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De Rham cohomology is important across a broad range of mathematical fields. The good
properties of de Rham cohomology on smooth and complex manifolds are also shared by those
schemes which most closely resemble complex manifolds, namely schemes that are (1) smooth,
(2) proper, and (3) defined over the complex numbers or other another field of characteristic
zero. In the absence of one or more of those three properties, one observes more pathological
behavior. One of the most concerning is that for affine morphisms X /.S, which are arguably
analogous to contractible manifolds, the groups H'(X/S) may be infinitely generated. In this
case, when S = Spec(k), char(k) > 0, the Cartier isomorphism allows one to view the groups
as finite dimensional over a different base: O x (. However when S is a Dedekind ring of mixed
characteristic, there is no good substitute for the Cartier isomorphism.

In this work we explore a method of calculating the de Rham cohomology of some affine

schemes which occur as the complement of certain divisors on arithmetic surfaces over a Dedekind



scheme of mixed characteristic. The main tool will be (Koszul) connections on vector bundles,
whose primary role is to generalize the exterior derivative O x 4, Q% /5 toamap FY Q% /5@ F
defined on more general quasi-coherent modules F.

Given an suitable arithmetic surface X and divisor D with complement U = X \ D,
the de Rham cohomology H'(U/S) is infinitely generated. We use a natural filtration Fil® Oy
to construct a filtration Fil* H'(U/S). We show that associated graded of this filtration is the
direct sum of finitely generated modules, and we give a formula to calculate them in terms of
the structure sheaf Op of the divisor as well as the different ideal Dp C Op of the finite, flat

extension D/S.
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Notation

All rings and algebras will be commutative and unital. Dedekind domains/schemes are
one-dimensional (fields are not considered Dedekind domains).

For a scheme 7 : X — S and a sheaf F on X, we denote the i*" sheaf cohomology of
F on X by H'(X, F) and the *" relative de Rham cohomology of X /.S by Hix (X/S) or simply
H'(X/S).

We will introduce a type of de Rham cohomology with coefficients, depending on a sheaf
F and an algebraic connection V, and we will denote this by H'(X/S; F, V).

Remark 0.0.1 (Note on page citations). The reader may notice some cited page numbers given as
[p. X/Y]. What this means is that X is the usual “analog” page number, whereas Y is the digital
page number one may use if one happens to have a digital copy of the same book or article.
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Chapter 1: Introduction

1.1 Intro

De Rham cohomology is a cohomology theory applicable across a wide range of geometric
objects. Like many cohomology theories, a common method of computation is to take a “good
cover” of a space, on which cohomology becomes trivial, and then reduce the computation to
something more combinatorial. Over smooth manifolds, good covers are typically contractible
open subsets (with contractible intersections). Over these, sheaf cohomology and de Rham coho-
mology are both trivial. Over schemes, good covers are typically affine open subschemes. Over
affines, sheaf cohomology is trivial, but de Rham cohomology can be highly nontrivial, even
infinitely generated.

In this work we explore one method of computing the de Rham cohomology of some affine
open subschemes of arithmetic surfaces. When X = S is a nice arithmetic surface with a suitable
divisor D, the affine open complement U = X \ D usually has an infinitely generated module
Hx(U/S). However there is a filtration Fil* Oy associated to the divisor D, which induces
in turn a filtration Fil* Hiy (U/S). The associated graded Gr® Hi (U/S) is composed of finite
dimensional modules, which can be expressed in terms of the structrure sheaf Op of the divisor
as well as a different ideal D, C Op, of the finite, flat extension D/S.

The computation proceeds by identifying the de Rham cohomology of U in terms of similar
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cohomologies defined on X: Hi; (U/S) = H'(X/S; Oy). Our main theorem is

Theorem 1.1.1. The associated graded of Fil* H'(X/S; Oy) satisfies

GrH'(X/S; Op) = H'(X/S) & m.0Qx/s(D) & P 7. (Op/(nDp))

n>1

The cohomology modules H'(X/S; £, V) on X are defined in terms of logarithmic con-
nections £ Qx/s(D) @ L.

The issue is that for an affine open subscheme U C X, the coordinate ring I'(U, Ox ) allows
poles of arbitrarily large order on X \ U = D.

For example when working over the affine line A}, and computing with the ring Z[z], essen-
tially each power of x contributes a dimension to the de Rham cohomology module H'(A} /7).

Furthermore, there are no small subrings of Z[z] that one can use to decompose the com-
putation into smaller pieces. However, one can filter the ring Z[z| by the modules x"Z[x|, and
each graded piece of this filtration is just a rank 1 module over Z.

The guiding idea in this work is to use this strategy to filter the coordinate rings I'(U, Ox)
of certain affine subschemes U C X by a sequence of sheaves of Ox-modules that interpolate
between the rings I'( X, Ox) and I'(U, Ox ). Then we can analyze algebraic connections on these
modules, as a way of studying the derivative on I'(U, Ox), one small piece at a time.

Unfortunately we must trudge through no small number of technical details as we imple-

ment this strategy.



1.2 Motivating examples

1.2.1 de Rham cohomology of Al P

In algebraic geometry, de Rham cohomology often behaves very similarly to in topology,
but there are some pathologies. We explore one of them here.
Let S = Spec(R) be an affine scheme, Y := A} C P} =: X.

From topology one expects

Hyp (Py/S) = 0 =1

Hin(A5/9)= {0 ;-1

and indeed this is the result in the geometric case S = Spec(C) and furthermore over any
field of characteristic zero.
Over other rings the result for the proper P, continues to hold, but the result for the affine

A} can be less nice:



Hin(A'/F,) = {70

n>0
Z i=0
Hig (A7) = (1.2.1)
Pz/nZ i=1
n>1

The positive characteristic case has been well studied, and there is the so-called Cartier
isomorphism, which explains how to view the cohomology as finite-dimensional, in a sense. The
integral/mixed characteristic case is somewhat less understood, and we explore some methods of
analyzing it in this work.

The de Rham cohomology is computed as the hypercohomology of the de Rham complex
(of Og-modules)

which for affine X = Spec(A) equals the ordinary cohomology of the sequence

T'(Ox) = T(Qxs) = T(Q%/s) = -

A= Qup— Vyp— .

and if X/S = Spec(A)/Spec(R) is smooth of relative dimension one, then the sheaves of

higher differentials vanish, and we are left with only the R2-linear map

A— QYp.
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So the case Y = A}, comes down to

R[z] % Rlz] - d=

f(@) = df = f'da
2" = na" N da

an explicit calculation of the cohomology of the map d reveals

@ Rn—tors 1 =0
Hig(A'/R) = ¢ "

@D R/nR i=1

n>1

where the n-torsion and n-cotorsion of R comprise the cohomology of R[x]/R.

In a later section we will spell out the computations for these results more explicitly.

Example 1.2.1. To see how the noninvertibility of elements of Z affects the de Rham cohomology

H*(A},/Z), we calculate the cohomology of the complex of Z-modules

Z[x] i} QZ[CE]/Z = Z[l’] -dx

which decomposes as Z-modules

@Z-x"—)@z-x”dx

n>0 n>0

" = " de



The map and its cohomology can be visualized

Ix0  |x1 I %2 1 x3
0 Z & Z & Z o
1 \J 3
0 Z/(2)  Z/(3)

where the top row represents H3, and the bottom row represents Hip.

Remark 1.2.2. Based on the above example, and the remark in the introduction that we would
like to filter the ring Z[z] by submodules z"Z[z], one might get the impression that the idea is to
work with modules allowing zeros of increasingly large order. In fact what we will be doing will
be allowing poles of increasingly large order.

In the above example, the elements 2™ should be thought of as containing increasingly large

poles in the complementary subring Z [z 1].

Remark 1.2.3. In the descriptions of H' (AL /R) above, we obtain a direct sum decomposition
@ R/nR. Unfortunately, in the more general case we explore in the body of the work, we are
n>1

only able to obtain a formula for the associated graded module of the de Rham cohomology.

When we apply this technique in 1.7 to the example above, the associated graded is iso-

morphic to the direct sum we have seen already.



1.3 Algebra background

1.3.1 Abelian categories

Proposition 1.3.1 (Snake lemma). Let A be an abelian category. Let

~
I\
~

g

g

g

:(—Q 8
L/ <
=
2

be a commutative diagram with exact rows.

(1) There exists a unique morphism ¢ : Ker(y) — Coker(«) such that the diagram

y «—— y x:Ker(y) —— Ker(v)

P L

v — Coker(a) [, v +—— Coker(a)

commutes, where m and 7' are the canonical projections and v and ' are the canonical

coprojections.

(2) The induced sequence

Ker(a) EAN Ker(B) LN Ker(y) —>— Coker(a) LN Coker(5) 1 Coker(7)

is exact. If f is injective, then so is ', and if | is surjective, then so is l'.

Proof. [14, Tag 07IV], [14, Tag 010H] O


https://stacks.math.columbia.edu/tag/07JV
https://stacks.math.columbia.edu/tag/010H

Definition 1.3.2 (Kernel-cokernel sequences). The six-term exact sequence

/

Ker(a) EAN Ker(8) —— Ker(y) —— Coker(a) SELIEN Coker(p) —r Coker ()

in 1.3.1 is called the kernel-cokernel sequence.
For convenience, we also use the following terminology in the context of a morphism of

short exact sequences. The kernel sequence is

Ker(a) I, Ker(5) AN Ker(7y).

The cokernel sequence is
Coker(a) LN Coker(3) 1 Coker(7).
We say the kernel-cokernel sequence splits if one of the three equivalent conditions is

satisfied:

1. The connecting homomorphism § is the zero map.

2. The kernel sequence is right exact.

3. The cokernel sequence is left exact.

In particular, if both rows of the diagram in the snake lemma are short exact, then for the

8



kernel-cokernel sequence to split means that the kernel sequence and the cokernel sequence each

separately form a short exact sequence.

Remark 1.3.3. The following presents a uniform way of discussing when a square in an abelian
category is commutative, Cartesian, or co-Cartesian. It can be taken as a definition or a proposi-
tion.

One can find the equivalence with other definitions in the following references: [14, Tag

00ZX], [17].

Definition 1.3.4. Let A be an abelian category, and let

w1,y
ool
Xtz
be a diagram. Consider the associated sequence
0—— w2 xgy & 7z

Then the diagram is

0. commutative iff the sequence is a complex,

1. Cartesian iff the sequence is a left exact complex,

2. co-Cartesian iff the sequence is right exact complex,

3. semi-Cartesian iff the sequence is a middle exact complex.


https://stacks.math.columbia.edu/tag/00ZX
https://stacks.math.columbia.edu/tag/00ZX

Corollary 1.3.5. Left exact additive functors preserve Cartesian squares.

Proof. Let ' : A — B be an additive functor which is left exact. The square from 1.3.4 is

Cartesian after applying F' iff the following sequence is exact:

)

0 —— rw 29N px g py TBN py

Note that additive functors preserve direct sums ([ 14, Tag 010M]). By definition a left exact

functor preserves the exactness of the sequence. Therefore the result follows. [

Remark 1.3.6. Suppose that our abelian category A is the category of modules over some com-
mutative ring (or more generally that A is concrete, i.e. admits a faithful functor to Set). Then
we can regard subobjects (e.g. images) as subsets, and we can analyze containments and inter-
sections of subobjects in a straightforward set-theoretic way.

In such an abelian category, given a diagram as in 1.3.4, it is easy to see the containments

im(kog) =im(ho f) C im(k) Nim(h) C z,

where the first equality results from the commutativity of the diagram.
If the square is in addition Cartesian, then it is also easy to see that the containment becomes
an equality:

im(k o g) = im(h o f) = im(k) Nim(h).
This is a consequence of the construction of the fiber product of sets.

Corollary 1.3.7. Let A be a concrete abelian category, and consider a commutative diagram

10
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|~<

:\N:

Mg R S
FEE

N

where X = coker(g), Z = coker(h), and k is the morphism induced from k. Suppose that
the upper square is Cartesian and that k is injective.

Then k is injective.

Proof. LetT € ker(k),i.e. X > x+ 0 € Z. Then T lifts to # € X such that k(x) € im(h) C Z.
So k(z) € im(k) Nim(h). By 1.3.6, k(z) = (k o g)(w), for some w € W.
Then k(z) = k(g(w)), so 0 = k(z) — k(g(w)) = k(z — g(w)). But k is injective, so

x = g(w). ThenT = g(x) = g(g(w)) =0, since go g = 0.

Therefore & is injective. [
We have a partial converse to 1.3.6:

Proposition 1.3.8. Let A be a concrete abelian category, and consider a diagram

/

ker(g) L, ker(h)

R S
~



where the bottom square satisfies the image containment property in 1.3.6:

im(k o g) =im(h o f) = im(k) Nim(h).

1. If the induced map [’ on kernels is an isomorphism, then the bottom square is semi-

Cartesian.

2. Ifin addition, either f is injective or g is injective, then the bottom square is Cartesian.

Proof. We must show that the complex

Oz:(gvfg Xo Yﬂz(h_h)Z

is exact.

Let (z,y) € X @ Y such that f(x,y) = k(x) — h(y) = 0 € Z. Then the element
k(x) = h(y) € Z is in the image of both / and k. By the image containment property of 1.3.6,
there is a w € W such that (h o f)(w) = (ko g)(w) = k(x) = h(y).

Then h(y) = h(f(w)) = h(y) = h(f(w)) = by = f(w)) = 0 = y — f(w) € ker(h).
By the assumption on the kernels, y — f(w) lifts to a unique element w, € ker(g) C W. So
f(we) =y — f(w), and g(wy) = 0. Set wy; = w + wy.

Then

flwr) = f(w) + f(wo) = f(w) + (y = f(w)) =y,

g(wi) = g(w) + g(wo) = g(w) = =.

So a(wy) = (z,y), and the complex is exact in the middle, and so the bottom square is semi-

12



Cartesian.
If either f or g is injective, then the sum (g, f) is also injective, and the complex is exact

on the left. So the bottom square is Cartesian. [

1.4 Algebraic geometry background

1.4.1 Sheaves and line bundles

Proposition 1.4.1. Let A be a graded ring and X = Proj(A). The associated sheaf functor
M s M from the category of graded A-modules to the category of quasi-coherent O x-modules

is covariant, exact, and commutes with direct sums, filtered inductive limits, and tensor products.

Proof. We begin by defining for any homogeneous element f € A, a functor M (M( f))
from A-modules to quasi-coherent modules over the distinguished affine D, (f). Then we show
that this functor has the properties desired of the functor in the statement of the proposition.

See [9, p. 373/379] for more details ]

Definition 1.4.2. (Twisting sheaves on a projective scheme) Let X be a projective scheme with
graded coordinate ring A = (P, Aq. Associated to the grading on A, from any graded A-

module M we define new graded A-modules M (n) by

M(n)d = Mner, Vd € 7.

The twisting sheaves of the scheme X are



Lemma 1.4.3. Let X be a projective scheme with graded coordinate ring A = @, -, Aq, and

n>0
M a graded A-module. Let d > 0 be an integer, and f € A, a homogeneous element. For any

multiple n = dk of d, multiplication by = yields an isomorphism of O x-modules

Ox(n)|p,(p) = Ox|p,()-

Proof. [9, p.374/380] [11, p. 164/181] ]
The following content on Cartier divisors is taken from [11, p. 256/273ff].

Definition 1.4.4 (Cartier divisors, linear equivalence). Let X be a scheme. Denote the group
HY(X, K5 /0%) by Div(X). The elements of Div(X) are called Cartier divisors. Let f €
H°(X, K%); its image in Div(X) is called a principal Cartier divisor and denoted by div(f). The
group law on Div(X) is noted additively. We say that two Cartier divisors Dy, Dy are linearly
equivalent if D1 — D5 is principal, and we write D; ~ D,. A Cartier divisor is called effective
if it is in the image of the canonical map H°(X,Ox N K%) — H°(X,K%/0O%), and we write

D > 0. The set of effective Cartier divisors is denoted Div (X).

Remark 1.4.5. By definition, we can represent a Cartier divisor by a system {(Uj, f;);}, where the
U; are open subsets forming a cover of X, f; is the quotient of two regular elements of Ox (U;),
and f;|v,nu, € filvnu, Ox (Us NU ;)™ for every i, j.

We denote by CaCl(X) the group of isomorphism classes of Cartier divisors modulo the
linear equivalence relation. We will relate this group to the Picard group Pic(X) in the following
proposition. To start, if D is a Cartier divisor represented by {(U;, f;)}, we can associate a

subsheaf Ox (D) C Kx defined by Ox(D)|y, = fi 'Ox|y. It is independent of the choice of a

14



representing system {(U;, f;)}, and it is also an invertible sheaf on X.

Definition 1.4.6 (Twist by a Cartier divisor). Given any quasi-coherent Ox-module F and a

Cartier divisor D, we form the twist of F by D as

F(D) = F Qox Ox(D).

Proposition 1.4.7. Let X be a scheme. The following properties are true.

a The map p : D — Ox (D) is additive, i.e.

p(Dy + Dy) = Ox(Dy) @0, Ox(Ds).

b The map p induces an injective homomorphism

CaCl(X) — Pic(X).

¢ The image of p corresponds to the invertible sheaves contained in K.

d If X is a Noetherian scheme without embedded point (e.g. reduced), then the canonical

homomorphism CaCl(X) — Pic(X) is an isomorphism.
Proof. [11, p.257/274]. 0
Proposition 1.4.8 (Exactness on affines). Let X be a scheme.

1. A sequence
F—-G—H

15



of quasi-coherent sheaves on X is exact if and only if it is exact on every open set in a given

affine open cover of X.

2. If

O=F—=G—->H—=0

is a short exact sequence of quasi-coherent sheaves on X, then

0—FU)—GU)—H{U)

is exact for any open U C X. Furthermore if U is affine, the sequence is also right exact.
In other words, the global section functor is left exact.
[8, p. 382].

Corollary 1.4.9. Suppose we have a scheme X and a commutative square of quasi-coherent

O x-modules

Q<M
e

|

Then the square is Cartesian if and only if it is Cartesian on every open set in a given affine

cover of X.

Proof. Follows from 1.3.4 and 1.4.8. ]

Similarly, we have

Corollary 1.4.10. Given a morphism ¢ : X — Y of schemes, the direct image functor ¢, takes
Cartesian squares of O x-modules to Cartesian squares of Oy-modules.

16



Proof. Follows from 1.3.4 and the fact that the direct image functor is left exact. [

Proposition 1.4.11 (Pullback of locally free is locally free). Let ¢ : X — Y be a morphism of
schemes, and G a locally free sheaf of rank r on'Y .

Then ©*G is a locally free sheaf of rank r on X.

Proof. [8, p. 426] OJ

1.4.1.1 Sheaf cohomology

Proposition 1.4.12. Let 7 : X — S be a morphism of schemes and F a quasi-coherent Ox-

module. If  is affine, then T, is an exact functor, i.e.
e Rim,F=01i>0
« H(X,F)=H(S,7n.F) i>0
In particular the result holds if T is finite (e.g. closed immersions).
Proof. [14, Tag 01XC], [14, Tag 089W], U

Proposition 1.4.13. Let i : Z — X be a closed immersion with ideal sheaf T C Ox. Then the

pushforward functor

iv : QCoh(Oz) — Qcoh(Ox)

is exact, fully faithful, and with essential image those sheaves G such that TG = (.

Furthermore, there is a right adjoint i', which is given by the pullback of I-torsion.

Proof. The statement about the functor i, is [14, Tag 01QY]. The statement about the adjoint it
is [14, Tag O1RO]. O

17
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Proposition 1.4.14 (Support of coherent is closed). Let X be a locally Noetherian scheme and
F a coherent Ox-module.
Then the support Supp(F) is closed, and F comes from a coherent sheaf on the scheme-

theoretic support of F.
Proof. [14, Tag 01Y5] [

Proposition 1.4.15 (Composition of right derived functors). Let A, B,C be abelian categories,
and F : A — Band G : B — C be left exact functions. Assume A, B have enough injectives.

The following are equivalent:

1. F(1) is right acyclic for G for each injective object I of A,

2. The canonical map

t:R(GoF)— RGoRF

is an isomorphism of functors from D" (A) to D (C)
Proof. [14, Tag 015L] O

Proposition 1.4.16 (Composition of higher direct images). Let X 5Ly % 7 be morphisms of

schemes. The canonical map of right derived functors

t:R(go f)« — Rg. o R/,

from Dqcon(X) to Dyeon(Z) is an isomorphism.

If f is an affine morphism and F an O x-module, then we also have

Ri(go ). F = Rig.(f.F).

18
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Proof. By [14, Tag 06WW] pushfoward preserves injectives, so by 1.4.15, the map ¢ of functors
is an isomorphism. The result for affine morphisms follows because if f is affine, then f, is an
exact functor.

]

Proposition 1.4.17. j : U — X is an affine morphism, so j, is an exact functor, and R*(m o

])*OU = R.Tl'*(j*OU).

Proposition 1.4.18 (Projection formula). Let ¢ : X — Y be a morphism of schemes, F a quasi-
coherent sheaf on X, and G a quasi-coherent sheaf on Y. For any © > 0 there is a canonical

homomorphism

that is an isomorphism if G is flat over Y (e.g. locally free).

It is also an isomorphism if  is affine.

Proof. See [11, p. 190/207]. The idea is to work affine-locally on Y, take a C'ech complex for F,
and tensor with G.

See [8, p. 428] for the affine case. O

1.4.1.2 Higher direct images

Proposition 1.4.19 (Grothendieck vanishing). Let ¢ : X — Y be a projective morphism to a
locally Noetherian scheme (or more generally such that Oy is coherent over itself).
If d is the supremum of the dimensions of the fibers of p, then Rin,F = 0 for any quasi-

coherent O x-module and any i > d.
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Proof. [8, p. 500] [

Definition 1.4.20 (Relatively flasque). Let 7 : X — S be a map of topological spaces, and F a
sheaf on X. Then F is relatively flasque (with respect to ) if for any opens U C V' C X, any
x € U, and any o € ['(U, F), there exists any open W satisfying w(x) € W C S such that the

restriction o |yn1(w) lies in the image of

r(Vvnr'(W),F) =T Unz ' (W),F).

In particular a flasque sheaf on X is relatively flasque.

Proposition 1.4.21. Suppose © : X — S is a map of topological spaces with X is quasi-compact,
and let F be a relatively flasque sheaf of abelian groups on X over S.

Then Rim, F = 0 fori > 0.
Proof. See [15, p. 23] or a detailed proof in [18]. O

Lemma 1.4.22. Let 7 : X — S be a map of topological spaces, and let G be a sheaf on S. Then
the inverse image sheaf G on X is relatively flasque over S.

If furthermore G is a sheaf of abelian groups, and X is quasi-compact, then

Rir, (w‘lg) =0, i>0.

Proof. Letz €e U CV C X,and o € 7 'G(U), as in 1.4.20.

'G(U) := limy G(w)

Won(U)
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so take Wy D 7(U) and o € G(W,) representing . Then we have oy € 7 'G(7*(Wj)), and
by the restriction map 7 G (71 (Wy)) — 7 'G(V N ' (Wy)) we obtain 7 := oo |yrx—1(wy) such

that T’Umﬂ—l(wo) = UyUmn—l(Wo) = J|U =0.

The last claim follows from 1.4.21. ]

1.4.2 Flatness

Proposition 1.4.23. Let f : X — Y be an affine morphism, and F a quasi-coherent O x-module.

Then f.F is flat over Y iff F is flat over Y, and f is a flat morphism iff Ox is flat over Y .
Proof. [14, Tag 01U2], [

Proposition 1.4.24. The pushforward of the structure sheaf along a proper flat map is locally

free.

Proof. [14, Tag 08EU], L]

1.4.2.1 Cohomological flatness

This proposition applies in our situation due to the following characterization of cohomo-

logical flatness (in dimension zero)

Definition 1.4.25 (Cohomological flatness). Let ¢ : X — Y be a flat, projective morphism,
where Y is locally Noetherian. Then ¢ is cohomologically flat (in dimension zero) if the con-

struction of ,Ox commutes with arbitrary base change.

See [11, p. 209/226]
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Lemma 1.4.26. Let S be the spectrum of a DVR, and suppose 7 : X — S is a flat, finite type,
separated S-scheme of relative dimension 1, which is normal and with smooth generic fiber.

Then 7 is cohomologically flat if and only if Hl(X ,Ox) is a torsion free Os-module.
Proof. [1, p. 4] O

Proposition 1.4.27. (Raynaud’s condition for cohomological flatness) Let X be a connected
proper relative curve over S, where S is the spectrum of a DVR (R, m, k). If char(k) = 0, then
X is cohomologically flat. If char(k) = p > 0, then X is cohomologically flat if the GCD of
the geometric multiplicities of the components of the closed fibers is prime to p, or a fortiori if

X — S admits and etale quasi-section (e.g. a section).
Proof. [1, p. 6] [

Proposition 1.4.28 (Cohomological flatness is a local property). Let Y be locally Noetherian,
and ¢ : X — Y be a flat projective morphism. Then p is cohomologically flat iff for every

y €Y, the base change X xy SpecQy,, — SpecOy,, is cohomologically flat.
Proof. [11, p. 209/226] O
Example 1.4.29. The relative projective line P} is cohomologically flat, by 1.4.26 and 1.4.28.

Proposition 1.4.30. If 7 : X — S is a proper, flat morphism with geometric fibers reduced and

connected, then 1 is cohomologically flat.

[16, p. 25]
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1.4.3 Arithmetic surfaces

We use the terminology from Qing Liu’s book [11] to define arithmetic surfaces. However
whereas Liu allows a Dedekind domain/scheme to be zero or one-dimensional, we will follow

the convention that a Dedekind domain/scheme must be one-dimensional.

Definition 1.4.31. A surface is a Noetherian, integral scheme of dimension 2, endowed with a

projective, flat morphism to a base scheme S.

[11, p. 317/334]

Definition 1.4.32. Let S be a Dedekind scheme. A fibered surface (over S) is a 2-dimensional
integral, projective, flat S-scheme 7 : X — S.
An arithmetic surface is a fibered surface X — S which is in addition a regular scheme

(hence normal).

[11, p. 347/364,353/370]

Remark 1.4.33. A common way one thinks about a fibered surface X/S over a Dedekind domain
is as a compatible family of curves X, X, over the generic point ) € .S and all the closed points
s € S. According to the next proposition, each fiber is a projective curve. When S is of mixed
characteristic, the generic fiber X, is a curve over a field of characteristic zero, and the closed
fibers X are curves over finite fields IF,. The ability to synthesize these different types of curves

is what makes such fibered surfaces both interesting and difficult.

Proposition 1.4.34. Let 7 : X — S be a fibered surface over a Dedekind scheme S, and let

1 € S be the generic point and s € S a closed point. Then
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The fiber X is a projective curve over k(s), and we have an equality of arithmetic genera

Pa(Xs) = pa(X5).

If X, is geometrically connected (e.g. Og ~ m,Ox), then the same holds for X.

If X is geometrically integral, then the canonical homomorphism Og — 7,.Ox is an iso-

morphism.

* Suppose that X is a regular scheme. Then the morphisms X — S and X; — Speck(s)
are local complete intersections, and we have the relation wx, /i) = wX/5] x. between

dualizing sheaves.
Proof. [11, p. 350/367] ]
Example 1.4.35. Here are some basic examples of fibered surfaces:

» A}, = Spec(Z[z]), the affine line over Z, is not proper and therefore not a fibered surface
according to our restrictive definition, but it is the most important example to understand
first. If the reader would like to gain some intuition, we point to Mumford’s famous illus-

tration:

* P}, the projective line over Z, has a projective line P} over each point in Spec(Z). P} is

the set-theoretic union of A}, with one copy of Spec(Z) at infinity.

* A relative elliptic curve £/R over a number ring R, where the generic fiber £, is an
elliptic curve over the fraction field Frac(R). Each closed fiber £, will be a curve with
arithmetic genus 1, but not necessarily smooth. The singular fibers are termed the fibers of

bad reduction, and these have important consequences for the arithmetic of the scheme.
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By a result of Fontaine, there are no abelian varieties over Z, and so given a fibered surface

E /7 with generic fiber £, an elliptic curve, there will necessarily be singular fibers.

Remark 1.4.36 (Regularity vs smoothness). The distinction between regularity and smoothness is
a potential point of confusion for those unfamiliar with these types of schemes. These conditions
coincide for varieties over a perfect field, but for schemes over a Dedekind scheme we have only
that smoothness implies regularity. Regularity requires that the Zariski cotangent spaces m/m?
at each point have the correct dimension. This is an absolute condition, placed on the scheme X .
Smoothness requires that the sheaf Q7 /s of relative differentials is locally free. This is a relative
condition, placed on the morphism X — S.

The blowup X of a smooth (hence regular) arithmetic surface X /S at a closed point will
remain regular, but it will no longer be smooth. If £//S is an arithmetic surface with generic fiber
E,, an elliptic curve, then £ will be a regular scheme, but £/S will only be smooth if there are

no fibers of bad reduction.

Proposition 1.4.37. Let m : X — S be a fibered surface over a Dedekind scheme S, and suppose

m admits an etale quasi-section (e.g. a section). Then 7 is cohomologically flat.

Proof. By 1.4.28, we need only check the base change of X to the local rings Og . Since 7

admits an etale quasi-section, each such base change is cohomologically flat by 1.4.27. [

Proposition 1.4.38. Let 7 : X — S be a fibered surface over a Dedekind scheme.

Then for any quasi-coherent O x-module F and integer i > 1

Rir, F =
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Proof. Since 7 is projective with 1-dimensional fibers, the result follows from dimensional van-

ishing: 1.4.19 [l

1.4.3.1 Local structure of an arithmetic surface

Proposition 1.4.39. Let 7 : X — S be an arithmetic surface with at most normal crossing
singularities (e.g. m smooth). Let s € S,x € X be closed points, and fix a uniformizing

parameter © € Og ;. The following properties are true.

(a) There exists a flat scheme of finite type Z over S of relative dimension 2, a closed point
2 € Zg such that Z us regular at z, and a surjective homomorphism Oz, — Ox ,, whose

kernel is generated by an element F' € Oy .. The form of F' can be specified as follows:

(b) If a single irreducible component 1"y of X, of multiplicity d,, passes through x, then ' =
u®™ —ta, where w is part of a system of parameters of O ,, and where a € (922. Moreover,

if I'y is smooth at x, then Z is smooth at z.

(c) If two irreducible components 1"y, 'y of X, of respective multiplicities dy, do, pass through

z, then F = u¥v® — ta, where {t,u,v} is a system of parameters of O, and a € O;VZ.
Proof. [11, p. 406/423] [

Proposition 1.4.40. Let 7 : X — S be a morphism of schemes, and x € X. The following

conditions are equivalent:

(a) ™ is smooth at x of relative dimension n,
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(b) There exists an open neighborhood U € x and a commutative diagram

U —2— AL

N

where g is etale and p is the canonical projection.

Furthermore there are local sections gy, ..., g, of Ox such that dgi,...,dg, generate

Q% /g in a neighborhood of .
Proof. [10, p. 42, Prop. 11] 0

Corollary 1.4.41. Let 7 : X — S be a smooth arithmetic surface, and x € X. Then there exists

an open neighborhood U > z and a section z € Ox (U) such that dz generates Q7 15(0).

Proof. This follows from 1.4.40, and the fact that 7 is of relative dimension 1. O]

1.4.3.2 Divisors on a fibered surface

Remark 1.4.42. In the body of this work we will deal exclusively with regular surfaces (hence

normal), on which there is an equivalence between Cartier and Weil divisors.

The following distinction is important to the study of divisors on a fibered surface:
Definition 1.4.43. Let 7 : X — S be a fibered surface over a Dedekind scheme, and D C X an
irreducible Weil divisor.

D is horizontal if D — S is surjective (hence finite). D is vertical if 7(D) is reduced to a

point.
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An arbitrary Weil divisor is said to be horizontal or vertical if all of its components are

horizontal or vertical, respectively.
[11, p. 349/366]
Proposition 1.4.44. Let m : X — S be a fibered surface over a Dedekind scheme. Then

a Let x be a closed point of the generic fiber X,. Then the closure @ is an irreducible

closed subset of X, finite and surjective to S.

b Let D be an irreducible closed subset of X. If dim D = 1, then either D is an irreducible

component of a closed fiber, or D = m for a closed point x € X, of the generic fiber.
¢ Let xy be a closed point of X. Then dim Ox 5, = 2.

In particular, if D C X is a horizontal divisor, then D/S is a finite morphism, hence an

affine morphism.
Proof. [11, p. 349/366] ]
In a more general relative setting one has the following notion of relative divisor:

Definition 1.4.45. Let 7 : X — S be a morphism of schemes, which is flat and locally of finite
presentation. A relative effective Cartier divisor on X /S is an effective Cartier divisor D C X
such that D — S'is a flat morphism. A relative Cartier divisor is the sum or difference of relative

effective Cartier divisors.

See [14, Tag 056P] or [10, p. 213].

A good reason for the definition of a relative effective Cartier divisor is:
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Proposition 1.4.46 (Relative divisors pull back). Let w : X — S be a morphism of schemes (not
necessarily flat or of finite presentation). Let D C X be an effective Cartier divisor such that the
induced D — S is flat.

Then for every morphism of schemes ) : S — Sandn' : X' = X x5S — S’ the pullback

(7'Y'D of D to X' is an effective Cartier divisor:

Proof. [14, Tag 056P], O
A further characterization of relative effective divisors is found in:

Proposition 1.4.47. Let 7 : X — S be locally of finite presentation. Let T C Ox be a quasi-
coherent sheaf of ideals, which is locally of finite presentation, and let D C X be the closed

subscheme defined by I. Let x € D and set s := w(x). Then the following are equivalent:

1. T is invertible at x (i.e. L, is generated by a regular element), and D is flat over S at .

2. X and D are flat over S at x, and the restriction Dy of D onto the fiber X, over s is an

effective Cartier divisor on X at .

3. X is flat over S at x, and T, is generated by an element f,, which induces a regular element

on X, at x.
Proof. [10, p. 213] 0
We have a partial converse to 1.4.45:

Proposition 1.4.48 (Relative Cartier divisor is flat). Suppose m : X — Y is a flat morphism of
Noetherian schemes, and D C X a locally principal subscheme that is an effective divisor on all
fibers of .

Then D — Y is also flat.
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Proof. [8, p. 668] [

Proposition 1.4.49 (Cartier divisor restricts to Cartier divisor). Let X be a regular, Noetherian,
connected scheme of dimension 2. Let © € X be a closed point. If D - X, E 2+ X are effective
Cartier divisors with no common component, then D|g := j*D is an effective Cartier divisor on

D, and

Proof. [11, p.377/394, Lemma 1.4(b)] ]

Corollary 1.4.50 (Horizontal divisor is flat). Let 7 : X — S be an arithmetic surface, and
D C X a horizontal effective divisor.

Then D is flat over S.

Proof. Since X is regular, X is also normal, and there is an equivalence of Weil and Cartier
divisors. For any closed point s € .9, the fiber X is a vertical divisor on X and does not share
a common component with D. So by 1.4.49, the restriction D|x, is an effective Cartier divisor.

Then by 1.4.48, D is flat over S. O

Proposition 1.4.51. Let m : X — S be an arithmetic surface, 1 the generic point of S, and s € S
a closed point. Then for any point P € X,, its closure { P} is a horizontal divisor on X, and its
restriction Py to X, satisfies

degy(s) Ps = [K(P) : K(5)]

Proof. [11, p. 388/405, Lemma 1.29] U

Proposition 1.4.52. Let m : X — S be an arithmetic surface, and D C X a sum of horizontal
Cartier divisors.
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The restriction D to any (not necessarily closed) fiber is a Cartier divisor on a projective

curve over k(s), and furthermore the degree degy (D) is independent of s.

Proof. By 1.4.34, each fiber X is a projective curve over the residue field k(s) of s By 1.4.46,
the restriction D, to any (not necessarily closed) fiber is again a Cartier divisor.

The independence of degree follows from 1.4.51 [11, p. 388/405] [

Corollary 1.4.53. Let D C X be a horizontal divisor, and ¢ : D — S the induced morphism.

Then R7,.Ox = Ry, Op is a locally free Og-module.

Proof. Follows from 1.4.24, since D/ S is finite (hence proper) and flat. This result is also stated

in [11, p. 249/266]. U

1.4.3.3 Line bundles on arithmetic surfaces

Now we observe some important consequences of previous cohomological results applied
to Ox-modules whose support is contained in a horizontal divisor (more pithily: horizontally

supported sheaves).

Proposition 1.4.54 (Cohomological vanishing for horizontal divisors). Let X = S be an arith-
metic surface, and D Y X a horizontal divisor, and i : D — S the induced morphism. Let F
be a quasi-coherent sheaf on D.

Then F is acyclic for 1., i.e.

Ry, F =0

fori > 0.
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In particular the result holds when F is Op(nD) or the restriction G|p = i*G for a quasi-

coherent sheaf G on X.

Proof. ¢ : D — S'is affine by 1.4.44, so by 1.4.12, 1, is an exact functor, so

R, F =0

for: > 0.

]

Corollary 1.4.55 (Horizontally supported is acyclic). Let X = S be an arithmetic surface and
D - X a horizontal divisor. Let G be a quasi-coherent sheaf on X which is supported on D.

Then G ~ 1, F for some quasi-coherent sheaf F of Op-modules, and furthermore G is
acyclic for 7, i.e.

Rir,.G =0

for: > 0.

In particular 7,:*G is acyclic for ,, for any quasi-coherent O x-modules G.

Proof. For G to be supported on D is equivalent to G being annihilated by the ideal sheaf 7, =
Ox(—D) of D. Soby 1.4.13, G ~ i, F for some quasi-coherent sheaf F on D.

Then by 1.4.16 and 1.4.54,

R'7.G ~ R'm, (i, F) = R(m, 04,)F = R4, F =0

for: > 0.
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]

Proposition 1.4.56 (Injection with horizontal cokernel). Let m : X — S be an arithmetic surface
over a Dedekind scheme, and F' A Fan injection of Ox-modules with cokernel T which is
supported on a horizontal divisor.

Then the induced maps

R'mF — ROm.F
R'r, F — R'm,F
are injective and surjective, respectively.

Proof. We have a short exact sequence of O x-modules

0F B F =T =0,

where 7 is supported on a horizontal divisor.
By 1.4.55, R'7, T = 0, so the associated long exact sequence reads
0 — R'7,F — R'7,F —— R"n.T ——

— R'n, 7 —— R'n,F ——— 0

and the result follows. ]

Remark 1.4.57. We will primarily be applying 1.4.56 to the cases

Ox((n — 1)D) — Ox(TLD),
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Q%{/s((n - 1)D) — Q%{/S(HD%

where D C X is a horizontal Cartier divisor, and Q§{ /s is the sheaf of differentials 1.4.64.

So we are considering the sequences.
0 —— (’)X((n— 1)D) ——  Ox(nD) ———  Op(nD) ——— 0

0 —— Q% /s ® Ox((n —1)D) —— Q%4 ® Ox(nD) —— QY ,sOp(nD) —— 0

Note that the support of a sheaf is not changed upon tensoring with a locally free sheaf,
e.g. in this case Op(nD) and Qﬁ(/s ® Op(nD) are both supported on D. One way to see that the

support is not changed is to combine 1.4.18 and 1.4.13.

1.4.4 Sheaves of differentials

Definition 1.4.58 (Derivation). If A is an R algebra and M an A-module, an R-derivation of A
with values in M 1is an R-linear map

0:A—- M

satisfying the Leibnitz rule

J(ab) = ad(b) 4+ bo(a)

The collection of such derivations is denoted Derg(A, M)

The collection of first-order differential operators is the special case of derivations from A

to itself: Derg(A, A)

Definition 1.4.59 (Differential, universal derivation). If A is an R-algebra, the module of relative
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differentials of A over R is an A-module (24, together with an R-derivation

d:A—)QA/R

satisfying the following universal property:
For any A-module M and R-derivation 0 : A — M, there is a unique A-module homo-
morphism ¢ : {24,z — M such that 9 = ¢ o d.

d is referred to as the universal derivation of A over R.

Proposition 1.4.60. The module )4 ,p exists and is unique up to unique isomorphism.

Proof. [11, p. 211/228] The uniqueness is proved as usual with universal properties.
For existence, take the free module F' generated by the symbols da,a € A, and E C F' the
submodule generated by

dr

d(a1 + CLQ) — da1 — dCL2

d(al&g) —a d&g —as da1

forr € R, a; € A.

Define
QA/R = F/E
d(a) :=da (mod F)
It is straightforward to show the universal property is satisfied. 0
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Remark 1.4.61. For an A-module M, there is a map
Hom(Q4/r, M) — Derg(A, M)

¢—¢od
The universal property of €4, is equivalent to this map being an isomorphism.

Definition 1.4.62 (Module of higher differentials). There is a complex 2% /g containing differ-
entials of all orders (See [14, Tag OFKF]), where we use the wedge product ([ 14, Tag 00DM]) to

define

p
D R
g =\ Lr
. d d 2
AR = [A—>QA/R—>QA/R—>...
For this reason 24,5 is sometimes written as QY /R

Remark 1.4.63. The derivation d is defined by sending a +— da, using the notation of the con-
struction in 1.4.60.

For each k > 1, the derivation % R 4, Q’Z’;}% is the unique R-linear map such that

d(apda; Adag A ... Adag) = dag Aday A ... Aday.

Since QY /g is generated over A by the elements da, the A-module Q% /r is generated over

A by the elements agda; A ... A day.
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The composition d? : 9?4/3 — QL/R — Q?A/R is zero, as

d(d(a)) =d(1da) =d(1)Ad(a) =0 Ada=0.

The composition d” : QO — Q7 — Q4% is zero by a similar computation.

See [14, Tag OFKF] for more details.

We use the notation M/ to denote the sheaf on Spec(A) associated to the A-module M.

Definition 1.4.64 (Sheaf of relative differentials). Let ¢ : X — Y be a morphism of schemes.
The sheaf of relative differentials of ¢ is the unique quasi-coherent sheaf {2x/y on X such that

for any affine open V' C Y, and any affine open U C ¢ '(V), we have

DVxyvlo = Qw00 0))

The universal derivations on the affine opens glue to form a derivation

d= d :0x — Qxys.
X/Y

The map d is referred to as the universal derivation or exterior differentiation of X — S.

We may sometimes write {2y in place of Q2x/g, if S is understood.

The definition can be found in [11, p. 216/233], along with more details.

Remark 1.4.65. The sheaf of relative differentials satisfies a universal property analogous to

1.4.61:
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Let ¢ : X — Y be a morphism of schemes. There is a natural map

Homox (QX/y,.F) — Dery (OXwF)

ar— oo d
XY

This map is an isomorphism of functors, by the universal property of (x,y ([14, Tag

01UM])).

1.4.4.1 The different ideal

Recall from 1.4.44 that a horizontal divisor D of X/S is finite over S.

Definition 1.4.66 (Codifferent, different ideal). Let A — B be an injection of Noetherian integral
domains, such that B is a finite A-module and the associated map of fraction fields KX — L is

separable. Then there is a trace map on L/K which restricts to B/A:

TI'L/KIL%K

If B/A is flat, the trace restricts to

TI"L/K |B = TI"B/A :B— A

Set

WB/A = {6 S LlTrL/K(BB) C A}
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When A, B are Dedekind domains, W4 is the codifferent of the extension B/A. W4 is

a fractional ideal, and its inverse Dp, 4 18 an ideal of B called the (Dedekind) different ideal.

[11, p. 250/267] [14, Tag 0BWO0,0BWO],

Remark 1.4.67. Assume as in 1.4.66 that A — B is an injection of Noetherian integral domains,
such that B is a finite A-module and the associated map of fraction fields X' — L is separable.

There is an isomorphism

WB/A — HOII]A(B,A)
ﬁ — [b — TI'L/K(ﬂb)]

showing that Wi, 4 is a relative dualizing module for the extension 5/A.

The inclusion B C W/ 4, provides a canonical map B — Homy (B, A).

[11, p. 250/267] [14, Tag OBW2],
Definition 1.4.68. If 7 : X — S is an arithmetic surface and D C X a horizontal divisor,
then the induced map D — Spec(R) is a finite, affine morphism (1.4.44). So m.Op/R is a
finite extension of rings, whose different ideal we denote by Dy, 0,/r C Op. We denote the

corresponding sheaf of ideals Dp C Op.

Dp may also be viewed as an O x-module supported on D.

Proposition 1.4.69. The different ideal of a divisor D is the annihilator of its R-differentials:

DD = Ann@D (QD/R)

[14, Tag 0BW5],
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Proposition 1.4.70. The support of the different ideal Dy, is precisely the ramification locus of

D/S.
Proof. [14, Tag 0BW9Y], U]

Remark 1.4.71. Although the module 24, can be viewed as a stand-in for Der(A, A), it actually
provides more information. For instance, if Dy x is the different ideal of a finite extension
O1/Ok of number rings, then Qp, )0, is torsion, but Oy, is torsion free. So Der(Op,Or) = 0,

but v, /0, can be nonzero (in the presence of ramification).

Remark 1.4.72. The definition of derivation (or R-derivation) requires the multiplicative structure

of aring (or an R-algebra) in order to state the Leibniz property

d:A—)QA/R

d(fg) = fdg+gdf

If instead of a ring A we have only an R-module M, the appropriate analog is a connection

V:M—)QA/R®M

V(fa)= fV(a)+df ® a

The point is that we want to generalize the Leibniz formula from ring multiplication to

scalar multiplication.

Definition 1.4.73 (Connection). Given a morphism of schemes 7 : X — S, a connection on a
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quasi-coherent sheaf F of O x-modules (with respect to 7) is a 7 ! Og-linear homomorphism

F Z> QX/S Koy F

which locally satisfies the Leibniz formula for scalar multiplication:

V(fa)= fV(a)+df ®a.

To emphasize the Og-linearity we may call V an S-connection. Whenever we refer to a

connection on X, it will be assumed to be an S-connection unless otherwise specified.

Remark 1.4.774. Another type of connection one uses is a logarithmic connection (with respect to

an effective Cartier divisor D), defined by a 7' Og-linear map

F z) QX/S(D) Koy F.

Note that often the term logarithmic differentials refers to a slightly different sheaf Q2 x,g(log D)
(See [14, Tag OFMV]). However in this work we will only use the term to refer to the sheaf
Qx/s(D) = Qx/s ®o Ox (D), so there should not be any confusion.

Recall that in 1.4.6 we defined the twist (D) of a quasi-coherent sheaf F by a Cartier

divisor D.

In order to unify the notions of a connection and a logarithmic connection, we introduce
the following notion.
Definition 1.4.75 (€2-valued connection, coefficient sheaf, value sheaf). Suppose we have a mor-
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phism of schemes 7 : X — S and a quasicoherent sheaf €2 of Ox-modules together with an
O x-module homomorphism

Qx5 5 Q.

An Q-valued connection on a quasi-coherent sheaf F of Oy-modules is a 7 !Og-linear
homomorphism

V:F = Q0o F,

which locally satisfies the Leibniz formula for scalar multiplication:

V(fa) = fV(a)+ (df) @ a.

We will refer to F as the coefficient sheaf of V and () as the value sheaf of V.

Remark 1.4.76 (General morphism of connections). Suppose we have two coefficient sheaves

F, F’" and two value sheaves €2, ', with maps

Oy /g - O

Qx5 S Q

In order to define a morphism between connections

V' F = Q@0 F

V:F > Q®0, F
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we need maps

F = F
050
such that . = pro ¢/,
This will induce diagrams
Qx/s F Y5 00F
/ \ l,\ lu@A
9 - > Q F Y5 QaF

We require the left diagram to commute, but the right diagram need not commute. The case

when the right diagram does commute is called a horizontal morphism (See 1.4.80).

Although we have described general morphisms of connections here, in all the cases we
deal with only one of the sheaves will change at a time (e.g. 1.5.4). So instead of defining a

morphism of connections by tuples (), 1), we will speak of morphisms of connections
1. induced by a morphism F A F meaning the tuple is (), idg).

2. induced by a morphism Q £ (', meaning the tuple is (idz, 11).

Furthermore, the value sheaves we deal with will be €2x /5 or Qx; s(D), and so we leave

the natural map x5 5 Q implicit.

Definition 1.4.77 (Constants of a connection). The constants of an 2-valued connection (F, V),
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or the V-constants, are denoted and defined as the 7! g-submodule
7V = ker [flsz@f} cF

Remark 1.4.78. The V constants of F are equivalent to the 0'" cohomology sheaf of the complex

%, which we will define in 1.5.1.

Operations on vector bundles or quasi-coherent modules often have analogs for bundles

with connection. For example:

Definition 1.4.79 (Tensor, Hom, and horizontal sections/morphisms). Let F, G be quasi-coherent
O x-modules, and let

Vr:F > Qoo, F
VgiQ—)Q@OXg

be (2-valued connections, for some quasi-coherent sheaf €.

Then F ®p,, G and Home, (F, G) have Q-valued connections V rgg and V r g defined by:
Vreg(f ©9) = Vr(f) @ g+ f @ Vg(g)

Vrg(h)(f) = Va(h(f)) = h(V£(f))

for h € Homo, (F,G).

A section f € F is called horizontal if



and a homomorphism h : F — G is called horizontal if
Vrg(h) =0.

See [2, p. 180/7] or [3, p. 394/3].

Definition 1.4.80 (Horizontal morphism of connections). A morphism of connections
F— Qe F

b e

FYs0eF

is called horizontal if the square commutes.

See [2, p. 180/7].

Proposition 1.4.81. Let 7 : X — S be a morphism of schemes, with quasi-coherent O x-modules

L, L' and Q-valued S-connections
V:L— Q2R L=

V'L 5 Q®e, £ = QL

Let \ : V' — V be a horizontal morphism of connections, where L' = L is injective and induces
the exact sequence

0L 5L 5T =0
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Then the connection NV descends to an ()-valued connection on the quotient:

VLSO L

Proof. The fact that V descends to a connection on the quotient in a well-defined way follows

directly from the horizontality of \. O

1.4.4.2 Connections on Cartier divisors

Now we turn to the particular bundles and connections which will be the primary study in

this work. By restricting the standard derivation on rational functions

’CXi>QX®’CX

we obtain a map on any quasicoherent O x-submodule 7 C Ky (e.g. fractional ideal sheaves)

dlF: F = Qx ®KLx

This morphism is R-linear and satisfies the Leibniz rule, however the restriction d | is not nec-

essarily a connection, because it does not necessarily factor through

.F—)QX®./—"‘—>Q)(®ICX

This means that not all subsheaves F have a natural connection (an {2x-valued connection),

but we will see that our sheaves of interest have a logarithmic connection (an Qy(D)-valued
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connection).

Remark 1.4.82. The standard derivation Oy % Qx extends naturally to a logarithmic derivation

Ox % Qx (D) via the composition

OX i) QX — Qx(D)

After we define de Rham cohomology of a connection, one may observe that passing from

the standard connection to a logarithmic connection will preserve Hi, and enlarge Hly (1.5.34).

We will now introduce the connection V p associated to an effective Cartier divisor D. This
will be an Q2 x/¢(D)-valued connection defined on certain O x-submodule of the rational functions
Kx, namely those with poles supported on D. Then it will be the case that Hi; (X; Ox,d)
computes the ordinary de Rham cohomology, and H3, (X; Ox, Vp) computes the logarithmic

de Rham cohomology with respect to D.

Remark 1.4.83. The reason for considering Cartier divisors in particular is that they may be
realized as subsheaves of the rational functions K x and thereby inherit a derivation.
Indeed we will consider each Ox (nD) to be a subsheaf of the sheaf Kx of rational func-

tions, and so we have natural inclusions

Ox(nD) C Ox((n+1)D) C j.(Oy) C Kx

Note that the sheaves Oy, Ox(nD), 7.Op all trivialize over U = X \ D and when restricted to
U are equal as subsheaves of Kx|y.

Because X is smooth, {2x is locally free, so it preserves inclusions upon tensoring:
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The sheaf K x carries a natural derivation

Kx 2 Qx5 ® Kx,

which restricts to derivations on quasi-coherent sheaves of O x-subalgebras of Ky, such as Ox

and 7,0y .

Proposition 1.4.84. The restriction of the standard derivation from j,Oy to Ox(nD)

d: Ox(nD) = Qx ® j.(Op)

factors through Qx (D) ® Ox(nD):

We denote this map by

va : Ox(TLD) — Qx(D) X Ox(nD)

Then Vp ,, is a logarithmic connection. Since all V p ,, agree on their shared domains, we will

refer to V p ,, simply as V p, or V if D is understood.

Proof. We proceed by induction on n. The case n = 0 is clear. Assume the result holds for n.

For notational simplicity, for a locally free sheaf F we will write f € F tomean f € F (V)

48



for some trivializing affine open V' C X. We may work locally in this way, as each x € X has
such a neighborhood.
For the induction step, we would like an i € Ox such that h - Ox ((n+1)D) C Ox(nD).
In other words, h € Ox(nD) ® Ox((n+1)D)™' = Ox(—D) = Ip. Such an h exists because
D is a Cartier divisor: Ox(—D) is locally principal, so we may choose h generating Ox (—D).
Now take o € Ox ((n+1)D). We want to show that Vp ,(a) € Qx(D)® Ox ((n+1)D).

The Leibniz property gives

Vpan(ha)=hVp,(a)+ dh @«

and by induction haw € Ox(nD) implies Vp ,(ha) € Qx (D) ® Ox(nD).

Vpnlha) —dh® Vpn(h dh

Both VD+(M), 4 @ o€ Qx(D)®Ox((n+1)D), so the result holds. O

Remark 1.4.85. Since the V p ,, are all restrictions of a common connection, the inclusion Ox ((n—

1)D) — Ox(nD) induces a horizontal morphism of connections, i.e.

| |

Ox(nD> _— QX/S(D) ®Ox(nD)

commutes.

Remark 1.4.86. The connection V on Ox(nD) can also be obtained from the connection V p
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on Ox (D) via the tensor product of connections defined above.

Remark 1.4.87. The reason why Q x (D)-valued connections are needed for V p, and 2 x-valued

connections are insufficient, is exemplified by the calculation

If we allow a single pole along x, we must allow an additional pole to accommodate the
derivatives.

The way to view this in terms of the bundle Ox (D) is as follows. The distinguished map
Ox — Ox(D) is equivalent to a choice of global section 1p € T' (X, Ox(D)). If V extends
Ox % Qx, then V(1p) = 0.

If e € Ox (D) is alocal basis, then there is a unique h € Oy such that he = 1p, so we can

1

regard e as 1, and

0=V(lp) =V(he) = hV(e) + dh ®e

dh
:>V(6) = 7@)_6

If s € Ox(D) is an arbitrary section, then there is a unique f € Ox such that fe = s, and

V(s) =V(fe) = fV(e) +df ®e

_ (hdf—fdh

h > ®€€Qx(D)®Ox(D)

= ((hdf —fdh)®e) ® e € (Qx ® Ox(D)) ® Ox(D)

After investigating some generalities on connections and cohomology, we will return to the
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connection Vp in 1.5.7. There we will see another explanation of the presence of logarithmic

differentials.

1.4.4.3 Strictly horizontal morphisms of connections

Definition 1.4.88. A morphism of connections V’ A Vs strictly horizontal if the diagram

commutes
L —2

ook
YL — QL
and is furthermore a Cartesian square.

Remark 1.4.89. The definition of strict horizontality is intended to guarantee a compatibility

between the filtrations

C  Ox(n-1)D) < Ox(nD) <c Ox((n+1)D) C

C Q®0x((n—1)D) C Q®0x(nD) C Q®O0x((n+1)D) C

Proposition 1.4.90. Suppose V' A Vis strictly horizontal. Then the square obtained by apply-

ing the direct image functor T,:

R'm, L — R'7.L

! |

R'7,(Q ® L) — R'm(Q® L)

is also Cartesian.

Proof. This follows from 1.4.10, which says that the direct image functor preserves Cartesian
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squares. [

Remark 1.491. If V' 2 Visa strictly horizontal morphism of connections, and S is affine, then
on the diagram in 1.4.90 we also have the image containment property of 1.3.6, which says that
the containment

im(Vo ) =im(vo V') Cim(V)Nim(v)

induced by the commutativity of the diagram is in fact an equality:

im(Vo ) =im(ro V') =im(V)Nim(v)

The reason for asking .S to be affine is that the direct images 7., 7.2 ® L correspond to

modules instead of sheaves, which makes it easier to talk of the intersection of images.

1.4.5 The de Rham complex

Definition 1.4.92 (de Rham complex). The de Rham complex of X over S is the sequence of

sheaves
Qs 1= |Ox =5 Qs B 05 2 ],
where 2% /g = N’ Qx/s is the p™ exterior power ([14, Tag 00DM]). This is a complex by

[14, Tag 00ODM].

Remark 1.4.93. The dual of the map
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is the Lie bracket on the tangent bundle. The relation d?> = 0 translates to the Jacobi identity on

the Lie bracket. See [13, p. 469/487]

Definition 1.4.94 (de Rham cohomology). The ¢'' de Rham cohomology sheaf of X over S is

the ¢'" cohomology sheaf of the de Rham complex:

HU(X/S) = H(Q%)s) = ker(dy)/ im(dg—1)

and the ¢** de Rham cohomology of X over S is the ¢'" hypercohomology of the de Rham
complex:

HY(X/S) = H(Q%/s)

Remark 1.4.95. Each term of the complex is an Ox-module, but the differential d is only a
7 'Og-module homomorphism. So Q5% /5 1s a complex of 7 !Og-modules, and the de Rham
cohomology sheaves H?(X/S) are also sheaves of 7! Og-modules.

If  : X — S is an affine morphism, then the de Rham cohomology is just the global

sections of the de Rham cohomology sheaves.

In the relative setting hypercohomology refers to the derived pushforward.

Lemma 1.4.96. Let X/S be a smooth relative curve, and suppose

HY(X,0x) =0,

HO(X7 Q}X/S) =0.
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Then

Hig(X/S) = 0.

Proof. Let Q5% /s be the de Rham complex of X /S, U a Cech cover of X, and C' the associated
double complex, where i is the Cech index and J the de Rham index.
LetC* = @@ (" be the total complex of C. and Z*, B the cochains and coboundaries
i+j=k

of C*.

The double complex looks like

0.0 g 1.0
10 10
0.1 i> o

and the total complex is

c0 4 or 4 o2
00 i> o1 ® o0 i> oLt

where we denote horizontal, vertical, and total differentials by d, 9, d, respectively, and we
use the convention that the vertical arrows in the j* column have an additional sign of (—1)7
when viewed as part of the total differential d. The squares in the double complex commute, but
when viewed as the total complex the additional sign causes it to anti-commute.

Now lety = (o, 8) € Z' € C' = C%' & C'. Then



a is a Cech 1-cochain with values in Ox. By assumption H'(X, Ox) = 0, so a lifts to
& e .0

Since the square commutes, we have

and 3,d(a) € C™° have the same image in C''!. Therefore the difference

d(Oé) —6 =.0 € I‘IO()(7 Qx/s)

defines an global section.

But we assumed H’(X, Qy/s) = 0, so 3 = d(«), and

Therefore the chosen cochain + is trivial and thus

H'(X/S) = 0.
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Remark 1.4.97. It is not hard to show also that if H' (X, Ox) = 0, then

Har(X/8) = H(X, Q% 5)

This follows from the observation in the previous proof that

d(Oé) —ﬁ € H0<X, QX/S>~

More generally we have
Proposition 1.4.98. Suppose that  : X — S is a proper and cohomologically flat relative curve
(1.4.25), with S affine. Then there are canonical isomorphisms of free Og-modules of rank 1

H°(X/S) ~ H*(X, Ox)

H?(X/S) ~ H'(X, wxys)

and a short exact sequence of finite free Og-modules

0 — H°(X,wx/s) — H'(X/S) - H(X,0x) = 0

Proof. [1, p. 18] ]

Remark 1.4.99. Note that in the complex €23, though the differentials are not Ox-linear but
7 'Oy linear, global sections still map to global sections. This makes some of the hypercoho-

mology computations easier. This can be seem from the (anti-)commutativity of the square in the
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double complex, in particular zeroness is preserved.
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1.5 Cohomology of a connection

Definition 1.5.1 (de Rham complex and integrability of a connection). A connection V : £ —

) ® & can be iterated to define a sequence
0L = 5V:—V°>Q®5V—I>92®5V—2>...]

resembling the de Rham complex, where

0= AQ
Ve Qe
Viiw®s) =dw®s+ (—1)'wA V(s)

The sequence (2%, is in fact a complex if and only if V is integrable, which is the condition
that the curvature Ry vanishes:

Ry :=VioV=0

When the connection is integrable, we can use the complex to define an analog of de Rham

cohomology, and this will serve as de Rham cohomology with coefficients in £.

Remark 1.5.2. The notation (23, sacrifices clarity for concision, in that

0L = Q1@ E £ (QL)
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In particular, QY = £ # Oy.

Remark 1.5.3. When X/ is smooth of relative dimension 1, the higher differentials Q2% g 1>1

vanish, and so the connections are automatically integrable.

Remark 1.5.4. Though V, V; are only R-linear, their composition, the curvature Ry, is actually

Ox-linear. See [4].
Definition 1.5.5 (De Rham cohomology of a connection). Suppose that £ is a quasi-coherent
sheafon X and V : £ = Q2 ®p, &€ an integrable (2-valued connection. Define

H*(X/S:E,V) :=H* (%)

to be the cohomology sheaves of the complex 23,.
Define

H*(X/S;&E,V) == H® QY]

to be the hypercohomology of the complex €2%,.

We may omit X and/or £ and/or V from the notation, when understood.

Remark 1.5.6. Ordinary de Rham cohomology and de Rham cohomology of a connection both

arise from the hyperderived functor of the pushforward applied to their respective complexes:

HY(X/S) =R, (Q;(/S)
HY(X/S;E,V) =RIm, (%)

See [2, p. 361/8] or [5, p. 7]
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1.5.1 Hodge-to-de Rham Spectral sequence

Proposition 1.5.7. Given an O x-module with S-connection V, the hypercohomology of the com-

plex (%, can be computed via a spectral sequence

BV =H(X, %)

Proof. This is just the usual spectral sequence for a double complex, using the fact that the
category of 7 '(Dg-modules has enough injectives in order to form a Cartan-Eilenberg resolution

for 2%,. See [14, Tag OFM6] for details in the case of the complex (2% /5" O

Remark 1.5.8. Asin[1, p. 18], when X/S is cohomologically flat, the degeneration of the Hodge-
to-de Rham spectral sequence for the generic fiber X i implies the degeneration for the spectral
sequence of X.

This result is stated in 1.5.9 below.

Proposition 1.5.9. Suppose that m : X — S is a smooth arithmetic surface, and X is cohomo-

logically flat. Then the Hodge-to-de Rham spectral sequence

EY = H(X,QY/g) = H(X/S)

degenerates at the L/ -stage.

Proof. This is stated in [1, p. 18] for the dualizing complex w$ /s in place of the de Rham com-
plex Q5% /s But since our morphism 7 is smooth, the two complexes coincide (See e.g. [11,
p. 247/264]). [
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Remark 1.5.10. Let us see what the Hodge-de Rham spectral sequence looks like using a C'ech
resolution.
Let

FY Qoo F =0

be an S-connection on F.

We will use a Cech resolution, but the following can also be done with an injective or other
acyclic resolution. The Cech differential will be denoted 0.

Since X/ is relative dimension 1, the complex will have only two rows, and since X/S is
also smooth, the complex will have only two columns.

Choose a Cech cover U of X. Denote
CH = (U, Q)

Consider the double complex C'**:
00 _V , 010

I

0.1 v Ol

and the total complex C'*:

k= P c

itj=k

The Hodge-to-de Rham spectral sequence arises by taking the spectral sequence for the
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double complex C*7 with vertical orientation.

The first two pages have the form:

FEq:
(U, F) U, QL)
CY(U,F) CH U, QL)
Ell

HY(X, F) —— H(X,Qy)

HY(X,F) — H'(X, Q)

Remark 1.5.11. By looking at the page E; above, one can see that the degeneration at £ is

equivalent to the vanishing of all maps

(X, F) 0 1 (X, L)
in F;. See [1, p. 18] for more details.

This is the primary consequence of the degeneration that we will utilize.

Remark 1.5.12. [14, Tags OFW5, OFW6] shows that, for X /k smooth, proper, and equidimen-
sional over a field, the maps in the previous remark vanish for j = 0, d. This implies the degen-

eration of the spectral sequence for curves.

Remark 1.5.13. When X/S is a smooth arithmetic surface which is cohomologically flat, then
the Hodge-to-de Rham spectral sequence degenerates at £ (1.5.9). When we deal with more

general connections on such a surface, there is still a spectral sequence, but it will not necessarily
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degenerate at stage £;. Because the complex €23, has length two, the spectral sequence will have

only two nonzero columns, and so at least we will have degeneration by stage F.

1.5.2 Analysis of constants
Here we analyze the constants of a connection defined in 1.4.77
Remark 1.5.14. In this section we deal with two notions called ”constant™:
* A (locally) constant sheaf,

* Elements of a sheaf which map to zero under a derivation or connection.

If there is a chance of confusion, we will disambiguate by referring to them respectively as
topologically constant and differentially constant.

For instance, the sheaf Cx of rational functions is topologically constant, but only the
subsheaf ker(d) is differentially constant.

We will demonstrate below that ker(() is in fact topologically constant as well.

Proposition 1.5.15. Suppose that m : X — S is a smooth morphism of schemes of relative
dimension 1, where X is geometrically integral, and the fraction field K (S) is a number field.

Let K& be the sheaf of (differentially) constant rational functions, i.e.
IC} = ker [ICX i> Qx/s ®(9X ICX .

Then K< is a (topologically) constant sheaf, which has values in K(S) C K(X).

Hence K$. is flasque and acyclic.
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Proof. By [14, Tag 01X5], Kx and Qx5 ®o, Kx are both constant sheaves, which respectively
have the values Ox ¢ and 2x/s ¢ of the stalks at the generic point £ of X. We also have that
Ox¢ = Kx¢ = K(X) is the function field of X.

By [14, Tag 093P], the subcategory of Sh(X) consisting of locally constant sheaves con-
tains the kernel and cokernel of every Sh(.X)-morphism between locally constant sheaves (i.e.
is a weak Serre subcategory). Hence the kernel K¢ is also a constant sheaf on X, which takes
values in some subset of K (X). By taking global sections we have the constants I'(X, K%) =
['(X,Kx)d = K(X)4

An elementary calculation shows that /(X )4 is closed under addition and multiplication,
and is a subfield.

A slightly less elementary calculation shows that K (X)? is separably closed in K (X):
Suppose o € K (X) satisfies a separable polynomial P(z) € K (X)d[z]. As the coefficients of P
are (differentially) constants, this implies that the derivation d is K (X )d-linear, so we can take the
derivative P’ in the usual way, and we obtain d(P(«)) = P'(«) dae = 0. But as P is separable,
its root ov cannot also be a root of P’. And since X /S smooth implies €2 K/s¢ 18 a torsion-free
K (X)-module, P'(«) # 0 = da. Thus @ € K(X)4, and K (X)4 is separably closed.

Since K (X)/K(S) has transcendence degree 1, and assuming char(K (X)) = 0 and X
geometrically integral, the only subfields of K (X) which are separably closed in K (X) are
K(S) and K(X) (in positive characteristic we would also have /K (X)P). But an element of

K(X) transcendental over K is not constant with respect to d, and so the constants must be

A Zariski-locally constant sheaf on an irreducible scheme is flasque, and flasque sheaves

are acyclic. O
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Remark 1.5.16. Consider the morphism P, — SpecZ and the sheaf Z = 7 'Ogpecz, C Ops.
We would certainly expect 7 to be differentially constant with respect to any derivation on P},
but it is not flasque or topologically constant for the same reason that Ogpe.z is not flasque or
topologically constant.

However, it turns out that such a sheaf is relatively flasque (1.4.20), and this is sufficient to

be ayclic for the direct image functor T,.

Lemma 1.5.17. Suppose that m : X — S is a smooth morphism of schemes of relative dimension
1, where X is geometrically integral, and the fraction field K (S) is a number field.

Let D C X be an effective horizontal Cartier divisor D (1.4.43). and let

Ox(nD) V—D) Qx/S(D) X O)((TLD)

be the connection defined in 1.4.84.
Then the constants Ox (nD)V? are equal to the m ' Og-submodule of Ox(nD) generated

by the image of 1 under the natural map Ox — Ox(nD):

Ox(nD)V? = 7104 -1 C Ox C Ox(nD).

Proof. Let U = X \ D. By definition, Vp, is the restriction to Ox(nD) C Kx of the derivation

Kx — Qx/s ® Kx So we can compute the constants as

Ox(nD)¥2(V) = Ox (nD)(V) N K4 (V)
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= WilOs(V).

The rational constants K& = K(S) consist of those rational functions in K (X) whose
poles may only lie along vertical divisors (1.4.43), and the elements of Ox (nD)(V') which have
only poles along vertical divisors consist of Og(V) - 1.

O

Proposition 1.5.18. The sheaf of constants Ox (nD)Y is acyclic with respect to the direct image

functor ,.

Proof. By 1.5.17, we have an isomorphism of 7~ *Og-modules Ox (nD)V? = 7 10g4. By 1.4.22,
an inverse image sheaf is relatively flasque, and by 1.4.21 relatively flasque sheaves are acyclic

with respect to the direct image functor. O

1.5.3 Seven term exact sequence

Proposition 1.5.19. Let 7 : X — S be a morphism of schemes. There is a natural exact sequence

computing the relative de Rham cohomology H®(X/S):

0 — H°(X/S) - R°m.Ox — R Qx5 — H(X/9) = R'm.0Ox — R'1.Qy/s — H*(X/S) = 0

If S is affine, the sequence becomes:

0 — H°(X/S) — H°(X, Ox) — H(X, Qy/s) — H'(X/S) — H'(X, Ox) — H'(X, Qx/5) — H*(X/S) —

Proof. This is a consequence of the following more general statement. 0
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Lemma 1.5.20 (Seven term exact sequence). Let m : X — S be a smooth arithmetic surface

(1.4.32), with a quasi-coherent O x-module F and an Q)-valued S-connection

V:F = QR0 F = Qy

There is a natural exact sequence computing H*(X/S; V), which we will denote by S&,

fori=0,....6.

0 — H(X/S;V) = R°m,.F — Rn. 0y — H'(X/S; V) = R'n,.F — R'm. Oy — HA(X/S;V) = 0

If S is affine, the sequence becomes:

0— HY(X/S;V) = H (X, F) - H(X,Q%) — H'(X/S; V) — HY(X, F) — H(X, Q%) — H*(X/S; V) -

The sequence is functorial in V.

Proof. The cohomology H*(X/S; V), R*m.F are sheaves of Og-modules on S. Because the
formation of higher direct images and all the differentials commute with flat base change on 5,
we can compute the cohomology locally on S. Therefore we assume S is affine and work with
sheaf cohomology on X in place of higher direct images. [12, p. 249/268, Cor. 8.2]

Choose an affine cover U of X. We compute the hypercohomology using a Cech resolution

with respect to /. We denote by

H*(X/5;V), C*(U; V), Z°(U; V), B*(U;V)
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the cohomology, cochains, cocycles, and coboundaries of the total complex of the connection V,

respectively, and we denote by

H*(X,F), C*U,F), Z*U,F), B*U,F)

the cohomology, cochains, cocycles, and coboundaries of the sheaf F.

We will exhibit a sequence

G2

0 — COU:; V) —2 COU, F) -2 COU, L) —2
—— CYU; V) =2 YU, F) 2 oM UL QL) —Zs

(1.5.1)

— C*(U;V) —— 0

which when restricted to cocycles descends to the desired sequence on cohomology

0 —— H(X/S;V) —=— H%X,F) ——— HYX,Qf) -

—— H'(X/S;V) =2 H'(X, F) -2 H'(X, Q) —— (15.2)

—— H*(X/S;V) —— 0

The proof is straightforward but tedious. We present a couple of diagrams which are helpful

in visualizing all the maps.
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In terms of the components C*7 of the double complex, the sequence 1.5.1 is equivalent to

0 (10,0 90 (0.0 o1 1.0 o2 CL0 g ¢ &3>Co,1 &4>C1,1 % oLl

7

and the arrows are all the natural ones: &, 75 are equality, 7y, 74 are induced by the connection
V, &9 1s inclusion into the first factor, and &3 is projection onto the second factor.
We can view the g; along with the total differential d, the Cech differential 9, and the

connection V in either of the following equivalent diagrams

0 CO’O 90 CO’O

| bl

g g4

- a
01,0 o) 00,1 3 OO,l < N Ol,l 5

a

— Y 5

alx

g

| CO’O le N CI,O 92 y CI,OEBCO,I 93 s
g g
—— O I ot O 0

We establish exactness of the maps o; at each of the seven terms of the sequence, starting
at the 0'" term and working toward the 6'". Keep in mind that the &; denote maps on cochains,
and o; denote the corresponding maps on cohomology.

[0'" term]: The injectivity of o follows immediately from the injectivity of &, and the

surjectivity of 73.
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[1° term]: Let v, € Z°U,L) € C®°. Then 0 = oy(y1) = V(1) <= d(n) =
(V(1),0(n)) =0 <= m €60 (2°U; V))

[2"d term]: Let 45 € C10. Then 0y(v;) = 0 <= There exists 75 € C°° such that
d(70) = (V). 9(n)) = 62(12) = (72,0) <= 72 € 61 (Z2°(U, L))

[3" term]: Let v3 = (v, ) € C*0 @ C%L. Then o3(v3) = 0 <= 3(v3) = 3 = () for
some § € C°°. Then 73 — d(f) = (., 8) — (V(6),9(8)) = (a = V(),0) = 52(a = V(8))
<= 3 1s cohomologous to an element in the image of 7.

[4" term]: Let v4 € C%. 04(v4) = V(74) = 0 <= There exists a« € CY such that
V(74) = () <= d((@, 7)) = V(1) — (@) = 0 <= 7 € im(03).

[5" term]: Let v5 € C11. Then o5(75) = 0 <= There is (o, 3) € C1 @ C%! such that
55(75) = d((er, B)) = V() — 9(B) € C*! <= 05(75) = V() € H'(X, Q%) for some o in
H'(X, L).

[6'" term]: &5 is surjective, so o3 is surjective.

Thus the sequence of cohomology groups is exact. Functoriality follows because each

group of cochains is functorial, and the differentials are compatible.

]

Remark 1.5.21. Due to 1.5.11, the degeneration of the Hodge-to-de Rham spectral sequence for
V is equivalent to the degeneration of the seven term exact sequence, in the sense that the maps

01, 04 vanish, and so Sy splits into the three sequences

0— H(X/S;V) = R'n,F =0

0 — Rm.Qv — H'(X/S;V) = R'n,.F =0
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0 — R'7.Qv — H*(X/S;V) =0

1.5.4 Functoriality of seven term sequence

We now analyze the behavior of the seven term sequence Sg (1.5.20) under morphisms of
connections. Our aim is to compare the cohomology of a connection V with the cohomology of

d, i.e. ordinary de Rham cohomology. This will chiefly be to determine the cokernel of the map

H*(X/S;Ox,d) = H*(X/S; Ox(nD), Vp)

where D is an effective Cartier divisor. We will achieve this by analyzing the following

two types of morphisms of connections

L—Y Q%L Ox —Y— Qx/s
£(D) —¥— Q® £(D) Oy —Y Qy/s5(D)

which we refer to respectively as extension of the coefficient sheaf L and extension of the
value sheaf ). In both of these cases each (non-identity) map of line bundles is an inclusion
with horizontal cokernel, and we will make use of the earlier result 1.4.56 about cohomological

vanishing of such maps.

Remark 1.5.22. When the Hodge-to-de Rham spectral sequence degenerates for one of the con-
nections V', V, then the functoriality of the seven term exact sequence becomes easier to analyze.
The Hodge-to-de Rham spectral sequence does not degenerate at F; for most connections, but it
does degenerate at £/; for the standard derivation d on a cohomologically flat morphism (1.5.9).
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We will use this fact to bootstrap our analysis, in the extension of value sheaves 1.5.6.

Let 7 : X — S be a morphism of schemes, with quasi-coherent Ox-modules £, £ and
S-connections

VL Q0o L= QL
V' L — Q@0 L= O

Let x : V/ — V be a horizontal morphism of connections.

We display the functoriality of the seven term exact sequences Sg, — Sy in the diagram

H(X/S;V') — Rm.L — R, Q% — HY(X/S; V') — Rin.L — R7.QL — H*(X/S; V')

s [ Js [N Js

H°(X/S;V) — Rm.L — R'7, Q% — HY(X/S;V) — R'1.L — R!7.QL — H*(X/S;V)

where columns 0, 3,6 are of primary interest. Our aim will be to analyze columns 0, 3,6

by examining the kernels and cokernels in the exact sequences

v
e

~

0 > P y HY(X/S; V') —— HY(X/S;V) Q'

We extend the map of seven term sequences to include the sequences of kernels and coker-

nels:
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The terms P!, Q' are the ones we want to determine, and the terms E};] are terms of the
spectral sequence we will describe shortly.
Unfortunately the kernels and cokernels of a map of exact sequences are not necessarily

exact themselves, and this is what necessitates the use of a spectral sequence.

Remark 1.5.23. WARNING: The vertical orientation of our spectral sequences is reversed, in

order to match the map of seven term sequences.

Remark 1.5.24. The fact that the kernel and cokernel sequences of a morphism of exact com-
plexes are not necessarily exact is related to the fact that the derived category is not an abelian

category. It is however a triangulated category.

Proposition 1.5.25. Given a morphism V' % N of connections and the induced morphism
v — Sy of seven term exact sequences, there is associated a two-row spectral sequence E,i]

with the following properties:
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Ey contains the seven term sequences:
0
Ea — S%/,

Eyt =Sy

FE| contains the kernels and cokernels:
EI’O = ker [Sél X, S%] ,

E} = coker [S%, % S%] .
FEs = FE, =0, and all morphisms on page Es are isomorphisms.

Proof. This spectral sequence is just the spectral sequence for a double complex, in the special
case with only two nonzero rows. We regard the map x of seven term sequences as a double
complex and use the machinery of spectral sequences of a double complex as bookkeeping for
the failure of the kernel and cokernel sequences to be exact. We mimic the analysis in [8, p. 62,
1.7.5].

Since the seven term sequences are exact, the spectral sequence with horizontal orientation
converges immediately to zero on page F;. Therefore we will take the spectral sequence with
vertical orientation, and know that it will also converge to zero eventually. Because the only
nonzero terms on F are two consecutive rows, the spectral sequence must converge no later than

page F5. This implies are morphisms on page F are isomorphisms.
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HO(X/S; V') RO, L' Rm, Q% HY(X/S; V) Rlm. L' Rlm QL H?(X/S; V')

H°(X/S;V) Ro7.L RO7.Q% HY(X/S;V) R'm.L R!'71.Q4 H*(X/S; V)

Ell
PO —— B —— EO s Pl > B0 s B0 —— P2
0 1,1 2,1 . ANl N . 5,1 2

EQI

0 0 4 E}! E! E! Ey! E! ES! 0 0

Accounting for the zeros in columns ¢ < 0 and 7 > 6, the isomorphisms in £ allow us to
simplify to

EQZ
0 %E/SD'E/&O}E/&O Ego
EY! By Byt E3! Eyt 0 0
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]

Proposition 1.5.26. Let 7 : X — S be a morphism of schemes, with quasi-coherent O x-modules

L, L' and Q-valued S-connections

V:L—Q®0, L=0

V'L = Qo L = Q%

Let \ : V' — V be a horizontal morphism of connections, where L' = L is injective and induces
the exact sequence

0L 5L ST 0

The cohomology H*(X/S; V) of the quotient connection N from 1.4.81 fits into the seven

term exact sequence

H’(X/S;V) — R'm.L — Rm.QL — H'(X/S;V) — R'm.L — R'T.OL — H*(X/S;V)

Proof. This is just a restatement of the existence of the seven term exact sequence, which is valid

for any quasi-coherent coefficient sheaf (2. 0

1.5.5 Extension of coefficient sheaves

We will find it useful to have the following positivity condition on a line bundle, which

guarantees the vanishing of certain terms in the spectral sequence 1.5.25.
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Definition 1.5.27. Let 7 : X — S be an arithmetic surface. A line bundle £ on X is adequate

(with respect to ) if
e Rln,L=0
* R'7,(Qy/s ®oy L) =0
If D C X is adivisor and Ox (D) is adequate, then we call D adequate as well.

Remark 1.5.28. Note that on projective curves X /k, by Serre duality, the second vanishing condi-
tion is entailed in deg D > 0. Furthermore, by Riemann-Roch all divisors D with deg D > 2g—2
are adequate.

In particular, for g = 0, ample divisors, adequate divisors, and divisors of positive degree
all coincide.

When X /S is an arithmetic surface that is also smooth, we have the same vanishing results

whenever we replace the degree of a line bundle with the degree of its restriction to each vertical

fiber. See [6, p. 17, Prop.4.3].

The primary utility of adequacy lies in:

Proposition 1.5.29. Let L' — L be an injection of line bundles on an arithmetic surface X.

We have the short exact sequences

0 s L/ s L

o
<+
o

0 —— QX/S®£, — Qx/s@)ﬁ—) Qx/s®z—> 0

If L' is adequate, then the associated long exact sequences of higher direct images induces
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the short exact sequences of low degree terms:

0 — Roﬂ'*ﬁl —_— Roﬂ*ﬁ —_— ROW*Z — 0

0 —— R7mOL — s R7OQRL — 3 R ,OQL —— 0.

Proof. This follows directly from looking at the long exact sequences of higher direct images

and taking into account that £’ and Qx/g ® L' are acyclic by definition of adequacy:

0 — R7,/ ——— R'7,L ——— R'7,.L ——

~
o

> Rlﬂ*ﬁ —_— RIW*Z — 0

00— R0 — R%7,O000L — R, Q0L ——

s RO L —— RO L —— 0.

~
e

]

Corollary 1.5.30. Let £ — L be an injection of line bundles on an arithmetic surface X. If £’
is adequate, and the cokernel £ is supported on a horizontal divisor, then £ is also adequate.

In particular, considering the injection £ — L(D) for an effective divisor D,

R'm, (Qx/s ® L(D)) =R'm, (Qx/s(D) ® L) = 0.

This says that if £ is adequate, then not only do the higher direct images of the differentials
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Q2x/s ® L vanish, but also the higher direct images of the logarithmic differentials Qy,s(D) ® £

vanish.

Proof. This follows from looking at the long exact sequence, just as in the previous proposition.
If the cokernel £ is supported on a horizontal divisor, then the terms R'7, £ and R'7,.Q® L
vanish by 1.4.55, so by exactness, R'7, £, R'7,Q®L vanish as well. So the long exact sequences

simplify entirely to the given short exact sequences in the statement of the corollary. O

Proposition 1.5.31 (Extension of adequate bundles). Let m : X — S be a smooth arithmetic
surface. Let L', L be line bundles with Q)-valued connections V', V. Let V' XV be a horizontal
morphism induced by an injection L' AL

Suppose that coker(\) is supported on a horizontal divisor, and that either one of the fol-

lowing conditions is satisfied
o L, L are adequate,
» L is adequate, and R'm, L' = R'm,Q® L' =

Then the induced map

H*(X/S; V') — H*(X/S; V)

is an isomorphism, and there is an exact sequence relating the cohomology of the connections

V'.V,V:
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0 — H%X/S; V') — H'(X/S;V) — HO(X./ISV;__V)_”ﬁ

Proof. The spectral sequence E;j (1.5.25) associated to the morphism V' — V has pages

HY(X/S; V") RO, L/ ROm, Q% H'(X/S; V') Rlm, L/ Rlm, QL H?(X/S; V)

I

H°(X/S; V) Ro7.L RO, Q4 HY(X/S;V) R'r.L R!'T.Q4 H*(X/S; V)

Eli
PO > 0 > 0 > P! > 0 > 0 > P?
Q" —— R'7.L —— R QL » Q! > 0 > 0 y Q2
1.5.25

The vanishing terms in columns 1, 2 are due to A being an injection. The vanishing terms
in columns 4,5 are implied by 1.5.30 together with either one of the conditions 1.5.31 in the
statement of the proposition. The P*, Q are defined as the corresponding terms in Fy, i.e. P’ =

ker(\3;), Q' = coker(\g;).
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Ego O/ 0 E/w/ 0 ES’O
01 1,1 / Eg’,l 0 / ESq

2 B, L

where all arrows are isomorphisms. So this simplifies to

The vanishing of E, at indices (0, 0), (0, 1), (6,0), (6, 1) implies the exactness of E; at the
same indices, which implies that P°, P2 Q? vanish. Then Ej, is also exact at indices (0, 0), (6, 0), (6, 1).
This implies the injection on H® and the isomorphism on H.

Now we restrict to the first half of the seven term sequences (S?,0 < i < 4), together with

the kernels and cokernels:
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v ~ ~ ~

0 — H(X/S;V') — R'7.L — R7m.QL, — H'(X/S;V') — 0

~

g ¥ (1.5.3)

0 — H(X/S;V) — R'7m.L — R'm.QL — HY(X/S;V) — 0

v hd v h

0 » QU s ROr,. L — R, QL » Ol > 0

So 1.5.3 is a diagram with the middle two rows exact and all columns exact.
Observe that columns 1,2 are the short exact sequences from 1.5.29 that arise from the
initial segment of the long exact sequence for the higher direct images of adequate bundles. We

isolate those two columns in the map of short exact sequences:
0 —  R7, ) ——  R7.L —— R7.L —— 0

v s Is

0 —— RTORL — 3 RO L — R, Q0 —— 0

We produce the exact sequence in the statement of the proposition from the kernels and

cokernels by using the snake lemma 1.3.1:
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0 — HYX/S; V') —— H%(X/S;V) —— H°(X/S;V) —

v v R g

0 —— R'r,L —— Rn,L ——— R'".L —— 0

i i (1.5.4)
0 — RmOQ®L —— R1O®L —— R'1.O —— 0

~

L HY(X/S V) —— HY(X/S: V) —— H'(X/S;V) — 0

]

Remark 1.5.32. Note that because only the middle two rows of 1.5.3 are exact, we cannot con-
clude Q° = H°(X/S; V), unless the connecting homomorphism of the kernel-cokernel sequence
is zero. This is because Q° := coker [H"(X/S; V') — H°(X/S; V)]. Equivalently, E," is not
necessarily zero, and so the row £} is not necessarily exact.

We will remedy this issue by upgrading the condition on our morphisms of connections

from horizontal to strictly horizontal (1.4.88).

Proposition 1.5.33 (Strictly horizontal morphism of adequate bundles). Use the same notation
as the previous proposition 1.5.31, and continue to assume that the cokernel L of ) is supported
on a horizontal divisor.

Assume now that \ is strictly horizontal (1.4.88).

Then the connecting homomorphism of 1.5.4 vanishes, and the kernel-cokernel sequence
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splits into two short exact sequences:
0 — HY%X/S; V') — H°(X/S;V) — HY(X/S;V) — 0

0 — H'(X/S; V") — HY(X/S;V) — H'(X/S;V) — 0

In particular, the maps on H°, H' are injective.

Proof. We use the Cartesian property to extended our analysis of the diagram 1.5.4.

The vanishing of the connecting homomorphism is equivalent to the right-exactness of the
kernel sequence, i.e. surjectivity of the map H°(X/S; V) — H°(X/S; V), and it is also equiv-
alent to the left-exactness of the cokernel sequence, i.e. injectivity of the map H'(X/S; V') —
H'(X/S; V). We will demonstrate the injectivity of the latter map.

Consider the lower left portion of the diagram 1.5.4:

0 — Ror,/ —2—— R7,L

| |

0 — > RO 2 s R7.00L

| |

HY(X/S; V') — HY(X/S; V)

The map in question is 7z on the bottom row. Since S is affine, we are working in the
category of modules over the ring I'(Og), and so we can apply 1.3.7. This says precisely that

since the upper square is Cartesian (by 1.4.90), and p is injective, then 7z is also injective. [l
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1.5.6 Extension of value sheaves

Proposition 1.5.34 (Extension of value sheaves). Let m : X — S be a smooth arithmetic surface.

Let L be a line bundle on X with two S-connections
V:£—>Q®OX£::91V

@:E%Q@OXE::Q%
and an O x-module homomorphism n : Q) — Q which is compatible with the connections, i.e.
L5 Q®o, L

lid ln®id

Ei)ﬁ@)oxﬁ

is commutative. So 1 induces a horizontal morphism of connections.
We assume that 1 is injective and the cokernel of 1 is supported on a horizontal divisor.

Then the induced maps on cohomology satisfy:
HY(X/S; V') = H°(X/S; V) is an isomorphism,

H'(X/S; V') — HY(X/S; V) is injective,
H*(X/S; V') — H*(X/S; V) is surjective.
If furthermore, the Hodge-to-de Rham spectral sequence 1.5.7 for V degenerates at E\,
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then
» The Hodge-to-de Rham spectral sequence for V also degenerates at E,
* The spectral sequence 1.5.25 associated to n converges at Fs.

Proof. As in proposition 1.5.31 we have a map Sy — S% between the seven term sequence of
connections, and the associated spectral sequence 1.5.25 has pages

E()I
HY(X/S;V) ROm. L Rm, Q% H'(X/S;V) Rlm. L R'm,Q H*(X/S;V)

N O R

HO(X/S; V) R7,.L ROW*Q% H(X/S;V) R'm.L le*ﬁ% H?(X/S; V)

E1:

PY > 0 > 0 > P! > 0 » BY) ——— P?

Qo s 0 > B2 s Ot s 0 s 0 y Q2

where the zeros in columns 1, 4 are the kernels and cokernels of the isomorphisms 7, 7, and the
zeros in columns 2, 5 come from and the injection of value sheaves with horizontally supported

cokernel (using 1.4.56).
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Eg | //E/wkE/w E26 0
B! 0 B! E! 0 0 ES!

On FE; all arrows are isomorphisms, so Es simplifies to

0 0 0 0 k E3° 0
0 0 0 E! 0 0 0

Now we view the map of seven term sequences, along with the kernel and cokernel se-
quences. To reiterate, in the following diagram the second and third rows are the sequences Sg
and Sé, which constitute the nonzero part of the page F, and the first and fourth rows are the

nonzero rows of the page F.
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7)0

~
]
~

]

y Pl

~
o

5,0
» B y P2

N N N N N N

H(X/S;V) — R1.L — R7, Q8 — HY(X/S;V) — R!'7.L — R'7.0L — H*(X/S;V)

70 m 72 3 z 5 16

~ < 2 ~ < 2 ~

H'(X/S;V) — R'm.L — R'm.QL — H'(X/S;V) — Rin.L — RIn,QL — HX(X/S;V)

v v v v

QO

L
S

v
4
&
=N
=
+
@)
=
+
o <
+
o <
+
(@)
[N}

(1.5.5)

Because the only possibly nonzero terms on Es are Eg”l and ES?O, the corresponding
terms E12’1, Eir’ Y are the only places where F, is possibly not exact. In particular, F; is exact
at P°, Pt P2 Q° Q% From this we can conclude H’(X/S) is an isomorphism, H'(X/S) is

injective, and H*(X/S) is surjective.

Finally, suppose that the Hodge-to-de Rham spectral sequence 1.5.7 degenerates for V. As

mentioned in 1.5.11 and 1.5.21, this is equivalent to the vanishing of the maps oy, 04 in Sg:
SL—Rm.L % ROmQL — 82

S¢ = R'm.L X5 Rim, O = S2.

But because 7y, 14 are the identity map, the maps o1, 5, factor through the zero map:

=0
S¢ =R'm,L 7= R'm.0y = ROm.QF = 82
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=0
S =Rir,£ 2=% Rir.0L 2 Rir,OL = S2

Hence 01, o4 vanish, and the Hodge-to-de Rham spectral sequence 1.5.7 for v degenerates
on Fj as well.

Finally we show that the morphism of connection spectral sequence 1.5.25 associated to 7
degenerates on F,, or equivalently that the rows in £ are exact. Since E23 ! E25 ¥ are the only
terms in F5 which are possibly nonzero, and they are isomorphic, the exactness of F; can be
achieved either by demonstrating the surjectivity of E12 R Ef T = Q! or the injectivity of
E? — E%0 —. P2, We will pursue the latter.

Because the Hodge-to-de Rham spectral sequence 1.5.7 for V degenerates at E';, the map
R'7, QL — H?*(X/S; V) is an isomorphism (1.5.21), and this directly implies the injectivity of
the kernels ker(n;) = E° — EY0 = ker(n).

Therefore all terms on page F5 are zero, and so the spectral sequence associated to 7
converges at [s.

]

Remark 1.5.35. Set ﬁ% := coker(n) to be the cokernel of the morphism of values sheaves from
1.5.34. Since we assume %, N Q% is an injection of line bundles on X with horizontally
supported cokernel, the cokernel is acyclic (1.4.55).

The exact sequence

0 —— Oy y Q)

produces a long exact sequence via Rm,, which has five nonzero terms (as the quotient
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sheaf ﬁ% is acyclic):

0 — RO —— ROW*S/_\Z% — Row*ﬁlv — RImOL —— le*ﬁé — 0

Using the usual method of decomposing a long exact sequence into short exact sequences, we

can split it into into the following short exact sequences

)

0 — R'm.Oy —— R%*ﬁ% > Qy

(1.5.6)

0 > P, > ROy —— le*ﬁlﬁ — 0.

We can also see that P, = E)"°,Q, = E}" in the proof of 1.5.34 above, since E;°, E}' are

defined respectively as the kernel of 7; and cokernel of 7,, which are the same maps as in 1.5.6.

Corollary 1.5.36. As in the previous proposition 1.5.34, let £ be a line bundle on X with two

S-connections

VL= Q®0, L= 0L

ﬁiﬁ%f/i@@xﬁ::ﬁlﬁ

and an O xy-module homomorphism 7 : {2 — Q) which is compatible with the connections.
Assume that 7 is injective with cokernel supported on a horizontal divisor. Suppose that the
Hodge-to-de Rham spectral sequence 1.5.7 for V degenerates at F.

Then we can give a more precise description of the map H*(X/S;V) — H*(X/S; ﬁ)
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using 1.5.6 and the following exact sequences:

0 —— H°%(X/S;V) —— HY(X/S:V) ————— 0

~
=)}

0 — HY(X/S;V) — HY(X/S;V) y Q,

0 s P, »y H*(X/S;V) —— H*(X/S;V) —— 0.

Proof. The isomorphism on H® was already established in the previous proposition 1.5.34.

Two obtain the two sequences for H', H?, we first consider the sequences
q ) q

~
e}

0 —— HY(X/S;V) —— HY(X/S; ﬁ) > Qy

0 > P, » H3(X/S;V) —— H*(X/S;V) —— 0.

which are the columns 3 and 6 in 1.5.5,

and then we apply the isomorphisms

The isomorphisms Q, = Ef’l and P, = Eir”o were established in 1.5.35, and the isomor-
hisms E>' =~ O and = E>0 =~ P2 are a direct consequence of the convergence on page Es
p 1 1 q g pag

of the spectral sequence associated to 7, because the convergence on page s is equivalent to the
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exactness of the rows in Fj.

So the following subsequences of 1.5.5 are exact:

0— EY P20,

0— EX - Q' —o.

and P? = ker(ng), Q' = coker(n3).

]

Remark 1.5.37. In the previous corollary 1.5.36, in the special case €2 := 2x/g, Q= Qx/s(D),

with D adequate, and the two connections are the natural maps

d: Ox — Qxys

V: OX — QX/S(D)

(where V factors through d).

Then the map Qy/s — Qx/s(D) induces the long exact sequence

0 —— ROT('*Q)(/S E— ROW*Q)(/S<D) E— ROTF*Q)(/S<D)|D —

— R'm.Qy/s s 0 s 0

which splits into the two short exact sequences

0 — R'71.Qxs —— R'1.Qx/5(D) > 9, > 0

0 > Py > R'mQx/s > 0 > 0.
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By the analysis in 1.5.36,

coker [R"m,.Qx/s = R'm.Qx/s(D)] = Q, = coker [H'(X/S;d) — H'(X/S; V)]

In 1.6.2 we define a filtration on H'(X/.S; Oy, V), such that by definition the following

two sequences are equal:

~
o

0 —— HY(X/S;0x,d) —— HY(X/S;0x,V) >y Q,

0 —— Fil''HY(X/S;0y) —— Fil’HY(X/S;0y) —— GrHY(X/S;0p) —— 0

1.5.7 Analysis of the connection V p

1.5.7.1 Local sections of the sheaves associated to the divisor D

Remark 1.5.38. In this section, unless otherwise specified, 7 : X — S will be a smooth arithmetic

surface, and D an irreducible horizontal effective divisor on X.

Definition 1.5.39 (Canonical section of Cartier divisor). For an effective Cartier divisor D on
a scheme X, each Ox(nD), n > 0 has a canonical global section 1 = 1,,p, defined by the

inclusion

OX — OX<7”LD)
1 1=1,p

1,p is the canonical section of Ox(nD).
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Remark 1.5.40. The canonical section 1,,p € I' (X, Ox(nD)) defines the divisor n.D.

Proposition 1.5.41. Let X/S be an arithmetic surface, V C X be a trivializing affine open, and
D C X an effective Cartier divisor. Given an h € Ox(—D)(V') defining the divisor D, there is

a compatible collection of local O x-module bases

en € Ox(nD)(V)

such that
ep=1€ O0x(V)
h"e, =1,p € Ox(nD)(V)
h™e, = €p_m € (’)X((n — m)D) C Ox(nD)
So we can view e,, as the rational function h%, € K.

Furthermore the e,, map to local O x-module generators of Op(nD) = Ox(nD)|p under
the restriction map

Ox(nD) = Ox(nD)|p

€n — €y

Proof. The result is closely related to 1.4.3.
Since D is a Cartier divisor, its ideal sheaf Ox (— D) is locally principal. For h € Ox(—D)(V)

to define the divisor D means that h generates the ideal sheaf Ox(—D), i.e. defines an isomor-
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phism

Furthermore for n > 0, A" generates the ideal Ox(—nD)(V'), and h™" generates the fractional
ideal Ox(nD)(V).

We set e, := h™", and the compatibility conditions described in the proposition are imme-
diate.

]

Proposition 1.5.42 (Differentiation with respect to a local coordinate). Let 7 : X — S be a
smooth arithmetic surface.

Given a point v € X, let V C X be a trivializing affine open neighborhood for Ox and
Qﬁ(/s. There is a differential w € Qx/5(V') which generates Qx/s(V') as a rank 1 free Ox (V')-
module.

Furthermore, possibly after shrinking V, we may assume that w = dz for some z €
Ox (V). Such a section z is called a local coordinate at v € X.

We can differentiate any function f with respect to a local generating differential w, in the

sense that for each f € Ox(V), there is a unique function f' € Ox (V') with

df = flw e Qx/5(V).

The assignment [ — f' satisfies the Leibniz rule:

(f9)=fg+ fqg"
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Proof. The existence of an w and the function f is a restatement of the fact that {2x /g is a locally
free O x-module of rank 1, which is a result of the fact that X /.S is smooth of relative dimension
1.

The fact that the local basis w can be taken to be the differential of a function is the state-
ment of 1.4.41.

The fact that the derivative satisfies the Leibniz rule follows directly from the Leibniz rule

for the derivation Oy — (2x/g:

(fg)w=4d(fg) =gdf+fdg= flgw+ fgw=(f'g+ fg')w.

]

Remark 1.5.43. Let X/S be a smooth arithmetic surface, V' C X be a trivializing affine open for
Ox (D) and Q% /- Given a local coordinate z as in 1.5.42 and a function / and bases e, as in

1.5.41, we have the following presentations of the sheaf of differentials and twists:

Ox(nD)(V) = Ox (V) - {en)

Qﬁc/s(v) = O0x(V) - {dz)

O 5(D)(V) = Ox(V) ()

Qﬁ(/sb(v) = Op(V) - (dz)

(9%5(D) @ Ox(nD)) (V) = Ox(V) (S & ¢")
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(Qx/s(D) ® Op(nD)) (V) = Op(V) - (-~ ® &)

1.5.7.2 Local expression for the connection

Now we explicitly describe the connection

VD : Ox(nD> — Qx/S<D) X Ox(nD)

defined in 1.4.84.
Remark 1.5.44. Whenever we use the derivative notation f’ in this section, it will always be with

respect to the local coordinate at hand, as described in 1.5.42.

Proposition 1.5.45. Under the hypotheses of 1.5.38, the values of V p on the canonical section

1,.p and the basis element e,, € Ox(nD)(V') over an affine open V' C X are given by

Vo(l.p) =0
h'd
Vp(en) = ; : ® (—ney)

Proof. Since the connection V p, is restricted from the subsheaf Oy C Ky, we have that V(1,p) =

Furthermore

0= V(1lap) = V(h"en) = h"V(e,) + d(h") ®ey

= h"V(en) + (nh" 1 dh) ® e,
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]

Proposition 1.5.46. With the hypotheses of 1.5.38, for an affine open V. C X, an arbitrary
element in Ox(nD)(V') has the form fe, for some f € Ox(V'), and

n dz fldz

® he,,.

An arbitrary element in Op(nD)(V') = Ox(nD)(V)|p has the form fe,, and

h dz

Vn(fén) = h

® (_nfén)

Proof. Since ¢, is a local basis, over 1 an arbitrary element of Ox (nD) is of the form fe,, for

some f € Ox(V), and then we have the computation.

V(fen) = fV(en) + df ®e,

h' dz

:fh

® (—ne,) + f'dz ®e,

fdz
h

B h' dz

. ® he,

® (—nfe,) +

f'dz
h

B h' dz

h ® (_nfen) +

& €ep_1-
But /% ® e, is in the image of Qs ® Ox ((n — 1)D)
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so this is equivalent mod Qs ® Ox ((n — 1)D) to

h' dz
h

® (_nfen)

and then the statement follows for Op(nD) = Ox(nD)/Ox ((n — 1)D). O

The following is the first step in establishing that 1.5.7 is a Cartesian square, i.e. that the

connection is strictly horizontal (1.4.88).

Proposition 1.5.47. Let X/S be a smooth arithmetic surface, D C X an irreducible horizontal
effective Cartier divisor, and n € 7 an integer which is also a nonzerodivisor in Og. So either
Oy is characteristic zero, or n coprime to the characteristic.

Let Ox((n — 1)D) A Oy (nD) be the natural inclusion, which induces a horizontal

. . A
morphism of the connections V,,_1 — V.

Ox((n = 1)D) —= Qys(D) ® Ox((n—1)D)

lA l’” (1.5.7)

Ox(nD) ——"— Qyx5(D) ® Ox(nD)
Then on an affine open V- C X which trivializes Ox (D) and Q% /s> the containment
im(V, o\) =im(po V,_1) Cim(V,) Nim(p)

is an equality.

Proof. The morphism V,,_; EN V., is depicted by 1.5.7.
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Let V' C X be affine open, and denote by 6 = 9 the local basis of Qx,s(D) and § ® e,
the local basis of Qx/s(D) ® Ox(nD) mentioned in 1.5.43.

Let « € Ox(nD)(V). Then by 1.5.46

a = fe,
for some f € Ox(V), and again by 1.5.46,
hd "d
V(o) =V, (fe,) = hZ ® (—nfe,) + fhz ® he,
h dz "dz
== ® (—nfe,) + fh ® ep_1.
Since
f'dz

®en_1 € lm(ﬂ’)a

We have the implications

Vala) € im(p) <~

h' dz
h

® (—nfe,) € im(p) <=
nfhle, € Ox((n—1)D) = hOx(nD) <=
nfh' € hOx(V) <=
nfh'=0€ Ox(V)/(h) = (Ox|p)(V) = Op(V).

Since D is a horizontal divisor, Op is a flat Og-algebra (1.4.50 and 1.4.23). In particular
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Op is a torsion-free as an Og-module. Since D irreducible, Op contains no zero divisors. Then
the localization Op (V) is also torsion-free and contains no zero divisors. This implies the image

of fiszeroin Op(V),s0 f € hOx(V), and so o € im(\). O

In order to conclude that the connection is strictly horizontal, we first make the following

observation:

Proposition 1.5.48. In addition to the hypotheses of 1.5.38, assume also that X is geometrically
connected, and that S is the spectrum of a number ring. If n > 0, then ker(V,_1) = ker(V,,),

i.e. all V,, have the same constants, when n is positive.

Proof. By 1.5.17, whenever Ox (nD) contains Ox (i.e. n > 0), the constants will be the Og-
submodule generated by 1 € I'( X, Ox).
The geometrically connected condition ensures that the constants consist only of Og and

not some algebraic extension of Og. [

Corollary 1.5.49. With the hypotheses of 1.5.38, assume also that X is geometrically connected
and S is the spectrum of a number ring. When n > 0, the connection V,,_; EN V., is strictly

horizontal, i.e. the diagram 1.5.7 is Cartesian.

Proof. By 1.3.4 and 1.4.9, in order to show that the square 1.5.7 of Ox-modules is Cartesian it

suffices to check that the following complex is left exact over every affine in a given cover:

0 —— Ox((n — 1)D) L) Ox(nD) D (QX/S(D) & Ox((n — 1)D)) L) QX/S(D) & Ox(TLD)

where o := (A, V,,_1), 5 := (Vy, — ).
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We can obtain the result by using 1.3.8, which applies because 1.5.47 establishes the image
containment property, 1.5.48 establishes the isomorphism of the kernels, and lastly the morphism
Ox((n—1)D)(V) = Ox(nD)(V) is injective.

Therefore the diagram sequence is exact and 1.5.7 is Cartesian. [

Remark 1.5.50. As stated in 1.4.91, the image containment property of 1.5.47 is the primary

consequence of the Cartesian property that we will use.

1.5.7.3 Cohomology of the quotient connection V,,

Proposition 1.5.51. With the hypotheses of 1.5.38, let h € Ox(—D)(V') be a function locally
defining the Cartier divisor D, and let z € Ox (V') be the local parameter described in 1.5.42.
Then dh = h' dz for some h' € Ox(V), and I/ locally generates the different ideal D C

Op defined in 1.4.66.

Proof. The different ideal Dp of Op can be defined as the 0" Fitting ideal of Qp /x: [14, Tag
0BVW], [14, Tag 0OBWG], As D|y is a Cartier divisor defined by h, the function i’ generates the

relations of 2p/5(V') and hence the 0" Fitting ideal. O

Corollary 1.5.52 (Image of quotient connection). Over an affine open V/, the image of

Vn : OD(HD) — Qx/s(D) X OD(TLD)

is given by


https://stacks.math.columbia.edu/tag/0BVW
https://stacks.math.columbia.edu/tag/0BVW
https://stacks.math.columbia.edu/tag/0BWG

where ¢ ® €, is a generator of Qx,s(D) @ Op(nD) over V.

Proof. From 1.5.46 we have that

V(fen) = E & (wnpen) + LE

® €n—1

and % ®ep—1 is a generator of 0y, s @ Ox ((n — 1)D) over V' so this is equivalent modulo

Qx/s ® OX((n — 1)D) to

! d
h;z ® (—nfe,) =nh'f <FZ ® (—en))

But by 1.5.51, &’ generates the different ideal Dp (V') C Op(V), so nh’ generates nDp (V).
Since f is an arbitrary element of Op (1), the result follows.

]

Corollary 1.5.53 (Kernel of quotient connection). Let X /S be a smooth arithmetic surface and
D C X an irreducible horizontal effective Cartier divisor. Assume X is geometrically connected
and S is the spectrum of a number ring.

For n > 0, the kernel of

vn : OD(HD) — Qx/S(D) &® OD(TLD)

is given by

Op(nD) n=0,

<

ker(V,) =
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So V,, is zero when n = 0 and injective when n > 0.

Proof. From 1.5.46, an arbitrary element in Op(nD)(V) = Ox(nD)(V)|p has the form fe,,

and

d

where £ @ €, is an Op(V)-generator of (Q}(/S(D) ® OD(nD)) (V) (1.5.43).

Since X/S is smooth, Qx/s and Qx/g(nD) are torsion-free Ox-modules. Since D is
irreducible, Op is an integral domain, so €2 X/S(nD) ® Op is a torsion-free O p-module

Hence —nfh' (% ®€,) can only be zero if n or f is zero in Op(V'), but we have assume
n > 0 and S is characteristic zero, so f must be zero. Therefore vV, is injective.

]

Corollary 1.5.54 (Cohomology sheaves of quotient connection). Let X /.S be a smooth arithmetic
surface and D C X an irreducible horizontal effective Cartier divisor. Assume X is geometrically

connected and S is the spectrum of a number ring. Let n > 0 be an integer. Then

H' (X/$;0p(nD), V) = § 0p/(nDp) i=1

Proof.

HO (X/S; Op(nD),V,) = ker |Op(nD) X Qyx/s(D) @ Op(nD)
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H' (X/S;0p(nD),V,) = coker |Op(nD) Vo, Qx/s(D) ®@ Op(nD)

So the case v = 0 follows from the computation of the kernel in 1.5.53, and the case © = 1
follows from the computation of the image in 1.5.52.

Since the de Rham complex Q.Vn has only two terms, concentrated in degrees 0,1, the de
Rham cohomology sheaves vanish in all other degrees.

]

Corollary 1.5.55 (Cohomology of quotient connection). Let X /S be a smooth arithmetic surface
and D C X an irreducible horizontal effective Cartier divisor. Assume X is geometrically

connected and S is the spectrum of a number ring. Let n > 0 be an integer. Then

H' (X/S;Op(nD),V,)

I

Proof. This follows from the computation of the cohomology sheaves in 1.5.54 and the fact that
the sheaves Op(nD) and Q2x/s(D) ® Op(nD) are acyclic for R, as follows:

Consider the seven term exact sequence S from 1.5.26:

H°(X/S;V) — R1,L — ROmQL — HY(X/S;V) — R!1,L — R'm QL — H*(X/S; V)

where

Z = OD(TLD),
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(We omit the zeros on the end for space.)
Since the sheaves Op(nD) and Qx,5(D)®Op(nD) are supported on the horizontal divisor
D, by 1.4.55 they are acyclic for the direct image functor ..

So the seven term exact sequence simplifies to
0 — H°(X/S;V) — R7,L — Rm.QL — H'(X/S;V) — 0

Thus the cohomology modules H*(X/S; V) can be calculated simply as the kernel and
cokernel of the map

R'r.L — R'r, le.

1.5.8 Direct limits of connections

Proposition 1.5.56. Let {F, },>o be a direct system of quasicoherent O x-modules with injective
transition maps, and suppose that each JF,, has an Q2-valued S-connection V,,, which is compati-
ble with the maps in the direct system, i.e. the induced morphisms of connections are horizontal,

or equivalently

Fo —" 5 Q®0, Fu

J |

v7’:,4»1
Frs1 —— Q R0y Fot1

commutes.
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Let F = lim F,, be the direct limit. Then F has a unique )-valued connection NV compati-
n—

ble with the F,, and

H*(X/S; F,V) = H'(X/S;lir_I}fn,Vn) = 1121H'(X/S; Fuy V).

Proof. Filtered colimits commute with tensor products ([14, Tag 00DD]), so
lim (Q® F,) ~Q® (hm]—"n) —Q® F.
n— n—

Each F,, has a seven term exact sequence Sg  (1.5.20). Let §* = 17121 Sy, be the limit
sequence.

Filtered colimits preserve exactness ([14, Tag 00DB]), so the limit sequence S° is exact.

Filtered colimits commute with higher direct images ([14, Tag 07TA]), so the limit se-
quence S*° is the same as the seven term exact sequence Sy, for the limit F.

Then §* = &3 computes the cohomology of the connection V on F, and
H(X/S; F,V) ~1limH(X/S; F,, V)
n—
for each 1. U

1.6 Cohomology of affine complements

For this section, let S be the spectrum of a number ring, 7 : X — S be an arithmetic surface
of genus 0 which is smooth, geometrically connected, and cohomologically flat, and D C X an

effective horizontal divisor (1.4.43). Let U = X \ D 25 X be the inclusion of the complement.
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Assume also that D is irreducible and adequate (1.5.27).

The sheaf j,Opy has a connection V  which restricts to the connections V, on the line
bundles Ox(nD) (1.4.84).

By 1.4.44,1.4.50, D/S is a finite, flat extension, and so there is a different ideal D, C Op

(1.4.66), which is supported on the ramification locus of D /S (1.4.70).

Proposition 1.6.1. The de Rham cohomology of the complement U/S can be computed on X
via:

H*(U/S; Oy, d) = H*(X/S; j.0u,d) = H*(X/S; j.Ou, Vp)

Proof. The first isomorphism holds because j : U — X is an affine morphism, so j, is an exact
functor, and R* (7 0 j),.Op = R*7.(j.Op). (1.4.16) Then the seven term exact sequences 1.5.20
for Oy and 5,.Oy are isomorphic as complexes of Og-modules.

The second isomorphism holds because j.Op and Ox (D) ® j.Oy are canonically isomor-
phic, so

Qx/s(D) ® .0y ~ Qx5 @ Ox (D) ® 7.0y ~ Qx5 ® 3.0y,

and so the connections

d: 7.0y = Qx5 ® 7.0y

Vp : j«O0v = Qx,5(D) ® 7.0y

are isomorphic via the natural isomorphism 2x /s ® 7.0y — Qx/s(D) ® 7. Oy. O

Definition 1.6.2 (Polar filtration on H'). The ascending filtration on O given by

Fil"Oy := Ox(nD), n>0
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induces an ascending filtration on H' (X/S; Oy/) given by
Fil"H' (X/S; Oy, Vp) :=im [H' (X/S;Ox(nD); Vp) — H" (X/S;O0u,Vp)].
Furthermore we extend the filtration to indices —1, —2 by setting
Fil"'H' (X/S; Oy, Vp) :=im [H' (X/S;0x,d) — H' (X/S;00, V)] .

Fil"?H' (X/S; 0y, Vp) := 0.

Remark 1.6.3. We can depict the filtration with the following diagram, using the notation of

1.4.84:

OX d=—V_1> Qx/s X OX

id i®id
v VD70 N2
OX e Qx/S(D) & OX

A id ®1
+ Yo +

) id ®1
1 o, 1
Ox(2D) —22 Qx/s(D) @ Ox(2D)

7 id ®1

~ ~

~ ~

. v .
JxOy —=— Qx/5(D) ® j.Op.

where in the vertical arrows, id is the identity and ¢ is the natural inclusion. So each vertical

arrow 1s an inclusion.
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By 1.5.33 and 1.5.34, each step of this filtration induces an injection on first de Rham

cohomology H'(X/S; ).

Remark 1.6.4. Note how the connections in the —1°¢ and 0** steps have the same coefficient sheaf

but different value sheaves:

Film'H' (X/S; 0y, Vp) :=im [H' (X/S;0x,d) — H' (X/S;00,Vp)] .

Fil’H' (X/S; Oy, Vp) :=im [H' (X/S;0x;Vp) — H' (X/S; 01, Vp)] .

Fil ™! is the usual de Rham cohomology of X, and Fil® is what is often referred to as the
logarithmic de Rham cohomology of X (with respect to D).

If we were working over a field of characteristic zero, S = Spec(k), then the filtration
would stabilize already at the 0/ step. But we are “fortunate” that things are more interesting

over Dedekind domains.

Remark 1.6.5 (The conditions our connections must satisfy).

The polar filtration (1.6.2) consists of two types of connections (foreshadowed in 1.5.4):

Ox(nD) — 2" 0@ Ox(nD) Ox —25 Qx/5(D).

We referred to the type on the left as an extension of coefficient sheaves (analyzed in 1.5.31) or

more specifically a strictly horizontal extension of coefficient sheaves (analyzed in 1.5.33), and
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this is the type of morphism that makes up the positively indexed portion of the polar filtration:

Gr"H'(X/S; Oy), n > 0.

We referred to the type on the right as an extension of value sheaves (analyzed in 1.5.34),

and this is the type of morphism that makes up

Gr’ H'(X/S; Op).

In order to apply the result on strictly horizontal morphisms (1.5.33), we need:
1. The map of sheaves A is injective with cokernel coker(\) supported on a horizontal divisor,

. . . A . . .
2. The induced morphism of connections Vp ,,_1 — Vp, 1s strictly horizontal,

3. Either

* Ox((n—1)D),Ox(nD) both adequate, or

* Ox(nD) adequate and

R'm.Ox((n—1)D) = R'mQx/s(D) @ Ox((n —1)D) = 0.

Note that the condition for Ox ((n — 1)D) to be adequate is the similar looking:

R'm.0x((n—1)D) = R'm.Qx/s @ Ox((n — 1)D) = 0.
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For the result on extension of value sheaves (1.5.34), we need:
1. The map of sheaves €y, 5Q x/s(D) is injective with horizontally supported cokernel,
2. The induced morphism of connections d — Vp, is horizontal,
3. The Hodge-to-de Rham spectral sequence for d degenerates at the page E.

We will show these conditions are satisfied in the following propositions.

Proposition 1.6.6. Assume the hypotheses stated at the beginning of the section (1.6), in partic-
ular X is a smooth arithmetic surface of genus .

Suppose n > 0. The morphism of connections

D,n—1

Ox((n—1)D) 223 Q@ Ox((n — 1)D)

b |
Ox(nD) —2"— Q® Ox(nD)

satisfies the conditions of 1.5.33, which were recounted in 1.6.5 above.

Proof. 1. The twisted ideal sequence
0= Ox((n—1)D) % Ox(nD) = Op(nD) = 0

demonstrates that \ is injective with cokernel supported on the horizontal divisor D.
2. Themap Vp, 1 LN V b 18 strictly horizontal by 1.5.49.

3. If n > 1, then both sheaves are adequate, by the assumption on the divisor D.
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If n = 1, the sheaf Ox(nD) = Ox(D) is again adequate by assumption on D, but
Ox((n — 1)D) = Ox is not adequate. However when X is genus 0 and cohomologi-
cally flat, Oy only acyclic: R'7,0Ox = 0. Additionally, in 1.5.30 it was shown that if
L(D) is adequate, then Qx,5(D) ® L is acyclic, so R'm.Qx/s(D) ® L = 0.

O

Proposition 1.6.7. Assume the hypotheses stated at the beginning of the section (1.6), in partic-
ular X /S is a smooth arithmetic surface, which is cohomologically flat.

The morphism of connections

OX # QX/S

l b

Ox —25 Qy,5(D).

satisfies the conditions of 1.5.34, which were recounted in 1.6.5 above.

Proof. 1. By tensoring the ideal sequence
O%OX(—D>—>O)(—>OD—>O

with the locally free sheaf (2 X/S(D), we get that the map Qy/s 2 Q X/S(D) is injective

with cokernel supported on the horizontal divisor D.

2. Since the map of connections d N V4 p is induced by the natural inclusion {1x/g NN
Qx/s(D), the connection O AE:NYo! x/s(D) factors through the connection O 40 X/S-

Therefore the map d — Vp is horizontal.
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3. Since X/S is a smooth arithmetic surface with X cohomologically flat, 1.5.9 implies that

the Hodge-to-de Rham spectral sequence for Ox %40y /s degenerates at the page F;.

Proposition 1.6.8. The steps of the filtration are isomorphic images:

Fil"H' (X/S; Oy, Vp) 2 H' (X/S; Ox(nD), Vp)

Fil"'H' (X/S; 0y, Vp) = H' (X/S;0x,d)

Proof. By 1.6.6 and 1.6.7, we may apply 1.5.33 and 1.5.34, which imply that the morphisms

defining the filtration 1.6.2 on H!

H' (X/S;0x,d) — H' (X/S;O0x,Vp)

H' (X/S;0x((n—1)D),Vp,_1) = H' (X/S;Ox(nD),Vp,)

are all injective. Therefore they are isomorphic to their images in H*(X/S; Oy, Vp. N

Remark 1.6.9. If X has positive genus, we still get an ascending filtration, since each connection

factors through the next, but the images are not necessarily isomorphic.

Proposition 1.6.10. The limit of the polar filtration commutes with cohomology:

H*(X/S; Oy, V) = limH*(X/S; Ox(nD), V).
n—
Proof. This follows from Oy = lim Ox(nD) and the fact that de Rham cohomology commutes
n—
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with limits: 1.5.56. [

Proposition 1.6.11. The graded pieces Gr™ H* (X/S;0p) = Fil"/ Fil"™! have the following

description via the connection 1.4.81 on Op(nD)

Gr’H'(X/S; Oy) = coker [R°T,Qx/s = R'm.Qx/s(D)]

Gr"H'(X/S;Oy) 2 H' (X/S;0p(nD), V), n>0
Proof. Using 1.5.33 with the morphism Vp ,,_; A V p.» we obtain the sequence

0 — H'(X/S;0x((n—1)D),Vp,_1) — H(X/S;0x(nD),Vp,) — H'(X/S;Op(nD),Vn) — 0

which by definition is the same as

0 —— FilI"'HY(X/S;0y,Vp) —— Fil"H'(X/S;0y,Vp) —— Gr"HY(X/S; Oy, Vp) —— 0

The degree 0 graded portion Gr° H'(X/S; Op) follows from 1.5.36. The analysis for this

special case is carried out in the subsequent remark 1.5.37. [

Proposition 1.6.12. We have the more concrete description of the graded pieces:

Gr’H'(X/S; Op) = m.0x/5(D)

Gr"H'(X/S; Oy) & 7. (Op/(nDp)), n>0
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Proof. When n > 0, we compose the isomorphism

Gr"H'(X/S;Op) = H' (X/S; Op(nD), V)

shown in 1.6.11 and the isomorphism

H' (X/S;0p(nD),V) = 7.0p/(nDp)

shown in 1.5.55.

For the n = 0 case, 1.6.11 shows that

Gr’H'(X/S; Oy) = coker [R°T,Qx/s = R'm.Qx/5(D)]

Since we have assumed the genus of X is zero, we have R"7.Qx/s = 0, and this implies
the case n = 0:

Gr’H'(X/S; Oy) = R7.Qx/s(D).

Theorem 1.6.13. The associated graded of Fil* H' (X/S; Oy) satisfies

GrH'(X/S; Op) = H'(X/S) & m.80x/5(D) & P 7. (Op/(nDp))

n>1

Proof. This follows from the concrete description in 1.6.12 and the fact that by definition Gr—' H'(X/S; Op) =

H'(X/S), as discussed in 1.6.4. O
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1.7  Example

Here we apply the results of the previous section to the example 1.2.1 from the introduction.

There the first de Rham cohomology of the affine line over a ring R was given as

H'(A'/R) = @ R/nR.

n>1

Let R be a number ring, S = Spec(R), and X = P, = S. An integral point S — X
corresponds to a horizontal effective Cartier divisor D C X of degree 1, and U := X \ D = Al.
The induced morphism D — S is an isomorphism, in particular étale, so the different ideal

is the unit ideal: Dp = (1) C Op. Therefore we have

7.(Op/(nDp)) = 7.(Op/nOp) = R/nR (1.7.1)

The sheaf cohomology of the structure sheaf and sheaf of differentials satisfy

H'(X,0x) =0

I’IO(,}(7 Q%{/S) = 0

so by 1.4.96 we obtain the vanishing of the first de Rham cohomology:

H'(X/S) = 0. (1.7.2)
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Since

deg (QX/S(D)) = deg (QX/S) +degD=-2+1=-1<0

we have

TS /5(D) = 0. (1.7.3)

Now we apply the theorem 1.6.13, using 1.7.2, 1.7.3, 1.7.1:

GrH'(X/S; Op) = H'(X/S) @ m.80x/5(D) & P 7. (Op/(nDp))

n>1

>0 0@ R/nR

n>1

~ P R/nR.

n>1
It turns out in the case when the divisor D is degree 1, the cohomology H'(U/S) is actually

isomorphic to its associated graded.
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