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In this dissertation, scenarios where strong conformal dynamics constitutes

the ultraviolet completion of the physics that drives electroweak symmetry break-

ing are considered. It is shown that in theories where the operator responsible for

the breaking of conformal symmetry is close to marginal at the breaking scale, the

dilaton mass can naturally lie below the scale of the strong dynamics. However,

in general this condition is not satisfied in the scenarios of interest for electroweak

symmetry breaking, and so the presence of a light dilaton in these theories is asso-

ciated with mild tuning. The effective theory of the light dilaton is constructed in

this framework, and the form of its couplings to Standard Model states are deter-

mined. It is shown that corrections to the form of the dilaton interactions arising

from conformal symmetry violating effects are suppressed by the square of the ratio

of the dilaton mass to the strong coupling scale, and are under good theoretical

control. These corrections are generally subleading, except in the case of dilaton

couplings to marginal operators, when symmetry violating effects can sometimes



dominate. Phenomenological implications of these results are investigated for mod-

els of technicolor, and for models of the Higgs as a pseudo-Nambu-Goldstone boson,

that involve strong conformal dynamics in the ultraviolet.

Using AdS/CFT correspondence, a holographic realization of this scenario

is obtained by constructing the effective theory of the graviscalar radion in the

Randall-Sundrum models, taking stabilization into account. The conditions under

which the radion can remain light are explored, and the corrections to its couplings

to Standard Model (SM) states localized on the visible brane are determined. It is

shown that in the theories of interest for electroweak symmetry breaking that have

a holographic dual, the presence of a light radion requires mild tuning. Corrections

to the form of the radion coupling to SM states arising from effects associated with

brane stabilization are also calculated. These corrections scale as the square of the

ratio of the radion mass to the Kaluza-Klein scale, and are generally subleading,

except in the case of gluons and photon, when they can sometimes dominate. These

results are in agreement with and lend robustness to the conclusions for the dilaton.
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CHAPTER 1

Introduction

Since time immemorial, mankind has pursued the existence of simple unifying

descriptions capable of explaining a wide range of observed phenomena. There are

several examples of such descriptions, spanning across scientific and non-scientific

endeavors, in fields as varying as the natural and life sciences to political science,

economics, sociology, psychology and even mythology. To the question, “What are

all the objects around us fundamentally composed of, and how do they interact

with each other?”, modern theoretical physics attempts an answer in the form of

the Standard Model (SM) [1, 2]. This model provides a concrete mathematical de-

scription for the physics of the fundamental particles and the forces through which

they interact with each other. There are presently four well established fundamental

forces: the electromagnetic force, the weak force, the strong force and the gravita-
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tional force1. These forces are at work all around us. While electromagnetic forces

keep the electrons in an atom stable in their orbit around nucleus, weak forces are

responsible for radioactive decays. The strong force holds nuclei together, while the

ubiquitous force of gravity keeps planets in orbit.

The language of the SM is that of a relativistic quantum field theory (QFT),

which is a consistent framework that incorporates both special relativity and quan-

tum mechanics. After being developed as a collaborative effort, the SM has been

held to scrutiny time and again, and has experienced more than 30 years of experi-

mental success. However, we have reasons to question its validity to arbitrarily high

energies, because the description of fundamental physics by the SM fails to address

several issues satisfactorily. For example, in its original form, the SM contains three

copies of massless particles called as neutrinos. However, recent experiments have

shown that the neutrinos cannot be massless. As another shortcoming, there is

compelling astrophysical evidence for the existence of dark matter, while there are

no candidate particles in the SM with the right properties. Furthermore, taking the

force of gravity into account, the SM is not capable of describing physical processes

at energies above the Planck scale Mpl. These and other limitations of the SM

motivate Beyond the Standard Model (BSM) theories that augment the SM with

additional structure to address its shortcomings.

One of the biggest puzzles in the SM is that of the extreme weakness of the

gravitational force compared to the other forces. Consider natural units, in which

1In its earliest form, SM did not include gravity, but the modern understanding in the context

of effective theories allows the inclusion of gravity in a consistent way [3].

2



the fundamental constants c (speed of light in vacuum) and ~ (= h/2π, h being

the Planck constant) are set to 1. In these units, all dimensionful quantities can

be expressed in units of energy, which is taken to be electron-volts (eV). In natural

units, the value of the coupling constant of the gravitational force, Newton’s constant

of gravitation G, is given by G ∼ 10−56eV −2. In the same units, the coupling

constant of the weak force, the Fermi constant GF is given by GF ∼ 10−22eV −2,

which is 1034 times larger than the corresponding gravitational coupling constant!

This unnatural difference in scales is not addressed in the SM, and constitutes the

“hierarchy problem” [4,5] of the SM.

A class of theories with an enhanced spacetime symmetry structure, called

conformal symmetry, can play a role in addressing the hierarchy problem of SM.

QFTs that are based on this spacetime symmetry are called as conformal field the-

ories (CFTs). In the context of BSM theories, the focus is on strongly coupled

theories that have approximate conformal symmetry at high energies. The moti-

vation for this class of theories comes from the fact that apart from providing a

way to solve the hierarchy problem, they can remain consistent with experimen-

tal constraints [6]. It then becomes important to understand what are the robust

implications of this framework. In realistic BSM scenarios, conformal symmetry is

broken spontaneously at some scale. This results in the presence of a scalar particle

in the theory, the dilaton. The dilaton is the Nambu-Goldstone boson (NGB) of

spontaneously broken conformal symmetry [7–10], and may be accessible in modern

colliders. It then becomes important to construct the effective theory of the dila-

ton, in order to understand the conditions under which it can remain light, and its
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couplings to the SM particles [11–14].

Apart from these features that make conformal dynamics attractive in the

context of BSM models, there are other independently motivated theoretical reasons

to study them. In the late 90s, a lot of excitement was generated by the AdS/CFT

conjecture [15–18], which relates theories in 4 spacetime dimensions with conformal

symmetry to the theory of gravity in 5 dimensional anti-de Sitter (AdS) space.

If the 4D CFT is strongly coupled, the corresponding theory on the 5D side is

weakly coupled. This has led to enormous calculational and conceptual progress in

understanding strongly coupled theories. In the context of BSM scenarios involving

strong conformal dynamics, the correspondence relates these theories to Randall-

Sundrum (RS) models [19]. RS models are a specific class of BSM theories that offer

a geometrical solution to the hierarchy problem in the SM. Using the duality, RS

models provide a weakly coupled description that can be used to calculate quantities

of interest on the strongly coupled side indirectly. Apart from that, RS models can

also provide a way to verify results obtained on the strongly coupled side. The

radion field, which is a scalar gravitational mode in RS models, is dual to the dilaton

field in spontaneously broken CFTs [20]. In this way, the construction of effective

theory of a radion on the RS side provides a way to verify the results concerning the

mass and the couplings of the dilaton in BSM scenarios based on strong conformal

dynamics [13,14,21].

A quick outline of this chapter and the dissertation is in order. In chapter 2

of this dissertation, we construct the effective theory of the dilaton in realistic BSM

scenarios, focusing on its mass and couplings. In chapter 3, we construct the ef-
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fective theory of the radion in the dual RS scenario, and compare the results for

the mass and the couplings of the radion and the dilaton in chapter 4. A good

agreement provides a verification of the results. In the rest of this chapter, we first

present the relevant details of the SM, and then focus on the hierarchy problem in

the SM. We also discuss the flavor processes in the SM, which provide stringent

experimental constraints on the BSM scenarios involving strong dynamics. We then

focus on relevant details of CFTs. Next, we discuss the AdS/CFT correspondence

which relates CFTs to the theory of gravity in AdS space. Once equipped with a

knowledge of CFTs and the AdS/CFT duality, we motivate the BSM models that

are based on strong conformal dynamics and the RS models based on warped extra

dimensions and outline several of their interesting features, particularly elaborating

on how they address the hierarchy problem, and how they are related by the corre-

spondence. Finally, we summarize and present a more detailed outline of the rest

of the dissertation.

1.1 Standard Model, Hierarchy problem and Flavor constraints

The SM is a relativistic QFT with gauge groups SU(3)c × SU(2)L × U(1)Y ,

and contains additional fields that are charged under these gauge symmetries. These

fields include spin 1/2 particles, the fermions, and a spin 0 particle, the Higgs. In

addition to these, the SM contains vector bosons associated with the correspond-

ing gauge symmetries. The fermions in the SM can be arranged into three broad

groups, each group being called a generation. The fermions in each generation have

5



Fields SU(3)c SU(2)L U(1)Y

qL 3 2 1/6

uR 3 1 2/3

dR 3 1 −1/3

lL 1 2 −1/2

eR 1 1 −1

H 1 2 1/2

Table 1.1: The quantum numbers of the fields in the SM under the gauge groups. The

entries in the SU(3)c and SU(2)L columns denote the representation under which the

fields transform, while the entries in the U(1)Y column represent the charge under this

gauge group.

identical quantum numbers under the three gauge groups. Each generation contains

the fermions qL, uR, dR, lL, eR. These fermions transform in an irreducible spin 1/2

representation of the Lorentz group. The subscripts L,R stand for left handed and

right handed respectively, and specify the transformation properties of the corre-

sponding fermion under the Lorentz group. The scalar Higgs H in the SM is a

singlet under the Lorentz group. This field transforms as a doublet under SU(2)L

and is called the Higgs doublet in the SM. The quantum numbers for the Higgs

doublet and for one generation of fermions under the three gauge groups are shown

in table 1.1. The vector bosons of the SM transform in the adjoint representation

of their respective gauge groups.
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The gauge symmetries of the SM are partly realized non-linearly below the

electroweak (EW) scale MEW . Below this scale, the SU(3)c and a subset U(1)EM

of the SU(2)L × U(1)Y are realized linearly. These correspond to the gauge groups

associated with the strong interactions and the electromagnetic (EM) interactions

respectively. Due to the “Higgs mechanism” in the SM, the three generators cor-

responding to the gauge symmetries realized non-linearly give rise to three massive

gauge bosons. The gauge bosons associated with the weak interactions, the W±

and Z, acquire a mass due to this effect. In the unitary gauge, where the Higgs

mechanism is most transparent, there is another scalar particle h in the spectrum,

called as the Higgs particle. The mass and couplings of this particle to all the other

SM fields are fixed. Let us elaborate some of these features of the SM now.

In the SM, the Higgs mechanism is realized by a Higgs doublet H [22,23]. Let

us focus on the part of the SM that involves the Higgs doublet. The Lagrangian for

this sector, consistent with the symmetries, is given by

LH = (DµH)† (DµH)− V (H† H)− Yl l̄LHeR − Yd q̄LHdR − Yu q̄LH̃uR + h.c.

(1.1)

Let us explain various terms in (1.1). The quantity Dµ is the gauge covariant

derivative, and its action on the Higgs doublet H is given as

Dµ H =

(
∂µ −

ig

2
W a
µσ

a − ig′

2
Bµ

)
H , (1.2)

where g, g′ are the gauge couplings of the SU(2)L, U(1)Y gauge groups respectively

and W a
µ , Bµ are the corresponding gauge bosons. Here, σa, a = 1, 2, 3 are the Pauli

matrices. These gauge bosons W a
µ , Bµ are related by a linear combination to the

7



observed massive gauge bosons W±
µ , Zµ and the massless photon Aµ.

The quantity V (H† H) is the potential for the Higgs doublet, and the terms

involving Yl, Yd, Yu are the Yukawa couplings. We have suppressed the generation

indices in the Yukawa couplings, but they are to be understood as matrices in that

space. The quantity H̃ is related to H as H̃ = ε · H†, ε being the completely

antisymmetric two index tensor.

The potential for the Higgs doublet is given by

V (H† H) = −µ2(H† H) +
λ

2
(H† H)2 . (1.3)

The quartic coupling λ in (1.3) is required to be positive, so that the potential is

bounded from below. However, the parameter µ2 can be of either sign. In the SM, µ2

is chosen to be positive. This is done to ensure that minimum of the Higgs potential

occurs at 〈H〉 6= 0. This is necessary to realize some of the gauge symmetries non-

linearly, as stated earlier, and to let the Higgs mechanism play out in the SM. For

convenience, a gauge transformation can be performed to put 〈H〉 in the form 〈H〉 =(
0, v/
√

2
)T

. In this parametrization, the potential is minimized at v =
√

2µ2/λ.

The Higgs doublet is said to have acquired a Vacuum Expectation Value (VEV) v.

Replacing H by 〈H〉, three linear combinations of the gauge bosons W a, B acquire

a mass, and are identified with the W±, Z gauge bosons. The linear combination

that remains massless is identified as the photon A. The masses of the W±, Z gauge

bosons are proportional to the gauge couplings g, g′ and v. Experimental results

on the gauge couplings and the masses of the bosons fix v to be approximately 246

GeV.
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Once the Higgs doublet acquires a VEV, the SM fermions also get a mass due

to the Yukawa couplings. The mass of the fermions is proportional to the VEV v and

the dimensionless Yukawa coupling. The numerical values of the Yukawa couplings

are chosen to achieve the observed fermion masses. However, the fermions masses

in SM vary by six orders of magnitude, from the lightest, the electron (∼ 0.5 MeV),

to the heaviest (∼ 105 MeV), the top. Within the SM, there is no understanding of

this large hierarchy. This is known as the fermion mass hierarchy puzzle in the SM.

The structure of the fermion masses is made more complicated in the pres-

ence of three generations of fermions. To understand that, let us put back the

generation indices in the Yukawa couplings. The Yukawa couplings are now ma-

trices in this space. In the absence of the Yukawa matrices, the SM Lagrangian is

classically invariant under global unitary transformations of the form uL → V u
L uL,

uR → V u
RuR, dL → V d

LdL, dR → V d
RdR. Once H acquires a VEV, the Yukawa ma-

trices lead to mass matrices for the fermions, which can be diagonalized using these

transformations. The three fermion mass eigenstates, called as three flavors, are a

linear combination of the three generations of the fermions. This diagonalization

however has observational consequences. Once the fermion masses are diagonalized,

the fermion couplings to the W gauge bosons, which come from the fermion ki-

netic term written in terms of the corresponding gauge covariant derivative, become

non-diagonal in flavor space,

LW ⊃ g

2
W+
µ ūLγ

µ V u†
L V d

LdL . (1.4)

The combination V u†
L V d

L ≡ VCKM is called Cabibbo-Kobayashi-Maskawa (CKM)

9



matrix. The fermion couplings to the Z boson remains diagonal in the flavor space.

However, non-diagonal flavor couplings are generated at the level of loops. These

couplings lead to Flavor Changing Neutral Current (FCNC) processes in the SM.

In addition to being loop suppressed, these processes involving the light fermions

are additionally suppressed in the SM. This is because of the common origin of

the masses and the FCNCs from the Yukawa couplings, which are small for the

light fermions. In the SM, the Yukawa couplings are the only source of flavor

violation, and there is an approximate flavor symmetry that is explicitly broken

by the Yukawa terms. Therefore, the FCNCs must be additionally suppressed by

the Yukawa couplings, which are small for lighter fermions. This is the Glashow-

Iliopoulos-Maiani (GIM) mechanism [24] in the SM. Experimental tests so far have

shown that the predictions of the SM are in good agreement with data.

In the unitary gauge, where the Higgs mechanism is most transparent, there

is another scalar mode h in the spectrum, known as the Higgs particle. The mass

and the couplings of h can be obtained by substituting

H =

(
0 (v + h)/

√
2

)T
(1.5)

in the relevant parts of the SM action. This results in a mass for h, given as

mh =
√
λ v. Recall that λ here is the quartic in the Higgs potential in (1.3). For

perturbative control, we need the quartic λ� 16π2. In that case, the mass mh must

be close to the scale v. A particle with mass in this range and properties similar to

h has been reported recently [25,26].

The couplings of h to the SM fermions are obtained by substituting (1.5) in the

10



Yukawa couplings involving the doublet H in (1.1). This leads to Yukawa couplings

between the Higgs particle and the SM fermions. The same substitution in the Higgs

potential in (1.3) leads to self couplings of the Higgs particle. The strength of the

Yukawa coupling of the Higgs particle to a given fermion is directly proportional to

the mass of the fermion, due to the common origin of the mass and the coupling.

For example, the largest Yukawa coupling of h is to the top:

LY ⊃ λt t̄ t h . (1.6)

The dimensionless number λt is called the top Yukawa coupling, and is an order 1

number.

Having briefly reviewed the SM, we now discuss one of the problems in the

SM, the hierarchy problem. In the SM, the mass squared m2
h for the Higgs particle

h is sensitive quadratically to the cut-off of the theory. The one loop correction to

m2
h gets its biggest contribution from the top loop (see figure 1.1), which scales as

δm2
h ∼

λ2
t

16π2
Λ2
UV , (1.7)

where λt ∼ 1 is the top Yukawa coupling and ΛUV is the UV cutoff. In the absence

of any new dynamics beyond the SM involving the Higgs particle, this cut-off scale

is the Planck scale Mpl ∼ 1019 GeV. In that case, the loop corrections are of the

order 1036(GeV )2. To get a mass close to the EW scale (∼ 100 GeV), the tree

level contribution to the mass squared of h must be fantastically tuned against the

loop contribution, by more than 30 orders of magnitude! This is the source of the

hierarchy problem. Since the mass of h is tied to v and therefore to MEW where

the EW symmetry is broken to EM, this translates the hierarchy problem to the
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Figure 1.1: The top loop contribution to the self energy of the Higgs in the Standard

Model.

unnatural separation between the Planck scale and the EW scale, or to the extreme

weakness of gravity compared to the weak force. BSM models that address the

hierarchy problem posit new dynamics at a scale Mnew. This effectively means that

SM is to be understood as an effective theory below this scale. If this new scale is

not too far from the EW scale, the hierarchy problem of SM is addressed.

BSM models that address the hierarchy problem however generically generate

additional contributions to FCNC effects from physics near the scale Mnew. The

experimental bounds on such processes are in close agreement with the theoretical

results obtained within the SM. Therefore, the additional contribution to the FCNCs

must be suppressed in realistic scenarios. This can be done by pushing Mnew up,

but this then starts to “un-solve” the hierarchy problem that motivated the BSM

model at the first place. This tension must be addressed by a realistic model. In this

sense, flavor constraints provide a useful guide to the BSM models that address the

hierarchy problem. The class of BSM models that are considered in this dissertation

present a way to address the hierarchy problem and the flavor constraints at the

same time. The ability to deal with the apparent tension between these two effects
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is an attractive feature of these BSM models that are based on conformal dynamics.

1.2 A CFT primer

In this section, we review some relevant aspects of conformal symmetry in the

context of quantum field theories. The aim is to explain some of the terminology

used in the later parts of this work.

Conformal symmetry is a spacetime symmetry defined by its action on 4D

Minkowski spacetime. Consider general infinitesimal spacetime transformations of

the form xµ → x′µ = xµ+δxµ. Then, conformal transformations are defined as those

transformations under which the Minkowski metric ηµν ≡ diag{1,−1,−1,−1} trans-

forms as ηµν → f(x)ηµν where f(x) is a general function of spacetime. In 4 spacetime

dimensions, this requirement fixes the number of generators of infinitesimal confor-

mal transformation to be 15. These generators are the spacetime translations Pµ,

Lorentz rotations Mµν , dilatations S, and special conformal transformations Kµ.

More specifically, these transformations act on spacetime as

δPµx
ν = δνµ

δJµνx
ρ = δρµ xν − δρν xµ

δSx
ν = xν

δKµx
ν = x2δνµ − 2xµ x

ν , (1.8)

and form a closed algebra. Quantum field theories that are invariant under conformal

symmetry are given the name of conformal field theories (CFTs). The action of the

transformations on the Hilbert space of the CFT is realized by Hermitian operators
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in the usual way. In addition to the Poincare algebra,

[Jµν , Pρ] = −i (ηµρPν − ηνρPµ)

[Jµν , Jρσ] = −iηµρJνσ ± permutations

[Pµ, Pν ] = 0 , (1.9)

we have the additional commutation relations

[S,Kµ] = iKµ

[S, Pµ] = −iPµ

[Jµν , Kρ] = −i (ηµρKν − ηνρKµ)

[Jµν , S] = 0

[Pµ, Kν ] = 2iJµν − 2iηµνS . (1.10)

The algebra of conformal transformations acts linearly on the local operators of

the CFT, by commutation. The irreducible representations are labeled by primary

operators On(x), which are also in irreducible representations of the Lorentz algebra.

The subscript n here represents a possible Lorentz index under which the primary

operator transforms, depending on whether it is a scalar or has non-zero spin.

A primary local operator On(x) transforms under conformal symmetry by the
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action of the generators as

[Pµ,On(x)] = i∂µ On(x)

[Jµν ,Oαn(x)] =
[
i (xµ∂ν − xν∂µ) δαβ + (Σn

µν)
α
β

]
Oβn(x)

[S,On(x)] = −i (∆n + x · ∂)On(x)

[Kµ,Oαn(x)] = −i
(
x2∂µ − 2xµx · ∂ − 2xµ∆n

)
Oαn(x)− 2xν(Σn

µν)
α
βOβn(x) , (1.11)

where α, β are the indices of the Lorentz representation of On and Σn
µν are the

corresponding matrices (in α, β). The quantity ∆n is called the primary scaling

dimension of the operator O. The last result in the commutation relations in (1.11)

defines a primary operator – at the origin x = 0, the primary operator is annihilated

by the special conformal generator Kµ. The irreducible representation labeled by

the primary operator contains other operators called descendants, which are given

by derivatives of the primary operator. The set of primary operators, labeled by its

scaling dimension and spin, along with all its descendants span the space of all local

operators of the CFT.

The scaling dimension of a primary operator is a real number bounded below

by unitarity [27]. For example, for a scalar primary, ∆ ≥ 1. Notice that the scaling

dimension is independent of the canonical (engineering) dimension of the operator

O. However, for convenience, all operators are multiplied with a suitable power of

the renormalization scale to make their scaling dimension equal to their canonical

dimension. We will therefore assume in the rest of the discussions that the scaling

dimension of the operator is same as its canonical dimension.

In theories where an exact conformal symmetry is spontaneously broken to
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Poincare symmetry, the low energy effective theory below the breaking scale contains

a massless scalar, the dilaton σ(x). This scalar is the NGB associated with the

breaking of conformal symmetry [7–10] to Poincare symmetry. Even though the

number of broken generators are 5, only one Goldstone boson results in the spectrum.

This is because the rules of Goldstone boson counting are different in the case of

spacetime symmetries.

To be more precise, consider the case of dilatations S, under which x→ e−ωx.

Denoting the current associated with dilatations as Sµ, it is possible to define an

energy-momentum tensor Θµν such that

Sµ = xνΘ
µν . (1.12)

This should not be a surprise, as the currents associated with Lorentz transfor-

mations and translations can also be written in terms of the energy-momentum

tensor. The tensor Θµν is a symmetric tensor constructed out of the regular energy-

momentum tensor, and is called the improved energy-momentum tensor [28].

Given the dilatation current, it is straightforward to see that ∂µS
µ = Θλ

λ. If

a theory possesses scale symmetry, the dilatation current must have a zero diver-

gence. Therefore, for scale invariant theories, the energy-momentum tensor must

be traceless. If the symmetry is realized non linearly, the low energy theorems that

result from Ward identities can be used to obtain the matrix element of operators

with one insertion of the trace of the improved energy momentum tensor at zero

momentum transfer. This trace Θλ
λ is proportional to the dilaton field σ. In this

way, matrix elements with one insertion of the dilaton field can be calculated.
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It turns out that the currents associated with special conformal transforma-

tions Kµ, which we will denote by Kλµ can also be obtained in terms of Θµν as

Kλµ = x2Θλµ − 2xλxρΘ
ρµ . (1.13)

It is again straightforward to see that the divergence of the currents Kλµ vanish,

∂µK
λµ = 2xµΘλµ − 2xρΘ

ρλ − 2xλΘρ
ρ = 0 , (1.14)

by the symmetric nature of Θ and its tracelessness due to dilatation symmetry.

In the case when the symmetry is broken, the divergence of the currents as-

sociated with the special conformal transformation is proportional to the trace of

the improved energy-momentum tensor, ∂µK
λµ = −2xλΘρ

ρ. This is where the cru-

cial difference appears that changes the Goldstone boson counting. The low energy

theorems that are obtained by Fourier transforming the Ward identities, now give

information about the derivative of the momentum space matrix elements of oper-

ators with one insertion of Θµ
µ. (This is because multiplication by xλ in position

space translates to derivative w.r.t pλ in the momentum space). Because Θλ
λ is pro-

portional to the dilaton field σ, the low energy theorems give information about the

derivative of the matrix elements involving one σ field. This is completely unlike

the case of internal symmetries. We therefore see that only one field σ suffices to

parametrize the Goldstone modes in the this case, even though there are five sets of

relations concerning its matrix elements, in accordance with five broken generators.

For a more elaborate and pedagogical discussion of this topic, see [29,30].

The effective theory of the dilaton below the conformal symmetry breaking

scale can be constructed by the requirement that the symmetry be realized non-
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linearly. For convenience, a quantity χ(x) can be constructed which is defined in

terms of the dilaton field σ. Even though the dilaton field itself transforms non

linearly, χ transforms linearly. This makes the construction of the effective theory

much more straightforward. We will go into more details of this process in chapter 2,

and therefore postpone the discussions till that point.

1.3 AdS/CFT correspondence

The AdS/CFT correspondence relates the theory of gravity in d+1 dimensional

Anti-de Sitter space to a conformal field theory in d spacetime dimensions [15–18].

We will focus here on the case of d = 4. More specifically, for a given operator O in

a 4D CFT, there is a corresponding 5D AdS field Φ such that for a boundary value

Φ0(x) of Φ at the 4D boundary of AdS, there is a unique solution to the equations

of motion in the bulk. Representing by Γ[Φ0] the effective action associated with

this solution, the correspondence relates the partition function on the CFT side and

the effective action on the AdS side as

〈
exp

(
−
∫
d4x Φ0 O

)〉
CFT

= exp (−Γ[Φ0]) . (1.15)

If the CFT is a strongly coupled SU(N) gauge theory and admits a large N expan-

sion, the corresponding AdS fields become weakly coupled. A given 5D AdS field

in this limit is in one to one correspondence with a gauge invariant color singlet

primary CFT operator. In addition, if there exists a gap in scaling dimension of

these primary operators, the description of the conformal dynamics involving the

low scaling dimension operators corresponds to an effective theory on the AdS side
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with corresponding finite number of AdS particles. In this way, a dictionary can

be built which relates quantities on one side to those on the other side. A particu-

larly important class of such entries in the dictionary relates the scaling dimension

of CFT operators to the 5D mass of the corresponding AdS fields. For a modern

review of this topic, see [31].

The correspondence goes beyond the vanilla case of an exact CFT being dual

to an exact AdS gravitational theory, thereby making it much more powerful. For

example, if the conformal symmetry is only approximate, or the vacuum is not in-

variant under conformal symmetry in a given CFT, the corresponding AdS theory

can still be constructed [20,32]. The correspondence also respects additional struc-

ture on either side of the duality, e.g., CFTs with additional global symmetries are

dual to AdS theories with spin 1 gauge fields propagating in the fifth dimension.

These robust features make the correspondence much more useful both theoretically

as well as practically.

Using the duality, the AdS construction can provides a holographic realization

of the corresponding CFT dynamics. Further more, because the correspondence

relates a strongly coupled theory on one side to a weakly coupled theory on the other,

a quantity of interest can be calculated on the side which offers more calculational

simplicity, and then using the dictionary, can be translated to the result on the other

side. In this way, the duality can be used to provide non-trivial checks on the results

obtained on either side. In the wake of the general excitement in BSM models that

involve strong conformal dynamics, the duality assumes more interest, because the

duality can be used to obtain weakly coupled realizations of these scenarios, allowing
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quantities of interest to be calculated.

1.4 Beyond Standard Model scenarios involving Strong Conformal

Dynamics

In this section, we outline several BSM scenarios based on strong dynamics

that address the hierarchy problem of the SM. We elaborate on the shortcomings of

the earlier versions of these scenarios, in the process motivating the variants. Finally

alluding to the flavor constraints, we elaborate how strong dynamics with conformal

symmetry can address both the hierarchy problem and the flavor constraints.

As explained earlier, the hierarchy problem in the SM is related to the large

separation between the EW scale and the Planck scale. The SM also contains an-

other scale called ΛQCD ∼ 200MeV , which is the scale where the SU(3)c interactions

become strong. A natural question to ask then is: why is there no hierarchy problem

associated with this scale ΛQCD? The answer to this puzzle lies in the fact that this

scale emerges from strong dynamics. The QCD coupling g is small and perturbative

at very high energies, near the UV cutoff ΛUV of the theory. At lower energies,

this coupling grows, till it becomes close to the critical value gc ∼ 4π, where QCD

becomes strongly coupled. In such a scenario, the UV scale and the QCD scale are

related as

ΛQCD ∼ ΛUV e
−g2c/g2UV . (1.16)

Since this is an exponential relation, a large hierarchy can be achieved if gUV �

gc ∼ 4π.
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Using this mechanism, a class of theories was put forth that required that the

EW scale MEW emerge in a similar way, thereby addressing the hierarchy problem

. This class of theories is referred as Technicolor (TC) theories [4, 33, 34]. These

theories are based on SU(N)TC gauge theories at high energies, with fundamental

fermions (called technifermions), that get strongly coupled at some low energy scale

ΛTC ∼MEW . The technifermions acquire a mass due to this effect, in analogy with

QCD. Continuing the analogy further, the technifermions have a chiral symmetry,

which is realized non-linearly below this scale. A SU(2) × U(1) subgroup of this

chiral symmetry group is weakly gauged, and is identified with the SM gauge groups

SU(2)L×U(1)Y . This results in three linear combinations of Goldstone bosons being

eaten by the gauge bosons W± and Z, giving them a mass in the process. In this

way, the necessity of a Higgs boson is eliminated.

However, the Higgs boson in the SM performs another task – of transmit-

ting EW symmetry breaking to the fermions, giving them their observed mass. To

incorporate this, TC theories are generalized to Extended technicolor (ETC) theo-

ries [35, 36], where the technifermions and the SM fermions transform in the same

ETC gauge group, which contains the TC gauge group as a subgroup. The ETC

gauge group is broken at the scale ΛETC to the TC gauge group, below which, the

spectrum contains the technifermions charged under the TC gauge group, and the

SM fermions. In this scenario, the SM fermions are outside the TC strong sector,

and get mass by an operator of the form

(ψ̄ψ̄)SM (ψ̄ψ̄)TC
Λ2
ETC

. (1.17)
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At the scale ΛTC , the operator (ψ̄ψ̄)TC acquires a VEV and gives the SM fermion a

mass. If this VEV is related to the EW scale, it must scales asM3
EW ∼ (4π)3(246)3GeV 3

from dimensional analysis. To get a realistic mass for the heaviest fermion (top),

we therefore require that ΛETC . 10 TeV.

The dynamics that generates the operator in (1.17) will in general also generate

operators of the form

(ψ̄ψ̄)SM (ψ̄ψ̄)SM
Λ2
ETC

. (1.18)

However, these operators contribute to FCNCs at tree level. The most strin-

gent bound on these operators come from K − K̄ mixing, which require that

ΛETC ≥ 105TeV . Therefore the simplest form of ETC models are ruled out by

FCNC considerations. The large scaling dimension (in this case 3) of the operator

that acquires a VEV to break the EW symmetry is the root behind the cause.

To address these issues, a variant of ETC theories was proposed, which goes

by the name of walking technicolor (WTC) [37–40]. In these theories, the dimension

of the operator (ψ̄ψ)TC receives large negative anomalous contribution to its scaling

dimension, which effectively reduce its strength at the EW symmetry breaking scale.

To achieve this, it is assumed that the theory is near a non-trivial fixed point. In

spite of initial promise, progress in this direction has been limited by the difficulty

in dealing with a strongly coupled theory. A truncation of Schwinger-Dyson equa-

tions [41] for the self energy of the operator (ψ̄ψ)TC , called as gap equations, have

led to some progress in this direction. However, the approximations leading to gap

equations are not fully defendable. Further, for asymptotically free gauge theories,
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gap equations suggest that the operator (ψ̄ψ)TC must have at least dimension 2

at the quasi-fixed point [42]. In that case, some tension still remains between the

requirements to generate a realistic mass for the heavy fermions and to address the

flavor constraints. A precise way to handle this scenario therefore remains to be

arrived at. For a review of these and related topics, see [43].

Conformal dynamics can play an important role in addressing the flavor con-

straints in BSM scenarios that involve strong dynamics. In theories of TC, if the

dynamics that breaks EW symmetry is part of a conformal sector, the hierarchy

problem and the flavor constraints can be addressed simultaneously. Such theories

are studied under conformal technicolor [6]. In these models, the SM fermion mass

is generated by an operator of the form

1

Λd−1

(
ψ̄ψ
)
SM
H , (1.19)

where d is the scaling dimension of the operator H and Λ is the scale of new physics.

The operatorH is part of a conformal sector, and carries the right quantum numbers

to break the EW symmetry. The situation in the SM corresponds to the case of

d = 1, when H is elementary. In the class of technicolor models, H =
(
ψ̄ψ
)
TC

can

have d = 3 (Technicolor) or d < 3 (Walking Technicolor). When H acquires a VEV,

the SM fermions get a mass. In the absence of any symmetry reasons, the same

dynamics also generates operators of the form

1

Λ2
(ψ̄ψ)2

SM , (1.20)

that can contribute to the FCNCs. To satisfy the flavor constraints, even if Λ is made

as high as 105TeV , a value of d close to 1.3 in (1.19) can still give the fermions a
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realistic mass [6]. Such values of d are allowed because H is an operator of a strongly

coupled CFT. At the same time, the hierarchy problem can be addressed if the

dimension of the operator H†H is close to 4. These possibilities have been studied

in a model independent way using general properties of CFTs such as unitarity and

Operator Product Expansion (OPE) in [44–49]. In such scenarios, the SM fermions

do not constitute part of the strong conformal sector. However, in some variants,

the heavier fermions such as the top are made part of the strong sector.

As we saw earlier, in the simplest TC models involving strong conformal dy-

namics, the conformal symmetry breaking also breaks the EW symmetry. In these

models, an operator from the strong conformal sector accomplishes the task of the

Higgs doublet in the SM. The low energy spectrum does not contain any Higgs like

scalar resonances. In a closely related variant, called the Composite Higgs scenario,

the EW symmetry is still broken by a scalar Higgs doublet at scale v, but the Higgs

is a composite resulting from the breaking of the strong dynamics, at a higher scale

f . In this scenario, the hierarchy problem can still be addressed. Since the Higgs

is a composite, the loop corrections to the self energy of the Higgs are cutoff at the

scale 4πf . A small amount of tuning is still needed generically to get a light Higgs

in the spectrum, because the mass of the Higgs is generically of the order of 4πf .

To get a light Higgs naturally, a further variant of this scenario exists. In

the scenario called as Higgs as a pNGB, the Higgs field emerges as the pseudo-

Nambu-Goldstone boson (pNGB) of a global symmetry that is broken by strong

dynamics [50–52]. Making the global symmetry approximate results in a potential

for the Higgs field. In this way, a light SM like Higgs in the low energy theory
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can be arranged. This potential of the Higgs below the symmetry breaking scale

is such that the Higgs acquires a VEV, like in the SM. Fluctuations about this

VEV lead to a light Higgs particle in the spectrum. This consideration attains more

plausibility in light of the recent discovery of a Higgs like particle at mass close to

125 GeV. This class of theories includes little Higgs models [53–55] and twin Higgs

models [56, 57]. If the dynamics above the scale at which the global symmetry is

broken involves strong conformal dynamics, the flavor scale can again be separated

from the electroweak scale, allowing new contributions to flavor violating processes

to be small enough to satisfy the existing constraints.

BSM models with strong conformal dynamics in the UV can also provide a way

to explain the fermion mass hierarchy of the SM. In the scenario called as Partial

Composite (PC) [58], the SM fermions do not constitute part of the conformal sector.

However, they acquire a mass by mixing to the composites of the conformal sector.

Depending on the dimension of the composite operator with which they mix, the

resulting mass can be made to vary by several orders of magnitude [58]. This allows

a simple explanation of the observed hierarchy in the fermion masses, making these

class of models even more appealing.

We therefore see that conformal dynamics can play an important role in BSM

models that try to address the hierarchy problem while remaining consistent with

flavor constraints. We explained earlier that if the conformal symmetry is broken

spontaneously, the spectrum below the breaking scale contains the NGB, the dila-

ton. The form of the dilaton couplings is fixed by the requirement that conformal

symmetry be realized nonlinearly. In the context of realistic BSM models, the theory
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at high energies has only have an approximate conformal symmetry, which is spon-

taneously broken at low energies. This results in a mass for the dilaton in the low

energy theory, and affects its couplings to other light states. It becomes important

to understand the conditions under which the dilaton can be light, and its couplings

to the SM fields in these scenarios. This is because if the dilaton is light, it may

be accessible at the present colliders, and would signal involvement of conformal

dynamics in the real world. However, in these BSM models, conformal symmetry is

expected to be explicitly broken by operators that grow in the infrared to become

strong at the breaking scale. Therefore, at least naively, there is no reason to expect

a light dilaton in the low energy effective theory. This explicit breaking could also

significantly affect the predictions for the couplings of the dilaton in a spontaneously

broken CFT. This motivates a theoretical study of the mass and couplings of the

dilaton in realistic scenarios.

The couplings of a light dilaton in the context of theories of electroweak sym-

metry breaking have been studied before [20, 59, 60]. Remarkably, the interactions

of a dilaton with the SM fields are very similar to those of the SM Higgs [59]. This

can be traced to the fact that at the classical level the SM has an approximate

conformal symmetry which is spontaneously broken by the VEV of the Higgs, so

that the Higgs can be understood as a dilaton in this limit. A theoretical study of

the form of the couplings of the dilaton assumes further significance now, because

only a precise understanding can allow a clear distinction between a dilaton and a

Higgs at particle colliders. One possibility is that the new particle that has been

observed [25, 26] close to 125 GeV is not the SM Higgs, but instead a dilaton that
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emerges from a strongly interacting conformal sector that breaks electroweak sym-

metry dynamically [61–65]. In such a scenario, an understanding of the general form

of the dilaton couplings, including conformal symmetry violating effects, is crucial to

distinguishing it from the SM Higgs [65]. Another possibility is that the new particle

which has been observed is indeed the SM Higgs, which arises as the pNGB of an

approximate global symmetry that is broken by strong conformal dynamics. In such

a scenario, there may be an additional light scalar in the low energy effective theory

beyond the SM Higgs whose couplings to the SM fields can be predicted. These

consideration forms the motivation of our work [11, 21], on which this dissertation

is based.

1.5 Beyond Standard Model scenarios involving Warped Extra-dimensions

Around the time when AdS/CFT correspondence was conjectured, Randall

and Sundrum proposed a mechanism to address the hierarchy problem using extra

dimensions [19]. The class of BSM theories that incorporate this mechanism are

studied under the name of RS models. Via the AdS/CFT correspondence, RS

models are closely related to BSM theories based on conformal dynamics . In this

section, we develop the basic setup of the RS models and elaborate some of its

important features. In particular, we outline how they address the hierarchy problem

in the SM. We then use the duality to relate to the corresponding features of BSM

scenarios involving conformal dynamics that are dual to the RS models.

In the RS models, a slice of AdS space in 4 + 1 dimensions is considered. The

27



metric in this space can be written as

ds2 = e−2krc|θ|ηµνdx
µdxν − r2

cdθ
2 , (1.21)

where the extra-dimensional coordinate θ goes from −π to π. The range (−π, 0] is

identified with the range (0, π] using Z2 orbifolding. In the set-up, the location θ = 0

and θ = π are the location of the hidden/ultraviolet (UV) and the visible/infrared

(IR) branes respectively. The exponential factor exp(−2krc|θ|) in (1.21) is called the

warp factor of this geometry. Such a geometry can be obtained as a static solution

of Einstein equations in the following way. Consider the 5D gravity action with a

cosmological constant in the bulk and brane tensions on the two branes,

S =

∫
d4x

∫ π

−π
dθ
[√

G
(
−2M3

5R[G]− Λb

)
−
√
−Ghδ(θ)Th −

√
−Gvδ(θ − π)Tv

]
.

(1.22)

Here M5 is the 5D Planck scale, Λb is the bulk cosmological constant and Th, Tv are

the brane tensions on the hidden and the visible branes respectively. Gh and Gv

are the induced metrices, obtained from the full background metric G. Using an

ansatz for the metric G that respects 4 dimensional Poincare invariance in the xµ

coordinates, such that

ds2 = e−2σ(θ)ηµνdx
µ dxν − r2

cdθ
2 , (1.23)

the Einstein equations reduce to

6σ′2

r2
c

=
−Λb

4M3
5

3σ′′

r2
c

=
Th δ(θ)

4M2
5 rc

+
Tv δ(θ − π)

4M2
5 rc

. (1.24)
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The solution of these equations, consistent with the Z2 orbifold symmetry, under

which θ → −θ, is given by

σ = rc|θ|

√
−Λb

24M3
5

. (1.25)

The additive integration constant in (1.25) is absorbed by a constant rescaling of

the xµ coordinates. The delta functions in the Einstein equation in (1.24) force the

value of Th, Tv to be

Th = −Tv = 24M3
5

√
−Λb

24M3
5

. (1.26)

For convenience, we define

k =

√
−Λb

24M3
5

, (1.27)

which is identified as the curvature of AdS geometry. The quantities Λb and Th, Tv

are then related to M5 and k as Th = −Tv = −Λb/k = 24M3
5k. Figure 1.2 illustrates

the spacetime structure of the geometry.

Given this static background geometry, the natural step is to consider the

gravitational fluctuations about this background. To be able to use this geometrical

construction for a real world scenario, we must be able to recover 4D gravity in the

low energy limit. Consider small fluctuations about the full RS metric in (1.21).

Without going into explicit details of the calculation, we outline the steps involved

in getting the spectrum in the low energy. By expanding the 5D graviton as a linear

combination of 4D fields, we can obtain all the fields present in the 4D theory. This

expansion is generically called as Kaluza-Klein (KK) decomposition of a 5D field into

4D fields. Under this expansion, all the 4D fields get a profile in the extra dimension.
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Figure 1.2: The geometry of the two brane RS model. The location of the hidden and

the visible branes are shown by the shaded planes and the warp factor of the geometry is

shown by the solid curve. The space between the branes is referred as the bulk region.

The profile is a function of the extra dimension, and is the coefficient multiplying the

corresponding 4D field in the KK decomposition. For the case of 5D graviton, these

4D fields include the massless mode hµν corresponding to 4D graviton, and other

heavier modes referred to as KK gravitons. The 4D graviton field hµν has a profile

given by e−2krc|θ|, and therefore corresponds to replacing ηµν → gµν ≡ ηµν + hµν in

the 5D action. Substituting the metric with this replacement into the action and

focusing on the curvature term, we have

Seff ⊃
∫
d4x

∫ π

−π
dθ 2M3

5 rce
−2krc|θ|√−gR[g] , (1.28)

where R[g] is the Ricci scalar constructed from the metric g. This part of action
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has the same form as of 4D gravity, with hµν being the corresponding 4D graviton.

Performing the θ integral, we can therefore relate the 4D Planck scale M4 to the

parameters of the 5D geometry,

M2
4 =

M3
5

k

(
1− e−2krcπ

)
. (1.29)

In the limit of kπrc � 1, the relation simplifies to M2
4 = M3

5/k.

The massive 4D fields that are obtained as a result of the KK decomposition,

the KK gravitons, have a mass of the order

mn ∼ n π ke−krcπ n = 1, 2, . . . (1.30)

The form of interactions between these KK gravitons is fixed by 5D gravity action,

when written in terms of these 4D fields. The overlap integral involving the profiles

sets the coefficients of the interaction terms involving the KK gravitons. The exis-

tence of these new spin 2 resonances is a robust prediction of the RS scenario, and

may be the first signal of these models in the present colliders [66].

Once the SM fields are included in a QFT based on this background geometry,

this construction can serve as a BSM scenario that addresses the hierarchy problem.

Such models are called as the RS models. In its earliest version, all the SM fields

including the Higgs were considered localized on the IR brane. The later variants

kept the Higgs localized on or towards the IR brane, but allowed the fermion and

the gauge fields to propagate in the extra-dimension.

The warp factor in the geometry can be used to solve the hierarchy problem

for a scalar field such as a Higgs. Consider the case of a brane localized Higgs H.
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The relevant part of the action is given by

S =

∫
d4x
√
−Gv

[
DµH

† DνH Gµν
v − λ(|H|2 − v2)2

]
. (1.31)

The action has one dimensionful parameter v. Using the explicit form of the induced

metric, Gµν
v = exp(−2krcπ)ηµν , the action takes the form

∫
d4xe−4krcπ

[
e2krcπDµH

† DνH ηµν − λ(|H|2 − v2)2
]
. (1.32)

After wavefunction renormalization H → ekrcπH, which ensures a canonical 4D

kinetic term for the Higgs, we are left with

∫
d4x

[
DµH

† DνH ηµν − λ(|H|2 − (ve−krcπ)2)2
]
. (1.33)

We see that the mass parameter v is warped down. This is a rather robust feature of

this model, where any mass parameter in the fundamental higher dimensional theory

appears warped down to an observer on the IR brane. Since the mass parameter

appearing in the Higgs potential sets the EW scale, an exponential hierarchy can

be achieved between the EW scale and the fundamental cutoff of the theory, say

Planck scale. Even if v is of the order of Mpl, it is possible to have ve−krcπ ∼MEW if

krc ∼ 10. Since there is no parametric hierarchy between the parameters k, rc, such

values of krc are not unnatural. In this way, an order one tuning of the parameters in

the RS geometry can generate the large hierarchy between the Planck scale and the

weak scale. This is the celebrated solution to the hierarchy problem in RS models.

The original RS proposal, did not explain how to get such a value of kπrc. The

quantity rc is a free parameter in the RS model, and is associated with a modulus

field, the radion. In the absence of a mechanism that gives a VEV to the radion,
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thereby fixing a value for rc, the radion is a massless 4D field in the low energy

theory and corresponds to the freedom to move the distance between the two branes.

Such a situation is not acceptable phenomenologically, because experimental results

severely restrict the presence of a massless scalar. However, it was shown later by

Goldberger and Wise [67] that using a form of potential for a 5D scalar field Φ, a

potential for the radion can be generated. This allows the VEV rc to be non-zero,

and gives the radion a mass. In this way, a realistic value of krcπ can be obtained

which addresses the hierarchy problem. We will not outline the mechanism here,

but we will go into it in more detail in chapter 3 of this dissertation.

This geometric approach to solve the hierarchy problem can be cast into a

more familiar language. In the geometry given by (1.21), the cutoff of a 4D QFT

localized on a brane depends on the location of the brane in the extra dimension.

In particular, the cut-off at the UV and the IR branes are related by

ΛIR = ΛUV e
−krcπ . (1.34)

If the Higgs field is localized to the IR brane, the loops that contribute to the self

energy of the Higgs particle are cutoff at the scale ΛIR. For ΛIR of order the weak

scale MEW , the hierarchy problem can be solved. The low energy effective theory

below the IR cutoff contains the low lying KK gravitons, that get strongly coupled

at the cutoff. In this way, the cutoff on the IR brane can be estimated.

RS models with the SM localized on the IR brane however quickly runs into

severe problems. Because the cutoff on the IR brane is lowered all the way down,

close to the EW scale, the higher dimensional operators that one can construct from
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SM fields are also suppressed by the same scale. Such operators are those associated

with flavor changing processes, which get enhanced tremendously by this lowering

of the cutoff. This leads to a conflict with the flavor constraints.

To maintain this elegant solution to hierarchy problem while still suppressing

the unwanted higher dimensional operators, the Higgs field is kept localized on the

IR brane, while the other SM fields are allowed to propagate in the bulk of the space.

This is because unlike the fermion and the gauge boson masses, only the Higgs mass

suffers from the hierarchy problem. Once the fields are allowed to propagate in

the bulk, the unwanted flavor violating operators are suppressed. In addition, RS

models in this scenario can also address the fermion mass hierarchy puzzle [68–70]

in a natural way. Let us briefly outline these two features now.

In the case when the 5D fermion fields propagate in the bulk, they are KK

decomposed into a set of 4D mass eigenstates. The zero modes are made massless

by Z2 orbifolding and are identified with the SM fermions before EW symmetry

breaking. The KK modes have masses of the order of the warped down curvature.

The zero mode and the KK modes get a profile in the extra dimension after the

KK decomposition. The profile of the zero mode can be made to be exponentially

localized to the UV or the IR brane by a small dialing of the 5D mass parameter of

the corresponding fermion. The profiles of the KK modes are all localized towards

the IR brane. This universal localization of the profile is closely related to the fact

that their masses are of the order of the cut-off on the IR brane.

The hierarchy problem continues to be solved if the Higgs profile remains

localized on the IR brane. This scenario can now address the fermion mass hierarchy
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in a natural way. The mass of the 4D SM fermion is proportional to the overlap

between the Higgs profile and the corresponding zero mode profile. Therefore by

a small dialing of the 5D parameters, one can move the zero mode profile towards

(away) from the IR brane and generate a heavy (light) fermion. In this way, the

desired fermion mass hierarchy of several orders of magnitude can be obtained by an

order 1 tuning of the 5D mass parameters. This approach also keeps the contribution

to the FCNC processes suppressed. This is because, the diagrams contributing to

flavor violating processes involve the KK modes. However, the KK modes are all

universally localized towards the IR brane. This results in a suppression in the

coupling of the KK modes to the light fermions, due to a small overlap in their

profiles. The lightness of the fermion therefore guarantees small flavor violating

couplings. This is reminiscent of the GIM mechanism in the SM. Therefore, this

feature of RS models is known as the RS-GIM mechanism [71,72].

RS models are closely related to BSM scenarios based on conformal dynamics,

through the AdS/CFT duality. In this way, several important features of RS models

can be understood from a dual point of view. Consider concretely the case of two

brane RS models. In the AdS/CFT dictionary, the coordinate corresponding to the

fifth dimension of AdS space is associated with the renormalization scale µ in the

dual theory. Making a change of coordinates in AdS space from θ to z, where z is

defined as

z =
ekrcθ

k
, (1.35)

the renormalization scale µ in the dual CFT is related to z as µ ∼ 1/z [20]. RS
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models with two branes are therefore dual to a strongly coupled theory that is well

approximated by a CFT in the energy regime between the two branes. The hidden

brane corresponds to the UV cut-off of the theory. The visible brane corresponds

to the scale where the CFT is spontaneously broken [20]. The boundary conditions

on the bulk fields at the UV brane determine the coefficients of the deformation

(in the UV) of the CFT in the dual picture. The RS geometry contains a massless

graviscalar mode in the low energy, the radion. This mode corresponds to the

freedom to move the distance between the two branes, and is identified with the

NGB of spontaneously broken conformal invariance, the dilaton, on the 4D side of

the correspondence. The AdS geometry is stabilized by adding a Goldberger-Wise

(GW) scalar Φ to the theory. In the dual picture, this corresponds to deforming

the CFT by a primary scalar operator O. The boundary condition for Φ on the UV

brane is related to the strength of this deformation. Presence of Φ that stabilizes

the RS geometry generates a mass for the radion. Correspondingly, the deformation

of CFT by O generates a mass for the dilaton.

We saw that in the RS scenario, the SM fields could be localized to the IR

brane, or could propagate in the bulk. In the dual 4D theory, the brane localized

fields correspond to composites of the conformal dynamics. The bulk fermionic

fields in RS models correspond to elementary fields that mix with CFT operators

of a given scaling dimension. The scaling dimension is related to the 5D mass

parameter of the fermion in the AdS space. The gauge fields that propagate in the

bulk correspond to global symmetries of the conformal dynamics that are weakly

gauged.
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We see that AdS/CFT duality allows us to match BSM scenarios in RS models

to those involving conformal dynamics. In this way, extra dimensional realizations

of technicolor [73] and of the Higgs as a pNGB [74] have been obtained. We use

this approach in this dissertation, based on our results in [21]. In particular, we use

this correspondence to construct an explicit holographic realization of the setup for

the dilaton, thereby providing a verification of the results concerning its mass and

couplings.

1.6 Summary and Plan of the Dissertation

In this chapter, I have motivated the role of conformal dynamics in a class of

BSM models that address the hierarchy problem and satisfy the flavor constraints

naturally. Using AdS/CFT duality, conformal dynamics can be indirectly studied

using the geometry of warped extra dimension. In this way, BSM models involving

conformal dynamics can be related to RS models. Spontaneous breaking of con-

formal invariance in these scenarios leads to a pNGB in the spectrum, the dilaton.

In the limit of exact conformal invariance, the dilaton is massless and its couplings

are fixed by the requirement of nonlinear realization of conformal symmetry. In

realistic scenarios, the conformal symmetry is only approximate, which results in

the dilaton acquiring a mass, and modifies its couplings. If conformal dynamics is

directly responsible for EW symmetry breaking, the dilaton may be the only new

light particle in the spectrum. In a scenario where the Higgs is a composite pNGB,

the dilaton can be another state in the low energy theory apart from the Higgs.
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The discovery of a dilaton would be indicative of the involvement of conformal dy-

namics in the real world. It is therefore important to arrive at the conditions under

which the dilaton can be light, and to understand the modifications to its couplings

in such a scenario. Using the AdS/CFT duality, the dilaton is identified with the

radion mode in the RS models. In this way, RS models can provide a holographic

realization of this scenario, thereby providing a way to verify the results obtained

for the mass and couplings of the dilaton.

In the wake of the recent discovery of a SM like Higgs particle at mass close

to 125 GeV, studying the mass and the couplings of the dilaton becomes even more

important. The dilaton couplings in the absence of conformal symmetry violating

effects are of the same form as the SM Higgs in the classical limit. It therefore

becomes important to study the dilaton couplings in realistic scenarios, and arrive

at ways to distinguish it from a SM like Higgs. There are several possibilities –

the observed particle is a dilaton and there may or may not be other light states

(like a SM like Higgs) in the spectrum, the observed particle is a SM like Higgs

and there may or may not be other light states (like a dilaton) in the spectrum,

or the dilaton and the Higgs mix with each other, and the observed particle is an

admixture. Phenomenological studies in this direction have already been reported.

With this motivation, we focus in this dissertation on the mass and the cou-

plings of the dilaton in a spontaneously broken CFT, and those of the radion in the

corresponding holographic duals. In chapter 2, we will focus on the theory of the

dilaton. We will construct the effective theory of the dilaton, focusing on the mass

and the couplings to light states. We will consider the scenarios when the correc-
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tion to the scaling dimension of the symmetry breaking operator are small near the

breaking scale, and when they are large. In both cases, we will construct the low

energy effective theory. In chapter 3 we will present the effective theory of the radion

in RS models. We will calculate the mass and the couplings of the radion to the

light fields. This will be done closely keeping the CFT construction in mind, which

we will elaborate when needed. In chapter 4 we will use the idea of duality to show

that the results for the radion and the dilaton agree with each other, which confirms

that the extra dimensional setup provides an explicit holographic realization of the

conformal dynamics. Finally in chapter 5 we will conclude and summarize.
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CHAPTER 2

Effective Theory of the Dilaton

In this chapter we construct the effective theory of the dilaton, which is the

NGB of spontaneously broken conformal symmetry. Guided by the requirement to

realize the symmetry non-linearly in the broken phase, we construct the effective

potential for the dilaton. We show that the obtained potential in this case requires

severe fine-tuning to allow for a realistic breaking scale and fails to give the dilaton

a mass. This motivates incorporating conformal symmetry violating effects for the

theory in the high energy. We construct the effective potential for the dilaton in the

low energy in the presence of such effects and show that if the operator that breaks

conformal symmetry at high energies is marginal at the breaking scale, the dilaton

can naturally be light.

After establishing the results about the mass of the dilaton, we proceed to

calculate the couplings of the dilaton to other light fields in the low energy, focusing

on various scenarios. In particular, we consider the following cases:
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1. Conformal SM: All the SM fields are composites of the CFT. EW symmetry

is broken by the strong dynamics. There is no light Higgs.

2. Technicolor: The SM gauge fields are elementary, whereas the matter fields

can be elementary, composites, or partially composites of the CFT. EW sym-

metry is broken by the strong dynamics. There is no light Higgs.

3. Higgs as pNGB: The SM gauge fields are elementary, whereas the mat-

ter fields can be elementary, composites, or partially composites of the CFT.

Breaking of a global symmetry of the CFT gives a Higgs doublet, which breaks

EW symmetry. There is a light Higgs.

In all these cases, we calculate the form of the couplings to the gauge bosons and

the fermions. We obtain the leading corrections to the couplings that come from

incorporating conformal symmetry violating effects.

The fifteen parameter conformal group extends the ten parameter Poincare

group to include scale transformations and special conformal transformations. While

it has long been conjectured that any Poincare invariant, unitary theory that realizes

scale invariance linearly will also respect conformal symmetry [75], there exists no

complete proof. The validity of this conjecture has been the subject of considerable

interest in the recent literature [76–78]. In the rest of this dissertation, we will

not concern ourself with this yet unsettled interesting question, and will use scale

invariance and conformal invariance interchangeably.

Consider a theory where conformal invariance is spontaneously broken. Then

the low energy effective theory contains a dilaton field σ(x), which can be thought
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of as the NGB associated with the breaking of scale invariance [7, 8, 10, 79]. The

additional four NGBs associated with the breaking of the special conformal symme-

try can be identified with the derivatives of the dilaton, rather than as independent

propagating fields. Below the breaking scale the symmetry is realized non-linearly,

with the dilaton undergoing a shift σ(x) → σ′(x′) = σ(x) + ωf under the scale

transformation xµ → x′µ = e−ωxµ. Here f is the scale associated with the breaking

of conformal symmetry. For the purpose of writing interactions of the dilaton it is

convenient to define the object

χ(x) = feσ(x)/f (2.1)

which transforms linearly under scale transformations. Specifically, under the scale

transformation xµ → x′µ = e−ωxµ, χ(x) transforms as a conformal compensator

χ(x)→ χ′(x′) = eω χ(x) . (2.2)

The low energy effective theory for the dilaton will in general include all terms con-

sistent with this transformation, but with some additional restrictions and relations

among their coefficients from the requirement that the theory be invariant not just

under scale transformations, but under the full conformal group. These restrictions

will not affect our discussion in any significant way, and so operationally we shall

only require that the action for χ be scale invariant.

In writing down the Lagrangian for the dilaton, it is necessary to take into

account the implicit breaking of conformal invariance associated with the regulator.

Since the theory in the ultraviolet possesses exact conformal invariance, this effect is

of course completely spurious. However, it has the consequence that the Lagrangian
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for the dilaton is not manifestly scale invariant. It is only at the quantum level,

when effects of the regulator are incorporated, that conformal invariance is realized.

This complicates the problem of finding the form of the effective theory.

Perhaps the simplest way to incorporate the effect of the regulator is to begin

in a framework where the renormalization scale µχ is itself a function of χ, µχ = µχ̂,

where χ̂ = χ/f . In such a framework, correlation functions can be obtained from

the effective action, which has exactly the same form as in a conventional renormal-

ization scheme, but with µ replaced by µχ [80]. Such a choice of renormalization

scheme has the advantage that the action for χ is then manifestly scale invariant and

therefore easy to write down. Starting from this action, the form of the Lagrangian

in a more conventional scheme where the renormalization scale is independent of χ

can be determined. This is the approach we shall follow.

2.1 Dilaton Lagrangian in the Limit of Exact Conformal Invariance

We begin by constructing the effective theory for the dilaton in the case when

conformal invariance is exact, and effects that explicitly violate conformal symmetry

are absent. In a framework where the renormalization scale µχ is proportional to

χ, the low energy effective action for the dilaton will be manifestly scale invariant.

This symmetry allows derivative terms in the Lagrangian of the form

1

2
Z∂µχ∂

µχ+
c

χ4
(∂µχ∂

µχ)2 + . . . (2.3)

For reasons that will become clear, we postpone rescaling Z to one. Crucially,

however, in contrast to the effective theory of the NGB of spontaneously broken
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global symmetry, a non-derivative term in the potential is also allowed,

V (χ) =
Z2κ0

4!
χ4 . (2.4)

The existence of this non-derivative term indicates that even in the absence of effects

that explicitly violate conformal symmetry, there is a preferred value of f = 〈χ〉.

This is in sharp contrast to the case of a spontaneously broken global symmetry,

where all points on the vacuum manifold are identical. In order to determine the

location of the minimum, the effective potential must be obtained and minimized.

In order to bring the theory into a standard form, we now go over to a scheme

in which the renormalization scale µ is independent of χ. In order to clarify the dis-

cussion, we first illustrate the procedure at one loop. We will obtain the Lagrangian

for the low energy effective theory to this order, and use it to determine the effec-

tive potential and dilaton mass. We will then show how the result generalizes to

arbitrary numbers of loops. It will be convenient to work in a mass-independent

scheme, such as MS. We label Z and the coupling constants c, Z2κ0 etc. by gi,

where i is an index. The gi are all dimensionless.

2.1.1 One Loop Analysis

At one loop, going over to a scheme where the renormalization scale µ is

independent of χ is equivalent to evolving the parameters gi etc. from µχ to µ using

the renormalization group. Running the renormalization group leads to gi evolving

into g′i, where

g′i = gi −
dgi

d logµ
log

(
χ

f

)
. (2.5)
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To keep the analysis simple we focus on the case when all the gi are zero, except Z

and Z2κ0. Then to this order, the potential for the dilaton takes the form

V (χ) =

{
Z2κ0 −

d(Z2κ0)

d logµ
log

(
χ

f

)}
χ4

4!
. (2.6)

Note that the potential is no longer manifestly scale invariant. In this theory at one

loop order there is no wave function renormalization,

d logZ

d logµ
= −2γ = 0 . (2.7)

The derivative of κ0 can be evaluated in perturbation theory, leading to

dκ0

d logµ
=

3κ2
0

16π2
. (2.8)

After using these expressions to replace the terms involving derivatives in the La-

grangian, we may choose to rescale Z to one.

The conformal invariance of this Lagrangian can be made more transparent

in a basis where all the mass scales are expressed as powers of the renormalization

scale µ, and all coupling constants are dimensionless. In such a basis, the dilaton

kinetic term can be written as

1

2
Z̄∂µχ∂

µχ , (2.9)

where Z̄ is given to one loop order by

Z̄ = Z − dZ

d logµ
log

(
µ

f

)
. (2.10)

Z̄, which is equal to Z since wave function renormalization vanishes to this order,

is a renormalization group invariant and does not change with µ. At this point we

choose to rescale Z̄ to one.
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In this basis the potential for the dilaton takes the form

V (χ) =

{
κ0 −

d(Z2κ0)

d logµ
log

(
χ

µ

)}
χ4

4!
. (2.11)

where κ0 is given by

κ0 = Z2κ0 −
d(Z2κ0)

d logµ
log

(
µ

f

)
. (2.12)

Note that κ0, like Z̄, is independent of the renormalization scale µ to this loop order,

as dictated by conformal invariance.

The next step is to determine the one loop effective potential. This can be

computed from Eq. (2.6), after rescaling Z to one, using the Coleman-Weinberg

formula,

Veff = V ± 1

64π2

∑
i

M4
i

(
log

M2
i

µ2
− 1

2

)
. (2.13)

Here the sum is over the field dependent masses of all the states in the theory, the

sign being positive for bosons and negative for fermions. This leads to

Veff(χcl) =

{
κ0 −

3κ2
0

32π2

[
log

(
µ2

1
2
κ0f 2

)
− 1

2

]}
χ4
cl

4!
(2.14)

The conformal invariance of the theory can be made clear by rewriting this in terms

of κ0. We obtain

Veff(χcl) =
κ̂0

4!
χ4
cl . (2.15)

where κ̂0, given to one loop order by

κ̂0 = κ0 +
3κ2

0

32π2

[
log

(
κ0

2

)
− 1

2

]
, (2.16)

is independent of the renormalization scale µ, as required by conformal invariance.

Minimizing this effective potential, we find that the conformal symmetry

breaking scale 〈χ〉 = f is driven to zero, corresponding to unbroken conformal
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symmetry, if the sign of κ̂0 is positive. Alternatively, if κ̂0 is negative, f is driven to

infinite values, and conformal symmetry is never realized. Only if the value of κ̂0 is

identically zero does the low energy effective theory possess a stable minimum, and

a massless dilaton. In general setting κ̂0 = 0 is associated with severe tuning, since

there is no symmetry reason to expect it to vanish.

2.1.2 General Analysis

Although this result was obtained based on a one loop analysis, we now show

that the same conclusion holds at arbitrary loop order. It can be verified that by

replacing gi in the theory renormalized at µχ by g′i, where g′i is given by

g′i = gi +
∞∑
n=1

(−1)n

n!

dngi
d logµn

[
log

(
χ

f

)]n
, (2.17)

we obtain a Lagrangian which is conformally invariant when renormalized at µ. The

higher terms in this series are to be determined self-consistently order by order in

perturbation theory. The potential for the dilaton now takes the form

V (χ) =

{
∞∑
n=0

(−1)n

n!

dn(Z2κ0)

d logµn

[
log

(
χ

f

)]n}
χ4

4!
. (2.18)

As expected, the Lagrangian does not possess a manifestly scale invariant form. We

can choose to rescale Z to one after the derivatives have been evaluated, but not

before.

The conformal invariance of the theory can be made more transparent by going

over to a basis where all the mass scales are expressed as powers of the renormal-

ization scale µ, and all coupling constants are dimensionless. In such a basis, Z̄, the
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coefficient of the dilaton kinetic term, is given by

Z̄ =
∞∑
m=0

(−1)m

m!

dmZ

d logµm

[
log

(
µ

f

)]m
. (2.19)

Z̄ does not change with the renormalization scale µ, and we rescale it to one without

loss of generality. The potential for the dilaton takes the form

V (χ) =

{
∞∑
n=0

(−1)n

n!
κ0,n

[
log

(
χ

µ

)]n}
χ4

4!
, (2.20)

where κ0,n is given by

κ0,n =
∞∑
m=0

(−1)m

m!

dm+n(Z2κ0)

d logµm+n

[
log

(
µ

f

)]m
. (2.21)

The beta functions of all the κ0,n vanish by construction. This is a reflection of the

conformal invariance of this theory. Going forward, we denote the κ0,n and all the

other coupling constants in this basis by ḡi, where i is an index. The beta functions

of all the ḡi vanish as a consequence of conformal invariance.

The next step is to obtain the effective potential Veff(χcl) for this theory, and

to minimize it. How is Veff(χcl) to be determined? This time, rather than work

directly from the Lagrangian, we employ the Callan-Symanzik equation for the

effective potential,{
µ
∂

∂µ
+ βi

∂

∂ḡi
− γχcl

∂

∂χcl

}
Veff(χcl, ḡi, µ) = 0 . (2.22)

For a conformal theory, the beta functions βi(ḡi) vanish. The anomalous dimension

γ of χ, which represents the difference between its mass and scaling dimensions, is

also zero. Then the Callan-Symanzik equation reduces to

µ
∂

∂µ
Veff(χcl, ḡi, µ) = 0 . (2.23)
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The effective potential is then constrained by dimensional analysis to be of the

especially simple form

Veff(χcl) =
κ̂0

4!
χ4
cl , (2.24)

where κ̂0 is a constant that depends on the ḡi, but is independent of µ. We see

that the theory does not have a stable minimum unless κ̂0 = 0, when the potential

vanishes identically. The results of our one loop analysis are therefore confirmed.

2.2 Dilaton Lagrangian in the Presence of Conformal Symmetry Vi-

olating Effects

The situation changes if effects that explicitly break conformal symmetry are

present in the theory. Consider an operator O(x) of scaling dimension ∆ added to

the Lagrangian,

L = LCFT + λOO(x) . (2.25)

Under x→ x′ = e−ωx, the operator O(x)→ O′(x′) = eω∆O(x). It is convenient to

define the dimensionless coupling constant λ̂O = λOµ
∆−4. We choose to normalize

the operator O(x) such that λ̂O of order one corresponds to conformal symmetry

violation becoming strong, so that it can no longer be treated as a perturbation on

the conformal dynamics. This implies that if λ̂O � 1, it satisfies the renormalization

group equation (RGE)

d logλ̂O
d logµ

= −(4−∆) . (2.26)

We wish to determine the effect of this deformation on the form of the low energy

effective theory. In order to do this, note that for small λ̂O the action remains
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formally invariant under x → x′ = e−ωx provided λO is taken to be a spurion that

transforms as

λO → λ′O = e(4−∆)ωλO. (2.27)

This implies that the effective theory for χ will also respect conformal symmetry if

λO is treated as a spurion that transforms in this way. The combination invariant

under the transformation is λOχ
∆−4. All low energy effects will be a power series in

λO as long as the deformation remains perturnbative so that λO is below its strong

coupling value. By the spurion analysis, the specific form of χ appearing in the low

energy is then fixed.

In determining the low energy effective theory for the dilaton it is again sim-

plest to begin in a framework where the renormalization scale depends on the con-

formal compensator as µχ = µχ̂, since the Lagrangian is then manifestly scale

invariant. The potential for the dilaton is then

V (χ) =
Z2κ0

4!
χ4 −

∞∑
n=1

Z2−nε/2κn
4!

λnO χ
(4−nε) , (2.28)

where ε is defined as 4 − ∆. The next step is to go over to a more conventional

scheme where the renormalization scale µ is independent of χ.

2.2.1 One Loop Analysis

In order to clarify the discussion we will first work in the limit that λ̂O � 1

at scales µ of order f , and determine the vacuum structure and the dilaton mass

to one loop order. We will then relax the assumption on λ̂O and also generalize the

result to an arbitrary number of loops.
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Keeping only the leading order term in λ̂O, the potential for the dilaton

Eq. (2.28) simplifies to

V (χ) =
Z2κ0

4!
χ4 − Z∆/2κ1

4!
λO χ

∆ , (2.29)

where κ0 and κ1 are coupling constants. We can go over to a scheme where the

renormalization scale is independent of χ by using the renormalization group. The

potential then becomes, to one loop order,

V (χ) =

{
Z2κ0 −

d(Z2κ0)

d logµ
log

(
χ

f

)}
χ4

4!
(2.30)

−
{
Z∆/2κ1 −

d(Z∆/2κ1)

d logµ
log

(
χ

f

)}
λO χ

∆

4!
.

To keep the analysis simple we focus on the case when all the gi are zero, except Z,

Z2κ0 and Z∆/2κ1. This theory does not experience wave function renormalization

at one loop, and therefore the derivatives of Z in the expression above vanish. The

derivatives of κ0 and κ1 can be evaluated in perturbation theory, leading to

dκ0

d logµ
=

3κ2
0

16π2

dκ1

d logµ
=

∆ (∆− 1)κ1κ0

32π2
. (2.31)

In order to understand how conformal symmetry is realized in this framework

it is useful to go over to a basis where all mass scales are expressed in terms of the

renormalization scale µ and all coupling constants are dimensionless. In this basis,

Z̄, the coefficient of the dilaton kinetic term is given by

Z̄ = Z − dZ

d logµ
log

(
µ

f

)
. (2.32)
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Z̄ is a renormalization group invariant. The absence of wave function renormaliza-

tion in this theory at one loop means that Z = Z̄ to this order. We choose to rescale

Z̄ to one.

The potential for the dilaton takes the form

V (χ) =

{
κ0 −

d(Z2κ0)

d logµ
log

(
χ

µ

)}
χ4

4!

−
{
κ1 −

d(Z∆/2κ1)

d logµ
log

(
χ

µ

)}
λOχ

∆

4!
. (2.33)

Here κ0 and κ1 are related to Z, κ0 and κ1 as

κ0 = Z2κ0 −
d(Z2κ0)

d logµ
log

(
µ

f

)
κ1 = Z∆/2κ1 −

d(Z∆/2κ1)

d logµ
log

(
µ

f

)
. (2.34)

Note that λO is being treated as a spurion, not as a coupling constant, and

therefore continues to carry mass dimension 4 − ∆, equal to its spurious scaling

dimension. The beta functions of κ0 and κ1 can be seen to vanish to one loop order

by construction. This is a consequence of the (spurious) conformal symmetry.

The next step is to obtain the effective potential for the theory at one loop

order. We again use Eq. (2.13), after rescaling Z to one, leading to

Veff(χcl) =
κ0

4!
χ4
cl −

κ1

4!
λOχ

∆
cl + (2.35)

κ0

4!

[
3κ0

32π2
χ4
cl −

λO∆ (∆− 1)κ1

64π2
χ∆
cl

] [
Σ− 1

2

]
,

where Σ is defined as

Σ = log

[
κ0

2
− κ1

4!
∆ (∆− 1)λOχ

∆−4
cl

]
. (2.36)

52



The next step is to find the minimum of this potential, and to obtain the

dilaton mass. For simplicity, we neglect the loop suppressed terms on the second

line of Eq. (2.35). We will later verify that including them does not alter our

conclusions. The tree level potential admits a minimum when

f (∆−4) =
4κ0

κ1λO∆
. (2.37)

The dilaton mass squared at the minimum, to this order, is given by

m2
σ =

κ1

4!
λO∆(4−∆)f∆−2 = 4

κ0

4!
(4−∆)f 2 . (2.38)

If the conformal field theory is weakly coupled, the parameters κ0, κ1 � (4π)2,

λ̂O � 1⇒ λOf
(∆−4) � 1, and the effective theory of the dilaton we have obtained

is valid. Corrections to Eqs. (2.37) and (2.38) from the loop suppressed terms in

Eq. (2.35) can be seen to be small in this limit, and we are justified in neglecting

them.

However, if the conformal field theory under consideration is strongly coupled,

as in the theories of interest for electroweak symmetry breaking, the effective theory

of the dilaton is also expected to be strongly coupled at the scale Λ ∼ 4πf . Then, in

the absence of tuning, the parameters κ0 and κ1 are in general of order (4π)2 and, as

is clear from Eq. (2.37), the assumption that λ̂O is small at the scale f is no longer

self consistent. Furthermore, it follows from Eq. (2.38) that the mass of the dilaton

is of order the cutoff Λ and so it is no longer a light state. The loop suppressed terms

we have neglected in obtaining Eq. (2.37) cannot alter this result. The conclusion to

be drawn from this is that if a strongly coupled conformal field theory is explicitly
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broken by a relevant operator that becomes strong in the infrared, in general there

is no reason to expect a light dilaton.

However, a closer study of Eq. (2.38) reveals a very interesting feature. If the

operator O is very close to marginal so that (4−∆)� 1, then even for κ0 ∼ (4π)2

the dilaton mass is parametrically smaller than the strong coupling scale Λ. It

is straightforward to verify that this conclusion remains true even when the loop

suppressed terms in Eq. (2.35) are included in the analysis. This would suggest

that in a scenario where the operator that breaks conformal symmetry is close to

marginal, there is indeed a light dilaton in the effective theory. The dilaton mass

depends on how close the dimension of O is to the exactly marginal value of 4,

scaling as mσ ∼
√

4−∆.

This is potentially a very important result. In a large class of theories of

interest for electroweak symmetry breaking, the operator that breaks conformal

symmetry is close to marginal in order to ensure that there is a large hierarchy

between the flavor scale (or Planck scale) and the electroweak scale. This result

would imply that in all such theories the low energy spectrum includes a light

dilaton! Unfortunately, the steps leading up to Eq. (2.38) assumed that λ̂O � 1.

As is clear from Eq. (2.37), this assumption is not valid in the strong coupling limit.

In order to validate this conclusion, we must show that the result continues to hold

when this assumption is relaxed, and is valid beyond one loop.
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2.2.2 General Analysis

Extending the analysis beyond small λO involves incorporating two distinct

effects. Firstly, if the coupling constant λO is not small, the scaling behavior of the

operator O(x) is expected to receive corrections, and Eq. (2.26) is in general no

longer valid. Instead, the RGE takes on the more general form

d logλ̂O
d logµ

= −g(λ̂O) , (2.39)

where g(λ̂O) is in general a polynomial in λ̂O,

g(λ̂O) =
∞∑
n=0

cnλ̂
n
O , (2.40)

that can be approximated by the lowest order term

g(λ̂O) = c0 = (4−∆) (2.41)

only in the limit when λ̂O is small. In general, in a strongly coupled conformal field

theory, the coefficients cn, n ≥ 1 are expected to be of order one. (This is consistent

with the expectation that all the terms in the series should become comparable when

λ̂O is of order one.) This effect must be taken into account. Secondly, if λ̂O is not

small, the higher order terms in Eq. (2.28) are significant and must be included in

our analysis.

While both these effects are important, the first has a particularly striking

impact on the form of the low energy effective theory. The reason is that in this

case, the leading order effect which is of order (4−∆) receives corrections that begin

at order λ̂O. Since in the theories of interest (4−∆)� 1, these corrections can po-

tentially become large even before λ̂O reaches its strong coupling value, significantly
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impacting the final result. This is most easily seen by going beyond the leading

term in Eq. (2.40), while neglecting the higher order corrections in λ̂O that arise

from other sources. Such an approximation is valid provided λ̂O at the breaking

scale is significantly below its strong coupling value, λ̂O � 1. We are interested in

the region of parameter space where (4−∆) < c1λ̂O, so that the corrections to the

leading order term in Eq. (2.40) dominate. We postpone a more complete discussion

that includes all the higher order effects in λ̂O till later in this section.

Integrating Eq (2.39), it follows that G(λ̂O)µ−1 is a renormalization group

invariant, where

G(λ̂O) = exp

(
−
∫
dλ̂O

λ̂O

1

g(λ̂O)

)
. (2.42)

We can make the theory defined by Eq. (2.25) formally invariant under scale trans-

formations by promoting λ̂O to a spurion that transforms as

λ̂O(µ)→ λ̂′O(µ) = λ̂O(µe−ω) (2.43)

under x→ x′ = e−ωx. Under this transformation,

G(λ̂O)µ−1 → G(λ̂′O)µ−1 = e−ωG(λ̂O)µ−1 . (2.44)

The Lagrangian for the low energy effective theory must be invariant under this spu-

rious scale transformation. Furthermore, it is restricted to terms involving positive

integer powers of the spurion λ̂O. Using Eq. (2.42), it follows that the combination

λO, defined as

λO = λ̂O

[
1 + g(λ̂O)logµ

]
, (2.45)

is invariant under infinitesimal changes in the renormalization scale µ. It then follows
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from Eq. (2.44) that the object Ω(λ̂O, χ/µ), defined as

Ω(λ̂O, χ/µ) = λ̂O

[
1− g(λ̂O)log

(
χ

µ

)]
, (2.46)

is invariant under infinitesimal (spurious) scale transformations. Furthermore, Ω is

a polynomial in λ̂O. Lagrangians that are invariant under infinitesimal (spurious)

scale transformations can be constructed using Ω.

For values of µ close to the symmetry breaking scale f and g(λ̂O)� 1, we can

approximate Ω as

Ω(λ̂O, χ/µ) = λ̂O

(
χ

µ

)−g(λ̂O)

. (2.47)

To leading order in Ω the potential for χ takes the form

V (χ) =
χ4

4!

(
κ0 − κ1Ω

)
. (2.48)

From this potential the dilaton mass at the minimum can be obtained as

m2
σ = 4

κ0

4!
g(λ̂O)f 2 (2.49)

This expression for the dilaton mass is very similar to that in Eq. (2.38), except in

one important respect. We now see that it is the scaling behavior of the operator

O at the breaking scale that determines the dilaton mass, rather than the scaling

dimension of O in the far ultraviolet. In particular, this implies that for the dilaton

of a spontaneously broken approximate conformal symmetry to be naturally light, it

is not sufficient that (4−∆)� 1, so that the operator that breaks the symmetry is

close to marginal in the far ultraviolet. Instead, the requirement is that this operator

be close to marginal at the symmetry breaking scale, so that g(λ̂O) � 1 at µ = f .
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Since in a general strongly coupled theory, λ̂O, and therefore g(λ̂O), are expected to

be of order one at the breaking scale, this condition is not expected to be satisfied

in the scenarios of interest for electroweak symmetry breaking (for which 4−∆� 1

suffices to address the flavor problem). This suggests that the existence of a light

dilaton in these theories is associated with tuning (or more precisely, a coincidence

problem). However, since the consistency of this analysis requires that λ̂O � 1, it

remains to show that including the higher order corrections in λ̂O that we have so

far neglected, and which may be significant, does not affect this conclusion.

The next step is obtain the effective theory for the dilaton, consistently in-

cluding all the higher order effects in λ̂O. At this point it is convenient to separate

out the corrections to the scaling behavior of O from these effects. Recalling that ε

is defined as (4−∆), we write

g(λ̂O) = ε+ δg(λ̂O) , (2.50)

where δg(λ̂O) represents the higher order corrections. In order to simplify our anal-

ysis we will consider the two cases |δg(λ̂O)| < ε and |δg(λ̂O)| > ε, corresponding to

the corrections to the scaling dimension of the operator O being smaller or larger

than ε at the breaking scale, separately.

2.2.2.1 Limit When the Corrections Are Small

We first consider the case when |δg(λ̂O)| < ε at the breaking scale. In this

limit we can simplify Eq. (2.42) by performing a binomial expansion,∫
dλ̂O

1

λ̂Og(λ̂O)
=

∫
dλ̂O

ελ̂O

[
1− δg(λ̂O)

ε
+ . . .

]
. (2.51)
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Then

G(λ̂O) = λ̂
−1/ε
O exp

[∫
dλ̂O

δg(λ̂O)

ε2λ̂O
+ . . .

]
. (2.52)

It follows from this that G(λ̂O), defined as

G(λ̂O) =
[
G(λ̂O)

]−ε
, (2.53)

can be expanded as a polynomial in λ̂O,

G(λ̂O) = λ̂O

[
1−

∫
dλ̂O

δg(λ̂O)

ελ̂O
+ . . .

]
. (2.54)

Then the object G(λ̂O)µε, which we denote by λO, is a renormalization group invari-

ant that can be expanded as a polynomial in λ̂O. It follows from Eq. (2.44) that the

theory above the breaking scale is formally invariant under scale transformations,

x→ x′ = e−ωx, provided λO is taken to be a spurion that transforms as

λO → λ
′
O = eεωλO. (2.55)

The effective theory for χ will then respect conformal symmetry if λO is treated

as a spurion that transforms in this way. Note that this spurious transformation

is identical to that of λO, Eq. (2.27), in the case of small λ̂O. Consider the object

Ω(λO, χ), defined as

Ω(λO, χ) = λOχ
−ε . (2.56)

By construction, Ω is invariant under (spurious) scale transformations. Furthermore,

in the regime |δg(λ̂O)| < ε, it can be expanded as a polynomial in λ̂O. Ω is useful

in constructing the general Lagrangian for the low energy theory.
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In a framework where the renormalization scale depends on the conformal

compensator as µχ = µχ̂, the potential for χ takes the form

V (χ) =
Z2χ4

4!

[
κ0 −

∞∑
n=1

κnΩn(λO,
√
Zχ)

]
. (2.57)

This simplifies to the form of Eq (2.28), but with λO replaced by λO,

V (χ) =
Z2κ0

4!
χ4 −

∞∑
n=1

Z2−nε/2κn
4!

λ
n

O χ
(4−nε) . (2.58)

Going over to a more conventional scheme where the renormalization scale µ is

independent of χ, V (χ) becomes

∞∑
m=0

(−1)m

m!

dm(Z2κ0)

d logµm

[
log

(
χ

f

)]m
χ4

4!
− (2.59)

∞∑
n=1

∞∑
m=0

(−1)m

m!

dm(Z2−nε/2κn)

d logµm

[
log

(
χ

f

)]m
λ
n

Oχ
4−nε

4!
.

We can choose to rescale Z to one, but only after the derivatives above have been

evaluated.

The (spurious) conformal symmetry of the theory can be made more trans-

parent in a basis where all mass scales are expressed in terms of the renormalization

scale µ and all coupling constants are dimensionless. In this basis, Z̄, the coefficient

of the dilaton kinetic term, is given by

Z̄ =
∞∑
m=0

(−1)m

m!

dmZ

d logµm

[
log

(
µ

f

)]m
. (2.60)

Z̄ is independent of the renormalization scale µ. We again choose to set it to one.

The potential for the dilaton now takes the form

V (χ) =
∞∑
m=0

(−1)m

m!
κ0,m

[
log

(
χ

µ

)]m
χ4

4!
(2.61)

−
∞∑
n=1

∞∑
m=0

(−1)m

m!
κn,m

[
log

(
χ

µ

)]m
λ
n

Oχ
4−nε

4!
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where the couplings constants κn,m are given by

∞∑
r=0

(−1)r

r!

dm+r(Z2−nε/2κn)

d logµm+r

[
log

(
µ

f

)]r
. (2.62)

The beta functions of all the κn,m vanish by construction, reflecting the (spurious)

conformal invariance of the theory.

The final step is to determine the form of the effective potential. We will again

use the Callan-Symanzik equation for the effective potential,

{
µ
∂

∂µ
+ βi

∂

∂ḡi
− γφαφα

∂

∂φα

}
Veff(φα, ḡi, µ) = 0 . (2.63)

Here the index α runs over the fields in the theory, namely χcl and λ̂O. The beta

functions βi(ḡi) vanish as a consequence of the (spurious) conformal symmetry, as

does the anomalous dimension of χ. The anomalous dimension of λ̂O is g(λ̂O), the

difference between its scaling dimension and mass dimension. Then the Callan-

Symanzik equation reduces to

{
µ
∂

∂µ
− g(λ̂O)λ̂O

∂

∂λ̂O

}
Veff(χcl, λ̂O, ḡi, µ) = 0 . (2.64)

Making a change of variable from λ̂O to λO, this becomes simply

µ
∂

∂µ
Veff(χcl, λO, ḡi, µ) = 0 . (2.65)

Dimensional analysis constrains the solution to be of the form

Veff(χcl) =
1

4!
χ4
cl

[
κ̂0 −F(λOχ

−ε
cl )
]
, (2.66)

where κ̂0 is a constant that depends on the couplings ḡi but not on λO. The form

of the function F(Ω) cannot be determined from symmetry considerations alone,
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but depends on the dynamics of the conformal field theory under consideration,

and on the operator O. For values of Ω less than one by a factor of at least a

few, corresponding to λ̂O being below its strong coupling value at the symmetry

breaking scale f , F(Ω) can be computed in perturbation theory. In general it is not

a polynomial in Ω, as can be seen from Eq. (2.35).

Minimizing the effective potential we find the condition that determines the

symmetry breaking scale f ,

4κ̂0 − 4F(λOf
−ε) + ελOf

−εF ′(λOf−ε) = 0 . (2.67)

The dilaton mass squared depends on the second derivative of the effective potential

at the minimum, which is given by

∂2Veff

∂σ2
=

1

4!
f 2
{

4ελOf
−εF ′(λOf−ε)

}
. (2.68)

Here we are neglecting effects of order ε2. We see from this that even at strong

coupling, corresponding to κ̂0 ∼ (4π)2, if the function F(Ω) satisfies the condition

F(Ω) >∼ ΩF ′(Ω) at the minimum, the dilaton mass is suppressed by a factor of

√
ε relative to the strong coupling scale 4πf , and therefore remains light. The

question is whether this condition on the function F(Ω) is indeed satisfied in a

general strongly coupled conformal field theory, for an arbitrary marginal operator

O. Unfortunately, in the absence of additional information about the function F(Ω),

we cannot establish such a conclusion. At the minimum, the value of Ω is equal

to that of λ̂O evaluated at the symmetry breaking scale f . For Ω of order one,

corresponding to λ̂O close to its strong coupling value, we expect that F(Ω) is of

order (4π)2, but its functional form is completely unknown.
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However, there exists a class of strongly coupled theories where the condition

F(Ω) ∼ ΩF ′(Ω) is satisfied, and the dilaton is light. In the region of parameter space

where λ̂O and κ̂0 are below their strong coupling values, the form of the function

F(Ω) can be determined from perturbation theory. In this regime it is dominated

by the term linear in Ω in Eq. (2.57), since the other terms are loop suppressed or

higher order in λ̂O. Now, we expect that there exist strongly coupled conformal

field theories where the parameter κ̂0 is below its natural strong coupling value by

a factor of order a few. This is quite natural, requiring at most mild tuning. From

the minimization condition it follows that in such theories, symmetry breaking is

realized for values of F(Ω) that correspond to values of Ω, and therefore λ̂O, that lie

below their strong coupling values by roughly the same factor. Since F(Ω) is linear

in Ω in this regime, the condition F(Ω) ∼ ΩF ′(Ω) is satisfied at the minimum.

Therefore in this class of theories the conclusion mσ ∼
√
ε is valid, and the dilaton

is light.

Since this analysis is restricted to the region of parameter space where |δg(λ̂O)| <

ε, it is important to understand the circumstances under which this condition is sat-

isfied. One possibility is that O is a protected operator, so that all the coefficients

cn in the polynomial expansion of g(λ̂O) are of order ε. The operator O is then close

to marginal for any value of λ̂O. An example is a theory where the parameter λ̂O

corresponds to a fixed line, while the parameter ε is associated with the coefficient of

an operator that is very close to marginal (for all λ̂O) and which lifts the fixed line.

However, theories that admit such protected operators are clearly rather special.

There is no reason to expect the condition cn
<∼ ε to be satisfied by an arbitrary
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marginal operator O in a general conformal field theory.

Another possibility is that the parameter κ̂0 lies significantly below its natural

strong coupling value so that symmetry breaking is realized for values of λ̂O less

than ε. The condition |δg(λ̂O)| < ε can then be satisfied. Since in this regime

F(Ω) is dominated by the term linear in Ω, F(Ω) ∼ (4π)2Ω ∼ (4π)2λ̂O, it follows

from Eq. (2.67) that the condition λ̂O < ε translates into κ̂0/(4π)2 <∼ ε. It follows

from Eq. (2.68) and the minimization condition Eq. (2.67) that in this regime the

dilaton mass scales as
√
κ̂0ε, and therefore receives additional suppression from the

fact that κ̂0 is small. However, small values of κ̂0 are associated with tuning, and

so this condition is not expected to be satisfied in a general conformal field theory.

However, in the case of small hierarchies, such as between the flavor scale and the

weak scale, values of ε as large as 1/5 can still serve to address the problem. It

follows from this that in such a theory, a dilaton mass a factor of 5 below the strong

coupling scale can be realized for κ̂0 a factor of 5 below its natural strong coupling

value. Since the tuning scales with κ̂0, this theory need only be tuned at the level of

1 part in 5 (20%). This is to be contrasted with the case of a (non-pNGB) composite

scalar of the same mass, which is tuned at the level of 1 part in 25 (4%). We see

that although this scenario is tuned, the tuning is mild, scaling with the mass of the

dilaton rather than the square of its mass.
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2.2.2.2 Limit When the Corrections Are Large

We now turn our attention to the case when the corrections to the scaling

behavior of O are large in the neighborhood of the breaking scale, so that |δg(λ̂O)| >

ε. For simplicity, we will work in the limit that the renormalization group evolution

of log λ̂O close to the breaking scale is dominated by the term linear in λ̂O so that

d logλ̂O
d logµ

= −c1λ̂O , (2.69)

Integrating this equation we find that G(λ̂O) is now given by

G(λ̂O) = exp

(
1

c1λ̂O

)
. (2.70)

Since G(λ̂O)µ−1 is a renormalization group invariant, it follows that λO, now defined

as

λO =
λ̂O

1− c1λ̂O logµ
(2.71)

is also a renormalization group invariant. Once λ̂O is promoted to a spurion as in

Eq (2.43), the object

Ω(λO, χ) =
λO

1 + c1λO logχ
(2.72)

is invariant under (spurious) scale transformations. Furthermore, at scales µ close

to 〈χ〉 = f , it can be expanded as a polynomial in λ̂O. The Lagrangian for the low

energy effective theory can be constructed using Ω.

In a scheme where the renormalization scale is proportional to χ, µχ = µχ̂,

the potential takes the form

V (χ) =
Z2χ4

4!

[
κ0 −

∞∑
n=1

κnΩn(λO,
√
Zχ)

]
. (2.73)
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It is straightforward to go over to a scheme where the renormalization scale µ is

independent of χ, and where all mass parameters in the Lagrangian are expressed

as powers of µ. As before, the dimensionless coupling constants ḡi in such a scheme

are independent of the renormalization scale µ.

The effective potential for the low energy effective theory can once again be

determined from the Callan-Symanzik equation, Eq (2.63). The anomalous dimen-

sion of χ vanishes while that of the spurion λ̂O is given by g(λ̂O) = c1λ̂O. As a

consequence the Callan-Symanzik equation reduces to

{
µ
∂

∂µ
− c1λ̂

2
O

∂

∂λ̂O

}
Veff(χcl, λ̂O, ḡi, µ) = 0 . (2.74)

Making the change of variable from λ̂O to λO, this simplifies to

µ
∂

∂µ
Veff(χcl, λO, ḡi, µ) = 0 . (2.75)

Dimensional analysis constrains the solution to be of the form

Veff(χcl) =
1

4!
χ4
cl

{
κ̂0 −F [Ω(λO, χcl)]

}
. (2.76)

The form of the function F [Ω] cannot be determined from symmetry considerations

alone, but depends on the dynamics of the conformal field theory under considera-

tion, and on the operator O. For values of Ω less than one by at least a factor of

a few, corresponding to λ̂O being below its strong coupling value at the symmetry

breaking scale, F(Ω) can be computed in perturbation theory.

Minimizing the effective potential we obtain the condition that determines f ,

4κ̂0 − 4F [Ω] + c1Ω2F ′[Ω] = 0 . (2.77)
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The dilaton mass squared depends on the second derivative of the effective potential

at the minimum, which can be determined as

∂2Veff

∂σ2
=
c1

4!
f 2Ω2

[
(4− 2c1Ω)F ′ − c1Ω2F ′′

]
. (2.78)

Once again we focus on theories where the parameter κ̂0 is below its natural

strong coupling value by some factor, which could be as small as a few. In such

theories, symmetry breaking is realized for values of λ̂O that are below its strong

coupling value. In this limit the form of the effective potential can be determined in

perturbation theory, and F(Ω) is dominated by the term linear in Ω. Then at the

minimum the condition F [Ω] ∼ ΩF ′[Ω] is satisfied. Noting that at the minimum

the value of Ω is equal to that of λ̂O at the scale f , it follows from Eq. (2.77) and

Eq. (2.78) that the dilaton mass squared scales as m2
σ ∼ c1λ̂Oκ̂0.

We see from this that the dilaton mass depends on the scaling behavior of the

operatorO at the symmetry breaking scale, and therefore on the value of c1λ̂O. Since

the minimization condition Eq. (2.77) relates Ω (and therefore λ̂O at the breaking

scale) to κ̂0, for c1 of order its natural value of one we have that the dilaton mass

squared scales as κ̂2
0. This suggests that for κ̂0 of order its natural strong coupling

value the dilaton mass lies near the cutoff of the theory, and it is not a light state.

It follows from this that in general, the spectrum of a conformal field theory broken

by an arbitrary marginal operator that grows strong in the infrared does not include

a light dilaton.

The low energy effective theory will however contain a light dilaton if the

parameter κ̂0 lies significantly below its natural strong coupling value. In general,
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this involves tuning, since this condition is not expected to be satisfied in an arbitrary

conformal field theory. However, the tuning is mild, scaling with κ̂0 and therefore

as the mass of the dilaton, so that a dilaton that lies a factor of 5 below the strong

coupling scale is only tuned at the level of 1 part in 5 (20 %).

It follows from this discussion that in strongly coupled theories where an ap-

proximate conformal symmetry is spontaneously broken, the low energy spectrum

includes a light dilaton if the operator that breaks the symmetry is close to marginal

at the breaking scale. This condition is in general not expected to be satisfied by

the theories of interest for electroweak symmetry breaking, and so the presence of

a light dilaton in these theories is associated with tuning. However, the tuning is

mild, scaling as the mass of the dilaton rather than as the square of its mass.

2.3 Dilaton Interactions to SM fields

In this section, we calculate the form of the interaction of the dilaton to the SM

gauge bosons and fermions. In particular we focus on the three scenarios mentioned

earlier on page 40. In the limit that conformal invariance is exact, the form of the

dilaton interactions with SM fields in the low energy effective theory is fixed by the

requirement that the symmetry be realized nonlinearly. Since CFT is a spacetime

symmetry, both elementary fields as well as composite operators transform non-

trivially under the CFT. Therefore in both cases, the low energy effective theory is

fixed by the requirement of non-linear realization of the symmetry. In the scenario of

interest where the CFT is broken by the operator O, we expect significant deviations
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from the results for the case when there is exact conformal invariance. This is

because effects associated with the operator O that violate the symmetry are large

at the breaking scale. It is crucial to understand the size of these effects, and the

extent to which the predictions of the theory with exact conformal invariance are

affected.

2.3.1 Dilaton Interactions in a Conformal SM

In this section, we consider a scenario where the SM gauge bosons and mat-

ter fields are all composites of a strongly interacting conformal sector that breaks

electroweak symmetry dynamically, and there is no light Higgs. The AdS/CFT

correspondence relates this scenario to Higgsless RS models where the SM matter

and gauge fields are localized on the infrared brane. The couplings of the dilaton

to the SM fields in such a framework have been determined [59], and agree with

earlier results for the couplings of the radion to brane-localized fields in RS mod-

els [67,81–83]. Several authors have studied the question of distinguishing the dilaton

from the Higgs at the Large Hardon Collider (LHC) in such a scenario [84–86], see

also [87]. We will study the corrections to the dilaton couplings in this scenario when

effects associated with the operator O that explicitly violates conformal symmetry

are incorporated.

We begin by considering the dilaton couplings to the W and Z gauge bosons.

We choose to work in a basis where we write all gauge kinetic terms in the form

− 1

4g2
FµνF

µν . (2.79)
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In the absence of conformal symmetry violating effects, the couplings of the dilaton

to the W are such as to compensate for the breaking of conformal invariance by the

gauge boson mass term. In unitary gauge these take the form

(
χ

f

)2
m2
W

g2
W+
µ W

µ− (2.80)

in the Lagrangian. Here mW is the W gauge boson mass. Expanding the compen-

sator χ = feσ/f out in terms of σ to leading order in inverse powers of f , we find

for the dilaton couplings

2
σ

f

m2
W

g2
W+
µ W

µ− . (2.81)

Next we consider the corrections to the dilaton couplings when conformal sym-

metry violating effects are included. We will focus on the case when the corrections

to the scaling behavior of O are small, so that |δg(λ̂O)| is less than ε at the breaking

scale. We will later argue that the same conclusions are obtained in the limit when

|δg(λ̂O)| is greater than ε.

The presence of conformal symmetry violating effects allows additional two

derivative terms in the dilaton action,

1

2

[
1 +

∞∑
n=1

αχ,nλ
n

O χ
(−nε)

]
∂µχ∂

µχ . (2.82)

The dimensionless parameters αχ,n depend both on the operator O and the specific

conformal field theory under consideration. They are expected to be of order one.

These new terms contribute to the dilaton kinetic term, which now becomes

1

2

[
1 +

∞∑
n=1

αχ,nλ
n

O f
(−nε)

]
∂µσ∂

µσ . (2.83)
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When σ is rescaled to make the dilaton kinetic term canonical, we see that the

effective impact of these terms is to alter the effective value of f in Eq. (2.81),

while leaving the form of the interaction unchanged. More generally, it follows that

corrections to the dilaton kinetic term from conformal symmetry violating effects

do not alter the form of the dilaton couplings to the SM fields. Instead, to leading

order in σ/f , they lead to a universal rescaling in the effective value of f , leaving the

relative strengths of the dilaton couplings to the various SM fields unchanged. Since

to the order we are working this effect can be entirely absorbed into the parameter

f , we will not consider it further.

The gauge kinetic term also receives corrections from conformal symmetry

violating effects. It now takes the form

− 1

4ĝ2

[
1 +

∞∑
n=1

αW,nλ
n

O χ
(−nε)

]
FµνF

µν , (2.84)

where the parameters αW,n are dimensionless. They are expected to be of order one.

The physical gauge coupling is now given by

1

g2
=

1

ĝ2

[
1 +

∞∑
n=1

αW,nλ
n

O f
(−nε)

]
. (2.85)

Expanding Eq. (2.84) to leading order in σ we obtain

ε
c̄W
4g2

σ

f
FµνF

µν , (2.86)

where the dimensionless parameter c̄W is given by

c̄W =

∑∞
n=1 nαW,nλ

n

O f
(−nε)

1 +
∑∞

n=1 αW,nλ
n

O f
(−nε)

. (2.87)

In a strongly coupled theory c̄W is expected to be of order λOf
−ε, which is the value
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of λ̂O at the breaking scale f . It follows that this correction to the dilaton coupling

is suppressed by ελ̂O, which is of order m2
σ/Λ

2.

Conformal symmetry violating effects also modify the gauge boson mass term,

Eq. (2.80), which now becomes(
χ

f

)2
[

1 +
∞∑
n=1

βW,nλ
n

O χ
(−nε)

]
m̂2
W

ĝ2
W+
µ W

µ− . (2.88)

Here m̂W is the W boson mass in the unperturbed theory, and the dimensionless

parameters βW,n are of order one. Expanding this out in terms of σ(x), we see that

to leading order in inverse powers of f , the dilaton couples as

σ

f

m2
W

g2
[2 + cW ε]W

+
µ W

µ− . (2.89)

Here m2
W is again the physical W boson mass,

m2
W = m̂2

W

[
1 +

∑∞
n=1 βW,nλ

n

O f
(−nε)

1 +
∑∞

n=1 αW,nλ
n

O f
(−nε)

]
, (2.90)

while the dimensionless parameter cW is given by

cW = −
∑∞

n=1 nβW,nλ
n

O f
(−nε)

1 +
∑∞

n=1 βW,nλ
n

O f
(−nε)

. (2.91)

In the strong coupling limit, cW is expected to be of order λOf
−ε ∼ λ̂O. We see

that the effect of the conformal symmetry violating term is to correct the dilaton

couplings by order ελ̂O ∼ m2
σ/Λ

2.

If we instead consider the limit when |δg(λ̂O)| is greater than ε at the symmetry

breaking scale f , the analysis is very similar. The only significant difference is that

λOχ
−ε in Eqs. (2.82), (2.84) and (2.88) is replaced by Ω(λO, χ), which in this limit

is given by

Ω(λO, χ) =
λO

1 + c1λOlogχ
. (2.92)
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Following exactly the same sequence of steps we find that the corrections to

the dilaton couplings have the same form, but are now suppressed by c1Ω2(λO, f)

rather than ελOf
−ε. However, this new suppression factor is of order m2

σ/Λ
2, exactly

as before. We see that the corrections have the same form and are of the same size

as in the case |δg(λ̂O)| < ε. It is not difficult to verify that this result is quite

general. Therefore, in the remainder of the paper we will limit our analysis to the

case |δg(λ̂O)| < ε, with the understanding that the same general conclusions apply

to the case |δg(λ̂O)| > ε as well.

Next we turn our attention to the dilaton couplings to the massless gauge

bosons of the SM, the photon and the gluon. Unlike the W and Z, the Lagrangian

for these particles does not break conformal invariance at the classical level, only

at the quantum level. At one loop the RGEs for the corresponding gauge couplings

are of the form

d

d logµ

1

g2
=

b<
8π2

(2.93)

where the constant b< = −11/3 for electromagnetism and +7 for color, at scales

above the mass of the top. This implies that under infinitesimal scale transforma-

tions x→ x′ = e−ωx, the operator FµνF
µν transforms as FµνF

µν(x)→ F ′µνF
′µν(x′),

where

F ′µνF
′µν(x′) = e4ω

(
1 +

b<
8π2

g2ω

)
FµνF

µν(x) (2.94)

If conformal symmetry is to be realized nonlinearly, the couplings of the dilaton

must be such as to compensate for this. It is then easy to see that the dilaton
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couplings in the Lagrangian must take the form

b<
32π2

log

(
χ

f

)
FµνF

µν . (2.95)

Expanding this out in terms of σ(x), to leading order in inverse powers of f , we find

for the dilaton coupling

b<
32π2

σ

f
FµνF

µν . (2.96)

It follows from this that the dilaton couples much more weakly to the massless

gauge bosons than to the W or the Z. The reason is that the gauge interactions

correspond to marginal operators in the low energy effective theory, while mass

terms for the gauge bosons are relevant operators. Since the dilaton couples as a

conformal compensator, it is to be expected that its couplings to massless gauge

bosons are suppressed.

We now consider corrections to this interaction arising from conformal sym-

metry violating effects. These allow direct couplings of the compensator χ to the

gauge kinetic term of the form

− 1

4ĝ2

[
1 +

∞∑
n=1

αA,nλ
n

O χ
(−nε)

]
FµνF

µν . (2.97)

The physical gauge coupling is now given by

1

g2
=

1

ĝ2

[
1 +

∞∑
n=1

αA,nλ
n

O f
(−nε)

]
. (2.98)

Expanding Eq. (2.97) in terms of σ, and combining with Eq. (2.96) we find for the

dilaton coupling to massless gauge bosons

σ

f

[
b<

32π2
+

cA
4g2

ε

]
FµνF

µν . (2.99)
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Here the dimensionless coupling cA is given by

cA =

∑∞
n=1 nαA,nλ

n

O f
(−nε)

1 +
∑∞

n=1 αA,nλ
n

O f
(−nε)

. (2.100)

In a strongly coupled theory the parameter cA is expected to be of order λOf
−ε ∼ λ̂O

at the scale f . We see from this that the corrections to the dilaton coupling arising

from symmetry breaking effects are suppressed by m2
σ/Λ

2. Nevertheless, the fact

that the leading order effect is loop suppressed and therefore small implies that the

symmetry breaking contribution may dominate.

Finally we consider the couplings of the dilaton to the SM fermions. In the

limit that conformal symmetry is exact, the coupling of the dilaton is such as to

compensate for the spontaneous breaking of conformal invariance by the fermion

mass terms. These interactions take the form

χ

f
mψψ̄ψ (2.101)

in the potential, where we have suppressed flavor indices. Expanding the compen-

sator out in terms of σ we obtain

σ
mψ

f
ψ̄ψ . (2.102)

However, if a conformal symmetry breaking effect of the form considered in

the previous section is present, Eq. (2.101) generalizes to

χ

f

[
1 +

∞∑
n=1

βψ,nλ
n

O χ
(−nε)

]
m̂ψψ̄ψ , (2.103)

where m̂ψ is the fermion mass in the unperturbed theory, and the parameters βψ,n

are dimensionless. In obtaining this we have assumed that the operator O does not
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violate the approximate U(3)5 flavor symmetry associated with the SM fermions in

the chiral limit, which is broken by the fermion mass terms. This ensures that the

dilaton couples diagonally in the mass basis.

In general the operator O will also correct the fermion kinetic term, which

generalizes to [
1 +

∞∑
n=1

αψ,nλ
n

O χ
(−nε)

]
ψγµ∂µψ . (2.104)

After expanding out Eqs. (2.103) and (2.104) in terms of σ, rescaling to make the

fermion kinetic term canonical, and then using the equation of motion for ψ, we

obtain a correction to the dilaton coupling of the form

σ
mψ

f
[1 + cψε] ψ̄ψ , (2.105)

In a strongly coupled conformal field theory we expect that cψ is of order λOf
−ε.

We conclude from this that the effect of the conformal symmetry violating terms is

to modify the dilaton couplings to the SM fermions by order m2
σ/Λ

2.

From this discussion we see that conformal symmetry violating effects associ-

ated with the operator O correct the parameters in the low energy effective theory

at order λ̂O. However, these effects can be absorbed into the masses and couplings

of the light states, so that corrections to the form of the dilaton couplings to the

SM only arise at order ελ̂O ∼ m2
σ/Λ

2, and are therefore small if the dilaton is light.

To understand why the corrections to the form of the dilaton couplings receive ad-

ditional suppression, note that if g(λ̂O) were to vanish close to the breaking scale f ,

the effects of explicit conformal symmetry violation would disappear even though

λ̂O was non-zero. In this limit, the dilaton couplings must have exactly the same
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form as in a theory without conformal symmetry violation, so that all the correc-

tions of order λ̂O must be able to be absorbed into the masses and couplings of the

SM states. It follows that corrections to the form of the dilaton couplings must be

be suppressed by both λ̂O and g(λ̂O) (∼ ε in the limit we are working in).

In summary we see that corrections to the form of the dilaton couplings to

SM states arising from conformal symmetry violating effects are suppressed by the

square of the ratio of the dilaton mass to the strong coupling scale, and therefore

under good theoretical control in the theories of interest. These contributions are

generally subleading, except in the case of dilaton couplings to marginal operators,

when symmetry violating effects can dominate.

2.3.2 Technicolor

In this section we determine the form of the couplings of a light dilaton to

the SM fields in a scenario where electroweak symmetry is broken dynamically by

a strongly interacting sector, and there is no light Higgs. The strongly interacting

sector is assumed to be conformal in the far ultraviolet. However, conformal symme-

try is explicitly broken by the operator O, which grows large close to the TeV scale

triggering electroweak symmetry breaking. The SM gauge fields do not constitute

part of the strongly interacting sector. However, this sector transforms under the

weak and electromagnetic gauge interactions. It may also transform under the SM

color group. The SM gauge interactions constitute another small explicit breaking

of the conformal symmetry. The SM fermions may be elementary, or may emerge
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as composites or partial composites of the strong dynamics.

The AdS/CFT correspondence relates this class of theories to Higgsless RS

models with the SM gauge fields propagating in the bulk. The couplings of the

radion to SM fields in this framework have been determined, in the limit that effects

associated with the dynamics that stabilizes the radion are neglected [88, 89]. We

reproduce these results, and in doing so establish their validity beyond the large N

limit. We also determine the corrections to the dilaton couplings that arise from

conformal symmetry violating effects.

In order to avoid large corrections to precision electroweak observables, the

strongly interacting sector must respect a custodial SU(2) symmetry. This symme-

try is not exact, but is broken by the SM Yukawa couplings, and also by hypercharge.

A simple way to realize custodial symmetry is to extend the SU(2)L symmetry of the

SM to SU(2)L× SU(2)R. Only the diagonal generator of this new SU(2)R is gauged,

and is associated with hypercharge. The strong dynamics breaks this extended sym-

metry down to the diagonal SU(2), which is identified with the custodial symmetry.

Only a U(1) subgroup of the original SU(2)× U(1) gauge symmetry survives, and

is identified with electromagnetism.

The NGBs π(x) that arise from the breaking of SU(2)× SU(2) gauge symmetry

down to the custodial SU(2) can be parametrized in terms of a matrix Σ, defined as

Σ = ei
π(x)
v

 v 0

0 v

 . (2.106)

Here v is the electroweak VEV. Σ transforms linearly under SU(2)L× SU(2)R, and

is therefore more convenient for writing interactions. In unitary gauge the NGBs
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π(x) are absorbed into the W and Z gauge bosons and Σ can be replaced by its

VEV.

2.3.2.1 Couplings to Gauge Bosons

We begin by determining the dilaton couplings to the W and Z gauge bosons.

In the ultraviolet, the SM gauge interactions do not violate the conformal symmetry

of the theory at the classical level, only at the quantum level. Therefore, when these

effects are included, the theory still respects conformal symmetry up to effects which

are suppressed by loops involving the SM gauge bosons. Therefore, the dominant

interactions of the dilaton to the W and Z bosons in the low energy effective theory

arise from couplings which compensate for the breaking of conformal invariance by

the gauge boson mass terms. These take exactly the same form in the Lagrangian

as in the case of composite W and Z gauge bosons

(
χ

f

)2
m2
W

g2
W+
µ W

µ− . (2.107)

Expanding this out in terms of σ to leading order in inverse powers of f , we again

find

2
σ

f

m2
W

g2
W+
µ W

µ− . (2.108)

This agrees with the known results for the coupling of the radion to bulk gauge

bosons in RS models [88, 89]. Our analysis shows that this formula is valid beyond

the large N limit.

When conformal symmetry violating effects associated with the operator O

are present, the gauge boson mass will in general depend on λ̂O. Then Eq. 2.107)
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generalizes to (
χ

f

)2
[

1 +
∞∑
n=1

βW,nλ
n

O χ
(−nε)

]
m̂2
W

ĝ2
W+
µ W

µ− . (2.109)

Here m̂W is the W boson mass in the unperturbed theory, and the dimensionless

parameters βW,n are of order one. Expanding this out in terms of σ(x), we find that

the dilaton couples as

σ

f

m2
W

g2
[2 + cW ε]W

+
µ W

µ− , (2.110)

where m2
W is the physical W boson mass. The dimensionless parameter cW is of

order λOf
−ε ∼ λ̂O at the scale f , so that the correction to the coupling is suppressed

by m2
σ/Λ

2.

We move on to consider the dilaton couplings to the massless gauge bosons of

the SM, the gluon and the photon. We first determine the form of the couplings in

the limit that effects arising from the operator O are neglected. Above the breaking

scale, the RGE for the corresponding gauge coupling takes the form

d

d logµ

1

g2
UV

=
b>
8π2

, (2.111)

where the constant b> receives contributions from both elementary states and the

strongly interacting sector. Similarly, below the breaking scale it takes the form

d

d logµ

1

g2
IR

=
b<
8π2

(2.112)

where b< receives contributions from elementary states, and also from any addi-

tional light states that emerge from the strongly interacting sector after symmetry

breaking.
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Equation (2.111) indicates that above the symmetry breaking scale, under

infinitesimal scale transformations x → x′ = e−ωx, the operator corresponding to

the gauge kinetic term transforms as FµνF
µν(x)→ F ′µνF

′µν(x′), where

F ′µνF
′µν(x′) = e4ω

(
1 +

b>
8π2

g2
UV ω

)
FµνF

µν(x) (2.113)

Below the symmetry breaking scale the corresponding transformation is FµνF
µν(x)→

F ′µνF
′µν(x′), where

F ′µνF
′µν(x′) = e4ω

(
1 +

b<
8π2

g2
IRω

)
FµνF

µν(x) (2.114)

Above the symmetry breaking scale we can make the gauge kinetic term formally

invariant under infinitesimal scale transformations by promoting the gauge coupling

constant gUV to a spurion that under x→ x′ = e−ωx transforms as

1

g2
UV

→ 1

g′2UV
=

1

g2
UV

− b>
8π2

ω . (2.115)

Now, matching at one loop across the symmetry breaking threshold we have

1

g2
IR

=
1

g2
UV

+
C

8π2
(2.116)

where C is a dimensionless number that depends on the gauge quantum numbers

of the states in the strongly interacting sector that have been integrated out at the

threshold. While C cannot be calculated, since it depends on details of the strong

dynamics, it is of order the number of states that have masses at the threshold. It

is independent of g2 up to corrections which are additionally loop suppressed.

In the limit that conformal symmetry violating effects arising from the operator

O are neglected, it follows from Eqs. (2.114) and (2.115) that if the gauge kinetic
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term in the low energy effective theory,

− 1

4

1

g2
IR

FµνF
µν = −1

4

{
1

g2
UV

+
C

8π2

}
FµνF

µν , (2.117)

is to be invariant under infinitesimal scale transformations, the conformal compen-

sator must couple as

(b< − b>)

32π2
log

(
χ

f

)
FµνF

µν (2.118)

in the Lagrangian. Expanding this out in terms of σ(x), to leading order in inverse

powers of f , we find for the dilaton coupling

(b< − b>)

32π2

σ

f
FµνF

µν . (2.119)

This agrees with the result in the literature for the coupling of the radion to massless

bulk gauge bosons in RS models [88, 89]. Our analysis establishes that this result

is valid beyond the large N limit. This formula is valid at scales slightly below

the strong coupling scale 4πf , and must be renormalization group evolved to the

dilaton mass. If the conformal sector does not transform under the SM color group,

as may be the case in theories where the top quark is not a composite of the strong

dynamics, then b< = b> and the gluon does not couple to the dilaton at this order.

In such a scenario, the leading interaction of the dilaton with the gluons is through

a loop of top quarks, just as for the Higgs in the SM.

When conformal symmetry violating effects arising from the operator O are

included, this formula will receive corrections. The renormalization group evolution

of the gauge coupling above the symmetry breaking scale is affected by the presence

of the deformation, with the result that b> is now a function of λ̂O, b> = b>(λ̂O).
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However, the theory remains formally invariant under infinitesimal scale transfor-

mations if gUV is promoted to a spurion as in Eq. (2.115). Hence this effect does

not alter the form of Eq. (2.119). The operator O also affects the low energy theory

through the fact that the value of the gauge coupling at low energies depends on

the detailed spectrum of states at the threshold, which in turn depends on λ̂O. As

a consequence the constant C in Eq. (2.116) is in general a function of λ̂O. Now,

conformal symmetry ensures that in the low energy effective theory C depends on

λO in the specific combination C(λOχ
−ε). Since the Lagrangian is limited to terms

with positive integer powers of λ̂O, we can expand C as

C =

[
C0 +

∞∑
n=1

Cnλ
n

O χ
(−nε)

]
. (2.120)

Inserting this into Eq. (2.117) and requiring invariance under(spurious) scale trans-

formations, we find that the dilaton couplings must take the form

σ

f

[
(b< − b>)

32π2
+

c̄A
32π2

ελOf
−ε
]
FµνF

µν . (2.121)

Here the dimensionless constant c̄A is expected to be of order the number of states

that transform under the gauge symmetry that have masses at the threshold, so

that c̄A ∼ (b< − b>). We can therefore rewrite Eq. (2.121) as

σ

f

(b< − b>)

32π2
[1 + cAε]FµνF

µν , (2.122)

where the dimensionless constant cA is of order λOf
−ε, which is the value of λ̂O

at the symmetry breaking scale f . Here b>(λ̂O) is to be evaluated close to the

breaking scale. We see from this that in this scenario, corrections to the form of

the dilaton couplings to massless gauge bosons arising from conformal symmetry
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violating effects are subleading, being suppressed not just by m2
σ/Λ

2, but also by a

loop factor. This is in contrast to the case of composite gauge bosons considered in

the previous section.

2.3.2.2 Couplings to Fermions: Elementary Fermions

Next we consider the dilaton couplings to the SM fermions, which we label by

Q,U c, Dc, L and Ec. These depend on how the fermion masses are generated. One

possibility is that the fermion masses arise from a contact term that couples a scalar

operator H in the conformal field theory that carries the gauge quantum numbers of

the SM Higgs to elementary fermions. For the up-type quarks, this takes the form

yijHQiU
c
j + h.c. (2.123)

in the Lagrangian. Here i and j are flavor indices. This leads to a mass term

mijQiU
c
j + h.c. (2.124)

in the potential of the low energy effective theory. The generalization to the down-

type quarks and leptons is straightforward. In the limit that yij is set to zero the

ultraviolet theory has a U(3)Q× U(3)U flavor symmetry, which can be restored by

promoting yij to a spurion that transforms as an anti-fundamental under each of

these symmetries. By requiring that the low energy effective theory be invariant

under this spurious flavor symmetry, it follows that mij is proportional to yij to

lowest order in the couplings y.

It has been shown that the flavor problem and the large mass of the top

quark can both be addressed in this framework if the operator H has dimension
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∆H ∼ 1.3. However, if the hierarchy problem is to be solved, the dimension ∆H†H of

the operator H†H must satisfy ∆H†H
>∼ 4 [6]. Determining whether scalar operators

that satisfy these criteria can exist in unitary, causal conformal field theories is an

open question that has attracted considerable recent interest [44,48,49], see also [46].

Note that this condition cannot be satisfied in the large N limit, and therefore

realistic models of this type cannot be constructed within the RS framework.

In order to determine the coupling of the dilaton to the up-type quarks, we

make the coupling in Eq. (2.123) formally invariant under scale transformations

by promoting yij to a spurion that transforms as yij → y′ij = eω(1−∆H)yij under

x → x′ = e−ωx. Then the coupling of the dilaton to the up-type quarks in the

effective theory must respect this symmetry. Since the quark mass matrix mij is

proportional to yij the conformal compensator couples as

mij

(
χ

f

)∆H

QiU
c
j + h.c. (2.125)

Then to lowest order in inverse powers of f , the dilaton coupling to up-type quarks

takes the form [60]

mij∆H

(
σ

f

)
QiU

c
j + h.c. (2.126)

We see that to the extent that ∆H differs from one, the dilaton couplings to fermions

can differ significantly from those of a SM Higgs.

Once effects of the operator O are included the scaling dimension of the oper-

ator H receives corrections, ∆H = ∆H(λ̂O). However, above the breaking scale the

theory continues to remain invariant under the infinitesimal spurious scale transfor-

mation yij → y′ij = eω(1−∆H)yij when x→ x′ = e−ωx, and so the form of Eq. (2.126)
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is not affected by this. Instead, the leading correction arises from the fact that in

addition to the term in Eq. (2.125), other terms involving the invariant λOχ
−ε can

now also contribute. As a result, Eq. (2.126) is modified to

mij (∆H + cqε)
σ

f
QiU

c
j + h.c. , (2.127)

where the dimensionless parameter cq is of order λOf
−ε. Here ∆H(λ̂O) is to be

evaluated close to the symmetry breaking scale. We see that corrections to the form

of Eq. (2.126) from conformal symmetry violating effects are of order m2
σ/Λ

2, and

under control.

More generally, there could be several scalar operators Hα in the conformal

field theory that couple to the SM fermions. The coupling in Eq. (2.123) then

generalizes to

yαijHαQiU
c
j + h.c. , (2.128)

where the index α runs over all the scalar operators in the theory with the quantum

numbers of the SM Higgs. However, operators with dimension significantly larger

than one are not expected to play a significant role.

It follows from the U(3)Q× U(3)U flavor symmetry that the up-type fermion

masses depend on the couplings yαij as

mij = yαijDα , (2.129)

where the parameters Dα depends on the details of the conformal field theory. In

order to determine the couplings of the dilaton, we make the coupling in Eq. (2.128)

formally invariant under scale transformations by promoting the yαij to spurions
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that transform as

yαij → y′αij = e
ω
(

1−∆H(α)

)
y(α)ij , (2.130)

under x → x′ = e−ωx. There is no sum over α on the right hand side of this

equation. The various terms in the sum on the right hand side of Eq. (2.129)

transform differently under this transformation. In order to account for this we

define

mαij = y(α)ijD(α) , (2.131)

where again there is no sum over α on the right hand side of this equation. Then

the requirement that the fermion mass in the low energy effective theory be formally

invariant under this symmetry constrains the conformal compensator to couple as

mαij

(
χ

f

)∆Hα

QiU
c
j + h.c. (2.132)

in the potential. This leads to the dilaton coupling

mαij∆Hα
σ

f
QiU

c
j + h.c. (2.133)

We see from this that if the ∆Hα are not all equal, the couplings of the dilaton

in the low energy effective theory violate flavor. However, in the absence of large

cancellations among the contributions of different operators to the quark masses,

the matrix mαij∆Hα will be somewhat aligned with the quark mass matrix mij,

leading to suppression of flavor violation.

2.3.2.3 Couplings to Fermions: Partially Composite Fermions

Another possible origin for the fermion masses is that the SM quarks and

leptons are partial composites of the strongly interacting sector [58]. This scenario
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can arise if the theory contains elementary fermions Qi, U
c
i , D

c
i , Li and Ec

i with the

same gauge quantum numbers as the corresponding SM fermions that mix with

operators in the conformal field theory. The physical SM fermions emerge as a

linear combination of the corresponding elementary particles and states associated

with the strongly interacting sector. Within the RS framework, this corresponds to

putting the SM fermions in the bulk of the space [69].

To understand this in greater detail, let us consider the mass terms for the up-

type quarks. These can be generated if the conformal field theory contains fermionic

operators Qcα and Uα, with dimensions ∆Q and ∆U respectively, that couple to

elementary fermions Qi and U c
i in the Lagrangian as

yαiQQcαQi + yβjU UβU
c
j + h.c. (2.134)

We assume that the indices α and β, which run from 1 to 3, are associated with an

internal U(3) symmetry of the conformal sector so that ∆Q and ∆U are independent

of α and β. We will relax this assumption later. If ∆Q and ∆U are close to 5/2,

these interactions correspond to marginal operators in the conformal field theory.

These couplings will generate up-type quark masses in the potential of the form

mijQiU
c
j + h.c. (2.135)

This framework can be extended to the down-type quarks and leptons in a straight-

forward way. The AdS/CFT correspondence relates the operator dimensions ∆Q

and ∆U to the mass terms for bulk fermions in RS models.

In the limit that the couplings yQ and yU are set to zero the ultraviolet theory

has a U(3)Q× U(3)U flavor symmetry. This symmetry can be restored by promoting
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yQ and yU to spurions that transform as anti-fundamentals under U(3)Q and U(3)U

respectively. Then, requiring the low energy effective theory to respect this spurious

symmetry constrains the mass matrix to be proportional to the product of yU and

yQ,

mij ∝
[
yTQ yU

]ij
, (2.136)

to lowest order in the couplings y. The kinetic terms of the quarks in the low energy

effective theory also receive corrections from the couplings yQ and yU of the form

∆ZQQγ
µDµQ+ ∆ZUU

c
γµDµU

c (2.137)

where

∆ZQ ∼ 1

16π2

y†QyQ

f 5−2∆Q

∆ZU ∼ 1

16π2

y†UyU
f 5−2∆U

. (2.138)

The corrections to the kinetic terms are a consequence of the fact that the fermions

in the low energy theory are partially composite.

In order to determine the coupling of the dilaton to the up-type quarks, we

promote yQ and yU to spurions that transform as yQ → y′Q = eω(5/2−∆Q)yQ and yU →

y′U = eω(5/2−∆U )yU under x → x′ = e−ωx. Then the couplings (2.134) are formally

invariant under scale transformations, and the conformal compensator couples to

quarks so as to make low energy effective theory consistent with this symmetry.

To lowest order in powers of yQ and yU , and neglecting effects arising from O, this

coupling takes the form

mijQiU
c
j

(
χ

f

)(∆U+∆Q−4)

+ h.c. (2.139)
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in the potential. This leads to the dilaton couplings

mij (∆U + ∆Q − 4)
σ

f
QiU

c
j + h.c. (2.140)

This agrees with the results in the literature for the coupling of the dilaton to

partially composite fermions in the large N limit [60], and for the coupling of the

radion to bulk fermions in the RS model [88,89]. Our analysis establishes that these

results are valid beyond the large N limit.

When effects of the operator O are included, Eq. (2.140) is modified to

mij [(∆U + ∆Q − 4) + cqε]
σ

f
QiU

c
j + h.c. , (2.141)

where cq is of order λOf
−ε, which is the value of λ̂O at the scale f . In this expres-

sion, ∆U(λ̂O) and ∆Q(λ̂O) are to be evaluated close to the symmetry breaking scale.

In obtaining this result, we have assumed that the operator O does not break the

approximate SM flavor symmetries, or the internal U(3) symmetry of the conformal

sector. It follows that corrections to the form of Eq. (2.140) from conformal sym-

metry violating effects are suppressed by m2
σ/Λ

2, and are under good theoretical

control.

There are additional contributions to the dilaton coupling to quarks associated

with the corrections to the kinetic terms, Eq. (2.137). However, using the equations

of motion, it can be shown these contributions are higher order in yQ and yU than

the effects we have considered, and are therefore suppressed.

In the more general case the operators Qcα and Uα, could have dimensions ∆Qα

and ∆Uα that depend on the flavor index α. Then it follows from the spurious flavor
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symmetries that the SM fermion masses depend on the couplings yQ and yU as

mij = yαiQ y
βj
U Dαβ , (2.142)

where the parameter Dαβ depends on the details of the conformal field theory. We

can make the theory formally invariant under scale transformations by promoting

yQ and yU to spurions that transform as

yαiQ → y′αiQ = e
ω
(

5/2−∆Q(α)

)
y

(α)i
Q

yαiU → y′αiU = e
ω
(

5/2−∆U(α)

)
y

(α)i
U (2.143)

under x → x′ = e−ωxµ, where there is no sum over α on the right hand side of

the equations. The couplings of the dilaton in the low energy effective theory must

respect this symmetry. We define

mαβij = y
(α)i
Q y

(β)j
U D(α)(β) , (2.144)

where again there is no sum over α and β on the right hand side of the equation.

We also define

∆QUαβ = ∆Qα + ∆Uβ − 4 . (2.145)

In terms of these new variables the coupling of the conformal compensator to the

up-type quarks can be expressed as

mαβijQiU
c
j

(
χ

f

)∆QU
αβ

+ h.c. (2.146)

Expanding this out, we find for the dilaton couplings in the potential

mαβij∆QUαβ
σ

f
QiU

c
j + h.c. (2.147)
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It follows that in this scenario, the couplings of the dilaton to the quarks in the low

energy effective theory violate flavor. However, in the absence of large cancellations

among the contributions of the different yQ and yU to mij, we expect some degree of

alignment between the quark mass matrix and the dilaton coupling matrix, which

may be sufficient to satisfy flavor bounds.

Since Qc and U are part of the strongly interacting sector, they must arise

from complete multiplets of SU(2)L× SU(2)R. There are two distinct possibilities

for the realization of this symmetry, which we consider in turn.

The first possibility is that Qc transforms as (2, 1) under SU(2)L× SU(2)R

while U is partnered by another state D, and together they transform as a (1, 2). In

the context of RS models, this realization of custodial symmetry was first proposed

in [90]. The large mass of the top quark implies that the couplings yQ and yU must

be sizable for the third generation quarks. This realization leads to mild tension with

precision electroweak tests, since yU distinguishes between U and D, and therefore

violates custodial SU(2) symmetry.

The alternative possibility [91] is that Qc is partnered with a new state Q̂c,

and together they transform as (2, 2) under SU(2)L× SU(2)R. Meanwhile, U is now

just a singlet. In this realization of the extended symmetry, it is yQ that violates

custodial SU(2) and leads to tension with precision tests. This difficulty can be

avoided if the third generation SU(2) singlet up-type quark U c
3 is a composite of the

strongly interacting sector. This allows yQ to remain small enough to avoid conflict

with the bound. In this scenario Eq. (2.147) remains valid, the only difference being

that ∆U3 now takes the value 5/2.
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2.3.3 Higgs as a pNGB

Next we consider theories where the SM Higgs doublet emerges as the pNGB

associated with the breaking of an approximate global symmetry by strong confor-

mal dynamics. For concreteness, we will take the global symmetry to be SO(6),

which is broken to SO(5). An SU(2)× U(1) subgroup of the unbroken SO(5) is

gauged, and identified with the electroweak gauge sector of the SM. Of the 5 pNGBs,

4 are identified with the SM Higgs doublet, while the remaining one is a SM singlet.

For the purpose of writing interactions, it is convenient to work in a framework

where we keep only the symmetries associated with the SU(3)× U(1) subgroup of

the non-linearly realized SO(6) global symmetry manifest. As shown in [92], the 5

NGBs associated with the breaking of SO(6) to SO(5) can be identified with the 5

NGBs arising from the breaking of the SU(3)× U(1) subgroup of SO(6) to SU(2)×

U(1), since the corresponding coset spaces are identical. We parametrize the NGBs

as ha, where a runs from 1 to 5. Rather than work with the ha directly it is more

convenient to construct an object φ which transforms linearly under SU(3)× U(1).

φ = f̂exp (ihata)


0

0

1

 . (2.148)

Note that we are employing a convention where the ha carry no mass dimension.

We expect that f̂ and f will be of the same order, since the same dynamics is

responsible for the breaking of both conformal symmetry and the global symmetry.
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The 5 matrices ta span [SU(3)× U(1)/SU(2)× U(1)], and are chosen as

{ta} =




0 0 0

0 0 −i

0 i 0

 ,


0 0 0

0 0 1

0 1 0

 ,


0 0 −i

0 0 0

i 0 0

 ,


0 0 1

0 0 0

1 0 0

 ,

√
2

3


1 0 0

0 1 0

0 0 −1




. (2.149)

This choice allows us to take ha, a = 1 → 4 to represent the SM Higgs doublet,

which we denote by h, while h5 represents the additional singlet.

The low energy effective Lagrangian will in general contain all possible opera-

tors consistent with the SU(3)× U(1) global symmetry, but with restrictions on the

coefficients of various terms enforced by the larger SO(6) symmetry. In particular

the dangerous custodial SU(2) violating operator

∣∣φ†Dµφ− (Dµφ)†φ
∣∣2 , (2.150)

while allowed by SU(3)× U(1), is forbidden by SO(6). HereDµ is the gauge covariant

derivative with respect to the SM SU(2) × U(1) gauge symmetry.

The requirement of scale invariance implies that the non-linear sigma model

condition |φ|2 = f̂ 2 becomes |φ|2 = f̂ 2χ̂2. This means that we can make the low

energy effective theory for the pNGBs invariant under scale transformations, up to

terms arising from effects that explicitly violate the conformal and global symme-

tries, by making the replacement f̂ → f̂ χ̂ in Eq. (2.148). The net effect is that in the

low energy effective theory the ha transform as fields with scaling dimension equal to
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zero, up to effects that violate conformal symmetry. This allows us to determine the

form of the dilaton couplings to the SM fields. A major simplification is that since

h has no scaling dimension, when replaced by its VEV the various operators have

exactly the same scaling dimensions as in the technicolor models of the previous

section, and many results can simply be carried over.

2.3.3.1 Couplings to Gauge Bosons

We begin by considering the dilaton couplings to the weak gauge bosons of

the SM. These arise from the gauge covariant kinetic term for φ,

(Dµφ)†Dµφ . (2.151)

Expanding out φ to lowest order in h, we obtain the gauge covariant kinetic term

for the SM Higgs doublet

χ̂2f̂ 2 (Dµh)†Dµh , (2.152)

Working in unitary gauge, and replacing h by its VEV, we find the coupling of the

conformal compensator to the W bosons in the Lagrangian

m2
W

g2

χ2

f 2
W+
µ W

µ − . (2.153)

This leads to the dilaton coupling

2
σ

f

m2
W

g2
W+
µ W

µ − . (2.154)

As expected, this is identical to the corresponding formula in the technicolor case.

When conformal symmetry violating effects arising from O are incorporated, the
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non-linear sigma model condition is modified to

|φ|2 = f̂ 2χ̂2

[
1 +

∞∑
n=1

αφ,nλ
n

O χ
(−nε)

]
, (2.155)

where the dimensionless parameters αφ,n are expected to be of order one. Then the

dilaton coupling to W bosons is modified to

σ

f

m2
W

g2
(2 + cW ε)W

+
µ W

µ − , (2.156)

where cW is of order λOf
−ε. We see that the corrections are suppressed by m2

σ/Λ
2,

exactly as in the technicolor case.

Next we consider dilaton couplings to the massless gauge bosons of the SM,

the gluons and the photon. The leading effect which breaks conformal invariance

is again the running of the gauge couplings, just as in the previous section. The

results can simply be carried over, and are given by Eq. (2.122),

σ

f

(b< − b>)

32π2
[1 + cAε]FµνF

µν . (2.157)

Here b>(λ̂O) is to be evaluated close to the breaking scale. As can be seen from this

formula, corrections to the form of the dilaton couplings from conformal symmetry

breaking effects are suppressed by m2
σ/Λ

2 and also by a loop factor, and are generally

small.

2.3.3.2 Couplings to Fermions: Elementary Fermions

Next we consider dilaton couplings to the SM fermions. We begin with the case

where the SM fermions are elementary, and their masses arise from direct contact
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interactions with operators in the conformal field theory. The up-type fermion

masses arise from terms in the Lagrangian of the form

ŷijHQiU
c
j + h.c. (2.158)

that break the global symmetry. Here the operator H has the quantum numbers of

the SM Higgs doublet. This leads to Yukawa couplings for the up-type quarks in

the potential of the low energy effective theory,

yij
(
f̂h
)
QiU

c
j + h.c. , (2.159)

where we are neglecting higher order terms in h which may also arise from the term

in Eq. (2.158). It follows from the flavor symmetries that yij is proportional to ŷij

to lowest order in the couplings ŷ. We can find the dilaton couplings by promoting

ŷij to a spurion exactly as in the technicolor case. Noting that h has no scaling

dimension, it follows that the conformal compensator couples to up-type quarks as

yij
(
χ

f

)∆H (
f̂h
)
QiU

c
j + h.c. (2.160)

in the potential. This leads to the dilaton coupling

yij∆H
σ

f

(
f̂h
)
QiU

c
j + h.c. . (2.161)

Replacing h by its VEV we obtain

mij∆H
σ

f
QiU

c
j + h.c. , (2.162)

exactly as in the technicolor case. When effects of the operator O are included, this

again becomes

mij (∆H + cqε)
σ

f
QiU

c
j , (2.163)
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where cq is of order λOf
−ε. In this expression ∆H(λ̂O) is to be evaluated close to

the symmetry breaking scale.

In the case where there are multiple operators Hα that couple to the SM

fermions,

ŷαijU HαQiU
c
j + h.c. , (2.164)

Eq. (2.162) generalizes to the corresponding formula in the technicolor case, Eq. (2.133).

2.3.3.3 Couplings to Fermions: Partially Composite Fermions

We move on to the case where the SM quarks and leptons are partial compos-

ites of the strongly interacting sector. We introduce elementary fermionsQi, U
c
i , D

c
i , Li

and Ec
i that have the same gauge quantum numbers as the corresponding SM

fermions, and which mix with operators in the conformal field theory. The observed

SM fermions are linear combinations of the corresponding elementary particles and

states associated with the strongly interacting sector.

Mass terms for the up-type quarks arise from couplings of fermionic operators

Qcα and Uα, with dimensions ∆Q and ∆U respectively, to the elementary fermions

Qi and U c
i in the Lagrangian,

yαiQQcαQi + yβiU UβU
c
i + h.c. (2.165)

We assume that the indices α and β, which run from 1 to 3, are associated with an

internal U(3) symmetry of the conformal sector so that ∆Q and ∆U are independent

of α and β. We will relax this assumption later. We can determine the coupling of

the dilaton to the up-type quarks by promoting yQ and yU to spurions, exactly as

98



in the technicolor case. Noting that h has scaling dimension zero, we find that the

conformal compensator couples as

yij
(
χ

f

)(∆U+∆Q−4) (
f̂h
)
QiU

c
j + h.c. (2.166)

Replacing h by its VEV and expanding χ out in terms of σ, we obtain

mij (∆U + ∆Q − 4)
σ

f
QiU

c
j + h.c. , (2.167)

which is identical to the corresponding formula in the technicolor case, Eq. (2.140).

When effects of the operator O are included, Eq. (2.167) receives corrections, and

is again modified to

mij
U [(∆U + ∆Q − 4) + cqε]

σ

f
QiU

c
j + h.c. (2.168)

In this expression, ∆U(λ̂O) and ∆Q(λ̂O) are to be evaluated close to the symmetry

breaking scale. We see that corrections to the form of Eq. (2.167) from conformal

symmetry violating effects are suppressed by m2
σ/Λ

2, and are therefore small. In the

more general case where the operators Qcα and Uα have dimensions ∆Qα and ∆Uα

that depend on the index α, Eq. (2.167) generalizes to the corresponding formula in

the technicolor case, Eq. (2.147).

Since Q and U are part of the strongly interacting sector, they must arise from

complete multiplets of O(6). Perhaps the simplest possibility is that Qc constitutes

part of a multiplet that transforms as a fundamental of O(6), while U is just a

singlet. In this realization of the extended symmetry yQ violates custodial SU(2).

The large mass of the top quark means that this coupling must be large for the third

generation, leading to tension with precision tests. This difficulty can be avoided if
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the third generation SU(2) singlet up-type quark U c
3 is a composite of the strongly

interacting sector. This allows yQ to remain small enough to avoid conflict with the

bound. In this scenario Eq. (2.147) remains valid, but with ∆U3 taking the value

5/2.

2.3.3.4 Coupling to the Higgs

Finally we consider the dilaton coupling to the SM Higgs. In general, this

receives contributions from both the Higgs kinetic term and the Higgs potential.

From the kinetic term for the Higgs doublet, Eq. (2.152), we obtain the coupling

σ

f
∂µρ∂

µρ (2.169)

in the Lagrangian. Here ρ is the canonically normalized SM Higgs field, and we are

working only to quadratic order in ρ. When corrections arising from the symmetry

violating parameter O are included, this is modified to

σ

f
[1 + cHε] ∂µρ∂

µρ . (2.170)

where cH is of order λOf
−ε.

The kinetic term for φ, Eq. (2.151), does not lead to mixing between between

the dilaton and the SM Higgs field. Other two derivative terms, such as

∂µχ

χ

[
φ†Dµφ+ (Dµφ)†φ

]
, (2.171)

also do not generate such mixing. This conclusion remains true when conformal

symmetry violating effects are included.
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In this scenario, the potential for the Higgs doublet can only arise from effects

that explicitly violate the global symmetry, such as the SM gauge and Yukawa

interactions. If all such effects, however, respect conformal symmetry, then the

potential for the Higgs doublet is of the very restrictive form

V = χ4V0(h) . (2.172)

A potential of this form does not lead to mixing between the SM Higgs and the

dilaton after minimization. The reason is that when the Higgs field is expanded

about its VEV, there is no linear term in ρ at the minimum of the potential V (h).

However, expanding V (h) to quadratic order in ρ, we find a coupling of the dilaton

to the Higgs of the form

2
σ

f
m2
ρρ

2 (2.173)

in the potential. This formula will receive corrections from any contribution to the

Higgs potential that arises from an effect that violates conformal symmetry. Mixing

between the Higgs and the dilaton may be generated by such effects.

In particular, when effects arising from the operator O is taken into account,

the Higgs potential takes the more general form

V = χ4V0(h) +
∞∑
n=1

λ
n

O χ
(4−nε)Vn(h) . (2.174)

Eq. (2.173) is consequently modified to

σ

f
(2 + cρε)m

2
ρρ

2 , (2.175)

where, if the symmetry violating terms contribute significantly to the potential so

that at the minimum V1(h) is of order V0(h), cρ is expected to be of order λOf
−ε.
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We see that the corrections are suppressed by m2
σ/Λ

2. This effect also gives rise to

mixing between the Higgs and the dilaton. However the mixing angle θ is small,

θ <∼ ελOf
−ε
(
v

f

)
∼ m2

σ

Λ2

(
v

f

)
. (2.176)

Here v is the electroweak VEV.

Since the SM gauge interactions also constitute an explicit breaking of confor-

mal symmetry, there will be additional radiative corrections to the Higgs potential

that are not of the simple form of Eq. (2.172). However, because the gauge interac-

tions respect conformal symmetry at the classical level, and only break it through

quantum effects, deviations away from this form are further loop suppressed, and

generally small.

In theories where the top quarks are elementary or partially composite, the

top Yukawa coupling also violates conformal symmetry. Then, if contributions to

the Higgs potential from loops involving the top Yukawa coupling are sizable, there

can be significant deviations away from the form of Eq. (2.172). We parametrize

the coupling of the conformal compensator to the top quark as

mt

v

(
χ

f

)(1+∆̄) (
f̂h
)
t̄t , (2.177)

where ∆̄ is equal to zero if the top quarks are composite, is equal to (∆H− 1) if the

top quarks are elementary, and is equal to (∆U3 + ∆Q3 − 5) if the top quarks are

partially composite. Then one loop corrections to the Higgs potential from the top

loop, which we label by δVt, are of the form

χ4

[
2∑

n=1

α̂t,n

(16π2)n−1

(mt

v

)2n
(
χ

f

)2n∆̄

|h|2n
]
. (2.178)
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Here the dimensionless parameters α̂t,n are of order one. Then Eq. (2.173) is modified

to

σ

f

[
2 + c̄ρ∆̄

]
m2
ρρ

2 . (2.179)

If contributions to the Higgs potential arising from loops involving the top Yukawa

coupling are significant, so that δVt is comparable to V in Eq. (2.172) at the mini-

mum, we expect c̄ρ to be of order one. This effect also gives rise to mixing between

the dilaton and the Higgs, but the mixing angle θ <∼ ∆̄v/f is expected to be small

in realistic models. Mixing will correct the dilaton couplings to other SM fields as

well, and so a precise determination of these interactions requires this effect to be

taken into account.
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CHAPTER 3

Effective Theory of the Radion

In this chapter we construct the low energy effective theory of the radion incor-

porating the effects of the GW stabilization mechanism. Through out this chapter,

we keep in mind the CFT construction from previous chapter and closely model

the generalities developed there. While we stick to the extra-dimensional language

in this chapter and an explicit comparison is made only in the next chapter 4, we

appeal to the dual ideas when necessary to justify the non-minimal constructions

in the extra-dimensional language. Our primary objective is to determine the de-

pendence of the radion mass on the parameters of the extra dimensional theory and

to calculate the coupling of the radion to SM fields in the presence of stabilization

effects. We restrict to brane localized fields for calculating the radion couplings, as

they suffice to make the general point.

Following Goldberger and Wise we consider a scenario where a 5D scalar field

Φ acquires a VEV whose value depends on the location in the extra dimension [67].
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However, we deviate from the original GW construction in that we allow the IR

brane tension to be detuned away from its fine-tuned value in the original RS model,

and also include non-linear self interaction terms for the GW field Φ in the bulk.

As we shall see, this alters the parametric dependence of the radion mass. We

later elaborate on the significance of this by invoking the dual picture in the next

chapter 4.

3.1 Radion Lagrangian without a Stabilization Mechanism

We begin by considering the 5D gravity action in the absence of any stabiliza-

tion mechanism. The action is given as

S5D
GR =

∫
d4x

∫ π

−π
dθ
[√

G
(
− 2M3

5R[G]− Λb

)
−
√
−Ghδ(θ)Th −

√
−Gvδ(θ − π)Tv

]
,

(3.1)

where M5 is the 5D Planck mass, Λb is the bulk cosmological constant and Th, Tv are

the brane tensions at the hidden (UV) and visible (IR) brane respectively. We are

using the (+,−,−,−,−) sign convention for the 5D metric. The classical solution

for the geometry is a slice of AdS5 compactified on a circle S1 with Z2 orbifolding.

The background metric GMN is then given as

ds2 = e−2krc|θ|ηµνdx
µdxν − r2

c dθ
2 − π ≤ θ ≤ π . (3.2)

To obtain a static solution of this form we have set Λb/k = Tv = −Th = −24M3
5k,

while rc is an arbitrary constant. To parametrize the light degrees of freedom, we

promote rc and ηµν to dynamical fields by letting rc → r(x) and ηµν → gµν(x),
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which are associated with the radion and the graviton fields respectively. After this

replacement in the metric, we plug the metric back in the action and integrate over

the extra dimension to obtain the effective theory for the 4D graviton gµν(x) and

the canonically normalized radion field ϕ(x), see appendix A.1 for details. Up to

exponentially small corrections, this is given by

S4D
GR =

2M3
5

k

∫
d4x
√
−g R[gµν ] +

∫
d4x
√
−g
(1

2
∂µϕ∂

µϕ− V (ϕ)
)
. (3.3)

From this we see that the 4D Planck mass is given by M2
4 = M3

5/k. The canonically

normalized field ϕ(x) is related to r(x) as

ϕ(x) = Fe−kπr(x) , (3.4)

where F is defined as F =
√

24M3
5/k =

√
24M4. The potential generated for the

radion field from the 5D gravity sector is given by (see appendix A.1)

VGR(ϕ) =
ϕ4

F 4

(
Tv −

Λb

k

)
, (3.5)

and vanishes identically for the tuned values of Λb and Tv in the original RS solution.

This naive procedure of promoting ηµν and rc to dynamical fields leads to

a parametrization of the light modes that does not solve the linearized Einstein

equations [83, 93]. One may therefore worry about the validity of the low energy

effective field theory (EFT). However, this turns out not to be a concern, as shown

in [94]. A general parametrization of the fluctuations that includes both heavy and

light modes can be written as

ds2 = e−2kr(x)|θ|
[
gµν(x) +Hµν(x, θ)

]
dxµdxν + 2Hθµ(x, θ)dxµdθ

− r2(x)
[
1 +Hθθ(x, θ)

]
dθ2 . (3.6)
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Here gµν(x) and r(x) are again the light fields, while Hµν(x, θ), Hθµ(x, θ) and

Hθθ(x, θ) parameterize the heavy KK excitations of the 5D graviton after reduc-

ing to the four dimensional theory. This naive parametrization of the light degrees

of freedom is consistent as long as there are no tadpole terms in the heavy fields

with one derivative [94]. By 4D Lorentz invariance, such a tadpole must multi-

ply Hµθ, but an explicit computation shows that Hµθ vanishes identically for the

metric that solves the linearized Einstein equation [83, 93]. This ensures that our

naive parametrization of light fields will indeed generate the correct low energy ef-

fective theory up to corrections that are suppressed by powers of the KK scale. This

conclusion is not altered by the inclusion of the GW field.

In order to solve the hierarchy problem, the warp factor in the background

geometry must be exponentially large. Defining f = 〈ϕ〉 = Fe−krcπ, we require a

stable solution such that f � F . The radion potential in Eq. (3.5) generated from

the gravitational part of the action does not allow for such a possibility dynamically,

unless fine-tuned to vanish. The VEV of ϕ either vanishes or is driven to infinity

depending on the sign of the coefficient of the quartic. In the original RS solution

to the hierarchy problem, this issue is addressed by setting the quartic coefficient

to zero by tuning the tension of the visible brane such that Tv = −24M3
5k = Λb/k.

The cosmological constant must also be tuned to zero by adjusting the tension of

the hidden brane, Th = 24M3
5k = −Λb/k.
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3.2 Radion Lagrangian in the Presence of a Stabilization Mechanism

In a realistic RS scenario, a mechanism is needed to stabilize the geometry

and give the radion a mass. Such a mechanism was proposed by Goldberger and

Wise [67]. In this construction, a massive 5D field Φ is sourced at the boundaries

and acquires a VEV whose value depends on the location in the extra dimension.

After integrating over the extra dimension, this generates a potential for the ra-

dion field in the low energy effective theory. In the original GW construction, the

quartic potential for the radion in Eq. (3.5) was tuned to zero, and only the dy-

namics of the scalar field Φ contributed to the radion potential. Here we allow the

quartic generated by the gravitational potential to be non-zero, and also include

self-interaction terms in the potential for the GW scalar in the bulk. The effect of

these additional terms, which are important in theories with a holographic dual, is

to alter the parametric dependence of the radion mass.

We now construct the low energy effective theory for the radion that emerges

after stabilization using the GW mechanism. The action for the GW scalar Φ is

given by

SGW =

∫
d4x dθ

[
√
G

(
1

2
GAB∂AΦ∂BΦ− Vb(Φ)

)
−
∑
i=v,h

δ(θ − θi)
√
−Gi Vi(Φ)

]
.

(3.7)

Here Gh and Gv are the induced metrics at the brane locations, θh = 0 and θv = π.

The corresponding brane potentials are given by Vh and Vv respectively, while Vb

is the potential in the bulk. In our parametrization, the radion does not couple to
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the hidden brane at θh = 0. We therefore do not specify the form of Vh, but simply

require that it fixes Φ at θ = 0 to be k3/2v and does not contribute to the hidden

brane tension. Such a requirement can be easily arranged, and is in fact the one

used in the original GW proposal.

On the visible brane, we consider a simple potential for Φ of the form

Vv(Φ) = 2k5/2α Φ , (3.8)

where α is a dimensionless number. The choice of a linear potential for Φ on the

IR brane is not special and is expected to present if Φ is not charged under any

symmetries. Considering a more general brane potential does not alter our final

conclusions.

The potential for the GW scalar Φ in the bulk has the general form

Vb(Φ) =
1

2
m2Φ2 +

1

3!
ηΦ3 +

1

4!
ζΦ4 + ... . (3.9)

Since we are in AdS space, the mass squared parameter m2 for the GW scalar Φ can

be negative without giving rise to instabilities as long as the condition m2/k2 +4 > 0

is satisfied [95]. The theories of interest for electroweak symmetry breaking are

characterized by a large hierarchy between the scales associated with the UV brane

and the IR brane, exp(−kπrc)� 1. The size of the hierarchy is determined by the

potential for the GW scalar, which fixes the brane spacing rc. A large hierarchy can

be obtained if the mass term in the bulk potential for the GW field is small in units

of the inverse curvature k. As first observed by Goldberger and Wise [67], a value of

|m2/k2| of order a tenth suffices to generate the hierarchy between the Planck and

weak scales.
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In the class of RS models that possess a holographic dual, the parameters

in the 5D gravity theory and in the potential for the GW scalar are related to

parameters in the dual CFT. The AdS/CFT correspondence associates the GW

field Φ with a scalar operator O that deforms the dual CFT. Our primary focus is

on the extra-dimensional duals of 4D theories where a nearly marginal deformation

O, although small in the UV, grows large in the IR, resulting in the breaking of the

conformal symmetry. This dictates our choice of the values of the parameters in

the 5D theory. The mass of Φ is related to the scaling dimension of O at the fixed

point, and |m2/k2| � 1 corresponds to the operator O being close to marginal. We

choose m2 < 0 to obtain a solution for Φ which grows in the IR. The dimensionless

parameter v, which determines the value of Φ at the UV brane is also chosen to be

small, allowing us to work to linear order in v. This corresponds to the operator

O being a small deformation in the UV. The other parameters are taken to be

of order their natural strong coupling values (see appendix B for a description of

how to estimate the natural values of parameters in our limit of interest), but with

an important caveat. In our analysis, we neglect the back-reaction of the scalar

field dynamics on the metric. In order for this approximation to be consistent, the

detuning of the IR brane tension away from that in the original RS model must be

smaller, by a factor of order a few, than its natural strong coupling value. The value

of the parameter α, which controls the value of Φ near the IR brane, must also be

taken to be smaller than its natural value by a similar factor. We do not expect our

general conclusions to be affected by the fact that we are working in a limit where

the back reaction is small.
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Given the action, we can solve for the classical field configuration Φ(θ) in

the RS background. The equation satisfied by Φ in the bulk with the boundary

conditions resulting from brane potentials is given by

∂2
θΦ− 4krc∂θΦ− r2

cV
′
b (Φ) = 0

θ = 0 : Φ = k3/2v

θ = π : ∂θΦ = −αk3/2krc . (3.10)

The classical equation is a second order differential equation and is not simple to

solve analytically for a general bulk potential. If, however, 4krc � 1 and certain

conditions are satisfied by the parameters in the bulk potential, then an approxi-

mate analytic solution may be obtained using the methods of singular perturbation

theory [96]. The key observation is that in the limit 4krc � 1, the bulk equa-

tion of motion in Eq. (3.10) possesses solutions in different regions of θ that have

the property that one of the terms in Eq. (3.10) is small compared to the other

two. In particular, there are self-consistent solutions for Φ in the bulk that satisfy

the boundary condition on the UV brane such that the ∂θΦ term and V ′b term are

parametrically larger than the ∂2
θΦ term. Within this approximation, the equation

effectively becomes first order and is readily solved.The full solution to the equation

displays boundary layer formation very near the θ = π boundary where the ∂2
θΦ term

cannot be self-consistently dropped. However, in this regime it is self-consistent to

drop the potential term V ′b , in favor of the ∂θΦ and ∂2
θΦ terms.

It follows that two independent approximate solutions to the second order

differential equation can be obtained in the following way: once by balancing the
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∂θΦ term against the potential term, and once by balancing the ∂θΦ term against

the ∂2
θΦ term. We will refer to these two equations (solutions) as the outer region

(OR) and boundary region (BR) equations (solutions) respectively. The OR solution

holds in the bulk, while the BR solution holds close to θ = π where a boundary

layer is formed, as the name suggests. The thickness of the boundary layer is of the

order ∼ 1/4krc. More specifically, the equations and their domains of validity1 are,

OR :
dΦ

dθ
= − rc

4k
V ′b (Φ)

(
0 ≤ θ <∼ π − 1

4krc

)
BR :

d2Φ

dθ2
= 4krc

dΦ

dθ

(
π − 1

4krc
<∼ θ ≤ π

)
. (3.11)

Notice that the BR solution is independent of the choice of potential Vb and can be

readily solved. After applying the boundary condition at θ = π, it is given by

ΦBR(θ) = −k
3/2α

4
e4krc(θ−π) + C . (3.12)

The yet unspecified constant C is determined by requiring the BR solution to be

consistent with the OR solution, using asymptotic matching to the OR solution [96].

This allows us to construct a smooth solution that is a good approximation to each

of the two solutions in the appropriate region. It is clear that the BR solution is

exponentially suppressed in the region 0 ≤ θ <∼ π − 1/4krc, but becomes important

in the region π − 1/4krc
<∼ θ ≤ π, thereby justifying the approximations made.

Different choices of Vb change the OR solution, and therefore change the constant

C in the BR solution. The complete solution for Φ exhibits the universal feature of

1For the remainder of this work, we give solutions for 0 ≤ θ ≤ π. Because of the Z2 orbifold

symmetry, this is sufficient to reconstruct the solution for the entire space.
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boundary layer formation close to θ = π. As we shall see, this general characteristic

is to be expected from the point of view of the holographic dual theory.

The potential for the GW scalar Φ in the bulk takes the from

Vb(Φ) =
1

2
m2Φ2 +

1

3!
ηΦ3 +

1

4!
ζΦ4 + ... . (3.13)

For this potential, we can write the OR equation in a holographically suggestive

form as:

d log Φ

d (krcθ)
= −m

2

4k2
− η

8
√
k

Φ

k3/2
− ζ k

24

Φ2

k3
+ ... . (3.14)

In what follows we restrict ourselves to specific forms of the bulk potential for the

GW field. In particular, we will first study the case when Vb(Φ) consists of just a

mass term, and then consider the case of a cubic self-interaction term. For each

theory, we will describe the conditions on the parameters of the bulk potential for

our approximation to be valid. We will then obtain the OR solution and study the

resulting radion potential. These special cases will suffice to determine the general

features of the solution.

3.2.1 Massive GW Scalar with no Bulk Interactions

We begin by considering the case when the potential for Φ is dominated by

the mass term, and the higher powers of Φ can be neglected,

Vb(Φ) =
1

2
m2Φ2 . (3.15)

The large hierarchy between the Planck and weak scales implies that e−krcπ is a

very small number. To obtain this hierarchy we require the bulk mass squared
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being small in units of the inverse curvature, namely ε = m2/4k2 is a small number,

|ε| � 1. We also take e−εkrcπ to be an O(1) number. These conditions are also

sufficient for our boundary layer analysis to be valid. The OR equation in this case

takes the form

d log Φ

d(krcθ)
= −m

2

4k2
= −ε . (3.16)

Applying the boundary condition at θ = 0, the solution is

ΦOR(θ) = k3/2ve−εkrcθ . (3.17)

Given this OR solution, the constant C in the BR solution is fixed uniquely by

requiring asymptotic matching to the OR solution, resulting in

ΦBR(θ) = −k
3/2α

4
e4krc(θ−π) + k3/2ve−εkrcπ . (3.18)

Using the form of the OR and BR solutions, a smooth approximate solution for Φ

that is valid in the entire region 0 ≤ θ ≤ π and that matches on to both ΦBR and

ΦOR is given by

Φapprox(θ) = −k
3/2α

4
e4krc(θ−π) + k3/2ve−εkrcθ . (3.19)

For this choice of the bulk potential, an exact expression for Φ can be obtained (see

appendix A.2), which matches very well with the approximate solution. Figure 3.1

indicates the matching of the BR and IR solutions to the approximate solution (1a),

and shows the agreement of the approximate solution with the exact solution (1b).

To calculate the resulting contribution to the radion potential, we promote rc

to a dynamical field and insert the complete solution for Φ(θ) with this replacement
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Figure 3.1: 1a: The approximate solution (solid line) matches well with the BR solution

(large dotted) and the OR solution (small dotted) for ε = −0.1, kπrc = 10. We have also

taken v = 0.05 and α = −0.5. The shaded region separates the boundary region on its

right from the outer region on its left. Asymptotic matching is done in the shaded region.

1b: The approximate solution (dotted) agrees well with the exact solution (solid) for the

same parameter values, and we show the agreement near the θ = π boundary.

back into the action. Integrating over the extra dimension then generates the con-

tribution to the radion potential (see appendix A.2 for details). To leading order in

v and ε, the resulting potential takes the form

VGW (ϕ) = k4
(ϕ
F

)4
[
2αv

(ϕ
F

)ε
− α2

4

]
. (3.20)

Including the contribution from the gravity part of the action in Eq. (3.5), the full

potential for the radion is given to leading order in v and ε as

V (ϕ) = VGR(ϕ) + VGW (ϕ)

= 2k4αv
(ϕ
F

)4+ε

+
(
Tv −

Λb

k
− k4α2

4

)(ϕ
F

)4

. (3.21)

We can define τ = (Tv − Λb/k − k4α2/4) /k4 which represents the detuning of the

brane tension away from the original RS solution. The first two terms in τ are purely
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gravitational, while the last term comes from the dynamics of the GW field on the

visible brane and receives corrections higher order in ε. With this, the minimum of

the potential in Eq. (3.21) occurs at 〈ϕ〉 = f where the condition[
f

F

]ε
≡ e−εkrcπ = − τ

2αv
+O(ε) (3.22)

is satisfied. For small ε, an exponential hierarchy can be established between f and

F provided the parameter v which controls the value of Φ at the UV brane is also

small. This is indeed the limit in which we are working. In particular, if ε is of order

a tenth and the other parameters are of order their natural strong coupling values,

then v of order 10−2 suffices to generate the hierarchy between the Planck and weak

scales.

After ϕ acquires a VEV, we parametrize the physical radion ϕ̃ that corresponds

to the fluctuations over the minimum as ϕ = f exp [ϕ̃/f ] ≈ f + ϕ̃. The mass of the

radion ϕ̃ is given to leading order in ε as

m2
ϕ = −ετ

6

k3

M3
5

(
ke−krcπ

)2

. (3.23)

The warped down curvature scale ke−krcπ ≡ k̃ appears naturally in this expression,

and is identified with the KK scale mKK in the 4D theory. Including higher order

terms in V (ϕ) does not alter the results. At the minimum, the value of Th is tuned

to set the 4D cosmological constant to zero. Therefore, in the presence of a GW

mechanism, only one fine-tuning is needed, which is the usual tuning to solve the

cosmological constant problem.

We see from this analysis that m2
ϕ ∼ |ε|, which is consistent with previous

studies [97, 98]. Either sign of ε can give rise to a positive mass squared for the
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radion. In the case of ε > 0 we require τ < 0 and αv > 0, while for ε < 0

these conditions are reversed. (The condition on the sign of τ and αv for a given

sign of ε arises from requiring the consistency of the minimization condition and a

positive mass squared for the radion.) From the holographic perspective, the case

ε < 0 when the solution for Φ grows in the IR is particularly interesting, and is our

primary focus. The parametric dependence of the dilaton mass on ε is robust and

independent of the form of the potential for Φ on the visible brane. Since ε is small

this would seem to suggest that the presence of a light dilaton is natural in this

class of theories. However, this result assumed that the cubic self-interaction terms

in the bulk potential for Φ could be neglected in favor of the mass terms. For this

assumption to be self-consistent we require that the condition

1

3!
ηΦ3 � 1

2
m2Φ2 (3.24)

be satisfied at all points in the bulk. Using the solution for Φ and noting that it has

the largest magnitude at θ = π, this translates to

∣∣∣∣( η

8
√
k

)(
τ +

α2

2

)∣∣∣∣� 3 |εα| . (3.25)

For natural values of the parameters α, τ , and η, this condition is not expected

to be satisfied. Therefore, in determining whether a light radion is present in the

spectrum, it is necessary to consider the bulk self-interaction terms.
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3.2.2 Massive GW Scalar with a Cubic Interaction in Bulk

Next we consider the addition of a cubic self-interaction term in the bulk for

Φ,

Vb(Φ) =
1

2
m2Φ2 +

1

3!
ηΦ3 . (3.26)

The OR equation now becomes

d log Φ

d (krcθ)
= −ε− η

8
√
k

(
Φ

k3/2

)
. (3.27)

We focus on the case when η/8
√
k is close to its natural strong coupling value.

We further work in the limit that
(
η/8
√
k
)(

Φ/k3/2
)

is large enough that ε can be

neglected in Eq. (3.27). Although this latter condition is not necessarily satisfied at

all points in the bulk, it is expected to be satisfied in the neighborhood of the IR

brane. The reason is that in the theories of interest, while ε is required to be small

in order to generate a large hierarchy, there is no corresponding condition on the

cubic self-coupling. Since the radion wave function is localized near the IR brane,

neglecting ε does not significantly affect the radion dynamics.

In the limit where the cubic term dominates the bulk potential for Φ, the OR

solution is given by

ΦOR(θ) =
k3/2v

1 + ξkrcθ
. (3.28)

Here ξ = ηv/8
√
k and we have imposed the boundary condition Φ(0) = k3/2v. In

order for our boundary layer analysis to be self-consistent, we require that both α

and v to lie below their natural values by a factor that could be as small as a few.
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However, we had already chosen v to be small so that it corresponds to a small

deformation of the dual CFT in the UV. We had also set α somewhat smaller than

its natural value so that the gravitational back reaction can be neglected. Hence

our boundary layer analysis is valid without additional restrictions. Combining the

OR and the BR solutions, we obtain the complete solution for Φ as

Φ(θ) = −k
3/2α

4
e4krc(θ−π) +

k3/2v

1 + ξkrcθ
. (3.29)

We can now compute the potential for the radion to leading order in v:

V (ϕ) = k4
(ϕ
F

)4
[
τ +

1

1− ξ log(ϕ/F )

(
2αv +

α2ξ

8

)]
. (3.30)

We can define w = 2αv + α2ξ/8 and note that w is small because it is linear in v.

The potential is minimized when the condition

τ +
w

1− ξ log(f/F )
= 0 (3.31)

is satisfied. We can solve for 〈ϕ〉 = f ,[
f

F

]ξ
≡ e−ξkrcπ = e1+w/τ +O(ξ) . (3.32)

This is more transparent when written in terms of the radius of the extra dimension,

kπrc ≈ −
w + τ

ξτ
≈ −1

ξ
. (3.33)

To obtain a large warp factor kπrc must be larger than 1. This condition is satisfied

if v is of order 10−2, which justifies the last approximation in Eq. (3.33). From

Eqs. (3.30) and (3.31), we can compute the mass squared of the radion

m2
ϕ =

τ 2ξ

6w

k3

M3
5

(
ke−krcπ

)2
. (3.34)
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Details of the calculation are given in appendix A.2.

Putting in the natural values of the parameters given in appendix B, we find

that the radion is parametrically of order the KK mass scale. If η, (as well as ε),

was tuned to be small, then Eq. (3.34) would predict a light radion. In that case,

however, the quartic and higher order terms in the Φ bulk potential would give large

contributions to the radion mass. If, however, all the terms in the Φ bulk potential

are small in units of curvature, the radion will be light. This could be realized

naturally, if, for example, the GW field corresponds to a pseudo-Goldstone boson.

We also see from Eq. (3.34) that the mass of the radion scales as τ . Therefore

a light radion can arise if τ lies below its natural strong coupling value. Small values

of τ are associated with tuning, since this condition is not expected to be satisfied

in general. However, the tuning of the radion mass is mild, scaling as τ . Therefore

a radion that lies a factor of 5 below the KK scale is only tuned at the level of 1 in

5 (20%).

3.3 Mixing with Other Scalars

Along with the radion, the other scalars in the low energy spectrum are the

first few KK modes {φn} of the scalar Φ which in general mix with the physical

radion ϕ̃. Expanding the Φ action to linear order in ϕ̃ and φn, all terms without

a spacetime derivative vanish because of the classical Φ equations of motion [20].

This implies there is only kinetic mixing between ϕ̃ and φn. Writing this kinetic
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mixing term as

κn

∫
d4x ∂µϕ̃ ∂

µφn , (3.35)

the mixing coefficient κn is given as

κn = 2

∫ π

0

dθ

(
rce
−2krcθfn(θ)

∂ Φ(θ, ϕ)

∂ ϕ

∣∣∣∣
〈ϕ〉

)
, (3.36)

where fn(θ) is the profile of the nth KK mode of Φ. This affects the physical radion

and KK modes as

ϕ̃→ ϕ̃− κn
m2
n

m2
n −m2

ϕ

φn φn → φn − κn
m2
ϕ

m2
ϕ −m2

n

ϕ̃ , (3.37)

where mn is the mass of the KK mode and ϕ̃ is the radion field. Estimating the

integral, we find that κn ∼ m2
ϕ/m

2
n for both types of bulk Φ potentials considered in

this section. As we will see in the later sections, this mixing induces a coupling of

the radion to SM fields, but scales as m4
ϕ/m

4
n, and is therefore subleading compared

to a m2
ϕ/m

2
n effect when the radion is light.

3.4 Radion Interactions to SM fields

In this section we calculate the leading order couplings to the SM fields and

the corrections to the radion couplings that arise as a consequence of the GW

stabilization mechanism. We restrict to brane localized SM fields which allows us

to keep the discussion simple while at the same time makes the general point.

In the absence of the GW scalar, the radion being a massless scalar gravi-

tational mode couples to the trace of the 5D energy momentum tensor [99]. Its
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couplings are therefore completely fixed. This has been used to determine the cou-

plings of the radion, both in the case when the SM fields are confined to the IR

brane [67,81–83,99] and the case when they reside in the bulk of the space [88,89].

In this paper we will consider SM fields confined to a brane, and leave the case of

bulk fields for future work.

Once the GW scalar Φ is added to the theory, in general we expect interactions

that couple Φ to the SM fields. Since the VEV of Φ depends on the brane spacing,

and therefore on the background radion field, this effect contributes to the coupling

of radion to SM fields. To understand this in detail, consider an arbitrary term in

the Lagrangian that depends only on the SM fields,

L ⊇
√
G f(Ψi,Aµi ,Hi) . (3.38)

Here f(Ψi,Aµi ,Hi) is a function of the SM fermions Ψi, the SM gauge fields Aµi and

the Higgs field H. Then, one can also write the following interaction term in the

Lagrangian involving the GW field Φ,

L ⊇ αint

√
G f(Ψi,Aµi ,Hi) k

−3/2Φ(x, θ) , (3.39)

where αint is a dimensionless coupling constant. Terms containing higher powers of

Φ in the interaction do not change our conclusions as we work to leading order in v.

In theories with a holographic dual, we expect αint to be of order its natural strong

coupling value (see appendix B).

In order to determine the radion couplings, we allow the GW field to fluctuate
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and KK expand the fluctuations over the classical value. This amounts to replacing

Φ(θ)→ Φ(θ) +
∑
n

fn(θ)φn(x) (3.40)

in Eq. (3.39), where φn are the KK modes of the GW field Φ. The radion couplings

to the light fields contained in f(Ψi,Aµi ,Hi) get contributions from two sources.

Firstly, in the parametrization that we consider, the background value Φ(θ) is a

function of the background radion field ϕ(x) after rc is made dynamical. Expanding

Φ(θ) about the radion VEV to linear order generates coupling to the physical radion

ϕ̃ ≈ ϕ− f as

Φ(θ)→ Φ(ϕ, θ) = Φ(f, θ) + ϕ̃ ∂ϕΦ(f, θ) + ... . (3.41)

Secondly, the KK modes φn in general have a kinetic mixing with the radion, and

thereby generate a radion coupling to the SM fields. From section 3.3, it follows

that this second effect scales as m4
ϕ/m

4
KK for a light radion. As we will see below,

this effect is subleading compared to the first effect, and can be neglected .

We can schematically understand how the corrections to the radion couplings

scale. For simplicity, we focus on the case where the SM fields live on the visible

brane. When the bulk potential for Φ is dominated by the mass term, we find

that the leading source of modification to the radion coupling, using Eqs. (3.41)

and (3.19), scales as ∂ϕΦ|θ=π ∼ ε v e−εkrcπ. From the minimization condition

Eq. (3.22) and the expression for the mass of the radion Eq. (3.23), we obtain

ε v e−εkrcπ ∼ ετ ∼
m2
ϕ

m2
KK

. (3.42)

We see that the correction scales as ∼ m2
ϕ/m

2
KK and is small for a light radion.
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In the case when the the bulk potential for Φ is dominated by the cubic self

interaction term, using Eqs. (3.41) and (3.29), we find that the leading source of

corrections to the radion coupling now scales as

∂ϕΦ|θ=π ∼ vξ/(1− ξ log f/F )2 . (3.43)

From the expressions for the minimization condition Eq. (3.31) and the mass of the

radion Eq. (3.34), we find that

vξ

(1− ξ log(f/F ))2 ∼ τ 2 ∼
m2
ϕ

m2
KK

, (3.44)

so that the corrections again scale as ∼ m2
ϕ/m

2
KK . It follows from this analysis that

the form and magnitude of the leading corrections to the radion couplings does not

depend on the details of the GW mechanism that generates the radion mass.

We now calculate the corrections to the radion couplings to SM fields in detail,

focusing on the radion couplings to massive and massless gauge bosons, and to

fermions. We will consider the case where the Higgs is the pNGB of an approximate

global symmetry [50–52, 100, 101]. In this scenario, mixing between the Higgs and

the radion, which can otherwise be significant, is suppressed [82], and therefore the

Higgs can be replaced by its VEV in the action. This also allows the results from

this section to be directly carried over to Higgsless models [73].

3.4.1 Massive Gauge Bosons

We begin by considering the radion couplings to the massive gauge bosons of

the SM, the W± and the Z. In our discussion, we shall focus exclusively on the W±,
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the generalization to the Z being straightforward. In the limit when the effects of

brane stabilization are neglected, the relevant terms in the action for the W bosons

take the form

S =

∫
d4x dθ δ(θ − π)

√
−Gv

[
− 1

4g2
Gµρ
v G

νσ
v WµνWρσ +Gµν

v DµH
†DνH

]
, (3.45)

where Gv is the induced metric on the visible brane and g is the gauge coupling. Here

we use the convention where the gauge covariant derivative is given by Dµ = ∂µ+Aµ,

and the gauge coupling appears in the kinetic term of the gauge fields. When H is

replaced by its VEV in Eq. (3.45), the W bosons acquire a mass. Expanding out

the components of the metric in terms of the radion and graviton, we find that the

radion couples to the W± as

2m2
W

g2

ϕ̃

f
W+
µ W

µ− , (3.46)

where the index on W is now raised by the 4D Minkowski metric of flat space. Just

as for the SM Higgs, at tree level the coupling of the radion is proportional to the

mass of the field it is coupling to.

In the presence of the GW field, the gauge kinetic term on the brane is modified

to

L ⊇ δ(θ − π)
√
−Gv

[
− 1

4ĝ2
Gµρ
v G

νσ
v WµνWρσ

(
1 + αW

Φ

k3/2

)]
. (3.47)

Here ĝ represents the gauge coupling in the absence of the GW stabilization mech-

anism, and αW is a dimensionless number. We take αW to be its natural value but

continue to work in a regime where v is small and work to leading order in v. This

turns out to be equivalent to working to linear order in αW . The physical gauge
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coupling is now given by

1

4g2
=

1

4ĝ2

(
1 + αW

Φ(π)

k3/2

)
. (3.48)

To incorporate radion fluctuations about the VEV of Φ, we let

Φ(π)→ Φ(π)

(
1 +

∂ϕΦ(π)

Φ(π)
ϕ̃

)
. (3.49)

Using the classical solution for Φ, the interaction term leads to a correction to

the radion coupling. We consider first the case when the bulk potential for Φ is

dominated by the mass term and the self-interactions can be neglected. In this

limit, the radion coupling is given by

c̄W
(
ε v e−εkrcπ

) 1

4g2

ϕ̃

f
WµνW

µν . (3.50)

Here c̄W is an O(1) number, and indices on W are raised by the Minkowski metric

ηµν . Using the minimization condition and the formula for the mass of the radion,

we have v ε e−εkrcπ ∼ ε τ ∼ m2
ϕ/m

2
KK . Therefore the correction scales as m2

ϕ/m
2
KK ,

and is small for a light radion.2

The GW scalar also couples to the gauge covariant kinetic term for the Higgs.

These interactions affect the gauge boson masses, and lead to corrections to the

radion couplings to these fields. We therefore consider the term

L ⊇ δ(θ − π)
√
−Gv

[(
1 + βW

Φ

k3/2

)
Gµν
v DµH

†DνH

]
, (3.51)

2We note that the operators in Eq. (3.46) and Eq. (3.50) are different, and that it may be possible

to tell their contributions apart using gauge boson polarizations, especially at high energy.
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where βW is a dimensionless number. Working in unitary gauge, we replace the

Higgs field H by its VEV. The physical gauge boson mass is now modified to

m2
W = m̂2

W

(
1 + βWΦ(π)/k3/2

)
(

1 + αWΦ(π)/k3/2
) , (3.52)

where m̂W is defined as the gauge boson mass in the absence of the GW stabilization

mechanism. Including the radion fluctuations about the VEV of Φ, we obtain for

the radion coupling

ϕ̃

f

[
2 + cW (ε ve−εkrcπ)

] m2
W

g2
W+
µ W

µ− . (3.53)

Here cW is an O(1) number. We see that the correction is again suppressed by

m2
ϕ/m

2
KK , and is small for a light radion.

For the case when the bulk potential for Φ has a cubic interaction and no

mass term, we can repeat the steps above to obtain the corrections to the radion

coupling. The end result however remains the same, with the corrections again

scaling as m2
ϕ/m

2
KK .

3.4.2 Massless Gauge Bosons

Next we consider the case of radion couplings to the massless gauge bosons of

the SM, the photon and the gluons, on the IR brane. The kinetic term has the same

form as Eq. (3.45), but now the coupling to the Higgs is absent. Expanding out

the components of the metric in terms of the 4D graviton and radion, we find that

the radion does not couple to the massless gauge bosons. However this statement

is true only at the classical level. In general, quantum effects generate a coupling
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of the massless gauge bosons to the radion at one loop. This can be understood as

arising from quantum corrections to the trace of the energy momentum tensor; the

trace anomaly. These contributions have been calculated in [82], and the resulting

coupling is given by

b<
32π2

ϕ̃

f
FµνF

µν , (3.54)

where again the indices are raised by ηµν . Here b< is proportional to the one-loop

β-function coefficient for the running of the gauge coupling,

d

d logµ

1

g2
=

b<
8π2

. (3.55)

This formula is valid at the KK scale and must be renormalization group (RG)

evolved to the radion mass to determine the couplings to the photon and gluons for

the on-shell radion.

In the presence of the GW stabilization mechanism, there is a coupling between

Φ and the gauge bosons given in Eq. (3.47), which modifies the gauge coupling as

in Eq. (3.48). In the case where the GW scalar has a bulk mass term, a coupling

between the radion and gauge bosons of the form of Eq. (3.50) is generated by the

stabilization dynamics. This coupling is of order m2
ϕ/m

2
KK , and, in the case where

the bulk potential of Φ has no mass but a cubic interaction, it is straightforward to

verify that the correction is of the same form and again scales as m2
ϕ/m

2
KK . Although

the corrections arising from stabilization are small, the fact that the leading order

effect is loop suppressed implies that when the radion is only moderately lighter

than the KK scale, the effects of GW stabilization are significant, and may even

dominate.
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3.4.3 Fermions

We finally consider the case of the radion couplings to brane localized SM

fermions. For concreteness we will focus on the radion couplings to up-type quarks,

Q and U . The generalization to the other fermions is straightforward. In the absence

of a stabilization mechanism, the relevant part of the action has the form

S =

∫
d4x dθ δ(θ − π)

√
−Gv

[
i

2
eµa

(
Q̄ Γa

←→
∂µQ+ Ū Γa

←→
∂µU

)
− y
(
Q̄HU + ŪH†Q

)]
,

(3.56)

where
←→
∂ =

−→
∂ −
←−
∂ and eµa is the vierbein. We replace H by its VEV and expand the

components of the metric and vierbein out in terms of the 4D graviton and radion.

After expanding ϕ about its VEV, canonically normalizing the kinetic terms of the

fields Q and U , and using the equations of motion for the fermions [102, 103], we

obtain the coupling of the fermions to the radion as

−mf
ϕ̃

f

(
Q̄U + h.c.

)
, (3.57)

showing that the radion couples proportional to mass as expected.

The GW stabilization mechanism allows the following additional interaction

terms involving Φ,

Lint = δ(θ − π)
√
−Gv

Φ

k3/2

[
i

2
eµa

(
αqQ̄ Γa

←→
∂µQ+ αuŪ Γa

←→
∂µU

)
− β y

(
Q̄HU + ŪH†Q

)]
,

(3.58)

where αq, αu and β are dimensionless numbers. After Φ gets a VEV, the kinetic

and mass terms receive corrections. The fluctuations of Φ about its VEV give
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rise to corrections to the radion couplings. We first focus on the case when the

bulk potential for Φ consists only of a mass term. After making the kinetic terms

canonical, and using the equations of motion for the fermions, the coupling to ϕ̃ is

determined to be of the form

−mf
ϕ̃

f

(
Q̄U + h.c.

) [
1 + cψ ε v e

−εkrcπ
]
. (3.59)

Here cψ is an O(1) number. We see that the corrections are suppressed by ∼

m2
ϕ/m

2
KK , and are therefore small for a light radion. In the case of a cubic bulk

potential for Φ, the corrections are of the same form and also suppressed by ∼

m2
ϕ/m

2
KK .

130



CHAPTER 4

Dilaton vs Radion: the Duality

In this chapter, we apply the rules of the AdS/CFT dictionary to compare

the results obtained for the mass and the couplings of the dilaton to those of the

radion, and we find good agreement. This accomplishes the task of arriving at an

extra-dimensional realization of the set-up developed in chapter 2. The comparison

of the two sides also explains some of the choices made in the extra-dimensional

construction, which are necessary to model the dilaton dynamics. In particular, we

establish that the bulk self-interactions for Φ are well motivated in the dual picture,

and are in fact necessary to model large corrections to the scaling dimension of the

operator that breaks the conformal symmetry, on the 4D side of the correspondence.

In the AdS/CFT dictionary, the coordinate corresponding to the fifth dimen-

sion of AdS space is associated with the renormalization scale µ in the dual theory.

To make this more precise, consider making a change of coordinates in AdS space
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from θ to z, where z is defined as

z =
ekrcθ

k
. (4.1)

Then the renormalization scale µ in the dual CFT is given by µ ∼ 1/z. Therefore,

the RS set-up with two branes is dual to a strongly coupled theory that is well

approximated by a CFT in the energy regime between the two branes. The hidden

brane corresponds to the UV cut-off of the theory. The boundary conditions on

the bulk fields at this boundary determine the coefficients of the deformation of

the CFT in the UV, in the dual picture. The visible brane ends the AdS space in

the IR, signaling the breakdown of the CFT. Various checks can be performed that

are suggestive of a spontaneous breakdown. In particular, the trace of the energy

momentum tensor is unchanged by the presence of the visible brane. Furthermore,

the two point function of the dilatation current has a massless pole of the appropriate

strength as dictated by Goldstone’s theorem [20]. The scalar excitation associated

with this massless pole, the radion, is identified with the NGB of broken scale

invariance, the dilaton.

The AdS geometry is stabilized by adding a GW scalar Φ to the theory. In the

dual picture, this corresponds to deforming the CFT by a primary scalar operator

O. The boundary condition for Φ on the UV brane is related to the strength of

the deformation of the CFT at the UV scale. The mass of the scalar Φ fixes the

scaling dimension of the operator O in the UV, while the self interactions of Φ in the

bulk correspond to the corrections to the scaling dimension of the operator O due

to the deformation. In what follows, we compare the potentials and the couplings
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for the radion and the dilaton on the two sides of the duality, both in the presence

of corrections to the scaling dimension of O and in the absence of such effects. We

first focus on the original model where there is no stabilization mechanism before

considering the scenario when the GW scalar is present. We will make use of the

ideas of holographic renormalization [104–110] when identifying parameters on the

two sides of the correspondence.

To be able to compare the results on the two sides and thereby provide an

extra-dimensional realization of the dilaton results, we will use Naive Dimensional

Analysis (NDA) values of the 5D parameters for the radion. To be in the semi-

classical limit on the AdS side, AdS/CFT correspondence assumes the hierarchy

M5 � MS � k, where M5 is the 5D Planck scale, MS is the scale at which string

excitations enter the picture and k is the AdS curvature. This corresponds to re-

quiring Nc � 1 and g2 Nc � 1, where Nc is the number of colors and g is the gauge

coupling in the 4D CFT. We will take the approach that in a realistic CFT for

which our results from chapter 2 hold, these special conditions may not apply. We

will estimate the NDA value of the 5D parameters keeping this in mind. While this

implies that the results we obtain using our NDA estimates can only be taken as a

very rough estimate because the correspondence is being pushed outside its domain

of validity, this will nevertheless provide a way to verify the results obtained for the

dilaton explicitly.
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4.1 Comparison of the Lagrangian for the Dilaton and the Radion

4.1.1 Dynamics in the Absence of a Stabilization Mechanism

As a warm up, we begin with the scenario in the absence of a deformation

in the CFT. This means that in the extra-dimensional picture, there is no GW

mechanism to fix the brane separation. From Eqn. (2.24), the effective potential of

the dilaton in the absence of deformation is of the form

Veff (χ) = κ0
χ4

4!
. (4.2)

Here, κ0 is a number that does not depend on χ. We can see that unless κ0 is

fine-tuned to zero, this potential does not admit a stable minimum away from the

origin. Apart from that, the potential fails to give the dilaton a mass.

Now consider the radion potential, which is very similar. We showed in

Eqn. (3.5) that before stabilization, ϕ is massless in AdS and corresponds to the

freedom to alter the distance between the two branes. The potential for ϕ in the

absence of stabilization is given by (see appendix A.1)

V (ϕ) =
k4

F 4
τ ϕ4 . (4.3)

We see that the forms of the potential for the dilaton and the radion are identical,

and therefore suffer from the same problems. The parameter τ on the AdS side is

given as τ = (Tv − Λb/k)/k4. This allows us to identify

τ ⇔ κ0 , (4.4)
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where we use the double arrow to denote that these two quantities are related by

the duality. In the absence of a stabilization mechanism, the original RS solution

fine-tunes the IR brane tension Tv such as to set τ = 0. In the dual theory, in the

absence of explicit breaking of CFT, this is equivalent to fine-tuning κ0 to vanish.

4.1.2 Dynamics in the Presence of a Stabilization Mechanism

Once the GW mechanism is switched on, the brane spacing is stabilized in the

extra-dimensional picture, and the radion gets a mass. In the dual description, the

addition of the GW scalar corresponds to deforming the CFT by a primary scalar

operator O that has scaling dimension ∆ in the far UV. The dimension ∆ is related

to the mass of the GW scalar, m2 in units of the curvature as

∆(∆− 4) = m2/k2 (4.5)

For m2/k2 � 1, this relation becomes ∆ = 4 + m2/4k2 (The second root of the

quadratic equation involving ∆ is discarded in this limit by unitarity bounds).

In the 4D picture, the cases of interest for electroweak symmetry breaking

correspond to those where there is a large hierarchy between the cutoff scale ΛUV and

the scale f where conformal symmetry is broken. A large hierarchy can be generated

if λ̂O, the dimensionless coefficient of deformation of the CFT, is exponentially small

in the UV. That would ensure that it takes enough running to make it large enough to

break the symmetry. This is technically natural if the operatorO breaks a symmetry

of the CFT, and is therefore protected. The AdS/CFT correspondence relates this

scenario to the case when the value of Φ at the UV brane is exponentially small. A
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second scenario exists where a large hierarchy can be generated if the operator O is

close to marginal in the UV, so that |4−∆| � 1. This ensures that the deformation

runs slowly enough to be able to grow significant only at an IR scale quite separated

from the UV scale. Duality relates this scenario to the case when the bulk mass

term for the GW scalar is small in units of the curvature and is negative. This

discussion justifies why we take the route of m2 < 0 in the 5D picture. This choice

of the sign of the mass squared on the extra-dimensional side is needed to model

the 4D scenario developed in chapter 2 earlier. It is this latter scenario which we

will focus on.

Below the breaking scale , the potential for the dilaton χ in the presence of this

explicit breaking of CFT can be determined from a spurion analysis. In the presence

of the deformation, the dimensionless coefficient λ̂O of the deformation satisfies a

renormalization group (RG) equation above the symmetry breaking scale

d log λ̂O
d log µ

= −g(λ̂O) , (4.6)

where g(λ̂O) is a polynomial in λ̂O that can be parametrized as

g(λ̂O) = (4−∆) + c1λ̂O + c2λ̂
2
O + ... . (4.7)

With our normalization of the operator O, the coefficients ci are expected to be of

order one.

We saw in chapter 2 that in the limit of g(λ̂O) � 1, the potential for the

dilaton to leading order in λ̂O was given as

V (χ) =
χ4

4!

[
κ0 − κ1 λ̂O

(
χ

f

)−g(λ̂O)
]
. (4.8)
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Here κ0 and κ1 are parameters in the low energy theory. The potential now admits

a stable minimum at 〈χ〉 = f without fine-tuning κ0 to zero and results in dilaton

acquiring a mass. In the limit in which we are working, the minimization condition

takes the form κ0 = κ1 λ̂O and the mass of the dilaton σ is given as m2
σ/f

2 =

4κ0g(λ̂O)/4! It follows that the mass of the dilaton depends on κ0 and g(λ̂O), which

are related to each other by the minimization condition. We also saw in chapter 2

that depending on how much κ0 is tuned below its natural value, or alternatively how

much λ̂O is pushed below 1, the mass squared of the dilaton scales as m2
σ ∼ κ0(4−∆)

or m2
σ ∼ κ2

0. These two different scalings for the mass squared of the dilaton result

from whether the second and subsequent terms in the expansion for g(λ̂O) (4.7)

can be dropped or not. Hence we see that, depending on the extent to which κ0

lies below its natural strong coupling value, the dilaton mass may scale either as√
κ0(4−∆) or as κ0. Recall that duality relates κ0 to τ , the detuning of the IR

brane tension. We had arrived at same scaling results for the scaling of the radion

mass in chapter 3, with the detuned IR brane tension τ replaced by the quartic κ0.

Therefore the radion dynamics indeed captures the general story of the dilaton.

We can draw more detailed parallels to the AdS side of the duality in the pres-

ence of stabilization by studying the RG equation on the 4D side and the classical

equation satisfied by Φ on the 5D side more closely. Recall that the classical equa-

tion satisfied by Φ has two independent solutions, which in the limit that 4krc � 1,

are well approximated by the OR and BR solutions defined in chapter 3. The OR

differential equation is only first order, and is a good approximation to the classi-

cal equation that is satisfied by Φ everywhere except in the boundary layer region

137



close to the IR brane. In the absence of an IR brane, the AdS/CFT dictionary

relates the value of Φ at the UV brane to the coefficient of the deformation of the

CFT, λ̂O, evaluated at the renormalization scale µ = k [17, 18, 20]. We denote this

correspondence by

Φ(θ = 0)

k3/2
⇔ λ̂O(ΛUV) . (4.9)

The ideas of holographic renormalization extend this identification further. In the

AdS theory without an IR brane, the BR solution is replaced by the requirement of

regularity at the AdS horizon. In that case, the value of Φ at an arbitrary point with

coordinates (xµ, θ) in the bulk corresponds to λ̂O evaluated at the renormalization

scale µ = k exp(−krcθ). This then implies that the first order OR differential

equation for Φ corresponds to the RGE for λ̂O at energies below the UV cutoff.

In our case, the AdS space has an IR brane and we cannot discard the BR

solution, which captures the physics associated with the conformal symmetry break-

ing phase transition. However, given that the boundary layer has a thickness of just

∼ 1/4krc ∼ ε in θ coordinates, as long as we are at least this distance from the

IR brane, the correspondence between the OR equation for Φ and the RGE for λ̂O

holds. From Eq. (3.14), the OR equation satisfied by Φ is

d log ΦOR

d (krcθ)
= −m

2

4k2
− η

8
√
k

ΦOR

k3/2
− ζ k

24

Φ2
OR

k3
+ ... . (4.10)

The corresponding RGE satisfied by the coefficient of the deformation λ̂O is given

as

d log λ̂O
d log µ

= (4−∆) + c1λ̂O + c2λ̂
2
O + ... . (4.11)
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From the AdS/CFT dictionary, we have that the coordinate in the fifth dimension θ

corresponds to the renormalization scale µ in the 4D theory, k exp(−krcθ) = µ.

While it is tempting to use this to relate the various terms in Eq. (4.10) and

Eq. (4.11), we are prevented from doing so by the fact that RGEs are in general

scheme dependent. However, because this restriction does not apply to the lowest

order term in an RGE, we are able to reproduce the familiar AdS/CFT relation

between the dimensions of operators in the 4D theory and the masses of the corre-

sponding scalar fields in 5D, ∆ = 4 +m2/4k2 = 4 + ε for ε� 1. In addition, in the

case when the bulk mass term is small so that the potential for the GW scalar is

dominated by the cubic self-interaction term, we can also equate

c1λ̂O = − η

8
√
k

ΦOR

k3/2
. (4.12)

Comparing the RGE for λ̂O and the OR differential equation for Φ, it is clear

that the limit when λ̂O is small and g(λ̂O) is dominated by the constant term, it

corresponds to the AdS potential for Φ being dominated by the mass term. For larger

values of λ̂O, the linear and higher order terms in g(λ̂O) dominate. This corresponds

to the cubic and higher order self-interaction terms becoming important in the bulk

potential for Φ.

The potential for the dilaton is to be compared to that for the radion in the two

cases that we studied in chapter 3. Consider first the case when the self-interactions

for Φ in the bulk can be neglected. In this limit, g(λ̂O) in the RGE for λ̂O is

dominated by the constant term. The potential for the dilaton using Eq. (4.8) is
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then given by

V (χ) =
χ4

4!

[
κ0 − κ1 λ̂O

(
χ

f

)∆−4
]
. (4.13)

The resulting potential for the radion from Eq. (3.21) is given by

V (ϕ) =
k4

F 4
ϕ4

[
τ +

2αv

F ε
ϕε
]

=
k4

F 4
ϕ4

[
τ +

2α
(
ve−εkrcπ

)
(Fe−krcπ)ε

ϕε

]
, (4.14)

where we have rewritten it in a form that is convenient for making the comparison.

Bearing in mind that the symmetry breaking scale f is of order ke−krcπ, the duality

allows us to relate

λ̂O(f) ⇔ ΦOR(θ ∼ π)

k3/2
≈ ve−εkrcπ

∆ = 4 + ε . (4.15)

With this identification, the potentials for the radion and the dilaton are of the same

form. The low energy parameter κ1 on the CFT side is related to the coefficient α of

the potential for Φ on the visible brane. Our initial identification κ0 ⇔ τ continues

to hold even though τ now receives additional O(1) contributions from visible brane

dynamics. Since the potentials for ϕ and χ are of the same form, the leading order

expression for the masses of the fluctuations of ϕ and χ have the same parametric

dependence. Therefore the radion construction models the dilaton set-up honestly.

Consider next the scenario when the potential for the GW scalar Φ is dom-

inated by the cubic self-interaction term in the bulk. By duality this is related to

the case when g(λ̂O) in the RGE for λ̂O is dominated by the linear term c1λ̂O. For

this case, we can read off the potential for the dilaton from Eq. (4.8). In this limit,

V (χ) =
χ4

4!

[
κ0 − κ1 λ̂O

(
χ

f

)−c1λ̂O]
. (4.16)
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In the corresponding limit, we obtain the potential for the radion from Eq. (3.30)

as

V (ϕ) =
k4

F 4
ϕ4

[
τ +

2αv

1− ξ log(ϕ/F )

]
=
k4

F 4
ϕ4

[
τ +

2αv

1 + ξkrcπ − ξ log(ϕ/Fe−krcπ)

]
,

(4.17)

where ξ = ηv/8
√
k. In the second equality we have added and subtracted ξkrcπ in

the denominator. For ξ/(1 + ξkrcπ)� 1, we can approximate the potential as

V (ϕ) ≈ ϕ4

[
τ +

2αv

1 + ξkrcπ

( ϕ

Fe−krcπ

) ξ
1+ξkrcπ

]
. (4.18)

This is a more convenient form to compare against the dilaton potential. In the

limit in which we are working, f is of order ke−krcπ. The duality allows us to relate

λ̂O(f) ⇔ v

1 + ξkrcπ

c1λ̂O(f) = − ξ

1 + ξkrcπ
. (4.19)

We once again see that the potentials for the radion and the dilaton are of the same

form. The low energy parameters in the CFT, κ0 and κ1 are again related to the

AdS parameters τ and α respectively. The parametric dependences of the masses

of the radion and the dilaton then agree in a straightforward manner. Once again,

the radion construction models the dilaton set-up honestly.

Finally, we can use the correspondence from Eq. (4.9) to justify the choice of

parameters on the 5D side that ensured a behavior of Φ(θ) shown in Fig. 3.1. Since

θ is dual to log µ, we see that in the outer region, which corresponds to most of

the space, the behavior of Φ(θ) captures the logarithmic running of the coupling, as

expected for a nearly marginal deformation of the CFT. Near the IR brane at θ = π,
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the behavior of Φ changes due to the formation of a boundary layer. This is the

region where the behavior of Φ(θ) can no longer be described by the OR Eq. (3.14)

and we need a different description. This is once again in accordance with the dual

picture, where, a phase transition associated with the spontaneous breakdown of

the CFT occurs.

4.2 Comparison of Dilaton and Radion Couplings

In this section, we compare the results for the dilaton couplings to those for

the radion couplings. We restrict to the case of conformal SM on the 4D side of the

correspondence, which amounts to studying brane localized SM fields on the 5D side

of the duality. We find good agreement between the results on the two sides. This

suffices to make the point that the radion dynamics studied in chapter 2, captures

the important features of the physics on the 4D side of the correspondence.

In the absence of explicit CFT breaking sources, the couplings of the fermion

and the massive gauge bosons are generated by their mass terms in the action, and

were obtained earlier as

−mf
σ

f
ψ̄ ψ , 2m2

W

σ

f
W+
µ W µ− . (4.20)

The corresponding results for the radion are of the same form, and are given here

for the sake of comparison.

−mf
ϕ̃

f
ψ̄ ψ , 2m2

W

ϕ̃

f
W+
µ W µ− . (4.21)

For the case of massless gauge bosons, we found that the dilaton does not couple at
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the tree level, but a coupling is generated by the trace anomaly as

b<
32π2

σ

f
Fµν F

µν . (4.22)

These results are also true in the extra-dimensional scenario, where the radion does

not couple to the massless gauge bosons at the classical level, but a coupling is

generated at the loop level and has the exact same form as (4.22), with the σ field

replaced by ϕ̃,

b<
32π2

ϕ̃

f
Fµν F

µν . (4.23)

In the presence of explicit source of CFT breaking, the corrections to the dila-

ton couplings were calculated for two cases: when the corrections to the scaling

dimension of the CFT breaking operator O are small and when they are significant.

In both the cases, the corrections scaled as m2
σ/Λ

2, where Λ = 4πf . More specif-

ically, the corrections to the coupling of the dilaton to the fermions and massive

gauge bosons were given as

−cψ
m2
σ

Λ2
mf

σ

f
ψ̄ ψ , cW

m2
σ

Λ2
m2
W

σ

f
W+
µ W µ− , (4.24)

where cψ and cW are O(1) numbers. These corrections were calculated by a spurion

analysis in the CFT, by promoting the coefficient of the deformation λ̂O to be

a spurion and considering insertions of λ̂O in the low energy. The results were

independent of whether the corrections to the scaling dimension of the operator O

were small or large. In the extra-dimensional setup, the corrections were calculated

by coupling the SM fields to one power of the GW field Φ on the IR brane. Since

Φ ∼ λ̂O, this amounted to considering one insertion of λ̂O in the CFT. In the small
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λ̂O limit, this therefore reproduces the CFT results. We considered two forms of

the bulk Φ potential to model the two CFT scenarios and found the final form of

the coupling was again independent of this intermediate detail. In these limits, the

corrections were of the form

−cψ
m2
ϕ

m2
KK

mf
ϕ̃

f
ψ̄ ψ , cW

m2
ϕ

m2
KK

m2
W

ϕ̃

f
W+
µ W µ− , (4.25)

These corrections are small compared to the leading coupling and have same form

as that for the dilaton. As we can see, the results agree with each other after Λ is

identified with mKK . For the case of massless gauge bosons, the corrections on the

dilaton and the radion side of the correspondence were

cA
m2
σ

Λ2

σ

f
Fµν F

µν , cA
m2
ϕ

m2
KK

ϕ̃

f
Fµν F

µν . (4.26)

These corrections can be important as they can be of the same order or even larger

than the leading coupling generated by loops.

We therefore see that for the two scenarios considered in the CFT, the results

for the leading coupling and the corrections are in good agreement on the two sides

of the correspondence. Therefore, the radion scenario considered is a good extra-

dimensional realization for the dilaton dynamics.
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CHAPTER 5

Conclusion

In this dissertation, we considered scenarios where strong conformal dynam-

ics constitutes the ultraviolet completion of the physics responsible for electroweak

symmetry breaking. We have constructed the effective theory of a light dilaton in

such a framework, taking into account the explicit conformal symmetry violating

effects that are necessarily present in realistic models. We have considered two

cases: when the corrections to the scaling behavior of the operator that breaks the

conformal symmetry are small, and when they are large. In both these case, the

presence of a light dilaton is associated with mild tuning. This tuning scales with

the mass of the dilaton rather than with the square of the mass. As part of our

analysis we have obtained the couplings of the dilaton to gauge bosons and fermions

in the technicolor and Higgs as a pNGB cases and also determined the size of the

corrections to these couplings from conformal symmetry violating effects. We found

that they are under good theoretical control in theories where the dilaton is light.
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These corrections are subleading, but can be important for marginal operators.

Using the extra-dimensional realization of such scenarios, we have constructed

the effective theory for a radion stabilized by the GW mechanism. Our analysis

differs from the original GW construction in that we do not tune the gravitational

potential for the radion to vanish, but allow an interplay between the dynamics of

the GW scalar and gravity to stabilize the radion. We required that the bulk mass

for the GW scalar Φ is small compared to the inverse curvature scale in order to

generate a large hierarchy between the scales of the hidden and visible branes. We

have considered two different cases for the bulk potential of the GW scalar. In the

first, the mass for Φ, although small, is still the dominant term in the potential.

This is the case most often studied in the literature, and we find that the radion

is light. In particular, the smallness of the bulk mass in units of the inverse AdS

curvature translates to radion being lighter than the KK scale. The second case we

have studied is when the bulk potential for Φ is dominated by a cubic term. This

captures the features of a general interacting potential. Taking the coefficient of the

cubic coupling to be around its strong coupling value, we showed that the radion is

generically not light – its mass being controlled by the visible brane tension which

can be tuned to allow the radion to lie below the KK scale. The tuning is mild,

scaling as the mass of the radion rather than as the square of the mass. In the

absence of symmetry reasons, the general form of the bulk potential for Φ must

contain interactions. Therefore, a light radion is associated with tuning. For both

choices of the bulk potential, we have also analyzed radion couplings to SM fields

living on the visible brane, focusing in particular on corrections due to the GW
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mechanism. These corrections are proportional to the mass squared of the radion

in units of the KK scale, and are small if the radion is light. We have shown that

these corrections from stabilization are subleading for massive SM fields, but can be

important and possibly dominant for the photon and the gluon.

We finally compared the results for the radion and the dilaton in light of the

AdS/CFT correspondence, showing the agreement clearly and thereby establishing

that the RS construction captures the essence of the dilaton results. We focused

on CFTs which are deformed by marginal operators that are small in the UV, but

grow large in the IR to trigger the breaking of conformal symmetry. In general,

the scaling behavior of these operators near the breaking scale is very different from

their scaling behavior in the UV. The AdS/CFT dictionary associates this change

in scaling behavior with the presence of self-interaction terms for the GW scalar Φ

in the bulk. This necessitated the inclusion of bulk self-interactions for Φ to capture

this effect. Once incorporated, the results for the radion and the dilaton are in good

agreement.
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APPENDIX A

Radion Potential

In this appendix we give intermediate steps involved in obtaining the radion

potential in various scenarios considered in this dissertation. We also give the min-

imization condition and the mass of the radion in each case.

A.1 In the absence of a GW Scalar

In the absence of a stabilization mechanism, the 5D action is

S5D
GR =

∫
d4x

∫ π

−π
dθ
√
G
(
− 2M3

5R[G]− Λb

)
−
√
−Ghδ(θ)Th −

√
−Gvδ(θ − π)Tv ,

(A.1)

where the geometry is a slice of AdS5 compactified on a circle S1 with Z2 orbifolding.

The metric is then given as

ds2 = e−2kr(x)|θ|gµνdx
µdxν − r2(x)dθ2 , (A.2)
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where gµν is the 4D graviton and r(x) is the (non-canonical) radion. The 5D Ricci

scalar for this metric is

R[G] =
2

r(x)

[
e2kr(x)|θ|

(
− r

2
R[g]− ∂2r + 3kr|θ|∂2r + 2k|θ|∂r∂r − 3k2r|θ|2∂r∂r

)
+ 10k2r − 8kδ(θ) + 8kδ(θ − π)

]
. (A.3)

Using
√
G = r(x)e−4kr(x)|θ|√−g, the integrand in the action is

√
−ge−2kr(x)|θ|

[
2M3

5

(
rR[g] + 2∂2r − 4k|θ|∂r∂r − 6kr|θ|∂2r + 6k2r|θ|2∂r∂r

)]
+
√
−ge−4kr(x)|θ|

[
−rΛb + 2M3

5

(
− 20k2r + 16kδ(θ)− 16kδ(θ − π)

)
− Thδ(θ)− Tvδ(θ − π)

]
.

(A.4)

Using integration by parts, the integrand further reduces to

√
−ge−2kr(x)|θ|

[
2M3

5

(
rR[g] + 6k|θ|∂r∂r − 6k2|θ|2r∂r∂r

)]
+
√
−ge−4kr(x)|θ|

[
−rΛb + 2M3

5

(
− 20k2r + 16kδ(θ)− 16kδ(θ − π)

)
− Thδ(θ)− Tvδ(θ − π)

]
.

(A.5)

Integrating over θ leads to a cancellation between the |θ| and the |θ|2 terms as

∫ π

−π
dθe−2kr|θ|(6k|θ| − 6k2r|θ|2

)
= 6kπ2e−2krπ (A.6)

and leads to the effective action for the 4D graviton gµν(x) and the modulus field

r(x) as

S4D
GR =

2M3
5

k

∫
d4x
√
−g
(

1− e−2kπr(x)
)
R[g] +

12M3
5

k

∫
d4x
√
−g∂µ

(
e−kπr(x)

)
∂µ
(
e−kπr(x)

)
−
∫
d4x
√
−g V (r) . (A.7)

149



The potential V (r) for the modulus field has contributions both from bulk and

brane, and is given by

V (r) = −
∫ π

−π
dθe−4kr(x)|θ|

(
− rΛb − 40M3

5k
2r
)

+
(
Th − 32M3

5k
)

+
(
Tv + 32M3

5k
)
e−4kr(x)π

= e−4kr(x)π

(
Tv + 32M3

5k − 2
rΛb + 40M3

5k
2r

4kr

)
+

(
Th − 32M3

5k + 2
rΛb + 40M3

5k
2r

4kr

)
.

(A.8)

In terms of the canonically normalized 4D radion field ϕ ≡ Fe−kπr(x), where F =√
24M3

5/k, the 4D action looks like

S4D
GR = 2M3

5/k

∫
d4x
√
−g
(

1− (ϕ/F )2
)
R+

1

2

∫
d4x
√
−g ∂µϕ∂µϕ

−
∫
d4x
√
−g
[
(ϕ/F )4

(
Tv −

Λb

2k
+ 12M3

5k
)

+
(
Th +

Λb

2k
− 12M3

5k
)]

.

(A.9)

We ignore the interactions between the Ricci scalar and radion because they are

small and irrelevant for phenomenology. Using k2 = −Λb/24M3
5 , the radion potential

is given as

V (ϕ) =

[
(ϕ/F )4

(
Tv −

Λb

k

)
+
(
Th +

Λb

k

)]
≡ k4

F 4

(
τ ϕ4 + %

)
, (A.10)

where % =
(
Th+ Λb

k

)
/k4 is the 4D cosmological constant which we tune to be small,

and τ =
(
Tv − Λb

k

)
/k4. When the GW scalar is included, τ will receive additional

corrections.

A.2 In the presence of a GW Scalar

In the presence of a GW scalar, we consider two cases for the bulk potential

Vb(Φ): (i) the bulk potential dominated by a mass term and (ii) the bulk potential
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dominated by a cubic term. In the case where the bulk potential only has a mass

term, the equation for Φ admits exact solution. We compare the approximate OR

and BR solutions for Φ obtained earlier to the exact solution of Φ in this case.

A.2.1 GW Scalar without Bulk Interactions

Consider first the case of

Vb(Φ) =
1

2
m2Φ2 . (A.11)

The equation satisfied by Φ in the bulk becomes

∂2
θΦ− 4krc∂θΦ−m2r2

cΦ = 0 . (A.12)

The equation being a homogeneous second order differential equation, admits exact

solutions given by

Φ(θ, r) = Aeν1krc|θ| +Beν2krc|θ| , (A.13)

where ν1,2 = 2 ±
√

4 +m2/k2 and A,B are constants, determined by the brane

potentials as

Aν1 +Bν2 =
1

2k
V ′h(Φ)

ν1Ae
ν1krcπ + ν2Be

ν2krcπ = − 1

2k
V ′v(Φ) (A.14)

Without specifying the form of Vh, we require that the value of Φ(θ = 0) = k3/2v.

For the visible brane, we assume a simple form Vv(Φ) = 2k5/2α Φ. This gives

A+B = k3/2v

ν1Ae
ν1krcπ + ν2Be

ν2krcπ = −k3/2α . (A.15)
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We take ε = m2/4k2 � 1 and e−krcπ � 1 but e±εkrcπ unhierarchical. The two

conditions on A,B fix them to be

A = k3/2 v ν2e
ν2krcπ + α

ν2eν2krcπ − ν1eν1krcπ
≈ −k

3/2α

4
e−(4+ε)krcπ

B = k3/2 v ν1e
ν1krcπ + α

ν1eν1krcπ − ν2eν2krcπ
≈ k3/2v . (A.16)

Therefore, the leading order solution of Φ is given as

Φ(θ) = −k
3/2α

4
e(4+ε)krc(θ−π) + k3/2ve−εkrcθ . (A.17)

Using the arguments from chapter 3, an approximate solution for Φ can be obtained

by a boundary layer analysis:

Φapprox(θ) = −k
3/2α

4
e4krc(θ−π) + k3/2ve−εkrcθ . (A.18)

Figure 3.1 in chapter 3 shows that the approximate solution agrees very well with

the exact solution.

Substituting either solution of Φ in the action, integrating over the extra di-

mension and letting rc → r(x) generates a potential for the radion. The potential

gets contribution both from the bulk and the brane terms in the GW action, and is

given in general by

VGW (r) =

∫ π

0

dθ
1

r
e−4krθ

(
∂θΦ ∂θΦ + r2m2Φ2

)
+ e−4krπ2αk5/2Φ(π) .(A.19)

Working in the limit where |ε| � 1, the bulk contribution to the potential goes as

V bulk
GW (r) = k

[
(4 + ε)A2

(
e(2ν1−4)krπ − 1

)
− εB2

(
e(2ν2−4)krπ − 1

)]
= k4 e

−4krπ

4 + ε

(
α− ε ve−εkrcπ

)2

− ε k4 v2e−(4+2ε)krcπ + ε k4 v2 . (A.20)
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The brane contribution to the potential is

V brane
GW (r) = 2k5/2 α e−4krπΦ(π)

= k4 e−4krπ2α

[
−α− ε ve

−εkrcπ

4 + ε
+ ve−εkrcπ

]
. (A.21)

Keeping to linear order in v and ε we find that the bulk contribution to the po-

tential is subleading. We can now write the leading radion potential, including the

gravitational contributions from Eq. (A.10), in terms of the canonical field ϕ:

V (ϕ) = k4
(ϕ
F

)4 [
τ + 2α v

(ϕ
F

)ε]
. (A.22)

Here, τ receives contributions from both the gravity sector and the visible brane

dynamics, and, to leading order in ε, it is given by

τ =
Tv − Λb/k − k4α2/4

k4
. (A.23)

The minimization condition gives 〈ϕ〉 = f as

τ + 2α v

(
f

F

)ε
= 0 . (A.24)

At the minimum, the mass squared is given as

m2
ϕ = −ε τ

6

k3

M3
5

(
ke−krcπ

)2
. (A.25)

Including higher order terms does not change the parametric dependences.

A.2.2 GW Scalar with Bulk Cubic Self Interaction

We next consider the case of

Vb(Φ) =
1

3!
η Φ3 . (A.26)
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In this case, the classical equation satisfied by Φ is given as

∂2
θΦ− 4krc∂θΦ−

η

2
r2
cΦ

2 = 0 . (A.27)

In the absence of an exact solution, we use the boundary layer theory described in

section 3.1 to get the approximate solution for Φ as

Φapprox(θ) = −k
3/2α

4
e4krc(θ−π) +

k3/2v

1 + ξkrθ
, (A.28)

where ξ = η v/8
√
k.

The radion potential coming from the GW action with a cubic interaction in

the bulk is given by

VGW (r) =

∫ π

0

dθ
1

r
e−4krθ

(
∂θΦ ∂θΦ +

r2 η

3
Φ3
)

+ e−4krπ2αk5/2Φ(π) . (A.29)

We now plug the solution from Eq. (A.28) into Eq. (A.29) to get an explicit form

of the radion potential. Including the gravitational contribution and working to

leading order in v we get

V (ϕ) = k4
(ϕ
F

)4
[
τ +

1

1− ξ log(ϕ/F )

(
2αv +

α2ξ

8

)]
. (A.30)

We define w = 2αv + α2ξ/8. The first term in w comes from the brane potential

while the second term comes from the bulk, and we note that both are small because

they are proportional to v.

The potential is minimized at 〈ϕ〉 = f as

τ +
w

1− ξ log(f/F )
= 0 . (A.31)

The mass squared at the minimum is given by

m2
ϕ =

τ 2ξ

6w

k3

M3
5

(
ke−krcπ

)2
. (A.32)
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At the NDA values of the parameters (see the next section), we find that m2
ϕ/m

2
KK ∼

τ 2.
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APPENDIX B

NDA Estimation of Parameters

In this appendix we give a brief review of estimates using NDA [111,112] and

its application in five dimensions [113] as in this dissertation. The general idea of

NDA is to estimate the size of Lagrangian parameters by assuming that quantum

corrections are the same size at every loop order.

The loop factor `D that comes from integrating over D-dimensional phase

space is given by

`D = 2DπD/2Γ(D/2) , (B.1)

giving the familiar `4 = 16π2. The relevant number for five dimensions is `5 =

24π3. If there are N states in the theory which go around in loops, then each loop

contribution gets multiplied by N . For our case N is small, of order a few. We can

then write the D dimensional Lagrangian as follows

LD ∼
NΛD

`D
L̂(Φ̂, ∂/Λ) , (B.2)
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where Φ̂ is a field whose kinetic term is not canonically normalized, Λ is the cutoff

of the theory, and all parameters in L̂ are dimensionless and O(1).

B.1 5D Gravity

We can begin with the gravity Lagrangian of Eq. (A.1) and use the fact that

the kinetic term has two derivatives to estimate the cutoff:

Λ ∼
(
`5

N

)1/3

M5 =

(
3

N

)1/3

2πM5 , (B.3)

where M5 is the five dimensional Planck mass. From this we see that there is a

regime of the effective field theory before 5D gravity becomes strongly coupled if N

is not too large. Next we estimate the natural value of the cosmological constant Λb

Λb ∼
NΛ5

`5

∼
(
`5

N

)2/3

M5
5 , (B.4)

from which we can estimate the inverse of the AdS curvature k,

k =

√
−Λb

24M3
5

∼ 1

2
√

6

(
`5

N

)1/3

M5 ∼
2

N1/3
M5 ∼

Λ√
24

. (B.5)

From this we see that the AdS curvature scale is only separated by a factor of a few

from the cutoff Λ and the higher dimensional Planck scale M5. This implies that if

the bulk cosmological constant is of order its natural value, only a handful of KK

states are present below the cutoff.

The AdS/CFT correspondence assumes the hierarchy M5 � MS � k. Here

MS represents the string scale, the energy scale at which string excitations enter the

picture. From the CFT perspective, this corresponds to requiring that Nc � 1 and
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g2Nc � 1, where Nc is the number of colors and g the coupling constant in the dual

gauge theory. The fact that M5 and k differ only by a factor of a few implies that

we are not actually in the regime where Nc and g2Nc are large. This implies that

the results we obtain using our NDA estimates can only be taken as a very rough

guide, since the correspondence is being pushed to the edge of its domain of validity.

We can also use NDA to estimate the natural values of the four dimensional

cosmological constants, which in this case are the brane tensions:

Th ∼ Tv ∼
NΛ4

`4

∼ `
4/3
5

`4N1/3
M4

5 . (B.6)

These parameters are restricted to a four dimensional brane, so it is the four dimen-

sional loop factor which goes into the estimate.

B.2 GW Scalar

The next step is to estimate the values of the parameters in the potential of

the GW field, Φ. We begin with the bulk parameters defined in Eq. (3.13). In order

to get from the Lagrangian in Eq. (B.2), to one with field that have canonical kinetic

terms, we have to rescale Φ by
√
`5/NΛ3. Therefore, for a mass term m2Φ2/2, the

natural value of the mass is given by

m2 ∼ Λ2 ∼ 24k2 . (B.7)

In order to generate a large hierarchy, the mass parameter is taken to lie significantly

below its NDA value. The natural value of the cubic interaction is also easily
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obtained as

η ∼
√
`5Λ

N
∼ 241/4

√
`5k

N
∼ 60

√
k

N
. (B.8)

We also want to compute the natural values of the parameters α and v. The

visible brane potential for the GW field is given by

Vv = δ(θ − π)2k5/2αΦ . (B.9)

Using the NDA prescription, we estimate the size of this term to be

2αk5/2 ∼
√
N`5

`4

Λ5/2 ∼ `
4/3
5

`4N1/3
M

5/2
5 (B.10)

α ∼ 211/435/4

√
N`5

`4

∼ 3

(
54

π2

)1/4√
N ∼ 5

√
N . (B.11)

As discussed in section 3.1, we only require that Φ(θ = 0) = k3/2v, but leave the

potential unspecified. One potential that can generate this boundary condition is

Vh = δ(θ)λ
(
Φ2 − k3v2

)2
, (B.12)

from which we estimate the natural value of v as

v ∼ 243/4

(
N

`5

)1/2

=
241/4

π3/2

√
N ∼ 0.4

√
N . (B.13)

Using other possible potentials such as λ(Φ− k3/2v)2 give the same estimate for v.

In order to generate a hierarchy we take v to lie below its NDA value.

B.3 Radion Potential

The radion parameter τ associated with the quartic is defined below Eq. (3.21)

and can be estimated as follows:

τ =
1

k4

(
Tv −

Λb

k
− k4α2

4

)
∼ 72N

(
8

`4

− 16
√

6

`5

−
√

6 `5

`2
4

)
∼ 5N. (B.14)
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The three contributions we show are roughly the same size. Since this is just an esti-

mate, there are O(1) coefficients on each term, so we assume there is no cancellation

and that total size of τ is the size of each individual term.

We have computed the mass of the radion in the regime where the OR Eq. (3.14)

is dominated by m2 and by η in Eqs. (3.23) and (3.34) respectively:

m2
ϕ

(ke−kπrc)2 =


− ετ

6
k3

M3
5

if m2 dominates

τ2ξ
6w

k3

M3
5
∼ 10 if η dominates.

(B.15)

These formulae require that the mass term be well below its natural value, so we

only give an NDA estimate for the second case in which the radion mass does not

depend on ε. As the mass of the KK gravitons is typically ∼ 3 times larger than

ke−kπrc , we see that in the cubic case NDA gives us the expected result that the

radion mass is roughly equal to the KK scale.

B.4 Radion Couplings to SM

Finally we estimate the coupling of the GW field to other SM fields on the

visible brane. These couplings take the form

(
1 + αintΦ/k

3/2
)
· OSM . (B.16)

We can estimate the size of αint using NDA and assuming that the operator OSM

has already been normalized, so we just need to rescale Φ to get a canonical kinetic

term:

αint/k
3/2 ∼ `

1/2
5 /N1/2Λ3/2 (B.17)

160



αint ∼
1

243/4

√
`5

N
∼ 1√

N

(
π6

24

)1/4

∼ 2.5√
N
. (B.18)

We will take these parameters to be their NDA sizes, but since they will always

multiply Φ/k3/2, we will end up only working to first order in them.
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