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In this thesis we conduct an investigation into the transient deformation of a
droplet flowing through a sudden expansion in a microfluidic device. The dynamics
of droplets in confined microfluidic geometries is a problem of fundamental interest
as such flow conditions occur in multiphase flows in porous media, biological sys-
tems, microfluidics and material science applications. We computationally simulate
naturally buoyant droplets possessing constant surface tension and of a size smaller
than the cross-section of the rectangular channels in the expansion geometry. Our
investigation presents cases in which the flow rate ranges from weak-to-strong and
the fluids viscosity ratio ranges from low-to-high. The geometry of the expanding
channel causes the droplet to display an interesting deformation behavior as it passes
through the point of expansion. Our investigation draws attention to the effects of
the asymmetric microchannel geometry on the droplet deformation and the different
effects of the strength of the surrounding fluid flow rate, the fluid viscosity ratio, the
initial displacement of the droplet, and the size of the droplet on the deformation of
the droplet edges. In addition, our study highlights the multi-length nature of the
current interfacial investigation.

Our investigation reveals that as the flow rate or the droplet size increases,
the droplets show a rich deformation behavior as they moved inside the microfluidic
channel. The viscosity ratio also has strong effects on the droplet deformation
especially for high-viscosity droplets which do not have the time to accommodate

the much slower deformation rate while they move through the channel. Our results



provide insight into the physical deformation of droplets flowing through microfluidic

expansions.
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Chapter 1
Introduction

In this paper we conduct an investigation into the transient deformation of a droplet
flowing through a sudden expansion in a microfluidic device. We computationally
simulate naturally buoyant droplets possessing constant surface tension and of a
size smaller than the cross-section of the rectangular channels in the expansion
geometry. Our investigation presents cases in which the flow rate ranges from weak-
to-strong and the fluids viscosity ratio ranges from low-to-high. The geometry of the
expanding channel causes the droplet to display an interesting deformation behavior
as it passes through the point of expansion. Our investigation draws attention to the
effects of the asymmetric microchannel geometry on the droplet deformation and
the different effects of the strength of the surrounding fluid flow rate, the capillary
number Ca, the fluid viscosity ratio A, the initial displacement of the droplet z°,
and the size of the droplet a on the deformation of the droplet edges. In addition,
our study highlights the multi-length nature of the current interfacial investigation.
A three-dimensional fully-implicit interfacial spectral boundary element method
is used to determine the droplet dynamics in the expansions used in our computa-
tions. This problem is computationally challenging because it requires (i) a highly

accurate stable numerical method to capture the interfacial evolution of the very



deformed droplets at high flow rates, large droplet sizes, large initial displacement
values, and low viscosity ratios, and the close interaction between droplet and solid
surfaces of the microfluidic channels, and (ii) an efficient algorithm for the compli-
cated three-dimensional geometries of the microfluidic channels. In this chapter,
we provide a description of the motivation for our research, a review of the past
and current research, as well as an overview of our research on droplet dynamics in
microfluidic channels with emphasis placed on expansions, described in detail in the

following chapters.

1.1 Motivation for the Study of Droplet Motion

The study of the interfacial dynamics of droplets flowing in microscopic channels of
varying geometries has allowed for the development of advanced microfluidic devices
[49, 50]. Microfluidic devices employ channel configurations to best suit their needs
in a wide range of applications. These applications include, but are not limited
to, encapsulation of reactants with droplets acting as micro-reactors [46], improved
drug delivery methods [58, 6], and direct contact heat/mass exchangers [35]. An
attractive property of microfluidic devices is their ability to control the properties of
small volumes of fluid. As such, many of these applications rely on that heightened
sensitivity and need for controlled precision. Droplet-based microfluidics offers sig-
nificantly reduced processing times and easy parallel processing, which allows for the
acquisition of large data sets [4]. In addition, microfluidic devices can trap droplets

and sort them based on the intrinsic physical characteristics of the droplet.



Fields that may not necessarily make use of microfluidics may require the un-
derstanding of the behavior and flow of non-wetting droplets in microscopic channels.
In many biomedical processes, non-wetting droplets are used for sorting purposes.
The applications of this is seen in personalized point-of-care diagnostic platforms,
lab-on-a-~chip systems, biochemical assays, and biosensors[4]. In other cases, such
as in enhanced oil recovery, fluids flow through the underground porous media to
displace trapped oil. The success of these operations depends on many factors,
but the understanding of the multiphase flow is crucial [18]. The knowledge of the
fundamental physics of droplets and bubbles in micro-channels is important in the
lubrication process [40], the design and operation of fuel cells [32], and the delivery

of drugs in vascular microvessels [55].

1.2 Review of Past Work

There has been much progress in understanding the deformation of a single droplet
in shear and extensional flows. In the past, microfluidc expansions have been used
to study bubble and droplet coalescence in conventional columns in different fluids
[3]. The ability to controllably merge bubbles and droplets within segmented flow
systems is applicable to many fields that make use of microfluidics [39]. Mazutis
and Griffiths [34] presented an approach to selectively control droplet coalescence
in a microfluidic expansion. Their results showed that the efficiency of droplet
coalescence is dependent on the contact time between droplets and the interfacial

surfactant coverage of droplets.



Many microfluidic devices combine microvalves and micropumps in order to
achieve uni-directional species flow [53]. Valveless microvalves are ideally suited
to high flow rates and high pressure conditions often found in microfluidic sys-
tems because they lack moving parts. Tsai and Lin [53] presented an approach
that illustrates that sudden expansions in microfluidic devices can be used as valve-
less microvalves when used in conjunction with a solid structure blocking the main
flow. This solid structure can act as a simple diffuser for forward flows that un-
dergo expansion but cause flow vortices at large Reynolds numbers, defined below
in equation 1.1, in reverse flows that undergo constriction.

pul

Re = o (1.1)

This result shows that a flow rectification effect can be achieved without mov-

ing parts and with the sole use of a solid structure and a sudden expansion.

1.3 Overview of Present Research

In this paper, we examine the transient deformation of a droplet flowing through
an expanding channel in a microfluidic device. These droplets possess constant
surface tension and thus are naturally buoyant in the surrounding fluid occupying
the continuous phase. The droplets in question vary in size but are smaller than the
cross-section of the channels in the microfluidic device. Our investigation presents
cases in which the flow rate ranges from weak-to-strong and the fluids viscosity ratio

ranges from low-to-high.



Studying the motion and deformation of multi-phase particles like droplets
in micro-channels provides vital information on their application and suitability to
various fields. For example, understanding the stability of soft particle shapes pro-
vides insight to hydrodynamic aggregation and the effective viscosity of suspensions
[2, 27]. As such, these studies play an important role in protein engineering, colloidal
science, micro-reactors, fabrication of micro-particles, and lab-on-a-chip devices for
clinical purposes.

Understanding the forces that determine the shape of a droplet in a micro-
channel is crucial in this investigation. The nonlinear coupling of the restoring
interfacial forces and the deforming hydrodynamic forces of the flows are respon-
sible for droplet deformation. As such, it can be seen that the droplet’s transient
conformational behavior strongly depends on the fluids viscosity ratio, the strength
of the flow rate of the continuous phase, and the droplet’s surface tension. Our in-
vestigation draws attention to the effects of the asymmetric microchannel geometry
on the droplet deformation and the different effects of the strength of the surround-
ing flow rate, the fluid viscosity ratio, the initial displacement of the droplet, and
the size of the droplet on the deformation of the droplet edges. In addition, our
study highlights the multi-length nature of the current interfacial investigation.

Our microfluidic expansion is constructed from rectangular microfluidic chan-

nels. We release the naturally buoyant droplet, which is smaller than the cross-

0

. values off-center of

sectional area of the small rectangular channel, at various z
the small rectangular channel. This droplet is released upstream of the expansion

point. A three-dimensional fully-implicit spectral boundary element algorithm is



used to compute the droplet deformation and motion under Stokes flow condions
in the microfluidic expansion. We compute the interfacial dynamics of the droplet
from the time of its release until it reaches a point well downstream of the expan-
sion. Our interest is on the investigation of the interfacial dynamics of the droplet
as it flows through the sudden expansion point. In our computations, fluids are
considered to be isothermal and Newtonian. We investigate the effects of flow rate,
capillary number, droplet size, viscosity ratio, and initial displacement by studying
the evolution of various geometric and physical parameters such as length, velocity,
and displacement of the droplet.

In the next chapter, we will discuss the mathematical formulation of the prob-
lem, the expansion geometry and the computational method used.

In the following chapter, we will discuss the results of the experiment on the
evolution of various parameters including length, velocity, and displacement of the
droplet obtained from our computations in detail. Our work shows that the droplet
dynamics in the expansion strongly depends on the flow rate, droplet size, viscosity
ratio, and initial displacement of the droplet. As the flow rate, droplet size, or
initial displacement of the droplet increases, the droplet shows a rich deformation
behavior as it passes through the sudden expansion. Decreasing viscosity values
show a similar effect on the deformation of the droplet. For low-viscosity droplets
below A = O(1) the droplet deformation increases monotonically owing to higher
inner hydrodynamic forces. For high-viscosity droplets with A = O(10), the droplet
deformation decreases significantly as it passes through the expansion because the

droplet does not have the time to accomodate the much slower deformation rate



compared to its fast movement.

In the final chapter, we will make detailed conclusions based on our results.



Chapter 2
Mathematical Formulation and

Computational Method

2.1 Problem Description

A schematic diagram of the expansion employed in this work is shown in fig-
ure 2.1(a). The expansion is constructed from rectangular microfluidic channels.
To facilitate our results description, we imagine that the main channel is the small
channel on the left, as illustrated in figure 2.1(a). Thus the flow direction (i.e.,

the z-axis) corresponds to the channel’s or droplet’s length, the z-direction will be
referred as height while the y-direction will be referred as width (of the channel or
the droplet). Seeing the droplet from the positive y-axis, positive z-axis or negative
r-axis, represents a front view, a top view or an upstream view, respectively. In ad-
dition, we adopt the standard definition of geometric shapes (e.g. polygons). Thus
we call the droplet’s rear edge as convex when the radius of curvature at the middle
of the rear edge points inside the capsule (i.e., the local curvature is positive); in
the opposite case the edge shape is concave. The half lengths of the rectangular

cross-section of the main channel, along the y and z-axes are [, and [, respectively,



with {, = [, = 1. The origin of the system is placed at the point of expansion.
The droplet (fluid 1) with a density p; and viscosity Au is naturally buoyant

in the surrounding fluid (fluid 2) with density ps and viscosity u, as p; = po. The

surface tension v is assumed to be constant throughout the surface of the droplet.

The undeformed spherical droplet, at the start of our computations, has a radius

4

37m3. The incoming flow is upstream of the droplet. The

a with volume V =
undisturbed flow of fluid through the rectangular channel has an average velocity of
Uu.

In this study, if no scale is present, the channel’s half-height [, is used as the
length scale, the velocity is scaled with the average undisturbed velocity U, and thus
time is scaled with 74 = [, /U. In addition the pressure is scaled with IT = pif/1..

At the start of our computations the spherical droplet is placed inside the small
channel upstream of the expansion. Due to the symmetry of the flow and the system,
the droplet velocity in the direction of the y-axis is zero. As the droplet deforms,
it moves horizontaly along the x-axis with additional movement in the z-direction.
Due to the sudden expansion that the droplet passes through, the deformation varies
to a greater degree than that of deformation of a droplet in a straight channel, under
similar external shear and other physical conditions.

In this study, the major parameters of interest are the flow rate in the small
channel, viscosity ratio, initial displacement of the droplet in the z-direction, and the

size of the droplet. Figure 2.1(b) shows a three-dimensional view of the expansion.



()
height

width

length

20, y\Lx 6/,

(b)

Figure 2.1: The microfluidic expansion used in our computations shown as (a) a

schematic illustration and (b) a three-dimensional figure.
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2.2 Fluid Dynamics

Due to the very small length scales involved with droplet flow in microfluidics junc-
tions, the Reynolds number is very small and the inertial terms in the Navier-Stokes

equations can be neglected. The flow is governed by Stokes equations

V-o=-Vp+uViu=0 (2.1)

and the continuity equation

V-u=0 (2.2)

where o is the stress tensor, p is the dynamic pressure and w is the velocity vector.

In this study, the system surface Sp consists of droplet surface S, the solid
surface of the expansion Sy, the fluid surfaces Sy of the expansion. At the droplet
surface the velocity is continuous and there is an interfacial stress jump owing to the
surface tension. As the density of both fluids are same, the contribution of gravity to
the interfacial stress jump is zero and thus the boundary conditions on the droplet

surface are

U =Us = U and Af=f,—f,=97V-n (2.3)

Here the subscripts designate quantities related to the fluids 1 and 2 respectively,
while n is the unit normal pointing from the droplet interface into fluid 2. The

boundary conditions on the rest surfaces are

u=0 on the solid boundary S, (2.4)

11



where ©4™ is the undisturbed channel velocity far from the droplet.
The undisturbed velocity profile for flow through a rectangular channel along

x-axis, far from the droplet, can be found in the book by Yih [60], which is,

u>(z) = (1,2 = 2% + > By, cosh( y)cos( Z), (2.6)
T m=1 lz lz
where
1 (2m — )7
T=—— =
n by, 5 , and
—1)™41,>
B (=1) (2.7)

Tt cosh(b";in)
while p is the dynamic pressure. The volumetric flow rate ) can be obtained by
integrating over the cross-section, which is,

21, .2 bl

Q 8l & ,
== By (=) sinh
= 2 —|—m§::1 (bm) sinh( L

) sin(by) (2.8)

Far from the droplet, the average velocity of the undisturbed flow is U = @/ (1,

Based on standard boundary integral formulation, the velocity at a point xg
on the system surface Sp may be expressed as a surface integral of the force vector

f = n - o and the velocity u over all points « on the boundary Spg,

Qu(a,) = —/ 1S (A — u(1 = NT - w-n] (x)dS

Sq
— (S-f—pT -u-n)(x)dS (2.9)
SSUSf
where the coefficient 2 takes values 47 (1 + A) and 47 for points xy on the

surfaces Sy and Sy U Sy respectively. The tensors S and T' are the fundamental

12



solutions for the velocity and stress for the three-dimensional Stokes equations, i.e.,
known functions of the system surface Sp [15]. For details the reader is directed to
the textbook by Pozrikidis [41] or the article by Kuriakose and Dimitrakopoulos on

the capsule motion inside a square microfluidic channel [26].

2.3 Implicit Interfacial Spectral Boundary-Element Method

The boundary integral equation, eq.(2.9), was solved using our three-dimensional
implicit interfacial spectral boundary-element method. The boundary is divided
into a number Ng of surface elements, each of which is parameterized by variables 7
and £ on a square domain of [—1,1]%. The geometry and physical variables are dis-
cretized using Lagrangian interpolation in terms of these parametric variables. The
number Np of basis points (n;, &) chosen for interpolation are zeros of orthogonal

polynomials. Any point @ on the geometry can be represented by

Np Np

z(&,n) = Zzw(fiﬂ%)hi(f)hj(??) (2.10)

i=1 j=1
Similarly, the physical variables w and f can be interpolated at any point & from
their values at the basis points.

Two types of points are used in solving the boundary integral equation by our
spectral element method, the collocation points &y where the equation is required
to be satisfied and the basis points @ where the physical variables u and f are
specified. The collocation points @y are of Legendre-Gauss quadrature where the
points lie on the interior of the spectral elements. Thus the boundary integral
equation is valid even at corners of singular elements. The basis points x are of

13



Legendre-Gauss-Lobatto quadrature and thus the physical variables are defined in
the interior and edges of the spectral elements. Further details on the discretization
of system surfaces can be found in these earlier papers [56, 17].

The transformation of the Stokes equations into boundary integral equations
and their solution by an explicit time integration method has been a common method
to determine the droplet shape as a function of time since the pioneering work of
Acrivos and coworkers [61, 43]. This results in a great reduction in computational
time as a three-dimensional problem can be described and solved using only two
curvilinear coordinates. However, the explicit time integration requires a time step
smaller than any time scale (numerical and physical) appearing in the problem. To

ensure stability the time step employed has to satisfy the following condition,

At < O(Ca Axpy) (2.11)

where A, is the minimum grid spacing in the computational problem [42, 63].
Dimitrakopoulos developed an efficient, fully implicit time-integration algorithm
for interfacial dynamics in Stokes flow to avoid the computational cost associated
with small time steps [17]. This method is based on a mathematically rigorous
combination of implicit schemes with the Jacobian-free three-dimensional Newton
method developed by Dimitrakopoulos and Higdon [15]. Both multi-step (one-stage)
implicit formulae (e.g. Euler and backward differentiation schemes) and multi-stage
diagonally implicit Runge-Kutta schemes are employed. By the combination of an
implicit scheme with the Newton method, the interfacial algorithm preserves the

stability properties of the corresponding implicit formula, and hence permits the

14



use of very large time steps. In addition, sufficient accuracy can be easily achieved,
even with larger time steps, by employing high-order implicit schemes. In this work
we use a third-order diagonally implicit Runge-Kutta scheme (DIRK3) with a time
step At = 1072, Owing to the fully-implicit nature of our algorithm and the high-
order DIRK3 scheme, even a larger time step At = O(107!) produces accurate
results without causing interfacial breaking.

By combining the implicit interfacial method with the spectral boundary-
element algorithm, the resulting algorithm exploits all the benefits of the spectral
methods, i.e., high-order interpolation with exponential convergence and numerical
stability with increasing number of spectral points, along with the versatility of the
boundary-element method, i.e., the ability to handle the most complicated geome-
tries. In addition, it is not affected by the disadvantage of the spectral methods
used in volume discretization; namely the requirement to deal with dense systems,
because in boundary-integral formulations the resulting systems are always dense
and independent of the form of discretization. We note that the exponential conver-
gence in the numerical accuracy is evident at both the properties of a given shape,
such as the interfacial curvature, and the dynamic evolution of the interfacial shape.
For more details the reader is directed to the article by Dimitrakopoulos [17].

In our study, the small channel is divided into four rows and the large channel,
upstream of the point of expansion, is divided into five rows. Each row of the
channels are represented by four surface elements, with one element representing a
side of the row. Thus the solid walls of the expansion are divided into fifty elements.

The droplet surface is divided in a minimum of six elements by cube projection, with

15



each element corresponding to a side of the cube. Our method is also capable of
generating more surface elements on the droplet surface and more than one elements
per row for each channel side. In most of our computations we have used ten surface
elements for capturing the droplet shape. However for handling complex shapes of
the deformed droplets for high Ca we have used up to 22 surface elements with
progressive splitting of an element at the tip of the droplet into five elements. Such
discretizations are not needed in most of the cases as the method is accurate, as
shown from our convergence runs.

In most of our computations we utilized Ng = 8 basis points on each element.
As we have Np number of surface elements and Ng* points per spectral elements,
we finally have a system of 3Ny Ng? algebraic equations. For verification of accuracy
of our results, we performed some runs with Ng = 10 basis points for moderate and
high Ca and high droplet sizes a. The convergence runs showed that Ng = 8 is
sufficient enough to capture the shape of the deformed droplets except for the cases
with large Ca (Ca = 0.4, 0.6).

In all our computations carried out in this chapter, we exploited the symmetry
level y = 0. Exploiting this symmetry reduces the memory requirements for storage
of the system by a factor of 42, the computational time for calculating the system

matrices by a factor of 22 and the solution time via direct system solvers by factor

of 82.
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Chapter 3

Results

The results obtained from the numerical computations are discussed in this chapter.
We investigated a wide range of flow rates, viscosity ratios, droplet sizes, and initial
displacement vaues and their effects on the length, velocity, and displacement of the
studied droplet. The computations are performed on a spherical droplet placed in
an undisturbed flow that deforms as it moves downstream. In our computations
we typically fix any three of Ca, A\, a/l., 2°/(, at Ca = 0.6, A = 0.1, a/{, = 0.5,
20/¢, = 0.2 and vary the fourth over a wide range to study its effects on droplet
motion and deformation. At the beginning of all computations, the droplet is placed
off-center in the small channel at an initial displacement 20 /¢, at the droplet centroid
z./l, = —4 and begins moving downstream due to flow initiation. We compute the
droplet dynamics until the droplet centroid reaches z./¢, = 8. Our plots describe
the entire range of droplet motion, but particular interest is given to the area around
xe/l, = 0 where the sudden expansion occurs. Due to varying flow rates, we plot
the results as a function of the droplet centroid scaled with the half-height of the
channel z./¢, instead of time.

Three-dimensional shapes of a droplet at different locations z. are shown in

figure 3.1(a,b). The three-dimensional views presented here were derived from the
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(a)

(b)

(c)
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Figure 3.1: The shape of a droplet with radius a/¢, = 0.5, viscosity ratio A = 0.1,
capillary number Ca = 1.2, and initial displacement z?/¢, = 0.2 at centroid x./(, =
—2.86,—0.49,1.73,2.32,3.64,5.70. (a) The droplet shape as seen from the negative
y-axis (i.e front view). (b) As in (a) but as seen from the positive z-axis (i.e. top
view). (c) The corresponding droplet profile (i.e. interfacial intersection with the
plane y = 0) shown inside the microfluidic device.
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actual spectral grid by spectrally interpolating to Ng = 22. Afer the start of compu-
tation, the droplet starts flowing downstream and deforms due to the hydrodynamic
forces acting on it. The first shape shows the droplet after it undergoes minor de-
formation at x./¢, = —2.86. The droplet then develops a tail pointed toward the
wall since the flow is strongest at the centerline, as seen in the second shape. The
deformation the droplet undergoes is due to the droplet’s attempt to balance the
hydrodynamic forces and the surface tension forces acting upon it. This can be ex-
plained by putting an observer at the center of the droplet, assuming a static frame
of reference for the observer. With a spherical droplet, the net surface tension force
is zero. The surface tension force acting at a point on the droplet surface is inversely
proportional to its radius of curvature and can be written as
8

Where R is the radius of curvature at the point on the droplet. As the droplet

begins to form a tail, there is a net surface tension force on the droplet

1 1

F -
R, Ry

v~ ) (3.2)
where R, and R, are the radius of curvatures of the center of the tip and the
rear of the droplet. This quantity is positive as R; is smaller than Rs.
As the tail of the droplet enters the zone of expansion, the rear of the droplet

becomes more concave and the droplet assumes a parabolic shape in an attempt to

balance the hydrodynamic and surface tension forces it experiences. This behavior
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can be seen in the transition from the second shape to the third shape of the droplet.
After the droplet leaves the zone of expansion and adapts to the regular flow of the
large channel, the droplet reassumes a spherical shape. At this point, the radius of
curvature of the rear becomes negative and thus the net surface tension force on the

droplet becomes

1 1

F o~ ~(—
R TR

3.1 Effect of Flow Rate

In this section, we collect our computational results studying the effects of varying
flow rates. The flow rate is quantified by the use of the capillary number. Since
the width of the large channel is three times greater than the width of the small
channel, the capillary number characterizing the flow in the small channel is ef-
fectively three times smaller than the given capillary number. A spherical droplet
with viscosity ratio A = 0.1, size a/f, = 0.5, and initial displacement 22/¢, = 0.2 is
placed upstream of the point of expansion at x./¢, = —4 and the capillary number
Ca varies in the range [0.3-0.9]. From our computations we found that the droplet’s
deformation depends strongly on Ca with an increase in its length and height and
a decrease in its width.

Figure 3.2 shows the droplet length L, along the flow direction, width L,
along the y-axis, and height L, along the z-axis as a function of the droplet centroid

position z./¢,. It is observed from figure 3.2(a) that the total length of the droplet

20



(a)
135 : : . . .
13} ]
sk S ]

2l / i ]

IRE] S “

L./(20)

0.95
09 F
0.85 F

(b)

0.98

0.96

0.94 |

Ly/(2a)

0.92

0.9} | "J‘ ]

L./(2a)

2 /L,

Figure 3.2: Droplet lengths as a function of the centroid x., for a droplet with
a/l, =05 A=0.1, 22/, = 0.2 and Ca = 0.3,0.6,0.9. (a) Length L,, (b) length

L, and (c) length L,.
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L, increases monotonically with an increase in flow rate. At first, the length L,
increases until the droplet reaches the zone of expansion at which the droplet sharply
contracts in length. From figure 3.2(b) it can be seen that the droplet’s width L,
slightly decreases with increasing flow rate as the droplet approaches the point
of expansion. Similarly, from figure 3.2(c), the droplet’s height L, decreases with
increasing flow rate as the droplet approaches the expansion point. These results are
similar to the droplet deformation in low Reynold’s number flows in a straight square
channel [28, 57]. Lac et al.[28], in their study of droplets in a circular capillary, found
that beyond a critical capillary number, droplets cannot attain steady state shapes,
owing to capillary instability. We observed from our computations that this slightly
occurs at high flow rates with Ca = 0.9. In addition, for the range of Ca studied in
this chapter, none of the droplets break inside the channel.

Once the droplet passes through the point of expansion, the length and width
of the droplet sharply drop while the height of the droplet sharply increases. The
magnitude of this change increases with flow rate, as can be seen in figure 3.2(a,b,c).
It should be noted that the droplet returns to a spherical shape for all the tested
flow rates, as can be seen in the return of the scaled dimensions to a value of 1 as
the droplet reaches steady state.

The velocity of the droplet for varying capillary numbers in both the -
direction and z-direction is plotted in figure 3.3 (a) and (b) against the droplet
centroid z.. The evolution of the velocity of the droplet in the x-direction shows
that the initial velocity increase for large capillary numbers is ultimately insignif-
icant. There is little difference in the droplet’s flow velocity for varying capillary
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Figure 3.3: Evolution of droplet velocity U as a function of the centroid z., for a
droplet with a/¢, = 0.5, A = 0.1, 2°/¢, = 0.2 and Ca = 0.3,0.6,0.9. (a) U, and (b)

U..
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numbers. Figure 3.3(b) shows that the droplet initially moves toward the centerline
at a faster rate for large capillary numbers. Similar behavior has been observed
by Wang and Dimitrakopoulos in their study of microfluidic droplets in a straight
rectangular channel [57]. The result is that the droplet is at a point closer to the
centerline at the point of expansion for large capillary numbers. However, since
the droplet is close to the centerline, it experiences a lesser corrective force in the
positive z-direction for large capillary numbers, resulting in a lower velocity around
x./l, =1 as the capillary number increases. Ultimately, the velocity reaches nearly
0 for all simulations at x./¢, = 8, indicating an approach to steady state.

Figure 3.4 shows the displacement of the droplet for varying capillary numbers
in the z-direction. In each simulation, the droplet begins at a value of z0/¢, = 0.2.
In a general case, the droplet moves toward the centerline until it enters the zone
of expansion. At that point, the droplet moves away from the centerline due to
the effect of hydrodynamic forces. For large capillary numbers, the droplet initially
moves closer toward the centerline but after the point of expansion does not migrate
as much as the droplet with a small capillary number. Each simulation reaches a

near-steady state.

3.2 Effect of Viscosity Ratio

In this section, we collect our computational results studying the effects of varying
viscosity ratios on a droplet with size a/¢, = 0.5, capillary number Ca = 0.6, and

initial displacement z?/¢, = 0.2. The droplet is initially placed at z./¢, = —4 and
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Figure 3.4: Droplet displacement z. as a function of the centroid z., for a droplet

with a/¢, = 0.5, A = 0.1, 20/¢, = 0.2 and Ca = 0.3,0.6,0.9.
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the viscosity ratio A ranges with values of A = 0.1,1,10. From our computations we
found that the droplet’s deformation depends strongly on A with an increase in its
length and height and a decrease in its width.

Figure 3.5 shows the droplet length L, along the flow direction, width L,
along the y-axis, and height L, along the z-axis as a function of the droplet centroid
position z./¢,. It is observed from figure 3.5 that the dimensions of the droplet
vary wildly with varying viscosity ratios of the fluids. At high viscosity ratios, the
droplet experiences less deformation than the droplet with A = [0.1,1]. In the case
of a single droplet in a rectangular straight channel, it has been observed that the
steady state deformation of the droplet increases with an increase in A due to an
increase in inner hydrodynamic forces [57]. However deformation takes place more
slowly for a droplet with a higher A, 7.e., a more viscous droplet needs more time
deforming from its initial shape. The time needed for a droplet to deform can be

expressed as

T~ (14+NCary (3.4)

As such, the droplet with a high viscosity ratio also takes a longer time to
return to a steady state value, as can be seen in figure 3.5. Once the droplet passes
through the point of expansion, it returns to a spherical shape, as can be seen in the
return of the scaled dimensions to a value of nearly 1 as the droplet reaches steady
state.

The velocity of the droplet for varying viscosity ratios is plotted in figure 3.6 (a)

26



115 f

L./(2a)

1.05

0.95

09 F

0.85

(]8 1 1 1 1 1

-4 -2 0 2 4 6 8
ze/C:
(b)
1.02

Ly/(2a)

1.35 F
13 F
1.25
1.2 F
115
1.1}
1.05

L./(2a)

0.95

o/l
Figure 3.5: Droplet lengths as a function of the centroid x., for a droplet with
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and (b) against the droplet centroid z.. The evolution of the velocity of the droplet in
the a-direction shows that the droplet moves at a slower rate for increasing viscosity
ratios. Figure 3.6(b) shows that the droplet initially moves toward the centerline
at a faster rate for small viscosity ratios. The droplet with A\ = 0.1 specifically
shows strong migration toward the centerline. However, since the droplet is close to
the centerline, it experiences a lesser corrective force in the positive z-direction for
small viscosity ratios, resulting in a lower velocity around z./¢, = 1 as the viscosity
ratio decreases. Ultimately, the velocity in the z-direction reaches nearly 0 for all
simulations at z./¢, = 8, indicating an approach to steady state.

Figure 3.7 shows the displacement of the droplet for varying viscosity ratios
in the z-direction. In each simulation, the droplet begins at a value of z0/¢, = 0.2.
In a general case, the droplet moves toward the centerline until it enters the zone
of expansion. At that point, the droplet moves away from the centerline due to
the effect of hydrodynamic forces. For small viscosity ratios, and especially for
A = 0.1, the droplet initially moves closer toward the centerline but after the point
of expansion does not migrate as much as the droplet with a large viscosity ratio.

Each simulation reaches a near-steady state.

3.3 Effect of Droplet Size

In this section, we collect our computational results studying the effects of varying
droplet size on a droplet with viscosity ratio A\ = 0.1, capillary number Ca = 0.6,

and initial displacement z0/¢, = 0.2. The droplet is initially placed at z./¢, = —4
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and the droplet size a/¢, ranges with values of ¢ = 0.1,0.2,0.3,0.4,0.5. From our
computations we found that the droplet’s deformation depends on a with an increase
in its height and a decrease in its width.

Figure 3.8 shows the droplet length L, along the flow direction, width L,
along the y-axis, and height L, along the z-axis as a function of the droplet centroid
position z./¢,. It is observed from figure 3.5 that the dimensions of the droplet vary
with varying droplet sizes. In figure 3.8(a), the droplet length in the z-direction
can be seen to initially increase, then suddenly decrease as the droplet enters the
zone of expansion, then finally increase to nearly the steady state value of 1. The
deformation increases as the size of the droplet increases. Similar behavior is shown
for figure 3.8(b) in which the width of the droplet decreases at a faster rate for larger
droplets. The opposite appears true for the height of the droplet, which increases
more for larger droplets, as seen in figure 3.8(c).

For small droplets, there is little initial deformation. However, for moderately-
sized and large droplets, there is substantial initial deformation. This is due to the
large surface area which allows the hydrodynamic forces acting on the droplet to
have an increased impact on the droplet and disturbance on the surface tension force,
causing an increase in deformation. It is to be noted that the droplet deformation,
and thus its length L,, increases significantly with an increase in the droplet size.
This is due to the fact that due to the large size of the droplet, the effective capillary

number acting on the droplet becomes,

eff ﬂ & n
Ca () (3.5)
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Figure 3.8: Droplet lengths as a function of the centroid x., for a droplet with
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due to the stronger hydrodynamic forces in the small gap h, where L, is the length
of the droplet along the z-axis. For the moderately sized droplets the factor (%)” is
not significantly greater than 1, while for the larger sized droplets the factor is large
as h, the distance of the droplet interface from the wall of the channel decreases
with an increase in droplet size. This is because of the higher deformation of the
larger sized droplets by becoming thinner and longer to preserve its volume, while
allowing the surrounding fluid to flow through the channel.

The velocity of droplets varying in size is plotted in figure 3.9 (a) and (b)
against the droplet centroid x.. The evolution of the velocity of the droplet in the
x-direction shows that large droplets initially move slightly slower, but increase in
velocity as they approach the point of expansion. Figure 3.9(b) shows that large
droplets initially moves toward the centerline at a faster rate than small droplets.
However, since the droplet is close to the centerline, it experiences a lesser corrective
force in the positive z-direction for large droplets, resulting in a lower velocity around
x./l, = 1 as the droplet size increases. Ultimately, the velocity in the z-direction
reaches nearly 0 for all simulations at z./¢, = 8, indicating an approach to steady
state.

Figure 3.10 shows the displacement of droplets of varying size in the z-direction.
In each simulation, the droplet begins at a value of z2/¢, = 0.2. In a general case,
the droplet moves toward the centerline until it enters the zone of expansion. At
that point, the droplet moves away from the centerline due to the effect of hydro-
dynamic forces. For large droplet sizes, the droplet initially moves closer toward
the centerline but after the point of expansion does not migrate as much as a small

33



()

1.8

1.6

1.4

U,/U

1.2

0.8

0.6

(b)

0.2

0.15

0.1

< 0.05

-0.05

xe /L,
Figure 3.9: Evolution of droplet velocity U as a function of the centroid z., for a
droplet with A = 0.1, Ca = 0.6, 2°/¢, = 0.2 and a/¢, = 0.1,0.2,0.3,0.4,0.5. (a) U,

and (b) U..

34



0.65 . . . . .

0.95 F

0.45 F
04 F
0.35 F
0.3 F
0.25 F
0.2
0.15 F
0.1 A A A . .

2e /L,
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droplet. Each simulation reaches a near-steady state.

3.4 Comparison between Straight Channel and Expansion

In this section, we provide figures that show how the microfluidic expansion differs
from the well-studied straight rectangular channel. The intent of this is to illustrate
that there is little difference between the droplet motion until the droplet reaches
near the zone of expansion. In figure 3.11 we show the physical motion of the droplet
through the use of the droplet profile.

Figure 3.12 shows the droplet dimensions over the droplet centroid in the
expansion and the straight channel. Similar to the approach taken in other sections
of this chapter, figure 3.13 shows the difference between the velocities in the channels,
and figure 3.14 shows the difference between the droplet displacement over position

for both channels.
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Figure 3.11: The evolution of the profile for a droplet with a/¢, = 0.5, A = 0.1,
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Droplet profile in the microfluidic expansion.
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Chapter 4
Conclusions

In this chapter, we have investigated computationally the dynamics of microfluidic
droplets in a microfluidic expansion composed of rectagular channels. In particu-
lar, we have considered droplets with constant surface tension which are naturally
buoyant in the surrounding fluid, and have size smaller than the cross-section of the
rectangular channels comprising the device. The study is motivated by a wide range
of applications including direct contact heat-mass exchangers, encapsulation of re-
actants with droplets as microreactors, drug delivery methods, coating processes,
and of course applications in energy, e.g. enhanced oil recovery processes and direct
methanol fuel cells.

To our knowledge, this is the first work to systematically study the dynamics
of droplets, without interfacial breaking, in a microfluidic expansion device. Our
investigations complement earlier studies on formation of droplets in a microfluidic
expansion and droplet motion in a straight rectangular microfluidic channel [31, 57].
We summarize briefly some of the more important conclusions.

(i) Our computations investigating the effect of flow rate in a microfluidic
expansion has revealed that the degree of interfacial deformation of the droplet, and

hence its dynamics, depends on the strength of the flow in the device. In general,
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upon release, the droplet deforms to assume a curved shape with its downstream tip
pointed toward the center-line, so that to increase the restoring surface tension forces
and thus balance the deforming hydrodynamic forces. When the droplet is complete
in the zone of expansion, it becomes slender to due to the stronger hydrodynamic
forces due to the sudden expansion and change in shear. As the droplet moves
further downstream, the droplet centroid moves towards the tip of the droplet,
as now its tail becomes pointed while the downstream tip becomes relatively less
pointed. At flow rates high enough, the rear of the droplet may take a concave
shape to balance the very strong hydrodynamic force with increased surface tension
forces. As the droplet completely exits the zone of expansion, it gradually regains a
spherical shape far downstream as it reaches steady state. It should be noted that the
droplet returns to a spherical shape for all the tested flow rates, as can be seen in the
return of the scaled dimensions to their initial value. During this diverse interfacial
evolution, the droplet lengths, the droplet’s velocity and its displacement in the
z-direction change extensively, depending upon the droplet shape and location in
the microfluidic device. We have monitored these parameters during the interfacial
evolution of the droplet and have provided qualitative explanations.

(ii) We found that the viscosity ratio of the fluids strongly affect the dynamics
of droplets in our expansion device. For high-viscosity droplets with A = O(10), the
droplet deformation decreases significantly inside the expansion because the droplet
does not have the time to accomodate the much slower deformation rate at high
A as it moves fast inside the microfluidic device. For low-viscosity droplets with
A = 0(1071), the droplet deformation occurs quickly and can be seen in the wildly-
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varying dimensions of the droplet. Since deformation takes place more slowly for a
droplet with higher A\, the more viscous droplet requires more time to deform from
its initial shape. As such, a droplet with a high viscosity ratio also takes longer to
reach a steady state value.

(iii) By studying the effects of the droplet’s sizes on its dynamics, we observed
that the minimum distance of the droplet interface from the channel wall plays a
significant role in its interfacial evolution. Large droplets show very apparent defor-
mation. Before reaching the zone of expansion, the droplet develops a downstream
tip pointed toward the centerline. For a large droplet, this tip is more pronounced
due to the increased effect of the hydrodynamic forces on its large surface area.
When the droplet is in the zone of expansion, the tip of the droplet becomes more
pointed as it experiences deformation. The rear of the large droplets becomes con-
cave due to the restoring forces. As the droplet leaves the zone of expansion, it
begins to assume a spherical shape as it approaches steady state.

In addition, our study demonstrates the ability of our computational method
to determine the droplet dynamics in intersecting flows accurately. With further
modification in geometry, even more complicated droplet dynamics may be accu-
rately predicted. Future work of this research could study more complex geometries
under increasingly strenuous flow conditions to better model applications of this

research.
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