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Chapter 1: Background and Introduction

The construction of the class group ClK of an algebraic number field K is well

known; take the group of nonzero fractional ideals of K and mod out by those which are

principal (i.e., generated by a single element of K.) It is equally well known that ClK is a

finite group; its order is the class number of K and is denoted hK . Since every ideal class

has an integral representative, hK gives a measure of how distant the ring of integers OK

is from a PID or, since OK is a Dedekind domain, how distant the ring is from a UFD.

It is generally difficult to calculate the class group of a number field, although fields

with small discriminant may be tackled using Minkowski’s bound. Class numbers may

be calculated using Dirichlet’s analytic formula, but the calculation requires the knowl-

edge of quantities, such as the regulator of the field, which may themselves be difficult to

calculate.

Let F be a family of algebraic number fields. If r > 1 is an otherwise arbitrary inte-

ger one may ask the following question: Does there exist a field K ∈ F such that r | hK?

It is well known that the answer is affirmative in the case thatF is the family of imaginary

quadratic fields. In 1970 Yamamoto [16] showed that that the same is true when F is the
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family of real quadratic fields and this was independently proved by Weinberger [15] in

1973.

In 1973 Uchida [13] asked and answered the same question for the following family

of cubics: {Kn}, where Kn is the cyclic cubic field generated by adjoining to Q a zero

of

fn(X) = X3 + nX2 + 2nX + n.

He showed that for any positive integer r there is a cyclic cubic field in this family with

class number a multiple of r. In 1987 Washington [14] proved a similar result by studying

the family of simplest cubic fields {Kn}, where Kn is the cyclic cubic field generated by

adjoining to Q a zero of

fn(X) = X3 + nX2 − (n+ 3)X + 1.

In this work we mimic the techniques used by Washington [14] and others to answer the

same question (and related questions) for families of cyclic quartics, cyclic sextics, and

even for a family of non-Galois cubics; a family to which the techniques would appear, at

first glance, not applicable.

In Chapter 2 we study the quartic case. Each such field is generated over Q by a zero

of

fn(X) = X4 − nX3 − 6X2 + nX + 1.
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Our main result shows that the resulting family contains infinitely many distinct fields,

Kn,whose class group contains a cyclic subgroup of order r and further that this subgroup

is generated by a class that does not come from an ideal class of the unique quadratic sub-

field of Kn.

In Chapter 3 we shift focus to the sextic case. Each such field is generated over Q by

a zero of

fn(X) = X6 − 2nX5 − (5n+ 15)X4 − 20X3 + 5nX2 + (2n+ 6)X + 1.

Let r ≥ 1 be an odd but otherwise arbitrary integer. Our main result shows that this

family of sextics contains infinitely many distinct fields, Kn, whose class group contains

a cyclic subgroup of order r generated by an ideal class that does not come from either

the quadratic or cubic subfield of Kn.

Finally, in Chapter 4, we turn our attention to a non-Galois cubic family. Each field

in the family is generated over Q by a zero of

fn(X) := X3 + nX2 + nX − 1.

Let r ≥ 1 be an otherwise arbitrary integer. Once again our main result shows that this

family contains infinitely many distinct fields, Kn, whose class group contains a cyclic

subgroup of order r.

3



The interest is that we are actually able to modify the techniques of the previous two

chapters to apply to this family of non-Galois number fields. What makes this slightly

surprising is that the techniques, as applied in Chapters 2 and 3, make regular use of the

Galois group of Kn. But applying the Galois group of the sextic splitting field of the cu-

bic polynomial fn(X) in this situation has the undesirable effect of moving us out of the

cubic extension we are studying (and into an isomorphic cubic extension.) Nevertheless,

by applying the splitting field’s Galois group and then taking products of the resulting

expressions, we find that the proofs emerge unscathed.
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Chapter 2: A Family of Quartic Extensions of Q.

We restrict attention in this chapter to the family of splitting fields, Kn, of polynomials of

the form

fn(X) = X4 − nX3 − 6X2 + nX + 1,

where n is a nonzero integer not equal to ±3. This family of quartic extensions was in-

vestigated by M.-N. Gras in [6]. Beginning with Remark 2.3 we will, without any loss of

generality, restrict our attention to positive values of n.

Let r ≥ 1 be an otherwise arbitrary integer. Our main result shows that this family of

quartics contains infinitely many distinct fields, Kn, whose class group contains a cyclic

subgroup of order r and further that this subgroup is generated by a class which does not

come from an ideal class of the unique quadratic subfield of Kn.

2.1 Irreducibility of fn.

Proposition 2.1. fn(X) is irreducible over Q.

Proof. We begin by noting that n a nonzero integer and n 6= ±3 imply that n2 + 16 is not

a square.
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To dispatch with the possibility that fn has a linear factor, we note that the only pos-

sible roots of fn = 0 in Q are ±1, but fn(1) = fn(−1) = −4 6= 0, and so f has no roots

in Q and hence no linear factors.

To dispatch with the possibility that fn splits as a product of two irreducible quadratics,

we suppose that

fn(X) = g(X)h(X),

where

g(X) = X2 + aX + b, and

h(X) = X2 + cX + d,

with g(X) and h(X) irreducible over Q and a, b, c, d ∈ Z. This gives us the following

system:

bd = 1, (ad+ bc) = n, (b+ ac+ d) = −6, (a+ c) = −n

The first equation implies that b = d = ±1. If b = d = 1, then n = 0 and n2 + 16 = 16

is a square. If b = d = −1, then the third equation says that ac = −4 and so there are six

cases (a, c) = (±1,∓4), (±2,∓2), (±4,∓1), each of which leads to n2 + 16 being either

25 or 16 and hence a square.
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Since fn does not have a linear factor and does not split into irreducible quadratics it

is irreducible over Q.

2.2 Roots of fn.

Lemma 2.2. ρ is a root of fn(X) = 0 if and only if −ρ is a root of f−n(X) = 0.

Proof.

fn(x) = x4 − nx3 − 6x2 + nx+ 1

= (−x)4 + n(−x)3 − 6(−x)2 − n(−x) + 1

= f−n(−x).

Remark 2.3. Lemma 2.2 implies that Kn = K−n, and so for this reason we will restrict

our attention to positive values of the parameter n.

Proposition 2.4. The roots of fn(X) = 0 are real. They are explicitly given by the
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formulae:

ρ0 =
1

4

(
n+
√
δ +
√

2

√
δ + n

√
δ

)
ρ1 =

1

4

(
n−
√
δ +
√

2

√
δ − n

√
δ

)
ρ2 =

1

4

(
n+
√
δ −
√

2

√
δ + n

√
δ

)
ρ3 =

1

4

(
n−
√
δ −
√

2

√
δ − n

√
δ

)
,

where δ := n2 + 16.

Proof. The reality of the roots follows from the explicit formulae. To establish these

formulae, divide each side of fn(ρ) = 0 by ρ2 to find that

0 = ρ2 − nρ− 6 +
n

ρ
+

1

ρ2

=

(
ρ− 1

ρ

)2

− n
(
ρ− 1

ρ

)
− 4.

Hence

ρ− 1

ρ
=
n±
√
δ

2
,

and so

ρ2 −

(
n±
√
δ

2

)
ρ− 1 = 0.

Solving this last quadratic yields

ρ =
1

4

(
n±
√
δ ±
√

2

√
δ ± n

√
δ

)
,
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where the choice for the first ambiguous sign should match that of the third.

Lemma 2.5. ρ is a zero of fn if and only if (ρ− 1)/(ρ+ 1) is a zero of fn.

Proof. The zeros of fn coincide with those of the rational function with rule

gn(X) := fn(X)/X2

= X2 − nX − 6 +
n

X
+

1

X2

=

(
X − 1

X

)2

− n
(
X − 1

X

)
− 4.

Since

gn

(
ρ− 1

ρ+ 1

)
=

(
ρ− 1

ρ+ 1
− ρ+ 1

ρ− 1

)2

− n
(
ρ− 1

ρ+ 1
− ρ+ 1

ρ− 1

)
− 4

=

(
−4ρ

ρ2 − 1

)2

− n
(
−4ρ

ρ2 − 1

)
− 4

=
16ρ2 + 4nρ(ρ2 − 1)− 4(ρ2 − 1)2

(ρ2 − 1)2

= −4
fn(ρ)

(ρ2 − 1)2
,

we conclude that ρ is a zero of fn if and only if (ρ− 1)/(ρ+ 1) is a zero of gn if and only

if (ρ− 1)/(ρ+ 1) is a zero of fn.
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Proposition 2.6.

ρ1 = (ρ0 − 1)/(ρ0 + 1)

ρ2 = −1/ρ0

ρ3 = −1/ρ1,

with ρ0 > 1 > ρ1 > 0 > ρ2 > −1 > ρ0.

Proof. Since ρ0 is a root of fn(X) = 0, successive applications of Lemma 2.5 imply that

so are (ρ0− 1)/(ρ0 + 1),−1/ρ0, and−(ρ0 + 1)/(ρ0− 1). Since ρ0 > 1 (Proposition 2.4),

we have

ρ0 > 1 > (ρ0 − 1)/(ρ0 + 1) > 0 > −1/ρ0 > −1 > −(ρ0 + 1)/(ρ0 − 1).

The explicit formulae of Proposition 2.4 show that ρ0ρ2 = −1. Hence ρ2 = −1/ρ0. Since

−(ρ0+1)/(ρ0−1) is the only remaining negative root and since ρ3 is negative (Proposition

2.4), we conclude that ρ3 = −(ρ0 + 1)/(ρ0 − 1), and ρ1 = (ρ0 − 1)/(ρ0 + 1).

Lemma 2.7. For all n > 0, 1/e < ρ1(n) < e, while for n > 7, ρ0(n) < n+ 1.

Proof. Since ρ0 = (n+
√
n2 + 16+

√
2
√
n2 + 16 + n

√
n2 + 16) (Proposition 2.4), ρ0 ≥

9/4 for n ≥ 1. Hence 2/(ρ0 − 1) ≤ 8/5 and so

e > 1 > ρ1 =
ρ0 − 1

ρ0 + 1
=

1

1 + 2
ρ0−1

≥ 1

1 + 8/5
=

5

13
> 1/e,

for n ≥ 1.
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When n > 7, n2 + 16 < (n+ 1)2. Hence when n > 7,

ρ0(n) =

(
n+
√
n2 + 16 +

√
2

√
n2 + 16 + n

√
n2 + 16

)
/4

<
(
n+ n+ 1 +

√
2
√

(n+ 1)2 + n(n+ 1)
)
/4

=
(

2n+ 1 +
√

2
√

(2n+ 1)(n+ 1)
)
/4

=
(

2n+ 1 + 2
√

(n+ 1/2)(n+ 1)
)
/4

< (2n+ 1 + 2n+ 2) /4

< n+ 1.

2.3 Gal(fn) and structure of the splitting field Kn.

Proposition 2.8. LetKn denote the splitting field of fn. ThenKn = Q(ρ0) and Gal(Kn/Q)

is a cyclic group of order 4.

Proof. Since ρ0 ∈ Kn, Q(ρ0) ⊆ Kn. On the other hand, adjoining ρ0 to Q adjoins the

three remaining roots as well (Proposition 2.6) and so fn(X) splits into linear factors over

Q(ρ0). Hence Kn = Q(ρ0) and [Kn : Q] = 4. In particular, |Gal(Kn/Q)| = 4. Since

Gal(Kn/Q) acts transitively on the roots of fn, there is an automorphism σ ∈ Gal(Kn/Q)

for which

σ(ρ0) = ρ1 = (ρ0 − 1)/(ρ0 + 1).
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Hence

σ2(ρ0) = σ(ρ1) = σ(ρ0 − 1)σ(ρ0 + 1)−1 = (−2/(ρ0 + 1))(2ρ0/(ρ0 + 1))−1 = −1/ρ0 = ρ2

σ3(ρ0) = σ(ρ2) = −σ(ρ0)
−1 = −1/ρ1 = ρ3,

σ4(ρ0) = σ(ρ3) = −σ(ρ1)
−1 = −1/ρ2 = ρ0,

and we conclude that Gal(Kn/Q) is cyclic generated by σ.

Remark 2.9. Let σ ∈ Gal(Kn/Q) denote the generator of the previous proposition. Then

σi(ρ0) = ρi, where the i should be read mod 4. Similarly, σ(ρi) = ρi+1, where the sub-

scripts should be read mod 4.

Corollary 2.10. The splitting field Kn has a unique quadratic subfield k2,n =

Q(
√
n2 + 16).

Proof. For the existence and uniqueness of the quadratic subfield note that Z/4Z has a

unique subgroup of order 2 and apply the Fundamental Theorem of Galois Theory. Since

2(ρ0 + ρ2) − n =
√
n2 + 16 (Proposition 2.4) and since the elements of the order two

subgroup {1, σ2} each fix the element 2(ρ0 + ρ2)− n on the left hand side, we conclude

that the right hand side
√
n2 + 16 ∈ k2,n. Since n2 + 16 is not a square when n = 0,±3,

we conclude that
√
n2 + 16 is a primitive element for the quadratic extension k2,n/Q.

Let σ = (0123) as above. Then the lattice of subfields ofKn and the corresponding lattice

of subgroups of Z/4Z = 〈σ〉 are given by the following diagrams:

Lemma 2.11. When n2 + 16 is square-free, disc(Ok2/Z) = n2 + 16 and disc(OKn/Z) =

12



Kn

k2,n = Q(
√
n2 + 16)

Q

〈1〉

〈σ2〉

〈σ〉 = Z/4Z

(n2 + 16)3.

Proof. If n2 + 16 is square-free, then n2 + 16 ≡ 1 mod 4. Hence disc(Ok2/Z) = n2 +

16. Since disc(OKn/Z) = disc(Ok2/Z)2 ·Nk2|Q(disc(OKn/Ok2)) [12], we conclude that

(n2 +16)2 divides disc(OKn/Z). But disc(fn(X)) = (n2 +16)3 and since disc(fn(X)) =

[OKn : Z[ρ]]2 disc(OKn/Z) and n2 + 16 is square-free, we conclude that disc(OKn/Z) =

(n2 + 16)3.

2.4 Units.

Since there are four real embeddings of K into C and no complex embeddings,

Dirichlet’s Unit Theorem implies that the rank of the unit group O×K is 3. We already

have three units: ρ0, ρ1, and the fundamental unit of the quadratic subfield ε. This section

gives sufficient conditions for these units to form a fundamental set of units. It provides

additional information about the units when the index of the subgroup they generate along

with the torsion units ±1 in the full group of units O×Kn
is even.

2.4.1 Regulator of {ε, ρ0, ρ1}

Proposition 2.12. Let R′ denote the regulator of {ε, ρ0, ρ1}. R′ = 2 log ε(log2 ρ0 +

log2 ρ1), and {ε, ρ0, ρ1} form a multiplicatively independent subset of O×Kn
.
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Proof.

R′ =

∣∣∣∣∣∣∣∣∣∣∣∣
det


log ρ0 log ρ1 log ε

log ρ1 − log ρ0 log |εσ|

− log ρ0 − log ρ1 log ε



∣∣∣∣∣∣∣∣∣∣∣∣
= 2 log ε (log2 ρ0 + log2 ρ1).

Since ε > 1 and ρ0 > 1, we conclude that R′ > 0. Hence {ε, ρ0, ρ1} form a multiplica-

tively independent subset of the group of units.

Lemma 2.13. Let U := 〈−1, ε, ρ0, ρ1〉 ≤ O×K . When n2+16 is square-free, [O×K : U ] ≤ 2.

Proof. The regulator of {ε, ρ0, ρ1} is 2 log ε (log2 ρ0 + log2 ρ1) (Proposition 2.12). Since

we are assuming that n2 + 16 is square-free, we know that dk := disc(Ok/Z) = n2 + 16

and dK := disc(OK/Z) = (n2 + 16)3 (Lemma 2.11).

Letting R denote the regulator of K, we know from the work of Balady and Washing-

ton (Proposition 8) [1] that

R

2 log ε
>

1

8
log2

(
DK

4.84 d2k

)
=

1

8
log2

(
n2 + 16

4.84

)
,

whenever n > 11. Since [O×K : U ] = R′/R, we conclude that

1

8
log2

(
n2 + 16

4.84

)
<

R

2 log ε
=

log2 ρ0 + log2 ρ1
[O×K : U ]

,
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or

[O×K : U ] < 8
log2 ρ0 + log2 ρ1

log2
(
n2+16
4.84

) ,

when n > 11. Since ρ0(n) < n + 1 for such n (Lemma 2.7) and since e > ρ1(n) > 1/e

for such n (Lemma 2.7), we find that log2 ρ0(n) < log2(n + 1) and that log2 ρ1(n) < 1,

whenever n ≥ 11.

We conclude that for sufficiently large n,

[O×K : U ] < 8
log2 ρ0 + log2 ρ1

log2
(
n2+16
4.84

)
< 8

log2(n+ 1) + 1

log2
(
n2+16
4.84

)
< 8

log2(n+ 1) + 1

log2
(
n
2.2

)2
= 2

log2(n+ 1) + 1

log2
(
n
2.2

) .

Since log2(n+1)+1

log2( n
2.2)

is monotone decreasing for n ≥ 120 and less than 3/2 when n = 121,

we conclude that [O×K : U ] ≤ 2 whenever n ≥ 120. There are now only a finite number

of cases remaining to check. We have used PARI to do so and present the results in the

following table.
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Table 2.1: Table of [O×K : U ] for n ≤ 121 and n2 + 16 square-free.

n [O×K : U ] Prime factors of δ =
n2 + 16

n [O×K : U ] Prime factors of δ =
n2 + 16

1 2 17 = 171 63 1 3985 = 51 × 7971

5 2 41 = 411 65 2 4241 = 42411

7 1 65 = 51 × 131 67 1 4505 = 51×171×531

9 2 97 = 971 69 1 4777 = 171 × 2811

11 2 137 = 1371 71 1 5057 = 131 × 3891

13 1 185 = 51 × 371 73 1 5345 = 51 × 10691

15 2 241 = 2411 75 2 5641 = 56411

17 1 305 = 51 × 611 77 1 5945 = 51×291×411

19 1 377 = 131 × 291 79 2 6257 = 62571

21 2 457 = 4571 81 2 6577 = 65771

23 1 545 = 51 × 1091 83 1 6905 = 51 × 13811

25 2 641 = 6411 85 1 7241 = 131 × 5571

27 1 745 = 51 × 1491 87 1 7585 = 51×371×411

29 2 857 = 8571 89 2 7937 = 79371

31 2 977 = 9771 91 2 8297 = 82971

33 1 1105 = 51×131×171 93 1 8665 = 51 × 17331

35 2 1241 = 171 × 731 95 2 9041 = 90411

37 1 1385 = 51 × 2771 99 2 9817 = 98171

39 1 1537 = 291 × 531 101 2 10217 = 171 × 6011

41 2 1697 = 16971 105 1 11041 = 611 × 1811

43 1 1865 = 51 × 3731 107 1 11465 = 51 × 22931

45 1 2041 = 131 × 1571 109 2 11897 = 118971

49 2 2417 = 24171 113 1 12785 = 51 × 25571

51 2 2617 = 26171 115 2 13241 = 132411

55 2 3041 = 30411 117 1 13705 = 51 × 27411

57 1 3265 = 51 × 6531 119 2 14177 = 141771

59 1 3497 = 131 × 2691 121 2 14657 = 146571

61 1 3737 = 371 × 1011

2.4.2 Divisibility of the index [O×K : U ]

Henceforth, let n ≥ 1, n 6= 3 be otherwise arbitrary integers.

Lemma 2.14. If 2 divides the index [O×K : U ], then
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1. Nk2|Q(ε) = −1

2. ερ0ρ1 = ϑ2 for some unit ϑ of K

3. ϑ1+σ2
= ±ε

Proof. If 2 | [O×K : U ], then there is a unit u ∈ O×K r U such that

u2 = ±εaρb0ρc1,

and without loss of generality we may take a, b, c ∈ {0, 1}. Since ε, ρ0, and ρ1 are all

positive quantities, we see that we must choose the plus sign. Applying the four elements

of the Galois group, we arrive at the following four equations:

u2 = εaρb0ρ
c
1 (i)

(uσ)2 = (εσ)aρb1ρ
c
2 (ii)

(uσ
2

)2 = εaρb2ρ
c
3 (iii)

(uσ
3

)2 = (εσ)aρb3ρ
c
0 (iv)

If Nk2|Q(ε) = 1, then εεσ = 1, and ε and εσ are both positive. Hence (ii) implies that

c = 0, and (iii) then implies that b = 0. So u2 = εa. If a = 0, then u2 = 1 and we would

reach the contradiction that u = ±1 ∈ U. Hence a = 1, and we conclude that ε is the

square of a unit of K; say ε = ϑ2.
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Applying σ we find that (ϑσ)2 = εσ. Hence

(ϑϑσ)2 = ϑ2(ϑσ)2 = εεσ = Nk2|Q(ε) = 1,

and so

ϑϑσ = ±1.

Note further that this last result implies that ϑσ2
= ϑ and hence that ϑ ∈ k2. But ε is

the fundamental unit of k2. Hence ϑ = εa for some a ∈ Z, and so ε = ϑ2 = ε2a for

some a ∈ Z; an obvious contradiction. We conclude that Nk2|Q(ε) 6= 1 and hence that

Nk2|Q(ε) = −1.

Since Nk2|Q(ε) = −1, ε and εσ have opposite signs and εσ < 0. From (ii) a = c and

from (iii) b = c. Hence a = b = c. If a = b = c = 0, then a = 0, and we reach the

contradiction that u = ±1 ∈ U. We conclude a = b = c = 1 and hence that

u2 = ερ0ρ1.

In other words, ερ0ρ1 is the square of a unit of K; say ερ0ρ1 = ϑ2, where ϑ is a unit of K.

Taking norms down to the quadratic subfield of both sides of the equation ερ0ρ1 = ϑ2

leads us to conclude that (NK|k2(ϑ))2 = ε2. Hence

NK|k2(ϑ) = ±ε.
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Corollary 2.15. Suppose that dk = n2 + 16 is square-free. If Nk2|Q(ε) = 1 or if ερ0ρ1 is

not the square of a unit of K, then {ε, ρ0, ρ1} forms a fundamental system of units for K.

Proof. Almost immediate. From the contrapositive of Lemma 2.14, 2 does not divide the

index [O×K : U ]. But when dk = n2 + 16 is square-free [O×K : U ] ≤ 2 (Lemma 2.13).

Hence [O×K : U ] = 1.

Lemma 2.16. The greatest power of 2 that may divide the index [O×K : U ] is 2.

Proof. Let Uχ := {u ∈ OK | NK|k2(u) = ±1} denote the group of relative units of K

and let U2 := Ok2 denote the units of the quadratic subfield. Let Q := [O×K : UχU2], so

that

[O×K : U ] = [O×K : UχU2][UχU2 : U ]

= Q [UχU2 : U ] .

By a theorem of Hasse [8, 11] we know that Q ≤ 2 for any real cyclic quartic field K.

We now show that [UχU2 : U ] is odd. There is a group homomorphism Uχ → UχU2/U

sending u 7→ (u · 1)U. Since U2 ⊂ U, this homomorphism is surjective. Finally, since

〈−1, ρ0, ρ1〉 ⊂ U, it is clear that this epimorphism factors through the quotientUχ/〈−1, ρ0, ρ1〉.

By way of contradiction, suppose that 2 divides [Uχ : 〈−1, ρ0, ρ1〉] . Then there is v ∈

Uχ r 〈−1, ρ0, ρ1〉 such that

v2 = ±ρa0ρb1,
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for some integers a, b. Since ρ0 and ρ1 are positive, it is clear that we must choose the

plus sign and, without loss of generality, we may take a, b ∈ {0, 1}. Applying σ and σ2

we find that

(vσ)2 = ρa1ρ
b
2

(vσ
2

)2 = ρa2ρ
b
3.

Since ρ1 > 0, while ρ2, ρ3 < 0, these equations imply that a = b = 0. We conclude

that v2 = 1. Hence v = ±1 ∈ 〈−1, ρ0, ρ1〉 and we have arrived at a conclusion which

contradicts our choice of v. Thus [Uχ : 〈−1, ρ0, ρ1〉] is odd. The epimorphism form

Uχ/〈−1, ρ0, ρ1〉 onto UχU2/U, implies that [UχU2 : U ] divides [Uχ : 〈−1, ρ0, ρ1〉 and

hence that [UχU2 : U ] is also odd. Since Q ≤ 2, we conclude that [O×k : U ] 6≡ 0

mod 4.

2.5 Conditions sufficient to conclude that r | hK for a given r > 1.

A method for showing that r divides the class number of K is to show that the class

group contains an element of order r. A straightforward method for doing so is to begin

with a principal ideal of K, show that it factors as an rth power of an ideal a, and then

show that no lesser power of a is principal.

In Washington’s work on class numbers of the simplest cubic fields [14], the principal

ideal which factors as an rth power is (x − ρ), where ρ is a root of the cubic poly-

nomial X3 + nX2 − (n + 3)X + 1, and (x, y) is a rational point on the curve Y r =
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X3 + nX2 − (n+ 3)X + 1. To show that no smaller power of the resulting ideal is prin-

cipal x is fixed to be equal to −1, so that yr = 2n+ 3.

The analogous situation here would be to look at (x− ρ0) where (x, y) is a rational point

on the curve Y r = fn(X). Unfortunately we encountered difficulty when we fixed x and

searched for y such that yr = fn(x). For example, when we fixed x = −2, we found that

yr = 6n− 7; an equation which has no solutions when r is even since −1 is not a square

mod 3.

We were thus led to consider other primitive elements α for the extension Kn/Q along

with their minimal polynomials mα(X) and to consider factoring (x − α) and finding

solutions to Y r = mα(X).

2.5.1 Candidate for a representative of a class of order r

Lemma 2.17. Let α := aρ0 + bρ1 with a, b ∈ Z. If a 6= 0 or b 6= 0, then α is a primitive

element for K/Q with minimal polynomial

ma,b(X) = X4 − (a+ b)nX3 + (abn2 + (−6a2 + 4ab− 6b2))X2

+ ((−a2b+ ab2)n2 + (a3 + 3a2b+ 3ab2 + b3)n+ (−16a2b+ 16ab2))X

+ (−a2b2n2 + (a4 + 4a3b− 10a2b2 + 4ab3 + b4)).

(2.1)

Proof. Suppose, by way of contradiction, that α is not a primitive element forK/Q. Then
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α ∈ k and is fixed by σ2. Since σ2(α) = aρ2 + bρ3, we conclude that a(ρ0− ρ2) + b(ρ1−

ρ3) = 0. Therefore a = 0 if and only if b = 0 (since ρi − ρi+2 > 0 when i = 1, 2.)

Since we are assuming that either a or b is nonzero, we are forced to conclude that each is

nonzero. Hence (ρ0−ρ2)/(ρ1−ρ3) = −b/a ∈ Q and so is fixed by σ. But then this quan-

tity equals its negative reciprocal which leads to the conclusion that (ρ0 − ρ2)/(ρ1 − ρ3)

is a solution to X2 + 1 = 0. Since (ρ0 − ρ2)/(ρ1 − ρ3) ∈ R this is an impossibility. We

conclude that K = Q(α).

Using the fact that ρ40 = nρ30 + 6ρ20 − nρ0 − 1, the matrix representing multiplication

by aρ0 with respect to the ordered power basis {1, ρ0, ρ20, ρ30} for K/Q is

M :=



0 0 0 −a

a 0 0 −na

0 a 0 6a

0 0 a na


.
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Since

4 = 4 + 0ρ0 + 0ρ20 + 0ρ30

4ρ1 = 4

(
ρ0 − 1

ρ0 + 1

)
= (ρ0 − 1)(ρ30 − (n+ 1)ρ20 + (n− 5)ρ0 + 5)

= −6 + (10− 2n)ρ0 + (2n+ 2)ρ20 − 2ρ30

4ρ21 = (−2n+ 12) + (−2n2 + 10n− 28)ρ0 + (2n2 − 2n)ρ20 + (4− 2n)ρ30

4ρ31 = (−2n2 + 8n− 30) + (−2n3 + 10n2 − 38n+ 70)ρ0

+ (2n3 − 2n2 + 14n+ 10)ρ20 + (−2n2 + 4n− 14)ρ30,

the matrix representing the change of coordinates from those based on powers of ρ1 to

those based on powers of ρ0 is given by

C :=
1

4



4 −6 −2n+ 12 −2n2 + 8n− 30

0 10− 2n −2n2 + 10n− 28 −2n3 + 10n2 − 38n+ 70

0 2n+ 2 2n2 − 2n 2n3 − 2n2 + 14n+ 10

0 −2 4− 2n −2n2 + 4n− 14


.
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Its inverse is

C−1 =



1 3/2 n/2 + 3 n2/2 + 2n+ 15/2

0 n/2 + 5/2 n2/2 + 5n/2 + 7 n3/2 + 5n2/2 + 19n/2 + 35/2

0 n/2− 1/2 n2/2 + n/2 n3/2 + n2/2 + 7n/2− 5/2

0 −1/2 −n/2− 1 −n2/2− n− 7/2.


Thus the matrix representing multiplication by bρ1 with respect to the basis consisting of

powers of ρ0 is

N = C



0 0 0 −b

b 0 0 −nb

0 b 0 6b

0 0 b nb


C−1

=
b

2



−3 1 −1 1

5− n n− 3 1− n n− 1

n+ 1 −n− 1 n+ 3 −n− 5

−1 1 −1 3


,

and so the matrix representing multiplication by aρ0 + bρ1 with respect to our ordered ρ0
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power basis is

M +N =



−3b/2 b/2 −b/2 −a+ b/2

a+ (5− n)b/2 (n− 3)b/2 (1− n)b/2 −na+ (n− 1)b/2

(n+ 1)b/2 a+ (−n− 1)b/2 (n+ 3)b/2 6a+ (−n− 5)b/2

−b/2 b/2 a− b/2 na+ 3b/2


.

Since ma,b(X) is of degree 4 and divides the characteristic polynomial of M + N, we

calculate the latter and conclude that

ma,b(X) = X4 − (a+ b)nX3 + (abn2 + (−6a2 + 4ab− 6b2))X2

+ ((−a2b+ ab2)n2 + (a3 + 3a2b+ 3ab2 + b3)n+ (−16a2b+ 16ab2))X

+ (−a2b2n2 + (a4 + 4a3b− 10a2b2 + 4ab3 + b4)).

Remark 2.18. The coefficient of n2 in ma,b(X) is abX2 + (−a2b+ ab2)X − a2b2. There-

fore setting X = −b or X = a in ma,b(X) yields a linear expression in n.

Lemma 2.19. Suppose that (−b, y) is a solution in integers to Y r = ma,b(X). Assume

that any prime factor of y splits completely in K and that no such factor divides the

discriminant of ma,b(X). Then (−b− α) is the rth power of an ideal of K.
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Proof. From the hypotheses we have that

yr = ma,b(−b) = (−b− α)(−b− ασ)(−b− ασ2

)(−b− ασ3

).

Let

(−b− α) =
∏
p

pνp ,

be the unique factorization of the integral ideal (−b−α) into a product of positive integer

powers of prime ideals and let p be the rational prime below p.

Write (p) = pp2p3p4. Each of these four prime ideals over p must contain exactly one

of the conjugates of −b − α, since otherwise one of these prime ideals would contain

disc(ma,b(X)) and p would divide disc(ma,b(X)); a contradiction to our hypothesis on

primes dividing y. Hence pνp exactly divides yr, and so r | νp.

Thus (−b− α) is the rth power of the ideal

a =
∏
p

pνp/r.
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2.5.2 The behavior of primes revisited.

Henceforth we set a = 1 and b = −3, so that

α = ρ0 − 3ρ1.

We also let mα(X) denote the minimal polynomial of α over Q.

Lemma 2.20. Let (3, y) be a solution in integers to Y r = mα(X). Then gcd(30, y) = 1

and the only possible prime common divisors of y and disc(mα(X)) are 7, 13, and 41.

Proof. Substitute into a = 1, b = −3, into Equation (2.1) to find that

mα(X) = X4 + 2nX3 + (−3n2 − 72)X2 + (12n2 − 8n+ 192)X + (−9n2 − 128),

and note that

disc(mα(X)) = 16(3n− 16)2(6n− 7)2(n2 + 16)3.

Substitute X = 3 into mα(X) to find that

y2r = 30n− 119.

If q = 2, 3, or 5 divides y, then 1 ≡ 0 mod q; an impossibility. Hence gcd(30, y) =

1. We see that any prime common divisor, q, of disc(mα(X)) and yr yields a pair of
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congruences

16(3n− 16)2(6n− 7)2(n2 + 16)3 ≡ 0 mod q

30n− 119 ≡ 0 mod q.

Since gcd(30, q) = 1 the linear congruence has the unique solution n ≡ 119/30 mod q.

Substituting into the first congruence then reveals that q = 7, 13, or 41. We conclude that

the only possible prime common divisors of y and disc(mα(X)) are 7, 13, and 41.

Lemma 2.21. Let (3, y) be a solution in integers to Y r = mα(X). Any prime divisor

q 6= 13 of y splits completely in K.

Proof. Let q be a prime divisor of yr = (3 − α)(3 − ασ)(3 − ασ2
)(3 − ασ3

). Choose a

prime q over q such that 3 ≡ α mod q. Then

ρ0 ≡ 3(1 + ρ1) ≡ 3

(
1 +

ρ0 − 1

ρ0 + 1

)
≡ 3

(
2ρ0
ρ0 + 1

)
mod q.

Hence

ρ0 ≡ 5 mod q,

and

ρ1 =
ρ0 − 1

ρ0 + 1
≡ 2

3
mod q

ρ2 = − 1

ρ0
≡ −1

5
mod q

ρ3 = − 1

ρ1
≡ −3

2
mod q.

(2.2)
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The Galois group acts on the set of primes over q. If σ2 stabilized q, then α ≡ ασ
2

mod q, and so

5 +
1

5
− 3

(
2

3
+

3

2

)
≡ 0 mod q.

Since this implies that

13 ≡ 0 mod q,

we conclude that any prime divisor q 6= 13 of y splits completely in K.

2.5.3 Divisibility of the index [O×K : U ] redux.

Lemma 2.22. Let ` be an odd prime and q a prime for which exactly two elements of the

set {2, 3, 5} are `th power residues mod q, while the third is an `th power nonresidue mod

q. Assume that q is a prime over q such that ρ0 ≡ 5 mod q, and that q splits completely

in K. Then ` does not divide [O×K : U ], where U = 〈−1, ε, ρ0, ρ1〉.

Proof. As in Equation (2.2), ρ1 ≡ 2/3, ρ2 ≡ −1/5, and ρ3 ≡ −3/2 mod q.

If ` is an odd prime and divides [O×K : U ], then there is a unit u ∈ O×K r U such that

u` = ±εaρb0ρc1.

Without loss of generality we may take each integer exponent 0 ≤ a, b, c < ` and, since `

is odd, take

u` = εaρb0ρ
c
1. (∗∗)
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Applying 1 + σ ∈ Z[Gal(K/Q)] to both sides of (∗∗) we conclude that

(uuσ)` = (εεσ)a(ρ0ρ1)
b(ρ1ρ2)

c

= (±1)a(ρ0ρ1)
b(ρ1ρ2)

c

≡ (±1)a(−1)c5b−c2b+c3−(b+c) mod q.

Similarly, by applying σ(1 + σ) ∈ Z[Gal(K/Q)] to both sides of (∗∗), we find that

(uσuσ
2

)` = (±1)a(ρ1ρ2)
b(ρ2ρ3)

c

≡ (±1)a(−1)c2b−c3−(b−c)5−(b+c) mod q.

Using our power residue hypotheses, one of these congruences implies that b ≡ −c

mod `, while the other implies that b ≡ c mod `. Hence b ≡ c ≡ 0 mod `, and so

b = c = 0. Thus u` = εa. If uσ2 6= u then, noting that u, uσ2 ∈ R and that ` is odd, we

conclude that (uσ
2
)` 6= u`. Hence εa = u` 6= (u`)σ

2
= (εa)σ

2
= εa; a contradiction. We

conclude that uσ2
= u, and hence that u ∈ O×K ∩ k2 ⊂ U. This result contradicts the fact

that u 6∈ U, and so we conclude that ` is relatively prime to [O×K : U ].

2.5.4 A class of order r

Proposition 2.23. Let n > 3. Then (3− α) is not the square of a principal ideal.

Proof. Arguing by contradiction, suppose that (3−α) = (β)2, so that−ρ0 + 3(1 +ρ1) =

uβ2, where u is a unit of K. We consider the two cases in which [O×K : U ] is even or odd

separately.
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If [O×K : U ] is odd, then there are integers s and t such that u = us[O
×
K :U ]u2t. Hence

−ρ0 + 3(1 + ρ1) = ±εaρb0ρc1β2
1 , where β1 = utβ. Since n > 3, the left hand side is nega-

tive and we see that we must choose the negative sign on the right hand side. By absorbing

any squares into β1, we may assume without loss of generality that a, b, c ∈ {0, 1}. Thus

we arrive at the equation

ρ0 − 3ρ1 − 3 = εaρb0ρ
c
1β

2
2 .

Taking norms down to Q of both sides of this equation, we arrive at the contradiction that

−9n2 − 128 = NK|Q(β2)
2; i.e., that −128− 9n2 < 0 is the square of a rational number.

If [O×K : U ] is even, then we know from Lemma 2.14 that Nk2|Q(ε) = −1 and that ερ0ρ1

is the square of a unit of K, say ερ0ρ1 = ϑ2. The subgroup U ′ = 〈−1, ϑ, ρ0, ρ1〉 ⊂ O×K

properly contains the subgroup U = 〈−1, ε, ρ0, ρ1〉, and the quotient U ′/U is generated

by the class of ϑ; an element of order 2. Hence [U ′ : U ] = 2. Since we know from Lemma

2.16 that the greatest power of 2 which may divide

[O×K : U ] = [O×K : U ′][U ′ : U ] = 2[O×K : U ′]

is 2, we conclude that [O×K : U ′] is odd.

Thus, working as above, −ρ0 + 3ρ1 + 3 = uβ2 implies that−ρ0 + 3ρ1 + 3 = ±ϑaρb0ρc1β2
1 .

Without loss of generality, we may assume that ϑ > 0. (We require only that ϑ is a square
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root of ερ0ρ1, so choose the positive square root.) Since −ρ0 + 3ρ1 + 3 < 0, we see that

we must choose the negative sign on the right. By absorbing any squares into β1, we may

take a, b, c ∈ {0, 1}, and upon applying the elements of the Galois group we now arrive

at the four equations:

ρ0 − 3ρ1 − 3 = ϑaρb0ρ
c
1β

2
2 (2.3)

ρ1 − 3ρ2 − 3 = (ϑσ)aρb1ρ
c
2(β

σ
2 )2 (2.4)

ρ2 − 3ρ3 − 3 = (ϑσ
2

)aρb2ρ
c
3(β

σ2

2 )2 (2.5)

ρ3 − 3ρ0 − 3 = (ϑσ
3

)aρb3ρ
c
0(β

σ3

2 )2. (2.6)

Since ϑ2 = ερ0ρ1, (ϑσ)2 = εσρ1ρ2. Noting that εεσ = Nk2|Q(ε) = −1 (Lemma 2.14), we

find that (ϑϑσ)2 = −ρ0ρ21ρ2 = ρ21, and so

ϑϑσ = ±ρ1.

If ϑϑσ = +ρ1, then Galois conjugating:

ϑϑσ = ρ1

ϑσϑσ
2

= ρ2

ϑσ
2

ϑσ
3

= ρ3

ϑσ
3

ϑ = ρ0

Since ϑ and ρ1 are both positive, we conclude from the first equation that so is ϑσ. Then
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the second equation implies that ϑσ2
< 0, and the third equation implies that ϑσ3

> 0.

Noting that (when n > 3)

ρ0 − 3ρ1 − 3 > 0

ρ1 − 3ρ2 − 3 < 0

ρ2 − 3ρ3 − 3 > 0

ρ3 − 3ρ0 − 3 < 0

Equations (2.4) and (2.6) now reveal that b = c = 1. If a = 1, then the left hand side of

Equation (2.5) would be positive while the right hand side is negative. Hence a = 0 and

we may write

ρ0 − 3ρ1 − 3 = ρb0ρ
c
1β

2
2 .

Taking norms down to Q,we again arrive at the contradiction that−128−9n2 = NK|Q(β2)
2;

i.e., that −9n2 − 128 < 0 is the square of a rational number.

On the other hand, if ϑϑσ = −ρ1, then Galois conjugating:

ϑϑσ = −ρ1

ϑσϑσ
2

= −ρ2

ϑσ
2

ϑσ
3

= −ρ3

ϑσ
3

ϑ = −ρ0,
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and we conclude that ϑσ < 0, ϑσ
2
< 0, and ϑσ3

< 0. If a = 0, then by taking norms down

to Q we run into the same contradiction that we’ve already encountered twice above.

Hence a = 1. But then equation (2.4) implies that c = 0 and equation (2.6) implies that

b = 0. Hence from Equation (2.5), ρ2 − 3ρ3 − 3 = ϑσ
2
(βσ

2

2 )2. Since the left hand side of

this equation is positive, while the right hand side is negative, we’ve reached a contradic-

tion.

We have exhausted the possibilities and so are forced to conclude that our initial assump-

tion was false and hence that (3− α) is not the square of a principal ideal.

Proposition 2.24. Let r be a positive integer and let (3, y) be a solution in integers to

Y r = mα(X). Let ` be an odd prime divisor of r and let q, q2 be prime divisors of y not

equal to 7, 13, or 41 and satisfying the following conditions:

1. Exactly two of the primes 2, 3, 5 are `th power residues mod q, while the third is a

`th power nonresidue mod q.

2. All three of the primes 2, 3, 5 are `th power residues mod q2, while 13 is an `th

power nonresidue mod q2.

Then (3− α) is not the `th power of a principal ideal.

Proof. Again we proceed by contradiction and suppose that (3 − α) = (β)`, so that

−ρ0 + 3(1 + ρ1) = uβ`, where u is a unit of K.

The primes q, q2 totally split inK (Lemma 2.21) and neither divides disc(mα(X)) (Lemma

2.20). Hence we choose primes q (resp. q2) over q (resp. q2) such that 3 ≡ α mod q, q2.
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Then ρ0 ≡ 5, ρ1 ≡ 2/3, ρ2 ≡ −1/5, ρ3 ≡ −3/2 mod q, q2 (Equation (2.2)).

Since ` is odd, we know from Lemma 2.22 above that gcd([O×K : U ], `) = 1. Hence

there are integers s and t such that u = (us)[O
×
K :U ](ut)` and hence such that

−ρ0 + 3(1 + ρ1) = ±εaρb0ρc1β`1,

where ε is the fundamental unit of the quadratic subfield and where β1 = βut.

If −NK|Q(ρ0 − 3(1 + ρ1)) = n2 + 128 is not an `th power in Z, then we are done

and may conclude that (3− α) 6= (β)`.

If not, then by applying σ and σ2 to both sides of these equations we find that

−ρ1 + 3(1 + ρ2) = ±(εσ)aρb1ρ
c
2(β

σ
1 )`

−ρ2 + 3(1 + ρ3) = ±εaρb2ρc3(βσ
2

1 )`,

and upon multiplying these two equations and using the congruences above, we find that

−169

75
≡ (±1)a(−1)c(2/3)b−c(−1/5)b+c(βσ1 β

σ2

1 )` mod q2,

or that

132 ≡ (±1)a(−1)1+b2b−c31−b+c52−b−c(βσ1 β
σ2

1 )` mod q2.
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By absorbing any factors of −1 into the `th power and applying our assumptions regard-

ing `th power residues, we conclude that 132 is an `th power mod q2. Since q2 splits

completely in K, the degree of the residue field [OK/q2 : Z/q2Z] = 1. So 132 is an `th

power residue mod q2 if and only if it is an `th power residue mod q2; say γ` ≡ 132 mod

q2. Since ` is odd, there are integers s and t such that 2s+ `t = 1 and hence such that

13 = 132s+`t = 132s13`t ≡ γ`s13`t mod q2 = (γs13t)` mod q2.

By hypothesis 13 is an `th power nonresidue mod q2; contradiction.

Corollary 2.25. Let n > 3, let r be a positive integer, and let (3, y) be a solution in

integers to Y r = mα(X). Assume that 7, 13, and 41 do not divide y. Assume further that

for each odd prime divisor ` of r there are corresponding prime divisors q, q2 of y that

satisfy:

1. Exactly two of the primes 2, 3, 5 are `th power residues mod q, while the third is a

`th power nonresidue mod q.

2. All three of the primes 2, 3, 5 are `th power residues mod q2, while 13 is an `th

power nonresidue mod q2.

Then (3− α) = ar, where a is a representative of a class of order r in the class group of

K.

Proof. According to Lemma 2.20 none of the prime factors of y divide disc(mα(X)), and

according to Lemma 2.21 any prime factor of y splits completely in K. The hypotheses

of Lemma 2.19 are satisfied and allow us to conclude that (3 − α) = ar, for some ideal

36



a of K. To show that a has order r upon passing to the class group, we must show that

no smaller positive power of a is principal. If this was not the case, and some smaller

positive power of a was principal, then we would conclude that (3 − α) is the `th power

of a principal ideal for some ` > 1 dividing r. Since a power of a principal ideal is

principal we may, without loss of generality, take ` to be prime. Since the hypotheses of

Propositions 2.23 and 2.24 are satisfied, (3−α) is not the `th power of principal ideal for

any prime ` dividing r. Hence a is a representative of a class of order r.

2.6 On the origin of the ideal classes.

Y. Yamamoto [16] proved the existence of infinitely many real quadratic fields with

class number divisible by any integer r > 1. Later, P.J. Weinberger [15] independently

showed that the class number of the real quadratic field Q(
√
a2r + 4) with a prime is di-

visible by r for odd r and by r/2 for even r if a satisfies some additional r-dependent

conditions. This result was extended to show that for every integer r ≥ 2 and every odd

integer a ≥ 3, the ideal class number of the field Q(
√
a2r + 4) is divisible by r.

Based on these results, one might wonder if the ideal classes detected by our method

are not, in fact, simply coming from ideal classes of the real quadratic subfield. We now

show that this is not the case for infinitely many distinct fields Kn.

Lemma 2.26. Let r > 1 be a rational integer. Let ρ be a root of the polynomial

f956(X) := X4 − 956X3 − 6X2 + 956X + 1. Then Xr − ρ is irreducible in K956[X].
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Proof. Let ρ denote a root of f956(X). We use PARI to compute a set of fundamental

units for K956 := K:

u1 = (1/338)ρ3 − (478/169)ρ2 − (5/338)ρ+ 408/169

u2 = (7/8788)ρ3 − (6709/8788)ρ2 + (16203/8788)ρ+ 15531/8788

u3 = (17/8788)ρ3 − (16245/8788)ρ2 − (6811/8788)ρ+ 25019/8788.

It is then straightforward (but tedious) to check that

ρ = − 1

u1u52u
3
3

.

Hence u1 = −1/(ρu52u
3
3) and we conclude that {ρ, u2, u3} is also a set of fundamental

units for K. But a result found in Lang’s Algebra [10] says that Xr−ρ is irreducible over

a field K if ρ 6∈ (K×)` for any prime ` dividing r and ρ 6∈ −4(K×)4 when 4 | r. Since

ρ belongs to a set of fundamental units, we conclude that ρ 6∈ (K×)` for every prime

` | r. Computer calculation confirms that f956(X4) is irreducible over Q; hence X4− ρ is

irreducible in K[X].

It is easy to see that the converse of the above result is also true: if ρ ∈ (K×)`, then

Xr − ρ factors. If ρ = −4b4 (with b ∈ K×), then X4 − ρ = X4 + 4b4 = (X2 + 2bX +

2b2)(X2 − 2bX + 2b2).

Hence, since X4 − ρ is irreducible in K[X], we conclude that ρ 6∈ (K×)2 and ρ 6∈
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−4(K×)4. Thus Lang’s result allows us to conclude that Xr − ρ is irreducible for all

integers r ≥ 1.

Definition 2.27. A relative ideal class is an ideal class with trivial norm down to k2.

Remark 2.28. The next theorem relies on the existence of primes satisfying a set of con-

gruence conditions. This is established in the section immediately following this one.

Theorem 2.29. Let r ≥ 3 be an odd rational integer. Let (3, cr(30dy + 1)) be a solution

in integers to Y r = mα(X), where d = 3731 = 7×13×41, and where cr ≡ 1 mod 30 is

a constant which is not divisible by 7, 13, and 41, and is chosen such that for each prime

divisor ` of r there are corresponding prime divisors q2, q3, q4, of cr for which

1. All three of the primes 2, 3, 5 are `th power residues mod q2, while 13 is an `th

power nonresidue mod q2.

2. 2, 3 are rth power residues mod q3 and 5 is an `-th power nonresidue mod q3.

3. 3, 5 are rth power residues mod q4 and 2 is an `-th power nonresidue mod q4.

Then there are infinitely many distinct fields in the family {Kn} for which

(
3− α1

3− α3

)
= cr,

where [c] ∈ ClK is a relative ideal class of order r.

Proof. Apply Corollary 2.25 to conclude that (3−α) = ar, where [a] has order r in ClK .
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It follows that (
3− α1

3− α3

)
= cr,

for some ideal c. If [c] does not have order r then there is a prime ` dividing r such that

cr/` is principal. Hence

w :=
3− α1

3− α3

= uz`,

with u a unit of K and z ∈ K×. Our assumptions imply that [O×K : 〈−1, ε, ρ0, ρ1〉] is not

divisible by `. So we may assume that u ∈ 〈−1, ε, ρ0, ρ1〉. Write

w = εaρb0ρ
c
1z
`.

with a, b, c ∈ Z. Taking norms K → k2 we find that ε2a = NK|k2(u) = NK|k2(z)−`.

Hence ` | a and we can absorb εa into z`. By Lemmas 2.20 and 2.21 the primes q3 and

q4 split completely in K and do not divide disc mα(X). Hence we may choose primes q3

and q4 of K lying over them such the 3 ≡ α mod q3, q4. Applying Congruences (2.2),

we find that

z` ≡ 22−c3c−25−1−b mod q3, q4.

Applying conditions (2) and (3) above and absorbing `th powers into z, we may take

c = 2 and b = −1. Hence

wρ0ρ
−2
1 = z`.

It will suffice to show that Zr −wρ0ρ−21 is irreducible in K[Z], since this guarantees that

wρ0ρ
−2
1 6∈ (K×)` for any prime ` dividing r. The minimal polynomial over Q of wρ0ρ−21
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is

Z4 −
(

119n+ 480

30n− 119

)
Z3 − 6Z2 +

(
119n+ 480

30n− 119

)
Z + 1.

Clearing denominators and replacing Z with Zr we obtain the polynomial

pn(Z) := (30n− 119)Z4r − (119n+ 480)Z3r − 6(30n− 119)Z2r + (119n+ 480)Zr

+ (30n− 119).

When pn(Z) is irreducible over Q, Zr − wρ0ρ−21 is irreducible in K[Z] and we reach the

contradiction that z 6∈ K×. We are then forced to conclude that the ideal class of c has

order r.

To see that pn(Z) is irreducible for infinitely many fields in our family {Kn}, consider

first the case n = 4. In this case

p4(Z) = Z4r − 956Z3r − 6Z2r + 956Zr + 1.

If v is a zero of p4(Z), then the minimal polynomial (over Q) of v divides p4(Z). But

then vr is a root of f956(Z). Hence by Lemma 2.35, the minimal polynomial (over Q) of

v must be of degree≥ 4r. Hence p4(Z) is the minimal polynomial (over Q) of the zero v.

For infinitely many primes q, the polynomial

(Xr + 119− 30
√
−16)(Xr + 119 + 30

√
−16) ∈ Z[X]
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splits into linear factors mod q. Let q be such a prime. If b is a root mod q, then

br ≡ −119± 30
√
−16 mod q.

So, choose n0 ≡ ±
√
−16 mod q. Then n2

0 + 16 ≡ 0 mod q. By perhaps adding q to

n0, we may take n0 to be such that n2
0 + 16 ≡ 0 mod q, but n2

0 + 16 6≡ 0 mod q2.

Furthermore, because there are infinitely many such q, we may take q to not divide r,

30crd and 1192 + 302 · 16. Then q - b and

br ≡ 30n0 − 119 mod q.

By Hensel’s Lemma, there exists b0 ≡ b mod q, with

br0 ≡ −119 + 30n0 mod q2.

Now choose y0 such that

cr(30dy0 + 1) ≡ b0 mod q2.

Let m ∈ Z. Then

cr(30d(y0 +mq2) + 1) ≡ b0 mod q2.
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Hence

[cr(30d(y0 +mq2) + 1)]r ≡ −119 + 30n0 mod q2.

Noting that

[cr(30d(y0 +mq2) + 1)]r ≡ 1 mod 30,

we may write

[cr(30d(y0 +mq2) + 1)]r = 30n− 119,

for some n ∈ Z. Furthermore, since 30n ≡ 30n0 mod q2, we see that n ≡ n0 mod q2.

Hence n2 + 16 is divisible by q but not by q2. Solving for n in this last equation, we

conclude that pn(Z) = g(m,Z), where

g(X,Z) := [cr(30d(y0 + q2X) + 1)]rZ4r

−
(

119 ([cr(30d(y0 + q2X) + 1)]r + 119) + 14400

30

)
Z3r

− 6[cr(30d(y0 + q2X) + 1)]rZ2r

+

(
119 ([cr(30d(y0 + q2X) + 1)]r + 119) + 14400

30

)
Zr

+ [cr(30d(y0 + q2X) + 1)]r.

The polynomial g(X,Z) is irreducible in Q[X,Z]. Indeed, if not, then any specialization

g(m,Z) ∈ Q[Z] would be reducible. But, for example, choosing X = x ∈ Q such that

[cr(30d(y0 + q2X) + 1)]r = 1 (corresponding to n = 4), we obtain the irreducible poly-

nomial p4(Z). Hilbert’s Irreducibility Theorem [9] states that if g(X,Z) is an irreducible

polynomial in X and Z with coefficients in Z, then there are infinitely many integers m
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for which g(m,Z) is an irreducible polynomial in Z[Z]. Hence there are infinitely many

parameter values n for which (
3− α1

3− α3

)
= cr,

where c represents a class of order r in ClK . Furthermore, by allowing the prime q to

vary we see that we obtain infinitely many distinct fields for which this is true, because q

ramifies in the quadratic subfield Q(
√
n2 + 16).

Since NK|k2(w) = 1, we conclude that NK|k2(c) = Ok2 . Hence [c] ∈ ClK is mapped to

the trivial element of Clk2 and is a relative ideal class.

Remark 2.30. The only relative ideal classes that possibly admit a representative from

k2 are those of order 1 or 2. Hence the construction of Theorem 2.29 yields ideal class

which do not come from the quadratic subfield.

2.7 Existence of infinitely many fields of the family with r | hK for

arbitrary integer r > 1.

In this section we show that there are infinitely many distinct fields of the family

{Kn} with class number a multiple of r. Proving the existence of a field Kn of our family

with class number divisible by r is the essential step; once existence is established the

existence of infinitely many distinct fields of our family with class number divisible by r

follows. Existence requires demonstrating that there are infinitely many primes satisfying

the congruence conditions sufficient to guarantee the existence of a class of order r and

showing that there are infinitely many primes satisfying similar congruence conditions
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was needed in Theorem 2.29. Both can be accomplished with an appeal to Bauer’s Theo-

rem in the following Lemmas and Remark.

Lemma 2.31. Let ` be a prime. There are infinitely many primes q for which, for example,

2 and 3 are `th power residues mod q, but for which 5 is an `th power nonresidue mod q.

Proof. Let

L = Q(ζ`, 2
1/`, 31/`)

L′ = Q(ζ2`, 5
1/`)

ζ` (resp. ζ2`) denotes a primitive `th (resp. 2`th) root of unity. A rational prime q splits

completely in L if and only if q ≡ 1 mod ` and 2, 3 are `th power residues mod q. A

rational prime q splits completely in L′ if and only if q ≡ 1 mod 2` and 5 is an `th power

residue mod q. Since L′ 6⊂ L, we may apply Bauer’s Theorem [2] to conclude that there

are infinitely many primes that split in L and do not split in L′. Hence there are infinitely

many primes q for which 2 and 3 are `th power residues mod q but for which 5 is an `th

power nonresidue mod q.

Remark 2.32. The previous lemma makes clear that there are infinitely many primes q for

which exactly two elements of the set {2, 3, 5} are rth (hence `th as well) power residues

mod q, while the third is an `th power nonresidue mod q.

Lemma 2.33. Let ` be a prime. There are infinitely many primes q2 for which 2, 3, and
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5 are `th power residues modulo q2, but for which 13 is an `th power nonresidue modulo

q2.

Proof. The proof is extremely similar to that used in Lemma 2.31.

Theorem 2.34. Let r be an arbitrary positive integer > 1. This family contains infinitely

many members with class number divisible by r and there is a procedure for producing

arbitrarily many distinct quartic fields of this family whose class group contains a cyclic

subgroup of order r.

Proof. Let ` be a prime dividing r. Choose a pair of primes (q`, q2,`) satisfying the power

residue hypotheses of Corollary 2.25 for each odd prime ` dividing r. For ` = 2, choose

a prime q` ≡ 1 mod 30 (by Dirichlet’s Theorem on primes in arithmetical progressions

there are infinitely many choices for q`) and set q2,` = 1. Make sure never to choose

2, 3, 5, 7, 13, or 41, for either of the primes. (This presents no problem since, by Remark

2.32 and Lemma 2.33, there are infinitely many pairs of primes satisfying the power

residue hypotheses of Corollary 2.25.) Choose s such that

s∏
`|m

q`q2,`

r

≡ −119 mod 30.

Thus the pair (3, s
∏

`|m q`q2,`) is a solution in integers to Y r = mα(X) for some n and

from Corollary 2.25 we conclude that r | hn. Thus for an arbitrary r > 1, there is an

element, Kn, of this family of quartics which has class number divisible by r.

This result now implies that there are infinitely many members of this family of quar-
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tics whose class number is divisible by r. Indeed, suppose that Kn is such that r | hn.

Let rω be the greatest power of r dividing hn. From the previous paragraph we know that

there is a quartic field Kn′ in this family for which rω+1 divides hn′ . But Kn′ 6= Kn, since

they have different class numbers. Thus given any finite number of quartic fields with

class number divisible by r, we can find an additional one. We conclude that this family

of quartic fields contains infinitely many members with class number divisible by r.
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2.8 Figures hK vs. n.

Figure 2.1 displays average class number versus parameter. The class number of

Kn for each value of the parameter n was calculated using PARI. The raw data was then

averaged using the Matlab function movmean. For any particular n, this took the cor-

responding hKn along with the 500 preceding class numbers and 500 succeeding class

numbers and averaged these 1001 data points. The averages at the endpoints are taken

over the available data points. We note that the average class number appears to increase

with parameter, as expected, but that despite the averaging the plot still contains signifi-

cant noise.
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Figure 2.1: Average Class Number vs. Parameter
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Figure 2.2 displays average relative class number versus parameter. The class num-

ber of the quadratic subfield k2 for each value of the parameter n was calculated using

PARI. The ratio of hKn/hk2 was then calculated for each n and the raw data was then

averaged using the same Matlab function and process outlined above (with the same size

averaging window.) Comparing this plot with that in Figure 2.1 suggests that much of

the noise in Figure 2.1 comes from the class number of the quadratic subfield and hence

that the new ideal classes produced when going from k2 up to Kn have a much simpler

dependence on the parameter n.
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2.9 Examples.

Example 2.35. Let r = 2 and y = 31, so that n = 30788. The previous theorem predicts

that (3 − α) = (3 − ρ0 + 3ρ1) = a2, where a is a representative of a class of order 2 in

the class group. A quick PARI calculation shows that h30788 = 231735296 = 220×13×17.

Example 2.36. Let r = 3. We now follow the proof of Theorem 2.34 to find a parameter

value n for which hKn is a multiple of 3. The first prime q for which two elements of the set

{2, 3, 5} are cubic residues mod q while the third is a cubic nonresidue mod q is q = 67.

The first prime q2 for which all elements of the set {2, 3, 5} are cubic residues mod q2

while 13 is a cubic nonresidue mod q2 is q2 = 643. Since qq2 = 43081 ≡ 1 mod 30,

we may choose s = 1. Solving the equation (sq1q2)
6 = 30n − 119 for n we find that

n = 213104881995293580657999820. Corollary 2.25 predicts that 3 | hKn . The results

of a PARI computation are not available for such a large value of the parameter n.

Remark 2.37. Since hKn ≡ 0 mod 3, when n = 30, 54, 56, 62, 64, 65, 70, 74, 75,

83, 91, 94, 108, . . . , Example 2.36 suggests that the algorithm presented in the proof of

Theorem 2.34 produces a rather sparse subset of the collection of all fields of the family

with class number divisible by 3.
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Chapter 3: A Family of Sextic Number Fields.

We restrict attention in this chapter to the family of splitting fields, Kn, of polynomials of

the form

fn(X) = X6 − 2nX5 − (5n+ 15)X4 − 20X3 + 5nX2 + (2n+ 6)X + 1, (3.1)

where n is a nonzero integer not equal to −8,−3, or 5.

Let r ≥ 1 be an odd but otherwise arbitrary integer. Our main result shows that this

family of sextics contains infinitely many distinct fields, Kn, whose class group contains

a cyclic subgroup of order r generated by an ideal class which does not come from either

the quadratic or cubic subfield of Kn.

Remark 3.1. Adjoing a root ρ of fn(X) to Q yields a real sextic extension of Q with

cyclic Galois group generated by σ : Q(ρ)→ Q(ρ), ρ 7→ (ρ− 1)/(ρ+ 2). To see this, let

t = 4n+ 6, so that

fn(X) = X6−
(
t− 6

2

)
X5−5

(
t− 6

4

)
X4−20X3+5

(
t− 6

4

)
X2+

(
t+ 6

2

)
X+1.

(3.2)
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The splitting fields Kt of polynomials of the form on the right hand side of Equation

(3.2) were studied by M.-N. Gras [7] and shown to be real sextic extensions of Q with

cyclic Galois group generated by σ : Q(ρ) → Q(ρ), ρ 7→ (ρ − 1)/(ρ + 2) whenever

t 6= 0,±6,±26 is a rational integer. Gras also showed in this work that Kt = K−t and

so we may restrict our attention to integer parameter values n ≥ −1 and n 6= 0, 5. The

form of the polynomial we are using (3.1) is that employed by Gaál and Remete [5] in

their recent work on integral bases for these fields.

Remark 3.2. Let ρ denote a root of fn(X) = 0. Then by applying the elements of the

Galois group to ρ we find that the other five zeros of fn(X) are

ρ1 = (ρ− 1)/(ρ+ 2), ρ2 = −1/(ρ+ 1),

ρ3 = −(ρ+ 2)/(2ρ+ 1), ρ4 = −(ρ+ 1)/ρ, ρ5 = −(2ρ+ 1)/(ρ− 1).

(3.3)

3.1 More on the zeros of fn.

Proposition 3.3. Let ρ0 denote the greatest root of fn(X). When n ≥ 8,

2n+ 2 < ρ0 < 2n+ 3,
2n+ 1

2n+ 5
< ρ1 <

n+ 1

n+ 2
, − 1

2n+ 3
< ρ2 < −

1

2n+ 4
,

− 2n+ 5

4n+ 5
< ρ3 < −

2n+ 4

4n+ 7
, −n+ 2

n+ 1
< ρ4 < −1, −4n+ 7

2n+ 1
< ρ5 < −

4n+ 5

2n+ 2
.

(3.4)

Proof. Since fn(1) = −27 < 0 and since fn(x) → ∞ as x → ∞ we see that fn has a

real root greater than one. In particular, ρ0 > 1. Letting ρ = ρ0 in Equations (3.3) we
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see that ρ1 is positive but less than 1 and that all of the remaining zeros are negative. For

n ≥ 0, fn(2n + 2) < 0, while for n ≥ 8, fn(2n + 3) > 0. Applying the Intermediate

Value Theorem we conclude that 2n + 2 < ρ0 < 2n + 3, when n ≥ 8. The remaining

inequalities now follow from Equations (3.3).

3.2 Structure of the splitting field Kn.

Remark 3.4. The splitting field Kn contains a unique cubic subfield which we denote by

k3,n or k3 and a unique quadratic subfield which we denote by k2,n or k2. The quadratic

extension is generated by a root of h(X) = X2− (n2 +3n+9), while the cubic extension

is a simplest cubic field generated by a root of gn(X) = X3 − nX2 − (n + 3)X − 1 (as

detailed in [7], [5]). In terms of the roots ρi of fn(X) = 0, the roots of gn(X) = 0 are

µ = −(1 + ρ0ρ3), µσ =
1

ρ0ρ3
, and µσ

2

= − ρ0ρ3
1 + ρ0ρ3

.

Let µi = µσ
i
, i = 0, 1, 2. Use the relation ρ3 = −(ρ0+2)/(2ρ0+1) (Equation 3.3) to find

that µ = (ρ20 − 1)/(2ρ0 + 1) along with the fact that 2n+ 2 < ρ0 < 2n+ 3 (Proposition

3.3) to conclude that

n+ 2 > µ0 > n > 0 > µ1 > −1 > µ2 > −2,

when n ≥ 8.

Let σ = (012345) denote the generator of Gal(Kn/Q) of Remark 3.1. The lattice of
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subfields of Kn and the corresponding lattice of subgroups of Z/6Z = 〈σ〉 are given by

the following diagrams:

Kn

k3,n

k2,n

Q

〈1〉

〈σ3〉

〈σ2〉

Z/6Z
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3.3 Units.

Since there are six real embeddings of K into C and no complex embeddings,

Dirichlet’s Unit Theorem implies that the rank of the unit group O×K is 5. That the ρi

and µi are units is evident from their minimal equations of integral dependence (over Q.)

Hence it makes sense to study the subgroup U of O×K generated by {−1, µ0, µ1, ρ0, ρ1, ε}.

This section gives sufficient conditions to conclude that this set (excluding −1) forms a

fundamental set or nearly fundamental set of units. It also provides a proof of the fact that

the index [O×K : U ] is odd.

3.3.1 Multiplicative independence of {µ0, µ1, ρ0, ρ1, ε}

Proposition 3.5. If n ≥ 8, then log2 |ρ2/ρ5| − log |ρ1/ρ4| log |ρ3/ρ0| > 0.

Proof. Using Equations (3.3) and Inequalities (3.4) above, |ρ2/ρ5| < (2n + 2)/((4n +

5)(2n + 3)) < 1/(4n + 5). Hence log |ρ2/ρ5| < − log(4n + 5), and log2(4n + 5) <

log2 |ρ2/ρ5|. A similar argument shows that log((n+ 1)/(n+ 2))− 1 < log |ρ1/ρ4| < 0,

and that − log(4n+ 7) < log |ρ3/ρ0| < 0. Hence log2 |ρ2/ρ5| − log |ρ1/ρ4| log |ρ3/ρ0| >

log2(4n+ 5)− log(4n+ 7)(log((n+ 1)/(n+ 2))− 1) > log2(4n+ 5) + log(4n+ 7) > 0.

Lemma 3.6. The set {µ0, µ1, ρ0, ρ1, ε} is a multiplicatively independent subset of O×K .
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Proof. Let R denote the regulator of {µ0, µ1, ρ0, ρ1, ε}. Then R is the absolute value of

det



log |µ0| log |µ1| log |ρ0| log |ρ1| log |ε|

log |µ1| log |µ2| log |ρ1| log |ρ2| log |εσ|

log |µ2| log |µ0| log |ρ2| log |ρ3| log |ε|

log |µ| log |µ1| log |ρ3| log |ρ4| log |εσ|

log |µ1| log |µ2| log |ρ4| log |ρ5| log |ε|



= det



log |µ0| log |µ1| log |ρ0| log |ρ1| log |ε|

log |µ1| log |µ2| log |ρ1| log |ρ2| log |εσ|

0 0 log |ρ1/ρ4| log |ρ2/ρ5| log |ε|

0 0 log |ρ2/ρ5| log |ρ3/ρ0| log |εσ|

0 0 0 0 3 log |ε|


,

(3.5)

where the second matrix is obtained from the first by the following sequence of row

operations: add rows 1 and 3 to row 5, add rows 2 and 3 to row 4, and finally add rows 1

and 2 to row 3. It is clear that

det

log |µ0| log |µ1|

log |µ1| log |µ2|

 6= 0,

because up to sign this is the regulator of {µ0, µ1}; a multiplicatively independent subset

of k3. It is equally clear that 3 log |ε| 6= 0, because ε > 1. Finally, applying Proposition
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3.5, we conclude that

∣∣∣∣ det

log |ρ1/ρ4| log |ρ2/ρ5|

log |ρ2/ρ5| log |ρ3/ρ0|

∣∣∣∣ = | log2 |ρ2/ρ5| − log |ρ1/ρ4| log |ρ3/ρ0||

> 0,

whenever n > 8 and hence that R 6= 0 for such n. The remaining values of −1 ≤ n ≤ 8,

n 6= 0, 5 may be checked by hand (or computer) to conclude that R 6= 0 for these cases

too. Since R 6= 0, we conclude that {µ0, µ1, ρ0, ρ1, ε} is a multiplicatively independent

subset of O×K .

3.3.2 The index [O×K : U ]

The following information, prerequisite for Proposition 3.7, can be found in M.N. Gras

[7]. Let Uχ := {u ∈ O×K | NK|k2(u) = ±1 and NK|k3(u) = ±1} denote the group of

relative units. Note that if u ∈ Uχ, then u1+σ2+σ4
= ±1 and u1+σ3

= ±1. Hence

u1+σ
2+σ4

= ±u1+σ3

=⇒ uσ
2+σ4

= ±uσ3

=⇒ u1+σ
2

= ±uσ =⇒ u1−σ+σ
2

= ±1.

Conversely, if u is a unit for which u1−σ+σ2
= ±1, then

u1+σ
2

= ±uσ =⇒ uσ
2+σ4

= ±uσ3

=⇒ NK|k2(u) = u1+σ
2+σ4

= ±u1+σ3

= ±NK|k3(u).

Since the units of k2 and k3 meet in {±1}, we conclude that NK|k2(u) = ±1 and

NK|k3(u) = ±1 and hence that u ∈ Uχ. Thus Uχ = {u ∈ O×K | u1−σ+σ
2

= ±1}. Let G
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denote Gal(K/Q) = 〈σ〉 and note that Uχ is Z[G]-module. Let U∗ denote the submodule

{u ∈ Uχ | u1−σ+σ
2

= 1}, so that Uχ = {±1}×U∗. Then U∗ is a free Z[G]/(1− σ+ σ2)-

module of rank 1, and so if {u} is a basis for this free-module, then every element of Uχ

may be written uniquely in the form ±ua(uσ)b with a, b ∈ Z. M.N. Gras has shown (see

[7] Théorème 4.18) that when n2 + 3n + 9 is, apart from powers of 3, square-free, and

n 6= 1, 12, ρ0/ρ3 generates U∗ as a Z[G]/(1−σ+σ2)-module. In other words, under these

hypotheses every element of Uχ may be written uniquely in the form ±(ρ0/ρ3)
a(ρ1/ρ4)

b

with a, b ∈ Z. This is sufficient to establish the following:

Proposition 3.7. If n2 + 3n + 9 is, apart from powers of 3, square-free, and n 6= 1, 12,

then [O×K : U ] = 1 or 3.

Proof. Note that U contains the subgroup U ′ generated by {−1, µ0, µ1, ρ0/ρ3, ρ1/ρ4, ε}.

Indeed, ρ−10 (µ1)
−1 = ρ0ρ3/ρ0 = ρ3. Hence U contains ρ3, and since it also contains ρ0,

it contains ρ0/ρ3. Similarly, ρ−11 (µ2)
−1 = ρ4. Since (µ2)

−1 = µ0µ1 and since U contains

ρ1, we conclude that U contains ρ4. Hence U also contains ρ1/ρ4. Since U contains the

generators of U ′ it contains U ′.

Let R′ denote the regulator of {µ0, µ1, ρ0/ρ3, ρ1/ρ4, ε}. Then R′ is the absolute value
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of

det



log |µ0| log |µ1| log |ρ0/ρ3| log |ρ1/ρ4| log |ε|

log |µ1| log |µ2| log |ρ1/ρ4| log |ρ2/ρ5| log |εσ|

log |µ2| log |µ0| log |ρ2/ρ5| log |ρ3/ρ0| log |ε|

log |µ0| log |µ1| log |ρ3/ρ0| log |ρ4/ρ1| log |εσ|

log |µ1| log |µ2| log |ρ4/ρ1| log |ρ5/ρ2| log |ε|



= det



log |µ0| log |µ1| log |ρ0/ρ3| log |ρ1/ρ4| log |ε|

log |µ1| log |µ2| log |ρ1/ρ4| log |ρ2/ρ5| log |εσ|

0 0 2 log |ρ1/ρ4| 2 log |ρ2/ρ5| log |ε|

0 0 2 log |ρ2/ρ5| 2 log |ρ3/ρ0| log |εσ|

0 0 0 0 3 log |ε|


,

(3.6)

where we have used the same sequence of row operations as used in Lemma 3.6 to bring

the first matrix into the row equivalent form of the second matrix. Comparing the right

hand sides of Equations (3.5) and (3.6), we conclude that R′ = 4R. Hence

[O×K : U ] =
[O×K : U ′]

[U : U ′]
=

[O×K : U ′]

R′/R
=

[O×K : U ′]

4
.

The paragraph preceding this proposition, allows us to conclude that U ′ is the subgroup

U2U3UR ≤ O×K of Ennola, Maki, and Turunen [4] and hence that [O×K : U ′] = 1, 3, 4, or

12. Hence we conclude that [O×K : U ] = 1 or 3.
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Lemma 3.8. The index [O×K : U ] is odd.

Proof. If 2 divides [O×K : U ], then there is a unit u ∈ O×K r U such that

u2 = ±εaµb0µc1ρd0ρe1, (3.7)

and with each integer exponent a, b, c, d, e ∈ {0, 1}. Taking norms K → k2 of both sides

of Equation (3.7), we find that

(NK|k2(u))2 = ±ε3a.

If a = 1, then we conclude that ±ε is a square in k2. But −ε cannot be a square in k2,

because K/Q is a real and ε cannot be a square in k2, because it is the fundamental unit

of k2. We conclude that a = 0, and so

u2 = ±µb0µc1ρd0ρe1. (3.8)

Taking norms K → k3 of both sides of Equation (3.8), we find that

(NK|k3(u))2 = µ2b−e
0 µ2c−d−e

1 .

Recall that µ0µ1 = 1/µ2. If d 6= 0 or e 6= 0, then either µ2/µ1, µ2, or µ1 is a square

in k3. Since none of these units is totally positive, we’ve reached a contradiction. Hence
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d = e = 0, and Equation (3.8) becomes

u2 = ±µb0µc1.

If b 6= 0 or c 6= 0, we again reach the contradiction that the left hand side is totally

positive, while the right hand side is not totally positive. Hence b = c = 0 and u2 = ±1.

We conclude that u = ±1 ∈ U. Since this contradicts our hypothesis that u 6∈ U, the

proof is complete.

3.4 Conditions sufficient to conclude that r | hK for arbitrary odd integer

r > 1.

As in the quartic case, we show that r divides the class number of K by showing

that the class group contains an element of order r. We begin again with a principal ideal

ofK, show that it factors as an rth power of an ideal a, and then show that no lesser power

of a is principal.

In the quartic case we were led to consider other primitive elements for the extension

Kn/Q in order to ensure that an arbitrary integer r divided the class number of a field

in our family. We pursued the same method here, but without success. Hence we factor

(x− ρ0) and find solutions to Y r = fn(X) as in the original work of [14], but our results

only detect classes of odd but otherwise arbitrary order.
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3.4.1 Candidate for a representative of a class of odd order r

Lemma 3.9. Let (−3, y) be a solution in integers to Y r = fn(X). Assume that any prime

factor of y which splits in K does not divide the discriminant of fn(X). If gcd(r, 3) = 1,

then (−3− ρ0) is the rth power of an ideal of K. If r ≡ 0 mod 3, then (−3− ρ0) is the

r/3-th power of an ideal of K.

Proof. Since fn(−3) = 120n + 37, the hypothesis that yr = fn(−3) implies that 37 is

an r-th power residue mod 5. Since 37 ≡ 2 mod 5 is a quadratic nonresidue mod 5, it is

clear that r must be odd. From the same hypotheses we have that

yr = fn(−3) =
5∏
i=0

(−3− ρ0).

Let

(−3− ρ0) =
∏
p

pνp ,

be the unique factorization of the integral ideal (−3− ρ0) into a product of (only finitely

many) positive integer powers of prime ideals and let p be the rational prime below p.

If p is totally ramified in K, then it equals its Galois conjugates, so pνp is the exact power

of p dividing each of the (−3− ρi). Hence p6νp = pνp exactly divides yr and r | νp.

If p does not split in K, but p is not totally ramified, then (p) factors as p = (p), p2 = (p),

or p3 = (p). No matter which factorization holds, p still equals its Galois conjugates and
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so pνp is the exact power of p dividing the conjugates of (−3 − ρ0). Hence p6νp exactly

divides yr. If p = (p), then r | 6νp =⇒ r | 3νp. If p2 = (p), then r | 3νp, and if p3 = (p),

then r | 2νp =⇒ r | νp.

Finally, if p splits in K, then either it splits completely or it splits into two or three

prime ideals. Suppose that p splits into two primes and let p2 denote the other prime

over p. Since Gal(K/Q) = 〈σ〉 acts transitively on the set {p, p2}, the stabilizer of any

prime under this action is the unique subgroup of order 3, 〈σ2〉. Since −3 − ρ0 ∈ p, we

now conclude that −3− ρ2 ∈ p. Hence p contains ρ0 − ρ2 and so contains disc(fn(X)).

Similarly p splitting into three prime ideals implies that p contains disc(fn(X)). Since

this contradicts our hypothesis on primes dividing y which split in K, we conclude that

p splits completely in K: (p) = pp2p3p4p5p6. Each of these six prime ideals over p must

contain exactly one of the conjugates of −3− ρ0, since otherwise one of these prime ide-

als would contain disc(fn(X)) and p would divide disc(fn(X)); again a contradiction to

our hypothesis on primes dividing y which split in K. Hence pνp exactly divides yr, and

so r | νp.

We have now shown that if gcd(r, 3) = 1, then (−3− ρ0) is the rth power of the ideal

a =
∏
p

pνp/r.
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We have also shown that if r ≡ 0 mod 3, then (−3− ρ0) is the r/3-th power of the ideal

b =
∏
p

p3νp/r.

3.4.2 The behavior of primes revisited

Lemma 3.10. Let (−3, y) be a solution in integers to Y r = fn(X). Then gcd(120, y) = 1

and the only possible prime common divisor of y and disc(fn(X)) is 7.

Proof. Note that disc(fn(X)) = 66(n2 + 3n+ 9)5 and that

yr = fn(−3) = 120n+ 37.

If q = 2, 3, or 5 divides y, then 37 ≡ 0 mod q; an absurdity. Hence gcd(120, y) = 1. We

see that any prime common divisor, q, of disc(fn(X)) and yr yields a pair of congruences

66(n2 + 3n+ 9)5 ≡ 0 mod q

120n+ 37 ≡ 0 mod q.

Since gcd(q, 120) = 1, the linear congruence has the unique solution n ≡ −37/120

mod q. Substituting into the first congruence reveals that q = 7, and so we conclude that

7 is the only possible prime common divisor of y and disc(fn(X)).

Lemma 3.11. Let (−3, y) be a solution in integers to Y r = fn(X). If q 6= 7 is a prime
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divisor of y, then q splits completely in K.

Proof. Let q be a prime divisor of yr =
∏5

i=0(−3 − ρi). Choose a prime q over q such

that

ρ0 ≡ −3 mod q.

Apply equations (3.3) to conclude that

ρ1 ≡ 4, ρ2 ≡
1

2
, ρ3 ≡ −

1

5
, ρ4 ≡ −

2

3
, ρ5 ≡ −

5

4
mod q. (3.9)

The Galois group acts on the set of primes over q. If σ2 stabilized q, then ρ0 ≡ ρ2 ≡ ρ4

mod q. Each of these congruences implies that q = 7. If σ3 stabilized q, then ρ0 ≡ ρ3

mod q. This implies that q = 2 or 7. Since yr = fn(−3) = 120n + 37, we know that 2

does not divide y.We conclude that any prime divisor q of y not equal 7, splits completely

in K.

3.4.3 Divisibility of the index [O×K : U ] redux.

Lemma 3.12. Let ` 6= 3 be an odd prime. Let q be a prime of K such that ρ0 ≡ −3

mod q and let q be the rational prime under q. Assume that q totally splits in K and that

exactly two elements of the set {2, 3, 5} are `-th power residues mod q, while the third is

an `-th power non-residue mod q. Then [O×K : U ] 6≡ 0 mod `.

Proof. If ` divides [O×K : U ], then there is a unit u ∈ O×KrU such that u` = ±εaµb0µc1ρd0ρe1,

with a, b, c, d, e ∈ {0, . . . , `−1}. Since ` is odd we may, without loss of generality, assume
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that u is such that

u` = εaµb0µ
c
1ρ
d
0ρ
e
1. (3.10)

Upon taking norms K → k2 we find that (NK|k2(u))` = ε3a. If a 6= 0, use gcd(3a, `) = 1

to write ε = ε3as+`t = (NK|k2(u
s)εt)` for some s, t ∈ Z. This contradicts the fact ε is the

fundamental unit for k2. We conclude that a = 0 and Equation (3.10) becomes

u` = µb0µ
c
1ρ
d
0ρ
e
1. (3.11)

Taking norms K → k3, we find that (NK|k3(u))` = µf0µ
g
1, where f = 2b + e and g =

2c − d + e. By absorbing any `th powers into the left hand side of this last equation, we

may take it to have the form v` = µf0µ
g
1, with v a unit of k3 and f, g ∈ {0, . . . , ` − 1}.

Hence (vσ)` = µf1µ
g
2 = µ−g0 µf−g1 . Since µ0 ≡ −8/5 mod q and µ1 ≡ 5/3 mod q, we

conclude that

v` ≡ (−1)f23f3−g5g−f mod q,

(vσ)` ≡ (−1)g2−3g3g−f5f mod q,

Since exactly two of the primes {2, 3, 5} are `th power residues mod q while the third is

an `th power nonresidue we conclude that f ≡ g ≡ 0 mod `. Hence, up to a power of `,

we may replace e in Equation (3.11) with −2b and d with 2(c − b) and so conclude that
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there is a unit w ∈ O×K r U such that

w` = (µ0/(ρ0ρ1)
2)b(µ1ρ

2
0)
c

(wσ)` = (µ1/(ρ1ρ2)
2)b(ρ21/(µ0µ1))

c.

(3.12)

Applying Congruences (3.9) along with the congruences µ0 ≡ −8/5 mod q and µ1 ≡

5/3 mod q, we find that

w` ≡ (−1)b2−b3c−2b5c−b mod q,

(wσ)` ≡ (−1)c2c−2b3c−b5b mod q.

Since exactly two of the primes {2, 3, 5} are `th power residues mod q while the third

is an `th power nonresidue we conclude that b ≡ c ≡ 0 mod `. Since 0 ≤ b, c < `,

we conclude that b = c = 0. Hence e ≡ −2b = 0 mod ` and so e = 0. Similarly

d ≡ 2(c − b) = 0 mod ` and so d = 0. Since a = b = c = d = e = 0, Equation (3.11)

reduces to u` = 1 and implies that u = 1 ∈ U. Since this contradicts our choice of u, we

conclude that [O×K : U ] 6≡ 0 mod `.

Lemma 3.13. Let q, q2 be primes of K lying over the rational primes q, q2 and such that

ρ0 ≡ −3 mod q, q2. Assume that these rational primes totally split in K. Assume further

that 2 is a cubic residue mod q and exactly one element of the set {3, 5} is a ninth power

residue mod q, while the other is a cubic non-residue mod q. Finally, assume that exactly

two elements of the set {2, 3, 5} are 9th power residues mod q2, while the remaining

element is a cubic non-residue mod q2. Then the quotient O×K/U does not contain an
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element of order 9.

Proof. Suppose the contrary. Then there is a unit u ∈ O×K r U with u9 ∈ U, but ui 6∈ U

for 0 ≤ i ≤ 8. Without loss of generality, we may take u to be such that

u9 = εaµb0µ
c
1ρ
d
0ρ
e
1, (3.13)

with a, b, c, d, e ∈ {0, . . . , 8}. Taking normsK → k3,we find that (NK|k3(u))9 = ±µf0µ
g
1,

where f = 2b+e and g = 2c−d+e. By absorbing any ninth powers and factors of−1 into

the left hand side of this last equation, we may take it to have the form v9 = µf0µ
g
1, with

v a unit of k3 and f, g ∈ {0, . . . , 8}. Hence (vσ)9 = µf1µ
g
2 = µ−g0 µf−g1 . Since µ0 ≡ −8/5

mod q and µ1 ≡ 5/3 mod q, we conclude that

v9 ≡ (−1)f23f3−g5g−f mod q,

(vσ)9 ≡ (−1)g2−3g3g−f5f mod q,

Since exactly one of the primes {3, 5} is a ninth power residue mod q while the other

is a cubic nonresidue we conclude that f ≡ g ≡ 0 mod 9. Hence, up to a power of

9, we may replace e in Equation (3.13) with −2b and d with 2(c − b) and so conclude

that there is a unit w ∈ O×K r U such that w9 = εa(µ0/(ρ0ρ1)
2)b(µ1ρ

2
0)
c and (wσ)9 =

(εσ)a(µ1/(ρ1ρ2)
2)b(ρ21/(µ0µ1))

c. The product of these two units is a unit ϑ satisfying

ϑ9 = ±(µ0µ1/(ρ0ρ
2
1ρ2)

2)b(ρ20ρ
2
1/µ0)

c

(ϑσ)9 = ±(µ1µ2/(ρ1ρ
2
2ρ3)

2)b(ρ21ρ
2
2/µ1)

c

(3.14)
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Applying Congruences (3.9) along with the congruences µ0 ≡ −8/5 mod q and µ1 ≡

5/3 mod q, we find that

ϑ3 ≡ (−1)b+c2c−3b32c−3b5c mod q2,

(ϑσ)3 ≡ (−1)b22c−3b3c53b−c mod q2.

Since exactly two of the primes {2, 3, 5} are ninth power residues mod q2 while the third

is a cubic nonresidue we conclude that c ≡ 0 mod 9 and b ≡ 0 mod 3. Hence e ≡

−2b = 0 mod 3 and d ≡ 2(c − b) ≡ 0 mod 3. Since b ≡ c ≡ d ≡ e ≡ 0 mod 3, we

conclude via Equation (3.13) that there is a unit η ∈ O×K such that η3 = εj, j ∈ {0, 1, 2}

(j ≡ a mod 3.) If j 6= 0, then ε = κ3 for some κ ∈ O×K . Applying σ we conclude that

(κκσ)3 = εεσ = ±1. Hence κκσ = ±1. Apply σ5 to both sides of this last equation to

conclude that κσ5
κ = ±1. Hence κσ5

= κσ and so κσ2
= κ. But this means that κ ∈ k2.

Since ε cannot have a cube root in k2 (because ε is its fundamental unit), we are forced

to conclude that j = 0 and that a ≡ 0 mod 3. Since a ≡ b ≡ c ≡ d ≡ e ≡ 0 mod 3,

we conclude from Equation (3.13) that u3 ∈ U. Since this contradicts our choice of u, we

conclude that O×K/U does not contain an element of order 9.

3.4.4 A class of odd order r

Proposition 3.14. Let (−3, y) be a solution to Y r = fn(X). Assume that for every prime

divisor ` 6= 3 of r there are prime divisors q, q2 6= 7 of y such that

1. Exactly two elements of the set {2, 3, 5} are `-th power residues mod q, while the

third is an `-th power non-residue mod q.
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2. The numbers 2, 3, and 5 are each `-th power residues mod q2, but 7 is an `-th power

non-residue.

Then (−3− ρ0) 6= (α)` for any prime divisor ` 6= 3 of r.

Proof. Note that r ≡ 0 mod 2 and yr = fn(−3) = 120n + 37 imply that 120n + 37 is

a square and hence that 2 is a quadratic residue mod 5. Since this is impossible, r is odd.

If (−3 − ρ0) = (α)`, then −3 − ρ0 = uα`, where u is a unit. The primes q and q2 split

completely in K by Lemma 3.11. Let q and q2 denote primes of K above q and q2 which

contain −3 − ρ0. Since the hypotheses of (Lemma 3.12) are satisfied, ` does not divide

[O×K : U ]. Hence we may write

−3− ρ0 = ±εaµb0µc1ρd0ρe1α`1.

Apply σ and σ4 to find that

−3− ρ1 = ±(εσ)aµ−c0 µb−c1 ρd1ρ
e
2(α

σ
1 )`

−3− ρ4 = ±εaµ−c0 µb−c1 ρd4ρ
e
5(α

σ4

1 )`.

Multiply these equations to find that

(−3− ρ1)(−3− ρ4) = (εεσ)aµ−2c+d−e0 µ
2(b−c)+d
1 (ασ+σ

4

1 )`.
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Apply Congruences (3.9) to both sides of this equation to conclude that

72 ≡ ±2−6c+3(d−e)32(c−b)−d5e+2b(ασ+σ
4

1 )` mod q2.

We conclude that 72 and hence 7 is an `th power residue mod q2, and since this contradicts

one of our hypotheses, we conclude that (−3 − ρ0) is not the `th power of a principal

ideal.

Proposition 3.15. Let (−3, y) be a solution to Y r = fn(X), with r ≡ 0 mod 3. Assume

that there are prime divisors q, q2, q3 6= 7 of y such that q3 ≡ 1 mod 9 and

1. 2 is a cubic residue mod q and exactly one element of the set {3, 5} is a ninth power

residue mod q, while the other is a cubic non-residue mod q.

2. Exactly two elements of the set {2, 3, 5} are 9th power residues mod q2, while the

remaining element is a cubic non-residue mod q2.

3. 2 is a cubic residue mod q3, 3 and 5 are each 9th power residues mod q3, and 7 is a

cubic non-residue mod q3.

Then (−3− ρ0) is not the cube of a principal ideal.

Proof. If (−3− ρ0) = (α)3, then −3− ρ0 = uα3, where u is a unit. The primes q and q2

split completely in K by Lemma 3.11. Let q and q2 denote primes of K above q and q2

which contain −3− ρ0. Since the hypotheses of (Lemma 3.13) are satisfied, O×K/U does

not contain an element of order 9. Hence we may write

−(3 + ρ0)
3 = ±εaµb0µc1ρd0ρe1α9

1.
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Apply σ and σ4 to find that

−(3 + ρ1)
3 = ±(εσ)aµ−c0 µb−c1 ρd1ρ

e
2(α

σ
1 )9

−(3 + ρ4)
3 = ±εaµ−c0 µb−c1 ρd4ρ

e
5(α

σ4

1 )9.

Multiply these equations to find that

(3 + ρ1)
3(3 + ρ4)

3 = (εεσ)aµ−2c+d−e0 µ
2(b−c)+d
1 (ασ+σ

4

1 )9.

Apply Congruences (3.9) to both sides of this equation to conclude that

76 ≡ ±2−6c+3(d−e)32(c−b)−d+35e+2b(ασ+σ
4

1 )9 mod q3.

We conclude that 76 is a ninth power residue mod q3; say 76 ≡ z9 mod q3. Let ζ be a

generator for (Z/q3Z)× and write z ≡ ζs mod q3 and 7 ≡ ζt mod q3 for integers s and

t. Then ζ9s−6t ≡ 1 mod q3 and since q3 ≡ 1 mod 9, we conclude that t ≡ 0 mod 3.

But this implies that 7 is a cubic residue mod q3; a contradiction to one of our hypotheses.

We conclude that (−3− ρ0) is not the cube of a principal ideal.

Corollary 3.16. Let (−3, y) be a solution in integers to Y r = fn(X). Assume that for

every prime divisor of r not equal to 3 there are corresponding primes q, q2 satisfying the

hypotheses of Proposition 3.14 and that if r ≡ 0 mod 3, that there are corresponding

primes q, q2, q3 satisfying the hypotheses of Proposition 3.15. Then (−3−ρ0) = ar, where

a is a representative of a class of order r in ClK .
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Proof. According to Lemma 3.10 none of the prime factors of y divide disc(fn(X)), and

according to Lemma 3.11 any prime factor of y splits completely in K. The hypotheses

of Lemma 3.9 are satisfied and allow us to conclude that (−3− ρ0) = ar, for some ideal

a of K. To show that a has order r upon passing to the class group, we must show that no

smaller positive power of a is principal. If this was not the case, and some smaller positive

power of a was principal, then we would conclude that (−3 − ρ0) is the `th power of a

principal ideal for some ` > 1 dividing r. Since a power of a principal ideal is principal we

may, without loss of generality, take ` to be prime. Since the hypotheses of Propositions

3.14 and 3.15 are satisfied, (−3− ρ0) is not the `th power of principal ideal for any prime

` dividing r. Hence a is a representative of a class of order r.

3.5 On the origin of the ideal classes.

Under sufficient conditions the ideal classes of order r that we detect are not com-

ing from ideal classes of the quadratic or cubic subfields.

Definition 3.17. A relative ideal class is an ideal class with trivial norm down to both the

quadratic and cubic subfields.

Remark 3.18. The next theorem relies on the existence of primes satisfying a set of con-

gruence conditions. This is established in the section immediately following this one.

Theorem 3.19. Let r 6≡ 0 mod 3 be an odd positive integer and let (−3, cr(120(7)y +
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37)) be a solution in integers to Y r = fn(X), where cr is a constant which is not divisible

by 7 and is chosen such that (37cr)
r ≡ 37 mod 120 and such that for each prime divisor

` of r there are corresponding prime divisors q2, q3, q4 of cr for which

1. All three of the primes 2, 3, 5 are `th power residues mod q2, while 7 is an `th power

non-residue mod q2.

2. 2 and 3 are rth power residues mod q3, while 5 is an `th power non-residue mod q3.

3. 3 and 5 are rth power residues mod q4, while 2 is an `th power non-residue mod q4.

Then there are infinitely many distinct fields in the family {Kn} for which

(
(−3− ρ1)(−3− ρ2)
(−3− ρ4)(−3− ρ5)

)
= cr,

where [c] ∈ ClK is a relative ideal class of order r.

Proof. That (−3− ρ0) = ar, for some ideal [a], is Corollary 3.16. It follows that

(
(−3− ρ1)(−3− ρ2)
(−3− ρ4)(−3− ρ5)

)
= cr,

for some ideal c. If [c] does not have order r, then there is a prime ` | r such that cr/` is

principal. Hence

w :=
(−3− ρ1)(−3− ρ2)
(−3− ρ4)(−3− ρ5)

= uz`,

for some u ∈ O×K and some z ∈ K×.Our hypotheses ensure that ` doesn’t divide the index

[O×K : 〈−1, ε, µ0, µ1, ρ0, ρ1〉], so we may assume u ∈ 〈−1, ε, µ0, µ1, ρ0, ρ1〉. Since w has

norm one down to k2 and k3, we conclude that the norm of u down to both subfields is an

`th power. We now proceed in the same manner as we did to produce Equations (3.10)
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and (3.11). Since ` is odd, we may ignore −1 and write

u = εaµb0µ
c
1ρ
d
0ρ
e
1.

Taking norms K → k2, we find that

ε3a = NK|k2(u) = NK|k2(z)−`

Hence ` | a and we can absorb εa into z`.

Taking norms K → k3, we find that

NK|k3(z)−` = NK|k3(u) = (±1)aµ2b+e
0 µ2c−d+e

1 .

Since ` - [O×K : 〈−1, ε, µ0, µ1, ρ0, ρ1〉], we conclude that

2b+ e ≡ 0 mod `

2c− d+ e ≡ 0 mod `.

Hence, e ≡ −2b and d ≡ 2c− 2b mod `. Thus

w =
(−3− ρ1)(−3− ρ2)
(−3− ρ4)(−3− ρ5)

= µb0µ
c
1ρ

2c−2b
0 ρ−2b1 z`1,
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for some z1 ∈ K×. Applying Congruences (3.9) we find that

6 ≡ 2−b3c−2b5c−b × (`th power) mod q3, q4.

Our power residue hypotheses then imply that c ≡ b ≡ −1 mod `. Hence e ≡ 2 and

d ≡ 0 mod `. Thus there exists z2 ∈ K× such that

w = µ−10 µ−11 ρ21z
`
2

= (ρ1ρ4)
−1ρ21z

`
2

=
ρ1
ρ4
z`2,

or

(−3− ρ1)(−3− ρ2)
(−3− ρ4)(−3− ρ5)

ρ4ρ
−1
1 = z`2.

It will suffice to show that the polynomial Zr −wρ4ρ−11 is irreducible in K[Z], since this

guarantees that wρ4ρ−11 6∈ (K×)` for any prime ` dividing r. Toward this end we note that

the minimal polynomial over Q of (−3−ρ1)(−3−ρ2)
(−3−ρ4)(−3−ρ5)ρ4ρ

−1
1 is

Z6 + a5Z
5 + a4Z

4 + a3Z
3 + a2Z

2 + a1Z + 1,
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where

a1 = a5 = −6

a2 = a4 =
−1666384n2 − 5513952n− 16920921

(120n+ 37)2

a3 =
−4052768n2 − 11471904n− 33910292

(120n+ 37)2
.

Clearing denominators and replacing Z with Zr, we obtain the polynomial

pn(Z) := b6Z
6r + b5Z

5r + b4Z
4r + b3Z

3r + b2Z
2r + b1Z

r + b0,

where

b0 = b6 = (120n+ 37)2

b1 = b5 = −6(120n+ 37)2

b2 = b4 = −1666384n2 − 5513952n− 16920921

b3 = −4052768n2 − 11471904n− 33910292.

When pn(Z) is irreducible over Q, Zr − wρ4ρ−11 is irreducible in K[Z] and we reach the

contradiction that z2 6∈ K. We are then forced to conclude that the ideal class of c has

order r.
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For infinitely many primes q, the polynomial

(Xr − 37− 120(−3−
√
−27)/2)(Xr − 37− 120(−3 +

√
−27)/2) ∈ Z[X]

splits into linear factors mod q. Let q be such a prime. If b is a zero mod q, then

br ≡ 37 + 120(−3±
√
−27)/2 mod q.

So, choose n0 ≡ (−3 ±
√
−27)/2 mod q. Then n2

0 + 3n0 + 9 ≡ 0 mod q. By per-

haps adding q to n0, we may take n0 to be such that n2
0 + 3n0 + 9 ≡ 0 mod q, but

n2
0 + 3n0 + 9 6≡ 0 mod q2.

Furthermore, because there are infinitely many such q, we may take q to not divide r,

840cr and |37 + 120(−3±
√
−27)/2|2. Then q - b and

br ≡ 120n0 + 37 mod q.

By Hensel’s Lemma, there exists b0 ≡ b mod q, with

br0 ≡ 37 + 120n0 mod q2.

Now choose y0 such that

cr(840y0 + 37) ≡ b0 mod q2.
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Let m ∈ Z. Then

cr(840(y0 +mq2) + 37) ≡ b0 mod q2.

Hence

[cr(840(y0 +mq2) + 37)]r ≡ 37 + 120n0 mod q2.

Noting that

[cr(840(y0 +mq2) + 37)]r ≡ 37 mod 120,

we may write

[cr(840(y0 +mq2) + 37)]r = 120n+ 37,

for some n ∈ Z. Furthermore, since 120n ≡ 120n0 mod q2, we see that n ≡ n0

mod q2. Hence n2 + 3n + 9 is divisible by q but not by q2. Solving for n in this last

equation, we conclude that pn(Z) = g(m,Z), where

g(X,Z) := b6(X)Z6r + b5(X)Z5r + · · ·+ b1(X)Zr + b0(X),

and where, for example,

b0(X) = b6(X) = [cr(840(y0 +Xq2) + 37)]2r

The polynomial g(X,Z) is irreducible in Q[X,Z]. Indeed, if not, then any specialization

g(x, Z) ∈ Q[Z] would be reducible. But, for example, choosing X = x ∈ Q such that

cr(840(y0 + Xq2) + 37) = 1 (corresponding to n = −3/10), we obtain the irreducible
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polynomial

p−3/10(Z) = Z6r−6Z5r− 385417749

25
Z4r− 770836748

25
Z3r− 385417749

25
Z2r−6Zr +1.

To see that this polynomial is irreducible over Q, consider the polynomial

h1(Z) := Z6 − 6Z5 − 385417749

25
Z4 − 770836748

25
Z3 − 385417749

25
Z2 − 6Z + 1,

and let v be a zero of h1(Z). Note that 5 splits completely in the field Q(v). From the

symmetry of h1 it is clear that 1/v is also a zero of h1. Setting

h2(Z) := 56h1(Z/5)

= Z6 − 30Z5 − 385417749Z4 − 3854183740Z3

+ 9635443725Z2 − 18750Z + 15625,

we note that 5v is a zero of h2 and so is an algebraic integer in the field Q(v). Since v isn’t

an algebraic integer, it has some prime ideals in its denominator. But 5 splits completely

and 5v is an algebraic integer, so v must have the first power of some prime ideal in its

denominator. Hence v cannot be the `th power of of some element of Q(v) for any prime

` dividing r. Applying a result found in Lang’s Algebra [10], we conclude that Zr − v is

irreducible in Q(v)[Z]. Hence p−3/10(Z) is irreducible over Q. Irreducibility of g(X,Z)
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and the polynomial obtained upon clearing denominators are equivalent. Hilbert’s Irre-

ducibility Theorem [9] states that if g(X,Z) is an irreducible polynomial inX and Z with

coefficients in Z, then there are infinitely many integers m for which g(m,Z) is an irre-

ducible polynomial in Z[Z]. We conclude that there are infinitely many parameter values

n for which (−3−ρ1)(−3−ρ2)
(−3−ρ4)(−3−ρ5) = cr, where c represents a class of order r in ClK . Further-

more, by allowing the prime q to vary we see that we obtain infinitely many distinct fields

for which this is true, because q ramifies in the quadratic subfield Q(
√
n2 + 3n+ 9).

Since w has norm 1 down to both the cubic and quadratic subfields we conclude that c has

trivial norm down to both subfields. Hence [c] ∈ ClK is mapped to the trivial element of

Clk2 and Clk3 and is a relative ideal class.

3.6 Existence of infinitely many fields of the family with r | hK for

arbitrary odd integer r > 1.

Our method detects infinitely many distinct fields containing a cyclic subgroup of

arbitrary odd order. As in the previous chapter and as in the following chapter, the exis-

tence of a field Kn of our family with class number divisible by r is the essential step;

once existence is established the existence of infinitely many distinct fields of our family

with class number divisible by r follows. Existence requires demonstrating that there are

infinitely many primes satisfying the congruence conditions sufficient to guarantee the

existence of a class of order r, and this is accomplished with an appeal to Bauer’s Theo-

rem in the following Lemmas and Remarks.
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Lemma 3.20. Let ` be a prime. There are infinitely many primes q for which, for example,

2 and 3 are `th power residues mod q, but for which 5 is an `th power nonresidue mod q.

Proof. Let

L = Q(ζ`, 2
1/`, 31/`)

L′ = Q(ζ2`, 5
1/`)

ζ` (resp. ζ2`) denotes a primitive `th (resp. 2`th) root of unity. A rational prime q splits

completely in L if and only if q ≡ 1 mod ` and 2, 3 are `th power residues mod q. A

rational prime q splits completely in L′ if and only if q ≡ 1 mod 2` and 5 is an `th power

residue mod q. Since L′ 6⊂ L, we may apply Bauer’s Theorem [2] to conclude that there

are infinitely many primes that split in L and do not split in L′. Hence there are infinitely

many primes q for which 2 and 3 are `th power residues mod q but for which 5 is an `th

power nonresidue mod q.

Remark 3.21. The previous lemma makes clear that there are infinitely many primes q

for which exactly two elements of the set {2, 3, 5} are `th power residues mod q, while the

third is an `th power nonresidue mod q.

Lemma 3.22. Let ` be a prime. There are infinitely many primes q2 for which 2, 3, and 5

are `th power residues modulo q2, but for which 7 is an `th power nonresidue modulo q2.

Proof. The proof is extremely similar to that used in Lemma 3.20.

Remark 3.23. A similar proof may be used to show that there are infinitely many triples
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of primes (q, q2, q3) satisfying the power residue hypotheses of Proposition 3.15.

Theorem 3.24. Let r be an arbitrary odd positive integer > 1. This family of sextic fields

contains infinitely many members with class number divisible by r.

Proof. Let ` be a prime dividing r. Choose a pair of primes (q`, q2,`) satisfying the power

residue hypotheses of Proposition 3.14 for each odd prime ` 6= 3 dividing r. For ` = 3,

choose a triple of primes (q`, q2,`, q3,`) satisfying the power residue hypotheses of Proposi-

tion 3.15. Make sure never to choose 2, 3, 5, or 7, for any of the primes. (This presents no

problem since, by the remarks immediately preceding this Theorem, there are infinitely

many pairs/triples of primes satisfying these hypotheses.) Let p denote the product of the

chosen primes. Note that |Z/120Z×| = 32 = 25. Since gcd(r, 2) = 1, 37 is an rth power

mod 120. Choose s such that

(sp)r ≡ 37 mod 120.

Then the pair (−3, sp) is a solution in integers to Y r = fn(X) for some n and from

Corollary 3.16 we conclude that r | hn. Thus for an arbitrary odd r > 1, there is an

element, Kn, of this family of sextics which has class number divisible by r.

This result now implies that there are infinitely many members of this family of degree

6 extensions whose class number is divisible by r. Indeed, suppose that Kn is such that

r | hn. Let rω be the greatest power of r dividing hn. From the previous paragraph

we know that there is a sextic field Kn′ in this family for which rω+1 divides hn′ . But

85



Kn′ 6= Kn, since they have different class numbers. Thus given any finite number of

sextic fields with class number divisible by r, we can find an additional one. We con-

clude that this family of sextic fields contains infinitely many members with class number

divisible by r.
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Chapter 4: A Family of Non-Galois Cubic Extensions of Q.

We restrict attention in this chapter to cubic extensions of the form Q(ρ)/Q, where ρ is a

root of the polynomial

fn(X) := X3 + nX2 + nX − 1 ∈ Z[X],

with n ∈ Z, 0 6= n ∈ Z. From Corollary 4.8 onwards, we’ll assume n is odd and n ≥ 5.

Let r ≥ 1 be an otherwise arbitrary integer. Our main results shows that this family

of non-Galois cubic extensions contains infinitely many distinct fields whose class group

contains a cyclic subgroup of order r. The non-Galois nature of these extensions prevents

us from directly applying the techniques used by us to investigate the families of quartic

and sextic extensions above. Indeed, it was the Galois group’s action on the roots that

allowed us determine what each root was congruent to modulo a prime, that allowed us

to show that certain primes did not divide the index of our group of units in the full group

of units, and ultimately allowed us to show that our chosen principal ideal was not itself

a prime power of a principal ideal. Applying the Galois group of the degree 6 splitting

field of fn(X) in the analogous situation here has the undesirable effect of moving us out

of the cubic field we are studying (and into an isomorphic cubic field.) Nevertheless, by
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applying the splitting field’s Galois group and then taking products of the resulting ex-

pressions, we find that much of the same arguments go through and allow us to apply our

techniques to a setting in which they would appear, at first glance, not amenable.

4.1 Irreducibility of fn.

Proposition 4.1. fn(X) is irreducible over Q.

Proof. Note that f is reducible over Q if and only if it has a root in Z. Any such root

would be ±1. But f(1) = 2n 6= 0 and f(−1) = −2 6= 0, so we conclude that f is

irreducible over Q.

4.2 Roots of fn.

Lemma 4.2. ρ is a root of fn(X) = 0 if and only if 1/ρ is a root of f−n(X) = 0.

Proof. Note that 0 is not a zero of fn(X). If ρ is a root of fn(X) = 0, then ρ3 + nρ2 +

nρ− 1 = 0. Divide both sides of the last equation by−ρ3 to find that (1/ρ)3−n(1/ρ)2−

n(1/ρ)− 1 = 0. This argument is reversible.

Remark 4.3. Let Kn denote the splitting field of fn(X). Lemma 4.2 implies that Kn =

K−n. For this reason we will restrict our attention to positive values of the parameter n.

Proposition 4.4. (1− n, 2− n), (−1− 3/n,−1− 1/n), and (1/(n+ 1), 1/n).

Proof. When n ≥ 7, note that f(1 − n) = −n < 0, f(2 − n) = n2 − 6n + 7 > 0,

f(−1−3/n) = (n3−27n−27)/n3 > 0, f(−1−1/n) = −(n3 + 2n2 + 3n+ 1)/n3 < 0,
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f(1/(n + 1)) = −n/(n3 + 3n2 + 3n + 1) < 0, and that f(1/n) = (n2 + 1)/n3 > 0.

Now apply the Intermediate Value Theorem to obtain the result for n ≥ 7, and check the

remaining two cases n = 5, 6 by hand.

Remark 4.5. When |n| ≤ 4, some roots are complex.

Remark 4.6. We denote the roots of fn(X) = 0 by ρi (i ∈ {0, 1, 2}), and we order these

roots according to their absolute value with ρ0 denoting the root of greatest magnitude.

Applying Proposition 4.4 we note that when n ≥ 7,

− (n− 1) < ρ0 < −(n− 2),

− 1− 3/n < ρ1 < −1− 1/n,

1/(n+ 1) < ρ2 < 1/n.

4.3 Gal(fn) and structure of the splitting field Kn.

Proposition 4.7. Let Kn denote the splitting field of fn. Then disc(fn) = n4− 18n2− 27

and the Galois group Gal(Kn/Q) ∼= S3.

Proof. The Galois group, Gal(Kn/Q), is isomorphic to a transitive subgroup of S3; hence

to either A3 or S3. If it was isomorphic to A3, then the discriminant of fn would be a

square in Q. We now show that this is not the case and hence that

Gal(Kn/Q) ∼= S3.
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First note that disc(fn) = (n′)2 − 2233, where n′ := n2 − 9.

By way of contradiction, assume that disc(fn) is a square in Q. Then it is a square

in Z; say disc(fn) = m2. Without loss of generality, we may assume m > 0. Then

(n′ + m)(n′ −m) = 2233. Since n′ + m and n′ −m have the same parity, we conclude

that one of the following possibilities holds:

(n′ +m,n′ −m) = (2 · 33, 2)

(n′ +m,n′ −m) = (2 · 32, 2 · 3)

(n′ +m,n′ −m) = (−2,−2 · 33)

(n′ +m,n′ −m) = (−2 · 3,−2 · 32).

These possibilities imply that n′ = 28, 12,−28, or −12, and since none of these are of

the form n2 − 9, we conclude that disc(fn) is not a square. Hence

S3
∼= Gal(K/Q) = 〈σ, τ | σ3 = τ 2 = 1, στ = τσ2〉,

as claimed.

Corollary 4.8. The splitting field Kn has a unique quadratic subfield k2,n and three con-

jugate totally real cubic subfields k3,n := Q(ρ0), k
′
3,n = Q(ρ1), and k′′3,n = Q(ρ2).

Proof. Each root of fn(X) is real, so the cubic extensions of Q are real. Note that S3

has a unique subgroup of order 3 and 3 conjugate subgroups of order 2 and apply the
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Fundamental Theorem of Galois Theory.

Let σ = (012), τ = (12), στ = (01), σ2τ = (02). Then the lattice of subfields of Kn and

the corresponding lattice of subgroups of S3 are given by the following diagrams:

Kn

Q(ρ0) Q(ρ1) Q(ρ2)

k2,n

Q

〈1〉

〈τ〉 〈σ2τ〉 〈στ〉

〈σ〉

S3

4.4 Discriminants; behavior of primes.

Let k3 = Q(ρ0), and we continue to assume n is an odd integer.

Lemma 4.9. 2 totally ramifies in k3.

Proof. Define

g(X) := fn(X − 1) = X3 + (n− 3)X2 − (n− 3)X − 2.

g is Eisenstein at 2. Hence 2 is totally ramified in the extension generated by a root of

g(X). Thus 2 is totally ramified in Q(ρ0 + 1) = Q(ρ0) = k3.

Lemma 4.10. disc(fn) = n4 − 18n2 − 27 ≡ 4 mod 8.
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Proof. We have already shown that disc(fn) = n4 − 18n2 − 27 (Proposition 4.7).

n4 − 18n2 − 27 ≡ 1− 18 + 5 mod 16

≡ −12 mod 16

≡ 4 mod 16.

Remark 4.11. Lemma 4.10 shows that disc(fn) is never square-free; it is divisible by 4

but not by any greater power of 2.

Definition 4.12. An integer is said to be odd-square-free if it is not divisible by the square

of any odd prime.

Lemma 4.13. If disc(fn) is odd-square free, then disc(Ok3/Z) = disc(fn) = n4−18n2−

27.

Proof. From the fact that disc(fn) is odd-square free and the relation

disc(fn) = [Ok3 : Z[ρ]]2 disc(Ok3/Z),

we conclude that any odd prime dividing disc(fn) also divides disc(Ok3/Z). The exact

power of 2 dividing disc(fn) is 4 (Remark 4.11) and 2 divides disc(Ok3/Z) (Lemma 4.9).

Hence 4 divides disc(Ok3/Z) and disc(fn) | disc(Ok3/Z).
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4.5 Units

Let ρ denote a zero of fn(X) and let k3 = Q(ρ). Dirichlet’s Unit Theorem tells

us that the rank of the unit group O×k3 is 2, and that the rank of the unit group of O×K

is 5. Candidates for a multiplicatively independent subset of units were easy to identify

in our study of the quartic and sextic families above. ρ is obviously a unit of k3, but a

second unit, µ, of k3 which is multiplicatively independent of ρ is less obvious. To find

such a unit we analyze the norm of an arbitrary element of k3. We then study their total

positivity and regulator, and ultimately provide sufficient conditions for {ρ, µ} to form a

fundamental set of units for k3.

Lemma 4.14. Let a, b, c be integers. Then

Nk3|Q(a+ bρ+ cρ2) = (a2c+ ac2 − abc)n2 − (2a2c+ a2b− 2ac2 − ab2 − bc2 + b2c)n

+ (a3 + b3 + c3 − 3abc)

Proof. With respect to the ordered basis {1, ρ, ρ2} the Q-endomorphism of k3 correspond-

ing to multiplication by the element a+ bρ+ cρ2 is represented by the matrix

M :=


a c b− cn

b a− cn c− bn+ cn2

c b− cn a− (b+ c)n+ cn2

 .
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Hence

Nk3|Q(a+ bρ+ cρ2) = det(M)

= (a2c+ ac2 − abc)n2 − (2a2c+ a2b− 2ac2 − ab2 − bc2 + b2c)n

+ (a3 + b3 + c3 − 3abc).

Lemma 4.15. When n is odd,

µ :=

(
n+ 3

2

)
(1 + ρ) + ρ2 ∈ O×k3

with Nk3|Q(µ) = 1.

Proof. Substitute a = b = (n+3)/2 and c = 1 into the expression forNk3|Q(a+bρ+cρ2)

in Lemma 4.14 to find that Nk3|Q(µ) = 1.

4! Unless explicitly stated otherwise, the parameter n will henceforth be assumed to

be an odd positive integer not less than 5.

4.5.1 Signs of ρ and µ; total positivity.

Lemma 4.16. ρ and µ have differing sign when ρ < −1, but have the same sign for

ρ ∈ (−1, 0) ∪ (0,∞).

Proof. Solve the equation ρ3 +nρ2 +nρ−1 = 0 for n to find that n = (1−ρ3)/(ρ2 +ρ).
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Hence (n+ 3)/2 = −(ρ3 − 3ρ2 − 3ρ− 1)/(2(ρ2 + ρ)), and

µ =

(
n+ 3

2

)
(1 + ρ) + ρ2

=
ρ3 + 3ρ2 + 3ρ+ 1

2ρ

=
(ρ+ 1)3

2ρ

(4.1)

It is now clear that when ρ < −1, µ > 0 and hence that ρ and µ have different signs. For

ρ ∈ (−1, 0) we find that µ < 0 and hence that ρ and µ have the same sign. For ρ > 0, µ

is positive and hence ρ and µ have the same sign.

Corollary 4.17. ρi and µi differ in sign for i = 0, 1, but have the same sign for i = 2.

Proof. Proposition 4.4 and Remark 4.6 give the intervals in which the ρi lie.

Corollary 4.18. ρ is not totally positive, but µ is totally positive.

Proof. That ρ is not totally positive follows from Proposition 4.4 and Remark 4.6. For

n ≥ 5, ρ2 > 0, while ρ0, ρ1 < 0. So from Corollary 4.17 µ0, µ1, and µ2 are all positive.

4.5.2 Regulator of {ρ, µ}

Proposition 4.19. The set {ρ, µ} forms a multiplicatively independent subset of k3. Let

R′ denote the regulator of {ρ, µ}. For n ≥ 17,

R′ ≤
(

11

3

)
log(n− 1) log(n+ 3).

95



Proof.

R′ =

∣∣∣∣ log |µ0| log |ρ1| − log |ρ0| log |µ1|
∣∣∣∣.

For n ≥ 7, −1− 3/n < ρ1 < −1− 1/n (Proposition 4.4 and Remark 4.6). Hence

1+1/n < |ρ1| < 1+3/n and 1/n < |ρ1+1| < 3/n.Using the relation µ = (ρ+1)3/(2ρ)

(Equation (4.1)), we conclude that

1 >
27

2n2(n+ 1)
= (3/n)3/(2(1 + 1/n)) > |µ1| = |ρ1 + 1|3/(2|ρ1|) >

1

2n2(n+ 3)
.

Since 1− n < ρ0 < 2− n (Proposition 4.4 and Remark 4.6), n− 2 < |ρ0| < n − 1 and

n− 3 < |ρ0 + 1| < n− 2. Using the relation µ = (ρ+ 1)3/(2ρ) again, we conclude that

(n−2)2/2 = (n−2)3/(2(n−2)) > |µ0| = |ρ0 +1|3/(2|ρ0|) > (n−3)3/(2(n−1)) > 1.

Hence

R′ = log |µ0| log |ρ1| − log |ρ0| log |µ1|

≥ log

(
(n− 3)3

2(n− 1)

)
log(1 + 1/n)− log (n− 2) log

(
27

2n2(n+ 1)

)
≥ log(n− 2) log

(
2n2(n+ 1)

27

)
> 0,

and we conclude that {ρ, µ} is a multiplicatively independent subset of k3 for n ≥ 7. It

may be verified by hand that R′ 6= 0 when n = 5, so that {ρ, µ} is a multiplicatively

independent subset of k3 for all n under consideration.
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Finally, for an upper bound we find that,

R′ = log |µ0| log |ρ1| − log |ρ0| log |µ1|

≤ log

(
(n− 2)2

2

)
log(1 + 3/n)− log (n− 1) log

(
1

2n2(n+ 3)

)
= log

(
(n− 2)2

2

)
log(1 + 3/n) + log (n− 1) (log 2 + 2 log n+ log(n+ 3))

≤ log

(
(n− 2)2

2

)
log(1 + 3/n) +

10

3
log(n− 1) log(n+ 3)

≤ 1

6
log

(
(n− 2)2

2

)
+

10

3
log(n− 1) log(n+ 3) (n ≥ 17)

=
1

3
log

(
n− 2√

2

)
+

10

3
log(n− 1) log(n+ 3)

≤
(

11

3

)
log(n− 1) log(n+ 3).

Remark 4.20. The upper bound for R′ may be improved (at the expense of a greater

value of n for which the bound is valid), since asymptotically log(n− 1) log(2n3 + 6n2)

behaves like 3 log2 n as n→∞.

4.5.3 Congruences and divisibility of the index [O×k3 : 〈−1, ρ, µ〉]

Proposition 4.21. If n ≥ 5 and n ≡ 3 mod 4, then [O×k3 : 〈−1, ρ, µ〉] is not divisible by 2.

Proof. By way of contradiction, let u ∈ O×Q(ρ0)
r〈−1, ρ0, µ0〉, such that u2 ∈ 〈−1, ρ0, µ0〉.

Write

u2 = ±ρa0µb0.
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By modifying u, assume a, b ∈ {0, 1}. We cannot have a = b = 0, since this would

imply that either u2 = −1, which has no real solutions, or u2 = 1, which has solutions

u = ±1 ∈ 〈−1, ρ0, µ0〉. Since ρ0 is not totally positive, it is impossible for a = 1

and b = 0, since then the left hand side is totally positive while the right hand side is

not. Since, for n ≥ 5, µ0 is totally positive, while ρ0 is not, we see that neither of the

units ±ρ0µ0 is totally positive and hence neither is a square in k3. So, we conclude that

u2 = ±µ0. Since u2 and µ0 are (totally) positive, it is clear that we must choose the plus

sign. The minimal polynomial of µ0 over Q is

X3 − 1

2
(n2 − 4n+ 9)X2 +

1

4
(n3 − n2 − 13n+ 9)X − 1.

Hence ±√µ0 are zeros of the polynomial

Pn(X) := X6 − 1

2
(n2 − 4n+ 9)X4 +

1

4
(n3 − n2 − 13n+ 9)X2 − 1.

We claim that n ≡ 3 mod 4 implies that Pn(X) is irreducible over Q. To see this, let

n = 3 + 4t for some integer t, so that

Pn(t)(X) = X6 − (8t2 + 4t+ 3)X4 + (16t3 + 32t2 + 8t− 3)X2 − 1
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Now define

Qn(t)(X) := Pn(t)(X + 1)

= X6 + 6X5 − (8t2 + 4t− 12)X4 − (32t2 + 16t− 8)X3

+ (16t3 − 16t2 − 16t− 6)X2 + (32t3 + 32t2 − 12)X

+ (16t3 + 24t2 + 4t− 6).

Qn(t)(X) is Eisenstein at 2; every coefficient except the leading is divisible by 2, and the

constant term is not divisible by 4. Since any nontrivial factorization of Pn(t)(X) would

imply the existence of a nontrivial factorization of Qn(t)(X), we conclude that Pn(t)(X)

is irreducible over Q, and hence that Pn(X) is irreducible over Q when n ≡ 3 mod 4.

Irreducibility of Pn(X) implies that a square root of µ0 generates a degree 6 extension

over Q. In particular, we conclude that neither square root may lie in Ok3 ⊂ k3, and so

we have reached a contradiction.

Proposition 4.22. If n ≥ 5 and n ≡ 2 or 5 mod 9, then [O×k3 : 〈−1, ρ, µ〉] is not divisible

by 3.

Proof. Assume the contrary and let u ∈ O×k3 r 〈−1, ρ0, µ0〉 such that u3 ∈ 〈−1, ρ0, µ0〉.

Then

u3 = ±ρa0µb0,

with a, b ∈ {0, 1, 2}. Since ρa0µ
b
0 is a cube if and only if−ρa0µb0 is a cube, it is clear that we

can ignore the minus sign. It is also clear that we cannot have a = b = 0, since this would
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imply that u3 = 1 and hence that u = 1 ∈ 〈−1, ρ0, µ0〉 and so contradict our hypothesis

that u 6∈ 〈−1, ρ0, µ0〉.We now handle the remaining 8 possibilities by reducing to 4 cases:

Case 1: u3 = ρ20µ
2
0

This is equivalent to ρ10µ
1
0 having a cube root in k3 and implies that µ0/ρ

2
0 has a cube

root in k3. The minimal polynomial of µ0/ρ
2
0 over Q is

X3 +
1

2
(n3 − 6n2 + 9n− 6)X2 − 1

4
(n3 − 3n2 − 9n+ 15)X − 1,

and so any cube root is a zero of the polynomial

p1(X) := X9 +
1

2
(n3 − 6n2 + 9n− 6)X6 − 1

4
(n3 − 3n2 − 9n+ 15)X3 − 1.

If µ0/ρ
2
0 has a cube root γ1 ∈ k3, then γ1’s minimal polynomial over Q is of degree 3

and divides p1(X). (It is of degree one or three, but can’t be of degree one, because then

γ1 ∈ Z.) So, suppose that

p1(X) = (X3 + a2X
2 + a1X + a0)(X

6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + b0),

with ai, bi ∈ Z. Since (Nk3|Q(γ1))
3 = Nk3|Q(µ0/ρ

2
0) = 1, we conclude that Nk3|Q(γ1) = 1
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and hence that a0 = −1 and b0 = 1. We claim that the polynomial

g1(X) := X6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + 1 ∈ Z[X],

cannot evenly divide p1(X). Indeed, we write

p1(X) = g1(X)q1(X) + r1(X),

where the quotient

q1(X) = X3 − b5X2 + (b25 − b4)X + ((n3 − 6n2 + 9n− 6)/2− b3 + 2b4b5 − b35),

and the remainder

r1(X) =
5∑
i=0

ciX
i,
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with

c5 = 2b3b5 + b45 − 3b4b
2
5 −

1

2
(n3 − 6n2 + 9n− 6)b5 − b2 + b24

c4 = −b3b25 + 2b3b4 + b4b
3
5 + b2b5 − 2b24b5 −

1

2
(n3 − 6n2 + 9n− 6)b4 − b1

c3 = b23 + b3b
3
5 − 2b3b4b5 −

1

2
(n3 − 6n2 + 9n− 6)b3 +−b2b25 + b1b5 + b4b2

− 1

4
(n3 − 3n2 − 9n+ 15)− 1

c2 = b2b3 + b2b
3
5 − b1b25 − 2b5b4b2 + b5 −

1

2
(n3 − 6n2 + 9n− 6)b2 + b1b4

c1 = b1b3 + b1b
3
5 − b25 − 2b1b4b5 + b4 −

1

2
(n3 − 6n2 + 9n− 6)b1

c0 = −1− 1

2
(n3 − 6n2 + 9n− 6) + b3 − 2b4b5 + b5

Noting that n ≡ 2 or 5 mod 9 and using PARI to run through a complete system of

residues of Z/9Z for each of the bi, we find that r̄1(X) ∈ Z/9Z[X] is always nonzero.

Hence so too is r1(X).We conclude that p1(X) does not have a cubic factor. Hence µ0/ρ
2
0

does not have a cube root in k3 and so neither do ρ20µ
2
0 and ρ0µ0.

Case 2: u3 = ρ20µ0

This is equivalent to ρ0µ2
0 having a cube roots in k3 and implies that µ0/ρ0 has a cube

root in k3. The minimal polynomial over Q of µ0/ρ0 is

X3 − 1

2
(n2 − 4n+ 9)X2 +

1

4
(n3 − n2 − 13n+ 9)X − 1,

102



and so any cube root is a zero of the polynomial

p(X) := X9 − 1

2
(n2 − 4n+ 9)X6 +

1

4
(n3 − n2 − 13n+ 9)X3 − 1.

If µ0/ρ0 has a cube root γ2 ∈ k3, then γ2’s minimal polynomial over Q is of degree 3 and

divides p(X). Suppose that

p2(X) = (X3 + a2X
2 + a1X + a0)(X

6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + b0),

with ai, bi ∈ Z. Since (Nk3|Q(γ2))
3 = Nk3|Q(µ0/ρ0) = 1, we conclude that Nk3|Q(γ2) = 1

and hence that a0 = −1 and b0 = 1. We claim that the polynomial

g2(X) := X6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + 1 ∈ Z[X],

cannot evenly divide p2(X). Indeed, we write

p2(X) = g2(X)q2(X) + r2(X),

where the quotient

q2(X) = X3 − b5X2 + (b25 − b4)X + (−(n2 − 4n+ 9)/2− b3 + 2b4b5 − b35),
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and the remainder

r2(X) =
5∑
i=0

ciX
i,

with

c5 = 2b3b5 + b45 − 3b4b
2
5 +

1

2
(n2 − 4n+ 9)b5 − b2 + b24

c4 = −b3b25 + 2b3b4 + b4b
3
5 + b2b5 − 2b24b5 +

1

2
(n2 − 4n+ 9)b4 − b1

c3 = b23 + b3b
3
5 − 2b3b4b5 +

1

2
(n2 − 4n+ 9)b3 +−b2b25 + b1b5 + b4b2

+
1

4
(n3 − n2 − 13n+ 9)− 1

c2 = b2b3 + b2b
3
5 − b1b25 − 2b5b4b2 + b5 +

1

2
(n2 − 4n+ 9)b2 + b1b4

c1 = b1b3 + b1b
3
5 − b25 − 2b1b4b5 + b4 +

1

2
(n2 − 4n+ 9)b1

c0 = −1 +
1

2
(n2 − 4n+ 9) + b3 − 2b4b5 + b5

As in case 1, we note that n ≡ 2 or 5 mod 9 and use PARI to run through a complete

system of residues of Z/9Z for each of the bi. Again we find that r̄2(X) ∈ Z/9Z[X] is

always nonzero. Hence so too is r2(X). We conclude that p2(X) does not have a cubic

factor and that µ0/ρ0, along with ρ20µ0 and ρ0µ2
0, do not have cube roots in k3.

Case 3: u3 = ρ0

This is equivalent to ρ20 having a cube root in k3. The minimal polynomial of ρ0 over

Q is

fn(X) = X3 − nX2 − nX − 1,
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and so any cube root is a zero of the polynomial

p3(X) := X9 − nX6 − nX3 − 1.

If ρ0 has a cube root γ3 ∈ k3, then γ3’s minimal polynomial over Q is of degree 3 and

divides p3(X). Suppose that

p3(X) = (X3 + a2X
2 + a1X + a0)(X

6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + b0),

with ai, bi ∈ Z. Using the same argument made in the first two cases, we may conclude

that a0 = −1 and b0 = 1. We claim that the polynomial

g3(X) := X6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + 1 ∈ Z[X],

cannot evenly divide p3(X). We again write

p3(X) = g3(X)q3(X) + r3(X),

where the quotient

q3(X) = X3 − b5X2 + (b25 − b4)X + (−n− b3 + 2b4b5 − b35),
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and the remainder

r3(X) =
5∑
i=0

ciX
i,

with

c5 = 2b3b5 + b45 − 3b4b
2
5 + nb5 − b2 + b24

c4 = −b3b25 + 2b3b4 + b4b
3
5 + b2b5 − 2b24b5 + nb4 − b1

c3 = b23 + b3b
3
5 − 2b3b4b5 + nb3 +−b2b25 + b1b5 + b4b2 − n− 1

c2 = b2b3 + b2b
3
5 − b1b25 − 2b5b4b2 + b5 + nb2 + b1b4

c1 = b1b3 + b1b
3
5 − b25 − 2b1b4b5 + b4 + nb1

c0 = −1 + n+ b3 − 2b4b5 + b5

Using PARI to run through a complete system of residues of Z/9Z for each of the bi along

with the fact that n ≡ 2 or 5 mod 9, we find that r̄3(X) ∈ Z/9Z[X] is always nonzero.

Hence so too is r3(X). We conclude that p3(X) does not have a cubic factor and that ρ0

and ρ20 do not have cube roots in k3.

Case 4: u3 = µ0

This is equivalent to µ2
0 having a cube root in k3. The minimal polynomial of µ0 over

Q is

X3 − 1

2
(n2 + 4n+ 9)X2 − 1

4
(n3 + n2 − 13n− 9)X − 1,
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and so any cube root is a zero of the polynomial

p4(X) := X9 − 1

2
(n2 + 4n+ 9)X6 − 1

4
(n3 + n2 − 13n− 9)X3 − 1,

If µ0 has a cube root γ4 ∈ k3, then γ4’s minimal polynomial over Q is of degree 3 and

divides p4(X). Suppose that

p4(X) = (X3 + a2X
2 + a1X + a0)(X

6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + b0),

with ai, bi ∈ Z.Using arguments made above, we may conclude that a0 = −1 and b0 = 1.

We claim that the polynomial

g4(X) := X6 + b5X
5 + b4X

4 + b3X
3 + b2X

2 + b1X + 1 ∈ Z[X],

cannot evenly divide p4(X). One last time we write

p4(X) = g4(X)q4(X) + r4(X),

where the quotient

q4(X) = X3 − b5X2 + (b25 − b4)X + (−(n2 + 4n+ 9)/2− b3 + 2b4b5 − b35),
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and the remainder

r4(X) =
5∑
i=0

ciX
i,

with

c5 = 2b3b5 + b45 − 3b4b
2
5 +

1

2
(n2 + 4n+ 9)b5 − b2 + b24

c4 = −b3b25 + 2b3b4 + b4b
3
5 + b2b5 − 2b24b5 +

1

2
(n2 + 4n+ 9)b4 − b1

c3 = b23 + b3b
3
5 − 2b3b4b5 +

1

2
(n2 + 4n+ 9)b3 +−b2b25 + b1b5 + b4b2

− 1

4
(n3 + n2 − 13n− 9)− 1

c2 = b2b3 + b2b
3
5 − b1b25 − 2b5b4b2 + b5 +

1

2
(n2 + 4n+ 9)b2 + b1b4

c1 = b1b3 + b1b
3
5 − b25 − 2b1b4b5 + b4 +

1

2
(n2 + 4n+ 9)b1

c0 = −1 +
1

2
(n2 + 4n+ 9) + b3 − 2b4b5 + b5

Using PARI to run through a complete system of residues of Z/9Z for each of the bi along

with the fact that n ≡ 2 or 4 mod 9, we find that r̄4(X) ∈ Z/9Z[X] is always nonzero.

Hence so too is r4(X). We conclude that p4(X) does not have a cubic factor and that µ0

and µ2
0 do not have cube roots in k3.

The proof is now complete.
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4.5.4 Conditions sufficient to conclude that {ρ0, µ0} is a set of funda-

mental units for k3

Proposition 4.23. If n ≥ 5, n ≡ 3 mod 4, and n4 − 18n2 − 27 is odd square-free, then

[O×k3 : 〈−1, ρ0, µ0〉] = 1 or 3.

Proof. Cusick’s result [3] tells us that the regulator R of a totally real cubic field satisfies

the inequality

R ≥ 1

16
log2(D/4),

where D is the discriminant of the number field. Hence, when n ≥ 19, we find that

[O×k3 : 〈−1, ρ0, µ0〉] = R′/R

≤ 16R′/ log2(D/4)

= 16R′/ log2(disc(f)/4) (Lemma 4.13)

= 16R′/ log2((n4 − 18n2 − 27)/4)

≤ 16

(
11

3

)
log(n− 1) log(n+ 3)

log2((n4 − 18n2 − 27)/4)
(Proposition 4.19)

≤ 16

(
11

3

)
log(n− 1) log(n+ 3)

log2(n
2−10
2

)2

=

(
44

3

)
log(n− 1)

log(n
2−10
2

)

log(n+ 3)

log(n
2−10
2

)

≤
(

11

3

)
log(n− 1)

log(n−
√
10√
2

)

log(n+ 3)

log(n−
√
10√
2

)

Both of the sequences n 7→ log(n−1)/ log((n−
√

10)/
√

2) and n 7→ log(n+3)/ log((n−
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√
10)/
√

2) are monotone decreasing for n ≥ 19, and hence so too is the sequence

{(
11

3

)
log(n− 1)

log(n−
√
10√
2

)

log(n+ 3)

log(n−
√
10√
2

)

}
n≥19

,

with limit 11/3 as n → ∞. When n = 31,
(
11
3

) log(n−1)
log(n−

√
10√

2
)

log(n+3)

log(n−
√
10√

2
)
,≈ 4.952795 < 5.

Hence [O×k3 : 〈−1, ρ0, µ0〉] ≤ 4 for n ≥ 31. For each of the remaining values of n which

satisfy all of the hypotheses, i.e., n ∈ {7, 11, 19, 23}, it is readily found that the quantity

16R′/ log2(D/4) < 4. Hence

[O×k3 : 〈−1, ρ0, µ0〉] ≤ 4

for each n satisfying our hypotheses.

Since the index is no greater than 4 and since we know that the index is not divisible

by 2 (Proposition 4.21), we conclude that it is either 1 or 3.

Corollary 4.24. If n ≥ 5, n ≡ 3 mod 4, n ≡ 2 or 5 mod 9, and n4 − 18n2 − 27 is odd

square-free, then {ρ0, µ0} is a set of fundamental units for k3.

Proof. From Proposition 4.23, [O×k3 : 〈−1, ρ0, µ0〉] = 1 or 3. From Proposition 4.22,

[O×k3 : 〈−1, ρ0, µ0〉] is not divisible by 3.
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4.6 Conditions sufficient to conclude that r | hk3 for a given r > 1.

Let r ≥ 1 be an integer. We show that r divides the class number of K by proving

that the class group contains an element of order r. We accomplish this task as we have

before: begin with a principal ideal of K, show that it factors as an rth power of an ideal

a, and finally show that no lesser power of a is principal.

4.6.1 Candidate for a representative of a class of order r

Lemma 4.25. Let (2, y) be a solution in integers to Y r = (X − ρ0)(X − ρ1)(X − ρ2). If

37 does not divide y, then (2− ρ0) is the r-th power of an ideal of Q(ρ0).

Proof. Let ρ = ρ0. Since (2, y) is a solution,

yr = (2− ρ)(2− ρ1)(2− ρ2) = 23 + 22n+ 2n− 1 = 6n+ 7.

Let

(2− ρ) =
∏
p

pνp

be the unique decomposition of (2 − ρ) into positive integer powers of distinct prime

ideals of Q(ρ), and let p denote the rational prime below p. Note that (2− ρ1)(2− ρ2) =

ρ2 + (2 +n)ρ+ (4 + 3n). We claim that no prime divisor of (2− ρ) also divides the ideal

(2− ρ1)(2− ρ2) = (ρ2 + (2 +n)ρ+ (4 + 3n)). To the contrary, suppose that p ⊇ (2− ρ)
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and p ⊇ (ρ2 + (2 + n)ρ+ (4 + 3n)). Then

12 + 5n = (ρ2 + (2 + n)ρ+ 4 + 3n) + (2− ρ)(ρ+ 4 + n) ∈ p,

and hence

5n ≡ −12 mod p.

Since p | y, the first equation of this proof yields that n ≡ −7/6 mod p. Hence 37 ≡ 0

mod p and we arrive at the contradiction that p = 37 is a prime factor of y.

Thus if pνp is the exact power of p dividing (2 − ρ), then it is also the exact power of

p dividing yr. Hence r | νp, and we conclude that

(2− ρ) = ar,

where

a =
∏
p

pνp/r.

4.6.2 Ramification revisited

Lemma 4.26. Let (2, y) be a solution in integers to Y r = fn(X). Then gcd(6, y) = 1 and

the only prime divisors of y that divide disc(fn(X)) are 37 and 47.

Proof. Any prime divisor of y also divides yr = fn(2) = 6n + 7. Since disc(fn(X)) =
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n4 − 18n2 − 27, any prime common divisor q of y and disc(fn(X)) satisfies:

n4 − 18n2 − 27 ≡ 0 mod q

6n+ 7 ≡ 0 mod q.

The linear congruence has no solution if q = 2 or 3. Hence, gcd(6, y) = 1 and the linear

congruence has a unique solution; namely n ≡ −7/6 mod q. Substituting into the first

congruence reveals that q = 37 or 47. In other words, if q is a prime divisor of yr = 6n+7

and divides disc(fn(X)), then q ∈ {37, 47}.

4.6.3 Divisibility of the index [O×k3 : 〈−1, ρ0, µ0〉] redux.

Remark 4.27. Let m be an integer and p ⊂ Ok3 a prime ideal lying over the ra-

tional prime p for which ρ ≡ m mod p. From Dirichlet’s Factorization Theorem we

know that if p - disc(fn(X)), then the degree of the residue field over its prime subfield

[Ok3/p : Z/pZ] = 1.

Lemma 4.28. Let (2, y) be a solution to Y r = (2−ρ0)(2−ρ1)(2−ρ2) = 6n+7. Let ` 6= 3

be a prime dividing r and let p and q be primes dividing y not equal to 37 or 47. Assume

that 3 is an `th power nonresidue mod p and mod q. Assume that 2 is an `th power residue

mod p and an `th power nonresidue mod q. Then ` does not divide [O×k3 : 〈−1, ρ0, µ0〉].

Proof. Let p (resp. q) be prime ideals of k3 over p (resp. q) containing 2 − ρ0. We note
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that this implies that

ρ0 ≡ 2 mod p, q, (4.2)

and that

µ0 =

(
n+ 3

2

)
(1 + ρ0) + ρ20

≡
(
−7/6 + 3

2

)
(1 + 2) + 22 mod p, q

= 27/4 mod p, q

(4.3)

Suppose that ` is a prime common divisor of r and [O×k3 : 〈−1, ρ0, µ0〉]. From Lemma

4.26, we know that the only possible prime common divisors of y and disc(fn) are 37 and

47. Hence from Remark 4.27 we conclude that [Ok3/p : Z/pZ] = [Ok3/q : Z/qZ] = 1.

Also, since ` | [O×k3 : 〈−1, ρ0, µ0〉], there is a unit u ∈ O×k3 r 〈−1, ρ0, µ0〉 such that

u` = ±ρa0µb0,

with a, b non-negative rational integers strictly less than `.

Case 1: ` 6= 2.

Since ` is odd, we may ignore the negative sign and conclude that

u` ≡ 2a−2b33b mod p, q.
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Since [Ok3/p : Z/pZ] = 1, we conclude that 2a−2b33b is an `th power residue modulo

the rational primes p, q. Since 2 is an `th power residue mod p and 3 is an `th power

nonresidue mod p, we conclude that 3b ≡ 0 mod `, and hence that b ≡ 0 mod `. Since

0 ≤ b < `, we conclude that b = 0 and

u` ≡ 2a mod q.

Since 2 is an `th power nonresidue mod q, we conclude that a ≡ 0 mod `. Using the

fact that 0 ≤ a < `, we find that a = 0. Hence u` = 1, u = 1 ∈ 〈−1, ρ0, µ0〉, and we’ve

reached a contradiction.

Case 2: ` = 2.

In this case we may proceed as in the proof of Proposition 4.21 to conclude that the

only possibility is that

u2 = µ0.

But then u2 ≡ 27/4 mod p, or, upon rearrangement,

(2u/3)2 ≡ 3 mod p,

and we conclude that 3 is a quadratic residue mod p. Since [Ok3/p : Z/pZ] = 1, we are

forced to conclude that 3 is a quadratic residue mod p; a conclusion that contradicts one

of our assumptions.
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We have the following to handle the case in which r is divisible by 3.

Lemma 4.29. Let (2, y) be a solution in integers to Y r = fn(2), with r ≡ 0 mod 27.

Let p ≡ 1 mod 9 and q be primes dividing y with p, q not equal to 37 or 47. Assume that

3 is a cubic nonresidue mod p and mod q. Assume that 2 is a 9th power residue mod p

and a cubic nonresidue mod q. Then 27 does not divide [O×k3 : 〈−1, ρ0, µ0〉].

Proof. Let p (resp. q) be prime ideals of k3 over p (resp. q) containing 2 − ρ0. As in

Equations (4.2) and (4.3),

ρ0 ≡ 2 mod p, q,

µ0 ≡ 27/4 mod p, q.

If 27 divides [O×k3 : 〈−1, ρ0, µ0〉], then O×k3/〈−1, ρ0, µ0〉 contains a subgroup of order

27. This subgroup can be generated by two elements and so isn’t isomorphic to Z/3Z ×

Z/3Z× Z/3Z. Hence this subgroup contains a cyclic subgroup of order 9 and so there is

a unit u ∈ O×k3 such that u9 = ±ρa0µb0, with a, b ∈ Z and such that ui 6∈ 〈−1, ρ0, µ0〉 for

0 < i < 9. We may ignore the negative sign and conclude that there is a unit u ∈ O×k3

such that

u9 = ρa0µ
b
0,

with a, b ∈ Z and such that ui 6∈ 〈−1, ρ0, µ0〉 for 0 < i < 9. We now show that this is a

contradiction by showing that u9 ∈ 〈−1, ρ0, µ0〉 implies that u3 ∈ 〈−1, ρ0, µ0〉.
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Applying our congruences we conclude that

u9 ≡ 2a−2b33b mod p, q.

Since [Ok3/p : Z/pZ] = [Ok3/q : Z/qZ] = 1 (Lemmas 4.26 and Remark 4.27), we may

conclude that 2a−2b33b is a 9th power residue modulo the rational primes p, q. Since 2 is

a 9th power residue mod p, we may conclude that there is an integer x such that 33b ≡ x9

mod p. Since (Z/pZ)× is cyclic, we conclude that b ≡ 0 mod 3. Furthermore, since

b ≡ 0 mod 3, we conclude that a ≡ 0 mod 3. Since a and b are divisible by 3, we now

conclude that (u3)3 = u9 = ρa0µ
b
0 = (ρ

a/3
0 µ

b/3
0 )3. From the injectivity of x 7→ x3 in K, we

conclude that

u3 = ρ
a/3
0 µ

b/3
0 ∈ 〈−1, ρ0, µ0〉,

and have reached a contradiction.

4.6.4 A class of order r

Proposition 4.30. Let (2, y) be a solution to Y r = (2 − ρ0)(2 − ρ1)(2 − ρ2) = 6n + 7.

Assume that for every prime divisor ` 6= 3 of r there are prime divisors p, p2, p3 of y not

equal to 37 or 47 that satisfy:

1. 3 is an `th power nonresidue mod p, p2

2. 2 is an `th power residue mod p and an `th power nonresidue mod p2

3. 37 is an `th power residue mod p, p2 and an `th power nonresidue mod p3,

then (2− ρ0) 6= (β)` for any prime divisor ` 6= 3 of r.
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Proof. If (2 − ρ0) = (β)`, then 2 − ρ0 = uβ`, where u is a unit of k3. By Lemma

4.28, gcd(`, [O×k3 : 〈−1, ρ0, µ0〉]) = 1. Hence there are integers s and t such that u =

(us)[O
×
k3

:〈−1,ρ0,µ0〉](ut)`, and hence such that

2− ρ0 = ±ρb0µc0β`1, (∗)

where β1 = βut.

Let p, p2, p3 denote primes of k3 containing 2 − ρ0 and lying over the rational primes

p, p2, p3 of our hypotheses. As in Equations (4.2) and (4.3),

ρ0 ≡ 2 mod p, p2, p3

µ0 ≡ 27/4 mod p, p2, p3.

Applying σ and σ2 to both sides of the equality (∗), we find that

2− ρ1 = ±ρa1µb1(βσ1 )`

2− ρ2 = ±ρa2µb2(βσ
2

1 )`,
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and hence conclude that

(2− ρ1)(2− ρ2) = (ρ1ρ2)
a(µ1µ2)

b(βσ1 β
σ2

1 )`

= ρ−a0 µ−b0 (βσ1 β
σ2

1 )`

≡ 2−a(27/4)−b(βσ1 β
σ2

1 )` mod p, p2, p3

= 22b−a3−3b(βσ1 β
σ2

1 )` mod p, p2, p3

On the other hand,

(2− ρ1)(2− ρ2) = ρ2 + (2 + n)ρ+ (4 + 3n)

≡ 5n+ 12 mod p, p2, p3

= 5(−7/6) + 12 mod p, p2, p3

= 37/6 mod p, p2, p3.

Hence 37/6 ≡ 22b−a3−3b(βσ1 β
σ2

1 )` mod p, p2, p3, or

37 ≡ 22b−a+13−3b+1(βσ1 β
σ2

1 )` mod p, p2, p3.

Since the residual degrees of these primes are 1 (Lemmas 4.26 and Remark 4.27), we may

conclude that

2a−2b−133b−137
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is an `th power residue modulo the rational primes p, p2, and p3. Using the fact that 2 and

37 are `th power residues modulo p while 3 is a nonresidue, we conclude that

3b− 1 ≡ 0 mod `.

But then since 37 is an `th power residue mod p2, while 2 is a nonresidue, we conclude

that

a− 2b− 1 ≡ 0 mod `.

This implies that 37 is an `th power residue mod p3; contradiction.

Proposition 4.31. Let (2, y) be a solution to yr = (2 − ρ0)(2 − ρ1)(2 − ρ2) = 6n + 7,

with r ≡ 0 mod 27. Assume that there are prime divisors p, p2, p3 of y each congruent

to 1 mod 27, which satisfy:

1. 3 is a cubic nonresidue mod p, p2

2. 2 is a 27th power residue mod p and a cubic nonresidue mod p2

3. 37 is a cubic residue mod p, p2 and cubic nonresidue mod p3,

then (2− ρ0) is not the cube of a principal ideal.

Proof. By way of contradiction, suppose that (2 − ρ0) = (β)3. Then 2 − ρ0 = uβ3,

with u ∈ O×k3 . From Lemma 4.29 we conclude that [O×k3 : 〈−1, ρ0, µ0〉] 6≡ 0 mod 27.

Therefore, u9k ∈ 〈−1, ρ0, µ0〉 for some k 6≡ 0 mod 3. Taking 9kth powers we find that

(2− ρ0)9k = u9kβ27k

= ±ρa0µb0β27k.
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Let p, p2, p3 denote primes of k3 containing 2 − ρ0 and lying over the rational primes

p, p2, p3 of our hypotheses. Conjugating with σ and σ2, multiplying the resulting equa-

tions, and applying the congruences ρ0 ≡ 2 mod p, p2, p3, µ0 ≡ 27/4 mod p, p2, p3 yields:

(2− ρ1)9k(2− ρ2)9k = (ρ1ρ2)
a(µ1µ2)

b(βσβσ
2

)27

= ρ−a0 µ−b0 (βσβσ
2

)27k

≡ 2−a(27/4)−b(βσβσ
2

)27k mod p, p2, p3

Since (2− ρ1)(2− ρ2) = ρ2 + (2 + n)ρ+ (4 + 3n) ≡ 5n+ 12 ≡ 37/6 mod p, p2, p3, we

conclude that (37/6)9k ≡ 2−a(27/4)−b(βσβσ
2
)27k mod p, p2, p3, or that

379k ≡ 2−a+2b+9k3−3b+9k(βσβσ
2

)27k mod p, p2, p3

Since p, p2, p3 each have residual degree one (Lemmas 4.26 and Remark 4.27), we see

that 2a−2b−9k39k−3b379k is a 27kth power residue modulo the rational primes p, p2, and p3.

Since 37 is a cubic residue mod p and since 2 is a 27th power residue mod p, we con-

clude that there is an integer x such that x27 ≡ 3−3b+9k mod p. Hence 3k − b ≡ 0 mod

9 and −3b+ 9k ≡ 0 mod 27.

Since −3b + 9k is a multiple of 27 and since 37 is a cubic residue mod p2, we conclude

that there is an integer y such that 2−a+2b+9k ≡ y27 mod p2. Hence 9k+ 2b− a = c ≡ 0

mod 27.
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Since −3b + 9k and −a + 2b + 9k are each multiples of 27, we conclude that there

is a rational integer z such that z27 ≡ 379k mod p3. This contradicts the fact that 37 is a

cubic nonresidue mod p3, and so we conclude that (2− ρ0) is not the cube of a principal

ideal.

Theorem 4.32. Let (2, y) be a solution in integers to Y r = (2 − ρ0)(2 − ρ1)(2 − ρ2) =

6n + 7. If the hypotheses of Propositions 4.30 and 4.31 are satisfied, then (2 − ρ) = ar,

where a is a representative of a class of order r in the class group of k3.

Proof. According to Lemma 4.25, (2 − ρ0) = ar for some ideal a of k3. To show that

a has order r upon passing to the class group, we must show that no smaller positive

power of a is principal. If this was not the case, and some smaller positive power of a

was principal, then we would conclude that (2− ρ0) is the `th power of a principal ideal

for some ` > 1 dividing r. Since a power of a principal ideal is principal we may, without

loss of generality, take ` to be prime. Since when the hypotheses of the previous two

Propositions hold, (2−ρ0) is not the `th power of principal ideal for any prime ` dividing

r, the corollary is established.

4.7 Existence of infinitely many fields of the family with r | hk3 for

arbitrary integer r > 1.

Showing that for any positive integer r there exists a field Kn of our family with

class number divisible by r is the essential step; once existence is established the ex-

istence of infinitely many distinct fields of our family with class number divisible by r
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follows. Existence requires demonstrating that there are infinitely many primes satisfying

the congruence conditions sufficient to guarantee the existence of a class of order r. This

is accomplished with an appeal to Bauer’s Theorem in the following Lemma.

Lemma 4.33. There are infinitely many primes satisfying the power residue hypotheses

of Proposition 4.30, and there are infinitely many primes satisfying the power residue

hypotheses of Proposition 4.31.

Proof. Let

L = Q(ζ`, 2
1/`, 371/`)

L′ = Q(ζ2`, 3
1/`),

where ζ` (resp. ζ2`) denotes a primitive `th (resp. 2`th) root of unity. A rational prime p

splits completely in L if and only if p ≡ 1 mod ` and 2 and 37 are `th power residues

mod p. A rational prime q splits completely in L′ if and only if q ≡ 1 mod 2` and 3 is an

`th power residue mod q. Since L′ 6⊂ L, we may apply Bauer’s Theorem [2] to conclude

that there are infinitely many primes that split in L but not in L′. Hence there are infinitely

many primes p for which 2 and 37 are `th power residues mod p but for which 3 is an `th

power nonresidue mod p. A very similar argument may be used to show that there are

infinitely many primes p2 for which 37 is an `th power residue mod p2 but for which 2

and 3 are `th power nonresidues mod p2. Likewise we can show that there are infinitely

many primes p3 for which 37 is an `th power nonresidue mod p3. To prove that there are
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infinitely many primes satisfying the power residue hypotheses of Proposition 4.31, take

L = Q(ζ27, 2
1/27, 371/3)

L′ = Q(ζ27, 3
1/3),

where ζ27 denotes a primitive 27th root of unity.

Theorem 4.34. Let r be a positive integer > 1. The family of cubic fields {k3,n | n ∈

Z, n odd, and n ≥ 5}, where k3,n is obtained from Q by adjoining a root of fn(X) =

X3 + nX2 + nX − 1, contains infinitely many members whose class group contains a

cyclic subgroup of order r.

Proof. We begin by showing the existence of such a member. If r ≡ 0 mod 3, then

replace r with 3r or 9r, as needed, to guarantee that r ≡ 0 mod 27. Choose a triple

(p, p2, p3) of primes satisfying the power residue hypotheses of Proposition 4.30 for each

prime ` 6= 3 dividing r. Lemma 4.33 shows that there are infinitely many such primes

satisfying these hypotheses; make sure not to choose 2, 3, 37, or 47. If r ≡ 0 mod 3,

then also choose a triple (p, p2, p3) of primes satisfying the power residue hypotheses

of Proposition 4.31. Lemma 4.33 guarantees that there are infinitely many such primes

satisfying these hypotheses; once again make sure not to choose 2, 3, 37, or 47. Choose s

such that s∏
`|r

p`p2,`p3,`

r

≡ 7 mod 6.

Then (2, s
∏

`|r p`p2,`p3,`) is a solution in integers to Y r = fn(X) for some n. From

Corollary 4.32 we now conclude that r | hn. Thus for any positive r > 1 which is not
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divisible by 3, there is an element k3,n of this family of cubics which has class number

divisible by r.

This result implies the existence of infinitely many such fields. Indeed, let k3,n be a mem-

ber of the family for which r | hn. Let rγ be the greatest power of r dividing hn. From the

previous paragraph we know that there is a family member k3,n′ for which rγ+1 divides

hn′ . But hn′ 6= hn implies that k3,n 6= k3,n′ . We conclude that given any finite number of

cubic fields with class number divisible by r, we can find an additional one. Hence this

family contains infinitely many members with class number divisible by r.
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