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We propose various computational schemes for solving Partially Observable
Markov Decision Processes with the finite stage additive cost and infinite horizon
discounted cost criterion. Error bounds for the corresponding algorithms are given
and it is further shown that at the expense of more computational effort the Partially
Observable Markov Decision Problem (POMDP) can be solved as closely to the
optimal as desired.

It is well known that a sufficient statistic for taking the best action at any
time for the POMDP is the aposteriori probability distribution on the underlying
states, given all the past history, and that this can be updated recursively. We prove
that the finite stage optimal costs as well as the optimal cost for the infinite horizon
discounted cost problem are both Lipschitz continuous (with domain the unit sim-
plex of probability distributions over the underlying states) and gives bounds for the
Lipschitz constant. We use these bounds to provide error bounds for computational

algorithms for solving POMDPs.



We extend the almost sure convergence result of a very general stochastic
approximation algorithm to the case when the underlying Markov process exhibits
periodicity. This result is used to extend the proof of convergence of Temporal
Difference (TD) reinforcement learning schemes with linear function approximation
for Markov Cost processes in order to estimate the cost to go function for the
discounted cost criterion, and the differential cost function for the average cost
criterion, respectively.

Adaptive control of Markov Decision Problems (MDPs) is a problem in which
a full knowledge of the system parameters, namely transition probabilities as well
as the distribution of the immediate costs, are not available apriori. We give direct
adaptive control schemes for infinite horizon discounted cost and average cost MDPs.
Approximate Policy Iteration using on-line TD schemes for policy evaluation is
detailed for the discounted cost and average cost criteria.

Possible extensions of direct adaptive control schemes to the POMDP frame-
work are discussed.

Auxiliary results relevant to the core results of the dissertation are stated and
proved in the appendices. In particular an efficient discretization scheme for the
finite dimensional unit simplex is given. Some general error bounds for MDPs are
also given. Also TD schemes for learning in Stochastic Shortest Path problems

(SSP) are discussed.
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Chapter 1

Introduction

In this dissertation we propose direct adaptive control schemes for Markov
Decision Processes (MDPs) and suggest their extension for Partially Observable
Markov Decision Processes (POMDPs). We also consider some discretization schemes
for solving POMDPs approximately.

In this chapter, we define the basic finite state, finite action Markov Decision
Process model as well as the finite state, finite action, finite observation Partially Ob-
servable Markov Decision Process model. We also introduce a standard Stochastic
Approximation Algorithm, which can be used to prove the convergence of Temporal
Difference schemes for evaluating the cost to go function for the infinite horizon dis-
counted cost criterion and the differential cost function for the average cost criterion
respectively of Markov Cost processes.

Subsequently we give short introductions to the contents of each of the follow-
ing chapters as well as the appendices. This essentially sums up the contributions

of the dissertation.

1.1 Markov Decision Processes

A Markov Decision Process (MDP) [12, 40] is a system which evolves as follows.

Let Ny denote the set of whole numbers and R denote the set of real numbers. At



any discrete time t € Ny, the state of the system is s; € S, where S is the set of pos-
sible states or state space. While in state s; we can execute one out of a set A(s;) of
feasible actions. The state space as well as the feasible action set for each state are as-
sumed to be non-empty. Define A = ;5 A(4) as the action space. Upon execution
of an action u; € A(s;) at time ¢, the system moves to state s, at time t+ 1 and an
immediate cost g; € R (which may be random but which depends on s;, u; and s;41)
is incurred. The new state s;,1 occurs with a probability which depends on s; and w;.
Given s; and u; the state transition probability distribution of s;,; does not depend
on the past values of states, actions or immediate costs. Similarly given s;, u; and
st+1, the probability distribution of the immediate cost g; also does not depend on
the past values of states, actions or immediate costs. This is essentially the Markov
property of the problem. Let h; = (¢, U, go, S1, U1, G1y - - - » St—1, Ut—1, Ji—1, S¢) denote
the history of the process upto time t with hy = (sg). The history follows the
recursion hy = (hy_1, u4—1, gt—1, s¢) for t > 1.

An admissible policy v is a sequence of stochastic kernels {1;} on A given the
past history h;, with the restriction that v4(A(s;) | ht) = 1, that is, the probability
measure is concentrated on the set of feasible actions. Note that v = {1y, 11, 15, .. .}.

In this dissertation we focus our attention primarily on finite state, finite
action homogeneous MDPs where the state space and action space (along with
the feasible action sets) does not change over time, nor do the the state transition
probabilities and the distribution of the immediate cost. For convenience we denote
S ={1,2,....,n} and A(i) = {1,2,...,| A(%) |}, for i € S. The state space and

feasible action sets for each state are non-empty. Here | A(7) | denotes the cardinality



of the set A(7). Now |S| and |A| are finite numbers. Here A = {J;c5.A(7). The
transition probabilities may be conveniently denoted by p;;(u) = Pr[siy1 = j | st =
i,u; = u], where 7,7 € S and u € A(i). Here Pr denotes probability. For u € A(i),
let g(i,u,j) denote the expected value E[g; | s; = i,uy = u,s,.1 = j|. Then the
expected value of the immediate cost for taking action u € A(7) from state i is
g(i,u) = Elg; | 8¢ = i, uy = u] = 35_ pij(u)g(i, u, j). We assume these expectations
to be finite. S and A are endowed with the discrete topology. R is endowed with the
Borel topology. Let H; denote the set of all histories up to time t. Here Hy = S, H; =
H; 1 ARS. These spaces are endowed with the corresponding product topologies.
Here Q) = H>* = (SAR)* is the sample space under consideration. H* is the set
of infinite sequences of the form (sg, ug, 9o, 1, U1, g1, - . .) where s; € S, u; € A and
g € R.

The set of all admissible policies is denoted by M (the set of history dependent
randomized policies). A policy v is said to be Markov if 1, depends only on the
current state s; and ¢ and not on the past history, that is v4(- | hy) = §;(- | s¢), where
J; is a stochastic control kernel which takes a probability distribution on A(7) for
each state i € §. To be precise, it is called a Markov randomized policy. If all the
probability mass is concentrated on a single action for each i € §, we call it a Markov
deterministic policy. In this case we may think of control functions p; on § with
ut(i) € A(i), instead of the stochastic kernel §;. A Markov randomized policy is said
to be stationary if 6, = ¢ for all t € Ny. For convenience we denote such a stationary
randomized policy with §. If we have a Markov deterministic policy in which u; =

for all t € Ny, we call it a stationary deterministic policy. For convenience we



denote such a policy with p. The set of all (Markov) stochastic control kernels or,
equivalently, all the stationary randomized policies is denoted by A. A (Markov)
stochastic control kernel 6 may be denoted as follows. d(i) represents a probability
distribution on the set A(i) for each i € S. [d(i)], represents the probability of
executing action a € A(i) from state i € S. [6(i)]s > 0 and Y ca¢[0(i)]a = 1.
Likewise the set of all control functions or equivalently stationary deterministic
policies is denoted by Y. p € T iff u(i) € A(i), Vi € S. The cardinality of T is
given by |T| =TT, |A(¢)|. For a measure theoretic approach to MDPs with general

state and action spaces please refer to [4, 14, 23].

1.1.1 Cost Criterion

MDPs may be classified on the basis of the cost structure we try to minimize.
Let PY(-) = P¥(- | so = i) denote the probability distribution induced on €2 under the
policy v, when we start from state so = i. E[- | sp = i| denotes the corresponding
expectation. We are concerned only with variations of additive cost problems.

In the finite horizon problem we try to minimize

N-1
EV > B9+ BYG(sn) | so =i

=0
for each ¢ € §. Let N denote the set of natural numbers. Here N € N is the horizon
and SVG(sy) is the terminal cost incurred for being in state sy at time N where
3 € [0,00). The expectation is with respect to the probability measure induced by
the policy v. Note that for the N stage problem, only v, v1, ..., vy_1 are relevant

in the computation of the expectation.



In the infinite horizon discounted cost criterion we try to minimize

E¥ [i Bg: | so = 21
=0

for each i € S. Here § € [0, 1) is the discount factor. This quantity is well defined

and is equal to

N-1
. v t .
Jim B [Z B | so —11
=0
Here the costs incurred in the future are given less weight because of the discount

factor.

In the average cost formulation we try to minimize

1 N—-1
lim sup NEV lz g | so = z]

N—oo t=0
for each 7 € S.
Yet another cost formulation is the stochastic shortest path formulation where

we try to minimize the total cost

N-1
lim sup E [Z gt | so = z]
t=0

N—oo

for each i € {1,2,...,n}. Here we assume that there is an additional state 0, which
is a cost free termination state; once the system reaches that state it remains there
at no further cost (i.e. zero cost). The structure of the problem is assumed to
be such that termination is inevitable, at least under an optimal policy. Thus the
objective is to reach the termination state with minimal expected cost. The problem
is in effect a finite horizon problem, but the length of the horizon may be random

and may be affected by the policy being used. We may assume WLOG that there



is only one feasible action at state 0, namely action 1 (i.e. A(0) = {1}), under
which the system remains at state 0, incurring an immediate cost of zero. That
is E[|lg:] | st = 0,uy = 1] = 0 and poo(1) = Pr[s;p1 =0 | s, = 0,u, = 1] = 1.
With g(i,u,j) = Elg; | 8¢ = i,us = u, 8041 = jl, g(i,u) = Elge | st = d,up = u] =
Y0 g(i,u,j) for i, j €{0,1,...,n}, ue A(i),

We have the following important lemma from [40, Theorem 5.5.1].

Lemma 1.1 Let v = {wy,v1,10,...} be any history dependent randomized pol-
icy. Then for each fixred i € S, there exists a Markov randomized policy V' =

{00, 01,09, ...} dependent on i and v such that
PV (sy = jJ,us = a | so =1) :P”/(st:j,ut:a S0 = 1)
forallt € Ny, j €S8, a€ A(j). Also

P (si=37|s0=1)=P" (s;=3j|so=1)

Notice that we may choose
[0¢:(j)]a = P¥ (ws = a | st = j, 50 =1)

for t € Ng, j € S, a € A(j). Here P” and P” denote the probability measures

induced by policy v and v/ respectively.



1.1.2  Optimality Criterion

1.1.2.1 Finite Horizon Problem

We now state the Dynamic Programming (DP) Algorithm [11] for the homo-
geneous finite horizon problem. For every initial state ¢, the optimal cost J*(7) of
the basic problem is equal to Jy(7), where the function J; € R" is given by the last
step of the following algorithm (value iteration), which proceeds backward in time

from stage N — 1 to stage O:

In(i) = G), ies

Jp(i) = Ienj?) g(i,u) + B8 pij(w) Tt (G) | 1eS
u 1 le
k=0,... N—1

Let u; be the control function such that p(7) is a minimizing action in the above
equation. The N stage policy v* = {u§,...,py_1} is optimal for the N-stage
problem. Note that the above computation easily extends to the non-homogeneous

MDP, though we are concerned mostly with homogeneous MDPs.

1.1.2.2 Infinite Horizon Discounted Cost Problem

For the infinite horizon discounted cost problem with discount factor g € [0, 1),
we denote by J¥ € R" the cost to go vector associated with following policy v € M
and is given by

JY(i) = E¥ lZﬁtgﬂso:z'] : 1eS.
=0



For the infinite horizon discounted cost problem define for each deterministic control

function 1 € T, the following operator 7, : R" — R", by

(T, ) (@) = gli, 1) + 83 piy ()T ()

j=1
for each J € R". In vector notation 7,J = g" + BP,J, where g¢ € R" is the
expected immediate cost vector for policy p, with g*(i) = g(i, u(2)) and P, is the
n X n transition probability matrix with [P,];; = pi;(1(7)).

Similarly, define the dynamic programming operator [12] 7' : R" — R" as

follows

(TT) (@) = min |gliu) + 55 py(u)I()

ucA(i) =

We may use the following vector notation, namely 7'J = min,ey T,J, where the
minimization is componentwise. Note that f = argmin, ey T, J iff T;J =T J. It is
possibile that there may be more than one minimizing control function. It may be
easily seen that both the operator 7" as well as 7}, are monotone, i.e. if J, JeR"
with J < .J, then T'J < T'.J and T,J < Tuj . Here the inequality is componentwise,
i.e. J < Jmeans J(i) < J(i) for each i € {1,...,n}. Also they have the property
that

T(J+al)=T(J)+ Bal

and

T,.(J+al)=T,J)+ fal

for @« € R and any stationary deterministic policy u € T. Here 1 is the vector in

R" with all components equal to one. Hence it is easy to see that 1" and 7}, are



contraction mappings under the supremum norm || - || with contraction coefficient
G. That is

\TJ =TIl < B~ |
and

1T =T, J NI < BT =Tl

for J,J € R". Here for J € R, the supremum norm (or sup-norm) is given by

I7]l= max [J(7)]

1<i<n

The contraction mappings 7" and 7}, have unique fixed points. That is, there

exists J* € R" such that

T = J* (1.1)
and J* € R" such that

T,J" = J"

In fact, it can be shown [12, 23] that J* is the optimal cost to go function (or vector)
for the infinite horizon discounted cost problem, and J* is the cost to go function

(or vector) associated with following the stationary policy u. That is,

J*(i) = inf E” [iﬁtgt | so = z}

veM =0
and
JH(i) = E# [Zﬁtgt | so = z] ,
t=0
for ©+ € §. Equation 1.1 is called the Bellman equation for the discounted cost

problem. It can be shown that a stationary deterministic policy i € T is optimal

9



iff
fi(i) = arg rglj?) g(i,u) + 8 pij(u)J* ()
u (2 _]:1

for all 7 € S. In fact, it can also be shown that

Jr = Zﬁtpjg#

k=0
= (I-8P)""g",
where P/? = [, is the identity matrix. P/’j is P, raised to the kth power.
Define, for each § € A, the expected immediate cost vector g° € R" as g°(i) =
Yaca@)|0(i)]ag(i,a) and the n x n transition probability matrix Ps to be [Fjl;; =

Y aca@|0(7)]apij(a). Consider the operator T5 : R™ — R™ given by
TsJ =§° + B PsJ
for J € R". In fact

D @)= 3 6 |glia) + 8 pyla)I()

a€A(1) Jj=1

for i € §. Ty is also a monotone operator which is a contraction mapping under the
sup-norm with contraction coefficient 5. It has a unique fixed point J°. The cost to
go vector corresponding to the stationary policy ¢ is given by J° = 352, 81 Plg° =

(I — BPs5)7'g°. Any 6 € A is optimal iff T5.J* = T'J*.

1.1.2.3 Average Cost Problem

Note that for any policy v € M, the average cost vector ¥ € R" denotes the

average cost to go function, namely

3 1 N-1
19’/(7,) = hjrvnsup NEV [Z [ ’ Sop = Z‘|
— t=0

10



for each i € S. For stationary policies the limit exists [12], i.e. for any stationary

policy § € A

N—oo N

¥°(i) = lim —E(S [Z gt | so = z]
fori e S.

Let U* € R"™ denote the optimal average cost vector given by

V(i) = 36%19 (4)

for i € S. We add that [12, 40]

vEM N-—oo

VU*(i) = inf hmlnf— [Z gt|so—z]

= m/\f/l hmsup E [Z Gt | so= z] . (1.2)

ve N—oo

Let g%, the expected immediate cost vector and Pj, the transition probability matrix

corresponding to stationary randomized policy d, be defined as earlier. Note that

96 _
v (ngngo N Z Pa)
An important result regarding transition probability matrices is that the limit in

the preceding equation exists [12].

For § € A, define the operator T; : R — R" by
T5J =g’ + PsJ
for J € R™. Define the operator T : R™ — R" by

TJ = min T J
pneY

11



for J € R". Here, minimization is done componentwise, namely

(T)(0) = i |a6i.0) + X py(0)0)

For the average cost problem we have the following result [12]. If a scalar ¥ € R
and a vector J € R" satisfy

91+ J="T1J,

then 9 is the optimal average cost per stage ¥*(i) for all i € S. Furthermore, if
Ts-J = TJ, then the stationary policy ¢* is optimal, i.e. 90" = 91 = J*. Also, if
the optimal average cost starting from any state is the same, namely ¥* € R, then

there exists J € R" such that [12, Proposition 4.1.4]
1+ J=TJ.

We have the following corollary. Let § be a stationary policy. If a scalar 9 and a
vector J € R" satisfy

I+ J="TsJ

then ¥°(i) =, Vi € S. Infact if 9°(i) = 9%, Vi € S, then there exists J € R" such
that

P11+ J =TsJ.

A stationary deterministic policy p* is said to be Blackwell optimal if it is
simultaneously optimal for all §-discounted infinite horizon problems with § in an
interval (3, 1), where (3 is some scalar with 0 < 3 < 1. For the finite state, finite

action MDP there exists a Blackwell optimal policy. Blackwell optimal policies are

12



average cost optimal, irrespective of whether the optimal average cost is the same

for all starting states i € S [12, 40].

1.1.2.4 Stochastic Shortest Path Problem

The cost to go function (or vector) for the stochastic shortest path problem

(SSP) corresponding to policy v € M is given by

N-1
J” (i) = limsup E” lz gt | so = z] (1.3)
=0

N—oo

for i € {1,2,...,n}. For the SSP we say that a stationary deterministic policy
i€ Y (assume WLOG that in the termination state 0 we take the unique feasible
action namely 1, under which the system remains in state 0 at zero cost) is proper
if when using this policy, there is a positive probability that the termination state

will be reached after at most n stages, regardless of the initial state, i.e.

max }P“(sn7é0|50:z')<1.

i€{1,2,..,n
A similar definition of properness exists for stationary randomized policies. A sta-
tionary policy that is not proper is called improper. For a stationary proper policy,
the limit exists in equation 1.3, i.e. limsup may be replaced by lim. For the SSP,
define for each stationary deterministic policy i € T, the n xn sub-stochastic matrix
P, to be [P,];; = pij(u(i)) for i, j € {1,2,...,n}. Similarly, define the expected im-
mediate cost vector g € R" to be g"(i) = g(i, u(7)) for i € {1,2,...,n}. Note that
g(i,u) = Elg | st = t,up = u] = X7_opij(u)g(i,u, j) for i € {1,2,...,n}, u € A(i).
Here,
gli,u,7) = E|g | 8t = i, up = u, 8411 = J]
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for i,7 € {0,1,2,...,n}, u € A(:). Similarly, for a stationary randomized policy

0 € A, define the n x n sub-stochastic matrix Ps by

[Pslij = > [0(0)]apij(a)

a€A(i)

for 4,5 € {1,2,...,n}. Define the expected immediate cost vector g € R" by

3°(1) = Xaeaw0(i)]ag(i,a) for i € {1,... ,n}.

Define for stationary policy & € A, the operator T : R* — R" by
Ts5J =g + PyJ

for J € R™. Also define the operator T : R" — R" by T.J = min,ey THJ, where

the minimization is componentwise. That is,

(TJ) (i) = arenjg) {g(i, a) + ipij(a)b](j)]

for J € R" and i € {1,2,...,n}. The cost to go function (or vector) for the SSP

corresponding to a stationary policy § € A is given by

N-1
J°(i) = lim sup [Z Pfgﬂ
N—oo | k=0 i

for i € {1,2,...,n}.

We make the following assumptions [12].

Assumption 1.1 There exists at least one stationary deterministic proper policy.

Assumption 1.2 For every improper stationary deterministic policy p, the corre-
sponding cost J*(i) is oo for at least one statei € {1,2,...,n}, i.e. some component
of the sum Z{Q’:}l P[jg“ diverges to co as N — oo.
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A stationary deterministic policy p € T satistying, for some vector J € R", the
relation 7, wJ < J (the inequality is componentwise) is proper under Assumption 1.1
and Assumption 1.2 [12].

Under Assumption 1.1 and Assumption 1.2 the optimal cost to go vector J* €

R" is the unique solution of Bellman’s equation
TJ = J*.

Here,

J*(7) :,}Q/I\CAJ (i)

for i € {1,2,...,n}. A stationary deterministic policy u € Y is optimal iff
0 = T

Note that such a p is proper. For a proper policy € A, the cost to go vector is
given by

N-1
J = Jim. S Pig’ = (I-P)'g’.
k=0

1.2 Value Iteration and Policy Iteration

In this section we will discuss the two main schemes for solving the MDPs
(that is finding the optimal cost to go and optimal policies). We will be discussing
Value Iteration and Policy Iteration for infinite horizon discounted cost problems
and SSPs. The value iteration schemes and policy iteration schemes for the general
average cost problem are more involved and will not be discussed here. See [12, 40]
for details. In this dissertation we are interested in average cost policy iteration
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schemes for unichain [12, 40] MDPs with a common recurrent state. This will be

discussed in Chapter 5.

1.2.1 Value Iteration

First we focus on the infinite horizon discounted cost problem. Since T is a
contraction mapping with contraction coefficient 3, we have the result that for any

two vectors J, J € R" and for all k = 0,1,..., there holds

mag (T7)(0) = (TI)(0)] < " max|J(0) = 0.
In the value iteration scheme we start with any vector J € R" and successively

compute T'J, T?J,.... Here T*J = T(T*1J) for k € N with 7°J = J. Since T is

a contraction mapping, we have [12]

lim (T47)(i) = 7*(i)

for all € S. Here, J* is the optimal cost to go function for the infinite horizon
discounted cost problem. Furthermore, the error sequence |[(T*J)(i) — J*(4)] is
bounded by a constant multiple of 3% for all i € S. This method is also called
successive approximation.

For the SSP we assume that Assumption 1.1 and Assumption 1.2 hold. The
DP operator T is in general not a contraction mapping. In the value iteration
scheme we start with a vector J € R™ and successively compute T.J, T2J,. ...

Here TFJ = T(T*'J) for k € N, with 7°J = J. Under Assumption 1.1 and

Assumption 1.2 we have [12]

lim (T*J)(i) = J*(3)

k—o00
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for all i € {1,2,...,n}. Here, J* € R" is the optimal cost to go function for the

SSP. This method is also called successive approximation.

1.2.2  Policy Iteration

The policy iteration algorithm generates a sequence of stationary deterministic
policies, each with improved cost over the preceding one.

First we deal with the discounted cost problem. Given the stationary deter-
ministic policy u, and the corresponding cost function J#, an improved policy i
is computed by minimization in the Dynamic Programming (DP) equation corre-
sponding to J#, that is Tj;J* = T'J#, and the process is repeated. The algorithm is
based on the following result [12].

Let p and g be stationary deterministic policies such that TpJ* = T'J,, or

equivalently, for ¢t = 1,...,n,

ueA(i)

9(i i) + 5i1pij<n<z'>w<j> = min |g(i,u) + ﬂimwm

Then we have

Furthermore, if 1 is not optimal, strict inequality holds in the above equation for at
least one state 7.

The policy iteration algorithm is given below.
Step 1: (Initialization) Guess an initial stationary deterministic policy po.

Step 2: (Policy Evaluation) Given the stationary deterministic policy py, compute
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the corresponding cost function J#* from the linear system of equations

([ _ ﬁpﬂOJﬂk = gh.

Step 3: (Policy Improvement) If J# = T.JF stop; else obtain a new stationary

deterministic policy pyy1 satisfying

T,

Hk+1

JHe — T JHk

and go to step 2 and repeat the process.

Note that since the number of stationary deterministic policies is finite, policy
iteration algorithm converges in a finite (< |T|) steps.

Now we discuss the policy iteration scheme for SSP. The policy iteration for
SSP is along the same lines as for the discounted cost problem. The policy iteration
algorithm generates a sequence of proper stationary deterministic policies, each with
improved cost over the preceding one. Given a proper stationary deterministic policy
1 and the corresponding cost to go function J* € R™, an improved proper stationary
deterministic policy f is obtained by minimization in the DP equation corresponding
to J*, that is Tﬂj“ = TJ*, and the process is repeated. The algorithm is based on
the following result [12]. Let u be proper stationary deterministic policy. Let i be

a stationary deterministic policy such that Tﬂj m =T Jr or equivalently

a(is i)+ 3 DT G) = iy |90 + 3 pi ) )

Then [ is a proper policy and

JEGY < JRE),  i=1,...,n.



Furthermore if y is not optimal, strict inequality holds in the above equation for at
least one state 1.

The policy iteration algorithm for SSP is as in the discounted problem. We
start with a proper stationary deterministic policy po. In step 2 (policy evaluation)

we compute the cost to go function by
JHe — (I— Puk)*lgﬂk_

For asynchronous value iteration, modified policy iteration, and approximate
policy iteration see [12, 16]. For adaptive aggregation schemes see [12, 13]. For

parallel distributed implementations see [15].

1.3 Partially Observable Markov Decision Processes

These are problems in which we cannot directly observe the current state of
the process for decision making [5, 6, 35, 39, 47, 48, 49] . Instead we get noisy
observations of the underlying state transitions. In this problem we assume that
the feasible control actions for all the underlying states are the same, namely A.
Here at time ¢, the system is in state s; € S, but we don’t have access to this state
information. We take an action u; € A and the system moves to state s;;; with
probability ps,s,,, (u:), incurs a cost g, with E[g; | sy = i, uy = u, 5441 = j] = g(4,u, j)
and E[g; | s¢ = t,uy = u] = g(4,u). An observation y;,1 € O = {1,2,...,|0|} is
observed with probability Q(y; | s¢, us, si41). This additional information can be
utilized for taking an action at time ¢ + 1. We deal with finite state, finite action,
finite observation POMDPs. A sufficient statistic for taking the best action at any
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time t is the aposteriori probability distribution on the underlying states given the
history of past actions and observations and the initial distribution on the underlying
states. This aposteriori probability may be computed recursively at each time step.
A more systematic approach to the definition of the POMDP is given in Chapter 2.
Here again we may have different cost criteria like finite horizon, infinite horizon
discounted cost and average cost formulation. We will be primarily interested in

finite horizon and infinite horizon discounted cost criteria.

1.4 A Stochastic Approximation Algorithm

Next we consider a stochastic approximation algorithm [8] which is used in
proving the convergence of temporal difference schemes [54, 55]

Consider the following algorithm

Ori1 = 0 + Vet H(Op, Xig1) + 7t2+1;0t+1(9ta Xit1),

where 6, evolves in R? and the state vector X; lies in R” or in a subset of R*. H
and p; are two functions from R% x R* to R?. We assume that the random variables
(r.v.) 0o, Xo, X1,..., Xy, ... are defined on a probability space (2, F, P), and we
denote the o-field of events generated by the r.v. 6y, Xo,..., Xy by Fp. (7),oN 18
a sequence of non-negative real numbers called the step sizes where N is the set of
natural numbers. The following assumption is made, namely there exists a family
{IIy : & € R%} of transition probabilities ITy(z, A) on R* such that, for any Borel

subset A of R*, we have

PXip € Al FR] = Iy, (X, A)
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From the above it can be seen that the 2-tuple (X, 6;):>0 is a Markov process.
Its transition probability depends on t (since y; and p; depend on t). It is therefore
an inhomogeneous Markov process. We prove the convergence of this algorithm

under asssumptions which are weaker than in [§].

1.5 Adaptive Control

The issue of adaptive control arises when we don’t have knowledge of the
underlying transition probabilities or the probability distribution of the immediate
cost. In the indirect adaptive control approach we try to estimate the transition
probabilities and the expected values of immediate costs, and based on this infor-
mation we try to choose control stratergies. In direct adaptive control schemes we
will be interested in directly finding an optimal control strategy and maybe the
optimal cost to go, without estimating the transition probabilities or the expected
values of immediate costs. In this dissertation we will be interested in direct adaptive
control schemes, in particular we use approximate policy iteration schemes [12, 16]
for MDPs. In particular, for the discounted cost problem we will be using tempo-
ral difference schemes [16, 19, 20, 26, 50, 54] to estimate the cost to go function
and estimate @)-values [16] for further policy improvement. For the average cost
problem, we use temporal difference schemes [55] to estimate the differential cost
and estimate (Q-values for further policy improvement. ()-values are defined in the
appropriate chapters for the discounted and average cost problem.

When it comes to adaptive control of POMDPs, the issue becomes even more

21



complicated. In indirect adaptive control, we should know the cardinality of the
underlying state space S or else it must be estimated. Further the state transi-
tion probabilities and observation probabilities along with the expected values of
immediate costs need be estimated to arrive at a control strategy. In direct adap-
tive control of POMDPs we try to arrive at a control law without such estimates.
We suggest possible extensions of the direct adaptive control schemes developed for
MDPs to the discounted cost POMDP.

@ learning schemes are reinforcement learning schemes based on concepts from
value iteration. For ) learning schemes for discounted cost problems see [51, 57].
For @) learning schemes for average cost unichain MDP with a common recurrent
state see [1, 17]. For @ learning schemes for SSP see [2, 51]. See [42] for simulation
studies of various reinforcement learning schemes for MDPs. For empirical results on
average cost reinforcement learning see [38]. For actor-critic reinforcement learning
methods for MDPs see [29, 30]. For reinforecement learning schemes for POMDPs
see [18, 27, 32, 45]. For an analysis of an adaptive control scheme for a partially
observable controlled Markov Chain see [22].

For feature based schemes for large scale dynamic programming see [53]. For
real time dynamic programming see [7]. Various learning schemes for solving MDPs
are given in [44]. Some interesting algorithms for sequential decision making in-
cluding solving POMDPs are given in [31]. For linear programming formulations of

MDP see [12].
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1.6  Organization Of The Dissertation

The rest of the dissertation is organized as follows.

In Chapter 2, we propose various computational schemes for solving POMDPs
with finite stage additive cost and infinite horizon discounted cost criteria. Error
bounds for the corresponding algorithm are given, and it is further shown that at
the expense of additional computational effort the POMDP can be solved as closely
to the optimal as desired. We prove that the finite stage optimal costs as well as
the optimal cost for the infinite horizon discounted cost problem are both Lipschitz
continuous (with domain the belief space, which is the unit simplex of probability
distributions over the underlying states) and give bounds for the Lipschitz constant.

In Chapter 3 we prove the convergence of the standard stochastic approxima-
tion algorithm presented in [8] under more general assumptions. This in turn can
be used to prove the convergence of the TD()\), the temporal difference schemes
discussed later in Chapter 4 and Chapter 5 under more general assumptions.

In Chapter 4 we give an on-line direct adaptive scheme for discounted cost
MDP using approximate policy iteration [16] where we use TD(\) updates to es-
timate the approximate value function and estimate the corresponding @)-values
on-line using a small step stochastic approximation scheme, in order for subsequent
policy updating. We use stationary fully randomized policies to approximate deter-
ministic policies, since this allows for exploration and hence lends itself to conver-
gence analysis under weaker assumptions on the transition probabilities. Note that

the optimal stationary deterministic policy for sufficiently large (close to 1) discount
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factor is a Blackwell optimal policy for the average cost problem [12].

In Chapter 5 we give on-line direct adaptive schemes for average cost unichain
MDPs with a common recurrent state using approximate policy iteration. Here
also we use temporal difference schemes for estimating the differential cost. Q)-value
estimates are also obtained on-line using stochastic small step approximation in
order for subsequent policy updating.

In Chapter 6 we summarize the contributions of the dissertation and discuss
possible extensions of temporal difference schemes to POMDPs.

Appendix A deals with a particular discretization scheme for the unit simplex
and provides the bounds on approximation by discretization of the unit simplex.
The appendix also deals with some combinatoric results.

Appendix B discusses results on the reachability structure of MDPs.

Appendix C discusses various error bounds for MDPs.

Appendix D discusses temporal difference schemes for SSPs.
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Chapter 2
Computational Schemes For Partially Observable Markov Decision

Processes With Error Bounds

In this chapter we give computationally feasible techniques for solving the
Partially Observable Markov Decision Problem (POMDP) with the infinite horizon
total discounted cost criterion. Error bounds for the corresponding algorithm are
given, and it is further shown that at the expense of more computational effort the
POMDP can be solved as closely to the optimal as desired. The methodology can
be easily extended for finite stage additive cost problems with terminal cost. The

proofs of all the theorems in this chapter are given in Section 2.5.

2.1 Partially Observable Markov Decision Model

Let N denote the set of positive integers, Ny denote the set of non-negative
integers. For a set A, | A| denotes the cardinality of A, whereas for a real number «,
|a| denotes the absolute value of a. The homogeneous POMDP [23, 35, 39] can be
specified by the tuple (S, 0, A, P,Q, Qq, p,G) where S = {1,...,n} is the nonempty
finite set representing the underlying state space, O = {1,...,|O|} is the nonempty
finite set of observations and A = {1, ..., |A|} is the finite nonempty set of actions
common to all the states in S. Define P(j | i,a) = pij(a) = Prlsg1 = j | st =

i,u; = al, Yt € Ny, 1,7 € S and a € A, where s; and u; denote the state and action,
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respectively, at time t € Ny. Here ‘Pr’ denotes probability. Let P(a) denote the
n X n state transition matrix corresponding to action a with the (7, 7)™ entry equal
to pij(a). Let the observation probabilities be given by Q(I | i,a,j) = q(i,a, j,1) =
Priyipi =1 sy =4, uy = a,s,01 = j|, Yt € Ny, i,j €S, 1 € O and a € A. Here y;1
is the observation made at time ¢ + 1, after taking action u; at time ¢, but before
taking action w41 at time t + 1. Qo(l | i) = Prlyo =1 ] so =i withi € S, [ € O
is the initial observation kernel. Let pe A= {r € R" | m; > 0,21, m = 1}, the
n — 1 dimensional unit simplex in R", where 7; is the i*" component of the vector
m € R". Here p represents the initial distribution on the states & at time ¢ = 0.
G(- |i,a,7,1) =Pr[- | 84 =i,us = a, $411 = J, yer1 = ] is the probability distribution
kernel for the immediate cost g; € R incurred at time ¢, conditioned on the fact that
the state at time ¢ is ¢, action at time ¢ is a, state at time ¢t + 1 is 7 and observation
at time t + 1 is [. For each i € S,a € A, ¢(i, a) represents the expected immediate
cost incurred when action a is taken in state i. ¢(i,a,j) represents the expected
immediate cost incurred at time ¢ given that the current state is s; = ¢, current

action is u; = a and next state at time ¢ + 1 is s;41 = . ¢(4, a,j) is assumed to be

finite. Note that g(i,a) = >27_, pij(a)g(i, a, j) and that

glisa.j) = S ali-a.jl) fo wGdo ] i,a.ji0)

€O
The POCM (Partially Observable Control Model) evolves as follows. At time
t = 0, the initial unobservable state sg has a prior distribution p € A, and the initial
observation yq is generated according to the initial observation kernel Qo(yo | so). If

at time t € Ny, the state is s; and the control u, is applied, then an immediate cost
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g: € R is incurred and the system moves to the state s;,; according to the transition
probability P(s;y1 | ¢, us). The observation y;11 € O is generated with probability
QY1 | Seyur, Sev1). A realization of the partially observable system looks like
(S0, Yo, U0, Jo, S1, Y1, U1, g1, - - -) € Q = (SOAR)>, with sy having distribution p € A
and {u;} is a control sequence in A determined by a control policy. S, O and A
are endowed with the discrete topology. R is endowed with the Borel topology.
With the metric d(m,&) = >0 |m — &| on A (here 7, € A) the corresponding
space (A,d) is a Polish space. Note that d is the restriction to A of the metric
corresponding to the ¢; norm on R". Let hy = (p,y0) € Ho and the observable
history hy = (p, Yo, U0, Y1, Uy -y Ye—1, Ut—1,Y:) € Hy for t € N. Here Hy = AO and
H; = H;—1AO for t € N, where these spaces are endowed with the corresponding
product topologies. An admissible policy for a POMDP is a sequence v = {1}
such that for each ¢t € Ny, 14 is a stochastic kernel on A given H;. The set of all
admissible policies is denoted by M. In the POCM we assume that the state s; is
not directly observable, to aid us in selecting the action ;.

A policy v € M and an initial distribution p € A, together with the stochastic
kernels P, Q, (o, 7, determine a unique probability measure denoted by P on the
space  of all possible realizations of the partially observable system [23]. The
expectation with respect to this probability is denoted by E;. The performance
criterion for the infinite horizon discounted cost problem is J(v, p) = E;[327% 5],
the expected total discounted cost when the policy v € M is used and the initial
distribution on S is p. Here 8 € [0,1) is the discount factor. The aim of the
POMDP is to find a policy v* € M such that J(v*,p) = J*(p), Vp € A. Here
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J*(p) = inf,epq J(v,p), p € A, is the optimal cost function. For a finite stage
problem with k stages the objective function is Ji,(v, p) = E4[¥120 g + ¥ (sp)],
where 3%r(i), i € S, is the terminal cost of being in state i at the & instant. In
the finite stage problem the restriction that § < 1 can be removed, i.e. 5 € [0, 00).

In the finite horizon problem with £k stages, as far as the policy is concerned, only

{vo,v1, ..., vk_1} is of interest. Let the optimal k stage cost function be defined as

Ji(p) = inf e Ju(v, p).

2.2 Equivalent Fully Observable MDP

It is well known [5, 23, 47, 49] that the useful information in h; can be encap-
sulated in a vector p; € A for determining the best action w,; at time ¢, ¥t € Ny, (i.e.
pe is a sufficient statistic), and the POMDP can be recast into an equivalent com-
pletely observed Markov Decision Process (MDP) with stationary structure [10, 11]
having as its state space the uncountable set A. Here [p;]; = Pr[s; = i | h] for each

i € §. This may be computed recursively as follows (here ho = (p, yo)):

Qo(yom [p]z
?:1 [p]; Qo(yolJ)

[poli = for i€ {1,...,n}.

For t € Ny the following Bayesian update rule is used :

ptT+1 = F(pe, ue, Yr41) where
Tpo
F(m,a,0) = w; TeANaecAoeO.
o(m,a,o)

Here P°(a) = P(a) ® Q° where the operator ® denotes term by term multiplication;
ie. [P°(a)li; = [P(a))i;[Q%i;. Also o(m,a,0) = 77 P°(a)l. The superscript of
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7T denotes transposition of the vector 7 and @', is the n x n matrix with (i, ;)™
entry equal to ¢(i,a,7,1). 1 € R" is the vector with all components equal to 1.
o(m, a, o) is the probability of observing o € O at time ¢+ 1, given prior distribution
m € A on S at time ¢ and that action a € A is taken at time ¢, for any ¢ € Nj.
[F(m,a,0)]T denotes the aposterior probability on the states S at time ¢ + 1, given
prior probability 7 € A on S at time ¢, action a € A is executed at time ¢ and
observation o € O is made at time ¢ + 1. The above relations on the Bayesian
transition function F' and the observation probability o, may be arrived at as follows.

Notice that

Pr(sii1, Yeyr | pr, il
Prlyii1 | pe, u]

PT[St+1 |pt7utayt+1] =
For j €8,0€ O, a € A, we may compute
Prsiy1 = j, 901 =0 | pr = 7, u = a
n
= Z r[St41 = J,Yey1 = 0| 8¢ = i,uy = a] m

Prlyyp1 =0 | sp41 = j,s¢ = i,up = a| Prls,y1 = j | s = i, u = a] 7

I
™M=1I

s
Il
—

Il

N
Il
i

Prlyiy1 = 0| se41 = 7,5 = 4, u = al pij(a)

Il

@
Il
,_.

Q(Za a’)j) 0) pij(a’) 7T

Also

Prlyspi=o|pr=mu =a] = ZPT St11 = J, Yir1 = 0 | py,uy = aj
=1

= > > qli,a,j,0)pi(a)m

j=11i=1

<.

<.

With

P°(a) = P(a) ® Q°
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we obtain the desired result.
The transition kernel for the equivalent MDP [5, 23] with state space A is

given by :

IC(D | T, a) = Z O-<7Taa70)I[[F(7r,a,o)}T€D] (21)
0e®

with D € B(A), where B(A) is the Borel sigma field on A. Here Z is the indicator
function. In fact the above equation 2.1 holds for any D C A. We could have chosen
as our o-field the collection of arbitrary subsets of A. The expected immediate cost
for taking action a € A from state 7 € A for this MDP is given by 77 g(a), where
g(a) = (g9(1,a),...,g(n,a))’. The original discounted cost criterion POMDP can be
solved by solving this new MDP with the infinite horizon discounted cost criterion
(using the same discount factor 3) [35, 39]. For the k stage problem the terminal
cost at time k for this new MDP at state 7 € A is set to be 3% (77r), where

r=(r(1),...,r(n))’ € R".

2.3 Lipschitz Continuity Of Value Functions

The optimal value function for the infinite horizon discounted cost problem
on this equivalent MDP, denoted by V* : A — R, is known to be concave and
continuous [6, 23, 33, 36]. Also, the existence of a stationary non-randomized optimal

Markov policy for this equivalent MDP is guaranteed. In fact

J'(p) = > | (D2 Qolols) [ply) V*(e(p,0))

0O JjES

where
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Qo(oli) [pl;
>jes Qo(ol7) [P]J

[@(p, 0)]; (2.2)

The function J* is also continuous and concave on A. Let B(A) be the set of all
bounded real valued functions on A with the distance between U,V € B(A) given
by

p(U. V) = sup [U(x) — V(7).

TEA

With this metric B(A) is a complete metric space.

Define the function h : A x A x B(A) — R by

h(m,a,V) =n"g(a) + 3 Z o(n,a,0)V([F(x,a,0)]")

0cO
where m € A, a € A, V € B(A). Let the function H : B(A) — B(A) be defined
by

(HV) (r) = min h(m,a,V)

acA
where 7 € A and V € B(A). For a control function § : A — A, define the

corresponding mapping Hs : B(A) — B(A) by
(Hs V) (m) = h(m, (), V)

where 7 € A and V € B(A). For U, V € B(A) we denote U < V if and only
if U(r) < V(m), Vr € A. Note that Hs and H are monotone operators, i.e.
UV € B(A),U < V implies H;U < HsV and HU < HV. Also if g € [0,1),
Hs and H are contraction mappings with contraction coefficients 3; i.e. for U,V €
B(A), p(HU, HV) < Bp(U, V) and p(H,U, HyV) < Bp(U, V).

A control function § : A — A is said to be “greedy” for a V € B(A) if
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HsV = HV, that is
d(m) = arg Héi;‘l h(r,a,V) VmeA.

(If there are multiple minimizing arguments, we could pick any of them.)

Also if 5 € [0,1), H has unique fixed point V*, the optimal value function
under the infinite horizon discounted cost criterion for the equivalent MDP with
state space A. Similarly for a stationary policy ¢ (using control function &) Hg
has unique fixed point V?, the value function corresponding to policy & for the
discounted cost problem defined on the equivalent MDP with state space A. Note
that a stationary policy 0* such that HsV* = HV™ is optimal for the equivalent
MDP. Define I'y = {r}, the singleton set with its element in R".

Let Vi) +: A — R, k = 0,1,2,... denote the optimal value function for the
k stage problem. For the finite stage problem, Vi (7) = 7lr and V¥, k = 1,2, ...
can be computed in that order by value iteration [23, 36], namely V' = H V" ,.
The functions {V}*} are known to be piecewise linear and concave and can each be

represented as the minimum of a finite number of linear functions [35, 39, 48], i.e.

k € Ng, m € A. For each k € Ny, I';, is a finite set of vectors in R" and for k € N,
each W € Ty, has the form W = g(a) + 8 Y oco P°(a)W,,,; for some a € A. Here ¢,
is some indexing into the set I';_; so that W, & I';_;. But the number of linear
functions needed to represent V;* or equivalently |T'x| may grow exponentially fast
(at most \A]‘I%I\L:ll for V;¥); to get a minimal representation for the exact values of
Vi¥ one may have to use linear programming as in Sondik’s method [35, 39, 48] or
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the more recent method due to Littman [28, 31|, and this may be computationally

expensive. Note that

Ji(p) =2 | (X2 Qolo [ 5)[pl;) Vii (w(p; 0))

o€ | jes§

where w(p, 0) is defined as in equation 2.2. J is also piecewise linear and concave
and can be represented as the minimum of a finite number of linear functions. When
B €10,1), V¥ converges to V* uniformly as k — oo irrespective of the terminal cost
which is used. However we may assume that the terminal cost is zero when we use
value iteration to approximate V*.

Define the following constants :

Gmax = maxmax ¢(i,a), G = minmin g(7, a),

i€S acA i€ES acA
Pmax = TAX (i), Tmin = rlrégl (i),

C = Gmax - Gmin-

Fix integer k > 1. Let control functions 6; be such that Hs V" = HV;* for
t=0,1,...,k—1. Then the Markov policy {d;_y,;_o,-..,07, 05} is optimal for the
k stage problem of the equivalent MDP. Here control function d; is used at stage

(k—1—t)fork=0,1,....k—1.

Theorem 2.1 {V;*} and V* are Lipschitz continuous, and a Lipschitz constant for
V* s %ﬁ In the k stage finite horizon case with non-zero terminal cost, a Lip-
schitz constant for Vit is given by $(31=¢ ') + 3% (rmax — rmin). Note that C' is
a constant, independent of P and (), that depends only on the expected immediate

cost. O

Note that YF) 5t = % when 3 # 1, and ¢ 3¢ = k for 3 = 1.
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2.4 Approximation By Discretization

A method for approximating V* is given by finding the value function for
a finite state MDP derived from the uncountable state MDP by partitioning the
state space A in the spirit of [24]. However the theorems given in [24] are not
directly applicable to this problem since some of the assumptions are not satisfied by
the present problem, for example the Bayesian transition function is not Lipschitz
continuous in general. But we use the Lipschitz continuity of the optimal value
functions {V;*} and V* to circumvent this. Let D = {D;, Dy, ..., D,,} be a finite
partition of A, where D;, i = 1,2...,m, are disjoint measurable subsets of A such
that A = U, D;. For each ¢ = 1,...,m, let d; € D; be an arbitrary representative
point in D;. A new finite state MDP is constructed with the states being the
points in the grid & = {d; | i = 1,...,m}, the transition probabilities being p};(a) =
K(D; | d;,a), i,j € {1,...,m}, a € A, with the stochastic kernel K as defined earlier
in equation 2.1. The immediate cost function is given by ¢P(i,a) = d¥g(a) for
i€{l,..,m}, a € A. Let VP € R™ be the optimal value function for this infinite
horizon discounted cost minimization problem with the same g € [0,1). For the
finite horizon problem we may assign a terminal cost r?(i) = dZr; i € {1,...,m}.
Let VP € R™; k= 0,1, ..., denote the finite k stage optimal costs obtained by value

iteration, i.e.,

Vil = rP(4) Vie{1,...,m}.
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For k > 1,

[Vkp]i = min{ (i,a —l—ﬁpr Vk W }

acA

Vie{l,..,m}.
Note that V,P — VP and
VP =V2l < 8" VP =Vl

where |- || denotes the sup-norm given by ||V ||= MAaX;e(1,2,...m} [[V];] for V € R™.
Extend VP to the whole of A by taking VP(xr) = [VP]; if 7 € D;. A similar
piecewise constant extension can be performed to obtain V;P(x) = [V,P]; if m € D,

for the finite stage problem. Define the diameter of the partition D by Diam(D) =

maXi<i<m SUPg ¢ep, d (77 5) .

Theorem 2.2 For the infinite horizon discounted cost problem,

p(VP, V") < %I()iaflé) :
For the finite k stage problem,
o ) < | ST+ 03 + EED 30— 1| Diam()
t=0
O
Note that




Also for =1,

(41— —k(k;U.

Now VP € R™ may be solved by any of the standard methods like policy
iteration or may be approximated as closely as desired by value iteration over a
finite, though large, number of steps [10, 12]. The following result (see Lemma C.2
in Appendix C) which is an extension of the results in [16, 46] may be used to find
a suboptimal stationary nonrandomized policy for the infinite horizon discounted

cost problem with state space A.

Lemma 2.1 Let U € B(A) be such that p(U,V*) < €. Assume that V° : A — R is
the value function for the infinite horizon discounted cost problem (with state space
A) obtained by following the stationary non-randomized Markov policy §, where
0 : A — A corresponds to the one-step “near greedy” control function obtained while
doing approzimate dynamic programming update [12] on U (i.e. p(HsU, HU) < ¢

). Then p(V*,V°) < 2242,

(With slight abuse of notation we use ¢ to represent both the control func-
tion § : A — A as well as the stationary policy). Lemma 2.1 along with Theo-
rem 2.2 (which gives the bound for p(VP?,V*)) can be used to find a stationary
non-randomized suboptimal policy (which can be made as close to the optimal as
desired) for the MDP with state space A. Similar bounds for the approximate value
functions for finite stage problems, along with suboptimal nonrandomized Markov
policies (though not guaranteed to be stationary), may be obtained.
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For k € Ny, define the control functions é; : A — A by
Op(m) = arg néi;‘l h(r,a,V;P) VmeA.

Let Uy, = {dk_1,0k_2,--.,00}, denote a Markov policy [35] for the k stage equivalent
MDP with state space A. Under this policy, for a k stage problem, the control func-
tion &, is used to choose the control action at the t*" stage for t € {0,1,...,k—1}.
Let V.Y : A — R denote the corresponding value function for the k stage problem
while using the control policy Wy, with V¥ = V7. It is easy to see that for k € N,

V¥ = Hs, . V;¥,. The following result holds.

Theorem 2.3 Fork € N, the k stage value function V;¥ corresponding to the policy

Uy satisfies the relationship

(k+1)

k—1
pVr Vi) < | Sttt 108 + I g )| Diamn(D),
t=0

We also give another Markov policy defined as follows. For k € Ny, define the

control functions o, : A — A by,

A

or(m) = arg Hgil h(di,a,VP)  Vr € D;

for i € {1,...,m}. Observe that h(d;,a, V;?) = gP(i,a) + 837", p(a)[ViP];. Let

j=1
U, = {Sk_l, 3k_2, e ,50}, denote another Markov policy for the k£ stage equivalent
MDP with state space A. Under this policy, for a k stage problem, the control func-
tion 5k_1_t is used to choose the control action at the t' stage for t € {0,1,..., k—1}.
Let Vk‘i’ . A — R denote the value function for the k stage problem while using the

control policy ¥y, with Vo‘i’ = V. It may be seen that for k € N, Vk‘i’ = H; Vk‘iil.

Okp—1
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Theorem 2.4 For k € N the k stage value function Vk‘i’ corresponding to the policy

0, satisfies the relationship

p(Vk Vi) 2 Z (t+1)(t+2)3") + k(k;_:s)ﬁk(rmax — Tmin) | Diam(D).
=0
O
Note that
k—1 d k
S+t +2)8 = — (Z )
=0 dp \i=
_d (1 (k+2)8*t + (k + 1)ﬁ’f+2>
dp (1-75)?
2= (k+1)(k+2)8% 4 2k(k + 2)8" — k(k 4 1)p"*2
(1-p5)° '
Also for g =1,
k-1
S+ 1)(t 4+ 2)5 = k:(k;—i—l)(k:—i—2)‘
t=0
Let the control function 4 : A — A be defined by,
§(m) = arg Héi;ll h(d;,a,VP),  Vrm € D;
for i € {1,...,m}. Note that h(d;,a,V?) = ¢gP(i,a) + 3 X7, p2(a)[VP];. This

control function is essentially the “piecewise constant” extension to A of the optimal
stationary control function of the discretized finite state MDP. Let Ve A R,
denote the value function obtained for the equivalent MDP under the infinite horizon
discounted cost criterion while following the stationary “policy” 5. When 3 € 0,1)
the following corollary to Theorem 2.4 may be obtained. The proof can be adapted

from that of Theorem 2.4. We omit the details.
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Corollary 2.1 The value function Vo for the infinite horizon dicounted cost prob-

lem, obtained while following the stationary “policy” 5, satisfies the relationship

p(VS, V) < 5 Diam(D).

¢
(1-5)

We mention in passing that our analysis can be used for finding analytical
error bounds for the schemes discussed in [36] and may be used to show that by
making the grid finer in [36] we can obtain suboptimal policies which are as close to

the optimal as desired.

2.5 Proof Of Theorems

In this section we give the proofs of Theorem 2.1 and Theorem 2.2, and outline

the proofs of Theorem 2.3 and Theorem 2.4.

Definition 2.1 For W € R" define

slope(W) = max [W]; — min [W],.

ie{l,n} ie{l,-n}

Here [W]; is the i*" component of . Note that the following three properties

of slope follow easily from the definition.

1. For any n x n stochastic matrix P and any W € R", slope(P W) < slope(W).
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2. For any A € R and W € R", slope(AW) = |}| slope(W).

3. For any W, W € R", slope(W + W) < slope(W) + slope(W).
Lemma 2.2 For any given 7,§ € A and W € R"

7T — €W < 2 d(m, &) slope(IV).

Proof of Lemma 2.2

Let Whax = max;eqi,... n} [W]i, and Wiyin = mingeqy ... oy [W]i. Let

T = {ie{l,---,n}:m>E&),

J = {ie{l,---,n}:m <&}

Note that

dm—&) + Y (m—&) = > (m-&) =0

ieT icd ie{1,--n}

This implies that

> (mi— &) = Y (6~ m) = 5d(m,©)

i€l ieTJ
Now
1 1
Z(ﬂ_i - 61)[W]1 € [§d(ﬂ—7 €>Wmin7 §d(7r> g)Wmax]
i€Z
and
1 1
52 = w5 € | 3. Waia, 547 W
jed
Hence
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Let I be a finite nonempty set of vectors in R". Define

maxr = max max |[W];,
WeT ic{1,-n}

ming = min min [W],.
Wer ie{1,n}

Lemma 2.3 For any a € A consider the vector [g(a) + Y .co P°(a)W,,] € R",
where @, is an indexing into the set I' dependent on o so that W, € I'. Then for
ie{l,---,n}

min g(j,a) + Fminp < [g(a) +5 ;9 P"(@)W%l |
and

magolioo) + S > [g(o) 45 P,
I€ 0cO i

Proof of Lemma 2.3

Observe that

n

LEZO PO(a)W%L - S SP Ol

= Z@ szj(a)q(za a, jv 0) [tho]j

_ ; pij(a) Y q(i,a, j,0)[Wy,];

0€eO
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Also minp < Y c0q(i,a, j,0)[W,,]; < maxp for each i,j € {1,...,n}. Hence it

follows that for each i € {1,...,n}

minp <

Z PO(Q)W%

ocO

< maxr.

Now it may be seen that for i € {1,---,n}

min g(j,a) + Fminy < |g(a) + > P(a)W,,
L o€ 45

and

max g(j,a) + fmaxe > |g(a) + 43 P ()W,

ocO R
It may also be seen that
slope (g(a) +8> P"(a)W%> <
0€O
(r?ggxg(], a) — rjnelgg(j, a)) + (4 (maxr — minr) . (2.3)

Corollary 2.2 The function from A — R defined by

=7l [gla) + B8 P(a)W,,] = 77 g(a) + B> o(m,a,0) F(r, a,0) W,

Po
0€eO 0O
is Lipschitz continuous with a Lipschitz constant 1[(max;es g(j, a) —minjes g(j, a))+

(3 (maxp — minr)].
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Proof of Corollary 2.2

This follows from Lemma 2.3 and Lemma 2.2.

Let minp, = minwep, mMineq ... n3[W]; and maxp, = maxwer, maxeqi ..o} (Wi
where Ty, was defined earlier. Note that I’y = {r}, and hence minp, = ry;, and
maxr, = Imax-

Proof of Theorem 2.1
For k > 1, if W € Ty, then for some a € A, W = g(a) + X .co P°(a)W,,,

where ¢, is an indexing into the set I',_; dependent on o so that W, € I',_;. This

together with Lemma 2.3 implies
Gmin + Bminp, | < minp, < maxp, < Gupax + Bmaxr, .

By induction it may be seen that

k—1
Gmin Z ﬁt + ﬁk minFo < minrk
t=0

and

k—1

Gmax Z ﬂt + 6k maxr, 2 maxr, .
t=0

This in turn implies that for k > 1, if W € T then slope(W) < C(XF 3Y) +
[*(maxr, — minp,). Now V;* = minyer, 77 W. Since V}* is the minimum of a finite
number of Lipschitz continuous functions defined on the convex subset A of R", V}*
itself is Lipschitz continuous with a Lipschitz constant which is the largest among

the constituent ones.
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Hence by Lemma 2.2, V}* is Lipschitz continuous with a Lipschitz constant
S B + %k(maXpo — minr,). When § € [0,1), V,* converges to V* uniformly
on A at a geometric rate governed by 3. Hence taking the limit gives that V* is
c
2

Lipschitz continuous with Lipschitz constant ﬁ

Proof of Theorem 2.2

From Theorem 2.1, Lemma 2.2 and the definition of VP it follows that = €
Di, i € {1+, m} implies [Vi(r) — VP(m)| = [Vg(r) — Vg(do)| < L(may, —
minr, ) Diam(D), since VP (7) = VP(d;) = V;(d;). This implies that p(V;, V) <
s (maxp, — minr,) Diam(D). For each k € N, i € {1,...,m}, a € A note that
\h(d;,a, V;P ) — h(ds,a, Vi )| < Bp(Vi ,ViP,). This in turn implies |V,P(d;) —
VE(dy)| < Bp(Vi (, VP ) from the corresponding definitions of VP and V;*. Now V}*
is Lipschitz continuous with a Lipschitz constant § (Y7~ 8") + 1 8*(maxr, — minr,).

By the definition of V;P, for any 7 € D;, V;P(r) = V,P(d;). Hence for any m € D;,

Vi () = Vi ()
= |[Vi7(di) = Vi (di) + Vi (di) = Vi ()]
< |Vi2(di) = Vi (d)] + Vi (di) = Vi (m))
< Bp(ViZy Viy) +
l% (g ﬁt> + %ﬁk(maXpo — ming, )| Diam(D).

This implies

P(VkD7 Vk*)
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< Bp(Vi2L Vi) +

t=0

By an induction argument it easily follows that Vk € N

p(V%,L@ )
C k—1
< 5 (t+ 1)ﬁt> Diam(D) +
t=0
(k+1)

A*(maxp, — minr, ) Diam(D)

2
- % (kzl Bt (k‘lt 5]‘)) Diam(D)

+

(kzﬁﬂk(maxm — minr, ) Diam(D).
When € [0, 1),
k—1 k—1—t k-1
Zﬁt< > ﬂf) < 2095
t=0 J=0 t=0
< 1
Hence when 3 € [0,1),
C 1
p(VE, VD) < EXeEE Diam(D) +
UC; )ﬁ (maxr, — minr,) Diam(D).

When 3 € [0,1), V;? — VP as k — oo uniformly on A since V;P — VP. Similarly,
Vi — V* as k — oo uniformly on A. Hence taking the limit gives

c 1

PAVEVE S gy

Diam(D),

since (k +1)8* — 0 as k — oo.
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Proof of Theorem 2.3
Foranym € A,a € A,and U, V € B(A), |h(7,a,V)—h(m,a,U)| < Bp(U,V).
For k € N this can be used to prove that p(Hs, , Vi' 1, HV ) < 28p(Vi 1, ViP,).
Also p(Hs, , Vi¥y, Hs, Vi 1) < Bp(Vi 1, Vir,). Hence
p(Vi, qul)
= p(HV,y, Hs,_, Vi)
< p(HVy \, Hs, Vi) + p(Hs, Vi Hs, ViV

< 28p(Vi Vi2)) + Be(Viy, Vily).

Now p(V;, Vi¥) = 0. Hence p(V*, V¥) < 28 p(Vy,VP) < B (maxp,—minr,) Diam(D).
Using the bounds for p(Vy, V;P) from Theorem 2.2, we may see by an induction ar-

gument that for k£ > 1,

Vk ’Vk

< c(t:( ) )Diam(D) 4
(t:t

_ c(t;:t )Diam(D) 4

k(k+1)
2

A" (maxp, — minp, ) Diam (D)

v

ﬁ (maxr, — minr, ) Diam(D).

This proves Theorem 2.3. Observe that for k > 1, S-F T )8t = S t(Z?;tl B7).

Hence when 3 € [0, 1),

+ -
] \
= —
<
i~
.
\/
@
1
IN

k—2
—1fﬁ<§ (t+1)8 >

3 1
(1-8)(1—73)*
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where the last inequality follows as in the proof of Theorem 2.2.

Hence limy ., p(V*, V}¥) = limy o, p(V}5, ViY) < C’ﬁDiam(D).

Proof of Theorem 2.4

For any a € A and k € N, h(m,a,V, ) considered as a function of 7 is
representable as the minimum of a finite number of linear functions on A and is
Lipschitz continuous, and the same Lipschitz constant given in Theorem 2.1 for
Vi' holds. This fact may be obtained in a manner similar to that of the proof
of Theorem 2.1. It may also be seen that for each ¢« € {1,...,m} and k € N,
Ih(ds, 0r-1(di), Viiy) = Vieldi)| < 28p(Vi_y, ViP4). Now for any 7 € D;, bi(m) =

Sk(dl) by definition. Hence for any = € D;,

V¥ () — V()|

= |h(m, b (7), Vi) — Vi (m)|

< |h(m, 6k (1), Vi2)) — h(m, a(7), Vi) +
Ih(r, 01 (), Viey) — h(di, 01 (di), Viy)| +
Ih(ds, o1 (di), Viy) = V()| +
Vi (di) = Vil ()|

< ﬂp(vk*—l?vk\iil) +

C k—1 . 1 . ‘ .
2 <§(Z BY) + 56 (maxp, — m1nr0)> Diam(D)
t=0

+ 268 p(Vii_y, V;}Zl)-
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Hence

PV V7))
< ﬁp(vk*flavk\iil) +
C ot 3 E ) .
Zﬁ + ﬂ (maxp, — minp,) | Diam(D)
+25P(Vk*—1avk—1)-

Now p(Vg,Vi¥) = 0. Using the bounds for p(V;*, V) from Theorem 2.2, we may

see by an induction argument that for £k € N,

p(Ve, V)
< C( 1( j+1)5t) Diam(D) +

( S (t+1) ) (" (maxp, — minp, ) Diam (D)
t=1

k—1
_ o( (t+1)( t+2)ﬁ>Diam(D) +
t=0
Kk + 3
2

M

ﬁ (maxp, — minr, ) Diam(D).

When € [0,1), it may be seen in a manner similar to that in the proof of Theo-

rem 2.3, that for k£ € N,

k—1 t . . 1
Z(Z(Hl))ﬁ S

t=0 \j=0

Hence limy_,o p(V*, Vk‘l’) = limg oo p(V, Vk‘i’) < CﬁDiam(D).
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2.6 An Example For a Non-Lipschitz Bayesian Transition Function

We give an example to show that the Bayesian transition function F(r,a,o0)

is not necessarily a Lipschitz continuous function of 7 for fixed action a and a fixed

observation o. This implies that Assumption A.2 of [9] need not be satisfied in

general for a POMDP, and hence the results given in [9] cannot be adapted directly

to our case. Consider a POMDP with & = {1,2,3}; O ={1,2}; A= {1}. Let

3 3 0
P)=|1 9 L,
00 1

q(i,1,1,1) = q(i,1,1,2) = L; ¢(i,1,2,1) = ¢(4,1,2,2) = ;

1; for all i € {1,...,n}. In this case it may be seen that

1,1y = 51
™, 1, = 35 _ . 1_
2 %m + i’/TQ
and
OF(r,1,1)],  —£m
— 5.
87T2 (%71'1 + iﬂ-Q)

Let m = (o, @, 1 — 2a) with a € (0, 3). Then

0[F(m 1,1)l,
67T2

m=(a, 0,1 —2cx)

q(i,1,3,1) =0, q(3,1,3,2) =

Now as @ — 0% this quantity tends to —oo. This implies that F(m,1,1) is not

Lipschitz continuous.
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Chapter 3
A Stochastic Approximation Algorithm For Periodic Markov

Processes

In this chapter we discuss a stochastic approximation algorithm which is a
slight generalization of the results in [8]. We allow the Markov process to be periodic
(i.e. it need not be aperiodic). The discussion of this chapter closely follows that
of Chapter 1 in part II of [8]. We use the same notations as in Chapter 1, Part II

of [8]. The notations in this chapter are self contained. Consider the algorithm

en—‘rl - Qn + ’}/n—f—lH(@na Xn-l-l) + 7721+1pn+1(9n7 X’Vl-f-l) (31)

where 6,, evolves in R? and the state vector X, lies in R* or in a subset of R¥, say
X. H and p, are two functions from R? x R* to R%. We assume that the random
variables (r.v.) 6y, Xo, X1,...,X,,... are defined on a probability space (2, F, P),
and we denote the o-field of events generated by the r.v. 6y, Xo,..., X, by F,. Let
N denote the set of natural numbers, i.e. the set of positive integers. In all that

follows, the following assumptions are made:

(A1) (Vn),cN is a sequence of non-negative real numbers such that 3=, v, = +o00

and 07 | Yng1 — W |= f(ﬁ, < 00. Then 7 = SUp, [N Yn < 00.
O

Denote K = 32° | 7% — Y41 |- Then K} = K.,. Note that lim,, .. KD =0.

20



(A.2) There exists a family {ITy : § € R?} of transition probabilities ITy(x, A) on

R* such that, for any Borel subset A of R*, we have

PlXp € A|Fy] = Tl (X, A) (3.2)

O

Assumption (A.2) says that the 2-tuple (X, 6, ),>0 is a Markov process. Its
transition probability depends on n (since 7, and p, depend on n). It is therefore
an inhomogeneous Markov process. Note that Assumption (A.1) is different than
in [8] and does not need (7,) to be a non-increasing sequence.

Notation.

a. Let P,, denote the distribution of (X,,,0,)n>0 for the initial conditions X, =
xr,00 = a.

b.  If, more precisely,

(Yn,pn;n>0)
Pm,a

denotes the distribution of (X,,0,),>0 for the given sequence (v, pn)n>0,
with initial conditions Xy = x,0y = a, then the conditional distribution of

(Xnts OntiJe>0 given F, is

P(7n+kapn+k§k20)

naen

c. In what follows, it will be useful to express the trajectory of the algorithm

n — 0, in the form of a continuous-time process. To this end, we set

t() == 0, tlz’}/l, 7tn:Z’% (33)
=1
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0(t) = > Ity <t <ty1)0 (3.4)

k>0
where I(A) denotes the characteristic function of the set A (often denoted by

14).

The study of the behaviour of 6(t) between times t¢,, and ¢,,+ 7" thus reduces to

the study of the behaviour of 6y for integers k between n and m(n,T), where

m(n,T) = inf{lk:k>n, v+ ...+ >T} (3.5)

For simplicity, we shall denote

m(T) = m(0,T) (3.6)

For any function f(x,6) on R”* x R?, we shall denote the partial mapping

x — f(x,0) by fy. In particular, Iy fy denotes the function
xauﬂ@wmm@>
Similarly I1f fs for k > 1 denotes the function
v = [ foly) ol dy)
with TI9f, = fo.

For a real number «, |a| denotes the absolute value of a. For a vector v, |v]
denotes the /5 norm (Eucledian norm) of v. For a matrix A, |A| denotes the

matrix norm induced by the ¢ norm [25].
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3.1 General Assumptions On H, p, And II

We shall frequently denote the function x — H(6,z) by Hy. We shall assume

that D is an open subset of R%. The functions H and p,, will be required to satisfy:

(A.3) For any compact subset @ of D, there exist constants Cy, Cy, q1, ¢2 (depending

on ), such that for all § € @, and all n we have

[H(0,2)] < Ci(1+[z]")

on(0, )] < Co(1 + |2|®)

O

When we wish to express the dependence on () explicitly in the above formulae,
we shall write C;(Q) or ¢:(Q).

The verification of the fundamental assumption which we shall introduce next
is central to the study of the algorithm. Note that this assumption is slightly different

from that of [8, page 216] to take into account the periodicity of the Markov process.

(A.4) There exists a positive integer p such that the state space X' can be parti-
tioned into disjoint Borel sets Xy, - -, Xp—y with Ilg(x, Xjit1)medp) = 1 Vo €
AX;,0 € D. Further there exist functions hg, -+, h,—1 on D, and for each § € D

a function v4(-) on X such that
(1) h; is locally Lipschitz on D for i =0,---,p— 1
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(ii) (I —Ty)vy = Hy for all & € D, where Hy(x) = Hy(r) — hpm)(0) with

plz) =1, ifz € A.

(iii) for all compact subsets @) of D, there exist constants Cs, Cy, g3, qs, A €

5, 1], such that for all ,0' € Q

()] < Cs(1+ |2|®) (3.7)
vp(z) — Mo (z)] < Cald =61+ [|*) (3.8)
O

Let h(0) = L(ho(0) + -+ + h,—1(0)). Let

p

L@ = max{Lo(Q), -+, Ly1(Q)}
where L;(Q) is the Lipschitz constant for h;(-) on Q. Let

M(Q) = max  sup|h;(6)]

Comments on (A.4)
Note that the functions Hy, h(6), v(#), Hy and h;(6) take their values in R%.

Condition (A.4-ii) implies that for each i =1,...,d
(I —g)vi(z) = Hi(z), YreX

where the superscript i denotes the i coordinate in R.
Concerning the importance of (A.4), note that if for all §, the Markov process

with transition probability II, is positive recurrent, with invariant distibution I'y,
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and if we set

hi(0) = p [ Ho@)To(dy) i=0,....p—1 (3.9)
then

h(9) = /X Hy(y)To(dy) (3.10)

(or more concisely I'gHy), and the function Hy has the property that for each

/X_ Ho(y)To(dy) =0

7

since

1
/ To(dy) =~  i=0,....p—1
X; p

and thus equation (A.4-ii) has a solution vy. Moreover in most cases, this solution

may be expressed in the form

voly) = Y H§Hy(y) (3.11)

k>0

when the series is convergent.

The Local Boundedness assumption

(A.5) For any compact subset ) of D and any g > 0, there exists y,(Q) < oo such

that for all n,z € R¥, a € R?

Eral{l(Or € Qk <n)(1+[Xn|D)} < p(@)(1+2]")  (3.12)
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Remarks on Assumption (A.5)
1. If the inequality (3.12) is true for ¢, then it is true for ¢’ < ¢ [8, page 220].

2. In the definition of (A.5) the inequality is assumed for all ¢ > 0. In fact, for the
proofs we need only a weaker assumption, namely that the inequality (3.12)
is valid for a sufficiently large ¢, i.e. larger than a well-defined function of the

exponents ¢; in (A.3) and (A.4) (refer Proposition 3.1).

3. Without loss of generality we assume that p, is an increasing (non-decreasing)

function of q.

3.2 Decomposition Of The General Algorithm

3.2.1

When 4 tends to zero, the algorithm (¢) has a tendency to follow the solution

of the differential equation (deterministic) with initial condition a = 6(0).

gt = hd)) (3.13)

9n+1 = e_n+7n+1h<e_n)

b = a (3.14)
and because Algorithm 3.1 (or equation 3.1) may be written in the form

9n+1 = Qn + ’Yn+1h/(9n) +én (315)
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where

En = 0n+1 - Qn - ’7n+1h(0n>

= 'YnJrl[H(ena Xn+1) - h(‘gn) + Yn+1Pn+1 (9n7 Xn+1)] (316)

is a small fluctuation for small 7. We desire to obtain upper bounds on the fluc-
tuations €,. More generally, in the sequel we shall require upper bounds for the

expressions

gn((b) - Qb(‘gn—i-l) - ¢(‘9n) - ’Yn+1¢,(‘9n) ’ h(9n> (3'17)

Let ¢ be a C* function (i.e. having continuous second partial derivatives) from

R to R with bounded second derivatives. For the compact subset @ of D we denote

MO(Q) = SUP96Q|¢(9)|
Mi(Q) = supyeq|¢'(0)|

My(Q) = supyeq|¢”(0)]

(3.18)

My = supgege|¢”(0)]

Here ¢’ is the gradient of ¢ and ¢” is the Hessian, {gg%g}} of ¢ at 0 [25]. Then

there exists a matrix R(¢,6,6") by Taylor’s formula [3], such that

o(0) —o(0) = (0' —0)-¢'(0) = (0—0)R(6,0,0)(0 0 (3.19)

R(¢7970/)

with, for all 6,0’ € R?

|R(,0,0')] < M|t/ —0F (3.20)
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Thus for all &

ee(@) = &' (k) - [(Orr — Ok) — Vo1 h(Ok)] + R(D, Ok, Ors1)
= Vo160 (0k) - [H(Or, Xiy1) — n(0k)]

+ (V1@ (00) - prss (On, Xi1) + R(, O, Ops1) ) (3.21)

Ay

with

|R(¢7 eka 0k+1)|

< Vet Ma|H (6, Xiet1) + Vi1 perr (O, Xier1)]? (3.22)

3.2.2  Decomposition Of &, (¢)

Using (A.4-ii) we may write ( 3.21) as

ex(®)
= O(Ohs1) — 6(O) — Y10 (k) - h(6k)
= Y10 Ok [H (O, Xir1) = hpxi) (k) = 7Ok) + i) (06)] + Ay
= Y19 (O) [Vo, (Xie+1) — Mo, 0, (K1) — P(Ok) + Dy (O1)] + Ay,
= Yer1® (On) - [Vo, (Xps1) — Mo, v, (X))
Y419 (k) Mo, v, (X&) — o, vp, (Xis1)]
10 (O px, ) (O) — R(O1)] + Ay

= A4+ A+ AL+ A}

This calculation makes sense only when 6, € D, since h is only defined on D.
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Hence we introduce for a fixed compact subset ) of D

7 = 7(Q) = inf(n:6, ¢ Q)

Let

Vo) = ¢'(0) - Hory()

Then in {7 > n} and for r < n we have :

n—1 n—1

S en6) = DALt A2+ AN+ 3 i (Y (X5) — i, (X))

k=r k=r k=r
n—1

= D (A4 + A7+ A
k=r
n—1

+ D> Y1 (Vo (Xi) — g, (X))
k=r+1

n—1

+ > (Y1 — ) Vo,, (Xk)

k=r+1

+’7r+1¢0r (Xr) - ’Vn%ffen_l (Xn)

We have the following lemma

Lemma 3.1 Forr <n in {n < 7} we have

k=r+1 k=r+1
n—1 5)
+ Z €t My
k=r

where

n—1 n—1 n—1
Se(g) = S e 3 P4 3 P4
k=r

e
k=r

el = nd (0 (v, (Xh11) = g, v, (X))

e = Y1 (W, (Xi) — Yo, , (X))

29

(3.23)

(3.24)



ey = (1 — )0 (Xe)
5,&4) = Y1 ® (Ok) - prs1 Ok, Xpt1) + R(9, Ok, 01
5l(c5) = 7k+1¢/(0k)[hﬁ(Xk+1)<9k) — h(6)]

My = ’Vr+1¢€r (Xr) - Vannfl (Xn>

O
Remark 3.1 Using (A.5) and (A.4-iii) we get
[Hovp(z)] = [Ewo(ve(X1))l
< Eug|ve(X1)|
< CsErp(1+1X1]®)
S C3Hq3(1 + |x|q3)
forall 0 € Q, 1.e.
sup [[grp(z)| < Capigy (1 + |]*)
0eQ
O
Remark 3.2 From ( 3.7), ( 3.8) and ( 3.18) we have
sup [Wo(z)| < MiCspig,(1+ |2]*) (3.25)
€
sup [vp(x) — Yp(2)] < MCy(1+ |z[*)]0 -0
9,0'cQ
+MyClspig (1 + |2|%)|0 — 0| (3.26)
(I
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3.3 L2 Estimates

The aim of this section is to prove Proposition 3.1 (below), which gives a mean

squares upper bound for the “fluctuation”

n—1
sup Zek(@‘
n<MAT | —q

where 7 is the time at which the process 6, leaves the compact subset Q).

In this section, () is a fixed compact set. The “constants” which appear in the
results may depend upon ) just as they depend upon the parameters C;, 1, and A
of the assumptions and upon the numbers M;(¢) associated with the given function
¢ (cf. (3.18)). On the other hand they are valid for all non-negative sequences

(Vn)n>1 such that 0% |7k — Yes1| < f(v < +00. Let 4 = sup, v, < +00.

3.3.1
We state the following lemmas from [8, pages 224-228]

Lemma 3.2 There exists a constant Ay such that:

2

n—1 m—1
Bea{sup I(n <7)| 3”1} < ALt o) 3 9ty
n=m k=0 k=0

where using the constants of Assumptions (A.3) and (A.4)

A1 < Aipiog, (Q)ME(Q)C3(Q)

the constant A, being independent of Q. Moreover on {T = +oo}, S 521) con-

verges a.s. and in L* if Y00 0 vi, < 00. ]
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In considering the following terms we note that for i = 2, 3,4

mAT—1 ) 2
} < E( S H)

k=0

2

n—1
5

k=0

E{supI(n <T)

n<m

m—1 . 2
= F (Z |€,(;)|](k—|— 1< 7'))

k=0

with the convention: 582) = 563) =0.

Lemma 3.3 If 5 < 1, then there exists a constant Ay such that for all m:

mAT—1 2 m—1
2 s
E{ 5 m} < A1+ (S A
k=0

k=1

with s1 = max(2qs + 2A(q1 V ¢2), 2q3 + 2(q1 V ¢2)), and using the constants of (A.3),

(A.4) and (A.5) and denoting C1(Q) + 7C%(Q) by C(Q):

Ay < Ag e, (Q) max{1, g, (Q)} [CPNQ)MP(Q)CE(Q) + CHQ) M5 (Q)C3(Q)]
Ay being a constant independent of Q.

O

Note that [8, Lemma 3, page 225] 71 is replaced by 7 in the definition of C(Q)
in the statement of Lemma 3.3. Also we have an additional term max{1, u2 (Q)}
in the bound for Ay (which was inadvertently omitted in [8]). The restriction that

7 < 1 can be removed if we allow A, to be dependent on 7.

Lemma 3.4 There exists a constant Az, such that for all n

mAT—1 2
E{ 3 re,@r} < Ayl + o) R

k=1

with
Az < A3M12 (Q)C3 (Q)/"qug (Q)
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Ay being a constant independent of Q.

O

Note that Lemma 3.4 is slightly different from Lemma 4 of [8, page 226] in

that v, is replaced by Kv-

Lemma 3.5 Denote sy = sup(4qi,4qo). There exists a constant Ay such that for

allm

mAT—1 2 m—1
4 S
E{ > |e;£>|} < A+ ) (3 )’

k=0 k=0
with

Ar £ A, QICHQ)ME(Q) + CHQ) + 7'C3(Q)]

Ay being a constant independent of Q.

O

Note that [8, Lemma 5, page 227] v, is replaced by 4 in the statement of

Lemma 3.5.

Lemma 3.6 There exists a constant As such that

m—1

Ex,a{ sup I(n < 7) |77n;0|2} < As(1+ |$|2q3) Z '71%4—1

1<n<m k=0
with
As < A5M12(Q)O§(Q)Ngq3(Q)
As being independent of Q. Moreover n,, converges a.s. and in L? on {1 = +00}

when Y52 o Vi < 0. O
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Note that [8, Lemma 6, page 227] /L%qS is replaced by ngs in the statement of
Lemma 3.6.

The following lemma is new.

Lemma 3.7 There exist constants Ag and A, such that

2 m—1 m—1

} oS AGKT+ Y il + Ar(L+ (230 2i4)?
k=0 k=0

n—1
) [ e

k=0

E.of{supI(n <7

n<m
with s3 = 2(Vas), Ag < AsMP(Q)M*(Q) and A7 < Azpue, (Q)C*(Q)[MP(Q) L*(Q)+
MZM?(Q)]. Here C(Q) = [C1(Q) + 7C5(Q)] and Ag and A; are constants inde-
pendent of Q. Moreover, on {1 = 400}, > 1_ o5k converges a.s. and in L? if

> Vi1 < 00
O

The proofs of Lemmas 3.2, 3.3, 3.5 and Lemma 3.6 are given in [8]. The
proof of Lemma 3.2 uses L? maximal inequality and the L? convergence theorem of
martingales [21, pages 248-249].

The proof of Lemma 3.4 is almost similar to that in [8], but is given below.

Proof of Lemma 3.4

Using ( 3.25) we obtain

mAT—1 (3) 2
E{ SR |}

k=1
m—1 2
< KE., { S 10 = )1+ X )T+ 1 < T>}
k=1
m—1 m—
< KD (= )] Z Ve = Yee1)| Eoa {1+ | X ®)2 T (k + 1 < 7)}
k=1 k=1
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with K < M} (Q)C5(Q)uz,(Q). Thus from (A.5)

mAT—1 2
E{ 3 |a§3>y} < Ay(1+ o) K2
k=1

with Az < A3MP(Q)C3(Q) 13, (Q)-

Next we embark on proving Lemma 3.7.

Proof of Lemma 3.7

Let 0<n<mAT1-—1.

n L%J_l p—1
5 5
S| < Iy > el
k=0 k=0 =0
~ )
et ey 2 e
k=" ]p

atmost p—1 terms

Here |« denotes the floor of the real number . Note that 5,&5) = 0 when p = 1.

Now let j be an integer such that 6;,0;,1,---,0,4,—1 are in the set (). Then

3
L

p—1
el = > e (04) [hﬁ(xj+z+1)(9j+z) - h(@ﬂ)}
=0

N e~
[l
[ ]

= (Vj+19'(0;) + (Vizir1 — Vi+1)0'(0;)

-~
Il
=)

(6 G) = 900)) [, s G — h(05:)]

0
= 7j+1¢'(9j)§ (s 00) (65) — D(6)]
m-ﬂas'(ej): ([P0 00 Bt = P i) (65)] = [BL6;50) — h(65)])
+¢/(0;) §(7j+l+1 = 741) (A, 1) (B50) — Bl610)]
3 2y 050 = S 0] [Pt 50 = 03]
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Now since

Oi1— Ok = Yerr H (O, Xi1) + Vis1 P (Ons Xiog1)
we have for [ =1,--+ p—1 (assume p > 2)

-1
0500051 < 3 (MyenerH O Xyons)| + ks pienis Ogns Xjia)|)
k=0

< 2 i[CI(Q> + YO (Q) Vi1 (1 + | Xjppta] (¢1Va2) )
k=0

< 2 Z_:[Cl(Q) + 7O Q)] Vjn41(1 + |Xj+k+1](q1\/q2))

Hence we have (for p > 2)

< 2'7j+1M1(Q>I~/(Q) D 10— 0,
—0

J—H
~ p—l
F2M(Q)M(Q) Y Vji41 — Vsl
1=0
p—1
+2M, M Q) Viris1l0i — 05
=0
< Alp — DMI(Q)L(Q)[C1(Q) +7Ca(Q Z (14 | X | @1V
p—1
+2(p — )M (Q)M(Q) > i1 — Vil
=1
p—2
4l — DIMLITQ)ICH(Q) +3CHQ) X 72+ 1Kkl @)
k=0
Here 7; = max Vi Let

.....

K5 = 4(p — D[C1(Q) + 7C2(Q) (M (Q)L(Q) + MM (Q))

Then we have for 0 <n <mA7T—1,

-1,
S eysy ( > K Z (1 + [ Xpapa [@V)
k=0

66



- p—1
+2(p - DM(Q)M(Q) | Vep+i41 — Vap
k=0 =1
<K,
st iy O Wr12Mi(Q)M(Q)

<2(p—1)M1(Q)M(Q)~

Remark 3.3 Note that the last term actually tends to zero if v — 0 and n — oo.

Alsofor0<n<mA7T-1

2

Tt i) 2; W ZM(Q)M(Q)
k=" p

< I{L”Ttljp;ﬁ(nﬂ)}‘le(Q)MQ(Q)(p—1) Y v
k=252 |p
1

m

< I{L%Jp;ﬁ(nﬂ)}lle(Q)MQ(Q)(p - 1)2 kZO 713+1

Let

Kg=2(p — 1)M(Q)M(Q)

Thus we have for p > 2,

2

n—1
5
k=0
m—1

< 4K62[K’3 + Z %3“]
k=0

E,.{sup I(n <)

n<m

}

L Jflp—
+2K3 B0 { Iy 21 g (L4 [ Xopraa [TV ENI(kp + 1+ 1 < 7)
0

Sz

[\

b
Il
o

67



m—1 o
<(p—-1) Zk:o Vi+1

5 m—1 I—%J_IP*Q
< AKGIKE + Y i) F 265 | Impsyy Y0 DR,
k=0 k=0 1[=0

\.T;J 1p 2
Era { L1221 > A+ | Xppair | V)2 I(kp+ 1+ 1 < 7)
k=0 1=0

m—1

< 4K§[I~(3 + Z 713+1]
k=0

m— 2
+4K§(p - 1)2M2(q1VQQ)(Q) (Z ’713+1) (1+ |$’2(qlvq2))
k=0

The first inequality comes from the fact that for any positive integer n and
real numbers a; we have (X", a;)° < n(X7, a2) by Schwartz inequality. The second
inequality essentially comes from Schwartz inequality.

(%) converges a.s. and in L? if Y47, < oc.

Moreover on {7 = +oo}, 77, &)
See Remark 3.3. Also note that for real numbers a and b, 2ab < (a? + b?).

Combining the above results we have the following, which is the equivalent of

Proposition 7 in [8, pages 228-229).

Proposition 3.1 Assume 7 < 1. For any compact subset Q of D, and for any C*
function ¢ on R with bounded second derivatives, there exist constants By, By and

s such that for allm > 1:

1. We have

}23

m—1

By(1+ [=*)(1 + Z Tor1) K3 + ) i) (3.27)
k=0

E;, {sup[ (n<7(Q
n<m
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where X is the constant € [1/2,1] of (A.4); and similarly making explicit the

constants of Assumptions (A.3), (A.4) and (A.5)

B < Bi(1+2(Q))
(M{(Q) + CHQ) + C3(Q) + C4(Q)

FI(Q) + CPQ)CHQ) + MAQLHQ)]

where C(Q) = C1(Q) + 7C»(Q), By being independent of Q. Lastly we may

take s = max(2qs + 2M(q1 V ¢2),2q3 + 2(q1 V ¢2), 4q1, 4q2).
2. If 3> 7,?”\ < 00

(1)

B, {sgbp I(n <7(Q)) ZX::%(@ }
< Bo(1+ [a) (K2 + > ™) (3.28)

k>1

where By < CBy for some constant C' independent of Q) but depending on
the sequence {yx}. In particular C' < C(1+ 35, v412) for some constant
C.

(i) On {7(Q) = oo} the series Y ex(¢) converges a.s. and in L*.

Proof of Proposition 3.1
Essentially the same as the proof for Proposition 7 in [8, pages 228-229], taking

into consideration the additional bounds given for

2

k=0

E,.{sup I(n <)

n<m

}
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by Lemma 3.7.

O

The restriction that ¥ < 1 can be removed if we allow Bl to be dependent on

.
Corollary 3.1 For all T > 0

Ex,a{ sup I(n < 7(Q))] nf&e(d))\}Q

n<m(T) k=0
~ m(T)
< Bi(1+ [zP) A+ TV )(EZ+ D 47) (3.29)
k=1

O

The assumption 4 < 1, is introduced to simplify the expression of the con-
stants. It is unimportant, since it can always be obtained by modifying H and
Pn-

Let P, ., denote the distribution of (X, 4k, 0nix) with X, = z, 6, = a. We

introduce the following assumptions [8, page 233].

(A.6) 3,570 < 400, where X is given by (A.4-iii).
(I

(A.7) There exists a positive function U of class C* on D such that U(f) — C' <

+00 if 6 — 9D or || — +o00 and U(f) < C for 6 € D satisfying:

U'(#)-h(f) <0forall§ €D
O

Let F' be a compact subset of D satisfying for some non-negative real number
Co,
F={0:U() <co} D{0:U'(9)-h(0) =0} (3.30)
We add the following remarks.
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Remark 3.4 FEssentially the result of Theorem 9 of [8, page 232] holds but with
the modification brought about by replacing Proposition 7 in [8, page 228-229] by
Proposition 3.1. The results given by Proposition 10, Proposition 11, Lemma 12,
Theorem 13 and Theorem 15 of [8, pages 234238 hold, with 7 replacing v, wher-
ever it appears. (Note the changes in the values of the constants brought about by

replacing Proposition 7 in [8, pages 228-229] by Proposition 3.1).
O

In particular we restate Theorem 13 of [8, page 236] with the proper modifi-

cations.

Theorem 3.1 We assume that (A.1) to (A.7) hold and that F is a compact set
satisfying 3.30. Then for any compact QQ C D, there exist constants By and s such

that for alln >0, all a € Q, all x,

P, 2.0k converges to F'} > 1 — By(1 + |z|%) ( K”+1 Z 'yH)‘)
k=n+1
]

We have the following global convergence theorem, which is essentially the

same as Theorem 17 of [8, page 239] but under our modified assumptions.

3.4 A Convergence Theorem

3.4.1 Assumptions

Assume that the constants C;(Q) of Assumptions (A.3) and (A.4) grow atmost
linearly with the diameter of (), the constant C4 being independent of @ if A =1
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and the order of (diam(Q))!~* if A < 1. Also we suppose that the constants s, in
Assumption (A.5) are independent of (). We make the following additional assump-
tion that ]\7[(62), the bound on the magnitude of h;(f),i =0, ---,p—1 grows atmost
linearly with the diameter of @@ and the Lipschitz constant for h;(6) is independent
of Q. Thus we suppose the existence of constants C;, ¢;, i = 1,...,4, M, L and

ttq (¢ > 0), such that for all € R* a € R% n >0, R > 0, we have:

[H(0,2)] < Ci(1+10)(1 + |=|™) (3.31)
lon(0,2)] < Cao(1 + [6))(1 + [a|™) (3.32)

Epo{l +[Xn"t < pg(1+[2]?) (3.33)
o(z)] < Ca(1+10)(1 + |=]*) (3.34)

h(0)] < M(1L+10]) i=0,---,p—1 (3.35)

n(0)] < M(1+|6]) (3.36)

and for all 8,0’ such that 6] < R, |¢'] < R and some X € [3,1],

|H9V9(ZL‘) — Hel’/@/ (l’)|

< Cy(1+R"M|G - 011+ |z|™) (3.37)

where vy satisfies Assumption (A.4-ii). Also for all 0,6’
|hi(0) — hs(9))] < L|0— 0| (3.38)
|h(0) — h(0)| < L|0—0 (3.39)

We further assume the existence of a constant f(7 and hence that of a constant
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7 such that

Z|’7k—’7k+1| < fg (340)
k=1
SUp Y, = 7 (3.41)
and
SNt < 40 (3.42)
k
3.4.2

Theorem 3.2 We suppose that Assumptions (A.1), (A.2) and ( 3.31) to ( 3.42)

are satisfied. Then the following holds:

a. if there exists a positive function U on R of class C?(i.e. continuous second

partials exist) with bounded second derivatives such that for all 0, 0] > po
()

U'(6) - h(6)

IA
o

ue) > alff?, a>0
then for all a € R*, x € R*, the sequence (0,,) is Py o a.s. bounded;
b. if further there exists 0, € RY such that
(i)
U'0)-h() < 0 forall=#0.
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(iii)
U@) = 0 iff 9=0,

then the sequence (0,) converges Py, a.s. to 6,.

Proof of Theorem 3.2

The proof is essentially the same as the proof of Theorem 17 in [8, pages
240~ 243] but using Proposition 3.1 instead of Proposition 7 of [8, pages 228-229|
in the proof of Lemma 21 of [8, pages 242-243]. Note that Lemmas 18, 19 and
20 of [8, pages 241-242] continue to hold. Also refer to the Remark 3.4. The only
other thing to be verified is whether the terms [8, page 243] B1(Q,) and By (@)
can be bounded above by a constant times 22", under our modified assumptions,
where Q,, = {0 : U(f) < A2""'} with A being a constant (as defined in [8, page
240]). But this is indeed true since M(Q,) increases as a constant times 2"/? and
L(Qn) < L.

O

Note that for the algorithm in equation 3.1 to converge we need not know
the exact period p of the underlying Markov process (X,). Let n > 0 and focus
on a particular sample path (X,,). Then we say that the weightage given to class

m € {0,---,p— 1} on the discrete time inteval [n,n + N] for some N > 0 is

SR el tp(x0=m}
ZZ;]X Vi

Wn,nJrN (TTL) =

noting the fact that p(Xgi1) = (p(Xx) + 1) mod p. We define the weight vector W
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with W(m) = limy_,. Wi n(m) whenever it exists. For any p dimensional vector w
(with w(i) > 0,770 w(i) = 1), define h*(0) = >0~ w(i)hy(0). If the weight vector
W exists and W (m) # % for atleast one m € {0, --p—1}, then the different periodic
classes (when p > 1) are being sampled with ‘unequal weightage’ and hence there is
a possibility for the algorithm converging to the point @ such that hw(é) = 0 instead
of converging to 6, such that h(6,) = 0. When the condition >, |ye11 — k| < +00
is imposed we have W (m) = }D, Vm € {0,---p—1}. This ensures that the p different
classes are ‘sampled’ with equal ‘weightage’. Also note that for any non-increasing
sequence of non-negative numbers (), Yg>1 [k — Yr41| is bounded.

We close this chapter with the following remark.

Remark 3.5 We may suppose the non-negative step-sizes -y, to be random. Let
Yni1 be measurable w.r.t the sigma-field F,, (c.f. the proof of Lemma 2 of [8, page
224]) but with the additional restriction that >, v = +00 Pp. a.s. Let there be
a deterministic non-negative sequence 4y, such that 33> 43 < 400, and detem-
1mastic non-negative sequence 8n such that Y724 5n < +o00 such that v, < 4, and

Yot — Y| < 0n for all but a finite number of n, P,.. a.s. Then the conclusion of

Theorem 3.2 continues to hold. An outline of the proof is as follows. Let
An = {w € QW) < i, [t (@) = ()] < 0 for all k 2 n}
. Then A, is an ‘increasing’ sequence of sets and that P, (U, A,) = 1.
O

As a final note see that our result does not deal with the case when the period

or periodic classes of the Markov process changes with 6.
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Chapter 4

Temporal Difference Schemes For Discounted Cost MDPs

In this chapter we propose a reinforcement learning scheme for finding optimal
and sub-optimal policies for the finite state, finite action Markov Decision Problem
(MDP) with the infinite horizon discounted cost criterion. Online learning is utilized
along with temporal difference schemes for approximating value functions to obtain
a direct adaptive control scheme for the MDP. The approach features the approxi-
mation of stationary deterministic policies with stationary randomized policies. We
provide convergence results of the algorithm under very reasonable assumptions, in
particular without aperiodicity assumptions.

In Section 4.2 we discuss Stationary Randomized Policies. Section 4.3 deals
with approximate policy iteration [16]. This is followed by Temporal Difference
(TD) schemes [16, 26, 50, 54] for estimating the value function (with linear func-
tion approximation) for discounted cost Markov Cost processes in Section 4.4. In
Section 4.5 we discuss on-line learning schemes for finding optimal and sub-optimal

policies for discounted cost MDPs which uses TD schemes for policy evaluation.

4.1 Markov Decision Process Model Revisited

We restate the MDP model discussed in Chapter 1, for convenience. Let N

denote the set of positive integers and N denote the set of non-negative integers. For
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a set A, |A| denotes the cardinality of A, whereas for a real number «, |a| denotes
the absolute value of «. Let the non-empty state space of the MDP [4, 12, 23] be § =
{1,2,---,n} and the non-empty control constraint sets be A(i) = {1,2,---,|A()|},
for each ¢ € S, which denote the possible control actions (feasible actions) from
state i. Define the action space A = U, A(7). Note that we are dealing with finite
state finite action homogeneous MDPs [11, 12]. The state at time ¢t € Ny is denoted
by s; and the action taken at time ¢ is denoted by u,;. The transition probabilities
may be conveniently denoted by p;;(u) = Pr[s;y1 = j | st = i,us = u], wherei,j € S
and u € A(i). Here Pr denotes probability. ¢; € R denotes the immediate cost
incurred at time ¢ when action u; € A(s;) is taken from state s;. The distribution of
the immediate cost which may be random is independent of past states, actions and
immediate costs, given current state s;, current action u; and successive state s;.1.
For u € A(7) let g(i,u,j) denote the expected value E[g; | sy = i, u; = u, 5441 = j]-
For u € A(i) let g(i,u) denote the expected value E[g; | s = ¢,uy = u]. Now
g(i,u) = X5_; pij(u) g(i,u, j). We assume these expectations to be finite.

The MDP evolves as follows. At time ¢ = 0, let the initial state be sqy. If
at time t € N, the state is s; and the control u, € A(s;) is applied, then an
immediate cost g; (which may be random) is incurred and the system moves to
the state s;41 according to the transition probability ps, s, (u¢). A realization of
the process looks like (s, ug, go, S1,u1, 91, ) € Q& = (SAR)®, where R is the set
of real numbers. {u;} is a control sequence in A determined by a control policy.
S and A are endowed with the discrete topology. R is endowed with the Borel
topology. Let hy = (So, U0, o, S1, U1, G1, "+ St—1, U1, Ji—1, S¢) denote the history
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of the process upto time ¢ with hg = (sp). The history follows the recursion h; =
(he—1,u—1, 901, 8¢) for t > 1. Let H,; denote the set of all histories upto time ¢. Here
Ho =S, H; = Hi(—1 ARS. These spaces are endowed with the product topologies.
Here Q = H> = (SAR)> is the sample space under consideration.

An admissible policy for the MDP is a sequence v = {14} such that for each
t € Ny, v; is a stochastic kernel on A given h; with all the probability measure
concentrated on A(s;). The set of all admissible policies is denoted by M. The set
of all stationary deterministic policies (or control functions to be precise) is denoted
by T, and the set of all stationary randomized policies (stochastic control kernels
to be precise) is denoted by A.

A policy ¥ € M and an initial state sg, together with the transition probabil-
ities of the MDP and the immediate cost (which may be random for any particular
state and action) generating mechanism, determine a unique probability measure
denoted by P (-) = P(- | so) on the space € of all possible realizations of the sys-
tem [4, 23]. The expectation with respect to this probability is denoted by E”[- | s].
The performance criterion for the infinite horizon discounted cost problem is the well
defined quantity J”(i) = E"[>7%, 8%g: | so = i], the expected total discounted cost
when the policy v € M is used and the initial state is so = 7. Here 5 € [0,1) is the
discount factor. The aim is to find a policy v* € M such that J*" (i) = J*(i), Vi € S.
Here J*(i) = inf,en J¥(3) for i € S. J* is called the optimal cost function. It is well
known that there exists a stationary deterministic policy [12, 23] which is optimal.

Let @ = {(i,u)]i € S,u € A(i)}, be the set of all state-action pairs.
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4.2 Stationary Randomized Policies

Define for each positive integer k, A, = {(pl,pQ, ) [ >0 = 1},
the & — 1 dimensional unit simplex. A stationary randomized policy (stochastic

control kernel to be precise) can be specified as

b € A
where

A= A X Dag) X X A
and for each 7 € §

0(i) € Ajau), denotes

[6(i)], = Pr(ali) = Prluy=a|s =i]; a€ A()

Here ‘Pr’ denotes probability. For a particular stationary randomized policy
0, we obtain a homogeneous Markov chain with state space S, transition probability
from state ¢ to state j, given by pl; = 3, 4)[0(4)]a pij(a) and expected immediate
cost from state i given by §°(i) = Yucaw[0(i)]a g(i,a). For 6 € A, let Ps = [p))],
denote the corresponding transition probability matrix and g° € R"™ denote the

I component °(4) is the expected immediate

expected immediate cost vector whose 7*
cost from state ¢ under policy §. A stationary deterministic policy or equivalently a
control function p € T may be regarded as a special case of stationary randomized
policy (or stochastic control kernel) in which the probability distribution on the

set of actions is degenerate, i.e. all the probability is concentrated on one action,

namely (i) for each ¢ € S. The infinite horizon discounted cost function for the
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policy 0 € A, denoted by J° € R" is given by
J5(i) =E’ [Z B9 | s = 21
t=0

Actually J° = (I — 3P;5)~'g°. Equivalently we may think of another Markov Chain

with state space

Q={(i,a) | i € S,a € A(i)}
and transition probability
Plsawie = Pii(@) ()

The expected immediate cost from “state” (i,a) is given by ¢(i,a). Then

V‘S(i,a) =E° Zﬁtgt | (s0,u0) = (i,a)
t=0

represents the expected discounted cost of starting from “state” (i,a) for this new
Markov Chain. It is easy to see that
T = > [0 V°(i,a)
a€A(3)

We introduce the following function h : (7,a,V) — R as follows

h(iaa> V) = g(iva) + ﬁzpij(a) V(])

jes
foreachi € S, a € A7), V € R".

For J € R", let T5 : R" — R" be

) 6) = o)+ B, T0)

= > [0, h(i,a,J)

acA(4)
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Ts is a monotone contraction mapping (with contraction coefficient ) with respect
to the supremum norm [12, 16]. See also Section 1.1.2.2.
In fact J? is the unique fixed point of the contraction mapping T5. Thus

) =3 b, (g(i7a)+ﬁzn:pij(a)ﬁ(j)>

acA(z) Jj=1

Q' (ia)
It is easy to see from the definition that Q°(i,a) is the expected discounted cost of
taking action a from state ¢ at time ¢ = 0 and from then on following the policy 6.
Note that V?(i,a) = Q°(i,a). Q*(i,a) = h(i,a,J*) denotes the optimal Q-values,
where J* € R" is the optimal cost to go vector for the discounted cost MDP. Let &
be another stationary randomized policy such that
> [00)] @G,a) < JG0), Vies
a€A(i)
Then it follows from the monotonicity property [12] of the operator Ty that J b < g 9
the inequality is componentwise. Let o > 0, i € {1,...,n}. Then it follows that
any local minimum of s(6) = X7, ;. J°(4) is also a global minimum of s(d) in the

domain A. Denote by
ANe={6e€A|[6(i)], > €(i), ieS,aec A®)}

where € € R" with €(i) > 0, Vi € S. Here €(7) denotes the i*" component of €. Let
¢ € R" be the vector with €(i) = ﬁ, Vies.

Then 0 < € < € implies that Az is nonempty, where 0 is the vector with all

components equal to zero and the inequality is componentwise. Also 0 < e <ée <€
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implies that A; C Az. For each positive integer k and 0 < e < % define

k
= {(pl,-wpk) | pi ZG,ZPZ:I}

i=1
We define the k extremal points of Af, (when 0 < € < %) as follows; the i™® one is

defined as the probability vector (pi, pe,- -, px) with

pi = (1—(k—1)e)

p; = € JFi

Note that when k& > 1, p; > p; for j #¢. Also Ag =A. Ad € A;, with 0 <e<éis
called an extremal policy of Ag if §(i) is an extremal point of Afﬁf?m for each 7 € §.
The strict inequality holds component wise.

Observe that the extremal policies of Ay are precisely the stationary determin-
istic policies. Let T denote the set of stationary deterministic policies (or control
functions to be precise). We will use the notation p exclusively to denote stationary
deterministic policies. Note that there is a natural one to one correspondence be-
tween the elements of T and the extremal policies of A when 0 < € < €. An extremal
policy ¢ of Az corresponding to a stationary stationary deterministic policy u € T
has the property that [0(i)].q) > [0(¢)]a if @ € A(3), a # p(i) for i € {1,2,...,n}.
Without loss of generality we will use u € T to denote either the extremal policies
of Ag or the corresponding control law mapping the states in S to the corresponding
action in each state on which all the probability mass is concentrated. It will be
clear from the context whether u(i), i € S denotes an extremal point of APy or

the corresponding action in A(7).
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For any positive integer k and any w € R” let ||w||; denote the ¢, norm defined
by SF_, |w;|. Similarly for any w € R¥ define ||w|| to be the £, or supremum norm,

namely max;c1,.. k) |wi|. We define a metric d on the set A. For any 8,6 € A, define
d(6,0) = max [ 0(7) — 0(i) |

It is easy to verify that this is a metric and further that A is a compact space under

this metric. Define

Interior(A) = Az

e0<e<é
Note that 0 is an element of Interior(A) if and only if § assigns positive probabilities
to each possible action from each state. Such policies are called stationary fully
randomized policies. Since Ps and §° are continuous functions on the space A, it
follows that the cost to go vector J° is a continuous function on A. In fact the
compactness of A implies that J° is uniformly continuous on A. In particular given
any € > 0, there exists ¢ > 0 (dependent on ¢) such that ||J* — J°||< e for each
pwe Y and § € A with d(p,0) <.

A policy p € T is said to be a greedy policy for Ve R" if

p(i) = arg min h(i,a,V) VieS.
a€ A1)

or equivalently

h(i, u(7),V) = min h(i,a,V) VieS.
aCA(i)

Note that the dynamic programming operator 7' : R" — R" is actually given by

TV — min h(s ,
(TV)(1) min (i,a,V) VieS
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and is a monotone contraction mapping with contraction coefficient 3, under the
supremum norm and has as its unique fixed point J*. Note that for each 1 € §
and a € A(7) the function h(i,a,-) is an affine function on the space R". Note that
for any p € YT the function (7,,V)(i) = h(i, u(i), V). We define for each € T the

greedy region for p as
R, ={V € R" | pis greedy for V'}.

It is easy to see that R, is a polyhedron. Also note that R, may be empty for
some p and that R™ = U,exy Ry Since a policy p € T is optimal if and only if
T, J* =TJ", apolicy u € T is optimal if and only if J* € R,,. In fact such optimal

w' €Y exists [12].
4.3 Approximate Policy Iteration

For V e R", let ﬁ(i, a, V') denote an approximation to h(i,a, V') for each i € S
and a € A(7). We have the following lemma.
Lemma 4.1 Let V be any fized vector in R™. Then there exist scalars € > 0, ¢ > 0
dependent on V. such that if V is any vector in R™ with |V — V||< € and h is such
that \E(La, V) —h(i,a,V)| <, VYa € A(i), i € S; then the control policy i € T
obtained by setting fi(i) = arg minge () h(i,a,V) for each i € S is a greedy policy

for the vector V.

Proof of Lemma 4.1
Note that for any i € S and a € A(i) the operator h(i, a, -) is an affine function
with the property that h(i,a,U + al) = h(i,a,U) + fal for U € R", o € R. Here
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1 € R" is the vector with all components equal to one. Also h(i,a,-) is monotone,
e if U, J € R" and U > J then h(i,a,U) > h(i,a,J).

Now in the Lemma 4.1, |h(¢,a, V))—h(i, a, f/)\ < fBe. We can choosee >0, ¢ >0
such that

h(i,u,V) — min h(i,a,V) > 20e + 2
aCA(d)

Vi e S, u e A(i) such that u # arg minge 40 h(?, a, V). Hence if

(1) = arg minge 4;) h(i,a, V) for i € A(i), then

h(i, u(i),V) = min h(i,a,V), VieS.
a€A(i)

We have the following corollary to Lemma 4.1.

Corollary 4.1 For any finite state, finite action MDP there exist scalars € >
0, ¢ > 0 such that if J is any vector in R™ with ||J — J*||< € and |h(i,a,J) —
h(i,a,J)| < s, Ya € A1), i € S; then the control policy i obtained by setting
fi(i) = argminge 4(;) h(i,a,J) for eachi € S is a greedy policy for the vector J*. In

fact the € and s are uniformly applicable to all p € Y.

Proof of Corollary 4.1

The proof follows from Lemma 4.1 and the fact that | Y] is finite.
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Assume that a sequence of stationary deterministic policies u, and a corre-

sponding sequence of approximate cost-to-go functions Jj satisfy

m&x\Jk(i)—J“’“(i)\ <€ fork=0,1,... (4.1)
and

max [Ty Ji) (1) = (TTR) ()| < ¢, fork=0,1,... (4.2)

where € and ¢ are some positive scalars. Then we have the following lemma from [16,

Proposition 6.2, page 276].

Lemma 4.2 A sequence of policies py, and functions Jy, satisfying inequalities (4.1)

and (4.2) satisfy

. S+ 20e
limsup || J* — J*|| < ———+.

We may use Lemma 4.2 to prove the next result.

Consider the following algorithm. Pick some po € Y. The sequence {pu} of
stationary deterministic policies is generated as follows. Let 6, € A be a sequence of
stationary randomized policies generated in such a manner that || J% — J#* ||< ¢.
Let Q% (i,a) = h(i,a, J%). Let Qu(i,a),a € A(i),i € S, be such that |Qy(i,a) —

Q% (i,a)|] < s, Va € A(i),i € S. We set

fis1 (i) = arg min Qu(i,a) Vi€ S.

a€A(%)
Note that

min |(7,

€S He+1

J) (@) = (TT%) ()] < 2.
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Corollary 4.2 Suppose € = limsup,,_, ., € and ¢ = limsup,_,, sx. Then

limsup || J#* — J*|| < 2 (c+ 759

k00 (1-p)?

Note that if ¢ and € are sufficiently small then J#* = J* for all large k, since
T has finite cardinality. Observe that by Corollary 4.1, there exists ¢ > 0 and ¢ > 0
such that if ¢, < € and ¢, < ¢, Vk then the us obtained are the same ones obtained
while doing policy iteration and hence converges to optimal policy in a finite (< |Y])

number of steps.

4.4  Temporal Difference (TD(A)) Schemes

Consider a homogeneous Markov Cost process [54] with state space & =
{1,2,---,n}, and transition probability matrix P = [p;;]. Let g; denote the im-
mediate cost incurred while making a transition from state #; to state i;,1 at time
t € Ny, the cost may be random but has finite mean and variance. The probability
distribution of ¢g; may depend on states i; and ¢;,1, but given ¢; and i;;; does not
depend on the past values of ¢; and ¢; (I <t). Let g(i) = E[g; | i, = i], and g € R"
denote the expected immediate cost vector with g(i) = ¢g(i). . We are interested in

obtaining the value function J : & — R given by
J@i)=E [Z Blg: | io = 21 =(I-pP) g
t=0

Here § € [0,1). Neither P nor the distribution of g is known in advance. In a
general setting of the TD(A) scheme [19, 20, 26, 50, 54] the aim is to approximate
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J using J(-,r) = SK  7(k)dy, where r = (r(1),---,7(K))T € R¥ is a parameter
vector; ¢p € R", k = 1,..., K are basis functions. Essentially the interest is in
finding » € R¥, such that some error metric between J and J (+,7) is minimized.

Define ¢(i) by ¢(i) = (¢1(i), -+, ¢ (i))T. With this notation

Ji,r) = 7o)
J(r) = or
where

¢ = [6(1)[6(2) || $(n)]" € R™F

Note that the £ column of ® is ¢;. See that

VJ(i,r) = ¢(i),
is the gradient vector for J(i,r), and

VJ(r) = &
is the Jacobian matrix. Define the temporal difference as
dy = gt + ﬁj(itﬂ, Ty) — j(iu )

where 7 is the parameter vector at time ¢t. For A € [0, 1], TD(A) updates r; according
to

t

Tep1 = T+ Yedy Z(ﬁA)t_kVJ(ik, T¢)
k=0
t

= 1+ Vdy Z(ﬁ)\)t_k¢(zk)

k=0
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where 7, is a sequence of non-negative scalar step sizes. If we define the sequence of
eligibility vectors by

t

2= (BN o(ix)

k=0

then the TD(\) updates are given by

z = (BAN)zi1 + o(ir)
Tip1 = T+ Yedez
with

271:0

We have the following assumptions.

Assumption 4.1 Let the following hold.

(a). The Markov Chain is irreducible with unique invariant distribution © (which

satisfies ' P = 7" with w(i) > 0 for alli € S).

(b). @ has full column rank, i.e. ¢).s are linearly independent.

Assumption 4.2 Let the following hold.

(a). The non-negative step sizes v | 0 are pre-determined and satisfy
Z% = OQ0; Z%Q < Q.
=0 t=0

(b). The immediate cost g; has finite moments, i.e. E[(|g:|)* | i, = i] < oo0; Vi €

S,Vk € N.

Actually Assumption 4.2(a) may be replaced by (see Chapter 3)
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4.2(a’) The non-negative step sizes -, are pre-determined and satisfy

Z%:OO’ va<oo, and Z|%+1—’7t|<00-

t=0 t=0

For A € [0,1) define the operator T™ : R" — R" as

t=0

TN T = (1—X\) Z A™ (Z 3'Plg + BerleJrlJ)
m=0
and
TWJ=J=(-pP)"g

Here J € R". Note that for A € [0, 1)

()\)j — Z )\mZﬁtPtng (1 i /\) Z )\mﬁm+lpm+1j
t=0 m=0
Z ﬁm}\mpmg+ 1 . Z )\mﬁm—&-lpm—l—lj

m=0 m=0

= (I -BAP) g+ PYJ
where

P()x) — (1 . )\) Z /\mﬁm—l—lpm—&—l

m=0

Since limy;; P = 0, the zero matrix, we have

1§%(T<*>j) —(I-pP)lg=J=TYJ

Let Assumption 4.1 hold. Let D be the n x n diagonal matrix with diagonal
entries (7(1),7(2),...,7(n)). For any x, y € R", let the inner product be defined

as < x,y >p= 2'Dy. The corresponding weighted Eucledian norm is

|z |lp= /< z,x >p
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We say two vectors J, J € R" are D-orthogonal it JTD.J = 0. Define the projection
operator

Il=®(@®DP)'®'D

Note that

IIJ=arg min |J—J|p
Je{or|reRE}

Note that (J — ILJ) is D-orthogonal to ¢s for k = 1,..., K and IL.J is unique.
It may be shown that 7™ and IIT™ are contraction mappings [12, 54] with
respect to the weighted Eucledian norm || - ||p, and has contraction factor [12,

Proposition 6.3.3, page 350]

-

A=

In fact By =1 — (11:;/\) and hence ) | 0 as A T 1. Let ®r* be the unique fixed point
of IIT™. The unique fixed point of T is J = (I — 3P)™'g.

We have the following result which is an extension of the result in [12, 54], in

that the Markov chain need not be aperiodic.

Lemma 4.3 Under Assumption 4.1 and Assumption 4.2, for any fized X € [0, 1],
the TD(X\) algorithm converges w.p.1 to a unique r* € R” irrespective of the initial

value of v or the initial state ig. Here IITN (®r*) = ®&r*. Further r* satisfies

[®r* = J]p <

1
IRRVARCS

1T = J |

The initial value of the eligibility vector z_; is irrelevant. Note that if J lies
in the linear span of ¢’s, then J(-,7*) = J. In particular if K = n then we have
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J(-,7*) = J. In fact [54] proves the result only for aperiodic case. The proof for the
general irreducible case follows from the results of the Chapter 3 and an analysis
along the same lines as in [54]. We outline the proof below.

Let X; = (i, %41, 2, 9:). Then X, is a Markov process which has a steady

state distribution. From [54] the TD(\) update may be written as
rerr = 1+ p[AXre + b(Xy)]

where A(X;) = z(08¢ (is11) — ¢'(i¢)) and b(X;) = z.9;. Note that the probability
transition kernel for the process X; does not depend on ;. If we denote by Ey|-| the
steady state expectation with respect to the invariant distribution of the Markov

process X;, then
A = EoA(X,)] =o' D(PY - 1o
b = Bolb(X)] = ¥'D(I - BAP)'g

A is negative definite and Ar*+b = 0 (see [54]). Hence by Theorem 3.2 in Chapter 3
we have r, — r*.

In Theorem 3.2 we may use the Lyapunov function U(§) = (6 — 6.)'(6 — 6..),
where 6 = r and 0, = r*. All the assumptions of Theorem 3.2 are satisfied (see also
Chapter 5).
Also the moment conditions on the immediate cost in Assumption 4.2(b) may
be relaxed in that
E[(lg:)* [ir=i] <00, ViesS
need be satisfied only upto a sufficiently large k (k = 4) and not for all k£ > 0 (see

Chapter 3, Proposition 3.1).
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4.5 TD(A) For Learning

Here we are interested in learning the optimal value function and policy by
reinforcement methods in an MDP framework. The notation for state space, action
space, the transition probabilities and the assumptions on the immediate cost are as
in Section 4.1. Neither the transition probabilities nor the distibution or expected
value of immediate cost are known in advance. In this section we use #; to denote

the state at time ¢ and a; to denote the action taken at time ¢.

Assumption 4.3 Let the following hold.

(a). The non-negative step sizes v, | 0 are pre-determined and satisfy

Z’yt:oo; Z’YtZ<OO

(b). For each state action pair (i,a) € Q, let the pre-determined scalar non-negative

step sizes v4(i,a) be such that
> (i a) =o00; > (%(ia)? < oc.
- t=1

(¢). K =n and

implying lookup table representation. Here ey is the k'™ standard basis vector

m R"™.

(d). The immediate cost g; has finite moments, i.e. E[(|g:|)* | iz = i,a; = a] <

oo; Vie S,a€ A(i),Vk € N.
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(e). For somed € Az with 0 < € < €, assume that the Markov chain corresponding to
the stationary policy o is irreducible. In fact this implies that for any 0 € Ag,
with 0 < € < €, the corresponding Markov chain is irreducible with the same
period and has a unique invariant distribution ©° with positive components,

which depends on §. Note that €(i) = IA%i)I'

Assumption 4.3(a) may be replaced by Assumption 4.2(a’).

Assumption 4.3(e) is equivalent to the statement that any stationary fully
randomized policy gives rise to an irreducible Markov chain, that is the MDP is
communicating (see Section 5.2 in Chapter 5). Fix a policy § € A;;, 0 < € < €.
We want to estimate J°, the cost to go for the stationary fully randomized policy
§ and the Q values for policy § given by Q°(i,a) = h(i, a, J°), ¥(i,a) € Q. We use
J(-,7) = ®r = r to approximate J°(-). Note that ® is the identity matrix. Let i,
and a; be the state and action taken at time ¢ € Ny, while using policy ¢ and let

g: be the corresponding immediate cost incurred. Note that our results handle any

irreducible Markov chain, whether aperiodic or not.
Algorithm 4.1

21 = 0,

7 1(i,a) = 0, i€ S,ae€ A()
The update rule is as follows (starting at t = 0)

2 = (BN)zi1 + o(in),
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d = gi+ B (irp1,me) — J(ir,m4),
r = T4 mdiz,
mia) = 7ealina)+1,
ni,a) = m1(i,a), V(i,a) # (i, ar), (i,a) € Q
Qer1(iv,ar) = Qulit, @) + VYry(iv,ar) (i, ar) -
(96 + BT (irsr,m0) = Qulis, ar))
Quiili,a) = Qulia), V(i a) # (i, @), (i,a) € Q

t = t+1

7,(i,a) represents the number of times action a has been taken from state ¢ by
time ¢ € Ny. Under Assumption 4.3, Lemma 4.3 ensures that J(-, ry) — J° almost
surely. In addition, since all state-action pairs in Q are “visited” infinitely often
under policy 0, standard results from stochastic approximation theory [16] can be
used to show that @, — @Q° almost surely. The convergence holds irrespective of
the initialization of z, r and (). All that is required of the non-negative step size
parameters (i, a) is that they should satisfy the standard assumptions

o0

71(%5(2" a))2 < 0

Z fYt(Z.> a) = 05
t=1

¢
almost surely and may be allowed to be random and can depend on the past history
(at the time the step size is used).

Consider the following algorithm.
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Algorithm 4.2 Let 0 < €, < € be a sequence of positive vectors in R™.
1. Set k=0
2. Select an arbitrary stationary deterministic policy po € Y.

3. Choose the stationary randomized extremal policy o, € Ag, associated with
pr and run Algorithm 4.1, for “large” random number of steps ny till Qn,
“nearly” converges to Q% and j(, Tw,) “nearly” converges to Jo. Set Q= Qny, -

Let

G, = max |Q5’“(i,a) — Q(i,a)|

(4,0)€Q

4. Set k =k + 1 and update the policy to i, where
(i) = arg, min Q(i.a)

5. Go to step 3.

Theorem 4.1 Consider the Algorithm 4.2 and let Assumption 4.3 hold. Then we

have the following results

1. Given any scalar € > 0, there exists an € € R" with 0 < € < € and a number

¢ > 0 such that if

limsup €,(i) < €(i), VieS
and
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limsupg, < ¢,

k—oo

then limsup,_, . || J* — J*|| < € and limsup,_, ., || J®* — J*|| <.

2. Given any scalar € > 0 there exists ¢ > 0 and € with 0 < € < € such that if

€ < € and ¢ < ¢, Vk then JH* converges to J* in a finite number of steps

(< |Y]) and || J% — Jrs || < € Vk.

3. In particular if limsup,_, €(i) = 0, Vi € S and limsup,_,. s = 0 then

| J# — J*||— 0 and || J% — J*||— 0. In fact J* = J* for all large k.

Proof of Theorem 4.1

The fact that J° is a continuous function of § on A implies that given any
€ > 0, there exists n > 0 (dependent on ¢) such that || J* — J°||< € for each y € Y
and § € A with d(u, ) < n. Also the extremal policies of Ag, 0 < € < € converges
under the metric d to the corresponding deterministic policies as € — 0. These along

with Corollary 4.2 and the comments following its statement proves the claims in

Theorem 4.1.

The step size parameters used in step 3 of Algorithm 4.2 can vary for different
policy evaluations (i.e. different ks). Our algorithm is somewhat similar in spirit
to the Modified @Q-learning in [42]. Finally the requirements on the existence of

all moments of the immediate cost in Assumption 4.3(d) may be relaxed to the
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requirement that E[(|g:|)* | it = i,a; = a] < oo, V(i,a) € Q need be satisfied
only upto a sufficiently large k£ (kK = 4) and not for all & > 0 (see Chapter 3,
Proposition 3.1).

Note that instead of using an extremal policy 0, € Ag to approximate g,
we could have chosen any &), € Interior(A) such that [6,(i)],, > (1 — (JA@G)] —
1)éx(7)), Vi € S; for instance &5, could be made to depend on the approximation to
QS’H obtained in the previous step. We note that the initial condition g, rg, 2_1
and Qo when calling Algorithm 4.1 in step 3 of Algorithm 4.2 may be arbitray, but
can be set to the final values obtained in the previous iteration.

In [16], a particular learning scheme uses TD(\) to approximate the value
functions for deterministic stationary policies, before trying to estimate the corre-
sponding Q-values by further simulation, in order to obtain a policy update. This
may lead to problems with convergence when we are using online schemes with ar-
bitrary initialization. This methodology thus differs from the one proposed in this
paper, where we deal with stationary randomized policies, and on-line updates of
the Q-values, along with the TD updates.

Now we give an example which shows the problem associated with arbitrary
initialization when we use only deterministic policies. Consider the following two
state MDP where S = {1,2}, A(1) = {1,2}, A(2) = {1}. Let the discount factor
be (, where 0 < 3 < 1. At state 1, there are two options: under the first, say
u = 1, we stay at state 1 with probability 1 and a cost M > 0 is incurred; under the
second, say u = 2, we move to state 2 with probability 1 at zero cost. From state 2,

there is only one possible action, say u = 1, under which we move to state 1 with
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probability 1 at zero cost.
The optimal action at state 1 is to use action 2 . The corresponding optimal
cost is J*(1) = J*(2) = 0. The only other possible stationary deterministic policy is

= (1 1), the one corresponding to using action 1 in state 1, and the corresponding

cost to go is JH*(1) = % and J*(2) = 6% Suppose that we initialize the
algorithm with Jy(1) = o and Jy(2) = ag with a; < % and o > %(1]‘_45) +a, a

a large positive number.

The corresponding greedy policy is = (1 1)’. Let the initial state be iqg = 1.
This means that the system stays at state 1 and J(2) is not updated, whereas J(1)
converges to % The greedy policy for this remains the same = (1 1)". Thus,
as long as we start in state 1, the greedy policy does not visit state 2, and the value
of J(2) never changes, and we are stuck with a non-optimal policy.

Now we give an example of an MDP where under any stationary policy (de-
terministic or randomized) the corresponding Markov chain is periodic (not aperi-
odic). We consider a finite one dimensional random walk with n states (n > 3);
S ={1,2,...,n}. The feasible actions are given by A(1) = {1} = A(n), A(i) =
{1,2} for 1 < i < n. The transition probabilities for states 1 < i < n are given by
Piin1(1) =1 —p, pii1(1) = p, where 1 > p > § and p;;11(2) = ¢, pii1(2) =1—g,
where 1 > ¢ > % Also p12(1) =1, ppn-1(1) = 1. The immediate costs are given

by g(i,a,j) =c(j) fori,j € S and a € A(7). Also

c(j) = en—j7+1) forjzl,...,V;J,

cj+1) < ) forj:1,...,M—1.
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Here under any stationary policy (deterministic or randomized) the Markov
chain is irreducible and has period 2. ¢(i) might represent the temperature of state

1 € §. We are interested in moving toward states with lower temperature.
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Chapter 5

Temporal Difference Schemes For Average Cost MDPs

In this chapter we propose a reinforcement learning scheme for finding optimal
and sub-optimal policies for the finite state, finite action, Markov Decision Problem
(MDP) with the average cost criterion [4, 12, 40]. Online learning is utilized along
with temporal difference schemes for approximating differential cost functions to
obtain a direct adaptive control scheme for the MDP. We provide convergence results
of the algorithm for unichain MDP with a common recurrent state [12, 40]. In
particular we do not assume that the recurrent class is aperiodic as in [55], for any
stationary policy.

In Section 5.1 we revisit the average cost MDP model. Section 5.2 deals with
a classification scheme of MDPs. In Section 5.3 we discuss some properties of the
transition probability matrix and its application to Markov Cost process. In Sec-
tion 5.4 we deal with Bellman equation and policy iteration schemes for unichain
MDP with a common recurrent state. Continuity issues of the limiting and differen-
tial matrices are dealt with in Section 5.5. In Section 5.6 we deal with approximate
policy iteration for average cost MDPs. Section 5.7 deals with temporal difference
schemes for estimating the average cost and differential cost (with linear function
approximation) of a Markov Cost process. In particular we extend the results in[55]

to Markov chains which are not necessarily aperiodic. Corresponding variations in
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the proofs of the sub-results leading to the main results are dealt with. In particular
we use the general stochastic approximation algorithm in Chapter 3. TD schemes

are used in conjunction with on-line estimates of ()-values to solve the average cost

MDP in Section 5.9

5.1 Average Cost MDP Model Revisited

We refer the reader to Section 4.1 and Section 4.2 of Chapter 4 for notations
regarding the homogeneous MDP model, the admissible policies and stationary ran-
domized policies. However in this chapter we are dealing with the average cost
problem. The changes in the notation are dealt with in the appropriate sections of
the chapter. In particular we assume the state space to be § = {1,2,...,n}, where
n is a positive integer. The state of the system at time ¢ € Ny is denoted by s,
which is an element of S. Here Ng denotes the set of non-negative integers. The
action taken at time ¢, is denoted by u,;, where u; € A(s;). A7) = {1,2,...,]A>)|}
denotes the nonempty finite control constraint set for i € S. Let p;;(a) denote the
transition probability from state ¢ to state j, when action a is taken from state ¢
at any time ¢ € Ny, for i € S and a € A(i). The immediate cost incurred at time
t € Ny, while taking action u; from state s; is denoted by g, where u, € A(s;).
The probability distribution of g; might depend on s;, s;+1 and wu;, but not on the
past history up to time ¢, given s;, s;11 and w;. Let g(i,a) = E[g;|sy = i, u; = a]
denote the expected value of the immediate cost for taking action a from state @

at any time ¢, for i € S, a € A(i). We assume that the expected immediate costs
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have finite (hence bounded) second moments; i.e. E[(|g:|)? | s¢ = i, u; = a] < oo for
i €S8, a€ A(i). The set of all admissible policies is denoted by M. The set of
all stationary deterministic policies is denoted by T, and the set of all stationary
randomized policies is denoted by A. We use the terminology, (fully) randomized
stationary policies and stationary (fully) randomized policies interchangeably.

The performance criterion for the average cost problem is the well defined

quantity ¥¥ € R", given by

N—oo

) = s B | Yo 5.)

when the policy v € M is used and the initial state is ¢ € §. The aim is to find a

policy v* € M such that 9" (i) = 9*(i), Vi € S. Here ¥* € R", given by

ﬁ()—ylenjaﬁ() €S

is the optimal average cost function or vector. It is well known that there exists a
stationary deterministic policy [12, 40] which is optimal. We would like to add that

(see [40]),

1 N—-1 .
inf lim sup NE [Z gt | So —Z‘| = mf hj{fnlnf— [Z gt | so —Z‘| , 1€S8

veM ' N—oo t=0

Also note that the limit exists in equation 5.1, for any stationary policy 6 € A, i.e.

- 1
P°(i) = hm —E° Z gt | so=1|, Vies.
N[5

5.2 Classification Of MDPs

We may classify MDPs as follows [40].
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Any MDP is referred to as general.

An MDP is called recurrent or ergodic, if the transition probability matrix
corresponding to every stationary deterministic policy gives rise to an irreducible
Markov chain, i.e. has only one recurrent class which encompasses all the states.

An MDP is called unichain, if the transition probability matrix correspond-
ing to every stationary deterministic policy is unichain, that is, the corresponding
Markov chain consists of a single recurrent class plus a possibly empty set of tran-
sient states.

An MDP is called communicating, if for every pair of states ¢ and j in S, there
exists a stationary deterministic policy u € T (depending on i and j) under which
J is accessible from ¢, that is [P/’f]ij > 0 for some k > 1. (In fact if such a k exists,
there exists an [, with 1 < I < n, such that [P}];; > 0). Here P, is the transition
probability matrix associated with stationary deterministic policy p. In other words
an MDP is a communicating MDP, if for any stationary fully randomized policy
d € A, the corresponding Markov chain is irreducible (see Appendix B).

An MDP is called weakly communicating, if there exists a closed set of states,
with each state in that set accessible from every other state in the set, under some
stationary deterministic policy, plus a possibly empty set of states which is transient
under every policy. In other words an MDP is weakly communicating, if for any
stationary fully randomized policy 9, the corresponding Markov chain has a single
recurrent class (i.e. J is a unichain policy) and every transient state (if it exists) of §
are transient under every policy. Note that it may be shown that for a set of states

to be transient under every policy, it is sufficient that they be transient under every
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stationary deterministic policy.

An MDP is called multichain, if the Markov chain corresponding to at least
one stationary deterministic policy contains two or more closed irreducible recurrent
classes.

Note that a recurrent MDP is unichain as well as communicating. A commu-
nicating MDP is weakly communicating and a unichain MDP is weakly communi-
cating. In fact (see Appendix B) for any stationary fully randomized policy of a
unichain MDP, the unique recurrent class is the union of recurrent classes of all the

stationary deterministic policies.

5.3 Some Properties Of The Transition Probability Matrix

5.3.1 Basics

Here we give an important result stated in [12, Proposition 4.1.1].
Lemma 5.1 For any stochastic matriz P and 3 € [0,1) there holds
(I=BP)" = (1=8)"'P"+ L+ O(1 - 8)),
where O(|1 — f|) is a B-dependent matriz such that
tiy O(11 = 1) =0,

and the matriz P* and L are given by

1 N—-1 N
P* = ngnooﬁ > P, (5.2)
k=0
L = (I-P+P) ' -p~ (5.3)
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The limit and the inverse, in the above equations exist. Furthermore P* and L

satisfy the following equations:

P* = PP* = P'P = P'P*,

P*L = LP* = 0, (5.4)
P*+L = I+PL. (5.5)
O

Here 0 is the zero matrix. Note that

(I-P+P)I—-P) = (I-P+P")— P,
and hence
(I-P = I—(I—-P+ PP
which implies
(I-P+ PP = P~
Hence
L = (I-P+P)'—-P

= (I-P+ P (I—PY.

Let {M; : I > 0} be a sequence of n x n real valued matrices. We say that M

is a Cesaro limit of {M; : 1 > 0} if

1 N-1
lim — M, =M
m N ; l ’

N—oo
and we write

C —lim My = M.

N—oo
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Note that if the limit of the sequence {M; : [ > 0} exists, that limit is the Cesaro
limit. See [40].

Note that P* is called the limiting matriz corresponding to P, with [40]

P*=C —lim PV.

N—oo

L is called the differential matriz corresponding to P, also known as the Drazin

Inverse of (I — P). See [40].

Lemma 5.2 We have
N-1

L=C—1lim Y (P*— P,
N—oo ];)
where P° = 1.
(I
Proof of Lemma 5.2
To prove this we need to prove
N-1
(I-P+P)'=C—lim ) (P— P,
N—oo k—0

with (P — P*)? = I. Note that (P — P*)k = P* — P* for k > 1.

Note that in the following,

> fi=0,

k=i
if 7 <, by convention, where f; is some real valued quantity indexed by integer k.

Now

—_

1 N=

(I— P+ P (N

(P - Py)

=0 k=0
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F

1 l
S ((1—P+P*)+Z(Pk—Pk+1+P*—P*))
N =0 k=1
1 N—-1 1
= — INI-=P+P)+> Y (PF— Pl
N =1 k=1
1 N—-1
= —|[NU-P+P)+ 3 (P-PT
N =1
N-1), (N-1) 1 &
— [- P4 P P— Pt
TN NON-T) &
Note that
. (N-1), (N-1) 1 =,
1 I—P+P P— PHL) =1
Ninio< RN N ON-D &
Since (I — P + P*) is invertible,
N—-1
C—lim Y (P-P) = (I-P+P)'I
N=eo 2o

5.3.2 Application To Markov Cost Process

Define the expected immediate cost vector g° and transition probability matrix

Ps, corresponding to stationary randomized policy 6 € A, by

gé(z) = Z [5<i)]ag(iva)a
[P(SL']‘ = p?j = Z [5(i>}apij(a)-

a€A(i)

Let Jss denote the infinite horizon discounted cost corresponding to stationary

randomized policy 6 € A and discount factor § € [0,1). That is
Jss = > B"PFg

k=0
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- (Son) - u-snry

k=0
The following proposition follows from Lemma 5.1 and relates the 3 discounted
cost and average cost corresponding to a stationary policy (see [12, Proposition 4.1.2,

page 182]).

Proposition 5.1 (Truncated Laurent Series Expansion) For any stationary

policy 6 € A and B € ]0,1)
Jps = (1=0)""0"+J; +0O(1 - g)), (5.6)

where 9° and J} are given by

# = By
and

J5s = Lsg’,
with

P = (&E’%ON Z P 6)

Ly = (I-Ps+P;) ' —P;.
Furthermore

P+J; = g+ BJ;
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Here O(]1 — f]) is a 3 dependent vector, such that limg_; O(|1 — 3|) = 0, the zero
vector.

Equation 5.6 is referred to as the Truncated Laurent Series Expansion of the
discounted cost of a stationary policy d. The vectors J; and 9° in the Truncated
Laurent series expansion are uniquely defined, and will be referred to as the bias
and gain of 9, respectively.

If P is the transition probability matrix corresponding to a unichain Markov

chain, then

P* =17,

where 7 € R" is the unique invariant distribution corresponding to P, and 1 € R"
is the vector with all components equal to one. Note that 7(i) = 0, if i is a
transient state and () > 0, if 7 is an element of the unique recurrent class. Also
>, 7m(i) = 1. Note that 7' P = 7. Also note that the eigen value 1 has an algebraic
multiplicity of one and that any left eigen vector of P corresponding to eigen value
1 is a scalar multiple of .

Let the operators T5 : R® — R™ and T': R" — R" be defined as

(Ts))(@) = g°(i) + > v I (), fori=1,2,...,n.
j=1
and
(TI)(i) = mj?) g(i,a) + > pi(a)J(j)] fori=1,2,...,n.
ac Az j=1

Here J € R". In particular for a stationary deterministic policy p (€ T), we have,
(T 1)) = g(i, p(@) + D pi (i) I (), fori=1,2,...,n.
j=1
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We have the following lemma. See [12, Proposition 4.2.4] and [40].
Lemma 5.3 Let 6 € A be a stationary policy which is unichain.
(a) Then there exists a scalar ¥° and a vector Js € R", such that

W1+ J5 = TsJs.

(b) Let k be a fized state. Then the system of equations
V1 +J="Ts5J and J(k) =0,

in the (n + 1) unknowns ¥, J(1),J(2),...,J(n); has a unique solution, with

9 =19, O

Note that the average cost starting at any state ¢ € S under policy ¢ is
¥(i) = ¥°. In the above lemma ¥’ = (7%)'g’, where 7° is the unique invariant
distribution for the policy 8, and g° is the expected immediate cost vector for policy

§. Note that if Ls = (I — Ps + P})~' — P;, where

N—1
* - k
ng]\}gr;oNkZ:OPg,

then from equation 5.5,
P§+ Ls =1+ FsLs,
and hence

P;g’ + Lsg’ = §° + PsLsg’.

Now Py = 1(7°). With ¢ = (7°)'g° and J; = L;3°, the above equation can be
written as

L+ Jp = TsJ;.
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Note that (7°)'J; = (7°)' Lsg® = 0, since Py Ls = 0, from equation 5.4.

9 is called the average cost (gain) and L;sg° is called the basic differential cost
(bias) for the Markov Cost process corresponding to policy . Note that a scalar ¢
and a vector J satisfies

91+ J =TsJ,

if and only if ¥ = 9 and sp(J — Ls3°) = 0, where, for a vector J the span semi-
norm [40],

sp(J) = %%Xj(i) — min J (7).

Notice that as stated in Chapter 1, if ¥ € R and J € R" satisfy

91+ J="TJ, (5.7)

then 9 = 9%, the optimal average cost starting from any state i € S. In addition if
§ € A is any stationary policy such that Ts5.J = T'J , then § is average cost optimal.
Note that for vector .J,J € R", sp(J — J) = 0 if and only if J = J + al for

some « € R.

5.4 Unichain MDP With A Common Recurrent State

5.4.1 Bellman Equation

Assumption 5.1 The MDP is unichain and one of the states, say ‘s’, is such that

it 1s recurrent under all stationary deterministic policies.

We have the following variant of [11, Proposition 7.4.1].
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Lemma 5.4 Under Assumption 5.1, the following hold for the average cost per

stage problem.

(a) The optimal average cost is the same for all initial states and together with some

vector J° = (J°(1), J°(2),...,J°(n)) satisfies the Bellman Equation:

1+ J = TJ, (5.8)
that s
O+ J) = glj?) g(i,a) + > pii(a) ()] , for i=1,2,... n.
a 7 j:1

Furthermore, if (i) attains the minimum in the above equation for all i, the
stationary policy w is optimal. Fiz k € {1,2,...,n}. Then in addition, out
of all vectors J° satisfying this equation, there is a unique vector for which

Jo(k) = 0.

(b) A scalar ¥ and a vector J = (J(1),J(2),...,J(n)) satisfy Bellman’s equation
if and only if ¥ = U* (the optimal average cost for each initial state) and

sp(J°—J)=0.

(¢) Fix k € {1,2,...,n}. Given a stationary deterministic policy p, with corre-
sponding average cost per stage U, there is a unique vector J, € R", such

that J, (k) =0 and

P+ 1,00 = 90600 + L pap)G), =12
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We may characterize J° in part (a) of Lemma 5.4 as follows. Let p* be any
Blackwell optimal policy [12, 40]. Then by [12, Propostion 4.1.4] (see it’s proof)
the scalar 9* = (7#")'g"" and vector L,-g" satisfy the Bellman equation. All the
Blackwell optimal policies have the same gain and bias.

Note that ¥ € R and J € R" satisfy Bellman’s equation if and only if ¥ = 9*
and sp(J—L,~g" ) = 0. Also note that if there is a unique policy 4 which minimizes
the RHS (Right Hand Side) of the Bellman equation, then it is a Blackwell Optimal

policy (unique Blackwell optimal policy).

5.4.2 Policy Iteration

Let p and i be unichain policies, and ¥* and ¥* be the average cost (indepen-
dent of initial state) corresponding to policies 1 and fi. Let J, and J; be differential

cost vectors for p and g which satisfy

1+ J, = g+ Py :THJlH (5.9)

and
Let

1 N-1 .

Poo= oy 2 B

k=0
1 N-—1 .
Pﬁ = A}l_lgoﬁ ’;)Pﬂ.

Lemma 5.5 Let p and i be stationary deterministic policies that are unichain.
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Then

(0" =91 = Py ("1 + J, = §" = PuJ,)

m

Tudu—TaJy

Proof of Lemma 5.5

Note that from equation 5.9 and equation 5.10
W1+ Jy =" = Pady) = (0" =01+ (Ju = Jp) = PalJu = Ja).

Multiplying the above relation with P/ff and adding from k£ = 0 to N — 1, we obtain,

N—1
Z Pg(ﬂul"‘Ju_gﬂ_PﬁJu) = N(ﬁu_ﬂﬁ)l‘i‘(t]u_‘]ﬁ) _P,év(t]u_‘]ﬂ)'
k=0
Divide by N and taking the limit as N — oo we obtain
(TMJH_TﬂJM)

Pr(0"1+ J, — g" — Ppd,) = (9" — 9P,

Corollary 5.1 Let u and i1 be unichain stationary deterministic policies. If TﬂJM = TJ,“

then 9* < 9H.

This follows from the fact that

ﬁ(]u - TJ'u S TM‘]M'

Notice that for any a € R and any stationary policy § € A and any J € R",

T5<J+ Oél) = T5J+ al,
and
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T(J+al) = TJ+al.

Lemma 5.6 Let v and i be unichain stationary deterministic policies. Let v* and
V" be the corresponding average costs, J, and J be corresponding differential costs

satisfying

V14 J, = T,J,,
and

and hence 9" = ¥*, i.e. i is an optimal policy.

Proof of Lemma 5.6

Now J; — J, = al for some scalar « since sp(J, — J;) = 0.

?9'& + Jﬁ — Tﬁjﬁ

implying that 9# = 9*. See Chapter 1 and [12, Proposition 4.2.1 and Proposition

4.2.2). O

116



Lemma 5.7 Let p be a unichain policy with average cost W* € R and differential
cost J,, satisfying

1+ J,=T,J,=TJ,
Let i be any unichain policy (with average cost V" and differential cost J; satisfying

VF1 + Jy = TpJs) such that

ﬂe]u - TJN

Then 9* = 9" = 9* and sp(Jy — J,) = 0. Also TpJz = TJ;. O

Proof of Lemma 5.7

W = 9* follows immediately from

I

—
+
1:&'
I
N
tkt
I
=
1:&'

Now since TﬁJ# = TJu we have

W1+ J, =T,J, =TJ, =TyJ,.

Hence by Lemma 5.3, we have v* = 9 and sp(J, — J;) = 0. Since J; = al + J,,
for some scalar «, we have

Let Assumption 5.1 hold. We now give the policy iteration algorithm |11,

pages 432-435]. It operates as follows.
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Given a stationary deterministic policy, we obtain an improved stationary de-
terministic policy by means of a minimization process, until no further improvement
is possible. In particular at the typical step of the algorithm, we have a stationary
deterministic policy . We then perform a policy evaluation step; that is, we obtain

corresponding average and differential costs 1, € R and J, € R" satisfying
Il + Jp = Tuk Ji with Jk(s) =0.

Here ‘s’ is the common recurrent state. We subsequently perform a policy improve-

ment step; that is, we find stationary deterministic policy g1 such that

Tﬂk+1

Jy =TJ,

If Y41 = Uy and Jp1 = Ji then the algorithm terminates; otherwise the process is
repeated with gy replacing px. To prove that the policy iteration algorithm ter-
minates, it is sufficient that each iteration makes some irreversible progress towards
optimality, since there are finitely many stationary deterministic policies. The fol-
lowing proposition [11, Proposition 7.4.2] shows the type of irreversible progress we

can demonstrate. It also shows that an optimal policy is obtained upon termination.

Proposition 5.2 (Policy Iteration) Under Assumption 5.1, in the policy itera-

tion algorithm, for each k we either have
Vi1 < Vg
or else we have

19]4:-1—1 = 19k7 Jk+1(7’) < Jk<l)7 fOT 1= 1727 N2
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Furthermore the algorithm terminates and the policies py and i1 obtained upon

termination are optimal.

In fact from the termination condition and Lemma 5.6 it follows that
T“ka - TJk - TJk+1 - T#k+1jk+1

upon termination. From Lemma 5.4 and Lemma 5.7, it is clear that sp(J, —J°) =0
and ¥, = " for k > k*, where k* is the step at which termination occurs and J° is
as in Equation 5.8.

Lemma 5.7 implies that the smallest k for which TJ, = Tuk Jj, occurs is k*.
Proposition 5.2 and Lemma 5.7, also implies that for [,k < k*, u; # uy if | # k.
Hence optimal policy is obtained within |Y| steps, where Y is the set of stationary
deterministic policies and | Y| is its cardinality.

Note that we could as well have imposed the termination condition to be:
terminate if Tl/«k Jp =TJy.

Also note that at each step we could have used any differential cost J; corre-
sponding to policy puy (satisfying 941 + J,, = T, Ji), since this would not have
changed policy pyy1. The termination condition will then be ¥, = ¥4, and

Sp(]k — Jk—i—l) =0.

Lemma 5.8 Let us consider a Unichain MDP. Let p and i be stationary deter-
ministic policies such that T,;JH = TJM, where J, is a differential cost for policy
w satisfying 9*1 + J, = T,J,. Suppose the Markov chain corresponding to [i is
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irreducible. Then 9% < O* if 1 is not optimal and 9" = 9 if p is optimal.

Proof of Lemma 5.8
Now ¢# < 9 from Corollary 5.1. Of course if p is optimal, 9# cannot be less
than ¥ = ¥*. Hence v* = ¢¥*. By Lemma 5.5

91 =91+ P; (T, — T, J,).
N————
<0

That is 9# = 9# + («#)(T'J, — T,.J,,). Here 0 is the zero vector and the inequality is
componentwise. Note that Py = 1(7")’, where 7# is the unique invariant distribution
corresponding to policy fi (i.e. corresponding to transition probability matrix Py).
7 has all elements positive, since the Markov chain corresponding to policy fi is
irreducible.

Suppose g is not optimal and ¥# = ¥*. This implies TJM = TMJ# =M1+ J,.
Hence p is optimal, a contradiction (see the comments following equation 5.7).

Hence 9# < 9*.

Lemma 5.8 says that ¥# = ¢* if and only if y is optimal.

Now let us consider a recurrent MDP; where all stationary deterministic poli-
cies are irreducible. If we use policy iteration, ¥##+1 < 9" if and only if py is not
optimal. Hence the termination condition could be ¥ = 9.1, at which stage

and pgy1 are optimal.
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Lemma 5.9 For a recurrent MDP, a stationary deterministic policy p s optimal
if and only if TJ, = T,J,; where J, is a differential cost for policy u satisfying

1+ J, =T,J,.

Proof of Lemma 5.9
The if part follows from equation 5.7 and the comments following that. Now

to prove the only if part, note that if stationary deterministic policy g is such that,

O =9 4 (a) (T ], — T, )
0
<V

by Lemma 5.5. 7 has all elements positive. Since p is optimal ¥9# = 9*. Hence

TJ,=T,J,. O

We would like to add that, in general an MDP being unichain, does not mean

that it has a common recurrent state. For instance consider the following example.

Example 5.1 Consider the following three state (deterministic) MDP, where state
space S = {1,2,3}, and action set A(i) = {1,2}, Vi € S. The transition probabili-

ties are given by
pi,(((i71+u) mod 3)+1)(u) =1 fO?" UAS {1’ 2} = A@) and 1 € {L 27 3} = S

There are eight different stationary deterministic policies, each of which are unichain,

but has no common recurrent state.
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5.5 Continuity Issues Of Limiting and Differential Matrices
In this section, let us define || P||o for a R™" matrix P as
IPlle = max|py| (5.11)

where p;; = [P];;. Note that this is a vector norm on R™ " matrices. Our first
attempt might be to approximate any stationary deterministic policy with a station-
ary fully randomized policy; but this has the following problem, that for multichain
policies the approximation by stationary fully randomized policies won’t work as

illustrated in the following example.

Example 5.2 Let us consider a two state problem. With slight abuse of notation

we use € as the subscript for the matrices P., P., L, and L.. Let

10 1—e¢ € B 1—2¢ 2¢

vl
I
!
I
!
I

01 € 1—e¢ € 1—c¢

for 0 < e < 3. Note that

limgo | P, — Plls = 0

limeo | . — Plls = 0 (5.12)

limeo | 2. — Pl = 0

Note that we have for e € (0, %)

1 1
2 2
P* = lim PF =
¢ N—oo N Z ’
1 1
2 2

L = I-P.+P)t-pr
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Note that in spite of the relation 5.12,

limg || P* — P*|joc # 0, limgo ||Le — L|lo = o0 #0.
limg || P* — P*|joe # 0, limgo ||Le — L|lo = o0 # 0.
limjg || P* = Pl # 0, limgyo ||Le — Lc|loo = 00 #0.

Consider the two state deterministic problem, where state space S = {1,2}
and action space A(i) = {1,2} fori € S. Also g(1,1) = g(1,2) = 1 and ¢g(2,1) =
9(2,2) =0. Letp11(1) =1, p12(2) = 1, par(1) =1, paa(2) = 1. Let pu be a stationary
deterministic policy such that (1) =1, p(2) = 2. For 0 < e < 3, let 5. and 6. be

stationary fully randomized policies (unichain) such that

Bl =1—¢€ [0Vl =€ [02)h =€ [0(2)]2 =1 €.
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and

[55(1)]1 =1—2¢, [56(1)]2 = 2¢, [0:(2)]1 = ¢, [56(2”2 =1-e

Now the immediate cost vectors are given by

g'= ) g5e: ) g&:

0 0 0

Also P, = P, Ps, = P, and P5, = P.. The average cost vectors are

1
Ky - Ll -
W= Plgt = ,
0
1
1955 — Pgeg&e — 2 ’
1
2
1
1966 = Pg;gge = 3
1
3
Consider the differential cost vectors
1
J. = Lig* = Lg™ = | |,
_1
4e
2
J, = L™ = Lg* = | ™
_1
e

Note that though Ps, and P5, converge to P, in the ||-||s norm,

. 90 qu
lim | 9% — 9]l # 0,

. 35 au
lim | 9% — 9]l # 0,

o # 0.

lim || 9% — 9%
el0
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where for a vector J € R",

Also

sp(Js. = J5.) = = -

Note that

But however we have the following lemma [40, Proposition 8.4.6]

Lemma 5.10 Let {P; : k > 0} denote a sequence of unichain transition probability

(or stochastic) matrices and suppose
klim | P — Plloo= 0,

where P is also a unichain stochastic matriz. Then

(a)

lim || Py = P o= 0,

Jim | Ly = Lo = 0,

where P and Ly, are the limiting matriz and differential matriz corresponding to Py
(see the statements following Lemma 5.1). Similarly P* and L are the limiting and

differential matriz, respectively of the stochastic matriz P. O
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Note that in [40, Proposition 8.4.6] we should impose the condition that P is
unichain; else the result does not hold, as was shown in the previous example.

Note that, by the results in Appendix B, for a unichain MDP, if u is a sta-
tionary deterministic policy and ¢ is a stationary randomized policy that subsumes
policy s (that is [6(7)],.q) > 0 for ¢ € {1,2,...,n}), then § is also unichain and has
as its recurrent class, a super set of the unique recurrent class of .

Hence for a unichain MDP, if {4,} is a sequence of stationary randomized
policies which “converge” to a stationary deterministic policy p, Then the immediate

cost vectors

g%

5 gM
k—o0

and the average cost (same for all starting states)

90k M
k—oo

Also the basic differential cost vectors

Ji — J
6kk‘~>00 1

where Ji = Ls g% and J: = L,g". Here Ly, and L, are the differential matrices
corresponding to Ps, and P, (the stochastic matrices corresponding to policies dy
and p respectively).

Thus we can approximate stationary deterministic policies with stationary

randomized policies.

Lemma 5.11 Let P be a stochastic matriz corresponding to a unichain MDP. Then
there exists an € > 0, such that if P is any stochastic matriz with || P — P || < €,
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then the Markov chain corresponding to P is also unichain, with the recurrent class

of P being a super-set of the recurrent class of P.

Proof of Lemma 5.11

Choose

1 .
‘T3 (m with pig0 1 )

Hence p;; > 0 implies p;; > 0. Here p;; = [P];;. It is easily seen that any recurrent
state under P is recurrent under P (since any recurrent state under P is reachable

or accessible with positive probability from any state under P).

5.6 Approximate Policy Iteration

In the following ||-|| denotes the sup-norm. We have the following lemma.

Lemma 5.12 Let J be any fized vector in R™. Then there exist scalars ¢ > 0,€e > 0,
depending on J such that if J is any vector in R™, with sp(J — j) < e€andpiis a

stationary deterministic policy such that
| Tz —TJ|<s

then

127



Proof of Lemma 5.12

This follows from the affine nature of the operator 7}, for any stationary de-
terministic policy u along with the property that 7,,(V + 1) = T,V + al (where
V € R", a € R) and monotonicity of T}, (i.e. if V,;V € R™ and V > V then
T,V > T,V. Here the inequality is componentwise). Also T(V + al) = TV + al
and T is a monotone operator. Also note that the set of stationary deterministic

policies is finite (i.e. |Y| is finite). O

Corollary 5.2 For any finite state, finite action unichain MDP, there exist scalars
€e>0,¢>0, such that if J is any vector in R" with sp(J — J,) < € (where J, is a
differential cost vector for stationary deterministic policy p) and i is a stationary

deterministic policy such that
| T =TT < <

then TyJ, = TJ,. In fact because |Y| is finite, the € and s can be chosen to be

uniformly applicable to all € 1. O

Consider a finite state, finite action unichain MDP with a common recur-
rent state. Assume that a sequence of stationary deterministic policies {ux} and a

corresponding sequence of approximate differential cost vectors {J;} satisfy

sp(Je —Jyu,) < &  fork=0,1,2,...
and

I7,

HEk+1

Jk_TJk:H S Sk fork:0,1,2,...
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where J,, is a differential cost for stationary deterministic policy fi.

Then there exists an € > 0,¢ > 0, such that if ¢, < €,¢ < ¢, Vk, then the
sequence of policies p generated are the same as that would be generated in the
policy iteration scheme and hence ¥ converges to 9* (the optimal average cost) in
a finite (< |T|) number of steps.

Observe that if limsup,_, . € < € and limsup,_, . s < ¢, then 9 = 9* and

sp(Jy, — J°) = 0 for all large k. Here J° is the unique vector satisfying

1L+ J=TJ°

with J¢(k) = 0 for some fixed state k € S.
For error bounds for the average cost problem, see Section C.6 in Appendix C.
These results can be used to check the nearness of convergence of the approximate

policy iteration schemes developed in Section 5.9.

5.7 Average Cost Temporal Difference Schemes

The purpose of the present section is to discuss a variant of TD (Temporal
Difference) learning that is suitable for approximating differential cost functions of
undiscounted (average cost) Markov chains (i.e. solutions to Poisson’s equation) [55].
Actually we are dealing with Markov Cost Processes. The results parallel those
available for the discounted cost (see [54] and Chapter 4) : we have convergence
with probability one, a characterization of the limit , and graceful bounds on the
resulting approximation error. Note that [55] discusses only a finite state irreducible
aperiodic Markov chain. We extend this to any finite state irreducible Markov chain
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(periodic or otherwise) where the immediate cost may be random but stationary.
The results are essentially the same, and the proof is almost on the same lines as
in [55], but one of the main differences is in the use of results from Chapter 3.
Additional variations in the proofs of sub-results leading to the main results are
given as and when required.

Consider the homogeneous Markov chain with the state space S = {1,2,...,n}
and the n x n transition probability matrix P = [p;;]. Let ¢; denote the immediate
cost incurred while making a transition from state i; at time ¢ to state ¢;,; at time
t+1; the cost may be random but has finite variance and mean. Let g(i) denote the
expected value of the immediate cost incurred from state i, namely E[g; | i; = il.
The probability distribution of g; may depend on 4, and 4;,1, but given i; and 7,1,

does not depend on the past values of 4, and g, (I < t) (Markov property).

Assumption 5.2 The Markov chain corresponding to P is irreducible (may be ape-

riodic or periodic). O

It follows that the Markov chain has a unique invariant probability distribution
m € R", that satisfies 7/P = 7/, with w(:) > 0 for all i € S. Let Ey[-] denote

expectation with respect to this distribution. We define the average cost by

V" = Ey [Qt] =

2

m(i)g(i),

1

n
and a differential cost function as any function J : & — R, satisfying Poisson’s
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equation which takes the form

J=g—901+PJ

b component is

Here g € R" is the expected immediate cost column vector, whose 7*
g(1). J is viewed as a vector in R".

Under Assumption 5.2, it is known that the differential cost functions exist
and the set of all differential cost functions takes the form {J* + cl|c € R} for
some function satisfying 7'J* = 0 (see Lemma 5.3 and the statements after that).

We will refer J* as the basic differential cost function and it is known that under

Assumption 5.2,

N
J* = Lg=C—1lim» P'(g—9*1), (5.13)
t=0

N—oo

where

L = (I-P+P)'—pr

is the differential matrix corresponding to P. Here

N—-1 .
* : 2 : — !/
P = 1\}1_120 = P Im

is the limiting matrix corresponding to P.
Neither P nor the distribution of the immediate cost g, is known in advance. In
a general setting of the TD(A) scheme [55] we consider approximations to differential

cost functions using a function of the form

J(i,r) = Z r(k)ér(i)

where r = (r(1),r(2),...,7(K))" is a tunable parameter vector and each ¢, € R" is
a basis function defined on the state space S.
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It is convenient to define a vector valued function ¢ : S — R*, by letting

o(i) = (¢1(2), p2(i), - . ., Pk (1))".

With this notation, the approximation can also be written in the form J (i,7) =

(i) or J = ®r, where ® is an n x K matrix whose k" column is equal to ¢y.

Assumption 5.3

(a) The basis functions {¢x|k = 1,..., K} are linearly independent; i.e. ® has full

column rank.

(b) For every r € R¥, ®r # 1, i.e. 1 does not lie in the space spanned by ¢ys,

k=1,2,....K.

In particular K < n.

Suppose that we observe a sequence of states i; generated according to the
transition probability matrix P. Given that at time ¢, the parameter vector r has
been set to some value r;, and we have an approximation 1J; to the average cost 9*,
we define the temporal difference d; corresponding to the transition from state i; to

state 4,11 by
di = go— Y+ J(irer,re) = J (i 1) (5.14)
The TD(A) algorithm updates r, and 9J; according to
Vi = (L =m)de + nege (5.15)

and
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t
Ttvy1 = Tt + "}/tdt Z )\t_k¢<Zk) (516)

k=0

where 7; and 7, are scalar step sizes and A is a parameter in [0, 1). Define eligibility

vectors z, € R¥, by

t

zo= > No(i) (5.17)

k=0

With this new notation, the parameter updates are given by
Tey1 = Tet Ydiz
Zev1 = Az + Pigy)

with z_; = 0.

Assumption 5.4

(a) The non-negative monotonic step sizes v | 0 are pre-determined (deterministic)

and satisfy
Z’Yt = 0Q; Z’YtQ < 0.
t=0
(b) There exists a positive scalar ¢ such that the sequence n, satisfies n, = ¢y, for

allt > 0.

Note the variation in Assumption 5.4(a) from [55, Assumption 3(a)]. Actually

Assumption 5.4(a) may be replaced by (see Chapter 3)

5.4(a’) The non-negative step sizes 7; are pre-determined and satisfy

o [oe) o0
Z% = 00, nyf < 00, and Z |Yee1 — Y| < 0.
=0 t=0 t=0
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Assumption 5.5 The immediate cost g, has finite moments, i.e.
E[\gt\’“\z’t:z’} <oo; VieS, VkeN

where N s the set of natural numbers.

5.7.1 Convergence Results

We define an nxn diagonal matrix D with diagonal entries 7(1), 7(2), ..., 7(n).
It is easy to see that <x,y>p= 2'Dy, x,y € R" defines an inner product space,
with norm

lzlo= V<5750

We say that two vectors J and J are D-orthogonal if J’D.J = 0. Here J' is the
transpose of the vector J. In this section we use ||- || without a subscript, to denote
the Eucledian norm on vectors or the Eucledian induced norm on matrices (that is
for any matrix M, we have || M ||= maxg=1 || Mz||.)

We define the projection matrix II that projects onto the subspace spanned
by the basis functions. In particular IT = ®(®'D®)~'®'D. For any J € R", we then
have

[IJ =arg min | J—J|p
Je{or|reRK}

Note that

®'D(J—11J) =0

where 0 is a K dimensional zero vector.
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In fact IT.J is the unique vector which lies in the span of ¢xs (k =1,2,..., K)
such that (J — II.J) is D-orthogonal to all ¢ys (k= 1,2,..., K).

For any A € [0,1), we define an operator T : R™ — R" by
TV =(1-X\) fj A (i Pl(g —9*1) + Pm+1J> ,
m=0 =0
where J € R". Note that since the elements of the vector 7", P'(g— u*1) grows at
most linearly in m, the outer sum is well defined. In fact it may be shown that the

elements of the vector 31", P*(g — u*1) is bounded. Thus T™ is an affine function.

From the relation

[e.9] m

(I—AP)' = i(/\P)m —1=3 A"y P (5.18)

m=0

we may rewrite

TNV = (I=AP) Y (5—v"1)+PMJ

where P* is defined later in equation 5.20. Our convergence result follows [55,

Theorem 1].

Theorem 5.1 Under Assumptions 5.2-5.5, the following hold:

(a) For any A € [0,1), the average cost TD(X) algorithm, as defined in the earlier

part of this section converges with probability one.
(b) The limit of convergence of the sequence U, is the average cost ¥*.

(¢) The limit r* of the sequence 1, is the unique solution of the equation

7Y (dr*) = &r*.
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We follow along the lines of [55].

5.7.1.1 Preliminaries

Construct a process X; = (i, 4441, 21, gt), where z; is the eligibility vector z
defined in equation 5.17. It is easy to see that X is a Markov process. In particular
2441 and 441 are deterministic functions of X;, and the distribution of 7; o only
depends on 4;,1; also the distribution of g, depends only on i;,; and #;,5. Note
that at each time ¢, the random vector X;, together with the current values of ¥,
and r;, provides all necessary information for computing ¥;,; and 74 1.

So that we can think of the TD()) algorithm as adapting only a single vector,

we introduce a sequence 6, € R* ™ with components, 6;(1) = 9, and 6,(7) = r,(i—1)

for i € {2,..., K + 1}, or using more compact notation,
Uy
9,5 -
Tt

The TD(A) updates can be rewritten as

Oi1 = 0+ v (A(X))0, + b(Xy)), (5.19)

where for any X = (i, 4, z, g), we have

_ —c 0---0
AX) =
|2 200) - 90)
and i
cg
b(X) =
L Zg
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and c is the constant in Assumption 5.4(b). As is shown in [55], A(X;) and b(X})
have well known “steady state” expectation which we denote by A and b. Note
that [55] deals with the case where g; depends only on i;; but it easily extends to
the case where g, is random.

General results concerning stochastic approximation algorithms can be used
to show that the asymptotic behaviour of the sequence generated by equation 5.19,

mimics that of an ordinary differential equation
0, = Af, +b.

We essentially use the very general stochastic approximation result (Theorem 3.2,

Chapter 3) to prove that 6, converges with probability one.

5.7.1.2 Lemmas
Lemma 5.13 Under Assumption 5.2, for all J € R",
IPJp<|Jlp -

Furthermore, unless J is proportional to 1, we have PJ # J. O

Proof of Lemma 5.13

The first part of the lemma is proved in [54]. We prove the second part as
follows. If J is proportional to 1, it is easy to see that PJ = J.

Suppose PJ = J. This implies P?°J = PJ = J. Continuing similarly

P*J = J,Vk > 1. Hence
N-1
SN P*J = NJ,
k=0
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PNl
lim — P*J = J
lmeZ:;)

N—oo

That is

This implies that J is proportional to 1. O

Under Assumption 5.2, the matrix P defined below in equation 5.20, is an
irreducible stochastic matrix for A € [0,1). Note that P(®) = P. Furthermore for
A € (0,1), P is aperiodic (actually all elements of P are positive) even when P

is periodic. Also P® has unique invariant distribution .
Lemma 5.14 Let

P =(1-)) > ampmt! (5.20)

m=0

Then under Assumption 5.2, for any X\ € [0,1) and J € R",

1PY I < [ ]p

Furthermore unless J is proportional to 1, we have PXNJ # J.

Proof of Lemma 5.14 is similar to that of Lemma 5.13. Note that PW is

continuous at A = 0. Also for A € (0,1)

PY = ?((I — AP 1),
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Hence PW is continuous in A € [0,1). The proof of the following lemma needs a
different line of argument than in [55] for the general (not necessarily aperiodic)

case.

Lemma 5.15 Under Assumption 5.2, for any X € [0,1), we have TW.J = J if and

only if J € {J* + cl|c € R}.

Proof of Lemma 5.15
By Lemma 5.1 in the earlier section
P*+L = I+ PL,

PP = PP*=P*

?

where
1 N-1 .
k=0
L = (I-(P- P*))*1 — P*.
Also
J* = Lg.
Note that

PL = P*"+L—-1,
PL = P*+PL—-P
= 2P"+L—(I+P).
By induction for £ > 1
PL = kP*+L—(kal),
1=0
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where PY = I.

Suppose J = J* + ¢l for some scalar ¢. Then

TW.J
= (1= > A" <Z P'(g —9*1) + P™1(J* + cl)>
m=0 t=0
= (1-—A)}:,V"<§:}ﬁg——§:}ﬁfﬁg4—Pm“4Lg>-+c1
m=0 t=0 t=0
= u—mEJW(ZP@—W+DP@+W+UP@+@—§}%)+d
m=0 t=0 =0
= (1-X) > A"Lg+cl
m=0
= Lg+cl
= J'+cl
= J

The only if part of the proof is as in [55], which we include for completeness. Suppose

J is not of the form J* + ¢l. Then

TN = TWJ* 4+ PY(J - J%)
= J+ PY(T - T
# J+(J-=J)

= J,
where the inequality follows from Lemma 5.14. O

The process X; constructed earlier is a Markov process with a steady state
behaviour. Let X be the state space for the process. Let Ey[-] denote the expectation
with respect to the invariant distribution of this process [55]. An argument along
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the same line as in [55], gives the following lemma. See also [54].

Lemma 5.16 Under Assumption 5.2, the steady state invariant expectations A =

Ey[A(Xy)] and b= Ey[b(Xy)] are given by

—c 0---0
A = :
| —159'D1 O'D(PY —1)®
and i
c*
h =

Consider the following Markov chain derived from the original irreducible Markov

chain with state space S; the state space being
S = {(Z,j)|’l,] e S, Dij > 0}
The transition probability is defined as

Pr{(irs1, er1) = (7', 7)) (i, Jo) = (i, 9)} = poryrLj=in

for (i,5) € S, (i',j') € S; where the indicator function Zijmi) = 1, if ' = j, else
equal to zero.

It may be seen that this new Markov chain with state space S is irreducible
and has period ‘d’, the same period as that for the original Markov chain with state
space S. The state space S may be partitioned into periodic classes Co, . . .,Cy_1;
such that

-1
UC[ZS; C,»ﬂCj:Q)fori#j.
1=0
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Also
Pr{(is11,Ji11) € C~'((l+1) mod )| (it jt) = (4,5)} = 1

for all (i,j) € C,le {0,...,d —1}. Hence we can partition the state space X into

disjoint Borel sets &p, &7, ..., Xy—1 with
Hp(x, Xut1ymoaa) =1, Vo ek

where Ily is the transition probability kernel for the Markov process X;, when
0 ¢ R*". (Note the slight abuse of notation in the use of Iy for the transi-
tion probability kernel and II for the projection matrix). Note that in our case IIy

is independent of #. Note that
X = {(i,j,2,9)|(i,j) € G,z € R¥, g € R}.

We are a bit imprecise in the definition of A} in that, actually z might take values
in a proper sub-set of R¥, which is dependent on (i,7), A and the choice of ¢ys.
Similarly g might take values in a proper sub-set of R, which is dependent on (i, ).
We say that a square matrix M € R™" is negative definite if 2’Mx < 0 for all
xr € R", © # 0; even if M is not symmetric. The matrix A is not necessarily
negative definite, but becomes negative definite under an appropriate co-ordinate

scaling.

Lemma 5.17 Under Assumption 5.2 and Assumption 5.8, ® D(P® — I® is neg-

ative definite.
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Proof of Lemma 5.17
Let J be a non-constant function on the state space §. Since the Markov chain

{i+} is irreducible, J(i;) is not a constant function of time, which implies that

0 < B0 [(Jlir) — JGi0))]
= E, [Jz(it)} — Eo [J (i) (it41)]
= JDJ—JDPJ

= J'D(I-P)J (5.21)

For any r # 0, J = ®r, is a nonconstant vector because of Assumption 5.3.
Thus r'®'D(P — I)®r < 0, for every r # 0, which shows that the matrix &' D(P —
I)® is negative definite. The same argument works for the matrix ® D(P® —
I)®, because P™ is also an irreducible stochastic matrix with the same invariant

distribution.

Another way for deriving equation 5.21, is as follows. Since the Markov chain

is irreducible and hence 7 (i) > 0, Vi € S and also since J is a non-constant function

0 < 5B [(Jlien) — T0)Y]
_ %iw(i)img‘(ﬂi) J())?
_ ;iﬂ(i)ipij(J2(2)+J2(j)—2J(@)J(J))
1 7(5)
_ ; zf:w(z)Jz(z)zi:periﬂ(J)iﬂ(i)pia’
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=1

- (iww(i) ilpim))

1
= 5 (J'DJ+.J'DJ)~JDPJ
— J'DJ—JDPJ

— J'D(I-P)J

Lemma 5.18 Under Assumption 5.2 and Assumption 5.3, there exists a diagonal

matriz L with positive diagonal entries, such that the matrix LA s negative definite.

Proof of Lemma 5.18

Let L be a diagonal matrix with the first diagonal entry equal to some scalar
[ >0 and every other diagonal entry equal to one. Using the special form of the
matrix A (see Lemma 5.16) and the negative definiteness of the lower diagonal block
of A (see Lemma 5.17) it is a matter of simple algebra to verify that LA becomes

negative definite for I sufficiently large.

Note that LA negative definite implies A is non-singular. Consider the change
of co-ordinates 6, = L26,. We may rewrite the equation 5.19, in terms of 6,, to

obtain

Note that
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Note that LA negative definite implies A is negative definite. Here L2 = diag([ 100001

=
=

and L~ :diag(i_ s 1),

Now we may use the very general result (Theorem 3.2 of Chapter 3) to show

that 6, converges to the unique solution of
A0 +b=0,

namely

Note that all the assumptions of Theorem 3.2 of Chapter 3 are satisfied (see [54, 55]).

Hence we have 6; converges to

6, = L 20,

i.e. to the unique solution of the linear equation
A0+b=0
Hence the following corollary.

Corollary 5.3 Under Assumption 5.2, Assumption 5.3, Assumption 5.4 and As-
sumption 5.5, 0, as defined by equation 5.19 converges to the unique solution of

A0 + b= 0, where A and b are as in Lemma 5.16. O
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Notice that if we use 6 instead of # in Theorem 3.2 of Chapter 3, we may use

the Lyapunov function

Also

Ud) >alff, if 0] > poa
~—~—
depends on «

for any 3 > a > 0. Here 9| denotes the Eucledian norm of 6 as in Chapter 3.

We derive the desired properties of U(6) next. But before that, we have the

following lemma.

Lemma 5.19 Note that M € R™" is negative definite implies
(a) MT is negative definite.

(b) M~ is negative definite.

Proof of Lemma 5.19

Proof of part (a) is straightforward.

P’Mx < 0, Vr#0, xeR"
Hence

oMYz <0, Vz#0.

Thus M7 is negative definite.

146



Proof of part (b) is as follows.
(MDY MM = M
Hence
P(MOYTTM M e = /Mt

That is

y MYy = 2/M 1z where y = M 'z.

Note that y = 0 if and only if z = 0. Hence by part (a),

0>yMy=a2'M"z whenever z # 0.

Now back to the properties of U(0).

U@d) =

U@ = (6-6.),

U'@) - (AG+b) = (0+ A'b)' (A0 + D)

Let0<a<%. Now

. 3 3 1 -
U(0) ~ afff = J(1~ 20008 — (0.)0 + 5(0.)4.
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This is a quadratic function with positive definite Hessian matrix and has its minima

at (1 — 2a)7'0, and minimum value

It’s Hessian matrix is (1 — 2a)I, where [ is the identity matrix. Hence if

PO,

V2o 1

1—2a+1—2a

101> 16.1(

),

then U(6) > af'd.

The proof of Theorem 5.1 is exactly similar to that in [55]; that is §; converges
with probability one to the unique limit 0, that satisfies A6, +b = 0.

Thus ¥; = 04(1) converges with probability one to ¥* and r; converges to

r* = (0.(2),...,0,(K +1))". Note that [55] shows that r* satisfies
Or* =TTV (0r"),

that is ®r* is a fixed point of the operator IIT™.We now prove that IIT™ has a

unique fixed point (which is not proved in [55]).

Lemma 5.20 IIT™ has a unique fized point.

Proof of Lemma 5.20
Note that ®r* is a fixed point of IIT™ was established in [55]; hence IIT™
has a fixed point. To prove uniqueness, first note that any fixed point should be of

the form ®r. Let &r and &7 be two fixed points, that is

TN (dr) = or
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and

NTW(®F) = &F.
Subtracting the above equations, we get
MPNO(r — 7) = &(r — 7).
Hence PYV®(r — 7) — ®(r — 7) is D—orthogonal to ¢ys, k = 1,..., K. That is
®'D (PYD(r —7) — &(r — 7)) =0,
the zero vector. Hence
' D(PY — Nd(r —7) = 0.

But & D(PW — I)® is negative definite (and hence non-singular) by Lemma 5.17.

Hencer —7r=Qorr =r. O

Note that 7™ has multiple fixed points (Lemma 5.15). It may be shown that
IIT™ is a contraction mapping under || - ||p norm if A € (0, 1) [12, Proposition 6.6.2,
pages 381-382] and hence has a unique fixed point. Another proof for the unique

fixed point of IIT™ when A = 0 is given in [12, Proposition 6.6.1, pages 379-381].

5.7.2 Approximation Error

In this sub-section we deal with the approximation error [55, Section 4]. In
the context of average cost problem, one is usually content with an approximation
of any differential cost J, not necessarily the basic one. We will define the approzi-

mation error as the infimum of the weighted Eucledian distance from the set of all
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differential cost functions.

Je{J*lch\ceR} 1@ = Jllp= clgff{ A

Now any vector J € R" can be decomposed into a component P.J that is D—orthogonal
to 1, and a component (I — P)J that is a multiple of 1, where P is the projection
matrix defined by

P=I1I-1I'D=1-17

Note that || 1||p= 1. Also note that for any J € R", PJ is the projection of J
under the || - ||p metric onto the sub-space which is D-orthogonal to 1.

Also PP = PP. By the definition of J*, we have 7'J* = 0; hence PJ* = J*.
Since for any r € R¥, J € R”, the minimum distance (under the || - ||p metric) of
the vector ®r — J from the sub-space {cl|c € R} is equal to the magnitude of the

projection onto the orthogonal complement of the sub-space; we have
iglf{ | Pr — (J+cl)||p=||PPr—PJ|p

In particular
igff{ | ®r* — (J* + cl) || p=|| PP — J"||p

In [55] it is shown that if we replace the basis functions ¢ with ¢, = P, (which
is D—orthogonal to 1), the limit to which the TD()) converges and the resulting
approximation error remains the same. If we let ® = P®, then ® also satisfies

Assumption 5.3. Letting
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the projection matrix onto the space spanned by ¢ps {k = 1,..., K}, it may be
shown that [55]

0T ($r°) = &7,
where r* is as before, obtained from the unique solution of A9+ b = 0, where A and
b are defined as in Lemma 5.16 (i.e. 7* = (0.(2),...,0.(K+1))’, where A0, +b=0).

We let
P. = I+¢(P—-1),
A A
PY = T+4¢(PY -1, (5.22)
for ¢ > 0, and we define a scalar a) for each A € [0,1) by
= 192
a = inf [ IIP o

where the norm in the above equation is the induced matrix norm (under the ||-||p

norm). We have the following error bound [55].

Lemma 5.21 Let Assumption 5.2 and Assumption 5.8 hold. For each X € [0,1),

let 5 € R be the unique vector satisfying

ory = 1TW (0r3).
Then
(a) For each X € [0,1), ay isin [0,1) and limy; ay = 0.
(b) The following bound holds:

||’PCI)T’K—J*||D§ inf ||’P(I)T—J*||D
reRK

1
V1—a3
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Note that the bound is a multiple of
inf ||PPr—J*|p,
reRK

which is the minimal error possible, given the fixed set of basis functions. This
term becomes zero if there exists a parameter vector r and a scalar ¢ for which
®r = J* +cl, that is, if the “approximation architecture” is capable of representing
exactly some differential cost function. Note that because of Assumption 5.3(b) this
7 is unique, if at all such an r exists. That is if {J* 4 cl|c € R} intersects the space
spanned by ¢s for £ =1,2,..., K; then it intersects at a unique point. Note that
in this case, by Lemma 5.15 and the definition of II, r = 7*.

The proof of Lemma 5.21 is exactly as in the proof of [55, Theorem 3]; but we
need to prove limy;; ay = 0, for the case when the transition probability matrix P

corresponds to a general (not necessarily aperiodic) Markov chain. As in [55]

limsupay = limsupinf |TIPY | p
ATl AL >0

< limsup |[IPY||p < limsup || PPY | p,
A1 ATl

the last inequality follows from the fact that II projects onto a subspace of 1, (the
sub-space onto which P projects), that is I = IIP and that projection does not
increase the norm.

Since P* = 17/, we have PP* = 0, the zero matrix. Based on the discussion

following Lemma 5.14, for A € (0, 1),
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Also by Lemma 5.1,
(I=AP)'=(1=N)""P*+L+0O(1-)),

where P* is the limiting matrix corresponding to P and L is the differential matrix

corresponding to P, given by
L=(I—-P+pP)'-p*

and limy_; O(|1 — \|) = 0. Hence

PPN — ?’P [(A=N)TP +L+O(l1-A) - I
1—\
= —"PL-D+PO(|1-A)

which tends to 0 as A T 1. Hence
; N, =
i | PP = 0.

Thus limy; ay = 0.

5.7.3 Using A Fixed Average Cost Estimate

In this subsection, we introduce, as in [55], a variant of the temporal difference
scheme that employs a fixed estimate 9 of the average cost, in place of ¥,. In
particular the parameter vector r; is updated according to the same rule 5.16, but

the definition of the temporal difference equation 5.14 is changed to

dy = (gt - 19) + ¢/(it+1)7"t - ¢/(it)rt

Also define

Ay = inf ||TIPY
o= inf TP ||,
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where the norm in the above equation is the induced matrix norm (under the ||-||p

norm). Then we have the following lemma [55, Theorem 4]
Lemma 5.22 Under Assumptions 5.2-5.5, for any A € [0, 1), the following hold:

(a) The TD(X) algorithm with a fized average cost estimate, as defined above con-

verges with probability one.

(b) The limit of convergence Ty is the unique solution of the equation

1—A

IITW(®7)) + 11 = o7,

(¢) For any A € [0,1), &y is in [||1]p,1), and

lim éy =1 ||p .

(d) The limit of convergence T satisfies

H’PCDf)\—J*HD S éan H’PCI)T—J*HD

b

\/1— a3 reR
[ — 9|

(I—a)(l—2A)

+ ITIL |,

where ay and P are defined as earlier.

Proof of Lemma 5.22
Note that we are dealing with the general (aperiodic or periodic) Markov

chain. We omit the proofs of parts (a)—(b), because it is very similar to the proof

of Theorem 5.1.
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Note that there is some correction to part (¢) from [55]. The proof that &, < 1,
is similar to that of Lemma 5.21, part (a) [55, Theorem 3]. However it needs a bit
more explanation. From Lemma 5.14 we have || PV ||p < 1, and PWMJ #£ J if J is
not proportional to 1. It follows that for any ¢ € (0, 1) and J that is not proportional

to 1, we have
TP T || p <[PV o= [sPYJT + (1 =<)J <[] lp -

The first inequality uses the non-expansive property of the projection. The last one
holds because J and PW.J are distinct elements of the ball {J| || .J|[p <||J||p}, so
their strict convex combination must lie in the interior interior.

Also note that | TI1||p < 1, since ||1]|p=1, and TI1 + (1 —II1) = 1. Note that

by Assumption 5.3(b), (1 — II1) # 0; also II1 is D-orthogonal to (1 — II1). Hence

by Pythagorean theorem
L=[[1][L=/TL]5 + 11— L5,

and hence ||II1||p < 1. Hence if J = ¢1, with |¢| < 1, then ||ILJ||p < 1.
(Note that ||[ILP™.J || p is a continuous function of .J and that the set {.J| || J || p< 1}

is compact. Thus for any ¢ € (0,1), [|[IIP™Y |5 < 1. Since
a,\— 1nf ||HP Mip < mf ||HP p < 1.
Also for any ¢, IPM1 = II1. Thus ay > || 111]|p. Now

limsupd, = limsup inf [[IIPYV]p
AT1 AL s€0,1]

< limsup [|[TIPY||p
ATl
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Based on Lemma 5.1 and the discussion following Lemma 5.14, for any A € (0, 1),

npY = ?H (I =AP)™ —1]

= ?H (A=NT'P +L+0(1=A) - 1].

Here P* and L are the limiting matrix and differential matrix, respectivelty of the

stochastic matrix P. Hence

lim TPY = 1P~
ATl
Now P* = 17'.

ITP*|p = sup |Hl7"J|p
=1

= [[M1][p sup ||
=1

Now any J can be decomposed as
J=PJ+ (x'J)1
the two terms being D-orthogonal. By Pythagorean theorem,
1T =1PIID +l=" T [ -
Hence if || J||p=1, then |7’ J| <1 (note ||1||p=1). If J =1, |x'J| = 1. Hence
ITLP* | p=T11 || p
Thus

limsup éy, < limsup [|[TIP™Y ||p=||H1|p .
A1 A1

Hence
lim s =111
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Note that II1 = 0 if and only if Il = II. That is the basis functions ¢s (for
k=1,2,...,K)liein 1, (the sub-space which is D-orthogonal to 1), since (1 —1II1)
is D-orthogonal to ¢ys (for k =1,2,... K).

Proof of part (d) of the Lemma 5.22 is as in [55].

Note that @, could have been defined as inf.q ||IIP™ ||p, and all the results
of Lemma 5.22 hold.

Also note that for the TD()) scheme, the initial eligibility vector z_;, could be
any value, not necessarily 0. Note that 7, could be any non-negative deterministic

sequence satisfying

[e’e] 0 0
S =o00; > nf < oo, and Y |my1 — e < 00,
t=0 t=0 t=0

and the estimate of the average cost ¥; will converge with probability one to ¥*. If
7 is a non-increasing sequence then Y°7° (.41 — 7| < oo is satisfied.

In the TD(A) algorithm, 7; need not be ¢y, but any deterministic sequence
which satisfies the above property, and Theorem 5.1 holds. Notice how 9, enters the
computation of r;, from equation 5.19. We are not providing the rigorous proof of
this, but may be inferred from Lemma 5.22 (a) and (b). Also the moment condition

on immediate costs in Assumption 5.5, namely
E [|g:["Ji = i < o0,

Vi € S, need be satisfied only upto a sufficiently large k& (k = 4) and not for all
k > 0. (see Chapter 3, Proposition 3.1).
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We have the following useful lemma which comes in handy later.

Lemma 5.23 Let R be an n — 1 dimensional subspace of R", such that 1 ¢ R.
Let J be an arbitrary vector in R™. Then the line {J + cl|c € R}, intersects the

subspace R at a unique point.

(I
Proof of Lemma 5.23
Let vy, vg,...,v,_1 be a basis for R; that is, the v;s are non-zero vectors which
are linearly independent and span R. Since vy, vs, ..., v,_1 together with 1 form a

basis for R",
n—1

J = Z aqu; + ¢, 1,

=1

where ¢;s are scalar values in R. Note that the ¢;s are unique. Let
!
J = Z ;.
=1
JeR and J=J —c,1. Hence J € RN{J +cl|c € R}.

To prove the uniqueness of .J, suppose J € RN {J +cllc € R} and J # J.
Hence J — J lies in R, and is a non-zero scalar multiple of 1, which leads to a
contradiction, since we assume that 1 does not lie in the subspace R. Note that J
does not depend on the choice of the basis for R. For example let wy, ws, ..., w,_1

be another basis for R. Let ¢q,...,¢,-1 be such that, Z?;ll &w; = J, which is

possible since J € R. Note that



where ¢, = ¢,. Note that the ¢; are unique, and

J=J—-¢leRN{J+cllce R}

Corollary 5.4 In particular if in Assumption 5.3, K = n—1; that is ¢1, ¢a, -, pr_1 €
R" are linearly independent and 1 is not in the span of ¢1,...,¢n_1; then the line
{J* + cllc € R} intersects the subspace {®r|r € RX} at a unique point J, which
is the unique fized point of the operator IT™ (see Lemma 5.15). Hence J = ®r*,

where r* is as in Theorem 5.1. Note that ® is an n x K matriz where the k™ column

18 ¢k

kP entry

Corollary 5.5 Letep = (0,...,0, /1\ ,0,...,0), the k™ standard basis vector in
R". Fizm e {l,...,n}. Let ¢y =e;,, forl =1,...,n—1, wherei; € {1,...,n}\{m}
(that is i € {1,...,n}, but not m). Here iy # i, if | # 1.

Then {J* + cl|c € R} intersects the span of {¢1,...,Pn-1} at a unique point
J, which is the unique fized point of operator ITW. In particular e,®r* = J(i) =

J*(i) — J*(m), forie{l,...,n}.

5.8 Stationary Randomized Policies

Please see the Section 4.2 in Chapter 3.
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Suppose all the stationary deterministic policies are unichain; then any sta-
tionary randomized policy is unichain and the recurrent class for a stationary fully
randomized policy is the union of the recurrent classes of all the stationary deter-
ministic policies (see Appendix B). Hence in this case, the limiting matrix P; and

differential matrix Ls corresponding to Ps, where

Ly = (I—P5+P5*)’ - B,

are continuous functions on the space A of stationary randomized policies (see
Lemma 5.10). In fact compactness of A implies that P; and Ls are uniformly
continuous on A for a unichain MDP. In particular given any € > 0, there exists a
e > 0 (dependent on €) such that || P§ — Pl <€, || Ls — Ly || < € for each p € T
and 0 € A, with d(p,0) < &, where || - || is the vector norm on matrices, defined
by equation 5.11 in Section 5.5, and d is the metric defined on A (see the section on

Stationary Randomized Policies in Chapter 4).

5.9 TD For Learning

Here we are interested in learning the optimal average cost, an optimal policy
(stationary deterministic) and associated differential cost function for a unichain
MDP with a common recurrent state (see Lemma 5.4). Neither the transition prob-
abilities nor the distribution of (or expected value of) immediate costs are known in
advance.

In the following, Q represents the set of feasible state-action pairs.
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5.9.1 Recurrent MDPs

We first give an algorithm for recurrent MDPs.
Assumption 5.6 Let the following hold.

(a) The monotonic step sizes vy, | 0, are pre-determined non-negative scalars and

satisfy 30207 = 00; Soe2g V2 < 00. Let ny = ¢y for some positive real value c.

(b) Let K =n — 1, and without loss of generality

kP entry

the k™ standard basis vector in R™; implying lookup table representation.
(¢) The immediate cost g¢, has finite moments, that is
E [|gt|k|’it =i,u = a] < 00,
Vie S,a e A(i),Vk € N.

(d) For each state action pair (i,a) € Q, let the pre-determined scalar non-negative

step sizes v4(i,a) be such that

i%(i,a) = 00, i(’yt(i,a))z < .

Assumption 5.7 The MDP is recurrent, that is under each stationary determin-
istic policy, the corresponding Markov Chain is irreducible (it may be aperiodic or

periodic). O
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Assumption 5.7 says that any 6 € A, gives rise to an irreducible Markov chain
with unique invariant distribution 7° where 7°(i) > 0, Vi € S. Fix a policy § € A.
We want to estimate the average cost 9° = (7°)'g° and a differential cost .Js5, which

is the unique point in {Jf 4 é1|¢ € R} N {®r|r € R*}, given by
Js(i) = Ji(@)—Jj(n), i€S (5.23)

Here J; is the basic differential cost for policy . We use J (+,7) = §r, to approximate
Js. Note that for our choice of ¢ys, J(i,r) = r¢(i) = r(i), i € {1,...,n — 1} and
J(n,r)=0.

Note that instead of state n, we could have chosen any state n € S, with an
appropriate choice of ¢gs (leaving out e; instead of e, to form the set of n — 1 basis
functions).

In the following three algorithms in this subsection, we assume that Assump-
tion 5.7 holds.

Fix a policy 6 € A. We want to estimate the average cost ¥’ € R and a
differential cost J° € R™ corresponding to stationary policy 6. Let i, and a; be

the state and action taken at time ¢ € Ny, while using polcy d. Let g, be the

corresponding immediate cost incurred.
Algorithm 5.1 The update rule is as follows (starting at t =0):

dy = g — U+ j(it+1, Ty) — j(% )
Zt = >\Zt—1 + ¢(Zt)
Vo1 = (1 —=n)0 + i
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Tev1 = T+ Vdizy

t = t+1

Under Assumption 5.6(a),(b),(c) and Assumption 5.7, in Algorithm 5.1, J(-,7,) — J
almost surely (where Js is given by equation 5.23) by Theorem 5.1 and Corollary 5.5.
Similarly ¥, — 9. Note that the convergence holds irrespective of the initialization
ro, Z2_1, ¥y or initial state 7.

In the following algorithm, we try to estimate by simulation, the @-values

corresponding to one step look ahead, with terminal cost J € R", that is

Q’(i,a) = glia) + 3 piy(a) ()

j=1
(With slight abuse of notation for the @)-values, we use J instead of a policy 0 € A,
as the superscript).

Fix a stationary fully randomized policy § € Interior(A) and a vector J € R"
(refer the section on Stationary Randomized Policies in Chapter 4, for the definition
of Interior(A)). Let i, and a, be the state and action taken at time ¢t € Ny, while

using policy 6. Let g; be the corresponding immediate cost incurred.
Algorithm 5.2

7_1(i,a) = 0, V(i,a) € Q
The update rule is as follows (starting at t =0):
(i, ar) = Te1(ig, a0) + 1
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7(i,a) = m-1(i,a), V(i,a) # (i, at), (i,a) € Q
Qer1(ir, ar) = Qulit, ar) + Yry(ivar) (96 + I (iry1) — Qulir, ar))
Qt-l—l(iaa) = Qt(iva)’ V(i,a) 7é (itvat)’ (iaa) €Q

t = t+1

Here 7,(i, a) represents the number of times, action a has been taken from state i, by
time ¢ € Ny. Since policy 9 is fully randomized, each state-action pair in Q is visited
infinitely often, as ¢ — oo. Hence standard results from stochastic approximation
theory [16] can be used to show that Q; — Q7 almost surely. The convergence
holds irrespective of the initial value )y or initial state 7. All that is required of the
non-negative step size parameters (i, a) (for each (i,a) € Q) is that they should
satisfy the standard assumptions

oo

S utia) —oei X (i)’ < o

almost surely and may be allowed to be random and can depend on past history (at
the time the step size is used). Note that the constraint on the moments of g, for

Algorithm 5.2 is that
E [|gt|2|it =1, 0 = a} <oo V(i,a)€ Q.

Consider the following algorithm. Here the inequality applied to vectors is

componentwise.
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Algorithm 5.3
Let 0 < €, < € be a sequence of positive vectors in R"; where € € R" is defined

as a vector with €(i) = AW
1. Set k= 0.
2. Select an arbitrary stationary deterministic policy po € Y.

3. With policy py., run Algorithm 5.1, for “large” random number ny, of steps, till

®r,, “nearly” converges to J,, . Let Ji = ®ry,, .

4. Choose the stationary fully randomized extremal policy o, € Ag, , associated
with px and run Algorithm 5.2 with one step terminal cost Jy, for “large”
random number 7y, of steps, till Qz, “nearly” converges to Q7%. Let Q= Q. -
Let

G = masc{max | () = T ()], mace Q. @) = Q" (i, )]}

5. Set k =k + 1 and update the policy to py, where

p (i) = arg min Q(i, a)

acA(i)

6. Go to step 3.

We note that the initial condition rg, z_; and 1, when calling Algorithm 5.1 in
step 3 may be arbitray, but can be set to the final values obtained in the previous

iteration, if needed. Similarly 7o, when calling Algorithm 5.1 in step 3 may also be
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arbitrary, but may be set to the final value of state obtained in step 4 in the previous
iteration.

Similarly the initial condition (), when calling Algorithm 5.2 in step 4 may
be arbitrary, but can be set to the final value obtained in the previous iteration if
needed. When calling Algorithm 5.2 in step 4, ip may be arbitrary, but can be set
to the final value of state obtained in step 3 of the current iteration.

In the following theorem and the next one, the following notations hold:

J¢ is defined as the unique vector satisfying
1L+ J°=TJ°, J°n)=0.

Here 9% is the optimal average cost.

Also for any 6 € A, Js is the unique vector satisfying
1951 + J(g = T(;J(;, J(;(TL) = 0.

Here 99° is the average cost corresponding to 0. Note that Js = J; — J#(n)1, where
J5 is the basic differential cost corresponding to . In the following, || - || denotes

the Eucledian norm for a vector in R".

Theorem 5.2 Consider the Algorithm 5.3, and let Assumption 5.6 and Assump-

tion 5.7 hold. Then we have the following results.

1. Given any scalar € > 0, there exists scalar ¢ > 0 and vector €, with 0 < € <
€, such that if € < € and (;, < (, Vk; then py “converges” to an optimal
stationary deterministic policy (if there are multiple stationary deterministic
policies that are optimal, it may take any of them) in a finite number of steps.
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In particular J,, converges to J° and U"** converges to ¥* in a finite number

of steps ( < |Y]). Also

9% — 9| < g, and mea}sx(J(;k(i) —J,, (i) <e, Vk.

2. In particular if imsup,_, . (i) = 0, Vi € S, and limsup,_, . ( = 0, then
| Ju — I = 0, |9 —9*| — 0, || Js, — J°||— 0 and 9°* — 9*. Infact J,, = J°

and 9" = 9* for all large k.

Proof of Theorem 5.2

Proof of part (1) follows from Lemma 5.4, Proposition 5.2, Lemma 5.10 and
the arguments following Corollary 5.2. See also Lemma 5.8 and Lemma 5.9.

Proof of part (2) follows from part (1) and arguments along the same line as

in the proof of part (1).

Note that instead of using an extremal policy 0, € Ag, to approximate iy, in

Algorithm 5.3, we could have chosen 0, € Interior(A) such that
5y = (1 — (MA@ = Dan()), Vi€ S;

for instance d; could be made to depend on the approximation to the ()-values
obtained in the previous iteration. Also the step size parameters used in step 3
and step 4 of Algorithm 5.3 could vary for different policy evaluations and Q-value
computations (i.e. different iterations).
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Note that we could have used as basis vectors (¢ys), any n — 1 vectors whose
span does not contain 1, instead of eys. However in this case, in Algorithm 5.3, .J ap-
proximates the differential cost .J,,, which is the unique element of {J » tellee R}ﬂ
{®r|r € R*}. Here Jy,. 1s the basic differential cost corresponding to policy .
With a similar definition of Js,, Js5, and J,, converges to the unique point in

{J°+¢élle e R} n{drlr € R*}.

5.9.2 Communicating Unichain MDP With A Common Recurrent

State

Assumption 5.8 The MDP is unichain, has a common recurrent state and is com-

municating. O

The communicating property in the above assumption is equivalent to the fact
that for any stationary fully randomized policy § (€ Interior(A)), the corresponding
Markov chain is irreducible. Any stationary fully randomized policy gives rise to an
irreducible Markov chain with the same period and the same periodic classes. Note
that the periods of the recurrent classes of the Markov chains corresponding to the
various stationary deterministic policies are irrelevant.

In the following algorithms in this subsection, we assume that Assumption 5.6
and Assumption 5.8 hold.

We fix a stationary fully randomized policy § € Interior(A). We want to
estimate the average cost ¥° = (7°)'g°, and a differential cost Js which is the unique
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point in {J} + ¢é1|é € R} N {®r|r € R¥}, given by Js(i) = Ji (i) — J(n), where J}
is the basic differential cost corresponding to . We use J (-,7) = ®r to approximate
Js(-). Note that with our choice of ¢ys, J(i,7) = r'¢(i) = r(i) fori € {1,2,...,n—1}
and J(n,r) = 0.

Note that instead of state n, we could have chosen any state n € S, with an
appropriate choice of ¢ys (leaving out e; instead of e, to form the set of n — 1 basis
functions).

We also want to estimate the Q-values for the policy 4, given by

Q(i,a) = glia) + 3 pi(@)s(G), V(ia) € Q.

J=1

Algorithm 5.4
7_1(i,a) = 0, Y(i,a) € Q
The update rule is as follows (starting att =10):
dy = go— e+ Jligga, 1) — J(ig, 1)
ze = Az + (i)
Vevr = (1= n)0e + e
Tip1 = T+ Vediz
(i, a) = T_1(ig,a0) + 1
(t,a) = 7_1(i,a), V(i,a) # (ig, az), (i,a) € Q
Qug1(ir, ) = Quiy, ar) + Yre (it at) (gt + j(it+17 ) — Qu(is, at))

Qt+1(i7a) = Qt(iva)a v<i7a) 7£ (itvat)a (i7a) € Q
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Note that z_; need not be the zero vector but may take any arbitrary value.
The initial values Qo, ¥y and ry can be arbitrary. Here (i, a) represents the number
of times action a has been taken from state ¢ by the time t € Ny. Under Assump-
tion 5.6 and Assumption 5.8, J(-,7;) — Js, almost surely by Theorem 5.1 and
Corollary 5.5. In addition since all the state-action pairs in Q are visited infinitely
often (under stationary fully randomized policy §) as t — oo, standard results from
stochastic approximation theory [16] can be used to show that Q, — @Q° almost
surely.

All that is required of the non-negative step size parameters (i, a) (for (i,a) €

Q) is that they should satisfy the standard assumptions

i_’;%w — o0, ij:lm(i,aw < o0,

almost surely and may be allowed to be random and can depend on the past history
(at the time the step sized is used).

Consider the following algorithm.

Algorithm 5.5

Let 0 < €, < € be a sequence of positive vectors in R"™; where é € R" is defined

as a vector with € = YOIk

1. Setk =0.

2. Select an arbitrary stationary deterministic policy po € Y.

3. Choose the stationary fully randomized extremal policy o, € Ag, , associated
with py and run Algorithm 5.4, for “large” random number ny of steps, till
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r,, “nearly” converges to Js, and Q,, “nearly” converges to Q%. Let Q=

Qn,, and Ji = Or,, . Let

G = maximax [ Ji(2) — Js, (1), fuax, Q(i,a) — Q (i, a)l}.

4. Set k =k + 1 and update the policy to ., where
pur(i) = arg min Q(i, a)

5. Go to step 3.

Note that the initial values z_1, g, 19,70 and Q9 when calling Algorithm 5.4
at each iteration in step 3 of Algorithm 5.5 may be arbitrary, but may be set to
the final values obtained while running Algorithm 5.4 by calling it in step 3 in the

previous iteration of Algorithm 5.5.

Theorem 5.3 Consider the Algorithm 5.5, and let Assumption 5.6 and Assump-

tion 5.8 hold. Then we have the following results.

1. Given any scalar € > 0, there exists scalar ¢ > 0 and vector €, with 0 < € <
€, such that if €, < € and (;, < (, Vk; then pi “converges” to an optimal
stationary deterministic policy (if there are multiple stationary deterministic
policies that are optimal, it may take any of the stationary deterministic policy
which minimizes the RHS of the Bellman Equation 5.8) in a finite number of

steps. In particular J,, converges to J° and U"* converges to U* in a finite
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number of steps (< |Y]). Also
9% — 9| < g, and I%%X(Jgk(i) —J,, (i) <e, Vk.

2. In particular if imsup,_, . (i) = 0, Vi € S, and limsup,_, . (x = 0, then
| Ju — J¢||— 0, |9 —9*| — 0, || Js, — J°||— 0 and 9°* — 9*. Infact J,, = J°

and 9" = * for all large k.

Proof of Theorem 5.3
Proof of part (1) follows from Lemma 5.4, Proposition 5.2, Lemma 5.10 and
the arguments following Corollary 5.2.

Proof of part (2) follows from part (1) and arguments along the same line as

in the proof of part (1).

Notice that for communicating MDP which is unichain, the state space S is the
union of the recurrent classes corresponding to the stationary deterministic policies
(refer Appendix B). Note that in Algorithm 5.5, we need not know the common

recurrent state.

Comments following the proof of Theorem 5.2 hold for Theorem 5.3.
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5.9.3 Weakly Communicating Unichain MDP With A Common
Recurrent State

Note that any unichain MDP is weakly communicating. We now extend the
TD learning scheme to general Unichain MDP with a common recurrent state.

Note that for any stationary fully randomized policy of the Unichain MDP,
the unique recurrent class is the union of the recurrent classes of the stationary
deterministic policies. Also for any policy, stationary or otherwise, the process
almost surely gets absorbed into this unique recurrent class, irrespective of the
starting state.

We are interested in finding the states belonging to this unique recurrent class,
by simulation. Let 6 € A be any stationary randomized policy. The elements of
its recurrent class (note that the Markov chain corresponding to ¢ is unichain) are
precisely, those states ‘i’ for which 7%(4) is positive, where 7° € R" is the unique in-
variant distribution (or occupation probabilities) of the Markov chain corresponding
to 9.

Fix § € A. Let y%(i),t > 1 be a sequence of non-negative real valued step
size parameters for each ¢ € §. We are interested in estimating the occupation
probability 7°(i), with U;(i) at time t. We start at time ¢ = 1, and let i, denote the

state at time t.

Assumption 5.9 For each i € S, the non-negative monotonic step sizes (i) | 0,

are pre-determined and satisfy S50, (i) = 00; 302, 2 (i) < oo.
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We have the following stochastic small step algorithm for estimating the oc-

cupation probabilities. The starting state i; can be arbitrary.

Algorithm 5.6

Up(i) = 0, YieS
The update rule is as follows (starting att =1):

U(i) = (L =%(@)Ui-1(0) + (D)L=, YVi€S

Here Z};,—; is the indicator function which takes the value one, if ¢; equal to
i, and takes the value zero, if 4, not equal to 7. Note that if (i) = 7, then U(4) is

the fraction of time the Markov chain has been in state ¢, by time .

Lemma 5.24 Fix a stationary randomized policy 6 € A, for the Unichain MDP.

Under Assumption 5.9, in Algorithm 5.6, Uy(i) — 7°(i) almost surely for eachi € S.

Proof of Lemma 5.24

The proof is straightforward and follows from Theorem 3.2 of Chapter 3.

In general Uy(i) can be arbitrary and need not be zero. Also Assumption 5.9

may be replaced by the condition that for each ¢ € S, the predetermined non-
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negative step sizes y,(1),t > 1, satisfies 30, [74(7) — ve11(9)| < 00, 352 (i) = o0
and 3292, v2(4) < oo.

Hence if we fix a stationary fully randomized policy 6 € A, (for example the
one in which for each state, all the feasible actions are taken with equal probability)
and run the above algorithm for sufficiently large ¢, then we can find the states
in the unique recurrent class corresponding to stationary fully randomized policies
(they are precisely the states for which 7(i) > 0).

Once we identify this unique recurrent class, we can focus our attention on
this subset of states and apply the average cost TD(\) algorithm developed in sub-
section 5.9.2 for the MDP restricted to this set of states. Actually for the original
MDP, the actions taken at the transient states are irrelevant, since given any policy
(stationary or otherwise) the system gets absorbed into the above mentioned unique
recurrent class of states, almost surely.

But we might like to solve the Bellman Equation 5.8, for the original MDP;
that is we need to find ¥* € R and J° € R". This can be done in two steps.

Step 1: First we solve the Bellman equation for the MDP restricted to the
unique recurrent class (corresponding to stationary fully randomized policies). As-
sume without loss of generality that the states in this unique recurrent class are the
last n — m states of the MDP. That is, the first m states are the transient states
under any stationary fully randomized policy. Then *, the optimal average cost
along with (J°(m + 1),...,J%n))’, the differential cost vector, solves the average
cost MDP restricted on the unique recurrent class. This may be approximately

obtained as in the previous subsection using average cost TD()) schemes.
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Step 2: Once we solve the first step, we solve a stochastic shortest path
problem (using TD(A) schemes mentioned in Appendix D) to solve the original
average cost Bellman Equation 5.8. The details are given next. Consider an n
state Stochastic Shortest Path MDP, in which the feasible actions and transition
probabilities for the first m states are exactly similar the the original Average Cost
MDP, except that the expected value of immediate cost for taking action a from
state i is (g(i,a) —9*) (for i € {1,...,m}, a € A(:)). For the last n — m states,
we assume that it has only one fictitious feasible action from each of these states,
under which the system moves to the terminal state 0, with probability one. The
corresponding immediate cost for taking this fictitious action from state ¢ being
J(i), a deterministic quantity (for i € {m+1,...,n}). See that for this Stochastic
Shortest Path problem (SSP), all stationary deterministic policies are proper. Note
that the Bellman Equation for this new SSP [12, 16] is J° = T.J°, where T is
the dynamic programming operator for the SSP (see Appendix D). Note that the
minimizing action in the Bellman Equation for the SSP is the same as the minimizing
action for the Bellman Equation 5.8, for the average cost MDP for states 1,...,m.

Thus once we have an estimate for ¥* and J°(m+1),...,J%(n) from step one,
we may plug in these estimates for solving the SSP mentioned in step 2, using the
TD(A) schemes in Appendix D.

Note that throughout this section, the moment condition on immediate costs

in Assumption 5.6(c), namely

E Ugt’k‘zt = iaut = a:| < o,
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Vi € S,a € A(1), need be satisfied only upto a sufficiently large k£ (k = 4) and not

for all £ > 0. (see Chapter 3, Proposition 3.1).
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Chapter 6

Conclusion

In Chapter 2 of the dissertation we prove the Lipschitz continuity of the cost
go function for the finite horizon and infinite horizon discounted cost POMDP (with
domain the unit simplex of probability distributions over the underlying states) and
give bounds for the Lipschitz constant. We use these Lipschitz constant bounds to
provide error bounds for computational algorithms which rely on the discretization
of the unit simplex.

For the computational schemes for POMDPs discussed in Chapter 2, parti-
tioning of the unit simplex A,, and representative points in each member of the
partition may be obtained as in Appendix A, by mapping each point in the unit
simplex A,, to the nearest point in A" (the set of representative points), ties being
resolved consistently. Larger the value of m, finer the partition.

In Chapter 3 we discuss generalization of a standard stochastic approximation
algorithm to handle periodicity of the underlying Markov process. This result is used
to extend the proof of convergence of temporal difference (TD) schemes with linear
function approximation to estimate cost to go function for discounted cost criterion
and differential cost function for average cost criterion. This is an extension of the
work in [54, 55].

In Chapter 4 we outline an approximate policy iteration scheme for infinite

178



horizon discounted cost MDPs, using TD schemes to evaluate the cost to go function
for stationary fully randomized policies which are “near” to stationary deterministic
policies. This allows for exploration and the corresponding ()-values are estimated
via online small step stochastic approximation and this in turn is used for policy
improvement.

In Chapter 5 we outline an approximate policy iteration scheme for average
cost unichain MDPs with a common recurrent state. We use TD schemes to eval-
uate the differential cost for stationary policies. Corresponding )-values are also
estimated (incorporating exploration using stationary randomized policies which are
“near” to stationary deterministic policies) via online small step stochastic approx-
imation and this in turn is used for policy improvement.

Appendix A deals with a discretization scheme for unit simplex.

Appendix B deals with reachability structure of finite state finite action MDPs.

Appendix C deals with error bounds for MDPs and some contraction mapping
theorems.

Appendix D deals with TD schemes for stochastic shortest path MDPs.

Some notes on the discounted cost MDP and average cost MDP follow.

We may use either the Least Squares Policy Evaluation (LSPE())) or the
Least squares Temporal Difference (LSTD())) [12] for policy evaluation instead of
the TD(A) schemes in the discounted cost and average cost cases of Chapter 4
and Chapter 5 respectively. These schemes converge much faster than the TD(\)
schemes, but is computationally expensive at each step. For example, if we use a

basis of K vectors for linear function approximation, at each time step we need the
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inversion of a K x K matrix and a fixed number of matrix vector multiplications
(matrix multiplying a vector) in both the LSPE(\) and LSTD(A). Multiplication of
a vector of dimension K with a K x K matrix involves computation of order O(K?).
Inversion of a K x K matrix is an order O(K?) operation. Howerver because of the
particular way in which the matrix evolves, we may use the matrix inversion lemma
and can manage to compute the matrix inversion with O(K?) operation. Hence the
LSPE()) or LSTD() requires O(K?) operation at each step, whereas TD(\) needs
only O(K) operation per time step.

Note that for the discounted cost MDP, if we define, for each stationary de-

terministic policy pu € T, the “greedy region” for p as

R, ={J € R'|T,J =TJ},

where the operators T and T}, are defined as in Chapter 4, then R, is a polyhedron.
It might be an empty set. In Chapter 4, if we use linear function approximation
(instead of look up table representation) for the TD(\) schemes for discounted cost
problems, along with approximate policy iteration, and the space spanned by the
basis functions does not intersect the greedy region corresponding to any of the
optimal stationary deterministic policies, then the methodology in Chapter 4 cannot
converge to an optimal policy.

The same observations hold even if we use TD()) schemes for discounted cost
problems, along with approximate policy iteration, using the equivalent Stochastic
Shortest Path (SSP) formulation [16].

For the average cost MDP, we may define for each stationary deterministic
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policy p € T, the “greedy region” for u as
R,={JeR"T,J=TJ},

where Tu and T are defined as in Chapter 5. Here also 7@“ is a polyhedron and may
be an empty set. In Chapter 5, if we use linear function approximation (instead of
look up table representation) for the TD(\) schemes for average cost problem, along
with approximate policy iteration, and the space spanned by the basis functions does
not intersect the “greedy region” corresponding to any of the optimal stationary
deterministic policies, then the methodology in Chapter 5 cannot converge to an
optimal policy.

The above observations also hold when we use linear function approximation
with LSPE(A) and LSTD()) policy evaluation.

For a comparitive study of discounted versus average cost temporal difference
schemes for a Markov Cost Process see [56].

For optimistic policy iteration schemes see [16, 52].

6.1 Future Work : Extension Of Reinforcement Learning To POMDPs

We consider direct adaptive control of POMDPs in this section for the infinite
horizon discounted cost case (with discount factor § € [0, 1)) using temporal differ-
ence schemes to obtain near optimal policies. See Chapter 2 for details about the
definition of a POMDP. We need not know about the cardinality of the underlying
state space, which is assumed finite. We need to know the finite set of feasible
actions 4, common to all underlying states. We also need to know the finite set of

181



observations, namely 0. We need to observe the immediate cost incurred as well as
the associated observation, in response to taking an action, at each time step. We
don’t assume any direct knowledge about the underlying probabilities, but assume
that the immediate costs have finite moments for the underlying MDP. We assume
that the underlying MDP is communicating.

Fix an integer N > 0. Consider an associated MDP with state at time ¢, given
by the tuplet (s n11, 0t N1, Ut—N41, St—N4+25 Ot— N42; Ut—N42,*** 5 St—1, Op—1, Ug—1, St, O¢),
where s, is the underlying state at time ¢, of the original MDP, u; is the action taken
at time £, o; is the observation obtained at time ¢ in response to the action u;_; taken
at time t — 1 and subsequent transition of the underlying state from s;_; to s;.

Note that the observation o; at time ¢, might also include a finite discretized
version of g, 1, along with the traditional observation from the finite set O. This
is because the immediate cost incurred at time ¢ — 1 (in response to taking action
u;—1), namely g;1, might contain information about the underlying state s; of the
MDP.

The feasible action set for the associated MDP is same as that of the original
POMDP. The transition probability and the immediate cost for the associated MDP
is obtained in the most natural way (we omit the details) from the original POMDP.
At time t, the N-stage observable history is (0;—n11, Ut—N+1, ", 01, Ut—1,0¢), and
is considered to be the pseudo state at time ¢, and denoted by §;. When N = 1, the
pseudo state at time ¢ is just (o).

We work with stationary fully randomized policies with the pseudo state as

the “current state”. Such a policy is also a stationary fully randomized policy on
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the associated MDP mentioned earlier.

Once we fix a stationary fully randomized policy d, we may use any linear
function approximation (on the pseudo states) along with TD(A) (as in Chapter 4),
to obtain an estimate of the approximate cost to go J 9(3) from the pseudo state 3.
The restriction on the step sizes 7; used in the TD(A) scheme is as in Chapter 4. We
call any collection of pseudo states an aggregated pseudo state 5. We may estimate
the @-value corresponding to any “aggregated pseudo state - action” pair (with one

step look ahead function J %) by the small step stochastic approximation

Qu1(8,1) = (1 = Yr 5,0 (3, 0)) Q1 (8, 1) + 7750 (8, 1) [gt + 5jt+1(§t+1)}

if and only if 5, € § and w, = w; otherwise Qi41(8,u) = @Qu(5,u). Here [ €
[0,1) is the discount factor, § is the aggregated pseudo state, and u is the action
under consideration. J,(3) is the estimate of J(5;) at time ¢ obtained via TD()\)
scheme. In the above update equation for @41, we could have used jt(§t+1) instead
of Ji1(841). Here 7(8, 1) is the number of times action u is taken by time ¢, from
any of the pseudo states belonging to the aggregated pseudo state 5. Here for § and

u, Yk(8,u) is a deterministic non-negative step size sequence which satisfies

Yo u) =00; Y 7i(5,u) <oop Y [ (8,u) — (3 )| < oo
k=1 k=1 k=1

In particular a non-increasing non-negative sequence satisfies the third condition
above. We may prove that Q;(8,u) converges to a quantity Q°(3,u) (which actually
depends also on J°(-) and hence on the choice of the basis functions for linear func-

tion approximation) which may be characterized analytically (we omit the details).

183



In particular, we may partition the space of pseudo states, and use the indicator
functions for each member of the partition (the aggregated pseudo state) as the basis
functions for the linear approximation, and correspondingly estimate the cost to go
and Q-values for aggregated state - action pairs. Here each member of the partition
is considered to be an aggregated pseudo state. But does these ()-values and cost
to go approximation converge to anything useful?

Suppose the original POMDP is such that the aposteriori probability on the
underlying states, given the past observable history becomes less and less depen-
dent on the initial apriori probability on the underlying states, uniformly for all
observable past histories; then for sufficiently large fixed integer N, each pseudo
state corresponds roughly to a point (actually a small neighbourhood of a point)
on the unit simplex of belief states (the space of probability distributions on the
underlying states of the original POMDP).

If we partition the space of pseudo states, such that each member of the
partition (aggregated pseudo state) has the property that the pseudo state in each
aggregated pseudo state corresponds roughly to the same point (or neighbourhood)
of the unit simplex of the belief states, then the TD()\) scheme for learning as in
Chapter 4 leads to a near optimal solution for the original POMDP.

In this scheme, only those belief states (actually neighbourhoods) which corre-
spond to the N-stage observable history are involved or explored, which is all what
we need.

Again we could have used LSPE(A) or LSTD(A) instead of TD() to estimate

the cost to go .
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Appendix A

Discretization Of The Unit Simplex
We are interested in the simple problem of approximation (by discretization) of
probability mass functions on a finite sample space. Please note that the notations

in this appendix are self contained. For any positive integer n, let

A, = {p:(plap2a~-->pn>|pi20’ p=hem Zpi:l}

be the n — 1 dimensional unit simplex in R" (the n dimensional Eucledian space).

For any positive integers m and n, let

AT =

l; o . -
{q =(q1,92,---,qn) | s = —, l; non-negative integer, i = 1,...,n; » l; = m} .
m i=1

For any positive integers m, n and a non-negative integer [ with 0 <[ < m,

define
Am,l —
mt=
l; . . =
v = (v1,V9,...,0,) | v; = —, l; non-negative integer, it =1,...,n; Y l;=m—13.
m ;
=1

Note that A™ C A, and A™% = A™ The cardinality of the set A™! is

myl| _ (m—=i4+n-1)!
|An |_ (m=D!(n—1)!"

For any real a € [1,+00) we define the £, norm as follows,
N 1
ol = (3 ot} ", weme
i=1
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and the /., norm as

_ . n
0] oo = ie{rlr};?in} lvi|, ©veR"

We have the following lemma.

Lemma A.1 For anyv € R", [[v]|a | ||V]|c as o — F00.

Proof of Lemma A.1

If v, =0, Vi € {1,2,...,n}, i.e. v = 0 (Q is the zero vector), then the
claim is trivially true. Suppose v # 0. Without loss of generality assume that
|vi | >]vigr ], © = 1,2,...,n — 1. Otherwise we could do a permutation of the
indices without changing the norm. Note that |vy| > 0. Let ©; =|v;| / |v1]. Note

that 0 < @ < 1, Vi with & = 1. Then |[vlsc = [v1] and [[t]la = || (X2, 72)= for

a€[l,400). If 1 < a < f < +00, then 1 < (0, 07) < (X%, 9%) < n. This

=1 "1

1

implies that 1 < (X%, ﬁ?)% < (20, 0h)a < (X, 9%)a < na. This proves that

=1 "1

[vllg < Jvlle and [[v]la | o]l as @ — o0 .

Fix positive integers n, m. Given a p € A,,, we are interested in finding an
element ¢ € A" depending on p, such that the metric ||p — ¢||; is minimized. We

seek to find a function f : A,, — A such that
—plly = inf |6 —
1/ () = plls = _inf Iz = plh
f need not be a true function in the sense that for a given argument p € A,,, it can
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pick any element ¢ € A (if there are ties), such that ||p — ¢||; is the minimum.
Since the case n = 1 is trivial, we assume n > 1.
For a real number 3, |3] denotes the floor of 5. Consider the following algo-

rithm to find an f.

Algorithm A.1

1. Given any p € A, let w € R" be chosen such that w; = |[(p;m)] %; i =
1,...,n. Note that 0 < p; —w; < %
Define the function g : A, — Uy A™! by g(p) = w.

2. Let k = m (1 — (X1, w;)). Note that k is an integer such that 0 < k <
min{m,n — 1}.
Define the function h : A, — {0,1,...,m} by h(p) = k.

3. Order the n indices into i1, i, . . ., in, such that (p;,—ws,;) > (pi; ., — Wiy, ), J =

1,...,n — 1. Ties may be resolved arbitrarily.

4. If k=0, then set k = 0, else set k = max{j| (pi; —wi;) > 0}. If k=0 then

set k=0, else set k = max{j | k <j<n and (p;, —w;,) = (pi, —ws,)}
5. Let ¢ € R" be defined by the folowing steps.

o Forj=k+1,...,n, set q¢;; = w,.

J

o If k> 0,then for j =1,...,k, set q; :wij—i—i.

m

Note that g € A",
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6. Set f(p) =q.

Remarks on Algorithm A.1

Note that f depends on n and m. Observe that g(p) € A™F and h(p) €
{0,1,---,min{m,n—1}} are well defined. Note that f(p) = p if and only if £ = 0 in
step 2 of Algorithm A.1. Note that ||f(p) —p|l < . Also note that k > k whenever
k>0, since Y™, (¢; — pi) = 0. We have k < k < k. When k > 0, we have = >
(qi; —pi;) > 0for j=1,... k; —% < (qi; —pi;) <0 for j = k:+1,...,lz;andpi]. = qi,
for k< j<mn. Ifk>1,then 0 < (@5; — pi;) < (Qijy — Pijy,) forj=1,... k=1
Also if k > k + 1, then (0, — @5;) > Pijyr — Qijyy) > Ofor j =k + ... k—1.
If p = (0,0,...,0,1,0,...,0,0), with an entry one in the *" position, and zero
elsewhere, then £k = 0 in step 2 of Algorithm A.1. Also note that for any fixed

€ [1,400], ||f(p) — plla is the same irrespective of the ordering taken in step 3 of

Algorithm A.1, when ties need to be resolved arbitrarily.

Fix positive integers n, m. For any fixed p € A,,, define
— )= m ~ 1
) ={iear p-dle< .}
m

Note that this is a non-empty set (f(p) € C(p)). Also note that any element in C'(p)
is obtained as follows. If f(p) = p then C(p) = {p}, a singleton set. Otherwise (i.e.

if £ > 0 in step 2 of Algorithm A.1) we have

1
C(p) = {QGA”@ =w;+—,1 € B, ¢ =w;,i ¢ F; for someEED(p)}.
m
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Here w € R" is obtained from step 1 of Algorithm A.1, and D(p) = {F C
{t1,42,...,4;}| | E|= k}. Note that the indices iy,is,...,%; are obtained from
steps 3 and 4 in Algorithm A.1 and depend only on p, n and m. Here |E| represents
the cardinality of the set E.

We state and prove the following result.
Lemma A.2 The function f defined in Algorithm A.1 satisfies

1f(p) = plla = qie%f;;z 1 — plla

for any p € A, and any o € [1, +0o0].

Proof of Lemma A.2

We will show that ¢ € A\ C(p) implies that there exists ¢ € A" such that
P — qlla <|[p — Gl|lo. This is easy for the case a = +o0, since § = f(p) does the job.
Suppose a € [1,00). Then since § € A\ C(p), there exists an index ¢ such that
Ip = qlloe = Ipi — @G| > ;.- Then either p; > G; + ;& or pi < Gi — .

First we consider the case p; > ¢; + % Then there exists index j such that
p; < q; since Y1 (p — @) = 0. Define ¢ € AT as follows : ¢ = ¢, # i,l # j,
@ = G; + = and §; = ¢; — ~. Note that ¢ € A7". We will show that [p; — G;|* +
b5 — @ > pi — l* + by — 4* and lp — @l > [lp — dllo follows. Let = = p; — G,
Then |p; — G;|= 2 > - and = >|p; — ¢i|=p; — ¢ = * — = > 0. Supposing that
4 > pj + . it is clear that |p; — ¢;1>|p; — 4= (¢ —pj) = (G —p; — %) = 0
and hence |p; — G|* + |p; — ;1% >|pi — @|* + |pj — ¢;|*. On the other hand, if
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0 < (g; — pj) < =, then y = p; — g; is such that 0 < y < L. We show that

[0 _ Ol> __Oé (0%
x+(m y)* > (v m) +y

for a € [1,400). Note that (£)* > ((+ —y)* —y*) > —(-5)*. Hence all that is

1
required to prove the above inequality is to show that % — (z — L)* > (%)”‘ Now

m

2*(1—=(1—E2)%) > 2*(L1)* since for 0 < § < 1and a € [1,400), we have 1—3% >

(1 — B)*. Thus we have shown that |p; — G|* + |p; — ¢|* > |pi — G|~ + p; — ¢;|™

For the case where p; < ¢; — %, note that there exists an index j such that
p; > q; since Y0 (g — @) = 0. We define ¢ € AT as follows : ¢ = ¢, 1 # 4,1 # J,
G = Gi— % and g; = q;+ % Now an argument similar to that in the above paragraph
shows that |p; — " + [p; — ¢j|* > |pi — @™ + |p; — ¢;|* and hence |[p—qlla > |[p— dl[a-

Now to prove our main result, namely || f(p) — p|la = infgeam || — p|la, we
use an argument of contradiction. We consider the cases o € [1,00) and a = +00
separately.

First assume that a € [1,+00). Suppose there exists § € A such that
infgeam [|¢ — plla =17 — plla <||f(p) — »lla- We need to consider only that case in
which ||f(p) — plla > 0. By way of the argument in the earlier paragraphs, ¢ € C(p).
Since ¢ # f(p), we have indices i # j and real values z and y with - >z >y > 0

such that ¢; —p; = % —y > 0and p; —¢; =« > 0. Now consider the vector § € A"

L Tt is easy to see
m

defined as follows ¢, = G;,l # i,0 # j, ¢ = G; — % and ¢; = q; +
that ¢ € C(p). We will show that for a € [1,4+00), ||§ — plla <||§ — p|la- In fact, it
is sufficient to show that |p; — G;|* + |p; — ¢;|* <|pi — &|* + |p; — ¢;|*. That is, we

need to show that y* + (& — 2)* < (£ — y)* + 2, which is true by virtue of the
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fact that z* > y* and (£ —y)* > (£ — 2)?, since = > z >y > 0. This along with
the fact that for any fixed a € [1,400], ||f(p) — plla is the same irrespective of the
ordering taken in step 3 of Algorithm A.1, when ties need to be resolved arbitrarily,
implies that |[f(p) — plla = infzeap 17 — plla-

Next we consider the case when v = +o00. Fix ap € A,, and any ¢ € A", For
any a € [1,+00) we have | f(p) = plla < |G — plla. Since for any v € R”, ] | il

as a | 400, we have ||f(p) — plloo <||¢ — pllso- Since this is true for all ¢ € A" we

have [|f(p) = plloc = infgeap (1§ = plloo-

Fix any p € A, and let ¢ € A”. Consider the case when « € [1,400). Then
the proof of the above theorem shows that ||p — §||lo = infgeam || — p||o if and only
if § = f(p) where f is obtained by Algorithm A.1. Now consider the case when
a = ~400. ||p = Gl|ec= infgeam || — p||oo, does not necessarily imply that ¢ is of the
form f(p), where f is obtained by Algorithm A.1.

Fix positive integers n, m. We give the following error bounds when o = 1.

Lemma A.3 When a = 1 we have the following bounds on the approrimation error

_ (n—m) . n
sup If ) =plly = 27— — it m < bJ

if nisodd and m > V;J

= - if niseven and m > {SJ
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Proof of Lemma A.3

Fix positive integers n, m. First of all we define H(k) = {p € A, | h(p) = k}
for k=0,1, -, min{m,n — 1} (refer to Algorithm A.1 for the definition of h(-) and
g(+)). Observe that H(k) = {p € A, | g(p) € A™*}.

Fix a p € A,. Let the corresponding w;, ¢ = 1,...,n be obtained as in Algo-
rithm A.1 (i.e. g(p) = w) and the corresponding ordering of indices be iy, g, . .., ip.
Let k, k and f(p) be obtained as in Algorithm A.1. This implies that p € H(k).

When k = 0 we have ||p — f(p)||s = 0. We focus on the case when k > 0 (note
that k <n —1). Let a;; = p;; —w;; j=1,...,n. See that % >, > Ay, > >

ai, > 0. Also see that a;, > 0. When k < n, we have a;.,, = 0. Note that f(p) is

defined as follows, namely [f(p)];, = w;, + % jg=1,...,kand [f(p)];

g :wlj j:

k+1,....n. Lete € Rbesuchthat ke = 35 (L —a;,) = S0y 0, = 3 [|f(p)—plly

> 0. Note that (= —¢) > a;,,, > 0 and hence (n — k)( —€) > ke. This implies

(n—k)

e < & where & . Given any such p, we can define a p € A,, as follows.

3=

kfk j=k+1,--- n. Note that

Pi; = Wi, + 5 — €, j=1--,kand p; = wi; + ¢

3
9(p) = w (vefer to Algorithm A.1) and (ps, —w;;) > (P, — Wijy,), J=1,---,n—1.
Hence f(p) also serves as £(5) and |lp — f(p)lh =I5 — f Bl

Let p € A, be defined as follows : p;; = w;; + % —&, 4 =1,---,k and
Py, =wi, + 5L j=k+1,---,n. Note that g(p) = w (refer to Algorithm A.1) and
(Di; — wi;) > (Pijy — Wiy, ), j=1,---,n—1. Also ||f(p) — p|[1= 2ké. Hence f(p)

also serves as f(p) and a bit of thought shows that

k) 1

(n— _ _ X .
" P — £l ﬁ:ﬁgg(k) 16— £l
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Maximizing over k gives the result.

Fix positive integers n, m. For any ¢ € A", define
. 3 m e~ 1

M@ ={ae | la-dlo< —}.
m

Define 1(q) = {i|0 < ¢ < 1} and J(q) = {i| @ = 0}. Let r(q) =|1(q)|, s(q) =
|[{i|¢@ = 1}| and t(§) =|J(§)|- Note that s(q) is either zero or one and that
r(q)+s(q) +t(q) =n. If s(¢) = 1 then r(¢) = 0 and t(¢) = n — 1. Note that for any
q,q € A7, [|§—qlloc = I & for some integer [, such that 0 < I < m, with ||§ — G|l =0
iff § = g. For the set M(q), IM(q)| denotes the cardinality of the set. We have the

following lemma.

Lemma A.4 Let G € A". Then |M(q)|=n if s(§) =1, else if s(G) =0 then

Proof of Lemma A.4

The case when s(¢) = 1 is trivial. We focus on the case s(§) = 0. When
s(q) = 0, we have r(¢) + t(¢) = n and r(q) > 0,t(¢q) > 0. Note that I(¢) U J(q) =
{1,2,...,n} when s(¢) = 0. Also I(§) N J(¢) = 0. Let v € R" be defined as
v;=q — =, 1 € 1(q) and v; = G;, i € J(§). Any ¢ € M(q) has the following form,
namely ¢; = v; +2 %, i €A, G = vﬁ—%,z’ € Band §; =v;, i ¢ AUB. Here A C I(q)

is such that 0 <|A|< 2], B € {1,...,n} \ A is such that |B|= r(§) — 2 |A|.

193



Thus the various possible number of ways of choosing ¢ € M(q) is
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Appendix B
Notes On The Reachability Structure Of Finite State-Finite Action

MDP

Consider a finite state-finite action MDP, with state space S = {1,2,---,n}
for some finite integer n. Let the finite non-empty control constraint sets A(i) =
{1,2,---,|A(i)|} denote the possible control actions from state i € S. Define A =

» 1 A(?). Let p;j(u) denote the probability of making a transition from state i to
state 7 when action w is taken from state 7. Please refer Section 4.2 on Stationary
Randomized Policies in Chapter 4, for information on notations. A denotes the set of
stationary randomized policies (stochastic control kernels to be precise), whereas T
denotes the set of stationary deterministic policies (control functions to be precise).
Note that | Y| = [T, |A(¢)], where | .A| denotes the cardinality of the set A. In this
appendix we are not interested in the cost structure.

Any stationary deterministic policy p will give rise to a Markov Chain (M.C.)
with transition probability matrix P,, where [P,];; = p;;(1()). Similarly any sta-
tionary randomized policy § € A will give rise to a M.C. with transition probability
matrix Ps = [pl;], where pf; = 3, 4)[0(9)]a pij(a). Here [6(i)], is the probability of
taking action a from state ¢ under the stationary randomized policy §. A stationary

fully randomized policy § € Interior(A) (see Section 4.2 on Stationary Randomized

Policies in Chapter 4 for the definition of Interior(A)) is any stationary randomized
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policy which assigns positive probability to each possible action from every state.
In this appendix we are concerned about the changes in the “reachability”
structure as we go from stationary deterministic to stationary fully randomized

policies.

B.1 Structure Of A General Stochastic Matrix

We borrow the terminology for the classification of the states from [43, pages
11-12]. Let P = [p;j], 4,7 = 1,---,n; be any n x n stochastic matrix, which
represents the transition probability matrix for some n state Markov Chain (M.C.).
A sequence (,iy,49,-,4-1,7), for t > 1 (where iy = i, iy = j), from the index
set {1,2,...,n} (states of the M.C.) is said to form a chain of length ¢ between the
ordered pair (i, j) if

Piiy Divia " Diy_sir_1 Dip_1j > 0

Such a chain for which ¢ = j is called a cycle of length ¢ between 7 and itself. Without
loss of generality we may impose the restriction that, for fixed (4, j), i, # i1 # iy #
-+ # 1,1, to obtain a ‘minimal’ length chain or cycle, from a given one. Note that

this does not preclude the possibility of ¢ being the same as j.

B.1.1 Classification Of Indices For A Markov Chain

Let 7, j, k be arbitrary indices from the index set {1,2,...,n} of the matrix P.

For any positive integer m, let pgﬂ) denote the (i, 7)™ entry of P™, the m' power of

P. We say that ¢ leads to j, and write 1+ — j, if there exists an integer m > 1 such
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that pgn) > 0, or equivalently, if there is a chain between ¢ and j. If ¢ does not lead
to j we write ¢ -/ j. Clearly, if 1 — j and j — k then, from the rule of matrix
multiplication, i — k. Note that for each 4, there is some j (depending on i and
the matrix P) such that i — j, since 37, p;; = 1 > 0 for each i. We say that i
and j communicate if i — j and j — ¢, and denote it by i «—— j.

The indices of the stochastic matrix P, or equivalently the states of the M.C.

can be classified and grouped as follows.

(a) If : — 7 but j -/ i for some j, then the index i is called inessential.

(b) Otherwise the index i is called essential. Thus if ¢ is essential, ¢ — 7 implies

1« 7; and there is at least one j such that 1 — j.

(c) Hence it is clear that all essential indices can be subdivided into essential classes
or ergodic classes in such a way, that all indices belonging to one class com-
municate, but cannot lead to an index outside the class. It can be proved that

for a finite state M.C. there is at least one essential class [43, page 16].

(d) All inessential indices (if any) which communicate with some index, can be
subdivided into inessential classes such that all indices in a class communicate.
Note that any index which communicates with an index of an inessential class

also belongs to that inessential class.

Classes of the type described in (c) and (d) are called self-communicating
classes. Note that an index i belongs to some self-communicating class iff

i — 1 (or equivalently i «— 7).
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(e) In addition there may be inessential indices which communicate with no index;
these are defined as forming an inessential class by themselves (which, of

course, if not self-communicating).

The inessential indices (or states) are also called transient indices (or transient
states). Note that if a state 7 is transient and if j is such that j — 4, then j too is
transient. For any square non-negative matrix 7" (i.e. all the entries of 7" are non-
negative real values) the corresponding incidence matriz T replaces all the positive
entries of T by ones. Note that the classification of indices (and hence grouping into
classes) for the stochastic matrix (or equivalently the states of the M.C.) depends
only on the location of the positive elements, and not on their magnitude, so any
two stochastic matrices with the same incidence matrix will have the same index

classification and grouping.

B.2 Rearrangement Of Index Classification, When We Move From

Deterministic To Fully Randomized Policies

For any stationary deterministic policy p of the MDP, we denote i — j iff i

“w
leads to j under the policy u. We say ¢ -/ j iff ¢ does not lead to j under the policy
. Similarly we denote i <2 j iff i «— j under the policy . Similar notations

hold for any stationary randomized policy 0.

Lemma B.1 Leti, j be arbitrary indices from the index set {1,2,... ,n} (or states)
and let & be any stationary fully randomized policy. Then i SN jiffi 5 j for at
least one stationary deterministic policy . a
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Proof of Lemma B.1

It is easy to see that if i -~ j for some deterministic policy p, then i 2, Ji
from the definition of “leads to” and the fact that ¢ is a fully randomized policy.

Now the only if part can be proved as follows. Let 7, j be such that ¢ 2, J.
Hence we can find a chain (,4y,49, -+ ,4;_1,7) of length ¢ between the ordered pair
(1,7) for the M.C. with transition probability matrix P°. Without loss of generality
we may assume this to be a minimal length chain. Note that 0 < ¢ < n. With
the notation that i = ¢ and i, = 7, we have that pfk insy > 0 for 0 < k <t-1.
Hence there exists actions a; € A(iy) for 0 < k <t — 1 such that p;,;, ., (ax) > 0 for
0 <k <t—1. Pick any stationary deterministic policy p such that u(iy) = ay for

cach 0 < k <t—1. Then i - j.

Lemma B.2 An index i € {1,2,...,n} belongs to some self-communicating class
for a stationary fully randomized policy 0 iff © belongs to a self-communicating class

for some stationary deterministic policy .

Proof of Lemma B.2
Apply Lemma B.1 with ¢ = j and use the fact that for any Markov Chain, i
belongs to one of its self communicating classes iff i — ¢ for this Markov Chain.

O
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Let m,, represent the number of distinct ergodic classes for the stationary de-
terministic policy p. Similarly, let ms denote the number of distinct ergodic classes
for the stationary randomized policy §. Let CY',C¥, ..., C’#L# be the ergodic classes
for the deterministic policy p. Similarly for any stationary randomized policy 9, let

C’f, Cg, - ,C’,‘;a be its ergodic classes. We have the following results.

Theorem B.1 Let p be a stationary deterministic policy and let § be a stationary

fully randomized policy. Then

1. Given any C? and any u, we can find a j such that e C?.
2.

ms = minm
neY ®
3.
ms my
o _ Iz
e = U ud
i=1 {p:mu=ms} i=1

The proof of Theorem B.1 is given later. The above theorem implies that for
any stationary deterministic policy p with m, = ms, precisely one of its ergodic
classes will be a subset of each ergodic class of any stationary fully randomized pol-
icy . Note that if a state ¢ belongs to an ergodic class of § then a state j is in the

same ergodic class of ¢ iff SN 7. Please refer Lemma B.1.
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Corollary B.1 If a state i is transient for every stationary deterministic policy L,
then 1 1s transient for any stationary fully randomized policy §. Equivalently if a
state 1 belongs to some ergodic class for a stationary fully randomized policy, then i

belongs to an ergodic class for some stationary deterministic policy.

Proof of Corollary B.1

Refer the proof of Theorem B.1.

Corollary B.2 If a state © belongs to some ergodic class for every stationary de-
terministic policy p, then i belongs to some ergodic class for any stationary fully
randomized policy 6. FEquivalently if a state v is transient for a stationary fully

randomized policy, then i is transient for some stationary deterministic policy.

Proof of Corollary B.2

Refer the proof of Theorem B.1.

Let B C &, be nonempty. For any stationary fully randomized policy ¢ and

any stationary deterministic policy p we denote

B(;:{i68|ii>j, for some j € B}
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and

B, ={ieS|i - j, for some j € B}
Note that Bs (respectively B),) is constituted of precisely those states which lead
to some state in B under policy § (respectively u). Observe that these sets can be
empty. In the following algorithm and discussions, we say that a state i € S is
marked if we assign a particular action a € A(i) to the state i.

Before we prove Theorem B.1, we prove the following lemma.

Lemma B.3 Let B C S be nonempty and § be any stationary fully randomized
policy. Then there ezists a marking of the states in Bs \ B such that any stationary
deterministic policy p which agrees on the actions taken from the set Bs \ B with

the above mentioned marking, has Bs \ B = B, \ B.

Proof of Lemma B.3

Using Lemma B.1 we have that if i is any stationary deterministic policy, then
Bj € Bs. Hence B, \ B C Bs \ B. Hence we only need to prove that there exists
a marking of the states in Bs \ B such that any stationary deterministic policy
which agrees on the actions taken from the set Bs \ B with the above mentioned
marking has B; \ B C B, \ B.

If Bs\ B is empty, we have nothing to prove. Suppose B;\ B is nonempty. We
assume that the states in Bs\ B are not marked initially. Then we use the following

algorithm to mark the states in Bs \ B and the result follows.
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A systematic algorithm which does not assume the apriori knowledge of the

set Bs \ B is given below.

Algorithm B.1
e Initialize C =S\ B, C =0, Sy =B, k=0.

o While C is nonempty and there exists i € C' such that pfj > 0 with 5 € S, do

the following.

(a) Set Spi1=10.
(b) For allie C do
If i is such that pfj > 0 for some j € S
1. Pick a € A(i) such that p;;(a) > 0. It is easy to see that such an
a erists.

2. Mark state i with the corresponding action a € A(i) obtained
from the previous step. Remove state i from the set C. Add state

i to the set Sgyq.
(C) S@t é = é U Sk+1.

(d) Setk =Fk+1.

The while loop will iterate at most |S\ B| times. It is clear from Algorithm B.1,
that at the end of each iteration of the while loop, all the states which have already
been marked until that iteration (i.e. C'), belong to the set B\ B for any stationary
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deterministic policy fi which agree on the already marked states C. Note that in
Algorithm B.1, the while loop condition is true as long as C' N (Bs \ B) # (). When

the algorithm terminates, C will be equal to Bs \ B.

Corollary B.3 Let § be any stationary fully randomized policy. Suppose that the
M.C. with transition probability matriz Py is unichain, i.e. it has only one ergodic
class. Let B be any nonempty subset of this ergodic class. Suppose all the states
of this set B are marked (i.e. for each state i in the set B, we assign a particular
action a; from the set A(i)), and the corresponding marking on the set B gives rise
to a M.C. over the subset B, i.e. p;(a;) =0, Vj ¢ B,i € B. Then there exists a
deterministic policy p, which agrees with the afore mentioned markings on the set
B, and having the property that B, = S. Also the ergodic classes for the M.C. with
transition probability matriz P, are the same as the ergodic classes for the M.C.

restricted to the subset B.

Proof of Corollary B.3

First note that B; = S, since the M.C. corresponding to the transition prob-
ability matrix Py is unichain and B is a subset of this unique ergodic class for this
Markov Chain. By Lemma B.3, we can find a stationary deterministic policy g,
which agrees with the markings (mentioned in the statememt of Corollary B.3) on
the set B, and having the property that B, \ B = S \ B. By the choice of the
markings on B, we have B, N B = B. Hence B, = §. This along with the fact
that, the M.C. restricted to the set B (for the deterministic policy u) is a M.C. tells
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us that B is an absorbing set for the policy p (i.e. p;;j(u(i)) =0, Vj ¢ B,i € B).
Note that i € S\ B imply that i is an inessential index for the M.C. with transition
probability matrix P,. Hence the ergodic classes for the M.C. with transition prob-
ability matrix P, are the same as the ergodic classes for the M.C. restricted to the

subset B.

Proof of Theorem B.1

First of all we prove that given any C? and any p then we can find a j such
that C}' C C?. Fix any deterministic policy y and any one of the ergodic classes C?.
Let k € C?. Then k 7#L> [ for any [ ¢ C?, since C? is an ergodic class for the fully
randomized policy § (refer Lemma B.1). But there exists j € {1,...,m,} such that

k e (C%), where

J

(CH) ={leS|l 1, forsomeiGC]”}

. . . . 6 . . .
and this in turn implies C% C C} (again by referring to Lemma B.1). This also
implies that m, > ms. From the above arguments, it is clear that for any deter-

ministic policy f with m; = ms (if at all it exists), precisely one each of its ergodic

classes will be a subset of each Cf for k € {1,...,ms}. Hence
My ms
U ucacua
{m:my=ms}i=1 k=1
Now to prove the last statement of the theorem. Pick arbitrary i, ..., ¢y,

such that iy € C? for k € {1,...,ms}. Let B = {i1,...,im,}. Notice that Bs = S.
Then by Lemma B.3 there exists marking of the states in S \ B (i.e. a particular

205



assignment of action to each state in S\ B, say action q; to state [ € S\ B) such
that any deterministic policy p with p(l) = a;, VI € S\ B, has S\ B = B, \ B.
Now for [ € B, pick any a; € A(l) and assign p(l) = a;. Note that under this choice
of u, I - iy for each [ € C. Also I € CJ implies Z7Z> I, for all [ ¢ C¢. This also
implies that there is exactly one ergodic class of this policy p in each of the sets C9
and iy, is an element of this ergodic class. Since S\ (Up?, C¢) C B, \ B, the states in
S\ (Up, C?) are transient under the deterministic policy p (by virtue of the choice
of the set B). This also implies that m, = m;. Hence we have ms = minger my.
Since i;, could have been any state in C¢ in the choice of the set B, we have

ms mu
Ua= U uyca
k=1

{p:mu=ms}i=1

Also this imples Corollaries B.1 and B.2.
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Appendix C

Error Bounds For Markov Decision Processes

In this appendix we discuss some results related to the error bounds for Markov
Decision Processes (MDPs).

In Section C.1 we discuss a general contraction mapping theorem [12, 37], ap-
proximate value iteration and some generic error bounds for contraction mappings.
In Section C.2 we deal with the Stochastic Shortest Path problem (SSP) model
and discuss absorption probability issues of SSPs and explore the average number
of stages needed to reach the terminal state. Section C.3 discusses issues related
to properness and acyclicity of policies in SSP. In Section C.4 we discuss the con-
traction properties of SSP dynamic programming operator along with various error
bounds for SSP. Section C.5 deals with the equivalent SSP problem for discounted
cost MDP. Various error bounds for discounted cost problem are dealt with. In

Section C.6 error bounds for average cost problem are dealt with.

C.1 Contraction Mappings

Let V be a Banach Space [41] that is a normed linear space which is complete
under the norm || - ||.
Let H : V — V be a mapping such that | HV — HV' |< K | V =V’ |,

V V.,V €V; where 0 < K < co. Then H is a uniformly continuous mapping. Here
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HYV is the mapping H applied to Ve V. If | HV —HV' |<|V=V"| YV,V' eV
then H is called a nonexpansion mapping.
A mapping H : V — V is said to be a contraction mapping with modulus of

contraction «, if there exists a scalar a with 0 < a < 1, such that
| HV — HV' |[< a ||V = V"] VvV, VeV

H :V — V is said to be an m-stage contraction mapping if there exists a positive

integer m and some scalar a;, with 0 < o < 1 such that

| H"V —H™V' |<a||V-V'|| VV,V eV
Here H™ denotes the composition of H with itself m times; i.e. H*'V = HH*V,
VV eV, k=0,12,---. H°is the identity mapping, i.e. H'V =V, VV € V.
Again « is called the modulus of contraction. The modulus of contraction is also
called the contraction coefficient. Note that if H is a contraction mapping, then H is
uniformly continuous. However H being an m-stage contraction does not necessarily

imply that H is continuous. As in the following example, H may be discontinuous

every where.
Example C.1 Let H: R — R be such that

Hx = 0 x rational

Hxr = 1 x irrational

Let |z ||= |x|, V = € R. H is discontinuous everywhere and H*x = 0, Yz € R. Also
HFz =0,Vk > 2,2 € R. Hence
| H'z — H'y |[<0- |z —y|  VE>2 zyeR
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Hence the modulus of contraction may be chosen to be 0 and H is a two stage

contraction.

C.1.1 Contraction Mapping Theorem

Proposition C.1 (Contraction Mapping Fixed Point Theorem) LetH :V —
V be a contraction mapping (i.e. a one stage contraction mapping) or an m-stage
contraction mapping for some positive integer m. Let o where 0 < a < 1 be the

contraction coefficient. Then there exists a unique fixed point V* € V such that

1.
HV* =V~

2. Furthermore if V is any element in V and H* is the composition of H with

itself k times for k > 0, then
Jim | HYV —V*||=0
Also

” Hkm+lv - V* H S ak || Hlv . V* ”

IN

ak< max || HV — V* ||>

lef0,1,...,m—1}

forl=0,1,....m—1and k > 0.

209



We provide a proof of the result below. Note that we do not assume H to be
continuous as in the proof given in [37]. See [12] for an alternate proof.
Proof of Proposition C.1

Let H be an m-stage contraction mapping for some integer m > 0 and let the

contraction coefficient be o where 0 < o < 1. Let V € V. Define
Vi = H*V for integer £ > 0
with Vy = H°V = V. Notice that for all integers k¥ >0, [ > 0
| H™Viyr = H™Vi [|< o || Vier = Vi |

Let

Note that for 0 < k <mand [ >0

| Vintrr1 — Viiar |< ol K

Hence for [ > 0

o0 _ o0 .
Sl Viisrsr = Vs || < mK ) o
k=0 i=l
I
_ o«
= mKk
11—«

Hence {V;} is a Cauchy sequence. Thus there exists V* € V such that V; "= V*:

ie. limy oo || Vi = V* ||=0. Let V €V and

V. = H*V for integer £ > 0
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with Vo = H°V = V. Note that {V}.} is a Cauchy sequence and hence converges to
some V* € V. Consider the subsequence {V,,,;} and {V,,} where [ € Ny ( Note that

Ny is the set of non-negative integers). Now V,,, =% v and Vini =% V. But
| Vit = Vi | 0" | V =V |

Thus limy_oe || Vit — Vi ||= 0, implying V* = V*. Thus irrespective of the starting
element V € V, the sequence { H*V'}, k € Ny converges to the unique vector V*.

Since H™ is a contraction mapping with contraction coefficient o, we have that
H™ is continuous. Now Vi "o e Also H"Vik = Vineg1)- Hence H™V = V™.
We will prove that for m > 1, HV* = V*. Suppose not, i.e. HV* = V and
V* # V. Thus || V* =V ||> 0. Let us start the iteration with V5 = V* and
Vi, = H*Vy for K > 0. Now V,;, = H™V, = H™V* = V* for | > 0. Now
Viipr = H™ W, = H™H'V* = HV* = V. Now the sequence {V, = H*V*}
converges to V* by our earlier discussion. Hence any subsequence of { H*V*}, k € N,
should converge to V*. But the subsequence {V,,;41 = H™1V*}, | € N, converges
to V # V*. Hence we have a contradiction. Thus HV* = V*.

Uniqueness of the fixed point follows immediately. Let V' and V* be fixed

points of H. Then H¥V' = V' for k > 0 and likewise H*V* = V* for k > 0. Now
| VY — =) V-V |
for all [ > 0. But since H™ is a contraction mapping

H Hmlv/ . Hmlv* “S Oél H V/ . V* ||
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for all { > 0. Here 0 < o < 1. Thus

IV =vri<a [V =V

forall [ > 0, implying || V' —V* ||=0; i.e. V' = V*. Part 2 of the proposition follows

immediately from the definition of m-stage contraction mapping.

Note that H need not be continuous at the fixed point VV* as was shown in

Example C.1.

Proposition C.2 Let H : V — V be an m-stage contraction mapping with m > 0,
where m is an integer. Let a with 0 < v < 1 be the contraction coefficient. Assume

further that H is a non-expansion. Suppose that for some V €V, || HV =V [|[<e.

Then || V* =V ||[< {25 where V* is the unique fived point of H.

1

Proof of Proposition C.2
Now || HV — HV' |<|| V =V’ || and || H™V — H™V' |< a || V = V" ||
for all V,V' € V. Let V,, = H*V for k > 0, with V; = H°V = V. Note that

| Vi = Vir |[< efor k€ {1,2,...,m}. Also

| Vintrrr — Vi |I< b || Vs — Vi || Vi>0,k>0

Hence for k € {0,1,...,m —1}and 1 >0

|| le+k+1 - VmH—k ||§ ale
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Thus

0 oo m—1
DMVi=Vill = X3 N Vaurwsr = Viugr ||
Jj=0 1=0 k=0
o0
< Zalme
1=0
. me
 1l-a

Since Vj, "= V*, given any scalar ¢ > 0, there exists & > 0 such that | Vi —V*|<e

for all k > k’. Thus

V=V = [Vo-V"]
< Vo=Vl + 1 Ve V"
K —1
< DN Vi = Vi |l +e
k=0
< D Vi = V|l +e
k=0
me
< +¢€
11—«
Since this is true for any € > 0, we have
me
V-Vr]<
R B

Example C.2 Consider the earlier example where V = R and H : R — R is such

that

Hx = 0 x rational

Hxr = 1 x irrational
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Let ||z ||= |z|, Vx € R. Now H is a 2-stage contraction mapping with contraction
coefficient 0. However H is not a non-expansion. Let x hoop 1, xp irrational.
Hence Hxy, =1 for all k > 0 and || Hxy — xg H]H—of 0. But the unique fized point of

H isz* =0 and limg_ o || xp — 2" [|= limg_o || 2 ||= 1.

Thus for general m-stage contraction mappings (for m > 1), it is not true that

if || HV —V || is “small”, then || V' — V* || is “small”.

C.1.2 Approximate Value Iteration

Lemma C.1 (Approximate Value Iteration) Let V be a Banach space, i.e. a
normed linear space which is complete under a norm || - ||. Let H : V — V be a

non-expansive mapping which is an m-stage contraction for some integer m > 0.
That is

|HV —HV' |<|V V'] VV,V'eV

and

| H™V —H™V' |<a||V-V'|| VV,V eV

Here o is the contraction coefficient and 0 < a < 1.

Consider the approximate value iteration method that generates a sequence

{Vi}, with Vi, € V satisfying
| Vigr — HVy [[< €

for k >0 and some scalar € > 0, starting from an arbitrary Vo € V. Let V* be the
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unique fized point of H. Then

limsup || Vi — V* ||< —
k—o0 11—
O
Proof of Lemma C.1
Note that || Vo ||< oo and that if € = 0 we have value iteration.
Let [ be a non-negative integer. Then || Vi41 — HV] ||< e. Hence
| HViy1 — H?V, ||[< €. Now || Viga — HVj4y ||< €. Hence
| Vigo = HVi | < || Vigo = HVig || + || HVi — H?V |
< 2
Now || HViyo — H3V; ||< 2¢ and || Vigs — HVi42 ||< €. Hence
[ Vies = HVi || < || Vies = HViga || + || HVig — HV |
< 3e
Continuing similarly
| View — H™V; || < me (1)

Now

| H™Viym — H*™V; || < ame

since H is an m-stage contraction. Now by the inequality C.1,

| Vamss — H™ Vg || < me. Hence

| Vamir — H*™Vi || < || Vamss — H™ Vi || + || H Vi — HV ||
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< me+ ame

= (14 a)me

Now || H™ Vo — H¥™V, [|< (o + o?)me. Also by inequality C.1,
| Vamar — H™ Vo gy ||< me. Hence
| Vamsr = H Vi || < || Vas = H™ Vo | + | H" Vagoss = H™V |
< me+ (a+a®)me
= (1+a+a)me
Continuing similarly or by an induction argument, it is true that for any integer

k>1landl >0

| Vimu = H™Vi | < (T+a+a+...+ame

me
11—«
Hence
L sup || Vegss — H™V || <
k—oo 1-—

Let V* be the unique fixed point of H. Now

| Vimes =Vl < Vi = HV ||+ | HV, = V™|

me

< + [ H"Y =V |

11—«
Since

Jim | H" YV, —V* ||=0

by the contraction mapping fixed point Theorem C.1, we have

limsup || Vi =V || <
k—o0 11—«
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Since the inequality C.2 is true for [ = 0,1,2,...,m — 1 we have

limsup | Vi, — V¥ [|<
k—o0 1

me

C.1.3 Contraction Mapping Generic Error Bounds

Lemma C.2 Let H and H both be contraction mappings (one stage) with contrac-
tion coefficient, a (where 0 < o < 1) under some norm || - || on a Banach space V.
Let V* be the unique fized point of H. Suppose V €V be such that | V —V* ||[< e
and || HV — HV ||< & where scalars € > 0, > 0. Then

200e + ¢
1l -«

|V —V*|<

where V is the unique fized point of H.

Proof of Lemma C.2

Note that both H and H have the same contraction coefficient . Since HV* =

-
|HV =V | < [|HV—HV ||+ [|HV —HV* ||+ | V' =V |
< e4al|lV-V |+ V=V
= e+ (1+a)||V-V"|
Hence

| H*V —HV [|[< ale + (14+0a) |V =V*])
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By Proposition C.2 given earlier we have

ale+(1+a)||V-=V)

l—«

| HV =V ||<
Now HV* = V*. Hence
|V*=V | < [|[HV*—HV |+ | HV —HV |+ | HV -V |

ale+(1+a)||V-=V*])
11—«

< a| V=V +e+
200 ||V =V* || +e
l1—«
200€ + €
l—«

We have the following extension for m-stage contraction mappings.

Lemma C.3 Let H be a non-expansive mapping on a Banach space V under the
norm || - ||. Let V* be a fived point of H. Let H be a non-expansive mapping which, is
an m-stage (m > 1) contraction mapping with contraction coefficient & (0 < aw < 1),
defined on the Banach space V under the same norm || - ||. Let V € V be such that

|V =V*|[<eand| HV — HV ||< e where scalars € > 0,& > 0. Then

2m—=1)+ 1+ a))e+me
1—-a

|V =V |<

where V is the unique fized point of H.
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Proof of Lemma C.3
Since HV* = V*
I HV =V || < | HV —HV |+ || HV —HV* ||+ | V" =V ||
< e+ | V=V [+ V=V
= e4+2||V-=V"|
Also
| HV — H7W |[<e42 |V =V" | forl =1,2,...,m
For[=1,2,...,mand k=0,1,2,... we have
| Pty — FE Y < afe 2| V= V)
Since limy,_, o HY =V

|| ﬁmv _ f/— || < Z Z || ﬁ]km'HV _ ﬁkm—}—l—lv ||
k=11=1
ma(e +2 ||V -=V*])

l—«

Hence

m—1
|HV =V || < Y |HYV-HV |+ | H"V -V |
=1
ma(e+2 |V =V*|))
1—a

< (m=1DE+2||V-V")+
Since HV* = V*, we have
Vo=V < [HV = HV ||+ | HV = HV ||+ || HV =V |

+2| V-V
< uv—v*H+a+(m—1)(g+2||v—v>'<|y)+mo‘<6 | )

l—«
2m—-1)+14) || V=V*]| +me
1 —«
2m—=1)4+ 1+ a))e+me
11—«
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C.2 Stochastic Shortest Path MDPs Revisited

Consider a homogeneous discrete time Stochastic Shortest Path (SSP) prob-
lem. For detailed notations on MDP see Chapter 1. We briefly state the notations
for SSP MDPs here.

The finite state space is S = {0,1,2,...,n} with state ‘0’ being the termi-
nation state or the absorption state. A(i),7 € S denotes the finite set of possible
actions from state i € S, with A(i) = {1,2,...,]A(:)|}, where |A(7)| denotes the
cardinality of the set A(i). Let A = U;cs A(7) denote the action space. The tran-
sition probabilities may be conveniently denoted by p;j(u) = Pr{sis1 = j | s =
i,u; = u}, where ‘Pr’ denotes probability, s, € S denotes the state at time t, u;
denotes the action taken at time ¢ from state s; (here u; € A(s;)). Let gy de-
note the immediate cost incurred at time ¢ when action u; is taken from state s,
and the system moves to state s;yq at time ¢t + 1. For 4,5 € § and u € A(i),
let g(i,u,j) = Elg; | st = i, uy = u, 8441 = j], where ‘E’ denotes expectation. The
expected immediate cost of taking action u from state i for i € S, u € A(7) is

g(i,u) = Elg | s =1, u = u

n

= > pij(u)g(i, u,j)

J=0

We assume the expectations to be well defined and finite. Note that
Ellg:| | st = 0,u; = 1] = 0 and poo(1) = 1; i.e. state 0 is a zero cost absorption state
with A(0) = {1}.

Let hy = (S0, %0, 9o, S1, U1, g1, - - -5 St—1,Ut—1, G¢—1, S¢) denote the history of the
process upto time ¢, where ¢t € Ny, with hg = (sg). The history h; follows the
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recursion hy = (hy_1,u4—1, g1—1, S¢) for t > 1. Let H; denote the set of histories upto
time t. Hy =S, Hir1 = HiARS for t > 0. The sample space Q2 = H* = (SAR)®
is the set of all infinite sequences of the form (sg, ug, go, S1, U1, G1, - - - Sts Uty Gty - - -),
where s, € S,u; € A, g, € R. This space is endowed with the product topology.
Here S and A are endowed with the discrete topology and the real line R is endowed
with the Borel topology.

An admissible or feasible policy v for the SSP is a sequence of stochastic
control kernels v, on A, (i.e. v = (vg,v1,1s,...)) given the past history h;, with
the restriction that v4(A(s;) | hy) = 1; i.e. the probability measure should be
concentrated on the set of feasible actions. M denotes the set of all feasible policies.
Let P¥(- | i) denote the probability measure induced on € under policy v, starting
from state sy = i, where i € S. E”(- | i) denotes the corresponding expectation,
under the probability measure induced by policy v, starting from state sy = i, where
1 € 8. For the definition of Markov Randomized policy, Markov Deterministic policy
and Stationary policy see Chapter 1.

For SSP problems, in the case of Markov policies we implicitly assume without
loss of generality that in the termination state ‘0’, the action taken is always the
unique action ‘1’

See Chapter 4 for notations on stationary randomized policies. The set of
stationary randomized policies (or stochastic control kernels to be precise) is denoted
by A. 0 € A may be used to represent the stochastic kernel or the stationary
randomized policy; it will be clear from the context what we mean. [0(i)], for
i€{l,2,...,n} and a € A(i) denotes the probability of taking action a from state
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¢ under the control kernel 4.
The set of stationary deterministic policies (or control functions to be precise)
is denoted by Y. For u € Y, u(i) € A(i) denotes the action taken from state ¢ for

i€{1,2,...,n}. The cardinality of T is
T = [A)] x [A2)] x - x [A(n)]

Note that € T may be used to represent the control function or the stationary
deterministic policy; what we mean will be clear from the context.
The cost to go function for the SSP problem for policy v € M, starting from

state i € {1,2,...,n} is defined as

k
J"(i) = limsup E” [th | so = 21

k—o0 t=0
J” € R" denotes the cost to go vector. See Chapter 1 for more details and the
conditions under which the limit exist (instead of limsup) in the above definition.

Note that we use Pr” interchangeably for P".

C.2.1 Non-Termination Probability Of SSP MDPs

We are interested in finding the k stage non-termination (non-absorption)
probability for the SSP problem.

Now for k£ € N and a feasible policy v = (vy, 11, 19,...) € M
Pr¥[sp #0 | so =1i] = E” {I[Slﬁgo] | so = z}

for © € §. Here Pr” denotes the probability distribution induced under policy v,
and likewise E” represents the expectation under policy v. Z denotes the indicator
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function. Notice that in determining Pr” [s; # 0 | so =], ¢ € {1,2,...,n} only the
decisions taken in the first k& stages are relevant, i.e. only the stochastic control
kernels vy, vy, ..., 51 are relevant. Observe that Pr’[sy # 0 | so = ¢] = 1 for

i€{1,2,...,n}.We are interested in finding

sup Pr” sy # 0 | s = 1]
veM

for i € {1,2,...,n}. By dynamic programming argument (see later subsection) we
can see that there exists a k-stage Markov deterministic policy (uf, p¥, ... uk ),
where p¥,t € {0,1,2,...,k—1} is the control function used at time ¢, that maximizes
the above probability for all i € {1,2,...,n}. Let v* = (v§,vF,...) be a feasible
policy such that vf “equals” u¥ for t = 0,1,...,k — 1 and v* arbitrary for t > k.
Then

Pr”" sy # 0| s = i] = sup Pr' [s # 0 | 5o =]
veEM

for i € {1,2,...,n}.

For k € Ny and v € M define

pvk =  max Pr’[s; #0| sy =1 (C.3)

i€{1,2,...n}

Since state 0 is an absorption state (i.e. it remains in state 0 once it is reached)

we have

PI'V[Sk_,_l#O‘So]SPI‘V[SI,C#O‘SOZZ']

for k > 0and i€ {1,2,...,n}. Hence p,x is a nonincreasing function for any fixed

veM,ie pug Lk
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In this section, for stationary randomized policy (actually stochastic control

kernel) 6 € A, let Py denote the n x n substochastic matrix with

[Pslis = D [6(i)]a pij(a)
a€A(i)

for i,5 € {1,2,...,n}. In particular for stationary deterministic policy (actually

control function) p € T
[Pulis = pij(1e(i))
fori,j € {1,2,...,n}.
Let policy v be a Markov randomized policy for the SSP problem, where v

‘equal’ to (dg, d1,...). Here §; € A for t € Ng. Then for i,j € {1,2,...,n} and t >0

Pr”[sth‘So:i]: [P§0P51“'P5t—1}

ij
Pr” [St 75 0 ‘ So = Z] = 6? (P50P51 ce P(St—l) 1

where

e; = [0,0,...,0, ,0,...,0/7

1
~—
ith position

is the i*" co-ordinate vector (column vector) in R" with one in the i*" position and

zero elsewhere. 1 € R" is the column vector with all entries equal to one; i.e.

Let us define for k£ € N

P = AP (C.4)
P = Sup pui (C-5)
vEM
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Let k£ > 0. With slight abuse of notation, we use v to denote k stage Markov policies

in the following. See that

oy = sup max Pr”[sp # 0| s = 1]
u:(60,61,.“,5k_1)16{1727"'771}
otEN
= max max Pr”[sy # 0| so = i
v=_1Q 1] -+» Hi—1) iE{l,Q ..... ’VZ}
uweY

Observe that pi |k, pr lr and px > pp for k£ > 0 with p; = py and py = py = 1. For

0 € A define

py = Y [6(0)]apij(a)

a€A(4)
fori € {1,2,...,n} and j € S. Note that p), = 1 and pgj =0forje{1,2,...,n}.
pfj denotes the one stage transition probability for policy 6. We also have for yu € T,
pi; = pij(p(i)) for i € {1,2,...,n} and j € S. Also ppy = 1 and py; = 0 for
Jje{Ll,2,....,n}.

For k € Ny and v € M, let J¢ € R™ be such that
j,g(l) = EV [I[Sk#)] | Sp — Z}
for i € {1,2,...,n}. We are interested in finding

sup JY(i)  ie{l,2,...,n}
veM

Consider an associated problem in which the “immediate cost” is identically zero
for any action from any state, but the transition probabilities remain the same as

in the original SSP problem. Let the immediate cost at time ¢ € Ny be denoted by

gt, i.e.
Ellg|| s =i,uy=a]=0 i€S,ac Adi)andteN,
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Hence

g(iaa’mj) = E[gt | St = 1,U = @, Sg41 :j]

fori,j € S and a € A(i). Also fori € S, a € A(i)

gli,a) = Elg| st =4, u = d

For 6 € A, the expected immmediate cost vector g € R™ is given by

g@) = X [b()aglia)

for i € {1,2,...,n}. Similarly for 4 € T, the expected “immediate cost” vector

g' € R" is given by

fori € {1,2,...,n}. That is g° and g* are zero vectors. Evaluating JA,Z corresponds
to a k stage problem with identically zero “immediate costs” and a terminal cost
of one if s # 0 and zero if s = 0. Note that for policy v the history used is the
same as the history of the original problem. For instance if past immediate costs
are included in the history for taking decisions, the immediate cost of the original

SSP problem is the one which is used.
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Now for the associated problem, define operators T, T# and T from R” to R",
for 0 € A, u € Y as follows. For J € R"
TsJ = g+ PsJ
= PsJ

T,J = g'+P,J

= P,J
Let
(TJ) (i) = max (g(i,a) +> pij(a) J(j)) fori € {1,2,...,n}
ac Al ;
J=1
= max iila) J
B Th (jz:;py( ) (]))
le.
TJ = max T#J
neY
where the maximization is taken componentwise over each index i € {1,2,...,n}.

With 1 € R" being the vector with all components equal to one, let
Ji=1"%1

for k € Ny. Here T% = TT*! is the composition of 7" with itself k times. 7° is the
identity operator. Hence j()" = 1. Since state ‘0’ is the zero cost absorbing state we

have

B [Tiozo) 51 =0 =0  forl=0,1,...k veM
From the dynamic programming argument we get

Ji@) = supPrs, £0] s =1
veM
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forie€{1,2,...,n} and k € Ny. Let
fx = arg max T,J;
ie. Ty, Ji =TJ;.

Fix k € {1,2,...}. Let o* = (0%, 0F, 0k ...) be an admissible policy such that
oF ‘equal’ to fip_1_y, for I = 0,1,... k — 1. DF is arbitrary for [ > k. (Note the
slight abuse of notation; since 7 is a stochastic kernel on A given history h; with
the restriction that of(A(s;) | hy) = 1, while jiz_;_; is a control function.)

Thus

Pr” [sp # 0 | so =] = Ji(i)

for i € {1,2,...,n}. Note that

~ _ j* .
P ey e

for k € Ny.

The following example shows that p, can be strictly greater than py for & > 1.

Example C.3 Consider a homogeneous SSP problem with states S = {0, 1,2}, with
07 being the termination state. Let the control constraints be A(0) = {1}, A(1) =
{1,2}, A(2) = {1}. The immediate cost of the problem is irrelevant since we are
interested in finding pr and py for k € Ny.

Let the transition probabilities be p11(1) = 1, p1o(1) = 3; P12(2) = 2, p1o(2) =

= and [ =
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be the two possible Markov Deterministic control functions. Adhering to the nota-
tions in this section, let 1 = (1 1)" be the two dimensional column vector with all the

elements equal to one. Then

Also we have

>
{
N =

>
)
x-|"

JE = fork>1

1
wWIiN

Ji = fork>1

Here
JEG) = B [ Tig sy | 50 = 1] = (T}1) (i)

forie{1,2}, pe{n,in}, k€ Ny. Hence we have

SIS

Now Ji = T*1 for k € Ny. Also

Ji (i) = sup B [I[sk7go] | s = z}
veM
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for i€ {1,2} and k € No. We have

R 1
Jy =
1
2
o= "
0
21
~ 3 9k—1
Jy = 02 for k> 2
0

Note that fig = 1 and i, = i, k > 1 where
To Jy =T
For k =1, the policy which uses i at stage O, mazimizes the one stage non-
termination probability. For k > 1, the policy which uses i for the first k — 1 stages

(from stages O to k—2) and i at stage k —1 is the one which mazimizes the k stage

non-termination probability.

Note that
R 2 1
pk—gﬁ fO’l”k?Zl
A 2 1
T 4
@232f1=—>1 fork>1
Pk o 3

C.2.2 Absorption Or Termination Probability Of SSP MDPs

In this subsection we consider an associated problem to the original SSP prob-
lem which can be considered to be the complementary part of the results in the
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previous subsection.

We are interested in finding the k-stage termination or absorption probability
of the SSP problem.

Now for k£ € Ny and any feasible policy v = (vg, v1,va,...) € M
Pr¥[spy =0 sy =1i] = E” [I[Skzo] | so = Z]

Here Pr” denotes the induced probability under policy v and E” is the expectation
under policy v (given starting state so = i). Z denotes the indicator function. Note
that

Pr’[so=0|sp =14 =0 ie{l,2,...,n}
and (Pr”[s, = 0| so = i]) Tk for fixed state i € S and v € M, since state ‘0’ is a self
absorption state. Notice that in determining Pr” sy =0 so =1, i € {1,2,...,n},
only the decisions taken in the first k stages are relevant, i.e. only the stochastic

control kernels vq, 1, ..., 1,1 are relevant.
For k € Ny and v € M let JZ € R be such that
JiG) = B [Timo | 50 =]
= Pr”[sk:0|80:i]

forie{1,2,...,n}.

We are interested in finding

Vlen/a Pr’[s, =01 sy =1] = Vlél/a JE(7)

for i € {1,2,...,n}. Let P5s, 6 € A and P,, 1t € T be defined as in the previous
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subsection. Note that

where
J]Z(l) =E" [I[s;ﬂéO} | S0 = Z}
for i € {1,2,...,n} as defined in the previous subsection.

Consider the associated problem in which the “immediate costs” are as follows.

g; denotes the immediate cost at time ¢ € Ny,.
Ellgd | st =i,us =a,s41 =37 =0
fori,j € {1,2,...,n} and a € A(7).
Ellg:—1||st=1t,us=a,84:1=0=0
fori e {1,2,...,n} and a € A(i) and
Ellgd | se=0,u,=1,841=7]=0

for j € S.
Assume that the transition probabilities remain the same as in the original SSP
problem. That is we assume that a unit cost is incurred when state s; € {1,2,...,n}

and state s;;11 = 0, and a zero cost otherwise. Hence
gli,u,j) = Elg | st = i,uy = u, 8041 = j] =0
if i =0 or j # 0. Here u € A(:). Also

g(i,u,0)=E[g | ss =, us =u,5.41 =0/ =1
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ifi e {1,2,...,n}, u€ A(i). Note that

gi,u) = Elg|s =1,u =
= Zpij(u) g(i,u,j)
§=0

= pio(u) forie {1,2,...,n}, ue A()

Also

g(0,1)=E[g |5 =0,u,=1]=0

If the “immediate cost” vector for § € A is denoted by g° € R", then

g@)= > [B@)]agli,a)= > [6(i)]apiola)

acA(i) acA(i)
for i € {1,2,...,n} Similarly for u € T, the immediate cost vector gt € R" is such
that
g"(i) = g(i, u(1)) = pio(p(?))
for i € {1,2,...,n}.

For any feasible policy v € M and t € N
E"[g: [ so =14 = Pr”[s; # 0,511 = 0| 80 = 1]
and for integer N > 0

N-1
E [Zgﬁso:il =Pr[sy =01 sy =1 = J5(4)

t=0
for i € {1,2,...,n}, since the termination state ‘0’ is a zero cost absorption state.
Note that for policy v € M, the history used is the same as the history of

the original SSP problem. For instance if past immediate costs are included in the
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history for taking decisions, the immediate cost g; of the original problem is the one

which is used.

For Markov Randomized Policy v = (d, 01, ...) where &; € A, t € Ny, we have

1 = B+ Ps,g™ + P, Psg” +

co Tt P50P51 cee P(;NilgéN

for N € Ny.
Note that

Ps,1=1—g%

0= =

and

Py Py, -+ Ps 1 = 1— g%+ Ppg” + Py, Pp,g”+

R P50P51 cee P(;N_lgéN

This follows easily from the fact that

A

Ji=1-J¢ forkeN,

or by induction as follows.

Ps,1 =1—g»

(C.6)

is straightforward. Suppose equation C.6 is true for N € Nj. Since P51 =1 — g’

for all k£ € Ny, we have

l - |:(g60 + P(;()gél + P60P51g62 —|— e + P50P51 e P5N,1E5N) + P§0P61 . P6Ng5N+1:|

— P50P§1 . PéNl _ P60P51 . PéNg6N+l
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= P, D5 - Ps, [l _ g5N+1}

— Py Ps, - By Py, 1

Define the operators T, Tu from R" to R" for 6 € A, yn € T by
TsJ =g°+PsJ  for JeR"

T,)=g"+P,J forJeR"

Let the operator 7' : R® — R™ be defined by

(TJ) (i) = min |g(i,a) + Y pii(a) J(j)
acA(4) =
for i € {1,2,...,n}; ie.

T.J = min TMJ
peY

where the minimization is taken componentwise.
Let 0 € R"™ be the zero vector (column vector) with all components equal to

zero. Let

Ji=T" for k € Ny

where T% is equal to TT*!, the composition of T with itself & times. T° is the
identity operator with Jg; = 0.

From the Dynamic Programming argument
Ji(i) = ulélff\;l Pr’[sy =0 sg = 1]

forie{1,2,...,n}. Let

~ . T
r=argminT,J
1% gueT pdk
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ie.
Tﬂkj; = le:
Fix k € {1,2,...}. Let o* = (¢§, 0%, 05,...) be an admissible policy such that 7

‘equal to” jig_1_y, for [ =0,1,2,...,k — 1 and &f arbitrary for [ > k. Then
P’ [s;, = 0] so = ] = J; (i)

for i € {1,2,...,n}. Note that since for any v € M and i € {1,2,...,n},

(Pr” [sx = 0| so = 4]) T we have J;(i) T4 for any i € {1,2,...,n}. Also
pr=1— min }j,j(z)
Let k € Ng and ¢ € {1,2,...,n}. Since

Ji (i) = sup Pr¥[s, # 0] so = 4]

veM
and
Ji(i) = yiél/a Pr¥ s, =0 so =1
We have
Jr(i) = Vlgff/{ (1 —=Pr"[sx #0 | so =1])
= 1—sup Pr’[sy #0| so =1]
veEM
= 1-J;
As an aside we have the following. Let JER" and J = 1-— J , where 1 € R"
is the column vector with all components equal to one. For i € {1,2,... ,n} and
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a € A(i)

Zn:lpz‘j(@) J(j) = zn:lpij(a) (1 — j(l))

Hence for p € T

T, J=1-T,J
Similarly for § € A
5] =1—TsJ

From equation C.7, we get

max (ipm(a) j(])) T [1 B (pio(a) +j§n:1pij(a) j(j))]

j=1

= 1— min (pola)+ i(a) J(j
min [po( )+ Spue) <y>]
for i € {1,2,...,n}. Also a* € A(i) achieves the maximum on the left hand side

if and only if a* achieves the minimum in the minimization term on the right hand

side of the previous equation. In vector notation

A A A A

TJ = maxT,J

neY
= 1 —min Tuj
neY
= 1-TJ

where the maximum and minimum are taken component wise. Also p* € T is such
that T#JA — T if and only if TMJ =TJ.
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See the previous and the current subsections for the definition of fi, fir and
j,j, J; for k € Ny. Another way to prove that j;; =1—J; is given below.

Now Ji = 1 and Jf = 0 = 1 — J;. Here 0 € R" is the zero vector. Let

Since
we have

Similarly since

we have

Also

T g
Jepr = T,

- 1T )
— 1-TJ;
= 1_jl:+1
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C.2.2.1 Notes On The Worst Case Non-Termination Probability Of

SSP MDPs

Consider a homogeneous SSP problem. If all stationary deterministic policies
are proper then p, < 1 (see [11, 12] and the future Section C.3 in this appendix).
Hence for any SSP problem with all proper stationary deterministic policies, we

have for any feasible policy v € M
Pr’[s, #0]|so=1] <p, <1

for all i € {1,2,...,n}.
If v = (9,01, 0,...) is any Markov Randomized policy where §; € A, is the

stochastic control kernel used at stage ¢, then for [, k positive integers we have
PI‘V[SI+]€7£O‘SOIZ']§pAZﬁk fori€{1,2,...,n}

This follows easily from the Markov nature of the policy v and the fact that state 0
is an absorption state.

If v = (v, v, 10,...) is an arbitrary history dependent randomized feasible
policy in M for the original SSP problem, then given any fixed starting state sq =12
where i € S, there exists (see Chapter 1 and [40, Chapter 5]) a Markov Randomized
policy dependent on i and v called, say v = (¢, 01,02, ...) where §; € A for ¢t € N,
such that

Pr’[s; =j | so=1] = Pr¥[s; = j | so = i
and
Pr’[s; = j,us = a | sg =i = Pr¥[s; = j,us = a | so = i
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forallt € Ny, j €S, a € A(j).

Hence for any feasible policy ¥ € M and positive integers [, k£ we have
Pry[$l+k7é0‘8():i]§ﬁlﬁk fOTiG{l,Q,...,n}

Thus

max  sup Pr”[s; # 0 | so = i] < py pr
Z'E{l,z,...,n} veM

le.
Pk < P Pr
Hence for any feasible policy v € M

Pt [son #0 | so =i < p2  foriec{1,2,...,n}

and

]

Pr¥[s; £ 0 | so = 1] < pn” fori e {1,2,...,n}

where [-] denotes the floor function.
Thus if all stationary deterministic policies are proper for the SSP problem,
then

Y PrV[s; #£0|sp=1i] <oo  forie{l,2,...,n}
=0

As will be shown later, the above quantity is the expected number of steps for
reaching the terminal state 0, under policy v starting at state ¢ at stage 0. Also

note that

iPr”[st#Olsozo]:O

t=0

since state 0 is an absorbing state. This is the expected number of steps to reach
the terminal state 0, starting at the terminal state 0.

240



C.2.3 Number Of Stages To Reach Terminal State

Suppose v € M be a feasible or admissible policy for the original SSP prob-
lem. In this subsection we consider another associated SSP problem in which the
transition probabilities are the same as in the original problem, but “immediate

cost” g; are as follows.
Ellgi—1|| st =4,u=a] =0 fori € {1,2,...,n}, a € A(i)
and
EHgt‘ | St:O,Utzl] =0

Note that A(0) = {1}. We have that the immediate cost of taking any action from
any state in {1,2,...,n} is 1, and the immediate cost of taking the action in the

terminal state ‘0’ is zero. Hence
gli,a)=E[g | st =i,up =a] =1 forie {1,2,...,n}, a € A(3)

g(0,1)=E[g | st =0,u, =1] =0

Note that g, = g(s;, us). If N is the number of steps or stages required to reach the

terminal state ‘0’, then
o0
N = Z 8t
t=0

since state ‘0’ is a zero cost absorbing state. Note that
Pr¥[s; #0 | so = 1] = E" [g¢ | so = i]

for i« € S. Here Pr” is the probability induced by policy v and E” is the expectation
under policy v.
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Note that for policy v € M, the history used is the same as the history of the
original SSP problem. For instance if past immmediate costs are included in the
history for taking decisions, the immmediate cost g; of the original problem is the

one which is used. Hence
EV[N|so=1d = > E[g]so=1]
t=0
= ) Pr'[sy #0 | s =1
t=0

for i € S. Note that for ¢t € Ny,

(N >t} = {s, # 0}
Hence
Pr’[s; #0 | so =i =Pr’ [N >t+1]| sy =1
fori e S.
Another way of looking at the expectation of N, or the average number of

steps to reach terminal state is as follows. Since IV is a non-negative integer valued

random variable [21, pg. 42, Lemma 5.7; pg. 45, ex. 5.6]

EV[N|sp=1i = Y Pr"[N>t|sy=1

t=1
= Y Pr'[s; #0] s =1
t=0
Note that this expected value is finite for all states ¢ € S if all stationary determin-
istic policies are proper.
In particular for a Markov Randomized policy v = (dg, 01, d2, ...) (where &; €

A)and i€ {1,2,...,n}

E [N | S = Z] = QZT [] -+ P50 + P50P51 + P50P51P52 + .. ] 1
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which is finite if all stationary deterministic policies are proper. Here e; € R" is the

th

i*® co-ordinate vector whose "

component is one and all other components are zero,
1 € R" is the vector with all components equal to one and I is the n x n identity
matrix (diagonal matrix with all diagonal entries equal to one).

For a ‘proper’ stationary deterministic policy 6 and i € {1,2,...,n}
ES[N |sg=i] =el (I—P5)" "1
For a policy v € M let N, denote the n x 1 vector with
N, (i) =E"[N | so = i] fori e {1,2,...,n}
Hence for ‘proper’ stationary randomized policy ¢
Ny=(I—-P5)"'1

Note that N, (i) > 1 for all i € {1,2,...,n}.

C.3 Notes On The Non-Absorption Probability Of SSP MDPs

Note that p,j | for any admissible policy v € M. Likewise py | and py |-
In the SSP problem the termination state ‘0’ is a zero cost absorbing state.
Hence for any stationary policy, whether randomized or deterministic, {0} by itself
is a recurrent class. A stationary policy € A being ‘proper’ is equivalent to the
statement that there are no recurrent states in {1,2,...,n} under the policy d, or
equivalently the Markov Chain corresponding to ¢ has a single recurrent class (i.e.

it is unichain) namely {0}. Let

v =Y [6()]api(a)

a€A(1)
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be the one step transition probability under stationary policy §, where i,j € § =
{0,1,2,...,n}. Note that for stationary deterministic policy u € Y, pf; = pi;(u(i))
forie {1,2,...,n}, j €S and pyy = 1. Also py; = 01if j € {1,2,...,n}.

Suppose (8o, $1,-..,8k) be a sequence of states with & > 1 and s; € S for
Il € {0,1,2,...,k}. This is called a path of length k& with starting state sy and
ending state s,. If so = s, we call this path a cycle.

We say that (s, sy, S2,...,8;) is a path of positive probability under the
stationary policy 6 € A, if p‘;ml > 0 for [ = 0,1,2,...,k — 1. Similarly if
(S0, S1, 82, - - -, Sk) is a cycle, we call it a cycle of positive probability under policy 4,
if gy, >0for1=0,1,2,... .k - 1.

Now (Spr, Spra1,.--,8¢) with 0 < k' < I’ < k is said to be a sub-path of
(S0, 81,82, ..., 8k) of length I" — k'. If s = sy, then we say that (sg, Sgrat,.-.,Sr)
is a sub-cycle of the path (s, s1, 89, ...,s;). We say that the sub-path (sub-cycle)
is a sub-path (sub-cycle) of positive probability under the stationary policy 6 € A

if pgmﬂ >0for k' <l<l.

C.3.1 Properness Of Policies

Let 6 € A. Note that if for some k£ € N (where N is the set of positive integers)
we have ps; < 1 then this implies that ¢ is proper. Also as will be shown below
is proper if and only if ps, < 1 for all & > n.

0 proper implies that there exists [ € N such that ps; < 1. If ps; < 1 for some

[ < n then ps, <1 since psp |-
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If ps; < 1for some ! > n, then this implies that there is a path (sg, s1, S2, . . ., 51)
of positive probability under ¢ of length [ from each fixed starting state ¢ € S\ {0}
to the terminal state 0; i.e. sp =1, =0 and pngkH > 0 for 0 < k < [. Hence if we
remove sub-cycles on this path , then there is a path of positive probability under ¢ ,
starting at state ¢ and ending at state 0, of length I’ < n namely (s, s, ..., s),) with
sy =1, sy =0and s, # s}, if k' # k where k, k' € {0,1,...,{'}. Also pﬁ;vs;cﬂ > 0 for
0 <k < I'. Since 0 is a self absorbing state (i.e. pd, = 1) we can extend this path
to a path(sg, s1,..., Sy, 8p4q,--.,5),) of positive probability under ¢ with s}, = 0 for
' <k<n.

Since this is true for all ¢ € S\ {0}, we have ps,, < 1. Since psj |, we have
psx < 1 for all kK > n.

Now since we are dealing with a finite state, finite action SSP problem, there
are only a finite number of stationary deterministic policies (i.e. |Y| is finite). Now
all stationary deterministic policies are proper is equivalent to the statement that
the MDP is unichain [12, 40] with unique recurrent class {0} for all stationary
deterministic policies. Hence extending the above idea, if for some k£ € N we have
pr < 1 then this implies that all stationary deterministic policies are proper. Also
all stationary deterministic policies are proper if and only if pr < 1 for all £ > n.

Now if pr = 1 for some k > n, then it is impossible that p; < 1 for any [ > n,
since this would imply that all stationary deterministic policies are proper and hence
pr < 1 for all I’ > n and hence py < 1; a contradiction. Hence for the SSP problem,
either

o =1 for all K > n,( and also p;, =1 for 0 <1 < n)
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or

pr <1 forall k >n

Lemma C.4 For any k' € Ng we have pr < 1 if and only if prr < 1, or equivalently

pr = 1 if and only if ppr =1

Proof of Lemma C.4

For k' = 0 we have py = po = 1. Hence we consider the case where k' > 1.
Since pr > pi for all £ € Ny we have that pp < 1 implies pp < 1. We will prove
that ppr < 1 implies that pp < 1.

Note that starting at each initial state in S\ {0}, the maximal non-termination
probability for a &’ stage problem is achieved by a Markov deterministic policy. Note
that there are only finite number of k&’ stage Markov deterministic policies. Hence
it is sufficient to prove that for any initial state : € S\ {0} and any £’ stage Markov
Deterministic policy v = (uo, pi1, - - -, fir—1) (with slight abuse of notation we use v
to represent the k' stage policy) the £’ stage termination probability is greater than

Zero. 1.e.

Pr’[sp =0]sy=1] >0 fori € S\ {0}
We will prove this as follows. Suppose not; i.e. there exists an i € S\ {0} and £’
stage Markov Deterministic policy (uo, fi1, - - -, pir—1) such that starting from state

i at time zero (i.e. sop =) the k' stage state s is not 0 with probability one.

Let



For k = 0,1,...,k let Sk(i) be defined as the set of all the states reachable in
k steps or less, starting from state ¢, with positive probability under the Markov

Deterministic policy (uo, pi1, - - -, fir—1). Note that
Sk(i) C Spy1(7) for 0 <k <k
Let S{(i) = Sp(i) and for k =1,2,... K let
Si(i) = Sk(i) \ Se-1(d)

That is S;(7) is the set of states reachable with positive probability starting from
state 7, in k steps, but not in less than k steps under policy (po, i1, - - -, figr—1). Note
that for 0 < k < K/,

Si(i) = UiS; (1)
Note that S;.(1) N S/(i) = 0 for k # 1, k,1 € {0,1,2,...,k'}. S;(i) may be empty
for some k € {1,2,...,k'}. By assumption the terminal state 0 ¢ Sy/(i). Hence

0 ¢ Si(i) for 0 < k < k. Let u be a stationary deterministic policy (control

function) such that
W)= mGG)  forj S, 0< i<

Let u(j) be arbitrary for j ¢ Sy _1(i) with the restriction that u(j) € A(j).
For k € Ny let Si.(i) be defined as the set of all the states that can be reached
in k steps or less with positive probability starting from state ¢ under stationary

deterministic policy . Note that Sp(i) = So(i) = {i}. We claim that

Su(i) C Suli)  for0< k<K

247



Since (i) = ji(i) we have Sy (i) = Sy (i). Forany ! € {0,1,...,k'—1} and j € S(i),

pjj(1(5)) > 0 implies j" € Sp11(4).

Suppose Si(i) € Si(i) for some k with 0 < k < k’. Now

Skli) = Uto (S1(5) N Sk(0))

Hence if k > 1, for j € U~} (Sl’(z) N Sk(z')), p;(1(4)) > 0 implies j" € Si(i). Also
7 € Sip(i) N Sk(i) and pjyr(u(4)) > 0 implies j' € Spy1(i). Thus Spy1(7) C Spr(d).

Thus for 0 < k£ < kK’ we have

Sk(i) C Si(i)

implying 0 ¢ Sy (7). Thus p, = 1, a contradiction.

As an aside, see that if §;(i) = Sj41(¢) for some [ € {0,1,..., k" — 1}, then

Si(i) € Sy(4) for all k > 1.

C.3.2 Acyclicity Of Policies

The following claim is self evident.

Claim C.1 Assume that the states s;, forl =0,1,...k in the path (so, s1,. .., Sk) be
in S\{0}. If k > n then at least one state in S\ {0} is repeated and hence there is a
subcycle (S, Skr41, - - -, Sp) of the above path, such that s = sp and 0 < k' <U' < k.

We can actually take I < n.
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A stationary randomized policy 6 € A for the SSP problem is called acyclic if
there are no cycles of positive probability (with states in S\ {0}) under the policy
J.

Actually if there are no cycles of positive probability with states in S\ {0}
under the policy ¢ of length less than or equal to n, then there are no cycles of
positive probability with states in S\ {0} of length greater than or equal to n by

the argument in Claim C.1.

Lemma C.5 Suppose for some positive intiger k, psj = 0. Then the Markov Chain

under § is acyclic.

Proof of Lemma C.5

Suppose otherwise. That is ¢ is not acyclic. That means there is a cycle
(80,81, -, 8k) of positive probability under § with s, € S\ {0} for I =0,1,... K
and sp = sp (and &' < n) . Once we start within any of the states within this
cycle at time 0, then we can remain in the states within this cycle with positive

probability for any finite time. This implies ps; > 0, a contradiction.

Claim C.2 Suppose § € A be acyclic. Then psy =0 for all k > n
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Proof of Claim C.2

Since ps; | it is sufficient to prove that ps, = 0.

Suppose ps,, > 0. Then there exists a starting state sp = i € S\ {0} and
a path (s, s1,...,8,) of positive probability under § such that s; € S\ {0} for
[ =0,1,...,n. This implies that by Claim C.1 there is a subcycle (sg/, Skr41,-- -, Sr)
of positive probability under § with 0 < &’ < I’ < n and s = sy. Hence ¢ is not

acyclic, a contradiction. Thus psj = 0 for all £ > n if  is acyclic.

Since we are dealing with a finite state, finite action SSP problem, there are
only a finite number of stationary deterministic policies; i.e. |Y| is finite. Hence
extending the above idea, if for some k& € N, pr = 0, then all stationary deterministic
policies are acyclic. Also all stationary deterministic policies are acyclic implies that
pr =0 for all k£ > n.

Now if pp > 0 for some k > n, then it is not possible that p; = 0 for any [ > n
(and hence also for 0 < [ < n) since this implies that all stationary deterministic
policies are acyclic and hence py = 0 for all I’ > n. Hence p, = 0, a contradiction.

Hence for the SSP problem, either
pr >0 for all k > n, and also pp, >0 for 0 <k <n

or

pr=20 forall k > n

Lemma C.6 For any k € N we have p,, = 0 if and only if pr = 0, or equivalently
pr > 0 if and only if pr, > 0. O
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Proof of Lemma C.6

The fact that p, = 0 implies pr = 0 follows easily. To prove the claim that
pr = 0 implies pr, = 0, we need to observe that the worst case k stage non-absorption
(or non-termination) probability for any starting state i € S\ {0} is achieved by
a Markov deterministic policy. Only the decisions in the first k stages are relevant
and there are only a finite number of k stage Markov deterministic policies.

Suppose pr > 0. Then (with slight abuse of notation) there exists a k stage
Markov deterministic policy v = (uo, ft1, - - -, pg—1) (here gy € T for 1 =0,1,... k—
1) such that for some starting state so = i € S\ {0} and ending state s, = j €
S\ {0} we have a path (so, s1,...,s%) withs; € S\ {0} for [ = 0,1,...,k and
Psispeq (pu(sy)) > 0 for 1 =0,1,...,k— 1.

Case 1 : Suppose there are no sub cycles in the path (s, s1, ..., Sg), i.e. s #
sp for I # U, [l € {0,1,...,k}. Note that this implies & < n. Suppose p be a
stationary deterministic policy such that pu(s;)) = w(s;) for { = 0,1,...,k — 1 and
w(s) arbitrary for the other states s, with the restriction that u(s) € A(s). Hence
we have a path (s, s1,...,s;) (with so = 4, s, = j) of positive probability under
stationary deterministic policy p. Hence p, ;. > 0 implying p; > 0, a contradiction.

Case 2: Suppose some state is repeated in the path (sg,s1,...,S;) where
s9 = ¢ and s = j. Thus there is a sub cycle in the path. Hence there is a
first sub cycle in the path (the sub cycle with the smallest terminal index) namely
(Srry Spa1,...8k) where 0 < I' < k' < k. Here sy = sp and sy # spn for I #

E' U K" € {0,1,... k' —1}. Note that k' <n.
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For s € {so,s1,...,Sk_1} let

I(s) = ar min s= 5
(5) gle{O,l,...,kfl}

For s € {so,s1,...,8k_1} let us define

p(s) = Ni(s)(s)
and let u(s) be arbitrary with the restriction that u(s) € A(s) for the other states.
Thus under stationary deterministic policy s, ps,s,,, (14(s1)) > 0 for I € {I',I' +
1,...,k" —1}. Thus (sy,Sp41,-..,5k) is a subcycle of postive probability under
p. Also if I” > 0 then (sg, s1,...,sy) is a sub path of positive probability under pu.

Hence p,; > 0 for all [ > 0 implying that p; > 0 for all [ > 0, a contradiction.

Hence we may conclude that for any £k € N
pr=1 <<= py=1
pr=0 <= p=0

pr € (0,1) < prp€(0,1)

Here <= stands for if and only if. From the above discussion we have the following.

For all stationary deterministic policies proper case, p; < 1 or p; < 1 for some
[ € N implying that pr < 1, pr < 1 for all k > n and all k£ > [.

If at least one of the stationary deterministic policies is not proper then p; = 1
or p; = 1 for some [ > n implying pr = 1, pr = 1 for all £k € N.

If all stationary deterministic policies are acyclic, then p; = 0 or p; = 0 for
some [ € N, implying pp = pr, = 0 for all £k > n and k£ > .
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If at least one stationary deterministic policy is not acyclic then p; > 0 or
o1 > 0 for some | > n, implying pr > 0, pr > 0 for all £k € N.

Hence we have the following three cases.

Corresponding to at least one non proper stationary deterministc policy, we
have

=1 pp=1 for all k € Ny

Corresponding to all stationary deterministic policies acyclic, we have
k=0, pp =0 forall k > n

Corresponding to all stationary deterministic policies proper, but atleast one sta-

tionary deterministic policy is not acyclic, we have

pr € (0,1) pr € (0,1) for all k > n

C.4 Contraction Properties Of SSP Dynamic Programming Operators

C.4.1 Preliminaries

Consider the following Dynamic Programming operators for SSP problem. For

p € Y let T), : R® — R" be such that, for J € R"
T,J =g"+ P,J

where (i) = g(i, (7)), i € {1,2,...,n} and [P,];; = pi;(p(2)), 4,7 € {1,2,...,n}.

Similarly for 6 € A, let Tj : R — R" be such that, for J € R®

TsJ = §° + PyJ
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where

a€A(7)
and
[Psliy = > [0(i)]a pij(a)
acA(i)
fori,j € {1,2,...,n}. Here g(i,a) is the expected immmediate cost of taking action

a from state 4, and [6(¢)], is the probability of taking action a from state i under
stationary randomized policy (stochastic control kernel to be precise) . Note that
g"* and g° are expected immediate cost vectors, while P, and Ps are n x n sub
stochastic matrices.

Let the operator T : R™ — R™ be defined by

T.J = min TMJ
peY

for J € R". Here the minimization is taken component wise, i.e.

(TJ) (i) = min (g(z', a) + i:lpij(a) J(j)>

acA(4)

for i € {1,2,...,n}.
It is casy to see that T, , and Ts are monotone operators for €T and § € A.

That is for J, J' € R, if J' > J (i.e. J'(i) > J(i) for i € {1,2,...,n}), then

T,.0 > T,J

TsJ > Ts5J

where the inequality is component wise.
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We will show that 7" is a monotone operator too. For J,J' € R" let J < .J'.

Let p € T be such that TMJ’ = TJ'. Hence
TJ<T,J<T,J =TJ

ie. TJ<TJ.

Note that for any § € A and J, J' € R"
Ts(J +J) =TsJ + PsJ’

Let J € R"and € > 0, € € R. For k > 1, k integer and dg, 01,02, ...,0,_1 € A,

we have
o . o R k—1
T5 D5, - T5, , (J+€l) = T5 Ty - Ts, J +e€ (H P51> 1
1=0
< T5Ts - Ts T +eprl
where
k—1
HP51 :P50P51"'P5k71
1=0
Similarly
o B o B k—1
T50T51 e Ték—l (J — € 1) = T50T51 e Ték—lj — ¢ (H P5z> 1
1=0
2 T60T51 T Ték,lj — € ﬁk 1
Let J,J" € R" and € > 0 be such that || J — J" ||< ¢, where || - || is the sup

norm defined by

| J||= max [J(i)] for J € R"

1€{1,2,....,n}

Thus



For k > 1, k integer and dg, d1,...,0x_1 € A, we have

T50T51 T T5k71J/ —eppl < T50T51 T f5k71J

< T5Ts, - Ts,_J +eppl
i.e.
H T50T51 o 'T&cfﬁ] - 7~—‘501:’51 t .T5k~—1‘]/ H < € ﬁk

Let k € Ng. For p € T let Tj denote the composition of Tu with itself k& times;
ie. forl>1, Tfl = T#Tli_l with TS being the identity operator. Similarly for § € A
let Ték denote the composition of Ty with itself k times, with T(? being the identity
operator. Likewise define T* to be the composition of 7" with itself & times; i.e. for
[>1, T' =TT, with T° being the identity operator.

Let £ > 1, k integer, J € R" and scalar ¢ > 0. For § € A,

TF(J+e€l) < TET +epsyl
Tf(J—el) > T(;“J—ep57k1
For J,J € R"
| T3 = T3 < po || =T ||
Similarly for p € T
1T =T [I< puge | T =T |

Let J € R". Fix scalar ¢ > 0 and integer £k > 1. Let yu; € Y for [ =

0,1,...,k — 1 be such that



ie.
T, T'J=TJ forl=1,2,....k
Hence
TF(J+el) < TuTp T, (J4e€l)
~ k—1
= TkJ+e<H Pm> 1
1=0
< TFJ +e Pr 1
Here
k—1
HPM :PHOP/H”'PMCA
1=0
Let iy € Y for [ =0,1,...,k — 1 be such that
Tﬁkﬂ (J 61) = T(‘]_El)
T ,T(J—€l) = T*(J—e¢l)
T TF 1 (J—€l) = TF(J—€l)
ie.
T T (J—el)=T"(J—€l)  forl=1,2,
Now

TH(J—el) = TpTp Ty, (J—€l)
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k—1
- Tng---Tﬁk_lJ—e(HPﬂ)l

=0
k—1
> ka—e<HP~>1
- M =
=0

> TF]—eppl
Thus for J, J" € R", if || J — J' ||< € for some scalar € > 0, then
J—el<J<J +el

Hence

Thus for integer £ > 1, we have
| T57 = T4 |< e

Note that

| 7T =TJ ||<||J—J'|
since 0 < p; < 1. Hence Tis a non-expansion. Similarly for § € A
| Tsd = T5J" ||<| = J" |

since 0 < ps; < 1.

C.4.2 Error Bounds For SSP MDPs

In this subsection we give some variants of the error bounds for the SSP

problem given in [11].
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Lemma C.7 Let J € R". For any stationary deterministic proper policy p € T,

let J = THJ. Let ¢ = max;eq1,2,.ny (J' (i) — J(i)). Then

where the inequality is component wise. Here J# denotes the expected cost to go
function for the SSP problem under policy u (which is the unique vector satisfying
Tuj” = J") and N, € R" is such that N (i) is the ezpected number of steps required

to reach the terminal state 0 starting from state 1 € {1,2,... ,n} under policy .

Refer Chapter 1 and [11, 12] for more on SSP problems.
Proof of Lemma C.7

Now

J = g+ PJ

Hence

Multiplying this relation by P, and adding ¢ 1

B (J* =) +e1< P2 (J—J) +e(l+P)1

m

Here I is the n x n identity matrix. Similarly continuing, we have for any integer



Here PB =]. Hencefor [ > 1
B B ~ -1
Jr—J<Jr—J +e1< P (] - ) +5<ZP§>1
k=0
Now since lim;_, PfL is the zero matrix (u being proper)
-1 -
lim (z P,’j) 1= (I-P)'1=N,

Thus

For the following lemma assume all stationary deterministic policies are proper.The

lemma is also valid under the classical assumption, namely
Assumption C.1 Let the following hold.
1. There exists at least one stationary deterministic policy

2. For every improper stationary deterministic policy p, the corresponding cost
to go JH(i) is oo for at least one state i € {1,2,...,n}; i.e. some component

of the sum S5 P,’jg“ diverges to oo as N — oo.

Lemma C.8 Suppose J € R". Let J € R" be such that J' = TJ. If ¢ =

Mineq,2,..ny (J'(2) — J(4)), then
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Here u* is any optimal stationary deterministic policy (which is proper) and J* is

the optimal cost to go vector for the SSP problem.

Note that T'J = min ey TNJ , where the minimization is taken component wise.
J* is the unique vector which satisfies the Bellman equation TJ* = J*.
Proof of Lemma C.8

Now (see also [11])

J/

IN

g + P.-J

J* = g+ P.J

Hence
J =TT =J +cl>Pe(J = J)+cl
Multiplying this relation by P,- and adding c 1
P (J' =) +c1>PL(J = J)+c(I+ Pl

m

Similarly continuing, we have for any integer [ > 1

Hence for [ > 1
R R ~ -1
J*—J>J"—J +cl> Pl (J*—J)+Q<ZP"”>1
Since p* is proper we have lim;_, Pi* equals the n x n zero matrix. Hence
llgg(ZP’“) (I-P.)"'1=N,
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So we have

The preceding lemma is also true for any proper stationary randomized policy
&* which is optimal, i.e. ¢* such that Ty J* = T.J* = J*.

As a corollary we have

Corollary C.1 Suppose J € R". Let u be any stationary deterministic proper

policy and J' € R™ be such that J' =T, J. If ¢ = minseq1a,_ny (J'(i) — J(i)) then

N ST =T +cl<Jh—1J

Corollary C.1 and Lemma C.7 hold also for any proper stationary randomized

policy.

C.4.3 Approximate Policy Iteration Bounds For SSP Problems

In this subsection we give error bounds for approximate policy iteration [12,
16]. Assume that all stationary deterministic policies are proper. Let {uz} be a
sequence of stationary deterministic policies and {jk} be a corresponding sequence

of approximate cost vectors satisying
| Jp — JH |[<e  fork=0,1,2,...

and

| TJy — T,

HE+1

Jo|[<e  fork=0,1,2,...
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Lo 1s chosen arbitrarily. € and € are non negative scalars. The above scheme is called
an approximate policy iteration for the SSP problem.

Here J#* is the cost to go vector corresponding to policy uy for k=10,1,2,.. ..
Let integer m > 1 be such that p,, < 1. Note that p, < 1 (since all stationary
deterministic policies are proper) and py |x. Let J* be the optimal cost to go vector

for the SSP. Also let || - || denote the sup norm. Note that

Puk = _max }Pr“[sk%0|30:i] for p e T, k € Ny

1€ O )

and

Pk = r;?ea%( Pk for k € Ny

Lemma C.9 Assume that the stationary deterministic proper policies i, are gen-

erated by the approximate policy iteration. Then (see [12, 16])

L 1— 5, p
limsup || 4 — J+ ||< ™LT Pm T m)(E T+ 26)
k—oo (1 - pm)

The above result also holds when the SSP problem satisfy Assumption C.1
and all the stationary deterministic policies ps generated by the approximate policy

iteration are proper. In this case we redefine py (just for this case) as
fo= _max  p.

peY, p proper

for k € Ny.
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C.4.4 Some Observations On SSP MDPs

A stationary randomized policy € A is proper if and only if the Markov chain
(with states S = {0,1,2,...,n}) corresponding to policy § has only one recurrent
class, namely {0}.

Let 6 € A, We say that ¢ subsumes a stationary deterministic policy p € T if
and only if [6(7)],u) > 0 for i € {1,2,...,n}; i.e. action p(i) is taken with positive
probability from state ¢ under policy ¢ for i € {1,2,... ,n}.

Now it can be seen that a stationary randomized policy ¢ is proper if and
only if there exists a proper stationary deterministic policy p € T subsumed by 6.
The if part is easy to prove. The only if part can be proven using Theorem B.1 of
Appendix B.

The proof of the following proposition is given in [12], but we give it here since

it is short and illustrative.

Proposition C.3 Under Assumption C.1 it can be shown that a stationary deter-
ministic policy u € Y satisfying for some vector J € R", J > T,J (i.e. J(i) >

(THJ) (1), i=1,2,...,n) is proper.

Proof of Proposition C.3

Let J € R" be such that J > fuJ. Now it is easy to see that for integer k > 1

k—1
Tk k l =
TF] = P*J + 120: Pl
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Hence by monotonicity of TH, we have for integer k > 1
Sk k = o
J>T,]=P;J]+ ZZPﬂg“
=0

Since P[f is a substochastic matrix, the components of Pl’fJ is bounded. If u were not
proper, by Assumption C.1 part 2, some component of the sum in the right-hand
side of the above relation would diverge to co as k — oo, which is a contradiction.

O

We may extend the above result to stationary randomized policies too.

Proposition C.4 Under Assumption C.1 it can be shown that a stationary ran-
domized policy & € A satisfying for some vector J € R"™, J > TyJ (i.e. J(i) >

(T5J> (1), i=1,2,...,n) is proper.

Proof of Proposition C.4

Suppose for J € R™ we have T5J < J. That is for each i € {1,2,...,n}

XIWMaG@®+§¥M®ﬂﬁ)SﬂD

a€A(i)

This implies that for each i € {1,2,...,n}, there exists a; € A(i) such that

G@ﬁﬁ+ﬁ¥w@&ﬂﬂ)§J@
and [0(7)]a, > 0. Let u(i) = a; for e € {1,2,...,n}. Then

T,J <J
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implying that the stationary deterministic policy pu is proper. Since d subsumes g,

0 is proper.

Proposition C.5 Under Assumption C.1 it can be shown that for every improper
stationary randomized policy o, the corresponding cost to go j‘s(z’) 18 00 for at least

1

one state i € {1,2,...,n}; i.e. some component of the sum Z}i\/:—o PF@® diverges to

oo as N — 0.

Proof of Proposition C.5

Let 0 be an improper stationary randomized policy. Let Jy = 0, where 0 € R"
is the zero vector. Let J, = Tg“JO = Zf:ol Plg°. Now liminfy .. Ji(i) > j*(z) for
ie{l,2,...,n}. Here J* € R™ is the optimal cost to go vector for the SSP problem.

Let J(i) = liminfy_ Ji(i) for i € {1,2,...,m}. J(i) is bounded below
by J*(i) for i € {1,2,...,n}. We have to prove that J(i) is oo for at least one
i€{1,2,...,n}. Suppose not. That is J € R". Given any scalar ¢ > 0, there exists
a positive integer N, such that J; > J — €1 for [ > N.. Here 1 € R" is the vector

with all components equal to one. Hence for [ > N, we have
TsJy>TsJ —ePs1>TsJ —e€l
Fix ani € {1,2,...,n}. Now there exists k > N, such that Ji, (i) < J(i) +e€. That
is
(Ts k) (6) < J(i) + €
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Hence
J(i) + € > (TsJ) (i) — €
That is
2+ .J(i) > (Ts]) (i)

Since this is true for any € > 0 we have J(i) > (T(;J) (7). Thus we have
TsJ < J

Hence by Proposition C.4, § is proper; a contradiction.

Let || - || be the sup norm on R". Let J, J' € R". For 6 € A and integer m > 1
| 73T =TT 1< pom || T =T |

For proper stationary randomized policy 9, we have 0 < ps, < 1. Also psi k-
Let 0 < psm < 1. Then Ts is an m-stage contraction mapping (and also a non-
expansion) with respect to the sup norm || - ||, and has a contraction coefficient
ps.m- Hence if for J € R",

| T3] — T [|< e
for some scalar € > 0, then the cost to go vector (function) for the SSP problem
under policy &, namely J° satisfies

~ me
J—J< ——
” ||_ 1_p5,m

by Proposition C.2.
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Similarly for integer m > 1 and J, J' € R", we have
|7 =TT < || T =T |

If all stationary deterministic policies are proper then 0 < p,, < 1 and also py |x. Let
0 < jm < 1. Then T is an m-stage contraction mapping (and also a non-expansion)
with respect to the sup norm || - || and has a contraction coefficient p,,. Hence if for
J eR",

HTJ—JHSE

for some scalar ¢ > 0, then by Proposition C.2

me

1— jpm

1T =<

where J* is the optimal cost to go vector for the all stationary deterministic policies
proper, SSP problem.

Consider an all stationary deterministic policies proper SSP problem. Let
0 < pm < 1 for some integer m > 1. Consider the approximate value iteration

scheme where we generate the sequence {.Ji} according to the restriction
| i1 =TT || < e

starting from some Jy € R". Here € is non-negative scalar. Then by Lemma C.1

me

lim sup || J, — J* II< -

k—o0 — Pm
where J* is the optimal cost to go vector for the SSP problem.
Consider an SSP problem with all stationary deterministic policies proper. Let
0 < pm < 1 for some integer m > 1. Then T is an m-stage contraction mapping
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(also a non-expansion) under the sup norm || - || with contraction coefficient p,y,.
Let J* € R" be the optimal cost to go vector which is the unique fixed point of T.
Let J € R" be such that

| T = J<e

Let § € A, which is also proper and an m-stage contraction (and non-expansion) be
such that

| TT=TsJ |[<e
Here € and € are non-negative scalars. Then by Lemma C.3

(2(m —1) + (1 + py))e + me
T pm

I =7 < (C.8)

where J9 is the cost to go vector for stationary randomized policy 4. In the above
relation C.8, p,, may be replaced by ps .
For the above problem if © € T, which is also proper and an m-stage contrac-

tion (and a non-expansion) is such that
| 70— TT < e

then

(2(m —1)+ (1 + p))e + me

JE— Jr < ~
| | =7,

(C.9)

where J* is the cost to go vector for the stationary deterministic policy . In the
above relation C.9, p,, may be replaced by p, .
Let
S pet, A i 17T
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If not all stationary deterministic policies are optimal, then ¢ > 0. For all sufficiently
small € and ¢, we have J# = J*. This can be seen, since for sufficiently small € and
g, the right hand side of the relation C.9 is less than .
Suppose p; < 1 (note that p; = p1). Then T, Tu and Ty for p € Y, § € A are
one stage contraction mappings. For this case also the above bounds (relation C.8
and relation C.9) hold, but are looser than the bound 2551_% given by Lemma C.2.
Yet another observation is the following. Let 6 € A be a proper policy. For

J eR",
Ts5J—J = @ +PJ—J
= g —(I-F)J
where I is the n x n identity matrix. Pre-multiplying by (I — P5)~!, we get

(I—P) N T5J—J) = (I—-Py)'g°—J

= J—J

Here J° = (I — P5)~'g° is the cost to go vector for the SSP problem under policy 4.

Thus

o)) _min ((B)() = J()) < TP@)=J6) < M) _mae ((T5)() = J(0)

je{1,2,...,n} je{1,2,...,n}

fori e {1,2,...,n}.

Here N; € R" is the vector with components N;(i) equal to the expected
number of stages to reach the terminal state 0, starting from state i € {1,2,...,n},
under policy 9. i.e.

N5 (Z) = eT

)

(I—PF5)~'1
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Here 1 € R" is the vector with all components equal to one and e; € R" is the i*!

h

coordinate vector whose ' component is one and all other entries are zero. Note

that (I — P5)~! =02, PE.

C.4.5 Weighted Sup-Norm Property Of “All Proper Policies” SSP

MDP

For J € R" we define the weighted sup norm

) 1(0)
17 le= e, e)

where £ = (£(1),£(2),...,&(n))T € R™ has all components positive. In this subsec-
tion we assume that all stationary deterministic policies are proper.

We have the following result from [16, page 23]

Proposition C.6 Suppose all stationary deterministic policies are proper for the
SSP problem. Then there exists a vector & € R" with positive components, such
that T, Tu and Ty for all we Y, o e A are contraction mappings with respect to the
weighted sup norm || - ||l¢. In particular there exists a contraction coefficient 3, with

0 < (3 <1 such that

S p () < FE) (C.10)

forie{1,2,...,n} and u € A(i).
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Note that the above relation C.10 implies that given § € A

i Pslij €) < BE@) (C.11)

fori €{1,2,...,n}. Here

[Psliy = > [6(1)]a pij(a)

a€A(%)
[0(7)], being the probability of taking action a from state ¢ under policy o.

The proof that T and T, us (€ T, are contraction mappings follows [16] from
the relation C.10. Extension to the case Ty for § € A, follows easily from the
relation C.11.

One choice for € and 3 are as follows [16, page 24]. Consider a new SSP problem
where the transition probabilities are the same as in the original SSP problem, but
the immediate costs are equal to —1 corresponding to all feasible actions from all the
states in {1,2,...,n} (for the termination state 0, the self transition cost is zero).
Let J € R be the optimal cost to go vector for the new problem. Then J satisfies

the Bellman equation [11, 12]

v

j():_l‘i‘ul'en'}\n szj )J(4)

for i € {1,2,...,n}. Define £(i) = —J(i) for i = 1,2,...,n. Then £(i) > 1 for
ie{l,2,...,n} and
pr < (i) —1<p5¢0)

fori=1,2,...,n and u € A(7). Here (3 is defined by




The above proposition says that given J,J' € R"™ and § € A we have
| Tsd = T5J" [le< B T =T le

and

| TT =TT fle< BT =T e

Note that if J € R™ is such that || J — T'J ||¢< € for some scalar € > 0, then

| J* = J ||e< =5, where J* is the optimal cost to go vector for the original SSP
problem. This follows easily from Proposition C.2.

Consider the approximate value iteration scheme in which we generate a se-

quence of vectors in R", namely {J;} satisfying
| i =TT [|e< e

for some scalar € > 0, starting from an arbitrary vector Jy € R". Then Lemma C.1
implies
limsup || J, — J* [|e< ——
l—o00 1— ﬁ
We can make the following observation too. Suppose J € R™ is such that

| J—J* ||¢< e for some scalar € > 0. Let 4 € T be a stationary deterministic policy

such that || T),J — T'J ||¢< ¢ for some scalar ¢ > 0. Then by Lemma C.2 we have

20e+¢

o
| JH =T e < 5

(C.12)
Here J* is the cost to go vector for policy . Suppose

¢=_ _ min || JE-J IF;
LEY, i not optimal
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If all stationary deterministic policies are not optimal, then ¢ > 0. For all sufficiently
small € and ¢, we have J# = J*. This can be seen, since for sufficiently small € and
¢, the right hand side of the relation C.12 is less than «.

Similarly if || J — J* ||¢< € and § € A is such that || TJ — T5J ||¢< ¢, then

2Be+¢

76 Tx <
| 7= J" [e< 15

Here J° € R" is the cost to go vector for policy 4.

C.5 Equivalent SSP Problem For Discounted Cost MDP

Consider the finite state, finite action homogeneous Discounted Cost Problem
with state space S = {1,2,...,n} and control constraint sets A(z) = {1,2,...,|A()|},
for i € S. Let A = U;esA(7) denote the action space. See Chapter 1 for more on
notations. The state at time ¢ € Ny is denoted by s; € S, the action taken at time
t is denoted by u; € A(s;). The immediate cost incurred at time ¢ while taking
action u; € A(s;) from state s; is denoted by g, € R. For i,j € S, a € A(i),
let p;j(a) denote Pr[s;y1 = j | sy = i,uy = a]. We assume that the expected im-
mediate costs are finite, i.e. E[lg/| | 8¢ = i,uy = a] < oo for i € S,a € A(i).
Let g(i,a,7) = Elg | st = i,us = a, 5141 = j] for i, € S, a € A(i). The expected

immediate cost for taking action a from state i for i € S, a € A(i) is

g(i,a) = Elg| st =1, u = d

= Zn:lpz‘j(a) g(i,a, j)

274



Let the discount factor be 5 € [0,1). Let P¥(- | i) denote the probability measure
for the discounted cost problem given the admissible policy v € M and initial state
sg = 1. See Chapter 1 for definition of the admissible policy. The state space €2 under
consideration is the space of infinite sequences (so, uo, go, S1, U1, G1s - - - 5 St, Uty Gty - - )
where s; € S, uy € A(sy), g+ € R. Let EY(- | ) denote the corresponding expectation.

The infinite horizon discounted cost under policy v, starting from state ¢ € S is

J7(4)

E¥ [i By | so = z]
=0

k—1
o . v t .
= limE [ZﬁgtISO—Z]

t=0

Consider an associated problem with additive cost, without discounting in
which after choosing action u; at time ¢ we “toss a coin” independently of everything
else and decide with probability 3 to continue or else with probability 1 — 3 decide
to terminate at this stage (if it has not been already terminated before time ¢). Here
t € No. If the termination occurs at time N (random), the total additive cost is
Z,{ZO g:. We are interested in minimizing the expected value of this cost starting
from each starting state i € S.

The probability that termination has not occured before time ¢ is 3.

This problem can be translated into the following equivalent homogeneous SSP
problem with state space S = {0,1,2,...,n} (i.e. with an additional termination
state 0). For want of more notation (just in this section) we denote by 3; the state
at time ¢ € Ny for the equivalent SSP problem, 4, the action taken at time ¢ for the
equiuvalent SSP problem, g; the immediate cost incurred at time ¢ for the equivalent
SSP problem. Here the control constraints are the same as in the original Discounted
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Cost problem, with the control constraint for the terminal state being A(0) = {1}.

Let
pijla) = Prisp =75 =144 =d
= [pi;(a) fori,j € {1,2,...,n}, a € A(%)
ﬁio = PI' [§t+1 = 0 | '§t = ’L.,fl/t = a]
= 1-p fori € {1,2,...,n}, a € A(i)
Also
]300(1) = Pr [§t+1 =0 \ S =0,up = 1]
= 1

Fori,j € {1,2,...,n}, a € A(i)
Prig € B| S =i,u=a,541 =7 =Prlg € B| sy =1,u = a,$141 = J]
for B, Borel subset of R. Here ‘Pr’ on the right hand side is for the original

discounted problem and ‘Pr’” on the left hand side is for the equivalent SSP problem.

Also for i € {1,2,...,n}, a € A(i) and Borel subset B of R
Pr(g; € B| 8 =i,u4; = a, 5.1 =0] =
= Prigs € B| s =1,u = d
= ipij(a) Prig. € B| sy =4,u; = a, s411 = J|
i

Here ‘Pr’ on the left hand side is for the equivalent SSP problem and ‘Pr’ on

the two right hand side terms are for the original discounted cost problem. Also

Pr[{gt:0}|§t20,ﬂt:1]:1
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Let P¥(- | i) denote the probability measure for the equivalent SSP prob-
lem, given the admissible policy v and an initial state s = ¢ € S. See Chap-
ter 1 and Section C.2 for the definition of the admissible policy for the SSP prob-
lem. The state space under consideration, € is the space of infinite sequences
(30, T, o, 81,1, G1, - - -+ 8¢, Tg, i - - .), where §, € S, @ € Aand §, € R. Let E (- | 4)
denote the corresponding expectation.

Note that for the equivalent SSP problem

g(/L?a?j)

Elg:| 5 =14 =a,84+1 =]

= g(i,a,j)

Elg: | st =1, u = a,s41 =j]

fori,j € {1,2,...,n} and a € A(i). The expectation in the above relation on the
left hand side is for the equivalent SSP problem while the expectation on the right

hand side is for the original discounted problem. Also for ¢ € {1,2,...,n} and

a € A7)
Elg |5 =40 =0a35+1=0 = §(i,a0)

= g<i7 a)

Elg: | st =1, us = d

= f:lpz‘j(a) 9(i,a, j) (C.13)

Note that for i € {1,2,...,n} and a € A(7)

E[g |8 =14 =a] g(i,a)
= iﬁpz-j(a) g(i,a,7) + (1 = B) (i, a,0)
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= Bgli;a)+(1-0)g(ia)

Also

9(0,1)=E[g | 5 =0, =1] =0

Note that for the equivalent SSP problem, all stationary deterministic policies are
proper. Also the expected additive cost for the SSP problem, starting from state

i €{1,2,...,n} under policy v is denoted by
_, k=1
JU) = lim E lth!%:z]
t=0
_ E” [Z§t|§0:i1
t=0
With slight abuse of notation we use v to denote the admissible policy for
the original Discounted Cost problem and also for the corresponding policy for the
equivalent SSP problem with the only difference that if at time ¢, state s; = 0, then
the action chosen is 4; = 1 and the system remains at state 0 itself with probability
one incurring zero cost, while for 5, € {1,2,...,n} the action choice is the same as

in the original Discounted Cost problem.

Fori,j € {1,2,...,n}, a € A(j) and t € N,

77”[§t:j,ﬁt:a\§0:i]
= P[5 =gt =a |5 =i T =1 P[5 #0] 5 =]

+ P[50 = gt = a | 50 =i, Ljs,p0) = 0| P¥ [5 = 0] 5]

0

= P'lss=jus=a|sy=1] 5
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Here Z denotes the indicator function. Also
P[5, =00y =15 =i =1-p"

for i € {1,2,...,n}.
Hence for i € {1,2,...,n}

~V

E"[g: | 50 = 1]

= Y Y Pl ga=al s =130.a)

Jj=1acA(j)

= > > BPlsi=ju=als=1g(ja)
J=1acA(j)

= B ﬁtgt | So = Z}

= 5tEV [gt | So = Z]

Hence for ¢ € {1,2,...,n}

k—1 k—1
. VY ~ ~ s v t o
B[Sl o= = i B |3 0w =

t=0 t=0
ie. forie{l,2,...,n}
J¥ (i) = J*(i)
In particular for any Markov Randomized policy and stationary (randomized or
deterministic) policy, the cost to go is the same for the original Discounted Cost

problem and the equivalent SSP problem. Note also that value iteration produces

identical iterates for the two equivalent problems.

C.5.1 Error Bounds For Discounted Cost MDPs

Consider the discounted cost problem with discount factor 5 € [0, 1). Let J¥(7)
denote the infinite horizon discounted cost for admissible policy v € M, starting
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from state i € S = {1,2,...,n}. ie.
k—1
JU(i) = Jim E” L:Zo Bt | s0 = Z]
Here g; is the immediate cost at stage t € Ny. J” € R”, with J¥(i) being its i*®
component for ¢ € {1,2,...,n}, is called the cost to go vector corresponding to
policy v for the discounted cost problem. For stationary randomized policy § € A,

the cost to go vector is

I =(I-BPs)" 5

where

[P(;L‘j = Z [5(2)](1]7”(@) fOI‘ Z,] - S
acA(4)

76 = Y [6(1)]ag(i,a) forieS
a€A(7)

g(i,a) = Elg | st =i,u; = d] forieS, ae€ A7)

Here P; is the n X n transition probability matrix (a stochastic matrix) for the
policy 6 € A. g° € R" is the expected immediate cost vector for policy d. [4(i)], is
probability of taking action a € A(i) from state i € S.

In particular for stationary deterministic policy p € T, the cost to go vector
is

Jt=(I-pBP,)"" g"

For pn € T let the operator 7, : R" — R" be defined by 7,J = g" + BP,J for
J € R". For § € A let the operator Ts : R — R" be defined by TsJ = §° + B3Ps.J

for J € R". Let the operator 7' : R" — R" be defined by T'J = min,ey T, J for
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J € R", the minimization is taken component wise. That is for i € S and J € R"

(TJ) (i) = min (mmwilpm(a) J<j>)

a€A(i)

T,,Ts and T are contraction mappings under the sup norm with contraction coeffi-
cient (.

Let J* € R" denote the optimal (or minimal) cost to go vector for the dis-
counted cost problem, i.e. J*(i) = inf,cpq J¥ (i), for i € S. We have the following
propositions which follow from the equivalent SSP problem for the Discounted Cost
problem (see Lemma C.7, Lemma C.8). Note that the expected number of steps
to reach the terminal state from any state ¢ € {1,2,...,n} for the equivalent SSP

problem is ﬁ under any admissible policy.

Proposition C.7 Let J € R" and p € T be any stationary deterministic policy.
Let J' =T,J and ¢ = maxcq1 2,0y (J'(i) — J(4)). Then

1

J“—JSJ“—J'—FElSEl_ﬂ

1

Here the inequality is component wise and 1 € R" is the vector with all
components equal to one. J* is the cost to go vector for the discounted cost problem

corresponding to stationary deterministic policy u.

Proposition C.8 Let J € R" and J' € R" be J' =TJ.

Let ¢ = minjeqi 0.0y (J'(2) — J(4)). Then




Here J* is the optimal cost to go vector for the discounted cost problem. The

following corollary follows from Corollary C.1.

Corollary C.2 Let J € R" and p € Y be a stationary deterministic policy. Let
J' =1T,J and ¢ = mine1 o ny (J'(0) — J(i)). Then

1
1=p

c

Proposition C.7 and Corollary C.2 hold also for stationary randomized policy

We have the following lemma,

Lemma C.10 Let J € R" and

_— TV — T
¢ =  max ((T1)G)—JG))
_ : TV — I
¢ = i (TG -J6)
Let p € T be such that, || T),J —TJ ||< €, where e > 0 and || - || is the sup norm.
That s
N N <
egax (L)) = (T)0) < e
Then
. B €
B — J* < _
PO - I0) £ e+
forie{1,2,...,n}. O
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Proof of Lemma C.10
Let

¢= _max ((T,J)(i) = J(i))

i€{1,2,...n}

Then from Proposition C.8 and Proposition C.7 we have for i € {1,2,...

(T.J) (¢>+1fﬁc < I
and
M) < @)+ e
Thus
T =T < @)~ D@+ oo
Now
¢ < cHe
and

(1) (1) = (TJ) (i) < e

From this the result follows.

We have the following proposition, which follows from Lemma C.2. But we

give an alternate proof here. Here || - || is the sup norm.

Proposition C.9 Consider an infinite horizon discounted cost problem with dis-

count factor § € [0,1). Let J € R" be such that || J — J* ||< €. Let p € T be

a stationary deterministic policy such that || T,J —TJ ||< €. Here € and ¢ are
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non-negative scalars and J* is the optimal cost to go vector for the discounted cost

problem. Then
2PBe+e¢

B TR <
R

where J*" is ther cost to go vector for policy p.

O
Proof of Proposition C.9
Now T and 7}, are contraction mappings under the sup norm | - ||, with
contraction coefficient 3. Also T,,J# = J* and T'J* = J*.
| =T < (| T =T |
< T =T d |+ | Tud = T ]
< Bl =JN+INTT=T |+ [T =T, J |
< Bl =T N +pl T =T N+81J—=J" [ +e
< B JF=T | +20€e+¢
Hence
20€e+¢
JE=TJ < ———
- < 2
O

Similar results also hold for stationary randomized policy § € A.

Let

¢ = min || JF =T
LeY, i not optimal

If not all stationary deterministic policies are optimal, then ¢ > 0 since there are
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only a finite stationary deterministic policies. Hence in the proposition above for all

sufficiently small € and ¢, %Ega < ¢ and hence J* = J*.
In the remaining portion of this subsection || - || denotes the sup norm.

Let J € R" and € > 0 be such that || TJ — J ||< e. Then it follows from

Proposition C.2, that || J — J* [|< 55, where f is the discount factor. Similarly

let 0 be a stationary randomized policy and || T5J — J ||< e, where ¢ is a non-

negative scalar. Then again by Proposition C.2, we have || J° — J ||< -5 Hence

e = J 1< 5.

In fact if TJ < J and T5J < J, we have T'J < T5J < J. || TJ —J ||[< ¢,

| TsJ — J ||[< e and 0 < e < e. Hence

J- S 1<Jy<yJ

1-p5
and
€ )
——1< <
J 1—57_J_J
Thus
| J =T < —

€
1-p
Here 1 € R" is the vector with all components equal to one.

Now consider the approximate value iteration scheme for the discounted cost

problem. Starting with some J; € R" we have
| it — Ty 1< e

for all £ € Ngy. Here € is a non-negative scalar. Then from Lemma C.1,

€

1-p

limsup || Ji, — J* ||I<
k—o0
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where J* is the optimal cost to go vector for the discounted cost problem.

Also we have the following proposition.

Proposition C.10 Let § € A be a stationary randomized policy and J € R". Then

(I —BPFs) " (TsJ = J)+J=J°

O
Proof of Proposition C.10
TsJ—J = g+ [PsJ—J
= - —-pP)J
Hence
(I=pP) " (T3] =J) = (I-pPs)"' —J
= J°—J
O
Let

¢ = max (T)(0) = J(0)
¢ = _min ((T5J))(i) = J(0))

i€{1,2,...n}

Then by the above proposition we have

1 s 1
<J—-J<
1_591_J J—l—ﬁ

cl

where 1 € R" is the vector with all components equal to one. Note that (I—3Ps)~ =
Sl BR P
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C.5.2 Approximate Policy Iteration Bounds For Discounted Cost

MDPs

As before, for J € R"

T,J = g'+pP,J for pe Y

TJ = minT,J
peY

where the minimization is taken component wise. Here 3 is the discount factor. We

give the approximate policy iteration error bounds in the lemma below. For a proof

see [12].

Lemma C.11 Let {u} be a sequence of stationary deterministic policies and {Ji}

be the corresponding sequence of approximate cost vectors satisfying

| Je —JH | < e fork=0,1,2,...

ank - T Jk < ¢ be’k 220,1,2,...
Hk+1

Then

. e+20¢€
limsup || J,, — J" ||I< —-—=
m Sup [ 1< e

Here J* is the optimal cost to go function for the discounted cost problem and

JH% is the cost to go vector for policy pu.
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C.6 Error Bounds For Average Cost Problem

We are considering a finite state finite action MDP with state space & =
{1,2,...,n}. The control constraint sets are A(i) = {1,2,...,|A(7)|} for state
i € S. Here | - | represents the cardinality of the set. Let A = U;esA(Q). pij(a) =
Prisiz1 =7 st =d,u,=al for i,j € S, a € A(i). Here s; € S is the state at
time ¢ and wu, is the action taken at time ¢ from state s;. ¢; € R denotes the
immediate cost incurred at time ¢ when action u; € A(s;) is taken from state s;.
Let g(i,a) = Efg: | st =i,us = a] for i € S, a € A(i). Let M denote the set of
admissible policies. See Chapter 1 for more on notations. Let P¥(- | i) denote the
probability measure for policy v and starting state so = i. Let E”(- | i) denote the
corresponding expectation. Here the state space {2 under consideration is the space
of infinite sequences (g, uo, go, S1, U1, 1, - - - , Sts Uz, Gy, - - -) Where s, € S, uy € A and
g; € R. For an admissible policy v € M, ¥ € R" denotes the average cost to go

vector. 9 (i) denotes the expected average cost starting from state i € S. i.e.

B 1 k—1
0" (1) =limsup — Y _E" (g | so = i
k—oo K=

For stationary policies the limit exist (i.e. we can replace the lim sup with lim in the
above equation). We are interested in minimizing this expected average costs for all
initial states i € S. It is known [12, 40] that there exists a stationary deterministic
policy (for example a Blackwell optimal policy) which is optimal.

T denotes the set of stationary deterministic policies. A denote the set of
stationary randomized policies. Refer Chapter 4 for more on stationary randomized
policies.
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For u € T let the operator T, : R" — R" be defined by
T,J=g"+P,J for J € R".

For i € S, g"(i) = g(i, (7)) is the expected immediate cost for taking action (%)
from state i. P, is the n X n transition probability matrix (a stochastic matrix)
corresponding to p and is given by [P,];; = pi;(p(i)) for i,5 € S.

For § € A define the operator Ts : R — R" by
TsJ =g’ + PsJ  for J e R™

Here @° is the expected immmediate cost vector for policy 6 and P is the transition

probability matrix for policy §. i.e.

for 1 € S and

[Pslij = > [0(1)]a pij(a)

acA(i)

for i,j € S. Here [0(i)], denotes the probability of taking action a from state i,
under policy 6.

Define the operator T : R — R" by

TJ:minTMJ for J € R"

peY

where the minimization is taken component wise., i.e.

acA(4)

(TJ) (i) = min (g(i, a) + i:lpij(@ J(j)>

fori e S, JeR"

289



The operators, T}, T5 and T are all monotone operators which are non-expansions

under the sup norm.

In the following 1 € R" denotes the vector with all components equal to one.

We have the following lemma which is a variant of the one in [10, page 325].

Lemma C.12 Let J € R" and scalare > 0. Let p € T be such that TMJ < TJ+el.

Then fori € S,

IN
%

*
=

min ((77) () = J()))

JES

IN
)

=
=

< max ((TJ) (7) — J(j)) +e€

jes
where 9*(i) is the optimal (minimal) average cost to go from state i. The bounds

hold regardless of whether 9*(i) is independent of the initial state i.

Proof of Lemma C.12
T,J < (TJ—J)+J+el

T2 < T,J+ P (TT—J)+el

IN

(TT =)+ B (T = J)+J+2€1

Continuing similarly,

=

TNJ < S PH(TJ—J)+J+Nel
k=0
for N =1,2,.... Hence

_ 1 = _
0 = lim =TT < By (TT—J) +el

N—o0
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where the limit is taken component wise. Here

P*:]&L“;oﬁzpk

which exists [12]. Hence

(i) < max ((TJ) (j) = J(j)) +e

JjES

Let v = (09, 01,02, . ..) be any Markov randomized policy, where 0, € A,

We have for any § € A,

TsJ > (TJ—J)+J

> min((TJ) (7) —J(j))l—i—J (C.14)

JjeS

We have for N € N (here N is the set of positive integers)

Toxd > min((TJ)(G) = J(G))1+J

JES

Applying Ts,_, to both sides of the above inequality and using inequality C.14,

T5N—1T5NJ > T5N—1J + I]Iélél ((TJ) (.7) - J(])) 1

> J+2mi ((T7) () = J(G)) 1
Continuing similarly

TsoToy -+ Doy = J + (N + 1) min ((T7) G) = J(5) 1

Hence

1
N +1

(i)
N+1

(T50T51 .. .T(;NJ> (¢) > min ((TJ) () — J(])) +

JjES
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Hence

. 1 = = ~
lim sup N1l (T50T51 . -T5NJ) (4)

N—oo

> liminf
N—o0 1

(Ts Ts, - Ton ) (i)

> min ((T7) () = 7(7))

jes
Hence

9°(i) > min ((T7)(5) = J())

jES
Since v is an arbitrary Markov randomized policy

(i) = min () () = 7(5))

jeES

(C.15)

Note that we need to focus only on Markov randomized policies, since given any

history dependent randomized policy and an initial state ¢+ € S, there exists a Markov

randomized policy, such that both of them have the same additive cost starting from

initial state i (see Chapter 1 and also [40, Chapter 5, Theorem 5.5.3]).

Another way to look at this is that there exists a Blackwell optimal policy

w* €Y (identify the policy p* with v in the above inequality C.15) such that

9°(i) = 0 (i) > min ((TJ) (5) — J(5))

jeES

The following corollary follows easily from the above lemma.

Corollary C.3 Let u € T and J € R". Then fori € {1,2,...,n},

min ((T,.7) (j) = J(5)) < 9"() < max ((T,.7) () — J(3))

JjES



Similar results hold for § € A.
For a variant of the approximate policy iteration and corresponding error

bounds, for average cost MDP which is unichain and has a common recurrent state

see [12, 16].
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Appendix D

Temporal Difference Schemes For Stochastic Shortest Path Problems

In this appendix we are interested in developing an approximate policy itera-
tion scheme for Stochastic Shortest Path (SSP) problems, where all the stationary
deterministic policies are proper. We use Temporal Difference (TD) Schemes [16]
for evaluating the (undiscounted) cost to go function for a proper policy.

For detailed notations and formulation of the (homogeneous) Stochastic Short-
est Path problem see Chapter 1 and Appendix C. We assume the state space to be
S ={0,1,2,...,n}, with 0 being the zero cost absorption (termination) state. Here
n is a positive integer. The state of the system at time t € Ny is denoted by s; which
is an element of §. Ny denotes the set of non-negative integers. The action taken at
time ¢ is denoted by u;, where u; € A(s;). A(i) ={1,2,...,|A(i)|} denotes the finite
control constraint set for ¢ € S, and |.A(7)| denotes the cardinality of the constraint
set A(7). The immediate cost incurred at time ¢t € Ny, while taking action u; from
state s; is denoted by g;, with u; € A(s;). We assume that the expected immediate
costs have finite (hence bounded) second moments; i.e. E[g? | s = i,u; = a] < oo
fori € S, a € A(i). We assume that A(0) = {1} and the immediate cost in-
curred while taking action 1 from state 0 is zero, with the system remaining in
state 0 with probability one. Since we assume all stationary deterministic policies

to be proper, we also have that all stationary (randomized) policies are proper. For
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a general admissible policy v € M, the expected infinite horizon non-discounted
additive cost (or cost to go) starting from state ¢ € {1,2,...,n}, is defined by
J (i) = limsup,_,. E” [Zf;ol g | so = z} For the definition of the set of admissible
or feasible policies M, see Chapter 1 and Appendix C. Here E” [ | 59 = i] denotes
the expectation under the probability distribution induced by policy v, starting
from state i € {1,2,...,n} at time 0. Since we assume all stationary deterministic

policies to be proper, the limit exists instead of the lim sup in the definition of J* (7).

In fact

JV(i) = lim E rz_:lgt|50:z'] =E” [igt|50:i]

k=00 t=0 t=0
for i € {1,2,...,n}. The optimal cost to go vector J* € R", is given by J*(i) =
inf,epg JY (4).
Before we proceed we restate the notations related to the Stationary Ran-
domized Policies (see Chapter 4) with slight modifications for the setting of this

appendix.

D.1 Stationary Randomized Policies

Define for each positive integer k,

k
A ={(p1.p2,--.0) [ 20 =0,> pr =1}
=1

the k — 1 dimensional unit simplex. A stationary randomized policy (or a stochastic

control kernel to be precise) for the SSP problem can be specified as

o0
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where

A=Ay X Aag) X o X D))

Here |A(7)| denotes the cardinality of the control constraint set A(i) for state i €

{1,2,...,n}. Foreachi € {1,2,...,n}

(5(2) € A|A(z‘)\ denotes

[0(i)], = Prlur=als=1), aecAl)

the probability of taking action a from state i € {1,2,... ,n}. It is implicitly
assumed that the action taken from the terminal state 0, is the unique action 1
(note that A(0) = {1}) under which the system remains at state 0 incurring zero
cost.

For a particular stationary randomized policy 6 € A, we obtain a homogeneous
Markov Chain with state space S and transition probability defined as follows. For
states i € {1,2,...,n} and j € S we have the transition probability given by

v = > [6(0)]apij(a)
acA(7)
For i,j € S, p;j(a) is the probability that the next state is j, given that the current
state is i and the action taken from state i is a. Also, p), = 1. The expected

immediate cost from state ¢ € {1,2,...,n} is given by

P = X [agli.0)

where g(i,a) = E|g; | s¢ = i,u; = al is the expected immediate cost of taking action

a from state i. Let Ps denote the n x n substochastic matrix given by [Psl;; = pfj
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fori,5 € {1,2,...,n}. Let g° € R" be the expected immediate cost vector whose
it" component is g°(i), for i € {1,2,...,n}.

For each stationary randomized policy d € A, the cost to go function for the

SSP problem is

P=(I-P)"g =3k
where P! is Ps multiplied with itself [ times, and Py = I, the n x n identity matrix.
Let

Q={(i,a) | i€ {1,2,...,n},a € Ai)}.

We introduce the function h : (i,a, V) — R as follows :

h(i,a,V) = g(i,a) + ipij(a)v(j)

j=1
for i € {1,2,...,n}, a € A(i), V € R". For each J € R", let the operator

Ts : R" — R" be defined by

(T5J> (i) = g5<i)+ipfﬂ(j)

= Y [6(8)lah(i,a,J).

a€A(i)

Let || - || denote the sup-norm or £, norm defined by

I J]l=_max [J(i)]

i€{1,2,....n}

for J € R™. Then Ty is a monotone operator which is also a non-expansion with
respect to the sup-norm (see [12] and Appendix C). Ty is also an n-stage contraction

mapping under the sup-norm (see Appendix C). In fact, J° is the unique fixed point
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of the operator Ty. Thus for i € {1,2,...,n},

J@)y = > [66)]a (g(i,a) +i1pz‘j(a)j6(j)) :

acA(4)

Q¥ (i)

It is easy to see from the definition that Q°(i, a) is the expected total cost of taking
action a from state ¢ at time ¢ = 0, and from then on following the policy d.
Q%(i,a) = h(i,a, J°) for (i,a) € Q. Let J* € R" denote the optimal (minimal) cost
to go function for the SSP problem, also Q*(i,a) = h(i, a, J*) denotes the optimal
Q-values.

Note that for any J € R" and (proper) § € A, lim;_, Té(] = J%. Here Tg is
the composition of the operator Ty with itself I times; i.e. T(;(IH)J = T5(TLJ) for
Je€R"and | > 0. T? is the identity operator, i.e. T0.J = J.

Note that the dynamic programming operator T : R” — R" is given by

T ) = min h(z for 1 1,2,...
(TJ)(7) arenig) (1,a,J) orie€{1,2,...,n}

for J € R". T is a monotone operator which is a non-expansion under the sup-norm
(see Appendix C). T is an n-stage contraction mapping under the sup-norm and J*,
the optimal cost to go function for the SSP problem, is its unique fixed point. Note
that for any J € R™, lim;_... T'.J = J*. Here T' is the composition of the operator
T with itself [ times; i.e. Tt J = T(TV)) for J € R" and [ > 0, also T is the
identity operator, i.e. T7°J = J.

Let & be another stationary randomized policy (proper) such that

ST 0)]aQ(iya) < (i) forie{1,2,...,n}.

aEA(i)
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Then it follows from the monotonicity property (see Appendix C) of the operator fg
that J% < J9. Let the scalars oy > 0, for i € {1,2,...,n}. Tt follows that any local

minimum of s(§) = Y%, a;J°(4) is also a global minimum of s(§) in the domain A.

Let
Ae={0eAN|[0(i)], =€), 1€{1,2,...,n}, a€ A()}.

where € € R", with €(i) > 0fori € {1,2,...,n}. Here €(¢) denotes the i*" component

of €. Let € € R"™ be the vector with

1
D= 11w

fori e {1,2,...,n}.

Then 0 < € < € implies that A; is non-empty, here 0 € R" is the vector with all

<é

>

components equal to zero and the inequality is componentwise. Also, 0 < € <
imply that A; C Az
For each positive integer k£ and scalar €, where 0 < e < %, define

k

AZJ = {(plap2a"'7pk) |pl Z 67Zpl = 1}
=1

We define the k extremal points of Af, (when 0 < e < 1) as follows: the i one is

defined as the probability vector (p1,ps, ..., px) with

pi = (I=(k=1)e)

p; = € when j #£ 1

Note that when & > 1, p; > p;, 7 #14. Also Ag =A. Ad e Az with0 <e<e€
is called an extremal policy of A if 4(¢) is an extremal point of Afﬁzm for each
i€ {1,2,...,n}. The strict inequality holds componentwise.
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Observe that the extremal policies of Ay are precisely the stationary determin-
istic policies. Let T denote the set of stationary deterministic policies (or control
functions to be precise). We use the notation p exclusively to denote stationary
deterministic policies; u(i) € A(i) for i € {1,2,...,n}. As mentioned earlier it is
implicitly assumed that the action taken from state 0 for any stationary determinis-
tic policy is the unique action in .A(0), namely 1. Note that there is a natural one to
one correspondence between the elements of T and the extremal policies of Az when
0 < € < €. An extremal policy § of A; corresponding to a stationary deterministic

policy p € T has the property that

B(@D)uey > (@)l ifd € A(D), o # p(i)

for i € {1,2,...,n}. Without loss of generality we will use p € YT to denote ei-
ther the extremal policies of Ay or the corresponding control law, mapping the
states {1,2,...,n} to the corresponding action in each state on which all the prob-
ability mass is concentrated. It will be clear from the context whether u(i), i €
{1,2,...,n}, denotes an extremal point of A? () Or the corresponding control ac-
tion in A(7).

Just in this appendix, for any positive integer k& and any w € R*, let || w |,

lth

denote the ¢; norm defined by S, |w;|. Here w; is the {*® component of w. We

define a metric d on the set A as follows. For any 4,0 € A, define

d(5,8) = _max [8() = 3() .

i€{1,2,..n

It is easy to see that this is a metric and that A is a compact space under this metric.
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Define

Interior(A)

Ae.

€0<e<e

Note that § is an element of Interior(A) if and only if ¢ assigns positive probability to
each possible action from each state i € {1,2,...,n}. Such a J is called a stationary
fully randomized policy. Also note that the components of Ps; and §° are continuous
functions on the space A. Note that the cost to go function for policy § € A,
given by J® = (I — P5)”' g%, is a continuous function on the space A. In fact, the
compactness of A implies that J? is uniformly continuous on A. In particular, given
a scalar € > 0, there exists a scalar ¢ > 0 (dependent on €) such that || J*—J° ||<
for each p € T and 6 € A with d(u,9) <.

A policy p € T is said to be a greedy policy for Ve R" if

(i) = arg min h(i,a,V)  forie{1,2,...,n}.
ac A

Note that for each i € {1,2,...,n} and a € A(7), the function h(i,a,-) is an
affine function on the space R". Note that for any u € T, the operator Tu is such
that (7,V)(i) = h(i, u(i), V) for V.€ R" and i € {1,2,...,n}. We define for each

w € Y, the “greedy region” for u as
R, ={V € R"| p is greedy for V'}

It is easy to see that 7% is a polyhedron. Also note that 7% may be empty for
some g and that R" = U,ey 7~2H. Since a policy 4 € T is optimal if and only if
T, J¢ = TJ* (see [12]), a policy u € Y is optimal if and only if J* € R,. In fact,

such an optimal policy u* € T exists [11, 12].
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D.2 Approximate Policy Iteration

For V e R", let ﬁ(i,a, V') denote an approximation to h(i,a,V’) for each

ie€{1,2,...,n} and a € A(%).

Lemma D.1 Let V be any fized vector in R™. Then there exist scalars ¢ > 0, ¢ > 0
dependent on V', such that if V is any vector in R™ with |V — V ||< € and h is
such that |h(i,a, V) — h(i,a, V)| < ¢ for all i € {1,2,...,n} and a € A(3), then
the control policy fi € T obtained by setting ji(i) = arg minge 44 h(i,a,V) for each

i€{1,2,...,n} is a greedy policy for the vector V.

O

The proof of the above lemma follows from the affine nature of h(i,a,-) and

the finiteness of the number of states and actions. See also Chapter 4.

Corollary D.1 Consider an SSP problem. Fix a p € Y. There exist scalars
€ > 0, ¢ > 0, such that if J is any vector in R™ with | J — J* ||< € and

lh(i,a, J) —h(iya, J)| <s fori e {1,2,...,n}, a € A(i), then the control policy
f € T obtained by setting [i(i) = arg minge ;) ﬁ(i, a,J) for eachi € {1,2,... ,n} is
a greedy policy for the vector J*. In fact, the ¢ and < are applicable uniformly to all

peT.

O

The proof of the above corollary follows from the fact that the cardinality of

T, namely | Y|, is finite and from Lemma D.1.
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Let

0, = max maxPr*]|s 0]sg=1|.
Pn i€{1,2,..n} peY [0 # 0 | 50 =1]

Here Pr* [- | i] denotes the probability measure induced by stationary policy p, given
the starting state s = i. See Appendix C for more on notations. See Appendix C
for the definition of p; for non-negative integer k. Note that 0 < p,, < 1 since we
assume all stationary deterministic policies to be proper.

Assume that a sequence of stationary deterministic policies {u} and a cor-
responding sequence of approximate cost to go functions {.Jx}, where J, € R",

satisfy
ie{rll,lzgf.}inﬂ k(1) @) < e 1.2,

and

max (T, Jo)(@) — (TT)@)| < ¢  k=01,2,...

i€{1,2,..,n}
Then (see [12] and Appendix C)

‘ _— _ n(l —p,+n)le+2
limsup max (J’“c (i) — J (2)) < ( (pl — ﬁn))(g 2

koo 1€{1,2,n}

With slight abuse of notation we define Q7(i,a) = h(i,a,J) for J € R", i €
{1,2,....n} and a € A(i). Hence for § € A, Q°(i,a) = Q”"(i,a), (i,a) € Q.

Consider the following algorithm. Pick some py € T. The sequence {py} of

stationary deterministic policies is generated as follows. Let {Ji}, with J, € R", be

a sequence of vectors generated in such a manner that

| Je — J* ||[<ep,  k=0,1,2,...
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Let Q7*(i,a) = h(i,a, Jy) for (i,a) € Q. Let Qi(i,a), (i,a) € Q be such that
|Qk(i7a> — Q% (i,a)| <, (i,a) € Q.

We set

fri1 (1) = arg min) Qr(i, a) fori € {1,2,...,n}.

acA(i

Note that

max (T, Ji)(0) — (TI)0)] < 24

ie{1,2,...,n}

Hence we have the following theorem.

Theorem D.1 Suppose € = limsup,_,,, €x and ¢ = limsup,_, . <sx. Then

2n(1 — pn+n)(s +¢)

limsup || J* — J* — D.1

msup | - | < PSP 0.1)

O

Here || - || is the sup-norm. We may choose Ji to be equal to J% when

we approximate J* with J% for some 6, close to ju (under the metric d defined
earlier). Note that if ¢ and € are sufficiently small, then Jr = J* for all large k.

This happens when the right hand side of the inequality D.1, is less than

~ max Hjﬂ—j*H
REY, i not optimal

Observe that by Corollary D.1, there exists ¢ > 0 and ¢ > 0 such that if
ep <ecand ¢ < forall k=0,1,2,..., then the u;’s obtained are same as the ones
obtained while doing policy iteration (see [12] and Chapter 1), and converges to the

optimal policy in a finite (< |Y|) number of steps.
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D.3 Off-Line Temporal Difference Method For A Proper Policy With

Lookup Table Representation

In this section we consider off-line temporal difference (TD) methods [16,
Chapter 5] for proper policies. We fix a proper stationary randomized policy § € A,
in general and try to compute the cost to go function Jo= (I — P5)~'g% = 2, PF g’
using simulation. We assume that the immediate costs have finite variance as men-
tioned earlier. In this section, from henceforth we drop the subscript and superscript
0 associated with the policy.

We use a discrete variable ¢ to index the simulated trajectories that are gener-
ated by the algorithm. Let F; represent the history of the algorithm upto the point

2«/.th

at which the simulation of the t"" trajectory is to commence and let J; € R" be the

estimate of the cost to go vector available at that time.

t'h trajectory and the step sizes

Based on F;, we choose the initial state i) of the
(1), i =1,...,n, that will be used for updating ‘J(i)’. We generate a trajectory of
states i, i}, ..., 1%, under the proper stationary policy (¢), where N is the first time
that the trajectory reaches state 0. In general N; may be any stopping time [16]
(which may be taken without loss of generality to be less than or equal to the first
time that the trajectory reaches state 0). Note that F[N; > k | 5] < Kp* where

K and p are non-negative scalars, with 0 < p < 1. We then update J; by letting

N¢—1

i1 (1) = Ji(2) 4+ 7(3) Z 2 (1) At (D.2)

m=0
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where the temporal differences d,,; are defined by

dm,t = Gm,t + Jt<iﬁn+1) - Jt(ﬁn)

Here gy, is the immediate cost incurred at the m™ instant (or stage) in the ¢™
trajectory (when the action al, € A(il)) is taken from the state i’ under policy
). With slight abuse of notation, J;(0) is assumed to be zero. The initial values
Ji(2), Vi € {1,2,...,n} may be arbitrary. z! (i) are the eligibility coefficients which

are assumed to have the following properties.

Assumption D.1 For all m and ¢ and i € {1,2,...,n} we have

a. 2t (i) >0

b. 2t (i) =0

¢ () <A@, i A

d. 2L (i) <zt (i) +1, if it =1

e. 2L (i) is completely determined by F; and i, ..., i .

O

Section D.3.1 discusses the choice of the eligibility coefficients. We allow the
possibility that no update of J(i) is carried out even if a trajectory visits state i.
However for J(i) to converge to the correct value, there should be enough trajectories
that lead to a non-trivial update of J(7). For this reason an additional assumption

is needed. To this effect we define

q:(i) = Pr [there exists m such that 2! (i) > 0 | ]:t}
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Here ‘Pr’ denotes probability. Note that ¢.(i) is a function of the past history. We
define

T'={t| (i) >0}

which corresponds to the set of trajectories that have a chance of leading to a non-
zero update of J(i). Observe that whether ¢ belongs to 7 or not is only a function

of the past history F;. We now introduce the following assumption.

Assumption D.2

Q

. For any fixed i and ¢, z! (i) must be equal to 1, the first time that it becomes

positive.

b. There exists a deterministic constant £ > 0 such that (i) >  for all t € T*

and all 7.

(1) > 0 for all t € 7" and (i) =0 for t ¢ T".

o

d. Yieri 1(i) = oo, for all 7.

- Seri V(i) < oo, for all i.

@

Section D.5 discusses some aspects of step size selection. Actually, since no
update of the i® component .J(i) happens when t ¢ 7, whether 7, (i) is zero or not

is irrelevant when ¢ ¢ 7°.

Proposition D.1 Consider the off-line temporal difference algorithm, as described
by equation D.2 and let Assumption D.1 and Assumption D.2 hold. Assume the
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policy (5) under consideration is proper. Then Jy(i) converges to JO(i) for all i €

{1,2,...,n} almost surely.
O

Though [16] gives the proof of the above proposition for the case when the
immediate cost depends only on the current state and subsequent state, the result
can easily be shown to hold for the case where the immediate costs are random with

finite variance (or finite second moments). We omit the details.

D.3.1 Choice Of Eligibility Coefficients

Suppose that a sample trajectory 4o, %1, ... has been generated. We suppress
the index of the t'! trajectory, ¢ for convenience. Let d,;, = g+ J(imi1) — J(im), be
the temporal difference at the m'" stage of the t** trajectory, g,, being the immediate

cost at stage m. Similarly, let z,,(7) be the eligibility coefficient in the update

J(i) — J() +~ io (i) dom

Actually z,,(7) d,, = 0 for m > N where N is the stopping time. =y is the step size.

Let us concentrate on a particular state ¢, and let mq, ma, ... my; be the dif-
ferent times that the trajectory is at state i, with M being the total number of
such visits. We also use the convention that my;41 = co. In TD()) [16] a temporal
difference d,, may lead to an update of J(i) only if i has already been visited by the
time m. For this reason, in all our examples we assume z,,(i) = 0 for m < m;.

Let A € [0,1]. We follow the notation 0° = 1. We have the following TD(\)
methods.
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a. If we let

Zm (1) = NPT if m > my

we have the first visit TD(\) method.

b. If we let

(i) = > AT

{glm;<m}

we have the every visit TD(\) method.
c. Consider the choice
Zm (1) = N if m; <m<mj Vj

This gives the restart variant of TD()). Note that for A\ = 1, the restart
method coincides with the first visit method, whereas for A\ = 0 it coincides

with the every visit method.

d. Let us define the stopping time as a random variable 7 such that the event
{r < k} is completely determined by the history of our simulation upto and
including the point that the state iy is generated. Intuitively the decision
whether or not to stop at state i must be made before generating subsequent

states in a simulated trajectory. Given a stopping time 7, we let
zm (1) = AT for my <m <7,
and z,(1) = 0 for m > 7.

Notice that Assumption D.1 is satisfied by the choices of TD(A). For other
related variants of TD(\) see [16].
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D.4 On-Line Temporal Difference Method For A Proper Policy With

Lookup Table Representation

In this section we consider on-line temporal difference methods [16, Chapter 5]
for proper policies. We fix a proper stationary randomized policy d € A, in general
and try to compute the cost to go function J° = (I — P5)~'g% = 35°, PF 3° using
simulation. We assume that the immediate costs have finite variance as mentioned
earlier. In this section, from henceforth we drop the subscript and superscript o
associated with the policy.

We again use a discrete variable ¢ to index the simulated trajectories that are
generated by the algorithm. Let F; represent the history of the algorithm upto the

75th

point at which the simulation of the ¢ trajectory is to commence and let J? € R" be

tth

the estimate of the cost to go vector available at the beginning of the ¢** trajectory.

The initial estimates J(i), Vi € {1,2,...,n} may be arbitrary.

Based on JF;, we choose the initial state if) of the ¢

trajectory and the step sizes
(1), i =1,...,n, that will be used for updating ‘J(i)’. We generate a trajectory of
states 4(, 4}, . .., 1%, under the proper stationary policy (), where N; is the first time
that the trajectory reaches state 0. In general N; may be any stopping time [16]
(which may be taken without loss of generality to be less than or equal to the first
time that the trajectory reaches state 0). Note that F[N; > k | 5] < Kp® where

K and p are non-negative scalars, with 0 < p < 1.

Let J7,, € R" be the vector obtained after simulating m transitions of the ¢
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trajectory. The update equations are as follows.

T = J06),  Vie{l,2,...,n}

d?n,t = Omt+ ng<i£11+1) - Jtom(Zin)
(D.3)

T (1) = T2 (0) + 7 (i) 25, (3) dy, 4, Vie{l,2,...,n}

(i) = JgNt(z'), Vie{l,2,...,n}
Note that g, is the immediate cost incurred at stage m of the ¢ trajectory while
taking action a!, from state i, under the policy . The superscript 0 is used in
the above equations to indicate that we are dealing with the on-line algorithm. As

t'h trajectory. Note that the step sizes v;(i)

mentioned earlier /V; is the length of the
are held constant during each trajectory. We then have the following convergence

result [16]

Proposition D.2 Consider the on-line temporal difference algorithm, as described
i equations D.3 and let Assumption D.1 and Assumption D.2 hold. Furthermore
assume that the eligibility coefficients 2t (i) are bounded by a deterministic constant
C. Assume that the policy (8) under consideration is proper. Then J?(i) converges

to JO(i) for alli € {1,2,...,n} almost surely.

O

The assumption that z! (i) is bounded is satisfied whenever we are dealing
with the first visit or the restart variant of TD()), because 2 () is bounded above

by 1. Also if A < 1, it is easily seen that under every visit TD(A) method we have

2t (i) < (1i N and our assumption is again satisfied.
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Though [16] gives the proof of the above proposition for the case when the
immediate cost depends only on the current state and subsequent state, the result
can easily be shown to hold for the case where the immediate costs are random with
finite variance (or finite second moments). We omit the details.

Notice that it may be inferred from the proof of the above proposition [16,

Chapter 5, Section 5.3.6] that

0 N 757/ - t—o0
ie{Ilr,l;?J.}.(.,n} me{OI,Illg,}.(..,Nt} [ Jim (2) = S (@) = 0

almost surely under the assumptions in Proposition D.2. We however omit the

details of the proof of this inference.

D.5 A Remark On Step Size Selection

To ensure Assumptions D.2 (d)-(e), we might need to know whether ¢t € 7¢ or
not which may be non trivial. Please refer [16] for details.
An alternative is as follows [16]. Let for each i € {1,2,...,n}, {3%(i)} be a

2 <

deterministic non-negative sequence such that Y72, (i) = 0o, Y22, (5%(7))
for all i € {1,2,...,n}. Now choose (i) = Jx41(¢) if there have been exactly k
past trajectories during which ‘J(i)’ was updated; that is there have been exactly k
past trajectories during which the eligibility coefficient ‘z(i)” became positive. This
step size rule does satisfy Assumptions D.2 (d)-(e). We may prove this fact using
an argument exactly along the lines of [16, page 218]. We omit the details.

We need to assume that the eligibility coefficient ‘z(i)’ becomes positive for

an infinite number of trajectories, i.e. ‘J(i)" is updated an infinite number of times.
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This assumption is natural and is clearly necessary in order to prove convergence.

D.6 Convergence For Discounted Cost Problems

See Chapter 1 and Chapter 4 for a discussion on discounted cost problems.
For a fixed stationary randomized policy § € A we are interested in obtaining the
infinite horizon discounted cost to go vector J° € R" given by

= (1= BR) g = Y (PP
k=0
using temporal difference methods, where § € [0,1) is the discount factor. Here
the state space is {1,2,...,n}. For the state i, A(i) = {1,2,...,]A(7)|} denotes
the control constraint set for state i. Here |A(i)| denotes the cardinality of the set

A(7). Ps is the n x n transition probability matrix (a stochastic matrix) under the

stationary randomized policy 9. i.e.

[Py = > [0(0)]apija)

acA(i)
fori,5 € {1,2,...,n}. [0(i)], is the probability of taking action a from state i under
policy d. p;;(a) is the probability that the next state is j given current state is ¢ and

action taken is a € A(7). Also

7@ = 3 [6()laglia)

acA(4)
is the expected immediate cost from state i under policy 6. Here g(i,a) is the
expected immediate cost of taking action a from state i. We assume this immediate

costs to have finite variance.
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The first method for temporal difference scheme is to consider the equivalent
Stochastic Shortest Path Problem (see Appendix C and [16]) and use the results of
TD learning for the SSP as discussed in the previous sections.

In a second alternative [16, Section 5.3.7] we only simulate trajectories for
a finite number N; of time steps, which is tantamount to setting the eligibility
coefficients ‘z! (i)’ to zero for m > N;. In general we may take INV; to be a stopping
time.

The main differences that arise in the discounted cost case are as follows. First

the discount factor 3 enters in the definition
A = G + B (ims1) = J (im)

of the temporal difference. In the above definition of temporal difference we have

suppressed the index of the ¢ trajectory ¢, for convenience. To be more precise

dm,t = dmt + ﬁ Jt(if’n—l-l) - Jt(zfn)

for the off-line scheme and

dgz,t = Gm, + 3 Jt?m(iirﬂrl) - ng("frb)
for the on-line scheme. g,,; is the immediate cost incurred at stage m of the ¢

trajectory when action af, € A(if)) is taken from state if, under policy 9.

A second difference is that we replace Assumption D.1 (c) with

om(i) < Bz (i), i d, #i

Note that for the TD(A) scheme considered in Subsection D.3.1, if we replace A by
B in the definition of the eligibility coefficients (for the discounted cost case), this
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assumption is satisfied by them. Furthermore we impose the condition that
Pr(N, >k |F)<Kpf Vk>0,t>1

where K and p are non-negative constants with p < 1.
Then it may be shown [16, Section 5.3.7] that results similar to Proposition D.1
and Proposition D.2 corresponding to off-line and on-line schemes exists for the

discounted cost case.

D.7 TD For Learning

Here we are interested in learning the optimal cost to go function and optimal
stationary policy for the “all stationary deterministic policies proper” SSP prob-
lem. Neither the transition probabilities nor the distribution of the immmediate
costs are known. We use TD schemes for evaluating the cost to go function and
estimate ()-values using small step stochastic approximation, employing stationary
fully randomized policies which are ‘near’ to stationary deterministic policies, for

exploration.
Assumption D.3

a. For each state action pair (i,a) € Q, let the pre-determined scalar non-negative

step sizes (i, a) be such that
> (i, a) = oo; Z Ye(i,a))” < o0
b. The immmediate costs have finite second moments, i.e.

E[gt2|st:i,ut:a}<oo, V(i,a) € Q
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Here g, is the immediate cost (random) of taking action uy = a from state
St = 1.
O

Fix a policy, d € Interior(A). We would like to estimate J° € R", the cost to
go function for policy ¢, for the SSP problem. We would also like to estimate the @

values, namely

Q(i,a) = Q7' (i,a) = gli,a) + 3 piy(a) (7). W(iva) € O

j=1
We use the off-line temporal difference scheme to estimate J° in the following algo-

rithm.
Algorithm D.1
Input : Stationary Randomized Policy § € Interior(A).

Output : Estimate J(i) of J°(i) for i € {1,2,...,n} and estimates Q(i,a) of

Q(i,a) = g(i,a) + X7, pij(a) J°(5), for (i,a) € Q.
t : index of trajectory; t € {1,2,...}.
m : index of stage within each trajectory; m € {0,1,2,...}.
n : number of trajectories simulated, a positive integer.

N, : stopping time for t'" trajectory.

+

it . state at m™ stage of t™ trajectory.

~+

al. : action taken at m'™ stage of the t' trajectory, from state it, under policy §.
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2t (i) @ eligibility coefficients.

(1) o step sizes for off-line TD scheme.

Gmy : immediate cost incurred at stage m of t* trajectory, when action af, is taken

from state it .
dmy © temporal difference at stage m of t'™ trajectory.
Qi.m(i,a) o estimate of Q°(i,a) at stage m of t™ trajectory.
Ju(i) : estimate of J°(i) at the start of t™ trajectory.

7t (i,a) : number of times action ‘a’ has been taken from state i’, by the time

(including stage m) stage m is reached in the t' trajectory.

i (i,a) = 0  V(i,a)€Q
The initial values
Q10(i,a) arbitrary Y(i,a) € Q

J1(7) arbitrary Vi € {1,2,...,n}

2. 2d,(i) =0, Vie{l,2,...,n}.

3. Form =0 to N, — 1, do



mm(ia) = 7, 1(ia), V(i,a) # (i}, a,), (i,a) € Q
Quan1 (i ah) = (1= Yoty iat) (it @1n)) Qui (it )
et it at) (s @0 (G + Te(1)) (D-4)
Qumi1(i;a) = Qumli,a), V(i a) # (i, ay,), (i,a) € Q

dm,t = OGmyt + Jt(ﬁn—i—l) - Jt(ﬁn)

2di(i) = 2d;(i) + 2L, (i) dmy, Vi€ {1,2,...,n}

4.
Jer1(i) = J(i) + () 2de(i)  Vie{l,2,...,n}
Qir10(i,a) = Qun,(i,a)  V(i,a) € Q
™ ia) = 1h_(i,a)  Y(i,a) € Q
5. t=t+1.

6. go to step 2, if t < n; else go to step 7.

7. Return

Qi,a) = Qio(i,a)  VY(i,a) € Q

J@) = JG) Vie{l,2,....n}

Note that ‘J;(0)" is defined as zero. We assume Assumption D.1, Assump-

tion D.2 and Assumption D.3 to hold.
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All that is required of the non-negative step size parameters ~;(i,a) is that

they satisy the standard asssumptions

]§Vk(i7a) = 005 ki(%(i,a)f < 00

for each (7,a) € Q almost surely, and may be allowed to depend on the past history,
i.e. if the k'™ time that action ‘a’ is taken from state ‘7’, is at the m'" stage of the

t'h trajectory (note that if =4, a!, = a in this case), then

Vet (i) (3, @) = Vi(1, @)

can depend on the past history until the m'™ stage of the ¢ trajectory (after the
decision to take action a’ is made) but before the action a!, is taken at the m'!
stage of the ¢ trajectory.

Since Assumption D.1 and Assumption D.2 hold, each state i € {1,2,...,n}
is visited infinitely often if Algorithm D.1 is run for an infinite number of trajec-
tories. By Proposition D.1, we have Jy(i) =% Jo(i) for i € {1,2,...,n}. Since
d € Interior(A), each state action pair (7,a) € Q is taken infinitely often also. Stan-
dard results from stochastic approximation theory [16] can be used to show that
under Assumption D.3, we have Q,(i,a) == Q%(i, a) for (i,a) € Q.

Now we turn to on-line TD schemes for estimating the cost to go function.
Fix a policy § € Interior(A). We use on-line TD scheme to estimate J°, the cost to
go function for the SSP problem for policy 6. We would also like to estimate the @)

values, namely

Qé(iaco = Qja(i>a) = g(iaa) + zn:pij(a) jé(])? V<Z, a) € Q

Jj=1
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We assume that Assumption D.1, Assumption D.2 and Assumption D.3 hold.

Algorithm D.2
Input : Stationary Randomized Policy § € Interior(A).
Output : Estimate J(i) of J°(i) for i € {1,2,...,n} and estimates Q(i,a) of
Q°(i,a) = g(i,a) + > pij(a) jé(j), for (i,a) € Q.
t : index of trajectory; t € {1,2,...}.
m : index of stage within each trajectory; m € {0,1,2,...}.
n : number of trajectories simulated, a positive integer.

N, : stopping time for t™ trajectory.

it : state at m'™ stage of t™ tragectory.

t

al. : action taken at m™ stage of the t' trajectory, from state i, under policy §.

2t (i) : eligibility coefficients.

m

v(2) : step sizes for on-line TD scheme.

Gmy : immediate cost incurred at stage m of t* trajectory, when action af, is taken

from state it .
d?mt : temporal difference at stage m of t'" trajectory.
Qi.m(i,a) : estimate of Q°(i,a) at stage m of ' trajectory.

JO(i) : estimate of JO(i) at the start of t™ trajectory.
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JPn(i) : estimate of JO(i) at the m™ stage of the t™ trajectory.

7t (i,a) : number of times action ‘a’ has been taken from state i’, by the time

including stage m) stage m is reached in the t™ trajectory.
g stag g ] Y

t(i,a) = 0  V(i,a) € Q
The wnitial values
Q10(7,a) arbitrary V(i,a) € Q

JY(4) arbitrary Vi € {1,2,...,n}
2. Jo(i) = JP(i), Vie{l,2,...,n}.

3. Form =0 to N, — 1, do

g = Gt + T (1) = T (i)
o1 (1) = T (i) + 7 (i) 2L (i) dy,, Vi€ {1,2,...,n}
Quantr (it afn) = (1= rt, 600, (s 01) ) Qtom (i )
Vet it (s W) (Gt + T (ly1)) (D5)

Qt,m—i-l(i?a) = Qt,m(i7a)7 V(i,a) 7£ (i%,a;), (iva) €Q

TG = NG Yie{l,2,...,n}
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Qtr10(i,a) = Qn,(iya) V(i,a) € Q

Titl(iaa) = 7-]t\]t_1(2.,a> V(z,a) € Q9

5. t=t+1.
6. go to step 2, if t < n; else go to step 7.

7. Return

The superscript ‘0’ is used to indicate that we are dealing with on-line TD
algorithm. The comment following the Algorithm D.1 on the nature of (i, a) is
valid in the Algorithm D.2 also. Note that in equation D.5, we could have used
Jp (i) or ng(z’fnﬂ) instead of Jt(fmﬂ(zfnﬂ). Note also that ‘JP(0)" and ‘ng(O)’
are defined as zero.

Because of Assumption D.1 and Assumption D.2, each state i € {1,2,...,n}is
visited infinitely often if Algorithm D.2 is run for an infinite number of trajectories.
By Proposition D.2 we have that J0(i) == J%(i) for i € {1,2,...,n}. Since § €
Interior(A), each state action pair (i,a) € Q is taken infinitely often also. Standard
results from stochastic approximation theory [16] can be used to show that under
Assumption D.3 we have Qyo(i,a) == Q%(i,a) for (i,a) € Q.

Consider the following algorithm.
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Algorithm D.3 Let € be a sequence of positive vectors in R"™ such that 0 < é, < €,

where the inequality is componentwise. Here (i) = |A—b)‘, forie{1,2,...,n}.
1. Set k =0.
2. Select an arbitrary stationary randomized policy o € Y.

3. Choose the stationary randomized extremal policy 0, € Ag associated with
wr and run Algorithm D.1 (or alternatively Algorithm D.2) for large random
number ny of trajectories, till the cost to go vector “nearly” converges to JO%
and the Q values “nearly” converge to Q% (i,a) = g(i,a) + X7, pij(a) J%, for
(1,a) € Q.

Let J, € R™ be the estimate of the cost to go vector, and Qy(i,a), ¥(i,a) € Q,
be the estimates of the QQ values obtained at the end of Algorithm D.1 (or

alternatively Algorithm D.2)

Let

. Sk = .
= Ima. 1,a) — 7,4
Sk (i,a)erlQ ( ) ) Qk( ) )’

4. Set k =k —+ 1, and update the policy iy, where

ui (i) = arg m}l?) Qr_1(i,a), Vie{l,2,...,n}
ac A

5. Go to step 3.

Note that we stick with either Algorithm D.1 or Algorithm D.2 in step 3,
throughout the execution of Algorithm D.3.
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The number of trajectories simulated namely 7y, inside the invocation of the
Algorithm D.1 (or alternatively Algorithm D.2) in step 3 of Algorithm D.3 may
be decided inside the respective algorithm (Algorithm D.1 or alternatively Algo-
rithm D.2) for sufficiently “close” convergence of the cost to go estimate and )
value estimate.

Though the initial estimates of the cost to go vector and @) values in Algo-
rithm D.1 (or alternatively Algorithm D.2) may be arbitrary when called in step 3
(of Algorithm D.3), we may set it to the final estimates in the previous iteration of
Algorithm D.3 (i.e. Jy_; and Qg1 (,-)).

We have the following theorem.

Theorem D.2 Consider Algorithm D.3 on an SSP problem where all stationary
deterministic policies are proper. Assume that Assumption D.1, Assumption D.2

and Assumption D.3 hold.

1. Given any scalar € > 0, there exists an € € R" with 0 < € < € and a number

¢ > 0, such that if

limsupég(i) < €(i), Vie{l,2,...,n}
k—oo

and

limsupg, < ¢

k—oo

then limsup,_ . || J* — J*||< € and limsup,___ || J* — J*||< €.

2. Given any scalar € > 0, there exists a number ¢ > 0 and a positive vector
€ € R", with 0 < € < €, such that, if € < € and ¢ < < for all k, then Jh
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converges to J* in a finite number of steps (< |Y|) and || J% — JH || < € for

all k.

3. In particular if limsup,_ . (i) =0, Vi € {1,2,...,n} and limsup,_ . sk =

0, then || Ju — J* |20 and || J% — J*||"=2 0.

Here J* is the optimal cost to go vector for the SSP problem and || - || is the
sup-norm.
Proof of Theorem D.2

Note that J° is a uniformly continuous function on A (see Section D.1). Also
in view of Theorem D.1 (as well as the comments following it), the conclusions of

Theorem D.2 hold.

Note that in Algorithm D.3, instead of using an extremal policy 0, € Ag,
to approximate the py, we could have chosen any d; € Interior(A), such that
(06 (3)] iy = (1 — (JA@)| — 1)é(?)), Vi € {1,2,...,n}; for instance J; could be
made to depend on the estimated () values in the previous step, namely Qk,1(~, ),
assigning for each state i € {1,2,...,n}, smaller probabilities to actions with larger
Q) values.

Consider the following algorithm for estimating ) values, when we are given
a fixed vector J € R" as the one step terminal cost. That is we are interested in

estimating Q7 (i, a) = g(i,a) + 37—, pij(a)J(j) for (i,a) € Q. We assume Assump-
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tion D.3 to hold.

Algorithm D.4

Input : One step terminal cost J € R" and Stationary Randomized Policy 6 €

Interior(A).

Output : Estimate Q(i,a) of Q”(i,a) = g(i,a) + > i1 pi(a)J(j), for
(1,a) € Q.

t :index of trajectory; t € {1,2,...}.

m : index of stage within each trajectory; m € {0,1,2,...}.

n : number of trajectories simulated, a positive integer.

N, : stopping time for t'" trajectory.

t

it state at m'™ stage of ' trajectory.

t

at. : action taken at m™ stage of the ' trajectory, from state it, under policy d.

Gmy : immediate cost incurred at stage m of t* trajectory, when action at, is taken

from state it .
Qim(i,a) : estimate of Q7(i,a) at stage m of ™ trajectory.

7t (i,a) : number of times action ‘a’ has been taken from state 9’, by the time

(including stage m) stage m is reached in the t' trajectory.
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L G,a) = 0 V(i,a) €Q
The initial values

Q10(i,a) arbitrary V(i,a) € Q

2. Form =0 to N, — 1, do

m(ia) = 7, (i,a), Y(i,a) # (i, al,), (i,0) € Q
Qt,erl(Z'fW afn) = (1 — fYT,t,L(’L‘%L,(an)<Z'£n7 afn)) Qt,m(ifn, afn)
Yot itat) (i @) (G T (0111)) (D.6)

Qt,m—‘rl(iaa) = Qt,m(iaa)’ V(i,a) 7é (ifmafn)a (i>a> € Q

Qir10(i,a) = Qun,(i,a)  V(i,a) € Q
Ti,a) = 718_1(i,a)  V(ia) € Q
4. t=1+1.
5. go to step 2, if t < n; else go to step 6.

6. Return

Q(i,a) = Quoli,a) V(i,a) €Q 0
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Note that ‘J(0)" is defined as zero. Now each starting state of the t'® trajectory
it € {1,2,...,n} may be chosen based on the past history until that time.

We impose the condition that each state in {1,2,...,n} is visited infinitely
often (i.e. actions are taken from every state in {1,2,... n} infinitely often) if an
infinite number of trajectories are generated in Algorithm D.4. Since ¢ € Interior(A),
each state action pair (i,a) € Q will be taken infinitely often too.

For example we might choose a probability distribution (concentrated on a
subset of {1,2,...,n}) on the initial state of each trajectory that is identical and
independent of the past. Also the stopping time NV; may be taken to be the first time
the t*® trajectory reaches state ‘0’. We assume that there is a positive probability
of reaching any state from the starting states under policy ¢ € Interior(A).

The comments following Algorithm D.1 on the nature of 74(7, a) are also valid
for Algorithm D.4.

Since each state action pair (i,a) € Q is taken infinitely often, standard re-
sults from stochastic approximation theory [16] can be used to show that under
Assumption D.3 we have Q,o(i,a) == Q”(i,a) for (i,a) € Q.

Consider the following algorithm.

Algorithm D.5 Let é, be a sequence of positive vectors in R" such that 0 < €, < €,

where the inequality is componentwise. Here é(i) = IA—%%‘)\’ forie{1,2,...,n}.
1. Set k =0.

2. Select an arbitrary stationary deterministic policy po € Y.
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3. With policy py, run the off-line TD algorithm in Section D.3 (or alternatively
the on-line TD algorithm in Section D.4) for a sufficiently large random num-
ber of trajectories, say ny, till the cost to go estimates “nearly converges” to
the actual cost to go vector J# . Let Jy, be the estimate obtained at the end of

this T'D scheme.

4. Choose the stationary randomized extremal policy 6, € Ag, associated with
policy py. Run the Algorithm D.4 with one step terminal cost Ji, using policy

O for a sufficiently large random number of trajectories, say ny till the QQ values

“nearly converges” to Q7+ (i,a) = g(i,a) + > pij(a) Je(f), V(i,a) € Q. Let
Qrli,a), Y(i,a) € Q be the estimate of the Q values obtained at the end of

Algorithm D. /.

Let

Gk = Mmax {ie{llr,l;,l.)f,n} | (Jli) = J(3)) |, Mnax |Quli,a) — Q7+, a)l}
5. Set k =k + 1 and update the policy py, where

pr(i) = arg mj?) Qr_1(i,a), Vie{l,2,...,n}
ac A2

6. Go to step 3.

Note that we stick with either the off-line TD scheme or the on-line TD scheme

in step 3, throughout the execution of Algorithm D.5.
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The number of trajectories simulated, namely 7, inside the invocation of the
TD scheme in step 3, of Algorithm D.5 may be decided inside the TD scheme for
sufficiently “close convergence” of the cost to go estimate. Similarly the number
of trajectories simulated, namely 7y, inside the invocation of Algorithm D.4, in
step 4 of Algorithm D.5 may be decided inside Algorithm D.4 for sufficiently “close
convergence” of the () values.

Though the initial estimate of the cost to go vector when calling the TD scheme
in step 3 of Algorithm D.5 may be arbitrary, we may set it to the final estimate
obtained in the previous iteration (i.e. Jy_;).

Similarly the initial estimates of the ) values when calling Algorithm D.4 in
step 4 of Algorithm D.5 may be arbitrary, but can be set to the final estimates
obtained in the previous iteration (i.e. Qp_1(-,-)).

We have the following theorem which is similar in spirit to Theorem D.2.

Theorem D.3 Consider Algorithm D.5 on an SSP problem where all stationary
deterministic policies are proper. Assume that Assumption D.1, Assumption D.2

and Assumption D.3 hold.

1. Given any scalar € > 0, there exists an € € R" with 0 < € < € and a number

¢ > 0, such that if

limsup € (i) < €(i), Vie{l,2,...,n}

k—o0

and

limsupg, < ¢

k—o0

then limsup,_ . || J* — J*||< € and limsup,___ || J* — J*||< .
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2. There exists a scalar ¢ > 0 such that if ¢, < < for all k, then J"* converges to
J* in a finite number of steps (< |Y|). Furthermore given any scalar € > 0,
there exists a positive vector € € R"™, with 0 < € < €, such that, if € < €, then

| J% — J, ||< € for all k.

3. In particular if limsup,_, . (i) =0, Vi € {1,2,...,n} and limsup,_, . <x =

0, then || Ju — J* =X 0 and || J% — J*||"=2 0.

Here J* is the optimal cost to go vector for the SSP problem and || - || is the
sup-norm.

The comments about the choice of d; following Theorem D.2 applies for the
choice of 95 in Algorithm D.5 too.

With the equivalent SSP formulation of discounted cost problem, we can solve
the discounted cost optimal cost problem using the above algorithms.

We may also solve the infinite horizon discounted cost problem with discount
factor § (0 < 3 < 1), directly, with slight variants of Algorithm D.1, Algorithm D.2,
Algorithm D.3, Algorithm D.4 and Algorithm D.5.

See Section D.6 for the variant of the TD schemes for discounted cost problems,
where we try to estimate for a policy 0 € A, the discounted cost to go vector
J° = (I — BP5)"1g°. Here Pj is the stochastic transition matrix corresponding to
policy 6, and g° is the immediate cost vector corresponding to policy 6. Note the

variations in the requirements of the eligibility coefficients mentioned in Section D.6.
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In the offline-line TD scheme (Section D.3) we have the modified temporal difference

dmt = Gmy + B Jt(ifnJrl) - Jt(i:n)

whereas in the on-line TD scheme (Section D.4) we have the modified temporal

difference
dom,t = Gm, + 3 Jt?m(iinﬂ) - Jtom@:n)

In the variant of Algorithm D.1 and Algorithm D.2 we try to estimate the

discounted cost to go vector J° and the corresponding @ values given by Q°(i,a) =

g(i,a) + 8 Xi_, pij(a) J2(4)-
Correspondingly we make the following modifications in Algorithm D.1. First

we modify
dm,t = dmt + 5 Jt(ifn—l-l) - Jt(zfn)

Also in equation D.4 we make the following modification,

Qt,m+1 (an? ain) = (1 - ’Yﬁn(iﬁn,a%)(ifm afn)) Qt,m (Zim afn)

+ ’yﬂ'}n(iﬁn,aﬁn)(iin, afn) (gm,t + ﬁ Jt(lin—&-l))

Similarly we make the following modifications in Algorithm D.2. First we
modify,
d?mt = Omt + B Ji?,m(zfn-i-l) - Jt?m(ﬁn)

Also in equation D.5 we make the following modification,

Qt;m+1 (ﬁm ain) = (1 - '7751(i$n,a$n)(i£m afn)) Qt,m(ﬁm afn)

+ 7751(%@3”)(@%7 a:n) (gm,t + 3 ngﬂ (an+1>)
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In the variant of Algorithm D.3, in step 3 we try to estimate the discounted cost
to go vector J% and the Q values given by Q% (i,a) = g(i,a) + 3 > 25— pij(a) J(5)
for (i,a) € Q.

In the variant of Algorithm D.4 we try to estimate

Q’(i,a) = glira) + ilmaw(j)

Correspondingly in equation D.6 in Algorithm D.4 we make the following modifica-

tion,

Qt,m—&-l(ifvwa’in) = (1 - ’yTt (it,,at, (m? m)) th( )

+’y7't (it,,at )(in? m) (gmt +/6J( ))

Similarly in the variant of Algorithm D.5, in step 3, we get Jj, the estimate
of the discounted cost to go vector J*#, for policy px. In step 4 we try to estimate
Q7 (i,a) = g(i,a) + 3 i pijla a)Jy(4) by calling the variant of Algorithm D.4.

As an aside, see [16, Section 6.3] for TD(\) schemes with linear function ap-
proximation (instead of lookup table schemes) to approximate the cost to go function

for SSP problems for a fixed stationary policy.
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