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A lot of money is spent each year on teacher professional development, but
researchers and policymakers are still trying to determine what thatnmaregsyields
in terms of improvements in teacher knowledge and practice. This study foouses
the extent to which middle school mathematics teachers comprehended and made use
of the core content, pedagogical content and pedagogical components of a well
designed professional development model. At the time of data collection, the
teachers were participating in a large, federally funded randomizedrialdrt
professional development that focused on rational numbers. Compared with many
other teachers participating in the randomized study, these three teaehersghly
receptive to the intensive, content-focused model and thus represent a criéical cas
study of professional development.
Using interview and classroom observation data from the 2007-08 school

year, the study indicates that teachers understood and implemented many of the
pedagogical components emphasized in the model, but they had difficulty

comprehending and articulating the core rational number content. Within the domain

of rational numbers, the study shows that teachers had more difficulty understanding



ratio and proportion concepts as compared with fraction and decimal concepts. The
study also describes sources of variation in teachers’ understanding of the
professional development material and the extent to which they utilized the
professional development material while teaching.

Teachers’ understanding of math content is a critical link in the theory of
action driving current educational policies that call for increased rigoc@merence
in K-12 mathematics. This case study illustrates that even well designechnd w
implemented professional development models may be incapable of improving
teachers’ content knowledge to levels that positively affect their ingtnadti

practices.
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CHAPTER 1: INTRODUCTION AND OVERVIEW

Problem Statement

Increasing student achievement in mathematics is a prominent federal
education policy aim. Most policymakers acknowledge that improving students’
mathematics achievement is highly dependent on the quality of instruction they
receive. Researchers and policymakers also tend to agree that imsalugptiality is
highly dependent on teachers’ knowledge of the subject matter (Ball, 1990; Wu,
1996; Ma, 1999; Kilpatrick et al., 2001; Milgram 2005) and teachers’ knowledge of
how to utilize and integrate the subject matter into the classroom (Shulman, 1986;
Ma, 1999; Kilpatrick et al., 2001). Given the shortage of well qualified mathematics
teachers in the U.S. (Ingersoll, 1999 & 2001; Darling-Hammond & Sykes, 2003),
policymakers increasingly are looking to professional development égal ecneans
to help existing teachers boost their knowledge and thereby improve their
instructional practices.

Though professional development is viewed as a viable means to boost
teachers’ content and pedagogical knowledge and improve instruction, much of the
professional development teachers typically receive is unfocused, sporadic and
therefore unlikely to influence substantively what teachers know and do (Wilson &
Berne, 1999). Professional development models that have certain charasteristic
however, are considered more likely to impact what teachers know and how they
teach (Garet et al., 2001). Among these characteristics are acthdtiese (a)
focused on student outcomes, (b) sustained and intensive, (c) aligned with distri

standards, (d) connected to teachers’ daily work, and (e) linked to a thedoretic



rationale (Hawley & Valli, 1999; Garet et al., 2001; Wilson & Berne, 1999). A few
studies have even shown a link between professional development and student
achievement (e.g., Carpenter et al., 1989), but these studies are extreen@fpoa,
et al. 2007).

Though certain types of professional development models are presumed to be
more effective than others, very little is known about what teachers adasalty
from professional development and the extent to which that knowledge influences
instructional practices. In their review of research on teacher paiestsi
development, Wilson and Berne (1999) note this deficiency: “the ‘what’ of teacher
learning [in professional development] needs to be identified, conceptualized, and
assessed” (p.203). This study seeks to fill this void, by describing whatageup
of teachers learned from patrticipating in a high-quality professionalagement

model.

Study Context and Rationale

This case study is set within the context of a larger study, a five-year
federally funded evaluation of mathematics professional development (hereBfte
Math Study) The goal of this large-scale, randomized field trial determine
whether sustained, content-focused, classroom-embedded professional development
influences what "7 grade math teachers know, how they teach, and what their
students learn. The key PD Math Study outcomes are student achievement in the
domain of rational numbers, teacher content and pedagogical content knowledge in
the domain of rational numbers, and teacher instructional practices in keeping with

the pedagogical emphases of the professional development. Findings will be



available in late 2009 and that report will include contrasts betweeméetand
control groups on all these dimensions.

The primary purpose of this large, randomized study is to provide data that
allow broad conclusions to be made about the impact of professional development on
teacher and student outcomes. However, the larger study’s analysis plan does not
include in-depth analyses of the extent to which particular teachers comprehended
and made use of the core content in the model. Such in-depth studies are important
because they provide descriptive data about the complexities of tearharde
According to Yin (2003), a case study is an appropriate research method when the
purpose of the study is to examine a contemporary phenomenon in its natural context
and pay attention to the technical complexities and potential sources ofovettieti
are due to context. This case study examines a phenomenon — in this study,
professional development — in relation to its contextual factors, while maneld
control trials, like the larger study, seek to contamtextual variables between the
treatment and “business as usual” conditions.

Given this information, the data from this case study could be used to inform
the results of the larger study when they are available. If the lauggrfands an
impact on teacher knowledge, teacher practice or student achievement, thendata fr
this critical case could be used to describe particular aspects ofrtkachdedge or
teacher practice that might have contributed to the positive effect. If e Hudy
does not find an impact on key study outcomes, the descriptive case study dhta coul
be used to build or support hypotheses for why the intervention failed to have an

impact or to illustrate exceptions to broad patterns.



This study focuses on the extent to which three middle school mathematics
teachers comprehended and made use of the core content, pedagogical content and
pedagogical components of a professional development model. The teachers
represent all the targeted teachers from one of the 38 schools (in 12 ditaicts)
participated in the study. Though the larger study relied on randomization in its
design, this case study selected these three teachers purposefully. Unékeaf stoen
other school-level teams of teachers participating in the study, thekereaere
highly receptive to the professional development intervention. They actively
participated in the study workshops, quickly established a strong rapport with the
study-appointed professional development facilitator, and worked in a district and
school that promoted a vision for teaching and learning consistent with the
professional development model used in the larger study. By selecting a data
collection site in which participants were hospitable to the intervention, thisynquir
represents a critical case study of professional development. Qrasmaktudies
employ strategic sampling methods to allow generalizations of the $orot ‘here,
then where” to be made (Flyvberg, 2001; Yin, 2003).

This study also draws upon my experience and expertise as the primary
investigator. | previously taught middle and high school mathematics, developed a
delivered mathematics professional development, and oversaw the development and
evaluation of the professional development intervention implemented in the larger
study. This relevant experience allowed me to play the role of expert ohsamar

means that the analyses in this study contain specific information about the



components of this model and the teaching and learning of rational number concepts
in middle school.

This introductory chapter provides a brief preview of the dissertation. In
addition to the previous discussions of the problems driving this inquiry and the study
context, the chapter includes an overview of the primary research questions and
conceptual approach, and a discussion about the study’s significance. The chapter
concludes with a description of how the dissertation is organized and the main focus

of each chapter.

Research Questions

This case study seeks to answer two sets of questions: one that focuses on how
much teachers learned about rational number content and pedagogical content
through the professional development and one that focuses on how visible these core
elements were during instruction. The inquiry also explores potential sources of
variation among the study’s three teachers related to these questiomsfoivually,
the primary research questions guiding this inquiry are:

1. How deeply do the case study teachers understand the core content and

pedagogical content components of the professional development model?
What might explain any variation among teachers?
2. How effectively do the case study teachers integrate into their instrakt
routines new content, pedagogical content and pedagogical knowledge?
What might explain any variation among teachers?
The potential sources of variation among teachers are based on a rethew of
literature and from theorizing based on practical experience.

The potential sources of variation for the first question, which focus on

teachers’ understanding of the content, include the complexity of the different



components of the model; teachers’ prior knowledge related to the professional
development topics; teachers’ prior experience with comparable curectia;self

study or collaboration with the study’s professional development facilitztor

teachers’ beliefs and attitudes about the teaching strategies promoted in the
professional development. The potential sources of variation for the second question,
which focuses on the extent to which the core emphases of the professional
development are visible during instruction, include teachers’ understanding of the
core math content and pedagogical content; whether or not teachers were working
directly with an instructional coach; the complexity of the different comperadrihe
professional development model; and the frequency with which different components

of the model occur.

Conceptual Approach

The PD Math Study’s theory of action identifies teachers’ knowledge and
teachers’ instructional practices as critical links to achievingttity’'s ultimate
outcome, improving student achievement in the domain of rational numbers (see
Figure 1). The logic assumes that if teachers participate in highyqoiadfessional
development, they will boost their knowledge and skills, which, in turn, will influence
the quality of their instruction. As instructional quality improves, so does student
achievement. Each intermediate outcome simultaneously representsalcritito
improving student achievement and a point at which the model can break down. For
example, if teachers don’t learn key aspects of the content being emphagheed i
professional development, they won’t be able to integrate that knowledge into their

instructional routines. Or, if teachers learn the core content, they might not know



Figure 1. PD Math Study Theory of Action

Professional Teacher Teacher Student
Development > | Knowledge & > Practice > | Achievement
Skills

how or choose not to implement that knowledge during instruction. This case study
utilizes the larger study’s theory of action by providing detailed desmmgptf how a
group of teachers, working in an environment hospitable to the professional
development intervention, perform on the intermediate study outcomes of teacher
knowledge and practice. Thus, the conceptual approach draws upon two streams of
literature, the literature base addressing the types of content and giedbgo

knowledge required for effective teaching and the base addressing mastesffec

types of professional development.

The literature on the content and pedagogical content that math teachers need
to know is substantial. Over the past two decades, policymakers and national
organizations, such as the National Council of Teachers of Mathematics (NCTM)
have been calling for improvements to the teaching and learning of mathematics.
They argue that traditional, procedural-based approaches to mathdgsatiiag do
not prepare enough students for higher level mathematics. Success in higher leve
mathematics is dependent on students’ understanding of concepts as well as
procedures. In order for students to receive mathematics instructiorteéndsab
concepts as well as procedures, teachers must receive additional trainingzortl s
to deliver instruction in a more conceptually-based way (National Council of

Teachers of Mathematics [NCTM], 1989; 1991, 2000; Kilpatrick et al., 2001).



Though mathematicians and math education experts sometimes differ over the
relative emphasis of particular mathematics concepts, they agreerhaptual
understanding is a necessary condition for effective teaching. Teachets keew
why, not just how, so that they can deliver meaningful instruction to students. And
they need to be able to make connections among mathematical concepts so that
students get a coherent rather than a fragmented view of mathematioagdNdtth
Panel Advisory Panel [NMAP], 2008).

Related to strong conceptual understanding of the topics they teach, experts
also agree that teachers need pedagogical content knowledge, which is knowledge
about how the concepts relate to student understanding (Shulman, 1986). For
example, a teacher with conceptual understanding about the meaning of fraction
might use that knowledge to improve the precision or coherence of an explanation
about fractions. If the same teacher possessed strong pedagogical kaomidetige
in this area, the teacher also would able to identify the most common student
misconceptions and present the most appropriate representations of the concepts.
Both types of knowledge, conceptual knowledge and pedagogical content knowledge,
are considered to be critical for effective teaching (NRC, 2003; NCTM, 1989; 1991;
2000), and the professional development model used in the larger study attends to
both types of knowledge in the domain of rational numbers.

The second literature base focuses on promising structures and mechanisms
for triggering improvements in teacher knowledge. Most experts argue that pre
service training only goes so far in preparing math teachers to deliver higl qua

lessons (Kilpatrick et al., 2001; Ma, 1999; NCTM, 2000; NMAP, 2008). Teachers



learn a great deal about the content when they teach it, especially when watking
students who struggle to understand the material. Professional development allows
teachers to expand their knowledge based on what they learn from their teaching
experience. However, teachers appear to learn more from certain types of
professional development models than others. More effective professional
development models tend to be: (a) focused on student performance outcomes, (b)
aligned with district standards, (c) connected to teachers’ daily work, (d)rsadst

and intensive, (e) collaborative or collective, and (f) linked to a theoredittahale
(Hawley & Valli, 1999; Garet et al., 2001; Wilson & Berne, 1999).

The design of the larger study’s professional development model includes the
key ideas from both the professional development and teacher knowledge literature
streams. The model is sustained and intensive and focuses on materialtérattmat
teachers’ daily work. The model also builds teachers’ conceptual understamdiing a
pedagogical content knowledge in a narrow range of topics. Thus, the study’s overal
theory of action is well grounded in the literature on improving teachers’ knowledge

through professional development.

Significance of Study

This study is important for several reasons. First, the data in this study
describe teachers’ understanding of important mathematics content. Rational
numbers is considered to be among the most important topics that students need to
know in order to be successful in Algebra I, which is considered to be a critical
“gatekeeper” course to advanced math and science tracks in high school (Kilgatrick e

al., 2001; NMAP, 2008). Yet, assessments such as the National Assessment of



Education Progress (NAEP) have consistently shown that many middle school
students have a limited understanding of basic rational number concepts. The study’s
focus on helping teachers deepen their understanding of and improve their instruction
around rational numbers is therefore targeted on critical mathematicatcente

content that students have few opportunities to revisit once they leave middle school.

Second, the study provides information on the complex nexus between
knowledge and practice. The research suggests that teacher knowledge is important
to effective instruction (Hill, Rowan & Ball, 2005), but how that knowledge
manifests itself during instruction is not well understood. Though classroems ar
inherently messy and extremely complex from a data collection standpoynt, the
represent the point at which teacher behaviors influence student understanding. This
study provides descriptive data on the visibility of content, pedagogical comtént, a
pedagogical knowledge in this complex yet critical arena.

Third, this study provides information on how much teachers learn from
participating in what is considered to be a high-quality professional development
model. A lot of money is spent each year on teacher professional development, yet
little is known about what that investment actually yields in terms of impravsme
teacher knowledge and practice. By focusing on a hospitable setting fogrteac
learning, this study describes the type of return that can be expectedheestment
in this type of professional development model.

Finally, this case study provides data on the multiple factors that influence
what teachers learn through professional development activities anchefsatlte

back to the classroom. Among these factors, teachers’ beliefs about teaching a
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learning mathematics and the complexity of the components of the model are
discussed in great detail. These data could be used to help fill the void in the teache
learning literature that calls for more “systematic theorizing abouh#ahanisms by

which teachers learn” (Wilson, 1999, p.204).

Dissertation Organization

The dissertation has seven chapters, including this introductory chapter. The
next chapter, Chapter 2, presents the two literature streams supportingjigineofie
this study. These streams represent the literature about (1) the typethefmatics
knowledge required for effective teaching, and (2) the structure and @hnestacs of
effective professional development models. Chapter 2 also connects the major idea
from both literature streams to the structure of the mathematics proféssiona
development intervention used in the PD Math Study, the focus of this inquiry.

Chapter 3 expands upon the description of the professional development
model of the PD Math Study. The chapter includes a brief overview of the
development, timing and structure of the model, and a catalogue of the topics and
strategies of the summer institute, follow-up seminars and coachindiestivi
Each of the core components of the model — the math content, pedagogical content
and pedagogical elements — is described in detail, to provide a frameworkirom w
subsequent descriptive analyses are conducted.

Chapter 4 includes an overview of the study’s research and evaluation
methods and procedures. The chapter includes a rationale for a qualit&arehres

strategy, an elaboration of the study’s primary research questionsripti@s of
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data collection procedures and analytic techniques, and a discussion of steps used to
foster validity and reliability of findings.

Chapters 5 and 6 contain the analyses of each of the two primary research
guestions. Chapter 5 summarizes teachers’ understanding of the core rational number
content and pedagogical content emphasized in the study. The chapter includes a
rubric that depicts teachers’ level of understanding. The rubric is suppéshignt
relevant teacher responses to the questions. Chapter 6 summarizes the level of
visibility of the core content, pedagogical content and pedagogical knowledgg du
instruction. Like Chapter 5, this chapter includes a rubric, but instead of focusing on
the level of teachers’ understanding it focuses on the level of teachedd’thee
professional development content during instruction. In addition to providing rubric
scores on the classroom observation protocol, the chapter contains classroom
dialogue that illustrates various components of the observation protocol.

Chapter 7, the final chapter of the dissertation, discusses the findings from
Chapters 5 and 6 in light of the literature on teachers’ knowledge and pedagogical
knowledge in mathematics and the literature on effective forms of professional
development. The chapter concludes with a discussion of the limitations toidige s

and implications for future research.
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CHAPTER 2: LITERATURE BASE

This case study draws from two distinct literature bases. The fnsttlire
base addresses the types of knowledge required for effective mathegeativag.

This topic is hotly debated among scholars in the mathematics and mathematics
education communities. Consequently, this literature review addresses cgmpeti
notions about what constitutes sufficient knowledge for teaching. Thoughmcertai
aspects are contested, other aspects of teacher knowledge are consideiabitessent
quality teaching and learning. This review identifies these domains of knowledge and
describes such knowledge in relation to the core content and pedagogical content
emphasized in the professional development intervention.

The second literature base examines what is currently known about
professional development as it relates to improvements in teaching and learning
More specifically, this review describes several key features aftieeorofessional
development and explains why these features are thought to be promising, lgspecial
in terms of teacher learning and instructional decision making. The review of
effective professional development models includes data from experimentay-surve
based and qualitative studies as well as syntheses of the literature and
recommendations from professional organizations. This section of the chapter
concludes with a discussion about the extent to which the professional development
delivered in the PD Math Study can be characterized along these kaychelsased

features of effective professional development presented in the literature.
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What Types of Mathematical Knowledge Are Required for Effective Teacimg?

It would be extremely difficult today to find a mathematician or mathesatic
education expert who would describe the quality of K-12 mathematics education in
the U.S. as adequate (Kilpatrick et al., 2001; Wu, 2005; Milgram, 2005; NCTM,
2007). Student achievement data from state, national and international tests over the
past several decades have shown consistently that many U.S. schoolchiloest, at
have a very limited understanding of basic mathematical concepts (U.S. Dagartm
of Education [USDE], 2000; Kilpatrick et al., 2001; Perie, Grigg & Dion, 2005). A
well known mathematics problem taken from the 1978 National Assessment of
Education Progress (NAEP) test illustrates this point: Among the 13-yiaashed
to estimate the sum of 7/8 and 12/13, a mere 24% percent chose the correct answer,
“2.” Despite modest achievement gains on the grades 4 and 8 mathematics portions
of the NAEP during the 1990s, the overwhelming majority of U.S. students still have
not reached the proficient level. These results are consistent with finchngsafge
international studies, such as the 1995 Third International Math and Science Study
(TIMSS) and the 1999 TIMSS-Repeat (TIMSS-R). In both studies, J.8nd &'
graders scored significantly lower than the top-scoring countries, wig{'tpede
cohort performing worse than th# drade cohort (USDE, 2000).

These data paint a similar picture. Many U.S. schoolchildren have a shallow
understanding of basic concepts and struggle greatly when they are asked tédndo muc
more than perform routine computations (NCTM 2000; NRC 2001; NCTM 2007).
Since computers and calculators (rather than pencil and paper) are now the most

efficient media for performing most computations, students’ understanding of the
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concepts behind the procedures has become increasingly critical (NCTM 2000; NRC
2001; NCTM 2007). These technological advances do not suggest that students’
ability to perform accurate computations is unimportant or unrelated to the
development of conceptual knowledge (Rittle-Johnson, Siegler & Alibali, 2001;
Milgram, 1999). However, in order for the U.S. to keep afloat internationally in a
increasingly competitive technical marketplace, students must be able tecHo m
more than compute accurately; they should be given ample opportunities to learn
high-level, conceptually rich mathematics (Milgram, 1999).

While policymakers agree that U.S. achievement levels in matheraatid¢ar
too low, many debate how the country has gotten to this point and what should be
done to fix the problem. Explanations range from faulty curricula (Wu, 1994; NCTM
2007), an under-supply of qualified teachers (Ingersoll, 2001; Darling-Hammond &
Sykes, 2003), lack of quality professional development opportunities (Stigler &
Hiebert, 1999; Garet, Porter, Desimone, Birman & Yoon, 2001), low expectations of
teachers (USDE, 2002), lack of parental support, and so on. It is difficult to know for
sure which of these explanations or combinations of explanations has the most merit.
One source of the problem, however, is hardly disputed: teachers’ lack of knowledge
of the subject matter (Ball, 1990; NCTM, 1991; Wu, 1996; Ma, 1999; Kilpatrick et
al., 2001; Milgram 2005). Adages such as “you can’t teach what you don’t know” are
commonplace, and though there is a limited amount of direct evidence supporting this
claim, some research does exist (Hill, Rowan & Ball, 2005). Most people who have
spent time in schools know that a teacher’s grasp of the subject matterisaa crit

component of sound instruction.

15



But what does it mean exactly for a teacher to have a solid grasp of the subject
matter? This review discusses competing notions and commonalities to thisrguest
from various stakeholders in the mathematics education research community. In
particular, the review discusses the formal and informal aspects of matiseamat
how these conceptions of knowledge relate to the mathematical knowledge required

for teaching.

What is Mathematics?

Before delving into a discussion about the types of mathematical knowledge
required for teaching, it is important to clarify the term “matheradtitf one were to
ask a typical adult to define the term, most of the answers would probably have
something to do with numbers or calculations. Common responses might include
“it's about numbers,” “it's a way of quantifying things,” or “it’s about ad#tions
and problem solving.” These informal definitions, which focus on number and
number calculations, though not incorrect, are incomplete. The more formal
definitions of mathematics, though far from uniform, extend well beyond the idea of
number and number calculations:

e Mathematics is the science of pattern and ord&ilpatrick et al., 2001)

e Mathematics is a collection of abstract structuréBarsons, 1983)

e Mathematics is the science of numbers and their operations, interrelations,
combinations, generalizations, and abstractions and of space configurations
and their structure, measurement, transformations, and generalizations.
(Merriam-Webster, 2007)

e Mathematics is [almost impossible to define]; so, realistically, the best we
can do is discuss the most important characteristics: precision (precise

definitions of all terms, operations, and the properties of these operations)
and stating well-posed problems and solving them (well-posed problems are
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problems where all the terms are precisely defined and refer to a single
universe where mathematics can be dofMilgram, 2005)

Formal definitions of mathematics tend to focus ontieereticalor abstract aspects
of mathematics, such as a clearly defined structure of logic, the studyeshpatid
change, or a problem solving arena governed by precisely defined terms and
interconnected properties. Informal definitions tend to emphasizappiiedaspects
of mathematics, such as calculations with numbers or approaches to solving
problems:

In truth, mathematics includes both theoretical and applied ideas, even though
it is the applied aspects with which most people — including many math educators —
are most familiar. This viewpoint is not surprising, since abstract ideastimerare
generally harder to grasp and less likely to be emphasized in U.S. schaols. F
example, many adults probably could recall that in order to add two fractions, the
denominators must be the same. Some might even remember the exact procedure,
but it is highly unlikely that many could explain why common denominators are
needed for addition or how the rules for adding fractions are consistent withethe rul
for adding whole numbers. Explaining why a procedure works or how one concept is
embedded in another involves a level of theoretical knowledge rarely emphasized in
the U.S. curriculum (Stigler and Hiebert, 1999; NRC, 2001). In the previously
mentioned NAEP item, if students knew that 7/8 and 2/3 were both “a little less than
1” they easily would have been able to identify the correct answer “2.” Inshesd, t
chose other answers that could be found by misapplying fraction procedures, such as

adding the denominators instead of finding a common denominator.

! Even Plato, who despised the empirical world, fEairout that mathematics was the most practical of
the abstract sciences (Reeve, 2003).
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The distinction between the theoretical and applied aspects of mathematics is
important because it frames the types of knowledge required for teachitige |
same way that a complete definition of mathematics includes both theoretical a
applied ideas, a complete knowledge base for teaching includes both conceptual and
procedural understanding. Researchers and practitioners tend to agreelhleas tea
must know not only how a procedure works, but they also must understand and be
able to represent the concepts underlying procedures as well as how suchscangcept
related to one another (NCTM, 2000; Kilpatrick et al., 2001; Wu, 2005; Milgram
2005). Additionally, many experts think that teachers need to be able to apply their
conceptual and procedural understanding to the classroom to make instruction more

meaningful for students (Shulman, 1986; Ball, 1990; Ma, 1999; NCTM, 2000).

Two Broad Types of Knowledge Required for Teaching

Conceptual and procedural knowledge fall under the umbrella of math content
knowledge (MCK). Teachers typically acquire MCK in formal educationahgstt
through activities such as reading textbooks, taking notes, observing teacher
demonstrations, listening to teacher explanations, and completing practicens.oble
This type of knowledge is an important foundation for teachers. In recent decades
however, a growing body of research suggests that math content knowledge is a
necessary but perhaps insufficient knowledge base for effective teaclipagrisk
et al., 2001). Teachers also need targeted mathematical knowledge about (1) how
students conceptualize and operationalize mathematics, (2) how to identifgghe m
common student approaches and errors associated with a given topic or concept, and

(3) how and when to intervene with students productively. These types of
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understandings fall under the umbrella of pedagogical content knowledge (PCK), a
term coined by Shulman (1986) two decades ago. Figure 2 illustrates these tw
general types of knowledge required for effective teaching. Givemhdtiatypes of
knowledge are associated with math content, they influence each other, aedandica

by the double arrow. MCK consists of procedural and conceptual dimensions, and
the arrow indicates connections between procedures and concepts. PCK consists of
the knowledge about student misconceptions and multiple representations of
concepts. Like procedural and conceptual understanding, these dimensions of
knowledge interact with each others as indicated by the double arrow. The arrow
from MCK to PCK indicates that these types of knowledge can inform the other. The
strength of teachers’ PCK is often dependent upon the strength of their MCK. For
example, it is difficult for a teacher to know how to handle a particular miscomeept

if he or she doesn’t understand the math concepts underlying the misconception.
Each of these components is examined more closely in the following sections.

Figure 2. Two Types of Mathematical Knowledge Required for Teaching

Mathematical Knowledge Required for Teaching

Math Content Knowledge Pedagogical Content Knowledge
(MCK) (PCK)
Procedural Conceptual Student Multiple _
Fluency |4 | Knowledge Misconceptions| «—| Representationg
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Mathematical Content Knowledge (MCK)

Although researchers do not always agree about which type of knowledge
develops first and how both forms of knowledge interact with each other (Rittle-
Johnson, Siegler, & Alibali, 2001), procedural and conceptual knowledge are widely
used to categorize the knowledge base for teaching (NCTM 2000; Kilpatrick et al
2001). Procedural knowledge is the most common type of content knowledge
exhibited by U.S. teachers (Stigler & Hiebert, 1999) and is elaborated upon in the
next section.

Procedural knowledgeA procedure is essentially a recipe for finding the
answer to a problem. Individuals with strong procedural skills are good atifajlow
and executing steps. Although some conceptual understanding might be required to
perform certain procedures, many procedures can be followed corretilitia to
no understanding of the concepts underlying them. To illustrate this point, a common
procedure for adding two fractions with unlike denominators is to (1) find a common
denominator by multiplying the denominators, (2) multiply each numerator by the
other denominator, (3) add the numerators, (4) keep the common denominator, and
(5) simplify the resulf. Little to no conceptual understanding is required to carry out
this procedure. For example, it is not necessary to understand that the numerator and
denominator of a fraction represent the number and relative size of the parts into
which the unit has been divided. In the previously mentioned NAEP problem, many

of the distracter answer choices were aberrations of these procedures.

2 For example} + 2 = 11 because 1) common denominator is 15 (3x5), 2) 15%®-2x3 = 6, (3)

5+6=11, 4) keep 15 as the denominator, am’i%&) already simplified, so there is no step 4 is thi
example.

20



Opinions differ on the importance of procedural knowledge to effective
teaching. These differences generally fall into two camjssone camp are the
“reformers,” who argue that the U.S. curriculum and teacher practicesoare t
procedurally focused. The National Council of Teachers of Mathematics (NGETM
generally credited for initiating the math education reform movemeheit290’s
with the publication of two influential documen@urriculum and Evaluation
Standards for School Mathemat{d989) andProfessional Standards for Teaching
Mathematicg1991). NCTM argued in these two publications that new technologies
and new demands in the global marketplace required major changes to what and how
mathematics should be taught. Business leaders “no longer seek workersowgh str
backs, clever hands, and shopkeeper arithmetic skills;” instead they seelyesapl
that understand complex technologies, ask good questions, assimilate novel
information and work cooperatively to solve challenging problems (NCTM, 1989,
p.3). To meet these new goals the U.S. would have to make dramatic changes to its
math curricula and its approaches to teacher preparation and professional
development. Teachers would need new curricula and supporting professional
development opportunities that focused more on problem solving and critical thinking
and less on procedures and algorithms. According to the NCTM authors, when

procedures and algorithms were presented to students, they needed to be connected

% In this paper, | will use “reformers” to descrithe mathematicians and mathematics educators who
generally support the principles of the NCTM staxddaand/or the National Science Foundation (NSF)
sponsored curricula and professional developmetiiteiri 990s. Some of the reformers are formally
trained mathematicians, while others have degreesthematics education or other fields. Most
teach in university education departments rathem the math department. When | refer to the
“mathematicians,” | refer to the subset of formatined mathematicians who have taken an interest
in K-12 education but still teach primarily in ueisity math departments. There are several
prominent university mathematicians — Hung-His \@dames Milgram, Jim Lewis, Richard Askey,
Wilfren Schmid — who are very involved in K-12 edtion, but Wu and Milgram have written the
most on the subject, which is why | reference tiagirk most often.
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explicitly to underlying concepts and represented in multiple ways that were
meaningful to students (NCTM, 1991). These calls for change represented huge
shifts in how math teachers were trained and how instruction was typicalgreeli

In the other camp is a subset of university mathematicians with a strong
interest in K-12 education. These mathematicians reacted very strongigtagai
NCTM standards because they thought the standards deemphasized the use of precise
mathematical language and terminology, overemphasized open-ended problems and
problem solving approaches, and discounted the importance of learning established
procedures and algorithms. James Milgram, one of the most vocal mathematician
critics, argued that many of the standard algorithms in basic aritwefnich many
of the math reformers were trying to deemphasize or alter to make theam mor
student-friendly — were critical to success in subsequent mathematicsscdeose
example, Milgram (1999) argued that the long division algorithm — which proponents
of the NCTM standards said should be deemphasized because it did not promote
students’ conceptual understanding of division — was critical to success in sgconda
mathematics. He argued that instead of throwing out or deemphasizing the grocedur
because it could be done with a calculator, teachers should teach it and explain why
students would need it in subsequent math codrses.

Despite differing with mathematicians such as Milgram regardieg t
importance of procedural understanding to sound instruction, supporters of the
NCTM standards were in no way suggesting that procedures be thrown out

completely. Perhaps teaching had become too procedurally driven, but it was still

* Milgram argued that they would need the long divisalgorithm in order to (1) understand
terminating and repeating decimals in middle sclamal (2) manipulate and factor polynomials in high
school (Algebra | and beyond).
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fundamental for teachers to have strong basic skills and to become fluent with
procedures (NCTM, 1989; Ball, 1990; NCTM 1991).

Studies conducted in the late 1980s and 1990s showed that U.S. math teachers
generally had strong procedural skills (Graeber, Tirosh & Glover, 1989; Ball, 1990;
Ma, 1999), although differences across math topics and differences betweersteache
in other countries were evident. Hardly any of the 250 preservice elemeaizhgre
in Ball's (1990) study had difficulty carrying out a variety of procedures for
operations with fractions, but they struggled significantly when asked to exytgi
a procedure worked or create a story problem that accurately refleetprbtedure.
Liping Ma (1999) also found that most of the U.S. elementary teachers in her study
could execute procedures fairly well, except for some of the more difficult
procedures, such as dividing mixed numbers. About half of the U.S. teachers —
teachers who said math was their strength and who were assumed to be “above
average” based on experience and reputation — could not accurately compute a
fraction division problem. In contrast, none of the 72 Chinese math teachers in her
comparative study — teachers who on average had much less formal schooling than
the U.S. cohort — incorrectly answered the same fraction division problem. This
finding suggests that teachers’ level of procedural knowledge varies with the
complexity of the procedure. The division algorithm is more complicated than other

procedures because it involves multiple steps. The problem Malfsed,

involves (1) converting the mixed number to an improper fraction, (2) changirg the

to ax, (3) finding the reciprocal of , and (4) simplifying the result.
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The 1999 TIMSS video study, which included large national probability
samples of 8 grade teachers in the U.S., Japan and Germany, also captured varying
levels of teachers’ procedural understanding, but through the lens of instructional
practice. The TIMSS researchers found distinct patterns of instructiossabe
three countries and came up with a motto to describe each teaching style. The motto
they used to describe U.S. teachers in the sample was “learning termacioingr
procedures” (Stigler & Hiebert, 1999, p. 41). In contrast to Japanese and German
teachers, U.S. teachers tended to present definitions and demonstrate prooedures f
specific problems or topics. The German teachers, who also placed an emphasis on
following established procedures, tended to provide the rationale for proceddres a
often explained how procedures could be extended to solve more general classes of
problems. The motto they used to describe the German teachers was “developing
advanced procedures,” since they tended to use multi-step procedures and provide
rationales (Stigler & Hiebert, 1999, p. 27).

The Japanese teachers tended to place much less emphasis on established
procedures and even encouraged students to generate their own procedures and
algorithms. They tended to assign fewer problems, but the problems theyedssig
tended to bevery demanding both procedurally and conceptually. The motto the
TIMSS researchers assigned to Japanese teachers was “structured pohleg,”
which many of the NCTM reformers argued was actually similar to theiatistnal
model espoused by the NCTM standards (Stigler & Hiebert, 1999, p. 36).

Teachers’ procedural fluency, then, is not a monolithic construct. Figure 3

depicts two types of procedural fluency, basic and advanced procedural knowledge.

24



Basic procedural knowledge is represented as a rectangle; advancellifaioce
knowledge is depicted as a series of narrower rectangles, since thi$ kymaviedge
often involves extending and combining basic procedures. The multi-step algorithm
for dividing mixed numbers in Ma’s (1999) book is an example of advanced
procedural knowledge.

Figure 3. Two Types of Procedural Knowledge

Procedural Knowledge

Basic Procedural Advanced Procedural
Knowledge Knowledge

\

Pre-procedural Knowledge
(Basic Facts and Terms)

The basic facts and definitions that undergird both types of procedural
knowledge include basic terminology that is necessary to carry out procedures. Fo
example, prior to knowing how to carry out the steps involved in dividing mixed
numbers, teachers need to know terms like numerator, denominator, mixed number
and reciprocal. Other examples include basic addition, subtraction, mutigplica
and division facts. When a teacher can explain what a term means - e.g., the
denominator of a fraction represents the relative size of the parts of the whele —t
teacher is exhibiting conceptual understanding.

In summary, procedural knowledge is the most basic and typical type of

content knowledge U.S. teachers exhibit and, consequently, the type of knowledge
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that is most likely to influence their instructional routines. While t policymsa&ee
concerned about U.S. teachers’ level of procedural understanding, they are more
concerned about teachers’ conceptual understanding, which is elaborated upon in the
next section.

Conceptual knowledgeBehind every mathematical procedure is a concept or
set of concepts. Returning to our previous example, the procedure for adding
fractions with like denominators rests on the concept of addition. In primarysgrad
children learn about the concept of addition by combining concrete, like objects (e.g.,
two cookies plus two cookies equals four cookies). When students encounter fraction
addition problems in upper elementary school, however, many lose site of the notion
of adding “like things” (1/4 of a cookie plus %2 of a cookie can be combined because
fourths are like units). They lose site of the concept because teachers tngto f
more on the series of steps required to generate the correct answer tlancdpeual
rationale behind the steps. The findings from the TIMSS study suggest that few U.S
teachers provide students with a rationale for why procedures work or make other
instructional decisions that promote conceptual understanding. Probably the primary
reason U.S. teachers avoid mathematical concepts during instruction is because the
lack a strong conceptual understanding of the topics they teach (Ma, 1999; Ball,
Phelps, & Thames, 2006). This deficit is why both the reformers and mathematicians
(and essentially everyone in between) place a strong emphasis on improsihegdea
understanding of the concepts and connections between concepts and procedures.

On the reform side, NCTM’s (199Professional Standards for Teaching

Mathematicsoutlined a broad set of knowledge objectives for teachers, including
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knowledge of (1) mathematical concepts and procedures and the connections among
them, (2) multiple representations of concepts and procedures, and (3) ways to reason
mathematically, solve problems, and communicate mathematics effecively
different levels of formality. NCTM’s (200®rinciples for School Mathematics
called for teachers to “know and understand deeply the mathematics they are
teaching” and to “understand the big ideas of mathematics and be able tonteprese
mathematics as a coherent and connected enterprise” (p. 373). The NCTM authors
argued that the traditional teaching approaches and curricula portrayezhmatts
as a narrow set of facts to be memorized (and soon forgotten) rather than atcohere
and potentially powerful system of logic. Students needed teachers who had a deep
understanding of the mathematics they taught and were able to represEmtedn
multiple, meaningful ways. The previous example about adding fractions could be
extended to illustrate this point. A teacher with a solid conceptual understanding of
this topic would be able to explain why like denominators were necessary fooddit
— the concept of adding “like things” — and also be able to use a number line, pie chart
or other representations to illustrate the concept of “likeness.”

Leading mathematicians Milgram and Wu also argued that traditional
teachers’ understanding of the content and approaches to instruction fell well short of
what students deserved. Wu (1996) points to the abysmal student test scores and high
drop out rates in K-12 math classes during the 1970s and 80s — the two decades
before the NCTM reform movement which was characterized by traditiomadutar
and teaching approaches — as evidence that a superficial approach to mathematic

content has damaging effects. What is needed, he says, is a mathematidsiicurr
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that deals with “the basic questions of why something is true and why somsthing i
important” (Wu, 1996, p. 4). For this type of curriculum to be delivered effectively,
teachers must have a solid grasp on these basic why questions, which often are
avoided or underemphasized in typical teacher preparation programs and professional
development opportunities.

While both the mathematicians and the reformers advocate improving
teachers’ conceptual knowledge, they do not agree on all aspects of this domain. The
reformers emphasize teachers’ ability to represent concepts in stradedtyfways
and take a morpragmaticview of teachers’ conceptual understanding. They
contend that teachers need to understand how mathematical concepts are related and
how they can be represented in order to help more students become successful in
school mathematics. The mathematicians focus on teachers’ understanding of the
underlying structure of mathematics, which includes precise definitions and
properties and formal proofs, and, therefore, have a fooral view of teachers’
conceptual understanding. According to Wu, precise definitions, symbolic
computations and exact answers are defining characteristics of matisessad
discipline and yet characteristics that he believes the reformers dgvammlesmiss
entirely. He describes the pragmatic approach of reformers as wfaxaghng
“process over product,” and relying too heavily on heuristic arguments rather than
formal proofs and proper technique (Wu, 1996, p. 7).

Wu points to the following problem in NCTM’s (199R)ofessional
Standards for Teaching Mathemattcsillustrate how differently the two camps

address conceptual understanding: “If 30 points were scored in a basketball game
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without a single foul shot, how were the 30 points scored?” (Basketball has 2 and 3
point shots.) He argues that although this problem requires students to find the
number of possible of combinations without resorting to a teacher imposed algorithm,
it is imprecisely and therefore improperly posed. Instead of having studegtatgen
a list of outcomes that likely will include some students listing all the 2-point
combinations, others listing all the 3-points combinations, and others listing both the
2 and 3-point combinations, it would have been better (and truer to the discipline) to
pose the question precisely as “List all the possible ways the 30 points were’scored,
or to use the imprecisely posed question as an opportunity to illustrate how such a
problem can be translated into a mathematically precise statement. hehile t
reformers see an imprecisely posed question as an opportunity to gauge student
understanding of and approaches to a particular concept, the mathematisians vie
such as prompt as blatantly contradicting the foundational principle of precision.
Despite these distinctions between formal and pragmatic conceptual
understanding, both the mathematicians and the reformers depict conceptual
understanding as a hierarchical process rather than knowledge teachessrefilye
have or don’'t have. Teachers possess varying degrees of understanding of concepts,
since mathematical ideas rest on a series of supporting and interconnected concepts
(Figure 4). Teachers with deeper levels of conceptual understanding of artopic
located at progressively lower bands of each trapezoid. For example, a teither w
an extremely deep formal conceptual understanding of a topic would be located in the
bottom band of the trapezoid to indicate that the teacher grasps the foundational

principles of the concept as well as the relevant bands above.
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Figure 4. Two Interpretations of Conceptual Knowledgé

Mathematicians’ Reformers’
Interpretation Interpretation

Conceptual
————— Knowledge -

Properties, Symbols, Real world examples,
Underlying structure of rationale behind algorithms,
the discipline student-friendly
representations

The National Research Councifsiding It Up(2001) outlined a knowledge
base encompassing both the pragmatic and formal aspects of conceptual
understanding. According to its authors, which included math educators and
mathematicians, K-8 mathematics teachers should possess a knowledipatase

includes:

Knowledge of mathematical facts, concepts, procedures, and the
relationships among them; knowledge of the ways that mathematical
ideas can be represented; and knowledge of mathematics as a discipline
— in particular, how mathematical knowledge is produced, the nature of
discourse in mathematics, and the norms and standards of evidence and
proof...Teachers certainly need to be able to understand concepts
correctly and perform procedures accurately, but they must also be able
to understand the conceptual foundations of that knowledge. (Kilpatrick
et al., 2001, p.371)

This description includes pragmatic aspects of conceptual knowledge, such as

representing mathematical ideas and connecting concepts and proceduses. It a

® | borrowed part of this conceptual model from hipiMa’s (1999) description of Profound
Understanding of Fundamental Mathematics.
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addresses formal aspects of conceptual knowledge, such as knowing how
mathematical knowledge is produced and the role of proofs in verifying such
knowledge.

Both the mathematicians and the reformers advocate improving teacher
conceptual understanding because they believe it will improve the quality of
instruction. Without a deep understanding of the concepts they teach — whether that
understanding is more formal or pragmatic — teachers will be ill-equippeeli
students overcome the various misconceptions they bring to the classroom. How
teachers’ conceptual knowledge connects to the instruction is part of the other broad
category of teachers’ content knowledge, pedagogical content knowledge.
Pedagogical Content Knowledge

The second broad category of teacher content knowledge is pedagogical
content knowledge (PCK), a construct introduced by AERA president Lee Shulma
during his 1985 inaugural address. Shulman argued that teacher preparation
programs and teacher evaluation systems placed too little emphasis on teachers’
content knowledge. Instead, these systems were based on non-content aims such as
lesson planning, classroom management, cultural awareness and evaluation.
Although Shulman did not discount the importance of these aspects in teacher
preparation, he believed that the lack of attention to content knowledge represented a
significant “blind spot” in the academy. Shulman and his colleagues — as well as
other groups of researchers from the University of Pittsburgh and Michigan Stat
University — believed that a new theoretical framework was needed to capture what

teachers needed to know to teach their students effectively.
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Shulman’s (1986) research focused on classifying the domains of content
knowledge, understanding how content and general pedagogical knowledge are
related, and identifying the most promising ways of enhancing the acquisition a
development of the types of teacher content knowledge most relevant to teaching.
One of the key outcomes of Shulman’s (1986) research was a new theoretical
framework that included the domain of pedagogical content knowledge (PCK),
which he described broadly as the type of content knowledge required to teach a topic
well. More specifically, PCK encompassed the most commonly taught toplga wit
a given subject area, the most intuitive representations of those concepts, and the
most powerful explanations and demonstrations — “in a word, the ways of
representing and formulating the subject that make it comprehensible to
others”(Shulman, 1986, p. 9). PCK also contained knowledge of what made
particular topics easier or harder for students to understand, including studesits’
common conceptions and most persistent misconceptions.

The construct of PCK resonated deeply in the mathematics education research
community and spurred a number of studies in the late 1980s and 1990s. Post, Harel,
Behr and Lesh (1988) found that in addition to lacking basic content knowledge, the
majority of the grade 4-6 teachers in their sample could not explain the probms t
solved correctly in a “pedagogically acceptable manner,” i.e., a mannarctated
a clear and correct explanation and an awareness of how and when to assits stude

when they are confused. In a study of prospective elementary and secondary

® Shulman presented three types of teacher contentledge: content knowledge, pedagogical
content knowledge and curricular knowledge. Cartenwledge refers to what is described as MCK
in this paper. Curricular knowledge did not have $ame impact as pedagogical content knowledge,
which quickly resonated and became a central comtasf many subsequent research studies, and
therefore did not warrant a third category of tematontent knowledge.
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teachers’ understanding of division, Ball (1990) showed that although most of the

teachers in her sample could calculbe- 3 correctly, few could explain the

underlying meaning or generate a student-intuitive representation of the problem
both of which are key aspects of PCK. She used the phrase “rule bound and thin” to
describe pre-service teachers’ understanding of division. Graeber, Tirosch and
Glover (1989) used similar language — “rigid and segmented” — to describe
prospective elementary teachers’ knowledge of rational numbers topics andl argue
that it was essential to increase teachers’ familiarity with comnppesentations of
rational number topics and increase their understanding of the rationales behind
common procedures.

Student misconception&eing able to identify, anticipate and debug the most
common student misconceptions for a given math topic or concept is an important
component of PCK (NCTM, 1989; 1991; 2000; Kilpatrick et al., 2001). Though the
level of this type of knowledge is often commensurate with experience hee., t
more exposure a teacher has to students’ work and approaches, the more specific
misconceptions the teacher will know about and the more ways the teacher will have
tried to resolve the misconception — teachers also can learn about student
misconceptions through written activities in coursework or professional deveibpme
activities. For example, examining student work is a common activity in teacher
professional development in many subject areas. Being able to identifylang de
student misconceptions requires strong conceptual understanding of the material

students are studying, as indicated in the arrow from MCK to PCK (see Rigur
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Multiple representations of conceptdnother core aspect of PCK is the
teacher’s ability to represent a single concept in multiple ways. Fompdasuppose
a group of students is struggling with the meaning of denominator during a lesson on
fractions. The teacher with strong PCK is able to represent denominator in a number
of ways, such as a number line or an area model in addition to the classic pie or circle
model. Like identifying and debugging student misconceptions, being able to
represent concepts in multiple ways requires a strong understanding of thatrele
mathematical concepts and how mathematical concepts relate to each other. The
research and professional organizations describe multiple represerétonsepts
as a core aspect of mathematics PCK (Kilpatrick et al., 2001; NCTM, 1989; 1991,
2000).

Further clarification of PCK.Although PCK has become a household term in
the education research community and spurred a variety of studies, somehe¥sear
believe that the term needs to be further refined in order for its impact to be
maximized. Ball, Phelps and Thames (2006) suggest that PCK — although a useful
construct — could be better utilized if it were broken into two sub-domains,
knowledge of students and knowledge of teaching. Knowledge of students refers to
knowledge of the most common approaches, conceptions and misconceptions that
students bring to particular topics or concepts. Knowledge of teaching refers to the
most intuitive representations and explanations to be used with students to make
particular concepts meaningful to students. Although these two types of knowledge
can interact with each other — e.g., a teacher identifies a student miscamaepti

particular topic and then introduces specific teaching strategies fiy thari
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misconception — such interactions do not always occur. For example, a teacher might
be able to recognize a particular misconception but not know the representation that
could be used to help the student clarify the misconception.

As the Ball et al. (2006) paper suggests, PCK and pragmatic conceptual
knowledge overlap. For example, both deal with student friendly representations and
teachers’ flexible understanding of math concepts. They differ in that PCkKesdri
more heavily by experiences in the classroom. The teacher with higldipded
PCK in a particular topic most likely has developed that knowledge by extensive
analyses of student work and interactions with students. Although the border
between PCK and Specialized Content Knowledge might still seem blurred, both
categories point to a similar problem: until teachers’ knowledge of the suthegt
teach becomes more conceptually deep and pedagogically flexible, student
achievement will continue to lag.

Mathematics content focus of the larger studiyne PD Math study had a dual
emphasis on building teachers’ conceptual knowledge and pedagogical content
knowledge. The model addressed teachers’ conceptual knowledge of core rational
number content by including workshop activities and resource materials thatdfocuse
on improving the precision of definitions and math language of rational number
concepts, making connections among rational number topics and concepts, and
providing the rationales behind common rational number procedures. The model
addressed teachers’ pedagogical content knowledge by including estandl
resources that focused on looking at student work in light of related misconceptions

and presenting concepts in multiple, student-friendly ways.
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What Are the Characteristics of Promising Professional Developmeri¥lodels?

Given the documented deficits in teachers’ content and pedagogical content
knowledge and given that a replacement pool of well qualified math teachers does not
exist (Ingersoll, 1999 & 2001; Darling-Hammond & Sykes, 2003), policymakers
increasingly are looking toward professional development as a criticaksneaelp
existing teachers boost their knowledge and improve their instructionatpgact
Professional development has been identified as an important policy tool or “policy
pathway” to professionalize teaching and ultimately improve the qualigaohing
and learning (Knapp, 2003). Yet, research rarely links professional developitient w
gains in student achievement (Yoon et al., 2007). The professional development
literature, however, does identify specific features of professionalageueht
models that are deemed to be more promising or effective (Hawley & Y2419;

Garet et al., 2001). Since professional development is a broad term that encempasse
a variety of structures and delivery types, it is useful to frame a disougsout the

more effective types of professional development around a few, core stuctur
dimensions that apply to most, if not all, professional development models. These
dimensions include th&ource focus organizationandduration of the professional
development model or activity. Figure 5 illustrates each of these four donsrs

pillars upon which professional development models rest. Each is described more

fully in the following sections.
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Figure 5. Structural Components of Professional Development Models

PROFESSIONAL DEVELOPMENT MODELS

Source Focus Organization Duration
Who initiated the PD? What is the primary How is the PD How many hours in the
Who provides the PD? focus of the PD (content organized? PD?
Who has the most vs. pedagogical)? To what extent is the PD How are the hours
ownership of the PD? connected to the distributed over time?
classroom?
Source

Thesourceor impetus for a professional development activity can arise from
a number of places. A teacher might seek out additional support for a particular
aspect of teaching, such as in-depth study of particular subject mattertcante
then attend a relevant workshop at a conference. In this case, the teaclted itng
professional development based on a self-assessment of teaching pfwttbe.
other hand, a school or district might decide that teachers need targeted gmafessi
development in some area, and then mandate that teachers participate ima releva
district-sponsored professional development activity. Thus, professional
development can either be voluntary or involuntary, although sometimes the
distinction can be blurred. In general, though, professional development activities
can be described as more or less teacher-initiated, which is an importactidisto

make when categorizing the level of teacher ownership of learning opp@suniti

37



In their review of the literature on effective types of professional
development, Hawley and Valli (1999) suggest that effective professional
development programs, to the greatest extent possible, involve teachers in the
identification and development of what they need to learn and how they can learn it.
Involving teachers directly in this way increases their sense of owpensd the
amount of motivation and effort they bring to each learning situation. Further,
according to the authors, when teachers take more ownership of what they are
learning, the learning is more likely to be linked to instruction and more likely to
promote collaboration with colleagues who struggle with the same issues. rSeache
are likely to dismiss professional development that is imposed from outsidesexpert
who do not pay careful attention to their daily work. In these instances, proféssiona
development has little chance of influencing what teachers know and do.

Hawley and Valli (1999) also indicate that Alexander and Murphy’s (1998)
five learner-centered principles have implications related to theesotiprofessional
development programs. Alexander and Murphy’s (1998) motivation principal says
that “intrinsic motivation, attributes for learning, along with personalsy@bng
with the motivational characteristics of the learning tasks, play disgmtirole in
the learning process” (as quoted in Hawley and Valli, 1999, p.133). Teachesfs beli
play a lesser role in professional development activities that theyenibiat, when
the source of the professional development activity is external, teachefs bbbut
the program can influence dramatically the degree of teacher leafRR@igrm
mathematics programs, which emphasize conceptual understanding over rote

memorization, are almost impossible to deliver well if the teacher bgltbaethis
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approach to teaching is invalid. Thus, professional development as a policy for
change can encounter stiff resistance during implementation. Cohen} isadifit
Goldin (2007) argue that the “further policy departs from extant practice, tlee mor
likely is conflict” (p.80). Teachers’ beliefs and attitudes about the nafure
professional development, particularly when it is imposed from the outside, figure
heavily into how much the intervention influences practice.

In her discussion of professional development in the context of reform
initiatives, which, like the core aspects of the PD Math professional development
model, require significant shifts in what teachers know and how they normally
operate, Little (1993) identifies six principles of professional developrhantgtand
up to the complexity” (p.138) of educational reforms, and aspects of these principles
address thsourceof the professional development activity. Her first principle
suggests that professional development should be meaningful to teachers both
intellectually and socially. In contrast to the shallow, fragmenteditegr
opportunities teachers often receive, learning opportunities should be avi&ble
require teachers to be actively involved in deepening their understanding of the
content through access to and collaboration with experts in the field.

Little (1993) also says that professional development should encourage and
provide opportunities for “informed dissent.” Given the difficulty of achieving
consensus or only achieving it superficially when reform initiatives argbei
implemented, she suggests incorporating into professional development models time
and support for developing “well-informed dissent.” Such dissent ultimately can

bolster both group and individual decisions. She builds on this aspect of teacher-

39



centered learning by stating that professional development should prepaezgd¢ach
“employ the techniques and perspectives of inquiry” (Little, 1993, p.139). She argues
that professional learning opportunities should promote teachers’ generating and
assessing their own knowledge rather than rely on consuming external knowledge.

Though the importance of teachers initiating and engaging in professional
learning opportunities seems clear, studies also show that teachergeamioe
enhanced when teachers collaborate with and draw upon the knowledge of outside
experts. A good example of such a professional development model, one that utilizes
the expertise of researchers and outside content experts but also incorporates
teachers’ interests and daily work, is the widely studied Cognitively Guided
Instruction (CGI) program. CGl is one of the few professional development
programs that met stringent What Works Clearinghouse (WWC) standards of
evidence and showed an impact on student achievement (Yoon et al.” 2007).

The CGI researchers developed a knowledge framework around students’

thinking in several different mathematical content areas. The framewdukieac
key problems and common student approaches to the problems for each content area.
Instead of presenting a rigid framework that teachers were expectelbig fol

though, the CGI researchers developed and implemented a framework thasteacher

" The What Works Clearinghouse (WWC) standards/iafemce include: (1) Topic — The study had to
deal with the effects of in-service teacher pratess development on student achievement; (2)
Population — The sample had to include teacheEngfish, mathematics, or science and their K-12
students; (3) Study Design — The review of evidemas limited to final manuscripts that were based
on empirical studies using randomized controllélgror quasi-experimental designs, as defined by
the WWC study design classification; (4) Outconighe study had to measure student achievement
outcomes; (5) Outcome — The study had to use mesisiemonstrated to be valid and reliable; (6)
Time — The study had to be conducted between 188&@06; (7) Country — The study had to take
place in the U.S., Canada, Australia, or the Unikedjdom, due to concerns about the external
validity of the findings.
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could mold to meet the specific instructional challenges of their students. A€ Frank
and Kazemi (2001) put it:

The frameworks provided teachers the opportunity to understand how

this knowledge about the development of children’s thinking fits

together so that the teachers could make it their own. The teachers

discuss CGl as a philosophy, a way of thinking about the teaching and

learning of mathematics, not as a recipe, a prescription or a limited set

of knowledge (p.102).

The model was designed carefully by outside researchers who identfied th
most salient student misconceptions for each content area. At the same time,
the CGI model was structured flexibly so that teachers could “make it their
own.” Thus, the source of the CGI model was part outside expert-driven and
part teacher-driven.

These studies suggest that effective professional development models provide
opportunities for teachers to take ownership of their learning and to engage in
sustained, active inquiry. Outside experts are certainly important tacgi
teacher learning (Hawley & Valli, 1999). But a key factor shaping theesaaf

professional development is the extent to which teachers buy into and build upon the

core aspects of the model.

Focus

Thefocusof a professional development activity varies across activities and
models. One might focus on deepening teachers’ understanding of the subject matte
another might emphasize pedagogical skills; and another might focus on aligning
teaching practices with district standards and assessments. Forexamgsponse

to a district mandate requiring that dll §rade students take Algebra I, a middle
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school math department might decide to offer content focused professional
development in foundational Algebra | content. In contrast to content-focused
professional development, professional development activities focused onatassr
management techniques might be assigned to a group of new teachers. The focus of
the activity, then, is another distinguishing characteristic of any profeksiona
development activity or model.

Professional development activities that focus on deepening teachers’ content
and/or pedagogical content knowledge are thought to be more effective than other
models. For example, Cohen and Hill (1998) conducted a study of mathematics
teachers in California and found that student achievement was higher in schools
where teachers had participated in extensive, content-focused professional
development. Garet et al. (2001), utilizing a national probability sample of over 1000
math and science teachers, came to a similar conclusion. They found that content-
focused professional development had a significant positive direct effectchertea
self-reported knowledge and skills and a significant positive indirect effect
changes in teacher practice. These findings are consistent with Ken({E2B8)
review of studies that linked various types of professional development to student
achievement. She found that content and pedagogical content-focused professional
development had larger positive effects on student achievement — particularly on
students’ conceptual understanding — than more general types of professional
development.

Garet et al. (2001) also found that professional development activities that

were coherent with other aspects of teachers’ work — e.g., closely aloydestict
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curricula or standards — had a direct positive effect on changes in teadsarskil
practice. The researchers created an index that included whether the gmefessi
development was connected to information that teachers learned previoushd alig
with state and district standards and assessments, and involved teachers in
professional communication with other teachers and administrators. Hawley and
Valli (1999) make a similar claim about coherence by stating thatgsioihal
development should be driven by analyses of student achievement in relation to
curriculum standards and benchmark assessments.

Publications by the National Council of Teachers of Mathematics (NCTM
1989; 1991, 2000) and the National Research Council (2001) also highlight the
importance of content and pedagogical content focused professional development
activities. Both organizations recommend sustained, intensive professionaidearni
opportunities for teachers in these areas. In her case study compariagdJ.S.
Chinese elementary math teachers’ knowledge, Ma (1999) documents how
differences in teachers’ subject area and pedagogical content knowledgethmepa
guality of teaching and learning. Her comparative case study showedthas€
teachers were able to identify and articulate core math concepts and ¢banect
concepts to student work, while U.S. teachers could not.

These studies suggest that professional development models that focus on
building teachers’ content or pedagogical content knowledge are promisimgé te
of promoting teacher learning that can improve the quality of instruction. However,
we know from a recent report that included a nationally representative sample of

teachers that only 16 percent of secondary math teachers report spenditigamore

43



24 hours per year on professional development focused in math (Birman et al., 2007).
The literature also suggests that when the professional development is cohérent wit
district standards and assessments, it is likely to impact the qualitycbingand

learning.

Organization

Theorganizationof the professional development can take many forms. The
activity or model might be formal or informal, individual or group-based, classroom-
based or a traditional workshop. For example, many teachers in Japan participate in
lesson study groups that meet regularly over the course of a school yeastorioc
improving a lesson or series of interconnected lessons (Stigler & Hiebert, 1999).
Since teachers meet together regularly with a clear set of dwals,dganization is
formal and group-based. Since they bring examples of student work and sometimes
observe each other teaching, lesson study is also classroom-based. This type of
professional development activity is in contrast to a one-time workshog wher
teachers, at most, bring back to the classroom a few, isolated activitieadiAg) a
workshop tends to be a formal, individualized learning opportunity for teachers that
may or may not be classroom based. An example of an informal learning situation
would be if a group of teachers decided to meet to discuss some aspect teaching.
These examples illustrate that the organization of the professional devetopme
activity can take many forms.

The literature contains considerable support for professional development
models that promote collective and collegial participation among teacharst &b

al. (2001) found that collective participation had modest positive effects on the core
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features of coherence and active learning. They defined collectivapaditio as

group participation in professional development, such as patrticipation by a
department or grade-level group of teachers. Talbert and McLaughlin (1994) found
that teacher participation in active learning communities enhanced jootdss
knowledge and overall professionalism. Little (1993) argued that teatioensl s

have regular opportunities to engage intellectually with colleagues both inside and
outside of teaching. Thus, teacher learning communities should include not only
teachers within a department or within a school, but also content experts and
university researchers who are capable of infusing the learning conmasumitin

relevant professional knowledge.

Cochran-Smith and Lytle (1999), in their literature review on teachers’
acquisition of professional knowledge in learning communities, argue thegiedl|
learning opportunities are more productive when teachers participatevas a
inquirers in the learning community. This finding incorporates the promise of
collegial learning with the earlier recommendation regardingoleceof the
professional development: that teacher-initiated learning activittes@portunities
for active inquiry are thought to be productive.

Despite the promise of collegial learning opportunities, EImore and godea
(1996) caution that changing the structure of teachers work — such as cnewtiing s
learning communities — won’t automatically promote improvements in teacher
learning, particularly in mathematics. In their case study researghfotimed
instances where creating opportunities for cooperative learning had only modest

effects on classroom teaching practice. The main barriers to chaegaigets’
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practice in these instances included “teachers’ deep-seated ideas about adntent a
pedagogy and their limited access to experiences and external contastsuildat

help them develop alternative conceptions of knowledge and pedagogy” (Elmore et
al., 1996, p.137). Thus, teacher beliefs about the underlying philosophy of the
professional development coupled with access to outside experts can impact the
extent to which the professional learning community impacts teacher learning.
Nevertheless, collegial learning opportunities are thought to be more proth@mg

isolated ones.

Duration

Like the previously discussed dimensions,dheation of professional
development can vary widely across activities or models. A district miggrtaff
series of connected workshops that span one or two academic years rathesrtean
time workshop. A teacher might take an intensive, three-week university course
during the summer while another teacher takes the semester-long version of the
course. Thus, duration and intensity are important characteristics to conseter w
describing professional development.

Garet et al. (2001) defined duration as including both the total number of
teacher contact hours and the time span of the professional development. The
researchers found that both dimensions of duration had substantial positive direct
effects on active learning and coherence and modest positive effects on content focus.
This finding suggests that both "how much” and “how long” are important
characteristics of professional development. In Yoon et al.’s (2007) méd{aiarcd

professional development and student achievement, they found that the professional
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development models that showed gains in student achievement averaged about 70
hours of professional development for one year.

Wu (2005) argues that content-focused professional development for
mathematics teachers requires a great deal of time and commitmsgmcbnként-
focused courses include a 3-week summer institute and 5 follow up seminars spread
throughout the school year. This structure highlights the importance of intensity and
duration to Wu’s approach to enhancing teachers’ acquisition of professional
knowledge. Professional organizations, such as the National Council of Teachers of
Mathematics and the National Research Council also point to the importance of
intensive, sustained teacher learning opportunities. For example, NCTM (1991;
2000) says that teachers should be provided with regular, ongoing opportunities to
reflect on student learning with colleagues, participate in professional catians
and even design and evaluate professional development opportunities. Thus, the
evidence is overwhelmingly against one-shot or short-term professional development
opportunities and overwhelmingly in favor of intensive, sustained professional

learning opportunities.

Recent Syntheses of the Literature and Professional Recommendations

Given the emerging consensus regarding the importance of professional
development to improving the quality of teaching and learning and given the
perception that much of the professional development currently availableherga
is ineffective or misguided, a number of scholars have synthesized the lgematur
the effectiveness of professional development. These syntheses have identified

several key principles or attributes of effective professional developmigls,
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even though very few rigorous impact studies have been conducted that show which
attributes matter most. Hawley and Valli (1999), drawing upon the previous decade
of research, outlined eight design principles for effective professionalogevent.
Principle one refers to student performance relative to standards for stadeimge
They suggest that effective professional development programs focus on the
differences between the goals or standards for student learning and stacteats
performance. This approach is especially important when professional degetopm

is targeted to students with historically lower levels of achievement. Stwstident
centered” focus, though seemingly obvious, was not the norm in professional
development at that time. NCLB'’s requirement that all groups of students show
adequately yearly progress on standards-based assessments indicdtiss that t
recommendation continues to be, or perhaps is even more, relevant today.

Hawley and Valli's (1999) second principle refers to the level of teacher
involvement in the development of professional development learning opportunities.
Effective professional development programs, to the greatest extent possibie invol
teachers in the identification and development of what they need to learn and how to
learn it. Involving teachers directly in this way increases their sersgrarship
and the amount of motivation and effort they bring to each learning situation.
Further, according to the authors, when teachers take more ownership for what they
are learning, the learning is more likely to be linked to instruction and more likely t
promote collaboration with colleagues who struggle with the same issues.

Professional development that is imposed from outside experts who do not pay
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careful attention to teachers’ daily work is likely to be dismissed by tesaahd has
little chance of influencing what teachers know and do.

Principle three is that effective professional development should be mainly
school based and linked to teachers’ daily work. The logic behind this principle is
that teachers are more likely to be motivated to solve “job embedded” problems,
which are more pressing and authentic than other type of problems. Ideally, school
based professional development includes groups of teachers continuously
collaborating to improve the quality of teaching and learning.

Principle four builds on the idea of teacher collaboration and refers to the
extent to which professional development is organized around collaborative problem
solving. Collaborative problem solving includes activities such as interdisciplinar
planning and study groups, where teachers bring their individual expertise tasolve
joint problem. When teachers collaborate in this way, a culture of professional
respect replaces the teachers’ sense of isolation.

Principle five is that professional learning experiences should be continuous
and supported, as opposed to episodic and isolated. Continuous and supported
professional development is necessary, in part, because many of the rébotsraed
complex and require teachers to understand the subject matter deeply so they can
teach in ways that promote student understanding (see NCTM 1989, 1991 & 2000;
Kilpatrick et al., 2001). This sort of professional learning takes time — soaet
several years — so professional development models should allow adequate time and
provide support, such as structured opportunities to learn from more experienced or

expert colleagues, to solidify teacher understanding.

49



Principle six suggests that professional development should be evaluated and
refined through multiple sources of rich information. Both practitioner and outside
expert knowledge should be considered throughout the various stages of professional
development, so that it can be adjusted to maximize teacher and student learning.

Principle seven refers to the importance of providing teachers with a clear
theoretical base that underlying the professional development. Teachessare |
likely to engage in learning new material or implementing new teachmiggies if
they are not given a clear rationale for why the new material orggrstéhought to
be promising or worthwhile. The theoretical background, though important by itself
is much more likely to be internalized if the theory is accompanied by attention to
teachers’ beliefs and experiences. For example, if teachers believesthattion
should be more teacher-centered than student-centered, they aren’t likeinge c
their beliefs suddenly. Rather, they must be given gradual opportunities to try out
new techniques and apply new forms of knowledge.

Principle eight is that effective professional development should be part of a
larger, more comprehensive change process. Professional developmentsatttatitie
are consistent with state, district or school initiatives are more likddg supported
by district and school instructional leaders and aligned with teachelssinak.

In his description of how professional development can be used as a policy
tool to improve teaching and learning, Knapp (2003) synthesized the literature on
“high quality” professional development and concluded that powerful professional
learning experiences tend to 1) focus on teaching practices that supportsstudent

achieving high learning standards; 2) build teachers’ pedagogical contentekigewl
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3) employ engaging and proven instructional practices for adult learngrsmte
collegial, collaborate learning; 5) provide rigorous, sustained learning apps;

and 6) align with district and state standards and assessments or ref@atiesiti
Although Knapp cautions that these six attributes have not been linked defirtibively
gains in student achievement, he thinks professional development models
characterized by one or more of these features are likely to beneffieteand
students.

In her examination of research on effective professional development in the
1990s, Wilson (1999) identified similar features of promising professional
development. She includes findings from several sources of literature, including a
synthesis by Little (1988), who claimed that effective professional devefdgpme
should 1) ensure collaboration and promote shared understanding among teachers; 2)
require collective or group participation; 3) emphasize the most critichlgons in
curriculum and instruction; 4) occur with regularity to promote progressivislefe
understanding and skill; and 5) be consistent with established professional habits and
norms regarding collegial learning and cooperation.

Wilson also included a set of characteristics of high quality professional
development that Abdal-Haqq (1995) proposed. According to Abdal-Haqq, effective
professional development:

1) is continuous or ongoing;

2) includes a feedback loop grounded in teacher practice;

3) is school-based and closely connected to teachers’ daily work;

4) is collaborative and includes opportunities for collegial interaction;

5) should focus on and be driven by student learning;

6) promotes school-based and teacher-based initiative to expand learning;

7) is firmly grounded in the knowledge base for teaching;
8) includes constructivist theories of teaching and learning;
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9) acknowledges teachers as professional learners;

10)includes ample time for teachers to receive follow-up on what they are

learning;

11) is pitched at a level that is accessible to all types of teachers (Wilson, 1999)
Wilson notes that these lists are not mutually exclusive and address a fevakessent
aspects or “mantras,” which Putnam and Borko (1997) describe as

1. Teachers should be treated as active learners who construct their own

understanding.

2. Teachers should be empowered and treated as professionals.

3. Teacher education must be situated in classroom practice.

4. Teacher educators should treat teachers as they expect teachaits to tre

students (Wilson, 1999, p.176).

Snow-Renner’s and Lauer’s (2005) review of the literature identified the
following dimensions of professional development models that are most likely to
improve teacher practice and student achievement. Such models are (1) of
considerable duration; (2) focused on particular rather than general content or
pedagogical strategies; (3) typified by collegial or collectiggicipation; (4)
coherent with district standards and curricula; and (5) infused with activéniga
opportunities. The authors indicated that despite the promise of these dimensions, a
minority of current professional development models possess one or more of these
characteristics.

Taken together, these literature reviews address several princlptes te
the source, focus, organization and duration of professional development. The
reviews indicate that professional development activities should provide opportunities
for teachers to be actively involved in their learning, to collaborate with other

teachers, to make connections to the classroom, and to participate in sustained and

intensive learning activities.
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Professional Recommendations

In addition to recent syntheses of the literature, | reviewed the
recommendations of many different professional organizations relatedfésgonal
development. | then assessed the extent to which the professional recommendations
matched the attributes of effective professional development models idemtifie i
literature. Since the professional recommendations are based to varyiagsien
syntheses of the literature and individual studies, the two data sources agree
considerably.

The National Staff Development Council (NSDC) recently issued a plan for
improving staff development, which included the development of a federal
clearinghouse that would store information on effective professional development
Sparks and Hirsh (2006) reviewed the literature and provided a preliminaryKesg of
features of effective professional development. According to NSDC, high-quality
professional development is (1) results-driven; (2) job-embedded; (3) subjiet;ma
pedagogical, or pedagogical content-focused; (4) curriculum and/or standseds-ba
and (5) sustained and cumulative (Sparks and Hirsh, 2006).

The National Board for Professional Teaching Standards (NBPTS) orjinate
in the mid-1980s, in response to the Carnegie publicatidvation Prepared:

Teachers for the 21Century. The NBPTS features a voluntary national certification
program, which teachers are increasingly seeking, in part becausastatesre and
more offering financial and other type of incentives for National Boardfiedrt

teachers (Birman et al., 2007). Although the NBPTS does not outline particular
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features of effective professional development, it does identify five, redated
propositions regarding professional teaching.

Proposition 1 is that teachers are committed to all students and learning. This
proposition assumes that teachers are committed to making knowledge acagssible t
all types and levels of students. The second, related proposition assumes thet teach
know the content and pedagogical content subject matter of the courses thespteac
the material can be presented solidly and meaningfully to all types of studéets. T
third proposition is that professional teachers know how to manage and monitor
student learning, which requires a thorough understanding of state and district
standards and assessments and students’ relative performance. The fourttigoropos
is that teachers should engage in habits that help them think systematicallyhalvout t
practice. Professional teachers read, question, learn and experimentediiagy
examine their practice as well as the theory behind practice. The fopalsition is
that the development of teachers’ professional knowledge is strengthened and
solidified through participation in professional learning communities. Professional
teachers collaborate with other teachers primarily, but also with parmhtsusiness
leaders to refine instructional practices and curriculum development.

Professional organizations in various content areas also have
recommendations for how professional development should be organized and
delivered. The National Council of Teachers of Mathematics (NCTM), ol of t
pioneers of the standards movement of the 1990s, has produced a number of reports
that describe the characteristics of effective professional developmaathematics.

NCTM’s (1991)Professional Standards for Teaching Mathemaitickuded six
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standards to guide professional development. According the this report, high-quality
profession development should include opportunities for teachers to (1) experience
good teaching and be given opportunities to pose mathematical tasks and engage in
meaningful mathematical discourse; (2) deepen their understanding of matkemat
and school mathematics, including mathematical concepts, procedures and
representations; (3) understand students as learners of mathematics and be give
opportunities to learn about multiple student approaches, conceptions and
misconceptions around core concepts; (4) understand mathematics pedagogy, such as
facility with representations, assessment strategies and discoatsgist; and (5)
develop continually as a mathematics teacher, such as collaborative oppsrtanitie
examine and revise assumptions about the nature of mathematics and maghematic
teaching. The sixth and final standard addresses the teacher’s role angilelsy
in professional development. This standard implores teachers to take an active role i
their learning and contends that learning should include:
e Participating actively in a professional learning community of mathesnatic
teachers;
e Participating in the design and evaluation of professional development
activities;
e Discussing and reflecting individually and with colleagues about issues in
mathematics and mathematics teaching;
e Reading and discussing ideas presented in professional publications and
professional meetings;
Another professional organization, the Association for Supervision and
Curriculum Development (ASCD), published a report based on the work of Joyce and
Showers (2002), who identified a list of key findings relating professional

development to student achievement. The authors, whose research is targeted

primarily at instructional coaching, suggested that professional tgeshiould (1)
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provide opportunities for teachers to develop knowledge — including the underlying
theory of what they are learning, observe demonstration lessons, and phacsk# t
and receive peer coaching; (2) help participants learn how to acquire new knowledge
and become more effective and persistent learners; and (3) feature collaborati
learning opportunities, such as joint planning of lessons; and (4) be supported by
strong school leadership. The authors argue that instructional coaching isllgspecia
critical in this list. They say that teachers need 8-10 weeks to prawioew skill

they are acquiring. Coached teachers, in contrast to non-coached teaehamsgear
likely to practice the new skill or strategy more often and more accyratkpt the

new strategy to meet their own goals, retain and increase the level ofvekitime,

and explain the new instructional models to their students.

The syntheses of the literature and the recommendations from professional
organizations overlap considerably. Using the four dimensions of professional
development previously discussed and Hawley and Valli’'s (1999) eight principles for
designing effective professional development, Table 1 displays the consisiédmcy
which these attributes have been described across recent synthesesavatheelit

and from reports issued by professional organizations.

Professional Development Structure of the Larger Study

The professional development model in the larger study addressed the most
critical aspects of teachers’ knowledge, conceptual understanding and pealagog
content knowledge, and also adhered to these principles of high quality professional

development. In terms of te®urceof the professional development, the PD Math
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model is a voluntary program. The role of the professional development providers is a
non-evaluative, supportive one.
Table 1

Attributes of Effective Professional Development Models in Receterature
Reviews & Professional Reports

Source  --------- Focus ---------- - Organizatien--  Duration
Teacher Aligned Linkedto  Focused on Partof Collaborative Connected Sustained
Initiated or with Theoretical Student Larger  and Collegial to and/or
Empowered  District Rationale  Outcomes System 4) Teachers’ Intensive
27 Standards @) 1) of Daily Work (5)
(8) Change ?3)

®)

Research Syntheses

Hawley & Valli X X X X X X X X
(1999%

Knapp

(2003) X X X X X
Wilson &

Berne (1999) X X X X X X X X
Snow-Renner x X X X v

& Lauer (2005)

Professional Reports

NSCD
(2002) X X X X X
NCTM
(1991:2000) X X X X X X X
NBPTS « « y y y < X
(2007)
ASCD X X X X X X X
(2003)

a. The numbers in this row refer to Hawley and Valkight principles of designing effective
professional development. Only principle six, thedfessional development should be
continuously evaluated and refined, is not includse@ column heading. Principle eight is used
twice because it can affect both the focus anatgenization of the professional development.

b. Hawley and Valli address all eight attributes beeatihe column headings come from their work.

However, districts strongly encouraged school-level participation in the studhe so t

study was less voluntary for teachers than a purely voluntary professional
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development offering. But teachers could still opt out of the program at agy tim

The source also includes highly skilled outside providers, which the research suggest
enhances teacher learning, assuming the experts empower teachetbaatimepose
judgment.

Thefocusof the professional development in the PD Math Study is on
deepening teachers’ content and pedagogical content knowledge and expanding their
instructional techniques that promote student understanding. The literature supports
professional development models that seek to deepen teachers’ content and
pedagogical content knowledge, particularly when the content is aligned virtbt dis
standards and teachers’ daily work. The focus of this professional development
model specifically addresses each of these criteria. The model alstgsrovi
opportunities for teachers to solidify both their formal and pragmatic undersgandi
of key rational number concepts.

Theorganizationof the PD Math Study professional development model is
consistent with what the research says is most promising in terms of promoting
teacher learning. Professional development activities that include oppostdmitie
collective participation and collaboration, that are linked to teachers’ darly, and
that promote active learning are more likely to be perceived by teachieeneficial.

This professional development model was designed with these organizatioctd aspe
in mind in that teachers attend and participate in workshops as grade level teams,

work with each other and the instructional coach in the classroom, and participate in
active learning opportunities such as problem solving, group discussions and public

presentations of their work.
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Though the literature does not provide specific guidance as to what constitutes
sufficientduration andintensity the literature is clear that one-time workshops or
other short-lived professional development opportunities rarely promote
improvements in teacher learning or instruction. The PD Math Study modedescl
18 days and roughly 70 hours of targeted learning opportunities spread over several
months, which is substantial both in terms of duration and intensity. The content of
each workshop and associated follow-up coaching activities is aligned to each
district’s pacing guide, so teachers are able to connect to the classraoate¢hal
presented in the professional development throughout the year at appropriate and
potentially fruitful time points. This model was designed to be substantive in terms
of duration and intensity, but it was also designed to be “policy relevant” in tdrms
what districts and schools could afford and implement if the model eventually shows
an impact on teacher learning, teacher instructional practice and/or student
achievement. Taken together, the PD Math Study has incorporated many of the most
widely accepted elements of effective professional development.

The next chapter provides a detailed description of the key components of the
PD Math professional development intervention. Such detail is important because the
critical case focuses on the extent to which teachers comprehended and implemente

specific components of the intervention.
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CHAPTER 3: DESCRIPTION OF THE PROFESSIONAL DEVELOPMENT
INTERVENTION USED IN THE PD MATH STUDY

While the previous chapter linked the attributes of the PD Math Study
professional development to the core features of effective professiordbpi@ent
identified in the literature, this chapter describes the specific compafahts PD
Math Study intervention. A detailed description of the model is important because
this critical case study focuses on the extent to which teachers compicthedde
integrated into their instructional routines the core components of the model. The
descriptive analyses in Chapters 5 and 6 are linked to the core components of the
model, which is why they are first delineated in this chapter. The chagligles a
brief description of the development of the intervention, an overview of the timing
and structure of the model, and a catalogue of the topics and strategies of tle summ

institute, follow-up seminars and coaching activities.

Development of the Intervention

When the PD Math Study began in the fall of 2005, the professional
development intervention had been generally, but not fully specified. The federal
agency had indicated to the American Institutes for Research (AIRadtgl@aluator
and my employer, that the intervention should focus on rational numbers, contain
both workshops and in-class coaching, and occur in districts using both “reform” and
traditional textbooks. The agency wanted AIR to work with the study’srexter
advisors and the two professional development providers, who were hired in early
2006, to finalize the design. The design went through a number of iterations during

the 2006-07 school year, when the intervention was piloted in three districts. This
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critical case study focuses on the intervention of one of the two study professional
development providers. Both providers focused on the same topics, but they
structured their learning activities differently. Most of the feedbadioth providers
during the pilot focused on establishing the appropriate difficulty of the math
problems, the clarity and coherence of the professional development farcilitat
materials, the structure and focus of the coaching activities, and theteaeseeof

the instructional guidance. The pilot also uncovered one staffing issue, which
resulted in a facilitator being dismissed from the project because &bd kdfficient
math content knowledge to deliver the professional development activities coherentl
By late spring of 2007, both providers had revised their materials based on feedback
from the pilot and hired additional staff for the 2007-08 full study. The full study
began during the summer of 2007 in 12 districts and 38 treatment schools and
included 84 treatment teachers. Each provider worked in six districts, withlyoug

an equal number of schools and teachers.

Timing and Structure of the Model

The structure of the intervention delivered during the 2007-08 school year
included a three-day summer institute, five days of follow-up seminars and 10fdays o
in-class coaching. The three-day summer institute focused primaitblyiloing
teachers’ content and pedagogical content knowledge of specific rationa¢num
topics. Each seminar had a dual focus of math content and pedagogical strategies
such as question and answer routines and lesson planning. The coaching activities
focused on connecting the seminar material to the classroom. Some of thiagoac

activities involved pairs or groups of teachers working with the coach while other
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activities paired the coach with a single teacher. The focus withoothain of
rational numbers included roughly half the workshop time devoted to fraction and
decimal content and half the time devoted to ratio, proportion and percent content.
Table 2 depicts the number of days and hours offered and the content focus of
each type of professional development activity. Each summer instituteraimase
day contained six hours of professional development activities, beyond lunch and
scheduled breaks. The coaching included approximately two hours of actities f
each of the ten days of coaching. The coaching visits occurred in pairs of dhays, wi
each coaching visit taking place immediately after each seminar. Tiktafars led
each summer institute and seminar workshop, which included all schools in the
district. The two facilitators then divided the schools for the coaching. Eatietea
spent 18 hours in the summer institute, 30 hours in the follow-up seminars and 20
hours in coaching activities, for a total of 68 hours over 18 days. In terms of rational
number content, the summer institute focused on fraction and decimal topics. The
seminars focused on ratio, proportion and percent.

Table 2
Hours of Professional Development, by Activity Type

Coaching
Summer (20 hrs — per teacher)
Institute Seminar Coach Coach Coach Coach Coach
(18 hrs) (30 hrs) Visit 1 Visit2 Visit3 Visit4 Visit5 Tota

Day 1 2 312 3 4 5 12 3 4546 7 89 10 18
Hours 6 6 6 6 6 6 6 6 2 2 2 2 2 2 2 2 2 2 68

Content F FFD F'R R R R/IP F R R/P R/P M M
Focug

a. F =fractions; F/D = fractions and decimals; Ratio and proportion; R/P = ratio, proportion and
percent; M= Mix of rational number and non-rationamber content.
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Summer Institute Topics

The summer institute focused on increasing teachers’ understanding of
fraction and decimal concepts. The professional development provider tiat is t
focus of this case study introduced participants to definitions of fraction and tlecima
that utilized the number line. Both definitions were new to most if not all of the
participating teachers. During the review of the professional developmuariatsa
study experts pointed to the number line as an underutilized representationédor thes
concepts. They argued that many of students’ misconceptions with fraggoms
related to not understanding that fractions are numbers (the NAEP problerbetscri
in Chapter 1 illustrates this point). When students plot fractions on a number line,
they are more likely to see fractions as numbers and less likely tcheeairherator
and denominator as distinct entities that are unrelated to each other. In response t
these concerns, the professional development provider created several summer
institute activities in which teachers plotted, compared and ordetbfraand
decimals on the number line and discussed how the study definitions related to these
activities. In fact, on the last day of the summer institute, the providetemsteers
time to create their own number line posters to use with students. Table 3
summarizes the topics and key emphases of each day of the summer institute.

The summer institute also had a strong emphasis on connecting the study
definitions of fraction and decimal to related student misconceptions. Teachers
examined work samples that included common student mistakes and linked the
misconceptions to the underlying concepts. They also discussed various types of

representations that could be used to help students understand particular concepts
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Table 3
Summer Institute Topics and Emphases, by Day

Day Topic Key Emphases

e Define fraction
o Represent and order fractions on number

line
e Multiple representations of fractions
1 Fraction Representations e Equivalent fractions and identity property

of multiplication
e Student misconceptions with simplifying
fractions

Define decimal
o Represent and order decimals on number

line
_ e Compare and order fractions and decimals
2 Compare and Order Decimals on number line
and Fractions e Student misconceptions with decimals
o Rationales for multiplying and diving
decimals

¢ Representing multiplication of fractions
Understanding meaning of division of
fractions

e Two types of division

o Rationale for “invert and multiply”
procedure

3 Multiply and Divide Fractions

and discussed why certain representations were more appropriate than others,
depending on the concept or operation being presented.

Finally, the summer institute provided teachers with multiple opportunities t
think about why common procedures with fractions and decimals were true. One of
the criticisms of K-12 mathematics teaching in the U.S. is that teaclerduce
rules or procedures that produce the correct answer but do not connect to the concepts
underlying the procedures (Kilpatrick et al., 2001; NCTM 1989; 1991; 2000; USDE,
2003). This professional development model included activities in which teachers

examined the rationale for common procedures with rational numbers, such as the
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“invert and multiply” rule for dividing fractions and the “moving the decimal point”
rules for multiplying and dividing fractions. In sum, the summer institute provided
teachers with extensive opportunities to think deeply about the meaning of fractions
and decimals. The study also provided teachers with a comprehensive set of
reference materials so they could revisit the content and activities ofntineesu

institute throughout the school year. Teachers received hard and electronic copies of
the study definitions, key mathematics “take away points” for each topic, problem
sets and other resources related to summer institute activities. Thegcalised the
bookTeaching Elementary and Middle School Mathemabgslohn Van de Walle

(2007), which contains explanations of the topics covered in the summer institute.

Seminar Topics

The five follow-up seminars focused on improving teachers’ content and
pedagogical knowledge and connecting that knowledge to instruction. Like the
summer institute, each seminar day had a content focus, such as fractions.or ratios
However, each seminar also had a pedagogical focus, such as lesson planning or a
guestioning technique. Roughly half of each seminar day focused on improving
teachers’ understanding of the content associated with the given topic and the other
half of the day focused on an associated pedagogical component. Table 4
summarizes the topics and key emphases of each seminar day.

Seminar Day 1 focused on building teachers’ understanding of the meaning of
ratio, particularly through the use of the ratio table. The study definition of ratio

focused on the multiplicative relationship between the two quantities being campare
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For example, the ratio of 4 to 5 means that 4 is 4/5 of 5 and 5 is 5/4 of 4. This
definition illustrates that every ratio has two multiplicative comparis@ad) ef

Table 4
Seminar Topics and Emphases, by Day

Day Topic Key Emphases

o Define ratio

Multiple representations of ratios (special
focus on ratio tables)

Connecting ratios to fractions
Connecting ratios to algebra

Lesson planning

1 Ratio Tables

Represent ratios with strip diagrams
Use strip diagrams to understand scale
Strip Diagrams and Scale Factor factor

o Pedagogical strategy: students restate each
other’s reasoning

N

o Defining rate and unit rate

e Applications of rate

Student misconceptions associated with
rate

Pedagogical strategy: “Say More”
Lesson Planning

3 Rate

Define percent

Double number lines and percents
Solve percent application problems
Student misconceptions with percent
Lesson planning

4 Percents

Rationale for common denominator
Multiple representations for adding and
subtracting fractions
5 Adding and Subtracting Mathematical justification for fraction
Fractions Operations
e Summarizing the entire professional
development program

which represents the relative magnitude of the other. The reason that muitgplicat
relationships were emphasized is that many teachers and studentstisesiaply
as a comparison of two quantities, but not necessarily a multiplicative comparison

In the previous example, the comparison 4 to 5 could be an additive comparison: 4 is
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one less than 5 and 5 is one more than 4. However, such additive comparisons are
not ratios. Thus, the professional development focused on helping teachers
understand the distinction between multiplicative and additive comparisons.

The professional development provider used the ratio table to illustrate the
multiplicative relationships that occur within a single ratio and théioakhips that
occur between or among equivalent ratios. For example, the ratio of 4 to 5 itoequal
the ratio of 8 to 10. Why is this true? One way to see why this statemerst is to
compare the “within” ratios: 4 is 4/5 of 5 and 8 is also 4/5 (or 8/10) of 10. Another
way to see it is to look across the pair of ratios and notice that multiplybrizy 4
form of 1 (2/2), yields the same ratio. The sample ratio tables in Figutes®ate
these relationships.

Figure 6. Sample Ratio Table

“Between” relationship “Within” relationship
X2

X| 4 8 Vs X 4| 8%

y| 5 10 | ... ' y| 5¥| 10¢
.\_/
X2

The first seminar also included a lesson planning segment in which
participants planned a lesson based on some aspect of the seminar. The provider gave
teachers a lesson planning template that matched the lesson structureadhbest
text, Connected Mathemati¢hereafterCMP). Teachers worked with the facilitators

and other teachers to identify the student learning objective, list potentiattstude
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misconceptions and possible appropriate representation, and recognize théhkey ma
points to make during the summarize portion of the lessons.

Seminar 2 also focused on ratio and proportion concepts. The first seminar
focused on the ratio table as a representation that could be used to promote students’
understanding of the multiplicative relationships within and between ratios. This
seminar introduced a second representation, the strip diagram, to help build students’
understanding of ratios as multiplicative comparisons. The strip diagram iy widel
used in Singapore math curricula, which have been favorably reviewed in studies
comparing the curricula of different countries (Ginsberg et al., 2005). FHglrews
how the ratios of 4 to 5 and 8 to 10 can be represented by a strip diagram. The strip
diagram shows 5 rectangles for every 4 rectangles. If each rectaegleal to 2, the
5 to 4 relationship is maintained visually even though the values change to 8 and 10.
Teachers worked a variety of problems using strip diagrams and contiested
representation to the core concepts of ratio and proportion.

Figure 7. Sample Strip Diagram

4105
8to 10
2 | 2 | 2 | 2 |
2 | 2 | 2 | 2 | 2
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The second seminar also had a pedagogical focus of improving the quality of
mathematical discussions. They introduced several prompts targeted to individual
students, such as “Why did you do that?” or “Explain your thinking” as well as
prompts targeted to stimulate discussion among students, e.g., “Johnny, can you
restate what Sally said in your own words?” The facilitators reféaevritten
descriptions of these strategies in the teacher materials and moddiedrategy
throughout the seminar day.

Seminar 3 also focused on ratio and proportion content, the concept of rate.
Teachers learned definitions of rate and unit rate and solved a variety of moblem
associated with the topics. They discussed how to identify and debug potential
student misconceptions associated with rate. This seminar did not feghecsfia s
representation like Seminars 1 (ratio table) and 2 (strip diagram). Is térm
pedagogy, teachers built upon pedagogical strategies introduced in earir&arsem
They added the “Say More” discussion strategy to the list they startednm& 2
and continued to practice the other discussion techniques. They discussed the lesson
plans they had created as a homework assignment between Seminars 2 and 3. They
used the same lesson planning template that was introduced in Seminar 1.

Seminar 4 was the final workshop that focused on ratio, proportion and
percent content (see Table 2 for math content focus of each day). Most of the focus
of this seminar was on percent, though teachers participated in some achuaities
linked percent to other rational number topics. Teachers learned that a percant was
special type of ratio and they worked to solve percent application problems. They

used the double number line (see Figure 8) to show how percents could be connected
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with other rational numbers, such as fractions and decimals. Like the ethieass,

this seminar provided opportunities for teachers to discuss common student
misconceptions associated with percents and to link the misconceptions to the
underlying mathematical concepts. In terms of a pedagogical foccisetsa

examined two components of lesson planning: how to determine and articulate the
core math of a lesson and how to anticipate student responses to the content.

Figure 8. Sample Double Number Line

4/5

v

A

A
v

0% 80% 100%

The final seminar focused on adding and subtracting fractions. Teachers
participated in activities that addressed the rationale for finding common
denominators when adding or subtracting fractions. These activities incodoorate
multiple representations, including the number line and area models. Teasbers al
participated in other activities that focused on using mathematicalgasitifis in
their explanations. For example, teachers had to explain whether and why certai
mathematical situations associated with fractions were always,istesair never
true. The final seminar didn’t have a specific pedagogical focus, but the closing
activity summarized the lesson planning and discussion techniques used throughout

the professional development sessions.
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Coaching Topics

Each two-day coaching visit, which followed each seminar, had a particula
pedagogical focus. Table 5 includes the coaching topics and activitiesatss$oci
with each coaching visit. The first coaching visit, which occurred afterraer,
focused on helping teachers plan, deliver and reflect upon a lesson that used a ratio
table. The coach met individually with each teacher to establish the mattamat
objective of the lesson and to review how ratio tables could be incorporated into the
lesson.

The second coaching visit focused on the discussion techniques used during
the seminars. These techniques encouraged students to explain their thinking to the
teacher and to others students. The coach first modeled the discussion techniques
with a small group of students during a segment of a lesson, while a substitute
supervised the rest of the class. Then, the teacher modeled the strategies with a
different group of students from the same class. During the next lesson, e teac
modeled the discussion strategies with a whole class. The coach and teacher
debriefed the lesson that the teacher taught to the whole class and notea ways i
which the questioning techniques could be strengthened.

The third coaching visit focused on anticipating student responses as well as
continuing to practice the discussion strategies from the previous semir@acodch
and teacher used a tool for monitoring student understanding, which included space
for teachers to record student responses and associated misconceptions. itdte the f
two coaching visits, this visit required the coach and teacher to meet beforeeand aft

the lesson to clarify the focus of the observation and discuss ways in which future
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Table 5
Coaching Topics and Activities, by Day

Visit® Topic Key Emphases
e Help teachers identify mathematical focus
of lesson
e Help teachers incorporate ratio table into
1 Lesson Planning lesson

e Debrief lesson with each teacher
e Co-teach lesson (coach and teacher) after
ratio table lesson

e Plan, deliver and modify lesson using
discussion strategies
Coach and teacher work with small groups

2 Using Discussion Strategies of students to practice discussion strategies
o Debrief teacher’s lesson using discussion
strategies
e Coach models discussion strategies
e Teacher practices discussion strategies and
receives feedback from coach
3 Anticipating Student Responses e Teachers use monitoring tool to track

student progress
e Teacher and coach debrief use of
discussion techniques.

e Teachers plan, deliver and observe each
other’s lessons using a peer observation
4 Peer Observations tool
e Focus of peer observations sequencing of
student questions

o Teachers plan and co-teach lesson
Coach facilitates planning and debrief of

5 Co-teachin )
9 lesson with co-teachers

a. Each coaching visit consisted of two days, Wwith days immediately following a seminar
workshop.

lessons might be strengthened in terms of anticipating student misconceptions

The fourth coaching visit required teachers to observe each other’s lessons
and to focus on pre-identified student behaviors. The coach and two teachers planned
the pair of lessons in which each teacher would observe the other. Then, the teachers
taught each lesson with the other teacher and coach completing the peer observation

tool. The coach and both teachers then met after both teachers had taught their
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lessons. They used the peer observation tool as the basis for the discussion. For
example, if a teacher wanted the coach and the other teacher to focus on questioning
techniques, the debrief focused on student questioning. To increase the comifort leve
of the teacher being observed, the coach allowed the teacher to pick the aspect of
instruction that was the focus of the joint observation.

The final coaching visit had teachers plan, deliver and reflect upon a lesson
together. Since the teachers had a double period, each teacher took turns leading
segments of the lesson. For example, the launch, explore and summarize sections
allowed teachers to take turns for a minimum of 10-15 minutes each. The coach
observed these co-taught lessons and debriefed with teachers about whaitrtieely le
and what they might do differently next time.

In sum, the professional development model included a variety of activities
for teachers to build their content and pedagogical content knowledge in rational
numbers and to practice integrating that knowledge into instruction. All thsee ca
study teachers participated in all these study professional development opiesttuni
The next chapter describes the research design and procedures | developed and

followed to answer the two research questions guiding this case study.
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CHAPTER 4. RESEARCH AND EVALUATION METHODS

This chapter provides an overview of the research and evaluation methods and
procedures | used to conduct this case study. | begin by explaining wrey stuwhs
is an appropriate research strategy to answer the study questions. Thetihé desc
study research questions as they relate to the various components of tloh resear
design. Next, | explain the data collection procedures and analytic techriguks t
adhered to in this study, and then conclude with a discussion of the steps | took to

ensure the validity and reliability of findings.

Qualitative Research Strategy

Qualitative studies, such as case studies, have been “stereotyped as a weak
sibling among social science methods” (Yin, 2003, p.xiii). In contrast to randomized
control trials and quasi-experiments that employ sophisticated quantitatlygcana
techniques that seek to control contextual variables, case studies are-spet#it
and lack quantification. Researchers such as Yin (2003) and Flyvberg (2001) dispute
the “weak sibling” stereotype. Flyvberg argues that case study fedarg
contribute to the development and testing of broad theories and that criticalicase
particular, allow logical deductions of the type “if not here, then where?” to be made
In describing social science research more broadly, he adds, “a discighoetwi
exemplars is an ineffective one” (Flyvberg, 2001, p.87). Yin contends that case
studies provide a context in which specific aspects of theories can be tested.
Theoretical generalizations are possible when case studies are rigaesighed.

These arguments seemed particularly relevant as | considered condustiiioly

about teacher professional development. If a set of highly motivated, capable
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teachers did not improve their knowledge and instructional routines from
participating in high quality professional development, then the model was not likely
to have an impact on teachers working in less favorable settings.

Yin (2003) also notes the importance of exemplars and contends that the
appropriateness of any research method is dependent on the nature of thk resear
guestions. He says that when a researcher seeks to answer a question abaut “how”
“why” a phenomenon occurs in a contemporary setting in which the researcher has no
control over behavioral events, the case study is a favorable research design. Si
these conditions applied to my research questions, which are outlined in the next
section, | determined that a case study design was an appropriate approach.

The case study method encompasses a number of different designs, including
single- and multiple-case study designs with one or more embedded units akanalys
The study’s research questions determine whether a single- or multigelesign
should be utilized and whether a single or multiple units of analysis are ap@opriat
(Yin, 2003). | employ a single-case study design because | am interestadying
a single phenomena — professional learning. Yin (2003) argues that it idyirtual
impossible to conduct a high quality case study without a clearly defined case.
Because | am studying the professional learning of three diffettaes, my single
case design includes three embedded units of analysis, one unit for each teacher.
Because the case study involves teachers who are receptive to the prafessio
development intervention and who work in a district that is supportive of the
intervention, the case study context is favorable. Figure 9, adapted from Yin (2003),

depicts the single-case, embedded unit of analysis design.
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Figure 9. Case Study Design

CONTEXT:
Favorable Learning Conditions
Case:
Professional Learning

Embedded Embedded Embedded

Unit Unit Unit
of Analysis: of Analysis: of Analysis:
Teacher 1 Teacher 2 Teacher 3

Research Questions

As mentioned in Chapter 1, this case study is organized around two sets of
primary research questions, one that focuses on teachers’ knowledge and one that
focuses on teachers’ instructional practices. The study also pays attenticant@pot
sources of variation among teachers in relation to the two primary resgestions.

The primary research questions are:

1. How deeply do teachers understand the core content and pedagogical
content components of the professional development model? What might
explain any variation among teachers?

2. How effectively do teachers integrate into their instructional routines new
content, pedagogical content and pedagogical knowledge? What might
explain any variation among teachers?

The first question focuses on teachers’ understanding of the content, and

possible sources of variation include a) the complexity of the different components of
the model — e.g., Do teachers have more difficulty with some rational number

concepts than others?; b) teachers’ prior knowledge in the professional development

topics — e.g., Do teachers with stronger backgrounds in mathematics perform bette
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on the content interview than teachers with weaker content backgrounds?; c)
teachers’ prior experience with comparable curricula — e.g., Do teacllenshare
experience usinGMP, which is aligned with the professional development model,
perform better than teachers with less experience @uig?; d) extra self study or
collaboration with the study professional development facilitator — e.g, De som
teachers utilize the coach more than others and benefit from the extratime a
attention?; and e) teachers’ beliefs and attitudes about the teachtaegiss

promoted in the professional development and the district — e.g., Do teachers with
stronger convictions about the importance of promoting conceptual understanding
perform better than teachers with weaker convictions?

The second question focuses on the extent to which the core emphases of the
professional development are visible during instruction and the potential sources of
variation in visibility among teachers. These sources of variation includechgtea
understanding of the core math content and pedagogical content — e.g. Do teachers
who demonstrate stronger levels of knowledge on the content interview make the
content more visible during instruction?; b) whether or not teachers were working
directly with an instructional coach — e.g., Are certain aspects of thespiaial
development more visible during instruction when teachers are working with an
instructional coach than when they are not?; c) the complexity of the different
components of the professional development model — e.g., Are certain aspects of the
professional development more visible during instruction because they arersimple
than other components?; and d) differences in the frequency with which various

components of the model occur during typical lessons— e.g., Are the pedagogical
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emphases of the model more visible than the content emphases because they occur
more frequently within th€MP lesson structure? The case study design reflects
these two primary research questions and investigates potential sourceatioiinva
associated with each question.

For both research questions, the potential sources of variation were generate
from a review of the literature, specific characteristics of the sinfesl
development model, and hypotheses based on prior experience working with teachers
in their classrooms. The literature suggests that ratio and proportion coareepts
more difficult for teachers to understand than fraction and decimal concepts, svhich i
why | included a question related to this issue. The professional development model
includes an extensive coaching component, which is why | included a question about
the visibility of the professional development when teachers were workingyirec
with an instructional coach and when they were not. From observing teachers in prior
projects using the same curriculum, | hypothesized that the pedagogical catspone
of the mode would be more visible during instruction than the math content
components. |identified as many potential sources as possible and incorporated the

into my research questions.

Design Components

In this section, | first describe the criteria used to select theatriiise from
among the other study districts, teachers and schools. Then, | describe the

characteristics of the district, school and teachers that are the focusiofthiig.
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Case Selection Criteria

Since the two research questions focus on the extent to which the professional
development might impact what teachers know and how they teach, | wanted to study
the intervention in a context in which teachers were receptive to and imgratth
the material. As part of my supervisory role in the larger study, | atlandeerous
professional development events during the 2006-07 school year, when the
intervention was being piloted, and during the summer of the 2007-08 school year,
when the finalized intervention was being implemented in the full study. During
these events, in which teachers actively participated by asking questbmsg
problems and sharing their solutions publicly, | had no trouble distinguishing teachers
who were engaged in the learning activities from those who were not. One patter
noticed was that teachers in the districts u§iMpP, a conceptual and problem-
solving based curriculum funded by the National Science Foundation, tended to be
more interested in the professional development activities than the teachers in
districts using more traditional textbodksThis pattern was not surprising, since the
CMP curriculum was more compatible with the core math content and pedagogical
goals of the study than the traditional texts. | noted that among the studgtady
CMP districts, some districts appeared to have stronger curricular inbtastes than
others. For example, some districts had detailed pacing guides thaightye t
linked to the curriculum, while other districts provided teachers much lestuséruc

The teachers in this case study represent all the eligible tediimarone

school in a&CMP district that had one of the strongest curricular infrastructures in the

8 The study sample included six districts that US&P and six districts that used one of two more
traditional textbooks. The traditional textbookstdis more on learning discrete skills than building
conceptual understanding through problem solving.
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study. For example, the district math coordinator played an extremelg et in
the recruitment of teachers to the study and as a participant in the iorodiess
development activities. The district also deployed math coaches and teaclees
in every middle school to help teachers improve their instructional practiddany
of the schools arranged their schedules so that teachers had a common planning
period in order to facilitate joint lesson planning and reflection time. Schools also
adopted 85 minute double periods for math, which provided extra time for students to
engage in the extended learning activities that are centCilii®»

The teachers in the school selected for this case study worked in a school wit
a strong teacher leader, a part-time district math coach and sharedrcq@aming
time. During the summer institute, | took note of the thoughtful responses of two of
the three teachers at this school and had interesting side conversations with them
during breaks and lunch. All of these factors, particularly in comparison to my
experiences in other districts that were less hospitable to the interventiorg ted m
think that this school was a site in which the professional development had a
reasonably good chance of influencing what teachers knew and how they taught. |
confirmed this hunch when | visited the teachers’ classrooms during thenéall, a
made the final decision to use this school as the site for an in-depth case study of
professional development. Figure 10 illustrates how the teachers, schooltaad dis

are situated within the sample of the larger study.
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Figure 10. Critical Case in Relation to Larger Study Sample

District — DI D2 D3 D4 D5 .. D12
School—» S1S2S3 ... S38

A\ ——  CRITICAL&SE
Teache——» T1 T2 T3 .... T88

District and School and Characteristics

As depicted in Figure 10, AdafhBublic Schools was one of the 12 districts
that participated in the PD Math study during the 2007-08 school year. The district i
located in a large metropolitan area in the central U.S. with more than 50 schools and
30,000 students. More than 70 percent of Adams’ students represent ethnic minority
groups; 60 percent are eligible for free or reduced meals service; and &t [peec
second language students. In recent years, the proportion of students from gthnicall
diverse backgrounds and low socio-economic levels has steadily increased., Adams
like many other large urban districts throughout the country, is characteyited b
levels of student achievement, high levels of student mobility, high proportions of
second language students, and increasing levels of federal accountability under for
underperforming schools.

Princeton Middle School, the site of this case study, is one of several middle
schools in Adams and is representative of the district in terms of socio-dgyhimgr

characteristics. More than 50 percent of Princeton students represent ettamitymi

® Adams Public Schools, and Princeton Middle Schabich is mentioned in the following paragraph,
are pseudonyms.
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groups and qualify for free or reduced meals service, and more than 30 percent are
second language students. In 2007, approximately 60 percéhyodde students at

Princeton scored below the proficient level on the state test.

Teacher Characteristics

The three teachers who are the focus of this inquiry represent &l grade
teachers from Princeton Middle School who were eligible to participate Iarter
study. Eligible study teachers had to teach at least one section of middi&"eve
grade math. Special education teachers andtiyeatie teacher leader attended the
workshops, but they did not participate in the coaching or other study data aollecti
activities. Table 6 includes background characteristics for eaclsttaeteacher.

Table 6
Case Study Teacher Characteristics

Number of
Teaching Number of  Math Ed
Experience Math Courses Courses

Gender Age (CMP Experience) Degree Type Taker? Takerf

Hamlin Female 40-45 2" year Elementary Ed 6 5
(2" year) (Math Emphasis)
Smith Male 50-55 8" year Elementary Ed 2 15
(3% year)
Secondary Math
Wiggins Female 30-35 9" year Ed 9 4
(6™ year)

a. The number of math courses represents teacheratstiraf the number of mathematics
courses taken from the mathematics departmentselt@urses all represent undergraduate
math credits; none of the teachers had taken gradoarses in “pure” mathematics.

b. The number of math education courses represemtisdeastimates of the number of
mathematics or mathematics education courses takside the mathematics department
(e.g., courses offered in the school of educatidrey represent both undergraduate and
graduate courses in mathematics education.

c. This teacher estimate, which seems high, represecdmbination of courses offered from
universities and continuing education creditsshibuld not be assumed that all 15 courses
represented 3-credit university-based courses; envehe teacher reported taking
approximately 45 credits in math education courses.
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The sample includes two female teachers and one male teacher. These
teachers have different levels of teaching experience and differeniofypes
educational backgrounds. Both Hamlin and Smith completed undergraduate
programs in Elementary Education. Wiggins completed an undergraduate degree in
Secondary Mathematics Education. Hamlin said that her undergraduate dagree w
unique, however, because her program required teachers to take a series of math
classes in the mathematics department. Hamlin was if"hge& of teaching, while
Smith and Wiggins were in theif"@nd ¢’ years, respectively. Wiggins had the most
experience teaching CMP (6 years); Smith had 3 years of experggntetamlin had
2 years of experience. The teachers also provided estimates of the ntimbér
courses they took inside and outside a university mathematics department. Since
Wiggins had a degree in secondary education, she reported taking the most math
courses from the math department (9), but Wiggins also took several math courses (6)
as part of the unique elementary program in which she was enrolled. Smith, who was
enrolled in a more traditional Elementary Education program, estimated tloatkhe t
only a few classes from a university math department. However, Smith has taken a
number of math education courses after completing his undergraduate degree. He
estimated that he has taken 15 such courses, compared to 4 and 5 for Wiggins and
Hamlin, respectively. The teachers did not provide transcripts, so these numbers
represent teacher estimates.

In addition to these background characteristics, | collected information fr
each teacher and from the study’s instructional coach to try and establish a

pedagogical baseline. Ideally, | would have been able to observe edur tesfore
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the professional development began, but | was not able to do this because districts
were recruited too late in the previous spring semester to conduct such observations
To address this shortcoming, | asked the instructional coach to describe each
teacher’s practice at the beginning of the school year, since the coactirapenith
teachers earlier in the school year than | did. | also asked the teactiessiibe,
compared to the previous year, the extent to which the professional developthent ha
altered specific instructional practices and their overall approach.

Hamlin’s pedagogical baselingdamlin indicated that the professional
development influenced her teaching primarily in two ways. First, she said ¢ldat us
more representations — models, diagrams, charts, etc. — in her teaching than she did
previously. She credited the professional development activities, manyabf whi
featured multiple representations of rational number concepts, with providing her new
ways to present concepts to students. Second, Hamlin said that she found the study’s
talk or discussion strategies — e.g., “Say more about that,” “Explain Johnny’s
approach in your own words,” — very useful. She said that she has always asked
students to explain their thinking, but she thought that the study prompts were more
succinct and effective. The coach also indicated that Hamlin’s use of the discussi
strategies increased noticeably over the course of the year. She saidhba
beginning of the year, Hamlin would ask students questions, but the resulting
discussions often fell flat. The coach said that the number of students panripati
class discussions and the quality of student responses had improved as a result of the

professional development.
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Smith’s pedagogical baseliné&mith indicated that, for him, the most
valuable component of the professional development was the opportunity to identify
and discuss student approaches to different concepts. He said that he was more open
to allowing students to share different approaches to problems because he was more
familiar with what they might produce. He learned various student approagshres fr
working with teachers in the seminars and from working one-on-one with the coach.
Smith said that although he had learned a great deal about different student
representations of concepts, it was an area that he needed additional support. The
coach indicated that Smith’s use of representations with students had been an area of
focus in their coaching activities. She said that although she thought Smith was an
extremely strong teacher at the beginning of the year, he was leggdilegicourage
students to represent multiple approaches to a single concept. She thinks he grew in
his willingness to allow students to pursue multiple approaches and in his ability to
know how to respond to specific student misconceptions.

Wiggins'’s pedagogical baselin&Viggins said that her instructional practices
had changed primarily in two ways. First, she said that she was more likely to
encourage students to share multiple approaches to and representations of problems
than she did previously. Second, she said that was more likely to ask students to
explain their thinking because of the study’s questioning prompts. She said that the
prompts were easy to remember and therefore easy to implement in th@ochassr
The coach indicated that she had observed an increase in Wiggins’s willingness to ask
students to explain and represent their thinking throughout the course of the

professional development.
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Data Collection Procedures

In this section, | first describe the procedures | followed to develop data
collection instruments. Then, | provide the timeline for when these instrumenets we

used in the field.

Instrument Development

| developed two instruments to answer the study’s two primary research
qguestions. The study’s first question addresses whether teachers compi¢hende
core math content and pedagogical content emphasized in the model. Though all
study teachers took a timed pre and post assessment in rational number contént as pa
of the larger study, the assessment did not allow teachers to explain tilenglar
elaborate upon their responses. After reading Liping Ma’s (1999) bheakhing
and Learning Mathematic$ decided that one way to assess teachers’ understanding
of the math content would be through an extended interview. Ma used math
scenarios, which were essentially open-ended prompts, as the basis of h@wstervi
| developed seven such prompts based on the core pedagogical and pedagogical
content emphasized in the model, which became the structure for the extended
interviews | conducted with teachers at the end of the 2007-08 school year. rGhapte
contains the complete interview protocol, which | hereafter refer to agticeused
content interview.

The study’s second question addresses the extent to which the core
components of the professional development were visible during instruction. Though
| didn’t have classroom observation data from before the beginning of the larger

study, | decided that the model was specific enough that aspects of it could be
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detected during instruction. In fact, during my first informal visit tositigool, |
observed teachers using specific questioning strategies that they hadttoekcau
during a previous workshop. For instance, teachers used the prompts “Say More” and
“Explain what [Johnny] said in your own words,” which were exactly how theg wer
stated in the professional development. Such exact terminology helped compensate
for the absence of baseline classroom observation data. Thus, the second instrument
developed was an observation protocol organized around three core components of
the professional development model: mathematics content, pedagogical codtent a
pedagogical strategies. Within each of these three broad categoriasjédnc
specific teaching behaviors emphasized in the professional development, which are
described in Chapter 3. Appendix A contains the classroom observation protocol.

| also conducted interviews with teachers about their perceptions of the
professional development and their general beliefs about math teaching anylearni
To triangulate these data, | interviewed the district math coordinator @nd th
professional development facilitator who worked with these three teanhbes
larger study. | asked them about their experiences working in the district #ind wi
each of these teachers in particular. | developed protocols for these wsemwlach

are included in Appendices B-D.

Data Collection Timeline

| used collected data at several time points during the summer of 2007 and the
2007-08 school year, which | have organized into three study phases (see Table 7).
The primary purpose of Phase 1 (July ‘07 — September’ 07) was to collect data on

teachers’ perceptions of and interactions with the content of the summertenstit
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The summer institute, which took place in July '07, focused primarily on boosting

teachers’ mathematical content knowledge in the domain of

Table 7
Study Timeline and Phases

Case Study
Phases Primary Purpose(s)

July 2007
T (summer institute)
° . I
S August 2007 Collect and summarize d.ata from initial
< (seminar 1 and Phase 1 workshops to justify district and school
© coaching) as site for critical case
g Sept 2007
= (seminar 2 and
g coaching)
S Nov 2007
*GE) (seminar 3 and
- coaching) Collect and summarize data from
T (seDni.% erA(,)Zn J seminars/coaching 3-5 to describe
= Coéching) Phase 2 visibility of professional development
A N : .
o Feb 2008 during ![nstructlon, when coach is

(seminar 5 and present.
coaching)
Collect and summarize data from
May 2008 classroom observations after coaching
(all seminars and Phase 3 concluded

coaching complete)

Administer teacher structured content
interviews

Administer teacher background
interviews

rational numbers. Teachers solved problems in small groups and took turns sharing

out with the entire group on what they were learning. These observations and

informal conversations with teachers led me to believe that Princeton Middle School

might qualify as a critical case. The primary focus of Phase 2 was totc#dla on

the visibility of the professional development in teachers’ instructionalipeactThe

purpose of Phase 3 (May 2008) was two-fold: to conduct observations of lessons



after the professional development intervention had been withdrawn and to administer

the structured content and teacher background interviews.

Analytic Approach

In order for the results of a study to be taken seriously, the study must be
designed rigorously. Two hallmarks of rigorously designed case studies dity vali
the extent to which research findings are consistent with what really happened — and
reliability — the degree to which research findings are replicableriger1998; Yin,
2003). Throughout data collection and analysis, | adhered to Yin’s (2003) three
principles of establishing validity and reliability: use multiple sources afeene,
create a complete database, and maintain a detailed chain of evidence. Regarding
multiple sources of evidence, | collected information on teachers’ knowledge through
intensive interviews with the teachers, classroom observations and intewitbws
the instructional coach. | then triangulated these data during analysss. chafully
created and maintained a study database, which included field notes fromigmafess
development workshops, classroom observations and interviews; documents and
artifacts from professional development and classroom activities; asgripas of
the audio-recorded interview data. Finally, to improve reliability, | ragied a
chain of evidence throughout data collection and analysis. For example, bel@scri
in great detail the specific components of the professional development model, so that

teachers’ responses and behaviors could be linked to explicit criteria.
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General Analytic Strategy

According to Yin (2003), establishing and adhering to a general analytic
strategy is important because it restricts the focus of subsequentearatygshelps
the research know which analytic tools will be most useful. Yin (2003) notes that,
too often, researchers cling to the tools — e.g., a computer-assisted datagindex
software, such as NUIST — before they have established a general analytic
strategy. When researchers make this mistake, they often get so miwethdbe
details that they have trouble getting to the analytic phase and maintaitéag a c
analytic focus.

To avoid such confusion, | selecteskse descriptiomndrival explanationsas
my primary analytic approaches. | used case description because thesanswe
primary research questions are descriptive in nature. | provide descriptiftes
verbatim — of teachers’ understanding of mathematics and their teachingdoghavi
These descriptions are anchored to specific information in the professional
development program. | also used rival explanations because | am intanested i
studying the sources of variation in teachers’ responses to the professional
development — in fact, rival explanations are embedded in my research questions
(e.g., What might explain variation among teachers?). These rival explanations
include characteristics of teachers and characteristics of various congpohte
professional development program that might influence teacher responses. Yi
(2003) says that as the number of rival explanations to be tested and rejected

increases, so does the amount of confidence that can be placed in study findings.
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Throughout the design and analysis phases of this study, | made a systdoratic e

account for and address potential rival explanations.

Specific Analytic Techniques

In addition to the two previously described general analytic strategies | us
pattern matching as a specific technique to analyze the observational avidunte
data. Pattern matching is process by which predicted and empiricallyfztats
are linked. The specific components of the professional development model, as
detailed in Chapter 3, comprise the predicted patterns in this case. Foreedampl
used the study resources to inform the development of the structured content
interview, so that the interview questions directly reflected the migpeeisented in
the professional development. | developed the classroom observation protocol in the
same way, by incorporating into the instrument specific teaching behaviors
emphasized in the professional development. With the predicted patterns outlined in
advance, | was able to assess the extent to which teachers’ empirtced actched
predicted behaviors.

Yin (2003) discusses several types of pattern matching techniques. The
technique that was most appropriate for this study was pattern matching involving
simple patterns. Unlike pattern matching techniques that focus on nonequivalent
dependent variables or rival explanations, | relied on simple, straightforwtaedga
between predicted and actual behaviors. Chapters 5 and 6, which are linked to the
criteria outlined in Chapter 3, describe the patterns that emerged fromiagdhe

data in this way.
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Ensuring Validity and Reliability of Findings
Role of the Researcher

As mentioned previously, my background experience and role on the larger
study in evaluating the professional development materials allowed me th@la
role of expert observer. Like any research vantage point, the role of expert observe
has advantages and disadvantages. One advantage of this role was that it allowed me
to collect and analyze data more efficiently than an observer less famiihahe
study and less familiar with mathematics teaching and learning, moeeatjg. For
example, | reviewed the professional development materials at mulmggoints
prior to delivery during the 2007-08 full study. | led the review of the materials
during the 2006-07 pilot study, participated in the training of facilitatorshéfull
study, and created the instruments for tracking the fidelity of implen@mtzitthe
professional development during the full study. By the time these teachbis i
participated in their first professional development activity, | had beengh it
several times. Such familiarity with the model allowed me to focus closely
teacher interactions with the materials, since | didn’t have to acquaietfmyth the
purpose or details of the activity.

Another advantage is that | had access not only to the facilitators andscoache
who were delivering the professional development but also to the senior stdfEmem
who wrote the materials. If | had questions about the purpose of an activity or a
specific technique, | could get my question answered quickly — often an email or a
phone call returned the same day. Someone less connected to the project would have

had more difficulty getting clarification about the intended focus of an activit
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One potential disadvantage is that my role in the larger study as sapefvis
the professional development could have caused the facilitator/coach to behave
differently because of my presence — e.g., perhaps the facilitator wotdchpéass
well because of anxiety or perform better because she was tryingressme. |
was less worried about this aspect during the workshops because the professional
development provider’s quality control person attended these events, and she
provided much more critical feedback to the facilitator/coach than | dicbn8get
established a strong rapport with the two facilitators working in thedjsand they
gradually came to see me as a supportive representative of the study. Fether, t
favorable conditions for delivering the professional development in Adams and
Princeton made the facilitators comfortable with outside observers. t)nh@ac
facilitator who also served as the coach at Princeton described the Prinaetwrge
as “a dream” compared with many of the other teachers she worked withrin othe
districts. Even if my presence did influence the performance of thedsumidi |
didn’t know in which direction, and | assumed that any effect would be small.

| was concerned that my role as a study representative might influence
teachers’ behaviors. | was especially concerned that teachers efigiveb
differently when | conducted classroom observations when the coach was no longer
present. Would teachers see me as another coach or someone with a stake in seeing
them implement particular aspects of the study? | addressed this pateaviback
in a few ways. First, | took time to get to know the teachers individually dtiveng
workshops — during breaks, lunch, etc. | shared with them that | had traveled to many

different districts around the country and thought that their district and schgidl m
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be a fruitful place to study the intervention in an in-depth way. | explainethtiat
apparent eagerness and capacity to learn the material stood out from dtices dis
and schools. Because teachers were used to having district coaches and other
teachers in their classrooms, they said that they were happy to have niewisit t
classrooms. They also understood that the data | would be collecting paratse
from the full study, and that | had no evaluative purpose and would protect their
confidentiality throughout the study. It is possible that teachers behavte a li
differently when | was present during the observations after the coddbfbra
during the observations when teachers were working with a coach, | do not think |
altered what teachers were doing; their primary focus was on the coathsaiv no
evidence of such behavior. Chapter 6 includes analyses of classroom observations of
both when the coach was present and not present. | found no dramatic differences
between the two data collection time points, which suggests that my presence did not
alter noticeably teachers’ instructional practices.

My role can be described abserver as participanwhich Glense and
Peshkin (1992) explain as an observer who has contact with the participants but does
not provide input, advice or any other information that would alter what participants
would ordinarily do. | made this role clear to teachers, even though, on a few
occasions, one of the teachers asked me for advice in handling a particular student’
misconception. | did not intervene for research purposes, even though as a former
teacher, | was eager to support the teacher in those instances.

| conducted all of the classroom observations, so | was not able to conduct

inter-rater reliability checks with other observers. However, during therctas
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observations in which the teacher was working with the study coach, | did verify the
information in my field notes with the coach. This process was not as straigirtdorw
as comparing my field notes with hers, since the coach played a varietgsoanal

often didn’t take notes when she was modeling parts of a lesson or working with
students. Yet, these informal conversations improved the quality of the data |
collected.

| also took steps to reduce bias that | might have brought to the classroom
observations in several ways. First, | tried to keep an objective frame of mind whe
observed classrooms. Though | was looking for specific teaching behaviods | ma
sure that | captured as much information during the classroom observations as
possible. |recorded as many relevant direct quotes as | could, sircteqdotations
are extremely low inference. | did not score teachers on the classroom obasrvati
until I had typed and re-read my field notes several times. This process dccurre
within a few days of each observation, since it took roughly four hours per
observation to type and expand upon my hand written field notes. | wanted to score
teachers on the observation protocol soon after each observation, but | didn’'t want to
do it until I had a complete set of notes to review. Chapter 6 includes excerpts from
my field notes to justify teachers’ scores on the observation protocol.

Since | was the only researcher in the study, | conducted all the intebsews
myself. | took notes during each interview, mostly to help me keep focused on the
interview protocol. | audio-recorded and later transcribed each inteagevell. |
assured participants that | wouldn’t share any information from the inteswigth

anyone and that the audio-recordings and transcripts would be destroyedhatde e
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the study. Though most of the information shared in the interviews was non-
threatening, some participants did respond with personal information, which they

asked me to keep confidential.

Inter-rater Reliability of the Structured Content Interview

| wasn’t concerned about internal validity when participants were providing
information about their background, perceptions of the study or beliefs about
mathematics because they provided me this relatively straightforwarchation.
However, | was concerned about ensuring internal validity during the anaflybis
structured content interviews. Because these questions assessed teachers
understanding of the mathematics, | wanted to make sure that my assessmeents we
valid. | dealt with validity by having the interviews scored independéytignother
math expert who was familiar with the study. He participated extensiviige pilot
study and knew the intervention extremely well. He also is a leading chathten
expert and a colleague of mine at the American Institutes for Resétegbrovided
input on the appropriateness of the questions in relation to the study design and later
scored teachers’ responses independently. In an attempt to be efficienigdégrthe
expert with key excerpts from the lengthy interviews rather than have aihthe
approximately 100 pages of transcribed interview data. These excerptsiappea
Appendices I-O.

Fortunately, this approach seemed to work. Appendix E includes a table with
both of our scores on each of the seven interview questions for each of the three
teachers. As the table indicates, the inter-rater reliability was lgjgite On 14 of the

21 questions, we had perfect agreement. Among the seven items on which we
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disagreed, we only differed by 0.5 of a level on four questions and 1.0 on the
remaining three item®. Our overall averages for the three teachers were within 0.2

of a level — 1.9 vs 1.7 for Hamlin; 1.5 vs. 1.3 for Smith; and 1.4 vs. 1.3 for Wiggins.
These small differences gave me confidence that my scoringecritere reliable and
valid. If this approach had not produced such consistent results, | would have shared
all the transcripts with him and then held some follow up discussions about our
differences.

Another way that | addressed internal validity in the structured content
interviews was to provide as many direct quotes as possible when justifying
individual teacher ratings. By including direct quotes and a brief rationale &g/to w
these quotes indicated a particular level of understanding, | provide opporttarities
other researchers to confirm or dispute the results, and thereby increase the
transparency of my findings.

The next two chapters include findings and analyses related to the stualy’s tw
primary research questions. Chapter 5 utilizes data from the structureat conte
interviews and Chapter 6 utilizes data from the classroom observations to déseribe
extent to which the three teachers’ understood the core math content emphasized in
the professional development and integrated that content into their instructional

practices.

103 teachers x 7 items per structured content iigare 21 items total.

97



CHAPTER 5: TEACHERS’ UNDERSTANDING OF MATHEMATICS
CONTENT

The larger study’s theory of action assumes that high quality mathematics
instruction is dependent upon teachers’ understanding of mathematics content. Thus,
the professional development model emphasized both strengthening teachers’
understanding of core mathematics content and improving teachers’ abilityver del
that content meaningfully to students. Though one could make a strong ardusthent t
the impact of teachers’ mathematical knowledge on student learning ul§imate
should be judged by how well that content is delivered in the classroom (e.g., the
quality of an explanation, the ability to articulate student misconceptionspfiers
difficult to make such assessments exclusively from classroom observatorQiee
limitation of using observation data to capture teachers’ understanding of the content
is that typical lessons provide only limited opportunities for teachers to deatenstr
their content knowledge publicly. Another reason is that teachers sometimes choos
to withhold particular aspects of knowledge because they don’t think it is appropriate
to share with students (Kennedy, 2005). For example, a teacher might decide that a
particular definition or certain way of presenting the content is too complexdsir
students and introducing this information might introduce confusion or even
frustration among students. Given these limitations of classroom observat@sda
a means to assess teachers’ understanding of mathematics content, | daneucte
depth interviews with each teacher about the extent to which they understood the core
mathematics content and pedagogical content emphasized in the professional

development model.
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Structured Content Interview

Unlike timed, close-ended assessments, which all teachers — including the
three teachers who are the focus of this inquiry — completed as a requirement of the
larger study, structured content interviews provide an opportunity for teachers to
delve deeply into the content and to explain their reasoning over an extended period
of time. Liping Ma (1999), in her case study comparing Chinese and U.S. elementary
teachers’ understanding of mathematics, used structured content interviews (s
called them scenarios) to classify teachers’ understanding of thetsubjger. The
data from these interviews illustrated sharp differences in understandivegbdhe
Chinese and U.S. teachers in her study. Other researchers, such as Ball929p0
and Prawat, Remillard, Putnam and Heaton (1992), have used these types of
interviews to depict teachers’ ability to articulate mathematmatepts and to
identify student misconceptions associated with those concepts. Thus, the structured

content interview was well suited for the design of this critical case.study

Components of the Structured Content Interview

As discussed in Chapter 4, the larger study focused on the domain of rational
numbers, which includes fractions, decimals, ratio and proportion, and perdent.
weighted these rational number topics proportionally as | developed the interview
protocol. The larger study also had a dual emphasis of strengthening teachers’
mathematics content knowledge and pedagogical content knowledge, so | cedstruct

interview prompts that addressed both of these dimensions as well. By mathematics

" The topic of percent received less attention énifofessional development than the other rational
number topics, so | excluded percent from the #red content interview. However, some of the
teachers talked about percent in relation to sofntieecother interview prompts —e.g., when they were
asked to connect fraction and decimal concepts.
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content knowledge, | refer to teachers’ understanding of key concepts andaefjnit
connections among rational number concepts, and rationales behind procedures or
algorithms. By pedagogical content knowledge, | refer to teacheriy abil

represent concepts in multiple, student-friendly ways and to identify and debug
common student misconceptions. Appendix J indicates which of these rational
number, math content knowledge and pedagogical content domains are addressed in
each interview question. The final interview protocol included seven questions (see
Appendix K for all the questions) that covered these domains. Each interview took
about an hour to complete.

The interviews addressed the core content and pedagogical content topics
emphasized in the professional development, but some topics were emphasized more
than others. To capture the degree of emphasis on each topic, | report the number of
hours spent on professional development activities related to each question. For most
of the seven questions, teachers spent at least four hours in workshops (summer
institutes and follow up seminars) on activities exclusively devoted to the core topic
or topics in each question. Teachers spent time during coaching focusing on these
topics, but the coaching activities were not as intensely focused on the content as
were the workshop activities. Teachers also had a variety of study resthage
could reference at any time. The study resources included a set ofomiaht ¢take
away points” for each topic, several problem sets, a math reference book, and a
commercial college textbook. Sometimes they were assigned homework problems
from these materials. Thus, it is difficult to know precisely how much tinohéea

spent on topics related to these questions. Teachers did report the approximate
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amount of time they spent using the study resources, but they did not report how
much time they spent on topics related to each question on the interview. A
conservative way to describe the amount of time teachers spent on each topic is
between four and six hours in workshops, a few hours in coaching activities where
the time was less concentrated on the content than the workshop time, and a few
hours of self-study of the supplemental resources. See Appendix L for a more
detailed description of the number of hours devoted to each question by each

professional development activity.

Criteria Used to Score the Content Interviews

The purpose of the structured content interview was to assess teachers’
understanding of the mathematics contanphasized in the professional
developmentnot to assess their global understanding of mathematics. However,
given the extensive review process required by the federal agency during the
development and pilot phases of the study, what teachers were expected to learn is
consistent with what many experts would describe as general matheruadical
pedagogical content knowledge. Leading mathematicians and experts in atathiem
education carefully reviewed all study materials, so the content presentadherte
was conceptually clear and coherent.

For each of the seven questions, | applied a scoring rubric to capture the
degree to which teachers accurately articulated the content emphasized in the
professional development. The rubric ranged from no understanding to strong
understanding. Table 8 contains full descriptions of the scoring criterimelndes

the numeric values associated with each level of understanding. None of tieesteach
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scored at the level of no understanding on any question, so all of the teacher
responses demonstrated weak, moderate, or strong levels of understanding.

Table 8
Structured Content Interview Scoring Criteria

Level of
Scoring Criteria Understanding  Score
No connections to study-emphasized definitions, approaches or No 0
explanations. Understanding
Superficial and/or limited connections to study-emphasized Weak 1
definitions, approaches or explanations. Understanding
Solid connections to many aspects of the study-emphasized Moderate 2

definitions, approaches or explanations, but connections did notUnderstanding
fully capture most essential elements of study-emphasized
information and/or may not have been clearly stated.

Strong connections to the core elements of the study-emphasized Strong 3
definitions, approaches or explanations. Connections capture Understanding
most essential aspects of the study-emphasized information and

are clearly stated.

Teachers’ Scores on the Structured Content Interview

Table 9 displays the scores each of the three teachers received on each
guestion and includes two average scores, as well. The values in the last column
indicate each teacher’s average score across the seven questions. Teesaoees
in the bottom row indicate the average score for each question for the three study
teachers. For example, Hamlin received a score of 2 on the first question of the
interview, which indicates a moderate understanding of the study’s definition of
fraction. Her average across all 7 items was 1.9, or slightly below the mddeedte
of understanding. The average score for all teachers on this item was 1.[§, slight

lower than Hamlin’s score of 2.
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Table 9
Teachers’ Scores on Structured Content Interview Questions

Question
Teacher 1 2 3 4 5 6 7 Average
Hamlin 2 1 3 3 1 1 2 1.9
Smith 1 2 1.5 2 2 1 1 15
Wiggins 2 1 15 1 1 1 1.5 1.3
Average 1.7 1.3 20 2. 13 1.0 1.5 1.6

a. Columns 5 and 6 are shaded because they repogmsestions focused on ratio and proportion
content; all other questions focus on fractions @acimals (fractions, primarily).

All three teachers’ average across the seven items fell betweerdkend
moderate levels of understanding. The highest average was 1.9 (Hamlin) and the
lowest average was 1.3 (Wiggins), for a range of 0.6. Hamlin was the ccihetea
demonstrate a strong level of understanding for any question, which she reached on
both questions 3 and 4. These two questions required teachers to explain the rationale
for operations with fractions and decimals. Her high scores on these two items
helped raise the averages on these two items to 2.0, the only questions on the
interview that averaged a moderate level of understanding across alkticbers.

The two shaded columns in the table refer to the two questions from the
interview that dealt explicitly with ratio and proportion content. Questions 1-4 and 7
dealt with fractions and decimals. Ratio and proportion generally are caustder
be among the most complex rational number concepts. Perhaps that is why teachers
in this study struggled more with these concepts than they did with fractions and
decimals. When the averages for each item are grouped by fraction and decimal

content and ratio and proportion content, teachers averaged 1.7, or close to the
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moderate levl of understanding, across the fraction and decimal questions. However
they averaged 1.2, or close to the weak level of understanding, for the twanti
proportion questions. Figure 11 displays the difference in these average scores for
these two domains of rational numbers content.

Figure 11 Teachers’ Average Scores across Fraction/Decimal and
Ratio/Proportion Items

3
Level
of 2
Understanding
1 : -
Fractions & Ratio &
Decimals Proportion
Q14,7 Q5,6

Domain of Rational Numbers

Teachers’ Understanding of Fraction and Decimal Content

Though Table 9 illustrates that teachers scored higher on questions with
fractions and decimals, on average, they still displayed an understanding below the
moderate level. However, teachers’ level of understanding fluctuatessacro
guestions; and, it varied among teachers for a given question. To understand this
variance more fully, | elaborate on each teacher’s responses to eachuntervie
question, grouped by rational number topics. | begin by describing each teacher’s
responses to questions 1-4 and 7, the questions on the interview that addressed

fractions and decimal concepts.
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Define fraction and represent definition with students (Q)e first question
asked teachers to define fraction and explain how they would represent thatodefiniti
to students? It also asked teachers whether and how their definition of fraction had
changed as a result of participating in the professional development. Students’
difficulties understanding fraction concepts are well documented. Many &xpert
believe that part of the problem is that students are presented with multipiéatedi
of fractions throughout upper elementary school and middle school (Wu, 1996; 2005;
Milgram, 2005). For example, a fraction is often first defined as a part boke w
e.g., what fraction of the circle is shaded? This definition resonates with man
students (and probably with many adults as well). But later, a fraction ads® te@f
parts of a set — e.g., what fraction of the chips is blue? — which is a diffgrerufty
model. While both of these definitions are correct, students often have trouble
understanding yet a third definition for fraction, which is the idea that adnaistia
single number that can be placed on a number line. This third definition is egpeciall
critical as students move into algebra, where fractions become subsumed under the
domain of rational numbers and older notions of “part-whole” become less useful
when manipulating expressions and equations with rational numbers (Wu, 2005).

Given this background information and the study’s focus'bgrade students
who are transitioning into algebra, the study developed the following definition of
fraction that supports students’ understanding of fraction as a point on a number line:

For whole numbera andb, with b not equal to zero, thieaction a/bis the
number on the number line corresponding tomes the unit divided intb

2 The actual question was: How would you definetfoam and represent that definition with students?
Has this definition changed because of what yornkshin the professional development? If so, how
and why?
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equal parts. Using this definition, 3Ra fraction. Since 3/2=1%, 1% is a
fraction.
The professional development facilitators introduced this formal definitiomctidn
to teachers at the beginning of the summer institute and revisited it on several
occasions during follow-up workshops. Teachers participated in several estiviti
where they plotted, compared and ordered fractions on number lines and explained
how their solutions connected to the study definition. The core ideas associated with
this definition are that a) fractions are numbers, so every fraction hascn exa
location on a number line; b) the numerator of a frac@mgpresents the number of
pieces being counted; and c) the denominddorepresents the size of each piece
relative to the unit. | expected teachers to touch on these aspects when they
responded to the first part of the question, and, given that the importance and
usefulness of the number line is embedded in this study definition, | expectedgeacher
to explain why the number line is an appropriate representation to use with students
when communicating these ideas.

Two of the three teachers — Hamlin and Wiggins — said that a fraction
represented a point on the number line, which indicated that they had understood this
key aspect of the definition. Hamlin went on to explain that “the top number being
the number of pieces being counted, and the bottom number how many pieces make
up the whole,” which was very similar to what the study emphasized. Wiggins also
echoed the study definition by saying that “the denominator tells you how many
pieces it’s split into and then the numerator is how many of those pieces you have.”

Both teachers scored at the moderate level of understanding because they
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made solid connections to the study content. Had either teacher explained why the
number line is a useful representation for showing that fractions are numbers, they
would have scored at the strong level of understanding. Both teachers mentioned that
a fraction was a point on a number line, but neither discussed what the numerator and
denominator meant in terms of the number line. Neither teacher either emghhasize
that they would use the number line to explain the meaning of fraction to students,
even though they participated in a number of activities focused on fractions and
number lines — one of which even required teachers to make their own number lines
for use in the classroom. Neither teacher referred to the more formal asdgebr
aspects of the definition. For example, neither teacher referred to theaalgeb
aspects of the definition, such as usang b to describe the number of pieces or the
size of each piece with respect to the unit.

Smith responded to the prompt by stating that a fraction was a “representati
of parts of a set compared by division,” and went on to say that a fraction could either
be “parts of a whole or parts of a set.” He never mentioned that a fractian was
number that had an exact location on a number line; and, when prodded, he never
fully explained what he meant by “part of a set compared by division.” Nor did he
distinguish when it might make more sense to use the part of the whole or the parts of
a set definition. In fact, two of the study emphases were to encourage téadieers
deliberate about using particular representations and to encourage teaciserthe
number line because it was the most comprehensive representation. Since he missed
the number line component completely and did not distinguish between parts of a

whole and parts of a set, he scored at the weak level of understanding.
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Connect fraction and decimal concepts (Q2Zhe second gquestion addressing
fraction and decimal content asked teachers what they would do to help students
solidify their understanding of how fractions and decimals are refatétie study
research team worked with the professional development provider to craftsepreci
definition of decimal. To promote coherence between the two definitions, we agreed
to use parallel language and similar symbolic notation. According to the study

Decimals are numbers that can be written as N.abc, which means N
plus? + %+ -5 etc. Decimal notation is analogous to place value notation

for whole numbers; positions to the right of the decimal point represent
fractions with denominators that are powers of 10. Both fractions and
decimals are numbers, and they can be ordered and compared. All fractions
can be represented as decimals — some terminating and some repeating — but
there are some decimals that cannot be represented as fractions. For ,example
the terminating decimal 1.23 is equal t8br 1+ +:%.. The repeating

100 *
1 i 3 3
decimal, .333... is equal t§ + 35+ 55+ - -

The professional development facilitators introduced the definition of decinal ea
in the summer institute and revisited it at various time points during the follow-up
seminars, though not quite as often as they referred to the study definitioniohfract
Teachers participated in activities where they connected the meariragtafns and
decimals. They identified decimals as numbers, which could be compared and
ordered on the number line. The core idea associated with this definition is that
decimals, place value and fractions are closely linked and should be mutually

reinforced. For example, the decimal 0.15 is equivalent to fifteen hundregghs or

with the denominator of 100 representing a power of 10. These connections can be

reinforced when fractions and decimals are placed on the same number line. These

13 The actual question was: Suppose a group of sts@ee having trouble connecting the meaning of
fractions with the meaning of decimals. What migbt do to help students solidify their
understanding of how these two types of rationahlpers are related?

108



emphases are what | expected teachers to address when they responded to this
guestion.

Only one teacher, Smith, scored at the moderate level of understanding on this
guestion. Both Hamlin and Wiggins, though they scored higher than Smith on the
previous question, scored at the weak level of understanding. Smith used place value
to connect fractions and decimals: “l would say the number one problem equating a
fraction to a decimal is that idea that a decimal is based on the base 10 andra fracti
can be based on whatever.” Though his point about decimals being based on base 10
is important, it could have been stronger if he had talked about how fractions with
power of 10 denominators represent positions to the right of the decimal point. He
actually didn’t refer to the study definition at all. Nevertheless, hisingirong
connection to place value was consistent with what was being promoted in the
professional development. Later, Smith mentioned how he would connect fractions
and decimals using a number line: “I've also used fractions that @Ferithe
number line...then we start looking at those, including looking at little blow ups, like
we did in the study.” This connection to the number line was consistent with what
was being emphasized in the professional development — he even referred to a
specific professional development activity from the summer institute. These
responses put Smith safely into the category of moderate level of undergtandi

Neither Hamlin nor Wiggins made solid connections to the study emphases
around fractions and decimals. Instead, both used real world examples to promote
student understanding. Hamlin used pizza to describe how the value of a number can

take different forms:
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We talk about how the value of a number and it being in a different
form...Two out of five pieces might make more sense than 40% of something
if you're talking about how much pizza you ate, for example...we talk about
rational numbers in different forms having the same value.
Instead of connecting fractions and decimals using the study definitions or number
line activities, Hamlin used an area model — pizza — to illustrate how rationBenaim
can come in different forms and yet maintain the same value. This idea is important
but it is not an idea that the study emphasized; and, her example connects percents,
not decimals, with fractions.
Wiggins used money to connect fractions with decimals and focused on the
particular numbers in the question, rather than on the concepts more broadly:
| would bring it back to common sense. If a student thinks .12 is equal to %2, |
would say ‘you know what half looks like and .12 is like 12 cents. Do those
match up?’... Because, if you make anything from money for them, they’ll get
it.
Money is a common way to connect fractions with decimals, but the professional
development actually warned against using money, since money only works for

decimals carried out to the hundredth place. For example, money wouldn’t

necessarily help a student understand why 0.158 is eqg# tr -5 +3; +:2;. Had

Wiggins referred to either study definition or mentioned the importance of place
value, she probably would have scored at moderate level of understanding. But since
she and Hamlin relied on their own techniques and failed to mention these core
emphases, they both scored at the “weak” level of understanding.

Rationale for decimal procedures (Q3)he third question focusing on
fractions and decimals asked teachers to explain the rationale for opernations

decimals, i.e., to explain why decimals must be “lined up” before they are added or
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subtracted and why the decimal point “moves” when they are multiplied or difided.
Teachers patrticipated in several professional development actikdtesdre

designed to promote understanding of these rationales behind common procedures.
The core idea behind adding and subtracting decimals is that only like quaatities c
be combined. When the decimal points are “lined up,” the associated place values are
lined up as well. This distinction might seem subtle, but lining up place values is a
much more conceptually rich idea than lining up the decimals points, which many
students know how to do but can’t explain why it works. The “movement” of the
decimal point when multiplying and dividing decimals is understood when decimals
are converted to fractions with power of 10 denominators. The study included
activities where teachers converted decimals to fractions and then ddsouss was

happening to the decimal point and why. For example, 0.23 x 03Xz =

100

Tooss O 0.0345 The product is carried out to the ten thousandths place because the

two factors are in the hundredths place — hundredth x hundredth = ten thousandth.
Hamlin’s response to this question was one of only two responses across all

the interviews that reached the strong level of understanding (Hamlin afed $ice

other strong response, on question 4). Her responses to both parts of the question —

adding and subtracting and multiplying and dividing decimals — are strongly limked t

what was emphasized in the professional development. When discussing the

rationale for adding and subtracting decimals, Hamlin begins by reféarimoney:

% The actual question was: Suppose a student aski® yplain why you “line up the decimals”
when adding or subtracting but “move” the decimatp to the right or left when multiplying or
dividing. What would you say?
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We’'ve done examples. That's come up actually pretty recently and we talked
about money. First of all, | put up that | have 50 cents and | have $5.00. So |
[decided to] add them and so now | have 55 cents, right?
But she doesn’t stop there. Instead, she connects this concrete example to the
underlying concept of adding like place values and even gets the kids to think about

why first:

Now does that make sense to you? ...Well, why? ... You've gotta add the
same thing... the pieces that you're adding have to be the same size.

When Hamlin talked about the rationale for multiplying and dividing decimals, she
referred to the study emphasis of converting the decimals to fractions wién pbw
ten denominators:

When we multiply decimals we turn the decimals into fractions... 25 times

.5...and they get, you know, 125/1000ths and then we talked about, um, you

know, started looking a those. What do you notice?...You know, I'm ending

up with thousandths here. Why am | ending up with thousandths? Well,

‘cause I'm multiplying hundredths times tenths.

Hamlin’s written work was consistent with this explanation: the “movement” of the
decimal point is the result of multiplying the fraction equivalents with denoarmat
that are powers of ten. The approach reinforces the decimal place value system.
Because Hamlin succinctly and clearly captured the core study empéblases to

this question, she received a rating of strong level of understanding.

Neither Smith nor Wiggins was able to answer this question as completely or
succinctly as Hamlin. But Smith’s rationale for lining up the decimals when adding
or subtracting addressed several ideas emphasized in the professional developm
For example, he made an immediate connection to place value:

One thing, I think, you know, you start having a conversation about place

value. You could start with whole numbers and we don’t use a decimal point
when we’re just adding whole numbers but we could go -- you could have like
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35 + 28, if you were to put a decimal point in there for each number and it
would still be 35 and 28, where would you put the decimal point on each one?
Okay. Does it does line up? Well, yeah because I've got the ones and I've
got the tens.
Though he talked about lining up the ones and the tens, his explanation would have
been stronger if he had explained that the ones and tens were part of a lagger plac
value system. However, Smith returned to the importance of place value lagr in t
interview, as part of a discussion about estimation:
The estimation is important. It's a way to keep place value so that we're
adding 100ths to 100ths, 10ths to 10ths, 1s to 1s and so forth when we're
doing a regrouping.
He continued to discuss the importance of estimation when explaining to students
why the decimal point “moves” when multiplying or dividing: “I would tell the
student, ‘Is the decimal place...in your answer based on your estimation Jsb that
makes sense to you?” The study discussed estimation as one strategy to promote
number sense, but the professional development did not talk specifically about how
estimation might be used to explain this question because estimation onk/ make
sense when the numbers are manageable. Relying solely on estimatiolarg@imi
using money to explain the connection between decimals and fractions: even though
they activate students’ prior knowledge, both are limited in what they canrexpla
Given Smith’s moderate-strong response to the part of the question focusing on
decimal addition and subtraction and his weak response to the part of the question
focusing on decimal multiplication and division, he scored at the weak-modzrele |
of understanding.

Wiggins also scored at the weak-moderate level of understanding on this

guestion. Like Smith, she did better on the first part of the question and made a solid
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connection to place value for why the decimal point must be lined up when adding or
subtracting:
Well, as far as for the adding, | mean, we line ‘em up when we’re doing whole
numbers ‘cause each number has the same value...We've done a lot more
with just place value and they're getting to being okay with the whole idea
that they have a value.
Like Smith, who used estimation to explain why the decimal point “moves” when
multiplying or dividing, Wiggins emphasized estimation and sense making when
determining where the decimal point should be placed in any product or quotient.
First, though, Wiggins went back to the definition of multiplication as the number of
groups of a certain number:
Well, I'd probably bring them to like a simple question where it's like 3 times
.2 ... ‘cause like 3 times 2 is 3 groups of 2 or two groups of 3...So it's 3
groups of .2.
The professional development did not focus on the meaning of multiplication as a
way to understand why the decimal point “moves,” but Wiggins concluded her
explanation by saying that “[students] know that 3 groups of 2 is 6, so 3 groups of .2
has to be .6.” This latter part of her explanation reinforced estimation and number
sense, which were general study foci but not specifically emphasizedsfor thi
qguestion. Like Smith, who focused on helping students understand where the decimal
point should be placed in an answer, Wiggins did not answer directly the question of
why the decimal point “moves.” Also like Smith, Wiggins only used simple numbers
to reinforce students’ understanding of decimal placement. Neither teacher

mentioned the study focus of converting decimals to fractions, which explains the

location of the decimal point in any product, not just simple questions where students’
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number sense is sufficient. Given the similarities between Smith’s andn&/mgi
responses, Wiggins also scored at the weak-moderate level of understanding.
Student misconceptions with fraction procedures (Q@4e next question
asked teachers to debug a student misconception related to simplifyingnacti
Students are taught often to “cross cancel” as a quick way to simptfiofrg, but
they are rarely provided the underlying rationale for why it works. For exampl

&% =1, but %;ﬁ <. The reason the procedure works in the first equation but not the

second is grounded in the identify property of multiplication. The identity property of
multiplication states that the value of a number does not change when it @igtllti
by one (any form of one). The study placed a strong emphasis on this property and

. : e 0 1
included the more formal expression of{te » = 21 =2 So, {5 = & is true because

s can be expressed #5: , wherei—g((% =1. And the value of anything (in this

150
casek) multiplied by one (in this cag@) does not changelhe same cannot be said
for the second inequality, since 28 does not hafaetar of 8, which could be used to

write the expressiog%% =1. To address the student misconception in the

inequality -k = 1 , teachers would need to discuss the identity ptpé

multiplication, either formally or informally.

Hamlin again demonstrated a solid grasp of theetiyithg student
misconception and referred to the concepts empédgizthe professional
development.

Well, if they’re changing it into an equivalentdteon they have to divide by

one -- a form of one -- and in this case they atedividing by a form of one.
They're just crossing off things.
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When Hamlin talks about dividing by a form of osbe is referring to thé

component oft e 2 = 22 =2 Though she says “dividing by a form of one” rathe

than multiplying by a form of one, the study empbhad that every multiplication
problem can be rewritten as a division problemuslther description addressed the
core underlying concept of the identity propertyrafltiplication. Hamlin elaborates
further and demonstrates that she knows that tetaka stems from situations where
it does work:

| think where [students] get this misconceptiowigen they're taught because

of powers of ten, if you have 10/880, boom, youwssroff the zeroes. Well,

that works. You're actually dividing the numeragord the denominator ...by
ten tenths.
Though Hamlin did not refer to the formal propeske did address the key
principles associated with the property. She edgdforced the study idea of
providing rationales for procedures: “That's mygdpst thing with my kids ... if you
don’t understand why that works, you can’t use itHese responses placed Hamlin
in the category of “strong” level of understanding.

Smith also addressed some of the core ideas eimptias the study, but his
responses were not as comprehensive or succiitdran’s. He begins by
suggesting that the student think about benchrmiadtiéns, which reinforce his
earlier focus on building number sense and estonati

Well, I think, you know one thing that we couldtingt to have them do is

come over here to %...Start asking ... why is thisl&h®ell, because it's a

one in the numerator and it’'s a 2 in the denommatavhat does that really

mean?...I might move to 2/4ths and 3/6ths and lstaking for a pattern: it

looks like the numerator has what relationship it denominator? It's
always half...
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Like other questions, the study did emphasize edtom and number sense generally,
but the primary emphasis for this question — a treshat was very similar to an
activity the teachers completed in a workshop — tivasdentity property of
multiplication. | prompted Smith to think aboutsea where “cross canceling” does
work in an effort to trigger the identity propedf multiplication:
Interviewer promptlf you have 80/160, [crossing out the zeros] actually
would work in this case, wouldn’t it? 80/160 -- 8/16ths would still equal a
half. Smith: They have no concept of dividing eaamber by 10, which is
still dividing it by the value of one, but it’s arith of the pieces. And, of

course, they're ten times larger and so you'll ne¢einth of them. They're
using a procedure here.

Smith does touch on the concept of dividing eaahlmer by ten, which is the same
as dividing by the value of one. Since Smith shebtimat he understood the basic
concept behind the identity property of multiplicat | gave him a score of moderate
understanding. Like Hamlin, he did not refer te tarmal property. But unlike
Hamlin, who extended the question to an exampleevtiee “cross canceling”
worked, Smith only responded to my prompt. Hipogse suggested that his initial
response, which emphasized number sense morerthamderlying property, is what
he would most likely do to emphasize with students.

Like Smith, Wiggins responded to this prompt bigreng to the benchmark
fraction of ¥2. She emphasized the visual reptesen of the common fraction and
the relationship between the numerator and dendorina

| would probably go back and draw a picture oflitnean, the odds are if you

give them something to look at they can see ti28 & definitely not 1/2...

I'd just say think about it. You know what 1/2a8d you know that 1 is half
of 2; is 8 half of 28?
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While drawing a picture may be an effective wahétp some students with this
particular problem, the explanation does not addties identity property of
multiplication, which can be used to explain why &m@action can be simplified.
Wiggins focused on the incorrect student answerglwhappened to be the
benchmark fraction of %2, and then worked backwérdsrd a meaningful answer.
But what if the incorrect student answer had nenbe benchmark fraction, then how
would she have explained it?

Though Wiggins does hint at the identity propertshe says that she would
talk to students about why it works with tens — dbesn’t name it explicitly and has
trouble articulating it succinctly:

As far as the division we’ve talked about just r@dg a fraction and how
you can divide top and bottom by the same thingiaride tens case it ...
you can cancel out a zero... You have to reducéégame number on
both...it goes to that whole ratio and keeping itsistent.
Unlike Hamlin and Smith, who intentionally avoiding the term “cross cancel” and
stress multiplying or dividing by a value of oneiggins still refers to “canceling out
the zero” in her explanation and never mentiongipiying or dividing by a value of
one. Given these responses, as well as her comthdot’t know how I'd say it to
a seventh grader right now, though”, Hamlin scatthe “weak” level of
understanding for this question.

Rationales and representations for fraction procedures (Q®g final
guestion addressing fraction and decimal contenided on the appropriateness of
specific models or representations for particufzrations with fractions. More

specifically, | asked teachers to explain whichrespntations would be most

appropriate to help a student understand Why2 =13 and whyt x3 = <.
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The professional development model emphasizeditiegtr models, such as the
number line, were most appropriate for explainidditive situations, and area
models, such as rectangular grids, were most agptegor explaining multiplicative
situations. For example, teachers participatednamber of workshop activities
where they used number lines to show how fracteansd be added or subtracted and
why common denominators were needed. They paateioin other activities and
solved problems where area models were used taiexple multiplication of
fractions. A major student misconception relatedhultiplying fractions is that the
product of two fractions must be greater than tlee of either factor. Teachers
solved problems in the professional developmeritatidressed this misconception
through an area model — e.g., What fraction ofragdfdbrownies remains if %2 the pan
is eaten on one day and % of what was left on éx¢ adlay?

None of the teachers articulated the core distindhat linear models were
generally more appropriate for additive situatiang area models more appropriate
for multiplicative situations. Hamlin said thatesiould use the same model to show
addition and multiplication:

| would use the same model, so we could see tlfereifces... Well, I'll go

back to brownie problem [area model], okay? Ongditso we find out what

one-third is. This would be one-third of three-fitngris the way | think of it so
first | need to figure out what three-fourths 8o divide it into fourths or they
would divide it into fourths for me.

Her description of the area model is consistertt wihat the study emphasized; in

fact, she references the “brownie problem” in hgil@nation'> She also says that

she would use a set model to help students whdtdidderstand the area model. The

15 The “brownie problem” asked teachers to describatvraction of a pan of brownies remained after
consecutive days of eating. If half the pan igeain Monday and one fourth of what remained is
eaten on Tuesday, what fraction of the pan remaifis® brownie pan represents an area model.
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professional development discussed set modelsadbearappropriate representation
for multiplying fractions, so her response rein¢his representation.

Though she says she is going to use the same nooslebw multiplication
and division, she ends up using money to illustrdtg like denominators are needed
when adding or subtracting fractions:

You know, we’'d go back to my money model [for addi}. When you're

adding fractional pieces — pieces like penniesi@egs of a dollar — well, you

need to be all adding the same thing. Well, if' g@adding the same thing
what’s important about these denominators? Theg habe the same size
pieces.
This explanation, though conceptually clear andigded in students’ real world
knowledge, does not include the number line orla@rdinear model. Given
Hamlin’s strong response to the first part of thestion, she scored at the moderate
level of understanding overall.

Smith doesn’t refer to an area model or linear ehdout instead says that he
will focus on building students’ number sense. dthets by explaining that when %4 is
multiplied by a number great than one — in thisscaso — the product is greater than
Ya.

| think one place you might want to start is stesihg, you know, their

number sense. Coming back to, all right, I've gdtd this bar, and I find out

one group of that | have 3/4, all right? If | hawe of those, okay, then |

have 3/4 -- each one of these is 1/4. Now | hawtheer three so | have 6/4.

So 6/4 is greater than 3/4, okay?

Then, he explains that when % is multiplied by mhar less than one, the product is
less than %a:

So therefore, there must be something that we calgbrithmically or

whatever that this is going to be something leas #. So | think that's

where you start in a number sense understandimag] jt's got to be less than
Ya.
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Unlike Hamlin, who referenced both the area andramtels for the multiplication
part of the prompt, Smith did not refer to a sgectiodel or representation. Nor did
Smith reference a model or representation for tititian part of the prompt.
Instead, he focuses again on estimation strategiedoenchmark fractions:

And then with addition ... | started with 1/3 and a#d now I’'m dealing with

12ths in my answer and this numerator is biggan thg denominator...Tell

me what part of a whole | have and, you know, gatting ‘em together and

they could estimate it.
Since Smith did not reference any representateves; when prodded, which was the
primary point of this question, he scored at thakvevel of understanding.

Like Smith, Wiggins emphasized students’ numbasedo address the part
of the question dealing with multiplying fractionShe wanted students to see that
the product of 1/3 and 3/4 had to be less than 3/4:

A lot of times you can refresh them back to 2 tirBes 6; it's 3 groups of 2

and this is 1/3 of a group of 3/4...And they careastt see it's gonna be a

smaller answer
Unlike Smith, Wiggins said that she would also agecture to illustrate why the
product is ¥ in this problem. She didn't referapeally to an area model, but her
picture utilized an area model similar to the osetdired in the “brownie problem.”
When Wiggins explained why common denominators weetled for addition, she
said that she would use a combination of fracttapsand an area model. The
professional development did not emphasize fragtaps, though this linear
representation could be linked to the number lmg,Wiggins did not make this

connection:

| think | would go to like fraction strips. Whereuy take a strip and you cut it
-- fold it into three and you take one of them, &od take another strip and
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fold it into four equal parts and you have to tdkee of them and then you
compare it to a couple of strips and say that ygaih,end up with more than
what you began with...If you wanted to get to the nwm denominators then
pull out the fraction circles and do that. Take 143 and the 1/4 and then take
other pieces to try and take another color andni/ get the answer and you
could put, okay, you have a 1/3 piece, you'd hénee(/4 piece and you have
to put pieces on top of them if really wanted aaaanswer.
Nor did the study professional development encaitagchers to use the area model
for addition. Instead, the study focused on thalper line as a more appropriate
representation. Since Wiggins’s response to thigphcation part of the question
was relatively strong, she scored at the weak-nadedevel of understanding for this

guestion overall.

Teachers’ Understanding of Ratio and Proportion Content

Compared with teachers’ performance on questieairdy with fraction and
decimal content, in which they on average scorédden the weak and moderate
levels of understanding, teachers scored lowehemdtio and proportion questions.
Two of the three teachers scored at the weak tEwahderstanding for both ratio and
proportion items. The third teacher scored aintloelerate level for one question and
at the weak level of understanding for the oth8or@nd proportion question. On
the one hand, this discrepancy between fractionsfads and ratio/ proportion is not
surprising, since ratio and proportion conceptscaresidered to be more complex
than fraction and decimal concepts. On the dihed, given the strong emphasis on
ratio and proportion in the professional developtaen the extensive amount of
time devoted to ratio and proportion in this didts text, the discrepancy is puzzling.

Define and represent ratio (Q5).he first ratio and proportion question asked

teachers to define ratio and explain how to repriethat definition with students.
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According to the study, a ratio is a comparisobnaf quantities by division, where
the quotient represents the relative magnitudeé®two quantities —i.e., the
magnitude of one quantity as a multiple of the nthEnhis definition emphasizes that
ratios are not just comparisons between two questgutmultiplicative
comparisons. This difference might seem subtlejtisuwery important and often
overlooked. For example, additive comparisonsh aasc“three more than a number,”
are comparisons between two quantities but thepairenultiplicative comparisons.
The study also emphasized that ratios come in floregs — part to part, part to whole
and whole to whole — distinguished “within” frométween” ratios. “Within” ratios
consider comparisons from one similar figure, whietween” ratios compare
corresponding dimensions from two similar figurd$e study provided teachers
with several ways to represent ratios with studentsst notably strip diagrams and
ratio tables.

Hamlin, who scored the highest on the fraction d@cimal questions and
highest overall, did not use a definition of ratiat highlighted the multiplicative
relationship between the two quantities. She dedition that a ratio was a
comparison, but then she connected ratios to fnasti

A ratio is a comparison between two things...putacfional form, a lot of

times, or with the little dot dots...We always tatkthe kids, you know, the

amount of girls to the amount of boys; the amodrefd>-hand people to the
amount of right-hand people; how many are blue eyetlhow many are
brown eyed? We talk about what's a comparison..samdetimes we’ll
represent it as a fraction. It can be manipuléikeda fraction...you can add
ratios and subtract ‘em and multiply and do alksthé&ractional things with
ratios.

To her, a ratio was a comparison between two quesitbut she did not distinguish

multiplicative from additive comparisons. She uasegal world example (boys to
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girls) and prior knowledge (fractions) to explaihat a ratio was, but these
connections did not capture the core ideas oftiys When she mentioned that
fractions and ratios were related, she didn’t elateoon how they were related or
how they were different. Hamlin did not discussviratio tables and strip diagrams
could be used to highlight what ratios are andeip students understand problems
involving ratio and proportions. Given these reg®s, Hamlin scored at the weak
level of understanding.

Smith was the only teacher who addressed the phaétive aspect of ratios,
though he didn’t make this point immediately or@nctly. When asked to define
ratio, he initially said:

It's a way to compare groups of numbers and | thinat could be an

introduction. Say we’re gonna talk about ratio®oys to girls in the class,

something that they can concretely see, [or] | e cup of sugar to every
two cups of flour.
This definition does not mention the multiplicatredationship between the two
guantities, and like Hamlin’s response, utilizeasa world, concrete example. But
later in the interview, when | prompted Smith tgkn the type of relationship
between the four and sugar, Smith said:

Well, it's a ratio but it's also a comparison ofdwalues in a sense by

division. Because if it's 1:2 — we’ll say that ooigp of the flour to two cups

sugar — the flour is always half of the sugar.n8anatter how much sugar |
have, | need to divide that amount by two to getfloyr or if | have my flour

| could always multiply by two to get the amountsofyar.

In this explanation, Smith captures the multipiataspect of ratios: no matter how

big the recipe, the amount of flour is always hlaé sugar (or the amount of sugar is

always double the amount of flour). Smith didn&mtion either ratio tables or strip
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diagrams as a key representation for ratios, beaumse he captured the multiplicative
aspect of the definition of ratio, he scored atrtiaglerate level of understanding.

Like Hamlin but unlike Smith, Wiggins did not egpt that ratios were
multiplicative comparisons between two quantiti&he said that a ratio is “just a
comparison of two things,” and when prompted tol@xpthat comparison, she said,
“it's got to keep that consistency between itselfliough “consistency between
itself” might have been a proxy for a multiplicativelationship, she was not able to
articulate this comparison in the interview, nat dhe distinguish additive from
multiplicative comparisons. Hamlin did mentionioaables — “I would use the ratio
table; I love the ratio table” — but, when prompteould not explain what
mathematical concepts the ratio table might ilatstior illuminate. Given the lack of
attention and clear articulation of the study ensglsashe scored at the “weak” level
of understanding.

Connect ratio and fraction concepts (Qd)he second and final question in
the ratio and proportion domain asked teachergptam how ratios and fractions are
related and how they can be distinguished fromamwther. The study professional
development emphasized that a fraction is a numvitbran exact location on the
number line, but a ratio is a comparison betweanrtumbers, and therefore does not
have an exact location on the number line. Evendh ratios can be expressed in
fractional from — e.g., the ratio 3 to 4 can beresped as 3:4 or 3/4 — they are not
exactly the same thing. The professional developralkso touched on how ratios and
fractions give rise to each other — which is dedityitrue — but because this emphasis

was not as great as the number vs. comparisondtisin, | focused more on the
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distinction between fractions and ratios for scgmurposes. However, if any teacher
had discussed how fractions and ratios give ris&ath other — none of them did — |
would have incorporated those responses into ihengc
Hamlin could not explain how fractions and ratws related to one another:
“That’s befuddling. I'll have to think over thahe. | haven't really given much
thought to it truthfully”. However, she did try tbstinguish between a fraction as a
“part of a whole” and a ratio as a comparison betwivo different things:
A fractionis a part-to-whole relationship. And a ratio candetween two
different things — it can be between two differdmibgs. Where generally a
fraction is a — you’'ve got a whole and then the artator is the part of that
whole. [But] in boys to girls it's not that way.
But this explanation was unclear and did not refeeehe underlying concept that
fractions are numbers that can be placed on thdéauhlme but ratios are
comparisons between numbers and cannot be placasomber line. Hamlin, like
Smith and Wiggins on this question, scored at taakntevel of understanding.
Smith did not bring up the core way in which frans and ratios are different
— that one is a number and the other is a compabstween two nhumbers — but
instead focused on how part-to-whole ratios anctifsas are related:
If you talked about ratios as part-to-part and-pastvhole, and you've talked
about fractions as part of a whole, whatever thatlesis, then you can start
talking about well, is a fraction always the sarm@aatio? .. Then you can
start having the discussion, okay, if a fractiosibally means it's the parts
that I’'m counting compared to the number of partpieces or parts that it
takes to represent the whole... but | have two typeatios over here -- a
part-to-part and a part-to-whole -- which one dibssund like it's more like?

This explanation does address the similarity betwsset-to-whole ratios and

fractions — e.qg., if the ratio of girls to studeigtd.1 to 20, then 11/20 describes the
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fraction of the class that is girt. However, this connection was not an emphasis in
the professional development. Rather, the strareggganation for why fractions
and ratios give rise to each other is rooted indka of rate.

Like Smith and Hamlin, Wiggins does not distindguisactions from ratios as
one being a number and the other being a compabisoveen two numbers. When
prompted to think about whether the number lindatbe used to distinguish
fractions from ratios, she said, “I probably wodtdyo at it that way because | don’t
use fractions on the number line. Like Smith, Vihggalks about the relationship
between part-to-whole ratios and fractions beipgud of a whole:

When | think of ratios | think of the part, no, ¢teons | think of as being part-

to-whole, so like you have three pieces out of 6fa cake. But a ratio could

be I've got 14 girls and 24 boys. You know ...a frat is always part to
whole, [but] a ratio could be part-to-part or atgarwhole.
Since she did not address the core distinctionsémigigled to articulate the other

connections between fractions and ratios, Wiggiss scored at the weak level of

understanding.

Sources of Variation Among Teachers’ Responses

The previous discussion of teachers’ responstgeteeven questions on the
structured content interview depicted variatiommuerstanding across the questions
as well as variation across teachers for partial@stions. One potential source of
variation resides in the complexity of the contentomponents of the professional

development model. For example, teachers on agexagyed lower on the ratio and

®For example, if the ratio of cups of lemon juicetps of water in a lemonade recipe is 2 to 5, then
there are 2/5 cups of lemon juice for every cupvater (rate). Thus, the ratio 2:5 gives rise ® th
fraction 2/5 in the rate of 2/5 cups of lemon juioeevery cup of water. Fractions give rise tihas

in the reverse fashion. For a complete discussidhis topic, see Beckman (2005).
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proportion items (Questions 5 and 6) than theyodidhe fraction and decimal items
(Questions 1-4; 7). Teachers also scored loweuastions that required them to
make connections across multiple concepts (Quesfiland 6) than on most of the
other items.

A second potential source of variation residedifferences among teachers
such as their knowledge and experience and thkaf$and attitudes toward
learning. Teachers brought different levels ofdgaound knowledge and experience
to the professional development. They also vandte degree to which they were
motivated to learn the content, as evidenced byitheunt of time and effort they put
into the various professional development actigiti@he next two sections address
each of these broad sources of variation: the cexitglof the content of different

components of the model and individual differenae®ng teachers.

Complexity of the Content

As previously discussed, teachers scored low¢h@mnatio and proportion
items — just barely above the weak level of un@exding — than they did on the
fraction and decimal items — closer to the moddeatel of understanding. What
might explain this difference? According to Craraad Lesh (1988), who worked on
the Rational Number Project, a twenty year stuay$ing on the teaching and
learning of rational numbers in the elementary endidle grades, elementary and
middle school teachers’ understanding of ratio rgbortion concepts is a major
obstacle to promoting student understanding ofetltesicepts. Other researchers,
such as Lamon (1999), have documented similarexingdis in teachers’ acquisition

of knowledge related to teaching ratio and propartioncepts.
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This research is consistent with how materiakrésented to students:
students learn about fractions and decimals in eteany school, but don’t delve
deeply into ratio and proportion until middle schaghen they are older and more
able to understand more complicated concepts.k&fiactions, which lend
themselves to simple, concrete models like pietsharsets and generally involve a
single concept, a ratio is a multiplicative compan between two quantities and
involves more than one idea at a time. For exaniiptlee ratio of lemons to cups of
water in a lemonade recipe is 3 to 8, then the twater to lemons is 8 to 3.
Expressed as a unit rate, there is 3/8 of a leneorcyp of water or 8/3 of a cup of
water per lemon. Notice that the description ¢f telationship requires an
understanding of fractions and illustrates thabsaare more complex ideas than
fractions.

To compound matters, the definition of ratio vardeross different textbooks
and resources available to teachers. Accorditigetdirst edition olCMP, the
textbook that all three teachers were using, a rata comparison between two
guantities, but it does not include the “by divisigart of the definition. The text
discusses the multiplicative aspect of ratios,itigtpresented differently than in the
professional development. Thus, the study’s expansi what “by division” means
was likely new to teachers, which could partiakpkain why they scored lower on
these items.

Another potential source of variation relateditie tcomplexity of the content
is the distinction between pedagogical content kadge and content knowledge.

Though the range of averages across teachersdomg@stion was 1.0 — from 2.0 to
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1.0 — two of the lowest averages were on Quesfasd 6, both of which dealt with
making connections across rational number conceptestion 2 asked teachers to
make connections between fractions and decimatsQamestion 6 asked teachers to
make connections between fractions and ratiosh Beg¢rages, 1.3 for Question 2
and 1.0 for Question 6, were the lowest averagesacthe 7 questions. This pattern
suggests that teachers struggle more with conmectincepts than they do
articulating a single concept. Given the diffiguéachers had with individual
concepts — e.g., they struggled to define bothndaicand ratio — it is not surprising

that they struggled more to make connections acassepts.

Individual Differences Among Teachers

In addition to the differences associated withriaure of the content,
differences among teachers are another potentiats@f variation in their
understanding of the core content emphasized iprbfessional development.
Teachers’ a) prior knowledge and experience, loy @xperiences with prior
curricula compatible to the professional developimenfurther self or group study
on the professional development topics, d) exthalgoration with the coach, and e)
beliefs and attitudes about the utility of such\ktexlge and about how students learn
mathematics are all potential sources of variatiaunderstanding. Among these
potential sources, teachers’ beliefs and attitadbesit mathematics content and
beliefs about how students learn mathematics apgearbe the most salient sources
of variation.

Hamlin, who demonstrated the strongest overaélllefunderstanding on the

structured content interview, stood out even moreims of her beliefs and attitudes
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toward learning the content and promoting studenterstanding of the content.
She was hungry to learn. She often vigorouslyyemasvhy something was true or
false, and was always uncomfortable when studedtstdinderstand something or
when she was confused about the mathematics. xeorge, during one of the
workshop activities, the teachers were solvingatirkeely difficult problem involving
rates (several of the teachers were stuck):

It takes 4 people 10 hours to mow the grass ircitlygoark. If they all work
at this rate, how long will it take 6 people to mthe same park?

Hamlin managed to arrive at the correct answedphours, but she didn’t know why

this answer was correct. She asked the profedsiemalopment facilitator during
whole group discussion, “I know this is the righsaer, but why does this work?”
Unfortunately, the facilitator wasn’t able to exiplavhere this answer came from or
how it was connected to what teachers had beemdioint day:” Hamlin then spent
the next several minutes — including the entirerafion break — trying to figure out
the answer to the question on her own and disaygigsivith other teachers. This
persistent attitude carried over to the classramswell. On several occasions, |
observed Hamlin asking the coach (or me, when dheltwas not present) for help
in understanding the underlying mathematics irsada. One poignant example
occurred at the end of a lesson, when several stsigeere sharing different solutions
to a particular problem. Hamlin was listeninghe students talk about what they had

done, but as she was trying to summarize the uidgrmathematics in the students’

17 Teachers had been studying proportional relatigusshuut this problem featured an inversely
proportional situation. Effort and time are invaysproportional, so if it takes 4 people 10 hatars
complete the work, then 6 people would produceo8/4.5 the amount of work in 4/6 or 2/3 the
amount of time -- 2/3 of 10 hours is 6 and 2/3 Bour
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thinking, she turned to the coach and said, “Téishere | get stuck. | don’'t know
what to say. What should | say?”

Hamlin’s eagerness to understand the underlyintpenaatics stood out from
Smith and Wiggins. Though both Smith and Wiggicisvaly participated in the
professional development, neither teacher, at [@adicly, was as determined to
understand the mathematics (or as uncomfortable wbefused) as Hamlin. Smith
participated more publicly than Wiggins during therkshops — e.g., he asked more
guestions and made more presentations — but tfezatite between Smith’s and
Wiggin’'s apparent will to learn was much less pnamzed than the difference
between Hamlin’s and everyone else.

Among the other potential sources of variatioackers’ prior knowledge and
experience using similar instructional materiat$ ot appear to affect teachers’
level of understanding of the core math contentteasjzed in the model. Using
degree type and number of math courses taken i@y for prior knowledge, only
Wiggins, who scored the lowest on the content ynter, has a degree in secondary
math education. Both Smith and Hamlin have degreeementary education,
though Hamlin did specialize in mathematics indlementary program. Hamlin
said that her program was unique because it retjstrglents to take five courses in
mathematics from the math department, as opposetio courses in the education
department. All three teachers have taken betwemrd 9 graduate courses in
mathematics education or mathematics teachingydmg of the teachers has
completed an advanced degree in mathematics oematics teaching. Using the

number of math courses taken in an undergradudte cepartment as a proxy for
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knowledge, the expected order would be Wiggins, #2mlin (5) and Smith (2);
however, the order of the scores on the conteatir@w was Hamlin (1.9), Smith
(1.5) and Wiggins (1.3).

In addition to being the only teacher with a degresecondary mathematics
education, Wiggins also had the most middle schwihematics teaching experience
(9 years) and the most experience teacliNtP (6 years). See Table 6 in Chapter 4
for a table of teachers’ education and experiergraith and Hamlin have been
teaching middle school and t@&/P text for three and two years, respectively. Thus,
experience teaching middle school and experierashiegCMP, which more than
traditional textbooks requires teachers to undedséand be able to explain math
concepts, do not appear to influence how much eraaliere able to learn from the
professional development. If length of experiemadtered in this case, then
Wiggins, who scored lowest, should have scoreddsgghHowever, the type of
experience that each teacher had using the CMRialatis also likely a contributing
factor. Though Wiggins has more years experieeaehing CMP, she may not have
made the most of opportunities to understand apthexthe content.

None of the teachers collaborated with each atherith their instructional
coach in between or after professional developraetitities. The absence of such
contact eliminated potential sources of variatiommderstanding of the math content.
Both Hamlin and Wiggins enrolled in math teachingrses during the year of
professional development. Hamlin took a classractions, which might have
supported her understanding of fraction concepishasized in the professional

development. However, she reported that the @lassnot terribly informative and
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that the main reason she enrolled in the coursaavascrue credits toward a
master’s degree. Wiggins took a geometry class;hwthid not focus on rational
number content and which Wiggins described as aent useful, so it is unlikely that
this course contributed to Wiggins’s understandihgontent emphasized in the

professional development.

Conclusion

In summary, all three teachers scored betweewdad and moderate level of
understanding on the structured content intervieith only one of the three teachers
scoring close to the moderate level. The teaclarayerage, scored higher on
guestions addressing fraction and decimal conkemt d6n questions addressing ratio
and proportion content. Teachers’ average scordéBeoratio and proportion items
were especially low, with teachers scoring wealalbbut one of the ratio and
proportion items. Teachers also struggled on gquestvhere they were asked to
make connections between rational number concepig..-connections between
fractions and decimals and ratios and fractionseifTaverage scores for these items
were similar to their low averages on the ratio praportion items.

Among the potential sources of variation in teashenderstanding, the
complexity of the content —i.e., ratio and profmortconcepts are considered to be
more complex fraction and decimal concepts — aachiers’ beliefs about learning
mathematics stood out as salient factors. Teachposted that the ratio and
proportion content was more complex and newer thariraction and decimal

content. The teacher who was most eager to lesrmest visibly troubled when she
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didn’t understand something scored noticeably higjimen the other two teachers on
the structured content interview.

The next chapter shifts from teachers’ understapdf the content and
pedagogical content through a structured intert@how that understanding
manifests itself in the classroom, through teachessructional practice. In addition
to capturing teachers’ understanding of mathematosent and pedagogical content,
the next chapter includes pedagogical knowledgewihe professional

development model also emphasized.
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CHAPTER SIX: TEACHERS’' INTEGRATION OF THE PROFESSIONAL
DEVELOPMENT INTO THEIR INSTRUCTIONAL ROUTINES

This chapter examines the extent to which teadhegrated into their
instructional routines the content, pedagogicateanand pedagogical components
of the professional development model. Unlikeghevious chapter, which utilized
structured interviews to assess a single compafdahe model — teachers’
understanding of math content and pedagogical nbrtéhis chapter utilizes data

from classroom observations to assess all three ammponents of the model.

Classroom Observations

In order to assess the extent to which teach&griated into their
instructional routines various components of thefgssional development model, |
developed an observation protocol based on thecomtent emphasized in the
workshops, seminars and coaching activities. thtexh to the math content and
pedagogical content topics described in the stradtaontent interview, the
professional development emphasized general pedadetrategies. General
pedagogical strategies, as outlined in Chaptere3teghniques that the professional
development facilitators modeled in the workshaps @oaching that can be applied
to any lesson, regardless of whether the focusefesson is on rational numbers or

not.
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Components of the Classroom Observation Protocol

The classroom observation protocol is organizedrad these three general
domains of knowledge: math content, pedagogicaterd and pedagogical
knowledge (see Table 10). Math content knowledg®mpasses several teacher
behaviors, such as the degree to which teachemmateematically precise language,
make connections between or among rational nundrerepts, explain the rationale
behind procedures or algorithms, and incorporayeideas about fractions, decimals,
ratio, proportion and percent. The content fodumost of the lessons | observed fell
under the domain of rational numbers; however spafrsome of the lessons focused
on other math topics. In the next section | déschow | scored teachers’
understanding of non-rational number content.

Table 10
Core Components of Classroom Observation Protocol

Domain of Knowledge Teacher Behaviors

Math Content Knowledge Use mathematically precise language
Make explicit connections between or among concepts
Provide rationale for why procedure works
Incorporate key ideas about ratio and proportion
Incorporate key ideas about fractions and decimals

Pedagogical Content Identify and debug student misconception(s)
Use (or student use of) multiple representations of concepts
Make connections among student errors or approaches

Pedagogical Knowledge State the mathematical focus or objectiessoh
Encourage students to pursue multiple strategies to solve
problems
Ask students to justify or extend their answers or
explanations
Ask students to engage in each other’s reasoning
Provide lesson summary or closure
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Pedagogical content knowledge encompasses thet éstehich teachers
diagnose and debug student misconceptions, useoukage student use of multiple
representations of concepts, and make connectraos@student approaches,
including student errors. The misconceptions a&pdasentations are rooted in
specific math concepts, which is why the term dgg®gicalcontentrather than
straight pedagogical knowledge. Pedagogical kndgdeaefers to general actions
that can be applied to any lesson, regardlesseaidgithematics content that is the
focus of the lesson. Stating the lesson objecéimepuraging students to pursue
multiple solution strategies, asking students stifyior extend their answers, asking
students to engage in each other’s reasoning, @wtpg a lesson summary
statement or closure are among the general peday@gitions emphasized in the

professional development.

Criteria Used to Score Classroom Observation Protocols

To capture the extent to which these three cqueds of teachers’ knowledge
manifested themselves during instruction, | devetbgcoring criteria similar to the
criteria used to score the structured contentviger. To score structured content
interviews, | used a four-point scale, from 0 tadB¢apture teachers’ level of
understanding of the content. For the observatain, | also used a four-point scale,
from O to 3, but to capture the visibility of theofessional development in teachers’
instructional practices. Thus, the four levelSwfderstanding” on the content rubric
are replaced with levels of “evidence” on the alasm observation rubric. Table 11
includes complete descriptions of the four levedsduto capture visibility: no, low,

moderate and high visibility in teacher actions.
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Table 11
Observation Protocol Scoring Criteria

Level of
Scoring Criteria Visibility Score
Study-emphasized material is not visible in teacher instructional No 0
practices. Visibility
Study-emphasized material is occasionally or superficially @sibl Low 1
in teacher instructional practices. Visibility
Study-emphasized material is visible in teacher instructional Moderate 2
practices. Visibility
Study-emphasized material is highly visible in teacher High 3

instructional practices, including exact content or pedagogical Visibility
techniques modeled in the professional development.

In contrast to conducting interviews, where teaghespond to a fixed set of
guestions in a fixed period of time with few distians, collecting classroom data is
much more difficult and unpredictable. For exampléeacher might have planned
carefully for a particular lesson only to find dhat the class period has been
shortened considerably for a school-wide functi@, more commonly, a teacher
might launch a lesson only to find out that thedstus are confused because they
don’t have sufficient background knowledge to coemgnd the new concept. As a
result, the teacher must alter or even scrap threriiesson plan and focus on review
material.

Despite the inherent messiness of the classroassroom data are
potentially very powerful because they capture @atather than intended teaching
behaviors. A teacher may provide a correct dedinifor fraction when interviewed

but decide to use an entirely different definitipith students. Or a teacher might

139



plan to conduct a 10 minute lesson summary segmgrttecide to skip it. Because
these differences are important to capture, | exgiaw | took these complexities

into account when | scored the classroom observaliba.

Scoring the Observation Data

One of the challenges in scoring the level ofhiigy of the math content,
pedagogical content and pedagogical aspects girtiessional development is that
each phenomenon occurs at different frequenciegadpgical strategies, for
example, were the most straightforward teacheomstio score. In every lesson,
teachers either state the lesson objective ompnolbe student thinking to some degree
or not, and summarize the lesson or not. The pstdaal development offered
specific questioning techniques — e.g., teachers @ecouraged to use probes like
“Say more” and “Explain what Johnny did in your owords” — that teachers used
often. The specificity and simplicity of the tedipmes made them easy to detect and
guantify. However, the process was much less stifaigvard for capturing math
content and pedagogical content teaching actiQunpared with the pedagogical
strategies, teacher actions that addressed thentard pedagogical content
emphases of the professional development were tesstvisible.

Given this difference, | weighted each content pedagogical content
occurrence more heavily than the pedagogical aspéthe model. In situations
where items did not occur at all — e.g., fractiod decimal content was not a focus in
ratio and proportion lessons — | excluded thesagtirom the averages within and
across the three general categories. These plesrdogical differences are why |

interviewed teachers on the content and pedagoaspadcts of the model. Whenever

140



possible, | used the structured content interviata do cross check the associated,
but less visible, math content and pedagogicalerurdlassroom data. The
descriptive analyses in the next sections furtiudiree how | analyzed the classroom

observation data.

Teachers’ Scores on the Observation Protocol

| observed each teacher five times over the confriee 2007-08 school year.
The first three observations occurred when eaathtzavas working directly with
the study’s instructional coach. These lessonaroed immediately following a
professional development seminar in which teacplarsned and/or studied content
relevant to the lessons they taught the followirgggkv Each lesson was between 80
and 90 minutes in length and included a 20-30 reimuimeracy block and the 50-60
minute lesson fronl€MP. In the numeracy block, teachers reviewed a iaakt
topics and skills that appeared on the state assesgs In theCMP block, teachers
worked on an investigation or set of problems mdhrrent unit® In terms of time,
each observation was about twice the length ofvanage 40-45 minute middle
school lesson.

One way to examine the level of evidence of tmeahypes of knowledge
during instruction is to look at average scoregdachers across the five lessons.
Table 12 shows that, overall, all three teachensatestrated between a low and

moderate level of visibility of the core componeotshe model during instruction.

18 Unlike traditional textbooks, which are chapted &sson base@MP is unit and investigation

based. Chapters typically take 2-3 weeks to comped contain 7-10 lessons focusing on discrete
topics. Units typically take 4-5 weeks to complatel include 4-5 big investigations or problems.

The investigations are linked together by a commngihtheme. Chapter lessons are linked as topics t
the topic of the Chapter, but traditional textbobksically don't have a theme that holds the lesson
together.
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These scores represent the weighted averages wofathecontent, pedagogical
content and pedagogical knowledge across thedssohs. For instance, Hamlin’s
overall score of 1.9 represents the average ofra¢i content (1.2), pedagogical
content (2.3) and pedagogical knowledge (2.2) scagually weighted. Each of the
three knowledge domains represents the averagessaoross the five lessons.
Hamlin’s and Smith’s averages of 1.9 and 1.7, retvpey, were the highest and
closer to moderate rather than low level of vigipil Wiggins’s overall average of
1.3 was closer to the low level of visibility. Tdeescores are consistent with the
ordering from the extended content interviews.

Table 12

Level of Evidence of Teachers’ Use of Math Content, Pedagogical Content and
Pedagogical Knowledge in the Classroom

Lesson
Teacher 1 2 3 4° 5 Average
Hamlin 1.9 21 1.7 1.9 1.8 1.9
Smith 2.0 2.1 16 1.8 1.2 1.7
Wiggins 1.4 1.9 09 0.7 1.6 1.3
Average 1.7 2.0 14 15 1.5 1.6

a. 1.9 represents the average level of evidencalfitems in the math content, pedagogical cardexd pedagogical knowledge
components in the protocol for the first lessoneotation. This lesson was delivered in the preseaf@n instructional coach,
where 0 = no evidence, 1 = weak level of evideBce moderate level of evidence, and 3 = strongl lefevidence.

b. Columns 4 and 5 are shaded because they weeevel after the professional development inteiweritad been withdrawn
(i.e., the instructional coach was present in lesse3 but not present in lessons 4 and 5).

When examining the overall averages for teactmriegsons in which they
worked with an instructional coach, the averageswsbéghtly higher when teachers
were working with the coach than when they were fidte average across the three
teachers for the three lessons in which they wovkidtd an instructional coach was
1.7 versus an average of 1.5 for the lessons inhwihie coach was not present (see

Figure 12). These averages provide an overaltgabdf the extent to which the
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professional development penetrated the classrblonvever, analyzing the
observation data by each core emphasis — mathrdpptxiagogical content and
pedagogical knowledge — and by each teacher preaadeore fulsome explanation
of the visibility of each component of the professl development in teachers’
instructional practices.

Figure 12. Average Level of Visibility of Professional Development in Lessons
Taught With and Without an Instructional Coach

3
Level
of 2
Visibility

1

Lessons Taught Lessons Taught
With Coach Without Coach
1.7 1.5

Presence ofrinstional Coach

Visibility of Mathematics Content in Teachers’ Lessons

The first category on the observation protocol Wasvisibility of teachers’
understanding of math content in the classroomprasiously mentioned, teachers’
understanding of the content included the extemtttich they used precise language
and explanations, made explicit connections betweecepts, provided rationales
for why procedures work, and incorporated key icdasut either ratios and

proportion or fractions and decimals. The vistibf teachers’ implementation of
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the study-emphasized math content was notably Ithveer the other two dimensions,
pedagogical content knowledge and pedagogical letyd (see Table 13).
Hamlin’s, Smith’s and Wiggins’s averages for mabhtent knowledge were lower
than their averages in the other two categories gaite low overall. As with the
overall averages in the structured content intenaad in the classroom observation
data overall, Hamlin, Smith and Wiggins, in desaéegarder, exhibited the highest
level of visibility of the math content during ingttion.

Table 13
Visibility of Teachers’ Math Content Knowledge in the Classroom

Lesson
Teacher 1 2 3 4° 5 Average
Hamlin 1.2 1.8 1.3 1.6 14 15
Smith 1.3 1.8 08 1.6 0.5 1.2
Wiggins 0.8 1.5 05 05 1.0 0.9
Average 1.1 1.7 09 1.2 1.0 1.2

a. 1.2 represents the average level of evidemd@déomath content items in the protocol for thistfiesson observation. This
lesson was delivered in the presence of an ingbnaltcoach, where 0 = no evidence, 1 = weak lef’elidence, 2 = moderate
level of evidence, and 3 = strong level of evidence

b. Columns 4 and 5 are shaded because they weeevel after the professional development inteiweritad been withdrawn
(i.e., the instructional coach was present in lesse3 but not present in lessons 4 and 5).

Visibility of the Math Content in Hamlin’s Lessons

The average level of visibility of Hamlin’s und&sding of the core content
emphasized in the professional development wasrlilie low-moderate level
overall. The range across the five lessons wipeet to math content was 0.6 —
from 1.2 to 1.8.

The lesson where | rated Hamlin 1.2, or closééolow level of visibility,

featured a problem about sharing pizza. The pmolalsked students to decide which
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group of students would get more pizza, the stugdgitting at a table with four pizzas
and 10 students or the students sitting a table thiee pizzas and eight students (all
pizzas on both tables were the same size).

The preceding three seminars, including one tbatiwed the day before this
lesson, focused on ratio and proportion concefitssdescribed in Chapter 4, the first
day focused on ratio tables; the second day focosestrip diagrams; the third day
focused on rate. Since all three of these topm®welevant to the lesson, | was
looking for any evidence of this content in thestas For example, if the teacher
referenced the definition of ratio, which getsled idea that ratios are multiplicative
rather than additive comparisons, it would be cedrts evidence that the
professional development content had influencenlunogon. Other examples include
if the teacher 1) explained that comparison betweeras and students was a rate,
the type of ratio that compares different unitsprgde a connection to unit rate,
which is a rate with a denominator of one (e.gz@s per one person or people per
one pizza), or 3) used a strip diagram to illustfaaw 3:8 and 4:10 compare when
there was an equal number of students (e.g., B®n though this problem was in a
unit devoted to ratio and proportion and the repeatessional development
activities focused on ratio and proportion, | disoked for evidence of the study’s
definition of fraction, since the pizza problem wbbe solved with fractions.

With these content possibilities in mind, | coothd the observation and
ended up jotting down many more notes of “missqubapinities” than actual
instances where the content manifested itself dunstruction. For example, during

an extended warm up problem, which was connectétetoontent of the pizza
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lesson, students shared publicly how they determiniine cost of 30 cans of soda if six
cans cost $2.40. One student said, “You're tryofigure out what times six to get
30.” Since Hamlin often responded to studentslaxgtions with a comment or
illustration, | expected her to explain or push shedent to think about the definition
of ratio, since this student was touching on thédtiplicative relationship between the
cans of soda and cost, or perhaps address themgezfmate, since cans of soda and
cost represent different units. Two other possidd would have been for Hamlin to
put the student’s work into a ratio table, a repnéstion that received considerable
attention during the professional developmentpanake a connection to the identity
property of multiplication. However, Hamlin made mention of any of these ideas.
Initially, | attributed the avoidance of ratio ¢dent during this discussion to
the nature of the activity. It was only a “warnt @fter all, so perhaps Hamlin would
weave more of the math content into the full lessdmen she had more time. But
these connections rarely happened, or when theyhdigl were thin or under
developed. For example, as students were beginoiwgrk on the pizza problem,
she asked students to re-state what the problenaskasg them to do. One student
raised his hand and said, “ratio table.” Sinceptu#essional development
emphasized ratio tables, | wondered how Hamlin dioetpond to this answer.
Instead of pushing the student to think harder atiat the lesson was about — e.g.,
find out which table yields the most pizza per parer something similar — she
simply nodded and said “Ok.” A ratio table is pnesentation that can be used to
help students understand ratio and proportion quscexcluding the content of this

lesson, but it was not the focus of the lessorHalilin had pointed out this
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distinction, | would have coded the interactiorea&lence of the content of the
professional development impacting instruction.rolighout the rest of the lesson, as
students worked in groups solving the problem anstadents presented their
solutions toward the end of the lesson, | notedlarrfmissed opportunities” to make
connections to the underlying math content. Hammdid planned to conclude the
lesson with a brief summary statement, which wdde been a final opportunity to
make connections to the content, but she ran otitnet

Hamlin’s other four lessons generally were simitathis one in terms of the
visibility of math content during instruction. Tloae slight exception was the lesson
in which Hamlin’s composite content score was @r&loser to the moderate level of
visibility. In this lesson, Hamlin made more exjliconnections to the underlying
content during whole class discussions. For examphen students were sharing
their solutions to a problem that involved theaatf boys to girls, one student said
that he multiplied the girls and boys by 40 toarat the correct answer. Instead of
acknowledging the correct answer and moving on, liflesaw the student’s correct
response as an opportunity to make sure studedessiood the identity property of
multiplication. The problem asked students to metee the number of boys in the
school if the ratio of girls to students was 3 tand there were 280 students in the

school. The student wrote the following equatiortiee board:gxﬂ) = 160

40 28C
Hamlin said,

But why does this work? ... What do you notice abmliat I'm multiplying
by? What do we know about the values? (Students, in unison, respond

“One.”) When you multiply by one, you get the savaéue.
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Because Hamlin made this link and some other cdmmascto the math content
during the lesson, she scored closer to the mazlkra| of visibility. However, like

| did during the other lessons, | recorded in neydfinotes many missed opportunities
or weak connections to the study content, whicHekson with the highest visibility

of the content still fell below the moderate level.

Visibility of the Math Content in Smith’s and Wiggins’'s Lessons

The visibility of the math content across Smithrgl Wiggins’s lessons was
close to the “weak” level. Smith’s overall averaggs 1.2 and Hamlin’'s 0.9. The
range across Smith’s five lessons was 1.1 — fr@ndl0.5 — while the range across
Hamlin’s lessons was 1.0 — from 1.5 to 0.5.

In the lessons where the visibility of the contelat lowest, at the 0.5 level —
Smith had one lesson at this level and Wigginsthadessons at this level —
connections to the core content were extremely righgfield notes for all three of
these lessons mostly describe missed opportufdtigaaking connections to the
study content. For example, in Smith’s lessomat®5 level, students solved an
extended warm up problem in which they were askseri@s of questions about the
Exxon Valdez oil spill. Part of the problem recparstudents to estimate the total
number of gallons of oil that were lost from thekear based on the total capacity of
the tanker. Smith could have explained to studiratisthe problem involved a rate,
the amount of oil lost over a given amount of timed reinforced students’
understanding that rates are types of ratios trajpare different units. Or, he could

have made a connection to the meaning of fractioensstudents were comparing the
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gallons of oil spilled with the total gallons of m the tanker. However, he made no
such connections.

Both of Wiggins’s lessons at this level contaisedilar missed opportunities.
One of the lessons included an extended problemengtadents had to write and
manipulate an equation related to a CD club. tfeoto join the club, students had to
pay $30 for a membership and then $15 per montinde@its solved several problems
where they were given the number of months andd&dd the total cost or where
they were given total cost and had to find the neindd months. Initially, | thought
Wiggins was going to make a strong connection t®, rahich is a core part of the
problem: $15 per month is an example of a uné.r&he asked the class, “Is there a
constant rate of change in this problem?” Oneesttichised his hand and said, “15m
or 15 times m.” While the student had given theexi answer, Wiggins didn’t
elaborate on why the student’s correct responsstiited a constant rate. She might
have questioned the student further or said somgetiie the following:

Right. We know that a rate is a type of ratio tt@hpares two different

units. What are the two different units in thislglem? The amount of

money (dollars) and time (months). And what isstant about this

situation? For every month, you have to pay $it'S.a constant rate.
Instead of responding in this or a similar way, gh&ekly moved to the next part of
the lesson. This lesson also illustrated Wiggins's of informal rather than precise
mathematics terminology. When Wiggins was helgtuglents write an equation
when they were given the total cost of the CD,sdid, “if we mush all of this

together, we can get an equation.” By “mushirgg smeant combining the constant

($30) and the rate ($15/month) and setting it etué#te total cost ($195). This
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description is an example of a missed opportulityste more precise, and
conceptually relevant mathematical language.

In the lessons where the visibility of the mathtemt was higher — Smith’s
highest score was 1.6 and Wiggins’s highest scaeb — both teachers made some
connections to the study content. One of the g&gsdns where Smith scored at the
1.6 level included the previously described pizazbfem, where Wiggins scored at
the 1.8 level. Smith had his students solve toblpm in small groups. When Smith
was circulating the classroom monitoring the srgadup work, he encountered a
group that was completely stuck. To try and hiegnt get unstuck, he said, “Let’s
think about what a ratio is.” He then used an gdarike Hamlin had used in her
warm up problem, where she asked students to d@stitmanumber of girls in the
school when the ratio of boys to girls and theltotember of students were given.
With this example, he was trying to gets studemtsee that both situations had
multiplicative relationships: pizzas per persongeople per pizza) and girls to boys.
He asked the students, “What is the ratio here‘at\gélremaining constant?” By
asking students to think about what is constanifibwas trying to get students to
see that ratios were multiplicative rather thanitagelcomparisons. If Smith had
extended this conversation and explained to stedesw the constant comparison
represented a multiplicative relationship, thehilgy of the math content would have
been higher. Instead, Smith moved students imighé direction but didn’t fully
articulate the core content.

Wiggins’s lesson with the highest visibility ofetltontent — 1.5 — included a

problem similar to the previously discussed CD gutblem. Though the visibility

150



of the content still fell between low and moder&téggins did touch on two aspects
of the content emphasized in the professional dgweént: 1) distinguishing between
the two types of division, i.e., measurement (hoanyngroups?) versus partitive
(how many in each group?) division, and 2) undedity that multiplication and
division are inversely related, i.e., every multiption problem can be rewritten as
two, related division problems. For example, sbeduhe equation 4 x 5 = 20 and
the two related division problems 26 = 4 and 26-4 = 5 to show students how
multiplication and division were inversely relate@he teachers completed a
professional development activity with this empbkasthe also discussed with
students how division could be interpreted as “maany groups” of something,
which was addressed in the professional developniEmse interactions elevated

the visibility of the math content in Wiggins’s s&ss to the low to moderate level.

Visibility of Pedagogical Content in Teachers’ Lessons

Compared with the math content emphasized in tbiegsional development,
the overall visibility of teachers’ pedagogical temt knowledge was notably higher
for all three teachers. Pedagogical content kndgdeefers to the extent to which
teachers are able to identify and debug studerdameeptions, use multiple
representations of concepts, and make connectionna@student errors or
approaches. Table 14 displays the visibility aiggogical content knowledge for all
three teachers across the five lessons.

Unlike the visibility of the math content, all g& teachers taught lessons that
exceeded the moderate level of visibility. Theralleaverage visibility of the

pedagogical content during instruction was 1.%idually the moderate level of
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visibility. As with the math content, in orderdet a clearer sense of what these
averages mean. | analyze some examples from eachdr’s lessons.

Table 14
Visibility of Teachers’ Pedagogical Content Knowledge in the Classroom

Lesson
Teacher 1 2 3 4° 5 Average
Hamlin 2.3 2.3 2.3 2.3 2.3 2.3
Smith 2.0 2.3 1.7 1.7 1.3 1.8
Wiggins 1.7 1.7 1.0 0.7 2.3 15
Average 1.9 2.1 1.7 1.6 2.0 1.9

a. 2.3 represents the average level of evidendhégpedagogical content items in the protocotterfirst lesson observation.
This lesson was delivered in the presence of aruttonal coach, where 0 = no evidence, 1 = weskllof evidence, 2 =
moderate level of evidence, and 3 = strong leveMidence.

b. Columns 4 and 5 are shaded because they weeeveld after the professional development inteiweritad been withdrawn
(i.e., the instructional coach was present in lessie3 but not present in lessons 4 and 5).

Visibility of Pedagogical Content in Hamlin’s Lessons

The visibility of the pedagogical content elemdntglamlin’s lessons was
remarkably consistent. she scored at the 2.3 lawedch of the five lessons |
observed?® Unlike Hamlin’s score on the math content, whereded numerous
missed and under-utilized opportunities to makenections to the study content,
Hamlin consistently used multiple representationsomcepts and often made
connections among student approaches. She ocahlginentified and debugged
student misconceptions; if | had observed moramss in which she dealt with
student misconceptions, the level of visibility idbhave been closer to strong than

moderate.

% The pedagogical content average of 2.3 is base@raging the scores from the three sub-domains:
teachers’ (1) ability to identify and debug studerigconceptions, (2) use of multiple representation
and (3) ability to make connections among studeote or approaches. Though Hamlin received a
score of 2.3 on each lesson, the identical averdge®t indicate identical scores on the sub-domain
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To illustrate Hamlin’s consistent use of multippresentations, consider the
previously described pizza problem, which Hamlungtat twice. In both lessons, she
encouraged students to solve the problem usinggheach that made the most
sense and then required students to explain thakihg. Students used a variety of
approaches and associated representations, whiohrHaad groups of students
share with the rest of the class. For examplegooep of students put the following

representation on the board:

1/8 + 1/8 +

The student reporting for the group said that ibeupe showed that each of the eight
people sitting at the table with three pizzas waeédtone piece from each pizza.
Since each piece represented 1/8 of one pizza,stadént sitting at the table with
three pizzas would get 3/8 of one pizza. The stutheen said that the same
illustration could be used for the table with fgizzas and ten students, which would
show that each student would get one slice sizedl fiom each of the four pizzas, or
4/10 of a pizza overall.

Another group used percents to solve the probl&hey converted the
fractions 3/8 and 4/10 into 37.5 and 40 percespeetively. Though they didn’t
draw a picture or use a model to illustrate thecepih of percent, they did explain

why their numeric approach was valid. Another stiudvrote her two ratio tables on
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her paper, which the teacher acknowledged but alichave the student present

publicly. The first table contained the numbepiizas and people at the small table:

Pizzas 3 6 9 12| 15

People 8 16| 24|32 |40

The second table contained the number of pizzapeaogle at the large table:

Pizzas 4 8 12| 16

People 10| 20|30 |40

| assumed the student was trying to illustrate Wian the number of pizzas is held
constant — at 12 pizzas in this case —fewer pesifee the pizzas in the large table
(30) compared to the small table (32). Thus, thdemnts at the large table would
each get a little bit more pizza. However, the studhen created two ratios from the
tables, 30/40 and 32/40. It wasn't clear to metlferteacher) what these ratios were
representing. Yet, since Hamlin encouraged theotiadable, | scored the episode as
a case where the use of multiple representatiosshwghly visible.

These sorts of episodes, where students were egamlito solve problems in
ways that made the most sense to them, were conmidaimlin’s lessons. Hamlin
also regularly encouraged students to make cormmecto each other’s work. She
made these connections happen in two ways: by miggrstudents into small groups
and having students share their approaches witr gtioup members and by

requiring a sample of students to share their ambres publicly, often at the end of a
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lesson. In both of these cases, | frequently cétBdlin pushing students to think
about their work and connect their approach toipres/content or other student
approaches. For example, one student said higpgleiwded 4 by 10 and got 40% of
one pizza. Hamlin encouraged the group to consideternative way to verify that
their answer was correct. In another lessonnduain extended warm up problem
where kids were matching an equation with a tabteaagraph, Hamlin asked
different groups to share their answers. Durirggdiscussion, she said, “Can
someone restate what he just said? Who can telhich graph works?” These sorts
of interchanges, where Hamlin called on a studeatgroup of students to respond to
another group’s approach were quite common.

In contrast to lesson episodes in with a relagivegh visibility of multiple
representations and connections among studentag@s, lesson episodes in which
Hamlin both identified and debugged specific stuaeisconceptions were
uncommon. In all five of the lessons | observedtin rarely articulated specific
student misconceptions and even more rarely exgddime underlying source of the
particular misconception. It is quite possibleshagps even quite likely, that Hamlin
identified more student misconceptions than | wae & code, since she spent a lot
of time circulating among groups and encouragirgrtho think about their work.

But since | coded few interchanges where she ifiedgparticular misconceptions to
small groups of students or to the whole clasatdd these lessons at the no or low
visibility level. These lower scores on this dirmem of pedagogical content
knowledge were why Hamlin’s overall pedagogicaltenhscore was closer to the

moderate than high visibility level.
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Visibility of Pedagogical Content in Smith’s Lessons

Like Hamlin, Smith scored highest on the pedagadgiontent knowledge
component for a single lesson was 2.3. Unlike llarwho reached this level in all
five lessons | observed, Smith reached this lemBt once. Smith’s other lessons
ranged from 1.3 to 2.0, yielding an overall averaf.8, or slightly below the
moderate level of visibility.

In the lesson where Smith reached the 2.3 leeegrntouraged students to use
multiple approaches to solve the previously descriBD club problem and he made
connections among various student approaches.|lReatathe CD problem asked
students several questions about the club if tta¢ tost of membership included a
$30 enroliment fee and $15 per month thereafteiSnhith’s lesson, students used
three primary approaches to solve the problemsgaad check, division, and a
table. Smith either posted or had students pasheies of each approach and then
led a discussion about each one. The studentsugdubthe guess and check
approach inserted various guesses for the numbapoths enrolled in the club into
equation $195 — $30 = 15n, where n equaled the auofimonths enrolled in the
club. They eventually arrived at the correct ansd&, which was the point at which
the total cost of the club — joining fee plus mdytihembership — equaled $165.
Smith displayed this approach to the rest of the<l

The students who used division first subtractedethroliment fee of $30 and
then divided $165 by 15 to get the number of mostirelled in the club. In

response to this approach, Smith wrote the follgvan the board:
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11 x15 = 165
“groups of”

He then responded to the class,

What does this represent? Does it mean how maspiEbin 165? [Then he

turned to specific students, who had also usedaidij Christy, do you agree

and why? Kim and David, does this make sense @ yo
Though a complete representation of the measureonéhow many groups”
interpretation of division might have included atpire?® Smith did illustrate with an
arrow which number in the problem could be thougjtds “the number of groups.”
He also made an effort to connect several stuggrbaches during this episode.
Connecting multiple student approaches illustratesther aspect of pedagogical
content knowledge.

The third group of students created a two-coluatet, with one column for

the number of months enrolled in the club and gw®sd column for the total cost of

club membership. Mr. Smith had one of the studemite the table on the board:

Months 0 1 2 3 4 5 6

Cost 30 | 45| 60| 75| 90 105120

The student then explained that with each additiormanth, they added $15 until they
got to $165. Even though their table did not edtalhthe way to $165, the student

said that their group used the pattern to arrivb@torrect answer of 11 months.

% n the professional development, the teachersidi partitive and measurement division using
pictures such asthese{@ =2): OO O versusO|O|O

Oooo Ojojo
The first picture shows measurement division omfhany groups of three?” The second picture
shows partitive division or “how many in each ofe equal groups?”
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Smith asked this group where the down payment ap@ea their table and one
member of the group said that the first columnesented the $30 down payment.
Though the level of visibility of the use of mplie representations and
connections to student approaches was high inebs®n, the visibility of identifying
and debugging student misconceptions was low slésison, which is why Smith’s
overall average was closer to the moderate thanlbigel. Smith’s other lessons
varied in the extent to which the pedagogical conéenphases of the professional
development were visible. In general, however u$e of multiple representations
and connections among student approaches was msdoke than the identification of

particular student misconceptions.

Visibility of Pedagogical Content in Wiggins’s Lessons

Like Hamlin and Smith, the highest level of visilyi of the pedagogical
content in Wiggins’s lessons was 2.3. She reatedevel once, in the last lesson |
observed. Wiggins’'s other lessons ranged fromid®177. Her overall average was
1.5, or at the low moderate level of visibility.

The lesson where Wiggins scored at the 2.3 leasl thve previously described
pizza problem. She included many of the same septations that Hamlin did when
she taught the same problem. For example, orfeeajroups divided the pizzas into

tenths and eighths:
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40 slices total

RRR e
BB E

They explained that a student sitting at the table four pizzas would get more
pizza than a student sitting at the table withdlpizzas because of the large table had
40 slices and the small table only had 24 sliddss representation allowed Wiggins
to address the group’s misconception with a questiBut what about the size of
each piece?” She could have asked the grouprik #tiout the number of people per
table, but the prompt got students to think abowt they arrived at their answer.

Two other groups used the same representatiothéydivided the pizzas
into different sized pieces. One of the groupsddig all seven pizzas — the three at
the small table and the four at the large tablate-quarters. The student representing
the group said that all students would get the sameunt — one quarter of a pizza —
even though both tables had leftover quarterszdgpi Wiggins used their picture in
her follow up question, in which she asked studemtldress how the leftover pieces
should be distributed. The other group divided biithe three pizzas at the small
table into quarters and the third pizza into eightfihe group spokesperson said that

every student at this table would get a quarteraandighth:
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The group divided each of the four pizzas at thgelaable into fifths and said that
each person would get two-fifths or 40% of one @izz

Another group converted the pizzas and peopladt &able into unit rates.

They found that the small table h2@ people per pizza and the large table 2.5 people
per pizza. Yet another group used common denoors& create two fractions,

:—8 andz—é, in which the first fraction represented the srtethle and the second

fraction the large table. Since Wiggins requirgdj@ups to explain their thinking
and show their work publicly, the use of multiptgresentations was highly visible
in this lesson.

Like Hamlin and Smith, Wiggins was less likelyidentify and debug
specific student misconceptions than present meltgpresentations and make
connections among student approaches. Howevtteitwo lessons where the
visibility of pedagogical content knowledge waswkw, | recorded few instances in
which multiple representations or connections ansiagent errors or approaches

occurred.

Visibility of Pedagogical Knowledge in Teachers’ Lessons

Like the visibility of pedagogical content emplzzsl in the professional

development, the visibility of the pedagogical ®gees during instruction was
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noticeably higher than content. Pedagogical kndgéerefers to the extent to which
teachers state the mathematics focus or objectitreedesson, encourage students to
pursue multiple solution strategies, ask studenjsdtify or extend their answers, ask
students to engage in each other’s reasoning, @it lesson summary or closure.
Table 15 displays the visibility of pedagogical iwtedge for all three teachers across
the five lessons.

Table 15
Visibility of Teachers’ Pedagogical Knowledge in the Classroom

Lesson
Teacher 1 2 3 4° 5 Average
Hamlin 2.2 2.2 14 1.8 1.6 2.0
Smith 2.6 2.2 23 2.0 1.8 2.2
Wiggins 1.8 2.4 1.2 1.0 14 1.6
Average 2.2 2.3 16 1.6 1.6 1.9

a. 2.3 represents the average level of evidendhégpedagogical content items in the protocotterfirst lesson observation.
This lesson was delivered in the presence of aruttonal coach, where 0 = no evidence, 1 = weskllof evidence, 2 =
moderate level of evidence, and 3 = strong leveMidence.

b. Columns 4 and 5 are shaded because they weeeveld after the professional development inteiweritad been withdrawn
(i.e., the instructional coach was present in lessie3 but not present in lessons 4 and 5).

The overall average visibility of the pedagogsthtegies was 1.9, or close to
the moderate level. This number is equal to theral/average level of visibility for
the pedagogical content knowledge component. Svatid Wiggins's averages of
2.2 and 1.6, respectively, were their individugtast levels of visibility for the math
content, pedagogical content and pedagogical coemsiof the observation
protocol. Hamlin’s average of 2.0 was lower then 23 pedagogical content
average but higher than her 1.5 math content agerdibe pedagogical knowledge
dimension is the first time in which Hamlin did rfwve the highest overall average;

Smith’s average of 2.2 was the higher than HamRnds As with the other two
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dimensions, it is useful to look at specific exaesglirom lessons to understand more

about what these averages mean.

Visibility of Pedagogical Strategies in Hamlin’s Lessons

Among the pedagogical strategies visible in Haiwliessons, encouraging
students to pursue multiple solution strategiesjasiify or extend their reasoning
were highly visible in all lessons. In each leskobserved, Hamlin encouraged the
use of multiple solution strategies and asked pmghuestions throughout each
lesson. | routinely coded questions and probels as¢Say more about that,” “Tell
me why,” and “What does your answer mean?” Sherelagtless, at times, with her
guestioning of individual students who were strugglith the material. During
these episodes, it became impossible to write dalirthe questions she asked
because of how quickly they were asked. A consieeastimate of the average
number of probing questions Hamlin asked per lessé0.

Hamlin also encouraged students to engage in@aein’s reasoning, but
these episodes were much rarer than instances Mémaiin directly engaged in
students’ reasoning. She stated the mathematicas fof the lesson regularly — she
did this in four of the five lessons | observedut the quality and clarity of the
lesson objective varied somewhat. What is modiisty, however, about Hamlin’s
use of the pedagogical strategies emphasized ipridiessional development is that
she never provided a summary statement at thefeantydesson. Even when Hamlin
and the instructional coach planned specificalhtie lesson summary or closure
piece of a lesson — they did this twice — Hamlimargeached that point of the lesson.

The videotape component of the Third Internatidviath and Science Study suggests
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that Hamlin’s avoidance of closure is common amdrfg. teachers. Compared to
their Japanese counterparts, U.8g8ade teachers rarely provided lesson closure.
One hypothesis for why Hamlin avoided lesson alessithat summarizing
the lesson could be considered one of the morediftasks in teaching, particularly
in lessons in which students use multiple approathsolve a problem.
Summarizing these types of lessons is difficultaose the teacher must be mindful
of various student approaches and misconceptiotieeggelate to the core
mathematics of the lesson. Though a lesson sumishargeneral pedagogical
technique, it is also heavily dependent upon thetezd for these reasons. If lesson
closure is treated as a content activity and remhdnam the pedagogical component,
Hamlin’s pedagogical score jumps from 2.0 to 2rhetween the moderate to high

level of visibility.

Visibility of Pedagogical Strategies in Smith’s Lessons

Smith had the highest overall level of visibilafthe pedagogical
components, 2.2, or above the moderate level. kgiliamlin, who never reached
closure in any of the lessons | observed, Smithnsanzed three of the five lessons |
observed. He also consistently encouraged stuttepigrsue multiple solution
strategies and routinely asked students to justgy thinking.

Smith commonly used the questioning techniquespamehpts emphasized in
the professional development, such as “Say moratdbat,” “Can you restate
[Johnny’s] answer in your own words,” and “Say whyk-or at least part of all the
lessons | observed, he circulated the room andegaustaividual students and small

groups of students to justify their thinking. Hemt ask students questions as
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rapidly as Hamlin, but he did consistently ask stid to justify their thinking. For
example, when Smith taught the pizza problem, drleeogroups of students got
stuck because they divided all pizzas at both saibl® tenths, instead of dividing the
pizzas at the table with 10 people into tenthsainding the pizzas at the table with
8 pizzas into eighths. They were able to showshadents at the large table would
each get 4/10 of a pizza, but when they startedoeuimg off the slices at the small
table from 1 to 10, they realized that it didn’to® out evenly. Smith responded with
the following:

What if they bring out this other pizza and sglihto 8ths? Would that be

possible? What would you then do with 4/10 an® 3Kow do they

compare?
These sorts of interchanges were common in Snige®ns. He was comfortable
asking students to explain their thinking, andpgbkdagogical techniques emphasized

in the professional development seemed to complethermuestioning techniques he

ordinarily used with students.

Visibility of Pedagogical Strategies in Wiggins’'s Lessons

Compared with the visibility of the math contentigpedagogical content
aspects of the professional development model mgils’s lessons, the visibility of
the pedagogical strategies were more visible. dderall average was 1.6 or between
the low and moderate levels of visibility, but Stered as high as 2.4 on a single
lesson. Like Hamlin and Smith, she regularly astedents to use multiple
approaches and somewhat consistently asked studgo#gify their thinking and

explain their work.

164



The lesson where Wiggins scored a 2.4 feature@€ihelub problem. She
managed to elicit seven different approaches t@tbblem from students and small
groups of students. As she circulated the classmmonitoring student work, she
routinely asked students to “Say why,” and showr tiverk. When two students
were confused about how one of the groups got lrdtimsdrom their table, she said,
“How are your table and their approach similar? éWlou were in elementary
school, didn’t they say that multiplication waseaped addition?” These sorts of
interchanges were common in this lesson, where Wsgasked students to engage in
each other’s thinking. She also delivered a Besfon summary statement, after
students had presented the seven ways they hadugpmigh to solve the problem.

In many of the other lessons, however, the pedagbglements of the
professional development were less visible. &ftie reason that the overall
visibility was lower was due to the absence of atesor lesson summary statements.
The only lesson that Wiggins closed was the preshomentioned CD problem.
Another reason was that Wiggins only sporadicatiyoairaged students to pursue
multiple approaches to solutions. Another explamatould be the presence of the
instructional coach. Both Smith and Wiggins haghkr pedagogical scores during

lessons in which they worked with the study coach.

Level of Student Engagement during Q and A Episodes

Though my primary focus during the classroom ole@ns was teachers’
use of the information and strategies emphasizédeiprofessional development, |
also kept track of the level of student engagerdaring each lesson. At the end of

each lesson, | indicated whether less than 25%, 38% or 75% or more of students
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were engaged for most of the lesson (see Appendot Aomplete description).
During the question and answer episodes, in wHidhrae teachers employed the
pedagogical techniques emphasized in the profesisi@velopment, | noticed that it
was difficult for teachers to keep the whole clasgaged. For example, Hamlin’s
use of questioning with an individual student oairgroup of students was
relentless at times. She would push a studenhal group of students to explain
their thinking for several minutes on many occasiolowever, while Hamlin was
focused on getting these students to think hardeutatheir approach, she was not
able to keep track with what other students weregloMany of the students were
off task or waiting for Hamlin to make it aroundtteeir group. | coded the
overwhelming majority of these episodes as only 26%0% of the class being
engaged. | noticed a similar pattern in Smith’'d ¥iggins’s classroom. Both used
guestioning strategies but were only able to famughe student or small group of
students being interrogated.

The professional development intervention focys@uarily on teachers’ use
of questioning techniques that were targeted tmdividual student or small group
of students, not on techniques that could be us&dép the rest of the class engaged
while they interrogated a few students. Thus piti@ary emphasis of this section is
on the extent to which teachers used those pedaaj@grategies during instruction.
However, | raise this issue because | think important to portray both the
behaviors of the teacher and student(s) who ateeatenter of the question and
answer episode as well as the behaviors of theofélse students in the class, since

they are affected by how and with whom teacheggetanstruction.
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Sources of Variation among Teachers’ Responses

The previous discussion included many exampl&ghich teachers varied in
the extent to which they integrated into theiriastional routines the core content,
pedagogical content, and pedagogical componertsegirofessional development
model. This section examines and is organizednatdwo general types of variation:
variation across the different components of tledgmsional development model, and

variation among teachers.

Variation Across Different Components of the Model

The preceding sections illustrated that the pegiagbcontent and
pedagogical elements of the professional developmere more visible than the
math content elements in teachers’ instructionatfices. Three possible hypotheses
for this variation include a) the complexity of tbentent — e.g., the math content is
more difficult for teachers to articulate than s&bpedagogical technique, b) the
nature of the phenomena — e.g., teachers have tgpertunities to demonstrate
their understanding of the content than a questgtechnique, and c) whether or not
the instructional coach was involved in the plagramd delivery of the lesson.

Complexity of the contenThe analyses in Chapter 5 showed that all three
teachers struggled to comprehend aspects of tHecoatent emphasized in the
professional development. In particular, they tradble articulating ratio and
proportion content as well as making connectiomesacrational number topics.
Given that at least three of each teacher’s figedas focused on ratio and proportion
content, it is not surprising that very few teache@pisodes included a correct

definition or a succinct explanation about thesecepts. Many of the lessons also
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included extended problems that could be solvednaber of different ways and
could use a number of different rational numbercepts. For example, the pizza
problem, which all the teachers taught at leasepoaculd be solved with fractions,
decimals, percents or ratios. None of the teaaieide strong connections across
these rational number topics when they taughtgtoblem, perhaps because they
lacked sufficient knowledge to articulate thesermamions.

Compared with the mathematics content emphasiz#eeiprofessional
development, the pedagogical strategies were taplex and therefore easier for
teachers to digest. Chapter 5 included study idiefns of fraction, decimal and ratio
that incorporated algebraic notation and precisguage. Most of these definitions
were new to teachers and they had trouble artiogléthem. In contrast, the
pedagogical strategies and discussion techniquesafien short sayings, such as
“Say more about that,” or “Tell me why,” or “Tellevwhat [Johnny] said in your own
words.” All three teachers used these sayingsifetly in all the lessons | observed,
at least in part because they were easy to remeanioethey supported the type of
instruction these teachers typically delivered.

The apparent higher complexity of the math coniteatso revealed when
examining the individual teaching behaviors thahpdse the pedagogical content
and pedagogical components of the professionallalevent. Some of the teaching
behaviors in each component are more heavily degperh the content than others.
For example, in the pedagogical content strandhexa generally encouraged
students to take multiple approaches and discussiitple representations of

concepts. Though these teaching behaviors areectathto the math content of each
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lesson, identifying and debugging specific studsisiconceptions require a stronger
level of understanding of the content. The obdemalata support this assumption:
the level of visibility of teachers debugging stot¥¢ misconceptions was notably
lower than the other teaching behaviors that cosegrihe pedagogical content
component of the observation protocol.

Within the pedagogical component of the model |éisson summary or
closure piece is heavily dependent on teacher2nstahding of the core math goal
of the lesson and their ability to synthesize uasistudent approaches and
misconceptions related to the problem. Compardil thie other pedagogical
teaching behaviors, lesson summaries were extreraedy Hamlin never
summarized a lesson and Wiggins only summarizedessen. Smith reached
closure in three of the five lessons | observede Possible explanation for why
Smith reached closure is that he appeared to badisé structured and systematic of
the three teachers in his lesson planning andetglivin fact, the coach commented
that Smith’s lesson organization skills were adeahico comparison to the other two
teachers. Running out of time is a plausible engttian for why teachers did not
typically summarize lessons, but it is also possibht they avoided closure because
it was difficult. Hamlin illustrated this point dag the episode described in Chapter
5, in which she asked the coach for specific gudan articulating student
misconceptions toward the end of pizza problenoles€ven though Hamlin had the
strongest level of knowledge among the three teacbkbe still found the summary

part of the lesson difficult, at least for this plem.
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CMP lesson structureThe district textCMP, employs a three-part lesson
structure: launch, explore and summarize. Thedaus the brief lesson opening in
which the teacher describes the context of thelpnolbo be solved. The explore
portion of the lesson is an extended period of im&hich students work on an
investigation or a series of problems independemtiy small groups. The teacher’s
role during the explore period is to monitor studaogress by asking questions
and/or by clarifying parts of the task. The teaghenot supposed to do the work for
the students; the program is based on giving stagesubstantial amount of time to
work on intellectually challenging problems. Thersnarize portion of the lesson,
like the launch, is much shorter than the explonet Teachers are expected to make
connections among student approaches and arti¢hltore content of the lesson.

These characteristics of tRdP lesson structure impact the extent to which
the math content, pedagogical content and pedagagpmponents of the
professional development are visible during instamc The pedagogical techniques
and questioning strategies, such as “Say more dbait or “Say why,” are not only
less complex than the math content, but also magpécable to the longest segment
of each lesson, the explore period. Teachers med more likely to use these
pedagogical prompts as they circulated among grotipsidents than to provide
succinct explanations or refer to study definitiod$us, the frequent coding of these
guestions was partially due to the fact that sttglspent a lot of time in activities
where these techniques were applicable.

Similar to the pedagogical techniques, the pedagbgontent elements of the

professional development model — using multiplegsgntations, connecting student
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approaches, etc. — also fit well witMP because many of the tasks can be solved in
multiple ways and students are expected to sharettiinking. In contrast to the
brief summarize portion of the lesson, in whiclctess state the core mathematics
content of the lesson as it relates to studentogmbies, other, longer portions of the
lessons provided teachers regular opportunitieketoonstrate aspects of pedagogical
content knowledge. In addition, the summarizeiporof the lesson was often
skipped, so opportunities for teachers to demotestheeir understanding of the core
math content during instruction were reduced. €laspects of theMP lesson
structure are another source of variation in tiséoility of the math content,
pedagogical content and pedagogical componentgeqgirbfessional development.
Presence of an instructional coacfihree of the five lessons | observed for
each teacher occurred when the teacher was urelguitiance of the study-
appointed instructional coach. | conducted thetlas observations for each teacher
approximately 10 weeks after the coaching compowastcompleted. In general,
the presence of the coach did not appear to dfieatisibility of the math content,
pedagogical content and pedagogical elements girtifessional development in
teachers’ lessons. Hamlin’s and Wiggins’s oveaa#irages of 1.9 and 1.3,
respectively, were essentially the same for thelt@ad non-coach lessons. Smith’s
coach and non-coach averages were somewhat diffi@mever. Smith averaged
1.9 or essentially the moderate level of visibilitythe lessons where the coach was
present but averaged 1.5 or between the low ancratallevels of visibility in the

two lessons without the coach. It is possible thatpresence of the coach
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contributed to the higher levels of visibility f8mith, though it is difficult to know

for sure.

Variation Among Teachers

The previous section outlined ways in which dé#feces among the
components of the model might have contributedhéoviariation in the visibility of
the professional development during instructiomisBection examines potential
sources of variation among the three teachers, asitdachers’ knowledge and their
beliefs about mathematics teaching and learning.

Teachers’ knowledgeThough all of the teachers’ average scores welieb
the moderate level of understanding on the stradtaontent interview, Hamlin’s,
Smith’s and Wiggins’s scores on this instrumentadar Hamlin’s overall average of
1.9 was notably higher than Smith’s 1.5 and Wiggids3, but it is difficult to
distinguish between Smith’s and Wiggins’s levebatierstanding. The visibility of
the study-emphasized content during instructiolofeéd the same pattern as the
structured content interview: Hamlin scored higl{gs), followed by Smith (1.2)
and Wiggins (0.9). Thus, content knowledge is potential source of variation
among teachers’ scores on the observation protdd¢aimlin demonstrated the
highest level of understanding on the structuredera interview and therefore
probably had more information to draw upon durimgtiuction. Hamlin also had the
highest average level of pedagogical content kndgdeg?2.3) on the classroom
observation protocol. Since the structured cornteértview contain parts of

guestions that asked teachers to describe theappstpriate representations of
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concepts, it is possible that knowledge affectedé¢hel of visibility of pedagogical
content during instruction.

Teachers’ beliefsTwo other potential sources of variation are hesas’
attitudes toward learning mathematics content anchpting student understanding
and teachers’ level of agreement with the instometi practices espoused by the
professional development. The first potential sewf variation, teachers’ attitudes
and beliefs about learning, might have contributeHamlin’s higher scores on the
observation protocol. As discussed in Chapteraamkh displayed an eagerness to
learn that was far more intensive than the otherteachers. Not only did she
display this fervor for learning during the workglso- recall the episode in which
Hamlin had the right answer but was unsatisfiecabse neither she (nor the coach)
knew why her answer was correct — she displayedtite classroom. On more than
a few occasions, Hamlin expressed frustration beer little her students appeared to
be learning. During one lesson, she asked thehdoadlirect feedback — “What am |
doing wrong?” After another lesson, she spent tilmiag extra research on how
students learn. She read a journal article abaggePthat night and reported back to
me the following morning about what she had learned

It is possible that these attitudes and behawmreased the visibility of the
core content in Hamlin’s lessons. Though all thezehers employed the
pedagogical techniques, such as asking studeptgptain their thinking, Hamlin’s
level of questioning was more rapid and persigtegm the other two teachers. This
behavior is consistent with the tenacity she apgred learning the content. She also

was the only teacher of the three who said thatighextensive reading about
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rational numbers outside the professional developm8he said that she consistently
read excerpts from John Van de Walle’s (2007) doleknentary and Middle School
Mathematics: Teaching Developmentallihe professional development provider
gave all teachers a copy of the book and had teswchad short excerpts for
homework assignments during the professional deweémt. Hamlin said that she
used the book as a resource that went well beywnrief homework assignments.
Thus, Hamlin’s eagerness to learn may have cortétbto the knowledge she
obtained, which may have contributed to the inedagsibility of certain elements
of the professional development during instruction.

A second type of belief or attitude is teachaggraisal of the district text
(CMP) and its associated instructional practices. tiike teachers expressed
concerns about theéMP curriculum being right for their students. Handaid that
CMP and the district’s vision for teaching and leaghfacused too much on
conceptual understanding and not enough on proakfiiuency:

| think there needs to be a balance...between conalegvelopment and

procedural fluency...the [balance] has tipped in fadfaconceptual

understanding...our kids don’t know their multiplion tables; they don’t

know the meaning of division even though they'verba conceptual things

forever.
However, she still thinks conceptual understandngportant and said th@MP
contained “very rich problems that get kids to knaibout the mathematics.” Smith,
too, had concerns about t6MP approach. He said th@MP “is not a great fit,”
because students do not have the skills to sotverbblems successfully. However,

Smith said that the professional development w§sidecause it described the

most essential math content in the rational nuraidP units and because the talk
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strategies — “Say more,” “Say why,” etc. — suppaitee pedagogical techniques
promoted inCMP. Wiggins echoed Hamlin’s and Smith’s concernsualtioe lack of
skill practice inCMP:

| think there needs to be a mix of the two [conseptd skills]. | think

[students] need that conceptual to fall back onl bink CMP is very much

lacking in time to practice and perfect the skilike. kids don’t ever have

time to put it in their brain.
But like Hamlin, Wiggins thought that tli&MP problems were good and that a total
skill-based problem would be bad for her studesmien though the majority lacked
basic skills.

The consistency of these beliefs — GMP contained good conceptual
problems but not enough attention to skills — ihpps why none of the teachers
delivered what | would refer to as a completdP lesson. By a complete lesson, |
mean that the teacher knows what the core matls gbdihe lesson are, keeps track
of the extent to which students understand thesgaald succinctly summarizes the
key student approaches as they relate to the catie goals. All three of the
teachers, though somewhat less in Hamlin’s cagplsmented CMP with skill
practice during the first 20 minutes of each lesslbthey had determined that this
practice was unnecessary, they perhaps could tsegetbe time to ensure that each
CMP lesson had an adequate summarize section. Howeiealso quite possible

that teachers would have used the extra time &nexthe warm up or explore

sections of the lesson.
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Conclusion

This chapter indicated that the average visibdityhe core professional
development content fell between the low and madddeaels for all three teachers.
Among the three primary components of the inteneanthe visibility of the
pedagogical content and pedagogical aspects weare isible during instruction
than the math content. Within the pedagogical@untomponent, teachers’ use of
multiple representations of concepts was highliblescompared with the other
pedagogical content items. Within the pedagogioaiponent, teachers’
encouragement of students to pursue multiple swigirategies and to justify or
extend their answers was highly visible, especiallgomparison to teachers’
summarizing or closing lessons.

Among the potential sources of variation in thahility of the professional
development during instruction, the complexity lod professional development
component, the nature of the phenomena irCili® curriculum, and teachers’
knowledge and beliefs appeared to be the mostfisigni factors. The next and final
chapter synthesizes findings from Chapters 5 aaddodiscusses implications for

future research.
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CHAPTER SEVEN: DISCUSSION

This study provides insight into two important gtiens: How much do
teachers learn from an intensive mathematics psmfieal development intervention?
And, how much of what teachers learn is visibldriyimstruction? The study also
examines possible sources of variation that arecested with the answers to these
two questions. The data in this study provideghsinto the complex and dynamic
relationship between policy and practice, an imgrarhexus in education policy
studies. In this chapter, I first discuss the msséues that this inquiry uncovered
related to the dynamic relationship between pddicys, policy instruments and
practitioners’ capacity. Then, | describe the @uiynlimitations of the study design. |
conclude with a discussion of how the study findinglate to potential avenues of

future research in mathematics teacher professamedlopment.

The Dynamic Relationship Between Policy and Practice

This critical case study provides a window inte ttynamic, two-way
relationship between policy and practice: polickera seek to solve problems
related to practice and yet they must rely on fapitactitioners to carry out the
proposed solutions (Cohen, Moffitt & Goldin, 200ne of the central challenges
for policymakers is to figure out how to enable an@port practitioners in making
the improvements outlined in the policy. Knowirfteetive ways to build capacity
for practitioners, however, is dependent upon wafpolicy seeks to accomplish.
Policies that are ambitious and deviate from tyjgeades of practice are likely to
fail unless such policies are coupled with welligeed instruments that build and

utilize practitioners’ capacity.
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The policy aims driving this study were somewhabdious: deepening
teachers’ understanding of the subject matter mnulaving teachers’ instructional
practices associated with that subject matter. pidliey instrument — a well
designed, intensive professional development medeld the capacity of the
practitioners — a hand-picked group of receptiaehers — initially seemed
commensurate with these ambitious policy aims. Mdbahe results of this study,
which are somewhat disappointing, say about thereatf policy aims, policy
instruments and practitioners’ capacity as rel&wetiathematics teacher professional
development?

Policy Aims

The data in this study illustrate the challengesoaiated with the ambitious
policy aim of improving teachers’ content knowleddeven though these three,
carefully selected teachers participated in a detigned, year-long professional
development model with a restricted content fotusy struggled to articulate much
of the core math content. Though they did emplayynof the pedagogical
techniques emphasized in the professional developrie teachers struggled to
keep all students engaged during question and aregpsodes and had difficulty
summarizing student approaches at the end of lessty did these teachers
struggle so much? Were the policy aims too amistieven for these hand-picked
teachers? Isn't it reasonable to expect math exadb improve their content
knowledge through this type of professional develept model? Shouldn’t teachers

be able to question individual students and keepdhkt of the class engaged?
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Perhaps these aspects of the professional devetdpnuelel are more complex than
they seem, as the following explanations suggest.

Complexity of rational number concept®ne theory for why teachers
struggled to understand and articulate key iddasagbto rational numbers is the
complexity of the content itself. Throughout trevdlopment and review of the
professional development materials, internal artdreal study experts routinely
commented on the difficulty of the subject matt&wo of the experts said that
rational number topics were more complex than rtagsts in Algebra |, even though
Algebra | occurs after rational numbers in the KeLiZricular sequence. In fact,
mastery of rational numbers — especially fractiems considered critical to success
in Algebra | (NMAP, 2008).

The relationship between ratios and fractionsw tieey give rise to the other
— is one example of the complexity of rational nemeoncepts. This relationship is
very subtle, and it is even disputed among matheraas. The prevailing view
among mathematicians, which the study adopted,thaydractions are numbers that
“live” on the number line, but ratios are quotiebh&tween two numbers and hence do
not “live” on the number line. However, some matla¢icians argue that fractions
and ratios are actually equal to each other (Patssmmmunication with study
expert, 2008). If accomplished mathematiciansutesgome of these ideas, it is no
wonder that teachers, who have far less formatitrgiin mathematics, lack clarity
on these ideas. Other aspects of rational nunaveralso complex, such as the study
definitions of fraction and decimal, the relatioipshbetween fractions and decimals,

and the rationales behind familiar algorithms. §hte complexity of the rational
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number content might have contributed to how meelchers were able to learn
through this professional development model.

Formal math conceptsAnother issue related to the acquisition of math
content is the distinction between formal and pragorcontent knowledge. Formal
mathematical knowledge tends to be highly symteniid theorem or proof-based. In
contrast, pragmatic content knowledge focuses motudent-friendly terms and
representations. Many of the definitions and keymtake-away points in the
professional development were formal. The debngiof fraction and decimal, for
example, used algebraic notation that is commdmngher-level math textbooks. All
three teachers in this case study said that tluky stefinitions seemed too advanced
for their students, which is why none of them idtroed the definitions to students.
Had the study definitions been less formal, thetiees would have been more likely
to use the definitions with students, which migavd further solidified that
information.

However, being able to articulate formal matheo@ttontent is important,
especially given the National Math Advisory PanéN$/AP) recent report, which
calls for all students to learn “authentic algeldvafore they graduate from high
school. By “authentic algebra,” the authors réfecontent that is highly symbolic
and formal. The authors argue that students sHmifgrovided opportunities to learn
formal content in the earlier grades if they hapeé successful in high school. They
single out fractions as a critical topic that slaolog introduced more formally. The
panel’s description of formal fraction content ansistent with the content

emphasized in this study’'s professional developmeudel. Nonetheless, policies

180



that call for teachers and students to become faciie with formal, symbolic
mathematics should not assume that teachers wjlliscsuch knowledge quickly or
easily, even when they patrticipate in well desigaed well delivered professional
development activities.

Complexity of “reform” mathematics teachindn her book)nside Teaching:
How Classroom Life Undermines Refodtary Kennedy (2005) argues that some
educational reform ideals, such as teaching rigpomuntent in such a way that all
students are intellectually engaged, are probafigalistic and sometimes even
impede rather than improve student understandige says that such reform efforts,
which rely on extensive question and answer epsbdéveen the teacher and
students, underestimate the time and energy reftareeach in this way and
overlook the multiple demands that teachers mustilsaneously manage. For
example, teachers typically must juggle how to nremlesson momentum, cover the
required curriculum and monitor student behavidnemvteaching in this way. When
teachers also are asked to stimulate and mairttadersts’ intellectual engagement
through questioning, they end up being forced t&artaugh choices, such as
deciding to cover only a portion of a lesson opéipn of the curriculum. In fact,
one of the teachers in Kennedy’s study only matteaugh one third of her textbook
by the end of the year because of the extra timesphnt teaching in an intellectually
demanding way.

The teachers in this study followed this pattewren though they had
extended class periods, they had trouble finiskeegons because of the extensive

amount of time they spent maintaining student eageant through frequent and
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extended question and answer episodes. In additare of the three teachers knew
how to maintain the intellectual engagement of stisl who were not directly
involved in a particular question and answer epsadennedy would argue that this
further illustrates the complexity of reform teawdpi | agree with this assessment and
would add that such instruction, at least in tloisrdry, is rare and only observed
among exceptional teachers.

| happened to observe one such expert teachetaahgé Middle School. She
was the teacher leader for tHe grade teachers in this case study, but since she
taught &' grade, she wasn'’t part of the larger study. Tikidt math coordinator
encouraged me to stop by her class when | hadrecelti@ecause the coordinator said
she was one of the best teachers in the distrithd some extra time on one of my
visits to Princeton, so | asked her if | could alaseone of her classes on the spur of
the moment. She welcomed me into her classroorichwhas a 8 grade class
containing mostly advanced students. Given thattabght a different grade level
and that most of her students were high performing difficult to make blanket
comparisons between her class and the otherade classes | observed. However,
her classroom environment was dramatically diffetkan any other lesson |
observed at the school. In fact, it was one oftiost well orchestrated math lessons
| have ever observed in my 15 years as a teacldereaearcher. The teacher had
several distinct components of the lesson, whiclhugded whole group discussions,
individual seat work and small group math “centerBhe teacher leader rotated
students in and out of centers that included gaandshands on materials that were

tailored to skill deficits of particular studentBuring the whole group discussions,
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when the teacher pushed students to explain thiakihg, she knew how to get the
students to bat ideas back and forth so that sirétdiave to focus on one student or
group and ignore the rest of the class. The tedehder directed these discussions
efficiently, with virtually all students activelyngaged.

Each of the three case study teachers, when theyssed working with the
teacher leader, attributed much of what she istabdi® to the intellectual capacity of
her students. Their common sentiment was roughtilike to see her teach that
way with my kids.” While this observation might tree — that keeping all students
intellectually engaged in high level content is elegent on the ability levels of
students — the instructional routines and rituadd this teacher had in place
seemingly would benefit students at all abilitydess However, what is possible
instructionally should not be equated with whéemsible or likely. This teacher’s
instructional practices highlight the complexitytbé type of teaching promoted by
the study professional development and depictéteimedy’s (2005) work.

These three aspects of the professional develapmernvention — the
complexity of rational number concepts, the fortyadif the math content and the
complexity of the instructional routines — illuggdow the twin policy aims of
improving teacher knowledge and instructional pcacare highly ambitious and
extremely complex. And ambitious and complex petiaequire well designed and
comprehensive policy instruments if they hope tesed. In this study, the
professional development model is the policy insgnt. The next section describes
the extent to which the model supported practitiome meeting these complex

policy aims.
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Policy Instruments

Policy instruments are “the capability that pollmyngs to its relations with
practice” (Cohen et al., 2007, p.536). In thisdgiithe professional development
model represents the policy instrument used to@tppe policy aims of improved
teacher knowledge and improved instructional pcactiAccording to Cohen and
colleagues:

[Policy instruments] vary in strength, or theirlugnce in practice, and in

salience, or how closely they connect with what tnhagpen in practice to

achieve policy aims. The further those aims defpamh conventional
practice, the more acute the dilemma becomes ahthe likely it is that
strong and salient instruments will be requireénable practitioners to

respond constructively. (p.536)

Though the professional development model was aesdigned and well delivered, it
is reasonable to ask whether the model was “staoiigsalient” enough to enable the
practitioners to meet the ambitious aims of thdgmsional development. Two
components of the professional development detiignntensity and duration of the
model and the extent to which collaborative leagrstructures were utilized, are
discussed in relation to the aims of increased kedge and improved instructional
practice.

Intensity and duration In this study, teachers participated in 48 haiirs
professional development workshops that focusegtlgon content and pedagogical
content, which was notably more than the 84% obiséary math teachers who
recently reported spending 24 or fewer hours inlang focused professional
development activities (Birman et al., 2007). Téa&chers also participated in

approximately 20 hours of school-based coachingifes. The coaching activities

included one-on-one and grade level meetings \Wethcbach and combined in-class
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observations and out-of-class lesson planning esgbh debriefing sessions. The
workshop and coaching activities spanned sevenhmafitthe school year so the
professional development activities could be deddevhen teachers were teaching
relevant rational number topics and with time fog teachers and the coach to
establish an ongoing relationship. These aspét¢heanodel make it much more
intensive and much more connected to teachers daitk than typical professional
development opportunities offered by external pitevs.

However, the model was for one yéawhich some researchers would argue
is too short a timeframe to detect substantive geaim teacher knowledge and
practice. Hawley and Valli's (1999) professionaldlopment design principle of
“continuous and supported” suggests that a 3-yeds-time frame might be more
realistic. In fact, they refer to a finding frofmet Prichard Committee (1995), which is
particularly relevant to the professional developtr@@ms associated with this study.
The committee found that a group of teachers whe wagaged in professional
development activities that focused on pedagogittategies consistent with the
NCTM standards needed a stronger content knowledge — and hence, more
professional development time — to deliver the gedaal techniques effectively.
This finding is consistent with one of the key fimgs in this study: pedagogical
techniques, such as asking students to explaintthieking and to summarize the key

ideas in a lesson, depend on teachers’ understanfithe content. Solidifying

% The initial design of the study was for one-yefpmfessional development. However, in the spring
of 2008, the Federaly agency decided to add a segear of professional development in 6 of the 12
original districts. The second year interventihjch is still currently being delivered, is alltiess
intensive than the first year intervention. It tains 30 hours of workshops and 16 hours of coachin
for returning teachers and 42 hours of workshoplsl#hhours of coaching for new teachers —i.e.,
teacher who did not participated in the first yiedervention.
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teachers’ understanding of mathematics contentregyire an intensive model that
spans multiple years.

Other researchers describe continuous professi@valopment models used
in other countries. The Japanese approach to maties teaching and learning is
widely cited as an example of continuous, job-endie€d content-rich professional
development. Unlike the U.S., in which educatiaeébrms are relatively short-lived
(Cuban, 1990), Japan takes a much longer-term efemprovements in teaching
and considers teaching to be a very complex agtivit order to teach their subjects
well, Japanese educators assume that teachersimeetd participate in continuous,
school-based professional development. Unlikdxl&, where teachers are
considered to be competent once they have compleaetier-training programs,
Japan assumes that competence can be improvetirogaand expects teachers to
participate in on-going training throughout theareers. This continuous school-
based professional development model is cdtethaikenshuuOne of its core
components is lesson study (Stigler and HiebeA919Lesson study is year-long
process in which teachers define a problem, plasson around the problem, teach
the lesson, refine and re-teach the lesson, amdréffilect upon and summarize the
process, which often takes the form of a writtqrore At the end of the year-long
process, teachers have a product that they caagase and share with other schools.
Since Japan has a national curriculum, these lessonbe shared among teachers
and schools nationwide.

The Japanese approach to teacher learning is bassatmative expectations

that are quite different than those governing th®.dystem. As Stigler and Hiebert
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(1999) contend, teaching is a distinct culturaivétgt Thus, any lessons that might
be learned from Japan should be interpreted it bgthe cultural context of
teaching. However, as U.S. educators and policegnsadre calling for increased
content rigor and improved teaching practices itheaatics (NMAP, 2008), they
might look at the Japanese system as one that &des strides in both areas. As the
TIMSS video study illustrated, Japane&eggade teachers deliver advanced, formal
mathematics content in methods that engage studdagching methods that,
according to Stigler and Hiebert, are closely agywith the NCTM standards.
Japanese students outperformed their U.S. coumntgrpad this difference is
achievement highlights the promise of their system.

These arguments suggest that the study’s professievelopment model,
though much more intensive and sustained thanalypodels, might not have been
intensive or sustained enough to trigger noticeabfgovements in teachers’
knowledge. However, cost and teacher turnoveessuake dramatically increasing
the intensity of professional development a leas @traightforward policy
proposition. Providing high quality professionalv@lopment is extremely
expensive. Even this model, which probably wasné&nsive enough, would be
difficult for districts and schools to afford. Foer, professional development
programs that require 3- to 5-years to affect teaphactices assume that the teacher
workforce is relatively stable. In secondary mathécs, particularly in urban
schools, teacher turnover is quite high, a conditiat longer-term professional
development programs must take into account. hignstudy, over one third of the

teachers who taught"frade math in the 2007-08 school year no longegttathat
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subject and grade level in the 2008-09 school y&aese turnover rates illustrate the
challenges associated with provided sustained,inggoofessional development to
accomplish ambitious policy goals.

Collaborative learning structuresThe study design incorporated many
collective learning opportunities for teachers,lsas co-teaching, co-planning and
peer observations. The literature on effectivdgasional development highlights the
importance of providing teachers with opportuniti@svork and learn together (Garet
et al., 2001; Hawley & Valli, 1999). In mathematiinternational studies, such as
the TIMSS Study and Ma’s (1999) comparative casdystindicate that some of the
countries whose students performed better thablt§ehave much more
comprehensive collective communication structungsiace. In the previous
discussion about lesson study, Japanese teachetsaygalarly to carry out the
planning, revising and re-teaching of the targédsdon. They are able to meet
regularly because their teaching schedules incimele time for teachers to meet
and collaborate. Ma indicated that the Chinesehiea also have more time to meet
together and discuss mathematics than their Uihteparts. Thus, the push to
provide teachers more time to spend with each athienprove mathematics teaching
and learning is well founded.

In this case study, the teachers worked in a d¢habvalued teacher
collaboration. The principal created a schedulhich each grade-level team of
math teachers shared a common planning period hveticwed teachers to plan and
debrief lessons or meet and discuss other ideat®deio teaching. The district

appointed math teacher leaders in each schoolupmbged an extra planning period
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so the teacher leaders could work in a coachingagp The district also provided a
part-time math coach, who, in addition to the teadbader, visited teachers during
their common planning time and while they were b#ag to provide additional
feedback. Teachers had a variety of ways to cotktk with other teachers and/or
specialists to reflect upon and improve their idtional practices.

This substantial infrastructure for collective tmapation seemed
underutilized, however. When | asked teachers they used their joint planning
period, they said it was rare for them to meetad lessons together outside of the
PD Math Study. When | asked if they had ever ukedime to discuss any aspects
of the PD Math Study, such as the math content asipéd in the professional
development or the problem sets, none of the teachported doing so. Why were
these collective opportunities underutilized? @assible explanation is that the
district and school did not have strong culturalm® about how teachers should use
the time. They knew that is was important to pdevieachers time to collaborate, but
they let teachers decide how to use the common tiighout guidance, the teachers
did very little collaborating on their own. If tlikstrict had provided expectations or
incentives about how to use the time, teachers tnhighe been more likely to take
advantage of the common planning time and leam fach other. However, as the
discussion on the complexity of the math contediciates, simply providing time for
teachers to meet does not ensure that they wadbbeeto and motivated to learn

sophisticated content.
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Practitioners’ Capacity

The capacity or capability of practitioners alsfiuences the likelihood that
policy aims will be realized. Capacity is critide@cause it “consists of the resources
practitioners bring to policy,” and yet capacity@ative, since “what is sufficient for
a policy that departs only a bit from conventiopactice is unlikely to be sufficient
for a policy that departs much more dramaticallydken et. al, 2007, p.537).
Capacity is often associated with individual priéatiers, but it also can be associated
with social sources in the policy environment. diiteoners’ capacity is much more
than the skills and knowledge that practitioneradto the policy environment and
through which policy instruments are activated.oddgh knowledge and skills are
vital, practitioners’ values, interests, and disposs are also important attributes of
capacity. This critical case study illuminates hitwse attributes of capacity interact
with each other and influence the extent to whialcyg aims were accomplished.

Teachers’ beliefs about mathematics teaching and learriRejorm-based
instruction, which emphasizes problem solving amceptual understanding over
rote memorization and procedural fluency, represardramatic shift from the way in
which most teachers experienced mathematics as ¥uti2nts. This shift is
important because, as Lortie (1975) points out,

Teaching is unusual in that those who decide terahhave had exceptional

opportunity to observe members of the occupatiomask; unlike most
occupations today, the activities of teachers ateshielded from youngsters

(p.65).
Teachers are not “blank slates,” then, when it ®todearning instructional
techniques or curricular programs; they have paigreriences in mathematics

classrooms — experiences that are both good and frach which to compare current
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programs and modes of instruction. Since nonbeftliree teachers in this case
study was old enough to experience the New Mathatuar movement of the 1960s,
it is safe to say that all three experienced traltl, procedural based mathematics
instruction as K-12 students. In fact, over therse of the year | spent with these
teachers, all three mentioned in some way thaC¥i€ program represented a
different mode of instruction than they had experexl as students.

All three teachers mentioned aspects of refornethasstruction that they
liked and disliked. They all thought it was imgort to ask students to explain their
thinking, and they found the questioning techniger@phasized in the professional
development to be helpful in stimulating and sumstey student discourse. All three
teachers thought that presenting students withastiag problems and encouraging
them to explain their thinking were important coments of quality instruction.
They liked the extended problems and activitietuiea during the professional
development, which they said supported the typgsaiflem solving activities in the
CMP program.

However, all three teachers thought that the dieficits of their students
interfered with their ability to deliver meaningfulonceptually-based lessons.
Though the teachers provided students with skatfce during the 20-30 minute
numeracy block — one of the teachers used thisfimskill practice more so than the
other two teachers — none of them said that thenloalwas quite right. They wished
that they had more time to work on skills thanrieneracy block provided. Wiggins
had an especially strong opinion about this isshe;thought the CMP curriculum

was too difficult for students and wished the distnad a skill based program that
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could be supplemented with CMP problems. Hamifia,teacher with the strongest
level of knowledge and the strongest will to leaaid that her husband had
encouraged her to write her own textbook so sh&athieve the proper balance of
concepts and skills. Even though all three teacteerght CMP in the way that the
district envisioned — i.e., they followed the distpacing guide and devoted most of
the class time to CMP — they all wished CMP prodidere opportunities for
students to practice and build skills.

These mixed beliefs about teaching and learningifested themselves
during instruction. On one hand, all three teaslsard that the questioning strategies
emphasized in the professional development hacktdhem manage their classroom
discussions. And in each of the 15 lessons | @kseteachers used the pedagogical
techniques to probe student understanding. Theydstrated these behaviors both
when they were working with the instructional coacid when they were not. In
fact, these teaching behaviors are consistentwihtht the district promotes. The
district math coordinator indicated that she enagas teachers to probe students’
thinking and is especially aware when teachersiavglling to let students take on
sufficient intellectual burden. Hiebert and Grou®807), in their literature review
on common characteristics of effective mathemagéashing, refer to such
intellectual burden as “the engagement of studerdguggling or wrestling with
important mathematical ideas” (p.387). Unlike tes&xs who might have rejected this
mode of instruction, these teachers allowed stsdenstruggle with important

mathematics.
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On the other hand, the teachers did not fully esglthe CMP program, which
might be partly why they did not pursue the mathteot more deeply. The
pedagogical techniques were easy to comprehenthagdeinforce the type of
guestioning promoted by the district. But underdiag the core content, articulating
the most common student misconceptions, and suraimgithe most salient points of
the lesson are much harder to grasp than the pgdaftechniques and require a
stronger belief in the philosophy of the prograihus, even though the majority of
the pedagogical behaviors | observed were consigtiéim much of what the district
was promoting, teachers’ partial endorsement ofali® approach might have
contributed to challenges associated with acqucomgent knowledge and
integrating such knowledge into instruction.

Teachers’ intrinsic motivation to learrin addition to teachers’ mixed beliefs
about the underlying premises of reform-baseducsityn, teachers’ beliefs about
themselves as learners seemed to influence thetegteshich they understood and
made use of the professional development. In #pep Exploring Teachers’ Will to
Learn, Van Eekeln and colleagues (2006) arguesttedcher’s “will to learn” is an
understudied phenomenon in the field of teachediepsional development. They
believe the topic should receive more attentiorabee a teacher’s “will to learn” is a
precondition for acquiring additional knowledge akdls.

Among the three case study teachers, one waswelireager to learn.
Hamlin, the teacher most eager to learn the méteggorted spending the most time
outside of class thinking about why her studentseewet learning as much as she

thought they needed to learn. She read journalest made up her own problems
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and even took a math class at a university duhegyear | spent with her. She
wasn'’t afraid to admit when she was confused atfated about some aspect of her
teaching, In fact, she was more critical of h@ndeaching than the instructional
coach. Even though she had a weaker backgroumatinematics than one of the
other two teachers and fewer years teaching experihan both teachers, she
demonstrated the highest level of understandinbefath content and the highest
level of visibility of the math content during ingttion.

The other two teachers — albeit to varying degreexpressed a relatively
strong “will to learn” when they were participatingthe professional development
activities. They asked questions and seemed edgagmderstanding the material,
which contributed to my initial assessment thatstigool would be a good site for a
critical case study of professional developmenbwelver, neither teacher sustained
that “will to learn” outside the professional demginent — at least not to the extent
that Hamlin did. Unlike Hamlin, who routinely med over what she might have
done differently after teaching a lesson, thesehieis were less bothered and
dismayed when their students failed to grasp am adevhen a lesson didn’t go as
well as they had planned. They didn’t approachpttodlem with the same sense of
urgency that Hamlin did. Wiggins, the only teaciwéh a degree in secondary
mathematics education and the teacher with the expsrience teachingMP, had
the weakest “will to learn” and demonstrated thedst level of understanding of the
math content. Smith, who scored in the middleenmts of understanding and
implementation of the math content, was also imtinddle in terms of motivation to

learn the material. Though he didn’t share Harslintense thirst for knowledge, he
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was thoughtful about the material and participditdigt in the professional
development.

The sample is much too small to make generalizgtibut Hamlin’s
eagerness to learn, which included being visiblsetipvhen her students were
confused, at least partially contributed to her poghending higher levels of the
math content than the other two teachers. At minmthese data confirm that

identifying and stimulating teachers’ “will to ledrshould be a consideration when

designing and implementing teacher professionatidgvnent.

Summary

In sum, the ambitious policy aims of the study daded a policy instrument
that was strong enough to support participantsaciy to fulfill the aims. Had the
aims been less ambitious or the instrument andémtiioners’ capacity been
stronger, the results likely would have been défeér When trying to understand the
extent to which policy aims were or were not realizpolicymakers should examine
all three of these dimensions, rather than a sidighension. For example, focusing
exclusively on participants’ capacity or capabilitguld be short sighted, since the
level of capacity required for a policy to be swgsfal is highly correlated with the
level of complexity and ambition of the policy ilseAs Cohen (2007) and his
colleagues put it:

Capability is relational, like the other resourtiest we have discussed. It

waxes and wanes in interaction with the aims tbéties set, the instruments

that they deploy, and the environments in whichgyadnd practice subsist.

One can speak accurately of capability only if speaks in relational terms,

and one can shape capability only by shapingrélation to those other
resources (p.540).
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This case study suggests that, even in relati@@igrable conditions,
practitioners’ capacity should be expanded in otdeneet the ambitious aims of
improved knowledge and practice. If expanding capas not possible, then the
policy aims must be adjusted downward to match idexels of capacity and/or the
instrument must be extended. Otherwise, profeasaevelopment models such as
this one can, at best, show limited results. imgeof this particular policy, a more
comprehensive package of policies would likely beassary to accomplish these
ambitious aims. For instance, policies that adkdteacher preparation programs and
policies that address normative expectations fahrteachers likely would need to be
initiated in concert with initiatives to improveetlguality of professional

development.

Limitations

Like other empirical studies that focus on comglaenomena, this study has
limitations that should be considered. A majoritation of this study design is the
absence of baseline data for teacher knowledg@@utice. Ideally, | would have
been able to administer to teachers a pre-assestiméaddressed the key constructs
in the structured content interview and used thaéssment to measure teachers’
growth from the pre to the post assessment. Suesign would have allowed me to
distinguish between what teachers learned fronptbfessional development and
what teachers knew before they participated irptioéessional development. This
issue would be especially problematic if the teeslhed demonstrated high levels of
understanding of the math content and pedagogicdént on the structured content

interview. Since they did not — the teachers ayauidbetween the low and moderate
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levels of understanding — this issue is less abalpm. In fact, it probably means
that teachers’ overall levels of understandinghefprofessional development are
partially inflated by their prior knowledge. Thigpothesis suggests that what
teachers learned from the professional developmenbbably a little lower than
indicated in this study — particularly in the domaf pedagogical knowledge.

Even though teachers’ overall low level of undeamsing made this issue less
problematic, | tried to address this weaknessaedidsign in a few ways. First, |
focused on how the content was presented in tHegsional development and used
that information to anchor my analyses. For examnphen a teacher used language
that was similar to or exactly the same as langteateired in the professional
development, | used that text as the basis to me#&sachers’ level of understanding
of the professional development content. | alstughed that text as much as possible
in Chapters 5 and 6 to illustrate the link betwtgencontent presented in the
professional development and teachers’ actual resso

| also addressed the absence of baseline datskimgaeachers to teach a
lesson that they taught the previous year andititerviewed them afterward about
any differences that they attributed to the protessd development. | used the pizza
problem, described in Chapter 6, as the core les8dirihree teachers said that the
professional development didn’t impact how theyutiat about the math content of
the lesson, but it did impact how they deliveresl l#sson. For instance, two of the
three teachers mentioned that the coach gave theweh way to introduce the
problem, which they used and would continue toingke future. All three teachers

said that they used the questioning strategiesdaotred in the professional
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development and would continue to use those ifiufuee. These interview data
supported findings from the classroom observatibasindicated higher levels of
visibility of the pedagogical aspects of the mod@hpared with the visibility of math
content. However, if | were going to conduct aiknmstudy in the future, | would
make a concerted effort to secure baseline data.

Another limitation of this study relates to thenmeric values assigned to
teachers’ understanding of the math content ostituetured content interview.
Though | tried to standardize the scoring processiach as possible, the numeric
values still represent estimates of what teacharderstood. The estimates are less
problematic when comparing large differences betweachers. For example,
Hamlin scored a “3” or at the strong level of urelanding on two of the questions on
the interview, and | am confident that her underditag was notably higher than the
other two teachers on these items because heissgere 1 to 2 points higher on the
0 to 3 scale. That an independent math contergrergached the same conclusion
on these items bolsters my confidence even further.

However, after teachers’ scores are averaged, sbthe overall differences
are harder to understand. Smith’s and Wiggins&ralaverages were 1.5 and 1.3,
respectively, but | have less confidence that Ssttired notably higher than
Wiggins. Smith scored higher than Wiggins on dhlge of the seven items and yet
had a higher overall average. If the content efdtnuctured interview had varied
even somewhat, it is possible that Wiggins and smduld have scored the same or
possibly switched places. The averages are sefiuliin describing overall patterns —

e.g., none of the teachers came away with a swiodgrstanding of the math content
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and one of the three teachers appeared to understaire than the other two — but
small differences between average scores shoultdrpreted cautiously

A third limitation of this study is that | chosetrto audio or videotape the
lessons. | decided against either approach piyragcause | didn’t want to interfere
with the design of the larger study. | didn't wiimése three teachers to act
differently because they were being examined twies a participant in the larger
study and as a participant in my supplemental sas®y. | also took my cues from
the instructional coach, who was present durinditeethree observations and
indicated that she thought audio or videotapingsadn would interfere with the
rapport she was trying to build as a coach. Thdugluld have asked teachers for
permission to audio or videotape lessons after wWexg no longer being coached, |
decided against this practice because | wantealltonf the same procedures | used to
score the observation data when the coach wasnprese

The procedure | used to record classroom observdata involved keeping
detailed hand written field notes and then typimgnt up within a day or two of each
observation. | determined that this approach wéscgent for completing the
observation instrument, but | would have prefeteedave a more complete transcript
of classroom interactions from which to portrayssi@mom life and evaluate the
visibility of the professional development durimgiruction. | compensated for this
deficit by recording exact quotes by hand whenéeeuld and whenever the
exchanges seemed to capture something esserttia gmals of the study. This
approach worked for the most part, but the clasarsimry would have been much

richer if | had more data about classroom inteomstito use.
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Directions for Future Research

This study has several implications for futureeggsh related to mathematics
professional development. First, this study caggtwhat three teachers
comprehended and implemented from professionalloevent, but it only
speculated abotiowteachers learned the content. Wilson and Berg@9)largue
that the mechanisms by which teachers learn isngoitant yet understudied
phenomenon. This study also suggests that thisuavis worth pursuing. For
instance, it would be interesting to know more dtimw Hamlin developed and fed
her curiosity and her thirst for knowledge; moragmailly, it would be useful to know

which aspects of teachers’ “will to learn” can bstered and which aspects are more
innate. However, the design of this case studyndicallow for an in-depth analysis
of this topic.

A second and related avenue of future researchlé&arn more about how
teachers’ beliefs and motivations are related éontlechanisms that trigger teacher
learning. The research consistently points tartigortance of recognizing teachers’
values and beliefs when designing professionalldpugent models. Models that
ignore or minimize teachers’ values about the autre about the nature of teaching
and learning are likely to fail. But more reseaicheeded to classify and categorize
teachers’ values and beliefs so that professiomatldpment models might be
tailored to maximize the involvement of teacherthwiarious types of beliefs.
Instead, at least in mathematics, two somewhatccategories distinguish teachers’

beliefs about teaching and learning: reform-basadhers assert that students should

learn high level concepts through questioning amp@seful struggle with content
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while traditional teachers believe that studentsukhlearn rules and procedures
through practice and explicit instruction.

These distinctions are not fine grained enouglhiasstudy indicated. Unlike
Cohen’s (1990) case study of Ms. Oublier, who savedif as a reform-based teacher
and yet often refused to probe student understgnthese teachers allowed students
to grapple with the material — often with such Eence and to such a degree that
they were not able to keep the rest of the clasi@atually engaged while they were
guestioning a student or small group of studerttere is how Cohen depicts Ms.
Oublier’s interpretation of reform-based teaching:

Make no mistake: Mrs. 0 was teaching math for ustdeding. The work

with number sentences certainly was calculateclp students see how

addition worked, and to see that addition and sghtin were reversible.

That mathematical idea is well worth understandamgl the students seemed

to understand it at some level. They were, aftepadducing the appropriate

sorts of sentences. Yet it was difficult to undamst how or how well they
understood it, for the didactic form of the lesgambited explanation or
exploration of students’ ideas. Additionally, mattegical knowledge was
treated in a traditional way: Correct answers veaeepted, and wrong ones
simply rejected. No answers were unpacked. Thaseteaching for
mathematical understanding here, but it was blemdédother elements of

instruction that seemed likely to inhibit understizng (p.313).

Like Ms. Oublier, the teachers in this case studnded teaching for mathematical
understanding with other elements of instructiat thhibited understanding. For
example, the case study teachers persistentlyignedtstudents about their thinking,
but they had trouble summarizing student approaahdsarticulating the core
mathematics underlying the approaches. This @efogi was problematic because
students often seemed confused at the conclusi@ssdns, even though they had

just spent a lot of time and energy pursuing variapproaches and responding to the

teacher’s questions. Unlike Ms. Oublier, howetteg, case study teachers did not

201



simply reject wrong student answers. They questistudents vigorously and tried
to unpack student approaches.

Both Ms. Oublier and the teachers in this casaystibought they were
teaching reform-based mathematics, or teaching foatmderstanding. But both
fell short of comprehensive reform-based instructicet in different ways. Ms.
Oublier was more didactic and less likely to englesfedents in what Hiebert and
Grouws (2007) refer to as “purposeful strugglelieTeachers in this case study were
less didactic and very likely to engage studensuch struggle. In fact, the case
study teachers needed help bringing resolutioadsdns in which students spent
extensive amounts of time grappling with ideastuFairesearch should depict
teachers’ actions alongcantinuum rather than a dichotomous distinction, between
reform-based and traditional teaching so that gasmal development activities can
be developed accordingly. Such tailoring would imze what teachers choose to
learn and are able to learn through professionatldpment.

A third area of future research relates to theiipation of sustained and
intensive professional development activities. Mogerts think that one-shot
professional development workshops or programs heechance of influencing
what teachers know and how they teach. But leksds/n about what constitutes
professional development models that are sustainddntensive enough to impact
teachers’ knowledge and practice and yet feasimegh that districts and schools
can adopt them. The professional development naelatloped for this study
sought to achieve the right balance of intensity i@asibility, which are inversely

related. Other workshop-based models include & mxtensive summer component,
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often two to three weeks, which increase intersitlis less feasible in terms of
ensuring teacher participation. Most of the matensive summer workshops are
voluntary (Wu, 1996). Future research could exptbe tradeoffs associated with
adjusting the intensity and feasibility of professal development models. The
degree to which a professional development progsantensive affects the extent to
which it is feasible and vice versa.

A fourth area of research relates to the teacanylearning of formal,
rigorous mathematics, such as the mathematicsiedtin the National Math
Advisory Panel’s (2008) recent report. Currenfiyy curricular materials exist that
move students from a pragmatic to a formal undedstg of the content. Available
programs tend to favor one approach more heawly the other. But both types of
understanding are important. Students are unlilcelgarn formal ideas unless the
teacher presents the ideas in meaningful ways.méaiingful explorations of the
content are ultimately unsatisfying if the teacisamnot able to connect students’ ideas
to formal mathematics concepts. This case stlasstilited that teachers may not be
able to move between formal and pragmatic undeaistgrof the content even when
they are being supported through professional dpweént. If states and districts
follow the recommendations in the NMAP report, tineyst think carefully about
how teachers and students will be supported to thesé challenging content
standards. It is unreasonable and unfair to tthakteachers and students will be
capable and motivated to meet these demands wigixéensive support, such as
intensive professional development activities feclisn helping teachers understand

and articulate challenging math content.
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Finally, all discussions surrounding the teackand learning of mathematics
depend upon whether one question is answered: sAsiaty, how much do we really
care about supporting teachers and students inmitgghigh-level conceptual
mathematics? If we are as serious as the ex@arise should be, then achieving
these aims will require nothing less than a comgmslve, sustained overhaul of the
current system, which provides teachers few ingeatto learn advanced
mathematics content and to deliver that contentnmegéully to students. Such an
overhaul likely would move beyond professional degment and would focus on
restructuring teacher training programs, whichrasponsible for providing teachers
with threshold levels of content knowledge relateteaching. Unless we address
this challenge carefully and comprehensively, veations, such as the professional

development model that | examined, are unlikelggsuccessful.
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APPENDIX A: CLASSROOM OBSERVATION PROTOCOL

Teacher Class

Date

I. Lesson Focus/Objective

II. Instructional Practices

PROFESSIONAL DEVELOPMENT EMPHASIS

EVIDENCE EXHIBITED IN LESSON

None/NA Weak Moderate Strong

Mathematics Content Knowledge

Use mathematically precise language (e.g., codefiitions,
properties.)

Make explicit connections between or among concepts

Provide rationale for why procedure works (e.gaveh
property, justify with a proof.)

Incorporate key ideas about ratio and proportiog. (stress
multiplicative reasoning instead of use cross pebdu
algorithm)

Incorporate key ideas about fractions, decimalsescents
(e.g., connect decimals to place value and frasjion

Pedagogical Content Knowledge

Identify and debug student misconception(s) asteatiaith
focus of lesson

Use (or encourages student use of) multiple reptasens of
concepts (e.g., number line, area model, table)

Make connections among student errors or approaches

Pedagogical Knowledge

State the mathematical focus or objective of lesson

Encourage students to pursue multiple strategisslt@ the
problem

Ask students to justify or extend their answerexplanations
(e.g., “How did you get that?”, “Say more about you
answer.”)

Ask students to engage in each other’s reasonigg &aying
whether they agree or disagree with each othepsogehes
and why)

Provide lesson summary or closure (e.g., summatgrsent,
exit card)

Overall Rating

Teacher exhibits behaviors that exemplify the core
components of the professional development.

I1l. Student Behavior

Less than 25% of students were engaged for mabedésson

About 25% of students were engaged for most ofeb&on

About 50% of students were engaged for most ofeb&on

75% or more of students were engaged for mosteoletsson
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APPENDIX B: TEACHER PERCEPTION INTERVIEW PROTOCOL

Name

Position/Title Date

Background Information

Type of undergraduate degree
Number of undergraduate math courses taken

Number of undergraduate math education courses tak
Type of graduate degree
Number of graduate math courses taken

Number of graduate math education courses taken

Approaches to Acquiring Professional Knowledge

1.

The study professional development focuses on ingildonceptual
understanding of core rational number conceptstérrknowledge),
understanding of student approaches and miscooecsgfpedagogical content
knowledge) and utilizing pedagogical strategies finamote student
discourse (pedagogical knowledge). Which componaiise professional
development have you found most valuable and wjich components
have you found least useful and why? Please desany specific strategies
or aspects of the professional development thatywme incorporated into
your teaching and the frequency with which you hewgployed such
strategies.

What (if anything) have you done after the profesal development
workshop or coaching activity to solidify your umgianding of these
components or aspects of the professional develogihe.g., utilized
supplemental readings, met with other teachersstauss, follow up emails or
calls with coach, trial and error in own classroom)

How (if at all) has the coaching component of 8tisdy influenced how much
of the information from the summer institutes aathsars you have (1)
comprehended and (2) implemented in the classrobim® would you rate
the overall quality of the coaching?

If you could spend more time on any of the topicstaategies included in the
professional development model, what would thegreg why?

Compared with the other professional developmemksimps you have
participated in, how does this model stack up imgeof improving the

quality of instruction and increasing levels ofddat understanding? Explain.
To what extent are the goals of this professioeaktbpment model
consistent with the instructional goals of theriis? How relevant is such
alignment (or misalignment) to the extent to whycln embrace and alter
your teaching practices?
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APPENDIX C: PD FACILITATOR INTERVIEW PROTOCOL

Name Date

Re: teacher

Background Information

Type of undergraduate degree

Number of undergraduate math courses taken
Number of undergraduate math education courses tak
Type of graduate degree

Number of graduate math courses taken

Number of graduate math education courses taken

Perceptions of Teacher Learning

1. What aspects of the professional development haseicher been most and
least receptive to? Why do you think this is thee?

2. What aspects of the professional development hega basiest and most
difficult for this teacher to implement? Why dowthink this is the case?

3. Compared with other districts, schools and teacghdnsre does this teacher
fall on the continuum of (1) grasp of the subjeettter and (2) teaching for
understanding?

4. If you had more time to work with this teacher, wivauld you focus on and
why?

207



APPENDIX D: DISTRICT MATH COORDINATOR INTERVIEW
PROTOCOL

Name

Position/Title Date

District Middle School Mathematics Philosophy

1. Describe or state APS’s mission for middle schoathmmatics.
2.
3. How would you describe APS teachers’ familiaritglalommitment to the

How long has this mission been in place?

instructional habits and practices associated thighmission? Are the study
schools and Columbia Middle School representativbeother middle
schools in the district? Why or why not?

What do you see as the key barriers preventingnegadrom embracing and
implementing the key aspects of your mission?

What steps does the district office take to enthaeteachers understand and
implement the core aspects of your mission and wakinstructional practice?
Has the district implemented structural supporttéaching learning? If so,
explain.

You are one of approximately 20% of districts asrthge country that uses a
“reform” mathematics textGonnected MathematicsPescribe when and
why you adopted this text and any challenges aatativith teacher
implementation of the program.

Evaluation of the PD Math Professional Development Model

7.

How would you rate the overall quality and usefskef the PD Math
professional development model? What aspects lbeee especially helpful
or useful for your teachers? What aspects have lless helpful or useful?
Describe any evidence of changed teacher beliatsyledge and/or practice
related to the goals of the professional develogmen

Alignment between District Philosophy and PD Math Model

9.

To what extent what are the key ideas and aimBeoptofessional
development consistent with (1) district standacdsticulum and
assessments, (2) district conceptions of pedagogl/(3) school or district
professional development initiatives?

10.1s there anything else you would like to add alibatdistrict’'s middle school

mathematics program or your perceptions of thegsabnal development? Is
there anything else you would like to add aboutu@diia Middle School in
particular? For example, can you say more abowt@olumbia and its
teachers compare to other schools and teachezsms Of (1) receptivity and
adherence to the district’s vision of quality teéaghand learning and (2)
fostering teacher learning?
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APPENDIX E: INTER-RATER RELIABILITY OF STRUCTURED
CONTENT INTERVIEW SCORING 2

Question
Teacher 1 2 3 4 5 6 7 Average
Hamlin 2/2 1/1 3/3 3/3 1/1 1/1 2/1 1.9/1.7
Smith 1/1 2/2 1.5/1 2/1 2/2 1/1 1/1 1.5/1.3

Wiggins 2115 11 151 115 11 1/1 1525 13/14

Average 1.7/151.3/1.3 2.0/1.6 2.0/1.f 1.3/1.3 1.0/1.0 15/15 1.6/1.5
a. Hamlin’s two scores represent my score anddahé&at experts independent score, i.e., 2/2 means
that | and the expert, respectively, scored Hamlimderstanding of Question 1 at the moderate.level
The bolded cells indicate differences between nfigsel the expert.
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APPENDIX F: DOMAINS OF KNOWLEDGE IN STRUCTURED CONTENT
INTERVIEW, BY QUESTION AND SHORT CODE

Domain of Rational Pedagogical Content
Numbers Math Content Knowledge Knowledge

Fractions Decimals Ratio/ Definitions ~ Connecti Rationale Represent- Student
Proportion ons for ations Mis-

between  Procedures conceptions

Question/Short . t
Code oncepts

1. Define and X X X
represent
fraction

2. Connect X X X
fraction and

decimal

concepts

3. Rationale for X X
decimal
procedures

4. Rationale for  x X X
misconceptions

with fraction

procedures

5. Define and X X X
represent ratio

6. Connect X X X X
ratio and

fraction

concepts

7. Rationale & X X X
representations

of fraction

procedures
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APPENDIX G: STRUCTURED CONTENT INTERVIEW QUESTIONS AND

SHORT CODES

Question
1. How would you define fraction and represent treftnition to
students? Has this definition changed becauséaf you have
learned in the professional development? If say &and why?

2. Suppose a group of students are having traxdrieecting the
meaning of fractions with the meaning of decimaihat might
you do to help students solidify their understagdifi how these
two types of rational numbers are related?

3. Suppose a student asks you to explain why oe tip the
decimals” when adding or subtracting but “move” tleeimal
place to the right or left when multiplying or dihg. What
would you say?

4. Suppose a student is confused with the “crassading”
shortcut to simplifying fractions. For exampleg #tudent thinks

this is C(\rrect% = % . What is the student’s underlying

misconception? How would you help the student cwee this
conceptual hurdle?

5. How would you define ratio and represent thedinition to
students? Has this definition changed becauséaf you have
learned in the professional development? If say and why?

6. Suppose a student thinks that all fractiongaties and vise
versa. Is this student correct? If not, what wordu say to help
him distinguish fractions from ratios?

7. Suppose a student is struggling to understandywx 3 = +

and why: +2 =12 What representation or representations

would be most useful to help this student undedstaimy
multiplying fractions can sometimes yield a prodiiett is smaller
than both the factors and why the sum of two foatidoesn’t
always have the same denominators as the addends?

Short Code
Define and represent fraction

Connect fraction and decimal
concepts

Rationale for decimal procedures

Rationale for and student
misconceptions with fraction
procedures

Define and represent ratio

Connect ratio and fraction
concepts

Rationale for and appropriate
representations of fraction
procedures
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APPENDIX H: NUMBER OF HOURS OF PROFESSIONAL
DEVELOPMENT DEVOTED TO EACH STRUCTURED CONTENT
INTERVIEW QUESTION

Hours
Summer Follow up
Institute  Seminars Coaching Total

Question/Short Code (18) (30) (20) (68)*
1. Define and represent fraction 4.5 1.0 1.0 6.5
2. Connect fraction and decimal concepts 2.5 15 4.0
3. Rationale for decimal procedures 15 1.0 2.5
4. Rationale for and student misconceptions with 2.5 4.0 6.5
fraction procedures
5. Define and represent ratio 7.5 5.0 115
6. Connections between ratios and fractions 25 1.0 3.5
7. Rationale for and appropriate representations of 2.5° 4.0° 1.0 7.5

fraction procedures

a. Teachers participated in 68 hours of professideaelopment during the summer of 2007 and the
2007-08 school year; 18 hours in a three-day sunimsétute, 30 hours in five, one-day follow up
seminars, and 20 hours in ten, one-day coachirgijoses

b. Calculating the time spent on each topic dutirgsummer institute and seminars was relatively
straightforward, since each workshop devoted dquéatr amount of time to each topic. Calculating
the number of hours spent on each topic duringfdagchowever, was much more difficult because
coaching activities included both individual andgp meetings between the coach and teacher(s) that
occurredoutside of the classrooand other coaching activities, such as modelibgeoving and co-
teaching, that occurrdadside the classroomA further complication was that the amount ofdieach

of the three teachers spent on various coachirngtas was only roughly the same. To addressehes
issues, the coaching hours reflect only those hofuceaching for that took placaitside of the
classroomand reflect the hours for the teacher with thedstraamount of time spent on each topic.
Thus, the coaching hours are underestimates, soroe teachers spent more time on these activities
and since in-class learning also occurred.

c. Only emphasis from same PD segment in summegtuitrgsand seminars; all other summer institute
and seminar emphases are mutually exclusive.
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APPENDIX I: TEACHERS' SCORES ON STRUCTURED CONTENT
INTERVIEW (Q1)

Study Definition: For whole numbera andb, with b not equal to zero, theaction a/b
is the number on the number line correspondirgtimes the unit divided intb equal
parts. Using this definition,3/8 a fraction. Since 3/2= 1 %, 1 % is a fraction.

Core Emphases A fraction is a number, so every fraction hagaact location on a
number line. The numerator of a fraction represémt number of pieces that are being
counted, and the denominator represents the sigaabf piece, relative to the unit.

o Level of
Teacher Teacher Definition Score Understanding
Hamlin  “Point that can be placed on the number line, dipe t 2 Moderate
number being the number of pieces being countadl, an
the bottom number how many pieces make up the
whole.”
Smith “Representation of parts of a set compared by 1 Weak
division...parts of a whole or parts of a set.”
Wiggins “Part to the whole. You have a circle or a square 2 Moderate

it's put into the denominator, and it tells you how
many pieces it's split into and then the numerator
how many of those pieces you have...[as opposed to]
it's a number on a number line”
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APPENDIX J: TEACHERS' SCORES ON STRUCTURED CONTENT
INTERVIEW (Q2)

Teacher

Study Definition: Decimals are numbers that can be written as Nwhich

means N plug; + %) + 155 etc. Decimal notation is analogous to place

value notation for whole numbers; positions torilgat of the decimal point
represent fractions with denominators that are psw€10. Both fractions
and decimals are numbers, and they can be ordacedoampared. All
fractions can be represented as decimals — soméngging and some
repeating — but there are some decimals that cdonpresented as

fractions. For example, the terminating decimaBli2equal to % or

1+Z + 135 . The repeating decimal, .333... is equat¥or 13 + 105+ - ..

Core Emphases Decimals, place value and fractions with powietea
denominators are closely linked and should be niiytteinforced. 0.15

represents 15 hundredths, which can be expressbé &action%, which is

equal to5+ 135

o Level of
Teacher Definition Score  Understanding

Hamlin

Smith

Wiggins

“We talk about how the value of a number and it 1 Weak
being in a different form... Two out of five pieces

might make more sense than 40% of something if

you're talking about how much pizza you ate, for

example...we talk about rational numbers in

different forms having the same value.”

“Take %1. We talk about it being 25%, which is

.25 because it's 25 our of 100. And 25 out of 100

is another form of 25%.”

“I would say the number one problem equating 2 Moderate
fraction to a decimal is that idea that a decirsal i

based on the base 10 and a fraction can be based

on whatever.” [connection to representations]

“1/4, we can also express it as 25/100. Or 5/1000.

It's relative size. | can write 1/108@nd it looks

— and they say, ‘wow, that looks really small’

when they see 1000 squares [area

representation].” “I've also used fractions that

are 10™on the number line...then we start

looking at those, including looking at little blow

ups, like we did in the study.”

“I would bring it back to common sense.alf 1 Weak
student thinks .12 is equal to %%, | would say ‘you

know what half looks like and .12 is like 12 cents.

Do those match up?’ ...Because, if you make

anything from money for them, they’ll get it.”
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APPENDIX K: TEACHERS’' SCORES ON STRUCTURED CONTENT
INTERVIEW (Q3)

Core EmphasesDecimals must be “lined up” when they are addesubtracted
because only like quantities — e.g., tenths anthsethousands and thousands — can
be combined. This is the same logic for findingbaamon denominator when
adding or subtracting fractions. The most strdayitard way to see why decimals
“move” when multiplying or dividing is to convertié decimals into fractions with
power of ten denominators (connection to studynikidin of decimal). For

example, 0.23 x 2.5 522 x 2 = 2B or 0.575.

Level of
Teacher Teacher Definition Score Understanding

Hamlin  “We've done examples. That's come up actuallytgret 3 Strong
recently and we talked about money, first of alld & put up
that | have 50 cents and | have $5.00 so | put,kymw, .50
or whatever and $5.00 and | added them and so ravd
55 cents, right? Now does that make sense to yoivell,
why? ... You've gotta add the same thing... the pi¢bat
you're adding have to be the same size.” “When we
multiply decimals we turn the decimals into fraoso.. 25
times .5...and they get, you know, 125/1000ths and e
talked about, um, you know, started looking a thoa#hat
do you notice?...You know, I'm ending up with thandths
here. Why am | ending up with thousandths? Wesdlise
I’'m multiplying hundredths times tenths.”

Smitt “One thing -- | think, you know, you start having a 15 Weak-
conversation about place value. You could stattt whole Moderate
numbers and we don’t use a decimal point when wage
adding whole numbers but we could go -- you cowldeh
like 35 + 28, if you were to put a decimal pointliere for
each number and it would still be 35 and 28, wheseld
you put the decimal point on each one? Okay. [tadses
it line up? Well, yeah because I've got the onas lve got
the tens...The estimation is important. It's a way to keep
place value so that we're adding 100ths to 100tb#)s to
10ths, 1s to 1s and so forth when we're doing eorggng.”

..." would tell the student is the decimal place fight now
is placed in your answer so that based on youmasitn it
makes sense to you.”

Wiggins “Well, as far as for the adding, | mean, we linm‘ap when 1.5 Weak-
we’re doing whole numbers ‘cause each number tas th Moderate
same value...We've done a lot more with just pladaera
and they're getting to being okay with the wholeadhat
they have a value... “Well, I'd probably bring them to
like a simple question where it's like 3 times .2'cause
like 3 times 2 is 3 groups of 2 or two groups of So.it's 3
groups of .2...They know [that] 3 groups of 2 is 63s0
groups of .2 has to be .6.”
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APPENDIX L: TEACHERS’' SCORES ON STRUCTURED CONTENT
INTERVIEW (Q4)

Core Emphases The underlying student misconception is assediatith the identity
property of multiplication, which says that the w&lof a number does not change when it is

multiplied by one (any form of one). More formally e - = £: = £ . This student

thought% was a form of one, but the represented parts witaus, not the factors of numbers,

2= . Since every multiplication problem can be rewritésna division problem, the

property also holds for division.

asin

o Level of
Teacher Teacher Definition Score  Understanding

“Well, if they're changing it into an equivalengfition they have
Hamlin to divide by one -- a form of one -- and in thiseahey are not 3 Strong
dividing by a form of one. They're just crossioff things... |
think where they get this misconception is whery'tleetaught
because of powers of ten, if you have 10/880, bgam,cross off
the zeroes. Well, that works. You're actually ding the
numerator and the denominatoiby. ten tenths..That's my
biggest thing with my kids: ... if you don’t undensthwhy that
works, you can't use it.”

Smith “Well, I think, you know one thing that weudd instruct to have 2 Moderate
them do is come over here to Y&tart asking ... why is this a
half? Well, because it's a one in the numerataritis a 2 in the
denominator ... what does that really mean?...| migbwe to
2/4ths and 3/6ths and start looking for a pattiédooks like the
numerator has what relationship with the denomiratit’'s always
half... Interviewer promptf you have 80/160, that [crossing out
the zeros] actually would work in this case, wottd? 80/160 --
8/16ths would still equal a half “They have no concept of
dividing each number by 10, which is still dividifidpy the value
of one, but it's a tenth of the pieces. And, ofitse, they're ten
times larger and so you'll need a tenth of therheyfre using a
procedure here.”

Wiggins “I would probably go back and draw a picture oflitmnean, the 2 Moderate
odds are if you give them something to look at tbay see that
8/28 is definitely not 1/2...You'd have to have thdtole
conversation about why it works with 10s...they uistkmd that
when you multiply by 10 it's 2 -- like 2 X 10 is§u20. They
know that and so you can just build off of whatytkaow. So 100
X 2 has got to be 200...as far as the division wealieed about
just reducing a fraction and how you can divide aod bottom by
the same thing and in the 10s case it just -- yuaancel out a
zero...you have to reduce by the same number on ibgtbes to
that whole ratio and keeping it consistent...l dé&mow how I'd
say it to a seventh grader right now though...| meaen some
kids | wouldn't even have to go -- I'd just sayrtkiabout it. You
know what 1/2 is and you know that 1 is half of$28 half of 28?”
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APPENDIX M: TEACHERS’ SCORES ON STRUCTURED CONTENT
INTERVIEW (Q5)

Teacher

Study Definition: A ratio is a comparison of two quantities diiyision Sometimes a
ratio is defined simply as “a comparison of two wfitées,” but this definition is
incomplete since it is unclear whether the comparis additive or multiplicative. An
additive comparison is the absolute difference betwtwo quantities (e.g., my brother
is 3 years older than | am), where a multiplicateeparison is a relative relationship
between two quantities (e.g., my brother is twis®l as my niece).Ratios are
multiplicative comparisons, which is why the “byidion” phrase is critical to the
definition. For any ratio, the quotient represehtsrelative magnitude of the two
quantities, that is, the magnitude of one quartity multiple of the other. For example,

suppose there are 2 cookies for every 5 studertsmath class. The ra%)means that
the number of cookies is alwaﬁxsthe number of students and the number of students
will always beg the number of cookies. The relative magnitude efttho quantities

holds for equivalent ratios, such—f%sar%; more generally the ratiprefers to the
comparison ofiato nb for anyn not 0 that is defined in the situation.

o Level of
Teacher Definition Score Understanding

Hamlin

Smith

Wiggins

“A ratio is a comparison between two things...putracfional 1 Weak
form, a lot of times, or with the little dot dots...Veévays talk to

the kids, you know, the amount of girls to the antaef boys; the

amount of left-hand people to the amount of righdh people;

how many are blue eyed and how many are brown eygd?alk

about what's a comparison...and sometimes we’ll regieis as a

fraction. It can be manipulated like a fractiogou can add ratios

and subtract ‘em and multiply and do all thosetfeaal things

with ratios."

“It's a way to compare groups of numbers htidink that could be 2 Moderate
an introduction. Say we could start with all righve’re gonna talk
about ratios of boys to girls in the class, sonmghhat they can
concretely see...l have one cup of sugar to everyctps of flour
so if | want to make a recipe and whatever tha igonna feed 12
people, | need to feed 60 people or 300 peoplan leither do this
and repeat my recipe enough times until | can &&&lor | can
just put it all together in one big bowl at oneginnterviewer
promt: So that relationship between the flour and the sughat
kind of relationship is that mathematicallywell, it's a ratio but
it's also -- it's a comparison of two values a sehg division
because if it's 1:2 the flour -- we’ll say that oogp of the flour to
two cups sugar, the flour is always half of theaugSo no matter
how much sugar | have, | need to divide that ambwyrttvo to get
my flour or if I have my flour | could always mysty by two to
get the amount of sugar.”

“A ratio is just a comparison of two things andt's.got to keep 1 Weak
that consistency between itself. | mean, just likey two shoes
for two feet. | can’t buy three shoes for two feet would use the

ratio table. | love the ratio tablés
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APPENDIX N: TEACHERS’ SCORES ON STRUCTURED CONTENT
INTERVIEW (Q6)

Core Emphases A fraction is a number, while a ratio is a compan between two
numbers. A fraction has an exact location on abeirrtine, but a ratio does not.
The phrase “part of a whole” is commonly appliedréactions, though the study is
trying to get teachers to get away from using dafinition exclusively, while
“part:whole” is a type of ratio (e.g., the ratiotbB number of boys in a class to the
total number of studentsNeed to add more here — Beckman: how ratios givesa
to fractions (and vice versa).

o Level of
Teacher Teacher Definition Score Understanding

Hamlin Interviewer:So [you said that] ratio is a comparison of 1 Weak
two quantities.“And a fractionis a part-to-whole
relationship. And a ratio can be between two défifi:
things — it can be between two different thingshere
generally a fraction is a — you've got a whole #meh the
numerator is the part of that whole, where likbays to
girls it's not that way.

...[Regarding the connection between ratios and
fractions]: That's befuddling. I'll have to thirdver that
one. | haven't really given that much thoughttto i
truthfully.”

Smith  “Well, if you talked about ratios part-to-pand part-to- 1 Weak
whole and you've talked about fractions as pag of
whole, whatever that whole is, then you can stdking
about well, is a fraction always the same as a?ati
...Then you start -- you can start having the disouss
okay, if a fraction basically means it's the pdhat I'm
counting compared to the number of parts or pieces
parts that it takes to represent the whole, sdsthiae
number of parts and the whole, but if | have twoety of
ratios over here -- a part-to-part and a part-tole/h-
which one does it sound like it's more like? ... Aclian
can sometimes be a ratio but it is always goinget@a
ratio. And | think we -- | would talk about therp#o-
part and the part-to-whole.”

Wiggins “l when | think of ratios | think of the part, nfractions | 1 Weak
think of as being part-to-whole, so like you haleee
pieces out of five of a cake. But a ratio couldobé
could be I've got 14 girls and 24 boys. You know ...a
fraction is always part to whole, [but] a ratio be
part-to-part or a part-to-whole. Interviewer prdmpo
you see the number line coming into play at alhwit
fractions and ratios?
| probably wouldn’t go at it that way just becauigion’t
-- we don't use the fractions on a number line.”
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APPENDIX O: TEACHERS’' SCORES ON STRUCTURED CONTENT
INTERVIEW (Q7)

Core Emphases A linear model (e.g., number lines, fractioripy is an appropriate
way to show how fractions can be added, includirgrationale for common
denominators. An area model (e.g., rectanglelegiis an appropriate way to what
happens when fractions are multiplied. For exarmgoiearea model can be used to show

how £ X2 =1 The professional development also presented sdélsas a good way

to represent multiplication of fractions, thougke #irea model was emphasized more.

Level of
Understandi
Teacher Teacher Definition Score ng
2 Moderate
Hamlin  “l would use the same model, so we could see itfierdnces...
Well, I'll go back to brownie problem [area modealkay? One-

third, so we find out what one-third is. This wollé one-third of
three-fourths is the way | think of it so firstéed to figure out
what three-fourths is. So divide it into fourthstieey would
divide it into fourths for me... Why don’t you drawpécture —
draw the cookies out [set model], now what doesdha-third
mean? How do | equally divide that? So thend tbem — well
you could read that fraction one-third as one dwvery three.
So, John ate one out of every three cookies, rightdu know,
we’d go back to my money model [for addition]. Whau're
adding fractional pieces — pieces like penniesiecgs of a dollar
— well, you need to be all adding the same thiiell, if you're
adding the same thing what's important about tlles@minators?
They have to be the same size pieces.”

Smith “I think one place you might want to starsiart using, you know, 1 Weak
their number sense. Coming back to, all right, B 3/4 of this
bar, and | find out one group of that | have 3l4tight? If | have
two of those, okay, then | have 3/4 -- each onhese is 1/4.
Now | have another three so | have 6/4. So 6¢fasater than 3/4,
okay? ...So using number sense, if this number skeeysame
and | multiply it by a smaller number just usinguy® what'’s going
to have to happen to my product if I'm multiplyisgmply by a
smaller value? ... And then with addition ... | startgth 1/3 and
3/4 and now I'm dealing with 12ths in my answer #md
numerator is bigger than my denominator...Tell me tygzat of a
whole | have and, you know, start putting ‘em tbgetand they
could estimate it.”

Wiggins “l a lot of times you can refresh them back to fike 2 times 3 is 15 Moderate
6, it's 3 groups of 2 and this is 1/3 of a grouB6f...And they can
at least see it's gonna be a smaller answer ...kthivould
eventually have to go to a picture.[insert teachagram] ... [For
addition]: | think | would go to like fraction $is. Where you
take a strip and you cut it -- fold it into threedayou take one of
them, and you take another strip and fold it imtorfequal parts
and you have to take three of them and then yopaoenit to a
couple of strips and say that yeah, you end up mithe than what
you began with...if you wanted to get to the common
denominators then pull out the fraction circles dodhat. Take
the 1/3 and the 1/4 and then take other piecey tand take
another color and try and get the answer and yaidqaut, okay,
you have a 1/3 piece, you'd have the 3/4 pieceyanchave to put
pieces on top of them if really wanted an exacthans
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