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Chapter 1: Introduction
1.1 Preliminaries and Main Results

Let F' denote a local function field of characteristic p > 0, and let /. D F' denote the unique
degree r unramified extension of /' contained in a fixed separable closure F** of F', and let 6 denote
a generator of Gal(F,./F). Let G denote an unramified connected reductive group over F. The
automorphism ¢ determines an F'-automorphism of G/(F,.), which is still denoted by 6. To simplify
notations and statements, we will assume that G4, = G, in the remainder of the introduction.

From the concrete norm map

N :G(F,) — G(F,)

g—g0(g)...07 (g),

Kottwitz [Kot82] was able to define an abstract norm map N from the set of stable §-conjugacy classes
in G(F}) to the set of stable conjugacy classes in G(F'). We will say that v € G(F) is a norm if y is
stably conjugate to N'¢ for some 6 € G(E).

Fix a semisimple element v € G(F') and we let G, C G denote its centralizer in G. For
f € C*(G(F)), the algebra of locally constant and compactly supported C-valued functions on

G(F), we can define the orbital integral

05 (f) = / F(g~"~g) dg/di
G~ (F)\G(F)

depending on the choice of Haar measures dg and dt on G(F') and G, (F) respectively. We also



consider the stable orbital integral

SOSD(f) =" e(G)0S (1),

where 7' sums over the conjugacy classes in G(F') within the stable conjugacy class of v, and e(G,/) €
{+1} is the sign attached by Kottwitz [Kot83] to connected reductive groups. Notice that our assumption
that Ge, is simply connected implies that the centralizers G, are connected. If v and + are stably
conjugate, their centralizers are inner forms of each form, therefore we may require the Haar measures
are compatible with each other in the definition of the orbital integrals TOE/;,(F)( f) in the sense of
[Kot88]: if we fix an inner twisting ¢ : (G,)rs — (G./)rs and a non-zero invariant top degree
differential form w’ on G., over F, then we say Haar measures p and i/ on (G.,)ps and (G/)ps are
compatible if there exists ¢ € R>? such that ¢/ = c|w’| and p = c|y*w'|.

Similarly, for an element 6 € G(F}.) such that A/0 is semisimple, we define its twisted centralizer

to be the connected reductive group Gy such that
Gso(F) = {g € G(F,) : g'd0(g) = d}.
Then for ¢ € C°(G(F,)), similarly we can define the twisted orbital integral

TOSE) (4) = / o(g7'66(g)) dg/dt

Gso(F)\G(Fr)

and its stable version

SO (0) = Y e(Gag)TOGS™ (9),

6/



where the sum is over #-conjugacy classes ¢’ in G(F,) inside the stable #-conjugacy class of J, or
equivalently (Proposition 2.2.5), whose norm down to GG(F’) is in the same stable conjugacy class as
N§. If v € G(F) is stably conjugate to N, then Gy is an inner form of G, (Lemma 2.1.5). Therefore
we may also require the Haar measures on these groups to be compatible.

We say that ¢ € C°(G(F,)) and f € CX(G(F)) are associated or have matching orbital
integrals (resp., at regular semisimple elements) if for every (resp., regular) semisimple element v €

G(F') we have

SO5 " () if ¥ =Nb
SOSI(f) = s (9) 1o 1.1.1)

0 if -~y isnotanorm

The case of spherical Hecke algebras was studied first. Suppose K, C G(F,) and K C G(F)
are hyperspecial maximal compact subgroups associated to a hyperspecial vertex in the Bruhat-Tits
building B(G(F')) of G(F'), and suppose ¢ € C°(G(F,)) belongs to the spherical Hecke algebra
H(G(F),), K,) of locally constant compactly supported functions on G(F,.) that are bi-invariant under
K. In particular, the spherical Hecke algebras are commutative. The Satake isomorphism gives rise

to a natural algebra homomorphism

b : H(G(F,), K,) = H(G(F), K) (1.1.2)

which will be called the base change homomorphism. The base change fundamental lemma for
spherical functions asserts that ¢ and b,.(¢) are associated. This was proved in the special cases of
GLs [Lan80] and GL, [AC89], which gave rise to global and local applications, and for general
unramified reductive groups it was proved by Clozel [Clo90] and Labesse [Lab90].

In [Hai09], an analogous base change fundamental lemma is proved for centers of parahoric



Hecke algebras by Haines, which replaced the hyperspecial maximal compact subgroup K. (resp., K)
above by a general parahoric subgroup J, (resp., JJ) defined as intersection of the group of elements
in G(F,) (resp. G(F)) that fix a facet in B(G(F')) with the kernel of Kottwitz homomorphism(see
section 2 of loc. cit.). In particular, when the facet is a hyperspecial vertex, we have J, = K,.
However, since the resulting parahoric Hecke algebras H(G(F,.), J,) and H(G(F'), J) are in general
no longer commutative, the base change homomorphism will be restricted to the center of those Hecke
algebras:

by : Z(G<Fr)aKr) — Z(G(F)vK)

From now on and in this article, when we speak of base change fundamental lemma, we refer to
the matching of elements in the centers linked by the base change homomorphism. Later in [Hail2],
Haines generalize this result to so called depth-zero principal series blocks in the Bernstein decomposition.

All the results [Cl090, Lab90, Hai09, Hail2] stated above only work over groups over p-adic
fields F' of char /' = 0. Results in positive characteristics are more ad-hoc for specific groups. In his
thesis [RD10], Ray-Dulany proved the base change fundamental lemma for Iwahori-Hecke algebra of
G L, for any local field with characteristic not equal to 2 by explicit calculations. In [Fen20], Feng
gave a geometric proof of the base change fundamental lemma for regular semisimple elements for
parahoric Hecke algebras of GG L,, over local function fields using cohomology of certain moduli stacks
of shtukas and the Langlands-Kottwitz method, which generalized the previous results by [Ng606] for
spherical Hecke algebras for G'L,, over local function fields.

In this article, we prove the base change fundamental lemma for Bernstein centers of depth-zero
principal series blocks of regular semisimple elements in unramified groups GG over local function

fields, following and generalizing the strategies in [Hai09, Hail2]. To state the theorem, let us fix



some more notations. Denote the ring of integers of F' by Op. Let A denote a maximal F'-split torus
of G and set T = Z;(A), a maximal torus of G which is defined and unramified over F'. We can
choose an Iwahori subgroup I C G(F') which is in good position relative to 7. Let I denote the pro-
unipotent radical of I. Furthermore, let 7'(F'); denote the maximal compact open subgroup of T'(F),
and let T(F){ = T(F); N I denotes its pro-unipotent radical. We will denote x to be a character on

T(F)y/T(F);. Such characters are called depth-zero characters. Via the canonical isomorphism

T(F)/T(F)f = 1/17

we see that y induces a character p := p, on I, trivial on ™. Then we can consider the Hecke algebra

H(G, p) of our study:

H(G,p) :={f € CX(G) : fligi") = p~' (i) f(g)p ' (i'),Vi,i' € I, Vg € G},

where the convolution is defined using the Haar measure which gives I volume 1. Write Z(G, p) for
Z(H(G, p)).

Let N, : T(F,); — T(F); denote the naive norm homomorphism. Therefore, the character
Xr := X © N, is a depth-zero character on T'(F});, and it gives rise to the character p, on I, and
the Hecke algebra H(G,, p,) with center Z(G,., p,). Here G, := G(F,) and I, C G, is the Iwahori
subgroup corresponding to /.

We will define a base change homomorphism

b : Z(Gr,pr) = Z(G, p)



Finally we can state the main theorem of this article:

Theorem 1.1.1. Let F' be a local function field of arbitrary positive characteristic. Let G be a
connective unramified reductive group defined over F. Denote F, | F to be an unramified extension of
local function fields of degree r. Then for any ¢ € Z(G,, p,), ¢ and b,(¢p) have the matching stable

orbital integrals at every regular semisimple element.

We write H(G(F}), I,7) (resp., H(G(F'), I'"))for the Hecke algebra of locally constant compactly
supported functions on G(F;.) (resp., G(F')) that are bi-invariant under the open compact subgroups /.
(resp., I), the pro-unipotent radicals of . (resp., I), and we write Z(G(F,.), I,7) (resp., Z(G(F),I"))

for the center of these Hecke algebras. In [Hail2], §10, a base change homomorphism
br: 2(G(F), I7) = Z(G(F),IT)
was constructed and characterized using the injection
Z(G(F), ) = [[2(G(F), L. X)),
¥

where y’ sums over the finite set of all depth-zero characters on T'(F,);. As a result, we are able to

show a base change fundamental lemma for pro-p Iwahori level from Theorem 1.1.1:
Corollary 1.1.2. If ¢ € Z(G(F,), L}), then the functions ¢ and b.(¢) are associated.

This article overlaps with [Fen20] in the case when G' = G'L,,. However, we are able to prove

the vanishing results when + is not a norm, which was not done in loc. cit.



1.2 Motivations

The original motivation for base change fundamental lemma over nonarchimedean local fields of
char 0 was to study the cohomology of a Shimura variety with Iwahori level structure, and in particular
to determine the semisimple zeta factor at a place of bad reduction of Iwahori type at p. Base change
fundamental lemma serves as a bridge between the counting points formula from the geometric side
and trace of functions on automorphic representations from the spectral side.

More specifically, let Shx = Sh(G, h™!, K) denote the Shimura variety of Abelian type attached
to a connected reductive group G over QQ, a family of Hodge structures h, and a compact open subgroup
K C G(Ay). For simplicity, we will assume that Shy is so called simple Shimura Varieties, in the
sense of [Kot92]. In particular, it means that Shy is proper and G has no endoscopy.

We denote A = Ag to be the ring of adeles of Q. Fix a prime number p and assume that
K = K,K? C G(Q,) x G(A}). Tt is known that Shy can be defined over the reflex field E, and
we assume that it has a suitable integral model over Og, which we still denote by Shg, where p is a
prime ideal of O and Op, is the ring of integers in the p-adic completion E, of E. For simplicity, we
assume that £, = QQ, in what follows.

Write RV := RUS"x(Q;) for the complex of nearby cycles on the special fiber of Shy over
Og,, where [ # pis a fixed prime number. For  # 1, denote k, to be the degree r extension of [,

and consider the semi-simple Lefschetz number defined as the value in Q; given by the sum

Lef*(®;, R¥) = > tr*(®}, RV,),

xEShK(kr)

where ®, denotes the Frobenius morphism on Shx ®o B, ]F‘p. These Lefschetz numbers show up in the



definition of the semisimple zeta function at p, namely,

77‘8

log(Z:*(s ZLefSS (@5, RU)2

r

The left hand side should take the form of a ”counting points formula”

G(AP
Lef* (@, RU) = S c(70:7,0) 057 (f7)T05M ) (4, 1.2.1)

(7057,9)

where the sum is over certain equivalent classes of triples (70;7,9) € G(Q) x G(A%}) x G(L,), where
L, is the fraction field of the ring of Witt vectors W (k,), which is an unramified extension of Q, of
degree r, and o denote the Frobenius generator of Gal(L,/Q,).

The Iwahori subgroup K, C G(Q,) also gives rise to an Iwahori subgroup K,» C G(L,). Any
such function ¢, making 1.2.1 holds will be called the fest function and it should be in Z(G(L,.), K,r)

p

(for details, see [HR12]) Eventually we may simplify the right hand side to be
Lef** (37, RV) Z SO™ f)SOS®(£.)S05" ) (¢,) (1.2.2)

By the definition of the Kottwitz triple (vo;7,0), we have N0 = ~, as stable conjugacy classes in

G(Qp). The base change fundamental lemma (for all semisimple elements) will allow us to write
G(Ly
S05, " (6,) = SO (b (9,)).

where b, : Z(G(L,), K,») = Z(G(Q,), K,) is the base change homomorphism on the center of the



corresponding Hecke algebras. Therefore, we can write 1.2.2 as
Lef* (0, RY) Z SOSB(fP £, fo), (1.2.3)
where f, = b.(¢,). Use the stabilized global trace formula for f = f?f, f.,, we can write 1.2.3 as

Lef** (@, RU) = Y~ m(m)tr w(f* f, fx), (1.2.4)

where here 7 ranges over irreducible representations in L*(G(Q)Ag(R)°\G(A)). Therefore, we can
relate the local factor of the zeta function with automorphic representations, eventually the L-function
([HR12], Cor 1.4).

In the function field setting, one can expect a similar counting points formula as 1.2.1 on
moduli stacks of Shtukas with bad reductions using Langlands-Kottwitz method. Feng [Fen20] studied
parahoric reduction and gave a counting points formula for such moduli stack. In her thesis [Son24],
Song investigated the Langlands-Kottwitz approach to proper moduli stack of global Shtukas. With the
(full version of) base change fundamental lemma over local function fields, one can hope to stabilize

the counting points formula as in the Shimura varieties case.

1.3 Summary of the Paper

Our approach is modeled on that of Haines [Hail2], however, to generalize the results, there are
a few obstacles in applying the similar methodology. We will review the process and explain briefly
the technical difficulties over function fields.

To first make sense of the identity 1.1.1, one needs to define the abstract norm homomorphism.



This was done by Kottwitz [Kot82] when the base field is perfect, which relied on the fact that a
semisimple conjugacy class defined over /' has a [F'-rational point. In Chapter 2, we will define
the norm homomorphism over positive characteristic fields (which are not perfect) using the recent
progress from Hamacher and Kim [HK22, HK21]. We will then prove that this map is well-defined on
the stable conjugacy classes, therefore it is suitable for identities of stable distributions like 1.1.1.

We define the Iwahori subgroups in Chapter 3 and Bernstein center for depth-zero principal
series in Chapter 4. Functions inside the center will be the subject of the study in this article.

Another essential ingredient in the formulation of 1.1.1 is the base change homomorphism
b: Z(Gr,p) — Z(G,p). For parahoric Hecke algebras, the base change homomorphism can be
viewed as the incarnation of the norm map between certain C-algebras, via the Bernstein isomorphisms
([Hai09], §3). For depth-zero Hecke algebras, we have analogous isomorphisms defined by Haines in
[Hail2], that will allow us to define and characterize base change homomorphisms.

After being able to formulate the identity 1.1.1, Chapter 6 - Chapter 8 deal with various reductions
that will eventually allow us to assume that G4, = G and 7 is strongly elliptic regular, both in G' and
in G*. In Chapter 6 and 7, we define the constant term homomorphism, that will allow us to ”descend”
the (twisted) orbital integrals onto appropriate Levi subgroups, in which the semisimple elements ~y
are elliptic. We then make the descent and compare the integrals on GG and the Levi subgroup M
(7.4.2, 7.4.3). Our reduction steps in Chapter 8 are different from those in [Hai09, Hail2] in that
Lemma 7.2.3 in [Hail2] is in general not available! without nontrivial modifications when there is a
depth-zero character presented in the definition of the Hecke algebras. Therefore, we cannot reduce to

adjoint groups. However, we will bypass the technical difficulty of the existence of noncompact center

'Lemma 5.3.3 in [Hai09] is valid for parahoric Hecke algebras, as functions inside such algebras are bi-invariant under
the parahoric subgroups.

10



by passing to functions translated under certain unitary characters under the central action (8.4).

After the reduction steps, we will use identities on the representation-theoretic side (or spectral
side) to prove identities of the form 1.1.1 on the conjugacy classes of the groups (or geometric side).
In order to do so, we will adapt and utilize a twisted version of Arthur-Selberg trace formula in the
function field setting. The Arthur-Selberg trace formula is a series of fascinating and deep results that
assert identities between two kinds of distributions on the adelic points of the group GG, one consisting
of conjugacy classes in the group, the other consisting of a sum over certain representations of certain
subgroups of the group G. It is a profound subject of its own, however, in our case, after putting
various restrictions on the functions, the (twisted) trace formula we get will be the so called very
simple version, which means that only (strongly) regular elliptic semisimple elements will appear on
the geometric side of the trace formula. This will suffice our needs in this article. We will prove a
version of simple trace formula when the G has center that is an induced torus, by carefully examining
the functions, we will see that, in this case the harmonic analysis on G is essentially the same as the
one on Goq (9.3).

The simple (twisted) trace formula we prove in Chapter 9 cannot be put to immediate use, as
ultimately we want to use it to compare stable orbital integrals on G(F') and G(F,.). In Chapter 10,
we stabilize the trace formulas so that they are stable distributions, that is, they are given in terms of
stable (twisted) orbital integrals. The stabilization of the twisted trace formula is an involved process

that can be basically summarized as the following paradigm:

{rational conjugacy} — {adelic conjugacy} — {stable conjugacy}

each of the steps requires one to prove some kind of vanishing results and to keep track of the numbers

11



of the corresponding conjugacy classes. The results of stabilization (10.4.1 and 10.4.3) will be given
in terms of stable adelic integrals, which can be written as products of local stable integrals over places
of F', so that we can compare identities 1.1.1 place by place.

Chapter 11 and 12 finish the proof of Theorem 1.1.1. Using the stabilized trace formula, one is
able to produce the existence of local data (12.1) to turn the identities of integrals on G into identities
of characters on G. Following [Lab90], we may define the elementary functions in Chapter 11, which
in our case are special functions inside the depth-zero Hecke algebras whose (twisted) orbital integrals
and whose traces are easy to compute. We finish the proof in the strongly regular elliptic case (12.5)
by relating the traces of elementary functions and the traces of the general functions in the center of

the depth-zero Hecke algebras (12.5.8).

12



Chapter 2: Norm Mapping and Conjugacy Completeness

Let F' be a field of characteristic p > 0. Let G be a connected reductive group over F. We fix
once for all a separable closure F* of F inside an algebraic closure £ of F', and let I' = Gal(F*/F)
be the absolute Galois group. Consider a conjugacy class C' of G. By conjugacy class we mean the
conjugacy class in G(F*) (rather than in G(F)). We denote C° := o(C) and 2° := o(z) for any
x € G. The conjugacy class C' is defined over F' if and only if C° = C' for all ¢ € T, and the
conjugacy class of an element x € G is defined over F' if and only if 27 is conjugate to x under G(F™®)
forallo €I

Let £/F be an unramified extension of degree r. We further assume G to be an unramified
connected reductive group over F|, let § € Gal(E/F) be the generator. let Rp/rG g denote the Weil
restriction of scalars of Gp := G X E to a group over F. The automorphism 6 of £ determines an
F-automorphism of Rp/rG g and an automorphism on its F-points G'(£), which will be also denoted
by 4.

Consider the concrete norm N, : G(E) — G(FE) given by

N,6 = 860(5)...67(5)

It is easy to see that the conjugacy class of N,.d in G(F*) is defined over F' since we can calculate that

O(N,5) = 6L (N,8)s

The goal is to define a well-defined abstract norm map.

N : {stable A-conjugacy classes in G(E)} — {stable conjugacy classes in G(F')} (2.0.1)

13



To make sense of all that, we will have to define stable 0-conjugacy class first, then we will show that

the conjugacy class of N,.d actually has a rational point over F'.

2.1 Stable Twisted Conjugacy

We follow [Kot82], section 5. We assume Ggor = G, for now, later we will remove this
assumption by using the so called z-extension of G.

Let I := Rp/rGE, hence there is a natural isomorphism /g 5 G x - -+ x G, with the factors
indexed by Gal(E/F). The element § € Gal(E/F") determines an automorphism s € Autg(I), which
takes the form

si(xy, .. xp) = (Tp, @1, 0, T )

on F-valued points. We can identify G' with I° by embedding G into I diagonally. The composition

is given by

We can also define the concrete norm map on / by Nz = 2. 2% - x. Itis defined over F' and it
is the same on G(E) = I(F') as the norm map N : G(E) — G(FE) we defined before. We say that
x,y € I(F*) are F*-0-conjugate if there exists an element g € I(F*) such that z = g~ *yg. We say

that z,y € G(E) are F**-0-conjugate if they are F'*-0-conjugate as elements G(E) = I(F) C I(F*).

Lemma 2.1.1. (a) For g,y € I(F*®), we have N(g~%yg) = g '(Ny)g.
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(b) Let x,y € I(F*®). Then x,y are F*-0-conjugate if and only if Nz, Ny are conjugate in I(F*).

(c) The embedding G — I induces al' = Gal(F* | F)-equivariant injection from the set of conjugacy

classes in G(F*®) to the set of conjugacy classes in I(F*).

Proof. The proof of [Kot82], Lemma 5.2 adapts here. Let g = (¢1,...,9,) and y = (y1,...,Yr),
therefore, by simple calculation, N(g~*yg) = (g7 %, ..., g7 ) -(vays - - Yolis - - Y125, U ) (91, -5 Gr) =
g 1 (Ny)g, thus (a) is proved.

Let y = g *xg for some g € I(F*), by (a) we have N(y) = g '(Nz)g. Conversely, let z =
(z1,...,7,). Weneed to find a g € I(F*) such that (¢ y191, 917 Y22, - - - Gy urGr) = (T1, ..., 2,).

Solving this system of equations in terms of g, = 1, we get

—1.
gr—1 = YrZ,

_ -1
gr—2 = yr—lgr—lwr_lv

2.1.1)

g1 = 9292952_1-

For the solutions to be consistent, 1 = y;g;27 " has to be satisfied. But g; = vo...y.2. " ... 25", and

Y1...Y = 21 ...z, from the fact that Nx = Ny. Therefore (b) is proved.
The I'-equivariant part is clear since the embedding G < I is defined over F. Let z,y € G(F*),
then they embed as (,...,x) and (y,...,y) in I(F®). Then it is clear that they are conjugate in I (F*)

if and only if they are conjugate in G/(F*). O
We get an immediate corollary from (b) and (c) of Lemma 2.1.1 above.

Corollary 2.1.2. Let x,y € G(E). Then Nz, Ny are conjugate in G(F*) if and only if x,y are
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F*-0-conjugate.
To define stable 6-conjugacy, we have to define #-centralizers.

Definition 2.1.3. Forz € G(E) = I(F), let I, = {g € I : g~°xg = x}. This group will be called

the O-centralizer of .

It is an F-subgroup of I. Since we have I = G X --- X Gg, where the factors are indexed
by elements of Gal(E/F): 6" ...,0,1, letp : I — Gg be the projection onto the last factor:

(X1, ..y Ty) > T

Remark 2.1.4. Consider the F-points of Iss for 6 € G(E) = I(F), this can be given as the F-point

of a connected reductive group as follows:

I(F)={g € I(F):g °6g =46}

={9€G(E):g7"g =5}
We will denote by Gy in the future.

Lemma 2.1.5. Let x € G(E). Then the projection p induces an isomorphism (I,,) g — (Gg)ng. This

makes I, an F-form of the centralizer of Nx in G.

Proof. We adapt the proof of Lemma 5.4 in [Kot82]. Write g = (g1,...,¢-)andz = (2 ',... 2% 2) €

Y

G(E) = I(F) C I(F®). Then g=* = (g-%,9;",...,9%). Then the condition that g € I,,, i.e.,
g Szg = x translates to equations ¢,_; = 2,2, gy = 2%g,_1270, ... g1 = 2% Cgox? 7, g, =

2 glmfer_l. From the first » — 1 equations, we can solve for g1, ..., g,_1 in terms of g, and from the
last equation, the solutions will be consistent if and only if g, = (Nx)g,(Nz)™!, that is, if and only if

g =p(9) =p(g1,---,9r) € Gna. O
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Let us assume G is a general quasi-split reductive group defined over F', we need to define yet
another subgroup I, just as in the case of stable conjugacy. We define /], as the inverse image
under the F-isomorphism p : [, — G\, of the subgroup G¢,, of Gx,. We will see that [, is
defined over F' in the following lemma. It is clear that I, = I, when Gy, is simply connected. In
general, we consider a z-extension a : G’ — (G, whose definitions are given below. We will also get a

corresponding z-extension y : I’ — I where I’ = Rp/r((G')g).

Definition 2.1.6. Given a connected reductive group G over F, we say that a homomorphism « :

G' — G is a z-extension of G if

1. G'is also a connected reductive group over F, whose derived group is simply connected.

2. ker(o) C Z(G') and is isomorphic to a product of tori of the form Resy,jrG,, where each L is

a finite separable extension of F.

3. « is surjective.
The existence of z-extensions are proved in [DMO™82] Prop 3.1.

Lemma 2.1.7. For any y € G'(E) such that a(y) = x, we have (I,,) = I3,. In particular, I3, is

defined over F.

Proof. 1t is quite easy to see that y(I,) C I,. Therefore, the composition p o~y : (Ig,)r — Gna
makes sense. Since I}, is connected, we have p(y([;,)) C GY%y,, therefore y(I;,) C I2,. Conversely,
we use the fact that the map o : Gy, — GY, is surjective, therefore, the pullback to the isomorphic

groups 7y : I, — Ig, should still be surjective. [l

Definition 2.1.8. We say that x,y € G(FE) = I(F) are stably 0-conjugate if there exists g € 1(F*)
such that g~*xg =y and g"g~' € I2, forall T € T.

€T
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Now since z,y € G(E) = I(F), we have (¢~ %zg)” = g~ "xg” = g °xg, hence g"¢g~' € I,
for all 7 € I'. Therefore stable f-conjugacy and F*-6-conjugacy coincide whenever I, = I, in
particular whenever Gy, is simply connected.

We introduce a special kind of z-extension a : G’ — G.

Definition 2.1.9. We will say that the z-extension « : G' — G is adapted to E (or E/F) if the norm

map ker(a)(E) — ker(a)(F') is surjective.

Lemma 2.1.10. (a) Let G be a connected quasi-split reductive group. There exists a z-extension

a: G — G adapted to E.

(b) Let o : G' — G be a z-extension adapted to E. Then x,y € G(FE) are stably 0-conjugate if and

only if there exist F'*-0-conjugate elements ',y € G'(E) such that a(x') = z and a(y') = y.

Proof. The proof of Lemma 5.6 [Kot82] can be adapted to the equal characteristic situation. Note
that Kottwitz uses Proposition 3.1 of [DMO™82], which can be also adapted to the equal characteristic
case.

For (a), we just simply choose L to be a Galois extension of F' large enough such that it contains
E and splits G. There exists a z-extension « : G' — G with ker(«) isomorphic to a product of copies of
Res;rGy,. Therefore, it suffices to prove that the norm map N : Resy/pG,,,(E) = (L x -+ x L)* —
Resp/pG,(F) = L* is surjective, which is immediate.

For (b), ”<" is immediate from the definitions and Lemma 1.3. While ”=>"" is the same diagram

chasing as in the proof of Lemma 5.6 in [Kot82].
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2.2 Definition of the Norm Homomorphism

To show that for any 6 € G(E), N,(§) is stably conjugate to an element in G(F'), therefore
defines a stable conjugacy class in G(F'), we will have to use the classical results from [Kot85] and

recent progress from [HK22].

Proposition 2.2.1. Let 6 € G(F*®) be G-regular and basic in M (in the sense of [Kot85]), lying inside

a F-Levi subgroup M. Then we have a pair (J,u) such that
1. J is an inner twist of M ;
2. wis an F*-isomorphism Jps = Mps;
3. u(@(z)) =b-0(u(x)) - b~ L

4. The inner twist u identifies J(F') with the set

{g € G(F?) : g commutes with 60}

Proof. This is from [Kot85] Remark 6.5 and 5.2. L]

Remark 2.2.2. The § we consider in the norm map might not be G-regular and M -basic, however,
using Proposition 6.2 in [Kot85], any 6 € G(F*) is o-conjugate to a G-regular and M -basic element,
and by the previous results, their norms are in the same stable conjugacy class, we can assume 0 is

G-regular and M -basic.

Now we use Lemma 8.1 from [HK22].
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Lemma 2.2.3. Let G* be a quasi-split reductive group over an infinite field ' with a simply connected
derived subgroup, and H* an F-subgroup of G* containing a maximal torus. Let H be an inner form
of H*, and fix an inner twist Hps — H}., hence we can view H(F) as a subgroup of G*(F*).

Then for any semisimple element a € H(F'), the G*(F*)-conjugacy class of a contains an

element v € G*(F).

Remark 2.2.4. Hamacher and Kim’s proof in loc. cit. relies on their earlier results (Theorem A.1.1)
in [HK21], which states that any regular semisimple conjugacy class defined over F' has a rational
point over F'. The lemma above, however, does not show that any semisimple conjugacy class has the

same property, but it suffices for the purpose of defining the abstract norm map.

Now we consider a semisimple G-regular M -basic element § € G(E) and its concrete norm
N,.(0). Since § O(N,.6) = (N,.0)0, by the above proposition, with G* = G, H* = M and H = J. We
see that N,.d € J(F'), and the stable conjugacy class of N,.J contains an element of G/(F"). Combined
with Corollary 2.1.2, this finishes the definition of the abstract norm map 2.0.1 in the case when G,
is simply connected.

For the next step, we just need to follow the argument after Lemma 5.1 in [Kot82] to define
the abstract norm map for all quasi-split reductive groups. To be specific, we find a z-extension
a : G — G adapted to E. Then we can define the abstract norm map on G’(E) by the previous

results, and we have the following commutative diagram

and we claim that there exists a unique map, still denoted by N,., mapping stable-6-conjugate classes
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in G(F) to stable conjugate classes in G/(F'). Indeed, uniqueness of the map comes from the fact
that o« : G'(E) — G(FE) is surjective. For existence, we have to show that if z,y € G'(F) and
a(x) = a(y), then a(N,(x)) = a(N,(y)) as stable classes. We can find z € ker(«)(FE) such that
x = yz. Since ker(«) is central, we have N,.(z) = N,(y)N,(z) with N,.(z) € ker(a)(F). Hence
a(N,.(z)) = a(N,(y)) as desired.

Next, we show that the definition of V,. does not depend on the choice of the z-extension. As in

the [Kot82], this reduces to show that the following diagram is commutative

for G1, G5 two z-extensions of GG. But this comes from the definition of N, when the derived group is
simply connected.
This completes the definition of A, for all semisimple elements in a quasi-split reductive

group GG. We are only left to show the following proposition.

Proposition 2.2.5. Let x,y € G(E). Then x,y are stably 0-conjugate if and only if N,.(z) = N,.(y).

Proof. We adapt the proof of [Kot82] Proposition 5.7 here. We first assume that Gy, is simply
connected. From Corollary 2.1.2, we know that this is immediate.

For the general quasi-split reductive group G over F’, we choose a z-extension a : G’ — G that
is adapted to £. Choose ',y € G'(F) such that a(z’) = x and «(y’) = y. By Lemma 1.4, we know
that = and y are stably #-conjugate if and only if there exists z’ € ker(«)(E) such that 2’ is stably
f-conjugate to z'y/, or equivalently, N, (z') = (N,.(z'))N,(y'). Since N, : ker(a)(E) — ker(a)(F)

is surjective by assumption, we see that x,y are stably #-conjugate if and only if there exists z €
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ker(a)(F) such that V,.(2') = z - N.(¢/). Hence a(N,(z")) = a(N,(y')) and by the construction of

the abstract norm map above, we know that N,.(z) = N,.(y), as desired. O

Conclusion 2.2.6. Let G be a quasi-split reductive group defined over F and let E | F be an unramified
cyclic extension of degree r. For elements § € G(FE) such that N,§ is semisimple, we can define an

abstract norm map

N : {stable 6-conjugacy classes in G(E)} — {stable conjugacy classes in G(F)}.
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Chapter 3: Iwahori subgroups
3.1 Basic Notions

Let F' denote an nonarchimedean local field of characteristics p > 0. Let O denote the ring
of integers in F, and let w € O be a uniformizer. Let ¢ = p" denote the cardinality of the residue
field of F. Fix an algebraic closure F for F and a separable closure F* C F, and let L denote
the completion of the maximal unramified extension of F' inside F*. Let o0 € Aut(L/F) denote
the Frobenius automorphism of L over F'. Let O denote the ring of integers in L. The valuation
valp : F* — 7Z is normalized such that valz () = 1. Define |z|p := ¢7"¥¢® for x € F*.

Let GG denote a connected reductive group that is defined and unramified over F', which means
that G is quasi-split over F' and splits over an unramified extension of F. Let A denote a maximal
F-split torus in G and set 7" := Cent(A), a maximal torus in G defined over F and split over L. We
will use the symbol G to denote the group G(F') of F-points.

Let £/F be an unramified extension of degree r contained in L. We fix a generator 0 €
Gal(FE/F) and we use the same symbol 6 to denote the induced automorphisms of groups of E-points
T(E),G(E), etc.

We consider the Bruhat-Tits building B(G(L)) (resp., B(G)) for G(L) (resp., G(F')). The
Bruhat-Tits buildings associated to the semisimple F'-groups G4 and G, can be canonically identified
and are denoted B,,(G). The group G(L) x Aut(L/F) (resp., G(F)) acts on B(G(L)) (resp., B(G)).
Via this action, we can identify B(G) with the o-fixed subset B(G(L))? C B(G(L)).

Let A" (resp., A) denote the apartment of B(G(L)) (resp., B(G)) corresponding to the torus
T (resp., A). Then AL (resp., A) is endowed with a family of hyperplanes given by the vanishing

of the affine roots ®,(G, T, L) (resp., Cur(G, A, F')). Under the identification B(G) = B(G(L))°,
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the apartment A is identified with (A%)?. Moreover, the affine roots ®.(G, A, F') are nonconstant
restrictions to A = (AF)? of the affine roots (G, T, L). These affine roots determine the notions of

alcoves, facets and Weyl chambers used throughout this article.

3.2 Parahoric Subgroups

We fix once for all a o-invariant alcove a € A”, moreover, within a we fix a o-invariant facet

ay and a o-invariant hyperspecial vertex ay. Kottwitz defines a functorial surjective homomorphism

ke G(L) — X*(Z(G))

where [ = Gal(L*®/L) denotes the inertia group. We denote G(L); := ker kg by convention.
The group G(L) acts on the building By (G(L)) and moreover, let Vo = X, (Z(G)); @ R, we

have the following decompositions:

B(G(L)) = Bs(G(L)) x Vg
AL:AS[;XVG

_ASS
a;=aj x Vg,

where AL denotes the apartment of By (G(L)) corresponding to the maximal L-split torus Tye; C Gger,

and a% is the facet in By (G(L)) determined by a;.

Definition 3.2.1. A parahoric subgroup of G(L) associated to an arbitrary facet F of B (G(L)) is a
subgroup of the form

Kp = Fix(F) N G(L)1,
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where Fix(F) < G(L) is the subgroup of elements which fix F pointwise. An Iwahori subgroup of
G(L) is the parahoric subgroup associated to an alcove of By (G(L)). A parahoric subgroup of G will

be a subgroup of GG of the form Kp N G.

Therefore, the facets ag, a and a; give rise to parahoric subgroups of G(L): a hyperspecial
maximal parahoric subgroup K (L), an Iwahori subgroup /(L) and a general parahoric subgroup J(L).
Moreover, we have that K (L) D I(L) C J(L). Moreover, since the facets are o-invariant, we get the

corresponding parahoric subgroups K, I and J of G(F') with similar relations.

Remark 3.2.2. This definition is taken from [HROS8], which is different from the classical definition of

Bruhat-Tits. However, they are equivalent by Prop. 3 in loc. cit.

Remark 3.2.3. When G = T is a torus, then there is exactly one parahoric subgroup K of T(L),

namely,

K= TO(OL),

where TV is the identity component of the Neron model of T. Moreover, we have T(L); = T°(Op).
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Chapter 4: Bernstein center for depth zero principal series

We assume G is an unramified connected reductive group over £'. All the representations in this
article will be on complex vector spaces. We denote J3((G) to be the category of smooth representations
of G(F') on C-vector spaces. The Bernstein center 3(G) of the group G is defined as the ring of
endomorphisms of the identity functor on R(G). If G contains an F'-rational parabolic subgroup P
with F'-Levi factor M and unipotent radical N (such that P = M N), we define the modulus function
dp: M(F)— R.gby

op(m) := [det(Ad(m); Lie(N (F)))|r,

where | - |r is the normalized absolute value on F. For o € (M), we will often consider the

normalized induced representation

. G(F 1/2
i%(0) = Indgy) (5/%0),

where 5113/ *(m) means the positive square-root of the positive real number §p(m). The normalization

will preserve unitary representations.

4.1 General case

In this subsection, G can be any connected reductive group over F. We recall some basic
facts of the Kottwitz homomorphism ([Kot97], [KP23] 11.5.) Recall that L is the completion of
the maximal unramified extension /™" of F', and let L° D F'* denote an separable closure of L. Let
I = Gal(L*/L) = Gal(F*/F") denote the inertia group. Let & € Aut(L/F') be the inverse of

the Frobenius automorphism o. In [Kot97], a functorial surjective homomorphism is defined for any
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connected reductive F-group GG

ket G(L) = X*(Z(G); = m(G)r,

and it remains surjective upon taking ®-fixed points:

We define

G(L); = ker(kg);

G(F), = ker(kg) N G(F).

We also define G(F)' 2 G(F); to be the kernel of the composition map G(F) — m(G)? —
71(G)? /torsion.

We define X (G) := Homg,(G(F)/G(F)',C*), the group of unramified characters on G(F'),
and also XV (G) := Homy,(G(F)/G(F')1,C*) and call it the group of weakly unramified characters
on G(F).

An irreducible smooth representation 7 of G is called supercuspidal if for all proper parabolic
subgroups P with Levi subgroup M and all irreducible smooth representations o of M, the representation
7 is not a subrepresentation of Ind]G:;U. Supercuspidal representations are the “’building blocks” of
(smooth) representations of p-adic groups.

A cuspidal pair (M, o) consists of an F'-Levi subgroup M C G and a supercuspidal representation

o of M. We denote (M, 0)q to be the G-conjugacy class of the cuspidal pair (M, o). We say that
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(M,o) and (L, T) are (inertially) equivalent (write (M,o) ~ (L, 7)) if there exists a g € G such
that gMg~' = L and 90 = 7 ® x for some y € X(L). Let [M, o]¢ denote the equivalence class of
(M, 0)q.

If 7 is an irreducible representation of (G, then the supercuspidal support of m is the unique
element (M, o) such that 7 is a subquotient of the induced representation i% (o), where P is any F-
parabolic subgroup having M as a Levi subgroup. Let X denote the set of all supercuspidal supports
(M, o), and denote by the symbol s = [M, 0| a typical inertial class.

For an fixed inertial class s = [M, o], we define the set X; = {(L,7)¢| (L, 7) ~ (M,0)}. We

have
Xo =[] %
5

where s ranges over all inertial classes of cuspidal pairs of G. We will see below that X has a natural
structure of an algebraic variety and the Bernstein components X, are the connected components.
We first consider the weakly unramified character group X" (/). From Kottwitz homomorphism,

we have an isomorphism
M(F)/M(F); 2 X*(Z(M)")* = X*((Z(M)")a).

Hence

~

X"(M)(C) = Homg, (M (F)/M(F)1,C*) = Homug (C[X*((Z(M)")s)],C)

Therefore we can view X (M) as (Z(M)!)p, which is a complex torus.
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Now we can apply the same argument to X (/). We have by definition

X(M)(C) = Homy, (M (F)/M(F)",C¥).

Since M (F)/M(F)! is the quotient of M (F)/M(F); by its torsion ([KP23], Corollary 11.7.6), we

have

the neutral component of X% (M).
Now, we consider the variety structure on X,. We fix a cuspidal pair (M, o) representing s,; =

[M, o]y and s = [M, o]q, and denote the corresponding Bernstein components by X;,, and X;. As

SM
sets, we have, by the definition above, X;,, = {(M,ox)n} and X; = {(M, ox)}, where the index is
over x € X (M). We first consider the variety structure of X, .

The complex torus X (M) acts on X;,, by x - (M, o)y = (M, ox)n. This is a transitive action
with the stabilizer (of (M, o)) stab, := {x |0 = ox}. Notice that here by ”>=” we mean that there
exists an m € M such that "o = ox. Therefore, it is easy to see that stab,, belongs to the kernel of the

map X (M) — X(Z(M)°), x — X|zw)-. Hence stab, is a finite subgroup of X (M), which makes

X

s,, & torsor under the complex torus X (M) /stab,, and thus has the structure of an affine variety over

C.

Now we consider the variety structure of X,. There is a well-defined surjective map

X, — X

(M, O'X)M — (M, O'X)G.
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Define N¢([M,oly) = {n € Ng(M)|"o = ox forsome x € X(M)}. Then the fibers of

X

SM

— X, are the orbits of the finite group W[%’U}M = Na([M,o]pm)/M on X,,. We have

SM

Xo = Wiy \Xanr 4.1.1)

hence the set X; acquires the structure of an irreducible affine variety over C. This structure does not
depend on the choice of the cuspidal pair (M, o) up to isomorphism.

An element z € 3(G) determines a regular function on X in the following way: for a point
(M,0)g € X, (recall that X = [[, X,), 2 acts on i% () by a scalar 2(o). The function (M, 0)g

z(o) is a regular function on X¢. By [BD"84], Theorem 2.13, we have an isomorphism

B(G) & C[%G]

4.2 Depth zero case

Now we assume G is a connected reductive group which is unramified over /. Hence 7' is a
maximal unramified F'-torus, which means that 7" splits over an unramified extension of F'. In this case
T(F); = T(F)' ((KP23], Lemma 2.5.18) is the unique maximal compact open subgroup of T'(F'),
and therefore we have X (7') = X™(T)).

Let T'(F); denote the maximal compact open subgroup of T'(F), and let T'(F)] := T(F);NI*
denote its pro-unipotent radical. Let x denote a depth-zero character on 7'(F);, which means that

x factors through the quotient T'(F);/T(F){. Let Y denote any extension of x to a character y :
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T(F) — C*. Consider the inertial class

s =8, = [I'(F),X]e-

The inertial class s depends only on the TV (F)-orbit of x.

Let N denote the norm homomorphism T'(E) — T'(F). Itmaps T(E); — T(F), and T(E){ —
T(F){. Therefore we will use the same notation to denote the norm map on the quotients N :
T(E)W/T(E)] — T(F)/T(F);.

Let xy := x o N. This will give a depth-zero character on 7'(E);. The set of all smooth
characters on T'(F’) carries a left action under the Weyl group W (F) = NT'(F)/T(F). Let W,
denote the subgroup of W (F') which fixes x. Similarly we define W, in the Weyl group W (E) of
G(E).

Recall that R(G) is the category of smooth representations of G(F'). Let ?R;(G) denote the
Bernstein component indexed by s, in other words, this is the full subcategory of 93(G) whose objects
have the property that each of their subquotients is a subquotient of a principal series representation
i%(xn) for some unramified character 1 of 7'(F'). Sometimes we denote R,(G) by R, (G).

Now fix x and s = s, as above. We have

%5 = {(Tv f)G}
of supercuspidal supports (7, )¢ of irreducible representations 7 in the category R, (G). Here ¢ :
T(F) — C* is a smooth character extending some W (F")-conjugate of .
Remark 4.2.1. There exists at least one W,-invariant extension X of x, by using the canonical
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~

isomorphism X.(T) — T(F)/T(F), given by v — w", where w is a choice of uniformizer of

F'. Hence the extension X% is defined by the formula

X7 (@"ty) = x(to),Yv € X (T),to € T(F);.

Fix one such extension y, we have a bijection

AW, 5 %,
n— (T, xn)c
where 1) € A can be viewed as an unramified character on T(F) as in [Hai09], Lemma 2.4.2. This
provides an easier way to endow X, with the structure of an affine algebraic variety than 4.1.1. Up to

isomorphism, this structure does not depend on the choice of x in its W (F')-orbit, nor on the choice

of the extension y of xy. We have

X, = Spec(C[X,(A)]"x)

We have aisomorphism /It = T(F);/T(F){, hence the depth zero character x : T(F),/T(F){ —
C* induces

p=py:I/IT —C*.

We have the following proposition. By definition, (I, p) is a Bushnell-Kutzko type for R, (G) means

that an irreducible representation m € 9R(G) belongs to R, (G) if and only if p C 7|;.
Proposition 4.2.2. The pair (I, p) is a Bushnell-Kutzko type for R, (G).

Proof. The proof of Theorem 3.0.2 in [Hai] works for depth-zero case and any characteristic. 0
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Given Proposition 4.2.2, the category R, (G) is equivalent to the category of (G, p)-modules.
([Hai], Prop. 2.0.3). Let Z(G, p) := Z(H(G, p)), this also means that there is a canonical algebra
isomorphism

B:ClX] = Z(G,p), (4.2.1)

which can be characterized as follows. For an extension £ of some W/ -conjugate of y, we consider the

space i%(&)? of functions f € i%(€) such that

f(gi) = f(g)p(i)

forall g € Gandi € I. Then

z € Z(G, p) acts on the left on i%(£)” by the scalar [37(2)](€),

where 37!(z) is viewed as a regular function on the variety X, and by £ we mean the point (T, ¢)g €

X, and the action is convolution of functions on (¢ with suitable Haar measure.

Remark 4.2.3. The fact that 37'(z2) is well-defined as a function on the class (T,&)q means that

(B7H2)](“€) = [B71(2)](€) for all w € W. In other words, 3~ (z) is W-invariant as a function of €.

4.3 Right Actions on Principal Series

For the convenience of the later use, we need to rephrase above in terms of the right actions of

Z(G, p) on principal series representations. Let ¢ : H(G) — H(G) be the involution on the Hecke
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algebra of locally constant compactly-supported functions on G, defined by

(th)(g) = h(g™'),h € H(G),g € G.

It is clear that H(G, p~!) acts on the left on the space i§(£~1)?"", then for ¥ € i¢(¢71)? " and
h € H(G, p), we can convert the left action of H(G, p ') into right action of H (G, p) on the space
iG(£71)*™", by the formul
2 , by the formula

th- U =W¥.h (4.3.1)

We have a perfect pairing

-1

() 115 x iG(e™)”

defined by

(¢1,02) = o1 (k)pa(k) dE,

Kmax
where ¢1 € iG(£)”, ¢y € 1G(671)? " and Kpex < G is a fixed maximal compact open subgroup. (See

[GH24], Proposition 8.2.3) Then for z € Z(G, p), we have the relation

(2 ¢1,02) = (¢1, (12) - P2).

Thus

Combine this with h = 2z in 4.3.1, we have

Lemma 4.3.1. Let the Haar measure on G(F') be normalized so that I has measure 1. Then z €
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Z(G, p) acts via right convolutions on i§(6-1)"" by the scalar

che-1(z) = B1(2)(8).
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Chapter 5: Base change homomorphism
5.1 Construction of base change homomorphism

We fix a depth-zero character x on T'(F); as in the last section, and (I, p) be the s = s,-type
described above. Let A¥ denote the unique maximal E-split torus in G containing A. It is easy to
see that T = Zg(A¥). Consider xy := x o N as a depth-zero character on T'(E); and consider
the corresponding inertial class sz := s, for G(E). Let (Ig, pr) denote the sp-type associated to
the character y. We denote the corresponding Hecke algebra and its center by H(G(E), py) and
Z(G(E), pn), respectively.

There is a canonical morphism of algebraic varieties
N*: X, = X,
(T,8)c = (T(E),&n)ar),

where ¢ denotes an extension of some W (F')-conjugate of y as in the last section. This induces an
algebra homomorphism

N : C[X,,] — C[%,] (5.1.1)

Now we can define the base change homomorphism by : Z(G(E), pn) — Z(G, p) to be the unique

morphism making the following diagram commute:

C[xﬁE] — Z(G(E>7 pN)

lN lb (5.1.2)
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5.2 Characterization by Actions on Principal Series

We can interpret the above commutative diagram in terms of the actions on principal series in

the last section, to get the following lemma:

Lemma 5.2.1. For any character £ : T(F') — C* which extends some W (F')-conjugate of x, define
En = &oN, a character on T(E) which extends some W (E)-conjugate of xn. Let z € Z(G(E), pg).
Then b(z) is the unique element in Z(G, p) which acts on every module i%(€)? by the same scalar by

which z acts on Zggg (&n)PN. In other words,

[B71(b(2))](€) = [B7(2)](én)

We can rephrase the above lemma in terms of right actions: for z € Z(G(F), pg), b(z) acts on

the right on i§(£~1)?"" by the scalar by which z acts on the right on zggg (fj_vl)’)ﬁl, in other words,

che-1(b(2)) = Che-r (2). (5.2.1)

5.3 Compatibility with Weyl group conjugation

We fix w € W(F) and use the same symbol to denote its lift in Ng(7"). The character “y is

defined by “x(t) = x(w'tw). Similarly, for any suitable function ®, we define *®(-) = ®(w™!

w).
We write I := wlw™ and “IT := wlTw™!. We extend “x to the character “p : “I/“IT — C*
using Iwasawa decomposition of “I, and therefore we have “ p(wiw™') = p(i) for i € I. There is also
an isomorphism of algebras H(G, I, p) — H(G, “I, *p) given by h 5 “h.

As usual, we let £ denote an extension of a W (F')-conjugate of y. We write *B := wBw™,
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then we have an isomorphism

-1 ~

G S aGpre

given by ¥ — “W. This isomorphism also intertwines the right actions of h € H(G, 1, p) and

“h € H(G, “I, “p), in the sense that
C(g L R) = P

Taking h = 2z € Z(G, I, p), we have B371(2)(§) = B71(2)(W€) = B7H(V2)(€). The last equality

comes from the Remark 4.2.3. In other words, we have the following commutative diagram:

C[x,] —=— Z(G,1,p)

P e

Clx,] —2— Z(G, "I, "p)

Combining this diagram with 5.1.2 for G and G(FE) respectively, we have the following lemma, which

shows the compatibility of z — "z with the base change homomorphism:

Lemma 5.3.1. For any w € W (F), the following diagram is commutative:

Z(G(E), pn) =53 Z(G(E), “pp)

g g

Z(G,p) —2— Z(G, “p)
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Chapter 6: Constant term homomorphism

In this section, we define abstractly and concretely the constant term homomorphisms, that will
allow us to descent the (twisted) orbital integrals of GG to the ones on proper Levi subgroups. We will

also show that the constant term homomorphisms are compatible with base change.

6.1 Abstract definition

Let M be an F-Levi subgroup of GG containing the torus 7. Let st denote the inertial class
associated to y but for group M, rather than the group . In other words, we have sﬁ‘f = [T,&]m-
Let %i‘(/[ denote the corresponding variety of supercuspidal supports (7',£),,. We have a canonical

surjective morphism of varieties as in 4.1:

M G
M x, = X6

(T, €>M = (T7 f)G

This induces an algebra homomorphism

S CX, ] — (C[%y]

We call this map the constant term homomorphism. We will define the map concretely over the next

few subsections, and prove that it is compatible with the base change homomorphism.
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6.2 Refined Iwasawa decomposition

We say a F'-parabolic subgroup P C G standard if P D B, and we say M is a standard F-Levi
subgroup if it is a Levi factor of a standard F'-parabolic subgroup P. Fix such M and P, and the Levi
decomposition P = M N.

Consider the Kostant representatives WY C W (F), which is by definition the set of minimal
coset representatives for the elements in W), (F)\W (F), with respect to the Bruhat order on W (F)
defined using the Borel subgroup B. We recall that Wy, (F') = Ny (T)(F)/T(F). We choose once
for all a lift v € Ng(T)(F) N K for each w € W, but for convenience we will still denote i simply
by w.

Abbreviate the Weyl group W (FE) by Wg and its set of Kostant representatives by WE. The

refined Iwasawa decomposition states that

GE)= [ PE)wI(E) (6.2.1)

wewE
We have the following Levi factorization for P N “[ forw € W:
Lemma 6.2.1. For each w € W, we have the factorization P N I = (M N *I)(N N “I).

Proof. See [Hai09], Lemma 2.9.1 (b) and [Hail2], 11.2. O
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6.3 The concrete definition of the constant term

For a locally constant compactly-supported function f on G(F’), we define the locally constant

compactly-supported function f(©) on M (F) by the formula

£ (m) = 642(m) / F(mn) dn = 62Y2(m) (nm) dn, 63.1)
N(F)

N(F)

where the Haar measure dn is normalized so that dn(N(F) NJ) = 1, where J is an Iwahori subgroup
which is W (F)-conjugate to I. The definition of f(*) depends on the choice of .J and we will allow .J
to vary.

The character x gives rise to a smooth character p : J — C* by the isomorphism J/J* =
T(F)/T(F){,and (J, p) is also a type for R, (G) by Proposition 4.2.2. We write the corresponding
Hecke algebra as H(G, J, p) and its center as Z(G, J, p).

Denote Jy; = J N M, which is an Iwahori subgroup of M ([Hai09], Lemma 2.9.1). From
the isomorphism Jy,/J}, = T(F),/T(F){ we also get the character p : Jy; — C* with the same
notation, which is the restriction of p : J — C* by construction. The pair (J/,, p) is a type for R, (M ).

We can easily check that ) € H(M, Jy, p) if f € H(G, J, p), using the fact that 6p(j) = 1

for all 7 € Jj;. The next proposition is the main goal of this section.

Proposition 6.3.1. The map f + ) sends Z(G,J,p) to Z(M, Jar, p), and the following diagram

commutes:

Clx,] —=— Z(G.J.p)

lc%% lfo(P)

B
CxY] —=— Z(M, Ju, p)
In particular, the operation f — f') is an algebra homomorphism when restricted to Z(G, J, p), and
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the map is independent of the choice of P with M as Levi factor.

6.4 Compatibility with base change

We first notice that the following diagram is commutative:

G(E)
M(E)

ClXyy] —2 Clx?)]

o b

Clx,] —— C[x]

since they are the same map on the varieties:

X Xy,
(T, &)m = (T(E), én)a(m)-
Combining this with Proposition 6.3.1, we have the following compatibility of the constant term with
base change map:

Corollary 6.4.1. The following diagram commutes:

G(EB)

Z(G(E), J(E), px) 225 Z(M(E), Jre), px)
: |

Z(G7J7p> * Z(M7JM7 p)

We still need to prove Proposition 6.3.1 in the next subsection.
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6.5 Proof of Proposition 6.3.1

This section is a simple adaptation of [Hail2], §5.6. We fix an extension £ of y and set & :=
5 /%€, We consider the subspace i%(£71)? € iG(€71), on which the subgroup .J acts on the left by

the character p~!. Denote By, = B N M, we have the following lemma:
Lemma 6.5.1. Given ¢ € iy (€Y7, there exists U € iG(&71) such that W)y =

Proof. We define V¥ to be the following function, that is supported on P.J and extends v:

forall mn € MN = P and j € J. Itis clear that U|,; = 1 by definition, it remains to show that ¥ is
well-defined and ¥ € (&), since it is clear that .J translates ¥ by p~! by definition.

Indeed, if mnj = m/n’j' form, m’ € M,n,n’ € N and j, j' € J, using the Iwahori factorization
of J withrespectto P = MN: JNP = (JNM)-(JNN), one sees that 1) (m)p~1(j) = o (m/)p~1(5'),

therefore W is well-defined. To prove that ¥ belongs to the desired space, we use the fact that 5119/ 251_ 1=

5;/1\245 ~1, which follows from the Lie algebra decomposition Lie(B) = Lie(N) & Lie(Byy). N

We define the right convolution action % of H(M, Juy, p) on i (£ ~1)»"" using the measure dm

such that dm(Jys) = 1.

Lemma 6.5.2. Let z € Z(G, J,p) and Y € ipy (&Y. Then for any y € M, we have the identity

[cher (2) - 0)(y) = [+ (34725 (y)
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Proof. Let U € i§(£71)?" be the extension of ¢ from the previous lemma. Then we have

[ x (57720)](y) = /M Y(m)a (m~y) =P (m™y) dm

:/M/N\I/(mn_l)z((mn_l)_ly)dndm

_ /M /N /J U(mn'5)=((mn~5)"Yy) dj dn dm,

where we let dg (resp. dj) denote the Haar measure on GG (resp. J) giving J measure 1. The second
line follows from the definition of z(*) and ¥, while the last line is from the fact that .J translates those
two functions by p~!. Now since ¥ is supported on M N.J, we can use the substitution g = mn~'j to

write the above as

Since ¥(y) = ¥(y) for all y € M, the lemma follows. ]

Now we can state the crucial proposition of this section, which will ultimately imply Proposition

6.3.1:

Proposition 6.5.3. Let z € Z(G, J, p). Then for every extension & of x, the element ") acts on the

—1

right on i (€71)7"" by che-1(z), the scalar by which z acts on the right on i$,(£71)

Proof. By definition, we have {1 = 5113/ 251’ ! the previous lemma shows that 511[,/ ?2(P) acts on th right

oniy (5113/251_1)”1 by che-1(z), the same scalar by which z acts on i (71”7 on the right. Now for
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any ¢ € i (5113/ ;Y77 and m € M, it is straightforward to check the identity

(#5227 (m) = 532 (m) - (55" x =) (m),

since then 5;1/2w € iy (&7, we see that z(") acts on the right on iy (&71)7" also by the scalar

ch£1_1 (2). As & ranges over all extensions of x as £ does, the proposition follows. [
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Chapter 7:  Descent of Twisted Orbital Integrals

Recall that GG is a connected reductive group over local field F', quasi-split over £ and split over
an unramified extension of F'. I < ( is an Iwahori subgroup which is in good position relative to a
maximal unramified torus 7" over F. We have a parabolic subgroup P = M N. On these groups G, [
and P, we choose once for all Haar measures dg, di and dp such that dg(I) = di(I) = dp(I N P) = 1.
For w € W (F), let dp,, (resp. dm,,,dn,,) denote the (left) Haar measure on P (resp. M, N) such
that P N “I (resp. M N *“I, N N “I) has volume 1. And we choose similar measures on the groups

G(FE),P(E),I(E), etc.

7.1 Local cohomology result

For the moment, let F' denote any field and let G be any connected reductive group over F'. We

recall that a F’-Levi subgroup M C ('is a Levi factor of a K -rational parabolic subgroup P of G.

Lemma 7.1.1. We have

ker[H'(F, M) — H'\(F, Q)] = {1}

Proof. Indeed, since H'(F, M) = H'(F, P) by Lemme 1.13 in [San81], it suffices to show that
H'(F, P) — H'(F, Q) is injective, which follows from the fact that G(F') — (G/P)(F) is surjective,

see [CF20] Proposition 7.2.1. O

7.2 Descent preliminaries

The standard Borel subgroup B = TU determines a set of simple positive relative roots A.
In the descent we are given a proper F'-Levi subgroup M, which by definition is a Levi factor in an
F-parabolic subgroup P = M N. Now replacing by a conjugate by elements of G(F'), we may assume
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that M and P are standard, i.e., M O T and P O B.

Let By, := BN M and Uy, := U N M, so that By, is a Borel subgroup of M with Levi
decomposition By, = UpyT. This corresponds to a subset Ay, C Ag. The relative Weyl group
W = Ny (T)(F)/T(F) is a Coxeter subgroup of (W, {s,, @ € Ag}), the relative Weyl group of
G, with generating set {s,,a € Ay }. For each element w € W, we choose a representative in K,
denoted by the same symbol. We recall that X' C G is a hyperspecial maximal parahoric subgroup.

As before, F//F is an unramified extension of degree r, contained in the completion of the
maximal unramified extension L of F'. We fix a generator o0 € Gal(E/F). Form € M (F), recall that

the Harish-Chandra function on M (F’) is defined by

Da(rya(ry(m) = det(1 — Ad(m™"); Lie(G(F))/Lie(M(F)))

Furthermore, we define

Ap(m) := det(1 — Ad(m™"); Lie(N(F))),
Let P denote the parabolic subgroup opposite to P and N its unipotent radical. Using the decomposition
Lie(G(F)) = Lie(N(F)) @ Lie(M(F)) @ Lie(N(F)), we can show that

| Dy eyl e = |Ap|E0p, (7.2.1)

where 0p is defined in section 3. We can also define D¢ (g /m (k) for E by replacing F.

We have the refined Iwasawa decomposition 6.2.1 as

G= ][] PwI

weWF
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where W7 denotes the set of minimal coset representatives for the elements of W\ W, with respect
to the Bruhat order defined by B. We choose a lift for each w in the hyperspecial compact subgroup
K(FE) D I(E), which we continue to denote by the symbol w.

For any integrable smooth function ¢ supported on PwI, we have the integration formula

/G¢(9)dg = VOl;pl(P N (“I)) /P/Igb(pwi) di dp.

_ /P /I b(pwi) di dp,

In the same manner, using the refined Iwasawa decomposition, we have for any integrable smooth

function ¢ on G, the integration formula

/G<b(g)dg= > volg, (PN (YD) /P/Id)(pwi) di dp.

weWwr

S /P /I b(pwi) di dp,

weWw?

(7.2.2)

7.3 Descent of norm mapping

Let L denote the completion of the maximal unramified extension F™" of F' inside a chosen
separable closure F°. We use the symbol o to denote both the Frobenius automorphism in Aut(L/F’)
and its restriction to Gal(E/F).

We fix a semisimple element v € G(F). Let S denote the F-split component of Z(G?), which
is an F'-torus. Let M := Z;(.S), which is a F-Levi subgroup of GG. Now it is clear that + is elliptic in

M (F) by the definition of an elliptic semisimple element:

Definition 7.3.1. Denote Ax to be the maximal F'-split component in Z(X). We say that a semisimple
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element v is elliptic in G(F) if Age = Ac.

In other words, we want the centralizer GG, to be “as compact as possible”, so that Z (GW) 18
anisotropic modulo Z(G).

Indeed, in this case, one computes that A,; = A Mg = AG% = S, therefore ~ is elliptic in M.

It is also clear that + is elliptic in G(F') if and only if M = G: the ”if” part is obvious, now if ~y
is elliptic in G(F), we have S is a subtorus of Z(G), so M = Z5(S) 2 Za(Z(G)) 2 G, as desired.

We will state a crucial lemma used in the reduction step. Suppose that 7 is not elliptic in G,
so by the discussion above we have M C (. Since we intend to prove the fundamental lemma by
induction on the semisimple rank, we may assume that it is already known for M. If -y is not a norm
from G(E), it is not a norm from M (E), then we can deduce that O (b$) = 0 by the descent formula
in the following subsections. Now suppose that v is indeed a norm from G(F), the following lemma
ensures that it is also a norm from M (F). The desired matching of stable (twisted) orbital integrals is

proved by descending to M using the descent formulas (6.4.2) and (6.4.3), along with Lemma 6.3.

Lemma 7.3.2. Suppose that v € G(F) is a semisimple element, and suppose that M C G is an F-
Levi subgroup with G5, C M. Suppose there exists § € G(E) such that N6 = . Then there exists an
element 61 € M(E) such that Ny (61) = 7 (we use Ny to denote the norm mapping restricted to M)

and that § and 0, are o-conjugate under G(E).

Proof. This is a simply adaptation of [Hai09], Lemma 4.2.1. We also use o to denote an extension of
o € Gal(E/F) to Gal(F®/F). For g € G(F*), set ¢° :== o(g) and g7 :=a(g™?).

First we consider the case when the derived group of G is simply-connected. In this case, the
connected centralizer G, = G, and stable o-conjugacy (resp., stable conjugacy) coincides with F**-
o-conjugacy (resp., F*-conjugacy). Choose a h € G(F*) with h(N§)h™' = ~ (N is the concrete
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norm). Applying o to the equation N§ = h~'~vh and using (N§)? = §~1(N§)d, we have h=7vh? =
61 (h~'vh)d, so hdh™7 € G, C M.

For any 7 € Gal(F*/E), by the similar calculation, we can show that hh™" € G, C M. The
cocycle 7 — hh™7 is an element of ker(H'(E, M) — H'(E,G)), which is trivial by Lemma 7.1.1.
We write hh™™ = m~'m" for some m € M(F*®) and every 7 € Gal(F*/E). So we can see that
mh € G(E).

Consider 0; := (mh)d(mh)=7 = m(héh=7)m~? € M(E). It is o-conjugate to J, and since
N6, = (mh)N§(mh)~! = mym™!, we have N6, = .

We now prove the general case using the special case above. We choose a z-extension « :

G' — G adapted to E with Z = ker(a). By construction, GG’ is a connected reductive group with

/

simply-connected derived group Gj,,

and we have a short exact sequence.

17 -G =G —1.

Let M’ = o~ (M), an F-Levi subgroup of G’. We choose elements ' € G'(F) and ¢’ € G'(E) with
a(v') = v and a(d’) = §. We have v/ € M'(F') and G;O, = G', C M'. Furthermore, N0 = v could
be pulled back to N'§' = +'z for some z € Z(F). Replacing 7/ by 7'z, we may assume that N'0' = +'.
By the previous results applied to G’, we know that ¢’ is o-conjugate under G’(FE) to an element
§) € M'(E) with Ny (67) = +/. It now follows that § is o-conjugate under G(E) to §; := «(d}), and

N (61) = ~ from Lemma 2.1.10. 0
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7.4 Descent of (twisted) orbital integrals

We recall the setup as the followings: v € G(F)) is a semisimple element, S = AG% denotes
the F-split component of Z(G?), and M = Z(S). Suppose that 7 is not elliptic in G(F'), so that
M is a proper Levi subgroup of GG (See the second paragraph of 7.2). Choose a standard F'-parabolic
subgroup P = M N with M as Levi factor.

We have v € M(F) and G, = M7 by definition. From Lemma 7.3.2, we can assume that
v = N6 for an element § € M (FE).

From section 1, we know that the twisted centralizer G, is an inner form of G, whose group
of F'-points is

Gso(F) ={g € G(E)| g '60(g) = 6}

We have the inclusion My, C (7§, by definition, and since they are inner forms of M7 = G, we have
in fact Mg = Gy, for dimension reasons.
Since G, and G, are inner forms, we can choose compatible measures dgs, on G, (F') and dg.,

on G, (F) to define the twisted orbital integrals of ¢ € C°(G(E))

TOG () = / o9 160(g)) dg.

GS \G(E)

Here and in the followings, we denote G (F) simply by G§,. Since Mg = G§,_, we can choose the
same measure dg;, = dms, to define TOM () for o € C*(M(E)).
By the decomposition P = M N, we can write ¢ = mnw:i for in each summand in the refined

Iwasawa decomposition 6.2.1. For ¢ € H(G(E), pg), where pp = po N for some depth-zero character

51



pon I. By 7.2.2, we have the formula

TOs(6) = / b(g~"60(g)) dg

G \G(E)
- > Lo fot et sy oo ) didnuim,
= 3 [ J R s s ) o0 it

We notice that pp 0 0 = pp, therefore we can suppress the integral over /. For each m, we write
mo := m~'6c(m) € M(FE), and we also define the function “°¢ by ““¢(g) = ¢(w 'go(w)). Then

we see that

TOsy (¢ Z / / 9 h(mo(my ' meo (n)))dnydim, (7.4.1)

we gWF

1

We hope to make the change of variable n +— my'n~'mgao(n), which leads us to the calculation of the

Jacobian of this transformation:

|det(0 — Ad(my'); Lie N(E))|r = |det(1 — Ad(Nmy'); Lie N(F))|p
= | Dy ey (Nmo) [/ 20p () (Nmo) 2

1/2 —
= | Deryma(ry(NO) |1 20p () (mo) /2.

Where the second line follows from 7.2.1. Thus by the change of variables formula for p-adic

manifolds (see for example, [Igu00], Chapter 7), we can write 7.4.1 as

TOso(¢) = |DG(F)/M(F)(N5)|;“1/2

Xy / 0y (mo) /N W0 b (mon)dneydify,.

we gW¥r
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By the definition of constant term homomorphisms, we have

TO"(0) = Doy mary(NO) 2 D" TOL (7)), (7.4.2)

we gWF

Where the twisted orbital integral on M (E) is formed using dm,, and (-)"®) is formed using dn.,,.
Consider the special case £ = F' and use the equality v = NJ = J, we have a corresponding
descent formula for functions in H(G, p). Assume that ¢ € Z(G(F), pg), and consider the descent

formula for the function bp € Z(G, p):

OST)(bd) = |Derymacr (1) 5" D OME((Phg) ),

weW?P

Using the compatibility of b with conjugation by w (5.3) and constant term (6.4), we have

Of(F)(b@ = ’DG(F)/M(F)(V)|;1/2 Z Oéw(F)b[(wﬁb)(P(E))]- (7.4.3)

weW?P

Our goal is to compare 7.4.2 with 7.4.3.

7.5 Comparing descent formulas

We compare formulas 7.4.2 and 7.4.3 following the strategy of [Hai09], §4.5. We need the
following lemma, and the twisted Kazhdan density in the positive characteristics. The latter one is

proved in [CH16] §8.3.

Lemma 7.5.1. We have W' = (gW?")°. Assume ¢ € Z(G(E), pg), then the summands in 7.4.3

indexed by elements w € W with o(w) # w are zero.
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Proof. The proof of Lemma 4.5.3 in [Hai09] carries over nearly word-for-word. [

Now if we compare 7.4.2 with 7.4.3, the fundamental lemma for (v, d, G) follows from the
fundamental lemma for (-, d, M ). Thus by induction on the semisimple rank of GG, we are reduced to

the case that -y is elliptic semisimple.
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Chapter 8: Various Reductions

In this section, we follow closely the reduction steps of [Hai09], section 5 and [Hail2], section

7 with a few adaptations, and we try to be as detailed as we can.

8.1 Definition of stable twisted orbital integral

We still denote G to be an unramified connected reductive F-group. Let § € G(E) be such that
N € G(F) (as a stable class) is semisimple. Let e(d) := e(G3, ) denote the sign attached by Kottwitz
[Kot83] to the connected reductive F'-group G . (There is no assumption on the characteristics of the

ground field F in loc. cit.) And define a(0) to be the cardinality of the set

ker[H'(F,G,) — H'(F,Gs,)]

Therefore a(d) = 1 for those G’s with simply-connected derived group. Now for any function ¢ €

C*(G(F)), we can define its stable twisted orbital integral by

SOso(¢) ==Y _e(0") a(6") T Oy () (8.1.1)

6/

where T'Oy,(¢) is defined as in section 7.4. Here ¢’ ranges over o-conjugacy classes in G(E) which
are stably o-conjugate to J. As a special case when £ = F' and ¢ = id, we have recovered the
definition of the stable orbital integral SO.(f) for a semisimple element v € G(F) and for f €

C=(G(F)).
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8.2 The case where vy is not a norm

Lemma 8.2.1. Let ¢ € Z(G(E), p,). If v is not a norm from G(E), then SO, (b¢) = 0.

Recall that b € Z(G, p). First we assume 7 is elliptic. We will prove the stronger statement
that if v/ € G(F) is stably conjugate to v, then b (g~'7'g) = 0 for every g € G(F'). From this we see
that SO, (bp) = 0.

Consider the canonical map p : Gy. — G and the abelian group HY (F, G) = G(F)/p(Gs.(F)).
Proposition 2.5.3 of [Lab99] shows that an elliptic element v is a norm from G(E) if and only if its
image p(v) in HY (F,G) is a norm. (Again we notice that Labesse didn’t assume the ground field F
to be of characteristic 0 in CHAPITRE 1 and 2 in loc. cit.) Now the required vanishing follows from

the following lemma.

Lemma 8.2.2. Let f = bo for some ¢ € Z(G(E), p,). Let x € G(F) be any element such that, for

some character 1 on the group HY,(F,G) which is trivial on the norms, we have n(x) # 1. Then

f(z) =0.

Proof. We can view 7 as a character 1) : G(F') — C* by pulling back along the quotient map G(F') —
HY (F, G), thus the condition 7(z) # 1 makes sense.

Since 7 vanishes on G(F)" := p(G(F)), itis trivial on G(F); = G(F)*-T(F);, where G(F);
is also the kernel of the Kottwitz homomorphism x¢g : G(F) — wl(G)?al(F/ F) ([KP23], Definition
2.6.23 and Proposition 11.5.4). Here F' denotes the maximal unramified extension of F inside a fixed
algebraic closure F** and I := Gal(F*/F), and T(F); is the unique maximal compact subgroup of
T(F). Hence the restriction of n to T'(F) is trivial on T'(F');. Thus we have fn € H(G,p). By

examining the right convolution action of f7 on i%(¢ _1)’371, we see that fn € Z(G, p) (also see the
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proof of Lemma 8.4.3), and

che-1(fn) = chey-1(f). (8.2.1)

But by formula 5.2.1 in the base change section, this is

the first equality holds since 7, := 1 o N, is trivial by assumption. This implies that fn = f since

che-1(fn) = che-1(f) implies that 37 (fn) = 71(f). Now we have

f@)(n(r) —1) =

for such z. Since n(z) # 1, we have f(x) = 0 as desired. O

Now consider = := g~ !vg. Since it is not a norm by assumptions, there must exist one such
character 7 satisfying the conditions of Lemma 8.2.2, therefore f(z) = 0 as desired. We have proved
Lemma 8.2.1 in the case that -y is elliptic, in the general case, we can apply the descent formula 7.4.3

to reduce to the elliptic case.

8.3 The case where the derived group is not simply connected

The strategy is the same as in [Hai09], §5.2 and [Hail2] §7.2. Choose a finite unramified

extension F’ O F, which contains E and splits G. Consider a z-extension of F-groups adapted to
E/F:

l1—Z—H>2G—1,
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where Z is a finite product of copies of Resp//rGyy,, Hoer = Hye and p is surjective on E- and F-
points since Z is an induced torus. Choose an extension of ¢ to an element in Gal(F”’/F'), which
is still denoted 0. Let Z(E); (resp. Z(F');) denote the maximal compact subgroup of Z(E) (resp.
Z(F)). We endow Z(E) (resp. Z(F)) with the Haar measure giving Z(FE); (resp. Z(F);) volume
1. The norm homomorphism N : Z(FE) — Z(F) is surjective and determines a measure-preserving

isomorphism

and N : Z(FE); — Z(F) is surjective. Here we give the compact subgroup (1 — 0)(Z(F)) =
(1 —0)(Z(F);) measure 1.

Let A : Z(F') — C* denote a smooth character, and for f € C>°(H(F)), we set

fa(h) = /Z(F)f(hz))\_l(z) dz

Write A = 1 for the trivial character, then we can show that fi(hz') = fi(h) for any h € H(F') and
2 € Z(F). Therefore we can view f; as an element in C>°(G(F)), which is denoted f.

We write AN for the character A o N : Z(E) — C*. The depth-zero character x on T'(F'),
determines a depth-zero character xg on Ty (F);, where Ty := p~'(T). Let Iy be the Iwahori
subgroup in H corresponding to the Iwahori subgroup I in GG, and let py : Iy — C* denote the
character constructed from x g by the isomorphism Iy /I}; = Ty (F ) /Tu(F){. For ¢ € C>(H(E)),

we define analogously the function ¢y € C°(H (E)) by the formula
dan(h) = / ¢(hz)A\" (Nz) dz,
Z(E)
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and similarly we use ¢ when viewing ¢, as an element C°(G(E)). It is straightforward to check that
the functions ¢,y (resp. fy) are transformed by A™'N (resp. A~') under Z(FE) (resp. Z(F)). These
functions are not longer compactly supported on H, nonetheless we can show that the (twisted) orbital

integrals of f) (resp. ¢,y) exist at (0)-semisimple element by the following simple calculation:

10} (o) = | gy 070
_ / / ban (vh) 150 (hv)) dv dh
HJUZ(E)\H(E) Z(F)\Z(E) (831)
— vol(Z(F)\Z(E)) / o (450 (R)) dF
Hso. Z(E)\H(E)

:/ dan(h~t6a(h)) dh
Hso Z(E)\H(E)

Since Z(F)\Z(F) = (1 — 0)Z(E) which has measure 1 and as a function, ¢ n (- do(+)) is compactly
supported modulo Z(E), the convergence of the (twisted) orbital integral is shown.

We also have the following useful lemma:

Lemma 8.3.1. Assume ¢ € H(H(E), K, py) for some compact open subgroup K < H(E) and there

exists compact open K < G and a character p : K — C* such that
« KD (1-0)(Z(F)), and

* Alignzm =P Nlgnzm):

Then we have

oan(h / d(hz)A Nz)
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Proof. We have

d(hz)ANH(Nz)dz
(E)

oan(h) =

/ d(vh2)A"H(N(vz)) dvdz
(E)/(1=0)Z(E) J (1-0)Z(E)

/ d(h2)A"H(Nz) dvdz
) 4 (1-0)Z(E)

I
S— o o

(

E)/(1-0)Z(E
— / p(h2)A"Y(Nz)dz
Z(E)

where the second line is [Fol16] Theorem 2.51, the third line follows from that we can write v =
v'a(v'!) for some v' € Z(F) so that Nv = 1 and ¢(vhz) = ¢(hz)p(Nv) = ¢(hz), and in the last

line we use our choice of measure that gives (1 — 0)Z(E) volume 1. O

Lemma 8.3.2. Suppose that ¢ € H(H(E), K, p) (resp. f € H(H(F), K, p)) for a compact open

subgroup K C H(FE) and a character p : K — C* (resp. K C H and p : K — C*) such that

s N(KNZ(E))=KnZ(F),
« K> (1—0)Z(E)
* ﬁ|fmZ(E) =pe° N|fmZ(E)-
We have the following statements:

(i) The functions ¢ and f are associated if and only if oy and fy are associated for every .

(ii) In (i) we only need to consider characters \ such that

Mrnzey =~ knzm)-
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(iii) If p € H(H(E),py) and [ € H(H(F'), pu), then in (i) we only need to consider characters A
with )\|Z(F)1 = X71|Z(F)
(iv) The pair (¢1, f1) are associated if and only if (¢, f) are associated.
Proof. We follow the proof of Lemma 5.3.1 in [Hai09]. Suppose that § € H(FE) (resp. v € H(F)),
and we write § := p(d) (resp. 7 := p(7)). We have the following formulas for all y:

SO&, Qb)\N Ze (5/ TO5/ ((ﬁ)\N)
= € 5/ AN hilél(f h dil
; ( ) /H(s/a\H(E)qj ( ( ))
=) e h=Y6"v)o(h)) XY (Nv)dv dh (8.3.2)
;U/HMH [ o o) 2 ()
= e(d =Y (8 0)o(h)) dh |\ (Nv)dv
/@ ) [ OGN

= [ X0 SO (0 dv.

and similarly we have

SOI(fr) = /Z . A H(z) SOL(f) d= (8.3.3)

Then it is clear that if ¢ and f are associated, then ¢,y and f) are associated for every \. For the
inverse, we apply the Fourier inversion formula to get SOUM(gb) = SOg( f) forv € Z(E) and

z € Z(F') such that Nv = z. (as functions of v and z, resp.) In particular, let v = 1, we have

SO5,(¢) = SO (f) (8.34)
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For (ii), we assume f € H(H(F), K, p), then foranyi € K N Z(F) and h € H(F'), we have

fa(hi) = /Z(F)f(hiz))\_l(z) dz

= p (i) fa(h),

also we have

fy(hi) = /Z J fEN )

- / TN dn = X0 £

Therefore either \|z(pyni = p~ | z(7)ni Or fx vanishes completely on H.
Part (iii) follows from part (ii) by taking K = Iy, K = Iy and p = jp.

For A = 1, we claim that for v = N, we have

SO (61) = SOF, ()
(8.3.5)

SO (f1) = SO5(f)

Indeed, we have by definition

and

SO5() =) _e(8") a(d8)TOf,(9)

6/

We compare those two equalities term by term. First we notice that p : Hs o (F) — G5 _(F)
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with kernel Z(E) N Hy,(F) = Z(F), hence e(8') := e(Hg,) = e¢(Gg,) =: e(d') by the Corollary
on Page 295 of [Kot83]. Recall that a(0) := |ker[H'(F, G ) — H'(F,Gj,)]|. We claim that p

induces a surjective map from the set

{o-conjugacy classes 0’ € H(F) stably o-conjugate to  }

onto the set

{o-conjugacy classes &' € G(E) stably o-conjugate to 0}

with the fiber over the class of & identified with the set

ker[H'(F,G%,) — H'(F,Gy,)]

Indeed, we denote G := Rp /rG g, and similarly H. The set of o-conjugacy classes in G(F) which

are stably o-conjugate to § corresponds to the image of

ker[H'(F,G2,) — H'(F,G)]

in
ker[H(F,Gs5,) — HY(F,G)].
Meanwhile the set of o-conjugacy classes in H (F) which are stably o-conjugate to § corresponds to

the set

ker[H'(F, Hsy) — H'(F, I:—,)]
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since H;, = Hj . This is explained in [Kot82], Pages 805-806. The map p induces a bijection
ker[H'(F, Hs,) — H'(F, H)] = ker[H'(F,G3,) — H'(F,G)].

hence the claim is proved. Finally, we have to show that for all o-conjugacy classes ¢’ in the fiber over
the class of ¢,

TOy,(¢1) = TO,(9)

From the calculations in 8.3.1, we have indeed:

TO5,(¢1) = / d1(h~10'a(h)) dh

(Z(E)Hs,)\H(E)

= / Pg~'80(g))dg
G2, \G(E)

=TOS ().

Where the second equality comes from the fact Z(E)Hs, = p~'(G% ) and H(E)/Z(E) = G(E)
since Z is a product of induced tori. Hence we have SOf (¢,) = SOS (¢), and similarly S OI(f1) =

SO? (f) (using the analogous H./ (F') = p‘l(Gg—,)), thus (iv) is proved. O

Lemma 8.3.3. The map ¢ — ¢ determines a surjective homomorphism Z(H(E), pr) — Z(G(E), p).

It is compatible with the base change homomorphism in the sense that

b(¢) = b(9)-

Proof. The proof is almost the same as in [Hai09] Lemma 5.3.2, but instead of the Bernstein isomorphism

B there, we use § : C[X,n] — Z(H(E), pn) (also 8 : C[X,,] = Z(G(E), p)). Here s := 5, .
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Recall that £ : T(F) — C* is a smooth character extending some W (F')-conjugate of the depth
zero character x : T(F); — C*. We can extend ¢ to a character {y on Ty (F'), which extends xp.

Therefore the morphism of algebraic varieties

p* : XEE — %55

(T(E),&n)am) — (Ta(E),fm o N)u),

gives rise to the homomorphism p : C[X 1] — C[X;,] that we need as in the proof in loc. cit. O

8.4 The case where the central character is not unitary

In applying Lemma 8.3.2(i) in the following sections, we need the following lemma which will
enable us to assume that )\ is a unitary character on Z. It is not necessarily the case that \ is unitary in

our reduction steps. Nonetheless, we can always twist it by a global character as follows.

Lemma 8.4.1. If (7, V) is any smooth w-representation of G, then there exists a unique positive real-

valued character x of G such that the restriction of 1 ® x to Z is unitary.

Proof. This is Lemma 5.2.5 in [Cas95]. We notice that by construction in the proof, y is trivial on the

Iwahori subgroup I C G. O

Lemma 8.4.2. Assume ¢ € Z(H(FE),p) andlet f :=bp € Z(H, p). If pan and f are associated for

all unitary central characters \ : Z(F) — C* and all p € Z(H(E), p), then ¢ and f are associated.

Proof. By Lemma 8.3.2 (i) and (iii), the functions ¢ and f are associated if ¢,y and f) are associated

for every character A such that A|z(r), = X *|z(r),. We claim that it is enough to prove the results

for such unitary characters ). Indeed, by the previous lemma, we can find positive characters 7 on G,
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such that the set {\n} for unitary X contains all the characters we need in Lemma 8.3.2 (i) and (iii).
We consider the function f),, where we understand that we actually mean A7| in the definition.

Now we have

= N (2) dz
Fl9) / L)
=1(g) flgz)n " (92)A " (2) dz

Z(F)

=n(g)(n~" f)r(g)-

Therefore, we have

Py =m0 ), (8.4.1)

Similarly, we have over H(FE),

Oy = (MN) - (17 N)@)an (8.4.2)

Now we assume ¢ € Z(H(E),p)and f = bp € Z(H, p). By the lemmabelow, ! f and (=1 N)¢ are
still in the center of respective Hecke algebras and we have b((n~'N)¢) = n~1-bp = 5~ f. Therefore,
by assumption, (' f), and ((n~'N)@)an are associated. Then by a straightforward calculation, we

see that the left hand sides of 8.4.1 and 8.4.2 are associated, as desired. L]

Lemma 8.4.3. Let ¢ € Z(H(E), p) and n be a character on H such that n|; = triv, where I C H is

the Iwahori subgroup where p is defined on. Then (nN) - ¢ € Z(H(E), p) and b((nN) - ¢) = n - be.

Proof. Let ) € H(H(E), p). Since 7 is trivial on I, it is clear that (nN) - ¢ € H(H(E), p) then we
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have

Therefore we have

[(IN) - @] % = N - [p % (" N))
— N - (7 N)) * 6] (6 is central)

= % [(nN) - ¢] (use the calculation above reversely).

The centrality is shown. Using the identities 8.2.1 and 5.2.1, we have
che-1(b((IN) - 9)) = che1((nN) - 9)
= clyey2(9)

= Ch(gn)—1 (b¢)

= chg-1(n - bg)

therefore b((nN) - ¢) = 1 - bo, as desired.
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8.5 The case where the center is not an induced torus

We assume 7 € G(F) is a regular elliptic semisimple element, and Gy = G.. We will show

that there is an exact sequence

1 —G—G —Q—1,

where G’ is an unramified group over F' with the properties that G;.. = G/, and Z(G’) is an induced
torus. We follow the construction in [Clo90], 6.1(b). Indeed, since G is unramified, Z((G) is contained
in a maximal unramified F-torus T C G. The group of characters X*(7") is a finitely generated
Z|Gal(F'/F)]-module, where F” is an unramified extension of F splitting G. Let P — X*(T') be a
free Z[Gal(F’/F')]-module. Then dually we get an embedding 7' — Z’ where Z' is an induced torus.

We have the following exact sequence

1 — Z(Guer) — Z(G) X Gger — G — 1,

see [Mil17], Example 19.25. We take G’ to be (Gyer X Z') /Z (G er). It is easy to check that Z(G') = Z'
and G}, = G, therefore G’ satisfies the conditions we need.

The natural embedding G < G’ induces a natural homomorphism

jZ2(G,p) = Z(Gp)
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by the following commutative diagram

Clx) —5— 2(C.p)

[ dl
ClEs] —— Z(C'.p)

where the left vertical map is induced by the surjective map

xs’ - }:s

(T/, fl)G/ — (T = T/ N G7€I|T>G

where 77 C G’ is a maximal F-torus and &' : T'(F) — C* is a smooth character extending some
W’'(F')-conjugate of x’, where W’ is the Weyl group of G’ and x’ : 7"(F'); — C* is an extension of
X-

The injective morphism 75 is uniquely determined by the Bernstein isomorphisms and it is the

restriction of the map between Hecke algebras

H(G, p) = H(G', )

/
Ly, = 1,

where 7, is the extended affine Weyl group Wy = X «(A) x WP and 1,, (resp. 1, ) is the function in
H(G, p) (resp., H(G', p')) supported on I,.n,, I, (resp., I.n, 1), whose value at n,, is 1. Such functions
1,,,, form a basis of the Hecke algebra H (G, p). Here we are using the notations from §7.3, [Hail2]. Li
([Li26], Lemma 7.2.3) shows that the morphism j on the centers is indeed the restriction of the linear

transformation on the whole Hecke algebras, therefore, it suffices to prove the following:
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Lemma 8.5.1. There exists a constant Cr such that, for every 6 € G(FE) with elliptic regular norm in

T, and for every w € WE, we have

S05P(1,,) = CrSO5 (12, ) (8.5.1)

Proof. This is proved in [Hail2], Lemma 7.3.1. The proof also works for positive characteristic. ~ []

From 8.5.1, we have the following equalities:

SOY(f,dt,dg) = cr SO (jf,dt', dg')
(8.5.2)

SO N @, dt, dgw) = CrSOg, P (o, dt', dgp),
for all functions f € Z(G, p) and ¢ € Z(G(E), pg) and for all (o-)regular (o-)elliptic elements -y and
0 in G whose (o-)centralizer is the elliptic F'-torus 7'. The proof of Lemma 7.3.1 in loc. citc shows
that the constants ¢y and Cr making 8.5.2 hold depend only on the torus 7" and choices of measures
(so not on the functions f and ¢, and the choice of v = N (0)). Therefore, to force cr = Cp, we
use the fact that 1;. and 1; are associated [Kot86a] and the stable orbital integrals of 1; do not vanish

identically on any torus 7" in G.

8.6 Summary of reduction steps

By Lemma 8.2.1, we may assume that + is a norm, and we write v = AN§. We assume 7 is
regular semisimple from the beginning. Notice that it is different from the assumptions in [Hai(9,
Hail2, Clo90] of just being semisimple since we don’t have (twisted) Shalika germs for local function

fields and the homogeneity that were used in the proof of Proposition 7.2 in [Clo90] to reduce to regular
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semisimple elements. The reduction steps (1) and (2) are the same as in [Hai09], 5.4. However, we

need to pass it to the global setup afterwards.

(1

)

We may assume that Gy, = G.. Indeed, for given GG, we take H to be a z-extension as in 8.3,
and let ¢ € Z(H(FE), py) with bp € Z(H, py). Assume that (¢, b¢) are associated, then by
Lemma 8.3.2(i) and (iv), (¢, bo) are associated. By Lemma 8.3.3, (¢, bp) are associated and ¢
ranges over all functions in Z(G(F), p), therefore the base change fundamental lemma is proved

for GG.

We may assume that -y is elliptic. We work under assumption (1). If v is not elliptic, we can use
Lemma 7.3.2 and the discussion above the lemma to associate to v a proper F'-Levi subgroup
M containing G = G,. By induction on semisimple ranks, the fundamental lemma is known
for M. We then use the descent formulas 7.4.2 and 7.4.3, and the following Lemma 7.5.1, we

see that the fundamental lemma for M implies the fundamental lemma for G.

From here we momentarily pass it to the global setup. We may assume that G is split over an
unramified extension K/ F such that £ C K. We may also assume G satisfies the conditions (1)
and (2). Choose a degree [K : F'] cyclic extension of function fields K /F and a finite place v,
of F such that K, isafield and K, /F, = K/F. Then there is a degree r = [E : I] cyclic

extension £/F with E C Kand E, /F, = E/F.

There is a quasi-split group G over F' with the property that G xp I, = G. Let 6 denote the F'-
linear automorphism of G from Gal(E/F) = Gal(E/F).. We may repeat the process of finding
a G < G’ at the beginning of 8.4, but globally: a global group G’ such that G, = G, and
Z (@) is an induced torus. Therefore after base change to vy, we still have the desired properties
for G and G’ := G’ as in 8.4. Therefore we have the following reduction step:
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(3) We may assume that Gy = Gy and Z(QG) is an induced torus which comes from a global
induced torus. Indeed we work under assumptions (1) and (2), and Lemma 8.5.1 and the

discussion there show that we can assume Z(G) is indeed an globally induced torus.

(4) We may assume that y belongs to a specific dense subset in the set of regular elliptic elements.
This is explained in [Clo90] Lemma 6.7 and the discussion followed. Recall that we call a
regular semisimple element vy strongly regular semisimple if G., is a (connected) torus. Later in
Lemma 9.3.5, we will see that v € G(F) will be assumed to be strongly regular semisimple,
whose image in the adjoint group is still strongly regular. By Lemma 8.7, we will indeed see
that such ~ will form a dense subset of the set of regular elliptic elements in G(F'). Notice that
we don’t need to worry about the a(d’) terms as in the reduction steps of [Hai09] since our group

G has simply connected derived group.

The conclusion is that we may assume that Gy, = Gy with Z(G) an globally induced torus, and ~y
is a strongly regular elliptic element itself and in the adjoint group, and is a norm. That concludes
our reduction on the group and the regular semisimple element. We hope to show the associations of
functions ¢ € Z(H (FE), p) and b at all such elements -y over the group G.

The strategy of the proof in the following sections is that, after all the reduction steps, using
Lemma 8.3.2 (i) and Lemma 8.4.2, we will show that ¢,y and (bg), are associated for all unitary
central characters and all ¢ € Z(H(F), p), at all strongly regular elliptic semisimple elements in H
whose images in the adjoint group is still strongly regular.

Using the existence of local data adapted to the case with unitary central characters (Chapter
12), we are able to show the desired association. In order to produce the adapted local data, one needs

to use the global (twisted) trace formulae (Chapter 9) and one needs to stabilize the trace formulae
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(Chapter 10) for them to be useful.
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Chapter 9: The Simple Trace Formula

9.1 Setup

This section is mostly independent of other sections. We do not make any assumptions on the
characteristics of the global field F'.

Assume that F//F' is a cyclic extension of global fields of degree r, we write A (resp. Ag) for
the adeles of F' (resp. E). We denote I" := Gal(E/F) and 0 € T be a generator. Let G be a connected
reductive group defined over F, and let [G]r := G(E)\G(Ag) denote the usual adelic quotient over

E. We consider the left action of G(Ag) on L*(G(E)\G(Ag)) given by

(R(9)f)(z) == f(zg) 9.1.1)

forany g € G(Ag), f € L*(G(FE)\G(Ag)) and z € G(E)\G(Ag).

Let Z = Z(G) be the center of G. By the reduction steps, we can assume that Z is an induced
torus over I, therefore, we have G(R)/Z(R) = G.qa(R) for any F-algebra R, where G.q := G/Z.
Fix a unitary character A : Z(Ar) — C* which is trivial on Z(F'), and define AN : Z(Ag) — C*
in the usual way . We consider the space C>°(Z(Ag)\G(Ag), A7) of functions whose supports are
compact modulo Z(Ag) and transformed by A~V under the action of the center Z. We will denote
it by C°(Gaa(Ag), A\™1) with Z(Ag) understood in the definition. Similarly, we consider the space
L*(Gaa(E)\Gaa(Ag), \) = L*(Gaa(E)\Gaa(Ag), \) of functions on G(E)\G(Ag) that are square-
integrable on G,q(E)\Gaa(Ag) which transform by A under Z. Notice that we need ) to be unitary in
order to define the integrability over the quotient.

Now for any ¢ € C>®(Gaq(Ag), A7), the above action 9.1.1 induces an action of ¢ on
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L*(Gaa(E)\Gaa(Ag), \), given by

(R(&)f)(z) = / . R S()dy = / L o)) ©.1.2)

forany f € L?(G.a(E)\Gaa(AR), \).

Definition 9.1.1. We define the cuspidal subspace L?,,(G.a(E)\Gaa(Ag),\) C L*(Gaa(E)\Gaa(AE), N)
to be the space of functions ¢ € L*(G.a(E)\Gaqa(AE),\) such that, for every parabolic subgroup

P C G with unipotent radical N, one has

/[N] ¢(ng) dn =

forall g € G(Ag). We call such ¢ cuspidal functions.

We also have the operator

Iy : L*(Gaa(E)\Gaa(Ap), \) = L*(Gaa(E)\Gaa(Ap), N,

[ (@ [0 (2))),

that preserves L2, (Gaa(E)\Gada(AE), A).

Proposition 9.1.2. For each ¢ € C>°(Gaa(Ag), A7), the composite

R(¢) 0 Iy : L*(Gaa(E)\Gada(Ag), N) = L*(Gaa(E)\Gaa(Ag), )
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has kernel function

Ky(g,0(h) == > (g 's6(h)),

0€Gaa(E)

In other words, we have

(R(¢) o Ip(f))(9) = Ky(g,0(h))f(h)dh

/G\’ad (E)\Gad (AE)

/ ¢(g~'60(h))f(h) dh
Gad(EN\Gad(AE) scq, ()

Forany f € L*(Gaa(E)\Gaa(Ap), A) and g € Gaq(Ap).

Proof. Indeed, since

(R(6) o T(f))(g) = / L () o di

- / o(h) (67 ()67 (1)) dh
Gad(AER)

- / o(g~10(h) £ (1) dh
Gad(AER)

¢(g~"00(h))f(h) dh

(SEGad(E)

/C;ad (E)\Gad (AE)

where the third line follows from change of variables, and the last line follows from a well-known
technique called unfolding or integration in stages and the fact that f is invariant under the action of
elements in G,q (). We also use the fact that the set G,q(£) is 6-stable. For the sake of completeness

we include the unfolding lemma below. For a proof, see [GH24] Theorem 3.2.2 and Lemma 9.2.4. [

Lemma 9.1.3. Suppose that G is a Hausdorff, locally compact, second countable topological group

with right Haar measure dg. If f € L'(G) and T' < G is a discrete subgroup such that the modular
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character of G is trivial on ', then we have

/G/Fvag dg—/f

vyel
Lemma 9.1.4. The linear operator R, (¢) o Iy is of trace class on L7,,,(Gaa(E)\Gaa(Ag), A).

Proof. Since Rep(¢) := R(¢)

L2, (Gaa(B)\Gaa(Ag),\) is of trace class by Theorem 9.1.1 of [GH24], the
same is true of R, () o Iy, since the set of trace class operators forms a two-sided ideal in the algebra

of bounded linear operators on L 1(E)\Gaa(Ag), \) (see [DE14], Lemma 5.3.4). O

cusp(

9.2 Proof of the Simple Trace Formula

Let us choose two places vy, v, of F' which split completely in £. We put the following

assumptions on the test function ¢ € C°(Gaq(Ag), \71):

(1) The adelic function ¢ is a (pure) tensor product of local functions ¢ = [] ¢, over places v of
F, where ¢, € C*(G(E,)/Z(E,),\™!). For almost all places v of F, ¢, is invariant under
G(Og,) and supported on Z(E,)G(Og, ), and satisfies

/ o(g)dg = 1.
Z(Ev)\Z(Ey)G(OE,)

(2) On G(E,,) = G(Ey,) x G(Ey,) x - x G(E,,), we have ¢,, = (¢,,,,--.,¢,, ) where each

¢, is a matrix coefficient of the same supercuspidal representation 7 of G(E,,,) = G(F,,)).

(3) Let ¢y, = (¢2,,..., 02 ) be the analogous decomposition at v,. Let ; = Supp(¢? ), then

2195 ..., is contained in the set of elements of G(F,,) with strongly regular elliptic image in
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Gaa(Fyy).

We first show that the assumption (2) implies that the image of R(¢) is in the space of cusp

forms.

Lemma 9.2.1. Let v be a finite place of E, let f* € C°(G(AY)), and let f, € C>X(G(E,)) be

supercuspidal. Let f(g) = f'(¢") fu(gv), so that f € C°(G(Ag)). Then R(f) has cuspidal image.

Recall that we say f, € C*°(G(E,)) is supercuspidal if

/ fo(gnh)dn,
N(Ey)

for all proper parabolic subgroup P < G, with unipotent radical N and for all g,h € G(E,). As
the name suggests, matrix coefficients of supercuspidal representations are indeed supercuspidal, see

[GH24], Lemma 16.4.2.

Proof. Let P < G be a proper parabolic subgroup with unipotent radical N. Let [N]|g := N(E)\N(Ag).

For ¢ € L*([G]g), R(f)y is smooth hence can be integrated over any compact subset. For all
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x € G(Ag), we have

R nx)dn = nxaq)dagdn
/mE (f)p(na) /{N]E /G . et
_ / / fa ' g)p(g)dgdn
[Nlg Y G(AE)

_ / / S Fa'nt0g)p(g)dgdn
[N]g Y N(E)\G(Ag)

SEN(E)
- / / > flamng)e(g)dndg
N(ENG(AR) YINIE sen(R)
_ / / f(a"'n" g)p(g)dndg
N(E)\G(Ag) J N(Ag)
=0

Where the third and the fifth equalities come from unfolding, and the last equality comes from the fact

that

since f, is supercuspidal. O

And we have the main theorem of this section. We define the adelic twisted orbital integral of

¢ € C(Gaa(Ag), A1) to be

TOG ) () = / o(g7156(g)) dy.

Gad,60(AE)\Gaa(AE)
We notice that the above twisted orbital integral converges since ¢ is compactly supported on G,q(Ag).

Theorem 9.2.2. Under the assumptions (1)(2)(3) above, the operator R(¢) sends L* automorphic
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forms into cusp forms, and

1 (Reusp(9) © Ig) = > 7(Glaa.50) T35 2 () 9.2.1)
4

where & runs over the 0-conjugacy classes of elements of G.q(E) with strongly elliptic regular norms,

and the group G 59 is the 0-centralizer of 6. And T(Gaq,s0) = Vol (Gaq,00(E)\Gads0(AE)).

Proof. From the lemma above we know that

tr(Rcusp<¢> o I@) = tr(R(¢> © Ig)

and we obtain the latter trace by integrating along the diagonal K 4(g, 0(g)) of the kernel associated to

R(¢) o Iy, whence

t (Reap(6) 0 Ip) = / K4(9.6(g)) dg

Gad (E)\Gad (AE)

_ / > ¢lg'd0(g))dg.
Gaa(ENGaa(AB) s (p)

Lemma 9.2.3. Only those 6 with N§ strongly regular elliptic in G ,q(E) will appear in the summation

above.

Proof. At the place vy, E,, = F,, ® --- ® F,, (r factors) with the Galois group acting by cyclic

permutations.

Let § € G(F), the image of ¢ in the completion E,, is of the form 6 = (dy,d,...,d,) with
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b € G(F,,).- Ifg = (g1,.-.,9-) € G(E,,), we have

g '50(g) = (91 '6192, 95 0193, - - -, g, '0101)

Assume that ¢,,(g7'66(g)) # 0. By assumption (3), we have g; '81g:11 € €, taking the product we
have:

g7 (6105 ... 6,)g1 € U Q... Q,

This shows that N6 = (1...6,,..., 0,01 ...d,_1) is strongly regular elliptic as an element in G,4(E,,),
hence it is strongly regular elliptic as a global element. Therefore, in the sum appearing in the
expression of tr(R(¢) o Ip), only elements with strongly regular elliptic norms in the adjoint group

will appear. 0

We still need to swap the order of the integration and the summation.

Lemma 9.2.4. The function

F(g) = > [6(g~100(9))|

56Gad (E)v
N strongly elliptic regular

is compactly supported on G(E)Z(Ag)\G(Ag).

Proof. If ¢(g=1860(g)) # 0, then g~166(g) € C' = Supp(¢) C G(Ag), hence § € gCO(g~'). We first
see that the finite for ¢ in a compact set, since those 9’s will be inside the intersection of a compact

group in G(Ag) with the discrete subgroup G(F). Taking norms, we get

Né € gCo(C)...00(C)g™?,
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with CO(C') ... 0"~ (C) compact. Henniart ([Hen83], Appendice 2) shows that the set of g satisfying
this condition for some elliptic regular ¢ (in place of N¢) is compact modulo G(F)Z(Ag). This proves

the lemma. O

We regroup the summation by #-conjugacy by G.q(E):

b1 (Renp(®) 0 Ip) = /G X 3 olg~'0(g))dg,

5€Gaa(E) 8'€Gad(L)
N strongly ell. reg.  §’~§ by G ,q(E)-6-conjugacy
up to Goq (F)-0-conjugacy

which implies the final result of the theorem by the following manipulations of integration “in

stages™:

tr (Reusp(¢) © 1y) = Z / Z ¢(g7'8'0(g))dg

5E€Caa(E) ENGaa(Ap) 5 €Gra(E)
N strongly ell. reg. 8’ ~6 by Goq(FE)-0-conjugacy
up to Gpq (F)-0-conjugacy

— Z VOl(C{M17(59(E'))_1 /

66Gad(E) Gad(E)\Gad(AE) /C;ad(E)

N strongly ell. reg.
up to Goq (F)-0-conjugacy

= Z VOl(Gadﬁg(E))_l / ¢(9_1(59(g))d9

5€Ga(E) Gaa(AE)
N strongly ell. reg.
up to Gpq(E)-0-conjugacy

- 3 Vol(Glaa 5o ()~ vol (Gaa o (Ar) / o(g-150(9))dg
5€Gaq(E) Gaa,60(AE)\Gaa(AE)

N strongly ell. reg.
up to Gaq (E)-0-conjugacy

= Z VOI(Gra 50 (E)\Gaas0(Ag)) TOS P (9)

éeGad (E)
N ¢ strongly ell. reg.
up to Gpq (EF)-0-conjugacy

d(g~ v 100(v)0(g)) dv dg

Thus the theorem is proved. [
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In the special case of £ = F, where r = 1 and 6 = id, we denote r(f) to be the representation
of f € C(Gaq(A),\71) on the space L*(G.q(A), \), and choose f similarly as in the twisted case,

by the same process, we will have

tr (reup (f) = Y 7(Gaay) OB ), 9.2.2)

~

where the sum ~ is over the set of conjugacy classes of regular elliptic elements in G,q(F) and

T(Gadry) = VOl(Gadqy (F)\Gaa~(A)). Similarly the adelic orbital integral is defined to be

O (f) = / Flg™ vg) dg

Gad,’y (A)\Gad (A)

In the next section, we will perform the so-called stabilizations of the trace formulas 9.2.1 and
9.2.2 in order to compare them effectively.
However, before doing that, we will want to examine further the relation between various objects

on the group and adjoint group in this setting.

9.3 Passing Between the Adjoint Group and the Group

The trace formulas are given in terms of (twisted) orbital integrals on the adjoint group Gg,
however, since our functions actually are defined on G, later we would like to make statements about
integrals on GG. Therefore, it seems necessary to relate various integrals on the group and the adjoint
group. In 9.3, we assume that G is a connected reductive group defined over a local or global field F'
with Gger = G. We assume that F//F' is a cyclic extension of degree r, and let § € Gal(E/F) be a

generator. We use the same 6 to denote the automorphism on the group. We assume that Z(G) is an
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induced torus over F' (in particular, it is connected). We also assume the Haar measure dg on G(F) is
normalized so that vol(Z(FE)/Z(F')) = 1. Denote G.q := G/Z, therefore G.q(F) = G(F)/Z(E) and
Ga(F) = G(F)/Z(P).

Assume X\ : Z(F) — C* is a smooth character trivial on the maximal compact subgroup
Z(F);, C Z(F). Define AN : Z(E) — C* as before, and we still denote it by A\ by abuse of
notations. Let ¢ € C®(Goq(E),A\7!) and f € C°(Gq(F), \™!) with similar definitions as in 8.1.

Let v € G(F') be a semisimple element.

Lemma 9.3.1. (a) v is regular in G(F) if and only if ¥ is regular in G,q(F);
(b) v is elliptic in G(F) if and only if 7 is elliptic in G,q(F);

(c) If 7 is strongly regular in Goq(F), then so is v in G(F).

Proof. From the isomorphisms G.,/Z = G3, - and G (F)/Z(F) = G, -(F'), we know that (a)(b) are

ad,y ad,y
immediate as regularity and ellipticity have nothing to do with the connectedness of the centralizers. (c)

also follows since G, = G, for every semisimple v € G(F'). However we don’t even need to assume

Gaer = G, since G, /Z = G;jd’7 = (4,5, and since 7 is connected, G, is also connected. O

As an easy corollary, let § € G(E) be a f-semisimple element. We have the identity N0 = N4.
Therefore, we get the same statements by replacing regular (resp., elliptic, strongly regular) with 6-
regular (resp., f-elliptic, -strongly regular) and replace v (resp. F') with ¢ (resp. F).

Remark 9.3.2. We remark that it is not necessary for 7y to be strongly regular even if vy is strongly

regular. Let F be a field of char F # 2. Consider the matrix



It is strongly regular semisimple in G Ly(F'). However, one can calculate that (PGLs),(F) = T %
(Z)2Z), where T is the one-dimensional maximal split torus consists of diagonal matrices in PG Ly

and the nontrivial element of 7./ 27 is represented by the matrix

Lemma 9.3.3. The projection map m : G(F) — Gaa(F) restricts to a surjection

7 : {regular elliptic semisimple elements in G(F)} — {regular elliptic semisimple elements in G,q(F)}

Moreover, the inverse image of

{strongly regular elliptic semisimple elements in G,q(F)}

is dense in the left hand side (in the analytic topology' of G(F)).

Proof. The surjection is from Lemma 9.3.1(a)(b). Since we have the surjection statement. For the
density statement, we fix a maximal F'-torus 7" and it is clear that we only to prove the density statement

for T, which follows from the following lemma. 0

Lemma 9.3.4. Let T' be a maximal F'-torus splits over a finite extension. Then the inverse image of

U = {strongly regular elliptic elements in T,q(F')}

'Density in Zariski topology can be similarly shown as in §2.5 in [Hum95], however density in Zariski topology in
general does not automatically imply density in analytic topology.
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is dense in the set of regular elliptic elements in T'(F), in the analytic topology on T (F").

Proof. Let X = {regular elliptic elements in T'(F)} and let Y = 7~ 1(U) C X. We claim that X\Y
has no interior point in X, therefore the lemma is proved.
Let W = N¢(T)/T absolute Weyl group and let ¢ be the roots relative to 7". Both of them are

finite. The condition of y € Y can be described as:

aly) # 1foralla € ®
w(y) #yforalll A#we W

a(w(y)y™) # 1 forsome o € P and forall 1 # w € W

Therefore, we see that the vanishing locus X'\Y is given by a finite number of locally analytic
equations. Therefore, locally they are given in terms of a finite number of convergent power series

over the non-archimedean field. Therefore they vanish on a set with no interior point, as desired. [

Now we can relate orbital integrals on both sides. Assume § € G(E) is such that ¢ is §-strongly
regular, f-elliptic and -semisimple in G,q(E), and v € G(F) is such that 7 is strongly regular

semisimple in Goq(F).

Lemma 9.3.5. We have

TO5 ™ (¢) = TOS") () 9.3.1)

and

05U (f) = 05 (f) 9.3.2)

Proof. We will just show 9.3.1, as 9.3.2 follows from the same calculations. Recall that
¢ € C(GLa(E), A7), therefore, the calculation is already done in 8.3.1 given our normalization that
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vol(Z(E)/Z(F)) = 1. O

Lemma 9.3.6. Similarly, we have

SOG (9) = SOZE) () 9.3.3)

and

SOSO () = SO (1) (9.3.4)

Proof. The arguments are exactly like those in the proof of Lemma 8.3.2 (iv), except it is easier in this
case: since § and § are §-strongly regular, we don’t have the a(&') terms in the stable orbital integrals.
They reduce to

SO (¢) = e(8)TO58” (9)

6/

SO§ad(E)(¢) _ Z 6(5/)TOQad(E)(¢)

60 6’6
&

respectly, where &' (resp. 0’) ranges over -conjugacy classes in G(E) (resp. Gaq(E)) which are stably
f-conjugate to & (resp. ). The orbital integrals are equal by the previous lemma, and e(&') = e(d')
again from [Kot83]. Finally, as in Lemma 8.3.2 (iv), the surjective map from the set of #-conjugacy
classes in G(E) which are stably 6-conjugate to J to the set of f-conjugacy classes in G,q(E) which

are stably f-conjugate to ¢ has single fiber
ker[Hl(F, GZd,S’Q) — Hl (F7 Gad,g’ﬂ)]

over ¢’ since G°

o159 = Gaa,se in this case, the lemma is proved. [

87



The upshot of these is that, after stabilization in the next section, we might extract conditional
identities of (stable) orbital integrals on (G,4, but with the relations we have proved in this subsection,

we can regard them as identities on (&, which are eventually what we desire.
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Chapter 10: Stabilization of the Twisted Trace Formula

We follow [Clo90], section 6.2 closely with some changes along the way.

We fix the notations that will be used in this section. Let £/ F be a unramified cyclic extension
of global fields of degree r, and let § € Gal(E/F) be a generator. If G is an F-group, then G :=
Resg/rGE is the F-group obtained by the restriction of scalars. We use the same notation ¢ to denote
the F-linear automorphism of G over F. We denote by A the adeles of F', and we denote by A® the
ring of adeles of F*°.

We make the assumption that GG is a quasi-split, connected reductive group over F', such that
Ger is simply connected. By the reduction steps, we also assume that Z(G) is an induced torus over
F and let H := G/Z(G) to denote the adjoint group in this section, which we denote by G, before,
to avoid the overflow of the superscripts. We will assume that H splits over an unramified extension

K/F such that E C K. We may also assume that H satisfies the Hasse principle for H', that is:
ker'(F, H) := ker[H'(F,H) — [[ H'(F\,, H)] = 1.

We denote by N the abstract norm mapping sending regular semisimple elements of H (F) to

stable conjugacy classes of regular semisimple elements in H (F’), as well as its local versions.

10.1 The Construction of the Obstruction

Let v € H(F) be a strongly regular semisimple element, then its centralizer T' (resp., T) is a
maximal torus of H (resp., H) over F. Assume there exists § € H (A) is such that N'(4,) is equal to
the stable conjugacy class of v € H(F,,) for every place v of F.

Let N denote the map x — z6(x) ...6" ' (z) from H to itself. The map N : T'(F*) — T(F*) is
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surjective, so we can choose t € T'(F**) such that Nt = ~. Since N/(6,) = -, for any place v of F, there
is an element g, € H(F?) such that g;'6,0(g,) = t. We may even assume that g = (g,) € H(A®) by

the following lemma.

Lemma 10.1.1. Let G be a (possibly disconnected) reductive group over a global field F, and let
t € G(F') be a semisimple element. Then outside of finitely many places v of F, for every § € G(O,)

such that § is conjugate to t under G°(F?), there exists y € G°(O"") such that yty™' = 6.

Here O, is the valuation ring of the completion F;, of I at the place v, and O}" is the valuation

ring of the maximal unramified extension £" of F,,.

Proof. We adapt the proof of Lemma 5 in [KR0OO]. Let X denote the conjugacy class of ¢ under G°,
and let ¢ : X < G denote the inclusion, it is a closed immersion since ¢ is semisimple. Let f denote
the morphism g — gtg~! from G° to X. Then f is smooth and surjective. There exists an ideal
I C Op, which is the product of finitely many prime ideals, such that G, G°, X,¢,i and f come from
objects over O F[%] We may assume that f is smooth and surjective and i is a closed immersion over
Op[7] by replacing I with a suitable multiple.

Now we choose a place v of F' outside of the finitely many places of /. By hypothesis § €
G(O0,) N X (F,), which is equal to X (O,), since i is a closed immersion. The fiber Y; of f : G° — X
over 0 € X(0,) is a smooth scheme of finite type over O,. The structural morphism Y; — Spec(O,)

is surjective since it is the composite of the following surjective morphisms:

Ys — {conjugacy class of § under G°} — Spec(O,)

hence the special fiber Y is non-empty, and it has a point in some finite extension of the residue field
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of O,. Therefore by the smoothness of Yy, it has a point in the valuation ring of some finite unramified
extension of F),. Hence Y;(Ou") is non-empty, which means that there exists y € G°(O:") such that

yyy L =94. O

Remark 10.1.2. Given the Lemma above, we set G = H x (0), hence G° = H x 1. We can regard
t = (t,0) € G(F) and similarly § € G°(A). Outside of finitely many places, we have 6,, € G°(O,). In
this way, we can translate the fact that 6, and t are 0-conjugate under H (E?) to that they are conjugate

under G°(F?), therefore we can apply the lemma to get g € G°(A®) = H(A®) such that

g~ '60(g) =t. (10.1.1)

Consider the map 7 — t, = g~'7(g) € H(A®) for 7 € Gal(F*/F). We claim that ¢, defines a

1-cocycle of Gal(F**/F') in T(A®*)T'(F*). Indeed, apply 7 to 10.1.1 we get

7(g71)90(7(g)) = (). (10.1.2)

from 10.1.1 and 10.1.2 we get

()0t =t (10.1.3)

Apply the map N on both sides, we get

t-N(r(t))t;t = Nt;

T

we have Nt = ~, and 7 commutes with N since 7 commutes with 6, hence we have ¢, 7t 1 = 7.

Therefore we have ¢, € T(A®). Then from 10.1.3 we know that t,0(t,)~! = t7(t)~' € T(F*), and
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we know that u = t7(¢t~') satisfies Nu = 1. Since 6 acts on T(F*) = T'(F*) x - - - x T(F*) by cyclic
permutation, this implies that u = ¢,0(t,)" = t7(t)~! = vf(v)~! for some v € T(F*). Then t,v "

is fixed by 6, in other words, it belongs to 7'(A*). This shows that t. € T'(A®*)T(F*). Itis a 1-cocycle

since by definition it is a coboundary in H (A*).

Definition 10.1.3. Ler t, := g '7(g) for 7 € Gal(F*/F). We take x, to be the image of t, in
T(A*)T(F*)/T(F*) = T(A®)/T(F*), and define obs(9) to be the class of () in H'(F, T(A®*)/T(F*)).

This definition does not depend on the choice of g or t.
We have the following important property of obs(d):

Lemma 10.1.4. obs(8) € HY(F, T(A®)/T(F®)) is trivial if and only if § is 0-conjugate under H(A) to

an element of H(F).

Proof. We first show that obs(d) = 1 under the assumption:

7100(x) = 0, € H(F) (10.1.4)

for some = € H(A). This and the fact that g='66(g) = t for g € H(A®) imply that ¢ and &, are
f-conjugate under H(A®), therefore under H (F*) by the following lemma since they are rational over
F*. Write t = y~'6,0(y) for y € H(F*), hence from 10.1.4 we have t = (zy)~'06(xy). Let g = zy,
we have t, = g '7(g9) = y~'7(y) since z is rational over A. The construction above gives that
t, € T(A®)T(F*) and the fact that y is rational over F** imply that t, € T'(F*), therefore its image =,
is trivial.

For the converse, assume that g~ '7(g) = 7~ '7(7)u, for some y € T(A®) and u, € T(F?).

1

We can replace g by gy~! and assume that g~'7(g) = wu,. Hence the cocycle 7 — u, € H(A®)
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is a coboundary in H(A®), hence it is also a coboundary in H(F*) by the Hasse principle for H.
Therefore g~'7(g) = n~'7(n) for some n € H(F*). Hence z~! := ng~' € H(A). We then have

27 100(x) = ng'660(9)0(n~") = ntb(n~!) € H(A) N H(F*) = H(F). O

Lemma 10.1.5. Let K be a global field and H be a connected reductive group over K. Let 0 be an
K -linear automorphism of H. Let a,b € H(K) such that they are strongly 0-regular semisimple and

they are 0-conjugate under H(A), where A is the ring of adeles of K, then they are 0-conjugated

under H(K*), where K* is a fixed separable closure of K.

Proof. Indeed, the conditions imply that the algebraic variety X := {h € H : h™'af(h) = b} has a
point in K, where v is a place of K and K is a separable closure of the completion K. Since X is
defined by algebraic equations over K as a, b are rational over K, this implies that X (K) # (), where

K is an algebraic closure containing K*. Since X is isomorphic to H, as schemes and the latter is

geometrically reduced, since H, is a connected torus, we have X (K*) # (0, as desired. O]

10.2 Pre-stabilization

Now we assume that 7" is an ['-torus of H of the form 7" = H., for a strongly regular semisimple
element v € H(F') (recall that v is strongly regular means that 7' = H., is a maximal torus, in
particular, connected). We set D = H/Hg., and D=H / I:Ider, We have the following commutative

diagram

O<«— N
@z«—'ﬂz

|

93



Dually, it becomes

DT
De——T
Those maps are all I'-equivariant.
We define the finite abelian groups
A(T/F) = mo(TT) /Tm (DY), (10.2.1)

A(T/Fy,) = mo(TT) /Im mo(D').

Where I'y = Gal(F; /F,,) is the decomposition group at the place v; of F'.
The finite Abelian groups mo(7") and H'(F, T(A®)/T(F*)) are canonically dual by [Kot84].
Let <, > be the pairing between them with value in C*. We claim that obs(d) has trivial image under

the composition

A
~ =~

HY(F, T(A*)/T(F?*)) = mo(TV)* — mo(D")*

Indeed, since Wo(ér)* is canonically dual to H'(F, D(A®)/D(F*)), so we only need to find the image

of obs(d) under the map

H'(F,T(A%)/T(F*)) = H'(F,D(A®)/D(F*)),

since obs(d) was constructed to be the class of t, = g~ '7(g) for some g € H(A®), it splits when we
project ¢, to D(A®). Hence for x € A(T/F), we can further define the pairing (obs(0), ) € C. We

have
obs(d) =1 < (obs(d),k) = 1forallk € A(T/F).
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We now begin the stabilization of the right hand side of the trace formula 9.2.1

> 7(Ho) O™ (9) (10.2.2)
)

where we recall that the sum is over 6 € H(F) up to #-conjugacy under H (E) with N ¢ regular elliptic.
We also recall that ¢ € C°(H(Ag), \71).
The global twisted orbital integral TOg(AE ) of ¢ only depends on the H (A g)-6-conjugacy class

of 6. We have the following lemma which allows us to regroup the elements in the summation:

Lemma 10.2.1. The number of the terms in the sum that are indexed by the H(Ag)-0-conjugates of 6
is given by

| ker(ker' (F, Hsg) — ker' (F, H))| = | ker' (F, Hsp)|
where we have used the Hasse principle for H.

Proof. We just need to look at the following diagram:

HY(F, Hsy) —— T1, H'(F,,, Hs)

b b

HY(F, H) —L— [1, H\(F,, A)
Assume ¢’ is #-conjugate to 6 under H(Apg) but not under H(F), then they are #-conjugate under
H(E®) by Lemma 10.1.5, therefore corresponds to a cocycle 7 € ker(g), which image f(7) in
[1, H'(F,, Hsp) is trivial by assumption, that is to say, 7 € ker(ker! (F, Hsy) — ker' (F, H)). Conversely,

if 7 € ker(H'(F, Hsy) — H'(F, H)), then we can associated a 0’ € H(F) that is stably f-conjugate

to d. The condition f(7) = 0 guarantees that ¢’ and ¢ are f-conjugate under H (Ap). O
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Therefore we can write 10.2.2 as

> 7 (Hso)| ker! (F, Hsg)|T O35 (9) (10.2.3)
1)

where the sum is over § € H(E) up to f-conjugacy under H (A ) with N§ strongly elliptic regular.
Now we consider a strongly regular elliptic element v € H(F') up to stable conjugacy, in other
words, conjugacy under H (F'*) since v is strongly regular. Assume 6 € H(Ag) is such that its norm

N is equal to the stable class of v at every place. The value of

1
G > (obs(d), k)

KEA(T/F)

is 1 when ¢ is f-conjugate to an element of H(FE) under H(Ag), by Lemma 10.1.4, and 0 otherwise

since A(7T'/F) is a finite abelian group. Use this, we can write 10.2.3 as

S Dk (FT) 3 [Wl/m S (obs(8), )TORA) (6)

~yEH (F) strongly ell. reg. 0€H (AR) KEA(T/F)
up to H(F*$)—conj Né=~
up to H (A g)—60—conjugacy

(10.2.4)

The equation A'§ = ~ holds for every place v of E. And we write ' = H.,, for the centralizer for ,
which is isomorphic to Hgy if ¢ is a global element of norm ~.

In order to swap the order of the outer summations, we claim that the triple sum has only finitely

many nonzero terms on any compact subset.

Lemma 10.2.2. Fix a compact set C of H(Afg), then there are only finitely many 6-conjugacy classes

8§ under H(Apg) that meet C' and such that N'§ is the class of a regular semisimple element of H(F).

Proof. Following the same proof as in [Kot86b], we can reduce to case that N¢ is stably conjugate to
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a fixed regular semisimple element v of H(F'). We can find 6y € H(F) such that No, = . Hence &
and 0 are stably ¢-conjugate. We assume that C'is contained in H(Oys ) X H(]],cq Ev), where Sisa
finite set of fixed places of E2. We enlarge S to apply Lemma 10.1.1. Now for any ¢ € C such that d;,
is stably f-conjugate to ¢, for any place v ¢ S, we view d and ¢ as (0, §) and (dy, ) in the disconnected
group H x (), respectively. Hence (4, 6) is conjugate to (do, ¢) under H(E?S) = (H x (#))°(E?) in
this sense. By Lemma 10.1.1, there exists g € H(O:") such that 6 and J, are conjugate under g. We
claim that we can actually assume g € H(O,).

Indeed, consider the cocycle 7, : 6 — ¢g~'0(g), here we use 6 to denote the topological generator
of Gal(F""/F). Itis clear that 7, is a I-cocycle in 7 (O.") := H.,(Oy"), by applying 6 on the equation
g 0,9 = do,. Here we use the existence of Ift Neron model 7 associated to 7' = H., over O;". Hence
7, € HY((0), T(OM)). 1tis trivial by (7.6.1) of [Kot97], hence there exists ¢ € T(O) such that
g~ '0(g) = t7'0(¢), in other words, gt~! € H(O"™) N H(F,) = H(O,). Replace g by gt~!, the claim
is proved.

Now for every #-conjugacy class ¢ that meet C'and N6 = -, we know for v ¢ S, the f-conjugacy
class of d,, contains dy ,, and for every place w € S, there are only finitely many 6-conjugacy classes
inside a fixed stable f-conjugacy class. Therefore, there are only finitely many such 6-conjugacy

classes ¢ satisfying those conditions when C' C H(Ag). O

Therefore, we can reorder the sum in 10.2.4 as

]ker F T ’ B)
;T( AT ZZ (obs(8), K)TOL™A2) (). (10.2.5)

Where each index is summing over the same set as in 10.2.4.
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10.3  Vanishing of x-Orbital Integrals

Consider the inner sum in 10.2.5

> "{obs(8), £)T O (¢) (10.3.1)
é

where the summation is over H (A g)-0-conjugacy classes of § € H(Ag) such that N'§ = ~ locally
everythere, for an elliptic strongly regular v € H(F') up to conjugacy by H (F*).

We assume that there is a f-elliptic, 6-strongly regular 0° € H(Ag) such that N'§° = + holds.
Otherwise, the sum in 10.3.1 would be empty. Therefore, the summation 10.3.1 will be over the global
-conjugacy classes within the global stable #-conjugacy class of §°, by Proposition 2.2.5.

We know that the 6-conjugacy classes within the stable 6-conjugacy class of 42, the local component

of 4° at v, are in bijection with
Dy(I,/F,) := ker(H'(F,, I,) — H*(F,, H)),

where I, is the 6-centralizer of 60 in Hy, . We notice that I, = I° by assumptions on ¢°.
The next goal is to write 10.3.1 as a product of local sums. If 6 = (,) is in the (global) stable
6-conjugacy class of dy, by above we can write (8,) = (x, - 02) where = = (z,)) € @, Dy(I,/F,). Let

inv(8,8°) € HY(F,T(A®*)/T(F*)) be the image of (z,) under the maps
Do/ F) = D H'(F,, T(F,)) — H'(F.T(A%)/T(F*)),

where the first map is given by the canonical isomorphisms between I, and T'(F},), where T' = H.,.
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From the definitions of obs(§) and inv(d, 6°), we see that

obs(8) = inv(d, 6*)obs(d").

~

Therefore, assuming ¢ = ), ¢, (over places of F) is a pure tensor product element in C2°(H (Ag))

C*(H(AFR)), therefore we can write 10.3.1, when the sum is nonempty, as

(0bs(8”) k) TTC  D° (w0, m)TOL (1)) (103.2)

v xvepe(lv/Fv)

which we write as

(obs(8°), &) [ [ O (00) (10.3.3)

v

where we denote the k,-twisted orbital integral,

Opsg(00) = > (o ))TON T (60),

1'1;€D9(I1J/Fv)

and k, € Dy(I,/F,)* is the local image of .

We have arrived at the vanishing results of this section:

Lemma 10.3.1. Assume ¢ = @, b, is a pure tensor product element in ¢ € C°(H(Ag), \™') over

places v of F', and at some place v, of F the following two conditions hold:
(a) TOQE%)(@,I) = 0 for all elements 6,, € H(F,,) = H(E ® F,,) that are not 8-elliptic, and for
O-elliptic 0-regular elements 6,,, the twisted orbital integral is constant on stable 0-conjugacy

classes of d,,.

(b) There exists a finite Galois extension L of I such that L,, is a field and L splits D.
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Then

> "(obs(8), K)T O " (¢) = 0 (10.3.4)
d

if K is nontrivial in A(T/F).

Remark 10.3.2. If ¢ and H indeed satisfy the conditions in the lemma, the sum 10.2.5 would reduce

to its stable part:

ker! (F, T)
> (1) |er |ZT059 (10.3.5)
-

which means that the summation over k only has k = 1 left.

Proof. By the formula 10.3.2, it suffices to show that the component at v,

Z <$v17 H>T0$u1-581 ,G(Qbm) =0

oy €D(Iuy [ Foy)

By condition (a), it becomes

[ (@ mITO0R " (9n) = 0

Tyq EDG(Ivl/Fvl)

Hence it suffices to show that for x # 1

> (@r) =0 (10.3.6)

Toq GDH(Ivl /Fvl)

Recall that Dy(I,, /F,,) = ker(H'(F,,,I,,) — H'(F,,, H)) is canonically dual to the finite abelian
group A(T/F,,) = mo(T"")/Im wo(ﬁrl). Thus the lemma is proved once we know that the canonical

map A(T/F) — A(T/F,,) is injective.
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Lemma 10.3.3. Suppose there exists a finite Galois extension L of F' such that L, is a field and L

splits D. Suppose 'T' is a maximal F'-torus in H which is elliptic at vy, then the canonical map

A(T/F) = A(T/Fy,)

is injective.

Proof. As in the proof of Lemma 8.4.1 of [Hai09] and Lemma 6.5 in [Clo90], we simply notice that

DF — DIt — f)rl, where ' = Gal(L,, /F,,). =

The identity 10.3.6 follows from the character relations on the finite abelian group A(T'/F,,)

and its dual group. O

Functions with properties in Lemma 10.3.1(a) are called generalized Kottwitz functions (see
[Lab99] 3.9 and [Hai09] 8.2). We will discuss them further when we move to the global setup in 11.2.
However, the basic idea is pretty simple: we just pullback the generalized Kottwitz functions on the

adjoint group H(F) to G(F), with the trivial central character.

10.4 End of Stabilization

From now on, we assume that ¢ satisfies the conditions of Lemma 10.3.1. For any elliptic
strongly regular semisimple element y € H(F), we have (I7)° = (D')°, therefore there is an
injection

mo(TY) = mo(D").
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Thus we have
[mo(TT) _ |mof
IIm 7o (DT)| |70

)| _[mo(D")]

|A(T/F)| = :
)| |Im 7o (D7)

7T
Dr
Under the assumptions on H and ¢, we see that the elliptic regular term of the twisted trace formula

10.3.5 is equal to

¢(H) > 7(T)| ker! (F, T)|‘—A > TOs(9), (10.4.1)

~EH (F) strongly ell. reg. d€H (AR)
up to H(F*$)—conj Néo=~
up to H (A g)—60—conjugacy

with
B [Tm WO(DF)l

c(H =
D o (D1)]|

(10.4.2)

We assume H satisfies the Hasse principle for H', and that f = @), f, € C(H(A),\™)
satisfies the analogs of conditions (a) and (b) in Lemma 10.3.1. In other words, we regard £ = F
and 6 = id. Then the elliptic strongly regular part of the trace formula for f, by the same stabilization

process, reduces to

| [mo(D"))]
) (1) [ker! (F,T) -2 ) 0. (f). (10.4.3)
~YEH (F) strongly ell. reg. ‘71'0 (T )| Y eH(A)
up to H(F*$)—conj ~' stably conjugate to v
up to H (A)—conjugacy

Since the last sums in 10.4.1 and 10.4.3 are expressed locally over places v of F', as we discussed
before, we see that if ¢ and f have matching stable orbital integrals at every place of F', the two

expressions 10.4.1 and 10.4.3 agree up to the factor ¢(H ), that is:

Proposition 10.4.1. Let ¢ = Q, ¢, € CX(H(Ag), N ) and [ = @, fo € C(H(A),\™ ) be

functions satisfying the conditions in 9.2 (1)(2)(3) and Lemma 10.3.1 (a). Assume v € G(F') and the
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image 7 € H(F) = Goq(F) are strongly elliptic regular in the respective groups, § € G(Ag) such
that N6 =  locally everywhere (therefore we also have N6 = 7, and 0, (resp. 0,) is 0-strongly

regular 0-elliptic in G(E,) (resp. H(E,))). If we have for every place v of F’

SOéGv(eEv) _ SOi(Ev)’ (10.4.4)

forevery such 6 € G(Ag) and v € G(F) then there exists a constant ¢ > 0 such that

tr(Reusp (@) 0 Ip) = ctr(reus(f)). (10.4.5)

Proof. By the stabilization process in this section, we know that

tr( Reusp(#) 0 Ig) = 10.4.1

tr(reusp(f)) = 10.4.3.

And we know that 10.4.1 = ¢(H) - 10.4.3 provided

for every place v of F'. By Lemma 9.3.6, this is equivalent to 10.4.4, as desired. [
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Chapter 11:  Elementary Functions of Labesse

11.1 Definition

Following [Hail2], §8, we slightly change the notation in this section. Let F). be an unramified
extension of degree r over F. Denote A" (resp., A) to be a maximal F}-split (resp., F-split) torus
in GG, with centralizer T, let B = TU be the F'-rational Borel subgroup defining the dominant Weyl
chamber in X, (A") @ R. Let p denote the half-sum of the B-positive roots of G.

Fix any uniformizer w for the field . Consider a regular dominant cocharacter v € X, (A™)
and set v = v(w) € T(F,). Let 7 = N,(v), also a regular dominant cocharacter in X, (A), and set
t=71(w) € T(F). Hence t = N, (u).

To any element g € G(F') we can associate an F-parabolic P, = M,N, with unipotent radical
N, and F'-rational Levi factor M,. We may construct the analogous objects associated to ut) € G, x
(0). The resulting subgroups M, (resp. P,g) of G can be characterized as the set of elements g € GG
such that (uf)"g(uf)~" remains bounded as n ranges over all integers (resp. all positive integers). In
our situation, since (uf)" = t, we have M,y = M; = T and P,y = P, = B.

Fix any F-Levi subgroup M. Write G, (resp. M,.) for the set of F,.-points G(F}.) (resp. M (F})).
Then M, acts on G, x M, on the left by mi(g,m) = (myg, mimé(my)~'). Let [g, m] denote the
equivalence class of (g, m) in the quotient space M, \ G, X M,.. There is a natural morphism of analytic

manifolds

MA\G, x M, — G,

lg.m] = g~'mb(g).

this morphism is known to be generically one-to-one and the normalized absolute value of its Jacobian
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at the point [g, m] is | Dg () /arry (N (m))] F.

We apply this to our Levi subgroup M,y = T'. We are now concerned only with the quotient by
T(F); of the compact open subset I, x T'(F,.)yu C G, x T,. The action of T'(F.); on I, x T'(F,)u
is the restriction of the above action of 7. on GG,. x T,.. The map

T(F) N\, x T(F.)yu — G,
(11.1.1)

[k, mu] — k™ 'mub (k).

is injective from the following lemma and has absolute value of its Jacobian everywhere equal to the
non-zero number

|JaC[k,mu]|F = 6;}@) = qr(2p7u>'

Thus its image is a compact open subset, which we will denote ©,,.
We define the elementary function ¢, ,, on G, to be the function supported on ,, given by the

formula
Pux, (K mub(k)) = x,; " (m)
fork € I, and m € T(F,);.

Lemma 11.1.1. Suppose g1,9o € G(F®) and mi,ms € T(F,);. We extend 0 to an element of
Gal(F*/F) and use the same symbol for the induced automorphism of G(F*). We have the following

statements.
(i) If g7 'maub(g1) = g5 'maub(ge), then gy € T(F*)ga.
(ii) The 0-centralizer of myu is T'; hence myu is strongly 0-regular.

(iii) If g1 € G, and gy 'myub(gy) lies in the support of ¢, then g, € T,1I,.
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Proof. Let g = gi1g,"'. It is enough to show that ¢ € M,y = T, hence it suffices to show that
(ub)™g(uf)~"™ remains bounded as n ranges over Z. Furthermore, it is enough to let n range only over
multiples of r.

Let n be any positive integer. We have

g1 (maud) ™ g1 = g5 (maub) ™ g,

and thus we have

[N (ma) N (u)0"]" = g[N,-(ma) Ny (u)6]" g~

since recall that m,uf and mouf are elements in G, x (#). Since u commutes with m, and my, the

terms in each set of brackets pairwise commute, so that we have

[Nr (u)er]ng[Nr@L)QT]_n - Nr<m1)_ngNr(m2>n'

The left hand side is just (u#)"™"g(uf)~"™, the right hand side remains bounded since it is inside
T(F)19T(F),. This shows that g € M,y = T and proves part (i).

Parts (ii) and (iii) follow from part (i). ]

We see that ¢, ,, is a smooth compactly-supported function on G, and it is invariant under ¢-
conjugation by elements in 7, by definition. Let » = 1 (hence # = id and u = t), we get the similar
smooth compactly supported function f;, on G, and it is invariant under conjugation by /. We have

the following lemma.

Lemma 11.1.2. The functions ¢, , € H(G,, pr).
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Proof. The calculations in the proof of Lemma 8.1.3 in [Hai12] stay valid here. To show that supp(¢,,,, ) =
9, = Il,ul,, the proof in loc. cit. uses results from [Lab95], Prop IV.1.1, namely to show the map
11.1.1 has I, ul,, we show that the image of the map and /,.u/, have the same volume. The calculations

of the volumes are still valid in positive characteristics. [

11.2  Orbital Integrals of Elementary Functions

We normalize the Haar measure dg on G, (resp. ds on 7T,.) so that I, (resp. T'(F}.);) has measure

1. We use this to define the quotient measures dg on 7'(F')\G,. (resp. ds on T'(F)\T}).
Proposition 11.2.1. The following statements hold.

(1) Foré € G,, TOso(by) is non-zero if and only if ¢ is O-conjugate in G, to an element of the form

mu where m € T(F,.). For such m we have

TOmu,9<¢u,Xr) = X;l(m)

(2) For~y € G, O,(f:) is non-zero if and only if 7y is conjugate in G to an element of the form mgt

where mg € T(F')y. For such mg we have

Omot(fra) = X (mo)

Proof. Tt suffices to prove (1). If TOs(¢, ,) # 0, then § is f-conjugate under G, to an element of
the form mu, where m € T'(F});. Hence we can assume 6 = mu, in that case by lemma 7.4(ii), we

know that G$,(F) = G2,,,(F) = T(F). Now if g € G, is such that g"'muf(g) € supp(¢.., ), then
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we have g € T,.I,. Then using our choice of measures, we get

/ b (g~ mu(g)) dg = / b, (5~ mub(s)) ds
T(FO\G,

T(F)\T

_ / 67 (s7'mb(s)) ds
T(P\T,

where gbleXT denotes the elementary function on 7, associated to u = 1, which takes value y, '(m) on

the image of the map

T(FE)\T(F,) x T(F,)1 — T,

[k, m] — k™ 'm0(k).

which is just T'(F,);. Hence ¢7" is simply the characteristic function 1p(g,), of T'(F,); times the

character x!. Thus we have proved that

TOGo(du) = X (m) TON (1r(r,y,)

We claim that 707, (17, ) = volas(T(F)\T(F)T(F);). Indeed we have

1O rey) = [ a7 mb(s) ds
T(F)\Tr

= vol({s € T(F)\T, : s"'mf(s) € T(F,):})

Since m € T(F,); we see that s7'm#f(s) € T(F,); is equivalent to s~'0(s) € T(F,),. Therefore
s := s '0(s) € H'(F,/F,T(F,);) = 0, therefore we can find ¢t € T(F}); such that st = 6(st), in
other words, st € T(F'). We see that s € T'(F)T(F},);. The other direction is obvious, hence the
claim.
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muf

By our choice of measures, this volume equals 1, therefore TOS” (¢,) = X, *(m), as desired.

O
Lemma 11.2.2. We have the following statements.
(i) Let mg, my € T(F')y. Then mot and mgt are stably-conjugate in G if and only if my = myj,.

(ii) Let m,m' € T(F,);. Then mu and m'u are stably 0-conjugate in G, if and only if they are

0-conjugate by an element of T'(F,);.

Proof. We take r = 1, hence § = id and v = ¢ in lemma 11.1.1 (i), we get if ¢ € G(F*) such that

g 'motg = mjt, then g € T(F*), hence we have my = mj, as desired. For part (ii), we have mu is
stably f-conjugate to m'u if and only if N,(m)t = N,(m')t. From part (i) this holds if and only if
N,.(m) = N,(m’). Therefore, there exists a ¢ € T(F*) such that g~*0(g)m = m’. As in the proof
in the previous lemma, we can show that g € T'(F)T(F,);, but the T'(F')-part won’t contribute to the

0-conjugacy, therefore we can assume that g € T'(F}.);. [

Corollary 11.2.3. For every 6 € G,, SOs9(¢uy,) = TOmug(duy, ), where mu,m € T(F,), is any

element of this form which is stably 0-conjugate to .

Proof. 1f ¢ is not stably #-conjugate to an element of the form mu, then both sides are zero. Now
we assume that 6 = mu, then the non-zero summands in SOgy(¢,, ,,) are of the form 7O, (¢y,)
where mu and m’u are stably #-conjugate, and we notice that the coefficients e(m’u) and a(m’u) in
the definition 8.1.1 are all equal to 1 since m’u is strongly 6-regular (Lemma 11.1.1 (ii)). Thus from

Lemma 11.2.1 (ii), only one term appears in this sum.

Proposition 11.2.4. The functions f;, and ¢, . are associated.
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Proof. We first show that SO, (f; ) # 0 implies that v is a norm from G,. From Proposition 11.2.1
(2), we know that ~ is stably-conjugate in GG to an element of the form mgt, mg € T'(F');. By the fact
that N, : T'(F,.); — T(F); is surjective ([Hail2], Lemma 8.2.1), we know that m, = N,.(m) for some
m € T(F});. Since t = N,.(u), this shows that v is a norm from G,..

Next we assume v = N,.(§) for an element § € G,. If SOsp(du.y,.) # 0, by Proposition 11.2.1
(1) ¢ is stably f-conjugate to an element of the form mu. Then from the previous lemma and corollary,

we have

5056(¢U7Xr) = TOmu9(¢u7xr) = X;l(m)-

Letting mo = N,.(m), then - is stably-conjugate to the element mt and the same reasoning then

gives us

SO, (fix) = Omot(fix) = X_l(mo)v

and since mg = N,(m), we see that x;"1(m) := x L (N,.(m)) = x "1 (mq).

If SOs0(¢u,y.) = 0, then § is not stably #-conjugate to an element of the form mu. Now if
were stably conjugate to mgt, then writing mo = N,.(m) we would have that N,.(J) is stably conjugate
to N,.(mu). But then this would imply that § is stably f-conjugate to mu, which is a contradiction.

Hence we have SO, (f:,) = 0 as well. O

11.3 Traces of Elementary Functions

Let IT denote a 0-stable admissible representation of G(F}.), and we fix an intertwiner [ : 1T ~

I1°. Let Oy denote the locally constant function' representing the functional ¢ + (trILl,, @) for

"Harish-Chandra [HC06] proved stronger results, namely, he showed that Oy is locally integrable and supported on
the regular semisimple elements over char 0 fields. Over function fields, similar stronger results exist with restrictions
on the residue characteristic, see [AGK™26] for GL,, and [CGH14] for general reductive group G over sufficiently large
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¢ € C°(G(F,)), whose existence is shown for any (not necessarily connected) G and any field & by

Adler and Korman (see [AKO7], Prop 13.1). Thus we have

(tr Iy, 6) — /G Ors(9)(g) do.

We calculate this trace for ¢ = ¢, ,, using the map 11.1.1. Let dk denote the quotient measure on

T(F.)1\I,. The change of variables formula yields

(trTlp, ¢y, ) = ¢~ 2P / / One (k™ 'mub(k)) - du, (k' mud(k)) dm dk
T(Fr)i\Ir JT(Fr)1
= ¢ / Ormg(mu)x, * (m) dm (11.3.1)
T(F)
=@ [ Gnafmu)y; ) dm
T(F)
Here 11 is the Jacquet module of 11 corresponding to the Borel subgroup B, = T,.U,, and the equality
Omne(mu) = Or,9(mu) is due to Prop 7.4 in [Rog88], which generalizes Thm 5.2 in [Cas77]. We
notice that these results are unconditional of characteristics.
From now on, we write W (resp. W,) for the relative Weyl group associated to the maximal

F-split (resp. F,-split) torus A (resp. A)in G.

We will continue to compute the trace

<tr HI@a ¢u,x7»> ;

for any irreducible #-stable representation II of (G, with intertwiner /.

characteristic.
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Let = denote the set of characters on 7'( F;.) which extend some W,-conjugate of x,.. Let Z(x,.) C
= denote those whose restriction to T'(F}.); is precisely x,.. Let =0 (resp. E(Xr)a) denote the subset of
-fixed elements in = (resp. =(,)). From now on, ¢’ will denote an arbitrary element of =.

Recall that IT;; denotes the Jacquet module of 1T relative to U,. Because (II%)y = (Ily)?, the

intertwiner Iy : IT ~ I1? induces an intertwiner I : II;; ~ H‘z,. We have that II;; is a subquotient of

(@5 =04 ) Cue

weW,

where Cu is the 1-dimensional representation of 7, corresponding to the character “¢’. Thus there
is a well-defined subset Z(II) C = and positive multiplicities a¢ := ag iy for & € =(II) such that, as

T'.-representations,

Iy =o4° P C&. (11.3.2)
¢'€E(I)

Since I1%, is isomorphic to ITy;, the set Z(I1) is fixed by 6.

We set Z(I1)¢ = = N Z(I1), and also Z(11, x,)? := Z(x,)? N Z(I1). Further, for £’ € =%, we set
n . . s1/2 A
For ¢’ € Z(x.), since {'|p(p,), = X, We can write
~ 1

gl = XrN

for a unique unramified character 1’ on 7., and ¥, is an extension of y, to T'(F})..
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Proposition 11.3.1. In the notation above, we have
(tr Iy, fuy,) = a7 Y ' (u)tr(Ip, ILE). (11.3.3)
§eE(ILxx)?
Proof. We rewrite the integral in 11.3.1 using 11.3.2. It is

/ X H(m) (e iy (mau) Iy; (5;2 @ Cg§/> dm.
T(F) ¢/€x(Im)

The isotypical component 5%3/,« Q(sz/ can contribute to the trace of IT;; Iy only if ¢ € Z(I1)? and in that

case Iy Iy preserves the component. Thus the integral can be further expressed as

> / X (m) e Ty (ma) Io; 64°Cef') dm (11.3.4)
T(Fr)1

g'eE(Im)?

On 5% ZCZ,EI appearing here, I1;;(mu) acts by the scalar

2 ()€ (mu) = ¢~ (m)e (w) = ¢~ (m)y (w).

Where we recall that dp, (u) = |det(Ad(u); Lie(U.(F)))|r = ¢ "% = ¢ 27, Thus 11.3.4

becomes

0 Y @) [ e m)dm

E'EE(H)G T(FT)l
By the orthogonality of characters on the abelian group 7'(F}.);, we know that the integral is 1 if and
only if ¢ = x, and 0 otherwise. Therefore, the only £’’s that survive in the summation are those whose

restriction to T'(F}.); is exactly .., in other words, those & € Z(I1, x,.)’. Therefore the proposition is
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proved. [
We use e, to denote the idempotent e, € Z(G, p) with support I, whose value at k € I is p(k) .

Lemma 11.3.2. We have

> tr(Ip,IL¢) = (trye,,) (11.3.5)
§'eE(I)°

Proof. By definition, we can write the right hand side as

/ (tr T1(g) Iy, TI)e, (g) dg = / (tr TI(g) 1o, T Ve, (9) dg

I, I

= <tI‘ Iy, Hpr>

And by the isomorphism I = H’[‘f ([Hai], Prop. 6.0.1) and 11.3.2, this can be written as

” 1/2 Qgr
(trIp 1Y) = (tr Dy 6" P C&)

§e=(Ixyr)?
O
Corollary 11.3.3. We have
(tr Iy, Py, ) fumr = (tr1lly,e,,). (11.3.6)
In particular, if r = 1, we have
D dim(CgET) = (trm,e,). (11.3.7)

§€E(m,x)
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Chapter 12: Proof In the Strongly Regular Elliptic Case

12.1 Local Data

We first give the definition of the local data, which is the necessary bridge between spectral side
geometric side of the theory. We assume G is any unramified reductive group defined over local field
F. Let E/F be an unramified extension of degree r, denote 6 to be a generator of Gal(E/F’) as usual.
Let G, := G(E).

LetIrr, (G) (resp. Irrf(m », (G7)) denote the set of irreducible (resp. irreducible §-stable) admissible
representations in R, (G) (resp. R, (G,)) that transformed by A (resp. A,) under the center action.
We define H(G,, pr, A1) to the algebra of compactly supported functions on G,./Z(G,.) transformed
by p, (resp. A™!) under the subgroups I, (resp. Z(G,)), and similarly for H(G, p, A\71).

We define the local data adapted to Trr, ,(G) to consist of data (a), (b) and (c), subject to

conditions (1) and (2) below:

(a) An index set Z,, possibly infinite;
(b) A collection of complex numbers a;(7) for i € Z, and 7 € Irr, ,(G);

(c) A collection of complex numbers b;(II) fori € Z, and II € Irrfm a (Gr).

(1) For an fixed 4, the constants a;(7) and b;(II) are zero for all but finitely many 7 and II.

(2) For ¢ € H(G,, pr, \71) and f € H(G, p, \71), the following statements are equivalent:

(A) Foralli € Z,, we have ) _a;(m)(trm, f) = > b:;(IT)(tr I11y, ¢);

(B) For all strongly regular elliptic semisimple norms v = N(§), where v € G and 6 € G,,

we have

SO4(f) = SO0s0(9).
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Remark 12.1.1. Since G might not have a compact center and the functions we consider here are only
compactly supported mod centers, the trace {trm, f) (resp. (tr1ly, ¢)) should be understood to be

defined over G |Z (resp. G, /Z,) instead of over G (resp. G..).

12.2  Global Setup

From now on, we embed the local situation into a suitable global setup, in order to apply the
stabilizations of (twisted) simple trace formula to prove the existence of the local data.

We assume Gye; = G.. We may assume that G is split over an unramified extension K/ F such
that £ C K. We choose a degree [K : ] cyclic extension of global function fields £ /F and a finite
place vy of I such that i, is a field and K, /F', = K/F. Then there is a degree r = [E : I] cyclic
extension £/F with E C Kand E, /F, = E/F.

The Tchebotarev density theorem is still valid in positive characteristics (for example, see [Jar82]),
therefore we can find an inert place v; of F, v; # vy with Gal(K,, /F, ) = Gal(K/F). In addition,
we fix two more auxiliary finite places v, and v3 of F' where E/F splits completely at these places.
We can assume that vy & {vy, vo, v3}.

There is a quasi-split group G over I’ with the property that G xp F, = G. We set G =
Resg / rG g BY the reduction steps, we can assume that Z(G) is an induced torus over F', and denote
G* = G/Z(Q). Let 6 denote the F-linear automorphism of G from § = Gal(E/F) = Gal(E/F).

We may assume that the groups G and G have simply connected derived subgroups and split
over K. In order to apply the stabilization results in §10, they have to satisfy the Hasse principle for

H'onG*and G, namely ker' (F, G*) = ker' (F, Q*) = 1. Since v; splits completely for i = 2, 3, we
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have identifications

G(E,)=G(E,) x - xG(E,)

—v;

with r factors, and Gal(L£,, /F, ) acts by cyclic permutations. Same decompositions and permutations

hold for G*(E,,.).

We write ¢ = ¢ ® ¢,, = @y, for a pure tensor element of C°(G*(Ag), A™") for a global

unitary character \ : Z(Ag)/Z(E) — C* over places of ' and similarly f = f* ® f,, = ®,f,. We

write ¢ for ¢,, and f for f,,.

We will always use the symbol S3 to denote a finite set of places of F' such that v3 € S3 and

v1, vy ¢ S3. Finally, we consider triples (¢, f*0,S3) satisfying the following conditions.

(a)

(b)

(©)

(d)

At any place v ¢ S3 U {v1, 02}, the group G x p F', and the extension £, /F, are unramified.

The function f,, (resp. ¢,,) is (up to a scalar) a pullback of generalized Kottwitz function on

G*(F,,) (resp., G (F,,)) satisfying the conditions in Lemma 10.3.1 (a). In particular, \,, =

triv. Moreover, we may assume they are associated, as in §8.2 of [Hai09]. We notice that this

construction requires that £//F is inert at v;.

The function f;, is a coefficient of a supercuspidal representation, ¢,, = f,, ® --- ® f, and
Joo = fi, %= fi,. Thus (¢y,, f,,) are associated and have nonvanishing (twisted) orbital

integrals at (6)-elliptic strongly (6)-regular elements which are close to the identity. Notice that

these functions are only compactly supported modulo centers.

For any v € S3, f, (resp., ¢,) is supported on the set of strongly regular elements (resp., elements
with strongly regular norms), and (¢,, f,) are associated. Moreover, the function f,, (resp., ¢,;)

is supported on the set of elliptic elements with strongly regular elliptic images in G*(F,)
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(resp., elements with elliptic norms).

(e) For any other place v ¢ S3 U {vg, vy, v2}, the function f! (resp., ¢)) is the unit element of the
spherical Hecke algebra of G*(F',) (resp., G*(E,)). Then (¢!, f!) are associated by [Kot86a].
We then form the function ¢, (resp., f,) to be the pullback of ¢! (resp., f/) with the trivial central

action. Therefore (¢, f,) are associated by Lemma 9.3.6.

(f) Atevery place v of F where E/F splits, we have ¢, = f/ ® - - ® fl and f, = f] % ---x f! for

an appropriate function f/ so that (¢,, f,) are associated.

We note that by the above conditions, the functions f, and ¢, are assumed to be associated at every

place v # vy.

12.3 Existence of the Local Data

We prove that local data adapted to Irr, »(G) in this subsection.
By abuse of notations, we use R(¢) (resp. R(f)) to denote the action of ¢ (resp., f) on
the cuspidal spectrum L2 (G*(E)\G*(Ag), \) (resp., L2, (G*(F)\G*(Ar), \)). Let I, denote the

cusp cusp

intertwining operator on the same space given by () (z) := ¢(0~"(x)) for ) € LZ,,(G*(E)\G"(Ag), \)
and x € G*(Ag). The existence of local data comes from the following proposition. We say that f,,
and ¢,,, are associated at strongly regular elliptic norms if they are associated for every strongly regular

elliptic semisimple norm in the adjoint group v = AN¢ in G(F,, ) whose image 7 is also strongly

regular elliptic semisimple in G*(F, ).

Proposition 12.3.1. There is a constant ¢ # 0, depending only on (G, E/F), with the following

property: the functions f,, and ¢, are associated at strongly regular norms if and only we have the
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equality of traces

tr(R(¢" @ buy)1g) = ctr R(f™ @ fo,), (12.3.1)
for every triple (¢™°, 0, S3) satisfying conditions (a)-(f) in §12.2.

Proof. For the "if” part, at the place vy, if we are given 79 = N d; for (resp. 0-)strongly regular elliptic
semisimple element 7, € G(F, ) (resp. & € G(L,, ) ), we choose an appropriate global element

d € G(F) such that:
(1) &y, is close to g at vy and close to 1 at vs;
(2) o, is f-elliptic and strongly #-regular at = 1,2, 3.

Thus ¢ itself is f-elliptic and strongly f-regular. Then we can choose the set S3 and the associated
functions ( f"°, ¢"°) such that, the geometric sides of 12.3.1, according to the stabilization process, take
the stabilized form of equations 10.4.1 and 10.4.3, which involve only the term indexed by v := N.
The second sums in those equations, which are the sum of adelic (twisted) orbital integrals can be
written as a product over all places of local stable (twisted) orbital integrals, and at all places except
Vg, these are nonzero (by choice) and matching. Then the identity 12.3.1 will force the matching

at vy, namely, SOg;(QE”O)(quO) = SO%)(EUO)( fs)- By Lemma 8.9, we then have SOii%

vo)
’ (sto) =
G(F G(E G(F,
SO;,(O*”O) (fuo)- A continuity argument then forces the desired identity SO;O({”O) (o) = SO%(*“O) (foo)-
For the “only if” part, we just need to use Proposition 10.4.1, since for 12.3.1 to be true, by

G(E
0

assumption, the only ingredient we need is simply .S Ogi ) (o) = SO«,QU(OE”O) (fu,) forevery v = N,

which holds by assumption. [

Proposition 12.3.2. Local data adapted to Irr, \(G) in the sense of §12.1 exists.
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Proof. On the spectral side, we can rewrite equation 12.3.1 as

Z(trﬂlg,qﬁ) = cZ(trw, ),

I

where the sum is over automorphic cuspidal representation II (resp., 7) in the decomposition of the
space L2, (G*(E)\G*(Ag),\) (resp., L2, (G*(F)\G*(AFr),\)). Using the product decomposition

cusp cusp

of ¢ and f, this is

S [ty ¢) = > [ £) (12.3.2)
I v T v

Therefore the identity 12.3.1 is equivalent to the identity 12.3.2. Fixing the functions ¢,, f, at the

places other than vy, for each we get an identity

DI Ty, gt T o, 60) = D (™, [ {tr o, fy).

11 T

Assuming f,, and ¢,, range only over functions bi-p-invariant under a fixed Iwahori subgroup, then
at vy, the function is bi-invariant under the pro-unipotent of that fixed Iwahori subgroup, outside of vy,
the functions must be biinvariant under certain open compact subgroup ([GH24], Lemma 5.2.1). That
is to say, the level at all places are fixed. Therefore, we can just apply an adapted version of Harish-
Chandra’s finiteness theorem (Lemma 12.3.3) for cusp forms to see that, the number of representations
IT (resp. ) make nonzero contribution to the above identity is finite.

Since the sums that we want ultimately in the local data are over automorphic representations of
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local component at vy, we regroup the summation as

ST DD (™I, ")y Iy, dug) = D [ D> (ra™, o)) (trmyy, fuy)- (12.3.3)

My TI's.t. Tvg st
~ ~
IT, , =1y, Moo =Tvg

Where the outer sums are over isomorphic classes of irreducible cuspidal (f-stable) automorphic

representations of G(E,,) (resp. G(F,,)) that transforms under the central character A,

(resp. A,H).

In particular, they are in Irr’ (G(E,,)) (resp. Irrivo, Mg

Xr,vg 7>\r,v0

G(F,,))). Now we set

b(I,) = > (I, ¢%)

II' s.t.
I, 1,
a(my,) = > (wra™, f)
7’ s.t.
’TI';)OET('UO
Then 12.3.3 becomes
D b, )t Ty Iy, dug) = Y Ty {0 Ty, fo), (12.3.4)
HUO g

therefore, the implication (B)=-(A) in the definition of local data is proved.

Assume that 12.3.4 holds for the functions ¢,, and f,,, since we already fix functions at other
places v other than vy, we get 12.3.3, thus 12.3.2, ultimately 12.3.1. Then we get ¢,, and f,, are
associated at strongly regular norms by Proposition 12.3.1, hence the implication (A)=-(B) is also

proved. 0

Lemma 12.3.3. (Harish-Chandra’s finiteness Theorem for cusp forms over function fields) Let K

be an open compact subgroup of G(Ap), let V(X K) denote the space of cuspidal functions f
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G(F)\G(Ap)/K — C such that f(zg) = X\(2)f(g) forall g € Z(Ap). Then:

1. There exists a compact subset C C G(Ap) such that every function in Vg, (X, K) is supported

on Z(Ap)G(F)C.
2. dim Ve (N, K) < 00

Proof. For (i), see [Har74] Theorem 1.2.1, also [GH24] Theorem 9.5.1. (ii) follows from (i) by
noticing that the value of such f € V (A, K) is determined on the finite cosets C'/ K (we can always

enlarge C' to contain K). O]

12.4 A Further Reduction

In this subsection, we show that the existence of local data adapted to Irr, \(G) for all unitary
characters X implies the existence of local data adapted to Irr, (G), so that we are back to the scenario

considered in [Hail2]. The local data adapted to Irr, (G) is given analogously as follows:
(a’) An indexing set Z, possibly infinite;
(b’) A collection of complex numbers a;() fori € Z and 7 € Irr, (G);

(c’) A collection of complex numbers b;(I1) for i € Z and IT € Irrf(r(Gr).

(1”) For i fixed, the constants a;(7) and b;(II) are zero for all but finitely many 7 and II.
(2°) For ¢ € H(G,, p.) and f € H(G, p), the following statements are equivalent:

(A’) Forall i, we have ) _a;(m)(trm, f) = > bi(I1)(tr [11p, ¢);
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(B’) For all strongly regular elliptic semisimple norms v = N (), we have

S0,(f) = SO0s0(¢).

Proposition 12.4.1. Assume local data adapted to Irr, \(G) exists for all unitary character \ on Z,

then the local data adapted to Irr, (G) exists.

Proof. Indeed, given that local data exists for every unitary character A\, denote Z) to be the index set
in the corresponding local data, we take Z = HI,\. For 7 € Irr, (G), if m € Irr, \(G), then we take
a;(m) to be the complex number in the local dat; adapted to Irr, ) (G), otherwise we set a;(m) = 0. We
set complex numbers b;(II) analogously. Therefore we have data (a’), (b’), (¢’), subject to condition

(1).

If (2°)(A’) is satisfied, for any character A and all i« € Z,, we have

D ai(m)(rm, ) =Y bi(I) (e Iy, 6).

™ 11

It is straightforward to check that for 7 € Irr, ,(G) (resp. Il € Irr, . (G,)), we have (trr, f) =
(trm, fr) (resp. (trllly, ¢) = (trllly, ¢,,.) ) (recall that the latter traces are defined over G /7).
Therefore, we have (f\, ¢,,) are associated for any unitary character A on Z. By Lemma 8.3.2 (i)
and the further reduction to unitary characters, we can assert that (2°)(B’) holds.

Similarly if (2°)(B’) is satisfied, we just reverse the above process to get (2’)(A’). Therefore we

have the existence of local data adapted to Irr, (G).
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12.5 End of Proof

We fix ¢ € Z(G,, p,) and f = b(¢) € Z(G, p). By the various reduction steps, we may assume
7 is a strongly regular elliptic semisimple norm, i.e., v = NV (9) for some 6 € G(E) #-strongly regular
f-elliptic semisimple.

We need to show that for each 7 € Z, the identity (2°)(A’) in the definition of the local data holds.

Dropping the 7, we need to prove that

> a(m) (e, (bg)s) = Y bID){tr Iy, da).

T II

By Proposition 11.2.4, the equivalent statements (2°)(A’) and (2’)(B’) hold for each part of elementary

functions ¢,, := ¢,, and f; := f;,, thatis,

> a(m)(wr, (f)x) =Y bII){tr Iy, (¢u)an)- (12.5.1)

™ 11

We can rewrite right hand side as follows:

(T, (6u)an) = / Oro(g) (du)x(9) dg

Gy

- / Or(g) / bu(g2)A "IN (2) dz dg
Gr Z2(E)

= AN IN(z On w(g2)dgdz
/m <>/T o(9)bul97) dg

= A IN(z Omo(yz HNou(y) dy dz
/Z(E) <>/ o(y=")buly) dy

T

= / <tI’HIg,¢u>dZ
Z(E)
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We can rewrite the left hand side using 11.3.3, in the case where » = 1, we get

D a(m)(wr, f) =g Y a(m) D () dimCE,

T welry (G) £€E(m,x)

—gv? 33 am Y p)dimCE),

§0€E(X)/ Wy m€iG(€0) §€E(m,Xx)

(12.5.2)

where &, ranges over a set of representatives for the 1V, -orbits on the set of =(x) of characters on 7'(F")
extending x on 7'(F);, and for the second identity, we use the description of irreducible objects in
R, (G) as the subquotients of i (yn) for some unramified character n of T'(F'). Since n(t) = n(N(u)),

12.5.2 is a linear combination of characters which are evaluated on v = w".

If we try the same strategy on the right hand side, we get

Y b Ty, ¢) = g7 Y b(I) Y o (w) tr(lp, 11, )

€' €E(I,xr)?
_ q<p,T> Z Z b(1T) Z ' (u)te(lg, 1, £").
§EE(Xr)? /Wi, TEi G (€)) §EE(ITxr)?

Since later we want to separate the contributions of those £, which are norms and are not, this creates
difficulty, since that given two different elements in Z(x,.)’ which are W, -conjugate, it could happen
that one of them is a norm and the other is not. Therefore we need to change the way of grouping

characters, by the following lemma:

Lemma 12.5.1. If &}, &, belong to =(x,)? and are W, -conjugate. then one is a norm if and only if the

other one is.

Proof. Assume that there exists a w € W, such that £, = £}, and without loss of generality we

may assume & (t) = & (Nt) for some character £ on T'(F') for t € T(F,). Then clearly &(t) =
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E(wtw) = &(N(w™Hw)) = & (w™ Ntw) = £(Nt), therefore &, is a norm as desired. O

Therefore, instead of W, -conjugacy, we group by W, to rewrite the right hand side in the

following way:

> bI)(tr Iy, ¢u) = ¢*7 Y () >y (u) (I, 1L, )

1 §eE(Txr)?
T Y Y Y A@ul e
EHEE(xr)?/ Wi I st & EWAENE(TTxr)?

(12.5.3)

Let 12.5.3,, (resp 12.5.3,,,) denote the contribution to 12.5.3 coming from those &, which are
norms (resp. not norms). By the previous lemma we know that all (resp. none) of the terms 7’
appearing in 12.5.3,, (resp. 12.5.3,,,,) are norms.

Now we can regard each side of the identity

12.5.2 =12.5.3, + 12.5.3,, (12.5.4)

as a linear combination of characters on v € X*(AF )**, the set of regular dominant cocharacters in
X, (Af"), since u = v(w). The equation 12.5.4 holds for any regular dominant cocharacter. The linear
independence of characters on X, (Af") implies the linear independence on X, (Af")™" if we restrict
the characters to the latter set. Thus we have that the equation 12.5.4 must hold for v = 0, that is for

u = 1. Then from 12.5.4, we have two identities

12.5.2]u1 = 12.5.3,|ucs (12.5.5)
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0 =12.5.3m|ur (12.5.6)

The linear independence gives us a stronger statement: the contributions of each &, € Z(x,.)?/W, to
the above equations satisfy corresponding identities. Using Corollary 6.2, for each &, € Z(x,.)? /W,

we have the following identities:

Yo D am(rme,) =

E0€E(X)/Wx meiG (&)
s.t. §0T=§6

(12.5.7)

> Y (e 1LE)

IIs.t. & EWELNE(TL,xr)?
W )NE(IT,xr )0 #0 e

Notice that if & is not a norm, then the left hand side of 12.5.7 vanishes, and the right hand side also
vanishes because of the equality 12.5.6.
Next, we sum these equations over all W, -orbits of & in W,, &) N =(x,)?. The right hand side

will simplify in the sum because of the identity 11.3.5. Hence we get an equality

Z Z a(m)(trm, e,) =

S€E()/ Wy meif(&o)

s.t. Sor €Wy, &) (12.5.8)
> b(I) (Il ep,).

eiG (&)

Finally, recall that if £, = &y, then by Lemma 5.2.1, b(¢) acts on i%(&,)? by the same scalar by which
¢ acts on i3’ (&)). Thus multiply both sides of 12.5.8 by the scalar ch, (b(¢)) = che (¢), we get an
identity of the same form, but wuth e, (resp. e,) replaced by ¢ (resp. b(¢)). Then summing over all

& € E(x»)/Wy,. we get the desired identity 12.5.1. This completes the proof of Theorem 1.1.1.
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