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ABSTRACT

The detection search probiem is the identification of search paths
for a specified time interval [0, T, so that the expected number of
surviving targets at time T is minimised. The problem can be solved
in real time only when the two major procedures: (1) estimation of
target posterior distribution; and (2) evaluation of optimal controls
(search path planning) based on this posterior target distribution can
be done on line. The unnormalised target conditional pdf, p(t, ¢|sf),
satisfies a linear partial differential equation, too complex to be solved
on line. Hence, a dual stochastic optimal control problem (in fact, a
conventional LQG problem) by using a logarithmic transformation.
A special case of the dual problem is studied in detail and a recursive
formula is obtained for updating the target’s conditional density. The
search path planning problem is treated in Part II.

INTRODUCTION

Detection search involves determining searcher routes to maximise
the probability of detecting the remaining (surviving) targets. The
major tasks of a detection search are:

1. compute a prior distribution of target location;
. obtain a good estimate of sensor capabilities;
. determine & detection (misdetection) function;
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4. develop a search plan and estimate its success probability;

5. update the posterior target distribution from search feedback;
and

6. evaluate search effectiveness.

Each is nontrivial and can only be solved by tools which compro-
mise between theoretical optimality and operational feasibility. For
example, there is no exact way of computing the prior target distri-
bution, especially when targets are hostile. The prior target distri-
bution could be an approximation reflecting a mixture of objective
measurements (or calculations) and subjective information, based on
experience or heuristics. Subjective information may be used to sim-
plify the problem so as to generate a good search plan in a feasible
amount of time.

In [6,7,8,9] detection search problems are treated as “resource allo-
cation problems” in which the search effort is assumed to be infinitely
divisible. However, for the *path planning problems® we assume that
the searchers are discrete units constrianed to follow continuous paths.
This work is devoted to the study of procedures 4 and 5 which are
called the ®search estimation problem” and the *search control prob-
lem”, treated, respectively, in Part I and Part II of this paper.?
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1. SEARCH ESTIMATION PilOBLEM
CONDITIONAL PDF

Consider a detection search problem with target and searcher dy-
namics

dg(t)
dz(t)

1{t.s(t)) dt + Gt ¢(t)) aW(2) (1)
w(t) dt. (2)

where ¢(t) € R*¥, £(t) € R*M are the target and searcher paths,
respectively. N is the number of targets and M is the number of
searchers. In equation (1}, f(t,¢) € R?" and G(t,¢) € RINXL gre
a vector and a matrix. The initial vaiue ¢(0) has a pdf po(s) which
we assume is known. Searcher dynamics (2) are assumed to be deter-
ministic, and the control vector u(t) is the searcher velocity.

Note that we have no observation of the target processes. The
only information available are the initial distribution and the results
of searching up to time t. The following definitions are made for the
single searcher - single target case:

1. detection function, ¥{t, ¢; 2)
the probability density function of detection

¥(t,¢;2) dt = P{detecting target during (t,¢ + dt})|
slt) =g,2(t) =s} +O(dt)  (3)

2. misdetection function, p(t, ¢; z)
the probability density function of misdetection

1 - pft,ciz) dt = ¢{t,¢;2) dt + O(dt) (1)

3. unsuccesaful event, z}

the event of no detection when searching along track s =
{z(r),0< r <1t}

4. conditional pdf, p(t,¢ | s})
the conditional pdf of ¢(t) = ¢, conditioned on event al.

pltislsd) d¢ = P{¢(t) € [¢,¢ + dg)iz8} + O(ds)

As shown in (2], p(t,¢ | x§) will be the solution of a stochastic
nonlinear integro-partial differential equation:

Oe(bels) = L2 p(t,¢ | #8) ®)

— it | 55) { ¥ltisis) ~ (t;sh) }

where:

1. The adjoint differential generator L is defined as :

3N

o) = S BKltg) ) L 1" e (6 Gy )
L () ‘Z:; o TI X Taey (6)



3. The conditional forward détection function y(t;}) is defined
as:

st = [ wwsssls e
We define

Boclet) = empl= [ Brisden) pleciah (0

slaslah) = Rt ©)

Le., p(t, ¢ | 55) and p(t,¢ | s}) are the normalised and unnormalised
conditional pdf, respectively. After some manipulation, a simpler
equation for p(t, ¢ | 53) can be derived: (see [3](5] for details)

BRsl) o1y peelat) - Bl | o) W) (10)

Equation (10) is an ordinary linear parabolic partial differential equa-
tion which generally must be solved numerically.

The components of the forward search equations, (5} and (10), in-
volve & covariance matrix representing target diffusion, a drift vector

for target motion, and a detection function characterising searcher
detection capability.

3. DETECTION FUNCTIONS

The detection function we use is the “instantaneous detection
function” defined by equation {3). Usually it will be homogeneous
in time and space. This means that y(t,¢;s) only depends on the
distance between targets and searchers. The most commonly used
detection functions are listed as below:

Yisual Detection (4 detection law)

Assume the searcher is in the sky looking down for targets on the
sea, and define:

K 5
({1 =) + (a-2) + 23 |}
where K > 0 (see Mangel [4] for details).
dar Detection

¥(s,5) = (11)

In this case, the detection function will be:

1 1 b

v(s,5) = - 5 [gerfels k=P )l (12)
where: S, is radar scan time and erfc is the complementary error
function (see {4] for details).
Cookie Cutter

In some cases, the detection function can be approximated by a
discrete function such as:

¢("') = {go “'f‘ll’ <R } (13)

otherwise

If ¢o = ﬂ;, we obtain the cookie cutter detection: the probsbility
of detection is one if the distance between searcher and target is less
than R and sero otherwise (see [4] for details).

Burface Detection
This is a two dimensional search. In this case the detection fune-
tion is:
v, s) = kezp{-Blla—m) + (m—ms))) (14)

where: k and # are parameters that depend on the environmental
conditions (see |5] for details).

As we can see, detection functions generally depend on the inverse
of the distances between searchers and targets.

8. DUALITY OF ESTIMATION AND CONTROL

In this section, a logarithmic transformation is applied to equa-
tion (10) to obtain a nonlinear partial differential equation which is
the dynamic programming squation of an optimal control problem.
Solving the conditional density is equivalent to solving the control
problem. This was developed by Fleming and Mitter in [1]). To sim-
plify the presentation, we shall assume

aed = & ()

which yields

1'__[2{?_0}‘_?]“_@ = |G{t) C'(t)k.s ;f:_%
0_&&)_& = fit) B8

The PDE satisfied by p(t, ¢|z}) becomes:

PG = FEAAMIGE) €1))eg VLol
- S L2 5 cl)y(e,ix) | (20)

(0,¢[28) = o(s)

If we define the logarithmic transformation, I, by [2]:

T Vir¢isl) = —Inp(r,¢ | 53) (17)
then by substituting into equation (18), V (r,n; 2J) will satisfy:

] V!‘r,q;l“
SHEE Gagt) b )
Vo(n) = V(0,n2) = — In po(n)

which is the HJB equation of the following (*dual®) stochastic optimal
control problem: for0 < r <t

i

L, Vir,m25) + ¥(r,n;1)

dn(r) = ~f{r)dr + a{r)dr + G(r)dW (s)

J(a},t,n(0),s8) = E,:{ f; L(g(r),t — r,n(r); x(r))dr
Fon(t)) )

L(a(r),ryn(r)i2(r)) = w(r) N(r) a(r) + ¥(r,n(r); 3(r))

N(r) =4{{e( Gy’

(19)
where:

1. f(t),G(t) are the same as in equation (15), and Vo(n(0)) =
=In po(n).

2. E,: (.) denotes the mathematical expectation conditioned on the
event that searchers were following the track sf.

Remark 1 The state n(t) and control (t) in the dual aystem (10)
are “artificial objects” Aave nothing to do with any guantity in the
real aystem (). The only connection is the transformation between

. the minimum cost function V (t,¢; s3) and the p(t, ¢|s8):

—~in p(t, ¢lad) = V(t,¢;a8) & ng‘n J(&d,¢,¢(t); 58)

The dual system s a tool used to solve the PDE of p(t,¢|sl). Some
approzimations and simplifications are made in nest ssction, eo thet
the dual problem ean be solved analytically.

4. THE LQG FORMULATION

The dual stochastic optimal control problem, formulated in equa-
tion (19), can be readily solved (“online®) by introducing an approxi-
mation based on the general property that detection functions depend
on the inverse of the distance between target and searcher. That ls,
the misdetection function should be proportional to a function of the
distance. In most cases, they are superlinear functions. This suggests
approximation of the misdetection funciion by a quadratic function:



plosie) o Rl sl when - sl D

when s —sli*2 D (20}
E ¢,

for some k > 0.

Remark 3 The scarcher detection capability ss inversely propor-
tional to the constant k.

The new evolution of p(t, ¢ | &) is [10]:

8_5(:9'?_'& = Lf p(t,s | 55) +B(t.¢ | 88) olt, si8) (21)

which is just the result of replacing ¥(¢, ¢; 2) by — (¢, ¢; 2) in the orig.
inal forward search equation. Approximating pft,s; 5) by a quadratic
function k j|¢ — 2||? , permits the dual optimal control problem to be
formulated into a linear regulator problem. Hence, for N = M =1,
the dual dynamic programming equation will be ( if f(t,¢) = f(t)
and G(t,¢) = G(t)):

o V!,"m." )
T

f

Ly Virmsg) = klln— sl
- 3H§¥) GG ($%)

Valn) = V(0,mi5) 2
= ~—lIn po(n)
And, the corresponding dual optimal control system is:
dn(r) = —f{r)dr + &(r)dr + G{r}dW (r)
J(ub,t,n(0),23) = E,‘{f; L(g(r),t — r,n(r); x(r))dr
+ Voln(0)

L(a(r), 7y n(r)i2(r)) =6 (r)N(r)a(r) ~ k |in(r) = 2()}?
N(r) =1 {G(n) G(r) }? i23)

Remark 8 The dual problem in equation (£3) is a linear regulator
problem with state n(t) minua a known function 2(t) appearing in the
cost sntegrand.

5. SOLVING THE DUAL PROBLEM

An algorithm for solving the dual space homogeneous pfo.blem
is proposed in this section. The time horison [0,7T} is partitioned
into small time intervals with length At. The dual problem is solved
every At, and the conditional pdf p(t, ¢ | 2§) is updated at every nit.
Assume N=M =1,

d(t) = f(t) dt + G(t)dW(t) € R?
dz(t) = wu(t)dt € R?
Let 1 , ‘
N(t) = 3 G(t)G (t). (3¢;
And, denote
t, = niit

for simplicity. At any time instant ¢, € [0, T}, the path ?lmner uses
P(ta ¢ | 23*) &8 & prior distribution to make the remaining search
strategy, for the interval [t,, T}, adapted to Bltn, ¢l28%).

Bltn, ¢l2i") depends on p(ta—1,¢lag™™) and &2,

T, i adapted to p(tn, §|sg"

| 1 | ] |

to tn-1 th tat T

Figure 1: Time horison partitions.

a(ta)

'(‘u—’) '(t""l)

Figure 2: Piecewise linear search.
We assume that:

1. Searcher path is piecewise linear by applying a piecewise step
function u(t), with

u(t) = w,, for th_1 <t £ ¢,
2. Also, we approximate the fact that

scarchers move from x(tn—1) to 2(tn) during [t,_y,t,].

by event of

acarchers stay at the middle of the path for At amount
of time

If we denote the middle of the path by £,:

= 5 ltama) + £{ta) ] (25)

then
dz, = 0dr, fort,.3<r<t,.

3. Define system state X, to be the distance between the target
and the searcher, and the linear transformation, I',,, by

) SR Xa(r) = [n(r) - zn ) € R? (26)
where

dn{r) = — f(r)dr + G(r)dr + G(r)dW(r),
dz, = 0 dr.

Therefore, the state evolution can be expressed by
dXn{r) = —f(r)dr + &(r) dr + G(r)dW({r). (27)

4. Approximate the misdetection function by a quadratic function
of new state X,,

k|ln(r) - s()|I* = k|in{r) -2l =X, K X,
with
K= [(’; :],md X. € R,

After making assumptions 1 to 4, the dual of the estimation prob-
lem is equivalent to the following linear regulator problem P., with

path £{_ suspended (compared to problem of equation (23) in which

zi_, appears explicitly):

dXa(r) = —f(r)dr + 8(r)dr + G(r)dW (r)
Jn = Jn(“g'_‘.‘m n(‘n-l))
P : = E{ [ L(a(r),tn — 1, Xalr))dr
. + Vn(‘n-hxn(‘n)) }
L(s(r)n Xalr)) = @ (r)N(r)a(r) = X, (r) K Xa(r) A
8



To solve problems ....Pa_y, P, Pl gy sequentially (i.e., the finsl
condition of the minimum cost function of P,_, is the initial condi-
tion for the minimum cost function of problem P,}, we introduce the
following notation:

Oty E 5y — 841 ER? (29)
4
Xn = B
= H—'(»]-x)l + [ sn-1)~5n | (s0)
= X,._; - Al"
==

Vo1 (tn-1, Xn-1) (6inal condition of V—3)

Vo (ta_s Xa)  (initial condition of V)
= Vo (‘ﬂ-ll Xa+ A'n)

Consequently, the eoltimntion problem at time t,, becomes:
dXn(r) ~J(r)dr + a(r)dr + G(r}dW (r)
Jo = Jn(852_,, 8t Xn(tn-1))
A E { f::_l L(a(r),tn — r, Xn(r)) dr
+ V, _l(t,._;,)(r(t,.) -+ Aln) }
L(a(r),7, Xa(r)) = &' (r)N(r)8(r) = X, (r) K Xa(r)
(s1)
The problems ....P,_;, Py, Pa,,.... are sequential. The final condi-
tion of the P,_, minimum cost function gives the initial condition of
the P, minimum cost function with a simple linear adjustment term
Dx,.
Note that equation (31) is a linear regulator problem, which im-

plies the solution of its dynamic programming equation has a quadratic
form

]
[l

Va(r, X) = X' Yo(r, X, Azn,¥Ya-1) X (32)

where, for tn.y < r < tp, Yo(r, X, Az,,Y,_1) satisfies the following
matrix Riccati equation E,:

dY..‘v,X,A,l..Yn-l)_ = K + I,(f) Ya(r, X, Az,,Ya )
+ Yo(r, X, Az, Yo-y) f(r)
E,: + Ya(r, X, Az, Yaos) N7Y(r) Ya(r, X, Azn, Ya1)

with initial condition Yy (ta-1, X, Azn, Yp-,)
being determined by the next eguation.

{33)

x. Yn(tn-h X, Oy, Yn—l) X

= Vp(tn-1,X) (initial condition of V,)

=Vn-1(tn-1,X + As,)  (final condition of Va_,)

= [X+ A'n] Yn—l(ln—hx + Le,, Azny, yn-’) lx"’ A'n]
(34)

As we can see, Y, ( tn, X, Asn, Y-y ) depends on Y,,_;, and
Yn-l( ta-1, X + Oz, ADsn-1,Yn-a )

depends on Y,,_3, and so on. Eventually, one obtains Y, ( ta, X, Asa, Yuo1 )
as a function of
[Al, X, A5y, Ax,, ..., Axy_3,024,Y0 )

or Ya(tn, X, A3, Yn-1) depends on [ At,n,%n,8n-1, ..., 81,50, Yo ).
To simplify the notation, we denote Yo (t, X, Axa, Ya-s) by Yalt).

Remark ¢ Note that N is a symmetrical matriz and K is o diag-
onal motriz with egual diagonal el ts. The solution of the matriz
Riceats equation

W = K 4 L0) Yalr) + Yale) £0)
+ Yalr) N-1(r) Ya(r) o

will also be a diagonal matrix with squal diagonal elements, denoted
by

v = [0 0], (36)

and yn(r) ¢ determined by evolution (35) and initial condition (34).

The conditional pdf of n(t,) can be obtained from the definition
of the linear transformation Xna(r) & n(r) — s, which yields

B(ta,n(tn) | sb*)

= Pl tn,n(ta) — 3n )

=ezp | - Va{ ta,n(tn) — 22 ) )

=ezp { - [ n(tn) — 5a ]' Ya(ta) l n{tn) — 2n l )

_A SPECIAL CASE
Solution of the dual problem in the case of f(t) = 0 is studied

explicitly and a recursive formula for updating Ya(r) is obtained.
Assume G(r) = I, for simplicity, then

(37)

) gt 1
N = 3(G'6) = ;b
The matrix Riccati equation for f(t) = 0 becomes

) - K+ ¥ N Yl

which yields

Yalr) = [yné') " ] = wl(r) * I,

and

yn(r) = \/gtan(\/ﬁf + An) (38)

where, by equation (34), 4, is a constant to be determined by the
initial condition ¥, (¢n—1), position X, and Dz,

x;u l Vn(‘n-l) "Iz ] Xn
= [Xn + Al’n] [ Vn—l(tn-l) ol ] lxn + A'n]-
By comparing (38) and (39), one finds that
5 /2 Xn + Az, |3
An = tan I[\/; y,._;(t,._x)”—ﬁ-#] - \/Z—k. tn_]. (40)
If we substitute A, into (38), then

Wlta) = \/} tan { VEE & (41)
+ tan™? [ \/i ’n-l(‘n-l) %ﬂu ] }'

Let’s choose a set of points { @y, Q3, Qs ....., QR } from the search
domain to evaluate the p(tn, Q,e8*) for 1 < r < R. Assume Q. € R2,
and Y, (tn,r) denotes the Ya(tn) matrix evaluated at point Q,. The
first matrix Yo(to,r) can be determined in the following steps:

(39)

1. Assume at time O, the target has & known distribution evaluated
at the given set of points (not necessarily Gaussian)

PQ) = p(0.Qulsf), for 1< r < R
2. From definition (25), we have

= z{t-1)+ =
* 2 RGN (“2)

which is & known constant vector {the initial searcher locations).

3. Then, the planner may choose Yy(to, r) in such a way that

[Qr =20 Yolto,r) [ Q, — 3 ] = —In §{0, Qrlsf)

-
Yo(lo.") = [ '0(‘:") 'o(:h') ]
and =In (0, Q.[¢§)
Uo(‘(h ') - Q' _’ .': )

Hence, the Yy(to,r) depends on | Qeymo ).



Theorem 1 The evolution of yn(tn,r), ot point Q,, con be ex-
pressed as: -

Vn(‘m') = \/g tan ( \/ﬁ At

+ tan~! [ \/— Vn—l(tn—h') ufﬁé;—:—::—’nui ] )v
(43
end )
Pn(tn»Qr —'u)
ezp { = yaltn,r) {IQr — 5l® }. (44)

Pltn, Qrlsi")

Proof [10].
Although the P,.(t,‘, X,) has a Gaussian form (for a given X,),

pn(‘mxn) exp [ _Vn(trn Xn) ]
exp | — X, Yu(tn) Xa ]
it is not a Gaussian distribution because of the dependence of Y, {t,)

on X, as shown in equation (43), where Y, (tn,r) is & function of r.
Le., Since X,, = Q, — %, Yn(tn,r) is sctually a function of

(45)

l ﬂ»At-inm‘n—h """ y‘l)‘OyYO(101r) ]'

Remark 5 The advantages of solving these cascaded dual linear
regulator problems

2y

vy Py 3y By Py oo ares

(1) Instead of solving the £nd order lincar partial differential equation

3 p(t, Qr; 2} . -

__E(_a‘in_o) = L] p(t, Q- | 28) + Bt @ | %) (t, Qr;s)
numerically, we can solve P{tn, ¢|25) analytically, given prior
Plta=-1,¢]20""") , 3n—1 ond 2. Le., equation (43} is an analytic
evolution of Y, (tn, r) in terms of its previous value Yn_1(tn-1,r)
and the incremental acarching event Z;°_ .

(2) The updating of p(tn, Q.| 55*) can be done on line.

One observation is made on the evolution of yn(tn,r): f @, = 24

. which means we want to evaluate the p(t,, Q. |z5*) at the point cov-

ered by the searcher during [tn_1,tn], then X,, = 0, and by using (43),
we have y,(tn,r) — oo, which implies

i’(thrhs') — 0.
ANALYSIS OF THE SOLUTION

Theorem 2 For a detection search system with f(t) = 0, supposc
we have two search tracks Zt» and Zi* defined by

ZS" = {Zé"',ln}.
Zt‘)' = {Z:,"",i,, }

where path Zi~ and Z3* are equal up to time to_y, but have the lost
search movement different (2, # 3,). Assume
(1) |iQr — 2l < ||Qr — Enl|, for some 1 <r <R,
(2) midetection constant k <2 emall enough (i.c., scarcher’s
detection capability ss atrong enough),
such that
2 ya-1{tn-1,7) [1Qr — 2n-a]l*
HQr — #a]12 11Q, — &2

- k>0, (40)

then
Bltn, QrlZ3r) < Bltn, QrZ3").

Proof [10),

Q-

Figure '3: This graph represents a geometrical interpretation of
Qe = &I > ||Q — 5a|)2.

Theox:ex:n 2 compares the densities of the same evaluation point,
Q-, conditioned on two different searching events Z3~ and 23'. The
only difference between these two events is

Q. - in“z > (1@~ lnll’.

as l'hown in Figure 8. In other words, the searcher moves closer to
Q- in event ZJ~ than in event Z3* at time ¢,. Then we can prove

P (tn, Q12Z5%) <  (ta, Qr125)

which agrees with intuition.
Theorem 3 For a detection search syatem with f(t) =0,

(1) i(tn—hQr l Z(‘)--‘) = i’(‘n—th I Z;'_‘),

(2) 11Qr =5l > ||Q. — 5a][?, and

(8) misdetection constant k sa amall enough (or searcher’s
detection capability is strong enough), such that

3y (tamsr) 119wl
k Ta=sal? 10 =2all¥ < 0

and the event Z3® s defined by:

Zr = {2 ),
then
P(tnQ | Z5%) > § (tn, Q. | Z2°).

g
Q‘u-l

En

Proof. (10].

Q Q.




Figure ¢: This graph represents a geometrical interpretation of

Qe = #all* > 1@, — 2a]1? -

Remark 6 Theorem 3 es the conditional densities of two
diflerent evaluation points Q, and Q,, conditioned on the same svent
Zi=. Assumption (1) means

P (‘n-hquza"’) = p (‘n-hQ-IZE“").

Assumption (£) means that the searcher moves closer to point Q, than
Q. at time t,, as shown in Figure 4. Then we have the snegqualsty

P (tn QelZ3") > P (ta) Qa1 Z5%).

Remark 7 From Theorem £ and Theorem 3, if we define denasty
differences facc [10])

Dirur Zn Z) = — In (tn, Qr1Z5") + In Blta, Qr1Z7)
= At [|Q — &~ 1Qr — 5]I* ]
[ 3 yd_ i {ta-1.0) Qr—2ucafl! -k ]
M=l Q. -%al%
+ higher order terms.

> 0.
(47)
D(r,s, Za'nz(‘)') = -lin i’(‘merza') + in i(tnrQ-lzs')
= At [ ||Qr — 2all? = 1|Qu = =alf? ]
‘ k- 3 ya_altu-1,7) 1Qr—sa-1ll* ]
T @ =T Q.= sa]l”
+ Aigher order termas.

< 0.

(48)
then
At o= Dir,r,Z~Z2%) 1.
Ot 1 = |D(r,e,Z3 2} | 1.

In other words, the longer the scarcher stays at 2, or in (i.c., as

ot 1),

SIMULATION RESULTS

In this section, simulation results for a single target - single searcher

Search Estimation Problem are illustrated. Different searcher paths

are chosen for the experiments. Conditional densities corresponding

to each path sre calculated to investigate the influence of each path.

Also, At and the misdetection constant k are varied to observe their

rolen in the calculation of $(tn, Q- |25*). The search domain is s square
region as shown in Figure 5 with 9 evaluation points. Assume dats
are migneld as follows:

#(te) = |05, 1.8},
z(te) = {05, 1.1 ], and

Covariance of ¢(to) = [1/;.5 1/01.5]

Q: Qs Qe

$(t0)

Q. Qs Qe

. Q2
Figure 5: Search path of Example A.

Example A .
If misdetection constant k, At and search path Z3* are assigned as:
k=1.0
Ot = 0.05
s(to) = (0.5, 1.1]
s(t;) = [08, 1.1]
l(tg) = [0.0, 1.2]
l(lg) = [ 0.7, 1.8
#(td) = [0.75, 1.3 ]

=(ts) | 0.6, 1.83}
then the values of unnormalised pdf

f(tn’ Q7|'t').) i(tnanl‘;.) i(t'nQOl'a.)
Pltn, Ql":)-) B(tn, Qil’(.)') Pltn, QGI'(‘)')
i’(tnn Ql lz(‘)‘) i’(tnl Qa|’3‘) i(t'\l Qa|':)')

at each time instant are shown in Figure 7 for the time interval [to, ts).
Note that for 0 < n < 5, we have

Bltn) Qrl25") > Blta) Qalsl®)
}"(ldel'z') > i("uQS"':).)
Pltn, Quls5") > Blta, Qalss").

These can be predicted by examining the search path in Figure 5.

Example B
If misdetection constant k, At and search path Z3* are assigned as:
k=10
Ot = 0.05
s(to) = |05, 1.1
2(t,) = | 0.8, l.l]
s(ta) = [0.45, 1.15 ]
s(ts) = [ 0.4, 1.15)
s(ty) = [0.35, 1.15}
z(ty) = [0.80, 1.18].



P

Qr Qe Qo

§(to)

Q. Qs Qs

Q Q
! Figure 6: Search p:th of Example B.

Then the values of unnormalised conditional pdf
ﬁ(tnn Q7|¢8.) i(tn)Qﬁl'(').) i(t'\lqdl(')‘)
i(thdl‘(‘)') i’(thEI‘(:)') ,:’(‘m Qellé")
i’(tn» (23} ]Z:)") i(tny Q?l"o-) P(tnr Qal"o')
at each time instant are illustrated in Figure 8 for the time interval
[to,ts]. Note that for 0 < n < 2, we have
l:’(tn- Q'll’(:)‘) > g(thl"é')
P(tnIQC‘lo') > P(tn, Qsllg')
i’(thllis') > i’(‘lel’o')-
However, for $ < n < 5, we have
Bltn, Qrl24*) < Pltn, Qsl2p")
P(tn, Qul2") < Pltn, Qsl5")
i(tnx Ql l‘(‘)‘) < i(tﬁl qz";‘)'
These can also be predicted by just looking at the search path in
Figure 6.

Remark 8 The plot of
Plta, Qulz8) — B(ta, Qs|28?)
P(ta, Qulz")
versus different values of At and k are sllustrated in Figures 9 and 10,
respectively. The former curve is slightly super-linear, and the latter

plot is lincar.
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Figure 7: Example A: conditional density (y = P(tn, Q- |5}")) versus

evaluation points (z = [Q1, ..., Qo]) for the time of [to,ts).
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Figure 8: Example B: conditional density (y = P(tn, Qclzi")) versus

evaluation points (z = [Qy, ..., Qo]) for the time of [to, t;].
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versus (x = k).
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ABSTRACT

The detection search problern is the identification of search puthl for a
specified time interval [0, T], so that the expected number of surviving tar-
gets at time T is minimised. The problem can be solved in real time only
when the two major procedures: (1) estimation of target posterior distribu-
tion; and (2) evaluation of optimal controls (search path planning) based on
this posterior target distribution can be done on line. The path planning
problem is difficult since the state space is infinite dimensional. We intro-
duce a discrete space-time model to which the Ordered Search Algorithm in
Al Graph Search theory {with proper modifications) can be applied. The
algorithm not only stops at the (an} optimal path but also expands far fewer
nodes than an exhaustive search. The target estimation problem is treated
in Part L2

INTRODUCTION

Detection search involves determining searcher routes to maximise the
probability of detecting the remaining (surviving) targets. The major tasks
of a detection search are:

1. compute a prior distribution of target location;

2. obtain a good estimate of sensor capabilities;

to

. determine & detection (misdetection) function;

. develop a search plan and estimate its success probability;

[ B 3

. update the posterior target distribution from search feedback; and

8. evaluate search effectiveness.

Each is nontrivial and can only be solved by tools which compromise be-
tween theoretical optimality and operational feasibility. For example, there
is no exact way of computing the prior target distribution, especially when
targets are hostile. The prior target distribution could be an approximation
reflecting a mixture of objective measurements (or calculations) and subjec-
tive information, based on experience or heuristics. Subjective information
may be used to simplify the problem so as to generate & good search plan
in a feasible amount of time.

In [1,2,3,4] detection search problems are treated as “resource allocation
problems® in which the search effort is assumed to be infinitely divisible.
However, for the “path planning problems” we assume that the searchers are
discrete units constrained to follow continuous paths. This work is devoted
to the study of procedures 4 and 5 which are called the “search estimation
problem® and the ®search control problem®, treated, respectively, in Part I
and Part II of this paper.

1

1. TARGET AND SEARCHER DYNAMICS

Consider a detection search problem with target and searcher dynamics

d(t) = Slt,c(e)) d¢ + Glt,(t)) dW(e) )]
ds(t) = w(t) de. (2)

where ¢(t) € RV, s(t) € RM are the target and searcher paths, respec-
tively. N is the number of targets and M is the number of searchers. In
equation (1), f{t,¢) € R*N and G(t,¢) € RINXL gre smooth functions of
their arguments. The initial value ¢(0) has a pdf po(¢) which we assume
is known. Searcher dynamics (2) are assumed to be deterministic, and the

V3opported in part by NSF grant CDR-86-00108 o the Bystems Research Center.
3Current address: BEI, 7833 Walker Drive, Suite 308, Greenbelt, MD 20770,
3Part 1 will be published elsewhers.

control vector u(t) ia the searcher velocity.
Note that we have no observation of the target processes. The only
information available is the initial distribution and the results of searching

up to time t. The following definitions are made for the single searcher -
single target case which we shall treat here:

1. detection function, y¥(t,¢; s)
the probability density function of detection

¥(t,5;3) dt = P{detecting target during (¢,¢ + dt)|
s(t) =g, 2(t) = 2} + O(dk) ()

3. misdetection fanction, (t, ¢; 3)
the probability density function of misdetection

1 - pltigiz) dt = Y(t,qi5) dt + Olds) (4)

3. unsuccessful event, z}
the event of no detection when searching along track #f = {2(r},0 <
r <t).

4. conditional pdf, p(t,s | z8)

the conditional pdf of ¢(t) = ¢, conditioned on event z§.

plt,cleg) d¢ = P{¢(t) € [s,¢ + dgisf} + O(dg)

As shown in [5], p(t, ¢ | ) will be the solution of a stochastic nonlinear
integro-partial differential equation:

Selertel = Ly p(tyc | ) . _—

—plt,s | s8) { wit,cix) — o(tiaf) } :

where:

1. The sdjoint differential generator L is defined as :

IN M

2 Z az([GG]'J) (6)

L) = Z kg ) A

i=1 9

2. The conditional forward detection function y(t; s}) is defined as:

v(tal) = -/m v(t,¢;s)plt s | 28) de. )
We define
Bs i) = eopl- [ Bl ples it ()
plt,e|28) = ple.s | st)

Toltn [ a)dn’ )

That is, p(t,¢ | 53} and p(t,¢ | s}) are the normalised and unnormalised
conditional! pdf, respectively. After some manipulation, s simpler equation
for p(t, ¢ | 5§) can be derived: (see [6,7] for details)

apft -
Bls 1) o gy pieg ) - les 1) WibGin)  (10)
Equation (10) is an ordinary linear parabolic partial differential equation
which generally must be solved numerically.
The components of the forward search equations, (5) and (10}, involvea
covariance matrix representing target diffusion, & drift vector for target mo-
tion, and a detection function characterising searcher detection capability.

_In Part I of this work we reported on an approximate procedure for the



9. COMPARISON WITH DYNAMIC PROGRAMMING

Dynamic Programming solves problems backward. In the context of
Graph Search Theory, it traces the graph bottom-up. An optimal policy is
sccumulated from the bottom of a greph step by atep. In other words, at
each intermediate time, choose the best path initiated at all intermediate
initial states, by using the principle of optimality, and repeat this process
with the initial time backed up one step until the whole specified time horison
is considered. Each link cost is considered exactly once.

The link cost of the target search problem is the incremental return
function {(.)(-). It is & function of the posterior target distributions which
can only be calculated when all the nodes on the path connecting the starting
node and the current node are expanded. However, Dynamic Programming
needs to use every link cost exactly once. This implies we have to expand
all the nodes above bottom level (on all the feasible paths) to make the tree
ready for applying Dynamic Programming. Therefore, tracing the search
tree backward by Dynamic Programming (bottom-up) is no better than
an Exhaustive Search. That is why we chose a top-down algorithm, the
Ordered Search Algorithm, to find an optimal path smartly, with the help
of a qualified heuristic function to avoid expanding all the nodes.

10. SUMMARY

This paper presents efficient algorithms for solving the “Search Control
Problem.* The Search Control Problem is formulated into a simplified dis-
crete space-time problem. Some simplifications, such as using Bayes Rule to
update “cell® posterior distribution and using the Random Search Formula
to estimate the detection probability in one cell, are introduced to simplify
the computations. The Ordered Search Algorithm from Al graph search
theory is used to generate the (an) optimal path without expanding all the
feasible paths. An optimal heuristic function is constructed proves to be
very efficient in finding the {an) optimal path. When this optimal heuristic
function is applied in the Ordered Search Algorithm, we only expand about
one ninth of the nodes expanded by an Exhaustive Search to generate the
(an) optimal path.

By embedding the Dual Estimation Problem into the Optimal Ordered
Search Algorithm to generate ®accurate” posterior target distribution, this
approach describes the real model more precisely. The whole algorithm
is called Optimal Detection Search Algorithm. It not only updates target
distribution at the beginning of each time interval to ensure the accuracy of
the Search Estimation Problem, but also finds the (an) optimal path of the
Search Control Problem based on this distribution and a simplified discrete
space-time search model. The total procedure, we believe, can be done on
line after apeed improvement.

Acknowledgments: We would like to thank D.S. Nau for his commenta
on this work.

APPENDIX
ORDERED SEARCH ALGORITHM AND DEFINITIONS

The definitions and algorithms in this Appendix are based on (20] and
[21). They sre standard in graph search theory.

L(k) (1-w) Gk)+w H(k) with we[0,1).

I'(k) set of nodes generated by applying operstioa I' to node k.
s set of nodes already expanded (CLOSED).

3

set of nades yst to be sxpanded (OPEN).
ORDERED SEARCH ALGORITHM (BEST-FIRST SEARCH)

begin
1.5=@, §={start node}.
2. while § # ® do
{ choosen € § > n has the most merit,
if o is the goal, then exit with success,
else § =8 — (n}
S=S5u{n}
for each m € I'(n) do
(s) fmgSandmgs,
then § = & U {m} in merit order, and point m to n.
(b) if m € § and merit(m) is better than the old merit,
then point m to n and use new merit to order elements
in§

N

(¢) if m € S and merit is better than old merit, thea
3 = 3 U {m) with now merit, S = § - {m}, and point
m to n.

8. exit with failure.
end;

Definition 1 An order search strategy s complete f whenever there exists
a solution to the problem, the strategy will find one.

Definition 2 An order scarch etrategy is admissible if whenever st termi-
nates, the strategy yielde ing cost | return) solution if one
exista. .

Definition 3 Let Hy and H, be two heuristic functions, and that Ha(k) <

Hy (k) < Hy(k) for any node k. An admisaible scarch strategy is aaid to be
optimal if scarching with Hy ezpands all the nodes that searching with H,
ezpands.

Definition & A heuristic function H (k) s said to bc monotonic or conessten
tf given any two nodes k and &’ auch that k' ia o successor of k, we have
H(k) — H(k') < i(k, k'), where I(k, k') is the cost of going from k to k.

Theorem 3 If w € {0,0.5] and H(k) < Hy(k), then the order search
strategy s gdmisasble for all §-graphs contasning a mins solution.

Theorem 4 Ifw € [0,0.5), Hy(k) < Hy(k) < H,(k) for any node k, and
Hy(k) and Hj(k) are consistent, then the order scarch strategy i optimal
Jor all §-graph containing a minimum solution.
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(C3) For any two consecutive visiting cells, k; and kiyy, we have either
ki = kiy1 or k; and k;;; are neighboring cells. This makes the cell
visiting sequence feasible, since the searcher can not jump from one
cell to a non-adjacent cell in sero time.

Let F?, (k) denote the set of all feasible cell-visiting sequences starting

from cell &, at time ¢,,,

F;i»l(*") = { [k"]:=n+ll‘("l k!) = A'r
ana {C1),(C32) and {C3) are satistied}.
Therefore, Dj'** is simplified to

Di+' = Pk, k)d(A¢).

At time t, € [0,T], the prior target distribution is P(tn, k) which is com-
puted from the dual enimat.ion problem (treated in Part I). However, to pre-
dict the D:“::, D“*' , functions, the posterior target distributions
P(ti, k) {for ¢ > 3 munt. be evnluat.ed from the gwen prior target distri-
bution and trial control very quickly. As suggested in {10], Bayes’ Rule is

applied to approximate the posterior distribution
Pt k) [ 1 - d(e(s, k) |
T Plts) [1-d(t6,5)) ]

Although only the visiting cell posterior distributions {P(t;, k)}!_,, appear
in D::“, all the P(t;,k), for 1 < k < K, are used in (18) to update
the next visiting posterior distribution P{t;;y, k+1). Hence, one evaluation
of the cost function requires the calculation of all the target distributions
{ |P(t;, k)JE_, }i,, for each given trial control sequence. Thina is expensive,
but the simplifications introduced here reduce the complexity of the search
operations model.

(13)

P(‘t’i-l: k) =

4. EFFORT ALLOCATION VERSUS PATH PLANNING

Washburn {3] proposed an FAB algorithm, the Forward And the Back-
ward algorithm, for search operation. However, the FAB algorithm is de-
signed for continuous search *effort allocation® problems (for which it can
generate an optimal solution when feasible effort allocation has certain prop-
erties), but not for search *path planning” problems (for which it can only
generate a critical solution and a lower bound of the optimal solution).

Path planning is a very constrained special case of effort allocation. An
individual searcher cannot be ®partitioned® to visit different cells at the
same time — searchers are discrete units which may not be subdivided. Fur-
thermore, they must follow continuous search tracks and cannot jump from
one place to another in sero time. Therefore, most of the nice properties
associated with continuous search effort formulations has, such as the con-
vexity of feasible effort distribution set, do not hold in search path planning
for discrete searchers (see (3] for details).

If the FAB algorithm is applied for path planning in the case considered
here, we can only obtain a critical solution. The corresponding estimate of
the lower bound of the optimal cost is too loose to be useful. Examples are
given in (3}, p. 750.

5. CONDITIONAL RETURN FUNCTION

We define a return function R(P(tn,.), kn, k34y) for the time interval
[tn)ts] bY
R(P(tm ), buy Kiy)
= probability of detection during {ta,t,].

Also, let
o= 1-Dn,
- -1
D = M 17::1:“:
then

R(P(tn,.), kn, ki s1)
=D + D Dt + D Dyt 4. + DDl

= Z"‘ | D"" } conditioned on 15:

= P(t,,, k,.)d(At) +[1 = P(tn, k,.)d(At)lP(:,.ﬂ. kn41)d(At)

o+ { TIiZa [1 - P(, k)d(A2)] } o P(t,, k,)d(A0).

The optimal detection search problem is to maximise the return function
R(P(tn,.), kn, ki 1) over all feasible paths. The search operation model can
be expressed aa:

Objective :
maxe:  €F:, (k) R(P(tn,.), kn k2yy)
= m“&.ﬁe!""(k,‘) { P(t"' )d(A‘) (l()
+ lantr [Ij2n [ 1= Plt;, k) d(At) | P&, k)d(A1) }
where:
(1) &Lyy = {knss, o, k) € Fyy (ka),
with FR,,(k.) = (lk‘].-_:,.ﬂllk.l._.‘ﬂ a feasible cell

visiting sequence for time interval [to41,t,], starting
from cell &, at time t,}.

(2 ik ={ 5 k=

otherwise.
3) P k
®) Plesn,b) = X P 11— |

fori=n,n+1,...,s 5=12..,K,
with [P(t., k)|, gwen u prior dnmbuhom

(4) d(e(s, %)) = 1 - exp(—B¥t(i,k)), with W,V and 4
as given constants.

kny

r
rlrfl s
r

kny kno

Figure 8: Neighbor cells of cell k,.

We define:
N(ka) set of neighbor cells of cell &,

{knjsd = 1,2,.....,9, with kog =k, }.

Since there are 9 elements in set N(k,), there should be, at most, 9°=* feasi-
ble cell-visiting sequences in set F3,,(k,) given k, as a starting cell at time
t,. (cells at boundary have fewer neighbors). Therefore, the search space

Fl 1(ks) is o finite set. Let kniji... denote the nodes reached from node kn
through path { kn, kni, knijy Kniji ... } at time instants { ta, tns1,ths3, tass,
respectively. Note that the return function (probability of detection) for time
interval [t,,t,] has & summation form:

0o

-1
R(P(tn,.), kn, khyy) = 3 [ Di** | conditioned on D}. |.

i=n

Then, at time t,, for YV o € m < s, the estimated return function for
a path starting from node k, traversing a partial cell-visiting sequence

{kn, kn+1; s km} is defined by L(km), called the conditional estimate of the
real return function for time interval {t,, ¢,], constrained to going through par

tinl path {kn, kns1s .., km) «

L(km) = the eatimate of R{P(t,.}, ka, k3 ,,) when search
begins in cell &, and goes through{k,, ..., kn}.
= | the known return by searching along {kq, ..., km}
+ | the estimated return for time interval [tms1,t4} |
& Glkm) + H{km).

Assume { kn, kni, knig, ... } is o feasible cell visiting sequence, then the
incremental peturp functiops of visiting cell kn, kni, knig) .o are denoted
by i(kn), l(..)(k.“).l(._,.“)(k,“‘), ..... respectively.

b(kn) E Di2*' = Pt ka)d(At)
'(h.)(kﬂ) Dhﬂ t.ﬁ
- [1- P(t...k..)d(At) ] P(tass, kni)d(At)



lnaia)bnig) = DD

= [1= Pltm, ka)d(At) | [ 1= P(tass, kni)d(D0) |
P(t.*g, M,)J(Al)

Then the Aeuristic function, H{k,), of mode k, can be expressed in terms
of the subsequent incremental return functions and the heuristic functions
of k; s successors.

H(ka)

= maxy  eN(ha){ {(na) (kni) + H{kni) }

= maxy,,, eN(ba){ dna)(Eni) + H{kns1) }

= maxy,, eN(ha)l d(ha)(kni) (15)
+ mub.‘,eﬂ(h.‘)ll(u.,.“)(kﬁ,) + H(knis)] )

= MAXe, €N (ko) MIAX L4 s EN(Rpey)

{ ) (knt1) + lughoss) (Bnva) + H{kngs) }

L{ka) = G(ka) + H(ka) = I(ka) + H(ka)

L{ka) = Glkns) + H(kas)
= Glka) + by (kns) + H(kns)

Haeaeg){kans)

H(aa day) (kan1) Haa tay) (Raze)

L{knsy) = G(kaps) + H(ka1a)
= 1(kn) + da ) (kns) + (ag agy){kna2) + H (kngs)

Figure 4: H(k,) is a function of the subsequent incremental return functions
and the heuristic functions of k,’'s successors.

6. OPTIMAL DETECTION SEARCH

In this section, an Optimal Ordered Search (Best-First Search) strategy
is introduced which can find the optimal cell-visiting sequence for problem
described by model (14) whenever the algorithm terminates.

Define the perfect return Tunction, Lp(kn), starting from cell k, being
the maximum achievable detection probability among all feasible searching
sequences { X,y | Kayy € FRyu(kn) )i

L,(k,.) .:“e";.?:(..) R(P(‘m ')’ km k:rﬂ)

G(ka) + Hy(kn)
I(ka) +

W

{ lun)(kns1) + Hp(kn+1) }

max
a1 EN(ba)
s=n-

1
= I(ka) + max Unadassnibusi) (Bntisn)}

h:,.er;,.(h.){ §
where: Hp(kn) is the perfect heuristic function which gives the exact max.
imum achievable return for time interval [tn+(41,¢,] when cell kn( is visited
at time t, 4. Its ground values will be H,(k,) = O for any cell k, visited at
time t,. Node kg is said to be expanded, if the associated posterior distri-
butions, P(tn41, k), for V & = 1,32,8, ..., K, are computed by Bayes’ Rule.
To compute the perfect return function, Ly(k,), by an Exhaustive Search,
we need to expand a large number of nodes; in fact, all the nodes from level
n to level o - 1,

-1 -1
Z | number of nodes at level s | = Z ¥,

inn f=n

in order to tell which path will yield the maximum return. Fortunately,
using graph techniques developed in Artificial Intelligence research, this is
not the only way to find the optimal solution. Instesd of expanding all the
nodes, we can expand nodes according to a “merit order® which is called the
Ordered Search Algorithm (see the Appendix for details). If the heuristic
function H(') chosen has certain properties and the Ordered Search Algo-

rithm is sapplied, we do not have to expand all the nodes to obtain the
optimal cell-visiting sequencs.

Theorem 1 An Ordered Search Algorithm is optimal fsec Appendiz for
definition] for any 6—graph, v

1. the heuriatic function aatisfics upper bound condition, i.s., ot any node
k we have

H(k) 2 H,(k),
2. L(k) = (1 - w)G(k) + wH(k) with w € [0.5,1), and

3. the Aeuristic function is consistent (monotonic)
H(km) = H(km+1) 2 ‘(h-)(kmﬂ)-

Proof: See [11].

The Ordered Search Algorithm terminates whenever it detects the (a)
goal node if exista (uniquely). The (a) goal node of the target search problem
is & node at level s (a node to visit at time t,) , with its backward pointers
up to the starting node k, giving the (a) maximum return.

Theorem 3 The goal node of the target scarch problem when applying the

Ordered Search Strategy is the firat s-level node picked from set 3 (OPEN,
defined in Appendiz) for ezpanaion. In another words, the backward pointers,
associated with the first o-level node picked from set § Jor ezpansion, back
all its way to the starting node k, gives the {an) optimal path. The path
gives the highest return in mazimising the probability of detection.

Proof: See [11].

Although the optimal ordered search algorithm can generate the opti-
mal cell-visiting sequence for problems modeled by (14), this model does
not describe the real problem completely. It uses: (1) the random search
formula to estimate the detection probability in one cell, and (3) Bayes’
Rule to update posterior distribution fast. The model (14) is only an ap-
proximation for the real problem. We must update this approximate model
from time to time by solving the dual estimation problem (treated in Part I)
to provide the posterior distribution (conditional density) more accurately.
Therefore, a combination of the optimal ordered search and solution of the
dual estimation problem is proposed for improved performance.

Optimal Detection Search Algorithm :

1. n =0, set ko = the cell occupied by the searcher is in at time t,,

2. Compute P(to, k) for k = 1,2,...., K, from the initial target distribu-
tion,

3. Choose a heuristic function H(-) which satisfies all optimality condi-
tions,

4. Use the ordered search strategy (detailed in the Appendix) to generate
the optimal cell-visiting sequence {k3,,, k%, 3, ..., &},

5. Set kn4y = ky,,, and perform search in cell ky; for time interval
l‘n+l|‘n+ll’

6. f n+ 1 =4, then stop.

7. Solve the dual estimation problem for the conditional density function
P(tn41,k), V1< k < K, to update the prior distribution for the next
time interval.

8. Set n = n + 1 and go to step 4.

The dual estimation problem is detailed in Part I of {11} and [14].

7. HEURISTIC FUNCTION CANDIDATES

Some heuristic functions are described in this section to show that such
functions H(-) exist which permit the evaluation function L(-) to satisfy
admissibility and optimality conditions (defined in Appendix). To simplify
the notation, we suppress the dependency of the incremental return function
lhaihasroohmes) (km) OB the past cell-visiting sequence (kn, kn+1 -, km—1)

‘(k"') = l(‘m‘-#l- ----- -.--l)(kﬂ‘)‘

(1) Admissibilit
Foradlm,n<m< s, let



L(km) = Glkwm)+ H(km)
Glkm) =2Xin Uk)
Hkm) = m“(“-ﬂ.h-n.bnu)l“km-ﬂ) + l(km+3) + Holkm+s)]
and s
Hn(km-n) = l{km+s) + 1.
Then

{ H(km) > 1> Hy(kn) (upper bound condition) }

w=05 €[05,1)
which implies that the admissibility conditions hold.

(2) Optimality
By definition, the perfect heuristic is :
i) = Y k)

Hy(km) = (n.u.x
i=m+1

LY i=m+l

In order to define an H(k,,) which satisfies the upper bound condition,
we compute an upper bound for all fn4¢, ¥V 6 —m = ¢ > 1. From the
equality

bntit1 = Pltmassrs bmait)| m ~d(At) | e lnt,

(16)
it suffices to find an upper bound for p(tm+i+1, km+i+1) snd & lower bound
of ptm+i) Em+i) to give an upper bound for Lpn4i41 in terms of the up-
per bound of ln4i. The upper and lower bounds of p(tm+i, km+i) can be
calculated by using Bayes’ Rule. After some manipulation, we obtain

1. for k # km+s,

Pltm+is1, k) = Pltm+i, k) bmiiikmsd) oLt

= M~p(tmeibmei ) BE
= Bpmtiv1 >0

P(tm-h'. k)

2. for k = kmyi,

Pltmtitr1s kmai) = Pltm+is km+i)
= — el ay * (1 - Pltmei kmai)]

1-p(tmsirhmei)od{O8

Thus, for k # kmy¢ and 121

<

Pmsivd(A)
= TP i dlOF)

= OPmtiti

Pltm+it1, k) — pltm+is k)

where B, . = MaxX(4=1,3,..,K) Pltm+i, k). If we define

Pm = Pon (7)
N d{At) s p,,
Apmsr = = P(‘(mr k),,.)PO )| # p(tm, km) (18)
then, fors 2 1,
Poti S Pmsi-1+ BpPmas
Pmei = min { Pmtier + OPmsis 1} {19)
OPm+i+ _‘_—_i":“ = d(24)
” [1 = Pm+s # d(A2)]
< Prms * (A1)
1= pmei + d(A2))]
&  OPmtisr- (20)

All Prnys and APmas, 8—m 2§ 2 1, can be calculated by using definitions
(19) and (20) alternatively.

Fork=kp4sands 21,

Pltmeitrr bmec) 2 [ 1— iz p(t...:,(f,z‘)d(At) lP(‘m-Hvkm-ﬂ)‘
If we define
B (=2 Pl B):
Abmiirr E F%m. (31)
= b (22)
then
Ptirs El11- ng—:(%ﬂ 19 Bmss

2 (1~ J# Pm+¢( because d(At) < 1)

2
1-Ppmsid{ O
= [ 1= Dpmit | * Pmsd

5

- ™ ™ if1- L
Penpiss = { ;L‘HAP +it1)Pm+t otherwAi: +i+1 >0 } (23)

All prroys a0d APpyy¢, 8—m 2 ¢ > 1, can be calculated by using (21) and (283)
alternatively. Since the upper (Pm+¢) and lower (pm+¢) bounds of p(tm.+s, &)
are obtained from these derivations, let us define the heuristic function:

H(km) = Z L, (34)
f=m+1
where
s = P [;E:l_k:)- - a(A:)] k), (25)
fors > 1
Intitr = Pmaitt [p.:+.- - J(A‘)] #lnpie (36)

The heuristic function defined by (24) is an optimal heuristic function (proved
in [11}).

8. SIMULATION RESULTS

In this section, simulations are reported which show the performance of
the Optimal Detection Search Algorithm with the optimal heuristic function
defined by (24). The search domain is partitioned into 100 cells. Assume
At = 1 and d(At) = 0.2591818. Initial target distributions are assumed
known and as given in Table 1. For instance, the initial probability of target
being in cell 38 is located at row 30 and column 8 in the Table.

A PASCAL program was written to implement the Optimal Detection
Search Algorithm (O.D.S.A.). If the second node of the merit-ordered
“OPEN" list is also a goal node when program terminates, then it is ei-
ther a second optimal path (if it has less merit than the first goal node),
or another optimal path (if it has the same merit as the first goal node).
Table 2 lists the (an) optimal path backtracked from the first detected goal
node, and the path backtracked from the second node in the “OPEN" list
(if it is also a goal node when program terminates). Different time horisons
are also considered as shown in Table 2. Probability of detection is the
probability of detecting the target when searching along the {(an) optimal
path generated by the program. Execution time is measured on & Sun 8/160
system for finding the (an) optimal path. The effort spent to find the (an)
optimal path is compared with those spent by an Exhaustive Search (E.S.)
as shown in Table 8.

Table 1: The initial target distribution.
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0 K1 1 31 I EID) (1) 06 -
16 - K1 03 6ok o o K
D ¥ 1 11 B11) K1) T -
0 S808 K1) 004 o3 K
T T a3 - K1) K1
1 ao8 o X - £
: - e8| 9.008 K] . 11y 1
K1) ;i - A1) K] K1) - K1)
008 03 1] 808 K] .81 . 1)
A1) (13 pI1] E 11 (11} T 1) I
Table 2: The optimal path(s).
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s 0 L v, Taieseed
0.018127¢
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Table 8: Comparison of Effort Spent.
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Remark 1 As we con observe from Table 8, the optimal path of a longer
time horizon s not an extension of that of o shorter time horison.

optimal path of s = 4

= 38,47, 56, 55.

# 38,28,17,.....

= ( optimal path of a = 3),



9. COMPARISON WITH DYNAMIC PROGRAMMING

Dynamic Programming solves problems backward. In the context of
Graph Search Theory, it traces the graph bottom-up. An optimal policy is
accumulated from the bottom of a graph step by step. In other words, at
each intermediate time, choose the best path initiated at all intermediate
initial states, by using the principle of optimality, and repeat this process
with the initial time backed up one step until the whole specified time horison
is considered. Each link cost is considered exactly once.

The link cost of the target search problem is the incremental return
function I.)(+). It is a function of the posterior target distributions which
can only be calculated when all the nodes on the path connecting the starting
node and the current node are expanded. However, Dynamic Programming
needs to use every link cost exactly once. This implies we have to expand
all the nodes above bottom level (on all the feasible paths) to make the tree
ready for applying Dynamic Programming. Therefore, tracing the search
tree backward by Dynamic Programming (bottom-up) is no better than
an Exhaustive Search. That is why we chose a top-down algorithm, the
Ordered Search Algorithm, to find an optimal path smartly, with the help
of a qualified heuristic function to avoid expanding all the nodes.

10. SUMMARY

This paper presents efficient algorithms for solving the *Search Control
Problem.” The Search Control Problem is formulated into a simplified dis-
crete space-time problem. Some simplifications, such as using Bayes Rule to
update “cell” posterior distribution and using the Random Search Formula
to estimate the detection probability in one cell, are introduced to simplify
the computations. The Ordered Search Algorithm from Al graph search
theory is used to generate the (an) optimal path without expanding all the
feasible paths. An optimal heuristic function is constructed proves to be
very efficient in finding the (an) optimal path. When this optimal heuristic
function is applied in the Ordered Search Algorithm, we only expand about
one ninth of the nodes expanded by an Exhaustive Search to generate the
(an) optimal path.

By embedding the Dual Estimation Problem into the Optimal Ordered
Search Algorithm to generate “accurate® posterior target distribution, this
approach describes the real model more precisely. The whole algorithm
is called Optimal Detection Search Algorithm. It not only updates target
distribution at the beginning of each time interval to ensure the accuracy of
the Search Estimation Problem, but also finds the {an) optimal path of the
Search Control Problem based on this distribution and a simplified discrete
space-time search model. The total procedure, we believe, can be done on
line after speed improvement.

Acknowledgments: We would like to thank D.S. Nau for his comments
on this work.

APPENDIX
ORDERED SEARCH ALGORITHM AND DEFINITIONS

The definitions and algorithms in this Appendix are based on (20| and
[21]. They are standard in graph search theory.

Lk) = (A—w) G(k)+w H(k) wnhwe|0,1).
(k) = set of nodes generated by applying operation I' to node k.
s = set of nodes already expanded (CLOSED).
3 £ set of nodes yet to be sexpanded (OPEN).
ORDERED § G (BEST-FIRST SEARCH)
begin

1.5=9, §={start node }.
2. while $ # & do
{choosen €8 3 n has the most merit,
if o is the goal, then exit with success,
else 5 = 3 — {n})
S=Su{n}
for each m € I'(n) do
(a) fmgSandmgs$,
then § = § U {m} in merit order, and point m to n.
(b) if m € § and merit(m) is better than the old merit,
then point m to n and use new merit to order elements

in §.

oN

(c) if m € S and merit is better than old merit, then
8 = 5 U {m) with new merit, § = S - {m}, and point
m to n.

8. exit with failure.
end;

Definition 1 An order search straicgy is complete {f whenever there existe
a solution to the problem, the strategy will find one.

Definition 2 An order scarch strategy is admissible f whenever it terms-
nates, the strategy yields ing coat | 1 return} solution if one
exista. .

Definition 3 Let H, and Hj be two heuristic functions, and that Hy(k) <

H;iki < Hy(k) for any node k. An admisaible search atrategy is said to be
optimal if searching with Hy expands all the nodes that searching with H,
ezpanda.

Definition 4 A heuristic function H(k) s satd to be monotonie or consisten
if ¢glven any two nodes k and k' such that k' 52 a successor of k, we have
H(k) — H(k') < U(k, &), where I(k, k') is the cost of going from k to K.

Theorem 8 If w € [0,0.5] and H(k) < H,(k), then the order search
strategy ss admisaible for all §-graphs containing o minimum solution.

Theorem 4 Ifw € (0,0.5), Ha(k) < H,(k) < Hy(k) for any node k, and
H;ik) and Hy(k) are consiatent, then the order search strategy is optimal
Jor all 6-graph taining a ms solution.

References

(1] L. D. Stone and J. B. Kadane, *Optimal Whereabouts Scarch For A
Moving Target,® Operations Research, pp. 1154-1166, 1981.

[2] L. D. Stone, “Necessary And Sufficient Conditions For Optimal Search
Plans For Moving Targets,* Math. of Oper. Res., 4, pp. 431-440, 1979.

[3] A. Washburn, “Search For A Moving Target : The FAB Algorithm, *
Operations Research, $1, pp. 789-751, 1988.

{4] J. L. Hibey, “Control- Theoretic Approach To Optimal Search For A
Class Of Markovian Target, ® Proc. 1982, American Control Confer-
ence, Arlington, Virginia, pp. 706-709, June, 1982.

[5] A. Ohsumi, *Optimal Searching For a Markovian Target And Relation
To Optimal Stochastic Control, ® Proceedings of MTNS, Stockhilm,
. 1986.

[6] A. Obsumi, *Stochastic Control With Searching A Randomly Mowving
Target, * Proceedings of The American Control Conference, June,
1984.

[7] Marc Mangel, *Search For A Randomly Moving Object, * SIAM, J.
Appl. Math., Vol 40, No.2, April, 1981.

{8] Marc Mangel, *Search Theory, ® Lecture Notes, Spring-Verlag, Berlin,
1984.

[9] B. O. Koopman, *Search and Screening, ® N.Y.: Pergamon Press,
1980.

{10] L. D. Stone, *The Process Of Scarch Planning : Current Approaches
And Continuing Problems, * Operations Research, 81, pp. 207-233,
1983.

(11] Ing Yan, *Estimation and Path Planning in Detection Search,® Ph.D.
Dissertation, University of Maryland, College Park, 1987,

[12] N. J. Nilsson, *Principles Of Artificial Intelligence, ® Tioga Publishing
Co., 1980.

{13] A. Barr and E. A. Feigenbaum (editors), * The Handbook Of Artificiol
Intelligence, * William Kaufmann, Inc., 1981.

{14] 1. Yan and G, L. Blankenship, *Search For Randomly Moving Targets
1 : Estimation, ® presented in 1987 Command and Control Research
Symposium and submitted for Proceedings, Washington, DC, June,
1987.



