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Question answering (qa) is one of the most important and challenging tasks

for understanding human language. With the help of large scale benchmarks, there

is tremendous success on building neural qa systems, and such progress has been

deployed into commercial systems like search engines. However, most qa systems

target at rather simple questions that can be answered within a single evidence

piece (e.g., a sentence). In many real scenarios, users also ask complex questions

that require multiple evidence pieces, and search engines fail to answer them. The

goal of this dissertation work is to tackle complex qa problem from different angles.

We first study complex qa using text collections as a knowledge source. We

build two qa systems that rely on a free-text knowledge graph from Wikipedia.

Through extracting a question grounded sub-graph and using graph neural network



to reason over this graph, the proposed qa systems are state-of-the-art on multi-

ple complex qa benchmarks. Then we present two solutions to address some key

assumptions that make state-of-the-art qa systems difficult to generalize beyond

specific benchmarks. We first address the assumption that the given text collec-

tions is semi-structured by hyperlinks. We propose a multi-step dense retrieval

method to model the implicit relationships between evidence pieces. The retriever

is competitive to state-of-the-arts on complex qa benchmarks, without using any

semi-structured information. To further address the assumption that annotated ev-

idence labels are given during training, we focus on the weakly-supervised setting,

with only question-answer pairs available. We propose an iterative approach that

improves over a weak retriever by alternately finding evidence from the up-to-date

model, and encouraging the model to learn the most likely evidence. Without using

any evidence labels, our approach is on par with fully-supervised counterparts.

We also study complex qa using tables as a knowledge source. We focus on

a practical problem that is dismissed by benchmarks: domain generalization on

mathematical operation over columns. We first construct benchmarks to quantify

this problem, then we address this problem by incorporating the necessary domain

knowledge through table schema preprocessing. Our approach significantly outper-

forms baselines on this problem, and as a result, boosts the overall performance.



TOWARDS PRACTICAL COMPLEX QUESTION ANSWERING

by

Chen Zhao

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2022

Advisory Committee:
Professor Jordan Boyd-Graber, Chair/Advisor
Professor Hal Daumé III, Co-Advisor
Professor Philip Resnik, Dean’s Representative
Professor Abhinav Srivastava, Member
Professor Hannaneh Hajishirzi, Member



c© Copyright by
Chen Zhao

2022



Acknowledgments

I am very fortunate to have got the opportunity to pursue my PhD at UMD.

Throughout this wonderful journey, many people have helped in both research and

life. This dissertation would not have been possible without them.

First I would like to thank my advisors, Jordan Boyd-Graber and Hal Daumé
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Chapter 1: Introduction

Question Answering (qa) is an important task in natural language process-

ing (nlp) and artificial intelligence (ai). The ultimate goal of qa is to build a

computer system that automatically comprehends the question and responds to the

answer. On one hand, qa evaluates humans language understanding capabilities

of ai systems such as Turing test for a long time [Lehnert, 1977b]; On the other

hand, in many commercial systems like search engines and chatbots, qa is an essen-

tial functionality component. Therefore, improving qa systems contributes to both

academia and industry.

With the rapid development of neural network based models for sequence mod-

eling [Graves, 2012, Kim, 2014, Vaswani et al., 2017], tremendous success have been

made on building qa systems, along with large banchmarks such as squad [Ra-

jpurkar et al., 2016] to evaluate them. When pre-training on large corpora such as

Wikipedia and then fine-tuning on the benchmarks, large transformer based lan-

guage models (e.g., bert [Devlin et al., 2019]) outperform the estimated crowd-

worker accuracy on benchmarks. And such progress has been deployed into com-

mercial search engines (e.g., Google, Bing), as they directly output the answers to

the user questions with high confidence.
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However, qa systems are still far from perfect. The questions in the benchmark

datasets are rather simple, which can be answered within a single evidence piece [Min

et al., 2018]. In many real-world scenarios, people also ask complex questions that

require combining multiple evidence pieces to find the answers. Existing search

engines fail to answer them. Can we build QA systems to answer these questions

in the benchmarks, and further deploy our model into real commercial systems? In

this dissertation, we present several approaches to tackle this problem from different

angles.

1.1 Simple Quetsions v.s. Complex Questions

Question answering can take different forms. We focus on factoid questions,

in contrast to open-ended questions that require complex answers (e.g., questions

start with “how” and “why”), factoid questions often ask about stated facts, with

only a few words as the answers. To answer factoid questions, qa systems need to

search the evidence from knowledge source, which can be a structured knowledge

graph like Freebase [Bollacker et al., 2008] and DBpedia [Mendes et al., 2011], a

semi-structured table, or unstructured textual documents. We further define Simple

Questons and Complex Questions by its reasoning complexity:

− Simple questions require single step reasoning, where the goal of qa sys-

tems is to find and extract the evidence directly available in the knowledge

source, which can be a node in a knowledge graph, a cell in a table, or a span

in a passage. As shown at the top of Figure 1.1, with the help of large trans-
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former based language models, search engines can directly output the answer

Menlo Park to such questions “In which city is Facebook located?”

− Complex questions, by definition, require multiple reasoning steps. These

questions often include multi-sentence questions from trivia games, multi-hop

questions, highly compositional questions, etc. Compared with simple ques-

tions, these questions are more challenging, and existing search engines often

fail to find the answers. As an example, at the bottom of Figure 1.1, the ques-

tion “In which city was Facebook launched?” requires multi-hop information

to answer. qa systems need to first find Facebook is launched in Harvard, then

Harvard university is in Cambridge, and select the answer as Cambridge.

In this dissertation, we tackle complex question answering problem under two

types of knowledge sources, text and tables.

1.2 Open-domain Complex Question Answering over Text

Compared with a structured knowledge graph, using large text collections as a

knowledge source has significantly higher coverage, since a known issue of knowledge

graphs is incompleteness (i.e., it’s impossible to store all world knowledge into a

structured form). Therefore qa systems from the text can potentially answer any

human posted factoid questions as long as the evidence is available in the textual

documents.

Question answering from text (also referred as the open-domain question an-

swering) has a long history in the research community. Most systems follow a

3



Figure 1.1: Top: An example simple question that search engine answers it correctly.

Bottom: An example complex question that requires multiple reasoning steps, search

engines fail to answer it.

two-step approach [Voorhees et al., 1999]: An information retrieval model finds a

few passages that are most likely to have the answer, and another statistical model

selects an answer from these passages, which is also referred as the reading com-

prehension (rc) task. Following these early systems, Chen et al. [2017] proposed

the first open-domain question answering system focused on simple questions, using

state-of-the-art neural network as the reading comprehension task.
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This thesis follows the retriever-reader framework to answer complex questions.

Unlike simple questions, most complex questions are entity-centric, linguistically

rich, and include multiple or multi-hop clues to the answer. These complex questions

create several challenges: First, qa systems need to extract multiple evidence pieces

from different places to satisfy complex information needs. Then, qa systems should

synthesize the extracted information for answer prediction, which can be aggregating

(multi-evidence) or chaining (multi-hop) multiple evidence pieces.

We propose two qa systems to tackle complex questions. They rely on a free-

text knowledge graph from Wikipedia, with entities (i.e., Wikipedia page titles)

as nodes and hyperlinks between entities as edges. Then we map each question

into a dense and high coverage evidence graph. A graph neural network finally

combines evidence pieces to select an answer. The proposed qa systems significantly

outperforms previous approaches in multiple complex qa benchmarks.

However, the proposed strong qa systems make several key assumptions that

only exist in academic testbeds:

− The free-text knowledge graph is based on Wikipedia, which contains semi-

structured information (i.e., the entities are connected by hyperlinks), albeit

many real-world corpora (e.g., medical records) often lack this structure.

− In addition to question-answer pairs, evidence labels are also available for

training, which are expensive to annotate, and create dataset artifacts.

We further propose two approaches to address these limitations. First, we propose

a multi-step dense retrieval method to model the implicit relationships between
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evidence pieces. The retriever is competitive to state-of-the-arts on complex QA

benchmarks, without using any semi-structured information. To further address

the second limitation, we focus on weakly-supervised setting, with only question-

answer pairs available. Our proposed approach iteratively improves over a weak

retriever, and finally is on par with fully-supervised methods. This means that we

do not need evidence labels to accurately find evidence to answer complex questions,

a surprising and important result that shows large potential to extend to any type

of complex questions that do not come with evidence annotations.

1.3 Complex Question Answering over Tabular Data

Next we switch our attention to answering highly compositional questions us-

ing tables. Tables provide useful semi-structured information, and question answer-

ing over tables is often framed as a semantic parsing problem: generate a program

that represents the meaning of the question and can execute on the table to output

an answer. We find that state-of-the-art approaches struggle to answer complex

questions that require complex operations over table cells. As shown in Figure 1.2,

to generate correct programs, we need to map domain specific phrases (e.g., how

long) to program segments that operate over multiple table elements(e.g., Term.2

- Term.1). The problem is even more challenging under the domain generaliza-

tion setting, where these mappings are not seen during training. We first construct

benchmarks to quantify this problem, then we propose to incorporate the necessary

domain knowledge through preprocessing table schemas. Our proposed approach
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Figure 1.2: Two complex questions that require mapping domain specific phrases

to operations over table columns.

significantly outperforms baselines on this problem.

1.4 Contributions

We make several contributions on complex question answering:

− Complex QA with a Free-Text Knowledge Graph. We propose both

models and data to study open-domain complex question answering over text.

We construct a human-authored, entity centric dataset QBLink from trivia

games. Then we propose a qa system to tackle such trivia-style complex

questions by first constructing an free-text knowledge graph over Wikipedia,

and then find evidence from the graph to select the answer. We further extend

this idea by proposing a neural model to model this semi-structured knowledge

graph, with strong results on multi-hop qa benchmark and is generalizable to
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other complex reasoning tasks.

− Complex QA Systems In More Real Scenarios. We first remove the

assumption that the given text collections is semi-structured by hyperlinks.

We propose a new multi-step retrieval approach that is competitive to state-

of-the-art systems on multi-hop qa benchmarks, without using the hyperlinks.

We next focus on training a multi-step retrieval model without using gold

evidence labels (i.e., weakly-supervised setting). Our method is on-par with

fully-supervised counterparts on multiple benchmarks. By removing these two

assumptions, our proposed qa system can be further adapted to potentially

answer any complex questions from users.

− Complex QA Over Tables. Lastly, we study complex question answer-

ing over tables. We focus on a problem that is important in real scenarios,

but dismissed by benchmarks: domain generalization on math operation over

columns. We first propose benchmarks to quantify this problem, then we pro-

pose to incorporate the necessary domain knowledge through table schema

preprocessing. Our proposed method significantly outperforms baselines on

this problem, and as a result boosting the overall performance.

1.5 Roadmap

In Chapter 2, we first review deep learning and nlp preliminaries used in

this dissertation. Then we introduce history of question answering, and question

answering over different knowledge sources. Finally we discuss question answering
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over two knowledge sources in the thesis, text collections and tables.

In Chapter 3, we study one type of complex questions—questions from trivia

games. These questions have multiple sentences, including diverse clues. We first

build a human-authored dataset QBLink from real Quizbowl competitions. The

question is a multi-sentence description of the answer entity, in which each sen-

tence includes diverse relations pointing to the answer. Then we introduce a qa

system delft, which combines the advantages of knowledge graph question an-

swering (kgqa) and rc approaches. delft inherits the structure reasoning ability

from kgqa with high coverage free-text. It first extracts multiple evidence from

Wikipedia on different sup-parts of the question and builds an evidence graph, then

a novel graph neural network models on the constructed graph and selects the answer

by combining multiple evidence pieces. delft outperforms reading comprehension

based models, bert-based answer ranking and bert memory networks with big

margins.

In Chapter 4, we focus on a more general setting for complex qa: the an-

swer is not limited to entities as in previous chapter, but any text span; the ev-

idence retrieval is not only single-hop, but extends to multi-hops. We introduce

Transformer-XH, which upgrades transformer for modeling semi-structured text,

in which different text sequence connects with each other. It includes an ex-

tra hop attention in its layers that aggregates representations from different tex-

tual pieces following their structure while maintaining the powerful pre-trained

transformer abilities over each text sequence individually. On multi-hop qa task,

Transformer-XH outperforms previous state-of-the-art systems that conduct sev-
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eral single-hop reading comprehension steps to simulate the multi-hop reasoning in

order to adopt the pre-train Transformers. We further apply Transformer-XH

to multi-evidence fact verification task, the results are competitive to the state-of-

the-art, showing Transformer-XH is generalizable to multiple tasks.

In Chapter 5, we focus on removing the first assumptions for state-of-the-art

complex qa systems: corpus is semi-structured by hyperlinks. Building on dense

retrieval methods, we propose a new multi-step retrieval approach (BeamDR) that

iteratively forms an evidence chain through beam search in dense representations.

When evaluated on multi-hop question answering, BeamDR is competitive to state-

of-the-art systems, without using any semi-structured information. Through query

composition in dense space, BeamDR captures the implicit relationships between

evidence in the reasoning chain.

In Chapter 6, we focus on removing another assumption: evidence labels dur-

ing training. State-of-the-art neural approaches require intermediate evidence an-

notations for training. Such intermediate annotations are expensive, and methods

that rely on them cannot transfer to the more common setting, where only ques-

tion–answer pairs are available. We investigate whether models can learn to find

evidence from a large corpus, with only distant supervision from answer labels for

model training, thereby generating no additional annotation cost. We introduce a

novel approach (DistDR) that iteratively improves over a weak retriever by alter-

nately finding evidence from the up-to-date model and encouraging the model to

learn the most likely evidence. Without using any evidence labels, DistDR is on par

with fully-supervised state-of-the-art methods on both multi-hop and single-hop qa
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benchmarks. Our analysis confirms that DistDR finds more accurate evidence over

iterations, which leads to model improvements.

In Chapter 7, we study answering complex questions using tables as a knowl-

edge source. We focus on a specific out-of-domain generalization problem that is

of significant practical importance: matching domain specific phrases to compos-

ite operation over columns. To study this problem, we first propose a synthetic

dataset along with a re-purposed train/test split of the Squall dataset as new

benchmarks to quantify domain generalization over column operations, and find ex-

isting state-of-the-art parsers struggle in these benchmarks. We then propose to

address this problem by incorporating prior domain knowledge through preprocess-

ing table schemas, and design a method that consists of two components: schema

expansion and schema pruning, which can be easily applied to different base parsers.

We show that on this domain generalization over column operations problem, our

proposed method significantly outperforms baseline parsers, and as a result boosting

the underlying parsers’ overall performance.

In Chapter 8, we summarize the results presented in this thesis and propose

future directions.
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Chapter 2: Background

In this chapter, we first review deep learning and nlp techniques used in this

thesis (Section 2.1). Then we introduce the history of question answering (Sec-

tion 2.2), and question answering over knowledge graph (Section 2.3). Next we

discuss question answering over two knowledge sources in the thesis, text collections

(Section 2.4) and tables (Section 2.5).

2.1 Deep Learning and NLP Preliminaries

In this section, we review some deep learning and NLP techniques used in this

thesis.

2.1.1 Transformer

The Transformer model proposed by Vaswani et al. [2017] has become the new

standard solution in many nlp tasks. Instead of using recurrent neural network

(RNN) variants to model text sequence, it involves multiple stacked self-attention

layers that converts the input X into {H0, H1, ..., H l, ...HL}, starting from H0, the

embeddings (i.e., low-dimensional vectors that represent the meaning of the input),

to the final layer of depth L. The key idea of Transformer is its attention mechanism,
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which calculates the l-th layer output H l using the input H l−1 from the previous

layer:

H l = softmax

(
Q ·KT

√
dk

)
· V T , (2.1)

QT ;KT ;V T = W q ·H l−1;W k ·H l−1;W v ·H l−1. (2.2)

It includes three projections on the input H l−1: Query (Q), Key (K), and Value (V)

(Figure 2.1). Specifically, the slices of token hli is:

hli =
∑

j

softmaxj

(
qTi · kj√
dk

)
· vj, (2.3)

which first calculates its attention to all other tokens j in the sequence and then

combines the token values vj into a new representation hli, using the normalized

attention weights. Multiple attentions can be used in one Transformer layer and

concatenated as multi-head attention.

For sentence modeling (encoding), the query, key and value are the same

(embeddings of input x), which is noted as self-attention. For sequence generation,

the query is from the previous output, and the key and values are the outputs of

the input representations.

2.1.2 Transformer based Language Model Pre-training

The Transformer based models pre-trained on large scale text collections like

Wikipedia have been the new standard solution for multiple NLP tasks. bert [De-

vlin et al., 2019, Bidirectional Encoder Representations from Transformers] is the

representative. Unlike fixed word [Pennington et al., 2014] or sentence [Conneau
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Figure 2.1: Multi-head attention in Transformer.

et al., 2017] embeddings, the bert embedding is contextualized, i.e., it is context-

sensitive that the embeddings are extracted dynamtically from a left-to-right and

a right-to-left language model. Figure 2.2 shows the model architecture of bert.

bert is based on Transformer, the original paper provides two model settings: bert

base has 12 layers, with hidden state (H) size of 768 and 12 heads; bert large has

24 layers, with hidden state size of 1024 and 16 heads.

Input/Output. The input to bert is a text sequence, which can be a single

sentence (not just a linguistic sentence but arbitrary of span text) or a pair of

sentences (e.g., question–passage pair). The first token of the text sequence is a

special [CLS] token. For pair of sentences, another special token [SEP] is used

14



to separate the two sentences. Then, a learned embedding to every input token is

included to indicate if it belongs to sentence A or B. The bert model outputs a

contextualized representation for each token.

Pre-training. The goal of language model pre-training is to learn the knowledge

in large corpora, and later can be used to initialize the model for new tasks. Pre-

training bert is on two corpus: BooksCorpus and English Wikipedia. And two

tasks are used for pre-training:

1. Masked language model: To train a bidirectional representation, some of the

input tokens (about 15%) are masked at random, and then the model’s job

is to predict those tokens. Similar to the standard language modeling, the

final hidden vectors corresponding to the mask tokens are fed into a softmax

function over the vocabulary. Through this task, the model automatically

looks at both directions of the input.

2. Next Sentence Prediction: To train a model that understands the sentence

relationships, a binary classification task over representations that predicts

whether one sentence follows the other sentence given a pair of sentence as

inputs. During training, 50% of the time two sentences connect to each other,

and the other 50% not.

Fine-tuning The goal is fine-tuning is to use the pre-trained model parameters as

the initialization, and adapt into the new tasks that we care about. Since bert has

pre-trained on large corpora, we hope most of the knowledge useful for the down-
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Figure 2.2: Model architecture for bert [Devlin et al., 2019].

stream tasks has been stored in its parameters. bert can be used in multiple NLP

tasks including single sequence input such as sentiment classification, and sequence

pair input such as natural language inference and reading comprehension. During

fine-tuning, after K pre-trained Transformer layers, bert outputs the contextual-

ized representations for every input token. Only the last task specific layer depends

on the actual task.

Other Pre-training Models. The propose of bert model creates a new era for

deep learning in nlp due to its strong performance on multiple benchmarks. After

bert, many other pre-training approaches are proposed including Xlnet [Yang

et al., 2019], mt-dnn [Liu et al., 2019a], Roberta [Liu et al., 2019b] etc. These

models use more advanced training strategies, and with much larger pre-training

corpus and model size, they further improve upon bert on benchmarks.
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2.1.3 Graph Neural Network for nlp

Graph neural networks [Zhou et al., 2018, gnn] have been widely used in

multiple nlp tasks such as relation extraction [Zhang et al., 2018], semantic role

labeling [Marcheggiani and Titov, 2017] , question answering [De Cao et al., 2019].

gnn follows the standard gather-apply-scatter mechanism [Scarselli et al., 2008] to

learn the graph node representations with homogeneous updates. In this section, we

discuss two main variants of gnn, graph convolutional networks [Kipf and Welling,

2017, gcn] and graph attention networks [Veličković et al., 2017, gat].

Graph Convolutional Networks Figure 2.3 shows the gcn model architecure.1

Similar to convolutional neural networks, which aggregates the neighbor pixels (or

words) in the convolutional layer to get the local representations, for each node in

the graph, gcn averages the neighbor nodes’ representation to aggregate the local

information.

gcn takes a graph as input, it first (layer l = 0) initializes the node rep-

resentation h
(0)
i . Then each next layer l + 1 updates the node representations as

follows:

h
(l+1)
i = σ


 ∑

j∈N(i)

1

cij
Wh

(l)
j


 , (2.4)

Where N(i) is a set of node i neigibors, cij is a normalization constant, and W is

a learnable shared parameter. The last layer’s node representation h(L) is used for

downstream tasks.

1https://tkipf.github.io/graph-convolutional-networks
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Figure 2.3: Multi-layer Graph Convolution network (gcn). At each layer, the node’s

hidden representation is conducted by the convolution operation over all neighbors’

representations.

Graph Attention Network. Graph Attention Networks (gat) introduces an

attention mechanism as a substitute for the convolution function. Similar as the

attention mechanism, the weighted representations used by gat let the models

able to focus on the most useful neighbors. Figure 2.4 shows the gat attention

mechanism. 2 At layer l, we first conduct a linear transofmeration from h
(l)
i to z

(l)
i ,

z
(l)
i = Wh

(l)
i , (2.5)

where W is a model parameter. Then we compute the pariwise attention score

between two neigibor nodes as

e
(l)
ij = LeakyReLU(Wa([z

(l)
i ; z

(l)
j )]). (2.6)

2https://docs.dgl.ai/tutorials/models/1_gnn/9_gat.html
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Figure 2.4: gat attention mechanism.

It first concatenates representations for node i and j, then passes through a linear

transformation layer with parameter Wa, and applies a LeakyReLU [He et al., 2015]

in the end. Then we apply a softmax function to normalize the attention scores as

α
(l)
ij =

exp(e
(l)
ij )

∑
k∈N(i) exp(e

(l)
ik )

. (2.7)

Finally, the representations of neighbors are combined, weighted by the attention

scores,

h
(l+1)
i = σ


 ∑

j∈N(i)

α
(l)
ij z

(l)
j


 . (2.8)

2.2 Question Answering Definition

The ultimate goal of question answering is to have a computer system that

takes the posted question as input and produces an output answer. Rather than just

a specific task, qa is usually viewed as a format for humans to satisfy information
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needs [Gardner et al., 2019]. Question answering can take different forms. From

the types of answers, qa is divided into multiple choice qa, extractive qa, and

free-from qa. Multiple choice qa provides a few candidate answers; the answers

in extractive qa are spans in the context; and the answers in free-form qa can be

any text sequence. In terms of question types, qa is categorized into factoid qa, in

which the questions ask about stated facts, and non-factoid qa, which usually start

with “how” and “why”, and require complex answers. Depending on the number of

reasoning types, qa is divided into simple qa that requires only a single reasoning

step, and complex qa that needs multiple reasoning steps.

2.3 Question Answering over Knowledge Graph

To answer questions, qa systems need knowledge sources. Knowledge Graph

(kg) is a structured knowledge source with well-defined schema, where the entities

are the nodes, and the relations between entities are the edges. Many large knowl-

edge graph has been proposed like Freebase [Bollacker et al., 2008], DBpedia [Mendes

et al., 2011], Wikidata [Vrandečić and Krötzsch, 2014], yago [Suchanek et al.,

2007]. Knowledge-graph question answering (kgqa) is to use the knowledge graph

to answer questions about facts. Many datasets like Webquestions [Berant et al.,

2013] and Simplequestions [Bordes et al., 2015] are constructued for kgqa along

with new qa systems which conduct structual reasoning on the facts in the kg to

find the answer. A typical kgqa task is to search for entities or entity attributes

from a kg. For example, given the question “who was the last emperor of China”,
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the model identifies emperors of China and then reasons to determine which emperor

is the last and find the answer, Puyi. kgqa approaches solve the problem by either

parsing questions into executable logical form [Cai and Yates, 2013, Kwiatkowski

et al., 2013] or aligning questions to sub-structures of a knowledge graph [Yao and

Van Durme, 2014, Yih et al., 2015]. However, a known issue for knowledge graphs

is that they are incomplete, as it is impossible to extract every world knowledge

into the fixed schema. This problem is more nuanced for complex questions, as the

clues from questions are usually more abstract, making knowledge graph question

answering even more brittle.

Compared with highly structured kgs, unstructured text collections such as

Wikipedia, newswire, or Web scrapes are cheaper but noiser for qa, we detail qa

over text in Section 2.4. Another commonly used knowledge source is tables, which

includes semi-structured information, specifically for highly compositional questions.

We introduce qa over tables in Section 2.5.

2.4 Question Answering over Text

We start with introducing early systems, then we discuss the open-domain qa

framework, finally we present qa benchmarks.

2.4.1 Early Systems

Question answering over text has a long history. The first qa system [Sim-

mons et al., 1964] is among the initial development of ai systems. There are several
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early qa and knowledge representation systems: The LUNAR system [Woods and

WA, 1977] answers questions about moon rocks and soil based on a database; Lehn-

ert [1977a] built a qa system based on unstructured text data; KL-ONE [Woods

and Schmolze, 1992] is a knowledge representation system in the tradition of se-

mantic networks and frames. But these systems are limited to small hand-created

scripts, therefore unable to generalize to new domains. The TREC qa competi-

tion [Voorhees et al., 1999] is the first to focus on open-domain question answering.

Most qa systems follow a two-step approach, which become the de facto standard

for open-domain qa systems such as Chen et al. [2017].

2.4.2 Open-domain (Simple) Question Answering

In open-domain qa, given an input question, qa systems aim to predict an

answer from large text corpora. Following Chen et al. [2017], modern qa systems

take two steps: The first is the retrieval step, which aims to find relevant documents

(passages) that contain the answer; The second is the reader step—often multi-

tasked with reranking step—that extracts the answer from those retrieval outputs.

2.4.3 Retrieval Models

Term Matching based Retrieval. A straightforward retrieval approach is to use

unsupervised sparse vector space models, including TFIDF or BM25. These meth-

ods use sparse vectors [Salton, 1968] to compare textual overlaps between questions

and documents (passages), and are widely used in multiple information retrieval sys-

22



tems including search engines. These retrieval systems are good at (exact) match

question tokens to passage tokens, but by design, fail to find matchings with syn-

onyms or paraphrases.

Dense Retrieval. Unlike classic retrieval techniques, dense retrieval methods [Karpukhin

et al., 2020] match distributed text representations [Bengio et al., 2013] rather than

sparse vectors. With encoders (e.g., bert) to embed query q and passage p into

dense vectors EQ(q) and EP (p), the relevance score f is computed by a similarity

function sim(·) (e.g., dot product) over two vector representations:

f(q, p) = sim(EQ(q), EP (p)). (2.9)

After encoding passage vectors offline, we can efficiently retrieve passage through

approximate nearest neighbor search over the maximum inner product with the

query, i.e., mips [Shrivastava and Li, 2014, Johnson et al., 2017].

Training Dense Retrieval models. The goal of training is to learn embedding

functions that differentiate positive (relevant) and negative passages that do not

include the answer string. The input is the query q, a positive passage p+ and m

sampled negative passages p−j . We update the negative log likelihood (nll) loss:

L(q, p+, p−1 , ..., p
−
m) =

ef(q,p
+)

ef(q,p+) +
∑m

j=1 e
f(q,p−j )

. (2.10)

In addition to use local in-batch or term matching negative samples, advanced train-

ing strategies select negatives from the whole corpus, which makes training more

robust and effective [Guu et al., 2020, Xiong et al., 2021a].
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2.4.4 Reader with Pre-trained Language Models

After the retriever, qa systems need a reader, which combines passage selec-

tion (reranking) and span extraction. Unlike retrieval, the reader encodes pairwise

information between question and passage, thus giving a more accurate (but slower)

prediction.

As shown in Figure 2.2, state-of-the-art readers fine-tune large language mod-

els such as bert. With strong capacities, these language model based approaches

outperform other neural models such as BiDAF [Seo et al., 2016], and even ex-

ceeds the estimated crowdworker accuracy on closed-domain setting (i.e., reading

comprehension).

Specifically, the bert encoder with input formatted as [CLS] question [SEP]

title1 [SEP] passage1 [SEP] ... titlen [SEP] passagen[SEP], where [CLS]

and [SEP] are special tokens, and each passaget is an passage pt. First, we use

[CLS] token’s representation U[CLS] to estimate the probability that the passage p

contains the answer:

P (p | q) = softmax(Uᵀ
[CLS]wrank), (2.11)

where wrank is a weight vector. Then answers are predicted with a span start and

end classifier:

P (start | q, p) = softmax(Uwstart), (2.12)

P (end | q, p) = softmax(Uwend), (2.13)

where wstart and wend are weights. From the highest-scored passage p̂, we select the
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answer with the highest span probability P (start | p̂, q)×P (end | p̂, q). The training

objective is the log-likelihood of the positive passage for reranking and maximum

marginal likelihood over all spans in the positive passage for span extraction.

2.4.5 Large Scale QA Datasets

A major contributor to the success of recent qa systems is the vast improve-

ment in the availability of large-scale datasets, including both simple qa and com-

plex qa.

Simple QA datasets. Since 2016, multiple large scale datasets are proposed to

evaluate reading comprehension tasks (i.e., closed domain qa). Using Wikipedia

as the knowledge source, these datasets can evaluate open-domain qa as well. Fol-

lowing Rodriguez and Boyd-Graber [2021], we categorize these datasets into the

Manchester Paradigm, to test the knowledge of the evaluated qa system, and the

Cranfield Paradigm, for the information-seeking purpose.

For the Manchester Paradigm, the annotators are asked to write questions

given passages. Stanford question answering dataset [Rajpurkar et al., 2016, squad]

is the first proposed dataset. squad contains more than 100, 000 question-answer

pairs written by crowdworkers on 500+ Wikipedia articles. In contrast to previous

rc datasets [Richardson et al., 2013, Onishi et al., 2016], which provides a list of

answer candidates, squad requires systems to select a span in the given passage as

the answer.

However, squad is vulnerable to adversarial attacks. Jia and Liang [2017]
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shows that neural reading comprehension models with high numbers on squad

datasets perform poorly under simple attacks like adding ungrammatical sequences

of words, while the human performance does not get affected, and proposes squad

2.0, to include the no answer option to the question to further evaluate the model

robustness.

For the Cranfield Paradigm, usually the questions already exist, and an-

notators find passages and answers to these questions. These datasets include

Triviaqa [Joshi et al., 2017b], which the questions are from trivia games; ms

marco [Nguyen et al., 2016], the questions are from bing queries; and Natu-

ralQuestions [Kwiatkowski et al., 2019], the questions are from Google queries.

Complex QA datasets. In addition to large scale simple qa benchmarks, several

large scale datasets are proposed for complex qa, these datasets are categoried into

the Manchester Paradigm.

HotpotQA [Yang et al., 2018] is a multi-hop qa dataset. It includes 112k

crowd-sourced questions designed to require multiple evidence pieces, which are the

first paragraphs of Wikipedia pages. It has two types of questions: bridge questions

require hopping via an outside entity, and comparison questions compare a prop-

erty of two entities. There are two settings in HotpotQA. The Distractor setting

provides golden evidence paragraphs together with tf-idf retrieved negatives. This

thesis focuses on the FullWiki setting (i.e., open-domain setting), which requires

systems to retrieve evidence paragraphs from the entire Wikipedia.

However, there’s a gap between HotpotQA setting and real scenarios, mainly
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for the following reasons:

− To ensure the questions are multi-hop (since it’s non-trivial to write multi-

hop questions from scratch), annotators are pre-given two hyperlink connected

passages and write a complex question that uses both passages (therefore these

two passages are evidence labels). Later work [Min et al., 2019c] mentions that

there are shortcuts that some questions only need single evidence piece to find

the answers.

− The knowledge source is the first passages of the entire Wikipedia. And

Wikipedia contains semi-structured hyperlinks, an important metadata for

answering complex questions. However, not all text corpora has such semi-

structured information. For example, the Web corpus, or some in-domain

corpus like medical records are unstructured.

This thesis presents soluations to mitivate these limitations, to close the gap between

benchmarks and real scenarios.

qanta [Iyyer et al., 2014] is another complex qa dataset collected from

Quizbowl competitions. Each question is a sequence of sentences providing in-

creased information about the answer entity. Often the first few sentences require

multiple reasoning steps to find the answer (and therefore are complex questions).

Since there’s no evidence annotation, state-of-the-art qa systems often struggle to

answer them.

Other datasets focus on different complex reasonings, but mostly on closed-

domain setting. Drop [Dua et al., 2019] focuses on numberical reasoning, and
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Quoref [Dasigi et al., 2019] focuses on conferences.

2.5 Question Answering over Tables

Tables also include essential information to answer questions. Question an-

swering over tables is often framed as a semantic parsing problem: to translate pairs

of natural language questions and tables to executable SQL queries, also known as

text-to-SQL parsing [Androutsopoulos et al., 1995, Minock et al., 2008]. Formally,

our goal is to map a pair (q, T ), where q is a natural language question and T is a

table, to an executable program π that, when executed against table T , will pro-

duce the answer α to question q. We focus on the fully-supervised setting where the

target executable program π∗ is provided as supervision for training our parser.

Evaluation Benchmarks. Text-to-SQL parsing became popular after the intro-

duction of large-scale datasets and evaluation benchmarks. Zhong et al. [2017] first

introduced WikiSQL, which contains Wikipedia tables paired with questions and

annotated with SQL queries, albeit the queries are generated from a limited set

of templates. Spider was introduced by Yu et al. [2018] the following year. It

contains more complex questions and SQL queries and focuses on generalizing to

previously unseen database schemas, but the dataset has the artifact from its an-

notation design that the references columns are often mentioned verbatim in the

natural language questions. Deng et al. [2021] attempt to address this limitation by

repartitioning Spider to produce a more realistic benchmark, and Lee et al. [2021]

propose a challenging test set from Kaggle for evaluating parsers trained on Spider
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dataset. Recently, Shi et al. [2020] introduced Squall, a dataset that annotates

WikiTableQuestions [Pasupat and Liang, 2015] with SQL queries and refined

column types like Date, Score, (T1, T2), and List[T].

Models. Neural encoder-decoder models have recently gained popularity for text-

to-SQL parsing [e.g., Xu et al., 2017]. We focus on two models that represent the

current state-of-the-art for Squall and Spider, respectively: Seq2Seq of Shi et al.

[2020] and SmBop of Rubin and Berant [2021].

Both models concatenate the question with a textual representation of the

table schema, separated by a special [SEP] token, and feed the combined sequence

to a pre-trained instance of the BERT [Devlin et al., 2019] language model. The

activations of the last layer represent the encoded representations of the question and

the table schema. Seq2Seq then uses a autoregressive decoder, which represents

programs as token sequences and at each decoding step it: (1) predicts the next

token type (i.e., whether the next token is a SQL keyword, a column name, or a

literal value), and (2) predicts the token conditioned on its type. SmBop, on the

other hand, uses bottom-up decoding, which represents programs as abstract syntax

trees and constructs these trees in a bottom-up fashion (i.e., it starts by predicting

the leave nodes and then recursively composes generated sub-trees into new trees

and ranks them, in a way that resembles beam search), until it reaches the tree root.
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Chapter 3: Multi-Evidence QA with a Free-Text Knowledge Graph

In this chapter, we mainly study questions from trivia games. As categorized

in the Manchester paradigm [Rodriguez and Boyd-Graber, 2021], these competitions

test human knowledge and evaluate which answerers (it’s either qa systems or

humans) are smarter (i.e., winner of the competitions). To serve this goal, the

questions used in such competitions are complex, linguistically rich, and include

multiple clues to the answer. Therefore, these questions are naturally occurring

testbeds for complex qa systems. We first construct a new dataset QBLink from

Quizbowl competitions with about 56000 human authored questions. Then we build

a qa system delft which builds a free-text knowledge graph from Wikipedia as the

knowledge source, with entities as nodes and sentences in which entities co-occur as

edges. delft grounds each question into a subgraph linking question entity nodes to

candidates using text sentences as edges, creating a dense and high coverage semantic

graph. A novel graph neural network reasons over the free-text graph—combining

evidence on the nodes via information along with edge sentences—to select a final

answer. delft significantly outperforms previous approaches in trivia style qa

tasks.1

1This Chapter describes work published in EMNLP 2018 [Elgohary et al., 2018] and WWW

2020 [Zhao et al., 2020a].
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3.1 Introduction

Factoid question answering [Wang, 2006, Iyyer et al., 2014, Gardner et al.,

2019, qa], which asks precise facts about entities, is a long-standing problem in

natural language processing (nlp) and information retrieval (ir). A preponderance

of knowledge graphs (kg) have been fruitfully applied to factoid qa over knowledge

graphs (Section 2.3). Whether these approaches work depends on the underlying

kg: they are effective when the knowledge graphs have high coverage on the rela-

tions targeted by the questions, which is often not the case: Obtaining relation data

is costly and requires expert knowledge to design the relation schema and type sys-

tems [Paulheim, 2018]. For example, Google’s Knowledge Vault has 570M entities,

fourteen times more than Freebase, but only has 35K relation types: similar to

Freebase [Dong et al., 2014, Bollacker et al., 2008].

In the real world, human knowledge is often tested through competitions like

Quizbowl [Boyd-Graber et al., 2012] or Jeopardy! [Ferrucci et al., 2010]. Most of

the questions in these settings contain complex and diversed relations, which are

unlikely to be covered by the well-formatted closed form relations in knowledge

graphs, and are often phrased obliquely, making existing kgqa methods brittle.

To study these questions, we introduce QBLink, a new dataset of about 56,000

human authored questions. Figure 3.1 shows an example from the QBLink dataset.

The question includes multiple relations that can point to the answer, the relations

in the question are complex and defy categorization into kg relationships. For

example, the relation “depict”—much less “paint a cityscape of”—from the first
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question sentence “Vermeer painted a series of cityscapes of this Dutch city” is not

a frequent kg relation.

One possible solution to sparse coverage is reading comprehension (rc), which

finds an answer directly from unstructured text [Chen, 2018]. Because it extracts

answers from paragraphs and documents—pre-given or retrieved [Rajpurkar et al.,

2016, Clark and Gardner, 2018, Zhong et al., 2019]—rc has much broader cover-

age [Nguyen et al., 2016]. However, current rc datasets mainly evaluate on reasoning

within a single paragraph [Min et al., 2018]; existing rc models focus on extracting

from single evidence. Synthesizing multiple pieces of evidence to answer complex

questions remains an on-going research topic [Yang et al., 2018, Min et al., 2019b].

To build a qa system that can answer real-world, complex factoid questions

using unstructured text, we propose delft: Deciphering Entity Links from Free

Text. delft constructs a free-text knowledge graph from Wikipedia, with enti-

ties (Wikipedia page titles) as nodes, and—instead of depending on pre-defined

relations—delft uses free-text sentences as edges. This subgraph are the nodes

relevant to the question, grounded to text by connecting question entities to can-

didate answer entities with extracted free-text sentences as evidence edges. The

constructed graph supports complex modeling over its graph structures and also

benefits from the high coverage of free-text evidence.

Unlike existing knowledge graphs, in which the relations between entities are

well-defined, delft leverages informative, diverse, but noisy relations using a novel

graph neural network (gnn) (Chapter 2.1.3). Each edge in our graph is associated

with multiple sentences that give explain how entities interact with each other.
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Vermeer

The 
Little 
Street

Dutch
Golden

Age

Delft

Amsterdam

Vermeer was a Dutch 
Baroque Period painter 
who specialized in …

The Dutch Golden Age 
was a period in the 
history of the 
Netherlands … 

The Little Street is a 
painting by the Dutch 
painter …

Delft is a city in the 
province of South 
Holland, Netherlands …

Amsterdam is the 
Netherlands’ capital …

Question: Vermeer painted a series of cityscapes of this Dutch city, including The 
Little Street. This city highly influenced the Dutch Golden Age in various aspects. 
Answer: Delft

… is one of only three … paintings of views of …

… is exhibited at the …

…was recognized during his lifetime in … 

… played a highly influential role in the …

Vq1

Vq2

Vq3

Va1

Va2

e11

e21

e31

e22

Figure 3.1: An example question grounded free-text knowledge graph in delft.

The graph has both question entity nodes (left side) and candidate entity nodes

(right side), and use natural language sentences from Wikipedia for both nodes and

edges.

delft uses the gnn to distinguish the useful evidence information from unrelated

text and aggregates multiple evidence from both text and the graph structure to

answer the question.

We evaluate delft on three question answering datasets: QBLink, qanta,

and triviaqa. delft outperforms reading comprehension based model [Chen et al.,

2017], bert-based answer ranking [Devlin et al., 2019], and a bert-based memory

network approach [Weston et al., 2014] that uses the same evidence but no graph

structure, with significant margins. Its accuracy improves on more complex ques-

tions and when dense evidence is available, while mr cannot take advantage of

additional evidence.

Ablation reveals the importance of each model component: node representa-
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tion, edge representation, and evidence combination. Our graph visualization and

case studies further illustrate that our model could aggregate multiple pieces of

evidence to make a more reliable prediction.

3.2 Dataset Construction

This section describes QBLink’s construction. QBLink is based on the bonus

questions of Quiz Bowl tournaments. Unlike previous work that only uses the

starter (or tossup) questions [Boyd-Graber et al., 2012], bonus questions are not in-

terruptable (players always hear the complete question) and have greater variability

in difficulty. Bonus questions start with a lead-in, which sets the stage for the rest

of the question, followed by a sequence of related questions (Figure 3.2).

Specifically, we collect bonus questions from http://quizdb.org for the tour-

naments in 2008–2018. Each question is categorized by topic as history, literature,

science, geography, fine arts, philosophy, religion, mythology, social sciences, current

events or current events. We filter out too short questions (fewer than ten tokens),

and only keep questions with exactly three sub-questions. One advantage of working

with qb data is that the community emphasizes sharing and redistribution of old

questions: new students can practice and improve without paying for or licensing

questions.

We map the answers to unambiguous Wikipedia pages using combination of

rule based matching and fuzzy string matching, then filter out the questions whose

answers are not mapped to any Wikipedia page (12.5% of the questions).
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Lead-in: Only twenty-one million units in this system will ever be created. For 10

points each:

Question 1: Name this digital payment system whose transactions are recorded on

a “block chain”.

Answer: Bitcoin

Question 2: Bitcoin was invented by this person, who, according to a dubious

Newsweek cover story, is a 64-year-old Japanese-American man who lives in Cali-

fornia.

Answer: Satoshi Nakamoto

Question 3: This online drugs marketplace, Chris Borglum’s one-time favorite, used

bitcoins to conduct all of its transactions. It was started in 2011 by Ross Ulbricht

using the pseudonym Dread Pirate Roberts.

Answer: Silk Road

Figure 3.2: An example sequence of questions from QBLink. The lead-in and ques-

tion 1 are asking about the same object/answer. The subject of question 2 is the

same as the object of question 1. All questions are about a narrow topic, Bitcoin.

To keep our development and test set intact and and of a reasonable percentage

of questions, we use the questions in 2014 tournament (the year with the largest

number of questions) for development and testing, and the rest of the questions are

used for training (Table 3.1). We use TagMe [Ferragina and Scaiella, 2010] for

mention detection and linking question text to Wikipedia.
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Num. Questions (Num. Sequences) × 3

Training 45,747 (15,249)

Develop 3,630 (1,210)

Testing 6,555 (2,185)

Num. Questions Tokens

Training 32.6 ± 9.6

Developme 33.5 ± 9.9

Testing 32.1 ± 10.24

Num. TagMe Entities

Training 2.46 ± 1.68

Developme 2.49 ± 1.68

Testing 2.48 ± 1.77

Num. Unique Answers 43,597

Num. Unique Answer Pages 18,529

Table 3.1: Statistics about QBLink. Most questions are fairly long and contain 2.5

entity mentions, making the questions relatively complex.

3.3 Task Definition

The problem we consider is factoid question answering (Section 2.2), in which

the system answers natural language questions using facts. Factoid qa is both

widely studied in academia and a practical tool used by commercial search engines

and conversational assistants. However, there is a discrepancy between the widely
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studied factoid qa academic benchmarks and real applications: the benchmarks

are often designed for the existing relations in knowledge graphs [Berant et al.,

2013, Bordes et al., 2015], while in reality, minimal kg coverage precludes broader

deployment.

For example, WebQuestions [Berant et al., 2013] are written by crowdworkers

targeting a triple in Freebase; lc-quad [Dubey et al., 2019] targets Wikidata and

DBpedia: the questions are guaranteed to be covered by the kg relations. How-

ever, although the entities in your favorite kg are rich, the recall of closed-form

relations is often limited. For example, in Figure 3.1, the answer Delft is an entity

in Wikipedia and Freebase, but the relation “painting the view of” appears in

neither DBpedia nor Freebase and is unlikely to be covered in other knowledge

graphs. The relationships between complicated, multi-faceted entities defy trite cat-

egorization in closed-form tuples; depending on a knowledge graph to provide all

the possible relationships limits the potential of kgqa systems.

We focus on a more realistic setting: open-domain factoid question answering,

whose questions are designed to test human knowledge and include ineffable links

between concepts [Jennings, 2006]. Figure 3.1 shows an example question. The

question has multiple Question Entity Nodes (left side of graph), and links the

question entities to Candidate Entity Nodes (right). Intuitively, to find the answer,

the system needs to first extract multiple clues from different pieces of question.

Our proposed delft constructs a high coverage Free-Text Knowledge Graph by

harvesting natural language sentences in the corpus as graph edges and grounds

each question into its related subgraph (Section 3.4). Then, to model over the
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fruitful but noisy graph, it uses a gnn to distinguish useful evidence from noise and

then aggregates them to make the prediction (Section 5.2).

3.4 Free-Text Graph Construction

Answering real world factoid questions with current knowledge graphs falters

when kg relations lack coverage; we instead use a free-text kg to resolve the cover-

age issue. One attempt to incorporate free-text corpus is to use Open Information

Extraction [Lu et al., 2019, openie] to extract relations from natural language sen-

tences as graph edges. However openie approaches favor precision over recall, and

heavily rely on well defined semantics, falling prey to the same narrow scope that

makes traditional kg approaches powerful. Instead, we build the knowledge graph

directly from free-text corpus, represent sentences which contain the two entities

(endpoints of the edge) as indirect relations. We leave the qa model (which only

needs to output an answer entity) to figure out which sentences contain the infor-

mation to answer the question, eliminating the intermediate information extraction

step.

This section first discusses the construction of a free-text knowledge graph and

then grounding questions to it.

3.4.1 Graph Construction

The free-text knowledge graph uses the same nodes V as existing knowledge

graphs: entities and their attributes, which can be directly inherited from existing
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knowledge graphs. The Evidence Edges E, instead of closed-form relations, are

harvested natural language sentences from a corpus.

Entity Nodes The graph inherits Wikipedia entities as the nodes V (of course,

entities from other corpora could be used). To represent the node, we use the first

sentence of the corresponding document as its node gloss.

Free-Text Edges The Evidence Edges between nodes are sentences that pairs of

entities in Wikipedia co-occur (again, other corpora such as ClueWeb [Callan et al.,

2009] could be used). For specificity, let us find the edges that could link entities

a and b. First, we need to know where entities appear. Both a and b have their

own Wikipedia pages—but that does not give us enough information to find where

the entities appear together. TagMe [Ferragina and Scaiella, 2010] finds entities

mentioned in free text; we apply it to Wikipedia pages. Given the entity linker’s

output, we collect the following sentences as potential edges: (1) sentences in a’s

Wikipedia page that mention b, (2) sentences in b’s page that mention a, and (3)

sentences (anywhere) that mention both a and b.

3.4.2 Question Grounding

Now that we have described the general components of our graph, we next

ground a natural language question to a subgraph of the kg. We then find an

answer candidate in this subgraph.

Specifically, for each question, we ground the full free-text knowledge graph
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into a question-related subgraph (Figure 3.1): a bipartite graph with Question Entity

Nodes (e.g., Dutch Golden Age) on the left joined to Candidate Entity Nodes on

the right (e.g., Delft) via Evidence Edge (e.g., “Delft played a highly influential role

in the Dutch Golden Age”).

Question Entity Nodes delft starts with identifying the entities in question

Xq as the Question Entity Nodes Vq = {vi | vi ∈ Xq}. In Figure 3.1, for instance,

Vermeer, The Little Street and Dutch Golden Age appear in the question; these

Question Entity Nodes populate the left side of delft’s grounded graph. We use

TagMe to identify question entities.

Candidate Entity Nodes Next, our goal is to find Candidate Entity Nodes.

In our free-text kg, Candidate Entity Nodes are the entities with connections to

the entities related to the question. For example, Delft occurs in the Wikipedia

page associated with Question Entity Node Vermeer and thus becomes a Candidate

Entity Node. The goal of this step is to build a set likely to contain—has high

coverage of—the answer entity.

We populate the Candidate Entity Node Va based on the following two ap-

proaches. First, we link entities contained in the Wikipedia pages of the Question

Entity Nodes to generate Candidate Entity Nodes. To improve Candidate Entity

Node recall, we next retrieve entities: after presenting the question text as a query

to an ir engine (ElasticSearch [Gormley and Tong, 2015]), the entities in the top

retrieved Wikipedia pages also become Candidate Entity Nodes.
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These two approaches reflect different ways entities are mentioned in free text.

Direct mentions discovered by entity linking tools are straightforward and often cor-

respond to the clear semantic information encoded in Wikipedia (“In 1607, Khur-

ram became engaged to Arjumand Banu Begum, who is also known as Mumtaz

Mahal”). However, sometimes relationships are more thematic and are not men-

tioned directly; these are captured by ir systems (“She was a recognizable figure in

academia, usually wearing a distinctive cape and carrying a walking-stick” describes

Margaret Mead without named entities). Together, these two approaches have good

recall of the Candidate Entity Node set Va (Table 3.4).

Evidence Edges delft needs edges as evidence signals to know which Candidate

Entity Node to select. The edges connect Question Entity Nodes Vq to Candidate

Entity Nodes Va with natural language. In Figure 3.1, the Wikipedia sentence

“Vermeer was recognized during his lifetime in Delft” connects the Question Entity

Node Vermeer to the Candidate Entity Node Delft. Given two entities, we directly

find the Evidence Edges connecting them from the free-text knowledge graph.

Final Graph Formally, for each question, our final graph of delft G = (V,E)

includes the follows: Nodes V include Question Entity Nodes Vq and Candidate En-

tity Nodes Va; Evidence Edges E connect the nodes: each edge e contains Wikipedia

sentence(s) S(k), k = 1, . . . , K linking the nodes.
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3.4.3 Question Graph Pruning

The graph grounding ensures high coverage of nodes and edges. However, if

the subgraph is too big, it slows training and inference. delft prunes the graph

with a simple filter to remove weak, spurious clues and to improve computational

efficiency.

Candidate Entity Node Filter We treat the Candidate Entity Nodes filtering

as a ranking problem: given input Candidate Entity Nodes and question, score each

connected Evidence Edge with a relevance score. During inference, the nodes with

top-K highest scores are kept (we choose the highest Evidence Edge score as the

node relevance score), while the rest are pruned. delft fine-tunes bert as the

filter model.2 To be specific, for each connected Evidence Edge, we concatenate

the question and sentence, along with the Candidate Entity Node gloss as the node

context into bert (Section 2.4.4):

[CLS] Question [SEP] Edge Sent [SEP] Node Gloss [SEP],

We apply an affine layer and sigmoid activation on the last layer’s [CLS] represen-

tation to produce scalar value.

During training, for each question, we use Evidence Edge connected to the

answer node as positive training example, and random sample 10 negative Evidence

Edges as negative examples. To keep the delft’s gnn training efficient, we keep

the top twenty nodes for training set. For more comprehensive recall, development

2For efficiency, We use tfidf filtering (top 1000 Evidence Edges are kept) before bert.
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Question Entity Node Update

h(0)
q

<latexit sha1_base64="Bc6a5Bag+EJI8Mvo15zoQdjnHLw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNbci6w8rFTdujsHWiVeQapQoDWsfA1GEUkElYZwrHXfc2Pjp1gZRjjNyoNE0xiTKR7TvqUSC6r9dH5zhs6tMkJhpGxJg+bq74kUC61nIrCdApuJXvZy8T+vn5jw2k+ZjBNDJVksChOOTITyANCIKUoMn1mCiWL2VkQmWGFibEx5CN7yy6uk06h7bt27u6w2G0UcJTiFM6iBB1fQhFtoQRsIxPAMr/DmJM6L8+58LFrXnGLmBP7A+fwBBg2Q8w==</latexit><latexit sha1_base64="Bc6a5Bag+EJI8Mvo15zoQdjnHLw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNbci6w8rFTdujsHWiVeQapQoDWsfA1GEUkElYZwrHXfc2Pjp1gZRjjNyoNE0xiTKR7TvqUSC6r9dH5zhs6tMkJhpGxJg+bq74kUC61nIrCdApuJXvZy8T+vn5jw2k+ZjBNDJVksChOOTITyANCIKUoMn1mCiWL2VkQmWGFibEx5CN7yy6uk06h7bt27u6w2G0UcJTiFM6iBB1fQhFtoQRsIxPAMr/DmJM6L8+58LFrXnGLmBP7A+fwBBg2Q8w==</latexit><latexit sha1_base64="Bc6a5Bag+EJI8Mvo15zoQdjnHLw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNbci6w8rFTdujsHWiVeQapQoDWsfA1GEUkElYZwrHXfc2Pjp1gZRjjNyoNE0xiTKR7TvqUSC6r9dH5zhs6tMkJhpGxJg+bq74kUC61nIrCdApuJXvZy8T+vn5jw2k+ZjBNDJVksChOOTITyANCIKUoMn1mCiWL2VkQmWGFibEx5CN7yy6uk06h7bt27u6w2G0UcJTiFM6iBB1fQhFtoQRsIxPAMr/DmJM6L8+58LFrXnGLmBP7A+fwBBg2Q8w==</latexit><latexit sha1_base64="Bc6a5Bag+EJI8Mvo15zoQdjnHLw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNbci6w8rFTdujsHWiVeQapQoDWsfA1GEUkElYZwrHXfc2Pjp1gZRjjNyoNE0xiTKR7TvqUSC6r9dH5zhs6tMkJhpGxJg+bq74kUC61nIrCdApuJXvZy8T+vn5jw2k+ZjBNDJVksChOOTITyANCIKUoMn1mCiWL2VkQmWGFibEx5CN7yy6uk06h7bt27u6w2G0UcJTiFM6iBB1fQhFtoQRsIxPAMr/DmJM6L8+58LFrXnGLmBP7A+fwBBg2Q8w==</latexit>

Graph Update: Layer l=1…L 

Vq1
<latexit sha1_base64="1rWbH58Uca+O4Md177y4dityo4s=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcCFl4kaXA27ciBXsBdphyKSZNjSTGZOMUIY+hBsXirj1edy581FMLwtt/SHw8f/nkHNOlAmujed9OaWV1bX1jfJmZWt7Z3fP3T9o6jRXlDVoKlLVjohmgkvWMNwI1s4UI0kkWCsaXk3y1iNTmqfy3owyFiSkL3nMKTHWajXD4iHE49CtejVvKrQMeA5V3725/QaAeuh+dnspzRMmDRVE6w72MhMURBlOBRtXurlmGaFD0mcdi5IkTAfFdNwxOrFOD8Wpsk8aNHV/dxQk0XqURLYyIWagF7OJ+V/WyU18GRRcZrlhks4+inOBTIomu6MeV4waMbJAqOJ2VkQHRBFq7IUq9gh4ceVlaJ7XsFfDd7jqn8FMZTiCYzgFDBfgwzXUoQEUhvAEL/DqZM6z8+a8z0pLzrznEP7I+fgBiqiRIQ==</latexit><latexit sha1_base64="2GWsEgtcgV5b1quBF6ndnccWpJU=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcCFl4kbBTcGNG7GCvWA7DJlM2oZmMmOSEcrQh3DjQhG3Po87V76K6WWhrT8EPv7/HHLOCVPBtfG8L6ewtLyyulZcL21sbm3vuLt7DZ1kirI6TUSiWiHRTHDJ6oYbwVqpYiQOBWuGg8tx3nxkSvNE3plhyvyY9CTvckqMtZqNIH8I8Chwy17FmwgtAp5Buepe33xfRPe1wP3sRAnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY22LksRM+/lk3BE6sk6EuomyTxo0cX935CTWehiHtjImpq/ns7H5X9bOTPfcz7lMM8MknX7UzQQyCRrvjiKuGDViaIFQxe2siPaJItTYC5XsEfD8yovQOK1gr4Jvcbl6AlMV4QAO4RgwnEEVrqAGdaAwgCd4gVcndZ6dN+d9WlpwZj378EfOxw/V5pIZ</latexit><latexit sha1_base64="2GWsEgtcgV5b1quBF6ndnccWpJU=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcCFl4kbBTcGNG7GCvWA7DJlM2oZmMmOSEcrQh3DjQhG3Po87V76K6WWhrT8EPv7/HHLOCVPBtfG8L6ewtLyyulZcL21sbm3vuLt7DZ1kirI6TUSiWiHRTHDJ6oYbwVqpYiQOBWuGg8tx3nxkSvNE3plhyvyY9CTvckqMtZqNIH8I8Chwy17FmwgtAp5Buepe33xfRPe1wP3sRAnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY22LksRM+/lk3BE6sk6EuomyTxo0cX935CTWehiHtjImpq/ns7H5X9bOTPfcz7lMM8MknX7UzQQyCRrvjiKuGDViaIFQxe2siPaJItTYC5XsEfD8yovQOK1gr4Jvcbl6AlMV4QAO4RgwnEEVrqAGdaAwgCd4gVcndZ6dN+d9WlpwZj378EfOxw/V5pIZ</latexit><latexit sha1_base64="hpxtDOuUE5npwdDTiyDcNPhU1GI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeHWRsuAjWUE8wHJcextJsmSvb1zd08IR36EjYUitv4eO/+Nm+QKjT4YeLw3w8y8KJXCWN//8kpr6xubW+Xtys7u3v5B9fCobZJMc2zxRCa6GzGDUihsWWEldlONLI4kdqLJzdzvPKI2IlH3dppiELOREkPBmXVSpx3mDyGdhdWaX/cXIH8JLUgNCjTD6md/kPAsRmW5ZMb0qJ/aIGfaCi5xVulnBlPGJ2yEPUcVi9EE+eLcGTlzyoAME+1KWbJQf07kLDZmGkeuM2Z2bFa9ufif18vs8DrIhUozi4ovFw0zSWxC5r+TgdDIrZw6wrgW7lbCx0wzbl1CFRcCXX35L2lf1qlfp3e01rgo4ijDCZzCOVC4ggbcQhNawGECT/ACr17qPXtv3vuyteQVM8fwC97HNx5Rj1U=</latexit>

Vq1
<latexit sha1_base64="1rWbH58Uca+O4Md177y4dityo4s=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcCFl4kaXA27ciBXsBdphyKSZNjSTGZOMUIY+hBsXirj1edy581FMLwtt/SHw8f/nkHNOlAmujed9OaWV1bX1jfJmZWt7Z3fP3T9o6jRXlDVoKlLVjohmgkvWMNwI1s4UI0kkWCsaXk3y1iNTmqfy3owyFiSkL3nMKTHWajXD4iHE49CtejVvKrQMeA5V3725/QaAeuh+dnspzRMmDRVE6w72MhMURBlOBRtXurlmGaFD0mcdi5IkTAfFdNwxOrFOD8Wpsk8aNHV/dxQk0XqURLYyIWagF7OJ+V/WyU18GRRcZrlhks4+inOBTIomu6MeV4waMbJAqOJ2VkQHRBFq7IUq9gh4ceVlaJ7XsFfDd7jqn8FMZTiCYzgFDBfgwzXUoQEUhvAEL/DqZM6z8+a8z0pLzrznEP7I+fgBiqiRIQ==</latexit><latexit sha1_base64="2GWsEgtcgV5b1quBF6ndnccWpJU=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcCFl4kbBTcGNG7GCvWA7DJlM2oZmMmOSEcrQh3DjQhG3Po87V76K6WWhrT8EPv7/HHLOCVPBtfG8L6ewtLyyulZcL21sbm3vuLt7DZ1kirI6TUSiWiHRTHDJ6oYbwVqpYiQOBWuGg8tx3nxkSvNE3plhyvyY9CTvckqMtZqNIH8I8Chwy17FmwgtAp5Buepe33xfRPe1wP3sRAnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY22LksRM+/lk3BE6sk6EuomyTxo0cX935CTWehiHtjImpq/ns7H5X9bOTPfcz7lMM8MknX7UzQQyCRrvjiKuGDViaIFQxe2siPaJItTYC5XsEfD8yovQOK1gr4Jvcbl6AlMV4QAO4RgwnEEVrqAGdaAwgCd4gVcndZ6dN+d9WlpwZj378EfOxw/V5pIZ</latexit><latexit sha1_base64="2GWsEgtcgV5b1quBF6ndnccWpJU=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcCFl4kbBTcGNG7GCvWA7DJlM2oZmMmOSEcrQh3DjQhG3Po87V76K6WWhrT8EPv7/HHLOCVPBtfG8L6ewtLyyulZcL21sbm3vuLt7DZ1kirI6TUSiWiHRTHDJ6oYbwVqpYiQOBWuGg8tx3nxkSvNE3plhyvyY9CTvckqMtZqNIH8I8Chwy17FmwgtAp5Buepe33xfRPe1wP3sRAnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY22LksRM+/lk3BE6sk6EuomyTxo0cX935CTWehiHtjImpq/ns7H5X9bOTPfcz7lMM8MknX7UzQQyCRrvjiKuGDViaIFQxe2siPaJItTYC5XsEfD8yovQOK1gr4Jvcbl6AlMV4QAO4RgwnEEVrqAGdaAwgCd4gVcndZ6dN+d9WlpwZj378EfOxw/V5pIZ</latexit><latexit sha1_base64="hpxtDOuUE5npwdDTiyDcNPhU1GI=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeHWRsuAjWUE8wHJcextJsmSvb1zd08IR36EjYUitv4eO/+Nm+QKjT4YeLw3w8y8KJXCWN//8kpr6xubW+Xtys7u3v5B9fCobZJMc2zxRCa6GzGDUihsWWEldlONLI4kdqLJzdzvPKI2IlH3dppiELOREkPBmXVSpx3mDyGdhdWaX/cXIH8JLUgNCjTD6md/kPAsRmW5ZMb0qJ/aIGfaCi5xVulnBlPGJ2yEPUcVi9EE+eLcGTlzyoAME+1KWbJQf07kLDZmGkeuM2Z2bFa9ufif18vs8DrIhUozi4ovFw0zSWxC5r+TgdDIrZw6wrgW7lbCx0wzbl1CFRcCXX35L2lf1qlfp3e01rgo4ijDCZzCOVC4ggbcQhNawGECT/ACr17qPXtv3vuyteQVM8fwC97HNx5Rj1U=</latexit>

Vq2
<latexit sha1_base64="NSArU5lnlBAC7h5ZNPgHdrHQlMM=">AAAB7nicbZC7SgNBFIbPeo3xtmppMxgECwm7abQM2NiIEcwFkmWZnUySIbOz68xZISx5CBsLRWx9Hjs7H8XJpdDEHwY+/v8c5pwTpVIY9LwvZ2V1bX1js7BV3N7Z3dt3Dw4bJsk043WWyES3Imq4FIrXUaDkrVRzGkeSN6Ph1SRvPnJtRKLucZTyIKZ9JXqCUbRWsxHmD2FlHLolr+xNRZbBn0Op6t7cfgNALXQ/O92EZTFXyCQ1pu17KQY51SiY5ONiJzM8pWxI+7xtUdGYmyCfjjsmp9bpkl6i7VNIpu7vjpzGxoziyFbGFAdmMZuY/2XtDHuXQS5UmiFXbPZRL5MEEzLZnXSF5gzlyAJlWthZCRtQTRnaCxXtEfzFlZehUSn7Xtm/80vVc5ipAMdwAmfgwwVU4RpqUAcGQ3iCF3h1UufZeXPeZ6UrzrznCP7I+fgBjC2RIg==</latexit><latexit sha1_base64="yhs7j3xXWN546YUPs7EoyY4z2Jo=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EiuJCSdFPBTcGNG7GCvWAbwmQyaYdOJnFmIpTQh3DjQhG3Po87V76K08tCW38Y+Pj/c5hzTpByprTjfFmFldW19Y3iZmlre2d3z94/aKkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GF5O8vYjlYol4k6PUurFuC9YxAjWxmq3/PzBr459u+xUnKnQMrhzKNft65vvi/C+4dufvTAhWUyFJhwr1XWdVHs5lpoRTselXqZoiskQ92nXoMAxVV4+HXeMTowToiiR5gmNpu7vjhzHSo3iwFTGWA/UYjYx/8u6mY7OvZyJNNNUkNlHUcaRTtBkdxQySYnmIwOYSGZmRWSAJSbaXKhkjuAurrwMrWrFdSrurVuun8FMRTiCYzgFF2pQhytoQBMIDOEJXuDVSq1n6816n5UWrHnPIfyR9fED12uSGg==</latexit><latexit sha1_base64="yhs7j3xXWN546YUPs7EoyY4z2Jo=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EiuJCSdFPBTcGNG7GCvWAbwmQyaYdOJnFmIpTQh3DjQhG3Po87V76K08tCW38Y+Pj/c5hzTpByprTjfFmFldW19Y3iZmlre2d3z94/aKkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GF5O8vYjlYol4k6PUurFuC9YxAjWxmq3/PzBr459u+xUnKnQMrhzKNft65vvi/C+4dufvTAhWUyFJhwr1XWdVHs5lpoRTselXqZoiskQ92nXoMAxVV4+HXeMTowToiiR5gmNpu7vjhzHSo3iwFTGWA/UYjYx/8u6mY7OvZyJNNNUkNlHUcaRTtBkdxQySYnmIwOYSGZmRWSAJSbaXKhkjuAurrwMrWrFdSrurVuun8FMRTiCYzgFF2pQhytoQBMIDOEJXuDVSq1n6816n5UWrHnPIfyR9fED12uSGg==</latexit><latexit sha1_base64="nFISfUnlz4Hz3gAk71Bfll+zcR8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFz0WvHisYD+gDWGz3bRLN5u4OxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJxySZZrzNEpnoXkgNl0LxNgqUvJdqTuNQ8m44uZ373SeujUjUA05T7sd0pEQkGEUrdTtB/hg0ZkG15tbdBcg68QpSgwKtoPo1GCYsi7lCJqkxfc9N0c+pRsEkn1UGmeEpZRM64n1LFY258fPFuTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UzjG78XKg0Q67YclGUSYIJmf9OhkJzhnJqCWVa2FsJG1NNGdqEKjYEb/XlddJp1D237t17teZVEUcZzuAcLsGDa2jCHbSgDQwm8Ayv8Oakzovz7nwsW0tOMXMKf+B8/gAf1o9W</latexit>

Vq2
<latexit sha1_base64="NSArU5lnlBAC7h5ZNPgHdrHQlMM=">AAAB7nicbZC7SgNBFIbPeo3xtmppMxgECwm7abQM2NiIEcwFkmWZnUySIbOz68xZISx5CBsLRWx9Hjs7H8XJpdDEHwY+/v8c5pwTpVIY9LwvZ2V1bX1js7BV3N7Z3dt3Dw4bJsk043WWyES3Imq4FIrXUaDkrVRzGkeSN6Ph1SRvPnJtRKLucZTyIKZ9JXqCUbRWsxHmD2FlHLolr+xNRZbBn0Op6t7cfgNALXQ/O92EZTFXyCQ1pu17KQY51SiY5ONiJzM8pWxI+7xtUdGYmyCfjjsmp9bpkl6i7VNIpu7vjpzGxoziyFbGFAdmMZuY/2XtDHuXQS5UmiFXbPZRL5MEEzLZnXSF5gzlyAJlWthZCRtQTRnaCxXtEfzFlZehUSn7Xtm/80vVc5ipAMdwAmfgwwVU4RpqUAcGQ3iCF3h1UufZeXPeZ6UrzrznCP7I+fgBjC2RIg==</latexit><latexit sha1_base64="yhs7j3xXWN546YUPs7EoyY4z2Jo=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EiuJCSdFPBTcGNG7GCvWAbwmQyaYdOJnFmIpTQh3DjQhG3Po87V76K08tCW38Y+Pj/c5hzTpByprTjfFmFldW19Y3iZmlre2d3z94/aKkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GF5O8vYjlYol4k6PUurFuC9YxAjWxmq3/PzBr459u+xUnKnQMrhzKNft65vvi/C+4dufvTAhWUyFJhwr1XWdVHs5lpoRTselXqZoiskQ92nXoMAxVV4+HXeMTowToiiR5gmNpu7vjhzHSo3iwFTGWA/UYjYx/8u6mY7OvZyJNNNUkNlHUcaRTtBkdxQySYnmIwOYSGZmRWSAJSbaXKhkjuAurrwMrWrFdSrurVuun8FMRTiCYzgFF2pQhytoQBMIDOEJXuDVSq1n6816n5UWrHnPIfyR9fED12uSGg==</latexit><latexit sha1_base64="yhs7j3xXWN546YUPs7EoyY4z2Jo=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EiuJCSdFPBTcGNG7GCvWAbwmQyaYdOJnFmIpTQh3DjQhG3Po87V76K08tCW38Y+Pj/c5hzTpByprTjfFmFldW19Y3iZmlre2d3z94/aKkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GF5O8vYjlYol4k6PUurFuC9YxAjWxmq3/PzBr459u+xUnKnQMrhzKNft65vvi/C+4dufvTAhWUyFJhwr1XWdVHs5lpoRTselXqZoiskQ92nXoMAxVV4+HXeMTowToiiR5gmNpu7vjhzHSo3iwFTGWA/UYjYx/8u6mY7OvZyJNNNUkNlHUcaRTtBkdxQySYnmIwOYSGZmRWSAJSbaXKhkjuAurrwMrWrFdSrurVuun8FMRTiCYzgFF2pQhytoQBMIDOEJXuDVSq1n6816n5UWrHnPIfyR9fED12uSGg==</latexit><latexit sha1_base64="nFISfUnlz4Hz3gAk71Bfll+zcR8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFz0WvHisYD+gDWGz3bRLN5u4OxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJxySZZrzNEpnoXkgNl0LxNgqUvJdqTuNQ8m44uZ373SeujUjUA05T7sd0pEQkGEUrdTtB/hg0ZkG15tbdBcg68QpSgwKtoPo1GCYsi7lCJqkxfc9N0c+pRsEkn1UGmeEpZRM64n1LFY258fPFuTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UzjG78XKg0Q67YclGUSYIJmf9OhkJzhnJqCWVa2FsJG1NNGdqEKjYEb/XlddJp1D237t17teZVEUcZzuAcLsGDa2jCHbSgDQwm8Ayv8Oakzovz7nwsW0tOMXMKf+B8/gAf1o9W</latexit>

Va1<latexit sha1_base64="ruEwuU976y3q/+OIfWLMoWif5iI=">AAAB7nicbZDLSgMxFIbP1FutVasu3QSL4ELKxI0uK25cVrAXaIchk2ba0EwyJBmhDH0GceNCEbc+jzt3PorpZaGtPwQ+/v8ccs6JUsGN9f0vr7C2vrG5Vdwu7ZR39/YrB4ctozJNWZMqoXQnIoYJLlnTcitYJ9WMJJFg7Wh0M83bD0wbruS9HacsSMhA8phTYp3VboU5CfEkrFT9mj8TWgW8gGq9/Hj9DQCNsPLZ6yuaJUxaKogxXeynNsiJtpwKNin1MsNSQkdkwLoOJUmYCfLZuBN06pw+ipV2T1o0c3935CQxZpxErjIhdmiWs6n5X9bNbHwV5FymmWWSzj+KM4GsQtPdUZ9rRq0YOyBUczcrokOiCbXuQiV3BLy88iq0LmrYr+E7XK2fw1xFOIYTOAMMl1CHW2hAEyiM4Ale4NVLvWfvzXuflxa8Rc8R/JH38QOzIpFB</latexit><latexit sha1_base64="i69Gm98wtf4dIhAdAtbBuB709Ho=">AAAB7nicbZDLSgMxFIbP1FutVce6dBMsggspEze6rLhxWcFeoB2GTJppQzOZIckIZegziBsXirj1edyIr+ETmF4W2vpD4OP/zyHnnDAVXBvP+3IKa+sbm1vF7dJOeXdv3z2otHSSKcqaNBGJ6oREM8ElaxpuBOukipE4FKwdjq6nefueKc0TeWfGKfNjMpA84pQYa7VbQU4CPAncqlfzZkKrgBdQrZcfrr4rn7oRuB+9fkKzmElDBdG6i73U+DlRhlPBJqVepllK6IgMWNeiJDHTfj4bd4JOrNNHUaLskwbN3N8dOYm1HsehrYyJGerlbGr+l3UzE136OZdpZpik84+iTCCToOnuqM8Vo0aMLRCquJ0V0SFRhBp7oZI9Al5eeRVa5zXs1fAtrtbPYK4iHMExnAKGC6jDDTSgCRRG8AjP8OKkzpPz6rzNSwvOoucQ/sh5/wGb95Kv</latexit><latexit sha1_base64="i69Gm98wtf4dIhAdAtbBuB709Ho=">AAAB7nicbZDLSgMxFIbP1FutVce6dBMsggspEze6rLhxWcFeoB2GTJppQzOZIckIZegziBsXirj1edyIr+ETmF4W2vpD4OP/zyHnnDAVXBvP+3IKa+sbm1vF7dJOeXdv3z2otHSSKcqaNBGJ6oREM8ElaxpuBOukipE4FKwdjq6nefueKc0TeWfGKfNjMpA84pQYa7VbQU4CPAncqlfzZkKrgBdQrZcfrr4rn7oRuB+9fkKzmElDBdG6i73U+DlRhlPBJqVepllK6IgMWNeiJDHTfj4bd4JOrNNHUaLskwbN3N8dOYm1HsehrYyJGerlbGr+l3UzE136OZdpZpik84+iTCCToOnuqM8Vo0aMLRCquJ0V0SFRhBp7oZI9Al5eeRVa5zXs1fAtrtbPYK4iHMExnAKGC6jDDTSgCRRG8AjP8OKkzpPz6rzNSwvOoucQ/sh5/wGb95Kv</latexit><latexit sha1_base64="EqtK8czdwIX4buabwx6sgRohjmE=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeHWRsuAjWUE8wHJccxtNsmSvb1jd08IR36EjYUitv4eO/+Nm+QKTXww8Hhvhpl5USqFsb7/7ZU2Nre2d8q7lb39g8Oj6vFJ2ySZZrzFEpnoboSGS6F4yworeTfVHONI8k40uZv7nSeujUjUo52mPIhxpMRQMLRO6rTDHEM6C6s1v+4vQNYJLUgNCjTD6ld/kLAs5soyicb0qJ/aIEdtBZN8VulnhqfIJjjiPUcVxtwE+eLcGblwyoAME+1KWbJQf0/kGBszjSPXGaMdm1VvLv7n9TI7vA1yodLMcsWWi4aZJDYh89/JQGjOrJw6gkwLdythY9TIrEuo4kKgqy+vk/Z1nfp1+kBrjasijjKcwTlcAoUbaMA9NKEFDCbwDK/w5qXei/fufSxbS14xcwp/4H3+AAXhj0U=</latexit>

Va1<latexit sha1_base64="ruEwuU976y3q/+OIfWLMoWif5iI=">AAAB7nicbZDLSgMxFIbP1FutVasu3QSL4ELKxI0uK25cVrAXaIchk2ba0EwyJBmhDH0GceNCEbc+jzt3PorpZaGtPwQ+/v8ccs6JUsGN9f0vr7C2vrG5Vdwu7ZR39/YrB4ctozJNWZMqoXQnIoYJLlnTcitYJ9WMJJFg7Wh0M83bD0wbruS9HacsSMhA8phTYp3VboU5CfEkrFT9mj8TWgW8gGq9/Hj9DQCNsPLZ6yuaJUxaKogxXeynNsiJtpwKNin1MsNSQkdkwLoOJUmYCfLZuBN06pw+ipV2T1o0c3935CQxZpxErjIhdmiWs6n5X9bNbHwV5FymmWWSzj+KM4GsQtPdUZ9rRq0YOyBUczcrokOiCbXuQiV3BLy88iq0LmrYr+E7XK2fw1xFOIYTOAMMl1CHW2hAEyiM4Ale4NVLvWfvzXuflxa8Rc8R/JH38QOzIpFB</latexit><latexit sha1_base64="i69Gm98wtf4dIhAdAtbBuB709Ho=">AAAB7nicbZDLSgMxFIbP1FutVce6dBMsggspEze6rLhxWcFeoB2GTJppQzOZIckIZegziBsXirj1edyIr+ETmF4W2vpD4OP/zyHnnDAVXBvP+3IKa+sbm1vF7dJOeXdv3z2otHSSKcqaNBGJ6oREM8ElaxpuBOukipE4FKwdjq6nefueKc0TeWfGKfNjMpA84pQYa7VbQU4CPAncqlfzZkKrgBdQrZcfrr4rn7oRuB+9fkKzmElDBdG6i73U+DlRhlPBJqVepllK6IgMWNeiJDHTfj4bd4JOrNNHUaLskwbN3N8dOYm1HsehrYyJGerlbGr+l3UzE136OZdpZpik84+iTCCToOnuqM8Vo0aMLRCquJ0V0SFRhBp7oZI9Al5eeRVa5zXs1fAtrtbPYK4iHMExnAKGC6jDDTSgCRRG8AjP8OKkzpPz6rzNSwvOoucQ/sh5/wGb95Kv</latexit><latexit sha1_base64="i69Gm98wtf4dIhAdAtbBuB709Ho=">AAAB7nicbZDLSgMxFIbP1FutVce6dBMsggspEze6rLhxWcFeoB2GTJppQzOZIckIZegziBsXirj1edyIr+ETmF4W2vpD4OP/zyHnnDAVXBvP+3IKa+sbm1vF7dJOeXdv3z2otHSSKcqaNBGJ6oREM8ElaxpuBOukipE4FKwdjq6nefueKc0TeWfGKfNjMpA84pQYa7VbQU4CPAncqlfzZkKrgBdQrZcfrr4rn7oRuB+9fkKzmElDBdG6i73U+DlRhlPBJqVepllK6IgMWNeiJDHTfj4bd4JOrNNHUaLskwbN3N8dOYm1HsehrYyJGerlbGr+l3UzE136OZdpZpik84+iTCCToOnuqM8Vo0aMLRCquJ0V0SFRhBp7oZI9Al5eeRVa5zXs1fAtrtbPYK4iHMExnAKGC6jDDTSgCRRG8AjP8OKkzpPz6rzNSwvOoucQ/sh5/wGb95Kv</latexit><latexit sha1_base64="EqtK8czdwIX4buabwx6sgRohjmE=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeHWRsuAjWUE8wHJccxtNsmSvb1jd08IR36EjYUitv4eO/+Nm+QKTXww8Hhvhpl5USqFsb7/7ZU2Nre2d8q7lb39g8Oj6vFJ2ySZZrzFEpnoboSGS6F4yworeTfVHONI8k40uZv7nSeujUjUo52mPIhxpMRQMLRO6rTDHEM6C6s1v+4vQNYJLUgNCjTD6ld/kLAs5soyicb0qJ/aIEdtBZN8VulnhqfIJjjiPUcVxtwE+eLcGblwyoAME+1KWbJQf0/kGBszjSPXGaMdm1VvLv7n9TI7vA1yodLMcsWWi4aZJDYh89/JQGjOrJw6gkwLdythY9TIrEuo4kKgqy+vk/Z1nfp1+kBrjasijjKcwTlcAoUbaMA9NKEFDCbwDK/w5qXei/fufSxbS14xcwp/4H3+AAXhj0U=</latexit>

Edge Update

Question Update

Candidate Entity Node Update

Edge Scoring
Information Passing

FFNh(l�1)
q

<latexit sha1_base64="0pk5AlDx2K2H4lUB0KR/5dCLfmc=">AAAB83icbVC7TgJBFL3rE/GFWtJMJCZYSHZptCSxscREHgmsZHaYhQmzs+s8TMiG37Cx0Bgt/Qe/wc4PsXcWKBQ8yU1Ozrk3994TJJwp7bpfzsrq2vrGZm4rv72zu7dfODhsqthIQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMLjO/dU+lYrG40eOE+hEeCBYygrWVusPe3W1a5mfe6STfK5TcijsFWibenJRqxe+3DwCo9wqf3X5MTESFJhwr1fHcRPsplpoRTif5rlE0wWSEB7RjqcARVX46vXmCTqzSR2EsbQmNpurviRRHSo2jwHZGWA/VopeJ/3kdo8MLP2UiMZoKMlsUGo50jLIAUJ9JSjQfW4KJZPZWRIZYYqJtTFkI3uLLy6RZrXhuxbu2aVRhhhwU4RjK4ME51OAK6tAAAgk8wBM8O8Z5dF6c11nrijOfOYI/cN5/ABsik0Y=</latexit><latexit sha1_base64="EM5cx1m+bR/w8nh9gizvozlKBZ4=">AAAB83icbVC7TgJBFL2LL8QXakkzkZhgIdml0ZLExhITeSSwktlhFibMzi4zsyZkwx9Y21hojJZ+gIU/YeeH2DsLFAqe5CYn59ybe+/xIs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGF6nfvKVSsVBc63FE3QD3BfMZwdpInUF3dJOU+KlzMsl180W7bE+BlokzJ8Vq4fv13bv7qHXzn51eSOKACk04Vqrt2JF2Eyw1I5xOcp1Y0QiTIe7TtqECB1S5yfTmCTo2Sg/5oTQlNJqqvycSHCg1DjzTGWA9UIteKv7ntWPtn7sJE1GsqSCzRX7MkQ5RGgDqMUmJ5mNDMJHM3IrIAEtMtIkpDcFZfHmZNCplxy47VyaNCsyQhQIcQQkcOIMqXEIN6kAggnt4hCcrth6sZ+tl1pqx5jOH8AfW2w9L75Tq</latexit><latexit sha1_base64="EM5cx1m+bR/w8nh9gizvozlKBZ4=">AAAB83icbVC7TgJBFL2LL8QXakkzkZhgIdml0ZLExhITeSSwktlhFibMzi4zsyZkwx9Y21hojJZ+gIU/YeeH2DsLFAqe5CYn59ybe+/xIs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGF6nfvKVSsVBc63FE3QD3BfMZwdpInUF3dJOU+KlzMsl180W7bE+BlokzJ8Vq4fv13bv7qHXzn51eSOKACk04Vqrt2JF2Eyw1I5xOcp1Y0QiTIe7TtqECB1S5yfTmCTo2Sg/5oTQlNJqqvycSHCg1DjzTGWA9UIteKv7ntWPtn7sJE1GsqSCzRX7MkQ5RGgDqMUmJ5mNDMJHM3IrIAEtMtIkpDcFZfHmZNCplxy47VyaNCsyQhQIcQQkcOIMqXEIN6kAggnt4hCcrth6sZ+tl1pqx5jOH8AfW2w9L75Tq</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0Klqvyj+OU0Fg2oB7kxUFvh+GJk=">AAAB6HicbZDNSgMxFIXv1L9aq45u3QSLUBeWGTe6FNy4rGB/oB1LJr3ThmYyY5IRytDXcONCEZ/InW9jpu1CWw8EPs5JuDcnTAXXxvO+ndLG5tb2Tnm3slfdPzh0j6ptnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE05ui7zzjErzRD6YaYpBTEeSR5xRY63+ePD0mNfFhX8+qwzcmtfw5iLr4C+hBks1B+5Xf5iwLEZpmKBa93wvNUFOleFM4KzSzzSmlE3oCHsWJY1RB/l85xk5s86QRImyRxoyd3+/yGms9TQO7c2YmrFezQrzv6yXmeg6yLlMM4OSLQZFmSAmIUUBZMgVMiOmFihT3O5K2JgqyoytqSjBX/3yOrQvG77X8O89KMMJnEIdfLiCG7iDJrSAQQov8AbvTua8Oh+LukrOsrdj+CPn8wc+749H</latexit><latexit sha1_base64="0Klqvyj+OU0Fg2oB7kxUFvh+GJk=">AAAB6HicbZDNSgMxFIXv1L9aq45u3QSLUBeWGTe6FNy4rGB/oB1LJr3ThmYyY5IRytDXcONCEZ/InW9jpu1CWw8EPs5JuDcnTAXXxvO+ndLG5tb2Tnm3slfdPzh0j6ptnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE05ui7zzjErzRD6YaYpBTEeSR5xRY63+ePD0mNfFhX8+qwzcmtfw5iLr4C+hBks1B+5Xf5iwLEZpmKBa93wvNUFOleFM4KzSzzSmlE3oCHsWJY1RB/l85xk5s86QRImyRxoyd3+/yGms9TQO7c2YmrFezQrzv6yXmeg6yLlMM4OSLQZFmSAmIUUBZMgVMiOmFihT3O5K2JgqyoytqSjBX/3yOrQvG77X8O89KMMJnEIdfLiCG7iDJrSAQQov8AbvTua8Oh+LukrOsrdj+CPn8wc+749H</latexit><latexit sha1_base64="Il+C21Ib7fPRa0F/qseaVubEWo4=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmIzHBQnJHoyWJjSUmAiZwkr1lgA17e+fungm58DdsLDTG1j9j579xD65Q8CWTvLw3k5l5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJYthikYjUfUA1Ci6xZbgReB8rpGEgsBNMrjO/84RK80jemWmMfkhHkg85o8ZKvXH/8SGtigvvfFbqlytuzZ2DrBIvJxXI0eyXv3qDiCUhSsME1brrubHxU6oMZwJnpV6iMaZsQkfYtVTSELWfzm+ekTOrDMgwUrakIXP190RKQ62nYWA7Q2rGetnLxP+8bmKGV37KZZwYlGyxaJgIYiKSBUAGXCEzYmoJZYrbWwkbU0WZsTFlIXjLL6+Sdr3muTXv1q006nkcRTiBU6iCB5fQgBtoQgsYxPAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ac86QkQ==</latexit><latexit sha1_base64="Il+C21Ib7fPRa0F/qseaVubEWo4=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmIzHBQnJHoyWJjSUmAiZwkr1lgA17e+fungm58DdsLDTG1j9j579xD65Q8CWTvLw3k5l5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJYthikYjUfUA1Ci6xZbgReB8rpGEgsBNMrjO/84RK80jemWmMfkhHkg85o8ZKvXH/8SGtigvvfFbqlytuzZ2DrBIvJxXI0eyXv3qDiCUhSsME1brrubHxU6oMZwJnpV6iMaZsQkfYtVTSELWfzm+ekTOrDMgwUrakIXP190RKQ62nYWA7Q2rGetnLxP+8bmKGV37KZZwYlGyxaJgIYiKSBUAGXCEzYmoJZYrbWwkbU0WZsTFlIXjLL6+Sdr3muTXv1q006nkcRTiBU6iCB5fQgBtoQgsYxPAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ac86QkQ==</latexit><latexit sha1_base64="EM5cx1m+bR/w8nh9gizvozlKBZ4=">AAAB83icbVC7TgJBFL2LL8QXakkzkZhgIdml0ZLExhITeSSwktlhFibMzi4zsyZkwx9Y21hojJZ+gIU/YeeH2DsLFAqe5CYn59ybe+/xIs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGF6nfvKVSsVBc63FE3QD3BfMZwdpInUF3dJOU+KlzMsl180W7bE+BlokzJ8Vq4fv13bv7qHXzn51eSOKACk04Vqrt2JF2Eyw1I5xOcp1Y0QiTIe7TtqECB1S5yfTmCTo2Sg/5oTQlNJqqvycSHCg1DjzTGWA9UIteKv7ntWPtn7sJE1GsqSCzRX7MkQ5RGgDqMUmJ5mNDMJHM3IrIAEtMtIkpDcFZfHmZNCplxy47VyaNCsyQhQIcQQkcOIMqXEIN6kAggnt4hCcrth6sZ+tl1pqx5jOH8AfW2w9L75Tq</latexit><latexit sha1_base64="EM5cx1m+bR/w8nh9gizvozlKBZ4=">AAAB83icbVC7TgJBFL2LL8QXakkzkZhgIdml0ZLExhITeSSwktlhFibMzi4zsyZkwx9Y21hojJZ+gIU/YeeH2DsLFAqe5CYn59ybe+/xIs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGF6nfvKVSsVBc63FE3QD3BfMZwdpInUF3dJOU+KlzMsl180W7bE+BlokzJ8Vq4fv13bv7qHXzn51eSOKACk04Vqrt2JF2Eyw1I5xOcp1Y0QiTIe7TtqECB1S5yfTmCTo2Sg/5oTQlNJqqvycSHCg1DjzTGWA9UIteKv7ntWPtn7sJE1GsqSCzRX7MkQ5RGgDqMUmJ5mNDMJHM3IrIAEtMtIkpDcFZfHmZNCplxy47VyaNCsyQhQIcQQkcOIMqXEIN6kAggnt4hCcrth6sZ+tl1pqx5jOH8AfW2w9L75Tq</latexit><latexit sha1_base64="EM5cx1m+bR/w8nh9gizvozlKBZ4=">AAAB83icbVC7TgJBFL2LL8QXakkzkZhgIdml0ZLExhITeSSwktlhFibMzi4zsyZkwx9Y21hojJZ+gIU/YeeH2DsLFAqe5CYn59ybe+/xIs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGF6nfvKVSsVBc63FE3QD3BfMZwdpInUF3dJOU+KlzMsl180W7bE+BlokzJ8Vq4fv13bv7qHXzn51eSOKACk04Vqrt2JF2Eyw1I5xOcp1Y0QiTIe7TtqECB1S5yfTmCTo2Sg/5oTQlNJqqvycSHCg1DjzTGWA9UIteKv7ntWPtn7sJE1GsqSCzRX7MkQ5RGgDqMUmJ5mNDMJHM3IrIAEtMtIkpDcFZfHmZNCplxy47VyaNCsyQhQIcQQkcOIMqXEIN6kAggnt4hCcrth6sZ+tl1pqx5jOH8AfW2w9L75Tq</latexit><latexit sha1_base64="EM5cx1m+bR/w8nh9gizvozlKBZ4=">AAAB83icbVC7TgJBFL2LL8QXakkzkZhgIdml0ZLExhITeSSwktlhFibMzi4zsyZkwx9Y21hojJZ+gIU/YeeH2DsLFAqe5CYn59ybe+/xIs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGF6nfvKVSsVBc63FE3QD3BfMZwdpInUF3dJOU+KlzMsl180W7bE+BlokzJ8Vq4fv13bv7qHXzn51eSOKACk04Vqrt2JF2Eyw1I5xOcp1Y0QiTIe7TtqECB1S5yfTmCTo2Sg/5oTQlNJqqvycSHCg1DjzTGWA9UIteKv7ntWPtn7sJE1GsqSCzRX7MkQ5RGgDqMUmJ5mNDMJHM3IrIAEtMtIkpDcFZfHmZNCplxy47VyaNCsyQhQIcQQkcOIMqXEIN6kAggnt4hCcrth6sZ+tl1pqx5jOH8AfW2w9L75Tq</latexit><latexit sha1_base64="Il+C21Ib7fPRa0F/qseaVubEWo4=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmIzHBQnJHoyWJjSUmAiZwkr1lgA17e+fungm58DdsLDTG1j9j579xD65Q8CWTvLw3k5l5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJYthikYjUfUA1Ci6xZbgReB8rpGEgsBNMrjO/84RK80jemWmMfkhHkg85o8ZKvXH/8SGtigvvfFbqlytuzZ2DrBIvJxXI0eyXv3qDiCUhSsME1brrubHxU6oMZwJnpV6iMaZsQkfYtVTSELWfzm+ekTOrDMgwUrakIXP190RKQ62nYWA7Q2rGetnLxP+8bmKGV37KZZwYlGyxaJgIYiKSBUAGXCEzYmoJZYrbWwkbU0WZsTFlIXjLL6+Sdr3muTXv1q006nkcRTiBU6iCB5fQgBtoQgsYxPAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ac86QkQ==</latexit>
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q

<latexit sha1_base64="hrYqH91zswX7+lKDYDwAJzMrqHs=">AAAB8XicbVC7SgNBFL0bXzG+opZpBkWITdhNo2XAxjKCeWCyhtnJbDJkZnadmRXCkr+wsVBEsPIn/AY7P8Te2SSFJh64cDjnXu69J4g508Z1v5zcyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjC4yv3VPlWaRvDbjmPoCDyQLGcHGSjfD3t1tWuank0KveOxW3CnQMvHm5LhW+n77AIB6r/jZ7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7afTiyfoxCp9FEbKljRoqv6eSLHQeiwC2ymwGepFLxP/8zqJCc/9lMk4MVSS2aIw4chEKHsf9ZmixPCxJZgoZm9FZIgVJsaGlIXgLb68TJrViudWvCubRhVmyEMJjqAMHpxBDS6hDg0gIOEBnuDZ0c6j8+K8zlpzznzmEP7Aef8BPByS1A==</latexit><latexit sha1_base64="q9NuDN+oktfc3aq/Z+/JUl0vWFc=">AAAB8XicbVC7TgJBFL2LL8QXakkzkZhgQ3ZptCSxscREHhFWMjvMwoTZ2WVm1oRs+ANLGwuNMbHyCyz8CTs/xN5ZoFDwJDc5Oefe3HuPF3GmtG1/WZmV1bX1jexmbmt7Z3cvv3/QUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3PE/95i2VioXiSo8j6ga4L5jPCNZGuh50RzdJiZ9Mct180S7bU6Bl4sxJsVr4fn337j5q3fxnpxeSOKBCE46Vajt2pN0ES80Ip5NcJ1Y0wmSI+7RtqMABVW4yvXiCjo3SQ34oTQmNpurviQQHSo0Dz3QGWA/UopeK/3ntWPtnbsJEFGsqyGyRH3OkQ5S+j3pMUqL52BBMJDO3IjLAEhNtQkpDcBZfXiaNStmxy86lSaMCM2ShAEdQAgdOoQoXUIM6EBBwD4/wZCnrwXq2XmatGWs+cwh/YL39AGzplHg=</latexit><latexit sha1_base64="q9NuDN+oktfc3aq/Z+/JUl0vWFc=">AAAB8XicbVC7TgJBFL2LL8QXakkzkZhgQ3ZptCSxscREHhFWMjvMwoTZ2WVm1oRs+ANLGwuNMbHyCyz8CTs/xN5ZoFDwJDc5Oefe3HuPF3GmtG1/WZmV1bX1jexmbmt7Z3cvv3/QUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3PE/95i2VioXiSo8j6ga4L5jPCNZGuh50RzdJiZ9Mct180S7bU6Bl4sxJsVr4fn337j5q3fxnpxeSOKBCE46Vajt2pN0ES80Ip5NcJ1Y0wmSI+7RtqMABVW4yvXiCjo3SQ34oTQmNpurviQQHSo0Dz3QGWA/UopeK/3ntWPtnbsJEFGsqyGyRH3OkQ5S+j3pMUqL52BBMJDO3IjLAEhNtQkpDcBZfXiaNStmxy86lSaMCM2ShAEdQAgdOoQoXUIM6EBBwD4/wZCnrwXq2XmatGWs+cwh/YL39AGzplHg=</latexit><latexit sha1_base64="B44tbIlqd9NKJ4o14UOWNmDl8fI=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhBiE+7SaBmwsYxgPjA5w95mkizZ2zt394Rw5F/YWChi67+x89+4l1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28HkOvPbT6g0j+Sdmcboh3Qk+ZAzaqx0P+4/PqQVcTEr9ktlt+rOQVaJl5My5Gj0S1+9QcSSEKVhgmrd9dzY+ClVhjOBs2Iv0RhTNqEj7FoqaYjaT+cXz8i5VQZkGClb0pC5+nsipaHW0zCwnSE1Y73sZeJ/Xjcxwys/5TJODEq2WDRMBDERyd4nA66QGTG1hDLF7a2EjamizNiQshC85ZdXSatW9dyqd+uW67U8jgKcwhlUwINLqMMNNKAJDCQ8wyu8Odp5cd6dj0XrmpPPnMAfOJ8/lMiQHw==</latexit>
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<latexit sha1_base64="gYs49xtlP7svvWbMAA64dPnqeQY=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSLUS0mKoMeCF48V7Ae0MWy223bpZhN2N4WwxL/ixYMiXv0h3vw3btsctPXBwOO9GWbmhQmjUrnut7WxubW9s1vaK+8fHB4d2yenHRmnApM2jlkseiGShFFO2ooqRnqJICgKGemG09u5350RIWnMH1SWED9CY05HFCNlpMCuTAI9CzQKtJfn+aOuscs8sKtu3V3AWSdeQapQoBXYX4NhjNOIcIUZkrLvuYnyNRKKYkby8iCVJEF4isakbyhHEZG+XhyfOxdGGTqjWJjiylmovyc0iqTMotB0RkhN5Ko3F//z+qka3fia8iRVhOPlolHKHBU78yScIRUEK5YZgrCg5lYHT5BAWJm8yiYEb/XlddJp1D237t1fVZuNIo4SnME51MCDa2jCHbSgDRgyeIZXeLOerBfr3fpYtm5YxUwF/sD6/AHuNJTh</latexit><latexit sha1_base64="gYs49xtlP7svvWbMAA64dPnqeQY=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSLUS0mKoMeCF48V7Ae0MWy223bpZhN2N4WwxL/ixYMiXv0h3vw3btsctPXBwOO9GWbmhQmjUrnut7WxubW9s1vaK+8fHB4d2yenHRmnApM2jlkseiGShFFO2ooqRnqJICgKGemG09u5350RIWnMH1SWED9CY05HFCNlpMCuTAI9CzQKtJfn+aOuscs8sKtu3V3AWSdeQapQoBXYX4NhjNOIcIUZkrLvuYnyNRKKYkby8iCVJEF4isakbyhHEZG+XhyfOxdGGTqjWJjiylmovyc0iqTMotB0RkhN5Ko3F//z+qka3fia8iRVhOPlolHKHBU78yScIRUEK5YZgrCg5lYHT5BAWJm8yiYEb/XlddJp1D237t1fVZuNIo4SnME51MCDa2jCHbSgDRgyeIZXeLOerBfr3fpYtm5YxUwF/sD6/AHuNJTh</latexit><latexit sha1_base64="gYs49xtlP7svvWbMAA64dPnqeQY=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSLUS0mKoMeCF48V7Ae0MWy223bpZhN2N4WwxL/ixYMiXv0h3vw3btsctPXBwOO9GWbmhQmjUrnut7WxubW9s1vaK+8fHB4d2yenHRmnApM2jlkseiGShFFO2ooqRnqJICgKGemG09u5350RIWnMH1SWED9CY05HFCNlpMCuTAI9CzQKtJfn+aOuscs8sKtu3V3AWSdeQapQoBXYX4NhjNOIcIUZkrLvuYnyNRKKYkby8iCVJEF4isakbyhHEZG+XhyfOxdGGTqjWJjiylmovyc0iqTMotB0RkhN5Ko3F//z+qka3fia8iRVhOPlolHKHBU78yScIRUEK5YZgrCg5lYHT5BAWJm8yiYEb/XlddJp1D237t1fVZuNIo4SnME51MCDa2jCHbSgDRgyeIZXeLOerBfr3fpYtm5YxUwF/sD6/AHuNJTh</latexit><latexit sha1_base64="gYs49xtlP7svvWbMAA64dPnqeQY=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSLUS0mKoMeCF48V7Ae0MWy223bpZhN2N4WwxL/ixYMiXv0h3vw3btsctPXBwOO9GWbmhQmjUrnut7WxubW9s1vaK+8fHB4d2yenHRmnApM2jlkseiGShFFO2ooqRnqJICgKGemG09u5350RIWnMH1SWED9CY05HFCNlpMCuTAI9CzQKtJfn+aOuscs8sKtu3V3AWSdeQapQoBXYX4NhjNOIcIUZkrLvuYnyNRKKYkby8iCVJEF4isakbyhHEZG+XhyfOxdGGTqjWJjiylmovyc0iqTMotB0RkhN5Ko3F//z+qka3fia8iRVhOPlolHKHBU78yScIRUEK5YZgrCg5lYHT5BAWJm8yiYEb/XlddJp1D237t1fVZuNIo4SnME51MCDa2jCHbSgDRgyeIZXeLOerBfr3fpYtm5YxUwF/sD6/AHuNJTh</latexit>

h(l�1)
va1

<latexit sha1_base64="4wusqLR8mLI6S/+a+4PNwn6vcL4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEurBMiqDLghuXFewD2nHIpGkbmskMSaZQwoC/4saFIm79Dnf+jWk7C209cOFwzr3ce0+YcKa05307hbX1jc2t4nZpZ3dv/8A9PGqpOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzvz2hErFYvGgpwn1IzwUbMAI1lYK3JNRYCaBwYFBWZY9mgq/RBdZ4Ja9qjcHXCUoJ2WQoxG4X71+TNKICk04VqqLvET7BkvNCKdZqZcqmmAyxkPatVTgiCrfzM/P4LlV+nAQS1tCw7n6e8LgSKlpFNrOCOuRWvZm4n9eN9WDG98wkaSaCrJYNEg51DGcZQH7TFKi+dQSTCSzt0IywhITbRMr2RDQ8surpFWrIq+K7q/K9VoeRxGcgjNQAQhcgzq4Aw3QBAQY8AxewZvz5Lw4787HorXg5DPH4A+czx/VuJVT</latexit><latexit sha1_base64="4wusqLR8mLI6S/+a+4PNwn6vcL4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEurBMiqDLghuXFewD2nHIpGkbmskMSaZQwoC/4saFIm79Dnf+jWk7C209cOFwzr3ce0+YcKa05307hbX1jc2t4nZpZ3dv/8A9PGqpOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzvz2hErFYvGgpwn1IzwUbMAI1lYK3JNRYCaBwYFBWZY9mgq/RBdZ4Ja9qjcHXCUoJ2WQoxG4X71+TNKICk04VqqLvET7BkvNCKdZqZcqmmAyxkPatVTgiCrfzM/P4LlV+nAQS1tCw7n6e8LgSKlpFNrOCOuRWvZm4n9eN9WDG98wkaSaCrJYNEg51DGcZQH7TFKi+dQSTCSzt0IywhITbRMr2RDQ8surpFWrIq+K7q/K9VoeRxGcgjNQAQhcgzq4Aw3QBAQY8AxewZvz5Lw4787HorXg5DPH4A+czx/VuJVT</latexit><latexit sha1_base64="4wusqLR8mLI6S/+a+4PNwn6vcL4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEurBMiqDLghuXFewD2nHIpGkbmskMSaZQwoC/4saFIm79Dnf+jWk7C209cOFwzr3ce0+YcKa05307hbX1jc2t4nZpZ3dv/8A9PGqpOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzvz2hErFYvGgpwn1IzwUbMAI1lYK3JNRYCaBwYFBWZY9mgq/RBdZ4Ja9qjcHXCUoJ2WQoxG4X71+TNKICk04VqqLvET7BkvNCKdZqZcqmmAyxkPatVTgiCrfzM/P4LlV+nAQS1tCw7n6e8LgSKlpFNrOCOuRWvZm4n9eN9WDG98wkaSaCrJYNEg51DGcZQH7TFKi+dQSTCSzt0IywhITbRMr2RDQ8surpFWrIq+K7q/K9VoeRxGcgjNQAQhcgzq4Aw3QBAQY8AxewZvz5Lw4787HorXg5DPH4A+czx/VuJVT</latexit><latexit sha1_base64="4wusqLR8mLI6S/+a+4PNwn6vcL4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEurBMiqDLghuXFewD2nHIpGkbmskMSaZQwoC/4saFIm79Dnf+jWk7C209cOFwzr3ce0+YcKa05307hbX1jc2t4nZpZ3dv/8A9PGqpOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzfzvz2hErFYvGgpwn1IzwUbMAI1lYK3JNRYCaBwYFBWZY9mgq/RBdZ4Ja9qjcHXCUoJ2WQoxG4X71+TNKICk04VqqLvET7BkvNCKdZqZcqmmAyxkPatVTgiCrfzM/P4LlV+nAQS1tCw7n6e8LgSKlpFNrOCOuRWvZm4n9eN9WDG98wkaSaCrJYNEg51DGcZQH7TFKi+dQSTCSzt0IywhITbRMr2RDQ8surpFWrIq+K7q/K9VoeRxGcgjNQAQhcgzq4Aw3QBAQY8AxewZvz5Lw4787HorXg5DPH4A+czx/VuJVT</latexit>

+
<latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="nVjM39ySTGVmXsoestCcKi54YFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEErSSz0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2t7Z3Svulw4Oj45PyqdnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM7xZ+9wmV5rF8MLME/YiOJQ85o8ZKrZthueJW3SXIJvFyUoEczWH5azCKWRqhNExQrfuemxg/o8pwJnBeGqQaE8qmdIx9SyWNUPvZ8tA5ubLKiISxsiUNWaq/JzIaaT2LAtsZUTPR695C/M/rpya89TMuk9SgZKtFYSqIicniazLiCpkRM0soU9zeStiEKsqMzaZkQ/DWX94knVrVc6tey600ankcRbiAS7gGD+rQgHtoQhsYIDzDK7w5j86L8+58rFoLTj5zDn/gfP4Aa3WMmw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit>

h(l)
q

<latexit sha1_base64="PAdGW/RL24+gb3RNiv/vSmXewaU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0mKoMeCF48V7AeksWy2m3bpZjfuToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O2vrG5tb26Wd8u7e/sFh5ei4Y1SqKWtTJZTuhcQwwSVrAwfBeolmJA4F64aTm5nffWLacCXvYZqwICYjySNOCVjJHw+yx/whq4mLfFCpunV3DrxKvIJUUYHWoPLVHyqaxkwCFcQY33MTCDKigVPB8nI/NSwhdEJGzLdUkpiZIJufnONzqwxxpLQtCXiu/p7ISGzMNA5tZ0xgbJa9mfif56cQXQcZl0kKTNLFoigVGBSe/Y+HXDMKYmoJoZrbWzEdE00o2JTKNgRv+eVV0mnUPbfu3V1Wm40ijhI6RWeohjx0hZroFrVQG1Gk0DN6RW8OOC/Ou/OxaF1zipkT9AfO5w8pTpEb</latexit><latexit sha1_base64="PAdGW/RL24+gb3RNiv/vSmXewaU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0mKoMeCF48V7AeksWy2m3bpZjfuToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O2vrG5tb26Wd8u7e/sFh5ei4Y1SqKWtTJZTuhcQwwSVrAwfBeolmJA4F64aTm5nffWLacCXvYZqwICYjySNOCVjJHw+yx/whq4mLfFCpunV3DrxKvIJUUYHWoPLVHyqaxkwCFcQY33MTCDKigVPB8nI/NSwhdEJGzLdUkpiZIJufnONzqwxxpLQtCXiu/p7ISGzMNA5tZ0xgbJa9mfif56cQXQcZl0kKTNLFoigVGBSe/Y+HXDMKYmoJoZrbWzEdE00o2JTKNgRv+eVV0mnUPbfu3V1Wm40ijhI6RWeohjx0hZroFrVQG1Gk0DN6RW8OOC/Ou/OxaF1zipkT9AfO5w8pTpEb</latexit><latexit sha1_base64="PAdGW/RL24+gb3RNiv/vSmXewaU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0mKoMeCF48V7AeksWy2m3bpZjfuToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O2vrG5tb26Wd8u7e/sFh5ei4Y1SqKWtTJZTuhcQwwSVrAwfBeolmJA4F64aTm5nffWLacCXvYZqwICYjySNOCVjJHw+yx/whq4mLfFCpunV3DrxKvIJUUYHWoPLVHyqaxkwCFcQY33MTCDKigVPB8nI/NSwhdEJGzLdUkpiZIJufnONzqwxxpLQtCXiu/p7ISGzMNA5tZ0xgbJa9mfif56cQXQcZl0kKTNLFoigVGBSe/Y+HXDMKYmoJoZrbWzEdE00o2JTKNgRv+eVV0mnUPbfu3V1Wm40ijhI6RWeohjx0hZroFrVQG1Gk0DN6RW8OOC/Ou/OxaF1zipkT9AfO5w8pTpEb</latexit><latexit sha1_base64="PAdGW/RL24+gb3RNiv/vSmXewaU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0mKoMeCF48V7AeksWy2m3bpZjfuToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O2vrG5tb26Wd8u7e/sFh5ei4Y1SqKWtTJZTuhcQwwSVrAwfBeolmJA4F64aTm5nffWLacCXvYZqwICYjySNOCVjJHw+yx/whq4mLfFCpunV3DrxKvIJUUYHWoPLVHyqaxkwCFcQY33MTCDKigVPB8nI/NSwhdEJGzLdUkpiZIJufnONzqwxxpLQtCXiu/p7ISGzMNA5tZ0xgbJa9mfif56cQXQcZl0kKTNLFoigVGBSe/Y+HXDMKYmoJoZrbWzEdE00o2JTKNgRv+eVV0mnUPbfu3V1Wm40ijhI6RWeohjx0hZroFrVQG1Gk0DN6RW8OOC/Ou/OxaF1zipkT9AfO5w8pTpEb</latexit>

+
<latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="nVjM39ySTGVmXsoestCcKi54YFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEErSSz0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2t7Z3Svulw4Oj45PyqdnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM7xZ+9wmV5rF8MLME/YiOJQ85o8ZKrZthueJW3SXIJvFyUoEczWH5azCKWRqhNExQrfuemxg/o8pwJnBeGqQaE8qmdIx9SyWNUPvZ8tA5ubLKiISxsiUNWaq/JzIaaT2LAtsZUTPR695C/M/rpya89TMuk9SgZKtFYSqIicniazLiCpkRM0soU9zeStiEKsqMzaZkQ/DWX94knVrVc6tey600ankcRbiAS7gGD+rQgHtoQhsYIDzDK7w5j86L8+58rFoLTj5zDn/gfP4Aa3WMmw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit>

f l(vq1

e�! va1
)

<latexit sha1_base64="JueBB94viEtV/akTJx5scmkeLlU=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SWyLHdVqrjh1sp1BF+QYWfoWFAYRYmdj4G9w0A7Qc6UpH59yre+/xI0aVdpxva2V1bX1js7BV3N7Z3du3Dw5bSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74cua3J0QqKviNnkakH6IhpwHFSBvJsyvBbcLS8sRL7rzETdPeg6TDkUZSivuEpNAYKDMqnl1yqk4GuEzcnJRAjoZnf/UGAsch4RozpFTXdSLdT5DUFDOSFnuxIhHCYzQkXUM5ConqJ9lLKTw1ygAGQpriGmbq74kEhUpNQ990hkiP1KI3E//zurEOLvoJ5VGsCcfzRUHMoBZwlg8cUEmwZlNDEJbU3ArxCEmEtUmxaEJwF19eJq1a1XWq7vVZqV7L4yiAY3ACysAF56AOrkADNAEGj+AZvII368l6sd6tj3nripXPHIE/sD5/ANqOnsQ=</latexit><latexit sha1_base64="JueBB94viEtV/akTJx5scmkeLlU=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SWyLHdVqrjh1sp1BF+QYWfoWFAYRYmdj4G9w0A7Qc6UpH59yre+/xI0aVdpxva2V1bX1js7BV3N7Z3du3Dw5bSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74cua3J0QqKviNnkakH6IhpwHFSBvJsyvBbcLS8sRL7rzETdPeg6TDkUZSivuEpNAYKDMqnl1yqk4GuEzcnJRAjoZnf/UGAsch4RozpFTXdSLdT5DUFDOSFnuxIhHCYzQkXUM5ConqJ9lLKTw1ygAGQpriGmbq74kEhUpNQ990hkiP1KI3E//zurEOLvoJ5VGsCcfzRUHMoBZwlg8cUEmwZlNDEJbU3ArxCEmEtUmxaEJwF19eJq1a1XWq7vVZqV7L4yiAY3ACysAF56AOrkADNAEGj+AZvII368l6sd6tj3nripXPHIE/sD5/ANqOnsQ=</latexit><latexit sha1_base64="JueBB94viEtV/akTJx5scmkeLlU=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SWyLHdVqrjh1sp1BF+QYWfoWFAYRYmdj4G9w0A7Qc6UpH59yre+/xI0aVdpxva2V1bX1js7BV3N7Z3du3Dw5bSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74cua3J0QqKviNnkakH6IhpwHFSBvJsyvBbcLS8sRL7rzETdPeg6TDkUZSivuEpNAYKDMqnl1yqk4GuEzcnJRAjoZnf/UGAsch4RozpFTXdSLdT5DUFDOSFnuxIhHCYzQkXUM5ConqJ9lLKTw1ygAGQpriGmbq74kEhUpNQ990hkiP1KI3E//zurEOLvoJ5VGsCcfzRUHMoBZwlg8cUEmwZlNDEJbU3ArxCEmEtUmxaEJwF19eJq1a1XWq7vVZqV7L4yiAY3ACysAF56AOrkADNAEGj+AZvII368l6sd6tj3nripXPHIE/sD5/ANqOnsQ=</latexit><latexit sha1_base64="JueBB94viEtV/akTJx5scmkeLlU=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SWyLHdVqrjh1sp1BF+QYWfoWFAYRYmdj4G9w0A7Qc6UpH59yre+/xI0aVdpxva2V1bX1js7BV3N7Z3du3Dw5bSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74cua3J0QqKviNnkakH6IhpwHFSBvJsyvBbcLS8sRL7rzETdPeg6TDkUZSivuEpNAYKDMqnl1yqk4GuEzcnJRAjoZnf/UGAsch4RozpFTXdSLdT5DUFDOSFnuxIhHCYzQkXUM5ConqJ9lLKTw1ygAGQpriGmbq74kEhUpNQ990hkiP1KI3E//zurEOLvoJ5VGsCcfzRUHMoBZwlg8cUEmwZlNDEJbU3ArxCEmEtUmxaEJwF19eJq1a1XWq7vVZqV7L4yiAY3ACysAF56AOrkADNAEGj+AZvII368l6sd6tj3nripXPHIE/sD5/ANqOnsQ=</latexit>

+
<latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="nVjM39ySTGVmXsoestCcKi54YFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEErSSz0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2t7Z3Svulw4Oj45PyqdnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM7xZ+9wmV5rF8MLME/YiOJQ85o8ZKrZthueJW3SXIJvFyUoEczWH5azCKWRqhNExQrfuemxg/o8pwJnBeGqQaE8qmdIx9SyWNUPvZ8tA5ubLKiISxsiUNWaq/JzIaaT2LAtsZUTPR695C/M/rpya89TMuk9SgZKtFYSqIicniazLiCpkRM0soU9zeStiEKsqMzaZkQ/DWX94knVrVc6tey600ankcRbiAS7gGD+rQgHtoQhsYIDzDK7w5j86L8+58rFoLTj5zDn/gfP4Aa3WMmw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit>

f l(vq2

e�! va1
)

<latexit sha1_base64="we8m8oquUddI3ckBNdJJCNm9Y9c=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SGyLHdVqrjhNsp1BZ+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+8JEkalcpxva2V1bX1js7BV3N7Z3du3Dw5bMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5Gl1O/PSZC0pjfqElCvAgNOA0pRspIvl0JbzXLymNf3/m6lmW9B0EHQ4WEiO81yaAxkK/dLKv4dsmpOjPAZeLmpARyNHz7q9ePcRoRrjBDUnZdJ1GeRkJRzEhW7KWSJAiP0IB0DeUoItLTs5cyeGqUPgxjYYorOFN/T2gUSTmJAtMZITWUi95U/M/rpiq88DTlSaoIx/NFYcqgiuE0H9ingmDFJoYgLKi5FeIhEggrk2LRhOAuvrxMWrWq61Td67NSvZbHUQDH4ASUgQvOQR1cgQZoAgwewTN4BW/Wk/VivVsf89YVK585An9gff4A3C6exQ==</latexit><latexit sha1_base64="we8m8oquUddI3ckBNdJJCNm9Y9c=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SGyLHdVqrjhNsp1BZ+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+8JEkalcpxva2V1bX1js7BV3N7Z3du3Dw5bMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5Gl1O/PSZC0pjfqElCvAgNOA0pRspIvl0JbzXLymNf3/m6lmW9B0EHQ4WEiO81yaAxkK/dLKv4dsmpOjPAZeLmpARyNHz7q9ePcRoRrjBDUnZdJ1GeRkJRzEhW7KWSJAiP0IB0DeUoItLTs5cyeGqUPgxjYYorOFN/T2gUSTmJAtMZITWUi95U/M/rpiq88DTlSaoIx/NFYcqgiuE0H9ingmDFJoYgLKi5FeIhEggrk2LRhOAuvrxMWrWq61Td67NSvZbHUQDH4ASUgQvOQR1cgQZoAgwewTN4BW/Wk/VivVsf89YVK585An9gff4A3C6exQ==</latexit><latexit sha1_base64="we8m8oquUddI3ckBNdJJCNm9Y9c=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SGyLHdVqrjhNsp1BZ+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+8JEkalcpxva2V1bX1js7BV3N7Z3du3Dw5bMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5Gl1O/PSZC0pjfqElCvAgNOA0pRspIvl0JbzXLymNf3/m6lmW9B0EHQ4WEiO81yaAxkK/dLKv4dsmpOjPAZeLmpARyNHz7q9ePcRoRrjBDUnZdJ1GeRkJRzEhW7KWSJAiP0IB0DeUoItLTs5cyeGqUPgxjYYorOFN/T2gUSTmJAtMZITWUi95U/M/rpiq88DTlSaoIx/NFYcqgiuE0H9ingmDFJoYgLKi5FeIhEggrk2LRhOAuvrxMWrWq61Td67NSvZbHUQDH4ASUgQvOQR1cgQZoAgwewTN4BW/Wk/VivVsf89YVK585An9gff4A3C6exQ==</latexit><latexit sha1_base64="we8m8oquUddI3ckBNdJJCNm9Y9c=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEoyVWBiLRB9SGyLHdVqrjhNsp1BZ+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+8JEkalcpxva2V1bX1js7BV3N7Z3du3Dw5bMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5Gl1O/PSZC0pjfqElCvAgNOA0pRspIvl0JbzXLymNf3/m6lmW9B0EHQ4WEiO81yaAxkK/dLKv4dsmpOjPAZeLmpARyNHz7q9ePcRoRrjBDUnZdJ1GeRkJRzEhW7KWSJAiP0IB0DeUoItLTs5cyeGqUPgxjYYorOFN/T2gUSTmJAtMZITWUi95U/M/rpiq88DTlSaoIx/NFYcqgiuE0H9ingmDFJoYgLKi5FeIhEggrk2LRhOAuvrxMWrWq61Td67NSvZbHUQDH4ASUgQvOQR1cgQZoAgwewTN4BW/Wk/VivVsf89YVK585An9gff4A3C6exQ==</latexit>

FFN
h(l�1)

vq2
<latexit sha1_base64="DknF/b/gVINcJb4NXaVqyunUjVk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCXViSIuiy4MZlBfuANobJdNIOnUzizKRQQ/BX3LhQxK3/4c6/cdJ2oa0HLhzOuZd77/FjRqWy7W+jsLK6tr5R3Cxtbe/s7pn7By0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6Pr3G+PiZA04ndqEhM3RANOA4qR0pJnHg29dOylD14ty+7TCjt3zrKSZ5btqj2FtUycOSnDHA3P/Or1I5yEhCvMkJRdx46VmyKhKGYkK/USSWKER2hAuppyFBLpptPrM+tUK30riIQurqyp+nsiRaGUk9DXnSFSQ7no5eJ/XjdRwZWbUh4ninA8WxQkzFKRlUdh9akgWLGJJggLqm+18BAJhJUOLA/BWXx5mbRqVceuOrcX5XptHkcRjuEEKuDAJdThBhrQBAyP8Ayv8GY8GS/Gu/Exay0Y85lD+APj8wdX2pRs</latexit><latexit sha1_base64="DknF/b/gVINcJb4NXaVqyunUjVk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCXViSIuiy4MZlBfuANobJdNIOnUzizKRQQ/BX3LhQxK3/4c6/cdJ2oa0HLhzOuZd77/FjRqWy7W+jsLK6tr5R3Cxtbe/s7pn7By0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6Pr3G+PiZA04ndqEhM3RANOA4qR0pJnHg29dOylD14ty+7TCjt3zrKSZ5btqj2FtUycOSnDHA3P/Or1I5yEhCvMkJRdx46VmyKhKGYkK/USSWKER2hAuppyFBLpptPrM+tUK30riIQurqyp+nsiRaGUk9DXnSFSQ7no5eJ/XjdRwZWbUh4ninA8WxQkzFKRlUdh9akgWLGJJggLqm+18BAJhJUOLA/BWXx5mbRqVceuOrcX5XptHkcRjuEEKuDAJdThBhrQBAyP8Ayv8GY8GS/Gu/Exay0Y85lD+APj8wdX2pRs</latexit><latexit sha1_base64="DknF/b/gVINcJb4NXaVqyunUjVk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCXViSIuiy4MZlBfuANobJdNIOnUzizKRQQ/BX3LhQxK3/4c6/cdJ2oa0HLhzOuZd77/FjRqWy7W+jsLK6tr5R3Cxtbe/s7pn7By0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6Pr3G+PiZA04ndqEhM3RANOA4qR0pJnHg29dOylD14ty+7TCjt3zrKSZ5btqj2FtUycOSnDHA3P/Or1I5yEhCvMkJRdx46VmyKhKGYkK/USSWKER2hAuppyFBLpptPrM+tUK30riIQurqyp+nsiRaGUk9DXnSFSQ7no5eJ/XjdRwZWbUh4ninA8WxQkzFKRlUdh9akgWLGJJggLqm+18BAJhJUOLA/BWXx5mbRqVceuOrcX5XptHkcRjuEEKuDAJdThBhrQBAyP8Ayv8GY8GS/Gu/Exay0Y85lD+APj8wdX2pRs</latexit><latexit sha1_base64="DknF/b/gVINcJb4NXaVqyunUjVk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCXViSIuiy4MZlBfuANobJdNIOnUzizKRQQ/BX3LhQxK3/4c6/cdJ2oa0HLhzOuZd77/FjRqWy7W+jsLK6tr5R3Cxtbe/s7pn7By0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6Pr3G+PiZA04ndqEhM3RANOA4qR0pJnHg29dOylD14ty+7TCjt3zrKSZ5btqj2FtUycOSnDHA3P/Or1I5yEhCvMkJRdx46VmyKhKGYkK/USSWKER2hAuppyFBLpptPrM+tUK30riIQurqyp+nsiRaGUk9DXnSFSQ7no5eJ/XjdRwZWbUh4ninA8WxQkzFKRlUdh9akgWLGJJggLqm+18BAJhJUOLA/BWXx5mbRqVceuOrcX5XptHkcRjuEEKuDAJdThBhrQBAyP8Ayv8GY8GS/Gu/Exay0Y85lD+APj8wdX2pRs</latexit>

+
<latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="4Cj7GG15ONU4hvpZy7nrxEwlYds=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiCEKZcaNLwY3LFuwD2qFk0jttbCYzJHeEUvoL3LhQxL/lzn9j+lho64HAxzkJufdEmZKWfP/bK2xt7+zuFfdLB+XDo+PKSbll09wIbIpUpaYTcYtKamySJIWdzCBPIoXtaHw/z9vPaKxM9SNNMgwTPtQyloKTsxpX/UrVr/kLsU0IVlCFler9yldvkIo8QU1CcWu7gZ9ROOWGpFA4K/VyixkXYz7ErkPNE7ThdDHojF04Z8Di1LijiS3c3y+mPLF2kkTuZsJpZNezuflf1s0pvg2nUmc5oRbLj+JcMUrZfGs2kAYFqYkDLox0szIx4oYLct2UXAnB+sqb0LquBX4taPhQhDM4h0sI4Abu4AHq0AQBCC/wBu/ek/fqfSzrKnir3k7hj7zPH2Aui1w=</latexit><latexit sha1_base64="nVjM39ySTGVmXsoestCcKi54YFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEErSSz0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2t7Z3Svulw4Oj45PyqdnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM7xZ+9wmV5rF8MLME/YiOJQ85o8ZKrZthueJW3SXIJvFyUoEczWH5azCKWRqhNExQrfuemxg/o8pwJnBeGqQaE8qmdIx9SyWNUPvZ8tA5ubLKiISxsiUNWaq/JzIaaT2LAtsZUTPR695C/M/rpya89TMuk9SgZKtFYSqIicniazLiCpkRM0soU9zeStiEKsqMzaZkQ/DWX94knVrVc6tey600ankcRbiAS7gGD+rQgHtoQhsYIDzDK7w5j86L8+58rFoLTj5zDn/gfP4Aa3WMmw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit><latexit sha1_base64="2JCiDqVALdTOEttTtQED42gQOho=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa89TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te87pSr+VxFOEMzuESPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHbLWMnw==</latexit>

h(l)
vq2

<latexit sha1_base64="EEF9g0APXl1i60g/QBCI1FyipiA=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkpSBF0W3LisYB/QxjCZTtqhk4czk2IJ+RU3LhRx64+482+ctFlo64ELh3Pu5d57vJgzqSzr2yhtbG5t75R3K3v7B4dH5nG1K6NEENohEY9E38OSchbSjmKK034sKA48Tnve9Cb3ezMqJIvCezWPqRPgcch8RrDSkmtWJ246c9NHt5llD2mdX2QV16xZDWsBtE7sgtSgQNs1v4ajiCQBDRXhWMqBbcXKSbFQjHCaVYaJpDEmUzymA01DHFDppIvbM3SulRHyI6ErVGih/p5IcSDlPPB0Z4DVRK56ufifN0iUf+2kLIwTRUOyXOQnHKkI5UGgEROUKD7XBBPB9K2ITLDAROm48hDs1ZfXSbfZsK2GfXdZazWLOMpwCmdQBxuuoAW30IYOEHiCZ3iFNyMzXox342PZWjKKmRP4A+PzB3HKk/o=</latexit><latexit sha1_base64="EEF9g0APXl1i60g/QBCI1FyipiA=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkpSBF0W3LisYB/QxjCZTtqhk4czk2IJ+RU3LhRx64+482+ctFlo64ELh3Pu5d57vJgzqSzr2yhtbG5t75R3K3v7B4dH5nG1K6NEENohEY9E38OSchbSjmKK034sKA48Tnve9Cb3ezMqJIvCezWPqRPgcch8RrDSkmtWJ246c9NHt5llD2mdX2QV16xZDWsBtE7sgtSgQNs1v4ajiCQBDRXhWMqBbcXKSbFQjHCaVYaJpDEmUzymA01DHFDppIvbM3SulRHyI6ErVGih/p5IcSDlPPB0Z4DVRK56ufifN0iUf+2kLIwTRUOyXOQnHKkI5UGgEROUKD7XBBPB9K2ITLDAROm48hDs1ZfXSbfZsK2GfXdZazWLOMpwCmdQBxuuoAW30IYOEHiCZ3iFNyMzXox342PZWjKKmRP4A+PzB3HKk/o=</latexit><latexit sha1_base64="EEF9g0APXl1i60g/QBCI1FyipiA=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkpSBF0W3LisYB/QxjCZTtqhk4czk2IJ+RU3LhRx64+482+ctFlo64ELh3Pu5d57vJgzqSzr2yhtbG5t75R3K3v7B4dH5nG1K6NEENohEY9E38OSchbSjmKK034sKA48Tnve9Cb3ezMqJIvCezWPqRPgcch8RrDSkmtWJ246c9NHt5llD2mdX2QV16xZDWsBtE7sgtSgQNs1v4ajiCQBDRXhWMqBbcXKSbFQjHCaVYaJpDEmUzymA01DHFDppIvbM3SulRHyI6ErVGih/p5IcSDlPPB0Z4DVRK56ufifN0iUf+2kLIwTRUOyXOQnHKkI5UGgEROUKD7XBBPB9K2ITLDAROm48hDs1ZfXSbfZsK2GfXdZazWLOMpwCmdQBxuuoAW30IYOEHiCZ3iFNyMzXox342PZWjKKmRP4A+PzB3HKk/o=</latexit><latexit sha1_base64="EEF9g0APXl1i60g/QBCI1FyipiA=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkpSBF0W3LisYB/QxjCZTtqhk4czk2IJ+RU3LhRx64+482+ctFlo64ELh3Pu5d57vJgzqSzr2yhtbG5t75R3K3v7B4dH5nG1K6NEENohEY9E38OSchbSjmKK034sKA48Tnve9Cb3ezMqJIvCezWPqRPgcch8RrDSkmtWJ246c9NHt5llD2mdX2QV16xZDWsBtE7sgtSgQNs1v4ajiCQBDRXhWMqBbcXKSbFQjHCaVYaJpDEmUzymA01DHFDppIvbM3SulRHyI6ErVGih/p5IcSDlPPB0Z4DVRK56ufifN0iUf+2kLIwTRUOyXOQnHKkI5UGgEROUKD7XBBPB9K2ITLDAROm48hDs1ZfXSbfZsK2GfXdZazWLOMpwCmdQBxuuoAW30IYOEHiCZ3iFNyMzXox342PZWjKKmRP4A+PzB3HKk/o=</latexit>

h(l)
q

<latexit sha1_base64="D9qOkgR+XBoMF1Rl5FjfX7Tjz2s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNb4RVYeVqpu3Z0DrRKvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+Or85Q+dWGaEwUrakQXP190SKhdYzEdhOgc1EL3u5+J/XT0x47adMxomhkiwWhQlHJkJ5AGjEFCWGzyzBRDF7KyITrDAxNqY8BG/55VXSadQ9t+7dXVabjSKOEpzCGdTAgytowi20oA0EYniGV3hzEufFeXc+Fq1rTjFzAn/gfP4AYbGRLw==</latexit><latexit sha1_base64="D9qOkgR+XBoMF1Rl5FjfX7Tjz2s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNb4RVYeVqpu3Z0DrRKvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+Or85Q+dWGaEwUrakQXP190SKhdYzEdhOgc1EL3u5+J/XT0x47adMxomhkiwWhQlHJkJ5AGjEFCWGzyzBRDF7KyITrDAxNqY8BG/55VXSadQ9t+7dXVabjSKOEpzCGdTAgytowi20oA0EYniGV3hzEufFeXc+Fq1rTjFzAn/gfP4AYbGRLw==</latexit><latexit sha1_base64="D9qOkgR+XBoMF1Rl5FjfX7Tjz2s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNb4RVYeVqpu3Z0DrRKvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+Or85Q+dWGaEwUrakQXP190SKhdYzEdhOgc1EL3u5+J/XT0x47adMxomhkiwWhQlHJkJ5AGjEFCWGzyzBRDF7KyITrDAxNqY8BG/55VXSadQ9t+7dXVabjSKOEpzCGdTAgytowi20oA0EYniGV3hzEufFeXc+Fq1rTjFzAn/gfP4AYbGRLw==</latexit><latexit sha1_base64="D9qOkgR+XBoMF1Rl5FjfX7Tjz2s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibuboQS8je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepP73SeqNIvkvZnF1Bd4LFnICDZWGkyG6WP2kNb4RVYeVqpu3Z0DrRKvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+Or85Q+dWGaEwUrakQXP190SKhdYzEdhOgc1EL3u5+J/XT0x47adMxomhkiwWhQlHJkJ5AGjEFCWGzyzBRDF7KyITrDAxNqY8BG/55VXSadQ9t+7dXVabjSKOEpzCGdTAgytowi20oA0EYniGV3hzEufFeXc+Fq1rTjFzAn/gfP4AYbGRLw==</latexit>

f l(vq1

e11��! va1
) =

a(l)
e11

FFN
h
h(l)

vq1
; h(l)

e11

i
<latexit sha1_base64="QcOmAxzqSsArigCPb7U5X6hZCZA="></latexit><latexit sha1_base64="QcOmAxzqSsArigCPb7U5X6hZCZA="></latexit><latexit sha1_base64="QcOmAxzqSsArigCPb7U5X6hZCZA="></latexit><latexit sha1_base64="QcOmAxzqSsArigCPb7U5X6hZCZA="></latexit>

a(l)
e21

=

Sigmoid
⇣
h(l)

q · h(l)
e21

⌘
<latexit sha1_base64="HNq9d18rX9E58YeQ0LQ6Ga+60x4="></latexit><latexit sha1_base64="HNq9d18rX9E58YeQ0LQ6Ga+60x4="></latexit><latexit sha1_base64="HNq9d18rX9E58YeQ0LQ6Ga+60x4="></latexit><latexit sha1_base64="HNq9d18rX9E58YeQ0LQ6Ga+60x4="></latexit>

Self Attn h(0)
g

<latexit sha1_base64="tmtQ9JRxgB+tJ9VOQ6bXjAa+NB0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWz3bRLN5tldyOUkL/hxYMiXv0z3vw3btoctPXBwOO9GWbmBZIzbVz32yltbG5t75R3K3v7B4dH1eOTro4TRWiHxDxW/QBrypmgHcMMp32pKI4CTnvB7Db3e09UaRaLBzOX1I/wRLCQEWysNJyO0kn2mNbdy6wyqtbchrsAWideQWpQoD2qfg3HMUkiKgzhWOuB50rjp1gZRjjNKsNEU4nJDE/owFKBI6r9dHFzhi6sMkZhrGwJgxbq74kUR1rPo8B2RthM9aqXi/95g8SEN37KhEwMFWS5KEw4MjHKA0BjpigxfG4JJorZWxGZYoWJsTHlIXirL6+TbrPhuQ3v/qrWahZxlOEMzqEOHlxDC+6gDR0gIOEZXuHNSZwX5935WLaWnGLmFP7A+fwB9oaQ6Q==</latexit><latexit sha1_base64="tmtQ9JRxgB+tJ9VOQ6bXjAa+NB0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWz3bRLN5tldyOUkL/hxYMiXv0z3vw3btoctPXBwOO9GWbmBZIzbVz32yltbG5t75R3K3v7B4dH1eOTro4TRWiHxDxW/QBrypmgHcMMp32pKI4CTnvB7Db3e09UaRaLBzOX1I/wRLCQEWysNJyO0kn2mNbdy6wyqtbchrsAWideQWpQoD2qfg3HMUkiKgzhWOuB50rjp1gZRjjNKsNEU4nJDE/owFKBI6r9dHFzhi6sMkZhrGwJgxbq74kUR1rPo8B2RthM9aqXi/95g8SEN37KhEwMFWS5KEw4MjHKA0BjpigxfG4JJorZWxGZYoWJsTHlIXirL6+TbrPhuQ3v/qrWahZxlOEMzqEOHlxDC+6gDR0gIOEZXuHNSZwX5935WLaWnGLmFP7A+fwB9oaQ6Q==</latexit><latexit sha1_base64="tmtQ9JRxgB+tJ9VOQ6bXjAa+NB0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWz3bRLN5tldyOUkL/hxYMiXv0z3vw3btoctPXBwOO9GWbmBZIzbVz32yltbG5t75R3K3v7B4dH1eOTro4TRWiHxDxW/QBrypmgHcMMp32pKI4CTnvB7Db3e09UaRaLBzOX1I/wRLCQEWysNJyO0kn2mNbdy6wyqtbchrsAWideQWpQoD2qfg3HMUkiKgzhWOuB50rjp1gZRjjNKsNEU4nJDE/owFKBI6r9dHFzhi6sMkZhrGwJgxbq74kUR1rPo8B2RthM9aqXi/95g8SEN37KhEwMFWS5KEw4MjHKA0BjpigxfG4JJorZWxGZYoWJsTHlIXirL6+TbrPhuQ3v/qrWahZxlOEMzqEOHlxDC+6gDR0gIOEZXuHNSZwX5935WLaWnGLmFP7A+fwB9oaQ6Q==</latexit><latexit sha1_base64="tmtQ9JRxgB+tJ9VOQ6bXjAa+NB0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWz3bRLN5tldyOUkL/hxYMiXv0z3vw3btoctPXBwOO9GWbmBZIzbVz32yltbG5t75R3K3v7B4dH1eOTro4TRWiHxDxW/QBrypmgHcMMp32pKI4CTnvB7Db3e09UaRaLBzOX1I/wRLCQEWysNJyO0kn2mNbdy6wyqtbchrsAWideQWpQoD2qfg3HMUkiKgzhWOuB50rjp1gZRjjNKsNEU4nJDE/owFKBI6r9dHFzhi6sMkZhrGwJgxbq74kUR1rPo8B2RthM9aqXi/95g8SEN37KhEwMFWS5KEw4MjHKA0BjpigxfG4JJorZWxGZYoWJsTHlIXirL6+TbrPhuQ3v/qrWahZxlOEMzqEOHlxDC+6gDR0gIOEZXuHNSZwX5935WLaWnGLmFP7A+fwB9oaQ6Q==</latexit>

h(0)
v<latexit sha1_base64="InRn/OamWVSD2saaAkd8fEbBr2E=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibsbgol5G948aCIV/+MN/+NmzYHbX0w8Hhvhpl5QcyZNq777Wxsbm3v7Jb2yvsHh0fHlZPTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C73uzOqNIvko5nH1Bd4LFnICDZWGkyG6Sx7SmvuVVYeVqpu3V0ArROvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+urg5Q5dWGaEwUrakQQv190SKhdZzEdhOgc1Er3q5+J/XT0x466dMxomhkiwXhQlHJkJ5AGjEFCWGzy3BRDF7KyITrDAxNqY8BG/15XXSadQ9t+49XFebjSKOEpzDBdTAgxtowj20oA0EYniGV3hzEufFeXc+lq0bTjFzBn/gfP4ADcmQ+A==</latexit><latexit sha1_base64="InRn/OamWVSD2saaAkd8fEbBr2E=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibsbgol5G948aCIV/+MN/+NmzYHbX0w8Hhvhpl5QcyZNq777Wxsbm3v7Jb2yvsHh0fHlZPTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C73uzOqNIvko5nH1Bd4LFnICDZWGkyG6Sx7SmvuVVYeVqpu3V0ArROvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+urg5Q5dWGaEwUrakQQv190SKhdZzEdhOgc1Er3q5+J/XT0x466dMxomhkiwXhQlHJkJ5AGjEFCWGzy3BRDF7KyITrDAxNqY8BG/15XXSadQ9t+49XFebjSKOEpzDBdTAgxtowj20oA0EYniGV3hzEufFeXc+lq0bTjFzBn/gfP4ADcmQ+A==</latexit><latexit sha1_base64="InRn/OamWVSD2saaAkd8fEbBr2E=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibsbgol5G948aCIV/+MN/+NmzYHbX0w8Hhvhpl5QcyZNq777Wxsbm3v7Jb2yvsHh0fHlZPTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C73uzOqNIvko5nH1Bd4LFnICDZWGkyG6Sx7SmvuVVYeVqpu3V0ArROvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+urg5Q5dWGaEwUrakQQv190SKhdZzEdhOgc1Er3q5+J/XT0x466dMxomhkiwXhQlHJkJ5AGjEFCWGzy3BRDF7KyITrDAxNqY8BG/15XXSadQ9t+49XFebjSKOEpzDBdTAgxtowj20oA0EYniGV3hzEufFeXc+lq0bTjFzBn/gfP4ADcmQ+A==</latexit><latexit sha1_base64="InRn/OamWVSD2saaAkd8fEbBr2E=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bp7ibsbgol5G948aCIV/+MN/+NmzYHbX0w8Hhvhpl5QcyZNq777Wxsbm3v7Jb2yvsHh0fHlZPTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C73uzOqNIvko5nH1Bd4LFnICDZWGkyG6Sx7SmvuVVYeVqpu3V0ArROvIFUo0BpWvgajiCSCSkM41rrvubHxU6wMI5xm5UGiaYzJFI9p31KJBdV+urg5Q5dWGaEwUrakQQv190SKhdZzEdhOgc1Er3q5+J/XT0x466dMxomhkiwXhQlHJkJ5AGjEFCWGzy3BRDF7KyITrDAxNqY8BG/15XXSadQ9t+49XFebjSKOEpzDBdTAgxtowj20oA0EYniGV3hzEufFeXc+lq0bTjFzBn/gfP4ADcmQ+A==</latexit>

+h(0)
q

<latexit sha1_base64="C+P/iTLL1bPpGdr80mKRfipxFR4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpSkCHosePFYwX5Am5bNdtMu3Wzi7kYpIf/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8yLOlLbtb6uwtr6xuVXcLu3s7u0flA+P2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxpjeZ33mkUrFQ3OtZRN0AjwXzGcHaSIMLNBkmD+kgqdrnaWlYrtg1ew60SpycVCBHc1j+6o9CEgdUaMKxUj3HjrSbYKkZ4TQt9WNFI0ymeEx7hgocUOUm86tTdGaUEfJDaUpoNFd/TyQ4UGoWeKYzwHqilr1M/M/rxdq/dhMmolhTQRaL/JgjHaIsAjRikhLNZ4ZgIpm5FZEJlphoE1QWgrP88ipp12uOXXPuLiuNeh5HEU7gFKrgwBU04Baa0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AxV6RUg==</latexit><latexit sha1_base64="C+P/iTLL1bPpGdr80mKRfipxFR4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpSkCHosePFYwX5Am5bNdtMu3Wzi7kYpIf/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8yLOlLbtb6uwtr6xuVXcLu3s7u0flA+P2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxpjeZ33mkUrFQ3OtZRN0AjwXzGcHaSIMLNBkmD+kgqdrnaWlYrtg1ew60SpycVCBHc1j+6o9CEgdUaMKxUj3HjrSbYKkZ4TQt9WNFI0ymeEx7hgocUOUm86tTdGaUEfJDaUpoNFd/TyQ4UGoWeKYzwHqilr1M/M/rxdq/dhMmolhTQRaL/JgjHaIsAjRikhLNZ4ZgIpm5FZEJlphoE1QWgrP88ipp12uOXXPuLiuNeh5HEU7gFKrgwBU04Baa0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AxV6RUg==</latexit><latexit sha1_base64="C+P/iTLL1bPpGdr80mKRfipxFR4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpSkCHosePFYwX5Am5bNdtMu3Wzi7kYpIf/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8yLOlLbtb6uwtr6xuVXcLu3s7u0flA+P2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxpjeZ33mkUrFQ3OtZRN0AjwXzGcHaSIMLNBkmD+kgqdrnaWlYrtg1ew60SpycVCBHc1j+6o9CEgdUaMKxUj3HjrSbYKkZ4TQt9WNFI0ymeEx7hgocUOUm86tTdGaUEfJDaUpoNFd/TyQ4UGoWeKYzwHqilr1M/M/rxdq/dhMmolhTQRaL/JgjHaIsAjRikhLNZ4ZgIpm5FZEJlphoE1QWgrP88ipp12uOXXPuLiuNeh5HEU7gFKrgwBU04Baa0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AxV6RUg==</latexit><latexit sha1_base64="C+P/iTLL1bPpGdr80mKRfipxFR4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpSkCHosePFYwX5Am5bNdtMu3Wzi7kYpIf/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8yLOlLbtb6uwtr6xuVXcLu3s7u0flA+P2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxpjeZ33mkUrFQ3OtZRN0AjwXzGcHaSIMLNBkmD+kgqdrnaWlYrtg1ew60SpycVCBHc1j+6o9CEgdUaMKxUj3HjrSbYKkZ4TQt9WNFI0ymeEx7hgocUOUm86tTdGaUEfJDaUpoNFd/TyQ4UGoWeKYzwHqilr1M/M/rxdq/dhMmolhTQRaL/JgjHaIsAjRikhLNZ4ZgIpm5FZEJlphoE1QWgrP88ipp12uOXXPuLiuNeh5HEU7gFKrgwBU04Baa0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AxV6RUg==</latexit>

h(0)
s (k)

<latexit sha1_base64="LQt4SS1C1m4yytofvhTIXAKwwXo=">AAAB+HicbVBNS8NAEJ34WetHox69LBahvZSkCHosePFYwX5AG8Nmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt7WxubW9s1vaK+8fHB5V7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6c3c7z1SqVgs7vUsoV6Ex4KFjGBtJN+uTPxM5Q9ZzanntWm97NtVp+EsgNaJW5AqFGj79tdwFJM0okITjpUauE6ivQxLzQineXmYKppgMsVjOjBU4IgqL1scnqMLo4xQGEtTQqOF+nsiw5FSsygwnRHWE7XqzcX/vEGqw2svYyJJNRVkuShMOdIxmqeARkxSovnMEEwkM7ciMsESE22ymofgrr68TrrNhus03LvLaqtZxFGCMziHGrhwBS24hTZ0gEAKz/AKb9aT9WK9Wx/L1g2rmDmFP7A+fwAabpIA</latexit><latexit sha1_base64="LQt4SS1C1m4yytofvhTIXAKwwXo=">AAAB+HicbVBNS8NAEJ34WetHox69LBahvZSkCHosePFYwX5AG8Nmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt7WxubW9s1vaK+8fHB5V7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6c3c7z1SqVgs7vUsoV6Ex4KFjGBtJN+uTPxM5Q9ZzanntWm97NtVp+EsgNaJW5AqFGj79tdwFJM0okITjpUauE6ivQxLzQineXmYKppgMsVjOjBU4IgqL1scnqMLo4xQGEtTQqOF+nsiw5FSsygwnRHWE7XqzcX/vEGqw2svYyJJNRVkuShMOdIxmqeARkxSovnMEEwkM7ciMsESE22ymofgrr68TrrNhus03LvLaqtZxFGCMziHGrhwBS24hTZ0gEAKz/AKb9aT9WK9Wx/L1g2rmDmFP7A+fwAabpIA</latexit><latexit sha1_base64="LQt4SS1C1m4yytofvhTIXAKwwXo=">AAAB+HicbVBNS8NAEJ34WetHox69LBahvZSkCHosePFYwX5AG8Nmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt7WxubW9s1vaK+8fHB5V7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6c3c7z1SqVgs7vUsoV6Ex4KFjGBtJN+uTPxM5Q9ZzanntWm97NtVp+EsgNaJW5AqFGj79tdwFJM0okITjpUauE6ivQxLzQineXmYKppgMsVjOjBU4IgqL1scnqMLo4xQGEtTQqOF+nsiw5FSsygwnRHWE7XqzcX/vEGqw2svYyJJNRVkuShMOdIxmqeARkxSovnMEEwkM7ciMsESE22ymofgrr68TrrNhus03LvLaqtZxFGCMziHGrhwBS24hTZ0gEAKz/AKb9aT9WK9Wx/L1g2rmDmFP7A+fwAabpIA</latexit><latexit sha1_base64="LQt4SS1C1m4yytofvhTIXAKwwXo=">AAAB+HicbVBNS8NAEJ34WetHox69LBahvZSkCHosePFYwX5AG8Nmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt7WxubW9s1vaK+8fHB5V7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6c3c7z1SqVgs7vUsoV6Ex4KFjGBtJN+uTPxM5Q9ZzanntWm97NtVp+EsgNaJW5AqFGj79tdwFJM0okITjpUauE6ivQxLzQineXmYKppgMsVjOjBU4IgqL1scnqMLo4xQGEtTQqOF+nsiw5FSsygwnRHWE7XqzcX/vEGqw2svYyJJNRVkuShMOdIxmqeARkxSovnMEEwkM7ciMsESE22ymofgrr68TrrNhus03LvLaqtZxFGCMziHGrhwBS24hTZ0gEAKz/AKb9aT9WK9Wx/L1g2rmDmFP7A+fwAabpIA</latexit>

Avg(k)
<latexit sha1_base64="lZFnof1b12ewnJpyoI4BoWGzGsU=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZTdIuix4sVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxweuccnLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDf32xOqNJPi0UwTGsR4KFjECDZWat1OhpXxZd8te1VvAbRO/JyUIUej7371BpKkMRWGcKx11/cSE2RYGUY4nZV6qaYJJmM8pF1LBY6pDrLFtTN0YZUBiqSyJQxaqL8nMhxrPY1D2xljM9Kr3lz8z+umJroJMiaS1FBBlouilCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMmG4K++vE5atarvVf2Hq3K9lsdRhDM4hwr4cA11uIcGNIHAEzzDK7w50nlx3p2PZWvByWdO4Q+czx+3s46A</latexit><latexit sha1_base64="lZFnof1b12ewnJpyoI4BoWGzGsU=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZTdIuix4sVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxweuccnLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDf32xOqNJPi0UwTGsR4KFjECDZWat1OhpXxZd8te1VvAbRO/JyUIUej7371BpKkMRWGcKx11/cSE2RYGUY4nZV6qaYJJmM8pF1LBY6pDrLFtTN0YZUBiqSyJQxaqL8nMhxrPY1D2xljM9Kr3lz8z+umJroJMiaS1FBBlouilCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMmG4K++vE5atarvVf2Hq3K9lsdRhDM4hwr4cA11uIcGNIHAEzzDK7w50nlx3p2PZWvByWdO4Q+czx+3s46A</latexit><latexit sha1_base64="lZFnof1b12ewnJpyoI4BoWGzGsU=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZTdIuix4sVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxweuccnLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDf32xOqNJPi0UwTGsR4KFjECDZWat1OhpXxZd8te1VvAbRO/JyUIUej7371BpKkMRWGcKx11/cSE2RYGUY4nZV6qaYJJmM8pF1LBY6pDrLFtTN0YZUBiqSyJQxaqL8nMhxrPY1D2xljM9Kr3lz8z+umJroJMiaS1FBBlouilCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMmG4K++vE5atarvVf2Hq3K9lsdRhDM4hwr4cA11uIcGNIHAEzzDK7w50nlx3p2PZWvByWdO4Q+czx+3s46A</latexit><latexit sha1_base64="lZFnof1b12ewnJpyoI4BoWGzGsU=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZTdIuix4sVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxweuccnLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDf32xOqNJPi0UwTGsR4KFjECDZWat1OhpXxZd8te1VvAbRO/JyUIUej7371BpKkMRWGcKx11/cSE2RYGUY4nZV6qaYJJmM8pF1LBY6pDrLFtTN0YZUBiqSyJQxaqL8nMhxrPY1D2xljM9Kr3lz8z+umJroJMiaS1FBBlouilCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMmG4K++vE5atarvVf2Hq3K9lsdRhDM4hwr4cA11uIcGNIHAEzzDK7w50nlx3p2PZWvByWdO4Q+czx+3s46A</latexit>

h(0)
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AVG

Figure 3.3: Model architecture of delft’s gnn. The left side shows the initial

representation of the network. The right side illustrates the graph update.

and test keep the top fifty nodes. If the answer node is not kept, delft cannot

answer the question.

Edge Sentence Filter Since there is no direct supervision signal for which edge

sentences are useful, we use tfidf [Salton and McGill, 1983] to filter sentences. For

all sentences S in Evidence Edge e ∈ E, we compute each sentence’s tfidf cosine

similarity to the question, and choose the top five sentences for each Evidence Edge.
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3.5 Free-text Graph Modeling

Given the question Xq and the grounded free-text graphG from Section 3.4, the

goal is to find the correct answer node from the Candidate Entity Nodes. Recently

several gnn based approaches (Section 2.1.3) answer questions by modeling the

knowledge graph. Unlike previous approaches that represent graph nodes and edges

as fixed embeddings, delft adopts a gnn to find the answer using a free-text

knowledge graph. We make the following motivating observations:

Graph Connectivity The correct Candidate Entity Node usually has many con-

nections to Question Entity Nodes. For example, in Figure 3.1, the correct Can-

didate Entity Node Delft connects to all three question Question Entity Nodes.

Thus, a correct Candidate Entity Node should aggregate information from multiple

Question Entity Nodes.

Edge Relevance The Evidence Edges with sentences “closer” to the question are

likely to be more helpful to answering. For example, in Figure 3.1, the Question

Entity Node The Little Street has two edges to Candidate Entity Nodes Delft

and Amsterdam, but the Evidence Edge with sentence “The Little Street is one

of only three paintings of views of Delft” is more similar to the question. The model

needs to prioritize Evidence Edges that are similar to the question.

Node Relevance In addition to relevant edges, we also use node information to

focus attention on the right Candidate Entity Node. One aspect is ensuring we get
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the entity type correct (e.g., not answering a place like Uluru to a “who” question

like “who took managing control of the Burra Burra mine in 1850?”). For both

Question Entity Node and Candidate Entity Node, we use entity gloss sentences as

node features. For example, the gloss of the candidate entity node says “Delft is

a Dutch city”, which aligns what the question asks (“this dutch city”). Similarly,

a Question Entity Node whose gloss sentence better matches a question are more

likely to contain the clues for the answer.

Iterative Refinement Figure 3.3 illustrates the architecture of delft’s gnn. A

key component of the gnn is that multiple layers ((l)) refine the representations of

Candidate Entity Nodes, hopefully focusing on the correct answer.

The first layer learns the initial representation of the nodes and edges, us-

ing their textual features and the relevance to the question (Section 3.5.1). Each

successive layer combines this information, focusing on the Evidence Edges and Can-

didate Entity Nodes that can best answer the question (Section 3.5.2). The final

layer scores the Candidate Entity Nodes to produces an answer (Section 3.5.3).

3.5.1 Initial Representations

We start with representations for questions, Question Entity Nodes, Candi-

date Entity Nodes, and Evidence Edges (gnn layer 0). These representations are

combined in subsequent layers.
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Question and Node Representation Each question Xq and node gloss (both

Candidate Entity Node and Question Entity Node) Xg is a sequence of word to-

kens X = (x1, . . . , xn). Individual word embeddings (Ex1 , . . . ,Exn) become a se-

quence representation h
(0)
q (h

(0)
g ) using a Recurrent neural network (rnn) with a

self-attention (self-attn) layer:

hxu = rnn (Ex1 , . . . ,Exn) (3.1)

where u is token position of sequence X . A self-attention layer over the rnn hidden

layer first weights the hidden states by a learnable weight vector wx

axu = softmax (wx · hxu) , (3.2)

then a final representation h
(0)
x is a weighted average of all hidden states

h(0)
x =

∑

u

axuhxu . (3.3)

The node representation h
(0)
v of each node v ∈ V is a sum of gloss represen-

tation h
(0)
g and question representation h

(0)
q .

h(0)
v = h(0)

g + h(0)
q . (3.4)

The representation h
(0)
v is applied to both question entity nodes h

(0)
vq and candidate

answer nodes h
(0)
va .

Edge Representation Effective Evidence Edges in delft should point from en-

tities mentioned in the question to the correct Candidate Entity Node. We get the

representation h
(0)
e of edge e ∈ E by first embedding each edge sentence S(k)’s
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tokens Xs = (s1, ..., sn) into (Es1 , ...,Esn), then encoding with a rnn layer:

hsu = rnn (Es1 , ...,Esn) . (3.5)

Then we fuse the question information into each edge sentence. An inter attention

layer [Seo et al., 2016] based on the question representation h
(0)
q first weights each

sentence token position u

asu = softmax
(
hsu · h(0)

q

)
; (3.6)

the weight is then combined into the question-aware edge sentence k’s representation

hs(k):

h(0)
s (k) =

∑

u

asuhsu . (3.7)

Now that the edges have focused on the evidence that is useful to the question, we

average all edge sentences’ representations hks into a single edge representation

h(0)
e = Avgk

(
h(0)
s (k)

)
. (3.8)

3.5.2 Graph Update

Given the initial representation of the question h
(0)
q , nodes h

(0)
v , and edges h

(0)
e ,

delft’s gnn updates the representations through stacking multiple layers. It passes

the representations from the question nodes to the candidate nodes by combining

multiple evidence edges’ information. After this, the representations of the candidate

nodes in the final layer accumulates information from the question nodes (vq), the

question text (q), the evidence edges (eij), and previous candidate representations.

These updated node representations are then used to calculate the answer scores.
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For each layer l, delft’s gnn first updates the question and edge representa-

tion with a feed forward network (ffn) layer (Representation Forwarding), then it

scores each edge by its relevance to the question (Edge Scoring), finally passing the

information (information passing) from the question entity nodes (Question Entity

Nodes Update) to candidate entity nodes (Answer Entity Nodes Update). We discuss

updates going from top to bottom in Figure 3.3.

Question Entity Nodes Update Question Entity Nodes’ representations h
(l)
vq

combine the question representation h
(l)
q and the previous layer’s node representa-

tion h
(l−1)
vq ,

h(l)
vq = ffn

(
h(l−1)
vq + h(l)

q

)
. (3.9)

Questions and Edges The representations of questions (q) and edges (e)—

initially represented through their constituent text in their initial representation—

are updated between layer l− 1 and l through a feedforward network. A question’s

single vector is straightforward,

h(l)
q =ffn

(
h(l−1)
q

)
, (3.10)

but edges are slightly more complicated because there may be multiple sentences

linking two entities together. Thus, each individual sentence k has its representation

updated for layer l,

h(l)
s (k) =ffn

(
h(l−1)
s (k)

)
, (3.11)
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and those representations are averaged to update the overall edge representation,

h(l)
e =Avgk

(
h(l)
s (k)

)
. (3.12)

Edge Scoring Each edge has an edge score ae; higher edge scores indicate the

edge is more useful to answering the question. The gnn computes an edge score

ae for each edge representation h
(l)
e based on its similarity to this layer’s question

representation:

a(l)e =Sigmoid
(
h(l)
q · h(l)

e

)
. (3.13)

Information Passing The representation of the edge is not directly used to score

Candidate Entity Nodes. Instead, a representation is created from both the source

Question Entity Node h
(l)
vq and the combined edges h

(l)
e concatenated togther, feeds

that through a feed-forward network (to make the dimension consistent with pre-

vious layer and question representation), and weights by the edge score (ae, Equa-

tion 3.13),

f (l)
(
vq

e−→ va

)
= a(l)e ffn

([
h(l)
vq ; h(l)

e

])
. (3.14)

Candidate Entity Nodes Update The updated representation for each Candi-

date Entity Node combines the previous layer’s Candidate Entity Node representa-

tion, the question representation, and the passed information.

h(l)
va = ffn

(
h(l−1)
va︸ ︷︷ ︸

previous

+ h(l)
q︸︷︷︸

question

+
∑

vq∈Vq

f (l)(vq
e−→ va)

︸ ︷︷ ︸
Information Passing

)
. (3.15)
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After iterating through several gnn layers, the candidate node representations ag-

gregate information from the question nodes, edges, and candidate nodes themselves.

3.5.3 Answer Scoring

Finally, delft uses a multi-layer perception (mlp) to score the Candidate

Entity Node using the final layer L’s representations,

p(va;G) = Sigmoid
(
mlp(h(L)

va )
)
. (3.16)

The gnn is trained using binary cross entropy loss over all Candidate Entity Nodes

va. At test time, it chooses the answer with the highest p(va, G).

3.6 Experiments

We evaluate on three datasets with expert-authored (as opposed to crowd-

worker) questions. QBLink(Section 3.2) is an entity-centric dataset with human-

authored questions. The task is to answer the entity the question describes. We

use the released dataset for evaluation. qanta [Iyyer et al., 2014] is a qa dataset

collected from Quizbowl competitions. Each question is a sequence of sentences

providing increased information about the answer entity. triviaqa [Joshi et al.,

2017b] includes questions from trivia games and is a benchmark dataset for rc.

We use its unfiltered version, evaluate on its validation set, and split 10% from its

unfiltered training set for model selection. Unlike the other datasets, triviaqa is

relatively simpler; it mentions fewer entities per question; as a result delft has

lower accuracy.
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QBLink qanta triviaqa

Training 42219 31489 41448

Dev 3276 2211 4620

Test 5984 4089 5970

# Tokens 31.7± 9.4 129.2± 32.0 16.5± 8.6

# Entities 6.8± 2.4 21.2± 7.3 2.2± 1.3

% 1-3 Entities 9.6% 0 86.9%

% 4-6 Entities 36.7% 0 13.1%

% 7-9 Entities 36.5% 0 0

% 10+ Entities 17.1% 100% 0

Table 3.2: The three expert-authored datasets used for experiments. All are rich

in entities, but the qanta dataset especially frames questions via an answer’s rela-

tionship with entities mentioned in the question.

We focus on questions that are answerable by Wikipedia entities. To adapt

triviaqa into this factoid setting, we filter out all questions that do not have

Wikipedia title as answer. We keep 70% of the questions, showing good coverage

of Wikipedia Entities in questions. All QBLink and qanta questions have entities

tagged by TagMe. TagMe finds no entities in 11% of triviaqa questions; we further

exclude these. Table 3.2 shows the statistics of these three datasets sand the fraction

of questions with entities.
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Layer Description

All rnn 1 layer Bi-gru, 300 hidden dimension

All ffn 600 dimension, ReLU activation

mlp 2 layers with 600, 300 dimenstions, ReLU activation

Attention 600 dimension Bilinear

Self-Attention 600 dimension Linear

Layers L = 3

Table 3.3: Parameters in delft’s gnn.

3.6.1 Question Answering Methods

We compare the following methods:

• quest [Lu et al., 2019] is an unsupervised factoid qa system over text. For

fairness, instead of Google results we apply quest on ir-retrieved Wikipedia

documents.

• DrQA [Chen et al., 2017] is a reading comprehension model for open-domain

qa that retrieves documents and extracts answers.

• docqa [Clark and Gardner, 2018] improves multi-paragraph reading compre-

hension, and is among the strongest on triviaqa. Their suggested settings

and pre-trained model on triviaqa are used.

• bert-entity fine-tunes bert [Devlin et al., 2019] on the question-entity name

pair to rank candidate entities in delft’s graph.

• bert-sent fine-tunes bert on the question-entity gloss sequence pair to rank

52



QBLink qanta triviaqa

# Candidate Answer Entities per Question 1607± 504 1857± 489 1533± 934

Answer Recall in All Candidates 92.4% 92.6% 91.5%

Answer Recall after Filtering 87.6% 83.9% 86.4%

Answer Recall within Two Hops along DBpedia* 38% – –

# Edges to Correct Answer Node (+) 5.07± 2.17 12.33± 5.59 1.87± 1.12

# Edges to Candidate Entity Node (-) 2.35± 0.99 4.41± 2.02 1.21± 0.35

# Evidence Sentences per Edge (+) 12.3± 11.1 8.83± 6.17 15.53± 17.52

# Evidence Sentences per Edge (-) 4.67± 3.14 4.48± 1.88 3.96± 3.33

Table 3.4: Coverage and density of generated free-text entity graph. (+) and (-)

mark the statistics on correct answer nodes and incorrect nodes, respectively. (*) is

the result from our manual labeling on 50 QBLink questions.

candidate entities in delft’s graph.

• bert-memnn is a memory network [Weston et al., 2014] using fine-tuned bert.

It uses the same evidence as delft but collapses the graph structure (i.e., edge

evidence sentences) by concatenating all evidence sentences into a memory cell.

• We evaluate our method, delft, with glove embedding [Pennington et al.,

2014] and bert embeddings.
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QBLink qanta triviaqa

ALL 1-3 4-6 7-9 10+ ALL 10+ ALL 1-3 4-6

quest 0.07 0 0.09 0.09 0 - - - - -

DrQA 38.3 35.4 37.5 39.2 39.6 47.4 47.4 40.3 40.1 41.2

docqa - - - - - - - 49.4 49.3 49.8

bert-entity 16.2 16.1 16.3 16.2 16.4 34.2 34.2 25.1 24.5 29.0

bert-sent 34.8 34.7 34.8 34.7 34.6 54.2 54.2 44.5 44.4 45.1

bert-memnn 35.8 32.7 36.1 36.5 34.3 56.1 56.1 51.3 50.9 54.0

delft-glove 54.2 45.5 55.0 56.4 53.2 65.8 65.8 51.3 50.1 59.5

delft-bert 55.1 46.8 55.5 57.1 55.5 66.2 66.2 52.0 50.5 61.1

Table 3.5: Answer Accuracy (Exact Match) on ALL questions as well as question

groups with different numbers of entities: e.g., 0–3 are questions with fewer than four

entities. We omit empty ranges (such as very long, entity-rich Quizbowl questions).

delft has higher accuracy than baselines, particularly on questions with more

entities.

3.6.2 Implementation

Our implementation uses PyTorch [Paszke et al., 2017] and its dgl gnn li-

brary.3 We keep top twenty candidate entity nodes in the training and fifty for

testing; the top five sentences for each edge is kept. The parameters of delft’s

gnn layers are listed in Table 3.3. For delft-bert, we use bert output as contex-

3https://github.com/dmlc/dgl
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tualized embeddings.

For bert-entity and bert-sent, we concatenate the question and entity name

(entity gloss for bert-sent) as the bert input and apply an affine layer and sigmoid

activation to the last bert layer of the [cls] token; the model outputs a scalar

relevance score.

bert-memnn concatenates all evidence sentences and the node gloss, and

combines with the question as the input of bert. Like bert-entity and bert-sent,

an affine layer and sigmoid activation is applied on bert output to produces the

answer score.

DrQA retrieves 10 documents and then 10 paragraphs from them; we use the

default setting for training. During inference, we apply TagMe to each retrieved

paragraph and limit the candidate spans as tagged entities. docqa uses the pre-

trained model on triviaqa-unfiltered dataset with default configuration applied to

our subset.

3.7 Evaluation Results

Three experiments evaluate delft’s graph coverage, answer accuracy, and

source of effectiveness. Then we visualize the gnn attention and examine individual

examples.
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Figure 3.4: Accuracy of delft on different variations of Free-Text Knowledge

Graphs. We find that more sentences per edge, reasonable threshold and number

retrieved entities help the accuracy.

3.7.1 Graph Coverage

delft’s graph has high coverage (Table 3.4). Each question is connected to an

average of 1500+ candidate nodes; 90% of them can be answered by the connected

nodes. After filtering to 50 candidates, more than 80% questions are answerable. In

comparison, we manually examined 50 randomly sampled QBLink questions: only

38% of them are reachable within two hops in the DBpedia graph.

delft’s graph is dense. On average there are five (QBLink) and twelve

(qanta) edges connecting the correct answer nodes to the question entity nodes.

triviaqa questions have two entities on average and more than one is connected

to the correct answer. Each edge has eight to fifteen evidence sentences.

The free-text knowledge graph naturally separates the correct answer by its

structure. Compared to incorrect answers (-), the correct ones (+) are connected

by significantly more evidence edges. The edges also have more evidence sentences.
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Ablation Accuracy

No Node Pruning 42.6 -21.4%

No Gloss Representation 49.2 -9.3%

No Edge Evidence Sentence 48.8 -10.0%

No Edge Importance 52.6 -3.0%

No Self Attention Layer 53.0 -2.2%

delft-glove 54.2 –

Table 3.6: Ablation Study of delft-glove on QBLink (ALL questions). Each

delft variant removes one component and keeps everything else fixed.

Aided by free-text evidence, the coverage of the structured graph is no longer

the bottleneck. The free-text knowledge graph provides enough evidence and frees

the potential of structured qa. At the same time, the rich evidence also inevitably

introduces noise. The next experiment examines whether delft—given the answer

somewhere in the graph—can find the single correct answer.

3.7.2 Answer Accuracy

delft outperforms4 all baselines on both full datasets and dataset subsets

based on the number of entities in a question (Table 7.3).

quest falters on these questions, suggesting that some level of supervision is

required. On more complicated factoid qa datasets QBLink and qanta, delft

4Recall, however, that we exclude questions that with no entities or whose answer is not an

entity.
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improves over DrQA, the reading comprehension baseline. These datasets require

reasoning over multiple sentences (either within a long question’s sentence or across

multiple questions); however, DrQA is tuned for single sentence questions. delft—

by design—focuses on matching questions’ text with disparate evidence. In the rc

benchmark dataset triviaqa, delft still beats DrQA (albeit on an entity-focused

subset). It is also better than docqa, one of the strongest models on triviaqa.

With our Free-Text Knowledge Graph, delft better locates necessary evidence

sentences via graph structure, while rc only uses retrieved paragraphs.

bert-entity fares poorly because it only has entity name information; even

with the help strong pre-trained model, this is too limited answer complex ques-

tions. bert-sent incorporates the gloss information but lags other methods. delft

outperforms both baselines, since it combines useful text evidence and kg connec-

tions to answer the question.

Compared to bert-memnn, which uses the same evidence and bert but with-

out structure, delft’s structured reasoning thrives on complex questions in QBLink

and qanta. On triviaqa, which has fewer than two edges per candidate entity

node, delft’s accuracy is close to bert-memnn, as there is not much structure.

As questions have more entities, delft’s relative accuracy increases. In com-

parison, almost all other methods’ effectiveness stays flat, even with more evidence

from additional question entities.
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3.7.3 Ablation Study

We ablate both delft’s graph construction and gnn components to see which

components are most useful. We use QBLink dataset and delft-glove embed-

dings for these experiments. For each ablation, one component is removed while

keeping the other settings constant.

Graph Ablation The accuracy grows with more sentences per edge until reach-

ing diminishing returns at six entities (Figure 3.4(a)). Fewer than three sentences

significantly decreases accuracy, prematurely removing useful information. It’s more

effective to leave the gnn model to distinguish the signal from the noise. We choose

five sentences per edge.

Because we retrieve entities automatically (rather than relying on gold anno-

tations), the threshold of the entity linking process can also be tuned: are more (but

noisier) entities better than fewer (but more confident) entities? Using all tagged

entities slightly hurts the result (Figure 3.4(b)), since it brings in uninformative

entities (e.g., linking “name the first woman in space” to “Name”). Filtering too

aggressively, however, is also not a good idea, as the accuracy drops with aggressive

thresholds (> 0.2), removing useful connections. We choose 0.1 as threshold.

To see how sensitive delft is to automatic entity linking, we manually anno-

tate twenty questions to see the accuracy with perfect linking. The accuracy is on

par with Tagme linked questions: both get fifteen right. We would need a larger set

to more thoroughly examine the role of linker accuracy.
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id Example Explanation

1(+) Q: This New England Patriots quar-

terback was named Super Bowl MVP.

He had three touchdown passes during

the game: one each to Deion Branch,

David Givens, and Mike Vrabel.

A: Tom Brady P: Tom Brady

Substantial evidence points to Tom Brady:

“he plays for New England Patriots”, and

“he had touchdown passes with Deion

Branch”. delft aggregates evidence and

makes the correct prediction.

2(-) Q: Name this European nation which

was divided into Eastern and Western

regions after World War II.

A: Germany P: Yumen Pass

No informative question entities that would

lead to the key evidence sentence “Germany

divides into East Germany and West Ger-

many”.

3(-) Q: Telemachus is the son of this hero,

who makes a really long journey back

home after the Trojan War in an epic

poem by Homer.

A: Odysseus P: Penelope

delft can’t make right prediction since the

wrong candidate Penelope (Odysseus’s wife)

shares most of the extracted evidence sen-

tences with the correct answer (e.g., their son

Telemachus).

Table 3.7: Three examples from QBLink dataset with delft output. Each example

has a question (Q), answer (A) and delft predcition (P), along with an explanation

of what happened. The first is correct (+), while the last two are wrong (-).

60



He	
serv

ed	a
s	th

e	33
rd

Governer of California.

Bedtime
for Bonzo

Pat Brown
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Ronald
Reagan

Jerry
Brown
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0.05

0.04
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0.08

Score: 0.73

Score: 0.08

Q: Name this person ridiculed for the film Bedtime for Bonzo by incumbent Pat
Brown during an election which he won to become governor of California.

Jerry Brown served as the 34th and 39th

governor of California.

He co-starred in films like Bedtime for Bonzo .

Jerry Brown is the son of Pat Brown.

The election was between Pat Brown and

Ronald Reagan.

Figure 3.5: An example delft subgraph. The learned edge weights in gnn are in

the brackets.

Recall that delft uses not just the entities in the question but also searches

for edges similar to question text. Figure 3.4(c) shows the accuracy when retrieving

n additional entities. The benefits plataeu after three entities.

Model Ablation In addition to different data sources and preprocessing, delft

also has several model components. We ablate these in Table 4.5. As expected,

both node (gloss) and edge evidence help; each contributes ∼ 10% accuracy. Edge

importance scoring, which controls the weights of the information flow from Ques-

tion Entity Node to Candidate Entity Nodes, provides ∼ 3% accuracy. The input

representation is important as well; the self-attention layer contributes ∼ 2.2% ac-

curacy.
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3.7.4 Graph Visualization

Figure 3.5 shows a question with gnn output: the correct Candidate En-

tity Node Ronald Reagan connects to all three Question Entity Nodes. The edge

from Bedtime for Benzo to Reagan is informative—other Candidate Entity Nodes

(e.g., politicians like Jerry Brown) lack ties to this cinema masterpiece. The gnn

model correctly (weight 0.96) favors this edge. The other edges are less distinguish-

able. For example, the edge from Governor of California to Ronald Reagan and

Jerry Brown are both relevant (both were governors) but unhelpful. Thus, the gnn

has similar weights (0.06 and 0.04) for both edges, far less than Bedtime for Bonzo.

By aggregating edges, delft’s gnn selects the correct answer.

3.7.5 Case Study

To gain more insights into delft model’s behavior, we further sample some

examples from QBLink. Table 3.7 shows two positive examples (1) and two nega-

tive examples (2 and 3). With multiple pieces of evidence, delft could aggregate

different pieces together, and make more accurate predictions (Example 1). However

some common sources of error include: too few informative entities in the question

(Example 2) or evidence that overlaps too much between two Candidate Entity

Nodes (Example 3).
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3.8 The View Beyond delft

Real-world factoid qa requires answering diverse questions across domains.

Relying on existing knowledge graph relations to answer these questions often leads

to highly accurate but brittle systems: they suffer from low coverage. To overcome

the bottleneck of structure sparsity in existing knowledge graphs, delft inherits

kgqa-style reasoning with the widely available free-text evidence. delft builds a

high coverage and dense free-text knowledge graph, using natural language sentences

as edges. To answer questions, delft grounds the question into the related subgraph

connecting entities with free-text graph edges and then uses a graph neural network

to represent, reason, and select the answer using evidence from both free-text and

the graph structure.

Combining natural language and knowledge-rich graphs is a common problem:

e-mail and contact lists, semantic ontologies and sense disambiguation, and semantic

parsing. While this chapter focuses mainly on approaches targeted at questions

from trivia games, where the (multi-sentence) questions often contain multiple clues,

future work should explore whether these approaches are also useful for dialog,

language modeling, or ad hoc search.

More directly for question answering, more fine-grained reasoning could help

solve the example of Table 3.7: while both Odysseus and Penelope have Telemachus

as a son, only Odysseus made a long journey and should thus be the answer. In the

next chapter, we tackle such problems by recognizing contents of nodes in free-text,

through modeling semi-structured text graph.
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Chapter 4: Transformer-XH: Multi-Evidence Reasoning with eXtra

Hop Attention

Previous chapter introduces delft, which achieves high answer accuracy on

trivia questions. However, the setting we consider has some limitations: the answer

is an entity; the evidence is reached within single-hop retrieval. In this chapter, we

focus on a more general setting, in which the answer is any text span, and the ev-

idence requires multiple hops to retrieve. We introduce Transformer-XH, which

uses eXtra Hop attention to enable intrinsic modeling of semi-structured texts in

a fully data-driven way. Its new attention mechanism “hops” across the connected

text sequences in addition to attending over tokens within each sequence. Thus,

Transformer-XH better conducts joint multi-evidence reasoning by propagating

information between documents and constructing global contextualized represen-

tations. On multi-hop question answering, Transformer-XH leads to a simpler

multi-hop qa system which outperforms previous state-of-the-art. Furthermore,

simply applying Transformer-XH to multi-evidence fact verification task achieves

competitive results to the state-of-the-art, showing its strong generalizability. 1

1This Chapter describes work published in ICLR 2020 [Zhao et al., 2020b].
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4.1 Introduction

Transformers effectively model natural language in sequential form (Section 2.1.1).

Nevertheless, in many nlp tasks, text does not simply appear as a linear sequence

of tokens (i.e., unstructured) but rather carries meaningful semi-structure in the

form of sections, headings, and hyperlinks. Such semi-structure can be represented

abstractly as trees or graphs with nodes and edges; and the tasks can be performed

as joint reasoning on these more general structures as input. Multi-hop question

answering [Yang et al., 2018] is one such task in which semi-structure plays an im-

portant role since the evidence required to formulate the answer is scattered across

multiple documents, requiring systems to jointly reason across links between them.

Recent approaches leverage pre-trained Transformers (e.g., bert) for multi-

hop question answering (qa) by converting the structural reasoning task into sub-

tasks that model flat sequences. For example, Min et al. [2019c] decompose a multi-

hop question into a series of single-hop questions; Ding et al. [2019] conduct several

steps of single-hop reading comprehension to simulate the multi-hop reasoning. The

hope is that additional processing to fuse the outputs of the sub-models can recover

all the necessary information from the original semi-structure. While pre-trained

Transformer language models have shown improvements on multi-hop qa, manip-

ulating the inherent semi-structure of the problem to fit the rigid requirements of

out-of-the-box models can introduce problematic assumptions or information loss.

This chapter presents Transformer-XH (eXtra Hop), which upgrades Trans-

formers with the ability to natively represent semi-structured texts. Transformer-
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XH introduces extra hop attention in its layers that connect different text pieces fol-

lowing their inherent semi-structure while also maintaining the powerful pre-trained

Transformer abilities over each textual piece individually. Our extra hop attention

enables 1) a more global representation of the evidence contributed by each piece

of text as it relates to the other evidence, and 2) a more natural way to jointly

reason over an evidence graph by propagating information along edges necessary to

complete the task at hand.

We apply Transformer-XH to two tasks: HotpotQA, the multi-hop ques-

tion answering task, and fever, the fact verification benchmark whose claims often

require multiple pieces of evidence to support [Thorne et al., 2018]. Rather than

decomposing the task into a series of sub-tasks to fit the constraints of pre-trained

Transformers, Transformer-XH is a solution that fits the problem as it naturally

occurs. It is a single model that represents and combines evidence from multiple

documents to conduct the reasoning process. On HotpotQA’s FullWiki setting,

which requires strong multi-hop reasoning capability [Min et al., 2019c, Jiang and

Bansal, 2019], Transformer-XH outperforms CogQA [Ding et al., 2019], the

previous start-of-the-art, by 12 points on answer F1. On fever 1.0 shared task,

Transformer-XH outperforms gear, the Graph Neural Network based approach

significantly. On both applications, Transformer-XH beats the contemporary

bert based pipeline sr-mrs [Nie et al., 2019a], by 2-3 points.

The results follow from our simple yet effective design, with one unified model

operating over the inherent semi-structure of the task, rather than melding the

outputs from disparate sub-tasks adapted to the sequential constraints of pre-trained
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Transformers. Our ablation studies demonstrate Transformer-XH’s efficacy on

questions that are known to require multi-hop reasoning [Min et al., 2019c] and

on verifying multi-evidence claims [Liu et al., 2019c]. Our analyses confirm that

the source of Transformer-XH’s effectiveness success is due to the eXtra Hop

attention’s ability to fuse and propagate information across multiple documents.

4.2 Model

This section first discusses preliminaries on sequential Transformers, then we

show how we incorporate eXtra hop attention to create Transformer-XH.

4.2.1 Preliminaries

Transformers represent a sequence of input text tokens X = {x1, ..., xi, ..., xn}

as contextualized distributed representations. We review Trasformer architecture in

Section 2.1.1.

A challenge of Transformer is that its attention is calculated over all token

pairs, which is hard to scale to long text sequences. Transformer-XL (eXtra

Long) addresses this challenge by breaking down longer texts, e.g., a multi-paragraph

document, into a sequence of text segments: {X1, ..., Xτ , ..., Xζ}, and propagates the

information between adjacent text segments using the following attention:

H̃ l−1
τ = [Freeze(H l−1

τ−1) ◦H l−1
τ ]. (4.1)

It concatenates (◦) the representation of the previous segment H l−1
τ−1 to the cur-

rent segment as segment level recurrences. The new representation H̃ l−1
τ includes
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the information from the previous segment and is integrated in the new attention

mechanism:

Q̃T ; K̃T ; Ṽ T = W q ·H l−1
τ ;W k · H̃ l−1

τ ;W v · H̃ l−1
τ . (4.2)

The attention over the previous segment allows Transformer-XL to effectively

model long form text data recurrently as a sequence of text chunks [Dai et al.,

2019].

Nevertheless, in many scenarios, the text segments are organized in nontrivial

structures beyond a linear sequence. For example, documents are connected by

hyperlinks in a graphical structure that does not readily simplify to form a linear

sequence, prohibiting Transformer-XL’s recurrent approach.

4.2.2 Transformer-XH with eXtra Hop Attention

Transformer-XH models semi-structured text sequence by linking them

with eXtra Hop attention following their original structure. As illustrated in Fig-

ure 4.1, to model three connected documents d2 → d1 → d3, Transformer-XH

uses eXtra Hop attention to propagate information along the graph edges, enabling

information sharing between connected text sequence.

Formally, the semi-structured text includes a set of nodes, X = {X1, ..., Xτ , ...Xζ},

each corresponding to a text sequence, and an edge matrix E, which includes

the connections (e.g., links) between them. The goal is to learn representations

H = {H̃1, ..., H̃τ , ...H̃ζ}, that incorporate not only the local information in each

sequence X, but also the global contexts on the entire semi-structured text {X , E}.
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Figure 4.1: The eXtra Hop attention in Transformer-XH. The hop attention on

the path d2 → d1 → d3.

Transformer-XH achieves this by two attention mechanisms: in-sequence

attention and eXtra Hop attention. The in-sequence attention is the same as vanilla

Transformer: in layer l, token i gathers information from other tokens inside the

same text piece τ :

hlτ,i =
∑

j

softmaxj

(
qTτ,i · kτ,j
dk

)
· vτ,j. (4.3)

The eXtra Hop attention uses the first token in each sequence – the added

special token “[CLS]” – as an “attention hub”, which attends on all other connected

nodes’ hub token. In layer l, the τ -th text sequence attends over another text
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sequence η if there is an edge between them (eτη = 1):

ĥlτ,0 =
∑

η;eτη=1

softmaxη

(
q̂Tτ,0 · k̂η,0√

dk

)
· v̂η,0. (4.4)

Node τ calculates the attention weight on its neighbor η using hop query q̂τ,0 and

key k̂η,0. Then it uses the weights to combine its neighbors’ value v̂η,0 and forms a

globalized representation ĥlτ,0.

The two attention mechanism are combined to form the new representation of

layer l:

h̃lτ,0 = Linear([hlτ,0 ◦ ĥlτ,0]), (4.5)

h̃lτ,i = hlτ,i;∀i 6= 0. (4.6)

Note that the non-hub tokens (i 6= 0) still have access to the hop attention in the

previous layer through Eqn. (4.3).

One layer of eXtra Hop attention can be viewed as a single-step of information

propagation along edges E. For example, in Figure 4.1, the document node d3

updates its representation by gathering information from its neighbor d1 using the

hop attention d1 → d3. When multiple Transformer-XH layers are stacked, this

information in d1 includes both d1’s local contexts from its in-sequence attention,

and cross-sequence information from the hop attention d2 → d1 of the l − 1 layer.

Hence, an L-layer Transformer-XH can attend over information from up to L

hops away.

Together, three main properties equip Transformer-XH to effectively model

raw semi-structured text data: the propagation of information (values) along edges,
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the importance of that information (hop attention weights), and the balance of

in-sequence and cross-sequence information (attention combination). The represen-

tations learned in H can innately express nuances in semi-structured text that are

required for complex reasoning tasks such as multi-hop qa and natural language

inference.

4.3 Application to Multi-Hop Question Answering

This section describes how Transformer-XH applies to the multi-hop qa,

in the benchmark dataset HotpotQA [Yang et al., 2018]. Given a question q,

the task is to find an answer span a in a large open-domain document corpus( we

consider the first paragraph of all Wikipedia pages here). By design, the questions

are complex and often require information from multiple documents to answer. For

example, in the case shown in Figure 4.2, the correct answer Cambridge requires

combining the information from both the Wikipedia pages Facebook and Harvard

University. To apply Transformer-XH in the open domain multi-hop qa task,

we first construct an evidence graph and then apply Transformer-XH on the

graph to find the answer.

Evidence Graph Construction. The first step is to find the relevant documents

D for the question q and connect them with edges E to form the graph G. Our set

D consists of three sources. The first two sources are from canonical information

retrieval and entity linking techniques:

• Dir: the top 100 documents retrieved by DrQA’s retriever [Chen et al., 2017],
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Figure 4.2: One example of Transformer-XH applying on multi-hop qa. We first

construct the question grounded evidence graph, then apply Transformer-XH to

get representations for each node, and finally predict the most relevant node and

answer.

which is tf-idf scoring to the question.

• Del: the Wikipedia documents associated with the entities that appear in the

question, annotated by entity linking systems: TagMe [Ferragina and Scaiella,

2010] and cmns [Hasibi et al., 2017]. We keep the TagMe output entity and

three highest scored entities per surface form (a phrase in the question linked

with entities) from cmns, and use its corresponding Wikipedia document as

Del.

For better retrieval quality, we use a bert ranker [Nogueira and Cho, 2019] to

re-rank on the set Dir ∪Del.The input to the bert is the concatenation of question
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and first paragraph of document:

[CLS] Question [SEP] First Paragraph of Document.

Then a linear layer is added on the last layer’s [CLS] representation to score the

relevance of the document. We use bert base and fine-tune it using the relevance

label (from supporting facts labels on the benchmark dataset) with cross-entropy

loss. The top two highest scored documents from Dir and the top one document per

entity position (surface form) in Del are kept as the first stage bert ir documents.

Then the third source Dexp includes all documents connected to or from any

top ranked documents via Wikipedia hyperlinks (e.g., “Facebook”→ “Harvard Uni-

versity”). A document is included if it is linked to or links to a document in the

first two sources. We use the same bert ranker to rank Dexp and keep the top 15

documents in Dexp.

The final graph comprises all documents from the three sources as nodes X .

The edge matrix E is flexible. We experiment with various edge matrix settings,

including directed edges along Wikipedia links, i.e., eij = 1 if there is a hyperlink

from document i to j, bidirectional edges along Wiki links, and fully-connected

graphs, which rely on Transformer-XH to learns the edge importance.

Similar to previous work [Ding et al., 2019], the textual representation for each

node in the graph is the [SEP]-delimited concatenation of the question, anchor text

(the text in the hyperlink in parent nodes pointing to the child node), and the para-

graph itself. For example, in Figure 4.2, each node input is: [CLS] In which city

was Facebook launched ? [SEP] Facebook was founded at Harvard University
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[SEP] Harvard University is a private Ivy League ... .

Transformer-XH on Evidence Graph. Transformer-XH takes the input

nodes X and edges E, and produces the global representation of all text sequences:

HL = Transformer-XH(X , E). (4.7)

Then we add two task-specific layers upon the last layer’s representation HL:

one auxiliary layer to predict the relevance score of the evidence node, and one layer

to extract the answer span within it:

p(relevance|τ) = softmax
(

Linear(h̃Lτ,0)
)

; (4.8)

p(start|τ, i), p(end|τ, j) = softmax
(

(Linear(h̃Lτ,i)
)
, softmax

(
(Linear(h̃Lτ,j)

)
. (4.9)

The final model is trained end-to-end with cross-entropy loss for both tasks in a

multi-task setting. During inference, we first select the document with the highest

relevance score, and then the start and end positions of the answer within that

document.

4.4 Application to Fact Verification

This section describes how Transformer-XH applies to the fact verification

task in fever [Thorne et al., 2018]. Given a claim and a trustworthy background

corpus, i.e., Wikipedia, the task is to verify whether the evidence in the corpus

SUPPORTS, REFUTES, or there is NOT ENOUGH INFO to verify the claim. Similar to

multi-hop qa, the first step is to construct an evidence graph using the text pieces
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in the background corpus and then Transformer-XH can be easily applied to

conduct reasoning on these evidence pieces.

Evidence Graph Construction. Many previous fever systems first re-

trieve the evidence sentences for the claim and then verify it [Nie et al., 2019a, Zhou

et al., 2019]. This first step is similar as the retrieval stage in HotpotQA. And the

second step is a multi-evidence reasoning task, where Transformer-XH is applied.

We keep the evidence sentence retrieval step consistent with previous methods.

The sentence retrieval results of SR-MRS is not yet released at the time of our

experiments, thus we instead use the BERT-based retrieval results from another

contemporary work [Liu et al., 2019c].

We construct the evidence graph using the top five sentences from Liu et al.

[2019c] as the nodes X and fully connected edges E. Following Liu et al. [2019c],

the representation of each node is the concatenation of the claim, the Wikipedia

title (entity name) of the document that includes the sentence, and the evidence

sentence.

Transformer-XH on Evidence Graph. Transformer-XH takes the evi-

dence graph {X,E} and learns to verify the claim to three categories: y ∈ {SUPPORT,

REFUSE, NOT ENOUGH EVIDENCE}. Similar to the application in HotpotQA, it first

produces the global representation of the graph:

HL = Transformer-XH(X , E). (4.10)

Then two task-specific layers are added upon the last layer. The first layer
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conducts the fact prediction per node using the “[CLS]” token:

p(y|τ) = softmax
(

Linear(h̃Lτ,0)
)
. (4.11)

The second layer learns to measure the importance of each node in the graph:

p(s|τ) = softmax
(

Linear(h̃Lτ,0)
)
, (4.12)

The node level predictions and node importance are combined to the final prediction

for the claim:

p(y|X , E) =
∑

τ

p(s | τ) · p(y | τ). (4.13)

Like the HotpotQA scenario, we use multi-task learning that combines the

node prediction task and the claim verification task. The first task uses the evidence

sentence label provided by fever and cross-entropy loss on Eqn. 4.12. The second

task uses the final verification label (i.e., SUPPORT, REFUTE, NOT ENOUGH INFO) with

cross-entropy loss on Eqn. 4.13.

4.5 Experimental Methodologies

We conduct experiments on HotpotQA, the multi-hop question answering

benchmark [Yang et al., 2018], and fever, the fact verfication benchmark [Thorne

et al., 2018].

4.5.1 Multi-Hop Question Answering on HotpotQA

Dataset. We review HotpotQA in Section 2.4.5.
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Metrics. We use official evaluation metrics of HotpotQA: exact match (EM) and

F1 on answers (Ans), supporting facts (Supp), and the combination (Joint). The

supporting facts prediction is an auxiliary task that evaluates finding the evidence

sentences. Joint EM is the product of the two EMs. Joint F1 first multiplies the

precision and recall from Ans and Supp, then combines the Joint precision and recall

to F1.

Baseline. The main baselines include Cognitive QA (CogQA, [Ding et al., 2019])

and Semantic Retrieval MRS (sr-mrs, [Nie et al., 2019a]). CogQA uses several fine-

tuned bert reading comprehension models to find hop entities and candidate spans,

and then uses a bert based Graph Convolution Network to rank the candidate

spans. sr-mrs is a contemporary work and was the previous leaderboard rank

one. It is a bert based pipeline and uses fine-tuned bert models to first rank

the documents (twice), then to rank sentences to find supporting facts, and finally

conducts bert rc on the concatenated evidence sentences.

We also re-implement CogQA and upgrade its ir with our bert ir model

(bert on Dir ∪Del, same as Transformer-XH), for fair comparisons. We include

other approaches on the FullWiki setting: Official Baseline [Yang et al., 2018], mup-

pet [Feldman and El-Yaniv, 2019], qfe [Nishida et al., 2019], and DecompRC [Min

et al., 2019a],

Implementation Details. We first describe the other components for HotpotQA

dataset. The whole qa system starts with question type classification. We train
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Transformer-XH separately on each question type over their evidence graph. Be-

sides answer prediction, we also adopt bert based model for predicting supporting

sentences.

• Question classification: The first component of our system is to classify

the question into bridge and comparison types. We adopt bert classification

fine-tuning setting on HotpotQA questions using the question type labels

provided in HotpotQA. The classifier achieves 99.1% accuracy on the dev

set. We use the classifier to split the questions into Comparison and Bridge.

• Supporting facts classification: The supporting facts prediction task is

to extract all sentences that help get the answer. For bridge questions, these

sentences usually cover different pieces of questions. And for comparison ques-

tions, the supporting facts are the properties of two question entities. We

design one model architecture for this task, but we train two models on each

type to reflect the inherent difference. We use bert as our base model, and

on top of bert, we conduct a multi-task learning scheme. The first task is

document relevance prediction, similar as Transformer-XH, we add a linear

layer on the [CLS] token of bert to predict the relevance score. The other

task is the sentence binary classification, we concatenate the first and last

token representation of each sentence in the document through a linear layer,

the binary output decides whether this sentence is the supporting sentence.

For bridge questions, we predict supporting facts after answer prediction from

Transformer-XH to resume the inference chain. We start by predicting
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supporting facts in the answer document. The other document is chosen from

the parents of the answer document in the evidence graph. 2. Compared with

the contemporary model [Nie et al., 2019a], which does not limit the search

space along the inference chain (i.e., the answer document may not be relevant

to the other supporting page), our method more naturally fits the task purpose.

For comparison questions, after extracting the first step documents D, we sim-

ply run this supporting facts prediction model to select the top-2 documents,

and predict the corresponding supporting facts.

We use dgl [Wang et al., 2019] for implementing Transformer-XH and

CogQA(w. bert ir) with batch size 1 (i.e., one graph for each batch), and keep

the other parameters same as default bert setting. We train Transformer-XH

separately on two different types of questions, following previous research [Ding

et al., 2019]. We train Transformer-XH and the gnn of CogQA(w. bert

ir) for 2 epochs. All other bert based models use the default bert parameters

and train the model for one epoch. The in-sequence attention and other standard

Transformer components in Transformer-XH are initialized by the pre-trained

bert base model [Devlin et al., 2019]. The extra hop attention parameters are

initialized randomly and trained from scratch. The final model uses three hop steps.

For bridge questions, we build the evidence graph described in Section 4.3. And for

comparison questions, we build the fully-connected graph on the set Dir ∪Del and

train Transformer-XH separately.

2If the answer document does not have parent node, we choose from all documents
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4.5.2 Fact Verification on fever

Dataset. The fever task provides a claim sentence and requires the system to

classify it into three categories: SUPPORTS, REFUTES, and NOT ENOUGH INFO, using

the Wikipedia corpus as the evidence source. It provides 185,455 claims with man-

ual labels and uses the Wikipedia dump in June 2017 which includes 5.4 million

documents.

Metrics. There are two official evaluation metrics in fever: Label Accuracy (la),

which evaluates the classification accuracy of the verification labels, and fever

Score, which evaluates both the correctness of the evidence sentences used in ver-

ification and the LA. The latter is close to Joint EM in HotpotQA and is the

main metric. We use the official evaluation scripts from fever task and we refer to

Thorne et al. [2018] for more details.

Experimental Setups. We follow the experiment settings used by previous re-

search in fever 1.0 shared task, i.e. Nie et al. [2019a], Zhou et al. [2019], and Liu

et al. [2019c]. Similar as Liu et al. [2019c], we also split the data into single and

multi evidence categories and evaluate Transformer-XH on the two splits.

Baselines. The baselines include gear [Zhou et al., 2019] and two contemporary

work, sr-mrs [Nie et al., 2019a] and kgat [Liu et al., 2019c]. sr-mrs uses similar

adaptations as Transformer-XH from HotpotQA to fever. gear is a graph

attention network based approach specially designed for fact verification. kgat
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further improves gear’s gat by adding the kernel information, and is the previous

state-of-the-art with bert base. We also include the bert Concat baseline Liu et al.

[2019c] which concatenates the evidence sentences to a text sequence and applies

bert on it.

Implementation Details. We use the retrieval result from Liu et al. [2019c]

and connect all sentences as a fully connected graph. We follow similar parameter

settings as HotpotQA. We use pre-trained bert base model to initialize the Trans-

former components. The extra hop attention parameters are initialized randomly

and trained from scratch, and three hop steps are used. We train Transformer-

XH for two epochs.

4.6 Evaluation Results

This section first presents the evaluation results on HotpotQA and fever.

Then it conducts ablation studies, analyses, and case studies on HotpotQA to

understand the effectiveness of Transformer-XH.

4.6.1 Overall Result

HotpotQA FullWiki results are presented in Table 4.1. Transformer-XH out-

performs previous methods by significant margins. Besides, Transformer-XH

leads to a much simpler qa system. Previously, in order to utilize pre-trained bert,

HotpotQA approaches adapted the multi-hop reasoning task to comprise multiple

sub-tasks. For example, given the retrieved documents, CogQA (w. bert ir) first
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Dev Test

Ans Supp Joint Ans Supp Joint

EM F1 EM F1 EM F1 EM F1 EM F1 EM F1

Official Baseline 23.9 32.9 5.1 40.9 47.2 40.8 24.0 32.9 3.9 37.7 1.9 16.2

DecompRC - 43.3 - - - - 30.0 40.7 - - - -

qfe - - - - - - 28.7 38.1 14.2 44.4 8.7 23.1

muppet 31.1 40.4 17.0 47.7 11.8 27.6 30.6 40.3 16.7 47.3 10.9 27.0

CogQA 37.6 49.4 23.1 58.5 12.2 35.3 37.1 48.9 22.8 57.7 12.4 34.9

sr-mrs∗ 46.5 58.8 39.9 71.5 26.6 49.2 45.3 57.3 38.7 70.8 25.1 47.6

CogQA (w. bert ir) 44.8 57.7 29.2 62.8 18.5 43.4 - - - - - -

Transformer-XH 54.0 66.2 41.7 72.1 27.7 52.9 51.6 64.1 40.9 71.4 26.1 51.3

Table 4.1: Results (%) on HotpotQA FullWiki Setting. Dev results of previous

methods are reported in their papers. Test results are from the leaderboard. Con-

temporary work is marked by ∗.
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Question Type Reasoning Type

Comparison Bridge Single-Hop Multi-Hop

EM F1 EM F1 EM F1 EM F1

CogQA 43.3 51.1 36.1 49.0 45.1 61.1 31.1 39.4

sr-mrs∗ 62.0 68.9 42.4 56.1 52.3 68.4 41.3 50.3

CogQA (w. bert ir) 54.1 60.9 42.4 56.9 52.0 69.3 38.6 47.8

Transformer-XH (w. bert ir) 59.9 65.8 52.4 66.3 62.2 78.3 46.8 55.7

Transformer-XH (w. sr-mrs) 64.3 70.7 47.9 62.3 58.1 74.3 45.3 55.2

Table 4.2: Dev Ans (%) on different scenarios. There are 1487 comparison questions

and 5918 Bridge ones. Reasoning Types are estimated by Min et al. [2019c] via

whether single-hop bert has non-zero Ans F1 . There are 3426 single-hop questions

and 3979 multi-hop questions.

leverages one bert rc model to find hop entities and then another bert rc to find

candidate answer spans. After that, it ranks the candidate spans using a bert based

gat, which is the only structure modeling step. In comparison, Transformer-XH

is a unified model which directly represents structured texts and integrates bert

weights.

Table 4.2 further inspects model performances on the Dev set by question types

and reasoning types. Transformer-XH significantly outperforms all baselines

on bridge questions which require more multi-hop reasoning. And on the “multi-

hop” questions, Transformer-XH has higher relative gains (39% over CogQA on

EM) than the “single-hop” questions (27%), demonstrating its stronger multi-hop
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Dev Test Single Evidence Multi Evidence

la fever la fever la fever la fever

bert Concat 73.67 68.89 71.01 65.64 - - - -

gear/gat 74.84 70.69 71.60 67.10 79.79 77.42 66.12 38.21

sr-mrs∗ 75.12 70.18 72.56 67.26 - - - -

kgat∗ 78.02 75.88 72.81 69.40 80.33 78.07 65.92 39.23

Transformer-XH 78.05 74.98 72.39 69.07 81.84 81.31 86.58 58.47

Table 4.3: fever Results. Contemporary work is marked by ∗. Single and Multi

Evidence are results on Dev claims on which one or multiple sentences are labeled

as evidence.

reasoning capability. We further study this in Section 4.6.3.

To further investigate the reasoning ability of Transformer-XH, we replace

our retrieval pipeline with the top retrieved documents from the sr-mrs pipeline.

More specifically, we use the top retrieved documents from sr-mrs to construct

Transformer-XH’s evidence graph while keeping all else constant. The resulting

system, Transformer-XH (w. sr-mrs), outperforms sr-mrs’s multi-step bert

based reasoning on all metrics and question types. Transformer-XH’s effective-

ness is robust with multiple ir systems.

FEVER fact verification results are shown in Table 4.3. Transformer-XH out-

performs sr-mrs by 4 fever score on Dev and 1.8 on Test. It performs on par

with kgat. More importantly, Transformer-XH excels at verifying claims that

require multiple pieces of evidence–outperforming the contemporary work kgat by
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20 fever scores on the multi-evidence claims, a 49% relative improvement. Com-

pared to kgat, Transformer-XH mainly loses on the NOT ENOUGH INFO category

which is neither single nor multi evidence. This is an artifact the fever task which

our system is not specifically designed for.

This result also demonstrates Transformer-XH’s generality on tasks with

multiple semi-structured text inputs. The only difference of Transformer-XH is

the last (linear) task specific layer; it provides similar or better performances over

contemporary approaches that were specifically designed for the fact verification

task.

4.6.2 Ablation Studies

We use HotpotQA to analyze the behavior of Transformer-XH.

Document Retrieval. We first study the effectiveness and influence of different

retrieval settings. We use different numbers of top K ranked documents from the

bert ranker, run Transformer-XH in the corresponding evidence graph, and

evaluate its performance on Bridge questions in the Dev set. We also evaluate

the Supporting facts Recall and Answer Recall. Supp Recall evaluates whether the

document with the supporting fact is included in the first stage retrieved documents.

Ans Recall evaluates whether there exists a document in the evidence graph that

includes the ground truth answer. The results are in Table 4.4. Our bert ir system

is better than CogQA’s tf-idf and on par with sr-mrs, as expected. The latter

uses a similar retrieval pipeline with our bert ir system; Transformer-XH is

85



Method Supp Recall Ans Recall Dev Ans EM Dev Ans F1

Top 10 tf-idf (CogQA) 70.8 n.a. - -

Top 2 w. bert ir + Q Entites 72.3 88.1 48.7 62.6

Top 5 w. bert ir + Q Entites 76.5 89.6 47.1 60.8

Top 10 w. bert ir + Q Entites 78.9 91.1 46.6 60.3

sr-mrs Top 10 (All Together) n.a. 86.1 47.9 62.3

Table 4.4: Ablation study on the retrieval systems. Top-10 tf-idf is the one used

by CogQA [Ding et al., 2019]. bert ir is the retrieval system used by CogQA

(w. bert ir) and Transformer-XH. Top K refers to using the 2/5/10 highest

ranked documents from the bert ranker in the first stage. sr-mrs Top 10 uses the

10 retrieved documents per question provided by Nie et al. [2019a]. All retrieval

methods include entities linked in the question and are expanded along Wiki links,

except when evaluating the 1st stage Supp Recall.

robust on different retrieval settings and keeps its effectiveness when applied on top

10 documents from sr-mrs (including both stages).

Model Variations. We show the results of different model variations on the top

left of Table 4.5. Single-Hop bert uses bert rc model on each document indi-

vidually, which significantly decreases the accuracy, confirming the importance of

multi-hop reasoning in FullWiki setting [Min et al., 2019a]. gat + bert first uses

Graph Attention Network [Veličković et al., 2017] on the evidence graph to predict

the best node; then it uses bert rc on the best document. It is 10% worse than
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Model Ablation
Dev Ans

Hop Steps
Dev Ans

EM F1 EM F1

bert rc on Individual Documents 31.3 42.2 One Hop 50.3 64.6

gat (Node Prediction) + bert (Best Node) 48.9 61.9 Two Hops 51.6 66.4

No Node Prediction Multi-Task 43.2 55.3 Four Hops 51.4 66.1

Bidirectional Edges on Hyperlinks 50.6 65.0 Five Hops 50.6 64.7

Fully Connected Graph 51.0 65.5 Six Hops 50.1 64.2

Node Sequence (Transformer-XL) 14.1 20.7 Transformer-XH 52.4 66.3

Table 4.5: Ablation studies on the bridge questions on Dev answer accuracy (%),

including model components (top left), graph structures (bottom left), and hop steps

(right). Transformer-XH’s full model uses three hop step and unidirectional Wiki

link graph.

Transformer-XH since the rc model has no access to the information from other

documents. No Node Prediction eliminates the node prediction task and only trains

on span prediction task; the accuracy difference shows node prediction task helps

the model training.

Graph Structures. We show Transformer-XH’s performance with different

graph structures on the bottom left of Table 4.5. Bidirectional Edges adds reverse

edges along the hyperlinks; Fully Connected Graph connects all document pairs;

Node Sequence randomly permutes the documents and connects them into a se-

quence to simulate the Transformer-XL setting. Both Bidirectional Links and
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(a) First Hop Attentions. (b) Second Hop Attentions. (c) Third Hop Attentions.

Figure 4.3: Distributions of learned attention weights of three hops on three groups:

From All (Node)→ (to) All, All→ (to) Ans (ground truth answer node), and Supp

(nodes with the supporting facts) → (to) Ans. X-axes are attention values scaled

by number of nodes.

Fully Connected Graph have comparable performance with the original graph struc-

ture. Transformer-XH is able to learn meaningful connections using its hop

attentions and is less dependent on the pre-existing graph structures. The fully

connected graph can be used if there is no strong edge patterns available in the

task. However, the performance drops significantly on Node Sequence, showing that

structured texts cannot be treated as a linear sequence which cuts off many connec-

tions.

Hop Steps. Recall that a Transformer-XH layer with extra hop attention cor-

responds to one information propagation step in the graph. Thus Transformer-

XH with last-K layers conducts K-step attention hops in the graph. We show results

with different K on the right side of Table 4.5. Transformer-XH reaches its peak

performance with three hops (our full-model). This is expected as most HotpotQA
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questions can be answered by two documents [Yang et al., 2018].

4.6.3 Hop Attention Analysis

This experiment analyzes the hop attentions using our full-model (three-hop)

on the fully connected graph to study their behavior without pre-defined struc-

ture. Figure 4.3 plots the distributions of the learned hop attentions on the Dev

set. It shows a strong shift away from the normal distribution with more hops.

Transformer-XH learns to distinguish different nodes after multi-hop attention:

the attention score becomes a bimodal distribution after three hops, ignoring some

non-useful nodes. Transformer-XH also learns to focus on meaningful edges: the

score is higher on the path Supp→Ans than All→Ans. And the margin is larger as

the hop step increases from one to three.

4.6.4 Case Study

Table 3.7 lists examples from Transformer-XH predictions. The second

case has too many distractors in the first document. Without additional clues from

document 2, it is likely that the single-hop hop entity extraction component in

CogQA (w. bert ir) misses the correct answer document in its candidate sets;

and the later structural reasoning component can not recover from this cascade

error. In comparison, Transformer-XH finds the correct answer by combining

the evidence with the hop attentions between the two evidence pieces. However,

in the second case, the document Algeria at the FIFA World Cup does not have
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id Example Explanation

1(+) Q: Which man who presented 2022 FIFA

World Cup bid was born on October 22, 1930?

A: Frank Lowy P: Frank Lowy X

Document 1: 2022 FIFA World Cup bid was

presented by Frank Lowy, Ben Buckley, Quentin

Bryce and Elle Macpherson.

Document 2: Frank Lowy (born 22 October

1930), is an Australian-Israeli businessman and

Chairman of Westfield Corporation.

Transformer-XH correctly

finds the correct answer by

combining the evidence with

the hop attentions between

the two evidence pieces.

2(-) Q: Where was the world cup hosted that Algeria

qualified for the first time into the round of 16?

A: Brazil P: Spain 7

Document 1:(Algeria at the FIFA World Cup)

In 2014, Algeria qualified for the first time into

the round of 16.

Document 2: (2014 FIFA CUP) It took place

in Brazil from 12 June to 13 July 2014, after the

country was awarded the hosting rights in 2007.

Transformer-XH does not

predict the correct answer,

since document 1 does not

link to any other docu-

ments.Thus, the information

does not propagate to the

correct answer document

2014 FIFA CUP.

Table 4.6: Examples for model prediction on HotpotQA dataset, the first example

is the correct prediction (+), the second example is the wrong prediction (-).
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links to any other documents, so the information can not be propagated, and using

fully-connected graph solves this issue.

4.7 Other Related Work

Fact verification is a natural language inference task while also requires re-

trieving (“open-domain”) and reasoning with multiple text pieces [Thorne et al.,

2018, Nie et al., 2019a, Liu et al., 2019c]. Many recent fever systems leverage

Graph Neural Networks to combine information from multiple text nodes, while

each node text is represented by bert encodings [Zhou et al., 2019, Liu et al.,

2019c]. Transformer-XH is a more unified solution that simply includes language

modeling as part of its joint reasoning.

In addition to Transformer-XL [Dai et al., 2019], other work is proposed

to improve the Transformer architecture on long text sequence. For example, t-

dmca [Liu et al., 2018] splits the sequence into blocks and then the attention merges

different blocks. Sparse Transformer [Child et al., 2019] introduces the sparse fac-

torizations of the attention matrix. Transformer-XH shares similar motivation

and focuses on multiple pieces of text that are not in sequential forms.

4.8 Conclusion

Transformer-XH and its eXtra Hop attention mechanism is a simple yet

powerful adaptation of Transformer to learn better representations of semi-structured

text data as it naturally occurs. It innately integrates with pre-trained language
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models to allow for complex reasoning across multiple textual evidence pieces. When

applied to HotpotQA, Transformer-XH significantly shrinks the typical multi-

hop qa pipeline, eliminating many cascading errors that arise from the linear se-

quence input constraints of pre-trained Transformers. The same simplicity also

applies to fever, with one Transformer-XH all we needed to obtain a much

stronger answer accuracy.
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Chapter 5: Multi-Step Reasoning Over Unstructured Text with Beam

Dense Retrieval

In previous two chapters, we propose two qa systems for complex questions

that rely on a free-text knowledge graph from Wikipedia. These qa systems first

extract a question grounded sub-graph, then use graph neural networks (and further

incorporate into Transformer architectures) to model the extracted sub-graph to

predict the answer. However, these qa systems depend on a key assumption that

only holds on benchmarks: assuming text corpora is semi-structured.

Building on dense retrieval methods, in this chapter, we propose a new multi-

step retrieval approach (BeamDR) that iteratively forms an evidence chain through

beam search in dense representations. When evaluated on multi-hop question an-

swering, BeamDR is competitive to state-of-the-art systems, without using any

semi-structured information. 1

1This Chapter describes work published in NAACL 2021 [Zhao et al., 2021b].
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5.1 Introduction

Answering complex questions requires combining knowledge pieces through

multiple steps into an evidence chain (Ralph Hefferline → Columbia University in

Figure 5.1). When the available knowledge sources are graphs or databases, con-

structing chains can use the sources’ inherent structure. However, when the infor-

mation needs to be pulled from unstructured text (which often has better coverage),

standard information retrieval (ir) approaches only go “one hop”: from a query to

a single passage.

Recent approaches [Dhingra et al., 2020, Zhao et al., 2020a,b, Asai et al.,

2020, inter alia] try to achieve the best of both worlds: use the unstructured text of

Wikipedia with its structured hyperlinks. While they show promise on benchmarks,

it’s difficult to extend them beyond academic testbeds because real-world datasets

often lack this structure. For example, medical records lack links between reports.

Dense retrieval [Lee et al., 2019, Guu et al., 2020, Karpukhin et al., 2020, inter

alia] provides a promising path to overcome this limitation. It encodes the query and

evidence (passage) into dense vectors and matches them in the embedding space.

In addition to its efficiency—thanks to maximum inner-product search (mips)—

Xiong et al. [2021a] show that dense retrieval rivals bert [Devlin et al., 2019]-based

(sparse) retrieve-then-rerank ir pipelines on single step retrieval. Unlike traditional

term-based retrieval, fully learnable dense encodings provide flexibility for different

tasks.

This chapter investigates a natural question: can we build a retrieval system
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Question

P1

P2

P1Q

Query Composition

First Step Second Step

Question: Ralph Hefferline was a psychology professor 
at a university that is located in what city? 
Evidence Chain: Ralph Hefferline -> Columbia University
P1: Ralph Hefferline
Ralph Franklin Hefferline 
was a psychology professor at 
Columbia University.

P2: Columbia University
Columbia University is a private 
Ivy League research university in 
Upper Manhattan, New York City.

P P

P
P

P

P

Figure 5.1: Top: A complex question example from HotPotQA that requires

finding an evidence chain. Bottom: BeamDR iteratively composes the new query

and retrieves evidence in dense space without the need for linked documents.

to find an evidence chain on unstructured text corpora? We propose a new multi-

step dense retrieval method to model the implicit relationships between evidence

pieces. We use beam search (Section 5.2) in the dense space to find and cache the

most relevant candidate chains and iteratively compose the query by appending

the retrieval history. We improve the retrieval by encouraging the representation

to discriminate hard negative evidence chains from the correct chains, which are

refreshed by the model.

We evaluate Beam Dense Retrieval (BeamDR) on HotPotQA [Yang et al.,

2018], a multi-hop question answering benchmark. When retrieving evidence chains
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directly from the corpus (full retrieval), BeamDR is competitive to the state-of-

the-art cascade reranking systems that use Wikipedia links. Combined with stan-

dard reranking and answer span extraction modules, the gain from full retrieval

propagates to findings answers (Section 5.3). By iteratively composing the query

representation, BeamDR captures the hidden “semantic” relationships between the

evidence pieces (Section 5.4).

5.2 BeamDR: Beam Dense Retriever

We focus on finding an evidence chain from an unstructured text corpus for a

given question, often the hardest part of complex question answering. We formulate

it as a multi-step retrieval problem. Formally, given a question q and a corpus C,

the task is to form an ordered evidence chain p1...pn from C, with each evidence a

passage. We focus on the supervised setting, where the labeled evidence set is given

during training (but not during testing).

Finding an evidence chain from the corpus is challenging because: 1) passages

that do not share enough words are hard to retrieve (e.g., in Figure 5.1, the evidence

Columbia University); 2) if you miss one evidence piece, you may err on all that come

after.

Our proposed method BeamDR is based on dense retrieval, which we review

in Section 2.4.3. We first introduce scoring a single evidence chain, then finding the

top k chains with beam search, and finally training BeamDR.
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Evidence Chain Scoring The score Sn of evidence chain p1, . . . , pn is the product

of the (normalized) relevance scores of individual evidence pieces. At each retrieval

step t, to incorporate the information from both the question and retrieval history,

we compose a new query qt by appending the tokens of retrieved chains p1, . . . , pt−1

to query q (qt = [q; p1; . . . ; pt−1]), we use mips to find relevant evidence piece pt from

the corpus and update the evidence chain score St by multiplying the current step

t’s relevance score f(qt, pt) ∗ St−1.

Beam Search in Dense Space Since enumerating all evidence chains is com-

putationally impossible, we instead maintain an evidence cache. In the structured

search literature this is called a beam: the k-best scoring candidate chains we have

found thus far. We select evidence chains with beam search in dense space. At

step t, we enumerate each candidate chain j in the beam pj,1...pj,t−1, score the top

k chains and update the beam. After n steps, the k highest-scored evidence chains

with length n are finally retrieved.

Training BeamDR The goal of training is to learn embedding functions that

differentiate positive (relevant) and negative evidence chains. Since the evidence

pieces are unordered, we use heuristics to infer the order of evidence chains. A

negative chain has at least one evidence piece that is not in the gold evidence set.

For each step t, the input is the query q, a positive chain P+
t = p+1 , . . . , p

+
t and m

sampled negative chains P−j,t = p−1 , . . . , p
−
t . We update the negative log likelihood

97



(nll) loss:

L(q, P+, P−1 , ..., P
−
m) (5.1)

=
∑

t

ef([q;P
+
t−1],p

+
t )

ef([q;P
+
t−1],p

+
t ) +

∑m
j=1 e

f([q;Pj,t−1],p
−
j,t)
.

Rather than using local in-batch or term matching negative samples, like Guu et al.

[2020] we select negatives from the whole corpus, which can be more effective for

single-step retrieval [Xiong et al., 2021a]. In multi-step retrieval, we select negative

evidence chains from the corpus. Beam search on the training data finds the top k

highest scored negative chains for each retrieval step. Since the model parameters

are dynamically updated, we asynchronously refresh the negative chains with the

up-to-date model checkpoint [Guu et al., 2020, Xiong et al., 2021a].

5.3 Experiments: Retrieval and Answering

Our experiments are on HotPotQA fullwiki setting [Yang et al., 2018], the

multi-hop question answering benchmark. We mainly evaluate on retrieval that

extracts evidence chains (passages) from the corpus; we further add a downstream

evaluation on whether it finds the right answer.

5.3.1 Experimental Setup

Metrics Following Asai et al. [2020], we report four metrics on retrieval: answer

recall (ar), if answer span is in the retrieved passages; passage recall (pr), if at

least one gold passage is in the retrieved passages; Passage Exact Match (p em), if

both gold passages are included in the retrieved passages; and Exact Match (em),
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whether both gold passages are included in the top two retrieved passages (top one

chain). We report exact match (em) and F1 on answer spans.

Implementation We use a bert-base encoder for retrieval and report both bert

base and large for span extraction. We warm up BeamDR with tf-idf negative

chains. The retrieval is evaluated on ten passage chains (each chain has two pas-

sages). To compare with existing retrieve-then-rerank cascade systems, we train

a standard bert passage reranker [Nogueira and Cho, 2019], and evaluate on ten

chains reranked from the top 100 retrieval outputs. We train BeamDR on six

2080Ti GPUs, three for training, three for refreshing negative chains. We do not

search hyper-parameters and use suggested ones from Xiong et al. [2021a].

5.3.2 Passage Chain Retrieval Evaluation

Baselines We compare BeamDR with tf-idf, Semantic Retrieval [Nie et al.,

2019b, sr], which uses a cascade bert pipeline, and the Graph recurrent retriever [Asai

et al., 2020, grr], our main baseline, which iteratively retrieves passages following

the Wikipedia hyperlink structure, and is state-of-the-art on the leaderboard. We

also compare against a contemporaneous model, multi-hop dense retrieval [Xiong

et al., 2021b, mdr].

Results: Robust Evidence Retrieval without Document Links Table 5.1

presents retrieval results. On full retrieval, BeamDR is competitive to grr, state-

of-the-art reranker using Wikipedia hyperlinks. BeamDR also has better retrieval
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Models AR PR P EM EM

Full Retrieval

tf-idf 39.7 66.9 10.0 18.2

mdr ∗ 75.4 - 65.9 -

BeamDR (ir Neg) 76.8 86.4 64.1 40.4

BeamDR (Greedy) 83.6 90.7 72.7 34.1

BeamDR (Ours) 87.0 92.9 79.2 60.7

Reranking from Retrieval Outputs

sr 77.9 93.2 63.9 46.5

grr 87.8 93.3 77.9 61.1

mdr ∗ 88.2 - 81.2 -

BeamDR (Ours) 90.7 94.7 83.7 70.7

Table 5.1: Compare BeamDR with other retrieval systems. Top: Retrieval from

the whole corpus, bottom: Reranking from top 100 full retrieval outputs. ∗ indicates

parallel work.

than the contemporaneous mdr. Although both approaches build on dense retrieval,

mdr is close to BeamDR with tf-idf negatives. We instead refresh negative chains

with intermediate representations, which help the model better discover evidence

chains. Our ablation study (Greedy search) indicates the importance of maintaining

the beam during inference. With the help of cross-attention between the question

and the passage, using bert to rerank BeamDR outperforms all baselines.
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Figure 5.2: Passage retrieval accuracy on different beam size. Our system is robust

to the increase of beam size.

Varying the Beam size Figure 5.2 plots the Passage em with different beam sizes.

While initially increasing the beam size improves Passage Exact Match, the marginal

improvement decreases after a beam size of forty.

5.3.3 Answer Extraction Evaluation

Baselines We compare BeamDR with txh (Chapter 4), grr [Asai et al., 2020]

and the contemporaneous mdr [Xiong et al., 2021b]. We use released code from

grr [Asai et al., 2020] following its settings on bert base and large. We use four

2080Ti GPUs.
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Retriever Reader
Dev Test

EM F1 EM F1

BERT base Reader

txh txh 54.0 66.2 51.6 64.1

grr grr 52.7 65.8 - -

BeamDR grr 54.9 68.0 - -

BERT large wwm Reader

grr grr 60.5 73.3 60.0 73.0

BeamDR grr 61.3 74.1 60.4 73.2

mdr∗ mdr∗ 61.5 74.7 - -

ELECTRA large Reader

mdr∗ mdr∗ 63.4 76.2 62.3 75.3

Table 5.2: HotPotQA dev and test set answer exact match (EM) and F1 results.

∗ indicates parallel work.
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Figure 5.3: t-sne visualization of query (Q) and passage (P) embeddings over

different retrieval steps. BeamDR conducts multi-step reasoning by hopping in the

learned representation space.

Results Using the same implementation but on our reranked chains, BeamDR

outperforms grr (Table 5.2), suggesting gains from retrieval could propagate to

answer span extraction. BeamDR is competitive with mdr but slightly lower; we

speculate different reader implementations might be the cause.

5.4 Exploring How we Hop

In this section, we explore how BeamDR constructs evidence chains.

5.4.1 Qualitative Analysis

Figure 5.3 shows query and passage representations with t-sne [Maaten and

Hinton, 2008]. Unsurprisingly, in the dense space, the first hop query (question) is

close to its retrieved passages but far from second hop passages (with some negative
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Models
Passage Recall

Overlap
First hop Second hop

grr 85.1 85.3 64.3

BeamDR 86.4 78.9 26.7

BeamDR† 88.0 87.1 14.7

Table 5.3: Passage Recall and overlap comparison between BeamDR and grr with

different hop passages. Systems with † filter second hop passages with links.

passages in between). After composing the question and first hop passages, the

second hop queries indeed land closer to the second hop passages. Our quantitative

analysis (Table 5.3) further shows BeamDR has little overlap between retrieved

passages in two hops. BeamDR mimics multi-step reasoning by hopping in the

learned representation space.

5.4.2 Hop Analysis

To study model behaviors under different hops, we use heuristics2 to infer

the order of evidence passages. In Table 5.3, BeamDR slightly wins on first

hop passages, with the help of hyperlinks, grr outperforms BeamDR on second

hop retrieval. Only 21.9% of the top-10 BeamDR chains are connected by links.

2We label the passage that contains the answer as the second hop passage, while the other

one as the first hop passage. If both passages include the answer, passage title mentioned in the

question is the first hop passage.
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Errors Type %

Question entities 62

grr Connect with reverse links 16

Text matching 14

Others 8

Text matching 46

BeamDR No links between passages 39

Question entities 15

Table 5.4: We manually analyze 100 bridge questions and categorize model errors.

BeamDR wins after using links to filter candidates.

5.4.3 Human Evaluation on Model Errors and Case Study

To understand the strengths and weaknesses of BeamDR compared with grr,

we manually analyze 100 bridge questions from the HotPotQA development set.

BeamDR predicts fifty of them correctly and grr predicts the other fifty correctly

(Tables 5.4 and 5.5).

Strengths of BeamDR. Compared to grr, the largest gain of BeamDR is to

identify question entity passages. As there is often little context overlap besides the

entity surface form, a term-based approach (tf-idf used by grr) falters. Some of

the grr errors also come from using reverse links to find second hop passages (i.e.,

the second hop passage links to the first hop passage).
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Q: Chris Williams last played for which football club from the National League North?

Passage 1: Christopher Jonathan ”Chris” Williams is an English semi-professional

footballer who last played for Salford City as a forward.

Passage 2: Salford City Football Club is a professional football club in the Kersal

area of Salford, Greater Manchester, England.

BeamDR: Chris Williams (English Footballer) → Salford City F.C. X

grr: Chris Williams (Wide Receiver) → Miami Dolphins 7

Table 5.5: Case study of BeamDR and grr retrieval. Term-based re-

trieval approaches (tf-idf used by grr) is unable to distinguish two

players with same name. BeamDR correctly identifies the question en-

tity.

Weaknesses of BeamDR. Like Karpukhin et al. [2020], many of BeamDR’s

errors could be avoided by simple term matching. For example, matching “What

screenwriter with credits for Evolution co-wrote a film starring Nicolas Cage and

Téa Leoni?” to the context “The Family Man is a 2000 American film written by

David Diamond and David Weissman, and starring Nicolas Cage and Téa Leoni.”.

5.5 Conclusion

We introduce a simple yet effective multi-step dense retrieval method, BeamDR.

By conducting beam search and globally refreshing negative chains during training,

BeamDR finds reasoning chains in dense space. BeamDR is competitive to more
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complex sota systems albeit not using semi-structured information.

While BeamDR can uncover the relationship embedded within a single ques-

tion, future work should investigate how to use these connections to resolve am-

biguity in the question [Elgohary et al., 2019, Min et al., 2020a], resolve entity

mentions [Guha et al., 2015], connect concepts across modalities [Lei et al., 2018],

or to connect related questions to each other (Section 3.2).
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Chapter 6: Distantly-Supervised Evidence Retrieval Enables Ques-

tion Answering without Annotated Evidence Pieces

In the previous chapter, we propose a new retrieval method that is competitive

to state-of-the-art approaches, without using corpus semi-structured metadata, a

key assumption that does not hold in every text corpora. However, state-of-the-

art neural approaches still require intermediate evidence annotations for training.

such intermediate annotations are expensive, and methods that rely on them cannot

transfer to the more common setting, where only question-answer pairs are available.

This chapter investigates whether models can learn to find evidence from a large

corpus, with only distant supervision from answer labels for model training, thereby

generating no additional annotation cost. We introduce a novel approach (DistDR)

that iteratively improves over a weak retriever by alternately finding evidence from

the up-to-date model and encouraging the model to learn the most likely evidence.

Without using any evidence labels, DistDR is on par with fully-supervised state-

of-the-art methods on both multi-hop and single-hop qa benchmarks. Our analysis

confirms that DistDR finds more accurate evidence over iterations, which leads to

model improvements. 1

1This Chapter describes work published in EMNLP 2021 [Zhao et al., 2021a].
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6.1 Introduction

Open-domain question answering (odqa) takes a question, retrieves evidence

from a large corpus, and finds an answer based on that evidence [Voorhees et al.,

1999]. With the help of large scale datasets, state-of-the-art approaches to qa [Karpukhin

et al., 2020, inter alia] can answer both simple questions that require only a sin-

gle evidence piece (i.e., one passage); and more challenging multi-hop questions:

computers must jump or “hop” from passage to passage (we call these passages

evidence pieces), building a reasoning chain to find the answer.

State-of-the-art (sota) methods, however, are trained with all of the interme-

diate evidence pieces (e.g., in Figure 6.1, the evidence pieces for Sang-Wook Cheong’s

workplace which point you to Rutgers University’s location) needed for the answer.

Creating such intricate training data is expensive. For example, Kwiatkowski et al.

[2019] use additional experts to justify the correctness of annotated evidence. The

annotation protocol is even more nuanced for multi-hop questions. For example,

Yang et al. [2018] ask annotators to write multi-hop questions based on two linked

Wikipedia passages as a pre-defined reasoning chain, which creates dataset arti-

facts [Min et al., 2019b]. While plenty of question-answer pairs are available without

evidence labels, we cannot directly train sota models on such data.

Our work focuses on training odqa systems without these expensive annota-

tions (Section 6.2): we only start with a question-answer pair. With that starting

point, we use distant supervision to infer which evidence helps us get to the an-

swer. The technical challenge is how to find evidence from millions of candidates.
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Evidence Piece 2: Rutgers University
Rutgers, The State University of New Jersey, commonly referred to as Rutgers 
University, Rutgers, or RU, is an American public research university and the 
largest institution for higher education in New Jersey.

Evidence Piece 1: Sang-Wook Cheong
Sang-Wook Cheong is a Korean American materials scientist at Rutgers 
University.

Evidence Piece 3: History of Rutgers University
Rutgers University is an institution of higher learning with campuses across 
the State of New Jersey. Its main flagship campus locates in New Brunswick 
and Piscataway, New Jersey.

Question: What state does Sang-Wook Cheong work as a materials scientist?
Answer: New Jersey
Annotated Evidence: Sang-Wook Cheong -> Rutgers University
Alternate Evidence: Sang-Wook Cheong -> History of Rutgers University

Figure 6.1: A multi-hop question example from HotPotQA that requires find-

ing multiple evidence pieces to form a reasoning chain (Sang-Wook Cheong →

Rutgers University). Red: Text that overlaps between question and evidence piece;

Blue: Span that matches the answer. State-of-the-art systems use evidence labels

for training, but acquiring labeled evidence pieces is expensive.

Previous methods [Joshi et al., 2017a, Cheng et al., 2020] use term matching (e.g.,

tf-idf) for evidence retrieval, but their goal is a single piece of evidence: linking

a question to a passage. As shown in Figure 6.1, the key to finding some evidence

pieces does not appear in the question: for example, you only know to figure out that

Rutgers University is in New Jersey after learning where Professor Cheong works.

Fortunately, navigating to an answer given a question from a search engine is not

impossible: humans do it every day, building on their existing knowledge toward
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the answer [Russell, 2019]. With each round of searching to find additional clues,

human users accumulate information to find the right answer. This chapter creates

a computational approach (DistDR) that can use similar techniques to find the

evidence needed to answer a given question.

DistDR starts with a weak retriever then iteratively improves it by finding

more useful evidence (Section 6.3). Specifically, we model evidence as a latent

variable and develop a hard-em algorithm that alternates between using the up-to-

date retriever to find evidence (hard E-step) and updating the model parameters to

further encourage the most useful evidence in the next iteration (M-step).

To implement this idea, we need a trainable retrieval system. We use dense

retrieval [Lee et al., 2019] as our retriever, which uses a neural network to encode

the evidence pieces we collect at each round into query vectors. DistDR provides

iterative feedback within the context of a qa system to guide the encoder to better

find evidence pieces.

We evaluate DistDR on odqa benchmarks, including both single-hop ques-

tions [Kwiatkowski et al., 2019, NaturalQuestions], where the evidence is the

target passage, and multi-hop questions [Yang et al., 2018, HotPotQA], where

the evidence is a chain of passages. Without using any annotated evidence labels,

DistDR’s accuracy, according to several measures, is on par with fully-supervised

state-of-the-art approaches on both benchmarks (Section 6.4).

Our analyses confirm the intuition that over iterations, DistDR selects more

accurate evidence, which in turn improves the model. Although some retrieved evi-

dence from DistDR does not match the annotation, it gives useful training signal, as
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DistDR finds alternative evidence—another advantage of an automated approach

(Section 6.5). For example, you can connect Sang-Wook Cheong to New Jersey

through another Wikipedia page (History of Rutgers University in Figure 6.1).

6.2 Why Weakly-Supervised ODQA

Our task is to answer questions over large textual corpora. Our approach is

generally applicable to both single-hop and multi-hop questions. We use Wikipedia

as the knowledge source, but we do not use the metadata such as hyperlinks, to

ensure our method can apply to any corpus (e.g., ClueWeb).

State-of-the-art approaches on odqa mainly focus on the fully-supervised set-

ting, where the question, answer, and evidence are given in training. Figure 6.1

shows an example multi-hop question with answer and annotated evidence. The

fully-supervised setting simplifies model training but has three major challenges: (1)

Annotation is costly: the question–answer pair is widely available in the real world,

but the evidence (Sang-Wook Cheong → Rutgers University in Figure 6.1) requires

human annotation, which is expensive to get, especially for complex questions; (2)

Domain generalization: the labeled evidence is only on a single corpus, generaliza-

tion to other corpora (e.g., moving from Wikipedia to medical records) is non-trivial;

(3) Alternative evidence: there are often multiple correct evidence candidates in the

corpora (e.g., in Figure 6.1, both Sang-Wook Cheong → Rutgers University and

Sang-Wook Cheong → History of Rutgers University are correct), but only one of

them is annotated as “gold evidence”. Therefore, we explore the more common
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but challenging weakly-supervised setting which only requires question–answer in-

put pairs.

Formally, given a question q and a textual corpus with D passages, our task is

to first find a small subset of relevant passages as evidence z to the answer, where

each evidence combines evidence pieces z = z1, ..., zn with length n (n = 1 for single-

hop questions), then find a span a from evidence z as an answer. We focus on the

weakly-supervised setting, where training examples consist only of question–answer

pairs (q, a), we gather evidence ẑ from corpus as the distant supervision signal, based

on the assumption that the presence of the answer a (source of distant supervision)

in an evidence piece implies that the evidence is needed to answer the question.

This is contrast to the fully-supervised setting, where the gold evidence z∗ is also

given during training.

6.3 Weakly-Supervised ODQA with DistDR

We present DistDR, a unified framework for weakly-supervised odqa. DistDR

is trained by retrieving evidence from a large corpus with distant supervision.

DistDR follows the retriever–reader framework for odqa, using dense re-

trieval to find evidence (Section 2.4.2). However, in our approach, we only have

questions q and answers a,x so we need to induce evidence ẑ for training our re-

triever. We fully expect that our initial retriever will struggle to find evidence.

However, if it can find some useful evidence, we can encourage it to follow the same

clues to more evidence that can answer questions. This intuition is the foundation
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<latexit sha1_base64="skCiLJb5CH4Sn9dNLpkcYo1d3uM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0vegx48ZiAeUiyhNnJbDJkZnaZ6RXCEvAfvHhQxKuf481v8CecPA6aWNBQVHXT3RWlUlj0/S9vbX1jc2u7sFPc3ds/OCwdHTdtkhnGGyyRiWlH1HIpNG+gQMnbqeFURZK3otHN1G89cGNFou9wnPJQ0YEWsWAUnXTftYpKSbqTXqnsV/wZyCoJFqRchfr3IwDUeqXPbj9hmeIamaTWdgI/xTCnBgWTfFLsZpanlI3ogHcc1VRxG+azgyfk3Cl9EifGlUYyU39P5FRZO1aR61QUh3bZm4r/eZ0M4+swFzrNkGs2XxRnkmBCpt+TvjCcoRw7QpkR7lbChtRQhi6jogshWH55lTQvK4FfCeouDQJzFOAUzuACAriCKtxCDRrAQMETvMCrZ7xn7817n7eueYuZE/gD7+MHOquSGA==</latexit><latexit sha1_base64="5PsC8njm0jOE6a2Jow+fIRM700o=">AAAB8HicbVDLSgNBEOyNrxhfUY+CDAbBU9j1oseAF4+JmIdklzA7mU2GzMwuM7NCWHL0C7x4UMSrX+B3ePMb/Alnkxw0saChqOqmuytMONPGdb+cwsrq2vpGcbO0tb2zu1feP2jpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY6ucr99T5Vmsbw144QGAg8kixjBxkp3vhaYc+RPeuWKW3WnQMvEm5NKDRrfD8cfN/Ve+dPvxyQVVBrCsdZdz01MkGFlGOF0UvJTTRNMRnhAu5ZKLKgOsunBE3RqlT6KYmVLGjRVf09kWGg9FqHtFNgM9aKXi/953dREl0HGZJIaKslsUZRyZGKUf4/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeu86rlVr2HTQDBDEY7gBM7AgwuowTXUoQkEBDzCM7w4ynlyXp23WWvBmc8cwh847z/MrpNF</latexit><latexit sha1_base64="5PsC8njm0jOE6a2Jow+fIRM700o=">AAAB8HicbVDLSgNBEOyNrxhfUY+CDAbBU9j1oseAF4+JmIdklzA7mU2GzMwuM7NCWHL0C7x4UMSrX+B3ePMb/Alnkxw0saChqOqmuytMONPGdb+cwsrq2vpGcbO0tb2zu1feP2jpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY6ucr99T5Vmsbw144QGAg8kixjBxkp3vhaYc+RPeuWKW3WnQMvEm5NKDRrfD8cfN/Ve+dPvxyQVVBrCsdZdz01MkGFlGOF0UvJTTRNMRnhAu5ZKLKgOsunBE3RqlT6KYmVLGjRVf09kWGg9FqHtFNgM9aKXi/953dREl0HGZJIaKslsUZRyZGKUf4/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeu86rlVr2HTQDBDEY7gBM7AgwuowTXUoQkEBDzCM7w4ynlyXp23WWvBmc8cwh847z/MrpNF</latexit><latexit sha1_base64="OD7WTvT9WeECnV69yh2zudk4d3M=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAzYWEYwH5I7wt5mLlmyu3fs7gkh5FfYWChi68+x89+4Sa7QxAcDj/dmmJkXZ4Ib6/vfXmljc2t7p7xb2ds/ODyqHp+0TZprhi2WilR3Y2pQcIUty63AbqaRylhgJx7fzv3OE2rDU/VgJxlGkg4VTzij1kmPoZFUCBLO+tWaX/cXIOskKEgNCjT71a9wkLJcorJMUGN6gZ/ZaEq15UzgrBLmBjPKxnSIPUcVlWii6eLgGblwyoAkqXalLFmovyemVBozkbHrlNSOzKo3F//zerlNbqIpV1luUbHloiQXxKZk/j0ZcI3MiokjlGnubiVsRDVl1mVUcSEEqy+vk/ZVPfDrwb1fa5AijjKcwTlcQgDX0IA7aEILGEh4hld487T34r17H8vWklfMnMIfeJ8/jVGQHA==</latexit>

Filtered 
Evidence

P (
<latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit>

zi
<latexit sha1_base64="TB5SsVB3S9ae2S/JdVMTP8RJx5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SlqXVc+tene1Sv0sj6MIJ3AKF+DBFdThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1qWjbw=</latexit><latexit sha1_base64="TB5SsVB3S9ae2S/JdVMTP8RJx5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SlqXVc+tene1Sv0sj6MIJ3AKF+DBFdThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1qWjbw=</latexit><latexit sha1_base64="TB5SsVB3S9ae2S/JdVMTP8RJx5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SlqXVc+tene1Sv0sj6MIJ3AKF+DBFdThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1qWjbw=</latexit><latexit sha1_base64="TB5SsVB3S9ae2S/JdVMTP8RJx5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SlqXVc+tene1Sv0sj6MIJ3AKF+DBFdThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1qWjbw=</latexit>

q
<latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit>

)
<latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit>

a
<latexit sha1_base64="dEo1f5T4wyETAkIqEegbAhIFTsE=">AAAB6HicbZC7SwNBEMbn4iuer6ilzZIgWIU7G23EgI1lAuYBSQh7m7lkzd7esbsnhCNgb2OhiK2N/4+d/42bR6GJHyz8+L4ZdmaCRHBtPO/bya2tb2xu5bfdnd29/YPC4VFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBqObad58QKV5LO/MOMFuRAeSh5xRY60a7RVKXtmbiayCv4DS9ad79QgA1V7hq9OPWRqhNExQrdu+l5huRpXhTODE7aQaE8pGdIBti5JGqLvZbNAJObVOn4Sxsk8aMnN/d2Q00nocBbYyomaol7Op+V/WTk142c24TFKDks0/ClNBTEymW5M+V8iMGFugTHE7K2FDqigz9jauPYK/vPIqNM7Lvlf2a16pUoS58nACRTgDHy6gArdQhTowQHiCF3h17p1n5815n5fmnEXPMfyR8/ED/FWObg==</latexit><latexit sha1_base64="VDWu9nPv56sMzZRi/lG2lJRMDTQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMyQIVmHXRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYL38dGfBsnl0ITfxj4+P9zmHNOkAiujed9Oyura+sbm7ktd3tnd28/f3BY13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HwepI37lFpHstbM0qwE9G+5CFn1FirSrv5olfypiLL4M+hePXhXibvX26lm/9s92KWRigNE1Trlu8lppNRZTgTOHbbqcaEsiHtY8uipBHqTjYddExOrNMjYazsk4ZM3d8dGY20HkWBrYyoGejFbGL+l7VSE150Mi6T1KBks4/CVBATk8nWpMcVMiNGFihT3M5K2IAqyoy9jWuP4C+uvAz1s5LvlfyqVywXYKYcHEMBTsGHcyjDDVSgBgwQHuAJnp0759F5cV5npSvOvOcI/sh5+wHt5I/i</latexit><latexit sha1_base64="VDWu9nPv56sMzZRi/lG2lJRMDTQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMyQIVmHXRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYL38dGfBsnl0ITfxj4+P9zmHNOkAiujed9Oyura+sbm7ktd3tnd28/f3BY13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HwepI37lFpHstbM0qwE9G+5CFn1FirSrv5olfypiLL4M+hePXhXibvX26lm/9s92KWRigNE1Trlu8lppNRZTgTOHbbqcaEsiHtY8uipBHqTjYddExOrNMjYazsk4ZM3d8dGY20HkWBrYyoGejFbGL+l7VSE150Mi6T1KBks4/CVBATk8nWpMcVMiNGFihT3M5K2IAqyoy9jWuP4C+uvAz1s5LvlfyqVywXYKYcHEMBTsGHcyjDDVSgBgwQHuAJnp0759F5cV5npSvOvOcI/sh5+wHt5I/i</latexit><latexit sha1_base64="L7mS+UfN6yFBzfOUHU7JMjk9lv4=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLBmLiibRe9EjixSMkFkigIdtlCivbbbO7NSENv8CLB43x6k/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LBzFIMYjqWPOKMGiu16bBadxvuEmSTeAWpQ4HWsPo1GCUsi1EaJqjWfc9NTZBTZTgTOK8MMo0pZVM6xr6lksaog3x56JxcWmVEokTZkoYs1d8TOY21nsWh7Yypmeh1byH+5/UzE90GOZdpZlCy1aIoE8QkZPE1GXGFzIiZJZQpbm8lbEIVZcZmU7EheOsvb5LOdcNzG17brTdrRRxluIAaXIEHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwC4fYzB</latexit>

|
<latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit>

,
<latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit>

P (
<latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit>

|
<latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit>

q
<latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit>

)
<latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit>

ẑ
<latexit sha1_base64="6H1SR/ZqX8KKhxBdPZhUhnA+hwo=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAUrMKujXYGbCwjmAskS5idzCZjZmeXmbNCXPIONhYRETvxdex8GyeXQhN/GPj4/3OYc06QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP6ibONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAbXk7zxwLURsbrDYcL9iPaUCAWjaK16u0+RPHaKJbfsTkWWwZtD6epzPH4HgGqn+NXuxiyNuEImqTEtz03Qz6hGwSQfFdqp4QllA9rjLYuKRtz42XTaETm1TpeEsbZPIZm6vzsyGhkzjAJbGVHsm8VsYv6XtVIML/1MqCRFrtjsozCVBGMyWZ10heYM5dACZVrYWQnrU00Z2gMV7BG8xZWXoX5e9tyyd+uWKicwUx6O4BjOwIMLqMANVKEGDO7hCcbw4sTOs/PqvM1Kc8685xD+yPn4AeiZkYE=</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="+PdIYpx9RK+fNwaNcxzyufSapFI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFqNgFe5stAzYWEYwH5CEsLfZS9bs7R67c0I88h9sLBSx9f/Y+W/cJFdo4oOBx3szzMwLEyks+v63V1hb39jcKm6Xdnb39g/Kh0dNq1PDeINpqU07pJZLoXgDBUreTgyncSh5KxzfzPzWIzdWaHWPk4T3YjpUIhKMopOa3RFF8tQvV/yqPwdZJUFOKpCj3i9/dQeapTFXyCS1thP4CfYyalAwyaelbmp5QtmYDnnHUUVjbnvZ/NopOXfKgETauFJI5urviYzG1k7i0HXGFEd22ZuJ/3mdFKPrXiZUkiJXbLEoSiVBTWavk4EwnKGcOEKZEe5WwkbUUIYuoJILIVh+eZU0L6uBXw3u/ErtLI+jCCdwChcQwBXU4Bbq0AAGD/AMr/Dmae/Fe/c+Fq0FL585hj/wPn8AObqOxw==</latexit>

P (
<latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit>

q
<latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit>

)
<latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit>

a
<latexit sha1_base64="dEo1f5T4wyETAkIqEegbAhIFTsE=">AAAB6HicbZC7SwNBEMbn4iuer6ilzZIgWIU7G23EgI1lAuYBSQh7m7lkzd7esbsnhCNgb2OhiK2N/4+d/42bR6GJHyz8+L4ZdmaCRHBtPO/bya2tb2xu5bfdnd29/YPC4VFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBqObad58QKV5LO/MOMFuRAeSh5xRY60a7RVKXtmbiayCv4DS9ad79QgA1V7hq9OPWRqhNExQrdu+l5huRpXhTODE7aQaE8pGdIBti5JGqLvZbNAJObVOn4Sxsk8aMnN/d2Q00nocBbYyomaol7Op+V/WTk142c24TFKDks0/ClNBTEymW5M+V8iMGFugTHE7K2FDqigz9jauPYK/vPIqNM7Lvlf2a16pUoS58nACRTgDHy6gArdQhTowQHiCF3h17p1n5815n5fmnEXPMfyR8/ED/FWObg==</latexit><latexit sha1_base64="VDWu9nPv56sMzZRi/lG2lJRMDTQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMyQIVmHXRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYL38dGfBsnl0ITfxj4+P9zmHNOkAiujed9Oyura+sbm7ktd3tnd28/f3BY13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HwepI37lFpHstbM0qwE9G+5CFn1FirSrv5olfypiLL4M+hePXhXibvX26lm/9s92KWRigNE1Trlu8lppNRZTgTOHbbqcaEsiHtY8uipBHqTjYddExOrNMjYazsk4ZM3d8dGY20HkWBrYyoGejFbGL+l7VSE150Mi6T1KBks4/CVBATk8nWpMcVMiNGFihT3M5K2IAqyoy9jWuP4C+uvAz1s5LvlfyqVywXYKYcHEMBTsGHcyjDDVSgBgwQHuAJnp0759F5cV5npSvOvOcI/sh5+wHt5I/i</latexit><latexit sha1_base64="VDWu9nPv56sMzZRi/lG2lJRMDTQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMyQIVmHXRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYL38dGfBsnl0ITfxj4+P9zmHNOkAiujed9Oyura+sbm7ktd3tnd28/f3BY13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HwepI37lFpHstbM0qwE9G+5CFn1FirSrv5olfypiLL4M+hePXhXibvX26lm/9s92KWRigNE1Trlu8lppNRZTgTOHbbqcaEsiHtY8uipBHqTjYddExOrNMjYazsk4ZM3d8dGY20HkWBrYyoGejFbGL+l7VSE150Mi6T1KBks4/CVBATk8nWpMcVMiNGFihT3M5K2IAqyoy9jWuP4C+uvAz1s5LvlfyqVywXYKYcHEMBTsGHcyjDDVSgBgwQHuAJnp0759F5cV5npSvOvOcI/sh5+wHt5I/i</latexit><latexit sha1_base64="L7mS+UfN6yFBzfOUHU7JMjk9lv4=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLBmLiibRe9EjixSMkFkigIdtlCivbbbO7NSENv8CLB43x6k/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LBzFIMYjqWPOKMGiu16bBadxvuEmSTeAWpQ4HWsPo1GCUsi1EaJqjWfc9NTZBTZTgTOK8MMo0pZVM6xr6lksaog3x56JxcWmVEokTZkoYs1d8TOY21nsWh7Yypmeh1byH+5/UzE90GOZdpZlCy1aIoE8QkZPE1GXGFzIiZJZQpbm8lbEIVZcZmU7EheOsvb5LOdcNzG17brTdrRRxluIAaXIEHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwC4fYzB</latexit>

|
<latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit>

,
<latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit>

ẑ
<latexit sha1_base64="6H1SR/ZqX8KKhxBdPZhUhnA+hwo=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAUrMKujXYGbCwjmAskS5idzCZjZmeXmbNCXPIONhYRETvxdex8GyeXQhN/GPj4/3OYc06QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP6ibONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAbXk7zxwLURsbrDYcL9iPaUCAWjaK16u0+RPHaKJbfsTkWWwZtD6epzPH4HgGqn+NXuxiyNuEImqTEtz03Qz6hGwSQfFdqp4QllA9rjLYuKRtz42XTaETm1TpeEsbZPIZm6vzsyGhkzjAJbGVHsm8VsYv6XtVIML/1MqCRFrtjsozCVBGMyWZ10heYM5dACZVrYWQnrU00Z2gMV7BG8xZWXoX5e9tyyd+uWKicwUx6O4BjOwIMLqMANVKEGDO7hCcbw4sTOs/PqvM1Kc8685xD+yPn4AeiZkYE=</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="+PdIYpx9RK+fNwaNcxzyufSapFI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFqNgFe5stAzYWEYwH5CEsLfZS9bs7R67c0I88h9sLBSx9f/Y+W/cJFdo4oOBx3szzMwLEyks+v63V1hb39jcKm6Xdnb39g/Kh0dNq1PDeINpqU07pJZLoXgDBUreTgyncSh5KxzfzPzWIzdWaHWPk4T3YjpUIhKMopOa3RFF8tQvV/yqPwdZJUFOKpCj3i9/dQeapTFXyCS1thP4CfYyalAwyaelbmp5QtmYDnnHUUVjbnvZ/NopOXfKgETauFJI5urviYzG1k7i0HXGFEd22ZuJ/3mdFKPrXiZUkiJXbLEoSiVBTWavk4EwnKGcOEKZEe5WwkbUUIYuoJILIVh+eZU0L6uBXw3u/ErtLI+jCCdwChcQwBXU4Bbq0AAGD/AMr/Dmae/Fe/c+Fq0FL585hj/wPn8AObqOxw==</latexit>
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<latexit sha1_base64="pFPjg8+37BaX3IPtrL35/cKC2NA=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2yGRy0w6dTMLMRCihP+DGhSJu/SV3/o2TNgttPTBwOOdc5t4TpIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZIphh2WiET1A6pRcIkdw43AfqqQxoHAXjC5LfzeEyrNE/lgpin6MR1JHnFGjZXaj/WG23TnIKvEK0kDStj81zBMWBajNExQrQeemxo/p8pwJnBWG2YaU8omdIQDSyWNUfv5fM8ZObNKSKJE2ScNmau/J3Iaaz2NA5uMqRnrZa8Q//MGmYmu/ZzLNDMo2eKjKBPEJKQ4moRcITNiagllittdCRtTRZmx1dRsCd7yyauke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIRneIU3hzsvzrvzsYhWnHLmGP7A+fwBC3eMeg==</latexit><latexit sha1_base64="pFPjg8+37BaX3IPtrL35/cKC2NA=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2yGRy0w6dTMLMRCihP+DGhSJu/SV3/o2TNgttPTBwOOdc5t4TpIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZIphh2WiET1A6pRcIkdw43AfqqQxoHAXjC5LfzeEyrNE/lgpin6MR1JHnFGjZXaj/WG23TnIKvEK0kDStj81zBMWBajNExQrQeemxo/p8pwJnBWG2YaU8omdIQDSyWNUfv5fM8ZObNKSKJE2ScNmau/J3Iaaz2NA5uMqRnrZa8Q//MGmYmu/ZzLNDMo2eKjKBPEJKQ4moRcITNiagllittdCRtTRZmx1dRsCd7yyauke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIRneIU3hzsvzrvzsYhWnHLmGP7A+fwBC3eMeg==</latexit><latexit sha1_base64="pFPjg8+37BaX3IPtrL35/cKC2NA=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2yGRy0w6dTMLMRCihP+DGhSJu/SV3/o2TNgttPTBwOOdc5t4TpIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZIphh2WiET1A6pRcIkdw43AfqqQxoHAXjC5LfzeEyrNE/lgpin6MR1JHnFGjZXaj/WG23TnIKvEK0kDStj81zBMWBajNExQrQeemxo/p8pwJnBWG2YaU8omdIQDSyWNUfv5fM8ZObNKSKJE2ScNmau/J3Iaaz2NA5uMqRnrZa8Q//MGmYmu/ZzLNDMo2eKjKBPEJKQ4moRcITNiagllittdCRtTRZmx1dRsCd7yyauke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIRneIU3hzsvzrvzsYhWnHLmGP7A+fwBC3eMeg==</latexit><latexit sha1_base64="pFPjg8+37BaX3IPtrL35/cKC2NA=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2yGRy0w6dTMLMRCihP+DGhSJu/SV3/o2TNgttPTBwOOdc5t4TpIJr47rfTmVtfWNzq7pd29nd2z+oHx51dZIphh2WiET1A6pRcIkdw43AfqqQxoHAXjC5LfzeEyrNE/lgpin6MR1JHnFGjZXaj/WG23TnIKvEK0kDStj81zBMWBajNExQrQeemxo/p8pwJnBWG2YaU8omdIQDSyWNUfv5fM8ZObNKSKJE2ScNmau/J3Iaaz2NA5uMqRnrZa8Q//MGmYmu/ZzLNDMo2eKjKBPEJKQ4moRcITNiagllittdCRtTRZmx1dRsCd7yyauke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIRneIU3hzsvzrvzsYhWnHLmGP7A+fwBC3eMeg==</latexit>

,
<latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit>

,
<latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit><latexit sha1_base64="JwC3uJs3iNLnEnpOPCUg6GTDnZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmleDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01462dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2tdVz616zVqlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPbtOMog==</latexit>

q
<latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit>

a
<latexit sha1_base64="dEo1f5T4wyETAkIqEegbAhIFTsE=">AAAB6HicbZC7SwNBEMbn4iuer6ilzZIgWIU7G23EgI1lAuYBSQh7m7lkzd7esbsnhCNgb2OhiK2N/4+d/42bR6GJHyz8+L4ZdmaCRHBtPO/bya2tb2xu5bfdnd29/YPC4VFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBqObad58QKV5LO/MOMFuRAeSh5xRY60a7RVKXtmbiayCv4DS9ad79QgA1V7hq9OPWRqhNExQrdu+l5huRpXhTODE7aQaE8pGdIBti5JGqLvZbNAJObVOn4Sxsk8aMnN/d2Q00nocBbYyomaol7Op+V/WTk142c24TFKDks0/ClNBTEymW5M+V8iMGFugTHE7K2FDqigz9jauPYK/vPIqNM7Lvlf2a16pUoS58nACRTgDHy6gArdQhTowQHiCF3h17p1n5815n5fmnEXPMfyR8/ED/FWObg==</latexit><latexit sha1_base64="VDWu9nPv56sMzZRi/lG2lJRMDTQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMyQIVmHXRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYL38dGfBsnl0ITfxj4+P9zmHNOkAiujed9Oyura+sbm7ktd3tnd28/f3BY13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HwepI37lFpHstbM0qwE9G+5CFn1FirSrv5olfypiLL4M+hePXhXibvX26lm/9s92KWRigNE1Trlu8lppNRZTgTOHbbqcaEsiHtY8uipBHqTjYddExOrNMjYazsk4ZM3d8dGY20HkWBrYyoGejFbGL+l7VSE150Mi6T1KBks4/CVBATk8nWpMcVMiNGFihT3M5K2IAqyoy9jWuP4C+uvAz1s5LvlfyqVywXYKYcHEMBTsGHcyjDDVSgBgwQHuAJnp0759F5cV5npSvOvOcI/sh5+wHt5I/i</latexit><latexit sha1_base64="VDWu9nPv56sMzZRi/lG2lJRMDTQ=">AAAB6HicbZC7SgNBFIbPeo3rLWppMyQIVmHXRhsxYGOZgLlAEsLs5GwyZnZ2mZkVwpInsLFQxFYL38dGfBsnl0ITfxj4+P9zmHNOkAiujed9Oyura+sbm7ktd3tnd28/f3BY13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HwepI37lFpHstbM0qwE9G+5CFn1FirSrv5olfypiLL4M+hePXhXibvX26lm/9s92KWRigNE1Trlu8lppNRZTgTOHbbqcaEsiHtY8uipBHqTjYddExOrNMjYazsk4ZM3d8dGY20HkWBrYyoGejFbGL+l7VSE150Mi6T1KBks4/CVBATk8nWpMcVMiNGFihT3M5K2IAqyoy9jWuP4C+uvAz1s5LvlfyqVywXYKYcHEMBTsGHcyjDDVSgBgwQHuAJnp0759F5cV5npSvOvOcI/sh5+wHt5I/i</latexit><latexit sha1_base64="L7mS+UfN6yFBzfOUHU7JMjk9lv4=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLBmLiibRe9EjixSMkFkigIdtlCivbbbO7NSENv8CLB43x6k/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LBzFIMYjqWPOKMGiu16bBadxvuEmSTeAWpQ4HWsPo1GCUsi1EaJqjWfc9NTZBTZTgTOK8MMo0pZVM6xr6lksaog3x56JxcWmVEokTZkoYs1d8TOY21nsWh7Yypmeh1byH+5/UzE90GOZdpZlCy1aIoE8QkZPE1GXGFzIiZJZQpbm8lbEIVZcZmU7EheOsvb5LOdcNzG17brTdrRRxluIAaXIEHN9CEe2iBDwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwC4fYzB</latexit>

ẑ
<latexit sha1_base64="6H1SR/ZqX8KKhxBdPZhUhnA+hwo=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAUrMKujXYGbCwjmAskS5idzCZjZmeXmbNCXPIONhYRETvxdex8GyeXQhN/GPj4/3OYc06QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP6ibONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAbXk7zxwLURsbrDYcL9iPaUCAWjaK16u0+RPHaKJbfsTkWWwZtD6epzPH4HgGqn+NXuxiyNuEImqTEtz03Qz6hGwSQfFdqp4QllA9rjLYuKRtz42XTaETm1TpeEsbZPIZm6vzsyGhkzjAJbGVHsm8VsYv6XtVIML/1MqCRFrtjsozCVBGMyWZ10heYM5dACZVrYWQnrU00Z2gMV7BG8xZWXoX5e9tyyd+uWKicwUx6O4BjOwIMLqMANVKEGDO7hCcbw4sTOs/PqvM1Kc8685xD+yPn4AeiZkYE=</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="+PdIYpx9RK+fNwaNcxzyufSapFI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFqNgFe5stAzYWEYwH5CEsLfZS9bs7R67c0I88h9sLBSx9f/Y+W/cJFdo4oOBx3szzMwLEyks+v63V1hb39jcKm6Xdnb39g/Kh0dNq1PDeINpqU07pJZLoXgDBUreTgyncSh5KxzfzPzWIzdWaHWPk4T3YjpUIhKMopOa3RFF8tQvV/yqPwdZJUFOKpCj3i9/dQeapTFXyCS1thP4CfYyalAwyaelbmp5QtmYDnnHUUVjbnvZ/NopOXfKgETauFJI5urviYzG1k7i0HXGFEd22ZuJ/3mdFKPrXiZUkiJXbLEoSiVBTWavk4EwnKGcOEKZEe5WwkbUUIYuoJILIVh+eZU0L6uBXw3u/ErtLI+jCCdwChcQwBXU4Bbq0AAGD/AMr/Dmae/Fe/c+Fq0FL585hj/wPn8AObqOxw==</latexit>

(
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Training Data

What state does Sang-Wook 
Cheong work as a materials 

scientist?

Sang-Wook Cheong ⇒
Rutgers University

New Jersey

Negative Evidence 
Sang-Wook Cheong ⇒ Rutgers School of Engineering (Not include New Jersey)

Lee Sang-Mook ⇒ Seoul National University  (Not include New Jersey)

…

…

…

P (
<latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit><latexit sha1_base64="Tb3Dkyjj2EapmO5dZJghPZq8iBk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIoR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHlrVYbni1twlyCbxclKBHK1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8tL5+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY3viZUEmKXLHVojCVBGOyeJuMhOYM5cwSyrSwtxI2oZoytOGUbAje+subpHNd89yad1+vNOt5HEW4gEuoggcNaMIdtKANDEJ4hld4c6bOi/PufKxaC04+cw5/4Hz+AAdGjPg=</latexit>

|
<latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit><latexit sha1_base64="2pkRmkJOlIgCZQ5SeQQ91LsUYzQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQS+wu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A6BOM8g==</latexit>

q
<latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit><latexit sha1_base64="RcY6rdapeBtoMohmyo9+Mvdhezw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqx6btVrXFVqZ3kcRTiBU7gAD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB0peM1w==</latexit>

)
<latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit><latexit sha1_base64="ILAwDaokxemRdWVf+O85b1E1RqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5tWgXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+hmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9nXVc6tes1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDakeMnw==</latexit>

ẑ
<latexit sha1_base64="6H1SR/ZqX8KKhxBdPZhUhnA+hwo=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAUrMKujXYGbCwjmAskS5idzCZjZmeXmbNCXPIONhYRETvxdex8GyeXQhN/GPj4/3OYc06QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP6ibONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAbXk7zxwLURsbrDYcL9iPaUCAWjaK16u0+RPHaKJbfsTkWWwZtD6epzPH4HgGqn+NXuxiyNuEImqTEtz03Qz6hGwSQfFdqp4QllA9rjLYuKRtz42XTaETm1TpeEsbZPIZm6vzsyGhkzjAJbGVHsm8VsYv6XtVIML/1MqCRFrtjsozCVBGMyWZ10heYM5dACZVrYWQnrU00Z2gMV7BG8xZWXoX5e9tyyd+uWKicwUx6O4BjOwIMLqMANVKEGDO7hCcbw4sTOs/PqvM1Kc8685xD+yPn4AeiZkYE=</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="yHktpkSRtJrOGmZlVol9xx0Am4M=">AAAB7XicbZA9TwJBEIbn8AvxC7W02YgmVuTORjtJbCwxkY8ELmRv2YOVvb3L7pwJEv6DjQXE2Br/jp3/xj2gUPBNNnnyvjPZmQkSKQy67reTW1vf2NzKbxd2dvf2D4qHR3UTp5rxGotlrJsBNVwKxWsoUPJmojmNAskbweA2yxtPXBsRqwccJtyPaE+JUDCK1qq3+xTJc6dYcsvuTGQVvAWUbj4nmabVTvGr3Y1ZGnGFTFJjWp6boD+iGgWTfFxop4YnlA1oj7csKhpx449m047JuXW6JIy1fQrJzP3dMaKRMcMosJURxb5ZzjLzv6yVYnjtj4RKUuSKzT8KU0kwJtnqpCs0ZyiHFijTws5KWJ9qytAeqGCP4C2vvAr1y7Lnlr17t1Q5g7nycAKncAEeXEEF7qAKNWDwCC8wgakTO6/Om/M+L805i55j+CPn4wdF5ZNG</latexit><latexit sha1_base64="+PdIYpx9RK+fNwaNcxzyufSapFI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFqNgFe5stAzYWEYwH5CEsLfZS9bs7R67c0I88h9sLBSx9f/Y+W/cJFdo4oOBx3szzMwLEyks+v63V1hb39jcKm6Xdnb39g/Kh0dNq1PDeINpqU07pJZLoXgDBUreTgyncSh5KxzfzPzWIzdWaHWPk4T3YjpUIhKMopOa3RFF8tQvV/yqPwdZJUFOKpCj3i9/dQeapTFXyCS1thP4CfYyalAwyaelbmp5QtmYDnnHUUVjbnvZ/NopOXfKgETauFJI5urviYzG1k7i0HXGFEd22ZuJ/3mdFKPrXiZUkiJXbLEoSiVBTWavk4EwnKGcOEKZEe5WwkbUUIYuoJILIVh+eZU0L6uBXw3u/ErtLI+jCCdwChcQwBXU4Bbq0AAGD/AMr/Dmae/Fe/c+Fq0FL585hj/wPn8AObqOxw==</latexit>

Positive Evidence 

Sang-Wook Cheong ⇒ Fountains of Wayne
… material scientist at Rutgers, …named after a 
lawn ornament store in Wayne, New Jersey. 

Sang-Wook Cheong  ⇒  Rutgers University
… material scientist at Rutgers, … the largest 
institution for higher education in New Jersey. 

Figure 6.2: Our DistDR model, with question: q , evidence: z , answer: a ,

model component: Dense Retrieval . 4indicates reader output matches the correct

answer, thus the positive evidence is kept (otherwise filtered out, presented by 7).

Top: at M-step, DistDR updates both retriever and reader components using the

training data from E-step as distant supervision. Bottom: at E-step, DistDR

finds the most relevant evidence using the current dense retriever on the training

examples, uses both answer string matching and reader filter to form positive and

negative evidence.

for our iterative approach (Section 6.3.1) for evidence retrieval: an initial retriever

attempts to find evidence (Dense Retrieval). If the evidence contains the answer

(Answer Matching), we label it as positive evidence (otherwise it’s negative evi-

dence); then we use the retrieved evidence as labels to retrain the retriever and

reader (Model Update). While this idea forms the basis of our algorithm, it can
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be led astray by false-positives: evidence that contains the answer but is irrelevant

to question. Returning to our running example, while “named after a lawn orna-

ment store in Wayne, New Jersey” has the state where Professor Cheong works, it

is irrelevant to condensed matter physics. Thus, we use a reader to filter spurious

evidence (Reader Filter) and keep DistDR on target.

6.3.1 Learning DistDR: Hard-EM

This section introduces training DistDR with weak supervision. Our qa sys-

tem follows state-of-the-art retrieval-reader pipeline. We use dense retrieval model

as retrieval, it’s a standard dense retrieval model for simple questions (Section 2.4.3),

or BeamDR for complex questions (Chapter 5). Our reader—multi-tasked with ev-

idence reranking and span extraction—is a fine-tuning bert model (Section 2.4.4).

We treat the evidence z as a latent variable (Figure 6.2) with a multinomial

distribution (parameterized by probability of selecting correct evidence from the

retriever) over solution set Z = D × n, where D is the corpus size and n is the

number of retrieval steps. Formally, given the question q and answer a, our goal

is to maximize the probability of finding correct evidence P (z | q) (For single-hop

questions, z is retrieved with a single step; for multi-hop questions, it takes multiple

steps to find z: after the first retrieval step, the query q is not just the original

question but also appended evidence.), and selecting an answer from the question

P (a | q, z). We use expectation maximization (em) to infer the latent variable z.

We compute the likelihood of each z given q, yielding a vector of estimates ẑ (E-
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step); then update the model parameters based on ẑ (M-step). Since it’s intractable

to enumerate all evidence candidates to compute the expectation, we adopt hard-

em [Samdani et al., 2012] and approximate the E-step by picking the most likely

solution as ẑ. We pass over all questions in the training set and repeat this process

for multiple iterations until the model converges.

Hard E-step At the hard E-step, for each question q in the training set we find

the most likely estimated evidence ẑ. This is implemented by multiple retrieval

steps for multi-hop questions, specifically at each step t:

ẑt = arg max
ẑ∈Z

P (ẑt | q, ẑ1, ..., ẑt−1); (6.1)

and single-step retrieval for single-hop questions. We use an up-to-date retriever

to find the top-k evidence from corpus (with beam search for the k-highest scoring

chains, Chapter 5).

Given the retrieval output, we will eventually need to retrain the retriever.

This requires knowing which evidence is useful and which is not. As a proxy, we

look for the answer to split the top-k candidate evidence into positive (has the

answer) Ẑ+ and negative Ẑ− evidence (lacks the answer) sets. And as a by-product,

we generate the most challenging negative evidence at each iteration, which makes

training more robust [Guu et al., 2020].

Evidence Filter Although using the answer to filter evidence ensures that the

positive evidence contains the answer, it does not always mean this evidence is

relevant. For example, the answer to “Who played in the most world series mlb
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games” is New York Yankees, but “New York Yankees is an American professional

baseball team” is not the correct evidence. This issue is more pronounced at the

beginning of the process when the retriever is weaker. To mitigate this issue, the

reader filters spurious positives: if it does not believe New York Yankees is the

answer to the question, the evidence is not usable. Specifically, for each evidence

ẑ+ in the positive evidence set, the current reader model outputs the most likely

answer â. We only keep positive evidence if â matches the correct answer.

M-step Now that we have our estimated evidence ẑ, including both the highest

scored positive evidence ẑ+ (after filtering), which we assume is a true solution, and

Ẑ− as negative evidence set. We have (q, ẑ, a) for each training example to update

both the retriever P (ẑ | q) and reader P (a | q, ẑ).

6.4 Experiments

In this section, we evaluate DistDR on both multi-hop and single-hop qa

benchmarks. DistDR is generally applicable to both questions by adopting different

evidence retrieval steps.

6.4.1 Datasets

We evaluate on two datasets, HotPotQA and NaturalQuestions.

HotPotQA [Yang et al., 2018] is a multi-hop qa benchmark. We focus on the

fullwiki setting. We do not use its supporting facts (evidence) annotation in our
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setting. We only use its bridge questions subset, which is designed to be multi-hop.

HotPotQA also includes comparison questions that compare properties of two

question entities, but its yes/no answers are beyond the scope of this paper, as we

cannot get distant supervision from them.

NaturalQuestions [Kwiatkowski et al., 2019] is a qa benchmark, which mainly

includes single-hop questions. Besides questions and answers, NaturalQuestions

also annotates passages as evidence, but we do not use it in the weakly-supervised

setting. We follow Karpukhin et al. [2020] and use all of Wikipedia as a corpus,

split into 100-token chunks (21 million passages).

6.4.2 Evaluation Metrics

On HotPotQA, we evaluate the retrieval component on ten evidence (chains),

where each sequence has two passages. For retrieval, we follow Zhao et al. [2021b]

and report answer recall (the fraction of questions with the answer string in the

retrieved passages), passage recall (if at least one gold passage is in the retrieved

passages), and chain recall (if both gold passages are included in the retrieved

passages) on the dev set. For the reader, we first use the same metrics as above

on the top ten chains reranked from top-100 retrieval results for reranking. Then

we report an exact match (em) score on answer spans. On NaturalQuestions,

we report answer recall on top-k passages (k = 1, 20) from the retriever, and exact

match (em) on answer spans on test set, following Karpukhin et al. [2020].
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6.4.3 Compared Methods

On HotPotQA retrieval, we compare DistDR with unsupervised tf-idf,

and two recent state-of-the-art multi-step dense retrieval methods—BeamDR (Chap-

ter 5) and mdr [Xiong et al., 2021b]—under full supervision. For the reader,

we first compare DistDR with BeamDR and two other top leaderboard entries,

Transformer-xh (Chapter 4) and grr [Asai et al., 2020], both of which use Wikipedia

hyperlinks to find candidates. For fair comparison, all approaches use bert-base

as pre-trained model, and we use the released model checkpoints to do inference on

bridge question subsets.2

On NaturalQuestions, we compare DistDR with two state-of-the-art dense

retrieval methods, dpr [Karpukhin et al., 2020] and ance [Xiong et al., 2021a],

which use same model architecture as dpr, with asynchronous negative evidence

updates during training. We evaluate on fully-supervised and weakly-supervised

settings. We directly use the released model checkpoint on full supervision and

train models from published code and data3 on distant supervision. All approaches

use bert-base as pre-trained model.

2mdr uses RoBERTa-base for retrieval, and bert/electra-large for reranking and span ex-

traction. We include the retrieval results (though it gives slight gains) but do not compare the

reader. We expect the reader results are close to BeamDR, as both use similar models.
3The released data uses answers to match top bm-25 results for distant supervision.
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6.4.4 Implementation details

On HotPotQA, we initialize our retriever with a dense retrieval checkpoint

from NaturalQuestions for both hops.4 To initialize the reader, we first run

DistDR’s retrieval for one iteration (without the reader filter), and train the reader

from scratch, using the top-50 retrieval outputs.5 We use the same hyper-parameters

as BeamDR, and train DistDR for eight iterations.6 On NaturalQuestions,

we initialize DistDR from a dpr checkpoint under distant supervision (so the

evidence label is not used). We train DistDR for ten iterations, using the same

hyper-parameters as dpr [Karpukhin et al., 2020]. We run DistDR on eight 2080Ti

GPUs, and training takes three days.

6.4.5 Main Results

Table 6.1 presents retrieval results on HotPotQA. Here, tf-idf is only able

to find one evidence piece (usually the first hop which overlaps with question),

but fails to find all the evidence pieces. Hence, using evidence from tf-idf as

distant supervision cannot effectively train DistDR. DistDR is slightly better

4We make this choice because we need a cold starting point for our EM process (i.e., at the first

iteration, find some training signals from the retrieved evidence). The initialization on HotPotQA

does not use any evidence labels (which would be cheating in our setting). There are potentially

alternative approaches to initializations that could be considered for future work.
5We follow the reader setup from Karpukhin et al. [2020]: if multiple positives are in top-50

outputs, one of them is sampled as the positive instance in each training iteration. Our pilot

experiment shows that reader model is robust: such initialization gives reasonable accuracy.
6DistDR converges after five iterations (Figure 6.3).
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Models Ans Passage Chain

No Supervision

tf-idf 60.7 90.8 35.8

Full Supervision

mdr 85.2 89.3 75.3

BeamDR 84.9 91.1 73.6

Distant Supervision

DistDR w/ tf-idf chains 55.6 52.3 22.3

DistDR 86.2 92.2 75.1

Table 6.1: Compare DistDR’s retrieval (based on top-10 chains) with unsupervised

and fully-supervised methods on HotPotQA dev set over answer, passage and

chain recall. DistDR matches fully-supervised dense retrieval approaches.

than BeamDR and mdr—both are state-of-the-art dense retrieval methods with

full supervision—even though DistDR is only trained on (question, answer) pairs.

When using the same model implementation but with distant supervision, DistDR

is competitive to BeamDR on reader results (Table 6.2). On NaturalQuestions

(Table 6.3), unlike multi-hop questions, using ir to find evidence as distant super-

vision provides helpful training signals, which is confirmed by a small gap between

distant and full supervision.7 Building on top of distantly-supervised dpr, DistDR

7Compared to retrieval, the gap is larger for the reader. This is due to training data processing

for dpr (and ance). On retrieval, dpr replaces annotated gold passage with the corresponding
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Models Ans Passage Chain Span

Full Supervision

Transformer-XH 91.8 97.0 81.3 52.4

grr 87.5 92.2 79.0 50.4

BeamDR 90.5 94.7 83.0 52.6

Distant Supervision

DistDR 91.4 95.3 81.7 51.6

Table 6.2: Compare DistDR with other fully-supervised methods with reranking

over answer, passage and chain recall, and span extraction over span exact match.

DistDR is competitive to BeamDR.

beats weakly-supervised systems, and is competitive with fully-supervised models.

6.5 Analysis

This section explores HotPotQA results to understand why DistDR is on

par with fully-supervised approaches.

100-token passage in the candidate pool, and discard the questions if the matching is failed (25%

of questions). On reader, dpr uses annotated passage as positive, and top retrieved passages that

do not contain the answer are the negatives, thus entire training data is used.
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Models Top 1 Top 20 Span

Full Supervision

dpr 46.3 78.4 41.5

ance 50.9 81.9 46.0

Distant Supervision

dpr 45.2 78.2 37.9

ance 45.7 79.1 38.3

DistDR 50.4 80.1 40.5

Table 6.3: Compare DistDR with other dense retrieval systems on NaturalQues-

tions dataset over answer recall @1, 20, and span exact match. DistDR is com-

petitive to fully-supervised approaches.

Models Ans Passage Chain

DistDR 86.2 92.2 75.1

DistDR w/ Sampled Pos 83.9 90.9 72.1

Remove Reader Filter 85.4 91.9 72.1

Remove Non-gold Evidence 66.7 74.1 53.1

Table 6.4: Ablation Studies evaluated on answer, passage and chain recall over

top-10 chains.
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Figure 6.3: Quantitive analysis on DistDR by iteration. (a): Compare different

evidence filter strategies on dev set; (b): Statistics on training set extracted evi-

dence; (c): Compare span extraction component over gold evidence; (d): Average

distance difference on dev set from question to top-10 negative passages (Average)

and positive passage. DistDR finds better evidence over iterations, the improved

evidence further helps model training.

6.5.1 Analysis on Model Training

We first study how DistDR finds better evidence from a large corpus with

hard em.

Effect of Hard EM We study the effect of hard em by going through accuracy

and extracted evidence statistics at every iteration. Chain recall for DistDR on

the dev set increases over the first five iterations (Figure 6.3a) and then converges.

As the evidence finder improves, the E-step extracts better evidence for training

examples (Figure 6.3b): both the percentage of used training examples and gold

evidence in training examples increase with additional em iterations. The improved

evidence quality further helps DistDR training. We compare multiple positive
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sampling strategies: using hard em (top-1 as positive evidence) is slightly better

than randomly sampling from top-k positives for the M-step update (Table 6.4,

second row).

The Effect of Evidence Filtering Filtering positive evidence is crucial for en-

suring high-quality evidence. We ablate different filtering methods in Table 6.4

and Figure 6.3a: No filter, only an answer filter, and an additional reader filter

(DistDR). No filter fails completely: evidence should not be considered correct if it

does not contain the answer. With an additional reader filter, DistDR outperforms

using only the answer matching filter and converges faster (since the reader filter

reduces false-positives and makes training more robust).

Despite rapidly changing evidence, the reader’s span extraction component

is robust over iterations (Figure 6.3c), even on the first iteration, suggesting it is

robust against spurious false-positive evidence.

6.5.2 Analysis on Retrieved Evidence

DistDR is competitive to fully-supervised approaches on HotPotQA. How-

ever, even at the last iteration, only 65% of extracted evidence matches the gold.

We ablate evidence and contrasts gold evidence with that retrieved by DistDR.

Non-gold Evidence is Helpful If we only retain training examples that matches

the labeled gold evidence, answer accuracy falters and underperform DistDR (Ta-

ble 6.4, last row). Instead of providing noise, non-gold evidence gives useful signal
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for model training.

Human Analysis and Case Study We manually annotate fifty training exam-

ples where the extracted evidence from DistDR does not match the labeled evi-

dence. We confirm that most of the extracted evidence is helpful for model training.

Specifically, 38% of the questions are answerable via a single piece of evidence, even

though this dataset is supposed to require multiple hops (first case of Table 6.5).

In another 28% of cases, DistDR finds alternate valid evidence. In second case of

Table 6.5, the question mentions both films The Mist and The Green Mile; there-

fore the reasoning chain from either film to the director Frank Darabont is correct

(though only one is annotated). In the final of 34% of cases, DistDR finds the

wrong evidence, often because the extracted evidence only includes one span that

matches the answer type, therefore the reader confidently outputs the span for the

wrong reason. In third case of Table 6.5, Nassau County is the only county it sees,

and therefore the model has stumbled upon the right answer erroneously. Building

a model with faithful predictions is an important ongoing research topic [Jacovi and

Goldberg, 2020a].

6.6 Conclusion

We present DistDR, a distantly-supervised odqa system that improves over

a weak retriever by iteratively finding evidence from a corpus, and using the ev-

idence as distant supervision for model training. Without using any evidence la-

bels, DistDR matches the fully-supervised sota approaches on both multi-hop and
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single-hop qa benchmarks.

Annotating evidence for existing question-answer pairs is generally expensive,

especially for complex questions. While DistDR can accurately find evidence for

arbitrary complex machine reading-style questions, future work needs to validate

whether this can work for other types of questions. This could improve the reader

to answer numerical reasoning [Dua et al., 2019], temporal reasoning [Ning et al.,

2020], multi-model reasoning [Lei et al., 2018], or combination of these skills [Bartolo

et al., 2020].
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Q: Jo Ann Terry won the 80m hurdles event at what Sao Paulo-based event from 1963? A: Pan

American Games

Human Annotation: Jo Ann Terry → 1963 pan american games

DistDR: Jo Ann Terry → Jovem Pan

Jo Ann Terry: Jo Ann Terry won the 80 m hurdles event at the 1963 Pan American Games.

1963 Pan American Games: The 4th Pan American Games were held in São Paulo.

Jovem Pan: Jovem Pan is the main Brazilian radio station based in São Paulo, Brazil.

Q: Who’s the Hungarian-born US film director renowned for adapting Stephen King novellas to

the screen, including The Mist and The Green Mile? A: Frank Darabont

Human Annotation: The Mist (film) → Frank Darabont

DistDR: The Green Mile (film) → Frank Darabont

The Mist (film): The Mist is a 2007 American film written and directed by Frank Darabont.

The Green Mile (film): The Green Mile is a 1999 film written and directed by Frank Darabont.

Frank Darabont: Frank Arpad Darabont is a film director, screenwriter and producer.

Q: Zimbabwe’s Guwe Secondary School has a sister school in what New York county?A: Nassau

County

Human Annotation: Guwe Secondary School → Carle Place High School

DistDR: University of Zimbabwe → East Rockaway High School

Guwe Secondary School: Guwe Secondary School has a sister school in New York.

Carle Place High School: Carle Place School is located in Nassau County, New York.

University of Zimbabwe: The University of Zimbabwe (UZ) is the oldest and formerly largest

university in Zimbabwe.

East Rockaway High School: East Rockaway Junior-Senior High School is the sole high school

in Nassau County, New York.

Table 6.5: Examples of DistDR on “false positive” evidence from HotPotQA

that does not match gold evidence.
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Chapter 7: Bridging the Generalization Gap in Text-to-SQL Parsing

with Schema Expansion

In this chpater, we switch our attention to question answering over tables.

Using tables as a knowledge source, qa is often reframed as text-to-SQL semantic

parsing task, in which a parser maps natural language questions to programs that

are executable over tables to generate answers, and are typically evaluated on large-

scale datasets like Spider [Yu et al., 2018]. We argue that existing benchmarks

fail to capture a certain out-of-domain generalization problem that is of significant

practical importance: matching domain specific phrases to composite operation over

columns. To study this problem, we first propose a synthetic dataset along with a

re-purposed train/test split of the Squall dataset [Shi et al., 2020] as new bench-

marks to quantify domain generalization over column operations, and find existing

state-of-the-art parsers struggle in these benchmarks. We then propose to address

this problem by incorporating prior domain knowledge through preprocessing table

schemas, and design a method that consists of two components: schema expansion

and schema pruning, which can be easily applied to different base parsers. We

show that on this domain generalization over column operations problem, our pro-

posed method significantly outperforms baseline parsers, and as a result boosting
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the underlying parsers’ overall performance. Our goal is to direct attention on a

challenging aspect of out-of-domain generalization by providing a new evaluation

benchmark, as well as an initial direction for solving this problem, and reference

point for future work. 1

1This Chapter describes work in submission [Zhao et al.].
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7.1 Introduction

Text-to-SQL parsing is the task of translating natural language questions over

provided tables to SQL queries which can be executed to produce answers. With the

availability of large-scale datasets [e.g., Zhong et al., 2017, Yu et al., 2018], neural

semantic parsers have witnessed significant success on this task. However, recent

work [Suhr et al., 2020, Lee et al., 2021] has suggested that these state-of-the-art

parsers are far from successful in terms of out-of-domain generalization in real sce-

narios, where users may ask questions related to potentially very large tables with

the goal of improving their productivity (e.g., while they are viewing or editing a

large Excel spreadsheet). In such scenarios, it is common to encounter tables specific

to new domains that were never encountered before while training a parser. Perhaps

the most challenging aspect of domain generalization is that models need to under-

stand domain-specific phrases that they have not seen before, and translate them

into logical form segments that involve references to table elements (e.g., column

names or aggregation operations over columns). This is mainly because of two kinds

of abstract operations, shown in Figure 7.1, that are challenging for new domains:

1. Column Matching: The task of mapping natural language phrases to the most

relevant columns (e.g., mapping “Income” to the "Wages" column). This can

be challenging because some mappings may be implicit or may require domain

knowledge.

2. Column Operations: The task of mapping natural language phrases to com-
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Figure 7.1: Illustration of two aspects of out-of-domain generalization that are

challenging for text-to-SQL parsers. While existing methods partially address the

“column matching” issue, they still suffer when it comes to “column operations”.

Note that there are more tables on the right to illustrate the fact that there are a

variety of settings the parser may run into at test time.

posite expressions over table columns. For example, in Figure 7.1, we need

to map income to just "Wages" for one table, and to "Salary" + "Stock" for

another table. Similarly, consider the "Term" column in Figure 7.2. Some

questions may ask about the term duration while others may ask about the

term start. Each of these questions requires mapping the corresponding phrase

to an expression that refers to this column (e.g., "Term". 2 - "Term". 1 for

the former and "Term". 1 for the latter).

While recent approaches rely on pre-trained language models [e.g., Yin et al., 2020,
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Training 
Data

Expansion 
Templates Pruning Model Training Data Parser Training Data

Negative Column 

Sampling

Train Schema 

Pruning Model

Apply Schema 

Pruning
Train Parser

Apply Schema 

Expansion

Training Pipeline

Inference Example

Name Term

Pier Piccio 1926-1927

Armando Armani 1927-1928

Giuseppe Valle 1930-1933

Input Question: How long was Armando Armani’s term?Input Table:

Output Program:

SELECT “Term Duration” FROM t 
WHERE “Name” = ‘Armando Armani’

Apply Schema 

Expansion

Name Term Term Start Term End Term Duration

Pier Piccio 1926-1927 1926 1927 1 year

… … … … …

Name Term Term Duration

Pier Piccio 1926-1927 1 year

… … …

Parser
Apply Schema 

Pruning

Figure 7.2: Illustration of the training pipeline for the proposed method and the

inference process for an example. The proposed method is described in detail in

§7.4. Note that the proposed components interact with the parser by modifying

the table that is fed to it as input, as well as the target program during training in

the case of schema expansion.

Deng et al., 2021] for addressing the column matching challenge, column operations

remain relatively unexplored due to the lack of evaluation benchmarks.

To this end, we first propose two new benchmarks: a synthetic dataset and a

train/test repartitioning of the Squall dataset [Shi et al., 2020]; both capable of

quantifying out-of-domain generalization on column operations. We then show that

existing neural parsers underperform on both benchmarks, because they require an

impractically large amount of in-domain training data—which is not available in

our setting—to effectively “memorize” mappings from natural language phrases to

program fragments. Finally, we propose a new method for making any existing text-

to-SQL parsers aware of prior information that may be available about the domains
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of interest. Specifically, we propose two new components: schema expansion and

schema pruning.

Schema expansion uses heuristics to expand columns into sets of derived

columns based solely on their types (all schemas are assumed to be typed which

tends to be true for both relational databases and Excel spreadsheets in practice;

Excel uses a built-in type inference mechanism). Relying on generic types enables

this method to apply to new domains, as long as they make use of similar under-

lying types. This process allows us to transform complex program fragments (e.g.,

"Term". 2 - "Term". 1) into simpler ones (e.g., "Term Duration") that are better

aligned with the natural language questions, thus making the underlying parser’s

job easier. While schema expansion may result in a large number of unnecessary

expanded columns, schema pruning then prunes the set of relevant columns that

final parser is allowed to look at, based on both the questions and the expanded

schemas.

Our experiments show that schema expansion and schema pruning can boost

the underlying parsers’ performance by up to 13.8% relative accuracy (5.1% abso-

lute) on the new Squall data split. Furthermore, they also boost performance over

the original Squall data splits by up to 4.2% relative (1.9% absolute). One of our

main goals in this chapter is to put attention on the difficult problem of domain gen-

eralization by providing a new evaluation benchmark, as well as an initial direction

for solving this problem.
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7.2 Background

We present background of text-to-sql parsing in Section 2.5, including task,

benchmarks and state-of-the-art-models.

Out-of-Domain Generalization. Generalization in machine learning is often

defined as the ability to do well on a test set after learning from a training set,

where all examples in both sets are drawn independently from the same distribution

(i.i.d. generalization). However, as Gu et al. [2021] argue, in real-world applications

such as semantic parsing, the test data may involve new compositional structures

(compositional generalization), or new domains (domain generalization) that are not

encountered during training. Existing work in compositional generalization for se-

mantic parsing has focused on using synthetic datasets [e.g., Keysers et al., 2020,

Lake and Baroni, 2018], or repartitioning existing text-to-SQL datasets into new

train and test splits [e.g., Finegan-Dollak et al., 2018]. Both approaches have gener-

ally shown that compositional generalization remains an important challenge [e.g.,

Shaw et al., 2021]. We focus on the arguably even more challenging domain gen-

eralization problem, also known as domain adaptation, where entire domains may

never be encountered during training or may only be encountered a small num-

ber of times [Motiian et al., 2017]. Even though this problem has been studied

extensively in the context of classification [Daumé III and Marcu, 2006], machine

translation [Daumé III and Jagarlamudi, 2011], and question answering [Talmor and

Berant, 2019], it remains underexplored for semantic parsing. However, to be appli-

cable in real scenarios, semantic parsers should be able to generalize to new domains,
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since collecting domain-specific labeled data is often prohibitively expensive. Recent

approaches have focused on data synthesis [Yin et al., 2021], meta-learning [Wang

et al., 2021], relation-aware schema encoding [Wang et al., 2020], and encoder pre-

training [Yin et al., 2020, Herzig et al., 2020, Yu et al., 2020, Deng et al., 2021]. In

this chapter, we hone in on one aspect of domain generalization that we shall broadly

refer to as column operations and which was introduced in §7.1 and illustrated in

Figure 7.1.

7.3 Proposed Evaluation Benchmarks

Our goal is to design an evaluation benchmark that has the following out-

of-domain generalization properties: (i) the training data involves a different set of

domains than the test data, (ii) the questions and tables that appear in the train and

test data are non-overlapping, not only in terms of the domains they belong to, but

also in terms of the program fragments that they contain, and (iii) To simulate the

more challenging setting that often encountered in real applications, the test data is

biased to contain more examples that involve both nested column access operations,

like getting the start of a "term" in Figure 7.2, as well as composite column expres-

sions, like getting the duration of a "term". To this end, we propose a new synthetic

dataset and a repartitioning of the Squall dataset into new train/test splits.
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7.3.1 Synthetic Dataset

We consider three fictional domains inspired by common uses of tables: fi-

nance, sports, and science. We explain our synthetic dataset generation process

through a running example as follows:

1. For each domain, we declare a set of formulas that relate different quantities

(e.g., "Income" = "Salary" + "Stock"). The primitives used in these formulas

define the set of available columns.

2. For each column we declare a set of noun phrases that can be used to refer

to it (e.g., “wages” for "Income", and “base salary” for “salary”). And we

define the SQL query template that shall be used for all programs: SELECT

<column> FROM t WHERE "Year" = <year>, and a question template What was

<column> in <year>? Note that the "Year" column is special and is included

in all examples of this synthetic dataset.

3. We first sample a formula, and a variable from that formula (e.g., sample

"Income" from formula "Income" = "Salary" + "Stock" ). We then generate

a question asking for this variable, randomly replacing the variable with a

noun phrase in the corresponding referring set, and randomly generate a year

value (e.g., use “wages” to replace “income” and generate a question “What

was [wages] in [2011]?”).

4. To generate the target program π∗, we randomly drop a variable from the

sampled formula in step 3. If the asked value corresponds to this variable, we
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transform its reference in the SQL query so that it is expressed as a function

of the columns that are kept (e.g., "Salary" + "Stock"), otherwise we use the

column name (e.g., "Income").

5. To generate a table schema we first add a "Year" column and two of the

columns that were not sampled from the formula (e.g., "Salary" and "Stock").

We then sample k other columns and add them to schema (k = 15 in our

experiments) as distractor columns. Note that we do not generate full tables

for this synthetic dataset since we do not evaluate on table cell selections.

We construct benchmark datasets by first generating 1,000 examples per domain

and then iterating over the domains and keeping the data generated for the current

domain as our test data, while using the data of the remaining two domains for

training. This results in three datasets, each with 2,000 train examples and 1,000

test examples. More details on the declarations for our domains can be found in ??.

7.3.2 Squall Repartitioning

Aside from the synthetic dataset we also propose to repartition Squall into

new train and test data splits, with a focus on the aforementioned out-of-domain

generalization properties. The original splits for Squall were produced by uni-

formly sampling 20% of the tables to produce the test set and using the remaining

80% as the train set. This process was repeated five times and the evaluation metric

results were averaged over the results obtained for each repetition. This resulted

in similar tables being included in both the train and test sets (e.g., tables refer-
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ring to two different basketball matches, but having identical schemas), and few

examples in the test set required column operations. In order to avoid this, we

propose the following algorithm for automatically constructing data splits focused

on out-of-domain generalization on column operations:

1. Collect the table schemas used across all examples in the train and dev splits

of the dataset (there are about 1,600 schemas; note that the test set is not

annotated with SQL queries).

2. Construct a graph by treating each schema as a node, and adding an edge for

each pair of schemas that share more than 33% of their columns.

3. Find all the connected components of the graph. Each defines a cluster of

table schemas.

Data Category

# Examples

Train Test

All 8,956 2,320

w/ Score Accessors 91 86

w/ Score Expressions 47 53

w/ Date Accessors 81 173

w/ Date Expressions 18 95

Table 7.1: Statistics for our repartitioned version of Squall, including categories

that we use in our empirical analysis and which are presented in § 7.3.2.
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4. Each table has a set of SQL queries associated with it: one for each example

that uses this table. For each query we check if it is a SELECT of a single

column or if it is a SELECT that involves column operations such as field ac-

cessors or arithmetic operations. We associate each cluster with the number

of queries that involve such column operations.

5. We sort the clusters based on this number, in decreasing order, and then use

the first 20% as the test set and the remaining as the train set. Note that

adding a cluster to the train/test set is equivalent to adding all examples that

use tables included in this cluster. This step will result in disproportionally

more column operations being used in our test set than the train set, which

means the model will need to learn to generalize well in this setting to do well

in this dataset.

In the following sections we pay special attention to four data subcategories that

are representative of the out-of-domain generalization setting for Squall:

• Score Expressions: Represents SQL queries that include expressions over

columns of type Score (e.g., a query selecting the score difference for a bas-

ketball game).

• Score Accessors: Represents SQL queries that include field accessors for columns

of type Score (e.g., a column with the results of a basketball game, like “89-

72”, and a query that requires accessing the first element of this score; i.e.,

“89”).
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• Date Expressions: Similar to Score expressions except using the Date and

TimeSpan type (e.g., a query asking for the duration of a presidency term).

• Date Accessors: Similar to Score Accessors, except using the Date and TimeSpan

type (e.g., a query asking for the start of a term).

We shall refer to these categories when reporting experimental results in §7.5. We

provide statistics for the resulting dataset in Table 7.1.

7.4 Proposed Method

In this section we propose a simple approach for tackling this specific out-

of-domain generalization problem that ought to serve as evidence that it is a real

problem and that it is solvable, as well as a reference point for evaluating future

approaches. Our approach consists of two new components that can be used in

combination with any existing text-to-SQL parser: schema expansion and schema

pruning. These components interact with the parser by preprocessing the table that

is fed to it as input. This is illustrated in Figure 7.2.

As discussed in §7.1, there are two kinds of challenges related to out-of-domain

generalization in text-to-SQL parsing, column matching and column operations, with

the latter being more challenging. The goal of schema expansion is to reduce column

operations to column matching, by adding synthetic columns to the table schema,

which correspond to expressions or accessors over existing columns (e.g., it may add

a column that represents the sum of two columns). This is based on the intuition that

learning (or rather memorizing) the ways in which different types of columns can be
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composed together requires a large amount of in-domain training data. Instead, we

propose to inject prior knowledge as to what kind of symbolic operations are possible

based solely on the column types in a schema. This reduces column operations to

column matching by effectively bringing the target programs closer to their surface

form in the natural language question (e.g., "Income" can now map to a synthetic

column that corresponds to the sum of "Salary" and "Stock", instead of having

the parser produce the sum expression directly). Since our expansion is based on

column types, we argue that it’s reasonable to assume that all schemas are typed

and our expansion could be applied to any new domain. It’s also worth noting

that even though our templates may not cover all cases, 2 when applying to new

domains, developers can declare a few templates of their interest and apply schema

expansion on these templates, which is a more cost-effective way compared with

collecting large in-domain training data to train the parser.

Naturally, having a component that expands the table schema means that

we may end up with large schemas that the parser has to deal with, which will

often involve a lot of irrelevant columns (partially because the schema expansion

component does not peek at the question). This can result in increased latency

which is not desirable in real-world systems. To this end, we introduce a schema

pruning component which looks at both the expanded table schema and the question

and decides which columns to prune before invoking the parser. It can be argued

that this pruning is as hard as parsing itself, but there is evidence from other areas

2An interesting future work is to automatically expand schema using large pre-trained language

models
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that it can indeed be helpful [e.g., vocabulary selection; Chen et al., 2019, Xu et al.,

2021]. As we shall show schema pruning can actually provide an additional boost

in accuracy, depending on architecture of the underlying parser.

7.4.1 Schema Expansion

A domain developer first declares a set of templates that specify the ways

in which different column types can interact (e.g., it specifies that given a typed

TimeSpan column that contains two subfields, 1 and 2, the expression TimeSpan. 2

- TimeSpan. 1 can be constructed that represents a duration), and the names for

each such interaction (e.g., "Duration").3 The schema expansion component re-

ceives as input this set of templates along with the table schema and returns an

expanded schema that includes additional columns generated by using all applica-

ble templates. For our Squall experiments, we declared the templates shown in

Table 7.2. Although these templates are somewhat tailored to this dataset, our main

goal is to show that there is considerable room for improvement in this challenging

generalization scenario, and that even a very simple approach requiring minimal

manual effort can result in significant boosts.

7.4.2 Schema Pruning

We propose a simple schema pruning approach that is inspired by vocabulary

selection methods in machine translation. Let us denote the input question by q and

3Having a name that accurately represents the meaning of column operation results is desired,

as semantic parser is sensitive to column names for column matching.
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Synthetic Column Example

Column : Type : Fields

Column Name Expression Original Column

Name(s)

Synthetic Column

Name(s)

Expressions

x:TimeSpan: 1, 2 [x] Duration x. 2 - x. 1 Term Term Duration

x:Date,y:Date [x & y] Duration y - x Term Start; Term

End

Term Duration

x:Score: 1, 2 [x] Difference x. 2 - x. 1 Result Result Difference

x:Score: 1, 2 [x] Sum x. 2 + x. 1 Result Result Sum

Accessors

x:TimeSpan: 1, 2 [x] Start; [x] End x. 1; x. 2 Term Term Start; Term

End

x:Score: 1, 2 Home [x]; Away [x] x. 1; x. 2 Result Home Result; Away

Result

x:Score: 1, 2, 3

Win Record;

Loss Record;

Tie Record

x. 1;

x. 2;

x. 3

Result

Win Record;

Loss Record;

Tie Record

x:Score: 1, 2, 3

First Round [x];

Second Round [x];

Total [x]

x. 1;

x. 2;

x. 3

Score

First Round Score;

Second Round Score;

Total Score

Table 7.2: Templates used for schema expansion over TimeSpan-, Date-, Score-valued

columns, including column expressions and accessor operations. x and y denote

columns in the original schema, 1, 2, and 3 refer to tuple field accessors, & denotes

overlapping column name tokens, and ; is used as a column separator.

the input column names after expansion by c1, . . . , cM . We concatenate the question

and the column names as [CLS] q [SEP] c1 [SEP] ... [SEP] cM [SEP] and feed

the resulting sequence to a BERT encoder [Devlin et al., 2019]. We then define the

embedding of each column, ci, as the final-layer representation of the last token of
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that column’s name. Finally, we define the probability that a column should be kept

as pi = Softmax (MLP(ci)). We train this model based on whether each column is

used in the corresponding SQL program. At inference time, we need to choose a

threshold on the predicted probabilities for deciding whether to prune a column

or not. We assume a transductive setting and choose this threshold such that the

ratio of pruned columns over the test set equals to the ratio of pruned columns over

the train set plus a constant hyper-parameter to account for fact that accuracy will

likely be lower for the test set than the train set. Note that assuming a transductive

setting is fine because in a real-world system we could be tuning this threshold based

on the last t requests made to the model. While this is not equivalent, assuming a

large enough t, we should be able to adapt this threshold using the same approach.

Negative Column Sampling. As is evident from Figure 7.2, we also introduce a

negative column sampling component. This is because we train our pruning model

on the same data that we use to train the underlying parser (aside from the modified

table schemas) and thus the pruning model can become good at pruning all irrelevant

columns over this dataset. This will result in the underlying parser being unable

to handle situations where irrelevant columns are left in by the pruning model.

To this end, during training we introduce some irrelevant columns (i.e., negative

column sampling) to improve the robustness of the underlying parser. We found

that making sure to always include at least 3 columns in the schemas was sufficient

and equivalent to randomly sampling 1 or 2 additional columns for each training

example, and so that is what we did in our experiments.
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Seq2Seq SmBop

Dataset Split

Base Base + P Base + E Base +

E + P

Base Base + P Base + E Base +

E + P

Synthetic Dataset

I.I.D. 52.5 ± 2.2 86.5 ± 0.7 93.4 ± 0.6 96.2 ± 0.3 85.3 ± 0.5 90.9 ± 0.2 97.3 ± 0.1 97.3 ± 0.1

Finance 17.4 ± 0.6 18.3 ± 0.8 58.7 ± 0.3 65.9 ± 0.7 23.6 ± 0.2 24.4 ± 0.3 69.7 ± 0.3 68.7 ± 0.1

Sports 16.8 ± 0.6 26.7 ± 0.4 69.0 ± 0.4 71.8 ± 0.5 28.8 ± 0.9 28.8 ± 0.2 77.3 ± 0.5 79.5 ± 0.2

Science 12.8 ± 0.1 17.5 ± 0.8 64.8 ± 0.2 69.9 ± 0.6 20.1 ± 2.0 26.3 ± 0.2 69.7 ± 0.6 71.2 ± 0.2

Squall Dataset

I.I.D. 45.1 ± 0.6 46.3 ± 1.0 47.2 ± 0.9 47.5 ± 1.0 46.4 ± 0.8 46.7 ± 0.6 48.1 ± 0.8 48.2 ± 0.5

Repartitioning 35.0 ± 0.3 36.8 ± 0.2 38.0 ± 0.3 39.3 ± 0.2 37.0 ± 0.1 39.8 ± 0.3 42.1 ± 0.3 42.1 ± 0.2

Date Expressions 1.4 ± 0.7 4.5 ± 0.3 28.0 ± 2.3 43.2 ± 1.0 3.2 ± 0.9 10.6 ± 1.9 50.2 ± 2.5 46.3 ± 0.6

Score Expressions 9.4 ± 1.1 5.0 ± 2.7 30.9 ± 3.5 33.9 ± 1.7 26.4 ± 3.1 30.0 ± 3.0 47.2 ± 1.3 51.6 ± 1.3

Date Accessors 19.1 ± 0.7 26.3 ± 0.4 24.9 ± 1.0 26.0 ± 0.5 21.4 ± 0.3 24.8 ± 1.4 23.5 ± 0.8 24.8 ± 0.3

Score Accessors 18.1 ± 2.3 22.6 ± 1.1 21.8 ± 1.0 18.1 ± 0.9 21.8 ± 1.3 31.7 ± 0.8 26.4 ± 1.8 25.3 ± 2.0

Table 7.3: Mean accuracy and standard error for 3 experiment runs, computed

over multiple different splits for each dataset. The best results in each row are

shown in bold red font. Note that, when compared with the Base model, all gains

statistically significant. + P stands for using the schema pruning model and + E

for the schema expansion model.

7.5 Experiments

We performed experiments on the two proposed benchmarks (as well as the

existing version of the Squall benchmark), using the two current state-of-the-art

parser architectures presented in §7.2 in combination with our proposed schema
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expansion and pruning components.4

7.5.1 Experimental Setup

As described in §7.3, our synthetic benchmark consists of three domains, fi-

nance, sports and science. We repeat our experiments once for each domain. For

each repetition we test on one of the domains, while training on the other two.

For Squall, we present results on our repartitioned split from § 7.3.2. For both

datasets, we also include results for three i.i.d. splits. In each experiment, we com-

pare four different configurations for the parsers: (1) Base: the underlying parser

(i.e., Seq2Seq or SmBop), (2) Base + P: Base while also using our schema pruning

component, (3) Base + E: Base while also using our schema expansion component,

and (4) Base + P + E: Base while also using both of our schema expansion and

pruning components. We repeat each experiment 3 times using different random

seeds and report mean exact match accuracy (i.e., fraction of examples where the

predicted SQL queries exactly match the gold queries), and standard error for this

mean.5

4Our evaluation benchmarks along with code for reproducing our experiments are available at

http://anonymous.
5 For Squall researchers often also report execution accuracy, which measures the fraction of

examples for which executing the predicted SQL queries results in the correct answer to the input

question. However, we found that for 7% of the examples that are representative of out-of-domain

generalization, executing the gold SQL queries does not yield the correct answer (e.g., in cases

where the correct answer is a sub-string of a cell value). Therefore we chose to only report exact

match accuracy in our experiments.

147

http://anonymous


7.5.2 Results

Synthetic Benchmark Results. Our results for this benchmark are presented

in the top part of Table 7.3. A first observation is that performance on the i.i.d.

split for the baseline parsers is significantly better than on the domain-based splits.

Interestingly, our expansion and pruning components still provide a significant boost

over baseline performance in this setting (up to 43.7% absolute accuracy / 83.2%

relative). However, the baseline parsers are practically unusable in the domain-

based splits. In this case, our approach provides a very significant accuracy boost,

rendering them useful (up to 55.0% absolute / 327.4% relative).

Squall Benchmark Results. Our results for this benchmark are presented in the

bottom part of Table 7.3. Similar to the synthetic benchmark, we observe that both

parsers perform reasonably well on the i.i.d. split, but significantly underperform in

our repartitioned benchmark. This is consistent with earlier observations by Suhr

et al. [2020] and Lee et al. [2021]. Furthermore, we observe that our expansion

component helps boost the accuracy of both parsers significantly (up to 5.1% ab-

solute / 13.8% relative) and the pruning component provides some small further

improvements on top of that. However, we notice that the pruning component is

not as helpful for SmBop as it is for Seq2Seq, which we provide detailed analysis in

§ 7.5.4. Drilling down a bit further, we observe that most gains are due to the data

categories we defined in § 7.3.2. Perhaps most importantly, we get a 47.0% absolute

accuracy gain (1,468.8% relative) for SmBop on the “Date Expressions” category

alone. This can be largely attributed to our schema expansion component, where
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by incorporating prior domain knowledge we are effectively reducing the original

column operations problem to a column matching problem, which is significantly

easier. As a result, we get significant improvements on both “Expression” data cat-

egories. We do not observe the same for “Accessor” categories, which we address in

the following section.

7.5.3 When is Schema Expansion Helpful?

From Table 7.3, schema expansion does not seem to help much for “Accessor”

expressions (i.e., Base + P performs as well as or slightly better than Base + E +

P on those categories). In order to further understand the contribution of schema

expansion, we conducted an ablation study where we compare the proposed Base

+ P + E with three more approaches: (1) E Expressions: the schema expansion

component only uses “Expression” templates, (2) E Accessors: the schema expansion

component only uses “Accessor” templates, (3) P Oracle: the schema pruning model

is replaced with an oracle model that always only keeps the columns that are used

in the gold SQL queries (so the parser only has to figure out how to use them,

rather than also figuring out which ones to use). Note that (3) will be discussed in

the following section. We present the results for this ablation study in Table 7.4.

We observe that expanding “Expressions” but not “Accessors” boosts performance

on the “Expressions” categories, and similarly for “Accessors”. More importantly

though we see that using either one alone performs worse than using both types of

expansion, indicating that they both provide value and that they work well together.
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Seq2Seq SmBop

Dataset Split

Base + E

+ P

E

Accessors

E Expres-

sions

P Oracle Base + E

+ P

E

Accessors

E Expres-

sions

P Oracle

Repartitioning 39.3 ± 0.2 37.4 ± 0.1 37.6 ± 0.1 52.9 ± 0.3 42.1 ± 0.2 40.6 ± 0.2 40.4 ± 0.2 57.9 ± 0.4

Date Expressions 43.2 ± 1.0 2.8 ± 0.7 39.6 ± 1.3 81.0 ± 2.5 46.3 ± 0.6 16.3 ± 1.3 41.1 ± 1.0 75.4 ± 1.7

Score Expressions 33.9 ± 1.7 14.2 ± 3.6 25.7 ± 1.7 48.8 ± 1.7 51.6 ± 1.3 36.5 ± 4.1 48.4 ± 1.6 74.2 ± 1.7

Date Accessors 26.0 ± 0.5 27.6 ± 0.6 26.6 ± 0.7 33.1 ± 1.5 24.8 ± 0.3 23.5 ± 0.8 22.6 ± 2.1 32.4 ± 1.0

Score Accessors 18.1 ± 0.9 20.6 ± 1.5 9.9 ± 0.8 29.2 ± 1.1 25.3 ± 2.0 30.7 ± 2.8 15.3 ± 3.2 58.1 ± 3.2

Table 7.4: Mean accuracy and standard error for 3 runs of our ablation studies on

Squall repartitioning split for domain generalization, with the best results in each

row colored red.

7.5.4 When is Schema Pruning Helpful?

It is evident from Table 7.3 that schema pruning is useful both on its own (i.e.,

Base + P), but also on top of schema expansion (i.e., Base + E + P). For SmBop,

we observe that Base + P is more or less on par with Base. Though this may seem

inconsistent with the Seq2Seq results at first, it is not actually surprising because

SmBop keeps the most relevant columns in the beam during bottom-up decoding,

and thus it is implicitly already using a schema pruning component. Furthermore,

we observe that schema pruning is especially useful on top of schema expansion

for the column operation data categories (“Expressions” and “Accessors”). This

is because in the corresponding examples we end up with a significantly larger

number of expanded columns that labeled as negatives when training the pruning

model. Schema pruning then filters most of these irrelevant columns before training
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Figure 7.3: Accuracy (%) while

varying the schema pruning

model hyperparameter of §7.4.

Pruning more than necessary

has a significant negative im-

pact on accuracy, while prun-

ing less does not.

Goal Date Opponent Score
Home 

Score

Away 

Score
Result

Home 

Result

Away 

Result

1 10/08/2010 San Marino 2-0 2 0 8-0 8 0

2 10/08/2010 San Marino 4-0 4 0 8-0 8 0

3 12/08/2010 Finland 0-1 0 1 1-2 1 2

Title: Adam Szalai International Goals

Question: How many games did he score in, where his team lost?

Program: SELECT COUNT(DISTINCT “Date”) FROM t WHERE “Home Result” < “Away Result”

score before goal final score

Figure 7.4: Example that showcases some of the

challenges that are not addressed by our ap-

proach, but which are accounted for in the eval-

uation benchmarks that we propose. In this case,

the "Score" and "Result" columns have domain-

specific semantics that are hard for the model to

learn, and the question also depends on the title of

the table, which current models do not take into

account.

the underlying parser, resulting in a more robust training procedure. Finally, in

Table 7.4 we observe that P Oracle performs really well, indicating that investing

in a good schema pruning model would be meaningful for improving generalization

performance.

Schema Pruning Decision Threshold. As discussed in §7.4, the proposed schema

pruning component requires setting a decision threshold hyperparameter. We al-

ready described the way we do this in §7.4, but it is also worth analyzing the impact

of this decision on the overall parser accuracy. This is because, intuitively we expect

that too aggressive pruning will likely cause cascading errors, while too conservative
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pruning would not be very effective and end up being equivalent to not using any

pruning at all. To this end, we conducted a study for how the parser accuracy varies

as a function of the schema pruning model hyperparameter which was discussed in

§7.4. We performed this experiment using the Seq2Seq model which is more af-

fected by the pruning component, over our repartitioned Squall benchmark. The

results are shown in Figure 7.3. It is evident that aggressive pruning has a more

significant negative impact on accuracy then conservative pruning.

7.5.5 Limitations

The proposed method is of course not without any limitations and in this

section we would like to put attention on some of them. While schema expansion

does help significantly when tackling out-of-domain generalization on column oper-

ations, there are a lot of cases that it cannot directly handle as currently designed.

For example, consider the question-table pair shown in Figure 7.4. In this case the

original table contains a "Score" column and a "Result" column. The interpreta-

tion of these columns is very domain-specific and in this case, "Score" refers to the

score in a game right before the player of that row scored a goal, while "Result"

refers to the final score of the game. Our schema expansion component cannot help

with resolving distinctions of this kind. Arguably, one might say this is a challenge

inherently related to column matching, but putting details aside, our approach cou-

pled with the proposed benchmarks does help show that column operations pose a

significant challenge for existing text-to-SQL parsers, and this chapter provides a
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reference point that future work can build upon. Also, note that while constructing

expansion templates requires some effort and may initially seem like a limitation of

our approach, we have shown that this effort can be small relative to the amount of

training data that would need to be annotated otherwise.

7.6 Conclusion

In this chapter we introduced and focused on column operations, an impor-

tant challenge related to out-of-domain generalization for Text-to-SQL parsing. We

proposed two new evaluation benchmarks—one based on a new synthetic dataset

and one based on a repartitioning of the Squall dataset—and showed that current

state-of-the-art parsers significantly underperform when it comes to this form of gen-

eralization. We then proposed a simple way to incorporate prior domain knowledge

to the parser via a new component called schema expansion that allows us to reduce

the column operations challenge to column matching; an arguably easier challenge.

We also introduced a schema pruning component allowing us to scale schema expan-

sion, and showed that when paired together, these two components can boost the

performance of arbitrary underlying Text-to-SQL parsers by a significant amount

(up to 13.8% relative accuracy gain / 5.1% absolute in our experiments). We hope

that this work puts attention on this important challenge and provides a reference

point for future work to build upon. Possible directions include making the schema

expansion component learnable or prompting models like GPT-3 [Brown et al., 2020]

to address it.
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Chapter 8: Conclusion

8.1 Summary

In this dissertation, we study complex question answering—questions that

require multiple reasoning steps to find the answers—under two knowledge sources:

text and tables.

For complex question answering over text, we build new datasets and qa

systems. First, we construct a human-authored dataset QBLink from Quizbowl

competitions, where each question contains multiple parallel clues of the answer en-

tity. We build a qa system delft that combines the advantages of knowledge graph

qa and reading comprehension. delft extracts free-text sentences as the evidence

signals and constructs an evidence graph, then a graph neural network models this

semi-structured text graph, combines the evidence pieces and selects the answer

(Chapter 3). We further build Transformer-XH to model such semi-structured

text with an extra hop attention in the layers to aggregate the representations from

multiple connected text pieces (Chpater 4). These qa systems are state-of-the-art

on multiple complex qa benchmarks.

We then present two approaches to adapt these state-of-the-art qa systems

into real scenarios. First, we present a new retrieval model BeamDR that is based
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on dense retrieval, and represents the implicit relationships between evidence pieces.

BeamDR is on par with existing state-of-the-art retrievers, but not using Wikipedia

hyperlinks to find evidence piece candidates, a key assumption that does not always

hold on every text corpora (Chpater 5). Second, we present another retrieval model

DistDR under weakly-supervised setting that does not require intermediate evi-

dence annotations during training, since evidence annotation is usually prohibitively

expansive to get, and creates dataset artifacts. DistDR iteratively improves over a

weak retriever by alternately finding evidence from the up-to-date model and encour-

aging the model to learn the most likely evidence. Without using evidence labels,

DistDR is on par with BeamDR, its fully-supervised counterpart (Chpater 6).

We next shifted our attention to complex question answering over tables, that

is often reframed as text-to-SQL semantic parsing problem. We focus on out-of-

domain generalization, and specifically a practical problem over complex questions:

matching domain specific phrases to composite operation over columns. We first

construct new benchmarks to quantify this problem, then we address this problem

by incorporating prior domain knowledge through preprocessing table schemas, and

designing a method that consists of two components: schema expansion and schema

pruning that are applicable to any existing state-of-the-art parsers. We find that

baseline parsers falter on this problem, and our method significantly outperforms

baseline parsers, and as a result boosting the overall performance (Chpater 7).

155



8.2 Future Directions

In this section, we discuss some potential future research directions in the

area of question answering, including a unified open-domain qa system, calibration,

faithfulness, interaction with humans and multi-model reasoning.

8.2.1 A Unified Open-domain QA System

According to Chapter 6, DistDR can accurately retrieve evidence for both

simple questions and complex questions, without requiring evidence labels. However,

a limitation is that the number of evidence retrieval steps is pre-defined, i.e., simple

questions take one retrieval step, and complex questions in the benchmarks (e.g.,

HotpotQA) take two retrieval steps. And the qa system cannot answer questions

where the answer is not a passage span. Following this motivation, I propose to

build a unified qa system that targets at factoid questions of any complexity. The

proposed system should have three features: adaptive retrieval steps; advanced

answer prediction modules; training under weak supervision.

First, we argue that the complexity of questions relies on the text corpora.

As shown in Figure 1.1, to answer “which city was Facebook launched?”, two con-

nected evidence pieces are required in Wikipedia. However, another text collections

could directly include the following evidence sentence: “Facebook was launched in

Cambridge, Massachusetts”, and as a result, only a single retrieval step is necessary.

Following this intuition, qa system should adapt to varying number of evidence

retrieval steps, which can be framed as a sequential decision problem. Qi et al.
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[2021] also considers flexible retrieval steps, after each retrieval step, the model de-

cides whether it should stop (as necessary information is retrieved), or continue for

another step. The disadvantage of this approach is that the model is trained on

the combination of simple qa and multi-hop qa datasets, where the questions are

easily distinguishable, as multi-hop questions are usually much longer; However, in

real world (as shown in Figure 1.1), these questions are usually indistinguishable,

and making training a retriever still challenging.

Second, the proposed system should have more advanced reader modules to

predict answers from evidence. Most current open-domain qa systems predict a

span in a passage as the answer. However, the actual answer can be an equivalent

entity that is not mentioned in the passage [Si et al., 2021], multiple discontinuous

spans [Segal et al., 2020], or rather mathematical operations (e.g., sum of two num-

bers) over multiple spans [Dua et al., 2019]. The proposed unified qa system should

tackle these problems.

Finally, as mentioned in Chapter 6, annotating evidence for questions is non-

trivial, and more challenging if we don’t know how many evidence pieces will be

used. Therefore, it’s more beneficial to focus on the weakly-supervised setting and

use iterative approaches for evidence discovery.

8.2.2 Calibration in Open-domain QA

One end goal of qa systems is to increase user trust of system output. To avoid

wrong answers, qa systems should know when to abstain. Previous approaches on
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qa calibration [Kamath et al., 2020, Jiang et al., 2020] mostly focus on generaliza-

tion on new domains under closed-domain, but an important problem is missing: the

model needs to abstain if the reasoning skills required for the question exceeds the

model capacities. More specifically, we focus on a qa calibration from a different an-

gle: given an open-domain qa dataset such as NaturalQuestions [Kwiatkowski

et al., 2019], most examples are simple questions, with a small number of complex

questions (but we don’t know them beforehand). We argue that for existing qa sys-

tems focused on simple questions, these small number of complex questions should

be abstained to answer.

Having a good calibration model also plays an important role in the proposed

unified qa system (Section 8.2.1). Since after each evidence retrieval step, the

system needs to decide whether it should continue to retrieve evidence, or just stop.

And it is the calibration model’s job to notify the system whether already retrieved

evidence is enough.

There are several challenges that make this problem challenging: The dataset

itself does not tell us which questions are complex (the assumption for the dataset

is that all questions are answerable by the existing system), getting the training

signal is non-trivial; Neural network is known to be overly confident [Desai and

Durrett, 2020]. Unlike previous calibration approaches [Kamath et al., 2020, Jiang

et al., 2020] that only calibrate on the final answer prediction score (since they work

on closed-domain qa), we propose to combine the retrieval and answer prediction

scores, and make the joint prediction.
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8.2.3 Towards Faithful QA Systems

To increase the user trust, qa systems should also be faithful [Jacovi and Gold-

berg, 2020b] to the predictions, which accurately represents the reasoning process

behind the predictions. According to Chapter 6, one problem for existing qa sys-

tems is that these systems predict the correct answer, but for the incorrect reason,

i.e., the evidence is incorrect. This is also a known problem in weakly-supervised

semantic parsing, as multiple denotations could execute to the correct answer, but

only some of them match the meaning of the questions. A possible solution is to

introduce adversarial features [Feng et al., 2018] to increase the model robustness.

8.2.4 Evidence Discovery by Interacting with Humans

Finding evidence for complex questions is challenging for machines. A promis-

ing idea is find evidence by interacting with human users. Specifically, given a

complex question, users try to answer it with the help of a search engine. Usually

users will type a query, get some information from the search engine, then refine

the query until it reaches the correct answer. For example, given a question “Who

organized a conference that initiated the scramble for Africa?”, users first search

“Scramble for Africa”, then search “Berlin Conference”, and highlight “organize”

over the search results to find the answer Otto von Bismarck. In addition to collect-

ing high quality data from expert users, we can also compare human and machine

strategies, and further build an agent to combine the best of both worlds.
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8.2.5 Multimodal QA

Another promising direction is to focus on multimodal qa. In this thesis, we

use text or tables as knowledge source. However, images or audios also include useful

information, and more importantly, as complex questions usually require multiple

evidence pieces, it’s more likely that these pieces appear in multiple knowledge

sources. A promising research problem is to make use of cross-modality information

to tackle ambiguous questions [Min et al., 2020b]. For example, an ambiguous

question “Who has the record for most super bowl losses?” might ask about a

team, a player, or a coach. However, if the related table is about records for all NFL

teams, this question is automatically disambiguated.

8.3 Last Word: Towards More Practical Complex QA

Throughout this chapter, we work towards a coherent vision of how to further

make complex qa systems into real scenarios. Rather than a separate complex qa

system, we believe it is more beneficial to have a unified qa system that can answer

both simple and complex questions. To achieve that goal, the system should make a

sequence of decisions based on the complexity of the questions, and it should know

when to stop making additional decision steps, and be faithful to the decisions. We

also believe future qa systems should be able to interact with humans, and rely on

different forms of world knowledge.
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