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One enduring problem in the field of mathematics education is preparing
teachers to present mathematics in sufficiently deep and meaningful ways to their
students. A focus of this preparation is developing in practitioneiisisuff
knowledge of mathematics for teaching. Mathematical knowledge for teaching has
been theorized widely and is currently the focus of many empirical investigations in
the field. This study positions itself within tHigerature and seeks to connéwog
research tandergraduate, preervice elementary school teachers (PSTs), and the
content courses which comprise the bulk of their mathematical preparation within a
typical university teacher education program.
Little is known about the impact thatetbe courses have on teacher knowledge

and still less has been studied about the efficacy of different pedagogical

mathematical approaches in these courses among PSTs. In order to test claims



made in situated learning theory and respond to prevalaticgloihetoric about

mathematics teacher education, this project compared mathematics courses designed

for PSTs in two different universities along three dimensions: (1) Differences in

pedagogical and mathematical approaches to developing content knevdedg

teaching in PSTs; (2) Resulting differences in PST performance on mathematical

knowl edge for teaching instruments (3) Res

about mathematics, teaching, and their per

anicipated work as elementary school teachers. Data from multiple data sources

reveals that, though differences were smal

teaching was substantively different between the two campuses. In addition, the data

indicate that BTs developed different attitudes about mathematics and teaching.

Finally, PSTs0 evaluated their courseodos re
This study suggests that when designing content courses fseiee

teachers, teacher educatdnsgld pay close attention to the interaction between

mathematical approaches and pedagogical perspectives.
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Chapter 1The Problem of Teaching Mathematics to Teachers

Introduction

How do we ensure that all teachers of mathérsdénow the mathematics and pedagogy
essential for teaching the subject?

Skip Fennell, National Council of Teachers of Mathematics President, NCTM News Bulletin (July 2007)

The question by Fennell (200apoveimplicitly represents &vofold problem,
both pieces of which pose persistent challenges in mathematics education: what should
teachers know and how do they come to know it in such a way that it fosters effective
teaching practiceThis is an issue | have encountereiasmmunity college
mathenatics irstructor. e of my responsibilities is to teach mathematics courses for
pre-service elementary school teachers (PSTs). In thewamionsof the courses |
taught, | concentrated on giving undergraduates a be¢hestcenes loolat mathematics
that they tooKor granted, or worse, never learned. In order to help them connect our
discussions in class to classroom teaching, | required the PSTs to complete a service
learning project which focused on helping children to learn mathematics in school
settings. These projects often took the form of aftdool tutoring programs or working
with a teacher at a local elementary school.

From my perspective, the results of the project were mixed at best. In more than a
few cases, students had to nawgednfusing bureaucracy just to set foot in a classroom.
When they had accomplished thisey were often sent to do menial tasks for their

cooperating teachers such as making copies or running school errands. Even when the



PSTs did not encounter theg#idulties, | found that their reflections about the
experience had little or no mathematical component. | had hoped that their encounters
with students and classroom mathematics would present them with mathematical issues
that intersected richly with éhtopics we discussed in class. | expecteddhiédrerts
guestions, difficulties, and intuitions would bring the PSTs closer to understanding why
they were enrolled in a mathematics course focused on elementary schol ltogheir
reflections,Ilhd hoped to read for example, that th
understand mukHdigit multiplication as an opportunity to discuss the importance of place
value,singled i gi't mul tiplication, and muRAstiplicat
they took noteswrote in their journalsand finally worked to summarize their
experiences, ¢xhortedPSTsto pay attention to the mathematics that they saw and did
with students and seek to draw connections between their experiences, but these requests
generallywentunfulfilled.

Meanwhile, the PSTs saw the assignment in a completely different light.
Sometimes, the PSTs discussed the fact that they saw students working on similar
mathematical ideas that we had during class, and that in the ocbimesping children,
they discovered confidence in thePfSTs knowl e
tended focus on classroom issues that were not specific to mathematics. They tended to
write in generalterma bout fAdi fferenti@mdierdg imfsuma cadtoiny
would naturally and easiligeepallc hi | dr en fAon tasko and (mira
understandingl was deeply skeptical that the PSTs understood the challenges implicit in
their writing about these things; their writing ofterggasted that the simple introduction

of manipulatives or games would create understanding, set up a constructive learning



environment, and make mathematics fun for students all at once. Despite this skepticism,

| realized that had underestimatedthe PS® desire to use the | anc
their other courses, thoskely often used by theirndergraduate professoesd

probablyby cooperatingeachersn these experience§ hey were discovering a new role

for themselves as teachers and soughpfay the language, roles, andrms of that

community, even thougthey were not yet a part of it.

Ultimately, | dropped the assignment from my courses, feeling that it had not
accomplished my primary goal ptishingPSTsto confrontc h i | dhinleng @absut
mathematicsand recognize the experierega key component of understanding how to
teach butlso ofunderstandingnathematis. Despite the assignment
by some measur es, I felt that tam&cliiwtiés t i me a
that could focus their attention on that which they so often needed the most assistance:
mathematicslt is important to note that nearly al my studentselated the experience
as being a positive one. In their reflective papers aedilacourse evaluations, they
consistently commented that it was one of the best components of the course; they felt
that they had learned much from participating in it. Although | felt that the assignment
had failed to help them think carefully abol televantmathematical ideas, it had
overwhelmingly succeeded in giving PSTs an opportunity to participate in classroom (or
classroordike) activities with an unfamiliar if not altogether new perspective: a
teacher 6s.

| sought to offer the PSTaherpaositive experiences like the one they had with
the service learning assignment while challenging them to deepen their understanding of

mathematics. But how could they come to know it in such a way that it would be



available to them in the classroom envirent, in which numerous spbkecond

decisions must be made on a regular basis? The service¢eassignment appealed to

P S Tdedire to play the role of teacher even at this early stage in their preparation, but
they clearly needed a less volatilevieanment in which to work, and which would allow
them to concentrate on the mathematicaaglthat they had yet to learn. What would

such an environment look like, and could it be incorporated into a mathematics course in

order to deepecaknbweldged mat hemat i

The Problem

Though working with service learning was an important learning experience for
me as a teacher educator, the quesiased by Fenneemainedwhat should teachers
know and how do they come to know it in such a way that itf®stiéective teaching
practice? What teachers should know is rightly tied to what children should know, but
that is a judgment that continues to be debated fiercely throughout the cotimary.
guestion okshouldis relentlessly elusive, due in large pgarthe high stakes attached to
mathematics education in the United States, and the influence wielded by many
interested and ofterconflictingd groups. On the other hand, the answer to the latter
guestionabout how teachers come to know what they shimelid different: it has an

empirical quality to it that suggedtsatit is a testable question.

Until recently, there was little evidence about whether teacher knowledge had an
impacton student achievememtathematics classroomidill, Rowan, andBall, 2005).
This positive correlation is unnerving given the evidence presentadhe last 25 years
have demonstrated a startling lack of mathematical knowledge among teachers (e.g.,

Cooney, 1985; Tirosh & Graeber, 1989; Stein, Baxter, & Leinhardt, 199@isZ&z



Campbell, 1996; Ma, 1999)Wh a t 6 swerkrow thateachers continue to use
decadesld methods while students continue to perform at disappointing levels (Fey,
1979; Stigler & Hiebert, 1999 This attention to teacher knowledge of mathemdiass
occurredcontemporaneously with a widespread push for reform in school mathematics,
the rhetoric of which places new responsibilities on the part of teatlznpert & Ball,

1999) For examplePrinciples and Standards for School Mathemafi€TM, 20)
suggests a vision of mathematics teaching that increases and deepens the knowledge
demands on teachers. In this document, teachers are called upon to make connections
among diverse branches of mathematics, incorporate ways of working that imitate those
of mathematiciarg such as encouraging the process of exploration, conjecture, and
proofd and use intuitive and often idiosyncratic ideas generated by some students to
foster the mathematical competence of all. In another influential policy document, The

Conference Board of Mathematical Sciences (CBMS, 2001) writes:

éto make intelligent curricular decision
teach current school curricula, future teachers need to know more

and somewhat different mathematics than mathematics depastme

have previously provided to teachers. Because they are being urged

to teach in different ways, prospective teachers also need to

experience learning mathematics in those ways themselves (p. 122).

These documentre grounded itraditional understatings of teacher knowledge and
yetbroaden it to include deeper knowledge of mathematics as a discipline stndexgs

experience it.

The result of such rhetoric in Maryland has been to create new course
requirements that include more subjewtter prearation for teachers in mathematics.

Because there is very little research about undergraduate content courses in teacher



education (Ambrose & Vincent, 2003; Wilson, Floden, Fetnindi, 2001), these

changes have been implemented at institutions atlresgate without explicit reference

to empirical results that may help inform their design or facilitate greater coherence
within teacher education programs. What 0s
are operating with a great lack of undemsiag how content courses can contribute

positively to teacher education programs and ultimately, to better teaching.

This call for a deepeningofe acher sdé6 mat hemati cal knowl
implicates teacher learning, an area of scholarship that teised increasing attention
in recent decadesSituated and sociocultural learning theories have influenced much of
this work (Putnam & Borko, 2000)These perspectives privilege the activities of
teachingpractice as central components of knowledgedaidh that learning is a
fundamental consequence of participating in these activities (e.g. Lave & Wenger, 1991;
Greeno, 1997). Communities of pracicepeople working together in a shared enterprise
such that every participant makes important contribsfidmave become central
components of many teacher education efforts (Garet, Porter, Desimone, Birman, Suk
Yoon, 2001) and form a foundation for framing the problem of teacher development over
time (CochrarSmith & Lytle, 1999; Hammerness, Darlittammond, Bansford,
Berliner, Cochras6 mi t h , Mc Donal d, & Zengangner, 2005) .
identification of themselves with teaching and its associated tasks are a central
component of this perspectivén addition, there is a growing body of research that
focuses on specialized knowledge that teachers must have in order to be effective. In the
two decades since Shulman (1986) proposed the existence of pedagogical content

knowledge(PCK), others (notably Ma, 1999 ahdl, Rowan, & Ball, 2005) have



demonstrated nd descri bed a c or omatematicaltkmowl&lgeu | ma n ¢
for teaching (MKT) The notion of knowledge held by teachasspart of and in service
to their roles and responsibilities in classrooms has made the use of situated theories of
leaming and knowing all the mo@mpelling

Undergraduate teacher education is a natural choice for putting these theories into
practice for the purpose of improving teacher knowledgewever, teacher education is
often considered inadequate to the taSireparing teachers for a variety of reasons.
First, some argue that the field lackseemmonknowledge base (e.g., Shulman, 1998)
that is employed consistently across preparation programs. Second, teaching and teacher
education has long suffered akauf intellectual and scholarly respect (Clifford &
Guthrie, 1988; Herbst, 1989; Labaree, 2004). In addition, there is a widely documented
tension betweenpreer vi ce teachersdé expectations and
agendas (Ducharme, 1993)t |&ast as far baclas Dewey (104), teacher education has
struggled with balncing theory and practice. THedensiors often translatanto a
perception thabothpre-service and practicing teachensintain theiracademic
preparations inadequate for cordnting therealities of teachingBritzman, 1986;
Eisenhart, Behm, & Romagnano, 1991; Zeichner and Tabact984; BorkoEisenhart,
Brown, Underhill, Jones, & Agard992). The resulting ethos is that teaching is a
practi ce best  0éemosedaodhe fradlitonal, indergyadubte education
program. It seems likely that if teachers dism@st of handheir academic preparation
as irrelevantthere is little that teacher educators can do to impR&& knowledge.

Several teacher del@ment environments have taken advantage of situated and

sociocultural learning theories am effortto address this probleand provide



opportunities to think deeply about mathematics, teaching, and their connections (Cohen,
2004 Harrington, 1995Lampert & Ball, 1998). These approaches rely on the use of
artifacts of teaching in order to engage PSTs and teachers in mathematical and
pedagogical ideas. These artifacts include iterob as student work, teachsstes,
classroom video, curricular matals, and written case$Vherethese opportunitielsave
beenavailable, theyypically have beenffered for practicing teachers with PSTs in
methods courses, late in their academic preparation. Therdénee that these
experienceb o o st tcanfidenbednr nmthematics thesach (Cohen, 2004) and
providean early opportunityo think carefully about the complex relationships between
mathematical ideas and the pedagogical choices teachers make (Lampert & Ball, 1998).
They ofer as well the opptunity to achievevhat may of the PSTs appreciated about my
service learning assignménthe chance to interact with children and teaching
practice® without all the intricacies and pressure of atteak classroom environment.
Despite positive resultsdm this work, there has been little application of this
perspectiveo content courses that PSTs take early in thadlergraduate programend
not much is known about how well these approaches foster the development of greater
mathematical understanditigat population Many questions thus remain about teacher
preparationin mathematics How can it address the lack of mathematical knowledge that
teachers often demonstrate? What approaches foster strong mathematical understanding
while promoting a pergztive on teaching that accounts for its complexities? Can using
activities and artifacts of teaching really bridge the gap between theory and practice while
further developing mathematical knowledge in PSTs? In order to address these issues, |

designedand carried out a research project that focuses on the following questions



(1) What mathematics do prospective teachers learn by engaging in activities
of teaching practice such as examining curriculum, student work, and
classroom video?

a. Do PSTswho regulary engagen such activities display
evidence of differentnathematicaproficiency than PST&ho
participate in more traditional course w@ark

b. Do PSTs engaging in such activities display different
mathematical knowledge for teachi(lKT) than PSTs
participating in more traditional course work?

c. Do PSTs engaging in such activities develop different attitudes
about mathematics and teaching than PSTs participating in more
traditional coursework?

(2) To what extent do prospective teachers see their mathematisg @oank
as relevant to their future work?

a. Do different course approaches set up differing perspectives
among PSTs on the contribution of the course to their future
work?

b. Do different course approaches set up differing views among
PSTs about their confidea@nd abilities in mathematics?

These questiongpresent an opportunity hallengeempiricallythe notion that
teachersé knowledge is embedded in activit
content for teaching is inherent to papiion inthese activities. Mre broadlythese
guestions alsaddress the question offered by Fennel above. Potential answers to the
first set of research questions are that there is no difference between the knowledge in the
two groups of teachers, or that centrating on teaching issues inhibits the development
of strong mathematical knowledge. However, | anticipated at the outset of this project
that instead, evidence would suggestied alternative: that PSTsho engage in tasks
that make explicit the relof teaching will develop more sophisticated understanding that
coincides with the vision of mathematics teaching espoused by the NCTM (2000). The
guestions also address the persistent | ack

expectations of teacher ezhtion and the importance of theory to teacher educators as

they seek to disrupt teacheussedtealpngr enti ces



artifacts in content courseses in fact address this gdlpen this suggests important
implications for thecontinuing debate about how to integrate theory and practice in

undergraduate teacher education.

10



Chapter 2Theoretical Lenses

How do Teachers Learn to Teach Mathematics?

DecisionMaking in Content Courses
As a teacher educator at a community g#glarany of my choices are constrained by
articulation agreements with state universities. Yet, there is still much latitude in seeking
experiences for students to learn the mathematics whédponsible foteaching to
them. These choices have ofterehdictated bysometacit assumptions about how
teachers come to know and develop their crafiough my courses were located within a
mathematics department, and my task was to teach them mathematics, they were
designed and intended for PSTs. As stiodiy future in teaching was never far from
their mind® or from mine | introduced the service learning iggsnent because | felt
thatencouraging PST® experience alassroom or tutoring situatidnr om a t eacher
perspectivavas a unique opportunity integrate issues of mathematics and teaching
hoped that it would bring important ideas abooitent and pedagogdg the fore, ideas
that lotherwisewould havehaddifficulty highlighting.

Empirical outcomes did not drive this decisimaking procss. | did not access
the literature, synthesize the results and plan a course of action accordetighuen
had | sought such literature and restdtapply directly to my situatign would have
found little on which to draw. The fact is that mokwhat we know about how teachers

learn to teach mathematics comes from research on practicing teachers, and to a lesser
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extent, from student teachers and interns. In turn, this work depends for its foundations
upon a long tradition of generalized theergd learning, and related results from teacher
development.In recent years, teacher education research has focused in large part on a
situated perspective on learning to understand more about how teachers develop their
practice (Putnam and Borko, 2000in. this chapter, | outline the foundations of situated
learning theory, its application to teacher education in general, and in mathematics

teacher education in particular.

StuatedLearning Theory

Theories of learning have occupied the attentigpsgthologists and educators
for at least the last century. Broadly speaking, this work can be broken into three
categories: behaviorism, cognitivism, and situated learning theory. While behaviorism
addresses learning as a system of psueelchanistic reponses to external stimuli that
can be strengthened with repetition, cognitive learning theory approaches it as the
acquisition and development of representations that order and strucagénidiee mind
of the knower. Like behaviorismognitive learing theory objectifies knowledge: it can
be acquired, stored, and retrieved by individuals. Situated learning theory on the other
hand asserts that knowledge is located within and among communities of people,
focusing on the activity and interactions tigare. There is no consensus about the
relationship between situated and cognitive learning theories: vitiéeex! learning
theory issometimegontrasted with the cognitive perspective (Anderson, Reder, &
Simon, 1996; Greeno, 1997; Anderson, Reden&dp, 1997; Cobb & Bowers, 1999;
Moore, 1999; AndersqrGreeno, Reder, & Simon, 2000), otheugigest that the situated

perspective developed as a reaction to limitations of cognitive learning theory and
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repr esent saveafthg sognitive nedolutim (Decorte, Greer, & Vershaffel
1996) Greeno (1997) and Cobb and Bowdr899) argue that the two theories operate
under fundamentally diffent assumptions, thougloore (1999)assertshat rather than
operating at some deeper level, the differemsbseen the twaremerely a shift in
vocabulary Simon (2009) claims that the variety of theories is useful because they
serve to address different kinds of questiofise debate regarding the distinctions
between cognitive and situated learning thedrascreated a need for theorists in the
youngermerspectivd situated learning theodyto refine and clarify the arguments and
assumptions that give it explanatory power. Because salient aspects of the situated
perspective are brought to light in this cersation, | note in some detail the critiques of
situated learning by theorists in the cognitive tradition.

For some situated theorists, its power lies in its ability to explain the uniqueness
of school learning (and knowledge) from other types of knoggrmerated in other
circumstances. Brown, Collins, and Duguid (1989) use such an approach in calling for
Acognitive apprenticeshipdo in school. The
disciplines and the culture that created them whitdrferes witha deep understanding
of these toolsind thus accounts for the difficulties that students have learning in school.
For example:

Old-fashioned pocket knivéshave a device for removing stones
from horses' hooves. People with this device may know its ddgean
able to talk wisely about horses, hooves, and stones. But they may
never betray or even recognize that they would not begin to know
how to use this implement on a horse. Similarly, students can often
manipulate algorithms, routines, and definitionsytihave acquired
with apparent competence and yet not reveal, to their teachers or

! Moore argues that situated learning theorists havepted tenets of cognitive learning and applied them
exclusively to groups instead of individaa
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themselves, that they would have no idea what to do if they came
upon the domain equivalent of a limping horse. (p. 33)

Bridging this divideei mpplreead i creesdti iprog farin

tasks and acti viti es-basedactiiesare boasidéredc . 0 Ma n

inauthentic in this view because they insufficiently matchool work withactivities that

occur outside of schoolvhichare not snple and discrete, but often complicated and

multidisciplinary? Brown, Collins, and Duguid argue that schooling as currently

conceived inherently stifles interactions

have ended up with wholly inapproprt e met hods of teachingo (p
A weakness of this approach to the theory is that it implies that some activity is

situated (or properly situated) and other activity is not. A primary criticism on this point

is made by referencing research in whichreas used knowledge in contexts that differ

substantially from that in which they were learned. Anderson, Reder, and Simon (1996)

review claims such as those made by Brown, Duguid, and Collins as misguided and

overstated. They argue that the notion dhaaticityfails to acknowledge that learning

occurs in discrete stages: Awhat 1 s i mport

evokes, and not what reaforld trappings it might have. Often, reabrld problems

involve a great deal of busy work andesffittle opportunity to learn thiarget

competenci eso ( pocuds)i.ng Tohne tphreo ciietsasr goeft fc o mp

isolatingtherelevant skills and learning each in turn before applying them together in a

more complex problem situation. Anden, et. al. assert that it is unreasonable to learn

2 Scholars such as Saxe (1985) and Carraher (1985) are often linked with situated learning because they
generate similar conclusions in their research. | do not include them here because within these particular
pieces, they do not associate themsedugicitly with this theoretical perspective.
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all skills of a complex practice simultaneously and that research in cognitive psychology
shows that dApart training is often more
ornearly s, ofthela g er t a &ndérsorf, Beder,@nd .Simon further argue that
while transfed the ability of an individual to employ knowledge acquired in one context
in another, different conteXtis often tenuous, it can be strengthened by encouraging
learners to refict on potential avenues for transfer during their initial encounter of
concepts.One could imagine an example of an algebra teacher pointing out that solving
simultaneous linear equations can be applied to linear programming problems, which the
class mayddress when the other component parts of the problem have beenearned
Situated learning theory seeks to address the problems of complex problem
situations and transfer through the concept of participation. i§ perhaps best
described by Laveande n ger 6 s sS#tuatediLearning: kegitimate Peripheral
Participation(1991); it is routinely associated with the foundations of situated learning
theory (Greeno, 1998). Yet the authors make explicit their dissatisfaction with the

perspectveast was then theorized, and offer i

ef

ns:

peripheral participationo as a transfor mat

years since its publication, situated theo

understandig, which builds on work like Brown, Collins, and Duguid (19&8i,
clarifies and refinethe position.

In an implicit criticism of Brown, et., alLave and Wenger disassociate
themselves with conventional notions of apprenticeship that privilege informa

experiencebased learning; such perspectives label only particutavitees as situated

3 Other component skills for solving linear programming problems might be: solving systems of linear
inequalities, constructing objective functions and constraints, etc.
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For them, guated cognition offered explicit recognition that all activity is situatElade
authors discourthe assertion that learning is situated inpractic fias 1 f it were
independently reifiable process that just
Instead, thewssert that learning ia critica] contemporaneousmponent of practice.
That is, Al earning i s ahpmacticenrithetvedan wanrltd of (|
35). As people engage with one another in communities to which they belong, learning
is an inextricable element of that interaction. The community of practice is the medium
in which legitimate peripheral participati operates. Within these communities are-new
comers and okimer® sometimes novices and experts, respectdveiyo are active in
continuously reproducing the community as rawners contribute more fully and eld
timers end their participation. Newomes 6 fil egi ti macyo refers to
membership in the community has purpose and substantially contributes to the
community, even when that contribution may be labeled srhlghce Lave and Wenger
contrast operati ng evancet Ase reBuft,¢hougipperiplrenald  wi t h
participation means that nesomers play a strictly supporting role in the community, it
is non¢heless one that serves to maintain the existehttee community.

Lave and Wenger describe five studies in whichtieery of legitimate
peripheral participation is readily illustrated. Through these examples, they outline
features of communities of practice that foster effective learning amongaoreers.
First, they note that the relationships between apprenticesiasters (or newomers
and oldtimers) are neither fixed nor consistent across practices. In some cases, the
relationship is quite hierarchical while others are egalitaridns means that there is no

single defining feature of the relationship betw@evices and experts, and that the
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relationship may be structured differently within communities of teachers than within
communities of welders or lawyer$lore important is the way resources are structured

to enable novices to participate in ways tlostér their learning and increase their

participation. For example, they highligh

mostly in relation with other apprenticeso

access to the practices, language, stnecture of full practitioners. Though their status
as peripheral participants means that they are not responsible for the entire range of
relevant activities, the ones with which they do work nonetheless simulate the central

practices of theommunity The tasks are lowstakes and typically highlight specific

aspects of practiceT hi s may be anal ogous to Ander son

Acomponent skills, o0 but it is most certai

in skill-building apart from their practice. Rathegw-comers focus dg on particular
aspects of the practicerhich at once acknowledges the complexity of full participation
and yet attempts to reduce that complexity for novices

Acquiring a practical language part of this, and represerda especially
important component ai o v i parécgpdtionin the community This language
acquisitionoccurs largely through narrative discourse about particularly difficult and ill
defined problemsvithin the practice Newcomers learn most effectively as participants
in discourse centered on issues of practice rather than strictly as passive observers of
others who talk about practice.

Participation in the community is neither exclusive of observation nor limited to
working in groups. For example, observation of tasks performed by others in the

community can be an integral part of participation. However, it is not a substitute for

17

n



more active contribution: Af dromtalkeasvac o mer s ét
substtute for peripheral participation; it is to leaimtalk as a key to legitimate peripheral
participationo (p. 109). This means that
about it, they contribute meaningfully to the production (and reprmh)aif the
community in such a way that their talk is abthir practicé however peripheral
rather than othersbo. Li kewise, engaging i
or otherwise) to think and act as a member of the community, eska i§ not
physically surrounded by colleagu€Bhe particular pysical and social settings which
the learner finds hersadfeindeed important in the situek perspective, but through this
l ens, transfer applies ntkrowldgdge fromhoee I[dcatianwe r 6 s
or set of circumstances to another. In the situated perspective, transfer refers to the
consistency of activity patterns across situations, so that it is not necessarily the knower
that takes knowledge from one place torik&t, but salient features of the situation itself
that are transferred (Greeno, 1997). The knower is able to attune properly to the features
of activity that are germane to both setti
participation in the activitieand her contribution to the retin interaction (Greeno,
1998).

Thus, participation in the communityis-cor e at i ve wi t Identityre part
as members participate, they create an identity as contributors to the community.
Similarly, as theitdentities develop, participants are able to contribute ever more fully to
the community. This component of the theory addrebseproblem of complexity
situated learningheory does not interpret all participation as equally complicated, but

emphasize the increasing participation of learners within communities. Though the
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larger context of their participation may be multifaceted and complex, learning is
portrayed in the situated perspective as the process of making ever larger contributions to
the canmunity, meaning that they do not take on the fullness of responsibility or
complexityin their earliesencountes, but their practice nonetheless builds in complexity
as they increase their participation

The identity formation of learners is criticd.n s chool settings, t
caretakero makes changing the identity of
Lave and Wenger contrast this with successful apprenticeships, where the tasks of
practice are the central and explicit objects@ichge: A As opportunities
understanding how wellorhogvo o r | 'y 0o moeantdbuteafefevadent is practice,
legitimate participation of a peripheral kind provides an immediate ground for self
eval uati on, oO-foematidn. THus idedtif reéformation oceurs through
participation rather than by fiat. Though
identity on some level, the means by which this change occurs most effectively is
fundamentally different than currently found inusitions where didactic practices are
dominant (pp. 114112)* In such situations, the result is the commoditization of
learning, in which knowledge has an exchange value established by testing; learning to
display knowledge takes priority over learning éimderstanding.

The latter type of learning is a disposition that one would expect

to find a practitioner adopting, for his ability to participate in

the community is inextricably linked to his learning and

development of knowledge. Situated learningrygin its

incarnation as legitimate peripheral participati®nmakes this

link between activity, communities of practice, and knowledge

the focus of analysis. Instead of conceptual emphagiseo

exercise of conceptual vitkes | | situated |
activity structures in which those aspef¢
meaningf ul g@reenof 1998,pt1P)onal ©

4 Brown, Collins, and Duguid (1989) $tethat schools are examples of this type of situation.
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Brown, Collins, and Dapgpuriedndtsi cneosth iopndo oifs fieccor
learning takes place as a part of participating with anahgnpractitioners. One does not
learn in order to demonstrate knowledge in some artificial way, but in order to participate
more fully in the community.
How does this perspective apply to teacher education and the process of learning

how to teach? Whaitre the implications of situated learning theioryeacher education?

Learning to Teach

If one approaches learning (and by extension, knowledge) as being an intrinsic
feature of participation with others in a community of practice,ttemt her s 6e k no wl e
should bdocated in and acquired throughtivities in which they engagplanning
lessons, working with students, assessing student work, and collaborating with
colleagues, among other thingsegitimate peripheral participation requires that new
comes be inducted over a ped of time and that theye give® by old-timersd
opportunities to develop the language and work of the practice by working through
varioussulb-domainsof practice in lowstakes environmentsrhis means that PSTs must
begin to deviep their practice long beforthe timewherethey are given sole
responsibility of a class full of studentich as an internship experience
There were elements of this perspective embeddstd service learning
assignmets, which resulteds situatd learning predicts theyould: PSTs made clear
efforts toadopt the language of practitioners and project their observation experiences
forward into their owrfutureclassroomsThey used terms | i ke #dAdif

instructiono and @amakghgl! mateeemat weesn mehei
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ideas did not include any evidence that they understood the complexities and challenges
involved with carrying them out. Moreover, the PSTs in that experience usuallyetere
paying attention to all saliefeatures oftie classrooms they observed. In particutar,
most cases ignored the most importaathematical features of their situatiorhis
ignorancamay be attributetb the incongruence between the two contexiscollege
classroom was too ffierent fromthe elementary schodetting in which they were
working.

If one accepts the cognitive learning perspective in the area of teacher knowledge,
then one must address the problem of transfer betmesgssarilyery different
environments: theniversity classroom and the elementary sclotedsroom. Teacher
educators must find ways to help teachers bridge the divide between these environments.
The situated learning theoretical staptzces a difference spin on the problelinclaims
that he knower is not the one responsible for making this transibanhthe environment:
the university classroomshould more closely emulate theperience ofhe elementary
school classroorn

The situated learning perspective daseloped contemporaneoushith terms
suchas pedagogical content knowledge (P@KJl mathematical knowledge for teaching
(MKT) (Shulman, 1986; Ball, 2002)Both constructs highlight that there is knowledge
that special to the work of teachighowledge that is maintained withime context of
teaching practice and employed inherently and exclusively in service of important tasks

of teaching practice

® Many argue that the converse is also true: elementary school classrooms should look more like university
classroom8 or at least they should more resemble the parent disciplines in academia. La8g#xtand

Cuoco (2001) are among those who take this perspective in mathematics. In the work | propose here, | am
playing out one possible way to bridge the two experiences. | am not arguing against the value of bringing
the disciplines into elementaoy secondary classrooms with more integrity.
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Emerging conceptual frameworks for teaching and learning complement this
scholarship. CochraBmith and Lytle (1999) describeeth i mpor t ance of Akn
p r a c®twhiah privileges the systematic inquiry of real issues that emerge from
teaching, rather than perpetuating the divide between theory and practice. This approach
unites the work of practicing and prospective teaxhsrthey engage in focused case
study that requires teachers to develop skills for attending to contextual details while also
drawing more general infences about teaching from theifeacher knowledge which is
conceptualized as beimgtegrally relatedo practice reflects the same perspective on
knowledge taken by situated learning theory.

In addition, research and rhetoric on teacher development has adopted the novice
expert (newcomer/oldtimer) model of interaction within communitiedlammerness,
Darling-Hammond, Bransford, Benler, CochrarSmith, McDonald, andeichner (2005)
concentrate on theeaof adaptive experts described by Bransford, Derry, Berliner,
Hammerness, and Beckett (2005) and the process by which teachers develop
Hammernesst., al.assert the importance of expertise, whichtf@ authorgonsists of
strong capabilities along dimens®of efficiency and innovatiomxpert teachers notice
and address subtleties of typical classroom activity in ways that novices cannot.
Moreover, experts can assess+nouatine situations with skill and use them to help
students make progress. The authors turn to research on learning to observe three
guiding principles for teacher development. Teacher education should: (1) make
teachmprséntiiaceshi p of observationo explicit

build upor® and in some cases challedgthis experience; (2) enable teachers to acquire

®The authors contrast this with knowledge fAforo and
relationships formed between (prospective or practicing) teachers and researchers, but all & them ar
conceived as being located within a context of teaching practice.
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a deep foundation of knowledge and techniques for giving this knowledge a conscious
strucure; (3) provide access to matagnitive tools for teachers to continue to develop
their knowledge in and through their practice.

Teaching is a very Acomplex and demandi
37). In order to manage this complexity, teaxs must be skilled ethne-job-learners.
Here again, learning on the job requires more than casual observation but systematic
inquiry and carefully reasoned interventions that can be applied to a (unique) situation.
This is not necessarily somethingtthaises naturallgmong teachersThus, teacher
education i s responsi biognititecskils thathelptheapi ng t e
monitor their thinking as they work with students and design their instruction. The
authors suggest that this can lbeanplished through a collaborative approach which
seeks to develop a strong, active knowl edg
which is often inert. Hammerness, et. al. further outline a framework that relies on
teachers developing within a comniiyrof colleagues. Within the community, teachers
should develop (1) a vision for teaching; (2) a repertoire of teaching practices; (3) a set of
conceptual and practical tools for classroom use; (4) habits of thinking and acting as a
teacher; and (5) deenceptual understanding of content. There are strong echoes in
this framework of Lave and Wenger s noti on
novices learn to become experts by engaging exfiertsn solving problems that arise
in work of teaching The distinction between the two groups implies that they work
through problems differently and contribute different things to the community, but the

success and continuation of the community requires that everyone participate.
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Members of this communitgre practicing teachers, of course, but also included

are PSTs and university faculty: they participate in the community in different ways, but

are no |l ess central to the perpetuation of

description, university fadty mediate the interactions between them.

Theory and Practice

The distinction and separation between novices and experts, teachers and
university faculty, is an important and valuable one. But this distinatiolerscorea
larger issue of teacher eduocat Integrating education theory with education practice
has been an ongoing debate and tension in American teacher education throughout U.S.
history (Clifford & Guthrie, 1988; Borrowman, 1965practicing and prospective
teachers alike report that theindergraduate preparation is too theoretical and
disconnected from their teaching practice (e.gcHaume, 1993; Britzman, 1991).

Whether or not it is welfounded this attitudecould potentiallyimpedeP S T abibty to
developimportant teaching ské. This ethos also perpetuates the belief that learning to
teach only occurs by teaching, thowsgimehave argued (e.g. Cochr&mith & Lytle,

2005; Dewey, 1965) that the full responsibility of practice is fraught with complexity and
is toochallengingan environment in which to learn.

Rosent hal (20WaB9 et atld sschegr Addwedat i onds
secret which teachers know all too well: being a practicing teacher is very different from
the preparation one receives in schools otatian. Britzman (1986) outlines a few
causes of this gap between teacher education and teaching. First, prospective teachers
bring with them preconceived notions of the role of teacher. The so called

Aapprenticeship of o bpswerfulirdllence fordhese studentsi e ,
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who view teaching as a series of methods used to maintain control, authority, and
expertise in the classroom. Moreover, there is a lingering perspective of teaching as
relatively unskilled labor that reinforces thesews. Labaree (2000) points to an
expectation of the general puldi@and likely PST8 that anyone can teach

because the kinds of skills and knowledge that it transmits

to students become generic in the population at large.

Therefore, unlike college profes's who are expected to be

experts at a level well beyond the understanding of

ordinary citizens, schoolteachers are seen as masters of
what most adults already know. (pg. 232)

Teachersé speci al domain of expdhaviori se t her
management and is childcatzentric. Ther ef or e, Aeducation cours
i mmedi at el y -haodvdr eosrs hokm aw Oémake dod with t
impractical and idalisti®@ ( B r i198&,pg.a446)
This gap also becomegparent to teachers during their student teaching
experience. Theory often appears to play a small role in school settings; teachers
(especially student teachers) are in a position of survival rather than reflection, and they
are often evaluated not d¢imeir pedagogy or content knowledge, but on their skill in
managing the classroom effectively. Britzman refers to interviews she conducted with
student teacher s: féeducation courses wer e
in the minds of thesdwdent teachers, their education courses failed to demonstrate the
value of theory, or even to shed Iight on
Thus, the theoretical focus of teacher education fits neither with common views of
t eacher s 6 groomh,eaorwith the enceunters RS3's have with the reality of
schools as they complete their student teaching and begin their praStioated

learning, as conceived through legitimate peripheral participation, callsHeanal of
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teaching tasks alow-stakes, lowpressure environment (such as content and methods

courses) This kind of induction processay strengien t eachersdé6 ability
they learn as undergraduateghe classroomThis means that PSTs should be engaging

in practices bteaching even before they have responsibility to children, passrds

administrators. It calls for a kind of transformation of the university classroom into a

more authentic analog of the school classrodm fiar t i f a’dottechiagppr oac h o
PSTsmay connectiemmore closely to their professional goals, instead of being another

hoop through which teachers must jump on their long journey toward certification.
Connectingundergraduate preparation and professional developgmésdching in this

way challenges the popular misconception thatamgl e ar ns t o t each wher
job, 0 while yet acknowledgbhg tahe kBerfieh b
even when they are not planning for or implementing a lesson with real children for

whom they are responsible.

Learning to Teach Mathematics

By and large, little of the work described above specifies what mathematics that
teachers arsupposed to blearning Though there is not a consensus about what
characterizes effectiveaching genaitly, research has produced some accepted results.
Early studies of teachingonducted in the procegsoduct framework generally
neglected teacher knowledge in favor of the effect of teacher behaviors on student
achievement, such as timed studies of @oninstruction versus classroom management

(Hill, Rowan, & Ball, 2005). Other work has also shown the limitations of coursework

" Recall that artifacts of teaching incléléut are not limited t studentwork, video of classroom interaction,
teachersd not esandwritencasesul ar materi al s
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as a proxy for teacher knowledge and effectivefidasional Mathematics Advisory

Panel, 2008)

In response tonuch of thiswork, Shulman (1987suggested categories of
knowledge that effective teachers requihe addiion to knowledge that transcends
subject matter (e.g., general pedagogical knowledge, knowledge of stuaehts)
knowledge of the subject it$§eBhulman arged that there ia specialized content
knowl edge: fAcurriculum knowledgeodo and fdAped
decades that followed the introduction of this compelling idea, educational researchers
have embracethe notion of PCK as a criat feature of teacher education and

developmen{Ball, Thames, & Phelps, 2008)

I n an effort to refine and clarify Shul
in mathematics education have turnedn@thematical knowledge for teaching (MKim)
an effot to explainat least some of the impact that teacher knowledge has in classrooms
It is closely related to the roots of situated cognition theory in thiasitribes a
knowledge that teachers can build as part of their practice and that it existsahsepa
from it. MKT involves an understanding of typical mathematics that may be common to
many educated people, but it also involflexible and robust knowledge of
mathematical representat®and how to select and interpret examplieslso involves
knowledge of common studemisconceptionshow to identify them and remediate

them and the ability tanotice connections to more sophisticated mathemadieak.

Somecomponentsttributed to MKT ar&eommon to other groups and practices,
while othes are particular to the work and activities of teaching. This idea that

knowledge can be situated within a practice is directly linked to situated cognition theory.
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The literature reveals that teachers who engage in development activities designed with
this perspectiveeport deeper understandings of mathematical coatenhg teachers

who alsodemonstrate greater skill for and commitments to attending to learning
opportunities in their practice (Cohen, 2004; Steinberg, Empson, Carpenter, 2004,
Kazemi & Franke, 2004; Chamberlin, 2008anouchehri, 2002 These development
activitiesnot only involvel creating, fostering, and sustaining@nmunity of teachers

but engaginghem in activities that focus on real issues of practice. They imcherse
participants in artifacts of classrooms: video from class interactions, copies of written
student responses to teacher prompts, and teacher notes and reflections (Featherstone,
Smith, Beasely, Corbin, & Shank, 1995; Hammer and Schifter 2001). A similar approach,
cdled lesson study, engages teachers in the planning, teaching, and revision of alesson;
is a collaborativeiterative process which requires close attention to issiesth

content and pedagogy (Lewis and Tsuchida, 188&boert, Morris, & Glass, 2().

Whether or not these approaches, when applied to undergraduate content course
work, will have similar influence on pigervice teachers remains an ojgrestion
(Putnam & Borko, 2000; Wilson, Floden, FerriMundi, 2001). However, some
researchers ke investigated the use of artifacts of teaching in methods courses (e.qg.,
Lampert & Ball, 1998; Harrington, 1995). The evidence supports the conclusions
generated by work among practicing teachers: that undergraduates demonstrate more
sophisticated anduanced thinking about teaching and have experience with new,
important tools for further development and learning as they enter the profession

These results are not without caveat, however. First, the focus of much of this

research has been on thergased confidence of teachers and their greater facility in
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extracting and making use of student ideas. Little as yet is known about whether or not
teachers demonstrate stronger mathematical knowledge, though recent studies with in
service teachers showagmising results (e.g. Hill & Ball, 2004Hill, Rowan, & Ball,
2005. Also, in many cases, the researchers report an important preliminary hurdle:
teachers and undergraduate teacher candidates alike lack experience in using these
artifacts to make actiobée judgments in the classroom. Learning to do this takes time
and significant mentorship; teacher education would therefore beseveltd by
incorporating these approaches throughout its programmatic requireimamtyear one
courses through internghexperiences.

Finally, the introduction of classroom practices in undergraduate courses is not a
panaceateachers are not necessarily more fiitiymed as they complete their
preparation and certification under these conditions. Yet, as HiebertsMard Glass
(2003) argue, the goal of teacher education can shift from producinglédbed
teachers t@roviding fiprospective teachers with the tools they niegoecome

increasingly effective mathematics teachers as they entelabgoord ( p. 20 2)

Studying Whdergraduate Mathematics Courses

There are principally four formal opportunities for prospective teachers to learn
mathematics: (1) their own primary and secondary mathematical course work; (2)
undergraduate content courses; (3) methods cqugeand student teaching and field
experiences. Thus, mathematics educators have four contexts in which to study and
potentially influence prospective teachers
already widely studied but is not informatigbout teachers because of the relatively

small (and unpredictable) proportion of young students who choose to become teachers

29



and the wide variety of primary and secondary school environments in which they learn.
The last alternativ@ field experiencd is a volatile context for studying the
mathematical education of teachers because so many more immediate and pragmatic
factors overshadow the potential for developing mathematical knowledge (Dewey, 1965;
Britzman, 1991; Lampert and Ball, 1998). Because ausltourses are generally the
particular domain of mathematics educators, researchers often concentrate on making use
of these courses to influence and study prospectit e acher s 6 c odeedent Kkn
these contexts have been shown to impact theensdtical boices made by novice
teacherg¢Borko, H., Peressini, D., Romagnano, L., Knuth, E., Yorker, C., Wooley, C.,
Hovermill, J., & Masarik, K., 2000). They have also been used as sites for investigating
the use of case studies and other artifacfgadtice (Harrington, 1995; Lampert & Ball,
1998) . The temporal proximity of methods
makes them welbuited to engaging prospective teachers in problems of practice.
Despite this convenience, learning to weftectively with these records is not an easy
task; researchers report that teaching teachers to make systematic and dadedce
inquiries takes a significant amount of time and energy (Featherstone, Smith, Beasely,
Corbin, & Shank, 1995; Lampert & Ball998; Cohen, 2004). Thus, content courses
already designated for prospective teachers and taken early in education programs may be
an avenue for introducing a stance of inquiry. Moreover, situated learning theory
suggests that it may positively impacaite her sé mat hemat i cal knowl
future practice.

However, it is notable once again that research about teacher learning in these

content courses is undegpresented in the field (Wilson, Floden, FerMundi, 2001).
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Philip, Ambrose, LampSowder, Schappelle, Sowder, Thanheiser, and Ch20@f)
have arguably conducted the most comprehensive look at the effects of different
treatments on w PSTs learn in their mathematwsurses. Thegescribe a comparison
study in which PSTenrolledin a first semester mathematics course for PSTs were
assigned different lab experiences connected with their content édthed?STs were
assigned to one of five different groups: the first groagplaced into elementary school
classrooms to observeachers and their work. This group of teacheaslabeled
Ar efoorrimkent ed, 0 which meant that they- had pa
based professional d e v e | obsproedeachersewhd or t s . 0O
conveniently located near tRSTs, andwerenote c e s sar olry efmt efdom Th
third group of PSTs was assigned to meet regularly to watch and discuss video of
children working on mathematics problems. A fourth group was assigned to watch the
same videos but also conducted linterviews of children in which they tried to draw
out and understand childrends thinking. F
group and did not participate in any extwaricular work associated with the project. All
PST participants conigtedinstruments designed to test PSTs knowledge and measure
their beliefs about mathematics. PSTs completed these instruments at the beginning and
at the end of the semester course in which they were enrolldak authors situate this
research againhshe spectrum of laboratory vs. apprenticeship experiences.
Philip, Ambrose, et., al. repaoh theknowledgeof PSTs in a firssemester content
course for teachers wheere placed in elementary school classrooms as a component of
their courses, and oefniswhowere not. The authors state that PSTs who visited

classrooms noticed similarities between the mathematical ideas in the elementary

8 This assignmenwas not random, but depended on PSTs availability and class schedules.
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classroom and their undergraduate course, and that PSTs reported feeling a strong
connection with the role of teaciy andthis classroom experienc&his echaesmy
anecdotal experience with service learning famthersuppors the use of a situated
| earning perspective: PSTs value the abil:i
practice filling that role. Ambrose and Vincent (2003)all this an example of
Acurri cul um a u trdcalsthe hotoa bf authanticly emvisionedhby
Brown, Collins, and Duguid (1989). That is, PSTs see these kinds of activities as
authentic because they associate the classaxtivities with those they expect to
encounter as teachers. Generally, the PSTs who visited elementary school classrooms
reported a stronger identification with teachers @agdhing and an authenticatioh
what they discussed in their content courses

However, the data suggekat making this emotional connection was the strongest
result of visiting classrooms:

PSTs wrote about the importance of teaching mathematics in a

variety of ways to meet the needs of all students but had little

appreciation fo whatdoing so would entail. We poshat [PSTs

who visited classrooms], lacking an occasion to discuss their

observations, failed to appreciate any phenomena that entailed

chil drends mat hematical thinking. We cC «
laboratory enwonment was more likely to support the beliefs

change we hoped to cultivate than a loosely organized

apprenticeship structure. (p. 4671 468)

What 6s more, the PSTs that visited classro
developed beliefs about mathatics teaching that were antithetical to the goals of the
university faculty. Ambrose and Vincent conclude that

for bridging the university classroom and the elementary school

classroom to enhance the mathematical learning of the PSTSs,

alternatives to usupervised visits to elementary school mathematics

classes should be consideredéThe el ement
complex environment, and it is not designed to optimize the learning
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of PSTs. It is perhaps not the best pl
learning about mathematics. (p. 30)

The data suggest that the PSTs who concent
thinking (those watched video alone and those who also interviewed children) scored Y4
of a standard deviation better on the knowledg&ument than their peers who did not
engage in those experiences. This is a much smaller effect size than the authors
anticipated, but it is a significant finding nonetheless.
Thus, there is empirical evidence that such activities can spanghetyeeen
t heory and practice, and at | east do not n
proficiency. Yet, accomplishing this goal by means of classroom visitation has its
drawbacks, and the autlsmuggest that other environments might be better suited fo
helping PSTs learn mathematicBhe results, while encouraging, avet sufficient for
devel oping a complete pict umMestimdortaftlgihe 6 gr o
study did not account for the structure of the course in which all partirgpRETs were
enrolled. It was consideredas a constant factor which enabled the researchers to isolate
the variable which they intended to study: the extent to which PSTs engaged with
children and their thinking. However, the course itself plays amolet he PSTs 6
development, and thiaefluence is not adésssed in the research.
Even if one were able to replicate these PST experiences outside of their
traditional coursework, there is no evidence that suggests one could achieve similar
results becausaf the hidden interaction between the course and the extracurricular
activity. Moreover, even if the effect sizes were significantly larger in magnitude, what
would the implications of such a result be? Should teacher education programs design

extracurrcular lab experiences for PSTs throughout their mathematics content sequence?

33



This may be hard to justify in the context of programmatic requirements that seem to
increase regularly. If such results were robust across disciplinespi@itdeplaced

into such activities for ablisciplinary domains, and the problem of simplifying practice

by reducing the complexity for PSTseeerges: how could they focus on salient aspects

of content with so many things going on at once intiea¢? Wh at 6 s gneseasch t hi
does not shed any light on theory vs. practice issues: did PSTs find certain extra

curricular activities particularly motivating or relevant? The idea that we can

simultaneously motivate students to explore while teaching them important eoaseal

ideas is a fundamental principle of much of the reform efforts in education over the last
decades, but it does not necessarily represent an explicit goal of teacher education.

Teacher educators should look for ways to teach important cdrasatdeas, while

motivating and equipping PSTs to learn more independently. One result of Philip, et.,

al .06s work is that there is much more to e
content courses. In particular, the field should be looking for wayh#&ip to bridge the
theory vs. practice divide, particularly f
guestion that remains unanswerednbkich aspects of the courses themselves are

influenti al for PSTs6 mat hemati cal knowl ed

Curricular Materials& Epistemological Issues

One way to learn about what is being taught in these courses is to analyze the
textbooksand curriculum materiakhat are used. McCrory (2006) argues that many
recently published mathematics textbooks #ratused for PST content courses attempt
to cast mathematics as a discipline that is not arbitrary and that is connected in rich and

sensible ways. fietexts emphasize rigor, definition, and understandingfibuth e s e ver y

34



characteristics create problethat may be inherent in trying to teach a complex,
sophisticated subject to napve |l earnerso (
mat hematically correct explanations, fther
mathematics, and we do not know wbanfusion is generated over time by the small but
significant differences in what teachers a
This tension is also visibly present in the differences between disciplinary
mathematics and school mathematics. Moreira and Davis (208} #sateaching
mathematics in schools can be in direct conflict with mathematics as viewed from a set of
definitions and axioms: ATo create the rea
postulating its exi st enc eorgeedféldaxipmshendsgd s a
up i n an inver si on aoaflemuwnatdmaticat knalvteadige mayn s c ho
notbe o6naturallyé a hel pful i nstrudnt for t
Here again, situated learning thgsuggests an explati@n: school mathematics and
mathematicén the academwgre fundamentally different things because they take place
within fundamentally different communities of practice, which employ different
relationships, different structures, different organizatiansg, ultimately, different
epistemologiesThis is another component of the argument givgmany mathematics
educators in making a case MKT, thespecialized knowledge to which teacléerend
not most othe® have access, by virtue of their directtpapation in school teaching.
That school mathematics and academic mathematicxeasionallyin conflict
echoes some of the tensions seen between the two disciplines in universities across the
country: nathematics is a founding discipline of pgscondey education and represents

some of the deepeseated research traditions in academia. Education, on the other hand
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is a relative newcomer to universities dadmany reasons, it still exists tme margins

of the academic community (Labaree, 2004)e Thture of these relationships makes the
study of school mathematics in unisgies inherently problematiddow is one to

reconcile the gap between mathematics as practiced in the discipline and as practiced in
schools?How do schools of education ackmledge the importance of maintaining

integrity between school subjects and academic disciplines while acknowledging the
fundamental differences between them?

Content courses for PSTs are a microcosm of all these tensions: they exist in the
intersection beducation programs and the disciplinary departments that rightfully feel
responsible for the content embedded in th€antent courses must walk a fine line:
they are often designed exclusively for PSTs, and yet often they aresignated as
educatim courses;tey of ten serve adsaftde R¥ywésofmathanl exp
school® of mathematics content course work, but in many respects they recapitulate the
earliest of those exgiences from elementary schodlese coursegpresenand serve
different content constituencies in mathematicians and mathematics educatoase they
gatekeepers of mathematical knowledge mathematical knowledge for t&ang.

All of these things make mathematics content courses for PSTs fertile ground for
study. The tensions that put the courses in a peculiar position between school
mathematics and mathematics in the discipline is one good reason for focusing on them.
Another is the growing need to understand whether or not the teacher education strategies
that how such promise among practicing and student teachers can be applied to earlier
experiences in undergraduate teacher education stlcbsgs Philip, et., al. demonstrate

evidence that these approaches do indeed have an impact, and yet the field kremas to
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more about the courses themselves, and how incorporating teaching practice into the
courses might play out and what i mpact it

mathematics for teaching.

37



Chapter 3A New Investigation of the Problem

An Overview of th Project

A review of the literature produces questions that remain unanswered. In
particular, not enough is known about what PSTs learn in their content courses and
whether and how activities that privilege teaching practices have an influence on the
PSTs6 devel opment of MKT. I n addition, wund
the persistent notion that it is irrelevant to the tasks of teaching. Again, content courses
are implicated: Ball, Thames, and Phelps (2008) argue that

ésubj ect rsesarttaéacher preparation programs tend

to be academic in the best and worst sense of the word, scholarly

and irrelevant, either way remote from classroom teaching.

Disciplinary knowledge has the tendency to be oriented in

directions otherthanteaching t owar d t h@.4@4) sci pl i neé

Situated learning theory offersi@eans by whiclthis canbe explaineé@ndsuggests that
the mathematical knowledge that PSTs develop in their content courses is intertwined
with the nature of the activities in which thearticipate With this perspective in mind, |
have asked the following questions:

(1) What mathematics do prospective teachers learn by engaging in activities of
teaching practice such as examining curriculum, student work, and classroom
video?

a. Do PSTswvhoregularly engagen such activities display
evidence of differentnathematicaproficiency than PST&ho
participate in more traditional course wark

b. Do PSTs engaging in such activities display different
mathematical knowledge for teachifKT) than PSTs
participating in more traditional course work?

c. Do PSTs engaging in such activities develop different attitudes
about mathematics and teaching than PSTs patrticipating in more
traditional coursework?
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(2) To what extent do prospective teachers see their matiesroaurse work as
relevant to their future work?

a. Do different course approaches set up differing perspectives
among PSTs on the contribution of the course to their future
work?

b. Do different course approaches set up differing views among
PSTs about theronfidence and abilities in mathematics?

These are empirical questions that require suitable circumstances for data collection and
analysis in order to answer. My own teaching is a potential site for investigating these
guestions. | could set up sectsoof content courses for PSTs incorporating these varied
artifacts of teaching practice and compare these with other sections that do not
incorporate them at all. This is unfortunately not ideal, as | do not teach more than two or
three sections of theseurses in any givemot to mention the attending challenges of
studyi ng o n e &imiladyw eoult gesign And mglement such courses
campuswide at my college, but the resources necessary for designing the courses
appropriately and supervigjnnstructors for faithful execution of the design

prohibitive for a project ofhis scale.lt is thereforenecessary to seek courses in

existence that might present a contrast along the lines | have described. Though at best,
this option would offea quasiexperimental desigiit, hasthe advantage of involving

courses in existence instead of conjured out of thinTdieywould be courses whose

reality demonstratesraeasure of viability and pragmatism. That is to say, whatever
conclusions generateby the project under this scenariceanot the antiseptic results of a
laboratory, but rather something of a field test.

Finding the corext in which collect the data pbnly the beginning, however.

What data is necessary in order to answer thetques ns | 6ve asked? I
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variety of data collection techniqussecessary given traéfficulty of measuring

knowledge and attitudes. For obvious reasons, knowledge is often measured using

multiple choice instruments, though mathematics educéias often relied on more
gualitative data collection techniques whe
(e.g,Cooney, 1985; Tirosh & Graeber, 1989; Stein, Baxter, & Leinhardt, 1990; Zazkis &
Campbell, 1996; Ma, 1999 In addition, the questiorassume the existence of

differences between two courses, necessitating sources of data that would enable me to

compare the courses in question.

The Importance of Setting

The Universities

This study was conducted across two universities in theAdahtic United
States in the spring semester of 2008. Btitada University andRio University’ are
f or me rg rfal nat nod:'°daogé dne rgseasebrientedwith large proportions of
graduate students. Both draw largely from native student populationshigitt respective
states, but also boast of enroliment and retention from all over the globe. Each university
houses a school of education in which teachers are prepared for tdemmng
kindergarten through eighth gratfeand both support mathematics ealocs and their
research, offering courses in mathematics education for PSTs, local school teachers, and

graduate students.

° Both are pseudonyms.

19 This terms refers to the Morrill Acts in 1862 and 1890 in which states designated colleges and
universities to receive federal funding. Both universitie$is $tudy were designated land grant

universities following the 1862 Act.

1 Both universities have enrollments of over 20,000 total students, of which 20% are graduate students at
one institution and nearly 1/3 are graduate students at the other.

12 At Hildada, the College of Education prepares PSTs for certification throlgrade
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The Courses

Both universities offer a sequence of three courses to PSTs in order to fulfill the
bulk of their undergraduate mathematrequirements. The first course in this sequence
at both institutions considers closédgues of number: ways of representing numbers,
relationships between numbers, numeration (number systi@s$pur fundamental
arithmetic operations, andlatedtopics that foster computatiatfluency*® Hilada
offers this sequence through the mathematics department, and the courses are often
taught by graduate students in mathematics. Here, | call it MATH 281: Fundamentals of
Number and Operatiolf. The stategurpose of MATH 281 is to explore and explain
why typical algorithms applied in school m
suggestdthat this course amplemented at the time of studyaderelatively little use of
teaching artifacts. PSTs eraced onlyoccasionallywith student work, video of
classroom interaction, teacherso notes, cu
legitimate teaching practiceAt Rio University an analogous course to MATH 281
offeredas a mathematics courseit it istaught intheUn i v e rsshootofyedusation
(MATH 291). Gaduate students and tenured facurtynathematis education teach the
course. he mathematics education uaitRio has organized research projects around
the use of classroom artifis in MATH 291 and its partners in the sequence. Though the
subject matter is decidedly mathematical, mathematics educators in charge of the course
are using the tool of lesson stddithroughout the teacher education program to examine

teacherlearningah t he changes in PSTso6Eachal ysi s of

13 There areleardifferences at the two institutions, but the bulk of each course is devoted to these topics
broadly described by the NCTM Principles and Standards for $btetbematics (2000) in the content
standard of ANumber and Operation. o

4 The course numbers and names given here are pseudonyms.

'3 1n the spirit of Lewis and Tsuchida (1998).
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university typically offers three to six sections of the course each semester. PSTs who
enroll in the courses, by virtud# the typical trajectory thougimeir undergraduate
coursewok, take tkefirst course in the sequentegreater numbers in the fall. Spring
enrollments are often lower, anéteninclude students who have not successfully
completed the ag'se in the previous semester.

Though the location of these courses at the differeimetsities (one in a
mathematics department, one in the school of education) is important, the fact that they
appear to take different approaches to similar course materialpsrtiery focus in this
study. Within these two existing courses is an oppoitty to test situated learning theory
and its implications for mathematics teacher education. Both are large universities,
drawing students primarily from the Miétlantic region, but these courses hmised in
different university units and atgpicaly taught by graduate students in related, but

distinct fields of study.

The Instructors and Students

In the semester in which this study was conducted, there were four sections of
MATH 281 atHilada University enrollingnearly 100 students. MATH 291, Rio
University,enrolled about 75 students in three sections. My observations in these
courses for prservice elementary school teachers supports the conventional wisdom and
prevailing demographic researéSTsenrolled in these sections were overwhalyty
white and femal&®. The instructors at Hilada University wereaduate students in
mathematics who fulfilled their responsibilities to thgiaduate assistantshipgth these

instructional positions They met occasionally throughout the semestdrsttuss

% For example, please sk#p://nces.ed.gov/programs/coe/2007/section4/indicator3fasecent
national data on teacher characteristics.
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relevant issues and were coordinad@éctly by a fulktime lecturerat the universityvith

a PhD in mathematics educatiomhis faculty member wrote course notes for the MATH
281 instructors, and otherwiselvisedthe instructors about the me#d as it approached
during the course. Each instructor taught s&otions oMATH 281. AtRio University,
there were two instructoresponsible for three sections, an adjunct instructor who was
recentlyateacter in localelementary and middle scheakho was supported by the other
instructor, a fultime terure-stream faculty member withRhD in mathematics

education anavho has a research interest in the courdds fulttime faculty member

taught two of the three sections of MATH 291 offereRiat

Srand One: Are the Courses Different?

| have hypothesizetthat different course approaches will result in differing
outcomes for students. In order to make such an assertion, | Fdemdoostratéhat the
courses were indeed different. In ordeshowthis, | designed data collection to enable
such differences to emerge. Using different methods, | gathered information that would
characterize each course: | conductedladsobservations over 21 different class days
and collected syllabi, assigrents, exams, and other handouts throughout the semester.
Together, | believe that these data give some insight into each course, their goals, and the

techniques used by the instructors to achieve these goals.

Observation
At Hilada University, | took ntesduring19 observations across 12 different days
spread throughout the spring semester and amlbfaur sections of MATH 281. This

yielded 55 pages of field noteshich included lists of assignguioblems from the
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textbook At Rio University, | olserved MATH 291 15 times over nine different class
days throughout the semester and across all three sections. These observations yielded 45
pages of field notes regarding class discussions, homework assignmewihesind

related information.

Document Aalyss

During my observations, | collected all major course documents such as syllabi,
course projects, papers, and exams, in addition to a sample of quizzes and homework
assignments given during the class meetings for which | was préseatly, thenotes
used by instructors show intentions for the course by instructors and desrgeers.
Since the project valimited in the number of observations that could be carried out
during the semester, the extent to which the observations match thercatesswill
indicate whether or not one can reasonably interpolate classroom trends and activities
without direct observationTogether with my observations, these documents offer a set
of data that allows me to describe differences between the coutbey aertain to the
use of artifacts of &ching practicel hypothesizehat the differences the courses will
result in measurably different outcomes on other instruments that form the basis of the

data collection.

Srand Two: Do the PSTs Develop Bifént Mathematicaknowledge for Teachiry

Teacher knowledge is hypothesized to be a critical component of student learning.
The focus of this study is to learn more about what influences teacher knowledge of
mathematics for teachindn order to deterime differences in student knowledge of

mathematics for teachifgetween the two ingtitions | administered two rounds of
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instruments at each university, once at the beginning of the semester, and once at the end.
The purposéor this was to discriminatbetweerlifferences that exted between PSTs

that wereattributable to the courses themse)\aasd any relevant prexisting differences
between the cohorts

Each round involved set ofidenticalmultiple-choiceitemsdeveloped byhe
Learning Mathenatics for Teaching (LMT) project at the University oiddigan This
project has created a large group of items designed to measure mathematical knowledge
for teaching in elementary grad@sill & Ball, 2004). Because elementary mathematics
encompasseswaide variety of topics, and the courses in this study concentrated on
number and operation in particular, | chose a narrow subset of items from the LMT
collection. Thesetéms were chosamsing three important criterigl) each item had to
connect to th curriculum at both universities; (@xollection of itemghathad awide
range of difficulty, as determined in pilot testiagthe LMT project; and (3) eollection
of itemswith a strong reliability score, based on statistical analysis offered by tha
project. With those criteria, 31 items were chosen to form amunsent that amecalling
the Mathematical Knowledgéor Teachingnstrument(MK TI).!’

These items do not include mathematics related to rational nurepeesented
as fractionsfor this was not explicitly discussed in MATT291. Iltems involving finite
decimal representatioms rational numbersvere included as this was territory covered
by both courses. In addition, questions alasithmetic operationgppropriate
representationior quantities and arithmetic sentencaternative algorithms, and viable

explanations for mathematical conventions figure prominently iVitK&l , as they were

" The instrument cannot be reproduced here as a result of restrictions placed on my use of the items.
Released itemfrom the Learning Mathematics for Teaching project are available at the following site:
http://sitemaker.umich.edu/Imt/files/LMT_sample_items.pdf
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importantaspects oboth coursesThe mathematics identified by most items was

directly conrected to each course, although a few were peripherall$sme of these

items were included ttest the boundaries ®ST® k n o wanhdeothgrsewere included

with an assumption that they would be discussed, whsome cases, it appears that

they werenot An example of théatteris the first set of items, which focus on order of
operations; | have no evidence that this was a topic of consideration in MATH 291, and |
did not witness the lesson in which it was a topic in MATH 2Bihally, some items

were included because they were part of a collection whose statistical integrity demanded
that they remain together. A few items were chosen indirectly for this reason.

Each PSTOs r es p o nasrecorded at thenbeginning ®ftthe u me n t
semestrand again at the end of the semester. The collection of responses at each point
wasgiven a raw score based on how mahthe 31 itemsvere correctly answeredhe
family of items from which the MKTI items were drawreredesignedo be very
difficult, andthe LMT projectreports that their collections of items (which include
broader selection dbpics than Iincorporated intahe MKTI) are designed so that mean
scores will hover near 50% corre®aw scores are not reflectionsasfy standard of
knowledge and are helpful primarily in comparisons between and among pEopkhis
reason, | do not report the raw scores here, agtirethemselved may be misleading
about PST knowledge for teachinghis project is concerned with differential
achiezement between the courses and thus, my focus is on the growth that can be
measured among PSTs in these cour$és raw scores #mselves are thus
unimportant. Rtherthe changes in these scores across time and institatienise

measures | will besing.
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Despite their tility on many levels, multiplehoice instruments do not give a
complete view of anyonedés knowledge in any
by theMKT]I, I usedinterviews with selected students in each conese the coclusion
of their work that semesteiThese interviews involgeasking PSTs opearded
guestions about mathemattesching situationgjuestions designed to elicit explanations
from PSTs about how theyould employ their knowledge in a teaching scenaifibese
interviews were conducted with two purposes in mind, only one of which was to learn
more about PSTsd6 mathematical knowledge fo
designed o el i cit PSTs6 thinking abouwses. @t hemat
item is very similar to item®und on that multiplehoice instrumentlts inclusion was
intended o gather more information daheoiddle PSTso
item was chosen to learn about the extent to which PSTs atteraledc hi | dr ends t h
while the final item in the interviewrptocol was generated in response to observations
during the course of the semester.

Intervieweesvere chosen by compartmentalizing scores otMKé&| at the
beginning of the semeste©One PJ was recruited from each of the following segments:
scores within one standard deviation of the mean raw score, scores more than one
standard deviation below the raw score, and scores more than one standard deviation
above the raw scorelhis approach wsadesigned to gather data on PSTs that could

represent the spectrum KT as measured by the multiptdoice instrument.
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Srand Three: Do the PSTs Develop Different Attitudes about Mathematics and

Teaching?

Situated learning theory suggettat becoming part of a community requires
that one begin to identify with the community into which she is to be initiated. Teacher
education literature is replete with evidence that undergraduate courses are not effective
in helping teachers connect to teachingcommunityof which they seek to become a
part. This means that in addition to the challenge of helping PSTs develop mathematical
knowledge, undergraduate teacher education must confront the problem of presenting
PSTs with experiences that they recogm@igeauthentic; a form of legitimate peripheral
participation in the teaching practice.

In order to determine the efficacy of each course in its effort to connect PSTs to
teaching, | administered two rowf a survey which asked PSTs about their attitud
related to mathematicgaching mathematics, and how well their course helped them to
prepare for their teaching practic&he survey responses were formatted on a Likert
scale from one to fiveTheitems were drawn from a vanedf sourcesbut prmarily
fromZambods bel i e #)swhichfoeuses in lamgeapart oh prébswiving
and elementary mathematics. These items were helpful in contrast to many other beliefs
and attitudesurveys because they focused on ideas about practicetrethezferring to
t he r espondpracticé ® which the REMssas yietrwould not be able to
respond.These items are described in more detail in Chapter &nekare located in
their entirety in Appendix AlIn pilot surveys, the instrument wimind to have a

Cronbach alpha reliability coefficient of .8, which wathreshold meduring each
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administration of the survey in this studghanges in these attitudes could be tracked by
finding differences in mean response scores the entire istrument.

The survey also sought to identify the extent to which PSTs recognized their
courses as authentic activity in their developing teaching practice. There were four items
written for this purpose, and were separated from the rest of the itenessuartiey to
signal a change in the focus of the questiorisese four Likertype items were
augmented by opeanded items designed to elicit ideas from PSTs about how they
would summarizend describe the course, and what aspects of the course were most
memorablgSee Table 11 on page 174)expected to learn more about what particular
assignments and activities impacted PSTs most during these experidmcelnical
interviews alsavere designetb shed light on this question, pompts designed fahe
interviews weraimedtoward an evaluation of the course in terms of how PSTs felt they

were prepared for the tasks of teaching.

Analysis

Because | propose a wide range of data collection methods, the methods of
analysis will necessarily be divers8tatistical investigations of the mathematics content
assessment data and Likbesed survey responses are supplemented by a qualitative
analysis oMKTI item responses, theperended survey items, classroom observations,
and interviews with PSTs.

Recall that the classroom observation data is intended to provide a description of
the typical interactions, discussions, and activities during class. The observation

instrument is not intended to proviagne a ft

ethnographic approach. Rather, its purpose is to establish differences between the two
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classes in terms of activity and interactf8nField notes and course documents were
collected and synthesized to provaldescription of the course that, whilé nomplete,
captured the essence and typical ways of working in each course. Descriptions of the
courses that follow were sent to coordinators of each course for comments, which were
subsequently incorporated into the description.

The MKTI scores weréhe basis for atatistical comparison of class meavisch
enable me to determine what difference(s) betvaeehwithin institutionexisiedat the
beginning and end of the semester respectively. These compdris@niseen
accomplished usingNOVAs. Before doing ANOVA, several assumptionere
addressed: the cases mustrialependenthe scores irthe populationmustnormally
distributed, and variancesiine populations mustomogneous.The first assumptiorsi
addressed bgesigni PSTs complete thessessments independently. The condition of
normality can be justifiety calculatingskewnessnd kurtosis statisticsThe
homogeneity of variancean betested usind. e v e stagisiis For the Likertscale
surveydata, ANOVAsare similarly appropate, if the same conditions are meReports
on these conditions will follow, with the accosof the data.In either case, when
conditions are not satisfied for ANOVA, the Makivhitney test is often used as a non
parametric substitute (Wackerly, Mendeatth& Scheaffer, 1996).

In analyzing the responses to ogErded survey items and interview prompts, a
gualitative approach is necessary. One analyteaice | take with these data is adapted
from Fennema, Carpenter, Franke, Levi, Jacobs, and Emjp@88&)( There, the authors

describeafout i er ed scheme in which they analyze

18 Should the results of this studgmonstrate a dramatic need for such a description, other methodologies
could be employed in future projects.
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i ncorporate childrends thinking into their
mathematical knowledge for teaching, and as such plegle & the itemg used in the
data collection The categorization of these responsasviewed in part using the
following categories, adapted from Fennema, et., al. (1996):
(1) Does not believe children can solve problems without instruction
(2) Struggling wth the belief that children can solve problems without
instruction
(3) Believes that children can solve problems without instruction, in a
' i mited way that studentsdé thinking
decisions.
(4) Believes that children can solve probmithout instruction across

mathematical content domains.

However,a more robust scheme for analyzing this qualitative mhata begiven
by Ball, Thames, and Phelps (2008ho offer a map of the landscape of MKT. They
argethat PCKd as originally descbhed by Shulman, and as it relates to mathengatEs
a subdomain of MKT. In the figure below, the three domains on thesld&(Common
Content Knowledge, Horizon Content Knowledge, and Specialized Content Knowledge)
represent subject matter knowledgéijle the three right domair{i&nowledge of
Content and Students, Knowledge of Content and Teaching, and Knowledge of Content

and CurriculumyepresenPCK as Shulman described it.
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Common Content
Knowledge (CCK)

Specialized
Content

whichany educateg@erson would have access, and is not specific to teachengrowld

certainly expect that teachers could reliably and efficiently perform arithmetic

Horizon Content
Knowledge

/—\

Knowledge of
Content &
Students (KCS)

Knowledge (SCK

Knowledge of
Content &
Teaching (KCT)

\—/

Figure 1. A Descriptive M@ of MKT

Knowledge of
Content &
Curriculum

computations, but we would expect many other people to be able to do this. For

example theability to compute th@roduct of 14 x 37 would be csidered CCK

Moreover, if someone were to make a mistake in this computation, the ability to identify

that a mistake had occurred would also be part of this category of knoyeegef (or

maybe especially when) the evaluation process is relatively unsophistitiated:
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Specializectontent knowledgéSCK) might be described in this examplecae
knowing that the standard algorith(shown below)nvolves a decomposition of the
numeralgnto tens and ones and corresponds to an application of the distributive property

which can be represented as (10 + 4) x (30 + 7).
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These ideas are important and relevant for understanding the standard multiplication
algorithm, ideas that are not necessary for computing the product accuhatbi. way,
SCKrepresents something afdeparture from CCK. Morris, Hiebert, and Spi{2£09)

write that SCK is

content knowledge of a particular kind. It is implicated in

common teaching tasks such as choosing representations of

mathematical ideas that reveal key subconcepts of the ideas,

evaluating whether student responses show an utatheliag of

key subconcepts, and justifying why arithmetic algorithms work.

It involves unpacking or decompressing mathematical knowledge

in order to make particular aspects of it visible for students or to

identify the source (p#94)studentsd diffi ci

Ma (1999) has referred to an ability to fu
that SCK is intended to captur&pecialized content knowledge does not require any
particular knowledge of students or teaching, and this property makesafd target of

content courses for PSTs (Morris, Hiebert, & Spitzer, 2009).

Horizon knowledge refers to knowledge of how a topic or procedure relates to

other, more sophisticated (or more general) applications, which are likely to occur on a
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studemtrd ¢ ofmh. 0 I n this example, it might r
problem has a correspondence with the procedures for operating with polynomials in

algebra, such a2X i 6)(3x + 7). Knowledge of content and stude #sCS) refers to the

ability of teachers to determine how children are likely to think about a particular topic,
including common misconceptioasd which of these her students are most likely to

develop. For example, a teacher may need to be able to determine what logicds behin

the following mistake:
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Continuing with this examplé&nowledge of content anddching(KCT) might enable
the teacher to determine what examples, representations, or scaffolding pro(attlires
in what order to present themmight help the student understand the difference between
his fallacious method and the standard algoritall and her colleagug2008)have
shown empiricallgfhatt hese di vi sions in peoplebs knowl
example of their results is thagty have found thatant he mat i ci ansd® knowl €
elementary mathematics is largely doefl to CCK Thus, the researchers conclude that
these other sudomains are primarily the territory of teachers.
This map of MKT will be the basis for much of thealysis of the data that
follows: what kinds of knowledge abeing developed in the courses? What kinds of
knowledge do the PSTs demonstrate in the interviews? Are there differespiahses
on the MKTI depending on the type of knowled@€K, SCK, KCS, KCT, etc.}argeted

by particular items?
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Limitations

The Effects of Teaching

First and foremost, though the study emulates an experimental design, it is not.
Though this study is not conceived in the tradition of Gage (1963, as reported in Floden,
2001; and Hamilton & McWilliam, 2001), | believe that the question and associated
met hodol ogy can be associated with an neff
The history of such research in education has long been criticized for its lack dfiscient
rigor. This study is unlikely to speak to those seeking the conclusions generated-by large
scale, experimental researchhe PST participantsere not randomly assigned to
ficontrob or fitreatmenbgroups i n fact, ther e gsissemseThdit r eatr
comparison in this study is not whether or not a particular intervention is better than
doing nothing, but a comparison between two diffepgagspectives on how PSTesarn
mathematics for teaching. The study cannot and does not sesletd how théSTsin
one course would have done or what they would have learned in the other course.
However, given the similarities between the universitiesgédmerahomogeneityn the
demographicsf the population of PSTand the differencamanfestbetween the
courses, there is nonethelesopportunity to learn about potentidifects. | believe that
these featuremgether with the breadth of data collecgzble me to draw at least
tentative conclusions about the efficacy of these courses.

Thus, generalizability of any results in this project are rightfully questionable;
these courseare not necessarily representative of ottwenses offered at other
institutions around the countryhelack of coherence among teacher education

prograns generallys widely criticized and amongontent courses early in those
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programsthere may be greater cause for concern regarding consistéhisyproject

only tests claims implied bsituated learning theory in the context of these courses at
theseuniversities during this given semester, and does not claim to offer best practices in
mathematics teacher educatiddn the other hand, to the extent that the courses are
successful in their stated missions, they may be viewed as exemplars for difuioms

to emulate. In cases where there is evidence that one course produces differing results

than the other, |l |l eave to others judgment

T he fReétessHffect

A potential weakness of the project is the thet PSTs completed identical
instruments at the beginning and eidhe semester. The same MKTI items were used
at the eginningof the semester and at teed, and the vast majority of items on the
attitudes survey were identical at both endpointhefsemester. There is arguably a
testretest effect present in the scores on the MKTI instrument, though the LMECproj
reports that over a spah months, this effect is minimal3( Phelps personal
communication November 22007). In addition, thigestretest effect would
presumably apply equally to both groups of PSTs, and therefore should not bear upon the

relative results from each course.

The Use of Likertype Surveys to Measure Attitudes
Philip, Clement, Thanheiser, SchappedliedSowde (20@) claim that Likertscale
surveys are fundamentally flawed because they lack context and deny participants an
opportunity to explain or justify their <c¢h
with them good ways for assessing the depth with whinehholds a belief. One may

respond in a way that indicates the existence of a belief that is not central to the
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respondento (p. 5) . Hudywaddvessral| of these cuticisens.i nst r
Still, the use of a Likert scale survey does pidevsome advantages in this study: first, it
enables an efficient collection of data ab
ability to help them in their preparation. Undergraduates can be difficult to recruit for
participation in extracurriculaesearch, so a simpleethod of collecting this data i

important™® In addition, the Likert format lends itself to analyses that are not possible in

a more qualitative context. | have designed a study that investigates two primary things:
(1) PSEmatmawh knowledge for teaching and
relevance of certain approaches to teacher eduéatanng content courses in

particular. | believe that my reseh design incorporates numerous data sodaes

answering each questiowhich provides a sort of triangulation and strength to the

conclusions that | can draw from it.

Determining the I mpact of Content Courses ¢
Finally, one might critique the use of
usetheirknod dge i n teaching situations. The ad

we cannot know how well these undergraduates will perform in their own classrooms

until they actually set foot in one as the teacher of record, with all attendant authority and
regonsibility. Hill and Ball (2004) have called measuring mathematical knowledge for
teaching in this way a that®thectoofs thdndge thmmgap s ur e,
between knowledge and classroom actiaenot only usefu) butnecessary. Howeve

the research questiongiich | have made the focus of this project are not meant to

address this issyand thus such concerns are beyond the scope of the project. Still, one

YPhilip, et. al.ds project worked with much greater
project reported here.
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might respond to them by noting that the stddgstest questions raised ltye rhetoric
surrounding fibest practiceso research, and

suggestions made by tHiterature

Hypotheses from a Situated Learning Perspective

At this point, looking back at the project through the theoreliged | have
employed is appropriate. | have designed it as a test of situated learning theory in the
context of teacher education and it is reasonable to consider what kinds of things one
might expect fronthe circumstances given.

Situated learning thep argues tht all learning is situated irose context, and
the context in which that learning takes place is an integral part of what is learned. | have
argued that this perspective has informed much of research and reform in teacher
education, particalrly among irservice teachers. This research shows that teachers
learn important mathematics and gain valuable confidence in their knowledge when they
learn mathematics that is placed in the context of their work as teachers. This enables
them to conneiowith mathematics in ways that are intimately related to thentatahay
work, but also provides an avenue for becoming students of their own work, and that they
will find new opportunities to learn within the contexts of their classroom, as opposed to
approximations of it. Though PSTs are unlikely to be able to attend to all of the
important details in a real classroom, they can begin to take salient features of classroom
situations and work that highlights subsets of the knowledge they need to devéhey
enter teaching. In other words, asking PSTs (especially early in their undergraduate

programs) to competently observe a real classroom may be unrealistic, but giving them
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access to artifacts of classrooms, stripped of many of the classroom mantigem
concerns, wholschool responsibilities, student dynamics, and others of the most
complex interactions, PSTs can begin to tackle important mathematical ideas that arise in
classrooms. Research has demonstrated that PSTs and practicing teachenrsalike f
practical, osthe-job experience to their undergraduate course work, citing the former as
more influential experiences than the latter on their teaching.

Given two undergraduate mathematics courses that are in stark contrast to one
another along #se dimensionsyith a situated learning theoreperspectiveone could
reasonably make the following hypotheses:

1. PSTs in a course that more closely identifies with practices of
teaching will perform better on measures of Mathematics
Knowledge for Teachig, than PSTs in a course that does not.

2. PSTs in a course that more closely identifies with practices of
teaching will develop different attitudes about mathematics and
teaching than PSTs in a course that does not.

3. PSTsin a course that more closely iddis with teaching will be
more likely to reflect on the experience as a valuable one than
PSTs in a course that does not.

These hypotheses correspandghlyto the research quest®houtlined in Chapter One:

(1) What mathematics do prospective teacheamléy engaging in activities of
teaching practice such as examining curriculum, student work, and classroom
video?

a. Do PSTswho regularly engage such activities display
evidence of differentnathematicaproficiency than PST&ho
participate in more tditional course work

b. Do PSTs engaging in such activities display different
mathematical knowledge for teachifdKT) than PSTs
participating in more traditional course work?

c. Do PSTs engaging in such activities develop different attitudes
about mathematicand teaching than PSTs participating in more
traditional coursework?

(2) To what extent do prospective teachers see their mathematics course work as
relevant to their future work?
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a. Do different course approaches set up differing perspectives
among PSTs on thmontribution of the course to their future
work?
b. Do different course approaches set up differing views among

PSTs about their confidence and abilities in mathematics?
As the data will show, thdifferences between the two coutsespecially with respect
to their relative immersion in the practices and artifacts of teaghémg nuanced and not
as clear cut as the hypothegasd research questions) above assume. As | will describe
below, the courses, though differemerecertainly not unrecognizable tme another:
they discussed much the same mathematics, employed many of the same tools, and
suggeste@ coherent approach to mathematics for PSTs to experience. However, those
differences might yegxplain differences in the data, even if the coursesaairdifferent
along the dimensions | have described in the extreme

However, the hypotheses generated by an extreme example may point in the same

direction as theontext reported here, thoutite magnitude of the differences is
substantially smaller. #d yet, aother possibility is that the data shows that the
hypotheses are not borne out, and potentially that they are misdirected altogether: maybe
PSTs who concentrate exclusively on mathematical issues devoid of their teaching
context would demonstrateeasurably better scores on MKT measures than their
counterparts, etcThis would require a rexamination of situated learning theory as a
tool for understanding teacher learning of mathematics. Still, even in this scenario, the
data collected as | deslwed above should provide evidence of such an outcews if
it is manifest in relatively small differencedf the courses are indeed differgtite

learning theory predisthatthe PSTavould have learned measurably different things

about both mattmaticsandteaching. In addition, we might expect that a course that
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Afeel so closer to the experience of teachi

one that does notret againthe methodology has not pdetermined such an outcome:
the data ollected as | described above can help determirether or nosuch an
expectation is borne out empirically.

Moreover, the theory shines a bright light on the contexts in which these courses
are set: context is critical to understanding learning fronsithated perspective. MATH
281 is located im mathematics department at a large, reseaienhted university,
designed by working mathematicians, and taught by graduate students in mathematics;
MATH 291 in the school of education at a large, researemi@d university, designed
by mathematics educators aadght by mathematics educataed matlematics
education graduate studentBhese different settings put those in charge of the courses
(departments, faculty, instructors) in different placed,raaygive them different
perspectives on not only what elementary school mathematics looks like, but what
mathematicss about.

Elementary school mathematican be viewedvith all the coherence, beauty, and
power thais contained in the formand repesentationgnvented for rigrous
mathematical reasoning. Fundamentdhenetic can be understood by investigating the
properties of numbers and the operations associated with them, as in abstract algebra.
This was arguably the motivation of importamhthematics education movements set in
motion by Bourbaki and the new maththe midtwentieth century. However, thigtnot
the only perspective on school mathemati©se might also view these elementary ideas
from a very different starting point: hoshildren build and develop ideas about

arithmetic through working with broader sets of numbers At t he ti me of

61

t



there was little to no research or understanding about how children built these ideas from
imprecise, but ultimately useful untion. However, in the last 2B0 years, a great deal

of progress has been made within mathematics education, whitdoked closely at the
learning processes of children in mathemat®Bsth perspectivesan be marshaled to
present clear, cohereat)dd most of ald meaningfulways to think about fundamental
mathematical ideas thattempt tamaintain the integrity of mathematics as it is practiced

in the discipline. Yet, they are also fundamentally different perspectives and thus, using
a situated leming stance, one would expect that PSTs would learn different things as
part of these different environment&gain, these descriptions are unlikely to describe
MATH 281 and MATH 291 with precision, but their different contexts may demonstrate
elements bthese different perspectives, and agdia,data collected shoufitovide

evidence that helps to illuminattee consequencedNext, | will turn to an examination of

the data, and what it reveals about the courses and the PSTs who completed them.
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Chaper 4:A Tale of Two Courses

Two sections of the same course at the same university are never precisely the
same, and are often quite different. It is no surprise then that two different courses
offered at two universitiés while they play similar roles ithe certification of
elementary school teach8rsresubstantially and meaningfully differen& glance of
the syllabi for each course makes it clear that they diverge even in terms of mathematical
topics that form the scope of each course. With thederlying variations, the usual
distinguishing features of instructors, student personalities, setting, and other related class
characteristics will by necessity create very distinct environments for learning
matlematics. On the other hand, the two coumsdbis study wer@esigned for identical
purposes and focadin particular on number and operation in elementary school
mathematics. They enrelisimilar population®f students whaevere learning to
becomeelementary schodeachers and who we begiming to take on the mantéd the
professioneven if they wee on the wide periphery of this community. When comparing
students in these courses along the strands | have ide(tiftdematical proficiency for
teaching and attitudes about mathematicstaaching, it may be possible to connect
these distinctions with the different courses they tobike purpose of this research is to

determine whether or not any of these connections exist empirically.

Course Notes

At both Hilada andRio Universities, instructors of MATH 281 and 291

respectivelyhadextensive notes as a resource for each class medtegnoteutlined
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what the classas supposed to do ding eachclass meetingncluding salient examples,
illustrative activities, and homework @&gsments. At Rio, the notes we written by a
committee that both designs MATH 28fid uses it as a site of ongoing research through
lesson study At Hilada, thenoteswere primarily a product of the ceose coordinator,
who also metegularly with instrgtors of the coursim a given semestéo receiveand
give feedback on using therithe value othese notes at each universityswpuite high:
despite the occasional departure, and accounting for typielbhsks and differences in
teaching style amonigstructors, there was a consistent correlation between the
trajectoriesof activities suggested by the notes what happened during each class |
observed.

There are numerous examples of this at each university, but | will highlight two
here. In MATH 281 at Hilada University, the notes for Chapkgve cover
approximately five days of activityOn the fifth day, the class supposed to turn its
attention to alternate algorithms for multiplying 16 and 24 he notes begin,

[Go to the student] Packeage 37:Begin by having students

work in groups to analyze the studé@miented algorithms

pictured. Ask them to identify the
probably the most difficult to understand. Apparently they began

by writing the column of 4 24is the center of the work. Can

you work it out from there?

Oneday in early April, the instructdregan class by askirsgjudentgo open their packets

proj

to page 37, and asked the class to discuss in groups how each student solved the problems

shown there As the students begin to work, the instructor, appar@ntsnpted by the
course notesaidt he f ol |l owing: Aln #3, they did
immediatelyprecedinghis class (which thisameinstructor also taught), the instructor

began a discussion of #3 by askiigWwh at about #37? What i f
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t he mi ddI €heimaracterehaddé only introduced precisely the activity
suggested by the notes, but had provided the hint described by ¥harh.of the rest of

the class that day was devoted to writinge@@nt number sentences that madplicit

each arithmetic property implicitly used by the students in these alternative algorithms,
which is also highlighted in the notes

In particular, it is common for studento abuse the "equals”

sign, treating it as they do the equals key on the calculator: as a
signal to calculate what they've got so far. It is important for
students to learn early, however, that the equals sign signifies
both sides are truly equal: this an essential concept in

algebra. With this in mind, consider how to notate the student
work on the following pages.

Similarly, atRio University, instructors in MATH 291 closely adhered to their
course notesLesson 11 describes the two threeclass arc related to exploring the
meanings of and connections between multiplication and division. There, toward the end
of the lesson, the instructor should give the stusl three sets of division number
sentencesasking them to construct three worolgiems for each, for a total of nine word
problems. Eachumber sentencghould be given a context in which the students think
children will solve the problem using a repeated subtraction model of division, a
partitioning model of division, and finally@oblem in which children will solve the
problem using multiplicationln addition to constructing the word problems, students are
supposed to draw diagrams that represent thengate relationship expressed by the
problem. This lesson took place Rio within a week of the lesson | described at Hilada
above. That day in class, the instructor introduced to the students théirtepeeted
subtractiol andfipartitioningd and their associated pavhole representationgist as
notes suggestThe instrator then asked students to work in groupsampletethe

activity precisely as described above.
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These are but examples in a catalog of ways in which the classes unfolded largely
according to the notes written for each course. The general arc of sachadion can
be traced to the instructords course notes
in those notes were used in class. While it was rarely, if theecase that instructors
were reading directly from notes in their presentationsudesits, the instructors
generally had sets of notes to which they occasionally referred during class meetings, and
they were otherwise familiar with the trajectory of the course, presumably through the
use of the course notes. Thiherence to the coersotesvas consisterthroughout the
semesteracross sections and universitié=or this reason, | have confidence inferring
the occurrence of events in each course that | did nedttli witness by way of these
notes. Certainly, he presence of antadty in these documentioes not guarantee that it
took place imny given class. Likewise, the absence of something in the notes does not
ensure that it did not occuHowever,thecollection of notes together says many things
about the material asig presented to students, and the mathematical and pedagogical
values that are brought to the fore in a semdstey experience.

When comparing the courses at the different universities, | make claims along
differing data dimensiongourse notes are amportant source of this dases well as
syllabi and exams, class observations, @mments from students regarding messages

they received about what topics and techniques were important in the course.

Similarities
In broad terms, the courses are varyilar, which is an important feature that

makes them valuable for comparison. BR¥ATH 281 and 291 focus on elementary

number and operation: both devote substantial effarhderstanding the meanings of
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addition, subtraction, multiplication, and diion on wholenumbers, integers, and

decimal representations of rational numbdmsMATH 281, more than haff of the

course schedule walevoted to addition, subtraction, multiplication and division on the
syllabus. The MAH 291 course calendar also astde most of the semester for these
topics.Both courses madexplicit their goals for developing important mathematical
knowledge for teaching in PSTJhe first page of the class activities supplement used in
MATH 281 states:

In Math [281] and [282]you will be expected to be able to explain
and explain why a problem is done a certain way, in addition to
being expected to do the problem. As you work on problems in class
and on homework, don't be satisfied with getting the correct answer;
ask yourselfvhy that method is logical, and how you could explain
that logic to someone else.
A similar statement is found on tiMATH 281 syllabus:
Throughout this courseéyou will be aske:t
why notdé or to 6justifouwlleeur answer . 6 |
expected to understamehythe procedure you are using works
or why the answer you give is correcteést
meaning can be a very rewarding way to léaamd someday
teacl®d these math ideagemphasis in the original)
Thelatterst at ement i s offered asStatdmentsSycthas| os op h
thesemade explicit the need for PSTs to begin dimping skills for becoming expositors
of mathematics It is not enough simply tknowthe answed the suggestions that this
courseis a departure from typical mathematics coudisbst PSTs must learn to explain
whythe answer is what it is, and why the method used to arrive at that answer works.
The message is that these slalfeespeciallymportant in a course for PSTs; thebg
as teachers will depend on theifhe syllabus of MATH 291 dRio Universityalso

points PSTs in the direction of teaching

2 The course bgan on January 28 and the final exam date was May 15. These four operations account for
class meetings spanning more than two months of this time.
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MATH [ 291] may be different than any ¢c¢
beforeénot the kind of mathematics you
this courseyou will learn the mathematics needed to become an

ef f ect i vitas matkematibs¢hatdelps teacher

understand how their students are thinki
how the different topics in elementary and middle school

mat hemat i ¢cs psiteachersdogexantine whath e |

they have learned before so they can understand the underlying
concepts, and so they can effectively
learning.

o O

(7]

MATH 291 was also a course in which explanation and justification are highly valued:

>

Youwi | | éexamine paitfameulates and structure
generalizations and conjectureséand co
mat hemat i c ale askedgowexplaimyols kasoning

how you were thinking while you were so

why you think some methods folviing problems work better
than others.

Such statements anet surprising; these coursesredesigned specifically for this
group of undergraduateand as such, should feature learning goals that highlight skills
and knowledge that teachers must buNdbreover, the goal of developing mathematical
understandings that enable them to investigate, explain, and justify is neither mausual
improper for such a course. They are the academic standards set out by mathematics
departments across the countngldorm the basis for much of the NCTM StandarBsat
these coursesae not necessarily intendewedgeo buil d
Recall that the knowing that an answer is correct might be considered as part of-this sub
domain of MKT; these coues set out tpush PSTs beyond such understanding into
other subdomains. Both syllabi refer to understanding that is required for teaching
children mathematics, and in this way, seek to orient PSTs to a different kind of
knowledge.

In order to achiew the goals set out for PSTs, ttwairsesvere structuredn

similar ways: they mtemultiple times each week for lectures and smeadup activities,
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PSTs wee expected to complete homework assignmentslass quizzes, and common
examsamong sectionsExams were overwhelmingly large components of the course
grade at both universitiesn MATH 281, exanscores counted for nearly 75% of the
final course grade; in MATH 291 this figure was 85%he sectionsit each university
were organized into similarzs (2630 PSTs)andPSTswere often divided up into
groups for class activities. A&Rio (MATH 291), the classrooms in which class was held
were arranged intbexagonatables, forcing?STsinto smaltgroups, even during whale
class discussions. At Hda (MATH 281), the classrooms were set up with individual
desks that were often moved around and reorganized during small group activities.
Finally, both courses emphasized attendance and participation as keys to success in the
course. This is notable nbecause it is particular to these courses, but in the manner in
which this message was conveyed, at least in syllabus documents. Both syllabi highlight
the importance of students collaborating in groups and that atmnedad active
participation areritical componergof learning the materialThis may be one of the
important ways in which the syllabitend to signathat these courses are not typical.
During theclass activities, tth courses empladthe use of elementary
classroom manipulatives illustrate important concepémd to give PSTs experience in
working with them, as they are likely to do as teach@xcording to student survey,
response83% of MATH 281 PSTs at Hilada recalled working with beseblocks as
the most memorable aciiies of the semested1% of MATH 291 PSTs &Rio cited
manipulatives such as batm blocks, and strawsas the most memorable activitythe

course With one exception,mother activity elicited as much feedback on the survey.

ZlIn MATH 291, straws were often used in bundling activities that highlighted the key ideas of place value
in baseten, and other bases.
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46%of MATH 291 PSTE recalled watching video of children doing mathematics as the
most memorable activity or assignment they did during the codiss result is one to
which | will return later, because it, as well ag tise of classroom manipulativegts to
the hearof the purposes for the research described here.

Finally, according toi n s t r noteg, lmoth sodrsexploredstudent solutions to
typical, multi-digit arithmetic problems orderto investigate alternative algorithms
discussed number systems irsés other than ten, and watched video of children doing
mathematics, though the data demonstrates thdagtikind of activitywas

overwhelmingly more common in MATH 291 than in MATH 281.

Differences

The similarities | described above demonstratettietwo courses were alike
enough so as to make a comparison reason@bleoursethere was a limit to extent of
the similarity between MATH 281 and MATH 29T herewere substantial and
substantive differences between thitrat might account for diffential performances on
MKT measures, and distinctions between their responses to items related to dttéudes
PSTsexpresse@bout mathematics and teaching. An important differ@raseone of
mathematical approach: MATH281lwa bas ed u p o(B005Bfecastoma nn 6 s
operations (personal communication with the coursedooator), while MATH 291 was
predicated upothe concept of place vadu This difference in organizing concept sent
the courses onto different paths in their-tiaxglay work, and impacteldow the courses
communicated with students about what was mathematically impottaturn, this

variation may have influenced the manner and extent to which the practices and artifacts
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of teaching infiltrated each coursdn order to clarify these fferences in approach, |

turn againto the data, and offer several vignettes as illustrative examples.

OrganizingConcept

In MATH 291, place value was a central, unifying conceptook nearly of
month of class meetings before the course turned éstah explicitly to bas¢éen
numbers and arithmetic operations. Up until this point, the céocssed on
establishinglefining features of number systems, in which PSTs explored ancient
number systems, constructed their own ksseystem in an actity called Alphabetia
(Bassarear, 200/and were introduced to tltencept of the Basic Measng Unit
(BMU), which featuredorominently throughouthe course. The BMU establishibége
size of Aoned so that all s uthependqupenstt gr oup
definition. These activities were aimed at setting up the features of Hinalic
numeration and arithmetic that would form the bulk of the coutsee of thanstructors
in MATH 291 introduced the Alphabetia assignmémts way:

Trea it as an awareness exercise. You get texgerience what

children go through whethey are trying to acquire an

understanding of the Hindarabic system.This will help you to

learn to make ideas explicit for you something you know, but

which is hardto explain. Place value is key to understanding

decimals in & through &' grade This lays the groundwork for

younger kidsandyou might decide to teach older kédS his is

not easy, but dondét give up too soonéde:
differentifyouand6t get a system with all of our

In a different section of the courseRib, taught by a different instructarcouple

of weeks later, there waa continuing discussion of counting in different ba3dss
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discussion took place withihe context oftwo entirelesson& spelled out in the course
not es | ab el e HereftHe hatian ef thy BMUdsawellbas the idea of
AMeasuring Unitso (MUs) more generally,
associated with each place vglteatures prominently:

I: For homework last time | asked you to think about; k2w
how to represent the area of that numeral if the BMU is equal to

a small square like |:| .

S: There is one group of 25.

I: What we call 25?

S. Yes.

I: What is that in base five?

S: One hundred?

l: Be careful , in base five, we donot
S. One, zero, zero?

The instructor continued throughout the lesson to highlight this linguistic
distinction, but asked the PSTs to focus on the mapce of area in interpreting the
diagrams® The class discussed how to represemer and smaller measuring uriits
different basesgoting that for each place one moves left withimuaneral (or in other
cases, the associated picture, or bundleraivs)the measuring uniassociated with a
particular place value incread®g a factor of the basdn other words, in a given babg
b copies of the measuring umite associated with the next larger measuring unit, or place
value. Likewise, one caretermine the size of a place value to the right by partitioning a
measuring unit inte equal parts.This class meetinfgatured nearly thirty minutes work
onfinite Aidecimal®in other bases, and differerdgpresentationthat would resulbby

chdce of he representatioior the BMU, as aboveThe homework assignment

22|n the MATH 291 course notes, there are 20 Lessons, which correlates to an average of just more than
one week per lesson. Thus, two lessons in MATH 291 are likely to encompass as much as two weeks of
class meetings.

BZOnemght use a unit of length as a BMU, and then
referenced in terms of length.
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associated with this lesson and activities in subsequent lessons asked students to interpret
given MUs and gegrate measuring unitd theirin numeral systemwith different bases
Choosingand using measuring unitgs a consistent theme throughout MATH
291. Later in thesemester, while discussingodels for addition and subtraction, PSTs
were asked to speculatevia children would solve additions and subtraction problems
using finite decimal representationsuch as 3.4 and 1.8 using tools such as snap cubes or
graph paper. One of the I esson goals give
flexibly and appropriately select basic me
discussing potgial informal strategies that children might use with these manipulatives,
and then were asked to present their ideas and solutions to the rest of the class. Indeed,
during these presentatiomsuch of the discussion focused on the choice of the BMU.
PSTs made clear at the beginning of their explanations what their choice of the BMU
was, and how this choice affected how they grouped cubes, or sticks, or blocks
(depending on the representation of the numeral they chose). The instructor asked groups
to repeattheir explanations and often pointed out ways that the group showed the
meaning of HAone. O &noss bections and theseissiies gorginuedc ¢ u r
to be explicit and in focus through lessons on multiplication and division.
One quiz fatured a single multiplication problem (1.2 x 0.9 = ?) which featured
five questions: AWhat are your measuring
the number sentence? How did you represent the different quantities? How exactly did
youuseyoudi agram to determine the final answer
first question asks explicitly what measuring atfie PST chose presumably beginning

with the BMU3 andhalf of the remaining questions relate to the implications of
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choosing those nasuring units on the process of solving the problén.a final exam
review sheet given out to the PSTs at the end of the semester, four of ten suggested

problems are direct questions about place value. An example of one of the questions is

thefollowing A A child correctly uses the standar

problem below. Which of the following statements justifies the 8 being written where it
is the solution?a) 51 7 =8; (b) 15 7 =8; (c) 50" 70 = 80; (d) 156 70 = 80; (e) None
of the above. o

In contrast, in MATH 281, place value was a more peripheral concept,
highlighted for a brief time early in the semester and then referred to occasionally as a
way to convince children about the viability of algorithmsstead,lie orgarzing
concept of MATH 281 at Hilada Universityas that of arithmetic operatiorLike atRio,
the first month of MATH 281 was designed to lay a foundation for the key ideas of the
latter portion of the semester. During this time, PSTs discussed the emidhtheorem
of arithmeticand divisibilityrules{ | i st ed i n the sylahdabus as
explored ways of representing, comparing, and simplifying decimals and fradimoiine
course notes, there were class meetings devoted to discussig anonber systems,
and representing numbers in different badesder, heseast few conceptsas well as
place value did not command much attention either in the course notes or during class
meetings. Place value receives explicit attention onlysingle day as outlined in the
notes, and it shares that time watlliscussion aoflivisibility rules. During class, when
introducing a baseight system, one MATH 281 instructor attempted to justify the utility
of learning to use numbers in bases othantten:i [ Thi s i s] a | ittl e

standard kid fare, but this is gotmt an advanced kid to work or¥,ou may not like
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mat h, but you will have kids who do 6and yo
After showing examples of how to countvarious bases and convert from one base into

another, the following exchange took place:

S. What grade would kids be in to think like this?

I: This is an advanced thingéyou donot
until they are very confident with basee n . |l donot
krow specifically, but itds appropri

18,19,20, 21, é

Such exchangéspossiblyprompted by sméahttention devoted specifically to it in the
course notegs marginalizedhe pupose of working in other bases, which is to develop a
deeper understandiraf, and appreciation for, place value.

In MATH 281, dl of theseinteractiondaid the goundwork for the later material,
which took each arithmetic operation in turn, investigating it carefully wigipical
number sets found in elementary school: wimbers, integergnd rational numbers
(as represented by fractions and decimatgjdressed first waaddition, then
subtraction, multiptation, and finally division.Thereasons foexploring number theory
andworking with fractions and decimals gam the semestas not explicitly
documented in the syllabus, the supplementary Class Activities Manual, or the course
notes. Presumably, the number theory topics were important for discussing fractions: in
order to simplifyand operate ofractions, iderstanding the value of greatest common
factor and least common multiple are often-prguisite knowledgeHaving a shared
experience in working witfractions wasmportant as the course transitionatb
understanding arithmetic operations on differgets of numbers, including rational

numbers.
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One element of this focus on operation was to elucidate the importance and power
of some properties of operating in the real number system. Understanding and using the
commutative properties of additioncamultiplication, associative properties of addition
and multiplication, and the distributive propeafymultiplication over addition and
subtractionwere high priorities in MATH 2810n Exam #3 given in MATH 281, three
of nine questions require PSTsr&derence the properties in order to draw an illustrative
diagram, or justify a calculatioriThe course notes outline three days of class meetings to
discuss the commutative and distributive properties of multiplicalmme These
properties receivedx@licit, if less intense attention during the chapter on additidre
cour se not ealyspdalkang, §the coinPutadive property of addition] is often
taught as a way to make the O6counting onb
needd o add 2 + 7, itos easier to kdeadrt with
these properties are critical components of understanding elementary school

mathematics: many intuitive strategies, standard algorithms, mental calculations, and

common misonceptions stem from these important properties.

Putting theOrganizingConcept to Use

| argue thathedifferent organizing concepts in MATH 281 and MATH 291
resulted inan expansion of differences between the courses. In MATH 281, the focus on
anthmetic operation was coincident with valuing rigor, justification, and mathematical
correctness.There was a feeling of tegjown progression: it is possible to justify
elementary arithmetic operations by using the tools of uigyet mathematics. Ome
otherhandMATH 29106 s ¢ o n c attempted to accqgnplishcsiilargadisu e

from the opposite direction: the el ementar
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One day, early in the semesteneMATH 281 instructor was reviewing an
assignment that #PSTs had just received back with comments. On the board, the

i nstr uc PaternswReasor fand said, AA pattern

somet hi ng. 't may help you see sexlass,t hi

the instructor reiterated this point A Wh yz% ﬂgd? eBecause2x3+1=7isnota

S n

ng

oOwhy. 6 We want to sti crkathwi to rs@tmertenliyngornt hr

patterns. o
These comments echo the perspective takethe textbook used in MATH 281
at Hilada University, written by Beckmann, and analyzed by McCrory (20@6Lrory
argueghat thoughits mathematical rigor is not the same as in mathematical joumals,
Beckmanndés text, and others I|ike it,
they payattention todefinitions, logical development of topics,

making connections across topics, and mathematical
reasoningéin ways that some other

explicit in trying to teach the pspective teachers about the
importance of rigor and clarity in mathematics, pasting
mathematics as an endeavor in which care and accuracy are
both important. (p. 23)

The central construct of MATH 281 was the idea of operation and one of the
ovawhelming messages given to studatisutthis ideafocused on clarity and
mathematical rigorPSTs appeared to have received this messagesider the
following typical responseto an item on the erdf-semester survegsking PSTs to
describe the coge as if to a friend:

This class helps you to understand how to solve patterns but
more importantly, the reasons why the problems are correct and
misconceptions. If anything, you should be ready to explain
yourself and your answer. You will learn howetglain to

students the reason why you do certain things in math and also
you will learn how to draw correct visual aids.
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This class covers basic mathematics and the ideas behind them
so they can be easily taughichunderstood by young students.
She shuld be ready for learning the actual meaning behind
simple operations rather than just processes.

In an interview, ae PST in MATH 281Carlg®* expressed similar sentimentfnot in
exactly the way envisioned by course documents. f8hthat the corse was too
narrowminded in its view ofvhat constituted a correct answer

€ another criticism | had of the class is that they wanted, like,
the answers in a very, very, very specific way. Like the
diagrams, ad the pictures had to be drawn very speaifarys.

And | dondét know if thatdwas for ease of
donot know, | dondét what that was for, l
worl d, youdre going to see things in a I
youknow?And a ki d disame &ids arg goingitqy t o
make big bubbles, and some kids are goidgatiod while | think
ités good to try to, try to teach in a
their diagrams are clear, I dondét think
good to try to make it all so uniform.

Another interviewee, libt, reacted similarly:
| t hought it was, 6She doesnot have thi:
pointséAnd | was told that that was the
And that really bothered me, because if
just not saying it the way you wank to say it, our class, the
whole class is supposed to be about teaching it to different
l earning styl es. I f 1 dm not | earning i
but 1 dm | earning it, what does it matt el

In these two quotes, as in the survey responses abHddada PSTs expressed the fact

that in MATH 281, rigor, clarity, and specific formats were important in class.

classroom example of thitanceor rigor and claritytook place about a month into the

semester. The class was workingon topicsin@égo ur of Beckmannds b
focuses oraddition and subtraction concep&fter discussing a page containing two

digit subtraction problems solved by chédiusing invented and unconventional

%4 This, and all other names given here are pseudonyms.
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strategies, the instructor showed the students anatte® of student work on an addition
problem:
136 +50 =186 + 7 = 193
AHow coul d we write thi sManpRSTsdidttdegnPt@ t he i
understand what the instructor meant by timdeed, may PSTs had been writing number
statements norch like this. One PS3uggestedhat the child shouldubtract seven from
all sides of the equation, dsough solving for an unknown algebra.After one PST
volunteered thahe statement36 + 50is notactually equivalento 186+ 7, the
instructorled the class in a discussion of htamnotate these calculatiopsoperly while
highlighting their use of various properties. For example, in order to solve the problem
1231 58, the instructor suggested the following work:
1237 58 = (120 + 3) (607 2)

= (120 + 3)i 60 + 2

= (1207 60) +3 +2

=60+3+2

=63 +2

=65
In order to explain the transition from(607 2) toT 60 + 2(from the second to third
step, the instructor said, Al f they twstder st a
like this, but ifnot, just go straight to 60 +2 . The implicationhere is that this is how
teachers would (or should) notate such calculations with childkéer working a few
of these examples, the instructor told the class, referringtoth s e of equal s si
y o u c a n Olearlywyouishoald nottwrite @. Moreover, this lesson was not atypical
of interactions over the course of the semester. A month later, when discussing

alternative algorithms for multiplication, the primayenue for justifying nostandard

calculations was to write out carefully and correctly the steps and properties used by the
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child. One child calculated 16 x 24 by describwegballythat he found 12 x 10 (120),
found 12 x 6 (72), and added them togetlandhendoubled the result. On the board,
the instructor wrote and matched the follo
=(10+6)x12=(10x12) + (6 x 12) =120 + 72 = 192. The instructor asked why the
doubling part was importanhd a PST responded that the doubling transformed the
problem 16 x 12 into 16 x 24, at which point the instructor put the folloaguelities on
the board: 16 x 24 =16 x (12x 2) = (16 x 12) x 2 =16 x 12 + 16 x 12. This emphasis on
correct notation wasot a special project of this particular instructor: the course notes
state when outlining these dayso activitie
students to use their own invented methods is notating their thinking in a way that is
faithfult o bot h their insight and the conventio
MATH 291 atRio University also valued mathematical justifications over
inductive reasoning when exploring elementary mathematics topics, but its central
construcd place valué led it ina different directionn addressing these same topics.
In MATH 291, the importance of place value went hamtiand with a concern for
student thinkingless emphasis on mathematical conventianda more idiosyncratic
development of mathematical ideas
On chy one, the first thing one instructor of MATH 291 saidhi® classafter
finishing the business of going over the syllataigjcture of the course, and office heur
information was to appeal to their status
must develop knowledge of kids and how they think, knowledgedégogp t h airt 6 s
the methods cour8eandk n o wl ed ge o f Understahdngiteow chiddeen o

think and acknowledging the sens@king in it, even when flawed, was a common
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theme throughou¥IATH 291. When responding to an item on the survey about how to
describe the course to a friend, several MATH 291 PSTs explicitly mentioned that the
course was about learning how chéd think about mathematics.

In this class you will learn how to tela kids mathematics. You
will learn and understand how they think and why they solve
problems the way they do. You will learn multiple strategies for
each problem.

This was a typical sentiment expressed on many of the survegdfirgttand last
staements, that the course was about learfiimogv to teach mathematics anthat PSTs
were supposed to learn multiple strategiesre quite common respongegcurring in
33% of all surveys) However, thesecond statemerthat PSTs are supposed to learn
how children think about mathemati@ ones like itjs found on 8out of 41 completed
surveysirom MATH 291 (~20%).2°

In one episode in thmiddle of the semestelPSTs were writing story problems to
match addition number sentences. One group of swidskéed the instructor about the
wording of their problem, which concluded
altogether?o0

S: Should | use words that are too big for kids if these problems
areforkidsA ref erring to 6consumed?®)

I: Wh a wrdrgy with thé wording?

S: Kids have trouble reading words not related to math.

I: Thatés very thoughtful of you.
This may seem like an expression of the character of the PST who suggested this; that she
was somehow going above and beyond what would have been regfunedas a
teacher, but it was thoughtfulness in this very sense that was an explicit goal of the

course. In another exchange in a different section, PSTs watched video of students

% By way of comparison, only 2 out of 61 (~3%) of respondents at Hilada thiie feature of the course.
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solving addition and subtraction word probleni$e fourth video in aesjuence of five

featured a child who soldea problem that children in previous video clips had failed to

solve Sarah had some trucks. She gave 6 to Jeff. Now she has 9 trucks left. How many

trucks did she have to start withlhe instructor asked PSTsgoggest differences in this

video from the others they had watched so far, eventually turning their attention to this

probl em

in particular, referred to as the

Any differences here?

She ged her fingers.

Did she use th samepproachas the otherg

No, she counted up instead of guessing and recounting.

This is a big movdrom counting H to counting on. What

other differencesvere ther@ How did she solve the missing
wholeproblen?

She counted separatédgs and counted all.

Thisistheopposie of the actiTberedsthe
actionin this one, nothing to model.

Themain goals of this lesson, as stated indbrse notes, atbat PSTs should:

€ recognize that children can use featureshef problem
situation to guide their choice
understand that the multiple strategies children use to solve

addition and subtraction problems can be reconciled through the
pattwh ol e structureérecognize why
problems can be difficult for children.

probl en

of sol uf

certain

Here again, the instructor was highlighting an issue of language and the need to pay

attention to small details that may not seem strictly mathematicdhepgtmpact how

children might think of mathematics nonethelesderstanding why certain things are

difficult for childrend developing a sense of (mathematical) emp@tisyan explicit

purpose of the lesson.

Finally, whereas in MATH 281, the course maintained relatively strict adherence

to conventional mathematicsithmetic notations, in MATH 291instructors and PSTs

generallyconfined their work to representations used in elementary scBooisider the
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following exchange that took place in a similar context as that | described above in

MATH 281. The problem wa36 x 17:

S

0 Beanl 0 M

This is an invented algorithm. What did he do?
| saw it differently than the worksheet, but he breaks 36 into
30 and 6 so 30 is ten and ten and ten. He does 10 x 17 three
times, but he waits until the end to put together.

(Irestatestk PSTd6s expl anati on)
Then?
He decides to decorage 17 into ten and seven and does ten
times six and seven times six, then he adds quantities
together and gets six hundred twelve.
What types of strategies are here?
Distribution?
Beforetmt , heé
éDecomposes.
This is aninvented strategy. You should tap into their prior
knowledge and lead them toward the standard algorithm,
using the intermediate algorithm.

(I writes on the board Intermediate Algorithm:

3 6
I
4 2 > 736
210 — 7330
6 0 —> 1036
3 00 ™ 30310
6 1 2

It is important to say here that such conversations also occurred in MATH 281, though

they were shorter, less frequent, and these alternative notations did not drive

conversations in the same way as they did in MATH 291. Anofiieo@e demonstrates

how different the emphasis was on notatma representations. During a discussion on

decimal multiplication, the class worked for fifteen minutes on how to represent the

problem 3.2 x 1.4, and how this representation helped shoappiwpriate solution to

the problem:
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A

. Letds figure out the number sentence

diagram. This is an important skill to hewhen looking at
student work(See the drawing belo@)Now look at #1.
will walk us through it.

S. For 3.4 x2.7:
= BMU =.1 MU o =.01 MU
=27
I: Why show théwo-point-sever?
S Because itodos the second number.

This shoul dn 6 whydoeve start pittveoc e dur e é
pointseve® Notbecause itoés the second
should haveneaning

S. Becauseitmeafsgr oups of . 0

L T ITITITT] =10f27

Figure 2: Thisshows he PST6s dr a thieegyoups of
2.7 and four groups of ortenth of 2.7

9 groups of 1
1group of .1 = 9.18

8 groups of .01

Figure 3: To find the numerical value of the produtte PST
regrouped by | abeling the BMU
ten .1 MUs, etc., writing the final product as 9.18
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I: Is there anything you would add to make this diagram more
clear? Pretend that this is student work.
S: Show the 2.7 cut into ten pies toshowone tenth of 2.7.

l: Good suggestion. Al so, your diagram d
and 9 groups of the BMU, though you explained it nicely in
wordséif you showed that in the pictur
clear.

Use of pctorial representatiasifor multiplying decimals alsappearedn MATH 281,
butagain,the fidelity to it as a reason and meaning for the procedures to follow was
unique to MATH 291.In MATH 281, the course notes describe using diagrams to
explain decimal multiplication, batfter using multiplicative inverses of powers of ten to
justify a connection with fractiomultiplication In other words, in MATH 281, the use
of the diagram is a way of illustrating a concept which is justified with a set of symbolic
manipulations, rather &m motivating the concept itselhe primary difference here is
not which symbols and pictures were used in which course: many of thesames

and symbols were used bothsettings The fundamental difference is how thesere
used: in one courstye algebraic symbols were used to justify matheralbthoices,

while pictures were a representation of the logic inherent in the syminatise other
coursejt was precisely the oppositgictures and concrete representations formed the
basis for matematical reasoning, and formal symbols were useépiesent the ideas
developed in the picturegther tharto justify them.

In the map of MKT suggested by Ball, Thames, ahdlgs (2008), a facility with
formal mathematical procedures probatalis in the gray area between common content
knowledge and specialized contenbkledge. Many people among different practices
must be familiar with the manipulation of formal mathematical symbols, but it may be

that teachers have access to and use foricditals of manipulation which does not
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overlap with other groups. The pictorial representations and special understanding of
children fall under specialized contentdwledgein that these representation are those

used in elementary school exclusivelgddeachers must have access to it because those
representations are designed to provide children insight into the primary concept of place
value This data demonstrates that the two courses were operating in different, if

intersecting, areas within theW sphere.

Artifactsand Practice®f Teaching

| have argued that content courses for PSTs may be more successful in preparing
teachers if they construct courses as a way to begin participating in the practices of
teaching. This can happen in many déferways, some of which were evidenRad
and Hilada Universities, though not to the same extent in each location. In this research,
thedegredo which these coursesel artifads and practices of teaching is the variable
of greatest interest: the e=gch questions for the study hypothesmplicitly that
courses which differed along this dimension would result in measurably different
outcomes among PSTs. Thus, documenting the ways in which MATH 281 and MATH

291 differed along this dimension is cexhto the study.

Video

In MATH 291, watching video of children was a frequent class activityoaicd
near the end of the semester, became a homework assidfilseRio, on the first day
of classes, course notes state that PSTs should watch two efdddlsiren doing

arithmetic. One video shows a child misusing the standard subtraction algorithm, and

% Watching video at home was a marked change from the course notes, which suggested using the video as
an inclass activity. Instructors commented that doing this at the end of the semester saved time and gave
PSTs multiple pportunities to attend the complexities of the student thinking in each episode.
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another who misuses the standard addition algorithm. The course notes suggest that these
videos should be a motivation for the doing the work PSTadteo ut t o u-ndert ak
service teachers will begin the process of treating lessons as experiments by developing
and i mproving their ability to generate hy
understanding and pr oc edussandinvavwakchirg. o Se
video as grimary activity

As | described above, one of the key goals for using such materials was to
devel op an understanding of childrends thi
elementary mathematic$n one classneeting PSTs watched video of children solving
addition and subtraction word problenesq.,iSally had 13 marbles. If she gave four
marbles to Tony, how many does she have pwPhe instructor, introducing the
activity,sai d, fAéWebdbrei dsénkgitde waetch kot of str
eventually earlier strategies tend to die out. Notice how the kids stick close to the story in
their modeling of the problem, even thougbmight see them as addition and
subtract i oThe purposebof il vinleo.inOMATH 291 was to connect the types
of story problems they had been discussing to the strategies that chddremsolve
typical problems.

Implicit in these activitiesvasthatthe problems that teachgysse for children
matter: the way thathildren construct mathematical knowledge depends on how they
model problems put before them, and their modeling is closely related to the format in
which the problem is offeredThus, teachers affect the mathematics that children learn
simply by the prblems they choose! This is a profound statement teerabout

teaching, but it is typical of thogkatareimplicit in much of the research in mathematics
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learning, and in learning mathematios feaching. BaJlThames, and Phelps (2008
argueone of he daracteristics that distinguigimowledge of content andachingrom
other kinds of knowledges precisely thisunderstanding how to chooappropriate
examples for @ivenlearning situation Here, different children used different strategies
to lve the same problerand PSTs had an opportunity to see how these strategies
change as children get older, and develop more sophisticated understanding of
mathematics In addition, such activity targeted specialized content knowledge because
the variousstrategies made visible for PSTs many of the skills children need for
understanding these operations.

Watching video in MATH 291 had deeper goals than simply observing that
children use different strategies. Facility in identifying aadgningthose streegies was
an important objective of watching these videos of classroom interactions. Late in the
semester, this bamean explicit focus of the course, as lessonsadantirely on
understanding chil dr ends -andthresgit &ithmedd gor i t h
problems. The course notes for Lesson 15 include a handout given to PSTs as they watch
a video of children adding and subtracting mdigit numerals. As the children on the
screen solve the problems, PSTs wasikedo identify and labethe strategy thagach

child was using:
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Problem Jaycee
87 80 and 20 is 100.
+24 6 and 4is 10,s07
and 4 is 11. So the
answer is 111.
Strategy
Type?
Problem Gary Elizabeth Stephen Chris
26 207 10=10 2071 10=10 | 2071 10=10 | 207 10=10
-17 101 7=3 671 6=0 61 7=1 10+6=16
3+6=9 101 1=9 10+1=11 167 7=9
Strategy
Type?
Problem Chris Marie Chihol Brent
9 Make the 9 a 10 Take laway | 9+7 =16 Take 3 off the 9 and
+6 and the 6 a 5. Ther from the 6 167 1 =15 that makes the 9 a 6.
10 + 5 = 15. and add it to and 6 is 12 and then a
the 9, and tha on the 3 which would
would make be 15.
10 and 5
which is 15.
Strategy
Type?

children

Table 1: This is an excerpt of tHeandout given to PSTs in this lesson. In the
handout, there are total of eight problems, worked out by 18

These invented strategies were then connected to the standard algorithm in explicit ways

for

showed hownventedstrategies could lead to an understanding of the standard long

PSTs. I n

division algorithm:

A lot of teachers use invented strategies to develop an intermediate

a | a tteddividioa Strategies, thennstudtar | dr e n 6 s

algorithm and then go to the standard algbm. This is also called

t he

that |
This is how videos were us#éaroughout MATH 291PSTswatchedhow children solved

problems, attempted to identify underlying mathematics for stnategy exemplified in

scaffold

ma k e
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the videg and then connected these ideas to standard algorithms and techniques
traditionally found in elementaigchool.

This isa key componentafhat Ma (1999) r e prefounded t o i
understanding of fundamentabm h e maWwhendPSTs become teachers, they will
need to Adiagnoseo childrends thbynking and
introducing appropriate exampleSpecialized content knowledge is required for this
diagnosis, while knowledge of content and curriculum that enables teachers to choose
remediating exampled\either course gave careful attentiowtoatdecisions teachsr
shouldmakeunderparticularcircumstancesor even what research claims can be made
about what choices teackérave. These issues are typically reserved for methods
courses, later in PSTs undergraduate preparation, and often in conjunction witheéntensiv
observation experiences or during stueteaiching. However, before a teacher can make
choices about what to do in a particular situation, ond firasbe able to identify the
mathematical ideas that are germanthéogiven situation. MATH 291 madieis
diagnostic skillan explicit and important part of learning mathematics for teaching.

MATH 281 also madese of video to consider student thinking, though the
evidence suggests that it was not a central resource for the coons&der the testinmy
of Carla:

C: é this one video we saw was great, | mean, and | think it
dondét --know if

M: It was just one, right? The whole semester?

C: It was just one, yeah

Il n survey responses, among MATH 281 PSTs,

mentimedwatching video in class, and apparently it only happened once during the
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semestef’ MATH 281 course notes suggestcethat video may be a part of class
activities, but it is offered as an optional activity, and given time constiefiatd Sweek
senester it is not surprising thahstructors chose not to incorporaliscretionary

activitiesin favor of those that seemed more central to the goals of the course

Other Artifacts

This is not to say thadractices ad artifacts of elementary school thamatics
teaching were absent in MATH 281peio is not the only medium through whicB»
can begirto relate to, understand, and participatpriactices of teachersExploring
student workusing classroom manipulatives, and invoking educationalnesage
others In particular, typical elemeary mathematics classroom manipulatives were a
prevalent component of both courses. Examples of these manipulatives eenbase
blocks, straws, omulers. In many cases in class, these manipulatives wedeass
models for explanation or justification rather than physically being present in the room.
It is hard todetermine how often these manipulatives were actually present. | did not
witness PSTs in MATH 281 use basm blocks or rulers, though they wearited often
during my observations, and mentioned frequently in@rcburse surveys. As |
mentioned above, nearly oftdard of PSTs in MATH 281 recalled using manipulatives as
the most memorable classroom activity. A similar proportion of PSTs inH12d1
cited the use of manipulatives the most memorable activityn one section of MATH
291, | observed an activity involving the use of straws, used to illustrate-thbase
numeration system. Three PSTs were asked to go to the front of thenddimeaup.

The rightmost PST acted as a on@ace, the center PST served as a place for groups of

2" Four of the fourteen participants from this section mentioned watching video as the most memorable
class activity of the semester. No one else at Hilada mentioned wataihéog
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three, while the lefmost PST was there when the straws spilled over into groups of nine.
The instructor continued to give straws to the Aglast PSTin the onesplace, while she
(and the rest of the class) kept track of
before giving them to her neighbor, who bundled groups of three to represent her place.
When the threeplace PST had amassed three grougmiofiled straws, she in turn gave
those bundles to her neighbor on the other side who again bundled them into groups of
nine. Straws continued todxtools for doing calculations, particularly in other bases.

Here again, this subtle difference has meariiihg. use of straws is a robust

representation of counting in any base because straws can be bundled and taken apart as
numbers are in arithmetic operations. Though the use of money is often cited as a
resource for teaching children, with it come difficestthat do not carry over into Hindu
Arabic arithmetic (Ball, Thames, & Phelps, 2008; ).

However, the vast majority of instances
mani pul atives, 0 those objects were not phy
which ideas could be built. Consider the following exchange in MATH 281 in which the
class was discussing a homework assignment in preparatian &xam. The instructor

showedhow to use bastn blocks to illustrate the calculation 31088.
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I:  This is like on the quiz. It showp on every exam. 305
88. I like to start with the top number and do a takey.

(1) E

E

\o

)

S. You have to show 305 but not 88?

I: Right. You could show both, but | 6m |
305.
Figure 4: lllustrating the calculation of 30588 in MATH 281at Hilada
This figurerepresergwhat was drawn on the board, not objects that were physically
presentintheroomSi mi | arl y, though | did adfolefer ve P S

occasions in MATH 291, generally, the activities dealt with drawing pictures, of straws
or, more often, pictorial representations of BMUs and their relative measuring unit
counterparts.

Another avenue for working with teaching practices is ingashg student work.
This is also something that was present in both courses, tlagagtto different degrees.
Consider the comment made byeanstructor of MATH 281as PSTs filtered into the
room before class blesmohenybhaséei s0shanmesgt
The primary activity for th class meetirdy and the lesson to which the instructor
referred wasto investigatestudentinvented algorithms for subtraction, and justify them
using properties of whole number®(hmutativeassaiative, distributive). The
algorithms were printed in the supplemental class activities manual; PSTs looked at the

written work done by each child and discussed what the child was doing in order to solve

93



the problem.Though this was not the only time PSin MATH 281worked with

studentgenerated algorithnf8 the @mment by the instructor signaliédis unusualln

MATH 291, PSTS engaged in similar work, though they dideszerallythrough the

medium of video, rather than written examples. In onescRRSTs watched video of

children solving159- 13. As with the addition and subttion algorithms activity

described above, the PSTs were asked to identify the strategies used by each child in the
video, named and defined by the instaudgn a previous class meetinghése activities

are designed to help PSTs develop a sense of how children think and make sense of
elementary mathematics. ldiosyncratic algorithms for addition, subtraction,

multiplication, and division are amongthemoswi del y st udi ed area of
learning and mathematical developmeltis an obvious place to begin encouraging

PSTs to work on |l earning to undaterrmtiveand c hi
algorithms werghe most visible and explicitplac f or PSTs t o examine
thinking up close. InMTH?291,i n addi tion to video and wri:
work, there werdurtheropportunities for this, offered in different contexta. MATH

281 children were peripheral objects, freqlententioned, but rarely actually

incorporated into the course. In MATH 291 however, children were often the focus of

study, exploring how they reason and what mathematics they are likely to encounter.

Addressin@Addition and Subtraction: A Portrait dfie Two Courses

Together, the differences between the courses in treatment of the primary topics,
their differing use of artifacts of teaching, and disparate emphasis on mathematical issues

related to teehing provide a picture of courses that look venyilar in a course

% ater in the semester, PSTs also explored strideanted algorithms for multiplication.
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catalogue description or on a syllabus, but in fact were very different in practice. |
suggest that these differences led the courses in different mathematical directions: these
differences were subtle but important to the mathemdtatsRSTs had opportunities to
develop through their participation. In order to illustrate this in a more focused manner, |
offer here a picture of how MATH 281 and MATH 291 treated the central topics of
addition and subtraction. The trajectory of thegeds in each course provides insight
into the different mathematics that PSTs encountered in their courses.
As they did throughout the semester, there was much content in one course that
was mirrored by the other. Both courses introduced PSTs to vanmiesls for addition
and subtraction, highlighting the pavhole relationship between quantities. Both
courses made explicit the fact that the nature of this relationship could be illustrated with
di fferent actions. F o r hree xrucks;héwemanyimbre pr o b |
does he need to have seven tr.Oothesothér i s mod
handi Tas ha has e iThyele of thgnareé cheyry flavoradans the rest are
grape flavoreghow many jelly beans are grafiavored? @s modeled as a subtraction
problem?® Both courses also addressed the ways in which students compute using these
operations on mukdigit numerals (see the discussion above), and both sets of PSTs
operated on whole numbers, integers, @tinalnumberswith finite decimal

representationsMATH 291 and MATH 281 similarly asked PSTs to model addition and

®The addition problem is often described as modelin
though the second part is missing, or unknown. Thé&action problem similarly involves two parts and a

whole, although in this case, the action modeled is oftenaaksy, implying subtraction. The distinction

is not whether or not addition or suboperationtis on i s th
implied by the situation as presented. Such distinctions have been made explicit primarily in the research
associated with Cognitively Guided Instruction (CGl), which originated at the University of Wisconsin.

See, for example, CarpentergHert, & Moser 1983 or Carpenter, Fennema, Peterson, & Carey, 1988.
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subtraction problems using bas® blocks® and to write their own word problems
involving these operations.

However, there were substantial drifaces among and between these similarities
which distinguished the two courses and show the different mathematical concepts that
PSTs encountered and the knowledge they had opportunities to devithepe were two
primary differences between the treatineinthese operations between the two cohorts:

(1) in MATH 281, addition and subtraction were applied to all ineged rational

numbers (representedfinite decimals ad fractions), while MATH 291lwvorked only

with finite decimal representatiofi5(2) MATH 281 spent less than half the instructional

time on these operations over the course of the semester than did MATH DIed first

difference meant that MATH 281 was challengednify the algorithms for addition and
subtracton across differenepe s ent ati ons of rati onal number
limitation to rational numbers in decimal representatiforded more coherence to the

treatment of algorithms for addition and subtraction (as well as multiplication and

division). The second differemcmeant that PSTs in MATH 291 had more opportunity to
explore childrends mat hemati cal thinking,

working with and understanding algorithms for these operations.

30 As described above, in many cases the blocks themselves were not present in class, but PSTs were

expected to draw the blocks that would be necessary for a computation.

3L MATH 291 PSTs di encounter rational numbers with infinite decimal expansions, but only did so in the

context of other bases. Fexample, 1/3 has an infinite decimal expansion, bedtitbe represented as .1

in base three. For rational numbers such as tbhabethe< finite representations weused the data

imply thatfraction representationsere never explicitly part of MATH 291 at Rio Universitlt is notable

that the term fAdeci mal 06 onl ytenpumergsethough fomspligit es i n t h
refer to all numerals using the symbol 6.6 as decin
%2 This large gap in instructional time is true of multiplication and division as well, though to a lesser

extent. A primary cause of this was the extent to which MATH 281 addressed workirfogpafitns

generally and number theory concepts like divisibility.
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Consider first the fact that MATH 281 treated the iddiand subtraction of
rational numbersising fraction representations, while MATH 291 did.nAddition and
subtraction of fractions was introduced in MATH 281 by highlighting for PSTs some
typical misconceptions that arise when trying to generalizgiaa@dnd subtraction
across number sets. For example, children @ftehnumerators and denominators as if
they were separate entities. The instructors of the course emphasized that in such
problems, the size of one whole must be the same. On onemesike to that class, the
instructor began by asking PSTs how to add %2 and 1/3:

I: How do we do 2 + 1/3? What do we need to do?
S: Change the denominator.

| (writes): 18+
23 32
3. 2_5
—+—=—
6 6 6
I: Thisisahardthingfotrsudent s, maybe itds a har
have a good concept of what thi®ansit can be obvious. What does 3/6
mear?

S: Three equal pieces out of six.
I: The denominator tells you how big the pieces are as it relates to one
whole. Thisismmiy you need to change them to
add the sixes togetheré. Why do we <ch
S: To get same size pieces.

This exchange between the instructor #re@lPSTillustratesa potential difficulty of

treating fractions beforeigtussing multiplication and division concepts: nothing has

been explicitly stated abouthythe three pieces must be of equal size and how this

relates to concepts division. Moreover, the act of multiplying fractions which is

necessary for properly ahging the denominators so that they agree had not been

supported by the same fundamental concepts of multiplication that the PSTs were then

encountering with addition and subtraction. This happened principally because these
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ideas about multiplication ardivision were part of discussions that were set to take
place a few weekaftert hi s conversation. ltds not that
these iIssues, but instead that 1t hadnodot d
necessaryf one is aimimg specificallyto developcommon content knowledge and the
requisite ability to compute fluently, but these connections are part of a specialized
content knowledge thavas not addressed in MATH 281: how does understanding about
operating on different nunelos develop and what si@oncepts are necessary in
developing this understanding?
As a resultthe concepts, strategies, representationsalgatithms PSTs
discussed related to whole number arithmetic lacked strong connectiaséashd for
operatingon fractions.Recall that one advantage of addressing each operation in turn is
the ability to show the coherence with which these operations can be viewed. This lack
of connection inhibited the development of this coherence, because the same operations
on different kinds of numerals appeared in fact to be distinct from one anGther.
indication of this is that later in that same class meeting, PSTs were asked to write word
problems that could be solved by modeling operations on fractions. Nearygevep
working on the task generated a situation that could be modeled with-atake
strategy (subtractiorgnd aghe instructor roamed the classroom talking to groups, no
mention was made of the previous models that were named for whole numbemproble
(e.g. takeaway, comparison, et¢despite the fact that this was a highlighted aspect of

subtraction with whole numbers
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In contrast, the fact that MATH 291 did not address fraction arithilefiorded
instructors to highlight the consistency withiah representations, strategies, and
algorithms can be used for whole numbers, negative integerinaely-represented
decimal numbers alikeAt the beginning of one class meeting, PSTs began by presenting
word problems they had written in an earhegeting that involved decimal
computations, and for which they were expected to illustrate diffeypas of models
(takeaway, comparison, join, etc.). In that same class meeting, the instructor asked PSTs
to consider how children might model thesedsiof calculations using blocks and line
segment lengths: the same representational tools (these were used in MATH 291 to
represent the choice of the BMU) were used to show how one can compute with whole
numbers and decimals alike. This juxtapositonbfevl e number ari t hmet i
work with childrends modeling strategies,
coherence of the ideas involved: the same approaches and the same tools apply to all sets
of numbers.This is precisely the sort of connectittrat was not evident in MATH 281,
and an illustration of where PSTs had different opportunities to learn specialized content
knowledge.

The second major difference manifest within these treatments of addition and
subtraction was the fact that one coutseoted substantially more instructional time to it
than the other. This fact does not mean that MATH 291 PSTs spent an extra amount of
time discussing one particular mathematical topic instead of another when compared to
MATH 281 PSTs. Instead, thistea time was occupied principally with PSTs working

closely with video of children working on addition and subtraction problems, discussing

3 Understanding operations on rational numbers as represented with fractions is a primary focus of MATH
292, the second course in the sequence of three content courses at Rio Univer3ity.281Aowever
made no explicit mention of fractions and focused entirely on numbers with finite decimal representations.
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written documents of studemvented algorithms for muHdigit computations, and
investigating how some of theslgarithms can be used as bridges between common
intuitive approaches and Athed standard ad
in MATH 281, the extent of treatment of these kinds of activities comprised less than a
single clas meeting. Recalhe Hilada nst ruct or who ¢l ai med t ha
dayo when describing how -gemerayed algerithensfgroi ng t
subtraction. That same class meeting also included extensive discussion of how to
properly use equals signsgignify a string of computations as well@®perly
representingymbolic justifications for combining numbers in particular wasisg
commutative, associative, and distributive properties of the arithmetic operations

This providedPSTsin MATH 291 opportunities to develop specialized content
knowledgerelated to these topics tha®Psin MATH 281 did not haveln MATH 291,
PSTs were referred explicitly to childreno
course of numerous days as it related witaxh and subtraction. The first time was
early on in the discussion of the meaning of the two operations. The purpose of this
encounter was to familiarize PSTs with the intuitive approaches children use to solve
addition and subtraction problems withaising algorithms. Three of the five learning

goals associated with this activityas stated in the teaching ndiesre

3. [PSTq] will recognize that children have a rich variety of informal
material counting strategies (based on the use of concrete
manipuldives) and verbal counting strategies (based on forward or
backward counting) for successfully solving addition and
subtraction problems.

4. [PSTs]will understand that the different strategies children use to
solve addition and subtraction problems camem®nciled through
the partwhole structure of the problems (i.e., that there exists a
mathematical consistency among the different solution strategies
and that it is possible to establish that consistency).

5. [PSTs]will recognize why certain types oftsy problems can be
difficult for children.
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Note how these goals stress the importance of the structure of the problem and how this
informs how children are likely to think about it. Such encounters are likely to facilitate
PSTs 6 SCK, b thenatocordront atwidé vanety ef shinking strategies and
they are thus presented with the dilemma of evaluating them and debeytieir
mathematical value.

The second main encounter PSTs had with children adding and subtracting was
similar, but as thewatched video of children computing, they were asked to predict how
children would solve various word problems, gimts structure. For example A J i | | has
three toys. Her mother gave her five more. How many does she have altagettier® a
joining prdblem for which the two parts are known and the value of the whole is
unknown. In this activity, PSTs are asked to observe that children typically will solve
such problems by physically modeling the action described in the problem. For the
example aboveghildren oftenwill gather three blocks together, then five, and then count
the two groupsogether ima single group. One value of this activity is to recognize that,
as described in the teaching notesoudid[t] hi
beabletpr edi ct chi lcdhrielnddrse nsétsr attheignikeisnng on di f f
and childrends difficulties. Then you can
when you teach them. 0 Thi s qfispetiaizedl escri be
content knowledge.

The third encounter MATH 291 students h
addition and subtraction casignificantly later in the semester than the first two, and

after PSTs had done similar activities as described abavadidtiplication and division.
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This encounter involved becoming familiar with alternative algorithms for computing
with multi-digit whole numbers, and using this familiarity to develop ideas about which
algorithms coul d be t brthmg prdcesse$ thahmsakeirtertaih e r me
aspects of the computation explicit which are hidden in more conventional algorithms.
Again, this is a component of specialized content knowledge: an understanding of the
constituent skills and knowledge related taadamental goal of elementary
mathematics instruction such as mudligit addition and subtraction.

On the other hand, in MATH 281, PSTs spent much moreduadeng and
subtracting fractions, as if this wetee primary skill set on which they needed takvo
This may in fact be the case generdlly is widely believed tha®STs are weakest
arithmeticallywhen it comes to operating with fractions. On the other hthedyractical
implications of this difference was a shiftfotus away fronstrictly elenentary school
topic of operating on integeand decimaland the specialized knowledge that teachers
need to in order to unpack the sshills that are part of learnirthese things. The
attention on fractioal representations of rational numbebscure the inherent
connections between the various techniques for computing with the different number sets
and insteadocused attention on the fundamental rules and properties of the operations
and how they applied to different number sets. The advantagearkihg only with
finite-decimal representations was that there wesnaistency with which PSTs could
apply the ideas they were discussing, while in MATH 281, there seemed to be different
sets of rules forational numbers, depending on how they wereasgntedOnebig
reason for this disparity was the fact thiladaPSTs were encountering operations with

fractiors before they had discussed muligaltion and division in depth.
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These same course similarities arjdst as importantly the course diffeances
were mirrored throughout the semester under study. MATH 281 was a course that, by
design and by consequence of the choice to studratipns across many number
representatons f ocused PSTsO0O attention more on pr
underlying concepts and fundamental ideas that are often hidden in such algorithms and
that can be made visible in the work of children. On the other hand, MATH 291 was
designed to highlight such skills for PSTs, and by virtue of the fact that the course
concentrated on fewer kinds of representatonsh ad t he abil ity to int
thinking through the use of video and written wotk this way the two cohorts, despite
covering very similar ideas at one level, were actually addressing differapboents of
MKT: Hilada PSTs had more opportunities to attend to computational fluency associated
with common content knowledge (CCK) and Rio PSTs had more opportunities to
develop understanding related to evaluating strategies based on stronger ability to
recognize the structures and fundamentaisalts that support a strong understanding of

the operations.

Attending to Impacts offiEse DifferencesA Return to the Research Questions

Recapitulating the Comparison

In this chapter, | have argued that WA 281 at Hilada University and MATH
291 at Rio University addresgprimarily the same mathematical topics, arat there
are many aspects ofdin structure which are similar. Both courses concentrate on the
fundamental concepts of number and operatimimeration, addition, subtraction,
multiplication and division. A look at the respective syllabi for each course reveals that

they discussd many of the same topics. Moreover, Rio and Hilada orgdiseetions of
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these courses into similar sizes, expd®STs to complete assigemts, quizzes, and
exams, and et multiple times each week to engage in lecture and small group activities.
On the other handhere wee substantive differences between the courses that
may have implications for what PSTsuteed as part of their course experience. MATH
291 at Riodid not explicitly address the notion of rational numbkessepresented by
fractions Instead, PSTs in that class operated on rational numbers represdimi¢el as
decimals. MATH 281 at Hiladaovefractionoperationghroughout the course, often
using them as a way to jify actions taken with decimal representatioifie courses
differedas well in the approach theyak to teaching common content: MATH 281
organizedhe course around opei@ts and justifying algorithms used for those
operations using formal mathematical arguteeMATH 291, by contrast buifirimarily
upon the idea of place value, using the concept of the Basic Measuring Unit and its
associated measuring units. Algorithwee justified in MATH 291 using different
representations of these BMUs and MUisterpreted with a situated learning theoretic
perspective,tis difference in organizing concépbperation and formal mathematical
argument versus place value and reprisgemd shouldresult in PSTs learning different
mathematics, despite the fact that all are learning about addition, subtraction,
multiplication, and division. Still other differences between the courses malyaalso
ledto different learning among PSbetween the two institutions:hile both courses
employed the use of artifacts of teaching in order to motivate PSTs and examine
important mathematical ideas, this was evident in MATH 291 more frequently than in
MATH 281. Videos of children solving problemanalyzing word problems and how

children solve them, aralcloser fidelity to the development of mathematics in
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elementary school appeared to embed PSTs at Rio University more deeply into the
practice of teaching, the practice into which PSTs are bethgted, and for which these

courses are designed to prepare them.

Reviewing the Purpose of the Comparison

| have argued in this chapter thiagtdifferences between these courses create a
usefulcontext for testing situated learning theoihe aim othe project is to determine
whether or not the theory canswer the following questions:

(1) What mathematics do prospective teachers learn by engaging in
activities of teaching practice such as examining curriculum,
student work, and classroom video?

a. Do PSTswho regularly engage such activities
display evidence of differemhathematical
proficiency than PSTwho participate in more
traditional course work

b. Do PSTs engaging in such activities display
different mathematical knowledge for teaching
(MKT) thanPSTs participating in more traditional
course work?

c. Do PSTs engaging in such activities develop
different attitudes about mathematics and teaching
than PSTs participating in more traditional
coursework?

(2) To what extent do prospective teachers see thelensdtics
course work as relevant to their future work?

a. Do different course approaches set up differing
perspectives among PSTs on the contribution of the
course to their future work?

b. Do different course approaches set up differing
views among PSTs abougth confidence and
abilities in mathematics?

The theory mayelp explain how PSTs learn mathematics for teaching, which may have
broadimplications for undergraduate teacher educadicnoss disciplinesDid PSTs at

the different universities leamathenatics differently? Didhey develop different
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attitudes aboutathematics and teaching? iy view their courses as having

different relevance to their preparation and future practice as teachers? These are the
essential questions | have endeavdcedanswer, and for which | have collectata.

While the evidence suggests that the courses met the initial criteria that they be different,
it remains to be seen whether these differences can explain any gaps in outcomes
measures between the PSTs atdifferent universities. It is to this data that | will turn

in the next chapter.
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Chapter 5:Results

MATH 281 and MATH 291 corresponded with one another in many respects:
they each discussed nearly identical mathematical topics, eshsithilar numbers of
PSTs, structured PSTsd6 time ali ke, and mad
PSTs6 knowledge and skill s. On the other
respective mathematical work differently, and these different apgpesaneant that PSTs
did different things.The central question of this study is to learn what effects these
di fferences had on PSTsd6 MKT, their attitu
whether or not they felt that MATH 281 and MATH 291 were simjlaglevant for their
future careers. In order to discern the answers to these questions, | collected data about
PSTs 6 MK Fitem mutipleachaicé instrument (the MKTI) and interviews with six
selected PSTs. | also gathered responses to surveyniesits designed to give insight
about PSTs6 attitudes about mathematics an
and interview prompts sought information a
relevance.

Recall the hypotheses | described at¢ind of Chapter Threehich correspond

to three primary research questions of this project

1. PSTs in a course that more closely identifies with practices of
teaching will perform better on measures of Mathematics
Knowledge for Teaching, than PSTs in aise that does not.

2. PSTs in a course that more closely identifies with practices of
teaching will develop different attitudes about mathematics and
teaching than PSTs in a course that does not.
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3. PSTs in a course that more closely identifies with teachitidpevi

more likely to reflect on the experience as a valuable one than

PSTs in a course that does not.
What does it mean t o A mor Athoagh commdnygontend e nt i f
knowledge is an integral component of MKTmathematics coursethdtc | os el y
i dent i fi es iswanewhich toecantrdiels snlgdomainsof MKT that are
particular to teachingather than those which overlap witthet practices and disciplines.
In particular, the analysis in the last chapter indicates that MAIIHcBncentrated on
P S TSC&in ways that MATH 281 did notMATH 281 focused greater attention on
issues of CCK such as computational fluency and understanding of standard algorithms.

However, the diffeences between the two courses @uancedthesecourses
were notat polar ends ad spectrum, but rather both colled located somewhere in the
middle. Neither course clagdto be a kind of immersion experienoeteaching and
neither aspiretb be a course which isolatedfrom the teaching profess. Still the
evidence demonsttes that MATH 291 incorporatedore explicit attention ta sub
domain of MKT that isot shared with other practices and disciplin&s.such situated
learning theoryredics different outcomes along the dimensionsavé outlined.

From the perspective tiietheory, one might predict that the differences | have
described between MATH 281 and MATH 291 would result in PSTs at Rio scoring
higher on the MKTI, demonstrating different attitudes about mathematics andchtgachi
and claiming stronger affinity for what they learned in their math course than did Hilada
PSTs. The data | report on in this chapter support thgg®thesesbut the full range of
data is necessary to reveal it, as a single data stream inadedeatzipes the outcomes.

| therefore address the focus of each research question in turn, using all relevant sources
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to discern what the data reveal. First, | analyze the data with respect to the question

about PSTso rel ati ve ftMKVKTIand the imerviews. Next, It he r
undertake the question of PSTsO0 attitudes
from the survey instrument. Finallye survey instrument and the interviews form the

basis of an analnysoifs tohfe iPS Tcsobu rpseerdcse prteiloe v a n
practice. Throughout these descriptions, | will explicate methods particular to the

analysis as they arise in the data. These methods were described in Chapter Three,

though new details arevealed heresathey became necessary during the analysis itself.

PSTs 6 Rel RidtheP8Ts i KIATI281 Develop DifferentMKT than PSTs in

MATH 2917

One might assume that if most of the PSTs did not fail their course, then their
instructors certified that thdyad in fact learned mathematics over the duration of the
semester. There is nothing revelatory about this statement. However, while course
grades can be effective measures for assessing individual progress, they are ineffective
ways to describe a groub students and are undesirable measures for comparing
different group®f students in different coursess this study intends to do. Moreover,
given the descriptions above, it may be hard to decide the extent to which the course
grades r ef lematidal kPo®lddgedfor teachink, as the assessméthis and
among the two coursegere differentially geared toward this gdalThus, this research
has employed the use of interviews amdultiple-choice instrument for measuring

mathematical knowledder teaching (MKTI).

34 This is true both between and within courses, and understandably, the variety of assessments during a
semester lend themselves téfelient foci among the regions of these different kinds of knowledge.
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The data generated by these tools suggests that PSTs in both courses learned
important mathematics from the beginning of the semester to the end, though teasing
apart the differences between the PSTs at Hilada and Rio on thisstbomennot trivial.
Below | outline results from statistical apsés of the MKTI data that compare mean
scores on the MKTI and what these results say abokntheledge PSTs developed at
each institution. Subsequent analysiglifferential achievemeron individual items and
oft he interview data paints a slightly diff

mathematical knowledge that might not be visible througlgtiantitative lens.

Results of the MKTI

Recall that PSTs completed ai8dm instrumat designed to assess their
mathematical knowledge for teaching, what | am calling the Mathematical Knowledge
for Teaching Instrument (MKTI)Froma pool of hundreds of items written by the
Learning Mathematics for Teaching (LMpioject at the Universitgf Michigan, the
items were narrowed first to reflect the content that was common to both courses,
focusingin particularon number and operation concepts. Next, the items were chosen to
reflect a variety of difficulty leels and to maximize reliabilif? PSTs completed the
instrument at the beginning of the semester and then again, approximately three months
later, as they neared the end of the semester. At each campus, there were a handful of
PSTs who completed the first round of the MKT] ttat notparticipate inthe second
administration. These were eliminated from the analysis described below; only PSTs

who completed both the prand postassessments were included.

% Analyses of items resulting from pilot studies in the LMT project provided baseline reliability statistics.
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MATH | MATH
281 291
Total # of Students 93 76
Enrolled
# of PSTs completing
Round One 65 47
Response Rate 70% 62%
#of PSTs Completing
Round Two 60 4l
Retention Rate 92% 87%
Total Response Rate | 65% 54%

Table 2: A summary of PST participants

Analyses of Variance

Within the sebf PSTs who completed both rounds of instruments, descriptive
statistics were computed for each campus, including mean and magdianares
(number of correct responses), standard deviation, variance, skewness, and kurtosis.
These descriptive characteristics of the data indicate that the assumption of normality
necessary for the ANOVA is a reasonable olean and median valu®dor each
administration of the MKTI at each campusre simila?’ and flistograms of the
aggregatelataandfor each administration of MKTI at each university reveal symmetric
shapes not unlike a normally distributed data set. Below are some examples of these
histograms. Relatdfolmogoro+Smirnovand ShapireNilk tests also suggest that the

data can be approximated using a normal distribdfiohests for homogeneity of

% A condition of my use of the items from the LMT Project at Michigan wasréports of the data would

not include raw scores on the instrument. Scores that result from responses on the items should not be
interpreted as identifying some benchmark or level of knowledge. Rather, the scores are useful for
comparative purposeshich is one of primary the reasons | employed these items in this project.

%" The difference between mean and median at each campus was less than ¥4 of a standard deviation, which
means that these two measures of center were never further apart thanettod &alingle correct answer

on the 31item instrument.

3 The test statistics for both the&and ShapiraVilk tests for all administrations of the MKTI have p

values larger than .10, which means that one cannot reject the null hypothesis, whichristineat a
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variance also supported the assumption necessary to maintain integrity in the ahalysis

variance computations.
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Figure 6: Aggregate Enaf-Semester MKTI Scores

distribution can be fit to the data. The ShapWdk test is the more appropriate procedure of the two for
samples of the size | gathered.
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Theanalysis of variancperformed on the mean MKBktores at each locatishows that

there was no statistical distinction between PSTs at the two campuses at the beginning of
ther respectivecourses’ This is important, because it indicates ¢agly

homogeneit§ along this dimensiah of the two groups oPSTs in the independent

locations. Had the two campuses demonstrated significant differences at the outset, this
fact may have complicated the subsequent analysis of the influence the courses had on
PSTs This resulindicates thatat leasty this metic, the PSTs began their respective

courses with similar mathematical knowledge for teaching.

Sum of
Squares df Mean Squarg F Sig.
PreMathScore Between Groupd 4.488 1 4.488 .280 .598
Within Groups 1586.205 99 16.022
Total 1590.693 100
PogMathScore Between Groupg 2.430 1 2.430 A77 675
Within Groups 1362.362 99 13.761
Total 1364.792 100

Table 3: ANOVA Results Comparing Mean MKTI Scores between Hilada and Rio Univeratitteg
beginning of the semestemathen again at the end.

An ANOVA performedon endof-the-semester MKTI scoresgainshows no statistical
distinction between MATH 281 and MATH 291.In other words, these data do not
indicatethat PSTs at either institution developed any more (or tea)ematical
knowledge for teaching relative R5Ts athe other.

However, whether partitioned by campus or aggregated across campuses, the

meanMKT]I scores at both Hilada and Rio Universities rose by approximately one

39p<.6
“p<.68
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standard deviation from the beging- to endof-course administrations of the MKTI

instrument. This result is comparable to answering four additional items (~13% of 31

total items) correcthat the May administratioaf the MKTI than at thé-ebruary MKTI
administration This increase vgastatistically significant in all casé&s.Broadly

speakingjhi s i ndicates that both courses had a

mathematical knowledge for teaching.

Multiple Regression Analysis: Which Variable(s) Influenced MKT Scores Most?

While the ANOVAs indicate that the campus from which the PSTs came had no
effect on theiendof-semesteMKT]I scores, there may have been other relevant
variables thaaffec® and can thus predittthesescores In order to discern which
variables might be able accomplish this, | constructed a multiple regression model by
entering following data: institutigff attitudes survey score change, average response to
items related to course relevance, and the MKTHt@se scoresUsing a stepwise
regression analysf” themodel excluded the institathal variable, citing it as not
significant. In fact, the only one of those variables | listed above which made it into the
final regression model was the early semester score on the MKTI. ThHispseore

explained52% of the variance in pegtst scores. In another model that forced all of

“p <.001

“PSTs in MATH 281 were coded with aifihoawhRl é thohae
positive correlation between this variable and other(s) shows that a higher institution score (MATH 291) is
associated with a higher dependent variable score, which in this case in the MKTI score. Conversely, a

negative correlatiomwould suggest that a lower institutional affiliation (MATH 281) is associated with a

higher score on the dependent variable.

“3The stepwise regression method begins with the variable with the highest correlation to the dependent

variable, and adds varialslénto the model only as long as they independently contribute significantly to

the surof-squares calculation.
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these variables to be includ&these other variables together accounted for only an extra

3% of the variance.

Variance in

Variables Included Variables Excluded MKTI_Scores

explained by

the model
Institution, attitudes
survey score changg
average response t
Model MKTI Pre-Test Scores items related to 52%

One course relevance,

whether or not
students were
repeating the cours

Institution, attitudes survey scor|
change, average response to ite
related to course relevance, MK] none 55%

pretest scores, whether or nof
students were repeating the cou

Model
Two

Table 4: A summary of the two regression models used to predicoésdmester MKTI sores

This means that of the data collected in this study, the only variable that is likely to shed
muchlight on how PSTs will perform at the end of the semester is how well they
performed at the beginning of the semester. PSTs who earned higheastioees
beginning of the semester were likely to produce the higher scores atltbétae

semester, and the PSWgh lower scores early in the semester were likely to remain
relatively lowscoringat the end. More specifically, this model predicts thehange of

one standard deviation on the beginaaigsemester MKTI score results in a nearly %
standard deviation change in the @iegsemester MKTI.In other words, two PSTs

separated by a single standard deviation at the beginning of the seneestgrldely to

“This is known as the Aentero met hod.
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beseparated by nearly that much at thedetttbugh both scores are likely to be
significantly higher

Thisresultis revealing, because it suggests that neither of the two interventions
represented by these different coursedatter tlan the other imvercoming the effects
of the knowledge with which the PSTs eetttheir courses. Neither course was able to
trump the influencef PSTso6 prior knowledge and under
demonstratedimilar achievement. Thisis not a surprising result, insofar as it would
seem unlikely for a semester course to nullify 12 or more years of formal education in
mathematics.On the other handk, also suggests and reinforces the that both courses
improved the MKT of all PSTBy similar amountsthe courseghusconform to the
stmdard of fAr ai si.nTgefitgplcdlo PRT@m@swesed 13%imore iterasr | y
correctly at the end of the semester than at the beginning: theaBfdato havemade
measureable progress in degeng MKT.

Among the handful of other variablestire second model described abawee
variable in particular aggars to have a disproportionate influencerevariancen
MKTI scores The amount of change exhtichited in
and teachindpetween beginning and end of the semastereakly, but positively
correlated with thendof-semester MKTI score. Thisdicates thasucceeding in
changing (increasind) STs 6 scores on the attitudes sur:
scoreon theMKTI. There are many reasons why it is hard to be conclusive about this
last result, because it may well be that those who scored higher were more prepared to
undergo such attitudinal changes. | will return to this tégigrwhen discusing the data

on PSTso6 attitudes.
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DifferencesinPSTs Common Content Knowledge and Spec

Subscale Analysis

The broad result of the MKTnstitutomal ysi s r
improved their MKT but it does not addresgethe or not PSTs learned different
mathematicas the theory predicts they would. In order teedatne this) turn to a
differentanalysis of the MKTI data, in which itenasepooled togethein subscales
according taheir assessment of common canttknowledge (CCK) or specialized
content knowledge (SCK)With the assistance of a mathematics educator with expertise
in teacher education and MK particular | partitioned the 31 items into two subsets.
Recall that common content knowledge addre&s@wledge that any wedlducated
person would be expected to know. This includes basic fluency with computation, ability
to identify errors in calculations, and recollectmfrbasic mathematical facts.
Specialized content knowledge is knowledge teaiarticular to the work of teaching. It
includes being able to evaluate rstandard approaches to calculations and to determine
the validity of such gmroaches in other contexts. dddition, SCK is characterized by an
ability to identify appropriateapresentations for key ideas and recognizing that particular
skills can be decomposed into constituentskibs.

Using this schemd,5 of 31 itemsvere categorized &CK while the remaining
16 itemswere labeled SCKANOVA run on each set of data (leiging- and eneof
semester common content knowledge scores and begiramdgneof-semester
specialized content knowledge scores) demonstrates that PSTs were not statistically

different from one another on either measure at the begifirifthe semeste Both

S For CCK, p < .62 and for SCK, p < .68
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cohorts of PSTs scored similarly on both types of items on the Fgladisinistration of

the MKTI.
Sum of
Squares df Mean Square F Sig.
PreTestCCK Between Groups 1.303 1 1.303 .254 .615
Within Groups 506.935 99 5.121
Total 508.238 100
PreTestSCK Between Groups 1.088 1 1.088 .182 671
Within Groups 591.724 99 5.977
Total 592.812 100

Table 5: ANOVA Results Comparing Mean CCK and SCK sdale scores between Hilada and Rio
Universities at the beginninof the semester.

However, at the end of the semester, there is evidence that the PSTs at Hilada had
developed more CCK than their counterp&ttst the same time, Rio PSTs opened a

similarly sized gap between themselves and Hilada PSTs in terms ¢f' SCK

Sum of
Squares df Mean Square F Sig.
PostTestCCK Between Groups 12.116 1 12.116 3.216 .076
Within Groups 372.974 99 3.767
Total 385.089 100
PostTestSCK  Between Groups 19.163 1 19.163 3.481 .065
Within Groups 545.055 99 5.506
Total 564.218 100

Table 6: ANOVA Results Comparing Mean CCK and SCK sdale scores between Hilada and Rio
Universities at the end of the semester.

““p<.08
“"p<.07
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This means that while all PSTs increased their measured MKT, PSTs at Hilada developed
different aspects of their MKT than did their counterparts at Rio. Furthermore, these
differences manifest themselves along the same dimensions which were foremost the
focus in each course, namely common content knowlédddilada Universitypnd
specidized content knowledg@t Rio University) It is notable that while the differences
are statistically significant, they were not large in magnitude: in the May administration
of the MKT]I, Hilada PSTs outscored Rio PSTs on common content knowledgebgems
a singleitem. This means that on average, Hilada PSTs answered on€@kntéem
correctly than did their Rio counterparts. The magnitude of the differences between the
two cohorts in terms @CK items was also approximately one item.

This resultpoints in the direction predicted by the learning theory and occurred
over a relativelyshort span of instruction. Though the size of differences was relatively
small, there are other data that support the conclusion that the two courses learned

differentmathematics for teaching.

DifferencesinPSTs Common Content Knowledge and Spec
MKTI Item Analysis

On the scale of thentireMKT]I, the PSTs at the different universitiesldiot
demonstrate different MKT. Howeverartitioning the instrument into the two categories
on which it assesses reveals that there were differences between the two institutions. A
closer look at individual it@s reveals aimilar avenue of interpretatiorOne of the
conditions of my use of the itemsrggrated by the LMT project at the University of
Michigan was to report only relative results as opposed to raw scores. Therefore, | have
chosen to compare responses on these items in terms of the magnitude of the difference

between th@ercentagesf PSTsat each school who answered the item corrediby.
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example, on a particular item, if 47% of Rio PSTs answered correctly, while 52% of
Hilada PSTs answered correctly, | report the difference between them aB&%.
purposes of the analysischose aelatively arbitrary difference to consider significant
enough to warrant further attention: 10%chose this value because on many items, the
difference inachievementvas less than five percent so that a dowliggt magntude

stood outamong the 31 itas on the instrumentNearly half (L5 of the 3) of theitems
were answered by PSTs at both universities within five percentage pdeuentems

had differences of between five and ten perc@imie nineremaining items which

differed by greater thaten percenare prominentand are thus reported here.

With these criterian place | explored the results of each item at each campus for
each administration of the MKTI. As | argued in Chapter Four, the differences between
the courses stemmed primgrifom emphasizing different sudomains oMKT. One
would expect thaat the end of the semestklilada PSTs would perform better on items
focusing onCCK while Rio PSTs should perform better 86K items

Looking at the results of performance odividual items, there were clear
differences between the two cohor@onsideritem #2 from the beginning to the end
of-semester MKTIHilada PSTs increased their percentage correct by 22spuihile
Rio PSTs increased liyl percentag@oints. On iem#4, Rio students increased their
percentage correct by nearly 50 points, while Hilada PSTs increasedyldyl points.

On item #8a, Hilada PSTs increased the 8% gap that existed at the beginning of the
semester to 2295 On #9athe same thing happetebutroles were reversed. On item

#10, Hilada PSTaicreased their percentage of correct respoBé#sfrom begining to

“8 Rio students actually answered this iteanrectly in smaller numbers than at the beginning of the
semester.
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end, and Rio PSTs improvedly 14% On item #12, Rio PSTs gained nearly 60 points
while Hilada PSTs gained only Jints On item #14, Rio PSTs gained 28 poimtkile

Hilada PSTs gained only %6

Increase of Increase Of
tem Correct Correct
Responses at| Responses at
Hilada Rio

2 22% 14%

4 11% 49%
6(d) 12% 40%
8(a) 9% -6%
9(a) 3% 20%
9(b) -8% -1%

10 35% 14%

12 12% 60%
13(e) 32% 0%

14 17% 28%

Table 7: Changes in percentages of correct respooseslected itemsylPSTs at each university

All of these examples were considered noteworthy because they were unusual in
the following sense: the propmm of correct answers on tlead-of-course
administration of the MKTilvas at least ten percentage points higher on one campus than
theother. In many of these cases, one campus dramatically improved the percentage of
PSTs answering correctly, while théher campugjains were more modesiVhile the
analysis of the differences between the two courses | offered in Chapter Four can explain
many of these results, it does not account for all.

Consider first the item with the largest gap between the two csespat the end
of the semester, item #4 was answered correctly by a proportion of Rio PSTs 43

percentage points higher than at Hil&da et, at the beginning of the semester, the two

9 Note that in Table 7, the difference between the gains on item #4 at the two campuses is 38%. Since the
proportion of Rio PSTs answering this item correctly was 5% higher at thenbegof the semester, and
the corresponding improvement was 38%, this is how | arrive at the 43% figure.
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groups of PSTs were similar: MATH 281 PSTs answered correctly witlowt &86 of

MATH 291 PSTs. ltem #4 i nvolves an anal ys
algorithm fora two digitsubtractionwhich features a nestandard regrouping process

The regrouping process in the item is illustrated in the exad@dé 79 bdow:>°

14
pY]

(620 {e]

) bW
o 4 o of 5

Why would Rio PSTs perform so much better? One explanatight be that only

MATH 291 PSTs worked on such an algorithm in class, and therefore, the MATH 281
PSTs were at a disadvantage in trying to solve it. Thistitheacase: both courses
addressed precisely this algorithm. MATH 281 discussed it during the alternative
algorithms activity that PSTs worked on in groups out of the supplemental activities
manual. The course notes suggest that instructors highlightety algorithnfor the
problem 364 79:

The most challenging student to figure out is #4. His method is
actually a standard algorithm in some countries; very possibly
the student was taught this approach rather than inventing it
him- or herself. It uss the same concept as #7. For example,
when the student changes the 4 in the ones column of the top
number to 14, that has what affect on the value of 364? (adds
ten). In order to preserve the difference between these two
numbers, he then needs to add to the 79. Instead of doing

that in the ones column, however, he added a ten in the tens
column, making the 7 into an 8. Similarly, when he changes the
6 in the tens column of the top number to a 16, that changes the
valued how much¥pause heré somestudents will says only

ten is being added, not recognizing that ten tens or one hundred
has been added; it is critical that this misconception be

0 This example is not meant to illustrate the item itself, but simply is an example of the regrouping process
in that item. Item #4 does not involt®o regrouping steps as this example does, but this is the problem
used in MATH 2816s course notes, described bel ow.
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addressed) Since 100 has been added to the top number, 100
needs to be added to the bottom number. Sdgtkaeiagonal
mark below the 3? That is a 1 in the hundreds column of the
bottom number. Now the subtraction can be carried out,
knowing that the difference between 3 hundreds + 16 tens + 14
ones and 1 hundred + 8 tens + 9 ones is the same as the
difference between 364 and 79. Try this algorithm on another
pair of numbers (e.g., 20357 from last class)

A related, but distinct interpretation is that Rio PSTs were better equipped through their
course to anal yze s ud@hmappmgd MKT, thistem tBrgeltsl , et .
PSTs6 speci al i z eitthske RShsttadeconstruktime mwmeralslingcetheir
constituent place vaks and an analyzd how those values can be manipulated
differently from the standard algorithnThe analgis of the two courses showsth
MATH 291 focused more onigtcomponendf MKT than did MATH 281, and thus
PSTs in this course were ready to address the issue on this item in greater proportion than
MATH 281 PSTs.Thus,Ri o PSTs 6 k n o wl lythigieem,whils Hiladat i vat e
PSTs6 knowledge | ay inert.

Al ternatively, the most | opsided item i
PSTs wergesponded to a question involving the number of fractions between zero and
one This item was included in thestrument despite the fact that fractiomsrenot
comnonly addressed in both coursdgemssuch as this wergesigned by the LMT
projed andgroupedwith other itemghatwerecommonly addressed by both coursasd
in order to mantain theirstatisti@l integrity, these groupings, where they occurred, were
retained. Fractions were frequently discussed in MATH 281, and though the knowledge
required for this item did not appear to be an explicit goal of the cauise, reasonable
corollary to the dicussion described in the course natasut locating fractions on the

number line
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Number lines also give a way to visualize some important facts
about fractions. These should remind you of analogous facts
about decimals studied in chapter 2.

1. Roundng: Frequently "unusual” fractions like 17/30 are
mentally replaced with a familiar fraction that is close in
size, such as 1/2.

2. Fractions Between Fractions: Number lines also allow us to
"zoom in" and find fractions lurking between two given
fractions. For example, name one fraction between 17/30
and 1/2. Between 17/30 and 18/30. Name two fractions
between 2/3 and 3/4.

This does appear to be a case of one ¢lésg not the othér addressing the topic.
MATH 291 PSTs simply did not have an opumity to learn about the ideas in this item
over the course of the semester, while MATH 281 PSTs did.

Of the four items on which Hilada PSTs performed substantially better (> ten
percentage points) than Rio PSirsee are related to fractions andreclassified as
CCK with respect to fraction concept@n the other handive of thesix items on which
Rio PSTs perfomed substantially better wectassified asSCK. This split in
performance maps directly back to the split | described between tleetigsdoci of the
coursesand likely influenced the statistical results | reported abdwés is further
evidence that the differences between the two coumfieenced the kinds of
mathematical understanding that PSTs develoftemjpears that thesdifferences ase
from a simple difference in opportunities to learn, and in important ways, this is true.
However, these opportunities were direct consequences of the mathematical and
pedagogical design choices madechot deaabsc
thinking and unpacking of elementary school ideas generated a different perspective on

the same algorithms and i deas ratsnaadddr es s ed
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notation that sought to explain and justify usmgresophisticated mathertieal
approaches

One item in particular forms a potential counterpoint to the analysis abeve. |
#2, in which PSTs were asked to choose the best represeatatient udent 6 s descr
her method for computing2: 14, which is an pplication of the distributive property of
multiplication across additionAt the beginning of the semester, Hilada PSTs answered
this correctly in greater proportion by 5%uring the semester, while both courses
discussed how to deconstruct such states) MATH 281 focused on the use of
algebraic properties such as distribution, while MATH 291 concentrated on place value
arguments.In May, the gamn this itemhad increased to 14% favor of Hiada PSTs
This is an SCKtem which both courses addsesl but in different waysGenerally
speaking, PSTs from Rio answered these kinds of items in greater proportion than did
Hildada PSTs, and it is unclear why it was that case of iter¥2. It may be that this
item bore resemblance to the emphasis MABH @laced o rewriting mathematical
statenents using various algebraic properties of the given(igsetisis case the
distributive property)

Another item for which the description of the courses does not provide
explanation istem#9b. Itwas the on} item for whichboth groups of PSTs ansveer
incorrectly in greater proportion in May compared to Februatys item requires PSTs
to interpret an example of an alternative method for raligit multiplication and decide
if it 1 s a mekdofdor haltl wsitemhwasowssifidol beCikS . Thi
As such, Rio PSTs attended to this kind of mathematical knowledge more often than did

Hilada, and they indeed performed better on this item than their Hilada counterparts, but
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both groups answed correctly less often compared to the beginofigemester MKTI.
This is anotherresult for which | do not yet have an explanatiespecially as this item
was part of a group of items in which this result was not repeated.

In addition to exploring thdifferences irpercentage of PSTs responding
correctly, | also noted two items in which the polarity of the gap was reveffeed.
exampleat the beginning of the semester, the proportion of MATH 281 PSTs who
answered #6d correctly was neasycethe poportion of MATH 291 PSTs who
answered that question correctly. Itemrég§uires PSTs to choose appropriate
collections of baséen bocks to represent a number. This item groups multiple
representations together and asks PSTs if they are correctermaitds, do the
relationships between the blocks represent the relationship between the place values
expressed by the numeral? Some choicemeacoerect, one would be a typical, correct
choice of blocks, and another would be a correct, if unconventicmaice.

In February, Hilada PSTs appeared to underst&ddn this collection in much
greater numbers than did their counterparts at Rio University. At the end of the semester,
the Rio PSTs in MATH 291 outscored the Hilada PSTs in MATH 284idiyt
percentage points. Although more Hilada PSTs answered this question correctly at the
end than at the beginning of the semester, the improvemesubsntiallysmaller than
that displayed by MATH 291 PSTs at Rio. This kind of dramatic reversal from
begiming of the semester to the end happened only one other time, and as such, warrants
further investigation. Why woul d the Ri

dwarf that of their Hilada counterparts?
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On the other hand, at the beginning of tmester, MATH 291 PSTs answered
item #13e correctly 22 percentage points higher than their MATH 281 counterparts,
while in May, MATH 281 PSTs answered 15 percentage points higher than MATH 291
PSTs*I tem #13e involves PSTsloée aosfs etshsunmebnot roefl
division. The rule of thumb is false, though it is true when the number system being used
is whole numbers. Countexamples exist among integers and fractions, and fractions

are the archetypal counter example to the rule of thumb

These are the only two cases of such extraordinary turnarounds in the percentage
differences between Hilada and Ribhis data, along with the stdrale analysis suggest
that indeed, the two cohorts of PSTs learned different aspects of Mkfhe cas of
#6d,theunorthodox choice of manipulativas special among thefeer items in the
group becaustheyare more straightforward uses of the bloakd thus they would not
necessarily show di ff demétd eqises dgeettev@iyn P ST s 0
with andunderstandingfpp | ace val ue and representations
Rio PSTs had more opportunities to develtparguably also reveals something about
PSTs 6 knowl ed geachingf whichoreqtiresndachersta chagg@opriate
representations for instruction. Here too, | have argued that Rio PSTs had more
opportunity to develop this aspect of their MKIL.is not surprising then that the Rio
PSTs would show significantly more improvement than MATH 281 PSTs.

In the case off13e, it may be that this twaround is due to the fact that Hilada
PSTs6 had greater exper i erracgonsan particulat onvi di ng

which the counteexamples to this statement aféeenbased.Recall that MATH 291 did

*1 Rio University (MATH 291) PSTs answered this item correctly in nearly the same proportion from
beginning to end of the semester, while ffercentage of correct responses rose 36% among MATH 281
PSTs.
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not address operating with fractions explicitfyhile thiswas a regular theme in MATH
281. A statement like #13e watassified acommoncontentknowledge, which was the
type of mahematical knowledge that was more prominent in MATH 281 than in MATH
291, and again, it should not be surprising that MATH 281 PSTs performed better than
their counterparts on this item.

At the same time, some differences were smoothed out from beginning to end of
the semester. There were eight items for which one caamswgered correctly at least
ten percentage points more than the otltéhe beginning of the semesterof these
eight, only items #éand 13ediscusse@bove) had such a large gap at the end of the
semesterOne expl anati on f oisthdbroad sesufi of thatatistidali ng e f
analysis oMKTI data the two courses were both effective in teaching PSTs important
mathematical ideas for teachinn t he ot her hand, | ike the o
above, each of them focused on a paléicsubdomain of MKT, subdomains that
would seem to privilege one group of PSTs over another, and interestingly, this appears
to account for much of the Asmoothingo eff
items clustered in #6, which assess8slPs 6 under st andi ng of pl ace
their SCK, were answered correctly in greater proportions by Hilada PSTs than Rio PSTs
at the beginning of the semester. At the enithefsemester, thspecialized content
knowledgethat Rio PST$iad moreopportunities talevelop in MATH 291 closed the

gap to within five points.

52\While it is true that a statement like 6.3, can be translated into a statement |g(§ , this connection

was not part of MATH 291, and | do not presume that PSTiddvmake this connection on their own.

Making connections such as these appears to be the purpose of MATH 292, the next course in the sequence
at Rio.

316 of the items on the beginniug-semester MKTI resulted in gaps of less than 5%. The other seven

items had gaps of between five and ten percent.
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The use of situated learning theory to interpret this data suggests that PSTs at the
different universities developed measurably different MKT, but it would be incorrect to
asserthat PSTs in one setting did not develop MKT associated with the other. For
example, on item #9c (related to alternative algorithms for fdigtt multiplication
which is associated withpecialized content knowledgdilada closed a large gap that
exided at the beginning of the semester and at the end answered this correctly in greater
proportion than did Rio. Conversely, Rilmsed a 14 percentag®int gap to four points
on item #13d, which states what is often referred to as the multiplicatioarpyrap
equality; this item wasclassified a<CCK.

The thrust of this item analysis is thereforstapport the suiscale analysis
which shows that Rio PSTs and Hilada PSTs gained differential understanding of MKT:
whil e Hil ada PSTs 0onierd kmowkedge than ®io BSTg, thetRioo n ¢
PSTs learned more specialized content knowledge than Hilada HF&& statistical
analyses show thabth courses seem to have helped the PSTs make saghifiogress
in developing MKT and thateither course stals out against the other in termshofv
muchMKT PSTs developedTheitem analysigloes notontradict this conclusion: the
number of items with loided percentage differenceasvelatively equally distributed.
However the differences imvhichitems PSTs answered correctly demonstrate that the

different foci of the courses may indeed have developed MKT in measurably different

ways.

Interview AnalysisMKT

If the statistical analysis of the MKTI datanet definitiveabout the differences
betweenBTs 6 mat hemati cal knowl edge for teachi
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suggests tha complete description of the effects of these courses may require deeper
analysis The interview datavere collected for @cisely this purpose, anéigue below
that theyprovidemoreevidence that there were substantive distinctions among the MKT
that PSTs developed at the two universitie®ne of the limitations of a multiple choice
assessment like the MKTI instrument is that the PSTs had no opportunityiamexipy
they answered the way that they.dldnt er vi ews can | ay bare mor
understanding about how children think, avfiether and how they might apply their
knowledge in teaching situationsBelow, | describe my analysis of the interviewstas
pertains to the PSTsd knowledge of mat hema
analysis offers a subtly different view of the results contained ist#tistical analysis of
the MKTI, and supports the results of gscale analysis as well as thdividual item
analysis

Recall that three PSTs from each course were selected to be interviewed. Those
selected were chosen on the basis of theitgsescores on the MKTI. One PST from
each class was chosen that scored more than a standarcbdéattw the mean for
their course sample, one PST who scored within a standard deviation of the course mean,
and one who scored more than a standard deviation above the course mean. The intent
for this was to draw interviewees from a wide crssstionof each course in terms of
mathematical knowledge for teaching. PSTs were grouped according to these criteria and
selected randomly to participaté/hen two PSTs who were selected were unavailable to
participate in this component of the project, anoBf®T in that group was randomly

selected and recruited for the interview.
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Although many individual statements uttered by PSTs at one university can be
found in the transcripts of PSTs at the other, data stemming from the interviews suggest
that the courseare in fact distinguishable along the MKT dimensidothing
demonstrates this more clearly than the answers PSTs gave to the final prompt in the
interview. Carla was a PST enrolled in MATH 281 at Hilada University, and Ann was
enrolled at Rio Universjtin MATH 291. Both PSTs scored in the middle third of their
respective courses. As | described above, this mithitié pair of PSTs scored within a
single standard deviation of their respective course means, though both scored higher on
thepreandpett est t han the cour se mesasoosewasrad medi
i mprovement by about | a s-testscdr@awasneallgvi ati o
two standard deviations above her-fgst score. A n n 6 destgaore was lower than
Car Ibatbespost est score was substantially highe

All interviewees were asked to discuss three prompts that were intended to elicit
information about their ability to apply their mathematical knowledge to teaching
situations. The final iteramong the three asked PST®taluate the division
statemend - .6, without context oa suggestioto use a particular model or algorithm.
PSTs were asked to solve the problem as if it were a question they needed to answer for
themselvs in a personal situation: the wineywould prefer to perform the computation.
Later, interviewees were asked how they might help a struggling student to understand
the technique they used for division, and what kind of story could be modeled by the

number sentence given.

carl ads survey means were higher than Annés at t he
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Both Carla and Ann used the standard long division algorithm to solve the
problem, shifting the decimal point on the divisghtward one placand then doing the
same to the dividendThe resulting division problem then becas® 6, which wuld
then beevaluatedvith a straightforward application of the long division algorithm.
Carla appeared to have a strong procedural understanding of the algorithnd and ha

confidence in her use of it:

C: (laughs) So, there;yuy go, so itodéds, uh, fifteen an
need the decimal thefto the right of the ones place] b ut é

M: Ok. Um, why do you move the decimal like that?

C: Um, because the divisdmo, divicd yeah, divisor, dividend,
right?

M: 1 think so.

C: Yeah (laughs . Uh, the divisor candét be a fr
be a whole. So, you move, you have to move that, and since
youdbre moving this, a, tenth, right?
then you have to do the same to the dividend.

M: Ok.

C: And then you do your Igndivision.

O
00 %
0z’ _

3. How would you $§gjve 9.:,62
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Figure7: Car |l ad6s work on interview9p6.dNoipihpadicBlarhezwsal uat i nc
of the standard long division algorithm, and the use of fractions (though the statementdrare these
and the pictures were written during a different part of the prompt.
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Though Carla did not demonstrate mastery of the terminology, she expressed no

reservation about how to perform the algorithm and showed no doubt that her

computatonhadeeul t ed i n the correct value. Contr
to the prompt Ann also used the standard algorithm for its efficiegeyshe was not
confident that her solution was correct
A: ljustgotdownher@go30]( | aughs) éUowif | dondét Kk
Il &m going to get the right answer. [
Umééé is that the right answer? (l aug
M: We | | | @mwhagoi mgwaeat to ask you next i s
were you doing there that you just erased?
A: Oh, | was seeing if it workedaflighs).
M: Did it work? How were you doing it to see if it was the
answer?
A: Multiplying fifteen by poinsix.
M: Ok. And, did it work?
A: Yeah. Right? (more writing)éVYeah.
IS
e 0
30
) e
< L) QAN
D
(&
(_:S ‘ O

Figure 8 Annds wor k on i nt e rAwmiusgesthestamargldng dividion algofitgna buh |,

also uses multiplication to check her work.

Ann used the standard algorithm for its efficiency, and yet lacked confidence that her

solution was correct. Carla struggled a bit with vocabulary but shveeshoo hesitation
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in explaining how the shift of decimal placed te the correchumber On the other

handAnn6s first utterance aft erdherdiscamfo.g on t h
Ann performed the initial calculation using an algorithm wisble knew to be efficient,
but one which she could not trust to be effective, because she did not understand the
algorithm very well In talking through the next part of this task, in which | asked PSTs
how they would represent the problem to a child whaggled to understand the method
theyused to compute the answer, Arewealednore abouheruneasineswith the
standard algorithm, and her preference for an alternative approach:
M: What could you do to help me? What would you want me to
understand tat might help me understand this thing better?
Al dondét Kknow. I remenbgr being taught
division]é (| aughs) é Umé
M: Youbve talked about these kinds of pr
A: Yeah, umél feel |l i ke wheys we did them
Il i ke, draw t hem. And we donot , i ke,
never actually, like, write them out.
M: Ok.
A: So when we do thisé
M: So, you chose to write itéYeahté
A: Yeahé
M:éhow come you chose to do that? I f, |
A 6Cause itbs easier (laughs)
M:1 suspect that you probimably donét do
your daily life, right?
A: Yeah.
M: Probably most of the ones youobve done
in class.
A: Mhmm.
M: Right? So, if you draw those out in class, what made you do
that now?
A: 6Cause itds faster (|l aughs).
M. Ok.
A: Um, I me an, [ donot knowithow to expl ai

[the division statementhakes more sense to me to explain it

wi t h

t he

picture

(Il aughs) .

Umé

Ann and Carla, though they had both used the samethlgaio generate the same

answer to th@roblem showed different levels of confidence in their knowledge, but this

does not necessarily mean that they had developed different knowledged, the fact
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that they both chose the same approach indicateth#iaknowledge of problems like

these was similar. At this level, there is support for the statistical result of the MKTI
comparisontherewasn o measur abl e difference in PSTsO
knowledge as viewed in situated learning theory ésligated upon a context in which

probl ems occur. Though this Anakedo probl
no special place in teaching practice. Being able perform this computation is simply

Common Content Knowledge to which many peopleshaacess. For this reason, the

task expanded beyond this initial prompt t
struggling child with the very same problem.

In particular, | asked PSTs to talk about what representations, tools, or ideas they
would use d help a student who was struggling to compute the answer using the standard
algorithm. Because both MATH 281 and MATH 291 emphasized the use of pictorial
representations, | guided PSTs toward a use of pictures to represent the piohlas.
at thisjuncturethat Ann and Carldemonstrated substantivelifference in their
knowledge; evidence of a differenceMKT. Ann had developed a representation and
subsequent understanding of division that could support the connections she may be

called upon tanake as a teacher:

M: So, could you use a picture to explain
your student , and webve talked about t
A-l think itéd be easier to explain it w
M: So, could you, I meanéjust pretend wit
A: (laughs)
M: Can you go through with me how you might do that? How
you might explain this with a picture?
A: Um, get, like graph paper, and make, like, one, and draw
nine of them and then cut them into éiike, pointsix,
what ever éLi ke raé Wm,l |amd twhen evee over
there and count them all up. And I think it better illustrates
what it means, rather than be | i keédCa
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thinking about this, |
goes into nine one tim

Annods pedgingiwasunalonper evident as she described how she would
represent the problem for a child and explainedalpattorial representatio(See
Figure 9)would have greater explanatory power for her than the standard

algorithm.

9-.6=15

Figure 9: A representation of what Ann was likely describing in her explanation of how to Solvé
usingapictureShe says to draw da wall or whatever, 0o which
representing oneNote that there are 15 groups of .6 represented. Ann did not create such a drawing

during the interview, but drawings like tBigo which she referreil were prevalent in class.

On the other hand, when Carla was asked to explain her tlse of
standard division algorithm, Carla drew on her knowledge of fractions. Recall

that operations with fractions were a | arg

136



281, in addition to the pictorial representations similar to thoseAtirat
descr i bedhoice wx@argledransrules about operating on fractions

C: | probably would look at saying that a decimal is like a
fractioné

M: Uh huh.

C: éand t g tssixtenths. Um, and that nine, nine is

a whole number, umooka,nds os ot hiaft wse 6 r e

sixtenthand | 6m going to make that

haveto make&l have to multiply it byé

multiply by ten? Yeah. Multiply by ten, right? Is that right?

M: Seems right.

C: So then it becomes sixty tenths, does that isathse? Sty
tenths is six, y®it does.

M: Right.

C:Um, so thabhwts thlmiws I édmi I d i s just
dondét know. | actually dondt
how to do this, cai | woul d assume t hat i f
youodr e doimasgten yaumso have to understand
the concept of fractions.

M: Ok.

C:l would think. Because i f the
thatdés, thatéséthat this is a
understand that this is what it means.

M: Right, ok.

C: T h a $ sixipartidns of ten.

M: Right.

C: And, um, so to make it a whole number, they would have to
multiply it by tené

M: Right.

C:éto get the numbers to six. And
then to make this, to make this.

nine. Then | would have to multiply the nine times ten as
well, because whatever | do to this one, | have to do to this
one. So if | multiply the nine times ten, | get ninety. So then
it makes the problem actually, six, um, ninety divided by six,

|l earn

youodr e

D O

becau

whichs f i fteen. And, and it wor ks

regardless. | guess | could make this sixty and make this

nine hundred and it would still be the same thing, or, six
hundred and this nine thousand, and it would still be the
same t hing. ein&easingbyrteys, lays we or
hundreds | guesséby hundreds,
ok.
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Thechoice that Carla ntie mayhave been onef necessity.The other primary
model for interpreting these problems in MATH 281 was to draw pictures, and

Carla was noable to draw upon this work during the interview:

M: | know that a lot of problems that you guys did together,
pictures were a big deal.

C: Right . And thatdés what I 6m trying to

M:1 6 m wondering if therebs a picture tha

C:éa picture.

M: ét hat woul deé

C: Right.

M:émake that wor k, t hat there would be a
picture.

C: Mmm. Um, I mean | guess you could hav
candét remember how we did the pictures

not that long ago.

Both PSTs used the long @ion algorithm to compute the answer to the
problem, and Carla showed more confidence with this algorithm than Ann did, though
when each PST confronted representing the problem to a struggling student, Ann showed
more confidence than Carla in generating@esentation that illustrates the relationships
between the place values which are critical to evaluating the statement. The use of
fractions to show how to do the problem is certainly legitimate, though children who are
learning long division are ukiely to have gained much facility with fraction operations,
and as such, fractions may be may be an inadequate mechanism for the &akktion,
this representation is further removed from typical representations for dividing with
whole numbers, whiléhe picture to which Ann referred is a common one among pictures

of division with whole numbersCertainly, both PSTs have an incomplete understanding
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of division and how to teach it, but this is evidence that Ann has a tool that Carla does
not>°
The final question related to this prompt asked PSTs to come up with a word
problem, a situation that might be best for illustrating this problemd the concept of
divisiond to children. Here is where the differences between Carla and Ann stand out

most.

M: Could you think of how you might devise a word problem
that mighd that would get the class started with a problem

like that?
A: Umééél always use kids and candy (Il aug
M: (laughs)
A: Um, it can be like, there are nine pounds of candy, and you
put pointsix pounds in a goody bag, how many people get
candy, or how many kids get candy, something like that.
M: Ok.
A:l's thatégood (l aughs) ?
M: Alright, let me...
A: Or, something like that (laughs)!
M:énine pounds of caxgbyndsineou can put poi
goady bag, how many kids will get candy?
A: Or, thow many goody bags will theredyeould make more
sensee
M: Alright.
A: But, yeah.
M: Alrighté how does that problem match that do you think?
Li ke what about your probl emé
A: And like, what it means?
M: Yeahike, what about your problem is going to generate
talking about this, this math problem?
A: | guess just explaining that the meaning of how mangstim

will point-six fit into nine.
Note Annds use of the phr ase indofpaldlemésys use
something with which she has experience. In faadtjng story problems that could be
modeled with number sentences like therss a primary component of the work MATH

291 PSTs did at Rio. Ann modified the language of her initial probl ( ié 6 how many

®I'n fact, Anndés intertol awttwekkpbhcel assebei seRbaods
classwahhrad not completed its discussion of the | ong di
interview, her class was to meet one more time to review for the final exam.
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good bags will there bed would make more s
hesitation that she demonstrated with the long division algorithm. Her last statement also
indicates her interpretation of the number sentence as beingadadéh repeated

subtraction as opposed to associating it with a partitioning model of divfsidthough

it is possible to construct a problem arounddtatemen® - .6, such stories are often

convoluted and awkward. Repeated subiwads typically a more natural fit. In other

words, Ann not only appears to understand the meaning of division here, but also has
developed something of a catalog of stories that can be matched to division problems.
Contrast this with the struggle thaata has in turning these numbers into a story

problem:

C: Then, | would probably do something a little more practical,
like getting a bunch of pennies. Like, getting six pennies,
andlcouldtak6 her eds si x penni es. How many
pennies, um, doesitkee , t o, t o uménine doll ars?6
Yeah. Nine dollars.

M: How many six pennies does it take to make nine dollars?

C: How many groups of six pennies, would it take to make nine
dol |l ars? And then | would say, O0Well,
could look at tht that would make that a lot easier, is how
many six dollar bills are in ninety?
such thing as six dollar bills.

M: (laughs).

C: How many piles of sixeseée

M: Ri ght, you could, you coul dé

C: how many piles of sixesé

M: ét we a kttlebit a

C: Right. How many stacks of six dollars?

M: Ok. So, | can see why six dolldrstacks of six dollars
would go into ninety doll arséthere wou
stacksé

C: Mhmm. There would be fifteen of those stacks.

% Division is often modeled in one of two ways. Both models associate the dividémihevtotal number

of objects in the problem (e.g., Suppose there are 45 toys). Repeated subtraction associates the divisor with
the number of groups into which the total number of objects is to be divided (the toys are divided into
equallysized group®sf five) and the number of groups is unknown (how many groups will there be?)
Partitioning associates the divisor with the number of egizald groups into which the total is to be

partitioned (the toys are divided into five equadized groups) and ttséze of each groups into which that

total is to be divided is unknown (how many toys will there be in each group?).
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M: Butifldosixpani es é
C: Mhmm.
M: There are going to be a lot more than 15 groups of six
pennies in nine dollars, arendt there?
C: Oh, this would be sixty pennies. But that would make it even
suckier. Yeah,becuse, | O6m sorry, you could hav
M:You could haveé
C:.éaumdred and fifty penniesé
M: So é
C: Yeah.

Here, Carla also seems to be trying to use a repeated subtraction mtuediorsiord
she is trying to figure out how many groups of a particular size fit into @totalshe
demonstrates great difficulty intenulating a story that would require such a calculation.
In particular, when attempting to use money to illustrate the numerals, she does not have
a firm grasp on the connection between the relationships between pennies and dollars, the
decimals in the mmerals representing their monetary value, and the place values which
they representCarla wanted to associate the decimals imtideed statementith the
decimals that are prominent in using money, but she could not connect the physical
representationf those decimals with the numerals themselves as Ann had done.

This is one of the key components that {1899)highlights in her description of
profourd understanding of fundamentahthematics, and is the primaglementof SCK
Ann hadalready develped a collection of stories that ffiitodels fordivision, and Carla,
while making progress as she talked out loud, appeared to be confronting the problem as
if for the first time. Ball claims that one important piece of MKT is ability to choose
approprige representatiorend examplgto illustrate key mathematical ideas. the
exchanges above, Carla shoveedne discomfort in choosiregrepresentatiofor the
number sentence- .6 =15 and struggle@ven more when trying to come up withtarg

in which the procedure might be applied. In contriast) confidently gvea quick
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description of how she would draw a picture to show théioelkships between the
numkers in this situationThese relationships form the basic sgmncepts which mak
up the larger idea(s) of divisiotthe saidi| al ways useantiadh as i f she
experience designing problems around division number sentences. In faad, lséreed
some experience doing this, because it was a focus of the MATH 291 cduckeshe
hadnearly completed. MATH 281, on the other hand, did not emphasize these
connection®s stronglyand so it is not surprising that this difference between Carla and
Ann arose.
| claim that these differencese explained by the differences arising fromtthe
courses themselves Carl adbs knowledge was procedur al
connection between representimagional numbers both as fractions atetimals. It was
a reflection of the focus ihercourse on procedural fluency, and justificatfor those
procedurescross these different representatioBased on this evidence, there is reason
to expect that Carla could operate on rational numbers with relative \&ean Carla
was asked to generate a context for these calculationsyghglesti. On the other hand,
Ann admitted dack of confidence in working with rational numbers (even when in
decimal form) and her experience in MATH 291 was unlikely to help her make the kind
of connection between decimal and fractiepresentationthatCarla made. However,
MATH 291 clearly had an influence on Annos
a context in which sheas a teacher of young children. Despite her uneasiness with the
problem itself, Anrshowed no corresponding fear of descigbanpicturefor solving the
probdem and a related situation for which it could serve as a mathematical. model

Though she may ndtave beembletouse t f or operations on frac

142



representatiors robust enough to suppottch a conceptual moveCarla,unable to

bring sucharepresentation to bear on the probjestnuggledgreatly to come up with a

context in which the problenoaldbeset Car | a6s knowl edge about
confined to th&Common Content KnowledgendSpecialized Comint Knowledgesul>

domains of MKT, while Ann shows evidencekKifiowledge of Content and Teaching

These differences echo the differences between the courses each PST took and, | believe,
are explained by them.

The different course experiences can explagse different responses, if not
completely, then at least in large measure. If we were to consider Carla and Ann isolated
cases, it may be easy to dismiss them as anomalous.alAfi&nn appearetb have
made much greater progress over the semésterGarla did on the MKTI scoreShere
is evidencénowever that Carla and Ann are natcidents, but part of a trend.

Consider other eviderdhat shows parallel resulistween Eliot and Maeby,
who earned among the highest scores of their respectirges on both prand post
tests of MKT. Eliot was a student in MATH 281 at Hilada, while Maeby was enrolled at
Rio in MATH 291. Eliot was the only PST who completed the intenggnificantly
after her course was ovéf. Interestingly neitherEliot nor Maebymade use of the
standard long division algorithm to solve the pesbl Eliotimmediately invoked
division of fractionsmultiplied nine times tersixths and simplified. InsteadVlaecby
used a guesandcheck strategy through multiplicatiohike Ann, Maeby showed a lack

of confidence in her first instinct

S’All Rio PSTs were interviewed in the secetodast week of classes, while two Hilada PSTs were

t

interviewed during the last week of sl e s . Eliotds interview took place

Hilada had concluded.
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MA: éand t hen a frefarshossix]would lme orieh a t
So, twelve, fourteen, fifteen.

M:  Ok.

MA: A little drawn out, but, (laughs).

M: But, i f thatés hofifteencand do it , t hat 6sé
would be pretty confident with that answer? Like if
somebody said, &6Alright, I 611 give yo
youdre right and nothing if you are w

MA: (laughs).

M:  Would you feel pretty confident about that?

MA: Yeah.

M: Yeah? OkWel | , you just made a face |ike,
not . O

MA: (laughs) . Um, idegercere corfitentut ei ghty
(laughs).

Maebyds figure of 85% seemed high to me at
that she had little confidence that she wgbtr This time, it was not so much that she

did not believe in her method for evaluating the statement (guessing and checking is a
relatively inefficient, idiosyncratic approach which it seems unlikely she would have used
without understanding) but rathéhan she felt sure that she had made a mistake along the

way. If Maeby showed similarities with Ann in Hack of confidence of the initial

computation, she showed similar comfort with creating a representation of the problem

that could help her evalteait:

M:  What could you do to make yourself more confident, other
than getting out a calculator?

MA: Other than getting out a calculator? | honestly would get
out my graph paper and do like, what we did in class, like
makeé

M: Can you give me a sketchwhat that might involve?

MA: Um, yeah. So, the BMU would probably be like, ten

bl ocks. So | 6dthidistarw out t hoseé. |l i ke,
M:  Ok.
MA: (whi sper s) one, t wo, t hr ee, four, fiv
M. And so each one of those has ten | itt
MA: Yeah,tenlitttb | oc kshe smi netdhy all toget her é
M:  Alright.
MA: éand then uméno wait, now I &édm trying
bad because the finaldéds going to be o
M:  (laughs).
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MA:

MA:

MA:

MA:

MA:

MA:

MA:

MA:

T Wel |, itos divided

Um, and then, so then poisitx would be six blocks, and so
y ouodd sanegrobps ef sixiblocks fit into that

ninety.

Ok, so then youbéd try and...would you
circle, what would you do to figure that out?

Uméyeah, | would probably count, 1like
block it off, block it off, block off everyxsi

Ok.

And then when | got that done, 106d ju
bl ockseé

Right.

é1 6d done.

How many blocks do you think youdd ge
(sighs) ééso | gdtleas athatmoimtpitd be doi ng
would just be ninety divided by six, becauseyae

ninety blocks and youdre dividing it
Oh, ok, uh huh.

:Um soééUm, araydcen dtd vkenow, now | t hink

wrong (laughs).
Well, what were you going to write down?

. was é

So you say thereds ninety bl ocksé

: Yeah,nnety bl ocksé

édivided by six little bitty bl ocks.
into groups of six
Oh, groups of six blocks, ok.

:Um, so | guess that would just figure
would be, so itéd beedtirety. i s si xty bl o
Yeahéthirtyéyeah, ito6d be fifteen gro
Right? Yeah.

Which is what you got here.

Yeah. YeséYeah! (1l aughs)

Al right . So, are you more confident
Yes.

Ok . Um, ok, very interesting. Soé

Do you know the real answer? Am I right (laughs)?

Maebycould not shake the lingering doubts raised hyfing computation. Still, she

quickly chose 88MU ( $o, the BMU would probably be like, tenbloéke ) , descri be

i tSo fil 6d

dr alhke, thisisted di)o,s e&&nd t h ehatclooiceawouldhed ho

lead her to an answer to the probleni € s o t #sig woulg ke sbnblocks, and so

youdbd see how many groups )of six blocks fi
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Eliot, a Hilada studenimmediatelyand onfidentlyused a fractiomepresentation

to answer the question but, like Carla, had difficulty comipgvith an alternative

representation or generating a word problem that nnégjuire such a computation

But how you would actually solve that?

(Writes). (Mumbles). Yeah.

Ok.

T h a[t6édsfkan easy numbéran easy decimal for me,

msm<

because itbds easily put into a fractio

fraction, and you multipy you um, multiply by the
reciprocal, so then you have fifteen.
M: Ok. And if |1 6m andkyodupoertalugss, me
to do this kind of problem like this, | might come up to you
after class, or | raise my hand

know, | j ust donot get this, di vi di

it overéxén you

Yeah.

How would you do that? Like, how am | supposed to do

that ? What 6s going on there?

=m

=m

Well, let me ask you this: is there something abuf281]

class that you can drawn@ Is there something that you feel

|l i ke you |l earned in that cl assé
Yeah, 1 6m just not remembering i
We | | | ok, thatdés i mportant. So,
Yeah.

mSm<m

When we learned howt di vi de it was, and |
which way it went but you had two dividedhyh, four

divided by two, meaning that you
way it went. But you have t&gou have four items that you

put into two groupsé

Ok.

I j ust embarihé order. e m

Ok.

Which comes first. So you have four items and you ask how

msm<

many iitems can go into each group?

way: if you have poinsix items, which is hard to explain to

ki dsé

Mhmm.

That you have siienths od probably of, maybe like a pie.

Ok.

Mmm, no, a cake, thatés square.
Ok.

msmIm<g

you have nine pieces of cake, that need to be divided into
point-six groups, which is really harddd have no clue.
Ok.

<
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E: | me an, | have a c¢cl ue: | | earned it,

Eliot, like Carla, showed confidence and comfort with her procedure for
computing the valueEliot chose to evaluate the expression using fraction
representations exclusively, whila@0 s a p was  ase the standard algorithm
However,both PSTs from Hilada demonstrated facility with the computational demand
of the problem: neither PST expressed any corgleonit evaluating the statement, nor

any reservation about the answed avhether it was correct. Eliot went so far as to call

t he proll d M Tihead VY daann eeaassyy nduentbiemal f or me,
put i nto aEfr combentdhat®lo ) dondét remember whi ch

suggests t lgatt ot hwearye tios i ananikis épiderce thatshewap r o b | e
unaware that division can be modeled in two waygain, though repeated subtraction is
a more natural model to use, there is nothing about the number sentence that precludes
the use of partibning as a model. An ignorance of both division models could have
pl ayed a r ol etofitthe gfobleninto & mrtitiening moded df division.
Recall however, that in MATH 281, referring to these models often disappeared after
working with whole numbers and operating on fractions instéad. k e wi s e , Eli ot
MATH 281 did make use of drawings and discussed word problems for theseokind
mathematical statements, thoufkege activities did not appear to makstrong impact
on Eliotbecausshe was unable to draw upon them in order to respond to the prompts.

This transcript excerpt is not simply a
Rather, it shows that her MKT wasssibly more concentrated in common content
knowledge instead of otheulbdomains. Moreover, this excerpt contains evidence that

Eliot had in fact developekhowledge of content anddching sheacknowledgdthat a
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rectangular object such as a cake would be more amenable to fraction representations

than a circular pieThis knowledge that some representations make more sense in

instruction than others (it is much harder in a classroom situation to divide circles

accurately into equadized groups than rectangléesy key component ®fCT. Still, the

ability to deploy this culinary imagén a coherent story probleramained elusive for her.
On the other hand Maeby, who lacked confidence in her calculapoke with

some authority on the different models for division and how making a decision about

which model to use Isaan impact on the difficulty of the problem.

M: éAnd itds interesting that you say

l east start out by thinking about
MA: Because that way helps me...realize, | guess, what this
means. Um, because the way | usuablytout thinking

about it is: woM gapopdpskave point
M:  Ok.
MA: éso that must mean that you are divid
point-six.
M:  Right, ok.
MA: Because it can go either way with division.
M:  Uh huh.
MA: So then that immediately makes it adasier to think
about, because y-ewobageoup?i ke what dés poi
You know what | mean?
M: Right.
MA: So that immediatedyat least it gets you on the right track;
you start thinking about in a certain
problems.
Like Ann, Maebyused he phhaswaw I usually start out
which suggests that despite her computational concerns, she has experience evaluating
these problems. Moreoviila e by 6 s or i gi nal approach to th
into the maning of division; her strategy turned the problem into a multiplication
problem, building the number nine using multiples of .6, which in turn illuminated the
fact that repeated subtraction was the fdea
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In this group of BT intervieweestwo students in the high performance category
strugglel to address this isswempletely but Maebp s st ruggl e was amel i
representatiom mind, a tool by which she coutteduce (and explain) the division to a
child. Eliot, on the other hand, struggléda much more fundamental way: what does
the division actually mean? This difference again can be interpreted thhmudistinct
approaches taken by the courtest these PSTs had completéddaeby had more
opportunities talevelop these particular tools than did Eliot, whose MKT advantage lay
in her computational facility.

Finally, consideiLindsay and Lavernavhowere two PSTs representitigeir
peers who scored more than one standard deviation below their resplastveneans on
thebeginningof-semesteMKT 1. Laverne doubled the number of correct answers she
gave fromFebruarytoMay mor e t han two standard devi at.
increase was more closely aligned to the effect size for both courses (appebxona
standard deviation). Their mean scores orsthigey instrumentaere nearly identicadt
both points in the semest@ndwerelower than their respective course averages.
Lindsay was enrolled in MATH 291 at Rio, while Laverne was enrolledlatd&lin
MATH 281. These PSTs, in contrast the previous interviewees | have described, both
answered the division problem in question incorrectly though boththhsextandard
division algorithm. At firsttheyeachresponded that the solution was 1ristéad of 15.
Laverne gentually corrected her mistak&indsay checked her answer by multiplying,
butsince she proceeded to compound the error by using the wrong nunherals,
multiplication (62 1.5 instead of.63 1.5) confirmed for her that she arrived at the correct

answer. Here, the models used in their respective courses had not made a strong impact
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on either PST; neither could recall how to apply models they had discussed in class to the
problem at hand, though theould speak in general terms about what they were
Asupposedo to do. It was as if the pictor
were just as routinizédand just as poorlynderstood for these PSTs as the standard

division algorithm was:

LA: We went over this in class the other
dondt remember.

M: Ok.

LA: Because you move the decimal point &\éne instructor]
tolduswhyyoumovedtb ut | dondt remember why.

M: Ok.

LA: So, | meanél would hawe t o, l i ke, | oo
something to tell you that. But | would tell him why we
move the deci mal pl ace over oneé

M: Ok. Why is that?

LA: I dondét remember.

M:  Oh, ok.

LA: | 6ve got to | ook at some notes.

M:  Ok.

LA:' 1 dondét remember why.

M:  Ok.

LA: | just knowedtoldait. Let rdethink.u pp o s
Actually, let me think about it.

M: I mean, would drawing a picture help?

LA: 't has something to do with fractions

Laverneds comments suggest that she | acks
by her Hilada classmates, Carla and Eliot. This may explain her-ihaeiaverage

scores on the MKTI My guidance to use a picture elicited no meaningful response from
Laverne, which may be because the pictures discussed in her class were not effective in
helping her to understand the fundamental conceps.again, this was not a

particularity of Laverne, but a trend among all the Hilada PST interviewees: pictorial
representations of numerals did not serve as useful tools; mathematical notation did. This
was why Laverne, even when | suggested drawing a picture, insisted that the key to

understanding the problem lay in fraction representations.
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Lindsayshowed a similar lack of confidence as Laverne did, claiming that she did

not really understand howetprocess worked, and wsisilarly noncommittal about

the details of the approach:

LI:

LI:

Because |i ke, Il &m not really sure mys
like how | would really explain it to a kid that it would
make sense. Because yeah, it makes sense boitnhe,

donét know how to explain it to them
moving the deci mal é

Mhmm.

éand |l i ke bringing it up and bringing
subtracting and checkimd your wor k.
donodot really know howvwattheywoul d expl ain
would understand.

Howbwer e you doing this? Because | di

what you guys did with these, but were you doing it like
this? How were you doing it in class?

We were doing it more like, you would have to draw your
BMU. And likedoing it with partitioning division, and

i ke, repeated subtractioné

Ok.

éand | i ke, do it that way. And we wo
Like we would have, Ilike, if youbdre d

like, how you go, one to this group, one to this group, on

to this group. And then one to this group, one to this

group, one to this group. You know, like that way?

Uh huh.

So we werendt even touching any of th
this way, and count it up.

Ok.

But 1i ke, l mgbédpkysonlitkhat (Kl dondt Kk
how | woul d explain to a kidéYeah, it
60k, just keep going wuntil you canoét
groups anymore, d buté

Uh huh.

ébut | dondt know.

Lindsay used the language of the different division rsoaled referred to the BMU as a

way to evaluate the problem, but only after | prompted her to think about her course.

This is evicdénce that she did not make the connections on hertbesBMU and the two

models of division are ways to unpack this probberd the process of evaluating it for

childred a n d

understand them for onesd6 sel f.
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work she had done in class and her other years of mathematics preparation, division was
simply something she could replicate (atbat times incorrectly) not something she

understood

M:  What kinds of things do you think are important to
understand about division for either of these ways of
approaching it to make sense?

L. You have to understand that youbre pu
yobre seeing how much of another numbe
number. So like, you have to think of it that way. | mean,

di vision to me is division. Di vi si on
something | do. |l dondét really know
somet i mes, wanttolowhennauchofe |

something | need or need to get, but

you the meaning of division. |l coul d
or whatever.

M:  Ok.

L: 1 just do it because | know | need to
way of gettingananswér need t o get. But, | <coul
youéthat sounds really bad (Il aughs).
canét tell you what division is!

Lindsay demonstrated her awareness of two division models, but the distinction did not
reveal anything to her about performiocomputations or about how children might come

to understand them. Division remained a relatively meaningless computation that
Lindsay had learned to follow directions in order to complete, but did not understand well
enough to deconstruct for children.

In this last group of PST¢he differences that were apparent between the other
pairs are not as clear, since they each had a more fundamental difficulty with the
problem, the meaning of division, and they &tidlt the end of their courdelacked
models hat would support their own understanding. What may be most germane to this
analysis is the fact that each PST spoke about solving the problem in similar ways as their
classmates did. The MATH 281 PSTs cluagolutelyto the use of fractions wompute

andjustify a division involving decimals, artieyeither could not recall a pictorial
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representation or did not mention it as relevant to the problem. On the other hand, the
MATH 291 PSTs inevitably sought the concept of the BMU as represented bepictur
used in their classThese behaviors echo the work and focus of their respective courses,
and indicate that indeed, the way thalkéd about mathematics, ansl iroximity to
elementary school mathematics influenced their responses during the wmtervie

Consider as well the second mathematical prompt in the interview, which
supposed a second grade child trying to figure out the problem 5 x 2 using counters (or
chips), and who got out a set of two counters and then a set of five counters. PSTs were
asked to describe what they thought the child misunderstood about multiplication, and
whet her or not the childds idea could be
point for a correct answer to the problem? This prampt a i me BCkaaswelPaS T s 0
their knowledge of content aneéaching The prompt requires PSTs to discern what a
student is thinking given incomplete information and use a concrete representation to
supportac hi | ddés dev el o mnibathgcoursespnters weaesedforn g .
thinking about multiplicatiomn a discrete model (such as repeated addiaod)the
operation was defined so that the first numeral in the expression represented the number
of groups repeatedly added, while the second numerasemed the sizaf each group.
Again, the MATH 281 devoted a substantial amount of time and energy demonstrating
and justifying the consistency with which multiplication could be applied across number
sets (whole numbers, integers, rational numbers) and the approjrtatien for
expressing these computations. In contrast, MATH 291, though it defined multiplication
in precisely the same way, explored fioteger numbergexpressed as finite decimals)

through its continued use of the BMU.
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Four of the six intervieweesxpressedome confusion about the precise

relationship between the two numerals, namely which numeral represented the number of

groups and which numeral represented the size of the grdwps of the three PSTs
from Hilada changed their initial answensdicating thafor them, the definition was still
unclear Consider the example of Eliot, whose score on the MKTI was more than a

standard deviation higher than her peers at Hilada:

E: Oh, oh, ok. Wel | éok, so she has ¢t he

she neesl one row of five, ar@dor like, rows of five. But

how many rows of five does she need? And so then she has
two, so if we did...If | made h&if | somehow showed her

that, if we flipped those, instead of making them horizontal,
make t hem v ehateioreawoéAdlike showu
that you can have two rows of five. Or, five rows of

t woéRight now, shebds seeing five and
understanding that itds five groups
other way, then I guessitwouldbet woul slom&t be t hi
because the way that we teach it is five groups of two.

Eli otés | ast statement amended her earlie

groups of five.Carla similarly equivocated when it came to creating a representation for

r

5x2:
M: This seems to be really important to know whialmber]is
groups and which is how manyé
C: | know, and | 6m not guite sure either.

go, right? Say like the way they want to be able to do it is to
draw a diagram that can show that atit. So this one,

t his, shows, umét heél 6m sorry, i tos
fived | had it mixed up and this would show five groups of
twos.

Eliot and Carla were the only PSTs who changed their minds about this issue. Their
corrections led them to treecepted definition of multiplication in both cours@he
other four interviewees did not hesitate about the correct representation for this problem.

Two of them gave a representation contrary to that offered by their instructors, saying
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that a properapresentation would be two groups of five. The two who not only arrived

at the representation consistent with both courses but did so without changing their initial
response were Maeby and Ann, both of Rio Univerditgeby and Ann were

counterparts to liot and Carla respectively, in terms of their beginarigsgemester

MKTI scores. The four highest scoring interviewees eventually expressed 5 x 2 using
five groups of two, but the Rio PSTs did not express any confusion or uncertainty about
the representen, while their counterparts at Hilada did. Here again, Rio PSTs
demonstratedhore facilityin concretely representing mathematical statements, a
reflection of the emph&splaced in their course @pecialized contentriowledge

Hilada PSTs, working ith the same definition of multiplicationeferredconstantly to

and made use of the commutative and distributive properties of multiplication, and
concentrated less on generating multiplication story problems. Rio PSTs did not focus on
the formal mathemttical arguments like their counterparts did and instead referred
frequently to scenarios in which the definition afiliiplication (# of groups multiplied

by the sie ofeachgroup) was a necessary feature of the work they Tilis, the

MATH 291 PSTs hd a stronger sense of this definition than did their MATH 281
counterparts.

Another reason | chose this prompt was because it provided an opportunity to
discern whether and how PSTs could build on student thinking toward a conventional
understanding of nitiplication. Thisis associated with anbwledge & content and
teaching.When | have asked PSTs this question in the pasyiown teaching, two
typical responseare (1)Starting Overthat the childs likely thinking of addition, and

muststart ove by pushing the counters aside and then creating five groups of two; and
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(2) Salvagingthat while the child may be thinking of addition in behaving this way, a

teacher could show the child that the five could represent places to signify each group of

two, and that the child could arrange two counters under each of the five counters to

express ten. Both of these answers are problematic for different redson8.st ar t i ng
overressponse ignores the idiosyncratand and d
dismisses the idea as wrong and something that must be dispoJed &. fisal vagi ng
responseredits the student with serseking andacknowledgeshe fact that addition

and multiplication are relatebutthe presence of 15 counters (five countersignify

each group, and then the ten counters that display the answer) instead of ten might be
confusing to the child and therefore be counterproductive. | wanted to see which

response PSTs would give and whether or not they would identify thesaadotent

problems.In fact, nearly every interviewee chose a third kind of response, which might

be considered a hybrid of the two responses | described above. Most PSTs claimed that

the child could use the counters she had gotten originally, but that ihay &ie

arranged to show the five groups of two (or in the cases of Lindsay and Laverne, two

groups of five). Ann articulated this position most clearly among her peers at both

universities:

M: Li ke, can you say, OAl right, | et 6s st
take you to where you want to gob6?

A: I guess you can |ike put them al/l i n,
know. Like, you wouldnoét get the rig
just, |l i ke have a pile and start coun
run out because shhButthenydudndt have eno
know, like, you form groups of two so that you have five of
them and then you can count them al | |
6cause |ike, you doné6ét know how many
you could just start counting out twos, and when she runs
outstatc ount i ng another pil e, I meanéand

grabbing from the pile until you have five.
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Here, Ann describes using the initial response by the child to turn the discussion toward
repeated addition, using the group of two as a starting point, and decoghesgroup

of five into groups of two, adding in new counters as necessary until one arrives at five
groups of two.Other than the fact the two of the three Rio PSTs initially responded to
this task with an interpretation of multiplication consisterthwheir course work while

two of the three Hilada PSTs had to change their answelid,nbt result in any

discernable patterns of differences across campuses.

There were three interview prompisectly targetin® STs 6 MKT: I have
descr i besgondesStdtaaof them. The remaining prompt was actually the first
mathematically oriented task in the intervietwequiredPSTs to examine student
generated work on the subtractsmtemen?51 48, respond by explaining what the
child was doing foeach, whether or not the method worked in the case presented, and if
so, whether it would always workThis item was intended exhosimilar items on the
MKTI and get more information about how the PSTs interpreted suckeprsand what

mathematical id&s they could extract from them.

Three Children Work out 7648:

75
75 s 75
(@) 48 (b) 5+2=7 c 438
3 I 33
30 —
> 27

Figure 10: Prompt for the first task in the interview
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In item (@), thechild subtracts place values, and then adds the results of these two
computations: 7% 48 = (70 + 5y (40 + 8) =70 40 + 5i 8. Item (b) was especially
difficult for the PSTs who addressed it. The format of the writing obscures the fact that
the proedure is to round the subtrahend (48) into the next multiple of ten (50) and add
the number required in that rounding (two) to the minuend, in order to maintain the
Adi stanceo between the numbers. The third
fourth line represents the resulting tens calculation. During the first two interviews at
Hilada, | chose to move on to other tasks instead of dwelling too long ent.(c) is
simply incorrect, though the child is similar to that in (a) by working wighate values
instead of regrouping across them. This is a commonly reported mistake that children
make, subtracting five from eight instead of the other way around, which is required by
the problem.

This task was difficult to analyze across universities havalonefor the other
tasks, because in two of the interviews time constraints prevented me from probing
deeply about all three scenariodn particular, CarlandLaverne(both Hilada students)

did not address all three tasks; neither of thesau$sed part (b any detail, except to
express their lack of understanding of Tthese PSTs were the first interviewees of the
six. As | was concerned about dwelling too long on the first mathematical task in the
interview, when discussions of iterfeg and (c) did not end until past the-@ihute mark

in a scheduled 460 minute interviewl chose to move on and try to acquire data from
the other prompts in the interview protocol. As a result, | did not get a complete set of

responses from all PSifiterviewees.For t hi s reason, I wi || not
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to (b) in any detail; they do not shed any information that can be adequately compared
with the otherso.

Part of the reason for this difficulty during the interviews is likely thatiemsin
this tasld particularly (bp wereflawed. | had intentionally written the items to mimic
those found in the MKT]I, anddobscured some of the steps taken by the hypothetical
students. For example, | did not write a negative symbol in front ahtbein thethird-
to-last line of item (a) | intended to find out how well PSTs could discern the
mat hematical i1 deas in the | imited iFRorfor mat
item (b), in retrospect, it seems that an alternative format miglg hede it more useful.
This might mean writing out what a child might say to explain himself in a hypothetical
transcript related to this itemAll PSTs struggled with the different items, in their own
ways, and to that extent, their struggles may eefiportunities for understanding their
MKT. On the other hand, | do not think that the data from this task provide particularly
strong evidence for dr awi nrgatvetmmelanothar ons ab

All PSTs recognized that (c) was flawadd pointed out that it was likely that the
child was subtracting five from eight instead of the other way aroAfidhut one PST
struggled to sem (a) that the student might be subtracting three frofoBadding-3 to
30)to arrive at 27, and whem each interview | suggested that the child would do this,
PSTsgenerallyhad difficulty understandingwhy.Consi der EIl i ot 6s r eac:!
AO0s wor k. She said,

For A, um, I donot really know how this

I think tihseytbhreey 6dkoei msgubtracting the tens
therd | mean the ones and then the tens, so | think they did it

again, where eigld fived eight minus five is three but seventy

mi nus forty is thirtyéajfihdeet hen t hey subi
from 3Q. I tdydkmow, tyou kneve?
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The other PSTacross campusessponded in similar wayOnly Maeby identified that

the child was subtracting three from thivijthout prompting.Not a single interviewee
discernedhat the child would have subtracted the thremfB® because it represented a
negative number.Whenl suggested that an adult might write the problem differently by
putting a negative symbol in front of the three, salifferences emergedCarla

responded this way:

M: Soif I pud If | changed the walwrote that problem by just
putting a negative in frojpbf three], woul d t hat é

C: Mhmm.

M: égi ve you a sense of whether or not th

C: Yeah. Absol utely. But | wonder if a
learning how to do thifsubtract multidigit numerals] can
really understand the idea of negatives, you know? This
does wor ké

M: Right.

C:ébut is the child really wunderstanding
subtract, the number that youbre subtr
larger? You know?

M: Mhmm.

C: And they ae getting the right answer, but are they
understanding what subtraction really is?

Carla appeared to believe that this algorithould work generallythoughthere is not
direct evidence of this in the transcriplie responded only to the question of thibe or
not the negative gave her) Herpfinsag/oosicernaed whet
with the childbébs understanding and a funda
such reasoning: Al wonder if canralyi | d whoos

understand t he iisdeeav iode mceeg aatfi vtehsiésb doubt .

classmate at thda was not sure how to evalaahe method generally, agp from trying

multiple cases:

LA: Oh. I would probably make another problemted/e him
do it the exact same way just a couple of times, to see if it
wor ked, and if it wor ked?é
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M:  Uh huh.

LA: él might be I ike, 60k, d but it depend
itds just me and this child and wedre
oursel ves, vea Gerée of f somewh

M:  Mhmm.

LA:' I dondét really know what | would do.
a tutoring session where therebs |ike
around or somet hing, Il 6d go to t hem.

M:  Uh huh.

LA: No hesitation.

M: Right.

LA: We probably ewewn gmodtt emavte this step.
have been | i ke, O6What is that?6

There was little consensus among the responses about (a) by PSTs at Hilada

At Rio, Lindsayexpressedher owndoubts but unlike Carlashe implicitly
conceded that the chitwbulddo this.Her concern was whether or
gave evidence of such knowledge. For her, the presence or absence of the negative
symbol was key to whether that evidence of

M: éwhat i f Kid A ishrsallkethhnk?Pég abo
And | put a negative thefaext to the three}
LI: Well then, Kid A is right. Because then like, if Kid A thinks

of it as a negatdheshowedmed t heybre show
that he thought of it as a negative, knowing full well that

h e 6 de totakesthajthe threelaway from thirty, itbds
t hen, because | know t hat they under s

do eight minud five minus eight.
M: Wi thout that negativeé

LI: Yeahté

M: éyou woul dndét feel very confident.
LI: No.

M:  No.

LI: Becauselillka tfreeey woul dndét wunderstand
of five minus eight.

M: Ok.

LI: |t canot be done. Wel | , it can, but é
whole bunch of difference.

Lindsay did not express the reservation that Carla did that children were incapable of
thinking in this way, but insteaghe feltthag i ven t he d andiadkdféas wor k

negative symbd shec oul d not i nfer the chilAds under

161



expressed a similar sentiment, noting that the negative would be an important part of
knowingwhether or not the child understood what the three meant:
A: What if they understand that thi$is i ke youbdre taking this
numbefeight] really from this[five], then it would wik.
But they have to know[the three shegative number.
M: So, s ohinkimguhétinerder for somebody to really
use this properly they should really know what role that
three is playing?
A: Mhmm.
Ann implies that there is not enough evidence of this fact to believe that the child can
reliably apply this technique to rtisdigit subtraction problemsThus, at Rio, this issue
of Il ooking for evidence of childrends wunde

times.Maeby, Ann and Li ndadagifeent bt @lastebmam e at R

M: But what if | put irthat[a negative symbol] Does that
make it make more sense?

MA: Yeah. 6Cause then, um, well é6cause t
sevedi t 6s | i ke youbre treating it as an
the thirty and the negative three. S
plus negativehree.

M:  Mhmm.

MA: Um, (1l aughs) ébut because youdre not,

car ryi ng 0 iedhnically, megativeithteé is the
answer to five minus eight@é

M:  Uh huh.

MA: éum, so, yeah, ité

M: So, it prevents the exchangingé

MA: Yeah.

M: ébut it Bhab weanbkave to do negativeté

MA: Yeah, you have to realize, then you have to swidchait
have to get out of subtraction mode,

M:  Right.
MA: é1 i ke, addition mode.
M:  Right.

MA: Because thirty minus negative three would be thintyeth
Instead of thinking about whether or not the child really understood the value of the three,
Maeby was concerned with whether or not there was evidence that the child understood

the subtle shift from subtraction to additioimdeed, this kind of skicould rely on the
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kind of representation used frequently in MATH 281 {48 = (70 + 5y (40+8) =70
T 40 + 571 8), but it is identified if not expressed this wayby a PST from MATH 291
instead.

There is some commonality among Rio PSTs, in theestvag they each
expressed concern for the evidence they
information in each item. This is an important pedagogical stance to take, but again, it

does not necessarily reveal any difference in their MK vaspect to the Hilada PSTs.

Summing up Results of the MKhalysis

Becawse of the flawed execution of thest prompt during the interview,
generated little data abatlte relative MKT developed by the PSTs at the different
campuses over the coarsf the semester, though other evidence from the MKTI and the
interviews does point in a particular directidime two sets of PSTs learned developed
different MKT. All of the abilities PSTs showed in the interviéwsonnecing fractions
to decimals ogenerating story problems from number sentenfmsexamplé are
clearly goas of teacher education in mathematics, anebrimary components of MKT
as defined byall, et., al. (2008) However, these differences are evidence that the PSTs
learned differetly in their course experiences, and as such, may have different
knowledge to bring to bear when they arrive in classrooms. Ma (1999) deskabas t
critical component of profound understanding of fundamental mathensaties ability
to Aiunpack knowledge and make it accessible to childré&he evidence in this
collection of data indicates that MATH 291 PSTs were better prepared for this

responsibility than were MATH 281 PSTs.
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Though MATH 281 and MATH 291 shatenany important characteristics and
mathematical ideas, they also showed diffeemnthat ran deep in each course. Though
the distinctions were not manifest in the broad statistical analyses of the MKTI, they did
reveal that both cour s eSubdeatelamalysi ofttesn devel op
classified as CCK and S@Kas well as individual item analy8igevealedhat some of
the differences between the courses were echoed in the responses PSTs gave on that
instrument. This data suggests that the differences between MATH 281 and MATH 291
might have influenced PSTs answers.

Interview data was similarlgevealing and yet not definitivel he fact that
disparities arse in the answers that PSTs gave in the interyiefisn paralleling the
differing foci of the two coursesdicaes thattheyl i d | nde ed knowledge r ; PST
was a creatiod at leasin pard of the context in which they learned. Situated learning
theory suggests that teachers will be able to apply the knowledge they learn as
undergraduate PSTs best when the costEidheirundergraduate preparation are most
closely matched with the teaching practiceytivdl confront in classrooms. The
interview datagive a more completaicture ofwhether and howSTs could deploy their
knowledge in the service of teaching tasks, butpiatre is stillunfinished The
limited number of interviews makes it difficult tietermine irrefutablyhat the results
would be replicated among the other PSTs in each ¢ahadh less in other cohorts

In short, the MKTI and interview data areonclusive and yet they point in the
same direction that situated learning theory predicts they would. One may speculate
about more extreme conditions that would have produced less ambiguous restlits, but

advantage of these circumstances was Het were living, breathing courses, and not
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theoretical constructs whose fidelity could be questioned upon implementation. Despite
the ambiguity, | have argued that these data show that how one approaches content
courses for elementary teack@ras opposetb simply concentrating on what content is
covered influences what PSTs learn as a result.

In MATH 281, PSTs were directed more frequently to aspects of elementary
mathematics inke common contentko wl edge whil e MATH 291 PST
video and sident thinking led them toward specialized conterdwledge instead.

Hl ada PSTs0& pr of i asireflectedyin their apdaren faaihty with s w
fractions and connections to decima@@ne might expect this flexibility across number

sets to be rolsi, as it was a major focus of the courBeo P S Twgotk appeared to
sensitizethemh o ¢ hi | d r &nd thesusetohpedadogically appropriate
representations of mathematical concepts. These representations were not only valuable
teaching tools, lun many cases formed the foundations on which the PSTs understood
the concepts themselves.

Thus, both sets of PSTs learned important mathematics for teaching, but they
apparently developedifferentmathematical knowledge for teaching. Though thes is
primary concern of the project, it had other foci as well. In the next section, | describe

the data that are germane to the PSTsd rel

PSTs6 Relative Attitudes about Mat hemati cs

Theattitudes survey administered to PSTs coincided with their completion of the
MKTI instrument. Thus, therareearly- and lates e me st er data about PS

regarding mathematics and teachiMjith these data, we can learn something about how
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t he P Sudes@harmyedtover the course of the semester. While-Lykersurveys
of the kind | administered are not particularly revelatory about individual attitudes
(Vincent, et. al., 2003), they can be usefultfonking about groups of people, allowing a
comparison between courses.

Nearly all items on the survey were paired into positive and negative statements
of the same senti ment. For example: nABefo
wrong arswers, incorrect methods orsstatements that mémave been made by
student so wiHllaingstudemtseddterminetarid discuss their solution methods
is a good use of class time, even if the discussion and questions about those methods
takes more than one class perisd. @ThAnbtdhba
teaching math scares meo paired with Al am
mat hemat i ¢ sPSTsoesporal@dteach item using a fiveoint Likert scale,
ranging from strongly agree to strongly disagree. The datatlven coded to reflect the
extent to which the PSTs demonstrated a comfort with mathematics and teaching that
might be said to align with goals of the NCTM Principles and Standards for School
Mathematics (2000). Forexampteh e st at e me n tdiffefieBtevays ta gplven e ar i n
the same problemonf uses chil dreno does not conform
solving in school:

Different strategies are necessary as students experience a wider
variety of problems. Students must become aware of these
strategies as the need for them arises, and as they are modeled
during classroom activities, the teacher should encourage
students to take note of them. For example, after a student has
shared a solution and how it was obtained, the teacher may
identify the stategy by saying, "It sounds like you made an
organized list to find the solution. Did anyone solve the problem

a different way? (p. 53).
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PSTs who responded fiStrongly Agreeo to the
those who answegrmredk off Svterreen gcloyd eldi snd t h a fi ve
counterpart itemfiStudents should hear methods that ositedents use to solve
problems, 0 PSTs who answered AStrongly Agr
who strongly disagreed were coded with @.ofach response was given a numerical
value in the range-% in this manner, with higher numbers representing a more
Aadaptived set of attitudes and T dheer numb
twenty-one items on this portion of the surveyfarnh e fiadt poutdieon of t h
instrument. Recall that in Chapter three, | reported that the collection oftérase
taken togethemyvere pilotedwith different PSTs previous to the data collection period
and were shown to have a reliability coeffitien ( Cr onbachés al pha) of
generally considered to be an acceptable vahieh indicates that th@strumenin
guestion is reliable

The items in the fAattitudesodo component
apply to any given situain or context, but were general statements about teaching,
mathematics, and teaching mathematics. In addition to this component, each survey
included items that related directly to the course in which PST participants were enrolled.
Atthe beginningoft he semester, these items focused
i mportance of their course to help them in
expect to |l earn more about what it is |ike
semester, a sihar set of questions were asked, though they were from a reflective
standpoint: #Aln this c¢class, |l |l earned mor e

responses to these items were similarly coded as those in the rest of the instrument, with

*8 Bassarear identifies the NCTM vision as promoting adaptive beliefs.
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higher numbers reflecting a sense that the course should (or did) have strong relevance
for PSTsd wor k t owaThecodeedraspdmseswere averagedfdri c at i
each PST, producing two scores for each administration: a mean score for responses to
items regarding PSTsoO0 attitudes about math
PSTsd6 beliefs related to the relevance of
Thus, each PST had beginniragnd endof-semester scores on the attitudes umgnt, as
well as corresponding scores for the relevance items on the slwaty, | will discuss
the exploration of the relevance items. Here, | turn to an analysis of the attitudes items
on the survey.

Like the MKTI data, the survey dagdlow for statistical comparisonsSince the
distribution of mean scores on this instrument did not meet assumptions necessary for
performing ANOVAs, ManAVhitney test?’ performed on the attitudes portion of the
survey indicate significant differences between P&figides at the end of the semester,
even though there is no statistical evidence that they were different at the beginning
While there is data on this question in the interviews, the interviews were designed to
focus more on the questions of MKT atwlirserelevance. As such, the survey provides
the most robust data for answeri ng@boathe res

mathematics and teaching, and is the focus of this portion of the data analysis.

Attitudes Survey: Quantitative Analysi

Again, only PSTs who completed both rounds of instruments were included in the

analysis, and again descriptive statistics were computed for each campus, including mean

¥ The ManrWhitney statistic is a neparametric computation that can is analogous to-tistic used
in ANOVAs in cases when the assumptions required for ANOVA are not met, or when the scale of
measurement is arbitrary, such as a Lilsedle (Wackerly, Mendenhall, & Scheaffer, 1996)
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and median raw scores (number of correct responses), standard deviation, variance,

skewness, and kurtosis. These descriptive charactemétibe data, in addition to the

normality tests | described above suggest that this set is not normally distributed and

therefore ANOVA is not an appropriate tool for testing claims about the measysu

scores.Below is a table of the mean values at each campus for each administration of the

survey.
yneiﬂiiﬁcgs Standard Mean Score Standard
ltems Deviation on Attitudes Deviation
(February) (February) Items (May) (May)
MATH 281 3.35 .32 3.34 .34
MATH 291 3.41 .28 3.47 .36

Table 8: Mean scores and standard deviations associated with PSTs attitudes about mathematics

and teaching

These values indicate that each group of PSTs can be described as leaning toward the

adaptive end of the spgum but that these attitudesneanot deeply entrenched in either

setting. Note also that while the score of Rio PSTs jumped a bit, the mean score at

Hilada fell only slightly. A value of three on the items in this survey intkca response
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that these attitudes are not strongly held by PSTs as a group.

Howevetrethetfast that the mean ssoaee close to three indicates

Since the assumptions required for ANOVA were not met, the Néhitney test

can serve as a ngrarametric substitute (Wackerly, Mendenhall, & Scheaffer, 1996)
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The test, performed for each administration of the survey, indicates that while there was
nostatist al di stinction bet we atthebdyieningaofther er si t i
semester, at the end of the semester, a measurable difference cantbd.d&tec

addition, a comparison of the mean change in attitudes scores from February to May also

is statistically different.The results show that MATH 291 mean survey score is

significantly higher at the end of the semester than MATH 281 mean survey Jdos

means thaMATH 291 PSTs appear to have responded more adaptivéhe items on

the survey instrumeratt the end of the semester than their MATH 281 pdakewise,

the analysis suggests that the change in mean survey scores noted in timtable

also statistically significarf

Institutionl N Mean Rank Sum of Ranks

SurveyPreTestAveragel 60 49.35 2961.0(
2 41 53.41 2190.0(
Total 101

SurveyPostTestAveragl 60 44.93 2696.0(
2 41 59.89 2455.0(
Total 101

SurveyChange 1 60| 44.92 2695.0(
2 41 59.9¢ 2456.0(
Total 101

Table9: Summary of ranks associated with scores at Hilada andtRioth points in the

semester

% For the enebf-semester mean scores p < .012, whildvnanalysis for the mean change in survey score
p<.011
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|| sueycran
MannWhitney U 1131.00( 866.00( 865.00(
Wilcoxon W 2961.00( 2696.00 2695.00
z -.686 -2.52¢ -2.533
Asymp. Sig. (2tailed) 493 .012 013

(Grouping Variable: Institution

Table 10. Summary of results of the MasWhitney test on mean survey scores

between Rio and Hilada at both points of the semester

Though these changes in attitudes were statistically significantatbégdeed small

Attributing these results to the differences | described between the courses may be

unwise. However, the amidence of these phenoménthe fact that PSTs from the

course focusing on aspects of MKT that relate most closely to the practice of teaching

responded more adaptively to items on the attitudes stirseggests that there is more

to learn about the link beten attitudes about mathematics and teaching and developing

MKT.

Though the interviews were not designed to elicit data on the question of how the

courses might have influenced PSTsdé attitu
some evidencthat siggests a link between MKT and attitudes about mathematics and
teaching Consider these comments made by Laven® scored more than a standard
deviation below her classmateditadaon the MKTL
M: édid this class have any influence on
L: I meaan, | learned some things, and it did help improve my
s kil and the way l ook at things n
M:  Mhmm.
L:  But, I still have the same attitude towards math, like, |
dondt reéedfl gverké betcome a math teach
definitely going to probably hawetutor. Cause | would
never go to teach this and not know it.
M:  Uh huh.
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L: | would rather be 1|ike, OWedre in
Laverne, this is what wedre doingéo
(laughs)

| will find someone who doéd d o n 6 soméhowo w

webdbd womBlkti tl aovwtul dndét sit there and t
this when obviously | dondét understan

m<

Laverne showdserious reservations about being able to teach mathematics to children,
and dd not feel preparedl mathematicall$ to take on this responsibilityn contrast,
Eliot who scored more than a standard deviation above the mean MKTI score of her

classmateat Hilada, expressed her confidence in mathematics:

M: Ok. Was your original impression right?
E

1t wasndt exactly. Athaf i rst it starte
they were rgeaching me the math, and sometimes
throughout the course it felt |ike tha

I like to think thaleanhggdm good at mat h
things that | learned in sixth grade was counterproductive

for me.

M: Mhmm.

E: Buttat 6s not the case for everyone. I |
the majority of tkeachimgéit wasmdt | us
just re-learning the math, it was learning how to teach it.

Unl i ke Laverne, Eli otds experi thematecsto ei nf or

children was a challenge of which she was capabls.reasonable to infer that the
different levels of confidence and the perspectives shown by these PSTs would be
mutually influential with theiMKT: the more one knows, the better onedgliipped to
handle the challenges of practice and t hus the more adaptive
be.
The analysis of the survey data suggests again that at the end of the semester,
there were differences between PSTs at one univensityhe otherdifferences that did
not exist at the beginning of the semestehis time, the differences relate to the attitudes

about mathematics and teaching which PSTs expressed through the survey instrument. It
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would be difficult, if not impossible, to map thissult back to specific differences

between the courses, since the attitudes expressed in the statements given in the survey

do not match up well with the analysis | offered above that described the two courses in

this study. On the other hand, this rdsagain fits with the hypotheses | suggested at the

end of Chapter Three. PSTs in the course which focused most carefully on practices of
mathematics teaching did develop different attitudes about mathematics and teaching

than those PSTs whose work was focused in the same way. In fact, these results
suggest that MATH 291 PSTs devel opter sl igh

MATH 281 counterparts

PSTs6 Perception of Course Relevance

So far, he data have supportédte hypotheses | stated Chapter Three,
hypotheses that arose from the theory and educational research based upon situated
learning theory. It now appears that PSTs who engaged more dlopedctices of
teaching did in fact leardifferent mathematics for teachitigan PSTsvho focused on
other things. In addition, they developed different attitudes about mathematics and
teaching. The effect sizes attributable to the course PSTs took have beéntarhall
significan® in mostcases. In this section, | turn to analyze the dattney relate to
another primaryesearch question guiding this project: To what extent do prospective
teachers see their mathematics course work as relevant to their future work?

The literature reports that-service and prservice teachers alike perege a lack
of fit between their undergraduate preparationtaed eventual teaching practice. There
is an ethos among practitioners that teaching is best learned on the job, and while the

theoretical principles discussed in teacher preparation proguamegeltintentioned, they
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donotaccount for the realities of daily classroom interaction. Teacher educators, who
often arealsoeducationatesearchefs obviously disagree with this perspective, as
theory continues to drive the work that they do. Brnidghe gap between theory and
practice is a perpetual problem in education, but situated learning theory and the teacher
development activities that have been associated with it in recent decades show promise
in helping teachers to learn eghnt mathemats for teaching. The data | have presented
from this project have supported these claims and magis@be able taarrowthe gap
between what teachers perceivevai-meaning, but ultimately irrelevaoniversity
advice andhe more pressinday-to-day demands of classroom life.

In order to find out if the MATH 281 and MATH 2%tereperceivedifferently
in terms of relevancd included items at the end of the survey instrument (not included
in the analysis of attitudes above) that asked PSTsddlratvalue of their mathematics
course to their future teaching. At the beginning of the semester, these questions focused
on the expectations the PSTs had for their course. There were fourdalikritems,

shown belowas they appeared at the endhef survey

1. Theactivities we doin this classare
supposed thelpme make
significant progress in my goal of
becoming a teacher

2. Theassignmentswe doin this class
are supposed to heipe make
significant progress in my goal of
becoming adacher

3. Theexams we taken this classare
supposed to helpme make
significant progress in my goal of
becoming a teacher

4. In this class, bxpect to learmore
about what it is like to teach SA A N D SD
mathematics.

Table11: The four Likerts c al e fArel evanceod items on the survey.

SA A N D SD

SA A N D SD
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At the end of the semester, the first fouritemswenecer ded t o refl ect no:

expectations but the reality of their view of the course. For example, the first i@m rea

A The ac tdidwnithts classhelped nmeake significant progress in my goal of
becomi ng Resporsastothese iteins were coded on a scale from one to five,
wheifiveo Aii ndi cated that the studethe e€Sgést ed
teaching pneéacnd cex menat ait i on eof-semestér suweyn c e .
responses, the same codes were agedpt that they now signifiete facto evaluation

of the couse with respecttot s r el evance f otice. énaaddiionRfeTO s f
May survey instrument contained three oewled items. These items were designed to
indirectly gather data about the nature of their experience in the cdurese data were

used to describe how the courses differed in Chajter, But they also can give insight

into what connections PSTs saw between the course and their anticipated d&hesrs.

did they remember most about the course? How would they describe the course to a

friend? Shown below are the items as they appearede May version of the survey:

1. The most memorable assignment in
this course was

2. The most memorable activity in this
course was

3. Suppose a friend of yours was
thinking of taking this class and
wanted to know more about it. How
would you describéhe class, what
would you say to your friend about
what she should be ready for, and
what would she learn?

Table 12: The three opernded items, contained only on the @fesemester survey.
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Statistical analysis shows agalrat there were differences between MATH 281
PSTs and MATH 291 PSTs in the way they evaluated their courses in terms of its
relevance for teaching. These results are supported by interview data and statements

made on the opeanded items shown above.

Statstical Analysis

At Hilada, the mean score on the early semester items was 4.19, while at Rio, the mean
score was 4.40. These scores mean that PSTs at Rio had slightly higher expectations for
how relevant their course was going to be for their teaatanger. At the end of the
semester, both scores were lower, indicating that their expectations had not been fully
met. Yet, the drop was more precipitous at Hilada: there, the mean score on these items
was 3.29, while at Rio, the mean score was 3.9 HAtl ada, the PSTsd res
by almost a full point. At the beginning of the semester, their average response indicated
that they agreed or strongly agreed that their caahiealdbe relevant to learning how to
teach mathematics. At the end lofé PSTs 6

semester, responses

score of three indicated a fino opwasi ono r e
relevant to learning how to teach mathematics. At Rio, this score also dropped, but not
nearly as muchand this meascore indicated th&STs were still in agreement that the

course had accomplished the gdhaksyhad for the course.

Mean Score Mean Score
on Course Standard Standard
. on Course .
Relevance Deviation Deviaton
Relevance
Items (February) Items (May) (May)
(February) y
MATH 281 4.19 .55 3.29 .95
MATH 291 4.40 49 3.97 .62

Table 13: Means and Standard Deviation statistics for scores on the four relevance items on the survey
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Are theseresultsstatistically significant, or could thévave occurred simply by

chance?The datalike the rest of the survey datid not meet th criteria for performing

ANOVA ® makingMann-Whitney tess more appropriate for discerning differences

between the cohorts. This analysis shives while the PSI 6 me a n

response

differ significantly (p <.06) & the beginning of the semester, and then aigaihay, the

mean response scores were even more clearly diffgrent0Q). Though the Rio PSTs

had higher expect at ineithan did their Hlalasccounterpartsyat s e 0 s

the end of the semester, those higher expectations were met better than those.at Hilada

Institution | N | Mean Rank Sum of Rankg
PreFourltemSurvey 1 60 46.49 2789.5(
2 41 57.6( 2361.5(
Total 101
PostFourtemSurvey 1 60 41.47 2485.5(
2 41 65.01 2665.5(
Total 101

Table 14: Summary of ranks associated with mean scores on relevance items

PreFourltemSurvey

PostFourItemSurve)l

MannWhitney U
Wilcoxon W

Z

Asymp. Sig.
(2-tailed)

959.50(
2789.50
-1.9272

.055

655.50
2485.50
-4.00

.00

Grouping Variable: Institution

Table 15: Summary of results of the MaflWhitney test on mean relevance scores

®I The test statistics for both the®&and ShapiraVilk tests for all mean scores on the relevance items have
p-values less than .001, which means that one must reject the null hypothesis thsitithaioi can be

approximated with a normal distribution.
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Other data sourcesiggest the reasons for the differeit relevance scores at the
end of the courses, but these quantitative data shed some light on the issue. Correlations
computed betweeall variables show that eraf-semester relevance scores are positively
correlated with beginningf-semester relevarcscores? endof-semester MKTI
score&®, as well as institutional affiliatiaff' ®> Though these correlations aret
particularly strong, they are significant. This means that higher the mean relevance
scores at the end of the semester were associatetlighter scores on the MKTIt is
reasonable to speculate that PSTs who find more connections with teathingest
more heavily in the wrk of the course and therefore take more from it; it is a premise on
which this project is predicatedhoughh e r el ati ve difference bet
MKT was not definitive in the quantitative analysis, tuthe extent that PSTBxross
campuseselt their course was relevant to their understanding of teaching, the evidence
suggest# is positively correlaté with MKT. But this makes the fact that the institutions

did differ along this dimension intriguing; why didetinelevance scores differ?

Relevance: Survey Data

At the end of the semester, nearly 1/5 of all PST particiga@tsut of 101)
wrote that tley would describe the course to a friend as helping them learn to teach
mathematics o ¢ h i Wedeare low to tedich math to students and since we already
understand standard math, they challenge us by using differestbase i s a r epr es

of this kind of response. Interestingly, notwithstanding the statistical analysis above,

2 pearson coefficient = .321, p < .001

8 pearson coefficient = .189, p < .03

% pearson coefficient = .385, p < .0005

®Recall that PSTs in MATH 281 wer e ceodceodd endi twhi tah fal o
This positive correlation shows that a higher institution score (MATH 291) is associated with a higher

dependent variable score. In this case, that means that MATH 291 PSTs were associated more strongly

with a higher relevance score.
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fewer MATH 291 PSTs responded this way than did MATH 281 PSTs (seven compared

to 12). Contrast this with a related, but distinct response that did not explicitly mention
teaching children, but instead described learning how other people think about

mathematics In this class we learn how children think mathematycahd what, as

teachers, we can do to promote their knowledge growththis case, seven PSTs at Rio
respaded that they learned how other people (children in particular) think about
mathematicsbut only three Hilada PSTs diét at ement s t hat menti on
teacho and dAl ear ni g thh anly onedtatnemtiongeachipgl e t hi n
explicitly, either in an active sense or in a more passive8endee n assessing cbh
thinking. The vast majority of responses to this item related that the course was about
looking at mathematics in a different way, or understanding the reasons behind

procedures rather than simply the procedures themselves.

MATH 281 (Hilada) MATH 291 (Rio)
This course is about learning how to teach 0% 17%
mathematics
This course is about learning how other
people/children think about mathematics 5% 17%
This coursas about understanding why
procedures work 43% 49%
This course was difficult 29 13%

Table 16: Summary of common responses to the survey item asking PSTs to deseritiendwhat
to expecto learn from the course.

Since B PSTs mentioned teaching in this wagly about 1/3 of all PSTia the study
would describe the course to a friend as being about teaching mathematics. From the
perspective of course dgeers, this may be a good thjras the coursésas described

on the syllabud are NOT intended to teach PSi@wvto teach mathematics. Among
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teacher education programiist particular goal ithe traditional domain ahethods

courses and student teaching experiences. On the other hand, it demonstrates the strong

desie of PSTs to play out these rolearly intheir piograminstead ohearthe end of it.

Interestingly, despite the fact that MATH 281 tended to use more advanced mathematical

symbols and arguments than did MATH 291, a fewer proportion of PSTs in thaé cour

would warn a friend that it was difficult. Responses to this item do not nexagai

differences between the campuses however. It appears that relatively similar proportions

of each cohort answered with similar sentiments regarding what they we@sesdpo

learn in the course. The biggest gap is the one related to learning how children think; Rio

PSTs used this description substantially more often than did their Hilada counterparts.
The other items on this portion of the survey asked PSTs t¢ tieeahost

memorable aspects of the course, particularly the assignments and activities. These

guestions were designed to gaThdtablebetbwt a abo

summarizes the kinds of responsestwere given to prompts dealing withemorable

assignments and activitigadicating how tk courses differed, but also might provide

insight into the results of the statistical analysis.
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Most Memorable Activity or Assignment:
Watching Video

Most Memorable Activity of Assignment:
Working with Classroom Manipulatives

Most Memorable Activity or Assignment:
Writing Word Problems based on Given
Number Sentences

Most Memorable Activity or Assignment:
Working in other Bases (e.g basefive
arithmetic)

Most Memorable Activity or Assignment:
Using Graph Paper to Solve Problems

Most Memorable Activity or Assignment:
Written Reflectionsand Projects(e.g., the
iStar Projecto)

MATH 281 (Hilada) MATH 291 (Rio)
7% 46%
36% 41%
10% 0%
2% 61%
0% 13%
64% 0%

Table 17: Responses from PSTs on opamded items of the survey. Percentages add to more than

100% because some PSTs mentioned multiple activities and assignments as being most

memorable.

A glance at the column associated with Rio PSTs shows that they hatedigictivities

that | have earlier described as being closely associated with artifacts of teaching. The

argest category of

response, related t

the focus in MATH 291 on place value, which is itselfigeed to match closely a

fundamental concept in elementary school mathema#insther reason for this

discrepancy might be that a large number of the PSTs recalling the work in other bases

were describing the Alphabetmoject | highlighted in Chapteroar. This was an

activity that was not replicated at Hilada.

proportons than did Rio PSTs wash e

word problems from given mab e r

Likewise, one of the categories which Hilada recalled in significantly greater
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that was particular to MATH 281his was not an experience that occurred in both
locations In MATH 281 the written reflections and projects refer to specific assignments
given to PSTs that weid an extended nature. Masghtly assignments given during

class were short sets of ptems taken from the textbook, arne twritten reflections and

projects were a departure from thi&/riting Assignmen#2 involves writingand solving
a word problen related to the sentencze%- % and might in fact be thmemorable

Awor d p rassignimentrie vehich many of the PSTs referred osuhesy. Writing
Assignment #1 waa problersolving exercise related to prime factorizatiang Poject
#1 was an assignment related to GCF and LCM, rsémblesin assignment in an
introductory abstract algebra course.

Thus, PSTs overwhelmingly reported extended assignments as most memorable.
There were relatively few of these in each coursejtaadot surprising that they would
thus stay with PSTs at the end of the seme3teough not all PSTs gave reasons why
they reported these assignments as memotthigieeasons can give insight into why Rio
had higher relevance scores on the survetyument. Hllada responses can be
represented by the following comments:

We had a take home project where we had to figure out some
nonsense dealing with lockers. The point is that it took me a
long time to do it and | felt really good when | finallyuigd
it out. | got an F on that project.

The star problem because it took a very long time to figure out,
but one 1 did | felt like I fully understood the concept and
was very comfortable with it.

The locker problem. This really required critical thimdg. Also,
it could be solved by various methods.

The written reflections were memorable because they were more
in depth than assignments in class.
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The most memorable activity was the locker activity. It was very

fun trying to figure out which lockergould be left open,

after you eliminated certain lockers due to prime factors, etc.
The first comment was Laverneds, who score
peers at Hilada on the February MKT. What is notable about these comments isythat the
do not include any mention of theseiagsn ment s® r el evance to tea:
goals of the courseContrast these reasons with those given by Rio PSTs for why
working in other base@ikely the Alphabetian projectyas their most memorable
assignment(recall that 61% of Rio PSTs cited this as most memorable)

Working with different bases to solve ordinary addition problems
because it puts ynn the mindset of an elementary level
student.

The most memorable assignment was making up our own
number system because it basically introduced the concepts
of other number systems and helped to ustdad a lot of
the course.

When we were asked to create our own numeration system using
only 6 digits. This really helped me to understand the
concepts bieind number systems

Though MATH 291 PSTs reasons do not necess
teaching, they are consistent in connecting the activity to the overall goals of the course,
which my analysis has suggested was more closely in toiichh&se practices than was
MATH 281.

The general thrust of this survey data is that MATH 291 R&Jalledmore
opportunities to annect to teaching practicestifacts and fundamental elementary
school mathematical topicthey report such activés as being memorable in

considerably larger proportions than did their MATH 281 counterparts. It is likely that
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this was an important reason why Rio studeasponded more emphatically that their

course was relevant to their teaching practice than &R®ITs did.

Relevance: Interview Data

The interview data support this inferendéote that aHilada only thirteen of the

61 PSTs participated in watching video, déinelse thirteen PS®saccordingo interview

datad only had one opportunity to do so.early 1/3 of therd four out of the 18

mentioned video on the survey as the most memorable activity of the entire semester.

This is an important result: a single viewing of children doing mathematics was the most

memorable activity for a large proportiontbe PSTs in that clas€arla (at Hilada)

indicated what advantages she thought video had over other activities:

M: Some of the ti me | went to c¢cl ass, t her

know there was a page in the book or a vdotidere were

problemsinthebook hat had, &éSuppose ki ds

probl ems Hdwiwseuldwa gotpare those kinds
of things to seeing the video?

C: Seeing the video is much more practical because, you know,
6Suppose the child does this,
some of those we really interesting and there were a few

ofthosét here werendét many of those

seeing it, and actually watching a child work through the
processé
M: Mhmm.
C: And the person that was with her, the adult that was with
her, you know, r@ly just kind of let her work through, and
mi ght have pointed out one thi

M: Right.
C:éreally |l et her work ditwasough it
j ust so Vvisual and so |i ke, 6Th
to understand howsheewnt t hr ough it . And
that just reading a hypothetical is as valuable.
Carla thus placed a high premium on
t hat presence was virtwual, via vi devo

sol ve
t his, an
either

recor

children think and an opportunity to confront what decisions teachers must make in real
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time. Though Carla thougthe interviewer in the video might have done things

differently, the video was a unique way to present her with this dilemma: théildal c

and teacher in the video forced her to speculatedlw o ul d respond to a
thinking, laid out in front of herMaeby(at Rio)responded similarly, recalling thatdeo

presented a more immediate and real example of how children work akd thin

MA: Um, | think that for things like this, the videos have helped
the most, because for that we had like, each video would

have | ike eight kids, and theydd each
differently. Um, and sband they usually do it on a

blackboard, soyoucarese | i ke, step by step what
thinking about.

M:  Uh huh.

MA: Um, s o, | dlmelken ,f drhaB,06st hat 6s how | w a
familiar with the simplifyingé

M: Right.

MA: éportion of it because wedbve seen ex
€ Because itallowsyoutoseé ke i nstead of saying, ¢
kid might do tohtiallewsouloisdee, it actually
like the entire thought process, from like, first step to last
step.
€ sometimes theyébébre confusing, becaus
kids. Like, a lot of things get lostintrangt t i on é

M:  Yeah.

MA: éum, so | i ke, today, she gave us writ
and it was easier to understand. Um, but | think overall
i 0@y en though ités kind of hard to un
throughout, but like, | guess when you see it all done, it
stats | i ke, clicking. Li ke, 6 Oh, ok, t

thinking. o

Maeby connecteber analysis of the first interview prompt (738) to this work, noting

that she could follow the logic underneath unusual procedures because of her experience
watchingthe video. BotlCarla and Maeby referred to dissing video as useful

activities for learning mathematics for teachingnlike Carla and Maeby, Anne (at Rio)

did not mention the videos in the relevance items of the survey instrument, and she did

not rase the issue through nearly the entire interview. However, when she was asked
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which components of the course she thought should be included in an ideal version of

MATH 291, Anne made similar observations as Carla and Maeby did:

M: Anyt hi ng etteskeediy anidéativersian of this
course]?
Al think the videos helped too, I|i ke wa
the videos, like when we have the pieces of paper with all the
different word problents not word problems, like,
algorithms worked out where thels try to do all their little
invented algorithms and everything. Un
like, five hundred ways to do one problem that we would
have never thought of.
: Ok.
Um, and then watching kids try to do it in the video was
just éit matdhee ryecbus tnhoitnkone way to do it
that they dondét think | ike the standar
they kind of create their own thing. (inaudible)
So the videos and the worksheets where you get the invented
algorithmseé
Mhmm.
That helped you get sense that there were other ways of
doing it that are out thereé
Mhmm.
Um, was there anything else those helped you to do?
Umé
Thoseél meané
| guess they kind of helped me to explain why things work or
dondt wor k, butthal. 6m sti | | wor ki ng on

>z

»2rz>» 2> X

Ann demonstrated less enthusiasm for the video over other activities, like examining
student work.But, like Maeby and Carla, she acknowledged thay gave her an
opportunity to understand the range of ideas that she ooghont as a teachen a
classroom of 280 children. These PSTs watched the videtas students in a
mathematics course, buti@achers Though none are yet certified and none yet have
responsibility for a classroom of children, the videos gave them a new experienuat of w

it means to teach mathematics.
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This is not to say that it is their only expegerof what it is like to teach

mathematic§® but video is a unique context for the reasons | laid out in Chapter Two,

and the PSTs echoed thesatements during the iatviews: it is a lowstakes setting

which strip away some of the complexity of real classroom teaching that PSUsecen

practicetaking apart the relevant mathematicdeasandconsider the implications of

student s6 under st an warkofthetteacherLindsay did mb wl e d g e

mention videos until | prompted hdnt then implied this very concern in discussing the

value of activities like watching video:

M: Is there anything you can thinkdoégain, putting yourself
in the position whergou ca® you can do whatever you
want. You can make your dream math class for teachers.
Il s there anything youdéd want

woul dnét keep or take out, bu

LI:  Mmm, maybe hands on. Like, actually working with some
kids.6 Caus e,
Because |
somet hing

M:  Uh huh.

LI: éso, n
way it
That 6s :

M: Itds interesting though you

LI: 1 mean, maybe at the end. At the enkle,livery end, like
[MATH 293 é

M:  Right.

L:. 6Cause then by that time you
everythh g, but, | donét knowé

o |
i s .t
it

M: Wel | , the reason | think that

the things | saw you guys do today even, was watching
videos of kids. Um, and | know that in some of the
assignments there have been
Ll:  Mhmm.
M: éor , you know. O&Mdnedelibeso t hat a
substitute for working with kids?
L: Yeah, itds good, 6cause you
sometimes, you know, the videos are hard to understand
l' i ke, the kids tal kihardgButl So

®Teacher education research contains many
(Lortie, 1975) features prominently.
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mean, they narratf or us so we understandéyeah,
good.
M: I mean, do you feel |ike that was a h
LI:  Yeah, it was helpful.
M:  How would you compare that to the manipulatives?

L: 1t, well, theyOor e ullecausea me . Theyore
|l i ke one, youbre actually doing it an
actually seeing it. Soé

For Lindsay, the use of video was not more valuable than working with manipulatives,
but both put her in direct contact with children in different ways. Withipodatives,
PSTs are working with objects that childrearkvwith to develop understanding
(Aéyoudbre actually doing iteéeo), while vide
think (Aéyoudr e dlootgh bind$aydidsx@ elavategvideood 0 ) .
other materials or activities in value to her development as a teacher, she acknowledged
that working with living, breathing children would present a complexity for which she
was not prepared; indeed, deciphering video was challenging enough, amitieégtoer
with enough complexity to begin developing her skill extracting relevant information for
her practice.The same sentiment appears in all of these comments: working with these
materials demonstrates to PSTs and gives them some experience khoviladge
children bring to classrooms, and the practical, mathematical decisions that teachers must
make about what and how to engage with that knowledge. It is not surprising then that
PSTs who had more frequent opportunities with such tasks viewedthdirectly
relevant to their future work.

Beyond the use of videos, PSTs cited the use of manipulatives, and trying to
understand alternative algorithmsthe most memorable aspects of their course. These
are all components of the courses that magéaixtheir position as PSTs, and

acknowledged, even at this early stage, their desire to enter into the teaching community,
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and don a teaching persona. Eliot, a student at Hilada who did not watch any

videad citedmanipulative materials as key comgaits of her learning in the course:

E:

ms<

I would keep the activities, withand the realife activities,

with base ten blocks, even though some people thought they

were kind of stupid, and childish, and
Mhmm.

You know, I now c asubtracktipf ai n why you c a

[referring to five minus eight in the first interview task]
because of base ten, because | saw it. Because, you know, |
worked it out. Um, | think using things that kids will

actually use in class like that, is really important, because
then you start thinking like kil in a positive sense where

youdre on the same | eveédt as them and |
first ddbuwtoull dnadn understand why therebd
there,likeabasi ¢ check. I think thatds huge

that kids would be lrgg in class. Um, for the most part, |
think | would teach the class pretty similarly. | would keep
the focus on how to teach it, and how to reach all sort of
kids. | mea, we had one class all about common
misconceptions that children have when dealiitth math
problems, and | think thatoés huge. An
even done another class on that, with problems like this.

This whole, O6Why are they doing it
show them that i1itds not the way to do

In this response, Eli@xpressea desire to learn more about how children think about

mathematics and common mistakes they make. She acknedtbaddjthere were

elements of this in her MATIA81 course, but she also wantedearn more about how

to teach children math.

Thiswasa common senti ment among PSTsb6 respct

number

of them said that they would descri

t e amdthématics. 17% (17/1paf PSTs wrote that they would tell a friend that the

course wasibouthow to teach mathematics to children. While this may not be the

explicit goal of the courses or the instructors, the use of video, manipulatives, student

work, studying cases, and other artifacts of teaching practice may give PSTs the
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impression thethis is in fact what they are doing. Indeed, situated cognition theory
suggests that, to the extent these courses mimic the mathematics done in elementary
school, PSTs are in fact learning how to teach mathemagsin, it should not be

surprising thawhen PSTs engage in these activities, they assigned a special relevance to
them that they were less likely to attach to other kinds of assignments.

Part of the reason may be that without these connections to teaching, PSTs may
fed like they are beingeated like the children with whom they intend to work one day.
Consider EIi ot 0s MAJH8Ehertcancutremtaxperiencenmp ar e
MATH 282, which focuseon geometry:

E: é make the focus about how to teach it and not

necessarilgl me anu,s tirtadtsi nfgr when you felt [|iKk
me, itdéds frustrating to feel l' i ke youbd
grade stuff, because most of these people are freshmen and

sophomores in college andél mean, | &m

anddit didndét happen ighssgaondich in this cl
But ités frustrating when you know the
wanttobetaugly ou dondét want to be taught |
dondét know it

M: Right.
E: Sa and | think thal MATH 281] did a good job of not
doing that, soé

Here, Eliot expressed fruation with courses that did not acknowledge their developing
role as teachers. Carla expressed frustration that her other education courses, even those
directly associated with disciplinary studies, did a better job of this than MATH 281.:

C: é | t bleamned, dctdally, more or come up with and

worked with more interesting math lesson plans, in say, you

know, like my music for education class, or my, even art for

education. | mean, we did really cool math things. You

know in art, we came up with & on how to, how to do

geometric shapes ad giving kids specific angles that they

would have to include in their art pieces and for them to add

up all the angles that they had in the
M: Uh huh.
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C: Il n, uhéoh, i n musi cmeastrdseagd have t o coun
thenthepy ou know, thatods sidmple addition
then they could do multiplication as well, and we came up
with |ittle songs to remember formul as
feel Il i ke, that , in other education co
[constructinginterdisciplinary lessonsé big focus.

Carla described the fact that she saw important connections to teaching mathematics in
her other courses and expected to see more connections like those in her course about
mathematics. These comments were precbgledconcern that the mathematics was too
often a review of how to do mathematics:

C: And, I felt like some of those things we were doing, even
though conceptuallit [concentrating on explaining
mathematical procedures]l guess it helped us in the long

run, kind of trying to understand math
did much to show us how to teach math better, you know? |

guess, Il guess in the | ong run, hopefu
understanding of it oursel ves, ul ti mat

translatettht t o t he ki ds mor eé

El'i otds comment that Ayou donoisamnvnpartantt o be
expression of the sentiment that is at the heart of this project: one way to treat
undergraduates like the adults they are and the teatlegrwiill soon be, is to show

themwhat elementary school mathematics is like (and how itisdomep m a t eacher
perspective Without this component, teacher educators run the risk of PSTs feeling like

they are being taught elementary mathematicsvalt agairf’ This is an important

component of my argument as it relates to situated learning theory. Even though these

PSTs are mathematics studesmsinotteachersit is possible to engage them as teachers

by developing opportunities to think caréfuyfy about studentsd thinki

7 Some teacher educators might argue that this is necessary: PSTs are notoriously immature and weak
mathematically. Theounterargument is this: if they did Boas students learn what they should have in
the previous twelve or more years, a different approach may be necessary instead.
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unpack the knowledge that is commonly held by many. The goal to learn why

procedures work is an important piece in this puzzle, but it is not necessarily the special

domain of teachers: a goal of teaching reformréftor many years across disciplines

has been to help students understand more than just facts, but the reasoning and processes

that are used in disciplines which generated thehave argued here thétte two

different courses oriented them differenthth respect to their roles as future teachers,

which created differences in how they Vview
It i s i mportant to note Eliotds final ¢

good job. o The fi nal dgsarilwemgwtan ideal versioreof i nt er v

their course would be similar to and different from the course they took. All PSTs

claimed that they would want to keep most aspects of their courses theGamglaints

and changes usually centered on issues of assaetssheetesting and grading structures

in both courses were frustrating for many

above about receiving an OF®6 on an assignm

exclusive to one campus or the other. Ssefitiments underscore the fact that PSTs in

both courses |l earned mathematics, they wer

before,and mang if not most PSTs could point to ways in which they connected to

the teaching profession.

Summary

In summarizng the results of the analysis above, | return to the research questions
| posed early in the project:
(2) What mathematics do prospective teachers learn by engaging in activities

of teaching practice such as examining curriculum, student work, and
classroom deo?
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a. Do PSTsawho regularly engagm such activities display
evidence of differentnathematicaproficiency than PSTaho
participate in more traditional course wark
b. Do PSTs engaging in such activities display different
mathematical knowledge for teachi(MKT) than PSTs
participating in more traditional course work?
c. Do PSTs engaging in such activities develop different attitudes
about mathematics and teaching than PSTs participating in more
traditional coursework?
(2)  To what extent do prospective teachsre their mathematics course work
as relevant to their future work?
a. Do different course approaches set up differing perspectives
among PSTs on the contribution of the course to their future
work?
b. Do different course approaches set up differing views among
PSTs about their confidence and abilities in mathematics?
Usingresponses tthe MKTI and survey at two distinct points in the semester, asawell
interviewsfrom a crosssection of each cohort of PSTs, | have employed both statistical
and qualitative aalyses to determine what answers to these questions are revealed by the
data. This variety of data collection methods enabled me to learn more about the PSTs
than | could have using a single approach. Both the interviews and MKTI data lent
insightinto M Ts & mat hemati cal knowl edge for teach
interviews resulted in information about P
Thus, all three data collection methods helped to shed light on question #1 broadly.
Finally, | learned more about whether ad how PSTs saw connections between their
coursesd structure and their future teachi
instrument and interviews.
With respect to question #1a, there was little dathe corps that could help
answer it either way. Certainly, two of three MATH 281 PSTs who participated in

interviews showed confidence and facility with the standard division algorithm that was
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not present among the MATH 291 PSTs. To the extent that the MKTéass es PSTs 0
mathematical proficiency, there is no evidence that PSTs at one university developed
greater performance than the other. The statistical analysis of the MKTI revealed that the
two cohorts were statistically indistinguishable at both beginanmtgend of the semester.

This means that one cannot conclude from this data set that one cohort learned
more than anothetdowever, the item analysis revealed twaile this claim is
unsubstantiatedhey indeed appeared to perform best on differeidd®mains of MKT.
MATH 281 PSTs were strongest on items that focusezbamrmon contentrowledge
(this might also bolster a claim that this group developed stronger mathematical
proficiency see question #2cOn the other hand, when MATH 291 PSTs shdwe
stronger performance on individual itentisey tended to be in the argfespecialized
content khowledge This subdomain of MKT isdescribed by Ball and colleagues (2008)
as being particular to teaching practice, wihie othemight be shared knowlgé
among other communitieS he responses given by PSTs across the six interviews
support the item analysis and show the depth of these differefleas, the short answer
to question #1b iges

As for question #1c, the data again indicate that there @ifferences between
PSTs at Hilada and at Rio. Though these differences were small, they were nonetheless
significant statistically, and suggest that MATH 291 PSTs developed more adaptive
attitudes toward mathematics and a greater comfort with tepomathematics than did
MATH 281 PSTs.This might be offered as an answer to question #2c as Wed.

reason for these differences remains uncleaspasglation statistics andterview data
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suggest that the greatest factor in determining attitudesssoa the survey was the
strength of PSTs mathematical knowledgeteaching

Finally, there is the question of relevance: didiB&t one university view their
course as more relevant than PSTs at the other? Here again, the hypothesis that generated
the question (PSTs who engage in practices of teaching during their mathematics course
work will view these courses as more relevant than those who do not) was borne out. Rio
PSTs reported feeling a greater connection between their course and theipattice
than did Hilada PSTs,

| have offered as explanation the differences between the two courses and their
foci. While Hilada endeavored to place elementary mathematics on a solid logical
foundation, concentrated on justifying and connecting agtlmoperations across
number sets, and encouraged conventional mathematical notatidapk&d to the
notion of place value as a foundational principle in elementary school mathematics,
developed robust new representations of numbers and operatiopsistied PSTs to
confront the idiosyncratic naturansiseeit chi | d
use of videos and student work. The two courses made different connections to
elementary teaching, both in number and kind; those differences habact ion how
PSTs viewed working itheir course, the attitudes they developed about mathematics and
teaching, as well as the mathematical knowledge for teaching they demonstrated.

The results of this study are not likely to reshape the landscape ohmadittee
education. The documentable effects of the differences | outlined between the courses
are relatively small and yet they nevertheless have implications for thecfsplelcially as

it attempts to learn more about how teachers learn the matherhagiaseied to know in
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order to improve stent understanding. With this study, | sought to answestions

that | had generated informally as a community college teadheh evolved into more
formal research question¥he answers provided by the prdjean inform my teaching
and that of many others in the field, while new questions have arisen in their Ipliace.

these issues and questions to which | will turn in the next chapter.
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Chapter 6:Conclusions and Further Research

My disappointmenwith service learning gave rise to an efforfitm ways to
acknowl edge and t adsiee (aadneea)rtabagieevaopingRh8im s 6
craft early in their preparation. A key component of this is for PSTs to develop strong
mathematical knowlegk for teaching which, as the phrase indicates, presupposes that
teachersé content knowledge is tied closel
confirmed what preliminary observation suggested: MATH 281 at Hilada University and
MATH 291 at Rio Unversitydiscussed analogous mathematical idbaswere different
courses that situated themselves differently with respect to teaching. | have argued that
as a consequence of this difference, the PSTs learned diffeatmtmaticsdeveloped
different d@titudes about mathematics and teaching, and redakerklevance of their
coursewith respect to theipreparation as teachatsferently. All of these are predicted
results of situated learning theory, which fundamentally and inextricably links the
| e ar end@rontnant tder development as a practitioner. The results of the project do
not offer easy solutions to problems of teacher education in mathematics, yet they do
suggest that PSTs indeed benefit from examining mathematical ideas throlegis thie
teaching practice.

In returning to the research questions at the end of the last chapter, | highlighted
the results of the data collected as they related to each question. Here, | expand on these

results a bit more, to argue what the implicagiofthese findings are.
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Question 1\What mathematics do prospective teachers learn by engaging in activities of

teaching practice such as examining curriculum, student work, and classroom video?

a. Do PSTswho regularly engagie such activities display ewvahce of different
mathematicaproficiency than PST&ho participate in more traditional
course work

b. Do PSTs engaging in such activities display different mathematical
knowledge for teachingMKT) than PSTs participating in more traditional
course work?

c. Do PSTs engaging in such activities develop different attitudes about
mathematics and teaching than PSTs participating in more traditional
coursework?

The MKTI data could be said to address questions #1a and #1b. The answer, with respect
tothisprojects a qual i f i etk gdhgradtatistioal analyses didgot reveal
any differ ence s, thesubseaecanalydsJogethér wilkh Kb
analysis indicates that the differences in the courses may have played a role in the
differential achievement on CCK items and SCK iten@n one hand, it appears that
these differencesvhere they exig& can be attributed simply to the different
opportunities each cohort had to learn these thimgs: way, this is precisely what
happened

However,it is not enough simply to say that the PSTs learned different
mathematics because they were taught different mathematics. First, by many measures
they were taught theamemathematics: both courses focused primarily on the four
fundamental operations andderstanding how (and why) the traditional algorithms and
procedures associated with these concepts worked. Sélcerthoice to implement a
concentration on student thinking (for which video played a key role in MATH 291) is

inextricably tied to a maematical approach that seeksaathentically elementary view.

If indeed the PSTs did learn different mathematics for teaching, one must investigate

198



carefully the circumstances of that learning: mathematical and pedagogical situative
components are notdtinct in this perspective.

Consider a scenario in which a teacher educator wants to incorporate student
thinking and development into a mathematics couf$es teacher educator can think of
this implementation in two ways: (1) begin with student timglkand determine what
mathematics are needed to sustain this focus; or (2) begin with a mathematical approach,
and find examples of student thinking and classroom practice that illustrate the relevant
mathematical ideas. For option (1), inordertolaybe chi |l drends t hi nki
mathematics, the teacher educaimstdevelop in PSTs amnderstanihg of the
mathematics which the child(ren) confront in their classrodd&Ts will not have an
opportunity to understand this thinking without making exptlte mathematical ideas
which form the foundation of elementary arithmetic, such as place valador option
(2), if the focus is to find exampled practice that bring insight an a priori
mathematical approacthe mathematical ideas with whichebegins museflect those
in schools. In either case, the mathematics that forms the focus of the course must have a
close and direct relationship to the work of teaching for which the course is designed to
prepare PSTsSimultaneously, the work of é&hing that is of import is not devoid of a
disciplinary contextbut is dependent on the mathematics at hand.

Thus, | arguéhat it is not a coincidence thattifacts like video wereaot as
preferentiallyincorporatel into MATH 281as they were in MATH29L the mathematics
which they were discussing did redtvayslend itself to learning anything interesting
aboutwhat childrendo or how they think If a child misapplies an algorithm, it is

probably not because he has misunderstood the property diwdistn, or has incorrectly
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used mathematical symbols to exprigsvalue of the statement. Instead, it is likely to
stem from some failure to understand or apply aspects of thedraeamber system and
the consequent relationships between place vallese last ideas are key components
of elementary school mathematics, and while the ideas highlighted by MATH 281 are
neither incorrect narrelevant to PSTgheywere less directed toward PSTs ability to
unpack mathematical concepts with the intuitmelerstandings that we well know
children possess. Instead, MATH 281 worked morareas beyond elementary school,
when curricula tend to concentrate more on generalizing operationsdoeyole
numbers and integers.

It may be that MATH 281 PSTs possed a stronger sense of the mathematical
horizon than did MATH 291 PSTs; this was anotherdaimain of MKT described by
Ball and colleagues (2008) which | did not explore in this project. My hypothesis is that
this would be the case. As it is, | arghat despite their relatively small magnityudee
di fferences between PSTsd MKT at each camp
mathematical and pedagogical design of the couiGes. of the main advantages
situated learning theory offers teacher educaahat itbrings to the fore thienks
betweermathematicandpedagogy: teachers understand the mathematics they teach
t hrough some pr ac tactiatgwas aligueshiole cl@&s@yith P ST s 6
elementary teaching practice than MATH 281 PSTs wetlaus, there were different
manifestations oknowledgen the data.

Without this perspective, the data are relatively meaningless; onetcan
determine whether or not it was the artifacts, which wieezl more often in MATH 291

than MATH 281 that creatl these difference®One might argue alternatively that the
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differencegnay have originated in the overall mathematical approach, or other
characteristics of the couradnich | have described (or notY'he design of the study was

not sensitive enougto discern between these causes, in part because it was predicated on
the theory that these are constituent, inextricably connected elements of the same
situation. The mathematical approach influencesi#itere and extent of these of
teachingartifacts ad vice versa.

And yet, the approaches espoused in MATH 291 are not magic potions; they
neither substitute for nor supersede factors like the knowledge PSTs bring to the course.
The data showed that this prior knowledge was the most significant compbtieat
knowledge they showed at the end of the semester. Both MATH 281 and MATH 291
presented to PSTs coherent mathematical frameworks on which to build their knowledge
for teaching. Those frameworks provided some basis for developing ideas about the
mathematics that children are supposed to learn, how children think, and how to provide
opportunities for developing S Tavimathematical knowledge.

As for Question #1c, again, | believe that the different nature of the courses has
something to do with #hdifferences in attitudes about mathematics and teaching
revealed by the survey. However, | do not think that therdatéorcethis claim. The
survey items did not adequately match the differences between the courses, and it is not

apparent to me yétow | may have generated more useful data along those Eves if

it were possible to prove such aresllaping e acher sd belhasedtleenand at
shown conclusively ttead to measurably different practices in the classrodath a

resultwould strengthen thie h e o r y thatideatityaeiformation occurs through
participation rather than by fiat. Though
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identity, the means by which this change occurs most effectively is fundamentally

different than situations where didactic practices are dominarmther words, the

theory posits tellaatt epaclhecanhtatr ¢ @l Ibel i eve a
or what mathematical challenges and complexities students will present to thgim; o

confronting them directly as they develop their practice will teachers (and by extension,

PSTs)have a chance to develop the perspective that teacher educators want to reveal.

Question 2: To what extent do prospective teachers see their matlseecoatise work as

relevant to their future work?

a. Do different course approaches set up differing perspectives among
PSTs on the contribution of the course to their future work?
b. Do different course approaches set up differing views among PSTs
about their cofidence and abilities in mathematics?
The answer to #2b, |l ike the answers to
out not to bea question about quantity as rhues one of type: MATH 281 PSTs
developed confidence in different areas of mathemttars did MATH 291 PSTs, owing
to the different foci of their course3he data is not conclusive about this but indicates
that the confidences of PSTs lay in different areas.
Question #2a is @of the more intriguing results of this project. The data
indicate that MATH 291 PSTs felt that their course was significantly more relevant to
their future teaching practice than their MATH 281 counterparts. Here it appears that the
use of video in the course was a primary factor in this evaluation, suggestiSTs

may be more motivated by courses that explicitly acknowledge their developing role as

teachers and implicitly move their status as students toward the background. Recall
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Eli otdbs statement Ayou donoét wiahrdferradto be t a
a course which treats PSTs as though they are learning the mathematics for the first time.
While it is true that PSTs (as well as teachers and mathematicians) can always learn new
mathematics and new perspectives onwwelin ideas, one ceaccomplish this by

inviting teachersintonat hemat i cal understanding for tee
going to use thisoO can become fAwe are goin
mathematics in order to decipher what children are saying and desid® lfacilitate

their | earning. o often stodyingaaxbpcemeiteaanbeseayuse 8 STs  a
theirselfpr of essed fAl ove of kids. 0 Teacher edui

affectionate stance by making children a central part of $tty.

Implications for Teacher Education

Artifacts of Teaching Practice are Not a Panacea
A naive hypothesis in this project was that the use of video and a concentration on
student thinking are somehow a panacea for teaching mathematics toli®Sdse
ways | replaced my early faith in service learning with the use of video cases, believing
that the simplémplementation of the ideaould create an environment in which PSTs
somehowwould learn relevant mathematiby default This study demonstratése
simplicity of that hypothesis; PSTs who watched video substantially more often than
those who did not did not perform better (or worse) on the MKTI instrument. On other
measures, the differences were relatively small, and are unlikelgtioatea a change
in undergraduatpre-service teachexducation. Like the use of service learning, the

benefits are probably limited in a setting like a semdetey courseta university.
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Yet, the fact that videos, cases, and student work are somewhadrgsiex
versions of service learnir{gr student teaching3 important. Use of such materiafsas
the advantage of allowing teacher educators to strip away obfuscating characteristics of
classroom activity without removing the important mathematicdlestges faced
regularly by classroom teachers. It all ow
particular(e.g., mathematicagspects of the teaching situatiofhe interview data
suggests that PSTs who engaged in this video analysis and catexttdrgely on
student thinking had tools and concept images that they could use not only to further their
own understanding, but that of their future studeimdact, experience with video was
cited directly by PSTs ditief aong thetedimePetete t hey s
other hand, though MATH 281 PSTs arguably were more mathematically prafi¢ient
data suggests at least that their strengths iweéhe realm otommon content
knowledg® there was little evidence that they were as wappred as the other cohort
to articulate this knowledge to children or create opportunities to develop in them the
same capacityFor instance, it seems hard to imagine that an explanation of the division
algorithm which appeals to fraction operationdi be useful to children who are learning
to divide without much experience using fractiohdh at 6 s mor e, t he anal
that PSTs develop more adaptive attitudes to mathematics and teaching when they engage
with these materials. This may stenpart from the fact that they believe the work they
are doing is directly relevant to their future practice; this was also a result of the analysis

| offered above.
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Listening to PreService Teachers
It is not known whether or not one sdbmain of MKT is nore important than others
when it comes to teaching effectiveness. This means that it woulessiiaed to
conclude that one course did a fibettero jo
The evidence does not support such a claim. On the othéy th@re are reasons why
undergraduate content courses for PSTs might want to aim for particidosiains
rather than oths. First, the very nature of commoontentknowledge (as defined by
Ball, Thames, & Phelps, 2008) is that it is not confinethéoworld of teaching and
learning. This is an area of mathematical knowledge that is shared by other groups of
people and is arguably the very sdimain of knowledge that PSTs should already
possess as they begin their undergraduate preparationittidiedsnature of this
knowledge (if one chooses this lens) makes it especiallysué#d to PSTs and
teaching, as many undergraduéteshd adults in genei@ldevelop whatever
mathematical knowledge they have in the classroom context.

However, the roledhiat people play as students in these classroom contexts are
very different from the roles they will play as teacherke @vidence indicates that one
can increase PSTs6 knowledge while also ad
community of teachs. Moreover, the question of transfer, as theorized by many
education researchers is at stake. What maximizes the chances that PSTs will be capable
of applying what they did in their content courses to their teaching practice? Situated
learning theoryargues that engaging PSTs in elements of that practice will increase the
probability of transfer. Recall that frothe situated perspective, transfer refers to the

consistency of activity patterns across situations, so that it is not necessarily the knowe
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that takes knowledge from one place to the next, but salient features of the situation itself
that are transferred (Greeno, 1997). The knower is able to attune properly to the features
of activity that are germane to both settings depending on theleatns | evel of
participation in the activities and her contribution to the tesplinteraction (Greeno,
1998). | argue that it is the work of MATH 291 that more readily transfers from the
university classroom to the elementary school classroom.

This isnot to say that mathematics courses for PSTs should not addnessn
contentknowledge issues. Knowing the differences between mean, median, and mode or

0 4
— =0 —
knowing that4 while 0 is undefined are clearly necesséor teachers to

under stand. Ball, Thames, and Phel ps note
teacher mispronounced terms, or made calculation errors, or got stuck solving a problem
at the board, instruction suffered and instructional time was @808 p. 399). But this
study offers evidence that concentrating on issues of teaching provides opportunities to
develop, refine, and strengthen this knowledtpde PSTslearn toconfront the special
knowledge and situations they will face as teagher
Thus a major implication of this projec
somehow even indirectld with the children they will teach should not be ignored by
teacher educators. When making decisions about how to design courses, PSTs
preferences mayot be theonly consideration, but these results suggest that teacher
education may be wise to look for more ways to unite PSTs with the teaching community

directly or indirectly
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Implications of Course Design

However, the results of this study do notpelteacher educato(emong whom
many are mathematicians, whether they identify as such otorgltapeheir practice
around the teaching commungiymply to make PSTs feel better about what they are
doingor to give them a voice in their own develop® The data suggest that such
approaches not only impact PSTs attitudes and beliefs about how their academic work
connects to teaching, biis influenceextends to the opportunities PSTs have to learn
mathematics. The differences betweenrntaghematal frameworks of these courses
were interdependent dheways in which the course®nnecedwith teaching. MATH
291 concentrated on place value and its relationship to the fundamental arithmetic
operations. PSTs developed skills with choosing anesepting BMUs, which in turn
provided them with a basis for understanding and justifying common algorithms.
Concentrating on place value also enalfgdlH 291 to simulate the trajectory of
elementary school mathematics by first building a system of icguint groups of ten
and then learning to manipulate these numerals by taking advantage of the characteristics
of the systemMATH 28106s focus on oper adidnotn acr oss
preclude it from incor por ab,butigdidoftenreqgdiree no6 s
a mathematicarajectory that conflicts with a typical elementary school curriculum.
The difficulty with organizing elementary mathematics material around the concept of
operaton in the way that MATH 281 did that one muststablish certainational
number concepts isomedepthin order to operate on thenn fact, this is what MATH
281 did by introducingome number theoretic ideas (divisibility, GCF, and LCM, for

example) in order to address rational number issuesiliglifying fractions. This

% There may be powerful arguments to be made in favor of both of these perspectives.
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means that the instructor of the course must address issues of multiplication and division

on whole numbers (which is what gives rise to rational numbers in the first place) without

first addressing what it means to add andrsui, let alone multiply and divideBut this

inverts aconventionatrajectory of elementary school mathematasldren learn how to

add and subtract long before a serious discussion of multiplication or division is

addressedn large part because ftiplication and division are deeply rooted in the other

two arithmetic operationsRational numbei® as fractiond are not a robust part of

typical school curricula until the fundamentals of operating on whole numbers are laid as

a foundation.In this mud& more subtle way then, MATH 291 represents a more

authentic experience of teaching elementary school mathematidbeathata indicate

that this may have contributed to MATH 291 PSTs showing a greater capacity to

Aunpacko t he mat h envuehttheyovarkleacnmgp cept s about
Moreover, this authenticityid not necessarily sacrifice the mathematical

generality sought byndMATHI @ 8iltdsiAi chpmb odaawn o

perspectivé? In a strict sense, fractions aratio and proportion concepigere not

explicitly part of MATH 291 at Rio. On the other hand, PSTs, working in the context of

decimals and BMUs, explaidea construct that suppst discussion oduch concepts and

representationsThe diagrams drawand much of the language u8eds t pertained to

operating on fAdeci mahrédirectlymmlicable © the setobt her b

rational numberseven though PSTs woulidely balk at any fraction question given to

them on a MATH 291 exam!

“Rem!| | that a greater proportion of PSTs at Rio wou.
a friend.
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| am interpreting the differences betweea to courses as boiling down to the

following: while both courses presented a coherent view of mathematics, one course
presented a view with greater authenticity with respect to elementary school mathematics
teachingHer e | do not wuseée tbemeanmsidbaet hedel it
philosophy of mathematics, but instead | mean to highlightdhepatibility of what
mathematics was in each course with hmathematics is practiced in elementary school.
The fact that this may have influendkeds Ts 6 perception of the rel
an important component of whapportunities PSTs had to learn mathemati&side
from t his A mo the frarmeworlouseal by MIABHc281mecesearily appealed
to concepts that, while mathematigatoherent, did not lend themselves to the kinds of
knowledgeunpacking required of teachers in the MKT scheme and in the rhetoric of
teaching reformAlternatively, MATH 2916s approach, though
provided PSTs with opportunities towvddop MKT that was less explicit in MATH 281.

l't is worth restating Moreira and Davi s
mathematics in schools can be in direct conflict with mathematics as viewedsrom

di sciplinary refer entstemfiommothing, thatis,dy t he r e al

postulating its existence as Oanythingbd sa
up i n an inversion of what is done in scho
not be Onaturall yd a ehrelipnf uslc hionoslt3Bpurnaecntti cfeoo

School mathematics and mathematics in the academy are fundamentally different things
because they take place within fundamentally different communities, which employ
different relationships, different structures, diéfiet organizations, and ultimately,

different epistemologiesOne of the challenges of teacher education is to find ways to
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bridge this gap: teachers must understand and work within both worlds as they seek to
show children the important characteristi€®ne while being constrained by the realities

of the other.This means that in order to develop coherent models of teacher education in
mathematics, there must be ongoing and constructive dialogue between the fields of
mathematics and mathematics edwratnot simply between individual mathematicians

and mathematics educators).

Exploring Difference®eyond MATH 281 and MATH 291

The results reported here are a replicaiaf sort$ of thosedescribed by the
Philip, et., al(2008). In that project, the #ors note that PSTs who engaged with
children via video (o persoi showedonly smald though discernibly differet
mathematicaknowledge than peers who did nairficipate in such activitieS. PSTs
whoengagedih ocused di s c us snkimgneporteadignifcdnt chadgesesim 6 s t F
their beliefs, while others showed smaller differences, if any. There are analogous results
in the analyses | have provided aboet instead of focusing on exicarricular activity,
it examined the work of the caenit course itself, attempting to discern whether and how
this factor (held constant in Philip, et.,
forteaching atti tudes, and al.sThiskhdorf repicatpreim cei v ed
educational reseeln is not common but it is important; such research is rarely-tagje
or truly experimental, and so understanding how similar phenomena play out
numerous contexts is necessaimhe two projects together appear to provide a
compelling argument thébcusing PSTs on issues of teaclingy way of examining

childrendés ma tdheesadeed change thein belrefs and their ownership

“The PSTs who discussed childrenés thinking in form
observed classroom teachers.
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of the mathematics as important to their practitle relatively small differences

bet ween tMK& hadbdndirnt sPbhi | i p, e B likehanheandsne ( 200 7))
oftwothings (1) focusing PSisesnnohi sktirengs$yt hin
MKT in the short term (2) the influence has not been detected by these projects. One

guestion that emergeswhether or not these results are robust across a wider variety of
circumstances. Though | believe that evidence is mounting in favor of explanation (1), |

do not believe that there is enough research to argue this claim conclusively.

Even if it is true thtthe differences between these sirgenester courselid
notstrongly i mpact PSTsdéd MKT, anotwhatr quest.
happens to these PSTeylond this first content coursé®ould there benore obvious
differences between PSds NI Kt the end of their thremurse sequence? Would three
coursesvhi ch focus on childrendés thinking and
have agrowingcumulative effect oMKT, or would any gains made in one course get
washed out by events takintape in subsequent courses? Additionally, the field lacks
research on what influence a cohenemlergraduate program taking on these approaches
might haveon PSBs knowl edge, attitudes, and belief
difference$® iftheyexisbi mply for PSTs6 teaching at the
and would these differenag@sf theyexis have any i mpact on chil d
knowledg® Some of these questions are already the focus of research prddratiny
necessity, these offenly small pieces of the puzzl@dditional, longitudinal data of
PSTs and their mathematical development are necessary to answer many of these

guestions.

" Some of he projects underway at the Migtlantic Center for Mathematics Teaching and Learning come
to mind.
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Finally, it is noteworthy that our understanding of how secondary PSTs in
mathematics learn magatics for teachir@y or even what MKT looks like in secondary
mathematics teachidgis even more nascent than our understanding of elementary PSTs.
Teachers who work with more advanced students have potentially different mathematical
goals and needs thameir elementary school counterparts. What knowledge teachers in
these situations need and how they come to know it are not questions that have received
much attention. There may be parallels between the elementary level and secondary
level, but there maglso be significant differences, and these issues also should be

explored empirically.

Final Remarks

Hammerness, et., al. (2005) pointt thata key component of teacher education
should be to make the subtleties of school experience more explicBTer;, B sensitize
them to issues of which students cannot be aware, but teachers must. They write that
ttacher education should: (1) make teachers
offer alternative perspectives that build upasaind in some cas challeng this
experience; (2) enable teachers to acquire a deep foundation of knowledge and techniques
for giving this knowledge a conscious structure; (3) provide access tecoggtdive
tools for teachers to continue to develop their knowledgedrtfaough their practice.

Both MATH 281 and MATH 291 accomplished these goals ilgudlifferent
ways, albeit for the short duration of the semesRB8Ts at Rio and Hilada frequently
mentioned on the surveys that they learned to tbirdadabout méhematics in new
ways PSTs in interviews talked about the challenges they faced in completing the

courses: learning why procedures work that were long taken for granted or
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misunderstood, how children think about elementary mathematics, and in some cases,

what i1td06s |i ke to be in the shoes of a chi
Consider Maebyds comment about working in
[Theinstructort ur ned it ar sheshé alwags us é when
makes us do problems, like multiplication pevhk, in different
bases, whiocht hey é6r e annoying at the time, but
because, | mean, if you tell me | have to do five times three, like |
know how to do that, but i f | had to do
whole different concept, and likeh&ve t@ | have to think
about it, like (sighs)éitbés just, you h:
value and stuff |like, things that you wi
would automatically say the answer, you woufithink about
the place val ue sdoiplitingdsinke t hat . So i
childbébs positioné

These are opptunities that ar@ot the specigbrovince of content courses for teachers
teacher educators have endeavored to create these kinds of opportunities for PSTs within
methods courses and student teacfongome time.However, content courses are not
independent of these other experiences tha
preparation.This study assumed the truth of the emerging consensus that there is special
knowledge that teachers muswvdmp in order to enhance their ability to improve student
|l earning, and supports the speculation tha
and tasks of teachingfluences them. While it is unclear the relative effect this approach
has on atReénatead knowledge for teaching, this project suggests that there is
more to investigate and leaves open the possibility that one potential avenue for
improving undergraduate teacher education is-mast content courses in ways that
address the commity of teachers of which PSTs will one day be a part.

As a teacher educator, this study has influenced my understanding of how PSTs
learn, and what they value in undergraduate mathematics colsestesearcher and a

member of the mathematics educatemmmunity, this study demonstrates to me that
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there is more work to be done, and more questions to be answered, but that there is

building evidencethat nder st andi ng PSTsd devel oping MK
anddesigning instructiowith this urderstandingnovesthe field in a constructive

direction. In particular, | believe that this project contributes to the field by confirming

some conclusions reached in other research but also contributing somethitigsiew:

work providesnformation abouhow PSTs perceive their content course experiences and

what kinds of participatiodraws them toward learning the mathematics we wish for

them to learn.

Fennell 6s quest i dhisessayihdwldo welensuéithatall o pened
teachers of mathemasi&know the mathematics and pedagogy essential for teaching the
subjecd ultimately is not answerable. We cannot ensuredtatachers know anything
in particular, but teacher education has a responsibiliig$ogn coherent learning
opportunities for BTs in which they can participate in a community of teachers, a
community that is continuously created and nurtured as they deepen and refine their

contributions.
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Appendices

Appendix A: Survey Iltems Administered to PSTs at the Beginning and End of

the Semester

[February 2008]
Your Beliefs about Mathematics, Math Teaching, and This Math Course

Strongly
Agree

Agree

No
Opinion

Disagree

Strongly
Disagree

One of a teacherds m
show students how to solve problems and the
to givethem similar problems to practice.

SA

SD

Some people have mathematical minds and
some donot , and neit
student effort can overcome that.

SA

SD

Children can develop their problem solving
skills by working in small groups drhearing
the ideas of other students.

SA

SD

A good math test is one that consists of a var
of items that are that are just like the problem
students completed in class or in homework.

SA

SD

Having students determine and discuss their
sdution methods is a good use of class time,
even if the discussion and questions about th
methods takes more than one class period.

SA

SD

If students are expected to solve mathematics
problems before the teacher has explained th
problem and sotion, the students will become
frustrated.

SA

SD

Some students may have more aptitude for
mathematics than others, but all students can|
learn to understand mathematics.

SA

SD

| think | will be just as comfortable teaching th
mathematics coent taught to children in
kindergarten through second grade as the
mathematics content taught to children in the
fourth or fifth grade.

SA

SD

It is more important for children to compute
quickly and accurately than to solve word
problems.

SA

SD

10.

The best way to become good at mathematic
to solve a lot of new problems, thinking about
the ideas and strategies used to solve prior

problems.

SA

SD
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11.

Getting the correct answer is the most importg
goal in math class.

SA

SD

12.

Students sould work on mathematics problem
before the teacher introduces the skills and
vocabulary traditionally used to solve those
problems.

SA

SD

13.

Seeing/hearing different ways to solve the sa
problem confuses children.

SA

SD

14.

A good math test isne that contains some
challenging yet attainable problems that are n
like problems worked in class.

SA

SD

15.

The idea of teaching math scares me.

SA

SD

16.

Before class ends, a teacher needs to clarify
those wrong answers, incorrect methods &r m
statements that may have been made by
students.

SA

SD

17.

Students will become engaged in mathematic
they are expected to figure out the solutions t
questions.

SA

SD

18.

Students should hear methods that other stud
use to solve problems.

SD

19.

Discussing wrong answers is likely to confuse
children about the right way to work on
problems.

SA

SD

20.

| am looking forward to teaching children abo
mathematics concepts.

SA

SD

21.

I'n mathematics cl ass
students how to complete tasks and to solve
problems, helping students who get stuck.

SA

SD

ABOUT YOUR MATH COURSE

Theactivities we do in this class are supposed 1
help memake significant progress in my goal @
becoming a teacher

SA

SD

Theassignmentswve do in this class are suppos
to help memake significant progress in my goa
of becoming a teacher.

SA

SD

Theexamswetake in this class are supposed t¢
help memake significant progress in my goal @
becoming a teacher.

SA

SD

In this class, expect to learmore about what it
is like to teach mathematics.

SA

SD
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[MAY 2008]

Your Beliefs about Mathematics, Math Teaching, and This Math Course

Strongly
Agree

Agree

No
Opinion

Disagree

Strongly
Disagree

22.

Oneofatacher 6s maj or r e
show students how to solve problems and the
to give them similar problems to practice.

SA

SD

23.

Some people have mathematical minds and
some donot , and neit
student effort can overcome that.

SA

SD

24,

Children can develop their problem solving
skills by working in small groups and hearing
the ideas of other students.

SA

SD

25.

A good math test is one that consists of a var
of items that are that are just like the problem
students conlpted in class or in homework.

SA

SD

26.

Having students determine and discuss their
solution methods is a good use of class time,
even if the discussion and questions about th
methods takes more than one class period.

SA

SD

27.

If students are gected to solve mathematics
problems before the teacher has explained th
problem and solution, the students will becorm]
frustrated.

SA

SD

28.

Some students may have more aptitude for
mathematics than others, but all students can
learn to understand nf&matics.

SA

SD

29.

| think | will be just as comfortable teaching th
mathematics content taught to children in
kindergarten through second grade as the
mathematics content taught to children in the
fourth or fifth grade.

SA

SD

30.

It is more imporant for children to compute
quickly and accurately than to solve word
problems.

SA

SD

31.

The best way to become good at mathematic
to solve a lot of new problems, thinking about
the ideas and strategies used to solve prior
problems.

SA

SD

32.

Getting the correct answer is the most importg
goal in math class.

SA

SD

33.

Students should work on mathematics proble
before the teacher introduces the skills and
vocabulary traditionally used to solve those
problems.

SA

SD

34.

Seeing/hearing diérent ways to solve the sam
problem confuses children.

SA

SD

35.

A good math test is one that contains some
challenging yet attainable problems that are n

like problems worked in class.

SA

SD
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36. The idea of teaching math scares me.

SA SD

37. Before class ends, a teacher needs to clarify

those wrong answers, incorrect methods or m

statements that may have been made by

students. SA SD
38. Students will become engaged in mathematic

they are expected to figure out the solutions t

questims. SA SD
39. Students should hear methods that other stud

use to solve problems. SA sD
40. Discussing wrong answers is likely to confuse

children about the right way to work on

problems. SA SD
41. | am looking forward to teaching children alto

mathematics concepts. SA sD
42.1 n mat hematics <cl ass

students how to complete tasks and to solve

problems, helping students who get stuck. SA SD

ABOUT YOUR MATH COURSE

9. Theactivities we did in this class helpeme

make significant progress in my goal of

becoming a teacher SA SD
10. Theassignmentswve did in this class helped me

make significant progress in my goal of

becoming a teacher. SA SD
11. Theexamswe took in this class helped me mak

significantprogress in my goal of becoming a

teacher. SA SD
12.In this class, | learned more about what it is like SA SD

to teach mathematics.

13. The most memorable assignment in this cours
was

14. The most memorable activity in this course wa

15. Supmse a friend of yours was thinking about
taking this class and wanted to know more ab
it. How would you describe the class, what
would you say to your friend about what she
should be ready for, and what she would learn

218




Appendix B Excerpt from Chater Five Notes (MATH 281 at Hilada

University)

Packet p. 37: Begin by having students work in groups to analyze the studaried algorithms pictured.

Ask them to identify the properties used.

Student #3 is probably the most difficult to understaAdparently they began by writing the column of
24's in the center of the work. Can you work it out from there?

One of the challenges of having students use invented approaches is helping them to notate what t
done in efficient, mathematically sgble ways. In particular, it is common for students to abuse the

ney've

"equals" sign, treating it as they do the equals key on the calculator: as a signal to calculate what they've

got so far. It is important for students to learn early, however, thattlesesign signifies both sides are

truly equal: this is an essential concept in algebra. With this in mind, consider how to notate the student

work on the following pages. (Perhaps assign one problem to each group and have them put it on
chalkboad and explain.)

Class Activity 5U (p. 126) #1, 2, 3
Also identify the properties used in each.

Homework:
Read text 5.8
Do p. 201 #2, 3a, 3f, 5

the
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Appendix CExcerpt from Lesson INotes(MATH 291 atRio University)

Time: 75 min.
Activity Flow i Part 4- Homework

Rationale
This activity extends the multiplication story problem activity completed in class to
di vision story problems. The activity is

ability to write both partitioning and repeated sabtion division problems, and to help

them connect the meanings of multiplication and division. The preservice teachers will
learn to represent multiplication story problems, and repeated subtraction and partitioning
division story problems with pawholediagrams, and understand the connections

among these different pasthole models. This will help them understand the missing

factor interpretation of the sign when it is introduced in the next lesson.

Activity

As a teacher, you will create word pleims for students to help develop their conceptual
understanding, procedural fluency, strategic competence, and adaptive reasoning. For the
operation or action of division, you will want to pose problems that involve both
interpretations of division in oed to help children create meaning for this operation or
action. In the next activity, you will practice writing multiplication and division word
problems. You are writing problems for both operations because many fourth grade
teachers complain that thetudents cannot see the connection between multiplication

and division. As you write both types of word problems, see if you can make this
connection.

Hand out L11_MultMean3DivMean1l HW.doc

Instructor Notes
1. Homework Assignment [L11_MultMean3DivMeh HW.doc]

Part 1

Questions 13 list three numbers that can be combined into multiplication and division
number sentences. Use two of these numbers (the other number will be the answer) and
the given quantities to write three word problems:

a. one wherstudents will use repeated subtraction division to find the answer;
b. one where students will use partitioning division to find the answer;
c. one where students will use multiplication to find the answer.

Assign the same numbers to the same quastitiall three word problems. For example,

if you write a repeated subtraction problem for part (a) in which you make 12 the number
of apples altogether, 4 the number of apples in a tree, and 3 the number of trees, do the
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same thing in parts (b) and (chat is, keep 12 the number of apples altogether, 4 the
number of apples in a tree, and 3 the number of trees in parts (b) and (c) too.

Now try to make a panwvhole diagram for each word problem that you write. What is the
difference between the paxthole diagrams for repeated subtraction division problems,
partitioning division problems, and multiplication problems?

1. Numbers: 12, 3, 4

Quantities: trees, apples
2. Numbers: 4, 5, 20

Quantities: children, ounces of lemonade
3. Numbers: 31.8, 0.6

Quantities: miles of road, days.

Part 2

Try to do what you did in the first three questions for these numbers: 0.9, 1.5, and 0.6.
Pick your own quantities.
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Appendix D Written Reflection Assignments at Hilada Unaitr

Written Reflection #X10 points)
due date:

Lots of Lockers

One hundred bored students decided to pass the time with the following activity: They
lined up in front of a line of lockers numbered 1 to 100. The first student opengd eve
locker door. The second student closed the door of lockers numbered 2, 4, 6, 8, etc. (i.e.,
all the evemumbered lockers). The third student changed the door position of the
lockers numbered 3, 6, 9, 12, etc. (i.e., every third locker). If theldmbbeen open he
closed it; if it had been closed he opened it. Similarly, the fourth student changed the
door position of every fourth locker, the fifth student changed the door position of every
fifth locker, and so on, until the hundredth student ckdrige door position of locker

#100.

Which locker doors were standing open at the end of this activity? Why? Be complete.

Written Reflection #2
due date:

Instructions: Your response to this is to be typed, desiieed. Pleasanswer
completely, in welwritten paragraphs. A diagram may be hanawn in to accompany
your response.

Write a word problem that would be correctly modeled by the division problem
21/4- 1/2.

Draw a diagram to illustrate this division in thentext of your word problem. Explain
and show how your diagram illustrates the solution.

Give a detailed numeric solution path and final answer. Include words on your numbers
and show each step logically.

Identify what division concept your word prebh illustrates ("How big is each group?"

(partitioning), "How many groups?" (repeated subtraction), or missing factor), and
explain how you know.
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Rubric (10 points total)

0 points

1 point

2 points

word problem

incorrect operation

correct operation
but incorrect
numbers

clear and correct

diagram

missing or incorrect

unclear or partly
correct

clear and correct

numeric solution

missing or incorrect

unclear or partly
correct

clear and correct

solution shown in
diagram

missing or incorrect

unclearor partly
correct

clear and correct

division concept

missing or incorrect

correct but not
explained or unclea;
explanation

correct and clearly
explained
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Appendix E Project Assignmentl from MATH 281 at Hilada biversity

Project #1: Star Patterns

The following two figures illustrate star patterns. The left figure, Star (8, 2), was drawn
by starting at 0 and "skipping" two spaces clockwise until returning to 0. In the right
figure, each "skip" moves three spacesklse.

Star (8, 2) Star (8, 3)

Both of these stars belong to thefénily" because they have 8 dots evenly spaced
around the circle. Notice that the number "8" does not appear, however; only the
numbers 0 through 7 are used as labels.

Many pattens can be seen in these star figures. Collect data forfraily, the 7

family, the 9family, and the 1Zamily on the following pages. After collecting this data,
answer the questions below. For each, give the most general outcome, not jusaéparticul
or special case(s).

1. When will two stars in a family be identical? In other words, when will star (a, b)
look exactly like star (a, ¢)? Include an example to illustrate.

2. For star (a, b), what happens when b divides evenly into a? Indwam@ple to
illustrate.

3. When will star (a,b) touch every number? Write a rule in English and then write a
mathematical formula in terms of a and b. Give an example andaxaanple.

4. a. In general, how many points will star (a, b) touGie a rule in English and then
write a mathematical formula in terms of a and b. Give an example.
b. Explain why your formula in 4a works. (Hint: think about LCM).

5. (Optional) Star (8, 3) above makes three clockwise circuits of thersthe process

of connecting all the dots. How many circuits does star (a, b) make? Give a rule in
English and then write a mathematical formula in terms of a and b. Give an example.
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SIOI0L0,

Star (8, 1) Star (8, 2) Star (8, 3) Star (8, 4)
(OO
Star (8, 5) Star (8, 6) Star (8, 7) Star (8, 8)
SRR
Star (7, 1) Star (7, 2) Star (7, 3)
SRR
Star (7, 4) Star (7, 5) Star (7, 6)
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OO0

Star (9, 1) Star (9, 2) Star (9, 3) Star (9, 4)
Star (9, 5) Star (9, 6) Star (9, 7) Star (9, 8)

LA
AL
LA
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Appendix F Project Assignmentl from MATH 281 at Hilada biversity

[Refer to Beckmann, 2007]
Project #2 (20 points)
due date:

Follow the instructions in the text for the following problems:
p. 270 #3

p. 270 #4

p. 271 #12

p. 272 #17
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