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ABBTRAQT

The srea of any region on & surface
Cax(e) , (eeh2em) g (e 02)
is8 assunmed given Ly
5o ffLde dor
L is & given funetim: of x¥ and 2%55 « The purpose of the
thesis is to investigeate the differentisl properties of a
space in which 2 is Ainveriant,

Previous work in this zubjeot has been restricted to the
case where & gypg defining the length of & vector existe, In
thise paper no such assumption is made.

It is shown that the given function depends only on the
ecoordinates of a point, x¥, and the components of the Jacobians
x™®,

The caloulus of variations is employed to obtain 8 nore
mel veotor to any surface which vanishes if the surfeace is
minimel. It is shown that a d8? is determined on any surface,
but that ds” is not necessarily the same for two surfaces
tangent along a curve, Conditions are found in the fora of
the vanishing of & tensor in order that the space poSssss a
8pg Yith appropriate properties,.

It 18 shown that the minimal equations define a displace~

ment of & surface element psesing through & curve, along itself
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IRTRODUCTION

Since the introdustion by Riemann of a geometry Dased
upon a metrie defined byl
= TN dgis .
S J‘thjxx (H‘J, 5% =0
there have been many generalizations of these 1dess, One

generslization, suggested by Ritmnnnahitltlf. arose by remov-
ing the restriction that the funetion

Jis &%

be & polynomial in the x  of degree two; distance along a

curve is then given by
= { : K
s= [Llx,ix)dt
where L 18 an arbitrary funotion, only subjest to the oon-
dition that it be homogeneous of degree one in the ii .
Such spaces are known as Finsler spn¢0¢.5

Apparently E, Cartan first eonceived the idea of replac-
ing a given dlstance metrie with a given area metrieh

F o= [ L) deda?,

ltme notation of the absolute differential ealeulus will
be employed and the summation convention adopted,

2p, Riemann, Ueber die Hypothesen welche der Geometrie
su 5rg§go liegen. Habilitationssenrift, 1854, Goett. Abh.,
13, 1868.

32. Finsler, Usber Hurven und Flaechen in allgemeinen
Raumen, Dissert, Goettingen, 1918,

4E. Cartan. Les espaces metriques fondea sur la notion
d'alre. Actualites soientifiques et industrielles, 72, 1933,
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and this 18 the generalization with which thia paper is con-
cerned. In 1932 Cartan published sn excellent and quite
exhaustive treatiseSto cover the case where the imbedding
space is that of three dimensions, and in 1540 Kawaguchi and
Hokari discussed the omse of odd upaau.5 In this paper no
restrictions shall be msde on the dimensionality of the im-
bedding space.

Cartan 16 sble to tske advantage of the fact, peculiar
to three dimenajions, that an elementary plane

d x*Sx"‘ - dx*8x"
deteraines a unique norzal, ﬂy. Then
L (xr,xr“) = L (XY, Lk) .

He doemonatrates that the function L generates a gys;. A con-

neotion is dotlmxmd of the form

d“x dl +ank d*xn"'Cmy,A
W =dL + My L7 dx"

. ¢
in which the goefficliante /’ mwn , and C my &re expressed in
terms of g,s and 1ts derivativea,

Kawaguehl end Hokari state that . L.
. P < o
L, x%)= FEGx%) Y= xer

5A. Kawagushi end S, Hokari, Die Grundlegung der Ceo-
metrie der fuenf-dimensionslen wmetrischen Famume suf Grund
des Beogriffs des zwel-dimensionalen Flsegheninhslts. Proe.
Imp. Aced. Tokyo, Vol. AVI, No. 8. 1940,

6;‘:. Cﬁrtm, gﬁo Qa s
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Without mention of the fuet that the x"° are not all indepen-
dent & "tensor” g , smnil defined by means of
rF

Jromn = Wﬂ .
Aglj ie then obteined by sum-ing an appropriaste nusber of
090 1g ana B »smy '8 The authors olaim that a some-
what complicated calculation reveasls that

3\"m*n = Ji,- (3‘”"‘ 3‘“ - 3"“ 39\‘") .

The relations whioch Xawaguchi and Hokarl suppose the

Brsmy L0 satiafy peramit it to have
2 2
n (n -/)
[Z
independent components, yet they find that the g, ; mn mmy

be expressed in terms of §n{n+l) quantities! The solution
presented is valid, however, when n = 3, In this csse the

xrs are all independent and one may put

37..: l ezmne.fl’f 3”’”P7, , gd.f/f____ 3-—/66‘//‘{
¢) Cmn _ | ¢ c
3 =€ fJP? ym»Py ) J K‘?l{f =£J' -

It is found then, that

&
3rtm*n = _%l— JYJ gl:mjj"' e

2



THE ALGEBRAIC PROPERTIES OF TRE GIVEN FUNCTION

If a surfece be defined by
x"(u."), ("")2)"")“ )7 (“":"2)
the area of a closed region of the surfeoe will be given by

the inverient integral
7 - Sg Ldy dy*

where L 18 a given function of the X' snd their partial deriv-
atives, x:; L 18 not completely arbvitrary, however. The
integral is to be invariant under a change of parsmeter. If
such a trznaformation be given by
¢’ = yF (y)
the invariance of the mtogml implies that
L{x %)= ChyxZ)sal

where the notatlion P
8 o . du”
e’
has been mulayea. Fhen this relation, which is sn m;mtzty
in thea is differentisted partially with respeoct tog Y. and

use 18 made of the relstions

soxr, 2057 - /83,

265
one finds . - 6 7
va; xz = L§73 ,Jd )
or = BeA
r p - -
Ly 65 = Logdy .
Thus, v B
LxgXy = L

This 18 &n lmportsnt identity; by differentisting thile
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relation repestedly with respect to X o & Series of further
ldentities are obteined;

. xr® Sp
a2 X5 LAY J L. .
.3y X L f?f— £ ’- - :L?J "Jfl‘:f'
In the above and in subsequent materinl 2
L ‘,I , etc. denote 3’;“ , 3‘:’(3 , ete.

m- mhtmn (1.1) is a necessary and sufficient con-
dition that the integral be invariant under a change of
parameters. It shall be shown now that this implies that
L must be s function of the xT and of the Jacobiens st, where

X' = X :‘ X ; e" [

Sumning ep e’ m (1.2) revesls that

Li=% L8 e, xler

Now
= Ly dx"+L°.‘,dx§ ,
or
L = Lyrdy -|-J;}-L Qdﬁ dx”.
Thus

x¥3 1s a bivector, that is;
*S Yy S S v
or in other words the x 7 satiafy
€J K2
rspg X7XP7 20
identicelly.



8ince the x'° ars not independent
L, = QL
rs = <—

a‘ rS
13 not unique. Consider any funetion, 5,7(1") ; there 18 a

unique

Grs = s-——bq)
such that W ¢ i8 & bivector. DBut
(1.4)  §7 = 2Q ¥ €

Then x B éf of
‘?r(PS‘ edp =‘/Cfr¢:?33x =2((Pr6%1"cfrj‘?si)xJ;
gince C?,, t8 & bivector

PrcPsy = Gry si = Prs Q-
It followa that .
(1.5) ‘5’3%’36«/: = 2 Prs (Pes ).
This result ensbles s Jireet esloulstion of fy; pro=-
vided L?LJ X j#"o
To obtain an ultcmto form for Prs  (1.4) 1s differen-
tinted wlth respect to x ,g } one finda
955 Cus =1 Grs +25m SXF
It is always palsible to arrange ‘P._g..m 80 that
Pesnt Suipy =© -
e K‘vagp)(? = Ors m XP = chvshohxm:,
and

(1.6) (S):fedﬁ :'7"}0\,5 "'Z.CPH n—mXMh
Suppose _
g :5x =ag,
then

LYYS M“Xm“: (a-1)dys ,



and (1.5) and {(1.6) may be written

-1 o 8 -1, B
. Grs = (@9) §rgseup = L (2H) Prs Cup.
This may readily be iterated.

Ihe First Polarity. There is s polarity estadblished

by means of the given funetion L. ¥Ye put
of

ot
Ly~ ¢r.
?hosc equations may be solved for the xy in terms of the
pr provided the u‘h order determinant

Lvs L v&
22
Lyt rs

doss not vaniah.7

Trne nen-vanishing of this determinant is an analogous
sondition to the one usually imposed in Finsler sproe;

[Pirie | #0
It guarantees that the sguations
Pr
may be rovarauﬂ. 0artan, op. git., does not lmpose this re-
atriotli? In his exanple of 3 aangular space '

(p+g* )4,@1 [f"--H' d3,d5
6‘ xJK——- eYJ

“l( - Ze‘JKx x[& €

“P
then L/ =ly, €y er noting that t(rlu,- jone finds

2Ly, = € L5lless Liltes - €rse L.

80 that expressing L uniguely in terms of the pz depoends
on 2xpressing L unigquely in terms of the Lu,. This, however,



Zhen the relation
oA
X;WY = 2L
o
is differentiated with respvest 0 py-, it 18 found that
i r
xog'i‘ Ps ax“ = 2Lla.
Here and in the future '
Ys

Y & | oe .
Le Lip, ete. dencte by, L,,,Pf , .
On the other hand

& s ot )
80 that Ya' Y Pr
Ko = La -
a r
Computation of o-& nmms in the inverse matrix relation
;—'r
.8 | 4F - §463

The M gg;ar; ty. Another polarity, closely related
to the first may de demonstrated, TFeference to (1.7) revesls
that €

Lys—-L Lg&«,& (PYO"' @ -

Te put

(1.9) Lrs = rs-
Pys i8 3 bilvector; 1t wlll be shownthrat it 18 possible to

ig clesrly not possidble for,

k3
= (2% 2v - u"+v)
La, = ( w ) wr | -
Z 0o ~2%
(41) U-’“
L o 2 —_2V
— - 1 —
I uv“’l - « w = 0
2.
~2u 2y ()
w* w* w?
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reverse (1.,9) and express the biveotor x”° in terms of p ..
It has been demonstrated in the prsceding section that
L may be expressed as & funetion of x” , and pc . The equa-

tion (1.1) may be written in the form
A Y - A
e Lp - gp L)

whioh implies that 4 "
L = L(Ysr, J{rs 3.
The notation 2, %
32 - aLZ. LZ remm -é’[:__/ efe .
L. - ’a—a_; ) bo"rs B"’mh )

will be used, Reference to (1,7) shows that
2 r s d
L P L/,, € £

—

.
J

that is,
A rS
=0
Sinee .
b"‘.& _ SLJ .
3¢S S
74m1ﬂ2:) — gaj

rs .

Eysmy\ L



APPLICATIONS QF THE CALCULUZ OF VARIATIQHS

The Pringipal lHormsl Veoctor To 4 Zurface. Conéider the
variation of the integral

- )Z Ldu du*.
We have

G5 « ] Ly 17 118555) '

52l T b
In this manner one obtaing the spacial invariant of weight
zero, and the surface invariunt of welght one
(.15 'Lx')‘sxr'
Thus B u
Ly = L (aﬁLr-LXr)
is & veotor in space and an invariant on the surface.
%hen the relation (1.1)
Xyl*-85L =0
is differentiated with respest to u® one finds
Kyal% +X3LY ~LoxLg-LxmXy =0,
or
(22) XL =0.
In view of this identity it will be said thet L. i8 normal
to the surface.
The 98 snd The Mesn Curvature Induged Op A Surface.
If one 18 able t0 measure distance in sprce, one may determine
an absolute invariant on any curve immersed in this space,
namely the prineipsal curvature, In an snalogous manner if

one 18 able to memsure ares in spsce, then an inverlant and
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8 symmetric double tensor may he determined on the surfece,
In the case of area geometry we put

Hmao‘(g LL, l. L 4
then on identifying ]s,‘p[ with L2, we obtain the invariant
of weight sero
2.2y H'=|Lliel Ls],
and the tensor of weight zero

-2 vs
{(2.3) 30‘[; = H LLV,-Sl-a.,G
Suppose that & symmetric double tensor, g¥,g, exists

with the following properties:
(2.4 A, 9% = 9*r$(xk)’(“(‘)'

B, j Sk X\
C. 3YSK x(\
. s
b. 1If g*dp denocten g* rsX;Xp » 12 = ,s*g,«l .

DVifferentiation of the eguation
1*= | 97«
d ~p

with respect to x; yields

-1, o ® s P

L Lr = 3\*‘»' ch
#hence v Xl g B %

weL=LLa=§ Ly Gup

[

The latter equation is differentiated with reapect to L 5 and

there rnnltm the mmtit.y
(2.5) o(L +LL 3 8«#&

K vi

4'% L 8mnV,L(’Ld/3 L;;’—T)

.
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when (2.5) 18 solved for g*'® one finds
¥ - L rS 4 SY rxS d¥P,¥
(2.6)  drghp s fL(LiptLis) vXeRe g%
Lplg 18 summed on (2.,6); when note is taken of (2.1) we obtain
vs ¥rs 2 4
In other words; Af a g%y, exists satisfying the conditions
listed in (2.4), H defined in (2.2) has the value given by
H> = ¢"~L.Ls

and g3 defined in (2.3) 18 1dentionl with g*4g3.

’

"he properties that g4ng enjoys are possessed by the gyg
employed by Cartan., If such a gyg oxist we shall refer to
the geometry as that of a Cartan space., These properties im-
ply that:

A. Brg Gepends on the coordinates xK and on the ai-
rection of the surface element xl1J.

B. If P¥ 1s vector perpendiculsr to dx%, that is;

P \’3“ dx® =0 ’

and if the contravariant components of P¥ are unaltered, then
this relation is unsltered when x1J 1s turned about ax®,

C. The ares measured by means of gyy 18 the sanme as
thet messured by the given funotion L,

Conditions Por The Zxistenge of A Cartan Spsce. The
surface tensor gg 18 a funstion of the x", the x; , and the
x:l‘g. If two surfaces are tangent slong a curve, the distance
measured along the curve on each of the surfsges by means of

ds* = Gup dde®
will not, in general, have the same value. These values will

be equal if and only AL the tensor
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3%{8 _ ax;gg‘*ﬂ

vanishes,

Differentiation of the relation

llzfidp = LL,ks L%

partiaslly wam reapect to x 5 yuldu

Z”HK 34(5 +H* 3«,»&. Zva L.«p LS
while {2.,2) reveals that

& v
2HIS = LsLl L,,f, 4t
S‘ rs
H’”gaﬁa;s = 7 (ZLdp - Lf’r afgd(b)
¥ren the ubwo u mxluplied by L omb rzna:

H (7.,;,5& L é/....L (ZL"S —L g (7“@)

Thus, the vaniehing of Hey'c 1mplios %hat and 1s lmplied

v Ls[Zl.,, Los jﬁa—g.cp] 0.

This relstion is differentiated once more with respect to x;-ks

Then

to obtain the t.amor relatlon -
2 t* 9% ) =
(Ls "‘Lxs)(ZL "Lfa-g 3"’/3 O.
Reference to (1.7) end (1.2) shows that the above is symmet-

rie ino,B and 1t may be writtm in tho form

Z L; s8 (L ;o(ﬁ ) = 0.
L;;j‘[-?: = 8:55

the vanuhmg of Hﬁ,/pu mpnu

(2.7) A,.,; L S L,mgf’f"m =0
But )
H g = Lii ks At

'3
A necessary and suffleient conditlion that Hgwg ,(6‘ vanish 1s

9ince
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CJ
that A“p venish,
S

In view of the fact that A_ - eatisfies the 6n conditions
oS Lb’ -0
Aa{ﬂ J 4
and the #n(n+l) = 2n further conditions
At a*® =0
y “¢ ¢ |
A :(76 has altcgether n(n-3) independent components,
If the spsoe 18 a Cartan space it 18 necessary that g'®
) S
be given by (2.6) end that a;ﬂ vanish, In this case
_ vs _ L ¥ o ry S g PO
It will be found, however, that these are not sufficient con-
ditions for the existence of & Cartan £pace,
When (2.7) is aifferentisted with respect to x ¥ one finds
L Sy, gJt G
(2.9) deadpbrf = Ldf&r J-Lo((av - S, 86(5,
where S = Lfg.;), Po—

.. .. _l ..
SUY = L3 TePTo [LISY

Differentiation of (2.8) ylelds

5o~ r, S -y
g7 = LTS rALSTY WERXE SN ke

Reference to (1,3), (2,7), and (2,9) demonstrates that
ysY

Y K
? K)(i =0 iLe.; grsk Xx =0,
But one finds that the satisfaotion of the equations
Y 5 .
a rsk Xy = O
implies and is implied by
r - P J A =
(2.,10) jdpr -L Lr(;f’“‘gﬂ +ﬁf’/“g“‘) o
Application of (2.9) permits (2,10) to be written in the form
.2 - o~ 4] ” n
/4;;’3; zL SLJ(Z ngaﬁ '.L aj/af; ijaé)
iy h Jjen (J

¢ ign -
- L s - Laps +S §9ap = O
On the other hand



15
ingy 3 S yiJ
Acx (5"6' Lh - SV qu

Thus, the vanishing of &;"’6'} implies that h;‘;; = 0. There-
fore, the necessary snd suffiscient eondition that the space
be a Cartsn spece is that

ijx -0
Mgy '



THE DIFFERENTIAL GEOYETRY IN BPACR

Zhe Fundsmental Risplacement Of A Surfaee Sirip. GSuppose
that & curve together with surface elements passing through

the curve be given., It will be shown that & unicue minimal
surface contains the given strip. This surface may be regard-
ed as s "parallel” displacement of the surfsce elements slong
themselves. Furthamﬂm, the differential equations for this
displacensnt will mb).o ues Lo’ define a displecement of
the strip in sny diresction.
¥e shall suppose the strip to be given by the eguations
(3.1) "= X () ) x"=x"(w).
Since the surfasce elements pass through the curve snd since
the x"° are bivectors, the finotions in (3.1) are sudbject to
the further conditions
Sipx”xf=0
suox"xf1=0
¥ithout loss of generality coordinates on any surface contain-
ing the strip may he taken 80 that on the curve
X% = x"(w)
Then the equations of the strip mey be taken in the form
x"=x (), x} =%l (W)
Consider the vector I )

WF. 23, Fi-Feti P FLF =200, -L Lo+ LeL

where

F-L

[ g
Sinee Lr x,0 F, wvanishes if and only if L, and L, vanish.
For the sake of convenience we shall put
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’z",Frsmn:jrsM"

fhoo* Flb =4 grasi kA X
Fy may then be written in the form
Fr=hrs x;7~ 4_2,'(*:,‘&,)‘&)_

The maximum rank of h,s 18 plainly no greater than

ne-3, for

hvs x> =0

But since g,.;mn 18 assumed to have the highest possible
rank, [y
Avs A< O

Af and only if
XTN-XEN =0

In other words the rank of hys is exactly n - 1, It is
apparent that the ecquations .

h X7 Ar ) whaw Ark" =0
are not reversible, but one ney express

).(y As - is xr
in terms of A‘

A tynthcﬂéic demonstration of this result sugcests the
algebraie solution., At a point, the tensor gys;mm determines
& quadrativ line complex in an n-l spsce. hvs 7’y‘=0ny be
regarded as a point oone of this complex and X is the vertex.
To emoh: (n-%, Ar, through the vertex of ‘he cone corresponds
a unique line, /\gi«_x’-‘s » through the vertex.

The details of the algebraic solution are now undertaken.

rs
It H denotes the cofactor of h,s , then
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1 @, %, B
Kg,( H "(?rc% )
Let H e denote the cofactor of
hee Hs&‘
"m' l‘\Si

It 48 seon that ..
(R = B
is a tensor, Ye put
ij rej
"\ﬂ J"fS = ‘,.’ ¢ ,
then .
- P _ LPYI LY
L\"“-J "\rpx = % A (Spc, .
This 1s the desired result. Any{, such that®, X'=| wil

suffice; one may take
b: zF F.
One has
F.x"=0

Thus F, uniquely determines the bivector

h.; i ‘qxa\; F&
which may be written in the form

n"s= x®(x32+2¥9) 5;;

It mey be noted that n @ paeses thru x'C. Then n”°
vanishes, xrfz, is expressed in terms of i,‘(’ , x5, sna x¢,

The snulling of n'® defines a propagation of a given
surface strip away from the initial curve in the directions
of the strip. A more general dlaplacement mey be found whioh

will enable the displacement of the strip in any direction

away from the curve.
. nrs "52'
Conslder the trenasformatiom of -2—= N k.

Ox%

Q-
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R ‘LS 2 = n 'RSK+n;Eu:.2 cax +Tn "%2‘{:””2
It is seen that 2 .t x
w"= h"éz‘l"z, ,’_an”( dx* 4 h x dx
1s a tensor. W™ takes tha form
wr = xP(dx? + ¥iadets y?,0 di%)dp
It 48 & bivector pasaing through x, If @" 1s anmlled

dx"™ 1s expressed in terms of x* , x% , X%, ana ax©, dx'

Ihe Fundameptal Connegtlen. In the preceeding parsgraphs
only the fundamentzl tensors have been eomeidered, those
deriveble from the funetion L itself, Ye now consider other
tensors, The most important of these will be divectors and
tensoras of higher order, which when contracted on biveators
produce biveotors., e shall suppose that the oomponents of
these tensors depend on the coordinates of a point, x'<, ana
on the components of a surface element x"° at the point.

The combination (x“’,x" ) will be referred to ss the element
of support of the tensor,

Consider a biv:otcr,sz passing through a given ocurve
and suppose that the element of support also pascses through
the given curmve. It will be ahown thst an intrinsic differ-
entizl may be determined, which may be regarded as defining
the geometric change in Z'° as 1ts element of support is
displaced away from the surve.

The bivector and its element of support pass through s
common curvej thus for all values of the slement of suppert

8:;:'1 XCJ ZKL
must te ldenticelly zero. If the equations of the curve are

x"=x"(¢t)
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Then ;- P 6 v P O
6/ lC 14 x
6rsP vs P 0 Z
and x"* and z my e put in the form
rs ‘¢ '5
X" = x¢ X

rs - /
pA XA Slj
We shall suppose the intrinsic 4ifferential to have the

dzv = w(d;\%)\"[r"mx dy®+C e d’*m])lg:; ‘

form

Then az"° and 2"° 4 a2 are bivectors passing thru the given
cowve.
The coefficients
s s
r ™K y C m i
will be determined from the following conditions.
1. The intrinsic derivative m the direction of the cusve
z*

~and the differential .
d (x%-% x")

shall vanish,

2. The area of z" measured by

=.‘3rsnrn folzﬁﬂﬂ

shall remain unaltered when 2" 1e displeaced by nmesns »f ’gz”:o.

3, 112" ena Y™ are two bivectora with a common
element of support and pasring through & ocommon curve, then
when their contraveriant components remain fixed while thelr
elament of support turns t-ru the curve, the invaeriant

Grepg (Y 2T - 274 YFT)

shall vanish .
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4, "hen ax'’ = 0, the relation
4(x"Ex5-%8x") = §(xdx®-x*dx")
shall hold. That is, the coefficient of SX dM.n this
case, Y,,m,\ 8hall be symmetrie in the indices m snd n,

5. Along the curve the displacement vector dx", shall
satiefly a differential egquation of the form Air"A:d"Kl
Applicetion of the second condition revesls that
(3.2) dhys = (F,ISK_ +r”rac X."" (C"SK 4"("&)&)( <

where ’7,.5,‘_- rcr' Sy Crs:(' I‘n-c.(ﬂ(
One finds at once that

(3.3) Cosk + Csr.g = hysx

*n
hys = Z«jrctdnﬂ x°x '

where BHK‘ a 3%
The impliocstion of the third condition is that
Crs= Csec
Thus (3.3) yields
Cosx = 5 hrex
Crsk is completely symmetric in r,s,k and enjoys the property
cﬂ’tc\is:o ) Cv‘SK—XIS =0

imploying these reaults, one finds

dx”® = L(dsz+l'l I e x"")é‘{j

and &2"° @ay be written in the form

rs
(s.8) dZ7= "[«i LD (P,,de'wC"m.c dx')] Cgf’j'-
where [ mk = [ome - € mp/’nkxn
dx'© +] e X dx”

Y

and dx/"

/
In the future summation on x' Cwill be denoted by a "o"
in the place of the index summed, and summation on X * w11

be dencted by a "1" in the place of the in dex suammed.



Rote 18 made of the relation
l-,;son. = ['.sx.

80 that P P
(3.5) F:.n" F*’m& "'C"‘P r'a(ox.

[T 18 the [\5c referred 1o in the fourth condition
and sccordingly it ia symmetrioc in the last two indices., “hen
the substitution given in the fifth condition and (3.7) ere
introdugced i.nto (3.2) one obtains

dhys + aF”‘ *'SA‘; = e rsx *aSrn “"’VSPP*Zn
e lat. Sk_ denot.e the operator

F D
Jxr- A‘DXP

then the usual permutation of indices reveszls that

P
(3.56) P& Krs = z‘&rs + CYSP Rom-CkS‘FI::r "C

wvhere

VKr[:tos

A
XKV‘S = Z(SY" KsS +gsl‘ rk’gn ,”Ys )
Summation on % x> and x'" respectively ylelds

r.:- Koo = XKQO

P
Pv KeS = Xnos —(Kspufoo: XKos"CKsFU.P.
where

M rsS rs
Then one mey put
AP a3 -xdyl =261 22(x761-%536")
and it 1s found that
. P -Pr3 _ P3
’{%rl('os" X r*os - bx’s G
This result is ﬁubstituted into (3.5) :mci one has

p
C K*s © “"‘3"' G"“P A SR C a)(r (wcpb‘fu‘
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The implieation of the first condition is that
(1." rlv .y
¥hen the substitution
dx = Ak dx®
is made,one finds
3.0 Ark +[nvie =0
Summation of x' on (3.6) revesls that

r:ems = ¥us -CKSP&C:

The expansion of this result and use of (3.7) shows

Ask+ Mxs = = (dphws ir+d;3hnsA?+kksz§) .

But " .
AP =xPAL =X'F

and one obtaine
—h'ks = Axs +Ask

This ecuation may be glven s geometric interpretation,
The given ocurve may be regarded as one member of a aongru-

ense with the property that for every adjacent gurve the sres
of .
xdx® -x°dy”

is conatant along the curve,

Consider such & congruenge given by ecuations of the

x "= p A (x)

form

Then

dx’= PARA" + dpA”

By & proper choice of the paraneter we may have dp = 0, If

FLAH(" Aqu = "";KY

the congruence is an admissidble one and will have the
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property described above.
The Covarisnt Derivatives, 'hen the substitutions in(3.4)
m m g v
) ='Z" C?n ""'Amddn'

are nade, one may write dz"’ in the form

(5.8) dz%= dI" + Z"'"(r ke A& +C mwi; .4_’(“‘)
where rrsm’"c 'Z( "’:PJ,(_—_A S ) i Cf&

v _.'_.. prs
Cshml.j = 2‘,., gpoh-ndJ’

On the other hnnd,l,.s ‘)
] m <

d.z_rT- Sa';';:d- Z ( 1\" Pm”gx "J )

then one finds

QL_Z_"J = ZFS,IL d)i‘tfzrjc..;é_)(

'3

4
whe: e ine lirast eovarlsnt derivative , 2 LK m given by

Vs - Jzys mom S "
Z N, S ‘;’;-&"'Z- [,m'n’(. -7 1.][1 le(.x
and the covarliant derivative of the second kind 13 given by
S rs mmn rré
. i+ .
Z ) = Z ¢) Z C mwncdj
rs rs
whane Z, o = é—z——'
dx/



CONBIUIION

The cheracter of the area space discussed in the pre-
geeding pagea is seen to he muoh more general then that of
& Cartan space, In & non-Cartan spage almost all trace of
the notion of the length of a veotor disappears, and looal
parallelism at a point i8 replaced by loocal parzllelism
through & ocurve.

We have showmn that & necessary and suffigient condition
for the existence of ¢ Cartan spage is the vanishing of the
tensor A .3y . In this oase the intrinsic differential
given ahbove should stratify into that given by Gurt&n.s This
appears resacnnble in view of the formsl similarity of the
coefficients in the respective conneotions., No diffioculty
gho:1d be encountered in obtaining curvature tensors,

By imposing s minimum number of conditions on the space
we have obtained a geometry in whieh all metrie notions are
firmly based on the concept of area, and in whioh the bl
vector sssumes the impoertant role that it should have,

8z, cartan, Op. git..
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