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Measuring the internal quality factor of coplanar waveguide superconducting 

resonators is an established method of determining small losses in superconducting 

devices.  Traditionally, the resonator losses are only attributed to two-level system 

(TLS) defects using a power dependent model for the quality factor. However, excess 

non-equilibrium quasiparticles can also limit the quality factor of the planar 

superconducting resonators used in circuit quantum electrodynamics. At millikelvin 

temperatures, quasiparticles can be generated by breaking Cooper pairs via high-energy 

particles or sub-gap microwave photons from the measurement signal. 

In this thesis, I developed a two-temperature, power, and temperature 

dependent model to evaluate resonator losses for isolating TLS and quasiparticle loss 

simultaneously. The model combines a standard TLS model with a new modified two-

temperature quasiparticle model where the driven quasiparticle density is defined by 

an effective temperature that may be different than the bath temperature. This model 



  

also explores the power and temperature dependence of the internal quality factor. To 

investigate the model, resonators were fabricated from epitaxial molecular beam 

epitaxy-grown aluminum and titanium nitride grown on float-zone refined silicon. The 

resonators have high-quality factors above 1M. The presented model is used to 

determine that the analyzed TiN resonator had comparable TLS and quasiparticle loss 

at low power and low temperature, while the low-temperature Al resonator behavior 

was dominated by non-equilibrium quasiparticle loss. 

Additionally, a small bandgap superconductor in contact with a larger bandgap 

superconductor as a quasiparticle trap is also explored. The quasiparticles can be 

confined away from the larger bandgap superconductor into the smaller one. Here, Al 

and TiN were used as two superconductors. Finite difference method (FDM) 

simulations of the coupled phonon and quasiparticle systems of both superconductors 

are performed, suggesting that the quasiparticle traps on the ground plane may be 

effective for setback distances less than 200 μm away from TiN waveguide features. 

Experimentally, a thin layer of Al is grown in-situ on TiN using molecular beam 

epitaxy (MBE) with a negligible dielectric layer between the two superconductors to 

increase the trapping efficiency of the Al. The quarter-wavelength resonators in TiN 

with an Al layer with varying setback distances (1 µm – 150 µm) from the active region 

of the TiN were also fabricated using custom-designed mask sets. These devices are 

then analyzed for different powers and temperatures. The resonators with setback 

greater than 20 µm outperform the plain TiN resonators at low temperatures. The 

device with a setback of 150 µm had 1.5x the quality factor at medium powers at low 

temperatures. 
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Chapter 1 : Introduction 

1.1 Quantum Computing 

Quantum computing[1], [2] is a form of computing that harnesses quantum effects such 

as quantum superposition and entanglement to process information. In a quantum computer, 

information is stored in quantum bits or “qubits” instead of conventional binary bits. A qubit 

can be treated as a pair of pure quantum states of a quantum system, which are denoted as |0⟩ 

and |1⟩. Often, the two states of the qubits are the ground and the excited state of a physical 

system. The quantum nature of the qubit allows the system to be placed in a coherent 

superposition of the |0⟩ and |1⟩ states according to,|𝜓𝜓⟩ = 𝛼𝛼|0⟩  + 𝛽𝛽 |1⟩  where |𝛼𝛼|2 + |β2| =

1. The quantum state of a single qubit can be represented on the Bloch sphere, as shown in Fig. 

1.1(a), with  |𝜓𝜓⟩ written as following 

 ψ⟩ = cos �
θ
2
� |0⟩ + eiϕsin �

θ
2
� |1⟩ (1.1) 

 
Fig. 1.1: Bloch sphere representing the state of a qubit  

|𝜓𝜓⟩ = 𝑐𝑐𝑐𝑐𝑐𝑐 �𝜃𝜃
2
� |0⟩ + 𝑒𝑒𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠 �𝜃𝜃

2
� |1⟩. Figure is from ref.[3] 
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In an open quantum system, such as a qubit that is not isolated from the environment, 

the qubit can lose information due to coupling with the environment. The useful 

computational lifetime of a qubit is defined by a few characteristic rates. First, in the 

presence of external noise, a qubit in its excited state can lose energy and relax to the 

ground state, i.e., |1⟩  →  |0⟩, with an exponential decay rate denoted by Γ1 =  1/𝑇𝑇1. 

Second, the fluctuation in the qubit frequency due to external noise or interaction with 

other quantum systems can lead to dephasing of the qubit, which is described by the 

dephasing rate Γϕ  =  1/𝑇𝑇𝜙𝜙.  Third, coherence time (denoted by T2) defines another 

timescale for which the qubit retains useful quantum information. It depends on both 

T1 and Tϕ which is given as 

 1
T2

 =
1

2T1
 +

1
Tϕ

. (1.2) 

Fig. 1.2 shows an illustration of relaxation, dephasing, and coherence time in a Bloch 

sphere.  

 

Fig. 1.2: (a) Longitudinal relaxation of the qubit from |1⟩ to |0⟩ with a characteristic time, T1=1/Γ1   (b) 
Loss of the information in the transverse plane with dephasing time 𝑇𝑇𝜙𝜙 = 1 𝛤𝛤𝜙𝜙⁄ . (c) Coherence time T2 
results from the combination of both longitudinal relaxation and pure dephasing Figure is from ref.[3]  

Fig. 1.3 shows the relaxation and coherence time for a transmon qubit. 
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Fig. 1.3: (a) Plot showing the relaxation of a transmon qubit from |1⟩ to |0⟩ with a characteristic time 

𝑇𝑇1 and (b) Spin echo measurement with dephasing time 𝑇𝑇2. Figure is from ref. [4] 

The present day transmon qubits are not robust and lose the state's information 

relatively quickly compared to the typical gate operation time causing limitations on 

performing complex quantum computations.  

The suitability of a quantum system for practical computations can be assessed 

using the DiVincenzo criteria[5]. They are as follows: 

(1) Scalability of well-characterized qubits 

(2) The ability to initialize the qubits in a well-determined quantum state. 

(3) Availability of universal set of gates for computation 

(4) Coherence times need to be longer than gate operation times 

(5) Availability of qubit-specific measurement capability 

Two additional criteria required for quantum communication are  

(6) Interconversion between stationary and flying (moving) qubits  

(7) Faithful transmission of flying qubits.  
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Additional practical requirements would be reproducible components, simple 

fabrication, and low operating costs from an engineering perspective.  

Based on the above criteria, there are several ways the solid-state qubits have 

been engineered using a wide variety of material systems, including trapped ions, 

electron spins quantum dots, nitrogen vacancies in diamond, and superconducting 

circuits[6]. Ion trap qubits use alkali metal-like ions such as calcium and strontium to 

form qubits from the hyperfine electronic states of the ion as quantum states [7]. Qubits 

realized from quantum dots made out of silicon and germanium using electron spin 

states in electrostatically defined quantum dots as their quantum states[8].  The 

electronic spin states of the nitrogen-vacancy defect in a diamond can also define a 

qubit [9]. Similarly, qubits can be realized from superconducting quantum circuits 

created from aluminum, niobium, or titanium nitride thin films, where different states 

of an anharmonic resonator circuit serve as the quantum states[10]. 

1.2 Superconducting Qubits 

The development of qubits using superconducting materials is currently one of 

the significant research areas in quantum computing. Superconducting qubits are 

designed by lithographically made circuit elements such as wires, capacitors, inductors, 

and Josephson junctions.  The presence of a superconductor ensures very low resistive 

loss and highly nonlinear and non-dissipating devices in the Josephson junction. Even 

though the Josephson junction has a macroscopic size, these qubits can display 

quantum behavior that is similar to that of single atoms. However, like all qubits, 

superconducting quantum circuits are susceptible to losing information via interactions 

with the environment, limiting coherence time [11].   
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Conceptually, a superconducting qubit can be formed by a simple harmonic 

oscillator formed from an inductor and capacitor.  The Hamiltonian of an isolated 

harmonic oscillator can be written as.  

 H = 4Ecn2  +
1
2

ELϕ2 (1.3) 

Here the quantum operator 𝑛𝑛 ≡ 𝑄𝑄
2𝑒𝑒

   is the excess charge Q on one plate of the capacitor, 

normalized by the magnitude of the charge of a Cooper pair charge (2𝑒𝑒). The reduced 

flux, or gauge-invariant phase 𝜙𝜙 ≡ 2𝜋𝜋Φ
Φ0

, is the flux, Φ, in the inductor normalized by 

the superconducting magnetic flux quantum, Φ0. The capacitive energy, 𝐸𝐸𝑐𝑐 =

(𝑒𝑒)2/(2𝐶𝐶), is the charging energy corresponding to each electron of a Cooper pair. The 

inductive energy, 𝐸𝐸𝐿𝐿 =
�Φ𝑜𝑜2𝜋𝜋�

2

𝐿𝐿
 , corresponds to the flux quantum.  

The system described by Eq. (1.3) is a simple harmonic oscillator with 

capacitive energy behaving like kinetic energy and inductive energy as potential 

energy. This Hamiltonian gives equally spaced energy levels described by  𝐻𝐻 =

ℏ𝜔𝜔𝑟𝑟(𝑎𝑎†𝑎𝑎 + 1
2
) with 𝑎𝑎† and 𝑎𝑎 are the creation and annihilation operators, and the 

resonant angular frequency is 𝜔𝜔𝑟𝑟 = 1/√𝐿𝐿𝐿𝐿. In principle, any two levels of this 

oscillator could form the basis of a qubit. However, the equally spaced energy levels 

impede the ability to uniquely address just two quantum states by applying an external 

drive. The introduction of anharmonicity in the system is necessary to break the equal 

spacing between the energy levels.  

A dissipationless Josephson junction behaves as a nonlinear inductor. A 

Josephson junction can be formed from a thin layer of insulating material sandwiched 
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between two superconductors. The current flowing through the junction depends on the 

difference between the superconducting phase of the superconductors on either side (𝜙𝜙 

= 𝜙𝜙1 − 𝜙𝜙2). The key relations describing the Josephson junction are 

 𝐼𝐼 = 𝐼𝐼𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠(𝜙𝜙) and 𝑉𝑉 = Φ0
𝑑𝑑𝜙𝜙
𝑑𝑑𝑑𝑑

 (1.4) 

where 𝐼𝐼𝑐𝑐 is the critical current of the junction, which depends on the junction geometry 

and material properties of the insulator and the superconductor. The junction has an 

effective inductance. 

 𝐿𝐿𝐽𝐽 =
𝛷𝛷𝑜𝑜

2𝜋𝜋𝐼𝐼𝐶𝐶
1

𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙) 
(1.5) 

and modified Hamiltonian of an isolation junction is 

 𝐻𝐻 = 4𝐸𝐸𝑐𝑐𝑛𝑛2 − 𝐸𝐸𝑗𝑗 𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙) (1.6) 

where 𝐸𝐸𝐶𝐶 = (𝑒𝑒) 2

2𝐶𝐶Σ
,𝐶𝐶Σ = 𝐶𝐶𝑠𝑠 + 𝐶𝐶𝑗𝑗  is the charging energy, including any shunt capacitor, 

𝐶𝐶𝑠𝑠, and junction self-capacitance, 𝐶𝐶𝑗𝑗, while  𝐸𝐸𝑗𝑗 = 𝐼𝐼𝑐𝑐Φ0
2𝜋𝜋

 is the Josephson energy.  The 

introduction of the Josephson junction converts the parabolic form of the potential 

energy to the cosinusoidal form, as shown in Fig. 1.4. For these systems to exhibit their 

quantum nature, the thermal fluctuations must be smaller than the transition energy 

between the states of the qubit states. Superconducting quantum circuits typically are 

chosen to operate in the 2 GHz (96mK) – 20 GHz (960mK) and at temperatures below 

50 mK to ensure the qubits are not thermally excited[12]. 

Superconducting qubits can be broadly categorized into roughly three kinds – 

charge qubit, flux qubit, and phase qubit based on which quantum degree of freedom 

is more sharply defined. In a charge qubit, the charging energy 𝐸𝐸𝐶𝐶 is large compared to 
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𝐸𝐸𝑗𝑗 and 𝐸𝐸𝑐𝑐 and the junction is controlled by applying a gate voltage source. In flux 

qubits, 𝐸𝐸𝑐𝑐 effectively dominates and control is achieved by the application of an 

external flux in a SQUID configuration. For phase qubits, phase is most sharply defined 

[12], [13]. Fig. 1.5 shows schematics of three different types. 

 
Fig. 1.4: Energy levels of a harmonic and anharmonic oscillator. Fig. from ref. [11]. Nonlinear 

inductance in the Josephson junction breaks the harmonicity of the LC circuit 

 

 
Fig. 1.5: Schematics of the basic kinds of superconducting qubits (a) charge qubit (b) flux qubit, and 

(c) phase qubit. The cross represents the Josephson junction. Figure is from ref.[13] 



 

 

8 
 

The transmon qubit is currently the most popular type of superconducting qubit. 

Transmons typically operate with 𝐸𝐸𝐽𝐽/𝐸𝐸𝑐𝑐 ≈ 50 to reduce the qubit sensitivity to charge 

noise. The coherence times of qubits can be further boosted by isolating them from the 

environment by placing them in a resonant cavity that is detuned from the qubit 

transition frequency. A high-quality resonator only allows coupling to a very narrow 

band of frequencies, isolating the qubit from the undesired environmental noise. Near 

the resonance frequency, a resonator photon can be reflected back and forth many 

times, enhancing the effective coupling of the photon and the qubit. The qubit states 

also affect the resonant frequency of the qubit-resonator system enabling the resonator 

as a readout element, as shown in the inset of Fig. 1.6.  Here, the interaction of 

superconducting qubits with resonator’s quantized electromagnetic fields is in the 

microwave regime and is described by the circuit quantum electrodynamics (c-QED) 

[14].  

 

Fig. 1.6: The resonator response in the absence of qubit(dashed line) and the presence of qubit [14] 

The coupling of the quantum electromagnetic modes of the resonator with the qubit 

modifies the circuit’s Hamiltonian, which can be  approximately described by the 

Jaynes-Cummings Hamiltonian[15],  
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 H� = ℏωr �a�†a� +
1
2
� +

1
2

 ℏω𝑞𝑞σ�z + ℏg(a�†σ�− +  a�σ�+), (1.7) 

where  𝑎𝑎�†,𝑎𝑎� are the creation and annihilation operators for the resonator.  Here the 

resonant frequency of the resonator is ωr, and 𝜔𝜔𝑞𝑞 is the qubit transition frequency.  

Also,  𝜎𝜎�𝑧𝑧 is the Pauli matrix and 𝜎𝜎�− and 𝜎𝜎�+  are the creation and annihilation operator 

of the two-level qubit system. The first term of the Hamiltonian represents the energy 

of the resonators. The second is for the qubit, while the third represents the coupling 

between the qubit and the resonator.   

In cQED, the resonators can be realized as planar 2-D designs using traditional 

lithographic techniques or 3-D cavities machined out of metal. A popular 

implementation of the superconducting qubits in cQED is coupling transmons with a 

2-D transmission line resonator, as shown in Fig. 1.7.  These devices have roughly 

shown two orders of magnitude increase in coherence time 𝑇𝑇2 compared to charge qubit 

[10].   

 

 
Fig. 1.7: Schematic of a qubit with a transmon coupled with a resonator. Figure is from ref. [15]. The 

green block represents the transmon qubit.  
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1.3 Role of resonators 

Resonators form the readout element of the cQED devices and the coherence 

times of qubits depend on the quality of the resonators. In planar 2D qubit architecture, 

two-dimensional resonators are realized from coplanar waveguide transmission lines. 

Additionally, the resonators are relatively easier to fabricate than the qubit. It makes 

the resonator an excellent tool for optimizing material selection and fabrication 

techniques to minimize loss. Fig. 1.8 summarizes a set of studies by few groups. Fig. 

1.8(a) compares the various aluminum growth techniques by sputtering, E-beam 

deposition, and MBE. The MBE growth on the surface treated with the activated 

oxygen at high temperature generates the high-quality single-crystal film with a clean 

aluminum sapphire interface [16]. Fig. 1.8(b) compares three different etching 

techniques on titanium nitride resonators on silicon wafers.  Fluorine RIE-etch 

outperforms the chorine RIE-etch and argon mill due to the smoother surface finish and 

reduced lossy post-etch residues [17]. Fig. 1.8(c) explores the deep etching of silicon 

substrates for reducing the intrinsic loss of the niobium-titanium nitride resonators. The 

deep etches moved the lossy surface from the high electric field region and improved 

the quality factor of the resonators. The resonator's internal quality factor, which is the 

inverse of the net loss in the resonator, is the metric to evaluate the resonator's quality. 
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Fig. 1.8: Resonator as a tool for material and fabrication characterization. (a) Comparison of growth 

technique[16] (b) Comparison of different etch techniques [17] (c) Investigation of deep etch in 
resonator[18] 
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1.4 Model of power and temperature dependence of resonator quality 

factor 

As I noted above, resonators can serve as a tool to investigate some non-junction-

related loss mechanisms that may also be responsible for loss in qubits. The loss can 

be expressed as a sum of parallel loss channels. These losses have a unique 

characteristic dependence on temperature, microwave power, magnetic field, and 

geometry, as shown in Eq. (1.8). 

 1
QI

=
1

QTLS(T,  P)
+

1
QQP(T, P)

+
1

Qrad(w)
+

1
Qvortices(B)

+
1

Qcavity(ν, geometry)
 … 

(1.8) 

Ideally, each of these losses can be isolated and studied by controlling other 

degrees of freedom. The two-level system losses have microwave power and 

temperature dependence and may be dominant at low power and low temperature 

depending on the geometry and materials. Quasiparticles also can contribute to the loss 

in the resonator. They may or may not have a strong temperature dependence. 

According to BCS theory, in thermal equilibrium, as the temperature approaches zero, 

the quasiparticles should vanish, leading to high coherence times in superconducting 

devices. However, the experimental evidence suggests non-equilibrium 

quasiparticles [17–19] are found even at the lowest temperatures. These excess 

quasiparticles can also show a weak dependence on microwave power. Among other 

loss mechanisms, the loss of the resonator energy through radiation depends on the 
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resonator dimensions, frequency, and coupling to the outside environment, while losses 

from vortices depend on the number of trapped vortices and applied magnetic field. 

In the literature[16]–[20], resonator performance is commonly quantified by 

measuring the internal quality factor of the resonator and its dependence on the applied 

microwave power. The two-level system (TLS) losses are generally used to describe 

power dependence. The rest of the losses are grouped into a constant loss. Additionally, 

the temperature dependence of the frequency shift due to 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 may also explored.  At 

relatively high temperatures(above 200 mK in Al), the loss is often found to be 

dominated by thermal quasiparticles. All these losses are analyzed independently. In 

this thesis, I describe a new integrated temperature and power dependent model for 

isolating TLS and quasiparticle loss simultaneously. 

The model I developed combines a standard temperature and power dependent 

TLS model and a modified quasiparticle model. In this model, the excess non-thermal 

quasiparticles are approximated by a thermal distribution described by an effective 

temperature. I apply the model to understand the loss in resonators at low temperatures 

where to qubits operate and compare the measurements on aluminum resonators, 

titanium nitride resonators, and novel quasiparticle trapping resonators.  

1.5 Superconducting quasiparticle traps for resonator 

The presence of the non-equilibrium quasiparticles impacting the device 

performance has been an active area of research across various research communities. 

In superconducting qubits, quasiparticles give an undesired channel of relaxation[21]–

[25]. In single-electron transistors[26], [27], they cause large charge fluctuations. 

Excess quasiparticles can also impact the cooling power in superconducting micro 
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coolers[28]–[30]. In resonators[31], [32]  and kinetic inductive detectors[33], [34], they 

cause ohmic losses and background noise. 

Many different techniques have previously been employed to reduce the density 

of non-equilibrium quasiparticle density. In the superconducting qubit community, 

attempts have been made to suppress excess quasiparticle generation by isolating the 

devices from the environment using the multistage radiation shielding in the 

fridges[35], improved cooling of signals in the microwave attenuators[36], and 

coupling quantum circuits with 3D resonant cavity[37]. Excess quasiparticles are 

confined away from the active regions at the device level by including magnetic flux 

vortices [25], [38] or normal metal [30], [32], [39], [40], which acts as quasiparticle 

traps. Both vortices and normal metal provide a zero-band gap, thus providing states 

for quasiparticles to relax when they enter the trapping layer. In the metal traps, 

inelastic scattering with electrons or phonons of the metal relaxes the quasiparticle[41]. 

In this study, I explore A small bandgap superconductor as a quasiparticle trap (instead 

of a normal metal). The small band gap superconductor, similar to the normal metal, 

provides lower energy states (compared to the primary superconductor) for the 

quasiparticle to relax. A theoretical study comparing traps made from normal metals 

and superconductors shows an increased trapping efficiency for the superconducting 

traps. They have a higher density of states than a metal trap, reducing the probability 

of entering quasiparticles to backflow out of the trap.  Using superconductor 

quasiparticle traps also eliminates the resistive loss present in normal metal and can 

cause additional microwave loss[42].  
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I fabricated quasiparticle traps on resonator circuits by covering the ground plane 

with superconducting thin film with a lower critical temperature.  Aluminum with 

𝑇𝑇𝑐𝑐 ~ 1.2𝐾𝐾 forms the small bandgap superconductor while TiN with 𝑇𝑇𝐶𝐶~ 5.3𝐾𝐾 forms 

the large bandgap superconductor. The resonator performance was determined for 

different configurations of the small bandgap superconductor. 

1.6 Overview of dissertation 

My dissertation is divided into the following chapters. In Chapter 2, I provide 

essential background on the resonator basics, two-level systems, and quasiparticle loss.  

In Chapter 3, I  discuss the effective temperature quasiparticle loss model.  In Chapter 

4, I describe the design criteria of the small bandgap superconductor quasiparticle trap.  

In Chapter 5, I discuss the experimental methods of fabricating and measuring 

superconductor quarter-wave coplanar waveguide resonators.  In Chapter 6, I  explain 

the temperature and power dependence of the resonator loss for all resonators, and 

those results are compared with my power-temperature loss model.  Chapter 7 

summarizes the conclusions and possible directions of future work. 
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Chapter 2 : Background 

2.1 BCS Theory 

Superconductivity is described as the phenomenon when the electric DC 

resistance of certain materials vanishes below a critical temperature (𝑇𝑇𝐶𝐶). It is 

accompanied by a perfect diamagnetism of the material where a penetrating magnetic 

field is expelled. The microscopic behavior of superconductors can be described by 

Bardeen-Cooper-Schrieffer (BCS) theory[43]. According to BCS theory, below the 

critical temperature, electrons close to the Fermi level with opposite spin and 

momentum can pair together in the presence of a weak attractive potential. In most 

metallic superconductors, a second-order interaction between the phonons and 

electrons creates a weak attractive potential that overcomes the screened electronic 

Columbic repulsion between the electrons. The energetically favorable paring leads to 

lower overall energy by Δ compared to the Fermi surface made of unpaired electrons. 

The paired electrons are defined as Cooper pairs. The net spin of a Cooper pair is zero, 

as electrons with opposite spin cancel, therefore Cooper pairs follow Bose-Einstein 

statistics. They condense into a ground state with macroscopic coherence with one 

wavefunction |Δ|𝑒𝑒𝑖𝑖𝑖𝑖 leading to the existence of zero DC resistance in the material. 

Coherence length determines the length of this phase coherence and hence the size of 

the Cooper pairs. The coherence length is given as 𝜉𝜉0 = ℏ𝑣𝑣𝐹𝐹
𝜋𝜋Δ0

 with 𝑣𝑣𝑓𝑓 being the Fermi 

velocity[44].  The lowering of energy due to pairing also leads to opening the energy 

gap (Δ) between the superconducting ground state and the continuum of excited states.  
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These excited states are called quasiparticles. These quasiparticles are the superposition 

of the normal metal electron and hole states, but for the energies far above the Fermi 

level (compared to Δ), quasiparticles are primarily electron/hole-like. Fermi-Dirac 

statistics describe the quasiparticle distribution.  More generally, electron conservation 

requires that excitations always be created or destroyed in pairs; hence the 

spectroscopic gap is 2Δ, not Δ.[45] 

2.1.1 Superconducting Energy gap 

The energy gap (Δ) of the superconductor is temperature dependent and 

depends on the quasiparticle distribution, and is determined by the self-consistency 

equation given as  

 1
N(0)𝑉𝑉𝑠𝑠𝑠𝑠

 = �
(1 − 2𝑓𝑓(𝐸𝐸,𝑇𝑇))

�𝐸𝐸2 − �Δ(𝑇𝑇)�
2

𝑘𝑘𝐵𝐵𝑇𝑇𝐷𝐷

Δ(𝑇𝑇)
dE 

(2.1) 

where N(0) is the single spin density of states, 𝑉𝑉𝑠𝑠𝑠𝑠 is the attractive potential. The critical 

temperature (𝑇𝑇𝑐𝑐) is defined as the temperature where the gap goes to zero, Δ(𝑇𝑇𝑐𝑐) = 0.  

Fig. 2.1 shows the universal normalized temperature dependence of the bandgap with 

the normalized temperature.  At 0K, quasiparticles density goes to zero, and the energy 

gap for a weak-coupling superconductor in terms of 𝑇𝑇𝑐𝑐 is defined as  

 Δ𝑜𝑜 = Δ(0) ~ 1.764 𝑘𝑘𝐵𝐵𝑇𝑇𝐶𝐶  (2.2) 

where 𝑘𝑘𝐵𝐵 is the Boltzmann constant.  Fig. 2.1 shows the temperature dependence of the 

bandgap. There is no exact analytical function describing this temperature dependence 

of the bandgap. The relation Δ(𝑇𝑇) = Δ𝑜𝑜 exp �−�2𝜋𝜋𝑘𝑘𝑏𝑏𝑇𝑇
Δ𝑜𝑜

 𝑒𝑒−
Δ𝑜𝑜
𝑘𝑘𝐵𝐵𝑇𝑇� follows the low-
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temperature dependence pretty well but fails near 𝑇𝑇𝐶𝐶. The relation Δ(𝑇𝑇) =

Δ𝑜𝑜 tanh�1.74��𝑇𝑇𝐶𝐶
𝑇𝑇
− 1 � � follows high and low temperatures very well but deviates 

in the intermediate temperature. Both the approximations are valid for temperatures 

𝑇𝑇
𝑇𝑇𝑐𝑐

< 0.3. I have used Δ(𝑇𝑇) = Δ𝑜𝑜 tanh�1.74��𝑇𝑇𝐶𝐶
𝑇𝑇
− 1 � � in my calculation. 

 

Fig. 2.1: The normalized temperature dependent superconducting bandgap as a function of normalized 

temperature[45] 

2.1.2 Quasiparticle number density 

The presence of a bandgap leads to the increase in the energy of quasiparticle 

(𝐸𝐸𝑘𝑘) compared to its normal state equivalent (𝜉𝜉𝑘𝑘). A quasiparticle with momentum k 

has the energy 𝐸𝐸𝑘𝑘 = �ξk2 + Δ2�
1
2 . Hence there are no quasiparticle states within the 

bandgap. Above the gap, it has a divergent density of states dependent on the bandgap 

of the superconductor. The density of states of the quasiparticle is given by  

 𝑁𝑁𝑠𝑠(𝐸𝐸)
𝑁𝑁(𝐸𝐸𝐹𝐹) = 𝜌𝜌(𝐸𝐸) =  �

𝐸𝐸
√𝐸𝐸2 − 𝛥𝛥2

 ,   𝐸𝐸 > 𝛥𝛥

             0 ,   𝐸𝐸 < 𝛥𝛥 
 

(2.3) 
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where 𝑁𝑁(𝐸𝐸𝐹𝐹) is the normal state single-spin density of states at the fermi level. Fig. 2.2 

shows the schematic energy diagram for a superconductor. 

 

Fig. 2.2 Schematic energy diagram of a superconductor showing Cooper pair band and Quasiparticle 
(QP) band. 

Using the quasiparticle density of states and Fermi-Dirac distribution, the total 

quasiparticle number density is defined as 

 
nqp(T) = 4N(0)� f(E, T)ρ(E, T)dE 

∞

Δ

. 
(2.4) 

which is expanded as  

 
nqp(T) = 4N(0)�

1

exp � E
kBT� + 1

×
E

�E2 − Δ(T)2
dE 

∞

Δ

 
(2.5) 

A factor of 2 comes from excitations above and below the bandgap, and an additional 

factor of 2 is from spin. For low temperatures, the quasiparticle density can be 

approximated as[46] 

 
nqp(T) = 2N(0)�2πkbTΔ(T) exp �−

Δ(T)
kBT

� 
(2.6) 
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On the other hand, the number density of the Cooper pairs is the function of the energy 

gap of its superconducting state and is given as follows[47].  

 ncp(T) = 2N(0)Δ(T) (2.7) 

Fig. 2.3 shows the variation of quasiparticle and Cooper pair density as a function of 

normalized temperature.  For the temperature (𝑇𝑇 𝑇𝑇𝐶𝐶⁄ < 0.2), the quasiparticle number 

density is at least six orders smaller greater than the cooper pair density and hence is 

negligible compared to that of Cooper pair density. 

 

 

Fig. 2.3: The normalized Cooper pair and quasiparticle density variation with normalized 
temperature.  

 

2.2 Quasiparticle dynamics 

Quasiparticle excitations have a finite lifetime. Two quasiparticles with 

opposite spin and momentum having energies 𝐸𝐸 and 𝐸𝐸′ combine to form a Cooper pair 

with the emission of a phonon with energy Ω = 𝐸𝐸 + 𝐸𝐸′ > 2Δ and vice versa, phonons 
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with energy > 2Δ break a Cooper pair to generate quasiparticles. Hence phonons with 

energy Ω > 2Δ play an essential role in the quasiparticle dynamics, and the phonon 

density is also included in rate equations.  

2.2.1 Quasiparticle Recombination 

The recombination process is a two-body process, for which the  recombination 

rate is defined as  

 dn
dt

= = 𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2  
(2.8) 

where 𝑛𝑛𝑞𝑞𝑞𝑞 is the quasiparticle number density, and 𝑅𝑅𝑞𝑞𝑞𝑞 is the recombination constant.  

In thermal equilibrium, using 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=  −𝑛𝑛𝑞𝑞𝑞𝑞/𝜏𝜏𝑟𝑟Kaplan[48] calculated the quasiparticle 

lifetime for quasiparticles at the gap edge to be 

 1
τR

=
√𝜋𝜋
𝜏𝜏𝑜𝑜

�
2Δ
𝑘𝑘𝑏𝑏𝑇𝑇𝐶𝐶

�
5
2
�
𝑇𝑇
𝑇𝑇𝑐𝑐
�
1
2

exp �−
Δ
𝑘𝑘𝑏𝑏𝑇𝑇

� =
𝜏𝜏0
𝑛𝑛𝑞𝑞𝑞𝑞

𝑁𝑁(0)(𝑘𝑘𝐵𝐵𝑇𝑇𝐶𝐶)3

2Δ2
, 

(2.9) 

where 𝜏𝜏𝑜𝑜 is a material-specific time constant describing the electron-phonon coupling 

strength. The quasiparticle lifetime is inversely proportional to the quasiparticle 

number density, 𝑛𝑛𝑞𝑞𝑞𝑞. Using the recombination lifetime, the recombination constant can 

be defined as 𝑅𝑅𝑞𝑞𝑞𝑞 = 1
𝑛𝑛𝑞𝑞𝑞𝑞𝜏𝜏𝑅𝑅

 which can be rewritten as  

 
𝑅𝑅𝑞𝑞𝑞𝑞 = �

2
τ0
�  �

1
𝑁𝑁(0)Δ(T)�  �

Δ(T)
𝑘𝑘𝐵𝐵𝑇𝑇𝐶𝐶

�
3

. 
(2.10) 

As per definition, 𝑅𝑅𝑞𝑞𝑞𝑞 is independent of the quasiparticle density, and it is relatively 

constant as long as the gap energy, Δ, doesn’t change significantly. The relation also 
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holds even for non-equilibrium quasiparticle distributions[49].  Since τ0 is proportional 

to Δ−3[50], 𝑅𝑅𝑞𝑞𝑞𝑞 is proportional to Δ2. 

2.2.2 Pair Breaking  

The phonons with energy Ω > 2Δ can either break a Cooper pair to generate 

two quasiparticles or escape from the superconducting film into the underlying 

substrate. In thermal equilibrium, phonons generated by the recombing quasiparticles 

maintain equilibrium by breaking the Cooper pairs (generating quasiparticles) at equal 

rates. The pair breaking rate is also a material-specific parameter. Kaplan[48] 

formulates the pair breaking rate at energy Ω = 2Δ as  

 
𝜏𝜏𝐵𝐵−1(2Δ(𝑇𝑇)) =

1
𝜏𝜏0
𝑝𝑝ℎ  

Δ(𝑇𝑇)
Δ(0) �1 − 2𝑓𝑓�Δ(𝑇𝑇)�� 

(2.11) 

where 𝜏𝜏0
𝑝𝑝ℎ = ℏ𝑁𝑁

4𝜋𝜋2𝑁𝑁(0)
〈𝛼𝛼2〉𝑎𝑎𝑎𝑎Δ(0)  is a characteristic time constant with N and N (0) are 

the ion number density and single state spin number density, and 〈𝛼𝛼2〉𝑎𝑎𝑎𝑎 is the electron-

phonon coupling function. For phonons with energy 2Δ, the breaking rate ~ 1/𝜏𝜏0
𝑝𝑝ℎ. For 

temperatures, 𝑇𝑇
𝑇𝑇𝑐𝑐

< 0.3, the pair breaking rate is constant with respect to temperature for 

different values of  Ω[48]. 

2.2.3 Phonon Escape term 

The phonon escape from the superconducting film to the substrate is described 

by an energy-independent escape time constant (𝜏𝜏𝑒𝑒𝑒𝑒𝑒𝑒). It depends on the thickness of 

the superconductor 𝑑𝑑, transmission probability 𝜂𝜂 and the speed of sound in the 

superconductor, 𝑠𝑠 and is given by 
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  𝜏𝜏𝑒𝑒𝑒𝑒𝑒𝑒 ≈
4𝑑𝑑
𝜂𝜂𝜂𝜂

.   
(2.12) 

For a superconducting thin film (labeled with the subscript 1) on a substrate (labeled 

with the subscript 2), the transmission probability of phonons is a function of the ratio 

of the speed of sound (𝑠𝑠2/𝑠𝑠1) and the ratio of the mass densities (𝜌𝜌2/𝜌𝜌1). This 

probability is calculated from contour plots of (𝑠𝑠2/𝑠𝑠1) and (𝜌𝜌2/𝜌𝜌1) are presented in[51] 

and calculated for aluminum and titanium nitride on silicon.  

2.2.4 Quasiparticle trapping rate 

Quasiparticles can get trapped in the sub-bandgap density of states present in the 

superconductor. These defects can be vortices or normal metal islands. With the 

presence of many unoccupied states below the band edge at low temperature, excess 

quasiparticles can decay into sub-gap states. The inelastic process is led by electron-

phonon or electron-electron interaction in the defects.  The rate process of the 

quasiparticle trapping can be defined as 

 dnqp
𝑑𝑑𝑑𝑑

=  −
𝑛𝑛𝑞𝑞𝑞𝑞
𝜏𝜏𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

 
(2.13) 

For relatively lower quasiparticle density 𝑛𝑛𝑞𝑞𝑞𝑞
𝑛𝑛𝑐𝑐𝑐𝑐

< 10−4, trapping is a dominant 

mechanism compared to recombination for the case of non-equilibrium quasiparticles. 

[32], [39].  The trapping rate can be defined as 𝑠𝑠 = 1/𝜏𝜏𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇.  Fig. 2.4 shows the 

schematic of quasiparticle recombination, generation, trapping, and phonon escape into 

phonon bath. 
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Fig. 2.4: (a) QP generation by breaking of cooper pairs and (b)recombination of two QP (c) QP 

trapping by falling in a trap state (d) Escape of phonons into substrate  

 

2.3 Electrodynamics in superconductors: 

The electromagnetic field is expelled from the core of the superconductor. This 

phenomenon is known as the Meissner effect. The field inside the superconductor is 

blocked due to the surface currents. The relation between the screening currents under 

an electromagnetic field is defined by two phenomenological equations proposed by 

the London brothers[52]. 
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𝐣𝐣 =  −

nse2

m
𝐀𝐀 

(2.14) 

 d𝐣𝐣
dt

=
nse2

m
𝐄𝐄 

(2.15) 

where 𝒋𝒋 is the current density, 𝑨𝑨 is the magnetic vector potential, 𝑬𝑬 is the electric field, 

𝑛𝑛𝑠𝑠 is the phenomenological superconducting electrons (Cooper pair) density, 𝑒𝑒 and 

𝑚𝑚 are the electron charge and mass, respectively. Solving Eq. (2.14) gives rise to the 

characteristic London penetration length 𝜆𝜆𝐿𝐿(0) = �
𝑚𝑚

𝜇𝜇𝑜𝑜𝑛𝑛𝑠𝑠𝑒𝑒2
 where 𝜇𝜇0 is permeability of 

vacuum. The EM field penetrates the superconductor by the characteristic length 𝜆𝜆𝐿𝐿 .  

Eq. (2.3) indicates that superconducting electrons would keep on accelerating. Solving 

it for finite frequency leads to an inductive response 𝜎𝜎2  =  −𝑗𝑗 𝑛𝑛𝑠𝑠𝑒𝑒2/𝑚𝑚𝑚𝑚 by the 

superconducting electrons. It leads to the presence of additional inductance by the 

superconductor called kinetic inductance. 

Due to the finite response of Cooper pairs to the EM field, quasi-particles also 

contribute the conductivity leading to finite dissipation under high-frequency operation 

in superconductors. Phenomenologically, the high-frequency conductivity can be 

explained by a two-fluid model with Cooper pairs providing an inductive loss channel 

and the quasiparticles being dissipative provide an ohmic channel.  Using the Drude 

model, the real part of the conductivity is given by σ1  =  𝑛𝑛𝑛𝑛𝑒𝑒2𝜏𝜏/𝑚𝑚, with 𝑛𝑛𝑛𝑛 the normal 

electron density and 𝜏𝜏 the elastic scattering time.  The imaginary (inductive) part is 

described as above. While for a more accurate microscopic view, using Mattis-Bardeen 

theory, the complex conductivity 𝜎𝜎 = 𝜎𝜎1 −  𝑗𝑗𝜎𝜎2 at the angular frequency, 𝜔𝜔 is given 

as[53], [54] 
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 𝛔𝛔𝟏𝟏(𝛚𝛚,𝐓𝐓)
𝛔𝛔𝐧𝐧

=
2
ℏω

� [f(E, T) − f(E + ℏω, T)]g1(E, T) 
∞

Δ(T)
dE  

+
1
ℏω

� [1 − 2f(E + ℏω, T)]g1(E, T) dE
 −Δ(T)

min (Δ(T)−ℏω,−Δ(T))
 

(2.16) 

 𝛔𝛔𝟐𝟐(𝛚𝛚,𝐓𝐓)
𝛔𝛔𝐧𝐧

=
1
ℏω

� [1 − 2f(E + ℏω, T)]g2(E, T) dE
 Δ(T)

Δ(T)−ℏω
  (2.17) 

Where 𝑔𝑔𝑖𝑖(𝐸𝐸,𝑇𝑇), the product of the coherence factor and quasiparticle density of states 

is described as follows. 

 
g1(E, T) =  

(𝐸𝐸(𝐸𝐸 + ℏ𝜔𝜔) + 𝛥𝛥(𝑇𝑇)2)

�𝐸𝐸2 − 𝛥𝛥(𝑇𝑇)2�(𝐸𝐸 + ℏ𝜔𝜔)2 − 𝛥𝛥(𝑇𝑇)2
 

(2.18) 

 
g2(𝐸𝐸,𝑇𝑇) =  

(𝐸𝐸(𝐸𝐸 + ℏ𝜔𝜔) + 𝛥𝛥(𝑇𝑇)2)

�𝛥𝛥(𝑇𝑇)2 −  𝐸𝐸2�(𝐸𝐸 + ℏ𝜔𝜔)2 − 𝛥𝛥(𝑇𝑇)2
 

(2.19) 

Here 𝜎𝜎𝑁𝑁 is the normal state conductivity just before the transition. The first integral in 

𝜎𝜎1 describes the conductivity due to the transition of quasiparticle after the absorption 

of the photon of energy ℏ𝜔𝜔. It is proportional to the number of occupied states in E and 

unoccupied states at (𝐸𝐸 + ℏ𝜔𝜔). The second integral in the 𝜎𝜎1/𝜎𝜎𝑛𝑛 describes the pair 

breaking of Cooper pairs by the photons having energy greater than the 

superconducting bandgap (ℏ𝜔𝜔 > 2𝛥𝛥). For a microwave photon, the contribution from 

this term is zero as its energy is far below the superconducting bandgap and cannot 

break any Cooper pairs, so is neglected in further calculations. 

  The conductivity of the Cooper pairs and the quasiparticles also follow the same 

trend corresponding to their number density[45]. 

The Eqs. (2.16) and (2.17) can only be solved numerically. For the case 𝑘𝑘𝐵𝐵𝑇𝑇 ≪ Δ and 

ℏ𝜔𝜔 ≪ Δ , the analytic solution exists and is given as [55] 
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 σ1
σn

=
4Δ0
ℏω

e−
Δ0
kBT sinh �

ℏω
2kBT

�Ko �
ℏω

2kBT
� 

(2.20) 

 σ2
σn

=
πΔ0
ℏω

�1 −�
2πkBT
Δ0

e−
Δ0
kBT − 2e−

Δ0
kBTe−

ℏω
2kBT Io �

ℏω
2kBT

�� 
(2.21) 

where 𝐼𝐼𝑜𝑜 and 𝐾𝐾𝑜𝑜 is the modified Bessel function of first and second-order, respectively. 

Fig. 2.5 and Fig. 2.6 show the variation of the real and imaginary parts of the 

conductivity using numeric calculation and analytical expression. The analytical 

solution follows the numeric one throughout the temperature range but underestimates 

the quasiparticle density at higher temperatures. 

 

Fig. 2.5: Temperature variation of the real part of the conductivity (σ1/σn) for Tc =1.2 K and f = 5 GHz 
for both the analytical approximation and numerical solution. 
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Fig. 2.6 Temperature variation of the inductive portion of the conductivity (σ2/σn) for Tc =1.2 K and f = 

5 GHz for both the analytical approximation and numerical solution. 

 

2.3.1 Surface Impedance of superconductors 

The propagation properties of the resonator depend on the surface impedance, 

which relates the circuit parameters to the conductivity relations. The surface 

impedance of a conductor is determined by the ratio of the transverse components of 

the magnetic and electric field on the surface of the metal. 

 𝑍𝑍𝑠𝑠 =
𝐸𝐸𝑥𝑥
𝐻𝐻𝑦𝑦

|𝑧𝑧=0 
(2.22) 

The surface impedance of the superconductor depends on the thickness of the film, d, 

coherence length, 𝜉𝜉𝑜𝑜, mean free path, 𝑙𝑙, and penetration depth, 𝜆𝜆  of the 

superconductor[46].  Table 2-1 summarizes the conventional relationships between 

surface impedance and conductivity for various conditions. 
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Table 2-1: Surface impedance of a superconductor in various limits 

Name Condition Surface impedance 

Thin-film limit 𝑙𝑙 ≈ 𝑑𝑑  
𝑙𝑙 ≪ 𝜆𝜆 and 𝑙𝑙 ≪ 𝜉𝜉𝑜𝑜 𝑍𝑍𝑠𝑠 =

1
(𝜎𝜎1 − 𝑗𝑗𝜎𝜎2)𝑑𝑑

 

Thick film, 
local (dirty) 
limit 

𝑙𝑙 ≪ 𝜆𝜆 and 𝑙𝑙 ≪ 𝜉𝜉𝑜𝑜 
𝑍𝑍𝑠𝑠 = �

𝑗𝑗𝜇𝜇𝑜𝑜𝜔𝜔
𝜎𝜎1 − 𝑗𝑗𝜎𝜎2

 

Thick film,  
Extreme 
anomalous 
limit 

𝜉𝜉𝑜𝑜 ≫ 𝜆𝜆 and 𝑙𝑙 ≫ 𝜆𝜆 
𝑍𝑍𝑠𝑠 =

𝑗𝑗√3𝜇𝜇𝑜𝑜𝜔𝜔
2 �

3𝜋𝜋𝜋𝜋
4𝜈𝜈𝑜𝑜𝜆𝜆2

𝜎𝜎1 + 𝑗𝑗𝜎𝜎2
𝜎𝜎𝑛𝑛

 �
−13

 

 

2.4 Resonator Theory  

In this study, superconducting resonators are designed using coplanar 

waveguides. Its planar nature and ease in fabrication make it attractive in cQED. A 

coplanar waveguide (CPW) consists of a central conductor strip surrounded by two 

ground planes located on both sides of the central strip that are all placed on the top of 

the dielectric substrate, as shown in Fig. 2.7.  

 
Fig. 2.7: Schematic of a coplanar waveguide 

Due to the inhomogeneity of the dielectrics surrounding the conductors 

(substrate on underneath and vacuum above), CPWs support a quasi-TEM mode as its 

fundamental mode with a non-zero electric and magnetic field component along the 

direction of electromagnetic wave propagation. However, the non-TEM electric and 
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magnetic field components are small compared to the TEM fields[56]. Additionally, 

the presence of three conductors leads to both odd and even modes of TEM 

propagation. In the even mode, the electric field originates from the central conductor 

and terminates on the ground planes, while in the odd mode, the electric field originates 

from one of the ground planes and terminates on the other ground plane. The ground 

planes of the waveguide are shorted to ensure only the low dispersive even mode is 

supported. The characteristic capacitance and geometric inductance of the CPW can be 

analytically estimated using a conformal mapping technique. Using the first-order 

approximation for a zero-thickness film, the capacitance per unit length is given by [57] 

 
C = ϵeffϵo4

K(k)
K(k′)

 
(2.23) 

where k = w/(w + 2g) with w is the width of the central conductor and g is the gap 

between the central conductor and ground plane. K(k) is the elliptical integral of the 

first kind, k′is defined as k′ = √1 − k2 and ϵeff is the effective dielectric constant of 

waveguide defined as (1 + ϵr 2⁄ ) where  ϵr is the relative dielectric constant of the 

substrate. Similarly, the inductance per unit length is given by [57] 

 
Lg = μo

K(k′)
4K(k) 

(2.24) 

The material's superconductivity also adds to the total inductance (defined as kinetic 

inductance) of the resonator, which depends on several parameters, including film 

microstructure, composition, and thickness[45]. However, the contribution of the 

kinetic inductance is often tiny compared to the geometric inductance. Therefore, the 

characteristic impedance of the waveguide is given as 
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Zo = �L

C
≈
30π
�ϵeff

K(k′)
K(k) , 

(2.25) 

which depends only on the ratio of the central conductor width to the gap. Hence the 

characteristic impedance of the waveguide is independent of the dimensions of the 

conductors. For silicon or sapphire as substrate with dielectric constant, 𝜖𝜖 = 11.7 and 

11.5 respectively and 𝑤𝑤 𝑔𝑔⁄  =  0.5 ⇒ 𝑘𝑘 =  0.5, one finds 𝑍𝑍𝑜𝑜~ 50Ω, which allows to 

match to 50 Ω cable impedance for maximum power transfer.Additionally, the electric 

fields present are calculated using a conformal mapping technique. For a zero thickness 

film, perfectly conducting film one finds[58]    

 

𝐸𝐸𝑦𝑦(𝑧𝑧 = 0, 𝑥𝑥)𝑎𝑎𝑎𝑎𝑎𝑎 =

K(k)
K(k′)

�[𝑥𝑥2 − 𝑎𝑎2][𝑥𝑥2 − 𝑏𝑏2] 
 for x < a or x > b, 

(2.26) 

where a = w/2 and b = w/2 +g is the half of the distance between ground planes. The 

electric field is plotted in Fig. 2.8. 

 
Fig. 2.8: Normalized Electric field of the coplanar waveguide with a=16 and b = 32 and 𝑧𝑧 = 0 
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For my research, I designed quarter wavelength (𝜆𝜆𝑜𝑜 4⁄ ) resonators from the 

CPW transmission line. According to the transmission line theory, the input impedance 

of a shorted quarter wavelength transmission line is given as  

 𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍𝑜𝑜 tanh(𝛼𝛼 + 𝑗𝑗𝑗𝑗𝑗𝑗)  = Zo
1 −  j tanh𝛼𝛼𝛼𝛼 cot𝛽𝛽𝛽𝛽

tanh𝛼𝛼𝛼𝛼 − 𝑗𝑗 cot𝛽𝛽𝛽𝛽
 

(2.27) 

Where 𝛾𝛾 =  𝛼𝛼𝑝𝑝 + 𝑗𝑗𝛽𝛽𝑝𝑝 = �(𝑅𝑅 + 𝑗𝑗𝑗𝑗𝑗𝑗 )(𝑗𝑗𝑗𝑗𝑗𝑗) is a complex propagation constant. For 

low-loss case (𝑅𝑅 ≪ 𝜔𝜔𝜔𝜔), 

 
𝛼𝛼𝑝𝑝 + 𝑗𝑗𝛽𝛽𝑝𝑝 =

1
2
𝑅𝑅�

𝐶𝐶
𝐿𝐿

+ 𝑗𝑗𝑗𝑗√𝐿𝐿𝐿𝐿. 
(2.28) 

Here 𝑅𝑅 is the resistance per unit length due to the quasiparticles. Resonance at the 

fundamental frequency (𝜔𝜔 = 𝜔𝜔0), 𝛽𝛽𝑝𝑝𝑙𝑙 = 2𝜋𝜋
𝜆𝜆0

× 𝜆𝜆0
4

= 𝜋𝜋
2
 and the angular resonant 

frequency is given as  

 𝜔𝜔0 =
𝜋𝜋

4𝑙𝑙√𝐿𝐿𝐿𝐿
 (2.29) 

Also, as the resonator reaches resonant frequency, 𝑍𝑍𝑖𝑖𝑖𝑖 increases and for a lossless case 

𝑍𝑍𝑖𝑖𝑖𝑖 → ∞. This behavior is similar to the behavior of the parallel RLC circuit with 

resistance 𝑅𝑅� , 𝐿𝐿� and 𝐶̃𝐶. 

 
Fig. 2.9: Equivalence of the fundamental mode of a quarter-wave resonator and a parallel RLC circuit 
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The resonant frequency of the parallel RLC resonator is defined as 𝜔𝜔𝑜𝑜 = 1
�𝐿𝐿�𝐶̃𝐶

  and the 

quality factor as 𝑄𝑄 = 𝜔𝜔𝑜𝑜𝑅𝑅�𝐶̃𝐶 [59]. The input impedance near resonance 𝜔𝜔 = 𝜔𝜔0 + Δ𝜔𝜔 

is given as  

 𝑍𝑍𝑖𝑖𝑖𝑖 ≅
1

1
𝑅𝑅� + 2𝑗𝑗Δ𝜔𝜔𝐶̃𝐶

 
(2.30) 

Now comparing it with the resonant frequency quarter-wave resonator for a small loss 

case (𝛼𝛼𝛼𝛼 ≪ 1) and frequency close to the resonant frequency, 𝛽𝛽𝑝𝑝𝑙𝑙 = 𝜋𝜋
2

+ Δ𝜔𝜔
𝜔𝜔𝑜𝑜

 and 𝑍𝑍𝑖𝑖𝑖𝑖 can 

be approximated as  

 𝑍𝑍𝑖𝑖𝑖𝑖 ≅ Zo
1

𝛼𝛼𝑝𝑝𝑙𝑙 − 𝑗𝑗 𝜋𝜋2
Δ𝜔𝜔
𝜔𝜔0

  (2.31) 

Comparing Eq. (2.30) and (2.31) gives 𝑅𝑅� = 2
𝑙𝑙
𝐿𝐿
𝑅𝑅𝑅𝑅 

 , 𝐶̃𝐶 = 𝐶𝐶 𝑙𝑙
2
 and 𝐿𝐿� = 8𝑙𝑙

𝜋𝜋2
𝐿𝐿 which one put 

back in the relation for quality factor gives  

 1
𝑄𝑄𝑖𝑖  

 =
1
𝜔𝜔𝑜𝑜   

𝑅𝑅
𝐿𝐿

 
(2.32) 

In the superconducting resonator, the net inductance includes the contribution from 

both geometric(𝐿𝐿𝑔𝑔) and the kinetic inductance (𝐿𝐿𝑠𝑠)into the relation and is given as the 

𝐿𝐿 = 𝐿𝐿𝑠𝑠 + 𝐿𝐿𝑔𝑔. Hence the net quality factor can be rewritten as  

 1
𝑄𝑄𝑖𝑖  

 =
1
𝜔𝜔𝑜𝑜   

𝑅𝑅
𝐿𝐿𝑔𝑔 + 𝐿𝐿𝑠𝑠

=  
1
𝜔𝜔𝑜𝑜   

𝛼𝛼𝑘𝑘𝑘𝑘  
𝑅𝑅
𝐿𝐿𝑠𝑠

 
(2.33) 

Where 𝛼𝛼 is the kinetic inductance defined as 𝛼𝛼𝑘𝑘𝑘𝑘 = 𝐿𝐿𝑠𝑠
𝐿𝐿𝑔𝑔+𝐿𝐿𝑠𝑠

~ 𝐿𝐿𝑠𝑠
𝐿𝐿𝑔𝑔

.   The contribution of the 

kinetic inductance and resistance towards the resonator gets modified by the waveguide 

geometry and is given as[22], [31]  
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 R = �
ggeom

w
�ℜ(Zs) (2.34) 

 
𝐿𝐿𝑠𝑠 = �

ggeom

𝑤𝑤 �ℑ(𝑍𝑍𝑠𝑠/𝜔𝜔) 
(2.35) 

Where ggeom is defined as[60]  

 ggeom = gctr + g𝑔𝑔𝑔𝑔𝑔𝑔 

gctr =
1

4𝐾𝐾2(𝑘𝑘)(1− 𝑘𝑘2) �𝜋𝜋 + log �
4𝜋𝜋𝜋𝜋
𝑡𝑡
� − 𝑘𝑘 log

1 + 𝑘𝑘
1 − 𝑘𝑘

� 

g𝑔𝑔𝑔𝑔𝑔𝑔 =
𝑘𝑘

4𝐾𝐾2(𝑘𝑘)(1 − 𝑘𝑘2) �𝜋𝜋 + log �
4𝜋𝜋𝜋𝜋
𝑡𝑡
� − 𝑘𝑘 log

1 + 𝑘𝑘
1 − 𝑘𝑘

� 

(2.36) 

Here a is half the width of the center conductor (𝑎𝑎 = 𝑤𝑤
2

) and b is half the distance 

between the left and right ground planes �𝑏𝑏 = 𝑤𝑤+2𝑔𝑔
2

 �. gctr is the contribution from the 

central conductor plane while g𝑔𝑔𝑔𝑔𝑔𝑔 is from the ground plane. Now, substituting Eq. 

(2.34)-(2.36) in (2.33) and using the values of inductance from Table 2-1 for thin-film 

limit. 

 1
𝑄𝑄𝑖𝑖  

 =
𝐿𝐿𝑠𝑠
𝐿𝐿𝑔𝑔

 
𝜎𝜎1
𝜎𝜎2

 
(2.37) 

Where 𝐿𝐿𝑠𝑠 = 1
𝜔𝜔𝑜𝑜
�𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝑤𝑤
� � 1

𝑑𝑑𝜎𝜎𝑁𝑁
� � 1

𝜎𝜎2 𝜎𝜎𝑁𝑁�
� 

2.5 Loss mechanisms in microwave resonators 

Even though the thermal quasiparticles do not limit the quality factor, other 

energy loss mechanisms hamper the resonator performance[61]. These mechanisms 

depend on the various material properties such as the choice of the superconductor and 

substrate, growth techniques of the superconductors, the geometry of the waveguide, 

and the various fabrication processes. Some of the primary sources of energy losses are 
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two-level systems (TLS) present in the dielectrics, dissipation by athermal 

quasiparticles, electromagnetic radiation losses through the transmission lines, the 

losses through the vortices present in the superconductor, and trapped flux. Hence the 

total internal quality factor can be summarized as  

 1
𝑄𝑄𝐼𝐼

=
1

𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇
+

1
𝑄𝑄𝑄𝑄𝑄𝑄

+
1

𝑄𝑄𝑟𝑟𝑟𝑟𝑟𝑟
+

1
𝑄𝑄𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣

+ ⋯ 
(2.38) 

Imperfections in the material act like two-level systems that interact with the electric 

field of the incoming microwave signals, leading to losses especially at a low input 

signal power regime. The quality factor also decreases due to quasiparticles which 

provide a resistive path. These have a significant impact at a higher temperature range 

of the operating regime of the resonators. The design of the resonators can also affect 

the participation of the TLSs. With the increase in the central conductor width (𝑤𝑤) and 

gap (g) between the central conductor and the ground plane, the electric field spreads 

out in the air and the substrate for a given input voltage.  It causes the electric field 

concentration in the dielectrics to be reduced, which reduces the losses through TLSs. 

Therefore, CPW with a smaller central conductor size is explored to study TLSs in the 

CPW fabrication.[61] 

2.5.1 Losses from Two Level System defects 

At low temperatures, lack of crystalline order in amorphous solids leads to 

deviation of acoustic, thermal, and dielectric properties compared to its crystalline 

form[62].  These deviations have a universal nature and can be modeled as a broad 

spectrum of random two-level systems with an asymmetric double-well potential 

separated by a barrier introduced by Phillips[63].  An ion or electron residing between 
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two spatial quantum states can hop between the two states via tunneling or thermal 

activation. The microscopic origins of these TLSs are not known. Often these defects 

are associated with tunneling atoms, trapped charges, dangling bonds, or the presence 

of polar impurities such as OH- [62], [64].  Fig. 2.10: shows a schematic of TLS with 

energy offset between the wells as ϵ and tunneling amplitude Δo. The corresponding 

TLS energy is defined as Δ𝑇𝑇𝑇𝑇𝑇𝑇 =  �ϵ2 + Δo2[65], [66].   

 

Fig. 2.10: Generic model for a two-level system in an amorphous solid[62] 

Some defects have dipole moments due to the presence of charge in them. 

Although the TLSs have a broad distribution of energy splitting [63], TLSs with energy 

splitting close to the resonance frequency of resonators (Δ𝑇𝑇𝑇𝑇𝑇𝑇~ℎ𝑓𝑓𝑜𝑜) are the primary loss 

sources. TLS are characterized by a finite lifetime and a relaxation rate. The relaxation 

rate determines the maximum rate at which energy can leak from the resonator through 

TLS[62]. The level population and the relaxation rates of these TLSs are very much 

dependent on the temperature and electric field. Due to lack of sufficient energy, at low 

temperatures ( Δ𝑇𝑇𝑇𝑇𝑇𝑇 > 𝑘𝑘𝐵𝐵𝑇𝑇 ), the TLSs are in the ground state. In this scenario, for low 
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resonator electric field, the resonant TLSs couple with the resonant field and  dissipate 

the energy via phonon relaxation to the external bath, leading to higher resonator loss 

resulting lower quality factor[11], [62], [67]. On the other hand, saturated TLSs have a 

reduced energy exchange between the resonator and the TLSs, and the resonator quality 

factor remains unaffected. Saturation of TLS happens due to increased thermal energy 

of the environment at higher temperatures. Higher electric fields also cause a faster 

precession of TLS compared to its relaxation rates leading to population saturation[68]. 

The impact of TLS on loss and resonant frequency shift is obtained from the variation 

in the complex dielectric function due to the TLSs in the microwave field[46], [68]. 

The variation in the imaginary part of the dielectric function describes the internal loss. 

A complete temperature and excitation power of the resonator dependent microwave 

loss by a single TLS in a uniform electric field is given as  

 𝛿𝛿𝑇𝑇𝑇𝑇𝑇𝑇 = 𝐹𝐹𝛿𝛿𝑇𝑇𝑇𝑇𝑇𝑇0 tanh �
ℏω

2kBT
� ×

1

��1 + �〈E〉Es
�
2
�

 
(2.39) 

Where 𝛿𝛿𝑇𝑇𝑇𝑇𝑇𝑇0  is the intrinsic loss of the TLS, 𝜔𝜔 is the angular frequency. F is the filling 

factor of the dielectric containing TLSs. The term tanh(ℏω 2kBT⁄ ) accounts for the 

thermal population difference between the two levels of TLS. A critical electric field 

determines the saturation of TLS by an electric field Es. It depends on the dipole 

moment of the TLS and its energy relaxation time (T1) and dephasing time (T2) of TLS 

and given as 𝐸𝐸𝑆𝑆 = ℏ/(𝑝𝑝�𝑇𝑇1𝑇𝑇2) [68], [69]. 〈E〉 is the rms electric field of the resonator. 

In the CPW resonators, there is an ensemble of TLSs present in the substrate or 

dielectrics present in any of the interfaces between metal, air, and substrate. Fig. 2.11 
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shows the simulated cross-sectional electric field of a coplanar waveguide. The electric 

field density is highest at the metal-substrate, substrate-air, and metal-air interface. The 

dielectrics present at these interfaces interact the most with the resonator electric field. 

These interfaces face the maximum fabrication steps and contain many TLSs due to 

leftover chemical residues or open bonds[70]. On the other hand, a high-quality 

substrate ensures a low loss number of TLSs[19], [70], [71]. The contribution from the 

TLSs present at the various interface is calculated in terms of participation ratios or fill 

factor Fn. The fill factor of the ith interface represents the fraction of total electric 

energy, 𝑈𝑈𝑖𝑖/𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡 of the system stored in an interface and is defined as 

 
F𝑖𝑖 =

𝑈𝑈𝑖𝑖
𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡

=
∫ 𝜖𝜖𝑖𝑖 |𝐸𝐸|2𝑑𝑑𝑑𝑑𝑉𝑉𝑖𝑖

∫ 𝜖𝜖𝑖𝑖 |𝐸𝐸|2𝑑𝑑𝑑𝑑𝑉𝑉
 

(2.40) 

Here,  𝑡𝑡𝑖𝑖 is the thickness of the dielectric, 𝜖𝜖𝑖𝑖 is the dielectric constant, 𝑉𝑉𝑖𝑖 is the volume 

of the 𝑖𝑖𝑡𝑡ℎ  interface and V is the total volume of the resonator. 

 

Fig. 2.11: Electric field distribution in a CPW geometry. Inset shows the participation ratio of metal-

air (MA), metal-substrate(MS), and substrate-air (SA) interface 
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I performed finite element model (FEM) simulations with COMSOL to 

compare different interfaces indicate that the metal-substrate interface and substrate-

air interface have an order of magnitude higher participation ratio than the metal-air 

interface, as shown in the inset of Fig. 2.11[72]. The overall TLS loss is now the sum 

of all the individual contributions from different TLS and is given as Σ𝑖𝑖𝐹𝐹𝑖𝑖𝛿𝛿𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 . Hence 

the modified equation is given as 

 1
𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇

= �𝐹𝐹𝑖𝑖𝛿𝛿𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖

𝑖𝑖
 

1

�1 + �〈𝑛𝑛〉𝑛𝑛C
�
𝛼𝛼

tanh �
ℏω

2kBT
� 

(2.41) 

The average electric field of the resonator is replaced by an easily measurable average 

photon (n) present in the resonator. The photon number is proportional to the power 

present in the resonator, which is proportional to the square of the resonator electric 

field. Hence the critical field is replaced by the critical photon number 𝑛𝑛𝑐𝑐 which defines 

the average saturation of the ensemble of TLSs. Due to various kinds TLSs with 

varying dielectric constant and loss tangents and CPW geometry, the exponent for the 

𝑛𝑛 𝑛𝑛𝑐𝑐�  is no longer 1 but is replaced with a fit parameter 𝛼𝛼.  

The term 𝛼𝛼 is challenging to define quantitively. As discussed earlier in the 

section, the original theoretically value from Philips[63] for one single TLS under a 

uniform electric field leads 𝛼𝛼 equals 1.  On other hand, CPWs have ensemble of 

different TLSs with different critical field and loss tangent at non-uniform electric field 

across the various vacuum, metal and substrate interfaces. Modelling of CPW with 

uniform dielectric layer with equal thickness across the interfaces lead to 𝛼𝛼 equals 0.8 

[73]. Experimentally 𝛼𝛼 is a free fitting parameter, and reports have used 𝛼𝛼 < 1, but most 
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of them do not report it. The loss tangent and the low photon quality factor are the 

primary parameters that are reported quite often.  

The standard nature of power dependency of TLS is shown in Fig. 2.12(a). For 

the power dependence at 𝑛𝑛 ≪ 𝑛𝑛𝑐𝑐,  1

�1+� 𝑛𝑛𝑛𝑛𝑐𝑐
�
𝛼𝛼 →   1  leading to the saturation of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 to 

𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 . While for 𝑛𝑛 ≫ 𝑛𝑛𝑐𝑐, 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 increases with power as 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 ∝ � 𝑛𝑛
𝑛𝑛𝑐𝑐
�
𝛼𝛼
2 . The temperature 

dependence is shown in Fig. 2.12(b).   

The saturation of TLS with increasing temperature leads to increasing 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 is 

determined by the term tanh � ℏω
2kBT

� which is dependent only on the resonator 

frequency as 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 ∝ 1/ tanh(ℏ𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟
2𝑘𝑘𝐵𝐵𝑇𝑇

). A transition temperature for a TLS loss for a 

given resonator can be defined as 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 =  ℏ𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟
2𝑘𝑘𝐵𝐵

 . For temperatures 𝑇𝑇 ≪ 𝑇𝑇𝑟𝑟𝑒𝑒𝑒𝑒, 

tanh �ℏ𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟
2𝑘𝑘𝐵𝐵𝑇𝑇

�  ~ 1 and 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 is temperature independent. While 𝑇𝑇 ≫ 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟,  

tanh �ℏ𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟
2𝑘𝑘𝐵𝐵𝑇𝑇

�  ~ ℏ𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟
2𝑘𝑘𝐵𝐵𝑇𝑇

 and hence 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 increases with temperature. At 𝑇𝑇 = 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟, 

tanh � ℏ𝜔𝜔𝑟𝑟𝑟𝑟𝑟𝑟
2𝑘𝑘𝐵𝐵𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

� = tanh(1) =  0.76 which in turn means that at  𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟, 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 increases by 

30%.  The resonators in the discussion have their resonant frequency ranging between 

4-6 GHz, which corresponds to 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 = 96 mK -144 mK.   
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Fig. 2.12: Theoretical TLS loss character with (a) power dependent (b) temperature. (c) shows the 

shift of the resonator frequency with temperature. 

(a)

(c)

(b)
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The variation of the real part of the complex dielectric function due to TLS microwave 

interaction dictates the change in resonant frequency. Unlike microwave loss, where 

only resonant TLSs participate, non-resonant TLSs also contribute towards the 

frequency shift. Due to the broad spectrum of non-resonant TLS, not all the defects can 

simultaneously be saturated with a given electric field. This makes the frequency shift 

lesser dependent on the microwave field [68]. The frequency shift is given as follows 

 Δf
fo

=
FδTLS0

π
�ℜ�Ψ�

1
2

+
1
2πi 

ℏω
kBT

�� − log
ℏω
kBT

 � 
(2.42) 

 
Here 𝑓𝑓𝑜𝑜 is the resonance frequency where there is no effect of TLS and Ψ is a complex 

digamma function. Fig. 2.12(c) shows the change in frequency shift with temperature. 

 

2.5.1.1 Choice of superconducting material 

The metal-substrate interface and dielectrics present at the metal vacuum 

interface depend highly on the choice of the superconductor. The metal vacuum 

interface with a lower participation ratio(as discussed in the previous section) can still 

contribute significantly towards loss due to lossy dielectrics present at that 

interface[20]. In circuit QED, aluminum is traditionally used as a superconductor due 

to its reasonable transition temperature and the availability of aluminum oxide as an 

excellent barrier needed for quantum elements like Josephson junction [12]. Until now, 

the highest reported single photon (low microwave power) quality factor for aluminum 

resonators is of the order of 106 for MBE-grown crystalline aluminum on the sapphire 

substrate [16]. There is active research to find the alternative of aluminum as a 

superconductor. Elemental superconductors like niobium[74]–[76], tantalum [74], and 
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rhenium are also choice superconductors. Even though niobium and rhenium have a 

higher critical temperature, they suffer due to lossy metal substrate dielectrics leading 

to more significant losses[11], [61]. Low lossy dielectrics of nitride superconductors 

make them a better choice of materials. Titanium nitride (TiN) resonators have shown 

high-quality factors[77], [78]. A study comparing the various resonators made from 

different superconductors such as aluminum, rhenium, niobium, and TiN on either 

silicon or sapphire substrates reported that TiN could be used to make high-quality 

factor resonators [61]. 

Similarly, the TiN resonators explored in the 2D transmons qubits also show 

improved qubit performance [79]. The reasons for the improved performance of the 

TiN are not precisely known and are generally attributed to its better interface with the 

substrate. Some ternary nitride superconductors like niobium titanium nitride 

resonators also have shown high-quality resonators[80]. Additionally, varying 

composition leads to varying lattice parameters in the ternary superconductors, which 

offers an opportunity to produce no defect perfect metal substrate interface.  

 

2.5.1.2 Effect of processing steps 

An important aspect associated with TLS loss is the impact of steps involved 

during the growth and processing of the resonators. Proper surface treatment of the 

substrate before deposition of metals reduces the TLS density and improves the thin 

film's crystalline quality. The silicon surface is treated with HF for silicon substrates to 

remove native oxide to reduce the TLS. Various groups have investigated the effect of 

different surface cleaning techniques on resonator performance. In one study, the 
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growth of aluminum on sapphire found that epitaxial aluminum has grown on oxygen 

plasma (𝑂𝑂2∗) treated and UHV annealed sapphire (0001) produced the highest quality 

factor Al resonators [16] while ion milling the sapphire substrate harmed the resonator 

performance. The surface treatment with oxygen plasma is believed to remove surface-

bound hydroxyl molecules which act like TLS from the sapphire surface. In another 

case, hydrogen-terminated silicon substrates tend to have lower TLS loss compared to 

untreated Si [81].  As an example of processing impact, the lift-off patterning process 

led to higher contamination at the interface than using an etching process to pattern the 

resonators. Cleaning the post-lift-off process surface with low-energy oxygen plasma 

has also been shown to improve the quality factor of the resonators[19]. 

Similarly, for TiN resonators, the presence of a thin silicon nitride (SiN) layer 

between silicon and sputtered TiN led to the growth of (200) oriented TiN which led to 

the improved resonator performance [77]. Silicon nitride layers appear to have a lower 

TLS density compared to silicon dioxide. Another study observed that a fluorine-based 

ICP etch led to better performance than a chlorine-based etch for TiN based 

resonators[17]. In silicon substrates, native oxide grows within few hours of its removal 

from the surface. Hence just before loading the packaged sample, the treatment with 

HF has shown significant improvement, especially in TiN devices[82], [83]. 

The importance of various pre-deposition cleaning processes and processing 

steps in attaining high-quality factor resonators is clear from these previous studies.  

Therefore, special care is taken regarding the cleaning and processing steps to minimize 

TLSs from surfaces.  
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2.5.1.3 Design constraints 

The design of the resonators affects the participation ratio of the various 

dielectric present in the resonator. With the increase in the central conductor width (𝑤𝑤) 

and gap (g) between the central conductor and the ground plane, the electric field 

spreads out in the air and the substrate for a given input voltage.  It causes the electric 

field concentration in the dielectrics to be reduced, which reduces the losses through 

TLSs[61]. 

Another approach to making devices less sensitive to fabrication contamination 

is to over-etch the device creating trenches in the CPW gaps. Over-etching, the 

substrate-air region between the conductors, moves the TLS away from the highest 

electric field region. Over-etched resonators using TiN and NbTiN have shown 

improved resonator performance [18], [84]. Experimental studies have shown an 

improved resonator quality factor with an increase in the trench depth, with the effect 

saturated to a depth approximately one-tenth of the gap width [85].  

To compare the impact of trench depth, I performed few simulations for CPWs 

having w/g = 2 using central conductor widths of 3, 5, and 10 𝜇𝜇𝜇𝜇 on the silicon 

substrate. Due to the better metal substrate quality in the MBE grown material, in this 

simulation, the metal substrate interface is ignored from the calculation. Since the 

coplanar waveguide supports a quasi-TEM mode, the field values are simulated using 

the electrostatics module of the COMSOL. The thickness of native oxide of both 

aluminum and silicon is estimated to be 1-2 nm [86], [87]. The dielectric constant for 

the metal oxides on the metal vacuum substrate is assigned 10 [72], while for the 

substrate vacuum interface, the dielectric constant of silicon oxide 3.9 is used. A typical 
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1-nm thick dielectric is used across the interfaces to ensure continuity of interfaces 

across the various region for the simulation, as shown in Fig. 2.13. The participation 

ratios are calculated as Eq. (2.40).  Fig. 2.14 shows the simulation results for variation 

of the participation ratios with over-etch for the regions for the resonator with central 

conductor width of 3 𝜇𝜇𝜇𝜇.  

The participation ratio of the corner edges of the substrate-air interface also 

decreases significantly with over-etch. A similar trend is followed for higher central 

conductor widths. Another significant difference is observed at the intersection of the 

metal, air, and substrate, where participation reduces with over-etch depth, but this 

effect saturates around 1 𝜇𝜇𝜇𝜇 . While the largest participation change is for the 

substrate-air at the bottom of the trench, and the probability of finding chemical residue 

is higher at the substrate-air interface at the corner of the trench.  The trends are similar 

to those of the base, and both support an over-etch depth to significantly help to subdue 

TLS related losses. 

 
Fig. 2.13 Schematic of regions for the participation ratios calculation 
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Fig. 2.14: Participation Ratio calculated from the COMSOL simulation on different parts of the 

resonator surfaces. 

 

2.5.2 Losses from non-equilibrium quasiparticles  

At low temperatures, the thermal quasiparticle density is negligible and 

minimally contributes towards loss which is the primary motivation to operate 

superconducting devices in low temperatures. Fig. 2.15 shows the temperature 

dependent quality factor due to thermal quasiparticles for an aluminum resonator. 

Losses are negligible compared to observed internal quality factors observed in the 

literature, at a qubit operating regime of T< 50 mK.   

However, there is experimental evidence suggesting excess 

quasiparticles [11,12,57–60] contributing to the losses. In resonators, the losses are 

directly proportional to the excess quasiparticle density. These excess quasiparticles 

are one of the significant loss mechanisms in various devices by providing an undesired 

channel of energy relaxation. In qubits[21], [22] and single-electron transistors[26], 

tunneling quasiparticle through a Josephson junction competes with the Cooper pairs. 

In microwave detectors, they contribute to higher background noise.   
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Fig. 2.15: Quality factor calculated using (2.37) due to thermal quasiparticles for an Aluminum 
resonator with Tc = 1.28K 

The precise origin of the excess quasiparticles is not clear. Any energy particle 

with energy greater than the superconducting gap (2Δ) generates quasiparticles by 

breaking Cooper pairs. The photons generated from stray infrared light from the higher 

temperature stages of the fridge[35], cosmic or gamma rays[88], or coupling of 

blackbody radiation with spurious antenna modes of the devices [89] can have 

significant energy relative to the superconducting bandgap and therefore have the 

potential to break Cooper pairs. The sequential absorption of probing sub-gap 

microwave photons can also excite a quasiparticle from the band edge to higher energy.  

When these higher energy quasiparticles relax, they may generate Ω >  2Δ phonons 

capable of breaking Cooper pairs[90][91]. In the same way, non-thermalized input 

signals with a temperature greater than the bath temperature have increased the 2Δ 

phonon density number, which can further increase quasiparticle density[36]. 
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Fig. 2.16:(a) QP generation with high energy photons like stray IR or gamma rays, (b) QP generation 

by multiple absorptions of microwave signals 

 
2.5.2.1 Coupled quasiparticle phonon distribution equations 

There are various fully non-equilibrium non-thermal models described in the 

literature that rigorously track the quasiparticle (𝑓𝑓(𝐸𝐸)), and phonon distribution (𝑛𝑛(Ω))  

functions. The distributions are calculated by solving coupled quasiparticle and phonon 

equations, first described by Chang and Scalapino[92]. The description of coupled 

equation follows the supplementary article of reference [32]. 

 𝜕𝜕
𝜕𝜕𝜕𝜕
𝑓𝑓(𝐸𝐸) = 𝐼𝐼𝑞𝑞𝑞𝑞(𝐸𝐸) + ℐ𝑒𝑒𝑒𝑒(𝐸𝐸) − ℐ𝑟𝑟𝑟𝑟𝑟𝑟(𝐸𝐸) − ℐ𝑠𝑠𝑠𝑠𝑠𝑠(𝐸𝐸) + ℐ𝑝𝑝𝑝𝑝(𝐸𝐸) 

(2.43) 

 𝜕𝜕
𝜕𝜕𝜕𝜕
𝑛𝑛(Ω) =    𝐼𝐼𝑝𝑝ℎ(Ω) + ℒ𝑒𝑒𝑒𝑒(𝐸𝐸) +  ℒ𝑟𝑟𝑟𝑟𝑟𝑟(𝐸𝐸) −  𝛾𝛾𝑠𝑠𝑠𝑠(𝐸𝐸)𝑛𝑛(𝐸𝐸)

−  𝛾𝛾𝑝𝑝𝑝𝑝(𝐸𝐸)𝑛𝑛(𝐸𝐸) + −
𝑛𝑛(Ω) −  𝑛𝑛(Ω, Tb)

𝜏𝜏𝑙𝑙
         

(2.44) 

The individual terms of the quasiparticle distribution function are described in terms, 

𝐼𝐼𝑞𝑞𝑞𝑞(𝐸𝐸) and 𝐼𝐼𝑝𝑝ℎ(𝐸𝐸) that describe the drive terms injecting non-equilibrium 
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quasiparticles (qp) and phonons (ph).  The quasiparticle scattering with spontaneous 

emission of a phonon is described by 

 
ℐ𝑒𝑒𝑒𝑒(𝐸𝐸) =

𝛽𝛽
𝜏𝜏0
� 𝑑𝑑Ω

Ω2

Δ3
𝜌𝜌(𝐸𝐸 + Ω)�1 −

Δ2

𝐸𝐸(𝐸𝐸 + Ω)�𝑓𝑓
(𝐸𝐸 + Ω)[1 − 𝑓𝑓(𝐸𝐸)]

∞

0

 

              −  
𝛽𝛽
𝜏𝜏0
� 𝑑𝑑Ω

Ω2

Δ3
𝜌𝜌(𝐸𝐸 − Ω)�1 −

Δ2

𝐸𝐸(E −Ω)�𝑓𝑓
(𝐸𝐸)[1 − 𝑓𝑓(𝐸𝐸 − Ω)]

𝐸𝐸−Δ

0

,   

(2.45) 

and quasiparticle recombination is described by 

 
ℐ𝑟𝑟𝑟𝑟𝑟𝑟(𝐸𝐸) =

𝛽𝛽
𝜏𝜏0

� 𝑑𝑑Ω
Ω2

Δ3
𝜌𝜌(Ω − E)�1 +

Δ2

𝐸𝐸(Ω − E)�𝑓𝑓
(Ω− E)𝑓𝑓(𝐸𝐸)

∞

Δ+𝐸𝐸

. 
(2.46) 

The quasiparticle scattering from a phonon or stimulated emission and absorption of 

phonon is 

 
ℐ𝑠𝑠𝑠𝑠𝑠𝑠(𝐸𝐸) =

𝛽𝛽
𝜏𝜏0
� 𝑑𝑑Ω

Ω2

Δ3
𝜌𝜌(𝐸𝐸 + Ω)�1−

Δ2

𝐸𝐸(𝐸𝐸 + Ω)�𝑛𝑛
(Ω)[𝑓𝑓(𝐸𝐸) − 𝑓𝑓(𝐸𝐸 + Ω)]

∞

0

 

               −  
𝛽𝛽
𝜏𝜏0
� 𝑑𝑑Ω

Ω2

Δ3
𝜌𝜌(𝐸𝐸 − Ω)�1 −

Δ2

𝐸𝐸(E− Ω)�𝑛𝑛
(Ω)[𝑓𝑓(𝐸𝐸)− 𝑓𝑓(𝐸𝐸 − Ω)].

𝐸𝐸−Δ

0

 

(2.47) 

Cooper pair breaking is described by, 

 
ℐ𝑝𝑝𝑝𝑝(𝐸𝐸) =

𝛽𝛽
𝜏𝜏0

� 𝑑𝑑Ω
Ω2

Δ3
𝜌𝜌(Ω− E)�1 +

Δ2

𝐸𝐸(Ω− E)�𝑛𝑛
(Ω)

∞

Δ+𝐸𝐸

× [1 − 𝑓𝑓(Ω − E) − 𝑓𝑓(𝐸𝐸)]. 

(2.48) 

In this set of equations, 𝛽𝛽 = 𝑍𝑍1(0)Δ3

(𝑘𝑘𝐵𝐵𝑇𝑇𝐶𝐶)3 with 𝑍𝑍1(0) = 1 + λ  where 𝜆𝜆 is an electron-phonon 

coupling constant, and τ𝑜𝑜 is the characteristic material-dependent quasiparticle-phonon 

interaction time constant[48].  
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The individual terms of the phonon distribution function are described as follows:   

ℒ𝑒𝑒𝑒𝑒(Ω) describes the spontaneous phonon emission due to quasiparticle scattering 

 
ℒ𝑒𝑒𝑒𝑒(Ω) = 2ℒ𝑝𝑝𝑝𝑝𝑝𝑝 �

𝑑𝑑𝑑𝑑
Δ
𝜌𝜌(E + Ω)𝜌𝜌(𝐸𝐸)�1 −

Δ2

𝐸𝐸(E + Ω)�𝑓𝑓
(E + Ω)[1− 𝑓𝑓(𝐸𝐸)]

∞

Δ

, 
(2.49) 

ℒ𝑟𝑟𝑟𝑟𝑟𝑟(Ω) describes the recombination of two quasiparticles 

 
ℒ𝑒𝑒𝑒𝑒(Ω) = ℒ𝑝𝑝𝑝𝑝𝑝𝑝 �

𝑑𝑑𝑑𝑑
Δ
𝜌𝜌(Ω − E)𝜌𝜌(𝐸𝐸)�1 +

Δ2

𝐸𝐸(Ω − E)�𝑓𝑓
(Ω − E)𝑓𝑓(𝐸𝐸)

Ω−Δ

Δ

. 
(2.50) 

The scattering rate 𝛾𝛾𝑠𝑠𝑠𝑠𝑠𝑠(Ω) is described as 

 
𝛾𝛾𝑠𝑠𝑠𝑠𝑠𝑠(Ω) = 2ℒ𝑝𝑝𝑝𝑝𝑝𝑝 �

𝑑𝑑𝑑𝑑
Δ
𝜌𝜌(E + Ω)𝜌𝜌(𝐸𝐸)�1−

Δ2

𝐸𝐸(E + Ω)� [𝑓𝑓(𝐸𝐸)
∞

Δ

− 𝑓𝑓(E + Ω)]. 

(2.51) 

The pair breaking rate 𝛾𝛾𝑝𝑝𝑝𝑝(Ω) is described as 

 
𝛾𝛾𝑝𝑝𝑝𝑝(Ω) = ℒ𝑝𝑝𝑝𝑝𝑝𝑝 �

𝑑𝑑𝑑𝑑
Δ
𝜌𝜌(Ω− E)𝜌𝜌(𝐸𝐸)�1 +

Δ2

𝐸𝐸(Ω− E)� [1 − 𝑓𝑓(Ω− E)
Ω−Δ

Δ

− 𝑓𝑓(𝐸𝐸)]. 

(2.52) 

In this set of equations, ℒ𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑏𝑏𝑏𝑏
𝜏𝜏0

𝑁𝑁(0)
𝐷𝐷(Ω)

Ω2

Δ2
  with 𝐷𝐷(Ω) is phonon density of states per 

unit volume, and 𝑏𝑏 is a characteristic material constant corresponding to phonon density 

at low frequencies[48].  The final term in Eq. (2.44) describes the escape of phonons 

to the substrate with a phenomenological term 𝛾𝛾𝑒𝑒𝑒𝑒𝑒𝑒. The coupled kinetic equations 

relating quasiparticles and phonons are solved for different drive conditions by various 

research groups[91]–[93].  
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The solutions for the pair-breaking photons or phonons and sub-gap microwave 

photons are of great interest for resonators. The solution depends on the correct choice 

of quasiparticle or phonon drive terms. A pair breaking photon or phonon, ℎ𝜈𝜈 > 2Δ, 

breaks a Cooper pair creating quasiparticles with excess energy of ℎ𝜈𝜈 − 2Δ. For high-

energy quasiparticles, scattering is faster than recombination[48]. The relaxation of 

these high-energy quasiparticles via electron-phonon interactions to the band edge 

releases the excess energy in the form of phonons. If the released phonon is greater 

than pair breaking energy, it can further break Cooper pairs or escape into the substrate. 

The phonon escape times depend on the film and substrate interface and material 

properties and may be long compared to the generation rate. Hence the absorption of a 

single high-energy photon can break more than one Cooper pair. The excess energy 

determines the modeling disturbance using phonons or quasiparticles drive term. A low 

energy pair-breaking photon (𝐸𝐸 < 4Δ) break a single Cooper pair and is described by 

the quasiparticle drive term. On the other hand, the optical photons have energies 

almost 103 -104 times the bandgap of superconductors, and hence the quasiparticles 

generated by a single photon would create multiple phonons before finally relaxing to 

the bandgap edge. Hence the optical phonon is better modeled as a phonon drive term 

than quasiparticle term[92], [93].  On the other hand, the stimulation by subgap 

microwave photons is described as a quasiparticle-driven term. [91], [92], which is 

given in Eq. (2.53) 

 Iqp�𝐸𝐸,𝜔𝜔𝑝𝑝� = 𝐵𝐵 �𝑔𝑔�𝐸𝐸,𝐸𝐸 + ℏ𝜔𝜔𝑝𝑝� + 𝑔𝑔�𝐸𝐸,𝐸𝐸 − ℏ𝜔𝜔𝑝𝑝��Θ(𝐸𝐸 − Δ) (2.53) 

where Θ(𝐸𝐸) is the Heaviside step function, 𝐵𝐵 depends on microwave photon absorption 

rate which in turn depends on the input power and 𝑔𝑔(𝐸𝐸,𝐸𝐸′) is defined as  
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𝑔𝑔(𝐸𝐸,𝐸𝐸′) =  𝜌𝜌(𝐸𝐸′)�1 +

Δ2

𝐸𝐸𝐸𝐸′
� �𝑓𝑓(𝐸𝐸′) − 𝑓𝑓(𝐸𝐸)� 

(2.54) 

These systems of equations need to be recursively solved to obtain a steady-state 

solution. Fig. 2.17 shows quasiparticle distribution and phonon power flow as a 

solution of the coupled equations for various microwave power[91]. The microwave 

driven quasiparticle distribution has a characteristic ℏ𝜔𝜔𝑝𝑝 spaced multipeak features 

where the ℏ𝜔𝜔𝑝𝑝 is the microwave signal. This also gets reflected in the phonon power 

flow. One of the critical aspects is the increased power carried by low-energy phonons 

Ω < 2Δ by scattering compared to the thermal distribution. 

 

Fig. 2.17: (a) The quasiparticle distribution for absorbed power 2 fWµm-3 microwave signal for 
temperature  Tb/Tc = 0.1 with phonon escape rate being equal to cooper pair breaking rate. The inset 
also shows the distribution for energies  2 fWµm-3, 20 aW µm-3and 0.2 aW µm-3. The dotted line shows 
the effective temperature for each distribution. (b) shows the corresponding power flow by excess 
phonons escaping from the film for each microwave power[91]. 

These calculations are extended to model a temperature and power dependent quality 

factor of an open half-wavelength CPW resonator. The resonators were fabricated on 

65 nm thick sputtered aluminum film on a sapphire substrate with a resonant frequency 

f = 5.28 GHz and a coupling quality factor of 20k[49]. The resonators are measured for 

temperatures 65 mK to 350 mK with the readout power in the power range of -64 dBm 

to -100 dBm, which corresponds to photon numbers ranging 5 × 104 – 108. For 

temperatures less than 200 mK, the measured quality factor 𝑄𝑄𝑖𝑖 decreases with 
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increasing power while at high temperatures 𝑄𝑄𝑖𝑖 increases with increasing power. For 

the measured power range, the TLS losses are insignificant and non-equilibrium 

quasiparticles are the dominant loss mechanism. The result of the non-equilibrium 

model calculated by solving coupled equations is presented in Fig. 2.18. The model 

captures the trend for various microwave power levels for high temperature pretty well 

but at transition temperatures, overestimates 𝑄𝑄𝑖𝑖 compared to the measured data. The 

non-trivial increase of 𝑄𝑄𝑖𝑖 with power was explained by the depletion of quasiparticle 

distribution for Δ < 𝐸𝐸 < Δ + ℏ𝜔𝜔 leading to decreased losses. 

The model was extended to include the contribution of pair breaking photons 

with sub-gap photons to calculate the quasiparticle generation efficiency in 

superconducting films [94]–[96].  The pair breaking photons ranged from 2Δ ≤ 𝐸𝐸 ≤

 10Δ and solved for different materials such as Al, Nb and Ta. 

 

Fig. 2.18: Temperature dependent quasiparticle quality factor modeled using complete non-
equilibrium model[49] 
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The non-equilibrium model has also been applied to model the impact of optical 

illumination on aluminum superconducting resonators[93]. The CPW resonators 

designed using lumped inductor and capacitor were fabricated on 200 nm sputtered 

aluminum film on sapphire. The fabricated resonator was coupled with a 3D cavity 

with a coupling quality factor of 8.5 × 109. The resonators were measured at 

microwave powers of -70 dBm to -45 dB, corresponding to rf photons of 

5 × 104 – 108 for a temperature range of 25mK to 300mK. The optical illumination 

had energy E ~ 9000Δ which created significantly more pair breaking phonons after 

initial pair breaking by one photon. The significant feature of the measured data was 

the increase of quality factor with increasing power at all temperatures for resonators 

with and without illumination. The increasing 𝑄𝑄𝑖𝑖 with increasing microwave power 

was explained by the reduction of the quasiparticle density at Δ ≤ 𝐸𝐸 ≤ Δ + ℏ𝜔𝜔. The 

data were fitted with the model where the optical drive is represented by the phonon 

drive term in Eq. (2.55) and the quasiparticle drive term is set by probing microwave 

signals by Eq. (2.53)  

 

𝐼𝐼𝑝𝑝ℎ(Ω) =
1
𝜏𝜏𝑒𝑒 
�

0,                                                     for Ω < 2Δ

1 �𝑒𝑒
Ω

𝑘𝑘𝐵𝐵𝑇𝑇𝑒𝑒𝑒𝑒𝑓𝑓
∗
− 1 ��                       for Ω > 2Δ  

(2.55) 

The phonon drive term is approximated by the non-thermal distribution of phonons 

with Ω > 2Δ. The Bose-Einstein thermal distribution with temperature, 𝑇𝑇𝑒𝑒𝑒𝑒𝑓𝑓∗ , 

approximates the total number of pair breaking phonons while low energy phonons are 

ignored[93].  
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2.5.2.2 Effective temperature approximation 

Microwave-driven quasiparticle and phonon distributions are athermal. But it 

is computationally intensive to calculate the solution for every time step. Hence 

attempts were made to model the overall quasiparticle distribution with a thermal 

distribution described by an effective temperature, 𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒, such that the total number of 

quasiparticles calculated by athermal distribution can be described as  

 
𝑛𝑛𝑞𝑞𝑞𝑞 = 4𝑁𝑁(0)� 𝑓𝑓�𝐸𝐸,𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒�

𝐸𝐸

��𝐸𝐸2 − (𝛥𝛥(𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒))2�
𝑑𝑑𝑑𝑑

∞

𝛥𝛥�𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒�
. 

(2.56) 

A comparison of an athermal and “equivalent” thermal distribution due to sub-gap 

microwaves is shown in Fig. 2.17. For energy  𝐸𝐸 < Δ + ℏ𝜔𝜔, the thermal approximation 

predicts a higher distribution than the non-equilibrium calculations while for the energy 

range, Δ + ℏ𝜔𝜔 < 𝐸𝐸 < 2Δ′the driven distribution shows excess quasiparticles 

compared to the thermal equivalent. The difference between thermal and athermal 

distributions increases with increasing microwave power. 

A comparison [96] of an athermal distribution due to high energy photons 

(2Δ ≤ ℏ𝜔𝜔 ≤ 10Δ) and microwave signal is shown in Fig. 2.19. The figure also 

includes the effective thermal distribution for each case. The simulation is performed 

for a high microwave signal average power of 2 fW µm-3 with high energy photons 

with an average power of 2 aW µm-3. 

The presence of external stimulation (either microwave or high-energy) raises 

the quasiparticle distribution compared to the equilibrium thermal distribution. The 

critical difference between the quasiparticle distribution driven by a high energy 

infrared or optical photon (E>>2 Δ) and a low energy microwave photon (E<2 Δ) is 
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that the higher energy photons tend to create quasiparticles with energies near the band 

edge, while the microwave photons increase the quasiparticles above the band edge.  

Since the density of states is very high near the band edge, the high-energy photons do 

not significantly change the distribution of quasiparticles from a thermal distribution 

described with 𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒. Hence the steady-state quasiparticle distributions from pair 

breaking phonons or photons having energy range 2Δ < 𝐸𝐸 < 10Δ is effectively 

estimated using a thermal distribution from an increased effective temperature 

[96][55], but may not be valid for high power microwave driven distributions. 

 

Fig. 2.19: The comparison of QP distribution for different drive conditions of sub-gap microwave 
signal and pair breaking signals[96] 

2.5.2.3 Rothwarf Taylor equations 

Rothwarf Taylor rate equations describe the quasiparticle and pair breaking 

phonon dynamics using their number density instead of distribution functions[97]. 

The pair-breaking phonon density,𝑁𝑁2Δ, and quasiparticle densities, 𝑛𝑛𝑞𝑞𝑞𝑞, are defined 

as follows. 
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𝑁𝑁2𝛥𝛥 = 𝑁𝑁𝑖𝑖𝑖𝑖𝑖𝑖 � 𝑛𝑛(𝛺𝛺 )𝐹𝐹(𝛺𝛺)

∞

2𝛥𝛥
𝑑𝑑𝛺𝛺 

(2.57) 

 
𝑛𝑛𝑞𝑞𝑞𝑞 = 4𝑁𝑁(0)� 𝑓𝑓(𝐸𝐸)𝜌𝜌(𝐸𝐸)

∞

𝛥𝛥
𝑑𝑑𝑑𝑑 

(2.58) 

Where 𝑛𝑛(𝛺𝛺) is the phonon distribution function and 𝑓𝑓(𝐸𝐸) is the quasiparticle 

distribution function, while 𝐹𝐹(𝛺𝛺) and 𝜌𝜌(𝐸𝐸) are the phonon and quasiparticle density of 

states. The relationship between these equations is  

 𝜕𝜕
𝜕𝜕𝜕𝜕
𝑛𝑛𝑞𝑞𝑞𝑞 = 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 + 𝛽𝛽𝑁𝑁2𝛥𝛥 − 𝑅𝑅𝑛𝑛𝑞𝑞𝑞𝑞2 , 

(2.59) 

 𝜕𝜕𝑁𝑁2𝛥𝛥
𝜕𝜕𝜕𝜕

=
1
2
𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2 −

1
2
𝛽𝛽𝑁𝑁2𝛥𝛥 − 𝛾𝛾�𝑁𝑁2𝛥𝛥 − 𝑁𝑁2𝛥𝛥,𝑇𝑇𝑏𝑏� 

(2.60) 

where 𝑅𝑅𝑞𝑞𝑞𝑞 is the quasiparticle recombination rate, 𝛽𝛽 is the pair breaking rate, and 𝛾𝛾 is 

the phonon escape rate. 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 is the combined external quasiparticle and phonon drive 

term.  

Chang and Scalapino[92] derived the Rothwarf Taylor equations by integrating 

the quasiparticle distribution function, 𝑓𝑓(𝐸𝐸), for energies 𝐸𝐸 ≥ Δ and the phonon 

distribution function, n(𝛺𝛺), for energies Ω ≥ 2Δ. For 𝑓𝑓(𝐸𝐸), the terms related to 

scattering cancel each other, and only the terms related to pair breaking, and 

recombination remain apart from the quasiparticle drive term. For phonon distributions, 

the scattering term is either ignored or, in the presence of significant quasiparticles with 

E > 3Δ, is combined with the drive term. The recombination constant and pair breaking 

term can be written in terms of 𝑓𝑓(𝐸𝐸) and 𝑛𝑛(Ω) as follows. 
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𝑅𝑅𝑞𝑞𝑞𝑞 =

2𝑁𝑁(0)
𝑛𝑛𝑞𝑞𝑞𝑞2

� 𝑑𝑑𝑑𝑑𝑑𝑑(𝐸𝐸)𝜌𝜌(𝐸𝐸)
∞

Δ
� 𝑑𝑑𝐸𝐸′
∞

Δ
𝜌𝜌(𝐸𝐸′)(𝐸𝐸 + 𝐸𝐸′)2 

                                  × �1 +
Δ2

𝐸𝐸𝐸𝐸′
� 𝑓𝑓(𝐸𝐸′)(𝑛𝑛(𝐸𝐸 + 𝐸𝐸′) + 1) 

(2.61) 

 
𝛽𝛽 =

2𝑁𝑁(0)
𝑁𝑁2Δ

� 𝑑𝑑𝑑𝑑
∞

Δ
𝑓𝑓(𝐸𝐸)𝜌𝜌(𝐸𝐸)� 𝑑𝑑𝐸𝐸′

∞

Δ
𝜌𝜌(𝐸𝐸)𝜌𝜌(𝐸𝐸′)(𝐸𝐸 + 𝐸𝐸′)2 

                                    × �1 +
Δ2

𝐸𝐸𝐸𝐸′
� (1 − 𝑓𝑓(𝐸𝐸))(1− 𝑓𝑓(𝐸𝐸′))(𝑛𝑛(𝐸𝐸 + 𝐸𝐸′)) 

(2.62) 

2.5.3 Loss through vortices 

In Type II superconductor, for the magnetic field higher than the lower critical 

field (𝐻𝐻𝐶𝐶1) of the material, the magnetic field is not completely expelled from the 

superconductor. There are regions in the material where penetration of the magnetic 

field creates current loops in the superconductor, with each of them carrying a single 

quantum flux Φ𝑜𝑜 = ℎ𝑐𝑐
2𝑒𝑒

. These vortices act as a material in the normal state with a gap 

parameter, Δ, goes to zero at the center of these vortices[45]. Below certain critical 

thickness, thin films of bulk type-I superconductors behave like type-II 

superconductors in the presence of the magnetic field[98]. If vortices are present in a 

high current density region, it leads to losses. The loss depends on the magnetic field 

strength and a threshold cooling field where the vortices are trapped. This field is 

material-dependent.[99]. The wider superconducting traces are more susceptible to 

these losses.  
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2.5.4 Radiative loss 

Resonators can lose energy by radiating the energy out of the transmission line 

to the free space to interact with the lossy package walls and lossy dielectrics. The loss 

due to radiation is device size and operating frequency-dependent[61]. Using the 

calculations for the fields for slot antennas, the radiative limit to a resonator quality 

factor is calculated as[100] 

 
𝑄𝑄𝑅𝑅𝑅𝑅𝑅𝑅 ≈ 5 × 10−3 �

𝜆𝜆𝑜𝑜
𝑤𝑤
�
2

, 
(2.63) 

where 𝜆𝜆𝑜𝑜 is the free space wavelength of the microwave signal, and 𝑤𝑤 is the central 

conductor width of the resonator.  Some of the techniques suggested to reduce radiation 

loss are lower frequencies, smaller resonator dimensions [62,79], and a 

superconducting package[67].  

2.5.5 Parasitic modes 

The resonator can couple with the unwanted modes in the packages and circuit 

and suffer loss. The most prominent is the slot line modes in the coplanar waveguides 

if the ground planes are not in the same potential. They are very dispersive in nature 

[57]. These modes can be eliminated by having wirebonds[101] or airbridges[102] 

between the ground planes. The parasitic capacitance due to the wirebonds can be 

reduced by having closely spaced and shorter wirebonds[101]. While connecting the 

signal line from PCB to chip, multiple wirebonds reduce the impedance mismatch and 

decrease the parasitic capacitance[103]. 
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The package holding the resonator has cavity modes that can interact with the 

resonators[103]. The box-like cavity can only support TE or TM modes, and the cutoff 

frequency for the rectangular cavity is given as[59] 

 
𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 =

𝑐𝑐
2𝜋𝜋√𝜖𝜖𝑟𝑟𝜇𝜇𝑟𝑟 

��
𝑚𝑚𝑚𝑚
𝑎𝑎
�
2

+ �
𝑛𝑛𝑛𝑛
𝑏𝑏
�
2

+ �
𝑙𝑙𝑙𝑙
𝑑𝑑
�
2

 
(2.64) 

Where m,n,l are the possible TEmnl or TMmnl mode and a, b, d are the dimensions of the 

package. The presence of the dielectrics in the package further reduces the cutoff 

frequency[104]. The correct choice of the cavity dimension can be used to eliminate 

any coupling between resonator and package.  

The interaction between the chip and the underlying package floor can be further 

reduced by introducing an air cavity underneath it[105].  The balance between chip 

thermalization and coupling with cavity modes determines the cavity size underneath 

the chip. 
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Chapter 3 : Non-equilibrium resonator quality factor 

3.1 Modified quality factor due to non-equilibrium quasiparticles 

The energy-dependent equations are computationally intensive for the fully 

nonlinear model, and they include several poorly known material-dependent 

parameters required for the calculations. In this chapter, I explore the feasibility of a 

simpler model that relaxes the condition of thermal equilibrium between particles 

(quasiparticles, Cooper pairs, and phonons) and uses an effective temperature as a 

parameter to set the number density of a given particle type.  That is, I assume that the 

highly athermal quasiparticle distribution can be modeled using an effective 

quasiparticle temperature that is not equal to the bath temperature. The model is a 

compromise that allows most non-equilibrium behavior to be captured but does not 

capture the rich athermal distributions that may be present during routine measurements 

in our laboratory experiments. 

A similar approximation for the quasiparticle density can be performed by 

assuming a quasi fermi level [55]. As phonon density with energy Ω > 2Δ and 

quasiparticle density are coupled, tracking phonon density, which follows a Bose-

Einstein statistics, using the effective temperature model would be more reasonable to 

handle. 

For the resonators in consideration for my work, the sources of non-equilibrium 

quasiparticles in the superconductor are pair-breaking background radiation photons 

that manage to couple into the resonator and the applied sub-gap microwave drive. The 

exact source of the non-equilibrium quasiparticles is unknown and but I assume it to 
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be broadband. I am interested in tracking losses at power ranges as low as a single 

photon number where TLS defects also contribute towards loss. The fully non-

equilibrium simulated models described in the previous chapter operated at much 

higher photon numbers where TLS losses were not included. As discussed in the last 

chapter, for low microwave powers, the deviation from the thermal distribution is 

expected to be minor, hence an effective temperature model might be reasonable.  

Additionally, at low powers, the TLS losses cannot be ignored entirely. I evaluate the 

contribution from both TLS and quasiparticle in my study.  

 

3.1.1 Relation between non-equilibrium and equilibrium QP 

In a superconductor, the quasiparticle and phonons with energy Ω > 2Δ are 

interdependent as quasiparticle creation via Cooper pair breaking is accompanied by 

phonon annihilation and vice versa. Hence to calculate the quasiparticle number 

density, the combined rate equations of phonon and quasiparticle number densities 

need to be solved. I used a modified version of Rothwarf Taylor equations[97]. 

 �
𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝐷𝐷𝑞𝑞𝑞𝑞

𝜕𝜕2

𝜕𝜕𝑥𝑥2
� 𝑛𝑛𝑞𝑞𝑝𝑝 = 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 + 𝛽𝛽𝑁𝑁2𝛥𝛥 − 𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2 − 𝑠𝑠�𝑛𝑛𝑞𝑞𝑞𝑞 − 𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏� (3.1) 

 𝜕𝜕𝑁𝑁2𝛥𝛥
𝜕𝜕𝜕𝜕

=
1
2
𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2 −

1
2
𝛽𝛽𝑁𝑁2𝛥𝛥 − 𝛾𝛾�𝑁𝑁2𝛥𝛥 − 𝑁𝑁2𝛥𝛥,𝑇𝑇𝑏𝑏� (3.2) 

Here 𝑛𝑛𝑞𝑞𝑞𝑞 is the total number density includes both thermal and athermal quasiparticles, 

𝑁𝑁2𝛥𝛥 is the phonon number density of all phonons having an energy greater than 

2Δ, which have sufficient energy to break Cooper pairs. In Eq. (3.1), the terms on the 

left include the spatial diffusion of quasiparticles with diffusivity, D, and the time 

variation of the quasiparticle density. The first term on the right include the excess 
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generation rate of quasiparticles, 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒, the second term, 𝛽𝛽𝑁𝑁2𝛥𝛥, is the quasiparticles 

generated by phonons with Ω > 2Δ, the third term, 𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2 , describes quasiparticle due 

recombination and the final term, 𝑠𝑠�𝑛𝑛𝑞𝑞𝑞𝑞 − 𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏�, describes quasiparticle trapping. In 

Eq. (3.2), the first term, 1
2
𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2 , describes generation of 2Δ  phonons from 

quasiparticle recombination, the second term, 1
2
𝛽𝛽𝑁𝑁2𝛥𝛥, describes the loss of phonons 

due to Cooper pair breaking, and the last term, 𝛾𝛾�𝑁𝑁2𝛥𝛥 − 𝑁𝑁2𝛥𝛥,𝑇𝑇𝑏𝑏�, is for phonons leaving 

the superconducting film.  

For resonators, solving these equations in the steady-state such that 

quasiparticle or phonon numbers don’t change temporally or spatially, the equations 

become: 

 0 = 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 + 𝛽𝛽𝑁𝑁2𝛥𝛥 − 𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2 − 𝑠𝑠�𝑛𝑛𝑞𝑞𝑞𝑞 − 𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏� (3.3) 

 0 =
1
2
𝑅𝑅𝑞𝑞𝑞𝑞𝑛𝑛𝑞𝑞𝑞𝑞2 −

1
2
𝛽𝛽𝑁𝑁2𝛥𝛥 − 𝛾𝛾�𝑁𝑁2𝛥𝛥 − 𝑁𝑁2𝛥𝛥,𝑇𝑇𝑏𝑏� (3.4) 

For the case of equilibrium when the external generation rate, 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 = 0, the particle 

numbers are in thermal equilibrium numbers with the bath temperature, 𝑛𝑛𝑞𝑞𝑞𝑞 = 𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏   

and 𝑁𝑁2𝛥𝛥 = 𝑁𝑁2𝛥𝛥,𝑇𝑇𝑏𝑏.  Under this situation, Eq. (3.4) gives  

 𝑁𝑁2𝛥𝛥,𝑇𝑇𝑏𝑏 =
𝑅𝑅𝑞𝑞𝑞𝑞
𝛽𝛽

𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏
2  (3.5) 

For the non-equilibrium case when 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 ≠ 0, solving eq. (3.4) for 𝑁𝑁2𝛥𝛥 gives 

 𝑁𝑁2Δ =
𝑅𝑅𝑞𝑞𝑞𝑞

(𝛽𝛽 + 2𝛾𝛾) �𝑛𝑛𝑞𝑞𝑞𝑞
2 +

2𝛾𝛾
𝛽𝛽
𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏
2 � (3.6) 

Substituting calculated 𝑁𝑁2Δ back to Eq. (3.3) and defining effective recombination rate 

𝑟𝑟 = � 1
𝑅𝑅𝑞𝑞𝑞𝑞

�1 + 𝛽𝛽
2𝛾𝛾
��

−1

 the external quasiparticle generation rate is 
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 𝑟𝑟�𝑛𝑛𝑞𝑞𝑞𝑞2 − 𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏
2 � +  𝑠𝑠�𝑛𝑛𝑞𝑞𝑞𝑞 − 𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏� = 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒. (3.7) 

For simplicity, I assumed 𝑅𝑅𝑞𝑞𝑞𝑞,𝛽𝛽 and 𝛾𝛾 were independent of temperature for 𝑇𝑇
𝑇𝑇𝑐𝑐

< 0.3 

and given by Eqs. (2.10) - (2.12). Substituting Rqp from eq. (2.10) into eq. 3.7 yields 

 
𝑟𝑟 =   �

1
𝑁𝑁(0)Δ(T)� �

2
τ0
�  �

Δ(T)
𝑘𝑘𝐵𝐵𝑇𝑇𝐶𝐶

�
3

�1 +
𝛽𝛽

2𝛾𝛾
�
−1

 . 
(3.8) 

Defining 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =   𝑠𝑠
2𝑟𝑟

 and 𝐼𝐼𝑜𝑜 =  𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒
𝑟𝑟

 and solving Eq. (3.7) for 𝑛𝑛𝑞𝑞𝑞𝑞 produces 

 𝑛𝑛𝑞𝑞𝑞𝑞  =  − 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + �𝐼𝐼𝑜𝑜 + �𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏 + 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�
2
. (3.9) 

This relation can be further rewritten as 

 �𝑛𝑛𝑞𝑞𝑞𝑞 + 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�
2
−  �𝑛𝑛𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏 + 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�

2
= 𝐼𝐼𝑜𝑜 (3.10) 

The quasiparticle number density can be normalized with respect to the single 

spin electron density and superconductor bandgap to get a value for the normalized 

quasiparticle density, 𝑥𝑥𝑞𝑞𝑞𝑞 = 𝑛𝑛𝑞𝑞𝑞𝑞
𝑁𝑁(0)Δ0 

. The modified equation is  

 
𝑥𝑥𝑞𝑞𝑞𝑞  =  −𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + ��𝐼𝐼𝑜𝑜∗ + �𝑥𝑥𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏 + 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�

2
� 

(3.11) 

where 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑠𝑠
2𝑟𝑟∗

 and 𝐼𝐼𝑜𝑜∗ =  𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒
∗

𝑟𝑟∗
  . Here the normalized external generation rate 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒∗ =

𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒
𝑁𝑁(0)Δ𝑜𝑜

 and effective recombination rate is 𝑟𝑟∗ = 𝑟𝑟 ×(𝑁𝑁(0)Δ𝑜𝑜)~ � 2
τ0
�  (1.76)3 �1 +

𝛽𝛽
2𝛾𝛾
�
−1

. It helps in eliminating a material dependent parameter 𝑁𝑁(0) from the set of 

equations. 
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3.1.2 Two temperature model 

IN this section, I discuss the effective temperature model in which quasiparticle 

number density is assumed to have a thermal distribution with an effective temperature 

𝑇𝑇𝑞𝑞𝑞𝑞, which can be different from the bath temperature 𝑇𝑇𝑏𝑏 such that  

 𝑛𝑛𝑞𝑞𝑞𝑞�𝑇𝑇𝑞𝑞𝑞𝑞� = 4𝑁𝑁(0)∫ 𝑓𝑓(𝐸𝐸,𝑇𝑇𝑞𝑞𝑞𝑞) 𝐸𝐸

��𝐸𝐸2−(𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞))2�
𝑑𝑑𝑑𝑑∞

𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞) . (3.12) 

It is important to note that under an applied microwave drive or quasiparticle generated 

from higher energy photons, the actual quasiparticle distribution will not be accurately 

described by this equation. As I discussed the previously in chapter, the quasiparticle 

temperature, 𝑇𝑇𝑞𝑞𝑞𝑞, used here is an effective quasiparticle temperature that is mainly used 

to set the quasiparticle density, while the impact on the distribution in energy 

distribution is undesirable.  

The conductivity due to the quasiparticles and Cooper pairs (Eqs. (2.16) and 

(2.17) ) are modified by replacing the quasiparticle distribution function with the fermi 

distribution corresponding to effective temperature 𝑇𝑇𝑞𝑞𝑞𝑞. The modified equations are:  

 
𝜎𝜎1�𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞�

𝜎𝜎𝑛𝑛
=

2
ℏ𝜔𝜔

� �𝑓𝑓�𝐸𝐸,𝑇𝑇𝑞𝑞𝑞𝑞� − 𝑓𝑓�𝐸𝐸 + ℏ𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞��𝑔𝑔1�𝐸𝐸,𝑇𝑇𝑞𝑞𝑞𝑞� 
∞

𝛥𝛥(𝑇𝑇)
𝑑𝑑𝑑𝑑 (3.13) 

 
𝜎𝜎2(𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞)

𝜎𝜎𝑛𝑛
=

1
ℏ𝜔𝜔

� �1 − 2𝑓𝑓�𝐸𝐸 + ℏ𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞��𝑔𝑔2�𝐸𝐸,𝑇𝑇𝑞𝑞𝑞𝑞� 𝑑𝑑𝑑𝑑
 𝛥𝛥(𝑇𝑇)

𝛥𝛥(𝑇𝑇)−ℏ𝜔𝜔
 (3.14) 

Where 𝑔𝑔𝑖𝑖(𝐸𝐸,𝑇𝑇) is the product of coherence factor and density of states and expressed 

as: 



 

 

67 
 

 g1�E,𝑇𝑇𝑞𝑞𝑞𝑞� =  
�𝐸𝐸(𝐸𝐸 + ℏ𝜔𝜔) + 𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞)2�

�𝐸𝐸2 − 𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞)2�(𝐸𝐸 + ℏ𝜔𝜔)2 − 𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞)2
 (3.15) 

 g2�𝐸𝐸,𝑇𝑇𝑞𝑞𝑞𝑞� =  
�𝐸𝐸(𝐸𝐸 + ℏ𝜔𝜔) + 𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞)2�

�𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞)2 −  𝐸𝐸2�(𝐸𝐸 + ℏ𝜔𝜔)2 − 𝛥𝛥(𝑇𝑇𝑞𝑞𝑞𝑞)2
 (3.16) 

Variation of the superconducting bandgap Δ depends on the quasiparticle 

distribution, as shown in Eq. (2.1). Hence the variation of the bandgap is made as a 

function of quasiparticle temperature. From the conductivity, the internal quality factor 

𝑄𝑄𝐼𝐼 can be rewritten as  

  
1
𝑄𝑄𝐼𝐼  

 =
𝐿𝐿𝑠𝑠
𝐿𝐿𝑔𝑔

 
𝜎𝜎1�𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞�
𝜎𝜎2�𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞�

 (3.17) 

where the kinetic inductance 𝐿𝐿𝑠𝑠(𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞,𝑇𝑇𝑏𝑏) = 1
𝜔𝜔
�𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝑤𝑤
� � 1

𝑑𝑑𝜎𝜎𝑁𝑁
� � 1

𝜎𝜎2�𝜔𝜔,𝑇𝑇𝑞𝑞𝑞𝑞�
𝜎𝜎𝑁𝑁
�

� .  

For a given external quasiparticle generation rate Iext, the quasiparticle number, 

nqp, is calculated from Eq. (3.9). Using Eq. (3.12), the effective quasiparticle 

temperature Tqp is determined. This Tqp is applied to Eq. (3.13)-(3.17) to calculate the 

quasiparticle quality factor. 

3.2 Combined power and temperature dependent quality factor 

The total loss in a resonator can be calculated by combining loss from quasiparticles 

and TLSs with all other sources of loss. I assume that all the other losses are not 

dependent on power and temperature, and I combine them in a single term 𝑄𝑄𝐴𝐴. The 

TLS loss from the standard distribution of TLSs can be modeled by 3 parameters: 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 , 

𝑛𝑛𝑐𝑐 and 𝛼𝛼 that are adopted from Eq. (2.40). In my effective temperature model, the 
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quasiparticle loss is described by 4 parameters: 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒, 𝑠𝑠, 𝜅𝜅 and 𝑇𝑇𝑐𝑐. The total quality factor 

for a resonator is then given by 

 

1
𝐐𝐐𝐢𝐢(𝐓𝐓𝐛𝐛,𝐧𝐧𝐩𝐩)

=
1

QA
+

1
QTLS
0

1

�1 + �
𝐧𝐧𝐩𝐩
nc
�
α  tanh �

ℏωres

2kB𝐓𝐓𝐛𝐛
�

+ 𝛋𝛋
Ls�ωres,𝐓𝐓𝐪𝐪𝐪𝐪,𝐓𝐓𝐛𝐛�

Lm

σ1�ωres,𝐓𝐓𝐪𝐪𝐪𝐪,𝐓𝐓𝐛𝐛�
σ2�ωres,𝐓𝐓𝐪𝐪𝐪𝐪,𝐓𝐓𝐛𝐛�

. 

(3.18) 

 
 

In addition, Eq. (3.10) gives,  

�nqp +
s

2r
�
2
−  �nqp,Tb +

s
2r
�
2

= Io (3.19) 

Using BCS theory, the relationship between the critical temperature and the 

superconducting gap is 

 Δ(0) =  1.76kBTc (3.20) 

The resonator frequency, ωres, applied microwave power, np, and sample (bath) 

temperature, Tb , are three control variables. For the resonators I examined, the 

observed variation in the resonant frequency by calculating the ratio of the standard 

deviation of resonance frequency by mean resonance frequency for temperature and 

power separately. For power, the ratio is 10-6-10-7, while for temperature, the ratio is 

10-5-10-6. To simplify the analysis, I took the resonator frequency to be constant. 

For the quasiparticle loss, I have included an additional phenomenological 

variable 𝜅𝜅 to capture any excess loss that can't be described by the thermal distribution 

approximation of non-equilibrium quasiparticles.  This phenomenological variable can 

be used as a measure of the fitness of the model.  If 𝜅𝜅 is close to 1, then the effective 

temperature model inadequately describes the loss. However, if 𝜅𝜅 varies significantly 

from 1, other factors such as athermal particle distributions that are not captured well 
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with this model are essential. Additionally, the clear trend for the trapping rate, s, and 

excess quasiparticle loss parameter, 𝜅𝜅, is unknown; they are therefore allowed to be a 

function of applied microwave power. The functional terms 𝑛𝑛𝑞𝑞𝑞𝑞, 𝜎𝜎1, 𝜎𝜎2, 𝐿𝐿𝑠𝑠 and Δ(𝑇𝑇) 

are defined in earlier sections, and the geometry inductance term is defined by Eq. 

(2.35).  The recombination rate, pair breaking rate, and phonon escape rate defining 

effective recombination rate are taken from the literature. The different parameters 

describing the model are summarized below in Table 3-1. 

Table 3-1: Description of parameters of the temperature power model for resonator quality factor 

Parameter RF Power 
dependence 

Loss 
Mechanism Detail 

𝑄𝑄𝐴𝐴 No Non-TLS,  
Non-QP 

Terms including losses form vortices, 
packaging, and other loss terms 

𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0  No TLS 
The average loss tangent of various 
TLS defects present on the dielectrics 
around a resonator 

𝑛𝑛𝑐𝑐 No TLS 
Average critical photon number 
determining the electric field saturation 
of TLSs 

α No TLS The fit parameter to include power 
variation of an ensemble of TLSs 

𝑇𝑇𝑐𝑐   No QP The superconducting critical 
temperature of the film 

𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 No QP External generation rate 

𝑠𝑠 Yes QP Quasiparticle trapping rate 

𝜅𝜅 Yes QP 
Excess QP loss parameter to include 
loss which is not fully captured by the 
effective temperature approximation 
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3.3 Discussion 

The presence of non-equilibrium quasiparticles leads to a non-vanishing density 

and low-temperature saturation of 𝑄𝑄𝑄𝑄𝑄𝑄. The thermal quasiparticle density is negligible 

at low temperatures, and net quasiparticle density is given by Eq. (3.11) modifies into  

 xqp,Tlow  =  −xtrap + ��Io∗ + xtrap2� (3.21) 

This equation is constant for temperature and is dependent on 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝐼𝐼𝑜𝑜∗ which in 

turn depends on the external generation rate 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 and trapping rate s. The saturation of 

quasiparticles at low temperatures leads to saturation of the corresponding quality 

factor. Increasing 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒, increases 𝑥𝑥𝑞𝑞𝑞𝑞,𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 while increasing 𝑠𝑠 decreases 𝑥𝑥𝑞𝑞𝑞𝑞,𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙. The 

impact on quasiparticle quality factor 𝑄𝑄𝑄𝑄𝑄𝑄 ∝
1
𝑥𝑥𝑞𝑞𝑞𝑞

  is shown in Fig. 3.1 and Fig. 3.2.  

 
Fig. 3.1: Impact of variation of Iext on quality factor for trapping rate 104 

It is important to note that s and 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 cannot be uniquely determined from a 

single value of 𝑛𝑛𝑞𝑞𝑞𝑞.  For example, with all other parameters being the same,  𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒  =
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 0.1 × 𝑁𝑁(0)Δ𝑜𝑜  and s = 104 gives the similar 𝑥𝑥𝑞𝑞𝑞𝑞,𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 for  𝐼𝐼𝑒𝑒𝑒𝑒𝑡𝑡  = 0.01 × 𝑁𝑁(0)Δ𝑜𝑜 , s = 

103. 

 
Fig. 3.2 Variation of QI with changing trapping rate for a given external generation rate Iext 

 
On the other hand, 𝜅𝜅 is directly proportional to the quasiparticle loss and hence 

increasing 𝜅𝜅 decreases the 𝑄𝑄𝑞𝑞𝑞𝑞. The impact 𝜅𝜅 is shown in Fig. 3.3. All these trends are 

plotted with negligible contribution from TLS and non-TLS, non-QP losses.  Similar 

trends for the power dependence cannot be predicted as the exact power dependence of 

𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 and s is not known.  

In the presence of the significant TLS loss, the curvature for the low and 

intermediate temperature region changes. For increasing temperature, an increasing 

𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇 and a decreasing 𝑄𝑄𝑄𝑄𝑄𝑄 generate a quality factor peak at an intermediate 

temperature, as shown in Fig. 3.4. Hence, the fitting of my model at low temperatures 

is dictated by all TLS parameters and non-equilibrium QP parameters.  
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Fig. 3.3: Variation of 𝑄𝑄𝐼𝐼  versus temperature for different values of 𝜅𝜅.. Increasing 𝜅𝜅 reduces QI 

 
Fig. 3.4: Simulated temperature dependence of a resonator loss dominated by TLS and quasiparticle 

losses. 

 
Similar effective temperature models for the non-equilibrium quasiparticle 

distribution have been previously reported in the literature[91], [94].  A significant 

difference between my proposed model and the previous work is the inclusion of a 

trapping term and my derivation of the complete relation starting from modified 

Rothwarf Taylor equations.  
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Chapter 4 : Quasiparticle trap design and simulation 

Various methods have been applied to reduce the quasiparticle density. These 

include adding shielding to reduce pair-breaking photons [1,2] and improving the 

components' thermalization to shield them from unwanted phonons[36]. Similarly, 

devices have been modified to include quasiparticle traps. The traps can be realized 

using non-superconducting regions such as vortices or normal metal or smaller bandgap 

superconducting traps. In resonators, the introduction of normal metal [32], [39], and 

vortices[38] as quasiparticle traps has been reported to improve device performance. In 

this chapter, I discuss the model to calculate the optimized design for a quasiparticle 

trapping layer for resonators.  

4.1 Basic principle of Quasiparticle trap 

Quasiparticle traps can be formed from regions that host sub-bandgap states where 

quasiparticles can remain trapped. When in contact with the superconducting layer, the 

quasiparticles in the superconductor can diffuse into the trap layer. Ideally, the 

quasiparticles lose energy in the trap layer via phonon emission or electron-electron 

scattering and settle to lower energy states. Loss of energy reduces quasiparticles 

diffusion back into the primary superconductor, making the overlayer a quasiparticle 

trap.  

Fig. 4.1 shows the schematic of the process. The energy diagram is plotted with the 

Fermi level as a reference. The band edge of the superconductor is at Δ𝑠𝑠 above the 

Fermi level, while Δ𝑜𝑜 is the base energy of the trap layer.  Δ𝑜𝑜 is zero for normal metals 

and positive for a superconducting trap layer. Similar to quasiparticles, Cooper pairs 
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from the adjacent superconductors also leak into the trap layer. Diffusion of Cooper 

pairs from a superconductor with a higher bandgap increases the trap layer bandgap 

and suppresses the superconductor bandgap at the interface. This phenomenon is called 

the proximity effect[106]. A device with trap layers needs to be designed accordingly 

to reduce any adverse effects of the proximity effect on the superconductor bandgap.  

 
Fig. 4.1: Schematic of quasiparticle trapping from primary superconductor to low gap superconductor 

 

4.2 CPW resonator design with traps 

In some of my resonators, I introduced a trapping layer on the top of a shorted quarter 

wavelength coplanar waveguide-based resonators, as shown in the cross-sectional 

schematic in Fig. 4.2. The trap overlayer has a setback distance, 𝑠𝑠𝑏𝑏, away from the edge 

of the ground plane of the coplanar waveguide. Also, the overlayer was absent from 

the central conductor of the resonator to avoid the high field interaction present on the 

central conductor. The absence of a trapping overlayer on the central conductor also 

ensures no bandgap modification of the primary superconductor in this region. The 

choice of this design means that the trapping only occurs in the ground plane and not 
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in the central conductor. A key parameter is the presence of an insulator layer between 

the trap layer and superconductor. This determines the interface transparency and 

affects the flow of quasiparticles between the superconductor and trap layer. 

 
Fig. 4.2: Schematic of the resonator design using small bandgap superconductors as a trapping layer 

 

4.3 Model 

In this section, I describe a model that expands a previous work on modeling a large 

area NIS electron refrigerator with a normal metal as a quasiparticle trap[107]. My 

model solves for excess quasiparticle number density, 𝑛𝑛𝑒𝑒𝑒𝑒, in the superconductor, the 

effective electron temperature, 𝑇𝑇𝑜𝑜, in the trap layer and effective phonon temperature, 

𝑇𝑇𝑝𝑝, of a combined system of phonons of superconductor and trap layer. My model 

solves for the above-mentioned device design to examine normal metal and low gap 

superconductor as overlayers. In the following section, I first describe individual 

components of the model and then present the complete model. 

4.3.1 Quasiparticle trapping power 

Power can flow between the superconductor layer and the overlayer. It can be 

calculated similarly to the tunneling current relation with zero bias[107]. In this model, 

I use an effective temperature 𝑇𝑇𝑠𝑠  to describe the quasiparticle population in the 
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superconductor while 𝑇𝑇𝑜𝑜 describes that of the overlayer. The power flow from 

superconductor to overlayer [108], [109] can be described by Eq. (4.1). 

 𝑃𝑃trap = 𝐴𝐴|𝑇𝑇𝑆𝑆𝑆𝑆|2�2𝑁𝑁𝑜𝑜(0)��2𝑁𝑁𝑠𝑠(0)� 

× � 𝐸𝐸𝜌𝜌𝑠𝑠(𝐸𝐸)𝜌𝜌𝑜𝑜(𝐸𝐸)[𝑓𝑓𝑠𝑠(𝐸𝐸)(1 − 𝑓𝑓𝑜𝑜(𝐸𝐸)) − 𝑓𝑓𝑜𝑜(𝐸𝐸)(1− 𝑓𝑓𝑠𝑠(𝐸𝐸))]𝑑𝑑𝑑𝑑
∞

−∞
 

(4.1) 

𝑇𝑇𝑆𝑆𝑆𝑆 is the tunneling matrix element between superconductor to trapping layer 

determined by the insulating layer, and A is a proportionality constant. 𝑁𝑁𝑜𝑜(0) 

and 𝑁𝑁𝑠𝑠(0) are the single spin density of states of the respective metal layers. 𝜌𝜌𝑜𝑜 and 𝜌𝜌𝑠𝑠 

are the normalized density of states. Modifying the integration limits and defining the 

normal state interface resistance 𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑝𝑝 = 1
𝑞𝑞𝑒𝑒2𝐴𝐴|𝑇𝑇𝑆𝑆𝑆𝑆|2�2𝑁𝑁𝑜𝑜(0)��2𝑁𝑁𝑠𝑠(0)�

 and simplifying Eq. 

(4.1) gives 

 
𝑃𝑃trap =

2
𝑞𝑞𝑒𝑒2𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� 𝐸𝐸𝜌𝜌𝑠𝑠(𝐸𝐸)𝜌𝜌𝑜𝑜(𝐸𝐸)[𝑓𝑓𝑆𝑆(𝐸𝐸) − 𝑓𝑓𝑜𝑜(𝐸𝐸)]𝑑𝑑𝑑𝑑
∞

Δs
 

(4.2) 

The above equation can be further simplified. In the primary superconductor, due to 

the high density of states at the band edge, the average quasiparticle energy can be 

approximated as Δs + kBTs . In a normal metal overlayer, I can take 𝜌𝜌𝑜𝑜(𝐸𝐸) = 1 while 

for a superconducting overlayer 𝜌𝜌𝑜𝑜(𝐸𝐸) = 𝐸𝐸

�𝐸𝐸2−Δ𝑜𝑜2
. For E > Δs and ΔS ≫ Δ𝑜𝑜, one finds 

that 𝜌𝜌𝑜𝑜(𝐸𝐸) →  1, e.g., for  ΔS
ΔS′

= 4, 𝜌𝜌𝑜𝑜(Δ𝑆𝑆) ~ 1.03.  Hence in both cases 𝜌𝜌𝑜𝑜(𝐸𝐸)~1. With 

the  simplifying approximations, Eq. (4.2) becomes  

 𝑃𝑃trap ≈
Δs

𝑞𝑞𝑒𝑒2𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(2𝑁𝑁𝑠𝑠(0))
�𝑛𝑛(𝑇𝑇𝑆𝑆) − 𝑛𝑛(𝑇𝑇𝑜𝑜)� 

(4.3) 
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Here 𝑛𝑛(𝑇𝑇∗) is the quasiparticle number density of the primary superconductor 

calculated at a temperature 𝑇𝑇∗. Notice that for 𝑇𝑇𝑠𝑠 >  𝑇𝑇𝑜𝑜, quasiparticle power flows from 

the superconductor and trap layer and 𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 > 0.  

4.3.2 Quasiparticle relaxation in trapping layer 
 

If a quasiparticle with an average energy Δ𝑠𝑠 tunnels into the overlayer, it carries 

average excess energy of E𝑡𝑡 =  Δ𝑠𝑠 − Δ𝑜𝑜. Quasiparticle that enters into overlayer may 

do one of three things:  (a) tunnel back into the superconductor on a timescale 𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡 , (b) 

relax to the energy Δ𝑜𝑜 by scattering via another quasiparticle with an average lifetime 

𝜏𝜏𝑒𝑒−𝑒𝑒 (𝐸𝐸𝑡𝑡), or (c)  relax to the energy Δ𝑜𝑜 by emitting a phonon with an average lifetime 

𝜏𝜏𝑒𝑒−𝑝𝑝 (𝐸𝐸𝑡𝑡). The following equations give the probability of each event: 

 
Πp =

𝜏𝜏𝑒𝑒−𝑝𝑝−1 (𝐸𝐸𝑡𝑡)
𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡−1 + 𝜏𝜏𝑒𝑒−𝑒𝑒−1 (𝐸𝐸𝑡𝑡) + 𝜏𝜏𝑒𝑒−𝑝𝑝−1 (𝐸𝐸𝑡𝑡)

 
(4.4) 

 
Π𝑡𝑡𝑡𝑡𝑡𝑡 =

𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡−1

𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡−1 + 𝜏𝜏𝑒𝑒−𝑒𝑒−1 (𝐸𝐸𝑡𝑡) + 𝜏𝜏𝑒𝑒−𝑝𝑝−1 (𝐸𝐸𝑡𝑡)
 

(4.5) 

 
Π𝑒𝑒 =

𝜏𝜏𝑒𝑒−𝑒𝑒−1 (𝐸𝐸𝑡𝑡)
𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡−1 + 𝜏𝜏𝑒𝑒−𝑒𝑒−1 (𝐸𝐸𝑡𝑡) + 𝜏𝜏𝑒𝑒−𝑝𝑝−1 (𝐸𝐸𝑡𝑡)

 
(4.6) 

The lifetimes governing individual processes are described below. 

 
4.3.2.1 Tunneling time 

The tunneling lifetime is calculated from the tunneling current, and for a NIS 

junction, it is given as[108]  

 𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡 = 2𝑁𝑁𝑠𝑠(0)𝑞𝑞𝑒𝑒2𝑡𝑡𝑠𝑠ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (4.7) 
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Here ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (script R) is a device-independent term that is a product of the area of the 

junction with the extrinsic trap resistance 𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (non-script R) of the interfacial tunnel 

barrier. Substituting ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 into the Eq. (4.7) shows that 𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡 is inversely proportional 

to the density of states of overlayer, 𝑁𝑁𝑜𝑜(0) and tunneling matrix element.  

4.3.2.2 Power flow between electrons and phonons 

Quasiparticles in the overlayer can relax via electron-phonon interactions. In 

the presence of external energy and at low temperatures, there is a weak coupling 

between phonons and electrons, and this can cause them to be at different temperatures. 

In a normal metal, the power flow per unit volume from a thermal phonon system to a 

thermalized electron gas is given by [110], [111] 

 𝒫𝒫𝑝𝑝−𝑒𝑒,𝑛𝑛 = Σ(Tp𝑛𝑛 − Ten) (4.8) 

Where 𝑇𝑇𝑒𝑒 is the electron temperature, 𝑇𝑇𝑝𝑝 is the phonon temperature, Σ is the electron-

phonon coupling constant, and n = 5 [107], [110]. 

4.3.2.3 Electron-phonon interaction 

In a normal metal overlayer, an electron with an energy 𝐸𝐸𝑖𝑖 can scatter (relax) to 

a lower energy state 𝐸𝐸𝑓𝑓 with an emission of a phonon (Ω). For a normal metal, at 0K, 

the electron-phonon scattering time of an electron with energy E can be written as [111]  

 
𝜏𝜏𝑒𝑒−𝑝𝑝 (𝐸𝐸) ≈

150(𝑘𝑘𝐵𝐵)5𝑁𝑁(0)
Σ𝐸𝐸3

 
(4.9) 

Here 𝑁𝑁(0) is the single spin density of states. Eq. (4.9) was calculated assuming a 

spherical Fermi surface and only longitudinal phonons contributing towards scattering. 

Actual metals have more complicated Fermi surfaces, but the assumption of a spherical 

Fermi surface simplifies the analysis of the electron-phonon interactions.  At T= 0 K, 
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taking an average over all possible allowed phonons, an electron with energy 𝐸𝐸𝑖𝑖 would 

on average relax to energy 𝐸𝐸𝑓𝑓 = 𝐸𝐸𝑖𝑖
4

 with the emission of phonon with energy Ω =

 3
4
𝐸𝐸𝑖𝑖[108], [111]. These results are valid at only for electron energy 𝐸𝐸𝑖𝑖 ≫ 𝑘𝑘𝐵𝐵𝑇𝑇 [111]. 

For a superconducting overlayer, as shown in section 4.3.1, for quasiparticles 

with energy 𝐸𝐸𝑖𝑖 ≫ Δ𝑜𝑜, I assume 𝜌𝜌(𝐸𝐸)~ 1 similar to that of a normal metal. I also assume 

that the electron-phonon scattering can be treated the same as in the normal state 

(𝜏𝜏𝑒𝑒−𝑝𝑝 ∝ 𝐸𝐸𝑖𝑖−3) for high energy quasiparticles (𝐸𝐸𝑖𝑖 ≫ Δ𝑜𝑜). For quasiparticles near the 

band edge, I assume the electron-phonon scattering times are long[107], [111] and that 

diffusion dominates over scattering.  

An emitted phonon with energy Ω = 3
4
𝐸𝐸𝑖𝑖 can interact with the overlayer and 

impact the electron temperature. In my model 𝐸𝐸𝑖𝑖 =  𝐸𝐸𝑡𝑡. I discuss the absorption of the 

athermal phonons later. If the energy 𝐸𝐸𝑓𝑓 of a relaxed (quasiparticle) falls sufficiently 

below Δ𝑠𝑠, it will not be able to tunnel back to the primary superconductor. Instead, it 

will further relax by transfer energy to overlayer electrons and phonons. 

4.3.2.4 Phonon-electron interaction:  

In a normal metal overlayer, an electron with an energy 𝐸𝐸𝑖𝑖 can absorb a phonon 

with energy Ω and be excited to a higher energy state 𝐸𝐸𝑓𝑓. The phonon-electron 

scattering lifetime can be calculated from the ratio of phonon heat capacity and thermal 

conductance [107]: 

 
𝜏𝜏𝑝𝑝−𝑒𝑒 =

234N𝑖𝑖𝑖𝑖𝑖𝑖𝑘𝑘𝐵𝐵2

5ΣΘ𝐷𝐷3𝐸𝐸𝑖𝑖
 

(4.10) 



 

 

80 
 

where 𝑁𝑁𝑖𝑖𝑖𝑖𝑖𝑖 is the number density of atoms and Θ is the Debye temperature of the metal. 

At 0 K, taking an average of all possible states, the absorption of a phonon with energy  

Ω leads to the formation of two quasiparticles with energies equal to   Ω
2
 [111]. 

In a superconductor (for both superconductor overlayer and primary 

superconductor), high energy phonons Ω > 2Δ can break the Cooper pairs creating 

quasiparticles which I have discussed in section 2.2.2. I have assumed that low energy 

phonons with energy Ω < 2Δ in the overlayer can excite the quasiparticles to higher 

energy states with a timescale 𝜏𝜏𝑝𝑝−𝑒𝑒 described in Eq. (4.10) . On the other hand, repeated 

excitation of a quasiparticle can excite it to energy levels greater than 2Δ and when 

they can relax back by generating phonons with energy Ω > 2Δ which can again break 

cooper pairs or escape out of a film with the escape rate described in section 2.2.3. I 

have not included the repeated excitation of a single quasiparticle in my model.  

The absorption of the athermal phonons depends on the 𝜏𝜏𝑝𝑝−𝑒𝑒 and is described 

in section 4.3.3.2. In the model, for the overlayer, I have included athermal phonon 

Ω = 3
4
𝐸𝐸𝑡𝑡 due to relaxation of quasiparticle and phonon  Ω = 2Δs due to recombination 

from the primary superconductor. For the primary superconductor, only the absorption 

of phonon  Ω = 2Δs is included. 

4.3.2.5 The electron-electron scattering 

In a normal metal, the electron-electron interaction depends on the 

dimensionality of the material(2D/3D) and disorder limits[107]. For my CPW 

resonators, the overlayer is in an effective 2D limit, i.e., the film is much thinner than 
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the e-e scattering mean free path. The electron-electron scattering time in a normal 

metal overlayer is 

 
𝜏𝜏𝑒𝑒−𝑒𝑒(𝐸𝐸) ≅

2𝜋𝜋ℏ2𝑡𝑡

𝑞𝑞2𝜌𝜌𝜌𝜌 ln �𝑇𝑇1𝑘𝑘𝑏𝑏𝐸𝐸1
�

. 
(4.11) 

Here the Fermi temperature 𝑇𝑇1 ≈ 1012 K, 𝑡𝑡 is the thickness of the film, and 𝜌𝜌 is the 

resistivity of the metal.  Electron-electron scattering of an electron with energy 𝐸𝐸 ≫

𝑘𝑘𝑏𝑏𝑇𝑇, leads to a redistribution of energy to another electron, with the incident electron 

falling to an average final energy of  𝐸𝐸
3
 and two new excitations (electron and a hole) of 

the same energy [107]. 

For a superconducting overlayer, I assume that the electron-phonon scattering 

rate for high energy quasiparticles, 𝐸𝐸 ≫ Δ𝑜𝑜 to be the same as that of its normal metal 

counterpart. In my model, I took 𝜌𝜌 as the resistivity of the normal state at 𝑇𝑇 ≥ 𝑇𝑇𝑐𝑐 just 

above the superconducting transition. The recombination rate due to electron-electron 

interaction is a three-quasiparticle process and decreases exponentially with 

temperature as temperature decreases as  𝑒𝑒−
2Δ(𝑇𝑇)
𝑘𝑘𝑘𝑘 [48] and so it should be very rare at 

𝑇𝑇 ≪ 𝑇𝑇𝑐𝑐. 

4.3.3 Relaxation of phonon  

4.3.3.1 Acoustic mismatch of thermal phonons  

The phonon flow between any two bulk materials that are in good contact is 

governed by the  Kapitza resistance[112], which occurs due to differences in material 

properties. A first-order approximation that should work well for very thin layers is to 

assume no resistance between the overlayer and superconductor and that the phonons 
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can be represented by a single phonon temperature, 𝑇𝑇𝑝𝑝. In contrast, the substrate is 

assumed to be at bath temperature, 𝑇𝑇𝑏𝑏 and the thermal resistance between the 

superconductor and substrate phonons is included. For smooth interfaces, the Kapitza 

resistance can be determined by the acoustic mismatch between the materials [113]. 

For thermal phonons with 𝑇𝑇 ≪ 𝜃𝜃𝐷𝐷, the power flow per unit volume can be written as  

 𝒫𝒫amm = 𝜉𝜉(𝑇𝑇𝑝𝑝4 − 𝑇𝑇𝐵𝐵4) (4.12) 

where 𝜉𝜉 represents the thermal conductance of the thin film and substrate. 

4.3.3.2 Athermal Phonons 

In my model, athermal phonons created during recombination and quasiparticle 

relaxation are assumed to undergo straight-line propagation, and the fraction of 

phonons absorbed by each layer is calculated. Phonons propagate with the speed of 

sound, 𝑠𝑠, of the material. The time to transit is assumed to be 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠 cos𝜑𝜑

, where 

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 is the thickness of the film, and 𝜑𝜑 is the angle of incidence. The 

probability, 𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , of the phonon scattering, an electron in a given layer is 

 
𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙,𝐸𝐸) =  1 − 𝑒𝑒

−𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠 cos𝜑𝜑×𝜏𝜏𝑝𝑝−𝑒𝑒(𝐸𝐸) 

(4.13) 

On the other hand, the probability, 𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎, for the phonon generated by a trapped 

quasiparticle to go into the substrate is 

 
𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎(𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙,𝐸𝐸) = 𝜂𝜂 𝑒𝑒

−𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠 cos𝜑𝜑×𝜏𝜏𝑝𝑝−𝑒𝑒(𝐸𝐸) 

(4.14) 

where 𝜂𝜂 is the phonon escape probability from the superconductor into the substrate. 

In my model, I assumed that the phonons also undergo specular reflections at the 

interface, and the process repeats until the phonon escapes. The total probability of 
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absorption is calculated by summing the probability the phonon travels through 

different layers for all possible initial position 𝑧𝑧𝑖𝑖 and angle of incidence 𝜑𝜑. Summing 

all the possible probabilities for a phonon with energy 𝐸𝐸 of getting absorbed in a layer 

𝐿𝐿 is tracked by the term 𝐴𝐴𝐸𝐸−𝐿𝐿 . 

 
Fig. 4.3: Reflection, absorption, and escape of high energy phonons 

 

4.3.4 Quasiparticle diffusion  
 

The diffusion constant of electrons in a normal metal can be written as  

 
𝐷𝐷𝑁𝑁 =

1
2𝑞𝑞2𝑁𝑁(0)𝜌𝜌

=
𝑙𝑙𝑣𝑣𝑓𝑓
3

. 
(4.15) 

where 𝜌𝜌 is the resistivity, 𝑙𝑙 is the mean free path and 𝑣𝑣𝑓𝑓 is the Fermi velocity. For 

superconductors, the elastic mean free path of quasiparticles remains the same as that 

of electrons in the normal state, but the group velocity changes and becomes energy-

dependent. This causes the diffusion constant to change.  The energy-dependent group 

velocity is given as[111] 

 
vS(𝐸𝐸) ≅ 𝑣𝑣𝐹𝐹�1 − �

Δ
𝐸𝐸
�
2

. (4.16) 
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The average quasiparticle velocity calculated over a thermal distribution including all 

energies is [107], [111] 

 
〈𝑣𝑣𝑠𝑠(𝑇𝑇𝑆𝑆)〉 =

2N(0)
n(Ts) � vS(𝐸𝐸) 𝑓𝑓𝑠𝑠(𝐸𝐸)𝜌𝜌(𝐸𝐸)𝑑𝑑𝑑𝑑

∞

0
≈  𝑣𝑣𝐹𝐹�

2𝑘𝑘𝐵𝐵𝑇𝑇𝑠𝑠
𝜋𝜋Δ

. (4.17) 

For thermal distributions, the diffusion constant of quasiparticles is then 

 
DS = 𝐷𝐷𝑁𝑁�

2𝑘𝑘𝐵𝐵𝑇𝑇𝑠𝑠
𝜋𝜋Δ

 (4.18) 

From the discussion, it is clear that 𝐷𝐷𝑠𝑠 will, in general, depend on the quasiparticle 

distribution. 

4.3.5 Thermal conductivity of electrons 
 

The thermal conductivity, 𝜅𝜅x of a clean normal metal at low temperatures is 

dominated by the electrons. The Wiedemann-Franz law provides a relation between 𝜅𝜅𝑥𝑥 

and the electrical resistivity 𝜌𝜌𝑋𝑋, 

 𝜅𝜅x =
𝐿𝐿𝑇𝑇𝑋𝑋
𝜌𝜌𝑋𝑋

 
(4.19) 

where the Lorentz number, 𝐿𝐿 = 2.45 × 10−8 𝑊𝑊Ω/𝐾𝐾2.  Although the Wiedemann-

Franz relation fails at mid-range temperatures, it still is a good approximation for low 

temperatures[114]. For superconductors, the electronic specific heat capacity of 

decreases as 𝑒𝑒 − Δ
𝑘𝑘𝐵𝐵𝑡𝑡

 for the temperature at 𝑇𝑇 ≪ 𝑇𝑇𝐶𝐶 because Cooper pairs do not 

contribute to thermal conductivity, and only quasiparticles contribute to the 

conductivity.  

4.3.6 Thermal conductivity of phonons 
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The specific heat capacity of a thermal distributed phonons at temperature 

𝑇𝑇 ≪ Θ𝐷𝐷 is given by[114] 

 
Cp = 234 �

𝑇𝑇
Θ𝐷𝐷
�
3

𝑁𝑁𝑖𝑖𝑖𝑖𝑖𝑖 
(4.20) 

where Θ𝐷𝐷 is the Debye temperature, and 𝑁𝑁𝑖𝑖𝑖𝑖𝑖𝑖 is the atomic number density. The thermal 

conductivity can be written due to phonons is described as 𝜅𝜅𝑝𝑝 = 𝐶𝐶𝑝𝑝𝑙𝑙〈𝑠𝑠〉
3

. For my devices, 

I have assumed that the mean free path, 𝑙𝑙 , of the phonons is determined by the thickness 

of the films and therefore 𝑙𝑙 = (𝑡𝑡𝑜𝑜 + 𝑡𝑡𝑠𝑠)  while 〈𝑠𝑠〉 is the average speed of longitudinal 

phonons and is equal to the speed of sound in the film. The thermal conductivity can 

be rewritten as   

 
𝜅𝜅𝑝𝑝 = (𝑡𝑡𝑜𝑜 + 𝑡𝑡𝑠𝑠)

〈𝑠𝑠〉
3

  234 �
𝑇𝑇
Θ𝐷𝐷
�
3

𝑁𝑁𝑖𝑖𝑖𝑖𝑖𝑖 
(4.21) 

Since the phonon density doesn’t change in a superconductor transition, the thermal 

conductivity of the phonons is similar to that in the normal state. 

4.4 The complete model 

A complete model of trapping in a CPW resonator model involves various processes 

occurring in the superconductor, trap layer, and phonon system and are as follows. 

1. Pair-breaking photons/phonons or sub-gap microwave signals can generate the 

excess quasiparticles. 

2. The excess quasiparticles density, 𝑛𝑛𝑒𝑒𝑒𝑒, from superconductor with average 

energy Δ𝑆𝑆 diffuse into the overlayer or recombine with each other. 
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3. A quasiparticle in the overlayer can either tunnel back or relax to the overlayer 

base state with a bandgap Δ𝑜𝑜 through electron-electron or electro-phonon 

scattering. 

4. The electrons in the normal metal overlayer transfer some of the excess energy 

to phonons via electron-phonon coupling. 

5. Athermal phonons are generated by electron-phonon scattering 3𝐸𝐸𝑡𝑡
4

 and 

quasiparticle recombination with energy 2Δ𝑠𝑠. The superconductor or overlayers 

absorb phonons via phonon scattering with some probability before they leave 

the films. Absorption depends on the band gap of the superconductor and 

overlayer. 

6. Phonons in the overlayer and superconductor layers can exit to the substrate, 

where they transfer energy to the bath, which is at a temperature 𝑇𝑇𝑏𝑏. 

7. Electrons, quasiparticles, and phonons diffuse within the films. 

The overall particle flow in the coupled system is summarized in a block diagram in 

Fig. 4.4. 

 
Fig. 4.4: Block diagram representation of different systems interacting with each other 
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I solved the model numerically to study the impact of a trap layer on the excess 

quasiparticle density in the superconductor and the impact of the trap setback, 𝑠𝑠𝑏𝑏 as 

shown in Fig. 4.5. To measure the impact of the setback, I assumed the quasiparticle 

injection from the edge of the ground plane with a profile similar to the power decay 

profile of CPW given as 𝑃𝑃 ∝ |𝐸𝐸|2 with an electric field defined in Eq. (2.26). This 

assumption helps to understand the impact of overlayer setback distance on the 

quasiparticle density near the ground plane edge but doesn’t include the uniform 

generation of quasiparticles across superconductor. The electron in the overlayer is 

tracked by the electron temperature, 𝑇𝑇𝑜𝑜. The quasiparticles in the superconductor are 

tracked by the excess quasiparticle density, 𝑛𝑛𝑒𝑒𝑒𝑒, which is set by the effective 

quasiparticle temperature, 𝑇𝑇𝑆𝑆. The thermal phonons are tracked by the phonon 

temperature, 𝑇𝑇𝑝𝑝. The temperature and the quasiparticle number density were assumed 

to be constant across the film thickness of the superconducting layers. This is a very 

good approximation because the thickness of my resonators was 1-2 orders of 

magnitude smaller than recombination or trapping distance. 

 

 
Fig. 4.5: Schematic of a cross-section of CPW. ‘s’ is the setback distance of small gap superconductor 

from the edge of the ground plane edge. The injection of the quasiparticle is assumed to be from the 
edge of the ground plane. 
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The behavior of the normal metal trap electron temperature, 𝑇𝑇𝑜𝑜 was found by 

solving the following diffusion equation [107]: 

 
{toκo

d2To
dx2

+ �Πe +
Πp
4

+
3Πp

4
A3Et

4 −O
�𝒫𝒫trap − to𝒫𝒫𝑝𝑝−𝑒𝑒 

+ A2Δs−Ots𝑅𝑅𝑞𝑞𝑞𝑞(nex2 + 2nexnth)Δs} �Θ�𝑥𝑥 − 𝑥𝑥𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇�� = 0. 

(4.22) 

The first term accounts for the diffusion of the electron temperature along 𝑥𝑥. The 

second term accounts for the heating of the overlayer electrons due to power transferred 

from quasiparticles from the superconductor. The third term describes the emission of 

phonons by electrons, and the last term describes the absorption of the athermal 

phonons from the recombination of excess quasiparticles. Here, 𝑡𝑡𝑜𝑜 is the thicknesses of 

the overlayer 𝜅𝜅𝑜𝑜 is thermal conductivity. The terms Πi factors are the ratios of the 

electron relaxation of various modes (electron-electron, electron-phonon, tunneling). 

The probability of absorption of athermal phonons with energy ‘E’ in layer ‘L’ is 

described by the term 𝐴𝐴𝐸𝐸−𝐿𝐿. 𝒫𝒫𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is the quasiparticle trapping power per unit area 

which was defined in Eq. (4.3) . 𝒫𝒫𝑝𝑝−𝑒𝑒 is the power flow per unit volume between 

phonon and electron which is defined in Eq. (4.8). Also, 𝑡𝑡𝑠𝑠 is the thickness of the 

superconducting layer, 𝑅𝑅𝑞𝑞𝑞𝑞 is the recombination rate, 𝑛𝑛𝑡𝑡ℎ is the thermal quasiparticle 

density and Δ𝑠𝑠 is the gap of the superconductor. The Heaviside step function Θ sets the 

location of the overlayer to 𝑥𝑥 > 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 as a function of distance, 𝑥𝑥 from the inner edge 

of the CPW ground plane (see Fig. 4.5). 

The quasiparticle number density, 𝑛𝑛𝑒𝑒𝑒𝑒 in the superconducting layer was 

assumed to obey the following equation 
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 𝑡𝑡𝑠𝑠𝐷𝐷𝑞𝑞𝑞𝑞

𝑑𝑑2𝑛𝑛𝑒𝑒𝑒𝑒
𝑑𝑑𝑥𝑥2

+ 𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥)𝛤𝛤𝑖𝑖𝑖𝑖𝑖𝑖 − �𝛩𝛩�𝑥𝑥 − 𝑥𝑥𝑇𝑇𝑇𝑇𝑎𝑎𝑝𝑝��
(1 − 𝛱𝛱𝑡𝑡𝑡𝑡𝑡𝑡)

𝛥𝛥𝑠𝑠
𝒫𝒫𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 − 

                              �1 − 𝐴𝐴2𝛥𝛥𝑠𝑠−𝑠𝑠�𝑡𝑡𝑠𝑠𝑅𝑅𝑞𝑞𝑞𝑞(𝑛𝑛𝑒𝑒𝑒𝑒2 + 2𝑛𝑛𝑒𝑒𝑒𝑒𝑛𝑛𝑡𝑡ℎ) = 0. 

(4.23) 

The first term describes the diffusion of quasiparticles. The second term describes the 

quasiparticle injection, which creates excess quasiparticles in the superconductor film. 

The third term describes the trapping of quasiparticles due to overlayer, and the last 

term describes the loss of quasiparticles due to recombination. Here 𝐷𝐷𝑞𝑞𝑞𝑞 is the diffusion 

constant of the quasiparticles in the primary superconductor. 𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥) describes the 

injection profile for quasiparticles while 𝛤𝛤𝑖𝑖𝑖𝑖𝑖𝑖 is the injection rate of quasiparticles.  

The phonon temperature 𝑇𝑇𝑝𝑝 was obtained by solving the following diffusion 

equation. 

 (𝑡𝑡𝑠𝑠 + 𝑡𝑡𝑜𝑜)𝜅𝜅𝑃𝑃
𝑑𝑑2𝑇𝑇𝑝𝑝
𝑑𝑑𝑥𝑥2

+ 𝛩𝛩�𝑥𝑥 − 𝑥𝑥𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇�to𝒫𝒫𝑝𝑝−𝑒𝑒 − 𝒫𝒫𝑎𝑎𝑎𝑎𝑎𝑎 = 0. (4.24) 

The first term describes the diffusion of phonons, and the second term describes the 

exchange of energy with the overlayer, and the third term describes the phonon escape 

to the substrate. Here 𝜅𝜅𝑝𝑝 is the phonon thermal conductivity and 𝒫𝒫𝑎𝑎𝑎𝑎𝑎𝑎 is the power 

flow per unit area from phonon system to substrate phonons and is defined in Eq. (4.12). 

4.5 Numerical Solution 

I solved the equations (4.22), (4.23), and (4.24) numerically for boundary 

conditions 𝑑𝑑𝑇𝑇𝑝𝑝
𝑑𝑑𝑑𝑑

= 0, 𝑑𝑑𝑇𝑇𝑝𝑝
𝑑𝑑𝑑𝑑

= 0  and 𝑑𝑑𝑛𝑛𝑒𝑒𝑒𝑒
𝑑𝑑𝑑𝑑

= 0 at 𝑥𝑥 =  0 and 𝑥𝑥 = 𝐿𝐿. The total length L was 

discretized into N-1 steps with step size of 500 nm. The Eq. (4.23) and (4.24) were 

discretized into N equations and Eq. (4.22) into 𝑁𝑁′ steps in the region that defined the 
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trap layer. The equations were solved using a multivariate Newton-Raphson method.  

The variables are given by 

 𝐳𝐳𝐓𝐓𝐨𝐨   = �TO1 ,  … .  ,  TON′�
T

 

𝐳𝐳𝐧𝐧𝐞𝐞𝐞𝐞 = �nex1 ,  … .  ,  nexN�
T

 

𝐳𝐳𝐓𝐓𝐩𝐩  = �Tp1 ,  … .  ,  TpN�
T

 

𝐳𝐳     = �𝐳𝐳𝐓𝐓𝐨𝐨 ; 𝐳𝐳𝐧𝐧𝐞𝐞𝐞𝐞; 𝐳𝐳𝐓𝐓𝐩𝐩� 

(4.25) 

The Eq. (4.23) describing the electron temperature in the overlayer was 

discretized and rearranged, and described by the function 𝑓𝑓𝑇𝑇𝑜𝑜𝑖𝑖  

 𝑓𝑓𝑇𝑇𝑜𝑜𝑖𝑖�𝑇𝑇𝑜𝑜𝑖𝑖−1 ,𝑇𝑇𝑜𝑜𝑖𝑖 ,𝑇𝑇𝑜𝑜𝑖𝑖+1 ,𝑇𝑇𝑝𝑝𝑖𝑖 ,𝑇𝑇𝑆𝑆𝑖𝑖 ,𝑛𝑛𝑒𝑒𝑒𝑒𝑖𝑖,  𝑥𝑥𝑖𝑖� =  

Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� × �𝑇𝑇𝑂𝑂𝑖𝑖+1 − 2𝑇𝑇𝑂𝑂𝑖𝑖 + 𝑇𝑇𝑂𝑂𝑖𝑖−1� 

+Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� �
𝛥𝛥𝑥𝑥2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
� × �𝛱𝛱𝑒𝑒 +

𝛱𝛱𝑝𝑝
4

+
3𝛱𝛱𝑝𝑝

4
𝐴𝐴3𝛥𝛥
4 −𝑂𝑂

�

×
𝛥𝛥

𝑞𝑞𝑒𝑒2ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑁𝑁(0)  �𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖 − 𝑛𝑛�𝑇𝑇𝑜𝑜𝑖𝑖�� 

−Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� �
𝛥𝛥𝑥𝑥2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
� ×  𝑡𝑡𝑜𝑜𝛴𝛴 �𝑇𝑇𝑝𝑝𝑖𝑖

5  − 𝑇𝑇𝑜𝑜𝑖𝑖
5� 

+Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� �
𝛥𝛥𝑥𝑥2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
� × 𝐴𝐴2𝛥𝛥−𝑂𝑂𝑡𝑡𝑠𝑠𝛤𝛤𝑅𝑅�𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖

2 + 2𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖𝑛𝑛𝑡𝑡ℎ�𝛥𝛥 

(4.26) 

 

Similarly, Eq. (4.24) describing the excess quasiparticle distribution in the 

superconductor was discretized and given as follows: 
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𝑓𝑓𝑛𝑛𝑒𝑒𝑒𝑒𝑖𝑖�𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖−1 ,𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖 ,𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖+1 ,𝑇𝑇𝑆𝑆𝑖𝑖 ,𝑇𝑇𝑜𝑜𝑖𝑖 ,  𝑥𝑥𝑖𝑖� = �𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖+1  − 2𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖 + 𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖−1)� 

+�
𝛥𝛥𝑥𝑥2

𝑡𝑡𝑠𝑠𝐷𝐷𝑄𝑄𝑄𝑄
�𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑖𝑖) 𝛤𝛤𝑖𝑖𝑖𝑖𝑖𝑖 

−�
𝛥𝛥𝑥𝑥2

𝑡𝑡𝑠𝑠𝐷𝐷𝑄𝑄𝑄𝑄
�Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�

(1 − 𝛱𝛱𝑡𝑡𝑡𝑡𝑡𝑡)
𝛥𝛥𝑠𝑠

𝛥𝛥𝑠𝑠
𝑞𝑞𝑒𝑒2ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑁𝑁(0)  �𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖 − 𝑛𝑛�𝑇𝑇𝑜𝑜𝑖𝑖�� 

−�
𝛥𝛥𝑥𝑥2

𝑡𝑡𝑠𝑠𝐷𝐷𝑄𝑄𝑄𝑄
� �1 − 𝐴𝐴2𝛥𝛥𝑠𝑠−𝑠𝑠�𝑡𝑡𝑠𝑠𝛤𝛤𝑅𝑅�𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖

2 + 2𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖𝑛𝑛𝑡𝑡ℎ� 

(4.27) 

The Eq. (4.25) describing the phonon interaction was discretized and given as follows: 

 

𝑓𝑓𝑇𝑇𝑝𝑝𝑖𝑖�𝑇𝑇𝑃𝑃𝑖𝑖−1 ,  𝑇𝑇𝑃𝑃𝑖𝑖 ,  𝑇𝑇𝑃𝑃𝑖𝑖+1 ,  𝑇𝑇𝑆𝑆𝑖𝑖 ,𝑇𝑇𝑜𝑜𝑖𝑖 ,  𝑛𝑛𝑒𝑒𝑒𝑒𝑖𝑖 , 𝑥𝑥𝑖𝑖� = �𝑇𝑇𝑝𝑝𝑖𝑖+1 − 2𝑇𝑇𝑝𝑝𝑖𝑖 + 𝑇𝑇𝑝𝑝𝑖𝑖−1� 

+�
𝛥𝛥𝑥𝑥2

(𝑡𝑡𝑠𝑠 + 𝑡𝑡𝑜𝑜)𝜅𝜅𝑝𝑝
�Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� 𝑡𝑡𝑜𝑜𝛴𝛴 �𝑇𝑇𝑝𝑝𝑖𝑖

5  − 𝑇𝑇𝑜𝑜𝑖𝑖
5� 

−�
𝛥𝛥𝑥𝑥2

(𝑡𝑡𝑠𝑠 + 𝑡𝑡𝑜𝑜)𝜅𝜅𝑝𝑝
� 𝜉𝜉�𝑇𝑇𝑃𝑃𝑖𝑖

4 − 𝑇𝑇𝐵𝐵4� 

(4.28) 

This gave 2𝑁𝑁 + 𝑁𝑁’ equations which I grouped together in a single vector 𝐟𝐟(𝐳𝐳) =

�

𝑓𝑓𝑇𝑇𝑜𝑜𝑖𝑖(zTo)
𝑓𝑓𝑛𝑛𝑒𝑒𝑒𝑒𝑖𝑖(𝐳𝐳𝐧𝐧𝐞𝐞𝐞𝐞)
𝑓𝑓𝑇𝑇𝑝𝑝𝑖𝑖(𝐳𝐳𝐓𝐓𝐩𝐩𝐢𝐢)

� and recursively solved to find the solution 𝐟𝐟(𝐳𝐳) = 0. Starting with a from 

startpoint 𝒛𝒛𝒐𝒐, the next guess for the iteration was obtained by solving 𝐟𝐟(𝒛𝒛 + 𝛿𝛿𝒛𝒛) =

𝐟𝐟(𝒛𝒛) + 𝒥𝒥𝑓𝑓(𝒛𝒛)𝜹𝜹𝜹𝜹 = 𝟎𝟎, which gives  

 𝜹𝜹𝜹𝜹 =  −𝐟𝐟(𝒛𝒛)𝒥𝒥𝑓𝑓−1(𝒛𝒛) (4.29) 

Here 𝜹𝜹𝜹𝜹 =  �
𝛅𝛅𝛅𝛅𝐓𝐓𝐨𝐨
𝛅𝛅𝛅𝛅𝐧𝐧𝐞𝐞𝐞𝐞
𝛅𝛅𝐳𝐳𝐓𝐓𝐩𝐩

� and the Jacobian 𝒥𝒥𝑓𝑓(𝒛𝒛) =  �
𝐉𝐉𝟏𝟏𝟏𝟏 𝐉𝐉𝟏𝟏𝟏𝟏 𝐉𝐉𝟏𝟏𝟏𝟏
𝐉𝐉𝟐𝟐𝟐𝟐 𝐉𝐉𝟐𝟐𝟐𝟐 𝐉𝐉𝟐𝟐𝟐𝟐
𝐉𝐉𝟑𝟑𝟑𝟑 𝐉𝐉𝟑𝟑𝟑𝟑 𝐉𝐉𝟑𝟑𝟑𝟑

�. 

 
J11 = �

∂fToi
∂Toi

�
N′×N′

    J12 = �
∂fToi
∂nexi

�
N′×N

     J13 = �
∂fToi
∂Tpi

�
N′×N

 
(4.30) 
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J21 = �
∂fnexi
∂Toi

�
N×N′

    J22 = �
∂fnexi
∂nexi

�
N×N

     J23 = �
∂fnexi
∂Tpi

�
N×N

 

J31 = �
∂fTpi
∂Toi

�
N×N′

    J32 = �
∂fTpi
∂nexi

�
N×N

     J13 = �
∂fTpi
∂Tpi

�
N×N

 

The process was repeated until output converged to a solution. 

4.6 Simulation results 

I solved the model equations for titanium nitride as a superconductor and aluminum 

as the overlayer. The thickness and resistance values determined from measured 

quantities and other constants are calculated from the above-mentioned standard 

relations. For calculations, aluminum is treated as normal metal, and some of the values 

which are difficult to calculate are taken from the ref [107], especially the junction 

parameters. I have chosen an arbitrary injection rate at x=0 which is proportional to the 

ratio of average photon energy in the resonator by the bandgap of the superconductor. 

All the rest of the values used for the calculations are summarized in the tables below. 

Table 4-1: Input values for the TiN resonator with Al overlayer 

Parameter Input Value Description 

Primary SC TiN  
Overlayer  Al  

ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 60 Ω/µm2 Resistance Area product of overlayer 
traps[107] 

𝑡𝑡𝑜𝑜 100 nm Thickness of Overlayer film 
𝑡𝑡𝑠𝑠 100 nm Thickness of Overlayer superconductor 
𝑇𝑇𝑏𝑏 100 mK Bath Temperature 
𝐸𝐸𝑡𝑡 622 𝜇𝜇𝜇𝜇𝜇𝜇 Excess QP energy from TiN to Al 
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Table 4-2: Input parameter values for aluminum 

Parameter Input Value Description 

𝑇𝑇𝐶𝐶 1.2 K Measured TC 
𝑁𝑁(0) 1.16×1010 eV-1 µm-3 Single spin density of states[107] 

𝜌𝜌𝑠𝑠−𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁  3.63×10-7 Ω-cm Measured resistivity near 𝑇𝑇𝐶𝐶 
Θ𝐷𝐷 433 K Debye Temperature 
Σ 2.3 nW/(µm3K3) Electron Phonon coupling[107] 
〈𝑠𝑠〉 4.4×109  µm/s Average phonon speed in Al[107] 

𝜉𝜉 483 pW/(K4-µm2) Acoustic Mismatch coefficient  
[115], [116] 

𝐴𝐴3
4𝐸𝐸𝑡𝑡−𝑜𝑜

 0.86 Phonon Absorption Probability 
[107] 

𝐴𝐴2Δ𝑆𝑆−𝑜𝑜 0.33 Phonon Absorption Probability 
[107] 

𝐴𝐴2Δ𝑆𝑆−𝑠𝑠 0.38 Phonon Absorption Probability 
[107] 

   
Parameter  Calculated Value  

Δ𝑜𝑜 182 µeV Eq. (2.2) 
𝐷𝐷𝑠𝑠−𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 742 cm2/s Eq. (4.15) @ Tc 
𝐷𝐷𝑠𝑠−𝑞𝑞𝑞𝑞  128 cm2/s Eq. (4.18) @ Ts = 0.1 K 
𝜅𝜅𝑝𝑝 7.02×10-13 W/(K-µm) Eq. (4.21) 

   
𝜅𝜅𝑜𝑜 6.74×10-7 W/(K-µm) Eq. (4.19) 

𝜏𝜏𝑝𝑝−𝑒𝑒(2Δ𝑠𝑠) 13.8 ps Eq. (4.10) 

𝜏𝜏𝑝𝑝−𝑒𝑒 �
3
4
𝐸𝐸𝑡𝑡� 36 ps Eq. (4.10) 

𝜏𝜏𝑒𝑒−𝑝𝑝(𝐸𝐸𝑡𝑡) 2.28 ns Eq. (4.9) 
𝜏𝜏𝑒𝑒−𝑒𝑒(𝐸𝐸𝑡𝑡) 29.4 ns Eq. (4.11) 
𝜏𝜏𝑡𝑡𝑡𝑡𝑡𝑡 56.8 ns Eq. (4.7) 
Π𝑝𝑝 0.895 Eq. (4.4) 
Π𝑡𝑡𝑡𝑡𝑡𝑡 0.035 Eq. (4.5) 
Π𝑒𝑒 0.070 Eq. (4.6) 

 
 



 

 

94 
 

Table 4-3: Input parameter values for Titanium nitride 

Parameter Input Value Description 

𝑇𝑇𝐶𝐶 5.3 K Measured TC 
𝑅𝑅𝑞𝑞𝑞𝑞  100 µm3/s Recombination Constant[117] 
𝜏𝜏𝑞𝑞𝑞𝑞 15 µs Quasiparticle lifetime[118] 
𝑁𝑁(0) 2.96×1010 eV-1 µm-3 Single spin density of states[119] 

𝜌𝜌𝑠𝑠−𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁  1.65×10-5 Ω-cm Measured resistivity near 𝑇𝑇𝐶𝐶 
Θ𝐷𝐷 579 K Debye Temperature 

𝐷𝐷𝑠𝑠−𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 1.1 cm2/s Normal state diffusion constant  
   
Parameter  Calculated Value  

𝐷𝐷𝑠𝑠−𝑞𝑞𝑞𝑞 0.09 cm2/s Eq. (4.18) @ Ts = 0.1K 
Δs 804 µeV Eq. (2.2) 

 

4.6.1 Impact of setback distance sb 

I performed a simulation to measure the variation in the quasiparticle density as a 

function of the setback distance for a given quasiparticle injection. Fig. 4.6 shows the 

result of the simulated quasiparticle density from the CPW ground plane. 

 
Fig. 4.6: Simulation results of the quasiparticle number density vs. distance from the ground plane for 

quasiparticle trap resonators with different setback values. 
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The simulation results in Fig. 4.6 show, lowering of quasiparticles near the ground 

plane edge (𝑥𝑥~0).  As the setback distance 𝑠𝑠𝑏𝑏 of the normal metal overlayer increased, 

the density saturated at 𝑥𝑥 = 0 saturated for 𝑠𝑠𝑏𝑏 = 100 µm.  Note however, there was a 

decrease in the integrated density (area under the curves) for all setbacks less than 𝑠𝑠𝑏𝑏 =

150 𝜇𝜇𝜇𝜇. Thus smaller setbacks were preferred. 

 
Fig. 4.7: Overlap Integral of the electric field and quasiparticle number density in the superconductor 

versus setback distances 𝑠𝑠𝑏𝑏  calculated at Tb  = 0.1K and ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡   =  60 𝛺𝛺 𝜇𝜇𝑚𝑚2. 

 

I used an overlap integral of the electric field in the superconductor and the 

quasiparticle number density to estimate the relative effectiveness of the trapping layer 

for various setback distances: 

 
Ioverlap =  

�∫ 𝐸𝐸 × 𝑛𝑛𝑞𝑞𝑞𝑞𝑑𝑑𝑑𝑑�
2

∫|𝐸𝐸|2𝑑𝑑𝑑𝑑
 

(4.31) 

For a simple calculation, I used the electric field present in the resonator ground plane 

without any overlayer, as described by Eq. (2.26). Fig. 4.7 shows the result of variation 
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in overlap integral with setback distances.  There is a decrease in the overlap value for 

setback distances 𝑠𝑠𝑏𝑏  < 100 µm suggesting that the quasiparticle number density in the 

superconducting film decreases with setback distance.  However, I note that this 

calculation does not include the loss from accumulating electrons or quasiparticles in 

the trapping layer, so the actual Q vs. setback may have a different dependence on sb. 

4.6.2 Impact of interface 

The quality of the interface between the overlayer and superconducting layer 

affects the flow of quasiparticles and impacts the trapping effectiveness. The key 

parameter is the interface resistance  ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 reflects the change in the interface quality.  

 
Fig. 4.8: Variation of quasiparticle number density with variation in ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  for 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 20μm.  

 
Fig. 4.8 shows a plot of the quasiparticle density for different interface resistance.  

Examining the plot, we see that for ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 between 0.6 Ωμm2 and 600 Ωμm2, there is 

no change in the quasiparticle at the ground edge, but quasiparticle density decreases 
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significantly underneath the trap layer.  This graph suggests that the contact resistance 

of the overlayer with a small or non-existing tunneling layer may result in better 

trapping effectiveness.  

4.7 The transition from normal metal overlayer to superconductor  

A theoretical study by Riwar et al. [42] of small gap superconductors as traps 

claimed an improved trapping efficiency over normal metal counterparts. For a 

superconductor with a normal metal trap, a high density of states in the primary 

superconductor led to a high backflow into the normal metal traps. While for a 

superconductor trap, the presence of a similar high density of states eliminates the 

backflow. Another significant difference is the suppression of thermal conductivity in 

the superconducting overlayer, as discussed in section 4.3.5. Additionally, 

superconductor traps should contribute low ohmic loss in the high electric field region 

compared to the normal metal layer, but accumulated quasiparticles will still contribute 

loss. 

4.8 Impact on resonator quality factor 

The relationship between quasiparticle number density and resonator quality factor 

is complicated. In my quality factor calculation, I assume that the ground plane and the 

central conductor have the same effective quasiparticle temperature. However, the 

resonators with trap layers on the ground plane modify the quasiparticle distribution 

only in the ground plane, giving two different temperatures for the ground plane and 

central conductor. The contribution to the loss from the ground plane and the central 

conductor depends on the device geometry. In principle, it can be estimated using 
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conformal mapping techniques. Using these geometric factors 𝑔𝑔𝑐𝑐𝑐𝑐𝑐𝑐 and 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 for a 

coplanar waveguide similar to Eq. (2.36), the net quality factor can be approximated as 

1
𝑄𝑄𝑄𝑄𝑄𝑄

∝ 𝑔𝑔𝑐𝑐𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑐𝑐𝑐𝑐 + 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 × 𝑛𝑛𝑔𝑔𝑔𝑔𝑔𝑔. 
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Chapter 5 : Experimental methods 

I fabricated CPW resonators with quasiparticle traps from the MBE-grown titanium 

nitride and aluminum bilayers. I also fabricated aluminum resonators and titanium 

nitride resonators for comparison. In this chapter, I provide details on the resonator 

design and fabrication as well as the measurement processes. 

5.1 Thin-film growth  

All of the films I used were grown and characterized by Dr. Richardson. All the 

films were grown on a 3-inch highly resistive (sheet resistance > 5kΩ-cm) float zone 

refined silicon (111) wafer in a plasma-assisted molecular beam epitaxy (MBE) system 

with a base pressure less than 10-10 mbar at LPS. High resistive wafers ensured a high-

impedance path for the microwave signals through the substrate and had a low oxygen 

impurity concentration which is necessary to achieve low-loss superconducting 

circuits.  

The silicon wafer was first ex-situ degreased by a solvent series of acetone, 

methanol, and isopropyl alcohol to remove organic surface contaminants. Next, the 

wafer was sequentially etched with 5% HF and 40% NH4F to remove the native surface 

oxide and obtain step edges on Si(111) plane. Then the wafer was in-situ thermally 

treated in the UHV MBE chamber sequentially at 200℃ and 800℃ to remove moisture, 

hydrogen, fluorine, and residual oxide from the silicon surface.  

For the aluminum-titanium nitride bilayer, the 100-nm thick titanium nitride film 

was grown using the near-simultaneous introduction of titanium and nitrogen flux with 

a growth temperature of 750℃. The substrate was cooled to 100℃, and a 100-nm-thick 
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aluminum layer was grown on top [120], [121]. Sequential growth of titanium nitride 

and aluminum without exposure to the atmosphere helped to ensure a good metal to 

metal junction (S1S2) without an insulating layer between them.  

After deposition, I characterized the material and electrical properties of the films. 

The film's surface was investigated using atomic force microscopy (AFM). The AFM 

showed a smooth surface with peak-to-peak roughness less than 20 nm with an overall 

RMS roughness of 3.5 nm, as shown in Fig. 5.1. 

I also measured the thickness of the films using the cross-sectional SEM. The 

corresponding SEM image is shown in Fig. 5.2. The layers of aluminum, titanium 

nitride and silicon are clear and indicate no obvious intermixing of layers. Aluminum 

with the highest conductivity is the brightest of the three. The thickness measurement 

gave a 96 nm thickness for titanium nitride and 101 nm for the aluminum films.  

 
Fig. 5.1: AFM image of Al on TiN 



 

 

101 
 

The cross-sectional SEM and measured peak-to-peak roughness by AFM show 

the continuity of the films. The lateral correlation length of the surface roughness of 

the films is lower than the coherence lengths of both TiN[122] and Al[123], which 

suggests the supercurrent will not be affected.  There is a possibility that variations in 

the microstructure and local composition variations may create nanometer scale 

variations in 𝑇𝑇𝐶𝐶[124], which may create energetically favorable sites for quasiparticle 

trapping.  Additionally, the growth of both layers of this heterostructure in a single 

MBE system helps prevent interface defects that may contribute to TLS loss.  Neither 

of these local affects are included in the model explicitly.   

 

 
Fig. 5.2: Cross-sectional SEM of Al-TiN layers 
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Fig. 5.3 Symmetric X-ray diffraction of a bilayer of TiN-Al. Data indicates relaxed Al and TiN layers 

Next, symmetric x-ray diffraction was performed to investigate the 

crystallographic structure. The diffraction pattern shows distinct peaks corresponding 

to Si (111) at 14.2°, TiN (111) at 18.4°, and Al (111) at 19.3°, as shown in Fig. 5.3. The 

Al and TiN peaks correspond to the expected crystal peak, implying relaxed aluminum 

and titanium nitride layers without any thin interfacial reaction of the elements or alloy 

formation.  

To build the reference titanium nitride resonators, I selected a die from the Al-

TiN bilayer wafer and etched off the aluminum using an aluminum etchant. The 

aluminum etchant does not etch the titanium nitride film. This ensures the use of the 

same crystal quality titanium nitride for comparison. 

Additionally, 100-nm-thick aluminum films were grown on a separate 3-inch 

float zone refined silicon (111) wafer by Dr. Richardson. First, the silicon wafer was 

treated with standard ex-situ and in-situ processes. The silicon surface was exposed to 

a nitrogen flux for 15 min before aluminum deposition at the substrate temperature of 
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100℃. Symmetric x-ray diffraction showed the presence of a relaxed aluminum film 

on silicon.  

All three films were measured for their respective critical temperatures. The 

measurements were made on 5 mm × 10 mm chips from each set with Kelvin probes 

mounted in a delta mode measurement system in an adiabatic demagnetization 

refrigerator (ADR). The temperature variation of resistance is shown in Fig. 5.4.  

 

Fig. 5.4: DC measurements of resistance of Al-TiN bilayer, TiN layer, and Al layer vs. temperature. 
The Tc and RRR of the films are shown in the inset. 

The critical temperature (TC) for the titanium nitride was 5.3 K, aluminum- 

titanium nitride bilayer at 4.47 K, and bare aluminum at 1.2 K.  Since the  TC of Al-TiN 

bilayer (4.47 K) is higher than bare aluminum film (1.2 K) and lower than the single 

layer of TiN, it suggests the aluminum layer may be proximitized by the titanium nitride 

beneath it, consistent with relatively good contact between the layers. [125], [126]. The 

corresponding residual resistance ratio, RRR for Al, was 25.7, TiN was 2.3, and Al-

TiN bilayer was 12.3. 
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5.2 Mask Design 

The resonators with quasiparticle traps require a two-step optical lithography 

process, as shown in Fig. 5.9. The first mask was used to define the feature with the 

size of the resonator (w+2g) plus twice of setback (𝑠𝑠𝑏𝑏) for the eventual resonator 

features defined by the second mask. The first mask was named 'Overlayer mask,' and 

the second was named 'Resonator mask.' Both masks were divided into four quadrants, 

with each quadrant having a unique set of setback combinations which gives the option 

of obtaining 4 dies in a single fabrication process. Each quadrant corresponds to a 6 

mm × 6 mm chip. The primary features of the 'Resonator masks' were: 

• Resonators have one end shorted quarter-wavelength CPW waveguide with a 

frequency ranging from 4-6 GHz. 

• Each quadrant had frequency multiplexed resonators that are capacitively 

coupled with a single feed line. Multiplexing allows multiple resonator 

measurements from a single chip in a single measurement cycle. 

• Each resonator had a central conductor width of w=16 µm and g = 8 µm while 

the feed line had a central conductor width of 31 µm and a gap of 14 µm. 

• To avoid crosstalk, the minimum spectral spacing between the resonator 

frequencies is 𝑓𝑓𝑜𝑜/𝑄𝑄[127]. For a resonator with a resonance frequency of 5 GHz 

and a quality factor of 105-106, the minimum required spacing was 50 kHz.  In 

the mask design, a frequency spacing of 180 MHz was chosen to minimize the 

crosstalks. 

• The resonators were designed for substrates with a dielectric constant 𝜖𝜖 = 10, 

similar to silicon and sapphire. The resonator length ranges from 7.1 mm to 4.2 
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mm for the given frequency range and dielectric constant. The resonators were 

designed in a serpentine manner to optimize the chip area better. Each resonator 

is designed with 3 straight sections and two 180-degree turns with radius vary 

depending on the setback. 

• Each straight section of a resonator was spatially separated by a distance of 

seven times greater than the width (w+2g) of the resonator to reduce parasitic 

coupling between the arms. 

• The ground plane was perforated with holes to provide locations for vortices to 

be trapped far from the resonator. 

The primary features of the 'Overlayer masks' were: 

• The overlayer mask had slots tracking the resonator features with variable 

setback distances. The setback distances varied between 1 µm and 150 µm to 

capture the impact of the overlayer on resonator performance. 

• A square wave pattern was added at the ground plane edge to ensure wire 

bonding from package ground to both layers.  

• A set of alignment marks were included to align with the resonator mask.  

Fig. 5.5 shows a zoomed-in image of the two masks superimposed over each other 

near the feedline. The red region shows the resonator mask, while the green shows the 

overlayer mask. The distances 𝑠𝑠𝑐𝑐 and 𝑙𝑙𝑐𝑐 determine the coupling of the resonator and 

the feedline. The values were chosen such that the coupling quality factor 𝑄𝑄𝐶𝐶 ~200k. 

Resonator 1 and resonator 2 had different setbacks 𝑠𝑠𝑏𝑏1 and 𝑠𝑠𝑏𝑏2 on both sides of the 
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resonator. Overlayer was kept at a distance 𝑠𝑠𝑐𝑐 + 2𝑔𝑔 + 𝑤𝑤 far from the feedline to ensure 

minimal impact from the overlayer. 

 

Fig. 5.5: Zoomed in view if the superimposed resonator with overlayer masks 

 

 
Fig. 5.6: Overlayer mask design. 



 

 

107 
 

 
Fig. 5.7 Resonator mask design. 

 

Fig. 5.8 Overlayer mask overlayed on the resonator mask. 
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Fig. 5.6 and Fig. 5.7 show the final overlayer and resonator designs. Fig. 5.8 shows 

the superimposed masks corresponding to the final device design. Finally, I note that I 

used Cadence Virtuoso Layout editor design masks. 

5.3 Device Processing and Packaging 

I fabricated resonators in the class-10 device processing cleanroom at LPS. The 

above-grown 3-inch wafer is diced into 16mm × 16 mm chips, and each chip was 

processed separately to make devices. The chip went through the two-step lithography 

process, as shown in Fig. 5.9 for the quasiparticle trap devices. The aluminum and 

titanium nitride resonators were fabricated with a one-step lithographic process using 

the resonator mask. The aluminum resonator used a different mask with resonators with 

central conductor width of 6 µm and a gap of 3 µm. TiN resonators were patterned 

using the RIE etch while aluminum was wet etched. The processing steps are described 

below. 

5.3.1 Lithography steps 

 
1. First, the chip was thoroughly cleaned by ultrasonication in acetone, methanol, 

and iso-propyl alcohol (IPA) solvents to remove any organic contaminants. The 

wafer was optically observed under a microscope for any particulates.  

2. The overlayer pattern was transferred using an i-line (365 nm) negative 

photoresist (PR) AZ® nLOF 2020. The GCA ALS stepper transferred the 

photomask image to the substrate with a 5x reduction. The exposed photoresist 
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was baked and developed using a matching Tetramethylammonium hydroxide 

(TMAH) based developer AZ® 300 MIF Developer.   

 
Fig. 5.9: Processing steps 

 

3. The chip was wet etched with Transene Type A aluminum etchant for ~120 s 

to remove the aluminum layer. The etchant selectively etches the aluminum 

without harming the TiN underneath. 

4. The PR was then stripped with a series of N-Methyl-2-pyrrolidone (NMP) 

based Microposit 1165 solvent baths. 

5. The solvent clean was repeated before the following lithographic process. 

6. The resonator pattern was transferred using a negative photoresist. Extreme 

care was taken to match the existing overlayer pattern using alignment marks.  

7. It was then dry etched in a PlasmaTherm inductive coupled reactive ion system 

using a gas mixture of 12.5 sccm BCl3 and 2.5 sccm Cl2 and RF power of 500 
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W for 5 min.  Sufficient etching time allowed for etching the silicon to about 

300 nm. 

8. The PR was stripped with a series of Microposit 1165 solvent baths and a final 

clean with deionized water and IPA. 

9. The device was optically inspected to record any defects. 

10. The chip was PR coated and diced into 6 mm ×6 mm samples in a Disco DAD 

4230 dicing saw using disco’s blade ZH05-SD2000-N1-50 at a feed rate of 

5mm/s. 

11. The 6 mm ×6 mm chips were again cleaned using 1165 and solvent baths to 

strip the protective PR. 

Fig. 5.10 shows a dark field image of the aluminum etched overlayer, while Fig. 5.11 

shows a final device for one of the quadrants. Fig. 5.10 also shows the alignment marks 

essential for aligning the overlayer pattern with the resonator pattern. Close 

examination of the photo shows I achieved an alignment error of around 130±65 nm. 

5.3.2 Packaging steps 

Diced 6 mm × 6 mm samples were packaged in a copper mount and electrically 

connected to a PCB. The packaging was done outside the cleanroom. Chris Weddle 

from the Richardson group helped me with packaging. First, the copper package was 

sandpapered and solvent cleaned to remove the oxide layer to improve thermalization.  

The PC board was attached to the copper block with an indium foil interface for better 

thermal conductance. Next, the non-magnetic SMA connectors were soldered to the 

PCB to connect with the adiabatic demagnetization refrigerator (ADR).  Care was taken 
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to ensure that components used in packaging are non-magnetic. The chip was directly 

attached to the copper block using GE varnish, which aided it to thermalize efficiently, 

initially with the package and eventually with the fridge. The chip was then wire-

bonded with the PCB. Both TiN and Al layers were separately and sufficiently wire 

bonded, as shown in Fig. 5.12(a). Additionally, the wirebonds were made across the 

transmission line to reduce unwanted parasitic mode due to the differential ground 

plane potential.  Fig. 5.12(b) shows the wirebonds across the feedline. Before the final 

loading into the ADR, the package underwent another solvent clean using acetone, 

methanol, and IPA to remove any contaminants accumulated during the mounting and 

wire bonding steps. A sample final packaged resonator is shown in Fig. 5.13. 

 

 

Fig. 5.10: The optical image of the chip after patterning the aluminum layer. The image also shows the 
alignment marks used to align for the next mask 
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Fig. 5.11: Final processed die after patterning the resonator features 

 

 

Fig. 5.12: (a) Optical photograph showing ground plane wirebonds for both Al and TiN layers (b) 
Wirebonds across the feedline to reduce parasitic modes due to unequal potential of ground planes 

 

5.4 Resonator Measurement Setup 

I measured the resonators in a High Precision Devices (HPD) adiabatic 

demagnetization refrigerator (ADR). Fig. 5.14 shows a schematic of the ADR 
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connections.  The input signal of 0dBm from the Agilent E5072A vector analyzer fed 

into a variable attenuator for a dynamic range of testing power applied to the DUT. The 

input path contained a series of attenuators that attenuate the input signal by 70 dB to 

reduce the room temperature thermal noise from the electronics entering devices at the 

colder stage. DC blocks were on the input and output lines to prevent unwanted DC 

signals from traveling to the resonator. On the return line, a Low Noise HEMT 

amplifier CITCRYO 4-8A amplified the output signal improving its signal-to-noise 

ratio. Isolators blocked any reflection from the amplifier to the device without impeding 

the signal from traveling up the output lines. All the components were anchored to the 

respective stages to obtain maximum thermalization to reduce any black body radiation 

present in cables. The device under test (DUT) was attached to the 50 mK stage, where 

the base temperature reaches around 40-50 mK. 

 
Fig. 5.13: Sample cooper package with resonator chip ready for ADR characterization 

 
A light-tight copper enclosure surrounded the DUT to isolate the device from any 

stray external electric field. An Amuneal Mu-metal shield at the 3k stage protected the 

device from stray magnetic fields.  



 

 

114 
 

 
Fig. 5.14: Schematic of setup in the Adiabatic Dilution Refrigerator (ADR). 

 
It was further enclosed in a radiation shield containing a black coating with high 

absorptivity at the 3K stage to prevent any black body radiation or stray light from 
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higher stages [35]. These boxes were finally enclosed with two more radiation shields 

attached to the 50 K and 300K stages to prevent heat absorption from higher 

temperature stages.  The entire system was pumped to a high vacuum to eliminate 

heating via thermal conduction through gas molecules. The components between 

various stages were connected via low thermal conductive semi-rigid stainless steel 

(SS-085 and SS-47) cables or NbTi superconducting cables. These also provided 

additional attenuation to the input line signals. On the other hand, the same stage 

components were connected via copper lines to reduce RF loss. 

5.5 Measurement and analysis of the resonator quality factor 

The loaded quality factor of the resonator was determined from the measurement 

of the complex transmission coefficient, 𝑆𝑆21(𝑓𝑓), which is the ratio of the voltage 

amplitude 𝑉𝑉2 at the output port divided by voltage amplitude 𝑉𝑉1 at the input port. The 

loaded quality factor, 𝑄𝑄𝑇𝑇, includes the energy loss from all sources, including internal 

losses and from a coupling between the feedline and resonator. 𝑄𝑄𝑇𝑇 is given by  

 1
𝑄𝑄𝑇𝑇

=
1
𝑄𝑄𝐼𝐼

+
1
𝑄𝑄𝐶𝐶

 
(5.1) 

where 𝑄𝑄𝐶𝐶 is the coupling quality factor, which depends on the coupling capacitance 

and 𝑄𝑄𝐼𝐼 is the internal quality factor. To first order for 𝜔𝜔𝑜𝑜𝐶𝐶𝐶𝐶𝑍𝑍𝑙𝑙 ≪ 1 and a matched 

transmission line, the coupling quality factor is given by [127] 

 1
𝑄𝑄𝐶𝐶

=
𝜋𝜋

4𝑍𝑍𝑜𝑜𝑍𝑍𝑙𝑙(𝜔𝜔𝑜𝑜𝐶𝐶𝑐𝑐)2 
(5.2) 



 

 

116 
 

where 𝑍𝑍𝑜𝑜 and 𝑍𝑍𝑙𝑙 are the characteristic impedance of the feedline and transmission line 

of the resonator, 𝜔𝜔0 is the resonant frequency and 𝐶𝐶𝑐𝑐 is the coupling capacitance. For a 

matched input and output impedance, the transmission response has a symmetric dip 

near resonance. Mismatch in the transmission line port impedance and the parasitic 

series impedance of the feedline leads to asymmetry in the transmission response, as 

seen in Fig. 5.15(a). The asymmetry manifests itself as a complex coupling quality 

factor[128]. The transmission coefficient of the resonator, including all the non-

idealities, can be written as [70] 

 

𝑆̃𝑆21(𝑓𝑓) = 𝑒𝑒𝑖𝑖(𝜃𝜃+𝜅𝜅𝜅𝜅) �1 −
�𝑄𝑄𝑇𝑇 𝑄𝑄𝐶𝐶� � 𝑒𝑒𝑖𝑖𝑖𝑖

1 + 2𝑖𝑖𝑄𝑄𝑇𝑇 �
𝑓𝑓 − 𝑓𝑓0
𝑓𝑓0

�
� 

(5.3) 

The angle 𝜃𝜃 accounts for the phase shift due to the measurement system and 

components in the output and input lines, 𝜅𝜅𝜅𝜅 represents the phase shift introduced due 

to the input and output cable path length. 𝜙𝜙 represents the coupling phase. The exact 

source of these artifacts is not relevant to understanding the resonator behavior.  In all, 

seven parameters need to be extracted from fitting the data with the fit function: 

𝜃𝜃, 𝜅𝜅𝐿𝐿,𝜙𝜙,𝑄𝑄𝑇𝑇 ,𝑄𝑄𝐶𝐶 ,𝑄𝑄𝐼𝐼 and 𝑓𝑓0. These parameters are extracted by plotting the transmitted 

data in both parametric and complex spectral domains.  In the complex plane, the 

𝑆̃𝑆21(𝑓𝑓) data forms a circle, as shown in Fig. 5.16(a). Each blue point represents the 

measured value at different frequencies. The red star represents the resonant frequency. 

The points at the edge of the circle correspond to the start and end data points. The 

diameter of the circle gives an initial estimate for 𝑄𝑄𝑇𝑇/𝑄𝑄𝐶𝐶. For a symmetric resonance, 

the circle is symmetric about the real axis with the circle's center and point 
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corresponding to resonance lying on the real axis. The non-zero coupling phase 𝜙𝜙 and 

the term 𝑒𝑒𝑖𝑖(𝜃𝜃+𝜅𝜅𝜅𝜅) leads to the rotation and translation of the circle. For certain 

conditions, even a spiral nature can be introduced in the data. A geometric circular fit 

of the circle gives values for 𝜃𝜃,𝜙𝜙  and 𝜅𝜅𝜅𝜅. [128], [129].  

𝑄𝑄𝐼𝐼 is not directly determined by the fitting function described by Eq. (5.3) as it 

fits for 𝑄𝑄𝑇𝑇 and 𝑄𝑄𝐶𝐶 which need to be solved for 𝑄𝑄𝐼𝐼 using Eq. (5.1) . Instead inverse 

𝑆̃𝑆21(𝑓𝑓) gives 𝑄𝑄𝐼𝐼 directly as a fitting parameter. The 𝑆̃𝑆21−1(𝑓𝑓) is given as 

 

𝑆̃𝑆21−1(𝑓𝑓) = 𝑒𝑒−𝑖𝑖(𝜃𝜃+𝜅𝜅𝜅𝜅) �1 +
𝑄𝑄𝐼𝐼
𝑄𝑄𝐶𝐶

𝑒𝑒𝑖𝑖𝑖𝑖 
1

1 + 2𝑖𝑖𝑄𝑄𝐼𝐼 �
𝑓𝑓 − 𝑓𝑓0
𝑓𝑓0

�
� 

(5.4) 

Similarly, 𝑆̃𝑆21−1(𝑓𝑓) also generates a circle in the complex plane, as shown in Fig. 5.16(b) 

with the corresponding resonant frequency marked with a star. Fig. 5.15(c) and (d) 

show the corresponding magnitude and phase data. The magnitude of 𝑆̃𝑆21−1(𝑓𝑓) generates 

a peak at the resonance.  The diameter of the circle in the complex 𝑆̃𝑆21−1(𝑓𝑓)  plane gives 

𝑄𝑄𝐼𝐼
|𝑄𝑄𝐶𝐶|

. A significant difference between the 𝑆̃𝑆21−1(𝑓𝑓) and 𝑆̃𝑆21(𝑓𝑓) data in complex plane is 

that off-resonance data gets to cover a relatively small region in the 𝑆̃𝑆21−1(𝑓𝑓) data circle 

compared to the 𝑆̃𝑆21(𝑓𝑓) which can also be noted in Fig. 5.16. Hence it is required to 

collect a significant number of data points near resonance. 
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Fig. 5.15: (a)&(b) The magnitude and phase data of 𝑆𝑆21(𝑓𝑓) and (c)&(d) corresponds to 𝑆𝑆21−1(𝑓𝑓) for 

aluminum resonator Al-R04 at T=45 mK and 𝑛𝑛𝑝𝑝 = 1.1 × 105 

 

 
Fig. 5.16: Circle fits for(a) 𝑆𝑆21 and (b) 𝑆𝑆21−1. ‘*’ shows the position of resonant frequency in both the 

plots for aluminum resonator Al-R04 at T=45 mK and 𝑛𝑛𝑝𝑝 = 1.1 × 105 

The calculation of 𝑄𝑄𝐼𝐼 from the real and imaginary values of 𝑆𝑆21 suffers from the 

additive noise present in the measurement system and error propagation of calculating 

𝑄𝑄𝐼𝐼 from extracted values of 𝑄𝑄𝐶𝐶 and 𝑄𝑄𝑇𝑇.  Even though using 𝑆𝑆21−1(𝑓𝑓)  leads to a complex 

relationship between noise and data, error propagation is by far the largest concern of 

extracting resonance parameters from data fitting routines. 
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5.5.1 Data Measurement Procedure 

Here I present a brief description of the overall data collection procedure, fitting, and 

analysis procedure that I used for characterizing the resonators. 

1. First, a broad frequency sweep is performed to identify the resonant frequencies 

of the various resonators in the package.  Spikes in the derivative phase, 

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑� Were used to identify the resonator frequencies. 

2. Next, each resonator was measured on a timescale near each resonance to be 

further refined using an automated protocol. 

3. Around the refined frequency location, complex 𝑆𝑆21(𝑓𝑓) data was collected 

using a segmented frequency sweep with sparse data points for the off-

resonance region and denser points near the resonance.  

4. The data were averaged if required to obtain SNR ~ 5 for the complex plane’s 

geometric fit.  

5. The data was repeatedly collected at different RF power to obtain the power 

dependence of the resonator quality factor by adjusting the variable attenuator. 

The highest measured power level for the resonator was below the power, which 

could induce nonlinear effects in the resonance like resonance bifurcation, 

compression of output due to amplifier saturation [130], [131]. The Al and TiN 

resonators were measured for total input powers lower than -95 dBm and -90 

dBm, respectively, for the designed coupling of the resonators with the feedline.  

6. After collecting the power dependent data at a specific temperature, the 

refrigerator temperature was increased at 1 mK per 20 s using the temperature 

regulation module of ADR control software. After reaching the final 
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temperature, the fridge was allowed to thermalize for 30 min before taking the 

data. 

7. The temperature was adjusted from a base temperature of 50 mK in steps of 30-

40 mK to a maximum temperature of Tc/4. For aluminum, the maximum 

temperature is 320 mK, while for TiN is 1.1-1.2 K. 

8. After the thermalization, the power dependent measurement was repeated. 

 

5.5.2 Fitting procedure 
 

1. The data was treated to remove any amplitude and phase artifacts. An initial 

estimate for  𝑓𝑓𝑜𝑜 and quality factors were made.  

2. Using the initial estimates, the linear least-squares fit was performed on the real 

and imaginary parts of 𝑆̃𝑆21−1(𝑓𝑓) to find the best fit values of 𝑓𝑓0,𝑄𝑄𝐶𝐶 , and 𝑄𝑄𝐼𝐼. The 

output of the fits on the complex 𝑆̃𝑆21−1 for one of the sample data for the Al 

resonator Al-R04 is shown in Fig. 5.16(b). The corresponding fit on 𝑆̃𝑆21(𝑓𝑓) is 

shown in Fig. 5.16(a).  Both the fits track the data well, which can be seen in 

the corresponding magnitude and phase fits in Fig. 5.15 for both 𝑆̃𝑆21(𝑓𝑓) and 

𝑆̃𝑆21−1(𝑓𝑓). Fig. 5.17 shows the extracted 𝑄𝑄𝐼𝐼 at varying photon numbers for an 

aluminum resonator Al-R04 at 45 mK. 

3. As 𝑄𝑄𝐶𝐶 of resonators primarily depends on the device's geometry, it should be 

temperature and power independent. But the measured data still contain power 

and temperature dependency due to the uncertainty in data which leads to 

parameter variation. Fig. 5.18 shows a sample power dependence of coupling 



 

 

121 
 

quality factor 𝑄𝑄𝐶𝐶 for the aluminum resonator Al-R04, which does not have a 

proper trend. To eliminate any dependency, a median of all extracted 𝑄𝑄𝐶𝐶 for 

power (𝑛𝑛 > 103) and temperatures below 𝑇𝑇𝑐𝑐
10

  was taken. The data was then 

refitted to extract parameters 𝑓𝑓0 and 𝑄𝑄𝐼𝐼 with the fixed 𝑄𝑄𝑐𝑐. 

  

Fig. 5.17: Sample power dependent of 𝑄𝑄𝐼𝐼  versus photon number for aluminum resonator Al-R04 at T = 
45 mK. 
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Fig. 5.18: Sample power dependence of 𝑄𝑄𝑐𝑐 versus photon power for aluminum resonator Al-R04 at T 

= 45 mK 

5.5.3 Analysis procedure  

1. For each 𝑆̃𝑆21(𝑓𝑓) measurement, the input power applied to the resonator 𝑃𝑃𝑖𝑖𝑖𝑖 can 

be related to an average photon number present in the resonator by the standard 

relation when driven at its resonance frequency[80]  

 
〈𝑛𝑛𝑝𝑝〉 =

2
ℏ𝜔𝜔𝑟𝑟

𝑄𝑄𝑇𝑇2

𝑄𝑄𝐶𝐶
𝑃𝑃𝑖𝑖𝑖𝑖 

(5.5) 

Here 𝜔𝜔𝑟𝑟 = 2𝜋𝜋𝑓𝑓𝑜𝑜 is the angular resonance frequency in rad/s. The attenuation in the 

input line of the ADR was measured to be -71.7 dB at 5GHz. 

2. A power dependent quality factor fit based on the TLS model that assumes a 

standard distribution of TLS as given in Eq. (5.6) was performed[70], [121].  
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 1
𝑄𝑄𝐼𝐼

=
1
𝑄𝑄𝐴𝐴

+
1

𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇
𝑇𝑇𝑏𝑏

1

�1 + �
𝑛𝑛𝑝𝑝
𝑛𝑛𝑐𝑐
�
𝛼𝛼 

(5.6) 

Here I have treated  𝑄𝑄𝐴𝐴,  𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇
𝑇𝑇𝑏𝑏  , 𝑛𝑛𝑐𝑐  and 𝛼𝛼 as free parameters. As discussed previously, 

if TLSs are responsible for the observed power dependence of 𝑄𝑄𝐼𝐼, we should obtain 𝛼𝛼 

= 1. Significant deviation from this value is the evidence for non-TLS mechanisms. 

3. Using the fit values, 𝑄𝑄𝐼𝐼 was interpolated for the photon numbers 100, 101, 102, 

103, 104, 105, 106. A sample power dependent data of an aluminum resonator 

measured at T = 45 mK is shown in Fig. 5.17. The blue circles represent the 

data measured at different input power. The power has been translated to the 

corresponding photon number as described above. The blue curve shows the 

best fit on the data using Eq. (5.6).  The interpolated values of 𝑄𝑄𝐼𝐼 at its desired 

photon numbers shown here by red stars. 

4. For each photon number, 𝑄𝑄𝐼𝐼 from different temperatures were grouped for the 

temperature dependent fits to Eqs. (3.18)-(3.20).  A sample temperature 

dependent fit of the aluminum resonator for the photon number 〈𝑛𝑛𝑝𝑝〉 =100 is 

shown in Fig. 5.19. The DC measured critical temperature of the aluminum was 

1.20 K, and temperature data were collected until 𝑇𝑇 < ~ 𝑇𝑇𝑐𝑐
4

 ~ 0.32 K. I discuss 

a detailed analysis of this data in the next chapter. 
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Fig. 5.19: Internal quality factor 𝑄𝑄𝐼𝐼  versus temperature fit on aluminum resonator Al-R04 for np= 100 
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Chapter 6 : Resonator measurements 

In this chapter, I describe my measurements of resonators at different applied 

microwave power at different temperatures to obtain the power and temperature 

dependence of their quality factors. The titanium nitride and aluminum resonators are 

measured, and the proposed TLS-quasiparticle power-temperature model is applied to 

extract the loss parameters and explore the model assumptions.  Additionally, the 

quasiparticle trap devices are measured, and their performances are compared with a 

bare TiN resonator to determine the role of setbacks on quasiparticle trapping 

efficiency and other model parameters. 

6.1 TiN resonators 

The two titanium nitride resonators TiN-R02 and TiN-R06, were measured at 

microwave powers corresponding to average photon numbers ranging from 100 -106 at 

temperatures from 40 mK to 1.18 K with 30-50 mK intervals. These resonators had a 

critical temperature, 𝑇𝑇𝐶𝐶 of 5.3 K.   

Both resonators had a loss with similar power and temperature dependence, only 

the data for TiN-R02 is presented here. First, comparing the individual 𝑆𝑆21(𝑓𝑓) fits for 

all temperature and power. The extracted 𝑄𝑄𝐶𝐶 from individual 𝑆𝑆21(𝑓𝑓) at different powers 

and different temperatures is presented in Fig. 6.1. The variation in the 𝑄𝑄𝐶𝐶 does not 

have a clear trend. As discussed in section 5.5.2, to reduce the variability in 𝑄𝑄𝑐𝑐, I chose 

a constant value of 149,000 for all power and temperature spectra and refit the whole 

dataset to extract other resonance parameters, primarily 𝑄𝑄𝐼𝐼 and 𝑓𝑓𝑜𝑜.  
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Fig. 6.2 shows the temperature and power variation of extracted 𝑓𝑓𝑜𝑜 with fixed 𝑄𝑄𝐶𝐶. 

There is a temperature dependence of resonant frequency with temperature due to the 

increased participation of thermal quasiparticles. The relative variation of resonant 

frequency for the whole data is 1.2e-5. The impact of this variation is small for my 

model, hence I have used a constant frequency, 𝑓𝑓0, of 4.46956 GHz.   

 
Fig. 6.1: Coupling quality factor 𝑄𝑄𝐶𝐶  the resonator TiN-R02 versus photon number at different 

measured temperatures from individual S21 fits for non-fixed 𝑄𝑄𝐶𝐶   

For TiN-R02, the single-photon quality factor, 𝑄𝑄𝐼𝐼, of 400,000 at the lowest 

measured temperature of 40 mK. These power and temperature dependence of 𝑄𝑄𝐼𝐼 was 

further analyzed with the model governed by Eqs. (3.18)-(3.20), using the analysis 

protocol described in the last chapter. Additional considerations were made to limit the 

variability of the model parameters for the data series.  The equations (3.18)-(3.20) 

have seven fitting parameters, three each for TLS: 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 , 𝑛𝑛𝑐𝑐, and 𝛼𝛼; and quasiparticle 

loss: 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒, 𝜅𝜅, and 𝑠𝑠; while 𝑄𝑄𝐴𝐴 represents the non-power and temperature loss. Ideally, 

the governing equations wholly capture the temperature dependence of TLS and 
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quasiparticles. Hence, I have considered all the parameters in this model to be 

temperature independent. The exact nature of the trapping rate s, external quasiparticle 

generation rate 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 and excess quasiparticle loss parameter 𝜅𝜅 are not known, so I have 

treated them as power dependent parameters. In the device design, I had incorporated 

various constraints to reduce non-TLS and non-quasiparticles losses. Therefore, I had 

set 𝑄𝑄𝐴𝐴 (inverse of the non-power, non-temperature loss) to a sufficiently high constant 

value of 2×107.   

 
Fig. 6.2: Resonant frequency of the resonator TiN-R02 versus photon number at the different measured 

temperature 

 
The independent temperature fits using Eqs. (3.18)-(3.20) for each photon power 

treats 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 ,𝑛𝑛𝑐𝑐, and 𝛼𝛼 as independent parameters. I performed initial fit for all powers 

by keeping two of the three parameters constant across all powers and allowed the third 

parameter to vary. In this case, I kept  𝑛𝑛𝑐𝑐 and 𝛼𝛼 constant and varied 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 . After the first 

round of fits for all powers, I obtained different values of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0  at different powers. 
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Using the relation 1
𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇
∗ = 1

𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇
𝑜𝑜 � 1

�1+� 𝑛𝑛𝑛𝑛𝑐𝑐
�
𝛼𝛼�, I calculate the effective temperature 

independent component of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇∗  for each power. I then refitted the 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇∗  using the above 

relation and extracted a single value of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 ,𝑛𝑛𝑐𝑐, and 𝛼𝛼. I repeated the temperature fits 

for all powers using extracted 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 ,𝑛𝑛𝑐𝑐, and 𝛼𝛼 values as the starting point for the next 

iteration of fits. The process is repeated to improve the fit and to converge for power-

independent values of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 , 𝑛𝑛𝑐𝑐, and 𝛼𝛼.  Since I simultaneously performed temperature 

fits for different powers to extract a unique value of  𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 ,𝑛𝑛𝑐𝑐, and 𝛼𝛼 , the overall fit 

routine is a power and temperature fit of the whole data set. 

As I described earlier in section 3.3, the interdependence of 𝐼𝐼𝑒𝑒𝑒𝑒𝑡𝑡 and 𝑠𝑠 makes it 

challenging to capture the power dependence of both parameters simultaneously. To 

reduce the complexity of fit, I chose to keep one constant and the other one as a 

variable. According to Eq. (3.21), xqp,Tlow increases with increasing 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 or decreasing 

𝑠𝑠. As we would later see in the analysis, 𝑄𝑄𝑄𝑄𝑄𝑄 which is inversely proportional to 𝑥𝑥𝑞𝑞𝑞𝑞,  

increases with power. For a constant 𝑠𝑠, it means 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 decrease with power or for given 

𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒, 𝑠𝑠 increases with power. Since decreasing 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 with power is less intuitive, I have 

held 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 constant and allowed 𝑠𝑠 to vary in the fit. Holding 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 constant leads to the 

exclusion of direct calculation of microwave power dependence on quasiparticle 

generation rate. Constant 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 represents only external Cooper pair-breaking 

quasiparticle sources. Additionally, as the different combinations of Iext  and s gives 

the same quasiparticle density as described in Eq. (3.21), I chose a low value of 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒, 

and report its corresponding trapping rates. 
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Fig. 6.3 shows the 𝑄𝑄𝐼𝐼 vs temperature and the corresponding fit for photon 

numbers 10 and 105. The stars are the interpolated data for a photon number 10, Fig. 

6.1(a) and 105, Fig. 6.1(b) at each temperature as discussed in section 5.5.3. For both 

the low and high powers, the quality factor increases with temperature and peaks near 

600 mK (~𝑇𝑇𝐶𝐶/9) before sharply decreasing due to the loss contribution from thermal 

quasiparticles. In my model, at lower temperatures, the increasing 𝑄𝑄𝐼𝐼 with increasing 

temperatures indicate the presence of TLS loss which gets saturated at high temperature 

leading to 𝑄𝑄𝐼𝐼 peak at intermediate temperature. 𝑄𝑄𝐼𝐼 also increases with increasing 

microwave power for all temperatures. At low temperatures, the increase in 𝑄𝑄𝐼𝐼 with 

power can be associated with saturation of TLS losses. An anomalous increase in 𝑄𝑄𝐼𝐼 

with decreasing temperature at low temperature and low photon number in Fig. 6.3(a) 

cannot be described by conventional TLS or QP model. Hence it is not captured by this 

model and not included in the fitting procedure. The exact nature of the increase in the 

quality factor is unknown, and an experimental artifact cannot be definitively ruled out. 

A similar increase in the quality factor at low temperatures was reported for aluminum 

resonators[132]. 
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Fig. 6.3: The fit results of the power-temperature fit on TiN with individual components for data 

collected at low (a) and high (b) powers 

In Fig. 6.3, the red line shows the fit. The TLS-QP model tracks the data even 

at the knee region for both low and high power. The loss contribution from TLS (purple 

dash curve) and quasiparticle losses (green dotted curve) is plotted for all temperatures. 

Using the DC measured 𝑇𝑇𝐶𝐶 , an effective temperature, 𝑇𝑇𝑞𝑞𝑞𝑞, is calculated using Eq. (3.12). 
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On the right axis, the effective quasiparticle temperature, 𝑇𝑇𝑞𝑞𝑞𝑞, is compared with the 

bath temperature, 𝑇𝑇𝑏𝑏 . 

There are three primary temperature regimes of the data shown in Fig. 6.3(a) 

for low power 𝑛𝑛𝑝𝑝 = 10 measurements.  At low temperatures, both TLS and non-

equilibrium quasiparticle extracted losses contribute, indicating significant 

quasiparticle loss impacting even at low power and low temperature.  It is in this regime 

that most resonators are measured and close to the qubit operating regime.  The model 

results suggest that data in the literature (or at least data collected with this 

instrumentation at LPS) may be reporting TLS & quasiparticle loss for the TiN 

resonator performance.  In the high-temperature region, thermal quasiparticles 

predominately dominate, and the quality factor degrades. The intermediate temperature 

region is a transition from TLS-non-equilibrium quasiparticles loss towards thermal 

quasiparticle loss.  It is the “knee” section of the internal quality factor temperature 

dependence.  When the effective quasiparticle temperature equals bath temperature, the 

loss is wholly described by the thermal quasiparticle picture. The saturating 𝑄𝑄𝑄𝑄𝑄𝑄 at low 

bath temperatures are caused by the saturation of the non-equilibrium quasiparticle 

temperature. The model estimates the quasiparticle number and the quasiparticle 

temperature, which can be extracted using Eq. (3.12) that depends on the critical 

temperature of the film resulting in an effective quasiparticle temperature around 800 

mK.  For higher microwave power 𝑛𝑛𝑝𝑝 = 105, the TLS loss decreases and the total 

quasiparticle loss dominates the overall loss for all bath temperatures.  

Fig. 6.4 describes the complete dataset for the resonator. Fig. 6.4(b) presents 

the power dependent data measured at different bath temperatures. Different markers 
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present the raw data. The power dependent data shows increasing 𝑄𝑄𝐼𝐼 with power for all 

temperatures. The interpolated 𝑄𝑄𝐼𝐼 from this raw data with its corresponding 

temperature fit for various power levels are presented in Fig. 6.4(a). The extracted 

parameters from temperature fit for all seven power levels are presented in Fig. 6.5 and 

6.6. Fits follow the data for all temperatures. The power dependent fit for each 

temperature is plotted using these extracted parameters to examine the goodness of fit 

on the data. Power fits track low and high-temperature data, but a slight mismatch in 

the intermediate knee region (0.730 -1K) for the thermal fit leads to the mismatch in 

power fits, as shown in Fig. 6.4(b). 

The model accommodates the observed increase in 𝑄𝑄𝐼𝐼 with increasing 

microwave power by traditional TLS loss (increasing 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇) and quasiparticle loss 

(increasing QQP). Increasing QQP corresponds to the decreasing quasiparticles loss 

resulting from decreased interaction resulting from increasing the trapping rate (𝑠𝑠). The 

power dependence of the trapping rate, 𝑠𝑠, is shown in Fig. 6.5. A possible explanation 

for the increase in trapping rate may result from the increased electric field increases 

the motion experienced by the quasiparticles that accelerate single-particle interactions 

captured by the trapping term in Eq. (3.7). The power dependence of the trapping rate 

can be expressed using a phenomenological relation 𝑠𝑠�𝑛𝑛𝑝𝑝� = 23.7 �log�𝑛𝑛𝑝𝑝��
2
−

19.9 log�𝑛𝑛𝑝𝑝� + 380. The corresponding temperature dependence of effective 

temperature and total quasiparticle density is shown in Fig. 6.7. It can be seen that 

quasiparticle temperature and density decreases with increasing power which is a result 

of increasing 𝑄𝑄𝑄𝑄𝑄𝑄 with increasing power due to enhanced trapping rate. 
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Fig. 6.4: Data (symbols) and fits (curves) for (a) 𝑄𝑄𝐼𝐼  versus temperature (b) 𝑄𝑄𝐼𝐼  versus power for 

complete dataset for the TiN-R02 resonator 
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Fig. 6.5: Extracted parameters from the temperature fit for all photon numbers and the trapping rate 𝑠𝑠 

 
Fig. 6.6: The excess quasiparticle loss 𝜅𝜅 versus photon number 
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Fig. 6.7: Plot of (a) quasiparticle temperature versus phonon temperature (b) quasiparticle density 

versus phonon temperature for Al-R04 resonator. 

 
The extracted TLS parameters (𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0 ,𝑛𝑛𝑐𝑐,α) are reasonable compared to those 

reported in the literature [17], [77]. The results presented in Fig. 6.4 are determined 

using the parameter that describes the power dependence, 𝛼𝛼, to be equal to 0.6. This 

value is different from the 𝛼𝛼 = 1 coming from the standard theory for single TLS[63] 
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and 𝛼𝛼 = 0.8 that corresponds to the value calculated from power dependence of 

simulated CPW with uniform dielectric all along the interfaces[73]. To explore the 

impact of different values of 𝛼𝛼, I refit the data with 𝛼𝛼 at 0.8 and 1. Fig. 6.8 presents the 

fit results comparing the fits for different values of 𝛼𝛼. Fig. 6.8(a) shows the fit with 

extracted parameters of 𝛼𝛼 = 0.6. For the other fixed values of 𝛼𝛼,  𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇𝑜𝑜  and 𝑛𝑛𝑐𝑐 are 

chosen to fit well for lower powers. The corresponding values of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0  and 𝑛𝑛𝑐𝑐 is 

presented in Table 6-1. The choice of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0  and 𝑛𝑛𝑐𝑐 helps to track the low power data 

well, but it fails to track the data at low temperatures at high powers (red circle). It also 

leads to a more significant misfit at intermediate temperatures (black circle). The 

discrepancy increases with higher 𝛼𝛼. 

Table 6-1: Comparison of parameter with changing  𝛼𝛼 

Parameter 𝛼𝛼 = 0.6 𝛼𝛼 = 0.8 𝛼𝛼 = 1 
𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇𝑜𝑜  2.2×105 2.6×105 3.9×105 
𝑛𝑛𝑐𝑐 5.1 47 290 

 

Additionally, the variation in 𝜅𝜅 and 𝑠𝑠 is compared for different values of 𝛼𝛼 is 

shown in Fig. 6.9. Both of these values adjust slightly to absorb the changes in the TLS 

parameters. As the changes in the value of 𝛼𝛼 impact the goodness of fit, the extracted 

value is a reasonably accurate description of the power dependence of TLS. 𝛼𝛼 not being 

close to 1 indicates the presence of different kinds of TLS at device interfaces with 

different individual critical power 𝑛𝑛𝑐𝑐, possible multiphoton effects activating an 

ensemble of TLS defects with different energies, or un-isolated contributions from the 

quasiparticle population. 
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Fig. 6.8: Impact of varying 𝛼𝛼 on the fits. (a) is the reference fits with best-fit values for all parameters. 

(b) and (c) correspond to the fits with fixed 𝛼𝛼 = 0.8 and 𝛼𝛼 = 1 respectively. 
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Fig. 6.9: Extracted trapping rate and 𝜅𝜅 for different fits. The lines are guide for eye. 

 
Now, comparing these results with a TLS only model described in Eq. (5.6), 

the value of 𝛼𝛼 extracted at low temperatures is lower than that of 𝛼𝛼 extracted from the 

current model. A comparison of the extracted values from both the fits is presented in  

Table 6-2. For these TiN resonators, a calculation of contribution from 

quasiparticle loss at a low temperature helped in better estimation of TLS parameters 

that are consistent with a complete data set of measurements of resonator behavior at 

different temperatures and powers. 

Table 6-2: Comparison of power dependent TLS only model and power-temperature dependent TLS-
QP model 

Parameter 
Standard TLS 

power fit at lowest 
temp 

Proposed TLS – QP 
power- temperature fit  

𝛼𝛼 0.28 0.6 
𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇𝑜𝑜  2.1×105 2.2×105 
𝑛𝑛𝑐𝑐 0.01 5.1 
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6.2 Aluminum resonators 

Next, I used the power-temperature model to analyze the aluminum resonators. 

These resonators were measured for microwave power corresponding to photon 

numbers ranging from 100 -106 at temperatures 40 mK to 320 mK at steps ranging from 

30-50 mK. The critical temperature of these resonators was 1.2 K.  

I only present the data for one of the resonators, Al-R04. First, comparing the 

individual 𝑆𝑆21(𝑓𝑓) fits for all temperature and power. The extracted 𝑄𝑄𝐶𝐶 from individual 

𝑆𝑆21(𝑓𝑓) at different powers and different temperatures is presented in Fig. 6.10. The 

variation in the 𝑄𝑄𝐶𝐶 does not have a clear trend similar to that of the TiN resonator, with 

greater variation at low photon numbers and higher temperatures. Similar to TiN, I 

chose a constant 𝑄𝑄𝐶𝐶 of 151,000 and refit the whole data to extract other resonance 

parameters.  

 
Fig. 6.10: Coupling quality factor 𝑄𝑄𝐶𝐶  the resonator Al-R04 versus photon number at different 

measured temperatures from individual S21 fits for non-fixed 𝑄𝑄𝐶𝐶 . 

Fig. 6.11 shows the temperature and power variation of extracted 𝑓𝑓𝑜𝑜. Similar to the 

TiN resonator, this resonator also shows a temperature dependence of resonant 
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frequency with temperature due to the increased participation of thermal quasiparticles. 

The relative variation of resonant frequency for the whole data is 8.3e-6. Similar to the 

case of the TiN resonator, I have used a constant frequency, 𝑓𝑓0, 5.25086 GHz.   

 

 
Fig. 6.11: Resonant frequency of the resonator Al-R04 versus photon number at different measured 

temperatures. 

 

The measured single-photon quality factor at the lowest bath temperature of 40 mK is 

412,000. The power and temperature dependence of 𝑄𝑄𝐼𝐼 was further analyzed with my 

model. Fig. 6.12 presents the data and its corresponding fit for the photon numbers 10 

and 105.  For this aluminum resonator, unlike TiN, 𝑄𝑄𝐼𝐼 was relatively flat at low 

temperatures for both low and high photon numbers. As the critical temperature of Al 

is lower than TiN, thermal quasiparticles appear at lower temperatures than that of TiN, 

leaving a smaller transition region between thermal and non-equilibrium behavior 

compared to TiN. The fits for both powers track the data well, capturing the transition 

region better than TiN. The TLS loss contribution (purple dash curve) and quasiparticle 

losses (green dotted curve) show that the significant non-equilibrium QP is dominant 
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at low temperatures compared to TLS loss. Additionally, similar to the TiN resonator, 

both TLS and QP losses decrease with increasing power. Saturation of QP loss below 

150 mK leads to the saturation of the effective quasiparticle temperature 𝑇𝑇𝑞𝑞𝑞𝑞 around 

225 mK. This value is close to some values reported in the literature, although a 

different method was used[89], [133].  

The complete data and its corresponding fits are presented in Fig. 6.13. Fig. 

6.13(b) presents the quality factor measured at different microwave powers at different 

temperatures. Similar to what I found in the TiN resonator, 𝑄𝑄𝐼𝐼 increases with power for 

all temperatures. The data and the fits for all the photon numbers are presented in Fig. 

6.13(a). The fits track the data for all powers. The extracted parameters from the fit are 

presented in Fig. 6.14. The quasiparticle trapping rate is calculated for the higher 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 

compared to that of TiN. The trapping rate can be expressed in a phenomenological 

relation in 𝑛𝑛𝑝𝑝 as 𝑠𝑠�𝑛𝑛𝑝𝑝� = 104 �0.14 �log�𝑛𝑛𝑝𝑝��
2

+ 0.66 log�𝑛𝑛𝑝𝑝� + 1.089�  and 𝜅𝜅 can 

be expressed as 𝜅𝜅�𝑛𝑛𝑝𝑝� = �0.0114�log�𝑛𝑛𝑝𝑝��
2

+ 0.0144 log�𝑛𝑛𝑝𝑝� + 1.968�. I applied 

the calculated power fits to data at all temperatures from the extracted parameters, 

which are presented in Fig. 6.13(b). The improved temperature fit in intermediate 

temperatures for all powers is reflected in the improved power fits for intermediate 

temperatures above T>150 mK to T< 250 mK. Fig. 6.15 presents the calculated 𝑇𝑇𝑞𝑞𝑞𝑞 

and 𝑛𝑛𝑞𝑞𝑞𝑞 for the whole temperature region at different powers. 
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Fig. 6.12: The fit results of the power-temperature fit on Al-R04 with individual components for data 

collected at low (a) and high (b) powers  

 
A significant difference between the TiN resonator and Al resonators can be 

seen by comparing the extracted 𝜅𝜅 values. For the aluminum resonator, the extracted 

values of 𝜅𝜅 is close to two. This signifies more quasiparticle loss than predicted by the 

thermal approximation, assuming that the 𝑇𝑇𝐶𝐶 is the measured value of 1.2K. For 𝜅𝜅 >
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1, the quasiparticle distribution described by a thermal distribution underestimates the 

loss, and it requires an increased value of 𝜅𝜅  to predict loss. An athermal effect is the 

power dependence of 𝑄𝑄𝐼𝐼 at high temperatures. At temperatures T > 0.3 K, where 

thermal QPs dominate the loss, the quality factor increases with power. The 

redistribution of QPs from the bandgap edge in the presence of high microwave power 

explains this behavior[49]. This increase in 𝑄𝑄𝐼𝐼 with power is also observed in the TiN 

resonators for T > 1.1 K.   

It is important to note that adjusting 𝑇𝑇𝐶𝐶 of the film in the model impacts the 

extracted value of 𝜅𝜅. Reducing 𝑇𝑇𝐶𝐶 from 1.20 K to 1.14K brings the value of 𝜅𝜅 closer to 

1 within 1-2 %. This change in 𝑇𝑇𝐶𝐶 is equivalent to a change in total bandgap (2Δ) by 

18 𝜇𝜇𝜇𝜇𝜇𝜇(5%). The 𝑇𝑇𝐶𝐶 of 1.14 K is still a valid critical temperature for the aluminum 

film. One of the reasons for the difference between DC measured 𝑇𝑇𝐶𝐶 predicted by 

resonator measurement can be a measurement error as the stage thermometers are not 

colocated with the measured sample, causing a disagreement in measured and actual 

temperature. This significant variation in 𝜅𝜅 is more prominent for low bandgap 

superconductors as for a given  quasiparticle density gets more sensitive to the variation 

of 𝑇𝑇𝑐𝑐 as 𝑇𝑇𝑐𝑐 reduces.  The deviation of 𝜅𝜅 from 1 also impacts the calculated 𝑇𝑇𝑞𝑞𝑞𝑞 and 𝑛𝑛𝑞𝑞𝑞𝑞 

values. The variation in 𝑇𝑇𝑞𝑞𝑞𝑞 is of the order of 10-15 mK. 
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Fig. 6.13: Data (symbols) and fits (curves) for (a) 𝑄𝑄𝐼𝐼  versus temperature (b) 𝑄𝑄𝐼𝐼  versus power for 

complete dataset for the Al-R04 resonator 
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Fig. 6.14: Extracted parameters for (a) trapping rate s vs. photon number (b) 𝜅𝜅 vs photon number Al-

R04 resonator. 
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Fig. 6.15: Plot of (a) quasiparticle temperature versus phonon temperature (b) quasiparticle density 

versus phonon temperature for Al-R04 resonator. 

 
The overall TLS contribution is low for this resonator, making it challenging to extract 

the TLS properties accurately. On the other hand, a complete quasiparticle loss can 

describe 𝑄𝑄𝐼𝐼 trend of this resonator. Hence the data was refitted with pure QP loss, and 
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the comparison between the two scenarios is presented in Fig. 6.16.  The comparison 

shows a negligible difference between the two fits. The impact of the change in 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0  

change in trapping rate, s, and 𝜅𝜅 as shown in Fig. 6.17. Hence the loss, according to my 

model, the loss in this resonator can be described as dominated by the non-equilibrium 

quasiparticles.  

 
Fig. 6.16: Comparison of change of 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0  

 
The major takeaway of applying this power-temperature model is to isolate loss 

contributions between non-equilibrium quasiparticles and TLS at low temperatures 

with a simpler model. It provides a better estimate of primary loss mechanisms 

hampering the device at low temperatures. Here quasiparticle poisoning is the dominant 
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loss mechanism in aluminum resonators, whereas, in titanium nitride resonators, both 

TLS and quasiparticles significantly contributed towards loss. Since the non-

equilibrium quasiparticles contribute towards loss, one of the ways to mitigate the loss 

by modifying the resonator design using quasiparticle traps was explored. 

 
Fig. 6.17: Comparison of trapping rate s and 𝜅𝜅 

 

6.3 QP trap resonators 

In this section, I discuss my results on 16 resonators from two chips. These 

resonators had eight different setbacks. Each resonator was measured for photon 

numbers 100-106 from temperature 40 mK to 1.25K. For this temperature range, the 

aluminum layer is superconducting as the critical temperature measured for the bilayer 

was 4.47K. The best performing resonators for each setback were selected from the lot. 

Unfortunately, the resonator with a setback of 50 µm suffered a tweezer scratch. The 

devices with setbacks, sb =2, 20, 100, and 150 µm, were from one chip D1, while the 

other three, sb =1, 5, and 10 µm, were from a second chip D2. Table 6-3 presents the 

device ID, coupling quality factor, and resonant frequency of each device. The 

complete dataset for all resonators for different trap devices is presented in Fig. 6.18 a-
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e.  The red datasets correspond to the setbacks less than 20 µm while blue corresponds 

to the other set. These resonator performances were compared with the reference TiN 

resonator, which is plotted in black circles.  

Table 6-3: Device ID, coupling quality factor 𝑄𝑄𝐶𝐶  and resonant frequency 𝑓𝑓𝑂𝑂 of different trap devices 

𝒔𝒔𝒃𝒃(μm) Device-ID 𝑸𝑸𝑪𝑪 𝒇𝒇𝒐𝒐(GHz) 
1 D2-R01 1.532×105 4.4255 
2 D1-R01 2.793×105 4.4195 
5 D2-R03 1.057×105 4.6927 
10 D2-R04 1.592×105 4.8358 
20 D1-R02 1.677×105 4.5625 
100 D1-R06 1.083×105 5.2401 
150 D1-R05 1.978×105 5.1564 

 

Resonators with setbacks, 𝑠𝑠𝑏𝑏=2, 20, 100, and 150 µm has shown greater quality 

factors than the reference TiN resonator for lower temperatures.  The device with 

𝑠𝑠𝑏𝑏=150 µm has almost 50% more than the quality factor than the reference TiN 

resonator for most photon numbers at low temperatures.  These results suggest that the 

low bandgap superconductors reduce the quasiparticle number through trapping. The 

low number of averages completed during data collection at low photon numbers for 

resonators with trap led to noisier data. This issue was corrected for TiN resonators, 

with the increased averaging at low photon numbers to reduce the noise in the data.  

To further analyze these devices, the power and temperature model was applied 

to each trap device. The first requirement of the temperature and power model was the 

critical temperature 𝑇𝑇𝐶𝐶 of the film. The presence of an aluminum layer as a trap in the 

ground plane of the resonator modified the 𝑇𝑇𝑐𝑐 for the resonator. This causes the 

difference in the rate of drop of 𝑄𝑄𝐼𝐼 at high-temperature regions. The proximitized Al 

trap layer had a critical temperature of 4.47 K.  
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Fig. 6.18: Temperature dependence of resonators measured at different power. The limits on the y-axis 

of each panel are different for ease in comparison for individual power values.  

(c)

(b)(a)

(d)

(g)

(f)(e)
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But Al does not uniformly cover the TiN throughout for the resonators with a 

setback. The central conductor of the resonator and portion of the ground plane is free 

from any Al. Therefore, finding an exact critical temperature describing the resonator 

was challenging.  

For my model, for a single film TiN resonator TiN-R02, 𝜅𝜅 was found to be close 

to 1. In the model, 𝜅𝜅  is a free parameter that tries to capture any athermal behavior. 

Assuming that the athermal contributions are low, setting 𝜅𝜅 to 1 and treating 𝑇𝑇𝐶𝐶 as a fit 

parameter gives an estimate for how 𝑇𝑇𝑐𝑐 depends on different setbacks. To verify the 

impact of setting 𝜅𝜅 to 1, first, I reanalyzed the reference TiN resonator with 𝜅𝜅 = 1. The 

TiN fits with DC measured 𝑇𝑇𝐶𝐶 = 5.3 K has 𝜅𝜅 varying about 0.9 ± 0.05 as shown in 

Fig. 6.6. With 𝜅𝜅 = 1, I refit the data using variable 𝑇𝑇𝑐𝑐. An average of  𝑇𝑇𝐶𝐶 predicted by 

different temperature fits, gives a 𝑇𝑇𝑐𝑐 of 5.36 K. Using this 𝑇𝑇𝑐𝑐, the new fits for all photon 

powers with 𝜅𝜅 = 1 were performed which are presented in Fig. 6.19(b). Comparing 

these results with the original fit (Fig. 6.19 (a)), the new fits are similar to the older fits. 

The extracted parameters are presented in Fig. 6.20. The change in 𝑇𝑇𝐶𝐶 has not impacted 

the extracted TLS parameters, although the trapping rate has increased to compensate 

for higher 𝜅𝜅 for higher powers. 

Since fixing 𝜅𝜅 didn’t adversely affect the fits, Tc is extracted similarly for all 

trap devices by holding 𝜅𝜅 to 1. The extracted Tc is shown in Fig. 6.21. Tc varied from 

5.1 K for 𝑠𝑠𝑏𝑏 = 1 μm to 5.38 K for 𝑠𝑠𝑏𝑏 =150 μm. The fits with extracted 𝑇𝑇𝑐𝑐 were applied 

to all the trap devices. Fig. 6.22 presents the fit results for all the setback devices, and 

Fig. 6.23 captures the extracted parameters. For TLS parameters, the reference TiN 

resonator values are expressed as a continuous line.  For the equal comparison between 
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the devices, the external generation rate (𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒) was kept same as that was used for TiN 

at 0.15× 𝑁𝑁𝑜𝑜,𝑇𝑇𝑇𝑇𝑇𝑇 × 𝑘𝑘𝐵𝐵 where 𝑁𝑁𝑜𝑜,𝑇𝑇𝑇𝑇𝑇𝑇 is the single electron spin density states of the TiN. 

 
Fig. 6.19: Comparison of fits for 𝜅𝜅 = 1 with variable 𝜅𝜅 

 
Fig. 6.20: Temperature fits for TiN with the 𝜅𝜅 held at and Tc changed to 5.36K 

 
Fig. 6.21: Extracted Tc for different trap devices 
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Is   
Fig. 6.22: Summary of the fits for all setbacks with the reference TiN data. The highlighted region 

shows the temperature region where fit doesn’t track data well. The devices having red highlight are 
from one die, while yellow is from another die. 

(c)

(b)(a)

(d)

(g)

(f)(e)

(h)
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Fig. 6.23: Comparison of extracted parameters (a) 𝑄𝑄𝑇𝑇𝑇𝑇𝑇𝑇0  (blue) and 𝑛𝑛𝑐𝑐(orange)  versus setback (b) 
𝛼𝛼 versus setback . Black line is for reference TiN-R02 (c) trapping rate,𝑠𝑠 versus power for different 

setback. Black curve corresponds to TiN-R02. 
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The fit curves in Fig. 6.22 perform reasonably well for the high setback devices 

with minor overestimation of 𝑄𝑄𝐼𝐼 around the transition temperatures from TLS and non-

equilibrium QP regime to the thermal QPs regime. For low setback devices, the fits 

grossly overestimate 𝑄𝑄𝐼𝐼 at the transition temperatures. The overestimation of 𝑄𝑄𝐼𝐼 gets 

worse as the power increases. The region of poor agreement is highlighted for each 

device. None of the trapping rate,𝑠𝑠, and external generation rate,𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒, combinations can 

track the data well, indicating a loss behavior that the present TLS-QP power-

temperature model cannot capture. 

The possible reason for this discrepancy could be an attempt to capture the net 

quasiparticles from both trap and superconductor with a single 𝑇𝑇𝐶𝐶 for the whole device. 

The quasiparticle number density has an exponential dependence on critical 

temperature 𝑇𝑇𝐶𝐶 given by Eq. (2.4). The trap region with a low bandgap (Tc = 4.47 K) 

generates a significant number of thermal quasiparticles, which starts dominating the 

loss at a much lower temperature than the higher bandgap material (Tc = 5.3 K). Hence 

the low setback devices, which have a significant percentage of ground plane area 

covered by the trapping layer than large setback devices, have considerable losses 

earlier in temperature. A possible two-temperature QP model is required to model this 

loss with their contributions defined according to the device geometry. This 

modification has not been attempted and is left for future work. 

Even though the high-temperature region fits don’t perform well, fits perform 

well for the low-temperature region, dictated by the TLS defects and the non-

equilibrium QPs. At low temperatures (T < 0.15 K), the TLS thermal signature, which 

has increasing 𝑄𝑄𝐼𝐼 with increasing temperature, can be observed for all devices. The 
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extracted trapping rate for different powers for the varying setback is presented in Fig. 

6.23(c). The extracted values at photon number 𝑛𝑛𝑝𝑝 < 103 may be affected by the noise 

in the measured spectrum that results in increase uncertainty of the extracted value of 

𝑄𝑄𝐼𝐼. But for higher photon powers, the trapping rate follows a similar trend as 𝑄𝑄𝐼𝐼 for all 

devices. The devices with greater overall 𝑄𝑄𝐼𝐼 have a larger trapping rate(s) for a fixed 

quasiparticle generation rate (𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒). As the fits near intermediate region are not so good, 

the extracted trapping rates may not be an accurate measure of the actual trapping rate. 

For ease in comparison, quality factors at constant power for specific 

temperatures are interpolated and plotted against the setback distances. It is presented 

in the first column of  Fig. 6.24. A set of quality factors at constant temperatures (0.1, 

0.4, 0.7, and 1K) is plotted for different powers (103-106) for all the devices. The 

reference TiN data is presented as a continuous line. Each color represents a specific 

temperature, and each symbol represents a specific power. The data is further refined 

by removing the TLS participation from each 𝑄𝑄𝐼𝐼 and resultant 𝑄𝑄𝑄𝑄𝑄𝑄 at various 

temperature and power is displayed in the second column of Fig. 6.24. For high 

temperatures and higher power, TLS has a negligible contribution and hence 𝑄𝑄𝑄𝑄𝑄𝑄 is 

almost the same as 𝑄𝑄𝐼𝐼.  

At T = 100 mK, the devices with setback sb > 10 µm outperform TiN, while 

devices with 𝑠𝑠𝑏𝑏 ≤ 10 µm have lower 𝑄𝑄𝑄𝑄𝑄𝑄 except for the outlier 𝑠𝑠𝑏𝑏 = 2 µm for all power 

levels. The higher quality factor for all trap devices indicates the effective trapping of 

athermal quasiparticles by the low gap superconductor. The setback with 𝑠𝑠𝑏𝑏 = 150 µm 

outperforms all of them.  
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Fig. 6.24: First column((a),(c),(e),(g)) shows plots QI vs setback at different temperatures for different 
powers. Second column ((b),(d),(f),(h))) presents the corresponding QQP with a phenomenological fit to 

map the dependency of QQP on setback sb. 
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While at 1K, almost all the resonators with setbacks perform poorly compared 

to the titanium nitride. The increased participation of thermal quasiparticles from the 

low superconducting gap regions leads to higher losses in trap devices.   The overtake 

of TiN resonator over trap devices at high temperatures is foreshadowed even at 

intermediate temperatures regions. The low setback devices are the first to fall behind 

TiN compared to the larger setback devices. At 400 mK, 𝑠𝑠𝑏𝑏 ≥ 20 𝜇𝜇𝜇𝜇 performs better 

than TiN while at 700 mK, 𝑠𝑠𝑏𝑏 ≥ 100 𝜇𝜇𝑚𝑚 performs better than TiN for all power levels. 

This trend can be observed more clearly in the temperature dependent plots of different 

trap devices in Fig. 6.18. At the temperature region between (400 – 900 mK), all trap 

devices with 𝑠𝑠𝑏𝑏 < 20 µm, have a similar trend in that the quality factor falls much faster 

than the TiN device. The onset of significant thermal quasiparticles from the trap 

regions hampers its functionality as a quasiparticle trap, and it can be argued that the 

low bandgap region functions as a trap for non-equilibrium quasiparticles. 

Additionally, 𝑄𝑄𝑄𝑄𝑄𝑄 for all powers and temperatures is fitted with a 

phenomenological power function 𝑎𝑎(𝑠𝑠𝑏𝑏)𝑏𝑏 + 𝑐𝑐 to capture the trend as a function of the 

setback. Since at low temperatures, as 𝑠𝑠𝑏𝑏 = 2 𝜇𝜇𝜇𝜇 does not follow the trend, it is ignored 

during the fit. The power and temperature dependence of the parameters 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 is 

presented in Fig. 6.25. For 100 mK, the rate of increase of 𝑄𝑄𝐼𝐼 with setback is faster at 

the high powers indicating higher trapping with increased power. It is captured by an 

increase of  𝑏𝑏 with photon number. Even though the at 400 mK, 𝑄𝑄𝐼𝐼 increases with 

setback, the rate of increase are almost similar for all photon numbers, which makes 𝑏𝑏 

almost constant. This trend continues for higher temperature with a value of 𝑏𝑏 
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eventually becoming negative, indicating the saturation of the 𝑄𝑄𝑄𝑄𝑄𝑄 with increasing 

setback. 

 

Fig. 6.25: Power and temperature dependence of fit parameters of the fit on 𝑄𝑄𝑄𝑄𝑄𝑄 vs 𝑠𝑠𝑏𝑏 using a 
phenomenological relation 𝑎𝑎𝑠𝑠𝑏𝑏 + 𝑐𝑐 
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It is worthwhile to note that all the better-performing devices are from the same 

chip. Probably the chip-to-chip variation in packaging might have an impact on the 

comparison between the devices. A larger statistic would help to capture the trend 

better. The outstanding performance of 𝑠𝑠𝑏𝑏 = 2 𝜇𝜇𝜇𝜇 may not be an anomaly. An estimate 

of quasiparticle diffusion length (𝐿𝐿𝑑𝑑~�𝐷𝐷𝑞𝑞𝑞𝑞𝜏𝜏𝑞𝑞𝑞𝑞 ) from the literature values is around 

10𝜇𝜇𝜇𝜇 [117], [119]. Hence there is a high chance that the quasiparticles move 

ballistically rather than diffusive process from high field region near the ground plane 

of the resonator. Hence the small setback devices need to be investigated more to 

understand their trapping efficiency.  

Overall, the quasiparticle trapping performed well for larger setbacks at low 

temperatures. This trend is opposite to the simulation using the FDM QP trap design 

model. Fig. 4.6 shows the decreasing quasiparticle density with decreasing setback. 

The FDM model assumed the quasiparticle source close to the ground plane edge. The 

model needs to be modified to include the uniform QP source, not at the ground plane 

edge, which might help to match the observed trend. 
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Chapter 7 : Conclusions and future work 

7.1 Conclusions 

In this work, I proposed a temperature and power dependent model of resonator 

quality factor that includes losses from TLS and quasiparticle for different power and 

temperature conditions. The model combined the conventional TLS power and 

temperature dependence with an effective temperature non-equilibrium quasiparticle 

description of the superconducting loss. The quasiparticle description is based on the 

quasiparticle number density calculated using rate equations for an external 

quasiparticle generation source, recombination, and trapping. The number density is 

translated to an effective temperature, 𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒 described by a thermal distribution that may 

be different than that of the bath.  The effective temperature is applied to the CPW 

resonator-specific quasiparticle quality factor to calculate quasiparticle loss.  

I applied the model to the titanium nitride and aluminum resonators.  The TiN and 

Al resonators were fabricated from epitaxial MBE-grown high-quality film. The 

fabricated resonators had single quality factors of around 4×105 at the lowest bath 

temperatures and over a million at high powers. Applying the model on these resonators 

suggests a significant non-equilibrium quasiparticle contribution even at low bath 

temperatures. For the TiN resonator, the quasiparticle loss is comparable with TLS loss, 

while the quasiparticle loss dominates the Al resonator. For the TiN resonator, the value 

of 𝛼𝛼 was 0.6. The reperformed fits with theoretical 𝛼𝛼 (0.8 for CPW and 1 for single 

TLS) failed to capture the data well, suggesting that the extracted value of 𝛼𝛼 was not 

consistent with the loss from a uniform distribution of TLSs. Lower 𝛼𝛼 may be 
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consistent with the presence of multiple TLS sources varying critical photon number 

𝑛𝑛𝐶𝐶 , possible multiphoton effects activating an ensemble of TLS defects with different 

energies, or un-isolated contributions from the quasiparticle population. On the other 

hand, in the Al resonator, since QP loss dominates, the TLS parameters cannot be 

confidently extracted. 

For TiN and Al resonators, 𝑄𝑄𝑄𝑄𝑄𝑄 increased with increasing microwave power. This 

increase in 𝑄𝑄𝑄𝑄𝑄𝑄 was associated with an increase in the quasiparticle trapping rate 𝑠𝑠 with 

increasing microwave power for a constant external generation rate 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒. The  

interdependency of 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 and 𝑠𝑠 , makes it difficult to estimate their values uniquely. But 

it provides the trends for one of them if the other is kept constant. In total, although the 

effective temperature model leads to a thermal approximation of a non-equilibrium 

quasiparticle distribution, one strength of the approach is that it provides a way to 

predict quasiparticle loss along with other losses. The model tracks the data well for a 

single material system. 

Additionally, I designed and measured high bandgap superconductor resonators 

with a low bandgap superconductor as a quasiparticle trap. The dependency of the 

overlayer distance from the resonator's active region was investigated using a finite-

difference model by solving a combined model of excess quasiparticle, phonon 

temperature, and overlayer quasiparticle temperature. Based on the simulation results, 

the optical lithography masks were designed with setbacks varying from 1-150 µm. I 

fabricated the resonators using two-step optical lithography and measured their 

temperature and power dependence. All the fabricated resonators had a single photon 

quality factor above 3×105 at the lowest measured temperatures and a high power 
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quality factor above 1×106. Resonators with an overlayer performed better than the 

plain TiN resonator at low temperature and low power. Notably, the resonator with 

setback 𝑠𝑠𝑏𝑏 with 150 µm performed 1.5x than the TiN resonator at high power levels. 

Additionally, a lower setback of 2 µm also had 1.25x better 𝑄𝑄𝐼𝐼 than TiN resonators at 

low temperatures.  

I did the broad temperature and power dependence measurements to investigate the 

behavior of all the resonators. Devices with quasiparticle traps worked pretty much as 

expected for the low temperature, where non-equilibrium quasiparticles dominate over 

thermal quasiparticles. As the temperature increased, the thermal quasiparticles from 

the low bandgap overlayer started contributing to the loss outweighing the beneficial 

impact of the traps. The impact of the overlayer thermal quasiparticles was most 

prominent for low setbacks. I used a phenomenological model to capture the 

quasiparticle quality factor dependency on the setback for different temperatures and 

powers. The quality factor increased faster with an increasing setback at higher power 

than lower powers for low temperatures. This trend plateaus out as temperature 

increases.  

Overall, I found that a low superconducting bandgap material acts as a quasiparticle 

trap for the resonators and improved performance. The largest setback performed best 

with an optimum balance of trapping and reduced thermal quasiparticle poisoning at 

higher temperatures. 

7.2 Future Work 

My investigation of the superconductor overlayer traps for resonators showed 

improved performance at low temperatures. As the qubits also suffer due to non-



 

 

164 
 

equilibrium quasiparticles, exploring the superconducting traps with a superconducting 

qubit would be the next logical step.  

The understanding of resonator performance on overlayer setback can be 

improved by fabricating and measuring more devices. This would help to eliminate 

chip-to-chip variation in fabrication and packaging. The lower setbacks are more 

susceptible to fabrication defects than the larger ones due to the limitations of the 

fabrication resolution. Apart from the large setbacks, 𝑠𝑠𝑏𝑏 = 2µm also had an outstanding 

performance. The setbacks lower than 10 µm are within the quasiparticle diffusion 

length of TiN, which gives a chance of ballistic movement of QP away from the ground 

plane edge to the overlayers. Hence it would be interesting to examine these devices.  

The superconducting gap difference Δ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = Δ𝑆𝑆 − Δ𝑜𝑜  between the primary 

superconductor Δ𝑠𝑠 and overlayer Δ𝑜𝑜 may affect the relaxation mechanism in the device.  

Different overlayer – superconductor combinations can be explored to optimize 

trapping. The proximity effect can significantly modify the overlayer bandgap, which 

in turn may affect Δ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. The proximity effect can be controlled by changing the film 

thickness larger than coherence length or adding a thin tunneling barrier between the 

films. Introducing a tunneling barrier also gives a control variable to optimize the 

tunneling rate and affect quasiparticle poisoning at higher temperatures. 

My power-temperature model of loss could not track the presence of thermal 

quasiparticles from overlayer quasiparticles present at high temperatures. The model 

can be improved for the trap devices to include the losses from the overlayer thermal 

quasiparticles. Instead of using a single 𝑇𝑇𝑐𝑐 for a resonator, a 𝑇𝑇𝑐𝑐 for the region with 

overlayer and another 𝑇𝑇𝑐𝑐 for the plain region can be used. The loss would be determined 
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by the percentage of coverage of the overlayer on the ground plane and the distribution 

of currents in the different regions. The application of standard conformal mapping 

techniques to CPW geometry may help. 

Even the FDM trap design model can be improved to include different kinds of 

quasiparticle sources. Currently, the primary source is the QP near the ground plane 

edge. Including more uniform QP sources and investigating its effect on overall 𝑄𝑄𝐼𝐼 can 

be investigated. 
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Appendix A. Jacobian for the model for QP trap 
simulation  

 
 

As described in section 4.5, discretized equations (4.26), (4.27), and (4.28) are solved 

using the iterative multivariate Newton Raphson method. To guess the starting point 

for the next iteration, Eq. (4.29) needs to be solved, which involves a Jacobian matrix  

 
𝒥𝒥𝑓𝑓(𝒛𝒛) =  �

𝐉𝐉𝟏𝟏𝟏𝟏 𝐉𝐉𝟏𝟏𝟏𝟏 𝐉𝐉𝟏𝟏𝟏𝟏
𝐉𝐉𝟐𝟐𝟐𝟐 𝐉𝐉𝟐𝟐𝟐𝟐 𝐉𝐉𝟐𝟐𝟐𝟐
𝐉𝐉𝟑𝟑𝟑𝟑 𝐉𝐉𝟑𝟑𝟑𝟑 𝐉𝐉𝟑𝟑𝟑𝟑

� 
(A.1) 

The individual terms are  

 
J11 = �

∂fToi
∂Toi

�
N′×N′

    J12 = �
∂fToi
∂nexi

�
N′×N

     J13 = �
∂fToi
∂Tpi

�
N′×N

 

J21 = �
∂fnexi
∂Toi

�
N×N′

    J22 = �
∂fnexi
∂nexi

�
N×N

     J23 = �
∂fnexi
∂Tpi

�
N×N

 

J31 = �
∂fTpi
∂Toi

�
N×N′

    J32 = �
∂fTpi
∂nexi

�
N×N

     J13 = �
∂fTpi
∂Tpi

�
N×N

 

(A.2) 

A.1 Partial derivatives of the function 𝒇𝒇𝑻𝑻𝒐𝒐𝒊𝒊  
 
 𝝏𝝏𝒇𝒇𝑻𝑻𝒐𝒐𝒊𝒊

𝝏𝝏𝑻𝑻𝒐𝒐𝒊𝒊
= −Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�(𝑥𝑥𝑖𝑖) × 2   

Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�  �𝛥𝛥𝑥𝑥
2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
� �𝛱𝛱𝑒𝑒 + 𝛱𝛱𝑝𝑝

4
+ 3𝛱𝛱𝑝𝑝

4
𝐴𝐴3𝛥𝛥

4 −𝑂𝑂
� 𝛥𝛥
𝑞𝑞𝑒𝑒2ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑁𝑁(0)

× �−𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

|𝑇𝑇=𝑇𝑇𝑂𝑂𝑖𝑖�   

  − Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� �
𝛥𝛥𝑥𝑥2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
�  𝑡𝑡𝑜𝑜𝛴𝛴 × (−5𝑇𝑇𝑜𝑜𝑖𝑖

4)   

(A.3) 

 
Where 
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 ∂n
∂T

 = 2N(0)�2πkbTΔ exp �− Δ
kBT

� �Δ(T)
kBT2

+ 1
2T
�  (A.4) 

 
 

 𝝏𝝏𝒇𝒇𝑻𝑻𝒐𝒐𝒊𝒊
𝝏𝝏𝒏𝒏𝒆𝒆𝒙𝒙𝒊𝒊

= Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� �𝛥𝛥𝑥𝑥
2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
� �𝛱𝛱𝑒𝑒 + 𝛱𝛱𝑝𝑝

4
+ 3𝛱𝛱𝑝𝑝

4
𝐴𝐴3𝛥𝛥

4 −𝑂𝑂
� 𝛥𝛥
𝑞𝑞𝑒𝑒2ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑁𝑁(0)

  

 + Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� �
𝛥𝛥𝑥𝑥2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
�  𝐴𝐴2𝛥𝛥−𝑂𝑂𝑡𝑡𝑠𝑠𝛤𝛤𝑅𝑅�2𝑛𝑛𝑒𝑒𝑒𝑒𝑖𝑖 + 2𝑛𝑛𝑡𝑡ℎ�𝛥𝛥 

(A.5) 

 
 
 𝝏𝝏𝒇𝒇𝑻𝑻𝒐𝒐𝒊𝒊

𝝏𝝏𝑻𝑻𝒑𝒑𝒊𝒊
=  − Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� �

𝛥𝛥𝑥𝑥2

𝜅𝜅𝑜𝑜𝑡𝑡𝑜𝑜
�  𝑡𝑡𝑜𝑜𝛴𝛴 × (5𝑇𝑇𝑜𝑜𝑖𝑖

4)  (A.6) 

 
 𝝏𝝏𝒇𝒇𝑻𝑻𝒐𝒐𝒊𝒊

𝝏𝝏𝑻𝑻𝒐𝒐𝒊𝒊+𝟏𝟏
=

𝝏𝝏𝒇𝒇𝑻𝑻𝒐𝒐𝒊𝒊
𝝏𝝏𝑻𝑻𝒐𝒐𝒊𝒊−𝟏𝟏

= Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�   (A.7) 

A.2 Partial derivatives of the function 𝒇𝒇𝒏𝒏𝒆𝒆𝒆𝒆𝒊𝒊  
 
 

 𝜕𝜕𝑓𝑓𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖
𝜕𝜕𝑛𝑛𝑒𝑒𝑒𝑒

= −2 − � 𝛥𝛥𝑥𝑥2

𝑡𝑡𝑠𝑠𝐷𝐷𝑄𝑄𝑄𝑄
� Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�   (1−𝛱𝛱𝑡𝑡𝑡𝑡𝑡𝑡)

𝛥𝛥
𝛥𝛥

𝑞𝑞𝑒𝑒2ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑁𝑁(0)
   

 −� 𝛥𝛥𝑥𝑥2

𝑡𝑡𝑠𝑠𝐷𝐷𝑄𝑄𝑄𝑄
� (1 − 𝐴𝐴2𝛥𝛥−𝑠𝑠)𝑡𝑡𝑠𝑠𝛤𝛤𝑅𝑅�2𝑛𝑛𝑒𝑒𝑒𝑒𝑖𝑖 + 2𝑛𝑛𝑡𝑡ℎ�  

(A.8) 

 
 𝜕𝜕𝑓𝑓𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖

𝜕𝜕𝑇𝑇𝑜𝑜𝑖𝑖
= − 𝛥𝛥

𝑞𝑞𝑒𝑒2ℛ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑁𝑁(0)
× �− 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
|𝑇𝑇=𝑇𝑇𝑂𝑂𝑖𝑖�  (A.9) 

 
 𝜕𝜕𝑓𝑓𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖

𝜕𝜕𝑇𝑇𝑝𝑝𝑖𝑖
= 0  (A.10) 
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 𝜕𝜕𝑓𝑓𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖

𝜕𝜕𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖−1
=

𝜕𝜕𝑓𝑓𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖
𝜕𝜕𝑛𝑛𝑒𝑒𝑥𝑥𝑖𝑖+1

= 1   (A.11) 

A.3 Partial derivatives of the function 𝒇𝒇𝑻𝑻𝒑𝒑𝒊𝒊  
 
 

 𝜕𝜕𝑓𝑓𝑇𝑇𝑝𝑝𝑖𝑖
𝜕𝜕𝑇𝑇𝑝𝑝𝑖𝑖

= −2 + � 𝛥𝛥𝑥𝑥2

(𝑡𝑡𝑠𝑠+𝑡𝑡𝑜𝑜)𝜅𝜅𝑝𝑝
�Θ�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�   𝑡𝑡𝑜𝑜𝛴𝛴 × �5𝑇𝑇𝑝𝑝𝑖𝑖

4 �  

  −� 𝛥𝛥𝑥𝑥2

(𝑡𝑡𝑠𝑠+𝑡𝑡𝑜𝑜)𝜅𝜅𝑝𝑝
� 𝜉𝜉 × 4𝑇𝑇𝑃𝑃𝑖𝑖

3      

(A.12) 

 
 𝝏𝝏𝒇𝒇𝑻𝑻𝒑𝒑𝒊𝒊

𝝏𝝏𝑻𝑻𝒐𝒐𝒊𝒊
= � 𝛥𝛥𝑥𝑥2

(𝑡𝑡𝑠𝑠+𝑡𝑡𝑜𝑜)𝜅𝜅𝑝𝑝
�𝑔𝑔𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑥𝑥𝑖𝑖) 𝑡𝑡𝑜𝑜𝛴𝛴 × �−5𝑇𝑇𝑜𝑜𝑖𝑖

4�  (A.13) 

 
 𝝏𝝏𝒇𝒇𝑻𝑻𝒑𝒑𝒊𝒊

𝝏𝝏𝒏𝒏𝒆𝒆𝒙𝒙𝒊𝒊
= 0   (A.14) 

 
 𝜕𝜕𝑓𝑓𝑇𝑇𝑝𝑝𝑖𝑖

𝜕𝜕𝑇𝑇𝑝𝑝𝑖𝑖−1
=

𝜕𝜕𝑓𝑓𝑇𝑇𝑝𝑝𝑖𝑖
𝜕𝜕𝑇𝑇𝑝𝑝𝑖𝑖+1

= 1  (A.15) 
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Appendix B. Detailed Fabrication Steps 
 
Here I describe the detailed fabrication recipe, I used  for fabricating resonators with 
traps. 
 

Table B-1: Resonator Fabrication process list 

BILL OF MATERIALS       
1 16 mm Chip 

Chemical List       
1 AZ nLOF 2020 

(photoresist) 
   

2 AZ 300 MIF 
Developer 

   

3 Acetone    
4 Methanol    
5 Isopropanol    

6 DI water 
(goosenecks) 

   

7 Aluminum Etchant    
8 Microposit 1165    

     
PROCESSING RECIPE STARTS HERE  

Process Recipe Time Notes 
Processing steps Day 1 

INTENSE WAFER CLEAN 

1 Acetone 
UltraSonication 

in 600 ml Beaker, 
Ultra Sonicate the 
wafers 

3 min Beaker # 1 

2 Methanol 
UltraSonication 

in 600 ml Beaker, 
Ultra Sonicate the 
wafers 

3 min Beaker # 2 

3 IPA UltraSonication 
in 600 ml Beaker, 
Ultra Sonicate the 
wafers 

3 min Beaker # 3 

4 DI UltraSonication 
in 600 ml Beaker, 
Ultra Sonicate the 
wafers 

3 min Beaker # 4 

5 IPA UltraSonication 
in 600 ml Beaker, 
Ultra Sonicate the 
wafers 

3 min Beaker # 3 

6 Take Micrograph Optical 
microscope 

  

7 Dehydration bake 120 oC on hot 
plate 1 min  

Lithography: Overlayer pattern  

8 spin  AZ nLOF 2020 
3000 RPM with 
3000 rpm/s ramp, 
covered 

60s 

use VERY 
CLEAN bottle, 
never re-use 
dropper, dispense 
3-4 drops onto 
surface.  Check 
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/Clean back side 
before baking!  

9 prebake 110°C  60s 
Hotplate with 
substrate vacuum 
on  

10 cool cool on table 60s Allow chip to cool 
about 30s 

11 place wafer on 
stepper chuck manual placement   

note that you 
should use a 
chuck that is +/- 
50 µm within the 
thickness of your 
wafer.   

12 stepper setup 
stepper prompt:: 
"CHUCK", "C", 
"10" 

  
Command to 
change chuck 
size to 10mm die,  

13 expose 
stepper prompt:: 
"EXEC 
<FILENAME>" 

1 s  

14 post-bake 110°C  60s 
Hotplate with 
substrate vacuum 
on  

15 cool cool on table 60s Allow chip to cool 
about 30s 

16 develop in AZ 300 
MIF Developer beaker develop 120s manual agitation 

about 0.5 Hz 

17 H2O rinse beaker rinse 60s 

manual agitation 
at approximately 
0.5 Hz, rinse from 
gooseneck after 
beaker, N2 blow 
dry 

18 N2 Dry Air gun 60 s   

19 inspect Optical 
microscope   

Take 
micrographs.  
Check resolution 
and guide 
patterns for 
significant defects 

CONVENIENT PROCESSING BREAK 
Layer 1 - Al wet etch 

20 Dip in the Al etchant Beaker ~ 110 s for 
100 nm 

 

21 Dip in DI water   60 s   
STRIP Photoresist 
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22 
Solvent Bath #1: 
MICROPOSIT 
remover 1165  

80°C bath 
removed from 
hotplate, directly 
into ultrasonic 
700ml Beaker 

5 min  

Beaker 1: first 
agitation to 
remove bulk of 
photoresist and 
residuals.  

     

23 
Solvent Bath #2: 
MICROPOSIT 
remover 1165  

beaker on 
hotplate 80°C 30 min High-temp soak 

in beaker 2  

24 
Solvent Bath #3: 
MICROPOSIT 
remover 1165  

beaker on 
hotplate 80°C 30 min High-temp soak 

in beaker 3 

25 
Solvent Bath #4: 
MICROPOSIT 
remover 1165  

80°C bath 
removed from 
hotplate, directly 
into ultrasonic 

5 min  

Beaker 4: fresh 
batch for any 
additional residue 
removal -  

26 DI Ultrsonication 600 ml Beaker 3 min Cleaning the 
Microposit 1165 

27 DI rinse gooseneck 60 s   
28 IPA pre-clean Beaker 60 s   
29 Dry wafer N2 gun     

30 inspect optical 
microscope   

Inspect for 
residues 
remaining, check 
edges, use 
nomarski 

CONVENIENT PROCESSING BREAK 
Titanium Nitride Etch 

31 Acetone Clean Spray Bottle 15 s   
32 Methanol Clean Spray Bottle 15 s   
33 IPA  Spray Bottle 15 s   

34 Dehydration bake 120°C on hot 
plate 1 min  

Lithography: Overlayer pattern  

35 spin  AZ nLOF 2020 
3000 RPM with 
3000 rpm/s ramp, 
covered 

60s 

use VERY 
CLEAN bottle, 
never re-use 
dropper, dispense 
3-4 drops onto 
surface.  Check 
/Clean back side 
before baking!  

36 prebake 110°C  60s 
Hotplate with 
substrate vacuum 
on  

37 cool cool on table 60s Allow chip to cool 
about 30s 

38 place wafer on 
stepper chuck manual placement   

note that you 
should use a 
chuck that is +/- 
50 µm within the 
thickness of your 
wafer.   



 

 

172 
 

39 expose 
stepper prompt:: 
"MAP 
<FILENAME>", 2" 

1 s 

Stepper file which 
enables 
microDFAS to 
align with existing 
alignment marks. 

40 post-bake 110°C  60s 
Hotplate with 
substrate vacuum 
on  

41 cool cool on table 60s Allow chip to cool 
about 30s 

42 develop in AZ 300 
MIF Developer beaker develop 120s manual agitation 

about 0.5 Hz 

43 H2O rinse beaker rinse 60s 

manual agitation 
at approximately 
0.5 Hz, rinse from 
gooseneck after 
beaker, N2 blow 
dry 

44 N2 Dry Air gun 60 s   

45 inspect Optical 
microscope   

Take 
micrographs.  
Check resolution 
for 0.7 µm lines 
(approximatley) 
and guide 
patterns for 
significant defects 

ICP Dry Etch 

46 
Clean the chip 
holding Sapphire 
wafer 

Using TCE bath     

47 
Apply the grease 
using a paper 
template 

    

Make sure that 
there is no extra 
grease outside 
the chip. 

48 Load to chamber 

::SERVICE-
>MAINTENANCE-
>WAFER 
HANDLING-
>LOAD 

  

Load wafer into 
chamber 
manually using 
this sequence 

49 ICP etch 
::SERVICE-> 
MANUAL MODE 
(see notes) 

T=300s  

Use manual 
mode: Params  
BCl3 - 12.5sccm       
Cl2 - 2.5sccm 
P - 3.5mtorr, 
Bias - 50W,  
ICP - 500W,  
Temp - 35C.   

Post etch corrosion mitigation   
50 Wait post etch   30  min  

51 Unload  
::SERVICE-
>MAINTENANCE-
>WAFER 
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HANDLING-
>UNLOAD 

52 DI dip 2000 ml DI 
Beaker, ~80C  60s 

2000 ml of DI in 
2000 ml beaker 
set to 80C.   
immidiatley dunk 
chip in water, mild 
agitation,  

53 Remove chip from 
carrier razor blade <60s 

(Track and 
record 
time of 
steps 

27+28) 

Carefully remove 
chip from carrier  

54 Clean off chip 
backside 

 

wipe backside 
with TCE on a 
cleanroom wipe, 
do not contact Al 
film side 

 Strip Photoresist  

55 
Solvent Bath #1: 
MICROPOSIT 
remover 1165  

80°C bath 
removed from 
hotplate, directly 
into ultrasonic 
700ml Beaker 

5 min  

Beaker 1: first 
agitation to 
remove bulk of 
photoresist and 
residuals.  

56 
Solvent Bath #2: 
MICROPOSIT 
remover 1165  

beaker on 
hotplate 80°C 30 min High-temp soak 

in beaker 2  

57 
Solvent Bath #3: 
MICROPOSIT 
remover 1165  

beaker on 
hotplate 80°C 30 min High-temp soak 

in beaker 3 

58 
Solvent Bath #4: 
MICROPOSIT 
remover 1165  

80°C bath 
removed from 
hotplate, directly 
into ultrasonic 

5 min  

Beaker 4: fresh 
batch for any 
additional residue 
removal - beaker 
in ultrasonic bath 
for 20 min. 

CONVENIENT PROCESSING BREAK 
59 DI Ultrsonication 600 ml Beaker 3 min Cleaning the 

Microposit 1165 
60 DI rinse gooseneck 60 s   
61 IPA pre-clean Beaker 60 s   
62 Dry wafer N2 gun     

63 inspect optical 
microscope   

Inspect for 
residues 
remaining, check 
edges, use 
nomarski 
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Appendix C. Supplementary plots from power 
temperature simulation 

 
In section 6.3, to investigate the trapping efficiency for different setbacks, the 

quasiparticle quality factor 𝑄𝑄𝑄𝑄𝑄𝑄 was extracted from the total internal quality factor after 

subtracting the TLS and non-TLS-non QP loss. The extracted 𝑄𝑄𝑄𝑄𝑄𝑄 from 𝑄𝑄𝐼𝐼 is plotted 

here. 
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Fig. C.1:Comparison of QI and extracted quasiparticle QQP at different powers 
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