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a system of coupled nonlinear dispersive PDEs called the time-dependent Hartree-
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tative estimates for the true dynamics of the Bose gas at absolute zero temperature
in Fock space norm.
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Chapter 1: Introduction

1.1 Background

The studies of dynamical behaviors of systems with many interacting bod-
ies from first principles of quantum mechanics are of paramount interest in many
branches of physics and chemistry. A prominent example is the studies of systems of
interacting bosons. More precisely, the studies of Bose-Einstein Condensate (BEC),
a state of matter of a dilute gas of bosons when cooled to near absolute zero temper-
ature, has gained eminence in the world of experimental physics after its initial real-
ization in atomic gases a little over two decades ago [AEM™95, BSTH95, DMA*95].
Notably, for the groundbreaking achievement of exhibiting condensation limits in
dilute gases of alkali atoms, Eric Cornell and Carl Wieman of JILA/NIST and
Wolfgang Ketterle of MIT were awarded the 2001 Nobel Prize in Physics'. The
experimental success has and continues to garner substantial attention of scientists
and mathematicians.

Due to the subsequent voluminous influx of research activities in the field of
many-body boson systems, the demand for a firm mathematical foundation also

grew. Moreover, a rigorous understanding of the dynamics of such systems is one

https://www.nobelprize.org/prizes/physics/2001/press-release
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of the main challenges of modern mathematical physics and provides fundamental
insights into quantum mechanical systems, as well as offering potential applications
to the sciences. However, the immediate pressing difficulty one encounters when
studying large particle systems is often the size of the system. In many applications
of chemistry or physics, the size of the system of interest typically ranges between
thousands to an Avogadro’s number (~ 10%3) of particles. Hence, even if one man-
ages to exhibit a many-body wave function which solves the many-body Schrédinger
equation analytically, the sheer number of particles of the system will render the us-
age of the wave function to analyze the dynamical behaviors of the system obsolete,
or at the very least, not very effective with the current available tools.

It is no news that the size of the system presents a formidable obstacle for
studying dynamical properties of the system. Indeed, it is rudimentary knowledge
among researchers that the wave function contains more information than one could
process since it encapsulates all the microscopic details of the many-body system.
Even in practice, experiments are conducted and measured at a macroscopic scale
where a lot of the quantum information are overlooked. Thus, to compare the
experimental data against the full-theoretical description of the system from the
wave function is impractical. As a matter of fact, based on heuristics and scaling
arguments, many areas of chemistry and physics employ macroscopic equations to
approximate the behaviors of the system. Therefore, it seems fair to study effec-
tive descriptions of the many-body system, which allows one to approximate the
macroscopic dynamics of the large particle system but with much lesser variables,

rather than the full quantum mechanical description. However, to understand the



validity and qualities of any of these approximations, a rigorous derivation of effec-
tive macroscopic equations from quantum mechanical laws is essential, but this, in
general, is a challenging task.

In this thesis, we study a coupled nonlinear system of effective macroscopic
equations, parametrized by the particle-number N, called the time-dependent Hartree-
Fock-Bogoliubov (HFB) system (equations), for describing the quantum fluctuations
about a BEC and use them to obtain global quantitative estimates for the true
dynamics of the many-body system in Fock space. The main contribution of our
work is the nonlinear analysis of the coupled system through the lens of dispersive
PDE theory. We show that by employing dispersive PDE techniques to our analysis
of the coupled system we could improve upon results which only uses “standard”
mathematical physics techniques. More specifically, by applying dispersive PDE
techniques, we were able to obtain nonlinear approximations to the dynamics of
a N-body quantum system which are valid for a longer period of time and more
singular interaction potentials without imposing further assumptions or restrictions
on the approximation. In fact, we show the reader glimpses of the harmonious
marriage between dispersive PDE theory and the studies of many-body interacting

boson systems.



1.1.1 Mean-Field Model

We begin by considering a system of /N interacting non-relativistic spinless
bosons? in three dimensional space whose evolution is governed by the N-body

linear Schrodinger equation

N

10 1
(;E - ZA% + N ZUN(xi — I’J)) \I/N<t,$1, e ,IN) =0 (11)

7=1 1>]

where 7; € R® for 1 < i < N and vy(z) := N¥v(NPz) for 0 < f < 1 where
v € C§°(R). The reader should note that as N — oo we have that vy(z) — cd(z),
in the sense of distribution, for some constant ¢. However, it should also be noted
that in our work N is typically large but fixed. In the literature, it is common to

refer

N
1
HN7mf = —ZA% —FNZUN(ZEZ —l'j) (12)
7j=1

i>j

as the mean-field Hamiltonian and (1.1) the mean-field model.
There are many interpretations for for the coupling constant N~! in front of
the interaction potential. The simplest argument for having N~! is based on the

heuristic that the coupling constant allows for the balance between the kinetic energy

?In relativistic quantum mechanics, bosons are classified, by the Spin-Statistic theorem, to be
particles with integer intrinsic spin. However, in this thesis, we work in the realm of non-relativistic
quantum physics where the bosonic property of a system of particles is captured by the symmetric
structure of the wave function.



and the interaction potential energy. More precisely, since a general Hamiltonian

Hy ::ZA%—)\ > w(wi— ) (1.3)

1<i<j<N

scales like O(N) + AO(N?), then the energy of each particle is O(1) provided the
coupling constant A is O(N~!), which we called the mean-field scaling of (1.3).
With this scaling, we define the mean-field limit to be the singular limit of (1.3) as
the particle-number N tends to infinity. The coupling constant N~! could also be
understood with the law of large numbers. If the particles are independent and
identically distributed according to an underlying density distribution p then we see

that

=

1

T el —ay) = /R Con(s = y)oy) dy = (ox # p) () ~ o)

1
%

LS
Sl

that is, the interaction potential has a non-zero limit with respect to the particle
limit.

To physically motivate the mean-field model, let us consider /N particles inside
a fixed box® with volume V = ¢¢ subjected to either Robin or Neumann boundary
conditions. Furthermore, assume the particles interact through a two-body repulsive

potential v (with coupling constant A set to 1). Then the particles will uniformly

3The box model is used to simplify the exposition. Alternatively, we could have considered N
particles in R? subjected to some harmonic trapping potential, i.e.

HN = Z{AZEL - Vvext(mi)} - Z U(xi - IJ)

1<i<j<N

where Vey is small inside the box [—L, L] and large otherwise.



spread themselves inside the box with an average interparticle separation distance of
N~Y4¢ since the average volume occupied by a particle is N=1¢?¢. In particular, we
are interested in the dilute gas model, that is the case when N~V > a, where a is
the scattering length. Following a scaling argument, one can show that the dynamics
generated by the Hamiltonian (1.3) is equivalent to the dynamics generated by the

rescaled Hamiltonian®*

N
1 1
N d > oA, - N > unlyi - ) (1.4)
=1

1<i<j<N

provided we set the length scale of y; to order 1°. In the case d = 3, we see that
(1.4) gives us a mean-field model for the particles in a unit box with interactions
vyn. Finally, if we take the dilute limit, N='/%¢ — oo, in the box (3, we essentially
recover the mean-field limit of N weakly interacting particles in the unit box. In
particular, the 3D mean-field model in the unit box is equivalent to the strongly
interacting dilute gas model in a box. The studies of weakly interacting bose gases
can be trace back to the pioneering work of Bogoliubov in [Bogd7|, and later by
Lee, Wang, and Yang in [LHY57| and as well as Dyson in [Dys57]. We refer the

interested reader to [Lew15,L.SSY05, Gol16] for more in-depth discussions.

1.1.2  Short-Range Scaling

The reader should take note of the two scaling processes that are involved

in the interactions of this mean-field model. Aside from the obvious mean-field

4To preserve the dynamics, we will need to rescale the time by a factor of N 2.
SHere we are assuming z; is on the length scale £ ~ N.



scaling, we also have the short-range scaling of the interaction v given by vy with
the tuning parameter 8 > 0. Let us consider the dynamics generated by the mean-

field Hamiltonian and let ¥ be the solution to

10

—— Uy = Hy ¥ 1.5

TN Nmf¥ N (1.5)
then by rescaling the solution, i.e. defining ®(7,y) = ¥y (N~27, N=Fy), we see the

dynamics of the rescaled system is governed by the equation

10 al s
;Eq) _ ZA%@ _ Nd-2)8-1 Z (Y — y;)® (1.6)
i=1

1<i<j<N

In the instance of d = 3, we see, at least heuristically, the appearance of a crit-
ical scaling when § = 1, which we called the Gross-Pitaveskii scaling. With this
consideration, we restrict ourselves to the case 0 < 8 < 1, at least for the initial
investigation. In some sense, the parameter § is a mathematical apparatus which
was introduced to aid with the study of (1.1); in fact, the analysis of the dynamics of
the system becomes more difficult as g approaches 1. Nevertheless, the are physical
interpretations for 3. Physically, for 0 < 8 < %, we are in the regime of weakly
interacting dense gas; since the scale size is N” which means the size of the volume
is effectively V' ~ N3 then we see that the interparticle separation distance is given
by ¢/N~/3 = NB/N—1/3 which tends to 0 as N — oo provided 0 < 3 < % But once
% < B < 1, we enter the self-interacting regime or sometimes called the strongly

interacting diluted gas regime, depending on the modeling situation. In this regime,



each particle is said to only feel the potential generated by itself; in some sense, this
is a reminiscence of the Gross-Pitaevskii (GP) theory which proposed to model the
many-body effects by a nonlinear strong on-site self interaction of a complex order
parameter (the “condensation wave function”) [Gro61, Gro63, Pit61]. But, strictly
speaking, only 8 = 1 captures the 2 scale structure postulated by the GP theory.

See Chapter 6 of [LSSY05] for a survey of the GP theory for trapped bosons.

1.1.3 Initial Condition: the Ground State

The main interests of the thesis are to study the effective dynamics describing
the evolution of the above many-body system, parametrized by N and 3, and pro-
vide a quantitative method for tracking the evolution of the many-body quantum
system in state space. Unfortunately, the problem of tracking the exact dynamics
of bosonic systems in state space with arbitrary initial condition, at least to the
author’s knowledge, is still not tractable with the current available tools. Neverthe-
less, if we restrict ourselves to a special class of initial datum, then we are able to
obtain some positive results in the direction of understanding the exact evolution in
state space via studying some effective dynamics of the system.

In this thesis, we consider the evolution problem (1.1) with initial condition
given by the ground state of the mean-field hamiltonian, i.e., the lowest energy state
of (1.2). This choice of initial condition is natural for modeling Bose gases at lower
temperature. In fact, by cooling a system of bosons to the absolute-zero tempera-

ture, we are essentially forcing the system to its ground state since the temperature



of the system is directly proportional to its kinetic energy. However, solving the
static (eigenvalue) problem for a many-body hamiltonian to determine the ground
state remains a highly non-trivial open problem if not completely intractable. Nev-
ertheless, based on the experimental observation of formation of BEC inside a trap
potential at lower temperature, that is, the individual particles of the Bose gas co-
alesce into a single quantum entity, one could speculate that the ground state of a
boson system has the form

= 3N

VN, ground (T1, -+, TN) + important corrections (1.7)

where ¢35 = H;V:I ¢o(x;) for some ¢ which we called the condensate wave function.
Furthermore, it is also speculated that in the particle limit the correction terms will
tend to zero, i.e., Un sromd = 5.

In fact, shortly after the discovery of atomic BEC in laboratory, Lieb, Seiringer,
and Yngvason were able to rigorously verified the GP theory for the ground state of
a dilute trapped Bose gas in [LSY00], i.e., they were able to show that the energy

per particle of the ground state in the particle limit satisfies a variational principle,

min{Eqp(¢) | || ¢ | = 1}, where
far(®) = [ dn {IVo@) + Veal)l0@) + dmalo(0)l'} (1)

is the Gross-Pitaevskii (GP) energy functional. Here, a is the scattering length

associated to the potential v. Subsequently, Lieb and Seiringer prove the existence



of BEC in a dilute trapped gas at absolute zero temperature [L.S02] by demonstrating
)

that the I-particle marginal density (operator), denoted by 7](\} , with kernel

7](\})@@/) = / dxy_1 \I}N(anN—l)\I[N(J7/7XN—1) — ¢GP(IE)¢GP($')
R3(N—-1)

in trace norm where ¢gp is the minimizer of (1.8). This formulation of the definition
of BEC in terms of the marginal density was first stated by Penrose and Onsager
in [PO56].

Hence it strongly suggest that the ground state is well-approximated by tensor

products of the form ¢$" where ¢, satisfies a variational principle.

1.1.4 Recent Advancements

In recent years, many have contributed to the studies of effective dynamics for
many particle systems. In the case of § = 0 with repulsive Coulomb interactions,
Erdos and Yau in [EYO01] prove the qualitative result, via the method of BBGKY
hierarchy, that the one-particle marginal density ”y](\})t associated to the wave function
Uy, with asymptotically factorized initial state, i.e. Wyo — ¢V as N — oo,

converges to |¢;)(¢¢| in trace norm in the mean-field limit of N — oo where ¢,

satisfies the Hartree equation

10

S 0(ta) = Ago(t.a) + (

1

o) o) =0 (19)

10



In fact, the approach mentioned above is based on the earlier work of Spohn [Spo80)|
proving the statement for bounded potentials in the case § = 0. Using the Fock
space method introduced by Hepp in [Hep74| and subsequently extended by Ginibre
and Velo in [GV79a, GV79b|, Rodnianski and Schlein in [RS09] provide a rate of
convergence of the one-particle marginal associated to the many-body quantum

system towards the Hartree dynamics in trace norm, that is®

Kt

e
Tr 7](\}):‘, - ‘¢t><¢t‘ S \/_N

for some constant K > 0 independent of N. The estimate was later improved
to ef*N~1 in [ES09, CLS11|. Using a second-order correction Fock space method
introduced by Grillakis, Machedon, and Margetis in [GMM10, GMM11], Kuz in
[Kuz15b| provides a rate of convergence of the many-body quantum system to the
Hartree dynamics in the sense of Fock space marginal density’. Consequently, Kuz

shows that

Tr |y = o) (0| S 7

which in turn establishes the validity of the approximation for time ¢ of the order

V/N. Similar results are derived in [FKS09,KP10] but the approaches are completely

6We adopt the standard notation A < B to mean there exists a constant, depending on some
parameters, such that A < CB.

7One should note the main result in Rodnianski and Schlein’s paper is their result on the rate
of convergence of the one-particle Fock marginal towards the Hartree dynamics. Whereas, the
significance of Kuz’s paper is that she was able to show that the mean-field estimate is actually
valid for a much longer period of time then most proceeding results had indicated.

11



different from the above methods.

For the case 0 < [ < 1, Erdos, Schlein, and Yau in a series of papers
[ESY06, ESY07, ESY10, ESY09] show qualitatively that the many-body dynam-
ics with asymptotically factorized initial data converges to the cubic nonlinear
Schrodinger dynamics when 0 < f < 1 or the Gross-Pitaevskii dynamics when

1)

B = 1. More precisely, they prove that vy, — |¢:)(¢| in trace norm where ¢;

satisfies

10 —([v) | fO<B<1

—8maléy[*¢y it f=1

where a is the scattering length corresponding to the potential v. Results on the
rate of convergence of Fock space marginals can be can be found in [KP10,BdOS15,
Kuz15b].

Despite the success founded in the rigorous study of the mean-field behaviors
of BEC, recent experiments suggest that mean-field dynamics may not account for
the depletion of the condensate, the phenomenon where particles in the condensate
escape to higher energy states [XLMT06,LENT17|. Hence, this warrants the rigorous
studies of quantum fluctuations about the mean-field dynamic of BEC. A natural

setting to account for the fluctuation is in the bosonic (Symmetric) Fock space

Fu(h) = Ca P sym (v°)

n>1

12



where b := L%(R?). Introducing F, allows us to deal with states with varying number
of particles. Recent works on evolution of coherent states in Fock space with quan-
tum fluctuations can be found in [RS09, GMM10, GMM11, Chel2, GM13a, GM13Db,
Kuz15b, Kuzl15a, BCS17, NN17, Chol6|. Hence, by accounting for some quantum
fluctuation, one is able to estimate the evolution of the coherent state in Fock space
norm, which in effect allows one to obtain L?-norm approximation of the evolution
of many-body quantum system with factorized initial data. This is the main setting
of the thesis which we will elaborate more on in the next section.

We refer the reader to [LSSY05, Gol16, GMM17] for a complete survey of the

subject.

1.2 Mathematical Framework

1.2.1 Fock Space Formalism

In this section, we provide the reader with a brief account of the main mathe-
matical framework for the thesis. For a more comprehensive treatment of the second
quantization formalism, we refer the reader to [Ber66].

Let us introduce the mathematical setting for our work. The one-particle base
space, denoted by b = L?(R3 dz), is a complex separable Hilbert space endowed
with the inner product (-,-), which is linear in the second variable and conjugate

linear (or anti-linear) in the first variable .

8This is the physicists’ inner product.

13



We define the bosonic Fock space over b to be the closure of

Fi(h)=F, =Cea @ Sym(h®™)

n=1

with respect to the norm induced by the Fock inner product

<(p7 ¢>.7: = @owo + Z<907L7 ¢n>h®”
n=1

where ¢ = (o, ¢1,--.), ¥ = (o, U1, ...) € Fs(h). For convenience, we shall refer F;
simply as the Fock space henceforth. The vacuum, denoted by €2, is define to be the
Fock vector (1,0,0,...) € Fs.

For every field ¢ € h we can define the associated creation and annihilation

operators on F, denoted respectively by a'(¢) and a(¢), as follow

(GT(¢)¢)n($1, cey ) ;:% ]Ziggb(xj)wn_l(xl, e Ty, D) (1.10a)

(a(@))n(z1,. .., 2n) =V + 1 / dr ()1 (2,21, . .., 7). (1.10b)

with the property that a(¢)2 = 0. We can also define the corresponding creation
and annihilation distribution-valued operators associated to (1.10a) and (1.10b),

denoted by al and a,, as follow

(aby))n = %jﬁ;fﬂx — &) na (X1, Ty ) (1.11a)
(agt))n = V1 + 1hpyi (@, 21, ..., 2). (1.11b)

14



In short, we have the relations

(0) = [ dr ot} ad a(@) = [ do (Ga)a).

Let us note that the creation and annihilation operators a(¢) and a'(¢) associated
to the field ¢ are unbounded, densely defined, closed operators. Moreover, one can

easily verify, formally, (al,a,) satisfy the canonical commutation relation (CCR):

a2, al] = 0(z — y), [aa, ay] = [al,al] = 07, and the number operator defined by
N = /dx ala, (1.12)

is a diagonal operator on F that counts the number of particles in each sector.

As mentioned in the introduction we are interested in studying the time evo-
lution of the coherent state in Fock space. Before doing so, let us define the initial
datum, the coherent state and the Fock Hamiltonian. For each ¢ € b, we associate

the corresponding unique closure of the operator

A(¢) = a(9) — a¥(¢) (1.13)

9The reader should note for any f, g € h the CCR for a'(f) and a(g) are not well defined since
there are domain issues that need to be resolved for the given unbounded operators. For an exotic

example of an ill-defined commutator of unbounded operators, we refer the reader to Chapter
VIIL5 of [RS80].
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then the Weyl operator'® is defined to be

e VNAW), (1.14)

Let us note the operator A(¢) is a skew-Hermitian unbounded operator which means
the corresponding Weyl operator is unitary. The coherent state associated to ¢ is

given by
() 1= e VNALIQ, (1.15)
Using the Baker-Campbell Hausdorff formula, one can show
e VNAW) Q) = ( e Cn L ) where ¢, = <e*NH¢”§N”/n!> .

For a fixed N € N, we defined the Fock Hamiltonian associated to N, denoted by

‘Hn, to be the diagonal operator on the Fock space given by

n

(HNw)n = (Z Azj - %ZUN(ZLE - $])> wn = HN,nwn
j=1

1<j

where vy (z) = N3P v(NPz). Rewrite Hy using creation and annihilation operators

10T avoid the unfavorable technicality associated with the unbounded natural of our creation
and annihilation operators one often choose to work with the corresponding Weyl algebra, the
C*-algebra generated by the exponential of A(¢$) where ¢ € b (cf. chapter 9 of [DG13] and chapter
5.2 of [BRO3]).
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we get

1
HN = Hl - NV (116&)
Hy = /dxdy {A5(z — y)ala,} and (1.16b)
1
V= 3 /dxdy {on(z — y)a;a;axay}. (1.16¢)

In light of (1.16a), we are interested in the solution to the following Cauchy problem

in Fock space

10

S0 =Myt with initial datum gy = ¢V (1.17)

which we write

wexact = eitHNeimA(d)O)Q- (118>

An important fact to note about the Fock Hamiltonian is its action on the
Nth sector of the Fock space. There, the Fock Hamiltonian acts as a mean-field

Hamiltonian for the N-particle system, that is

N N
(Hnv)n = (Z Ag; — %ZUN(% - 353')) VN = Hymin- (1.19)
j=1

i<j

Since the Nth coefficient ¢y could be approximated, using Stirling’s formula, by N i
and the coherent state is a simple N-tensor of ¢ in the NN sector, then heuristically

we see how by understanding the evolution of the coherent state we would also
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understand the mean-field evolution of the N-particle factorized state.

Based on the earlier works of Hepp and Ginibre & Velo in [Hep74, GV79a,
GV79b|, Rodnianski and Schlein in [RS09| studies the one-particle Fock marginal,
which is defined as follows: for every ¢ € F; the one-particle Fock marginal of 1,

denote by I‘fpl ), is a positive trace class integral operator on h with kernel given by

T
(o) = S — vl (1.20)

They were about to show that the one-particle Fock marginal with an initial co-
herent state converges to the Hartree dynamics in trace norm for the case 5 = 0.

Furthermore, they were also able to obtain a rate of convergence

6Kt

Tr Fg\lf,)t — ) (el| S N (1.21a)

)

where F%’t

denotes the one-particle Fock marginal for e and ¢; satisfies the
Hartree equation. Later, Kuz in [Kuzl5b| improved the estimate substantially in

time and obtain the estimate

t
Te TR, — |00 (| < 7 (1.21D)

Unlike the approach of Rodnianski and Schlein which uses the mean-field approxi-
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mation of the form

wmf — e*\/ﬁA(d)t)Q — e*\/ﬁA(t)Q’ (122>

Kuz uses the method of second-order correction introduced in the works of Grillakis,
Machedon, and Margetis in [GMM10, GMM11, GM13a] to establish (1.21b), which
relies on tracking the exact dynamics of the evolution of the coherent state in Fock
space.

To track the exact dynamics in Fock space, we need to introduce the pair
excitation function, k(x,y) = k(y, z), and its corresponding quadratic operator B(k)

with kernel

B(k:)(z,y) = B(t)(z,y) = /dxdy {k(t,z,y)aza, — k(t,z,y)alal}. (1.23)

From the pair excitation, we concoct a new approximation scheme, which is a second

order correction to the mean field (1.22), given by

Yapprox = INX(0) =N A1) ,=B(1) () (1.24)
where x(t) is some phase factor to be determined. Approximation (1.24) is inspired
by the earlier work of Wu in [Wu61] on weakly interacting bose gas in non-periodic
settings. In the literature, the unitary operator eB**) is called the Segal-Shale- Weil
metaplectic representation or Bogoliubov transformation by physicists (c.f. [Sha62],

chapter 4 of [Fol89|, and chapter 11 of [DG13]). With some appropriate choice of
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evolution equations for ¢ and k we will later see that (1.24) will indeed allow use to
track the exact dynamics of the evolution of coherent state (or quasifree state) in

Fock space.

1.2.2  Uncoupled Time-Dependent HFB System

Incidentally, one could show via a Lie algebra isomorphism argument estab-
lished in [GM13a,GM13b, GM17| that the evolution of k& could be described by some

nonlinear evolution equations of

1. - 1. - _
Sh(k:)::k+§kokok+akokokokok+... (1.25a)

1- 1- —
Ch(k;):z(S—i—gkok—l—Ekokokok—i—... (1.25b)

where o denotes the composition of operators. Moreover, in [GM13b], Grillakis and
Machedon show, by using a specific coordinate, that the nonlinear equation of the
pair excitation could be express as a system of coupled linear equations in sh(2k)

and ch(2k).

Let us introduce some notation to help us compactly write out the evolution
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equations for ¢ and k

gn(t,2,y) == Aoz — y) + (vn * [¢*) (¢, 2)d(z — y)
+on(r —y)o(t, 2)o(t, y)
my(t,2,y) == —vn(z = y)o(t, 2)o(t, y)
Soia(s) := %8,53 4+ ghos+sogy (Schrédinger-type operator)

1 :
Waia(p) = ;E)tp + [gf,, ] (Wigner-type operator)

then the desired evolution equations of ¢ and k are given by

%&gqb — N+ (v * |60 =0  (Hartree-type equation) (1.26a)
Sold(Sh(Zk)) =muy O Ch(2/€) + Ch<2]€) ompy (126b)
Wa(ch(2k)) = my o sh(2k) — sh(2k) o . (1.26¢)

The system of equations (1.26) is referred to as the uncoupled time-dependent Hartree-

Fock-Bogoliubov system in contrast to the coupled system introduced in [GM13a,

GM17] where the equation for ¢ and the pair excitation equations are coupled.
Now, let us summarize the results in [GM13b, Kuz15b|, which built on earlier

works by Grillakis, Machedon, and Margetis in [GMM10, GMM11].

Theorem 1.1 (Grillakis & Machedon 13, Kuz ’16). Let v € C}(R?) and v >
0. Assume ¢ and k satisfy (1.26) with initial conditions ¢(0,-) = ¢o € L*(R?*) N

Wm™L(R3) for some sufficiently large m and k(0,-) = 0. If Yesaer and Yapprox are
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defined by (1.18) and (1.24) respectively, then we have the following estimate

(1+t)log*(1 +1)
H wezact(t) - wappmx(t) ||]-— 5 N(l_gﬂ)/2 (127)

provided 0 < 8 < 5. Moreover, if (0;sh(2k))(0,-) is sufficiently regular, then for

any € > 0 and j a positive integer, we have

|| ¢ewact(t) - ¢GPPT0$(t) ”f

N—1/2+8(1+¢) l<p< 27
j 3 = 1—2e+45)’
<t logf(1+1) - ( & (1.28)
=378 4 (1) (— 2j 1425
N7 +E-1D(-1+28) (1—26]-1—4]') <B< _3+4§'

Remark 1.2. It should be noted that the assumption (9; sh(2k))(0, ) must be suffi-
ciently regular imposes a restriction on the form of the initial condition; in particu-
lar, £(0, -) cannot be zero. Due to the restriction, we could not choose the coherent

state as our initial condition since e=VN40e=50Q) is a coherent state if and only if

k(0,-) = 0.

Remark 1.3. In §2 of [Kuzlbal, Kuz provides a heuristic argument showing that the
system (1.26) has limitations. In fact, Kuz argued that (1.26) will not be able to
provide any Fock space estimate for g > % which indicates a revision to (1.26) is

necessary in order to study the case of large (.
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1.2.3  (Coupled) Time-Dependent HFB System

Let M = e VNAe=B. Following [GM13a, GM17|, we work with the reduced

dynamic. More specifically, since M is unitary then it follows

[ esar(t) = eI () | = [V gtt) — 2|

F

where
Urea(t) = B0 VNAW®) gitH o —VN Ao o —Bo ) (1.29)

Then by considering the evolution equation of ¥,.q given by

10 1

;EQﬂred = Hrcdlrea Where Hyeq = ;(&M*)M + M*HM (1.30)
we see that

(12 — Hrea + X ) (e-iNféxo<8> a5y —Q) = HyeaQl — X0
POt red 0 red red 0

with

7_[redQ = (XOaXlaX27X37X470707'")' (131)

Thus, to estimate the Fock space error, we need to be able to control H,.qf2. A direct
calculation reveals that X3 and X, are heuristically small since they are proportional

23



to N71/2 and N~', respectively. On the other hand, X; and X, are proportional
to N2 and constant, respectively. Hence, X; = X, = 0 are natural conditions to
impose on ¢; and k;.

Following [GM17], we define the monomial P, ,, := al ---al a, ---a,, and

m

consider the £-matrices whose kernels are defined by

1
*Cn,m(ta T1yeees Ty Yty - .- aym) = W(MQ, Pn,mMQ> (132)

In particular, let us focus on the matrices Lo, £11 and Ly 2, which we will denote
by ¢,I" and A respectively. It is shown in [GM17] that the conditions X; = Xy =0
is equivalent to the fact that (¢,T", A) forms a closed system of coupled nonlinear

equations

{1% —Axl}cb(asl) S / dy {o(zy —y) ding D(E,y)} - 6lar)  (1.33a)
= [ dy {onta — )X (1) - )6l )00}

= [ dy {owta = 5)(Marw) — 60)8(0)600)

{%% ~ A+ Am} P(z1, 2) (1.33D)
_ / dy {(on (a1 — 1) — v (w2 — ) A(x1,y) Ay, 22)})

- / dy {(vx (1 — y) — ox(z2 — )T (w1, 9)T(y, 22))

_ / dy {(vx(z1 — ) — oy (22 — y)) diag (1, y)T (1, 22)}

) / dy {(vn(z1 — y) — vn (22 — 1)) [6)2(01)B(22)}
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10 1
{;a — Axl — A$2 + NUN(xl - xg)}A(I’l, ZEQ) (1330)

. / dy {(on (1 — y) + vn (2 — y)) ding T(t, y)A(e1, 7))
_ / dy {(vn(z1 — ) + vx(zs — ¥)A(z1, 9)T(y, 22)}
_ / dy {(vw (1 — y) + vn (22 — )0 (21, y)Aly, 72)}

) / dy {(vn (@1 — ) + o (25 — ) S(y) Pola1)d(w2)}

where diag F(t,r) = F(t,z,z)"*. Note, we have suppressed the time dependence
to compactify the notation. We refer (1.33) as the time-dependent Hartree-Fock-
Bogoliubov (HFB) system. It is also instructive to consider v(z) = gd(x) which

yields the following system

{%% _ Am} bt 2) = —gdiag A(t,2)d(t, ) (1.34a)
— 29 diag T(t, 2)o(t, ) + 29|6(t, ) [*¢(t, )
10
{;E —Am—i-Ay}F(t,x,y) (1.34b)
= —gdiag A(t,z)A(z,y) + gdiag A(t,y)A(t, z,y)

— 2g{diagI'(t, x) — diag I'(¢, y) }'(¢, z, y)

+2g {lo(t, 2)]* — |o(t. y)I*} o(t, 2)8(t, y)

UTn the literature, it is common to denote (diagT')(¢,z) by p(t, ), which we will also use. In
general, we called the restricted kernels Schridinger-type densities.
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10 g ..
{;5 - A, — Ay}A(t,x,y) =N diag A(t, x) (1.34c)
— gdiag A(t,z)T(t, z,y) — g diag A(t,y)T(t, z,y)

— 2g{diag I'(t, ») + diag I'(t, y) }A(t, 2, y)

+2g{lo(t, 2)|* + |o(t y)[*Fo(t, 2)o(t. y).

Remark 1.4. The physical interpretation of (¢(t),I'(¢), A(t)) is as follows: The func-
tion ¢(t) is the one-particle wave function called the condensate wave function which
describes the BEC. Following [BBC*18], v(¢, z,y) := N(T(t,z,y) — ¢(t, 2)9(t,y)) =
sh(k)osh(k) and o(t, z,y) :== N(A(t,z,y)—o(t,z)¢(t,y)) = sh(k)och(k) describe the
dynamics of sound waves in the quasifree approximation; in particular, diag (¢, x)
determines the density of the “thermal cloud” of atoms, i.e. the excitation density
of the Bose gas. (In the physics literature, n = diag~y and m = diag o are called the

non-condensate density and anomalous density, respectively.)

By direct calculation, it is shown in [GM17] that

L(t,z,y) = o(t,x)p(t,y) + % (Sh(k) o Sh(k))) (t,x,y) (1.35a)
Atz y) = ot 2)6(ty) + % sh(2k)(t, 2,1). (1.35b)

The local well-posedness of (1.33) were established in [GM17] using techniques from
dispersive PDEs. Consequently, the authors were able to obtain a Fock space esti-

mate for small time. The following theorem summarizes the main result of [GM17|

Theorem 1.5 (Grillakis & Machedon '17). Let % <pB< % andv € § a nonnegative
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interaction potential satisfying the condition that |0| < W for some w € S. Suppose
(¢¢, Iy, Ay) are solutions to the time-dependent HEF'B system with some smooth initial
conditions (¢o, Lo, Ao) satisfying the following regularity condition uniformly in N :
for somee >0 and 0<:<1,0<5<2
1/2+¢ 5ivTj
[(F)7250260(8, )y [y S 1
1/2+ 1/24¢ 5ixzJ .

H <Vx> €<Vy> EatvﬂchyF(t’ )‘t:O HL2(d:chy) 'S 1

<1

H <V96>1/2+8<Vy>1/2+eativi+yA(t’ .)|t:O ||L2(dxdy) ~

< 1.

H vj Sh(Qk’) (07 z, y) HLQ(dxdy) ~

T+y

Then there exists constants 6 = d(¢),k = k(e),C = C(e, ), a phase function x(t),
depending on N, and Ty (Ty ~ 1) independent of N such that we have the Fock space

estimate

eime—ﬁAwo)e—B(ko)Q_eix<t>e—ﬁ<¢t>e—5(kt>9H < <
F~ N1/

|

for all0 <t <Tj.

These estimates were later extended by the author to a global-in-time result
in [Chol7], which is also the main focus of Chapter 4 of the thesis. More recently,
Grillakis and Machedon extended the local well-posedness of the time-dependent
Hartree-Fock-Bogoliubov system to the case 2 < § < 1 in [GM18].

Independently and in a different frame work, Bach, Breteaux, Chen, Frohlich,

and Sigal derived equations closely related to the above equations in [BBC*18|. In
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particular, the two sets of equations are equivalent in the case of pure states.

More recently, Benedikter, Sok, and Solovej use the reformulated Dirac-Frenkel
variational principle in the space of reduced density matrices to geometrically ap-
proximate!? the dynamics of both the bosonic and fermionic many-body systems
in [BSS18]. Using the variational principle, they provide a rigorous derivation of
both the time-dependent HFB equations and the Bogoliubov-de-Gennes equations,
also known as the fermionic time-dependent HFB equations, and show that the
equations are optimal approximations of the many-body dynamics when restricted
to the manifold of quasifree states'®. We also refer the interested reader to [HLLS10]

for a study of the pseudo-relativistic version of the Bogoliubov-de-Gennes equations.

1.3  Outline and Main Results of the Thesis

In chapter 2, we study the uncoupled HFB equations in the case of attractive
interaction potentials. The main results of the chapter is Theorem 2.1 and Theorem
2.5. Theorem 2.1 generalizes the Fock space estimate in [GM13a,Kuz15a| to the case
of attractive boson systems. In fact, using Theorem 2.1, we provide two derivations
of the focusing NLS from a quantum many-body system with attractive interactions
for 0 < 8 < 1/6, which is the result of Theorem 2.5. This chapter is based on the
author’s paper |[Chol6.

In chapter 3, we study the uniform in N global well-posedness of the time-

dependent HF B system in 1D. The main result of this chapter is Theorem 3.3. More

12They were able to show that the Dirac-Frenkel variational principle implies the quasifree
reduction principle which was used in [BBCT18].
13See §10 in [Sol14] for a definition of quasifree states.

28



precisely, we show for any § > 0 the corresponding time-dependent HFB system is
uniform in N globally well-posed. It should also be noted that the main tools used
in the proving Theorem 3.3 are the linear estimates in §3.2, 3.3, 3.5, and 3.6. This
chapter is based on the author’s paper [Chol8]

In chapter 4, we extend the local-in-time [GM17| Fock space estimate to a
global-in-time for a system of bosons in R3 for 0 < 8 < % The main result of the
chapter is Theorem 4.1. This chapter is based on the author’s paper [Chol7|

In chapter 5, we study some global estimates for the time-dependent HFB
system. The main results of the chapter are Theorem 5.3 and Theorem 5.5 which
are natural generalization of Morawetz identity and interaction Morawetz estimates
for the cubic NLS in R3.

In chapter 6, we study collapsing estimates for Schrédinger-type densities on
closed Riemannian manifolds, which are crucial to proving local well-posedness of
the time-dependent HFB system closed manifolds. The main result of the chapter

is Theorem 6.1.
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Chapter 2: Uncoupled Time-Dependent HFB systems

2.1 Main Results

One of the main purposes of this chapter is to extend the results in [GM13b,
Kuz15b, Kuzlba| to the case of arbitrary v € C§° with sufficiently small L'-norm

allowing non-positive v. Let us state the first main statement.

Theorem 2.1. Let v € C°(R3). Assume ¢ and k satisfy (1.26) with initial condi-
tions ¢o € L*(R?) N W™L(R3) for some sufficiently large m and sufficiently small
Hgl;/2-n07’m, depending on v, and k(0,-) = 0. If Yepaer and Yappron are defined by

(1.18) and (1.24) respectively, then we have the following estimate

t
H wemact@) - wappmz(t) H]: S N(1-38)/2 (2.1)

provided 0 < 8 < 5. Moreover, if (0;sh(2k))(0,-) is sufficiently regular, then for
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any € > 0 and j a positive integer, we have

H wexact(t) - wappmz(t) H]:

N—1/2+801+e) 0<fB< 25
" 1—2e+45)°
< 5 logb(1 + 1) - (e (2.2)
BT84 (1)(—142 2j 1424
N2 +0-D(=1+28) m <p< Fé.

Remark 2.2. Let us note that there is a tradeoff between the size of the data ¢y and
the size of the interaction potential v (c.f. Remark 2.9). Due to the nature of our
proof, if we want to assume ¢y is large, i.e. || dg /2 = 1 and || V2@, |12 large ,

then we need to restrict the L'-norm of the potential v, and vice versa.

Remark 2.3. A similar result was obtained in [NN17] for the case of repulsive in-
teraction. As stated in Remark 4 in [NN17]|, their method also extends to the case
of attractive interaction provided the uniform in N well-posedness and decay esti-
mates for the corresponding Hartree equations hold, which we will show in the next

section.

Remark 2.4. The second estimate in Theorem 2.1 could be improved. In particular,
we can get rid of the logarithmic terms. However, to keep the organization of the
chapter simple, we decided to keep the logarithmic terms. Nevertheless, we have

included a proof of how to remove the logarithmic terms in §2.4.

The second purpose of the chapter is to derive the focusing cubic NLS in R?
from a many-body boson system as in [CH16a, CH17, CH16b|. For this purpose, we

assume v < 0, i.e. the interaction is attractive. In this case, we have the following
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statement.

Theorem 2.5. (Factorized Initial Condition) Assume v € C*(R?) and v < 0.

Suppose W (t,x) solves the initial value problem
1
zﬁt\IlN(t, X) = H]\me\I/N(t, X), \I/N(O, ) = 6®N

where ¢g satisties the same conditions as in Theorem 2.1 and || ¢o ||12(4z) = 1. De-
note the one-particle density associated to Vn(t,x) by 7](\}),5 Then we have the esti-

mate

Tr [\ () — 6o (]| S N°

for some & < 0 provided 0 < 8 < %.

Remark 2.6. The reader should note that Theorem 2.5 only addresses the derivation

of the focusing NLS for a system of weakly-interacting dense bose gas since [ &€

Remark 2.7. As pointed out by the referee, the case at hand deals with the situation

where (1.26a) does not exhibit soliton solutions. C.f. Remark 2.11 and Remark 2.21.
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2.2  Estimates for the Solution to the Hartree-Type Equations

Let us consider the following family of Hartree-type PDE

206 = A0+ (o # [0)0 = 0 23

9(0,) =¢o ¢o € H*(R?)

where vy(z) = N*o(NPz) for 0 < 8 < 1 and v € C(R?) is not necessary
nonnegative. In this section we prove the uniform in N well-posedness of the Hartree-

type equation for small data and the corresponding decay estimates.

2.2.1 Uniform in N Global Well-posedness of the Hartree Equations

In this subsection we prove the uniform in N global well-posedness of (2.3)
assuming small data. Let us recall the Strichartz norm. We said a pair of numbers

(q,r) is admissible provided ¢, > 2 and

Then the Strichartz norm is defined by

[ & ls0 := sup | & |29 L7 (rxr3)-
(g,r) admissible

Proposition 2.8 (a-priori estimates). Let ¢ be a solution to (2.3), then we have
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the estimate

1 1
Va2 50 S Ml bo ll g + 110 g | [Val2 ¢ [150 (2.4)

which is independent of N. Moreover, if ||v| 1 is sufficiently small then we obtain

the estimate
1
[1Va]2¢ls0 ST (2.5)

which depends only on || ¢g ||H% and independent of N. Similar estimates holds for

time and higher spatial derivatives, that is
107" Val*¢ 50 S 1 (2.6)

where the estimate only depends on m,s and the initial datum.

Remark 2.9. Observe (2.5) is a consequence of the following elementary observation:
if F' is continuous on [0, 00) with F(0) = A and F(z) < A+xF ()3 then there exists

e =¢(A) > 0 such that F(z) < 2A whenever z < ¢.

Proof. Similar to the local estimate, we begin by differentiating (2.3)

1 1 1 1
O Va|20 = Dl V|20 + [Val 2 ((ux # 6°) - ¢) =0
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where

V|2 ((on #162) - 0) = (un *|6*) - [Val 26 + (un % | V|2 |6]?) - ¢

+ “lower order" terms.

Applying the L?L5/5- endpoint Strichartz estimate of [KT98] and the fractional

Leibniz rule, we obtain the following estimate

1 1
Va2 lls0 S Nl doll gare + llvw # 16 | 2any o | Va2 6 | 2wty r2(an)

1
+ o * [V 2101 | L2(dtda) | & || Lo L3 (da)-

For the first forcing term we have the estimate

1
| vn * |¢’2 ||L2(dt)L3(dx)H V2|20 HLOO(dt)LQ(dx)
1
S v HLl(dm)H ¢ ||%4(dt)L6(d;r)H V|29 HL°°(dt)L2(dw)
1 1
S Nl Vel 20 s ar oan | Vel 26 | oty 22 i)

1
S vl Va2 30

The other term can be estimated in a similar fashion. Moreover, estimate (2.6)

follows from the observation

m S m S m S L
1071V al* ¢ llso S 1107Vl |, 2y + 110 122y [ Vel Nl 0l [Vl 26 [[o.
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As an immediate corollary of Proposition 2.8, we have

Corollary 2.10 (Uniform in N global well-posedness). For any R > 0 there exists
e = e(R) > 0, independent of N, such that when ||v|p1 < € then the family of
Hartree equations is uniform in N globally well-posed. More precisely, we have for
any ¢y € {p € HY* | || @2 < R} there exists a unique solution to (2.3) with

initial data @o satisfying ¢, € C([0,00) — H;ﬁ) n.se.

Remark 2.11. In this paper, we always consider sufficiently smooth initial data. In
particular, we could take any ¢y € H! and obtain a uniform in N local well-posedness
of solutions to the family of Hartree-type equations. Of course, the tradeoff is that
we can only have uniform in N local well-posedness for short time. C.f. chapter 3.3

Proposition 3.19 in [Tao06].

2.2.2 Decay Estimates

In this subsection we prove the uniform in N decay estimates for ¢, following
the approach in [GM13b], which is in the spirit of [LS78|. Before we begin let us
make a note on the notation used in this section. The notation a+ means « + ¢ for

some fixed 0 < e < 1.

Proposition 2.12. Suppose ¢g € WFL for some sufficiently large k. Let ¢ be a

solution to (2.3) with sufficiently small potential v, depending on the size of data.
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Then we have the decay estimate

l6@t ) =) S 72757

which only depends on || ¢o || x1 and independent of N.
Let us first prove the following lemmas.

Lemma 2.13. Assuming the same conditions as in Proposition 2.12. Then || ¢(t, ) || Lo (dz) —

0 ast — oo.

Proof of lemma 2.13. By Proposition 2.8 and Sobolev embedding, we have the es-

timates
| & ||L;01/3 <C and || @|lrse mxre) S 0 Vad [l L2(at)1(ar) < C.

Hence by interpolation we have

- o
I o1l Le(mmrirez < [l ¢l 10/3 (121073 | @ N2 () 0w ()

< H Qb “110/3 H atv ¢ HL2 ([n,n+1]) LS (dx) =0

([n,n41]) L1O/3(dx)

as n — oo for all 10/3 < p < oo. Letting p — oo yields the desired result. O]

Remark 2.14. The slight analytic gymnastic is a consequence of the fact that we do

not have the endpoint Sobolev estimate.

Lemma 2.15. Assuming the same conditions as in Proposition 2.12. There exists
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k€ L'([0,00)) and § > 0 such that

192 (on % [8) - 6(5)) [|zeqan) < Kt = 5)]| (5, ) 17 40 (2.7)

Proof of Lemma 2.15. Using the L*L!' -decay and conservation of probability, we

have

1
I 725w % 19F) - 0 oy S i garall (on * 10) - 0(5) e
(2.8)

1
S m” ¢85, ) || oo ()

On the other hand, applying Sobolev embedding, L3*L3? - decay estimate and

interpolation yields

12 ((on # 101%) - 6(5) ll(a) S N Vae ™2 (o % [17) - 6(5)) [0+ (an)

1
S | Vet llzanll 0oy (29)
|t S| /2

13/9—
S | ‘1/2+H¢HL°° dz)"

In the case |t — s| < 1, we could simply take k(t — s) = |t — s|*/?*. In the case

|t —s| > 1 we interpolate estimates (2.8) and (2.9). O

Proof of Proposition 2.12. Let ¢ be a test function and write (for ¢ > 0)

t/2 ¢ '
o(t) = "o — i / T /t/z ED3 0y % g(r))b(r) dr
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Taking the L* norm yields

| @0 |l Weolloian

1066) a5 22 1 00 6200T) 1m0 d

AL,

where the first term is a consequence of the L®L!-decay estimate for the free evo-

lution. For the second term, we apply the L>L!'-decay estimate and Young’s con-

volution estimate to get

t/2 t/2 % |2 e
[ 13 o < o6 iy ar < [ IR e

|t — 7]3/2

1 t
S we | | &(7) || Lo (az) dT-

Lastly, by Lemma 2.15 there exists k € L'([0, 00]) and § > 0 such that

/ |2 (o [P ey dr < / Kt — 7)) 6(r) |5
t t/2

/2

Combining all the estimates, we have

|| ¢0 ||L1(dx) t/2 H (b(T) ”Loo(dx) ¢
H Qb( )||L°° dx) 53—/24-/ 32 d7—_|_/ k?(t—T)H ¢( )H};—L_oédx) .
t 0 t t/2

which holds for all ¢ > 0.

Since we care about large time behavior we may assume ¢ > 1. In particular,

39



we get the equivalent estimate

| #o || /t/2 | &(7) || Lo (ax) /t s
() S T a7 Ll k(t — pag
Ho) Nl S T 5m + 0 rer ATt y (t =) ¢(7) 11 ey @

(2.10)

Multiplying estimate (2.10) by 1 + 32 yields

t/2
(14 )01 60) Lo S 1o L + [ 1000 1m0y o7
t
(L) /m Kt — )| () 12 ) d

t/2
< 1160 o) + / 1 6(r) = any dr
0

+ sup (1+ %) 6(s) |15y

t/2<s<t

since k € L'([0,0)). Next, by Lemma 2.13, there exists 7' > 0 such that

t/2
(L + )| ¢(t) |z () < cll b0 |21 (ax) + C/O | &(7) | oo (dz) dT

1
+ 5 sup (1+5"%)] ¢(5) || 2 am)
t/2<s<t

whenever ¢t > 27 for some constant ¢ > 0.

Let M(£) := supgeoe, (15%2)] 6(5) | an) and € = suppeyenr (14572) | 6(5) || 1o (ar)

then for all ¢ > T we have either

t/2 M(T) 1
3/2
(1 +t / )“ (b(t) HL"O(d:v) S CH ¢0 ||L1(dg;) + C/O W dr + §M<t>
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or M(t) < C. Note, for all T' < s < t we also have the following estimate

1+ s3/2 <m + t/Q—M(T) d +1Mt C
( S )H Qb(S) HLoo(dz) < ax CH (bo HLl(dx) C 1 3/2 T ( ), .
0 + 7 2

Hence it follows

t/2 M(T) 1
M(t) S max (CH ¢0 HLl(dz) + C/Ov m dT + §M(t), C

for all £ > T'. Then by Gronwall’s inequality, we have the estimate

bodr
M(t) < 1 — <1
0 max (1l on o ([ 157575 ) €)%

Thus, we have proved

sup (1 + 572)|| ¢(s) | (@) S max(M(t),C) < 1.

0<s<t

]

Corollary 2.16. Assume the same conditions as Proposition 2.12 then there exists

a constant C" depending only on || ¢o |lwra1 and || Ordg ||wea such that

1

[ e (t, ) Lo (any S 1432

(2.11)
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Proof. Begin by taking the time derivative of (2.3)
10 5
;aaﬂlﬁ — 28,010+ Oy (vn * [¢]7) = 0.

Then applying the L>L! decay estimate yields (¢ > 1)

106()| ol | (7% sr
| 0sp(t) | oo () S t|§/_20 —|—/0 | € ¢=D2, (vy * |92 P(T) || oo (axy dT

t
n // €2, (v  [$2)d(T) [| oo (an) d-
t/2

For the first integral, we shall apply the L* L!-decay estimate and Proposition 2.12

to get
2 V2| 0r(un * [81*)(7) [l (ae
| 120, (0 £ 10P000) 1m0 d S [ o
0 0 |t — 7|
1 L2
< —3/2/ [ &(T) o0 @) | (7) Nl 22w || OrP(7) || 224y AT
1+ 2

t/2
< 1 / dr < 1 ‘
N2 fy 147321 4 132

Note we have used the fact || 9"V [|s0 Sims 1

For the second integral, we use Sobolev embedding and L3t L3/2~ decay esti-
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mate to obtain the bound

/W 1 €2, (o * |62)6(7)] llzm(an) d

t
1 5/3—
S [ e Ve ol 61 4

t
1 1/3+ 2/3—
+ /t/2 m” 2 ||L2(dm)|| O HLoo(dw)H Vet “LQ(dx)” ¢ ”LO"(dz) dr.

Note the last inequality is a consequence of Holder inequalities and space interpo-

lation. Since 0;¢ is bounded by Proposition 2.8, then by Proposition 2.12 it follows
¢ 1

t
I 0160 iy 7 5 [ el ) i

/2 ¢

t
< L / L dr < ;
N~ 32 /2 |t — 7[1/2+ ~ 14 3/2

2.3 Estimates for the Pair Excitations

There are two goals in this section. The first goal is to extend the estimates
for sh(2k) to the case of non-positive interacting potential, which we will see only
depends on the decay estimate of ¢. The other goal is to provide a way to improve
the estimate in Theorem 2.1 which we have mentioned in Remark 2.4. However,
for the sake of simplicity, we will not propagate the improvement to the rest of the
paper and happily leave it as an exercise(s) for the interested reader.

Let us define the shorthand notation ch(k) := 6 + p;,sh(k) := s;, and also
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ch(2k) := § + po,sh(2k) := ss.

Proposition 2.17. Assume ¢y € W*! for k sufficiently large. The following esti-

mates hold:

| s2(t, ) || 2(away) + || P2(ts ) || £2(dwdy) S 1

where the estimate only depends on || ¢g ||yra for some k.
To prove the above proposition, we begin by proving a few preliminary lemmas.

Lemma 2.18. Let my(t,z,y) := —vn(z — y)o(t, x)d(t,y). Then we have the fol-

lowing estimates

my(t, & n)l*
/% dédn S 1| (t, ) |15 ax) (2.12)
and
omy (t,&,n)|
/£ >1 ’ (g;vi |i|;7))2‘ dgdn 5 1| 09 (t, ) I zscan | S, ) Izs(a)- (2.13)
>

Proof. The proof of the first estimate can be found in [GM13b|. We shall focus on
the proof of the second estimate where the proof is a slight modification of the first.

First, observe

on (e — 9)(@)dy) = / 5z —y — 2)on(2)0(2)oly) d=
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then the Fourier transform of 6(z —y — 2)¢(x)d(y) is given by

[ 9sa -y - 2)o(a)oty) dody
= [ 950 — y)o(a)oly  2) dady

= % / MO g(2)p(x — 2) dr = G0 (t,n + €)

which means

2

B (1., ) = ] [ o0 0.6 +n) =

S ol [ lon (0500 + P d

Then it follows

—

dndé <
w5 [ lonto) e (P 1 PR

G0N
< dn'd¢'d
S o] s e e

S [l 1) de'd:

€

o1 (Il +1E7)?

S N0t ) [ aamll () 121

Lemma 2.19. Let s° be the solution to

1
(;% - Aac - Ay) 82(t7w7y) - 2mN(t7xay)7 82(07x7y) = 0
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Then it follows

H Sg(tv ) HL2(da:dy) S (2.14)

where the estimate only depends on || ¢o ||y

Proof. Using Duhamel’s principle, we have

t
/ =) 2mn(s, ) ds
0

H Sg(t’ ) HLQ(dmdy) =2 ‘ L2(dzdy)

t
S HPI£77I<1/ ey (s, ) ds
0

L2(dzdy)

t
[ P [ as
0

L2(dzdy)

For the first term we shall directly apply Minkowski’s inequality to get

t
Hpingl/ ¢y (s, ) ds
0 L2(dzdy)

¢ 1/2
< m 2 ded d
S e an] o

t o 1/2
< NN de'dn'd d
s [[fwen ] oo ]

t
< / 165, ) [Zagany ds.

Using the decay estimate, we have that the first term is bounded. For the second
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term we have

t
T -
0

L2(dzdy)
t
$)(In2 m(s,&,n)
~ . / 9,eit-o)nP+ig? TS & 1)
g=nl>1 ]+ 1€]2 L2(dady)
< || m(0,&n) A(t £,n)
AN P A+ 1P 1 22 agan) 2 (dedn)

t ~
it dsm(s, & n)

v /eza Dnf2+ig) 9smUS, 1)
oy W+ e

L2 (d&dn)

It’s clear the first two terms are bounded by the previous lemma. For the last term,

using Minkowski’s and the previous lemma we have

t o~
’ 8Sm s, n,
”Xs—n>1 / pilt=s)(Inl+[¢]?) % s
0 2 + |¢]

L2(dédn)

/||3t¢ ) | zagan) |l (s, ) || La(an) ds.

Again by the decay estimate, the second term is also bounded. O

Lemma 2.20. Let s, be a solution to

Sold(sa) = 2mN(t7 x, y)7 Sa(t7 ) =0.
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Then

I'sa(ts ) |22 (away) S 1

where the estimate depends only on the || ¢o ||yn.1.

Sketch of the Proof. The essential idea is to decompose the solution into a two parts

0 1
Sq = 8, T8,

where sV satisfies the equation in the previous lemma and s! solves

By the previous lemma, we know the L?*mnorm of s? is uniformly bounded in time.
Next, we shall cite [GM13b|, Lemma 4.5, for the proof that the L?*-norm of s! is

also uniformly bounded in time. n

Sketch of the Proof of Proposition 2.17. The proof is the same as the proof of The-
orem 4.1 in [GM13b|. Again, the only difference comes from the replacement of the

estimate to the solution of Syq(s,) = 2my by the result of the previous lemma. [

Remark 2.21. Following Remark 2.11, if we consider the subcritical uniform in N
well-posedness for H, data, we would obtain the estimate sup,c (o 71(Il 52(t, -) || 22 (dwdy)

| p2(t, ) || L2(dwdy)) S 1 for some small time 7" and independent of N.
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2.4  Proof of Theorem 2.1

The proof of Theorem 2.1 is essentially the same as the proof given in [GM13b,
Kuzlba] provided we have established the decay estimate for ¢. For the sake of
simplicity, we shall only provide a complete proof of the first part of Theorem 2.1
since the second part of the theorem is significantly lengthier to present. We shall
refer the interested reader to [Kuzlbal for a complete proof of the second part of

Theorem 2.1.

2.4.1 List of Error Terms

For convenience, we shall include the list of error terms which were explicitly
computed in §5 of [GM13b].

Recall the error terms are defined to be
E(t) = B([A, V] + NV/2Y)e B (2.15)

where [A, V] and N~/2V are cubic and quartic polynomials in (a,, al) respectively.

Using the conjugation formulae

Paye™® :/dy {ch(k)(y, x)a, + sh(k)(y,:z:)a;;} (2.16a)

cSate® = [ dy (R (5. 0)a, + B (v 2)a) (2.16)

we could further expand the error terms into another fourth-order polynomial in
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(ai, Q).

The following is the result of expanding £(t). First, let us list all the error

terms of N~/2e8Ve~8 which is a fourth-order polynomial in (af, a,) with no linear

nor cubic terms. The quartic term is given by

1
IN / dy,dyadysdys {
on (Y1 — y2) sh(k)(ys, y1) sh(k)(ya, ya) +

/ 0 {plye, )on (31 — ) sh(k)(x, ya) } sh(k) (g 42) +
/ dr {plys, )on (z — y2) sh(k) (s, 2)} sh(k) (y ) +
/dﬂ?ld@{ﬁ(yhxl)p(%a Y2)un (21 — 2) sh(k)(ys, 1) sh(k)(ze, x4) }

T al af of
} Q) Qg Oy Oy,

The quadratic term is given by

1
W/dylddexldx2 {

ch(k)(y1, z2) sh(k)(xe, y2)(sh(k) o sh(k))(z1, x1)vn(z1 — x2) +

ch(k)(y1, x2) sh(k)(w1, y2) (sh(k) o sh(k)) (1, w2)vw (21 — 22) +

B (g1, 1) sh(k) (2, y2) (sh (k) o Sh(R)) (w1, 2o (1 — ) +

ch(k)(y1, x1) sh(k)(z1,y2)(sh(k) o sh(k))(xa, xo)vn (21 — 22) +

sh(k)(y1, z1) sh(k)(za, y2)(sh(k) o sh(k))(z1, x2)vn (21 — x2) +

ch(k)(y1, z1) ch(k)(x2, y2)(ch(k) o sh(k))(x1, z2)vn (21 — 1:2)} aLlaLQ

20

(2.17a)

(2.17h)
(2.17¢)

(2.17d)

(2.18a)
(2.18b)
(2.18¢)
(2.18d)
(2.18¢)

(2.18f)



The zeroth-order term is given by

1
ﬁ/d%ldxg {

(sh(k) o sh(k))(z1, x2)vn (21 — x2)(sh(k) o sh(k))(x1, z2) + (2.19a)
(sh(k) o sh(k)) (a1, a1)un(@y — 22) (sh(k) 0 sh(k))(x2, 22) + (2.19b)
(sh(k) o ch(k))(z1, z2)vn (21 — 2)(ch(k) o sh(k))(z1, mg)} (2.19¢)

In the case of €5[A, V]e™® we have a cubic polynomial in (a,a,) with no

quadratic nor zeroth-order terms. The cubic term is given by

\/Lﬁ / dyr dyadys {UN(yl — y2)(y2) sh(k)(ys, y1) + (2.20a)
[ {ox(on — 2)0(a) sh) )} o) gz n) + (2.20b)
[ (plon.on (e — ) shik) s, 20} 0) + (2200
[ e (bl 2ot~ 2)6(0)} shlk) o, ) + (2.200)

/ dydiy {(p(ys, 22 )on (21 — 22)B(22) sh(k) (1) sh(k) ()} +  (2.200)

/d:v1dar2 {p(y1, 21)p(z2, y2)on (21 — I2)¢(I2)Sh(/€)(937$1)}} al al,al, .

(2.20f)
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Lastly the linear term is given by

\/% / dydxld:cg{
sh(k)(y, z2) (sh(k) o sh(k))(z1, 21)(w2)vn (21 — x2) + (2.21a)
sh(k)(y, 1) (sh(k) o sh(k)) (21, z2)@(z2)vn (21 — 22) + (2.21Db)
Ch(E) (y, 1) (ch(k) o sh(k)) (1, m2) p(w)vy (21 — ) + (2.21¢)
Ch() (y, 1) (sh(k) o Sh(k)) (21, 22)p(w2)vn (@1 — 22) + (2.21d)
ch(k)(y, 2) (sh(k) o Sh(R)) (01, 1) (2)ow (1 — 22) + (2.21¢)
sh(k)(y, 21)(Sh(k) o ch(k)) (21, 22)d(as)on (21 — o) } al, (2.21f)

2.4.2 Estimates for the Error Terms

To prove theorem 2.1 it suffices to establish the following estimates on £(t).

Proposition 2.22. For the two error terms we have the following estimates

1 N
L B -B < >
\/NH € ['A V]e Q H]: ~ g2 (2'22>
and
—HeBVe BQ |l < N3 (2.23)

Proof. Since many of the terms are similar, without loss of generality, we shall pick

representatives in each category and prove the bound holds for the representatives.
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First, let us look at the quartic term. The two representatives are (2.17a) and
(2.17d) since (2.17b) and (2.17¢) could be handled similarly by the techniques in

bounding (2.17d). In the case of (2.17a), we see that

1
N | vn(y1 — y2) sh(k)(ys, y1) sh(k)(y2, ya) HL2(dy1dy2dy3dy4)

1 2 _
S N” N || 20w ey [| SB(K) ||L2(d:cdy) S N

where we have used Proposition 2.17. For (2.17d), we have

K H / drdaa {plyr, @1)p(wa, y2)on (21 — w2) sh(k) (ya, 1) sh(k) (w2, 24)

L2(dy1dyadyzdya)

1 _
~ N” UN ||L°°(dx)||p<k) ||%2(d1‘dy)H Sh(k> ||%2(dxdy) 5 N1

For the quadratic term, the worse term is given by (2.18f) due to the § function

contribution. Looking term with the most ¢ function contribution, we have

1 1 _
~ 1sBR) (i v2)on (yr = ) 2gayrayy S 5110w oo || sh(k) [l 22 gaway) S N3P

For the cubic term, we shall consider (2.20a) and (2.20f). In the case of (2.20a), we

have

1
ﬁ” on (Y1 — y2)0(y2) sh(k) (Y3, Y1) || 22 (dyr dyodys)

1 N(B5-1)/2
S ﬁ” ¢ HLOO(dx)H UN HLQ(dx)H sh(k) ||L2(d:rdy) S EEE
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And for (2.20f), it follows

\/Lﬁ H /dmdm {p(y1, x1)p(xa, y2)vn (21 — 22)d(22) sh(k)(ys, 21)}

L2(dy1dyadys)
1 ) NBB-1)/2
S 10 a6 i 300 a0 L) S

Lastly, for the linear term, we shall consider (2.21c¢). Again, consider the term with

the ¢ contribution, we have

\/—H/dﬂfﬁh )y, x2)d(x2)vn (y — 2)

L?(dy)
1 < NGBB=1)/2
S S0 Il on lszoll sh6) liziaeay S 5

2.5 Application: Derivation of The Focusing NLS in R?

We provide two derivation of the focusing nonlinear Schrédinger equation.
For the first derivation we will use the method of pair excitation developed in the
previous sections and the second derivation will be via a method introduced by Pickl

in [Picl1,Pic10].

2.5.1 Pair Excitation Method

In this section, we provide the Fock space method! for analyzing the rate of

convergence of the one-particle marginal toward mean field. However, in the next

IThe pair excitation method is also referred to as the Fock space method.
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subsection, we shall provide Pickl’s method which offers an error bound which will
be independent of time. Nevertheless, the purpose of this section is to show that
one could still derive the focusing NLS from the pair excitation method developed
thus far in the chapter.

Let us recall a couple results proven in [Kuzl5b]:

Lemma 2.23. Let k(z,y) € L*(R? x R3) symmetric in (z,y). Then the following

operator inequality holds

BENeBE) < N 41 (2.24)

uniformly in time.

Lemma 2.24. We define the reduced dynamics, denoted by 1,.q, to be

Yrea(t) := Bk VNA@) pitHy o= VNA(d) () (2.25)

Then we have the following estimates

H Ne_Bwred ||]: S\/N H (N + 1)1/2w1"ed H]: and (226)

|| N1/2w7‘ed ”.7'— S\/NH wea:act - wapproa: ||]~' (227)

Following [RS09] and [Kuzl5b], we rewrite the one-particle marginal density
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as follows

1
UICERY
1 , .
= <e”HPNe"/NAQ, alayezme"/ﬁAQ>
N

=

1 . .
_ e”t”PNe_‘/NAQ, e—\/ﬁA ex/ﬁAaLe—\/ﬁA eﬁAaye—\/ﬁA ex/NAeztﬂe—\/NAQ

aL«H/N(Z) ay+\/ﬁ¢

= 1 (eimPNe_\/NAQ,e_\ﬁNAaLaye\/NAeime_‘/ﬁAQ>

(eitHPNeﬂ/ﬁAQ’ e*\/ﬁAaye\/ﬁAeitﬂef\/NAQ>

(eitHPNe*\/N-AQ’ efﬁAalemAeitﬂeimAQ> + (b( )&(t y)

Here Py is the projection operator onto the Nth sector of the Fock space. Moreover,

the identities

e\/NAaLe_‘/NA —al +VN¢ (2.28a)
VMg e VNA = o +VNg (2.28Db)

are direct consequences of the Lie-type identity used in [GM13b].

Using the above calculation, we have

WOt 2, y) — on(t, 2)dn(t,y)| <

|on(t,y)|
i CN\/_

t yex/ﬁAeimPNe—x/ﬁAQ H

\FA zt?—LP e \FAQH

\FA zt?—tP \FAQH

CN\/_
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which means

/da:dy W (2, y) — on (L 2)dn(t,y)|

2 2
< 1 NeVNAitH ,—VNAQ H i 1 NL/2oVNAitH ,—VNAQ)
& N? F AN F
1 -B 2 1 1/2 ,—B 2
= & N2 HN@ Pred H]—‘+ 2N ”N € YPred H]-‘

Applying lemma (2.23) and (2.24), we get

/dxdy "y](\})(t,l“,y) - ng(t,x)gz_SN(t,y)|2

1
N3/2

_ 1 2
S/ ||N6 BwredHi‘i‘\/_NHNl/2wred”]:

SJ \/NH 1/}exact - 1/}approx ||§‘

Finally, by the appendix in [Kuz15b| and remark 1.4 in [RS09], we have provided
both a derivation of the focusing Schrodinger equation and a rate of convergence
of the N body interacting bosonic system toward mean field for § in the range

0<pB<s.

Remark 2.25. One should note we could only use part one of Theorem 2.1 for our

derivation of the focusing NLS since we are considering evolution of coherent states,

ie. k(0,-)=0.

2.5.2  Pickl’s Method

Following closely the presentation in [Pic10|, we consider the quantities
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Definition 2.26. Let ¢ € L?(R?)

(a) For each 1 < j < N we define the projectors pf : L2(R3) — L2(R*") and

qf : L2(R3Y) — L2(R3YN) given by

p?\I/N(ml,...,xN) = qﬁ(xj)/gb*(x;-)‘lljv(xl,...,x;,...,xN)dacj

and qf =1- p? respectively.

(b) Furthermore, for any 1 < k < N we defined P : L*(R*N) — L*(R*N) given by

Fe = [Tw) ()™

ac Ay £=1

where
N
A ={(a1,...,an) | a; € {0,1} and Zai =k}
i=1

(c) Assume 0 < A < 1. Let us define the function m* : {1,..., N} — Rs given by

k/N?, for k < N
m*(k) ==

1, otherwise
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and a corresponding functional oy, : L2(R3M) x L*(R3) — Rsq given by

(U, ¢) : \I/N,Zm (k)P{ W)

= (U, mMWy) = || ()20 ||,

For convenience, we shall use the notation ay instead of al.

As a direct consequence of the definitions, one could verify the following

an(Vy, 0) = 47U 73 < o (¥n, 0)

for 0 < A < 1. Again, by the definition, we could derive an error bound for the rate

of convergence of the one particle density towards the mean field limit

198 = 16} lop < |17 (122 — 1] 16) (@] llop
+ 2| U 2 Hp1 Uyl + | @0y HL2
< |1pPn 122 — 1] + 20l P [zl 07 v 122
+ g |2,

S I Un 7z + 1670 2z

Since |¢)(¢| is a rank one projection operator, by remark 1.4 in [RS09| the trace

norm is two times the operator norm, i.e., 2|| 7](\, 16) (0] ||lop = T 'yN |6)(p]].
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Then it follows from the above estimates

Tr |30, — |60 (0| < o (O, &) + /o (W, ). (2.29)

Thus, to obtain a rate of convergence for the error it suffices to prove an estimate
for an (¥, #). Let us now state the main theorem in [Pic10] which we will use to

derive the focusing NLS:

Theorem 2.27. Assume 0 < A\, f < 1 and vy satisfies the same conditions as before.
Assume for every N € N there exists a solution to the linear N-body Schridinger

equation Wy (t, x) and a L™ solution of the mean field equation ¢, on some interval

[0,T) with T € RygU {oc}. Then for any t € [0,T)

t
an (U, ) < exp (/ Coll b5 1170 (an) dS) an(¥n 0, do)
0

t
o (G0 [ 10w d5) ~1) sup K8
0

0<s<t

where 0y = %max{l —A—=4B,38 -\, =1+ X+ 38}, C, is some constant depending

only on v and

K? := Cy(|| Al | z2(a) + 1| @ |l ooy + 1)1 & [l 2o (am)-

Proof of Theorem 2.5. Note if Wy (0,2) = ¢®N then ay (¢®Y,¢) = 0. Hence com-
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bining with our above decay result for ¢ satisfying the Hartree equation

10080+ ([v)iePo =0

we have that
t
an(Uny, dr) < {GXP (Cv/ | &5 1700 () ds) — 1] sup K% N
0 0<s<t

where

K% = Cy(|| Alée* Il r2(azy + | D¢ | 1ooaw) + DI b | oo )
S (NVade? e2(aey + | 680 || L2(az) + || 64 | 2o (aw) + )| D1 1] L (aa)
S (I Vet @) | Vade |z2(an) + 1| @ | poo(any || Vade | z2(ae) + || 6 |zoo ey + D & || oo ()

<t
~ 14132

Thus, it follows

Tr |7y, — [ (¢

< \ O‘;\V(\IJN,ta o) S N2,

By remark 1 in [Pic10], we see there is a choice of A such that §, < 0 when 0 < 8 <

1
5 -
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Chapter 3: Uniform in N Global Well-posed of the Time-Dependent

HFB system in R'*!

Based and the discussion in the introduction and (1.6), it is heuristically clear
that there is no critical scaling when d = 1,2. To be more specific, for d < 2, the
coupling constant for the interaction of the rescaled system is inversely proportional
to the number of particles which means the mean-field scaling is more prominent
than the short-range scaling effect. Thus, we do not expect to see any short scale
correlation effects. Omne of the purposes of this chapter is to offer a preliminary
step to a rigorous demonstration of the fact that there is no development of short
scale correlation structure when d = 1 for the effective description by showing the
effective equations are well-posed for all 5 > 0. The case d = 2 for all g > 0 is still
open.

Another reason to consider the entire range of 3 in R'*! is inspired by the
Lieb-Liniger model [LL63, Lie63| which is a 1D model for a system of ultradcold
Bose particles inside the torus endowed with a pairwise interaction given by the

repulsive d-function, i.e. the Lieb-Liniger Hamiltonian for the N-particle Bose gas,
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in appropriate units, is

N
82
i=1 ¢

1<i<j<N

where ¢ > 0 denotes the repulsion strength. More specifically, one can view the
Lieb-Liniger model on R as a heuristic endpoint case of our analysis of the dynamics
generated by (1.2) in the weak-coupling limit regime, ¢ — 0.

Our interest in the model is twofold. From a phsyics point of view, the model
has an important feature of being exactly solvable in the ground state with com-
putable spectrum. Moreover, the recent advancement in the techniques of trapping
and cooling atoms has opened up a variety of possible experimental studies for ul-
tracold Bose gases that are effectively one-dimensional; for a comprehensive survey
on the subject, we refer the reader to [BDZ08|. Hence a firm mathematical under-
standing of the dynamics generated by the Hamiltonian (3.1) is an indispensable
theoretical tool to suggest further experimental investigation of certain 1D proper-
ties for ultracold Bose gases. In particular, an effective description of the dynamics
generated by the Lieb-Liniger model would provide a simplified way to analyze the
dynamics of these effectively one-dimensional Bose gases. From a mathematical
perspective, the Lieb-Liniger model on R is the simplest instance of a many-body
quantum mechanical model with interaction given by the d-potential. Up to date,
there is no rigorous results on the effective description of the evolution of any quan-

tum system with d-interaction.
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3.1 Notations and Main Statements

Let us indicate some of the notations adopted by this chapter.

Notations. Following [GM17], we use the notations

10 10
=22 A+ A =22 A A
Sei=gg Tty and Si=oa— A -4,

to denote the two Schrodinger-type differential operators. Moreover, unless spec-
ified, z,y € R, which means A, = 0,, and, similarly, A, = 9,,. The two types
of semilinear equations, corresponding to the above operators, considered are the

inhomogeneous von-Neumann Schrodinger equation
S.I'=F (3.2)
and the inhomogeneous Schrédinger equation

(s + %UN@; _ y)) A=F (3.3)

where vy (x) = NPu(NPz) and v € LY(R) N C=(R).

Remark 3.1. We assume v is non-negative and even in our presentation since our
prime interest is in studying vy — c¢d. However, it should be noted that v can
be asymmetric and negative when we study the local well-posedness of the time-
dependent HFB; whether these facts have interesting physical consequences will not
be explored in this chapter.
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Next, let us define the space for the initial data. For every s > 0, we define

the space

xX° = {(@’F7A) € H” X Hfslerm X Hssym}

with H*® being the Sobolev space H*(R), H;, .. the Sobolev space H*(R?) restricted

erm

to functions I' such that I'(z,y) = T'(y, ), and H{,,, the Sobolev space space H*(R?)
restricted to functions A such that A(x,y) = A(y,x). More specifically, X* is en-
dowed with the norm

1@, T A) s = (V) ey + 1 (V) @ 1+ 1@ (V)*) 2T || 2qee)

FUVL2R1+1@ (V)2 || 22y

When the context is clear, we use the symbol (V. ,)® in place of ((V,)?®1+1®
(V,)?)*/2. Furthermore, we study the local well-posedness of our equations in some

Strichartz spaces, which are mixed LP spaces endowed with the norm

T q/r\ V1
HUHLq[QT]Lr(dx)Ls(dy) = (/0 dt (/ dx ||u<t7$7'|’23(dy)) )

where the triplet (g, r, s) satisfies some Strichartz admissible conditions, which will
be made clear in the following sections. We also adopt the equivalent notation
La(dt)L" (dzx)L*(dy), with the implicit assumption that it depends on 7', in place of

LA([0, T]) L (d) L* (dy).
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The hyperbolic trigonometric integral operators introduced in §1 are defined

as follows

1

sh(k) ==k + 3

_ 1 _
kok‘ok‘—i—ak‘okokokok—i—...

1- 1- -
ch(k) := 6 + p(k) ::5+ikok+zkokokok—l—...

where o indicates composition of operators. The symmetric kernel of k, k(t, x,y) =
k(t,y,z), is called the pair excitation function. The following are some useful

trigonometric identities

sh(2k) = 2sh(k) och(k), ch(2k) = ¢+ 2sh(k) osh(k) (3.4a)

ch(k) o ch(k) — sh(k) o sh(k) = o. (3.4b)
Lastly, we use the usual conventional notation
pr(t,x) =T(t, z,x)

to define the restriction of I' to the diagonal of the plane.

Remark 3.2. We adopt the usual convention of identifying the collection of Hilbert-
Schmidt integral operators on L?(R%), denoted by £2, with their integral kernels in

L*(RY x RY).
Main Statement and Structure. Let us state the main results of the chapter

Theorem 3.3 (Uniform in N Local Well-Posedness of the time-dependent HEB in
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R¥1Y). Suppose 8 > 0 and R > 0. Then there exist T = T(3,R) > 0, ¢ = o(B),
both independent of N, and a corresponding spacetime function space X, depending

only on T and o, such that for any given

(SOOaroaAO) € {(QO,F,A) S ’ H (QD,F,A) HX"’ < R}a

there exists a unique solution to the time-dependent HF B equations (1.33) with initial

data (¢o, Lo, No) satisfying (o, Ty, Ay) € C([0,T] — X7) N Xr.

Remark 3.4. The proof is based on Picard-Lindel6f theorem or sometimes known
as the Banach fixed-point method. We refer the reader to §3.7 for the definition of
the function space X1 and Theorem 3.36 for the a-priori estimates involved in the

proof of Theorem 3.3.

Remark 3.5. Given § > 0, we will later see that the choice of ¢ must satisfy the
conditions 1—fFo > 0and 0 < 0 < %; see Remark 3.15 and Remark 4.10. Informally,
this means when 3 is large we can only have uniform control of low Sobolev norms.
Ideally, we would like to choose ¢ = 0, but the nonlinearity requires us to choose
o > 0; see Remark 3.16. Hence an interesting point to observe is the competition
between large S > 0, which requires low regularity of the initial condition, and the

non-linearity, which requires some regularity.

Remark 3.6. The choice of the Banach space X7 is sufficient, maybe necessary, for
our analysis of the time-dependent HFB equations. Heuristically, the space Xr is
an intersection of Strichartz spaces, which capture evolution due to the Schrodinger-
type operators, plus a trace-type space, which captures the interactions coming from
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the nonlinearity of the coupled equations.

Corollary 3.7 (Uniform in N Global Well-Posedness of the time-dependent HFB

in R, Suppose B > 0 and R > 0. Then for any

(00, To, Ao) € {(0, I, A) € X7 [ [[ (0, T, A) e + || (Vatp, Vi I', Ve y A) [|x- < RY,

the corresponding local solution to the time-dependent HFB equations (1.33) given
by Theorem 3.3 extends globally with (¢, I'y, Ay) € C([0,00) = X7) N Xoo 1o (See §8

for definition of X toc)-

Remark 3.8. To prove the global well-posedness it suffices to prove that the following

estimates

[ {(Ve)7o(t, ) |2z S 1
1 (V) Tt ) |2(dzay) S 1

[ (V) At ) |22 (deay) S 1

hold uniformly in ¢ and N, which is a consequence of the conservation laws proved

in [GM13al. See §3.7.3.

Remark 3.9. Our result does not require the condition V? < C(I — A) which is a
standard assumption used to treat the multiplicative operator V' as a perturbation

of the non-interacting case. More precisely, since we are working with V(z) =
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NP=1y(NPz), then we see that

N“/dx @) PN 2)P = 1V f T S 1 2@ + 1 22

can only be true uniformly in N provided § < 2. Nevertheless, in the one di-
mensional setting, V' can still be considered as a perturbation even without the

condition.

Now let us explain a bit the structure of the paper. In §3.2 and §3.3, we develop
estimates that are essential for closing the iteration scheme of the I' equation. The
main results of those two sections necessary for the proof of Theorem 3.36 are
Proposition 3.19, Proposition 3.20 and Propostion 3.21. Likewise, from §6 and §7,
we will need Proposition 3.32, Corollary 3.33, Proposition 3.34 and Remark 4.10 to
close the estimate for the A equation. Finally, in §3.7 we prove a-priori estimates
that are necessary for us to establish the local well-posedness theory for the time-
dependent HFB equations then extend the result to a global well-posedness result

under further assumption on the initial data.

3.2 Estimates for the Homogeneous I' Equation

The main purpose of this section is to prove (3.12) for the von-Neumann

Schrodinger equation

10
SOT 4 [-AT] = .
sl TI-ATI=0 (3.5)
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for arbitrarily smooth initial condition I'(0, z,y) = Iy(x, y). The two key ingredients
involved in the proof of Corollary 3.14 are the collapsing estimate and the sharp trace
theorem!.

Let us adopt the following convention for our spacetime Fourier transform:
the spacetime Fourier transform of a Schwartz function f € S(R x R?), denoted by

]7, is defined to be

]7(7', ) = /dtdm eI £(1 7). (3.6)

Likewise, the Fourier transform f of some function f € S(R?) is defined by

f(6) = / ) (3.7)

with corresponding inversion formula

1
(2m)

fx) = / de 57 f(6). (3.8)

Remark 3.10. The reader should be aware of our attempt to keep track of the values
of the fractional derivatives in this section. Keeping a record of these values allows
us to show that the mapping used when implementing the fixed-point argument is

indeed a self map.

Now, using the spacetime Fourier transform, we can establish the following

IHere, sharp trace theorem refers to the statement: for any hyperplane ¥ ¢ R% and s > %, the
trace operator T : H*(R?) — H*2 (%) is bounded.
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collapsing estimate for the solution to (3.5).

Proposition 3.11 (Collapsing Estimate). Suppose I' is a solution to SLT' = 0, then

1
| Vipr(t, ) || r2wtawy S| Do |l 22(dady)- (3.9)

Proof. Taking the spacetime Fourier transform of I' yields

pr(t, ) = / dtdz e ™ pp(t, ) = / dtdady e "€ (x — y)T(t, 2, y)

1 —iTt 1 it(—7r—|E—n|? 2y

= oL /dndt et & —n,n) = W/dndt TN (6 — )
1 2 1T

= W dn 6(t + & —n|* — [n")To(§ —n,1m)

. 1 f‘\ fQ—T 52—1-7'
~ 8m2¢| 0( 26 2% )

1
Taking the Lfé(R x R) norm of V3 pr and applying Cauchy-Schwarz gives us the

estimate

—_——

/ drde ||Vl 3ot 2)(m, ) S 1 To |2y

since

sup / dn (7 + 1€ — nf? — [nl?)lé] < 1.

]

Utilizing the above collapsing estimate, we prove a couple perturbed version
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of the collapsing estimate which will be crucial for the chapter.

Lemma 3.12. Suppose I' is a solution to SLI' = 0. Then for any ¢ > 0 we have

the estimate

1
14
| Vepr(t, @) || oo anyrzany S I VEy Do ll 22 (dedy)- (3.10)

Proof. For any fixed t, it follows from the sharp trace theorem and the conservation

of mass we have that

1
1y
I Vapr(t, o) lz2e) S I VEy To ll2(dedy)-

]

Proposition 3.13. Suppose I' is a solution to SLI' = 0. Then for any 0 < ¢ < %
and 0 < &' < §—¢ there exist ¢ = q(¢) and oo = a(e) such that the following estimate

holds

1 N
V2 prt ) L@ rz@e) S I Ve, Do ll 22 dedy)- (3.11)

Proof. Interpolating® estimates (3.9) and (3.10), we obtain the estimate

1 o
| V2 = prlleayrz) S | VLo | 22 (dedy)

2c.f. Chapter V §4 in [SWT1].
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with « given by

31e)
a = 1 e.

s —€

2

Moreover, checking the arithmetic, we see that

since £’ < % — €. O

Corollary 3.14. Suppose I' is a solution to S.T' = 0. Then for any 0 < e < % there

exists ¢ = q(g) such that the following estimate holds

1_ 3_
1192220t 2) o c2can) S 1 V5%~ To |l 22 aoay- (3.12)
Proof. Fix . Choose d to be
1—2¢ s+6 3

TGS G

To avoid confusion, the reader should note that £ and ¢ here correspond to ¢’ and &

in Proposition 3.4. Hence by the previous proposition, there exists g(g) given by

such that estimate (3.12) holds.
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Remark 3.15. For convenience, we shall henceforth denote the quantity (% —¢€)e by

g.

Remark 3.16. Heuristically, we want the estimate

1
| pr(t, z) ||L2(dt)L°°(d:v) S Vipr(t ) ||L2(dtda:) ST HLQ(dacdy)

but the estimate is a false endpoint of the Gagliardo-Nirenberg estimate. However,
by using the above corollary and the fact that we are working on a finite interval

[0, 7], we get that

1_
| et @) lzanotan) < 111Vl 2o (t,2) | 2(anan)
1_
< Teome Pover|| 17 137 p(t, ) HLQ(dt)L2(d$)

< T PN 1V, 017D || 12 (dady) -

We will elaborate more on this point in the next section.

Next, let us establish the homogeneous Strichartz estimate for the linear op-

erator Si.

Proposition 3.17 (Non-Endpoint Strichartz). Suppose I' is a solution to SLI' =0

with initial condition Ty and (k, ) is an admissible pair, i.e.

_ - (3.13)

Eral )
+
~|
[N}
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where (k,0) € (2,00] x [2,00]. Then it follows

it(Ap—A

e T | e (an Lo @ny2(ay) S N Vo |l 22 (dwdy) - (3.14)

Proof. The proof is essentially the same as the standard non-endpoint Strichartz
estimate using both the 7T7T™ principle and Christ-Kiselev lemma. See §2.3 in

[Tao06]. O

3.3 Estimates for the Inhomogeneous I' Equation

Let us now consider the inhomogeneous I' equation

S.I'=F (3.15)

where F' is smooth. The main purpose of this section is to obtain collapsing esti-
mates similar to estimates proven in Proposition 6.1 and Corollary 3.14 but for that
inhomogeneous equation. The main results of this section are Proposition 3.19 and

Proposition 3.20.

Remark 3.18. For the purpose of obtaining estimates for (3.15), we do not need

to assume F to have any symmetry. That being said, in order for our iteration

scheme to preserve the symmetry I'(x,y) = I'(y, z), i.e. stay in the designated space

which we have specified in Theorem 3.3, it is wise to assume F' is skewed symmetric,

ie. F(z,y) = —F(y,x). Likewise, the forcing term with respect to the A equation

should also satisty F(x,y) = F(y,z). Henceforth, we assume the forcing F' for each
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of the three equations has the correct symmetry.

Observe the solution to the inhomogeneous equation can be written as
. t .
D(t,z,y) = e B80T (2, y) —1—1'/ elt=) BB P51 9)) ds (3.16)
0
which then yields
pr(t,2) = ["A STy (2, 2) + i / NS5 5 z) ds (3.17)
0
Then it follows from the estimate (3.9) that

T
1 Lo it—s o=
|||Vx’2pFHL2(dtdx)§HF0||L2(d:vdy)+/ V2|2 [ 9B Fl (s, 2, ) || 2 (dvar) ds
0

S 1 To llz2(dady) + | F' [ 10,7122 (dedy) -

Hence we have obtained the following proposition

Proposition 3.19. Suppose I' solves SLI' = F', then we have

1
Va2 pr [l 22ty S 1 Do ll2(azay) + | F [0, 7122(azay)- (3.18)

The following is a perturbed version of the above proposition.
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Proposition 3.20. Suppose I' solves S.I' = F, then for every 0 < e < % we have

l* some power (e
1 1Val2"%pr | 2(atazy S T5™F (H (Vay"T(t 2, y) || Loofo,1722 (ddy)

+ [ Vayl”F ||L1[0,T]L2(dxdy))- (3.19)

Proof. Applying Corollary 3.14 to (3.17) yields

1_
1Vel2™pr(t, @) || 12 (atax)
S (L e
’ L j Ay—A
+/ ds || |VI|§—5[ez(t—s)( z— y)F](S,x,x) ||Lq[07T]L2(dx)>
0

< rpsome power

S (V[T 2, y) oo, 1102(d0dy) + | Vo F 11101702 (ddy) )

where ¢ = m Then by Remark 3.16 we obtain the desired estimate. O]
2

To conclude this section, let us state the inhomogeneous Strichartz estimate.

Proposition 3.21. Suppose I' is a solution to SLI' = F with initial condition T’y

and (k,0) and (k, ) are an admissible pairs (see (3.13)). Then it follows

|| F<t7 z, y) ||Lk(dt)LE(dx)L2(dy) 5 ” Lo ||L2(dwdy) + || F HL’V(dt)Lz’(dx)L?(dy) (3-20)
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and

11V ey [T (8 2, y) ki@ ptan 2y S Vel To l2aeay) + 1 Vaul " F v a0y 17 (d2) 12 (ay)

(3.21)

where (K',0') denotes the Holder conjugates of (k. 0).

3.4 Application of the Inhomogeneous I' Estimates

The purpose of this section is to develop estimates which we will later use
in the proof of our main theorem in §3.7. However, as an immediate application
of the previous two sections, we are now ready to consider the uniform in N local

well-posedness of the following Hartree-Fock equation

10
or equivalently
S+I(t,,y) = [on * pr(t, x) —on * pr(t,y)L (¢, 2, y) = F (3.23)

in some Strichartz-type space X equipped with the norm

1, 1
[T x = [[IVel2"pr(t, 2) [ z2j0,1122(dx) + | V2|20 (, 7) || £200,7122 (d2) (3.24)

+ || <vx,y>ar(t7$7 y) ||L°°[0,T]L2(d:vdy) + || <vx,y>gr(taxa y) ||L4[O,T]L°°(dx)L2(dy)
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where ¢ is sufficiently small, say ¢ < %

The uniform in N local well-posedness is proven using the standard Banach
fixed-point argument. More precisely, we close the estimate for (3.22) in X. In
particular, we close the estimate for each of the three norms indicated in (3.24).
However, by Proposition 3.19 and Proposition 3.20, it suffices to consider estimates
for the corresponding forcing terms.

First, let us estimate || F' || L1jo,r102(dwdy)- By Holder’s inequality, we see that

|| F ||L1[0,T]L2(dxdy) 5 || UN * PF(?Z x)r(ta z, ?J) ||L1[O,T]L2(dxdy)

S low * pr(t, @) || 2@ e o) | D 2, 9) [ 22(dt) 2 (da) 22 (dy)

where we made the choice p = 1/¢ and r = 2(1 — 2¢)~!. Then by Gagliardo-
Nirenberg-Sobolev inequality, Young’s convolution inequality and Holder inequality;,

in the time variable, we obtain the estimate

1_
| F || ptomz2deay) S | on * V3 pr(t, @) || e | T 20 y) |22 o o) £2 )

1_
S T P | 727 o (t, @) || 2 garda) | Dt @, Y) || pagan £ (e 22 (ay)

1

where ¢ = 2e'. Note that ¢ is chosen so that (¢,7) is a 1D Strichartz admissible

pair. Hence by interpolation, we see that

| F HLl[o,T]L?(dxdy) S reeme pover|| T ||§(
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Likewise, we can show that || \Vx,yﬁF | 10,7122 (dwdy) alsO closes.
Next, let us estimate || |V F || L10,7102(dwdy)- Using the classical Kato-Ponce

inequality, sometimes refers to as “fractional Leibniz rule", we see that

1 Vayl” Flloio022dedy) S 1 Vayl”on * pr(t, 2)T(E, 2, 9)] (| 20,7122 (dedy)

S low x pr(t, @) || L2garyLedn) || [V |71 (& 2, y) | L2(at) L (doy 2 (ay)
+ o * [Ve|"pr(t, ) |2 L5 @) | T 2, 9) | 22046 17 (do) 22 ()

+ v * pr(t, o) (| L2y o da) | [V 27T (& 2, y) | 22107127 (d2) 22 ()

where p = 2[(5 — 2¢)e] 1,7 = [ — 2¢ + $]7! and p,r as defined above. Hence by

the same argument as above with ¢ = 2[(5 — )e] ™" we see that

H ‘vﬂ?,y|a[UN * pr(t, 'T)F(ta L, y)] ”Ll[O,T]LZ(dazdy)
1_ g
S TP Ve |27 pr(t, @) (| L2 (ataw | [Vy|7D(Es 2, y) [ Lo L (day 22(dy)
Jasl WeEr l—
+ T PO N2 pr(t, @) | 2 (atan) | T(E 20 y) (| Laqary 27 (de) 22 (ay)

some power l— g
+ T PN |27 pr(t, @) || L2 (dtan) | |V "D (E 2, 9) [ Laary e () L2 ()

Again, note that (g, 7) is an admissible pair which means the desired estimate holds
by interpolation.

Remark 3.22. The belove estimate is included in this section purely for the author’s

own organizational purposes. Hence the reader may skip it for now and refer back

to it in §8.
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Lastly, observe we have

I Vo, Fllovomzeaeay S | Vi, lon * pr(t, o)0(, 2, 9)] | 20,1102 (dedy)
S v * [Va|7pr(t 2) [ 2246 Lo || T(E 2, 9) [ 22 (a8 17 (a) L2 (ay)
+ [lon * pr(t, @) | 2@y ree) | [Vary T, 2, 9) | L20,7120 (d2) 22 (dy)
< Teme vover| |7, |2 pr (¢, ) | 22 (ataa) || T (Es 2, ) | Lao,11 L7 (da) £2(ay)

1_ o
+ TR PN |27 pr (8, @) || 2ty || |Vl “T (2, y) || Lajo, 1127 () L2 ()

where V., F = L(V,F + V,F).

Remark 3.23. Since similar calculations will be performed in §8, then for convenience
we shall fix the values of p, ¢, 7, p, ¢, 7 as indicated above for a given ¢ in the remaining

of this chapter.

As a result of the above calculation, we obtain the following proposition

Proposition 3.24. Suppose I' solves (3.22) with Schwartz initial condition T'y and

v € L'(R). Then the following estimate holds

IT xS 1{Vau) To l2(dnay) + TP || T |%

Thus, there exists Ty > 0 such that for all 0 < T < T

[T x S 1{Vay) Lo llz2(dedy)-
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Similarly, we can show that

10T [ x S 11{Vay) 0T o [| L2(aray) + T P T x| AT || x

which again means there exists Ty > 0 such that

10T xS [1{Vy)? 0o || 2 (dway)-

3.5 Homogeneous A Equation

In this section we prove collapsing estimates for the linear Schrodinger equa-

tions

10

-——A-AAN-AAN=0 3.25
which we will need later. As mentioned in the introduction, one of the main dif-
ficulties in the analysis of equation (3.3) is that the LP-norms of the potential
N~'vy(z — y) are not uniformly bounded in N when p > 1 and # arbitrarily

large since N7 un(z — y) ||, ~ N3,

More precisely, from Proposition
3.26, we see that the natural space to put the nonlinearity of equation (3.35) is
in L'[0, T|L?(dxdy). In particular, when handling the term N~ vy (z — y)A(t, z,y)
from equation (3.3) in L'([0, T] x L*(IR?)), we see there is no way (at least no simple

way) to put the term N lvy(x —y) in L'(d(z — y)). Thus, the purposes of §6 and

§7 are to develop sufficient amount of tools to handle N~ 'uy(z — y)A(t, x,y) and all
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the nonlinearity coming from the TDHBF equations.
One of the crucial tools for our analysis is the X*° spaces (sometimes called
the Bourgain spaces or dispersive Sobolev spaces) which is defined to be the closure

of the Schwartz class, ;. (R x R x R) with respect to the norm

lullso = I L+ 1E7 + 1) (L+ 17 + €7 + [nlP)*a(7, & 1) || c2(ar L2(dgan)-

For this paper, s is always zero and we are only interested in defining the X*®?
spaces for the operator S. Hence we dropped both the s and S labels from the
norm to simplify the notation. For instance, we have || u ||xo = || u]| X0 We refer
the interested reader to §2.6 in [Tao06| for a more complete introduction to these
spaces.

Same as the von-Neumann Schrédinger equation, we first obtain a collapsing

estimate for the above equation.

Proposition 3.25. Suppose SA = 0 with Schwartz initial condition A0, x,y) =

Ao(z,y) then

Hp(at,Vx) A(@-T,fl?) ”L?(dtdx) 5 ” Ao HLQ(dzdy)- (3-26)

where p(0y, V) is a pseudodifferential operator with symbol p(t,€) = |1 + |€[2|*/*.

Proof. Let us begin by taking the spacetime Fourier transform of the trace of A to
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get

A(t,x, ) :/dtdx eTTHEDN (L 2, 2) = /dtd:cdy e~ TR S (2 — ) A(t, x, y)
= /dndtdxdy e M E Tt N (1 2 4) = /dndt e TA(t, € — 1, n)

1 —
= W/dn O(r + 1€ = nl* + ) Ao (€ — . m).-

Applying Cauchy-Schwarz inequality yields the following estimate

/def (7 + )N ,2) (1, € S Su£p|[(7-7€)|||A0||%2(d:rdy)

where

I(r.€) = /7 1 P / dn 5(r + 1€ — P + 1€+ nP).

Observe, we have the identity

on—~/—1—1&?) +90 —7 —[&]?
[ inats ik i) = [ ST ED R TR g
1

N

Thus, it follows

/de€ 17+ [EPAAR, 2, 2) (7, ) S 1l Ao I Z2(dady)-
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Unfortunately, the homogeneous derivative p(d;, V,.) of the restriction of A to
the diagonal is not of any immediate use to our studies of the nonlinear coupled
equations. Since the nonlinearity in time-dependent HFB involves trace of A, we
need estimates that will allow us to control the restricted A by the spacetime deriva-
tive p(0y, V) of the restriction of A(t,x,y) to the diagonal. One such estimate is

given by the following proposition.

Proposition 3.26. Suppose SA =0, then we have

| A(t, 2, @) || Laqaryr2az) S PO, Vo)A, 2, 2) || L2 (dtda) (3.27)

Proof. We prove the above estimate using a T7T™ argument. Consider T : LtQ,x —

L}L? defined by

o F N U e FO
(TF)<t’x)_<|r+|g|2|1/4> . %/ R

then we see that TT* : L/ L2 — L*L? is given by

~ \Y \
F 1
TT'F=——1| =Fs| ——+ | =FxK
I+ €172 I+ €72

By triangle inequality and Plancherel, we obtain the estimate

1

PR | (s, ) [l 22(ae)

K F(t ) || pogan) < /ds | K(t—s,8)F(5,€) [l2qae) S /dS
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since we have

cilél(t—s) 1
| t_ S f | = / ——d7| S 1
|7[2 |t — sl
which is independent of £&. Thus, it follows
\ < PG, HL2 d
H TT F ||L4(dt)L2(dx) 5 / d ( é)
—00 |t - S| LA(dt)

Now, apply Hardy-Littlewood-Sobolev inequality % = %—n—i—a, withn =1,p=4/3

and ¢ = 4 we have that

/ I £ (s ||L2 (d¢)
It — 3|2

which means T7T™ is a bounded operator. Hence it follows from the T principle

SE N parsany 12 an)
LA (dt)

that T is also a bounded operator, i.e.

| TF ||paanyr2(awy S | F | 22(atan)

or equivalently

| F || naanyrzany S T+ 1EPYAF(7,€) || 2 (drae)-

As an immediate corollary of Proposition 3.26, we have that
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Corollary 3.27. Suppose A solves SA = 0, then for every 0 < e < 1 we have
| VEA(L, 2, ) HL4(dt)L2(dx) S V§;+y/\0 HLQ(dazdy) (3.28)

where Vg A = 1(V,A+ V,A).

Proof. 1t SA = 0, then SV, ,A = 0. Applying the previous estimate, we obtain the

estimate

| (Vary M)t 2, 2) | 2@ r2e) S 1P(0 Vi) (Vary M) (& 2, @) || L2 (dtde)

S VaryAo |22 (dway)-
Noting the identity
(Vory ) (b, 2, 2) = %vx (At z,7)), (3.29)
we get the estimate
| VoA, @, 2) (| aanrz@e) S | VeiryAo || 22(dsay)-
Interpolating the above estimate with the estimate
AR 2, @) (| Lo 2oy S || Ao ll2(dway)

yields the desired result. O]
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Let us also record the following non-endpoint Strichartz estimate for the ho-

mogeneous A equation:

Proposition 3.28 (Non-endpoint Strichartz). Suppose A is a solution to SA = 0
with initial condition Ay and (k, ) is an admissible pair as defined in Proposition

3.17. Then it follows

| eimIAoeimy ||Lk(dt)Lf(da:)L2(dy) S Ao ||L2(dxdy)- (3.30)

Proposition 3.29. For any number 17 > 1 and arbitrarily close to 1 there exists

0 > 0 such that the following estimate holds

I | mgs S TP g0y 20+ (a2 am) (3.31)

Proof. By Proposition 3.28 and Lemma 2.9 in [Tao06], we have the estimate

| E [ papo,mypoe anyrzay) S N || 146 (3.32)

for all 6 > 0. Moreover, from (3.32) we also get the dual estimate

|| F HX—%—a SJ || F ”L4/3[0,T}L1(dx)L2(dy) 5 T1/4H F ||L2[0,T]L1(dx)L2(dy)- (333)

By linearly interpolating (3.33) with

I E  —3+3 = 1 F lz2p0,7122(d0) L2(ay)
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yields

” F HX—%+>\ S o power” F HL2[0,T]L1+(dm)L2(dy)

for =0 < A < % and some number 17 depending on A. In particular, for any number

17 arbitrarily close to 1 we can choose ¢ sufficiently small such that (3.31) holds. [

Remark 3.30. Let us make the observation: since

€+ 7> + 1€ — 0 = 2/¢) + 2| (3.34)

then we also have the estimate

FE N o ges S TP PN | 2oyt (ae)) 22 )

3.6 Inhomogeneous A Equation

The main result in this section is Corollary 3.33 which allows us to obtain
a collapsing-type estimate for equation (3.3) and essentially show that N~loyA,
mentioned in the previous section, can be viewed as a uniformly in N perturbation
of equation (3.35).

Consider the inhomogeneous equation

SA=F (3.35)
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then it follows from the X*? energy estimate® and Proposition 3.29 that we have

| A(t, 2, @) || Laqayr2z) S | Ao || L2 (deay) + || Hx—%+5

+ Tsome power‘

N H Ao HLQ(d:cdy) ’ F HLQ(dt)Lﬁ(d(x—y))LQ(d(x+y))'

Summarizing the above result we obtain the following proposition:

Proposition 3.31. Suppose A solves SA = F', then we have

AR 2, @) (| Loy 2oy S | Ao llz2eay) + TP Fl| 2 o+ (ae—y)) 22(d(049)

(3.36)

Using the above proposition, we establish the following proposition:

Proposition 3.32. Suppose A solves (3.3) with initial condition Ag. Then we have

At @, 2) (|23 2 S 11 Ao llr2dway) + [ F (| -3 (3.37)

Proof. Since by Proposition 3.26 we have

eztAx AoeztAy ‘33,

SJ || AO ||L2(d:rdy)7

Y 1l L2 (dtdx)

then it follows from Lemma 2.9 in [Tao06]

I F sy c2gan) S 1EF (| 146

3cf. [Tao06| section 2.6
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for any 6 > 0. In particular, applying the X*° energy estimate we get that

1
IXOM 306 ST 5onXOM-ys +1E g + T Ao [[2gd0ay)

where x(t) is a time localization bump function. Applying Proposition 3.29, we see

that
1 < 1 some power
N” on(z = YAl 145 S NT [N X A 200 L1+ (de—y)) 22 (A1)
< 1 some power
S &7 o8 1 ot (o =gy | XA 2200y 50 (d@—)) 2 (a4

1 some power
S yicgman Lo X OA tan L= (ate—y) 22 +9))

1

S v T P I X O g

Hence for 17 sufficiently close to 1 we are in the perturbative regime. This allows

us to absorb the contribution from the potential term %UN(JJ — y)A when N is

sufficiently large. O
Using the above proposition we could show that

Corollary 3.33. Suppose A solves (3.3) with initial condition Ay. Then for every

O<J<%wehave

Vel 7A(t 2, 2) | La@n 22(ae) S IV ary] Ao | 22(@zay) + [1Vasy[TF Nl - 315 (3.38)
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Proof. Taking the spatial derivative V., of (3.3) yields

1
(S + NUN(QJ — y)> VaoiyA = Vi F (3.39)

since [Vi4y, N 'un(2 —y)] = 0. Hence by Proposition 3.32, we obtain the estimate
| (VaryA) (2, 2) | La@nr2an) S | VaryAo llz2@eay) + | Vary Fll 145
Again, noting the identity (3.29), we obtain the estimate

| VeA(t, 2, 2) || oy r2(de) S || VasyNo |22 (dady) + || Very F | (3.40)

X3t

Interpolating (3.37) with (3.40) yields the desired result. O

Now, let us record some Strichartz estimates:

Proposition 3.34. Suppose A is a solution to SA = F with initial condition Ag

and (k,0), (k, ) are Strichartz admissible pairs. Then it follows

A 2, 9) |y pan 2y S 11 Ao lle2(aady) + 11 F | g ey 17 (a2 gay) - (3.41)

In particular, it follows

1 Vayl” A 2, 9) ok ey 2y S 1Vl Do llc2aedy) + 1Vl F 0 ) 27 (a2) 22

(3.42)
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Remark 3.35. Let us note that Proposition 3.34 also holds for solution to (3.3) when

N is sufficiently large. More specifically, by interpolation, we can show

1 ) T2
N” V|7 [on (x — y)|A ||L4/3[O,T}Ll(d(r—y))LQ(d(ac—i-y)) S WH A HL4[0,T]L°°(d(z—y))Lz(d(m+y))'

(3.43)

Thus, for any 5 > 0, we can choose o = (/) so that 1 — o > 0.

3.7 The time-dependent HFB System in 1D

In this section we prove the local well-posedness of our system of nonlinear
equations addressed in the introduction. First, let us recall the time-dependent HFB

equations in 1D

{%% - Am} o) = — / dy {on (21 = y)pr(t,y)} - pu(a1) (3.44a)
_ / dy {on (21 — 9)Taly, 21) — Buly)en(a1))oe(y)}
- / dy {on(z1 — y)(Me(z1,y) — 0i(y)oe(21)) P (y) }

{%% — Ay + Am} ['y(21, 22) (3.44b)

= — /dy {(un(z1 = y) = on (w2 — ¥)) A1, Y) Ay, 22) }
— /dy {(vn(@1 —y) —ow(we — y))Le(z1, y)Te(y, 2) }
— /dy {(vn(z1 —y) —on(z2 —y))pr(t, y)Li(z1, 22)}

+ 2/dy {(on (@1 —y) — o (@2 — )@ (W) By (1) e (22) }
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10 1
{Za - Am - Aa:z + NUN(xl - xQ)}At(xth) (3440)
= — /dy {(on(z1 —y) +on(22 — ) pr(t, y)Ae(21, 22) }
— /dy {(on(z1 —y) + on(22y)) A1, Y)(y, 22) }

— /dy {(UN(I'l — y) + UN<=732 - y)>ft<x17y)At(y7I2)}

4o / dy {(vn(z1 — ) + v (22 — ) 0e () 2o )or(w2)}

The space Xr is a Strichartz-type space equipped with a norm which is the sum of

the following norms

Nr(p) == || (Va)7@(t, @) || Lap 00 (z) + | (V) @t ) || Loojo, 1102 () (3.45a)
N7 (L) := [ (Vay) T, 2,9) || 40,7115 (d2) L2 (dy) (3.45b)
1 (V) Tt 2, y) | oo0.1722 (dedy)
+sup | Vol 2Dt 2 + 2,2) || 2 (aam) + sup | V|20t 2 + 2, 2) || L2 (dra)
Nr(A) = ([ (Vi) A, 7, y) (| 24107110 (de) 12 (ay) (3.45¢)

+ [ {Vay) AL, 2, y) |Loopo,r1z2(dedy) + 5up || (Vo) "A(t, @ + 2, @) [| Laj0,1y12(d0) -

Moreover, let us denote the space of functions (¢y, I's, A;) where the above norms
are finite for any 0 <7 < 0o by X joc-

Let us present the main a-priori estimates of the chapter

Theorem 3.36. Suppose o, ' and A solve (3.44a), (3.44b), and (3.44c) respectively
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with Schwartz initial condition (o, Lo, Ag). Then we have the following estimates

Nz (9) S [1{Va) 0 llz2(an) + TP (N7 () + N (') + Np(A)) Nz (o)

(3.46a)
N7(T) S 1 {(Vaw)To |l 2(azay) + T°7™ P4 (N7 (I)* + Ny (A)? + Ny (p)*) (3.46b)

NT(A) 5 || (Vz,y>”A0 ||L2(dmdy) + Tsome power (NT<F)NT(A) + NT<QO)4) . (346C)

In particular, there exists Ty such that for all T < Ty we have that

NT(X) = :N-T(QO)2 + NT(F) + NT(A) 5 1.

Similarly, the following estimates hold for the time derivative of o, 1", A, i.e.

Nr(0r) S || (V)" 0r (3.47a)
t=0 | L2(dx)
4 Tsome power (NT(X)NT(atgp) —+ NT(atX)NT(SO>>
N7 (0.I) < H (V)70 (3.47b)
t=0 11 L2 (dzdy)
+ Tsome PowerNT (X) (NT(atX) _I_ NT(SD)NT(atQD))
Nr(@A) S || (V2,)70 (3.47¢)
t=0 Il L2 (dzdy)

+ Tome PoUerN L (X ) (N7 (8,X) + Np(0)Np(8y0))

95



which again means there exists Ty such that for all T < Ty we have

N7 (8,X) := Nz (9,0)> + Ny (0,T) + Nz (9,A) < 1.

Indeed, for any i,j € N we have the estimates

Ny (0;Vi ,X) S 1. (3.48)

T+y

Remark 3.37. The reader should note that the solution obtained from the Banach
fixed-point theorem is smooth if the initial data (¢g, o, Ag) is sufficiently smooth.

Indeed, for each fixed N, one can show

NT (azvj ka) < Jysome non-negative power
t xT Yy ~Y ‘

Despite the fact that the higher Sobolev norms are not uniformly bounded in N,
each of the solutions has sufficient smoothness for us to apply the conservation laws

which we will state later in the section.

We split the presentation of the proof of the theorem into two subsections.

3.7.1 Proofs of Estimates (3.46b) and (3.46c¢)

Let us first consider equation (3.44b). Since the term (vy * pr) - I has already
been handled in §5, it suffices to consider only the terms (vyA) o A and (vyI') o T.

In particular, it suffices to consider just the derivative of the terms since any com-
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putation for the derivatives will encompass the computation for the non-derivative
terms.
Let us first handle the term (vy * pr) - I'. By a direct change of variables, we

can rewrite the kernel composition as follows

(vyLo)(x,y) = /dw oy (z — w)(z,w)N(w,y) = /dz on(2)(z, 2 — 2)I(z — 2,v).

Then by Kato-Ponce inequality we obtain the following

[ V|7 [(vnT) o T ||L1[0,T]L2(dxd,y)
< /dz [on () Vg7 [L (@, 2 — 2)T(2 — 2,9)] | 10,7102 (dway)
N /dz lon (2)[|| V27T (2, 2 — 2) HL?[QT}Lﬁ(dx)H [(x,y) HL?[O,T}LF(dz)Lz(dy)

+ /dz lon ([ T(z, 2 — 2) | L2101 20 (do) || [V | "D (2, y) || 220,71 (dry 22 ()

where p,r,p,7 are the values stated in Remark 3.23. Applying Cauchy-Schwarz

inequality in the time variable gives us

[ [Vayl7[(vnT) o T HLI[O,T}LZ(dxdy)
some power l—E
A /dz lon ()| Va|2™ (@, 2 = 2) || 2(dtda) | (@, ) [ o) 7(de) 22 )
some power 1_ o
+ R /dz lon ([ V22T (2, @ — 2) || 22 (dtda) || | V1" T (2, 9) [ a(at) e (dy 22 ()

5 rsome powerNT (F)Z
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where (¢,7) and (g,7) are admissible pairs. Likewise, we have

V| [(onA) 0 Al || 10,7122 (dwdy)
< / dz [on (2)|[| Va7 A, 7 — 2)A( = 2,9)] || 12107922 teay)
N /dZ lon (I Vel Az, 2 = 2) || L2, 1122000 || M@, Y) | L7300, 1125 () £2(ay)
+ /dz lon (2)|]| Az, z — 2) ||L4[0,T]L2(dx)|| V| 7A(z, y) ||L4/3[0,T]L°°(da:)L2(dy)

< TNz (A2

As for equation (3.44c), there are essentially three terms we need to estimate,
namely (vy *pr)A, (vyI')oA and (vyA)oI'. Similar to the handling of the nonlinear
terms for the I' equation, it suffices to look at just the derivatives of the nonlinear
terms.

For the first term, observe we have

[ 1V aiy|”[(vn % pr) Al | 210,700+ (d(o—y)) 22 (d(a+))
S low * pr 22022+ (@) | |V ey |7 A | Lo 0,102 (d(@—y)) L2 (d(aty)
+ [ on * [Vl pr | 22jo,0122+ (@) || A [ Loo 0,71 22 (d(w—1)) L2 (d(a+4))
S Va2 pr [l z2(atan) | V4|7 A Nl 0,772 () 2 2)

1_
+ [11Vel2 ™ pr || 22 dtde) | ANl oofo,1122 (@ —y)) L2 (d(@+y))

S Nr(T)Nz(A)

The terms F' = (vyA) oI" and A o (vyI") are handled similarly.
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3.7.2  Proof of Estimate (3.46a)

Let us begin by stating the following Strichartz estimate

Proposition 3.38. Suppose ¢ is a solution to S = F with initial condition vy and

let (k,0) be an admissible pair. Then it follows for all o > 0 we have

Vel zrprzean) S Vel Po lz2@e) + Ve “F || Larspo iz ) - (3.49)

It suffice to consider only (vy * pr) - ¢ and (vyA) o since the method applies
word-for-word to the remaining nonlinear terms.

For the first nonlinearity, we apply Kato-Ponce inequality to get the estimate

V] 7[(vn * pr) - @] | parsiorniey S 1w * [Val”pr | paspo 2o | € | Lo o,122(d2)

+ | vn * pr HL4/3[O,T]L2(dz)|| V|7 ||L°°[0,T]L2(dfr)

S/ Tsome pOW€rNT(F)NT(SD).
For the second nonlinear term, we have

[ V|7 [(unA) 0 ] HL4/3[O,T]L1(dx)
S/dz [on () [Vl "A(2, 2 = 2) | Lasspo 102 an) | 9(2 = 2) | opo,1122 (d2)
+ /dz [on ()| A, @ = 2) || passpo 12 (amy | 1 V2|7 0(2 = 2) | Lo fo,1122 (d2)

5 rpsome powerNT(A)NT(QD).
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3.7.3 Global Well-Posedness of the Time-Dependent HFB Equations

In this subsection, we prove the global well-posedness of the time-dependent
HFB equations. Let us begin by recalling the number and energy conservation laws

derived in §9 of [GM13a]*. Recall the total particle number is given by

N = N/dx pr(t, ) (3.50)
and the energy is defined by
1
£ = N{ /dx Vo) + gy [ drdy [Veyshik)(,p)] (3.51)

+ % / drdydz vy (x — y)|p(z) sh(k)(y, 2) + ¢(y) sh(k)(x, 2)?

+ i/dmdy un (@ =) {2[A@@, )" + [T, y)* + Tz, 2)L(y, ) § }

Note that we have suppress the dependence on t in £ for the sake of compactness

of notation.

Theorem 3.39 (Conservation Laws). Suppose (¢, 'y, ;) solves the time-dependent
HFB equations and v € L'(R) N C>®(R). Then the total particle number and energy

18 conserved.
Proof. See §8 in [GM13a). O

As an immediate corollary of Theorem 3.39, we have

4cf. Corollary 2.7. and Theorem 2.8 in [BBCT 18]
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Corollary 3.40. Let (¢4, Iy, Ay) be a solution to the time-dependent HFB equations.
Then there exists a constant C' > 0 such that for any T > 0 and 0 < s < 1 we have

that

sup || (¢, To, Ay) s < C, (3.52)

te[0,7)

independent of N.

Proof. The estimate for ¢, follows immedately by interpolating between the conser-
vation of total particle number and conservation of energy. Next, applying Cauchy-

Schwarz and the conservation of total particle number, we obtain the estimate

1
T ) zay) < N e lz2aay) + 551l 0K 72y S 1 (3.53)

Similarly, using Cauchy-Schwarz and the conservation of energy, we obtain

| VoI'(t, ) [ 22 (dady) (3.54)

1
< || Pt ||L2(dz)|| Vi ||L2(dac) + NH Sh(k?t) ||L2(dmdy)|| Va Sh(kt) ||L2(dmdy) 5 1.

Interpolating (3.53) and (3.54) yields a desired bound for I';.

To uniformly bound A;, we use the trig identity (3.4a) to get the estimate

1
I AC ) 22 dmayy < 1t 17200y + ~ I shke) [lz2dzay) (3.55)

1
+ NH sh(k) ||L2(da;dy)||P(k‘t) ||L2(dxdy)-
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By identity (3.4b), we see that p o p 4 2p = sh o sh which means

Ip(k) 122wy < 1P o P+ 2p e = || sh(k) 122 (day)

since p(k)(z,z) > 0. Hence by the conservation of total particle number we have

that
|| A<t7 ) HL2(d;tdy) 5 L.
Similarly, we can show that || VoA(t, ) || 2 dedy) S 1. O
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Chapter 4: Global Well-posed of the Time-Dependent HFB system in

R'*3 and Fock Space Estimate

4.1 Main Result

The main goal of this chapter is to extend Theorem 1.5 to obtain a global in

time result. Let us state the main result of this chapter

Theorem 4.1. Let % < B < % and v € S a nonnegative interaction potential
satisfying the condition that |0| < w for some w € S. Suppose (¢, Ty, Ay) are
solutions to the time-dependent HFB equations with some smooth initial conditions
(o, Lo, No) satisfying the following regularity condition uniformly in N: for some

e>0and0<i<1,0<;j<2

(Vo) 2apvi et ) S1

t=0 HL2 (dzx)

(V)2 20V D () g gy S L

[ (V) 2V, 220V, A

T4y

<t’ ')|t:0 ||L2(dzdy) 5 1

H \vZi sh(2k)(0,z,y

T+y

) HLQ(d:vdy) S’ L.

Then there exists constants 6 = §(¢),k = k(e),C = C(g,B) and a phase function
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X(t), depending on N, such that we have the Fock space estimate

forall0 <t <T.

5+¢
(itH o=V NA(60) ;~Blko) () _ pix() ;—VN(@1) ,~Blke) () H < Cexp (KT°"¢)
F N1/6

As remarked in §2 of [GM17|, we need to first prove the following a-priori

estimates

1 (V)2 (V)2 A(1) || 12(away) < C(2)
(V)25 (V,) 5T (1) || 2 (dnay) < C

1 (Va2 6(t) || 2gamy < C

and use them to obtain appropriate norm bounds on the solutions of the time-
dependent HFB equations; see Proposition 4.14, 4.16, 4.19, 4.20. Afterward, by
replicating the proof of Theorem 1.5 in §9 and 10 of [GM17], one can obtain the

desired Fock space estimate.

Remark 4.2. Recently, Grillakis and Machedon extended the local well-posedness
result of the time-dependent HFB system to the range 0 < $ < 1 for more general
initial data in [GM18|. By a similar argument as in the proof of Theorem 4.1, we

could also extend result of Theorem 4.1 to the range 0 < g < 1.
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4.2 Global Estimates for the Time-Dependent HFB Equations

In this section we prove, for a sufficiently small ¢ > 0, the following estimates

1(Va) 2=(V,) 275 A(E) || 22(dway) < C(2) (4.1a)
| <Vr>%+6<vy>%+EF(t) | 22 (dzay) < C (4.1Db)
1(V2)2*6(t) || 2(ar) < C (4.1¢)

hold uniformly in N for any fixed time ¢. The proof of estimates (4.1a)-(4.1c) relies
on the conservation laws established in [GM13a]. For the reader’s convenience, we
restate the conservation laws for the time-dependent HFB system in the following
proposition. Let us recall the total particle number and energy, which we denote by

N and & respectively, can be evaluated explicitly as follows:

N = N{/dx |p(z) 2 +%/dxdy \sh(k)(a:,y)]z} (4.2a)
and
£ = N{ /dx Vo (z)|* + % dzdy |V, sh(k)(z,y)[? (4.2b)
+ o [ drdydz vn(z —y)lé(z) sh(k)(y, 2) + d(y) sh(k) (=, 2)[?
+ %/dxdy on (2 = y) {2|A(z, )] + [T(z,y)* + Tz, 2)0(y,y) } }
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For the sake of compactness of notation, we have suppressed the dependence on the

time variable since it only plays a passive role in our studies of the equations.

Proposition 4.3 (Conservation Quantities). Suppose (¢(t),I'(t), A(t)) is a smooth
solution to the time-dependent HFB system with v € L*(R)NC>(R). Then the total

particle number and energy for the system are conserved.

Remark 4.4. The reader should be aware of the fact that we are assuming that the
energy per particle is constant and independent of N. More precisely, we make the
assumption that A" and & are proportional to N for some fixed N. In fact, we have

that = N and €& ~ N or, equivalently, N~1& ~ 1.

As an immediate corollary of the conservation quantities, we prove estimate

(4.1b) and (4.1c).

Corollary 4.5. Let ¢(t) and I'(t) be smooth solutions to the time-dependent HFB

equations. Then, for any 0 < e < %, we have the estimates

1

H <Vz>§+€<vy>%+er(t) HLQ(dIdy) 5 1

(V)2 2 6(t) || r2gany S 1

which hold uniformly in N and independent of t.

Proof. 1t suffices to prove estimate (4.1b) since the prove of (4.1c) is similar. By
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Proposition 4.3 and Cauchy-Schwarz inequality, we obtain the estimate!

1T ) Wl z2(aody) < 11 G E2amy + N7 I sh(ke) o sh(ke) || z2(aoay) (4.3a)

IN

2 — 2
1 6E) I 2qaay + N7 I sh(ke) [ z2(aeay) = 1

independent of t and N. Likewise, we see that

IVoV D) 2 nayy < I Ve(@) 72+ N1 Vosh(k) 72 S 1. (4.3b)

Hence interpolating (4.3a) and (4.3b) yields the desired result. O

In the remainder of the section, we shall prove estimate (4.1a) holds for some
sub-linear function C(t). To this end, let us begin by making the observation that

proving estimate (4.1a) is equivalent to establishing the estimate

N7H(Va)2 (V) 2 sh(2ke) [l 2(dway) S C(2) (4.4)

for some sufficiently small ¢ > 0. Furthermore, to aid us in proving estimate (4.4),

we apply the operator identity

sh(2k) = 2sh(k) o ch(k) = 2sh(k) + 2sh(k) o p (4.5)

'Here, we abused the notation by identifying the composition operator Ty, = Ty o Ty, where T
and T, are integral operators with kernel f(x,y) and g(x,y), with its kernel

ka,y) = / dz f(z,2)g(z.y).
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and the triangle inequality to obtain a preliminary estimate

1

| (V) 25(Vy) 27 sh(2ky) || 2 (daay)

S (Va) 25 (Vy) 24 sh(ke) (|22 + [| (V) 2+5(V,) 27 sh(k,) 0 py || 12

Hence it remains to show N71I;(¢) < O(t) for i = 1, 2.

To estimate I5(t), we use the following lemma

Lemma 4.6. We have the following estimates

N7 [Vo|2]V,|2 sh(k <1 4.6
Val2[Vy[2 shk) o pe]l , 08 (4.6a)

and
N7 Vash(ke) o Vypr |l 2 ggay S 1 (4.6b)

where both are independent of time t. In particular, by interpolating estimates (4.6a)

and (4.6b), we obtain the estimate

<1 (4.7)

L2(dzdy) ~

N H |vx|%+e|vy|%+5 sh(kz) o py

forany()gsgé.

Proof. Using Plancherel identity and Cauchy-Schwarz inequality, we establish the
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estimate

| 19:1319,1 sh(k) o

(4.8)

L2(dzdy)

S 1 Vash(ke) [ z2(azay) || pe ||L2(da:dy) + || sh(k:) ||L2(dxdy) I Vype ||L2(dxdy) :

Next, taking derivatives of the kernel of the operator identity

sh(k) osh(k) =pop+2p

yields the operator identity

V.sh(k) o V,sh(k) = Vypo V,p+2V,V,p.

In particular, we have that

2
1V h(k) 12 (away) = | Vap © Vi + 2VaVyp [l = (1 Ve 2 (20ay)

since both V,V,(pop+ 2p) and 2V,V,p are positive trace class operators. Hence

combining estimate (4.8) with the conservation laws, we obtain the estimate

N7 V.2 |V, 2 sh(k,) o p;

L2(dzdy)

SN Ve sh(k) HLQ(dzdy) || sh(ke) ||L2(d:z:dy) S L
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Likewise, we have shown

N~ Vash(ke) o Vyp, HL2(dxdy) SN Vesh(k) 17 S 1.

~J

Next, to estimate [;(t), we first prove a couple preliminary lemmas.

Lemma 4.7. Let T'(t) and A(t) be solutions the time-dependent HFB equations.

Then it follows we have the estimates

| Vay At) || n2(dway) S 1 (4.9a)

and

| Ve U(t) || L2(daay) S 1 (4.9b)

which holds uniformly in N and independent of time t.
Proof. This is an immediate corollary of Lemma 4.6. O]

Lemma 4.8. Let A(t) be a solution to the time-dependent HFB equations. Then

we have the following energy estimate

| VeV A(t) | 22(dedy) S 1| Vi ViAo | 12 (deay) + Nt (4.10)
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Proof. For convenience, let us restate the equation for A(¢) which is

(S+V)A=—(vyA)ol =T o (vyA) — (vyT) o A — Ao (vyI) (4.11)

+2(uy * [0]*) (2) ()b (y) + 2(vw * [0°) (y)d(y)p(2) = F
where vyA = vn(z — y)A(z,y) and
V = %’UN + (vy x diag ') () + (vn * diag ) (y).
Differentiating equation (4.11) by V,V, gives us the following equation
(S+V)(V,V,A)=[S+V,V,V,|]A+V,V,F

and

[S+V,V,V,] = N"Y(V,V,un)A + N'V,on VA + N V,0y VA

+ [(Vyun) x diag I'(y)| VLA + [(Veon) * diag I'(2)|V,A.
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Using the energy method, we obtain the estimate

d
1 VeV A0 [22aray)

— 2Re(9,V,V,A(t), V. V,A(t)

= 2Re((S + V)(V.V,A(?)), V. V,A(2))

< 2|[[S+ V. VoV AW + VoV F Lo ag | Ve VoA ooy
which leads to the energy estimate

I VaVy M) [ 2way) < | VaVyAo [l 22 (dnay) (4.12)

t
n /0 ds 118 + V, VoV, A(S) + VaVy F(5) | 1o auay -

We are now ready to estimate the forcing terms. First, for the commutator term we

have the estimate

IS + V. VoV JA() || 22 (dway)
< N (VaVyon)A®) llz2eay + 2N | Vyon VeA®) [l 2 gsay)
+2[[ [(Vyon) = diag I'(y)| Vo A(2) ||L2(d;zdy)

5 N45_1 <|| vll?A(t) ||L2(d:cdy) + || dla’g F(t) ||L1(dax) || VZEA(t) ||L2(d;vdy)> SJ N4ﬁ_1'

The other forcing term in estimate (4.12) can be handled in a similar fashion. We

shall estimate only one of the terms since the proof is exactly the same for the other
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terms. Observe, for the (uyA oI') we have that

H Vy(UNA) © va HLQ(dxdy)

< Voo A0 2oy | VoL@ ll2aayy S NP

Hence combining all the estimates yields the desired estimate. O

Lemma 4.9. There exists g > 0 such that
N7 V2272 |V|27 shike) || 2 away) S C(2) (4.13)

for 0 < e < ey where C(t) is a sub-linear function independent of N.

Proof. Applying Lemma 4.8 and (4.5) give us the estimate

N7 VoV sh(ky) || 22 (deay)
< N_1|| vay Sh(2]€t) ||L2(d;rdy) + N_1|| Vz Sh(/{}t) o) Vypt ||L2(dacdy)
S I Vao(t) ||%2(dz) + | Vo VA1) ||L2(dzdy) + N_1|| V. sh(ki) o Vyp ||L2(da¢dy)

< 1+ N3¢
Interpolating the above inequality with the estimate

_ 1 1 _ 1
NIV 2|V 2 sh(ke) | r2(aeay S N7 Vi sh(ke) | r2dedy) S Vi
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we have shown that there exists ¢y > 0 such that

N7Y V]2 720V, |20 shky) || 2 anay) S C(F)

where C(t) is a sub-linear function independent of N. In fact, we see that for all

O<e<g = we have the estimate

1
2(68+1)

N7Y Va2l 7V, 127 sh(ke) |12 (dwayy S N 72O (1 4 1)%, (4.14)

Y

]

Remark 4.10. With an eye for 0 < 8 < 1, we need 26(3 +¢) < 1, as assumed in
Theorem 3.4 of [GM18], then it follows we need the assumption that 0 < e < gy =
min(%2, 1) in our proof of the global well-posedness of the time-dependent

26 7 2(6B+1)

HFB system.

Let us summarize our findings.

Proposition 4.11. Let A(t) be a solution of the time-dependent HFB equation for

0<pB< % Then for any 0 < e < ¢y = we have the estimate

1
2(6B8+1)

” <Vx>%+s<vy>%+aA(t) ”LQ(dxdy) 5 1+ N—%+(66+1)a(1 +t)28.
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4.3 Global Well-posedness of the Time-Dependent HFB System

Let us define the norms which we shall use in the proof of the uniform in

N global well-posedness of the time-dependent HFB equations for 0 < 3 < 2

3
c.f. [GM17].

Fix € > 0 as in Remark 4.10 and define the norms

Nz, ) (A) = SUup I (Vo) 272 (t 2,2 + 2) || L2 (o, 1)) 22 (do) (4.15a)
+ (V)2 =V, T2 o (11 7)) L2 (o)

Nigny (1) = sup | [Val 5 (V2) Tt 2,2 + 2) 2 mp e (4.15b)
+ 1 {Va) 2 (V) 2T || ooy 131y 22 (o)

Nizp,11)(¢) = | (Vo) 270 || oo,y 12y + | (V)20 | 2o )y £6(aw) - (4-15¢)

For convenience, we denote the sum of the three norms by

N[TO,Tl](X) = N[T07T1}(¢) + N[To,Tﬂ(P) + N[T07T1](A)'

If [Ty, Th] = [0,T] then we denote Np(X) := Nj7(X) (similarly for the other

norms). Moreover, we adopt the notation

N[To,Tﬂ (DX) = N[To,Tl] (ng) + N[To,Tﬂ (DF) + N[To,Tﬂ (DA)
where D is some differential operator.
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The goal of this section is to prove the uniform in N global well-posedness of
solutions for the time-dependent HFB equations. However, it suffices to prove an

a-priori estimate of the form

N(DX) < F(T) (4.16)

for some positive real-valued function F' defined on all of [0, c0).

We begin by proving a couple lemmas to aid us in establishing (4.16).

Lemma 4.12. Let (¢(t),I'(t), A(t)) be a solution to the time-dependent HF B system.

Then there exists o > 0 such that we have the following estimates

Nz 1) (X) S Co(To) + (11 — To)* Co(T1)Nizy 1, (X) (4.17)

where

Co(T) = || (V) 26T, ) || 12 (am)
(V)2 (V) 2T (T, ) || 22wy

+11{Va)2"(Vy) 2 AT, ) || 22(dway-

Proof. 1t suffices to consider the proof of estimate (4.17) for I and A since the proof
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for ¢ is similar. Recall the equation for I' is given by

Sif = — (UNA) @) /_X + Ao (UN/_X) — (UNF) (@) F + f o ("UNF)
— (vy *diagD) - T + T - (vy * diagT) (4.18)

+2(un * [87) - [6)(¢] — 210)(g] - (vw * [9]7) =: F

Then, by Proposition 5.8 in [GM17] and Lemma 4.2 in [GM18], we have the estimate

Nz (D) S [ {Va) 25 (V) 2T (T, ) || 12 (dway)

+ [ i@,y |

X3+
1,0 1,0
|| <V:B>2+ <vy>2+ F(T()a ) ||L2(dwdy)

e—28 1

(T —To) 2 [ (V)2 +e(v, )2t F

HL2([TO,T1])L%+(dx)L2(dy)'

where we choose 0 < § < 5. Here, the symbol g—i- denotes a fixed number slightly
bigger than g with dependence on ¢, in fact, %—I— = %.
For the forcing term I'- (v xdiagI'), we apply Young’s convolution inequality,
Sobolev inequality, and Corollary 4.5 to obtain the estimate
(V)2 (V)0 (o 5 ding )] e 008 (any o)
S 14V 2Tl et ezl (Vi) 2 diag T [l 2r,mipeean)

1 1 .
(V)2 V) 27T | L2y )y 22 (dway) | diag T || 27 17y 23+ ()

SJ N[T(),TH(F)'
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where 3+ = ﬁ Next, for the forcing term A o (vyA), we apply Kato-Ponce,

Sobolev, and estimate (4.1c) from the previous section to obtain the estimate

(V)24 (V) 2+ [A o (uy )] |

L2([To, T1)) L8 (de) L2 (dy)
1 < 1
S /dz on() (Va)2 Mz, 2 = 2)(Vy) 2 Aw = 2, ) HL2([T0,T1])L%+(d:c)L2(dy)

" /dz ov (@l A(x, T Z)(Vz>§+€<vy>§+€A(x —2Y) |’LZ([To,Tl])L%+(dx)L2(dy)
1 1
S /dz N (2) 1 (Ve) 2 A (2, 2 = 2) || 2(atdn) | (V) 2| oo (2, 11)) 13+ (d) L2 (ay)
l £ l £
+ /dZ on (2)| Az, 2 — 2) || L2(an 3+ (o) | (V) 2TV y) 275N Lo (11, 11]) 12 (dvdy)

S Co(T1)Nigy, 1y (A)

The remaining nonlinear terms (vyI') o I and (vy * |¢]?) - [¢){(¢] can be handled in

a similar manner. Thus, we have shown

e—295

Nz 1)(T) S Co(To) + (T1 — To) = Co(T1) Nz 1, (X).

Next, let us recall the equation for A given by

SA =— %UNA — (vn xdiagI') - A — A - (vy = diag D)
— (uyA)oT =T o (vyA) — (vyL) o A — Ao (unT) (4.19)

+2(on*[8]?) ¢ @ P —20® ¢ (v *|0]*) = G

To estimate A, we employ Proposition 5.9 of [GM17] and Lemma 4.2 of [GM18] to

118



get the estimate

1

Nz (A) S 1(V2)2 (V)2 MTo, ) |22 (dway)

e—26

+ (T —Tp)

(V)2 (v, )2 a |

L2(1T0, L)) L8 (de) L2 (dy)
Following the same argument as for the I' equation, we arrive at the desired result.

]

To obtain a-priori estimates of the form (4.16) we need to employ the following

elementary lemma.

Lemma 4.13. Let 61,00 > 0 and C > 0. Then there exists a monotone sequence of

positive real numbers Ty, such that

1
. 8y 6
]}1_{20 Ty =00 and (Thy —T)"T5, < ol V keN.

Proof. Consider the sequence T}, defined by

(1— ) 1 1 1 .
Ty =——7— 1+ —=+...+ =] < ke 4.20
k Cle/62 + 2a + + ke | — (1 _ 04)1*0‘00‘/52 ( )
where a = %2 Tt is clear that {T}} is monotone increasing and tends to infinity

01+92 "

as k — oo. Moreover, by estimate (4.20) we immediately see that

1
(Tipr — TR)M T2, < ol
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which completes the proof. O]

Proposition 4.14. Let T > 0. Assume (¢(t),['(t), A(t)) is a solution to the time-

dependent HFB system, then we have the following a-prior: estimate

Np(X) <1475, (4.21)

Proof. Define T}, as in the previous lemma with §; = =22, 6, = 2¢,6 = ﬁgzw and
C' > 0 sufficiently large. Using estimate (4.17), we obtain the estimate
N[Tk7Tk+1](X) N CO(Tk) S T]?a (4.22)
which means
NTk+1 (X) < NTk (X) + N[Tk,Tk+1](X) < NTk (X) + CTkZE
< (data) + T2 + ...+ TF.
Switching to continuous 7-variable yields the desired estimate
Tl/(lfoc) \
N7 (X) < (data) +/ 2219 dg <_ (data) + T=2 172
0
0

Lemma 4.15. Let (¢(t),I'(t), A(t)) be a solution to the time-dependent HF B system.
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Then there exists a > 0 such that we have the following estimates

Nz, 1,10, X) S Ci(To) + (Th — To)* Nz 1) (X )Nz, 131 (0: X)),

N7y 1)(Very X) S Co(To) + (Th — To)*Nizy 1) (X )Ny 131 (Vg y X)

where
CUT) = [ (V)2 *20,0(T, ) || 2(an)
+ ” <VI>%+£<vy>%+aatF(Ta ) ”LQ(dxdy)
+ 1 (V)2 (V) 220,M(T, ) || 2(dway)
and

Co(T) = || (V) 2V d(T, ) || 12(an)
| (V2) 75 (V,) 2= (Ve DT, ) |l 22

(V)2 5(Vy) 2 (Vary AT ) [l 22 dnay)-

Proof. Taking the time derivative of (4.11) yields

(S+ N"'ox) 0N = — (vyA) 0 O — (vy x diagD) - OA

+ similar terms =: F
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By the same argument as in Lemma 4.12, we have the estimate

N[To,Tl] (atA)

1

£=28 14e 5te )
[ (V2)2™5(V,)2 "LZ([TmTﬂ)L%JF(da:)L?(dy)'

S Ci(To) + (T = Th) 2

We shall look at two generic cases, as stated above, to deduce (4.23). In the first

case, we estimate the term (vyA) o 9,I", which goes as follow

1

[{Va)2 (V)2 +E<UNA) ° O ||L2 [To, 1)) L8+ (dz) L2 (dy)
< /dz on (2) [ (Vo) 2o A(, 0 — 2)(V,) 70,0 (x — 2, ) ”L2([TO,T1])Lg+(da;)L2(dy)
+ /dz un(2)]| Az, z — Z)<V1>%+S<Vy>%+€atr(x —2,Y) "L2([TO’T1])L%+(dm)L2(dy)
S /dz on () (V)2 =A@, @ = 2) | et || (V)2 (V) 2 20,T || oo 1) 2ty
+ /dZ on(2)|| Az, 2 — 2) ||L2(dt)L3+(da:)|| <V$>%+€<Vy>%+€3tf ||L°°([T07T1])L2(drdy)

< Nz (AN, 74 (0.).

In the second case, we estimate the term (vy * diagI') - 9;A as follows

(V)2 (V)2 [(on s+ diag D) - QAL o o 84y 22(an)
S Il (on % (Vo) 2 diag D) - (V,) 70,A 2 my 8+ ey 2
| (on # (V)2 ¥ diagT) - (V) 2700 ”L2 ([To,T1)) L8 (dw) L2 (dy)

< Nz (D)Nigy 1) (O:A).

~
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Hence combining the above estimates yields

e—26

Nz, (0iA) S Ci(To) + (Th — To) 2 {Nizy, 1) (A) Nz 1 (O.T)

+ N[To,T1]<atA)N[To,Tﬂ(F> + N[To,Tl](at¢)N[To,T1](¢)}

e—29%

S Ci(Ty) + (Th — To) 2 Nigy 1) (X)Nizy, 1,1 (9. X).

Similarly, we can show

o e—26

Nizy 1) (0:) S Ci(To) + (Th — To) 2 Nigy 1) (X) Nz, 1y (0:.X)

and

e—25

N[T(),Tﬂ(atqb) 5 C (TO) + (Tl - TO) 2 N[To,Tﬂ(X)N[To,Tl](atX>'

Therefore, summing up the three inequalities yields (4.23a). Moreover, the prove of
(4.23b) is exactly the same since V4, commutes with N~ oy (z—y), i.e. [Voyy, N oy (z—

y)l=0. O

Using the above lemma we could again prove some a-priori estimates for both

the norm of 9,X and V,,,X.

Proposition 4.16. Let T' > 0. Suppose (¢(t),['(t), A(t)) is a solution to the time-

dependent HEFB system, then we have the following uniform in N a-priori estimates
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N7 (9:X) S exp (aT7F7) (4.24a)

N7(VeiyX) S exp (o/'T°F) (4.24D)

for some a,, & > 0, which are independent of T.

Proof. Again we choose the sequence T}, defined by (4.20) for some sufficiently large

C > 0. Applying Lemma 4.15 and estimate (4.22) yield the estimate

e—26

Nz, 1.0 X) S Ci(Th) + (Tryr — Tk) 2 Nz 1300 (X) N7, 13,1 (0: X)

e—2%

S Ci(Tk) + (Thgr — Ti) 2

T35 N 1, (0:X).
Then it follows

Nir, 7,110 X) S Ci(Th).
In particular, we have the estimate

NTk+1 (atX) < NTk (atX) + N[Tk,Tk+1} (atX)

< Ny (0.X) + Ci(Ty) < (data) + > Ci(T))

Jj=1
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2

By switching to the continuous T-variable and set § = 355, we obtain the estimate

T
N7 (9.X) S C1(To) + / dr Cy (1)
0

T
S Cl(T0> +/ dr NT(&/X)T“E.
0
Finally, applying Gronwall’s inequality yields
N7(8:X) S Ci(Tp) exp (aT°F7) .

The proof for (4.24b) is exactly the same. O

Remark 4.17. Note, from the a-priori estimate (4.24a), we could deduce

196 |22 o.m1x22)) < T e | oo (o)< 2oy S T exp (aT°FF)
1T |22 o< 2 @eyy < Tl O || 1o o, yxr2qrey) S T exp (aT7F9)

| O || 21 o.ryxr2rey) < Tl QA || 2o o yxz2meyy S Texp (T°) .

Then by the 1D Sobolev inequality we have that ¢ € C([0,7] x L*(R?)) and
[,A € C([0,T] x L*(R®)), that is, ¢, ', and A are strong solutions to the nonlinear

equations.

Let us conclude this section with some a-priori estimates for the higher order

derivatives of (¢, ', A) which we will later use to estimate sh(2k).

Lemma 4.18. Suppose ¢(t),'(t), and A(t) are solutions to the time-dependent HF B
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equations, then we have the following estimates

N[To,Tl] (atv%LyX)

e—26

S C3(To) + (11 — To) 2 Nigy 1) (X)Nizy, 131 (0: Vi yy X)

e—2%

+ (Tl - TO) ? N[To,Tl](&fX)N[To,Tl](VI-i-yX)

Nz, (Vi X)

e—24

S Cu(To) + (Tt = Ty) 2 Ny (X)Nig (Vi X)

e—26

+ (Tl —To) 2

N[2T0,T1] (vx+yX)
N[To,Tl] (atVierX)

e—26

S 05(T0> + (Tl - TO) 2 N[To,Tl](X)N[T(),Tﬂ(atvi—i—yX)

e—29%

+ (Tl - TO) 2 N[To,Tl](Vx'i‘yX)N[To,Tl](atvx-i-yX)

=296

+(Ty — To) > Nigyn)(Va, X)Nig1(0:X)
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where

C3(T) = | (V)2 20, Vo (T, ) |l 2(an)
+ (V) (V) 20,V oy DT, ) [l 22y
+ || <Vx>%+E<Vy>%+a(3tvz+yA>(T> ) || 22 (dzdy)
Co(T) = [ (V)= V24T ) || p2an)
+ [{Va) 25V, 2 5(V2 DT, ) Loy
+ [{Va) 25V, 242 (V2 AN (T ) [l z2anay)
C5(T) = [ (Va) 20, V2T ) || 2(ao)

(V)2 (V)2 (0, V2, DT, ) || 2 (o)

r+y

(V)25 (V)22 (0,2 AN (T, ) || 12w -

Proof. The proof is similar to the proof of Lemma 4.15.

]

Proposition 4.19. Let T > 0. Suppose (¢(t),I'(t), A(t)) is a solution to the time-

dependent HF B system, then we have the following uniform in N a-priori estimates

NT@tVa:erX) 5 e€xXp (/ﬁT5+€) )

N (V2

HyX) < exp (&2T5+€) ,

NT(atVQZHyX) < exp (n3T5+€)

for some constants k1, ke, k3 > 0, which are independent of T'.
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Proof. Let us begin by choosing the same sequence T}, defined by (4.20) for some

sufficiently large C' > 0. By Lemma 4.18 and (4.22), we obtain the estimate

N[Tvak+1] (atvac+yX)

e—28

S Os(Th) + (Teyr — Tr) 2 Nigz ] (O XNz 11 (Vg y X).

52

5os then we have the estimate

In particular, if we set § =

C1(Ty)Co(Tk) .

2e
Tk+1

N[Tk, }(8Nm+yX) 5 C3<Tk) +

Tht1

Hence it follows

NTk+1 (atv&?-l-yX) < NTk (atvm-l-yX) + N[Tk7Tk+1] (atvm+yX)
Ci(T)Ca(Ty,)
T,

k
CU(T:)Co(T;
< Cs(Thy) + Z {Q&(TJ) + %

j=1 J+1

S Ny (0 Ve X) + C3(Th) +

Switching to continuous 7-variable yields the estimate

T
N7 (9, V,iy X) S C3(Ty) + / dr N (Ve X)N, (9, X)747¢
0
T
+ / dr N (0,V 1y X )74
0
< C3(Ty) + T % exp (KTH)

T
+ / dr N9V oy X )75
0

128



Using Gronwall’s inequality, we obtain the estimate

N7 (9 Very X) S (C5(To) + T exp (KT77)) exp (cI7F9)

< exp (KT77°)

for some k > 0. The proofs for the other two estimates are similar. n

4.4 Estimates for sh(2k)

The purpose of this section is to obtain estimates for sh(2k), which will be

used to obtain Fock space estimates. Recall the equation for sh(2k) is given by

S(sh(2k)) = — 2uyA — (vyA) 0 py — P2 o (VN A)
— ((vy * diag ) (2) + (vy * diagT')(y)) sh(2k) (4.27)

— (vnT") o sh(2k) — sh(2k) o (vnT)

where S = %3,5 — Agpes.

Proposition 4.20. Let sh(2k) satisfy (4.27) with some initial conditions. Then for

any fired T > 0 and 0 < j < 2 we have that

H V]x'—i-y Sh(Qk) (ta ) HLQ(dxdy) S €xp (ajT5+3€) (428&)
sup || sh(2k)(t,z, ) || 12y Sexp (@T775) . (4.28Db)

for some a;j, o > 0.
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To prove the above proposition we will need a couple lemmas

Lemma 4.21. Let s° be the solution to

Ss? = — 2un(z — y)A

5a(0,2,y) =sh(2k)(0, z,y)
on the interval [0,T]. Then there exists k; > 0 for 0 < j <2 such that
V2480t ) 2 aedy) S exp (r;T0F) (4.29)

z+y“a

for all t € [0,T].

Proof. Observe we could write the solution as
s(t, @) = €A sh(2k)(0,x,y) + i / eIy (o — y)A(s) ds
0
then it follows

I sa(t, ) || L2(daay)

t
/ ei(t—S)Ax,yvN(x — y)A(S) dS
0

S || Sh(QkO) ||L2(daxdy) + '

L2(dzdy)

130



Let us focus on the nonlinear term. By a change of variables, we get

t
H/ e =) By (@ — y)A(s) ds
0

L2(dzdy)
t
i(t—s X x + Xr —
S_; P|§>1\/ e (t )Az,y,UN(y)A (S, 2 y’ 2 y) dS
0 L2(dzdy)
t
; rT+y x—
+ H Péls/ ') 8wy (y) A <87 ! y) ds :
0 2 2 L2(dzdy)

Let us denote A (s, xTer, 962;3/) by A(s,z,y). For the first term we shall rewrite the

integral using integration by parts, i.e.

¢ t
/ e/t %ewyy (y)A(s) ds ~ — / ds D¢ t=3 AT (i ()R (3)
; 0 88 Y
i) 8y A1 9§
_ /0 ellt=s w,yA%y(vN(y)aA(S))

+ MAAT on (9)A(0) — A7 (on () A()

then it follows

t
HP£|21/ =By (y)A(s, -) ds
0

t
g/ds
0

+ || Pes1 A0 (on (0)A0, )) || r2(away) + || Pez180 5 (on (0)A ) |12 (dsay) -

L2(dzdy)

_ 0 =
P o) 5405, )

L2(dzdy)
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Next, by Plancherel, we obtain the estimate

t
/ds

0
< /t ds ’UNas]\(S?gan)
= Jo €17 + [n]?

_ 0 =
P‘§|21AI,;<UN(ZJ>£A<87 ))

L2(dzdy)

L2(|€]>1,d€) L2 (dn)

t
S [ ds lov0)2Rs.2.0) [raprecan
0
t
N/ ds || OsA(s, +y, ) HLoo(dy)Lz(dx)
0

5 \/¥|| s\ ||L2([0,t])Loo(dy)L2(dx) S exp (I{Ot5+8) .

For the second and third terms, we have the estimate

| Hg\zlﬁii,(wv(y)/\(t, 2, Y)) || L2(dady)
S Az, 2 —y) || Lo (dy) 1200
S A, 72 = y) [ Lo j0,0) Lo (dy) L2 (d2)

5 H 83A<S, T, T — y) HLQ([O,t])L‘”(dy)LQ(dx) SJ exp (Iigt5+s) .

Thus, we have shown

| 91| oe 0.1 22 (dway) S €xp (kT ).
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In particular, it is easy to check

I VasySo s o 2dedy) S | 0 Vaiy Ml L2 0,07 25 (do) 22 (ay)

< NT(atVnyX) S exp (k;T°F9)

Lemma 4.22. Let s, be the solution to

SSa = — 2UNA

34(0,z,y) = sh(2k)(0,x,y)

on the interval [0,T]. Then there exists k; > 0 for 0 < j <2 such that

| Viurysa(t, ) ||L2(d$dy) < exp (/{jT5+E)

for allt € [0,T].
Proof. Recall S =S + V where
V(u) = ((vy x diagT)(x) + (vn * diag ) (y))u + (vyT) o u + u o (vnT).
Using the previous result, we see that
Ssl = —V(s%) s(0,z,9) =0

a a
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where s, = s! + sY. It’s not hard to see

(S + V)(vac-‘ry a) [S + V va:—i—y]s - v:c-‘ryV( )

= V. Viiylsa = Vi, V(s0)-

T+y

Using energy estimate, we have

V%50 122 </ ds || [V, Vigylsa 2 + [ Vi,V (so) lle.

Let us consider the case when j = 0. Observe we have

t
s fls < / ds | V(50) ||z

Observe

t
/ ds || (vy * diag T')(z) - s° | 22 (dwdy)
0
t
S / ds ” UN * dlag F(.CE) HL2(d$)H 82 HLOO(d:c)LQ(dy)
0
t
< / ds ||vn * diag T(2) [|2an || | 56 (2, + 9) |2 (a) l22(ay)
0

< 13 sup ||| (V34,80 (5,2, 9) 2y |22 an)
0<s<t

< exp (koT™F)
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and

t
[ s 1) o 2 g
0
t
< / ds/dzvN(z)H Dz, — z)sg(x — 2,9) || 22(dwdy)
0

t
< / ds/dzvN(z)H I'(z,2 — 2) || oo (aw) || 32 | 22(dwdy)
0

< exp (KOTE’J“S) :

The proof for j = 1,2 is the same. O

Proof of Proposition 4.20. The proof is exactly the same as the one given for The-

orem 7.1 in [GM17]. O
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Chapter 5: Morawetz Estimates of the time-dependent HFB System

Consider the Bogoliubov state (quasifree state)
\IIHFB(t) = MQ = B_WA(QS)e_B(k)Q (51)

where 2 = (1,0,0,...) denote the vacuum vector in Fock space. Following [GM17],

we define the kernel of the £-matrices (operators)

1
Cn,m(ta T1yeo ey TpiYpy. .. >ym) = W<MQ, Pn7mMQ> (52)

'm *

where P, = al ---al a, ---a,

5.1 Main Results

Let us recall the evolution equation for the L£;;-density matrix derived in

[GM17]

1 a / / /
zaﬁm(t,xl;%) = (=Au + Ay)Lia(t, v1;77) + By(Lag)(t, 215 27) (5.3)
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where

By(L22)(t, 13 27) :/d332 v(x1 — 9)Lon(t, 11, 22, 2, T2)

_ / dzy (e, — 2) Laa(t, o1, Th 2, 7).

To effectively describe the conservation law associated with (5.3), we introduce the
pseudo-stress-energy tensor T, for p,v = 0,1, 2,3 of the one-particle Fock marginal

density matrix defined by

Too = p:= Li1(t,z;2), (5.4a)
1

TjjO = Toj =p; = Z (8%./;171 — 6539,6171) (t,[E; I), (54b)

Tjy = 0jp == /dx’ 0(x — ") (00, Oy, + Ouy O;) L1 (L, 73 27) (5.4¢)

1 1
+ §5jk/dy v(x —y)Lop (2, y, 2, y) — §5jkAx[£1,1(t7 ;)]

where ¢ is the Kronecker delta. The quantity Ty is called the total-particle-number
density or mass density, the quantity Ty; = Tjo is called total-particle-number current

or, equivalently, momentum density, and the quantity T} is the stress tensor'. For

!Since the Fock marginal density matrix is defined with a normalizing factor, then N - Ty is
the true total-particle-number density. We lack a better name for Tjy.

137



a sufficiently smooth solution to (5.3), a short computation shows that

0 )z A
8tT00 = a /dudu'ez(“" ).xﬁl’l(t, u; u’)
N Z‘/alUdUI ei(u—u’)~x<|u’2 - |Ul‘2)21,1(t>u§ u')
+i/dudu’ ei(“_“/)'xB@)(t,u; u')

=V, - /dudu’ ¢ () Ly (F w5 u') = —20,, Ty

where the last equality follows from B, (Ls22)(x;x) = 0. Let us summarize the above

result and introduce some useful notation in the next proposition.

Proposition 5.1 (local conservation of total particle number). Let L£1(t) be a

sufficiently smooth solution to (5.3). Then we have the following conservation law

dp
Fiov .p= :
Fy +2V,-p=0 (5.5)

where the total-particle-number current is given by

!/
p(t,z) = — /dudu' eilu—u)e (w —; = )El,l(t,U;U’). (5.6)

In fact, with a bit more work, we also obtain the following continuity equation

for the total-particle-number current.

Proposition 5.2. Let £11(t) be a sufficiently smooth solution to (5.3). Then we
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have the following continuity equation
8tpj + Z Gkakj + lj =0 (57)
k

where the source term l; is given by

1

ly = B /dy v(r —y{VyLaoa(x,y;2,y) — VoLloo(z,y;z,y)}

Since we will prove Proposition 5.2 directly from the Morawetz identity, let us
postponed the proof till a later section.
We define the Morawetz action associated to the observable a(x) € C=(R?) of

the one-particle Fock marginal density to be?

M, (t) = / dz Va(z) - p(t, ). (5.8)

Then we have the following Morawetz identity for the one-particle Fock marginal

density matrix.

2The definition comes from looking at the evolution of the expectation value of an observable
a against our mass density. More precisely, using (5.5) and integration by parts, we get that

&g/dac a(z)Lyq1(t,x;x) doe = /da: Va(x) - pt(z).
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Theorem 5.3 (Morawetz identity). The following identity holds

oM, = — % / de (AyAua(z)) Lo (x: 2) (5.9)
1
+ 5 /dzdy Agza(z)v(x —y)Loo(z,y;2,y)

+ 2§R/dxdx' o(x — ') Z(axjaua(x))ﬁwe@xgﬁu(x; ')

j7e

1
+ B} /dl' V.a(x) - /dy v(r — y{Valop(z,y;2,9) — VyLon(z,y;7,9)}

for the one-particle Fock marginal density.

Remark 5.4. The one-particle Morawetz identity for the Gross-Pitaevskii hierarchy
has been considered in Theorem 3.1 of [CPT12|. In fact our result coincides with

Theorem 3.1 when v = § even though our contexts are different.

For the convenience of notations, we have suppressed all the ¢ variable in our
calculation since it only plays a passive role in the proof of Theorem 5.3. The main
result of this chapter is to establish the following interaction Morawetz estimate for

the one-particle Fock density matrix.

Theorem 5.5 (Interaction Morawetz-Type Estimate). Let I'(t) be a sufficiently

smooth global solution to (5.3). Then we have the following estimate
/dtdw ID(t,z;2))* <1 (5.10)

which s uniform in N and depends only on the initial data.

140



5.2  Proof of Theorem 5.3

By direct calculation, we see that

1 1 i(u—u')x + / ~ /
op(z) = Z/dudu el w(ﬁ — (u)*) L1 (u, )

1

1 o "
+ - /dudu' ez(“_“)'z(uLzu)Bv(EQ,zxuaU/)
1 : / =
= — §Vx . /dudu’ T () @ (u+ u') Ly (u,u')
1 o )
+ i /dudu/ el(““)m@Bv(ﬁz,z)(ujul)

= Jl + JQ.

For the J; term, applyinf integration by parts yields

| o ;
J1 = 92 /dZEdUdu’ ellu—u )'I{VQCL(:U)(U +ul ut ) o (usu).
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Next, expand the expression into components and apply Fourier inversion, we see

that

[\

Jy = 1/d:zcdudu’ el {Z(ﬁmﬂxﬂ(x))(ui + ;) (uj + “3)} Lia(u;d)

,J
_ % / dade! 3(x — ') 3 (01,00, 1(2)) (O, — 0u1) (s, — D)L (37

%,J

/dxdx' d(x —a) Z(@zi@ja(m))(ﬁzi@j + 0y 0wt ) L11 (25 2)

.7

1
2

+ %/dxdx' §(x — ') Z(&Ci@zja(aﬁ))(@“@x; + 001 Oy, ) L1,1 (5 77)

]

_ % / doda’ 8(z — 2') (01,00, 0(2)) (D, + 00Dyt + 0uss, + Ous D)L (30)

i3

+ /dxdx' §(x — ) Z(@mﬁzja(x))(azﬁx; + Oyt O, ) L1,1 (3 2)

1,J

- %/da: Zz(axza%a(x))&%a%[El’l(x’I)]

+ 23?/(11;(11:’ §(x —a’) Z(@xﬁ%a(m))ﬁxﬁﬁﬁm(m; z').

4,3

Now, let us handle J, which contains B,(Ls2). Assume v is radially symmetric.
Then consider the Fourier transform of B,(L22). For convenience, we decompose

the operator into two parts

B,=Bf — B, (5.11)
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where

B (La9)(z1;2}) = /d;t:Qda:’Q v(z1 — 12)0(xe — 24) Loo(T1, o, 2, X)) (5.12a)
and

B (Lo2)(z1;2}) = /ala@d:c’2 v(z) — 15)0(xe — 25) Loo(1, T, 2, 25).  (5.12b)
By direct calculations, we see that

Bi (£22)(6:€) = / Ay dwadaty ey = w2)0(wp — 25) La(x,X)
= /dxldx’ld@dxé e L, (x,x)
X /d€§ e_i(“_””é)fé/dfz e!(m =)&)
— [ deadgs D€ Laals ~ 6o+ 6 €.6)

— / deodEy T(Ex — Ep)Laa(€ — Ea + €5, 62, €, €5)

and, similarly, we also have

—

By (L£22)(€,€) = /dgzdfé (& — 52)22,2(575275/ — &+ 6,8).
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Then it follows

1 o N —
;/dudu’ el(“”)'x(u—i_Tu)Bv(ﬁm)(u;u’) (5.13)
1 i(u—u')z \U + u’ ~ 2
=3 /dUdU/dfzdfé el ( 5 )0(52 — &) Loo(u — & + &, 8,4, &)
1 e (U W) 5
-1 [ duddatg e Do, - )t il -+ 6.6

Now, apply the change of variables u — u — & + & and v/ — v’ — & + &, to the

second term on the RHS of (5.13) yields

RHS of (5.13)

1 ; / )
= / dudu'déd€l ") (& — E)0(& — &) Lan(u — & + &, &3, &).

T
Hence, let us focus on the term

l/da: Va(x) - /dudu/d@dfé Gi(u_w)'m(& - &)

! (5.14)

X V(& — fé)fz,z(u — &+ 6,650, 6).
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We begin by rewriting (5.14) in physical coordinates

(5.14) = 1 / dr Va(z) - / dudu'dé,déE) / dXdYdX'dY'e )¢y — &)

(4

> 6(62 _ 6;)e—i(u—&+£é)~X—i§2Y+iu’X’+i§éY’£272 (X, Y, X/, Y/)

= % / dXdYdX'dY'Lyo(X,Y; X', Y") / dé,del

X 8(X = X')Vxa(X) - (& — §)0(& — &)l X8
- / AXdYdY'Ly5(X,Y; X,Y")

X Vya(X) - Vy / dgadgl IV IX Y G (g, )

- _ / dXdYdY'Lso(X,Y; X, Y")

x Vya(X) - Vx {5(Y =Y (X = J; Y)}
- _/ddeQ,z(X,Y;X, Y)Vxa(X) - Vxv(X -Y)

= /dXdY V(X —Y){Axa(X) + Vxa(X) - Vx}Lyo(X,Y; X)Y).
Combining the calculation for J; and J;, we obtain the Morawetz identity

OM, =— %/dw (A Aza(z))Lia(z; )
+ /d:cdy v(z —y) {Aza(x) + Vea(z) - Vi Los(x,y;2,y) (5.15)

+ 23‘%/0[3:0[:1:’ §(x — ') Z(@xjﬁwa(:c))axﬁ%ﬁl’l(x; ')

gt
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which completes the proof of Theorem 5.3. Moreover, if we define the pseudo stress-

energy tensor

Tjr = /dm’ 0(x — ') (00, 01, + Ouy Oy ) L11 (23 2')

1
48l [ dy vle = p)Laa o yiag) - ALl
then, by (5.9), we have the continuity equation
0o+ Y OTij+1; =0
k

where

1
Iy = §/dy v(r —y){VyLog(r,y;2,y) — Voloo(x,y;2,y)}

This completes the proof of Proposition 5.2.
It is instructive to consider the special case v(x) = §(x), c.f. equations (19)-
(20) in [BBC*18]. If v = 9, then we have the following one-particle Morawetz

identity for the £, density matrix

1
oM, = — é/dx (A Aza(z)) Ly (s 2)
+ %/daj (Aza(z))Loo(z, x5, x) (5.16)

+ 28?/dxdx’ d(x — ) Z(@xjﬁxéa(x))axﬁx;ﬁl,l(a:; z').

Jil
Again, from the Morawetz identity we can read off the T}, components of the pseudo
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stress-energy tensor for j, k = 1,2, 3, which are given by

op(r) = %VA[ﬁm(ﬂ?Si’f)] - %V[ﬁz,z(%x;%x)]

(5.17a)
— 2§R/d$' d(ax — ") (Vg + Vo Ap) Ly (x;2)
or
1 1
Opr(x) = §3xkAx[£1,1($;1’)] - 55xk[£2,2(33,3?;37,$)]
(5.17h)

—Z(‘? /dxdx 5x—x)(8zk8/+(? 1 Oy ) L1 (05 27).

Thus, we see that

1—’]']6 = /dx/ 5(1’ — :Ul)(axkaac; + 8x;€aﬂij)£17l(x;x/)

1
+ 5]795{5272(% z;x,x) — ALy (x5 2)]}
and
8tTQj + Z 8kay =0.
k

Remark 5.6. The reader should note that when v(z) = d(x) we have that [; = 0
since Loo(x,y;2,y) = Lo2(y, z;y, x). Hence, this shows that the T}, are conserved

for every fixed k.
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5.3 Morawetz Estimates

In this section we use (5.9) to prove the classical Morawetz estimates for the
time-dependent HFB system in 3D. Here, we consider the cases v = § and v positive
radially symmetric. In particular, the main results of this section are Proposition

5.7 and Proposition 5.8.

Case 1: v(z) = 0(x)

Multiplying (5.5) by a(x) and integrate in space yields

8t/dx a(z)Ly1(z; )

(5.18)
+ % /dxdx' §(x —2")a(z) (Ve + V) - (Ve — Vi) Lia(z;2") =0
Next, apply integration by parts, we get that
9, / de )Ly () = % / de Va(z) - (Ve — Vo) Loa] (2:2).
Then, by (5.16), it follows we have that
o / dz a(@)Lor(v:7) = — % / do (AuAsa(e)Loa(z:2) (5.19)

+ 23?/da:dx/ §(x —a’) Z(awjawa(x))awaxgcl,l(a;; z').

at
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If a(z) = |x|?, then we have obtained the following viriel identity

6752/d:p 2| L1 (; x)

(5.20)

= /dx Loo(,z;2,7) +4Z/dx (02,00 L1,1](2; ).
j=1

If a(z) = |z|, then by simple calculations using the Green’s identities we can show
that the relevant distributional derivatives of a(z) in R? are given by

2
Alr| = = and A?|z| = —876(x).
|

Hence we have

8f/dx 2| L1 (2; ) (5.21a)

= 4mLy;(t,0,0) + / gy L22(®3:2,7)

|

(Sjg {L‘jZL‘g / ’ .
—l—/dw ]ZZ <|x| |x|3>/dx 0(x = 2"){02, 0, + 0y, 0z, } L11(w; 2').

Define the matrix

Ay = /dac' 6(x — 2" ){ 0,00, + Ot O, } L1 1 (25 x')
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then we can rewrite (5.21a) as follows

8t/dx . (Ve — Vo) Lia(z;2)

2 (5.21b)

: TrA—ulA
_ 4%1,1@,0,0”/@%”/@#

] |

where u = é—| Integrate (5.21b) with respect to t yields

T T t TrA—ulA
47r/ £1.(£,0,0) dt+/ /52’2(’x’$’x’x)+2 PR Y et
-7

-7 ] ]

= /dm |i_| (Ve = Vo) L1a)(T, z, x) — /dx L (Vo — Vo) Lia] (=T, x,x).

||

Recall, by Lemma 4.4 in [GM17], we have

1 _
Ly1(z;2") = NSh osh(z;2") + ¢(x)p(a') = T'(z; 2") (5.22a)
and
/ / ]' / / ]' / /
Loo(t, x1, x0; 2, 75) = §F(:U1; o) (e 25) + §F<I1; o) (29 27) (5.22b)
1 1
+ EF(xQ; o)) (xq; xh) + §F<x2; xy)[(xq; 2))

+ Ay, 22) A2, 23) — 20(21)d(22)d())o(25).

In particular, it follows that

Loo(t, x,y;2,y) (5.23a)
L2404

= |A(z,y)] + D(z; )T (y; y) + D 9) [ — 2]6(2)*o(y)]>
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and
Los(t,m,x;2,7) = |Az,2))* + 2|0 (z;2))* — 2|o(z)[*. (5.23b)
Denote u := sh(k) and write

'%=WmW+§/@mmm2 (5.24a)

Ty =t (3(2)0,0()) + 5 [ dy s (ale,1)0ju(z. ). (5.24b)
Then observe we have

1
T = [ v (0,060,900, 0(2.9) + 90y 0(2. )0, )}

+ ¢j(x) k() + dr(x)d;(x) (5.24c)

1
+ §5jk{£272(x, ryx,x) — AT (25 2) )

By (5.24b) we have

/d:v — (Vo = V)I(t, z; 2)

]
— / dzdzTm (u(x)%arjﬂ(x)) + / dz: Tm (czﬁ(x)%amﬁ(af)) :

then, by Proposition A.10 in [Tao06] and the conservation law in [GM13a|, we

establish the estimate

1
‘/dm m - V)l z2)| S || [Vayl2To ||%2(dzdy)
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which means

/dtdaz Lol w5, 3) (5.25)

||

since Tr A — uT Au > 0. Finally, by (5.23b) and the fact that '(z;z) > |¢(z)]?, we

obtain the estimate

A . 2
/ dtdz M <1 (5.26a)
xz
and
1 (@ o u)(t, ;)]
= [ dtd <1 26
e [ s BRI (5260

Hence we have proven the desired Morawetz estimate when v = 4.

Similarly, if we consider the observable a(z) = |z — z|, then by (5.19) we have

8f/dx |z — 2| L11(x; ) (5.27)

E .
’ |z — 2|
0, Tix
" /d”“" 2 <|x e §|s) /dx/ 0(x = 2){ 00, Ou; + Oy O } L1 (w527).
.
which again leads to
)2
sup / dtdz M <1 (5.282)
2 x—z
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and

1 |(@ou)(t,x; )
— | dtd < 1. 5.28b
SUp 3 / x 2] N (5.28b)
Note, we also have
sup/dt ['(t,z,2) < 1. (5.29)

Let us summarize our result in the following proposition.

Proposition 5.7. Let (¢(t),T'(t), A(t)) be a smooth solution to the time-dependent
HFB system corresponding to the case v(x) = §(x). Then we have the global esti-

mates

A . 2 2F . 2_2 4
s [ dnae P P2 )P Aol

z ’fﬂ—Z‘

and

sup/dt It z,2) S 1.

z

Case 2: v(x) positive radial

Let us assume v(z) = v(]z|) and v is monotone decreasing away from the

origin.
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Take a(z) = |z| in (5.15), we obtain the estimate

0:M, > AmL11(0,0) + / dudy LY@ YT y)

]

1 x
+ §/d$ Eh /dy v(z = y){Vilop(z,y,2,y) = VyLos(z,y,2,9)}

Next, integrating by parts yields

1 T
5 /dIdy ,U('I - y)m : {V:c£2,2<$>y,$ay) - vy‘CQ,?(xaywxﬂy)}

= —%/dxdy (vx- (v(x—y)%> + Va(v(z — ))‘ |> Laa(w,y, 7, y)

= = [asty [lo =) EZE b ote - )] sl

|z —yllx|

since v is radial, that is, v(z — y) = v(|z — y|). By direct calculation, we see that

/dxdy v(z —y)Loo(z,y; 2, y)

||
1 T
+3 /dx Eh /dy (@ —y{Velaa(z,y,2,y) — VyLaoo(r,y,7,y)}

= /dxdy V' (|lr — yl)%£2 2(,y, 7, y)

[/ */]dmw’ ) G a0

rT—y) T -
= —/ d:cdyv’(\x—y\)<( _y) —l—(y_ )y >£22(x Y, 2, Y)
2>y [z —yllz] |z —yllyl
: || — [y[cosb |y| — |x[cosf
= — dxdy v'(|x —y)) + Los(r,y,2,y) >0
>y |z =y [z =y

154



Thus, by conservation of energy, we obtain the estimate

/Oo dr T(r,0,0) < |M(T)| + |M(=T)| < 1.

—00

Taking a(z) = |z — z|, one can deduce

sup/dt ['(t,z,2) < 1. (5.30)

z

Let us summarize our findings

Proposition 5.8. Let (¢(t),T'(t), A(t)) be a smooth solution to the time-dependent
HFB system corresponding to a positive radially symmetric interaction potential v.

Then we have the global estimate

sup/dt [(t,z,2) < 1.

z

Unlike the case v = §, we were not able to obtain Morawetz-type estimate for
the A equation. The lack of localization of v introduces the source term I; in (5.7)

which make the the previous approach with of the § infeasible in the current setting.
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5.4  Proof of the Interaction Morawetz Estimate for T’

Case 1: v(z) = 0(x)

Let us write down the Virial interaction potential V* corresponding to a(x) as

Ve(t) == /dl’dy Too(t, x)Too(t, y)a(x — y) (5.31)
and let us define the Morawetz interaction potential M® := 9,V or

Me(t) :== 0, V(¢t)
= /d:z;dy [0:Too(t, ) Too(t, y)a(z — y) + Too(t, )9 Too(t, y)la(z — y)
= -2 / dxdy [0;To;(t, x)Too(t, y)a(z —y) + Too(t, )0 1o, (t, y)]a(z — y)

= Z/d:vdy [Too(t, y)To;(t, x) — To;(t, y)Too(t, )]a;(z — y)

Thus it follows

O M (t) = Q/dﬂﬁdy (Too(x) Tx(y) — 4105 () Tor(y) + Tr(z)Too(y))aju(x — y)

(5.32)
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provided a(z) is even. First, let us consider the integrand of the off-diagonal terms

2(Plowa) | 3 [ deel@, 110,00 2)) + 2Ry ()61 )|
—4 {% /dz Im(a(x, 2)0,,u(z, 2)) + Im(ng(x)fﬁg(x))}
<[ [ 2 M0, 2) + @60

#T0) |3 [ de el 1o, 000tz 2)) + 2Re(6,(0)6n(0)] Jan(o )

which have good terms given by

$(2)d(2) (5 () Dk (y) + 6 () Pr(y)) (5.33a)
+(3(@)¢5(x) — ¢(2) () (S(y)dn(y) — S(x) P (y)) (5.33b)
+ 0(y)d(y)(9;(2) bk () + ¢;(2)dk () (5-33¢)

1 "
+ = / dzd=' {0,,1(y, )0, uly, 2) + B, u(y, )8, 0y, 2) Yule, 2 )a(z, #) (5.33d)

1
+ m/dzdz' {a(z, 2")0y,u(x, 2') — u(z, 2")0y,u(x, 2)}

{20y u(y,2) — uly, )3, (y, 2)) (5.330)
+ %/dzdz' {02, u(x, 20z u(z, 2') + Op u(z, 2') Oy (e, 2') buly, 2)u(y, )

(5.33f)
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and troublesome terms given by

(6,0)on(s) + ¢j<y>a‘sk<y>>% / 4z (e, 2Ju(z, 2 (5342

N /dz {0, 2)0yu(y, 2) + Oy uly, 2)0y,u(y, 2) } (5.34b)
F(B()05(x) — 6(2)b(0) 5 / = {aly, )0y, 2) — uly, 20,0y, 2)} (5340
+0W)onw) — o)an0)yy [ ds {ale, 20, (e, 2) — ule, )0, e, 2)} (34
+ (G (2)0u(o) + 0,@)0n(a)) [ dz aly. uly. ) (5.310

-1
+ ¢(y)¢(y)ﬁ /dz {0z, 0(x, 2) Oy, u(x, 2) + O u(w, 2)0y, u(x, 2)}. (5.34f)
For the good terms, the ¢ terms, (5.33a)-(5.33¢c), could be rewritten as follows
(5.33a) + (5.33b) + (5.33c) = Pj(x,y)Py(z,y) + Q;(x,y)Qr(x,y) (5.35a)

where

% [

Pi(z,y) = ¢(2)0;(y) + ¢;(2)o(y)

and

Qj(x,y) = ¢(2)9;(y) — ¢;(x)o(y).
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Likewise, the u terms, (5.33d)-(5.33f), could also be rewritten as

(5.33d) + (5.33¢) + (5.33f)

(5.35D)

1 . o
- m/dzal,z' {R;(z, 7, x,y)Ri(z, 2", x,y) + Sj(z, 2", x,y)Sk(z, 2/, x,y) }

where

and

For the troublesome (mixed) terms, let us consider their integrand, that is

Rj(za 2/7 xz, y) = U(.CL’, Z/)ayja(y’ Z) + axju(aja Z,)ﬂ(y, Z)

Si(z, 2 2, y) = u(x, 2)0y,uly, 2) — Op,u(z, 2 )u(y, 2).

(9 (y)or(y) + &5 (W) or(y))u(z, 2)u(z, 2)

-

+ 0(2)p(x){9y,uly, 2)0yuly, 2) + dy,uly, 2)0y,uly, 2)}

() = o) s (x)){uly, 2)0y,uly, 2) — uly, 2)9,,u(y, 2)}

+

5
&
§

_|_
N

(y)

ASE
e

() — (W) or(){u(x, 2)0p,u(w, 2) — u(z, )00, u(x, 2)}

_l’_
s
s
-
o

() — (W) (W), 2)0u(@, 2) — ulw, 2)0y, u(x, 2)}

N = NI~ N~ D= D

_l’_
s
8
=
ol

() = ¢(x)ér(x)){uly, 2)0y,uly, 2) — uly, 2)0,,u(y, 2)}

+

—~

i (2)¢n(2) + () dr(2))uly, 2)uly, 2)

+ O(y) () {0, u(x, 2)0p u(x, 2) + Op,u(x, 2) 0y, u(x, 2)}.
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Define the terms

AF (2, y) = u(2)d;(y) £ al(z)e;(y) (5.37a)
B (z,y) == A (y,x) (5.37b)
O3 (x,y) = ¢(2)0,,uly) £ ¢(x)0,,uy) (5.37c)
D (z,y) == Ci(y, ) (5.37d)
Ef(x,y) = u(z)d;(y) + u(x)e;(y) (5.37e)
F(z,y) == E; (y,2) (5.37f)
G (x,y) := Ou,u(x)(y) £ Oy u(a)(y) (5.37g)
H (z,y) == G, (y, ). (5.37h)

By direct computation, one can check that (5.36) can be written as follows

(5.36) = S(A} + DY)(AL + DY) + 1(A; + D}){A + Dy) (5.38)
FBy A ONBEF OO+ 1 (B +C)B 1 C) (538)
v B - GDE —CGD + (B ~G)B —Gr)  (53%0)
L~ B ) + 1 (Fy — By ). (5.38)

For the strictly-diagonal terms, we have that the £, term is given by

Aa(m - y){F(x, :L‘)£2,2(y7 Y, Yy, y) + F(ya y)£2,2(l‘7 €, T, JZ)} (539&)
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and the Laplacian term
—Aa(z — y{I'(z, 2)A,(y,y) + Ty, y) AL (2, 2)}. (5.39b)
Hence combining (5.35), (5.38), and(5.39) yields the following Morawetz Identity

QMO (t) = 2 / dady T(t,2, 2)T(t y, 1) (—AAa(z — 1) (5.40)
+ /da:dy {L(t,z,2)Lon(t,y,y,y,y) + L (t,y,y)Lon(t, x,x, 2, x) } Aa(x — y)
+2 [ dady (Pt 0,0) BlE.9) + Qs lt,2,0) @b ) oo — o)
+ % / drdydzdz’ {R;(z, 7, x,y)Ri(2, 2, 2, y)
+ 852,22, 9)Sk(2, 2, 2, y) Yaji(x — y)
+ 5w drdydz {(A] + DI )(A} + Dy) + (A7 + Dy )(A; + Dy)
+ (B +C)(Bf + CO) + (B +C)(By +Cy)
+(Ef = GO(E = G) + (B — G7)(E, —Gy)

+ (F" = HY)(Ff — H) + (F; — Hy )(F, — Hy ) Yae(z —y).

Take a(z) = |z|. Then we obtain the estimate

r
O M(t) 2 /dm |F(t,a:,x)|2—|—/dxdy (t,x,x)lﬁg,g(t,ly,y,y,y) (5.41)
r—Yy
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In particular, we have that

/T dt/d;z: IT(t,z,2)|* < M(T) — M(-T)

and

T
-T

[z — | ~

Finally, observe by Proposition A.10 in [Tao06| we have

M) < % ‘/dxdydz I(y,y) Tm (a(a:, Y g e, z)) ‘

|z — |

4| [ oy T (6001 B0,000) )|

'l

1

which means

T 1
/ dt / de [T(t,2,0)° S sup ||r<t>||L;c{N / dz | u(t,,2) |P5e + | 6(2) ||;1/2}
*T tZT,—T x x

By the conservation laws in [GM13a], we see that indeed

IT(t, 2, 2) |72(grae) S 1 (5.42)
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Likewise, we also have

I'(t t
/dtd&:dy ( 7I7x)£2,2( 7y7y7y7y) S 1’ (5433)
[z =yl
equivalently,
I(t At 24 2l(t 2 _2lo(t,y)|*
r—Yy

Case 2: v(x) positive radial

As in the previous case, we write down the Morawetz interaction potential

M(t) = 2/d$d?/ (Too(t, y)To;(t, x) — To;(t,y)Too(t, z))a;(z — y)
then observe

O MA(t) = Q/d:ndy (9Too(t, y)To,5(t, x) + Too(t, y)9iTo;(t, )
- 8tT0j (t, y)Tog(t, l’) - T()j(lf, [E)atTo[)(t, I))a]‘ (ZE - y)
= 2 / dIdy (—28kT0k(t, y)T()j(t, .I) — iZb()(lf7 y) (aka](t, .T) -+ lj(lf, .7)))

+ (OkTh;(t, y) + 1 (t,y))Too(t, x) + 210, (t, x)OkTok(t, x))a;(z — y).
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Hence we obtain the following identity

O M (t) = Q/dxdy {Too(2) T (y) — 270 (x)Tor(y)
T, () Ton () + Ty () Too )Yy — ) (main term)

+ 2/dxdy {1;(t,y)Too(t, x) — 1;(t, x)Too(t,y) }a;(z —y) (error term)
(5.44)

Applying a similar calculation as in the case when v(z) = §(z), we see that

main term = 2 / drdy T'(t,z,2)T(t, y,y)(—AAa(z — y))
n / dady {T(t, 2, 7) / dz v(y — 2)Las(t,y, 2,1, 2)
+ Ty y) /dz o(x — 2)Lanlt 7, 2 7, ) Aa(z — 1)
+2/dMyU%@%MEEZEB+QAELMQRE;5MM@—y)
+%/dxdydzdz’ {Ri(2,2,2,y)Ry(z, 2/, x,y)
+ Si(z, 2, 2, y)Sk(z, 2, 2, y) Yaju(z — y)
+ % dedydz {(Af + DY) (A{ + Dy) + (A7 + D7) (A; + D)
+ (B + CH)(Bf +CF) + (By +C ) (B +C)
+ (B =GB - GY) + (B = G7)(E, - Gy)

+ (F = HO)(F — H) + (Fy = H)(F, — Hy)}a(z —y).
(5.45)

Therefore, it suffices to focus on the error term for the remaining of the section.

The treatment of the error term will follow that of [GM13b].
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Observe

error term = —4 | dady l;(t, x)Too(t, y)a(z —y)

= -2

— —

dxdydz v(|x — 2|){0.,Lop(x, 2,2, 2) — O Lopo(x, 2,7, 2) }

x Too(y)aj(z —y)

= —4 dxdydzv(|x—z|)

£22(I 2@, 2)Too(y)aj(x — y)

—

|Z|

-2 / drdydz v(x — 2)Loo(w, 232, 2)[(t, y; y) O, a5(x — )

To further the computation let us take a(z) = |z|, then it follows

Lj — 2 L5 —

y]£22(x Z,T Z)TOU( )

error term = —4/d:cdydz ’U/(|.1'—ZD‘ I 4
x—z| |x —

s / dedydz v(y — 2)Laa(z, 2,2, 2)Too(y) Al — y|

= — 2/dxdydz V(|lz - z]) <xj B R —l— Bt R y])

|z — 2| |z =yl Iz—xl 2 =yl

X »6272(377 Z, T, Z)T()()(y)

-2 / drdydz v(y — 2)Logo(x, 2,2, 2)Too () Alz — y.

Thus, we have the following Morawetz estimate

0, M*(t) = (main term) + (error term)
(5.46)

> 167r/dx IT(t,z,2)?
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which again means

1
It 0) s 5 1o iz {5 [ 2 1shte o) 12

H2(dx

In particular, we also have

| &1 L4(daay) < C

and

2

<C.

%/dazdt ‘/dz | sh(k)(z, 2)|?

Also we have that
ID(z,y)| < D(z,2)"°T(y, y)"/?

which means

2
ool b

(5.47a)

(5.47b)

1/2
/ dt ( / ddy ]F(t,x,y)|4) < / dtdz T(t 2, 2)2 < 1. (5.48)
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Chapter 6: Collapsing Estimates on Closed Manifolds

6.1 Main Results

Let (M, g) be a closed Riemannian manifold with dimension d > 3 and denote
A, the corresponding Laplace-Beltrami operator associated to the metric g. Since
we only consider closed manifold with a fixed metric g, it is convenient to write A
in place of A, when the context is clear. We begin by considering both the linear

Schrodinger equation

SgA(t, x1, .172) = (z@t + Al + Ag) A(t, X1, ZEQ) = 07

(6.1)
A}t:O =N € C®(M x M)
and the von-Neumann Schrédinger equation
S;tI‘(t, Xy, (L’g) = (z@t + Al — AQ) F(t, X1, l’g) = 0, (6 2)

I|,_,=To€ C™®(M x M)

defined on the product manifold (M x M,G = g & g).
The first goal of the chapter is to establish collapsing estimates, which are

natural generalization of bilinear Strichartz-type estimates to the case of arbitrary
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tensor products, for both (6.1) and (6.2) on general closed manifolds.

Theorem 6.1. Assume d > 3. Suppose A(t),['(t) are solutions to (6.1) and (6.2),

respectively. Then there exists o > 0 such that for all o > 0, = % we have the
estimates
| diag A || p2((— )< 21 (ar)) (6.3a)
S min (|| (—A1)3(-42)%40 | | (—ang(-a0)ia, |
~ (H( 1) (=82)7 8o L2(Mx M)’ (=817 (=82)7 Ao L2(Mx M)
and
| diag I ||L2([—a,a]><H1(M)) (6.3b)
Smin (|| (~A0)4(-22)5T | | (—ans-ain| .
~ (H( 1)2(=A2)2To L2(MxM)’ (=A1)2(=A2)2T0 L2(Mx M)

Here, diag F' denotes the restriction of F to the diagonal subset {(x,y) € M x M |

r=1y}.

The proof of Theorem 6.1 is based on ideas introduced in [Sog93b]| to prove
the local well-posedness of the nonlinear wave equations with variable coefficients
and the semiclassical techniques used in [BGT04| to prove the Strichartz estimates
for the Schrodinger equation on closed manifold. Moreover, the collapsing estimates
for (6.1) can be viewed as a generalization of the bilinear Strichartz estimates on

closed manifold as proved in [Han12].
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6.2 Collapsing Estimates

This section is devoted to the proof of Theorem 6.1. To begin, we follow the
ideas used in [BGT04] by first describing the effect of spectral localization relative to
the elliptic operator A, on local coordinate patches of the product manifold. Then
we prove the spectral localized versions of Theorem 6.1. Finally, we use spectral
dyadic techniques to sum up the different range of the spectrum to obtain the
results of Theorem 6.1. Moreover, since the underlying geometries of (6.1) and (6.2)
are different, we will treat the equations separately.

The author would like to begin by apologizing to the reader for the fact that
this section will not be self-contained. In fact, we borrow many tools from [BGT04,
Hanl2|. Nevertheless, we will provide the reader with detailed reference to the
relevant section or statement of these papers when necessary.

We adopt the Kohn-Nirenberg pseudodifferential quantization rule, that is

_ e a(x, &)u
ol D= oo /R ealz, )aE) de

for every smooth symbol a and u € C§°(R?). See [Sog93a, Hor94).
Let us state the following proposition which says the spectral localization op-

erator on product manifold is well-approximated by pseudodifferential operators.

Lemma 6.2. Let ¢ € C°(R) and suppp C [3,1],kap = ka X kg : Uy x Ug C
RY — V, x Vs C M x M a coordinate patch, and x1,x2 € C5°(Vy x Vi) such that

X2 = 1 near the support of x1. Then there exist sequences of symbols (wé‘?)jzo of
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Cx(Uy, x RY), k = 1,2, such that for every N € N, for every h,m € (0, 1], for every

s € [0, N], and for every f € C®°(M x M), we have the estimate

N-1
Fap(PLPL ) = 3 Wmj(a, hDo)bi (y, mDy )i (xf)

j,4=0

Hs(R2d)

SN Z W= m N2 | Loy

51+s2=s

where k* denotes the standard pullback, Pi = p(h*A;), and D = —iV. Applying
h

the sharp trace theorem, we immediately get the estimate

N-1

Kop(1PLPL f) = > Wiyl (, hDy) w3 (y, mDy KXo f)

1,j=0 =y LQ(Rd)

SN Z RN N2 | F A e

S1+s2=s

Proof. This follows immediately from Proposition 2.1 in [BGTO04]. ]

6.2.1 Estimates for (6.1)

For brevity of notation, let us adopt the convention D; = (—Ai)%. We are

ready to prove the following proposition

Proposition 6.3. Let h € (0,1], ¢ € CX(R) with suppp C [3,1] and define

Py = p(h*A). Assume PiP? Ao = Ag. Then we have the estimate
h h

1
| diag A {| p2(—an,ang, i () S H Dy D3 Ao ‘

6.4
L2(MxM) (6.42)
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of some a > 0, independent of h, or equivalently

[ diag Al o —a,an, i ay) S 1 D103 Aol 2 aeany (6.4b)

where o, is defined in Theorem 6.1.

Remark 6.4. The reader should note that the choice of derivatives in Proposition

6.3 is superficial. In fact, the spectral localization allows us to rewrite (6.4a) as

_ _d
|| dlagA ||L2([—ah,ah],H1(M)) S h™2 || AO ||L2(M><M) :

However, our choice of derivatives will be more transparent later in Section 6.2.3
when we discuss the Bourgain refinement estimates. Moreover, following our proof

of Proposition 6.3, one could also prove

] _d-2
| diag A ”L?([—ah,ah]xM) She ([ A ”L?(MxM) '

Following closely the presentation of [BGT04|, we start by proving Proposition

6.3 on local coordinate charts.

Proposition 6.5 (Local Collapsing Estimate for (6.1)). Let Uy x V; C R*® be a
product of open balls Uy, Vy C R?, endowed with Riemannian metrics g., gg, respec-

twely, such that Uy NVy # 0 and g, Let Uy @ Uy and Vo @ V) be

}Umvl = gﬁ}UlﬁVi'
open balls, again with Us NV # 0, xo € C5°(Us x Vo), € Cge(R*\{|¢], |n| < 1}).

Then there ezists a > 0 such that for every 6 > 0, h € (0,1], and wy € C§*(Uy x V1),
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we can find a w € C®([—a, a] x Uy x Vy), compactly supported, satisfying

ihdsw + W*Agw =1,  @(0,z,y) = Xo(x, y)¥(hDy, hD,)wo(z,y),

such that we have the estimate

V|2V,
L2(U; xV1)

w _1
H wa(S, x’x> HL2([*Q:C‘!]><U20V2) SJ h™2 U*UJO ‘

Moreover, if w is a solution to (6.1) written in the above local coordinate with the

microlocalized initial data w(0) then we have w(s,x,y) = w(s,x,y)+R(s,z,y) where

|| R(S, x, :L‘) ||L2([—o¢,oc]><U2m/2) 5 jsome positive power H wo ||L2(U1><V1) )

Proof of Proposition 6.5. The proof employs the WKB approximation to the solu-
tion of (6.1). More precisely, we seek an approximation w given by the oscillatory

integral

~ o L(s,x,y,E, ~ g n dfdn
w(s,r,y) = /deeh ( ygn)a(é‘axay,@ﬂ, h) o (E’E) W (6.5)

where

N
a(s7‘r7y7§77)7 h’) = Z hjaj(87x7y7§7n)'
7=0

1Since wy is compactly supported then we could trivially extend wq to all of R?¢. Also, @y is
the Fourier transform of the microlocalized data wy not wy. Moreover, the variables £ and 7 are
scaled to have length on the order of 1, that is 1 < [¢],[n] < 2.
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Here N is chosen to be sufficiently large, a; € C5°([—a, a] x Uy x Vo x R??) are

solutions to some transport equations satisfying the initial data

ao(0,z,9,£,m) = xo(z,y)¥(§,m) and  a;(0,z,y,&,m) =0 for all j > 1,

and the phase function ¢ € C®([—a,a] x Uy x Vo x A), where the annulus A =
{3 <J¢* + |n* < 4} contains the support of ¢, is a real-valued smooth function on

the support of a satisfying the eikonal equation?

0+ Y G000 =0 (6.6)

1<j,k<2d

where G7% is the dual metric with initial condition ¢(0, z,y,&,n) = z-£+y-n. Since

the Riemannian metric is given by G = g @ g, then the eikonal equation reduces to

050 + 9(Va, Vo) + g(Vy0, Vyd) = 0, ¢(0) =x-&+y-n. (6.7)

One could make a further observation, if ¢ is a solution to

050+ 9(Vaop, Vo) =0, ¢(0,2,8) =x-¢ (6.8)

2By the standard Hamilton-Jacobi theory, we see that the eikonal equation is well-posed on
some small time interval [—«, ] (c.f. Chapter 9 of [Arn97]). Moreover, It is also convenient to
write (6.8) in the form ds¢ + [V,p|2 = 0 where [£]2 := g% (x)&:¢;.
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then (s, z,&) + ¢(s,y,n) uniquely solves (6.7). Rewrite (6.5), we get

w(s,z,x) = /ei{@(s’x’@“"(s’z’”)}d(s,x,é,n, h)wy (%,%)

d&dn
(2mh)%

where a is the collapsed function of a. Then it follows

1. i
Tajw<87 z, SU) ~ /eh{(P(S@’g)Jrv(S’m’n)}(aﬁp(‘sv z, 5) + (%’QO(S, z, 77))

1
3 77) dédn

X d(&%ﬁﬂ% h>@0 (E’ E W

4 lower order term

forj=1,....,d.
To complete the proof of Proposition 6.5 it suffices to prove the following

proposition.

Proposition 6.6. Consider T : L?(R?*) — L2(R'*9) defined by

d€dn

(TF)(s,z) = /efﬁ(s,z,ém)qh(s’x,f,n)F(f,U)W

(6.9)

where ¢ is defined as above and qn wvanishes either on the complement of}l <
EPP + nl* < 4 or (s,2) & [~e,e] x X, X compact, and [05,qn] < Col€ +nl. If
€ 1s sufficiently small then there exists a constant C, depending on finitely many

derivatives of qy, so that the following holds

3d+1 1 g,
I TF llpagoray < C0 5 | lelbmip || (6.10)

L2 (R2d)
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As a preliminary to the proof of Proposition 6.6, let us recall some properties
of the phase function which will also be useful for the proof and later on in the
section.

Taylor expanding the solution of (6.8) about ¢t = 0 yields

o(t, 2,&) = ©(0,2,8) 4+ () (0, 2, £) + O(t?)
(6.11)

=T f - tlvxw(a €, §)|527 + O<t2)

for |t| < e. In many of the proofs of the collapsing estimates, we will need to handle

the phase function

O=(t,x,6,m,8 0) = o(t,2,8) £ o(t,z,n) — o(t,x,&) F o(t,z, 1)

which by (6.11) has the form

e A{E=)+ =)=t (IEZ £ =15 F 10) +O)

when [t| < e. Making the change of variables (£,7,&,7') — 3(£+n,§ —n,& +

n', & — ') yields

z- (=€) —tpT(x,&n, & ) + R(t, 2, &, €. n) (6.12)

where p+(l‘,f,77,§/,77/) = %(lf@ + |77|527 - |€/|52] - |nl|g27) and pf(xafﬂ%fﬂnl) = g(ga 77) -
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g(&',n') and the remainder R satisfies

R<07€7777 §/777/) = (atR>(07£7 naflu n/> = 0.

Then we have the following lemmas.

Lemma 6.7. Let (t,z) € [—¢,¢] x X, X C RY compact. If € > 0 is sufficiently

small then we have the estimate

1
Veae®(t,2)| = 5 (1€ = €|+ Ip(e, & & 0)) (6.13)
Proof. By the Taylor expansion (6.12), we see that

—P(fﬂlaf/ﬂ?/) 0 atR
Vt@q) — - t ‘|‘

5 - gl pr(fﬂ%f/,n/) va:R

Thus, we have that

Vie®| =€ =&+ (2, &,n, & n)| + O).

Hence when ¢ is sufficiently small the O(t) error term will be dominated by [¢ — ¢/|

which yield the desired result. O]

Lemma 6.8. Let N > 0 and (t,z) € [—¢,¢] x X, X C R? compact. If e > 0 is
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sufficiently small then there exists C' > 0 such that

005 ®(t, )] < C sup sup |9yp(x, & n, &'\ n)] (6.14)

m,|a|<N zeX

where m € Noy, a = (ay,...,a4) € N2,
Proof. The proof is essentially the same as the proof of Lemma 6.7. m
Let us continue with the proof of the proposition.

Proof of Proposition 6.6. Expanding the L? norm of TF and making the change of

variables® (£,1) = (§ +n,§ —n), we get

K (&, 0 )F(&n)F(E 1)
€+ nlzle —n| T | +y|zle — |5

ITF I~ [ dgand'ay
where F(&,n) := |€ +n|2[¢ — 0T F(§ +n,& —n) and
K(En &) = —— [ ek, (5,2,6,0, €, 1) dud
y1,6,N ) = (27Th)4d+2 € qn\s,T,G, 1M, ,1 xras
with phase function ®(s,x) = ®(s,z,&,n,£, 1) given by
(I)(Sa 937577%5/777,) = ¢(Sa ZL’,& - 7775 + 77) - ¢(Sa x7€/ - n/a Sl + /’7/)

and |Gn(s,z,&,n,&,n")] < C|€]|€']. Next, we employ the technique of non-stationary

3Here, we abused notation. More accurately, we should have (£,7) maps to & = £ + 7 and
& =¢ +1j.. et
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phase to estimate the kernel K. Define the operator
‘C(SJ Z, DS,:E) - Z-il <vs,zq)7 Vs,:p) |vs,avq)|72

then by applying integration by parts yields

1 +®(s,x *\N ~
K(&n. &)= W/dl’ds en (LN Gy (s, 2,6, ).

Here we note that there are essentially two types of terms which we need to handle,

namely
e bl =lal =N (615
and
(029.Gn © Ry a;l,g@)(vs,z@)”, N,m < N,ag+-+am=N (6.16)

|vsqu)|2N+m

since the general terms of (L£*)Ng, are linear combination of (6.15) and (6.16).
Applying Lemma 6.7 and 6.8 and the fact that ¢y vanishes on the complement

of 1 < €[ + p? < 4 then it follows

€11E"]

E 0 S e e o h e + i = 1o = D™

Note, when [¢ —¢&'[+][€]2+n|2—|¢'[2—|n'|?] < h we will not perform any integration
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by parts. Moreover, since |- | and | - |, are comparable, then by change of variables,

independent of h, we could estimate the kernel uniformly on [—¢,e] x X as follows

- 1 1€
K s 1S S :
| (f n { n )| h4d+2 (1 + h_1|§ _ §/| + h_1||£|2 + |,r]|2 _ |é’l|2 _ |77/|2DN

Next, using polar coordinates, n = pw where p > 0,w € S, we have

1 - _—
ITFI2 S 2 / dép™ tdpdg (') dp' dwdw F(€, pw) F (€, p'a)
ENENE + polH€ — pol -l + g Rl — a2 O
y p pw plw plw
(L+ A7 e = &1+ A IEP + 0 = &P = )Y

To further estimate the RHS of (6.17), we begin by applying Cauchy-Schwarz in-

equality in the angular variables to get

/ F(€, pw)dw
g1 €+ pwl2|€ — puol 7
< (& p)IE ')
TR+ )P+ )

/ ﬁ(ﬁ’,p’w’)dw’
si-1 [¢ 4 pu[2]E — pof| T

1

where (&, p) := (f dw |F (€, pw)|2> ®. Note we have used the fact that

/ dw 1 /”—5 sin®~? 0df
st [€+ pwl[€ — w7t (jg2 4 p2)2 Js 1— r2cos?0(1 — kcosh) T
S ;d
(€17 + p?)2

for some 0 < § < 7 where 0 < k < 1 since 3 < [+ 1), | —n] < 2.
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Finally, let us estimate

1 / dédpdg'dp’ EIIE P () (g, p) (€ ) (6.18)
(

P2 T (12 4+ p2) (€2 + p2)5 (1 + h2]€ — €2 + h2D2)>

where D = [£|> + p* — || — p'. We begin by making the change of variables

(& p) = (&,7) = (& ]€)* + p*). Then (6.18) becomes

d

JENE N (r — €)= (7! |m> “h(E, )R, T)
dédrdeé dr 6.19
/f ¢ T8 (1 4+ h=2|€ — &2+ h=2(r — 7)2) % (6:49)

had+2

where the integration take place over the region 7 > |£|* and 7 > |¢|2. By Young’s

inequality, we have that

1 [€1°(r — 1€*)* 2
(619) £ g7 [ dear ST jnie. )
a1y, P07 2
~ g | o e )
S gt [ Ao [€P € )
This completes the proof of Proposition 5. O

Now, let us conclude the proof of Proposition 6.5. First note, by rescaling
¢ and 7 in estimate (6.31) and applying Plancherel and boundedness of projection

operator, we get the desired estimate

1
2

~ 1o d=1
| Vo (s, 2, 2) || 12— aaxtnnve < P V| 2[Vy[ > U’O‘

L2(U; x V1) ’
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Finally, for the error term we see that
Ris,z,z) = / (D6 (1 3 1) dr ~ OBV
0
with

,- ~ ded
(1, ,y) = hN”/ehd’(f’””’y)b(ﬂx,y,f,n)wo <%%) @fﬁ

where b € C3°([—a, a] x Uy x Vo x B). By a straightforward application of the trace

theorem, we see that

H VZ,R(S,ZL’, "L‘) ||L2(I><L2(U20V2)) 51 sup/ || [ei(S_T)AGT](‘S?xv J}) “H% dr
s J1
by trace theorem on R*  <; sup/|| [eisMAGy] (s, 2, y) g, dr
s I ’

by Strichartz ineq. <7 || r ||L(S,oggy <o BNTEH| @, HLg
sM

Y
)

where p > %l + 1. This completes the proof of Proposition 6.5. n

Remark 6.9. To get higher derivative Strichartz estimates on closed manifold, we
used the fact D, = (—Ag)% commutes with the Schréodinger operator to get the

Strichartz estimates

1 D50 lloaxzacny S 11 Dgooll 3

Finally, using the fact that || Dyé [|raar) ~ || ¢ [[yira(ar) we get the desired result.
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Proof of Proposition 6.3. Suppose {x, } is a partition of unity subordinate to a finite

covering | J 2, = M, then we have that

H diag[ P} P} A ‘

3

— [l ol PN

L2(1,H'(M))

3> [t |[sitv. - ainetpi PEAD

- Z/dt H 2 - diag[P} PEA(1))

H(R%)

2

H(R%)

where k : Q, C M — R? and x*(f) := f o k is the standard pullback. Hence it
suffices to prove estimate (6.4) on a single coordinate chart.

Furthermore, as in [BGT04], we begin by making the observation
w(s, ) = eihSAGP%PiAO (6.20)
solves the semiclassical equation
ihdsw + h*Aqw =0, w(0) = wy = Pl Pl Ao.

Applying boundedness of ¢ on H*, Lemma 6.2 and the trace theorem, we see
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that

<[ a-vmpinp)ron e v - PPEAG)

(k)" (X0 ® X+ PLPEA(L))

=Yl HY(R4)

T=Y || g1 (Rd)

=y

[ 0D D00 00 9 v PEPEA)

H(R4)

S | 0= wDe hD) () (e @ 30 - PLPEAG) |

Hir(R24)

T=y

[ 002,050 8 - PLPEA)

H(R4)

S hN*”H Ao || 2 x )

‘

()" (X0 @ X )$(h D, hD, ) (1) (PLPRA(D))

=Y || g1 (Rd)

+ lower order terms.

Note that (hD,, hD,) is a shorthand expression for the sum of product of pseu-
dodifferential operators in Lemma 6.2. Finally, apply Proposition 6.5 and sum up

the % number of small-time intervals completes the proof of Proposition 6.3. n

6.2.2 Estimates for the I' Equation

In this subsection, we prove some estimates for (6.2) similar to ones in Propo-
sition 6.3.
Based on the Strichartz estimates for p(t,z) in the Euclidean space setting

established in Theorem 3.3 of [CHP17|, we prove the following proposition.

Proposition 6.10. Let h € (0,1], ¢ € C>(R) with suppy C [3,1] and define
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Py = p(h*A). Assume PiPiTy =Ty. Then we have the estimate
h h

1
| ding Dl aonyimany < | DEDFT |, (6.21a)
of some a > 0, or equivalently
| diag I HLQ([fa,a},Hl(M)) S I DiD3 Ty HL2(M><M) (6.21b)

where o, 1s as defined in Theorem 6.1.

Following the same strategy as in the proof of Proposition 6.3, it suffices to

prove the statement

Proposition 6.11 (Local Coordinate Collapsing Estimate for I'). Let U; x V; € R*?
be a product of open balls Uy, Vi C RY, endowed with Riemannian metrics ga, gg,

respectively, such that UyNV; # 0 and g, LetU; € Uy and Vo € Vi

|U1ﬂV1 = gﬁ|U1ﬁV1 :
be open balls, again with UsNVa # 0, xo € C5°(Uz x Va), ¥ € Cge(R*N\{|€], n| < 3}).
Then there exists a > 0 such that, for every h € (0,1],uy € C3°(U; x Vi), we can

find aw € C®([—a, a] x Uy x V3), compactly supported, satisfying

ihdgu + h* (A, — Ayu=r, u0,2,y) = xo(z,y)(hD., hD,)uo(z,v),

such that we have the estimate

ol

. (6.22)

| V(s z,z) ||L2([—a,a]><L2(UgﬂV2)) Sh L2 (U x V)

| 19251V, 17|
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Moreover, if u is a solution to (6.2) written in the above local coordinate with initial

data u(0) then we have u(s,x,y) = u(s,z,y) + R(s,x,y) where

1 R(s, 2, 2) 2 aapx 2y S B o 2w o). (6.23)

Again, the proof of Proposition 6.11 relies on the following proposition

Proposition 6.12. Consider T : L*(R*!) — L*(R'*?) defined by

d&dn

A (6.24)

(TF)(s,z) = / RV En g (s 1 € ) F(E,m)

where (s, x,£,n) = p(s,x,&) —@(s,x,n) and q, vanishes either on the complement
of 3 <IEP+[nl* <4 or(s,2) & [~e,e] x X, X compact, and |95,qn| < Calé —nl.
If € is sufficiently small then there exists a constant C, depending on finitely many

deriwatives of qn, so that the following holds

3d+1

[ TF | > giay < Ch™ 2

(6.25)

1 O x
¥l F |

L2(R2d)

Proof of Proposition 6.12. Expanding the L? norm of TF and making the change

of variables (&,n) — (£ —n,&+ 1), we get

K(£7 1, 5/; n/)ﬁ(é-’ n)ﬁ(él’ 7],)
€ altle —nlZ e + izl o)

| TF |3~ / dednde’dif
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where F(€&,7) := |€ +n|2|€ — 5| F F(¢ —n,€ +n) and

1 Ly (s,x)~
K<€7777§/777/) = 4d+2 /eh\lj( ' )Qh(su'xvéanaé/un/) dxds

(2mh)
with the phase function ¥(s,x) = ¥(s,z,&,n, &, n') given by

\I/(S,I) = w(&l’af - 7775 + 77) - ¢(57x7§/ - 7/75/ +77/)

and

|ah(87 Z, 57 n, 5/7 771)’ < C‘€||£/|

Applying the method of non-stationary phase along with Lemma 6.7 and 6.8, we

obtain the estimate

H TF Hg 5 1 /£+ o ( |§||§/|F(§777>F(§';77'> dfdﬁdfldnl (626)

i T+ e =gl =g n—¢ - n )Y

Note that we have again used the fact that g(&,n) ~ & - 1 since g ~ Id. Next, write
n = (p,n) then consider the integration with respect to n. Without loss of generality,
take & = (¢],0,...,0), then we have the integral

P& p,n)F(E, 0, 17)

dpdidp'dif
/|§|2+p2+|ﬁ2~1 (14 h=Ye =&+ ht[Elp — [€']p )Y

, G(E,p)G(E. D)
< dpd
~ /|s|2+p251 P AT h e — e+ h1lglp — [ Y
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1
where G(£,p) = (f dn ]F(é,p,?ﬁ\?) *. Finally, we see that

1 L IE]1€'|G (&, p)G(E,P)
dedpde'd
h4d+2/ <dpdt'dp (1+h=Ye =&+ h[Elp— 1PN

! - CET/EDGLE /1€
S g [ e e

(6.26) <

) 1
Young's ineq. 5 e [ dedr [G(E 7/1€])P

1 o~
S gt | d¢pa (F(Ep. )
Hence we arrive at the desired inequality. O]

6.2.3 Bourgain Refinement of the Collapsing Estimates

In this subsection we study the collapsing estimates where the spectral vari-
ables corresponding to the two spatial variables of M x M are localized to different

ranges, that is, we choose ¢ € C§°(R\{0}) and
h  m

for any h,m € (0, 1] where Fy = I'g or Ag. The proof of the estimates is based on

Hani’s work on the bilinear Strichartz estimates on closed manifold [Han12] .

Proposition 6.13. For every 0 < h < m < 1A = £ and ¢ € CP(R) with

supp ¢ C [3,1]. Assume P%PQLFO = Fy. Suppose F(t) is a solution to either (6.1)
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or (6.2), then we have the estimate

1
| ding P 2 anan ivany < | DEDE R (6.280)
of some a > 0, or equivalently
| diag F' HLQ([fa,a],Hl(M)) S | DuD3 Fy HL?(MxM) : (6.28b)

Let us state the local version of Proposition 6.13.

Proposition 6.14. Let U, x Vi C R?? be a product of open balls U, V, C RY,
endowed with Riemannian metrics go, gz, respectively, such that Uy N'Vy # 0 and

9ol s = 98]y Let Uz € Uy and Va € Vi be open balls, with Uy NV # 0,

Xo € C5°(Us x Vo), 1 € Ce(R*N\{|¢], |n|] < 3}). Then there exists o > 0 such that,
for every hym € (0,1] with h < m and A = %, wo € Cg°(Uy x Vi), we can find a

w € C®([—a, a] x Uy x V3), compactly supported, satisfying the problem

ihOs + h*A,w + h*A,w =7,

{E(Oa z, y) = Xo(l’, y)¢(th, mDy)wo(ac, y)

with estimates

< h72 || |V.]E|V,

. (6.29)

|
L2(U; x V1)

|| Vm@(S, z, x) HLZ([—a,a]le(UzﬂVé))

Moreover, if w is a solution to either (6.1) or (6.2), satisfying (6.27), written in local
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coordinates with initial data w(0) then we have w(s,z,y) = w(s,x,y) + R(s,z,y)

where

I R(s, 2,2) | 2o axp2wanvay S B wo |-
Proof of Proposition 6.14. Similar to the proof of Proposition 6.5, we consider the
WKB approximation (6.5) where ay, is supported in [—a, a] x K x [1/2,1] x [A/2, A].

Making the rescaling n — An, it follows

0, (s, x,x) ~ / e el Eea i} (9, o(s, 2, €) + (s, x, M)

3 ﬂ) dedy

h’m ) hitimd’

X an(s, 2, € M) (

for j =1,...,d. Similar to the proof of Proposition 6.5, we first prove the following

proposition.

Proposition 6.15. Consider T : L*(R?*!) — L*(R'*?) defined by

d€dn
mapd+k

(TF)(s,z) = / Rt EN gy (s, €, ) F(E,7) (6.30)

where ¢(s,x,£,m) = p(s,2,£) £ o(s,x,\n) and g, vanishes either when || % 1
or |n| £ 1, or (s,x) & [—¢,e] x X, X compact, and |05 ,qnm| < Colé k. If e

15 sufficiently small then there exists a constant C, depending only on finitely many
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derivatives of qnm, so that the following holds

HTF||L2(R1+d) < Ch*%*km*dJr% |€’k7%|n

. (6.31)

L2 (RQd)

Remark 6.16. The proof of Proposition 6.15 is similar to the proof of Theorem 1.1
given in [Han12|. However, for completeness, we have included a sketch of the proof
of Proposition 6.15 and refer the reader to [Han12| for the details. The key ingredient
in the argument is the uniform transversality condition satisfied by the two surfaces
Viap(t,x, &) and Vi [£X (¢, 2, An)] in T R4 whenever |€], ~ ||, ~ 1. More
precisely, let n; and ns be unit normal vectors to the two surfaces, respectively, then

for every 0 € (0, 1] there exists Ao such that for all A < \g we have

[(n1(€),n2(n))y| <146

whenever |{|, ~ 1 and |n|, ~ 1.
Sketch of the Proof of Proposition 6.15. Consider the change of variables (£,7) —

(& — An,n) which gives

dgdn
mdhd+1 :

(TF)(tv ‘T) = /€Z¢(57I75_An’n)qh,m(sa l‘7§ - )‘777 U)F(§ - )‘777 77)
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Let us note that for ¢ sufficiently small (6.11) gives

52 —2\"g ! (x)
ﬁ@(ta% An) = £ + O(1),

[dxd

which is clearly maximal rank when ¢ is sufficiently small, and the unit normal vector

to @(t, z, &) is given by

1
ni(§) = S +O(t).

Hence we have

> 206 — M)y ()

1
Tl - M) ——p(t,x, An) = £
/1 +4[§ = A2

Mno(t, x)
on the region [{|, ~ 1 and |n|, ~ 1 whenever ¢ is sufficiently small. In particular, if

LOM)£0

we consider the unit vector v; in the direction of g(z)~' (& — An), it is clear that

<971(x)(€ — )‘77)7U1>9 ~ |€ _ >‘77|9 >

1+ 4€ = a2 J1+4le = a2~

whenever ) is sufficiently small. Hence the transversality condition holds.

51

Now let us rewrite 1 in terms of a new basis 7 = pv; + 1 or, simply, n = (p, 7).

191



Then we have that

ITF| 2

dndpd§ i pe - ~
= H / hd—l-lmdeh{(p(t =) Ep(t, ,An)}amm(t,fﬂ,f,?])F(f — )\77777)

dn
= / hd+1md

Let us define the freezing operator Sy : L2(R%!) — L2(R4T).

2

/ dpde entelbotAnEeltainla, o 0 ¢ pYF(E - An,n)

2

Si(w) = / dpdg entetmt=meltednla, (¢t o & p,m)F (€ — M, n)
where 7 is frozen. Thus, it suffices to prove that

d
2

1
IS5 (w) ||L2([—a,a]de) S hermz || F| 2 g

since |7j] < 1. Using a T'T*-argument, we see that
I 560) I3 = [ dedpde'a! K (6.0 € o)GEDGIE D)
where G(¢,p) = G7(€,p) = [€ = AMp, D"/, D)"F(§ — Mp, 7). (p, 7)) and
K p. & p) = /dtdx e%{¢(t,w,§7p)—¢>(t7fr,£’,p/)}c(t7%&p’ &)

for some smooth compactly supported function c¢. By applying Lemma 2.1 in
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[Han12|, we can estimate the kernel as follow

IK(&p, & ) SA+hrHe=E+m™ p—p )V,

Finally, by Young’s inequality, we have that

G(§7p)G(§/7p/) 2
| ettt e e S 1K 1) 6
where
d(¢/h)d(p/m)
K| = h? / < h¥m.
Mo =00 | e mpy S
Thus we arrive at the desired result. O

The remainder of the proof of Proposition 6.14 follows exactly the same line

of arguments as in the proof of Proposition 6.5. n

6.2.4 Proof of Theorem 6.1 for (6.1)

In this section we prove Proposition 6.1 for (6.1). The key ingredients involved
in establishing (6.3a) are Proposition 6.3, Proposition 6.13, and the following two

lemmas.

Lemma 6.17. Assume 0 < h <m <1 with A =2 and ¢ € C*(R) with supp ¢ C
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5,1]. Assume PL PNy = Ao. Then we have the estimate
h h

HPL diagA‘

S A|| D1D3A
L2([7a,a},H1(M)) ~Y H 1 2 0 HL2(M><M)

for some a > 0.

Proof of Lemma 6.17. 1t suffices to prove the statement in local coordinates. By

Theorem 2.1 in [BGTO04] and Proposition 6.3, we have that

N—-1
K*(x1 - Py diag A) — Z map;(z, mD)K*(xo - diag A)
= L2([—ahahl 71 (B))
1
S0 || DiDg A, |
L2(Mx M)

for any N > 1. Finally, following the proofs of Proposition 6.5 and Proposition 6.6,

we see that

2

| Dy (xo - diag[PEP2A]) |
h h

L2([—ah,ah),HY(M))

K(&n,& 0 F(En)F(E,7)
€+ nlz|e —n| T | +ylzle — | T

< / dednde'dnf

+ lower order terms

< /dfpdldpw\h(f p)I?
™ R (gl +p5
2

A _
S e [ ddn PP € )P

where the last inequality is a result of the facts that |£| ~ A and p ~ 1, which are

consequences of rescaling and the restriction imposed by ¥ (x, mD). The remainder
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of the argument is similar to the proof of Proposition 6.5. n

Lemma 6.18. Assume 0 < h < h' <m < 1. Then we have that
. 1 p2 . 1 p2 Ny 3 2
(Dy Py diag|P1 PLA], Dy Py diaglPy PiAl) Sy b7 Dt Dy Mo [[22(arxar)

for any N and where the (-,-) is the standard inner product on L*([—ah,ah] x M).

Proof of Lemma 6.18. 1t suffices to prove the statement in local coordinates. Ap-
plying Theorem 2.1 in [BGT04|, Cauchy-Schwarz inequality and Proposition 6.3, we

see that

‘(Vﬂf*(xl - Py diag[P%PiA]), V" (x1+ Py diag[Pi/PiA])}

< (V2 [, mD)w* (xa diag[ PLPEA])), V.o, mD)w (xz diagl P P AJ))
2
+ hlarge positive power

1
D; D3 Ay = I + small term

L2(Mx M)

where the inner product is defined on L?*([—ah,ah] x R?). Finally, using WKB

approximation, we have that
d€dndg'dn/ =(En\=(¢
I's /WKh/,h(§7n7€/7n/)F ' F o
where the kernel K, can be estimated as follows

1 1

Ko r N < <
| h,h (5,77,5,77)|NN (1—|—h*1‘f—f"—|—h71D)N ~N (1+h*1)N
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since || ~ 1 and [¢/| < 1. Hence by the same arguments as in the proof of

Proposition 6.5 and Proposition 6.6, we arrive at the desired estimate. O

Proof of Estimate (6.3a). By the almost orthogonality property of the spectral lo-

calization of diag A, we see that

. 2 . 2
I Dy diag A 17 (o apxary S D I Do P diag Ao o penr) -
=0

Next, employing the standard Littlewood-Paley product decomposition, we see that

for each fixed 7 we have

Py diag A ~ < oD+ D>+ D> >P2idiag(P21jP22kA)

2022k 20,27 ~2F  2iA2039F  2i~2F 307

Then it follows

: 2
| Dy Po: diag A (|72 015 a1)

2 2
S/ || DgHHKA ||L2([ ) + ” DgHHzNA ||L2([—a,a]XM)

—a,a) X M

2 2
| Do H Lis Mo apeary T | DoLeHis A2 agar)

Next, let us estimate each term.
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For the first term, observe by Lemma 6.17 and Lemma 6.18 we have that

| DyHHiA |7

[—a,a]x M)

S Y (DyPy diag(Py; P3A), Dy Py diag(Py, Py, )

2127 2ig 23’
~ 3" || Dy Py diag(PY P2 A) [ (Caalent)
2127

S Z 22079 || D1 D3 Py, P3 A

j=i+1

2
HLQ(MXM)'

Then taking the summation in ¢ yields

Z | DgH Hic A ||§12([7a,a]><M) S Z H D\ D3 Py, Py A Hiﬂ(MxM)

i=1 j=2

O 2
S D1DT Ao (72w -

We can handle the HH; A term in a similar manner.
Next, we consider the term H L;~A. By Cauchy-Schwarz inequality and Propo-

sition 6.13, we have that

2
H DQHL1>A ||L2([7a,a]><M)

~ > > (DyPy diag(Py P A), Dy Py diag(Py: P} A))

2032k 9ixs, ok

i1 2
N (Z ” D, diag(Py Py A) HL2([—a,a}xM)>

k=1
i—1
S “DngP;"PQQ’fAO“i2(MxM) S HDngP%i
k=1

Ao Hi?(MxM)'
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Finally, by almost orthogonality, we obtain the desired result. The proof is similar

for the LH;< A term. n

6.2.5 Proof of Theorem 6.1 for (6.2)

Lemma 6.19. Let 0 < h < m < 1 with A = £ and p € C=(R) with supp ¢ C [3,1].

Assume P1 Pl =Ty. Then we have the estimate
h h

‘ Pi diagT ‘

m

< A2 || D, DS T
L2 (o] HL(M)) ™ | D1D3 0||L2(M><M)

for some a > 0.

Sketch of Proof of Lemma 6.19. If suffices to consider the modification of the proof

of Proposition 6.12. In the current case, we have |£| ~ A which means

\? F(&,n)F(&, 1) dednde'dnf
RHS (6.26) < ——
(6.26) < hAd+2 /n|~1,|n'|~1 (L+h Y=g+ h e n—¢& n|)V
A2 / G(&,p)G(E,p) dedpde! dp
~ a2 [ (14 et — €]+ Y|l — €)Y

A _
S ot | dedn Pl P (E )P

The rest of the proof is standard. n

Let us now complete the proof of Theorem 6.1 for (6.2).

Proof of Estimate (6.3b). Fix i. As in the proof of estimate (6.3a), we immediately
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have that

| DyPoT |72

([~e,a]x M)

2
< H D HH"<F HL2 ([—a,a]x M) + H DQHHZNF HLQ([—a,a]XM)

+ || DQHLZ>F Hiz([—a,cx]xM + || D LHZ>F ||L2 ([~a,a]x M) -
For the first term, applying Lemma 6.19 and Cauchy-Schwarz inequality yields
|| D HHZ<F ”L2 ([~a,a] x M)

< ) || DyPy diag(Py; P T)

2t 23’ A2

HLQ([—a,a} x M)
+ Y (DyPydiag(Py, PyT), Dy Py diag(Py, P;,T))
2120’ <27

< Z 20=J || Dng*ngPéFO HiQ(MxM)
j=i+1

+ Y 277 || DiDY Py, PyTo

§=i+1

1
) g 2
X ( Z 27" || Dy D3 Py, P31 Hi?(MxM)) :

j=i'+1

||L2(M><M)
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Then it follows from Cauchy-Schwarz inequality that

2
D Dy HH T
=1

<Y || DS Py Py

Jj=1

+ Z H Dng*lej/P;j’FO HL?(MxM)
§'=2

2
HL2(M><M)

N

=51
S Z | D1D3* Py, PyiTg ||i2(M><M)
j=1

+ (ZHsz’*P;ij;froH;(MxM))
=1

2

=

X (Z Z 2jT7j H Dng*PQIJPQQjFO HQL?(MXM)>

J'=1j=j'+1

O« 2
S 1 D1D3 Lo 720w

The remainder of the proof is similar to case of (6.1).
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Chapter 7:  Conclusion and Discussion

In many ways, the time-dependent HFB system for bosons offers a remarkable
generalization of cubic NLS and Hartree equation. From a mathematical physics
perspective, the system provides a nontrivial correction to the mean-field equation
which allows for the studies of effective dynamics of the excitation of quantum gas.
In fact, Theorem 4.1 states that the time-dependent HFB system is rich enough to
capture details of the many-body system and provide Fock space estimates for the
true dynamics of quasifree states.

To put the results of Chapter 4 in context, we compare Theorem 4.1 and
Remark 4.2 to Theorem 1.1 in [BCS17]. Reader should note that the theorems are
similar in spirit, but the nature of the results are different. In [BCS17], the authors
imposed a condition on the structure of the pair excitation function k, which only
depends dynamically on the evolution of the condensate, then use it to obtain Fock
space approximation to the true dynamic when 0 < g < 1. In fact, they were able
to prove a global-in-time Fock space error estimate which is double-exponential in
time.

On the other hand, Theorem 4.1 allows for the dynamical development of

the pair excitation function, which in some sense is more general than the results

201



in [BCS17]. But, the regularity assumption on the initial data in Theorem 4.1 im-
poses restriction on the form of k. In particular, one could show that the regularity
assumption rules out the case of the coherent states, i.e. the case k = 0. However,
the recent result of Grillakis and Machedon in [GM18| suggests that more general
data is permissible. It is conjectured that we could even consider coherent states ini-
tial data and obtain Fock space estimate on the development of correlation structure
in the long time dynamics of the initial state. Nevertheless, even with the restric-
tion, the set of permissible initial conditions in Theorem 4.1 is still comparable to
that of [BCS17].

Lastly, the error estimate of Theorem 4.1 is valid for a much longer period of
time when compare to Theorem 1.1 in [BCS17|. The improvement in time of the
Fock space estimate in Theorem 4.1 is a result of our analysis of A. More precisely,
the improvement is the result of (4.1a), which ultimately helped us to avoid the
usage of Gronwall estimate. In fact, we believe the Fock space estimate could be
further improved if we improve our estimates for A. One conjecture we expect to

be true is that there exists x > 0 such that

xp(KrT’
[ esaee (£) — Papprox (£) 15 < e;(—“ﬁ) (7.1)

2

for all t € [0, 7] for all N. In fact, to establish (7.1) it suffices to show

H vayA(t7 x, y) HLOO(dt)LQ(d:cdy) < ysome power (72)

~
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Note that (7.2) is interesting in its own right. Problems of this flavor can be traced
back to the works of Bourgain on the growth of Sobolev norms for linear Schrodinger
equations (c.f. [Bou99a, Bou99b]).

A close examination of (7.2) shows that the current approach of estimating
V.V,A(t) via energy method will not be sufficient in establishing the estimate.
In fact, to prove (7.2), we will need to employ global-in-time Strichartz estimates.
Unfortunately, obtaining global-in-time Strichartz estimates for the time-dependent
HFB equations is in general a formidable task. In chapter 5, we establish the

interaction Morawetz-type estimate for I" using the Virial interaction potential

Ve(t) = /d:cdy Lt z,z)a(x — y)'(t,y,y).

The approach adopts the method used in [CPTI12| to establish the interaction
Morawetz estimates for the BBGKY (Gross-Pitaevskii) hierarchy. However, a major
difference between the BBGKY (Gross-Pitaevskii) hierarchy and the time-dependent
HFB system is the obvious fact that the time-dependent HFB system is nonlinear
whereas the Gross-Pitaevskii hierarchy is linear. Hence instead of following [CPT12]

and use the second marginal density, i.e. consider the Virial interaction potential

ve(r) = / dady Las(t, 7y, y)a(x — 1),

we replaced Loo(t, z,y, x,y) by I'(t, z, 2)['(t,y,y). In doing so, we were able to prove
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the interaction Morawetz estimate

1T 252) | 2wy S 1 T0 172 an) -

Of course, the immediate question that follows is whether a similar type of estimate
holds for A. The calculation using L5 in the Virial interaction potential is highly

involved and we have no guarantee whether the idea will bear fruit.
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