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ABSTRACT 

Title of Dissertation: The Stress Field Surrounding the Tiµ 
of a Crack Propagating in a Finite Body 

Name of Candidate: Ravinder Chana 
Doctor of Philosophy, 1987 

Dissertation directed by: Professor George R. Irwin 
Department of Mechanical Engineering 

Uni versi ty of Maryland, College Park, MD. 

The goal of th i s dissertation was to establish the relationship 

between a parameter descriptive of the trajectory of a smoothly 

curving crack, such as the curvature of the crack path, and the local 

stress state in th e close vicinity of the crack tip. The behavior of 

fast -run ning cracks propagating along straight and smoothly curving 

paths in fracture specimens of various geometries was examined using 

dynamic photoelast i city and representations of the running crack 

stress field were developed in terms of the coefficients of a set of 

in finite se ri es, for both opening and shear mode loading cond itions. 

Analysi s of the isoch romatic patterns, using lo cal co llocation methods 

based on this stress fie ld representation, allowed the stress state in 

th e nei ghborhood of the propagating crack-tip to be modelled with a 

hi gh degree of accu racy and results were obtained for the variations 

with crack tip position of both the singular and leading non- s ingular 

stress f i e ld coefficients of int erest . 

The resu lts obtained for quasi-static and rapid crack propagation 

under opening mode conditions in a ring segment reveal ed the 



1. t f t . . t f d ( t · · ) l/ 2 mpor ance o re a, n, ng errns o or er a a m, n1rnum r even when 

only the singular ter111 was to be determin ed accurately. Furthennore, 

it was found that the non-singular stress field coefficients varied 

similarly in both static and dynamic situations, with so111e variations 

in magnitude that could be attributed to crack speed. 

The results from the curved crack expe riments al so showed 

systematir: var ia tion of the non-singular ter111s, but more importantly, 

it was found that th e instantan eous cu rvature of the crack µath was 

related to tr1e magnitude of the lowest order non-singular stress 

f h 1/2 t ) . component (the coefficient o t er - erm associated with the local 

shear mode of deformation in the vicinity of the tip of the running 

crack. Furthermore, the results established that the only singularity 

associated with a crack propagating along a smoothly curving path in a 

brittle, isotropic material was that associated with the opening mode 

stress intensity factor, K1, and that the shear mode singularity, KII' 

was identically equal to zero. 
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CHAPTER 1 

INTRODUCTION 

Traje ct ory problerns in mecha ni cs , such as the problem of 

determininy th e path followed by a part i c l e in a potential field such 

that it traverses the di sta nce between two points in th e s hort es t t iine 

(the brachistochrone probl em fir st cons idered by Be rnoulli), hav e l ong 

been recognised as being coinp l ex [ 1.1 ] . The problem of predict ion of 

th e crack path in fracture 111ec han i cs i s no l ess so , even wh en 

attention is restricted to a two-dimensiona l planar crack that i s 

propagat in g at a constant speed [ 1.2]. 

Th e solution to the general c rack trajectory problem re4uires : 

{a) the comµutation of the stress int ens ity factors and other related 

stress field paramete rs for a given crack in an arbitrary body at any 

instant in ti111e; and {b) a 111ea11s of def ini:19 the next increment of 

crack growth in terms of geomet ri ca l parameters that are related to 

the previously computed information about the crack tip stress field . 

The so lution to this problem has been attempted by a number of 

researchers for certain special cases , usin g either closed-form, 

quasi-static, analyti ca l so lu tions , or nu111erical techniques to compute 

the sma ll change of direction for eac h forward in c r ement of crack 

extension based on the maximization of the normal tensile stress ahead 

of the crack tip [1.3]. Howev e r, little or no attention has been 

given to the trajectory curvature, whi ch i s a point function of 

µosition alony any smoothly curviny path. 

The aim of the present work is to establish the relationship 

between the curvature of the crack path and the stress field in the 
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local region surrounding the tip of a smoothly curving, propagating 

crack . This will be done by first carefully evaluating the magnitude 

of t he l ead ing non-sin gu lar stress terms in the crack-tip stress field 

for cracks propagating along s111oothly curv ing paths in a brittle, 

isotropic mat e rial, and then examinin g the curvature of the crack path 

relative to the magnitude of both the s ingular and non-singular stress 

field parameters. 

The need for cons i der in y non-singular stress field par·a111eters in 

addit i on to the stress int e nsity factor when modelling the st res s and 

stra in distribution around the tip of a stationary crack in a 

fin it e - sized body is well established [1.4]. Se veral procedu res for 

r e liably evaluating the parameters of interest from full-field 

exper imental data have been developed in recent years, and it has been 

de111onstrated that the influence of non- s ingular stress term s mu st be 

co nside red even when attention is restricted to accurate 

determinations of the singular term alone [1.5, 1.6]. 

It ha s also been shown in a previous study, that the leading 

non- s ingular st res s field coefficients vary systematically as a 

function of crack length for cracks subjected to opening mod e loading 

and that the magnitude a nd variation of these parameters depends on 

the shape and in-plane dimensions of the particular geometry being 

considered. The results obtained have pr oved useful in formulating 

criteria that can be utilized to establish, in a quantitative manner, 

the size and shape of the singularity-dom i nated zone around the crack 

tip, which was found to be a small fraction of the distance from the 

crack tip to the nearest specimen boundary [1.7, 1.8]. 
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As stated prev i ous ly, the objective of the present work is to 

examine the ex i stence of possible r e lationships between the maynitude 

of the non- s in gula r stress effects local to the crack tip and the path 

which the crack tip follows, for cases wh ere the crack is proµagatiny 

along a smoothly cu rviny path in a brittle, isotropic material. That 

such a relation sh ip may exist is suggested by the fol l owing . For a 

general curve in s pa ce , any infinitesmal se':Jme nt of the c urv e ca n 

always be considered as a straiyht line without l oss ot generality . 

Howev e r, successful a na ·ly tical mode"Jliny ot a finite, non-zero 

curvature re~uires a non-zero seco nd derivative for any function used 

to describe the cur ve and the resulting radius of curvature i s a point 

function of position alony the curve . Thus, a rationale for st udying 

higher order effects when studying crack propagation a 1 ong a curved 

path i s apparent from a geometric viewpoint. 

The approach adopted here has been to use dynamic photoelasticity 

and a high speed came ra system of the Cranz-Schardin typ e to obtai n 

full-field information about the stress state surroundi ng the tip of a 

crack propagating in a plate spec ime n fabricated from a brittle, 

birefringent polymer [1.9]. The re su lting informat ion was in the form 

of i sochromat i c frinye patterns, or contours of consta nt maximum 

in-µlan e shear stress, whi ch provided the data ba se for further 

analyses. Local co llocation procedures were tl1en employed, in whi c h 

the appropriate st ress field representations for runniny cracks were 

combined with a multiple data point, overdeter1ninistic, non-linear 

algorithm to obtain the stress field parameters of int erest in a 

least-squares sense [1.10 - 1.12]. 
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Initial work in this study focussed on opening mode cracking, in 

which the crack propagated along an axis of symmetry of the specimen 

geometry. This provided a comparison of quasi-static and running 

crack propagation behaviors in the same specimen confi':Juration and 

allowed higher order term influences to be examined in a dynamic 

setting. The abi -lity to obtain accurate va ·lues for the hi':)h e r order 

terms of interest was al so established. Further studie s v-1e re then 

undertaken in which a rapidly propagating crack was initiat ed from a 

starter notch in such a manner that the crack followed a smoothly 

curving path as a consequence of non-symmetric loading conditions 

remote from the crack tip. 

The results from the straight c r ack experiments showed that the 

non-singular stress field coeff i cients varied in a manner similar to 

that obtained for static situations in the same geometry, with some 

variations in magnitude that co uld be attributed to crack speed. The 

results from the curved crack experiments also showed systematic 

variation of the non-singular terms, but more importantly, it was 

found that tt1e instantaneous cur vature of the crack path was related 

to the magnitude of the lowest order non-siny ular stress terms 

associated with the local shear mode of deformation in the vicinity of 

the tip of the running crack . Furthermore, the results suggested that 

the only singularity associated with a crack propagating along a 

smoothly curving path in a brittle, isotropic material was that 

associated with the opening mode stress intensity factor , KI. 
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CHAPTER 2 

REVIEW OF PREVIOUS WORK 

Th e behav i or of c r acks und e r mi xed -mode , i. e ., co111b i ned te ns i on 

and forward s hear , l oad in g co nditions ha s bee n stud i ed ov e r more t han 

t wo decades by d·i ffe r e nt inv es ti gat or s . Most of t hese st ud i es have 

ass um ec1 infini t e bod i es unde r quas i- sta ti c co ndit ion s and co nf in ed 

attent i on to the s ingu l a r st ress f i e l ds i n th e i 1;1me d i at e vi c ini ty of 

th e c r ack t i p. Fo r a runnin g crack , th e need fo r in co r po r a tin g th e 

effec t s of in ert i a i s ge nerally acknowl edged. Th e maJor hes itation in 

us i ng dynam i c ana ·ly si s methods to addres s t hi s probl em has bee n th e 

in c reased co111p l ex ity of th e analysis and the difficulties encountered 

in dete rminin g th e crack tip stress field paramet e rs of interest when 

cons i de rin g runnin g c r ac ks prop ag ating in fini te geometries. De s pite 

th e l ack of att ention t o the problem of int e res t, i.e., non-singular 

st ress fi e l d influences on a smoothly curving crack propagating 

in th e pl ane of a finite body, some useful information can generally 

be obta i ned f r om qua s i-st atic consid e rations and a bri ef r·eview of 

pr e vi ous work on th e t opi c i s pres e nted below. 

2.1 Studies Based on a Maximum Stress Approach 

Ear l y wor k by Erdogan and Sih [2.1 ] used a ma ximum 

c ircumf e rent i a l s tress criterion to predi ct th e direction of c r ac k 

exte ns i on of an angled segment emanating from th e tip of an originally 

str a i ght cra ck. Each seyment of crack extension was assumed to occur 

normal to the maximum hoop stress associated with the original crack 

- 7 -



tip and attention wa s given only to t he st ress f ield contribution due 

to t he mode I and mode II stress in te ns i ty f acto r s . 

A fi r st attempt at i ncorµ ora ting poss i bl e i nfl ue nces of 

non- s i ngula r st resses was t he work of Wi l li ams and Ewin g [2 . 2], wh o 

co ns idered the in f lu ence of th e constant st ress para ll e l to th e 

origina l crack direct i on, oox' on the direc t i on of c r ack exte ns i on of 

tr1e any lecJ segment . Lat e r wor k by r-·inni e and Sa i th [ 2.3 ] and Streit 

and Fi nni e [ 2.4 j co rrected so1~e e rrors in [2 . 2] and suggested t hat an 

add itional pa ramete r that needed considerat i on was tt1e di s t ance f r ofll 

the c rack tip at which the rnaxin1u111 c ircumferent i al st ress occ ur r ed 

relat ive t o some cr i t i ca l di sta nce, re . The co nceµt of c r ack path 

stab ility be in g gov e rn ed by 0 v-1 as a l so exam in ed by Cot te re ll and 
ox 

Ri ce [ 2. 5], who co ns idered qu as i- stat i c cr ack growth of a s li ght l y 

cur ved c r ack and used pe r t urbat i on t heo ry for the ir ana lys i s . 

2.2 St udi es Based on an Ene rgy App roach 

Th e prin cipl e of max imiz at i on of the rate of lo ss of st ress f i e ld 

ene r gy i s a co nceµt t hat ge ne r all y go ve rn s mac r oscopi c defo rmat i on 

be havio rs, and as such i s ofte n enco unt e red in mec hani cs. It s 

usefu lness fo r st udy i ng cr ac~ ex t ension behav i or s would t herefore be 

expected and invest i gat i ons of crack kinking or c r ack exte nsion a l ong 

no n- strai ght c rack pa th s based on eneryy a r gume nts have a I so bee n 

pu r s ued . Th ese ge ne r a I ly fall in to t wo broad catego ri es . One i s 

predi ct i on of the direction of c ra ck exte ns ion bas ed upon ma xi1n i zat i on 

of the strain energy releas e rat e [2 . 6 - 2.lOJ. Th e oth e r approach i s 

t o use the concept of 1pinirni zat ion of th e strain ene r gy de nsity 

[ 2.11, 2.12]. 
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Some attention has also been given to considering the direction 

along which the in-plane shear mode singularity, K
11

, vanishes 

[2.13 - 2.16] for an infinitesmally small segment of crack extension. 

However, it has been shown in [2.10, 2.16] that a K
11 

= 0 condition is 

equivalent to maximization of the strain energy release rate for small 

kink angles. 

2.3 Studies on Dynamic Crack Curving 

Some very early work by Yoffe [2.17] and later by Sih [2.18] 

attempted to briny into the picture the effects of inertia and crack 

speed. More recently, a much more detailed study of the dynamic crack 

curving problem was performed by Ramulu and his co-workers 

[2.19 - 2.25]. 

The result of this work was a set of criteria that were proposed 

for dynamic crack curving based on a maximum circumfer~ntial stress 

theory and a critical distance concept, similar to that previously 

suggested by Streit and Finnie [2.4 J for the static case. The 

proposed criteria were evaluated using dynamic photoelastic data and 

reasonable agreement between predictions and experimental observations 

was reported. 

Though the work by Ramulu, et al., used dynamic stress field 

expressions, the influence of terms of order r112 and beyond was 

neglected in this study also. Attention was paid only to the opening 

and shear mode stress intensity factors, K1 and K11
, and the constant 

stress term, 0ox· One immediate consequence of using such a stress 

field model, that utilized only a very limited number of terms, was to 
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presuppose that all of the asymmet ry in both the lo cal and far - field 

regions a r ound the crack tip was due only to the shear mode 

s inyularity. 

In addition, since these investi~ato r s recoynised that t11eir 

stress field representat ion was val i d only i n a rey i on of ve ry limit ea 

size around the crack tip, they proce eded to very carefully perfor111 

the evaluat i on of their proposed cr i ter ia usiny experi111ental data 

taken very close to the crack tip . In so111e cases , this meant tr1at the 

th i ck ness of the specimens used to obtain expe rimenta l data great ly 

exceeded the size of the region of data acquis i t ion, resulting in 

significant three-dimensional effects that we re not co ns i dered and 

whi ch have been shown rece ntly to resu lt in e rroneous evaluation s of 

th e st ress int ens ity factors using other optical method s [2.26]. 

Co ns eque nt ly, whil e the work of Ramulu, et al., rep resent s the 

first systematic attempt to use full-field information about the 

crack-tip st ress fi e l d and to develop a c rack cu rviny c rit e rion that 

in co rporat ed tl1e influ ences of c rack speed, the problem wa s approac hed 

from a ve ry restricted viewpoint and could be co ns ide r ed to suffer 

from certain drawbacks that render the co nc lu s ion s questionable. The 

differences between that work and t he results of the present study 

will be discussed in more deta il in subsequent parts of this 

dissertation. 
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CHAPTER 3 

FULL-FIELD REPRESENTATIONS OF THE CRACK-TIP STRESS FIELD 

The wo rk discussed here pertains to the analysis of st r e ss f i e ld s 

associated with two-dime nsion a l c racks under both static a nd dynamic, 

ope ning and shear mode lo ad in y condit ions. It is th e r efore necessa ry 

as a first step , to develop ap propriat e express i ons for the in-pl a ne 

st r esses fo r each case, su c h that tl1ese exp r essions ca n be us ed to 

describe th e st r ess field over a reasonable sized region around the 

tip of a crack in a finite geomet ry. The analysis approach that will 

be employed will pr ovide a representation of far-field influ ences on 

the l ocal crack - tip stress field in terms of powers of distance from 

the crack tip. 

3.1 Opening Mode; Static 

It has been shown [3.1, 3.2], that in order to completely 

describe the stress stat e associated with two-dimensional cracks under 

stat i c opening mode loadin g, a generalized form of the Hesteryaard 

eq uations [3.3] is necessary. Thi s generalization follows from an 

Airy stress f u net ion of th e form 

F1 = Re Z(z ) + y Im Z(z) + y Im Y(z) ( 3 . 1 ) 

from which, 
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a = Re Z y Im Z' y Im Y' + 2 Re Y ( 3. 2) 
XI 

ay = Re Z + y Im Z' + y Im Y' ( 3. 3) 
I 

and T = 
xy I 

- y Re Z' y Re Y' 1111 y ( 3. 4) 

d = d - d 
wh ere Z(z ) = - Z(z), Z(z) =dzZ(z ), z I ( Z) - - Z(z) 

dz dz 

d = d - d 
and Y(z ) = y ( z) ' y ( z) -- y ( z) ' y I ( Z) - - y ( z) 

dz dz dz 

are fun ction s of the complex variable, z = x + iy, and the symbols 

'Re' and 'Im' have their usual meaning, i.e., the Real and Imaginary 

part s of a complex function, respectively. 

For openin g mod e problems, these fun ct ion s are subj ect to the 

constraints that Re Z(z) = 0 on the crack faces and Im Y(z) = o along 

t he crack line. Thus, for a single-ended, stress-free crack, with the 

origin of coordinates at the crack tip and the negative x-axis 

coinciding with the crack faces, as shown in Figure 3.1, th e fun ct ion s 

Z(z) and Y(z) can be represented as 

Z(z) = 

and Y(z) = 

00 

I 
n=O 

00 

I 
m=O 

n-1 /2 
An z 
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where the An and B are real constants, and th e opening mode stress 
Ill 

int ens ity fa ctor, K1 , i s related to A
0

, i. e. , K
1 

= A
0

12rr. 

3.2 Shear Mode; Stat ic 

Th e shea r mode counterµart for the static problem can be obtained 

by fo ll owin g a procedure simil a r to that de sc r i bed in Refere nces [3.1] 

a n d [ 3 • 2 J , a n d re s u 1 t s i n a n A i r y s t re s s fu n c t i o n o f t h e fo rm 

- -
= Re Y*(z) + y Im Y*(z) + y Im Z*(z) ( 3. 7) 

wh ere the symbols have the same meaning as before and the aste risk has 

been used (cons i stent ly both he re and in subs eq uent sections) to 

di st i ngu i sh the Westergaard type st ress functions for shea r mod e 

loading from those used for the ope ning mode case . 

Th e result in g express ion s for the in-plane Ca rt es ian stress 

components ca n then be obtained as 

CJ = Re Y* y I111 Y* 1 y Im Z* ' + 2 He Z* (3. 8 ) 
XI I 

CJ = Re Y* + y 
y I I 

Im Y*' + y Im Z* ' (3.9) 

and T = 
xy I I 

- y Re Y*' y Re Z* ' Im Z* (3.1 0) 

For the shear mode problem, the fun ct ion s Z* (z) and Y*(z) are 

subject to the constraints that Im Z*(z) = 0 on the crack faces and 

Re Y*(z) = 0 along the crack line. Appropriate choices for Z*(z) and 

Y*( z) for the single-ended, stress-free crack problem, using the 

coordinate system of Figure 3.1, are then 
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Z*(z) = 

and Y*(z) = 

co 

l -i en zn-1/2 

n=O 

co 

~- -i D zm 
l Ill 

rn=O 

(3.11) 

(3.12) 

The functions Z*(z) and Y*(z) are similar to the functions Z(z) 

and Y(z) introdu ced previously for the opening mode problem. The 

desired antisymmetry for shear mode loading is obtained through use of 

the multiplication factor of i = r-T and the minus sign has been 

introduced solely for cornµ utat i ona ·1 convenience. The Cn and D are 
m 

real constants and the shea r mode stress intensity factor, KII' is 

related to c0 , i.e., KII = c012n. 

3.3 Opening Mode; Dynamic 

The problem of a semi-infinite crack translating at a fixed 

speed, c, in the positive x-d irection under plane-strain conditions 

was first considered by Irwin [3.4]. He showed, that the dilatation , 

6, and rotation, w, can be expressed, without loss of generality, in 

the form 

6 = E + .E- = a (1 - A 2) Re r 1 ( zl) 1 
ax ay 

(3.13) 

and 

= l.'.'.'.. - E = B ( 1 - ½ 2) Im r2(z2
) 

w 
ax ay 

(3.14) 
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where Al and A
2 

are functions of the crack speed, c, relative to the 

longitudinal wave speed, c
1

, and the shear wave speed, c2 , in the 

materia l, and z
1 

and z
2 

are velo city - tra nsfo r111 ed coord in ates def ined 

in Figure 3. 2. The terms, r
1 

and r2 , de note a pair of velocity-

coup l ed, co111p l ex st r ess fun ctions of the variables, z1 and z2 , 

respect iv ely, and are used to separate t he dilatati onal and rotational 

components of the stress field. The exact form of these functions for 

a partic ul ar problem depends on the crack problem of interes t, and the 

co nsta nts, a and B, hav e t o be evaluated after rnak iny a cho i ce for the 

pa ir , r
1 

and r
2

, so as to sat i sfy the spec ifi c boundary conditions on 

th e prob l em being considered. 

Constructing expressions for the strains, and using Hooke's Law, 

i t ca n th en be shown that the Cartes i an in-pl ane st ress components for 

the ge nera l e last odyn arni c pro bl em are 

0xx 
= µ [ a ( 1 + 2 Al 2 

- >..z 
2

) Re r l - 2 B >..z Re r2 J (3.15) 

cryy = µ [ - a ( 1 + >..z 
2

) Re r1 + 2f3 ½ Re r2 J ( 3.16) 

and 
TXY 

= µ [ -2 a '1 Im r1 
+ B ( 1 + A2 2) Irn r2 J (3.17) 

wh e re µ is the shear modulus, and the other terms are as previously 

defined. 

For the static opening mode problem, it has been de1nonstrated 

[3.2, 3.5] that two independent se ri es stress functions are re4ui red 

to completely describe the stress field in specimens with finite 
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boundaries, one beginning with an inverse-square-root singularity and 

the other with a constant term. These were denoted Z and y , 

respectively, and choices that ar e app ropriate for single-ended, 

st ress -free, stat ionary cracks under opening-mode loading were 

presented in equations (3.5) and (3 . 6) . A similar approach can be 

fo llowed to obtain stress functions suitable for the dynami c 

oµening - mode problem. 

A l ogica1 first choice, s imil ar to equ ation (3.5), i s to defin e a 

pair of functions, r
1 

and r2 , such that 

00 

00 

, A n-1/2 
L n zl 

r = z = 2 2 
\' A n-1/ 2 
l n Zz (3.1 8) 

n=O n=O 

with the notation z
1 

and z2 bein g introduced for ease of comparison 

with the static analog. The l eadi ng coefficient, A0 , is once again 

related to the opening mode st ress intensity factor, K1 = A0 ;T;, and 

the l eading term is the familiar inverse-square-root stress 

s ingul a rity. For this choice of r1 and r2 , 

faces, and the symmet ry co ndition 

req uires that f3 = 2>..1a/(1+).,.,2
2
). 

( T = 0) 
xy 

a = 0 on th e crack 
yy 

along tt1e crack line 

A second choice, whi ch follows from the above, and which i s 

analogous to equation (3.6), is to define 
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00 

I (3.19) 

111 =0 111 =0 

wh e re the introdu cti on of th e symbols Y1 and Y2 
i s aya in for 

co nv eni ence of comµ a ri son with th e static count e rpart . In thi s case , 

t he r e4uirement of tra cti on-free cra ck fa ces r es ul ts in 

B = a( l+ >,2
2)/2>-2 , wi th t he symmet ry co ndi t ion be in y au t o111 at i ca lly 

sa tisfied by th e form of th e expressions in equation (3.1 9). 

Th e remaininy co nstant, a, can be determined from th e definition 

of the opening mod e stress intensity factor 

l i m ff,i;r ay y I 6= o 
r~ 

as aµ = (l+>,22) / [4>-1>-z - (J.+>-z2) 2]. 

(3 . 20) 

Superposition of the two solutions gi ven by equations (3.18) and 

(3.19) yields a yeneral solution to the constant speed, opening mode 

elastodynamic crack problem as 
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(3 . 21) 

a 
YY1 

(3.2 2 ) 

(3.23) 

These exp r ess ions reduce to their static counterpart, equations 

(3.2)-(3.4), in the limit as the crack speed tends to ze r o. The limit 

as c + 0 must, howeve r, be taken wi t h sollle ca r e , s ince terms inside 

and outside the bra ces both go to ze ro and z1 + z
2 

+ z . Th e static 

equ ival ent cannot thus be obtained by simply substituting c = 0 in 

equations (3.21)-(3.23). 
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3.4 Shear Mode; Dynamic 

The shear mode counterpart to equat ions (3.21)-(3.23) can be 

ob tain ed from the followiny considerations. First, equations 

(3 . 13)-(3.17) are general solutions t hat a r e not res tricted to the 

ope ning mode c rack problem. Second, the major di ffe,-en ce between 

mode I and mode II stress fields is tl1e ant ·i sy1111netr i c natur e of the 

st r ess f i e l d r esu lt i ng from shea r mod e l oad in 9. 

Analogous to equation (3 .11) , and a l og ical first step, is to 

se l ect the stress functions, r
1 

and r
2

, as 

00 

rl = zl * = I -i en zl n-1 /2 

n=O 

00 

(3.24) 

Th e bou ndary conditions for the ,nod e II problen, require that, for 

this choice of r1 and r2 , s = a(l+>-;/)/2>.2 , to make ayy = 0 along the 

crack line . (The other boundary condition, name ly that Txy = 0 on the 

c rack faces is automatically satisfied by the particular choices for 

r1 and r2.) In this case, the l eading coeffic i ent, c0
, is related to 

the shear mode st ress intensity factor, Krr = C01Zrr. 

The seco nd pair of cho i ces for r1 and r2 , which follows from 

equat ion (3.12), and is analogous to equation (3.19) is 

00 00 

Y * \' - 1· om z 1 m fl = l = L r2 = Yz* = L. -i om Zzm (3.25) 

111=0 m=O 
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In this case ayy = O a1ong y = O and to make Txy = 0 on the crack 

faces r equires that B = 2>.l q!(l+>,.,
2 

2). Th e definition of the mode II 

st ress in tens i ty factor 

KII = Jim 

r+O 
ffiir° T / o xy e= 

yie 7ds aµ = 2>,.2 I [4>,.l ½ - (l+>.2 2) 2] . 

(3.26) 

The shear mode cou nt erpa rt to equat ion s (3 . 21)-(3.23) can then be 

written as 

(1 

YYrr 

(3.27) 

(3. 28 ) 

(3.2 9) 

Once again, these expressions redu ce to their static counterparts, 

equations (3. 8 )-(3.10), in the 7imit as c + 0, if the 7imit is taken 

with some care, as discussed in the previous section. 
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l_.5 Some General Observations 

It has been po int ed out in the preceding discussion that, in eac h 

case, the l ead in g term in eac h of the series stress functions, z and 

Z* 
' provides the invers e-square-root stress singularity general ly 

associated with a c rack-tip stress field and that the coeffic i ent of 

the leading term is related to the opening (or shear mode) stress 

inten s ity factor. 

The leading ter111 of the second set of ser i es stress functions y 
' ' 

gives rise to a constant stress in the direction of crack µroµayation 

for tt1e opening mode case, equat ions (3.6) and (3.19). In this case 

the coeffic ient, s
0

, is related to the familiar o0 x-term in Irwin's 

near-field static equations [3.6], with o0 x = 2Bo-

However, the l ead ing term, o0 , of the similar set of ser i es 

stress functions, Y*, that are used for the shear mod e case , does not 

influence the stress components of equations (3. 8)- (3.10) and 

(3.27)-(3.29). Hence, there is no counterpart to the o
0
x-te rm for 

either a stationary or a propagating crack under pure shear loading 

conditions. Thi s in turn implies that the lowest-order non-singular 

t fl.eld . th l /Z erm that influen ces the shear mode stress 1s er -term (the 

second term in the ser i es stress function, Z* ). 

Since the problems being considered here are all linear e lastic 

in nature, the genera l exp ressions for mixed-mode elastostat i c or 

el astodynami c problems of cracks in finite geometries can be obtained 

by simple superposition of the appropriate expressions for opening and 

shear modes. A comparison of the results obtained here with those 
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developed by other investigators for the static [3.7] and dynamic [3.8 

- 3.11] cases, using complex potentials and ei gen-function methods, 

reveals that these results are functional ly equivalent to those given 

in tl1e references cited, after suitable changes of variables. 

However, the results develoµed here are computationally efficient to 

implement, as will be seen in subsequent sections. 

The results obtained for the series coeff icient s from S!Jec imens 

that are geometrically similar can often be correlated more eas ily if 

the series stress functions, Zand Y, are rewritten using 

non-dimensional coefficients . Equations (3.5) and (3.6), for example, 

can be rewritten as 

00 

An n 
Ao (z/W)-1/2 I (z/W)n 

Z(z) = -W 
ff n=O 

Ao 
(3.30) 

00 

= 
Kr (z/W)-1/2 I A I (z/W)n 
~ 

n 
n=O 

and 

00 

~ wm+l/2 
y ( z) Ao (z/W)-1/2 I 

(z/W)m+l/2 
= Ao N m=O (3.31) 

00 

Kr (z/W)-1/2 I 15 I (z/W)m+l/2 
= nnW 

m 
m=O 

where , ow dimensionless real constants (A0
1 = 1) 

the A I and B are n 
n m 

and w is some characteristic in-plane length dimension, such as the 
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specimen width. Similar results can also be obtained for each of the 

other series stress functions of equations (3.11)-(3.12), 

(3.1 8 )-( 3 .1 9), and (3.24)-(3.25), with til e normalization being 

Performed with reference to either AO or co, whi chever is more 

appropriat e for the particular problem beiny considered. 

~ 6 Application to Cracks Propagating Along Curved Paths 

The st ress fi eld expressions that have been de rived and di scussed 

here all pertain to straight cracks, for whi ch th e origin of 

coordin at es ha s been placed at the crack tip and th e negative branch 

of the x-axis coincides with the crack faces. These expressions are 

al so suitable for the representation of curving crack stress fields, 

if the x and y directions are taken as the instantaneous tangent and 

normal to the crack path, respectively• However, the region over 

Whi ch such a stress field representation would be considered 

reasonable is clearly a region whose size is small relative to the 

radius of curvature of the crack path at the point in question. Some 

care must therefore be exercised in se1ectiny a region for data 

acquisition and analysis when usiny straight crack stress functions 

for the study of curving crack problems, to ensure that the radius of 

curvature of the crack path is large relative to the size of the 

region from which data is taken for analysis purposes. Further 

comments on this subject wi 11 be made 1 ater. 

Some estimates of the possible errors introduced by using 

straight crack expressions for curved crack problems have been 

Provided for cases where the curved crack stress field has a 
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closed-form solution [3.12]. The conclusion drawn was that, for the 

cas es of int erest in the present study, namely gradually and smoothly 

curviny crack s, any errors involved would be small provided that the 

guidelin es given in the precediny discussion were kep t in mind. 

~ 7 Application to Cracks Propagating at Non-Constant Speeds 

It was po int ed out that the general ex press ion s , equations 

(3. l3) - (3 . 14), fol l owed f rom a const ant crack speed assumpti on. Sinc e 

th e prob l ems of int erest may involve crack propagation at non-constant 

speeds , some discussion on this subject is in order. 

Th e constant crack speed assumption and the consequences of 

removing this restriction have been studied by several investigators 

from an analytical viewpoint [3.13 - 3.17]. An excellent discussion 

on the subJect has been provided recently by Freund, in which he 

argu es that since the equation of motion for the crack is a first 

0rd er differential equation in terms of crack speed, the crack 

Velocity (and not the acceleration) changes in phase with the 

crack-tip driving force [3.18]. (In physical terms, this is 

equivalent to the statement that the crack-tip singularity field is 

ma ss 1ess and ha s zero inertia.) This allows variations in crack speed 

as a function of time, without violating the validity of the stress 

field expressions derived from a constant crack speed assumption, 

Since these . express1ons depend only on the instantaneous crack 

Ve] Deity. 

It h k t l·n mind that the crack propagation 

s ould also be ep 

Problems of interest here all involve continously propagating cracks 

- 28 -



u
nd

er remote mechanical loading conditions. Any changes in crack 

speed that do occur thus take place in a gradual manner and not 

abruptly or discontinously, as would be the case in impact or 

explosive type loading conditions. If some care is exercised to 

ens ure that the crack-tip stress pattern of interest for analysis 

Purposes is one that is in fact changing gradually with time, it would 

appear from th e above discussion that equations (3.21)-(3.23) and 

(
3

,
27 )-( 3.29) can be used to describe th e running crack stress field 

Without e rror, even when the crack speed is not constant. 

~ Application to Cracks Propagating in Plate Specimens 

The general expressions for the stress field, equations 

(
3.l3)-(3.17), were obtained assuming plane-strain conditions. If the 

crack is propayatiny in a plate, the stress state of interest (removed 

from t he immediate vicinity of the crack tip) becomes one of 

Plane-stress. In this instance, the lonyitudinal wave speed c 
' 1 , 

should be replaced by the plate wave speed, cp, when carrying out the 

Velocity-dependent coordinate transformations defined in Figure 3.2. 

When experimental data is obtained using either surface 

measurements or through-thickness averaging techniques, it is also 

nec ess a ry to exercise some degree of care in selecting a region for 

data acquisition, to ensure that all data pertain to generalized 

Plane-stress conditions. This imposes a restriction that data be 

taken no closer to the crack tip than one-half the thickness of the 

Plate [3 J .19. 
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CHAPTER 4 

DETERMINATION OF CRACK-TIP STRESS FIELD PARAMETERS 
FROM PHOTOELASTIC DATA 

Dynamic photoelast i c expe riments provide full-field exper imental 

data for the stress state in a large region around the tips of running 

cracks for bot h straight and cu rving crack situations. Plate 

specimens fabricated from a transparent, birefringent polymer were 

placed such that the plane of the specimen would be perpendicular to 

the optical axis of a high-speed, Cranz-Scharctin camera system [4.1, 

4.2], which provided a seque nce of photographs of the stress field in 

the specimen during the course of the crack propagation event. 

The stress field information was obtained in the form of 

isochromatic frinyes, i.e., contours of constant ma ximum in-plane 

shear stress 
' 

T , given in terms of the in-plane Cartesian stress 
max 

components by 

2 )
2 4 z]l/2 

T = [ ( a - a + Txy ma x y x 

( 4 .1) 

This was in turn related to the governing optical equations for 

isochromatic fringe patterns through the stress-optic law 

2T = N f / t 
max a 

(4.2) 

Where N is the photoe 1 ast i c fringe order at the point of interest, 

f
0 

is the fringe sensitivity of the birefringent model material, and t 

is the model thickness. 
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The appropriate expressions for 

terms of the i nfi ni te series stress 

ox, o , and T , developed in y xy 

functions, z, y, Z*, and Y* , 

discussed in th e previous chapter, were used with equations (4.1) and 

(4.2) to express the experimentally determined isochromatic fringe 

0rder at any point in the field in terms of the unknown coefficients ' 

An• Bm, Cn, and Om, the known crack speed, c, and the position 

coordinat es (r, 8) of the point in question. (A detailed derivation of 

th e expressions for the stress components has been provided in 

Appendix A.) The stress field parameters of interest were then 

determined using local collocation procedures as described below. 

i_.l Parameter Determination Methodolog~ 

The first step in the application of the local collocation method 

to the analysis of a given isochromatic fringe pattern was to define a 

region around the crack tip for analysis purposes, extract a large 

number of individual data points distributed over the entire region, 

and determine the coordinates and fringe order at each data point. 

These data points were then used as inputs to an over-determined 

system of non-linear equations relating the fringe order and the 

series coefficients, and solved in a least-squares sense for the 

best-fit set of unknown coefficients, following the procedures 

outlined in [
4

•
3 

_ 
4

•
5
]. The mathematical details of the procedure 

are given in Appendix B. Note that care was taken to excl ucte data 

Points that would lie within one-half the plate thickness of the crack 

tip f d ,· n [4 6] Otherwise, the only factor 
, or the reasons di scusse • • 

in data point selection was fringe clarity. 
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A given dat a set was analyzed using the computer programs listed 

in Appe ndi x C. Sequ ential addition of terms to the truncated form of 

t he power series repres entation of th e stress fi eld provided 

success ively hi gher order stress fi el d mod els, starting with a model 

of order 2, and in creasing in st eps of one until convergence of the 

res ults to stable values was obtained. The relationship between the 

Order of t he ana lys i s model, J, and th e hi ghes t power ot radius, rP, 

retai ned i n t he se ries stres s fi e ld rep resent at ion is yiven by 

p = (J-2 )/2. A rnodel of order 2 would th erefore retain terms up to 

ro , i • e . , AO, Co , and Bo; a mod el of order 3 would retain terms up to 

r l/2 i • e. , AO, Co' Bo' Al' and Cl; a model of order 4 would retain , 

t erms up t o r l , i.e., A
0

, c
0

, B
0

, A1 , c1 , B1 , and D1; and so on. 

Th e hi ghest order model which was needed for a particular data 

set depended upon the s ize of th e data acquisition region and the 

di st ance from the crack tip to the boundaries of the specimen. 

Obvi ous ly, th e coefficients of the two series Z* and Y* (Cn and Om) 

ente red int o th e analysis only when the crack was propagatiny along a 

non - strai ght path. 

The average f ringe order error, j6NI, for a data set with a total 

of K poin ts , has been defined in this study as the average difference 

betwee n tli e specified (input) fringe order, Ni, at a given point and 

th e fring e order (at the same point) comput ed from the best-fit set of 

coeffi cients 
' 

This quantity wa s computed for each analysis model 

f rom 
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1 
= K 

k=K 

I 
k=O 

N. 
l 

(4.3) 

and used as a measure of the quality of the fit between the 

experi mental input data and the computed best-fit coefficient t se. 

The behavior of /&~/ as a function of the order of the analysis model 

was then examined and was typically found to stabilize to a valu e 

bet~✓ een 2% and 5% of the average input fringe order once the stress 

field had been modelled wel l over the region of data acquisition. 

The behavior of the leading coefficients of each series was also 

examined and showed similar, stable behavior once a good fit had been 

achieved. Finally, each of the coefficient sets computed by the 

analysis algorithm was used to reconstruct the fringe pattern over the 

region of data acquisition so as to visually confirm that the stress 

st ate around the crack tip had in fact been properly modeled by the 

analysis model selected as being "correct"• This eliminated the 

Possibi lity of "false" solutions which can sometimes occur [4.7]. 

The techni~ues described above were used to analyze each of the 

crack-tip i sochromat i c fringe patterns that were obtained from the 

dynamic photoelastic experiments. Two illustrative examples, the 

first for a straight crack and the second for a curviny crack, are 

discussed below in more detail. 

~ Illustrative Example No. 1 -- Straight Crack 

The methodology out l ined above is illustrated here through the 

analysis of a crack propagation experiment performed using a 1/2-inch 
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(l 3 mm) thick ring seyment fabricated from Homalite 100 [4.8], a 

brittle polymer that has been used extensively in dynamic photoelastic 

st udies of fractu re [4.2]. A total of 16 flash photographs of the 

i soc hromat i c fri nye patterns associated with the running crack were 

avai l able over a range of crack lenyths varying from a/W = 0.19 to 

a/W = 0. 90 for the particular experiment se lected for analysis from 

th e data available in [4.8]. 

Figure 4.1 shows the isochromatic pattern 145 µS after crack 

initiation. The crack tip at this particular instant was located at 

an a/W of 0.5 2, and the crack speed , as determined from the slope of 

the c rac k position versus time record, was constant at 15,000 

inch es /sec (375 m/s; c/c2 
= 0.31). A total of 60 data points were 

taken for analysis purposes from within the circular region of radius 

0.7:i inches (19 mrn; 0.15W) which has been marked on the fringe pattern 

in the figure. Note that no data were taken closer than 1/4-i nch 

(6 mm) from the crack tip so as to ensure that all data points would 

lie within a reg ion of generalized plane stress [4.6]. 

This data set was input to the l eas t-squares algorithm and 

analyzed using successively higher order stress field representations 

as discussed ea rlier. Figure 4.2 shows the behavior of the error term 

defined in equation (4.3) and of the leading series coefficients, A0 , 

B0 , and A
1

, as the order of the analysis model was increased from two 

(A B ) ( A B A B ) The error term can be seen 

O• o to six A0 , B0 , l' 1' 2' 2 • 

to decrease monotonically before stabilizing to a value of about 3% 

and stabilization with increasing order of analysis model is also 
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readily apparent for the singular and leadiny non-singular 

coefficients also . 

Figure 4. 3 compares the experimental fringe pattern over the data 

acquisition reyion with the computer-generated fringe patterns 

correspondin g to th e best-fit coeff ici ent se t from ea ch order model . 

It can be seen that a model of order six is required before the 

recon s tru ct ed pattern fully matc hes the sa li ent features of the input 

exµerim ental pattern. The same conclus ion would al so be reached from 

an exam in ation of the error term in Figure 4.2. 

Other noteworthy observations that can be made a re as follows: 

(a) The in ner set of closed i sochromat ic fringes in Figure 4. 3 

show littl e change in size, shape, and orientation between models of 

order 4 through 6. This is to be expected s in ce additional 

non-singul a r terms would hav e greater effects on the far-field 

features of the stress field. 

( b) Examinat ion of Figure 4. 2 , and the same data presented in 

tabular form in Table 4-1, shows that th e s ingular term, A0 , changes 

by a s ignificant amount wh en the r112-t e rm is retai ned in the 

analysis, but cha ng es by l ess than 1% beyond a t hird-orde r model. 

Thi s illu strat es the importance of retaining terms of (at least) order 

r 112 when attempt ing to accurately det ermine even the singularity 

alone from photoe l ast i c data and is in agreement with the conclusions 

arrived at previously from the study of stationary cracks for a 

vari ety of geomet ries and loading conditions [4.7] as well as optical 

methods other than photoelasticity [4.9, 4.10]. 
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(c) Further examination of Figure 4.2 and Table 4-1 shows that 

th
e changes in the coefficients of r0 and r112 are small (of the order 

of 5% or less) once the analysis models are of order 4 and order 5, 

respectively. Reasonably accurate determination of a specific 

non-singular stress term is thus obtained once the analysis model 

retains at least one additional coefficient beyond the coefficient of 

interest in the particular series. This is not surprising, since it 

amounts simply to a restatement of a basic principle in numerical 

analysis, i.e., the coefficients of an infinite series which has been 

truncated at some point can be determined with reasonable accuracy 

only up to the term preceding the point of truncation; the last term 

absorbs a substantial portion of the error due to truncation. 

4.3 - Illustrctive Example No. 2 -- Curving Crack 

While the basic methodology for determining the crack-tip stress 

field coefficients does not change when analyzing photoelastic 

Patterns for cracks that are propagating along curved paths, there are 

certain special considerations that need to be kept in mind, 

Particularly with regard to selection of a region for data 

acquisition. A discussion similar to that of the previous example is 

therefore presented below for the case of a smoothly curving crack. 

Figure 4.4 shows the crack-tip isochromatic fringe pattern for a 

crack propagating in a cross-shaped specimen under biaxial loading 

[4.11], and the particular pattern is Frame 12 from a set of 20 high 

speed photographs of the running crack stress patterns. The asymmetry 

of the pattern is readily apparent for this case. The crack was 
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propagating at a constant speed in the specimen, which was fabricated 

in this in sta nce from a 3/8-inch (10 mm) thick sheet of Homalite 100. 

The crack speed was determined to be 16,000 inches/sec (415 m/s; 

c/c2 = 0. 33). 

The data acq ui s ition rey ion selected for analysis purposes had a 

radius of 1/2- in ch (13 mm) and i s ma rked on the frinye pattern of 

Figure 4.4 . The s ize of the data acqu i s ition region was selected so 

that it would provide adequate information about higher order ter111 

influen ces (based on previous exper i ence) \vhi le s imultaneo usly be ing 

of moderate size relative to th e local radius of curvature of the 

c r a c k pat h , w h i c h w a s of the o r ct e r of 5 i n ch es ( 12 7 mm ) i n t h i s 

instance . The moderate size of the data acquisitio n regio n relative 

to the local radius of curvature of the crack path allowed the 

st rai ght crack stress field expressions developed pre vi ously to be 

utilized without significant error. The crack - tip coordinate system 

wa s oriented so that the x-direction would correspond to the local 

tangent to the crack path, which was established from a post-mortem 

exam in atio n of the specimen. 

A tota l of 60 data points distributed over the entire region were 

selected to form the data set for analysis purposes. However, ca r e 

was taken to avoid (a) data closer to the crack tip than about 

one-half the specimen thickness (5 mm) as well as (b) data from the 

fringes that were very close to the curved crack boundaries, where the 

assumption of a locally straight crack would not be valid. 

This data set was then analyzed sequentially with models whos e 

order ranged from two (A0 , c0 , B0 ) to six (A0, c0 , B0 , A1, C1 , Bl, D1, 
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The changes in the fringe order error with an 

increase in the order of the analysis model we re then examin ed and 

s howed the behavior illu strat ed in Figure 4.5, which also shows the 

be havior of the l ead iny coeffic i ent s of the se ries st re ss functions. 

The error term stabil i zed to an error of about 4% of the ave r aye in put 

fr i nge order once the st res s state had been modeled we ll over th e 

rey i on of data acquisit i on. The l ead in g coeffic ient s of each ser i es 

we re al so found to sta bilize once a good fit had be en achieved and 

this is also shown in Fi gu re 4. 5. 

Each of the coeff i c i ent sets obta in ed f r orn th e analysis was used 

to reconstruct th e fringe pattern ove r the reg ion of data acqu i s i t i on 

and the results are shown in Figure 4.6. The model of order 5 can 

eas ily be seen to mat ch the sa l i ent features of the stress fi e ld over 

the region of data acquisition; a conclusion similar to that availabl e 

from an examination of the behavior of the e rror term in Figure 4. 5. 

Comments were made in the discussion of the st rai yht c r ack 

examp le regarding th e ne ed for retaininy terms of order 
1/2 r , even 

when trying to dete rmine only the s ingular coeffici ents, as wel l as 

the need for retainin g at least one t e rm in each series beyond the 

point of immed i ate int erest if reliable and accu r ate res ult s we re 

desired. Examina t ion of the result s for this particular exampl e , 

shown graphically in Figures 4.5 and 4. 6 and in tabular form in Table 

4-2, shows that the same comments also apply to the parameter 

determination problem for curving cracks. 
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TABLE 4-1 

PARAMETER VALUE S COMPUTED FROM SUCCESSIVE ANALYSIS MODELS 

FOR THE STRAIGHT CRACK EXAMPLE (FIGURE 4.2) 

ORDER OF MODEL (HIGHEST POWER OF r RETAINED) 

PARAMETER 
2 (r0) 3 (rl/2) 4 ( r1) 5 (r3/2) 6 (r2) 

A0 ( p s i - i n l / 2 ) 206 . 9 214. 7 216. 2 216. 2 215.7 

% of Fin al Valu e 95 . 9% 99 .5% 100. 2% 100. 2% 100 . 0% 

B0 (psi -i n°) 61. 5 82 .4 97.7 96 . 7 94 .4 

% of Fina l Value 65 .1 % 87. 3% 103 . 5% 102 . 4% 100 . 0% 

Al 
( .. -1 /21 ps1-,n 1 -168.2 -308.9 - 327. 2 - 320. 5 

% of Fin al Valu e 52. 5% 96 . 4% 102.1% 100. 0% 

I t.N I 7. 5% 5.1% 3. 2% 2. 7% 2. 7% 
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TABLE 4-2 

PARAMETER VALUES COMPUTED FROM SUCCESSIVE ANALYSIS MODELS 

FOR TH E CURVING CRACK EXAMPLE (FIGURE 4.5) 

ORDER OF MODEL (HIGHEST POWER OF r RETAINED) 
PARAMETER 

2 ( r 0) 3 (rl/2) 4 ( r 1) 5 (r3/ 2) 

A0 ( p s i - i n l / 2 ) 603 . 8 597 . 3 588 .1 590 .4 

% of Final Valu e 102 . 3% 101. 2% 99 . 6% 100. 0% 

c0 (ps i - in 1 / 2) 43. 2 44. 8 29 . 2 32 .0 

% of Fin al Valu e 135.0% 140.0% 91. 3% 100.0% 

B0 (ps i-inO) 272.7 310.5 2%.1 301. 5 

% of Fin al Valu e 90.5 % 102. 9% 97 . 9% 100.0% 

Al (ps i-in- 112) - 226 . 8 -5 3. 9 - 39 . 5 

% of Fi na l Valu e 57 4. 2% 136 . 5% 100.0% 

Cl (ps i-in- 112 ) 242 . 8 29 1. 3 265 . 8 

% of Final Valu e 91. 3% 109. 6% 100.0% 

I llN I 23 . 8% 6.1 % 3.7 % 3.5% 
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RING SPECIMEN;a/W=0.52;c/c2 =0.31 

Figure 4.1 The c ra ck -ti p i soc hro,nati c fringe pattern re co rded 145 µs 
afte r rapid crack initiat i on i n a ri ng segme nt . The crack 
tip i s located at a/W=0 . 52 and the crack is propagating at 
a speed of 15,000 inches /sec (c/cz=0 . 31). The da s hed 
circ l e ind ica tes t he region of data acquisition. 

- 47 -



C 

<l 

RING SPECIMEN; a/W= 0.52 
c = 15000 in/s; c/c 2 = 0.31 

10.-------------=------10 

5 
-~. 

------. ---•---• 
5 

o.__._ ___ j__ __ _._ ___ __._ __ __J__~o 
2 3 4 5 6 

220.------------------

C 

<l 

(\J 
....... 

0 .24;;:;-

C 

-..... 

E 
I 
0 

en 
a.. 

210 0 23 a.. . :E 
0 

<( 

2 0 O L---

2
L..-..--...._

3 
__ ____._

4 
__ ___._

5 
__ --J

6
L__J O. 22 

100 .------------------

0 
<( 

0 
C 

0 .6 OE 

I 

en 
a. 

0 
ca 

75 

50.__._ ___ ~ __ _..__ __ _.__ ___ __.____. 
2 3 4 5 6 

0 .5 

0.4 

: -175-----.-~----------~~o 

I -275 ~ -12 
en •~ a.. -14 •---· <( 

-3 75 .___.._ __ __._ __ __. ___ ..J.....c.. __ ....1..-----1-l6 
2 3 4 5 6 

ORDER OF MODEL 

I 
0 
a.. 
:E 

0 
ca 

-(\J 
....... 
I 
E 

0 
a.. 
:E 

<( 

Figure 4.2 The changes with increasing order of analysis model in the 
error term and leading series coefficients from local 
collocation analyses of the fringe pattern of Figure 4.1. 
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RING SPECIMEN;a/W=0.5 2; c/c2 =0.31 
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Figure 4.3 Th e ex perimental fring e pattern ove r th e data acquisition 
r egion of radius equal to O. 75 inches a nd the 
r econstructed ( computer generated) i sochromat i c patterns 
corresponding to successively higher order ana l ysis 
mod e ls. The 2 Pa r amet e r (2nd Orde r) Model retains terms 
upto rO/ the 3 Paramet e r (3rd Order) Model retains terms 
upto rl 2, and so on. 
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Figure 4.4 The crack -tip isochrornat i c fringe pattern reco r c ~= ~54 µs 
afte r rap id c rac k ini t i at i on for a c rack propagating along 
a cu rv ed path in a biaxia l ly-l oaded , c ros s - s haped s pec imen 
(F r ame 12 from Exper ime nt 11 ) . The c rack is propagating 
at a co nstant speed of 16,000 in ches/sec ( c/c2=0 . 33) and 
the circle shows the reg i on used for data acquis iti on 
purposes . 
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CHAPTER 5 

RESU LTS FOR CRACK PROPAGATION 
UNDER OPENING MODE AND COMBINED LOADI NG CONDITIONS 

The techniques for determining the stress field parameters of 

interest fro111 photoe last i c fracture patterns that were described in 

the previous chapte r were used to ana lyze exµer i 111ental data pertain i ng 

to both straight and cu rviny cracks. The re s ults obtained from the 

a nalyses are descr i bed i n the fo ll owin y sectio ns . 

5.1 Results for Crack Propagati on Un de r Opening Mode Condit i on s 

A crack µropagat ion experiment perfori11ed using a ri ny seg111ent 

with the geometry and loading shown in Figure 5. 1 provided a total of 

16 high speed photographs of the isochromat i c fr in ge µatte r ns 

assoc iated v1i th the running crack [5 .1 ] . The ~pecimen was fabr i cated 

from 1/2- i nch (13 mm) thick Homa li te 100 sheet and the f r inge pJtte rn s 

we re recorded using a Cra nz- Sc hard i n type camera system [ 5.2 ] . 

In the particular expe r iment selected from [ 5.1 ] fo r ana lysis 

purposes, the runniny crack was i nit i ated from a bl unt starter notch 

at a crack length to specimen width rat i o of a /W = 0. 10 
0 

and 

proµagated ccnt inously across the specimen without arrestiny . The 

crack speed shortly after initiation was determined from the sloµe of 

the crack position versus time record as being 15,000 i nches/sec 

(37:i m/s; c/c2 = 0. 31) . The crack propagated at this ve l ocity for 

about 165 µsec un t i l an a/ W of O. 56, afte r wh i ch t he c r ack speed 

gradually decreased in the l ast phases of crack pr opagation to abo ut 

4,000 inches / sec (100 m/s; c/ c2 = 0. 08) . Expe r i menta l data was t hu s 
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obtained from a single experiment over a wide range of crack lengths 

(a/W = 0.19 to a/W = 0.90) and crack sµeeds (c/c 2 = 0. 31 to 

c/c 2 = 0. 08 ). 

The analysis procedure foll owed for one frame f ro111 this 

exper iment was discussed at some length in the previous chapter 

(Sect ion 4.2). The same techniqu es were applied to each of the 

s i xtee n frames in the set and results obtained for the stress 

intensity factor, KI, and for the l eading non-singular stress terms, 

Bo , and Al' as functions of the crack tip position in the spec imen . 

ana lyses required retention of terms ranging from 1 to 5/2 
The r r , 

depending on the size of the region used for data acquisition purposes 

and the distance from the crack tip to the spec imen boundaries. The 

number of data points for each fringe pattern varied between 40 and 

60 . As discussed previously, stability of the fringe order error and 

the leading stress field coefficients (K
1 

and B0) wa s the primary 

measure used to decide when the stress state was bei ny adequately 

modelled over the region of data acqu i sition. The quality of the 

match was conf irmed for each case by reconstructing the fringe pattern 

corresponding to the computed set of coefficients and comparing it 

with the experimental data. 

Figure 5.2 shows the results for the instantaneous c rack-tip 

stress intensity facto r as a function of a/W. A decreasing K-field is 

typical of this particular geometry and loading combination [5.3], and 

K
1 

is seen to decrease monotonically from an initially high value to 

essentially a constant as the crack propagated across the specimen and 
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the crack 
speed decreased f r om its initial high value to the rather 

low speeds recorded during the last few frames. 

The variation with crack position of the two leading non-singular 

terms ( 
expressed in dimensionless 

Figures 5.3 and 5.4, respectively. 

que
st

ion are seen to vary in a systematic fashion as the crack length 

increases and their general trends are similar to pre vious results for 

st
ationary cracks in other specimen geometries [ 5.4, 5.5 ] . The 

influence of the approaching specimen boundary is readily apparent 

from the rather rapid changes in the non-singular tern rs that take 

Place beyond an a/W of about 0. 8 and the changes in sign and trends 

f 

form), B0 ' and A1
1

, is shown in 

In both cases, the parameters in 

or both B0 
1 

and Al I at short crack l engths (a/W "'0 . 3 or less) are 

con · . 
. [ -

sistent With previous observat i ons also 5.6, 5.7]. 

~suJts for Cracks Propagating Along Curved Paths 

A cross - shaped fracture specimen with the geometry shown in 

Fisiure 5. 5 had been designed previous ly for the purpose of studying 

crack propagation behaviors under biaxial loading conditions [5 . 8]. 

Any eccentricity in the load, Q, applied paral l el to the axis of 

symmetry of the specimen, would naturally result in a combined tension 

a
nd 

forward shear loading condition, and cause a rapidly propagating 

crack to follow a non-straight path. Arrangements were therefore made 

With Dr A. Shukla of the University of Rhode Isla nd to test a series 

of such specimens under ecce ntric biaxial loading, to obtain the 

d 

· l l . 

Ynamic photoelastic data needed for deta1 ed ana ys1s . 

The results from two such experiments, designated Experiments 11 

and 12 , respectively, were selected for analys i s and discussion in the 
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present s tudy. The spec imens i n both cases were fabricated from 

3/8-in ch (10 mm) thic k shee t s of Horna lite 100 and a Cranz-Schardin 

came r a was once aga in used to obta in hi gh speed photoyraphs of th e 

i soc hromatic frin ge patt e rn s a round t he tip of the propagating crack. 

A seque nce of frames s howing t he chang es with crack propag ation 

in th e cra ck tip fring e pat t e rn s fr om each experiment is shovm in 

Figu res S. 6 and S. 7 for Expe r i me nts 11 and 12 , resµe ctively. In both 

cas es t he frin ye pat te r ns s how co ns iderabl e far-fi e ld asymmetry, 

i n d i c a t i n g t h e p r es e n c e of a s u b s t a n t i a l s h ea r mode i n fl u en c e • Th e 

ma j o r dif fer ence be tween th e t wo exµe ri1nents was the ma 9nitud e of th e 

t ens il e load, Q, applied parallel to the original crack line, with th e 

l o ad , P , a p p l i e d no rm a l t o t h e i n it i a l c rack d i rec t i on be i n 9 

essentially th e same in botll experirnents. Experiment 11 had a large, 

bia xial tension (about 50% of P), while Experiment 12 had only a small 

tensile load (about 10% of P) applied parallel to the initial crack 

direction. Th e fringe patt e rns recorded in each case confirm thi s 

obs ervation, with the frin ges of Experiment 11 (Figure 5.6) showin g 

the strong backward-lean chara cteristi c of this type of loadin g [5.9]. 

In both ex perirnents, rapidly propagating cracks were initiated at 

load levels th at we re hi gh en ough to produce crack propa gation at an 

essentially con s tant speed of 16,0UO inches/sec (400 m/s; c/c 2 = 0.33) 

over the period of observation. This was one factor in selectiny 

these two experiments for analysis purposes, since it was considered 

desirable to be able to study the non-sinyular effects on the local 

crack-tip stress field and the path followed by the propayating crack 
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poss , e a 1 1ona comp ex1 ,es ue to variations without introduc,· ng ·bl ctct·t· l l ·t· ct 

in the c r ack speed. 

Th e path fo ll owed by th e propagat ing c ra ck in eac h ex pe rim ent i s 

shown in Fi gure 5. 8 fo r th e portion of the crack propa gation that wa s 

within th e win dow of obse rv ati on of the camera syst em. The posi t ion 

alon g eac h c ra ck traj ect ory has been defined in terms of normali zed 

coo rdin ates , X/ W and y /W, ori ented al ony th e axes of sy rn111 et ry of th e 

s pecimen , 
wi t h th e ori gin located at the starter cra cK tip, as s hown 

in Fi "Ure -::i 5. 5. 

Post -mortem examination of th e fractured specimens showed t hat 

th e crack propagation event occurred with out the int e rv enti on of any 

attempts at branching. (This was consistent with the crack-tip 

K-val ues obtained from the subsequent analyses and the magnitudes of 

both the primary and biaxial loads, P and Q, applied in each case 

The resulting fracture surfaces were smooth and the crack [5.8].) 

Plane remained perpendicular to the plane of the specimen. 

The crack trajectory for each experiment was traced and this 
coordinates of 

trace was 
then used to digitize the po s ition 

approximately l00 points along each crack path, sta rting at the tip of 

th e starter notch and continuing well beyond tha t portion of the , 
crack path for which isochromati c fringe pattern data was available. 

This digitized description of each crack path was then used to fit a 

4th order polynomial of the form, y" F(X) "ao + alX + a2X2 + 

a3x3 + a
4 

x4, to each crack trajectory using standard 1 east-squares 

techniques. An l
· on was thus obtained, which was then available 

express 
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to compute the s l ope of the tangent to the crack path for purposes of 

orienti ng th e c r ack -ti p coo rdinate system used to perform subsequent 

ana l yses of U1e photoe l astic data. Ca lculation s of the curv atu re of 

the crack path as a fu nct ion of position alony the trajectory we re 

also made using the poly nomi al exµ ress ion, boU1 to ensure that U1e 

size of the data acq ui sit i on region(s) used would be moderate rel at iv e 

to the instantaneous radius of curvatu re of the path, and to provide 

the cu rv ature infor111ation that was des ired for further st udi es . 

The isochromatic frin ge patte rns recorded in eac h expe riment were 

a na ly zed using the 1 oca 1 co llocation met hod for parameter 

dete rminat ion that was presented and discussed in the pre viou s 

chapter, in which Frame 12 from Expe riment 11 wa s discussed in some 

deta il as a representative examp l e. Results were thus obtained with a 

high degree of conf id e nce for the mode I and mode II st ress int ens ity 

factors, KI and KII' associated with each fring e pattern, as well as 

for t he 1 ea d i n g non - s i n g u 1 a r st res s terms , BO , A 1 , and C 1 • 

The data acqu isiti on reg ions us ed vari ed in radius between 1/2 

a nd 3/4 inches (13 to 19 mm) and care was taken to keep the s ize of 

the data acqu i sit ion region mode rat e rel at iv e to the rad iu s of 

c urv ature of the crack path , whi ch ranged from 4 to lU in ches (100 to 

2SO mm) for the two exµeriments. Data points were not taken ve ry 

c l ose to the curv ed crack boundaries and a reg ion of radius equal to 

one-half th e specimen thic kness (3/16 inch or 5 mm) was excluded for 

data acquisition purposes, for tile reasons discussed previously. The 

number of data points digitized ranged between 50 and 60 for each 
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frinye t 3/2 pa tern and terms of order r were found to be required 

before a good match was achieved between computed and experimental 

st re s s stat es over the reyion of data acquisition. 

Figure 5.9 shows the values of Kr and KII determined from local 

collocation of the the dynamic isochromatic frinye data for the two 

experiments. The results have been shown as functions of the time 

aft e r rapi d crack initiation, 
since th e cracks propagated at a 

constant velocity in both experiments, but followed different paths. 

The opening mode stress intensity factor, Kr, was found to increase 

on,cally as the crack propagated into the specimen, changing from monot · 

about 1300 psi fin to about 1600 psi ffn in a ti me span of about 

175 ~sec. This result is consistent with the results one would expect 

if the crack had 
straight across a specimen of this 

propagated 

geometry with an initial applied load, P, equal to that used in these 

two experiments [5.8]. 
The calculated values of the shear mode stress intensity factor, 

KII• on the other hand remained constant and very close to zero 

th roughout, with calculated values that ranged between 2% and 5% of 

the · 7 nstantaneous Kr. 

curvature of the crack paths were significantly different in the tvw 

Since the crack trajectories and changes in 
L 

experiments , 
result was felt to be particularly interesting 

relative to the assumption that has been made by other investigators 

[ 5.10], namely that Krr is the sole factor determining crack 

Propagation along a curved path and the major source of the strong 

asymmetry that is observed in fringe patterns such as those presented 

this 
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here. The possibility that KII was in fac t identically zero will be 

discussed in more detail in the next chapte r. 

The results for the normali zed ope ning mode co nsta nt stress term, 

[3 0
1

, are presented in Figure 5. 10 . As ex pected , the resu l ts for 

Expe riment 11 correspo nd to a l arge remote tension pa rall e l to the 

original starter notch, though B I 

0 does decrease as the crack 

propagates. In Experiment 12 , on the othe r hand, the remote ten s i on 

appl i ed prior to rapid crack ini t iation was sma ll, and B0 ' remain s 

small, pos i tive, and essentia ll y constant over the µerioct of 

obser vatio n. Note that no results are presented for th e co rrespond in y 

term, o0 , from the shear mode series stress f ield represe nt ation, 

s in ce this term mak es no contributi on to the stress components. 

The results for tl1e nor111aliz ed coefficient of r11 2 in the opening 

mode ser ies stress field represe nt at ion, A1', are shown in Figure 

5.11. The results f rom both experiments follow the same trends, with 

A1 ' sta rting out at small, positive values and ch anging stead ily to 

larger, negative values as the c r ack propagates into the specimen. 

The normalized s hea r mode stress field coefficient of r
112 , c1 ' 

behaves somewhat di ffe rentl y than its opening mode counterpart, as 

shown in Figure 5.12. Th e computed value for c
1

• is seen to in crease 

rather rapidly during the initial stages of crack propagation in 

Ex periment 11, rea che s a max imum and then decrea ses steadily i n 

magnitude to a f inal value that is about the same as it had initi ally . 

In Experiment 12, this coefficient behaves somewhat differently, with 

the results showing that it only undergoes small changes as th e crack 
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propagates. The sign of the coefficient remains positive throughout 

e coe 1c1en magn1 u e 1s compara e with that of in both cases and th ff. · t ·t d · bl 

A I 1 • 

Note that the results for c
1

' have been normalized with respect 

to the magnitude of the opening mode singularity term, A0 , rather than 

with res 11ect to the d. h d t C ~ correspon 1ng sear mo e enn, 0 • 
This has been 

va ues can e more eas 1 y compared in done part ,·ally so that the l b ·1 

maynitude to the results for A
1
', and also because the instantaneous 

values of c ( ) f d 
0 

or KI I 1-1ere oun 
to be uni forrnly srnal I coinpared to 

as a normaliziny factor is not 
AO (or KI). The choice of A0 

inappropriate, even thouyh the coefficient being di scussect is 

associated with the shear mode stress field, since the purpose of this 

part of the normalization procedure is simply to scale the stress 

st ate at two different instants in time (or two different crack tip 

locations) with respect to the overall magnitude of the stress field. 

A characteristic length dimension is also needed for normalization 

purposes 

Wi dth , 

(see S t 
· 3 5) and this was taken to be the specimen 

ec ,on • 

W = 11.5 inches= 292 mm, 
for both opening and shear mode 

st ress field coefficients. 
In summary, the results for the leading non-singular coefficients 

of both the openiny and shear mode stress fields for the curving crack 

cases that have been presented above showed a behavior similar to that 

obtained previously for opening mode crack propagation, in that these 

coefficients were once again found to be smoothly varying functions of 

time (or crack tip position). The results for the openiny mode stress 
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i nt ens ity factor were similar in the two cases considered, which is 

cons i s t ent wi t h the geometry and loa d ing that was employed in the two 

ex pe rime nts. The results for th e opening mode constant stress term, 

130 ', whil e they were different for the two experiments, were also 

cons i s t ent with the initial bi ax ial loading conditions. The 

1/ L 
r compon ent of the opening mode s tress f ield, A

1
' , was found to 

have s i lll il ar va lues for the t wo e;z µe ri 11 1ents. The sh ear lllOd e 

counte rµ a rt, c1 ', while it had a mag nitud e co111parable to the opening 

111od e t e rm, s hov., ed a distinctly di f f e rent be l1avior for the two cases 

µ resent ed . 
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EXPERIMENT 11 

FRAME 16, I• 19014s FRAME 17, t • 20114s FRAME 16, 1•21214• 

Figure 5.6 A sequence of frames recorded using a Cranz-Schardin 
came ra showing the stress field surrounding the rapidly 
propagating curving c r ack of Expe riment 11. 
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FRAME 8, t • 65.5µ.1 

FRAME 13, t • 158.0 µ.1 

FRAME 16, t = 183 .5 µ.s 

EXPERIMENT 12 

..., 
d 

FRAME 10, t • 86.5 µ.1 

FRAME 14, t• 167.0 µ.s 

FRAME 18, fz212 .5 µ.s 

FRAME 12, t • 151.5 µ.1 

FRAME 15, t•l76 .5p,1 

~ . ...__ 
FRAME 19, t = 231.5 µ.s 

Figure 5.7 A seque nce of frames recorded using a Cranz-Sc hardi n 
came ra showin g the stress fi e ld surrounding the rapidly 
propagating curving crack of Experiment 12. 
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CHAPTER 6 

DISCUSSION OF RESULTS 

st ress f i eld representations suitab ·le for inodelling the stress 

f" i e l d su rr ou ndin g the tip of a crack in a finite-sized body were 

develop ed in Chapte r 3 of this dissertation for both stationary and 

runnin g cracks, under opening mode or combined l oad ing condit ion s. 

i ques for determ ining the crack-tip stress field par·arneters of Techn· 

in terest from full-field exper imental data we re prese nted and their 

Qpp li cat i on to dynamic photoelastic fracture patte rns was discus sed in 

Chapte r 4. The ability to model the stres s state in a large region 

around the tip of a propagating crack with a high degree of confidence 

and accu racy was demonstrated for both strai yht and curving cracks 
, 

and the ad vant ayes of adoptin g a ca reful and systemat i c approach to 

the analysis of running crack stress fields were readily apparent from 

illuS t rations such as Figures 4.2, 4.3, 4. 5 , a
nd 4

-
6

• 

Dyna mi c photoelastic experiments of opening mode cracking in a 

rin g segme nt and curvilinear crack propagat ion in a bia xially-loaded, 

cross-shaped fracture specimen provi ded the data base for the next 

part of this study, in .,.,,hi ch t he running crack fringe patterns from 

th ese exper iments were analyzed using th e parameter determination 

The results obtained for both the 
niet h d 0 ology discussed previously. 

in gular and l owe r-order, non-sin gular stress field coefficients were s · 

Presented in Chapter 
5

• several items that merit further discussion 

can be identified from these re sults and these are presented and 

discussed 1· n t f ll ow the sections tha • o • 
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6.1 Higher Order Terms in Static and Dynamic Situations 

It was pointed out in the Introduction that it wa s des ired to 

compa re quas i- static and runn i ng crack propagation behaviors so as to 

al l ow the influence of hi gher order te rlll s to be examined in a dynamic 

sett ing. The results for the variation wi th c rack tip pos i t i on of the 

coeff i cients of the lowest-order, non-singular stress terllls (ro and 

r 112 ), B0 and A1 , were presented in the previous chapter (Fiyures 5. 3 

and 5.4) for a crack propayating across a rin y speci111en with the 

geometry shown in Fi gure 5.1. 

A photoelast i c mode l with the same yeolllet ry and loading was 

prepared and the crack exte nded i n a quasi-static manner by a series 

of sawcuts over the range of crack l e ngths from a/W = 0 . 10 to 

a/W = 0.90, in in crements of 0.10. Th e isochromatic fringe patterns 

assoc iat ed with each c r ack tip location were recorded and ana ly zed 

using the techniques discussed ea rli e r, to obtain up t o the first s i x 

coeff i cients of the series stress f i e l d rep rese nt ation of equat i ons 

(3 . 5) and (3.6), in a manner simi l ar to [6.1]. 

Fi gures 6.1 and 6 . 2 compare the results for the normalized 

coeff i c i e nt s, B I 

0 
and A

1
1

, fr om the stat i c and dynamic exµer iments . 

The st r ong influen ce of the spec i men bou ndaries on the l ocal crack-t i p 

stress field is apparent fo r very short (a/W < 0.3) and very deep 

(a/W > 0 . 8) crack l engt hs and the variations with crack position of 

these coeff icient s can be see n to be s imil a r in both cases . At the 

s hort crack l e ngt hs, both s
0

• and A
1

1 display a chanye in s i gn and 

rapid chan ges as the crack len gth varies over the ranye a/ W = 0. 2 to 
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a/W = 0.3. At the lon g crack l engt hs, there is again a sharp change 

in the coefficients with crack l engt h and both B' and A' almost 
0 1 

doub l e in magnitude as the crack exte nds from a/W = 0.8 to a/W = 0.9 . 

Suc h behavior i s in agreement with the observations that have bee n 

made previou s ly for stat ion a ry cracks in different mod e I fracture 

spec imen s [6.1 , 6.2, 6.3]. 

The two sets of data di splay a cl ea r sepa rat i on at the sho r ter 

c rack l engths, wh e r e th e crac k was propagatin~ at a hi gh ve l ocity 

(c/c2 "' 1/ 3) in the dynamic case . However, the stat i c and dyna1nic 

values for the non-singular stress field coeff i c i ents rne r~ e as U1 e 

c rack speed decreases to much l owe r values (c/c2 "' 1/10). Thi s 

s uggests that information regarding the rel at ive magnitude and 

influence of non-sin gu l ar stresses that is obtained from s tudies of 

stat ionary cracks such as [ 6.1 - 6.3] could be used in a dynam i c 

setting without sig nifi ca nt error, when the crack speed is moderate. 

6.2 Effect of Higher Order Terms on the Accuracy of K-Determination 

Th e importan ce of using hi gher order models that retain term s 

0 beyond th e r , or constant stress, term when evaluatin g t he stre ss 

field paramete rs of interest from experimental data is cl ea rly seen in 

Figure 6.3. Thi s fil:)ure compares the relationships betwee n the crack 

tip stress intensity factor, K
1

, and the crack speed, c , that would be 

inferred for the model material, Homalite 100, from the nea r-fi e ld and 

higher-order analyses of the running crack isochromati c fring e 

patterns for crack propagation in a ring specimen. 

The ret e ntion of the terms of order r112 and larger in the stress 

field mode l res ults in both a reduction in data scatter and a 
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significant change in the extrapolated value of K corresponding to 

zero crack speed , K , which changes from 380 psi/in to 430 psi/fn, or 
a 

more than 10%. The first result obviously has impli cat ion s for the 

co nfid ence with which such data can be used in further work. The 

second would have a strong influence on the results from any stud i es 

of crack propagation and arrest behavior that were perfor111 ed using 

finite element comp ut e r codes, since such computations r e<-1 uire a 

relationship of this kind as input data for pred ictive ca l culations 

[ 6.4, 6.5]. 

6.3 Examination of a K11 = 0 Criterion for a Smoothly Curving Crack 

Hhen a crack propagates along a cu rvilinear path, the 

isochromatic fringes assoc iated with the advancing crack tip can show 

considerable asymmetry , as eviden ced by the high sp eed photographs 

shown in Figures 5. 6 and 5.7 for two such cases . This lack of 

symmetry is gene rally ascribed to the presence of a combined opening 

and shear mode st ress field. However, it has been uncertain as to 

whether or not the co nt ri but ion from the shear mode stress field 

includes a mode II stress singularity, Kir· 

An a lytical studies of crack initiation under comb ined loading 

conditions [ 6.6 ] and studies of quasi-static, curvilinear crack 

propagat ion [6.7, 6.8] have shown good agreement with experimental 

data when the analyti cal predictions have used a crit e rion that the 

strai n energy re lease rate be a maximum to determine the direction of 

each locally straight segment used to model the crack trajectory. It 

ha s also been shown [6.8, 6 . 9] that, for quasi-static situations, the 
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r equ ireme nt th at the strain energy release rate be maximized along the 

p r e f e rred c r ack path is equivalent to the s tatement that K
11 

= O. 

The poss i bili t y tha t K11 may be ze r o f o r a propay atiny crack ha s 

bee n d i sc ussed pre viously, though somewhat s uperficially and in a 

qua lit at iv e fas hion [ 6.10]. It ha s a l s o bee n demonstrated, through 

the use of comp ut er- ge ne r a ted frin ge pa t terns, that asymmetry in the 

crack tip i sochron1at i c patt e rn ca n be ob t ained from a su pe rpo s ition of 

mode II non- s in gul a r s tre ss terms with a mode I singul a rity, even in 

t he abse nce of KIi [6.11]. Re ce ntly, the results from studies of 

cu rvilin ea r c r ack propa gation and crac k interaction problems usin g 

f ini te e l eme nt method s [6.12, 6.13] showed that th e us e of a K11 = 0 

c riterion t o de termine the direction of each l ocally straight segment 

o f forward c ra c k extension provided a good match between computational 

a nd expe rime nt a l r e sults for th e crack traj ectory. 

The r e sults for the stress field parameters obtained in this 

s tudy (Figure 5.9) showed that tt1e apparent value of tt1e shear mod e 

s tress singularity, KII' calculated from local collocation analyses 

us ing higher order s tress field models was small (2-~% of the 

instantaneou s Kr ). Furthermore , ca,-e ful e xamination of e nlargement s 
~ 

of the crack-tip isochromatics such as those shown in Figures 6.4 and 

6.5 indicat ed that, while in the form e r case, the asymmetry of the 

s tre ss field persisted to within th e limits of resolution of the 

recording system, in the latter example, the fringes on either side of 

the crack path clearly showed an increasing degree of symmetry as one 

approached the crack tip. This suggested, in a qualitative sense, 
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of an that the crack-tip stress field could be one consisting 

opening-mode singularity, coup l ed with both opening and shear rnode 

non-singular stresses. This in turn would imply that the va lues of 

Kil being calculated by the least-squares ana ly sis algorithm were 

"f alse" fitting parameters compensating for small experimental erro rs 

in the input data rather than "true" parameters intrinsi c to the 

c rack-tip stress field und e r con s i de r ation. 

Each data set for the fringe patterns from the two curving crack 

er ,ments analyzed in this study was therefore re-analyzed with a exp · 

modified stress field model in which Krr = 0 and all other details of 

th e analysis procedure remained the same as before. Figure 6.6 shows 

th e results from the modified analysis for the behavior of the fringe 

0rder error and the leading singular and non-singular stress field 

coefficients for the same fringe pattern (Experiment 11, Frame 12) 

th at was discussed in some detail in Section 4.3. A comparison of 

Figure 6.6 with Figure 4.5 reveals that similar, stable behavior of 

error term and the stress field coefficients was a so obtained the l 

With the new model. 
mode I d1·d t h e · ·th coefficients, Kr, Bo 1 , and A1 , no c any 1 n e1 er 

mag · l nitude or sign. The major difference between the two ana yses was 
fou d ff . . t f l/

2 
. n to be the elevation (by about 30%) of the coe 1c1en o r 1n 

th e shear mode stress field, c
1

1
, which now became the first 

non-symmetric term in the series stress field representation. 

The abi 1 ity to achieve a good match with the experimental data 

us· . 6 7 iny a model in which Krr = o was further confirmed by Figure • , 

Furth e rmore, the final results for the opening 
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which comp a r e s the experimental fringe pattern for this example with 

the reconstructed patterns corresponding to best-fit coefficient sets 

from the two sets of analyses. It is qu ite evident that e ither 

coe fficient set provides an acceptable representation of the crack -tip 

st r ess field ove r a r eg ion of reaso nab l e size , with an analysis model 

0 f . . 1 ( 3/ 2) b . . d . h s1m 1 ar order r eing requ1 r e in eac case. 

Fi gure 6 . 8 shows the results for c
1

' , the norma lized coeff i cient 

of th e r 112 term in the s hea r mode stress f i eld, that were obtained 

from th e modified ana lys i s for eac h fram e of Expe riments 11 and 12. 

The ge nera l t r e nds a r e seen to be the same as those obtained 

µreviously (Figure 5.1 2) but the magnitude of the coeff i c i ent 

increased to larger values with the elimi nation of Krr · The r es ults 

for the ne xt hi gher order (r 1) shea r mode stress fi e ld coefficient, 

D1 , ha ve not bee n s hown here. However, these re s ults displayed 

s imilar behavio r, with higher values being assigned to that 

coefficie nt also, when the stress fie ld representation assumed KIi to 

be zero . Howeve r, the degree of change was of order 5-20%, l ess than 

the corresponding change in c
1
', which was of order 15-40%. Th e 

r es ults for the opening mod e coeffic ient s, KI' B0 ', and A1 ', r emai ned 

essentially unchanged between the two ana ly ses . 

The r esults from th e present study substa ntiat e the idea that 

A plausib l e scenario for c rack propagation a lon g a 

curvilinea r path would then sta te that, for a c r ack propayat i ny in a 

brittle, isotropi c material, the crack changes direction so as to 

con tinously eliminate any shear mode singularity, when the crack path 

- 83 -



is s moothly curving and the loading is applied by mechanical means. 

It could be argued that i nhornogeni ti es at fine sea 1 e would tend to 

provide a propag ating crack some degree of choice with rega rd to the 

preferred direction of crack extension, and that all such directions 

would not ne ce ssa rily correspond to the zero-K 11 condition that has 

owever, 1t 1s assume ere at m1cromechanisms of been postulated. H · · d h th · 

th i s ty pe woul d be confined within the limits of th e infinitesmal 

reg; on of K-domi nation and the comments mad e he re are from a more 

gl oba ·1 , or macros copic, viewpoint. 

Cl early, the discussion presented above has important 

implications insofar as the development of criteria for the preferred 

direction of cracking is concerned. A previous attempt at developing 

a crack · ] t . b l l f th b curving criterion [6.14 chose o ascr1 ea o e o se rved 

non-symmetric behavior to Krr· The work described in [6.14] employed 

a st ress field representation in terms of the opening mode parameters, 
using local collocation 

KI and 0 ox ' 
and K which were determined 

I I ' A criterion for crack 
techniques and dynamic photoelastic data. 

curving was then developed in terms of these same three s tress field 

coefficients, but no attempt was made to rel ate the crack trajectory 

curvature with any of the stress field parameters in a careful manner. 
1/2 

The need for including terms of order r and larger before 

achieving accurate modelling of the crack-tip stress field has been 

demonstrated and discussed in Chapter 4 of the present study. It has 

also been shown that at least one coefficient beyond the term of 

interest must be retained before local collocation methods can provide 
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accurate values for a particular coefficient. 

th is point in [6.14] effectively meant that the 

A lack of attention to 

accuracy of the values 

as were the computed computed and a was questionable, 
ox 

non-zero results f K h · h th d · t · 
or I I on w 1 c e proµose cri eri on was based. 

The criterion for crack curving that was presented was thus based on 

calculated parameters that had, at best, only empirical siynificance. 

Transient mixed-mode crack-tip stress fields that include a 

ribution from a mode II singularity could perhaµs occur when the cont · 

crack µropagat ion event is due to, or is accompanied by, stress wave 

loading generated through the use of explosives or projectile impact 

[ 6.l5 - 6.17]. However, such l oading conditions invariably result in 

suctcten changes in the crack trajectory and the problem becomes more 

one of 'crack kinking' rather than of 'crack curving'. 

Some results reported in [6.18] for an impact loaded fracture 

cimen are particularly interesting from this standpoint. Figure 5 Spe · 

of [ 6.18] showed two high speed photographs of the running crack 

In Frame 15, the local stress 
stress field 

' 
taken 49 µsec apart. 

In the 
state for the 

propagating crack was very close to pure shear. 

next frame, Frame 
16

, the crack was seen to have chanyed direction 

very sharply at the point where the stress state became almost pure 

rnocte I I and then proceeded to propagate essentially perpendicular to 

In other words, the crack had very qui ck ly 
its original direction. 
oriented itself so that the crack tip would be under opening mode 

conditions. 
Other examples of crack tips subjected to essentially 

Pure sh t ct 1·n [6 18] However, in all of 
ear loading were also presen e • • 
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those cases 
, the cracks had al ready arrested and crack rei nit i at ion 

a
nd 

f urth e r propagation did no t occur, thus allowing the almost pure 

mode II l oad in g t o pe r s ist for some t ime. 

~ The Relationship Between the Curvature of the Crack Path and the 

.f...omponents of the Crack-Tip Stress Field in a Local Region 

The precedin g discussion has offe red evi de nc e to support th e 

cont ent i on that a smo ot hly cu rv ing c rack in a brit t l e , i sot r op i c 

mate r; a l · 1 
1-.•1 l propa gat e so as to ma int a in a KII = 0 condi t ion at t he 

t i p of th e ad van c in g crack. A logi ca l next step would th en be t o 

e
st ab li sh a re l ationship between a paramete r descriptive of t he c rac k 

trajectory, such as the curvature of th e crack path, and th e remainin g 

comp onent s of th e crack-tip stress field in the close vi c inity of th e 

cr ack ti p. 

As di sc ussed in the Introdu ction to this diss ertation, any 

in f ini tesmal segment of a general curve in space can always be 

cons ide red to be a straight line, without loss of gene rality. 

Howeve r, represe nt ation of a finite, non- zero curvature at any point 

al ong a traj ec tory requires that the form of the function used t o 

mode l th e traj ec t ory yieid a non-zero second derivative, i. e., hi ghe r 

0rde r effe cts mus t be taken into account. This would su ggest th at t he 

re l ati onshi'p ld haps be found throu gh a ca reful 
that i s sought cou per 

examination of the variations in the non-singular stres s fi e ld 

Parameters that accompany changes in the curvature of the crack path. 

Figure 6.9 shows the normalized curvature of the cra ck path, 

(R/w)- 1, as a function of the normalized coordinate, X/W, of th e c rack 
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path for the two experimental examples (Experiments 11 and 12) that 

have been analyzed ,· n deta1· 1 in the pres ent study. The curvature 

behavior of the two examples can be seen to be quite different. 
Fo r 

Experiment 11 

to a ma xi mum , 

, 
the curvature increases steadily from its initial value 

and then decreases gradually as the crack path becomes 

more straight. In Experiment 12, on the other hand, the curvature is 

n i ally constant for the initial portion of the path, follow ing esse t· 

1 begins to decrease, as the crack path becomes closer to a Which ·t 

st raight line. (Recall that a straight line has zero curvature.) 

Figure 6.10 shows the data for the curvature correspondiny to 

each frame recorded by the high speed camera for the two experiments, 

as a function of the elapsed time after rapid crack initiation. These 

results • ~ 9 h. t h ct th were first compared with Figure :J., w 1c1 s owe e behavior 

as a function of time of the stress intensity factors, K1 and Kll' 

that were calculated when the stress field model included a Kn-term. 

The comparison failed to show any readily apparent connection between 

the d curvature, which varied along each crack path an was different 

for th . h . e two crack paths, and the value of Kn, wh1 c rema med sma 11 

and essentially constant at 2-5% of Kr for both experiments. 

The insensitivity of the apparent Kn value to changes in crack 

Path curvature is consistent with the earlier contention that there is 

no shear mode 
· associated with curvilinear crack 

singularity 
Propagat,·on · ath Any non-zero value of along a smoothly cu rv1 ng P • 
KII that is calculated based on local stress field information is 

theref ore a consequence of either an 
attempt 

by a least-squares 
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algorithm to accomodate minor experimental errors in input data 

spec i f i ca tion or the result of an inadequate number of terms being 

reta in ed in t he se ries representation. 

On th e othe r hand, a comparison of Figure 6.10 with the opening 

and s hea r mode non-singular terms (Figures 5.10, 5.11, 5.12, and 6. 8 ) 

in the r evea l ed a direct correspondence between the variations 

cur vatu r e of t he cra ck pa t h and the value of the nonnaliz ed 

coef fi c i ent, c
1

1 , of the r1/ 2-terrn of the shear mode stress field. 

e t1 cient c
1

1 is shown as a function of the curvature of the Th e co f - · 

c r ack path in Figure 6.11 for the two experiments. While there is 

catter in the data, an increasing trend in the magnitude of c1
1 

some s 

With an increase in crack path curvature is readily apparent, i.e., 

th e l a rger the shear mode r1/ 2-term becomes, the more sharply th e 
Furtl1ermore, the available results crack is seen to be curving. 

suggest that an extrapolated trend curve would pass through the origin 

of the coordinate axes 

strai ght crack condition 

a not inconsequential point, since the 

corresponding to zero curvature would have no 

shear associated with it 
and the stress field coefficient in question 

would be identically zero. 
results establish that there does exist a 

relationship between the curvature of the path followed by a smoothly 

The present 

and the leading non-singular shear mode coefficient of cur · vi ng crack 
The existence of such a relationship the crack-tip stress field. 

bet ween no n-s i ngu 
I 
a r stress components and the er ack path curvature 

was not tot a 
11 

Y unexpected, s i nee it had al ready been anticipated to 

- 88 -



some degree from geometric arguments, and these results provide a firm 

ba s is f or further explanatory discussions and investigations of the 

ge ne r a l c ra ck traj ectory pr ob l em f rom th e st andpoint of a relation s hip 

between the manner in which th e crack curves and the stress field in 

oca neighborhood of the tip of th e propagating crack. the l l 

It would be temptiny to claim a direct proµortionality between 

th e in s t antan eous va lue of th e shea r 111ode r
112

-terin at a given 

location 1 h t f th k 
a ong the cra ck path and t e curva ure o e crac path at 

th e same point. That such a proportionality may exist is suggested by 
F· 1/2 igure 6.12, in which the shear mode r coefficient, c1 , is once 

again shown in normalized forlll, as a function of the curvature of the 

crack path. The only difference between Figures 6.11 and 6.12 is 

th at, in Figure 6.12, the characteristic length dimension used for 

normalization purposes is the instantaneous radius of curvature of the 

crack path itself rather than some other dimension related to the , 
Spe · h. h cimen geometry, such as the specimen 11idth, W, w 1c was used for 
no rmal · . 1 d rl ,· er However such a 1zat1on purposes i n Figure 6.1 an ea • • 

st atement could be premature at this stage and would perhaps be better 

formulated 
rel at· · h order terms, r

1 
and r

312
, ionship of, at least, the next hig er 

as well as other factors that may become apparent. 

following additional 
study of the influence on such a 
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CHAPTER 7 

CLOSURE 

goa of this study was to estab lish the relationship 
The pri 1na ry l 

between a parameter descriptive of the crack trajectory, such as the 

sta t e in th e close 
curvature of 

vicinity of 

finite bod y . 

and the stress 
the c r ack path, 

the tip of a smooth ly curviny crack propayating in a 

Fulf i llment of this goal required, as a first step, 

of the ru nniny crac k-tip stres s field that would be rep resentations 
reyion of reasonable size for both straight and cu rvin y 

crack 

val · ld over a 

s' fo ·11 owed by the development of procedures for determining the 

parameters 
of interest from full-field experimental data relat ed to 

th e st ress field surrounding the tip of the propagating crack. 

The 
techniques developed were used to analyze dynamic 

Photoelast,·c 
fringe patterns of running crack-tip stress fl e lds and 

results were obtained for the singular and leading non-sinyular stress 

fielct parameters of int erest for both straight and curving c racks. 

These resu 1 ts have been deta I 1 ed and discussed in preceding sect Ion s 

Of th. ls d·- b d f 
1
~sertation. Certain important conclusions can e rawn rom 

these results and thes e are presented below, together with some 

suggest· 1 
ons for future work that ca n bui 1 d upon the foundation that 

has b een laid here. 

7.1 C 
~ 

(l) Representations of th• crack-tip stress field In series form 

can b e combined with 
1 

oca 
1 

co 11 ocat ion procedures to eva 1 uate tlie 

- 105 -



st ress intensity factor(s) and other related stress field parameters 

of interest in a reliable and accurate manner from full-field 

experimental data, thus allowing the stress state surrounding the tip 

or propagating crac to e mo e e with a high degree of a stationary . k b d ll d . 

nee 1n terms of these parameters. of confide . 

(2 ) Non-singular stress field components of order r
112 

must be 

retained ,· n the se ries stress field representation even when the goal 

ccurate deter1nination of the si ngular term(s) alone. In yeneral, is a 

rel · labl e values for a specific singular or non-singu ·1ar stress field 

icient can only be obtained once the model used to describe the COeff. 

ield retains at least one term beyond the point of interest in stress f. 

the particular series, z or Y. 
( 
3

) The order of terms that must be retained so as to 

successfully match the stress state over a region of given size for a 

crack tip location in a particular geometry can be specific 

1 
shed by examining the changes in the stress field parameters est ab l . 

1 
ncreas i ng order of analysis model , and by comparing the stress With . 

predicted by a given set of coefficients with the experimentally state 

observed stress state over the same region. 
(
4

) The leading non-singular stress field coefficients for a 

Partic l k t· ·t· f u ar geometry vary systemat i ca llY with crac 
1 

P pos 
1 1 

on or 

stationary and running cracks under opening mode loading• and both 

take on larger 

specimen. The 

values when the crack tip is close to a boundary of the 

results for stationary and propagating cracks approach 

one another as the crack speed decreases to moderate values. 
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( 5) The s in gula rity associated with the tip of a crack 

,ng co ntinous ly along a smoothly varying, curvilinear path in propag at· 

a brittle , isotropic mater i al is that of opening mode, K1, and the 

shear mode sinyular term, Krr• is identically zero everywhere along 

the crack path, in the absence of stress wave loading conditions. 

(
6

) The curvature of the path followed by a smoothly curvin':) 

the magnit ude o t,1e coe t1c1ent o the l ead ing crack is re l ated to f i f . . . f 
non- singu l ar (r 1/ 2 ) component of the shear mode st re ss fie ld, with 

l ary er values of this coefficient, c1 , beiny associated with a more 

sharpl Y curving c rack. 

7.2 - Suggestions for Future Work 
The methodology developed in this study could be used fruitfully 

to pursue further investigations of runnin g crack-tip stress fields 

anct to . 
evaluate stress f ield parameters using data from sou r ces other 

than photoelasticity, such as moire interferomet ry, holography, or 

st ra · ln gages. Certain specific areas of study that would follow 

natur al ly fron, d. d below the present work are ,scusse • 
(I) The results for stationary and propagating cracks obtained 

for the opening mode case using a Mn g segment suggest that it may be 
Possibl l t f. ld e to take the relative values for the non-singu ar s ress i e 
coeff · • ·t d of the ic1ents (normalized with regard to the rnagn1 u e 
Singul d,·,nensions) from static arity and the in-plane specimen 

Situat· ions 
int rodu . h t accounts for the c1ng an appropriate normalization factor ta 
influences f Th1·s would certainly be useful since it 

o crack speed. 

and obtain 
the corresponding dynamic coefficients by 
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would allow the non-singular terms determined for stationary cracks to 

be applied to a wide variety of running crack situations. This would 

be particularly helpful when the expe rimental data cannot easily be 

coefficients directly, as in the case of the us ed to ca l culate these 

0 
caustics, or for example, when using a limited number of method f 

st r · ain gages to study dynamic crack propagation in metals. 

121 The importance of retaining terms of order r
112 

when 
accu rately determine the relationsh ip between the crack attempting to 

the instantaneous crack-tip stress intensity factor was speed and 

discussed. 

over the 

There has been considerab l e discussion (and controversy) 

past decade on whether such a relationship is a unique 

Property f or a given material, and a great deal of the discussion has 

focussed on and been fueled by the differences in the results that are 

using different specimen geometries and obtained exµe rimental ly 
ct · i fferent methods. 
terms are . . . themselves functions of the crack tip position, specimen 

Since the magnitudes of the various higher order 

re-e xarni nation of the 
9eomet r Y, and loading conditions, a careful 

this standpoint may be f ru It f u 1 and he 1 pf u 1 In reso 1 vi ny Problem f rom 

this issu e. 

(3) 

ct · ' ssertat ion were both cases of constant speed crack propagation in 

identical specimens. 

The curving crack examples that were studied in this 

•election of these particular examples for detailed analys is, since it 
Was d 

k 
esired 

1 effects relative to the crac 
to examine the non-singu ar 

Path with a minimum of additional complexities that could be 

. ,·n fact, a-n important factor in the 
This was, 



introdu ced by varying crack speeds, differences in specimen geometry, 

and sp . 
ec imen s i ze effects. Clearly, s imilar studies for non-constant 

crack . 
speed situat ions would yi el d additional usefu l informat ion. The 

question 
of spec i me n size effects bears on the choice of an 

app rop ri t 
a e charac t erist ic len gt h dimension for normali zation purposes 

as evidenced by Figures 6.11 and 6.1 2. Finally, variations in 

5Pec i m 
en geometry cou ld certainly be expected to play a role on th e 

t ra · 
Jectory followed by a propagating crack . 

( 4) It was a l so pointed out in the prev i ous dis cussion th at it 

Wou J d be premature at the pres ent time to try and relate all of the 

Observ d . 
e variations in the curvature of the crack path to the changes 

in th e 1/2 
shea r moder terin alone. Examination of the trajectory 

Prob 1 en1 with reg a rd t o influence of the next few higher order terms 

( i nct e 
Pende nt of the issues raised in the precediny paragraph) would be 

needed before an exact relationship could be determined. 
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General expressions were obtained in Chapter 3 of this 

di s s e rt at i on 
, using complex variables, for the in-plane Cartesian 

stress 
components for the case of" a single-ended, stress-free crack 

Propag t • 
a ing at a constant speed under plane-strain opening and shear 

lllOde 1 · 
oading conditions . These results are expressed in tenns of real 

Va . r1ables and corn bi ned to form the genera 1 so 1 ut ion 

elast d 0 Ynainic crack problem in the sections that follow. 

~ 

to the 

The Cartesian stress components for the openin9 mode case were 

expressed as 

= 

4>.l >-2 - (l+½ 2) 2 

+ (1+2>.l 2_½ 2) Re yl - (l+>-2 2) Re y2 } (A.l) 

= 

(l+>.~2) 
4>-1>-2 

. -l'.'. { - ( l + >-2 2) Re z 1 + 1 + >. 2 Re z 2 

4 >-1 >-2 - (l + >-2 2) 2 
2 

- (l+½ 2) Re yl + (l+>-2 2) Re y2 } (A.2) 

(A.3) 
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where the ve locity-coupled complex stress functions, zl and Z2, and 

yl and y 2 , were def ined as 

00 
00 

zl = l A 
n-1/2 z2 l A 

n-1 /2 (A.4) 
zl 

= z2 
n 

n 
n=O n=O 

00 
00 

yl = l B 
111 yr.. = l 13 

lll ( A. 5) 

!TI zl Ill z2 

111=0 m=O 

Wi t h F. '1 a
nd 

z
2 

being t he ve I oc; ty -t rans f o nned coordinates defined ; n 

i gure 3. 2 as 

(A.6) 
= X + i Aly 

With 

>.. = 2 

Substit utin g equat i on (A.6) in equatio n (A.4) gives 

(A.8) 

zl = (Re z1) + i ( Im z1) 

00 

00 

= I A 
n-1/2 CO S ( n -1 / 2 ) ¢1 + i l An 

n-l/ 2 sin( n-1/2) ¢ 

n pl 
Pl 1 

n=O 
n=O 

anct 
( A. 9) 

z2 = (Re z
2

) + i(Im z2) 

00 

= 

00 

I An p/-l/ 2 cos(n-1/2) ¢2 + 
I An P/-112 sin(n-l/2)¢z 

n=O 
n=O 
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Y, substituting equat ion (A.6) in equation (A.5) gives Similarl . . 

(A .10) 
yl = (Re Yl) + i ( Im Yl) 

00 
00 

= l Bin 
Ill + i L 13m 

ill Si nlllcpl 
pl co sin </>i pl 

m=U rn=O 

and 
(A . 11) 

y2 = (Re Yz) + i ( I in Yz) 

00 
00 

= \ m i l 8m 
m s i nm¢2 

L B Pz cosrn¢2 
+ p2 

m 

m=O 111= 0 

Substitut in g equat i ons (A .8)-(A.ll) 
in equations 

for the 

(A.1)-(A.3) 

opening mode 
re sults in 

elast odynamic 

the 
st ress components in terrns of the real va ri ables, An, 

follov1ing exp ress ions 

B rn, P1, P2, <Pl' and <1>2= 

0 = ( 1 + "2 2) 
XXI 
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00 

l An p/- 112cos(n -l /2 ) </>i 

n=O 

00 

l An P/-1 I 2 co s ( n -1 / 2 ) </>,c 

n=O 

00 

l Bm P1rncosm ¢1 

rn=O 

00 

l B
01

p/cosmcp2 } (A.1 2) 

m=O 



0 
YYI 

T 
xyI 

= 
(1+>-z 2) 

4 "1 ½ - ( 1 + Ar 2) 2 
2 

4 "1 "2 
+-

1 + >. 
2 

2 

00 

00 

~- n-1/ 2 L An p
2 

cos(n-1/2) ¢ 2 

n==O 

00 

- ( l+ >-2 2) l Bm p/nco s111¢1 

m== O 

O') 

+ (1+>-
2 

2) l 13mp/cosin¢2 } (A.13) 

m==O 

00 

1 
n-1I2 . 

- Z>-1 
Anpl si n(n-1/2)¢1 

n==O 

00 

+ 2 "l 

l n-1I2 . ( Anp
2 

sin n-1/2) ¢2 

n==O 

00 

- 2 "1 
l l3 Ill . m P1 s l nm ¢1 

rn== O 

( 1 + "2 2) 2 
00 

L Ill . } (A.14) 

+--
Bmp

2 
s 1 nrn¢2 

2 "2 m==O 
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~ 
The exp ress ion s for the stress components which represent the 

elast odynain1·c h 
t · IA 1) (A 3) 

sear mode counterpart to equa ions 1. - • were 

Obtained previously as 

(A.15) 

(A.16) 

(A.17) 

where the ant isymmetric, velocity-coupled, complex stress functions, 

z * 
1 and Z * 

f · d as 

lvi th 
zl 

y1* 

2 , and Y
1
* and v2

*, we re de me 

00 

,· -i C n-1/2 
L n zl 

n==O 

00 

== I -i 
ITI 

D zl rn 
m=O 

z * 2 

y * 2 

00 

n-1 /2 

== I -i en z2 

n==O 

00 

= I -i om 
rn Zz 

m==O 

and z2, and >-1 and ½ defined as before. 
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Sub stituting equation (A.6) in equation (A.1 8) gives 

Z/ = (Re Z/) + i(Im z1*) 
(A. 20) 

00 

00 

= l C 
n-1 /2 ) i l - Cn 

n-1 /2 

n 
pl s i n ( n - 1 / 2 4>1 + 

pl cos( n-1/ 2) 4>1 

n== O 
n=O 

and 
(A . 21) 

z * = 2 (Re z
2
*) + i ( I m Zz* ) 

00 

= l C n 

n-1 / 2 ) ,. - C n n -1 / 2 ( 1 / 2) Pz sin(n-1/ 2 -z + i , Pz cos n- -z 
n=O 

n=O 

i mil arl y , substi t utiny equation (A. 6) in equation (A.1 9) gives s' . 

(A. 22 ) 

Yi* = (Re y i*) + i(Im Y/) 

00 

00 

= l D 
iTI l -Om 

rn 

pl si nm4>i + i 
pl cosm ¢1 

m 

m=O 
m== O 

(A. 23 ) 

Yz* = (Re Yz*) + i(Im Y2*) 

00 

00 

l Dill 
Ill l -Om 

n1 r 

= si nm ~ + i 
P2 .., osm ¢2 

P2 

m=O 
111 == 0 
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The desired expressions for the elastodynamic shear mode stress 

compo nents in terms of the real variables, Cn' Dm' Pl' P2• 4>J., a
nd 

4>z ca n t hen be writt en as 

00 

L Cnp/- 112sin(n-l/2) <!>1 
== 

n=O 

n=O 

00 

L Omp/sin1114>1 

m=O 

00 

l onl/sinm<1>2 } (A. 24) 

n=O 

00 

a 
2½ { - ( 1 + >-/) 2 

c n-l/ 2sin(n-l/2) <!> 

YY I I 
== 

n pl 1 

4>-1 ½ _ ( l+ \2 2) 2 n=O 

00 

+ ( 1 + >-2 2 ) 

l C P n-l/Zsin(n-1/2) 4>2 
n 2 

n=O 

00 

- (l+>-/) 
2 Dnlts i nm4>1 

m=O 

00 

4>-1 ½ rn . } (A.25) 

+ - l D m Pz s l n111 4>z 

1 + >. 
2 

n=O 2 
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00 

00 

A.3 c ·--- ombined Loading 
Superposition of the stress components gi ven in eq uation s 

and (A.24)-(A.26) provides the general solution fo r t he (A.12)-(A.14) 

stress f . i e ld for a crack propagating at 
a constant speed under 

The resulting exp ress ions 
n1ng and forward shear loading. combined ope . 

for th 

0 xx 

e st resses are presented below. 
(A.27) 

== 0 + (J 
XXI xx II 

(l+>-~/) 
00 

== { l An [ 
(1+2>-/->-

2 
2) p/-112

cos(n-l/2) <Pl 

4 >.l "2 _ ( l + ½ 2) 2 n=O 

-
~ P/-112cos(n-l/2) ~ J 

1 + >. 
2 

2 

00 

+ l 8m [ 
(1+2>-12_>-2 2) P/cosm<P1 

,n=O 2 m J - (l+>-
2 

) p2 cosm<J>2 
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(J = 
YY 

+ 

00 

{L C [ (1+2>. 2 2) n- 1/2 4>.

1

>.

2 

_ (l+,.,,2)2 n I -Az o1 sin(n-1/2)¢
1 

·-t. n==O 

(J 

YYI 
+ (J 

YYII 

00 

+ L Om [ (1+ 2>-12_,_/)pi'1'sinrn ¢1 

in=O 

(A.28 ) 

{ 
~- [ ( 2) n -1 / 2 4, 

2 

L An - l+>-2 pl cos(n-1/2) m. 

/\1 "2 - ( 1 + A~ ) 2 T 1 ·-t. n=O 

00 

4"1 "2 n-1/2 + - P
2 

cos( n-1/2) ¢ J 
l+ >- 2 2 

2 

m=O 
( 

2 Ill + 1 + ,.
2 

) p
2 cos rn ¢2 J 

+ 
2
'z ro 2 n-1 /1 . ( 

4,

1

"2 { I Cn [ - (l+>-2 )p1 sin n-1/2)¢
1 

I\ _ ( 1 + ).~ 2) 2 · -t. n == O 

m=O 
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(A. 29) 

+ 2 Al Pz 
n-1/2s i n(n-1/2) ¢z J 

00 

msinrnc:,1 
+ l 8m 

[ - 2 >-1 pl 

rn=O 2) 2 
J } (l+>,z ms i nm <Pz 

+ Pz 
2 >. 2 

00 n-l/2cos ( n-1 /2) </Ji 
2½ { l en [ 2>-1 Pl 

+ 
2) 2 

2 2 
J 

4;\ >. - (l+ ½ n=U 
(l+>-z ) n-l/Zcos(n-1/2)</iz 

1 2 

Pz 
z >-z 

00 

mcosrn ¢1 
+ l 0m 

[ 2 >-1 pl 

m=O 
mcosm¢2 J } 

- 2\ Pz 
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APPENDIX B 

THE LOCAL COLLOCATION ALGORITHM 
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B. 1 Go 
~verning Equation for t he Isochromatic Fringe Pattern 

Wh en implementing local collocation methods for the analysis of 

isochromatic fringe pattern data, it is convenient to express the 

Photoel astic fringe ord er, N, in terms of the max i mum i n- plane shear 

stress , 
\nax' as 

(N f I 2t) 2 2 ( B .1) 
= Tmax 

a 

[ ( a - a ) /2 J2 + 
2 

= TXY 
yy xx 

= D 2 + T2 

Where f 
0 

is the fringe sensitivity of the birefringent model material, 

t is the 
mod e l thickness, D = ( ayy - axx)/2 and T = \y· 

Using equations (A . 27)-(A.29) of Appendi x A, the terms D and T 

can be 
expressed as 

D ::: 

::: 

n=O 

00 

+ 
l + >. 

2 

2 

[ ( l + >-12) P1111cosm<1>1 
+ L. 8m -

m=O 
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+ 

anct T == 

00 

4;._ { l en [ - (1+>-12) n-1 /2 . 

1 

"z - ( 1+ ;,, ') 2 P1 s rn(n-1/2)., 
·, n•O ' l 

2 n-1 /2 + ( l + "2 ) P2 S i n ( n - 1 / 2 ) </>2 ] 

T xy 

<X> 

+ L D
01 

[ - ( 1+ >.1
2

) pts in1114i1 

m=O 

00 

<X> 

+ L 0m [ 

m=O 

4 "1 "2 
+-

1 + >. 
2 

2 
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n-1 /2 . P1 S l n(n-1 /2 ) ~ 

n-1 /2 . p
2 

S 1 n ( n-1 / 2) 4>2 ] 

n-1/ 2 , pl cos(n-1/ 2) <Pl 



~hematical Formulation of the Local CoJJocation Method 

Equations (B.2) and (8.3), when subst ituted into equation (B.l) 

represent the 
'::}enera l solution for the fu 11-fi el d i sochromat i c f ri nye 

Pattern around a crack tip propagatiny at consta nt speed in th e plane 

Of 
a body subjected to cornbi ned open in g and shear mode lo ading 

Condit· ions. These expressions can be used to describe the stress 

state · 
in any size region around the crack tip, with the size of the 

region and the degree of precision desired determining the number of 

terms 
' n=N and m==M, that must be retained in the truncated form of 

each of the infinite series in order to adequately describe the stress 

stat e over 
the given region. 

The unknown constants, ... ' .. . ' 

Cl), C 
l• ••• , C D D 

N' l' 2' ••• , D in these series can be determined 

M' 

lJSing 
exµerimental ly obtained isochromatic fringe data for any 

9eomet ry loading cond ition by emp 1 oyi ny standard, 

and 

ove r-deter · . . 
(R 11 h 

m1n1st 1c non-linear least-squares methods . eca tat 

th , ' 

e term DO does not influence the stress components and therefore 

doe snot 
appear in this development.) 

One such 

Newt 
On-Raphson 

method 

method . 

utilizes an iterati ve procedu re based on the 

. t of fu n ct i on s o f th e f o rm : 

Cons i der a se 

9k ( AO C B A C B D A C 8M' OM) 

' O• 0' l' l' l' l' ..• , N' N' 
== 0 (8.4 ) 

Where k == 1 
2, ••• , K , and K > 2(N+l)+2(M+l )-l. 

series 
expans ion of equation (B.4) gi ves: 

Taking the Taylor's 
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+ agk o'"lo ; !::Ao + (agk/aCo); 6Co ( g k ); + 1 = ( 9 k ) ,· ( I ,..I\ ) 

+ ( ag k I aB o ) ; t.13 o 

+ ( agk/ aA1 ) i tA1 + ( ag k/ aC 1) i 6C1 

+ ( agk/ aBl ) i t.131 + ( agk / aDl) i llD1 

+ . ..... 
+ ...... 

+ . ..... 
+ ...... 
+ (agk/aAN) i y\N + (agk/aCN)i tCN 

+ (agk/aBM)i IIBM + (agk/aDM)i tJ)M (B.5) 

Wh ere . 1 refers 
to t he ith iteration step , and tJ>.0 , tC0 , tJ30 , t:A1 , 6C

1
, 

···• IAN' /£N, llilw tlJM ' are corrections to the previou s 

est imat es 

ll81 , 60 1 , 
of Ao • Ca • Ba. A1. cl • B1 . 01' • • • • AN. CN. BM. DM' 

r esp ect iv e ly. 

Recogni zi ng from equat i on (B.5) that the desired result i s 

( g ) k i+l = O yields a n iterative equation of the for
111

: 

(agk/aAalitAo + (agk/aCo)illo + ( ag k/ aBo )illila + 

(agk/aA1\tA1 + (agk/aC 1)i /£ l + ( agk/aB1)i llil l + (agk/aD1)itll1 + 

... . . . . . . . . . . 
+ 

+ + • • • • • • • • • • • • • + ••••••••••••• 
. ........... . 
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wh· lch can be rewritten in matrix notation as 

( B. 7) 

[g] = [c][t] 

Wh ere 

[c] = 

[g] T . 
15 the T the transpose of the matrix [gl, and [al i s the transpose of 

rnatri x [ ti] . 

Since 
( 

matrix [c] is not square, K > 2(N+l)+2(M+l)-l, equation 

B.7) has no · unique solution. 
How:ever, 

it can be shown that a 

Solut· ion in th e e l east-sq uares 

quation of the form: 

sense can be obtained from an auxilia~ 

(B.8) 

Where [ct]= 
[c/ [c l and [c/ is the transpose of the ,natrix [cl, 
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Use of 
an algorithm of this type for isochromatic fringe pattern 

ana ly · sis requires that equation (B.l) be recast in the form: 

Yk = D 2 + T 2 - (N f /2t) 
2 

= 0 k k k o 

(B.9) 

wh ere t he subscript , 
1 K 1 , denotes the value of the function at the 

position coordinates (rk, ek), and at which 

A total of K such equations are cl early 

Point • in t he fi el d havin y 

t he f . rin ye order i s N k . 
wi

th 
the t ot a I numbe r of data points, K, exceeding the tot a 1 needed , 

numb e r of unk nown coef ficients to be determined, that is, K > 

2( N+l)+2(M +1)-1. 

B. 3 I --. mp 1 ementat ion of the Method 
procedure for determining the best-fit set of coefficients Th e 

for a . g1 ven frin ge 
pa tt e rn can be summarized as follows: 

f r om the experi men ta I fringe pattern, define a region for 

data acq uisition purposes and se I ect a sufficiently I a rge 

(a) 

( b) 

( C) 

number of data points with coordinates (rk' 6k• Nk), 

di s tr i but ed ov er the entire region; 
ass ume i nitial values for the unknowns, Ao, Co, Bo,···• AN' 

CN, BM, OM; 
comput e th e e I ements of the matrices [g] a

nd 
[cl for each 

data po int; 
(d) comput e the matrix [tJ from equation (B.B); 

revis e the estimates of the unknowns, i.e., (e) 

(Ao) i + 1 = (Ao) i + t:Ao 

(co) i + 1 = (Co) i + t:.Co 
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(Bo) . 1 = ( B ) . + .o 
1 
+ o , £.II.Jo 

(Al)i+l = (A1); + t/J-.1 

( C 1 ) i + 1 = ( C 1 ) i + tiC 1 

(Bl )i+l = (Bl)i + t1f\ 

(IJl)i+ l = (D l )i + tJ)l 

(AN) i +l = (AN)i + t/J-.N 

( C N ) i + 1 = ( C N ) i + t1C N 

(B M) i+l = (BM)i + t1B M 

(DM\+1 = (DM)i + tJ)M 

( f ) 
d , and ( e) above, unt i 1 [ t1] becomes 

rep eat st eps ( c )' ( ) 

acce ptably sma ll. 

Se ve ral 
impl eme ntation of the method are given 

be l comrn e nt s on t he 
ow • Thes e are based on 

Prev; ou s studi es and 
Othe r . • are offered in sofar as they may be he I pf u I to 

i nvest· 1 gat ors . 
the ' 

th
e total number of dat a point s required, K, must exceed 

the experience gained from this and 

Firs t 

tot a 1 2(N+l) num be r of un known coeffi ci ent s to be det ermined, ;.e., K , 

+2( M+l)-l 
I t has ge ne rail Y been found that the a I gorithm 

dey ree of redundancy, or ov erdete rmi nation, Perfo rms we 11 wh en th e 
On the other hand, a deyree of redundancy of 10 or exceeds 

9reat er 

3 to 4. 
appear to improve the results significantly. 

does not 
it has been found that ana I y zing the same data set with 

higher order models provides useful information as to the 
Second 

s ' 
equent· 1 ally 
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0 
coeffic i ents needed t o adequately describe the stress state numbe r f 

ove r th e region of data acqu i s i t i on -- this is an important point, 

si nce the number of coeffic i ents t hat mu st be retained is not 

known a priori. Exarn i nat i on of the behavior of the error ge nera ll y 

It.NJ, defined i n Chapter 4, and th e behavior of th e l eadi ng term , 
regard, and t wo 

coeffi . c1ents is pa rt i cu 1 a r l y 
have been discussed previously in some det ai 1. 

hel pfu l in this 

. 1 , lustrat · 1 ve examp les 
that the analysis be sta rt ed with a model of orde r 2 

upto ro -- A
O

, c
O

, Bol and su ccessively increas ing th e 

It i s recommended 

( ret a i · ni ng terms 
Th e analysis can then be 1/2 orct e r of the mode l by powe rs of r . 

ed wi t h an i ni tia l estimate for Ao only and the results for the start 

l c i ents from t he 2nd order mode l can be used as initial estimates COeff . 

f Or t he 3rd order mode l , and so on. 
Th i

rd
' the comp utationa l proced ure i s greatly simplifi ed, if i t 

i s reco · [ J f gn, zed t hat t he col umn el ements of the matrix c a re o the 

fo rm: 

Eac h 

their 

ayk/aAn = Wk(aD/aAn)k + 2\ ( aT/aAn)k 

agk/aCn = 2Dk(aD/aC n)k + 2Tk( aT/ aCn)k 

agk/ aB = 2D ( aD/ aB )k + 2Tk( aT/aBm)k 
m k m 

agk / aDm = 2D k ( aD/aDm) k < 2T k ( aT faDm) k 

of th eas ilY obtained in 
e requ ired pa rt i al der ivat ives are then 

gene r a l form f rom equat i ons (B.2) a
nd 

(B.
3
). 

Fourth . in , it shoul d be 
the 

h 
1eadin9 term, Do, 

recog ni zed that since t e 
in f lu ence the stress components in anY way, 

seri es Y* does not 
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column in the formu l at ion detailed above would 
result in a 

its in clusion 

with ent . . r,es identically 
equal to zero in the matrix [c]. The 

tak ing [c/[c] would thus be a s ingular matrix ' 
matrix [ d] formed by 

Some care must therefore be exe rcised ; n 
Which cannot b e inverted . 

the l oyic of th e computer ( ) 
genera 

1 

program s that are used to implement the 

solution scheme outlined above . 

Finally, method h 
th

e 
st

ress field exp ressions and the formulation of the 

ave both been g,· ver1 for 
the genera l case of a propagatiny 

crack · under rneth comb i ned op en i n g and shear mode conditions. 

Odo l oyy 
st can be used for pure open ing mode condition s and for 

ationary 
d cracks under sing I e or cornb i ned modes of load ing. For the 

Ynamic openin 
d · g mode case, the f orrnu lat ion given here can be emp loyed 

1 rectl , Y, after delet ing all references to terms involving Cn and D • 

'he t m 
otal numb 

IN er of unknown coeff i cients in thi s case i s obviously 

+l)+(M+l). 

fielct 

Th e same 

In the case of stationary cracks, the appropriate stress 

expressions f 
sirn;i rom Chapter 3 must be used to obtain exp ress ions 

a r t 0 equatio ns (B.2) 

rnethoct. the · Note that, while the elastodynamic solutions do reduce to 

l r static 
ze ro counterparts in the Ii mi t as the cra ck speed goes to 

'this limit I . I specif . cannot be obtained computat i ona I y by s 1 mp y 

Ylng 

and (B,3) before impl ement at ion of the 

a zero crack speed in th e dynamic equations. 

I mp l 
on ementat ion of the I oca I co I I ocat ion method ca n be pe rformed 

either 
rn a main - frame or microcomputer system in a st raightforwa

rd 

anner 
• In t 

••s he present studY, a microcomputer-based digitizing 

5

Y

5t

em 

USed to f th obtain the required data from photographs 

O 

e 
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isochromatic fringe patterns to be analyzed. This data was then 

transferred to a Sperry/ 1100 ma i n-f rallle system, on which the analysis 

algorithms were i111ple111ented using RASIC. Listings of sample programs 

used on the Sperry system for analysis and for reconstruction of the 

fringe pattern using the best-fit coefficients are given in 

Appendix C. 

- 131 -



APPENDIX C 

LISTINGS OF COMPUTER PROGRAMS 

USED TO IMPLEMENT THE LOCAL COLLOCATION METHOD 

AND TO RECONSTRUCT THE FRINGE PATTERNS FOR A GIVEN COEFFICIENT SET 

USING A SPERRY 1100 SERIES MAIN-FRAME COMPUTER SYSTEM 
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C.1 BASIC Program Listing for Dynamic Mixed-Mode Analys i s with K11 

00100 STRINGS500 00110 P$ _: •--- .. --- ---. .. _ - .... ------. ~ - . .. . - ------ r 0 •• - •• •• , -- -----=-====:===-=*, 

00120 U$- XX XXXX XX/2 XX. %XX½ XXX. XXXX 
00130 V$=' A'l. = 'l.'l.'l.'l.'l. 'l.'l. AX/AO= 'l.'l.'l.. 'l.'l.'l. ex= 'l.'l.'l.'l.'l., 'l.X C'l./AO = %%% , 'l.'l.'l.' 

00140 W$=' O'l. = %'l.'l.'l.% . %% 0%/AO = %%%. %'l.'l. D'l. = 'l.'l.'l.'l.'l.. 'l.'l. D'l./AO = 'l.'l.'l. . 'l.'l.'l.' 

00150 Y$=' ITER NO. ERROR DELTA N IFRGS J DELTA N IPCTI' 
00160 REM PROQRAM TO COMPUTE UPTO A EIGHT PARAME l ER ( 15 COEFFICIENT) MODEL 

00170 REM AND OUTPUT lHE COEFFICIENTS OF THE SERIES SOLUTION ro THE 

00180 REM DYNAMIC MI XED MODE CRACK PROOLEM 
00190 REM PROGRAM USES THE NEWTON-RAPHSON NON-L INEAR LE AST SGUARES 

00200 REM TECHNIQUE FOLLOWING THE MElHOD DUE TO 

00210 REM R. J. SANFORD. 00220 REM UPTO 200 DATA POINTS MAY DE SPECIFIED AND SHOULD DE ENTERED 

00230 REM AS DATA STATEMENTS 2500--. 
00240 DIM Zl200,31,Nl2001,R l 2001,Ql2001 
002 50 DIM A I 1 5, 1 I, BI 1 5, 200 I , CI 200, 1 5 I, DI 1 5, 1 5 I, E ( 1 5, 1 5 I, FI 1 5, 1 l , GI 200, 1 I 

00260 DIM HI 1 5, 1 l, S 1200, 15 I, U ( 200, 15 l, MI 40, 41, TI 16 I 
00270 INPUT Kl,K2,K3,K4,K5,K6,K7,K8,CO,Cl,C2 

00280 READ Z$ 
00290 PRINT zg, 
00300 PRINT 'NUMBER OF DATA POINTS = ';Kl 
00310 PRINT 'LOWEST ORDER MODEL=';K2 
00320 PRINT 'HIGHEST ORDER MODEL=';K3 
00330 PRINT 'NUMDER OF ITERATIONS=';K4 
00340 PR I NT 'MATERIAL FRINGE CONSTMJT=';l,5 
00350 PRINT 'MODEL THICKNESS=';K6 
00360 PRINT 'INITIAL ESTIMAlE OF K-I =';K7 
00370 PRINT 'INITIAL ESTIMAlE OF K-II =';KB 
00380 PR I NT 'CRACI, SPEED I I NC HES/SEC I='; CO 
00390 PRINT 'P-WAVE SPEED <INCHES/SECJ=';Cl 
00400 PRINT 'S-WAVE SPEED IINCHES/SECJ=';C2 
004 10 PR I NT 'C/Cl=';CO/Cl; 'C/C2=';CO/C2 
00420 C3=SQRl1. O-ICO/Cll**21 
00430 C4=SGRl 1. O-ICO/C21**21 
00440 C5=1 1. O+C4**2J/14. O*C3*C4 - 11. O+C4**21**21 
00450 C6=2. O*C4/14. O•C3•C4 - 11. O+C4••21**21 

00460 C7=1. 0+2. O*C3**2-C4**2 
00470 C8=4 O*C3*C4/(1. O+C4**21 
00480 C9= 1 O+C4**2 
00490 Dl=lll. O+C4••2l**2 1/2. O/C4 
00500 MAT Z=ZER(Kl,3) 
005 10 MAT N=ZER(Kll 
00520 MAT Q=ZER(Kll 
00530 MAT R=ZERIKll 
00540 MAT S=ZERIK1,2*K3-11 
00550 MAT U=ZERIK1,2*K3-ll 
00560 MAT READ Z 
00570 Nl=O 
00580 FOR Jl=l TO Kl 
00590 R(J l l=Z<JL 11 
00600 GIJ!l=Z<Jl,21 
00610 N(Jl l =ZIJL 31 
00620 Nl=Nl+N(Jll 
00630 NEXT Jl 
00640 FOR J2=1 TO Kl 
00650 T=QIJ2>•3 . 141592654/ 180 0 
00660 R=R(J21 
006 70 Xl=R*COS(TI 
00680 X2=Xl 
00690 Yl =R*S I N1Tl•C3 
00700 Y2=R*S IN ITl*C4 
007 10 R l =SQR(Xl**2+Yl**21 
00720 R2=SGRIX2**2+Y2*•21 
00730 IF Xl )= O THEN 740 ELSE 770 
00740 Tl =ATN(Yl/Xll 
00750 T2=ATNIY2/X21 
00760 GO TO 830 
00770 IF Yl>= 0 THEN 780 ELSE 810 
00780 Tl=ATN(Y l /Xl)+3 141592654 
00790 T2=ATNIY2/X2)+3 141592654 
00800 GO TO 830 
008 10 Tl =ATN(Yl/Xl)-3 141592654 
00820 T2=ATN(Y2/X2)-3. 141592654 
00830 REM 
00840 FOR J3=1 TO K3 
00850 IF J3 <= 2 THEN 860 ELSE 890 
00860 J7=2*J3-1 
00870 J 8=J7+1 
00880 GO TO 910 
00890 J7=2•J3-2 
00900 J8=J7+ 1 
009 10 J5=(J3-2)/2 
00920 P l=Rl*•J5 
00930 P 2=R2••J5 
00940 Sl=COS <J5*Tll 
0 09 50 S2=COS<J5•T2l 
00960 Ul=SINI J 5*T l l 
00970 U2=S I NIJ5•T2l 
00980 J4=INPIJ3/21*2 
00990 I F J4=J3 THEN 1050 ELSE 1000 
0 1000 SIJ2,J7J=O. 5*C5•(-(C9+C7 1*Pl*Sl + 2. O*C8*P2*S21 
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01010 UIJ2,J7l=C5•1-2 . O*C3*Pl•Ul + 2. O•C3•P2•U2) 
01020 S(J2,JB)=O. 5*C6•C-(C9+C7>•Pl•Ul + 2 . O•C9•P2•U2) 
01030 U(J2,JB>=-C6*1-2 . O*C3•Pl•Sl + Dl•P2•S2) 
01040 GO TO 1100 
01050 SIJ2, J7)=0 5•C5•1-(C9+C7l•Pl•Sl + 2. O•C9•P2•S2) 
01060 UIJ2,J7l=C5•1 - 2. O*C3•Pl•Ul + Dl•P2•U2) 
01070 lF J3=2 THEN 1100 ELSE 1080 
01080 SIJ2,J8 ) =0 5•C6•1-IC9+C7 >•Pl•Ul + 2. O•C8•P2•U2) 
01090 UIJ2,J8l =-C6•1-2. O•C3•Pl•Sl + 2. O•C3•P2•S2) 
01100 NEXT J3 
01110 NEXT J2 
01120 PRINT P$ 01130 PRINT K2; 'PARAMETER MODEL -- DYNAMIC MIXED-MODE SOLUTION' 
01140 PRINT' ';Z$ 
01150 PRHlT P$ 
01160 PRINT 
01170 IF I3=K4 lHEN 1190 ELSE 1180 
01180 IF Al!.ll=O THEN 11 90 ELSE 1220 
01190 MAT A= ZERl2•K2-1, 1) 
01200 AIL ll=K7*f\6/K5 /SQRl2•3. 141592654) 
01210 Al2, l)=KB*i\6/ K5/SGRl 2•3. 141592654) 
01220 MAT A=DIMC2•K2- 1, 1 > 
01230 AC2•f<-2 - Ll> =O 
01240 MAT D ZERi2•K2-1,Kll 
01250 MAT C ZERIK1,2•K2-11 
01260 MAT D ZERl2•K2-1,2•K2-ll 
01270 MATE ZER12•~2- 1,2•K2- 1) 
01280 MAT F ZER<2•K2-1, 1> 
01290 MAT G ZER<Kl. 1 l 
01300 MATH ZERl2•K2-1.ll 
01310 MAT M ZERIK4,4) 
01320 MATT ZER<2•K2l 
01330 NG=Nl/Kl 
01340 REM 
01350 REM DEGIN ITERATIVE SOLUTION 
01360 REM 01370 PRINT 'AVERAGE INPUT FRINGE ORDER='; NB 
01380 PRINT 
01390 PRINTY$ 
01400 FOR 13=1 TD K4 
01410 El=O 
01420 N3=0 
01430 FOR 14 = 1 TO Kl 
01440 Fl=O 
01450 F2=0 
0!460 F3=0 
01470 F4=0 
01480 FOR I5= 1 TD K2 
01490 IF IS (= 2 THEN 1500 ELSE 1530 
01500 I7=2*I5- 1 
01510 IB=I7+1 
01520 GO TO 1550 
01530 I7=2•I5-2 
01540 18=17+1 
01550 Fl=Fl+AI 17, 1 l•S< 14, I7l 
01560 F2=F~2+AI 17 , 1 l•UI 14, I7l 
01570 IF IS= 2 THEN 1600 ELSE 1580 
01580 F3=F3+AII8, l>•SII4, I8l 
01590 F4=F4+All8, ll•Ull4, lBl 
01600 NEXT IS 01610 GI 14, 1 ) = I <NI I4)/2l••2J-1Fl+F3>••2-IF2+Fr+J•*2 
01620 El=El+GI 14, l J-t:•2 
01630 N4=2•SGRIIF1+F3l••2+1F2+F4>••2> 
01640 N3=N3+ABSINII4l-N4l 
01650 FOR 16 = 1 TO K2 
01660 IF 16 <= 2 THEN 1670 ELSE 1700 
01670 17=2 •16-· 1 
01680 18= !7+1 
01690 GD TO 1720 
01700 I7 =2* I6- 2 
01710 IB=I7+1 01720 Cl 14, I7l =2• 1Fl+F3>•SI 14, 17l + 2*1F2+F4l •U < 14, 17> 
01730 IF 16 = 2 THEN 1750 ELSE 1740 
01740 Cl 14, 18) =2•1F l+F3> •S< 14, IS> + 2*1F2+F4>•U< 14, IS) 
0 1750 NEXT 16 
01760 NEXT 14 
01770 MAT D=TR NI Cl 
01780 MAT D=8<1C 
01790 MAT E= lNV(Dl 
01800 MAT F=B•G 
01810 MAT H=E•F 
01820 MAT A=A+H 
01830 N7=N3/Kl 
01840 Ml 13, 1 )=13 
01850 MCI3,2l=El 
01860 MII3,3)=N7 
01870 MCI3,4l=N7/N8•100 
01880 IF 13=1 THEN 1910 ELSE 1890 
01890 Jl=ABSl1-MII3,2l/MII3 - l,2)) 
01900 IF Jl<= . 002 THEN 1930 ELSE 1910 
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01910 NEXT 13 
01920 13=13-1 
01930 FOR 14=1 TD 13 01940 PRINT IN IMAGE U$ : M(I4, ll,~1(14,2l,M(I4,3l,MCI4,4l 

01950 NEXT 14 
01960 PRINT 
01970 PRINT 
01980 TCll=A(l, ll 
01990 TC2l =A(2, ll 
02000 T ( 3) =A ( 3, 1 l 
02010 TC4l =O 
02020 IF K2 >= 3 THEN 2030 ELSE 2070 
0 2030 FOR I6=3 TO K2 
02040 TC2*I6-1l=AC2*16-2, ll 
02050 T(2*I6)=AC2*I6-1, 1) 
02060 NEXT 16 
02070 FOR 17 = 1 TD K2 
02080 11 ~ <17 - 1) /2 
02090 12= 17/2- 1 
02100 I3= K5/K6 
02110 I8=2* I7-l 
02120 I9=2~ I7 
02130 IF 17 = INPCI7/2)*2 THEN 2160 ELSE 2140 
02140 PRINT IN IMAGE V$: Il,TCI8)*I3,ILTCI 8l/T(ll, 1LT CI9)*l3,Il.TCJ9l/TC1) 

02150 GO TO 2170 02160 PRINT IN IMAGE W$: I2,TCl8l*I3,I2,TC1 8)/T(ll,I2,TCI9l<tl3,I2,TCI9l/TC1) 

02170 N[oXT 17 
02 180 PRINT 
02190 PRINT P$ 
02200 K2==K2+1 
02210 IF K2 <= K3 THEN GO TO 1130 
99999 END 
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C.2 BASIC Program Listing for Dynamic Mixed-Mode Analysis with Krr= 0 

00100 STRI NGS SOO 00110 P$='*======================== =• ======r========= ===== = ===== ==-- ===-- -"--- •' 
00120 U$=' 1/.1/. 1/.1/.1/.1/. . Z1/.1/. 1/.Z. 1/.Z1/.1/. 1/.Z1/. . 1/.1/.1/.%' 

0 01 30 V$=' At.= zzxzz. Zt. AZ/AO= 1/.ZZ. zzz CZ= zzxxz. xx CX/AO = XXX . xzz· 
00140 WS = ' DX= ZZXXX. XX B1/./AO = XZX . XZZ DX= XZXXZ . XX D%/AO = ZXX . XZ Z ' 
00150 YS=' Il ER . NO . ERROR DELTA N CFRGSI DELTA N CPCTI' 
00160 REM PROGRAM TO COMP UTE UPTD A EIGHT PARAMElER (14 COEFFICIENT) MOD EL 
00170 REt1 AND OUTPUT THE COEFFICIENfS OF THE SERIES S OLUTION TO THE 
00180 REM DYNAMIC MIXED MODE CRACK PROBLEM; WITH K-II FORCED TO BE ZERO 
00190 REM PROGRAM USES THE NEWTON- RAPHSDN NON-LINEAR LEAST SGUARES 
00200 REM TECHNIQUE FOLLOWING THE METHOD DUE TO 
00210 REM R. J . SANFORD. 
00220 REt1 UPTO 200 DATA POINTS MAY DE SPECIFIED AND SHOULD DE ENTERED 
00230 REM AS DATA STAlEMENTS 2500- - . 
00240 DIM Z(200,31,NC200),R(200>,G<2CO> 
00250 DIM A(14, 11,B(14 ,2001,C( 200, 141,D(14, 14),E ( 14, 14),F(14, 1),GC 2 00, 1) 

0 0 260 DIM H(14 , 11, 5(200, 14),U(200, 14),MC40,41,T(16) 
0 0270 H,PUT Kl, IQ, K3, f\4, 1\5, l\6, K7, l\ 8 , CO, CL C2 
00280 READ ZS 
00290 PRINT ZS 
00300 PRINT 'NUMDER OF DATA POINT S= ';Kl 
003 10 PRINT 'LOWEST ORDER MODEL = ';K2 
00320 PRINT 'HIGHEST ORDER MODEL=' ; K3 
00330 PRINT 'NUMBER OF ITERAT! DN S= ';l\4 
0 0340 PRINT 'MATERIAL FRINGE CDNSTANT = ';K5 
0 0 350 PRINT 'MODEL THICKNESS=';K6 
00:360 PRINT 'INITIAL ESTIMATE OF f,-1 ='; K7 
00370 PRINT 'IN ITIAL ESTIMATE OF K- II ='1K8 
00380 PRINT 'CRACK SPEED CINCHES/ SEC)=';CO 
00390 PRINT 'P-WAVE SPEED CINCHES/SECl=';Cl 
00400 PRINT 'S-WAVE SPEED (INCHES/ SEC)=';C2 
00410 PRINT 'C/Cl=';CO/Cli 'C/C2= ';CO/C2 
00420 C3=SGR(l . O-ICO/C ll**21 
00430 C4=SGR(l. O-<CO/C2>**21 
00440 C5=11 O+C4**2)/(4 . O*C3*C4 - (1. O+C4**21**2> 
00450 C6=2 . O*C4/(4. O*C3*C4 - (1 . O+C4**21**2) 
00460 C7=1. 0+2 . O~C3**2-C4**2 
00470 C8=4. O*C3*C4/(1.0+C4**21 
00480 C9=1 O+C4**2 
00490 Dl=((!. O+C4**2>**2)/2. O/C4 
00500 MAT Z=ZER<Kl,31 
00510 MAT N=ZER(Kl) 
00520 MAT G=ZERIKll 
00530 MAT R=ZERIKll 
00540 MAT S=ZERIK1,2*K3- 2) 
00550 MAT U=ZER(l\1,2•K3 - 21 
00560 MAT READ Z 
00570 Nl=O 
00580 FOR Jl = l TD Kl 
00590 R(Jl)=Z(Jl, 11 
00600 Q(Jl)=Z(Jt,2> 
006 10 N(Jl) =Z(Jl,3) 
00620 Nl=Nl+NIJl) 
00630 NEXT Jl 
00640 FOR J2=1 TO Kl 
00650 T=GCJ21*3 141592654/180. 0 
00660 R=RCJ21 
00670 Xl=R*COSCT) 
00680 X2=Xl 
00690 Yl=R*SINCTl*C3 
00700 Y2=R*SIN(T)*C4 
00710 Rl =SGR(X l**2+Yl**21 
00720 R2=SGRCX2**2+Y2**2) 
00730 IF XI >= 0 THEN 740 ELSE 770 
00740 Tl=ATN(Yl/Xl) 
00750 T2=ATNIY2/X2) 
00760 GO TO 830 
00770 I F Yl>= 0 THEN 780 ELSE 810 
00780 Tl=ATNIY1/Xll+3 141 592654 
00790 T2=ATNIY2/X21+3. 141592654 
00800 GO TD 830 
00810 Tl =ATNIY I/ Xl)-3 . 141592654 
00820 T2=ATNIY2/X2)-3 141 592654 
0 0830 REM 
00840 FDR J3= 1 10 K3 
00850 IF J3 = 1 THEN 860 ELSE 880 
00860 J7=2*J3-1 
00870 GO TO 930 
00880 IF J3 = 2 THEN 890 ELSE 910 
00890 J7=2*J3-2 
00900 GO TO 930 
00910 J7 =2*J3-3 
00920 J8=J7+1 
00930 J5=CJ3-2)/2 
00940 Pl =R l**J5 
00950 P2=R2**J5 
00960 Sl=COS(JS*Tl) 
00970 S2=COS(J5•T21 
00980 Ul=SIN(JS*Tl) 
00990 U2=SIN(JS•T2) 
01000 J4=INP<J3/21*2 
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01010 IF J4=J3 THEN 1080 ELSE 1020 01020 S(J2,J7)c0 . 5*C5*(-(C9+C7>*Pl*Sl + 2 . 0*CB*P2*S2> 01030 U(J2,J7>=C5•<-2. 0*C3*Pl*Ul + 2. 0*C3*P2*U2) 01 0 40 IF J3 = 1 THEN 1070 ELSE 1050 0 1050 S(J2,J8)=0. 5*C6*(-(C9+C71*Pl•Ul + 2 . 0•C9•P 2 •U2 > 0 1060 U(J2,J8)= - C6•( - 2 . 0•C3•P l •S I + Dl•P2•S2l 0 10 70 GO TO 1130 
0 10 8 0 S <J 2 ,J7>=0. 5•C5•<-<C9+C 7 l • Pl •S I + 2 . 0•C9•P 2 • S2 > 01 0 90 U<J2,J7)=C5~(-2 . 0•C3•P l •UI + Dl•P2•U2) 0 11 00 IF J3 =2 THEN 11 30 EL S E 111 0 01110 S(J2,J8)=0 5•C6•(-(C9+C 7 >•P l • UI + 2 . 0•CB •P 2 •U2> 01120 UCJ2,J8)=-C6•C-2 . 0•C3•Pl•S1 + 2 . 0•C 3•P2•S2 > 0 1130 NEXT J3 
01140 NEXT J2 
01150 PRINT P$ 
0 1160 PRINT IQ; 'PARMIETER MO C- EL - - DYNM1I C MI XED - MODE SOLUTION - - 1, - 11 0' 01170 PRINT' ';Z$ 
01 180 PRINT P$ 
0 1190 PRINT 
0 12 0 0 JF 13=K4 lHEN 1220 ELSE 12 10 0 1210 IF AC 1, 1 ) =0 THEN 1220 ELSE 12 40 0 12 2 0 MAT A= ZF.RC2•K2 - 2,l) 0 1230 i\(l. l) =,O.,..l\6/K5/ S GRC 2•3 . 141 592654) 0 12 40 MAT A= DIMC 2 •K2- 2, 1) 
01 2 50 AC2•K2 - 2, I l =0 
0 1260 MATO ZER<2•K2 - 2,KI) 
0 1270 MAT C ZER<Kl,2•K2-2) 
01280 MAT D ZER<2•K2-2,2•K2-2 ) 0 1290 MATE ZER<2•K2-2,2•K2-2l 
0 1300 MAT F ZER<2•K2- 2, 1) 
01310 MAT G ZER(Kl,ll 
01320 MAT H ZER<2•K2-2 , 1 l 
01330 MAT M ZER<K4,4l 
01340 MATT ZERC2•K2l 
0 1350 NB=Nl/Kl 
01360 RE M 01370 REM BEGIN ITERATIVE S OLUTION 
01380 REM 
01390 PRINT 'AVERAGE INPUT FRINGE ORDER='; NB 
0 1400 PRINT 
01410 PRINTY$ 
01420 FOR 13 = 1 TO K4 
01430 El=0 
01440 N3=0 
01450 FOR 14= 1 TO Kl 
0 1460 Fl =0 
0 14 7 0 F2=0 
01480 F3 =0 
0 1490 F4 =0 
01500 FOR 15= 1 TO K2 
01510 I F I S= 1 lHEN 1520 ELS E 1540 
01520 !7=2•15-1 
0 153 0 GO TO 1590 
01540 IF 15 = 2 THEN 1550 EL S E 1570 
01550 I7=2•I5-2 
01560 GO TO 1590 
01570 17 =2• 1 5-3 
01580 !8= 17+1 
0 I 590 F 1 = F 1 +A ( I 7, I > •·S ( I 4, J 7 > 
0 I 600 F2=F2+A C I 7, 1 >•UC 14 , I 7) 
01610 IF 1 5 C= 2 THEN 1640 ELSE 1620 0 1620 F3=F3+ACIB, ll•SCI4, 18) 
01630 F4=F4+A(l8, 11•UCI4, 18 1 
01640 NEXT 1 5 01650 GC 14, 1 )=( (NC 14112>••2 >- (Fl+F 3 1••2- CF 2 +F41••2 0 1 660 E 1 =E I +G ( 14, I l «·• 2 
01670 N4=2•SGR(CF1+F31•• 2 +<F 2+F4 1••2 1 01680 N3 =N3+AOS(N(J4)-N4) 
01690 FOR 16=1 TO K2 
01700 I F 16 = 1 THEN 1710 ELS E 17 3 0 
0 1710 17 =2•16- 1 
0 1720 GO TO 1780 
01 7 30 IF 16 = 2 THEN 1740 ELSE 1760 
01740 17 =2•16-2 
0 17 50 GO TO 1780 
01760 17=2•16-3 
0 1770 18= 17+1 01780 C( 14 , 171=2 •<F l +F31•SC 14,171 + 2•CF2+F41«·U< 14,171 01790 JF 16 <= 2 THEN 1810 ELSE 1800 01800 C( 14, 18)=2 •CF 1+F31•S< 14, 18 ) + 2•CF2 +F 41•UC 14, 18) 
01810 NEXT 16 
01820 NEXT 14 
01830 MAT D=TRN<CI 
01840 MAT D=B•C 
01850 MAT E=INV(D) 
01860 MAT F =O•G 
01870 MAT H=E•F 
01880 MAT A=A+H 
01890 N7=N3/K1 
01900 M( 13, 1 )=13 
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01910 M(l3,2)=E1 
01920 M(l3,3)=N7 
01930 M(l3,4J=N7/N8•100 
01940 IF 13= 1 THEN 1970 ELSE 1950 
01950 J1=ADS(1-MCl3,2)/MIJ3-1,2)l 
01960 IF Jl<= 002 THEN 1990 ELSE 1970 
01970 NEXT 13 
01980 I3=I3- 1 
0 1990 FOR 14=1 TO 13 02000 PRHH IN IMAGE Ut : ~11I4,l),t·i(l4,2),Mll4 ,3J,Mll4,4l 
02010 NEXT 14 
02020 PRINT 
02030 PRINT 
02040 T( 1 ) =A( 1, 1) 
02050 Tl2)=0 
02060 T(3J=Al2, 1 l 
02070 T14l =O 
02080 IF K2 >= 3 THEN 2090 ELSE 2130 
02090 FOR 16=3 TO K2 
02100 Tl2•I6-1 l=Al2•I6-3, 1 > 
02110 T(2*I6J =A(2*I6-2, ll 
02120 NEXT 16 
02130 FOR 17= 1 TO K2 
02 140 11 = (] 7-1)/ 2 
02150 12= 17/ 2-1 
02160 I3=K5/K6 
02170 I8=2* I7-1 
02180 19=2*17 02190 JF 17 = INPCI 7/2)*2 TH EN 2220 ELSE 2200 02200 PRINT IN m"-GE V$: J1,TII BJ•I3, Il,T<l B)/T lll, Il,Tll9H<I3, Il,TII9l/Tlll 

02210 GO TO 2230 02220 PRINT IN IMAGE Wli. 12,T(I8l*l3, 12,TllBl/Tlll, I2,T(I9l*I 3, I2,TII9l/Tlll 

02230 NEXT 17 
02240 PRINT 
02250 PRINT P$ 
02260 K2~l-',.2+1 
02270 IF K2 (= K3 THEN GO TO 1160 
99999 END 
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C.3 Sample Data Set f rom Frame 11, Experiment 12, Curving Crack 

2500 REM DATA FROM EXPT-12 , FRAME 11, ARUN SHUKLA 
2501 DATA DATA FROM 1/2 INCH RADIUS; EXPT. 12; FRAME 11 
2502 DATA 0 . 500, 6. 17, 0 . 5 
2503 DATA 0 . 448, 5 . 70, 0 . 5 
2504 DATA 0 . 369, 5. 56, 0. 5 
2505 DATA 0. 253, 4. 42 , 0 . 5 
2506 DATA 0. 232, 15. 7, 0 . 5 
2507 DATA 0 . 31 2 , 20 . 4, 0 . 5 
2508 DATA 0 . 397, 24 . 6, 0 . 5 
2509 DATA 0. 497, 28 . 2, 0. 5 
2510 DP1TA 0. 498, 47 . 7, 1. 5 
2511 DATA 0 . 429, 45.3, 1.5 
2512 DATA 0 . 344, 42. 3, 1. 5 
2513 DATA 0 . 250, 37. 6, 1. 5 
2515 DATA 0. 209, -18 . 5, 1. 5 
2516 DATA 0. 290, -21. 6, 1. 5 
2517 DATA 0. 385, -25. 8 , 1 . 5 
2518 DATA 0. 487 , -29 . 6, 1. 5 
2519 DATA 0 . 445, -151. 8, 1. 5 
2520 DATA 0. 364, -157. 5, l. 5 
2521 DATA 0. 273, -160 . 1, 1. 5 
2522 DATA 0. 181 , -165. 2, 1. 5 
2523 DATA 0 . 491, 147. 2, 1. 5 
2524 DATA 0 . 427, 149. 8, 1. 5 
2525 DATA 0. 341, 152. 4, 1. 5 
2526 DATA 0.231, 156. 4, 1.5 
2527 DATA 0. 233 , 170 . 6, 0. 5 
2528 DATA 0. 328 , 167. 9, 0. 5 
2529 DATA 0. 412, 166. 4, 0. 5 
2530 DATA 0 . 495, 165. 9, 0 . 5 
2532 DATA 0. 268, 57. 0, 2 5 
2533 DATA 0 . 355 , 63 . 2, 2 . 5 
2534 DA TA 0. 488 , 70. 1, 2 . 5 
2535 DATA 0. 49 1 , 124 . 6, 2. 5 
2536 Di6.TA 0 . 414, 129. 2, 2. 5 
2537 DATA 0. 322, 133. 6, 2. 5 
2538 DATA 0. 252, 139. 1, 2. 5 
2541 DATA 0 . 187, -45. 2, 2. 5 
2542 DATA 0 . 241 , -55. 9, 2 . 5 
2543 DATA 0. 272, -67 . 1, 2 . 5 
2544 DATA 0 . 285, -84. 7, 2 . 5 
2545 DATA 0 . 283, -103. 4, 2 . 5 
2546 DATA 0. 282, -120 . 2, 2. 5 
2547 DATA 0. 239 , -135 . 5, 2. 5 
2548 DATA 0 . 174, -146. 6 , 2 . 5 
2550 DATA 0 . 227, 72. 7, 3 . 5 
2551 DATA 0. 286, 83. 8, 3 . 5 
2552 DATA 0. 316, 94 . 7, 3 . 5 
2553 DATA 0. 294 , 108. 7, 3 . 5 
25 5 4 DATA 0 . 248, 119. 0 , 3 . 5 
2557 DATA 0 . 177, -98 . 5, 3 . 5 
2558 DATA 0 . 165, -80. 6, 3 . 5 
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C.4 Sampl e Output fo r Dynamic Mixed-Mode Analysis Retaining KII 

DATA FROM 1/2 INCH RADIUS; EXPT. 12; FRAME 11; URI __ 5/85 
NUMDER OF DATA POINTS= 50 
LOWEST ORDER MODEL= 2 
HIGHEST ORDER MODEL= 8 
NUMDER OF ITERATIONS= 40 
MATERIAL FRINGE CONSTANT= 150 
MODEL THICKNESS= . 413 
INITIAL ESTIMATE OF K- I = 1000 
INITIAL ESTIMATE OF K-II = 100 
CRACK SPEED CINCHES/SEC>= 1 
P-WAVE SPEED (INCHES/SEC)= 5. 07 
S-WAVE SPEED CINCHES/SEC>= 3 
C/Cl=. 19723866 C/C2=. 33333333 
*--=====================-==-========L========------- --- -

2 PARAMETER MODEL -- DYNAMIC MIXED-MODE SOLUTION --=--=<r----* 
DATA_FR□M_112_INCH_RADIUS; EXPT . 12; FRAME 11; URI -- 5/85 

* ---------- --------------------================== =========L===-- - -* 

AVERAGE INPUT FRINGE ORDER= 1. 84 

!TER. ND . ERROR DELTA rJ <FRGS ) DELTA N (PCT) 
1 32 . 704 . 6504 35. 3452 
2 10 . 374 . 3073 16. 7034 
3 7. 06 1 . 274 1 14 . 8992 
4 7 . 049 . 2723 14 . 7964 

AO 566 . 83 AO/AO 1. 000 co -12. 67 CO/AO = - . 022 

DO 27 . 98 00/AO . 049 DO 0 . 00 DO/AO = 0 . 000 

*=--=================================== ==== -=-=-=======-----------
3 PARAMETER MODEL -- DYNAMIC MIXED-MODE SOLUTION --------• 
DATA FROM 1/2 INCH RADIUS; EXPT . 12; FRAME 11; UR I - - 5/85 

*---------=-==-=-===-------- --- -----=--=-==;====-==============---=- • 

AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER . ND. ERROR DELTA N <FRG S ) DELTA N <PCT> 
1 7 . 049 . 2721 14. 7885 
2 . 289 . 0742 4 . 0299 

3 . 163 . 0555 3. 0170 
4 . 163 . 0555 3 . 0175 

AO 571. 43 AO/AO = 1. 000 co - 16. "18 CO/AO - . 029 

DO "10 . 79 00/AO . 071 DO 0 . 00 DO/AO 0 . 000 

I\ 1 -52. 90 Al/AO -. 093 Cl - 120. 34 Cl/AO -. 211 

*=========-====--=----==--=-=============== =============== ========--• 
4 PARAMETER MODEL -- DYNAMIC MIXED - MODE SOLUTION 
DATA FROM 1/2 INCH RADIUS; EXPT . 12; FRAME 11; URI -- 5/85 

*=====================-===== ========================================* 

AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER . NO. ERROR DELTA rJ CFRGS ) DE LTA r, (PCT> 

1 163 . 0555 3 . 0173 

2 . 051 . 0292 1. 5876 

3 . C,50 . 0295 1. 6015 

4 . 050 . 0295 1 . 6035 

AO 567 . 80 AO/AO 1. 000 co -6 . 54 CO/AO -. 012 

DO = 32. 70 00/AO = . 058 DO 0 . 00 DO/AO 0 . 000 

Al -49 . 30 Al/AO = 087 Cl -149 . 51 Cl/AO - . 263 

Bl 2 . 80 01/AO . 005 01 120. 36 01/AO . 212 

*===-=-=====================================-====-=-==--=L==========* 
5 PARAMETER MODEL -- DYNAMIC MIX ED- MO DE SOLUTION 
DATA FROM 1/2 INCH RADIUS; EXPT . 12 ; FRAME 11; URI -- 5/85 

•===========================================-====-----==========-===• 

AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER . NO . 
1 
2 
3 

AO 567. 11 
DO 32. 98 
Al -13. 93 
Bl -17 . 89 
A2 42 . 88 

ERROR 
. 050 
. 043 
. 043 

AO/AO 
BO/AO 
Al/AO 
D1/AO 
A2/AO 

DELTA tl <FRGS ) 
. 0295 
. 0273 
. 0272 

= 1. 000 
. 058 

-. 025 
"' -. 032 

. 076 

co 
DO 
Cl 
01 
C2 

- 14U 

DEL TA N < PCT> 
1 . 6034 
1 . 4847 
1 . 4799 

-6. 86 
0 . 00 

-148. 79 
123. 95 

= 5 . 55 

-

CO/AO 
DO/AO = 
Cl/AO = 
01/AO-= 
C2/AO = 

-. 012 
0 . 000 
- . 262 

. 219 

. 010 



* --- - -~--------=- - --c--==---=--~ - - == == ==== - ~=== = =======~==~=-=-=- --~-* 

6 PARAMETER MODEL -- DYNAMIC MIXED - MODE SOLUTION 

DATA FROM 1/2 INCH RADIUS; EXPT . 12; FRAME 11; URI - - 5/85 

*-- - ----------- === =========================================- -==----- -* 

AVERA GE INPUT FRINGE ORDER = 1. 8 4 

ITER . NO. ERR OR DELTA tJ ( FRGS) DELTA tJ <P CT) 
1 . 0 43 . 0272 1. 4 802 
2 0 39 026 5 1 . 4424 
3 039 . 0262 1 . 4238 

AO 569. 0 5 AO/AO 1. 000 co -6. 83 CO/AO 01 2 

BO 3 7 . 13 00/AO . 065 DO 0 . 00 DO / AO 0. 000 

Al -61. 41 Al/AO 108 Cl - 149, 55 Cl/AO = 263 

Bl 1. 49 01/AO 003 Dl 10 6 . 95 Dl/AO 188 

A2 6 . 47 A2/AO . 011 C2 22 . 56 C2/AO . 040 

B2 14. 11 02/AO 0 2 5 D2 -3 5. 5 3 D2/ AO -. 0 62 

*===========~~====~======~====~=== ==~=====---·· - -- =========~= == ====-- * 

7 P ARA METER MO DE L -- DYNAMI C MI XED-MOD E SOLUTION 

DATA FROM 1/2 INCH RADIUS; EXPT . 12; F Rl>. ME 11; LJ RI - - 5 / 85 

*=================-========================:=-==- - - =============- ---* 

AVER AGE INPUT FRINGE ORDER= 1. 84 

I TER. NO . ERROR DELTA N (FRG S ) DELTA tJ (P CT) 

1 . 039 0262 1 . 4 2 49 

2 030 0260 1. 4134 

3 029 . 0240 1 . 3023 

4 . 029 . 0242 1. 3139 

AO 568 . 64 AO/AO 1. 000 co -5 . 04 CO/AO - . 009 

130 44 . 45 00/AO . 078 DO 0 . GO DO/AO 0 . 000 

Al -151. 08 Al/AO - . 266 Cl -149 . 08 Cl/AO - . 262 

13 1 30 . 15 Bl/AO . 053 Dl 93 . 36 Dl/AO . 164 

A2 17. 19 A2/AO . 030 C2 55 . 48 C2/AO = . 098 

B2 -48. 47 B2/AO - . 085 D2 -108. 08 D2/AO - . 190 

A3 95 . 21 A3/AO . 167 C3 54 . 53 C3/AO . 096 

*- ----------- - - ---- - ---=- - - - -============================---- -------* 
8 PARAMETER MODEL -- DYNAMIC MIXED - MODE SOLUTION 

DATA FROM 1/2 INCH RADIUS; EXPT . 12; FRAME 11; URI - - 5/85 

*- - --------------- - -------=- ---===========~====================-----* 

AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER. ND. ERROR DELTA tJ (FRG S J DELTA N (PCT) 

1 . 029 . 0241 1. 3122 

2 . 028 . 0220 1. 1954 

3 028 0218 1. 1845 

AO 568 . 68 AO/AO 1. 000 co - 5. 3 1 CO/AO -. 0 0 9 

BO 44. 13 00/AO 0 7 8 DO 0 . 00 DO/AO 0 . 000 

Al -142 . 57 Al/AO -. 251 Cl -1 53 . 29 Cl/AO -. 270 

Bl 23 . 48 01/AO 041 Dl 107 . 00 Dl/AO . 188 

A2 26. 41 A2/AO . 046 C2 53. 45 C2/AO . 0 9 4 

132 -37 . 56 02/AO -. 066 D2 -134 . 33 D2/AO - . 2 3 6 

A3 50 . 54 A3/AO 089 C3 83 . 0 2 C3/AO 14 6 

13 3 32. 15 B3 / AO . 057 D3 - 23 . 40 D3/AO -. 0 41 
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C.5 Sample uutput for Dynamic Mixea-Mode Ana~ysis with Kii= o 

DATA FROM 1/2 INCH RADIUS; EXPT. 12; FRAME 11; URI -- 5/85 
NUMBER OF DATA POINTS= 50 
LOWEST ORDER MODEL= 2 
HIGHEST ORDER MODEL= 8 
NUMBER OF ITERATIONS= 40 
MATERIAL FRINGE CONSTANT= 150 
MODEL THICKNESS=. 413 
INITIAL ESTIMATE OF K-I = 1000 
INITIAL ESTIMATE OF K- II = 100 
CRACK SPEED CINCHES/SEC)= 1 
P-WAVE SPEED CINCHES/SEC)= 5. 07 
S-WAVE SPEED CINCHES/SEC)= 3 
C/Cl= 19723866 C/C2=. 33333333 
*================== =~== ===============================---- - -------

2 PARAMETER MOD EL -- DYNAMIC MIXED- MODE SOLUTION -- K-II - O --"'* 
DATA FROM 1 /2 INCH RADIUS; EXPT. 12; FRAME 11; UR I -- 5/85 

*-- ------------- --------------------====================~- -:==----=-* 

AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER. NO . ERROR DELTA N CFRGS) DELTA N (PCT> 
1 30. 932 . 5949 32. 3310 
2 8 . 806 . 2747 14. 9320 
3 7 . 354 . 2672 14. 5231 
4 7. 352 . 2680 14. 5631 

AO 567. 79 AO/AO 1. 000 co 0. 00 CO/AO= 0.000 
BO 28. 78 BO/AO . 051 DO 0 . 00 DO/AO= 0.000 

*===========================================-------------- -
3 PARAMETER MODEL -- DYNAMIC MIXED- MODE SOLUTION -- K-II =-0- - ---* 
DATA FROM 1/2 INCH RADIUS; EXPT. 12; FRAME 11; URI -- 5/85 

*---=====================-=--=---==-===========-==-=-======-==------* 

AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER . NO . ERROR DELTA N CFRGS) DELTA N (PCT> 
l 7. 352 . 2680 14. 5641 
2 . 830 . 1053 5 . 7224 
3 . 712 1049 5. 6995 
4 . 712 . 1049 5. 7031 

AO 570. 46 AO/AO 1. 000 co = 0 . 00 CO/AO 0. 000 

BO 37. 51 BO/AO . 066 DO 0 . 00 DO/AO 0. 000 

Al -45. 64 Al/AO - . 080 Cl -118 . 00 Ci/AO - . 207 

*==================-===========================================-==--* 
4 PARAMETER MODEL -- DYNAMIC MIXED-MODE SOLUTION -- K-II = 0 
DATA FROM 1/2 INCH RADIUS; EXPT. 12; FRAME 11; URI -- 5/85 

*===============-==--==--==========================-================* 

AVERAGE INPUT FRINGE ORDER= l. 84 

ITER . NO . ERROR DELTA N CFRGS) DELTA N (PCT> 

1 . 712 . 1049 5. 7031 

2 . 081 . 0400 2. 1744 

3 . 078 . 0406 2 . 2049 
4 . 078 . 0406 2 . 2074 

AO 565. 28 AO/AO 1. 000 co 0 . 00 CO/AO 0 . 000 

BO 27. 43 BO/AO . 049 DO 0. 00 DO/AO 0 . 000 

Al -41. 83 Al/AO - . 074 Cl -161. 99 Cl/AO -. 287 

Bl 4 . 20 Bl/AO . 007 Dl 172. 60 Dl/AO . 305 

*============================~========~===--=--=-=======~===-- -=~~==* 
5 PARAMETER MODEL -- DYNAMIC MIXED-MODE SOLUTION -- K-II = 0 
DATA FROM 1/2 INCH RADIUS; EXPT. 12; FRAME 11; URI -- 5/85 

*=========================================---=--=-==-===========~===* 

AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER . NO . 
l 
2 
3 
4 

ERROR 
. 078 
. 069 
. 068 
. 068 

DELTA N CFRGS) 
. 0406 
. 0438 
. 0449 
. 0451 

AO 559_39· AO/AO 1. 000 
. 024 BO 13. 26 BO/AO 

Al 118. 13 Ai/AO = . 211 
Bl C -40. 51 Bl/AO"' - . 072 
A2 63 . 81 A2/AO = . 114 

co 
DO 
Cl 
01 
C2 

- 142 

DEL TA N ( PCT> 
2.2075 
2.3784 
2. 4411 
2. 4537 

0. 00 
0 . 00 

-178. 60 
253. 52 
-20. 52 

-

CO/AO 0 . 000 
DO/AO 0 . 000 
Cl/AO -. 319 
Dl/AO . 453 
C2/AO -. 037 



*---------========~~=============~====~==-------------~ 
6 PARAMETER MODEL -- DYNAMIC MIXED-MODE SOLUTI□N-==-K-II=:zo~~=~===* 
DATA FROM 1/2 INCH RADIUS; EXPT. 12; FRAME 11; URI -- 5/85 

*------------------------==--== -=========== ======= -============= ----* 
AVERAGE INPUT FR INGE ORDER= 1 . 84 

ITER . NO . ERROR DELTA N CFRGS ) DELTA t-! (PCT) 
1 . 068 . 0452 2 . 4 561 
2 . 065 . 0447 2. 4 312 
3 . 065 0445 2 . 41 78 

AO 561. 08 AO/AO 1. 000 co 0 00 CO/AO 0 . 000 
BO 16 . 06 BO/AO . 029 DO 0 . 00 DO/AO 0 . 000 
Al 81. 83 Al/AO 146 Cl -180. 38 Cl/AO 321 
Bl -24. 18 Bl/AO -. 043 01 242. 26 01/AO 432 
A2 30 . 60 A2/AO . 055 C2 - 7. 37 C2/AO 01 3 
82 13. 61 B2/AO . 024 02 - 2 9. 80 02/AO 053 

*----------------------- - - - -------====-- - -----====-==== =========--- -* 
7 PARAMETER MODEL -- DYNAMIC MIX ED- MOD E S OLUTION - - K-II = O 
DATA FROM 1/2 INCH RADIUS; EXPT . 12 ; FRAM E 11; URI - - 5/85 

* - - - =- - ----------------- -----------=-= -== - ===- - - -- - == == =====- -====--~ 

AVERAGE INPUT FRINGE ORDER = 1. 84 

ITER . NO. ERROR DELTA N (FRGS) DELTA N (PCT) 
1 . 065 . 0444 2 . 4-113 
2 . 061 . 0400 2 . 1 750 
3 039 . 0303 1 . 6447 
4 . 039 . 0305 1. 6593 
5 . 039 . 0305 1. 6583 

AO 565. 62 AO/AO 1. 000 co 0. 00 CO/AO 0. 000 
BO 42. 15 BO/AO . 075 DO 0. 00 DO/AO 0 . 000 
Al -185.91 Al/AO -. 329 Cl -160. 68 Cl/AO - . 284 
Bl 56. 46 Bl/AO . 100 01 140 . 31 Dl/AO . 248 
A2 -1 . 41 A2/AO 002 C2 52 . 28 C2/AO 092 
82 -76. 23 82/AO -. 135 D2 - 111. 88 D2/AO - . 198 
A3 163. 45 A3/AO . 289 C3 60 . 41 C3/AO . 107 

*- ------------- ------===---=======-==--== =- =========--=======-- - --- -* 
8 PARAMETER MODEL -- DYNAMIC MIXED-MODE SOLUTION -- K-II = 0 
DATA FROM 1/2 INCH RADIUS; EXPT . 12; FRAME 11; URI -- 5/85 

~- ------------------=====-====== ==============================-== -- -* 
AVERAGE INPUT FRINGE ORDER= 1. 84 

ITER . NO. ERROR DELTA N (FRGS ) DELTA t-! (PCT) 

l . 039 . 0305 l. 6584 
2 . 038 0302 1. 6402 
3 . 038 . 0302 1. 6411 

AO 565. 53 AO/AO 1. 000 co 0 00 CO/AO 0 . 000 

BO 42. 02 BO/AO . 074 DO 0. 00 DO/AO 0 000 

Al -183. 09 Al/AO = - . 324 Cl -163 . 69 Cl/AO -. 289 

Bl 53 . 68 Bl/AO . 095 01 150. 40 Dl/AO . 266 

A2 4. 06 A2/AO . 007 C2 50. 82 C2/AO . 090 

B2 -71. 53 B2/AO -. 126 02 -128 . 51 02/AO - . 22 7 

A3 140. 69 A3/AO . 249 C3 78. 72 C3/AO 139 

B3 18 . 95 83/AO . 034 D3 -15 . 62 D3/AO -. 0 2 8 

*=== ===================-===------------=--=====-=- - - --------- - - - ----* 
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C.b FUKTl<AN Program Listlny for Dynamic Mixed-Mode lsochroiaatic P1o1 

C PROGRAM TO GENERAlE ISOCHROMATJ C FRINGE PLOTS FOR DYNAMIC PRODLEMS 
C THIS PROGRAM GENERATES A USER DEFINED SIZE PLOT FOR LIQHT OR DARK FIELDS 
~ PROGRAM USES THE CONSTANT SPEED EQUATIONS FOR COMDI NED OPENING AND SHEAR . MODE S 

C 
C . 
C. 
C 
C 
C 
C . 
C . 
C 
C 
C 
C 
C . 
C 
C .. 
C . 
C. 
C . . 
C . 
C .. . 
C .. . 
C 
C 

99 

C 
C . 
C 

300 

301 

303 

302 

304 

305 
C 
C 
C 

REAL L, M, IO, JO 
DIMENSION Al121,Cl121 
DIMENSION LABELIBOI 
DIMENSION Fil31,FII131,FTl31 
DIMENSION LEVEL111201,LEVEL211201,LEVEL31120),LEVEL41120) 

N = NUMDER OF PLOTS TO DE MA DE WITH S AME VELOCITY, PLOT SIZE, AND 
VIEWING 1,JINDOW I XMIN, XMAX, YMIN, YMAX) 

CO= CRACK VELOCITY <USE 250. 0 IN /SEC FOR STATIC PROBLEMS) 
Cl= DILATATIONAL WAVE VELOCITY <U SE 100, 000 . 0 IN/SEC FOR STATIC PLOTS) 
C2 = SHEAR WAVE VELOCITY <USE 50 ,000 . 0 IN /SEC FOR STATIC PLOTS) 
FS IGMA = MATERIAL FRINGE CONSlANT <P S I - IN /FR INGE) 
H = SPECIMEN THICKNESS IINCHESI 
I O PLOT S IZE ALONG WIDTH OF PAPER . MUST DE LE SS THAN 12 INCHES . AL SO 

SHOULD BE SUCH THAT l O*IO WILL DE Ml INTEGER, SINCE 10 CHARACTER S /IN 
I S ASSUME D IN THAT DIR ECT!ON . 

JO PLOT S I ZE ALONG LENGTH OF PAPER . CAN DE AS LARGE AS YOU WANT PROVIDED 
YOU CAN OVERRIDE PAGE SPAC ING - ON UNIVAC @HDG,N. M,88,0,0 . MUST OE 
SUC H THAT B*JO WILL DE AN INTE GER , S INCE 8 CHARACTERS/I N I S ASS UMED 
IN THAT DIRECTION . 

XMIN MINIMUM X-V ALUE FOR PLOT WINDOW. 
XMAX = MAXIMUM X-VALUE FOR PLOT WINDOW . 
YMIN = MINIMUM Y-VALUE FOR PLOT WINDOW 
YM AX = MAXIMUM Y-VALUE FOR PLOT WINDOW . 
PLOTTING STARTS AT TOP LEFT - HAND CORNER IXMIN,YMAXI AND GOES ALONG LINES 
OF CONSTANT Y. I-DIRECTION CORRESPONDS TO X AND J-DIRECTION CORRESPONDS TO 
Y . 

FORMAT I ) 
READl5,991N 
READ 15,99) CO , Cl,C2 
READ 15,99) FSIGMA, H 
READ 15,99) 10,JO 
READl5,991 XMIN, XMAX , YMIN, YMAX 

WRITE OUT DASIC INFORMATION RELATING TO PLOTS. 

~~A~~+,~?9?b~. '! SOCHROMATIC FRINGE PLOTS WITH THE FOLLO~ING DATA', 
$ ' ; TOTAL OF', I3,' PLOTS', //l 

WRITE 16,301) CO,C1,C2 , C ES/cEC' / --,X FORMATl2X, 'CRl'.CK VELOCITY =',F !O.~ , IN..,H, ;:, , ,c ', 
$ ' C1=',F10. 2 , • INCHES/SEC',2X, 'C2= ,F10. c, INCHES/SEC) 

WRITE 16, 3031 FSIGMA, H E' ~x 'THICKNESS-' F6 4 FORMAT12X, 'FSIGMA=',Fl0. 2 ,' PSJ-IN/FRING ,.., , - , . , 
$ ' INCHES' I 

IM AX= lO *IO 
JMAX =B*JO 
XO=XMIN 
YO =YMAX 
DX=IXMAX-XM IN) /FLOATIIMAX-1) 
DY=IYMAX-YMIN)/FLOATIJMAX-11 
WRITE 16,305) 10, JO 
WRITEl6, 3021XMIN, XMAX, YMIN, YMAX FORMATl2X, 'XMIN= ' , FlO . 4, 5X, 'XMAX= ' , FlO. 4, 5X, 'YMI N= ', FJO. 4, 5X, 

S 'Y MAX =',FlO. 41 
WRITE 16, 3041XO, YO, DX, DY , , F Q 4 ~x / ..,X FORMAT12X, 'PLOT STARTS AT XO=',FI0 . 4,5X, ,YO=• 1 - ,.., ',c ', .., 

$ ' WITH A PLOT INCREM ENT OF DX=',FIO. 6 , 5X, 'IN TH~ X-DIR~CTION,, l,cX 
$ 'AND A PLOT JNCREMDJT OF DY=', FlO. 6, 5X, 'IN THE Y-DIRECTION I 

FORMATl//,2X, ' PLOT SIZE I S =',F4 . I,' X ' ,F4 . l,' INCHES',//) 

CALCULATE VEL□CllY FUNCTIONS NEEDED IN STRESS CALCULATIONS. 

C3=SGRTIJ . O-<CO/Cll**21 
C4=SGRTII O- ICO/ C2 1**21 
C5=11 . O+C4**21/14 O*C3*C4 - IJ . O+C4**21**21 
C6=2 . O*C4 /1 4 . O*C3•C4 - IJ . O+C4**21*<21 
C7=1. 0+2 . O*C3**2-C4**2 
C8=4 . O*C 3 ► C 4 / 11 . O+C4**21 
C9=1 . O+C4 **2 
C10=111 . O+C4**21**21/2. O/C4 

~ - START DO-LOOP FOR EACH INDIVIDUAL PLOT . 
C 

D05K=l,N 
~ -. ZERO OUT COEFFICIENTS : Al 1 I-Al 1..,1 Al 1 l =AO, Al21=DO, · ·· · •Al 

12
l =Db . 

C . .. ZERO OUT COEFFICIENTS : Cl11-Cl121 Clll=CO, Cl21=DO, ... ,C<l
2

l =Db . 

C 
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C 
READ(S,99)Nl,N2 
READ(S, 1000 l<LABEL<Il, I=l.80) 
READ( S, 99) (A( I), I=l , N2) 
READ(S,99l(C(ll, !=1,N2) 

10 00 FORMAT(BOAI) 
WR!T E (6 , 100 \) <LAB EL( I), ! = 1, 80 ) 

1001 FORMAT('l ',BOAL/l 
WR I TE ( 6, I 002 ) ( A ( l) , I = I , 11 , 2 ) 
WR!TE(6, 1003 ) <A( I), 1=2 , 12 , 2) 
WRIT E (6, 1004)( C (I), I = l , 11, ;::> ) 
WR!T E (6, 100S l< C (I ) , ! =2 , 12 ,2 ) 

1002 FORMAT<2X, 'AO=',FlO 4, 7 X, 'Al = ',FlO. 
$ FIO. 4, 7X , 'A4 = ', F!O . 4, 7X, 'AS= ', Fl 0 . 

1003 FORMAT(2X, 'O O=' ,Fl 0 . 4, 7X , 'Bl = ',F!O. 
$ Fl O. 4, 7X , ' 04 =',F I O 4,7X , 'BS= ', F ! O. 

10 04 FOR~1AT(2X, ' CO=' ,FI O. 4, 7X , 'C l =' ,Fl O. 
$ F10 . 4 ,7 X, 'C 4=' ,F1 0 . 4 , 7 X, 'C S= ',FI O. 

1005 FOR~1AT(2X , ' DC= ' , F I O. 4, 7X , ' Dl =', F l O. 
$ FI O 4, 7 X, 'D 4= ', F 10 4 , 7X, 'DS=' ,FIO . 

4, 7 X, 
4) 
4, 7 X, 
4, /) 
4 , 7 X, 
4) 
4, 7X, 
4) 

'A2=',F10. 4, 7X, 'A3= ', 

'02= ', Fl 0 . 4, 7X, '0 3= ', 

'C2 = ', FlO. 4, 7X, ' C:3= , , 

'D2= ',Fl0 . 4, 7X, 'D3~ ', 

C 
C 
C 

START LOO P ING OP ERATION FOR EACH ROW OF PLOT ( CONS TANT Y LINE J 

DO 10 J = l, J~lA X 
Y=YO-<J- l )<' OY 

C g OL ANK OUT P~ INT F I ELD AT EAC H LOC AT I ON ALON G ROW . 

DO 4 0 JI = I , 1 20 
LEVELl<Jll = ' ' 
LEVEL2(Jll =' 
LEVEL3(J1) = ' 
LEVEL4(Jl) = ' 

40 CONTINUE 
C g-. START LOOPirJG OPERATION FOR EACH LOCATION ALONG A PARTICULAR ROW . 

DO 20 1=1, IMAX 
X=XO+( I-1) •DX 
IF ( ABS(Xl . LT . 0 . 0 000 1) X=O. 000 01 
Xl =X 
X2 = X 
Yl=Y•C3 
Y2=Y•C4 

C C. CALCULAlE VELOCITY TRANSFORMED COORDINATES ROI, R02, FEE!, FEE 2 
C 

O=SGRT<X1••2+Y1*•2> 
P=SGRT(X2••2+Y2••2l 
L=ATAN2(Yl, Xl) 
M=ATAN2<Y2, X2) 

C C. F!(l),Fll(ll = SIGMAX ; Fl(2l,FJl(2) = SIGMAY; FJ<3>,FII(3) = TAUXY 
C. . SET THESE TO ZERO INITIALLY, lHEN LOOP THROUGH FOR CALCULATION AND 
C. SUMMATION OF EACH TERM OF SERIES EXPRESSIONS FOR lHESE QUANTITIES . 
C 

C 

C 

C 

C 

DO 21 I l = I , 3 
Fl(Il) =0 . 0 
Fll(!ll=O. O 
FT (II) =O . 0 

2 1 CONTINUE 

DO 30 K1=1,N2 
XK2=FLOAT(Kl - 2)/2 . 0 
Al=CS*A(Kl) 
CII=C6*C<Kl) 
Rl=O•*XK2 
R2=P**Xf\ 2 
COS! =C OS(XK2•U 
COS 2 =COS ( XIQ *M) 
SIN1 =SJN(X K2 *L) 
SIN2 =S IN < X,Q *M) 
!F(Kl/2*2. EG . Kl) GO TO 31 
Fl(l)=Fl(l) + AI•<C7 * Rl*C0S 1 - CB• R2 • COS2) 
FI<2 l=Fl( 2) + AI•<- C9*Rl*CDS 1 + CB•R2•COS2 ) 
Fl(3l=F1(3 ) + AI•(-2 . O*C3*Rl*SIN1 + 2 . O•C3•R2•S IN2 l 

Fll(l) =FJI ( l) + CIJ•<C7*Rl*SIN1 - C9*R2•SIN21 
FI1(2) =FII<21 + CII•<-C9•R1*SIN1 + C9•R2•SJN21 
FIJ(31=FII<31 - CJI•<-2. O•C3•R1•COS1 + C10•R2•COS21 
GO TO 30 

31 CONTINUE Fl(ll =Fl(l) + AI•(C7•R1*COS1 - C9•R2•COS21 
Fl(2J=Fl(21 + AJ•<-C9•R1•COS1 + C9•R2•COS21 
Fl(31=Fl(3) + AJ•<-2 . O*C3•R1•SIN 1 + C10•R2•SJN2) 

Fll(ll=FII<ll + CII•<C7•R1•SIN1 - CB•R2•SIN2l 
FIJ(2) =FIJ(2l + CII•<-C9*Rl•SIN1 + CB•R2•SJN2) 
FII<3> =Fll(3) - CII•(-2 . 0•C3*Rl*C0S1 + 2. O*C3~R2•COS2> 

30 CONTINUE 

DO 33 Il=l,3 
Ff<Ill=FI(Jl) + FIJ(Il> 

33 CONTINUE 
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C 
~ - CALCULATE TAUMAX, FRINGE ORDER, N • TAUMAX*2*H/FSIGMA, ANO INTENSITY FN . 

TAUMAX=SGRTCCCFTC2>-FTC1))/2 . 0)**2 + FTC3l~*2l 
XINTl=TAUMAX*2 . 0•H/FSIGMA 
XINT=CCOS CXINT1*3 . 141592654) >**2 
IF CNI . EG . O> GO TO 880 
XINT=l O - XINT 

880 CONTINUE 
C 
C. CHECK IF YOU ARE AT CRA CK LINE . IF S O, USE SPECIAL SYMBOL TO DEF INE. 
C 

C 
C . 
C 
C . 
C 

890 

900 

910 

920 

930 

940 

950 
20 

C 
C . 
C . 
C 

4 00 
401 
10 

C 
C . 
C 

5 
C 
C .. 
C 

IF CABSCY) .GT. DY) GO TO 890 
IFCX . GT . 0 . 00001) GO TO 890 
LEVEL 1 C I > = ' - ' 
GO TO 20 

CHECK INTENSIT Y LEVEL TO DECIDE WHI CH BAND YCU ARE IN . THEN P UT TOGE THER APPROPRIATE PATTERN OF OVERSTR I KES TO OBTAIN DESIRED FRINGE DENS ITY AT 
THE POINT . 

I FCX INT GE . O. 901 GO TO 900 
I FCX I NT GE . 0 . 801 GD TO 910 
I FCX ! NT . GE. 0 701 GO TO 920 
I FCXINT GEO 60) GO TO 930 
IFCX!Nf GE. 0 SO) GO TO 940 
IFCX I NT GE 0. 40) GO TO 950 
GO 1 0 2 0 
LEVELlCil ='X' 
LEVEL2Cil ='O' 
LEVEL3Ci l=' A' 
LEVEL 4Ci l='V' 
GO TO 20 
LEVEL!Ci l='A' 
LEVEL2Cil='V' 
GO TO 20 
LEVELi CI) =' +' 
LEVEL2 C II= 'O' 
GO TO 20 
LEVEL 1 C I l = 'X ' 
GO TO 20 
LEVEL I C I I = '+' 
GO TO 20 
LEVEL I C I I=' : ' 
CONTINUE 

END OF LOOP FDR ONE ROW PRINT our RESULTS OF COMPUTAT ION, AND FRINGE ORDER OF LAST PIX EL. 

WR I TE ( 6, 40C) C LEVEL I C I I, l = 1. 120 >, X INT 1 
WRITEC6, 401 I CLEVEL2 C I I, I = l, 120 1 
WR I TE C 6 , 40 I I C LEVEL3 C I I, I = 1. 120 I 
WRITE(6, 401 > CLEVEL4( I>, I=l, 120> 
FORMAT( IX, ! 20Al, F9 . 41 
FORMAT('+', 120Al) 
CONTINUE 

END OF PLOT GO BACK AND PICK UP INFORMATION FOR NEXT PLOT . 

CONTINUE 

THAT'S ALL FOR NOW, FOLKS ! ! 

S TOP 
END 
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Sample Output from Dynamic Mixed-Mode Fringe Plotting Program 

....... ......... . M" 

"W e••• ■••• •" 

♦ - --····· M •• .. . >< a••••• e • •· ..• ....... ... . 
. 1'(--·- ·.,,.,_ .. ··>< ••·· - - ),<[•• 
''-"< .. .. .. .... .. ),(•• 

• ., ....... )< .. 

M M ♦ • • 

ex:, •• >< • .. 
o:.i ••e ),( + • • 

........... ""'' .. ),( ........ . 
+w•••••Q><" 

♦ ., ."··• I'< .. 
••M -- ■■ • >< " 
••),( ......... ... . ....... .,. 

CICl ••• .,1'< +,. o::>•••••e ),( + .. 
. ........ . 
•• ••••••• W" ••w •••••'5lo• 

" >< o• ■■ .- >< .. 
·····-·· ♦ ·-•-•«> • 

• ••••• .... ew • " •·• sa••• e• 
·······•""· " ••i<••·-·· ::::::::::;;;. .. .......... ., . ••M ~ ■■ -e+ 

. ...... ><.. ♦ ----·· . .,.Cl>······• .. ., ><. ••~····•k•• ♦ -·--· ♦ 
K ............. M ♦ • • •• K •---~ ♦ ♦ - --- C, ♦ l•tt+ +>< &G--·•···••• ••• ♦ ---•- K •• ♦ ----♦ ♦ 

c.o 

•• • • + l'C <9 CII • ■••••·-• •" 
••• •♦ i,,cd) c,ci.••- ■■ -• M" 

.... + )<«, ........... )< .. 

""*M ~b···• ... M" ♦ ... ~'!::::::::.. 
♦ M •s.••--- ♦ ...... ......... 

;.:::::: :: .. :::::::: 
"l&•• ■ C, + ••• •M•·•• • 
+ a: • ■ ... K+ ♦ ,.._ ..... ♦ 

H ...... OK + M ..... .. 
.. ., .... .,. e".._ ....... .. 

♦ ··•• 1otJOC•··· .. ,.. ... .," ..... .. 
"•~:::::: . .. ., ..... .,. ..... .. 

co .. .. .. 
C>c. • + ♦ + ♦ .. ••· · 

. ., ...... ..... ....... . ... ., ..... . . ... .......... .. .............. .. 
o:;,e • """"...;++ + .. .. ♦ ........ ...... ..., .. )( ...... . 
• • P •• P •c.e ec, t ... KM+ .... 

____ _. ... .... boA«1e HH ♦., 

•••·• .. •••u• .. ·• .. • ~ ~• H• •• 
.................... ~•-• eK•• 
............................................. " .. 

"" ··"' ,.., .. ., 
........ p·---------.. ··· .... .. ..... ., .. ..... .. ... 

IE!■••-· ........ ,. ...... ....... .. ..... ..... 

~;::::::::::::::::::::::::.,.,· 
:: : ::::::::::::::::::::::::: : : : 
~=::::::::::::::::::::::::•e:: 

•••M~ .................................... k k l<M:::" 

~=::::::::::::::::::::::::::::2 
::: ::::::::::::::::::::: ::::::" ... ~ :::::::::::::::::::::: :::: ::: ::: 

j~~§~§§~g~~~~~f F~: ~: ::': ': :: :: :: ::~: ~: U !: n 
• 1!11 .. ·•·•-•K+ •••• ""•• "•• 
>- ••·•-P& K • •• 

..J,( ........ ., ),C . .. 
•c:i .. . ..... ., :w . .. 
... ........ " . .. ... ...... ., . .. 

••si••··· .. .... ... ,.. .. 
M ....... 

..:::: · .... ~ .. . ... 
.. .... . • •+ ♦ J,oCh•• + •• • • 

... .. •••Me • e e e e "• • ·· 
e.... + ............ ., • .., . •· 

!~:::::::::: :~~~~"" """"· ~~:::::: •. ··: : .. ::: ... '"' ........................ ,.. . .. · •• N ............................. M ♦ 

00KAK••+••••• • •t ■ •r ~- . C, 
H•· . .. " ··-· '"''"'N., ..... ~ .. --~· ·· .... '"' •· · .. ,. .............. ". 

- .. . ,._ •M .......... e ♦" 

••• M_, ................. ,., - • " .. c:,• ,... .,~ ,_, • . 

•• ♦ )oC - .............. ... + •• • .. . • M •• e ........... I< 
• • ~ ::::::::: ,., ♦ ... ...... : =~ :- ...... . ·· •::: ),C 

•• ,... ............. :w•• ,.. .... ., - •• •• • ... . . 

.. ..: ........... " .. .,.. .. .. """ .. .. .. -- .... ... 
" ♦ :W ........... . " ........ .. . - c .. . ::: :::::::::' ,.. ... .. =~ :" ... . ':' ... =~ : :: :::~· 

·••),C •• .. -• .. • K•• •••·• - ♦ • e I I",., .. • .,. . ♦- .. ♦ 

•• • H ............. ,..,.. ·••• ... M• •I I ..: .. MM •• )oC ... . 

"+"'•• ........ ., JC.. ..: •• ..c .. ... e•11 .. ..... b ••• • 

::: : ::::::::;: " :::: >C " · :- .,:; : : .. : ... ;:• M:: : 

•••M•• .. ····• ,.,•• . .......... G ,_. I I .. • ..... . . 

... JC ............ ,.,.. 
• .... I .... '"' .. M ... C9 ..., 

••• ,.. ................. H•• .. . ., - 11 .. " " ' .............. ,. 

... ),C .................... ,c• 00 • ta.. • I I.. .. .. .... ,,..,.. 

........... " .. . ............ ,.. . 
" ··--.... ♦ .. .. : :::::: :: . ........ . .. ......... . 

.. ,... ....... + 
M ......... . 

w ....... ♦ 
N•··••• 
M ........ . 

lot ........ . 
.. ,.. ...... ),t ♦ 

........... JO( .. 

• ·•·••M .. k•--.. • ♦ •• ........... 
+ c, ...... N., 

•• •• ,_ ................... ..... ., .... ., • .. I r• .. e, ....... M• • ,. ... loll ...................... .. •• .. It e •• .. N•■--- .. ♦ 

_ . • 1 ♦ ♦ K•·-· ....... a .. a X.•• - - .... e •--- 1 •- • .... •• • • - • '•"'••••·•• •• 

" " •• ♦ MNJo<KMJoC • •• -- • •I I . ... ... A: . .. "" ♦ ),( -- .... ■-- ♦ •• 

•· •• e • .. , t •• ,.. ...... • e ee ....... •••" •· 
'"' ••• • • t I •• .......................... )C ♦ 

,. .... . ,r:, • .. I I • • • M loll ................ ♦• • 

••i< • .. - M • • • ,,_. I I .... '"' ............... "( ♦ •• 

•••~ .. -~ '"' •• •-• I 
......... -. ♦ "( .. '"'I • M11 

•• ••• )ol:ll: P••·• • •• •• .. .. . I I 

...... • .. >ei<e•••..... . .. • ••I I 

~-· ~ • o ..... .. ,. . ., 
. ,.. .......... ,.. .. . 

.. ... ..c..c..: ♦ ► •• 

. ..... ..... ..... 

..... ~ .. 
·· • ,.. ... . 
••♦ -<c:.• ... ,.. ~­
" Me •• .. ••· ,.. .. .. . 

.. .... c .. . .. ,.. .. .. __ ........... 
••• ,c,t; P•• ..• .,., .... . ... ,..., ....... .. ... l<C:, ··-.. 

••w e ,t:, •• .. • 

7~~~:~~~;;·;~::2:::::EEEEE;:~... .. ;::; ;: iE : : ., .... 
:c::: ;: 

.. ..... ........ ..... ........ ... " ., ....... . 
... '"'C. ........ . 

•• .. $c ••• .. ••• ............ M• .... ...................... ... ~-------............... ". 
.. .... K ,.. ... . 

loll' .... . ··~-· ... .. 
'-'O .......... ■ •••••• &w • " ................... -. ............. ~. ,.._ .. , ....... . ..... _. ..~:: .. 

.......... c. . ... ... 

:::::::: ::-. · .. ....... ... ,.. •.. 
• - '"' I"<• .. .. 

....... ,-,: .. ......... .. .. ,... ....... ,c 
••M ....... " 

••),C ......... . 
... ...... lot 

" ... ,., • ... ,c 
),C ... .. ....... ·-··" ~ ,-;;+ •• ••• 

c.,..;, . .. ,. 
" •&• ...... .. . .......... . ··•---· ♦ ••• C) .. c.,r .. 

o--, 

<> 
' 

.. . ......... ... .. .. ............. .. .......... ~. ..• .., ......... ,... .. 
'" ♦ ),C ·-····· · 

• • • N ......... • • 

" • Me ■ .. •--- JI,( .. ..• ,.. ......... . ...... .............. ... ••• l< .......... K •• 

•• ♦ Me••····· ,c• "•"··· ......... .. 

. ...... "" 
... e ..... "' .......... .. 

♦ ..... )( .. 

..lot .. ··· " ··-···· ••M .. ■--- • ··-··•""" ,.._ ....... )( .. 
.. )( ....... . 

' ' ' ' ' ' ' ' ' • · I I 
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• • ♦ M . ...........................
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