(2D) or tetrahedral (3D) grid (fig. F.4). At the initial state, every face in the grid satisfies the Minimum-

Ball condition (Appendix F.2.2.1). Notably, every interior face in the grid shares a common signed

distance dcommon > 0. Let us denote x as the edge length of the grid, applicable for both 2D and 3D

cases. Then, the common signed distance can be computed as follows:

For d = 2:

dcommon =

√
3− 1

2
x. (F.3)

For d = 3:

dcommon =

√
34− 3

√
2

8
x. (F.4)

In fig. F.1, we provide an illustration of the reasoning behind these results. By calculating these

common signed distances, we use them to determine αmin. Specifically, during the first epoch, we set

αmin = 32/dcommon, ensuring that the probability for every face in the grid is initialized to σ(32) ≃

1.0.

In subsequent epochs, αmin is adjusted to account for the additional points introduced during

subdivision. If α1
min represents the value in the first epoch, the value for the i-th epoch is given by:

αi
min =

α1
min

2i−1
. (F.5)
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F.1.4 Nearest neighbor caching

In sections 7.3.2 and 7.5.1, we demonstrated how the Minimum-Ball algorithm significantly

accelerates tessellation. This process can be further optimized by periodically caching the K-nearest

neighbors of each Bc
F in P and using the cached neighbors for computing probabilities until the next

cache update. This optimization is feasible because the K-nearest neighbors generally do not change

significantly during the optimization process.

Let us define the number of optimization steps as n0 and the number of steps between cache

updates as n1. At every n1 steps, we refresh the query faces F based on the current set of points P and

recompute the centers of the minimum bounding balls for the query faces (Bc
F). Then, we identify the

K-nearest neighbors of Bc
F in P. In practice, we compute the (K + d)-nearest neighbors instead, as

explained in Appendix F.1.1, to ensure robustness.

During the subsequent optimization steps, for a given face F , we compute the distance from Bc
F

to the cached K-nearest neighbors in P and select the nearest neighbor from the cache to compute the

signed distance d(BF ,P). This mechanism is described in detail in algorithm 6 and Appendix F.2.2.2

in the context of point position optimization. In our experiments for 3D multi-view reconstruction, we

set n0 = 2000, n1 = 50, and K = 10.

F.2 Details about Reconstruction Process

In this section, we provide implementation details about our reconstruction process described

in section 7.4. Before delving into these details, we introduce the loss formulations for reconstruction

problems.
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Figure F.2: Role of visibility gradient in geometric optimization. In this experiment,
we optimize the translation vector of the object by comparing its rendered image and the
ground truth image on the left. Since the differentiable renderer of DMesh [20] does not
implement visibility gradient, while ours does, DMesh fails to find the correct translation
vector.

F.2.1 Loss Formulation

Our final loss, L, is comprised of main reconstruction loss (Lrecon) and two regularization terms:

Lqual and Lreal.

L = Lrecon + λqual · Lqual + λreal · Lreal. (F.6)

We explain each of these terms below.

F.2.1.1 Reconstruction Loss (Lrecon)

Reconstruction loss drives the reconstruction process by comparing our current probabilistic

mesh and the given ground truth observations. For different observations, we need different loss

functions as follows.
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Point Cloud When ground truth point clouds are provided, we utilize the expected Chamfer Distance

(CD) proposed by [20]. In this formulation, when sampling points from our mesh, we assign an

existence probability to each sampled point, which matches the probability of the face from which the

point is sampled. The expected CD incorporates these probabilities, unlike the traditional Chamfer

Distance, which does not. For further details, refer to [20].

Multi-view Images For rendering probabilistic faces, we interpret each face’s existence probability

as its opacity, following [20]. To render large number of semi-transparent faces efficiently, we use

the differentiable renderer of [20], but we found out that it does not implement visibility gradient

that is necessary for optimizing geometric properties (fig. F.2). For the details about this visibility

gradient, please refer to [24], which implemented the visibility gradient using anti-aliasing. Following

their path, we enhanced the differentiable renderer of DMesh by implementing anti-aliasing in CUDA,

which provides us visibility gradients.

In fig. F.3, we briefly illustrate how we implemented anti-aliasing in CUDA. Specifically, for

each (triangular) face-pixel pair (F, P ), we project F onto the image space and compute the overlap-

ping area A(F, P ) between the projected triangle and the pixel (fig. F.3 right, blue area). Denoting

the total area of the pixel as A(P ), the ratio of the overlapping area in the given pixel, ρ(F, P ), is

computed as:

ρ(F, P ) =
A(F, P )

A(P )
. (F.7)

We use ρ(F, P ) to determine the opacity of the face F at the pixel P . If the opacity of F is α(F ),

we compute the face opacity at pixel P , α(F, P ), as:

α(F, P ) = α(F ) · ρ(F, P ) ≤ α(F ). (F.8)
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Figure F.3: Implementation of anti-aliasing in our differentiable renderer. On the left,
we show the process of anti-aliasing: 1) Find pixels that overlap with the given triangle, 2)
Find the area that each pixel overlaps with the given triangle, and 3) Determine the color
of each pixel based on the overlap area. On the right, we show details of the step 2.

Thus, the opacity of F at P is proportional to the overlapping area between the triangle and the

pixel.

In the right figure of fig. F.3, we illustrate the process of computing the overlapping areaA(F, P ).

The vertices of F are projected onto the image plane and visited in counterclockwise order (e.g., A -

B - C - A in the illustration). We then find the intersection points between the triangle edges and the

pixel boundaries. These intersection points form the vertices of the (convex) overlapping polygon.

For example, vertices (a) and (b) are found by calculating the intersections of AB with the pixel

boundaries. The vertices of the overlapping polygon are stored in counterclockwise order, and the

polygon is subdivided into a set of sub-triangles, as shown by the dotted red lines in the visualization.

The total area of the overlapping polygon is obtained by summing the areas of the sub-triangles.

Using this enhanced differentiable renderer, we render multi-view images and compute the L1

loss between the ground truth images as the reconstruction loss, Lrecon.
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F.2.1.2 Triangle Quality Loss (Lqual)

To improve the triangle quality of the final mesh, we adopt the triangle quality loss (Lqual) of

DMesh [20]. Specifically, the loss is defined as follows:

Lqual =
1

|F|
∑
F∈F

AR(F ) · Λ(F ), (F.9)

where F is the set of every face combination we consider, AR(·) is a function that computes

aspect ratio of the given face, and Λ(·) is the face probability function defined in section 7.3.1.

F.2.1.3 Real Loss (Lreal)

We minimize the sum of point-wise real values (ψ), so that we can remove redundant faces as

much as possible during optimization. The loss Lreal is simply defined as:

Lreal =
1

|P|
∑
p∈P

Ψ(p), (F.10)

where Ψ(·) is the function that returns the real value of the given point, as defined in section 7.3.1.

F.2.2 Reconstruction Steps

Now we provide detailed explanations about each step in the reconstruction process.
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F.2.2.1 Step 1: Initialization

We initialize our point features differently for two different scenarios: when sample point cloud

is given or not.

Point Cloud Init. When a point cloud sampled from the target shape is given, we can initialize

our point features using the point cloud, so that the initial configuration already captures the overall

structure of the target shape (fig. 7.3). Specifically, for the given point cloud, we estimate the density of

the point cloud by computing the distance to the nearest point for each point. Then, we down sample

the point cloud using a voxel grid, of which size is defined as the point cloud density, to remove

redundant points and holes. Finally, we follow the initialization scheme of DMesh [20] using the

down sampled point cloud.

Regular Grid Init. If we do not have any prior knowledge about the target shape, we first organize

the points in a regular grid, ensuring that every face in the grid satisfies the Minimum-Ball condition

(Definition 7.3.1), and initialize the point-wise real values (ψ) with additional features (colors). This

regular grid guarantees that the faces observed in this step will also be observable in the subsequent

step, where the Minimum-Ball algorithm determines face existence. For d = 2, this condition is

satisfied by forming every triangle in the grid as an equilateral triangle. For d = 3, we use a body-

centered cubic lattice. The grids are illustrated in fig. F.4.

With these fixed points and faces, we formulate the final loss by setting λqual = 0 and λreal =

10−4 in eq. (F.6), and minimize it to determine which faces to include in the final mesh. After opti-

mization, we collect points with real values larger than 0.01 to ensure that as many faces as possible

are available for the next optimization step, thereby reducing the risk of holes in the surface.
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Figure F.4: Grid structure to initialize real values in 2D (left) and 3D (right). Every
face in the grid structure satisfies Minimum-Ball condition (Definition 7.3.1).

F.2.2.2 Step 2: Position Optimization

In this step, we fix the point-wise real values (ψ) and optimize only the point positions. For

clarity, we formally describe the process in algorithm 6, and explain the algorithm line by line below:

• Lines 1-2: For the given set of points, we denote their positions as P and their real values as Ψ.

• Line 3: We define the total number of optimization steps as n0.

• Line 4: We define the number of optimization steps required to refresh query faces and their

nearest neighbor cache as n1. Since point positions are optimized, the point configuration

evolves during optimization, potentially leading to the emergence of new faces that were previ-

ously unobservable. To account for these changes, we refresh the query faces periodically.

• Line 5: We denote the number of nearest neighbors to store in the cache for the query faces as

K.
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• Lines 6-7: The optimization process runs for n0 steps.

• Lines 8-12: At every n1 step, we update the query faces based on the current point configuration.

In the Update-Query-Faces function, which uses point positions and their real values, we:

– Extract points with a real value of 1.

– For each extracted point, find its 10-nearest neighbors that also have a real value of 1, since

any face containing a point with a real value of 0 is considered non-existent.

– Perform Delaunay Triangulation (DT) for the entire point set and collect faces in DT where

all points have a real value of 1. This ensures the inclusion of as many faces as possible

during optimization, helping to eliminate potential holes later.

For the updated query faces, we compute the centers of their minimum bounding balls. Subse-

quently, we identify the K-nearest neighbors of these centers in P and store this information in

the nearest neighbor cache C.

• Lines 13-16: Using the current point configuration, we compute the minimum bounding balls

(BF) for the query faces. For each bounding ball center, we find the nearest neighbor in the

nearest neighbor cache C by calculating the distances to points in C and selecting the closest

one. We then compute the signed distance d(BF,P) for the query faces and use it to get the

probability λmin(F).

• Line 17: Since the query faces consist only of points with a real value of 1, we set the final face

probability λ(F) to be the same as λmin(F) (section 7.3.1).

• Line 18: Based on the point positions, query faces, and their existence probabilities, we compute

the loss L to minimize following eq. (F.6).
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Algorithm 6 Position Optimization

1: P,Ψ← Set of points and their real values
2: αmin ← Coefficient for sigmoid function
3: n0 ← Number of optimization steps
4: n1 ← Number of refresh steps for query faces
5: K ← Number of nearest neighbors to store in cache
6: i← 0
7: while i < n0 do
8: if i mod n1 = 0 then
9: F← Update-Query-Faces(P,Ψ)

10: Bc
F, B

r
F ← Compute-Minimum-Ball(P,F)

11: C← Find-KNN(Bc
F,P, K)

12: end if
13: Bc

F, B
r
F ← Compute-Minimum-Ball(P,F)

14: P nearest
F ← Find-NN-CACHE(Bc

F,C)
15: d(BF,P)← Br

F − ||P nearest
F −Bc

F||
16: λmin(F)← σ(d(BF,P) · αmin)
17: λ(F)← λmin(F)
18: L← Compute-Loss(P,F, λ(F))
19: Update P to minimize L
20: i← i+ 1
21: end while

• Lines 19-20: Finally, we update the point positions P to minimize L and iterate the process.

F.2.2.3 Step 3: Real Value Optimization

In this step, we re-optimize the point-wise real values while keeping the point positions fixed.

From the current point configuration, we identify all faces in the Delaunay Triangulation (DT) that

satisfy the Minimum-Ball condition. Note that any face satisfying this condition must exist in the DT

(Lemma 7.3.2). Thus, we first compute the DT of the points and then verify whether each face in the

DT satisfies the Minimum-Ball condition.

Next, we follow a similar optimization process to Step 1 (Appendix F.2.2.1). Additionally, if it

was the multi-view reconstruction task, we remove invisible faces to remove redundant faces as much

as possible. If this was the last epoch, we return the post-processed mesh.
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Figure F.5: Point insertion for removing undesirable face. (Left) To reconstruct the
ground truth shape, we need to set the real value (ψ) of points A-E to 1. The point rendered
with dotted line has real value of 0. Then, we observe unnecessary faceBD exists. (Right)
To remove this face, we insert additional point that carries 0 real value near the unnecessary
face.

F.2.2.4 Step 4: Subdivision

A
B

C

D

EF

To reconstruct fine geometric details of the given shape, we subdi-

vide the current mesh mainly by adding points with ψ = 1 at the middle

of edges that are adjacent to currently existing faces. In the inset, points

E,D, F are the newly inserted points. They form 4 sub-faces withA,B,C,

and they all satisfy Definition 7.3.1. Therefore, we can guarantee that these

sub-faces will exist at the start of next epoch. Note that this guarantee does not hold for WDT.

At the same time, it is also possible to insert additional points into faces that should not exist in

the next epoch, effectively removing such faces at the start of the next epoch. For example, during the

real value optimization step in the pipeline (fig. 7.6, Appendix F.2.2.3), invisible faces are removed

for multi-view reconstruction task. After optimization, we may observe removed faces with all their

points have a real value of 1.0, creating a contradiction. This situation could arise due to ambiguities

in the mesh definition, as illustrated in fig. F.5.

To eliminate these undesirable faces, additional points with a real value of 0 are inserted at their
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circumcenters. Consequently, after subdivision, several holes may appear on the surface because these

additional points might also be inserted into faces that should exist (fig. 7.6). However, most of these

holes are resolved during subsequent optimization steps.

F.3 Experimental Details and Additional Results

In this section, we outline the experimental settings used for the results in section 7.5 and present

additional results to support our claims.

F.3.1 Dataset

Here, we provide details on the datasets described in section 7.5.2.

F.3.1.1 Font

We used four font styles: Pacifico, Permanent-Marker, Playfair-Display, and Roboto.

F.3.1.2 Thingi10K

We manually selected 10 closed surfaces and 10 open surfaces from the Thingi10K dataset [1].

Specifically, we used the following models, denoted by their file IDs:

• Closed surfaces: 47926, 68380, 75147, 80650, 98576, 101582, 135730, 274379, 331105, and

372055.

• Open surfaces: 40009, 41909, 73058, 82541, 85538, 131487, 75846, 76278, 73421, and

106619.
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These models were chosen because they exhibit minimal self-occlusions, enabling dense ob-

servations from multi-view images. Additionally, we randomly selected 500 models and used for

comparisons.

F.3.1.3 Objaverse

We manually selected 30 mesh models that exhibit diverse topology from Objaverse [2], which

include both closed and open surfaces, and also have small scenes. Some of these models are rendered

in figs. F.7, F.8, 7.3, 7.6 and 7.9.

F.3.2 2D Point Cloud Reconstruction

F.3.2.1 Hyperparameters

DMesh++

• Learning rate (real value, ψ): 0.3

• Learning rate (position): 0.001

• Number of epochs: 1

• Number of optimization steps

– Step 1 (Real value initialization): 100

– Step 2 (Point position optimization): 500
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(a) Flower, # Edge = 99K, 6 min. (b) Eagle, # Edge = 179K, 11 min. (c) Picasso, # Edge = 159K, 8 min.

(d) Egyptian, # Edge = 227K, 19 min. (e) Chinese, # Edge = 987K, 86 min.

Figure F.6: 2D point cloud reconstruction result for complex drawings. For each draw-
ing, we report both the number of edges and the reconstruction time. For the Chinese
drawing, we additionally render the “imaginary” part on the right to clearly illustrate its
complexity.

F.3.2.2 Reconstruction of Complex Drawings

In fig. F.6, we present the reconstruction results for complex 2D drawings. As the figure illus-

trates, DMesh++ successfully reconstructs intricate 2D geometries from point clouds, even when the

number of edges approaches nearly 1 million.

F.3.3 3D Point Cloud Reconstruction

F.3.3.1 Hyperparameters

DMesh++

• Initial Grid Edge Length: 3× input point cloud density
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(a) Ground Truth (b) DMesh++ (c) DMesh (d) PoNQ (e) PSR (f) VoroMesh

Figure F.7: Qualitative comparison of 3D point cloud reconstruction results for a
closed surface (vase). For each image, we render the view-point normal on the right, and
the diffuse image on the left. Among the baseline methods that reconstruct watertight mesh
from point clouds, PoNQ [26] performs the best in reconstructing fine geometric details.
While DMesh [20] fails at reconstructing such details due to the lack of mesh complexity,
DMesh++ successfully recovers them and produce comparable result to PoNQ.

• Learning rate (position): 0.001

• Number of epochs: 1

• Number of optimization steps

– Step 2 (Point position optimization): 2000

– Step 3 (Real value optimization): 0

F.3.4 3D Multi-View Reconstruction

F.3.4.1 Hyperparameters

Remeshing [3]

• Image Batch Size: 8

• Number of Optimization Steps: 1000
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(a) Ground Truth (b) DMesh++ (c) GShell (d) DMesh (e) FlexiCubes (f) DMTet (g) Remeshing

Figure F.8: Qualitative comparison of 3D multi-view reconstruction results for a
closed surface (sculpture). We render the input diffuse and depth images alongside the
ground truth image. For each image, we render the view-point normal on the left, and the
diffuse image on the right. We can observe that the reconstruction result of DMesh++ is
as good as the other baseline methods that are optimized for closed surfaces.

• Learning Rate: 0.1

• Edge Length Limits: [0.02, 0.15]

The "Edge Length Limits" were adjusted to produce meshes with a similar number of vertices

and faces to other methods for a fair comparison.

DMTet [9]

• Image Batch Size: 8

• Number of Optimization Steps: 5000

• Learning Rate: 0.001

• Grid Resolution: 128

The SDF was initialized to a sphere, as in the original implementation, before starting optimiza-

tion.

FlexiCubes [11]

• Image Batch Size: 8
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• Number of Optimization Steps: 2000

• Number of Warm-up Steps: 1500

• Learning Rate: 0.01

• Grid Resolution: 80

• Triangle Aspect Ratio Loss Weight: 0.01

The SDF was initialized randomly, following the original implementation. To improve the qual-

ity of the output mesh, we adopted a triangle aspect ratio loss, designed to minimize the average aspect

ratio of triangles in the mesh. The mesh was first optimized for 1500 steps as a warm-up without the

triangle aspect ratio loss, followed by 500 steps with the additional loss.

Additionally, we observed that the output mesh often included false internal structures, which

significantly degraded the Chamfer Distance (CD) compared to the ground truth mesh. To mitigate

this, we performed a visibility test on the output mesh to remove these false internal structures as

much as possible.

GShell [12]

• Image Batch Size: 8

• Number of Optimization Steps: 5000

• Number of Warm-up Steps: 4500

• Learning Rate: 0.01

• Grid Resolution: 80
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• Triangle Aspect Ratio Loss Weight: 0.0001

To enhance the quality of the output mesh, we employed the same additional measures as Flexi-

Cubes. We found that longer optimization steps were required for GShell compared to FlexiCubes to

effectively handle open surfaces.

DMesh++ Settings

• Initial Grid Edge Length: 0.05

• Learning Rate (Real Value, ψ): 0.01

• Learning Rate (Position): 0.001

• Number of Epochs: 2

– Image Res. / Batch Size at Epoch 1: (256, 256), 1

– Image Res. / Batch Size at Epoch 2: (512, 512), 1

• Number of Optimization Steps

– Step 1 (Real Value Initialization): 1000

– Step 2 (Point Position Optimization): 2000

– Step 3 (Real Value Optimization): 1000

In the first epoch, we used lower-resolution images as part of a coarse-to-fine approach.

F.3.4.2 Limitations

Despite DMesh++’s success in reconstructing geometrically accurate meshes from multi-view

images (of a synthetic object or scene), it currently cannot recover meshes from real-world images.
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(a) Input images

(b) Rendering of reconstructed mesh

(c) False floaters in the reconstructed mesh

Figure F.9: 3D reconstruction from real-world images in DTU dataset [27]. The input
images are shown on left, and the reconstructed mesh is shown on right.

This limitation stems from an inadequate rendering model — our current per-vertex color model is too

simple to capture detailed geometry, and our algorithm assumes full knowledge of lighting conditions,

which is not available in real-world scenarios.

To illustrate this, we applied our reconstruction algorithm to real-world images from the DTU

dataset [27], as shown in fig. F.9. While our method approximates the real-world images (fig. F.9(b)),

the extracted mesh exhibits numerous false floaters (fig. F.9(c)). We believe this suboptimal result is

due to the lack of proper rendering models and regularizations, and addressing this issue by integrat-

ing DMesh++ with other reconstruction mechanisms is an exciting direction for future research, as

discussed in section 7.6.
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F.4 Reinforce-Ball algorithm

Here we introduce an experimental algorithm that further enhances DMesh++’s capability. As

discussed in section 7.3.1, DMesh++ no longer uses the per-point weights found in DMesh [20]. In

DMesh, optimizing per-point weights helps control mesh complexity: stronger regularization on these

weights results in a simpler output mesh. Since DMesh++ lacks this mechanism, it cannot directly

regulate mesh complexity during optimization. To address this limitation, we propose the Reinforce-

Ball algorithm, which reduces unnecessary faces while preserving essential geometric details.

F.4.1 Local Minima of Weight Regularization

Before delving into the details of the Reinforce-Ball algorithm, we first highlight a limitation

of DMesh’s per-point weight regularization. Specifically, while per-point weights are relevant for

controlling mesh complexity, they alone cannot achieve adaptive resolution or produce a mesh that is

both efficient and precise. Below, we explain the reasons in detail, assuming that per-point probabilities

are optimized and that the Minimum-Ball condition is employed to compute face probabilities.

In fig. F.10, we provide an example in a rendering scenario. A camera is placed on the left, and

three different probabilistic meshes are shown on the right.

In case (1), there are three points: A, B, and C. By connecting points A and B, the ground

truth shape can be perfectly reconstructed, making point C redundant. Assume the optimization starts

from this state, where all points have an existence probability of 1.0. According to the Minimum-Ball

condition, the probabilities of faces AC and BC will also be 1.0. In this scenario, if a ray from the

camera intersects the mesh, the accumulated opacity will be 1.0, representing a fully opaque surface.

Consequently, the reconstruction loss will be 0.0, as the fully opaque faces perfectly match the ground
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Figure F.10: Local minima of weight regularization in a rendering setting. (1) The
ground truth geometry is rendered in gray dotted line. There are 3 points (A, B, C), where
only the end points (A, B) are necessary for fully representing the underlying shape. Every
point has weight 1.0, which is written to the next of each point. In this case, faces AC
and BC exist with probability 1.0, which corresponds to their opacity. In this case, for
a ray that goes through this mesh, the accumulated opacity (A.O.) becomes 1.0, and the
reconstruction loss is 0. (2) When weight regularization reduces the weight of (redundant)
C to 0.8, the probability of faces AC and BC becomes 0.8, and that of AB becomes
0.2. However, in this case, the accumulated opacity of the same ray becomes 0.84, which
results in non-zero reconstruction loss. (3) Therefore, with a small weight regularization,
we cannot remove C to get this optimal mesh, which contains only AB, and attains 0
reconstruction loss.

truth.

In case (3), the optimal configuration is rendered, where the redundant point C is removed. The

probability of face AB becomes 1.0, making it fully opaque. Again, the reconstruction loss is 0.0.

In case (2), an intermediate state between cases (1) and (3) is rendered. Assume that the prob-

ability of point C is reduced to 0.8 due to regularization. Consequently, the probabilities of faces AC

and BC are also reduced to 0.8 because one of their endpoints, C, has a probability of 0.8. Simulta-

neously, the probability of face AB increases from 0 to 0.2, as the probability of point C, which lies

inside the minimum bounding ball of the face, is 0.8.
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Now, consider a camera ray passing through AB and BC sequentially (the order does not matter

due to their tight overlap). Using alpha blending, the accumulated opacity is computed as:

Accumulated Opacity: 0.2 + (1.0− 0.2) · 0.8 = 0.84. (F.11)

This calculation shows that the accumulated opacity is reduced to 0.84.

The key issue arises from the dependency between the probabilities of AB, AC, and BC. In

the above formulation, the term (1.0 − 0.2) · 0.8 represents the probability that the ray misses AB

and hits BC. If the probabilities of AB and BC were independent, this formulation would be correct.

However, they are dependent: in fact, the probability of BC equals 1.0−AB because both depend on

the probability of C. Thus, the actual accumulated opacity should be:

0.2 + (1.0− 0.2) · 1.0 = 1.0. (F.12)

However, the alpha blending technique used here does not account for such dependencies, leading to

a reduction in accumulated opacity. This reduction artificially increases the reconstruction loss. To

minimize the loss, the optimizer increases the probability of C again, preventing convergence to the

optimal case (3).

This dependency issue creates a local minimum that the previous formulation cannot overcome.

This is why we propose the Reinforce-Ball algorithm.
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Figure F.11: Overview of Reinforce-Ball Algorithm. Based on per-point existence prob-
ability (Φ(P)), we sample points for B number of batches (Pi). Here we use B = 4,
and assume we are reconstructing shape “A”. The points with ψ = 1 are rendered in black,
while those with ψ = 0 are rendered in blue. Then, we identify existing faces in each batch
(Fi) based on eq. (7.2). With Pi and Fi, we compute loss for each batch. Note that the
case (1, 2) are better than (3, 4), because they reconstruct the shape better (Li

recon). Also,
the case (1) is better than (2), because it has less number of points (Li

card). To minimize
the expected loss (E[Lrl]), we should maximize the probability to sample the case 1. We
optimize Φ(P) to do that.

F.4.2 Algorithm Overview

In the Reinforce-Ball algorithm, we define per-point existence probability and optimize it using

stochastic optimization technique [169]. The overview of this algorithm is given in fig. F.11.

To elaborate, for a point p ∈ P, let us denote the probability of it as ϕ(p) ∈ [0, 1], and concatena-

tion of them as Φ(P). Then, assuming we sample points independently, we can sample a set of points

P from Φ(P) and compute its probability as follows:

P (P|Φ(P)) = Πp∈Pϕ(p) · Πp∈P−P(1− ϕ(p)). (F.13)

Now, we sample points for B batches, and denote the sample points for i-th batch as Pi. Based

on Pi and tessellation function in eq. (7.2), we can find out which faces exist for the i-th batch.

Importantly, this process does not require evaluating all possible global face combinations; instead, it
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focuses only on local combinations, leveraging the minimum-ball condition in the tessellation function.

We write these faces as Fi, and use them for computing reconstruction loss for i-th batch (Li
recon). We

also compute “cardinality” loss for i-th batch (Li
card), which is just the number of sampled points

(|Pi|). Then, we can compute the loss Li
rl as

Li
rl = Li

recon + ϵcard · Li
card, (F.14)

where ϵcard is a small tunable hyperparameter to adjust the weight of the cardinality loss. If we write

the final loss for a set of sampled points P as Lrl(P), we aim at minimizing the expected loss:

EP∼Φ(P)Lrl(P) =
∑

P (P|Φ(P)) · Lrl(P). (F.15)

F.4.3 Formal Definition

In algorithm 7, we formally describe the Reinforce-Ball algorithm in detail:

• Line 1: In the Reinforce-Ball algorithm, we optimize per-point probabilities for n0 epochs,

with each epoch consisting of n1 optimization steps. In our experiments, we set n0 = 10 and

n1 = 2000.

• Line 2: We define the number of batches used during optimization as B. Increasing B im-

proves the stability of the gradient computation but also increases computational cost. In our

experiments, we set B = 1024.

• Line 3: Initialize the per-point probability of every point to 0.99, as all points are assumed to

exist with high probability before optimization. The probabilities are not set to 1.0 to avoid
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Algorithm 7 Reinforce-Ball
1: n0, n1 ← Number of epochs and optimization steps
2: B ← Number of batch samples
3: Φ← Per-point probabilities, initialized to 0.99
4: i← 0
5: while i < n0 do
6: F← Update-Query-Faces(P,Ψ)
7: BF ← Compute-Minimum-Ball(P,F)
8: j ← 0
9: while j < n1 do

10: (k = 1, ..., B)
11: Pk ← Sample-Points(P,Φ)
12: Fk ← Get-Exist-Faces(Pk,F, BF)
13: Lk

rl ← Compute-Loss(P,Pk,Fk)

14: ∂E[Lrl]
∂Φ
← Estimate-Gradient(Φ,Pk, Lk

rl)
15: Φ← Update-Gradient(Φ, ∂E[Lrl]

∂Φ
)

16: end while
17: P,Ψ← Get-Remaining-Points(P,Ψ,Φ)
18: end while

every sampled batch (Line 11) including all points, which would prevent optimization from

progressing.

• Lines 4-5: Perform multiple epochs of optimization.

• Line 6: Gather the possibly existing faces (F) based on the current point configuration and

their real values. This function is the same as the one used in the Point Optimization step

(Appendix F.2.2.2).

• Line 7: Compute the minimum bounding ball BF for the gathered query faces.

• Lines 8-9: Perform the optimization steps within the current epoch.

• Line 10: Consider B batches, each containing a different point configuration based on the sam-

pled points.
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Method (hyperparameter) CD(×10−6)↓ # Verts. # Edges. Time (sec)

DMesh [20] (0) 1.97 2506 2245 30.39
DMesh (10−4) 2.68 666 693 153.10
DMesh (10−3) 12.48 456 488 152.37

DMesh++ (0) 1.82 2862 2793 11.33
DMesh++ (10−6) 1.86 1386 1394 278.88
DMesh++ (10−5) 2.77 149 152 200.05

Table F.1: Quantitative ablation studies on Reinforce-Ball algorithm. As we increase
ϵcard (in parenthesis) for DMesh++, we can significantly reduce the mesh complexity with-
out losing geometric details, while DMesh cannot do the same with λweight.

• Line 11: For each batch, sample points from P based on their probabilities Φ. Each point is

sampled independently, and the probability of sampling a specific batch is computed as shown

in eq. (F.13). The sampled points in the k-th batch are denoted as Pk.

• Line 12: For each batch, determine the existing faces in F based on the sampled points. Specif-

ically, a face F exists if all its points are included in the sampled points and its BF satisfies the

Minimum-Ball condition. The existing faces in the k-th batch are denoted as Fk.

• Line 13: For each batch, compute the loss as the sum of the reconstruction loss (Lrecon) and the

cardinality loss (Lcard), as discussed in Appendix F.4.2.

• Line 14: Estimate the gradient of the expected loss (E[Lrl]) with respect to the per-point proba-

bilities Φ using the log-derivative trick [169]:

∇ΦEP∼Φ[Lrl] ≈
1

B

B∑
i=1

∇Φ logP (Pi|Φ) · Li
rl. (F.16)

To reduce the variance of the gradient, we normalize Lrl across the batch before the computa-

tion [32].

• Line 15: Update Φ using the estimated gradients.
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• Line 17: After completing an epoch, discard points whose probability is below a specified

threshold. In our experiments, we set the threshold to 0.5. The remaining points are used for the

next epoch. As points are removed, the query faces updated in Line 6 for the next epoch will

span a larger area than in the previous epoch.

F.4.4 Experimental Results

Using the Reinforce-Ball algorithm, we can reconstruct efficient 2D meshes from point clouds

that adapt to local geometry. As described in section 7.5.2.1, we conducted 2D point cloud reconstruc-

tion experiments on the font dataset.

In table F.1, we present quantitative ablation studies on the Reinforce-Ball algorithm. Increasing

the tunable hyperparameter ϵcard (Appendix F.4.2), which controls regularization strength, leads to a

rapid reduction in vertices and edges. For instance, with ϵcard = 10−5, edges decrease by nearly 94%

with minimal impact on reconstruction quality. DMesh [20] also offers a tunable parameter, λweight,

for weight regularization to reduce mesh complexity. However, while edge reduction occurs, DMesh’s

reconstruction quality degrades more quickly. At ϵcard = 10−5, our method achieves a similar CD

loss to DMesh with λweight = 10−4 but uses about 78% fewer edges. This advantage is also evident

in fig. F.12, where our Reinforce-Ball algorithm removes redundant edges effectively and adapts the

mesh to local geometry. In contrast, DMesh’s edge removal disregards local geometry, resulting in

loss of detail.

Likewise, we successfully highlighted the limitation of DMesh’s weight regularization and demon-

strated that the Reinforce-Ball algorithm can eliminate redundant mesh faces within the DMesh++

framework without sacrificing geometric details. However, since the method is not yet easily extensi-
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Figure F.12: Qualitative ablation studies on Reinforce-Ball algorithm (for letter ‘Q’).
We render “imaginary” (black) part and “real part” (red, blue) together.

ble to 3D and incurs high computational costs, we include these results in the Appendix.
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Appendix G: Differentiable Delaunay Tetrahedral Mesh Generation

G.1 Volumetric Marching Tetrahedra Algorithm

Algorithm 8 Volumetric MT

1: T, S ← Tetrahedral grid and SDF
2: M← List of tetrahedra
3: while i < |T| do
4: T i ← i-th tetrahedron
5: pi1, p

i
2, p

i
3, p

i
4 ← 4 vertices of T i

6: si1, s
i
2, s

i
3, s

i
4 ← S(pi1), S(p

i
2), S(p

i
3), S(p

i
4)

7: if minj s
i
j > 0 then

8: Ignore
9: end if

10: if maxj s
i
j < 0 then

11: Add T i to M
12: end if
13: if (maxj s

i
j) · (minj s

i
j) < 0 then

14: V i ← Inner-Approximate(T i, S)
15: Ci ← Compute-Centroid(V i)
16: Fi

iso ← Original-MT(T i, S)
17: for Face F i

j on T i (j = 1, 2, 3, 4) do
18: Fi

j ← Triangulate(F i
j , S)

19: end for
20: Fi ← Fi

iso ∪ Fi
1 ∪ Fi

2 ∪ Fi
3 ∪ Fi

4

21: for F ∈ Fi do
22: T F ←Merge F and C
23: Add T F to M
24: end for
25: end if
26: end while
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