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 Rotor-stator mixers provide high deformation rates to a limited volume, resulting in 

intensive mixing, milling, and/or dispersion/emulsification. CFD simulations of mixers provide 

flow field information that benefit designers and end users. This thesis focuses on transient three-

dimensional simulations of the Greerco pipeline mixer, using ANSYS FLUENT. The modeled 

unit consists of two conical rotor-stator stages aligned for axial discharge flow. Flow and 

turbulence quantities are studied on a per stator slot and per rotor stage basis. Comparisons are 

made between the LES and RANS realizable k-ε model predictions at various mesh resolutions. 

Both simulations predict similar mean velocity, flow rate, and torque profiles. However, prediction 

of deformation rates and turbulence quantities, such as turbulent kinetic energy and its production 

and dissipation rates, show strong dependencies on mesh resolution and simulation method. The 

effect of operating conditions on power draw, throughput, and other quantities of practical utility 

are also discussed. 
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1 Introduction 

1.1 Rotor-Stator Mixers 

 Rotor-stator mixers have industrial applications in a variety of fields, including chemical 

pharmaceutical, biochemical, and food processing industries. They are commonly used in high 

intensity processing such as dispersion, grinding, chemical reactions, and even cell disruption. A 

feature that distinguishes rotor-stator mixers from other mixing devices is the intensity of mixing 

in the relatively small gap region between the rotor and stator pieces known as the shear gap [1]. 

Large deformation and local turbulent energy dissipation rates develop as a result. Another feature 

of these rotor-stator mixers is their ability to be used for inline processing with high throughput. 

 Rotor-stator mixers can differ in geometry and operating conditions. These different 

configurations can result in different throughputs, power requirements, and deformation rates. For 

a given stage (one rotor and one stator), rotor-stator mixers are classified by the direction the flow 

moves away from the rotor blade. Radial discharge impellers have the rotor set within the stator 

which has slots directed radially outwards. An axial discharge impeller, as the one discussed in 

this thesis, has stator slots directing the flow further downstream. Additional stages, consisting of 

another rotor-stator set, can be included in these devices to improve mixing further. Operating 

conditions that are typically varied are rotor speed and/or pressure loss/gain across the mixer. 

 Those that design and use rotor-stator mixers are interested in certain properties, such as 

throughput and power requirements. A mixer with high power draw will have high intensity of 

mixing and a large range of scales important for mixing. There are several methods employed to 

quantify these metrics. Torque measurements on the shaft can be used to quantify power draw. 

Experimental methods such as particle image velocimetry (PIV) or laser Doppler anemometry 
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(LDA) resolve the flow field within the mixer. Computational fluid dynamics (CFD) is another 

method which solves a set of governing equations that model the flow field. 

1.2 Problem Statement 

The Reynolds-averaged Navier-Stokes (RANS) equations provide information about the 

time-averaged flow field. These equations have been solved using CFD methods and have been 

applied to various rotor-stator mixers. Although the mean velocity field is of interest, it does not 

readily provide information regarding the fluctuations observed in turbulent flow. The RANS 

equations also provide estimates to turbulent quantities which are based on the fluctuating velocity 

field, but these estimates are governed by assumptions are arguably inaccurate. 

Large eddy simulations (LES) which filter the larger scales in turbulent flow, describe a 

resolved velocity field which contains a fluctuating component. The filtered Navier-Stokes 

equations have also been solved using CFD methods but, to the author’s knowledge, have yet to 

be applied to axial-discharge rotor-stator mixers. Since turbulent fluctuations are simulated in a 

LES, no assumptions are made to relate the mean quantities to the fluctuating component as 

observed for RANS simulations. This is thought to make a LES model more rigorous than a RANS 

model. The computational effort required by a LES is too expensive to be used routinely in 

industry, however as computing speeds increase, LES will likely become the standard model for 

CFD methods. 

1.3 Scope of Current Project 

In this work, the desired flow characteristics and scales of turbulence in mixing are 

estimated by solving both the RANS and filtered Navier-Stokes equations for an axial-discharge 

rotor-stator mixer. The modeled unit, the Chemineer Greerco pilot-scale tandem shear pipeline 

mixer, is simulated using ANSYS FLUENT. This project attempts to: 
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• Investigate time averaged mean fluid flow behavior in rotor and stator regions by 

solving the RANS equations. 

• Describe level of spatial resolution required by LES to provide an adequate 

representation of mixer performance. 

• Compare slot flow rate and torque time profiles of the modeled mixer as predicted 

by RANS and LES at different backpressures. 

• Compare turbulent statistics predicted by RANS and LES in various regions of 

interest. 

• Investigate the adequacy of the modeling assumptions made in the RANS equations 

using LES predictions. 

1.4 Layout of Thesis 

The first chapter introduces the topic, describes how the problem of this current study relates, 

and the general approach taken to solve this problem. Chapter 2 provides dimensions of the studied 

rotor-stator mixer and relevant operating scenarios. Simulating this mixer in ANSYS FLUENT is 

also described in chapter two. Chapter 3 reviews metrics for rotor-stator mixers, the RANS and 

filtered equations, and concludes with the finite volume equations and methods of convergence 

necessary to simulate flow within a rotor-stator mixer using ANSYS FLUENT. Chapter 4 

discusses literature results from stirred tank and rotor-stator simulations. These simulations 

provide perspective when studying the flow within the Chemineer Greerco pilot-scale tandem 

shear pipeline mixer. Proceeding the theoretical discussion and review, chapter 5 and 6 present 

results from the RANS and large eddy simulations respectively. The results shown include the 

average and instantaneous velocity field, flow rate, and power draw. Results from RANS are 
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compared to statistics computed by LES in chapter 7. This thesis concludes with a discussion of 

important results and future work.  
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2 Mixer Geometry and Simulation Components 

Provided in this chapter is a description of the mixer discussed in this work. Before 

presenting results of the simulation it is important to understand the geometry, the naming 

convention used throughout this review, and operating scenarios of interest. Computational 

considerations are also presented in this chapter. Such considerations are the separation of fluid 

zones, the mesh used for the simulations, the boundary conditions imposed, and the specifications 

of the machine used to perform the calculations.  

2.1 Mixer Geometry 

 The Chemineer Greerco “4-inch” tandem shear pipeline mixer is a two-stage inline 

rotor- stator mixer. Starting from the inlet, the flow moves into the primary stage, then the final 

secondary stage, then discharged to the volute and outlet pipe. This overall flow is summarized in 

Figure 2.1 below.  

 

Figure 2.1 – Flow schematic of the Greerco pipeline mixer. 
 



6 
 

The inlet pipe is concentric to the mixer, however the outlet pipe is perpendicular to this 

centerline. It is convenient to place the cylindrical coordinate system on this centerline at the 

entrance of the inlet with the z-axis in the direction of flow. The primary stage involves a rotor 

with 6 pitched blades and a stator with 12 slanted cylinders as stator slots. The secondary stage 

involves a rotor geometrically similar to the primary rotor and the secondary stator involves 

90 slots. Although the secondary rotor is similar to the primary rotor in regard to shape and number 

of blades, it is offset by 24 degrees from the primary rotor. These 90 slots are cylindrical, however 

not slanted as in the primary stage. Of the 90 secondary stator slots, there are 3 rows, each row 

containing 30 slots. With 6 blades in both rotors, there are 6 rotor periods with each complete rotor 

revolution. The rotors rotate counterclockwise around the z-axis. Without the outlet pipe, the mixer 

would be symmetrical in 6 parts. By design of the rotor blades, the shear gap between the rotor 

and stator is conical in shape. Some quantitative characteristics of the mixer geometry are 

presented in table 2.1 below.  

Table 2.1 – Characteristic dimensions of the Greerco pipeline mixer. 
Component Characteristic Value 
Inlet Diameter 61.5 mm 
Outlet Diameter 78.0 mm 
Primary and Secondary Rotor Outer Diameter 96.6 mm 
Primary Stator Slot Base Diameter 16.3 mm 
Secondary Stator Outer Slot Diameter 7.14 mm 
Secondary Stator Middle Slot Diameter 5.55 mm 
Secondary Stator Inner Slot Diameter 4.00 mm 
Primary and Secondary  
Shear Gap 

Slope (Angle) 1.43 (55.0°) 
Width 0.25 mm 

 

 Another view is provided in figure 2.2 below. Provided in this figure are various 

characteristic dimensions, the coordinate system, and the slot naming convention. The origin is as 

placed in figure 2.2a, at the inlet flange. The length of the inlet pipe extends beyond the inlet flange 



7 
 

in the negative axial direction. A shortened portion of the inlet and outlet pipes are shown in 

figure 2.2a. 

 The rotors rotate in the positive angular direction which is counter clockwise and indicated 

by the “rotation” arrow in figure 2.2. The slot naming convention is used to distinguish the stator 

slots. The slot to the direct left of the slot at θ = 0° in the primary stator (figure 2.2b) is 

named “PS1”. The naming convention continues in the positive angular direction. Concentric rows 

of the secondary stator will be referred to as inner, middle, and outer row, for increasing radial 

positions respectively. A column of secondary stator slots, which includes an inner, middle, and 

an outer slot, will be named “SS”. As an example, the column of secondary stator slots at the θ = 0° 

position is “SS30”. The outer slot of column SS30 is named “SOS30”, the middle slot is 

named “SMS30”, and the inner slot is named “SIS30”. Similar to the primary stator, the naming 

convention of the secondary stator continues in the positive angular direction. Every other column 

of secondary stator slots is labeled in figure 2.2c. 
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Figure 2.2 – (a) Expanded view of mixer assembly including (b) primary stage and (c) secondary 
stage. Dimensions in mm. 
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2.2 Operating Scenarios 

 As mentioned in the previous chapter, throughput is of interest to the study of flow within 

inline rotor-stator mixers. Varying pressure across the inlet or outlet planes would alter the 

throughput within the mixer. Therefore an operating condition to be varied to study the flow within 

this mixer is the pressure drop across the modeled unit. Due to the pitched rotor blades, this mixer 

is free pumping and therefore the mixer can operate with no pressure drop or with a given 

backpressure. Since we are only considering a specified backpressure for this mixer, the pressure 

drop will instead be defined as the pressure at the outlet minus the pressure at the inlet, 

 Δ𝑃𝑃 =  𝑃𝑃𝑜𝑜𝑜𝑜𝑡𝑡𝑜𝑜𝑜𝑜𝑡𝑡 − 𝑃𝑃𝑖𝑖𝑖𝑖𝑜𝑜𝑜𝑜𝑡𝑡 (2.3-1) 

The pressure at the inlet is consistently set at 0-psi, the pressure at the outlet will be varied from 

0- psi to 7-psi with 3- and 5- psi as intermediate scenarios. The inlet plane which the 0-psi pressure 

boundary condition is applied to is not located at the origin, z = 0 mm, but in the negative axial 

direction at the entrance of the inlet pipe. Another operating condition that is typically varied with 

rotor-stator mixers is the rotor speed. However for this particular mixer the rotor speed will be kept 

constant at 3600 rpm (tip speed of 18.2 m/s) for all backpressure scenarios. The working fluid is 

water (ρ = 998.2 kg/m3 and ν = 1.00 × 10-6 m2/s). 

2.3 Fluid Zones and Interfaces 

 This simulation is comprised of 8 fluid zones, with interfaces placed between each fluid 

zone. Shown in figure 2.3 is the 8 fluid zones and the location of the interfaces. For this simulation 

to properly model the rotating and stationary components of this mixer, fluid zones are separated 

into rotating and stationary zones. Another consideration for separating fluid zones is the ability 

to control the mesh in a particular area. The shear gap is the location expected to have the highest 

velocity gradients and so requires a controlled and refined mesh. For this reason, a shear gap fluid 
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zone is needed to separate the rotor and stator fluid zones. Furthermore, the shear gap fluid zone 

is subdivided into rotating and stationary fluid zones. A more detailed description of the mesh 

within the shear gap is described in section 2.5.  

 

Figure 2.3 – Expanded view of the fluid zones and interfaces of the Greerco mixer simulation. 
 

 The primary rotor, primary rotor gap, secondary rotor, and secondary rotor gap are 

designated as rotating fluid zones in the simulation. The remaining fluid zones (the primary stator 

gap, primary stator, secondary stator gap, and secondary stator) are stationary fluid zones. The 

primary rotor fluid zone contains both the inlet pipe and primary rotor. The secondary stator fluid 

zone contains the secondary stator slots, volute and outlet pipe. It should be noted that both rotating 

walls and stationary walls can be contained in either a rotating or stationary fluid zone. The wall 
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will be specified as rotating or stationary as a different input in the simulation. See section 2.7 for 

more details. 

 The mesh at the surfaces between fluid zones may not match directly. This is especially 

true for the interfaces between a rotating and stationary fluid zone where the mesh of the rotating 

fluid zone rotates with each time step. At these non-conformal interfaces, FLUENT utilizes 

interpolation methods to move computational quantities from one fluid zone to the next. Another 

consideration when placing interfaces is computational time. The interpolation method employed 

by FLUENT becomes more computationally expensive with more interface area. 

2.4 Initial Study with Tetrahedral mesh 

 The mesh of a simulation is a network of cells in which a set of equations, describing 

desired properties, are solved. There are a variety of ways to generate different types of mesh used 

for CFD simulations. In this work, the mesh is generated with the software package called ANSYS 

Workbench Meshing Version 13. ANSYS provides a “push button” mesher which quickly 

develops a mesh with minimal user inputs. After the push button mesher generates an initial mesh, 

the user can make edits as needed.  

 Computational time is dependent on the size of the computational mesh. Although a more 

refined mesh may provide a more accurate solution, more time is required to provide that solution. 

Several meshes were developed each with increasing number of cells and increasing manual 

refinement. A flow field can be initialized from another simulation using an interpolation file. This 

file takes information from the old simulation and fits it to the mesh. If cells of the new mesh are 

between cells of the old mesh, an interpolation scheme is used to fill that cell with the given flow 

field information. By initializing the flow field of a new simulation with that of a converged 

simulation, computational time is greatly reduced. 
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 The initial mesh and preliminary simulations were developed in collaboration with more 

experienced colleagues. Chemineer provided a SAT file which was then used to develop an 

ANSYS Design Modeler geometry file of the Greerco mixer geometry. This geometry file 

described detailed dimensions of the solid parts within the mixer. Once the geometry was imported 

into ANSYS Design Modeler, the solid parts of the mixer were removed and only fluid volumes 

remained. The remaining fluid volumes were meshed into a relatively coarse tetrahedral (tet) grid 

of cells. The tet mesh that was developed with more experienced colleagues (see 

Acknowledgements) is shown in figure 2.4 below. 

 

Figure 2.4 – Tetrahedral mesh with approximately 2.5 million cells. Regions shown are the (a) top 
left quadrant of the primary rotor, (b) primary stage, and (c) secondary stage regions. 
 

This coarse tet mesh contained roughly 2.5 million cells with a varying number of cells across 

the shear gaps, from 2 to 3. The length of the inlet pipe was 23.9 mm, and the length of the outlet 

pipe was 127.7 mm. This mesh was developed to initialize the simulation so that the mean velocity 

field could be interpolated to a more refined hex mesh. Only the RANS equations were solved on 

this coarse tet mesh. It should be noted that the fluid zones of this tet mesh were divided differently 

than in figure 2.3. This mesh was relatively coarse with few user controls designating the location 

of computational cells. For this reason, the goal of this mesh was to initialize the RANS flow field, 

(a) (b) (c) 
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determine mean flow pattern in the stator slots, and to evaluate mean throughput at different 

backpressures. This computational mesh was not used to conduct a LES. 

2.5 Refined Hexahedral Meshes 

 Majority of results presented in this work were computed from two computational meshes. 

The first of these is a hexahedral (hex) mesh with approximately 4.2 million cells, which will be 

referred to as “hex 4.2M”. This mesh is shown in figure 2.5. This mesh was initialized using an 

interpolated flow field from the tet mesh with 2.5 million cells discussed in section 2.4. The inlet 

pipe was extended to the new length of 307.6 mm and the outlet pipe was extended to the new 

length of 283.5 mm. The purpose of the hex mesh was to quantify the mean velocity gradients in 

the shear gaps and still capture the macroscopic properties observed in the tet mesh. To describe 

the velocity field in the shear gap, more user control is required to place cells in that region. For 

this reason this mesh required more time to develop than the tet mesh. 

 

Figure 2.5 – Hexahedral mesh with approximately 4.2 million cells. Regions shown are the (a) top 
left quadrant of the primary rotor, (b) primary stage, and (c) secondary stage regions. 
 

 Succeeding the hex 4.2M mesh was a more refined 20 million hex cell mesh which will be 

referred to as hex 20M. Both hex 4.2M and hex 20M are used to simulate the mean and filtered 

flow fields. The controls in this mesh mimicked those in the previous, but with more refinement 

in the rotor and stator regions, and with a coarser inlet, outlet, and volute regions. A rotor period 

(a) (b) (c) 
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worth of stator slots (two primary stator slots and 15 secondary stator slots) were further refined. 

The amount of slots in a period worth of slots for a given stage is the number of slots per rotor 

blades. The location of these slots is shown in figure 2.7 and the computational mesh in these slots 

is shown in figure 2.5 below. The hex 20M flow field was initialized from the hex 4.2M simulation. 

 

Figure 2.6 – Hexahedral mesh with approximately 20 million cells. Regions shown are the (a) top 
left quadrant of the primary rotor, (b) primary stage, and (c) secondary stage regions. 
 

 Reported in table 2.2 is the average cell density in each zone for the hex 4.2M and 20M 

computational meshes. This average cell density was calculated by counting the number of cells 

in that given component and then dividing by the given volume. A higher cell density indicates a 

more refined volume. The values in the table show that as the mesh progresses the inlet, volute, 

and outlet become coarser and the rotor and stator regions become more refined. If the cell size 

was uniform throughout a given volume, then the average cell density would be an exact 

representation of the number of cells per unit volume. However with inflation and other forms of 

adaption, the mesh is not uniform. The significant meshing constraints are listed in table 2.3 below. 

The number of additional cells as a result of the refinement in the period worth of stator slots in 

the hex 20M mesh is not included in the values provided in table 2.2. 

  

(a) (b) (c) 
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Table 2.2 – Average cell density (number of cells/cm3) in each computational zone. 
Component Volume (cm3) Hex 4.2M Hex 20M 
Inlet 910 400 60 
Primary Rotor 160 4800 12000 
Primary Stator Slots 53 9500 15000 
Secondary Rotor 120 8800 14000 
Secondary Stator Slots 76 6500 34000 
Volute 810 200 400 
Outlet 1350 40 16 

 

 The average cell density in the shear gap regions is not considered in table 2.2 above. 

Instead, the number of cells across the shear gap quantify the amount of resolution in the shear 

gap. Hex 4.2M has six uniform cells across the shear gap and hex 20M has 14 cells across the 

shear gap. To develop the computational mesh in the shear gap region of hex 20M, adaption was 

used so that further mesh refinement is present near the rotor and stator wall. 

Table 2.3 – Meshing constraints applied for each fluid zone. 
Fluid Zone Region Constraint 
Inlet No constraint NA 
Primary Rotor Wall and interface Inflation 
Primary Rotor Gap Width Number of cells 
Primary Stator Gap Width Number of cells 

Primary Stator Slots Stator slots opening Area sizing 
Stator slot walls Inflation 

Secondary Rotor Wall and interface Inflation 
Secondary Rotor Gap Width Number of cells 
Secondary Stator Gap Width Number of cells 

Secondary Stator Slots Stator slots opening Area sizing 
Stator slot walls Inflation 

Volute No constraint NA 
Outlet No constraint NA 

 

2.6 Sampling Rotor Position 

 As discussed in the previous section, the final hex 20M computational mesh has a refined 

rotor period worth of slots. One rotor period worth of slots is two in the primary stator and five 

rows in the secondary stator. The refined slots are farthest away from the outlet pipe and are the 
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numbered slots in figure 2.7 below. The position of the rotors relative to the slots 

in figure 2.7 resemble the rotor position in which some results are shown and compared in later 

sections. Samples from LES are collected for time-averaging statistics at this rotor position. A 

RANS simulation models these time-average statistics and are therefore readily available. A LES 

simulates a fluctuating component which can be removed by averaging across a set of samples. 

Data planes are presented from each refined slot. Primary slot 6 is considered to be closed as a 

rotor blade covers a portion of the slot, while primary slot 7 is open. Secondary slot 18 is closed 

while secondary slots 14 through 17 are open but vary in distance from the blade covering slot 18. 

  

Figure 2.7 – Data plane sampling position for the (a) primary rotor and (b) secondary rotor relative 
to the corresponding stator pieces. The period of refined mesh slots for the hex 20M simulations 
is indicated by the slot numbers shown. 
 
2.7 Boundary Conditions 

 Before initializing the computational model and then running the simulation, boundary 

conditions are required from which to start the governing equations describing the flow within the 

fluid zones and across the interfaces. These boundary conditions are needed to reflect the geometry 

of the mixer, as well as the particular operating scenario. No-slip boundary conditions are specified 

PS6 
PS7 

(a) (b) 

SS
 1

5 
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at the walls within the mixer. For the rotating parts, including both rotors and the shaft within the 

volute region, these walls will be specified as rotating at the desired rotor speed of 3600 rpm. In a 

similar fashion, stationary walls including the stators, inlet and outlet pipe wall, and mixer casing 

will be specified as stationary walls. A surface describing the inlet and outlet of the mixer was not 

defined as a wall but instead at a specified pressure given by the particular operating scenario. 

2.8 Computer Specifications 

 Computing resources are an important consideration for CFD simulations. The RAM clock 

speed and other computer specifications determine the computational time required for the 

simulation. Two computers, each with 8 processors, were used in a parallel configuration for the 

work presented in this thesis. Both computers share similar specifications which are summarized 

in table 2.4 below. 

Table 2.4 – Specifications for in house machine used to conduct simulations. 
Component Value 
RAM Size 48 GB each 

RAM Speed 1066 MHz 
Motherboard Asus Z8PE-D12 Dual LGA1366 Xeon 
Workstation Intel Xeon Quad Core E5520 2.26 GHz 1333 MHz 

Operating System Windows 
 

 As stated previously, larger computational meshes require more computational time. A 

large amount of time is required to simulate flow on the hex 20M mesh on the machines specified 

in table 2.4. For this reason, high performance computing clusters (HPCC) were used. Two HPCC 

were used to provide results in this work, the University of Maryland Deep Thought II cluster and 

the National Oilwell Varco (NOV) cluster (see Acknowledgements). Sixty processors were used 

on both HPCC. The Intel Xeon E5-2680 v2 processor was used on the Deep Thought II cluster, 

with a processor speed of 2.80 GHz. The Linux operating system was used on the Deep Thought II 

cluster.  
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3 Theoretical Background 

 This chapter introduces the fundamental concepts of fluid dynamics and turbulence theory 

necessary for the discussion of flow within rotor-stator mixers. First, metrics that can be easily 

computed and are commonly used to compare rotor-stator mixers is discussed. Then quantities 

used to describe the flow and energy dissipated in the mixer is presented. The velocity field, which 

is necessary to compute these quantities, is presented in the form of conservation equations. As 

this is a turbulent flow problem, these conservation equations are modeled in a time-averaged 

sense. After this is discussed, the concept of filtering the conservation equations are presented and 

then modeled. The discussion that follows involves a description of how these model equations 

are manipulated into discrete form and thereby implemented into a fluid dynamics solver code. 

This chapter concludes by discussing the various methods that can be applied to quantify how 

converged the simulation is and thereby how accurate the results are. 

3.1 Rotor-Stator Metrics 

There are a variety of rotor-stator mixers with different throughput, power draw, mixing 

intensity, and other properties. To quantitatively compare these, various metrics have been 

developed to describe a particular rotor-stator mixer. The most common dimensionless number in 

fluid mechanics, the Reynolds number, 𝑅𝑅𝑅𝑅, can be used as such a metric. This dimensionless 

quantity is a ratio of inertial and viscous forces and is defined by the kinematic viscosity of the 

fluid and a characteristic length and velocity (or rotational speed multiplied by the length), 

 
𝑅𝑅𝑅𝑅 =

𝑈𝑈𝑈𝑈
𝜈𝜈

          𝑅𝑅𝑅𝑅 =
𝑁𝑁𝑈𝑈2

𝜈𝜈
 

(3.1-1) 

The Reynolds number describes the intensity of the flow and is a common metric to classify the 

flow regime. At low Reynolds numbers, viscosity dominates, and the flow is classified as laminar. 

At high Reynolds numbers, inertia dominates, and the flow is classified as turbulent. For flow 
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through pipes a Reynolds number above 4,000 is considered to be turbulent. For the rotor-stator 

mixer considered in this thesis, the Reynolds number based on the maximum rotor diameter 

is Re = 5.6 × 105. 

 For complicated geometries, as rotor-stator mixers often have, a single Reynolds number 

is not sufficient to describe the intensity of the flow throughout the entire mixer. Two different 

expressions of the Reynolds number can be used, one describing flow intensity in a slot and the 

other in the shear gap. The characteristic length and velocity of these regions in a rotor-stator mixer 

can be significantly different and therefore provide different Reynolds numbers. 

 
𝑅𝑅𝑅𝑅𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡 =

𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡
𝜈𝜈

=
4𝑄𝑄

𝜋𝜋𝜈𝜈𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡
          𝑄𝑄 = 𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡𝐴𝐴𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡 = 𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡

𝜋𝜋
4
𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡2 

(3.1-2) 

 
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔 =

𝑈𝑈𝑡𝑡𝑖𝑖𝑔𝑔𝑤𝑤
𝜈𝜈

=
𝜋𝜋𝑁𝑁𝑈𝑈𝑟𝑟𝑜𝑜𝑡𝑡𝑜𝑜𝑟𝑟𝑤𝑤

𝜈𝜈
          𝑈𝑈𝑡𝑡𝑖𝑖𝑔𝑔 = 𝜔𝜔𝑅𝑅𝑟𝑟𝑜𝑜𝑡𝑡𝑜𝑜𝑟𝑟 = 𝜋𝜋𝑁𝑁𝑈𝑈𝑟𝑟𝑜𝑜𝑡𝑡𝑜𝑜𝑟𝑟 

(3.1-3) 

The slot Reynolds number uses the average fluid velocity given by the throughput in the slot and 

the slot diameter as the characteristic velocity and length respectively. The gap Reynolds number 

uses the speed of the blade tip and the width of the shear gap, w. The rotor diameter of the conical 

rotors in the Greerco pipeline mixer changes in the axial direction. The tip speed therefore changes 

in the axial direction. In this thesis, the maximum rotor diameter is used in equation 3.1-3. 

 As indicated by the slot Reynolds number, throughput (or flow rate) is another important 

metric for rotor-stator mixers. This quantity can be nondimensionalized by the speed and diameter 

of the rotor. This quantity is termed the flow number and is expressed as by equation 3.1-4. The  

 
𝑁𝑁𝑄𝑄 =

𝑄𝑄
𝑁𝑁𝑈𝑈𝑟𝑟𝑜𝑜𝑡𝑡𝑜𝑜𝑟𝑟3 = �

𝜋𝜋𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡
2𝑈𝑈𝑟𝑟𝑜𝑜𝑡𝑡𝑜𝑜𝑟𝑟

�
2 1
𝑁𝑁𝑠𝑠ℎ

          𝑁𝑁𝑠𝑠ℎ =
𝑈𝑈𝑡𝑡𝑖𝑖𝑔𝑔
𝑈𝑈𝑠𝑠𝑜𝑜𝑜𝑜𝑡𝑡

 
(3.1-4) 

which is a ratio of throughput in the mixer and speed of the rotor. It should be noted that the flow 

number can be expressed as the inverse of the shearing number and a ratio of slot and rotor 

diameter using the conversions expressed in equations 3.1-2 and 3.1-3 above. The shearing 



20 
 

number, ratio of rotor tip speed and slot velocity, is another metric commonly used for rotor-stator 

mixers. It can be further shown that the shearing number, and by extension the flow number, can 

be written as a ratio of the slot and gap Reynolds number. 

 To spin the rotor, a torque is applied which requires power. This power requirement is 

another characteristic metric for rotor-stator mixers. Similar to the flow number, the power can be 

nondimensionalized by the dimensions of the rotor and properties of the flow [1], 

 𝑁𝑁𝑃𝑃𝑜𝑜 =
𝑃𝑃𝑃𝑃

𝜌𝜌𝑁𝑁3𝑈𝑈𝑟𝑟𝑜𝑜𝑡𝑡𝑜𝑜𝑟𝑟5  
(3.1-5) 

This dimensionless group describes a ratio between resistance forces and inertial forces. The power 

to rotate the rotor and shaft can be rewritten in terms of torque. Taking the centerline of the mixer 

as the axis of rotation, any forces acting on a rotating wall provide a moment. The sum of these 

moments is the rotor torque, 𝑇𝑇. To convert rotor torque to power we take the scalar product of the 

torque and rotational speed, which amounts to multiplying the magnitude of both since these 

vectors act in the same direction, 

 𝑃𝑃𝑃𝑃 = 𝝎𝝎 ∙ 𝑻𝑻 = 2𝜋𝜋𝑁𝑁‖𝑻𝑻‖ (3.1-6) 

By Newton’s third law of motion, there is an equal and opposite reaction force to the force exerted 

by the fluid on the rotating walls. This reaction force describes the torque applied from a motor to 

the rotor. Therefore equation 3.1-6 can be used to describe the power requirement to the rotor-

stator mixer. 

 The force exerted by the fluid on the rotating walls can be decomposed into pressure and 

viscous force terms. The moment of both these forces contributes to the torque applied to the rotor. 

However in this work the viscous force is negligible (less than 2% of the total force), and is 

therefore not discussed in this section although is included in the total torque presented in the 

results sections. The pressure force can be computed by integrating the fluid pressure across the 
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surface of the rotating walls. The torque is then computed by taking the cross product of this force 

with the moment arm [2]. This formulation is shown in the equation below. 

 
𝑻𝑻 = 𝒓𝒓 × 𝑭𝑭𝑃𝑃 = 𝒓𝒓 × �𝑃𝑃 𝑑𝑑𝑨𝑨

𝐴𝐴

≈ 𝒓𝒓 × � 𝑃𝑃𝑖𝑖 ∙ 𝑨𝑨𝑖𝑖
∀𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠

 (3.1-7) 

Where the moment arm is given by the vector 𝑟𝑟 and the area term is treated a vector normal to the 

surface being integrated. This work involves discretizing the fluid volume into cells, and so the 

surface integral is approximated by the sum of discrete pressure forces. 

3.2 Throughput and Flow Work 

In the previous section the throughput was expressed as a characteristic velocity times the 

cross-sectional area through which the fluid traveled. This simple expression is useful when 

describing rotor-stator metrics, but a more rigorous expression should be used to quantify the flow 

rate in a rotor-stator mixer. The flow rate can be mathematically expressed as the surface integral 

of the velocity [2], 

 
𝑄𝑄 = �𝑼𝑼 ∙ 𝑑𝑑𝑨𝑨

𝐴𝐴

≈ � 𝑼𝑼𝑖𝑖 ∙ 𝑨𝑨𝑖𝑖
∀𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠

 (3.2-1) 

Similar to equation 3.1-7, the surface integral can be discretized. The flow rate can therefore be 

approximated by the sum of discrete cell flow rates. The discrete cell flow rate is expressed as the 

cell velocity multiplied by the surface area of the cell side whose normal vector is in the direction 

of the velocity. 

 Throughput can be used further to quantify the flow work within the rotor-stator mixer. 

Flow work describes the energy required to push the fluid into or out of the device. Since this is a 

transient system, this energy requirement will be expressed as a power, 
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𝑃𝑃𝑃𝑃𝑓𝑓𝑜𝑜𝑜𝑜𝑓𝑓 =

𝑑𝑑𝑊𝑊𝑓𝑓𝑜𝑜𝑜𝑜𝑓𝑓

𝑑𝑑𝑑𝑑
=
𝑑𝑑
𝑑𝑑𝑑𝑑

[𝑉𝑉(𝑃𝑃2 − 𝑃𝑃1)] = 𝑄𝑄(𝑃𝑃2 − 𝑃𝑃1) (3.2-2) 

where we have assumed that the pressure drop is constant with time. Another work term that can 

be described by throughput is the work due to acceleration. This term describes how much the 

flow has accelerated between the inlet and outlet. Again we express this in terms of power, 

 
𝑃𝑃𝑃𝑃𝑔𝑔𝑐𝑐𝑐𝑐𝑜𝑜𝑜𝑜 =

𝑑𝑑𝑊𝑊𝑔𝑔𝑐𝑐𝑐𝑐𝑜𝑜𝑜𝑜

𝑑𝑑𝑑𝑑
=
𝑑𝑑
𝑑𝑑𝑑𝑑

[𝜌𝜌𝑉𝑉(𝑈𝑈22 − 𝑈𝑈12)] = 𝜌𝜌𝑄𝑄(𝑈𝑈22 − 𝑈𝑈12) (3.2-3) 

where we have assumed that density and average inlet/outlet velocity are constant in time. It should 

be noted that subscript 2 denotes the outlet and subscript 1 denotes the inlet for the pressure drop 

and change in velocity. The rate of flow work and rate of work due to acceleration can be a 

significant power requirement for rotor-stator mixers. 

3.3 Discrete Fourier Transform 

 Flow rate and torque, given by equations 3.2-1 and 3.1-7 respectively, in a rotor-stator 

mixer can show cyclic behavior due to the motion of the rotor blades. Therefore the flow rate and 

torque time profiles can be expressed as a linear combination of sines and cosines (or complex 

exponentials). The amplitude and frequency of these time profiles would provide another 

description of the flow rate and torque in a rotor-stator mixer. To extract this information, the 

discrete Fourier transform is applied. The discrete Fourier transform is used in this work since a 

CFD model discretizes flow rate and torque on a time step basis.  

 Applying the discrete Fourier transform to a signal [3], such as the flow rate or torque, can 

be expressed as, 

 
Φ𝑘𝑘 = � 𝜙𝜙𝑚𝑚𝑅𝑅

−2𝜋𝜋𝑖𝑖𝑘𝑘𝑚𝑚𝑀𝑀

𝑀𝑀−1

𝑚𝑚=0

 (3.3-1) 
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Where 𝜙𝜙𝑚𝑚 represents the signal with a length of M time steps. Although the signal may be in the 

real domain (as flow rate and torque are real quantities), the transformed signal, Φ𝑘𝑘, can contain 

both real and imaginary components due to the use of the complex exponential. However in this 

work, the magnitude of the transformed signal is used. Then by conjugate symmetry, the 

magnitude of the transformed signal is shown to be symmetrical. For this work, the one-sided 

spectrum is shown. 

 To understand the usefulness of this transformed signal, the inverse discrete Fourier 

transform is shown [3], 

 
𝜙𝜙𝑚𝑚 =

1
𝑁𝑁
� Φ𝑘𝑘𝑅𝑅

2𝜋𝜋𝑖𝑖𝑚𝑚𝑘𝑘
𝑀𝑀

𝑀𝑀−1

𝑘𝑘=0

 (3.3-2) 

By applying the inverse discrete Fourier transform, the original signal is reconstructed as a linear 

combination of complex exponentials. The amplitude of a complex exponential with a given 

frequency is the transformed signal. Therefore, if the magnitude of the transformed signal at a 

given frequency is larger than at other frequencies, that given frequency is contributes more to the 

shape of the original signal. 

3.4 Velocity Gradients and Energy Dissipation 

 Fluid velocity describes quantities such as throughput and intensity of mixing. Similarly, 

spatial changes in fluid velocity describe how energy dissipates and how the fluid element deforms. 

From a computational perspective, the magnitude of velocity gradients may govern the mesh size 

since more cells are required to resolve larger gradients. The three velocity components can vary 

in three directions, therefore all velocity gradients can be expressed as a second order tensor. This 

tensor can be decomposed into symmetric and antisymmetric components. Einsteinian notation is 

used to discuss these concepts. This notation is used from section 3.4 to 3.13. 
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 𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝑆𝑆𝑖𝑖𝑖𝑖 + Ω𝑖𝑖𝑖𝑖 (3.4-1) 

 
𝑆𝑆𝑖𝑖𝑖𝑖 =

1
2
�
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

� (3.4-2) 

 
Ω𝑖𝑖𝑖𝑖 =

1
2
�
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

−
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

� (3.4-3) 

where the symmetric component, 𝑆𝑆𝑖𝑖𝑖𝑖, is the strain rate tensor, and the antisymmetric component, 

Ω𝑖𝑖𝑖𝑖, is the vorticity tensor. The strain rate tensor describes deformation rates and the vorticity 

tensor describes rigid-body rotation. Although not a useful quantity to describe mixing, vorticity 

can be used to describe and model turbulent flow. Mixing occurs by fluid deformation, and by this 

reasoning, the strain rate tensor is useful to quantify the smallest scales in which mixing occurs. 

 The strain rate tensor has six unique elements. The three elements along the diagonal, 𝑆𝑆𝑖𝑖𝑖𝑖, 

describe compression or tension of the fluid element. The off-diagonal elements describe shear 

and angular deformation. These tensor components can be analyzed individually, or expressed as 

a scalar quantity. A useful measure is the magnitude of the strain rate tensor, 

 �𝑆𝑆𝑖𝑖𝑖𝑖� = �2𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑖𝑖𝑖𝑖 (3.4-4) 

Another metric is the nominal shear rate which is a simplified quantity assuming plane Couette 

flow in the shear gap. This assumption implies a linear velocity profile between the rotor blade 

and stator, the gradient of this Couette flow is then expressed as [1], 

 
𝑆𝑆𝑖𝑖𝑜𝑜𝑚𝑚 =

𝑈𝑈𝑡𝑡𝑖𝑖𝑔𝑔
𝑤𝑤

 (3.4-5) 

Measuring the strain rate magnitude and relating it to the nominal shear rate provides a comparison 

between the observed shear gap velocity profile and the plane Couette velocity profile. As 

indicated in equation 3.1-3, the tip speed is a function of rotor diameter which changes in the axial 
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direction for the Greerco pipeline mixer. The nominal shear rate therefore changes relative to the 

local rotor diameter. 

3.5 Conservation Equations 

 We are interested in the flow behavior of this rotor-stator mixer, therefore our model 

equations should reflect what we wish to solve for. The motion of fluid particles within the mixer 

can be modeled with mass and momentum conservation equations. The momentum conservation 

equation can be thought of as a force balance on a fluid particle [4]. This balance involves the 

acceleration of the particle, given by the left hand side (LHS) of the second equation and the 

viscous stress, pressure, and gravity forces on the right hand side (RHS). 

 𝜕𝜕𝜌𝜌
𝜕𝜕𝑑𝑑

+
𝜕𝜕(𝜌𝜌𝑈𝑈𝑖𝑖)
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 (3.5-1) 

 
𝜌𝜌 �
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑑𝑑

+ 𝑈𝑈𝑖𝑖
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

� =
𝜕𝜕𝜏𝜏𝑖𝑖𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

−
𝜕𝜕𝑃𝑃
𝜕𝜕𝑥𝑥𝑖𝑖

+ 𝜌𝜌𝑔𝑔𝑖𝑖 (3.5-2) 

Although FLUENT solves the integral form of these conservation equations, the differential form 

is conceptually easier to understand and discuss. 

These equations can be simplified for the problem we are considering in this work. We 

consider Newtonian, incompressible flow with constant physical properties. By assuming the flow 

is incompressible, the time derivative and spatial influence of the density, 𝜌𝜌, in the mass 

conservation equation can be set to zero. This assumption simplifies the mass conservation 

equation into the well-known equation of continuity for incompressible flow [4],  

 𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 (3.5-3) 

The momentum conservation equation can also be simplified. By assuming Newtonian flow the 

viscous stress is proportional to the rate of deformation, and so the stress tensor is written as [4],  
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𝜏𝜏𝑖𝑖𝑖𝑖 = 2𝜇𝜇𝑆𝑆𝑖𝑖𝑖𝑖 + �ζ −

2
3
𝜇𝜇� �

𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

� 𝛿𝛿𝑖𝑖𝑖𝑖 (3.5-4) 

Newton’s law of viscosity can be simplified further before substituting it into the momentum 

conservation equation. We have previously shown that the continuity equation is valid for our 

system, so substituting the continuity equation into the second term of Newton’s law of viscosity 

reveals that for an incompressible Newtonian fluid, 

 𝜏𝜏𝑖𝑖𝑖𝑖 = 2𝜇𝜇𝑆𝑆𝑖𝑖𝑖𝑖 (3.5-5) 

We now substitute this expression for the stress tensor into the momentum conservation equation. 

Also, we assume the effects of gravity are negligible and can therefore be removed from the force 

balance. By these assumptions the momentum conservation equation becomes a simplified version 

of the Navier-Stokes equations, 

 𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑑𝑑

+ 𝑈𝑈𝑖𝑖
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝜈𝜈
𝜕𝜕2𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖2

−
1
𝜌𝜌
𝜕𝜕𝑃𝑃
𝜕𝜕𝑥𝑥𝑖𝑖

 (3.5-6) 

It is important to note that the LHS of the Navier-Stokes equations, concerning 

accumulation, cannot be eliminated because the flow is expected to be turbulent. The diffusion 

term on the RHS is expected to play an important role near the solid walls of the mixer where the 

no-slip boundary condition is applied. 

 We consider the flow within the mixer to be turbulent for various reasons. From experience 

we expect the high rotor speed and relatively large pipe diameter to produce and maintain 

turbulence. Not only is this expected, it is necessary for the effective operation of the mixer, 

turbulence is to be used to mix the flow. For these reasons the computational model should reflect 

the turbulence within the mixer, this can only occur if the simulation solves a set of equations that 

describe turbulent behavior. The remainder of this chapter focuses on how the equation of 

continuity and the Navier-Stokes equations are manipulated to describe turbulence in mixing. 
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3.6 Reynold’s Averaged Navier-Stokes Equations 

 A simple manipulation of the conservation equations that is still in use today is the process 

of Reynolds-averaging. The first step in this process is to decompose the quantities of interest into 

its average and fluctuating components [4]. In this work those quantities are the three velocity 

components and the pressure, 

 𝑈𝑈𝑖𝑖 = 𝑈𝑈�𝑖𝑖 + 𝑢𝑢𝑖𝑖                    𝑃𝑃 = 𝑃𝑃� + 𝑝𝑝 (3.6-1) 

In this thesis, an instantaneous flow variable is denoted by a capital symbol, the mean flow variable 

has an overbar, and the fluctuating component is denoted by a lowercase symbol. These 

decompositions are substituted into the governing equations and those equations are then time-

averaged. The resulting equations are termed the RANS equations. Performing this procedure on 

the equation of continuity we obtain, 

 𝜕𝜕𝑈𝑈𝚤𝚤�
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 (3.6-2) 

Where we have used the fact that the average gradient of the fluctuating velocity approaches zero. 

The equation of continuity shows that if a term is linear and is time-averaged, a similar expression 

results but in terms of the average quantity.  

 We now time-average the Navier-Stokes equations. As with the equation of continuity, any 

linear term that is time-averaged can quickly be written as its averaged counterpart. This is done 

for the entire RHS and the time derivative on the LHS. This time-averaging process does not yield 

a similar conclusion for the convection term on the LHS. Since this term is nonlinear, after 

substituting the velocity decomposition and averaging across, only some terms are eliminated. An 

additional term appears which has been moved to the RHS, this term is known as the Reynold’s 

stress. Here are the RANS equations [4],  
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 𝜕𝜕𝑈𝑈𝚤𝚤�
𝜕𝜕𝑑𝑑

+ 𝑈𝑈𝚥𝚥�
𝜕𝜕𝑈𝑈𝚤𝚤�
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝜈𝜈
𝜕𝜕2𝑈𝑈𝚤𝚤�
𝜕𝜕𝑥𝑥𝑖𝑖2

−
1
𝜌𝜌
𝜕𝜕𝑃𝑃�
𝜕𝜕𝑥𝑥𝑖𝑖

−
𝜕𝜕𝑢𝑢𝚤𝚤𝑢𝑢𝚥𝚥�����
𝜕𝜕𝑥𝑥𝑖𝑖

 (3.6-3) 

The Reynold’s stress, 𝑢𝑢𝚤𝚤𝑢𝑢𝚥𝚥�����, adds a complication to our mathematical discussion. The RANS 

equations cannot be solved unless all terms can be evaluated. The average product of two 

fluctuating velocity components cannot be directly evaluated using mean quantities and so the 

Reynold’s stress is modeled. Using turbulence model equations to describe the Reynold’s stress is 

known as closing the RANS equations. 

 Several types of RANS closure methods are used in engineering and turbulence 

applications. The most common are the turbulent eddy viscosity closure models. These closures 

model the Reynold’s stress using the Boussinesq approximation, which is similar to the Newton’s 

law of viscosity for the stress tensor shown in equation 3.5-4. This approximation claims that the 

deviatoric component of the Reynold’s stress is proportional to the gradients of the mean 

velocity [4]. The deviatoric component is defined as the turbulent kinetic energy, 𝑘𝑘 = 1
2
𝑢𝑢𝚤𝚤𝑢𝑢𝚤𝚤�����, 

which is discussed in more detail in the next section. 

 
𝑢𝑢𝚤𝚤𝑢𝑢𝚥𝚥����� −

2
3
𝑘𝑘𝛿𝛿𝑖𝑖𝑖𝑖 = −2𝜈𝜈𝑡𝑡𝑆𝑆�̅�𝑖𝑖𝑖 (3.6-4) 

The constant of proportionality relating the mean velocity gradient to the Reynold’s stress tensor 

is termed the turbulent eddy viscosity, 𝜈𝜈𝑡𝑡. For this turbulent model to be used, the turbulent eddy 

viscosity must be modeled and computed. The LHS of equation 3.6-4 is often referred to as the 

anisotropy tensor and will be denoted 𝑎𝑎𝑖𝑖𝑖𝑖. The 2
3
𝑘𝑘𝛿𝛿𝑖𝑖𝑖𝑖 term can be thought of as an isotropic stress 

since it is a tensor that contains equal normal components. Therefore by subtracting this term from 

the Reynold’s stress tensor, the remaining stress term involves anisotropy. Since the isotropic 

stress can be added to the pressure term in equation 3.6-3, only the anisotropic component of the 

Reynold’s stress contributes to the transport of momentum. 
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3.7 k-ε Closure 

 One of the most common turbulent eddy viscosity models is the 𝑘𝑘-𝜖𝜖 closure which uses 

conservation equations for the turbulent kinetic energy, 𝑘𝑘, and turbulent energy dissipation rate, 𝜖𝜖, 

to determine the turbulent eddy viscosity. This two equation closure model is used in this work. 

From a dimensionality perspective, the ratio of turbulent kinetic squared and the turbulent energy 

dissipation rate results in units of diffusivity [4]. This argument is used to compute the turbulent 

eddy viscosity as, 

 
𝜈𝜈𝑡𝑡 = 𝐶𝐶𝜇𝜇

𝑘𝑘2

𝜖𝜖
 (3.7-1) 

Where 𝐶𝐶𝜇𝜇 = 0.09 is a model constant. Although the eddy viscosity is now quantified, the turbulent 

kinetic energy and energy dissipation rate must be computed. As mentioned previously, this is 

done using their conservation equations. 

In classical physics, kinetic energy is described as mass times velocity squared. In 

turbulence theory, the turbulent kinetic energy is the sum of the squared velocity fluctuation 

components, then time-averaged. The turbulent kinetic energy can be described as the intensity of 

turbulence in the flow. The turbulent kinetic energy is proportional to the sum of the velocity 

variances. The conservation of this quantity can be derived by manipulating the Navier-Stokes 

equation, given by equation 3.5-6. Taking the dot product of the Navier-Stokes equation with the 

velocity gives an expression for total kinetic energy of the flow. Similar to the velocity 

decomposition used in equation 3.6-1, the total kinetic energy decomposes into the mean kinetic 

energy and the turbulent kinetic energy, 

 
𝐾𝐾� =

1
2
𝑈𝑈𝚤𝚤2���� =

1
2

(𝑈𝑈�𝚤𝚤 + 𝑢𝑢𝚤𝚤)2������������� =
1
2
𝑈𝑈�𝑖𝑖

2 + 𝑢𝑢𝚤𝚤2���� = 𝐾𝐾𝑔𝑔𝑎𝑎𝑔𝑔 + 𝑘𝑘 (3.7-2) 
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Where various averaging rules were used to decompose the total kinetic energy in this fashion. 

This decomposition shows that the turbulent kinetic energy is the total kinetic energy without the 

mean energy. The total kinetic energy conservation equation is subtracted by the mean kinetic 

energy conservation equation, which is derived by taking the dot product of the RANS equations 

(equation 3.6-3) and the mean velocity. This difference gives the conservation equation for the 

turbulent kinetic energy [4], 

 𝜕𝜕𝑘𝑘
𝜕𝜕𝑑𝑑

+ 𝑈𝑈𝚥𝚥�
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

�𝑇𝑇𝑖𝑖 − 𝜈𝜈
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

� = 𝐺𝐺𝑘𝑘 − 𝜖𝜖 (3.7-3) 

The first two terms on the LHS describe the accumulation of turbulent kinetic energy. The 

remaining gradient terms on the LHS represent an energy flux which transports turbulent kinetic 

energy. Aside from the transport of turbulent kinetic energy by diffusion, the energy flux is given 

by, 

 
𝑇𝑇𝑖𝑖 =

𝑢𝑢𝚤𝚤𝑢𝑢𝚤𝚤𝑢𝑢𝚥𝚥��������
2

+
𝑝𝑝𝑢𝑢𝚥𝚥�����
𝜌𝜌

 (3.7-4) 

which describes the transport of turbulent kinetic energy by velocity and pressure fluctuations. The 

two terms on the RHS of equation 3.7-3 represent the production and dissipation of turbulent 

kinetic energy.  

 To understand the dissipation term in equation 3.7-3, we take the tensor product of the 

strain rate tensor with itself and then time-average. This tensor product has more properties other 

than the magnitude of velocity gradients, as shown by equation 3.4-4. Energy is dissipated from 

friction within the fluid, this is quantified by velocity gradients. It can be shown that after time-

averaging the square of the strain rate tensor, 

 
2𝜈𝜈𝑆𝑆𝚤𝚤𝚥𝚥𝑆𝑆𝚤𝚤𝚥𝚥������� = 𝜈𝜈 �

𝜕𝜕𝑈𝑈�𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

�
2

+ 𝜖𝜖 + 𝜈𝜈
𝜕𝜕𝑈𝑈�𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕𝑈𝑈�𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

+ 𝜈𝜈
𝜕𝜕𝑢𝑢𝚤𝚤
𝜕𝜕𝑥𝑥𝚥𝚥

𝜕𝜕𝑢𝑢𝚥𝚥
𝜕𝜕𝑥𝑥𝚤𝚤

���������
 (3.7-5) 



31 
 

Where the first term on the RHS is termed the mean energy dissipation rate. The second term on 

the RHS is the turbulent energy dissipation rate [4], 

 
𝜖𝜖 = 𝜈𝜈

𝜕𝜕𝑢𝑢𝚤𝚤
𝜕𝜕𝑥𝑥𝚥𝚥

𝜕𝜕𝑢𝑢𝚤𝚤
𝜕𝜕𝑥𝑥𝚥𝚥

���������
 (3.7-6) 

The remaining two terms represent the product of cross velocity gradient terms. These terms are 

zero for homogeneous incompressible flow. The first two terms are commonly expressed in terms 

of power dissipated into the fluid, 

 
𝑃𝑃𝑃𝑃𝑑𝑑𝑖𝑖𝑠𝑠𝑠𝑠 = 𝑃𝑃𝑃𝑃𝑚𝑚𝑜𝑜𝑔𝑔𝑖𝑖 + 𝑃𝑃𝑃𝑃𝑡𝑡𝑜𝑜𝑟𝑟𝑡𝑡 = 𝜇𝜇��𝑆𝑆�̅�𝑖𝑖𝑖�

2
 𝑑𝑑𝑉𝑉

𝑉𝑉

+ 𝜌𝜌�𝜖𝜖 𝑑𝑑𝑉𝑉
𝑉𝑉

 (3.7-7) 

In rotor-stator mixers, due to the high speed rotor and relatively small shear gap volume, the power 

dissipated is significantly larger than the flow work and work to accelerate the fluid shown by 

equations 3.2-2 and 3.2-3, respectively. 

 Before discussing how the turbulent kinetic energy conservation equation is modeled, we 

look to the conservation equation for the isotropic dissipation rate. In homogeneous turbulence, 

statistics involving the fluctuating velocity field do not change with position. With this assumption 

the turbulent kinetic energy conservation equation is reduced to the relatively simple 

expression [4],  

 𝑑𝑑𝑘𝑘
𝑑𝑑𝑑𝑑

= 𝐺𝐺𝑘𝑘 − 𝜖𝜖 (3.7-8) 

Suggesting turbulent kinetic energy is produced and dissipated by these quantities. The expression 

for the production of turbulent kinetic energy is, 

 
𝐺𝐺𝑘𝑘 = −𝑢𝑢𝚤𝚤𝑢𝑢𝚥𝚥�����

𝜕𝜕𝑈𝑈𝚤𝚤�
𝜕𝜕𝑥𝑥𝑖𝑖

= −𝑎𝑎𝑖𝑖𝑖𝑖𝑆𝑆�̅�𝑖𝑖𝑖 (3.7-9) 
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where the 𝑎𝑎𝑖𝑖𝑖𝑖 term represents the anisotropy tensor which was defined as the LHS of 

equation 3.6- 4. When isotropic turbulence is assumed, then the mean velocity is zero and no 

uniform mean velocity gradient is imposed. Then the turbulent kinetic energy only decays by the 

isotropic decay rate. The conservation equation for this quantity can be derived similar to the 

turbulent kinetic energy, by manipulating the Navier-Stokes equation. By taking the gradient of 

the Navier-Stokes and then multiplying by the gradient of the fluctuation velocity, we obtain, 

 𝜕𝜕𝜖𝜖
𝜕𝜕𝑑𝑑

+ 𝑈𝑈𝚥𝚥�
𝜕𝜕𝜖𝜖
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝐺𝐺𝜖𝜖1 + 𝐺𝐺𝜖𝜖2 + 𝐺𝐺𝜖𝜖3 + 𝐺𝐺𝜖𝜖4 + Π𝜖𝜖 + 𝑇𝑇𝜖𝜖 + 𝑈𝑈𝜖𝜖 − Υ𝜖𝜖 (3.7-10) 

Where the LHS describes the accumulation of the energy dissipation rate and the RHS involves 

various gradient terms. Some physical meaning is lost in these RHS terms and so they are 

abbreviated as such. In order, the first four terms on the RHS describe different generation terms, 

the fifth term describes pressure diffusion, the sixth is a transport term, the seventh describes 

viscous diffusion, and the final term describes the sink term of the turbulent energy dissipation 

rate [5]. 

 Modeling the conservation equation for turbulent kinetic energy involves two main 

assumptions: 1. The Boussinesq approximation is substituted into the turbulent kinetic energy 

production rate to replace the anisotropy tensor, 

 𝐺𝐺𝑘𝑘 = −𝑎𝑎𝑖𝑖𝑖𝑖𝑆𝑆�̅�𝑖𝑖𝑖 = 2𝜈𝜈𝑡𝑡𝑆𝑆�̅�𝑖𝑖𝑖𝑆𝑆�̅�𝑖𝑖𝑖 (3.7-11) 

 and 2. The transport of turbulent kinetic energy by velocity and pressure fluctuations give a flux 

of turbulent kinetic energy by the gradient-diffusion hypothesis [4], 

 
𝑇𝑇𝑖𝑖 = −

𝜈𝜈𝑡𝑡
𝜎𝜎𝑘𝑘

𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

 (3.7-12) 
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where 𝜎𝜎𝑘𝑘 is a modeling constant which acts as a viscosity ratio. The turbulent energy dissipation 

rate model equation does not stem from equation 3.7-10, but instead the simplified form of this 

equation by assuming homogeneous turbulence [4], 

 𝑑𝑑𝜖𝜖
𝑑𝑑𝑑𝑑

= 𝐶𝐶1𝜖𝜖
𝜖𝜖
𝑘𝑘
𝐺𝐺𝑘𝑘 − 𝐶𝐶2𝜖𝜖

𝜖𝜖2

𝑘𝑘
 (3.7-13) 

From this simplified expression, the model equation, given by equation 3.7-15, includes a diffusion 

and advective term for the conservation of turbulent energy dissipation rate. Therefore, this model 

equation is empirical rather than exact with simplifying assumptions. The model coefficients take 

the values, 𝐶𝐶1𝜖𝜖 = 1.44, and 𝐶𝐶2𝜖𝜖 = 1.92. 

 Making the assumptions discussed above, yields modeled equations for the turbulent 

kinetic energy and its dissipation rate. The FLUENT theory guide [4] describes these equations as, 

 𝜕𝜕𝑘𝑘
𝜕𝜕𝑑𝑑

+ 𝑈𝑈𝚥𝚥�
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

=
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

��𝜈𝜈 +
𝜈𝜈𝑡𝑡
𝜎𝜎𝑘𝑘
�
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

� + 𝐺𝐺𝑘𝑘 − 𝜖𝜖 + 𝐺𝐺𝑡𝑡 − 𝑌𝑌𝑀𝑀 + 𝑆𝑆𝑘𝑘 (3.7-14) 

 𝜕𝜕𝜖𝜖
𝜕𝜕𝑑𝑑

+ 𝑈𝑈𝚥𝚥�
𝜕𝜕𝜖𝜖
𝜕𝜕𝑥𝑥𝑖𝑖

=
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

��𝜈𝜈 +
𝜈𝜈𝑡𝑡
𝜎𝜎𝜖𝜖
�
𝜕𝜕𝜖𝜖
𝜕𝜕𝑥𝑥𝑖𝑖

� + 𝐶𝐶1𝜖𝜖
𝜖𝜖
𝑘𝑘
𝐺𝐺𝑘𝑘 − 𝐶𝐶2𝜖𝜖

𝜖𝜖2

𝑘𝑘
+ 𝐶𝐶3𝜖𝜖′

𝜖𝜖
𝑘𝑘
𝐺𝐺𝑡𝑡 + 𝑆𝑆𝜖𝜖 (3.7-15) 

These equations represent the standard k-ε closure model. The LHS of both equations is as it was 

for the conservation equations. The viscous diffusion term on the RHS only differs from the 

conservation equations by the additional turbulent eddy viscosity term, which is “converted” by a 

viscosity ratio. These viscosity ratios take the values, 𝜎𝜎𝑘𝑘 = 1.0 and 𝜎𝜎𝜖𝜖 = 1.3. For turbulent kinetic 

energy this additional diffusion term was included by modeling the energy flux by gradient 

diffusion. For the energy dissipation rate, both diffusion terms were included to the homogeneous 

turbulence case in equation 3.7-13. Proceeding the diffusion terms, are the turbulent source and 

sink terms which exist in homogeneous turbulence. The remaining terms on the RHS are included 

to account for buoyancy effects and any other source. These terms are included in the FLUENT 
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code, but are neglected in this work. The 𝑌𝑌𝑀𝑀 term in the k equation represents the contribution of 

fluctuating dilation which can be neglected for incompressible flow.  

 Improvements have been made to this standard k-ε closure. In this work, the realizable k-

ε closure model is used. This closure model is of similar form to the standard model, but uses 

a 𝐶𝐶𝜇𝜇 value that varies with the mean velocity gradient, and incorporates vorticity fluctuation in the 

dissipation rate equation. These modifications have been shown to provide more reliable results in 

a range of turbulent flows [2].  

3.8 RANS Near-Wall Modeling 

Modeling discussed in the previous section assumes isotropic turbulence, where mean 

turbulence properties are independent of position and directional preference. This assumption is 

not valid near the wall and as a consequence the closure equations derived previously cannot be 

applied in these regions. Additionally the no-slip boundary condition still applies and, as a result, 

the velocity and turbulent kinetic energy at the wall must be zero. Understanding the transition 

from turbulent core to the no-slip condition that occurs within the near-wall region is necessary to 

model turbulent flow properties near the wall. 

The near-wall region is commonly subdivided into various layers. Each layer represents 

different physics that occur close to the wall. These divisions are arbitrary, however a variety of 

experiments indicate that the near wall region is divided into three layers. The location of these 

layers is dependent on a parameter which takes the form of a Reynolds number, the y-plus value, 

 
𝑦𝑦+ =

𝑈𝑈𝜏𝜏𝑦𝑦
𝜈𝜈

          𝑈𝑈𝜏𝜏 = �
𝜏𝜏𝑓𝑓
𝜌𝜌

          𝜏𝜏𝑓𝑓 = 𝜇𝜇
∂𝑈𝑈�𝑥𝑥
𝜕𝜕𝑦𝑦

(𝑦𝑦 = 0) (3.8-1) 

where the friction velocity, 𝑈𝑈𝜏𝜏, is defined by the wall stress, 𝜏𝜏𝑓𝑓. For simplicity, in equation 3.8-1, 

the y-direction is normal to the wall and the x-direction is direction of flow. Starting from the wall, 
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the first layer is the viscous sublayer (0 ≤ 𝑦𝑦+ < 5), then the buffer layer (5 ≤ 𝑦𝑦+ < 60), and 

fully turbulent region (60 ≤ 𝑦𝑦+). Outside these three inner layers is the turbulent core which is 

dependent on the traditional Reynolds number [2]. 

There are two approaches to be considered when modeling this near-wall region. The first is 

the use of wall functions. Wall functions are semi-empirical formulas that are separate from the 

turbulence models and develop the near-wall velocity profile based on the y-plus value. This 

approach does not require a refined mesh but it may lessen the accuracy of the solution. The second 

approach is termed near-wall modeling, where the mesh is refined close to the wall and the 

turbulence models are modified with the intent of describing the physics near the wall.  

In this work enhanced wall treatment is utilized. This is a near-wall modeling method with 

the use of enhanced wall functions. If the mesh density is sufficiently fine near the wall, then the 

enhanced wall treatment is identical to a near-wall model. If the mesh density is not sufficiently 

fine near the wall, then the near-wall model is used with wall functions [2]. This is accomplished 

by subdividing the near-wall region into a viscosity affected and fully turbulent region. In the fully 

turbulent region, the turbulence closure model is used, and in the viscosity affected region, the 

following enhanced wall function is used, 

 
𝜈𝜈𝑡𝑡 = 𝐶𝐶𝜇𝜇𝑙𝑙𝜇𝜇√𝑘𝑘          𝑙𝑙𝜇𝜇 = 𝐶𝐶𝛼𝛼𝐶𝐶𝜇𝜇

−34𝑦𝑦 �1 − exp�−
𝑅𝑅𝑅𝑅𝑦𝑦
𝐶𝐶𝜇𝜇

��           𝑅𝑅𝑅𝑅𝑦𝑦 =
𝑦𝑦√𝑘𝑘
𝜈𝜈

 (3.8-2) 

where the turbulent eddy viscosity is modified by the turbulent kinetic energy and an exponential 

decaying length scale. The constants in this enhanced wall function are as follows, 𝐶𝐶𝜇𝜇 = 0.09, 

𝐶𝐶𝜇𝜇 = 70, and 𝐶𝐶𝛼𝛼 = 0.4187. 
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3.9 The Energy Cascade and the Scales of Turbulence 

 Turbulence is a multi-scale problem. Eddies or vortices of some given length and time 

scale carry energy. This energy moves to smaller and possibly larger eddies or vortices. This 

concept is termed the energy cascade. The energy cascade describes the spectrum of eddy sizes 

and the energy associated with those eddies. It is common to write the energy cascade in terms of 

wave number, κ, which is proportional to the inverse of the length, 

 
𝜅𝜅 ~ 

1
𝐿𝐿

 (3.9-1) 

Therefore a low wave number on the energy cascade corresponds to large eddies. The largest 

eddies contribute to most of the energy in the system and as these eddies break, energy is 

dissipated. This can be expressed mathematically as, 

 
𝑘𝑘 = � 𝐸𝐸(𝜅𝜅)

∞

0
𝑑𝑑𝜅𝜅 (3.9-2) 

 
𝜖𝜖 = 𝜈𝜈� 𝜅𝜅2𝐸𝐸(𝜅𝜅)

∞

0
𝑑𝑑𝜅𝜅 

(3.9-3) 

where 𝐸𝐸(𝜅𝜅) represents the energy spectrum and can be derived by taking the Fourier transform of 

the correlation tensor [5]. Equation 3.9-2 suggests that the turbulent kinetic energy, the intensity 

of the turbulence, is captured by integrating across the energy spectrum. Equation 3.9-3 suggests 

that the turbulent energy dissipation rate is dependent on a shifted energy spectrum in which larger 

wave numbers (smaller eddies) are more significant. 

 Quantifying this distribution of length scales is difficult and so scaling arguments are used 

to describe eddies of similar size to the integral and Kolmogorov length scales. The smallest scales 

of turbulence are represented by the Kolmogorov length scale, LK. We assume that at this scale 

convective and viscous forces balance. A Reynold’s number can be developed from this balance 

if both convective and viscous terms are written with respect to the Kolmogorov scale, 
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 𝑈𝑈𝑖𝑖
𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

 𝜈𝜈 𝜕𝜕
2𝑈𝑈𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖2

 ~ 𝑅𝑅𝑅𝑅𝐾𝐾 =
𝑈𝑈𝐾𝐾𝐿𝐿𝐾𝐾
𝜈𝜈

= 1 (3.9-4) 

Where UK is the velocity of the smallest eddies. The rate at which the kinetic energy of these eddies 

dissipates can be expressed as, 

 𝜖𝜖 ~ 
𝜈𝜈
𝑑𝑑𝐾𝐾2

 (3.9-5) 

Where tK is the Kolmogorov time scale. By these two expressions and scaling the Kolmogorov 

velocity as 𝑈𝑈𝐾𝐾~𝐿𝐿𝐾𝐾/𝑑𝑑𝐾𝐾, the Kolmogorov scales can be expressed in terms only involving the energy 

dissipating eddies, 

 
𝑑𝑑𝐾𝐾 = �

𝜈𝜈
𝜖𝜖
�
1
2           𝐿𝐿𝐾𝐾 =

𝜈𝜈
3
4

𝜖𝜖
1
4

          𝑈𝑈𝐾𝐾 = (𝜈𝜈𝜖𝜖)
1
4 (3.9-6) 

These Kolmogorov scales describe smallest scale at which mixing can occur, any scales smaller 

and diffusion occurs. 

Similar to the Kolmogorov scales, a Reynold’s number and energy dissipation rate can be 

written in terms of the largest scales of turbulence or the integral scales. We write these quantities 

in terms of the integral length scale, L, and velocity scale, U. 

 
𝑅𝑅𝑅𝑅𝐿𝐿 =

𝑈𝑈𝐿𝐿
𝜈𝜈

          𝜖𝜖 ~ 
𝑈𝑈3

𝐿𝐿
 (3.9-7) 

Combining equations 3.9-4 and 3.9-5, a relationship between the Kolmogorov and macroscopic 

length scale can be written in terms of the bulk Reynold’s number. 

 𝐿𝐿𝐾𝐾
𝐿𝐿

 ~ 𝑅𝑅𝑅𝑅𝐿𝐿
−34 (3.9-8) 
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This relationship has great significance in the study of turbulent behavior. It implies that the size 

of eddies in which viscosity becomes important is proportional to a power of the bulk Reynolds 

number and a characteristic length.  

 We are interested in describing the turbulence and the multiple scales of mixing within a 

pipeline rotor-stator mixer. This requires resolving eddies of multiple scales, sizes ranging from 

the macroscopic to the Kolmogorov scale (if possible). The mesh size can be determined from the 

derived relationship above (equation 3.9-6). Since this simulation is three-dimensional, the mesh 

size scales by a length scale to the third power. 

 
𝑀𝑀𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠 ~ 𝐿𝐿3 ~ 𝑅𝑅𝑅𝑅𝐿𝐿

9
4 (3.9-9) 

This scaling arguments provides an approximation to the mesh size needed to resolve all eddies of 

size equal to or larger than the Kolmogorov length scale. By this argument, the number of cells 

required to resolve the Kolmogorov scales for this mixer is 8.6 × 1012 cells. A mesh of this size 

would require an unreasonable amount of computing time and so other methods are used to 

describe the turbulent behavior of the mixer within a reasonable amount of time. 

3.10 Filtered Equations 

The RANS technique averaged out the fluctuating velocity and pressure to provide an 

approximation to the mean velocity and pressure field. This model lacks the ability to describe 

structures in the flow by its construction. The vortices or eddies in turbulent flow provide 

information regarding the intensity of mixing and how energy is transferred among different 

scales. Instead of averaging, a different turbulence modeling technique known as large eddy 

simulations (LES) can be used. LES attempts to resolve the larger scales of turbulence where most 

of the energy is present and disregards the smaller scales which are assumed negligible. 
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Instead of averaging as in the RANS equations, LES filters the velocity and pressure into 

resolved and unresolved components [4], 

 𝑈𝑈𝑖𝑖 = 〈𝑈𝑈𝑖𝑖〉 + 𝑢𝑢𝑖𝑖′                    𝑃𝑃 = 〈𝑃𝑃〉 + 𝑝𝑝′ (3.10-1) 

In this work the angle brackets will denote that that quantity is filtered and the prime denotes the 

unresolved quantity. This filtering operator can be mathematically expressed as, 

 
〈𝜙𝜙〉 = Γ ∗ 𝜙𝜙 = � Γ(𝑥𝑥,𝑦𝑦)𝜙𝜙(𝑦𝑦, 𝑑𝑑)𝑑𝑑𝑦𝑦

ℝ3
 (3.10-2) 

where is Γ the filter kernel which is convolved with the quantity 𝜙𝜙. There are a variety of filters 

that can be used in LES, the filter employed by FLUENT and the one used in this work is the 

top hat filter. As indicated by equation 3.10-1 above, the three velocity components and the 

pressure are filtered across space using this filter operation (equation 3.10-2). 

 In LES, the mass and momentum conservation equations are filtered similar to how they 

were averaged to develop the RANS equations in section 3.6. When the equation of continuity is 

filtered, the same expression results but in terms of the resolved velocity, 

 𝜕𝜕〈𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 (3.10-3) 

By the filter equation given by equation 3.10-2 it can be noted that this operation is linear. 

Additionally the equation of continuity is a linear PDE. Therefore the above result is as expected. 

When filtering the Navier-Stokes, we obtain, 

 𝜕𝜕〈𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑑𝑑

+
𝜕𝜕〈𝑈𝑈𝑖𝑖𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝜈𝜈
𝜕𝜕2〈𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑥𝑥𝑖𝑖2

−
1
𝜌𝜌
𝜕𝜕〈𝑃𝑃〉
𝜕𝜕𝑥𝑥𝑖𝑖

 (3.10-4) 

where again the filtering operation can be placed within the derivatives for the linear terms of the 

PDE. All terms are readily computed from LES except for the second RHS term which developed 
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from the nonlinear convective term of the Navier-Stokes. A substitution is made in which this 

unknown quantity is expressed as the product of known quantities, 

 𝜕𝜕〈𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑑𝑑

+ 〈𝑈𝑈𝑖𝑖〉
𝜕𝜕〈𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝜈𝜈
𝜕𝜕2〈𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑥𝑥𝑖𝑖2

−
1
𝜌𝜌
𝜕𝜕〈𝑃𝑃〉
𝜕𝜕𝑥𝑥𝑖𝑖

− 𝜌𝜌
𝜕𝜕𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠

𝜕𝜕𝑥𝑥𝑖𝑖
 (3.10-5) 

The additional term that results is known as the subgrid-scale (SGS) stress tensor, which is written 

as, 

 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠 = 〈𝑈𝑈𝑖𝑖𝑈𝑈𝑖𝑖〉 − 〈𝑈𝑈𝑖𝑖〉〈𝑈𝑈𝑖𝑖〉 (3.10-6) 

Similar to the Reynold’s stress term in the RANS equation, the SGS stress tensor must be modeled 

for the LES equations to be closed [4]. Various SGS models are considered in the following 

section. 

3.11 Subgrid-scale Stress Tensor 

 Another similarity between the RANS equations and LES is how the Boussinesq 

approximation is applied. In the RANS equations, the Reynold’s stress was assumed to be 

proportional to the average rate of strain tensor with a proportionality constant known as the eddy 

viscosity. For LES, the deviatoric component of the SGS stress tensor is assumed to be 

proportional to the filtered rate of strain tensor with a proportionality constant known as the 

subgrid-scale eddy viscosity. 

 
𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠 −

1
3
𝜏𝜏𝑘𝑘𝑘𝑘𝑠𝑠 𝛿𝛿𝑖𝑖𝑖𝑖 = −2𝜈𝜈𝑡𝑡𝑠𝑠〈𝑆𝑆𝑖𝑖𝑖𝑖〉 (3.11-1) 

The SGS eddy viscosity is a term that is modeled by the SGS models. There are a variety of SGS 

models, including the Smagorinsky-Lilly, dynamic Smagorinsky-Lilly, and the Wall-Adapting 

Local Eddy viscosity (WALE) model. Each of these models are of the form, 

 𝜈𝜈𝑡𝑡𝑠𝑠 = 𝐶𝐶𝑚𝑚Δ2〈𝑂𝑂𝑃𝑃〉(𝑥𝑥𝑖𝑖, 𝑑𝑑) (3.11-2) 
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where 𝐶𝐶𝑚𝑚 is some given model constant, Δ is the filter width which is typically taken to be the grid 

width, and 𝑂𝑂𝑃𝑃 is an operator which is a function of space and time [5]. 

 In the Smagorinsky-Lilly model, the operator is the magnitude of the resolved strain rate. 

This model was found to have several flaws, particularly near the wall. The Smagorinsky-Lilly 

model would incorrectly predict a nonzero SGS eddy viscosity at the wall. Additionally the SGS 

model does not predict the proper scaling of the eddy viscosity near the wall. To correct this error, 

the dynamic Smagorinsky-Lilly uses an additional filter called the test filter to dynamically alter 

the SGS eddy viscosity near the wall. The test filter is a high pass filter in which the test filter 

width is twice the grid filter width. 

The WALE model differs from the standard and dynamic Smagorinsky-Lilly model by 

using the square of the velocity gradient tensor as the operator. This operator was chosen to fulfill 

four major properties useful in LES: 

• The operator should be invariant to any coordinate translation or rotation 

• The operator can be easily applied to any computational mesh 

• The operator is a function of both strain and rotation rates 

• The operator tends towards zero at the wall 

This invariant was determined by Nicoud and Ducros [5]. It is expressed as, 

 
𝒮𝒮𝑖𝑖𝑖𝑖 = 〈𝑆𝑆𝑖𝑖𝑘𝑘〉〈𝑆𝑆𝑘𝑘𝑖𝑖〉 + 〈Ω𝑖𝑖𝑘𝑘〉〈Ω𝑘𝑘𝑖𝑖〉 −

1
3
𝛿𝛿𝑖𝑖𝑖𝑖[〈𝑆𝑆𝑚𝑚𝑖𝑖〉〈𝑆𝑆𝑚𝑚𝑖𝑖〉 − 〈Ω𝑚𝑚𝑖𝑖〉〈Ω𝑚𝑚𝑖𝑖〉] (3.11-3) 

Which can be considered as the traceless part of the square of the velocity gradient tensor. Since 

this tensor involves the filtered rate of strain and rotation, it can be applied to any computational 

mesh throughout the fluid body.  

 Nicoud and Ducros showed that the square of this tensor, expressed below, has a zero 

invariant in the case of simple shear flow. Since the energy dissipation rate is dependent on velocity 
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gradients, the use of this as the operator would predict zero SGS eddy viscosity at the wall as 

desired. 

 
𝒮𝒮𝑖𝑖𝑖𝑖𝒮𝒮𝑖𝑖𝑖𝑖 =

1
6

[𝑆𝑆2𝑆𝑆2 + Ω2Ω2] +
2
3

S2Ω2 + 2𝐼𝐼𝑉𝑉𝑆𝑆Ω (3.11-4) 

where 𝑆𝑆2 = 〈𝑆𝑆𝑖𝑖𝑖𝑖〉〈𝑆𝑆𝑖𝑖𝑖𝑖〉, Ω2 = 〈Ω𝑖𝑖𝑖𝑖〉〈Ω𝑖𝑖𝑖𝑖〉, and 𝐼𝐼𝑉𝑉𝑆𝑆Ω = 〈𝑆𝑆𝑖𝑖𝑘𝑘〉〈𝑆𝑆𝑘𝑘𝑖𝑖〉〈Ω𝑖𝑖𝑜𝑜〉〈Ω𝑜𝑜𝑖𝑖〉. Nicoud and Ducros 

argued that the square of this tensor scales quadratically towards the wall. To achieve the cubic 

profile as expected near the wall, the operator is taken to the 3/2 power. The final operator is chosen 

to include this squared tensor, but also to avoid instabilities. The WALE model is expressed as, 

 

 
𝜈𝜈𝑡𝑡𝑠𝑠 = (𝐶𝐶𝑓𝑓Δ)2

�𝒮𝒮𝑖𝑖𝑖𝑖𝒮𝒮𝑖𝑖𝑖𝑖�
3/2 

�〈𝑆𝑆𝑖𝑖𝑖𝑖〉〈𝑆𝑆𝑖𝑖𝑖𝑖〉�
5/2 

+ �𝒮𝒮𝑖𝑖𝑖𝑖𝒮𝒮𝑖𝑖𝑖𝑖�
5/4  (3.11-5) 

Where 𝐶𝐶𝑓𝑓 is the WALE constant and is taken as 0.325 in FLUENT. The denominator term is 

present to avoid instabilities in the simulation. In this work, the WALE SGS model is used for all 

LES. 

3.12 LES Near-Wall Modeling 

 Similar to the RANS equations, the SGS model is valid for homogeneous turbulence. Near 

the wall we expect mean flow properties to vary with position to fulfill the no-slip boundary 

condition. These mean flow properties are dependent on the filtered scales as well as the interaction 

with resolved and unresolved scales. To properly resolve the behavior near the wall, high mesh 

resolution is required. However such a mesh is computationally expensive and not affordable for 

flows with large Reynolds numbers. For simulations in which the inner layer is not resolved by 

the grid, a wall model is used. This LES wall model attempts to relate the influence from the outer 

layer scales to the inner layers scales [6]. FLUENT offers an equilibrium-stress wall model which 

assumes the near wall velocity obeys the logarithmic profile, 
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 𝑈𝑈�
𝑈𝑈𝜏𝜏

=
1
𝐶𝐶𝜅𝜅

ln 𝑦𝑦+ + 𝐶𝐶𝐵𝐵 (3.12-1) 

where the constant 𝐶𝐶𝐵𝐵 is taken to be 5.565, 𝐶𝐶𝜅𝜅 is the von Karman constant, and the wall y-plus 

𝑦𝑦+and wall velocity 𝑈𝑈𝜏𝜏 are expressed in equation 3.8-1. The wall model replaces the instantaneous 

velocity with the time-averaged wall velocity. This replacement is assumed to be valid because the 

time step is likely to be larger than the necessary time scales near the wall, therefore filtering in 

this vicinity is equivalent to time averaging. If the mesh is sufficiently refined near the wall to 

resolve the laminar sublayer, that is to say 0<𝑦𝑦+<11, then a linear wall model is taken instead of 

equation 3.12-1,  

 𝑈𝑈�
𝑈𝑈𝜏𝜏

= 𝑦𝑦+ (3.12-2) 

3.13 Computing Quantities from the Filtered Velocity Field 

 To properly compare turbulence quantities outputted from a RANS and large eddy 

simulation, the underlying assumptions must be understood. Quantities of interest in this work 

include the mean velocity field, flow rate, torque, turbulent kinetic energy, strain rate magnitude, 

and turbulent energy dissipation rate. Equation 3.6-1 was substituted into the Navier-Stokes 

equation to model the mean velocity field. Equation 3.6-1 could also be used to compute the mean 

flow rate and torque. By decomposing the instantaneous velocity field into its mean and fluctuating 

component, the fluctuating component had to be modeled. This was done by solving modeled 

turbulent kinetic energy and energy dissipation rate conservation equations. These modeled 

equations have additional assumptions which is discussed in section 3.7. 

 These quantities are not readily provided by a LES and must be computed using known 

quantities. Equation 3.10-1 decomposed the instantaneous velocity into filtered and unfiltered 

components where the filtered velocity component is given by equation 3.10-5 and the unfiltered 
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component is modeled by the SGS stress tensor. To approximate the mean velocity field from the 

filtered velocity field, equation 3.10-1 is averaged, 

 𝑈𝑈�𝑖𝑖 = (〈𝑈𝑈𝚤𝚤〉 + 𝑢𝑢𝚤𝚤′)��������������� = 〈𝑈𝑈𝚤𝚤〉����� + 𝑢𝑢𝚤𝚤′���� ≈ 〈𝑈𝑈𝚤𝚤〉����� (3.13-1) 

The mean velocity is the summation of the average filtered and average unfiltered velocity. 

Although the average of the unfiltered velocity component is generally not zero, there is nothing 

in the LES model that can quantify it so we assume it is negligible. As the computational mesh 

becomes more refined, the unfiltered velocity component becomes more negligible. Therefore the 

error of this assumption decreases with increasing mesh refinement. 

 Applying equation 3.2-1 to the mean velocity field given by the RANS equations gives an 

estimate of the mean throughput. Applying equation 3.2-1 to the filtered velocity field given by a 

LES suggests, 

 
𝑄𝑄 = �𝑈𝑈𝑖𝑖𝑑𝑑𝐴𝐴𝑖𝑖

𝐴𝐴

= �〈𝑈𝑈𝑖𝑖〉𝑑𝑑𝐴𝐴𝑖𝑖
𝐴𝐴

+  �𝑢𝑢𝑖𝑖′𝑑𝑑𝐴𝐴𝑖𝑖
𝐴𝐴

≈ �〈𝑈𝑈𝑖𝑖〉𝑑𝑑𝐴𝐴𝑖𝑖
𝐴𝐴

 (3.13-2) 

The instantaneous flow rate modeled by a LES is the flow rate of the filtered and unfiltered scales. 

Similar to the assumption made in equation 3.13-1, for a sufficiently refined computational mesh 

the flow rate of the unfiltered component is negligible. Equation 3.13-2 can be averaged to give 

the mean flow rate as predicted by a LES. The difference between the filtered flow rate and the 

averaged filtered flow rate is the resolved fluctuating flow rate. 

 When computing the torque from a filtered pressure distribution, the procedure is similar 

to the computing the filtered flow rate above. The filtered and unfiltered decomposition of the 

pressure field is substituted into equation 3.1-7, 

 
𝑇𝑇𝒊𝒊 = 𝜀𝜀𝒊𝒊𝒊𝒊𝒊𝒊𝑟𝑟𝒊𝒊�𝑃𝑃 𝑑𝑑𝐴𝐴𝒊𝒊

𝐴𝐴

= 𝜀𝜀𝒊𝒊𝒊𝒊𝒊𝒊𝑟𝑟𝒊𝒊�(〈𝑃𝑃〉 + 𝑝𝑝′) 𝑑𝑑𝐴𝐴𝒊𝒊
𝐴𝐴

≈ 𝜀𝜀𝒊𝒊𝒊𝒊𝒊𝒊𝑟𝑟𝒊𝒊�〈𝑃𝑃〉 𝑑𝑑𝐴𝐴𝒊𝒊
𝐴𝐴

 (3.13-3) 
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Where 𝜀𝜀𝒊𝒊𝒊𝒊𝒊𝒊 is the permutation operator used to perform the cross product between the moment arm 

and the pressure force. To approximate the instantaneous torque with the filtered torque, we 

assume the torque from the unfiltered pressure distribution is negligible. This assumption is 

equivalent to assuming the spatial average of the unfiltered pressure force is relatively small. 

 To compute an approximation of the turbulent kinetic energy from a LES, we must consider 

the velocity fluctuations. To mathematically show this, equation 3.13-1 is substituted into 

equation 3.6-1. 

 𝑢𝑢𝑖𝑖 = 𝑈𝑈𝑖𝑖 − 𝑈𝑈�𝑖𝑖 = �〈𝑈𝑈𝑖𝑖〉 − 〈𝑈𝑈𝚤𝚤〉������ + �𝑢𝑢𝑖𝑖′ − 𝑢𝑢𝚤𝚤′����� = 𝑢𝑢𝑖𝑖𝑟𝑟 + 𝑢𝑢𝑖𝑖𝑜𝑜 (3.13-4) 

The true velocity fluctuation can be written in two components: the resolved and unresolved 

velocity fluctuations. The resolved fluctuation, the difference between the filtered and average of 

the filtered velocity, can be computed from a LES. The unresolved fluctuation, the difference 

between the unfiltered and average of the unfiltered velocity, is not provided by the model 

equations. Now substituting this equation into the definition of turbulent kinetic energy, 

 
𝑘𝑘 =

1
2
𝑢𝑢𝚤𝚤2���� =

1
2

(𝑢𝑢𝚤𝚤𝑟𝑟)2������� + 𝑢𝑢𝚤𝚤𝑟𝑟𝑢𝑢𝚤𝚤𝑜𝑜������� +
1
2

(𝑢𝑢𝚤𝚤𝑜𝑜)2������� ≈
1
2

(𝑢𝑢𝚤𝚤𝑟𝑟)2������� (3.13-5) 

The SGS stress tensor provides no information regarding the unresolved velocity fluctuations. For 

this reason, the turbulent kinetic energy is approximated by the resolved velocity fluctuation 

product. Equation 3.9-2 suggests the turbulent kinetic energy is the integration of the energy 

cascade. If all significant scales in the energy cascade are filtered, then the assumption made in 

equation 3.13-5 is reasonable. 

 For a RANS simulation, the strain rate magnitude involves the square of the mean strain 

rate tensor. Which, as was shown in equation 3.7-5 (excluding the fluctuation terms), is the sum 

of the mean energy dissipated and a product of cross velocity gradients which are zero in 
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homogeneous turbulence. For a LES, the square of the filtered strain rate tensor includes the 

resolved mean and resolved fluctuating velocity gradients, 

 2〈𝑆𝑆𝑖𝑖𝑖𝑖〉〈𝑆𝑆𝑖𝑖𝑖𝑖〉 = 2〈𝑆𝑆𝚤𝚤𝚥𝚥〉������ 〈𝑆𝑆𝚤𝚤𝚥𝚥〉������ + 4〈𝑆𝑆𝚤𝚤𝚥𝚥〉������𝑠𝑠𝑖𝑖𝑖𝑖𝑟𝑟 + 2𝑠𝑠𝑖𝑖𝑖𝑖𝑟𝑟 𝑠𝑠𝑖𝑖𝑖𝑖𝑟𝑟  (3.13-6) 

Where the resolved fluctuating strain rate tensor is the difference between the filtered and the 

average filtered strain rate tensor, similar to equation 3.13-4 for velocity. Each of the three strain 

rate tensor products in equation 3.13-6 result in a summation of energy dissipation terms and cross 

velocity gradient products. When the square of the filtered strain rate tensor is averaged, the mean 

strain rate tensor product approximated by a LES only involves the resolved mean velocity 

gradients. To find the magnitude of the filtered strain rate, the square root of equation 3.13-6 is 

computed. 

 The turbulent energy dissipation rate is the integration of the energy cascade shifted by the 

wave number squared, as shown in equation 3.9-3. This shift weighs the energy cascade more 

towards the smaller scales, the turbulent energy dissipation rate therefore requires more mesh 

refinement to be properly resolved. Substituting equation 3.13-4 into the definition of the turbulent 

energy dissipation rate gives, 

 
𝜖𝜖 = 𝜈𝜈 �

𝜕𝜕𝑢𝑢𝚤𝚤
𝜕𝜕𝑥𝑥𝚥𝚥

�
2���������

= 𝜈𝜈 �
𝜕𝜕𝑢𝑢𝚤𝚤𝑟𝑟

𝜕𝜕𝑥𝑥𝚥𝚥
�
2����������

+ 2𝜈𝜈 �
𝜕𝜕𝑢𝑢𝚤𝚤𝑟𝑟

𝜕𝜕𝑥𝑥𝚥𝚥
𝜕𝜕𝑢𝑢𝚤𝚤𝑜𝑜

𝜕𝜕𝑥𝑥𝚥𝚥
�

��������������
+ 𝜈𝜈 �

𝜕𝜕𝑢𝑢𝚤𝚤𝑜𝑜

𝜕𝜕𝑥𝑥𝚥𝚥
�
2����������
 (3.13-7) 

If the computational mesh is refined near the Kolmogorov scale then the last two terms of 

equation 3.13-7, represented by the unresolved velocity fluctuation gradients, can be assumed 

negligible. However for many engineering flows such mesh refinement is too computationally 

expensive. 

 Although the turbulent energy dissipation rate cannot be computed directly from 

equation 3.13-7, the unresolved scales contribution to the turbulent energy dissipation rate can be 
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modeled by the SGS stress tensor. To understand how, the conservation equation for the filtered 

kinetic energy is derived. Taking the dot product of the filtered velocity with equation 3.10-5 gives, 

 𝜕𝜕〈𝑞𝑞〉
𝜕𝜕𝑑𝑑

+ 〈𝑈𝑈𝑖𝑖〉
𝜕𝜕〈𝑞𝑞〉
𝜕𝜕𝑥𝑥𝑖𝑖

=
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

�−〈𝑃𝑃〉〈𝑈𝑈𝑖𝑖〉 + 𝜈𝜈
𝜕𝜕〈𝑞𝑞〉
𝜕𝜕𝑥𝑥𝑖𝑖

− 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠 〈𝑈𝑈𝑖𝑖〉� − 𝜈𝜈 �
𝜕𝜕〈𝑈𝑈𝑖𝑖〉
𝜕𝜕𝑥𝑥𝑖𝑖

�
2

+ 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠 〈𝑆𝑆𝑖𝑖𝑖𝑖〉 (3.13-8) 

Where 〈𝑞𝑞〉 = 1
2
〈𝑈𝑈𝑖𝑖〉2 represents the filtered kinetic energy. The LHS represents the advection of 

the filtered kinetic energy. The first term on the RHS represents the transport of this kinetic energy 

by pressure, diffusion, and subgrid-scales. The last two terms on the RHS represent dissipation of 

the filtered and subgrid-scales, respectively. By substituting the Boussinesq approximation 

(equation 3.11-1) into the SGS energy dissipation term, the SGS turbulent energy dissipation rate 

can be computed, 

 𝜖𝜖𝑆𝑆𝑆𝑆𝑆𝑆 = −𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠 〈𝑆𝑆𝑖𝑖𝑖𝑖〉 = 2𝜈𝜈𝑡𝑡𝑠𝑠〈𝑆𝑆𝑖𝑖𝑖𝑖〉〈𝑆𝑆𝑖𝑖𝑖𝑖〉 (3.13-9) 

As the other dissipation term in equation 3.13-8 indicates, the total turbulent energy dissipation 

rate is the sum of the resolved and SGS components [7], 

 𝜖𝜖 ≈ 𝜖𝜖𝑟𝑟� + 𝜖𝜖𝑆𝑆𝑆𝑆𝑆𝑆����� = 2(𝜈𝜈 + 𝜈𝜈𝑡𝑡𝑠𝑠)〈𝑆𝑆𝚤𝚤𝚥𝚥〉〈𝑆𝑆𝚤𝚤𝚥𝚥〉���������������������� (3.13-10) 

Where the contribution from the resolved scales is given by the kinematic viscosity, not the SGS 

eddy viscosity. It should be noted that if the Smagorinsky-Lilly SGS model is used, which assumes 

the SGS eddy viscosity is proportional to the magnitude of the resolved strain rate tensor, then the 

SGS energy dissipation rate will be proportional to the cube of the filtered strain rate magnitude. 

As where the resolved energy dissipation rate is proportional to the filtered strain rate magnitude 

squared. 

3.14 Finite Volume Equations 

 A variety of methods are used to solve the Navier-Stokes equations and other relevant 

transport equations. The finite difference method converts the governing differential equations into 
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algebraic form which can then be solved as a linear system of equations. This method discretizes 

the governing equations using truncated Taylor series expansions which readily provides a 

truncation error. Instead of using powers as the basis function as with the Taylor series, complex 

exponentials are used in a different method known as Spectral methods. Contrary to the local 

approach in finite differencing, spectral methods use a global approach in which the basis functions 

are nonzero on the entire domain. For this reason, spectral methods have relatively low error 

compared to finite difference methods. The error for finite difference methods decreases by some 

power with increasing grid refinement, while the error for spectral methods decreases 

exponentially. 

 A disadvantage to using finite differencing or spectral methods is that a structured grid is 

required. Since engineering flows, such as in this thesis, have complicated geometry; another 

discretization approach is required. FLUENT uses the finite volume method which considers a cell 

as a control volume and computes the flux in and out of the cell. The orientation of the cell volume 

and its faces are readily considered by the finite volume equations and so an unstructured grid can 

be used. For a general flow variable 𝜙𝜙, in incompressible flow, the discrete conservation equation 

is expressed as, 

 𝜕𝜕𝜙𝜙
𝜕𝜕𝑑𝑑

𝑉𝑉 + �𝜙𝜙𝑓𝑓𝒖𝒖𝑓𝑓 ∙ 𝑨𝑨𝑓𝑓

𝑀𝑀

𝑓𝑓

= �𝑈𝑈𝜙𝜙∇𝜙𝜙𝑓𝑓 ∙ 𝑨𝑨𝑓𝑓

𝑀𝑀

𝑓𝑓

− S𝜙𝜙𝑉𝑉 (3.14-1) 

Note that traditional vector notation is used instead of Einsteinian notation to avoid confusion with 

the summation term where properties at each face 𝑓𝑓 are summed. Properties of the cell are 

considered using the cell volume 𝑉𝑉, and the total number of faces 𝑀𝑀. The remaining terms are 

properties of the flow variable, 𝑈𝑈𝜙𝜙 is the diffusion coefficient, and S𝜙𝜙 is a source term. The form 

of this expression is similar to other conservations equations derived earlier. The LHS describes 
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accumulation of the flow variable, the first term on the RHS describes diffusion and the last term 

describes generation or consumption of the flow variable.  

 In this work equation 3.14-1 is applied to the RANS 𝑘𝑘-𝜖𝜖 turbulence model as well as the 

filtered equations of a LES. Performing this mathematical manipulation discretizes these 

governing equations. Discretization in time, space, gradients, and pressure are required to 

numerically solve these governing equations. The discretization technique used for both RANS 

and LES are discussed in the following section. Pressure-velocity coupling is also discussed as an 

additional solution method. 

3.15 Solution Methods and Discretization Technique 

 The advective and diffusive terms in the conservation equations require spatial 

discretization. The finite volume method in FLUENT readily stores the cell center value 𝜙𝜙. The 

face values 𝜙𝜙𝑓𝑓 are interpolated from neighboring cell center values. The diffusion terms are 

discretized using the central-difference scheme which is second order accurate [2], 

 
𝜙𝜙𝑓𝑓 =

1
2

(𝜙𝜙0 + 𝜙𝜙1) +
1
2

(∇𝜙𝜙0 ∙ 𝒓𝒓0 + ∇𝜙𝜙1 ∙ 𝒓𝒓1) (3.15-1) 

where the indices 0 and 1 refer to cells that share the face 𝑓𝑓. The average of the two cell center 

values are used as well as the gradients directed towards the face centroid to predict the face value. 

Advective terms are discretized in a different manner, using the direction of the flow to bias the 

scheme. This procedure is known as an upwind scheme, and the second order upwind scheme is 

used [2], 

 𝜙𝜙𝑓𝑓 = 𝜙𝜙 + ∇𝜙𝜙 ∙ 𝒓𝒓 (3.15-2) 

where the cell center and gradient value from the upstream cell are used to predict the face value. 

For the RANS simulations in this work, the second order upwind scheme is utilized to discretize 

each momentum component, the turbulent kinetic energy, and the turbulent energy dissipation rate. 
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For LES in this work, the bounded central differencing scheme is used to discretize the momentum 

components. This scheme is the preferred choice for LES in FLUENT since low SGS diffusivities 

result in unphysical oscillations for the central differencing scheme. The bounded central 

differencing scheme uses aspects of the central differencing, second order upwind, and a first order 

upwind scheme. 

 Moving the solution forward in time requires discretizing the partial time derivative in the 

governing equations. This is done by considering the remaining terms of the conservation equation 

as a function of the solution at some time step. Then the time derivative may use the solution data 

from nearby time steps to advance the solution in time. For this work, time was discretized using 

a second order accurate scheme provided in equation 3.15-3 [2]. 

 𝜕𝜕𝜙𝜙
𝜕𝜕𝑑𝑑

≈
3𝜙𝜙(𝑖𝑖+1) − 4𝜙𝜙(𝑖𝑖) + 𝜙𝜙(𝑖𝑖−1)

2Δ𝑑𝑑
= 𝐹𝐹(𝜙𝜙(𝑖𝑖+1)) (3.15-3) 

Solution data from time steps 𝑛𝑛 − 1, 𝑛𝑛, and 𝑛𝑛 + 1 are used in this temporal discretization scheme. 

The amount one time step influences the next is dependent on the weight or coefficient in the 

scheme. The function 𝐹𝐹(𝜙𝜙(𝑖𝑖+1)) in equation 3.15-3 denotes the other spatial discretization terms. 

This function is evaluated at time step 𝑛𝑛 + 1, implicit time integration is being considered in this 

project. Both sides of equation 3.15-3 involve the unknown quantity, 𝜙𝜙(𝑖𝑖+1), which cannot be 

explicitly expressed. It is therefore solved by iteration. If the function was evaluated at time step 𝑛𝑛 

instead, then the time integration would be explicit and would not require iteration. Although the 

implicit time scheme is computationally expensive, it is stable for larger time step sizes where the 

explicit time integration would be unstable. 

 Equations 3.15-1 and 3.15-2 use gradients, ∇𝜙𝜙 to discretize the diffusion and convection 

terms respectively. Therefore the gradient in a cell must be evaluated using information from 

nearby cells. FLUENT provides various methods to evaluate cell gradients, including the 
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application of the Gauss theorem. The theorem states that the surface integral of the flow variable 

𝜙𝜙 is equal to the volume integral of the gradient of the flow variable. Applying this to a discrete 

volume such as a cell in FLUENT [2], 

 
∇𝜙𝜙 =

1
𝑉𝑉
�𝜙𝜙𝑓𝑓𝑨𝑨𝑓𝑓

𝑀𝑀

𝑓𝑓

 (3.15-4) 

where the summation term represents the surface integral from the Gauss theorem and is 

normalized by the cell volume because the gradient is assumed constant throughout the cell 

volume. This Gauss method is common in finite volume approaches, however the least squares 

cell-based gradient evaluation approach is used in this work. This approach approximates the 

gradient in one cell (∇𝜙𝜙)0 using the first order difference formula for all surrounding cells. Since 

all surrounding cells are being considered, the gradient in the cell center can be written in a 

compact matrix equation [2], 

 𝐵𝐵(∇𝜙𝜙)0 = 𝜙𝜙1 − 𝜙𝜙0 (3.15-5) 

where the coefficient matrix 𝐵𝐵 describes the distance from the center cell to surrounding cells and 

therefore this coefficient matrix is only a function of mesh geometry. The center cell gradient acts 

as the solution vector, and the RHS describes the cell center difference between surrounding cells 

and the center cell. More than one surrounding cell is being considered, therefore this matrix 

equation is over constrained. Thus the Gram-Schmidt process is used to solve the matrix equation 

in a least-squares sense.  

 All terms in the equation of continuity and Navier-Stokes can be discretized by the schemes 

mentioned above, except for the pressure term. In this work, the pressure term is discretized using 

the standard scheme. This scheme is the simplest provided by FLUENT and can be considered to 

be first-order accurate. This scheme uses linear interpolation between cell center data to find the 
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pressure at the faces of cells. Considering the discretization of pressure alone is not sufficient. The 

Navier-Stokes equations show that the pressure field is coupled with the velocity field. For this 

reason, a pressure-velocity coupling scheme must be implemented. The pressure-velocity coupling 

solution method used in this work is the SIMPLEC method. This approach uses the Navier-Stokes 

equation to propose an initial pressure value, this pressure value is then corrected so that the 

resulting face flux satisfies the equation of continuity [2]. 

 𝐽𝐽𝑓𝑓 = 𝐽𝐽𝑓𝑓∗ + 𝑑𝑑𝑓𝑓(𝑝𝑝0′ − 𝑝𝑝1′ ) (3.15-6) 

where 𝐽𝐽𝑓𝑓 is the corrected face flux, 𝐽𝐽𝑓𝑓∗ is the proposed face flux, 𝑝𝑝′ is the cell pressure correction in 

some cells 0 and 1. The coefficient 𝑑𝑑𝑓𝑓 is a term from the discretized continuity equation. 

 The schemes used to discretize the governing equations for all simulations in this work 

are listed as a summary. 

• Second-order upwind discretization for average momentum, turbulent kinetic energy, and 

turbulent energy dissipation rate equations 

• Bounded central differencing for filtered momentum equations 

• Second-order temporal discretization 

• Least-squares cell based for gradient spatial discretization 

• Standard discretization for pressure 

• SIMPLEC pressure-velocity coupling 

3.16 Measures of Convergence 

 Numerical solutions to partial differential equations are provided in this work. In numerical 

analysis, the consistency, stability, accuracy, and convergence of numerical solutions is of interest. 

To avoid confusion when discussing these terms, they are defined here as they are used throughout 

this work. A solution is considered consistent if the truncation error approaches zero as the distance 



53 
 

between points in space and time approach zero. The finite element discretization technique 

ensures that the governing equations are obtained as cell volume and time step size approach zero; 

this technique is therefore consistent. The accuracy of a discretization scheme is quantified by the 

number of Taylor series terms used. A solution is considered stable if truncation and round-off 

errors decay as the simulation proceeds in time. A solution is converged if it approaches the true 

solution upon spatial and temporal refinement. The measures discussed in this section are used to 

quantify convergence for the RANS and large eddy simulations. 

 One simple metric is the Courant-Friedrichs-Lewy (CFL) number. The CFL value can be 

used to impose time step or cell size, 

 
𝐶𝐶𝐹𝐹𝐿𝐿 =

𝑈𝑈
Δ𝑥𝑥/Δ𝑑𝑑

 (3.16-1) 

This metric is a ratio of fluid velocity and relative “mesh speed.” A CFL value below one is 

recommended because this would imply a fluid element travels from one cell to the next. For high 

shear rotor-stator mixers, maintaining a low CFL number can be difficult in the shear gap and jet 

regions surrounding the rotor. With high fluid velocity, high mesh refinement or small time step 

size must be imposed. 

 FLUENT uses an implicit time scheme which requires computing some set number of 

iterations for a given time step. Ideally, the solution at a particular time step should become more 

reliable with each iteration. If the predicted flow variable is exact, it must satisfy the conservation 

equation [2], 

 𝑎𝑎𝐶𝐶𝜙𝜙𝐶𝐶 = �𝑎𝑎𝑖𝑖𝑡𝑡𝜙𝜙𝑖𝑖𝑡𝑡
𝑖𝑖𝑡𝑡

+ 𝑏𝑏 (3.16-2) 

where the subscript C denotes the center value of a particular cell, subscript nb denotes the value 

from neighboring cells. The coefficients 𝑎𝑎𝐶𝐶 and 𝑎𝑎𝑖𝑖𝑡𝑡 describe the influence of the particular cell on 
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the flow variable. The last term on the RHS is a constant contribution from the source term in the 

conservation equation. Since this expression is unlikely to be fulfilled the scaled residual is used 

as a metric for iteration convergence [2], 

 
𝑅𝑅𝜙𝜙 =

∑ |∑ 𝑎𝑎𝑖𝑖𝑡𝑡𝜙𝜙𝑖𝑖𝑡𝑡𝑖𝑖𝑡𝑡 + 𝑏𝑏 − 𝑎𝑎𝑃𝑃𝜙𝜙𝑃𝑃|𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠

∑ |𝑎𝑎𝑃𝑃𝜙𝜙𝑃𝑃|𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠
 (3.16-3) 

The residual reported is the error of equation 3.16-2, summed across all cells, then normalized by 

the sum of the given conserved quantity across all cells. 

 Another concept, flow field convergence, is vague compared to the others previously 

discussed, and is dependent on the quantities being investigated. For a RANS simulation that 

models a time-averaged flow field, the mean of a flow variable should remain the same across all 

similar instances. However, since the mean flow variable is modeled, it may vary among similar 

instances. One possible metric that can be used to quantify how much a mean flow variable differs 

from one instance to the next is the absolute difference, 

 𝐸𝐸𝑔𝑔𝑡𝑡𝑠𝑠
𝜙𝜙� = �𝜙𝜙�2 − 𝜙𝜙�1� (3.16-4) 

In this work, we are interested in time-averaged quantities in the stator slots. These quantities 

should be similar from one rotor period to the next. The flow variables considered in this work 

include mean slot flow rate, mean rotor torque, and time-average slot velocity profiles. This is 

discussed in more detail in section 5.8. Another statistic that is used to quantify how much a flow 

variable deviates from average is the variance, which is also shown as the root mean square 

deviation, 

 
var(𝜙𝜙) = rmsd2(𝜙𝜙) =

1
𝑀𝑀
�(𝜙𝜙𝑖𝑖 − 𝜙𝜙�𝑖𝑖)2
𝑀𝑀

𝑖𝑖=1

 (3.16-5) 
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It should be noted that modeled mean quantities can vary even among similar instances, therefore 

using equation 3.16-4 and 3.16-5 for RANS simulations describes deviation instead of 

convergence. 

 Since LES models an instantaneous flow field, which contains fluctuating components, the 

measures of flow field convergence for RANS cannot be used for LES [8]. To compare results 

from RANS and LES, portions of the filtered flow field are sampled and then averaged. Therefore, 

when discussing flow field convergence of LES, we are interested in determining when it is 

appropriate to begin sampling. In this work, the outlet flow rate was monitored from the beginning 

of the simulation. When the outlet flow rate reached a steady value (varying within 3% of the 

average) the flow field was considered converged and sampling began. Just as flow field 

convergence of RANS was quantified by errors on quantities that should not vary, the outlet flow 

rate of the actual mixer or the outlet flow rate of a mixer modeled by LES should not vary 

significantly. 

 Another question that needs to be answered when using LES is when to stop sampling. 

Sampling for an extraneous amount of time results in a large amount of data and can be time taking 

to record the samples. If there are an insufficient amount of samples, then the predicted average 

would inaccurately predict the actual average. Since the actual average cannot be computed 

without an infinite amount of samples, the convergence of statistics is shown using different 

predicted averages. Ideally the distance between predicted averages should decrease as more 

samples are included. Equation 3.16- 4 is employed where both averages contain a different set of 

samples. Note that for RANS, the averages in equation 3.16-4 represent modeled averages from 

the governing equations, but for LES the averages in equation 3.16-4 represent predicted averages 

from samples of filtered variables. The average is a first moment statistic and so equation 3.16-4 
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provides information about how the first moment statistic converges. The variance involves a 

second moment statistic. Therefore to measure how the variance converges, we use 

equation 3.16- 6, 

 𝐸𝐸𝑔𝑔𝑡𝑡𝑠𝑠var = |var(𝜙𝜙2) − var(𝜙𝜙1)| (3.16-6) 

Again, when equation 3.16-6 is employed for LES, each variance term includes a different set of 

samples. Thirty samples (or realizations) were taken from each LES with differing mesh level and 

operating condition. This is discussed in more detail in section 6.6. 

 More refined meshes are expected to give more accurate results but are more 

computationally expensive. For this reason, determining the appropriate mesh to use is a major 

concern in CFD. In particular, the evaluation of gradients is dependent on local number of cells. 

In the context of rotor-stator mixers, the number of cells across the shear gap is a metric to describe 

how well the derivatives are resolved. Mesh convergence for RANS simulations can be 

accomplished by further refining the mesh until the desired results (such as shear gap velocity 

profile) are consistent between successive meshes. A comparison between the coarse hex 4.2M 

and refined hex 20M computational mesh for RANS is provided in section 5.7. 

 Mesh convergence for LES is directly dependent on the influence of the resolved scales. 

Therefore, the equations in section 3.9 can be used to approximate which scales of turbulence are 

resolved. When modeling scales below the grid resolution, which assumes homogeneity in its 

derivation of the SGS tensor, a significant error can occur if the mesh cannot resolve the 

inhomogeneous scales with. This error can be quantified by the SGS eddy viscosity, as mesh 

resolution increases, the ratio of SGS eddy viscosity and fluid viscosity approaches zero suggesting 

the mesh has resolved the inhomogeneous turbulence. The SGS eddy viscosity for the refined 
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hex 20M LES are discussed in section 6.4 and 6.5, respectively for the coarse hex 4.2M 

simulations. 
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4 Literature Review 

 In this chapter, current simulation methodologies and their experimental validation for 

turbulent flow in mixing devices is summarized. Flow behavior in stirred tanks has been widely 

studied and available literature is summarized in the first part of this chapter. Experimental 

techniques have been used to validate results from RANS and LES, including distribution of 

turbulent kinetic energy and energy dissipation rate. Knowledge from stirred tanks can be extended 

to rotor-stator mixers. Although less understood than stirred tanks, the mean flow within certain 

rotor-stator mixers has been studied within a RANS perspective. 

4.1 Stirred Tanks Simulations 

 Fox and coworkers [9] studied turbulent flow in a baffled stirred tank equipped with a 45 

degree pitched blade turbine. The Renormalization Group (RNG) k-ε model and Reynolds Stress 

Model (RSM) were used to close the RANS equations. A fixed frame method was used to conduct 

the simulations for one symmetrical quarter of the tank. To impose the influence from the blades, 

experimental PIV data was prescribed as the boundary condition. The mean velocity field, flow 

pattern, and turbulence quantities from RANS were compared to results from the PIV. It was 

concluded that the RNG k-ε model did not accurately predict the mean velocity in high shear 

regions. Turbulence quantities were well predicted in the impeller region. However, the turbulent 

kinetic energy and energy dissipation rate were under predicted in regions where the local isotropic 

assumption is no longer valid, such as the flow discharge region. 

 Numerical issues arising from the RANS equations in their application to stirred tanks has 

been extensively studied [10]. The RANS k-ε model was applied to a baffled stirred tank with a 

Rushton turbine impeller. Four meshes were considered with increasing refinement. Different 

discretization schemes were studied including first order upwind, second order upwind, and higher 
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order QUICK schemes. The effect of mesh and discretization scheme were considered on global 

parameters, including power number and flow number, as well as mean velocity, turbulent kinetic 

energy, energy dissipation rate, and velocity covariance’s. Numerical error decreased with 

increasing grid refinement. However, the RANS model did not adequately describe energy 

dissipation in regions where turbulent properties are anisotropic. 

 Results from RANS and LES for a baffled stirred tank with a Rushton turbine were 

assessed using LDA [11]. The impeller Reynolds number was relatively low, although in the 

turbulent regime, and so LES may be considered a Direct Numerical Simulation (DNS). For this 

reason, two SGS models were utilized. The classic Smagorinsky-Lilly model with a wall damping 

function and the Voke SGS model. The Voke model is the Smagorinsky-Lilly model with the 

modification that the SGS eddy viscosity goes to zero in well resolved regions. It was concluded 

that the turbulent kinetic energy was accurately predicted by LES, while RANS under predicted 

the turbulent kinetic energy, especially in the impeller discharge region. Additionally, RANS 

predicted higher turbulent energy dissipation rate than LES, however the smaller spreading 

gradient of energy dissipation rate was smaller for RANS than for LES. 

 A relatively new turbulence model, termed Detached Eddy Simulation (DES), uses LES in 

regions which require low resolution and transitions to RANS where higher resolution is required, 

such as at the walls. The DES model was applied to a baffled stirred tank with a Rushton impeller, 

and results were then compared to purely RANS and LES models [8]. The Spalart-Allmaras (SA) 

RANS model, which was the RANS closure used in the DES, with a grid size of one million 

hexahedral cells, provided sufficient wall y-plus values for the DES. It was shown that DES 

sufficiently predicted the trailing vortex behind the blade, as well as the turbulent kinetic energy 

and power number. However, the chosen turbulent viscosity model under predicted the energy 
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dissipation rate. It was concluded that DES worked well for a relatively coarse grid with a wall y-

plus value of 20. 

4.2 Rotor-Stator Mixer Simulations 

 The power draw of a Greerco 1 ½ HR high-shear homogenizer has been studied in the 

laminar, transitional, and turbulent regimes experimentally [12]. It was shown that the relationship 

between power number and Reynolds number for this high-shear mixer was similar to that of 

stirred tanks. It was concluded that the power draw was highly influenced by the pumping mode, 

the down-pumping mode required 40% higher power draw than the up-pumping mode. 

 The periodic flow pattern and turbulent energy dissipation rate in a batch rotor-stator mixer 

has also been studied [13]. The RANS k-ε equations for the L4R-T Silverson high-shear mixer 

were solved using FLUENT. The mesh employed both tetrahedral and hexahedral cells consisting 

of 1 million cells total. It was shown that the periodicity in the mixer is related to blade position 

which effects the jet velocity, flow rate, torque, and energy dissipation rates. The turbulent energy 

dissipation rate peaks at the edge of the stator holes. However, only 7.6% of the energy dissipated 

is accounted for in this region. Instead, the rotor swept volume accounts for 48.5%, the jet region 

accounts for 20.7%, and the rest of the tank accounts for 23.1% of the energy dissipated by the 

working fluid. 

 The study of flow pattern and energy dissipation in the Silverson L4R-T rotor-stator mixer 

was continued, but with the emphasis on studying the effect of stator geometry [14]. Three 

different stator heads were investigated: the disintegrating head, slotted head, and square hole 

head. Again, the turbulent model used in FLUENT was the standard k-ε model. The mesh density 

was similar for each stator geometry, with 25 hexahedral cells across the disintegrating head 

openings, and 8 hexahedral cells across the slotted head and square hole head openings. With each 
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stator geometry, 5 hexahedral cells spanned the shear gap. The flow pattern in the stator slots was 

similar for each geometry. However, the extent to which the jet protruded from the opening was 

proportional to stator slot cross-sectional area. It was concluded that the square hole head 

dissipated the most energy, compared to the slotted head and disintegrating head. 

 Flow patterns and power draw have also been studied in a Silverson mixer with 

disintegrating and square hole heads, and in a Ytron Z unit [15]. The Silverson mixer contained 

two radial flow rotor-stator stages, and the Ytron Z unit has three stages. The mesh 

contained 3 million tetrahedral and hexahedral cells, with majority of the cells located in the mixer 

head region. The selected turbulence model was the realizable k-ε model. The Silverson mixing 

heads showed emerging jets from the stator holes, the Ytron Z unit did not show this behavior due 

to the different rotor geometry. Additionally, the Silverson mixing heads showed higher energy 

dissipation rate in the rotor swept volume and jet region, the Ytron Z unit showed relatively 

uniform distribution of energy dissipation. The Ytron Z unit velocity field shows no recirculation, 

zones while the Silverson mixing heads do not. 

 To the author’s knowledge, the only published work showing LES results for an in-line 

high-shear mixer is from Xu and coworkers [16]. The studied unit was the pilot-scale FLUKO, 

FDXI in-line high-shear mixer. The mixer has two rows of ultrafine teeth and the fluid body was 

discretized into two meshes: one with 2 million cells and the other with 3.6 million cells. The 

standard RANS k-ε model and LES turbulence model with the Smagorinsky-Lilly SGS eddy 

viscosity model were compared to LDA experimental data. Compared to a Silverson mixer with a 

fine screen head, this ultrafine (teeth) high-shear mixer consumed 60% more power while 

operating at the same flow number. The instantaneous results from LES were angularly averaged 

across one revolution, with thirty periods per revolution. It was concluded that the predicted power 
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draw from LES agreed with experimental data. It was also concluded that LES predicted flow 

patterns well in regions of high vorticity and anisotropy. 
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5 RANS Simulation Results 

 This section discusses the RANS results, including flow rate at various planes within the 

mixer, power requirements to spin the rotors and shaft, and a description of the fluid deformation 

within the shear gap. Turbulent kinetic energy and energy dissipation rate predicted from the 

realizable RANS k-ε model are also discussed. Unless otherwise noted, all results presented in this 

section are from the hex 20M mesh and 7-psi backpressure operating scenario. Results with 

different mesh refinement and operating scenarios are also compared. This chapter concludes by 

quantifying the level of convergence of the flow field in these simulations as ascertained. 

5.1 Mean Velocity Field in Stator Slots 

 Several planes located in various regions throughout the Greerco pipeline mixer are used 

to investigate the flow field. These data planes are shown in figure 5.1 below. The x = 0 mm plane 

(shown in gray) is the center plane of the mixer and is used to investigate flow through the stator 

slots. The z = 0 mm plane is shown in figure 5.1 (in green) to indicate where the origin is however 

no flow field information is presented from this data plane. The z = 40 mm and z = 80 mm data 

planes (shown in red) show information from the primary and secondary rotor respectively. 

The z = 60 mm and z = 100 mm data planes (shown in blue) are used to investigate flow through 

the stator slots from a different perspective compared to the x = 0 mm plane. 
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Figure 5.1 – Data planes and their locations in the Greerco pipeline mixer. Inlet, volute, and outlet 
regions extend beyond figure boundaries. 
 

 To understand the flow within the stator slots, the behavior of the flow within the rotor 

region must first be explained. The average plug flow velocity profile is introduced into the rotor 

region from the inlet pipe as a boundary condition. The six rotor blades force the fluid to move in 

a tangential direction. Shown in figure 5.2 below is the velocity field in this region. Note that the 

blades are pitched and are therefore shown as slanted white shapes in this figure. The relative blade 

speed increases with rotor radius and as a result, the fluid velocity increases further away from the 

centerline of the inlet pipe. This behavior implies that higher fluid velocity is expected on the outer 

edge of the stator slots. It should be noted that the rotor is conical in shape and so the maximum 

tip speed of the rotor blade decreases along the axial direction. As indicated by equation 3.1-3 this 

tip speed is a function of rotor speed (N) and maximum rotor diameter (D), these two parameters 

are used to normalize flow variables below. All figures presented in this section have the same 

z = 0 mm 

z = 40 mm 

z = 60 mm 

z = 80 mm 

z = 100 mm 

x = 0 mm 
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rotor position as shown in figure 2.7. In this rotor position, a primary rotor blade is in front of 

primary slot 6 and a secondary rotor blade covers secondary slot column 18.  

 

 

Figure 5.2 – Mean velocity field colored by velocity magnitude in the (a) primary rotor, z = 40 mm, 
and (b) secondary rotor, z = 80 mm, regions. Showing top left quadrant of rotor stages. Color 
legend scaled by (ND) = 5.8 m/s. Skipped every two arrows. ΔP = 7 psi, hex 20M. 
 

 Another flow property to consider in the rotor region is the static pressure distribution, 

provided in figure 5.3. As the rotor blade sweeps the flow, a pressure distribution varying between 

the blades develops. For this reason the static pressure contour is scaled by the inertial scaling of 

pressure using the fluid density, rotor speed, and maximum rotor diameter. In front of the blade a 

higher pressure region develops, conversely behind the blade a lower pressure region develops. 

This pressure distribution explains the periodic behavior observed in the throughput in the stator 

slots. As the blade approaches a slot, the higher pressure region momentarily increases the 

throughput in that slot. After the blade passes the slot the throughput lowers to a minimum. This 

behavior is explained in further detail in section 5.3. 

(a) (b) 
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Figure 5.3 – Mean static pressure distribution in the (a) primary rotor, z = 40 mm, and 
(b) secondary rotor, z = 80 mm, regions. Showing top left quadrant of rotor stages. Color legend 
scaled by ρ(ND)2 = 33.64 kPa. ΔP = 7 psi, hex 20M. 
 

 As explained in section 2.1, the rotor blades are pitched to ensure high axial throughput in 

the stator slots. The configuration of the stator slots also force the fluid to flow in an axial direction. 

Shown in figure 5.4 below is the velocity field in the primary and secondary stator slots. This 

figure also depicts the higher velocity occurring on the outer edge of the stator slots. All slots show 

a recirculation region on the inner edge of the stator slots. This recirculation is a result of the obtuse 

geometrical angle between the slot and the conical rotor region. Between the high axial velocity 

on the outer edge and the recirculation on the inner edge, a time-averaged vortex is developed. The 

size of this vortex is of similar size to the smallest local length size which is the diameter of the 

slot. Two other time-averaged vortices are observed downstream in the middle and inner secondary 

stator slots. These vortices are not a result of the geometry, but the imposed backpressure and will 

be discussed in detail in section 5.6. 

(a) (b) 
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Figure 5.4 – Mean velocity field colored by velocity magnitude in the center plane, x = 0 mm, for 
the (a) primary stage and (b) secondary stage. Showing bottom half of the center plane. Color 
legend scaled by (ND) = 5.8 m/s. Skipped every three arrows. ΔP = 7 psi, hex 20M. 
 

 Provided in figure 5.5 is a different perspective of the time-averaged vortex at the slot tips. 

The vortices spin in the clockwise direction. It should be noted that the velocity profile within the 

slots changes slightly with rotor position. In figure 5.5, the primary rotor blade is over primary 

slot 6 and the secondary rotor blade covers secondary slot column 18 (see figure 2.7). As the blade 

covers the slot, the lower pressure region causes the recirculation region to increase in size and the 

vortex shifts closer towards the center of the slot. The velocity profile is different among the 

secondary stator slots as indicated in figure 5.4 and figure 5.5. The outer secondary slot shows 

higher axial velocity than the secondary inner and middle. This is a manifestation of the relative 

high tip speed of the conical rotor blade. We expect the throughput in the outer secondary slots to 

be significantly higher than the throughput in the inner and middle secondary stator slots. 

(a) (b) 
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Figure 5.5 – Mean velocity field colored by velocity magnitude in the (a) primary stator, 
z = 60 mm, and (b) secondary stator, z = 100 mm, regions looking upstream. Showing one rotor 
period of stator slots. Color legend scaled by (ND) = 5.8 m/s. Skipped every three arrows. 
ΔP = 7 psi, hex 20M. 
 

5.2 Mean Velocity Field in Shear Gap 

 The mean velocity in the gap between the rotor blade and stator wall will be predominantly 

tangential. To satisfy the no-slip boundary conditions at the rotor and stator walls, a large velocity 

gradient forms in the shear gap region. In high-shear mixers, high strain rates are found in the shear 

gap ranging from 2 × 104 s-1 to 1 × 105 s-1 [1]. In this section, the velocity field and corresponding 

strain rate magnitude contour is described as the blade passes over a primary stator slot. Time-

averaged structures in this region such as the tip vortex and mixing layer are discussed. 

 First the velocity field in this region is shown. Shown in figure 5.6 is the velocity field as 

the blade passes over primary slot 6. Since the blade is conical in shape and decreases in radius 

farther down the centerline, the relative tip speed is dependent on axial location. The max rotor 

radius is 48.3 mm with a tip speed of 18.2 m/s. For the given axial position, the rotor radius is 43.5 

mm with a tip speed of 16.4 m/s, which is used to scale the velocity field in these figures. As the 

blade passes over the slot, flow is driven towards the outer edge in agreeance with the previous 

(a) (b) 

PS6 PS7 SS15 
SS17 
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section. On the other edge, recirculation develops from the passing rotor blade. Contrary to the 

time-averaged vortices in the previous section which size were on the order of the diameter of the 

slot, this time-averaged vortex is closer in size to the width of the rotor blade. 

 

 

Figure 5.6 – Mean velocity field colored by velocity magnitude and scaled by relative tip speed 
of 16.4 m/s in the primary shear gap region when (a) the blade is near the center of slot and when 
(b) the blade is leaving slot. The view is of primary slot 6, normal to shear gap. Skipped 
every 2 arrows. ΔP = 7 psi, hex 20M. 
 

 This vortex, shown in figure 5.6a, stretches as the blade begins to pass over the slot. A 

large change in velocity develops between the blade tip and center of the vortex. This relatively 

large velocity gradient describes a mixing layer where deformation rates are high. Then once the 

blade has nearly passed over the slot, as in figure 5.6b, flow is pushed against the outer slot wall 

contributing to the stator jet. With the high velocity at the outer stator edge and low pressure region 

behind the blade, the time-averaged vortex remains at the other edge of the stator slot. When the 

next blade approaches the slot, the time-averaged vortex stretches and then decreases in size but 

never diminishes. 

 The large velocity gradients predicted in figure 5.6 can be shown in a different perspective 

using strain rate magnitude contours. Using equation 3.4-4 for the mean strain rate tensor, 

(a) (b) 
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figure 5.7 was developed. The rotor position shown in this figure is equivalent to the one shown 

in figure 5.6. With a relative tip speed of 16.4 m/s and a shear gap width of 0.25 mm, 

equation 3.4- 5 was used to compute a nominal shear rate of 6.56 × 104 s-1. This was used to scale 

the color legend for this strain rate magnitude contour. 

 

 

Figure 5.7 – Mean strain rate magnitude contour scaled by the nominal strain rate magnitude of 
6.56 × 104 s-1 in the primary shear gap region when (a) the blade is near the center of slot and when 
(b) the blade is leaving slot. The view is of primary slot 6, normal to shear gap. ΔP = 7 psi, 
hex 20M. 
 

 The high mean strain rate magnitude at the blade tip agrees with the change in velocity 

observed in figure 5.6. Two other regions in the stator slot opening show high strain rates. The 

outer edge of the stator slot where the flow is pushed to contribute to the stator jet shows a region 

of high strain rate magnitude. This large velocity gradient occurs because the stator jet velocity is 

high in comparison to the no-slip boundary nearby. The other region of high strain rate is the other 

edge of the stator slot. This region is developed from the time-averaged vortex that persists even 

as the blade has passed. 

 Data planes spanning the primary and secondary shear gap at varying angular values were 

used to quantify the mean strain rate magnitude in this region. These planes were drawn at the 

(b) (a) 
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center of the shear gap, in degrees this is ±15° for primary and ±6° for secondary, at the center of 

the slot corresponding to 0°, and between these locations. The 0° position is shown in figure 2.2. 

To show how the deformation rates vary with time or rotor position, an average strain rate 

magnitude was computed across each plane. Similar to the strain rate magnitude contours above, 

these data were normalized by the maximum nominal strain rate of 7.3 × 104 s-1, and is shown in 

figure 5.8 below. 

 

Figure 5.8 – Spatially averaged strain rate magnitude for the (a) primary and (b) secondary shear 
gaps. ΔP = 7 psi, hex 20M. 
 

 From figure 5.8 it is clear that the strain rate magnitude across a plane reaches its maximum 

value when the blade passes by that particular region. The maximum values attained in the shear 

gap, before and after the slot is similar. However, the average strain rate reaches a different 

maximum across the data planes that are placed in the slot opening. For both the primary and 

secondary stages, the strain rate maximum is larger for the data plane placed at 7.5° and 3° degrees 

respectively. Another noteworthy difference between the data planes at the center of the shear gap 

and at the center of the slot is that a higher strain rate magnitude is observed when the blade is not 

present for the planes at the center of the shear gap. Comparing the primary stage to the secondary, 
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higher normalized averaged strain rates are observed in the secondary. However since more stator 

slots are present in the secondary, the length of the shear gap between slots is less and so the 

maximum strain rate value is not maintained longer than for the primary. 

5.3 Throughput and the Flow Number 

 For a pipeline mixer, the flow rate within the inlet, outlet, and stator slots are of interest to 

industry and those who use this Greerco pipeline mixer. The flow rate within these regions is 

expected to vary depending on operating scenario, i.e. different pressure requirements. In addition, 

since the rotor blades cover certain stator slots at a given time, the flow rate in these slots will vary 

with rotor position. FLUENT can output velocity field data across a given plane. From this, the 

axial velocity component can be determined and used to compute the throughput. This was 

completed for the inlet (z = 0 mm), the primary slots (z = 60 mm), and secondary stator 

slots (z = 100 mm). Using this approach, it was found that the flow rate across the inlet plane does 

not vary significantly with rotor position. 

As discussed in section 5.1, the flow within the primary and secondary stator slots are 

strongly influenced by the flow in the rotor region, causing the throughput to vary with rotor 

position. This is shown in figure 5.9 below. By collecting flow rate data across one rotor period, 

an angularly averaged flow rate can be computed. This value is represented by Qaverage and as a 

flow number in the caption of figure 5.9. Since this angularly average flow rate is constant with 

rotor period by construction, deviations from this average show the extent and the behavior of 

throughput as a function of rotor position. Additionally, these angularly resolved flow rate 

deviations rate can be nondimensionalized by normalizing the quantity with the angularly averaged 

value. Normalizing the flow rate in this manner shows what percentage of the average is deviating 
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at any given rotor position. It should be noted that since these results are from a RANS simulation, 

these so-called angularly resolved deviations are deviations from the overall converged flow rate. 

 

Figure 5.9 – Dimensionless flow rate versus rotor position in: (a) primary stator 
Qaverage = 6.0 × 10- 4 m3/s (NQ = 0.0111) (b) secondary outer slots Qaverage = 2.0 × 10- 4 m3/s 
(NQ = 0.0037), (c) secondary middle slots Qaverage = 3.0 × 10-5 m3/s (NQ = 0.0006) and 
(d) secondary inner slots Qaverage = 8.2 × 10-6 m3/s (NQ = 0.0002). ΔP = 7 psi, hex 20M. 
 

 Different color curves are shown in figure 5.9. These curves are grouped according to the 

provided legend. The number of types of curves is equivalent to the number of slots per number 

of blades. For example, the primary stage has twelve slots and six blades, therefore two different 

types of curves. The secondary stator is similar, however each row must be considered individually 

(a) (b) 

(c) (d) 
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(a row of secondary stator slots consists of one outer, one middle, and one inner slot all at the same 

angular position). It should be noted that the average flow number in the secondary inner and 

middle slots is significantly lower than the outer slot. This result is expected given the discussion 

in section 5.1. 

 To explain the shape of these flow rate curves, the position of the blade relative to a given 

slot must be considered. It was shown in figure 5.3 that there is higher static pressure in front of 

the blade, which would imply high throughput as the blade approaches a slot. Conversely, low 

static pressure behind the blade would imply low throughput once the blade has passed a slot. As 

an example take figure 5.6a. At the rotor position of 15 degrees the blade is approaching primary 

slot 1 and passing primary slot 12. Indeed a maximum in the flow rate is observed in slot 1 (~25% 

above the average) and a flow rate minimum in slot 12 (~25% below the average). The angularly 

resolved flow rate deviations in the primary slots closely compare to a sinusoidal curve. However 

the angularly resolved flow rate deviations in the secondary slots resemble a different shape. As 

shown in figure 5.8b less time is required to obtain the minimum throughput than the maximum. 

This implies that the flow rate in a given slot only decreases as the blade moves to the next adjacent 

slot, and once the blade moves past the adjacent slot the flow rate in the given slot begins to 

increase.  

 Ideally each flow rate curve in a given set would have the same value at a given rotor 

position. However, the flow rate curves of a given color in figure 5.9 may vary at the same rotor 

position. These differences occur due to the different distances each slot in a given set may have 

from the outlet pipe. The outlet pipe, which is perpendicular to the centerline of the mixer, is 

closest to slots 28, 29, 30, 1, and 2, by the slot naming convention discussed in section 2.1. Some 

flow rate curves show higher deviations from the others in a given set, in particular the green flow 
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rate curves in figure 5.9d of the secondary inner slots. These larger deviations imply the flow rate 

from these slots has not converged. This is discussed in more detail in section 5.8. 

5.4 Power Draw Requirements 

 The power required to operate the motor which turns the shaft and rotor within the mixer 

is of interest to industry and to those who use rotor-stator mixers. This power draw is a measure 

of the small scale mixing capability in rotor-stator mixers. For this reason, the CFD simulations 

considered in this study are used to provide power draw predictions for the Greerco mixer. By 

Newton’s second law, the torque to operate the motor is equal and opposite of the torque to move 

the necessary components within the mixer. As a multi-stage mixer, the power draw will be 

reported for the primary rotor and the secondary rotor. The power draw to move the shaft is 

relatively small and is neglected. A summation of the power to rotate all these moving parts gives 

the total power to operate the motor.  

 Power is computed from the torque using equation 3.1-6. Since the power and power 

number are proportional to the torque, the torque for each stage of this rotor-stator mixer are shown 

at varying rotor position. Similar to the angularly resolved flow rate deviations shown in the 

previous section, dimensionless angularly resolved torque deviations can be computed relative to 

the angularly averaged torque. This angularly averaged torque is represented as Taverage and as a 

power number in the caption of figure 5.10. The angularly resolved torque deviations are shown 

in figure 5.10 below. 
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Figure 5.10 - Dimensionless primary (solid) and secondary (dashed) rotor torque versus rotor 
position. For the primary rotor, average torque is 4.51 Nm (NPo = 0.932) and for the secondary 
rotor it is 4.71 Nm (NPo = 0.973). ΔP = 7 psi, hex 20M. 
 

 As flow rate in a slot is dependent on rotor position, so is the torque for each stage. The 

number of oscillations in torque for a given stage is the number of slots per number of blades. This 

was also observed for the different sets of flow curves. The torque reaches its maximum value 

(~50% of the average for the primary and ~75% for the secondary) when the rotor blade covers 

the slot. Two peaks are observed for the primary stage torque since the six blades can cover a set 

of six slots for two instances in a rotor period. This is similar for the secondary stage, but with five 

peaks instead. A minimum in the torque occurs when the blade is not covering any portion of the 

slots, allowing for axial flow in all slots. The location of these maximum and minimum torque 

values relative to the rotor position imply that torque is dependent on amount of fluid being 

displaced. 

 It is obvious from figure 5.10 that the torque fluctuations for each stage take different 

shaped curves. Since the geometry of the rotor blades does not change with each stage, this 
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difference in torque fluctuations must be a result from the difference in stator geometry. The 

primary stator slots are larger in diameter compared to the width of a rotor blade. The opposite is 

true for the secondary stator slots. The maximum in the primary torque is sustained because the 

entire rotor blade width is used to cover a portion of the primary stator slots for several rotor 

positions. The maximum in the secondary torque occurs only for an instant because the rotor blades 

cover 18 secondary stator slots at 5 different rotor positions. This reasoning implies that the 

duration of the maximum in torque oscillations depends on the width of the rotor blade relative to 

the diameter of the adjacent stator slot. Since the maximum torque in the primary stage is sustained 

longer, the time-averaged torque is larger than the torque in the secondary stage. 

 Another characteristic in the primary stage torque fluctuations is that one oscillation, 

represented by half a rotor period, is similar to the next. This is not true for the secondary stage 

torque fluctuations. The local maximum/minimum varies from one oscillation to the next, where 

a single wave in the secondary stage torque is represented by one fifth of a rotor period. This 

change in secondary stage oscillations represents the influence the primary stage has on the 

secondary. The secondary stage torque at any given rotor position is dependent on the primary 

stage torque at that position. 

5.5 Turbulent Kinetic Energy and Energy Dissipation Rate 

 As explained in section 3.7, the turbulent kinetic energy represents the energy associated 

with velocity fluctuations. Turbulent kinetic energy is therefore a measure of mixing intensity. The 

rate at which the turbulent kinetic energy dissipates is also of interest in mixing. As shown in 

section 3.9, the turbulent energy dissipation rate and kinematic viscosity together represent the 

scales in which inertial and viscous forces balance. These scales describe the smallest scales in 

which mixing occurs and where particles are most likely to break and coalesce. 
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 In this section the turbulent kinetic energy and the energy dissipation rate are quantified in 

the rotor and stator regions of the Greerco mixer. The same rotor position is used for all figures in 

this section, this rotor position is depicted in figure 2.7. The results below are from a RANS k-ε 

model in which both turbulent kinetic energy and the energy dissipation rate model equations are 

solved to close the RANS equations. Aside from numerical error, the results shown are as valid as 

the assumptions made to develop these model equations. The assumptions made to develop the 

RANS k-ε model are summarized in section 3.7. Contours of the turbulent kinetic energy and its 

isotropic dissipation rate are explained in terms of mixing. 

 First, turbulent kinetic energy contours are quantified. The turbulent kinetic energy in the 

primary and secondary rotor regions are shown in figure 5.11 and then for the primary and 

secondary center plane views in figure 5.12. The turbulent kinetic energy depends on velocity 

fluctuations. We expect these fluctuations to vary in magnitude with the time-averaged velocity. 

It is reasonable to scale the turbulent kinetic energy as the blade tip squared or with (ND)2 where D 

is the maximum rotor diameter. 
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Figure 5.11 - Turbulent kinetic energy contour scaled by (ND)2 = 33.64 m2/s2 in the (a) primary 
rotor, z = 40 mm, and (b) secondary rotor, z = 80 mm, regions. Showing top left quadrant of rotor 
stages. ΔP = 7 psi, hex 20M. 
 

 Both primary and secondary rotor regions show high turbulent kinetic energy at the blade 

tip, although a higher magnitude and spread of turbulent kinetic energy is observed for the primary 

stage. The spread protruding from the blade tip occurs because eddies travel tangentially with 

blade rotation and dissipate farther from the blade. At the outer edge of the stator slots, higher 

velocity fluctuations are observed as the flow is directed axially by the stator slots and directed 

tangentially by the movement of the rotor blade. High turbulent kinetic energy is shown in 

figure 5.11b between the secondary rotor blades close to the centerline. This phenomena does not 

occur due to the low relative blade velocity but instead from the exit of the primary stator slots. 

 From the center plane view show in figure 5.12, velocity fluctuations are higher in 

magnitude along the outer edge of the stator slots compared to the inner recirculation region. For 

the primary stator, the turbulent kinetic energy peaks at the exit. This region peaks in turbulent 

(a) (b) 
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kinetic energy since the flow is influenced by the movement of the secondary rotor. There is no 

peak in turbulent kinetic energy at the exit of the secondary stator since the flow is introduced into 

the volute and not another rotor stage. The two most inner secondary stator slots show low 

turbulent kinetic energy compared to the outer secondary slot. This occurs because the axial 

velocity in the inner and middle slots is significantly lower than in the outer slot, as observed in 

section 5.1. 

 

 

Figure 5.12 - Turbulent kinetic energy contour scaled by (ND)2 = 33.64 m2/s2 in the center plane, 
x = 0 mm, for the (a) primary stage and (b) secondary stage. Showing bottom half of the center 
plane. ΔP = 7 psi, hex 20M. 
 

 Contours of the turbulence energy dissipation rate are shown in the rotor regions in 

figure 5.13 and in the center plane view in figure 5.14 below. The turbulent energy dissipation rate 

is scaled by N3D2 in these figures. As indicated by equation 3.7-6, turbulent energy dissipation rate  

(a) (b) 
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Figure 5.13 - Turbulent energy dissipation rate contour scaled by N3D2 = 2018.4 m2/s3 in the 
(a) primary rotor, z = 40 mm, and (b) secondary rotor, z = 80 mm, regions. Color legend is log 
scale. Showing top left quadrant of rotor stages. ΔP = 7 psi, hex 20M. 
 

 

 

Figure 5.14 - Turbulent energy dissipation rate contour scaled by N3D2 = 2018.4 m2/s3 in the center 
plane, x = 0 mm, for the (a) primary stage and (b) secondary stage. Color legend is log scale. 
Showing bottom half of the center plane. ΔP = 7 psi, hex 20M. 

(a) (b) 

(a) (b) 
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is dependent on the fluctuating velocity gradient. We expect such a quantity to be high near the 

wall where the fluid must obey the no-slip boundary condition. This is observed at the stator wall 

in the rotor swept volume due to stagnation of the fluid from the movement of the rotor blades. 

Comparing the two stages, higher turbulent energy dissipation rate is observed for the secondary 

stage, particularly near the centerline. 

 Similar to the turbulent kinetic energy contours shown in figure 5.11, higher turbulent 

energy dissipation rate is observed at the outer stator slot edge compared to the inner recirculation 

region of the slot. This is another implication from fluid stagnation as the stator slots direct the 

flow from a tangential to an axial direction. At the exit of the primary stator slots, high turbulent 

energy dissipation rates are also observed as the fluid redirects from the axial to the tangential 

direction from the movement of the secondary rotor. Comparing the slots of the secondary stator, 

the outer slot shows higher energy dissipation rate than the middle and inner slots. 

 From the turbulent kinetic energy and energy dissipation rate contours provided by the 

RANS k-ε model, we can estimate the magnitude and regions of mixing intensity. The rotor speed 

determines the level of mixing intensity in the rotor swept volume and stator slots. The diameter 

of the rotor determines the level of mixing intensity at the blade tip where turbulent kinetic energy 

peaks. The outer edge of the slots, where the stator jet is located, contributes the most to mixing 

intensity and is the region in which particle dispersion is most likely to occur. Among the 

secondary stator slots, it is unlikely particles will be highly deformed in the inner and middle slots. 

The primary slots and outer secondary stator slots show similar energy dissipation rates. 

5.6 Backpressure Influence on Mean Properties 

 In this section, results from the hex 20M mesh with the RANS k-ε model are presented and 

compared for the 0- and 7-psi backpressure operating scenarios. The influence this change in 
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backpressure has on the mean velocity field in the stator slots is shown. This resulting velocity 

field and the influence it has on the throughput and power draw is also discussed. The throughput 

of the secondary stator slots is presented as a distribution for a given rotor position. The flow 

distribution in the secondary stator slots is shown for the two backpressures. This section concludes 

by discussing the mean and turbulent energy dissipated throughout the primary and secondary 

stages as a function of backpressure. 

 The velocity field shown in figure 5.4 is reproduced and compared to the velocity field 

developed from the 0-psi backpressure scenario. This comparison for the primary stage is 

presented in figure 5.15 and for the secondary stage in figure 5.16. By lowering the backpressure 

imposed across the mixer, we expect the throughput to increase. This change should be evident in 

the area-averaged velocity profile in the stator slots. For reasons explained in section 5.1, a time-  

 

 

Figure 5.15 – Mean velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the primary stage at the (a) 0-psi and (b) 7-psi backpressure operating scenarios. Showing 
bottom half of the center plane. Color legend scaled by (ND) = 5.8 m/s. Skipped every three 
arrows. Hex 20M. 
 

(a) (b) 
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averaged vortex is apparent in the primary slot for both the 0-psi and 7-psi backpressures. A 

noticeable difference in the velocity fields however is that the center of the time-averaged vortex 

in the 0-psi scenario is closer to the inner edge of the stator slot. 

 As this recirculation region changes in size and location, the stator jet region observed in 

the 0-psi scenario is larger than the 7-psi scenario. Then as the flow changes from the axial 

direction and moves radially inwards, a more gradual change is made for the 0-psi case as where 

the 7-psi case shows a steeper turn. By considering the cross-sectional plane across this primary 

stator slot, and computing the flow rate using equation 3.2-1, we would expect the throughput to 

increase since the axial stator jet region is larger in volume. A similar behavior is observed in the 

secondary outer slots, however less noticeable. 

 

 

Figure 5.16 – Mean velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the secondary stage at the (a) 0-psi and (b) 7-psi backpressure operating scenarios. Showing 
bottom half of the center plane. Color legend scaled by (ND) = 5.8 m/s. Skipped every three 
arrows. Hex 20M.  
 

 There is a significant change in the velocity field of the inner and middle secondary stator 

slots by changing the backpressure. With lower backpressure, the axial stator jet velocity is higher. 

An initial time-averaged vortex still develops near the entrance of the secondary inner and middle 

(a) (b) 
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slots for the 0-psi scenario, however the other two time-averaged vortices observed in the 7-psi 

scenario are not apparent in the 0-psi scenario. This suggests that the time-averaged vortex near 

the entrance of the stator slots is present due to the movement of the rotor blade and the 

configuration of the stator slot. Any other time-averaged vortices observed throughout the slot are 

present due to the imposed backpressure. If we again consider the cross-sectional plane spanning 

these stator slots, we would expect higher throughput. We would also expect the inner and middle 

secondary stator slots contributing more to the overall throughput for lower backpressures. 

 The significant change in the velocity field of the inner and middle secondary stator slots 

suggests quantifying a flow rate distribution for different backpressures. Shown in figure 5.17 is 

the amount of the flow through the secondary stator slots at a given rotor position and 

backpressure. The backpressures considered are 0-psi and 7-psi respectively. The values presented 

are percentages in which when summed will total to 100% for a single figure. The percentage in 

one slot is the amount of flow in that slot divided by the total flow from all slots in the given rotor 

period. Totals are also provided for each row of secondary stator slots. 
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Figure 5.17 - Flow rate as a slot percentage in period of secondary stator slots for an instant in time 
for the (a) 0-psi backpressure and (b) 7-psi backpressure. Values shown are relative percentages. 
Hex 20M. 
 

 As discussed in sections 5.1 and 5.3, higher flow rate is observed in the outer slots 

compared to the inner and middle slots for any given backpressure. It was also noted that as the 

blade approaches a slot, the throughput increases and then decreases once the blade has passed. 

This phenomena is also observed by the larger values close to the approaching blade. As the 

secondary stator velocity field comparison suggests, the middle and inner slots contribute more to 

the throughput for lower backpressures. As backpressure increases, there is higher recirculation in 

the middle and inner slots causing less flow from those slots. 

 Angularly resolved flow rate deviations in all stator slots were shown varying with rotor 

position in figure 5.9 for the 7-psi backpressure. These deviations from the angularly averaged 

mean are reproduced in figure 5.18 to be compared to analogous deviations from the 0-psi 

backpressure simulation with the same hex 20M computational mesh. Flow rate trends are similar 
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among stator slots, as shown in figure 5.9. Therefore the flow rate in one slot from the primary 

stator (PS6) and in one secondary stator column (SS15) is shown. Vertical dashed lines are shown 

to indicate when the corresponding rotor blade is centered over the given slot. The angularly 

averaged value which these deviations center around vary significantly with backpressure, as 

indicated in figure 5.20 of the next section. In the primary slot, the flow rate varies less with 

decreasing backpressure. The maximum/minimum flow rate achieved at the 0-psi backpressure 

occurs at a different rotor position than the 7-psi backpressure. The flow rate deviations in the 

secondary outer slot are similar among each backpressure. However, the flow rate deviations in 

the secondary middle and inner slots changes with backpressure. This change is the result of 

differing velocity fields in these slots observed in figure 5.16. For the 0-psi backpressure, the flow 

rate deviates from the angularly averaged value less than the 7-psi backpressure. Also, the 

secondary middle and inner slot flow rate deviations from the 0-psi backpressure show a similar 

profile to the secondary outer flow rate deviation. This suggests that this profile occurs when the 

only time-averaged vortex occurs at the slot opening. 
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Figure 5.18 – Dimensionless flow rate versus rotor position for the 0-psi (red) and 7-psi (blue) 
backpressures in (a) primary slot 6, (b) secondary outer slot 15, (c) secondary middle slot 15, and 
(d) secondary inner slot 15. Hex 20M. 
 

 The magnitude and length of the axial stator jet increases with decreasing backpressure. 

With this increase in mean velocity we expect the fluctuations, and therefore turbulent kinetic 

energy, to increase as well. The rate in which this kinetic energy dissipates would also increase, 

both in terms of the mean and turbulent component. By integrating the strain rate magnitude and 

energy dissipation rate across a fluid volume, the energy dissipated in that region can be computed 

using equation 3.7-7. The energy dissipated by mean and turbulent velocity gradients were time-

(a) (b) 

(d) (c) 
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averaged for one rotor revolution for the two backpressures. These values are shown in tables 5.1 

and 5.2 below. 

Table 5.1 – Turbulent energy dissipated in various regions for different backpressures. 
 Primary Stage Secondary Stage  
Backpressure Rotor (W) Gap (W) Stator (W) Rotor (W) Gap (W) Stator (W) Total (W) 
0-psi 284.2 70.68 682.5 984.2 102.1 844.0 2968 
7-psi 273.6 63.96 651.4 659.2 66.17 610.9 2325 

 

Table 5.2 – Mean energy dissipated in various regions for different backpressures. 
 Primary Stage Secondary Stage  
Backpressure Rotor (W) Gap (W) Stator (W) Rotor (W) Gap (W) Stator (W) Total (W) 
0-psi 1.03 9.95 2.11 1.02 15.75 3.19 33.05 
7-psi 0.89 9.23 1.86 0.80 12.13 2.28 27.19 

 

 It should be noted that the energy dissipated by the turbulent component is two orders of 

magnitude larger than the mean component. This is a result of the high Reynolds number provided 

by the movement of the rotor. Comparing backpressures for both tables 5.1 and 5.2, more mean 

and turbulent energy is dissipated for the 0-psi scenario across all rotor regions. As mentioned 

previously, this is a result from the higher axial velocity in the stator jet. The fluid region with the 

most significant difference between backpressures is the turbulent energy dissipated in the 

secondary stage. 

 As shown in tables 5.1 and 5.2, more energy is dissipated in the primary stator region than 

the primary rotor region. However, higher turbulent energy dissipation is predicted for the 

secondary rotor compared to the stator. This is a result from the flow exiting the primary stator 

and entering the secondary stage. Comparing the shear gap regions, more energy is dissipated in 

the secondary gap than the primary gap. Since the secondary stator slots have smaller cross-

sectional area on a per slot basis, this is an expected result. 
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 Torque deviations for the 7-psi backpressure are shown in figure 5.9. Similar to flow rate 

deviations in figure 5.18, torque deviations can be compared for different backpressures, as is done 

in figure 5.19. The angularly averaged value which these torque deviations center around varies 

significantly with backpressure, as indicated by the change in power numbers in figure 5.21. 

Torque deviation time profiles vary less with backpressure then the flow rate deviation time 

profiles. Larger maximum and minimum primary rotor torque deviations are observed for the 0-

psi backpressure. The maximum and minimum values reached in the secondary rotor vary with 

each rotor position, however the torque deviations of both backpressures show similar trends. 

 

Figure 5.19 – Dimensionless torque versus rotor position for the 0-psi (red) and 7-psi 
backpressures from the (a) primary rotor and (b) secondary rotor. Hex 20M. 
 

5.7 Mesh Comparison 

 The mathematical discussion in sections 3.14 and 3.15 indicates mesh quality strongly 

influences the accuracy of the numerical solution. These finite volume equations, which all results 

in this work are computed from, approach an accurate and reliable answer as the cell volume 

approaches zero. For this reason, we expect a more refined mesh to provide a more accurate and 

reliable answer. However a larger more refined mesh can be computationally expensive, it is 

(a) (b) 
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therefore worthwhile to compare the results of different levels of mesh refinement. In doing so, 

the appropriate mesh can be developed and used for a given task. In this section, the computational 

meshes explained in section 2.5 are compared. The level of mesh refinement on flow rate and 

torque are first discussed. Then a given mesh’s ability to resolve mean velocity gradients is 

quantified by measuring strain-rate magnitude as a function of rotor position. The section 

concludes by comparing predicted mean and turbulent energy dissipated among the different 

meshes. 

 The flow number for the entire mixer, as computed by equation 3.1-4, is shown varying 

with backpressure in figure 5.20. The original tet mesh was used to study flow rate across several 

different backpressures. The more resolved hex meshes were only used for the 0- and 7- psi 

backpressures. All meshes and their respective flow numbers are shown in this figure. The flow 

rate decreases with increasing backpressure, which is shown in figure 5.20 and is demonstrated in 

the above velocity field comparisons in section 5.6.  

 At the 0-psi backpressure, the hex 4.2M and hex 20M meshes predict a higher flow number 

compared to the relatively coarse tet mesh. These flow numbers differ less than 5%. As discussed 

in sections 2.4 and 2.5, the length of the inlet pipe was 23.9 mm for the tet mesh and 307.6 mm 

for the hex 4.2M and hex 20M meshes, the length of the outlet pipe was 127.7 mm for the tet mesh 

and 283.5 mm for the hex 4.2M and hex 20M meshes. As pipe length increases we would expect 

throughput to decrease due to wall friction. However this change in pipe length does not 

significantly influence throughput and is therefore not considered in figure 5.20. Since the hex 

4.2M and hex 20M meshes predict higher throughput with a longer pipe length compared to the 

coarse tet mesh, throughput is dependent on level of mesh refinement and cell type. The 

dependence throughput has on mesh refinement is not observed between the hex 4.2M and hex 
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20M meshes since both meshes predict similar flow numbers with less than 1% difference at either 

backpressure. 

 

Figure 5.20 - Flow number for each RANS simulation. The dashed trend line was developed from 
four points using the original tet mesh which does not have extended inlet and outlet pipes. 
 

 Similar to figure 5.20, the power number can be computed for both rotor stages at different 

backpressures using equation 3.1-5. This is shown for different meshes in figure 5.21 below. 

Comparing the power number in this manner, power draw decreases with backpressure just as 

throughput did. The power required to move and accelerate the fluid across the mixer, as given by 

equations 3.2-2 and 3.2-3, is relatively small compared to the power dissipated by the rotors. 

Although the flow work and work to accelerate the fluid increases with increasing backpressure, 

these work terms are not larger than the energy dissipated by the 0-psi scenario compared to the 
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7-psi case (see tables 5.1 and 5.2). For this reason, a higher power number is observed for smaller 

backpressures. 

 

Figure 5.21 – Power number for each RANS simulation. The dashed trend line is developed from 
linear interpolation of the flow number curve developed from the original tet mesh which does not 
have extended inlet and outlet pipes. 
 

 The coarse tet mesh predicts a power number lower than 5% the power numbers predicted 

by the hex 4.2M and hex 20M meshes at the 7-psi backpressure. The power number predicted by 

the hex 4.2M and hex 20M meshes is also higher than the power predicted by the tet mesh trend 

line at the 0-psi backpressure. This difference in power number among meshes is due to the level 

of mesh refinement where velocity gradients are high, particularly in the shear gap. As indicated 

by equation 3.7-7, power is dissipated by mean and turbulent velocity gradients. With more mesh 

refinement, velocity gradients are better resolved, and therefore higher power number is predicted. 
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This is investigated more in the remainder of this section in figure5.22 and tables 5.4 and 5.5 

below. 

 The trends observed in the flow rate and torque curves with varying rotor position are 

observed for all meshes. However the angularly averaged value which these flow rate and torque 

deviations center around may differ among computational meshes. These angularly averaged 

values are presented as flow and power numbers in figures 5.20 and 5.21, as well as table 5.3 

below. To quantify and compare the amount to which the quantities deviate from average, the root 

mean square deviation is also provided and is nondimensionalized in a similar manner to the 

average nondimensionalization. As the mesh size increases, the average and deviations of the flow 

rate and power numbers also increase. However this change is relatively small, within 1%. 

Table 5.3 – Flow and power numbers for different meshes. 
 Angular Average Angularly Resolved RMSD 
Mesh NQ NP NQ’ NP’ 
Hex 4.2M 0.1287 1.9073 4.9×10-4 0.4507 
Hex 20M 0.1299 1.9205 5.6×10-4 0.4549 

 

 In section 5.2, the spatial-averaged strain rate magnitude across data planes in the gap 

between the rotor and stator at varying rotor position was given. Since this quantity is a 

representation of the highest velocity gradients observed in the mixer, comparing it among 

different mesh levels will describe mesh convergence. Shown in figure 5.22 is the average strain-

rate magnitude for the hex 4.2M mesh at a backpressure of 7-psi for both the primary and 

secondary stages. This is to be compared to figure 5.8, where the spatial-average strain rate 

magnitude was reported for the hex 20M mesh at the same backpressure. 
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Figure 5.22 – Spatial-averaged strain rate magnitude for the (a) primary and (b) secondary shear 
gaps. ΔP = 7 psi, hex 4.2M. 
 

 The hex 4.2M mesh has six uniform cells across the shear gap, and the hex 20M mesh has 

fourteen cells across the shear gap. We would expect this increase in mesh refinement to resolve 

larger velocity gradients and therefore have a larger strain rate magnitude. Comparing the average 

strain rate magnitude in figure 5.8 to figure 5.22, a different y-axis range was used since the 

predicted average strain rate magnitude is less for the hex 4.2M mesh. The maximum value of the 

average strain rate magnitude increased by ~66% for the primary shear gap and ~60% for the 

secondary shear gap from the hex 4.2M to the hex 20M mesh. 

 Another quantity that can be compared among different mesh levels is the energy dissipated 

throughout the mixer. Tables 5.4 and 5.5 show the turbulent and mean energy dissipated 

throughout the mixer for the 5 and 20 million cell meshes. These tables are analogous to tables 5.1 

and 5.2 where backpressure was compared instead. The hex 20M simulation predicted a higher 

power number than the hex 4.2M simulation. From this we would expect a higher predicted amount 

of energy dissipated in the larger mesh.  

  

(a) (b) 
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Table 5.4 – Turbulent energy dissipated in various regions for different meshes. 
 Primary Stage Secondary Stage  
Mesh Rotor (W) Gap (W) Stator (W) Rotor (W) Gap (W) Stator (W) Total (W) 
Hex 4.2M 269.2 60.85 603.7 645.3 62.00 555.6 2197 
Hex 20M 273.6 63.96 651.4 659.2 66.17 610.9 2325 

 

Table 5.5 – Mean energy dissipated in various regions for different meshes. 
 Primary Stage Secondary Stage  
Mesh Rotor (W) Gap (W) Stator (W) Rotor (W) Gap (W) Stator (W) Total (W) 
Hex 4.2M 0.76 1.78 1.48 0.75 2.31 1.78 8.86 
Hex 20M 0.89 9.23 1.86 0.80 12.13 2.28 27.19 

 

 Indeed the larger mesh predicts a larger amount of turbulent and mean energy dissipated 

in every region of the mixer. The largest increase in turbulent energy dissipated between the two 

meshes occurs in both the stator regions. Overall, the hex 20M simulation predicts 5.5% more 

turbulent energy is dissipated than the hex 4.2M simulation. Regarding the mean energy dissipated, 

the largest increase occurred in the gaps of both stages. The total predicted mean energy dissipated 

in the mixer is 67% larger for the hex 20M than for the hex 4.2M simulation. 

5.8 Mean Flow Field Convergence 

 Applied in this section are the various measures of convergence as discussed in 

section 3.16. First the residuals reported by FLUENT and the number of iterations per time step to 

reach time step convergence will be discussed for each RANS simulation. Then convergence of 

flow rate and torque profiles will be quantified across all rotor positions. Finally, flow field 

convergence will be described by quantifying the differences between various flow field variables 

in the stator slots. The values reported in this section describe convergence, but can also be thought 

to describe the amount to which the given flow field variable varies from one rotor period to the 

next. 
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 The first convergence criteria checked for RANS was the amount to which the outlet flow 

rate varied. If the outlet flow rate varied within 3% of the average value, then other convergence 

criteria were checked. The hex 4.2M 7-psi simulation was initialized from an interpolated data file 

from the tet simulation discussed in section 2.4. Initializing a new simulation from a different mesh 

is discussed in section 2.4. The old and new simulation shared the same rotor position. After this 

simulation was run for ~10 revolutions, the flow field was used to initialize the 0- psi simulation 

with the same computational mesh. The hex 20M simulations were initialized using the coarse 

hex 4.2M mesh with the corresponding backpressure. Since the hex 20M flow field was initialized 

from a simulation with similar operating conditions that had been run for ~10 revolutions, we 

expect the results to be reliable for the hex 20M simulation even though it was only run 

for 2 revolutions. Results are reported one rotor period after the simulation was considered 

converged. 

 FLUENT reports residual values given by equation 3.16-3 for every flow variable at each 

iteration. As these residual values approach zero the governing conservation equation for that flow 

variable, given by equation 3.16-2, becomes satisfied. The RANS 𝑘𝑘-𝜖𝜖 model involves six 

governing equations, therefore the residual values of six flow variables are reported with each 

iteration. These flow variables are: continuity, the time-averaged x-, y-, and z-velocities, turbulent 

kinetic energy, and the turbulent energy dissipation rate. The residual values reached and the 

number of iterations required to reach those values are reported in table 5.6 below for all RANS 

simulations. 
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Table 5.6 – Iteration convergence for all RANS simulations. 
Simulation Parameters Residuals (-)  

Mesh Backpressure Continuity 𝑈𝑈�𝑖𝑖 𝑘𝑘 𝜖𝜖 𝑀𝑀𝑖𝑖𝑡𝑡𝑜𝑜𝑟𝑟 

Hex 4.2M 0-psi 10-4 10-7 10-7 5×10-6 40 
7-psi 10-4 10-7 10-7 5×10-6 40 

Hex 20M 0-psi 10-4 10-6 10-6 5×10-6 45 
7-psi 10-4 10-6 10-6 5×10-6 50 

 

 The continuity residual is the limiting factor for all RANS simulations. The residual of this 

particular flow variable would slowly plateau near the end of each time step. For this reason, the 

number of iterations were limited to those described in table 5.6. It was found that more iterations 

were required to reach iteration convergence for the larger computational meshes. The residual 

values achieved for the mean velocity components and the turbulent kinetic energy were lower for 

the smaller computational meshes, however the continuity and turbulent energy dissipation rate 

residuals achieved for all computational meshes were quantitatively similar. 

 From the discussion in sections 5.3 and 5.4, we know that flow rate and torque is highly 

dependent on rotor position. The flow rate and torque were recorded for every time step across one 

rotor revolution. Since there are six identical rotor blades, there are six instances in a rotor 

revolution which are qualitatively similar in a time-averaged sense. By comparing these six 

instances at every rotor position, the level to which the flow rate and torque vary from one rotor 

period to the next can be quantified. Regarding flow rate, only one slot from each stator is 

considered since the flow rate from all rotor positions is used. Primary slot 6 and the inner, middle, 

and outer slots of row 15 in the secondary stator were considered. 

 Shown in figure 5.23 and 5.24 is the flow rate and torque profiles of all six rotor periods 

respectively. The average and the root mean square deviation from this average is also given. In 

this context, the average of all profiles represents the flow rate and torque value likely to be taken 

at the given rotor position. Ideally the flow rate and torque reported from a perfectly converged 
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simulation should be equivalent to this average for every rotor period. Therefore any deviation 

from this average is a measure of convergence. In this work, the deviation is presented as the root 

mean square. As was done in sections 5.3 and 5.4, the flow rate and torque profiles can be presented 

as dimensionless fluctuations. In this discussion, the average used is the overall average of all rotor 

periods across all rotor positions. The root mean square deviations of these profiles is presented as 

bounding the average. 

 

Figure 5.23 – Six instances, the angular average, and the root mean square deviation of the flow 
rate through (a) primary slot 6, secondary (b) outer, (c) middle, and (d) inner slots 15. ΔP = 7 psi, 
hex 20M. 
 

(a) 

(b) 

(d) (c) 



100 
 

 

Figure 5.24 – Six instances, the angular average, and the root mean square deviation of the torque 
from the (a) primary rotor and (b) secondary rotor. ΔP = 7 psi, hex 20M. 
 

 The smallest flow rate deviations from average in all slots considered occurs after the 

maximum flow rate is reached. The secondary outer slot has the smallest root mean square 

deviation across all rotor positions compared to the other stator slots as shown in figure 5.23b. For 

the primary slot the largest root mean square deviation normalized by the overall time average is 

3.17%, for the secondary outer 0.47%, for the secondary middle 3.63%, and for the secondary 

inner 3.70%. These maximum deviations occur when the flow rate is at a maximum.  

 The primary torque shows similar deviations from average as those shown by the flow rate 

deviations. The smallest deviation of torque for the primary rotor occurs after the maximum torque 

is reached. The maximum torque deviation for the primary rotor normalized by the overall time 

average is 11.5% and occurs when the torque reaches a maximum. The torque from the secondary 

rotor shows noticeable smaller deviation than the primary across all rotor positions. The maximum 

torque deviation for the secondary rotor normalized by the overall time average is 2.87% and 

occurs at one of the local minimums. 

 The flow rate and torque trends in the above discussion were assumed to depend on a period 

of one rotor blade pass. Indeed this frequency is the most significant, however other frequencies 

(a) (b) 
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may be inherent in the flow of this rotor-stator mixer. If the time-averaged flow rate and torque 

are dependent on other frequencies than deviations from this one rotor period ensemble average 

would be expected. Therefore, the root mean square deviation curves bounding the ensemble 

average curve exist due to frequencies inherent in the system that have yet to be accounted for, 

and/or numerical error. The frequencies that influence the time-averaged flow rate and torque is 

quantitatively described in section 7.1. 

 Flow rate can be thought of as a spatial average of axial velocity. Therefore convergence 

of flow rate does not depict flow field convergence of axial velocity at different points in space. 

To quantify the amount in which a flow variable varies between rotor periods, equation 3.16-4 was 

applied at every cell center in the stator slots. The center plane and cross-sectional planes in the 

stator slots was considered. Rotor position was kept constant and so the comparison was made 

across a period worth of stator slots. The position of the rotor is shown in figure 2.7. However for 

brevity, the slot with the largest time-averaged velocity magnitude changes at the given rotor 

position is reported for both the primary and secondary stators. Flow variables considered consist 

of velocity magnitude, strain-rate magnitude, turbulent kinetic energy, and turbulent energy 

dissipation rate. 

 Since one revolution of data was taken, six instances can be compared. We expect each of 

these instances to be quantitatively similar, and so all can be compared to one another. From these 

six instances, there are 15 different possible comparisons that can be made. A distribution of error 

values develops from the 15 comparisons at every cell center in a given plane. The value reported 

from this distribution, given in table 5.7, is the value of the flow variable in which 95% of these 

comparisons is under. 
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Table 5.7 – Flow field values in which 95% of cells vary across six instances. 
Planes Flow Variables 

Slot Location ‖𝑈𝑈�𝑖𝑖‖ (m/s) �𝑆𝑆�̅�𝑖𝑖𝑖� (1/s) 𝑘𝑘 (m/s)2 𝜖𝜖 m2/s3 

PS7 x0 2.53 4510 4.46 10600 
z060 2.43 2600 4.01 5810 

SOS14 x0 0.652 910 0.646 1990 
z100 0.606 853 0.692 1810 

SMS14 x0 0.477 1270 0.341 881 
z100 0.936 2020 0.457 1240 

SIS14 x0 0.141 583 0.0727 316 
z100 0.200 550 0.0847 216 

 

 It was shown in figure 5.23 that the largest flow rate deviation from average occurred when 

the flow rate reached its maximum value. Similarly, the largest velocity magnitude deviation 

occurs when the blade is approaching the given slot, which is when the flow rate reaches its 

maximum value. Among the stator slots, the largest changes in flow variables can be expected to 

occur in the primary stator. Excluding the middle and inner secondary slots, the cross-sectional 

planes (z = 60 and 100 mm) show smaller changes in the flow variables compared to the center 

plane (x = 0 mm). Just as the flow variables scale with slot diameter and relative blade speed, the 

changes in all flow variables scale in a similar manner. 

5.9 Summary of RANS Simulation Results 

 The mean velocity field, turbulent kinetic energy, and energy dissipation rate predicted by 

the RANS realizable k-ε model were shown. The flow field in the rotor, stator, and shear gap 

regions were investigated. The trends observed in the stator slot flow rate and rotor torque were 

found to be related to number of blades and stator slots. These flow pattern and power 

characteristics showed periodic behavior dependent on rotor position. Results from simulations 

with different backpressures and computational meshes were compared. 

 High axial velocity is observed along the outer edge of the stator slots. A recirculation 

region develops across the entirety of the stator slots. High intensity velocity fluctuations are 
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observed at the rotor tip and along the outer edge of the stator slots. As the flow impinges on the 

stator slot outer edge, high turbulence energy dissipation rate is predicted. As the rotor blade 

approaches a slot, throughput in the slot increases and torque decreases. At the tip of the rotor, 

high mean strain rate magnitude is observed within the time-averaged vortex that develops. 

 The outer secondary slot show high axial velocity and energy dissipation rate at the outer 

edge similar to the primary slots. The primary slot shows high turbulent kinetic energy and energy 

dissipation rate at the exit due to the close proximity of the secondary rotor. The middle and inner 

secondary slots contribute little to the throughput and energy dissipated in the secondary stator. 

The secondary stage contributes more to the total energy dissipated by both rotor stages. The 

presence of more stator slots in a rotor period, as in the secondary stator compared to the primary 

stator, increases the amount of time to reach maximum slot flow rate, increases number of torque 

oscillations, and decreases the amount of time the maximum torque is maintained. 

 As backpressure increases, throughput and power requirement decrease. Although flow 

work increases for higher backpressure, energy dissipated by the rotor is higher for lower 

backpressures. The shape of the time-averaged vortex in the primary stator slot changes and fewer 

recirculation vortices are observed in the secondary stator slots as backpressure decreases. The 

secondary middle and inner slots contribute more to secondary stator throughput as a result. 

 The coarse tet mesh and refined hex meshes predicted different flow and power numbers 

as a result of cell type and mesh refinement. However, all meshes predicted similar trends in the 

stator slot flow rate and rotor torque. Higher mean strain rate magnitude and turbulent energy 

dissipation rates were predicted in the hex 20M compared to the hex 4.2M mesh as a result of 

better resolved velocity gradients.  
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6 Large Eddy Simulation Results 

 Discussed in this section are the LES results, including the filtered velocity field in the 

stator slots and near the shear gap, flow rate through the stator slots, and torque requirements to 

move the rotor. The SGS eddy viscosity is presented to show how much the SGS contribute to the 

turbulent energy dissipation rate estimation. The velocity field and SGS eddy viscosity results are 

provided by the hex 20M, 7-psi simulation, and the flow rate and torque profiles are provided by 

the hex 4.2M 7-psi simulation. A comparison between the hex 4.2M and hex 20M mesh is made, 

in which the contributions of smaller scales are noted. The influence of backpressure is discussed 

by comparing results of a LES with 0-psi and 7-psi backpressures. This section concludes by 

quantifying the convergence of a velocity field with a fluctuating component. 

6.1 Filtered Velocity Field in Stator Slots 

 The mean velocity field in the stator slots as predicted by RANS was shown in section 5.1. 

The slot velocity field predicted by the hex 20M LES is shown and discussed in this section. From 

the definition of resolved fluctuations in equation 3.13-3, the LES velocity field contains a mean 

filtered component and a resolved fluctuating component. By modeling a velocity field with a 

fluctuating component, results will vary significantly from one period to the next as compared to 

the RANS velocity field. This section discusses the filtered velocity field in the stators slots using 

figures from one rotor period. Since the RANS mean velocity field was presented in section 5.1, 

the influence of the resolved fluctuating component is the focus of this section. 

 Shown in figure 6.1 is the filtered velocity field of the outer edge of primary slot 6. For 

convenience rotor positions in the following figures are described by the same notation used when 

discussing throughput and torque in section 5.3 and 5.4. Therefore a rotor position of 0° 

corresponds to a rotor blade covering primary slot 6 and secondary slots 18, as shown in figure 2.7. 
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Rotor positions of ±30° corresponds to primary slot 7 being covered and a secondary rotor blade 

between secondary slots 15 and 16. When the blade covers a majority of the slot, as in figure 6.1a, 

the velocity field at the slot opening drastically changes. The speed of the blade and the velocity 

from the already-existing turbulent structures in the slot both contribute to the velocity of the 

resulting eddies and vortices which are now present at the slot opening. Once the blade has passed, 

a large eddy enters the outer edge of the slot (figure 6.1b). This large eddy contributes to the 

maximum in the flow rate, however a minimum in the flow rate is realized after the blade has 

passed as it takes time for this eddy to reach the plane where the flow rate is recorded. As time 

progresses, the influence of this eddy on the filtered velocity field is shown in figure 6.1c. Some 

portion of this eddy’s momentum diminishes from change in geometry and from the slower 

moving fluid introduced from the inner edge of the slot. Occasional vortices develop from this 

local change in momentum. The remaining momentum from this large eddy moves in the axial 

direction along the outer edge stator wall. This momentum of this filtered stator jet later diminishes 

due to wall effects (figure 6.1d). The presence of the mean stator jet observed in figure 5.4a is 

observed in figure 6.1 but with turbulent structures and fluctuations. 

 To understand the recirculation region observed in figure 5.4a, the filtered velocity field at 

the inner edge of the primary slot is shown in figure 6.2. It should be noted that the velocity field 

shown in figure 6.2 does not occur at the same time as the field in figure 6.1. The stator jet in 

figure 6.1 moves across the slot from the outer edge to the inner edge due to the movement of the 

secondary rotor near the exit of the primary slot. A large eddy moving across the slot, shown in 

figure 6.2a, is prevented from exiting the slot as flow is introduced from the tip of the secondary 

rotor blade (figure 6.2b). As this fast moving eddy encounters the inner stator edge, shown in figure 
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6.2c, the flow is forced to move either back into the slot or exit it. For the portion remaining in the 

slot, vortices shed and the eddy’s momentum diminishes due to wall effects (figure 6.2d). 
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Figure 6.1 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, for the outer edge of primary slot 6. 
Images arranged in chronological order at rotor positions of: (a) 0° (b) 20° (c) -28° and (d) -8°. Color legend scaled by (ND) = 5.8 m/s. 
ΔP = 7 psi, hex 20M. 
 

(a) (b) 

(c) (d) 
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Figure 6.2 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, for the inner edge of primary slot 6. 
Images arranged in chronological order at rotor positions of: (a) -2° (b) 8° (c) 22° and (d) -16°. Color legend scaled by (ND) = 5.8 m/s. 
ΔP = 7 psi, hex 20M.

(a) (b) 

(d) (c) 
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Figure 6.3 – Filtered velocity field in primary stator slot 6 at z = 60 mm looking upstream. Images 
shown in chronological order at rotor positions of: (a) 0° (b) 14° (c) 28° and (d) -18°. Color legend 
scaled by (ND) = 5.8 m/s. ΔP = 7 psi, hex 20M. 
 

(c) 

(a) (b) 

(d) 
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 Another perspective of the primary stator slot time-averaged vortex was shown in 

figure 5.5a. The same perspective, but of primary slot 6 only, is shown in figure 6.3. With the 

primary rotor blade present over the slot opening, as in figures 6.3a and 6.3b, the axial stator jet 

shifts to the left. The influence of the secondary rotor blade movement is evident on the right outer 

edge, as the flow moves across the slot. This phenomena is shown in figure 6.2b as well as 

figure 6.3b. This flow continues to move in counter-clockwise direction around the slot. The 

velocity magnitude diminishes at the inner edge of the stator slot. The axial velocity of the stator 

jet also diminishes as the primary rotor blade rotates (figure 6.3c). This process repeats as the next 

primary rotor blade approaches the slot, as shown in figure 6.3d. Throughout this rotor period, a 

range of vortices and other turbulent structures appear in the region between the stator jet and the 

mean recirculation vortex. 

 Similar analyses can be made for the velocity field in the secondary stator. However, the 

configuration and size of the secondary stator slots result in a somewhat different velocity field. 

With smaller diameter slots, the turbulent Reynolds number decreases and so the range of eddy 

sizes and lifetimes decrease. The velocity field at the entrance of a secondary outer slot is shown 

in figure 6.4. Another perspective of this slot is shown in figure 6.5. A “plug flow like” profile is 

observed at the exit of the secondary outer slots and is not shown in this section. Only the filtered 

velocity field of the outer slot in the secondary stator is shown here. The velocity fields in the 

middle and inner slots are similar and comparable to figure 5.4b. The velocity fields at the exit of 

the middle and inner slots show vortices traveling down the length of the slot. The opening of the 

secondary outer slot is similar to the primary when the rotor blade is covering the slot as shown in 

figure 6.4a. The flow moves radially outwards from the movement of the blade then hits the outer 

edge of the stator slot. Due to the configuration of the secondary slots relative to the conical blade  
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Figure 6.4 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the entrance of secondary outer slot 15. Images arranged in chronological order at rotor 
positions of: (a) 22° (b) -28° (c) -16° and (d) -2°. Color legend scaled by (ND) = 5.8 m/s. 
ΔP = 7 psi, hex 20M.  

(a) 

(b) 

(c) 

(d) 
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Figure 6.5 – Filtered velocity field colored by velocity magnitude in secondary outer slot 15 at 
z = 100 mm looking upstream. Images shown in chronological order at rotor positions of: (a) 22° 
(b) -28° (c) -16° and (d) -2°. Color legend scaled by 5.8 m/s. ΔP = 7 psi, hex 20M. 
 

shape, a recirculation region is observed at the inner edge of the stator slot. Once the blade has 

passed, an eddy of similar size to the slot diameter enters as shown in figure 6.4b. The velocity 

magnitude and length of the stator jet is dependent on wall effects and vortices from the inner edge 

of the stator slot (figure 6.4c). The time-averaged vortex observed at the entrance of the secondary 

slot in figure 5.4b is the size of the diameter of the slot because that is the size of the largest eddy 

(d) (c) 

(b) (a) 
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that enters the slot. Contrary to the primary slot where one large eddy entered with each blade pass, 

several eddies may be observed with each blade pass in the secondary stator. Each of these eddies 

contribute to the different local maximum flow rates observed in the flow rate. The filtered flow 

rate profiles as predicted by this LES are shown in section 6.3. 

 Another perspective of the filtered velocity in secondary outer slot 15 is shown in 

figure 6.5. This velocity field is qualitatively similar to the primary slot which is shown in 

figure 6.3. The velocity magnitude of the stator jet is shown to shift with the change in rotor 

position, as shown in figures 6.5a and 6.5b. The recirculation region is observed at the inner edge 

of the slot, similar to the primary, however fewer filtered vortices are observed in this region. The 

magnitude of the stator jet velocity is shown to diminish significantly in figure 6.5c. 

6.2 Filtered Velocity Field near Shear Gap 

 The mean velocity field near the shear gap was discussed in section 5.2. This section 

discusses the filtered velocity field in the hex 20M computational mesh near the shear gap. The 

filtered velocity field can be thought of as having a mean and fluctuating component. As mentioned 

in section 6.1, this fluctuating component significantly changes the velocity field from one period 

to the next. Strain rate magnitude contours were also shown in section 5.2 and are shown as well 

in this section. RANS predicts mean strain rates and LES predicts filtered strain rates. The filtered 

strain rate magnitude predicted by LES was shown to have three components from 

equation 3.13- 6. Because strain rate magnitude involves the square of the strain rate tensor, the 

product of the resolved mean and fluctuating strain rates contribute to the total magnitude. This 

section discusses these filtered flow variables as the blade passes a primary slot. 

 The filtered velocity field is shown in figure 6.6 below. To make this velocity field 

comparable to the mean velocity field shown in figure 5.6, the same color legend is used where 
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the maximum is the relative blade tip speed. As the blade approaches, as in figure 6.6a, some flow 

enters and is pushed against the outer edge of the slot. Recirculating vortices are apparent at the 

edge closest to the rotor blade. Once time-averaged, these vortices develop the recirculation region 

shown in figure 5.6.  

 

 

Figure 6.6 – Filtered velocity field colored by velocity magnitude and scaled by relative tip speed 
of 16.4 m/s in the primary shear gap region at rotor positions of: (a) -14° (b) 0° (c) 12° and 
(d) - 28°. The view is of primary slot 6, normal to the shear gap. Skipped every 1 arrow. ΔP = 7 psi, 
hex 20M. 
 

 When the blade tip covers a portion of the slot opening, as in figure 6.6b, the velocity 

magnitude in the slot decreases. A vortex forms at the tip which is not observed in the mean 

velocity field shown in figure 5.6. As the blade passes the slot, as in figure 6.6c, a high velocity 

(c) (d) 

(b) (a) 
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magnitude radial jet is observed along the stator wall behind the blade. After some time 

(figure 6.6d) a large eddy enters the slot opening and impinges on the outer edge of the slot. The 

vortices in the recirculation region interact with this relatively fast moving eddy. 

 Strain rate magnitude contours of the velocity fields shown above are provided in figure 6.7 

below. Compared to figure 5.7, it is evident that the filtered strain rate magnitude is higher than 

the mean strain rate magnitude because of the fluctuating component. As the blade approaches the 

slot, as in figure 6.7a, the highest strain rates are observed in the recirculation region where high  

 

 

 

Figure 6.7 – Filtered strain rate magnitude contour scaled by the nominal strain rate magnitude of 
6.56 × 104 s-1 in the primary shear gap region at rotor positions of: (a) -14° (b) 0° (c) 12° and 
(d) - 28°. The view is of primary slot 6, normal to the shear gap. ΔP = 7 psi, hex 20M. 
 

(d) 

(b) (a) 

(c) 
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velocity fluid enters the slot and interacts with the recirculation region. When the blade covers a 

portion of the slot, as in figure 6.7b, the highest strain rate magnitude is observed at the blade tip 

and the region the blade has passed. 

 Compared to figure 5.7a, the mean strain rate component contributes to the mixing layer, 

but the fluctuating component contributes to the vortices in the recirculation region where the blade 

has passed. After the blade has passed, as in figure 6.7c, high strain rate magnitude is observed 

throughout the slot opening. These high strain rates occur due to the fluctuations as the radial jet 

interacts with the vortices present in the slot. Compared to figure 5.7b, the mean strain rate 

component contributes to the high strain rate at the edge of the stator wall where the recirculation 

region is present. The fluctuating component of the strain rate product extends the region and 

intensity of this high strain rate region. After some time as the large eddy enters the slot, high strain 

rates are observed where the eddy interacts with the vortices in the recirculation region. 

6.3 Filtered Flow Rate and Torque 

 The flow rate and torque can be computed from a LES similar to a RANS simulation, which 

was discussed in section 5.3 and section 5.4. However as indicated in section 6.1, we expect the 

flow rate in the stator slots from the filtered Navier-Stokes equations to provide different results 

than flow rate from the RANS equations. With a velocity field varying from one rotor period to 

the next, the flow rate in the stator slots and the torque from the rotors for the hex 4.2M LES are 

presented across several revolutions. In this section, the filtered flow rate in one primary slot (PS6) 

and one secondary stator column (SS15) is shown varying across one rotor period (60°). Ensemble 

averaging at each rotor position is performed to show the angular average and angularly resolved 

root mean square deviation as predicted by LES. Since we expect the filtered flow rate to vary 

from one rotor period to the next, more realizations are preferred. For this reason, results from the 
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computationally less expensive hex 4.2M mesh is presented instead of the hex 20M mesh. It was 

concluded in section 5.7 that the hex 4.2M and hex 20M mesh predict similar slot flow rate and 

rotor torque trends in a Reynolds-averaged sense. 

 The angularly resolved flow rate and root mean square deviation across all rotor positions 

was shown in figure 5.23 of section 5.8. These statistics were computed from a RANS simulation 

which describes the time-averaged flow. Reproducing these figures and statistics from a LES 

would describe the ensemble average and deviations of the filtered flow rate. Contrary to the flow 

rate provided by a RANS simulation, the filtered flow rate (equation 3.13-2) has a fluctuating 

velocity component. The root mean square deviation therefore quantifies how much the fluctuating 

flow rate influences the flow within the stator slots of the mixer. The flow rate from the 

hex 4.2M 7-psi LES was recorded for five revolutions. Again, the dependence on the current rotor 

period is assumed to be the most significant. Therefore, thirty realizations can be shown from these 

five revolutions. These thirty realizations and corresponding statistics for the flow rate are shown 

in figure 6.8 below. The thirty realizations are shown by the different colored curves in figure 6.8. 

The solid black curve represents the ensemble average of these thirty realizations. The dashed 

black curve represents one root mean square deviation above and below the ensemble average 

curve. 
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Figure 6.8 – Instantaneous and ensemble average angularly resolved flow rate bounded by root 
mean square deviation for thirty realizations for (a) primary slot 6 Qaverage = 6.1 × 10-4 m3/s 
(NQ = 0.0113), secondary (b) outer Qaverage = 2.1 × 10-4 m3/s (NQ = 0.0039), (c) middle 
Qaverage = 3.0 × 10- 5 m3/s (NQ = 0.0006), and (d) inner slots 15 Qaverage = 5.4 × 10-6 m3/s 
(NQ = 0.0001). ΔP = 7 psi, hex 4.2M. 
 

 As expected, the filtered flow rate curves in figure 6.8 are noticeably different than the 

time-averaged flow rate curves in figure 5.23. The root mean square deviation has increased as a 

result of the fluctuating flow rate component modeled by LES. The secondary inner slot shows the 

largest root mean square deviation, where one of the given realizations reaches twice the overall 

time-averaged flow rate. The secondary outer slot shows the smallest root mean square deviation 

compared to all other slots. For all slots the root mean square deviation is highest when the 

(a) (b) 

(c) (d) 
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maximum flow rate is reached, and the root mean square deviation is lowest when the minimum 

flow rate is reached. Similar to what was done in section 5.8, the root mean square deviation can 

be normalized by the overall time-average flow rate for that slot. The maximum and minimum 

RMSD normalized by the overall time-average are reported in table 6.1 below. The overall time-

average flow rate is also reported, but as a dimensionless flow number. Slot notation used in 

table 6.1 is shown in figure 2.2. 

Table 6.1 – RMSD of slot flow rate in hex 4.2M 7-psi simulation. 
  Normalized RMSD 

Slot NQ Minimum (%) Maximum (%) 
PS6 0.0109 17.69 24.75 

SOS15 0.0039 3.47 5.23 
SMS15 0.00055 13.91 18.70 
SIS15 0.00010 52.47 76.96 

 

 As discussed in section 3.3, the discrete Fourier transform can be applied to a wave to 

determine the significant frequencies. The one-sided spectrum of the flow rate fluctuations is 

shown in figure 6.9 below. Since the discrete Fourier transform operates in the frequency domain, 

the flow rate fluctuations are shown varying in units of inverse rotor periods. The frequency with 

the largest amplitude in the primary slot (1 inverse rotor period) corresponds to the oscillation 

observed in figure 6.8a (from -30° to 30°, which corresponds to one rotor period). All secondary 

slots show this frequency to be significant, as well as for 2, 3, and 4 inverse rotor periods. These 

frequencies correspond to a half, third, and quarter of rotor period dependence, respectively. 

Secondary slots 15 show this smaller rotor period (larger frequency) dependence due to the 

presence of four other neighboring slot rows in one rotor blade passage period. 
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Figure 6.9 –Dimensionless flow rate fluctuations shown in the frequency domain for the 
(a) primary slot 6, secondary (b) outer, (c) middle, (d) inner slots 15. ΔP = 7 psi, hex 4.2M. 
 

 The relatively large amplitudes occurring at integer frequencies form the shape of the flow 

rate fluctuation curves shown in figure 6.8. Other large amplitude values are shown below a 

frequency of 1 inverse rotor period. These large rotor periods (small frequencies) correspond to 

the dependence that flow rate fluctuations have on two, three, or more blade passes. As the thirty 

flow rate realizations show in figure 6.8, the flow rate fluctuations maintain this shape but vary 

relative to the angularly averaged value. From outer, middle, to inner secondary slots, the 

(c) (d) 

(b) (a) 
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amplitude of the larger rotor periods has more influence. The amplitude from the larger rotor 

periods is greater than the amplitude of the single rotor period for the secondary inner slot. 

 Similar to the filtered flow rate, the filtered torque (given by equation 3.13-3) has an 

average and a fluctuating component. However, the angularly resolved torque profiles in 

figure 6.10 show less variance than the flow rate profiles. This is because flow rate is reported 

across a single stator slot. While torque is reported across all six rotor blades for a given stage. The 

largest variances in the torque profiles occur when the rate of change of torque is low. This occurs 

when the primary rotor torque reaches a maximum and minimum, and when the secondary rotor 

torque reaches a minimum. The torque on the primary rotor shows higher variance then on the 

secondary rotor. The maximum root mean square deviation normalized by the overall average is 

8.11% for the primary rotor and 7.50% for the secondary rotor. 

 

Figure 6.10 – Ensemble average torque bounded by root mean square deviation with thirty 
realizations for the (a) primary rotor with average torque 4.51 Nm (NPo = 0.933) and (b) secondary 
rotor with average torque 4.74 Nm ( NPo = 0.980). ΔP = 7 psi, hex 4.2M. 
 

 The discrete Fourier transform can be applied to the torque fluctuations observed in 

figure 6.10. The one-sided spectrum of the torque fluctuations is shown in figure 6.11 below. The 

frequency with the largest amplitude contributing to the primary rotor torque occurs every 2 

(a) (b) 
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inverse rotor periods. The amplitudes of these frequencies decrease in magnitude as the frequency 

increases. The largest amplitude, corresponding to one half rotor period (2 inverse rotor periods) 

is observed in figure 6.10a. Two oscillations in one rotor period are observed in the primary rotor 

torque fluctuation curves indicating a half rotor period dependence. Five oscillations in one rotor 

period are observed in the secondary rotor torque, this corresponds to the largest amplitude (at five 

inverse rotor periods). The next largest amplitudes contributing to the secondary rotor torque occur 

at every 5 inverse rotor periods. 

 

Figure 6.11 – Dimensionless torque fluctuations in the frequency domain for the (a) primary and 
(b) secondary rotor. ΔP = 7 psi, hex 4.2M. 
 

 The amplitude values of the frequency multiplies, two inverse rotor periods for the primary 

rotor torque and five inverse rotor periods for the secondary rotor torque, form the shape of the 

torque fluctuation curves. This is similar to what was observed for the flow rate fluctuations in the 

frequency domain in figure 6.9. The one-sided spectrum of the secondary rotor torque also shows 

dependence on the two and four inverse rotor periods. This dependence is observed in the change 

in the local minimum/maximum value in figure 6.10 and is the result of the primary rotor’s 

influence on the secondary rotor. Compared to the flow rate fluctuations, the torque fluctuations 

(a) (b) 
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show less dependence on small frequencies. This is observed in figure 6.10 by the relatively small 

torque RMSD values at all rotor positions. 

6.4 Subgrid-scale Eddy Viscosity 

 The SGS eddy viscosity is the proportionality constant used to relate the SGS stress tensor 

to the filtered strain rate tensor, as shown in equation 3.11-1. The general expression of the SGS 

eddy viscosity (equation 3.11-2) shows it is dependent on the filter length given by the grid and 

some known operator. In this work the WALE SGS model was used; the operator was shown to 

depend on the magnitude of the strain rate and vorticity tensor in equation 3.11-5. The significance 

of the SGS eddy viscosity is apparent when approximating the turbulent energy dissipation rate of 

the subgrid-scales, shown in equation 3.13-9. 

 In this section, contours of the SGS eddy viscosity are shown for the hex 20M 7-psi 

simulation. These contours are shown across a region of stator slots as a snapshot with a given 

rotor position (figure 2.7). The magnitude of the SGS eddy viscosity is compared to the kinematic 

viscosity. By comparing the viscosities, the turbulent energy dissipation rate of the resolved and 

subgrid-scales are also compared. This will therefore highlight the regions with insufficient mesh 

refinement. Contours of the SGS eddy viscosity divided by kinematic viscosity are shown in figure 

6.12 below. 
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Figure 6.12 – Subgrid-scale eddy viscosity ratio contours in the (a) primary stage, x = 0 mm, 
(b) secondary stage, x = 0 mm, (c) primary stator slots 6 and 7, z = 60 mm, and (d) secondary 
stator slots 14-18, z = 100 mm. ΔP = 7 psi, hex 20M. 
 

 The SGS eddy viscosity is shown to be less at the outer edge of the stator slots compared 

to the inner portion. This trend occurs because the filter length is less in these locations. The 

computational mesh (figure 2.6) shows refinement in these areas so there is smaller local filter 

length. The SGS eddy viscosity in the inner portion of the slots is shown to vary from ~6 to ~20 

times larger than the kinematic viscosity. The filter length is uniform in this region; therefore this 

variance in SGS eddy viscosity occurs because of the magnitude of the strain and vorticity tensors. 

Since these contours display an instant of the SGS eddy viscosity, the value of the strain rate and 

vorticity magnitude and the value of this model constant will change at another instant. It should 

(a) (b) 

(c) (d) 
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also be noted that a higher viscosity ratio is predicted in the primary and secondary outer slots 

compared to the secondary middle and inner slots. This implies that higher strain rate and vorticity 

magnitude are predicted in the larger slots. As a result, the turbulent energy dissipation rate is 

modeled more heavily in the larger stator slots. 

6.5 Influence of Backpressure and Mesh Resolution on Filtered Properties 

 As section 5.6 described the influence of backpressure on mean properties predicted by 

RANS, this section describes the influence of backpressure on filtered properties predicted by LES. 

The backpressures considered in this comparison are the 0- and 7-psi operating conditions. The 

influence a change on backpressure has on flow and power number is discussed. 

 Flow numbers computed from different RANS simulations were provided in figure 5.20. 

These values were computed using the outlet throughput and normalized using the outer rotor 

diameter. This procedure can be repeated for each LES. The flow numbers for these LES have 

been included in figure 5.20 and reproduced in figure 6.13 below. As the velocity field comparison 

above demonstrated, flow rate, and therefore flow number, decreases with increasing 

backpressure. 

 Similar to the RANS flow numbers, the LES flow numbers are larger than the flow number 

predicted by the coarse tet RANS simulation. At the 0-psi backpressure, the flow number predicted 

by the hex 4.2M LES is 4% larger than the flow number predicted by the hex 20M LES. However, 

at the 7-psi backpressure, the flow number predicted by the hex 20M LES is 6% larger than the 

hex 4.2M LES flow number. Comparing all meshes and turbulence models, the largest flow 

number difference is between the coarse tet mesh and the hex 20M LES at the 7-psi backpressure. 

These flow numbers differ by 10%. The flow number predicted by each simulation differs slightly, 

implying flow number is weakly influenced by mesh resolution and turbulence model. 
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Figure 6.13 – Flow number for all simulations. The dashed trend line was developed from four 
points using the original tet mesh which does not have extended inlet and outlet pipes. 
 

 As flow numbers from the LES were added to figure 5.20, power numbers from the LES 

can be added to figure 5.21. The power number from a LES is computed in a similar manner as 

was done for the RANS simulations. Again, power across both rotor stages is normalized by the 

fluid density, rotor speed, and outer rotor diameter. The power numbers for each LES are provided 

in figure 6.14 below. Since throughput between RANS and large eddy simulations was 

comparable, we expect power to be relatively close. This is confirmed in figure 6.14 below, as 

backpressure increases the power reported by LES decreases. 

 Similar to the flow numbers in figure 6.14, the LES power numbers are larger than the 

power numbers predicted by the coarse tet RANS simulation. At the 0-psi backpressure, the 

hex 4.2M and hex 20M LES predict power numbers within 1% of each other. At the 7-psi 
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backpressure, the hex 4.2M and hex 20M LES predict power numbers within 3% of each other. 

This implies that the power number is not strongly influenced by mesh resolution for LES. The 

largest difference among reported power numbers is between the coarse tet mesh and the hex 4.2M 

LES. The hex 4.2M LES predicts a power number 6% larger than the power number predicted by 

the tet mesh. Therefore the conclusion reached for flow numbers applies to power numbers, power 

numbers are weakly influenced by mesh resolution and turbulence model. 

 

Figure 6.14 – Power number for all simulations. The dashed trend line is developed from linear 
interpolation of the flow number curve developed from the original tet mesh which does not have 
extended inlet and outlet pipes. 
 

 The smaller vortices observed in the hex 20M simulations of sections 6.1 and 6.2 would be 

absent in a coarser mesh such as the hex 4.2M mesh. For this reason, the filtered velocity field 

simulated by the hex 4.2M computational mesh is shown as a snapshot in figure 6.15. In section 

6.4 the viscosity ratio showed the regions in which the modeled SGS energy dissipation rate was 
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larger than the resolved. We expect the SGS eddy viscosity to increase with filter length, this is 

shown using contours from the hex 4.2M simulation. Since computational expense increases with 

mesh refinement, this section discusses how much is gained by resolving more scales. 

 The filtered velocity field in the primary and secondary stage from the hex 4.2M simulation 

at the 7-psi backpressure operating scenario is shown in figure 6.15. The filtered velocity field and 

filtered strain rate magnitude contour near the primary shear gap for this simulation are also shown 

in figure 6.16. Both of these figures share the same rotor position which was shown in figure 2.7. 

These figures are meant to be compared to analogous figures for the hex 20M simulation shown 

in sections 6.1 and 6.2. The color legend used is equivalent to the legends used in sections 6.1 

and 6.2. 

 

 

Figure 6.15 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the (a) primary stage, and (b) secondary stage. Color legend scaled by (ND) = 5.8 m/s. 
ΔP = 7 psi, hex 4.2M. 
 

 Both the primary stator outer edge and secondary outer slot show the axial stator jet that 

was observed in figures 6.1 and 6.4 respectively. Since the axial stator jet is a large scale 

phenomenon, a relatively coarse mesh such as the hex 4.2M will still resolve the phenomenon. 

(a) (b) 
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However, for the particular instance shown, no vortices are observed in the recirculation regions 

in figure 6.16. The flow is shown moving in the negative axial direction at the inner edge of the 

stator slots, however no vortices are shown. This phenomenon is not observed in the hex 4.2M 

simulation because the grid is too coarse to resolve it. As a result, any interaction the recirculating 

vortices have with the axial stator jet is not resolved in the hex 4.2M simulation. We would 

therefore expect the hex 4.2M simulation to under-predict the turbulent kinetic energy and the 

turbulent energy dissipation rate relative to the hex 20M simulation. 

 

 

 

Figure 6.16 – (a) Filtered velocity field colored by velocity magnitude and scaled by relative tip 
speed of 16.4 m/s. (b) Filtered strain rate magnitude contour scaled by the nominal strain rate 
magnitude of 6.56 × 104 s-1 in primary slot 6, normal to the shear gap. ΔP = 7 psi, hex 4.2M. 
 

 The filtered velocity field near the primary shear gap for the coarse hex 4.2M 

computational mesh shows a vortex at the rotor tip and at the right edge of the slot in figure 6.16a. 

These phenomena were both observed for the hex 20M mesh in figure 6.6b. However the 

recirculation region at the right edge of the slot showed several vortices, which are not observed 

at the given instant in the hex 4.2M simulation. The corresponding filtered strain rate magnitude 

(a) (b) 

For (a): 

For (b): 
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contour in figure 6.16b shows high strain rates at the rotor tip and at the edges of the shear gap 

opening. The filtered strain rate magnitude contour from the hex 20M simulation, in figure 6.7b, 

showed high strain rates throughout the recirculation region due to the interactions between the 

large scale eddies and the small recirculation vortices. Since the small recirculation vortices are 

not resolved in the hex 4.2M simulation, strain rates are under-predicted in the recirculation region. 

 The scales necessary to resolve the turbulent energy dissipation rate were discussed in 

section 6.4. To support this discussion, SGS eddy viscosity ratio contours for the hex 20M 

simulation were shown in figure 6.12. As previously discussed, the SGS eddy viscosity is 

dependent on filter length. Since filter length increases with a coarser mesh, we would expect this 

quantity to be larger for the hex 4.2M compared to the hex 20M simulation. The SGS eddy 

viscosity ratio for the hex 4.2M simulation is shown in figure 6.19 below. Note the color scale 

used to quantify the SGS eddy viscosity in the hex 4.2M simulation is four times larger than the 

color scale used for  
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Figure 6.17 – Subgrid-scale eddy viscosity ratio contours in the (a) primary stage, x = 0 mm, (b) 
secondary stage, x = 0 mm, (c) primary stator slots 6 and 7, z = 60 mm, and (d) secondary stator 
slots 14-18, z = 100 mm. ΔP = 7 psi, hex 4.2M. 
 

the hex 20M simulation. This suggests that if the hex 4.2M simulation was to be used to predict 

the turbulent energy dissipation rate, the approximated value would be modeled significantly more 

than the value predicted by the hex 20M simulation. 

6.6 Filtered Flow Field Convergence 

 Similar to section 5.8, the measures of convergence discussed in section 3.16, are applied 

to LES instead of RANS. First the level of flow field convergence of the LES is discussed. Residual 

(a) (b) 

(c) (d) 
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values reported by FLUENT at the end of time steps are quantified. The number of iterations 

required to reach these residual values is also mentioned. 

 As explained in section 3.16, the LES flow field presented in this work were considered 

converged when the outlet flow rate varied within 3% of the average value. The LES from each 

computational mesh and operating scenario reached this state. Samples from these LES were not 

taken until after this convergence state was reached. Samples of the stator slot velocity field, flow 

rate, and torque were taken for 5 revolutions for the hex 4.2M simulation. Samples of the stator 

slot velocity field for the hex 20M simulation were taken for 5 revolutions, and 1 revolution for 

the flow rate and torque. The LES runs were initialized in a similar manner as discussed in section 

5.8. The hex 4.2M 7-psi LES was initialized from the hex 4.2M 7-psi RANS simulation. Then the 

hex 4.2M 0-psi LES was initialized from the 7-psi LES. The hex 20M simulations were initialized 

from an interpolated flow field of their corresponding hex 4.2M simulation. 

 It should be noted that the LES results presented in this thesis have not reached grid 

convergence. As discussed in section 6.5, the SGS eddy viscosity was altered significantly from 

the hex 4.2M to the hex 20M mesh. With no further refined mesh to compare to, it cannot be 

concluded that the hex 20M mesh has reached grid convergence. As a result, quantities such as the 

turbulent energy dissipation rate, which is discussed in section 7.3, may not be adequately 

quantified. 

 The residual values reported by FLUENT at each iteration using equation 3.16-3 for RANS 

are given in table 5.6. A similar table was developed for all LES, shown below as table 6.2. The 

LES model involves four governing equations, therefore the residual values of four flow variables 

are reported with each iteration. These flow variables are: continuity, and the filtered x-, y-, and z-

velocities. It should be noted that on an iteration basis, a LES is less computationally expensive 
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than a RANS k-ε simulation because four governing equations are solved instead of six. Similar 

to RANS, continuity is the largest residual value for the LES. Another similarity, is the number of 

iterations required for the coarse hex 4.2M simulation compared to the hex 20M simulation. 

Table 6.2 – Iteration convergence for all large eddy simulations. 
Simulation Parameters Residuals (-)  

Mesh Backpressure Continuity 〈𝑈𝑈𝑖𝑖〉 𝑀𝑀𝑖𝑖𝑡𝑡𝑜𝑜𝑟𝑟 

Hex 4.2M 0-psi 10-4 5×10-7 40 
7-psi 10-4 5×10-7 40 

Hex 20M 0-psi 10-4 10-7 45 
7-psi 10-4 10-7 60 

 

 Thirty samples from these converged flow fields are used to predict the ensemble flow rate 

and torque (see section 6.3), and various turbulence quantities (see chapter 7). The slots considered 

in chapter 7 include primary slot 6 and secondary slot column 15. Turbulence quantities, or various 

velocity statistics, are computed across the center plane (x = 0 mm) of these slots. To show how 

these statistics converge with additional realizations, equations 3.16-4 and 3.16-6 are used. With 

each new realization, the maximum absolute difference between the previous and new statistical 

value is computed. Since thirty realizations are used in this thesis, there are twenty nine differences. 

These differences are shown in figure 6.18 below. The statistics computed from the velocity field 

across the various stator slot center planes is considered in figure 6.18. The average flow variable 

substituted into equation 3.16-4 is the magnitude of the average velocity, ‖𝑈𝑈�𝑖𝑖‖ = �𝑈𝑈�𝑖𝑖𝑈𝑈�𝑖𝑖, which is 

shown by the red points. The variance term substituted into equation 3.16-6 is the square root of 

the sum of variances, which is also proportional to the turbulent kinetic energy, √2𝑘𝑘 = �𝑢𝑢𝚤𝚤𝑢𝑢𝚤𝚤�����, and 

is shown by the blue points.  
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Figure 6.18 – Convergence of the first moment statistic, ‖𝑈𝑈�𝑖𝑖‖ = �𝑈𝑈�𝑖𝑖𝑈𝑈�𝑖𝑖, (red) and the variance, 
√2𝑘𝑘 = �𝑢𝑢𝚤𝚤𝑢𝑢𝚤𝚤�����, (blue) of velocity in (a) primary slot 6, secondary (b) outer, (c) middle, and (d) 
inner slot 15. Velocity normalized by maximum tip speed, 18.2 m/s. ΔP = 7 psi, hex 20M. 
 

 The maximum absolute difference between these statistics is normalized by the maximum 

tip speed of 18.2 m/s. As more realizations are added, the maximum absolute difference of both 

statistics approach zero for all planes. The change in the first moment statistic, represented by the 

change in the magnitude of the average velocity, is below the change in the turbulent kinetic energy 

for majority of the realization indices. This implies that statistics involving the variance, or the 

second moment, would take more realizations to converge than statistics involving the average of 

(a) 

(c) (d) 

(b) 
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the first moment. Comparing the convergence profiles for the different slots, primary slot 6 and 

secondary outer slot 15 converge at a slower rate than secondary middle and inner slots 15. This 

is expected since the relative blade speed and intensity of the turbulence is smaller by comparison 

in the middle and inner secondary slots. 

 Convergence of statistics other than velocity are of interest. The convergence of velocity 

gradients, more specifically deformation rates, are considered in figure 6.19. This figure is 

produced using the same method to produce figure 6.18, except the flow variable considered has 

been altered. To consider the convergence of the first moment statistics involving deformation 

rates, the magnitude of the average strain rate tensor is considered, �𝑆𝑆�̅�𝑖𝑖𝑖� = �2𝑆𝑆�̅�𝑖𝑖𝑖𝑆𝑆�̅�𝑖𝑖𝑖, which is 

shown in red. To consider the convergence of the variance involving deformation rates, the square 

root of the sum of strain rate tensor variances is used, �2𝑠𝑠𝚤𝚤𝚥𝚥𝑠𝑠𝚤𝚤𝚥𝚥������, which is shown in blue. Where 𝑠𝑠𝑖𝑖𝑖𝑖 

is the fluctuating component of the instantaneous strain rate tensor. It should be noted that this 

term includes the turbulent energy dissipation rate given by equation 3.7-6. The maximum absolute 

difference of these quantities is normalized by the maximum nominal strain rate of 7.3 × 104 s-1. 

 Similar to figure 6.18, all convergence profiles approach zero as more realizations are 

included. The change in the average strain rate magnitude is smaller than the change in the sum of 

strain rate tensor variances for most realization indices. The scale used in figure 6.19 is five times 

larger than that used in figure 6.18, suggesting that statistics involving deformation rates require 

more realizations to converge. The convergence profiles in the primary slot and secondary outer 

slot take longer to converge compared to the secondary middle and inner slots. This is due to the 

relative strain rate magnitude decreasing with rotor diameter. 
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Figure 6.19 – Convergence of the first moment statistic, �𝑆𝑆�̅�𝑖𝑖𝑖� = �2𝑆𝑆�̅�𝑖𝑖𝑖𝑆𝑆�̅�𝑖𝑖𝑖, (red) and the variance, 

�2𝑠𝑠𝚤𝚤𝚥𝚥𝑠𝑠𝚤𝚤𝚥𝚥������, (blue) of deformation rates in (a) primary slot 6, secondary (b) outer, (c) middle, and (d) 
inner slot 15. Deformation rates normalized by maximum nominal strain rate, 7.3 × 104 s-1. 
ΔP = 7 psi, hex 20M. 
 

6.7 Summary of Large Eddy Simulation Results 

 The phenomena observed in the filtered velocity field in stator slots and near the shear gap 

was presented. By qualitatively comparing LES results to RANS, the influence of the fluctuating 

component was discussed. Filtered strain rate magnitude contours were presented near the shear 

gap as the rotor blade passes a primary stator slot. Although filtered results change from one rotor 

(a) 

(c) (d) 

(b) 
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period to the next, qualitative conclusions on the resolved eddies and flow features in this mixer 

were made. The filtered stator slot flow rate and rotor torque was analyzed in the time and 

frequency domain. Results from the hex 4.2M and hex 20M meshes were compared using the SGS 

eddy viscosity. 

 Large eddies enter the stator slots between a blade passage. The intensity and size of these 

eddies diminish as it penetrates further into the stator slot and is influenced by wall effects and 

recirculating vortices already present in the slot. These eddies travel along the outer edge stator 

wall, acting as a stator jet, and thereby contributing to the filtered stator slot flow rate. Vortices 

make up the recirculation region. The trajectory of these vortices collide with the inner edge stator 

wall and interfere with incoming larger eddies to shape the stator jet. 

 In the primary stator, roughly one large eddy enters with each blade passage. In the 

secondary stator, several large eddies may enter with each blade passage resulting in different flow 

rate curves. The largest eddies that may enter a stator slot are the diameter of that slot. The diameter 

of the secondary stator slots is less than the primary stator slots. Therefore, the turbulent Reynolds 

number is less and so is the eddy intensity and lifetime. The recirculation region in the primary 

stator forms due to the movement of the secondary rotor blade near the exit of the primary stator. 

The recirculation region in the secondary stator forms due to slot configuration. 

 In the shear gap region, recirculating vortices travel near the rotor blade tip and interact 

with the time-averaged mixing layer. After the blade passes a stator slot, a radial jet forms and 

either diminishes at the stator wall or contributes to slot throughput. Between each blade passage, 

a large eddy enters the shear gap region. This eddy interacts with recirculating vortices present in 

the time-average recirculation region. These vortices and their interactions with the mixing layer, 
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radial jet, and large eddies entering the slot, contribute to the resolved strain rate magnitude in the 

shear gap region. 

 The filtered stator slot flow rate was dependent on the flow features present in the slot, 

particularly the stator jet. Since the intensity and size of the stator jet varied due to resolved 

fluctuations, the filtered flow rate showed a fluctuating component. The root mean square of this 

fluctuating component is highest when the ensemble averaged flow rate reaches a maximum. The 

filtered secondary inner stator slot flow rate was particularly influenced by this fluctuating 

component. Fourier analysis revealed that these fluctuations contribute at smaller frequencies 

which shape the filtered flow rate signal. The fluctuating component of the rotor torque is 

negligible. 

 Turbulent structures and vortices, seen in the hex 20M LES, were not resolved in the 

hex 4.2M LES. The absence of these structures influence turbulence quantities such as turbulent 

kinetic energy, the production and dissipation rates of the turbulent kinetic energy, and the strain 

rate tensor. The SGS eddy viscosity ratio showed the influence of the SGS is higher for a less 

resolved mesh. Local refinements made near the stator wall of the hex 20M mesh strongly 

influenced the SGS eddy viscosity ratio. SGS scales unaccounted for in the hex 4.2M LES did not 

significantly influence macroscopic properties such as stator slot flow rate and rotor torque. That 

is, the predicted values for all coarse mesh simulations compared favorably with the hex 20M 

results. 
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7 Comparison between RANS and Large Eddy Simulations 

 This chapter compares results provided by RANS and LES. To accomplish this, filtered 

quantities provided by LES are ensemble-averaged. In this first section of this chapter, flow rate 

and torque profiles are compared in the time and frequency domain. Then quantities directly 

provided by RANS are compared to averages LES quantities, including the mean velocity, 

turbulent kinetic energy, and the turbulent energy dissipation rate. Modeling assumptions made by 

the RANS k-ε closure are validated by comparing quantities such as the eddy viscosity, production 

and transport of turbulent kinetic energy using LES. Anisotropic regions in the stator slots are 

presented in the remainder of this chapter. Unless otherwise mentioned, all results in this chapter 

are from simulations operating at the 7-psi backpressure. 

7.1 Flow Rate and Torque 

 Stator slot flow rate and rotor torque time profiles have been shown for RANS and LES in 

chapters 5 and 6, respectively. In this section, the time and frequency profiles from these two 

simulations are directly compared. Since filtered flow rate and torque information was recorded 

longer for the hex 4.2M computational mesh, the flow rate and torque from the hex 4.2M mesh 

will be compared. It was shown that the hex 20M mesh did not provide greater accuracy for flow 

rate and torque. To make this comparison, the ensemble average from the filtered flow rate and 

torque are shown. Flow rate and torque fluctuations from these ensemble averages are shown as 

one RMSD above and below the average. When comparing flow rate and torque from these two 

simulations in the frequency domain, no ensemble averaging is performed. Therefore, any flow 

rate and torque deviation predicted by the two models in the frequency domain describes 

differences between the RANS modeled average and the filtered flow rate and torque from LES. 
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 Dimensionless flow rate fluctuations in primary slot 6 and all secondary slots of column 15 

as predicted by RANS and LES are shown in figure 7.1. The overall time-average which these 

fluctuations center around differ between RANS and LES. These overall time-average values are 

shown in table 7.1 in scientific units and in terms of the flow number. The overall time-average 

slot flow rates predicted by RANS and LES are within 5% of each other, excluding the secondary 

inner slot. This discrepancy is due to the different secondary inner stator slot mean velocity fields 

predicted by RANS and LES. The mean velocity fields are compared in section 7.2. 

Table 7.1 – Overall time-average stator slot flow rates. 
 RANS LES 

Slot Qaverage (m3/s) NQ (-) Qaverage (m3/s) NQ (-) 
PS6 6.0×10-4 0.0111 6.1×10-4 0.0113 
SOS15 2.0×10-4 0.0037 2.1×10-4 0.0039 
SMS15 3.0×10-5 0.0006 3.0×10-5 0.0006 
SIS15 8.2×10-6 0.0002 5.4×10-6 0.0001 

 

 Flow rate fluctuations from LES and angularly resolved deviations from RANS shown in 

figure 7.1 share similar trends. As the diameter of the slot decreases, the magnitude of the 

fluctuations grow larger, and so do the difference in flow rate fluctuations predicted by RANS and 

LES. The largest differences in the secondary middle and inner slots occurs as the flow rate 

increases to its ultimate maximum. The magnitude of the largest difference in the secondary inner 

slot is 0.11 and 0.044 in the secondary middle slot. The largest difference in the primary slot occurs 

when the rotor blade is between slots, the magnitude of this difference is 0.017. 
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Figure 7.1 – Comparison of mean flow rate varying with rotor position from RANS (red) and LES 
(blue) in (a) primary slot 6, (b) secondary outer slot 15, (c) secondary middle slot 15, and (d) 
secondary inner slot 15. Blue dashed lines show one RMSD above and below the mean flow rate 
predicted by LES. ΔP = 7 psi, hex 4.2M. 
 

 Comparing frequency profiles from RANS and LES shown in figure 7.2, both simulations 

predict similar amplitudes occurring at a frequency of 1 inverse rotor period for the primary slot 

and at integer frequencies for the secondary slots. As discussed in section 6.3, these frequencies 

contribute to the shape of the flow rate time profiles. The amplitude predicted by LES at a 

frequency of 1 inverse rotor period is 0.0025 and 0.0095 larger for the primary and secondary outer 

slots, respectively. However for the secondary middle and inner slots, RANS predicts amplitudes 

(a) (b) 

(c) (d) 
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that are larger than LES by 0.0086 and 0.03 respectively. Another notable difference is the 

amplitude values at frequencies lower than 1 inverse rotor period. LES predicts higher amplitudes 

at these low frequencies. This results from the fluctuating flow rate component which RANS does 

not model. 

 

Figure 7.2 – Comparison of mean flow rate from RANS (red) and filtered flow rate from LES 
(blue) varying with frequency in (a) primary slot 6, (b) secondary outer slot 15, (c) secondary 
middle slot 15, (d) secondary inner slot 15. ΔP = 7 psi, hex 4.2M. 
 

 The angularly averaged torques from RANS and LES are provided in table 7.2. Similar to 

table 7.1, these values are reported with units and in terms of the respective dimensionless number. 

The power numbers predicted by RANS and LES are within 1% of each other for both the primary 

(a) (b) 

(c) (d) 
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and secondary rotors. RANS and LES predict similar torque fluctuation trends as shown in 

figure 7.3. The corresponding frequency profiles for the torque comparisons is shown in figure 7.4. 

The largest differences for torque fluctuations between RANS and LES occur when the torque 

reaches its maximum value. The largest difference in the primary rotor is 0.07 for the secondary 

rotor is 0.1. 

Table 7.2 – Overall time-average rotor torque. 
 RANS LES 

Rotor Taverage (Nm) NPo (-) Taverage (Nm) NPo (-) 
Primary 4.51 0.932 4.51 0.933 
Secondary 4.71 0.973 4.74 0.980 

 

 Similar to the flow rate fluctuations, both RANS and LES predict similar amplitudes at the 

frequencies that contribute to the shape of the torque fluctuations. RANS predicts an amplitude 

that is 0.0042 larger than that predicted by LES at a frequency of 2 inverse rotor periods for the 

primary rotor, and 0.0077 larger at a frequency of 5 inverse rotor periods for the secondary rotor. 

Below a frequency of 2 inverse rotor periods, RANS predicts a high amplitude which LES does 

not predict. This high amplitude is attributed to convergence error which was discussed in 

section 5.8. 
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Figure 7.3 – Comparison of mean torque varying with rotor position from RANS (red) and LES 
(blue) from the (a) primary and (b) secondary rotor. Blue dashed lines show one RMSD above and 
below the mean flow rate predicted by LES. ΔP = 7 psi, hex 4.2M. 
 

 

Figure 7.4 – Comparison of mean torque from RANS (red) and filtered torque from LES (blue) 
varying with frequency from the (a) primary and (b) secondary rotor. ΔP = 7 psi, hex 4.2M. 
 

7.2 Mean Velocity 

 Mean velocity profiles in the stator slots from RANS were shown in section 5.1. The 

filtered velocity field at one instant from the LES was shown in section 6.1. By ensemble-

averaging thirty realizations at the same rotor position, the angularly resolved mean velocity can 

be approximated (equation 3.13-1). The computed mean velocity profile from a LES can be 

(a) (b) 

(a) (b) 



145 
 

compared to the modeled mean velocity from a RANS simulation. The assumptions made by the 

RANS equations to model the mean velocity are discussed in sections 3.6 and 3.7. In this section, 

mean velocity profiles from both simulations, at the same 7-psi backpressure, mesh level, and rotor 

position are compared. 

 The mean velocity profiles in the primary stator at planes x = 0 mm and z = 60 mm are 

shown in figures 7.5 and 7.6 respectively. The RANS and averaged LES profiles predict similar 

mean flow features, such as the high velocity at the stator opening, the stator jet, influence from 

the secondary rotor at the stator exit, and the recirculating vortex. However the regions occupied 

by these features are slightly different. The penetration distance of the high velocity from the 

primary rotor blade into the slot is larger for RANS. The axial length of the stator jet into the slot 

predicted by RANS is less than the ensemble averaged LES profile, but the height (distance from 

the wall) is larger. The penetration distance of the relatively high velocity feature (from the 

secondary rotor) at the primary stator exit is larger for RANS. In the z = 60 mm view, RANS 

predicts higher velocities in the cells closest to the wall. 

 Similar to the primary stator mean velocity comparison, the RANS and ensemble averaged 

LES profiles predict similar flow features in the secondary outer slots but the shape of these 

features differs. The mean velocity profiles in the secondary outer stator slot at planes 

x = 0 mm and z = 100 mm are shown in figures 7.7 and 7.8 respectively. The speed of the stator 

jet near the opening is smaller for RANS; however its penetration along the outer edge is longer 

for RANS. As a result, the location where the flow begins to recirculate at the inner edge is further 

downstream in the slot. In the z = 100 mm view, the shape of the mean vortex is more circular for 

the averaged LES profile. The magnitude of the velocity near this recirculating vortex is smaller 

for RANS. 



146 
 

 

 

Figure 7.5 – Primary stator slot 6 mean velocity field colored by velocity magnitude in the center 
plane, x = 0 mm, from (a) RANS and (b) LES. Color legend scaled by (ND) = 5.8 m/s. ΔP = 7 psi, 
hex 20M. 
 

 

 

Figure 7.6 – Primary stator slot 6 mean velocity field colored by velocity magnitude in the 
z = 60 mm plane looking upstream from (a) RANS and (b) LES. Color legend scaled 
by (ND) = 5.8 m/s. ΔP = 7 psi, hex 20M. 

(a) (b) 

(a) (b) 
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Figure 7.7 – Secondary outer slot 15 mean velocity field colored by velocity magnitude in the 
center plane, x = 0 mm, from (a) RANS and (b) LES. Color legend scaled by (ND) = 5.8 m/s. 
ΔP = 7 psi, hex 20M. 
 

 

 

Figure 7.8 – Secondary outer slot 15 mean velocity field colored by velocity magnitude in 
the z = 100 mm plane looking upstream from (a) RANS and (b) LES. Color legend scaled 
by (ND) = 5.8 m/s. ΔP = 7 psi, hex 20M. 
 

(a) 

(b) 

(b) (a) 
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 The mean velocity profiles from RANS and LES in the secondary middle and inner slots 

at views x = 0 mm and z = 100 mm are shown in figures 7.9 and 7.10, respectively. In these figures, 

the color legend of a given slot is scaled using the relative rotor diameter. Both simulations predict 

three mean recirculation vortices in the secondary middle and inner slots. However, the location 

of last vortex (vortex closest to the stator exit) differs. In both the secondary middle and inner slots, 

the RANS mean velocity profile predicts the location of the last vortex to be closer to the middle 

vortex. The predicted length of the stator jet is similar for both simulations; however RANS 

predicts a stator jet with higher speed. The speed close to the inner wall near the middle vortex is 

also larger for RANS. In the z = 100 mm view, the shape of the recirculating vortex in the middle 

slot is noticeably different between the two simulations. Higher velocity magnitude is observed in 

the secondary inner slot from the averaged LES profiles. 
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Figure 7.9 – Mean velocity fields colored by velocity magnitude in the center plane, x = 0 mm, 
from the (a) RANS secondary middle, (b) LES secondary middle, (c) RANS secondary inner, and 
(d) LES secondary inner slots of column 15. Color legend scaled by (ND) = 4.65 m/s for the 
secondary middle and (ND) = 3.7 m/s for the secondary inner slot. ΔP = 7 psi, hex 20M. 
 

(a) 

(b) 

(d) 

(c) 
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Figure 7.10 – Mean velocity fields colored by velocity magnitude in the z = 100 mm plane looking 
upstream from the (a) RANS secondary middle, (b) LES secondary middle, (c) RANS secondary 
inner, and (d) LES secondary inner slots of column 15. Color legend scaled by (ND) = 4.65 m/s 
for the secondary middle and (ND) = 3.7 m/s for the secondary inner slot. ΔP = 7 psi, hex 20M. 
 

 To provide a more quantitative comparison of the mean velocity field predicted by both 

simulations, the mean velocity magnitude from RANS is subtracted from the ensemble averaged 

velocity magnitude from LES on a cell basis. Statistics regarding this pointwise comparison 

distribution are reported in table 7.3, below. These statistics simplify the pointwise comparisons 

to a single value, and therefore the spatial influence is removed. Information regarding time-

(d) (c) 

(a) (b) 
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averaged structures is lost. Statistics considered include the spatial average, root mean square 

deviation from this average, as well as the minimum, and maximum values. Since the average is 

influenced by outliers, the median is also reported. Since the pointwise comparison distribution is 

the difference between the RANS flow variable and the LES flow variable, if the pointwise 

comparison is positive, then the RANS flow variable at that point is larger than the LES flow 

variable. Conversely, if the pointwise comparison is negative, then the LES flow variable is larger 

than the RANS flow variable at that point. By this construction, statistics (excluding the root mean 

square deviation) can be negative. For example, if the mean flow variable comparison value is 

negative than on average LES predicts a higher value for that flow variable compared to RANS. 

Table 7.3 – Time-averaged velocity magnitude comparison in the stator slots. 
Location ‖𝑈𝑈�𝑖𝑖‖(𝑅𝑅𝐴𝐴𝑅𝑅𝑆𝑆) − ‖𝑈𝑈�𝑖𝑖‖(𝐿𝐿𝐿𝐿𝑆𝑆) (m/s) 

Slot Plane Mean RMSD Minimum Median Maximum 

PS6 
x = 0 mm 0.035 1.57 -7.27 -0.012 7.68 
z = 60 mm 0.061 1.08 -3.25 0.191 5.93 

SOS15 
x = 0 mm 0.093 1.25 -2.52 -0.025 4.69 
z = 100 mm 0.230 1.52 -2.30 -0.050 6.52 

SMS15 
x = 0 mm 0.456 0.88 -2.13 0.273 4.44 
z = 100 mm 0.319 0.87 -2.11 0.165 2.81 

SIS15 
x = 0 mm -0.013 0.78 -3.32 -0.200 2.79 
z = 100 mm -0.327 0.75 -3.13 -0.287 1.33 

 

 In all planes excluding the secondary inner slot, on average RANS predicts larger velocity 

magnitudes than LES. In the secondary stator, as the diameter of the slot decreases, the root mean 

square deviation decreases. This implies that the pointwise difference between these two models 

decreases with lower time-averaged velocity magnitude. The cell with the largest difference in 

velocity magnitude between RANS and LES is located in the primary slot, across the plane x = 0 

mm. This large difference is about one third of the tip speed and is located in the stator jet region. 
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7.3 Turbulent Kinetic Energy and Energy Dissipation Rate 

 In this section, contours of turbulent kinetic energy and turbulent energy dissipation rate 

predicted from RANS and LES in the stator slots are compared. Similar to the comparisons made 

in section 7.2, results are shown from the 7-psi backpressure, hex 20M computational mesh, and 

at the rotor position indicated on figure 2.7. In the RANS realizable k-ε model, a modeled form of 

the turbulent kinetic energy conservation equation was used. To solve for the turbulent energy 

dissipation rate, the RANS realizable k-ε model uses an empirical expression based on a simplified 

form of the conservation equation which assumed homogeneous turbulence. For LES, the 

predicted turbulent kinetic energy is dependent on the energy of the resolved velocity fluctuations 

(equation 3.13-5). In addition, the predicted turbulent energy dissipation rate uses the SGS model 

to add the influence from unfiltered scales (equation 3.13-10). 

 Turbulent kinetic energy contours in the primary stator slot 6 in the x = 0 mm 

and z = 60 mm view are shown in figures 7.11 and 7.12 respectively. LES predicts higher turbulent 

kinetic energy at the stator opening where the primary rotor is present and in the recirculation 

region at the inner edge of the stator slot. A larger spread of turbulent kinetic energy is predicted 

by LES at the stator exit (close to the secondary rotor) and along the outer edge where the stator 

jet is present. RANS predicts a higher turbulent kinetic energy at the outer most tip of the primary 

stator. In the z = 100 mm view, LES predicts a larger spread of turbulent kinetic energy. 

 Similar to the primary stator slot, LES predicts a higher distribution of turbulent kinetic 

energy in the secondary outer slot. Turbulent kinetic energy contours in this slot are shown in the 

x = 0 mm and z = 100 mm view in figures 7.13 and 7.14, respectively. Both RANS and LES predict 

high turbulent kinetic energy between the stator jet and recirculation region, however LES predicts 

high turbulent kinetic energy at the stator opening as well. 
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Figure 7.11 – Primary slot 6 turbulent kinetic energy in the x = 0 mm plane from (a) RANS and 
(b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 7 psi, hex 20M. 
 

 

 

Figure 7.12 – Primary slot 6 turbulent kinetic energy in the z = 60 mm plane looking upstream 
from (a) RANS and (b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 7 psi, hex 20M. 

(b) (a) 

(a) (b) 
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Figure 7.13 – Secondary outer slot 15 turbulent kinetic energy in the x = 0 mm plane from 
(a) RANS and (b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 7 psi, hex 20M. 
 

 

 

Figure 7.14 – Secondary outer slot 15 turbulent kinetic energy in the z = 100 mm plane looking 
upstream from (a) RANS and (b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 7 psi, 
hex 20M. 

(a) 

(b) 

(a) (b) 
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 A pointwise comparison between RANS and LES can be made for the turbulent kinetic 

energy. Spatial statistics, similar to those produced for the time-averaged velocity magnitude in 

table 7.3, can be computed for the turbulent kinetic energy comparison, as shown in table 7.4. As 

the above turbulent kinetic energy contours show, LES predicts higher turbulent kinetic energy 

than RANS for all stator slots considered in table 7.4. Similar to the time-averaged velocity 

magnitude comparison, as the diameter of the stator slot decreases, the variance of the pointwise 

difference distribution decreases. The cell with the largest difference in turbulent kinetic energy 

occurs in the x = 0 mm plane of the primary slot. In this particular cell, LES predicts a turbulent 

kinetic energy value 1.75 times larger than (ND)2 = 33.64 (m/s)2. 

Table 7.4 – Turbulent kinetic energy comparison in the stator slots. 
Location 𝑘𝑘(𝑅𝑅𝐴𝐴𝑅𝑅𝑆𝑆) − 𝑘𝑘(𝐿𝐿𝐿𝐿𝑆𝑆) (m/s)2 

Slot Plane Mean RMSD Minimum Median Maximum 

PS6 
x = 0 mm -2.84 6.61 -58.9 -2.12 14.0 
z = 60 mm -3.45 4.35 -20.4 -2.81 9.39 

SOS15 
x = 0 mm -2.98 3.57 -17.6 -1.89 10.2 
z = 100 mm -5.15 3.33 -15.1 -5.40 5.10 

SMS15 
x = 0 mm -1.00 1.42 -8.9 0.48 1.56 
z = 100 mm -1.06 1.08 -4.3 -0.79 1.15 

SIS15 
x = 0 mm -0.63 1.04 -7.9 -0.29 0.58 
z = 100 mm -1.10 1.05 -4.2 -0.83 0.24 

 

 Turbulent energy dissipation rate contours in the primary stator slot at view x = 0 mm 

and z = 60 mm are shown in figures 7.15 and 7.16, respectively. Analogous contours for the 

secondary outer slot at views x = 0 mm and z = 100 mm are shown in figures 7.17 and 7.18, 

respectively. In all stator slots, the RANS predicts a higher turbulent energy dissipation throughout 

majority of the slot. For the primary slot, high turbulent energy dissipation rate is predicted by 

both models along the outer edge, at the stator opening, and at the inner edge of the slot near the  
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Figure 7.15 – Primary slot 6 turbulent energy dissipation rate in the x = 0 mm plane from (a) RANS 
and (b) LES. Color legend is logarithmic and scaled by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 
 

 

 

Figure 7.16 – Primary slot 6 turbulent energy dissipation rate in the z = 60 mm plane looking 
upstream from (a) RANS and (b) LES. Color legend is logarithmic and scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 

(a) (b) 

(a) (b) 
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exit. Relatively low turbulent energy dissipation rates are predicted by both simulations in the 

recirculation region of the primary slot. The largest difference between the predicted turbulent 

energy dissipation rate from these simulations occurs between the regions of maximum and 

minimum turbulent energy dissipation rate. RANS predicts a smaller spreading gradient than the 

LES. 

 A smaller spreading gradient of the turbulent energy dissipation rate is also observed in the 

secondary outer slots from RANS compared to LES. Regardless of the discrepancy in the spread 

of the turbulent energy dissipation rate, both RANS and LES predict high turbulent energy 

dissipation in the stator jet along the outer edge of the slot. Relatively high turbulent energy 

dissipation rates are also observed along the inner edge of the slot for both simulations. 

 

 

Figure 7.17 – Secondary outer slot 15 turbulent energy dissipation rate in the x = 0 mm plane from 
(a) RANS and (b) LES. Color legend is logarithmic and scaled by N3D2 = 2018.4 m2/s3. 
ΔP = 7 psi, hex 20M. 
 

(a) 

(b) 
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Figure 7.18 – Secondary outer slot 15 turbulent energy dissipation rate in the z = 100 mm plane 
looking upstream from (a) RANS and (b) LES. Color legend is logarithmic and scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 
 

 The turbulent energy dissipation rate contours predicted from LES show a relatively steep 

change in a region near the wall. This phenomena occurs due to the mesh adaption layer imposed 

in this region. This change in mesh refinement can be observed in figure 2.6. As discussed in 

section 6.4, the SGS eddy viscosity is dependent on filter width which is determined by the mesh 

size. The SGS eddy viscosity was shown to decrease in this region of high mesh refinement in 

figure 6.12 as a result of equation 3.11-5. Although the SGS eddy viscosity decreased, higher 

turbulent energy dissipation rates are observed in this region. According to equation 3.13-10, this 

is because the resolved strain rate tensor product is higher. This implies that the computational 

mesh needs to be further refined to capture smaller scales necessary for the turbulent energy 

dissipation rate, or that the SGS eddy viscosity is not modeling the captured scales properly. 

 Spatially averaged statistics for the turbulent energy dissipation rate pointwise comparison 

are provided in table 7.5, below. As the turbulent energy dissipation rate contours demonstrate, 

(a) (b) 
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RANS predicts a higher turbulent energy dissipation rate on average for all stator slots considered 

in table 7.5. However the magnitude of the minimum value is larger than the maximum value for 

all x = 0 mm planes. This implies that at least one cell has higher turbulent energy dissipation rate 

for LES compared to RANS. Although the peak turbulent energy dissipation rate is higher in the 

x = 0 mm planes for LES, RANS predicts higher turbulent energy dissipation rate away from this 

peak value.  

Table 7.5 – Turbulent energy dissipation rate comparison in the stator slots. 
Location 𝜖𝜖(𝑅𝑅𝐴𝐴𝑅𝑅𝑆𝑆) − 𝜖𝜖(𝐿𝐿𝐿𝐿𝑆𝑆) (103 m2/s3) 

Slot Plane Mean RMSD Minimum Median Maximum 

PS6 
x = 0 mm 11.5 23.2 -2020 6.63 235 
z = 60 mm 8.62 21.3 -658 3.77 275 

SOS15 
x = 0 mm 6.93 20.8 -1000 3.24 116 
z = 100 mm 10.5 12.0 -10.9 9.73 122 

SMS15 
x = 0 mm 1.05 6.49 -221 0.39 28 
z = 100 mm 1.26 1.20 -3.72 1.01 9.66 

SIS15 
x = 0 mm 0.47 3.08 -69.4 0.06 25.6 
z = 100 mm 0.34 0.83 -7.52 0.35 6.89 

 

7.4 Eddy Viscosity and the Boussinesq Approximation 

 As discussed in section 3.6 and 3.7, the RANS realizable k-ε closure model is an eddy 

viscosity model which assumes that the anisotropy tensor is proportional to the mean rate of strain 

(equation 3.6- 4). The eddy viscosity in this Boussinesq approximation is modeled using the 

turbulent kinetic energy and energy dissipation rate in the form of equation 3.7-1. The 𝐶𝐶𝜇𝜇 term in 

this equation for the realizable k-ε model is a function of the mean strain and rotation rates. This 

modeled eddy viscosity from the RANS model can be compared to a computed eddy viscosity 

using LES. Both the resolved anisotropy and rate of strain tensor can be computed from LES. The 

eddy viscosity, which is the unknown scalar coefficient equating these second order tensors by the 

Boussinesq approximation, is the coefficient that minimizes the least squares error. When 
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comparing the eddy viscosities predicted by both simulations, the Boussinesq approximation is 

assumed to hold true. 

 Primary stator slot 6 contours of the modeled eddy viscosity from RANS and the eddy 

viscosity which minimizes the least squares error from LES are shown in figures 7.19 and 7.20. 

Both simulations predict a high eddy viscosity near the exit of the slot. However, RANS predicts 

higher eddy viscosity closer to the inner edge. The reason the RANS eddy viscosity is high near 

the inner edge and low near the outer edge is because it is inversely proportional to the turbulent 

energy dissipation rate. The eddy viscosity from LES is highest at the outer edge near the exit, 

where the turbulent energy dissipation rate was also shown to be high. The RANS model also 

predicts high eddy viscosity at the outer most tip of the primary stator opening which is not 

observed in LES. The reason for this high RANS eddy viscosity is most likely because the 

turbulent kinetic energy was predicted to be high in that region. 

 

 

Figure 7.19 – Primary slot 6 eddy viscosity in the x = 0 mm plane from (a) RANS and (b) LES. 
Color legend is scaled by ND2 = 0.56 m2/s. ΔP = 7 psi, hex 20M. 
 

(a) (b) 
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Figure 7.20 – Primary slot 6 eddy viscosity in the z = 60 mm plane looking upstream from 
(a) RANS and (b) LES. Color legend scaled by ND2 = 0.56 m2/s. ΔP = 7 psi, hex 20M. 
 

 Similar eddy viscosity contours are shown for the secondary outer slots in 

figures 7.21 and 7.22. The RANS model predicts lower eddy viscosity compared to the primary 

slot, although the eddy viscosity from LES is as high as in the secondary outer slot as it was in the 

primary slot. Both simulations predict the eddy viscosity to be highest between the stator jet and 

recirculation region. The RANS model predicts a low eddy viscosity near the stator opening, yet 

the eddy viscosity from LES is relatively high in that region. The RANS model could be predicting 

this phenomena because the turbulent kinetic energy is high and the turbulent energy dissipation 

rate is low in this region. 

(a) (b) 
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Figure 7.21 – Secondary outer slot 15 eddy viscosity in the x = 0 mm plane from (a) RANS and 
(b) LES. Color legend scaled by ND2 = 0.56 m2/s. ΔP = 7 psi, hex 20M. 
 

 

 

Figure 7.22 – Secondary outer slot 15 eddy viscosity in the z = 100 mm plane looking upstream 
from (a) RANS and (b) LES. Color legend scaled by ND2 = 0.56 m2/s. ΔP = 7 psi, hex 20M. 
 

(a) 

(b) 

(b) (a) 
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 To further compare the turbulent eddy viscosities predicted by RANS and LES, spatial 

statistics from the pointwise difference distribution are shown in table 7.6. Although LES predicts 

a higher maximum eddy viscosity as shown in the above eddy viscosity contours, RANS predicts 

a higher eddy viscosity throughout the primary and secondary outer slots, on average. As was 

shown in pointwise comparisons for other flow variables, as the diameter of the slot decreases, the 

variance of the eddy viscosity pointwise difference distribution decreases.  

Table 7.6 – Eddy viscosity comparison in the stator slots. 
Location 𝜈𝜈𝑡𝑡

(𝑅𝑅𝐴𝐴𝑅𝑅𝑆𝑆) − 𝜈𝜈𝑡𝑡
(𝐿𝐿𝐿𝐿𝑆𝑆) (10-3 m2/s) 

Slot Plane Mean RMSD Minimum Median Maximum 

PS6 
x = 0 mm 0.39 0.75 -4.95 0.23 4.18 
z = 60 mm 0.44 0.79 -5.00 0.49 2.39 

SOS15 
x = 0 mm 0.14 0.45 -3.81 0.07 1.81 
z = 100 mm 0.21 0.62 -8.56 0.21 1.52 

SMS15 
x = 0 mm -0.02 0.18 -1.58 0.0001 0.74 
z = 100 mm -0.05 0.24 -1.6 -0.0004 0.34 

SIS15 
x = 0 mm 0.01 0.17 -0.96 0.00003 0.89 
z = 100 mm -0.06 0.14 -0.78 -0.01 0.13 

 

7.5 Production and Transport of Turbulent Kinetic Energy 

 The rate of production of turbulent kinetic energy, given by equation 3.7-6, is the source 

term in the turbulent kinetic energy budget. In the RANS realizable k-ε model, this production 

term was approximated by substituting the Boussinesq approximation into the anisotropy tensor. 

Modeling the production term in this manner, it takes the form of a mean energy dissipation rate 

with the eddy viscosity replacing the kinematic viscosity. In this section, the modeled production 

from RANS (equation 3.7-11) is compared to the production computed from the definition 

(equation 3.7-9) using filtered quantities from LES. 

 The rate of turbulent kinetic energy production predicted from RANS and LES in the 

primary stator slot is shown in figures 7.23 and 7.24. Since the turbulent energy dissipation rate 
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was the sink term in the turbulent conservation equation, the source term, the rate of turbulent 

kinetic energy production will be scaled in a similar manner. The use of a logarithmic color scale 

precludes negative values which are observed in some regions near the stator walls and in the 

recirculation region for LES. RANS, which assumes the Boussinesq approximation, cannot predict 

negative production. The negative production rate predicted by LES represents energy transferred 

from the small to the large scales. 

 Both simulations predict high turbulent kinetic energy production rates at the stator 

entrance and exit where the primary and secondary rotors act respectively. However, LES predicts 

that a larger area is occupied by these high production rates. In the stator jet at the outer edge wall, 

the simulations predict a similar magnitude of production rate, but RANS predicts a larger spread. 

In the recirculation region, both simulations predict low production rates. 

 

 

Figure 7.23 – Primary slot 6 turbulent kinetic energy production rate in the x = 0 mm plane from 
(a) RANS and (b) LES. Color legend is logarithmic and scaled by N3D2 = 2018.4 m2/s3. 
ΔP = 7 psi, hex 20M. 
 

(a) (b) 
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Figure 7.24 – Primary slot 6 turbulent kinetic energy production rate in the z = 60 mm plane 
looking upstream from (a) RANS and (b) LES. Color legend is logarithmic and scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 
 

 Similar contours of the rate of turbulent kinetic energy production are shown for the 

secondary outer slot in figures 7.25 and 7.26. Again, RANS predicts higher production rates at the 

outer edge of the slot compared to those predicted by LES. Turbulent kinetic energy production 

rates are highest in the stator jet region. Both simulations predict this and the area occupied by 

these high production rates in these simulations is similar. Near the exit of the slot, RANS predicts 

a higher rate of turbulent kinetic energy production than LES. RANS predicts a relatively high 

eddy viscosity in this region. Both simulations show low production in the recirculation region, 

but RANS predicts slightly higher production in this region. 

(b) (a) 
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Figure 7.25 – Secondary outer slot 15 turbulent kinetic energy production rate in the x = 0 mm 
plane from (a) RANS and (b) LES. Color legend is logarithmic and scaled by N3D2 = 2018.4 m2/s3. 
ΔP = 7 psi, hex 20M. 
 

 

 

Figure 7.26 – Secondary outer slot 15 turbulent kinetic energy production rate in the z = 100 mm 
plane looking upstream from (a) RANS and (b) LES. Color legend is logarithmic and scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 

(a) 

(b) 

(b) (a) 
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 The spatially averaged statistics from the pointwise difference distribution shown in table 

7.7 imply that, on average, higher turbulent kinetic energy production rates are observed in LES. 

Similar to the turbulent energy dissipation rate pointwise comparison, the magnitude of the 

minimum difference is significantly larger than the maximum value in the primary slot x = 0 mm 

plane. This is due to the high turbulent kinetic energy production rates predicted by LES at the exit 

of the stator compared to RANS. The median value is smaller in magnitude compared to the 

magnitude of the mean value. This suggests that the reported mean value is heavily influenced by 

the peak turbulent kinetic energy production rate observed in LES. 

Table 7.7 – Turbulent kinetic energy production rate comparison in the stator slots. 
Location 𝐺𝐺𝑘𝑘

(𝑅𝑅𝐴𝐴𝑅𝑅𝑆𝑆) − 𝐺𝐺𝑘𝑘
(𝐿𝐿𝐿𝐿𝑆𝑆) (103 m2/s3) 

Slot Plane Mean RMSD Minimum Median Maximum 

PS6 
x = 0 mm -25.7 73.1 -3040 -3.76 548 
z = 60 mm -7.47 21.9 -220 -2.60 299 

SOS15 
x = 0 mm -8.01 22.8 -257 -1.62 372 
z = 100 mm -5.36 14.2 -93.2 -4.37 58.6 

SMS15 
x = 0 mm -1.98 6.85 -83.4 -0.13 78.8 
z = 100 mm -1.01 2.49 -18.7 -0.50 11.2 

SIS15 
x = 0 mm -1.35 5.38 -80.0 -0.09 92.5 
z = 100 mm -1.60 3.43 -18.3 -0.35 8.0 

 

 Another term in the turbulent kinetic energy conservation equation, given by 

equation 3.7- 4, is the transport of turbulent kinetic energy. This term includes the transport by 

velocity and pressure fluctuations. These terms were modeled so that the turbulent kinetic energy 

conservation equation could be closed. The RANS realizable k-ε model assumes the gradient-

diffusion hypothesis, given by equation 3.7-12. For the remainder of this section, the transport of 

turbulent kinetic energy from the gradient-diffusion hypothesis and from the definition are 

compared. 
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 In the previous sections, the turbulence quantity predicted from RANS was shown on the 

left as figure (a) and the quantity predicted from LES was shown on the right as figure (b). To 

continue this trend, the transport of turbulent kinetic energy as computed from the gradient-

diffusion hypothesis (the assumption made in the RANS model) will be shown on the left as 

figure (a). The transport of turbulent kinetic energy as computed from the definition will be shown 

on the right as figure (b). The divergence of these terms is shown as contours in figures 7.27 

and 7.28 for primary slot 6. In these and later contours, the transport of turbulent kinetic energy 

from the definition is given by LES. Also since gradient of turbulent kinetic energy is not readily 

available in FLUENT, the gradient-diffusion hypothesis as computed from the LES will be shown 

instead of from RANS. 

 

 

Figure 7.27 – Primary slot 6 transport of turbulent kinetic energy in the x = 0 mm plane from the 
(a) gradient-diffusion hypothesis and the (b) definition. Color legend is scaled by N3D2 = 2018.4 
m2/s3. ΔP = 7 psi, hex 20M. 
 

(a) (b) 
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Figure 7.28 – Primary slot 6 transport of turbulent kinetic energy in the z = 60 mm plane looking 
upstream from the (a) gradient-diffusion hypothesis and the (b) definition. Color legend is scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 
 

 The divergence of the turbulent kinetic energy transport term can take positive and negative 

values. If it takes a positive value, then turbulent kinetic energy is transported outwards. 

Conversely, if negative then it is transported inwards. The magnitude of the turbulent kinetic 

energy transport term given by the gradient-diffusion hypothesis (figure 7.27a) and by the 

definition (figure 7.27b) is high at the entrance of the slot, in the stator slot, and at the exit of the 

slot. The transport of turbulent kinetic energy computed from the definition has a larger spread in 

these regions. Although the magnitude of the turbulent kinetic energy transport term given by the 

gradient-diffusion hypothesis and the definition is relatively high in the same regions, the gradient-

diffusion hypothesis predicts negative turbulent kinetic energy transport when the definition 

predicts positive transport, and vice-versa. Both the transport of turbulent kinetic energy from the 

gradient-diffusion hypothesis and the definition is low in the recirculation region. 

(b) (a) 
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 Similar contour comparisons for the secondary outer slot are shown in 

figures 7.29 and 7.30. These contours show similar results as the primary slot contours. The 

magnitude of the turbulent kinetic energy transport from the definition is relatively high in the 

recirculation region and at the entrance of the stator. This phenomenon is not accounted for by the 

gradient-diffusion hypothesis. However, the magnitude of the turbulent kinetic energy transport 

term as predicted by the gradient-diffusion hypothesis and the definition are high in the stator jet. 

 

 

Figure 7.29 – Secondary outer slot 15 transport of turbulent kinetic energy in the x = 0 mm plane 
from the (a) gradient-diffusion hypothesis and the (b) definition. Color legend scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 
 

(a) 

(b) 
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Figure 7.30 – Secondary outer slot 15 transport of turbulent kinetic energy in the z = 100 mm plane 
looking upstream from the (a) gradient-diffusion hypothesis and the (b) definition. Color legend 
scaled by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M. 
 

 A steep change in the transport and production or turbulent kinetic energy is observed away 

from the outer edge or from the stator opening. This phenomena is similar to that observed in the 

turbulent energy dissipation rate contours. This steep change is due to the change in mesh 

refinement. This implies that the transport and production of turbulent kinetic energy are 

dependent on the resolved scales. However this steep change is less noticeable than that observed 

in the turbulent energy dissipation rate contours, suggesting that the transport and production of 

turbulent kinetic energy are not influenced as much by the smaller scales as the turbulent energy 

dissipation rate. 

7.6 Turbulent Kinetic Energy Budget 

 The conservation equation of turbulent kinetic energy, shown by equation 3.7-3, can be 

used to verify that the turbulent energy is conserved. The energy rate not accounted for by the 

computed quantities in this balance is termed the residual energy rate. Theoretically this residual 

(b) (a) 
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energy rate should be zero. However due to modelling assumptions made in LES, nonzero values 

are predicted. The SGS was modelled by the SGS eddy viscosity and used to predict the turbulent 

energy dissipation rate in section 7.3. The production rate and transport of turbulent kinetic energy 

was computed by definition as predicted by LES in section 7.5. The only terms in the turbulent 

kinetic energy balance that have not be shown are the advection and the transport by diffusion 

terms. These terms are considered in this section to compute the residual energy rate. Contours of 

the residual energy rate are shown at a constant rotor position (figure 2.7). Therefore, time is held 

constant and the turbulent kinetic energy time derivative does not contribute to the balance. 

 Before contours of the residual energy rate can be presented and discussed, the advection 

term must be considered. The transport of turbulent kinetic energy by diffusion is small throughout 

the stator slots, ~0.1N3D2 uniformly, this is orders of magnitude smaller than other terms therefore 

the transport by diffusion term can be neglected. Advection of turbulent kinetic energy in primary 

slot 6 and secondary outer slot 15 are shown in figure 7.31 below. This term may take positive 

values if the mean velocity and turbulent kinetic energy gradient share the same sign or negative 

values if they do not. The advection of turbulent kinetic energy was found to scale similar to the 

transport of turbulent kinetic energy and therefore the same color legend is used. 

 Advection is highest in magnitude in the stator entrance and jet regions for both stator slots. 

At the stator entrance, advection is initially positive since the average velocity and turbulent kinetic 

energy gradient share the same sign. However, at some distance into the slot, the advection term 

becomes negative since turbulent kinetic energy decreases and so the gradient changes sign. In the 

stator jet, the mean axial velocity component dominates and remains positive, however the gradient 

of turbulent kinetic energy changes sign. The magnitude of the advection term is also high at the 

exit of the primary stator, due to the motion of the secondary rotor. Advection of turbulent kinetic 
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energy in the recirculation region is relatively small due to low velocity and weak spatial change 

in turbulent kinetic energy. 

 

 

Figure 7.31 – Advection of turbulent kinetic energy in the (a) x = 0 mm and (b) z = 60 mm planes 
of primary slot 6, and in the (c) x = 0 mm and (d) z = 100 mm planes of secondary outer slot 15. 
Color legend is scaled by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M LES. 
 

 This residual energy rate is defined by rearranging equation 3.7-3 such that the RHS terms 

are moved to the LHS. In this thesis, the residual energy rate is expressed as,  
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𝜕𝜕𝑥𝑥𝑖𝑖

� − 𝐺𝐺𝑘𝑘 + 𝜖𝜖 (7.6-1) 

The transient term remains on the LHS since it cannot be computed using data planes from one 

rotor position. According to Fox this transient term is zero [8], however this has not been confirmed 

(a) (b) 

(c) (d) 
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in rotor-stator mixers. The production rate removes from the residual energy rate and the 

dissipation rate adds to the residual energy rate. This residual energy rate is shown in primary 

slot 6 and secondary outer slot 15 in figure 7.32 below. Negative residual energy rate is predicted 

at the primary stator entrance and exit where the production rate dominates. Within the stator jet 

and recirculation region, advection and transport of turbulent kinetic energy are more significant 

than production and dissipation rates. The magnitude of the residual energy rate in the secondary 

stator is high at the entrance, and decreases  

 

 

 

Figure 7.32 – Residual energy rate contours in the (a) x = 0 mm and (b) z = 60 mm planes for 
primary slot 6, and in the (c) x = 0 mm and (d) z = 100 mm planes for secondary outer slot 15. 
Color legend scaled by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M LES. 
 

(a) (b) 

(c) (d) 
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near the exit. The equation for conservation of turbulent kinetic energy is more balanced (the 

magnitude of the residual energy rate is less) in regions less affected by the rotor, such as the 

primary stator recirculation region or the exit of the secondary stator. 

 In section 7.3, the turbulent energy dissipation rate was predicted using the kinematic and 

SGS viscosities by equation 3.13-10. In this section the turbulent energy dissipation rate is 

predicted by the conservation equation of turbulent kinetic energy (equation 3.7-3) such that,  

 
𝜖𝜖 = 𝐺𝐺𝑘𝑘 − 𝑈𝑈𝚥𝚥�

𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

−
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

�𝑇𝑇𝑖𝑖 − 𝜈𝜈
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

� (7.6-2) 

All terms in the turbulent kinetic energy conservation equation excluding the dissipation rate 

involve the energy of large scales [7]. Similar to the analysis above, rotor position is constant and 

so the time derivative is negligible. The balance is rearranged to solve for the turbulent energy 

dissipation rate. Then the production rate adds to the dissipation, and the advection and transport 

terms remove dissipation. By construction, the residual energy rate discussed previously will be 

zero. By estimating the turbulent energy dissipation rate in this manner, negative dissipation can 

be predicted. This occurs if the advection and transport terms are larger than the production rate. 

As discussed in section 7.5, the production rate can be negative and therefore lower the predicted 

dissipation rate further. 

 Turbulent energy dissipation rate as predicted by the turbulent kinetic energy conservation 

equation is shown in figure 7.33 for primary stator slot 6 and secondary outer slot 15. Negative 

turbulent energy dissipation rate is observed in these regions, however the use of a color log scale 

precludes negative turbulent energy dissipation rate. From this method of approximating the 

turbulent energy dissipation rate, high dissipation is predicted where the production rate 

dominates, at the stator entrance and exit of the primary stator. Small or negative turbulent energy 

dissipation rate is predicted in the recirculation region of the primary stator and near the exit of the 



176 
 

secondary stator. In these regions the transport and advection rate of turbulent kinetic energy is 

larger than or equal to the production rate. 

 

 

Figure 7.33 – Turbulent energy dissipation rate contours as predicted by equation 7.6-2 in 
the (a) x = 0 mm and (b) z = 60 mm planes in primary slot 6, and in the (c) x = 0 mm 
and (d) z = 100 mm planes for secondary outer slot 15. Color legend scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M LES. 
 

7.7 Turbulence Anisotropy 

 The empirical turbulent energy dissipation rate equation of the RANS k-ε model was built 

on the turbulent energy dissipation rate conservation equation simplified by the assumption of 

isotropic turbulence. The SGS model used for LES also assumes isotropic turbulence. It is 

therefore useful to quantify anisotropy and highlight the regions where it is highest. To accomplish 

(c) (d) 

(b) (a) 
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this, the anisotropy tensor predicted from LES is used. This anisotropy tensor was used in the 

Boussinesq approximation in section 7.4 and in the production of turbulent kinetic energy in 

section 7.5.  

 In this thesis, results from the anisotropy tensor will be unitless by normalizing the 𝑎𝑎𝑖𝑖𝑖𝑖 by 

the trace of the Reynold’s stress tensor. This trace is equivalent to twice the turbulent kinetic 

energy by its definition. We define the normalized anisotropy tensor as, 

 
𝑏𝑏𝑖𝑖𝑖𝑖 =

𝑎𝑎𝑖𝑖𝑖𝑖
2𝑘𝑘

=
𝑢𝑢𝚤𝚤𝑢𝑢𝚥𝚥�����
𝑢𝑢𝑘𝑘𝑢𝑢𝑘𝑘�������

−
1
3
𝛿𝛿𝑖𝑖𝑖𝑖 (7.7-1) 

To show contours of anisotropy in the stator slots, the dimension of the normalized anisotropy 

tensor must be reduced to a scalar. To do this, the invariants of the normalized anisotropy tensor 

are used. The first invariant, the trace of the normalized anisotropy tensor is zero, by construction. 

The second and third invariants, 𝑏𝑏𝑖𝑖𝑖𝑖𝑏𝑏𝑖𝑖𝑖𝑖 and 𝑏𝑏𝑖𝑖𝑖𝑖𝑏𝑏𝑖𝑖𝑘𝑘𝑏𝑏𝑘𝑘𝑖𝑖, may be nonzero. The values in which these 

invariants may take are bounded by the laws of physics described by the Lumley triangle [17]. To 

now characterize these invariants into a single quantity, the magnitude of these invariants is shown. 

The magnitude of these invariants represents the distance traveled from the origin in the Lumley 

triangle which represents isotropic turbulence. When the second and third invariants of the 

anisotropy tensor are zero, or the magnitude of these invariants is zero, then there is isotropic 

turbulence. 

 Contours of the magnitude of the anisotropy tensor invariants in the primary slot are shown 

in figure 7.34. As expected, anisotropic turbulence is predicted at the stator walls. Other regions 

with anisotropic turbulence conditions are observed at the entrance and exit of the primary stator 

where the primary and secondary rotor act, respectively. Isotropic turbulence, as quantified by the 

magnitude of the invariants, is predicted at the center of the stator slot, particularly in the 

recirculation region. Anisotropic turbulence is predicted farther away from the outer edge of the 
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stator wall than from the inner edge of the stator wall. This is due to the interaction between the 

stator jet and wall effects. 

 

 

Figure 7.34 – Magnitude of anisotropy tensor invariants in the primary slot 6 in the (a) x = 0 mm 
and (b) z = 60 mm planes. ΔP = 7 psi, hex 20M LES. 
 

 Contours of the magnitude of the anisotropy invariants in the secondary stator slots show 

similar phenomena as observed in the primary stator. These contours are shown in figure 7.35 

below. As the diameter of the secondary stator slots decrease, a larger percentage of the slot is 

occupied by anisotropic regions. This measure of anisotropy peaks at the secondary stator opening, 

yet for the primary slot, it peaks some short distance away from the stator opening. This is due to 

the larger size of the primary stator slot. Both primary and secondary stator slots show high 

anisotropy farther away from the outer edge wall relative to other regions along the outer edge. 

This anisotropy occurs because of the interactions between the stator jet and the recirculation 

region.  

(a) (b) 
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Figure 7.35 – Magnitude of the anisotropy tensor invariants in the x = 0 mm plane for the secondary 
(a) outer, (b) middle, and (c) inner slots 15, also in the z = 100 plane for the secondary (a) outer, 
(b) middle, and (c) inner slots 15. ΔP = 7 psi, hex 20M LES. 
 

(b) 

(a) 

(c) 

(d) 
(e) 

(f) 
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7.8 Summary of RANS/LES Comparison 

 Macroscopic properties such as angularly resolved stator slot flow rate and rotor torque 

were compared between RANS and LES. Turbulence quantities such as mean velocity, turbulent 

kinetic energy, as well as the production and dissipation rates of turbulent kinetic energy, were 

compared between RANS and LES. Assumptions made to develop the RANS realizable k-ε model 

equations, including the Boussinesq approximation, gradient-diffusion hypothesis, and the 

empirical homogeneous-based turbulent energy dissipation rate equation, were validated using 

LES results. The turbulent energy dissipation rate was computed from LES using the resolved as 

well as SGS contributions and by considering each term in the turbulent kinetic energy 

conservation equation. The invariants of the anisotropy tensor from LES were considered. 

 The angularly resolved flow rate and torque profiles from RANS agreed well with the 

ensemble averaged flow rate and torque profiles from LES. This implies that angularly averaged 

macroscopic properties such as the flow and power number predicted by either turbulence model 

would be quantitatively similar. Flow rate fluctuations modeled by LES were unaccounted for in 

RANS. In conclusion, RANS can be used to quickly find flow and power number data. LES can 

be used to find information on fluctuations and turbulence quantities. 

 Mean velocity profiles readily available from RANS and ensemble averaged from LES 

shared similar flow features, such as the stator jet and recirculation region. The location of these 

regions differed between these two turbulence models. The penetration distance of the high 

velocity from the rotor blade into the stator slot opening is predicted to be higher for RANS. In the 

primary and secondary outer slots, RANS predicted a shorter stator jet length, but with a higher 

height from the outer stator wall. The location of the recirculating vortices at the exit of the 

secondary middle and inner slots differed between each model.  
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 RANS predicted lower turbulent kinetic energy in the stator slots compared to LES. This 

was particularly true at the stator entrance due to rotor blade interactions. High turbulent kinetic 

energy predicted by LES enveloped a larger area than RANS in the stator jet and recirculation 

region. Higher turbulence energy dissipation rate was predicted by RANS compared to LES. Both 

models predict high turbulent energy dissipation rate in regions where the rotor blade acts. At the 

outer stator wall, RANS predicts a significantly higher turbulent energy dissipation rate compared 

to LES. A higher gradient of the turbulent energy is predicted by LES. The production rate of 

turbulent kinetic energy predicted by these models also differed. Both models predict high 

production rates where the rotor blades act and in the stator jet. LES predicts a larger region of  

high production rate than RANS in the stator slot. 
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8 Conclusions and Recommendations 

 This chapter summarizes the work completed in this thesis and summarizes conclusions 

made from the results provided by the simulations. Aspects of this project that would benefit from 

further investigation are presented as recommendations for future work. 

8.1 Summary 

 Mean and filtered velocity profiles within the Chemineer Greerco 4-inch tandem shear 

pipeline mixer were simulated by solving the Reynolds-averaged (RANS) and time-filtered (LES) 

Navier-Stokes equations in FLUENT. Different operating scenarios were considered, both with 

and without a backpressure imposed. Fluid flow within this mixer was simulated on coarse and 

more refined computational grids. The RANS equations were closed using the realizable k-ε model 

and the SGS of LES was modeled using the WALE SGS eddy viscosity closure. 

 Stator slot flow rate and rotor torque were presented in the time and frequency domain 

from RANS and LES. The level of spatial resolution in LES was quantified using the SGS eddy 

viscosity ratio. Mean velocity, turbulent kinetic energy, and turbulent energy dissipation rate 

contours were compared between the two models. The adequacy of the Boussinesq approximation 

was investigated by comparing the turbulent kinetic energy production rate between RANS and 

LES. Modeling assumptions for the transport of the turbulent kinetic energy were investigated. 

8.2 Conclusions 

 The mean velocity field predicted by RANS shows a high axial velocity stator jet along the 

outer edge of the stator wall and a recirculation region at the inner edge for both primary and 

secondary stator slots. The velocity field at the exit of the primary stator is highly influenced by 

the presence of the secondary rotor, and the exit of the secondary stator slots is influenced by the 

outlet. The resolved velocity fluctuations simulated by LES show vortices in the recirculation 
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region and high-intensity stator jet eddies dependent on rotor position. Mean strain rates predicted 

by RANS are high at the rotor tip and at the edge of the stator where the recirculation vortex is 

present. The fluctuating component of the filtered strain rate simulated by LES occupies a larger 

region of the stator opening, especially after the blade has passed the slot. 

 The mean flow rate in a stator slot showed cyclic behavior, with a period of one rotor blade 

passage. Based on Fourier analysis, it was found that the number of mean torque oscillations in 

one rotor blade passage period is dependent on the number of stator slots per rotor blade for a 

given stage. The angularly resolved flow rate and torque profiles predicted by both RANS and 

LES agree within 5% for all rotor positions considered. The fluctuating flow rate component 

simulated by LES was shown to be dependent on small frequencies which are periods larger than 

one rotor blade pass. The fluctuating torque component is relatively small compared to the mean 

component. Higher throughput and power were reported for the 0-psi backpressure compared to 

the 7-psi backpressure. RANS predicted that more mean and turbulent energy is dissipated at the 

lower backpressure, resulting in a higher power draw. 

 Results predicted by LES were highly dependent on grid resolution. Vortices in the 

recirculation region predicted by the refined hex 20M mesh were not observed for the coarse 

hex 4.2M mesh. Lower filtered strain rates were observed near the stator opening from the coarse 

hex 4.2M mesh since the fluctuating strain rate field was not as well resolved as it was for the 

hex 20M mesh. As indicated by the SGS eddy viscosity ratio, more energy was dissipated at the 

SGS than at the resolved scales, indicating that further grid refinement is required to properly 

predict the turbulent energy dissipation rate using the LES technique. 

 Both RANS and LES predict similar mean velocity profiles in the stator slots. LES predicts 

higher turbulent kinetic energy in the stator slots compared to RANS. RANS predicts higher 
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turbulent energy dissipation rates near the stator walls and shows a smaller spreading gradient than 

predicted by LES. The turbulent energy dissipation rate model equation used in RANS, which was 

derived assuming isotropy, is likely over predicting the turbulent energy dissipation rate in the 

stator slots. LES is likely under predicting the turbulent energy dissipation rate due to the smaller 

scales that are improperly modeled by the SGS model. 

 Both simulations predict high production and transport rates of turbulent kinetic energy 

near the stator opening and at the stator jet. The production rate of turbulent kinetic energy 

predicted by LES was higher than that modeled using the Boussinesq approximation in the RANS 

k-ε model. The transport of turbulent kinetic energy predicted by LES was spread over a larger 

region than that modeled by eddy diffusion assumed in the RANS k-ε model. These discrepancies 

between the two models are due to inappropriate modeling of the eddy viscosity. The magnitude 

of the invariants of the anisotropy tensor were shown highest at the stator opening and along the 

stator walls. 

 To predict turbulence quantities such as the turbulent kinetic energy, the strain rate tensor, 

and the production and dissipation rate of turbulent kinetic energy, spatial and temporal resolution 

required by LES is more costly than RANS. This is particularly true for energy dissipation rates. 

Although LES has fewer model equations to solve on a per iteration basis compared to RANS, 

several realizations are required from LES to gather reliable statistics. Macroscopic quantities such 

as flow rate and torque require less spatial and temporal resolution. These fluctuations of these 

quantities can be solved in a time efficient manner on a coarse LES mesh.  

8.3 Mesh Resolution Summary 

 Independent of turbulence model used, the coarse hex 4.2M mesh predicted flow rate and 

torque profiles that agreed with the refined hex 20M mesh. However mean and turbulent velocity 
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gradients are less resolved in the hex 4.2M mesh and the energy dissipated is therefore under 

predicted compared to the hex 20M mesh. With LES, both meshes predict a fluctuating velocity 

field, however smaller turbulent structures resolved in the hex 20M mesh are not observed in the 

hex 4.2M mesh. The absence of these structures implies the hex 4.2M mesh would under predict 

the turbulent kinetic energy, as well as its production and dissipation rate compared to the hex 20M 

mesh. 

8.4 Recommendations for Future Work 

 Further consideration is necessary to properly quantify the turbulent energy dissipation rate 

in the stator slots. Results from other closure methods such as the k-ω or Reynolds stress model 

(RSM) could be compared to the RANS realizable k-ε model results. The parameters in the RANS 

k-ε model could be tuned to quantify the turbulent kinetic energy and energy dissipation rate 

properly. 

 Further grid refinement in the stator slots is necessary for LES to accurately predict the 

turbulent energy dissipation rate. More realizations should be used to confirm that the reported 

turbulent energy dissipation rate has converged. To resolve the smaller scales that are required to 

quantify turbulent energy dissipation, a portion of the rotor-stator mixer could be simulated with 

appropriate boundary conditions. Other SGS models, such as the Smagorinsky-Lilly or dynamic 

kinetic energy SGS model, could be considered for future work with LES. A different wall model 

could be considered or a detached eddy simulation, which solves the filtered Navier-Stokes in 

regions sufficiently refined and solves the RANS equations where it is not, could be used to 

simulate the flow within this or other rotor-stator mixers. 

 If the turbulent energy dissipation rate is better quantified, then it can be used to better 

predict the power dissipated in the mixer. By integrating the turbulent energy dissipation rate 
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across the entire volume of the mixer, it can be compared to the power output predicted by the 

torque. If the power predicted by the volume integral of the turbulent energy dissipation rate is 

significantly less than the power predicted by the torque, then other contributions must be 

considered. Flow work and work to accelerate the fluid should be added to the power dissipation 

term. The modeled equation for the turbulent energy dissipation rate in the RANS k-ε model was 

derived by assuming homogeneous turbulence. It was shown that flow near the rotor blades and at 

the stator walls is highly anisotropic. Energy dissipated in these anisotropic regions is unaccounted 

for when using a model that assumes homogeneous turbulence. 
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9 Appendix A – RANS/LES 20M 0-psi Comparison Figures 

 Appendix A contains the mean velocity field turbulent kinetic energy and turbulent energy 

dissipation rate contours in primary slot 6 and secondary outer slot 15 at the 0-psi backpressure as 

predicted by RANS and LES. The center plane and corresponding cross view is shown. For more 

information on these figures, see sections 7.2 and 7.3. 
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Figure 10.1 – Primary stator slot 6 mean velocity field colored by velocity magnitude in the center 
plane, x = 0 mm, from (a) RANS and (b) LES. Color legend scaled by (ND) = 5.8 m/s. ΔP = 0 psi, 
hex 20M. 
 

 

 

Figure 10.2 – Primary stator slot 6 mean velocity field colored by velocity magnitude in the 
z = 60 mm plane looking upstream from (a) RANS and (b) LES. Color legend scaled 
by (ND) = 5.8 m/s. ΔP = 0 psi, hex 20M. 

(a) 

(a) (b) 

(b) 
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Figure 10.3 – Secondary outer slot 15 mean velocity field colored by velocity magnitude in the 
center plane, x = 0 mm, from (a) RANS and (b) LES. Color legend scaled by (ND) = 5.8 m/s. 
ΔP = 0 psi, hex 20M. 
 

 

 

Figure 10.4 – Secondary outer slot 15 mean velocity field colored by velocity magnitude in 
the z = 100 mm plane looking upstream from (a) RANS and (b) LES. Color legend scaled 
by (ND) = 5.8 m/s. ΔP = 0 psi, hex 20M. 

(a) 

(a) (b) 

(b) 
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Figure 10.5 – Primary slot 6 turbulent kinetic energy in the x = 0 mm plane from (a) RANS and 
(b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 0 psi, hex 20M. 
 

 

 

Figure 10.6 – Primary slot 6 turbulent kinetic energy in the z = 60 mm plane looking upstream 
from (a) RANS and (b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 0 psi, hex 20M. 
 

(a) 

(a) (b) 

(b) 
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Figure 10.7 – Secondary outer slot 15 turbulent kinetic energy in the x = 0 mm plane from 
(a) RANS and (b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 0 psi, hex 20M. 
 

 

 

Figure 10.8 – Secondary outer slot 15 turbulent kinetic energy in the z = 100 mm plane looking 
upstream from (a) RANS and (b) LES. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 0 psi, 
hex 20M. 
 

(a) 

(a) (b) 

(b) 
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Figure 10.9 – Primary slot 6 turbulent energy dissipation rate in the x = 0 mm plane from (a) RANS 
and (b) LES. Color legend is logarithmic and scaled by N3D2 = 2018.4 m2/s3. ΔP = 0 psi, hex 20M. 
 

 

 

Figure 10.10 – Primary slot 6 turbulent energy dissipation rate in the z = 60 mm plane looking 
upstream from (a) RANS and (b) LES. Color legend is logarithmic and scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 0 psi, hex 20M. 
 

(a) 

(a) (b) 

(b) 
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Figure 10.11 – Secondary outer slot 15 turbulent energy dissipation rate in the x = 0 mm plane 
from (a) RANS and (b) LES. Color legend is logarithmic and scaled by N3D2 = 2018.4 m2/s3. 
ΔP = 0 psi, hex 20M. 
 

 

 

Figure 10.12 – Secondary outer slot 15 turbulent energy dissipation rate in the z = 100 mm plane 
looking upstream from (a) RANS and (b) LES. Color legend is logarithmic and scaled 
by N3D2 = 2018.4 m2/s3. ΔP = 0 psi, hex 20M. 
 

(a) 

(a) (b) 

(b) 
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10 Appendix B – Flow Field Animations 

 Appendix B contains a list of animations which are provided in a CD. The captions to these 

animations are included here in this appendix. These animations provide information about how 

the flow field changes in time. 

 

Animation 1 – Mean velocity field colored by velocity magnitude in the primary stage, x = 0 mm. 
Showing bottom half of the center plane. Color legend scaled by (ND) = 5.8 m/s. Skipped every 
three arrows. ΔP = 0 psi, hex 20M RANS. 
 

Animation 2 – Mean velocity field colored by velocity magnitude in the secondary 
stage, x = 0 mm. Showing bottom half of the center plane. Color legend scaled by (ND) = 5.8 m/s. 
Skipped every three arrows. ΔP = 0 psi, hex 20M RANS. 
 

Animation 3 – Turbulent kinetic energy contour in the primary stage, x = 0 mm. Showing bottom 
half of the center plane. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 0 psi, hex 20M RANS. 
 

Animation 4 – Turbulent kinetic energy contour in the secondary stage, x = 0 mm. Showing 
bottom half of the center plane. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 0 psi, hex 20M 
RANS. 
 

Animation 5 – Turbulent energy dissipation rate contour in the primary stage, x = 0 mm. Showing 
bottom half of the center plane. Color legend scaled by N3D2 = 2018.4 m2/s3. ΔP = 0 psi, hex 20M 
RANS. 
 

Animation 6 – Turbulent energy dissipation rate contour in the secondary stage, x = 0 mm. 
Showing bottom half of the center plane. Color legend scaled by N3D2 = 2018.4 m2/s3. ΔP = 0 psi, 
hex 20M RANS. 
 

Animation 7 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the outer edge of primary slot 6. Color legend scaled by (ND) = 5.8 m/s. ΔP = 0 psi, hex 20M 
LES. 
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Animation 8 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the inner edge of primary slot 6. Color legend scaled by (ND) = 5.8 m/s. ΔP = 0 psi, hex 20M 
LES. 
 

Animation 9 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the entrance of secondary slot 15. Color legend scaled by (ND) = 5.8 m/s. ΔP = 0 psi, hex 20M 
LES. 
 

Animation 10 – Mean velocity field colored by velocity magnitude in the primary stage, x = 0 mm. 
Showing bottom half of the center plane. Color legend scaled by (ND) = 5.8 m/s. Skipped every 
three arrows. ΔP = 7 psi, hex 20M RANS. 
 

Animation 11 – Mean velocity field colored by velocity magnitude in the secondary 
stage, x = 0 mm. Showing bottom half of the center plane. Color legend scaled by (ND) = 5.8 m/s. 
Skipped every three arrows. ΔP = 7 psi, hex 20M RANS. 
 

Animation 12 – Turbulent kinetic energy contour in the primary stage, x = 0 mm. Showing bottom 
half of the center plane. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 7 psi, hex 20M RANS. 
 

Animation 13 – Turbulent kinetic energy contour in the secondary stage, x = 0 mm. Showing 
bottom half of the center plane. Color legend scaled by (ND)2 = 33.64 m2/s2. ΔP = 7 psi, hex 20M 
RANS. 
 

Animation 14 – Turbulent energy dissipation rate contour in the primary stage, x = 0 mm. Showing 
bottom half of the center plane. Color legend scaled by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, hex 20M 
RANS. 
 

Animation 15 – Turbulent energy dissipation rate contour in the secondary stage, x = 0 mm. 
Showing bottom half of the center plane. Color legend scaled by N3D2 = 2018.4 m2/s3. ΔP = 7 psi, 
hex 20M RANS. 
 

Animation 16 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the outer edge of primary slot 6. Color legend scaled by (ND) = 5.8 m/s. ΔP = 7 psi, hex 20M 
LES. 
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Animation 17 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the inner edge of primary slot 6. Color legend scaled by (ND) = 5.8 m/s. ΔP = 7 psi, hex 20M 
LES. 
 

Animation 18 – Filtered velocity field colored by velocity magnitude in the center plane, x = 0 mm, 
for the entrance of secondary slot 15. Color legend scaled by (ND) = 5.8 m/s. ΔP = 7 psi, hex 20M 
LES. 
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