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Chapter 1: Introduction

Assume that G¢ is a simply connected, semisimple, simply laced complex Lie
group, and G is a real form of G¢ with nontrivial fundamental group. Then G has
a nontrivial two-fold cover G, which is not a matrix group (see [6], Proposition 3.6).
For example, this holds when G is a split group, or G = SU(p, q), Spin(p,q), and
most real forms of the exceptional groups. In fact, most real forms of G¢ have a
nontrivial two-fold cover (see [2]). The purpose of this paper is to discuss some small
genuine representations of G and their properties. By a genuine representation we
mean that a representation of G which does not factor through G.

In Chapter 2, we first introduce some basic invariants, such as infinitesimal
character, T-invariant, and associated variety, which are used to classify representa-
tions. These notions are quite general, and are defined on more general real reductive
groups (G, which can be linear or nonlinear, and are not necessarily simply laced.
For each type, we fix an infinitesimal character \. If G is simply laced or of type Gs
and Fy, A is chosen to be p/2, where p is half of the sum of the positive roots. For
type B, and C,,, A is defined as in [3], and is listed in Table 2.1. Then we define a

class of representations of G denoted

Hi(é) ={7|7 € éadm’ x, T is genuine and has maximal 7-invariant},



where CANJadm, A is the set of irreducible admissible representations of G with infinites-
imal character A. Here the superscript s stands for small in the sense that the
representations in this set have maximal 7-invariant. There is a unique complex
nilpotent orbit O which is the complex associated variety of every m from Hi(é)
We calculate this orbit O explicitly for all types and list them in Table 2.1.

Denote
Hf/z(é) — {7 |7 € Gaamo, T is genuine and the associated variety of 7 is O}.
Then we have

Theorem 1.0.1. [[° ,(G) = []%,(G).

p/2 p/2

The proof of the theorem is based on truncated induction of representations
of Weyl groups and the Springer correspondence.

This set of representations [ ] /2(6' )= HO/Q(CN;) plays a significant role through-
out this paper. First of all, we can attach to each 7 € HZ/z(é) a pair (xz Oz),
where xz is the central character of 7 and O3 is the real associated variety of 7.
Here, Oz is one of the real forms of O, and in Chapter 3, we will see that there are
not many real groups which have nonempty intersection with O and the number of
real forms of O is tiny as well. The notions of real associated variety and genuine
central character will be discussed in more detail in Chapters 3 and 4.

In Chapter 5, we restrict our attention to simply laced split groups. For split
groups, there is a well-understood family of representations, called the Shimura
representations (see [3]). Starting with these, we construct other genuine repre-
sentations in H; /Q(é). There are standard ways to get new representations from
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old ones: the theory of cross actions and Cayley transforms. In our setting these
are non-standard, because they involve half-integral roots. It is possible to start
with a Shimura representation, and apply some cross actions and Cayley trans-
forms to it, to obtain other representations in [[7 /2(5). The conditions which need
to be satisfied are very rigid, and we get a small number of representations in

IT, /2(6). Let [z, (G) denote the set of representations obtained this way. The

map 7 € HRD((N;) — (x#, Oz) leads to a bijection with the pairs

{(x,Or) | x is a genuine central character of G, O is a real form of O}.

In the last part of Chapter 5, furthermore, by counting the elements in H‘; /Q(G) using

a Weyl group calculation, we show that every representation in HZ /2(G) is produced
this way for type A,,_; and D,, and hence we have a bijection H;/Q(é) < {(x,0r)}
for type A,,_1 and D,,. We conjecture this is true for type FE.

In Chapter 7, the key tool, the lift operator, comes in. A basic tool in rep-
resentation theory of linear groups is endoscopic transfer, or lifting. This idea was
extended to nonlinear two-fold covers of real groups later on by many people. In [4],
a lifting operator, denoted by Liftg, is defined on the level of global characters of
representations. It takes stable representations of G to 0 or virtual genuine represen-
tations of G. (By a stable representation we mean its global character is invariant
under conjugation of Gi¢.) Hence for every stable representation m of G, let Lift(r)
denote the finite set of all irreducible genuine representations of G occurring in

Liftg(ﬂ). There is a complete discussion of Lift(7) for one-dimensional representa-

tion 7w of GL(n,R), which can be found in [5]. For example, when G = GL(n,R),



Lift(C) = T,,, where C is the trivial representation, and 7, is the genuine unipotent
representation coming from minimal parabolic subgroup and containing the pin rep-
resentation as its lowest K-type. What we attempt to do is a similar analysis for
other simply laced groups. Because of the setting in the beginning, the only one-
dimensional representation of GG is C, the trivial representation. What we expect
is that Lift(C) should give an interesting class of unitary representations, and the
goal is to study these representations and their characters. The following theorem
describes the properties that a representation occurring in Lift(C) should possess.
More precisely, the irreducible representations in Lift(C) are the small representa-

tions that we discuss in the previous chapters.

Theorem 1.0.2. The setting is as above and assume G is simply laced. Then

Lif(C) C [3,5(G) = T15(G).

Then a natural question arises — Is Lift(C) = [[} o(G)? This conjecture is

true in some cases, for example, when G is split.

Theorem 1.0.3. The setting is as above and assume G is simply laced and split.

Then Lift(C) = IT5,(G) <> {(x, Or)}

The proof is based on case-by-case calculation. At the end, we obtain a small
number of representations in Lift(C) and they are very concrete, in terms of their

lowest K-types, Langlands parameters, associated varieties, and so on.



Chapter 2: Some Small Representations

In this chapter, we will introduce a category of representations which plays an
important role when we are talking about the lifting of one-dimensional representa-

tions. Before doing that, some notions are needed.

2.1 Invariants of a representation

Let’s get started with the setting. Let G be a connected real Lie group, and
suppose that the complexified Lie algebra of G, denoted g, is reductive. Here G
is allowed to be nonlinear, which means it cannot be embedded into any GL(n,C)
(see [4], [6] for example). We fix a Cartan involution @ of G and let K = G? be the
corresponding maximal compact subgroup. Let h be a Cartan subalgebra of g, and
U(g) be the enveloping algebra of g. Let A = A(g, h) be the root system and W
be the Weyl group of g.

Let HC(g, K) be the set of Harish-Chandra modules and let éadm denote the
set of equivalence classes of irreducible admissible representations of G. Then @adm
can be viewed as a subset of HC(g, K) by sending an irreducible admissible repre-
sentation ™ € éadm to its space V, of K-finite vectors and then the latter can be

regarded as an irreducible (g, K)-module. What we are going to do is to attach



certain invariants to the representations in Ggg,,.

The most basic invariant is the infinitesimal character of a representation.
The center Z(g) of U(g) can be identified with the W-invariant polynomials on b
via the Harish-Chandra homomorphism ¢ : Z(g) — U(h)". In this way, we have
a map infchar : @adm — b*/W, and the infinitesimal character of = € @adm is

identified with a weight A € h*. For A € h* /W, we denote by
@adm,A ={mr e @admﬁnfchar(ﬂ) = \}

and refer to the representations in @adm,,\ as the irreducible admissible represen-
tations with infinitesimal character A. Similarly, let HC(g, K), denote the set of

Harish-Chandra modules with infinitesimal character \.

2.1.1 Primitive Ideals

Many invariants to be considered are actually invariants attached to the prim-
itive ideals in U(g), though there are some invariants attached directly to an irre-

ducible Harish-Chandra module. Thus let’s first define

Definition 2.1.1. Let V' be an irreducible U(g)-module. The annihilator of V' in

Ulg) is
Ann(V) :={X € U(g)|Xv =0,Vv € V},

which is a two-sided ideal in U((g). It is called be the primitive ideal in U(g)

attached to V.



If two U(g)-modules have the same primitive ideals, then their infinitesimal
characters are the same, and hence it makes sense to talk about the primitive ideals
with infinitesimal character A. We set Prim(g), to be the set of primitive ideals in
U(g) with infinitesimal character A. For any 7 € @adm, let V. be the corresponding
Hairish-Chandra module and let I, :=Ann(V; ), and hence we have a map @adm —

Prim(g), sending 7 to ;. This map is several-to-one in general.

2.1.2 Associated Variety and Gelfand-Kirillov Dimension

Given a finitely generated g-module V. Let U,(g) C U(g) be the subspace of
U(g) generated by the monomial of the form X ---X,, with m < n and X; € g.
There is a good filtration (see Section 4 in [8]) of V' compatible with the graded
action of U(g), ie. 0 =V, Cc Vi C Vo C --- C V and U,(g9)V; C V4, for all
i,n. Then gr(V) = G}O Vio/Va-1 is a finitely generated module for the associated

n>

graded algebra of U(g), namely the symmetric algebra S(g) by Poincaré-Birkhoff-
Witt theorem. So one can define the associated variety of V', denoted AV (V), to be
the support of the S(g)-module gr(V') in g*.

Moreover, let @y (n) = ; dimc V,, which is finite since V' is finitely generated.

q<n

By a theorem of Hilbert and Serre, there is a polynomial @, (n), of degree at most
dim g, such that ¢y (n) = @y, (n). (The proof can be found in [23]). Therefore, the
integer deg(®,,(n)) is defined to be the Gelfand-Kirillov dimension of V', denoted

by GKdim(V).

An important lemma is stated below.



Lemma 2.1.2. AV(V ® F) =AV(V) and GKdim(V ® F) =GKdim(V') for any

finite-dimensional g-module F.

Proof. Choose a good filtration {V;} on V', then we obtain a good filtration {V; ® F'}
on V ® F. With these filtrations, gr(V ® F') as a S(g) is a sum of copies of gr(V').

Hence the lemma follows. O]

Now suppose m € éadm and I is the primitive ideal attached to 7, which can
be regarded as a left U(g)-module, and hence we define AV(/;) and GKdim(/),
GKdim(7) in usual sense, whereas AV(m) will be defined upon a K-invariant fil-
tration, and we won’t talk about this until Chapter 3. By Kostant’s theory of
harmonics, AV(/,) consists of nilpotent elements in g*, and hence is a union of
finite number of closures of nilpotent coadjoint orbits. In fact, it’s a single orbit.

Let’s record some remarkable facts as follows.

Theorem 2.1.3. (1) (Borho, Brylinski, see [8]) There exists a unique (complez)
nilpotent coadjoint orbit O such that AV(I;) = O.
(2) (See [9]) 2GKdim(r) =GKdim(I,) = dimc O, where O = AV(I,;) is obtained

from (1).

2.1.3 r-invariant

Given I €Prim(g),. Put A(\) = {a € Al < \,aY >€ Z}, the integral root
system for A, and let W, denote the Weyl group for A(X). Choose AT(A) C A(N)
a positive system making A\ dominant. Write [J(A) € AT (X) for the set of simple
roots. There is the Borho-Jantzen-Duflo 7-invariant attached to I, which is a subset
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of [T(N) (see [22], [24]), denoted 7(I).
Since G is simply connected, we have an alternative definition for 7-invariant.
Let m € HC(g, K)» and F), be the finite-dimensional representation of G with high-
est weight 7. Also let A(F,) denote the set of all weights of F,. Consider the
Zuckerman translation functor ¢} (1) = Py, (7 ® F,),where Py, by definition is
the projection on the representations with infinitesimal character A 4 ~, and hence
27 (7) is a functor that projects @ F, on representations with infinitesimal char-
acter A + . Let a € [[(N), and A, be singular with respect to v and A — A, is a

_ e

sum of roots. Define v, (m) := 1{*(m) be the translation functor of 7 to the a-wall.

Then we define

7(m) = {a € [T(V)[¢a(m) = 0}

It turns out that 7-invariant is a measure of size of m: the bigger the 7-invariant,

the smaller the representation.

Definition 2.1.4. We say that 7 has maximal 7-invariant if 7(7) = []()\), or

equivalently, ¢, (m) = 0 for all @ € [J(A).

Lemma 2.1.5. Let F be a finite dimensional representation. Then o (F) = 0 for

every root a and hence F has mazximal T-invariant.

Proof. Note that the infinitesimal character of every finite dimensional representa-
tion is regular.
Assume the setting in the Lemma. We have ¢,(F) = Py (F ® F') = 0,

where X' is singular for o and F” is a finite dimensional representation, since F' ®



F’ is a virtual finite dimensional representation and each constituent has regular

infinitesimal character. O
Definition 2.1.6. We call a representation small if it has maximal 7-invariant.

The Gelfand-Kirillov dimension of an irreducible representation is a measure

of the growth of K-types. Here is the proposition connecting these two measures.
Proposition 2.1.7. ( [22]) Let 7 € éadm,% If I. has maz T-invariant, then

GKdim(r) = |A*] — |AT()]

2.1.4 Weyl Group Representations

There are some details of Weyl group representations that can be found in
various places, for instance, [11], [17], and [20]. We recall some of the useful facts
as follws.

In [15], Joseph has attached to I €Prim(g), a representation o; € W,. In fact,
the map from I € Prim(g), to o is surjective onto the set of special representations
of Wy, (see [11] for definition of a special Weyl group representation).

On the other hand, Springer provides a method for producing a representation
of W from a nilpotent orbit O, which is the well-known Springer correspondence.
We write sp(Q) for the irreducible representation of W attached to O. There is an
algorithm to calculate the sp(Q) if given O by use of symbols (see [17]). Note that
the map O — sp(O) is injective, but not surjective usually.

Let W’ be any subgroup of W generated by reflections. There is an operation
called truncated induction j., taking irreducible representations of W’ to those of

10



w.

Fact. jiy. : W — W is injective.

The following proposition summarizes and connects all concepts stated above.

Proposition 2.1.8. Let 7 € @adm,,\, I = I, Wy be the integral Weyl group for \.
Then there is a unique nilpotent orbit O such that o =sp(O). Furthermore, this O

is dense in AV(I), that is, AV(I) = O. Thus, we have a commutative diagram:
@

Tp’ sp(0)
AV J

] —— 071

g

(The left vertical arrow in the diagram means AV (I) = O.)

2.2 Certain Properties to Characterize Small Representations of G

In this section we assume that G is a real form of a simply connected, semisim-
ple complex Lie group, and G is the nonlinear two-fold cover of G. First, we identify
the kernel of the covering map p : G — G with £1 and write H for the inverse image

in G of a subgroup H of G. We define

Definition 2.2.1. A representation 7 of H is called genuine if 7(—1) = —I. If 7 is

irreducible, then 7 is genuine if and only if T does not factor through H.

We focus on the genuine representations with a particular infinitesimal char-

acter \. If G is simply laced or of type Go and Fy, A is chosen to be p/2; where p

11



is half sum of the positive roots. For type B, and C,, A is defined as in [3], and is
listed in Table 2.1. We are interested in a special category of representations with
certain properties, defined as follows.

Denote

-~

Hi(é) — {7 |7 € Gaamo, 7 is genuine and has maximal 7-invariant}
The following is the key Lemma.

Lemma 2.2.2. There is a unique complex nilpotent orbit O such that AV(Iz) =
O for every T € Hi(é) This O can be computed explicitly (case by case) and
dim(0) = 2GKdim(7) = 2(]| AT | = | AT (N)]), where A and A(XN) are the root

system and integral root system, respectively.

Proof. Let m € Hf\(é) Since 7 has maximal 7T-invariant, o, = sgnw,, the sign
representation of the integral Weyl group for A\. Then the truncated induction
takes sgnw, , to a special representation of W, denoted j(sgn) = jVVEA(sgn), since
sgnw, is a special representation of W,,,. Hence j(sgn) defines a nilpotent orbit
O of g through the Springer Correspondence, i.e. sp(Q) = j(sgn), and this O is
dense in the associated variety of Iz, which means AV(lz) = O. The uniqueness
of this O follows from either Theorem 2.1.3 (1) or the injectivity of the Springer
correspondence.

From [22], for a representation at infinitesimal character A with maximal 7-
invariant, GKdim(7) = | AT | = | AT ())|, and hence dim O = 2(] AT | — | AT (N)])
by Theorem 2.1.3 (2). For exceptional groups, there is a unique complex nilpotent
orbit of this dimension (see [12]), so it is exactly the one that we are looking for.

12



For classical types, there is an algorithm to calculate j(sgn) and the cor-
responding O explicitly via the Springer correspondence. The parametrization
sets of nilpotent orbits are partitions of n for type A,_;, and are partitions of
2n(2n + 1, resp.) which even part occur with even (odd, resp.) multiplicity for
type B, and D,, (C,, resp.) (see [11] and [12]). All of the nilpotent orbits and the

corresponding Weyl group representations are listed in Table 2.1. O]

Because of this lemma, let O denote the complex nilpotent orbit such that
AV(Iz) = O for @ € [I{(G), and define
H,?/z(é) — {7 |7 € Gaamon, T is genuine and AV(Iz) = O}
Then here is the main theorem of this chapter.

Theorem 2.2.3. [[5(G) = [I$(G)

Proof. 1t is clear that Hi(é) C Hf(é’) due to Lemma 2.2.2. Conversely, given a
representation 7 € Hf\o(é), we need to show that 7 has maximal T-invariant, that is,
to show that o, = sgny,. This simply follows from the injectivity of the truncated

induction. O
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Table 2.1: O and its corresponding Weyl group representation (using parameterizations

in [11] and [12])

mﬁmﬂ uw\ Q z Iy X 1y N\Q 9 (23}
PR Iy 91 91 g [g/t1e/eT) VT iy
95°0%¢) vy 821 9¢ 8q ¢/d 02T 8
82'91¢) % 0L 8C Ly ¢/d €9 Lq
oT'aTe ve 0¥ 91 v x Wy ¢/d 9¢ o

{[Twel 9} | [ele-uee] | 1-cu| o | “ax'™a 01 - 1-wt u—gu | T |
{lwe] '} | [1,-ute] | (g—uul v x Mq (0Tt ‘1-w?t U—u | g ¢
(@uT]) | [g—ugT ug u—u uq (1--'g—ug't—ug) U )

([T wel®) | [eT1—ug] | T—gu e ug x Tt (T8 1—uu)t | TR
([we] ‘) [T ] U = e x e (1 1—uu)t U wg !

(1wl [T = | o) | UMY x Ty | (Thu—ebu—t g —uu) g | gy | T wg o

[wt] 4 S 0-9)% | Ty x Ty | G tu—tgtu— g —uw) | | we '

(“Mubs)( 0 owp | |(¥)1V| v ¢ |+ VI u odAT,
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Chapter 3: Real Associated Variety

In the previous chapter, given m € éadm, we defined its complex associated
variety AV(I,). Now we want to attach nilpotent orbits directly to 7. Notice that
these notions are quite general and they can be defined linear and nonlinear groups.

Suppose (7, V) is the given finitely-generated (g, K)-module. As in Section
2.1.2, suppose 0 =V, Cc Vi C V5 C --- C V is a good filtration, and furthermore
suppose this is a Kc-invariant filtration since V' is also a K¢-module. Hence we
have that AV(r) =AV(V) is a closed subvariety of (g/€)*. Since V is also a Kc-
module, AV(7) is actually a Kc-invariant subset of (g/€)*. Similarly, AV () consists
of nilpotent elements, say, AV(7) C N (g/€)* := N (g*)N(g/¢)*, where N'(g*) denotes
the nilpotent cone of g*. By a theorem of Kostant-Rallis, there are finitely many K

orbits on N (g/€)*, and hence we may write

AV(r) = OfcU---UO;FF,

for orbits OF¢ of K¢ on N (g/¢)*.
The next result of Vogan relates the complex associated variety and real asso-

ciated variety.

Theorem 3.0.4. (see [21], for example) Suppose m € Goam. Write

AV(m) =0Fcy...u OJKC, and AV(I;) = O.

15



Then each (’)Z»K © 1s a Lagrangian submanifold of the canonical symplectic structure

of O. In particular, for each i, we have
G - OF¢ = O and GKdim(w) = dim(OF°)

Next we introduce the Sekiguchi correspondence (see [12], chapter 9, for ex-

ample).

Theorem 3.0.5. (Sekiguchi) There is a natural one-to-one correspondence between

nilpotent G-orbits in gg and nilpotent Kc-orbits in (g/t).

Thus, by the Sekiguchi correspondence, AV(7) can be viewed as Oy U - - -@,
where each O; is a G-orbit in gg corresponding to (’)iK © via the Sekiguchi correspon-
dence. Moreover, if AV(I;) = O, then we have G¢ - O; = O, and hence we say that
each O; is a real form of O. Equivalently, we say {O;}._, is the set of real forms of
Oift0ONgr=0,U---U0O,.

Resuming the setting of G and G in Section 2.2, recall that we defined a set of
representations Hf\(é), and the complex associated variety of each representation
in this set is the closure of a particular O (see Table 2.1). In Tables 3.1, 3.3, 3.5, 3.7,
we list all real groups G such that O Ngg is nonempty, as well as the real forms of O
with respect to each GG. For classical groups, we parametrize the real nilpotent orbits
by Young diagrams or signed Young diagrams, with or without a Roman numeral
(see [12]). For exceptional groups, we also refer to [12] for the parameterization of

real nilpotent ortbits. The number of real orbits is also listed in the tables, denoted

£0;.

16



Remark 3.0.6. It can be observed from the tables that there are not many real

groups which have nonempty intersection with O. More precisely, if G is not listed

in Table 3.1 to 3.7, then O N ggr = ¢.

We have the following proposition saying that we can attach to each small

representation defined in Section 2.2 a single real nilpotent orbit.

Proposition 3.0.7. We resume the setting and notations in Section 2.2. Suppose
G is a simply connected, semisimple complex Lie group, G is a real form of Gc¢
and G is the nontrivial two-fold cover of G. For each % € Hf\(@) = H?(é), there
is a unique real nilpotent orbit Oz such that AV(T) = Oz. This Oz is one of the

real forms of O.

Proof. By a result of Vogan (see [25]), if O, is a real orbit of maximal dimension
in AV(7), and the complement of O; has codimension at least two in O;. Then
AV(7) = O;. Since dimg O; = dim¢ O for each real form O; of O, we just need to
pick a complex nilpotent orbit @', which is one step down smaller than O, and see

if the difference of dim O and dim (0’ is at least 2. This case by case check is shown

in the following table (see [12] for the parameterization of nilpotent orbits).
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Type n @) dim O o dim O’ codimz0’
Any 2m, [27] 2| 2rte? 2m? — 2 2
Any om+1| [271] wol L [2m 18] | 2m? 4 2m — 4 4
B, 2m (27 1] n? (2771 15] n* —4 4
B, om+1| 207113 [ n2—1| [2317] n®—9 8
C, 2122 | 2n [127] 0 o
D, (n=4)| 2m | [32721] | n? |[327 419 n?—4 4
D, om+1 | [327313 | n2—1 | [327517] n®—9 8
Eg 34, 40 24, 32 8
E; 44, 70 A, 66 4
Es 44, 128 A, 114 14
F A, 16 0 0 16
G A 8 A 6 2
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Table 3.1: Type A, _1, g = sl,

Type | g n @) inner class | G = Gy ONngr | #O;
2m [2™] | unequal SL(n,R) (split) 2
An—l 5[71
(LIT)
2m+ 1 | [2™1] | unequal SL(n,R) (split) 1
2m [2™] | equal SU(m,m) 1
+ —
o T
|
(quasisplit) -
_l’_ —
2m +1 | [2™1] | equal SU(m + 1,m) 2
+ —
lit
(quasisplit) =
=
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Table 3.3: Type B,, and Type C),

Type | g n @) inner class | G = Gy OnNngr | #0O;
2m [2"1] | equal Spin(n+1,n) 2
+ —
Bn 509511 (Spht) i :
+ —
[+
(1, 1)
2m+1 | [27113] | equal Spin(n+1,n) 1
+ —
1
(plit) -
+
2m+1 | [2"7113] | equal Spin(n+2,n—1) 1
+ —
+ —
-+
+
-+
equal Sp(2n,R) (split) | 2
Cn | 5Py 21202 ¥
P2 [ ] B
+
+
-+
equal Sp(2p, 2q) 1
+/—|
+
+
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Table 3.5: Type D,

Type | g n @) inner class | G = Gy OnNngr | #O;
2m [327711] | equal Spin(n,n) 4
EESES
lit s
(split) -
_I_ —
D, 509, Fl=
F
(I, T1)
2m+1 | [3277313] | unequal Spin(n,n) 2
EESES
lit =
(split) e
Ed
T
£
2m [327711] | unequal Spin(n+1,n—1) 1
+[ =+
ot =
(quasisplit) -
[+
2m +1 | [3277313] | equal Spin(n+1,n—1) 1
+[ [+
it +=
(quasisplit) -
-+
-+
2m +1 | [3277313] | unequal Spin(n+2,n—2) 1
+]—+]
+ —
+ —
i
i
i
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Table 3.7: Type EGa E7, Eg, F4, GQ

Type | O | innerclass | G = Gg ONngr | #0;

equal Es(Aq x As) #HA4,#5 2
Es 34,

(quasisplit)

unequal Es(Cy) (split) #3 1
E; 4A, | equal E- (A7) (split) #8, #9 2
Es 4A; | equal Eg(Dg)(split) #6 1
F, A; | equal Fy(By) (split) #2 1
Gy A, | equal Ga( Ay x Ap)(split)| #2 1
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Chapter 4: Genuine Central Character

4.1 Regular Character

The following material can be found in several places, for example, [6], [19],
and [26]. Again, G is a real form of a simply connected, semisimple complex Lie
group and G is the nonlinear two-fold cover of G. Let 7 € @adm, A, Where A is a regular
infinitesimal character. Then 7 can be specified by a parameter, which is called a
A-regular character, v = (H,I',7%), where H is a f-stable Cartan subgroup of G, T’
is a character of H, and 7 is an element in h* which defines the same infinitesimal
character as A\, and there are certain compatibility conditions between 7 and I'. More
precisely, 7 = J(v), the unique irreducible quotient of a standard representation
I(7), which is parametrized by « from a K-conjugacy class of regular characters
for A. Here the standard module I(7) is defined as follows. Write H = T'A, where
T = H? and A is the identity component of {h € H|0(h) = h™1}. Let M =Centg(A)
and choose a parabolic subgroup P = M N, then we define I(y) = Ind%(oy,), where
o is some relative discrete series of M (see [7] or [1] for details.).

Recall that (see [1], for instance) when A is a regular infinitesimal character,
HC(g, K), is parametrized by the set P, of K-conjugacy classes of A-regular char-

acters. Furthermore, the following two sets are bases of the Grothendieck group:
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{V()}yer, and {I(V)]}ep,-

We have the following definition.

Definition 4.1.1. Define the change of basis matrix

[JO)] = > M(7,9)I(7)]

YEPA

and the inverse matrix

[LO)] = > m(v,9)[J(7)]

YEPA

M(v,6) and m(y,d) are integers and M(~,d) are computed by the Kazhdan-

Lusztig-Vogan algorithm when G is linear.

In particular, consider C, the trivial representation, and write its standard

module as I(7y) with parameter 7. Then the coefficients M (v, o) are £1.

Lemma 4.1.2. ( [26]) There is an identity in the Grothendieck group

C =Y (—1)00= ] (),
v
where y = (H,T',7) runs over holomorphic characters T on H (see [1] for definition),

and l(7) 1is the length function in [26].

The above notions can also be defined for nonlinear groups. More specifically,
let A be the regular infinitesimal character defined in Chapter 2. In this case, suppose
that 7 is an irreducible genuine representation from 5adm, A Then 7 is parametrized
by a genuine A- regular character v = (I:T ,[,7%), where T" is an irreducible genuine
representation of H = p '(H). Note that in this case T' can be replaced by a
character of Z (f[ ), a central character of H , because of the following proposition
(see [3]).

24



Proposition 4.1.3. Write Hg(Z(ﬁ[)) and Hg(f[) for equivalence classes of irre-
ducible genuine representations of Z(H) and H, respectively, and letn = |H /Z(H)|z.
For every x € Hg(Z(ﬁ)) there is a unique representation I' = I'(x) € Hg(ﬁ) for
which I'| ;g is a multiple of x. The map x — I'(x) is a bijection between Hg(Z(I:j))

= S : i _
and [],(H). The dimension of I'(x) is n, and ]ndz(ﬁ)(x) =nl".

When G is simply laced, a genuine representation of H is determined by the

infinitesimal character and its restriction to Z(G). We record the properties as

follows (see [6]).

Proposition 4.1.4. All the setting is as before, and also suppose G is simply laced,
H is a Cartan subgroup of G, and H° is the identity component of H. Then

(1) Z(H) = Z(@)ﬁ) In particular, a genuine character of Z(H) is determined by
its restriction to Z(G) and its differential;

(2) A genuine regular character v = (f[, ,%) of G is determined by 5 and the

restriction of I to Z(G), and so is T = J(7).

The second part of this proposition is basically a corollary of the first part.

Consequently G typically has few genuine irreducible representations, denoted [ | g(é).

4.2 Action of Aut(G) on Hg(é)

In this section we want to see how an automorphism of G acts on [ g(é). Let

Aut(G) denote the automorphisim group of G, and
Int(G) = {7 € Aut(GQ) | 7 = 7, for some = € G}, where 7,(g) = zgx~" for g € G,
Out(G) = Aut(G)/Int(G).
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Lemma 4.2.1. There is a natural map from Out(G) to Aut(Z(G)), which sends each

T €Aut(Q) to T € Aul(Z(G)). When G is simply laced, This map is an embedding.

Proof. The map 7 €Aut(G) — 7 €Aut(Z(G)) is defined as follows. Every 7 € Aut(G)
can be lifted to an automorphism 7 of G. Then by restricting 7 to Z(é), we get an

automorphism of Z(G), which is also denoted by 7. This map is well-defined since

if 7 €lnt(G) , say, 7 = 7, for some x € G, 7(2) = xza~ ' = zaz ' = Z, for 2 € Z(G).

The proof of the second assertion can be found in [4]. ]

Let 7 €Aut(G). Define an action of 7 on Hg(Z(é)) as follows. Let x €
Hg(Z(é)), define x7(2) := x(7(2)), z € Z(G). When G is simply laced, we have an
action of Aut(G) on Hg(é’) Due to Proposition 4.1.4 (2), every m = J(7v), where
v = (H, I[',7), is determined by 7 and y := F|Z(§). Then we can define 77 := J(77),
where 77 is a regular character determined by 77 and 7.

The following is a corollary of Lemma 4.2.1.

Corollary 4.2.2. Suppose G is simply laced. Let 7w € Hg(é), and T € Out(QG), then

T and 77 are inequivalent representations in [],(G).
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Chapter 5:  [[5(G) — Split Case

In this chapter, the setting is as in Chapter 2, and furthermore we assume
that G is split. Let H denote the split Cartan subgroup of G with Lie algebra b
(then H = p~'(H) is the split Cartan subgroup of G). It follows from Proposition
4.1.4 that there is a unique minimal principal representation of G coming from H if
we fix a genuine central character and infinitesimal character. In [3], they are called
genuine pseudospherical representations, or Shimura representations. We will show

in this chapter that we can get more representations in [[{(G) by applying cross

actions and Cayley transforms to the Shimura representations.

5.1 Shimura Representations

In [3], there is a set of minimal principal series denoted [ | gs(é’), called Shimura
representations. We list the lowest K -types and the numbers of them in Table 5.1.

From this table, we can see there are few Shimura representations for each
split group. We enumerate them as Hgs(é) = {Sh;}¥_|, where k = 1,2, or 4. In
fact, we have the following important properties for Shimura representations.
Proposition 5.1.1. (1) {Sh;} C [[5(G).

(2) There is a bijection between {Sh;} and [[,(Z(G)). In particular, if G is simply
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Table 5.1: Shimura representations

[ ® wdg I (e)urdg x (¢)urdg (‘v x 7)o 9]
urds @ 1 I (¢)urdg x (9)dg (50 x W) T
) I (or)wdg (Sa)®a 8
0) 6D 4 (8)1s (4v)4d Loy
) I (8)ds ("0)% o
[ ® udg ‘udsg @ 1 4 (T + wg)urdg x (1 +wg)udg | (T +wg T+ wgurdg | e
I ® Turdg “Fudg @ 1 i (wg)urdg x (wg)udg (wig ‘wig)urdg “eq
£99p e ()0 (ug)dg D
uwidg ® 1 I (T — wg)udg x (wg)udg (T — wg wg)udg | T-eg
Fuuds @ 1 4 (T +wg)urdg x (wg)urdg (wig ‘T + wig)udg e
wdg I (1 + wg)wdg (AT +wg)1s wey
Fuudg 4 (wig)urdg (3 ‘we) 7S ey
(9)*11 3o sad&y-37 1somor | |(9)11] M ) odAT,
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laced or of type Ga, there is a bijection between this and Hg(Z(M)) =[1,(Z(H)),
where M is as defined in Section 4.1, and M = p Y (M).
(3) There is a bijection between Hg(Z(é)) and {O;}, where {O;} is the set of real

forms of O, the complex associated variety of every Shimura representation.

Proof. For the first part, it will be proved in Chapter 7 that every Shimura repre-

sentation is in Lift(C) (Theorem 7.3.3) and hence every Shimura representation is

in [[5(G) by Theorem 7.2.3.
The second part can be observed from Table 5.1, and the bijection sends every
Shimura representation to its central character (see [3] for complete proof). The

third part can be observed from the Table in Chapter 6. m

Remark 5.1.2. We can attach to each Sh; a pair (y;, O;), where y; is the central
character of Shi, and O; =AV(Sh;). Then for each 7 €Out(G), Sh is associated
to the pair (x7,O7), (i.e. as 7 permutes the central characters, it also permutes the

real associated varieties).

5.2 Constructing Representations in Hf’\(é)

We need to recall some basic tools: cross-action, Cayley and inverse Cayley

transforms before starting to construct new representations (see [6] and [19]).

5.2.1 Translation Functors across a Nonintegral Wall

Most of the material in this section can be found in [27] and [19]. Fix A to be
the infinitesimal character defined in Chapter 2. In order to compute characters for
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nonlinear groups, we need a family of infinitesimal characters containing A\, denoted
F(A). But we need to recall some notation first.

Let AT(X) be the positive root system making A dominant, R()\) be the in-
tegral root system for A, W, be the integral Weyl group for A. Let P be the
integral weight lattice, i.e. P = {y € b*| < v,a"¥ >€ Zfora € A} and let
Wp(A) = {w € W|wA — X € P}. Then let F(\) be a family of representatives of
(W - X+ P)/P containing A, and hence it’s clear that F(\) is indexed by W/Wp(\):
if v € F()A), then v = yA modulo P for some y € W which is unique modulo Wp(\).
So we can write F(A) = {7y, = yA|y € W/Wp(A)}. In particular, A = ;. There
is an obvious action of W on F(A): w 7, := w (v, + u(y,w)) = Yyw, by picking
some p(y,w) € P. We fix once and for all integral wights u(y, w) € P satisfying the
above conditions and we want to use them to define the following. First let a be a
nonintegral simple root in A™, s, be the corresponding simple reflection. Then we
define:

(a) the nonintegral wall-crossing functors 1, and ¢,, where 1,(X) = ¢ (X), a
functor realizes an equivalence of categories between HC(g, K )., and HC(g, K),,...:
its inverse is ¢, (see [26]) ;

(b) the cross action of W: let v = (H',I',7%) be a (v,)-regular character, w € W,
then the regular character wx~y = (H',wxI',wx7) is defined by wx% = 7+ u(y, w)
and w X I' =T ® p(y, w) ® dp(w), where dp(w) = w - (p; — 2pic) — (pi — 2pic), pi
(resp. pj.) denotes the half-sum of positive imaginary (resp. compact imaginary)

roots in AT (). Note that w x 7 defines the same infinitesimal character as 7.
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Remark 5.2.1. Let o, -+, «, be simple roots and sq,--- ,s, be the corresponding
reflections. If w = s, ---s1 € Wp(A), we can define p(1, w) = wA — A, which is equal
to p(1, s1) + p(s1, s2) + p(s182, 83) ++ - -+ p(s152 - - - Sp—1, Sp). Thus, w x5 =7 if and

only if w € Wp(A), where 7 ~ .

We also need some basic facts about Cayley and inverse Cayley transforms.
The related concepts can be found in various references (e.g. [19], [26]). Here we
just introduce some notation and quote some important facts.

Let v = (H,I',7) be a A-regular character. Assume « is a nonintegral root,
then we can define Cayley (or inverse Cayley) transform on v (see Section 5 of [19])
through « if « is noncompact imaginary (real, resp.) and this action is denoted
by ¢*(v) = v* ( or co(Y) = 7a, resp.) Note that after Cayley (inverse Cayley,
resp.) transform, we get a new A-regular character, say, v* = (H*, '*,7%) (or vy, =
(Ha, Ty, 7a), resp.), which has infinitesimal character A and I(y*) (or I(7,), resp.)
has the same central character as the original representation (). For convenience,
we call both operators ¢* and ¢, Cayley transforms through the root a.

Now we are ready to state the result of Vogan describing translation functors

across a nonintegral wall.

Theorem 5.2.2. ([19]) Let v be a genuine A-reqular character of G. Suppose « is
a nonintegral simple root in AT (). Then, with the translation functor 1, defined
by the weight p,, fized above, we have:

Vo (J(7)) = J((7 + 1a)®) = J((sa X 7)*) if a is noncompact imaginary,

Vo (J() = J(V+ pa)a) = J((Sa X 7)a) if v is real satisfying the parity condition,
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Vo (J (7)) = J(7 + o) = J(8a X ) otherwise.

5.2.2 Construction related to Dynkin Diagrams

Now we would like to restrict the simply laced groups, so A = p/2. Assume
the setting as before, i.e. G is split, and G is the two-fold cover of G, and so on. As
described in [18], to the Dynkin diagram D of é, we attach a finite abelian group
denoted by Rp as follows. Let [] be the set of simple roots.

Rp ={S C[J|S is strongly orthogonal, so that any § ¢ S is adjacent to an
even number of elements in S}.

In Table 5.2, we list the elements in Rp for simply laced groups using Dynkin

diagrams. Note that the root is in the element in Rp if and only if the corresponding

node is filled.

Lemma 5.2.3. There is a one-to-one correspondence between Rp and (Z(Gc)q)",
the characters of elements in Z(Gc) of order 2. The latter is isomorphic to P/(2P+

R) as group, and hence Rp can be parametrized by the elements in P/(2P + R).

Proof. Denote Z = Z(G¢) and Zy = Z(G¢)a2.

From the exact sequence
l\ > Zy 7 — Z]/Zy — 1,
we have another exact sequence
1= (Z)Z) = ZN = Z) — 1.

Notice that Z" ~ P/R. Write Zy = {exp(2mit")|7" € X, ® C, exp(2mi(27")) = 1}.
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Table 5.2:

Type n Rp |Rpl
Ana | 2m |42 3 mzamsaaci g 2
1 2 3 n—3 n—-—2 n-—1
o—O0O—eo—. . {al’af}v"'van—l}
Ay | 2m+1 |5 & & roirngtnt (g} 1
D, 2m |42 & .50 (¢} 4
nn—l
1 2 3 n—3
o—>0O0O—O0—-- {O‘nflvan}
nnfl
1 2 3 n—3
—0O—o—- . {a1, a3, ,an—3,an—1}
nnfl
1 2 3 n—3
—O0O—o—.. {a1, a3, ,an—3,an}
D, |2m+1 |4 2 & ng3 {#} 2
nn—l
1 2 3 n—3
o—0O0O—O0—-- {Ocn_1,06n}
Eg é—é—i—o—é {¢} 1
6
Er 5—5—8—1—3—3 {¢} 2
7
i—%—i—i—g—g {a1, 03,07}
7
E8 1 2 3 4 5 6 7 {¢} 1




Then (Z/Z5)" ~ (2P + R)/R, since v € P such that 7|z, = 1 (i.e. y(exp(2mit")) =
exp(2mi < 7,7V >) =1 ) if and only if < v,7¥ >= 1, if and only if v € 2P + R.
Therefore, Z) ~ P/(2P + R) from the above exact sequence.

Associate to each S = {a1, -+ ,ap} € Rp an element wg = 54, - 5o, € W,
then we have a map sending elements in Rp to P/(2P + R) by S — wg(p/2) — p/2.
This is a bijection by counting the elements in Rp and P/(2P + R) case by case.

]

We will show that we can get a subset of representations in []) ,(G) from each
Shimura representation Sh; by a sequence of Cayley transforms or wall-crossings
through the simple roots in S € Rp.

Associate to each S = {ay, -+ ,ap} € Rp an element wg = 54, - 5o, € W,
and let cg = cqo, *** Cq,, and Pg = Yy, - - - Yq, be the corresponding Cayley transform

and wall-crossing functor respectively.

Lemma 5.2.4. For every ws, S € Rp, wg € Wp(p/2), and hence wg X 7 = 7,

where v ~ p/2, by Remark 5.2.1.

Proof. Let S = {o, -+ ,0,} € Rp. Then wg(p/2) —p/2 = 54, -+ 54,(p/2) — p/2 =
—<p/2af > — = < /2,07 > ay.

For each simple root 5 ¢ S, ( is adjacent to even numbers of «;’s, and hence
< wg(p/2) — p/2,pY >€ Z. For B = a; some i, < wg(p/2) — p/2,5" >= — <

p/2, ) >< oy, >€ 7Z. Therefore, wg € Wp(p/2). O

We would like to take a look at the effects of Cayley transforms on the 7-
invariant. Note that for every root a € [[(p/2), there exists a positive root system
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¥, C A such that ¥, 2 A7 and « is simple in ¥, (cf [27] Lemma 3.1 ), that is,
we can apply a sequence of cross actions (across nonintegral walls) through a set
of roots @ = {f1,---,5,}, to move a to a chamber in which it is simple. More
precisely, let v be a A-regular character. Let w = sg, -+ - s5,, and hence « is simple
in ¥, = w(A"). Let X = J(v) and X' = ¥g(J(7)), where 1)g = g, -+ 13, is a
sequence of nonintegral wall-crossings in Theorem 5.2.2. Since )¢ is an equivalence

of categories, we in fact have 7(X) = 7(X’) and the following Theorem is extremely

helpful.

Theorem 5.2.5. (cf. [27] Theorem 4.12) Assume the settings as above for G and

G as before, and X, X', w are as in the previous paragraph, so « is simple for w X .
2< )\ a¥ >
< a,a¥ >

a) If a is real and 7' (my) # (=1)'eq (cf. [27]) Proposition 4.5), then o & 7(X).

Putl = , then we have

b) If « is real and ¥'(my) = (—1)e,, then a € 7(X).
¢) If a is compler and 0(a) € A7, then a ¢ T(X).
d) If o is complex and 6(a) ¢ A7, then o € 7(X),
e) If a is noncompact imaginary, then o ¢ 7(X).
The following lemma is a corollary of this theorem.

Lemma 5.2.6. Let S € Rp and S" C S. Let Sh be a Shimura representation. Then

cs'(Sh) has mazimal T-invariant if and only if 8" = S.
Proof. This can be proved case by case using 5.2.5. O

Theorem 5.2.7. Fix some Sh; with central character x; as above. Suppose Sh; is
specified by the p/2-reqular character v = (H,T",7%). Let S € Rp. Then
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(1) cs(Shy) and ps(Shy) are in [T 5(G);

(2) cs(Sh;) has central character x;, so let w; := cs(Sh;), where the subscript in-
dicates m; has the same central character as Sh;. Then ¢¥s(Sh;) can be denoted 7,
for some 7 and j # i if S # ¢. More precisely, if m; is specified by the regular
character v; = vs = (Hg, 'y, %) with central character x; and m; is specified by the
reqular character v; = 5 = (Hg,I';,7;) with central character x;, then Hg = Hg,

%Nv—jwﬁwp/Q and x; # xj if S # ¢.

Proof. For the first part, cs(Sh;) is in [ [ »(G) due to Lemma 5.2.6 and the fact that
the infinitesimal character doesn’t change under the action of Cayley transforms.
On the other hand, g is a series of nonintegral wall-crossings ¢, and in each
step, o (X) = Py (X ® Fyys.)), the projection of X ® F,.s.) on to the Harish-
Chandra modules at infinitesimal character v,,,, where v,, vys., and u(y, s,) are
described in the beginning of Section 5.2.1. Note that Sh; € H2/2<é> = Hf/g(é),
we have AV (Sh;) = O and hence AV (Sh; ® F) = O for any finite dimensional F
by Lemma 2.1.2. Therefore, AV (1o (Sh;)) = O and AV (v5(Sh;)) = O by the same
argument. By Lemma 5.2.4, 1g(Sh;)) has infinitesimal character p/2 and hence
Us(Shy)) € IL5(G).

For the second part of the proof, first, observe that according to the Theo-
rem 5.2.2, each step of the wall-crossings in g also goes through the same Cayley
transform as in c¢g, and hence Hg = Hg.

Then we want to check that 7; and 7; define the same infinitesimal character,

that is, p/2. Since Cayley transforms don’t change infinitesimal characters, 7; defines
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the same infinitesimal character as 5 ~ p/2. On the other hand, wg € Wp(p/2) by
Lemma 5.2.4, and hence 7; = wg X 7 =7 ~ p/2.

Finally note that Cayley transforms don’t change the central characters, and
hence cg(Sh;) and Sh; have the same central character y;. However, since wgy—7 ~
wg(p/2) — p/2 defines a nontrivial element in P/(2P + R) if S # ¢ by Lemma 5.2.3.

Therefore, x;/x; # 1 if S # ¢. O
Now we denote
[z, (G) = {r | ™ = cs(Sh) where Sh is a Shimura representation and S € Rp}

Remark 5.2.8. (1) HRD(é) - Hz/z(é).

(2) 1t |Z(G)"| = p. then | [T, (@)] =

5.2.3 Example

In this section, we describe the representations in [[,,(G) for type A,_; and
D,,, where n is even, by describing their lowest K-types and Langlands parameters.
In the following content, we use the highest weight of the lowest K-type to stand

for the lowest K-type.

Ezample 5.2.9. Let G = SL(n,R), where n = 2m. Before describing representations
in HRD(CNJ), we consider a bigger group G’ = GL(n,R).

First we recall the definition of the Speh representations of G (See [5] for
details).

Let L = GL(m,C) be an -stable Levi subgroup of G’, ¢ = [@u be a parabolic

(n—1)

subalgebra of g, S = n . Then for k € {0,1,2,....}U{—3, ,%, ...;and v € iR,
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Speh(k,v) = R (x(k,v)) is defined to be the irreducible unitary representation of G

obtained from the S-th cohomological induction from the one-dimensional character

k
x(k,v)(z) = <’§> |z|” of L. We write Speh(k,0) =Speh(k). Note that when n = 2,

Speh(k.v) is the relative discrete series representation of évL(2, R) with infinitesimal

).

kE+v —k+v
’ 2

character (

In [5] and [13], there are two genuine unitary irreducible representations of G’
under consideration, denoted 7,, and Speh(1/2). T,, is defined to be the unique irre-
ducible subquotient of Indg(én ® p/2), where P is the minimal parabolic subgroup
of 5, which contain M, the preimage of diag{#1,--- £1} in 67, and 9,, is the
representation of M restricted from the pin representation of Pin(n) with highest
weight (3,--+,3;3). It is shown in [13] that T, has infinitesimal character p/2 and
the lowest K-type is (%, e ,%; %) Furthermore, 7, has maximal 7-invariant, and

hence T,, € Hz/z(/@).
On the other hand, Speh(1/2) is the irreducible quotient of Indg (0), where

P, = MN, M; = GL(2,R)™, and
o= Speh(%, ”T_2)®Speh(%, ”7_6)®- . -®Speh(%, 1)®Speh(%7 -1)®-- -®Speh(%, %*2)

(see [5]), It is easy to show that this representation has infinitesimal p/2 and the
lowest K-type is (%, e %; %) Furthermore, we claim that Speh(1/2) has maximal
T-invariant by using Theorem 5.2.5. Let [[(p/2) = {e; — €ipali = 1,3,--- ,n — 2}
be the set of integral simple roots, all of which are complex roots for Speh(1/2).
Let oy = €; — €;11,1 = 1,3,---,n — 2. Note that Speh(1/2) is specified by the

Cartan H with H = (C*)™, obtained from the split Cartan through a sequence of
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Cayley transforms ¢, Coy - * Ca,,_,, and hence the Cartan involution of Speh(1/2) is

0 = —54,5a3 " * * Sa,,_,- For the complex root e; — e; 2, calculate

0(ei — €it2) = —SarSas " San_»(€i — €iy2) = —Sa,5a,,,(€i — €iya) =

_Sai+2(€i+1 - €i+2) = €i+3 — €41,

which is a negative root in the big root system, and hence for o € [[(p/2), we have
0(«) is negative and hence « is in the 7-invariant by Theorem 5.2.5.

Note that the restriction of each of these two representations to G = SL(n, R)
is the sum of two inequivalent irreducible representations of G. More precisely, pick
y € G'\ G, let T = 7, be the conjugation action on G by y. Let x denote the central
character of T),, and for g € G, define X" (9) = x(ygy™'). Then x and x™ define
different genuine characters of G and hence To|lg =7+ 7", where x and x" are the
central characters of T and 77, respectively. In fact, 7 and 77 are the two Shimura
representations of G. We know that the lowest K -type of T}, is (%, R %; %) and its
restriction to Spin(n) is the sum of the representations of highest weights (3, -+ , 3)
and (%, e %, —%), which are the lowest L-types of Shy and Shs, respectively.

Similarly, the restriction of Speh(1/2) to G is also a sum of two irreducible
-9,

We have shown that they are in H; /Q(é). From next section, we will know that

representations, parametrized by their lowest K-types (%, e %) and (%, .

[NJIY)

ITI RD(@)\ = [11, /2(6)] = 4 and hence these two representations are the ones in

[[zp(G) besides the Shimura representations.

Example 5.2.10. Consider type D,,, where n = 2m. First consider a bigger group

—~

G' = Spin(2m + 1,2m), K’ = Spin(2m + 1) x Spin(2m) . From [16], we have
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4 representations of Z;v’, say I'1,T'9, '3, Ty, with all K'-types specified (in the big
table on the last page of this section). Let G = Sf\pi/n(Zn, 2n), K = Spin(2n) x
Spin(2n), the maximal compact subgroup of G. Since V(@1 T Y1y Ym) =
(Y1, Ym; 1, ,Tp) is an outer automorphism of CNJ, the K'-types parametrized
by (A; N) and (N; A) represent different representations when restricted to K, and
hence restricting these I';’s to é, we will get 16 representations, which are also
listed in the big table. In fact, these 16 representations are contained in H; /2(6)
(explain?) and hence are the 16 representations in [] RD<é) by the next section.
Let S, = {0}, Sy = {en_1 £ en}, Sc = {e1 —eg,e3 —€4,-+ €1 — €n}, Sqg =
{e1 —ea,e3 — ey, -+ ,€,_1 + €,} be the elements in Rp. If Shimura representations

are enumerated as {Sh;}i_,, then cg, (Sh;) = Sh; and we denote
CS” (Shz) = T, Csc(Sh’i) = 5i7 CSd<Shi) = Ti,

where the representations with the same subscript have the same central character.

From the big table, Sh; is parametrized by its lowest K-type (%, e ,%; 0---,0),
and similarly, Shs is parametrized by (%, cee %, —%; 0---,0), Shy is parametrized by
(0---,0; %, e ,%), Shy is parametrized by (0--- ,0; %, e ,—%). Let o,y €Out(G)

such that the action of ¢ and v on the K-types are as follows.

0-()\17... ;)\m;)\m+17"' 7)\n) = ()\1’... 7_>\n;>\m+17"' ;_>\n)>
’Y()\la"' a>\m;>\m+17"' ’)\n) = ()\m_’_l’... 7)\n;)‘17"' ’)\m)
Then we have the action of o and v on representations and genuine central characters
in terms of the K-types. For instance, o(Shy) = Shs, 0(Shg) = Shy, v(Shy) = Sha,

and so on. The complete actions of the outer automorphisms on central characters
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are in the following table, assuming that y; is the corresponding central character

of Sh;.
X1 X2 X3 Ya
0,--,0) | (1,0---,0) | -, D) | & =)
1 X1 X2 X3 Ya
g X2 X1 Y4 s
Y X3 X4 X1 Ya
a7 X4 X3 X2 Y1

The vectors under each y; in the first row are the representatives of
[1,(2(G)) = P/(2P+R) = Z"U (Z+ L)"/Z¢

By Lemma 5.2.3, each S € Rp corresponding to ws(p/2) —p/2 € P/(2P + R).

More precisely,

Sa<_>(07"' 7O)aSb<_>(1a07"' 7O)aSc<_><%7"'7

Note that for each S € Rp, ¥5(Sh;) = (cs(Sh;))¢ for some £ € Out(G) and

then the central character of ¥g(Sh;) is 5. In fact,

Vs, (Shi) = s, (Shi), ¥s,(Shi) = (¢s,(5hi))?, s, (Shi) = (cs.(Shi))7,

Vs, (Shi) = (cs,(Sh:))77.

Then, we have the following effects of 1¢’s on Shimura representations and 16 rep-
resentations [ RD(é) are produced in this way. The representations produced are
denoted by Sh;, m;, 6;, 7; as follows, where representations with the same subscript
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have the same central character.

Shy | Shy | Shs | Shy
Vs, | Shy | Shay | Shs | Shy
Q/JS;, T2 1 Ty 3
s, | 03 | 014 | O 5o
Vs, | Ta T3 To T

Tables 5.4-5.6 list all K-types and lowest K types of the small representations
of G = Spin(n,n). In Tables 5.4 and 5.5, the case of even n is shown and the case
of odd n is shown in Table 5.6. In Tables 5.4 and 5.5, A = (A\y,--- ,\,) € Z" and

7=

we mean that \; > vy > ---
N =\,

nonnegative integers. By v < X" we mean that A\; > v > ---

>

,Yn) € Z™ are decreasing sequences of nonnegative integers. By v < A

A =Y = =M. InTable 5.6, A = (Ag, -+, \,) € Z7,

A, 0) € ZM and v = (7, - - -

the representations are described in [16].
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Spin(n,n), n = 2m

Table 5.4: All K-types of representations in [[_(G) when G

z z 2 (4 X
Ty (0°---‘0te—---&°%) :wa3+5wg§\+63mw 5P
13 N N 4
z z L X (9 | (T +9®=-a | &
yg (0 ---0t5—*---%) 7g > (4 )R+ T +Y)0) D @ T
14 ¢C T e ¢ 7 2 ¢ 4 ok X
Ex ($— $50 0) | T+7g> (% + )X f X)ot) D D
N 3
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yg (3—-F0° 0 78 3 (b + )R Q +Y)o vmw S>)
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nN 4
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yg (0°---‘0t%---°%) 783 (h+! «w? L0 P
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vy (g0 o) iﬁ?*ﬁmﬁié@@
. X
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£yg (SeTyge.iq) 7¢3 (h+ (Y @ D E
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Table 5.5: All K-types of representations in [[ (G) when G

Spin(n,n), n = 2m

(ppo w)g/(uono w)ve

z Y=L ¥
wa3+ .§wim +39:+63m®@
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:Nmu ﬁflswﬁ +i:+63@®

(ppo w)¥L/(uond wi)L
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T+7¢3 (% + .ém,:m + Lo (1 +Y)0) D D
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7 3 (h+ )X Am +L(T+Y)0) D D
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Table 5.6: All K-types of representations in HRD(é), when G = Spin(n,n), n =

2m + 1

a-rep

restriction to K

é-rep

1
D D (v A+ =), 3\ + ) €27
A =N 2

Sha

1
V=pW\W;A+3)
Y 2

1
P D A+ 2),B(Ni+v)€e2Z+1
A =N 2

1

1
B D O+ 7), 2N+ ) €22
A =N 2

Shi

1
V=BO\+ X\)
b 2

1
D DO+ 1), BN +m) €2Z+1
A y=<N 2
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5.3 Exhaustion - Characterization of []5(G)

In the last section, we have shown that [[, (G ) C Hp oG ) and in this section
we will show by counting the elements in [T/ ,(G () that this is in fact an equality
when G is split.

Fix a central character X of G. Let I o2(G ) be the subset of representations
in [[7 (G (7) with central character Y. The goal is to count | [ o2(G )g\ Take a block
B of representations with central character Y and infinitesimal character p/2, and
consider [[(p/2), A(p/2), W (p/2), the simple roots of the integral root system, the
integral root system for p/2, and the integral Weyl group, respectively. Let Z[B]
be the Z-span of the set of standard modules I(v;), where each v; is a p/2-regular
character in B. Then W(p/2) acts on Z[B] by the coherent continuation action
( [10]) and this action is denoted by w - I(7), or simply w - v for w € W(p/2) and
v € B.

Consider {J(v)|y € B}, the set of irreducible quotients of {I(y)|y € B}, as

another basis of Z[B], we have

Lemma 5.3.1. Let o € [[(p/2), v € B, then s, - J(v) = —J(7) if and only if

aeT(J(y)).

Proof. Let o € [[(p/2) and let A be an infinitesimal character which is singular for

a. Define a coherent family with 7(p/2) = J(7). Then we have the identity

m(p/2) + (salp/2)) = W5 0 4)5(m(p/2))
Notice that a € 7(J(v)) if and only if w;‘/Q(ﬂ(p/Z)) = 0, which is equivalent to
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f/QozD;‘/z(w(p/Q)) = 0, since the functor of push-to or push-off walls is injective. We

conclude that « € 7(J()) if and only if J(v) = 7(p/2) = —7(Sap/2) = —sa- (J(7))

(by definition of coherent continuation). O

Proposition 5.3.2. | [} ,(G)z| = dim Homyy(,2)(sgn, Z[B])

Proof. Let m = J(v). Then by the previous Lemma, 7 € [} ,(G)x if and only if
So -m = —m for all @ € [[(p/2), which is equivalent to saying that W (p/2) acts on

7 as the sign representation. Thus the proposition follows. ]

Therefore, to count the left hand side, we just need to count the right hand
side in this Lemma. More precisely, we need to analyze the W (p/2)-representation
Z[B] in order to count the right hand side.

The first observation is that it makes counting more convenient if we consider
a special block D, which is equivalent to B, instead of B, but at an infinitesimal
character other than p/2; and in a different chamber.

The following Lemma tells what this block is.

Lemma 5.3.3. Let p = p(A"), and N\g = p/2. Then we can find w € W and
let (AT = wAt, X = wp — LN ((A)), where N/ is the fundamental weight
for ai, such that (1) < X\,of >= 1 when i = j and < \,of >= 1/2 elsewhere;
(2) AX) = A(Xo), (and TT(N) = [1(Xo) as well). Therefore, for type A,—_1, we
can always move to a block D (through nonintegral wall-crossing equivalence) with
infinitesimal character A\p = X, such that every root in [[(X\) is simple for all root
system; for type D,,n > 4, By, E7, Eg, we can move to a block D with infinitesimal

character X\, such that every root in [[(X\) is simple for all root system but one.
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Proof. This lemma is proved by a case by case calculation. O]

The following table gives a summary of this special block D. In the table [ [,
denotes the simple roots in the chamber of D. Notice that the integral root system
is fixed and so is [[(A\) = [[(p/2), the simple integral roots. For type D,, Es, E7

and Fg, let a denote the only integral root in [[(p/2) but not simple for the whole

system.

Type [1(p/2) IIp a
Ap_1 (neven) | e;—eipo, 1<i<n—2 | [JU{en1 — e} N/A
Ap_1 (nodd) | ej—eiy2, 1<i<n—2| [JU{e, — e} N/A
Dy, (neven) | ej—e;iy2,1<i<n—2,| e,—€j42,1<i<n—2, | €3+ €1

€n—3+en—1,€n_2+€n | €n_1 —€2,€n_2+e€p
D,, (nodd) | e —eo,1<i<n—2,| e—e1a,1<i<n—2, €n—o + e,
€n—3teén_1,pn_2t+e€n | € —€a,en_3+ €1
E6 —es + €5, —€1 + €3, €o + €4
—e€3 — €5, —€2 + €4,
1(1,-1,1,-1,1,-1,-1,1),
1(1,1,1,-1,1,1,1,-1)
Eq
Eg 11,1,1,1,1,1, -1, -1),

In particular, we decompose s, into a product of simple reflections (with re-
spect to the chamber of D) for type D,, for later use.

When n is even,

Sa = Senfl_3n7286n72_6n56n72+6n Senfl_3n738677,71_en72Senfl_enf?:Sen72+ensen72_ensen71_en72
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When n is odd,

Sa = Sep_2—enSen—en_sSen_o2tenSen_1—en_3Sen_1+en_sSen—en_3Sen_sten_15en_s—en_15en_2—enSen—en_3Sen_2—en-

Due to the equivalence of block B and block D, we’ll focus on analyzing Z[D)|
from now on and then count dimy(x)(sgn, Z[D]).

Now take a closer look at the coherent continuation action of W(A) on Z[D].
The following proposition gives explicit formulas for the action of W (p/2) on {I(v)|y €

B}, which can be found in [29].

Proposition 5.3.4. Fiz v € B and « € [[(p/2). Furthermore, suppose « is simple
in the whole root system (See Theorem 4.12 in [27]). Let s := s, € W(p/2).

(a) If o is complex or real for ~, then s-v = s X 7.

(b) If o is compact imaginary for ~y, then s -~y = —7.

(c¢) If a is noncompact imaginary for «y, then s-v = —s X 7 + co(7)-

From Proposition 5.3.4, we can see the coherent continuation action is closely
related to the cross action, so we also consider the cross action of W(A) on Z[D].
Notice that two A-regular characters ; = (f[: i, 75) and v = (ﬁ], I';,7;) from D are
in the same cross action orbit if and only if ffz = ]f:\T; Indeed, if E = ILIVJ = H , then
I'; and I'; agree on Z(é’), since Z(f[) = Z(é)ff; (by Proposition 4.1.4 (1)). Since
v and 7; are in the same block, %; and 7; define the same infinitesimal character,
say, 7; ~ 7; ~ A and hence v; = w x 7; for some w € W (). Enumerate the Cartan
subgroups of G as {I?l, e ,E}, and pick a A-regular character v, specified by /ij,
then {v1,---,%} is a set of representatives of the cross action orbits of W(\) on
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Z|D].
Let W,, = {w € W(A)|w X v; = v;} be the cross stabilizer of v; in W(A).

Then we have the following proposition.

Proposition 5.3.5. Z[D] ~ @jlnd%y‘)(g), where €; is a one-dimensional repre-
J
sentation of W, such that for w € W,,, w - v; = €;(w)v;+ other terms from more

split Cartan subgroups.

Proof. Since W, is generated by {ss|3 € [[(p/2)}, it suffices to show that sz-1(v;) =
+1(sz % vj)+ other terms from more split Cartan subgroups. This is clear when /3
is simple for the whole root system by Proposition 5.3.4.

Consider o € [](p/2), which is not simple (as listed in the table). Let T, be
the corresponding Hecke operator, the Z[q'/?, ¢~'/?]-linear map from Z[D][¢"/?, ¢~ '/?]
to itself (defined in [29]). We can decompose T, = T,, Ty, - - - Tn,,, where a;’s are

simple. Here the o’s are allowed to be non-integral. Notice that

Ta = _¢a¢a +q,

up to a sign, where v, and ¢, are the functors of push-to and push-off walls,

respectively, and also,

Gatall(7)) = 1(7) + sa - 1(7).

We conclude that s, - I(y) = =T,(1)(7), up to a sign. Using definition 9.4 in [19],
each T,,(I(7v)) can be calculated explicitly, and so can T,(I(v)). Therefore, it is
not hard to see that s, - I(7;) = £1(ss X 7j)+ other terms from more split Cartan
subgroups. O]
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By this proposition and Frobenius reciprocity, the multiplicity of sgnu(z)
in Z(D) is [sgnw : Z[D]] = [sgnwlw,, : €], which is equal to 0 or 1, since
SgNW(\) |ij is one-dimensional. This means that we have reduced our goal to count
the number of ~;’s which make [sgnw(,/2)lw,, : €] = 1, which is called condition

(x). Equivalently, condition (%) is
sgnwlw,, = € (*)
To reach this goal, we need to analyze ¢; for each j. By [6],
Wo, = WEE)" x (W) x W (7;))-

So we can decompose €; = 6?@6;@6;, where ef, eé-, ¢} are characters of W )P, Wi;), Wr(;),
respectively. Notice that in the linear case (or say, when B is a block with integral

infinitesimal character \), we have €; = sgn, for all j (see [10]).
Proposition 5.3.6. Ifé has type A, €; = sgn; for all ;.

Proof. We are in a block D where every € [[(p/2) is simple for the whole root
system. every w € W,, = WY(5;)? x (Wi (%;) x W"(7;)) can be written as w =
wew;w,. Note that W*(7;) is generated by {sg|8 is compact imaginary for v;}. By
Proposition 5.3.4, sg - 7; = —; for compact imaginary /3, so €;(w;) = sgn;(w;) and
hence €; = sgn;.

Secondly, W"(7;) is generated by {sg|f is a nonparity real root for v,;}. By
Proposition 5.3.4 again, sz -y; = sg X ; = 7y, for nonparity real 3, so €;(w,) = w,
and hence €; = 1. Similar argument shows that ejc = 1. Thus we conclude that

€j = Sgn;. O
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Lemma 5.3.7. For type A,_1, if there is a real integral root for ~y;, then ~y; doesn’t

satisfy condition (x).

Analyzing €; for type D,,, n > 4, requires more work. We need to consider
€j(8q) first, where « is the only root in [ [(p/2) which is not simple. Recall that in the
above table, we decompose S, = Sq, Sas * * * Sa,,, @ product of simple reflections. Since
the coherent continuation is not defined for s,; on Z[D] when «; is non-integral, we
pass to the level of Hecke operators (as the discussion in the proof of Proposition
5.3.5), that is, consider the decomposition T, = T}, T, - - - Ts,,. Here, we need to be
more careful.

Let v € D, To(y) = Ta,Ta, - -+ Ta,, (7). Note that on the right hand side, the
Hecke operation is calculated step by step. In each step, we have to deal with some
T,,(6), where § is the parameter of a standard module not necessarily belonging to
block D. In fact, this is an "abstract” Hecke operation, and it should be denoted by
T, o (6). Taking an inner automorphism ¢y, of g sending (A, h*) to (8, %), we define
Ty w0 (0) := T (a)(6). Here ¢y () is a simple root in the chamber of §, and hence

we can use the formulas in Definition 9.4 of [19] to calculate Ty, (q,)(d) in each step.
To(v) = ToyaTos o aTon(7)
= (Ts1(00) e (- (Tomiam) (1)) -+ +)
= p1(@) - pm(@)Pr(an) X (da(az X -+ (dm(m) X 7)) + higher terms,

where p; € Z[q,q "]

Let ¢, be the number of occurrences of complex roots in {¢;(c;),1 < 7 < m}, and
t, be the number of occurrences imaginary roots in {¢;(c;),1 < j < m}. It turns
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out that

Sa(7) = =To(1)(7y), when « is real or imaginay
Sa(v) = (=1)2T,(1)(7y), when « is complex
An easy calculation shows that
Sa v = (=1)"s4 x v+ terms from more split Cartans. (5.3.1)

When n is even, then m = 9 and

{aj} = {enfl —€p-2,Ep_92 —€n, €y 2+ €,y 3 — €y 1,61 — €y_2,Ep_3 —

€n—1,€n—2 + €n,n—2 — €n,Enp—_1 — en—Q}

{¢j (aj)} - {en—3 +en_9,6p_3+€y,€n_3 —€n,€n_2+ €y_1,6p_3 — €_1,En_3 —

€n—2,€n—1 + €ny€p—1 — €n,E€p—1 — en—Z}

When n is odd, then m = 11 and

{aj} = {en—Q —€ny€n —€En-3,6p—2 —€n,€n-3 —€p_1,€En-3 + €n—1,€n — €n—3,€n-3 +

€n—1,6n—3 — €p—1,€p—2 — €p,€p — €p_3,Ep—2 — en}

{¢j(aj)} = {en —€p_2,En_3+ €n,En_3+ €4 9,6 1+ €y, €y —€Ey_1,En_2F €Ep, 65 9+

€n—1,€p—2 — €n—1,6p — €n—3,6p—2 — €p_3,€Ep—2 — en}

Due to the remark above Proposition 5.3.5, we can choose each «y; properly
and calculate the €;’s according to the chosen «;’s. In fact, our goal is to rule out

7;’s satisfying either of the following conditions.

e (R) If there is a real integral root, then choose 7; such that « is real for ;.

93



e (C) If there are no real integral roots, and there is an orthogonal set of 4
nonintegral roots of the form {e,te,.e,£e,}, where e,+e, are both imaginary,
or both real, and one of {e, + ez} is real, whereas the other is imaginary, then
choose v; such that this quadruple is {e,_3 + €,_2,€,-1 £ €,}. In this case a

is a complex root.

With the setting, we have the following key Lemma.

Lemma 5.3.8. Suppose that G has type Dy, n > 4. If v; satisfies condition (R)

and (C) then ~y; doesn’t satisfy condition (x).

Proof. To show that the chosen 7; fails to satisfy condition (x), we will pick a
w € W, and show that ¢;(w) and sgn(w) do not coincide. In either case, we have
to calculate €;(s,) for ;. By Equation 5.3.1, we just need to count the number .,
for the chosen ;.

Suppose that n is even. If v; satisfies condition (R), e,—3 — e,-1 is also a
real integral root, and the roots e, o *+ e, 1,€, o *+ e, 3,6, T e, 1,€, £ e, 3 can
be arranged so that each of them is either real or complex. Therefore, t,, = 0,
and hence €;(s,) = 1. This result follows for the odd case by applying the same
argument. Since s, € W,, and sgn(s,) = —1, ; fails to satisfy condition (x).

Suppose that 7; satisfies condition (C). It can be easily counted that ¢, = 3,
which implies €;(so) = —1. Let w = Se, 5—c,, 1 Sen_s-+en_1Sen_o—enSen_oten- We claim
that w € W, (later). When n is even (odd, respectively), we have e,,_s—e,_1,€,_o %
en (en—3 £ €n_1,€n_2 — €,, respectively) are simple and complex, so €;(sg) = 1 for
every f3 from these three root, and hence €;(w) = €j(s,) = —1. But it’s easily seen
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that sgn(w) = 1. Therefore ~; fails to satisfy condition (x).

Theorem 5.3.9. For type A,y and D,, n > 4, we have Hf\(é) =1z, (@).

Proof. As stated in the beginning of the section, we have shown in the preceding
sections that [ RD(é) C Hi(é) To show this is an equality, we just need to show
[TV = Tk, (G-

By Proposition 5.3.2, fixing a genuine central character, we calculate dimy(x)(sgn, Z[D]),
with A, D defined earlier in this section. It comes down to counting the number of
7;’s in Proposition 5.3.5 satisfying condition (x).

For type A,_1, we claim that if the real rank of the Cartan subgroup H; is at
least n/2 (when n is even) or (n — 1)/2 (when n is odd) , then there exists a real
integral root for v;, and hence such «; can be ruled out by Lemma 5.3.7.

When n is even, we enumerate all Cartan subgroups as {Hn/2—17 Hyyo, -  Hyo, H, 1},
where the real rank of H; is j. Let 7,-1 be the parameter of the principal series,
and ap = eg—1 — e9x, 1 < k < n/2, then we pick v,-1-k = Cay ** * CagCay (Yn-1) tO
be the representative of the cross action orbit specified by H, 14, 1 < k < n/2.
Notice that when k < n/2 — 2, e,_o — e, is a real integral root for 7,_;_x, which
means that we can rule out ;, for n/24+1 < j <n—1. Only 7,/2—1 and 7,2 are not
ruled out, and they are exactly the v;’s satisfying condition (x) since the number of
[z, (G) with a fixed central character is also 2. Hence the theorem follows for type

A, _1, when n is even.

When n is odd, we enumerate all Cartan subgroups as {H(n_l)/g, Hg1yy2, -+ s Hya, H, 1},
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where the real rank of H; is j. Let 7,1 be the parameter of the principal series, and
Qg = g1 — €2, 1 <k < (n—1)/2, then we pick v,_1-k = Cay * * * CagCay (Yn-1) to be
the representative of the cross action orbit specified by H, 1, 1 <k < (n—1)/2.
Notice that when k < (n — 3)/2, e,_2 — €, is a real integral root for -, _;_j, which
means that we can rule out v;, for (n+1)/2 < j <n—1. Only 7(,—1)/2 is not ruled
out, and hence it is exactly the only one satisfying condition (x) since the number
of [] RD(CN?) with a fixed central character is also 1. Hence the theorem follows for
type A,_1, when n is odd.

For type D,,, when n is even, we enumerate all Cartan subgroups as { H ]C-l, 0<
j < n}, where the real rank of H Jd is j, and we use the superscript d to distinguish
Cartan subgroups of the same real rank but not conjugate to each other. For
example, when n = 4, there are three Cartan subgroups of real rank 2, and they are
labeled by Hi, HZ H3, all of which are isomorphic to R x S1 x C*.

Let v, be the parameter of the principle series. We start with a set of or-
thogonal nonintegral real roots R(v,) = {ax, 0k, 1 < k < n/2} of ~,, where
Qp = €9p_1 — €9k, PO = €ar_1 + egx, and obtain 'yf by taking Cayley transforms
through the roots in R(v,). We attach to each v¢ a set of real roots R(y}) = {f €
R(v,)| B is real for v¢ }. Now let 79 be the parameter of the discrete series with
R(70) = ¢, 75 be the parameter two steps up from 7o, with R(v3) = {au/2, Bn/2},
72/2 be the parameter with R(yz/z) = {B1, -+, B2}, and 72/2 be the parame-
ter with R(vim) = {B1, -+, Buj2—1,n2}. Observe that when n = 4, 73 is the
representative from the middle Cartan subgroup Hy; when n > 4, choose 7} /2 tO
be the representative from H}L/Q with R(%{L/z) = {Ba2, -+, Bnj2,0ny2}. Note that
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it is possible that there exists 2 /2 d > 3. In this case, choose fyff /2 such that
{am a1, 02, Brja—1, B2} C R(%Cf/g)-

Now we claim that if ”y;i is not one of these four, then it satisfies either condition
(R) or (C), and hence can be ruled out by Lemma 5.3.8.

When j > n/242, 'yjd can be chosen so that {on, /o1, a2, Bnj2-1, Bnj2} € R(v;l)
and hence e,_5 + e, are real integral roots of ’yf.

Now suppose n > 4. We observe that ! /o satisfies condition (C) since there
is a a quadruple {au/2-1,n/2, Bnj2-1, Bnj2}, Where o, Brj2, Bnj2-1 are real, and
n/2—1 is imaginary for 7711/2. For d > 3, since {ay2-1, Qns2, Bnja—1, Bnj2} C R(’yg/Q),
en—2 £ €, are real imaginary roots of ~¢ /2 and hence 7¢ /2 satisfies condition (R).

Any ~¢ Jo41 18 obtained from some 721/2 by an inverse Cayley transform, that
is, we can choose 4 /o4 such that R(y¢ /o 1) is obtained from R(WZI/Q) by adding a
root. But adding a root to R('yff//Q) would result in either a real integral roots or a
quadruple as described in condition (C) for 42 o4l

Finally we observe 7, j > n/2. Every ~¢ /o can be obtained from some 7;”/2
by a sequence of Cayley transforms through roots in R('yﬁlﬂ), that is, fy}i is chosen
such that Rfﬁ is obtained by removing roots from R(yg'ﬂ). It turns out that when
j > n/2, there would be a quadruple as described in condition (C) for all 'yjd, except
Yo and ;. We conclude that 7o, 75, 725, 75/ are the ;s satisfying condition (x)
since the number of [ RD(CNJ) with a fixed central character is exactly 4. Hence the
theorem follows for type D,,, n > 4, when n is even.

For type D,,, when n is odd, we again enumerate all Cartan subgroups as

{H{,1 < j <n}, where the real rank of H{ is j.
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Let v, be the parameter of the principle series. We start with a set of or-
thogonal nonintegral real roots R(7,) = {ax, Bk, 1 < k < (n —1)/2} of 7, where
Qp = €9p_1 — €ak, PO = €ar_1 + €9, and obtain 'yf by taking Cayley transforms
through the roots in R(v,). We attach to each v¢ a set of real roots R(y}) = {f €
R(7v,) | 5 is real for 7;! }. Now let v be the representative of the fundamental series
with R(y1) = ¢, ’Y(ln_1)/2 be the parameter with R(fy(ln_l)ﬁ) = {B1,", Bn-1)2}
Note that there exists vfln_l) oo @ > 1. In this case, we choose o /o such that
{a@m-1)/2: Bn-1y/2-1} € R(735)-

Now we claim that if fyjc-l is a parameter other than ~; and fy(ln_l) /2 then it
satisfies either condition (R) or (C), and hence can be ruled out by Lemma 5.3.8.

When j > (n—1)/2+1, fy;-i can be chosen so that {o,—1)/2, Bn-1)/2-1} C R(’y;-i)
and hence e, 5 * ¢, are real integral roots of 7]4. For the same reason, e,,_o + e, are
also real integral roots of 7&71) /2 for d > 1.

The remaining parts to deal with are 'y;?’s, Jj < (n—1)/2. Every ’YEjn_l)/g can

dl

be obtained from some Vin

_1)/2 by a sequence of Cayley transforms through roots
in R(”yf{hl) /2), that is, fy;l is chosen such that R(’y]d) is obtained by removing roots
from R(yé{l_l) /o). 1t turns out that when j < (n —1)/2, there would be a quadruple
as described in condition (C) for all Y;l , except 1. We conclude that v and 'y(lnfl) /2

are the 7;’s satisfying condition () since the number of [], (G) with a fixed central

character is exactly 2. Hence the theorem follows for type D,, n > 4, when n is

odd.
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Table 5.8:

Counting for v,’s satisfying (x) representations in [[5 (G)

Type Cartan subgroups | real rank | Cartan subgroup | real rank
A (C*)z7t x St 5—1 (Rt n—1
(n even) R* x (C*)z~! z (C)z71t x St r—1

A,y (n odd) (C*)"z n-l (R~ n—1
(sh" 0 (R*)" n

D, R* x C* x (St)n3 2 R*)"3xC*x S| n—2
(n even) R* x (C*)z7! x St 2 R* x (C*)27! x S} z
R* x (C*)z71 x S! 2 R* x (C*)z~1 x St z
D, C* x (Sh)n=2 1 (R*)™ n
(n odd) (C)"z x St n=l (C¥)*7* x 8! n-1

We compare the Cartan subgroups where the +;’s satisfying condition ()
when counting |[]7 /z(é)\ come from and the ones where the representations in
I1, /2(6) =11 RD(é) actually come from. Table 5.8 is a summary.

We would like to do the same thing in type E, parallel to the case of type D,,.
Like in type D,,, we can also move to a block D where all integral simple roots are
simple but one, say a. Then there come some difficulties. First, to decompose s,
into a product of simple reflections is never easy, and after having done with that,
we have to keep track of a sequence of inner automorphisms when trying to calculate

the coherent continuation action s, -y, where « is a standard module parameter.
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satisfy condition (R) or (C).

Figure 5.1:

60

Even though this complication has not been solved yet, we strongly believe that the
counting | HZ/Q(GH = | HRD(6)| in Theorem 5.3.9 holds for type Eg, E7 and Es.
We conjecture that when we count the number of v; satisfying condition (x),

those satisfying condition (R) or (C) should be ruled out.

Conjecture 5.3.10. For type Eg, E7 and Eg, vy; does not satisfy condition (x) if it

The Cartan diagrams of type Eg to Eg are listed in Figure 5.1.
For type Eg, it can be shown that for every Cartan subgroup H; of real rank

greater than 2, v; can be chosen to satisfy condition (R). If Conjecture 5.3.10 is



true, then the only ~; satisfying condition (x) comes from the fundamental Cartan
(C)2 x (Sh)*.

For type Eg, it can be shown that if the real rank of the Cartan H; is at least
4, then 7; can be chosen to satisfy condition (R); if the real rank of H; is greater
than 0, then ~, can be chosen to satisfy condition (C). It turns out that the only v,
satisfying condition (*) comes from the compact Cartan (S')® if Conjecture 5.3.10
Is true.

For type E;, we enumerate all Cartans as { Hy, Hy, Hy, H3, H, H}, H}, Hs, Hg, H7}.
Here we denote H} = (R*)?x (C*)?x St H? = R*x(C*)3, Hy = R* x(C*)*x(S")?,
H3 = (C)? x S'. Here every the real rank of each H; (or H{) is j. It can be shown
that for Hy, Hg, Hs, H}, y; can be chosen to satisfy condition (R), and for Hy, Hy, Hj,
7; can be chosen to satisfy condition (C). This means that these Cartans can be
ruled out if Conjecture 5.3.10 is true. We know that the number of representations
in [Tz, (G) with a fixed central character is two, so we expect we will get two V5’8
satisfying condition (x). We expect one is from Hy, the compact Cartan, as usual,

but we have not had any clues that the other comes from H3 or Hj.
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Chapter 6: Relation to the pairs (x, Or)

6.1 Number of Genuine Central Characters and Real Associated Va-
rieties

In Chapter 3 we discuss the real group G such that O N gr # ¢ (see Remark
3.0.6). In Table 6.1, we list the center of these groups, and then the number of
genuine central characters of G , compared to the number of real forms of O, which
is denoted #{0O;}.

Therefore we have the following observation, which follows from Tables 5.1

and 6.1.

Lemma 6.1.1. Suppose G is simply laced and split, then |[], (G)| = #{O;}, which

also matches the number of Shimura representations.

Denote
CO(G) = {(x,Or) | x is a genuine central character of G, Oy is a real form of O}
Then we have the following theorem.

Theorem 6.1.2. Suppose G is a real form of a simply connected, semisimple com-

plex Lie group, and G is the nontrivial two-fold cover of G. Moreover, suppose G is
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Table 6.1:

G Z2(G) | 2(G) [TT,(Z(G)] | #{O:}
SL(2m,R) (split) Zs Zo X Zs (m even) 7y 2 2
(m odd)
SL(2m + 1, R) (split) 1 Zs 1 1
SU(m,m) (quasisplit) Zom 2m m+1
SU(m + 1,m) (quasisplit) Lom+1 2m + 1 m+ 1
Spin(2m + 1,2m) (split) Zs Zo X Lo 2 2
Spin(2m + 2,2m + 1) (split) Zo | Zax 7y 9 1
Spin(2m + 3,2m) Zs Lo X Lo 2 1
Sp(2n,R) (split) Zo Zs x Zo (n even) Za 2 2
(n odd)
Spin(2m, 2m) (split) Zo X Lo | Lo X Lo X Zs (m even) 4 4
Zo X Zyg (m odd)
Spin(2m + 1,2m + 1) (split) Zs Zo X Lo 2 2
Spin(2m + 1,2m — 1) (quasisplit) Zs Zo X Lo 2 2
Spin(2m + 2,2m) (quasisplit) 4 2
Spin(2m + 3,2m — 1) Zs Zo X Lo 2 2
Eg(A; x As) (quasisplit) Zs 3 2
Ee(Cy) (split) 1 Z, 1 1
Er (A7 (split) Zo Ty X Lo 2 2
Eg(Dg) (split) 1 Zs 1 1
Fy(By) (split) 1 Zo 1 1
Ga(A; x Ay) 1 Zs 1 1
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simply laced and split. Then there is a one-to-one correspondence between Hzﬂ(é)

and CO(G) .

Proof. We will show this case by case.

First, the theorem is obvious for type A,_1, n is odd, FEs, and FEg, since
{Sh;}| = #{O;} = |CO(G)| = 1; and just map the unique Shimura representa-
tion to the unique pair (x, Or € CO(G).

For type D,,, n = 2m, i.e. G = Spin(2m,2m). Using the same notations as in
Example 5.2.10. Suppose O; is the real associated variety of Sh;, then each Sh; is
corresponding to the pair (y;, ©;). From the first table in Example 5.2.10, we have
the action of Out(G) on genuine central characters of G, and hence Out(G) also
permutes the representations and their real associated variety. More precisely, for
£ €Out(G), x* = y; if and only if Of = ;. For example, all of the representations
m, i =1,---,4, have different real associated varieties, and similar for ¢;’s and 7;’s.
Furthermore, from Table 5.4 and 5.5 of Section 5.2, we observe that Shy, m, 03, 74
have the same asymptotic K-types, and hence they share the same real associated
variety, say, Oy, Similarly, Oy, O3 and O, are shared by four different representations

from H; /Q(G), respectively. Therefore, we have the precise correspondence between

[T, /2(6) and CO(G) illustrated in Table 6.3. (Note that every representation is
parametrized by the highest weight of its lowest K-type.)

Similary, for type D,,, n = 2m + 1, we have the correspondence illustrated in

Table 6.5, which follows from Table 5.6.
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Table 6.3:

O O, Os Oy
X1 Shy o1 01 T1
(302 3:0,.0) | (53 =5:0,,0) | (5o ugiliee D) (35 g3l —1)
X2 T2 Sho Ty 0o
(3,4,+,5:0,-,0) | (3, ,=5:0,---,0) | (3,--,—3 AL Gy 3Ll 1)
X3 03 T3 Shs T3
(Lo hgyng) | (L =Lg08) | (00,055, ,5) | (0,055, 5.+, —3)
X4 T4 04 Ty Shy
(L g =5) | (Lo =55 =5) | (0,05, 5, ,5) | (0,055, ,—3)
Table 6.5:
O,
X1 ™
(3 5:0,,0) | (3,5,3:0,-,0)
X2 Sha
(0,058, 5, ,3) | (0,055, 5)
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Chapter 7: Lifting of the Trivial Representation

In this chapter, we will restrict the attention to the simply laced real groups.
More precisely, the setting is stated in the beginning of the introduction. Let G¢ be a
simply connected, semisimple, simply laced complex Lie group, and G be a connected
real form of G¢ with nontrivial fundamental group, and consider the nontrivial two-
fold cover G of G. Now we're going to introduce the key tool, the lifting operator,
which relates genuine characters of G to characters of G. By character we mean
the character of a representation, viewed as a function on the regular semisimple

elements.

7.1 Lifting Operator

Now suppose 7 € @adm, with character ©, viewed as a function on G’, the set

of regular semisimple elements of G.

Definition 7.1.1. Let 7 € @adm, with character ©,. We say m and ©, are stable
if ©, is invariant under conjugation of G¢, that is, ©,(g) = ©,(¢') if g, ¢’ € G" and

g = zgx~? for some z € G(C).

Suppose H is a Cartan subgroup of G and ®* is a set of positive roots of H
in G. For h € H we have the Weyl denominator
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[D(R)|z =] TI (1 —a '(h))lle* ()] (see [4]).

acdt

Definition 7.1.2. (see [4]) Suppose 7 € @adm and 7 is stable. For g € é’, define

LiftG(0.)@) = Y A(h§)6x(h).
{heG|h2=p(g)}

Here A(h,g) is a certain function on G’ x G’ satisfying the following conditions:
A(h,q) = 0 unless h? = p(q)
AR, §)| = |D(R)|2/|D(G)|2
A(zhe™), 757 1) = A(h,G) (7 € G,z =p(T))

Z&(h,——g):: _1S(h7§)

By section 5 in [4], since G¢ is simply connected and semisimple, the function A is

canonical.

The following theorem is a special case of the main theorem of [4]. Since G¢

is simply connected and semisimple, a simplified version of Section 5 in [4] applies.

Theorem 7.1.3. Assume the setting in the beginning of this chapter. Then there
is a canonical function (see Section 5 in [4]) A(h,q) satisfying the conditions in

Definition 7.1.2, such that for all stable admissible representation m of G,

Lift(0,)(7) = >, A(h9)0(h)
{heG|n2=p(g)}

is the character of a genwine virtual representation T of é, or 0. We say 7 is the
lift of ™ and write :Liftg(ﬂ), where Oz :Lz’ftg(@ﬂ).

Because of this theorem, for a stable admissible representation 7 of G, we will
denote Liftg(w) as a set as follows. If Liftg(ﬂ) =>_azm, for az € Zand 7 € Hg(é),
the set of genuine irreducible representations of G , then the set
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Lift&(m) = {7 € [[,(G) | az # 0},

and this is a finite set of irreducible genuine representations due to Theorem 7.1.3.

Lifting of regular characters is also defined (see Theorem 19.1 in [4]), and is
written as 7 :Liftg(w). Lifting of a stable sum of standard modules is also well-
understood in [4] (see Corollary 19.8). We quote the important result as follows.
Let I (y) be a stable sum of standard modules of G with parameter , W; be the

imaginary Weyl group, then

Theorem 7.1.4. ( [4]) Let {71, ,9n} be the set of constituents of Liftg(w’y) as

w runs over W;, considered without multiplicity. Then

n

LiftG(Ig (7)) = C(H) S I5(7).

i=1
where C(H) = ¢(H)/c(H,), c(H) = |HY||H/Zy(H)|2, H, is the mazimally split
Cartan subgroup of G, HY is the subgroup of elements of order 2 in the identity
component of H, Zo(H) = p(Z(H)). Note that all the constituents have distinct
central characters, so are a fortiori distinct, and that C(H) is normalized so that

C(H,) = 1.

Now restrict the attention to one-dimensional representations. Since G is
connected, the only one-dimensional representation is C, the trivial representation.
We are interested in the representations in the set Liftg((C), which will be written
as Lift(C) for simplicity. It’s not surprising that the representations in Lift(C) are

small in the sense that we discussed in Definition 2.1.6 in Chapter 2.
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7.2 Properties of representations in Lift(C)

In [5], when G = GL(n,R), 7 :Liftg(ﬂ') has infinitesimal character p/2 and
maximal 7-invariant for one-dimensional representation m of GG, assuming 7 # 0.
The same is true for various simply laced connected group G. Before stating the

result, we need some Lemmas.

Lemma 7.2.1. Let 7 be a stable admissible virtual representation of G with infinites-
imal character \. Assume that Lift(m) # ¢, then every © € Lift(m) has infinitesimal

character \/2.

Proof. In fact, we just need to show the case for standard modules since standard
modules span virtual modules.

Let I5f(vy) be a stable sum of standard modules, and v = (H,T',\) be the
regular character parametrizing it. By Definition 17.5 in [4], we can define formal
lifting data of G if LiftZ(F) # 0, say, Liftg;(y) = {91, ,Vn}, where each 7; =

1
(Hvria_
2

(A — p)) is a genuine regular character of G. It turns out that each J;
has infinitesimal character \/2 since G¢ is simple and simply connected, lifting is

canonical and u = 0 (see chapter 5 in [4]). Now by Theorem 7.1.4, Liftg(]g(v)) is

a sum of I5(7;) and hence the infinitesimal character of Liftg([g(fy)) is A/2. O

Lemma 7.2.2. Let m be a representation of G described as in Lemma 7.2.1 and F
be a finite dimensional representation ofé (as well as of G ) with the set of weights

A(F), then

Lift(m) ® F =Lift(r ® F’)
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for some virtual finite dimensional representation F' with weights A(F') = 2A(F).

Proof. The proof is analogous to the case of GL(n,R), see [5]. ]

Now we are ready to prove the following result.

Theorem 7.2.3. Let 0 # 7 €Lift(C). Then 7 has infinitesimal character p/2 and

maximal T-invariant.

Proof. The first assertion of the theorem is a corollary of Lemma 7.2.1 since the
infinitesimal character of C is p.

To show that 7 has maximal 7-invariant, we will show that v, (7) = 0 for
all & € [[(p/2), where v, is the Zuckerman translation functor to the a-wall. Fix
a € [[(p/2) and let A be singular with respect to o and suppose v = p/2 — A is
a weight. (Indeed, Let ¢ =< p/2,a" >€ Z and A can be chosen to be p/2 — cA,,
where A\, is the fundamental weight for a, and hence it’s easy to check that A is
singular for o. Thus, v = p/2— X = ¢\, is a weight.) Since G is simply connected,
7 is the highest weight of a finite dimensional representation, say, F. Let A(F') be
the set of its weights. The goal is to show that none of the constituents in 7 ® F
have infinitesimal character .

Let F’ be the virtual finite dimensional representation as in Lemma 7.2.2, and

hence by the same Lemma we have

T F € Lift(C® F') =Lift( > 7(p+ 2u)),
REA(F)

assuming that C = 7(p) and each 7(p + 2u) has infinitesimal character p + 2u. By

Lemma 2.1.5, none of these m(p + 2u)’s have infinitesimal character 2), and hence
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none of the representations of Lift(C ® F’) have infinitesimal character A, and we
conclude that none of the constituents of 7 ® F' has infinitesimal character A. Then

the theorem follows. O

We will apply the same notation in Chapter 2 to G, except that Hi(é) and
Hf\g(é) denote the sets of genuine representations of € possessing the respective
properties. Since we just care about simply laced groups, A = p/2. Therefore we

have the theorem.

Corollary 7.2.4. Assume the setting in the beginning of the chapter for G' and G.

Then

Lift(C) C [155(G).

Then from Theorem 2.2.3, we have the picture:

Lift(C) € [1},,(6) = [13(C)

Corollary 7.2.5. Liftg((C) =0 if G is not in Tables 3.1, 3.5, and 3.7 in Chapter

3. Therefore, if Liftg(@) # 0 then G is quasisplit with one exception.

7.3 Characterization of Lift(C) for split groups

In this section we suppose that G is split. We want to describe Lift(C) more
explicitly. In fact we will show that every representation in [] Rp(é) (defined in
Section 5.2.2) is in Lift(C).

Let I¢(y) be the standard module of C and write C as a sum of standard

modules, say, C = > M(v,7)Ig(7). Then after lifting, we get
v
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Liftg(@) = Z c315(7) some coeflicient c5 (7.3.1)

some y

Next let 7, sn; denote the standard module of the Shimura representation Sh;
with central character y;. Then we can write Tghi = 15(7:), where 7; = ([:f, ﬁ,i)

with fi|Z(é) = xi and 7; ~ p/2. Then we have the Lemma.

Lemma 7.3.1. LiftS(Ic(7)) # 0 and LifiS(Ia(y)) = X Ia(7).

Proof. This is a corollary of Theorem 7.1.4. O

Let S € Rp and m; = cs(Shi) € []p, (G). Now define Zg; to be the family
of standard modules I of G obtained from Zghi by a sequence of inverse Cayley

transforms cg/, where S’ is a subset of S. Then we have the following Lemma.

Lemma 7.3.2. Fixz S € Rp and fir a Shimura representation Sh; with central
character x;. Also assume the above notations and let v; be the reqular character
specifying m;, say, the standard module of 7;, denoted Zri, is equal to 15(v;). Then

(1) for every S" C S, M(cs/(70),7) # 0, i.e. every Ig(cs(y0)) occurs in the char-

acter formula of C;

(2) for every S" C S, Ig(cs'(70)) is a stable sum of standard modules and Lift(Ig(cs (70))) #

0. Moreover, Lift(Ia(cs () = csr(LiftG((Ia(10)))) = 2 Ig(es ()

(8) For a genuine reqular character 5 of G, m(v;,7) # 0 if and only if ¥ = cs/(7;)
for some S" C S. In this case, we have m(v;,y) = 1. This means that all of the
standard modules in Lg,; appear in Equation 7.3.1, and they are the only standard

modules ofé containing m; = cs(Sh;).
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Proof. The third part of this Lemma is obvious when S = {¢}. In this case, Zg; =
{INShi}, and INShi appears in Equation 7.3.1 because of Lemma 7.3.1 and no other
standard modules rather that Tghi since I sh; 1s the only standard module coming

from the split Cartan H with central character Xi-

Theorem 7.3.3. [[;, (G) C Lift(C).

Proof. We just need to show that the coefficient of each m € [] RD(CNJ) in Equation
7.3.1 is nonzero. By Lemma 7.3.2 (3), one needs to compute the coefficients of
Ie Zs,; for every S € Rp and every ;.

It is obvious that every Shimura representation is in Lift(C) since the only
standard modules containing Shimura representations in Equation 7.3.1 are I, Sh; S.
Therefore, we just need to show the theorem when |[] Rp<é)’ > 1. Also, it suffices
to compute the coefficients of every Ie Zs,; for nonempty S. Let m; = cg(Sh;). By

Lemma 4.1.2, 7.1.4, 7.3.2, the coefficient of 7; in Lift(C) is
e = D D ()OO H), (7:3.2)
S'CS vgr

where g = cg/(7y) is defined on Hg/. So we compute the coeflicient ¢, case by case
as follows (see Table 7.1 to 7.4).
For type A, _1, n = 2m is even:

When S = {ay, a3, ,apn_1},
m—1
ero= D (1O 4 (-1 -2,

k=0

which is 1 when m is even, and is —1 when m is odd.
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For type D,,, n = 2m is even:

When S = {ap-1,a,}, ¢, =1—-2-14+2=1.

When S = {Ckl,Oég, e aan73>an71} or {041,@3, T >an73aan}7
m—1
ero= D (RO + (1) -2,
k=0

which is 1 when m is even, and is —1 when m is odd.
For type D,,, n =2m + 1 is odd:
This case is the same as the case when n is even and S = {a,_1, @, }.
For type E7:
When S = {ay, a3, -+ ,ar}, ¢, =1—-3+3—-2=—1.

Since ¢, # 0 for every ™ = c¢s(Sh;), S € Rp, we conclude that [[, (G) CLift(C).

O
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Table 7.1: Type A,_1, n =2m

S S #{5'} Hg C(Hs)
{¢} 1 (Rx)n—l 1
{a;}, i=1,3--n—1] C (R*)"=3 x C* 1
{0517 asg, - 704n—1} {041‘1, - 704z‘k} C}zn (Rx)n—l—% % (Cx)k 1
S —A{a;} cmoy R* x (Cx)m~! 1
S 1 (C)m=1 x St 2
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Table 7.2: Type D,,, n =2m

S S’ #{5'} Hyg C(Hs)
{0} 1 (R)™ 1
{an-1,0n} {a;}, i=n—1,n 2 (R*)"=2 x C* 1
S 1 (R*)"=3 x C* x St 2
{0} 1 (R*)" 1
{ai}, i=1,3,-n-1| CP (R*)"=2 x C* 1
{alu Qag,: ,0p_3, anfl} {Oéhu e 7aik} C]:;n (RX)TL—WC X (CX)k’ 1
S—{od | CpL | ®Px@©ymt |
S 1 R* x (C*)m1 x St 2
{¢} 1 (R*)" 1
{a;}, i=1,3,--n cr (R*)"2 x C* 1
{a17 Qagz, -, 0p_3, an} {aila Tt 7aik} C]zn (RX)H—W{ X (CX)k 1
S —{ai} oy | (R x (C)m! 1
S 1 R* x (C*)m1 x St 2
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Table 7.3: Type D,, n =2m + 1

s s s He C(Hs)
{¢} 1 (R*)" 1
{a 1,00} | {ai}, i=n—1n 2 (R*)"2 x C* 1
S 1 (R*)"=3 x C* x S1 2
Table 7.4: Type B
s 5% #{S" Hg C(Hg)
{o} 1 (R*)7 1
{ai}, i=1,37 3 (R*)> x C* 1
{a/h Qg e ,047}
{aia},{i,5} €{1,3,7} | 3 (R*)? x (C*)? 1
S 1 (R*)? x (C*)? x S* 2

7
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