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Mathematical models for tumor growth can aid researchers in studying the
evolution of tumors within the body and the effects of various drug treatments.
Such models incorporate a variety of factors, including different cell populations,
the presence of a drug and /or nutrient, and advection due to flow within the tumor.

We consider a chemotaxis fluid model for multiphase tumor growth. Our model
assumes that the tumorous cells undergo chemotaxis in response to the presence of
a nutrient, a consideration which is neglected in many other models. Additionally,
we assume that the flow of cells through the extracellular matrix is modeled as
flow through a porous medium, using either Darcy’s Law or Brinkman’s equation.
Furthermore, we consider the model on a moving (time-dependent) domain in order
to allow the shape of the tumor to evolve in time. These assumptions present several
challenges for the analysis of the model.

We prove that there exist weak solutions to this model. The proof of existence

relies on constructing an approximating system by means of time-discretization and



an Arbitrary Lagrangian Eulerian (ALE) mapping. We then prove that the solutions
to these approximating schemes converge to a solution to the original problem.

We also construct a convergent finite element scheme for this model. In the
case of Darcy’s Law, such a scheme can be constructed on either a fixed domain or a
moving, polygonal domain, while for Brinkman’s equation we focus only on the case
of a fixed, polygonal domain. This numerical scheme can be used to simulate the
evolution of a tumor under various assumptions on parameters, and the results of
various numerical experiments are included here. These results illustrate the impact

of the chemotactic effects, the moving domain, and different parameter choices.
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Chapter 1: Introduction

Mathematical models for the evolution and growth of tumors describe the dy-
namics and interplay between tumor cells, drugs, nutrients, and the tumor medium.
In conjunction with biological experiments these models provide crucial insights into
the progression of cancerous tumors within the body. Models can help researchers
to develop more effective drug treatments and to detect cancers at earlier stages.

Tumors change in both size and shape as they evolve. Malignant tumors are
characterized by aggressive growth, in which the size of the tumor grows over time,
while benign tumors either remain the same size or shrink. In either case, the
domain of the tumor will not remain fixed in time. The time-dependence of the
domain provides additional challenges in models which are spatially dependent.

The evolution of cells within the tumor is dependent on many factors, includ-
ing the presence of drugs and nutrients. Typically, the presence of a drug, such
as chemotherapy drugs, will inhibit the growth of active cells while nutrients, such
as oxygen, will spur the growth and proliferation of active cells. Furthermore, tu-
mor cells are known to undergo chemotaxis in response to the presence of certain

chemicals (either drugs or nutrients).



Mathematical models are particularly useful when they can be used to simulate
the growth of a tumor. Since many of the models do not have analytical solutions,
it is necessary to develop numerical schemes which approximate the original model.
For models based on differential equations the system is often discretized by means
of finite difference or finite element schemes. Many of the aspects of the models
which are mathematically interesting (in particular the nonlinearity of the models
and the time-dependence of the domain) also make deriving a numerical scheme
challenging. Furthermore, in order for numerical schemes to be useful in a practical
sense the solutions to the numerical schemes must converge to a solution to the

original model.

1.1 Background

There is a large body of work related to mathematical models for tumor growth
[1]. Many different types of models have been proposed, but we will focus on models
which consist of systems of differential equations. In their most basic form these
models consist of ODEs (ordinary differential equations) which model the time-
evolution of the tumor, ignoring any spatial dependence of the tumor [43]. Such
models avoid the problem of solving the system on a moving domain but are less
sophisticated since they cannot uncover any spatial inhomogeneities of the tumor.

We focus on PDE (partial differential equation) models which incorporate both
temporal and spatial dependence. PDE models are more physically accurate, but

the analysis of these models is also more complicated due to the time-dependence of



the domain of the tumor, 2(¢), and the inherent difficulties of solving a (potentially
nonlinear) system of PDEs. In some models the boundary of the tumor is taken to
be a free boundary, in which case the motion of the domain is solved as part of the
system ([8], [7], [24], [54]). The motion of the domain can also be prescribed a priori
([14], [15], [17]), or the problem can be solved on a larger, fixed reference domain
which contains the moving domain ([51], [52]).

Many models also consider several different populations of cells within the
tumor. Typically, a tumor could contain proliferating (or active) cells, quiescent
(or dormant) cells, and dead cells. Some models assume that the tumor consists
of a single cell population [19], while others consider the case of multiple phases
of cells ([10], [20], [24], [26]). Furthermore, models differ in how the populations
of cells interact. In some models, often called mixed models, the populations mix
throughout the tumor ([10], [20], [26]), while in segregated models each population
belongs to a distinct region, separated by surfaces which are typically allowed to
move freely throughout the tumor (i.e. a free surface) [24].

In mixed models for tumor growth, phase transitions occur between popula-
tions in response to the presence of a nutrient or drug. The birth and death of
new cells generates a flow field within the tumor, which is often modeled as a flow
through a porous medium [24]. The transport effect from this flow field causes
nonlinearities in the governing system.

Consideration of the effects of nutrients or drugs within the tumor are also
important in many models. The presence of a nutrient aids in the proliferation of
cancerous cells, while many drugs (such as chemotherapy drugs) inhibit the growth

3



of the cells or decrease the concentration of nutrients. However, the body of research
examining the effects of chemotaxis within a tumor is relatively small. Experimen-
tation shows that chemotaxis is a real phenomenon in cancerous tumors [42], so it

is important to be able to incorporate this effect in models.

1.2 A Chemotaxis-Fluid Model for Tumor Evolution

We assume that the tumor domain €2(¢) C R", n = 2,3 is time-dependent.
There are three types of cells present in the tumor region: proliferating cells with
density n,, quiescent cells with density n, and dead cells with density n;. The evolu-
tion of these cells densities is governed by a general transport equation with nonlinear

diffusion:

(

oy, + div(nyv) = dAn, — div(n,y,(c)Ve) + Gy(c,u,n),

Ong + div(ngw) = dAn, — div(ng,(c)Ve) + Gy, u,n), (1.1)

\ Oy + div(nv) = dAn; + Gi(c, u,n).

Here (ny, ng,mi) = (n,(t, z),ng(z,t), n(z,t)) : RT xQ(t) = R* denote the density of
cells, v = v(t,x) : RT x Q(t) — R" the velocity field of the tumor, ¢ = ¢(t, ) : RT x
Q(t) — R the concentration of the chemical attractant or nutrient, and u = wu(t, z) :
R xQ(t) — R* the concentration of the drug. The functions ¢,(c), ¥,(c) denote the
chemotactic sensitivity of the proliferating and quiescent cells, respectively, while

d > 0 is a diffusion parameter.



We note that the dead cells do not undergo chemotaxis, and thus there is no
V- (i (c)Ve) term. The terms G, Gy, G; represent the growth/loss of cells in each

state. Following [25], we consider the growth terms to be of the form

Gp = (Kp(c) — Kq(c) — Kalc) = Kr(c,n) — Ki(u))np + Kp(c)ng,

G, = Kg(c)n, — (Kp(c) + Kp(c) + Kgr(c,n) + Ka(u))ng,

G = (Kale) + Ky(u))n, + (Kp(c) + Ka(u))ng — Kg(e,n)n,.
Here, K represents the rate of birth of new proliferating cells, K¢, Kp the rate
at which proliferating cells transition to quiescent cells and vice versa, K4, Kp the
rate at which proliferating and quiescent cells die off due to apoptosis and lack
of nutrients, respectively, and Kg the rate of removal of cells. The terms K, Ky
represent the rate at which proliferating and quiescent cells, respectively, die off due
to the presence of the drug.

We assume that, for some critical nutrient density ¢, the following hold:

(

Kg(c), Kp(c) > 0 and increasing c >0,
Kg(c),Kp(c) =0 c <0,
Kg(c), Ka(c), Kp(c) > 0 and decreasing ¢ <G,
Ko(c), Ka(e), Kp(c) =0 c>¢

\

For the sake of simplicity, we also assume that, for each y # R, K, is linear in

¢ when K, > 0. Additionally, we assume that K;(u) = 0 for v < 0 and K;(u) > 0



is linear in w for u > 0. We note that

ZGk(c, u,n) = Kg(c)n, — Kg(c,n) an

k

We assume that the total density of the cells, denoted by nr, is constant and
given by

ny = ny, + ng + ng = constant.
Additionally, we define
Kg(e,n) = n;l/ Kg(c)n,. (1.2)
Q(t)

This assumption guarantees that the total cell population will remain constant
within the tumor, as the rate of removal of cells is proportional to the rate of

birth of new cells. Then, we have
Z Gi(c,u,n) = Kg(c)n, — nrKg(c,n),
k
and we note that

/Q(t) ; Gile,um) = /Q(t)(KB<C)”P —nrKg(c,n)) =0

due to the definition of Kr. The constant density constraint can also be written in

the form of a divergence constraint,

npdive = —div((¢,(c)n, + ¥,(c)ng)Ve) + Kp(c)n, — nrKg(c,n), (1.3)

obtained by summing the equations in (1.1).



The concentration of the chemical reactant is governed by a nonlinear equation
that incorporates the diffusion mechanism as well as the consumption of the chemical

by the cells and the destruction of the chemical by the drug:

O = pAc —ny fp(c) = nefy(c) — K(u)e. (1.4)

Here f,(c), fy(c) denotes the consumption rate of the nutrient by the proliferating
and quiescent cells, respectively, while K (u) denotes the rate at which the nutrient
is destroyed by the drug and p > 0 is a diffusion parameter. Note that the dead
cells do not consume the nutrient.

The concentration of the drug obeys a similar governing equation:

Ou = aAu — nygy(u) — nggy(u),

where « is a diffusion parameter and g,(u), g,(u) are the consumption rates of the
drug by the proliferating and quiescent cells, respectively.

Due to proliferation and removal of cells there is continuous motion of cells
within the tumor; this movement is represented by the velocity field v given by

Darcy’s Law for flow through a porous medium,

with p = p(t,z) : RT x Q(t) — R denoting the pressure of the tumor, A\, K positive
constants describing the viscous like properties of tumor cells and the permeabil-
ity, respectively. We also separately consider Brinkman’s equation for the velocity

field. Brinkman’s equation is a model for flow through a porous medium, which



incorporates diffusion and gravitational effects, given by
A
Vp = 7 + pAv —nrVo. (1.6)

The coefficient p represents the diffusion effects, while V¢ is a gravitational force.

Combining (1.6) with (1.3) yields the inhomogeneous Stokes” equations

Vp = —%v + pAv —npVe,

(1.7)
divo = —ny" div((n, + 1)y (c)Ve) + np' Kp(e)n, — Kg(e,n).
In the case of Darcy’s Law, (1.5) and (1.3) reduce to the elliptic equation
Ap (div((n, + ng)(c)Ve) — Kp(c)n, + nrKg(c,n)). (1.8)

- K?”LT

The model is closed by giving boundary conditions on the tumor boundary
I'(t) = 0Q(t) and initial conditions on the initial domain ©(0). In the case of

Darcy’s Law, we assume that the boundary I'(¢) is impermeable, meaning
v(t,) - nlrp) = vs(t,-) - nfre), >0, (1.9)

where v is the velocity of the boundary of the tumor I'(¢). This translates to

inhomogeneous Neumann boundary conditions for p, given by

A
Onplt, e = = 7vs(t ) -1, >0, (1.10)

In the case of Brinkman’s equation, we impose no-slip boundary conditions of the

form

’U<t7 )|F(t) = ’Us(ta ')|F(t)7 t Z 07 (111)



In addition, zero penetration boundary conditions for the density of cells and

the density of the nutrient are imposed:

8nnk(t, ')|F(t) =0, 8nc(t, -)|p(t) =0,t>0. (1.12)

The drug can satisfy either Dirichlet or homogeneous Neumann boundary conditions:

u(t,")|r@ = up or Opu(t,)|r@ =0, t > 0.

Dirichlet boundary conditions would be used when the drug has a fixed supply
through the boundary of the tumor, while homogeneous Neumann boundary condi-

tions would be used when the drug cannot penetrate the boundary of the tumor.

Remark 1.2.1. We can also consider a model with four distinct cell populations:
the three populations mentioned previously and a population of healthy cells with
density nj. This allows us to consider a problem where the tumor does occupy
the entire domain. In this case the domain would consist of a tumorous region

surrounded by healthy cells. The governing equation for ny, is similar to that for n;:

oy, + div(npv) = dAny, + Gi(e,n), Gr(c,n) = —Kg(c,n)ny.

We keep the assumption of constant total cell density, which now reads n,+n,+n;+
np = np. Thus, it follows that ), Gi(c,n) = Kp(c)n,—nrKg(c, n) as before, so this
does not alter the divergence constraint (1.3). Furthermore, if we take n, = n; + ny,
we see that ny; still satisfies (1.1)3. Thus, for mathematical purposes, it is possible
to consider a single population of both dead and healthy cells as neither type of cell

undergoes chemotaxis.



1.3 Structure of Paper

In Chapter 2 we prove the existence of weak solutions to the models described
in Section 1.2. We first introduce the ALE (Arbitrary Lagrangian Eulerian) method
used to discretize the problem in time and set up a sequence of approximating
schemes. We then prove that solutions to these approximating schemes converge to
a weak solution to the original problem. Finally, we demonstrate the existence of
solutions to the approximating schemes.

We construct a convergent finite element scheme in Chapter 3. First, we
consider the case of the model with Darcy’s Law on a fixed (time-independent)
polygonal domain. We construct the finite element scheme and demonstrate that
the scheme is both positivity-preserving and convergent. Then, we prove that a
similar convergent scheme can be constructed for the same problem on a smooth
domain and on a moving domain. Finally, we demonstrate that in the case of a
fixed, polygonal domain a convergent finite element scheme can also be constructed
for the model with Brinkman’s equation.

In Chapter 4, we show the results of various numerical experiments for the
finite element scheme with Darcy’s Law. We consider both the fixed and moving
domain problems in order to illuminate the effects of a moving domain. Addition-
ally, we perform experiments that demonstrate the effects of various parameters,
including chemotactic sensitivity, diffusivity, and drug application.

Conclusions and future work on a related free boundary problem are presented

in Chapter 5.
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Chapter 2: Analysis of a chemotaxis-fluid model on a moving domain

2.1 Introduction and Main Result

We examine the chemotaxis-fluid model with Darcy’s Law. For the sake of
simplicity, we examine the problem without drug application. However, the results
described in this chapter will still hold in the case of drug application, provided 0 <
ug, up < uys for some uy, > 0, and K (u), g(u) are sufficiently smooth. Furthermore,
we will assume that f,(c) = f,(c) = f(c) and ¢,(c) = Y¥,(c) = ¢¥(c). Again, the
same results will still hold in the case that f,, f, and/or ¢, ¢, are distinct.

Without loss of generality, we assume that % = 1. Furthermore, we define
Grot(c,n) = Kg(c)n, —nrKg(c,n), and let Qr = {(z,t) : 0 <t < T, x € Q(t)} and

I'r={(z,t): 0<t<T, x €I'(t)}. This simplifies notation and allows us to write

Oy = dAny, — div(ng(¥(c)Ve — Vp)) + Gi(e,n)  in Qr,

e = pAe — (ny +1g) f(€) + relcy, — ) in Qr,
Ap = n7t (div((n, + ng)¥(c)Ve) — Gior(c, n)) in Qr, (2.1)
(n, ©)lt=0 = (n0(2), co()) in ©(0),
Onp = —vs -1, Opng =0, dpc=0 on T'z.

11



We require

f:]0,400) — [0, 400) is a Lipschitz continuous function with f(0) = 0,

¥ :[0,400) — [0, +00) is a Lipschitz continuous function.
(2.2)

These assumptions are necessary to ensure that the scheme is positivity-preserving
and to prove the weak convergence of approximating solutions.

Much of the work in this chapter will appear in the research article [50].

2.1.0.1 Estimates for the motion of the domain

We assume that there exists a mapping n(t) : 2(0) — €Q(¢) which defines the

motion of the domain, such that v, = 9;n. Furthermore, we assume that:

1. pe Whee(0,T; H'(2(0))) N L>=(0, T; W2*(Q(0))),

2. n is bi-Lipschitz in the sense that there exist ¢y, C, > 0 such that

crle —yl < [n(t,x) —n(t,y)| < Crlz — y|

uniformly for any ¢ € [0, 7],

3. m is a volume-preserving mapping, i.e. detVn = 1.

Several properties of the mapping n follow from the above assumptions.

1. For each t € [0,T1], the function n(t) : Q(0) — §(¢) is invertible. We define

n~1(t) = (n(t))~* for each t.

12



2. The inverse mapping 1! is bi-Lipschitz in the sense that

Colle—yl<In”'(t@) —n 'ty < |z -y
for t € [0,T] and x,y € Q(t).
3.t e Whe(0,T; HY(Q(t))) N L0, T; W2 (Q(t))).
4. If & € 0Q(0) then n(t,x) € 00Q(t).
5. The velocity of the domain satisfies v, € L>(0,T; H*(©(0))).

6. Since 7 is volume preserving, the Leibniz integral rule yields

d
0=— dx—/ vsds—/ divvg dz.
dt Jaw 290(1) Q)

It is also possible to show that the constants in the Sobolev embedding theorem,

trace theorem, and Poincare’s inequality are independent of ¢ for 0 <t < T

2.1.0.2 Existence of weak solutions

We seek weak solutions to the system (2.1).

Definition 2.1.1. We say that (n,,n,,n;,c,p) is a weak solution of problem (2.1)

provided that the following hold:

13



For k = (p,q,l) and a.e. ¢t € (0,T],

t
// ( — nk< —Vp+ ¢(0)Vc> -Ver +dVng - Vo, — Gi(e, n)gok> dxds
0 JQ(s)

¢
—// nkﬁsgokdxds—l—/ nkogok(O)dx—/ ng(t)er(t)de,
0 Ja(s) Q(0) Q@)

t
// (,LLVC -V + (ny +ng) f(e)pe + 1e(c — cv)goc> dxds
0 JQ(s)
t
= // cOspcdrds + / cope(0)dx — / c(t)p.(t)de,
0 JQ(s) Q(0) Q(t)
t
/ / Vp - Vn+ div(vsn)dzds
0 JQ(s)
t
=ng' / / ((ny +ny)(c)Ve - Vn + Gio(c,n)n) dads,
0 JQ(s)
for any P, Pe, N € COO(@)J ke (p7 q, l)

The main result of this chapter follows.

Theorem 2.1.2. Let Q(t) C R", n = 2,3 be a bounded domain of class C*' for

each t € [0,T] and assume that the initial data (ny,co) satisfy
0 <npo, npo+mngo+moe=np, 0=<coc, <cp,

and the assumptions in (2.2) and Section 2.1.0.1 hold. Then the problem (2.1)

admits a weak solution in the sense of Definition 2.1.1.

For the sake of simplicity, we will examine the case that n = 3. However, the
proof in the case that n = 2 follows in the same manner. In order to prove this
theorem, we will construct a sequence of approximating problems and prove that the
solutions to these approximating problems convergence to a solution to the system

(2.1).

14



Similar work on the existence of weak solutions to a free boundary problem

for polymeric fluids via convergence of approximate solutions has been conducted

in [13].

2.2 Time-discrete, Regularized Approximating Schemes

2.2.1 Introduction to ALE method

We use an ALE (Arbitrary Lagrangian Eulerian) method to address the mo-
tion of the tumor domain. The general idea of the ALE method is to use a framework
that is somewhere between the Lagrangian and Eulerian perspectives. In the Eu-
lerian perspective the reference frame is fixed for all times, while the Lagrangian
perspective the reference frame moves with the fluid. In an ALE approach, the
reference frame is not fixed, but also is not required to move exactly with the fluid.
This combines some of the advantages of both the Eulerian and Lagrangian methods

while eliminating some of the disadvantages of each method.

2.2.2 Time-discrete problem

We will first discretize our problem in time. We consider the case of a uniform
time-discretization, in which we split the interval [0, 7] into N subintervals [t™~1, ¢™]
of length At so that t™ = mAt for 0 < m < N. Then, on each subinterval, we
consider the problem on the fixed reference domain 2™ = Q(¢™).

We define the mapping A™(t) : Q™ — Q(¢t) by A™(t) = n(t) on~'(t™). Then,

given a function a defined on {(7,z) : 7 € (t™ 1, t™],x € Q(7)}, we define a(r, z) :=

15



Figure 2.1: Relationships between ALE mappings A™ and n™.

a(r, A™(7,x)). The function a is then defined on [t™~! t™] x Q(t™). We see that

0.0 = (Va) o A™ (1) - 8, A™(7)
0ra = (9ra) 0 A™(7) +(Va) o A™(7) - 0, A™(7)

= (0ra) 0 A™(7) + (Va) 0 A™(7) - wa(r) o~ ("),
02 =0, ((Va) o A™(7) - 0,,A™ (7))

T

= ((D%a) 0 A™(7)) - 0y A™(7) - 0 A™(7) + (Va) 0 A™(1) - 95 A™(7).
Noting that A™(¢™) : Q™ — Q™ is the identity mapping, we see that when 7 = ™,
Va=Va, Ad=Aa, 0,a=0-.a+ Va- v, (t™)on (™).

We use the notation ™ = n(t™) and A™ := A™(#™ 1), v™ = v,(t™)o(n™) ™!, so that

s

m

U

is defined on 2™ for each m. The relationships between the mappings n™, A™
and their inverses are visualized in Figure 2.1 and the ALE domains are visualized

in Figure 2.2.
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Qm

S

Figure 2.2: Visualization of the relationship between the ALE domains Q™ and
Qm-t

We can then define a time-discrete approximate system by
D;nl' + div(nw™) = dAn]' — n' divo]" + Gi(c<™,n™), x € Q™,
D;c™ =V o™ = pAc™ — f (- ™), x e Q™
(2.3)
Ap™ = nz' (div((nl' + n]")p(™)V™) = Gu(<™,0™)) . x€ Q™

Vp™-n=—-v", Vn;'-n=0, V" -n =0, xel™.

Here, we use the notation

m

= (A / (eo(t) 0 A™(1))

m—1

We will also regularize the initial cell and nutrient densities. We recall that
we only assume L*>((0)) regularity for ny,co, so we define Q, = {x € Q(0) :

dist(z,I'(0)) > 2k}, and let ¢, 0, ik no = Co, nko o0 Q. We extend &0, g .0, k.0

17



to 0 on R" and 7, to ny on R™. It follows that

llgg) 1€x0 = collLr0))s [|ok,0 — Mo Lr(20)) = 0 for any 1 < p < o0,

with
0 < Mg 0, Zﬁk,;{,o =np, 0<¢o < cum.
k
Then, we take

— K — K
Nk ko = Nkr0*0 , Coo = Cko*0 (24)

where {0"} is a family of standard mollifiers. Since ny 0, cx0 are constant on
Q(0)\Q4/2, it follows that the regularized initial data satisfies homogeneous Neu-

mann boundary conditions.

Remark 2.2.1. Tt is important to note that in order to guarantee the existence
of a solution p™ to the elliptic equation with inhomogeneous Neumann boundary

conditions, we must have
Vp™-n = / nt (div((nl? + (V™) = G (™, n™)) . (2.5)
Im m

The right hand side vanishes due to the homogeneous Neumann boundary conditions
on ¢ and the assumption (1.2). The boundary conditions on Vp™ in (2.3)4, along

with the assumption that 7 is a volume-preserving mapping, imply that

/me-n—/ —'v;”-n—/ —dive!" = 0. (2.6)
rm rm m

We are now ready to present the main result for the approximating scheme.
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Theorem 2.2.2. Under the assumptions of Theorem 2.1.2 for sufficiently small
Kk, At > 0 the system (2.3),(2.4) has a global weak solution (N . At, CoAt; Prat) Sal-
1sfying

0<cuar <cm, 0<ngear <nr, 5 Nk, At = N7,
k

where nr, cyr are independent of k. Furthermore, the solution satisfies the bounds

| DasCratll 2o m-1an) T llratll 20w @a)) < C,
[ Dk madllzora-1@an) + 1Mmatll L2070 @40 < C,

Dt 20,1501 (00,)) < C-
Here, C' is dependent on fixed quantities and is independent of k, At.

Remark 2.2.3. We will use the notation

T 1/p
ol = [ 1O )
0

1/p
lallzo0,7;La@a0)) = (Z Atlla™ |7, Qm)) ,

m=1

where a” = a(t™), n = T/At. Similar definitions hold for more general Sobolev

spaces. We also define

Quar = J " x ™, and ||a]ltr(gar) = llallro.rizr@an)-

m=1
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2.3 Proof of Theorem 2.1.2

The main theorem, Theorem 2.1.2, is a consequence of Theorem 2.2.2. We
want to show that as k, At — 0, the approximate solution defined in Theorem 2.2.2
converges to a solution of the system (2.1).

We demonstrate convergence by mapping the functions ng . a¢, ¢ At, Pr.ar back
to the initial domain ©(0), and proving that the uniform bounds in Theorem 2.2.2
still hold. After proving convergence in the initial domain, we can then map back
to the time-dependent domain.

Since our system is nonlinear, we must also prove strong convergence estimates
for n . At, ¢k at, which we do by means of a semidiscrete analog of the Aubin-Lions

Lemma. We replicate Theorem 2 of [9] below.

Lemma 2.3.1 (Time-Discrete Aubin-Lions Lemma [9]). Let X,Y be Banach spaces
and M,y C X be a nonnegative seminormed cone. Let either 1 < p < oo andr =1
orp=o0,7 > 1. Let (ua;) C LP(0,T; My NY') be a sequence of functions, which are
constant on each interval ((m — 1)At,mAt] = (t™ 1, t™], for 0 <™ < T. Assume

that
(i) M, is compactly embedded in X .
(i) If {w,} C X with w, — w in X and w, — 0 in Y, then w = 0.
(11i) The sequence {ua:} is bounded in LP(0,T; M,).
(iv) There exists a constant C' > 0 such that for all At > 0, | Dy uael|Lro,ryy < C.
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Then, if p < 0o, {uat} is relatively compact in LP(0,T;X) and if p = oo, there
exists a subsequence of {uas} converging in L1(0,T; X) for all 1 < q < oo to a limit

function uw € C([0,T]; X).

Remark 2.3.2. In the standard Aubin-Lions Lemma, if p = oo then u, — wu
in C([0,7]; X), which we do not have here. Obviously, we do not have ux; €
C(]0,T); X) since ua; is piecewise constant in time. However, this theorem also
does not prove convergence in the space L*(0,7;X). To do this, we turn to a
time-discrete version of the Arzela Ascoli Theorem (Lemma A.2.1) which guaran-
tees that, under certain conditions on the spaces M, , X, then we do have ua; — u,
up to a subsequence, in L*(0,7"; X) with v € C(0,T; X). Furthermore, combining
this estimate with Lemma 6.4 in [16], it follows that, if ua; — win L*°(0,7; X) and
t™ — t, then ua¢(t™) — u(t) in X. This will be useful when proving convergence of

the scheme.

2.3.0.1 Convergence as At — 0

We argue that, for fixed k > 0, taking At — 0 yields a weak solution to the
system (2.1) with smooth initial data (2.4).
We first map the approximate solution (n . ¢, Cxat, Drat) from Q™ onto Q0

via the inverse mapping (n™)~! by setting

dn,At = Qk,At © nil(tm)
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for a = ny, ¢, p. This modified solution satisfies the weak formulation

SA [ (Dat - 590 - Gl )
j=1 Q(0)
= Z At/ (( dBJVn,M + nk (0L + (@) BIVE)) - BIV )
oy Q(0)

S at [ (daDud - elBVE, 5+ nBIVE - BV)
©(0)

j=1
= [ (- A + e - )l
j=1 Q(0) 7 7
> At/ B'Vpl - BV — (B'V) - (P v?)
j=1 Q(0)

—nleAt/ (. + 7 (&) BIVE - BV

Q(0)
+”T12At/ K@), — nrKgr(e, nl)n,
for all ¢, @, € C([0,T] x (0)) with ¢, @, 77 = @r(), (), n(#). Here,

bij(t) = (x5 ' (1)) o (1), B(t) = (by(t)), B™ = B(t™),

" = —B"VT — 9.

s

We note that while we defined

a™ — am—l o A™

for a™ defined on 2™, we define
~m ~m—1
., a™—a

for @ defined on Q°, so that this is the ‘true’ finite difference operator in time.
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Using estimates for n=!, we know that (7. ar, Crats Prat) also satisfy the

bounds in Theorem 2.2.2. Thus, we have
ot — G in L*(0,T; HY(Q°) N L"((0,T) x Q°),
ﬁk,n,At - ﬁk,n n L2(O7 Ta Hl(Q())) N LT<<Oa T) X QO)’
ﬁn,At - ﬁn n L2<07 Ta HI(QO))a
for any 1 < r < oo. Furthermore, since 9;n € L>(0,T; H' (7)), it follows that ¥4 a;
is uniformly bounded in L*>(0, T; H*(Q°), and thus 04 a; — vs a¢ in L7(0,T; H(Q°)
for all r < oo.

Since the system is nonlinear, we also need to demonstrate strong convergence

results for ny, ¢.

Claim 2.3.3. For fized K > 0, as At = 0, Goar — Cx and Ng oAt — T StTONGlY

in L7((0,T) x Q°) for any 1 < r < co.

Proof. We employ the semidiscrete version of the Aubin Lions Lemma given by

Lemma 2.3.1. We have the uniform bounds

| DaeCratll 20,510y + ||Ca,aell 220,157 (0)) < C,

| Dok eaellLzo,mm-100y) + |1k wadll L2070 0)) < C.
Following the notation in Lemma 2.3.1, we take

X = L(Q0), Y = H(Q0), M, = H'(2),
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where 1 < p < 6 so that M, = H'(Q°) is compactly embedded in X = LP(QP).

Thus, we have the estimate

||DZt5n,At||L2(0,T;Y) + ||En,At||L2(O,T;M+) <C,
| Daifkmaell2o,myy + 1Pnmadll 200, < C.
We also note that if we have a sequence w,, which converges strongly to w in X =

LP(02%) such that w, — 0 in H~1(2°%), then w = 0, because w,, — w in H~1(N°).

Therefore, Lemma 2.3.1 gives the strong convergence result
CoAt = Cry Tk At — T, strongly in L2(0,T; X) = L*(0,T; LP(Q°)).

The proof of Claim 2.3.3 follows by noting that 0 < ¢, ar < cpr and 0 < ng o nr <

nr. ]

Claim 2.3.4. The limit solution (N, Cx,Dx) s a solution to the system (2.1) with

initial data (2.4).

Proof. We note that, by the properties of the mapping n and the inverse mapping
n~', it follows that Ba; — B in C([0,7] x Q°). Furthermore, summation by parts
implies that, for piecewise constant in time ¢,

ZAt/ ¢ Dx,d =
j=1 @

¢
(0) 2(0)

m—1
@)~ [ ooa©) -y [ Dy @,
(0) j=0 7 (0)
and, for any ¢ € C°([0,T] x Q), if ¢a; is the piecewise constant approximation of

¢, then DX, das — 0y in C([0,T] x ©(0)). Additionally, we can use Lemma A.2.1
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to note that
Cont(t) = Mg (t), Tigpenc(t) = g (t) in L2(92(0)) for a.e. t € [0,T).

Furthermore, for any ¢ € [0, 7] and any sequence (At); — 0, there exists a sequence

mp

my, such that t%, — t, where t(%,) = my(At),. We also note that

m m tJ T T
Sacf aa=> [ [ awe-[ [ ates— [ [ ale
i Q(0) = J0) 0 Jo) 0 J®)

Thus, it must be that the limit (fg ., ¢, p) of the modified solutions satisfies the

weak formulation

t
/ / ( - atsokﬁk,n - Spk’ﬁk,/i(Bv) : ﬁs - Gk(ém ﬁ/{)@k) + / ka(t)ﬁk,n@)
0 JQ(0)

Q(0)

= /0 t /Q o ((dBVﬁk,ﬁ—ﬁk,ﬁ(ﬁﬁw(an)Bvaﬁ)).Bwk) + / 21(0) 72, (0)

Q(0)

t
/ / ( — 0ypeCx — 0.BVE, - Vs + uBVE, - BV%) + / ©e(t)Cx(t)
0 J0) Q(0)

t

= —/ / ((ﬁp,n + Tg) [ (Ex) = TelCo — cﬁ))goc +/ ©e(0)E,(0)

0 Jo) (0)

t

/ / BVp, - BVndx — B : V(nv,) dx
0 Jo()
t
= ni_“l / / (’ﬁ]o,ﬁﬁq,;@)¢(EH)Bva§ . BV?’] dx
0 Jowo)

t
gl / / (K (@) = 1 Kn(G, ) p1de,
0 J2(0) (2.8)

Here, v, = —BVp, — ¥, By mapping these quantities back into £(¢) from €(0), so

that

(nk,ﬁv nﬁapﬁ) = (lfl’k’,ﬁﬂ a‘i?ﬁﬁ) o n_l(t)
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we see that (ny,,n., pe) satisfies the system (2.1) with initial data (2.4). One

important note here is that

oa — (B(t)Va) - vy = (Ga) on.

2.3.0.2 Convergence as k — 0

Finally, we want to take the mollification parameter x — 0 and demonstrate
that the limit solution (ng, ¢, p) is a weak solution to the system (2.1) with initial data
N0, Co, Proving Theorem 2.1.2. We again consider the modified solution (7 s, Cx, Pic)
on the reference domain §2(0). The bounds in Theorem 2.2.2 are independent of &,
SO (T, Cr» D) satisfy those bounds as well. However, in this case we have bounds
on the actual time derivatives of ¢.,ny . instead of bounds on the finite difference

approximations:

HatEnHLQ(O,T;H—l(QO)) + Hatﬁk,nHL2(07T;H‘1(Q°)) <C.

Thus, using the same estimates as in the previous subsection, we have the weak

convergence results

Ep — & T, — iy in L2(0,T; HY(Q°)) N L7((0,T) x Q°),

Pr — pin L*(0,T; H'(Q%)),
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for any 1 < r < oo. Additionally, by the Aubin-Lions Lemma we have the strong

convergence results
Er — &, Tig, — Ty, strongly in L*(0,T; LP(Q°))

for 1 < p < 6. Using the uniform bounds 0 < 7y ., < np and 0 < ¢, < cpy, we have
G — G, g — Ty, strongly in L"((0,T) x Q°)

for any 1 < r < oo. Furthermore, by the Arzela-Ascoli Theorem (for example, see

Lemmas 2.2 and 2.3 in [23]),
Eu(t) = (1), Ppn(t) = fig(t) in L7(Q°) for ae. t € [0,T].

Thus, the limit (7, ¢, p) satisfies the weak formulation (2.8) with initial data ng g, co.
Since we can map (N, ¢, p) — (ng, ¢, p), it follows that (ng,c,p) is a weak solution

to the system (2.1). This proves Theorem 2.1.2.

2.4  Proof of Theorem 2.2.2

In this section we make a simplification of notation and drop the subscripts
k, At. We will first prove that, provided At is sufficiently small and cm_l,n’,?_1
satisfy certain conditions, the update scheme (2.3) has a solution (n}*, ™, p™). We
do this using a fixed point argument in Section 2.4.1. Then, in Section 2.4.2, we

prove that the argument in Section 2.4.1 can be iterated over the entire time interval

[0, 7], and the quantities (n}’, ¢™, p™) satisfy the uniform bounds in Theorem 2.1.2.
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2.4.1 Existence of solutions to (2.3) for sufficiently small time step

At each time step we must solve the implicit scheme (2.3). We do this via the

following steps:

Step 1 Solve for ¢™. Lemma 2.4.1
Step 2 Assume that n}" are given and solve for p™. Lemma 2.4.2
Step 3 Assume that p™ is given and solve for n}. Lemma 2.4.3

Step 4 Fixed point argument to close loop in Steps 2 and 3. Lemma 2.4.4

We start by demonstrating that we can solve (2.3)4 for ¢™.

Lemma 2.4.1. Suppose that v € HY(Q™) and 0 < n}*™', S, n ' = np, 0 <
¢ < ey, and ™t € W2P(Q™Y). Then, for sufficiently small At (how small is
dependent only on fived quantities), there exists a unique solution c™ € WP(Q™) N

Whoe(Q™), for any 3 < p < 0o, to (2.3)4 satisfying 0 < ¢™ < ¢y with
™[ 1 @my < C,
Hcmel,oo(Qm) + HCm”WQ,p(Qm) S C (1 + Hcmill‘WQ,p(Qm—l))
where C' is dependent on [|¢™ | g1 gm-1).

Proof. We first determine the existence of a solution to (2.3);. Since v, € H'(Q™)
we have, by Sobolev embedding, v, € L5(2™). Then, it is clear that the bilinear

form

Bym atlu, v] = / (14 r.At)uv + At(upVu - Vo —oVu - o))
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is bounded in H'(Q™), i.e.

By ae[u, v] < Bllul| grm)||v] mr @my

where 3 is a constant dependent on At, yu, [|vF*|| g1 (om). Here, we have used a Sobolev

embedding estimate. The rest of the proof of this lemma follows as a series of claims.

Claim 2.4.1.1. If At is sufficiently small At, then B is coercive.

Proof of claim. Taking v = u, we have

Bl = [ (L4 7800 4+ At(u|Vuf? = uVu- o7

m 1/2 3/2
> [[ul| 2y + LAV ull2a gy — CALIV | zoggm 1]l ot IV ull 3ot o
(&am) (&™)

_ €
> (1= C(e)A) ulfz@m + At (1= 5 ) IVullam)

We take € small enough that € = 2(u — ) for some 0 < oy < p. Then, for fixed €
determined in the previous step, we take At small enough that 1 — C(e™!)At = oy
for some a; > 0. Then, there exists a > 0 such that oz||u||§11(9m) < Blu, u] for any

u € H(Q™). More specifically, a = min{ay, apAt}, and we can also write
a[[ul| 22 qmy + @0 ALVl 72 qmy < Blu, u].
|

Therefore, for any f € L?(Q2™), there exists a unique solution u € H'(Q™)
to the problem Blu,v] = (f,v) for all v € H'(Q™). Due to the assumptions on

focm = n "t ey, it follows that

(™! — A7§J‘7(cm_1)(n;”_1 + n?‘l)) o A™ + r Atc € L2(Q™).
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We have the estimate
™ gy + QAT By < € (14 A8) [l 2(am.
Thus, assuming At < 1, we can write
€™ Z2(my + At [ F1gmy < C.
Claim 2.4.1.2. The solution c™ satisfies
At[| Dy || 2im) + At ™[ m2i@m) + [|¢" |1 0m) < C.
Proof of claim. Moving the Laplacian to the left hand side of the equation yields

D, ™ — pAc" +rct =V o™ — (f("H (I + n;”_l)) o A" 4 1.

p

Squaring both sides, multiplying by At, and integrating over Q™ yields

At D" 72 (@my + 12 AL A Lo gmy + 201 + 1ALV L2y + 2relle™ (|2 (@m)
S QCHVCm_l ||L2(Qm—1) ||ch||L2(Qm) + C||Cm||L2(Qm)

< (6 + OAt(s_l)chmH%Q(Qm) + €||le|%2(gm) + (5At”cm||l2qz(gm) + C(E_l),

where C' is dependent on ||¢™ || g1qm-1y and fixed quantities. We note that by

Lemma A.1.2, we have

HCmHHQ(Qm) S C (HACmHL2(Qm) + ||CmHH1(Qm)) s
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so we have

A D™ ([ T2iamy + CAL ™ [faimy + 20(1 + 1A [V ™[ T2y + 27el[¢™ || 2 (m)
< (e+ CAW V™ [12i0my + ellc™ [ Tom) + SAL ™ [ F20my + c(€7).
. Taking § < %, € < &, % and assuming At < J5 we can write
AL Dy, ™ (122 amy + CAL|™ 32 iqmy + IV E™ |22 qmy + Tell ™72 omy < C,
where, again, C' is dependent on ||| g1 (@m-1y and fixed quantities. [
Claim 2.4.1.3. The solution c™ satisfies
€™ lwroemy + [l lwza@my < C (14 €™ Hlwew@m-1)) -

Proof of claim. Taking ¢ = ¢™ — ¢™ 1 o A™, we find c satisfies

(At) te—plAe = V™o —(f(c™ ) (n™

p

Tl )0 AT+ AT o AT ) (¢ — M),
so it follows from Lemma A.1.2 that

lellwzp@m)
< Cll(At) ™ e — pAcl oam)

S C (1 + HVCmHLq(Qm)H'USHLG(Qm) + HA(Cmfl O Am)HLP(Qm) + Hcle,p(Qm)) s
1 1 _ 1
where TtE= and thus

||Cm||W2,p(Qm) S O (1 “I'_ ||Cm||W1,q(Qm) + ||Cm_1”W2,p(mel)) 5
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where C' is independent of m. Additionally, since 3 < p it follows that 2 < ¢ < 337”1)

and we have the interpolation estimate

™ lwragamy < ™ 1% @y 1™ 172 my < Clle™ gz am)-
Since 6 < 1, we can then use Young’s inequality to write

™ lwragmy < Clle™ i @m) < C€71) + €lle™ lwaa(am).
If we take e small enough that C'e < %, then

™ [wn@my < C (L4 | lwza@n-1))

where C'is dependent only on ||¢" || g1 (@m-1y and fixed quantities.

Furthermore, since the above holds for any 3 < p < oo, it follows that
||CmHW1,oo(Qm) S CHCmHWQ,p(Qm) S C (1 + HcmilHWQ,p(Qm—l)) .
where C' is dependent on fixed quantities, along with ||¢” || g1 gm-1). [ |

Claim 2.4.1.4. The solution ¢™ satisfies 0 < ™ < ¢yy.

Proof of claim. We note that

M= ALF(ETY T 0l e > = CAE T el >0,
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provided At < C, where C = Knp, with K the Lipschitz constant for f. Taking

™ = max(0, —c™) as a test function yields

alle |y < Bl €] = —Ble™, )

= [ A ) e, - e

< —/m(CT)2 <0.

Furthermore, taking ¢™ = c); — ¢™, we see that ¢™ satisfies

Dy ™ — pAT" +red™ = f(@ )0+l + re(ea — €)= 0.

Then, since the right hand side is nonnegative and "~ > 0, it follows that ¢™ > 0

by the same argument as for the positivity of ¢™. [

]

Next, we will prove that, for fixed n]', the elliptic equation for p™ has a

solution.

Lemma 2.4.2. Suppose the hypotheses of Lemma 2.4.1 hold. Fiz nf* € H*(Q™).

Then, there exists a unique solution p™ € H'(Q™) to (2.3)3, such that

1™ | 2@my < C [T+ (14 1™ Hlwzw@m—) 10 o @m)]
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where C' is dependent on fized quantities, as well as ||c™ || g1@m-1y, for some p > n.

Furthermore, for nj*,nj* € H'(Q™) we have

™ (] = ™ [ 20y < C (14 ™ Hlwzngn) 08" = 7|1 @m),

™[] = P [ omy < C (L [l Hlwzo@n—n)) 05" = 77| 22(m).-
Proof. We can write Ap™ = f™, where, due to (2.6), [, f™ = 0. Furthermore,
1F ™ z2@my < C (L4 1™ lwzr@mn)) 15 | @m)-
It follows from Lemma A.1.3 that
1" | 22m) < C (Jvsllm@my + 1™ I 2@m)) 5

which proves the first estimate.
Next, let nf*, a7 € H'(Q™), and define p™ := p™[n"], p™ := p™[n"]. We see

that ¢™ := p™ — p™ satisfies
Ag™ = C (div((n)' — " +nf" — ag ) (d™")Ve™ +ng Kp(c™) (n)" — )

p

with homogeneous Neumann boundary conditions. Thus, it follows from Lemma

A.1.3 that

g™ | r2g@my < C (1 +11¢™ Hlwzw@n-1)) 08 — 2 |1 @),

g™ | @y < C (1 +1¢™ Hlwza@n-1)) [0 — 27 | L2@m),

where C'is dependent on [|¢™ || y1(m-1y and fixed quantities.
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Next, we would like to close the loop and solve for n}.

Lemma 2.4.3. Suppose the hypotheses of Lemma 2.4.1 hold. Fiz nf* € H'(Q™)
and let w™ := =Vp™ — 0" + ) (c™)V ™ where p™ = p™[n}]. Then, provided At is

small enough that

At < C'min {1, ! } : (2.9)

||Cm_1||?‘/v2,p(gmfl)

where C' is dependent on fived quantities and ||| g1omy, there exist unique nj* €
HY(Q™) solving

m m—1

A7 — dAn + div(np'w™) 4+ np divol® = Gi(c™, n™).

Furthermore, if

At < C'min {1, o] ! } ) (2.10)
cmT

~
WQ,p(mel)

for some v > 4, then
’|n2n|’12ﬁll(ﬁm) + AtHnZnH?{?(Qm) <C

where C' is is dependent on fized quantities and ||¢™ | g1 om-1y and |2 || g my in

a non-decreasing manner.

Proof. In what follows, we let C' denote a constant dependent only on fixed quan-
tities, and C' a constant dependent on fixed quantities and on ||c™ || g1 (gm-1) and
|77™(| g1 (my. Neither C' nor C' will be dependent on At, provided At is sufficiently
small. Additionally, let ¢ = C (1 + [ lwew(@m-1y), where C is a constant as

defined above.
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Define the bilinear form
Blu,v] = / uwv + At(dVu - Vo — uw™ - Vo 4+ wv div o),

for u,v € H'(Q™). The rest of this proof follows as a series of claims.

Claim 2.4.3.1. The operator B is continuous and coercive.

Proof of claim. From Lemmas 2.4.1, 2.4.2 we have
W™ || g1 gamy < C (14 ||™ Hlwew@m-1)) < C.
We first note that

Blu, v] < lullg2l[v][z2 + dAH|Vul| 2] V| 22 + Atljul| s lw]] s | V] 22
+ Atffull e flvll o} div og ]| 2

< Cllullar ol an.

Thus, B is continuous. We now want to show that B is also coercive. Set u €

H'(Q2™). We have

Blu,u] = / u? + At(d|Vul? — uw™ - Vu + u? divo™)

> |lull2 + dAH|Vul| 2 — At([|ul|s || w™ || o[ Vall 2 + [|ull 74| divol(]).
We note that

—llullsllw™ 16 Vull 12 = —e*CHullzz — €C|| V|7
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by using Sobolev embedding, interpolation, and Young’s inequality, and
—lJullZa | div o || = =Cllull 2 [l div o)l > —eCllulf: — eC||Vul..
Putting this all together, we have

Blu,u] > ||ull 2 + dAH|Vu 2 — e BALCH||ul|2, — eCAL|Vul|2,. (2.11)

Thus, if we take € small enough that d — Ce = ag > 0 and At small enough that

1 — e 3AtC* = oy > 0, it follows that there exists o > 0 such that
04||U||§11(Qm) < Blu, u].
We note that o = min(aAt, a;), and we can also write
a[|ull72(qmy + Atao|| V[ Faigm) < Blu, ul.
[

Thus, it must be that for each f € H~1(Q™), there exists a unique solution
u € HY(Q™) to the problem Blu,v] = (f,v) for all v € H'(Q2™). Then, noting
that n)" ™! + AtGy(c™,7™) € L2(Q2™), it follows that there exists a unique solution

n € HY (Q™).

Claim 2.4.3.2. If At satisfies (2.9), the solution n}* satisfies
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Proof of claim. Recalling the estimate (2.11) and taking u = n}* yields yielding

i 172 + dAL| Vi [72 < Bl nit] + e AtCH |72 + cCAL| Vit |7:
<l Hlze [l 2 + AtClng? | 2

+ e SALCH |22 + eCAL| V|2,
Taking € small enough that C'e < ;—i and applying Young’s inequality yields
i1 72 + dAH| Vi |72 < AC + [l [22 + Atl|ng |72 + AtCH|ni 2.
Then, if (2.9) is satisfied, it follows that

[y ||22 + dAL| VR |2. < AtC + |[n Y2, < C.

Claim 2.4.3.3. If At satisfies (2.10), the solution n}* satisfies
Hn;an%Tl(Qm) + At|\n?!|§pmm) <C.

Proof of claim. Due to the previous claim, we have |[n||2 < C and ||n*|m <

C(At)~'/2. Using these bounds on n}’, we can write

I div(niw™) [z < Vg llusllw™l[s + lng < llw™ | < Clingllw;
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for some p > n. Next, we take An as a test function, which yields

VR[22 + dAt]| Ang|[7
< IV ez Ve lze + Atl] div(ngw™) 2 ]| Any? | 2

+ At ([ o e + CllA™ ([ 22) | AR 22

~ 1 m dAt m S m
STl + S 1A IR + AClnE g | An 2.

Thus, we can write
m||2 m||2 ~ 20, m |2 dAt m||2
IV l[ze + dAt|Ang'[7. < €+ ACTng [y + —=[| A 22,
Due to interpolation estimates, Sobolev embedding, and Lemma A.1.2, we have
7wy < Cllng g llnit " < C (il + I 5 1A 2°) -

Thus,

IV + dAtn |32 < €+ AC [ + CAL N 3

IN

~ m 0 m
C + AtC | |2 In 112577 4+ C At |0 |20

N . dAt
< C+At02/9||”71?||?{1 an [

Then, if we take At sufficiently small that AtC?/ < < =, we have
Ini 3 + dAtng'|[3: < C.

We recall that 0 < # < 1 is such that }D = g + 16%9 with p > n, so it follows that

0 < 1 and thus 2 > 4, it is sufficient that At satisfies (2.10). [

]
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Now, we want to prove that the mapping from n}' — nj* has a unique fixed

point.

Lemma 2.4.4. Suppose the hypotheses of Lemma 2./.1 hold and At is small enough
that (2.10) is satisfied. Define MR, : HY(Q™) — HY(Q™) by MR, [n"] = n*, and

let
X%, ={ne H' Q™) : [n—n" " m@n < 4max {1, |n™ | g@m}}.
Then, MR, has a unique fized point on XJ,.

Proof. We will use Schauder’s fixed fixed point theorem. We know that X7, is a
closed, convex subset of H!(Q™). Additionally, since H'(2™) is compactly embed-
ded in L?(Q™), it follows that X7 is precompact in L*(2™). Since X% is closed
in L?(Q™), it follows that X%, is a compact subset of L?(Q™). Therefore, we must
show that MY, is a continuous mapping from X7}, onto itself.

We define C, C, C in the same manner as in the proof of Lemma 2.4.3.

Claim 2.4.4.1. For any n € X}, n = MRX,[n] € X},

Proof of claim. Defining w as in the proof of Lemma 2.4.3 we have ||[w™ || g1om) <
C. Additionally, due to the definition of X%, we must have ||| i am) < C. Due
to Lemma 2.4.3, we have [[n|[%: gm) + At[nllF2gm) < C.

We see that n — n™ ! satisfies

n—n""" = dAtA(n — ™) = At (= div(nw™) + ndiv e’ + Gi(e,n) + dAn™ )

= At (g™ +dAn™7").
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Furthermore, we have ||g™|| ;52 < C||n||m (1 + ||w]||z:) < C by Holder’s inequality
and Sobolev embedding.

Taking n — n™ ! as a test function yields

In =™ HLe + dAH|V (n = ™)1

< At (|lg™ gz ln = 0™ + dI V™ 12| V(0 — 277 12)

A dAt dAt
< AtClln = "y + ST + SV 0 — )

We can then write
In =" + T = ) 2 € A s+ DT
By Sobolev embedding and interpolation estimates, we have
AtClln — " Hga < gl — 1" s + (ACYV (0 — 072

and

(ALC) |V (n — ™ M < (A*(C) + (n—n"™ )L

dAt
TV
Thus, after dividing through by dAt/4, we have

ln =" HiE < (A)YV2(C)? + 2|V |7,
Thus, provided At is small enough that (2.9) is satisfied, we have

In = Y2 < 4ma {1, [0 3}

and it follows that n € X},. [
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Claim 2.4.4.2. The operator MR, is continuous on X},.

Proof of claim. Suppose that {n;}32, C XZ, is a convergent sequence in H'(Q™)
with 7; — 7 € X%,. We know that n; is uniformly bounded in H'(Q™), and
thus {M[n;]} is uniformly bounded in H?*(Q™) by Lemma 2.4.3. Therefore, setting
n; = M|n;|, there exists a subsequence nj, such that n;, — n in H'(Q™), and
n;, — n weakly in H*(Q™). We need to show that n = M|n].

We note that by Lemma 2.4.2, since 71; converges strongly in H'(2™), it follows
that p; converges strongly to p in H*(Q™), where p; = p[f;] and p = p[n]. Then, we

recall the bilinear form
B wm atlu, v] = /m wv + At (dVu - Vo — uw - Vo + uv div o)
for any u,v € H'(Q™). Taking w; = —5Vp, — v, + 1¥(c)Ve, we know that
Bwn,v?,At (n,,v] = (n;:”*1 + AtGy(c, ny,), v)
for any v € H*(Q2™). We also note that
B, wm at (15, v] = Buwwm,ae[n, v],

since

n;, — nin H'(Q™) N LP(Q™) for p < 6,

w;, - w in LP(Q™) for p < 6.
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Here, we have used the fact that H'(Q2™) is compactly embedded in LP(2™) for any

p < 6. Additionally, we have
(' 4+ AtGr(e,7iy,),v) = (' + AtGy(c, 7), v),

due to the strong convergence results for n. This implies that M[n] = n, so the

mapping M is continuous on X}3,. [
[l

We now want to prove the result 0 < nj* < np for the solution of the fixed

point problem above.

Lemma 2.4.5. Suppose the hypotheses of Lemma 2.4.1 are satisfied and (2.10) is

satisfied. Then, the solution n}' obtained in Lemma 2.4.3 satisfies
0 <np" <np, Zn? = nr.
k

Proof. We recall that we have the estimate 0 < ¢™ < ¢j; provided 0 < ™ < ¢y
Now, we want to demonstrate that 0 < n}* and Ek ng' = ny provided 0 < nkm’1
and ), n}?‘l = nr. We will use a similar method as when proving the bounds on
cm.

First, we prove the positivity of nj*. Taking nj’ = max(0, —nj') as a test

function, and recalling the estimates in Lemma 2.4.3 (which are valid since At is
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sufficiently small), we obtain
OélHnZ’L H%Z(Qm) + OéoAtHanf ||%2(Qm) < B[TLZ:L, TLZ?f]
= —/ (n ' + AtGR(c™, n™)n}_)
< —At/ Gr(c™,n™)ng'_.
Noting that

Gp(c™,n™) = Hi(<™,n™)ny + Z B j(c™)nl,
ik

where Fj ;(¢™) > 0, we can write

—Fp i (™)ng" < Fyoj(c™)ng!

o —Hi(c™ n™)nngl_ = Hi(c™,n™)(ny_)”

so we have

a1||an_||%z(Qm) + ongtHan_H%z(Qm) < At/ Gr(c™, n™)n;"_.

)
m

Summing over k yields

a1 Z |72 my + OéoAtZ I (172 my < CAtZ I (172 (amy -
P ! !

Thus, by taking At small enough that a; —CAt > 0 we obtain ), [|nj’_ ||§{1(Qm) <0,
which implies that 0 < nj".

Next, we define N™ : np — >, nj, and note that N™ satisfies

D; N™ + div(N™v™) = dAN™.
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We note that the above problem must have a unique solution for sufficiently small

At, and since N™ ! = 0, it follows that N™ = 0 is a solution. Thus, we have

Yo =nr. O

We note here that the choices for At in the previous lemmas require that

1
At < Cming 1, — ,
™ 2 um-1y

for some v > 4. Since C' is dependent on || | g1(gmy), ||¢™ | g1@@m-1) in a non-

increasing manner, if we can demonstrate that

7 o 0,711 (00)) T €l oo 0.1 @00y + I €llLao w20 (040 < C,

where C' is independent of At and ¢ > ~, it follows that (At)l/qHCmHWQ,p(Qm) <C,

so we need At to satisfy

1
At < C(At)™/1 < C(At)™/9min .
(At) (A1) { T (A eme 1||W2pﬂm 1)}

Since v < ¢, it follows that 1 — /¢ > 0, so we require (At)!=7/7 < C', which means
that there is a lower bound on the step size At. Thus, it remains to demonstrate the

required uniform bounds in order to prove that the previous steps can be iterated.

2.4.2 Regularity of the solution

Now that we have a solution for fixed At, we would like to prove regularity

results. We recall the estimates

0<c" <cy, 0<ng <np, Zn?:nT.
k
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Additionally, assume that m is such that t™ = mAt, and 0 < t™ < T. We note
that, due to the mollification of the initial data, we want to prove uniform bounds
independent of At in order to demonstrate that we can take a uniform step size At,
as well as uniform bounds independent of k, the mollification parameter. In the
following sections we will be careful to demonstrate which bounds are independent

of At and which are independent of k.

2.4.2.1 A general energy estimate

We would like to prove energy estimates for a general discrete-in-time parabolic

equation of the form

Dy a™ = Aa™ + div(w™a™) 4+ g™, on Q™
(2.12)
Va™ -n=0onI1",
with initial data a®.
Lemma 2.4.6. Suppose a is a solution to (2.12) such that 0 < a™ < au for all
0 < t™ < T. Furthermore, suppose w € L*(Qas), g € L*(Qas), and a® € L*(Q°).

Then, a € L*(0,T; H*(Q;)) with

[al| Lo o,1:L2(n0)) + 1@l 20,1311 (@40 < Ch-

Furthermore, suppose w € L>(0,T; LY(Qa;)) and divw € L*(Qa¢) for some ¢ > n

and a® € H'(Q™).Then, it follows that a € L>(0,T; H'(Qa:)) N L*(0,T; H*(Qat))
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with
||CL!|Loo(o,T;H1(QAt)) + Ha||L2(O»T§H2(QAt)) < (s,

where Cy is dependent on Cy as well as ||a®|| g1qoy, ||| L0 1:02(04,)), and

[ div [ z2@a,)-

Proof. First, take a™ as a test function. This yields

la™ 122 qm) + AL Va™ || 72qm)

< (”(Zm_l o AmHLQ(Qm) + AtHgmHLz(Qm))HamHLz(Qm) — At/ Va™ - (amwm)
Qm

IN

1 m— m m m
5 (1077 0 A" [y + Atllg™ agamy + (1 + A8) [0 [agqmy)

At NP -
‘f’?HV@ ||%2(Qm)+7||a ||%oo(9m)||w ||%2(Qm)'

After cancellation, we have

0™ 22 (qmy + A Va™[F2qmy < [la™ " 0 A™||72iqm) + Atlla™ |72 qm)

+ At||9m||i2(§zm) + At||am||%oo(ﬂm)||wm||%2(9m).
Then, summing over m and applying a discrete Gronwall inequality yields

||CLH%°°(O,T;L2(QN)) + HV‘ZH%Q(Qm)

< (1) + 902 n + Il wqupllwolny) 219
< (.
Here, we have used the fact that ||a™ || j2@gm-1) = ||[a™ ™" 0 A™||12(qm).
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Next, we take Aa™ as a test function, yielding

m m 1 m— m
||Va ||%2(Qm)+AtHA(I ||%2(Qm §<||V( 1014 >HL2(Qm +HVa ||L2(Qm)>
m 1 m
8t (g™ Baam + 180" Baam

At m : m m
+ ZHACL ||%2(Qm) + At|| div(a™w )”%Q(Qm).
After cancellation, this yields

IVa™ [ Z2@m) + At Aa™ [ Z2om)

< V(@ 0 A™) 2y + 28¢ (1lg” [agam) + | divia™w™)zgam) )

We then note that

[ div(a™w™)||2@m) < [|a" (| oo @m) || div w™ || L2@m) + [Va™ || Lo @y [0™ || Lagam)

where é + & = % and we take 2 < ¢ < 6 so that 3 < ¢ < co. Additionally, due to

Sobolev embedding we have
IVa™ || o @m) = C’||am||H1 Qm)||am||H2(QM)>
where & = g + 1%9, and due to Lemma A.1.2 we have
la™ | g2@my < C ([|Aa™(| 2@my + la™ |1 @my) -

Thus,

IVa" | qmy < € (lla™ i m) + 180" 2o la™ s ) -
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It follows that

< Ot (|| divw™ 2 qm + ™ [Fam ) + S 140" [F2(gm).

Then, substituting this back into the energy inequality and cancelling like

terms yields

m At m m— m m
[Va H%%Qm) + 7”Aa H%fz(gm) <|V(a toA )H%?(Qm) + 2At||g H%%Qm)

+ Ot (| divw™|aggm) + la™ rsam) )

Summing over m yields

1
HVQH%OO(O,T;LQ(QM)) + éHAa”%?(QAt)
m—1
< IV ey + 3 (I9(a 0 A1) 2 gy = V0" 22
k=0

+C (1 + Hg||%2(Qm) + HCLH%Q(O,T;HI(QM))) ’

Then, by Lemma A.1.5, it follows that

—_

3

(IV(@* 0 A 22 = IV 22
0

B
Il

< Cle MIVall2@an + €llall2orm2@40))

49



and thus, taking e small enough and using a discrete Gronwall inequality, we have

||va”%°°(0,T;L2(QAt)) + ||AGH%2(QN)
< C 1 -+ HVCLOH22 0y + H H22 -+ HCLH22 .17l
= £2(Q0) T 1191122(Qar) L2(0,T;H (Qa4))

< 027
where we have also used (2.13). We can again use Lemma A.1.2 to write

lall 2,2 @ar) < C (lall2or:mt @an) + 1Aall2gan) < Co-
O

Lemma 2.4.7. Suppose that the term div(a™w™) is replaced by w™-Va™ in (2.12).

Then, Lemma 2.4.6 still holds.

Proof. The first estimate can be derived in a similar way by noting that in the proof
of Lemma 2.4.6, taking a" as a test function and integrating by parts led to a term

of the form

Va™ - wma™,
Qm

which we now get from taking a™ as a test function without integrating by parts.

The second estimate follows by noting that

||wm . Vam||L2(Qm) S || div(amwm)HLz(Qm).
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2.4.2.2 Regularity for ¢
We recall that we have
Dy, ™ = pAc™ —r.c™ + o Ve — fr

where f7t = f(c™ ) (n 7t + 0l + e € L(Q™), independent of m and k.

Due to Lemma 2.4.7, it follows that

lellzzorm @a) < Cry llcleo.rm @an) + lellz2omm2@an) < Co

where C, (5 are dependent on fixed quantities and C5 is also dependent on
HCOHHl(Qm)).
Next, we will demonstrate uniform bounds on ¢ in the space

L0, T; W?P(Qa)). These bounds will be dependent on k.

Lemma 2.4.8. Suppose ® € W?P(QY) for some 3 < p < 6 with V® -m =0 on
I and 0 < n* < ng. Then, c € L1(0, T; W2P(Qa.)) N L2(0, T; WHP(Qp,)) for any

1<qg< oo, and

lellzarwzr@an) + llellzeormwir@an < C,
where C is dependent on ||c°||w2rqoy and fized quantities.

Proof. We will map all quantities into the space QY. First, we note that n=(t™) :

O™ — QY. Using the notation n,, = n(t™), n! :=n~'(t™) and é™ = con, !, we use
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Lemma A.1.2 to note that ¢ satisfies

(Acm) °n= A(tm)ém - Z ami(a?;azjém), Z a?;azjém n;n = 0.
1,J

i

We also have

(Ve o) o = D (00 0 m) - (V" - (D' © 1))

Then, ¢™ satisfies the parabolic equation

Dgtém _ dA(tm)ém . Tcém 1oy + F(tm) LVEm — f(ém—l)(ﬁ;”—l + ﬁgl—l)

=dA{t™) " —r.cm + g™,
Claim 2.4.8.1. The solution c¢™ satisfies ||c"|| Lo, r;w2r(a,)) < C.

Proof of claim. For each m we define ¢* to be the solution to

A(t™)e™ = Acy, Z a0z, ¢™ ny = 0.

(2

Due to Lemma A.1.3, we have
1™ [[w2p 00y < Cleo|lwzr(ao)
We see that ¢&° = ¢, and, for n < m,
A(t™)(e™ — &) = (A(t") — A(t™))e" = Z O, ((af; — )0z, "),

m ~m AN o m AN o n m AN
E ;70 (E™ —¢") ny = — E a;;0.,¢" n; = E (aj; — ai7)0y,C" ny,
; i

%
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since ¢" satisfies homogeneous oblique boundary conditions on ©°. Then, by Lemma

A.1.3 and the trace theorem, we have
[¢™ — " lwrroy < Cll(af; — aif)0n,¢" || Lo o).
Furthermore, for 3 < p < 6, we have

167 = & llnao) < ClE™ =l rany < Cllag; = ajjllzo 1€ lwro o)

<OV V) e = (Vo) - V()T o n™[ 2o 1E w0y

due to the definition of aj} (see Lemma A.1.2). Due to the bound on n~' in

Whee(0, T; HY(Qy)) N L0, T; W% (€),)), it follows that
SV EH™ V)™ en™ = (V™)™ V)T o n™ |2
i.j
< CZ V0 e [V () ™) o™ = (Vi)™ o ™| 20

<" =)V e 10V~ om0z @)

<@t —tm.
Thus, it follows that
| Daslll 0,000y < Cllcollwzr(o).-

Then, we define d™ = ¢™ — ¢™, which satisfies homogeneous oblique boundary

conditions and zero initial data, as well as the equation

Dy, d™ — AF™d™ + rod™ = g™ — Dx,é™ + A(t™)e™ — ré™ = ™ on Q°,
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Thus, we can apply Theorem 2.1 in [37] to write

| D, d™ || Laqo,rze o)) + 11d™ | oo rwzaoy < C (9™ Laorre@oy) + llcwollnze@o))

<C (HgmHLq(O,T;LP(QO)) + ||Cn,0HW2,p(QO))

for any 1 < p,q < oo. We see that

19™ | Laco,rsze 00y < NV F™ | Loo0,m328000) | VE™ || Lago, 117 (020)) + C,

where £ + ¢ < The estimates for 7,7~ indicate that |[F™|| (o r;ro0y) < C

1
>

independent of m, At, and we have the interpolation estimate

|l

HV5m||L<I(O,T;L"(QO)) < ||Vém||9Lq(o,T;L2(QO))||C };(007T;Wp2(§20)7

Where%:g—l—lp;,e,wherep’:ooifp>nandp’:%ifpgn. Note that

we can select r small enough that » < p’. Using the previous result that c is
uniformly bounded in L*(0,T; H*(Q4a;)), along with the fact that ||[Vé™|| 20y <

C|Ve™ || t2(@my, we obtain

Hvém ‘|L‘1(07T?LT(QO)) < OHém H};(OQT;WQ”’(QO)’

where C' depends on ||c°|| g1 (qoy. Thus, noting that » < p/, it follows that 6 < 1 and

we can use Young’s inequality to write
||V6m||Lq(O7T;LT(QO)) S C’(q, 6) + EHémHLq(QT;WQ,p(QO)).
Taking e sufficiently small (how small depends only on p, ¢), we obtain

| D asCllLao,r:Lo0)) + €]l Lago.rsw2p0y) < C,
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where C' is dependent on HCOHWI?(QO), as well as Q°, p, g. It follows from Lemma A.1.1

that

1™ | Laorsw2ria) < C-

Claim 2.4.8.2. The solution c¢™ satisfies ||| Lo (0.7;w 17 (a,))-

Proof of claim. First, we assume that p = 2k, where k is an integer. We use the

inequality
k—1
ak _ bk — <Z ak—i—1b2i) (a _ b),
1=0
and let
k—1
F]gn(c) _ Z ‘ch|k7i71’vcmfl‘2i
1=0

for ease of notation. We can write

Dy |Vc™** = FMc) Dy V™
= F"(c) (2V"D; V™ — At|D; V™ |?)

<2F(e)Ve" DV e™.
After integrating over 2™ and applying integration by parts we obtain

D; HchHsz qmy < 2/ [F (c)Vem Dy V™
= —2/ [D; ™ Fi*(c)Ac™ 4+ D; ¢V ™ - VE(c)] .
We note that

m m 2(k 1 m—
1) sy < OO (9™ 1y + IV )
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while

||VF1§n(C)||L2k(Qm)

< CR) (1D2¢™ angamy + 1D garam) (V™ 3 gy + 196" 3y )
so it follows that

Dy |[Ve™ | T amy < CR)IDE ™| awiamy (1D*™ || oriomy + D™ | 2w gmy)

m2(k—1) m—112(k—1)
(I ey + IV ) -

Then, summing over m and using the previous claim yields

—_

m—

Ve |25k qmy < C (14 I larian ) + D (IVEZ5ren) = IV Fhuar))
3=0

Due to Lemma A.1.5, we can write

m—1 m—1

(196 W5 ) = 196 W ) < CAE D o)

7=0 7=0

and thus,
||ch||L2k(Q7n = (1 + ||Ch||W2 2k(Q0)> .

Since this holds for any p = 2k, by interpolation it holds for any 1 < p < oc. [ |

]
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2.4.2.3 Regularity for p

We use Lemmas A.1.3 and 2.4.8, along with the L* bounds on n]*, to write

||vpm||Lq(Qm) < C (1 —I— ||Cm||W1,q(Qm))

for 1 < ¢ < oo. Since ||| Lo (0, ;w104 < C, with C' dependent only on fixed
quantities and [|c°||yzq(qo), then we also have ||p™ || (07w 1a(a,)) < C. While this
bound is independent of At it is dependent on k, since the LP estimates for ¢™ are
dependent on k.

We can also derive estimates independent of s, by noting that
||(n;1 + n;”)@b(cm)chHLz(Qm) < Cnrepl|c™ || g amy,

SO
1™ |1 @my < C (1 + ™ | @m))
and thus
HpHLQ(O,T;Hl(QAt)) <C (1 + HCMHLQ(O,T;Hl(Qm))) <C,

independent of k.

2.4.2.4 Regularity for ng, p

Now we are ready to prove a uniform bound on ||ng||ze (0, u1(4,))- We first
notice that w € L?(Qa¢), where w™ = —Vp™ — v™ + ¢(c™)Vc™. From Lemma
2.4.6 we then have

17k 220,01 (@ar)) < Chs
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where C is dependent on fixed quantities as well as ||c°|| 2(qo), where we have used

the estimates for ¢™, p™. Furthermore, we can then obtain the estimate
[p™ [ z22m) < C(1 A+ |0 | mr@my |€™ [[wreo@my + ([ | m2(@m)),
so it follows that
" 2o rimm@a0n < € (14 198l @iz asny)
where C' is dependent on [|c°|[y2(qo). Thus,

[l zorsman < € (14 Il o @ ) -

Plugging this in to the estimate from Lemma 2.4.6, we obtain

1| Lo 0,751 (0)) + Il L20ms2 000y < C (1 + 10Nl i) + w2070 0a0))

<C (1 + ||”2||H1(QO) + ”nkHLq/(O,T;Hl(QAt))> :

We also have the interpolation inequality

[kl o (O0.T;HY (Qar) = Clir ”1L:o9(o,T;H1(QAt)) [k H9L2(0,T;H1(Qm))

< €|l o (@an) + (b, €)

where i = ¢ and we have used the bound on ny, in L2(0,T; H'(Q4a,)). Thus, taking

€< % putting this all together yields

1| oo 0,131 (a0)) T 1| 20,7312 (000 < C (14 [0l (00)) -
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2.4.2.5 Summary

We collect the bounds obtained in the previous sections. For 1 < ¢ < oo,

2 < p < oo, we have
0< " <cy, 0<ng" <nr, ZH?IHT,
k

||C||Loo(o,T;w1»p(Qm)) + ||C||Lq(0,T;W1»°°(QAt)) + ||C||Lq(07T§W2’p(QAt)) <C,
7] oo (0,011 (2a0)) T 17kl 200,752 (000)) < O

[Vl 20120 (@a0)) + 101 oo, m1 (@a0)) + 1Pl Lago, 220000 < O

where C is dependent only on fixed quantities and &, ||c°||w2r(q0), |72l #2(00). Thus,
the choices for At in the previous sections have a lower bound and the process can
be iterated over the interval [0, 7] with uniform At.
We also collect the uniform bounds that are satisfied independent of «:
0<c™ <y, 0<ng <np, Y nj'=nr,
k

HCHLQ(O,T;Hl(QAt))a an”LQ(O,T;Hl(QAt))a HPHLQ(O,T;Hl(QM)) <C.

The bounds on D; ¢ and D, n; can be obtained by integrating the functions against
a test function ¢ € L*(0,T; H'(Qa¢)) and using the above bounds. This proves

Theorem 2.2.2.
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2.5 Model with Brinkman’s Equation

We now replace Darcy’s Law with Brinkman’s equation, yielding the system

Oy, + div(ngv) = dAny, — div(ng(c)Ve) + Gi(e,n)  in Qr,

e = pulAc — (n, +ny) f(c) +re(c, — ¢ in Qr,
A
Vp=——=v+ pAv—nrVe in Qr,
K (2.14)
dive = —n;! (div((n, + ny)(c)Ve) — Gor) in Qr,
V=1v,, Opngp = 0,c=0 on I'p,
(15 €)lt=0 = (N0, o) in ©(0).

We require slightly stricter assumptions on the functions f, ¢ than in (2.2). We now

assuime

(

f:]0,4+00) — [0, +00) is a Lipschitz continuous function with f(0) = 0,

¥ : [0, +00) = [0, +00) is a C'™ function for some v > 0,

V¢ € L>®(Qr) and ¢ is independent of time.
\
(2.15)

We define a weak solution in a similar manner as before.

Definition 2.5.1. We say that (n,,n,, n,c,v,p) is a weak solution of problem

(2.14) provided that the following hold:
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For k = (p,q,l) and a.e. t € [0,T],

¢
// ( — ny (’U + I/J(C)VC> -Ver +dVny - Vo, — G (e, n)gpk)dxds
0 JQ(s)

t
—// nkatsf?kdl’ds—F/ nko¢k(0)d$—/ () pr(t)de,
0 Jas) Q(0) Q(t)
t
// (,ch'Vgpc—i-(np—i-nq)f(c)(pC)dxds
0 JQ(s)

t
:// c@tgpcdxds+/ cggoc(O)dx—/ c(t)p.(t)de,
0 Jos) Q(0) Q)

t t
A
//pdivq)dxds—//(VVU:V<I>—|——'U<I)—|—nTV¢~<I>>dxds:0,
0o Ja 0o Jo K

for any for any ¢, . € C¥(Qr), k € (p,q,1), and any & € C=(Qr;R"). We
also require that the divergence constraint (2.14), is satisfied weakly in the sense of

distributions.

The main result for this chapter is similar to the case for Darcy’s Law. How-
ever, in order to obtain existence of a solution to Stokes’ equations (given by
(2.14)3.4), we require slightly higher regularity for the right hand side of (1.3). This
means that we will need more regularity for ¢, so we require more regularity for the

initial data cg.

Theorem 2.5.2. Let Q(t) C R", n = 2,3 be a bounded domain of class C* for

0 <t <T and assume that the initial data (nyo,co) satisfy
0 <mko, Mpo+ng0+mo=mnr, 0<co,e <cu, ¢ € H(Q0)),

and the assumptions in (2.15) hold. Then the problem (2.14) admits a weak solution

in the sense of Definition 2.5.1.
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2.5.1 Proof of Theorem 2.5.2

The main theorem of this chapter is proven in a similar manner as Theo-
rem 2.1.2. We first define a sequence of regularized, time-discrete approximating

problems. Then, we demonstrate convergence of solutions to those problems.

2.5.1.1 Approximating problems

We define the approximating problems for this scheme in a similar manner as

Section 2.2.2. Specifically, for x € Q™ we have the time-discrete system for
D;ynl' + div(np'w™) = dAn]! — n}' divol’ + G(d™,n™),
D;c™ — V™ v™ = pAc™ — f 4 (- ™),

\ \ (2.16)
Vp™ = —?vm + pAv™ —npVo + ?v;” — pAv”,
dive™ = divo — n;' (div((n)® +ni")p(c™)VE™) = Gior) -

m

We have made the substitution v = v — vY" in order to simplify the system. We

also let

et = (e Dy ™+ ngTh)) o AT
as before. We supplement this system with the homogeneous boundary conditions

v" =0, V' n=0, Vc"-n=0onI". (2.17)
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Note that we have homogeneous boundary conditions on v since we have taken

We will also smooth our initial cell and nutrient densities through mollification.
We use (2.4) to smooth the initial cell densities, but follow a difference procedure
for the initial nutrient density since we must now have [|c. || g1(aw0)) < C|lcoll a1 o))
with C' independent of k. To do this, we note that ¢y can be approximated by
C>(Q(0)) functions, the construction of which guarantee that 0 < c,o < ¢ (see,
for example, Theorem 3 in [21]) and ¢, o — ¢ in H'(Q(0)).

Then, we have a similar existence result for this approximating scheme as we
had in the previous chapter. Note, however, that we obtain more regularity for ¢

due to the assumptions on the initial data, and the regularity for p™, v™ are different

due to switching Darcy’s Law for Brinkman’s equation.

Theorem 2.5.3. Under the assumptions of Theorem 2.5.2 for sufficiently small

K, At > 0 the system (2.16), (2.17), (2.4) has a global weak solution

(Tk,k Aty Cr,Ats PrAL Ur,A) Satisfying
0< conr < ears 0 < Mpar S 07y Y Npmar =17,
k
where nr, cyr are independent of k. Furthermore, the solution satisfies the bounds
| Daccraellz2o,m:20a0)) + Cratll oo o,mm1 @an) + lex,aell 20,0 m20a0) < C,
1D xerbmatll 20 m-1000)) + [Mkm,atll 220,158 (040) < C

|viatlLoo0.m:02(00,)) F 1Vk,atllL207:06000)) + 1Vk,atl| a0 mwrva,)) < C,

|Pr,atllLao, L (@0r) < C
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for some p,q > 1. Here, C is dependent on fized quantities and ||c| g1 (o),

||n2,ﬁ||L2(QO)-

Then, the proof of Theorem 2.5.2 follows in a similar manner as the proof
of Theorem 2.1.2. We can show that (2.16);_4 converge to (2.14);_4 in the same

manner as for the model in the previous section.

2.5.2 Proof of Theorem 2.5.3

The proof of Theorem 2.5.3 is similar to the proof of Theorem 2.2.2, except
that we must now demonstrate the existence (and regularity) of a solution to Stokes’
equations instead of an elliptic equation for p. To do this, we will need higher

regularity for c.

2.5.2.1 Fixed point argument

The fixed point argument proceeds in the same way as the previous chapter.
The arguments for ny, ¢ will be the same as before, but we must provide an alternate
argument for p, v due to the new governing equations. We first prove an analog of

Lemma 2.4.2.

Lemma 2.5.4. Suppose the hypotheses of Lemma 2.4.1 hold. Fiz n* € H'(Q™).
Then, there exists a unique solution p™, v™ € L*(Q™) x H'(Q™) to (2.16)56, such

that

1" gy + 10"l oy < € (14 (14 e lwzian) ) Infllan om) )
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where C' is dependent on fized quantities, as well as ||c™ || g1@m-1y, for some p > n.

Furthermore, for nj*,nj* € H'(Q™) we have

o™ (2] = o™ i i my < € (14 1w ) 10 = 7 s,

[o™ '] = o™ [A ]| 2@y < C (1 + ||Cm_1||W3(Qm*1)> g = 2 |2 @m)-

Proof. Due to (2.6) and Lemma A.1.4, we can solve Stokes’ equations (i.e. (2.16)s)

and write

HpmHLZ(Q"L) -+ ||’Um||H1(Qm) <C (1 + ||KB<Cm)nZL — nTKR(Cm,TLm)HLz(Qm)

+| div((n," + nff’)w(cm)ch)HLz(Qm)) ,

where C' is dependent only on fixed quantities, and independent of m. Then, we

note that

[ div((ng +ng ) (c™)Ve™)zz2amy < [l lwzam)lIng | @my (1 + 1™ || om))

< Cll™ lwzm) 1ng | 1 om)

for some p > n. Here, we have used the embedding ||n}||zromy < C|ng*|| g1 @m) for

p < 6, along with the regularity results for ¢™. Furthermore,
| Kp(c™)ny" —nrKgr(c™,n™)|[r2@m) < ||c™]| e @m)llny | 22 @m),
so we have
9" llaam + 0™ ligamy < € (14 (14 €™ wgiams) ) Il am) )

where C'is dependent on ||¢” 1| g1 (m-1y and fixed quantities.
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Next, let n*, " € H'(Q™), and define v™ := v™[n"], ™ := v™[n}"]. We see

that 4™ ;= v™ — ™ satisfies
Vq = —%um + vAu™,

dive™ = —ng' [(div((n2* — a2 + 0 — a2)Y(c™)Ve™) — Kp(c™)(ng — n)] .

Thus, it follows that

[w™ ||z omy < C (1 + ||Cm_1\|wg(9m*1)) [k = 7 | m),
Ju™ || L2@m) < C (1 + ||Cm71HW,?(Qm—1)> k" = | 2 m),
where C'is dependent on [|¢™ | g1 (gm-1y and fixed quantities. O

Since this is an analogous result to Lemma 2.4.2, the rest of the fixed point
argument (including the positivity of ny) follows in the same manner as in Section

2.4.1. Tt remains to demonstrate the regularity of the solution.

2.5.2.2  Regularity

The regularity of the solution follows in a similar manner as in Section 2.4.2.

We recall the estimates
0<c" <cy, 0<ng <np, Zn?:nT.
k

In the following sections we will be careful to demonstrate which bounds are

independent of At and which are independent of k.
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2.5.2.3 Regularity for ¢

As in Section 2.4.2.2, due to Lemma 2.4.7, it follows that

el 2,1 @an)) + €l oo o, (a0 + el L20,mm2(000)) < € (2.18)

where C' is dependent on fixed quantities and [|c%]| y1(qo). Since we now assume that
co € H'(Q), this bound is independent of both At and k.
We would also like to use Lemma 2.4.8. However, we do not necessarily have

Ve mn =0 in this case. Thus, letting ¢' = ¢! o', we note that
(A 47 (@ —crp) — pA(AL)(E' = cp) = v B(AH)VE — O+ pA(At) e = f.

Since B(At)(¢! — o) - m = B(At)c,p - 1, it follows from Theorem 2.3.3.6 in [30]

that

1" = cuollwze))
S C (”A(At) (61 — Cmo) + (At_l -+ T’C) (él — Cn,O)HU’(Q(O)) + HVCH7DHW171/}7,p(F(O)))

< C (I fllzsaon + lewollwasrn)
due to the trace theorem. Furthermore,
£l ooy < C (14 lIEHlwragaq)y + lewollwa@n) -

Using Sobolev embedding, an interpolation estimate, and Young’s inequality, as well

as (2.18), we have

HEl — c,i,onzp(Q(o)) <C (1 + H51HW2’P(Q(0))) :
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Finally, this yields

& lw2r o)) < C (14 [lexollwzro)) -

Then, we apply Lemma 2.4.8 to the problem on [At,T] with initial data ¢! on Q.
This yields
el zao. w2 @an) + el oo rwir@an < C (2.19)

where C' is dependent on ||c°||y2.s(qoy and fixed quantities. This bound is indepen-

dent of At but dependent on k.

2.5.2.4 Regularity for v
We use Lemma A.1.4 to write
[v™ [zo@m) < C (1 + [l lwrnm))
for 1 < p < co. Due to (2.19) we also have
[Vl 20,7500 (0200) < C-

While this bound is independent of At, it is dependent on k, since the LP estimates
for ¢™ are dependent on k.
We can also derive estimates independent of , using (2.18) and Sobolev em-

bedding to obtain
[l Lo 0,7502(0000) + 1V 22007508000 < C (2.20)
for r < 6.
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2.5.2.5 Regularity for ny

Now we are ready to prove a uniform bound on |ng||e(o,rm1(04,))- First,
letting w™ = v™ + ¥ (c™)Ve™, it follows from (2.18), (2.20) that w € L*(Qay)-

Thus, due to Lemma 2.4.6 we have the estimate

17kl 220,001 (20r)) < C, (2.21)

where C' is dependent on fixed quantities, including [|c°|| g1(qo).
Furthermore, we know that w € L>(0,T; L9(Qx;)) with divw € L?(Qa;), due

to the estimates for ¢ and the constraint on div o™, with

| divawl| 2, < C (“VHHLQ'(O,T;L?(QAt))||vc||Lq(07T§L°°(QAt)) + ||AC||L2(<0,T)xQM)>

<C (1 + ||vn|qu/(0,T;L2(QAt))>

where C' is dependent on ||c°|ly2r(qo) and other fixed quantities, while % + % =1

Thus, the estimate

|7kl oo 0,750 (@a0)) + 1l 20,7502 (000)) < C

follows from Lemma 2.4.6 in the same way as the previous chapter. Here, C is

dependent on ||c”||2s(qoy and thus is dependent on s but independent of At.

2.5.2.6 Regularity v™, p™

By Lemma A.1.4, for p < oo we have

1™ o (@m) + 10" [wrngmy < C (14 [ div((n" +ng )i (c™)Ve™) [ pogm)) -
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Using (2.19), (2.21) we obtain

Il ao,ric2@a0)) + 10l Lao,r a1 (@00 < C,

for 1 < ¢ < oo, where C' is dependent on ¢, ||°|lw2r(qo), |2} #2(q0) for some p > n,
sufficiently large ¢. Since ||c°|lw2»(qo) is dependent on x, this bound is also dependent
on K.

We can also derive an estimate that is independent of &:

[p™ | r@m) + [[0™ [lwrem)

< C (14 IVl 20 9" | oy + IV 1 gy + 1A | 120m))
for some 2 < p’ <6 sothat 1 <p < % Then, we have

I VC”L‘I'(O,T;LP’(QM)) < CHCHiw(o,T;Hl(QAt) Hc”ng(go,T;m(QAt))v

Whereiz;andng—l—l%e. Then, we take 0 < # < 1 so that 2 < p’ < 6 and

2 < ¢ < 0o. Thus, we have

PNl Lao.rirr@a0)) + 1Vl Larwrra,)) < C,

Whereéz%—k%and§:%+ﬁsothat1<p<%and1<q<2. The constant C'

is dependent on ||c°|| 1oy and ||n|| 20y and independent of x, At.
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2.5.2.7 Summary

We collect the bounds obtained in the previous sections. For 1 < ¢ < oo,

3 < p < oo, we have
0< " <cy, 0<ng" <nr, ann:nm
k

||C||Loo(o,T;w1»p(Qm)) + ||C||Lq(0,T;W1»°°(QAt)) + ||C||Lq(07T§W2’p(QAt)) <C,
7] oo (0,011 (2a0)) T 17kl 200,752 (000)) < O

V|| Lo 0,520 @a0)) + |V Lao,mmt (@a0)) + 1Pl 2o0.1:02(0000)) < C,

where C'is dependent only on fixed quantities and &, [|c°|lwz(qo), [[n3 | #2(qo). Thus,
the choices for At in the previous sections have a lower bound and the process can
be iterated over the interval [0, 7] with uniform At.

We also collect the uniform bounds that are satisfied independent of «:

0< " <cy, 0<ng <nr, ZH?ZHT,
k

el zoeqo,rsm@a0)) + el 20,352 (00000 < €
124l 20,101 @000y < €

]| L 0r:L2(a0) + 1Vl L2027 000 + 1Vl Lo rw a0y + 1Pl La0L0(000)) < C

for any 1 < r < 6, and some fixed p,q > 1. This proves Theorem 2.5.3.
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Chapter 3: Convergent Finite Element Scheme

In this chapter we construct a convergent numerical scheme that approximates
the chemotaxis-fluid problem (either (2.1) or (2.14)). This scheme is constructed
by a discretization in time via the backward Euler method and a discretization in
space by a finite element approximation. We will first consider the most basic case:
the problem with Darcy’s Law on a fixed, polygonal domain. We will then expand
the scheme to consider the case of the problem with Darcy’s Law on a smooth
domain and on a moving domain. Finally, we consider the case of the problem with
Brinkman’s equation on a fixed, polygonal domain.

Much of the work in this chapter in the case of Darcy’s Law will appear in the

research article [49].

Remark 3.0.1. The additional considerations of the presence of a drug and/or a
fourth population of healthy cells discussed in the introduction still hold in this

case. For the sake of simplicity we will again ignore the case of drug application.
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3.1 Imtroduction and Main Results: Darcy’s Law on a Fixed Polyg-

onal Domain

We first discuss the assumptions placed on the domain and the finite element
spaces. We assume that the domain Q0 C R? is a polygonal domain. For each h > 0,
let T, be a triangulation of ) that covers {2 exactly, i.e. UTeTh 7 = ). For each
triangle 7 € Tj, let h, be the diameter of the smallest circumscribed circle of 7 and
p- be the diameter of the largest inscribed circle of 7. Let h = max,e7; h,. We

assume that

(A1) There exists ¢q > 0 such that h, > ¢oh for each 7 € Tp.
(A2) There exists ¢; > 0 such that h, < ¢1p, for each 7 € Tj,.
(A3) Each element 7 € T, is an acute or right triangle.

Then, we define the finite element space Sj, associated with T, by
S, = {U € C%Q) : v|, € Py for each 7 C 77L} ,

where P; is the set of linear functions. Thus, any element of S}, is a continuous,

piecewise linear function and S;, C H'(Q). Furthermore, we set

Yh:{pESh:/p:O}.
Q
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3.1.1 Finite element formulation

We introduce the following notation:

(u,v):/uv, a(u,v):/Vu-Vv, h(u,v,w):/uw-Vv.
Q Q Q

Letting «, 8 be the vectors holding the nodal values of u,v € Sj, and {¢;}Y | be the

nodal basis functions of S, we can write
(u,v) = o’ MB = g Ma, (M);j =m;; = / ®i9;,
Q
a(u,v) = a” Ap = T Aa, (A)ij = a;; = / Vo - Vo,
Q

h(u, 0, w) = oTH(w)8, (H(w))y; = hiy /Q biw - V.

Here, M is the consistent mass matrix and A is the stiffness matrix. We introduce

the lumped-mass matrix M = diag{m;; }, where m;; = > ;mij, and define
(u,v)p = a’Mp = T Mao.
Additionally, we define the artificial diffusion matrix D by

dij - maX{O, _hij7 —h]z} = djz‘ fOI' 7 7é j, d” = Z dl]
J#i

This ensures that h;; + d;; > 0 for 7 # j, and the matrix D is symmetric with zero

row and column sums. Then, we set
E(u,v,w) = o' K(w)3, K(w)= H(w)+ D(w).

We can then define the weak formulation of the discrete problem as follows:
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(Dt_nZ?wa)h—i_d CL(n?lZ}mX) k(nkh 7X7IU)Z1 1) (Gk;h 7X>
(D;Chm7 X)h + % G(C;an X) + Tc(c;nv X)h = (F}:n’ X)h7 (31)

a(p', X) = g k(ngh, +ngh, X, () V) — g (GF0n

for all x € Sp,, where

wit ™t = =P (e Ve
Gyt = Gl ),
Fr = —f(e D) (gt 4 n ) + recly,

ho= (nTKB(Ch) — Kpn(cy',ny') ZGkha
Krp = nr(Kp(cy )nyh, D,

and ¢, € S, is a finite element approximation of ¢,. Furthermore, this system is
supplemented with initial data ny ,, ;.

We also place several assumptions on f,:

f:[0,400) — [0, +00) is a Lipschitz function with f(0) =0,
(3.2)

Y : [0, +00) — [0,4+00) is a Lipschitz continuous function.

Remark 3.1.1. Strictly speaking, we only require that (3.1)3 holds for € Y},. How-
ever, we note that for any xy € Sy, we have y = n + ~ for some n € Y} and constant
7. Due to the definition of the removal term Kp ), and the transport term A(-, -, -), as
well as the matrix D, it follows that a(p}*,v) = (G}, v)n = k(n}*, v, ¥(c])Vep) =0

and thus (3.1)3 is satisfied for all x € Sj,.
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3.1.2 Finite element operators

We define the L?, H! projections P, : L*(Q) — Sy, Ry, : H'(2) — Sy by

(Pyv,x) = (v, x) for all x € S,

(VRyv, VX) + (Byv, x) = (Vo, VX) + (v, x) for all x € Sp.

The projection operators have the following properties (see, for example, [3],

[45], and (2.6a), (2.6b) in [37]):

| Phv — vl|wse < CR"8||vllyme, m=0,1,2, 1 <p < oo,
(3.3)
|Rpv — vl|wse < CRT?||v]|lwme, m=1,2, 1<p< o0,
for s =0,1 and v € W™P(Q).

We then turn our attention to the mass-lumped inner product. We have the

estimates ([6])
lullzz < (uw,u)n < Cllullz,
|(w, 0)n] < Cllullze[lull 1 () (3.4)
[(u,0)n = (u,0)] < CR™Jullwms 0]y, 0<Lm <1,

where 1 < p,p’ < 00, £ + 4 = 1. Furthermore, for u,v € S, the mass-lumped inner
p p

product satisfies (this is a straightforward generalization of Lemma 1 in [6]),

[(w, )i = (u,v)] < CP?|[ V||| V0]
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where 1 < p,q < oo with 117 + ]% = 1. Due to the assumptions (A1) and (A2), we
have the inverse inequality

R\ Vullpr < |lul|ze. (3.5)

Thus, we can write
|(u, v)n = (w, v)| < Chljull e | Vo] < Cllul|ze]lo] -

We also define a norm based on the mass-lumped inner product, given by

1 1
l|v|ln,p, = sup (w, v) for -+ — = 1.
vesy lullpr ™~ 0 p

Letting S, be the space spanned by the barycentric basis functions ¢;, we

define a projection operator Dy, : L*(Q) — Sy, by

_ 1 _ 1
Dyv = iQi, UV = ; = ,
LU ngb ) |Di|/QU¢ |Di|/Div

()

where D; is the barycentric domain associated with node 7. Since the basis functions

&; are orthogonal, it follows that

/ upDpv = / upv for all uy, € Sp,.
Q Q

Furthermore, we can define a mass-lumping operator M, : S, — Sj, defined by

Myvy, = Z on(P;) s,

where P; is the node corresponding to ¢,, such that

(u,v)p, = (Mpu, Myv) for all u,v € Sy.
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We also define K}, = M M),, where M, is the adjoint of M},. The operators M}, K},
are invertible. Then, for p € [1, 0c], we have
[1Dhollie@) < Cllvllrr), v e LP(Q)
cllelliey < |1Mvllise) < Cllolioe), v € Sy (3.6)
| Mpv — v||Le) < Chl|V||1e@) v € Sh.
The estimates for M, also hold for Kj,.

Finally, we turn our attention to the discrete Laplace operators. We let L, :

Sn — Sy, be the discrete, Neumann Laplacian defined by
(Lphu,v) = (Vu, Vo) + (u,v) for all u,v € S,
while Ay, : S, — S}, is the the mass-lumped version of L; defined by
(Apu,v)p = (Vu, Vo) + (u,v);, for all u,v € S),.
We have the estimates

| Apullrie) < [|Lnullr) < CllApul| ) for p € [1,00],
|ullwr.o ) < Cl|Lpul| oy for p > n,
[ullwre@) < CllApul|r() for p>n
for all u € Sy,. The first estimate is derived from the fact that K, A, — K, = K;, — I,
and the estimates for Kj, K, !. The second estimate is proven in Lemma 4.5 in [44],

for example, and is essentially a Sobolev embedding estimate. The third estimate

comes from the first two estimates.
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3.1.3 Main Results

One of the main results of this section is the existence and uniform bounded-

ness of solutions to the scheme (3.1).

Theorem 3.1.2 (Existence of Finite Element Solutions). Suppose the assumptions

(3.2) are met and
0< n%h, Zn%h =ngp, 0< ¢}, Con < Cur-
k

Then, provided h sufficiently small and At < Ch**® for some o > 0, there ea-
ists a unique solution (ngp,Cn, U, pr) to the system (3.1) with initial data ng’h,cg.

Furthermore, the solution satisfies the bounds

0< ¢ <cy, 0L anh, E anh = ngp for each m,
k

k0l 20,101 () + lenl| 20,1 @) + |Prll L2081 () < C,
||Dt_nk:,h||L2(O,T;H*1(Q)) + ||Dt_ch||L2(0,T;H*1(Q)) <C,

where C' is dependent on fized quantities.

Remark 3.1.3. As stated in the next section, in order to guarantee that the scheme

is positivity-preserving we require

At < C’min{l,LH}.

T

h

The L* bound on ¢, along with inverse estimates, implies that

le ™ lwree < Ch7Hle oo < CR7H
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m

Then, we note that (Lyp;"~',n) = a(p]’~',n) and, for ¢ < 2, we have
lalp = m)| < C (Inllee + Ve v lnllwra) < CO+RC2P) ]| o,
where i + % = 1. This is because
Ve < CIIVCZ”_1||2;%IICT_1|@ < Ch U2 and ||nflwia < Ch7Y ]l a.
Thus, it follows that
[(Lap =t < CL+ A=) ]| o,

for all n, so

VD e < CllLnpy e < CH™E72P) = CR717,

where «, C' are dependent on p and @« — 0 as p — 2. This yields the condition
At < Oh?* for some o > 0. In practice, the condition At < Ch?, or potentially

even a linear constraint, should be sufficient.

The second main result of this section is the convergence of the solutions of

the scheme (3.1) to a solution of the system (2.1).

Theorem 3.1.4 (Convergence of numerical scheme). Suppose that

0 < ngy, E ngo =nr, 0=<co,c <oy
e

and there exists a sequence (hy, Aty) such that At, < Ch*™ and hy — 0. Define

tTYL

ng’h = Mh_thnk’O, cg = Mh_thco, cZ}h = (At)_th_th/ cy(t) dt.

tm—1
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Then, for each k there exists a solution (np,, ch,,Vn,, Pn,) to (3.1) with initial data
ngk, c?lk. Furthermore, as k — 00, (Nn,, Ch,., Un,, Ph,) converges weakly to (n,c,v,p),

where (n,c,v,p) is a solution to (2.1) with initial data ng, cy.

We note that the operator M, 'D,, preserves upper and lower bounds, so

ny . O, Coty satisfy the hypotheses of Theorem 3.1.2.

3.2 Proof of Theorem 3.1.2

First, we rewrite the update schemes (3.1); 5 for njl%,, ¢ using matrix notation.

Letting oy, 85" denote the nodal values of ny’,, ¢, respectively, we have

<M i dAtA) g, = (]\7[ + AtK(waLl)) at + Atg
(3.7)

<M +UALA + rcAtM> B = MBI — AL + Atr.MBT,
where
gt =9, 9= Gy i,
i =(f), fi= (ot +ap mg f(e ),
and (", holds the nodal values of ¢,
Claim 3.2.1. There is a unique solution (n}’,,cy') to the update scheme (3.7).

Proof of claim. The matrices
L, =M +dAtA, L, = M + pAtA + r.AtM

have strictly positive diagonal elements and non-positive off-diagonal elements.
Thus, it follows that Ly, Ly are invertible, and (3.7) has a unique solution. [ |
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3.2.1 Positivity preservation

We want to demonstrate that the update scheme (3.7) is positivity-preserving.

Specifically, we want to show that

0<c <cu, 0 m, Zn?h =nr (3.8)
k
for all m.

Lemma 3.2.2. Suppose that the initial data satisfy (3.8). Then, if At is small

enough that

lwp™ oo

h

it follows that (3.8) is satisfied for all m with 0 < ™ < T.

Proof. It suffices to show that if (3.8) is satisfied for n}", L1 then it is also
satisfied for ny’y,, ¢j'. We note that if 0 < nj", and >k ny', = nr, then 0 < nj, < nr

for each k.

Due to the assumptions on n;'; L ' L ¢,, we know that

0 < fi < Cnrpepmivg,
m—1 __ m—1 m—1 m—1 ~m—1
gin = Grley ny gl + a1,

where 0 < g/ ! and Gy(c)" ') is a diagonal matrix with entries

= Cu((B Y (o™ / & = G Vs ()i
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SO gi; > —cpmy;. Thus, we can write

o, = Ly [ (M + At (wi ™) + MGr(e ™)) e + Atgpy

Bt = Lyt | MGt = AL r AL

We recall that L, Ly both have non-positive off-diagonal elements and strictly posi-
tive diagonal elements. Thus, it follows from Theorem 3.1 in [48] that L', Ly;' > 0.
Furthermore, if At is small enough that ;3" " — Atf; > 0, or equivalently

At < ;4, then

— Cnrcy

(M — AtF )80 + r AtMBY, > 0

and we have ;" > 0. Additionally, provided At is small enough that m;; + At(k; +

gii) > 0, it follows that
M + AtK (w" ') + AtGR(c 1) > 0,

since all off-diagonal entries are nonnegative. This constraint on At is satisfied when

h

[

At < C

because we have

hii(w) > —Ch™ |wl|eemi = —Ch™Hw ||,
0 < dij(w) < max{|hyl, [hi|} < Ch™Hwl|eomyj,

dis(w) = =Y dij(w) > =Y Ch™|wlloemi; > —Ch™"||w]|critis.
i#i i#i

Thus, since o/t > 0 and ¢ ' > 0, we have o, > 0.
’ k.h 9i.h ) k.h
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Furthermore, taking B,T to hold the nodal values of ¢y — ¢}, we have
(1 + 1AM + pAtA)B = MB " + AtF 8! + r AtM (e — B1),

where ¢); is a constant vector with each element equal to c¢,,. Since c¢j; — c?f_l >0

and ¢y —cly, > 0, we have B}L”_l, ey —p,, = 0 and the right hand side is nonnegative

since f;; > 0. Then, by the same argument as before, it follows that B,T > 0, so
h < c

Finally, taking & to hold the nodal values of ny — >, n},, we have

(M + AtA) Tam (M + ALK (3! *1)) st — np ALK (v )1

— ALK (Ve (! + i) = ) Atgyy
k
and we can write
K (vp'™)1 = H(wp ™)1+ D(up~)1 = H(vp )1,

since D has zero row sums. Additionally, since d;’f‘l = 0, we have

May = —npAtH (v )1 — AtK (=) Ver ) (o + ol ) — Atgp ™,
where g;"~" holds the nodal values of G}*~'. We argue that

npH (v )1 = =K (& Ve Y (ap t + o) — g (3.9)

We note that

A
H(Vp 1) = = Zalpi', )
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50 (3.9) is exactly (3.1)s. This means that we can write M & = 0, and thus a}* = 0,

which means ), a},. O

3.2.2 Estimates for Artificial Diffusion

We would like to obtain bounds on the term d(x,n,w) for x,n € S, w €

LP(Q2). The following estimate holds.

Lemma 3.2.3. Let x,n € S,. Then, if Vx € LP*(2), Vi € LP*(Q), and w € LP3(Q)

with p; € [1,00] and ), pii =1,

[d(x;n, w)| < Ch||V x| e (@ |w]] Lr2 ) [ V0] 73 (0 -

and if x € LP* instead, then

[d(x;n, w)| < Cllxllze @ [wl re2(9) [Vl 23 (@)

Here, C' is independent of h. Furthermore, d(x,n,w) = d(n,x,w) so the above

estimates hold when n, x are switched.
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Proof. Letting «a, 8 hold the nodal values of x,n, respectively, we note that D is

symmetric, so we can write

d(x,n, w ZO@BJ ij
= Za di; (B — )

i#]

- Z di] 5%)

1<J

<3 lhijl(s )

1<j

=2

1<j

a;)(B; — Bi)-

/ byw - Vo (

We note that |¢p;w - Vo;| < Ch™|w], so
domw) <nt S [ jwllas eyl 4l
1<)

<n' Y [ fwllai- alls; - Al
ij i

where €;; is the domain of ¢;¢;, so that

%:/QiijC/Qf,
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since UZ i 2 ; =  and €);; are finitely overlapping, independent of h. Thus, if

Vx € LP1(Q), Vn € LP*(Q), and w € LP*(Q) with . p%‘ =1, then
d(x 7, w)| < h—lz/ﬂ fwllos — a116; — B
i

<any / Vx|V
i Vg
< Ch||\ Vx| Loy @ l|lw| Loz () [ V| o3 () -

The inverse inequality (3.5) proves the last inequality. ]

3.2.3 Energy Estimates

We derive energy estimates in much the same way as in Section 2.4.2. However,
there are certain difficulties to be addressed.

Firstly, we are working with the lumped mass matrix M and the associated
inner product (-,-), instead of the consistent mass matrix M and inner product
(+,+). However, the properties of the lumped inner product (-, ), stated previously
allow us to use this inner product in a similar way as the standard L? inner product.

The next difficulty lies with the added artificial diffusion terms in the update
rules for ny",. However, these terms can be dealt with in a similar way as other

terms using Lemma 3.2.3, so should not pose too much of a challenge.
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3.2.3.1 Estimates for ¢

We start with energy estimates for ¢, which are more straightforward. We

recall the formulation
(D;CT, X)h + % a(cﬁ X) + 7ac(czn7 X)h = (F}:n7 X)ha
with || F}"|| < C. Taking ¢} as a test function yields

(&, eV + At a(el, et + roAt(r, e,
= (e, e+ AHE )y,

m ]' m—
< S (1 +rAt) ey th + §||Ch 1“3,11 + C.

Thus, after cancellation and summing over m, it follows that

||Ch||L°°(0,T;L2(Q)) ‘l’ ||Vch||L2((O,T)><Q) S C (1 + ||C]QL||%2(Q)> S O (310)

3.2.3.2 Estimates for p

Next we gather energy estimates for p;'. Taking p}* as a test function yields

m .m m m ,m m m A m .m
a(ph » P ) = k(np,h + Tg.h> Ph 777Z)(ch )vch ) - K—TLT(Gh y P, )h-

A
KTLT
Thus, using Lemma 3.2.3, we have

VD22 < C (nreml Ve | 2o IVoR 2@ + Cnreallpi | 2 @)

< C(L+IVepllee) VPR |2 @),
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where we have used a Poincare estimate for p,. Summing over m yields

“p?H%?(O,T;Hl(Q)) <C (1 + ||Vchm||L2((0,T)XQ)) <C.

This estimate, combined with (3.10), implies that ||w}||r20.1:02(0)) < C.

3.2.3.3 Estimates for n
The update scheme for n, reads
(Dt_nz‘fh) X)h +d a(n;’?hv X) = k(an}:17 X5 wzl_1> + (GZ?}:17 X)h

which is an implicit- explicit scheme. Similar to the case for ¢, we take n}' as a test

function. We know that
h(niy, s i, wi' ™) = /Q”km,hlwal -V, < nrllwp o) [ Vgl ez
while, due to Lemma 3.2.3,
Ayt i, wi ™) < OVl |z @llwi ™ 2 ) < ClVAR @)
Therefore, we have

Innll2 + dAHI VR 120

< Inkull2nlingy Hlon + CAL (1+ [V [12(0)

dAt

1 m m— m
< CAt+ 5 (Iniall3 5 + ||nkh1||%h) + T”V”kﬁ”QLZ(Q)-
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After cancellation and summing over m we have

Iz + dAE Y IVnk3a@) < € (1+ Gl ) -
k=1

3.3 Proof of Theorem 3.1.4

The proof of this theorem relies on the bounds from Theorem 3.1.2. Those

bounds imply that

Ch, — ¢, np, — nin L*(0,T; HY(2)) N L"((0,T) x Q),
Pr, = p in L*(0,T; H'()),
where 1 < r < co. Furthermore, as in Section 2.3.0.1, we can use Lemma 2.3.1 to

prove that

Ch, = €, np, — nin L7((0,7) x Q)

for any r < oo. We also note here, that for any ¢ € C=([0,T] x Q), we can take

O = Rp,, @™ € Sh,,

where ¢™ = ¢(t™) for t™~! <t <™. It follows from the properties of the operator

Ry, (see Lemma A.3.1) that

¢ — ¢ strongly in L"(0,T; Wi (Q)),
(3.11)

D; ¢p: — 0y¢ strongly in L"((0,T) x Q)

90



for any 1 < r < co. Furthermore, we have

T

T
/ \(f, dni)n — (f, )| < Ch/ If
0 0

@ IVonil v q)

< Chl[ flleromcs@) IV Okl o 7.0+ @)

— 0,
where % + % =1 and % + 5 = 1. Thus, we have the convergence

/OT(fk;Qﬁhk)h — /OT(fa 9), /OT(fk,D;gzshk)h - /oT(f’ 0,8).

We can also use summation by parts to write

T m
/ (Drun, 67 = 3 A(Dyuk, 6
0

k=1

3

- (U?a ¢Z"b)h - (u?m ¢2)h - At(ufw Dfﬁbfi)h
0

=
Il

Additionally, we note that

" . . T T
Z At(cy, p,, Gy ) = / / Co Mpdn,ae — / / v,
j=1 QJ0 aJo

due to (3.6), (3.11). Similarly, we have

(&, 69)1 = /Q coMy) — /Q co(0)

by the convergence estimates for ¢;,. The same holds for n%h.

We also need to show that

(S, (1 60— / ()(t), / n()(t),
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provided t"™ — t. This follows from Lemma A.2.1, the bounds on ny, ¢;, and noting

that

(€ €7) = (ch 0F)al < Chenl|6=i@ = 0.

| (s Oh) = (> iy Jnl < Chin ||| oo ) — 0.

Finally, due to Lemma 3.2.3 we have the estimate
[d(ny =" wit ™", Rug)| < ChIIV || o llwy ™ 22 V7R ™ 220

This implies that the artificial diffusion term vanishes as h — 0.

3.4 Model with Darcy’s Law on a Smooth Domain

We now consider the problem (3.1) on a smooth domain €. In this case, the
triangulation will be defined on a polygonal approximation €2, of €2, so that any
node of a triangle that lies on I';, = 02, will also lie on I" = 9€2. We assume that €2
is convex, so that ), C 2 is also convex. We again require assumptions (A1)-(A3).

The main results for this section are that Theorem 3.1.2 and 3.1.4 still hold
on a smooth, convex domain 2 C R2. We need to prove that the estimates (3.3),
(3.4), (3.6) still hold uniformly on €2,. This is straightforward for (3.4), and thus
(3.6), as it holds on each triangular element. For the interpolation and projection

operators I, P, we have from Lemma 3.1 of [33] that

(i) P, is a bounded operator from LP(2,) — LP(2,) and from W'P(Q,) —

Wh2(Q,) for p € [1,00];
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(i) for integer 0 <1 < 2, the interpolation operator Ij, satisfies

|]hU - U|Wl,oo(Qh) < C’h2_l|U|I/V2,<><>(Qh)7

(iii) there exists a quasi-interpolation operator I, : W1(Qy,) — Sj, with
1no = vllwiri,) < CR"[v]lwma,)
for[=0,1,m=1,2, and p € [1, 0].

The last estimate also holds quasi-elementwise. Furthermore, we note that since P,

is the L? projection onto Sj,, it must be that
1Pwv = vz < IHnv = vllr20) < Ch™ o]l m(e

for m = 0,1,2. By the same argument, since Rj, is the H' projection onto S, it

must be that
1Riw — vllrny < 1w = vl < OR™ollama.

We note here that we can replace Rj by fh in Lemma A.3.1 and the lemma is
still valid. These estimates are sufficient to prove Theorem 3.1.2 on a polygonal
approximation €2, of a smooth domain ).

The convergence estimates are slightly trickier, since ny p, cp, p, are defined on
Qp, not on (), while the test functions ¢ are all defined on €2. We would like to
define extensions of the finite element functions on 2.

For a boundary element 7 € T,, we can extend 7 to a curved ‘pie-shaped’

element 7 such that 7 matches I" locally. Otherwise, we set 7 = 7. It follows that
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0= UTeTh 7. For each function v, € S), we can define v, = m,vy, such that vy, is
defined on €2, with v, extended linearly from 7 to 7 for each 7 € 7;,. We argue that

the mapping 7, is bounded from L?(Q2,) — L*(Q) and from H'(Q,) — H'(Q).
Lemma 3.4.1. Suppose that up, v, € S,. Then, the operator my, : Sy, — S satisfies
|(Thun, ThUR)Q — (Uhavh)ﬂh’ < Ch”uhHLQ(Qh)thHHl(Qh)a

cllunllz2n) < lmnunll2) < Cllunll2@yp),

Al Vunllrz@,) < Va2 < CllVua|rz@,)-
Furthermore, my, is invertible.
The proof is in the appendix. We then arrive at the following result.

Lemma 3.4.2. Fix h > 0 sufficiently small, and assume that At > 0 satisfies
At < Ch**™ for some a,C > 0 independent of h. Suppose 0 < n, < np and
0< c?L < cp on Q. Then, there ezists a unique solution (N p, ¢y, pr) to the problem

on the domain S, and the extensions Ny, = TpNkp, Ch i= ThCh, Pp : ThCh Satisfy

"D;éh“LQ(O,T;H_l(Q)) + HéhHLQ(D,T;Hl(Q)) S C’

|\ Dy e n |l 20,019y + | 7kn | L2 0,001 () < C,

|Pnll Lo 0,751 (0)) < C.

Most of these estimates follow directly from Lemma 3.4.1. We show how we

arrive at the estimates for D, ny 5 and D, ¢, in more detail. First, we note that

| D ninllczorm-1(0,)) < C
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via the same estimates used in the case of a polygonal domain. Then, for any

vy € Sh, it follows that v, = m,wy, for some wy, € S}, since 7, is invertible. We have

|(Dy 1 by vn) | < C|(Dy 1 py wh)ay, | + |(Dy oy wi)a — (Dy Mg py Wiy, |

< C|(Dy nien, wi)ey, | + Chl[ Dy ng

2@ 1wl 1)

by Lemma 3.4.1 and the inverse inequality. Additionally, since D; ny, is uniformly

bounded in L?(0,T; H=()), it follows that

[(Dy e ns wi) ey < Cllwnllaia,y < Cllowllar @),

where we have again used Lemma 3.4.1, and furthermore, h||D; nypllr2(0,) < C.
This proves the bound on D; 7y ;. The bound on D; ¢y is proven in the same
manner

The uniform bounds in Lemma 3.4.2 are sufficient to show convergence in the
same manner as in Section 3.3. We note here that when using the discrete Aubin-
Lions lemma, we must take X = L"(2) for 1 <r < 6. However, we must show that

if f, — fin L7(Q) and ¢), — ¢ in L3(Q) with 2 + 1 < 1, it follows that

/thh¢h_>/gf¢-

To do this, we note that

Jrnon + - fhgbh:/ﬂfhgbh_)/ﬂqua

Qp

Due to the convergence estimates determined above, we know that

|| fadbnll Lacaun,) < C,
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where é = % + % < 1. Then, we can use Holder’s inequality to write

Faton| < IO\ || fudnll Larn) < ClONQ|MY

Q\Qp

Due to the construction of €2, it must be that |Q2\Q,| < Ch with C' independent of
h. Therefore,

fadn| < CRYT =0

Q\Qp,

as h — 0. This proves the desired result.

3.5 Model with Darcy’s Law on a Moving Domain

Next, we would like to consider the problem on a moving domain where the
motion of the domain is prescribed, like we did in the functional analytic case.

Again, we use the Arbitrary Lagrangian-Eulerian, or ALE, framework.

3.5.1 Moving mesh
We have the non-cylindrical domain
Qr = {(z,t) - x € Q(t) for t € [0,T]}

We assume that for each t € [0,7], Q(t) C R? is a convex, polygonal domain.
Then, we split the interval [0,7] into N sub-intervals of length At, as before. For
t™ = mAt, we set Q™ = Q(t"™). Thus, we will have a fixed domain and fixed mesh

over each subinterval.
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We define an initial triangulation 7,2 of QY that satisfies the assumptions (A1)-
(A3), and let S} be the space of continuous, piecewise linear finite element functions
on T2. Then, we let 7, € [SP]? be a finite element approximation of 7, given by
nu(t) = Inn(t) for all t. We define n;* = n,(t™). For each m > 0, we let 7, be the
image of 7,° under the mapping n}", so that 7,™ is a triangulation of Q™. We let ST
be the space of continuous, piecewise linear functions on the triangulation 7,™ for
0 <t™ <T. We define Q% = J,,(t™ 1, ¢™] x Q™, so that Q% is an approximation

of QT-

3.5.1.1 Properties of the mapping
Since n,,(t) is a nodal interpolant of n(t) and n € L>®(0,T;W?*>(Q(t))), it

follows that

70 (8) = 0 () 2= 0y + IV (1 (E) — 0(8) | = 00y < Ch*[log Al[In(t)[lw2.e (o) (3.12)

for each t € [0,T]. For details, see [46], [28], or standard properties of the interpo-
lation operator.

Furthermore, since we assumed that 7 is bi-Lipschitz we have

crlr =yl < |nu(z) —n(y)| = In(x) —n(y)| < Crlz —yl,

for nodal points z,y € QY. Since n, is linear on 7 for each 7 € T,?, it must be that
Ny, is also bi-Lipschitz, with the same constants as 7. Additionally, (3.12) implies
that

| det(Vy,) — det(Vn)| = |det(Vn,) — 1| < Ch?|log h|?, (3.13)
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so provided h is sufficiently small, 0 < ¢ < det(Vn;*) < C uniformly in h, m, and

thus n;" is invertible.

Remark 3.5.1. It is important to note here that we cannot guarantee that n)" is a
volume-preserving mapping like we can with 1. Thus, we have to be slightly careful.
Luckily, most of the estimates will be done via energy methods, which do not require

mapping between domains.

Then, we note that since n* € Sy and is thus linear on each triangular element
in 70, it follows that (n*)~' € S since it must also be continuous and linear on
each 7 € T,™. Furthermore, since (7")~! = =1 (t™) on each node of 7,;™, it follows
that (n;) =" = Ii'n =t (™).

We examine the spaces S;*. If v € S}, then it follows that v = von;* € Si*,
and similarly v = 0 o (p7*)~!. Thus, we can think of S;” as the image of S) under
ny'. Additionally, letting E;? be the space spanned by the barycentric basis functions
(defined previously), we also see that, for v € ?:, we can write v = v o (f")~! for
some U € ?2, since 7" is an affine mapping on each 7 € T,? (note: since 7" is affine
on each 7, it will map barycentric domains to barycentric domains). This means
that, for v* = vy, o (g")~!, it follows that M["vi™ = (MPwvy,) o (n*)~!, where M™ is
the mass-lumping operator on 7,".

Then, we let v, At = O ar sO that v, a¢ is piecewise constant in time and

m—1

m__ _ mflO my—1
v, = Vs pat(t™) = (%)o(n}?)_l = % for msuch that 0 < t™ < T.

It follows that v, € [S}"]*.
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3.5.1.2 Properties of the mesh

We must prove that 7, satisfies the assumptions (A1)-(A3) independent of
h and m, provided T is sufficiently small. Suppose that the initial triangulation
T2 satisfies(A1)-(A3). Then, there exists ty > 0 such that the triangulations 7,",
for 0 < t™ < ¢, satisfy (Al), (A2) (see, for example, [46]). This is due to the
assumptions on 7.

However, it remains to show that (A3) is satisfied. Given certain initial trian-
gulation 7Y which satisfy (A1)-(A3), it is possible to show that certain mappings
n will preserve the condition (A3). For example, any translation or rotation will
preserve (A3).

Additionally, if the initial triangulation 7,° is acute, then it can be shown
that there exists ¢; > 0 such that the triangulations 7., for 0 < ¢ < ¢;, are also
acute. Furthermore, we note that any convex polygon has an acute triangulation,
as proved in Theorem 1 in [39]. Thus, we can generate an acute triangulation 7°
of the domain Q) and create the mesh 7,0 by subdividing the acute triangles in 7°
until the desired mesh size is reached. The triangulation 7,° will satisfy conditions
(A1)-(A3) since all subdivisions of a triangle are congruent to the original triangle,
and will have a maximal interior angle less than 7/2 since the triangulation is acute.

Therefore, it is always possible to choose an initial mesh 7,0 so that the as-
sumptions (A1)-(A3) are satisfied on a sufficiently short time interval. This means
that domain can be remeshed a finite number of times. Between remeshings, the

mesh simply moves with the motion of the domain, 7, without the need to redefine
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nodes or edges. Without loss of generality, we will assume that [0, 7] is such that

no remeshings are needed.

3.5.2 Finite element scheme on a polygonal domain

Before we define the finite element formulation for this problem, we need
to determine how to deal with the ALE advection terms V¢ - vy, Vn, - v, arising
in the governing equation for the nutrient and cell densities. We must define an
approximation of this term that allows us to prove that the scheme is positivity
preserving and preserves the upper bound ¢y, ny on ¢,n,. We do this in a similar
way as for the artificial diffusion for the advection term in the governing equations

for the nutrient density. Letting

is(0) = - / (Vér )65,

~

we see that j;;(v) = hji(v), so J(v) = H” (v). Since D(v) is symmetric, it follows
that J(v) = J(v) + D(v) has nonnegative off-diagonal entries, just like K. In fact,
J(v) = KT (v).

For the cell densities, we again proceed in a similar way as before by writing
Vny, - vy = div(ngv,) — ng div vg, so that we need to discretize the term ny div v, in

a manner which will preserve positivity.
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Furthermore, we approach the inhomogeneous Neumann boundary conditions

on the pressure by splitting the pressure into two components, p, ¢ with

Aqg=—divvs, Vg -n=—vs-n,

Ap = divv, + ngt div((n, + n,)¥(c)Ve) — nyt Z Gr(e,n), Vp-n=0.
k

The term div v, arises here, which we need to handle in the same way as the n;, div v,
term from the governing equations for the cell densities.
We want these terms to be represented by a diagonal matrix in the same way

as for the lumped mass matrix, so we define

mi;(f) = / Pid; f-
Q
Then, we set
mai(f) =Y mi;(f), M(f) = diag{ri(f)}
J
so that M (f) is a diagonal matrix. If u,v have nodal values «, , respectively, we

set

(u,v, f) = " M™B.
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Then, we have the finite element formulation

(DZ?”Lme X)h +d am(ntha X)
= K" g oxco (A7) T ) = (gt xco (A7) T dive !
+ (G xo (AR T,
(Dy e’ XOn + 1 a™ ey, x) +reley’s, X)n = K™ (X, e, vgn) + (B o AR, XD
a"(qn', x) = —(v5h, VX)am
a"(ps x) = —(1, X, divoly)i 4 g k™ (nghy, + ngh, X, Y () Ver) +npt (GR X7
(3.14)

for all y € SJ*, where A" = ™' o (") ~1 : Q™ — Q™! and

wit ™t = Vg = Vo (Ve - ol

m m
K = nr(Kp(cy )ngh: La,
and G’,f;l, F ,;”’1, G} are the same as in prior sections. We have used the notation

(u,v)pt = M uM" v, a™(u,v) = Vu - Vo,
om om

E™(u, v, w) :/ uVv - w.

We need to verify that the estimates proven in the case of the fixed domain are also
valid here.

We note that we will define ¢i", similarly as before, by

tm

e = (A (M) Dy / eo(t) 0 A™ (1) dt.

tm—1

where we have accounted for the fact that ¢, is defined on a non-cylindrical domain.
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3.5.3 Positivity preservation

Denoting by «;,, 8;" the vectors holding the nodal values of functions n",, i

we can write the update schemes for n}",, c;* as

(M + anta™) o,
= (1\7[’” + AtK™ YY) — AtM™ Y (div v;'jh—l)> a4+ Atgl
(Mm + UALA™ + r ALM™ — At(Km(vgjh))T) g

_ (J\Zrm - AtF,zﬁ—l) ml o ALM™r,.

Most of the argument for positivity-preservation follows in the same method as
before due to the construction of K and M (f). The addition of the terms K (v,.),

M™ ! (v™~1) requires us to have At small enough that

h
At S C m—1 m—1 :
Ve e + VDR e + [[0snll e @r)

In order to demonstrate ¢;* < ¢y, we take B,T to hold the nodal values of

ey — ¢ which yields

(14 rAOM™ + pALA™ — AHK™ (v7)") By

= M"3p — AHK™(07)  enr + AtF B0+ AtM™ (e — ),

where ¢); is a constant vector with each element equal to r.cy;. We note that, since

~

¢y is a constant vector, (K™(v™,)) ey = J™(v™,)en since D™ has zero row and
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column sums. Furthermore,

(K™ (v)) enli = — | Ve Vi = 0.

Since ¢y — CZ"“_I > 0 and r.(cpr — ¢,) > 0, we have 5,’;‘—1, cy — 1. > 0 and the right
hand side is nonnegative since f;; > 0. Then, by the same argument as before, it
follows that B,Tl” >0, s0 ;" < e

Additionally, in order to demonstrate ), n;’), = nr, we take & to hold the

nodal values of ny — 3, nj%,. This yields

~ -1 ~ ~
(M acam) ap = (M7 4 AK™ (B - A divel ) ) a
— gt (K () - M v o)) 1

— ALK (e Ve (!t + o) = ) Atgyy
k
and we can write
K™ o)1 = B o)1+ D™ (o)1 = B (o)1,
since D™~ ! has zero row sums. Then, since &;L”_l =0, we have

(M™ + AtA™)G" = —npAt (Hm—l(v;y—l) — M Y(div vg'j,;l)) 1

= ALK (Ve gt + ey - Atgp,
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where g;"~! holds the nodal values of GJ*~'. Using the fact that v;" ™' = Vg —

szn_l — v ! and the update schemes for ¢, p* we have

—npH™ Yo" 1 = —np M™ (div vgfh_l)l
+ K" (Ve (a4 ol ) + g
This means that we can write M™ '@ = 0, and thus &7 = 0, which means

Dk Q-

3.5.4 Energy Estimates

Next, we need to demonstrate that the solution satisfies the same energy es-
timates as in the previous sections. We that v, € L>(0,T; W'*°(Q)) uniformly
in hA and the mesh 7," is uniformly non-degenerate in time. Then, the regularity

estimates for ¢} follow in a similar manner as before, using the estimate
K™ (it ety vin) < ClVeRlzz@mlleq lz@my < ClVep ™ r2@m).-
We can derive a bound on ¢;" by taking ¢;* as a test function and obtaining

lgnll Lo 0,022 a0 < CllVsllzo0,1:L2(0a.)) -

The estimate for p)* follows in a similar manner as before by noting that

(1, py, divoly,)y 2/ pr divoly, < |[py'llz@m [l div ol ||z @m).-
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Taking these estimates together yields a uniform bound on wy, in L?(Q7). Combin-

ing this with the estimates

E™ (o (A7) m = ol ) < ClIV | e

(nzgl,nzh o (A~ div v?{l);l”_l < OnZ|| div v:f,:IHLz(mel) <C

yields the desired bounds on ng,.

3.5.5  Convergence

It remains to demonstrate convergence. We define 0y, &, py, o3 € Sj in
the same manner as Chapter 2. The regularity of 7;" implies that the same uniform
bounds are satisfied by these modified quantities on €2y, and thus weak convergence
of the modified quantities is obtained on §25. We note that, while det(n}") # 1, we
do have 0 < ¢ < det(n}’) < C uniformly in h, m. Furthermore, since

m ~m—1
- m m ap —a —~m
(D; aj) o™ = ot Ath = Dy ay,

we obtain the same bounds on the discrete time derivatives of 1y, and ¢, as before.

We define

(Bi)ij = (bij)its (bij)it = (0w, ()7 1) 0 13
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Lemma 3.5.2. The modified quantities 1y, ci', p,' satisfy the weak formulation

= At /Qm) X (=i, Bl VoL 4 Gr(@ )

+) At/ ((—dBf;Vﬁi,h + il ) BiVY) + &
— Q(0)

j=1

==Y At/ ((ﬁ;‘hl + ﬁg—,f)f(&;jl)xﬂ') +& (3.15)

j=1 Q(0) ’ 7

> At / BV, - BV =—> At / o, - BIVX + &
j=1 Q(0) j=1 Q(0)
ZAt / (BIVP, - BiVX’ +X'B} : V&)
j=1 Q(0)

it S [ () GBIV, BV

j=1 Q(0)
+ n}l Z At /Q( : (KB<égz>ﬁi),h - TLTKR(g’gL, ’FL;L)) Xj + 54,
j=1 0

where & — 0 as h — 0. Here
w

v, = —By'Vp, — B'V gy + BV — o,

Proof. There are several components of the error terms &. We have to account for
the fact that detn;* # 1, the difference between the mass-lumped and consistent

inner products, and the artificial diffusion terms.
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We first show how we deal with the discrete time derivative term. For example,

for ¢}, we have

ZN<DE X

— S MM Dy ey M

Jj=1

:Zm MY (D; &) MK’ +ZAt MY (D7) MR (det ] — 1)
0o

Jj=1 Q0
m—1
e = [ e = Y ac [ e aenp
Qo Qo 20 Qo

—i—ZAt MY (D; &) MP¥ (detn) — 1).
A similar argument holds for n}",. Then, we can write

& =&+ Ate],

=1

with
E = [ X™)a0 — (A X)) — [ 5 X Mo — (7 4 X°)3]
and
& = /Q(O) Fy(detni® — 1) + (], s DIX )0 = (01, D X))
— (Ge(@ 7 ) ) — (G(@ 7771 x7))
+ ((nZ?,jl,Xj o (ny~H div vy byt (nﬁ;l,xj o (n?_l)_l,divvgfh_l)gmfl)

+d™ g xo (g ) T

=&+ &+ + &+ &,
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with & = >, AtE]. Here, F}, is uniformly bounded in L'(£2(0)) and the term EM
accounts for the fact that det n;® # 1. The terms &7 for ¢ = 2, 3,4 account for the
error due to mass lumping, while &7y is the artificial diffusion term. Then, due to

the estimates (3.12), (3.13), we have
> AtE | —o0.
j=1
Due to the estimate (3.6), it follows that
D AHEL| + |E] 5|+ |E] 4l < Ch — 0.
j=1

and due to Lemma 3.2.3,

> AtE] | < Ch 0.
j=1

Finally, we note that [£7] < Ch — 0 due to the L bounds on n}?,. It follows that
|E1] = 0. The other error terms &; for i = 2, 3,4 are less complicated, and the same

argument can be used to show that |&;| — 0. O

Next, we argue that B;* — B in C([0,T] x €), where

bij(t) = (Bzn; (1)) o n(t), B(t) = (bi(1)).

We note that

b3 (87) = (O3] < 10, (0");7) © (0" = 0())] + 1@y — Ou, (1)) 0 m(H)]-
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For the first term we have the estimate

[0z, (1)) 0 (0" = ()] < 10, (i)l e 0.9 xm 175" = (Bl ((0,77%9)

< Ch?|log h|

due to the regularity assumptions on 7, n;'. The second inequality is due to noting

m

ny = np(t™) and
70 (E™) = 1(t) || Lo 0,1y %) < M0 (E™) = n(E"™) | oo (0.1 x ) + 1M(E™) =0 () || oo ((0,7) %)
where

[7n (™) = (™) || Lo (0. x0) < Ch*[log A,

In(t™) = n(t) L= (or)x) < CAL0m ()|l L= ((0,r)x) < Ch®

due to the assumptions on At and the fact that d,n € L*(]0,7T] x §2). Furthermore,

we can write

|z = 0w, (i) 0 ()] < 10wy — Ou, (1) |z (0.2 x5y 11l 2 0,7:20)

< Chlloghl|,

where we have assumed that the error estimate for the approximation 7, also holds
for n; . Thus, since Bh|logh| — 0, it follows that B* — B in L=((0,T) x ).
This is sufficient to prove convergence in the same manner as the functional analytic
problem.

1 ~ 1

Thus, the quantities (ng,c,p) defined by ny = ngon™, ¢ = ¢on~! and

p = pon ! satisfy the original weak formulation of the problem (2.1).
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3.6 Model with Brinkman’s Equation on a Fixed Polygonal Domain

3.6.1 Formulation and main results

We assume the same definitions for 7, Sy, Y, as in Section 3.1. Then, we let

X}, be a finite element space such that the inf-sup condition

p,divov
sup LIYV) 5 e
vexy ||Vl m o)

is satisfied for all p € Y},, with g > 0 fixed. For example, X} could be the MINI or

Taylor-Hood elements. Then, we look for n}",, ci* € Sy, pj’ € Yy, vy" € X, satistying

(D73 X0+ d al(nit x) = Kl 6 wit ™) + (G X0n,

(Dy e, xX)n + o alcl, x) +re(dl, X)n = (F 1 Xh,

A
b(pp', ®) +v a(vy’, @) + ?(’U?a ) = —np(Ve, @),

(3.16)

b(x, vi") = g k(nph, + ngh, X, (e )V ) +np (G X0n

for all x € Sy, ® € X},, where
w = v (Ve

Remark 3.6.1. As in Remark 3.1.1, (3.16)4 is technically valid for x € Y},. However,

by the same reasoning as before, we can prove that it also holds for y € 5.

The results of this section are similar to those in the case of Darcy’s Law.
The main difference is that we require more regularity of the initial data. In fact,
we require even more regularity of the initial data than we did for the functional

analytic problem with Brinkman’s equation. This is because we do not have the L7,
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p < 2, estimates for Stokes equations that we used in the functional analytic case.
Thus, we need higher regularity for ¢ to account for this.
Before we introduce the main existence result for this scheme, we need to

define a discrete interpolation space. Let
Xnp={veSh:|v|r@ <o}, DAY ={ves),:|Aw|g <oo}.

Then, we can define a real interpolation space (X p, D(A}))1-1/pp, and we denote

by || - |[i=1/p, the norm on this space.

Theorem 3.6.2 (Existence of Finite Element Solutions). Suppose
0< ng,h: an,h =nr, 0 < C?L’Cvm,h < tmM; C% S (Xh,mD(Az))l—l/p’pv p>2
k

Then, provided h sufficiently small and At < Ch?, there exists a unique solu-
tion (N h, Ch, Vn, pr) to the system (3.1) with initial data ng?h,cgj. Furthermore, the

solution satisfies the bounds

0<en <ecm, 0<ngp, E ng', = nr for each m,
k

k020,81 @)) + |Vl oo, )y + 1Pnll Lao,ri2 ) < C,
“ChHLOO(O,T;leP(Q)) + ”ChHLP(O,T;W?vP(Q)) <C,
||Dt_nk,hHL2(0,T;H*1(Q)) + HDt_ChHLZ(o,T;Hfl(Q)) <C,

where C' is dependent on fized quantities including ||c}|[1-1/p,p-

The second main result of this section is the convergence of the solutions of

the scheme (3.1) to a solution of the system (2.1).
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Theorem 3.6.3 (Convergence of numerical scheme). Suppose that
0 < npo, an,o =np, 0<co,co <cu, o € WHPP(Q), p>2,
k

and define

tm

ng,h = M, 'Dynyo, o) = M; 'Dyco, ¢y = (At)"'M; ' Dy, / co(t).

tm—1

Additionally, suppose there exists a sequence (hy, Aty) such that At, < Ch? and
hi — 0. Then, for each k there exists a solution (np,,Cn,,Vn,,Pr,) to (3.1) with
wmitial data n%k,cgk. Furthermore, as k — 00, (np,, Chy, Un,, Dh,) converges weakly

to (n,c,v,p), where (n,c,v,p) is a solution to (2.14) with initial data ng, co.

3.6.2 Proof of Theorem 2.5.2

We introduce several results related to regularity of Stokes’ equations and L

discrete parabolic regularity.

3.6.2.1 Estimates for discrete Stokes’ equations

We need to demonstrate sufficient regularity of vy, p, in order to prove con-

vergence, and to determine appropriate bounds on ny . We recall the formulation

DOR B) + v alof’, ) + (0] B) = —nr(Vo, ) -

b(x vi') = ng'k(ngy + ngh, X, (e )Ver) +npt (G X

for all x € Sy, ® € X,.
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Lemma 3.6.4. Suppose that 0 < njlY, < nr and ¢ € HY(Q) with 0 < & < ey

Then, there ezists a unique solution (p)*,v}") € Y, x X}, to (3.17) satisfying
05" | 22(0) < C(A + [l |2

where C' is dependent on fixed quantities but independent of h,m. Furthermore, if

ni, € H'(Q) and b € W (Q) with Anc € L*(Q), then

1ok 122y + log' | a0

< C (L4 [|Anenllzz) + llenllwro) (10 llm @) + lep ) -
where again C' is independent of h,m.

Proof. Let g;* € S}, have nodal values
9" = (@" K W(c)Vep )M )i + (KGR
where a holds the nodal values of n7', +ny"%,. Then, we can write (3.17) in the form

A
b(p, @) + v a(v], ®) + E(”Zﬂ ®) = —nr(Ve, @)
(3.18)
b(x; vy') = (95", x)
for all y € Sp,,® € X;. Then, since the operator b(q,v) = (g, divv) satisfies the

inf-sup (or Brezzi) condition, there exists a unique solution (pj*, v}") € Yj, X Xp,.

Next, we demonstrate that |(g;", ¢)| < C||¢||a1 ). We note that

g h(ngy, + gy, ¢, 0(ci)Vey') = ng' /Q(n;;h +ngn) (e ) Ve - Vg

< IVl Vallza o)
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and n7' (G, @)n < C||G||r2(e)- Furthermore, due to Lemma 3.2.3, it follows that

|d(npl, + 1y, @, (e ) Ve )| < Cnrllv(c ) Vel L2l Vall 2 @)

This demonstrates that (g7, q)| < C(1 + || || o))l ¢l 21 (0)-

Next, we argue that if (v, p) satisfy

(p,divu) + %('v, u) + u(Vo, Vu) = (f,u),
(3.19)

(¢, dive) = (g,9),
with || f]lz2@) < C and |(g,q)| < Cllq||#1(q) then [[v||2 < C. We can do this by
a similar duality argument as presented in [22], noting (see [31]) that if (w,r) is a

solution to (3.19) with f € L? and g = 0, then
Vil + |Apw][r2 + [wllm < Cl[f]] 2.
To prove the final estimates for p;’, v}, we recall
(9" an) = ng" k(g + ngh, ¢, 9 () V) +ngt (GR, ),
with (G}, ¢)n < C|lq||r2(0), and, by Lemma 3.2.3,

d(nyy + g, €, V(e )Ve) <V (gl + ngi) 2@ 1 () Vel e @ IVl 2@

< Cllgllr2

due to the energy estimates on nj', cj* and the inverse inequality. Next, we examine

the term h(np}, + ny,, q, ¥(cit) V).
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We take ¢ = (n7}, + nyy,)(cy'). Due to Lemma A.3.1 and (3.5), we have

1R (U7 ) 2 < C (llall 2@ + 2Vl 2@ + AlaV (@5 || 12@)
< C (llgllrz@) + Nall ez IV 2@ IV e o)

< Cllqll 2,

where C'is dependent on fixed quantities along with ||c}*||w1.0(q), |77 1()- Then,

we can write

(' Ve, Va) = (Ver', Vigey')) — (Ve qViy)

= (Lney', Bu(qyp") — (V' qVyR') + (e, Bu(qdy')) — (e, qy')-
It follows that
((Wh' Ve, V)| < C (14 [|Lacq 2@ + VR @) IV 12()) llallz2(0)-
Thus,
gnll 22y < C (1 + [[Lncnll 2oy + IVenlloe@) I VRl z2e)) -

The desired inequality follows from the definition of v, the fact that ||Lpcpl/zz <

C||Ancn||L2, and noting that

190 N 2) + [[oRt ) < C (1 + llgnll2@)) -
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3.6.2.2 LP discrete parabolic regularity

In order to demonstrate convergence of the fluid velocity and pressure (using
Lemma 3.6.4), we need to obtain a bound on ¢, in LP(0,T; WhH>=(Q)) for p > 2.

This estimate can be obtained by recalling the discrete Sobolev inequality

[enll Lo mwreo(9)) < [[AnchllLeo,r)x0),

and proving an LP bound on Ajcy,.

Specifically, we would like to prove that the LP regularity estimate in Theo-
rem IV of [35], which was proven in the case of homogeneous Dirichlet boundary
conditions and the mass-lumped discrete Dirichlet Laplacian, also holds in the case

of Neumann boundary conditions.
Theorem 3.6.5 (Theorem IV from [35]). Suppose ¢, satisfies
(Di cn, X)n + (Ancn, X)n = (f, X)n for all x € Sy,

with f € LP((0,T) x Q) and ¢) € (Xpp, D(AY))1-1/pp. Then, there exists C' inde-

pendent of h, At such that

1Dy cnllzeco,myxe) + llenll e mwre @)y + [[Anch || e o, x0)

< C(IIf ey + llenlli-1ps) -
Define the mass-lumped discrete Dirichlet Laplace operator A by

(AhDuh, Uh)h = (Vuh, Vvh) for all v, € S,.
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The proof in [35] relies on several properties of the operator AZ:
e AP is invertible,
e AP is positivity-preserving, and
° AE generate an analytic and contraction semigroup.

These facts can be used to prove that A has bounded imaginary powers, and thus
maximal LP regularity. It is possible to show that the Neumann Laplacian A, also
satisfies these properties. We note that A, is invertible due to the definition. It
is possible to show that A is positivity-preserving and generates an analytic and
contraction semigroup in the same way as for A”. Thus, this result also holds for

the operator Ay,.

3.6.2.3 Uniform bounds

Much of the proof of this theorem follows in the same manner as the proof of
Theorem 3.1.2. Lemma 3.2.2 holds in the same manner as before, with minor ad-
justments necessary when demonstrating that ), n, = nr. Then, these estimates
are sufficient to apply the energy estimates used in the case of Darcy’s Law, and to

use Theorem 3.6.5 to determine that
llenll oo rmree @y + [ AncallLromxo) < C (1 + lplli—1/pp) -
It follows from Lemma 3.6.4 that

onll 2o r2) < C (L4 |lenlloor:r20))) < C,
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where C' is dependent on fixed quantities. Then, this result is sufficient to use the

energy estimates from Section 3.2.3.3, yielding

k0 20,181 (@) < C.

Finally, we can use this estimate for n; in Lemma 3.6.4 to write

Iph |2y + |3 (| (@)

< C (L4 |Anci 22e0) + e lwrse@ iyl me))

and thus

1P |zao.ri22()) + 1R | Lao,r,m1 ()

<(C (1 + ”AhCZLHLQ((O,T)XQ) + HChmHLP(O,T;Wl’W(Q))chnnZThHLQ(O,T;Hl(Q)D <C,

where C' is dependent on fixed quantities including ||c})|[1-1/,,, and % =1+ %, SO

1<qg<2.

Finally, the inverse inequality yields
lonllzee + [VenllLe < CR7H ([|lonllzooo.r2@)) + lenllzoorm@)y) < Ch

This combined with the assumption on At in Lemma 3.2.2 yields the estimate

At < Ch? that we find in Theorem 3.6.2. This proves the theorem.

3.6.3 Proof of Theorem 3.6.3

We first argue that if the hypotheses of Theorem 3.6.3 are satisfied, so are

the hypotheses of Theorem 3.6.2. As in the case for Darcy’s Law, since M, ' D,
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preserves upper and lower bounds, the upper and lower bounds on n%h, A, Cy'p are
satisfied. It remains to show that ¢, € (X, D(A}))1-1/p-

The norm on the real interpolation space (Xp,, D(Ap))1-1/pp, defined by

* 0 dt\'"”
fonlicamn = |7 w2 )
0

where
Kh(Uh,t) = inf{||ah||h,p + tHAhbhHh,p L Up = ap + bh, Qp,, bh S Sh}

for any v, € S,. Additionally, the real interpolation space (LP(€2), D(Ap))i—1/pp is
embedded in the fractional Sobolev space W2=2/PP(Q), so there exists C' > 0 such

that
[e%¢] dt l/p
(/ t_p'i'l(K(fU,t))p?) S C||U‘|W272/p,p(ﬂ)
0

where
K(v,t) = inf {HCLHLP(Q) + t||Ab||Lp(Q) cv=a+b, a € LP(Q),b, € D(Ap)} .

Then, for each a, b with ¢y = a+b, a € LP(Q2), b € D(A,), we note that ¢g € W?(Q),
and since WP(Q) is embedded in D(A4,), it must be that a,b € W'?(Q). Then, we
can define a; = Mh_tha, by, = Mh_thb, and since Mh_l7 D), are linear, it follows

that ¢ = ay, + by,. Thus,
K"(cn,t) < |lanllnp + t1| Anbp]|np-

We have

lanllnp < Cllal|zr@) and || Anby||ny < C||Ab|| Lo
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due to the properties of the discrete operators, and thus K"(cy,,t) < CK(c,t) for all

t, with C' independent of t. It follows that

0 o] i1 pdt 1/p
lenlli1pp < C K, ) 4 | < Clleollwz-2rmn ),
0

as desired.

Then, the proof of Theorem 3.6.3 relies on the bounds from Theorem 3.6.2.
Those bounds imply that
Ch, — ¢ in LP(0, T; WH(Q)) N L7(0, T; HH(Q)) N L7((0,T) x Q),
np, — nin L*(0,T; HY(Q2)) N L"((0,T) x Q),
vy, — v in L*((0,T) x Q) N L0, T; H'(Q)),
Ph, — pr in LY(0,T; L*(2)),
where 2 < p < 00,1 < g < 2 are as in Theorem 3.6.3, and 1 < r < co. The rest of

the proof follows in the same manner as Section 3.3.
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Chapter 4: Results of Numerical Experiments

4.1 TImplementation of Finite Element Schemes

There are a variety of packages available for use in the implementation of
finite element schemes in Python. Project FEniCS is probably the most sophisti-
cated package, and requires a very small amount of code to implement a variety of
relatively standard finite element schemes. However, since we need to implement
mass-lumping and define an artificial diffusion matrix, we are working with a slightly
non-standard scheme. This is still doable in FEniCS, but removes a lot of the user-
friendly aspects that are important. Furthermore, FEniCS is a very large package,
and more difficult to install than many other Python packages. We choose to use
the more lightweight Scikit-FEM package. This package is primarily used to build
matrices used in finite element methods, such as mass and stiffness matrices. Thus,
we use Scikit-FEM, or skfem, to build the matrices described in Section 3.1.1. Once
we have the mass matrix M and the transport matrix H, it is straightforward to
build the lumped mass matrix M and the artificial diffusion matrix D.

We note that, in order for the update scheme for p to be well-defined, we need
to restrict p and the test functions to the space with zero mean value over 2. There
are several ways to do this.
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The most basic way is to note that any finite element function in M}, has one
fewer degree of freedom than a finite element function in S,. Thus, we can set one
of the nodal values of p to zero, and eliminate that row and column in the matrix
vector problem we are solving. Then, after we determine p, we subtract the mean
value to end up with a function with zero mean value. This method is sufficient in
certain cases, but in others it creates an undesirably large numerical error.

In the case where the method related to degrees of freedom is insufficient, we
approach the problem using the method of Lagrange multipliers. For an elliptic

problem
Ap=divg+ finQ, Vp-n=g-nonl, /p:O
Q

the weak formulation with Lagrange multipliers requires us to find p € H'(Q),c € R

such that

/Vp-Vq+/cq+/dq:/g~Vq—|—/quorallq€H1(Q), d e R.
Q Q Q Q Q

This method seems to work sufficiently well for all of the test cases, although it does
still introduce some numerical error.
In the next sections we present the results of several different numerical ex-

periments.

4.2 Two Tumor Regions Experiment

We will focus primarily on a two tumor experiment, similar to an example

presented in [52]. We will use this example to explore the effects of drug application
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and chemotaxis, as well as the choice of certain parameters. In this experiment, we
fix d = 10™* to ensure only a small amount of diffusion of the cells. We consider
initial data consisting of two small tumors centered at (0.4,0.5) and (0.65,0.65)

inside the domain © = [0, 1] x [0, 1]. The initial proliferating cell density is given by

Npo = %6—400(($—0.4)2+(y—0.5)2) + 16—700((w—0.65)2+(y—0.65)2)7

so that both tumors are taken to be Gaussian distributions. We take ¢ = 0.25,
Kp =15, K4 =13, f(¢) = 20¢, and ug = ¢y = ¢, = 1 uniformly on 2. Furthermore,
we take h = 1/128 and At = 1/1448 ~ 12873/2, In practice, a time step of At ~ h3/?
seems to obtain similar accuracy as At =~ h?, so we take the larger time step to ensure
better efficiency. We take h = 1/128 to reduce the effect of artificial diffusion, which
has a diffusion coefficient on the order of h.

Case 1: base case no drug application or chemotaxis, y = 1073

Case 2: drug application g(u) = 15u, K; = K, =5, K =0, = 1073

Case 3: chemotaxis 1) = 0.02, u = 1073

Case 4: chemotaxis and drug application

Case 5: diffusive nutrient no drug application or chemotaxis, p = 0.1

Case 6: diffusive nutrient with chemotaxis, v» = 0.02, = 0.1

There are several interesting takeaways from these results. First, we see that
in the base case (case 1 in Figures 4.1 and 4.2), the tumor initially grows (see time
t = 0.5) and then begins to develop a necrotic core at ¢ = 0.5. At this time most of
the nutrient near the center of the tumor has been consumed, so new cells are not

begin born and more cells are dying off.
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Figure 4.1: Case 1: evolution
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Figure 4.2: Case 1: evolution of ¢ without drug or chemotaxis.
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Figure 4.3: Case 2: evolution of n, with drug application.
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Figure 4.4: Case 2: evolution of ¢ with drug application.

We also note that the effect of drug application (Figures 4.3 and 4.4) is as
expected: since the drug inhibits the growth of cells, the tumors don’t reach the
same size as in the case without a drug. The tumors do still grow slightly initially,
but develop a more significant necrotic core by time ¢t = 0.5 and have lower density
of proliferating cells overall. Additionally, because the density of proliferating cells
is lower, less of the nutrient is consumed.

Chemotactic effects have a significant impact on the evolution of the tumor,
especially in case 3 when p = 107 (see Figures 4.5 and 4.6). The tumors have
larger volumes at times t = 0.25 and ¢t = 0.5 than in the case without chemotaxis,

although the overall density of proliferating cells is lower. This is due to the fact
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Figure 4.5: Case 3: evolution of n, with chemotaxis.
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Figure 4.6: Case 3: evolution of ¢ with chemotaxis.

that, as the nutrient is consumed within the tumor, proliferating cells move away
from the center of the tumor towards higher nutrient densities, which causes the
tumor to expand more quickly. However, this also lowers the density of proliferating
cells since they spread out more quickly, which leads to a lower proliferation rate.
Furthermore, it is interesting to note that in case 3, the two tumors actually start
to overlap, unlike in case 1 where there was a gap between the cells. This overlap
is because proliferating cells from each tumor start to move into the region between
the two tumors, where the gradient of the nutrient is quite sharp.

In case 4 with both drug application and chemotaxis, the results are essentially

what we would expect due to the previous examples. The necrotic core developed
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Figure 4.7: Case 4: evolution of n, with chemotaxis and drug application.
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Figure 4.8: Case 4: evolution of ¢ with chemotaxis and drug application.

in the tumors is significant, and the two tumors do overlap. The tumors are larger
than in case 2, where no chemotactic effects were considered.

Finally, we examine the effect of an increased diffusion coefficient for the nutri-
ent, taking u = 0.1 instead of u = 1072. We see that in case 5, without chemotaxis,
the tumors are much more dense than in case 1, and no necrotic core has developed
by time t = 0.5. Examining Figure 4.10, we can see that this is due to a higher
density of the nutrient within each tumor region. Since p is larger than in case
1, more nutrient moves into the tumor regions from outside of the tumor regions.
Thus, the density of the nutrient outside of where the tumors lie is lower than in

case 1, but it is higher within the tumorous regions.
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Figure 4.9: Case 5: evolution of n, with = 0.1.
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Figure 4.10: Case 5: evolution of ¢ with u = 0.1.
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Figure 4.11: Case 6: evolution of n, with ¢ = 0.1 and chemotaxis.
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Figure 4.12: Case 6: evolution of ¢ with ;1 = 0.1 and chemotaxis.
In case 6, where chemotaxis is present, the results are quite similar to case
5, the tumors are just slightly large and less dense. This is in contrast to the
comparison between cases 1 and 3, which produced quite different results. Since
the nutrient has a higher diffusion coefficient, the gradients of the nutrient density
are less sharp than in case 3, so the effects of chemotaxis, which are proportional to
Ve, will be less significant. In fact, we see that in this case the two tumors do not

overlap like they did in case 6.
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Figure 4.13: Evolution of n, on a square domain.

4.3 Effects of the Boundary

We now examine the effect that the shape of the domain has on the evolution of
the tumor. We consider two separate domains: a square domain €y = [—0.5,0.5] x
[—0.5,0.5], and a circular domain s = B(0,0.5). In both cases, we start with a

small Gaussian tumor, given by
1
Mpo = 5 exp{—300(2* + y*)}.

We set f(c) =10c, Kp = K4 =10,d =104 u=10"3,¢= 0.5, ¢cg = ¢, = 1. We
ignore drug application and chemotaxis for this problem.

In addition, we consider the problem on a domain €23 which is time-dependent.
The initial domain is £23(0) = Qy = B(0,0.5), and the mapping of the domain is

given by

. y
¢ = 1+0.2 2mt :
n(t, z,y) (x( +0.2 % sin(2mt)), 1+O.2*sin(27rt))

This experiment is also similar to an example in [52]. The results are shown in

Figures 4.13-4.15.
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Figure 4.14: Evolution of n, on a circular domain.
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Figure 4.15: Evolution of n, on time-dependent domain.
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We see that the shape of the domain affects how the tumor evolves. In the case
of the circular domain, the initial tumor is radially symmetric and remains so (aside
from a few artifacts from the mesh) at future times. On the other hand, on the
square mesh the tumor becomes more oblong, and is no longer radially symmetric.
Furthermore, in the case of the time-dependent domain, the domain is actually
circular at times ¢t = 0,0.5, 1, which helps to compare the evolution of the tumor
to the circular domain case. We see that the tumor does not evolve in the same
way on the time-dependent domain. At time ¢ = 0.5 the tumor is slightly stretched
vertically, while at ¢ = 1 the tumor has a more square shape than it does on the
fixed, circular domain and also has a region of lower density vertically across the

middle of the tumor.
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Chapter 5: Conclusion

In recent years, many varieties of mathematical models for tumors have been
studied by mathematicians, computer scientists, biologists, and others. These mod-
els consider many different factors for tumor evolution, including interactions with
drugs or nutrients. However, many of these models neglect the effect of cell chemo-
taxis. Certain types of cancerous cells are known to undergo chemotaxis in the
presence of different nutrients and chemicals [42], so it is important that these ef-
fects can be incorporated into a model.

Models which do include chemotaxis either do not include the effects of a
flow field within the tumor (such as [41] and the Cahn-Hilliard models studied in
[10], [27], [47]), or use a simpler divergence constraint than (1.3) (see, for example
[26]), often specifically examining the case of an incompressible flow (][20], [32],
[36]). Alternatively, the free boundary problem for tumor growth examined in [7]
introduces a regularization of the divergence constraint in order to produce strong
solutions.

Other researchers have looked at models for chemotaxis outside of cancer mod-
eling, such as in Keller-Segel models for the aggregations of slime molds ([34], [45])

or in the case of general chemotaxis-fluid models with incompressible flow ([12],
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[18], [38]). Since these models either neglect coupling with a flow field or assume
incompressibility, the nonlinearity of the divergence constraint (1.3) is avoided.

We build upon these previous models by examining a chemotaxis fluid model
for tumor growth in which the cells within the tumor are transported by a flow field.
The flow of cells through the extracellular matrix can be modeled either by Darcy’s
Law or by Brinkman’s equation, both of which are governing equations for flow
through a porous medium. Existence of weak solutions can be proven by defining a
sequence of convergent approximating schemes. One main challenge in proving this
existence result is the nonlinearity in the divergence constraint (1.3).

The use of the Arbitrary Lagrangian Eulerian (ALE) framework is a key part
of the analysis. This method allows us to consider the problem on a moving (time-
dependent) domain and is also especially useful in the case of a finite element scheme.
While the ALE method has previously been used mostly for fluid-structure interac-
tion problems [4] but has also been used increasingly in a variety of other problems
in fluid dynamics [46]. To our knowledge this method has not been used for tumor
growth models.

We are also able to construct a convergent, positivity-preserving finite element
scheme for this model. Related schemes have been studied for chemotaxis models
in the absence of a flow ([45], [48]), and for chemotaxis-fluid models in the case of
incompressible flow ([5], [11], [19]). We are not aware of the existence of a similar
finite element scheme for a chemotaxis fluid model without incompressibility.

On a fixed domain a scheme for both the case of Darcy’s Law and the case of

Brinkman’s equation can be defined, while we are only able to define a scheme on a
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moving domain for the case of Darcy’s Law. Numerical experimentation shows that
the effects of chemotaxis are significant. Specifically, tumors tend to expand more
quickly and become less dense in the presence of chemotaxis.

Further experimentation could be done to examine the numerical results for
the case of Brinkman’s equation and compare these results to the case of Darcy’s
Law. Additionally, we plan to be able to compare these simulated results to actual
tumor growth observed in experiments. This would allow us to determine more
appropriate parameters for different types of tumors, and to determine whether the

chemotactic effects are observed in real data.

5.1 Future Work: A Free Boundary Problem

The current model has several limitations, primarily due to the difficulties of
solving either Darcy’s Law or Brinkman’s equation on a moving domain given the

divergence constraint (1.3). In order to solve these equations, we
e imposed homogeneous Neumann boundary conditions on ¢,
e defined the removal term Kg(c,n) = —n;' fQ(t) Kg(c)n,, and
e assumed that the mapping 7(t) : Q(0) — Q(¢) was volume-preserving.

These assumptions limit the applications of the model. For example, we want to
consider the case where the nutrient is constantly supplied through the boundary of
the tumor, which would correspond to Dirichlet boundary conditions for c. Ideally,

we would allow the tumor to expand or contract, which we cannot do if 7 is volume-
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preserving, unless we consider the case of healthy cells surrounding a tumorous
region as in the previous chapter. However, in this case there are no forces (like
surface tension) holding the tumor together, so the tumors expand more quickly
and are less dense than we would likely see in a physical setting.

To address these limitations, we plan to examine the case of a free boundary
problem. Such a problem is defined in a similar matter as in Chapter 1, but with
different boundary conditions. In this case we do not prescribe the domain €2(¢) a
priori but rather solve for the velocity of the domain v, as part of the problem and

construct Q(t) from wvg. Specifically, we consider the boundary conditions

Vng-n=0, c=cp, p=rkK, onl(t),

where & is the mean curvature of I'(¢) and + is a surface tension coefficient, and let

the velocity of the domain v, be given by

v-n=wv,-nonl(t).

These conditions are similar to the free boundary conditions defined by Friedman
in [25] and other related works (for example, [7], [8], [54]). This means that the
boundary of the domain is allowed to move in response to the surface tension of the
tumor.

However, if the boundary I'(¢) is not sufficiently smooth, we run into problems
with the regularity of the pressure p along the boundary, and thus the regularity
of the velocity v, of the domain. Thus, a simpler problem is to consider a radially

symmetric model, where €)(¢) is a ball of radius R(¢) and the quantities are dependent
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only on the radial position r and the time ¢. In this case, Kk = % on I'(t). We
expect that we can solve this problem in a similar way as before, after reducing the

model to a problem in space 7, t.
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Appendix

A.1 Estimates for mapping

Lemma A.1.1. Suppose that i € W'P(Q(t)), 1 <p < oo, and define u = @ o n(t).

Then, uw € WHP(Q(0)) with

crllaflwrem) < llullwreo) < Crllllwre@ey-

Furthermore, if . € W*P((t)), then there exist constants ¢, C independent of Q(t), t

such that

cllullwzreq) < [lalw2e@ey) < Cllullwze @)

Proof. Denote by @,y the coordinates of €2(0) and Q(t), respectively. We note that

Op;u = Oy, (Won) = (Viion) - (0z,n),

Oyi =0y, (won™) = (Vuon™) - (9yn™).
Thus, it follows that

Vul? < C3|Vaon|? and |Vil]* < ¢ ?|[Vuon .
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Using the fact that det(Vn) = 1, we have

crl|tl|wrrwy) < llullwie@o) < CLllallwir@aey),

under the assumption that ¢, <1 < (7.

Next, we see that
0, 0u;u = (((D*@) 01) - (Ou;m))  (Oz;n) + (V&) 0 1) - (9, 0s,m).
It follows that
I1D%ull e o)) < CLID? 0l oy + IVl Lo 10?0l s )y < Cllallwz -

The other direction of the inequality follows in the same manner, by using the

bounds on 1. O
Lemma A.1.2. Suppose t € W*P(2(t)) and define u =@ on. Then,
At = (A(t)yu) on~' = (0y,(ai;0p,u)) o

where A(t) is a strongly elliptic operator on WP (Q(0)). If @ satisfies homogeneous
Neumann or Dirichlet boundary conditions, then u also has homogeneous boundary
conditions (either an oblique condition of the form zij aijOz;u - n; = 0 or Dirichlet

conditions), and there exist A\g > 0,C > 0 such that
Il < C (1A o) + lEllwrr@ey) -

|allwzr )y < C ([|ATG+ Nl Lo@ey) -

for all X\ > X\g. Here, C' is independent of t and \.
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Proof. Denote by x,y the coordinates of £2(0) and (), respectively. Since @ =

uon~!, we can write

A =S "((D*w) o ™) - By ™) - @y + (Vu) o) - (An7h),

so it follows that

Au = (A(tyu) o™ + (B(t)u) o™,
where
A(tyu =Y 0y, (ay0pu), ag = (V- Vi) o,
ij
B(tyu="> bidyu, bi=An"on—=> 0, a;.
i J
Claim A.1.2.1. [fdet(Vn) =1, then B(t)u = 0, and thus At = (A(t)u) on~t.

Proof of claim. 1t is possible to write
bi=—=> (Vo on) - (0, (Vi om) == @y on) > 0 (9ym; "t 0m).
J k J
Furthermore, Jacobi’s formula gives 9, det(A) = tr(adjAd,A), and since A™! =
(det(A))~tadjA, it follows that
0, det(A) = det(A) Z[A_l]mwi [0 Alco,

In the case that A = V=1, this yields

0 = 0,,det(Vn~") = det(Vn™") Z(ayﬁyjn’l) (Vnion™h).

)
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We also notice that

Zaﬂh ykn] ) = Z ((ayiayknj_l) © 77) aﬂcjni - Z ((ayiaykn_l) © T)) . Vni = 0.

1,7 %

Thus, b; = 0. |
Claim A.1.2.2. The operator A(t) is a strongly elliptic operator.

Proof of claim. Taking ¢ € R with ||£|| = 1, we have

Z ajréilj = Z (Z §0z:1; Zék%ﬁk) => (Z(iﬁxmj)2>

i J
=D &IVl =l Y & =il
J J
Thus, A(t) is strongly elliptic. |
Claim A.1.2.3. If u satisfies homogeneous boundary conditions, so does u.

Proof of claim. 1t is obvious that if u satisfies homogeneous Dirichlet conditions, so
does u. Then, we examine the case of Neumann boundary conditions. It can be
shown that if the vector m is a normal vector at @ € I'(0), then the vector m given
by

iy = om0y

i

is a normal vector at y = n(x) € I'(¢).

Then, we have

(Vi-m)on=> (d,ion)mon=> (d,ion)n;((d,n;")on)

7 2,]
= (Dw,u) By 0 m) ny(Dym; ™) Za]k (D) 1.
4,5,k
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Thus, u satisfies the homogeneous oblique boundary condition

Z aij@xju ‘N, = 0.

ij

Finally, we need to prove the desired regularity estimates. Then, since u has

homogeneous boundary conditions it follows from Theorem 2.3.3.2 in [30] that

ullw2r)) < C (JA®) ]| e + lullwrr@oy)

where C' is independent of ¢. Furthermore, by Theorem 2.3.3.6 in [30], there exist

Ao, C' > 0 such that for all A > ),
[ullwzr o) < CllAM#)u + AullLe @),
Additionally, we have
A ull @) < [[AU @y, [[AG) U+ Aull o) < AT+ Xal| oy
Therefore, combining the above estimates with Lemma A.1.1, we obtain

@llwzr@ey < llullwes@o))
< C (JJA®)ull L)) + lullwrr@o))

< C (ATl o @y + lallwrray)

and the constant C' is independent of ¢. Similarly, it follows that

la@flw2ey) < C ([|AG — Nl Loey) »
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for any A > \g, with C' independent of ¢, \. n

Lemma A.1.3. Let 0 <t < T, 1< p < oo, and fix f,g € LP(U(t)) with fQ(t) g=0.

Then, there exists a unique solution u € WHP(Q(t)) to the problem

(

Au =div f + ¢ in Q(t),

Vu-n=f-nonl(t)

\fQ(t) u=0,

satisfying the bound

lullwrr@ey < C (1F]lr@wy) + 19llLr@y)

with C independent of t. Furthermore, if f € W'P(Q(t)), we have the estimate

lullw2r@ey < C (I Fllwir@e) + 19lle@ey) -

Proof. Suppose the hypotheses of the lemma are satisfied. We define the Bogovskii

operator Bogy on €)(t) (see for example Section 3.3 in [40]) so that
div Bowyg = ¢ in Q(t) and Boyg = 0 on 08(t)

for any g € LP(€(t)) with fQ(t) g = 0. The operator Bo) is bounded from L? to LP.

Thus, taking f' = f + Bow)g, the elliptic problem can be rewritten as

Au = div f in Q(t),

~

Vu-n=f -nonl(t).
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Then, by Theorem 1 in [2], there exists a solution u with

IVl ey < CENF ey < C@) (1 F]lr@y + lgllr@ey)

It remains to show that C(t) can be taken to be independent of t. We do prove
this by contradiction. Suppose this is not true. Then, there exists a sequence

{uk, fr, gr, tx} such that wuy solves
Auk = div fk + gk n Q(tk),

Vuk N = fk on F(tk),

and ||[Vugl|ze) = ¢ with [[fill e 96l o)y — 0. As shown in [2], we

consider the weak formulation of the problem, given by

/ Vuk-ng:/ (fr- Vo — g:9),
Q(ty) Q(tr)

so that we avoid having to define Vuy, fi on the boundary.

We note that since t; € [0, 7], the sequence {t;} is bounded, and there exists
an accumulation point t. Without loss of generality, assume that ¢, — ¢t. Then, we
define n, = n(ty,) on~1(t), and let ay = uy oy, fi = firo Nk, Gk = gk © Mg 1t follows

that Vi, = Br(Vuyg) o ng, where (Byi)ij = O, (nx)s- Thus, we have

/ BViiy - ByV = / For BV — / i,
Q(t) Q(t) Q(t)

where now ¢ is a test function on Q(t). Thus, noting that

- By =a BB = (B{a)"8 = Bla-p,
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we can write

/ Vi - Vo = / (fk + (B — fi) + (Vg — B;{Bkabk» V- / e
Q) () ()

:/ Fk'vﬁg—/ k-
Q) Q)

It follows that

Vi -n = EF -n on T'(t),

and thus

IVl < € (IFklew + 13l @)

where C' is dependent on (). Then, we note that

1Ell ey < Ifellzeay + I1BE = Il | Frll o)

+ || By By = I o= (ep I Vi o (ey)

Recalling the assumption that ||Vug||zro,)) = ¢ and || fill er))s |95l 2@y — 0,

it follows from Lemma A.1.1 that

0 < c1 < Vil ooy < c20 1 Fellzes 17kl @) — O-

Then, we note that the assumptions on 7n(t) imply that || Bg||z, || Bf ||z~ < C, so it

follows that

Jim [ Fy o) = lim 15 Bre = I 2= (e I Vi [ 2o (02

: T
< ey klg& | By Br — 1|t

146



Then,
(Bi Br)ij = V(m); - V(me)i,

and since O, (nx); — d;; in L°(Q(t)), it follows that Bff B, — I in L*>(Q(¢)) and
thus
Jim |l 2oy = 0.

However, this is a contradiction because we have

0 <1 < ||Vl rey) < C (HFkHLP(Q(t)) + ||§k\|LP(Q(t>)) ;

so it must be that the first estimate holds.
Next, we assume that f € W1P(Q(t)). Then, as in the proof of Lemma A.1.2,

we have that @ = u o n(t) satisfies

A(t)u = (div f) o n(t) in ©(0),
BVi-m = (f)on-m onI'(0),

where B;; = a;; and a;; is as defined in the proof of Lemma A.1.2, and m is the

outward normal vector on I'(0). Thus, by Theorem 2.3.3.2 in [30], we have

||a||W27P(Q(0)) <C (|| div f||LP(Q(t)) +[[f-mo 77||w1—1/m>(r(o)) + HaHWl’P(Q(O))) .

We also have

(£ on) - mllwr-vmoroy < Clldiv(F o n)llr@o)
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by the Trace Theorem. Combining all of these estimates with Lemma A.1.1 we have

[ullw2o0iy < C (1F lwreqe) + lullwio@ey) -
Combining this with the previous estimate in W'? proves the desired bound. O

Lemma A.1.4. For f € LP(Q(t)), § € LE(Q(t)) with 1 < p < oo, and constant

A > 0, there exists a unique solution (@, p) to the problem
Vp=—A\i+Ad+ f,
diva =g
on Q(t), with 4 satisfying homogeneous Dirichlet boundary conditions on 0S(t),

provided fQ(t) g = 0. Furthermore, the solution satisfies

1Dl ze ey + lallwiow) < C (HfHLv(Q(t)) + HéHLp(Q(t))) (A1)

with C' independent of t.

In addition, if f € LY(Q(t)) and § € W HQUt)) for 1 < q < oo, we have

lllsaowy < € (I lzs@an + 130wy ) (A.2)
with C' independent of t.

Proof. The existence of a unique solution (a,p) € W, (Q(t)) x LP(Q(t)) is guaranteed
by standard estimates for the Stokes equations (for example, Proposition 3.2 in [29]).

We argue the inequalities via contradiction. Suppose 1 < p < oo. Then, we
argue the inequality (A.1) holds by contradiction. Assume that (A.1) does not hold.

Then, there exists some sequence (", u", p™, ", g") such that (u™, p") solves Stokes
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equations with f" ¢" on Q" = Q(t"), and

Then, it must be that, up to a subsequence, t" — t. Define A" = n" on~(t) :
Q(t) — Q" and a" = u" o A", for a = p,u, f,g. Due to previous estimates in this

section, we must have, for some constants ¢, C' > 0,
¢ <" lzeeqy + 18" lwpew) < C,
i 77| ooy + 19" | oy = 0
Next, we note that
AT — (Au™) o A" = Ad" — Za% ag; 0y, "

where

al, = (V(AH™. V(A?)‘l) o A",

ij
Then, we note that, due to the smoothness of A", (A™)~! and the fact that (A")~?

I, the identity operator, it follows that

v

Additionally, we note that
Vi — (V") 0 A" = (0,,5") — Z €40,

= (On," Zaxj (csp™) — (Dn,E5)P",
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where

= (05, (A7) ) 0 AT = 65 and 0,,cf; — 0

%)

by the same argument as above. Finally,

diva" — (divu") o A" =Y <81iﬂ? = (Z c?j@xjﬂ?» :
i J

where ¢} is the same as above. Then, (4", p") satisfy

Vi = —A\a" + A@" + f" + F",

diva" = g" + G",
where

Fr = —A@" + (Au™) 0 A" + Vj" — (Vp™) 0 A,

G" =diva" — (divu™) o A™.
Then, we have the estimate

" lwa ey + 11" ey

< C(t) (IIf"IILp(ﬂ(t)) T 1F w20y + 19" | r@) + IIG”IILP(ﬂ(t») -

Due to the original assumptions,

/" | e ey + 19" | e @@y — 0.
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Furthermore, due to the previous analysis, we note that we can write

IE™ Iy 00y < Nlaig = 03]l Lo aen VT || e (o))
+ (llef; = il =y + 10n; ¢l o) 18]l ey
< C (llag; — ijll Loy + e = 8ijll Loy + 102, ¢l Lo e
— 0,

and

1G" ey < lleig = dijll Lo @ap V" [ ey
< Cllei; — il L=t

— 0.

Thus, it follows that

1" [lw o) + 18" L@y — 0.
However, this is a contradiction, since
0 <c < [la"lwiwy) + 18" |ze @)

Thu, it must be that (A.1) holds.
Next, we prove a stricter estimate, again by contradiction. There exists a
constant C' > 0, independent of ¢, such that if (u, p) solves Stokes equation for (f, g)

on (), with 0 <t < T, then

lullwziowy + IPlwpeey < € (Il + lolwgeey) - (A3)
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We again prove this result by contradiction. Assume that (A.3) does not hold.
Then, there exists some sequence (", u", p", f™, ¢") such that (u",p™) solve Stokes
equation for (f™, ¢") on Q" = Q(t") and

[u"lwz@ny + [[p" lwpny = ¢ > 0,

T (" zoemy + lg" [l @m) = 0.

Using similar arguments as before, we know that, up to a subsequence, t" — ¢, and

we see that (4", p") solve

V' = —\i" + A"+ "+ F,

diva" = §" + G™.
Then, we have the estimate

1a" w2y + 12" [lwi o)

a4 <||fn||m<ﬂ<t)> + [1F" ey + 15" lwp ) + ||G"||W;<sz(t>>> '
We also have
IF™ | oy < llagy = 6ijll oo qep 1D | ogacey) + 102,05 | L @iy I VA" | Loy
+ ll¢i; = 0l oo ey 12 llw ey

< C (lafs = 0ijll Loy + 10w, a || Loy + ¢ = 8ijll Lo ey))

— 0,
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and

1G" lwr ) < lleig — disllwe @ap 8" w2
< Clleij = dijllwr ()

— 0.

This draws a contradiction in the same manner as before.
Then, (A.2) follows by the same duality argument used in [22].

]

Lemma A.1.5. Fix 0 < s < t < T, and suppose u € W?P(Q(t)) for some 2 <
p < oo withn € Whe°(0,T; H(Q(0))). Define A =n(t) on=t(s): Q(s) — Q(t) and

At =n(s)on (t) : Q) = Q(s) and @ = uo A. Then,

||VU'|ILP(Q — IVl

| < =) (CEe DIVl + lulyamo )
where C(e71, p) is independent of s, t.

Proof. We first prove this lemma in the case p = 2. We first recall that Lemma

A.1.1 gives the bound

el a1y < llullaree) < Ol ar o)
Furthermore, we have the Sobolev embedding estimate

[ullwra@ey) < Cllullrzoe),
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for C' independent of ¢, and ¢ < 6. Then, we have

||VU||%2(Q@)) - ||Va||%2(g(s)) = /Q( : (Vu)o A=Va) - ((Vu)o A+ Vi)

< C|[(Vu) o A= Vil g o [Vullzsiay

< Ol(Vu)o A=Val ¢ o lullmzow)-

Then, we examine the term ||(Vu) o A — VﬂHLg( e We estimate

Q

Oy, = Oy, (w0 A) = (Vo A) - (8, A).

Thus,

(Vu)o A—=Vu=((Vu)o A)- (I — VA),

where [ is the identity matrix. We know that

05, A = 0y, (n(t) o(s) ™) = (Vn(t)) 0 n(s)™") - (Bwim(s) ™),

((Vn(s)) o n(s)™) - (Buin(s) ™) = 0w, = (035)j—1,

so it follows that

VAR =1 = ((Vn(t) = Vi(s) on(s)™) - (Dun(s) ™)) -
Under the assumption that n € Wh>(0,T; H'((0))), it follows that V7 is Lipschitz
in L?(Q°) with respect to ¢, so

1Vn(t) = Vn(s) |2 < C(t —s),

and thus

VA = 1|20y < C(t — 3).
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Therefore, we have
||<VU) oA — VﬂHLg(Q(S)) < C”VUHLS(Q@))HVA - ]HLQ(Q(S)) < C||VUHL3(Q(t))

and the desired estimate follows by noting that

1/2 3/2
ClIVull el 20w < 1Vl 5o Il

< C(eNNVullZzi) + ellullfzqou)-

Next, we examine the case of even p with p > 2, and note that it follows for
all 2 < p < oo by interpolation. In this case, since p > n, we have the Sobolev
embedding estimate

lullwro ey < Cllullwzrw),

with C' independent of ¢. Using the algebraic estimate
a® — b = (a = b) (@ + "2t + L+ VT O,

and taking p = 2k, we have

”VUHL%(Q(U) ||VUHL% Q(s))

/ (V) o AP — [Va[*|
Q(s)

< OVl |1V Ul ) — V3200

< Cllully e IVl — IVl

Then, by the argument in the case of p = 2, it follows that

HVUH%?(Q(t)) - HV’&H%‘Z(Q(S)) < C(t = )| Vull sy llull r2@a)),
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and the desired estimate follows by noting that

[4
ClIVull s lell 2@ 1ullzs o < CIVEl Lo lullson

< C(E’l,p)HVUHQP(Qu)) + 5”””%/24)(9(15))

by Sobolev embedding and Young’s inequality. O]

A.2 Other estimates

Lemma A.2.1 (Semidiscrete Version of Arzela Ascoli). Suppose ua; is piecewise
constant in time with ua, = w%, on (™ 1, ¢™], and that u%, € H CC B, where
either H = L?(),B = HY(Q) or H = HY(Q), B = L*(Q), and At = t™ —t™~ 1,

Furthermore, suppose

| Dy uaell 20,y < O, |uael| oo,y < C
independent of At > 0.Then, up to a subsequence,
(i) upay — w in L>(0,T; H) with uw € C(0,T; H),
(ii) if H=H™', B = L?, then ua(t) — u(t) in B for a.e. t € [0,T).

Proof. Property (i) is a simplification of the more general Theorem 6.2 in [16]. We
note that [0, 7] is a compact metric space, and H is complete metric space compactly
embedded in B. Thus, the uniform bound ||ua¢||ze=(o,r;z) < C implies that ua; is

relatively compact in H for all s € [0,7]. Furthermore, we note that

[uiy — WAl < Z lupe — 'l = At Z 107 L,

Jj=n+1 j=n+1
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SO

m
[y — kel < (m—n)(AL* > 1Dy w3,
j=n+1

by Jensen’s inequality. Thus,
lur, = upllzy < (m = n)AL|Dy uadlz20 7y < C(E™ = 17).

We can then use Remark 6.3 in [16] to determine that we have met the hypotheses
of Theorem 6.2 in [16]. This means that {ua:} is relatively compact in L*>°(0,7; H)
and, up to a subsequence, ua; — v in L>(0,7; H) with w € C(0,T; H).

We now prove property (ii) in a manner similar to the proof of Lemma 6.2
in [40]. From property (i) we know that ua; — win L>°(0,7; H~*(2)). Then, for

fixed € > 0 there exists Aty > 0 such that for any At;, At, < Aty, it follows that

/(Umk(t) - uAtj(t))Tl‘ < luar, (8) = ua, () la—1 @ 0l a9 < €llnlla e
Q
for any test function n € D(2). Thus, it must be that
/ i (£) > 1 (1)
Q
for each n € D, t € (0,T], with

ly(8)] <

k—o0

limsup/ umk(t)n‘ < c|nllz2 @)
Q

due to the uniform bounds on uay, in L>=(0,T; L?(€2)). Following the same argument

as in the proof of Lemma 6.2 in [40], [,, can be represented as

L(t) = / ot
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with g(t) € L*(Q2), and we also have the estimate ||g(t)||0,r12(0) < ¢. We also

have

[0 - 9(8))77‘ < 1l9(t) — ()l -rcylll sy — 0

since g € C'(0,T; H'(2)), and thus the map ¢ — [, g(t)n is continuous for each

n € D. Then, we can write

[0 - 9(8))77‘ <

[t - g(S))ﬁ‘ n

[ a0y = atsnn=m).
where now 1 € L?(2) and 77 € D(2). For any n € L?(2) the right hand side can be
made sufficiently small by taking 77 € D(Q2) such that
_ €
17 =70l L2) < 5

and taking |t — s| small enough that

- g(S))ﬁ‘ <

Y

N ™

which is possible due to the previously proven continuity of the mapping t — fQ g(t)n
for n € D. Thus, this mapping is also continuous for n € L*(Q).

Finally, we write

[@to —g(t))n‘ <

where the second term on the right hand side vanishes because we can take 7 suf-

ficiently close to n in L?(f2) and the first term vanishes due to the convergence of
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gn — g in C(0,T; H(€2)). Thus,

/Q ga(t) — / g0

for any n € L*(2), which proves property (ii). O

A.3 Estimates for finite element schemes

Lemma A.3.1. Suppose Q C R? is a bounded domain with smooth boundary, and
Tn is a triangulation of € which exactly fits the boundary, and is quasiuniform with

spatial step size h > 0. The operator Ry has the following properties for s = 1,2:

(i) for all u € W5P(Q), ||lu — Ryullws-tn@) < Ch¥ Hullwer) for I = 0,1 and

1 <p<oo,
(i) for allu € W'P(Q), [|Ryullwir) < Clluflwre) for 1 <p < oo,
(iii) if hi, = 0 and uw € WP(Q) then Ry, u — u strongly in W5 1P,

(iv) Ifu € LP(0,T; WP(Q)) with Oyu € LP(0, T; WhHP(Q))NWP(0, T; LP())), then
D; Rpu™ — Owu in LP((0,T) x Q), where u™(t) = u(t™) for t™1 <t < ™,

where At = t™ — tm~1 < h.

Proof. Property (i) is due to (2.6b) in [37]. If p = 2, property (i) is due simply to
the fact that Rju is the H' projection of u onto Sj,. Property (ii) is due to (22) in

[35], and property (iii) follows immediately from property (i), by noting that

]}LI{.IO HthU/ - UHWS—I,p(Q) S CHUHWS,;?(Q) k-h*{{.lo h,k. = O
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Property (iv) is slightly more complicated. We can write
1D, Rpu™ = 0| o 0r)x) < 1Dy (Bau™ —u™)||Lo(0.1)x0) + | Dy u™ = Opul| Lo 0,7y <) -
We note that D, R,u™ = R, D; u™, so

| Dy Rpu™ — Dy u™ || Leo,m)x0) = [[RrDy u™ — Dy u™ || Lo 0,1)x9)

< Oh|| Dy u™ || e o,rswir(@)-

Additionally, we know that

tm

D;um _ u(tm) _A?Qm_1> _ (At)l/t &gu(t) dt,

m—1
tm

Vau(t™) — Vu(t™) _ (A1)~ O, Vu(t) dt,

V(D) = N
tm—1

SO

HDiumHLp 0,7;WLp())

tm

g (o (L]
/ / (Duu(t))” + (B,Vu(t))] dt

= ||Opul”, (0.1)x0) T 10:Vu| Lo 0,1y x )
= ”8tu||1£p(()7T;W17p(Q))

by Jensen’s inequality. Thus,

| Dy u™ || oo, rwie)y < 0| oo, 010 @))-
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Furthermore,
tm

Dru™ — g = (At)~! / (Osu(s) — Dyu(t)) ds

tm—1
tm s
— (Ap)! / / (') dt’ ds.
=1 Jg

Thus, we have

p

|D;u™ — Owu|P = (At)™P

tm s
/ / OZu(t') dt' ds
tm-1J

tm s

< (At)H/ / |07u(t)|” dt’ ds
tm—1 t
t’ﬂl

< (At)p_l/ |8fu(t)|p ds
tm—1

by Jensen’s inequality. Thus,
IDFu™ = Ovullf oo 2y ey = (AL 10Fu() 700,100
SO
1Dy u™ = Opullro.myxey < Atl|0fu(t) | (o))
Putting these inequalities together yields
ID; Ryu™ — Oyul| oo,y ) < Ch ([100ul| Lo om0y + 1070l o 0.1y 0)) -
Therefore, it follows that

lim || Dy Ryu™ = Opul| oo,y ey < C (100l oo.mwr ooy + 107 ull oo.1)xe) lim A

=0.
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A.3.1 Proof of Lemma 3.4.1

Suppose that
|(mhun, Thvn)a — (un, vn)e, | < Chllunll 2@ lonll 2@y (A.4)
for all uy,, vy, € Sp,. This result, along with the inverse inequality, implies the estimate
cllunllL2n) < llmnunllz) < Cllunll2@p)-

Furthermore, we note that Vm,uy, is constant on 7, with Vm,u, = Vuy, on 7. Thus,

under the assumption that |7| < 2|7|, it follows that
IVTnunllZazy < 21(Vun)l-* 7] = 2/ Vun|Z2r)-
Summing over all 7 proves the estimate
VT unllEa@) = 1(Vun)l-* 17] < 20 Vunl|Zzq,)-
Furthermore, since 2 is convex, |7| > |7|, which yields the estimate
IVTunl72@) > IVunlze,):

We now set out to prove that (A.4) holds. Let 7 € T, be a boundary element
with extension 7. Without loss of generality, we assume that the z-axis lies along
I'yN7, sothat y =0 on ', N 7. Furthermore, we assume that h is sufficiently small

that I' can be represented by a Lipschitz continuous function h(z) on 7 NT.
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We note that dist(x,I';) < h, where I'; = T';, N 7, due to the construction of

Q. Then, for uy, v, € S, we write

1 h(z)
/ ThUp, ThUR =/ / (mhun(z, y))(mhon(z,y)) dy dx
\T To 0

T1 h(x)
= / / (mpup(z,0) + yVuy) (mpop(z, 0) + yVuy,) dy dx
xo 0

since mpup, TRUp are linear on 7. Thus,

1 ph(x)
/ /0 (mpup(z,0) + yVuy) (mpop(z, 0) + yVuy,) dy dx
z1 h(x)
— / /O [(mﬂm(x, 0))(mpvn(z,0)) + y(mpon(z, 0))(Vuy)
+ y(mpun(z, 0))(Vor) + > (Vur) (Vo) | dy da

< h/ | Thun(z, 0)||mhon(x, 0)] d

o
h2 z1

5 (|mpon(z, 0)||Vun| + |maun(z, 0)||[Vou|) do + Ch*Vuy||Vuy|

_|_

Zo

< hl|maun |2 | mhon |2,y + CRY2 ([lmnvsl ey [ Vun| + [[7aunl| 22, | Vor])

+Ch4|Vuh||Vvh|

Recalling that |7| > ch?, we then have Ch|Vuy| < C||Vuy||r2¢r). Furthermore, we

have the trace inequality for 7, (see Lemma 3.2 in [53])

lunllz2ae,y < C (llunll 2y + 2V unl 22
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so it follows that

| (Thtn, Thon)s — (Un, vn)-| < C (h||uh||L2(T)||UhHL2(T) + h2||uhHL2(7)||vvh||L2(T)
02 vnll 2o | Vunllz2ey + B I Vunll 2o [ Vonll e )

< Ch||un|| 2y l|vnl a2 ()

Summing over all 7 yields (A.4).
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