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Neural networks are general-purpose function approximators. Given a problem, engi-

neers or scientists select a hypothesis space of functions with specific properties by designing

the network architecture. However, mainstream designs are often ad-hoc, which could suf-

fer from numerous undesired properties. Most prominently, the network architectures are

gigantic, where most parameters are redundant while consuming computational resources.

Furthermore, the learned networks are sensitive to adversarial perturbation and tend to

underestimate the predictive uncertainty. We aim to understand and address these prob-

lems using spectral methods — while these undesired properties are hard to interpret from

network parameters in the original domain, we could establish their relationship when we

represent the parameters in a spectral domain. These relationships allow us to design

networks with certified properties via the spectral representation of parameters.
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Chapter 1: Introduction

Deep learning has achieved unprecedented performance in a wide range of applica-

tions, and most notably computer vision [1, 2] and natural language processing [3, 4]. The

most crucial factor in these successes is the growing depth of modern neural networks [5, 6],

along with enormous effort in developing techniques to learn deep models [7, 8]. However,

mainstream architectures and techniques are often ad-hoc, leading to numerous mysterious

properties, many of which are undesirable. For example, deep networks typically have more

parameters than training examples, where most parameters are redundant while consuming

computational resources [9]. Furthermore, the learned models are sensitive to adversarial

perturbations [10] and tend to make overconfident predictions [11].

The lack of principled methods attribute to the implicit relationship between net-

work parameters and properties — It is hard to interpret how a parameter impacts the

overall properties. In this dissertation, we develop principled network architectures toward

addressing this problem using spectral methods — while it is hard to relate network proper-

ties to parameters in the original space, we can make the relationship explicit in a carefully

chosen spectral domain.

In this chapter, we briefly review the undesirable properties of modern neural net-

works, including over-parametrization, uncertainty miscalibration, and sensitivity to per-
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turbations. Then we discuss the equivalence between network architecture in deep learning

and hypothesis set in machine learning. Our goal of architecture designs is to eliminate un-

desirable hypotheses from the hypothesis set. The following chapters present how to design

network architectures (i.e., choose hypothesis sets) to avoid these undesirable properties.

Network architectures and hypothesis sets. Abstractly, a deep network is an adap-

tive function that approximates a certain mapping

y = NN(x; θ), (1.1)

where x,y are the input/output of the network NN, and θ is the network parameters. There

are two steps to obtain a particular function.

(1) In the first step, we pick a network architecture, which defines the space of all

possible mappings:

H = {NN(·, θ)}θ∈Θ (1.2)

where H is known as the hypothesis set, and Θ is the parameter space. When the archi-

tecture is known from the context, H and Θ are two equivalent notions.

(2) In the second step, we choose one mapping h? among all candidates H by mini-

mizing a loss function L:

θ? = arg min
θ∈Θ
L(D, θ), (1.3)

where D is a dataset. Equivalently, we have h? = NN(·, θ?).

Our research focuses on the first step — we try to choose the hypothesis set H such
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Figure 1.1: Architecture of a deep residual network [5].

that we can readily find a desirable model h. Since the relationships between the parameter

space and the network properties are generally implicit, we investigate spectral methods

Θ→ F such that in a transformed space F , the relationships become explicit.

In practice, deep networks’ building blocks are usually simple (see Figure 1.1). Typi-

cally, a deep network is a cascade of multiple blocks, where each block consists of interleav-

ing linear and nonlinear layers. Despite its simplicity, a composition of simple blocks could

lead to many undesirable global properties, including over-parametrization, miscalibrated

uncertainties, and sensitivity to perturbations.

Over-parameterization. The increasing performance of modern neural network accred-

its to the evolving deep architectures [1, 2, 5] (see Figure 1.2). However, their parameters

grow with the depth, which in turn leads to an explosive growth of computation, as shown

in Figure 1.3. The high demand for computational resources makes these models very
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difficult to deploy on constrained devices like smartphones or embedded systems.
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Figure 1.2: Increasing performance and growing depth of modern neural networks [5].

Figure 1.3: Increasing computational complexity of modern neural networks [12].

Uncertainty miscalibration. Calibrated prediction, i.e., predicting probability esti-

mates of the true correctness likelihood, is important in uncertainty-sensitive application

4



such as healthcare. However, deep networks are typically poorly calibrated [11]. One mys-

terious property of these deep networks is that they tend to give over-confident predictions

even for out-of-distribution data (c.f. Figure 1.4a). From a different perspective, the neg-

ative log-likelihood, which measures the level of uncertainty, is more prone to overfitting

than predictive error (c.f. Figure 1.4b).

(a) Overconfident predictions for out-of-distribution data.
(b) Easy overfitting of negative
log-likelihood (NLL).

Figure 1.4: Uncertainty miscalibration of modern neural networks [11].

Figure 1.5: Modern neural network is sensitive to adversarial perturbation [10].

Sensitivity to perturbations. Deep networks are susceptible to small perturbations –

an imperceptible perturbation to the input can flip the prediction completely. The pertur-

bation can be artificial noise added to the input as shown in Figure 1.5 [10], or geometric

5



transforms such as translation, rotation, and scaling as shown in Figure 1.6 [13]. This

problem raises concerns about to use of deep networks in security-sensitive applications.

Figure 1.6: Modern neural network is sensitive to geometric perturbations [13].

Organization of the dissertation. The rest of the dissertation is organized as follows.

In Chapter 2 and Chapter 3, we introduce tensor representations, which allow for

concise descriptions for multilinear operations. In Chapter 2, we present a framework of

compact layer designs based on tensor representations. With this framework, we derive a

family of compact yet expressive convolutional networks, which maintain high performance

after significantly reducing model parameters. In Chapter 3, we develop an automatic

library, which can build and efficiently train tensorial neural networks (whose layers adopt

a tensor representation). In Chapter 4, we use tensor representations to develop the first

higher-order recurrent network for spatio-temporal learning. This model achieves state-of-

6



the-art performance among recent approaches while with the fewest parameters.

In Chapter 5, we introduce Bayesian neural networks, which explicitly characterize

uncertainties by learning the posterior distribution of the network parameters. We then

propose an efficient sampling-free approach to learn Bayesian quantized networks based on

tensor operations — our method nicely bridges the learning of calibrated Bayesian models

and compact quantized networks.

In Chapter 6 and Chapter 7, we show that the convolutional layer in neural networks is

equivalent to the MIMO filter bank in signal processing. Then, in Chapter 6, we introduce

ARMA layers based on IIR filter banks for dense prediction networks such that we can

expand their receptive fields economically. Next, in Chapter 7, we will propose orthogonal

convolutional layers for robust networks based on paraunitary filter banks such that we can

ensure exact orthogonality easily.

We conclude the dissertation in Chapter 8 and discuss potential future works.
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Chapter 2: Compact Architecture Designs by Tensor Representations

2.1 Overview

Modern neural networks [1, 2, 6, 14, 15, 16] achieve unprecedented performance on

many difficult learning problems at the cost of requiring excessive model parameters for

deeper and wider architectures. The vast number of model parameters is a practical ob-

stacle to deploying neural networks on constrained devices, such as smartphones and IoT

devices. Thus a fundamental problem in deep learning is to design neural networks with

compact architectures that maintain expressive power comparable to large models. Two

complementary approaches are common for this purpose: one compresses pre-trained mod-

els while preserving their performance as much as possible [9]; the other aims to develop

compact neural architectures such as inception modules [16], interleaved group convolu-

tions [17], and bottleneck blocks [15, 18]. Since linear layers (i.e., fully-connected and

convolutional layers) comprise almost all parameters and computation, the common goal

of both approaches is to reduce the expense by the linear operations.

Motivated by the tensor decomposition of linear layers [19, 20, 21], we propose a

framework of tensorial layers that outlines the design space of low-rank factorization —

the framework simultaneously allows compression of pre-trained models and exploration of

better network architectures. Our proposed tensorial layers extend the linear operations

8



of matrix multiplications (in fully-connected layers) and multi-channel convolutions (in

convolutional layers) to multilinear operations with multiple kernels. To characterize these

layers, we introduce a novel suite of generalized tensor algebra that extends linear operations

on low-order tensors to multilinear ones on higher-order tensors (cf. Section 2.3).

We name a neural network composed of tensorial layers as a tensorial neural network

(TNN), which by definition generalizes the traditional neural network (NN) — if we restrict

the multilinear operations in tensorial layers to matrix multiplications or multi-channel

convolutions, the TNN reduces to a traditional NN. Unlike traditional NNs that may flatten

the data into low-order tensors (e.g., from videos to frames), TNNs allow for data with

arbitrary order. Quite the opposite, TNNs deliberately reshape the data into higher-order

tensors and use higher-order weight kernels in each layer. In this higher-order space, TNNs

can achieve high expressive power with a smaller number of parameters.

[1, 2, 3, 1, 2, 3, 1, 2, 3]

Periodic structure

[1, 1, 1, 2, 2, 2, 3, 3, 3]

Modulated structure

{Invariant structures reshape

Low-rank structure

=
 1, 1, 1

 2, 2, 2

 3, 3, 3[ ]
 1, 1, 1

 2, 2, 2

 3, 3, 3

 1

 2

 3[ ]

Figure 2.1: A toy example of invariant structures. The periodic and modulated
structures are exposed by exploiting the low rank structure in the reshaped matrix.

To understand the benefit of higher-order space, we illustrate with a toy example in

Figure 2.1. Consider a vector with periodic structure [1, 2, 3, 1, 2, 3, 1, 2, 3] or with modu-

lated structure [1, 1, 1, 2, 2, 2, 3, 3, 3], representing the vector naively requires 9 parameters,

which by itself cannot be further compressed by factorization. However, if we reshape

the vector into a higher-order object, for instance, a matrix [1, 1, 1; 2, 2, 2; 3, 3, 3]. Since all

columns of this matrix are the same, we can decompose the rank-1 matrix into an outer

9



product of two vectors without losing information. Therefore, only 6 parameters are needed

to represent the original length-9 vector. Intuitively, it is easier to represent higher-order

tensors in a factorized form than low-order ones.

To use TNNs in practice, we need to address both prediction and learning problems in

tensorial layers. (1) Prediction with a TNN is similar to a traditional NN: its input passes

through all layers in a feedforward manner. In a TNN, each layer involves a generalized

tensor operation between the higher-order input and multiple weight kernels, followed by

an activation function such as ReLU. (2) To provide a practical solution to the learning

problem, we derive efficient backpropagation rules [22] for a broad family of tensorial layers

using the newly introduced tensor algebra. We can then efficiently learn TNNs using first-

order optimization methods such as stochastic gradient descent (SGD).

Although we could build and train TNNs from scratch, we can also use them to

compress pre-trained NNs, as tensorial layers naturally identify both low-rank and invariant

structures in the original kernels of the linear layers (Figure 2.1). Given a pre-trained NN

gq ∈ Gq with q parameters, we may compress it to a TNN hp ∈ Hp with p parameters as

depicted in Figure 2.7. This process involves two steps: (1) data tensorization: reshaping

the input into a higher-order tensor; and (2) knowledge distillation: mapping a NN to

a TNN, using layer-wise data reconstruction.

We demonstrate the expressive power of TNNs by conducting experiments on sev-

eral benchmark image classification datasets. Our algorithm compresses ResNet-32 on

the CIFAR-10 dataset by 10× with degradation of only 1.92% (achieving an accuracy of

91.28%). Experiments on LeNet-5, VGG, ResNet, and Wide-ResNet consistently verify

that our tensorial neural networks outperform the state-of-the-art low-rank architectures

10



under the same compression rate (with 5% test accuracy improvement on CIFAR-10 using

sequential knowledge distillation and ImageNet when trained from scratch).

Contributions. In summary, we make the following contributions:

1. We propose a framework of tensorial layers, which extends special linear operations in

traditional neural networks to general multilinear operations. This results in tensorial

neural networks (TNNs) with compact architecture designs in higher-order space.

2. We introduce a system of generalized tensor algebra, with which we derive efficient

prediction and learning in TNNs. In particular, we are the first to derive and analyze

backpropagation for generalized tensor operations.

3. We develop an effective algorithm to compress pre-trained models into TNNs, ex-

ploiting low-rank and invariant structures in the parameter space.

4. We provide interpretations of famous network architectures with our proposed tenso-

rial layers, explaining why these famous architectures are empirically successful. Our

framework provides a principled way to design structured weight matrices/tensors

(see examples in Figures 2.8 and 2.9).

2.2 Related Works

Tensor networks are widely used in quantum physics [23], numerical analysis [24], and

machine learning [25, 26]. [27, 28] use tensor networks to establish the expressive power of

convolutional and recurrent neural networks. Recently, [29] combines tensor networks with

genetic algorithms to search for efficient layer designs. Unlike our work, the search space

11



in [29] only includes low-order tensors. Moreover, their method does not apply knowledge

distillation to pre-trained models to produce more compact architectures.

Model compression of neural networks. Existing approaches for neural network com-

pression can be roughly grouped into the following categories: low-rank factorization, design

of compact filters, knowledge distillation, as well as pruning, quantization, and encoding.

1. Low-rank factorization. Various factorizations have been proposed to reduce the num-

ber of parameters in linear layers. Pioneering works propose to flattening/unfolding

the parameters in convolutional layers into matrices (known as matricization), fol-

lowed by dictionary learning or matrix decomposition [30, 31, 32]. Subsequently,

[20] and [21] show that it is possible to compress these parameter structures directly

using tensor decompositions (e.g., CP or Tucker decomposition [33]). The ground-

breaking works [19, 34] demonstrate that the low-order parameter structures can

be efficiently compressed via tensor-train decomposition [35] by first reshaping the

structures into a higher-order tensor. This idea is later extended in two directions:

tensor-train decomposition is used to compress LSTM/GRU layers in recurrent neural

networks [36], higher-order recurrent neural networks [37, 38], and 3D convolutional

layers [39]; other decompositions are also explored for better compression, such as

tensor-ring decomposition [40] and block-term decomposition [41].

2. Pruning, quantization, and encoding. The pioneering work [42] proposes a three-

step pipeline to compress a pre-trained model by pruning uninformative connections,

quantizing remaining weights, and encoding discretized parameters. These ideas are

complementary to low-rank factorization — [43] combines pruning with low-rank
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factorization, and [44] combines quantization with low-rank factorization.

3. Knowledge distillation. This process aims to transfer information from a pre-trained

teacher network to a smaller student network. [45, 46] propose to train the student

network with the teacher network’s logits (the vector before the softmax layer). [47]

extends this idea so that the outputs from both networks match at each layer, with

an affine transformation.

Our approach synergizes two of the above methods: (1) it uses knowledge distillation

to project a pre-trained network to the set of TNNs with low-rank tensor structures, and

(2) it exploits low-rank structures, which naturally correspond to compact architecture

designs (structured connections) that allow for efficient evaluation using generalized tensor

operations. Since other compression methods such as pruning and quantization complement

our approach, they may further improve performance augmenting our approach.

2.3 Introduction to Tensor Representations

Notations. Lower case letters (e.g., v), upper case letters (e.g., M), and calligraphic let-

ters (e.g., T ) are used to denote vectors, matrices, and multi-dimensional arrays (tensors),

respectively. We say that the array T ∈ RI0×···×Im−1 is a m-order tensor. Furthermore, the

kth coordinate of the entries of T corresponds to the kth mode of T , and Ik is referred to

as the dimension of T along mode-k. By fixing all indices of T , except that corresponding

to mode-k, we obtain the mode-k fibers of T , where the vector Ti0,··· ,ik−1,:,ik+1,··· ,im−1 ∈ RIk

denotes the mode-k fiber of T indexed by (i0, · · · , ik−1, ik+1, · · · , im−1).

13



Operator Notation Definition

mode-(Ik, Jl)
Tensor Contraction

T (1) = X ×IkJl Y
T (1)
i0,··· ,ik−1,ik+1,··· ,im−1,j0,··· ,jl−1,jl+1,··· ,jn−1

=
〈
Xi0,··· ,ik−1,:,ik+1,··· ,im−1 ,Yj0,··· ,jl−1,:,jl+1,··· ,jn−1

〉
Inner product of mode-k fiber of X and mode-l fiber of Y

mode-(Ik, Jl)
Tensor Convolution

T (2) = X ∗IkJl Y
T (2)
i0,··· ,ik−1,:,ik+1,··· ,im−1,j0,··· ,jl−1,jl+1,··· ,jn−1

= Xi0,··· ,ik−1,:,ik+1,··· ,im−1 ∗ Yj0,··· ,jl−1,:,jl+1,··· ,jn−1

Convolution of mode-k fiber of X and mode-l fiber of Y

mode-(Ik, Jl)
Tensor Batch Product

T (3) = X ⊗IkJl Y
T (3)
i0,··· ,ik−1,r,ik+1,··· ,im−1,j0,··· ,jl−1,jl+1,··· ,jn−1

= Xi0,··· ,ik−1,r,ik+1,··· ,im−1 Yj0,··· ,jl−1,r,jl+1,··· ,jn−1

Hadamard product of mode-k fiber of X and mode-l fiber of Y

Table 2.1: Summary of tensor operations. In this table, X ∈ RI0×···×Im−1 , Y ∈
RJ0×···×Jn−1 are input tensors. T (1), T (2), T (3) are the outputs of Mode-(Ik, Jl) tensor
contraction, convolution and batch product respectively. Note that both mode-(Ik, Jl) ten-
sor contraction and mode-(Ik, Jl) tensor batch product are legal only if Ik = Jl. As a result,
T (1) is an (m+ n− 2)-order tensor, and T (2), T (3) are (m+ n− 1)-order tensors.

Tensor diagrams. In Figure 2.2, we introduce tensor diagrams, graphical representations

of multi-dimensional arrays [23, 24]. In tensor diagrams, each node represents an array

(scalar, vector, matrix, or higher-order tensor), with its order denoted by the number of

legs extending from the node. Each leg corresponds to one tensor mode, whose dimension

is associated with a positive integer. Notice that tensor diagrams are ordering-agnostic,

e.g., a matrix M ∈ RI×J and its transpose M> ∈ RJ×I have the same diagram.

a

(a) Scalar

v
I

(b) Vector

M
IJ

(c) Matrix

T
IJ

K

(d) Tensor

Figure 2.2: Tensor diagrams of a scalar a∈R, a vector v∈RI , a matrix M ∈ RI×J , and
a 3rd-order tensor T ∈ RI×J×K .

Primitives of tensor operations. In Figure 2.3 and Table 2.1, we introduce the primi-

tives for generalized tensor operations on arbitrary-order tensors, extending the matrix/vec-

tor operations. In tensor diagrams, an operation is a (hyper-)edge that links the legs from
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=X Y T (1)
I0

I1

I1

I2
I2

J0

J0J1

J2
J2

I0 = J1

(a)
Mode-(I0, J1) tensor contraction

X ×I0J1 Y → T
(1): T (1)

i1,i2,j0,j2
=
∑

r Xr,i1,i2Yj0,r,j2

=X Y T (2)
I0

I1

I1

I2
I2

J0

J0J1

J2
J2

I ′0

I ′0

(b)
Mode-(I0, J1) tensor convolution

X ∗I0J1 Y → T
(2): T (2)

:,i1,i2,j0,j2
= X:,i1,i2 ∗ Yj0,:,j2

=X Y T (3)
I0

I1

I1

I2
I2

J0

J0J1

J2
J2

I0

I0

J1

(c)
Mode-(I0, J1) tensor batch product

X ⊗I0J1 Y → T
(3): T (3)

r,i1,i2,j0,j2
= Xr,i1,i2Yj0,r,j2

Figure 2.3: Primitives of generalized tensor operations. In the diagrams, X ∈
RI0×I1×I2 , Y ∈ RJ0×J1×J2 are input tensors, and T (1) ∈ RI1×I2×J0×J2 , T (2) ∈ RI′0×I1×I2×J0×J2 ,
T (3) ∈ RI0×I1×I2×J0×J2 are output tensors of corresponding operations. Similar definitions
apply to general mode-(Ik, Jl) tensor operations.
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input tensors, where the edge shape denotes the type of operation: a solid line stands for

tensor contraction, a dashed line represents tensor convolution, and a curved line is for ten-

sor batch product. We illustrate these three operations with examples of 3rd-order tensors

X and Y in Figure 2.3, and define them on higher-order tensors in Table 2.1.

Generalized tensor operations. Generalized tensor operations take two or more ten-

sors as inputs and carry out one or more primitive operations on those tensors. In Figure 2.4,

we illustrate three non-primitive generalized tensor operations. We refer to the primitive

tensor operations in Figure 2.3 as single-edge-double-node operations; similarly, the three

generalized tensor operations in Figure 2.4 are called multi-edge-double-node, single-edge-

multi-node, and multi-edge-multi-node operations, respectively. Given a generalized tensor

operation formed from more than one primitive operation, we may evaluate the primitives

in any order to obtain the same result. However, evaluating the primitives in one order

may require substantially more floating-point operations (FLOPs) than in another. While

it is NP-hard to obtain the best order (that requires the fewest FLOPs) [48], an exhaustive

search is practical if the number of input tensors is small [49].

2.4 Tensorial Neural Networks (TNNs)

In this section, we introduce Tensorial Neural Networks, a type of neural network

whose layers (called tensorial layers) are tensor networks. Tensorial layers generalize tra-

ditional fully-connected/convolutional layers, as the transformations of these layers are

themselves primitive/generalized tensor operations. For example, a fully-connected layer,

which involves a matrix-vector product, is equivalent to a contraction (cf. Figure 2.3a), and
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=

(a)
Multi-edges-double-nodes operation

X
(
∗I2J2 ◦ ×

I0
J1

)
Y → T (1): T (1)

i1,i2,j0,:
=
∑

r Xr,i1,: ∗ Yj0,r,:

=

(b)
Single-edge-multi-nodes operation

1×RR
(
X ⊗RR Y ⊗RR Z

)
→ T (2): T (2)

i1,j1,k1
=
∑

r Xr,i1Yr,j1Zr,k1

=

(c)
Multi-edges-multi-nodes operation(

X ×I0J1 Y
)(
×I2K0

◦ ×J2K1

)
Z → T (3): T (3)

i1,j0,k2
=
∑
{rl}Xr0,i1,r1Yj0,r0,r2Zr1,r2,k2

Figure 2.4: Examples of generalized tensor operations. The operation in (a) is known
as a 1D-convolutional layer, and operations (b) and (c) are known as CP decomposition
and Tensor-Ring decomposition, respectively.
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we will see that a convolutional layer is equivalent to a generalized tensor operation (cf. Fig-

ure 2.5a). Our primary focus is on tensorial layers that extend the traditional convolutional

layer — since a fully-connected layer is simply a 1× 1 convolutional layer.

2.4.1 Tensorial Layers versus Traditional Layers

Each convolutional layer in a convolutional neural network (CNN) is given by a com-

pound operation applied to a 3rd-order input tensor and a 4th-order weight tensor (cf. Fig-

ure 2.5a). In contrast, each tensorial layer in a TNN corresponds to an arbitrary generalized

tensor operation applied to a higher-order input tensor and multiple weight tensors (cf. Fig-

ure 2.5b). We describe both types of layers in more detail below.

Traditional convolutional layer. A traditional 2D-convolutional layer is parameterized

by a 4th-order weight kernel K ∈ RH×W×S×T , where H (resp. W ) is the height (resp. width)

of the filter, and S (resp. T ) is the number of input (resp. output) channels. Such a

layer maps a 3rd-order input tensor U ∈ RX×Y×S to another 3rd-order output tensor V ∈

RX′×Y ′×T , where X (resp. Y ) is the height (resp. width) of the input feature maps, and

X ′ (resp. Y ′) is the height (resp. width) of the output feature maps. We can write this

convolutional layer concisely using our generalized tensor operations:

V = U
(
∗XH ◦ ∗YW ◦ ×SS

)
K. (2.1)

Moreover, a convolutional layer involves a multi-edge-double-node operation, where multi-

ple primitive tensor operations apply to different modes. Specifically, there are two tensor
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convolutions: one on the modes with dimensions X,H, while the other on the modes with

dimensions Y,W . A tensor contraction further applies on the modes with dimension S.

X’ Y’

U

K

XX Y

H W

S

TY ′

V = U
(
∗XH ◦ ∗YW ◦ ×SS

)
K

(a) Convolutional layer.

U ′

K0 K1 K2 Km

X

Y

H

W

S0

S1 S2

T0 T1 T2

R0 R1

R2

Y ′

X ′

U (1) = U ′ ×S0
S0
K(0)

U (`+1) = U (`)
(
×R`−1

R`−1
◦ ×S`

S`

)
K(`)

V ′ = U (m)
(
∗XH ◦ ∗YW ◦ ×

Rm−1

Rm−1

)
K(m)

(b) mTT-convolutional layer.

Figure 2.5: Comparison between a convolutional layer and a tensorial layer. (a)
The traditional convolutional layer is a building block for CNN; (b) The mTT-convolutional
layer is a building block for TNN-mTT.

Tensorial layers. Tensorial layers involve applying a generalized tensor operation to an

input tensor and multiple weight kernels. We illustrate several tensorial layers in Figure 2.5

and Figure 2.6. In Figure 2.5b, we illustrate a tensorial layer inspired by the tensor-train

(TT) layer [35]. We will refer to this layer as a mTT-convolutional layer (the letter ‘m’

is for ‘modified’; this layer is slightly different from the one in [35]). A mTT layer takes

an (m + 2)-order input tensor U ′ and returns an output tensor V ′ of the same order.

This layer has (m + 1) kernels {Ki}mi=0 as parameters, in order to preserve the multi-

dimensional structure of U ′. Mode-i of U ′ contracts with its corresponding kernel Ki, and

interactions between modes are captured by contractions between adjacent kernels (e.g., Ki
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and Ki+1). These contractions are crucial for modeling multi-dimensional transformations

with high expressive power. Thus, a mTT-convolutional layer enables processing of a

higher-order input. We refer to a network with mTT-convolutional layers as a TNN-mTT.

In Figures 2.6a to 2.6c, we develop other tensorial layers inspired by tensor-ring (TR),

canonical polyadic (CP), and Tucker (TK) tensor decompositions [33, 40]; we refer to the

corresponding networks as TNN-mTR, TNN-mCP, and TNN-mTK networks, respectively.

2.4.2 Relationship between NNs and TNNs

Interpretation via generalized tensor decompositions. We can use a tensorial layer

to approximate a higher-order linear layer (fully-connected or convolutional). Suppose

U , K, and V in Equation (2.1) are reshaped into higher-order tensors U ′, K′, and V ′,

such that input/output channels are indexed by m modes (i.e., U ′ ∈ RX×Y×S0×···×Sm−1 ,

K′ ∈ RH×W×S0×···×Sm−1×T0×···×Tm−1 , and V ′ ∈ RX′×Y ′×T0×···×Tm−1 , where S =
∏m−1

i=0 Si and

T =
∏m−1

i=0 Ti). We then have the following relationship between U ′, K′, and V ′:

V ′ = U ′
(
∗HX ◦ ∗WY ◦ ×

S0
S0
◦ · · · ◦ ×Sm+1

Sm+1

)
K′. (2.2)

For a TNN-mTT tensorial layer, the kernels {Ki}mi=0 correspond to factors of K′, when K′

can be represented with a modified tensor-train decomposition:

K′ , mTT
(
{Ki}m−1

i=0

)
= K0 ×R0

R0
K1 ×R1

R1
· · · ×Rm−1

Rm−1
Km. (2.3)
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U (1) = U ′ ×S0

S0
K(0)

U (`+1) = U (`)
(
⊗R

R ◦ ×
S`

S`

)
K(`)

V ′ = U (m)
(
∗XH ◦ ∗YW ◦ ×R

R

)
K(m)

(a) mCP-convolutional layer.

U (0) = U ′ ×S0

S0
P(0) · · · ×Sm−1

Sm−1
P(m−1)

U (1) = U (0)
(
∗XH ◦ ∗YW ◦ ×

Rs
0

Rs
0
◦ · · · ◦ ×Rs

m−1

Rs
m−1

)
C

V ′ = U (1) ×Rt
0

Rt
0
Q(0) · · · ×Rt

m−1

Rt
m−1
Q(m−1)

(b) mTK-convolutional layer.

U (1) = U ′ ×S0

S0
K(0)

U (`+1) = U (`)
(
×R`−1

R`−1
◦ ×S`

S`

)
K(l)

V ′ = U (m)
(
∗XH ◦ ∗YW ◦ ×

Rm−1

Rm−1
◦ ×Rm

Rm

)
K(m)

(c) mTR-convolutional layer.

Figure 2.6: Variants of tensorial layers. (a) The mCP-convolutional layer is a building
block for TNN-mCP; (b) The mTK-convolutional layer is a building block for TNN-mTK;
(c) The mTK-convolutional layer is a building block for TNN-mTR.
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This motivates us to compress a linear layer into a tensorial layer, and more broadly,

compress a traditional NN into a compact TNN. In Section 2.5, we will study relevant

compression algorithms in detail.

Hypothesis sets of NNs and TNNs. Suppose the class of traditional NNs and our

proposed TNNs share the same architecture (i.e., only the tensor operation in each layer is

different). We illustrate the relations between their hypothesis sets in Figure 2.7. Let Gq

and Hq denote the classes of functions that can be represented by NNs and TNNs, both

with at most q parameters. (1) TNNs generalize NNs. Formally, for any q > 0, Gq ⊆ Hq

holds. (2) NNs can be mapped to TNNs with fewer parameters and thus TNNs can be used

for compression of NNs. Formally, there exists p ≤ q such that Hp ⊆ Gq.

G
p

H
p G

q
H

q

f

gq

gp

hq

hp

G
p:compressed NN H

p:compressed TNN

G
q: NN H

q: TNN

Figure 2.7: Relationship between traditional NNs and TNNs. Suppose the class of
NNs and TNNs have the same architecture (i.e., only the tensor operation at each layer is
different), and f is the target concept. (1) Learning of a NN with q parameters results
in gq that is closest to f in Gq, while learning of a TNN with q parameters results in hq

that is closest to f in Hq. Apparently, hq is closer to f than gq, (2) Compression of a
pre-trained NN gq ∈ Gq to NNs with p parameters (p ≤ q) results in gp that is closest to gq

in Gp, while compression of gq to TNNs with p parameters results in hp that is closest to
gq in Hp. Apparently, the compressed TNN hp is closer to gq than the compressed NN gp.
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2.5 Algorithms for TNNs

In this section, we investigate practical algorithms for TNNs. We first develop pre-

diction and backpropagation algorithms for TNNs, which allows us to train a TNN from

scratch. We then consider algorithms that distill a compact TNN from a pre-trained model.

2.5.1 Prediction in TNNs

Prediction with TNN is similar to that of traditional neural networks: the input

passes through layers in a feedforward manner. Each layer in a TNN involves applying

a generalized tensor operation to the input and multiple weight kernels before applying a

nonlinear function such as ReLU. While it is difficult to determine the most efficient order

to evaluate the primitives of a generalized tensor operation in general, we derive efficient

orders for all TNN architectures introduced in this chapter. For example, we can efficiently

evaluate each mTT-convolutional layer as follows:

U1 = U ′ ×S0
S0
K0, (2.4a)

Ui+1 = Ui
(
×Ri−1

Ri−1
◦ ×Si

Si

)
Ki, (2.4b)

V ′ = Um
(
∗XH ◦ ∗YW ◦ ×

Rm−1

Rm−1

)
Km. (2.4c)

Here U ′ is the layer input, and V ′ is the output. The tensors {Ui}mi=1 are intermediate results.

We provide efficient strategies for performing the forward pass for the other tensorial layers

in Figure 2.6, summarize the complexity (the number of FLOPs and amount of parameter

storage required) for each forward pass in Table 2.2.
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2.5.2 Learning in TNNs

To train a TNN via stochastic gradient descent, we derive backpropagation rules for

each tensorial layer displayed in Figures 2.5 and 2.6. To derive such rules, we consider the

partial derivatives of some loss function L with respect to the input (∂L/∂U ′) and kernel

factors (e.g., {∂L/∂Ki}mi=0 in a mTT-convolutional layer), given ∂L/∂V ′. As previously

done for performing a forward pass, we develop efficient strategies for executing backprop-

agation with each type of tensorial layer. For an mTT-convolutional layer, an efficient

strategy for performing backpropagation is

∂L
∂Um

=
∂L
∂V ′

(
∗X′H
> ◦ ∗Y ′W

>)Km, (2.5a)

∂L
∂Km

=
∂L
∂V ′

(
∗X′X
> ◦ ∗Y ′Y

> ×T0T0 ◦ · · · ◦ ×
Tm−1

Tm−1

)
Um, (2.5b)

∂L
∂Ui

=
∂L
∂Ui+1

(
×Ri
Ri
◦ ×TiTi

)
Ki, (2.5c)

∂L
∂Ki

=
∂L
∂Ui+1

(
×XX ◦ ×YY ◦ ×

S0
S0
◦ · · · ◦ ×Ti−1

Ti−1
◦ ×Si+1

Si+1
◦ · · · ◦ ×Sm−1

Sm−1

)
Ui, (2.5d)

∂L
∂U ′

=
∂L
∂U1

(
×R0
R0
◦ ×T0T0

)
K0, (2.5e)

∂L
∂K0

=
∂L
∂U1

(
×XX ◦ ×YY ◦ ×

S1
S1
◦ · · · ◦ ×Sm−1

Sm−1

)
U ′, (2.5f)

where ∗> denotes a transposed convolution. We derive efficient backpropagation strategies

for the other tensorial layers in [50] and summarize and their complexities in Table 2.2.

Learning from scratch (Learn-Scratch). We can train any TNN from scratch (re-

ferred to as Learning from Scratch, or Learn-Scratch in short), given suitable algorithms

for forward and backward passes. Since a TNN is formed by replacing each layer in a
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Layer O(params.) O(forward ops.) O(backward ops., input) O(backward ops., params.)
original k2N2 k2N2D2 k2N2D2 N2D4

mCP (mN
2
m + k2)R (mN1+ 1

m + k2N)RD2 (mN1+ 1
m + k2N)RD2 (mN1+ 1

m +D2N)RD2

mTK (2mN + k2R2m−1)R (2mN + k2R2m−1)RD2 (2mN + k2R2m−1)RD2 (2mN +R2m−1D2)RD2

mTT (mN
2
mR + k2)R (mN1+ 1

mR + k2N)RD2 (mN1+ 1
mR + k2N)RD2 (mN1+ 1

mR +D2N)RD2

mTR (mN
2
m + k2)R2 (mN1+ 1

m + k2N)R2D2 (mN1+ 1
m + k2N)R2D2 (mN1+ 1

m +D2N)R2D2

Table 2.2: The number of parameters and operations required by various tenso-
rial layers. This table shows the special case when X = Y = X ′ = Y ′ = D, S = T = N ,
H = W = k, and D � k (see section 2.4 for notations). Remark: The number of FLOPs
does not accurately reflect the actual running time on GPUs, as the existing CUDA library
can not fully utilize the degree of parallelism in general tensor operations.

traditional NN with a tensorial layer, Learn-Scratch is as straightforward as training a

traditional NN but is inefficient if we have a pre-trained reference NN.

2.5.3 Compression via Knowledge Distillation

Suppose we aim to compress a pre-trained neural network gq ∈ Gq to a model with p

parameters, where p� q. As is illustrated in Figure 2.7, Hp is a broader class of networks

than Gp, and hence our goal is to obtain the hp ∈ Hp that is, in some sense, closest to gq,

rather than obtain the analogous gp ∈ Gp. We expect that searching for such a hp yields

a network that outperforms the analogous gp in terms of predictive accuracy. Intuitively,

we aim to “project” a pre-trained NN g ∈ Gq to a TNN h? ∈ Hp. (Note that we omit

the superscripts on g and h to simplify notation.) Denote the input to g as U and U ′ is a

reshaped version of U (so that U ′ may be an input for h). our goal is to find h? such that

h? = arg min
h∈Hp

dist(h(U ′), g(U)), (2.6)

where dist(·, ·) denotes any distance(-like) metric (e.g., the square of the `2 distance) be-

tween the set of network outputs (the logits in classification problems). Solving Equa-
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tion (2.6) is known as knowledge distillation; this process “distills” the knowledge from g

and “instills” it into h? [46].

Because the class Hp of TNNs is so vast, in practice, we minimize the objective in

Equation (2.6), over a much smaller class of TNNs. Concretely, given the input data U and

g ∈ Gq, we minimize the objective over the class of TNN-mTTs, TNN-mTRs, TNN-mCPs,

and TNN-mTKs, where we assign each of these models a pre-specified number of layers,

kernels per layer, and kernel dimensions, with a total of p parameters. Given a model in

the class of TNNs selected, let {K(i)
` }mi=0 denote the set of (m + 1) kernels of the `th layer

of that model (replace m with 2m for TNN-mTKs). Our goal is to now search for kernels

{K(i)
` }i,` for all L layers in the TNN, such that these kernels can be used to construct the

TNN h that is a good approximation to g. Specifically, we aim to solve

{K(i)
`

?
}i,` = arg min

{K(i)
` }i,`

dist(g(U), h(U ′; {K(i)
` }i,`)). (2.7)

Here, dist denotes a distance metric, which we assume as the squared `2 distance in this

work. In what follows, we discuss three different approaches for solving Equation (2.7).

Layer-wise decomposition (Layer-Decomp). Given the relationship between TNNs

and NNs (cf. Section 2.4.2), we may solve Equation (2.7) with the following two steps: (1)

For each layer (e.g., layer `), we reshape the original kernel K(`) of g into a higher-order

tensor K′(`), and (2) we solve {K(i)
` }i such that applying corresponding tensor operation to

those kernels produces the best approximate of K′(`) (we assume that K(`) is reshaped in

a way such that the dimensions of K′(`) match the ones of the approximate). The second
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step for a mTT-convolutional layer is solving the following optimization problem.

{K(i)
`

?
}i = arg min

{K(i)
` }i
‖K′(`) −mTT({K(i)

` }i)‖
2, ∀` ∈ [L], (2.8)

where mTT({K(i)
` }i) denotes the result of the generalized tensor operation in Figure 2.5b on

{K(i)
` }i (we can formulate similar problems for other tensorial layers). Typically, one solves

Equation (2.8) via an alternating least squares method [51], as Equation (2.8) reduces to

solving a least-squares problem if we fix all but one kernel in each layer. However, such

a method typically does not yield accurate solutions to Equation (2.7). Thus, we usually

only use it to initialize parameters for more advanced approaches.

End-to-end knowledge distillation (E2E-KD). A classic algorithm of knowledge

distillation is to minimize the `2 distance between the outputs of h and g. Formally,

we can formulate the optimization problem as:

{K(i)
`

?
}i,` = arg min

{K(i)
` }i,`
‖h(U ′)− g(U)‖2. (2.9)

However, solving the problem has two main drawbacks: (1) The backpropagation is very

expensive as it requires end-to-end gradients flow in a TNN; (2) The optimization is un-

stable when the factors in all layers are solved simultaneously. To avoid these challenges,

we propose decomposing it into a sequence of L sub-problems.

Sequential Knowledge Distillation (Seq-KD). For the `th sub-problem, we obtain

the kernels {K(i)
` }i by minimizing the `2 distance between the intermediate results of the
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`th layers of g and h, i.e., V(`) and V ′(`),

{K(i)
`

?
}i = arg min

{K(i)
` }i
‖V(`) − V ′(l)‖2, ∀` ∈ [L]. (2.10)

where the input to the `th layer is the output from its previous layer, i.e., U (`) = V(`−1) and

U ′(`) = V ′(`−1). We can use SGD to solve the problem once we derive the backpropagation

rule for the general tensor operation used in the `th layer of g. Since `th sub-problem depends

on the result from its previous one, the algorithm requires us to solve them sequentially

from the bottom layers to the upper ones.

2.6 Interpretation of Existing Compact Architectures

Recent advances in compact architecture designs such as Inception [16], Xception [52],

interleaved group convolutions [17], and bottleneck structures [15, 18] propose to group

multiple primitive operations into modules. We will show that we can express all such

modules using the framework of tensorial layers (with minor modifications).

Interleaved group modules. The critical idea in interleaved group modules involves

dividing and branching the input into several blocks and constraining each block’s connec-

tions to avoid computations across blocks. The architectures of tensorial layers utilize a

similar strategy: for example, the tensorial layer in Figure 2.8b has the same architecture

as the network in Figure 2.8a, where each length-nine input branches into three blocks and

connections exist only within each block. This idea of grouping operations plays a vital

role in the development of Inception [16] and Xception [52].
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Figure 2.8: An interleaved group module without nonlinearity (a) is expressed as a
tensorial layer (b).

Bottleneck modules. A bottleneck structure forces a model to adopt a compact repre-

sentation by constructing a narrow bottleneck (with fewer hidden units) in the middle of

each module. Such modules correspond to the low-rank structures used in tensorial layers,

as illustrated by the following example with matrices: consider a weight matrixW ∈ RS×S,

its low-rank decomposition W = PQ (with P ∈ RS×R and Q ∈ RR×S). This model re-

quires an input vector u ∈ RS to first be multiplied by P and then by Q during a forward

pass. Therefore, the input u goes into a low-dimensional space RR after being multiplied by

P , resulting in a bottleneck in this two-steps module. In practice, the bottleneck module

in [15, 18] can be represented by tensor diagrams (cf. Figure 2.9), whose input with kN

channels is first mapped to a structure with N channels by kernel K0.

kNkN

kN

kN

NN

H

H

W

W
K K0 K1 K2

Figure 2.9: A bottleneck module without nonlinearity is expressed as a Tucker decom-
position of the original layer.
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Discussion of compact architecture designs. The two examples above illustrate one

way of designing compact tensorial layers. This design process starts with a traditional

layer (fully-connected or convolutional), followed by (optional) reshaping and some tensor

decomposition of the (reshaped) kernel. Consequently, the original layer transforms into

a tensorial layer with a compact structure. We can also design novel architectures from

scratch by, for example, using tensor networks as building blocks for other architectures

(cf. Section 2.3). One recent attempt that applies this methodology is [37], where tensor-

train networks are used to introduce multilinear operations to an RNN.

2.7 Experimental Results

We divide this section into two subsections. In Section 2.7.1, we use pre-trained

models to evaluate the effectiveness of our compression algorithms (cf. Section 2.5.3). In

Section 2.7.2, we demonstrate that our tensorial neural networks can be trained from scratch

(i.e., without reference models) on a wide range of datasets and backbone models. In

both scenarios, we show that our TNNs maintain high accuracy, even when they utilize

significantly fewer parameters than traditional neural networks.

Considerations for TNN experiments. There are three items we consider when de-

signing the experiments with TNNs that follow: (1) Kernel reshaping. We refer to

an architecture whose kernels are reshaped into higher-order tensors (before performing a

low-rank kernel factorization) as a TNN; we refer to an architecture containing factorized

kernels but without reshaping as a NN. Although the latter is also a TNN, we still call it

a NN, as the resulting architecture (after low-rank factorization) consists only of low-order

30



operations (i.e., matrix multiplications and multi-channel convolutions), as in traditional

neural networks. In what follows, we will compare the performance of TNNs to that of NNs.

(2) Types of tensor networks. Existing NN baselines are networks that do not involve

any kernel reshaping and use classical kernel decompositions, e.g., SVD [30, 31], CP [20, 31],

and TK [21]. Therefore, we refer to these architectures as NN-SVD, NN-CP, and NN-TK

architectures, where the suffix denotes the type of kernel decomposition. As discussed

in Section 2.4, we may use kernel reshaping and other types of decompositions to obtain

TNNs, which achieve better expressive power than NNs (cf. Figure 2.7). Consequently,

we refer to these architectures that involve reshaping kernels as TNN-mCPs, TNN-mTTs,

TNN-mTRs, etc. (3) Training or compression strategy. We train the above models

either via knowledge distillation or from scratch. To distinguish these two strategies, we

use the term compression for knowledge distillation (i.e., there exists a pre-trained reference

network to compress). We use the term TNN-based compression (TNN-C) to describe the

process of training the TNN-mCPs, TNN-mTTs, TNN-mTRs, etc. via knowledge distil-

lation, and the term low-rank compression (NN-C) to describe the analogous process for

training the NN-SVDs, NN-CPs, NN-TKs, NN-TTs, etc.

2.7.1 Knowledge Distillation

In this subsection, we evaluate different algorithms of knowledge distillation in Sec-

tion 2.5.3, namely layer-wise decomposition (Layer-Decomp), end-to-end knowledge distil-

lation (E2E-KD), and sequential knowledge distillation (Seq-KD). We conduct extensive

experiments on compressing convolutional layers in ResNet-32 for CIFAR10, and we aim
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Figure 2.10: Diagrams of tensor decompositions.
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to figure out the best strategy for combining these algorithms.

Experimental Setup. We find that Layer-Decomp is merely better than random guesses

in our experiments (see the test errors in Figure 2.11 at the beginning), Therefore, we can

only use Layer-Decomp as initialization for E2E-KD and Seq-KD. With both algorithms,

all layers are compressed uniformly at the same compression rate except for the first and

last layers. Therefore, the compression rate is both layer-wise and (approximately) global.

(We investigate the non-uniform allocation of all parameters across layers, but empirical

results show that uniform assignment performs the best.) For all experiments, we use Adam

optimizer with an initial learning rate of 10−3, which decays by 10 every 50 epochs.

Our algorithm achieves 5% higher accuracies than the baselines on CIFAR-10

using ResNet-32. The results from Table 2.3 demonstrate that our TNNs maintain

high accuracies even after the pre-trained networks are highly compressed. Given a pre-

trained ResNet-32 and compression rate of 10%, the NN-CP with E2E-KD reduces the

original accuracy from 93.2% to 86.93%; while the TNN-mCP with Seq-KD maintains the

accuracy as 91.28% with the same compression rate — a performance loss of 2% with

only 10% of the number of parameters. Furthermore, TNN-C achieves further aggressive

compression — a performance loss of 6% with only 2% of the number of parameters. We

observe similar trends (higher compression and accuracy) for TNN-mTT. The structure

of the mTK decomposition makes TNN-mTK less effective with very high compression,

since the decomposition poses a narrow bottleneck, which may lose necessary information.

Increasing the network size to 20% of the original provides reasonable performance on
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CIFAR-10 for TNN-mTK.

Architect.
Compression rate

Architect.
Compression rate

5% 10% 20% 40% 2% 5% 10% 20%
NN-SVD [30, 31] 83.09 87.27 89.58 90.85 TNN-TR [53]† - 80.80† - 90.60
NN-CP [20, 31] 84.02 86.93 88.75 88.75 TNN-mCP 85.7 89.86 91.28 -
NN-TK [21] 83.57 86.00 88.03 89.35 TNN-TK 61.06 71.34 81.59 87.11
NN-TT [34]∗ 77.44 82.92 84.13 86.64 TNN-mTT 78.95 84.26 87.89 -

†Cited from [53], the accuracy of 80.8% is achieved by 6.67% compression rate.

∗The architecture is proposed as a baseline in [34].

Table 2.3: Test accuracy of ResNet-32 on CIFAR10. We compare end-to-end knowl-
edge distillation (E2E-KD) using low-rank compression (NN-C) against sequen-
tial knowledge distillation (Seq-KD) with TNN-based compression (TNN-C).
The original ResNet-32 achieves 93.2% test accuracy with 0.46M parameters [5].

TNN-based compression, sequential knowledge distillation, or both? Table 2.3

shows that TNN-C with Seq-KD outperforms NN-C with traditional E2E-KD. Now we

address the following question: is one factor (Seq-KD or TNN-C) primarily responsible for

increased performance, or is the benefit due to synergy between the two?

(1) We present the accuracies of different compression methods in Table 2.5. Other

than at very high compression rate (5% column in Table 2.5), Seq-KD consistently outper-

forms E2E-KD. In addition, Seq-KD converges faster than E2E-KD, and Figure 2.11 plots

the test error over the number of gradient updates for various compression methods.

(2) We present the effect of different architectures on accuracy in Table 2.4, Table 2.7

and Table 2.8. (2.1) First, we compare TNNs with NNs via Seq-KD. Interestingly, as

demonstrated in Table 2.4, if TNN-based compression is used, the test accuracy is restored

for even very low compression rates1. (2.2) Second, we compare TNNs with NNs via Learn-

Scratch. As demonstrated in Table 2.7 and Table 2.8, TNNs outperform NNs trained using

1Note that TNN-mTK remains an exception for aggressive compression due to the extreme bottleneck
structure that we previously discussed.
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Learn-Scratch under the same number of parameters.

These results confirm that TNNs are more flexible than traditional NNs as TNNs

allow exploitation of invariant structures in the original parameters: such structures are

exploited by our proposed TNN-based compression (our TNN-C), but not by low-rank

compression (NN-C). Therefore, our results show that TNN-C and Seq-KD are symbiotic,

and both are necessary to obtain high accuracy with significant compression.

Architecture
Compression rate

Architecture
Compression rate

5% 10% 5% 10%
NN-CP [20, 31] 83.19 88.50 TNN-mCP 89.86 91.28
NN-TK [21] 80.11 86.73 TNN-mTK 71.34 81.59
NN-TT [34] 80.77 87.08 TNN-mTT 84.26 87.89

Table 2.4: Test accuracy for ResNet-32 on CIFAR-10. We compare sequential knowl-
edge distillation (Seq-KD) against learning from scratch (Learn-Scratch) using
our TNNs. The original ResNet-32 achieves 93.2% accuracy with 0.46M parameters [5].

Architecture
Compression rate

5% 10% 20% 40%
Seq E2E Seq E2E Seq E2E Seq E2E

NN-SVD [30, 31] 74.04 83.09 85.28 87.27 89.74 89.58 91.83 90.85
NN-CP [20, 31] 83.19 84.02 88.50 86.93 90.72 88.75 89.75 88.75
NN-TK [21] 80.11 83.57 86.75 86.00 89.55 88.03 91.30 89.35
NN-TT [34] 80.77 77.44 87.08 82.92 89.14 84.13 91.21 86.64

Table 2.5: Test accuracy of ResNet-32 on CIFAR-10. We compare sequential knowledge
distillation (Seq-KD) against end-to-end knowledge distillation (E2E-KD) using
NN-C. The original ResNet-32 achieves 93.2% accuracy with 0.46M parameters [5].

Convergence rate. Compared to end-to-end knowledge distillation (E2E-KD), an an-

cillary benefit of sequential knowledge distillation (Seq-KD) is that it is much faster and

leads to more stable convergence. Figure 2.11 plots compression error over the number of

gradient updates for various methods (This experiment is for NN-C with 10% compression

rate). There are three salient points: first, Seq-KD has a very high error in the beginning
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while the “early” blocks are tuned (and the rest of the network is left unchanged to the

values after tensor decomposition). However, as the final block is tuned (around 2 × 1011

gradient updates) in the figure, the errors drop to nearly a minimum immediately. In com-

parison, E2E-KD requires 50–100% more gradient updates to achieve stable performance.

Finally, the result also shows that for each block, Seq-KD achieves convergence very quickly

(and nearly monotonically), which results in the stair-step pattern since extra tuning of a

block does not improve (or appreciably reduce) performance.
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Figure 2.11: Test error curves for sequential knowledge distillation (Seq-KD) v.s.
end-to-end knowledge distillation (E2E-KD) on ResNet-32 for CIFAR-10. Both use
layer-wise decomposition (Layer-Decomp) for initialization.

2.7.2 Learning from Scratch

While it is beneficial to have a pre-trained model as reference (see Table 2.6 for a

comparison), there are scenarios that knowledge distillation is not applicable: (1) The pre-

trained model is simply not available; (2) The model is too deep that a sequential knowledge

distillation is too expensive; (3) We aim to learn TNNs with even higher expressive power
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than NNs. In this subsection, we verify the performance of our TNNs when trained from

scratch for a wide range of backbone models and datasets.

Architecture
Seq-KD Learn-Scratch

2% 5% 10% 2% 5% 10%
TNN-mCP 85.70 89.86 91.28 81.41 82.12 82.93
TNN-mTK 61.60 71.34 81.59 60.65 61.46 65.75
TNN-mTT 78.95 84.26 87.89 79.95 81.82 83.08

Table 2.6: Test accuracy for ResNet-32 on CIFAR-10. We compare sequential knowl-
edge distillation (Seq-KD) against learning from scratch (Learn-Scratch) using
our TNNs. The original ResNet-32 achieves 93.2% accuracy with 0.46M parameters [5].

Wide-ResNet for CIFAR-100. To demonstrate that TNNs are compatible with other

backbones (in addition to ResNet), we evaluate our TNNs with Wide-ResNet backbone [14]

on the CIFAR-100 dataset. As shown in Table 2.7, our TNNs (in particular TNN-mTT),

when trained from scratch, already outperform other state-of-the-art low-rank factorization-

based methods.

Compression rate 0.5% 1% 2% 5%
NN-TT [34] 37.02% 54.65% 52.69% 51.42%
NN-CP [20, 31] 40.74% 58.04% 56.9% 64.83%
Compression rate 0.33% 0.5% 0.66% 1%
TNN-mTT 61.67% 65.36% 66.82% 68.83%

Table 2.7: Test accuracy of Wide-ResNet-28-10 on CIFAR-100. We compare baseline NNs
against our TNNs by training all models from from scratch (i.e., without reference
models). The original model achieves 81.25% accuracy with 36.5M parameters [14].

ResNet for ImageNet-2012. To show that our TNNs scale to large datasets, we eval-

uate their performance on the ImageNet-2012 dataset with a ResNet-50 backbone. The

results in Table 2.8 show that our TNNs significantly outperform the low-rank factorization-

based methods at each compression rate. Furthermore, our TNNs maintain very high
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accuracies given less than 10% of the parameters of the original ResNet-50.

Architecture
Compression rate

1% 2% 5% 10% 20% 50%
NN-CP 57.86% 64.17% 69.37% 71.52% 72.08% 72.44%
NN-TT 56.82% 62.23% 65.54% 66.21% 66.90% 66.92%
NN-TR 56.59% 62.97% 69.59% 71.61% 73.04% 73.21%

Architecture
Compression rate

0.5% 1% 5% 10% 20% 50%
TNN-mCP 72.65% 73.76% 74.03% 75.00% 75.31% 77.31%
TNN-mTT 69.27% 73.04% 73.51% 73.50% 73.87% 74.14%
TNN-mTR 67.49% 73.23% 74.12% 75.01% 75.32% 75.16%

Table 2.8: Top-1 test accuracy of ResNet-50 on ImageNet. We compare baseline NNs
against our TNNs, where all models are trained from scratch. The original ResNet-50
model achieves 78.03% Top-1 test accuracy with 25.6M parameters [5].

VGG, ResNet and Wide-ResNet with Full Parameters. While we use TNNs

mostly for model compression in this chapter, one remaining question is the performance of

TNNs when they have the same number of parameters as the original model. To answer this

question, we train TNN-mTTfrom scratch with architectures VGG-16 [2], ResNet-34 [15]

and WRN-28-10 [14] on CIFAR-10. As shown in Table 2.9, TNNs (without hyper-parameter

optimization) match/outperform their original model (where the hyper-parameters are

highly optimized) when their numbers of parameters are the same.

Accuracy
TNN-mTT

VGG
NN

VGG
TNN-mTT

WRN
NN

WRN
TNN-mTT

ResNet
NN

ResNet
Training 100% 100% 100% 100% 100% 100%

Test 93.68% 92.64% 95.09% 95.83% 91.79% 92.49%

Table 2.9: Performance of TNNs v.s. NNs counterparts on CIFAR-10. NN stands
for the uncompressed model proposed by the original paper. All models are trained from
scratch (i.e., without reference models).
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2.8 Conclusion

In this chapter, we introduced a new suite of generalized tensor algebra, which pro-

vides systematic notations for generalized tensor operations (a.k.a., tensor networks). Based

on these generalized tensor operations, we developed a family of tensorial layers, extend-

ing existing fully-connected/convolutional layers in traditional neural networks. We con-

structed tensorial neural networks (TNNs) using tensorial layers as building blocks, and

empirically showed that our TNNs maintain high predictive performance even when they

contain significantly fewer parameters than traditional neural networks. Our experiments

on LeNet-5, VGG, ResNet, and Wide-ResNet consistently verified that our TNNs outper-

form the state-of-the-art low-rank architectures under the same compression rate.
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Chapter 3: AutoTNN: A Framework for Representing and Learning Ten-

sorial Neural Networks

3.1 Overview

Modern neural networks are expressive over various learning problems but at the

cost of increased width and depth. State-of-the-art convolutional models, for example, can

contain up to several billion parameters [54, 55]. Unfortunately, the size and training costs

of such networks are at odds with a rapidly emerging industrial and academic interest in

performing learning tasks on low-fidelity hosts such as IoT and mobile devices [56, 57].

An increasingly popular approach for generating compact yet expressive models is to

use tensorial neural network (TNNs) [20, 50, 58, 59], which factorize each layer’s weight

tensor into several smaller factors. As a result, each TNN layer is a multilinear operation

among its input and weight factors.

One particular method by which a TNN can arise is reshaping a network weight

into a higher-order tensor. The reshaped tensor takes a factorized form, such as canoni-

cal polyadic (CP), Tucker (TK), and tensor-train (TT) decompositions. Factorization of

a reshaped tensor is an efficient way of representing underlying properties such as peri-

odicity and modularity invariances/similarities, which often exist in neural network mod-
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els [20, 34, 50, 53], and preserved in the factorization. Factorization is especially useful

for low-rank, higher-order reshaped weights since we can capture abundant structural in-

formation without much representation redundancy. Figure 3.1 depicts this scenario using

the example of a vector displaying periodicity.

1 1 1 1

X

1

Figure 3.1: Tensor reshaping. The figure shows how reshaping can help reduce the
number of parameters while preserving critical structural properties. A vector of length 15
displays periodicity in its entries (represented here by repeating colors) except for a few
entries. Reshaping it into a 3×5 matrix and then taking a factorized tensor approximation
(rank-1 SVD) a) reduces the number of parameters to store and b) culls out artifacts
(non-periodic elements) while representing periodicity sans redundancy.

In addition to the lighter weight, TNNs preserve the same predictive power level over

various backbone networks and tasks. However, in contrast to the availability of high-

performance libraries for convolutional neural networks (CNNs) (e.g., NVIDIA’s cuDNN

for GPUs, Intel’s MKL for CPUs), efficient library-based solutions are not available for

training TNNs, especially those based on CNNs.

In this work, we introduce an open-source library and a suite of meta-algorithms, col-

lectively termed as AutoTNN, to efficiently construct and train TNNs. Given a backbone

network, AutoTNN will tensorize its layers, compress the tensorial weights, and conduct

end-to-end training on the resulting TNN. In particular, the user does not need to inde-

pendently develop any part of the TNN architecture.

AutoTNN interprets the forward and backward pass of a TNN as a generalized
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einsum graph/sequence. Here, ”generalized” means including convolutions, an operation

not supported by any existing einsum implementation but handled by our meta-function

conv einsum. A lack of support for convolution operations in einsum prevented the eval-

uation of tensorized CNNs via well-known algorithms such as netcon. However, deriving

tensor decompositions with convolutions is nontrivial as (a) the factorization involving a

convolution is challenging to represent as an einsum string, and (b) backpropagation rules

for such structure designs were not derived in any prior work. conv einsum evaluates these

tensor operations with an optimal sequence, rather than naively performing all the tensor

operations from left to right, resulting in a vastly reduced/improved number of floating

point operations (FLOPs) during training and inference, a mechanism we refer to as the

optimal sequencer.

In totality, AutoTNN addresses computational and memory overhead challenges asso-

ciated with automated TNN construction and training. In conjunction with conv einsum,

the optimal sequencer, and checkpointing, this work provides a framework and library

which significantly improves the efficiency of TNN design and deployment.

Contributions. In summary, our contributions include:

1. We develop an open-source library AutoTNN and framework for designing and train-

ing a TNN given a backbone network and specified tensor decomposition.

2. Our algorithm conv einsum optimizes the training process. In particular, conv einsum

interprets forward and backward passes as sequences of multilinear operations, in-

cluding (multi-way) convolutions, extending the classical einsum.
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3. Furthermore, conv einsum utilizes the library opt-einsum [60], which generalizes the

netcon algorithm [49], to efficiently determine an optimal order of these operations.

4. We exploit a mechanism referred to as checkpointing [61] which can balance the

computational cost of a forward or backward pass of a TNN with the memory cost

of large intermediate products during evaluation.

5. Our experiments demonstrate the expressiveness of TNNs with AutoTNN over various

tasks, including video classification, speech recognition, and image classification.

3.2 Related Works

Low-rank factorization. Various types of low-rank factorization have been proposed to

reduce the number of parameters in linear layers. Pioneering works proposed to flatten/un-

fold the parameters in convolutional layers into matrices (known as matricization), followed

by (sparse) dictionary learning or matrix decomposition [30, 31, 32]. Subsequently, [20] and

[21] showed that it is possible to compress the parameters directly by standard tensor de-

compositions (in particular, CP decomposition or Tucker decomposition [33]). Further

groundbreaking works [19, 34] demonstrated that the low-order weights could be efficiently

compressed by the tensor-train decomposition [35] by first reshaping the parameters into

higher-order tensors. This paradigm was later extended in two directions: (1) the tensor-

train decomposition is used to compress LSTM/GRU layers in recurrent neural networks

(RNNs) [36] and higher-order recurrent neural networks [37, 38]; and (2) other decompo-

sitions are explored for better compression, such as the tensor-ring decomposition [40] and

block-term decomposition [41].
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Other compression methods. TNNs belong to the large family of low-rank approx-

imation methods, which complements other compression techniques such as quantization

and pruning. Many papers have justified that combining these different lines of the works

may render more competitive model compression. For instance, [44] verify that TNNs with

quantization achieve SOTA results on 3D tasks, and [43] demonstrate that TNNs with

pruning obtain SOTA image classification. This work, however, is chiefly concerned with

the automated development and benchmarking of TNNs without any other compression

methods. For future work, we will investigate incorporating quantization, pruning, and

knowledge distillation techniques directly into AutoTNN.

Existing libraries. Various libraries support tensor operations. (1) Pytorch [62] sup-

ports specialized tensor operations commonly used in neural networks, including various

convolutional layers and the einsum function. However, it is non-trivial to implement

arbitrary tensor operations optimally. (2) TensorLy [63] supports common tensorial op-

erations across various platforms, including Pytorch and TensorFlow. However, the library

does not support the construction of arbitrary tensor networks. (3) NumPy [64] is a gen-

eral computation library that has an optimal sequencer in its einsum function, but it does

not support GPUs, nor does it support convolutions. (4) Einops [65] extends einsum to

GPUs. To the best of our knowledge, no existing library supports general tensor networks

on GPUs, and our work aims to close this gap. (5) Gnetcon [66] attempts to extend

einsum to convolutions but does not support multi-way convolution between a collection

of modes with more than two differing dimensions, nor was it fully integrated into an end-

to-end training framework. (6) Tensor Comprehensions (TC) [67] optimizes tensorial
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computations through translation of generalized “Einstein” notations of tensorial sequences

(including multi-way convolutions). However, TC cannot tensorize a network – the user

needs to manually define their network architecture, whereas AutoTNN can automatically

tensorize and compress a backbone network. Furthermore, defining tensor operation with

more than two tensors in the language of TC requires a hand-coded sequence of binary

operations. In contrast, our conv einsum can handle arbitrary tensor networks by faithfully

adapting the syntax of einsum.

3.3 Tensor Operations and einsum

In this section, we outline multi-linear operations common to TNNs. Many of these

operations are systematically expressible and computable via the popular notational frame-

work and function einsum, first introduced by the Python library NumPy [64]. Therefore,

we will first review the essences of tensor operations and their corresponding einsum repre-

sentations. With these concepts in hand, we then formally introduce TNN.

Notations. We use lower case letters (e.g., v) to denote vectors, upper case letters

(e.g., M ) denote matrices, and curly letters (e.g., T ) denote tensors. For a tensor T ∈

RI1×I2×···×IN , we refer to a specific entry by the subscript notation Ti1i2...iN , where 1 ≤ in ≤

In for 1 ≤ n ≤ N . Furthermore, we refer to N as the order, a particular index n as a mode,

and the magnitude of a mode In as dimension size. For example, a tensor T ∈ R3×4×5 is a

3rd order tensor that has dimension size 4 at its second mode.
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3.3.1 Representations of Multilinear Operations

The einsum function allows definitions of multilinear operations via string inputs. In

this subsection, we highlight an example of multilinear operation involving three primi-

tive operations (contraction, batch product, outer product). Consider two 3rd-order tensors

T (1) ∈ RB×C×I , T (2) ∈ RA×C×J , and a multilinear operation between these two tensors:

Tb,i,j =
C∑
c=1

T (1)
b,c,i T

(2)
b,c,j. (3.1)

We can denote the operation above in einsum as:

T = einsum (” bci , bcj−>b i j ” , T1 , T2)

where the string in the quotation mark precisely specifies the operation, known as an einsum

string. In this string, the letter ”c” indicates contraction since it appears in both inputs

but not the output; the letter ”b” denotes batch product since it appears in both inputs

and the output; lastly, the letters ”i” and ”j” represent outer product as they each appears

in one of the two inputs and they both appear in the output.

3.3.2 From einsum to conv einsum

While many popular libraries (e.g., NumPy, TensorFlow, PyTorch) implement einsum,

none of them support convolutions, despite that convolution is (multi)linear and ubiquitous

in modern neural networks. Therefore, we generalize einsum to a meta-function conv einsum,

which handles convolution as a primitive operation.
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Tensor convolution generalizes the convolution on vectors to higher-order tensors. For

instance, given two tensors T (1) ∈ RX×B×C and T (2) ∈ RL×D×E, we can define a convolution

between the modes with dimension sizes X and L. The operation returns a 5th order tensor

T ∈ RX′×B×C×D×E, with its entries calculated as:

T:,b,c,d,e = T (1)
:,b,c ∗ T

(2)
:,d,e, (3.2)

where ∗ denotes a convolution between two vectors. Note that the dimensions X and L can

be different, and the output dimension X ′ depends on boundary condition (e.g., a standard

convolution yields X ′ = X + L− 1). We write Equation (3.2) in conv einsum as

T = conv einsum (” lbc , lde−>lbcde | l ” , T1 , T2)

In this scheme, the same letter ”l” is used for different modes, even if their dimension sizes

may differ. Furthermore, the placement of ”l” right to the pipe-delimiter indicates that

conv einsum performs convolution on the corresponding modes. Notice that a letter for

convolution appears in all inputs, the output, and after the delimiter.

We can use conv einsum to represent multilinear operations on more than two in-

puts. For instance, consider three tensors X ∈ RB×F×S×H×W , K(1) ∈ RF×G×K×K , K(2) ∈

RS×T×K×K , and an operation

Yb,g,t,:,: =
F∑
f=1

S∑
s=1

Xb,f,s,:,: ∗ K(1)
f,g,:,: ∗ K

(2)
s,t,:,: (3.3)

leads to an output tensor Y ∈ RB×G×T×H′×W ′ . This is known as interleaved group convo-

lution [17]. In conv einsum, it writes as
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T = conv einsum (” bfshw , fghw , sthw−>bgthw |hw” ,X, K1, K2)

We will discuss how to evaluate a conv einsum with more than two inputs in Section 3.4.2.

3.3.3 Compact Neural Networks via conv einsum

In this subsection, we formulate various network layers in terms of conv einsum.

Standard convolutional networks. We review the standard 2D-convolutional layer in

neural networks. Such a layer is parameterized by a 4th order tensor W ∈ RT×S×H×W ,

which maps a 3rd order tensor X ∈ RS×H′×W ′ to a 3rd order tensor Y ∈ RT×H′×W ′ :

Y = conv einsum (”bshw , tshw−>bthw |hw” , X, W)

Note that a neural network typically computes its inputs in mini-batches, so the conv einsum

string contains an additional letter "b" to index examples in a mini-batch. Since convolu-

tional layers include fully-connected layers as a particular case when H = W = 1, we focus

on designs of convolutional layers for the remainder of this subsection.

Tensorial neural networks. Convolutional layers motivate the importance and usage

of TNNs since their structures benefited from reshaping and tensorial decomposition. Nu-

merous works propose to design tensorial layers where the (reshaped) convolution kernel

W is factorized using tensor decompositions [20, 21, 34, 50, 68]. Our proposed conv einsum

can handle these types of designs. Here, we present two representatives of efficient tensorial

convolutional layer designs based on the CP decomposition [33].

(1) In a CP convolutional layer [20], the kernel W is factorized into 4 factors W (1) ∈

RR×T , W (2) ∈ RR×S, W (3) ∈ RR×H , W (4) ∈ RR×W such that
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W = conv einsum (” rt , rs , rh , rw−>tshw ” , W1, W2, W3, W4)

Plugging this decomposition into the 2D-convolutional layer, we obtain the following conv einsum

string for this layer:

Y = conv einsum (”bshw , rt , rs , rh , rw−>bthw |hw” , X, W1, W2, W3, W4)

(2) In a reshaped CP convolutional layer [50], the convolution kernel W ∈ RT×S×H×W

is first reshaped into a higher order tensor W ∈ RT1···×TM×S1···×SM×H×W such that T =∏M
m=1 Tm, S =

∏M
m=1 Sm, and then factorized into (m+ 1) tensors W (m) ∈ RR×Tm×Sm with

W(0) ∈ RR×H×W . For example, when M = 3:

W = conv einsum (” r ( t1 ) ( s1 ) , r ( t2 ) ( s2 ) , r ( t3 ) ( s3 ) , rhw”

−>(t3 ) ( t2 ) ( t1 ) ( s3 ) ( s2 ) ( s1 )” , W1, W2, W3, W0)

We can write the layer’s conv einsum string as:

Y = conv einsum (”b( s1 ) ( s2 ) ( s3 )hw, r ( t1 ) ( s1 ) , r ( t2 ) ( s2 ) , r ( t3 ) ( s3 ) , rhw

−>n( t1 ) ( t2 ) ( t3 )hw” , X, W1, W2, W3, W0)

For both layers, R is the rank of the CP decomposition, which controls the number of

parameters (i.e., compression rate) of the layer.

3.4 Algorithms

The last section presents how conv einsum represents general multilinear operations in

neural networks. In this section, we develop a suite of algorithms to efficiently implement

conv einsum. We organize this section as follows: (1) In Section 3.4.1, we develop an

algorithm to reduce a conv einsum function with two inputs to a collection of atomic PyTorch
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operations, which allows us to reuse GPU-optimized utilities in PyTorch to complete the

computation. (2) In Section 3.4.2, we derive an optimal sequencer which automatically

decomposes a conv einsum function with an arbitrary number of inputs into a sequence of

conv einsum operations with two inputs; and (3) In Section 3.4.3, we utilize a checkpointing

technique to reduce the memory overhead of our implementation further.

3.4.1 Atomic Operations

In the subsection, we show that any conv einsum function can be realized by GPU-

optimized PyTorch utilities, einsum and convNd (e.g., conv1d, conv2d). In particular, any

two-inputs conv einsum with convolution can be realized via a convNd. To understand why

this is possible, we analyze the conv einsum string for the conv1d function:

Y = conv einsum (” bsh , tsh−>bth | h” , X, W)

where ”t” stands for the output channel, ”s” the input channel, ”h” the length of features/-

filters, and ”b” the batch size. Now, we can categorize these letters in terms of primitive

operations. (1) The letter ”h” is a convolution, appearing in both inputs and the output;

(2) The letter ”s” is a contraction, appearing in both inputs but not the output; (3a) The

letter ”t” is an outer product, appearing in the first input and the output; (3b) The letter

”b” is another outer product, appearing in the second input and the output.

The conv1d function covers almost all mixtures of compound operations in which each

operation type appears at most once, which we refer to as an atomic operation. However,

we have two cases that are not covered: (4) A batch product that appears in both inputs

and the output; and (5) A self-contraction that occurs in only one input. Fortunately,
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we can readily address these two edge cases. For (4), the function conv1d supports a

group-convolution option, which effectively extends to:

Y = conv einsum (” gtsh , bgsh−>bgth | h” , X, W)

where ”g” stands for the filter group. In terms of tensor operations, it is a batch product,

which appears in both inputs and the output. For (5), such a letter can be eliminated by

summing over the corresponding index in pre-processing.

Multiple letters with the same operation type. Now we address the scenario where

multiple letters have the same operation type. For example, if there are two different letters

in a conv einsum string designated for convolution, we can use conv2d instead of conv1d.

Notice that conv2d realizes a conv einsum such as:

Y = conv einsum (” gtshw , bgshw−>bgthw | h ,w” , X, W)

where ”g” stands for the filter group and ”h”/”w” represent the height/width respectively.

In principle, we can use a convNd function to compute a conv einsum function with N

letters for convolution (though convNd for N ≥ 4 requires custom implementation).

For non-convolution letters, all letters with the same type can be merged into one

letter by preprocessing (i.e., the corresponding modes reshape into one compound mode),

and the letter is converted back to multiple letters by post-processing (i.e., the compound

mode reshape back to its corresponding modes).
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3.4.2 Optimal Sequencer

Our conv einsum leverages APIs in the existing open-source opt-einsum library for

NumPy [60]. The opt-einsum library can handle determining the FLOPs-optimal evaluation

order of tensor networks involving contractions, outer products, and batch products. Our

conv einsum introduces convolution handling to opt-einsum. However, due to the complexity

of our convolutional functionality and the core APIs of opt-einsum, we only present a high-

level overview of the basis of conv einsum.

A=np . random . rand (4 , 7 , 9)
B=np . random . rand (10 , 5)
C=np . random . rand (5 , 4 , 2)
D=np . random . rand (6 , 8 , 9 , 2)
p r in t ( conv einsum . cont rac t path
(” i j k , j l , lmq , njpq−>i j knp | j ” , A, B, C, D) )

(a) Tensor sequence generation.
A tensor sequence over a collection
of tensors A,B, C, and D, involv-
ing contractions, convolutions, and
batch products is analyzed. We store
and print the optimal sequence of
paths, which is stored in a string ar-
ray path info.

Complete sequence: ijk,jl,lmq,njpq->ijknp|j
Naive FLOP count: 4.212e+05

Optimized FLOP count: 2.056e+05
Largest intermediate: 1.944e+05 elements

--------------------------------------------------------------------------------
current remaining

--------------------------------------------------------------------------------
lmq,jl->qj ijk,njpq,qj->ijknp|j
qj,njpq->jnp|j ijk,jnp->ijknp|j
jnp,ijk->ijknp|j ijknp->ijknp|j

(b) An optimal sequence of paths. The code, lever-
aging opt-einsum with our added support for convolutions,
displays the optimal sequence of paths for the conv einsum
string submitted in Figure 3.2a. We are also presented
with information about the naive left-to-right cost vs the
cost of taking the suggested path, along with the size/cost
of the largest intermediate.

Figure 3.2: conv einsum sample code. The figure depicts the generation via NumPy of
a set of tensors coalesced into one tensor sequence. The sequence is represented as a string
and submitted to optimal sequencer of conv einsum for path analysis. The output of the
analysis is presented in Figure 3.2b.

The opt-einsum library relies on the well-known netcon [49] algorithm for determining

an optimal order of evaluations. netcon was designed to handle operation sequences in

tensor networks. For example, for A ∈ RI×J×K ,B ∈ RJ×L, C ∈ RL×M , one might be

52



Tensor sequence: 𝒜 ⋄! ℬ ⋄" 𝒞 ⋄# 𝒟 ⋄$ ℰ

tnn-cost[𝒜 ⋄! ℬ]

tnn-cost 𝒜 ⋄! ℬ ⋄" 𝒞 < 𝑐 tnn-cost 𝒜 ⋄! ℬ ⋄" 𝒞 ⋄# 𝒟 tnn-cost[(𝒞 ⋄# 𝒟) ⋄$ ℰ] > 𝑐

tnn-cost 𝒜 ⋄! ℬ ⋄" 𝒞 ⋄# 𝒟 tnn-cost 𝒜 ⋄! ℬ ⋄" 𝒞 ⋄# 𝒟 ⋄$ ℰ

tnn-cost 𝒜 ⋄! ℬ ⋄" 𝒞 ⋄# 𝒟 ⋄$ ℰ

tnn-cost 𝒜 ⋄! ℬ ⋄" 𝒞 ⋄# 𝒟 ⋄$ ℰ tnn-cost 𝒜 ⋄! ℬ ⋄" 𝒞 ⋄# 𝒟 ⋄$ ℰ

⋄%: any multi-linear operation : optimal path : non-optimal path : cost-capped path

Figure 3.3: Optimal sequencer example. In this figure, conv einsum deploys the optimal
sequencer to analyze the path tree of an abstract, well-defined tensor sequence A ◦1 B ◦2

C ◦3 D ◦4 E , where ◦i for 1 ≤ i ≤ 4 is any collection of multi-linear operations, including
convolutions, batch products, contractions, and outer products. The tree traversal strategy
is a fusion of netcon and our tnn-cost API. The green path indicates a potentially viable
optimal path, whereas the red path indicates a path which satisfies the cost cap c at each
node. While the red path satisfies the cost cap, it may result in more FLOPs overall
compared to the complete green path.

interested in the optimal order of evaluation of the tensor

T =
L∑
l=1

J∑
j=1

A:,j,: ⊗ Bj,l ⊗ Cl,:. (3.4)

Let us momentarily suppress the index and summation notation of Equation (3.4), i.e., let

(AB) ,
∑J−1

j=0 A:,j,:Bj,l, (BC) ,
∑L−1

l=0 Bj,lCl,:. The possible paths we may take to arrive

at T include (AB) → (AB)C, or (BC) → A(BC). Each of these paths has a predictable

contraction cost, or the number of multiplications/additions (FLOPs), dependent on the

dimensions of the tensor modes involved in each intermediate product. We can organize

all the possible paths for this example and any contraction sequence in general into a tree.

Each node is associated with the contraction cost of forming the product represented by

that node. netcon efficiently traverses such path trees and determine the FLOPs-optimal

path in a fast manner, even though this is an NP-hard problem in general [48]. Furthermore,

netcon supports cost-capping, avoiding traversal down a branch if the resulting intermediate
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product exceeds some FLOPs cap c.

In particular, netcon is capable of handling all types of multilinear sequences except for

those involving convolutions. For example, consider the tensor Tp,:,q,r,t =
∑N

n=1 Bn,p
(
An,:,r ∗

C:,q
)
Dr,t with a convolution. We may equivalently compute T as

Tp,:,q,r,t =

(
N∑
n=1

(Bn,pAn,:,r) ∗ C:,q

)
Dr,t =

N∑
n=1

Bn,p ((An,:,rDr,t) ∗ C:,q) . (3.5)

Our conv einsum extends the netcon paradigm to handle convolutions simply by replacing

the contraction cost function with a more general TNN cost, which adds the cost (FLOPs-

wise) of the convolutions (if present) within an intermediate product at each node. We

refer to this generalized scheme as the optimal sequencer. Figure 3.3 depicts the optimal

sequencer analyzing the path tree an abstract tensor sequence. The action of the optimal

sequencer is crucial for trimming the training time of our TNNs.

Modification of the cost model for training. The (netcon-based) opt-einsum se-

quencer only considers forward computation in tensor networks. However, in a neural

network setting, we also need to consider the backpropagation computation. Specifically,

given two inputs T (1), T (2), which interact through an atomic operation f resulting in

an output tensor T = f(T (1), T (2)), the opt-einsum sequencer will calculate the cost of

computing T without any concern for associated backpropagation calculations. How-

ever, the backpropagation algorithm needs to compute ∂L/∂T (1) = g1(∂L/∂T , T (2)) and

∂L/∂T (2) = g2(T (1), ∂L/∂T ), where g1 and g2 are gradient calculations dependent on f .

Therefore, we modify the cost from cost(f) to cost(f) + cost(g1) + cost(g2). For instance,
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consider f as a standard 2D-convolution, where the operation between the input T (1) ∈

RB×S×X×Y and the weight T (2) ∈ RT×S×H×W leads to the output T ∈ RB×T×X′×Y ′ . We

have cost(f) = O(BHWXY TS) for the forward pass, and cost(g1) = O(BHWX ′Y ′TS),

cost(g2) = O(BXYX ′Y ′TS) for the backward pass. In order to achieve optimal scheduling,

we modify the cost function of opt-einsum to consider all three costs, which is inherited by

the optimal sequencer of conv einsum.

3.4.3 Checkpointing

TNNs use composite tensor operations (a.k.a. tensor networks) to design compact

network layers. However, since we pairwisely evaluate a tensor network, computing a

tensor network with N inputs leads to (N − 1) intermediate results. Therefore, if we

use an automatic gradient function, we will need to save these (N − 1) intermediates in

memory, causing high memory overhead. To avoid storing the intermediate products, we

rely on gradient checkpointing [61] which recomputes the gradient during the backward pass

rather than saving all intermediate results in memory. We can think of this mechanism

as a trade-off between memory and computation. The total memory used by a neural

network consists of static and dynamic memory. Static memory depends on the size of the

model and some fixed costs built-in by PyTorch, while dynamic memory depends on the

computational graph saved in the memory. Usually, when training a neural network, in the

forward pass, the model caches all values of the activation neurons and reuses them in the

backward pass calculation. Gradient checkpointing avoids any activation caching in the

forward pass and thus can effectively relieve any potential memory overflow in that phase.
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3.5 Experimental Results

In this section, we compare training and inference run-times of AutoTNN against the

prevalent PyTorch. We demonstrate that AutoTNN provides an efficient solution for TNN

deployment in different tasks across various domains. We use an NVIDIA GeForce RTX

2080Ti for all tasks.

Tasks. We test AutoTNN on a range of tasks under different network compression rates:

(1) A classic two-stream convolutional neural network [69] is used for a video classification

task, trained on the UCF-101 data set [70]. ResNet-101 [5] was chosen as the ConvNet

for both the spatial and temporal streams, pre-trained on ImageNet [71]. The two-stream

network is adapted from [69]. (2) An Automatic Speech Recognition task using the Con-

former architecture [72], which incorporates convolution modules between the attention

modules and the feed-forward neural network modules of a Transformer model [4]. We

train the model on the LibriSpeech dataset [73]. (3) An image classification task trained

on the CIFAR10 [74] data set using the classic ResNet-34 [5] architecture. State-of-the-art

accuracy requires the usage of knowledge distillation (c.f. [50]).

Baselines. We compare AutoTNN against two baselines across all tasks: PyTorch im-

plementation with and without checkpointing. In particular, we compare the usage of

conv einsum to optimally evaluate forward/backward tensor sequences against PyTorch with

and without checkpointing to demonstrate the benefits of conv einsum.
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3.5.1 Accuracy and Memory Results

(1) TNNs demonstrate competitive accuracy under aggressive compression. Table 3.1

shows the test/training accuracy of TNNs using a reshaped CP decomposition of their

tensor weights under different compression rates in three machine learning tasks, namely

Video Classification (VC), Automatic Speech Recognition (ASR), and Image Classification

(IC). A compression rate (CR) of x% indicates that the size of the TNN model is x% of the

original/baseline model size. As shown in Table 3.1, for instance, a TNN using only 10%

size of the original backbone model (i.e., a ResNet-34 with 21M parameters) maintains

98% of the baseline performance in an IC task on the CIFAR10 benchmark dataset.

Table 3.1: TNN performance under various model scales for diverse machine
learning tasks. Automatic Speech Recognition (ASR) on LibriSpeech is measured by
Word Error Rate (WER) (the lower, the better). Image classification (IC) on CIFAR10
(results from [50]) is measured by top-1 precision. Video classification (VC) on UCF-101
is measured by top-1 accuracy.

Compression Rate (CR) IC ASR VC

Original 93.2 2.1 88.98

100% - 2.08 89.00
50% - 2.29 88.61
20% - 2.36 88.10
10% 91.28 2.43 87.63
5% 89.86 3.01 86.62
2% 85.70 3.76 86.41

(2) Naive PyTorch implementation of TNNs suffers from high intermediary mem-

ory costs during training. AutoTNN significantly reduces these costs. In TNNs, some

intermediate data objects can be prohibitively large during training computation, thus

challenging to fit into memory. In Table 3.2, we present the maximal batch size allowed
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for two large-scale tasks under different compression rates: video classification (VC) and

automatic speech recognition (ASR). We observe that if the size of a TNN matches the

original backbone model size (i.e., CR=100%), the maximal allowed batch size in a Py-

Torch implementation is 0 without checkpointing. Even if we compress the model to 1% of

the original # of parameters, the maximal allowed batch size is still limited, making the

computation infeasible or too slow. The non-optimal evaluation order by PyTorch results in

large intermediate objects that do not fit into the memory. As indicated in Table 3.2, even

incorporation of checkpointing into PyTorch implementation does not help much with the

problem. Although checkpointing sidesteps save any intermediate results in memory arising

during forward passes and instead recomputes them in the backward passes, the order of

evaluation in the forward pass remains unchanged. If an intermediary computation causes

overflow, this issue is likely to persist even in a checkpointing implementation – only the

optimal sequencer can help with such a dilemma. On average, the most cost-parsimonious

path found by the optimal sequencer will contain smaller intermediate products than a

naive left-to-right PyTorch evaluation.

3.5.2 Runtime results

Our conv einsum implements an optimal sequencer that evaluates a tensorial forward

or backward pass in an order which incurs the minimum number of FLOPS. Additionally,

conv einsum uses checkpointing to avoid memory overflow.

(1) The optimal sequencer used in conv einsum significantly improves the runtime ef-

ficiency of training and test in TNNs. In Figures 3.4 to 3.6, we compare the training and
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Table 3.2: Maximum batch size for a speech and video task. The maximal batch
size allowed for data under varying compression rates and using different libraries on (1)
an automatic speech recognition task on LibriSpeech and (2) a video classification task for
spatial (S) and temporal (T) streams of a two-stream network on UCF-101. conv einsum
allows for larger batch sizes by efficiently evaluating tensorial forwards and backwards
passes. “ckp” means checkpointing.

Automatic speech recognition task

CR conv einsum PyTorch w/ ckpt PyTorch w/o ckpt

1% 14 8 6
2% 14 8 6
5% 12 6 4
10% 10 4 2
20% 8 2 0
50% 6 2 0
100% 4 1 0

Video classification task

conv einsum PyTorch w/ ckpt PyTorch w/o ckpt

CR S T S T S T

1% 20 30 2 4 1 2
2% 20 30 2 4 0 0
5% 20 30 2 4 0 0
10% 18 30 1 2 0 0
20% 16 27 0 0 0 0
50% 12 22 0 0 0 0
100% 4 14 0 0 0 0
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Figure 3.4: Runtime comparison between conv einsum and PyTorch for an image
classification task. An RCP-TNN (R = 3) is trained on the CIFAR-10 dataset. Runtimes
are averaged over 3 random runs, and error bars are denoted by the shaded areas.
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Figure 3.5: Run-time comparison between conv einsum and PyTorch for a speech
recognition task. A CP-TNN is trained on the LibriSpeech dataset. Runtimes are
averaged over 3 random runs, and error bars are denoted by the shaded areas.
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(c) RCP Train (temporal)

1% 2% 5% 10% 20% 50% 100%

1,000

1,500

2,000

2,500

3,000

compression rate

se
co

n
d

s
p

er
ep

o
ch

conv einsum
PyTorch w/ ckpt
PyTorch w/o ckpt

(d) RCP Test (temporal)

Figure 3.6: Run-time comparison between conv einsum and PyTorch for a video
classification machine learning task An RCP-TNN (R = 3) is trained on the UCF-
101 dataset. All tests were run using the maximum allowable batch size. PyTorch w/
checkpointing was only able to run without memory overflow for compression rates 1% -
10% and PyTorch w/o checkpointing was only able to run without memory overflow for
compression rate 1%. Runtimes are averaged over 3 random runs, and error bars are
denoted by the shaded areas.
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test times between conv einsum and PyTorch (with and w/o checkpointing) implementa-

tions over a wide range of model scales and using different forms of tensor decomposition.

The IC and VC tasks use RCP decompositions, while the ASR task uses a standard CP

decomposition. We observe that conv einsum universally outperforms the baselines. In the

VC task, we use the maximal allowable batch size for each model size, while in the ASR

task, we compare implementations using the same batch size. Furthermore, in Table 3.3 we

show that conv einsum outperforms PyTorch in the IC task under different tensor decompo-

sitions. When memory requirement is the bottleneck of a task (such as VC), checkpointing

helps accelerate the runtime by alleviating potential memory overflows and allowing more

batches. On the other hand, when the batch sizes are the same (as in ASR), checkpointing

itself trades computational complexity for space, thus increasing the overall runtime. In

either scenario, conv einsum achieves the fastest runtimes in all tasks compared to PyTorch

implementations with and without checkpointing.

(2) AutoTNN works for weight tensors with different sizes. AutoTNN serves as a

general efficient library solution and is tensor-structure-agnostic. The networks we have

experimented with contain weights of vastly differing sizes. As shown in Figures 3.4 to 3.6,

AutoTNN exhibits competitive results against existing PyTorch solutions (with or without)

checkpointing over various tensor sizes.

(3) AutoTNN works for a variety of tensor forms. conv einsum is both data-agnostic

and structure-agnostic. Given any sequence of multilinear tensor operations, conv einsum

computes the optimal sequence with the least number of FLOPs. As a result, conv einsum

is a universal solution to training any TNN. Table 3.3 shows the results of the image

classification task on CIFAR10 using different forms of tensor decomposition. We could
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observe that conv einsum outperforms PyTorch with/without checkpointing in all cases.

Table 3.3: Run-time (seconds per epoch) comparison between conv einsum and PyTorch im-
plementation of TNNs using different tensor decomposition forms in the image classification
task on the CIFAR-10 dataset.

conv-einsum
PyTorch
w/o ckpt

PyTorch
w/ ckpt

Tensor Form Train Test Train Test Train Test

RCP 14 2.14 22 2.57 29 2.61
RTR 8 1.41 16 1.86 16 1.86
RTT 8 1.37 16 1.61 16 1.68
RTK 6 1.34 17 1.47 17 1.54

3.6 Conclusion

In this chapter, we introduce an open-source library, AutoTNN, which can build and

efficiently train TNNs. Our AutoTNN is competitive against and, in many cases, superior to

the standard PyTorch. For future work, we plan to further accelerate training and test times

by incorporating parallel computation paradigms into the intra-layer tensor computations.

Since our AutoTNN relies on the PyTorch backend, we can also use tensorRT to accelerate

AutoTNN further. Additionally, we will investigate incorporating quantization, pruning,

and knowledge distillation techniques directly into AutoTNN.

63



Chapter 4: Higher-order RNN for Spatio-temporal Learning

4.1 Overview

While computer vision has achieved remarkable successes in many realms, e.g., image

classification, many real-life tasks remain out-of-reach for current deep learning systems,

such as prediction from complex spatio-temporal data. Such data naturally arises in a wide

range of applications such as autonomous driving, robot control [75], visual perception tasks

such as action recognition [76] or object tracking [77], and weather prediction [78]. This

kind of video understanding problems is challenging, since they require learning spatial-

temporal representations that capture both content and dynamics simultaneously.

Learning from (video) sequences. Most state-of-the-art video models are based on

recurrent neural networks (RNNs), typically some variations of Convolutional LSTM (Con-

vLSTM) where spatio-temporal information is encoded explicitly in each cell [78, 79, 80, 81].

These RNNs are first-order Markovian models in nature, meaning that the hidden states

are updated using information from the previous time step only, resulting in an intrinsic

difficulty in capturing long-range temporal correlations.
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Incorporating higher-order correlations. For 1D sequence modeling, [82] and [37]

proposed higher-order generalizations of RNNs for long-term forecasting problems. Higher-

order RNNs explicitly incorporate an extended history of previous states in each update,

which requires higher-order tensors to characterize the transition function (instead of a tran-

sition matrix as in the first-order RNNs). However, this typically leads to an exponential

blow-up in the function’s complexity. This problem is more pronounced when generalizing

ConvLSTM to higher-order, and no prior work explores these generalizations.

Scaling up with tensor methods. To avoid the exponential blow-up in the complexity

of transition function, tensor decompositions [83] have been investigated in higher-order

RNNs [37]. Tensor decomposition avoids the exponential growth of model complexity and

introduces an information bottleneck that facilitates effective representation learning. This

bottleneck restricts the information that is passed on from one sub-system to another in

a learning system [84, 85]. Previously, low-rank tensor factorization has been used to

improve various deep network architectures [20, 21, 86]. However, its application has not

been explored in the context of spatio-temporal LSTMs. The only approach that leveraged

tensor factorization for compact higher-order LSTMs [37] considers exclusively sequence

forecasting, which does not naturally extend to general spatio-temporal data.

Generalizing ConvLSTM to higher-orders. When extending to higher-order, we aim

to design a transition function that can leverage all previous hidden states and satisfies three

properties: (1) The operations preserve the spatial structure of the hidden states; (2) The

receptive field increases with time. In other words, the longer the temporal correlation is
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captured, the larger the spatial context should be; (3) Finally, space and time complexities

grow at most linearly with the number of times steps. Because previous transition functions

in higher-order RNNs were for one-dimensional sequence, when directly extended to spatio-

temporal data, they do not satisfy all three properties. A direct extension fails to preserve

the spatial stricture or increases the complexity exponentially.

Contributions. In this chapter, we propose a higher-order convolutional LSTM model

for complex spatio-temporal data satisfying all three properties. Our model incorporates a

long history of states in each update while preserving their spatial structure using convo-

lutional operations. Directly constructing such a model leads to an exponential growth of

parameters in both spatial and temporal dimensions. Instead, our model is made compu-

tationally tractable via a novel convolutional tensor-train decomposition, which recursively

performs a convolutional factorization of the kernels across time. Besides parameter re-

duction, this factorization introduces an information bottleneck enabling the learning of

better representations. As a result, it achieves better results than previous works with only

a fraction of the parameters.

We empirically demonstrate our model’s performance on several challenging tasks,

including early activity recognition and video prediction. We report an absolute increase of

8% accuracy over the state-of-the-art [81] for early activity recognition on the Something-

Something v2 dataset. Our model outperforms both 3D-CNN and ConvLSTM by a large

margin. We also report a new state-of-the-art multi-step video prediction on both Moving-

MNIST-2 and KTH datasets.
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4.2 Related Works

Tensor decompositions. Tensor decompositions such as CP, Tucker or Tensor-Train [33,

35], are widely used for dimensionality reduction [25] and learning probabilistic models [83].

These tensor factorization techniques have also been widely used in deep learning to improve

performance, speed-up computation, and compress the deep neural networks [19, 20, 21, 50,

58, 87], recurrent networks [36, 88] and Transformers [89]. [36] has proposed tensor-train

RNNs to compress both inputs-states and states-states matrices within each cell with TTD

by reshaping the matrices into tensors, and showed improvement for video classification.

Departing from prior works that rely on existing tensor decompositions, we propose a

novel convolutional tensor-train decomposition (CTTD) designed for efficient and compact

higher-order convolutional recurrent networks. Unlike [36], we aim to compress higher-order

ConvLSTM, rather than first-order fully-connected LSTM. We further propose Convolu-

tional Tensor-Train decomposition to preserve spatial structure after compression.

Spatio-temporal prediction models. Prior prediction models have focused on pre-

dicting short-term video [90, 91] or decomposing motion and contents [92, 93, 94, 95].

Many of these works use ConvLSTM as a base module, which deploys 2D convolutions in

LSTM to efficiently exploit spatio-temporal information. Some works modified the stan-

dard ConvLSTM to better capture spatio-temporal correlations [79, 80]. [91] demonstrated

strong performance using a deep ConvLSTM network as a baseline, and we adopt this base

architecture in this chapter.
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4.3 Background: Convolutional LSTM and Higher-order LSTM

In this section, we briefly review Long Short-Term Memory (LSTM), and its general-

izations Convolutional LSTM (ConvLSTM) for spatio-temporal modeling, and higher-order

LSTM (d) for learning long-term dynamics.

Long Short-Term Memory [96]. LSTM is a first-order Markovian model widely used

in 1D sequence learning. At each step, an LSTM cell updates its hidden state h(t) and cell

state c(t) using the immediate previous states {h(t−1), c(t−1)} and the current input x(t):

[i(t);f (t); c̃(t);o(t)] = σ(Wx(t) +Kh(t−1)), (4.1a)

c(t) = c(t−1) ◦ f (t) + c̃(t) ◦ i(t), h(t) = o(t) ◦ σ(c(t)), (4.1b)

where σ(·) denotes a sigmoid(·) applied to the input gate i(t), forget gate f (t) and output gate

o(t), and a tanh(·) applied to the memory cell c̃(t) and cell state c(t). ◦ denotes element-wise

product. LSTMs have two major restrictions: (a) only 1D-sequences can be modeled, not

spatio-temporal data such as videos; (b) they are difficult to capture long-term dynamics

as first-order models.

Convolutional LSTM (ConvLSTM) [78, 97]. ConvLSTM addresses the limitation

(a) by extending LSTM to model spatio-temporal structures within each cell, i.e., the

states, cell memory, gates and parameters are all encoded as high-dimensional tensors:

[I(t);F (t); C̃(t);O(t)] = σ(W ∗ X (t) +K ∗ H(t−1)), (4.2)
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where ∗ defines convolution between states and parameters as in convolutional layers.

Higher-order LSTM [37, 82]. HO-LSTM is a higher-order Markovian generalization

of the basic LSTM, which partially addresses the limitation (b) in modeling long-term

dynamics. Specifically, HO-LSTM explicitly incorporates more previous states in each

update, replacing the first step in LSTM by

[
i(t);f (t); c̃(t);o(t)

]
= σ

(
Wx(t) + Φ

(
h(t−1), · · · ,h(t−N)

))
, (4.3)

where Φ combines N previous states {h(t−1), · · · ,h(t−N)} and N is the order of the HO-

LSTM. For example, Φ can be a linear function [82] or a polynomial function [37]:

Linear: Φ
(
h(t−1), · · · ,h(t−N); T (1), · · · ,T (N)

)
=
∑N

i=1
T (i)h(t−i). (4.4)

Polynomial: Φ
(
h(t−1), · · · ,h(t−N); T

)
=
〈
T , h(t−1) ⊗ · · · ⊗ h(t−N)

〉
. (4.5)

While a linear function requires the numbers of parameters and operations growing lin-

early in N , a polynomial function has space/computational complexity exponential in N if

implemented naively.

Notations. To facilitate the reading, we provide a table of notations in Table 4.1.

4.4 Methodology: Convolutional Tensor-Train LSTM

In this section, we detail the challenges and requirements for higher-order ConvLSTM.

We then introduce our model and motivate the design of each module by these requirements.
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Symbol Meaning Value or Size

H Height of feature map

-
W Width of feature map
Cin # of input channels
Cout # of output channels
t Current time step -
W Weights for X (t) [K ×K × 4Cout × Cin]
X (t) Input features [H ×W × Cin]

H(t) Hidden state

[H ×W × Cout]

C(t) Cell state
I(t) Input gate
F (t) Forget gate

C̃(t) Cell memory
O(t) Output gate

Φ Mapping function for higher-order RNN -
M order of higher-order RNN

M ≥ N
N Order of CTTD
K Initial filter size

K(0) = K
K(i) Filter size in K̃(i)

C(i) # channels in H̃(i) C(0) = 4Cout

G(i) Factors in the CTTD [K(0) ×K(0) × C(i) × C(i−1)]

D Size of sliding window D = M −N + 1
P(i) Preprocessing kernel [D ×K ×K × Cout × C(i)]

H̃(i) Pre-processed hidden state [H ×W × C(i)]

K(i) Weights for H̃(i) [K(i) ×K(i) × C(i) × C(0)]

Table 4.1: Table of notations.

70



4.4.1 Extending ConvLSTM to Higher-orders

We can express a general higher-order ConvLSTM by combining several previous

states when computing the gates for each step:

[
I(t);F (t); C̃(t);O(t)

]
= σ

(
W ∗ X (t) + Φ

(
H(t−1), · · · ,H(t−N)

))
. (4.6)

1. The operations in Φ preserve the spatial structures in the hidden states H(t)’s, e.g.,

satisfy translation-equivariant property.

2. The size of the receptive field forH(t−i) increases with i, the time gap from the current

step (i = 1, 2, · · · , N). In other words, the longer temporal correlation captured, the

larger the considered spatial context should be.

3. Both space and time complexities grow at most linearly with the number of times

steps N , i.e., O(N).

Limitations of previous approaches. While it is possible to construct a function Φ

by extending the linear function in Equation (4.4) or the polynomial function in Equa-

tion (4.5) to the tensor case, none of these extensions satisfy all three properties. While

the polynomial function with tensor-train decomposition [37] meets requirement (3), the

operations do not preserve the spatial structures in the hidden states. On the other hand,

augmenting the linear function with convolutions leads to a function:

Φ
(
H(t−1), · · · ,H(t−N); K(1), · · · ,K(N)

)
=
∑N

i=1
K(i) ∗ H(t−i) (4.7)
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which does not satisfy requirement (2) if all K(i) contain filters of the same size K. An

immediate remedy is to expand K(i) such that its filter size K(i) grows linearly in i. How-

ever, the function would require O(N3) space and computational complexity, violating the

requirement (3).

4.4.2 Designing an Effective and Efficient Higher-order ConvLSTM

In order to satisfy all three requirements (1)-(3) introduced above, and enable

efficient learning/inference, we propose a novel convolutional tensor-train decomposition

(CTTD) that leverages a tensor-train structure [35] to jointly express the convolutional

kernels {K(1), · · · ,K(N)} in Equation (4.7) as a series of smaller factors {G(1), · · · ,G(N)}

while maintaining their spatial structures.

Convolutional Tensor-Train module. Concretely, let K(i) be the i-th kernel in Equa-

tion (4.7), of size [K(i) ×K(i) × C(i) × C(0)], where K(i) = i[K(1) − 1] + 1 is the filter size

that increases linearly with i; K(1) is the initial filter size; C(i) is the number of chan-

nels in H(t−i); and C(0) is the number of channels for the output of the function Φ (thus

C(0) = 4×Cout, where Cout is the number of channels of the higher-order ConvLSTM). The

CTTD factorizes K(i) using a subset of factors {G(1), · · · ,G(i)} up to index i such that

K(:,:,ci,c0)
i = CTTD

(
{G(j)}ij=1

)
,

C(i−1)∑
ci−1=1

· · ·
C(1)∑
c1=1

G(i)
:,:,ci,ci−1

∗ · · · ∗ ∗G(1)
:,:,c1,c0

, (4.8)

where G(i) has size [K(1) ×K(1) ×C(i) ×C(i−1)]. The number of factors N is known as the

order of the decomposition, and the ranks of the decomposition {C(1), · · · , C(N−1)} are the
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number of channels of the convolutional kernels.

Notice that the same factors {G(1), · · · ,G(N)} is used to construct all convolutional

kernels {K(1), · · · ,K(N)}, such that the total number of parameters grows linearly in N . In

fact, the convolutional kernel K(i+1) can be recursively constructed as K(i) = G(i) ∗ K(i−1)

with K(1) = G(1) and K(:,:,ci,c0)
i =

∑
ci−1
G(:,:,ci,ci−1)
i ∗ K(:,:,ci−1,c0)

i−1 ,∀i ≥ 2. This results in a

convolutional tensor-train module that we use for function Φ in Equation (4.7):

Φ = CTT
(
H(t−1), · · · ,H(t−N); G(1), · · · ,G(N)

)
,

N∑
i=1

CTTD
(
{G(j)}ij=1

)
∗ H(t−i).

(4.9)

In [38], we show that the computation of Equation (4.9) can be done in linear time O(N),

thus the construction of CTT satisfies all requirements (1)-(3).

Preprocessing module. In Equation (4.9), we use the raw hidden states H(t) as inputs

to CTT. This design has two limitations: (a) The number of past steps in CTT (i.e., the

order of the higher-order ConvLSTM) is equal to the number of factors in CTTD (i.e., the

order of the tensor decomposition), which both equal to N . It is prohibitive to use a long

history, as a large tensor order leads to gradient vanishing/exploding problem in computing

Equation (4.9); (b) All the ranks C(i) are equal to the number of channels in H(t), which

prevents the use of lower-ranks to further reduce the model complexity.

To address both issues, we develop a preprocessing module to reduce the number of

steps and channels in previous hidden states before CTT. Suppose the number of steps M

is no less than the tensor order N (i.e., M ≥ N), the preprocessing collects the neighboring
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steps with a sliding window and reduce it into an intermediate result with C(i) channels:

H̃(i) = P(i) ∗
[
H(t−i); · · · ;H(t−i+N−M)

]
(4.10)

where P(i) represents a convolutional layer that maps the concatenation [·] into H̃(i).
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Figure 4.1: Convolutional Tensor-Train LSTM. The preprocessing module first groups
the previous hidden states into overlapping sets with a sliding window and subsequently
reduces the number of channels in each group using a convolutional layer. Next, the convo-
lutional tensor-train module takes the results, aggregates their spatio-temporal information,
and computes the gates for the LSTM update. The diagram visualizes a Conv-TT-LSTM
with one channel. When Conv-TT-LSTM has multiple channels, the addition also accu-
mulates the results from all channels.

Convolutional Tensor-Train LSTM. By combining all the above modules, we obtain

our proposed Conv-TT-LSTM, illustrated in Figure 4.1 and expressed as:

[
I(t);F (t); C̃(t);O(t)

]
= σ

(
W ∗ X (t) + CTT

(
H̃(1), · · · , H̃(N); G(1), · · · ,G(N)

))
(4.11)

This final implementation has several advantages: it drastically reduces the number of

parameters and makes the higher-order ConvLSTM even more compact than the first-
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order ConvLSTM. The low-rank constraint acts as an implicit regularizer, leading to more

generalizable models. Finally, the tensor-train structure inherently encodes the correlations

resulting from the natural flow of time [37].

4.5 Experimental Results

In this section, we empirically evaluate our approach on two different tasks — video

prediction and early activity recognition and find out it outperforms existing methods.

4.5.1 Experimental Setup

Evaluation. For video prediction, the model predicts every pixel in the frame. We test

our models on the KTH human action dataset [98] with resolution 128 × 128 and the

Moving-MNIST-2 dataset [76] with resolution 64 × 64. We train all models to predict

10 future frames given 10 input frames and tested to predict 10 − 40 frames recursively.

For early activity recognition, we evaluate our approach on the Something-Something V2

dataset. Following [81], we used the subset of 41 categories defined by [99] (Table 7). We

train the prediction model to predict the following 10 frames given 25% − 50% of frames

and jointly classify the activity using the learned representations of the prediction model.

Model architecture. In all video prediction experiments, we use 12 recurrent layers. For

early activity recognition, we follow the framework in [81]. The prediction model consists

of a two-layer 2D-convolutional encoder and decoder with eight recurrent layers between

them. The classifier, which contains two 2D-convolutional layers and one fully-connected

layer, takes the last recurrent layer’s output and returns a label output. We explain the
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detailed architecture in Section 4.7.2.

Hyper-parameter selection. We validate the hyper-parameters of our Conv-TT-LSTM

through a wide grid search on the validation set. Specifically, we consider a base filter size

S = 3, 5, decomposition order N = 1, 2, 3, 5, tensor ranks C(i) = 4, 8, 16, and number of

hidden states M = 1, 3, 5. Section 4.7.3 contains the details of our hyper-parameter search.

Efficient implementation. Two versions of the implementation are available: the orig-

inal and the optimized version. In the optimized version, we use multi-threading to accel-

erate our implementation using the NVIDIA apex library [100]. Furthermore, we adopt

fused kernels to speed up the Adam optimizer [8] and TorchScript to fuse multiplications

and additions. Lastly, we use affinity binding to reduce the communication cost between

GPUs and CPUs. These modifications speed up training up to four times. Both versions

are available online: https://github.com/NVlabs/conv-tt-lstm.

4.5.2 Analysis of Empirical Results

Multi-frame Video prediction: KTH action dataset. First, we test our model on

human action videos. In Table 4.2, we report the evaluation on both 20 and 40 frames

prediction. Figure 4.3 (right) shows the model comparisons with SSIM v.s. LPIPS and the

model size. (1) Our model is consistently better than the ConvLSTM baseline for both 20

and 40 frames prediction. (2) While our proposed Conv-TT-LSTMs achieve lower SSIM

value compared to the state-of-the-art models in 20 frames prediction, they outperform

all previous models in LPIPS for both 20 and 40 frames prediction. Figure 4.3 (right)
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shows a visual comparison of our model, ConvLSTM baseline, PredRNN++ [80], and

E3D-LSTM [81]. Our model produces sharper frames and better preserves the human

silhouettes, although slight artifacts exist over time (shifting). We believe such artifacts

may vanish using a different loss function or additional techniques that help per-pixel

motion prediction.
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Figure 4.2: SSIM v.s. LPIPS scores on Moving-MNIST-2 (left) and KTH action
datasets (right). The bubble size is the model size. The higher SSIM scores and lower
LPIPS scores, the better quality of predictions. On both datasets and for both metrics,
our approach reaches a significantly better performance than other methods while having
only a fraction of the parameters.

Multi-frame video prediction: Moving-MNIST-2 dataset. We also evaluate our

model on the Moving-MNIST-2 dataset and show that our model predicts the digits almost

correctly in terms of structure and motion (See Figure 4.3). Table 4.2 reports the average

statistics for 10 and 30 frames prediction, and Figure 4.2 (left) shows the comparisons of

SSIM v.s. LPIPS and the model size. Our Conv-TT-LSTM models (1) consistently outper-

form the ConvLSTM baseline for both 10 and 30 frames prediction with fewer parameters;

(2) outperform previous approaches in terms of SSIM and LPIPS (especially on 30 frames

prediction), with less than one fifth of the model parameters.

We reproduce the PredRNN++ [80] and E3D-LSTM [81] from the source code [101,
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input truths (top) / predictions input truths (top) / predictions
t = 1 6 11 17 23 29 35 t = 1 6 11 15 19 23 27

PredRNN++ PredRNN++

E3D-LSTM E3D-LSTM

ConvLSTM ConvLSTM

Conv-TT-LSTM Conv-TT-LSTM

Figure 4.3: 30 frames prediction on Moving-MNIST (left), and 20 frame predic-
tion on KTH action datasets (right) given 10 input frames. The first frames (t = 1, 11)
are animations. Adobe reader is required to view the animation. Our method generates
both semantically plausible and visually crisp images, compared to other approaches.

Method
(10 → 20) (10 → 40) Complexities

PSNR SSIM LPIPS PSNR SSIM LPIPS # Params. # FLOPS Time(m)

K
T

H
a
ct

io
n

ConvLSTM [78] 23.58 0.712 - 22.85 0.639 - 7.58M 106.6G -
MCNET [93] 25.95 0.804 - - - - - - -
PredRNN++ [80] (retrained [101]) 28.62 0.888 228.9 26.94 0.865 279.0 15.05M - -
E3D-LSTM [81] (retrained [102]) 27.92 0.893 298.4 26.55 0.878 328.8 41.94M - -

ConvLSTM (baseline) 28.21 0.903 137.1 26.01 0.876 201.3 3.97M 55.83G 28.9
Conv-TT-LSTM (Ours) 28.36 0.907 133.4 26.11 0.882 191.2 2.69M 37.83G 74.8

Method
(10 → 10) (10 → 30) Complexities

MSE SSIM LPIPS MSE SSIM LPIPS # Params. # FLOPS Time(m)

M
o
v
in
g
-M

N
IS

T

ConvLSTM [78] 25.22 0.713 - 38.13 0.595 - 7.58M 30.32G -
VPN [103] 15.65 0.870 - 31.64 0.620 - - - -
PredRNN++ [80] (retrained [101]) 10.29 0.913 59.51 20.53 0.834 139.9 15.05M - -
E3D-LSTM [81] (pretrained [102]) 20.23 0.869 76.12 32.37 0.803 150.3 41.94M - -

ConvLSTM (baseline) 18.17 0.882 67.13 33.08 0.806 140.1 3.97M 15.88G 14.8
Conv-TT-LSTM (Ours) 12.96 0.915 40.54 25.81 0.840 90.38 2.69M 10.76G 29.6

Table 4.2: Evaluation of multi-steps prediction on the KTH action (top) and
Moving-MNIST-2 (bottom) datasets. Higher PSNR/SSIM and lower MSE/LPIPS
values indicate better predictive results. # of FLOPs denotes the multiplications for one-
step prediction per sample, and Time(m) represents the clock time (in minutes) required
by training the model for one epoch (10,000 samples).
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102]. We find that (1) PredRNN++ and E3D-LSTM output vague and blurry digits in

long-term prediction (especially after 20 steps); (2) our Conv-TT-LSTM produces sharp

and realistic digits over all steps. An example of visual comparison is shown in Figure 4.3.

Front 25% Front 50% 100%

... ....
3D-CNN Wrong (100%) Wrong (100%)

Pushing [something]
from right to left

ConvLSTM Wrong (84%) Wrong (46%)
Conv-TT-LSTM Wrong (18%) Correct (100%)

... ....
3D-CNN Wrong (67%) Wrong (100%)

Pulling [something]
from right to left

ConvLSTM Wrong (84%) Correct (61%)
Conv-TT-LSTM Wrong (18%) Correct (98%)

Figure 4.4: Examples of early activity recognition on the Something-Something V2
dataset. (·) indicates the confidence of Correct/Wrong prediction.

Model Input Dropping Holding MovingLR MovingRL Picking Poking Pouring Putting Showing Tearing

3D-CNN
25%

8.5 4.7 25.8 32.6 7.5 2.9 1.9 10.3 14.0 14.5
ConvLSTM 8.5 7.0 27.4 38.8 16.8 5.9 1.9 12.0 7.0 21.2
Conv-TT-LSTM 11.5 4.7 33.9 40.8 16.8 5.9 5.7 13.6 20.9 26.0

3D-CNN
50%

14.6 11.6 45.2 57.1 16.8 8.8 11.3 17.4 16.3 26.0
ConvLSTM 21.5 7.0 43.5 47.0 15.9 14.7 5.7 20.7 16.3 30.8
Conv-TT-LSTM 24.6 11.6 56.5 57.1 27.6 5.9 13.2 25.5 37.2 46.2

Table 4.3: Per-activity accuracy of early activity recognition on the Something-
Something V2 dataset. We used 41 categories for training. For per-activity evaluation,
the 41 categories are grouped into ten similar activities [99]. Our model substantially
outperforms 3D-CNN and ConvLSTM on long-term dynamics such as Moving or Tearing
while achieving marginal improvement on static activities such as Holding or Pouring.

Early activity recognition: Something-Something V2 dataset. To demonstrate

that our Conv-TT-LSTM-based prediction model can learn efficient representations from

videos, we evaluate the models on early activity recognition on the Something-Something

V2 dataset. In this task, a model only observes a small fraction (25% − 50%) of frames
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and learns to predict future frames. Based on the learned representations of the beginning

frames, the model predicts the full video’s overall activity. Intuitively, the learned repre-

sentation encodes the future information for frame prediction, and the better the quality

of the representations, the higher the classification accuracy. As shown in Table 4.3 and

Table 4.4 our Conv-TT-LSTM model consistently outperforms the baseline ConvLSTM

and 3D-CNN models as well as E3D-LSTM [81] under different ratio of input frames. Our

experimental setup and architecture follow [81].

Model
Input Ratio

Front 25% Front 50%

3D-CNN* 9.11 10.30
E3D-LSTM* [81] 14.59 22.73

3D-CNN 13.26 20.72
ConvLSTM 15.46 21.97
Conv-TT-LSTM (ours) 19.53 30.05

Table 4.4: Early activity recogni-
tion on the Something-Something
V2 dataset using 41 categories as [81].
(*) indicates the result by [81].

MSE(×10−3) SSIM LPIPS

CTTD with 1× 1 filters (similar to standard TTD)

single order 31.52 0.810 148.7
order 3 34.84 0.800 151.2

CTTD with 5× 5 filters

single order 33.08 0.806 140.1
order 3 28.88 0.831 104.1

Table 4.5: Ablation studies of Conv-
TT-LSTM on the Moving-MNIST-2
dataset. The models are tested for 10 to
30 frames prediction.

4.6 Discussions

In this section, we further justify the importance of our proposed modules, namely the

convolutional tensor-train decomposition (CTTD) and the preprocessing module. We also

explain the computational complexity of our model and the difficulties of spatio-temporal

learning with Transformer [4].

Importance of encoding higher-order correlations in a convolutional manner.

Two key differences between CTTD and existing low-rank decompositions are higher-order
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decomposition and convolutional operations. To verify their impact, we compare the perfor-

mance of two ablated models against our CTTD-base model in Table 4.5. The single order

means that the higher-order model is replaced with a first-order model (tensor order = 1).

By replacing 5× 5 filters to 1× 1, the convolutions are removed, and the CTTD reduces to

a standard tensor-train decomposition. The results show a decrease in performance: the

ablated models achieve similar performances of ConvLSTM baseline at best, demonstrating

that both higher-order models and convolutional operations are necessary.

Importance of the preprocessing module. There could be other ways to incorporate

previous hidden states into the CTT module. One is to reduce the number of channels while

keeping the number of steps; the other is to reuse all previous states’ concatenation for each

input to CTT. Unfortunately, the former fails due to the gradient vanishing/exploding

problem. In contrast, the latter has a tube-shaped receptive field that fails to distinguish

more recent steps and the ones from the remote history.

Computational complexity. Table 4.2 provides the number of FLOPS for all models.

Our Conv-TT-LSTM model has lower computational complexity and fewer parameters

than other models under comparison. The efficiency is made possible by a linear algorithm

for the CTT module in Equation (4.9), derived in [38]. Notice that a lower FLOPS does

not necessarily lead to faster computation since the convolutional tensor-train module is

naturally sequential, as shown in Table 4.2.

Transformer for spatio-temporal learning. Transformer [4] is a popular predictive

model based on the attention mechanism, which is very successful in natural language pro-
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cessing [104]. However, the Transformer has prohibitive limitations on video understanding

due to excessive needs for both memory and computation. While language modeling only

involves temporal attention, video understanding requires attention to spatial dimensions as

well [105]. Moreover, since the attention mechanism does not preserve the spatial structures

by design, Transformer additionally requires auxiliary components, including an autoregres-

sive module and multi-resolution upscaling when applied to spatial data [105, 106, 107].

Our Conv-TT-LSTM incorporates a broad spatio-temporal context, but with a compact,

efficient and structure-preserving operator without additional components.

4.7 Supplemental Materials for Empirical Studies

The supplementary material provides implementation details for all experiments and

performs additional ablation studies of our model. We demonstrate that our Conv-TT-

LSTM model outperforms regular ConvLSTM with varying settings.

4.7.1 Preprocessing Module

In Section 4.4.2, we use a sliding window to concatenate consecutive states in the

preprocessing module (Equation (4.10)). In the discussion (Section 4.6), we argue that

other possible approaches are less effective in preserving spatio-temporal structure than our

sliding window approach. Here, we discuss an alternative approach previously proposed for

non-convolutional higher-order RNN [37], which we name as fixed window approach. We will

compare these two approaches in computational complexity, temporal structure-preserving,

and predictive performance.
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Fixed window approach. With fixed window approach, M previous steps {H(t−1), · · · ,

H(t−M)} are first concatenated into a single tensor, which is then repeatedly mapped to N

inputs {H̃(1), · · · , H̃(N)} to the CTT module.

Fixed Window (FW): H̃(i) = P(i) ∗
[
H(t−1); · · · ;H(t−N)

]
(4.12a)

Sliding Window (SW): H̃(i) = P(i) ∗
[
H(t−i); · · · ;H(t−i+N−M)

]
(4.12b)

For comparison, we list both equations for the fixed window approach and the sliding

window approach. We also illustrate these two approaches in Figure 4.5.

H(t−2:t−4)

P(3)

*

*

*

P(2)

P(1)

H(t−1:t−3)

H(t−3:t−5)

H (1)
~

H (2)
~

H (3)
~

(a) Sliding window approach

P(3)

H(t−1:t−5)

*

*

*

P(2)

P(1)

H (1)
~

H (2)
~

H (3)
~

(b) Fixed window approach (alternative)

Figure 4.5: Variations of preprocessing modules.

4.7.2 Model Architectures

Multi-frame video prediction. All experiments use a 12-layers ConvLSTM / Conv-

TT-LSTM with 32 channels for the first and last 3 layers, and 48 channels for the 6 layers

in the middle. A convolutional layer is applied on top of all recurrent layers to compute the
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predicted frames, followed by an extra sigmoid layer for the KTH action dataset. Following

[91], we add two skip connections performing concatenation over channels between (3, 9)

and (6, 12) layers. An illustration of the network architecture is included in Figure 4.6a.

All convolutional kernels are initialized by Xavier’s normalized initializer [108] and initial

hidden/cell states are initialized as zeros.

Conv-TT-LSTM x 3
(32)

Conv-TT-LSTM x 3
(48)

Conv-TT-LSTM x 3
(48)

Conv-TT-LSTM x 3
(32)

X̂ (t+1)

X (t )

(a) Prediction model

2D-CNN Encoder

Prediction model
(Conv-TT-LSTMs)

2D-CNN Decoder

Classifier

X (t )

ŷX̂ (t+1)

(b) Recognition model

Figure 4.6: Network architectures for video prediction and early activity recognition.

Early activity recognition. Following [81], the network consists of four modules: a

2D-CNN encoder, a video prediction network, a 2D-CNN decoder and a 3D-CNN classifier,

as showed in Figure 4.6b. (1) The 2D-CNN encoder has two 2-strided 2D-convolutional

layers with 64 channels, which reduce the resolution from 224×224 to 56×56. (2) The 2D-

CNN decoder contains two 2-strided transposed 2D-convolutional layers with 64 channels,

which restore the resolution from 56× 56 to 224× 224. (3) The video prediction network

is miniature version of Figure 4.6a, where the number of layers in each block is reduced
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to 2. In the experiments, we evaluate three realizations of each layer: ConvLSTM, Conv-

TT-LSTM or masked 3D-convolutional layer. (4) The 3D-CNN classifier takes the last 16

frames from the input and predicts a label for the 41 categories. The classifier contains

two 2-strided 3D-convolutional layers with 128 channels, each followed by a 3D-pooling

layer. These layers reduce the resolution from 56× 56 to 7× 7, and the output is fed into

a two-layer perceptron with 512 units for a predictive label.

4.7.3 Training, Evaluation, and Hyper-parameters Selection

Training strategy. We argue for a careful choice of learning scheduling and gradient

clipping to facilitate training. Specifically, various learning scheduling techniques, includ-

ing learning rate decay, scheduled sampling [109], and curriculum learning with varying

weighting factors, are added during training. (1) For video prediction, we use learning rate

decay along with scheduled sampling, where scheduled sampling starts if the model does

not improve for a few epochs in terms of validation loss. (2) For early activity recognition,

we combine learning rate decay with weighting factor decay, where the weighting factor

decreases linearly λ := max(λ − ε, 0) on the plateau. (3) We also found gradient clipping

essential for higher-order models. We train All models with Adam optimizer [8]. In the

initial experiments, we found that our models are unstable at a high learning rate 1e−3, but

learn poorly at a low learning rate of 1e−4. Consequently, we use gradient clipping with a

learning rate of 1e−3, with a clipping value of 1 for all experiments.

Evaluation metrics. We use two traditional metrics, SSIM [110] and MSE (or PSNR),

and a recently proposed deep-learning-based metric LPIPS [111], which measures the sim-
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ilarity between features from different layer. Since MSE (or PSNR) is based on pixel-wise

difference, it favors vague and blurry predictions — thus, it is not a proper measurement

of perceptual similarity. While SSIM was initially proposed to address the problem, [111]

shows that their proposed LPIPS metric aligns better with human perception.

Hyper-parameters selection. Table 4.6 summarizes our search values for different

hyper-parameters for Conv-TT-LSTM. (1) For filter size K, we found models with larger

filter size K = 5 consistently outperform the ones with K = 3. (2) For learning rate, we

found that our models are unstable at a high learning rate such as 10−3, but learn poorly

at a low learning rate 10−4. Consequently, we use gradient clipping with learning rate 10−3,

with clipping value 1 for all experiments. (3) While the performance typically increases as

the order grows, the model suffers gradient instability in training with a high order, e.g.,

N = 5. Therefore, we choose the order N = 3 for all Conv-TT-LSTM models. (4)(5) For

small ranks C(i) and steps M , the performance increases monotonically with C(i) and M .

But the performance stays on plateau when we further increase them, therefore we settle

down at C(i) = 8,∀i and M = 5 for all experiments.

Filter size K Learning rate Order of CTTD N Ranks of CTTD C(i) Time steps M

{3, 5} {10−4, 5× 10−4, 10−3} {1, 2, 3, 5} {4, 8, 16} {1, 3, 5}

Table 4.6: Hyper-parameters search values for Conv-TT-LSTM experiments.

4.7.4 Datasets

Moving-MNIST-2 dataset. We generate the Moving-MNIST-2 dataset by moving two

digits with size 28×28 in the MNIST dataset within a 64×64 black canvas. These digits are
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placed at a random initial location, move with constant velocity in the canvas, and bounce

when they reach the boundary. Following [80], we generate 10,000 videos for training, 3,000

for validation, and 5,000 for test with default parameters in the generator1.

KTH action dataset. The KTH action dataset [98] contains videos of 25 individuals per-

forming six types of actions on a simple background. Our experimental setup follows [80],

which uses persons 1-16 for training and 17-25 for testing, and we resize each frame to

128× 128 pixels. We train all our models to predict 10 frames given 10 input frames. We

randomly select 20 contiguous frames from the training videos as a sample and group every

10,000 samples into one epoch to apply the learning strategy, as explained at the beginning

of this section.

Something-Something V2 dataset. The Something-Something V2 dataset [99] is a

benchmark for activity recognition, which can be download online2. Following [81], we

use the official subset with 41 categories that contain 55111 training videos and 7518 test

videos. The video length ranges between 2 and 6 seconds with 24 frames per second

(fps). We reserve 10% of the training videos for validation and use the remaining 90% for

optimizing the models.

4.7.5 Ablation Studies

With the ablation studies, we show that our proposed Conv-TT-LSTM consistently

improves the performance of ConvLSTM, regardless of the architecture, loss function, and

1The Python code for Moving-MNIST-2 generator is publicly available online in [112].
2https://20bn.com/datasets/something-something
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Model
Layers Sched. Loss (10 → 30)

Params.
4 12 TF SS `1 `1 + `2 MSE SSIM LPIPS

ConvLSTM -
3 5 5 3 5 3

37.19 0.791 184.2 11.48M
Conv-TT-LSTM FW 31.46 0.819 112.5 5.65M

ConvLSTM -
5 3 3 5 5 3

33.96 0.805 184.4 3.97M
Conv-TT-LSTM FW 30.27 0.827 118.2 2.65M

ConvLSTM -
5 3 5 3 3 5

36.95 0.802 135.1 3.97M
Conv-TT-LSTM FW 34.84 0.807 128.4 2.65M

ConvLSTM -
5 3 5 3 5 3

33.08 0.806 140.1 3.97M
Conv-TT-LSTM FW 28.88 0.831 104.1 2.65M

Conv-TT-LSTM SW 5 3 5 3 5 3 25.81 0.840 90.38 2.69M

Table 4.7: Evaluation of ConvLSTM and our Conv-TT-LSTM under ablated
settings. In this table, FW stands for fixed window approach, SW stands for sliding
window approach; For learning scheduling, TF denotes teaching forcing and SS denotes
scheduled sampling. The experiments show that (1) our Conv-TT-LSTM is able to improve
upon ConvLSTM under all settings; (2) Our current learning approach is optimal in the
search space; (3) The sliding window approach outperforms the fixed window one under
the optimal experimental setting.

learning schedule used. Specifically, we perform three ablation studies on our experimental

setting, by (1) Reducing the number of layers from 12 layers to 4 layers (same as [78]

and [80]); (2) Changing the loss function from L1 + L2 to L1 only; and (3) Disabling

the scheduled sampling and use teacher forcing during training process. We compare the

performance of our proposed Conv-TT-LSTM against the ConvLSTM baseline in these

ablated settings, Table 4.7. The results show that our proposed Conv-TT-LSTM consis-

tently outperforms ConvLSTM in all settings, i.e., the Conv-TT-LSTM model improves

upon ConvLSTM in a broad range of setups, which is not limited to the specific setting

we adopt in this chapter. These ablation studies further show that our configuration is

optimal for predictive learning in Moving-MNIST-2 dataset.
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4.8 Conclusion

In this chapter, we proposed a fully-convolutional higher-order LSTM model for

spatio-temporal data. To make the approach computationally and memory feasible, we pro-

posed a novel convolutional tensor-train decomposition that jointly parameterizes the con-

volutions and naturally encodes temporal dependencies. The result is a compact model that

outperforms prior work on video prediction, including something-something V2, moving-

MNIST-2, and KTH action datasets.
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Chapter 5: Efficient Learning of Bayesian Quantized Networks

5.1 Overview

A Bayesian approach to deep learning considers the network’s parameters as random

variables and seeks to infer their posterior distribution given the training data. Models

trained this way, called Bayesian neural networks (BNNs) [113], in principle have well-

calibrated uncertainties when they make predictions, which is essential in scenarios such as

active learning and reinforcement learning [114]. Furthermore, the posterior distribution

over the model parameters provides valuable information to compress a neural network.

There are three main challenges in using BNNs: (1) Intractable posterior: Com-

puting and storing the exact posterior distribution over the network weights is intractable

due to the complexity and high-dimensionality of deep networks. (2) Prediction: Per-

forming a forward pass (a.k.a. as probabilistic propagation) in a BNN to compute a pre-

diction for input cannot be performed exactly since the distribution of hidden activations

at each layer is intractable to compute. (3) Learning: The classic evidence lower bound

(ELBO) learning objective for training BNNs is not amenable to backpropagation as the

ELBO is not an explicit function of the output of probabilistic propagation.

These challenges are typically addressed either by making simplifying assumptions

about the distributions of the parameters and activations, or by using sampling-based
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approaches, which are expensive and unreliable (likely to overestimate the uncertainties

in predictions). Our goal is to propose a sampling-free method which uses probabilistic

propagation to learn BNNs deterministically.

A seemingly unrelated area of deep learning research is that of quantized neural net-

works (QNNs), which offer advantages of computational and memory efficiency compared

to continuous-valued models. QNNs, like BNNs, face challenges in training, though for

different reasons: (4.1) The non-differentiable activation function is not amenable to back-

propagation. (4.2) Gradient updates cease to be meaningful since the model parameters

in QNNs are coarsely quantized.

In this work, we combine the ideas of BNNs and QNNs in a novel way that ad-

dresses the challenges mentioned above (1)(2)(3)(4) in training both models. We propose

Bayesian quantized networks (BQNs), models that (like QNNs) have quantized parame-

ters and activations over which they learn (like BNNs) categorical posterior distributions.

BQNs have several appealing properties:

• BQNs solve challenge (1) by using categorical distributions for their parameters.

• BQNs can be trained via sampling-free backpropagation and stochastic gradient as-

cent of a differentiable ELBO, which addresses challenges (2), (3), and (4).

• BQNs leverage efficient tensor operations for probabilistic propagation, further ad-

dressing challenge (2). We show the equivalence between probabilistic propagation in

BQNs and tensor contractions [33], and introduce a rank-1 CP tensor decomposition

(mean-field approximation) that speeds up the forward pass in BQNs.

• BQNs provide a tunable trade-off between computational resource and model com-
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plexity: using a fine quantization allows for more complex distribution at the cost of

more computation.

• Sampling from BQNs provides an alternative way to obtain deterministic QNNs.

In our experiments, we demonstrate the expressive power of BQNs. We show that

BQNs trained using our sampling-free method have much better-calibrated uncertainty

compared with the state-of-the-art Bootstrap ensemble of quantized neural networks (E-

QNN) trained by [115]. More impressively, our trained BQNs achieve comparable log-

likelihood against Gaussian Bayesian neural network (BNN) trained with stochastic gradi-

ent variational Bayes (SGVB) [116] (the performance of Gaussian BNNs are expected to be

better than BQNs since they allow for continuous random variables). We further verify that

BQNs can be easily used to compress (Bayesian) neural networks and obtain deterministic

QNNs. Finally, we evaluate the effect of mean-field approximation in BQNs by compar-

ing with its Monte-Carlo realizations, where no approximation is used. We show that

our sampling-free probabilistic propagation achieves similar accuracy and log-likelihood —

justifying the use of mean-field approximation in BQNs.

Contributions. In summary, we make the following contributions:

1. We propose an alternative evidence lower bound (ELBO) for Bayesian neural networks

such that optimization of the variational objective is compatible with the backprop-

agation algorithm.

2. We introduce Bayesian quantized networks (BQNs), establish a duality between

BQNs and hierarchical tensor networks, and show prediction a BQN is equivalent
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to a series of tensor contractions.

3. We derive a sampling-free approach for both learning and inference in BQNs using

probabilistic propagation (analytical inference), achieving better-calibrated uncer-

tainty for the learned models.

4. We develop a set of fast algorithms for efficient learning and prediction for BQNs.

5.2 Bayesian Neural Networks

Notation. We use bold letters such as θ to denote random variables, and non-bold letters

such as θ to denote their realizations. We abbreviate Pr[θ = θ] as Pr[θ] and use bold letters

in an equation if the equality holds for arbitrary realizations. For example, Pr[x,y] =

Pr[y|x] Pr[x] means Pr[x = x,y = y] = Pr[y = y|x = x] Pr[x = x],∀x ∈ X , y ∈ Y .

Problem setting. Given a dataset D = {(xn, yn)}Nn=1 of N data points, we aim to learn

a neural network with model parameters θ that predict the output y ∈ Y based on the

input x ∈ X . (1) We first solve the learning problem to find an approximate posterior

distribution Q(θ;φ) over θ with parameters φ such that Q(θ;φ) ≈ Pr[θ|D]. (2) We

then solve the prediction problem to compute the predictive distribution Pr[y|x,D] for

arbitrary input x = x givenQ(θ;φ). For notational simplicity, we will omit the conditioning

on D and write Pr[y|x,D] as Pr[y|x] in what follows.

To address the prediction and learning problems in BNNs, we analyze these models

in their general form of probabilistic graphical models. Let h(l), θ(l) and h(l+1) denote the

inputs, model parameters, and (hidden) outputs of the l-th layer respectively. We assume
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that (1) θ(l)’s are layer-wise independent, i.e., Q(θ;φ) =
∏L−1

l=0 Q(θ(l);φ(l)), and h(l) follow

the Markovian property, i.e., Pr[h(l+1)|h( : l),θ( : l)] = Pr[h(l+1)|h(l),θ(l)].

5.2.1 The Prediction Problem in BNNs

Computing the predictive distribution Pr[y|x,D] in a BNN requires marginalizing

over the random variable θ. The hierarchical structure of BNNs allows this marginalization

to be computed in multiple steps sequentially. The predictive distribution Pr[h(l+1)|x] can

be obtained from its preceding layer Pr[h(l)|x]:

Pr[h(l+1)|x]︸ ︷︷ ︸
P (h(l+1);ψ(l+1))

=

∫
h(l),θ(l)

Pr[h(l+1)|h(l), θ(l)] Q(θ(l);φ(l)) Pr[h(l)|x]︸ ︷︷ ︸
P (h(l);ψ(l))

.dh(l)dθ(l) (5.1)

This iterative process to compute the predictive distributions layer-by-layer sequentially is

known as probabilistic propagation [117, 118, 119]. With this approach, we need to explicitly

compute and store each intermediate result Pr[h(l)|x] in its parameterized form P (h(l);ψ(l))

(the conditioning on x is hidden in ψ(l), i.e., ψ(l) is a function of x). Therefore, probabilistic

propagation is a deterministic process that computes ψ(l+1) as a function of ψ(l) and φ(l),

denoted as ψ(l+1) = g(l)(ψ(l), φ(l)).

Challenge in probabilistic propagation. If the hidden variables h(l)’s are continuous,

Equation (5.1) generally can not be evaluated in closed form as it is difficult to find a family

of parameterized distributions P for h(l) such that h(l+1) remains in P under the operations

of a neural network layer. Therefore most existing methods consider approximations at

each layer of probabilistic propagation. In Section 5.2.1, we will show that this issue can be
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(partly) addressed if we consider the h(l)’s to be discrete random variables, as in a BQN.

5.2.2 The Learning Problem in BNNs

Objective function. A standard approach to finding a good approximation Q(θ;φ) is

variational inference, which finds φ? such that the KL-divergence from Q(θ;φ) to Pr[θ|D]

is minimized i.e., φ? = arg minφ KL(Q(θ;φ)||Pr[θ|D]). It is equivalent to maximize the

negative KL-divergence, generally known as the evidence lower bound (ELBO) L(φ):

max
φ
L(φ) = −KL(Q(θ;φ)||Pr[θ|D]) =

N∑
n=1

Ln(φ) +R(φ),

where Ln(φ) = EQ [log Pr[yn|xn,θ]] , and R(φ) = EQ [log (Pr[θ])] +H(Q).

(5.2)

Sampling-free probabilistic backpropagation. Optimization in neural networks heav-

ily relies on the gradient-based methods, where the partial derivatives ∂L(φ)/∂φ of the

objective L(φ) w.r.t. the parameters φ are obtained by backpropagation. Formally, if the

output produced by a neural network is given by a (sub-)differentiable function g(φ), and

the objective L(g(φ)) is an explicit function of g(φ) (and not just an explicit function of

φ), then the partial derivatives can be computed by chain rule:

∂L(g(φ))

∂φ
=
∂L(g(φ))

∂g(φ)
· ∂g(φ)

∂φ
. (5.3)

The learning problem can then be (approximately) solved by first-order methods, typically

stochastic gradient descent/ascent. Notice that (1) For classification, the function g(φ)

returns the probabilities after the softmax function, not the categorical label; (2) An
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additional regularizer R(φ) on the parameters will not cause difficulty in backpropagation,

given ∂R(φ)/∂φ is easily computed.

Challenge in sampling-free probabilistic backpropagation. Learning BNNs is not

amenable to standard backpropagation because the ELBO objective function L(φ) in Equa-

tion (5.4b) is not an explicit function of the predictive distribution g(φ) in Equation (5.4a)

(i.e., L(φ) can not be easily written as L(g(φ))).

gn(φ) = EQ [Pr[yn|xn,θ]] =

∫
θ

Pr[yn|xn, θ]Q(θ;φ)dθ, (5.4a)

Ln(φ) = EQ [log(Pr[yn|xn,θ])] =

∫
θ

log (Pr[yn|xn, θ])Q(θ;φ)dθ. (5.4b)

Although Ln(φ) is a function of φ, it is not an explicit function of gn(φ). Consequently, the

chain rule in Equation (5.3) on which backpropagation is based is not directly applicable.

5.2.3 Learning in BNNs: An Alternative ELBO

Alternative evidence lower bound. We make learning in BNNs amenable to back-

propagation by developing a lower bound Ln(φ) ≤ Ln(φ) such that ∂Ln(φ)/∂φ can be

obtained by chain rule (i.e., Ln(φ) is an explicit function of the results from the forward

pass.) With Ln(φ) in hand, we can (approximately) find φ? by maximizing the alternative

objective via gradient-based method:

φ? = arg max
φ
L(φ) = arg max

φ

(
R(φ) +

N∑
n=1

Ln(φ)

)
. (5.5)
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Theorem 5.1 provides one such feasible Ln(φ) which only depends on second last output

h(L−1).

Theorem 5.1 (Alternative evidence lower bound). Define each term Ln(φ) of L(φ)

in Equation (5.5) as

Ln(φ) := Eh(L−1)∼P ; θ(L−1)∼Q
[
log
(
Pr[yn|h(L−1),θ(L−1)]

)]
, (5.6)

then Ln(φ) is a lower bound of Ln(φ), i.e., Ln(φ) ≤ Ln(φ). The equality Ln(φ) = Ln(φ)

holds if h(L−1) is deterministic given input x and all parameters before the last layer θ( :L−2).

Analytic form of Ln(φ). While the lower bound in Theorem 5.1 applies to BNNs with

arbitrary distributions P on hidden variables h, Q on model parameters θ, and any problem

setting (e.g., classification or regression), in practice sampling-free probabilistic backprop-

agation requires that Ln(φ) can be analytically evaluated (or further lower bounded) in

terms of φ(L−1) and θ(L−1). This task is nontrivial since it requires redesign of the output

layer, i.e., the function of Pr[y|h(L−1),θ(L−1)]. For ease of exposition, we only present the

classification case in this section — the regression case can be found in [120]. Since Ln(φ)

involves the last layer only, we omit the superscripts/subscripts of h(L−1), ψ(L−1), φ(L−1),

xn, yn, and denote them as h, ψ, φ, x, y for simplicity.

Theorem 5.2 (Analytic form of Ln(φ) for classification). Let h ∈ RK (with K the

number of classes) be the pre-activations of a softmax layer (a.k.a. logits), and φ = s ∈ R+
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be a scaling factor that adjusts its scale such that

Pr[y = c|h, s] = exp(hc/s)/
K∑
k=1

exp(hk/s) (5.7)

Suppose the logits {hk}Kk=1 are pairwise independent (which holds under mean-field approxi-

mation) and hk follows a Gaussian distribution hk ∼ N (µk, νk) (therefore ψ = {µk, νk}Kk=1)

and s is a deterministic parameter. Then Ln(φ) is further lower bounded as

Ln(φ) ≥ µc
s
− log

(
K∑
k=1

exp
(µk
s

+
νk
2s2

))
. (5.8)

The proof of Theorem 5.2 and its regression counterpart can be found in [120].

5.2.4 Prediction in BNNs: A Tensor Approach

While Section 5.2.3 provides a general solution to learning in BNNs, the solution

relies on the ability to perform probabilistic propagation efficiently. To address this, we

introduce Bayesian quantized networks (BQNs) — BNNs where both hidden units h(l)’s

and model parameters θ(l)’s take discrete values — along with a set of novel algorithms for

efficient sampling-free probabilistic propagation.

Probabilistic propagation as tensor contractions. For simplicity, we assume acti-

vations and model parameters take values from the same set Q, and denote the degree of

quantization as D = |Q|, (e.g. Q = {−1, 1}, D = 2).

Lemma 5.3 (Probabilistic propagation in BQNs). After quantization, each step of
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probabilistic propagation in Equation (5.1) becomes a finite sum instead of an integral:

P (h(l+1);ψ(l+1)) =
∑

h(l),θ(l)
Pr[h(l+1)|h(l), θ(l)] Q(θ(l);φ(l)) P (h(l);ψ(l)), (5.9)

and a categorically distributed h(l) results in h(l+1) being categorical as well. The equation

holds without any assumption on the operation Pr[h(l+1)|h(l), θ(l)] in the neural network.

Note that all distributions in Equation (5.9) are represented in high-order tensors:

Suppose there are I input units, J output units, and K model parameters at the l-th layer,

then h(l) ∈ QI , θ(l) ∈ QK , and h(l+1) ∈ QJ , and their distributions are characterized by

P (h(l);ψ(l)) ∈ RDI
, Q(θ(l);φ(l)) ∈ RDK

, P (h(l+1);ψ(l+1)) ∈ RDJ
, and Pr[h(l+1)|h(l),θ(l)]

∈ RDJ×DI×DK
respectively. Therefore, each step in probabilistic propagation is a tensor

contraction of three tensors, which establishes the duality between BQNs and hierarchical

tensor networks [121].

Since tensor contractions are differentiable w.r.t. all inputs, BQNs thus circumvent

the difficulties in training QNNs [122, 123], whose outputs are not differentiable w.r.t. the

discrete parameters. This result is not surprising: if we consider learning in QNNs as

an integer programming (IP) problem, solving its Bayesian counterpart is equivalent to

relaxing the problem into a continuous optimization problem [124].

Complexity of exact propagation. The computational complexity to evaluate Equa-

tion (5.9) exactly is exponential in the number of random variables O(DIJK), which is

intractable for quantized neural network of any reasonable size. We thus seek approxima-

tions to Equation (5.9).
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Approximate propagation via tensor decomposition. We propose a principled ap-

proximation to reduce the computational complexity in probabilistic propagation in BQNs

using tensor CP decomposition, which factors an intractable high-order probability tensor

into tractable lower-order factors [24]. In this chapter, we consider the simplest rank-1

tensor CP decomposition, where the joint distributions of P and Q are fully factorized

into products of their marginal distributions, thus equivalent to the mean-field approxima-

tion [125]. With rank-1 CP decomposition on P (h(l);ψ(l)),∀l ∈ [L], the tensor contraction

in (5.9) reduces to a standard Tucker contraction [33]:

P (h
(l+1)
j ;ψ

(l+1)
j ) ≈

∑
h(l),θ(l)

Pr[h
(l+1)
j |θ(l), h(l)]

∏
k

Q(θ
(l)
k ;φ

(l)
k )

∏
i

P (h
(l)
i ;ψ

(l)
i ), (5.10)

where each ψ
(l)
i or φ

(l)
k parameterizes a single categorical variable. In our implementation, we

store the parameters in their log-space, i.e., Q(θ
(l)
k = Q(d)) = exp(ψ

(l)
k (d))/

∑D
q=1 exp(φ

(l)
k (q)).

Fan-in number and the complexity of approximate propagation. In a practical

model, for the l-th layer, an output unit h
(l+1)
j only (conditionally) depends on a subset of

all input units {h(l)
i } and model parameters {θ(h)

k } according to the connectivity pattern in

the layer. We denote the set of dependent input units and parameters for h
(l+1)
j as I(l+1)

j

and M(l+1)
j , and define the fan-in number E for the layer as maxj

∣∣∣I(l+1)
j

∣∣∣+
∣∣∣M(l+1)

j

∣∣∣. The

approximate propagation reduces the computational complexity from O(DIJK) to O(JDE),

which is linear in the number of output units J if we assume the fan-in number E to be a

constant (i.e. E is not proportional to I).

100



Fast algorithms for approximate propagation. Different types of network layers

have different fan-in numbers E, and for those layers with E greater than a small constant,

Equation (5.10) is inefficient since the complexity grows exponential in E. Therefore, we

devise fast(er) algorithms to further lower the complexity.

• Small fan-in layers: direct tensor contraction. If E is small, we implement

the approximate propagation through tensor contraction in Equation (5.10). The

computational complexity is O(JDE) as discussed previously.

• Medium fan-in layers: discrete Fourier transform. If E is medium, we imple-

ment approximate propagation through fast Fourier transform since summation of

discrete random variables is equivalent to convolution between their probability mass

function. With the fast Fourier transform, the computational complexity is reduced

to O(JE2D log(ED)).

• Large fan-in layers: Lyapunov central limit theorem. In a typical linear layer,

the fan-in E is large, and a super-quadratic algorithm using fast Fourier transform is

still computational expensive. Therefore, we adopt a faster algorithm based on the

Lyapunov central limit theorem. With CLT, the computational complexity is further

reduced to O(JED).

Remarks: Depending on the fan-in numbers E, we adopt CLT for linear layers with suf-

ficiently large E such as fully connected layers and convolutional layers; DFT for those

with medium E such as average pooling layers and depth-wise layers; and direct tensor

contraction for those with small E such as shortcut layers and nonlinear layers.
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5.3 Related Works and Discussions

Probabilistic neural networks and Bayesian neural networks These models con-

sider weights to be random variables and aim to learn their distributions. To further

distinguish two families of such models, we call a model Bayesian neural network if the dis-

tributions are learned using a prior-posterior framework (i.e., via Bayesian inference) [116,

117, 118, 119, 126, 127], and otherwise probabilistic neural network [128, 129, 130]. In partic-

ular, our work is closely related to natural-parameters networks (NPN) [128], which consider

both weights and activations to be random variables from exponential family. Since cate-

gorical distribution (over quantized values) belongs to the exponential family, our BQN can

be interpreted as categorical NPN, but we learn the distributions via Bayesian inference.

For Bayesian neural networks, various types of approaches have been proposed to

learn the posterior distribution over model parameters:

(1) Sampling-free assumed density filtering (ADF), including EBP [117] and PBP [118],

is an online algorithm that (approximately) updates the posterior distribution by Bayes’

rule for each observation. If the model parameters θ are Gaussian distributed, [131] shows

that the Bayes’ rule can be computed in analytic form based on ∂ log(gn(φ))/∂φ, and

EBP [117] derives a similar rule for Bernoulli parameters in binary classification. Notice

that ADF is compatible to backpropagation:

∂log(gn(φ))

∂φ
=

1

gn(φ)
· ∂gn(φ)

∂φ
, (5.11)

assuming gn(φ) can be (approximately) computed by sampling-free probabilistic propaga-
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tion as in Section 5.2.1. However, this approach has two significant limitations: (a) the

Bayes’ rule needed to be derived case by case, and analytic rules for most common scenar-

ios are not known yet. (b) it is not compatible with modern optimization methods (such

as SGD or Adam) as the optimization is solved analytically for each data point, therefore

challenging to cope with large-scale models.

(2) Sampling-based variational inference (SVI), formulates an optimization prob-

lem and solves it approximately via stochastic gradient descent (SGD). The most popular

method among all is, Stochastic Gradient Variational Bayes (SGVB), which approximates

Ln(φ) by the average of multiple samples [116, 126, 127]. Before each step of learning or

prediction, a number of independent samples of the model parameters {θs}Ss=1 are drawn

according to the current estimate of Q, i.e. θs ∼ Q, by which the predictive function gn(φ)

and the loss Ln(φ) can be approximated by

gn(φ) ≈ 1

S

S∑
s=1

Pr[yn|xn, θs] =
1

S

S∑
s=1

fn(θs), (5.12a)

Ln(φ) ≈ 1

S

S∑
s=1

log (Pr[yn|xn, θs]) =
1

S

S∑
s=1

log (fn(θs)) , (5.12b)

where fn(θ) = Pr[yn|xn, θ] denotes the predictive function given a specific realization θ of

the model parameters. The gradients of Ln(φ) can now be approximated as

∂Ln(φ)

∂φ
≈ 1

S

S∑
s=1

∂Ln(φ)

∂fn(θs)
· ∂fn(θs)

∂θs
· ∂θs
∂φ

. (5.13)

This approach has multiple drawbacks: (a) Repeated sampling suffers from high variance,

besides being computationally expensive in both learning and prediction phases; (b) While
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gn(φ) is differentiable w.r.t. φ, fn(θ) may not be differentiable w.r.t. θ. One such example

is quantized neural networks, whose backpropagation is approximated by straight through

estimator [132]. (3) The partial derivatives ∂θs/∂φ are difficult to compute with complicated

reparameterization tricks [133, 134].

(3) Deterministic variational inference (DVI) Our approach is most similar to [135],

which observes that if Pr[h(l+1)|h(l),θ(l)] is a Dirac function, i.e., the underlying model is

deterministic,

Ln(φ) := Eh(L−1)∼P ; θ(L−1)∼Q
[
log
(
Pr[yn|h(L−1),θ(L−1)]

)]
. (5.14)

Our approach considers a wider scope of problem settings, where the model could be

stochastic, i.e. Pr[h(l+1)|h(l),θ(l)] is an arbitrary function. Furthermore, [135] considers

the case that all parameters θ are Gaussian distributed, whose sampling-free probabilistic

propagation requires complicated approximation [129].

Quantized neural networks. These models can be categorized into two classes: (1)

Partially quantized networks, where only weights are discretized [42, 136]; (2) Fully quan-

tized networks, where both weights and hidden units are quantized [122, 123, 137, 138, 139].

While both classes provide compact size, low-precision neural network models, fully quan-

tized networks further enjoy fast computation provided by specialized bit-wise operations.

In general, quantized neural networks are difficult to train due to their non-differentiability.

Gradient descent by backpropagation is approximated by either straight-through estima-

tors [132] or probabilistic methods [140, 141, 142]. Unlike these papers, we focus on Bayesian
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learning of fully quantized networks in this chapter. Optimization of quantized neural net-

works typically requires a dedicated loss function, learning scheduling and initialization. For

example, [142] considers pre-training of a continuous-valued neural network as the initial-

ization. Since our approach considers learning from scratch (with a uniform initialization),

the performance could be inferior to prior works in terms of absolute accuracy.

Tensor networks and tensorial neural networks Tensor networks (TNs) are widely

used in numerical analysis [24], quantum physiscs [23], and recently machine learning [25,

26] to model interactions among multi-dimensional random objects. Various tensorial neu-

ral networks (TNNs) [50, 143] have been proposed that reduce the size of neural networks by

replacing the linear layers with TNs. Recently, [121] points out the duality between proba-

bilistic graphical models (PGMs) and TNs, i.e., there exists a bijection between PGMs and

TNs. We advance this line of thinking by connecting hierarchical Bayesian models (e.g.

Bayesian neural networks) and hierarchical TNs.

5.4 Experimental Results

5.4.1 Experimental Setup

In this section, we demonstrate the effectiveness of BQNs on the MNIST, Fashion-

MNIST, KMNIST and CIFAR10 classification datasets. We evaluate our BQNs with both

multi-layer perceptron (MLP) and convolutional neural network (CNN) models. In training,

each image is augmented by a random shift within 2 pixels (with an additional random

flipping for CIFAR10), and no augmentation is used in test. In the experiments, we consider
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a class of quantized neural networks, with both binary weights and activations (i.e., Q =

{−1, 1}) with sign activations σ(·) = sign(·). For BQNs, the distribution parameters φ are

initialized by Xavier’s uniform initializer, and all models are trained by Adam optimizer [8]

for 100 epochs (and 300 epochs for CIFAR10) with batch size 100 and initial learning rate

10−2, which decays by 0.98 per epoch.

Training objective of BQNs. To allow for customized level of uncertainty in the learned

Bayesian models, we introduce a regularization coefficient λ in the alternative ELBO pro-

posed in Equation (5.5) (i.e., a lower bound of the likelihood), and train the BQNs by

maximizing the following objective:

L(φ) =
N∑
n=1

Ln(φ) + λR(φ) = λ

(
1/λ

N∑
n=1

Ln(φ) +R(φ)

)
(5.15)

where λ controls the uncertainty level — the importance of the prior over the training set.

Baselines. (1) We compare our BQN against the baseline – Bootstrap ensemble of quan-

tized neural networks (E-QNN). Each member in the ensemble is trained in a non-Bayesian

way [115], and jointly make the prediction by averaging over the logits from all members.

Note that [115] is chosen over other QNN training methods as the baseline since it trains

QNN from random initialization, thus a fair comparison to our approach. (2) To ex-

hibit the effectiveness of our BQN, we further compare against continuous-valued Bayesian

neural network (abbreviated as BNN) with Gaussian parameters. The model is trained

with stochastic gradient variational Bayes (SGVB) augmented by local re-parameterization

trick [116]. Since the BNN allows for continuous parameters (different from BQN with
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quantized parameters), the predictive error is expected to be lower than BQN.

Evaluation of BQNs. While 0-1 test error is a popular metric to measure the predictive

performance, it is too coarse a metric to assess the uncertainty in decision making (for

example, it does not account for how badly the wrong predictions are). Therefore, we

mainly use the negative log-likelihood (NLL) to measure the predictive performance in the

experiments. Once a BQN is trained (i.e., an approximate posterior Q(θ) is learned), we

consider three modes to evaluate the behavior of the model: (1) analytic inference (AI),

(2) Monte Carlo (MC) sampling and (3) Maximum a Posterior (MAP) estimation:

1. In analytic inference (AI, i.e., our proposed method), we analytically integrate over

Q(θ) to obtain the predictive distribution as in the training phase. Notice that the

exact NLL is not accessible with probabilistic propagation (which is why we propose

an alternative ELBO in Equation (5.5)), we report an upper bound of the NLL.

2. In MC sampling, we draw S sets of model parameters independently from the pos-

terior posterior θs ∼ Q(θ), ∀s ∈ [S], and the forward propagation is performed as in

(non-Bayesian) quantized neural network for each set θs, followed by an average over

the model outputs. The difference between analytic inference and MC sampling will

be used to evaluate (a) the effect of mean-field approximation and (b) the tightness

of the our proposed alternative ELBO.

3. MAP estimation is similar to MC sampling, except that there is only one set of model

parameters θ? = arg maxθQ(θ). We exhibit our model’s ability to compress a BNN

by comparing MAP estimation of our BQN with non-Bayesian QNN.
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5.4.2 Analysis of Empirical Results

Methods
MNIST KMNIST

NLL (10−3) % Err. NLL (10−3) % Err.
E-QNN on MLP 546.6±157.9 3.30 ±0.65 2385.6±432.3 17.88±1.86
BQN on MLP 130.0±3.5 2.49±0.08 457.7±13.8 13.41±0.12
E-QNN on CNN 425.3±61.8 0.85±0.13 3755.7±465.1 11.49±1.16
BQN on CNN 41.8±1.6 0.85±0.06 295.5±1.4 9.95±0.15

Methods
Fashion-MNIST CIFAR10

NLL (10−3) % Err. NLL (10−3) % Err.
E-QNN on MLP 2529.4±276.7 13.02±0.81 N/A N/A
BQN on MLP 417.3±8.1 9.99±0.20 N/A N/A
E-QNN on CNN 1610.7±158.4 3.02±0.37 7989.7 ± 600.2 15.92 ± 0.72
BQN on CNN 209.5±2.8 4.65±0.15 530.6 ± 23.0 13.74 ±0.47

Table 5.1: Comparison of performance of BQNs against the baseline E-QNN.
Each E-QNN is an ensemble of 10 networks trained individually and make predictions
jointly. We report both NLL (which accounts for prediction uncertainty) and 0-1 test error
(which doesn’t account for prediction uncertainty). All the numbers average over 10 runs
with different seeds; the standard deviation is exhibited following the ± sign.

Expressive power and uncertainty calibration in BQNs. We report the perfor-

mance via all evaluations of our BQN models against the Ensemble-QNN in Table 5.1.

(1) Compared to E-QNNs, our BQNs have significantly lower NLL and smaller predic-

tive error (except for Fashion-MNIST with architecture CNN). (2) As we can observe in

Figure 5.1, BQNs impressively achieve comparable NLL to continuous-valued BNN, with

slightly higher test error. As our model parameters only take values {−1, 1}, small degra-

dation in predictive accuracy is expected.

Evaluations of mean-field approximation and tightness of the alternative ELBO.

If analytic inference (by probabilistic propagation) were computed exactly, the evaluation

metrics would have been equal to the ones with MC sampling (with infinite samples). There-
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Figure 5.1: Comparison of the predictive performance of our BQNs against the
E-QNN as well as the non-quantized BNN trained by SGVB on a CNN. Negative log-
likelihood (NLL) which accounts for uncertainty and 0-1 test error which doesn’t account
for uncertainty are displayed.
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Figure 5.2: Illustration of mean-field approximation and tightness of alternative
ELBO on CNNs. The performance gap between our analytical inference and the Monte
Carlo Sampling is displayed.
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fore we can evaluate the approximations in probabilistic propagation, namely mean-field

approximation in Equation (5.10) and relaxation of the original ELBO in Equation (5.5), by

measuring the gap between analytic inference and MC sampling. As shown in Figure 5.2,

such gaps are small for all scenarios, which justifies the approximations we use in BQNs.

To further decouple these two factors of mean-field approximation and relaxation of

the original ELBO, we vary the regularization coefficient λ in the learning objective. (1) For

λ = 0 (where the prior term is removed), the models are forced to become deterministic

during training. Since the deterministic models do not have mean-field approximation

in the forward pass, the gap between analytic inference and MC-sampling reflects the

tightness of our alternative ELBO. (2) As λ increases, the gaps increases slightly as well,

which shows that the mean-field approximation becomes slightly less accurate with higher

learned uncertainty in the model.

Methods
MNIST KMNIST Fashion-MNIST

NLL(10−3) % Err. NLL(10−3) % Err. NLL(10−3) % Err.
QNN-MLP 522.4±42.2 4.14±0.25 2019.1±281.2 19.56±1.97 2427.1±193.5 15.67±1.19
BQN-MLP 137.60±4.40 3.69±0.09 464.60±12.80 14.79±0.21 461.30±13.40 12.89±0.17
QNN-CNN 497.4±139.5 1.08±0.2 4734.5±1697.2 14.2±2.29 1878.3±223.8 3.88±0.33
BQN-CNN 30.3±1.6 0.92±0.07 293.6±4.4 10.82±0.37 179.1±4.4 5.00±0.11

Table 5.2: Deterministic model compression through direct training of QNN [115] v.s.
MAP estimation in our proposed BQN. All the numbers are averages over 10 runs with
different seeds, the standard deviation is exhibited following the ± sign.

Compression of neural networks via BQNs. One advantage of BQNs over continuous-

valued BNNs is that we can obtain deterministic QNNs for free, since a BQN can be inter-

preted as an ensemble of infinite QNNs (each is a realization of the posterior distribution).

(1) One simple approach is to set the model parameters to their MAP estimates, which

compresses a given BQN to 1/64 of its original size (and has the same number of bits as a
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Methods
MNIST KMNIST Fashion-MNIST

NLL(10−3) % Err. NLL(10−3) % Err. NLL(10−3) % Err.
E-QNN-MLP 546.60±157.90 3.30 ±0.65 2385.60±432.30 17.88±1.86 2529.40±276.70 13.02±0.81
BQN-MLP 108.9±2.6 2.73±0.09 429.50±11.60 13.83±0.12 385.30±5.10 10.81±0.44
E-QNN-CNN 425.3±61.80 0.85±0.13 3755.70±465.10 11.49±1.16 1610.70±158.40 3.02±0.37
BQN-CNN 29.2±0.6 0.87±0.04 286.3±2.7 10.56±0.14 174.5±3.6 4.82±0.13

Table 5.3: Bayesian model compression through direct training of E-QNN v.s. a
Monte-Carlo sampling on our proposed BQN. Each ensemble consists of 5 quantized
neural networks, and for fair comparison we use 5 samples for Monte-Carlo evaluation.
All the numbers are averages over 10 runs with different seeds, the standard deviation are
exhibited following the ± sign.

single QNN). (2) MC sampling can be interpreted as another approach to compress a BQN,

which reduces the original size to its S/64 (as an ensemble of S QNNs). In Table 5.2 and

Table 5.3, we compare the models by both approaches to their counterparts (a single QNN

for MAP, and E-QNN for MC sampling) trained from scratch as in [115]. Our compressed

models outperform their counterparts (in NLL) for both approaches. We attribute this to

two factors: (a) QNNs are not trained in a Bayesian way; therefore the uncertainty is not

well calibrated; and (b) Non-differentiable QNNs are unstable to train. Our compression

approaches via BQNs simultaneously solve both problems.

5.5 Conclusion

We present a sampling-free, backpropagation-compatible, variational approach for learn-

ing Bayesian quantized neural networks (BQNs). We develop a suite of algorithms for

efficient inference in BQNs such that our approach scales to large models. We evaluate our

BQNs by Monte-Carlo sampling, which proves that our approach can learn a proper poste-

rior distribution on QNNs. Furthermore, we show that our approach can learn (ensemble)

QNNs by taking maximum a posterior (or sampling from) the posterior distribution.
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Chapter 6: ARMA Nets: Economical Expansion of Receptive Fields

6.1 Overview

Convolutional layers in neural networks have many successful applications for ma-

chine learning tasks. Each output neuron encodes an input region of the network measured

by the effective receptive field (ERF) [144]. A large ERF that allows for sufficient global in-

formation is needed to make accurate predictions; however, a simple stack of convolutional

layers does not effectively expand ERF. Convolutional neural networks (CNNs) typically

encode global information by adding downsampling (pooling) layers, which coarsely ag-

gregate global information. Subsequently, a fully-connected classification layer reduces the

entire feature map to an output label. Downsampling and fully-connected layers are suit-

able for image classification tasks where only a single prediction is needed. But they are less

effective, due to potential loss of information, in dense prediction tasks such as semantic

segmentation and video prediction, where each pixel requests a prediction. Therefore, it is

crucial to introduce mechanisms that enlarge ERF without too much information loss.

Naive approaches to expanding ERF, such as deepening the network or enlarging the

filter size, drastically increase the model complexity, which results in expensive computa-

tion, difficulty in optimization, and susceptibility to overfitting. Advanced architectures

have been proposed to expand ERF, including encoder-decoder networks [145], dilated
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convolutional networks [146, 147], and non-local networks [148]. However, encoder-decoder

networks could lose high-frequency information due to the downsampling layers. Dilated

convolutional networks could suffer from the gridding effect while the ERF expansion is

limited, and non-local networks are expensive in training and inference.

We introduce a novel autoregressive-moving-average (ARMA) layer that enables adap-

tive receptive field by explicit interconnections among its output neurons. Our ARMA layer

realizes these interconnections via extra convolutions on output neurons, on top of the con-

volutions on input neurons as in a traditional convolutional layer. We provably show that

an ARMA network can have arbitrarily large ERF, thus capturing global information, with

minimal extra parameters at each layer. Consequently, an ARMA network can flexibly en-

large its ERF to leverage global knowledge without reducing spatial resolution. Moreover,

the ARMA networks are independent of the architectures above, including encoder-decoder

networks, dilated convolutional networks, and non-local networks.

A significant challenge in ARMA networks lies in the complex computations needed

in both forward and backward propagations — simple convolution operations are not appli-

cable since the output neurons are influenced by their neighbors and thus interrelated. An-

other challenge in ARMA networks is instability — the additional interconnections among

the output neurons could recursively amplify the outputs and lead them to infinity. We

address both challenges in this chapter.

Contributions. In summary, our contributions include:

1. We introduce a novel ARMA layer that is a plug-and-play module substituting con-

volution layers in neural networks to allow flexible tuning of their ERF, adapting to
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the task requirements, and improving performance in dense prediction problems.

2. We recognize and address the problems of computation and instability in ARMA

layers. (1) To reduce computational complexity, we develop FFT-based algorithms

for both forward and backward passes; (2) To guarantee stability, we propose a

separable ARMA layer and a re-parameterization mechanism that ensures that the

layer operates in a stable region.

3. We successfully apply ARMA layers in ConvLSTM network [78] for pixel-level multi-

frame video prediction and U-Net model [145] for medical image segmentation. ARMA

networks substantially outperform the corresponding baselines on both tasks, suggest-

ing that our proposed ARMA layer is a general and useful building block for dense

prediction problems.

6.2 Related Works

Dilated convolution [149] enlarges the receptive field by upsampling the filter coef-

ficients with zeros. Unlike encoder-decoder structure, dilated convolution preserves the

spatial resolution and is thus widely used in dense prediction problems, including semantic

segmentation [146, 150, 151], and objection detection [152, 153]. However, dilated convo-

lution creates gridding artifacts if its input contains higher frequency than the upsampling

rate [147], and the local information inconsistency hampers the performance of dilated

convolutional networks [154]. Such artifacts can be alleviated by additional anti-aliasing

layer [147], group interacting layer [154], or spatial pyramid pooling [155].
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Deformable convolution [156, 157, 158] allows the filter shape (i.e., locations of the

incoming pixels) to be learnable. While the deformable convolution adjusts the filter shape,

our ARMA layer expands the effective filter size adaptively.

Non-local attention network [148] inserts non-local attention blocks between the

convolutional layers. A non-local attention block computes a weighted sum of all input

neurons for each output neuron, similar to attention mechanism [4]. In practice, non-local

attention blocks are computationally expensive, thus they are typically inserted between

the layers with low-resolution features. In contrast, our ARMA layers are economical and

can be used throughout the network.

Encoder-decoder structured network [145, 150] pairs upsampling and downsam-

pling layers to maintain the resolution, and introduces skip-connection between each pair

to preserve the high-frequency information. Since the shortcut bypasses the downsam-

pling/upsampling layers, the network has a small receptive field for high-frequency compo-

nents. A potential solution is to augment upsampling with non-local attention block [159]

or ARMA layer.

Spatial recurrent neural networks [97, 160, 161, 162, 163, 164] are used to expand

the receptive field or learn the affinity between neighboring pixels. However, almost all prior

works consider nonlinear recurrent neural networks, where the gating mechanism prohibits

an efficient parallel algorithm. Quasi-recurrent neural networks [165] partially address the

problem by decoupling the linear operations and parallelizing them using convolutions.

In contrast, our proposed ARMA layer is a linear recurrent neural network, allowing for
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efficient evaluation using FFT.

6.3 ARMA Neural Networks

In this section, we introduce a novel autoregressive-moving-average (ARMA) layer

and analyze its ability to expand Effective Receptive Field (ERF) in neural networks. The

analysis is further verified by visualizing the ERF with varying network depth and strength

of autoregressive coefficients. We then address the problems of computation and stability

in the ARMA layer.

6.3.1 ARMA Layer

A traditional convolutional layer is essentially a moving-average model [166]:

Y:,:,t =
S∑
s=1

W:,:,t,s ∗ X:,:,s, (6.1)

where the moving-average coefficientsW ∈ RKm×Km×T×S, are parameterized by a 4th-order

kernel (Km is the filter size, and S, T are input/output channels), : denotes all elements

from the specified coordinate and ∗ denotes convolution between a channel and a filter.

As motivated in the introduction, we introduce a novel ARMA layer that enables an

adaptive receptive field by introducing explicit interconnections among its output neurons,

as illustrated in Figure 6.1. Our ARMA layer realizes these interconnections by introducing

extra convolutions on the outputs, upon the convolutions on the inputs as in a traditional

convolutional layer. As a result, in an ARMA layer, each output neuron can be affected by

an input pixel faraway through interconnections among the output neurons, thus receives
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(a) Traditional Convolutional Layer. (b) ARMA Layer

Figure 6.1: Diagrams of 1D convolutional layers. In (b), the ARMA layer introduces
interconnections among output neurons explicitly. Thus, each output neuron can receive
information from all input neurons.

global information. Formally, we define an ARMA layer in Definition 6.1.

Definition 6.1 (ARMA layer). An ARMA layer is parameterized by a moving-average

kernel (coefficients) W ∈ RKm×Km×S×T and an autoregressive kernel (coefficients) A ∈

RKa×Ka×T . It receives an input X ∈ RI1×I2×S and returns an output Y ∈ RI′1×I′2×T with an

ARMA model:

A:,:,t ∗ Y:,:,t =
S∑
s=1

W:,:,t,s ∗ X:,:,s. (6.2)

Remarks: (1) The ARMA layer maintains the shift-invariant property, since the output

interconnections are realized by convolutions. (2) The ARMA layer reduces to a traditional

layer if the autoregressive kernel A represents an identical mapping. (3) The ARMA layer

is a plug-and-play module that can replace any convolutional layer, adding K2
aT extra

parameters negligible compared to K2
wST parameters in a traditional convolution layer. (4)

Unlike a traditional layer, computing Equation (6.2) and its backpropagation are nontrivial,

which are studied in Section 6.3.3.

Our ARMA layer is complementary to the methods of dilated convolutional layer,

117



(a) Traditional Convolution Layer. (b) ARMA Layer.

(c) Dilated Convolutional Layer. (d) Dilated ARMA Layer.

Figure 6.2: Diagrams of 2D convolutional layers. In (b), each output neuron receives
its neighbors’ receptive field. In (d), ARMA’s autoregression fills the gaps created by
dilated convolution.

deformable convolutional layer, non-local attention block, as well as encoder-decoder ar-

chitecture. For instance, a dilated ARMA layer, illustrated in Figure 6.2d, removes the

gridding effect caused by dilated convolution — the autoregressive kernel plays a role as

an anti-aliasing filter.

The motivation of introducing the ARMA layer is to enlarge the effective input region

for each network output without increasing the filter size or network depth, thus avoiding

the difficulties in training wider or deeper models. As illustrated in Figure 6.2, each output

neuron in a traditional convolutional layer (Figure 6.2a) only receives information from

a small input region (the filter size). However, an ARMA layer enlarges the small local

region to a larger one (Figure 6.2b). It enables an output neuron to receive information

from a faraway input neuron through the connections to its neighbors. In Section 6.3.2, we
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formally introduce the concept of effective receptive field (ERF) to characterize the input

region size. Moreover, we will show that an ARMA network can have arbitrarily large ERF

with a single extra parameter at each layer in Theorem 6.3.

6.3.2 Effective Receptive Field

Effective receptive field (ERF) measures the contribution of each input pixel to an

output neuron [144]. In this subsection, we analyze the ERF of an L-layers network with

ARMA layers v.s. traditional convolutional layers. Formally, consider an output at (i1, i2),

the impact from an input pixel at (i1 − p1, i2 − p2) (i.e L layers and (p1, p2) pixels away)

is measured by the gradient amplitude g(i1, i2, p1, p2) =
∣∣∣∂Y(L)

i1,i2,t
/∂X (1)

i1−p1,i2−p2,s

∣∣∣ (where

superscripts index the layers), i.e., how an output neuron changes as an input pixel perturbs.

Definition 6.2 (Effective receptive field, ERF). Consider an L-layers network with

an S-channels input X (1) ∈ RI1×I2×S and a T -channels output Y(L) ∈ RI1×I2×T , its effective

receptive field is defined as the empirical distribution of the gradient maps: ERF(p1, p2) =

1/(I1I2ST ) ·
∑

s,t,i1,i2
[g(i1, i2, p1, p2)/

∑
j1,j2

g(j1, j2, p1, p2)], To measure the size of the ERF,

we define its radius r(ERF) as the standard deviation of the empirical distribution:

r (ERF)2 =
∑
p1,p2

(
p2

1 + p2
2

)
ERF (p1, p2)−

[∑
p1,p2

√
p2

1 + p2
2 ERF(p1, p2)

]2

. (6.3)

Notice that the ERF simultaneously depends on the model parameters and a specified

input to the network, i.e., it is both model-dependent and data-dependent. Therefore, it is

generally intractable to compute the ERF analytically for any practical neural network. We

follow [144] to estimate the radius with a simplified linear network. The paper empirically
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verifies that such an estimation is accurate and can be used to guide filter designs.

Theorem 6.3 (ERF radius of a linear ARMA network). Consider an L-layers linear

network, where the `th layer computes y
(`)
i −a(`)y

(`)
i−1 =

∑K(`)−1
p=0 [(1−a(`))/K(`)] ·y(`−1)

i−d(`)p (i.e.,

the moving-average coefficients are uniform with length K(`) and dilation d(`), and the

autoregressive coefficients a(`) = {1,−a(`)} has length 2). Suppose 0 ≤ a(`) < 1,∀` ∈ [L],

the ERF radius of the network is

r(ERF)2
ARMA =

L∑
`=1

d(`)2
(
K(`)2 − 1

)
12

+
a(`)

(1− a(`))
2

 . (6.4)

We prove Theorem 6.3 in [167]. If the coefficients for all layers are identical, e.g.,

K(`) = K, d(`) = d, a(`) = a, the radius reduces to r(ERF)ARMA =
√
L·
√
d2(K2 − 1)/12 + a/(1− a)2.

Moreover, if a = 0, d = 1, the ARMA layers reduce to traditional convolutional layers, and

the ERF of the linear CNN has radius r(ERF)CNN =
√
L ·
√

(K2 − 1)/12 as shown in [144].

Remarks: (1) Compared with a (dilated) CNN, an ARMA network can have

arbitrarily large ERF with an extra parameter a at each layer. When the autore-

gressive coefficient a is large (e.g., a > 1− 1/(dK)), the second term a/(1− a)2 dominates

the radius, and the ERF is substantially larger than that of a CNN. In particular, the radius

tends to infinity as a approaches 1. (2) An ARMA network can adaptively adjust

its ERF through learnable parameter a. As a gets smaller (e.g., a < 1 − 1/(dK)),

the second term is comparable to or smaller than the first term, and the effect of expanded

ERF diminishes. In particular, if a = 0, an ARMA network reduces to a CNN.
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a L = 1 L = 3 L = 5 a L = 1 L = 3 L = 5

0.0
(CNN)

0.8

0.6 0.9

Figure 6.3: Visualization of the effective receptive field of linear ARMA networks
under different network depth L = 1, 3, 5 and different magnitude of the autoregressive
coefficients a = 0.0, 0.6, 0.8, 0.9.

Visualization of the ERF. We analytically show in Theorem 6.3 that the ERF radius

increases with the network depth and autoregressive coefficients’ magnitude. We now verify

our analysis by simulating linear ARMA networks with varying depths and autoregressive

coefficients’ magnitude. As shown in Figure 6.3, the ERF radius increases as the autore-

gressive coefficients get larger. When the autoregressive coefficients are zeros, an ARMA

network reduces to a traditional convolutional network. The simulation results also indicate

that ARMA’s ability to expand the ERF increases with the network depth. In conclusion,

an ARMA network can have a large ERF even when the network is shallow, and its ability

to expand the ERF increases when the network gets deeper.

6.3.3 Prediction and Learning of ARMA Layers

In an ARMA layer, each neuron is influenced by its neighbors from all directions

(see Figure 6.2b). As a result, no neuron could be evaluated alone before evaluating any

other neighboring neurons. To compute Equation (6.2), we need to solve a set of linear

equations to obtain all values simultaneously. (1) However, the standard solver using
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Gaussian elimination is too expensive to be practical, and therefore we need to seek a

more efficient solution. (2) Furthermore, the solver for linear equations typically does not

support automatic differetiation, and we have to derive the backward equations analytically.

(3) Finally, we also need to devise an efficient algorithm to compute the backpropagation

equations efficiently. In the section, we address these aforementioned problems.

Decomposition of an ARMA Layer. We decompose the ARMA layer in Equation (6.2)

into a moving-average (MA) layer and an autoregressive (AR) layer:

MA Layer: T:,:,t =
S∑
s=1

W:,:,t,s ∗ X:,:,s, (6.5a)

AR Layer: A:,:,t ∗ Y:,:,t = T:,:,t, (6.5b)

where T ∈ RI′1×I′2×T is the intermediate result.

Difficulty in computing the AR layer. While the MA layer in Equation (6.5a) is

simply a traditional convolutional layer defined in Equation (6.1), it is nontrivial to solve

the AR layer in Equation (6.5b). In principle, the linear equations in the AR layer can be

solved in time cubic in dimension O((I2
1 + I2

2 )I1I2T ) using Gaussian elimination. However,

this is too expensive in practice.

Computing the AR layer in frequency domain. We propose to use the frequency-

domain division to solve the deconvolution problem in the AR layer [168]. Since the convo-

lution in the spatial domain leads to an element-wise product in the frequency domain, we

first transform A, T into their frequency representations Ã, T̃ , with which we compute Ỹ
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Layer # params. # FLOPs r(ERF)2

Conv. K2
wC

2 O(I2K2
wC

2) O(LK2
w)

ARMA K2
wC

2 +K2
aC O(K2

wI
2C2 + I2 log(I)C) O

(
LK2

w + La/(1− a)2
)

Table 6.1: Comparison between traditional convolutional layer and ARMA layer.
An ARMA layer achieves large gain of the ERF radius through small overhead of extra
parameters and FLOPs. Through a single extra parameter a (thus Ka = 2), the ERF
radius can be arbitrarily large. For simplicity, we assume all heights and widths are equal
I1 = I2 = I ′1 = I ′2 = I, and the input and output channels are identical S = T = C.

(the frequency representation of Y) with the element-wise division. Then, we reconstruct

the output Y by an inverse Fourier transform of Ỹ .

Computational overhead. ARMA trades small overhead of extra parameters and com-

putation for a large gain of ERF radius, as shown in Table 6.1. With the Fast Fourier

Transform (FFT) algorithm, the FLOPS required by the extra autoregressive layer is

O(log(max(I1, I2))I1I2T ). Importantly, compared with non-local attention block [148], the

extra computation introduced in an ARMA layer is smaller; a non-local attention block

requires O(I2
1I

2
2T ) FLOPS.

Backpropagation. Deriving the backpropagation for an ARMA layer is nontrivial; though

the rule for the MA layer is conventional, that of the AR layer is not. In Theorem 6.4, we

show that the backpropagation of an AR layer can be computed as two ARMA models.

Theorem 6.4 (Backpropagation of an AR layer). Given an AR layer A:,:,t ∗ Y:,:,t =

T:,:,t and its output gradient ∂L/∂Y, the gradients {∂L/∂A, ∂L/∂X} can be obtained by
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two ARMA models:

A>:,:,t ∗
∂L
∂A:,:,t

= −Y>:,:,t ∗
∂L
∂Y:,:,t

, (6.6a)

A>:,:,t ∗
∂L
∂T:,:,t

=
∂L
∂Y:,:,t

, (6.6b)

where A>:,:,t, Y>:,:,t are the transposed images of A:,:,t, Y:,:,t (e.g., A>i1,i2,t = A−i1,−i2,t.

We prove Theorem 6.4 in [167]. Since the backpropagation is characterized by ARMA

models, it can be evaluated efficiently using the FFT algorithm similar to Equation (6.5).

6.3.4 Stability of ARMA Layers

An ARMA model with arbitrary coefficients is not always stable. For example, the

model yi − ayi−1 = xi is unstable if |a| > 1: Consider an input x with x0 = 1 and

xi = 0, ∀i 6= 0, the output y will recursively amplify itself as y0 = 1, y1 = a, · · · , yi = ai

and diverge to infinity.

Stability constraints for an ARMA layer. Therefore, the key to the stability of

an ARMA layer is to constrain its autoregressive coefficients, which prevents the output

from repeatedly amplifying itself. To derive the constraints, we propose a special design,

separable ARMA layer inspired by separable filters [168].

Definition 6.5 (Separable ARMA layer). A separable ARMA layer is parameterized

by a moving-average kernel W ∈ RKw×Kw×S×T and T × Q sets of autoregressive filters

{(f (q)
:,t , g

(q)
:,t )Qq=1}Tt=1,. It takes an input X ∈ RI1×I2×S and returns an output Y ∈ RI′1×I′2×T as
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(
f

(1)
:,t ∗ · · · ∗ f

(Q)
:,t

)
⊗
(
g

(1)
:,t ∗ · · · ∗ g

(Q)
:,t

)
∗ Y:,:,t =

S∑
s=1

W:,:,t,s ∗ X:,:,s (6.7)

where the filters f
(q)
:,t , g

(q)
:,t ∈ R3, and ⊗ denotes outer product of two 1D-filters.

Remarks: Each autoregressive filter A:,:,t is designed to be separable, i.e., A:,:,t = F:,t ⊗

G:,t, thus it can be characterized by two 1D-filters F:,t and G:,t. By the fundamental

theorem of algebra [169], any 1D-filter can be represented as a composition of length-3

filters. Therefore, F:,t and G:,t can further be factorized as F:,t = f
(1)
:,t ∗ f

(2)
:,t · · · ∗ f

(Q)
:,t and

G:,t = g
(1)
:,t ∗ g

(2)
:,t · · · ∗ g

(Q)
:,t . In summary, each A:,:,t is characterized by Q sets of length-3

autoregressive filters (f
(q)
:,t , g

(q)
:,t )Qq=1.
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Figure 6.4: Illustration of the re-parametrization mechanism. For each channel t,
(a) the two-dimensional filter A:,:,t is parameterized through an outer product of two 1D-

filters F:,t and G:,t; (b) F:,t is parameterized through a convolution of f
(1)
:,t ∗ · · · ∗ f

(Q)
:,t , and

similarly G:,t as a convolution of g
(1)
:,t ∗ · · · ∗ g

(Q)
:,t ; (c) we re-parameterize each constrained

(f
(q)
−1,t, f

(q)
1,t ) to unconstrained (αfq,t, β

f
q,t), and similarly (g

(q)
−1,t, g

(q)
1,t ) to (αgq,t, β

g
q,t); (d) final

parameters for unconstrained optimization are (f
(q)
0,t , α

f
q,t, β

f
q,t, g

(q)
0,tα

g
q,t, β

g
q,t)

Q
q=1.

Theorem 6.6 (Constraints for a stable separable ARMA layer). A sufficient con-

dition for the separable ARMA layer (Definition 6.5) to be stable (i.e., output be bounded
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for any bounded input) is:

∣∣∣f (q)
−1,t + f

(q)
1,t

∣∣∣ < f
(q)
0,t ,

∣∣∣g(q)
−1,t + g

(q)
1,t

∣∣∣ < g
(q)
0,t , ∀q ∈ [Q], t ∈ [T ]. (6.8)

We prove Theorem 6.6 in [167], which uses the standard techniques of linear system

theory using Z-transform.

Ensuring stability via re-parameterization. In principle, the constraints for sta-

bility in an ARMA layer (as in Theorem 6.6) could be enforced through constraints in

optimization. However, a constrained optimization algorithm, such as projected gradient

descent [170], is more expensive as it requires an extra projection step. Moreover, it is

more difficult to achieve convergence. In order to avoid these challenges, we introduce a

re-parameterization mechanism to remove constraints needed to guarantee stability.

Theorem 6.7 (Re-parameterization). For a separable ARMA layer in Definition 6.5, if we

re-parameterize each tuple (f
(q)
−1,t, f

(q)
1,t , g

(q)
−1,t, g

(q)
1,t ) as learnable parameters (αfq,t, β

f
q,t, α

g
q,t, β

g
q,t):

f
(q)
−1,t g

(q)
−1,t

f
(q)
1,t g

(q)
1,t

 =

f
(q)
0,t 0

0 g
(q)
0,t



√

2/2 −
√

2/2

√
2/2

√
2/2


 αfq,t αgq,t

tanh(βfq,t) tanh(βgq,t)

 (6.9)

then the layer is stable for unconstrained {(f (q)
0,t , α

f
q,t, β

f
q,t, g

(q)
0,t , α

g
q,t, β

g
q,t)

Q
q=1}Tt=1.

In practice, we set f
(q)
0,t = g

(q)
0,t = 1 (since the scale can be learned by the moving-

average kernel), and only store and optimize over each tuple (αfq,t, β
f
q,t, α

g
q,t, β

g
q,t). In other

words, each autoregressive filter A:,:,t is constructed from (αfq,t, β
f
q,t, α

g
q,t, β

g
q,t)

Q
q=1 on the fly

during training or inference.
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Figure 6.5: Learning curves with/without re-parameterization mechanism. The
ARMA network with VGG-11 backbone is trained on the CIFAR-10 dataset.

Experimental demonstration of re-parameterization. To verify that such mech-

anism is essential for stable training, we train a VGG-11 network [2] on the CIFAR-10

dataset, where all convolutional layers are replaced by ARMA layers with autoregressive co-

efficients initialized as zeros. We compare the learning curves using the re-parameterization

v.s. not using the re-parameterization in Figure 6.5. As we can see, the training quickly

converges under our proposed re-parameterization mechanism with which the stability of

the network is guaranteed. However, without the re-parameterization mechanism, a naive

training of the ARMA network never converges and gets NaN error quickly. The experiment

thus verifies that the theory in Theorem 6.7 is effective in guaranteeing stability.
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6.4 Experimental Results

We apply our ARMA networks on two dense prediction problems – pixel-level video

prediction and semantic segmentation to demonstrate the effectiveness of ARMA networks.

(1) We incorporate our ARMA layers in U-Nets [145, 171] for semantic segmentation, and

in the ConvLSTM network [78, 91] for video prediction. We show that the resulted

ARMA U-Net and ARMA-LSTM models uniformly outperform the baselines

on both tasks. (2) We then interpret the varying performance of ARMA networks

on different tasks by visualizing the histograms of the learned autoregressive coefficients.

We include the detailed setups (datasets, model architectures, training strategies, and

evaluation metrics) and visualization in section 6.5 for reproducibility purposes.

Semantic segmentation on biomedical medical images. We evaluate our ARMA

U-Net on the lesion segmentation task in the ISIC 2018 challenge [172], comparing against

a baseline U-Net [145] and non-local U-Net [171] (U-Net with non-local attention blocks).

Model params. ACC SE SP PC F1 JS

U-Net [145] 3.453M
0.946 0.884 0.977 0.857 0.842 0.754
± 0.003 ± 0.019 ± 0.005 ± 0.020 ± 0.009 ± 0.011

NL U-Net [171] 4.403M
0.945 0.877 0.973 0.844 0.831 0.741
± 0.003 ± 0.017 ± 0.004 ± 0.014 ± 0.012 ± 0.013

ARMA U-Net 3.455M
0.955 0.896 0.972 0.873 0.861 0.780
± 0.003 ± 0.011 ± 0.005 ± 0.011 ± 0.007 ± 0.009

NL ARMA U-Net 4.405M
0.960 0.909 0.968 0.870 0.870 0.790
± 0.002 ± 0.009 ± 0.004 ± 0.011 ± 0.006 ± 0.008

Table 6.2: Semantic segmentation on ISIC dataset. For all metrics (ACC, SE, SP,
PC, F1 and JS), higher values indicates better performance. The reported numbers are an
average of 10 runs with different seeds.
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ARMA networks outperform both baselines in almost all metrics. As shown in Ta-

ble 6.2, our (non-local) ARMA U-Net outperforms both U-Net and non-local U-Net except

for specificity (SP). Furthermore, we find that the synergy of non-local attention and ARMA

layers achieves the best results among all.

Pixel-level video prediction. We evaluate our ARMA-LSTM network on the Moving-

MNIST-2 dataset [173] with different moving velocities, comparing against the baseline

Conv-LSTM network [78, 91] and its augmentation using dilated convolutions and non-

local attention blocks [148]. As shown in the visualizations in subsection 6.5.2, the dilated

ARMA-LSTM does not have gridding artifacts as in dilated Conv-LSTM; that is, ARMA

removes the gridding artifacts.

Model MA AR dil. params.
original speed 2X speed 3X speed
PSNR SSIM PSNR SSIM PSNR SSIM

Conv-LSTM (size 3) 3 1 1 0.887M 18.24 0.867 16.62 0.827 15.81 0.810
Conv-LSTM (size 5) 5 1 1 2.462M 19.58 0.901 17.61 0.856 16.99 0.841
Dilated Conv-LSTM 3 2 2 0.887M 19.16 0.893 17.92 0.858 17.48 0.846

Dilated ARMA-LSTM 3 3 2 0.893M 19.72 0.904 18.05 0.870 17.65 0.855
ARMA-LSTM (size 3) 3 2 1 0.893M 19.72 0.899 18.73 0.881 18.13 0.869

Table 6.3: Multi-frame video prediction on the Moving-MNIST-2 dataset with
three different speeds. MA and AR denote the size of moving-average and autoregressive
kernels, respectively, and dil. the dilation in the moving-average kernel. Higher PSNR and
SSIM indicate better performance, and all results are average over 10 predicted frames.

ARMA networks outperform non-local blocks: As shown in Table 6.4, our ARMA-

LSTM with kernel sizes 3 × 3 outperforms the Conv-LSTM networks augmented by non-

local blocks. However, the non-local mechanism does not always improve the baselines

or our models. When both ARMA-LSTM and Conv-LSTM are combined with non-local

blocks, our model achieves better performance compared to the non-ARMA baselines.
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Model MA AR dil.
Original Non-local

PSNR SSIM PSNR SSIM

Conv-LSTM 3 1 1 18.24 0.867 19.45 0.895
Conv-LSTM 5 1 1 19.58 0.901 19.18 0.891

ARMA-LSTM 3 3 1 19.72 0.899 19.62 0.897

Table 6.4: Comparison with non-local networks on video prediction. The original
networks are the same as in Table 6.3. Each non-local network additionally inserts two
non-local blocks in the corresponding base network.
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Figure 6.6: Histogram of the autoregressive coefficients in ARMA networks.

Interpretation by autoregressive coefficients. Figure 6.6 compares the histograms

of the trained autoregressive coefficients between video prediction and image classification

to explain why ARMA networks achieve impressive performance in dense prediction, (sub-

section 6.5.4 demonstrates the performance of ARMA networks in image classification with

baselines VGG and ResNet.)

1. The histograms demonstrate how ARMA networks adaptively learn autoregressive

coefficients according to the tasks. As motivated in the introduction, dense prediction

such as video prediction requires each layer to have a large receptive field to capture
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global information.

2. The large autoregressive coefficients in the video prediction model suggest that the

overall ERF is significantly expanded. In the image classification model, global infor-

mation is already aggregated by pooling (downsampling) layers and a fully-connected

classification layer. Therefore, the ARMA layers automatically learn nearly zero au-

toregressive coefficients.

6.5 Supplemental Materials for Empirical Studies

In this section, we explain detailed setups (datasets, model architectures, learning

strategies, and evaluation metrics) of all experiments, and provide additional visualizations

of the results.

6.5.1 Visualization of Effective Receptive Fields

In the simulations in Section 6.3.2, all linear networks have 32 channels and 64× 64

feature size at each layer. The filter size for both moving-average coefficients and au-

toregressive coefficients is set to 3 × 3: each moving-average kernel W is initialized using

Xavier’s method, while the autoregressive kernel A is initialized randomly within a stable

region −a ≤ f
(q)
−1,t + f

(q)
1,t ≤ 0,−a ≤ g

(q)
−1,t + g

(q)
1,t ≤ 0, ∀t ∈ [T ], q ∈ [Q] (see Section 6.3.4 for

details). We compute each heat map in Figure 6.3 as an average of 32 gradient maps from

different channels.
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6.5.2 Multi-frame Video Prediction

Datasets and metrics. We generate the Moving-MNIST-2 dataset by moving two digits

of size 28× 28 drawn from the MNIST dataset within a 64× 64 black canvas [173]. Each

digit starts from a random initial location, moves with constant velocity in the canvas, and

bounces when they reach the boundary independently. In addition to the default velocity

in the public generator [173], we increase the velocity to 2× and 3× to test all models on

videos with stronger motions. For each velocity, we generate 10, 000 videos for the training

set, 3, 000 for the validation set, and 5, 000 for the test set, each of which contains 20 frames.

We train all models to predict the next 10 frames given 10 input frames, and we evaluate

their performance based on the metrics of mean square error (MSE), peak signal-noise ratio

(PSNR), and structure similarity (SSIM) [110].
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(a) Conv-LSTM.
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(b) Non-Local Conv-LSTM.

Figure 6.7: Backbone architectures for video prediction.

Model architectures. (1) Baselines. The backbone architecture consists of a stack

of 12 Conv-LSTM modules, and each module contains 32 units (channels). Following [91],

two skip connections that perform channel concatenation are added between (3, 9) and

(6, 12) module. An additional traditional convolutional layer is applied on top of all

recurrent layers to compute the predicted frames. The backbone architecture is illustrated

in Figure 6.7a. In the baseline networks, we consider three different convolutions at each
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layer: (a) Traditional convolution with filter size 3 × 3; (b) Traditional convolution with

filter size 5×5; and (c) 2-dilated convolution with filter size 3×3. (2) ARMA networks.

Our ARMA networks use the same backbone architecture as baselines and replace their

convolutional layers with ARMA layers. For all ARMA models, we set the filter size

for both moving-average and autoregressive parts to 3 × 3. In the ARMA networks, we

consider two different convolutions each layer: (a) The moving-average part is a traditional

convolution; (b) We further consider using 2-dilated convolution in the moving-average

part. (3) Non-local networks. In non-local networks, we additionally insert two non-

local blocks in the backbone architecture, as illustrated in Figure 6.7b. In each non-local

block, we use embedded Gaussian as the non-local operation [148], and we replace the

batch normalization by instance normalization that is compatible with recurrent neural

networks. In non-local networks, we consider three types of convolutions at each layer:

(a)(b) Traditional convolutions with filter size 3×3 and 5×5; (c) ARMA layer with 3×3

moving-average and autoregressive filters.

Visualization of the predictions. We visualize the predictions by different models

under three moving velocities in Figure 6.8, Figure 6.9, and Figure 6.10. Notice that

autoregression removes the gridding artifacts by dilated convolutions — since each neuron

receives information from all pixels in a local region (Figure 6.2d), adjacent neurons no

longer receive from separate sets of pixels. Moreover, for videos with a higher speed, the

advantage of our ARMA layer is more pronounced as expected due to ARMA’s ability to

expand the ERF.
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input ground truth (top) / predictions
t = 1 2 3 4 5 6 7 8 9 10 11 12 13

Traditional (Kw = 3)

2-dilated (Kw = 3)

Traditional (Kw = 5)

2-dilated ARMA (Kw = 3,Ka = 3)

ARMA (Kw = 3,Ka = 3)

Figure 6.8: Prediction on Moving-MNIST-2 (original speed). The first row contains
the last 3 input frames and 10 ground-truth frames for models to predict.

input ground truth (top) / predictions
t = 1 2 3 4 5 6 7 8 9 10 11 12 13

Traditional (Kw = 3)

2-dilated (Kw = 3)

Traditional (Kw = 5)

2-dilated ARMA (Kw = 3,Ka = 3)

ARMA (Kw = 3,Ka = 3)

Figure 6.9: Prediction on Moving-MNIST-2 (2× speed). The first row contains the
last 3 input frames and 10 ground-truth frames for models to predict.
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input ground truth (top) / predictions
t = 1 2 3 4 5 6 7 8 9 10 11 12 13

Traditional (Kw = 3)

2-dilated (Kw = 3)

Traditional (Kw = 5)

2-dilated ARMA (Kw = 3,Ka = 3)

ARMA (Kw = 3,Ka = 3)

Figure 6.10: Prediction on Moving-MNIST-2 (3× speed). The first row contains the
last 3 input frames and 10 ground-truth frames for models to predict.
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Figure 6.11: Per-frame performance comparison of our ARMA and our dilated ARMA
networks v.s. the Conv-LSTM, dilated Conv-LSTM baselines for Moving-MNIST-2 (original
speed). Lower MSE (in 10−3) and higher PSNR/SSIM indicate better performance.
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Figure 6.12: Per-frame performance comparison of our ARMA and our dilated ARMA
networks v.s. the Conv-LSTM, dilated Conv-LSTM baselines for Moving-MNIST-2 (2×
speed). Lower MSE (in 10−3) and higher PSNR/SSIM indicate better performance.
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Figure 6.13: Per-frame performance comparison of our ARMA and our dilated ARMA
networks v.s. the Conv-LSTM, dilated Conv-LSTM baselines for Moving-MNIST-2 (3×
speed). Lower MSE (in 10−3) and higher PSNR/SSIM indicate better performance.
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6.5.3 Medical Image Segmentation

Dataset and metrics. For all experiments, we use a dataset from ISIC 2018: Skin

Lesion Analysis Towards Melanoma Detection [174], which can be downloaded online1. In

this task, a model aims to predict a binary mask that indicates the location of the primary

skin lesion for each input image. The dataset consists of 2594 images, and we resize each

image to 224×224. We split the dataset into a training set, validation set and test set with

ratios of 0.7, 0.1, and 0.2, respectively. All models are evaluated using the following metrics:

AC = (TP +TN)/(TP +TN+FP +FN), SE = TP/(TP +FN), SP = TN/(TN+FP ),

PC = TP/(TP + FP ), F1 = 2PC · SE/(PC + SE) and JS = |GT ∩ SR|/|GT ∪ SR|,

where TP stands for true positive, TN for true negative, FP for false positive, FN for false

negative, GT for ground truth mask and SR for predictive mask.

(a) U-Net architecture. (b) Non-local U-Net architecture.

Figure 6.14: Backbone architectures for semantic segmentation.

Model architectures. (1) Baselines. We use U-Net [145] and non-local U-Net [171]

as baseline models. U-Net has a contracting path to capture context, and a symmetric

1https://challenge2018.isic-archive.com/task1/training/
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expanding path enables precise localization. The network architecture is illustrated in

Figure 6.14a. Non-local U-Net further contains global aggregation blocks based on the self-

attention operator to aggregate global information without a deep encoder for biomedical

image segmentation, as illustrated in Figure 6.14b. (2) Our architectures. We replace

all traditional convolution layers with ARMA layers in U-Net and non-local U-Net.

Training strategy. All models are trained using Adam optimizer [8] with binary cross

entropy (BCE) loss. For the initial learning rate, we search from 10−2 to 10−5 and choose

10−3 for U-Net and 10−2 for non-local U-Net. The learning rate is decayed by 0.98 every

epoch. During training, each image is randomly augmented by rotation, cropping, shifting,

color jitter, and normalization following the public source code https://github.com/

LeeJunHyun/Image_Segmentation.

Input
image

Ground
truth

U-net
with ARMA

U-net
without ARMA

Non-Local U-net
with ARMA

Non-Local U-net
without ARMA

Figure 6.15: Predictive results of U-Nets with/without ARMA layers.
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6.5.4 Image Classification

Model architectures and datasets. We replace the traditional convolutional layers by

ARMA layers in three benchmarking architectures for image classification: AlexNet [1],

VGG-11 [2], and ResNet-18 [5, 15]. We apply our proposed ARMA networks on CIFAR10

and CIFAR100 datasets. Both datasets have 50000 training examples and 10000 test ex-

amples, and we use 5000 examples from the training set for validation (and leave 45000

examples for training).

Training strategy. We train all models using cross-entropy loss and SGD optimizer with

batch size 128, learning rate 0.1, weight decay 0.0005 and momentum 0.9. For CIFAR10,

the models are trained for 300 epochs and we half the learning rate every 30 epochs. For

CIFAR100, the models are trained for 200 epochs and we divide the learning rate by 5 at

the 60th, 120th, 160th epochs.

Results. The experimental results are summarized in Table 6.5. Our results show that

ARMA models achieve comparable or slightly better results than the benchmarking ar-

chitectures. Replacing the traditional convolutional layer with our proposed ARMA layer

slightly boosts VGG-11 and ResNet-18 by 0.01%-0.1% in terms of accuracy. Since image

classifications tasks do not require convolutional layers to have large receptive

fields, the learned autoregressive coefficients concentrate around 0, as shown in

Figure 6.6. Consequently, ARMA networks effectively reduce to traditional convolutional

neural networks and therefore achieve comparable results.
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Dataset
AlexNet VGG-11 ResNet-18

Conv. ARMA Conv. ARMA Conv. ARMA
CIFAR10 86.30± 0.29 85.67± 0.19 91.57± 0.59 91.57± 0.73 95.01± 0.15 95.07± 0.13
CIFAR100 58.99± 0.37 57.43± 0.24 68.25± 0.11 68.36± 1.67 73.71± 0.23 73.72± 0.52

Table 6.5: Image classification on CIFAR10 and CIFAR100. We report accuracy
(%) and standard deviations from 10 runs with different seeds.

6.6 Conclusion

In this chapter, we propose a novel ARMA layer capable of expanding a network’s ef-

fective receptive field adaptively. Compared to a traditional convolutional layer, an ARMA

layer has additional interconnections among output neurons realized by convolutions. We

address the computation and instability problems in ARMA layers, thus allows ARMA lay-

ers to replace traditional convolutional layers with minimal extra cost. We show empirically

that ARMA networks consistently improve performance on dense prediction tasks.

Our model is closely related to techniques in signal processing and machine learning.

First, an ARMA layer is equivalent to an IIR filter bank in signal processing [175]. It

thus opens the opportunity for users to improve ARMA layers using filter bank theory.

Alternatively, we can interpret the autoregressive (AR) part as a learnable spectral normal-

ization [176] following the moving-average (MA) part. Following this relationship, we can

further investigate how to better learn the AR part according to the spectrum of the MA

part. Finally, the ARMA layer is a linear recurrent neural network, where the recurrent

propagations are over the spatial domain (section 6.2). Therefore, an interesting future

direction is to use ARMA layers to accelerate the computation in RNNs.
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Chapter 7: Scaling-up Diverse Orthogonal Convolutional Networks by a

Paraunitary Framework

7.1 Overview

Convolutional neural networks, whose deployment has witnessed extensive empirical

success, still exhibit limitations that are not thoroughly studied. Firstly, deep convolutional

networks are in general difficult to learn, and their high performance heavily relies on tech-

niques that are not fully understood, such as skip-connections [5], batch normalization [7],

specialized initialization [108]. Secondly, they are sensitive to imperceptible perturbations,

including adversarial attacks [10] and geometric transformations [13]. Finally, a precise

characterization of their generalizability is still under active investigation [177, 178].

Orthogonal networks, which have a “flat” spectrum with all singular values of each

linear layer being 1 (thus the output norm ‖y‖ equals the input norm ‖x‖, ∀x), alleviate all

problems above. As shown in recent works, by enforcing orthogonality in neural networks,

we obtain (1) easier optimization [179, 180]: since each orthogonal layer preserves the

gradient norm during backpropagation, an orthogonal network is free from gradient van-

ishing/ exploding problems; (2) robustness against perturbation [181, 182, 183]: since

each orthogonal layer is 1-Lipschitz, an orthogonal network will not amplify any input per-
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turbation to flip the output prediction; (3) better generalizability [178]: a network’s

generalization error is positively related to the standard deviation of each linear layer’s

singular values, thus encouraging orthogonality lowers the network’s generalization error.

Despite the benefits, enforcing orthogonality in convolutional networks is challenging.

To avoid strict constraint, orthogonal initialization (dynamical isometry) [184, 185, 186]

and orthogonal regularization [180, 187] are opted for the gradient vanishing/exploding

problems. However, as they do not enforce strict orthogonality (and Lipschitzness), these

methods are unsuitable for applications that require strict Lipschitzness, such as adversarial

robustness [181] and residual flows [188].

Our goal is to enforce exact orthogonality in state-of-the-art deep convolutional net-

works without expensive overhead. We identify three main challenges. Challenge I:

Achieving exact orthogonality throughout training. Prior works such as orthogonal

regularization [187] and reshaped kernel orthogonality [189, 190], while enjoying algorithmic

simplicity, fail to meet the requirement of exact orthogonality. Also, note that enforcing the

constraint during training is necessary since a post-training orthogonalization can substan-

tially alter the weight values and jeopardize the performance. Challenge II: Avoiding

expensive computations. An efficient algorithm is crucial for scalability to large net-

works. Existing work based on projected gradient descent [191], however, requires expensive

projection after each update. For instance, the projection step in [191] computes an SVD

and flattens the spectrum to enforce orthogonality, which costs O(size(feature) · channels3)

for a convolutional layer. Challenge III: Scaling-up to state-of-the-art deep convo-

lutional networks. There are many variants to the standard convolutional layer essential

for state-of-the-art networks, including dilated, strided, group convolutions. However, none

142



of the existing methods proposes mechanisms to orthogonalize these variants. The lack of

techniques, as a result, limits the broad applications of orthogonal convolutional layers to

state-of-the-art networks.

We resolve challenges I, II & III by proposing a parameterization of orthogonal

convolutions. First, using the convolution theorem [192] (spatial convolution is equivalent

to spectral product), we reduce the problem of designing orthogonal convolutions to con-

structing unitary matrices for all frequencies, i.e., paraunitary systems [175]. Further using

a complete factorization theorem of paraunitary systems, we obtain a parameterization in

the spatial domain for all orthogonal 1D-convolutions and separable 2D-convolutions (no

work achieves a complete parameterization of all orthogonal 2D-convolutions), which at-

tains high expressiveness, computational/memory efficiency, and exact orthogonality. Since

no previous approach achieved exact orthogonality, we are the first to show how essential

exact orthogonality is in different types of networks — we observe that exact orthogonality

in deeper architectures (with > 10 layers) is beneficial to obtain robust performance.

Furthermore, we unify orthogonal convolution variants (dilated, strided, and group

convolutions) as paraunitary systems, allowing us to orthogonalize these variants using

the same parameterization for standard convolutions. (No previous work presents mech-

anisms for learning these variants’ orthogonal versions.) Since these variants are crucial

in advanced architectures, our work makes it possible to generate the orthogonal counter-

parts of these architectures, allowing us to investigate their performance, which was not

possible before. Combined with our study in skip-connection and initialization, we scale

orthogonal networks to deep architectures, including ResNet and ShuffleNet, substantially

outperforming their shallower counterparts (Section 7.6). Finally, we show how to deploy
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our orthogonal networks in Residual Flow [188], a flow-based generative model that requires

strict Lipschitzness (Section 7.7.3).

Contributions. In summary, we have made the following contributions:

1. We establish the equivalence between orthogonal convolutions in the spatial domain

and paraunitary systems in the spectral domain. Therefore, we interpret and unify

all existing approaches as implicit designs of paraunitary systems.

2. Based on a factorization theorem of paraunitary systems, we propose a complete pa-

rameterization of orthogonal 1D-convolutions and separable 2D-convolutions, which

attains high expressiveness, exact orthogonality (machine-epsilon), and computation-

al/memory efficiency (< 50% memory of previous methods). These features are

crucial in learning deep orthogonal networks with state-of-the-art performance.

3. We prove that orthogonality for various convolutional layers (strided, dilated, group)

are also entirely characterized by paraunitary systems. Consequently, our parameter-

ization easily extends to these variants, ensuring their exact orthogonality, complete-

ness, and efficiency.

4. We study the design considerations (choices of skip connection, initialization, depth,

width, kernel size) for orthogonal networks and show that orthogonal networks can

scale to deep architectures (e.g., ResNet, ShuffleNet).

7.2 Related Works

Dynamical isometry [184, 185, 186, 193] aims to address the gradient vanishing/explod-
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ing problems in deep vanilla networks with orthogonal initialization. These works focus on

understanding the interplay between initialization methods and various nonlinear activa-

tions. However, these approaches do not guarantee orthogonality (and Lipschitzness) after

training, thus are unsuitable for applications that require strict Lipschitz bounds, such as

adversarial robustness [181, 182] and residual flows [188, 194].

Learning orthogonality has three typical families of methods: regularization, parame-

terization (i.e., mapping unconstrained parameters to the feasible set with a surjective func-

tion), projected gradient descent (PGD) / Riemannian gradient descent (RGD). While the

regularization approach is approximate, the latter two learn exact orthogonality. Among

these approaches, PGD/RGD requires modification of the optimizer, whereas the other two

are compatible with standard optimizersx. (1) For orthogonal matrices, various regu-

larization methods are proposed in [195] and [196]. Alternatively, numerous parameteriza-

tion methods exist, including Householder reflections [197], Given rotations [198], Cayley

transform [199], matrix exponential [200], and algorithmic unrolling [181, 201]. Lastly,

[189] propose PGD via singular value clipping, and [202, 203] consider RGD. (2) For or-

thogonal convolutions, some existing works learn orthogonality for the flattened ma-

trix [189, 190, 196] or each output channel [204]. However, these methods do not lead to

orthogonality (norm preserving) of the operation as a whole. [191] propose to use PGD via

singular value clipping and masking — however, singular value decomposition is expensive,

and masking can lead to approximate orthogonality. To the best of our knowledge, there is

no accurate PGD or RGD for orthogonal convolutions. Alternatively, recent works adopt

parameterizations, using block convolutions [182], Cayley transform [183], or convolution
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exponential [205].

Paraunitary systems are extensively studied in filter banks and wavelets [175, 206, 207].

Classic theory shows that 1D-paraunitary systems are completely characterized by a spec-

tral factorization (see Chapter 14 of [175] or Chapter 5 of [206]), but not all multi-

dimensional (MD) paraunitary systems admit a factorized form (see Chapter 8 of [207]).

While the complete characterization of MD-paraunitary systems is known in theory (which

requires solving a system of nonlinear equations) [208, 209], most practical constructions

use separable paraunitary systems [207] and special classes of non-separable paraunitary

systems [210]. The equivalence between orthogonal convolutions and paraunitary systems

thus opens the opportunities to apply these classic theories in designing orthogonal convo-

lutions.

7.3 Designing Orthogonal Convolutions via Paraunitary Systems

Designing an orthogonal convolutional layer {ht,s : yt = ht,s ∗ xs}T,St=1,s=1 (s, t index

input/output channels) in the spatial domain is challenging. In terms of matrix-vector

product, a convolutional layer has a block-circulant weight matrix, with its (t, s)th block

Cir (ht,s) ∈ RN×N as:

Cir (ht,s) =



ht,s[1] ht,s[N ] · · · ht,s[2]

ht,s[2] ht,s[1] ht,s[N ] · · ·

...
. . . . . .

...

ht,s[N ] · · · ht,s[2] ht,s[1]


. (7.1)
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Therefore, the layer is orthogonal if block-circulant matrix [Cir (ht,s)]
T,S
t=1,s=1 is orthogonal.

However, it is not obvious how to enforce orthogonality in a block-circulant matrix.

7.3.1 Achieving Orthogonal Convolutions by Paraunitary Systems

We propose a novel design of orthogonal convolutions from a spectral perspective,

motivated by the convolution theorem (Theorem 7.1). For simplicity, we group the en-

tries at the same locations a vector/matrix, e.g., we denote {xs[n]}Ss=1 as x[n] ∈ RS and

{ht,s[n]}T,St=1,s=1 as h[n] ∈ RT×S.

Theorem 7.1 (Convolution theorem [192]). A convolution layer h: y[i] =
∑

n h[n]x[i−

n] in the spatial domain is equivalent to matrix-vector products in the spectral domain,

i.e., Y(z) = H(z)X(z),∀z ∈ C. Here, X(z) =
∑N−1

n=0 x[n]z−n, Y(z) =
∑N−1

n=0 y[n]z−n,

H(z) =
∑L

n=−L h[n]z−n denote the z-transforms of input, output, kernel respectively, where

N is the length of x,y and [−L,L] is the span of the filter h.

The convolution theorem states that a convolution layer is a matrix-vector product

in the spectral domain. If the transfer matrix H(z) is unitary at z = ejω for all frequencies

∀ω ∈ [0, 2π) (j is the imaginary unit), the layer h is orthogonal.

As our major novelty, we design orthogonal convolutions via construction of unitary

transfer matrix H(ejω) at all frequencies ω ∈ [0, 2π), known as a paraunitary system [175].

The paraunitary theorem (Theorem 7.2) shows that a convolutional layer is orthogonal in

the spatial domain if and only if it is paraunitary in the spectral domain.

Theorem 7.2 (Paraunitary theorem). A standard convolutional layer is orthogonal if
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and only if its transfer matrix H(z) is paraunitary, i.e.,

H(z)>H(z) = I, ∀|z| = 1⇐⇒ H(ejω)>H(ejω) = I, ∀ω ∈ R. (7.2)

In other words, the transfer matrix H(ejω) is unitary for all frequencies ω ∈ R.

Benefits through paraunitary systems. (1) The spectral representation simplifies

the designs of orthogonal convolutions, which avoids analysis of block-circulant matrices.

(2) Since paraunitary systems are necessary and sufficient for orthogonal convolutions, it

is impossible to find an orthogonal convolution whose transfer matrix is not paraunitary.

(3) There exists a complete factorization of paraunitary systems: any paraunitary H(z)

is a product of multiple factors in the spectral domain (Equation (7.3a)). (4) Since spec-

tral multiplications correspond to spatial convolutions, any orthogonal convolution can

be realized as cascaded convolutions, each parameterized by an orthogonal matrix (Equa-

tion (7.3b)). (5) There are mature methods that parameterize orthogonal matrices via

unconstrained parameters. Consequently, we can learn orthogonal convolutions using stan-

dard optimizers on a model parameterized via our design.

Interpretation of existing methods. Since paraunitary system is necessary and suffi-

cient for orthogonal convolution, all existing approaches, including singular value clipping

and masking (SVCM) [191], block convolution orthogonal parameterization (BCOP) [182],

Cayley Convolution (CayleyConv) [183], skew orthogonal convolution (SOC) [205] construct

paraunitary systems implicitly (see [211] for interpretations).
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7.3.2 Parameterization of Paraunitary Systems

After reducing the problem of orthogonal convolutions to paraunitary systems, we

are left with how to realize paraunitary systems. To address this, we use a complete

factorization to realize any paraunitary system as shown in the following theorem.

Theorem 7.3 (Complete factorization for 1D-paraunitary systems). Suppose that

a paraunitary system H(z) is finite-length, i.e., it can be written as
∑

n h[n]z−n for some

sequence {h[n], n ∈ [−L,L]}, then it can be factorized in the following form:

H(z) = V(z;U (−L)) · · ·V(z;U (−1))QV(z−1;U (1)) · · ·V(z−1;U (L)), (7.3a)

where V(z;U (`)) = I −U (`)U (`)> +U (`)U (`)>z,∀` ∈ {−L, · · · ,−1} ∪ {1, · · · , L}. (7.3b)

Here Q is an orthogonal matrix, and U (`) is a column-orthogonal matrix. Consequently,

the paraunitary system H(z) is parameterized by L + L + 1 (column-)orthogonal matrices

Q and U (`)’s.

As spectral multiplications are equivalent to spatial convolutions, the complete spec-

tral factorization of paraunitary systems in Equation (7.3a) allows us to parameterize any

orthogonal convolution in the spatial domain as cascaded convolutions of V(z;U (`))’s spa-

tial counterparts and the orthogonal matrix Q.

Model design in the spatial domain. Following Equation (7.3), we obtain a com-

plete design of orthogonal 1D-convolutions : using learnable (column)-orthogonal matrices

({U (`)}−1
`=−L,Q, {U (`)}L`=1), we parameterize a size (L + L + 1) convolution as cascaded

149



convolutions of the following filters in the spatial domain

{[
I −U (`)U (`)>, U (`)U (`)>

]}−1

`=−L
,Q,

{[
U (`)U (`)>, I −U (`)U (`)>

]}L
`=1

. (7.4)

Figure 7.1 visualizes our design of orthogonal convolution layers; each block denotes a

convolution and the filter coefficients are displayed in each block. In practice, we compose

all (L + L + 1) filters into one for orthogonal convolution, which not only increases the

computational parallelism but also avoids storing intermediate outputs between filters.

Q
[ I−U (1)(U (1))Τ

,U (1)(U (1))Τ ]
[ I−U (L)(U (L))Τ

,U (L)(U (L))Τ ]
…

x y[U (−1)(U (−1))Τ ,
I−U (−1)(U (−1))Τ ]

… [U (−L)(U (−L))Τ ,
I−U (−L)(U (−L))Τ ]

Figure 7.1: Complete design of 1D orthogonal convolution as a cascade of con-
volutions. The filter coefficients are depicted in each block, where Q is orthogonal and
U (`)’s are column-orthogonal.

With a complete factorization of paraunitary systems, we reduce the problem of

designing orthogonal convolutions to the one for orthogonal matrices.

Parameterization for orthogonal matrices. There are various parameterizations for

orthogonal matrices, including the Björck orthogonalization [181, 182], the Cayley trans-

form [199, 212], and the exponential map [200]. We follow the GeoTorch library 1, which

adopts a modified version of exponential map due to its efficiency, exactness, and complete-

ness. The exponential map is a surjective mapping from a skew-symmetry matrix A to a

special orthogonal matrix U (i.e., det(U) = 1) with U = exp(A) = I +A +A2/2 + · · · ,

which is computed up to machine-precision [213]. To parameterize all orthogonal matrices,

1https://github.com/Lezcano/geotorch
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GeoTorch introduces an orthogonal matrix V in U = V exp(A), where V is (randomly)

generated at initialization and fixed during training.

Finally, observe that the upper-triangle entries uniquely determine a skew-symmetric

matrix. We now have an end-to-end pipeline in Figure 7.2, which parameterizes orthogonal

convolutions by unconstrained upper-triangle entries in skew-symmetric matrices.

Ortho. Conv. Paraunitary Ortho. Factors

Q ,{U ( l )}H ( z)h [n] A ,{A(l )}

H ( z)=∑ h[n] z−n H ( z)= f (Q , {U (l)}) Q=exp(A)

U ( l)=exp(A(l))

Figure 7.2: SC-Fac: A pipeline for designing orthogonal convolutional layer. (1)
An orthogonal convolution h[n] is equivalent a paraunitary system H(z) in the spectral
domain (Theorem 7.1). (2) The paraunitary system H(z) is multiplications of factors

characterized by (column-)orthogonal matrices ({U (`)}−1
`=−L,Q, {U (`)}L`=1) (Equation (7.3),

Theorem 7.2). (3) These orthogonal matrices are parameterized by skew-symmetric ma-
trices using exponential map.

7.3.3 Separable Orthogonal 2D-Convolutions

As 2D-convolutions are widely used in convolutional networks, we extend our orthog-

onal 1D-convolution to the 2D version. Analog to the 1D case, a 2D-convolutional layer is

orthogonal if and only if its transfer matrix H(z1, z2) is paraunitary (H(z1, z2) is unitary

∀|z1| = 1, |z2| = 1).

Construction of orthogonal 2D-convolutions. Using two orthogonal 1D-convolutions,

we can readily obtain a complete design of separable orthogonal 2D-convolutions, where

H(z1, z2) = H1(z1)H2(z2) is a product of two 1D-paraunitary systems. As a result, we

can parameterize a separable orthogonal 2D-convolution with filter size (L1 + L1 + 1) ×

(L2 + L2 + 1) as a convolution of two orthogonal 1D-convolutions with learnable (column-

)orthogonal matrices ({U (`)
1 }−1

`=−L1
,Q1, {U (`)

1 }L1
`=1) and ({U (`)

2 }−1
`=−L2

,Q2, {U (`)
2 }L2

`=1). Since
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our method relies on separability and complete factorization for 1D-paraunitary systems,

we call it Separable Complete Factorization (SC-Fac). (See Section 7.7.1 for pseudo code).

Benefits compared to other methods. (1) Easier analysis. While BCOP [203] and

our SC-Fac are complete in 1D case, none of them is complete in 2D case. However, since

separability reduces the design to the 1D case, it makes the analysis of various types of

convolutional layers easier, as we will see in Section 7.4. (2) Efficient inference. Note

that CayleyConv [183] and SOC [205] define the convolution implicitly (as an infinite-length

filter), the coefficients for H(z1, z2) can not be saved for repeated inference. In contrast,

SC-Fac has the same inference expense as a normal convolutional layer after a one-time

computation of the coefficients. (3) Efficient training. As shown in [211], SC-Fac also has

the lowest computational complexity among all approaches. (4) Exact orthogonality.

Lastly, as shown in Table 7.2 (Section 7.6.1), SC-Fac achieves exact orthogonality (up to

machine-precision), while previous approaches are approximate to a varying degree.

7.4 Unifying Orthogonal Convolutions Variants as Paraunitary Systems

Various convolutional layers (strided, dilated, and group convolution) are widely used

in neural networks. However, it is not apparent how to enforce their orthogonality, as

the convolution theorem (Theorem 7.1) only holds for standard convolutions. Previous

approaches only deal with standard convolutions [182, 183, 191], thus orthogonality for

state-of-the-art architectures has never been studied before.

We address this limitation by modifying convolution theorem for each variant of

convolution layer, which allows us to design these variants using paraunitary systems.
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Table 7.1: Various types of convolutions. In the following table, we present the
modified Z-transforms, Y(z), H(z), and X(z) for each type of convolution such that
Y(z) = H(z)X(z) holds. For dilated and strided convolutions, Xr|R(z) is the (r,R)-
polyphase component of X(z), with which we define X[R](z) , [X0|R(z)>, . . . ,XR−1|R(z)>]>

and X̃[R](z) = [X−0|R(z), . . . ,X−(R−1)|R(z)]. For group convolution, hg is the filter for the
gth group with Hg(z) being its Z-transform. We stack matrices from different groups into
block-diagonal matrices: h{G}[n] = blkdiag ({hg[z]}), H{G}(z) = blkdiag ({hg[z]}).

Type Spatial Representation
Spectral Representation
Y(z) H(z) X(z)

Standard y[i] =
∑

n∈Z h[n]x[i− n] Y(z) H(z) X(z)
R-Dilated y[i] =

∑
n∈Z h↑R[n]x[i− n] Y(z) H(zR) X(z)

↓R-Strided y[i] =
∑

n∈Z h[n]x[Ri− n] Y(z) H̃[R](z) X[R](z)
↑R-Strided y[i] =

∑
n∈Z h[n]x↑R[i− n] Y[R](z) H[R](z) X(z)

G-Group y[i] =
∑

n∈Z h{G}[n]x[i− n] Y(z) H{G}(z) X(z)

Theorem 7.1 (Convolution and paraunitary theorems for various convolutions).

Strided, dilated, and group convolutions can be unified in the spectral domain as Y(z) =

H(z)X(z), where Y(z), H(z), X(z) are modified Z-transforms of y, h, x. We instantiate

the equation for various convolutions in Table 7.1. Furthermore, a convolution is orthogonal

if and only if H(z) is paraunitary.

In Table 7.1, we formulate strided, dilated, and group convolutions in the spatial do-

main, interpreting them as up-sampled or down-sampled variants of a standard convolution.

Now, we introduce the concept of up-sampling and down-sampling precisely below.

Given a sequence x, we introduce its up-sampled sequence x↑R with sampling rate R

as x↑R[n] , x[n/R] for n ≡ 0 (mod R). On the other hand, its (r,R)-polyphase component

xr|R indicates the r-th down-sampled sequence with sampling rate R, defined as xr|R[n] ,

x[nR + r]. We illustrated an example of x↑R and xr|R in Figure 7.3 when sampling rate

R = 2. The Z-transforms of x↑R, xr|R are denoted as X↑R(z), Xr|R(z) respectively.

Now we are ready to interpret convolution variants. (1) Strided convolution is used to

153



0 1 2 3 4 5

……
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x↑ 2[n]
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(a) Up-sample
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x [n]

x 0∣2 [n]

n

n

6 7

……

0 1 2 3

x1∣2 [n]

n

… …

(b) Down-sample

Figure 7.3: Up/down sampling. In (a), the sequence x[n] is up-sampled into another
sequence x↑2[n]. In (b), the sequence x[n] is down-sampled into two sequences x0|2[n] with
even entries (red) and x1|2[n] with odd entries (blue).

adjust the feature resolution: a strided convolution (↓R-strided) decreases the resolution by

down-sampling after a standard convolution, while a transposed strided convolutional layer

(↑R-strided) increases the resolution by up-sampling before a standard convolution. (2)

Dilated convolution increases the receptive field of a convolution without extra parameters:

an R-dilated convolution up-samples its filters before convolution with the input. (3)

Group convolution reduces the parameters and computations, thus widely used by efficient

architectures: a G-group convolution divides the input/output channels into G groups and

restricts the connections within each group. According to Theorem 7.1, a convolution is

orthogonal if and only if its modified Z-transform H(z) is paraunitary.

7.5 Learning Deep Orthogonal Networks with Lipschitz Bounds

In this section, we switch our focus from layer design to network design. In particular,

we aim to study how to scale-up deep orthogonal networks with Lipschitz bounds.
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Lipschitz networks [181, 182, 183], whose Lipschitz bounds are imposed by their archi-

tectures, are proposed as competitive candidates to guarantee robustness in deep learning.

A Lipschitz network consists of orthogonal layers and GroupSort activations — both are 1-

Lipschitz and gradient norm preserving. Given a Lipschitz constant L, a Lipschitz network

f can compute a certified radius for each input from its output margin. Formally, denote

the output margin of an input x with label c as

Mf (x) , max(0, f(x)c −max
i 6=c

f(x)i), (7.5)

i.e., the difference between the correct logit and the second largest logit. Then the output

is robust to perturbation such that f(x + ε) = f(x) = c,∀ε : ‖ε‖ <Mf (x)/
√

2L.

Despite the benefit, existing architectures for Lipschitz networks remain simple and

shallow, and a Lipschitz network is typically an interleaving cascade of orthogonal layers and

GroupSort activations [182]. More advanced architectures, such as ResNet and ShuffleNet,

are still out of reach. While orthogonal layers supposedly substitute the role of batch

normalization [180, 184, 186], other critical factors, including skip-connections [5, 15] and

proper initialization [108] are lacking. In this section, we explore skip-connections and

initialization methods toward addressing this problem.

Skip-connections. Two classes of skip-connections are widely used in deep networks,

one based on addition and another on concatenation. The addition-based one is proposed

in ResNet [5], and adopted in SE-Net [214] and EffcientNet [215], while the concatenation-

based one is proposed in flow-based generative models [216, 217, 218], and adopted in
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DenseNet [6] and ShuffleNet [219, 220]. In what follows, we propose Lipschitz skip-

connections with these two mechanisms, illustrated in Figure 7.4.

Proposition 7.1 (Lipschitzness of residual blocks). Suppose f 1, f 2 are L-Lipschitz

and α ∈ [0, 1] is a learnable scalar, then an additive residual block f : f(x) , αf 1(x) +

(1 − α)f 2(x) is L-Lipschitz. Alternatively, suppose g1, g2 are L-Lipschitz and P is a

permutation, then a concatenative residual block g : g(x) , P [g1(x1); g2(x2)] is L-Lipschitz,

where [·; ·] denotes channel concatenation, and x is split into x1 and x2, i.e., x = [x1,x2].

Initialization. Proper initialization is crucial in training deep networks [5, 108]. Various

methods are proposed to initialize orthogonal matrices, including the uniform and torus

initialization, for orthogonal RNNs [199, 200, 221]. However, initialization of orthogonal

convolutions was not systematically studied, and all previous approaches inherit the initial-

ization from the underlying parameterization [182, 183]. In Proposition 7.2, we study the

condition when a paraunitary system (in the form of Equation (7.3)) reduces to an orthog-

onal matrix. This reduction allows us to apply the initialization methods for orthogonal

matrices (e.g., uniform, torus) to orthogonal convolutions.

Proposition 7.2 (Reduction of a paraunitary system to an orthogonal matrix).

Suppose a paraunitary system H(z) takes the complete factorization in Equation (7.3), and

assume L = L with U (−`) = QU (`) for all `, then the paraunitary matrix H(z) reduces to

an orthogonal matrix Q,

H(z) = V(z;U (−L)) · · ·V(z;U (−1))QV(z−1;U (1)) · · ·V(z−1;U (L)) = Q. (7.6)
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(a) Additive block.
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GroupSort

GroupSort
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Ortho. Conv.
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GroupSort
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(c) Shuffling block.

Channel Split

Concatenate

Channel Shuffle

Ortho. Conv.
(Stride = 2)
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GroupSort

GroupSort

Ortho. Conv.
(Stride = 2)

(d) Strided shuffling block

Figure 7.4: Variants of residual blocks. In our experiments, we combine (a) & (b) to
construct an orthogonal ResNet, and (c) & (d) to construct an orthogonal ShuffleNet. In
Proposition 7.1, we prove the Lipschitzness of these building blocks. Since composition of
Lipschitz functions is still Lipschitz, it implies that a network constructed by these building
blocks is also Lipschitz.
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In the experiments, we will evaluate the impact of different choices of skip-connections

and initialization methods to the performance of deep Lipschitz networks.

7.6 Experimental Results

In the experiments, we achieve the following goals. (1) We demonstrate in Sec-

tion 7.6.1 that our separable complete factorization (SC-Fac) achieves precise orthogonal-

ity (up to machine-precision), resulting in more accurate orthogonal designs than previous

ones [182, 183, 191]. (2) Despite the differences in preciseness, we show in Section 7.6.2 that

different realizations of paraunitary systems only have a minor impact on the adversarial

robustness of Lipschitz networks. (3) Due to the versatility of our convolutional layers

and architectures, in Section 7.6.3, we explore the best strategy to scale Lipschitz networks

to wider/deeper architectures. (4) In Section 7.7, we further demonstrate in a successful

application of orthogonal convolutions in residual flows [188]. Training details are provided

in Section 7.7.2.

7.6.1 Exact Orthogonality

We evaluate the orthogonality of our SC-Fac layer verse previous approaches, includ-

ing CayleyConv [183], BCOP [182], SVCM [191], RKO [190], OSSN [176]. Our experiments

are based on a convolutional layer with 64 input channels and 16 × 16 input size. We or-

thogonalize the layer using each approach, and evaluate it with Gaussian inputs. For our

SC-Fac layer, We initialize all orthogonal matrices uniformly, while we use built-in initial-

ization for others. We evaluate the difference between 1 and the ratio of the output norm
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to the input norm — a layer is exactly orthogonal if the number is close to 0.

Table 7.2: (Left) Orthogonality evaluation of different designs for standard con-
volution. The number ‖Conv(x)‖/‖x‖−1 indicates the difference between the output and
input norms of a layer. A layer is more precisely orthogonal if the number is closer to 0. As
shown, our SC-Fac achieves orders of magnitude more orthogonal on standard convolution.
(Right) Orthogonality evaluation of our SC-Fac design for various convolutions.
The numbers ‖Conv(x)‖/‖x‖ − 1 displayed are in the magnitude of 10−8. As shown, our
SC-Fac layers achieve machine epsilon orthogonality on variants of convolution.

Conv. ‖Conv(x)‖/‖x‖ − 1

SC-Fac (+3.14± 7.38)× 10−8

CayleyConv (+2.88± 1.90)× 10−4

BCOP (+2.59± 6.14)× 10−3

SVCM −0.429± 3.31× 10−3

RKO −0.666± 1.74× 10−3

OSSN −0.422± 3.44× 10−3

Type
Groups

1 4 16

R-Dilated
1 +3.14± 7.38 +1.94± 6.87 +1.44± 6.29
2 +3.65± 7.87 +1.41± 6.77 +1.02± 6.46
4 +3.18± 7.46 +1.79± 6.87 +1.54± 6.21

↓R-Strided
2 −4.69± 5.10 +4.38± 6.30 +1.79± 5.78
4 +10.39±5.15 +6.35± 6.04 +3.05± 5.79

↑R-Strided
2 +3.67± 7.96 +1.38± 6.70 +1.43± 6.23
4 +3.86± 7.09 +1.12± 6.81 N/A

(1) Standard convolution. We show in Table 7.2 (Left) that our SC-Fac is orders

of magnitude more precise than all other approaches. The SC-Fac layer is in fact exactly

orthogonal up to machine epsilon, which is 2−24 ≈ 5.96 × 10−8 for 32-bits floats. While

RKO and OSSN are known not to be orthogonal, we surprisingly find that SVCM is far

from orthogonal due to its masking step. (2) Convolutions variants. In Section 7.4, we

show that various orthogonal convolutions can be constructed using paraunitary systems.

We verify our theory in Table 7.2 (Right): SC-Fac layers are exactly orthogonal (up to

machine precision) for all types.

7.6.2 Adversarial Robustness

In this subsection, we evaluate the adversarial robustness of Lipschitz networks. Fol-

lowing the setup in [183], we adopt KW-Large, ResNet9, WideResNet10-10 as the backbone

architectures, and evaluate their robust accuracy on CIFAR-10 with different designs of or-
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thogonal convolutions. We extensively perform a hyper-parameter search and choose the

best hyper-parameters for each approach based on the robust accuracy. The details of the

hyper-parameter search is in Section 7.7.2. We run each model with 5 different seeds and

report the best accuracy.

Table 7.3: (Left) Certified robustness for convolutional networks (without input
normalization). We use KW-Large introduced by [222]. The results for RKO, OSSN, and
SVCM are produced by [183]. (Right) Practical robustness for residual networks
(with input normalization). For 22 layers, the width of SC-Fac is multiplied with 10,
CayleyConv with 6, and BCOP and RKO with 8. We are unable to scale CayleyConv,
BCOP, and RKO due to memory constraint. As shown, deeper architectures perform
better than shallow ones for all approaches, and our SC-Fac has a clear advantage.

KW-Large

ε Test Acc. SC-Fac Cayley BCOP RKO OSSN SVCM

0 Clean 74.69 75.57 74.81 74.47 71.69 72.43

36
255

Certified 58.68 59.03 58.83 57.50 55.71 52.11
PGD 67.72 67.78 67.47 68.32 65.13 66.43

ResNet9 WideResNet10-10 WideResNet22-max

ε Test Acc. SC-Fac Cayley BCOP RKO SC-Fac Cayley BCOP RKO SC-Fac Cayley BCOP RKO

0 Clean 82.19 84.26 83.20 84.07 84.09 82.99 84.29 84.51 87.82 85.85 84.50 84.55

36
255

PGD 71.21 73.47 73.05 75.03 74.29 76.02 74.60 77.14 76.46 74.81 75.00 76.41

(1) Certified robustness. Following [182], we use the raw images (without nor-

malization) for network input to achieve the best certified accuracy. As shown in Table 7.3

(Top), different realizations of paraunitary systems, SC-Fac, CayleyConv and BCOP have

comparable performance — CayleyConv is < 1% better in clean accuracy, but the difference

in robust accuracy are negligible.

(2) Practical robustness. [183] shows that the certified accuracy is too conser-

vative, and it is possible to increase the practical robustness (against PGD attacks) with

a standard input normalization. Notice that the normalization increases the Lipschitz

bound, thus lower the certified accuracy. Our experiments in Table 7.3 (Bottom) are based

on ResNet9, WideResNet10-10 [183] and a deeper WideResNet22. For the shallow archi-

tectures (ResNet9, WideResNet10-10), our SC-Fac, CayleyConv, and BCOP again achieve

comparable performance — CayleyConv is slightly ahead in robust accuracy. For the
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deeper architecture, our SC-Fac has a clear advantage in both clean and ro-

bustness accuracy, and the clean accuracy to only 5% lower than a traditional ResNet

32 trained with batch normalization. Surprisingly, we find that RKO also performs well in

robust accuracy while not exactly orthogonal. In summary, our experiments show that var-

ious paraunitary realizations provide different impacts on certified and practical robustness.

While exact orthogonality provides tight Lipschitz bound, there is a trade-off between the

exact orthogonality and the practical robustness (especially with the shallow architectures).

7.6.3 Scaling-up Deep Orthogonal Networks with Lipschitz Bounds

All previous Lipschitz networks [182, 183] only consider shallow architectures (≤ 10

layers). In this subsection, we investigate various factors to scale Lipschitz networks to

deeper architectures: skip-connection, depth/width, receptive field, and down-sampling.

(1) Types of skip-connections. Conventional wisdom suggests that skip-connections

mainly address gradient vanishing/exploding problems; thus, they are not needed for

orthogonal networks. To understand their role, we perform an experiment that trains

deep Lipschitz networks without skip-connection and with additive/concatenative skip-

connections (see Section 7.5). As shown in Table 7.4 (left), the network with additive skip-

connection substantially outperforms the other two, and the one without skip-connections

performs the worst. Thus, we empirically show that additive skip-connection is crucial in

deep Lipschitz networks.

(2) Depth and width. Exact orthogonality is criticized for harming the expressive

power of neural networks. We show that the loss of expressive power can be compensated by
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increasing the network depth/width. In Table 7.3 (Bottom) and Table 7.6 (Section 7.7.2),

we observe that deeper/wider architectures increase the clean/robust accuracy.

(3) Initialization methods. We try different initialization methods, including iden-

tical, permutation, uniform, and torus [199, 221]. We find that identical initialization works

the best for deep Lipschitz networks (> 10 layers), while all methods perform similarly in

shallow networks as shown in Table 7.5 (Section 7.7.2).

(4) Receptive field and down-sampling. Previous works [182, 183] use larger

kernel size and no stride for Lipschitz networks. In Table 7.4 (Right), we perform a study

on the effects of kernel/dilation size and down-sampling types for the orthogonal convolu-

tions. We find that an average pooling as down-sampling consistently outperforms strided

convolutions. Furthermore, a larger kernel size helps to boost the performance.

Table 7.4: (Left) Comparisons of various skip connection types on WideResNet22-10
(kernel size equals 5). (Right) Comparisons of various receptive field and down-
sampling types on WideResNet10-10. The symbols 3, 5 indicate whether average pool-
ing or strided convolution is used for down-sampling. For “slim” in strided convolution,
we set kernel size = stride; and for for “wide”, kernel size = stride * kernel size’ (where
kernel size’ is the kernel size for the main branch.

Skip type
Test Acc.

Clean PGD

ConvNet (w/o skip) 69.59 59.22
ShuffleNet (concat) 75.21 66.00
ResNet (add) 87.82 76.46

Receptive Field Down-Sampling Test Acc.

Kernel Dilation Pool Stride Clean PGD

3 1 5 slim 80.70 68.81
3 1 5 wide 82.36 70.36

3 1 3 5 84.54 71.71
3 2 3 5 81.53 70.07

5 1 3 5 84.09 74.29
5 2 3 5 81.28 70.58

(5) Run-time and memory comparison. We find that previously proposed or-

thogonal convolutions such as CayleyConv, BCOP, and RKO require more GPU memory
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and computation time than SC-Fac. Therefore, we could not to scale them due to memory

constraints (for 22 and 32 layers using Tesla V100 32G). In order to scale up Lipschitz

networks, economical implementation of orthogonal convolution is crucial. As shown in

Figure 7.5, for deep and wide architectures, our SC-Fac is the most computationally and

memory efficient method and the only method that scales to a width increase of 10 on

WideResNet22. Missing numbers in Figure 7.5 and Table 7.6 (Section 7.7.2) are due to the

large memory requirement.
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Figure 7.5: Run-time and memory comparison using WideResNet22 on Tesla V100 32G.
x-axis indicates the width factor (channels = base channels × factor). Our SC-Fac is the most
computationally and memory-efficient for wide architectures and is the only method that scales
to width factor to 10 on WideResNet22. We also compare with an ordinary network with regular
convolutions and ReLU activations. Note that SC-Fac has the same inference speed as a regular
convolution — the overhead is from the GroupSort activations.

In summary, additive skip-connections are still essential for deep orthogonal networks.

Due to the orthogonal constraints, it is helpful to increase the depth/width of the network.

However, this significantly increases the memory requirement; thus, a cheap implementation

(like SC-Fac) is desirable. Finally, we find that a larger kernel size and down-sampling based

on average pooling is helpful, unlike standard practices in deep networks.
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7.7 Supplementary Materials

7.7.1 Pseudo Code for SC-Fac Algorithm

Algorithm 1: Separable Complete Factorization (SC-Fac)

Input: Number of channels C, kernel size K = 2L+ 1, and
Skew-symmetric matrices {A(`)

d } with A
(`)
d ∈ RC×C , ` ∈ [−L,L], d ∈ {1, 2}.

Output: A paraunitary system H ∈ RC×C×K×K .
Initialization: Sample N

(`)
d from {1, · · · , C} uniformly ∀` ∈ [−L,L], d ∈ {1, 2}

/* Iterate for vertical/horizontal dimensions */

for d = 1 to 2 do
/* 1) Compute orthogonal matrices from skew-symmetric matrices */

/* Iterate for filter locations */

for ` = −L to L do
if ` = 0 then

Qd ← matrix exp(A
(0)
d ) // usematrix exp() in GeoTorch [223]

else

U
(`)
d ← select(matrix exp(A

(`)
d ), cols = N

(`)
d ) // selects the first cols

columns of the matrix

end if

end for
/* 2) Compose 1D paraunitary systems from orthogonal matrices */

Hd ← Qd

for ` = 1 to L do

Hd ← conv1d(Hd,
[
U

(`)
d U

(`)
d

>
, I − U (`)

d U
(`)
d

>]
)

Hd ← conv1d(
[
I − U (−`)

d U
(−`)
d

>
, U

(−`)
d U

(−`)
d

>]
,Hd)

end for

end for
/* 3) Compose a 2D paraunitary systems from two 1D paraunitary */

H ← Compose(H1,H2) // i.e., H:,:,i,j = (H2):,:,j(H1):,:,i where the 1D

paraunitary systems H1 and H2 are of size C × C ×K
return H

We include the pseudo-code for separable complete factorization (Section 7.3) in Al-

gorithm 1 and diverse orthogonal convolutions (Section 7.4) in Algorithm 2.

The pseudo-code in Algorithm 1 consists of three parts: (1) First, we obtain orthog-
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Algorithm 2: Construct Diverse Orthogonal Convolutions from Paraunitary Sys-
tems

Input: Number of base channels C, kernel size K = R(2L+ 1),
stride R, dilation D, number of groups G

Output: An orthogonal kernel W ∈ RT×S×K×K

Set K ′ ← K/R, number of input channels S ← GC/R2 and output channels
T ← GC

for g = 0 to G− 1 do
/* 1) Construct orthogonal convolutions from paraunitary systems */

Initialize skew-symmetric matrices {{A(`,g)
d }L`=−L}2

d=1 for the current g

Hg ← Algorithm 1: SC-Fac(C,K ′, {{A(`,g)
d }L`=−L}2

d=1)
Hg ← reshape(Hg, (C,C,K ′, K ′)→ (C/R2, C,K,K))

end for
/* 2) Concatenate orthogonal convolutions from different groups */

W ← concatenate({Hg}G−1
g=0 , dim = 0)

return W (where the filter for input channel s and output channel t is
Wt,s,:,: ∈ RK×K)

onal matrices from skew-symmetric matrices using matrix exponential. We use GeoTorch

library [223] for the function matrix exp in our implementation; (2) Subsequently, we con-

struct two 1D paraunitary systems using these orthogonal matrices; and (3) Lastly, we

compose two 1D paraunitary systems to obtain one 2D paraunitary systems. The pseudo-

code in Algorithm 2 consists of two parts: (4) First, we reshape each paraunitary system

into an orthogonal convolution depending on the stride; and (5) second, we concatenate

the orthogonal kernels for different groups and return the output. ‘

7.7.2 Setups and Additional Results for Empirical Studies

Network architectures. For fair comparisons, we follow the architectures by [183] for

KW-Large, ResNet9, WideResNet10-10 (i.e., shallow networks). We set the group size for

GroupSort activations as 2 in all experiments. For networks deeper than 10 layers, we im-

plement their architectures modifying from the Pytorch official implementation of ResNet.
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It is crucial to replace the global pooling before fully-connected layers with an average

pooling with a window size of 4. For the average pooling, we multiply the output with

the window size to maintain its 1-Lipschitzness. Other architectures, including ShuffleNet

and plain convolutional network (ConvNet), are further modified from the ResNet, where

only the skip-connections are changed or removed. We use the widen factor to indicate the

channel number: we set the number of channels at each layer as base channels multiplied by

the widen factor. The base channels are 16, 32, 64 for three groups of residual blocks. More

details of the ResNet architecture can be found in the official PyTorch implementation.2

Learning strategies. We use the CIFAR-10 dataset for all our experiments. We nor-

malize all input images to [0, 1] followed by standard augmentation, including random

cropping and horizontal flipping. We use the Adam optimizer with a maximum learning

rate of 10−2 coupled with a piece-wise triangular learning rate scheduler. We initialize all

our SC-Fac layers as permutation matrices: (1) we select the number of columns for each

pair U (`),U (−`) uniformly from {1, · · · , T} at initialization (the number is fixed during

training); (2) for ` > 0, we sample the entries in U (`) uniformly with respect to the Haar

measure; and (3) for ` < 0, we set U (−`) = QU (`) according to Proposition 7.2.

Multi-class hinge loss. Following previous works on Lipschitz networks [181, 182, 183],

we adopt the multi-class hinge loss in training. For each model, we perform a grid search on

different margins ε0 ∈ {1×10−3, 2×10−3, 5×10−3, 1×10−2, 2×10−2, 5×10−2, 0.1, 0.2, 0.5}

and report the best performance in terms of robust accuracy. Notice that the margin ε0

controls the trade-off between clean and robust accuracy, as shown in Figure 7.6.

2 https://github.com/pytorch/vision/blob/master/torchvision/models/
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Figure 7.6: Effect of the Lipschitz margin ε0 for WideResNet22-10. It shows a
trade-off between clean and robust accuracy with different margins for multi-class hinge
loss. As shown, the training and test accuracy become higher with larger margin, but the
robust accuracy decreases after ε0 = 0.1.

Table 7.5: Effect of initialization methods on WideResNet (kernel size 5).

Initialization WideResNet10-10 WideResNet22-10

Clean (%) PGD (%) Clean (%) PGD (%)

uniform 83.58 73.20 87.55 75.71
torus 82.40 72.50 88.12 75.43
permutation 83.18 73.16 87.82 76.46
identical 83.29 73.49 87.82 75.49

Initialization methods. In Proposition 7.2, we show how to initialize our orthogonal

convolutional layers as orthogonal matrices. In Table 7.5, we perform a study on different

initialization methods, including identical, permutation, uniform, and torus [199, 221]. We

find that permutation works the best for WideResNet22-10, while all methods are similar

in shallower WideResNet10-10. Therefore, we use permutation for all other experiments.

Network depth and width. Exact orthogonality is criticized for harming the expressive

power of neural networks, and we find that increasing network depth/width can partially

compensate for such loss. In Table 7.6, we perform a study on the impact of network

depth/width on the predictive performance. As shown, deeper/wider architectures con-
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Table 7.6: Comparison of different depth and width on WideResNet (kernel size 5).
Some numbers are missing due to the large memory requirement (on Tesla V100 32G). The
notation width factor indicates (channels = base channels × factor).

10 layers

Width 1 3 6 8 10 1 3 6 8 10

Clean (%) PGD with ε = 36/255 (%)

Ours 79.96 84.17 84.96 84.61 84.09 65.92 69.70 72.18 72.51 74.29
Cayley 77.88 82.14 82.56 85.53 85.01 66.65 73.06 74.33 75.66 76.13
RKO 81.37 83.55 84.67 85.18 84.62 70.55 74.44 76.41 76.65 77.02

22 layers

Width 1 3 6 8 10 1 3 6 8 10

Clean (%) PGD with ε = 36/255 (%)

Ours 79.90 82.22 87.21 88.10 87.82 67.95 70.88 74.30 75.12 76.46
Cayley 79.11 84.82 85.85 - - 69.79 65.61 74.81 - -
RKO 82.71 84.19 84.33 84.55 - 72.40 74.36 75.66 76.41 -

34 layers

Width 1 3 6 8 10 1 3 6 8 10

Clean (%) PGD with ε = 36/255 (%)

Ours 81.24 88.17 88.92 - - 69.21 71.85 75.09 - -
Cayley 82.46 84.29 - - - 71.27 74.73 - - -
RKO 81.51 83.24 83.92 - - 71.38 73.84 75.03 - -

sistently improve both the clean and robust accuracy for our implementation. However,

the best robust accuracy is achieved by a 22-layer network since we can afford a wide

architecture for 34-layer architecture.

7.7.3 Orthogonal Convolutions for Residual Flows

In this subsection, we first review the class of flow-based generative models [224, 225].

We focus on invertible residual network [194], a flow-based model that relies on Lipschitz

residual block, and its extended version Residual Flow [188]. We then show how to construct
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improved Residual Flow using our orthogonal convolutions.

Flow-based models. Given an observable vector x ∈ RD and a latent vector z ∈ RD,

we define a bijective mapping f : RD → RD from the latent vector z to an observation

x = f(z). We further define the inverse of f as F = f−1, with which we represent the

likelihood of x by the one of z as:

ln pX(x) = ln pZ(z) + ln|detJF (x)|, (7.7)

where pX is the data distribution, pZ is the base distribution (usually a normal distribution),

and JF (x) is the Jacobian of F at x. In practice, the bijective mapping f is composed by

a sequence of K bijective mapping such that f = fK ◦ · · · ◦ f1, where each fk is named

as a flow. Since the inverse mapping F = F1 ◦ · · ·FK transforms the data distribution

pX into a normal distribution pZ , flow-based models are also known as normalizing flows.

Accordingly, we rewrite Equation (7.7) as:

ln pX(x) = ln pZ(z) +
K∑
k=1

ln|detJFk
(x)|, (7.8)

In a flow-based model, we require efficient computations of (a) each bijective mapping fk,

(b) its inverse mapping Fk = f−1
k , and (c) the corresponding log-determinant ln|detJF (·)|.

Invertible residual networks (i-ResNets). [194] proposes a flow-based model based

on residual network (ResNet). Note that a block in ResNet is defined as F (x) = x+ g(x),

where g is a convolutional network. In [194], the authors prove that F is a bijective mapping
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if g is 1-Lipschitz, and its inverse mapping can be computed by fixed-point iterations:

xk+1 = y − g(xk), (7.9)

where y = g(x) is the output of F and the initialization of the iterative algorithm is

x0 := y. From the Banach fixed-point theorem, we have

‖x− xk‖2 =
Lip(g)k

1− Lip(g)
‖x1 − x0‖ , (7.10)

i.e., the convergence rate is exponential in the number of iterations and smaller Lipschitz

constant yields faster convergence. Moreover, the log-determinant can be computed as:

ln pX(x) = ln pZ(z) + tr (ln (I + Jg(x))) (7.11)

= ln pZ(z) + tr

(
∞∑
k=1

(−1)k+1

k
[Jg(x)]k

)
, (7.12)

where the infinite sum is approximated by truncation and the trace is efficiently estimated

using the Hutchinson trace estimator tr(A) = Ev∼N (0,I)[v
>Av].

To constrain the Lipschitz constant, i-ResNet uses spectral normalization on each

linear layer. Moreover, to improve optimization stability, i-ResNet changes the activation

function from ReLU to ELU, ensuring nonlinear activations have continuous derivatives.

As summarized in [194], there are two remaining problems in this model: (1) The

estimator of the log-determinant is biased and inefficient; (2) Designing and learning net-

works with a Lipschitz constraint are challenging — one needs to constrain each linear layer
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Table 7.7: Comparisons of various flow-based models on the MNIST dataset. We
report the performance in bits per dimension (bpm), where a smaller number indicates a
better performance.

Model MNIST

Glow [218] 1.05
FFJORD [226] 0.99
i-ResNet [194] 1.05
Residual Flow [188] 0.97

SC-Fac Residual Flow (Ours) 0.896

in the block instead of being able to control the Lipschitz constant of a block.

Residual Flow. [188] addresses problem {(1) by proposing an unbiased Russian roulette

estimator for Equation (7.12):

tr (ln (I + Jg(x))) = En,v

[
n∑
k=1

(−1)k

k

v
[
Jg(x)k

]
v

P(N ≥ k)

]
, (7.13)

where n ∼ p(N) and v ∼ N (0, I). Residual Flow further changes the activation from ELU

to LipSwish. The LipSwich activation avoids derivative saturation, which occurs when the

second derivative is zero in a large region. However, problem (2) remains unresolved.

Residual flows with orthogonal convolutions. We propose to address problem (2)

by replacing spectral normalization by orthogonal convolution (SC-Fac). Note that or-

thogonal convolutions directly control the Lipschitz constant of a ResNet block. We keep

all other components unchanged — in particular, we use LipSwish instead of GroupSort,

as GroupSort suffers from derivative saturation. We experiment our model on MNIST

dataset, and Table 7.7 shows that our model substantially improve the performance over

the original Residual Flow. We display some images generated by our model in Figure 7.7.

171



Figure 7.7: Random samples from SC-Fac Residual Flow trained on MNIST.

7.8 Conclusion

In this chapter, we present a paraunitary framework for orthogonal convolutions.

Specifically, we establish the equivalence between orthogonal convolutions in the spatial

domain and paraunitary systems in the spectral domain. Therefore, any design for orthog-

onal convolutions is implicitly constructing paraunitary systems. We further show that the

orthogonality for variants of convolution (strided, dilated, and group convolutions) is also

fully characterized by paraunitary systems. In summary, paraunitary systems are all we

need to ensure orthogonality for diverse types of convolutions.

Based on the complete factorization of 1D paraunitary systems, we develop the first

exact and complete design of separable orthogonal 2D-convolutions. Our versatile design

allows us to study the design principles for orthogonal convolutional networks. Conse-

quently, we scale orthogonal networks to deeper architectures, substantially outperforming

their shallower counterparts. In our experiments, we observe that exact orthogonality plays

a crucial role in learning deep Lipschitz networks. In the future, we plan to investigate other

use cases that exact orthogonality is essential.
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Chapter 8: Conclusion

This dissertation investigates spectral methods to design neural networks with desir-

able properties (or without undesirable properties). We divide the dissertation into three

modules.

In the first module, we apply tensor representations to interpret and design multilin-

ear operations. In Chapter 2, we introduced a framework to design compact convolutional

layers, which maintain high expressive power but with significantly fewer parameters. Then,

in Chapter 3, we develop an automatic library that can effectively denote tensor represen-

tations, with which we can efficiently learn multilinear operations. And lastly, in Chap-

ter 4, we propose the first higher-order recurrent layer for spatio-temporal learning, which

achieves the state-of-the-art in long-term prediction tasks. There are two potential direc-

tions to further advance multilinear operations in neural networks. It will be interesting to

understand and design attention modules from the perspective of tensor representations,

as attention mechanisms are gaining popularity over convolutions and recurrences in recent

years. We also plan to develop fused algorithms to further accelerate tensor representation

evaluation, which avoids the serial computation of binary operations.

In the second module (Chapter 5), we develop an efficient scheme to model uncer-

tainties using Bayesian quantized networks. Using this scheme, we convert the intractable
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computation in Bayesian neural networks into tractable tensor operations and develop fast

algorithms for these operations. On the other hand, learning a quantized neural network

is an integer programming problem since the weights only take discrete values. However,

the problem becomes continuous since the probability vector is continuous. Therefore, our

scheme also provides an alternative way to learn compact quantized networks. In the fu-

ture, it will be interesting to investigate the statistical properties of our design and other

approaches for learning Bayesian neural networks. Since a quantitive analysis of the trade-

off between bias and variance is lacking, different methods are comparable in their final

performance. Therefore, it is desirable to characterize their properties such that we know

their applicability from the context and further improve these approaches.

In the last module, we show that a convolutional layer is equivalent to a multi-input

multi-output (MIMO) filter bank, which allows us to specify the properties of convolutional

layers using filter bank theory. In Chapter 6, we propose ARMA layers based on infinite

impulse response (IIR) filter banks such that we can economically expand the receptive

field of a convolutional layer. And in Chapter 7, we propose orthogonal convolutions based

on paraunitary filter banks such that we can easily ensure their exact orthogonality. In

this module, we have mainly focused on the properties of convolutional layers per se. As

a future direction, it will be interesting to investigate the interplay between the properties

of convolutional layers and network architectures. For instance, it will be interesting to

understand the interactions between ARMA layers and self-attention modules in expanding

receptive fields. As another example, we plan to investigate how orthogonal convolutions

collaborate with other components in constructing invertible neural networks.
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Virtanen, David Cournapeau, Eric Wieser, Julian Taylor, Sebastian Berg, Nathaniel J
Smith, et al. Array programming with numpy. Nature, 585(7825):357–362, 2020.

[65] Alex Rogozhnikov and Cristian Garcia. Einops.
https://github.com/arogozhnikov/einops, 2020.

[66] Alexander Reustle, Tahseen Rabbani, and Furong Huang. Fast GPU convolution for
CP-decomposed tensorial neural networks. In Proceedings of SAI Intelligent Systems
Conference, pages 468–487. Springer, 2020.

[67] Nicolas Vasilache, Oleksandr Zinenko, Theodoros Theodoridis, Priya Goyal, Zachary
DeVito, William S Moses, Sven Verdoolaege, Andrew Adams, and Albert Cohen.
Tensor comprehensions: Framework-agnostic high-performance machine learning ab-
stractions. arXiv preprint arXiv:1802.04730, 2018.

[68] Po-An Wang and Chi-Jen Lu. Tensor decomposition via simultaneous power iteration.
In International Conference on Machine Learning, pages 3665–3673, 2017.

[69] Karen Simonyan and Andrew Zisserman. Two-stream convolutional networks for
action recognition in videos. Advances in neural information processing systems, 27,
2014.

[70] Khurram Soomro, Amir Roshan Zamir, and Mubarak Shah. UCF101: A dataset of
101 human actions classes from videos in the wild. arXiv preprint arXiv:1212.0402,
2012.

[71] Olga Russakovsky, Jia Deng, Hao Su, Jonathan Krause, Sanjeev Satheesh, Sean Ma,
Zhiheng Huang, Andrej Karpathy, Aditya Khosla, Michael Bernstein, et al. Imagenet
large scale visual recognition challenge. International Journal of Computer Vision,
115(3):211–252, 2015.

[72] Anmol Gulati, James Qin, Chung-Cheng Chiu, Niki Parmar, Yu Zhang, Jiahui
Yu, Wei Han, Shibo Wang, Zhengdong Zhang, Yonghui Wu, et al. Conformer:
Convolution-augmented transformer for speech recognition. Proc. Interspeech 2020,
pages 5036–5040, 2020.

[73] Vassil Panayotov, Guoguo Chen, Daniel Povey, and Sanjeev Khudanpur. Librispeech:
An ASR corpus based on public domain audio books. In 2015 IEEE international
conference on acoustics, speech and signal processing (ICASSP), pages 5206–5210.
IEEE, 2015.

[74] Alex Krizhevsky. Learning multiple layers of features from tiny images. Master’s
thesis, University of Toronto, 2009.

[75] Chelsea Finn and Sergey Levine. Deep visual foresight for planning robot motion.
In 2017 IEEE International Conference on Robotics and Automation (ICRA), pages
2786–2793. IEEE, 2017.

180



[76] Nitish Srivastava, Elman Mansimov, and Ruslan Salakhudinov. Unsupervised learn-
ing of video representations using LSTMs. In International conference on machine
learning, pages 843–852. PMLR, 2015.

[77] Alexandre Alahi, Kratarth Goel, Vignesh Ramanathan, Alexandre Robicquet, Li Fei-
Fei, and Silvio Savarese. Social LSTM: Human trajectory prediction in crowded
spaces. In Proceedings of the IEEE conference on computer vision and pattern recog-
nition, pages 961–971, 2016.

[78] Xingjian Shi, Zhourong Chen, Hao Wang, Dit-Yan Yeung, Wai-Kin Wong, and Wang-
chun Woo. Convolutional LSTM network: A machine learning approach for precipi-
tation nowcasting. Advances in neural information processing systems, 28, 2015.

[79] Yunbo Wang, Mingsheng Long, Jianmin Wang, Zhifeng Gao, and Philip S Yu. Pre-
drnn: Recurrent neural networks for predictive learning using spatiotemporal LSTMs.
Advances in neural information processing systems, 30, 2017.

[80] Yunbo Wang, Zhifeng Gao, Mingsheng Long, Jianmin Wang, and S Yu Philip. Pre-
drnn++: Towards a resolution of the deep-in-time dilemma in spatiotemporal pre-
dictive learning. In International Conference on Machine Learning, pages 5123–5132.
PMLR, 2018.

[81] Yunbo Wang, Lu Jiang, Ming-Hsuan Yang, Li-Jia Li, Mingsheng Long, and Li Fei-
Fei. Eidetic 3d LSTM: A model for video prediction and beyond. In International
conference on learning representations, 2018.

[82] Rohollah Soltani and Hui Jiang. Higher order recurrent neural networks. arXiv
preprint arXiv:1605.00064, 2016.

[83] Animashree Anandkumar, Rong Ge, Daniel Hsu, Sham M Kakade, and Matus Tel-
garsky. Tensor decompositions for learning latent variable models. The Journal of
Machine Learning Research, 15(1):2773–2832, 2014.

[84] Naftali Tishby and Noga Zaslavsky. Deep learning and the information bottleneck
principle. In 2015 IEEE Information Theory Workshop (ITW), pages 1–5. IEEE,
2015.

[85] Alessandro Achille and Stefano Soatto. Emergence of invariance and disentanglement
in deep representations. The Journal of Machine Learning Research, 19(1):1947–1980,
2018.

[86] Jean Kossaifi, Adrian Bulat, Georgios Tzimiropoulos, and Maja Pantic. T-net:
Parametrizing fully convolutional nets with a single high-order tensor. In Proceed-
ings of the IEEE Conference on Computer Vision and Pattern Recognition, pages
7822–7831, 2019.

[87] Yongxin Yang and Timothy Hospedales. Deep multi-task representation learning: A
tensor factorisation approach. arXiv preprint arXiv:1605.06391, 2016.

181



[88] Andros Tjandra, Sakriani Sakti, and Satoshi Nakamura. Compressing recurrent neu-
ral network with tensor train. In 2017 International Joint Conference on Neural
Networks (IJCNN), pages 4451–4458. IEEE, 2017.

[89] Xindian Ma, Peng Zhang, Shuai Zhang, Nan Duan, Yuexian Hou, Ming Zhou, and
Dawei Song. A tensorized transformer for language modeling. Advances in Neural
Information Processing Systems, 32, 2019.

[90] William Lotter, Gabriel Kreiman, and David Cox. Deep predictive coding networks
for video prediction and unsupervised learning. arXiv preprint arXiv:1605.08104,
2016.

[91] Wonmin Byeon, Qin Wang, Rupesh Kumar Srivastava, and Petros Koumoutsakos.
Contextvp: Fully context-aware video prediction. In Proceedings of the European
Conference on Computer Vision (ECCV), pages 753–769, 2018.

[92] Chelsea Finn, Ian Goodfellow, and Sergey Levine. Unsupervised learning for physi-
cal interaction through video prediction. Advances in neural information processing
systems, 29, 2016.

[93] Ruben Villegas, Jimei Yang, Seunghoon Hong, Xunyu Lin, and Honglak Lee. De-
composing motion and content for natural video sequence prediction. arXiv preprint
arXiv:1706.08033, 2017.

[94] Emily L Denton et al. Unsupervised learning of disentangled representations from
video. Advances in neural information processing systems, 30, 2017.

[95] Jun-Ting Hsieh, Bingbin Liu, De-An Huang, Li F Fei-Fei, and Juan Carlos Niebles.
Learning to decompose and disentangle representations for video prediction. Advances
in neural information processing systems, 31, 2018.

[96] Sepp Hochreiter and Jürgen Schmidhuber. Long short-term memory. Neural compu-
tation, 9(8):1735–1780, 1997.

[97] Marijn F Stollenga, Wonmin Byeon, Marcus Liwicki, and Juergen Schmidhuber. Par-
allel multi-dimensional LSTM, with application to fast biomedical volumetric image
segmentation. Advances in neural information processing systems, 28, 2015.

[98] Christian Schuldt, Ivan Laptev, and Barbara Caputo. Recognizing human actions: a
local SVM approach. In Proceedings of the 17th International Conference on Pattern
Recognition, 2004. ICPR 2004., volume 3, pages 32–36. IEEE, 2004.

[99] Raghav Goyal, Samira Ebrahimi Kahou, Vincent Michalski, Joanna Materzynska,
Susanne Westphal, Heuna Kim, Valentin Haenel, Ingo Fruend, Peter Yianilos, Moritz
Mueller-Freitag, et al. The” something something” video database for learning and
evaluating visual common sense. In Proceedings of the IEEE international conference
on computer vision, pages 5842–5850, 2017.

182



[100] Github repo. https://github.com/NVIDIA/apex, 2018. [Online; accessed 20-
October-2020].

[101] Github repo. https://github.com/Yunbo426/predrnn-pp, 2019. [Online; accessed
20-October-2020].

[102] Github repo. https://github.com/google/e3d_lstm, 2019. [Online; accessed 20-
October-2020].
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