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Chapter 1: Introduction

Higher spin field theory has a very rich history driving the developments of
modern theoretical physics and after many decades still remains a very active sub-
ject. Tt started with Dirac [1] trying to generalize his celebrated spin-i equation.
His comment in that paper “the underlying theory is of considerable interest” still
resonates. After the classical work by Fierz and Pauli [2] there was an increas-
ing number of papers formulating the theory of a massive arbitrary spin in four
dimensions [3,4] as well as developments for the massless arbitrary helicities us-
ing the principle of gauge invariance [5,6]. Since then there has been tremendous
progress with generalizations of these results regarding irreducible representations of
the little group in D-dimensions [7], derivations of the massive theories by means of
dimensional reduction of the massless theories in D + 1-dimensions [8], Stiieckelberg
formulations [9], BRST [10], quantization and many other things.

Nowadays the interest in higher spin theories mostly has been generated from
superstring theory. The spectrum of superstring theory includes an infinite tower
of massive spin states. Therefore it is natural to expect that there is a field theory
limit where superstring theory is formulated as an effective field theory of interacting

spins. So in order to better under the complexity of superstring theory one is



motivated to study higher spin supersymmetric field theories.

There are two approaches in studying supersymmetric theories. There is the
field theory method, called component formulation. In this approach the theory is
written in terms of fields, it is not manifestly supersymmetric and one has to check
the invariance of the action and the closure of the algebra. The other method is
the superspace formulation. The theory is staged in superspace and it is expressed
in terms of superfields. In this approach sypersymmetry is evident. There is a way
to connect the two approaches, by starting with a superspace formulation and then
recovering the corresponding component formulation.

This thesis will focus on both approaches. For example in chapter 3 we use
superspace to describe massless irreducible representations of the Super-Poincaré
group and then we present a new technique to define components, find the compo-
nent action and the componet transformation laws. Superspace constructions for
massless theories exist [11,12] already, but they are written in terms of constrained
superfields. For our projection method to work we need to have the action written
in terms of unconstrained superfields, called prepotentials. For that purpose we re-
construct the superspace actions in terms of free superfields. We use representation
theory to determine the appropriate kind of superfields we need for the description
of the massless representations and then we use them to build the massless action.
We define the massless theory as the m — 0 limit of the corresponding massive
theory. This definition will force us to introduce redundancies (gauge symmetry)
and it will uniquely determine the form of the gauge transformation. After the for-

mulation of the superspace theory in terms of the new variables is complete, we use



the equations of motion and their properties, like the Bianchi identities, to define
the auxiliary component structure of the theory. Then we let the superspace action
guide us to the definition of the dynamical components. Having the entire compo-
nent spectrum of the various massless theories we can do a counting of the off-shell
degrees of freedom involved. That information will be useful because it will provide
hints about whether theories that describe the same physical system are equivalent
or not and if two A/ = 1 theories can be combined to give an N' = 2 representation

In chapter 4 we discuss massive irreducible representations of the Super-
Poincaré group. The massive problem is still unsolved for the arbitrary superspin
case. For that reason we study case by case starting from small superspin values
to higher ones, trying to build intuition and understand the mechanisms involved.
Once again our derivation of the massless theories in terms of the unconstrained
superfields seems to be relevant, because these are the objects that describe the
physical degrees of freedom for the massive case. Our strategy is to start with the
massless action (which was defined as the massless limit of the massive action) and
then add mass corrections. In this way we get an action and a set of equations of
motion that we use to determine all coefficients so the final theory describes the mas-
sive irreducible representation. If that is not possible then we introduce auxiliary
superfields (in a way that in the massless limit they decouple) and repeat the pro-
cess. In this manner we manage to provide a new superspace action that describes
the superspin Y = 3/2 theory. This supermultiplet is very important because its
spin content is j = 2, j = 3/2, j = 3/2, j = 1/2. It includes a massive state of

spin 2. It is a well known fact that closed superstring theories when truncated to



four dimensions, must have a massive spin 2 state. So this new action can be used
to make contact with the effective, low energy, field theoretic limit of superstring
theory. Also it sheds some light on the underlying structure of auxiliary superfields
required to describe massive supermultiplets. In addition we explore the idea of
writing massive theories as a direct sum of massless theories. It is a well known and
well understood feature of classical spin theory [9,13]. It has been demonstrated for
supersymmetric theories only on-shell and in a component formulation [14]. We pro-
vide a set of new superspace actions that illustrate that feature completely off-shell
for superspins Y = 1/2, 1.

The main results of this thesis are

1. A method for discovering the off-shell component structure of a supersymmet-

ric theory

2. Application of this method to the three distinct classes of arbitrary superhe-
licity representations (one for integer superhelicity and two for half-integer)

will give us results that have not appeared in the literature before:

(a) the number of the degrees of freedom in each theory (information needed
for comparing theories and doing higher A/ constructions )

(b) the component action

(c) the supersymmetric transformation laws for the components
3. A superspace action for massive supergravity (superspin Y = %)

4. A superspace action for massive gravitino ¥ = 1

4



5. A superspace action for massive gravitino Y = 1 in terms of massless

Y=1,Y=1%Y=0

6. A superspace action for the massive vector multiplet (superspin Y = %) in

terms of massless superhelicities Y = 1 and Y = 0 (& la Stiieckelberg)
A few other results are worth mentioning:

1. A derivation of the appropriate gauge symmetry for the description of each

class of massless representations (3.9, 3.61, 3.96)

2. The expression of the superspace actions for the massless representations in

terms of unconstrained prepotentials (3.14, 3.64, 3.99)
3. The Bianchi identities (3.21, 3.66, 3.102)

The thesis start with a review of the mathematical tools and concepts that
will be used. The review material is mostly based on [15-18]. The conventions that

will be used along the thesis are the conventions of [15].



Chapter 2: Mathematical Background

This chapter presents the mathematical tools and concepts that will be used
in the rest of the thesis. The focus points of this chapter are superspace, superfields
and representation theory of the Super-Poincaré group. Nevertheless this review
attempts to provide the minimum but complete material required so the interested

reader can go through the technical chapters.

2.1 Clifford, Poincaré and left - right spinors

Consider the C(; 3y Clifford algebra

EmEn + €nem = 20mnl (2.1)

0 o,
Representations of this algebra are the well known I';, matrices, I',, =

om 0

with 0, = (Ioxe, &) and 7, = (—Iax2, 7). The 16-dimensional space can be spanned
by the basis {lyua, T, Tmn, Ty, T'} where I' = —iloI'1T'sI's which squares
to one and {I',T',,} = 0, [[',T,] = 0. It is easy to check that the objects

(It r*

P, I, T, —T,,} satisfy the same algebra and since they have the same di-

mensionality as I',,, we expect them to be isomorphic. This means that there are



matrices A, B, C, D such that:

AL A7 = na T

m

BilB; ' =np I,

CLpCot = ne,TE (2.2)

DTy, D7t = np,(~=T'y)

where the 7’s are phases. The index 7 takes two values and it is there because

for each case we can find two different matrices that satisfy the equation above.

Explicitly

A; = product of all hermitian = I'1I'3I's, n4, =1
As = product of all anti-hermitian = I'g,n4, = —1
B; = product of all real =I'¢I'1I's, np, =1
By = product of all imaginary =I'y, np, = —1 (2.3)
Cy = product of all symmetric =I'1I's, ne, = —1
Cy = product of all antisymmetric = I'gI'y, ne, =1
D1:F, N, =—1 s DQZH, 77D2:—1

Because of the Clifford property, the object X,,, = —}1 [y, I'y] satisfies the

Lorentz algebra

i [Zmny er] = nmsznr - nmrEns - nnsEmr + nnrzms (24)



and together with I, they complete the Poincaré algebra
The isomorphisms for the I'’s give the isomorphisms for 2,

AL AT =350 BY,ZBt =%

CiYpnC;t = =31

mn?

DizmnDi_l = Ymn

The {&f , —%r

mn’ mn?

—¥T 1 satisfy the same algebra and correspond to different
representations called complex dual, complex and dual respectively [19,20]. These
representations are related with the initial one through the matrices A, B, C. For

example, if V' belongs in a representation S of the Lorentz group then:
V' =U(w)V =V"C =VICU () (2.6)

VT(C; belongs in the dual representation and therefore we can use C; to define scalar
products like VIC;V.

" can be diagonalized. Because it squares to one it has eigenvalues (chirality)
+1 and the corresponding eigenvectors can be written in terms of the two projection

([£T)

operators Py = 3

Uy =PV (left) , Vp=P_ VU (right)

with W a general vector in the vector space on which the I'’s act (spinors). Each one
of these spaces has a dimensionality of 2 and therefore we assign an index o, & = 1,2
to each eigenvector ¥, = U, ., Ur = Ui Furthermore, since representations of
Clifford algebra can build representations for the Poincaré algebra (through the ¥,
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construction) each one of the left-right spaces is an irreducible representation of the

Poincaré group

[jmna \IlLa] = i(amn)aﬁq]Lﬁ

[Tons Or®] = i(Foun)® 5V (2.7)

where o,,, = }l (OmGn — OnOm) s Tmn = % (GmOn — Gnom). The index structure of
the 075 18 (0 )ad, (Tm)** and the standard matrix multiplication rules apply.
As mentioned above, the scalar product can be defined as:

ct o0 U

7

I=VTCV = (u” vT) = ul'Clu+vTCly

0 CRE )

2

so for the left I = u,CE* u, = (—CiL’Ba> uqug (CF is antisymmetric).
We can define the following;:
Cfe = o (2.8)
w® = CP"u,  (this is how we raise indices)
and the expression for the scalar product is I = u®u,
Similarly for the right space: I* = vé‘C’devB = v (—CiRﬂ-d>
_ R
Cige = —Cf sy (2.9)
vg = 0°C; &  (this is how we lower indices)
and I = v%v,. There are two choices for the metric C; that will raise or lower the

indices, one for each index value (7 = 1,2). It’s a matter of choice and we choose to



work with ¢ = 2 so we get

0 i y 0 —i
Caﬁ — — Caﬁ , CaIB = = C/B (210)

—1 0 t 0
They have the property that
Caﬁcvp = 50475510 - 5ap55v
CPCs, = 64507, — 6%,0°5 (2.11)

To list a few other very useful properties

(Um)ad(a-n)dﬁ + (O-n)ad(a-m)dﬁ = 2nmn5aﬁ

%eklmnamn = —jo™ | %eklmnﬁmn = igh (2.12)
O_ka_ln — %ﬁlkO'n . %nnko,l o %lenmo_m

Jkaln — %nlka_n - %nnka_l + %’eklnmﬁm

O.Zno_k: — _%nlko_n + %nnko_l o %‘Eklnmo_m

5_ln5_k — _%nlka_n + %nnka_l + %Eklnma_m

The (0m)aa, (Fm)2 are the only objects that have all three different kinds of
indices. For this reason they are very convenient for converting vector indices to left-
right indices and vice versa. For example: A, = (51n)**Aaa ~ Aaa = 5(0™)acAm-

An example of that would be the partial derivative, 0,,. So let’s define



We can show that it has the properties

aaaaaB — 6aﬁ|:| , aaaaaB — 50{5D

O 505° — 07005 = 6%50% ;0 (2.13)

The conversion of vector indices to spinorial ones, doesn’t work just for vectors but

for higher rank tensors as well. For example consider the case of a rank two tensor

Amn = (5m)da(5n)B6AaﬁaB

A,pap can be further decomposed by symmetrizing and anti-symmetrizing the un-

afc

dotted and dotted pair of indices.
Agsip = Ay + CapAgy” + CagAGE™ + CapCip At

and we get that

(5,8) m n
aféf %(U )(a(a(O' )ﬁ)B)Amn

A,S —mn
AL = —2(E™) 5 Amn
S,A mn
ASY = 10™) ap Amn (2.14)

A(A,A) _ %T/mnAmn

From the above we can see that for a rank two antisymmetric tensor (like the
generators of the Lorentz group, J,.,) the completely symmetric and the scalar

terms vanish (A, = 0, AXAY =) and we get
afBaf S

T = 2(0mn)*? T — 2(Gmn)** T, (2.15)

11



2.2 Conjugation and Reality

Because of (2.7), the hermiticity of 7., and the property Omn! = —Fpmn We

get that:

[T (WL)] = i) 5 (UF)7

[Tns (Wr)a] = i(0mn)a” (V)5 (2.16)

The conclusion is that W} transforms like ¥ and \I/; transforms like ;. So we

must have
(Ura) =mVUrs , (U*) =nUg®

But (V) = (V.°Csa)f = —(\I/Lﬂ)TC’Bd = —1moWprs ~ m = —n2. The convention
we will use is

(Vro) = —Wrs , (UL = Ugt (2.17)

In general a (n,m) tensor (the tensor product of n left spinors and m right

spinors) under conjugation will go to a (m,n) tensor

*

(n,m)" — (m,n)

If m = n then (n,n)* — (n,n) and we can impose the reality condition by equating
the two sides. But if m # n then (n,m)* — (m,n) # (n,m) and reality can
not be imposed. In order to construct real objects we have to consider the direct
sum (n,m) @ (m,n). Then we see that [(n,m)® (m,n)]” — (m,n) ® (n,m) =
(n,m) & (m,n) and we can demand reality.

12



2.3 Supersymmetry and the Super-Poincaré algebra

One of the things that motivated supersymmetry was the salvation from
the Coleman-Mandula theorem, which restricted the possible non-trivial (not just
direct sum) extensions of the Poincaré group. The theorem was considering only
the possibility of a Lie algebra, therefore a natural way to avoid it was to consider
graded algebras. A class of graded algebras are endowed with an anticommutative
structure. They include generators which follow anti-commutation relations, so a
good idea would be to start with the Poincaré algebra and add generators of spinorial
nature. The simplest thing to do is to consider left or right spinors. But if we want
to have real representations we need both.

We introduce one set of left (Q,) and one set of right (Q%) spinors. The bar
indicates that the right spinor is the hermitian conjugate of the left. Because they are
left (1/2,0) and right (0,1/2) spinors their commutation with angular momentum

is given by (2.7)

[jmn’ Qa] - i(amn)aﬁQ,B

[T Q%] = i(Gn)® Q7 (2.18)

To complete the algebra we must find all the other (anti-)commutations. For ex-
ample with the momentum operator P,, (1/2,1/2) the result has to be spinorial in

nature and the possible results are (1/2,0) ® (1/2,1/2) = (0,1/2) & (1,1/2). There

13



is not an object like (1,1/2) so we are left with (0,1/2) which is Q4. So we have
[Pm7 Qa] - fmade
similarly we can get that

[Pm7 Qd} = gmdaQOé (gmda ~ (fmad)*)
{QOH QB} - faﬁmnjmn
{Qo'm Qﬁ} — gaﬁmnjmn (gdan ~ (faﬁmn>*)

{Qa; Qd} = fadem

Compatibility of the above with the super-Jacobi identity will give

[Pman] =0, {Qaa@ﬁ} =0
{Qa:Qs} =0, {Qa,Qua} = —iko™ 00 (2.19)

and k is completely unconstrained. In our conventions we scale the spinorial gener-

ators so

{Qa,Qs} = 1004 (2.20)
The general group element is

mn m _« Ea) _ 6%wm"jmn_iamP"L+i€aQa+i€é‘Qd

14



2.4 Superspace, differential operators and covariant derivatives

Every time we have a group GG which has a subgroup H, the most general group
element of G' can be decomposed (using the Baker-Campbell-Hausdorff identity) to

the product of the general element of G/H times a group element of H
g =Q(x)h

That decomposition naturally defines a set of coordinates {x} for every element of
the coset G/H. We can use them to define the ‘spacetime’ the theory acts on. Also
we can use this technique to find the transformation law of the coordinates under

the action of the group:

e for the general group action: Q(z) — gQ(z) = Q(z')h ~ Q(z') = gQ(z)h !

o forg € G/H: Q(x) — ¢Q(z) = Q(z)
o forg € H: Qz) — hQ(z) = Q(z')h ~ Q') = hQ(z)h ™
The Super-Poincaré group has an algebra with the following structure:

[PA,PB}:fABCPC ) PA:{Qdeme} >A:{Oéa d? m}

(T, Pal~Psa , [T, T ~T

Obviously the Lorentz group (J) is a subgroup, so the general group element can

be written as

g(w,a, €€ =Qx,0,0)h(w) (2.21)

_ %

Q(x,0,0) = e Prnti0® Qa+if* Qu . h(w) = o3 Jmn

15



From the above we see that the coset theory lives on a ‘Superspace’ parametrized
by eight real coordinates, four bosonic (#™) and four fermionic (6%, %).

The transformation of these coordinates under translations (9 € G/H) is
Qa,e,6)Q(z,0,0) = Q2', 0,0
2™ = g™ + a™ + %e%m)adgd ~ L (0™ (2.22)
9/042904_|_6a ’ éld:§d+€i
Under rotations (g9 € H)
Q2',0',0") = h(w)Q(z,0,0)h (w)
™ = (e“)" 2 (2.23)

l mn — l mn s « —~
9/04 — Qﬁ (e 2"-} Umn) o , 9/04 — (620-1 U'mn) Beﬁ
B

Supersymmetry transformations are a special case of translations, where the source

of translation is fermionic ¢(0, 0, €, €)

€*(0™) 0ad” (2.24)

All the above transformation laws contain information about the realization of
the generators, that are responsible for the transformations, in terms of differential

operators. The change of a field under supersymmetry is (indices ignored) ®(x) —

16



d’(2') = ®(x) and in the infinitesimal limit gives:

1

55 ()= (fe%am)m '

— i€ [Qu, ®(2)] + i [Qu, D(2)]

= i€ Q +ie°Qq
So the expression for the realization of the spinorial generators are:
d . 1 OO ( ~m Ad A 1 a/ . _m
Qa — Zaa + 59 (U )adam ; Qd - Zad + 50 (U )adam (225)

Also we want to define covariant derivatives. This need comes from the fact
that we would like to impose differential constraints on fields and we want these
constraints to remain true even after we perform transformations of the fields. The
transformations are controlled by the the Q¢, Q¢, so the covariant derivatives have
to commute with both of them. Solving that constraint gives us expressions for the
covariant derivatives up to an overall constant (scale). We will use the following
expressions:

D, = 0, + %é%;”aam . Da=0, + %eagaam (2.26)

These will be the basic tools that we will use to formulate superspace lagrangians,

for this reason we give a short list of conventions and properties:

[Do, Da] = i00s , D*= %DaDa , DuDj = —CosD?

[D?, D] =iD%% , D’DeD*=0 , [D% D] dug = 2i [D? D? (2.27)

DaDdDa = _DdD2 - DQDd ) {DQ)DQ} - DVDQDV =0, (Da)T = _Do'c
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2.5 Superfields, Berezin integrals and Components

The functions that take values in superspace ®(z,6,0) are called super func-
tions and are mappings from superspace to superspace. A special category of those

are the ones that under a supersymmetric transformation, transform nicely
5sP =i [€*Qa, ] + 1 [€*Qq, P

and they are called superfields. Since they are functions of # and # we can do a
Taylor expansion of the superfield in terms of these variables. But because they are
anticommuting objects and we have four of them (two # and two ) any term in
the expansion with more than two #-s or two #-s will identically vanish. Hence the

expansion terminates and we have a finite number of terms.
O(z,0,0)= A(x) + 0o (x) + 0%Ys(z) + 0°F(2) + 0°G(2)
OGNV + 0280 () + 020 o () + 6262 D () (2.28)

The coefficients in the expansion are functions of the bosonic coordinates, so they
are fields in spacetime and are called components.

For superspace formulated theories, the action that describes the dynamics
of the system will be given as the integral of a lagrangian density over the entire
superspace

S = /d8z£ = /d% a0 &0 L
To learn how to integrate over a grassmann variable (more properly called Berezin
integral), we demand that it satisfies a few simple properties as does ordinary inte-
gration:
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1. The integral of the sum of two functions is the sum of the integrals

/d9 (f+g) = /d9f+/d9g

2. A change of variable by a constant will not change the value of the integral
/d@f(9+e) = /d@f(@)

These requirements are enought to define the integral up to a normalization. We

will use

/de —0 ,/dee _1 ,/d6a05 5, ,/d@af(e) — 0uf(0) (2.29)

Using the definitions for the covariant derivatives (2.26), we can rewrite the above

in the following way

/ d00f(6) = (Daf(60)) lo-o, 50 (2.30)
So for our case
) D*D?L,y o
S = / d'wd?0d29L = / dz o (2.31)
DQD2£|6:0, =0

Although D? and D? do not commute, under the z-integration sign they do, because
their commutator consists of are partial derivative terms which can be integrated
away. However choosing one form over the other can make a difference by simplifying
things.

For the general superfield ® (indices suppressed) the structure of the compo-

nent expansion has the general form

D ~ 0"0" D,

19



That means that the ®,,,) is the coefficient of the term 6m0™ where n,m are
integers between zero and two (0 < n,m < 2), at least for the 4D, N =1 case we
are considering. If we want to recover ®, ) starting from ® all we have to do is

take n 0, derivatives and m 0, derivatives and then set § = 6 = 0
Dy ~ T Py, 5o

But again because of the connection between covariant derivatives and partial spino-
rial derivatives (2.26) we can rewrite that in the form @, ,,) ~ f(D", D™) ®|y_q. g,

with fbeing a function of covariant derivatives. Specifically we have:

q)g)(fimm) = P mya(m)| @&i’iiawl = —D*®y(mya(m)|

Bhatmatm = Ds®amaom| 00, = —% {D*, Dy} Pa(nyam|

B amy = Ds®atmaom|  hanaim = —% {D*, D5} Pamyaim)| (2.32)
q>(glc;a)gd(m) = —% D5, D] | @52 ) = ii@a(ma(m)l + %D”DQDw@am)a(m)!
(I)S(’g;a(m) = —D’®amya(m)|

Also we can calculate the mass dimensions for each component
1
dinm) = dio) + 5 (n+m)

where djg] is the mass dimension of the superfield ®. If we consider theories which
are quadratic in the superfield then 2dg < (L] ~ dig) < 1. For these superfields

the mass dimensions of the components are :
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dn,m)
n +m | Components
d[q>] =0 d[q>] = 1/2 d[q;.] =1
0 1:(0,0) 0 1/2 1
1| 2:(1,0),(0,1) 1/2 1 3,2
2 [3:(20),1,1),02) | 1 3/2 2
3] 2:(2,1),(1,2) 3/2 2 5,/2
4 1:(2,2) 2 5/2 3

From that we see that the components that can play a dynamical role (dimension
1 for bosons and 3/2 for fermions) are very specific. The rest of the components
included in the superfield are auxiliary fields with sole purpose to make supersym-
metry manifest off-shell.

The index structure of the various dynamical components is different and
therefore they can describe different spin representations of the Poincaré group. The
one that can describe the highest possible spin is the one with the most indices. In
the case of superfields with djg) = 0, 1/2 that component is the completely symmetric
piece of the (1,1) component.

The other thing we would like to know about all these components is how they
transform under a supersymmetry transformation. We know how the superfield
transforms: 0g® = 7 (eo‘Qi + Eng{) ®. 45D is a superfield in it’s own right so we
can perform a Taylor’s expansion, dg® ~ 6’”9_’"58@(”7,71) to reveal its components

05P(n,m)- But these components are the change of the original component under
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supersymmetry. To get them all we have to do is follow the discussion above. So:
5P (nmy = D", D™)55®| = (D", D™) (ie* Q% + ie* Q%) P|
But by definition the covariant derivatives commute with the Q?, Q% so
6sP(nmy =1 (e°Q% + Q%) f(D",D™) | (2.33)

We can use the expressions for the Q¢ Q% (2.25) to express them in terms of the

covariant derivatives
iQY = —Dg +i0%™.0,, , Q% = —D*+i0%c"0,,

The terms proportional to # and # will drop out when we lo—0.9—0 and we are left

with the simple expression

05Pnm) = — (€*Da + € Dy) (D", D)D) (2.34)

2.6 Representation theory of the Super-Poincaré group
The Super-Poincaré algebra in its full glory is

[ Tmns Trs] = NmsTnr — MmrTns — MnsTmr + Mnr Tms

i[Tns Pl = Nar P = N P 5 [Tonns Qal = 1(0mn)a” Qs

[Ty Q% = i(Gnn)5Q° . [Prs Pl =0 [P Qa] =0 (2.35)
[P Qa] =0, {Qa Qat = —(0™)as P, {Qa,Qs} =0

{Qa,Qs} =0
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We want to find unitary irreducible representations of the above algebra. For
that, we need to find the Cartan subalgebra and the Casimir operators and then diag-
onalize them. P, and (), commute so they can be diagonalized simultaneously and
we get a set of eigenvectors |p,,, ¢o) such that P, |pm, Ga) = PmlPms @) s QalPms da) =
Ja|Pm, @a)- 1t is obvious that it is impossible to have finite dimensional representa-
tions. The action of the group will generate infinitely many eigenstates with different
eigenvalues, exactly as Wigner showed for the Poincare group. The way out is ex-
actly analogous to the discussion for the Poincaré representation theory. Finiteness
forces us to consider representations of the little group which respects P,, and Q,
and then we do rotations and boosts to cover everything else. The little group U,

in this case will be defined through the properties
U''P,U=P, , U'Q.U=Q., (2.36)
The most general solution for U is
—in" Zm—ia™ P, 1 —  \A&«a A m 1 mnrs
U=e™mom ™ Zm = Wm - Z(O-m) [Qom Qéz] ) W = 56 jm"Ps (237)

and the vector 7,, that parametrizes the group element is not free but constrained to
be perpendicular to the momentum P,, (n™F,, = 0). W,, has exactly the same form
as the Pauli-Lubanski vector, but it is not the same object. It is a supersymmetric
extension of it because J, # j,}j;gincaré. Jmn is the generator of rotations for the
entire superspace while JFomca€ ig the generator of rotations just for spacetime, the

‘bosonic’ sector of superspace. In a differential realization of the two objects that is
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obvious

Trnn = 1000 — i20p + 107 (Gy0n)* 505 — 10°(Orun) 50 — i My

Jromeart _ o 5 i — Mo
Zm satisfies the following:
1
[vapn] =0 ) [Zm7Qa] = §QaPm ) [Zmy Zn] = Z.Errmr:;ZT-PS (238)

which give

[Z[mpn}apr] =0 7[Z[mpn}aQa] =0

We can identify a Casimir operator as
C = Z"P"Z,,Py (2.39)

and the other one is of course P? which distinguishes between massive and massless

cases.

2.6.1 Massive Case

For the massive case momentum takes the form P, = (—m,0,0,0) which

makes 7, = (0,7) and the little group elements are

U = e—iniZieiaom
The generators of the group are the three Z; and they satisfy

[Ziazj] = Zﬁneijkzk ) [Z’me] =0 7[Zi7Qa] =0
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This is an SU(2) algebra generated by S; = %ZZ-. The Cartan subalgebra, which

will label the states is
{Pm 9 Qoz ) SS}
and the Casimirs that label the representation are

- 1 -
P?=—-m? | SQ:ﬁZ2:Y(Y+1)

52 is the supersymmetric extention of the spin operator and is called superspin.
Since C' [2.39] is the expression for the Casimir, it must be related with S? and they
are. In the rest frame we get C' = —2m452. The eigenvectors of that representation
are labelled as follows:

‘m7 YamY7 Qt:v>

and the dimensionality of the representation is 4(2Y + 1) = 8Y + 4.

2.6.2 Massless case

When the mass is zero, the momentum takes the form P,, = (—F,0,0, E') and

that introduces extra constraints through the supersymmetric algebra:
{Q27Q2}:0 MQQZOa QZZO MQ2:07 szo

Because of them, the solution (2.37) for the group elements of the little group is no
longer valid and we need to update it, taking into account these constraints. The

correct answer for this case will be
o o 1 . _
U = e g W (67 Qu, Q) (2.40)
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The difference with the massive case is a change in the definition of Z,,, and the vector

parameter 7, is completely free now. The new Z,, has the following properties:

Z"Pyn =0, [Zn, P =0, [Zn,Qual =0, [Zn,Zn] = t€mnrsZ"P°  (2.41)

The first one will force Z,, to take the form Z,, = (=73, Z1, Z5, Z3) and the last one
translates to [Z', Z%] =0, [Z', 23| = —iEZ, , [Z*,Z%] = iEZ,. This is exactly the
E?2 algebra and it has infinite dimensional representations. To avoid that we have
to set Z; = Zy = 0. Therefore the finall expression for 7, is Z,, = (—Z3,0,0, Z3)
which makes it proportional to P,,. We define the proportionality constant such
that

1

Zn= (Y + ) Pu (2.42)

where Y is the superhelicity. The eigenvectors of the representation are |¢;) and the
dimensionality of the representation is 2. For CP7T -invariant theories the number of
states will be double because CPT will flip the sign of superhelicity and therefore
we have to include the states of superhelicity —Y. So the representation will have
dimensionality 4.

Like in the representation theory of the Poincaré group, there is a discontinuity
in the dimansionality of the massive vs massless representations. If we start with
a massive irreducible representation and take a smooth limit m — 0 the degrees of
freedom will jump from 8Y + 4 to 4. This basic fact is the root of the whole gauge

invariance story. More on that will be discussed in the next chapter.
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2.7 Superfield realization of representation theory

We want to use superfields to realize the irreducible representations of the
Super-Poincaré group. For that to happen these superfields must diagonalize the
Casimirs that were presented above. This means that they must satisfy a set of
constraints and they must be expressed in terms of covariant derivatives D and D

so they will not change under a supersymmetric transformation.

2.7.1 Massive Case

The Casimir operator S? written in terms of the covariant derivatives is:

- W2 3
2 Poincaré
S* = 2 + ZPO + B (2.43)
1 n2 I = 21 m — \a&a B
PO = _ﬁD’YD D’Y = _ED’YD D’Y ) B = 2_7n2WPoincaré(O—m) [Da? Dd]
where WL ..¢ s the Poincaré Pauli-Lubanski vector. F, is a projection operator
and together with two other projection operators P, = -5D?D? | P. = 5, D?D?
they span the entire space:
P++P7+P0:]I7 PZP]:(SZJP17 27]:{+7_70}
B has the properties:
BP, =0, BP. =0, BFy,=108
W3 .
B? + B = —Poeat p, (2.44)
m
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The first three constraints force B to be proportional to Py : B = AF, and the last

one fixes the proportionality constant. So the expression for the Casimir is

o W2 3
S2 — Poincaré 4 (_ + /\) PO (245)

m?2 4
Now let’s consider a superfield with n undotted and m dotted indices @ ()a(m)-
In order for this to describe a massive superspin Y irreducible representation it must
satisfy the condition

S*®omyam) = Y (Y 4+ 1)@o(m)a(m)

For that to happen it must diagonalize both W3, . . and B.

Py as a projection operator has two eigenvalues 0 and 1

.

ng)a(n)d(m) =0 (Chiral)

Po®omyaim) =0 ~ or

Ds®@a(nya(m) = 0 (anti-chiral)
\

(

D2®am)a(m) = 0

Po®omyaim) = Pamyaim) ~ and

D2®,()i(m) = 0

\

. . . 2 .
Diagonalization of W5, ..« demands:

1. ®4(nya(m) is independently symmetrized in both undotted and dotted set of

indices: @o(n)a(m) = LcI>(a(n))(c'u(m))

nlm!
B . —
2.0 (I),Ba(n—l)ﬁd(m—l) =0

and the eigenvalue is :

n-—+m

2

Wgoincaréq)a(”)d(m) = j(] + 1>(I)a(n)d(m) ) j =
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which gives as well A\ =jor A= —j5 — 1.

For the first value of A we have B®qn)a(m) = 1P0Patm)am) ~ DT Pram—1)am) = 0

and for the second one B®yyam) = —(J + 1) PoPamyaim) ~ Dy Pam))am) = 0.
Putting everything together we get:

Do (n)a(m) must have symmetrized dotted and undotted indices and the various rep-

resentations are organized as follows

1. Chiral superfield

D"y(I)oz(n)dc(m) =0 787’.}1(I)'ya(n—1)4/d(m—1) =0 ) D(I)a(n)dc(m) = mzq)a(n)d(m)

n—+m

2

Y =

(2.46)

2. Anti-chiral superfield

D, @umyaim) =0 0P nm-15a0m-1) =0, DPapyaim) = M Pagmyaim)

n+m

2

Y = (2.47)

3. Highest superspin linear superfield

D*®o(myaim) =0 ,D*@ogyamm) =0 D@ aponyam =0

aPY,j/(I)'yoa(n—I)A',/(ic(m—l) =0 ) D(I)oz(n)dc(m) - mzq)a(n)d(m) (248>

n+m-+1
2

Y =

4. Lowest superspin linear superfield

D*®oimyaim) =0, D*@ogyam) =0, DinPagmpamm) =0

aPY;Y(I)'yoc(n—l)A',/éz(m—l) =0, D(I)a(n)dc(m) = m2q)a(n)d(m) (249>

n+m-—1
2

Y =
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The () means symmetrization of the indices with weight 1

A useful observation is that for the highest superspin case we can solve the

constraints if

1 N2

—DDa (I)an a(m
DD Dlenn Pamyam

1
Do (m)a(m) = —ED%“WQ(nH)a(m) v Wans)aim) =

where W (n41)a(m) is chiral and it satisfies L Wﬁa(n) Ba(m—1) = 0. These are exactly

the constraints for a chiral superfield to describe a superspin Y = “Tmﬂ

repre-
sentation. So we see an equivalence between @ n)a(m) and Wymi1yam). A similar

statement can be made for the lowest superspin case where

1 n

ﬁmD(anWa(n_n)a(m) » Watm-1a(m) = DD ®y(m)a(m)

Do (n)a(m) =

with 0% Wp,(,—2) ga(m-1) = 0
From the connection between the superspin Casimir operator (§2) and the
spin Casimir operator (W3, ..s) We get that the spin content of a superspin YV

irreducible representation is

1 1

2.7.2 Massless Case

For the massless case the expression for Z,, in terms of the covariant derivatives

is:
. , 1 . _
A Wnljomcam + g(ﬁm)‘m Dy, D4 (2.51)

and we have to make it proportional to P,

1
Zm(ba(n)d(m) = (Y + Z)qu)a(n)a(m)

30



That happens in two different ways

1. Highest superhelicity chiral superfield

DsPatmyatm) =0 5 D' @gapn-viatm) =0 0 i papmn) =0 (2.52)

n—m

2

Y =

2. Lowest superhelicity anti-chiral superfield

Dy @amam) =0+ D@ g0y =0+ 975 @gatm-1)am) =0 (2.53)

n—m-—1

2

Y —

and the helicity content of a superhelicity Y representation is

1
A=Y 4o, A=Y

2.8 Real Representations
We showed earlier that conjugation maps a superfield of type (n,m) to a

superfield of type (m,n)

T *

Po(myam) = (=1 (Pamya(m))

But there is another way to exchange all the undotted indices to dotted ones and
vice versa. That is to use the 0,4 to convert one type of index to another. Because

we don’t want to change the mass dimension of the superfield we define the operator
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which has all the properties of the partial derivative, like
DoA = Doa AT+ 576075

We can act with a sequence of these operators on a (n,m) superfield and

convert it to a (m,n) superfield
(I)a(n)d(m) — (I)a(m)d(n) = Aal"ﬂ c.. Aam’ymA%m R A’y"dn q),y(n);y(m) (2.54)
In a real representation we should have

cI)Oc(’rn)éz(n) = (I)oc(m)dc(n)
For a massive representation where AWCIDW(,L_l)A-,d(m_l) =0, we get

for n =m, (T)a(n)d(n) = @a(n)a(n) (reality)

for n =m+1, 0., Patm-1)a(m) + MPamam-1) = 0 (Dirac equation)

2.9 Superfields for (Half)Integer superspin / superhelicity

representations

Having all the above in mind the question remains what are the proper su-
perfields to describe an irreducible superspin / superhelicity Y representation. We
showed that a superfield with a specific index structure can describe different rep-
resentations depending on the constraints we impose. So let’s focus on the highest
possible superspin / superhelicity a superfield can describe.

For the massive case that means that the total number of indices must be
n+m = 2Y — 1. There is a finite list of possible superfields with that feature
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(2Y —1,0), 2Y —=2,1),..., (1,2Y —2), (0,2Y — 1) but all of them are equiv-
alent choices and can be connected to each other through the A%, operator. More

specifically:

1. An integer superpsin Y = s, has as a highest spin a fermion (j = s + 1/2)
therefore we would like to recover the Dirac equation. That is exactly the
reality condition for the case of m = n — 1. For this reason we should build
the theory based on a spinorial superfield W, (4)4(s—1). Also based on the mass
dimensions discussion above, we conclude that it must have mass dimension

1/2

2. A half-integer superspin Y = s+1/2, has as a highest spin component a boson
(7 = s+ 1) which suggests that we can impose a reality condition directly.
That can be done if n = m. Thus the construction of this theory must be

based on a real bosonic superfield H,(s)4(s) and its mass dimension must be 0

We do the same for the massless case. If we want to describe a superhelicity YV
and it is the highest superhelicity we can describe then the superfield we should use
must have an index structure such that n —m = 2Y. In this case there is an infinite
list of possible superfields that have this feature: (2Y,0), (2Y' +1,1), .... But all
of them can be generated by (2Y,0). For example the (2Y + n,n) can be written
as the action of n A, on (2Y,0) with all the indices symmetrized. So we conclude
that the massless superhelicity ¥ will be described by a chiral F, oy superfield. Its
conjugate Fd(gy) will describe the —Y superhelicity, so we will have a CP7T complete

theory.
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Chapter 3: Lagrangians for massless representations

In this chapter we present the superspace and component lagrangians that
will dynamically generate the constraints needed to describe on-shell a massless

irreducible representation.

3.1 Massless representations as the limit of massive representations

The construction of all massless theories will be based on the demand that
they are the massless limit of a massive irreducible superspin theory. In other
words, assuming that we have a lagrangian that describes a massive irreducible
representation of superspin Y then we must be able to take the massless limit of it.
We want this limit to give the massless irreducible theory of a superhelicity with the
same value Y, plus possibly other things that decouple. So if S}(,m) is the action that
describes a massive irreducible representation of superspin Y and Sy is the action

for a massless irreducible representation of superhelicity Y, then we want to have

lim S = Sy + other things (3.1)

m—0

This simple demand will introduce non-trivial connections between the superfields

used to describe the two theories.
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3.2 Integer superhelicity ¥ = s

A theory of massive integer superspin Y = s must be constructed in terms of
a fermionic superfield W, )a(s—1), or equivalently a chiral superfield W (s11)a(s—1) ~
DZD(% 1 Va(s)a(s—1)- On the other hand the theory of massless integer superhelicity
must be described in terms of a chiral superfield F, o). But then if we use the
above definition (3.1) of the massless theory, there must be a way to get Fy(25) out
of Wos)a(s—1) OF Wa(s+1)a(s—1)

Given the chirality properties of F' and W and their index structures we could

guess a map between the two.

Fa(25) ~ a(a28d571 . aa5+2d1D2Das+1\Iloa(s))d(s—l) (32)

However this identification can not be valid as it is. The problem is that
the natural variable (F) for the description of the massless theory and the physical
degrees of freedom it carries, seems to be defined in terms of W. That suggests
that, ¥ is the fundamental object and not F. But the whole representation theory
discussion says otherwise. Also F' as defined above seems to have the on-shell degrees
of freedom of ¥ which is more than needed. If this is going to work we have to find
a way to 1) remove the physical (observable) status of ¥ and 2) remove its extra
degrees of freedom.

There is a mechanism that can do both of them at the same time. That is to

introduce a redundancy. We identify W,(s)4(s—1) With Wogas—1) + Ra(s)a(s—1) and
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instead of talking about W, (4)a(s—1) We talk about equivalence classes

Vasias—1) ~ Yars)as—1) T Ra(s)a(s—1)

If that’s the case then the redundancy has to respect the physical/propagating

degrees of freedom of F'. Hence

a(a2sds—1 .0 [e %1 DzDas+1Ra(s))d(s—l) =0 (33)

c Y542

The most general solution to that is

1 1 _
Rao(s)a(s—1) = ED(asKa(s—l))d(s—l) + mD(ds_lAa(s)d(s—2))

From the above it is obvious that this redundancy will be what we call gauge
symmetry. Then it is obvious that this symmetry at least from the representation
point of view is not something deeply fundamental but only a choice that we make.
The choice we make is to describe the massless systems in terms of the variables
that describe the massive system and we do that so there is a smooth transition

between the two when we take the mass to zero limit.

3.2.1 The superspace action

Using the equivalence class of W and the idea of redundancy we attempt to
construct an action that will describe the irreducible representation of integer super-
helicity. Because ¥ has mass dimensions 1/2 and appears quadratically, the action

must involve two covariant derivatives D or D.
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The most general action that we can write is

S = /dgz a1\I/a(s)d(s_l)D2\I/a(s)d(s_1) + c.c.
+CL2\pa(s)d(87l)D2\Ija(s)d(S_1) + c.c.
—Fag\Pa(s)d(S*l)DdsDas‘Ifa(s_l)d(s) (34)

+a4qja(s)d(s—l)DaS Dds \Ija(sfl)d(s)

and it has to depend only on the equivalence class of W. The c.c. stands for the
complex (hermitian) conjugate of the corresponding term, so the superspace action
is real.

The goal is to get ¢S = 0 which is the start of the gauge invariance story.
The strategy to do that is to pick the free parameters in a special way. If this is not
possible then we introduce auxiliary superfields, called compensators and/or put
constraints on the parameters of the redundancy (gauge parameters). It is reason-
able to expect that the compensators introduced, if necessary, will not introduce
degrees of freedom with spin higher than or equal to the one we want to describe.

Therefore they must be superfields with lower rank.
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The deformation of the action under the gauge transformation of W is

6aS = / 48z H — 24, D, W=D

+ a4Das\I'“(Sl)d(s’} DD, Aga(s—1)a(s—2)

—17 - _ .

i {—ag F } Dy D, , BoG—Dals) (3.5)
S

s+ 1

(14:| Dozs_lDécs \Tja(s—l)d(s)} DBKBQ(372)d(571)

+ {—&3 +
+ {QQQD%DQ\PO‘(SWS_” — a;;DdSDz\Ifa(s_l)d(s)} Ko(s—1)a(s—1)

+-c.c. }

We see that there is no non-trivial choice for the free parameters in order to make
all the coefficients vanish. A possible exception for that will be the s = 1 case that
will discussed later. Also we can not introduce compensators to cancel some of these
terms because either they will have to be the same rank as ¥ or have an algebraic
term in their transformation which means that we can gauge it away. There is one
option left, to constrain the gauge parameters. The only possible constraint will
be DPK Ba(s—2)a(s—1) = 0 because everything else will drastically reduce the gauge

symmetry of W. If we choose:

a; = a4 = 0
DP Kpga(s-2)a(s-1) = 0 = Ka(s—1)a(s—1) = D™ La(s)a(s—1) (3.6)

2@2 = —das

where L (s)a(s—1) 1 a completely free superfield, then the change of the action takes

38



the following form:

505 = —as / @D, DU (DAL yiagon) + DALy pygageyy) (37)

+c.c.

This suggests to introduce a real bosonic compensator Vi (s—1)a(s—1) Which transforms
like 0 Va(s—1)a(s—1) = D* Lo(s)a(s—1) + DdSI_,a(s,l)a(s) and couples to the real piece of
DDV 4 (5)4(s-1)-

In order to get invariance we add to the action a few new terms, the coupling
term of V' with U and the kinetic energy term for V', in other words the most general

quadratic action for V. The full action becomes

S :/ d®z {—%aglllo‘(s)d(s_l)ﬁg\l/a(s)d(s1) + c.c.
+az PEEIDYD L W, a0
—az VO IDE DAY o) + coc
+b, VETDYETIDIDD Vi 1)agso1) (3.8)
+b2va(sfl)d(sfl) {Dz’ Dz} Va(s—l)d(s—l)
by VT DAETID - DDV, (s 2ya(s1) + C-C.

+ b4va(s—1)d(s—1)Das_1Dds_lD’YDﬁ‘/’ya(572)’yd(872) + C.C.}

and it has to be invariant under

1 _
06 ¥a(sa(s—1) = —D*Laa(s—1) + [m] Dia, 1 Aa(s)a(s-2)) (3.9)

66 Va(s—1)a(s—1)= D® La(s)a(s—1) + D La(s—1)a(s)

The equations of motion of the superfields are the variation of the action with

39



respect to the corresponding superfield,

05 05

Ta@a—1) = Sga@ae-n » Cat-Dd6-1) = Fpatnae-D

n2 as =o
Tos)as—1) = —a3D"Wqioyas—1) + —D D Va(s—1))a(s) + ED D(a, Va(s=1))a(s—1)

Ga(s—1)as—1= —a3 (D*D* Uy 5)a(5-1) + D*D* Uy (s_1)a(s))

+2b:D7D?D,, Vis—1)a(s—1) + 2b2 {D?*, D*} Vi(s—1)a(s—1) (3.10)
s p, DDV D, ,D?DV,
+(S —1)! ( (as—1 yo(s—2))a(s—1) T D(as 1 a(s—l)"yéc(s—Z)))
2by _ _ .
+ (S _ 1) (8 _ 1) D(OésflD(dsflD,YDWVYOC(S—2))"Y(5¢(S—2))
2by _
+ D(dsle(ozs 1D D” Vas 2))yc(s—2))

(s —1)l(s—1)!
The invariance of the action will give two Bianchi identities, one for each gauge

parameter:

: 0S
SaS= /dSZ{équa(s)a(s—l)W +c.c

- 0S
a(s—1)a(s—1
4 S Vels=Dal )W} (3.11)

1
/d8 {La s)a(s—1) {DZTQ (s)c(s—1) T ED(%G&(S—U)@(S—U} + c.c.

_i_Aa(S)d(Sf?) [DdSilTa(s)d(s—l)} +ec.c. }

=0 VLa(s—1)a(s—1)s Na(s)a(s—2)

therefore we must have

1
D*Tu(syas—1) + Do, Gats-1)ate-1) = 0 (3.12a)

Dds_lTa(s)d(s,l) =0 (3.12b)
These Bianchi identities will be proven to be extremely powerful and they

contain the full information about the system, not only at the superfield level but
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also in components as we will see. For now we use them to determine all the

coeflicients. The satisfaction of the Bianchi identities fixes all the coeflicients
b1:—a3, b3:0, bQZO, b4:0 (313)
and the final expression for the superspace action is

1 . _
S = /dgz{—Ecq/a(s)a(s_l)DQ\I’a(s)d(s1) + c.c.
a(s)a(s—1) s T/
+c¥ () )D Dasqja(s—l)d(s)
_Cva(s—l)dz(s—l)DasD2\Ija(s)d(s_l) + e (314)

1 . _
+§CVO‘(Sl)a(sI)DVDQDWVQ(S_U@(S_I)}

The equations of motion are

=2 € Ras
Tos)as—1) = —cDWai)as—1) + QD Do Wa(s—1))a(s)
C —
+gD2D(a5Va(s—l))d(s—l) (3.15&)
Gas—1as—1= —¢ (D*D*¥o(9)a(s—1) + D*D*Wo(s_1)a(s))

—l—CDWDzDWVa(S_l)d(S_l) (3.15b)

where ¢ is an overall unconstrained parameter which can be absorbed into
the definition of W. We leave it as it is for now and fix it later in the component

discussion.

3.2.2  On-shell equations of motion

Now we must check that this action on-shell describes an irreducible integer
superhelicity Y = s. That means that we must find a chiral superfield F, ), in
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agreement with the map (3.2) and it has to satisfy on-shell the required constraints
(2.52). For that purpose we use the equations of motion to generate terms like the

right hand side of (3.2) and we get:

ﬁaas (Gos—1 - - 0% (ane1 Te(s)a(s—1) =
— WD%”S(% 106, Wa(s)a(s—1))
(23) ' piD2D (d2s1 O ld%_z...80‘1%@@571)@(371)&)
%D(%_IDQ&(%—%) (3.16)
_m]) D2o%s- Y aget - - .3“1%“\1/@(5_1)&(5))
+mD2D2D(a2S,18%*1d25,2 - 0% 6 Va(s-1)a(s-1)
1 _

R 2 qas— e} o
(28 _ 1) D 9 1 (Ggs—1 *++ 0 1o'zs+1Toz(sfl)o'¢(s)) =

. 2 nas— le” T
- (25 DD s 0% Ve et
ic 250 o
+(28 _ 1)] Do (G2s—1 * 0 ds\lla(s)d(s—l)) (317)
(28 - 1) D2D2D(0‘25—18%71d2572 s a061O'csVoz(s—l)c'v(s—l))

1 _ N .
(25— 1)!D(dzs_1a agers - 0% e, Gas—1)a(s-1)) =
— e DQaag 3a1 U
- (28 —1)! (G2s-1 -+ 0 as Ya(s)a(s—1))
(28—— 1) D2D280{a 1 (Gas—1 -+ .aa1ds+1qja(s_1)d(5)) (318)

(2s —1)! D’D?Disy, 10 Vag, 5 - - - 0™ 4, Vs 1)a(s-1))
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1 X )
@5 D1 e D10 s 0% 6 Do njae-n) =

ic = a «
= G i 0 s+ 0 e Yaorato-n)

¢ B Qg aq .
s - 1)!D2D28 T aae - 0% e Wats-nacs)
c(2s — 1)

s(2s — 1)!

D( DzXa@sfz)) (3.19)

Q2s—1

—c D2D21D s — le]
(25 — 1)!D D™D(a2,1 0% s -+ 0™t Vats—1ats-1)

where

1 _ .
Xea(2s-2)= ( D7O%  (ape 5 - 0% 4, Va(s—1)5a(s—1)

2s —1)!

At 977D

(25— 1)! o

Gs—2 G2s—3 * ** aalds qj’ya(sz)"yo'z(s—l))

Now we can take a linear combination of the above equations:

A N N
(28 _ 1)!(9 “(G2am et 0 (d2571Ta(8)0'4(s—1)
—B N2 Hs—1 %3} T
TP O e e Tate-nat)
L B, o 045G
(25 — 1)1 @219 a0 A Halsa(s-1)
—A D Y AXs—1 a1
+(2S — 1)!D(d23_1D 0 GQos—2 * .0 dsTﬁ’a(sfl)d(sfl)) =
C . ) ) _ N N
B (28 — 1)' <_A +iB —il' - lA) D28 s(d2s—1 .0 ldsqloz(s)d(sfl)) (320)
1c . . o . o -
+—<23 — 1)' (—A +1B —il' — ’LA) D?D?9 571((5@5_1 .0 105d5+1\po¢(s—1)o'c(s))
ic ) » o B . .
—m (—A + 1B —l — ’LA) D2D2D(d28718 571d25,2 .0 1d5+1 Va(s—l)d(s—l))
c o 2s—1 2s — 1\ -
+(2s —1)! (ZA 2 - s ) D(c’xzslezXa(zs_g))
+iCADd2$ Fd(Qs)
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From this it is obvious that if we choose I' = %A +B, A= %A , icA =1

then we get the identity

1
(2s —1)lc
B N2 Q0s— a =
+—(2$ _ 1)'D a s 1((5423—1 e a 1(ds+1Ta($—1)d(s))
1+ 2cB

T T TN L N
L1
(2s — 1)!12¢

D% Fya5) =— O™ (dne-r - - 0™ 6, Ta(s)a(s—1))

D(O’é2571Da88a571d2572 s aalC'vsToz(s)éz(s—l)

where

_ 1 9= . N
Fd(25) = @D D(dzsa Yhge g0 g \I/a(s—l)d(s))

That proves that on-shell (To(s)a(s—1) = 0, Ga(s—1)a(s—1) = 0) we get

D Fpaq) = 0

(3.21)

and by definition, DBFa(gs) = 0. Therefore it describes an integer superhelicity

Y = s system. In the above expression B is a completely free parameter and can

be set to zero or any other value.

3.2.3 A two parameter family of superspace actions

The action (3.14) is not unique but a representative of a two parameter family

of equivalent theories. The mass dimensions and index structure of W, 4)a(s—1) and

Va(s—1)a(s—1) allow us to make the following superfield redefinitions:

2
Vas)as—1) = Ya(s)as—1) + ED(asVa(sfl))o}(sfl)
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where z is a complex parameter. This operation will generate an entire class of
actions and transformation laws which all are related by the above redefinition.

The general action takes the form:

1 . _
S= /d8w {—56 \I/a(s)a(sil)Dz\Ifa(s)d(s_l) + c.c.
+c \Da(s)d(sfl)DdsDas \Ila(sfl)d(s)
te(z+ 2z — 1) Vo DAs=DDa DA s 1) + c.c.

+cz Va(s—l)o'c(s—l)DQDOés\Ija(s)d(s_l) + c.c.

-1 , _ .
_ {s : } ez VO DSeID,  DPDAG, e e

242z —1)2 Ve DasDDIDID, V, (o 1yas) (3.23)

+

1
2
1
+|:_:| szas Da(s— 1){D2D2}Vsl (1)
S
{s

o } cz(z + 2z —2) VetmDaE=ID - DDV, 46 aya(s_1) + C-C.

_ { 5 :| c23 Va(s_l)d(s_l)Das_1Dds_1D’YD;YV'ya(sz)ﬂ'/a(sz) —I—C.C.}

and the transformation laws are

z

5G\I]oz(s)d(s—1) - (Z - 1) DzLa(s)d(s—l) - ED(astSEa(s—l))d(s)

1 _
[ LR (3.24a)

66 Va(s—1)a(s—1)= D La(s)a(s—1) + D La(s—1)a(s) (3.24b)
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The equations of motion are

5 C =4, _
To(s)a(s—1)= —cD V¥ (9)a(s—1) + QD Doy Ya(s—1))a(s)

= n2
_Q[Z + Z = 1]D"D(a, Vats—1))a(s—1)
c . _
_E[Z]D(QSDQVa(sfl))d(sfl) (3.25)
c . .
+m[Z]D(ds—1D(a5D’yva(s—l))"yo'a(s—Z))

Gags—1)as—1= c[z + Z — 1] (D*D*Wu(s)a(s—1) + D*D*Wa(s—1)a(s) )

+c[Z]D’D* Wy (5)a(s—1) + [z]D*D* Wy (s_1)a(s)

s—1. .- A
[2]Dg,_, DDV o (6)50(s—2))

¢ s!

s—1
s!

—C [Z]Das_lDdSD’Y\T&/a(S_g))d(S)
c. _ _
+2-[22]{D*, D} Vas-1yas)

+c[z? + 2% + 222 — 22 — 22 + 1]D'D’D, Vos—nyas—1)  (3.26)

1 _
[22 + 2272 — QZ]D(QS_ID2D7VW(5—2))0'4(5—1)

S
+c
s!

-1 _ .

5 2% + 222 — 22]D(s, DD Vo(s-1)5a(s—2))
(s —1)2 _ _ _

¢ sls! {ZZ]D(asflD(dsflDWD’YV’YO((S—Q))"}/O'((S—Q))

(s — 1)
slsl

S
+c

[22)D (4, (e, D' D7 Vya(sm2p)ia(s—2))

3.2.4 Field spectrum and components action

Although superspace was developed so we can study supersymmetric theories
in a more efficient, compact and clear way, there are still some reasons why we would
like to study the off-shell component structure of the theory.
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1. There are cases where two theories on-shell describe the same physical system.
Therefore from the path integral point of view the theories are equivalent.
Nevertheless the off-shell structure of the two theories might be completely
different. Knowledge of the component formulation of the two theories will
help us decide if they are different theories with the same on-shell description

or they are the same and one theory can be translated to the other.

2. The off-shell component structure of a supersymmetric theory will give us
clues about which theories can be used to realize higher N’ and higher D

representations

3. To make contact with the effective field theoretic limit of superstring theory

This section focuses on the analysis of the theory’s off-shell field spectrum.
Let’s start by thinking about what kind of fields we get and how the final
theory may depend on them. The discussion in section 2.5 makes it obvious that a

superfield has three different sets of fields:

1. Set D: The Dynamical fields
We know from representation theory that an irreducible representation of su-
perhelicity Y will contain an irreducible representation of helicity A = Y and
one of helicity A = Y + 1/2. So we are expecting a set of dynamical fields
(mass dimension 1 or 3/2) which are exactly the fields needed to describe the
above theories. These fields must have a specific gauge transfrmation and we

can use them to build field strengths which are gauge invariant.

47



2. Set A;: The low mass dimension Auxiliary fields
These are auxiliary fields that exist so that the supersymmetry algebra within
superfields closes. They have low mass dimension (0 or 1/2) and for that reason
their kinetic energy terms have more than two derivatives. Also because of
their low mass dimension their gauge transformations include algebraic terms.
They appear in the action and the susy-transformation laws but the theory
doesn’t depend on them. This means that we can go to a gauge (use the
algebraic terms in their transformations) to gauge them away. This gauge is
called the Wess-Zumino (W-Z) gauge. Alternatively instead of picking a gauge
we can use them to redefine other fields and in this way eliminate them from

the action and the susy-transformation laws.

3. Set Aj: The high mass dimension Auxiliary fields
These are auxiliary fields like the previous kind but they have higher mass
dimensionality (3/2 or 2 or 5/2). They must be present off-shell so the action
is supersymmetric invariant and the algebra closes without the need for any
constraints. Because of their higher mass dimension their kinetic energy terms
are algebraic. Also on-shell they must vanish, so that the only fields left are the
dynamical ones. We can use them to do two kinds of redefinitions. One type
of redefinition includes derivatives acting on elements of A; and is responsible
for the elimination of the A;’s from the action (and susy-transformation laws)
as described above. The other type of redefinition involves elements of A,

and derivatives acting on elements of D and its purpose is to remove from the
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action any cross terms and bring the component action in a diagonal form.

The diagonal form of the action is when it takes the following form:
S / d*z {E a=y + Ly vy 1 4 quadratic monomials of auxiliary ﬁelds}

The action is the sum of the component lagrangian that describes helicity
Y, the component lagrangian that describes helicity Y + % and the sum of
algebraic terms that involve only auxiliary fields, such that each auxiliary
field appears in exactly one and only one term. For example if A and B are
auxiliary fields, acceptable terms for the quadratic monomials can be A? or
AB but not A2 + AB. The reason why something like that is desirable and

useful is because it does three things:

(a) It makes it obvious that on-shell the theory describes helicities Y and

Y +1/2

(b) It makes obvious the auxiliary status of the auxiliary fields (they vanish

on-shell A =0)

(c) It makes the auxiliary fields to be gauge invariant (6gA = 0). The gauge
invariance of the auxiliary fields is desirable because it will make the
counting of the degrees of freedom extremely easy, since the dynamical

fields will be the only ones that have gauge transformations.

The standard ‘algorithm’ to find the components of the theory and it’s com-

ponent action is the following

1. We define the components as the coefficients in the Taylor expansion of the
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superfields that participate in the action, as in (2.32).
2. We find the gauge transformation laws of these components.

3. We identify the ones that have algebraic terms in their transformation law and
therefore can be eliminated in a W-Z gauge. These fields can be gauged away

and the rest are the off-shell field spectrum of the theory.

4. The definition of the component action is in equation (2.31): D?D2L| or

D2D2L| where L is the superspace action.

5. We distribute the covariant derivatives and use the above definitions of fields

to write the component action

6. Do redefinitions of the fields that appear algebraically in the action, to bring

it in the diagonal form

This process is straightforward but cumbersome. Just the projection of the
superspace action to components, as they have been defined in the 6 expansion of
the superfields in W-Z gauge is quite bulky. All this complexity arises because we
are doing a very naive and brute force expansion of the superfields and plug this
information to the action which is quadratic to the superfields. This generates a
very large amount of terms which then by doing redefinitions we try to repackage
them in a different way. We propose an alternative technique that will illuminate
a more natural way to define the component structure and make the entire process

of finding the component action and susy-transformation laws more efficient. This
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techique is based on the equations of motion and their properties, such as the Bianchi
identities.

Since we want the auxiliary fields of the final action to be gauge invariant it
might be smart to define them using objects that are already gauge invariant. But
the superspace action itself provides us with gauge invariant objects, the equations of
motion. There is also the superfield strength F7, 25 but because of mass dimensional

reasons we can not use it to write the component action. So consider the following

superfields:
0S 3
Ta(s)d(s—l) = STas)a(s—1) [Ta(s)a(s_l)] = 5 (3.27a)
0S
Ga(sfl)msfl) - SV al—Das—1) [Ga(sq)a(sq)} =2 (3.27b)

Gas—1a(s—1) = Ga(s—1)a(s—1)

Because they are gauge invariant, if we expand them to components, each one
of them will be gauge invariant. Furthermore because they vanish on-shell each one
of these components will vanish as well. So it looks like the ideal place to look for
the auxiliary structure. These superfields satisfy a big list of identities, that we will
discover as we go along. At the top of the list we have the Bianchi identities and

their consequences:

1
DQTa(s)d(s—l) —|— ED(QSGCM(S—D)O}(S—I) = O iS4 DQGa(s—l)d(s—l) - 0 (328&)
DQGa(sfl)d(sfl) =0 (reahtY)
DTy 9as—1) = 0~ D*Ty(g)a(s—1) = 0 (3.28b)
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The Bianchi identities force most of the components in the expansion of 7" and G
to vanish and we are left with very few, that can be associated with auxiliary fields.
For example the bosonic auxiliary fields (mass dimension 2) have to be related to

D, Ta)as-1)l, D Taas-1l, Diats+nTaspas—nl, Gas—1a(s—1)| and the
fermionic ones (dimension %, ) will have to be related to Tos)a(s—1) s D*To(s)a(s—1)]-
So by just looking at the Bianchi identities we get for free the spectrum of the
auxiliary fields of the action. We can play a similar game for the dynamical fields
using F,2s). Since we can use them to define field strengths and it is logical to expect
that these field strengths will be components of F,(2,) there is connection there that
can give us an idea about the proper definition of the dynamical components. Instead
we will let the action, the equations of motion and their properties to dictate their
definition.

Following the idea that the equations of motion, and not the superfields, are the
proper objects to define the components, we must be able to express the superspace
action in terms of them, because the superspace action is the starting point of the

projection story. That can be easily done by using the definitions of 7" and G (as

the variation of the action) to rewrite the action in the following way:

1 .
S = /dsz{ éqja(s)a(s—l)Ta(s)d(s_l) + c.c. (329)

1 .
+5Va(s_l)a(s—l)Ga(s—l)o’c(s—l)}
1 5= (s—
I/d4.CC EDZDZ (\I]a(s)a(s 1)Ta(s)d(s—1)) +e.c.

1 B —1)a(s—
+5D?D? (VAT G i)
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This is the crucial difference between the equations of motion and the superfield
strength F(25). For the general superhelicity case dimensionality forbids us to use
F' to express the action.

Now we can go on with the process and distribute the covariant derivatives.
To illustrate the structures appearing in the distribution of the covariant derivatives
we give the following general formulas. In an abstract way the superspace action is
the sum of quadratic terms like AB. Then the component lagrangian will be the

sum of terms like this

D*D*(AB)|= D*D*A| B| + (-1)*“DrD?A| D,B| + D*A| D*B| (3.30)
+(=1)“““D2DPA| D,B| — D’D?A| D,D;B| + (—1)“YD?A| D?D; B
+D?A| D?B| + (—1)*“WDrA| D,D*B| + A| D*D*B|

=L+ L,
where

L,=D?D?*A| B| + D*A| D*B| — D’D’A| D,D;B|
+D?A| D*B| + A| D*D*B| (3.31)
Lo= (—1)WDPD2A| + (—1)“WDDA A

+(=1)*WDPA| D*D,B| + (-1)“YDrA| D,D?B]

and depending on the nature of superfields involved (fermionic, ¢(A) = 1 or bosonic

€(A)=0 ) one of them is the lagrangian for bosons and the other one for fermions.
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3.2.4.1 Fermionic components lagrangian

Let’s focus on the lagrangian for the fermions first. After the distribution of

D’s and the usage of Bianchi identities we get the following expression:

1 _ .
EF:§D2D2\Pa(s)a(sfl) |Ta(s)d(s—1) |

1 N2 \Tro(s)a(s—1 1_2 astra(s—1))a(s—1 2
+§ (D Pvs)a )_ED Dlasy/als—1)a(s—1) D Ta(s)a(sq)\
1 1 _ . . 1 _
- = plaspaplasypats)als—1)__ ~ . .
2 (s+ 1)!le nbe |(s T 1)!s!D<°‘s+1D(°‘ST“(S”“(S*”)|
L 5 1p pléagret-nae-n)lpap 7 3.32
ETESTR 5P P Tacae-n| (332
s—12 a(s—2)a(s— Qs
_ o DQDWV'Y (s—2)a( 1)|D s 1Ga(s—1)d(s—1)|
+c.c.

At this point we can show that 7" and G satisfy a few more identities:
1 _
05 1 it Dt DiaTaenae-1) =

ic & 1 _ _
T (s 1)!8(“3“ - [(s + 1)!3!D<as+1D(as%@—l)))a(s))} (3.33)

1. —
[QD”D@YSWa(s—1>>>wa<5—1>>}

N ic s 5
(s+1)lsls+1 (@st1(as

1, = i s+ 1
P D Taa-1m=

aaso'cTocsds—
9" @ Tag)as-1)

s+ 1
s

+ DzTa(s—l)c’v(s)

ic
Csl(s+1)!
ic 2s+1
Cslsls(s+ 1)
ic 2 —1

M2
sl s @D D Vaa(s-2)a(s-n)

s st D(d5+1 D(as \I’a(s_l))d(s))

9% (dsD’yD(as\Ija(sfl))"yd(s—l)) (334)
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D! Gags-nya(s-1y= 10" Ta(s-1)a(s)

©Con 14 _
— 97D D6 Y a(s-1a(s-1) (3.35)

. s—1 s 2133
—ie— 70" (0, D' D WVags-1)3a(5-2)

_ _ /l: o
D2Ta(5_1)d(5) + ;8 S(éésiT(;v(s)o'z(s—l)) =
— Eaas DD, Wais—1))5a(s—1)) (3.36)

-
—cD"D W o (s 1)a(s)

(s—1) 2
tie— T O 6. D' DV (s 2))a(s-1))

We notice that in all the above there are some combinations that appear again and

again. So let’s define the following fields

1 _
—Da Dd\pas &(s— =N a(s+1)a(s

o1 + 1)1 temn D Yata )| = Ni¥a(s1)a(s)

oo

P D Vae-1ae| = Ne¥aats- (3.37)

DD Vo s-1yats—1)| = NaWa(s—1)a(s—2)

Putting everything together we get for the lagrangian

1 a(s)a(s— i Qg
Lr :—%T (s)é( 1)| <2D2Ta(5)d(5_1) + 38(% ‘Ta(s—l))o}(s)) | + c.c.

—ic| Ny > g1 i nas)

a(s+1)a(s
—ic n 1J\/1N o PTG, b Das)as1) + C.c.
25+ 1
+iC N. 2 a(s—1)a aozsd a(s)i(s— 3.38
(S I ) ’ 2‘ ¢ S@ZJ )a(s—1) ( )
.s—1 o
+Zc N2N3 ¢Oé(8)0{(8 1)8045(X571¢O[(S—1)a(572) + Cc.C.

C(s—1\° T ols—2) il s—
+ZC( s ) |‘]V3|2 wa( 2)ads 1)60[5710?5711#04(5—1)(54(3—2)
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The first term in the lagrangian is the algebraic term of two auxiliary fields and
the rest of the terms have exactly the structure of a theory that describes helicity

A=s+1/2 (A.2). To have an exact match we choose coefficients

C:—l,Ngzl

N1:1,N3:—

s—1

So the fields that appear in the fermionic action are defined as:

Pa(s)a(s—1) = Ta(s)a(s—1)]

7 .
Ba(s)o’z(s—l) = DZTa(s)o’z(s—l)| + ga(asasTa(s—l))d(s)‘

1 _
Va(s+1)ats) = WD(%HD(as‘I’a(s))a(s—n)! (3.39)
1=, -
Va(s)a(s—1) = QD *Dia, Vars—1))as)|
s—1_5=4
Va(s—1)a(s—2) = — . D* D% Vo (s—1)a(s—1)|

The lagrangian is

‘CF :pa(S)d(571)ﬁa(s)d(s—1) + c.c.

+1 ?Za(s)d(sﬂ)ao‘s“as+1¢a(s+1)a(s)

. S als s
T |:3 + 1:| 770 (sH1al )80454-10'451/]04(5)(54(5—1) + c.c.

B Lisjl;

] PAETDADG%  Wsrats—1) (3.40)
+i wa(S)d(s_l)aasdsflwa(s—l)d(s—Q) + c.c.

—q 1/_}&(572)01(871)8&571dsflwa(s—l)d(s—m

o6



and the gauge transformations of the fields are

1
0GPa(s)a(s—1) = 05 0cPa(s+1)a(s) = ma<as+l<as§a<s)>a<s—1»
1, .-
0cBa(s)as—1) = 0, 0cVa(s)a(s—1) = _;a(as *Ea(s—1))als) (3.41)

0c¥a(s—1)a(s—2) =

with &a(s)a(s—1) = —ID*La(s)a(s—1)]

3.2.4.2 Bosonic components lagrangian

For the lagrangian of the bosons we follow exactly the same procedure as was
presented for the fermionic sector. The fields that appear in the action are defined

as:

1
(s+1)!

Ua(s+1)a(s—1) = D (a(s+1)To(s))a(s—1)|

Ua(s)a(s) = —_ {De. Tagsyas—1) = Do, Tags—1)at) } |

Va(s)a(s) = — { (@ Ta(syas—1)) + Dia, Ta(s—1))a(s) } |

s
2s +1

Sas—1as—1) = = {D*Tas)as—1) + D*To(s)a(s—1) } | (3.42)

Aa(s 1)a( G )a(s— 1)‘ - (DaSTa(s)d(s—l) + DasTa(s)d(s—l)) |

i, o
Po(s—)a(s—1) = —3 {D*Tos)as—1) — D*Ta(s)a(s—1) } |

1 1 _ 1~
ha(s)as) = {_D(asqjoa(s—l))d(s) - QD(aS Vo (s)a(s—1))

1
28'8‘ [D(aéa D(aé} Va(s—l))d(s—l))} |

b o 1 s—1
a(s—2)a(s—2) = 2\/5 52

[D=1, DU ] Voo 1yags—n)|
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The gauge transformations are

5GUa(s+1)d(s—1) = 07
dGUa(s)a(s) = 0,

e, Va(s)d(s) =0,

1
5G h'a(s)d

s
0Gha(s—2)a(s—2) =

where Ca(s-1)a(s—1) = 7 (D La(s)a(s—1) — D* La(s—1)a(s)) |

and the lagrangian is

1
ﬁB :—5

OO

Ua(s+l)d(s—1)U

56'/40[(5—1)@(5—1) =0
6GSa(s—1)d(s—1) =0

0aPo(s—1)a(s—1) = 0

() = Jpa1 sl als=1)a(s-1)

1 ,
= 3%’1%’1@(571)@(571)

a(s+1)a(s—1) T C-C.

s)a(s)

00 a0

(25 + 1
4s

82

:| Aa(s_l)d(s_l)Aa(s—l)o’c(s—l)

82

s+1
+hs)a(s) o

S

:(28 +1)(s+1)

:| Pa(s_l)d(s_l)Pa(s—l)d(s—l)

:| Sa(s_l)d(s_l)Sa(s—l)o'c(s—l)

Pa(s)a(s)

—5 W90 4,0 hya(s-1ysa(s-1)

2

+S(S - 1) ha(s)d(s)aaso'csaas—1ds—1hOl(S*Q)d(sz)

—8(28 _ 1) ha(s—Z)éz(s—Z)Dha(872)d(872)

] heCT28E20, 20 ha(s-3)ia(s-)

o8

(3.43)

(3.44)



The first six terms are the algebraic terms for the auxiliary fields and the last five
terms make-up the lagrangian for an integer superhelicity A = s (A.1), exactly as

expected.

3.2.5 Off-shell degrees of freedom

Let’s count the bosonic degrees of freedom:

fields d.o.f redundancy net
ha@ats | (s+1)°
52 s+ 2
ha(s-2)as—2) | (s —1)?
U (s)i(s) (s+1) 0 (s+1)2
Va()a(s) | (s+1)° 0 (s +1)2
Ao(s—1)a(s—1) s 0 52
Una(s+D)a(s—1) | 2(s +2)s 0 2(s+2)s
Sa(s—1)a(s—1) s 0 s
Po(s—1)a(s—1) s 0 s
Total 8s% + 8s + 4

Table 3.1: Off-shell bosonic degrees of freedom for an integer superhelicity

and the same counting for the fermionic degrees of freedom:

29



fields d.o.f redundancy net

Va(stnas) | 2s+2)(s +1)

2(s+1)s 4% + 4s + 4
VYa(s)a(s—1) 2(s+1)s ( )

VYa(s—1)a(s—2) 2s(s — 1)

Pa(s)a(s—1) 2(s+1)s 0 2(s+1)s

ﬁa(s)d(sfl) 2(5 —+ 1)3 0 2(8 —+ 1)8

Total 8s? +8s + 4

Table 3.2: Off-shell fermionic degrees of freedom for an integer superhelicity

therefore the theory of integer superhelicity Y = s is an 8s® + 85+ 4 | 85> + 85+ 4

system

3.2.6 Supersymmetric transformations for the components

Since we want to study the off-shell component structure of a supersymmetric
theory and we have expressions for the component action, we would like to have ex-
plicit expressions for the symmetries this component action has. For that reason we
will calculate the supersymmetric transformation laws of the components that keep
the above action invariant. The component transformation under supersymmetry

can be easily calculated using equation (2.34)

d0sComponent = — <€'BD5 + EBDB) Component|
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So the calculation of the transformation laws is a matter of acting on the definitions
of the fields with the above operator and use the algebra of the D’s and the properties
of T, G.

But the fields are not all on an equal footing. The dynamical ones (€ D) are
treated as equivalence classes, in other words they have a gauge transformation of
the form {D} ~ {D} + 0 (¢). Hence when we do the susy-transformation they will

get an extra kick in the gauge parameter space
6s{D} ~ 6s{D} + 9 (d5()

Because we identify the two classes, we can ignore any terms in the transformation
law of the dynamical fields that have the same structure as their gauge transforma-

tion.

3.2.6.1 Transformation laws for Fermions

With all that in mind we get for the transformation of the fermionic fields the

following expressions:

0sPa(s)a(s—1) =€ Up(s41)a(s—1)
S
T Yo Sa s—1))a(s— .Pa s—1))a(s— 345
T et + iPae-se-n)] (3.45)

— gl [ua(s)a(s) + iva(s)a(s)}
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05Ba(s)a(s—1) Z—igﬁﬁas“gUa(sﬂ)a(sq)

i s
_2—5!6 S+18(as a(S*l))a(erl)

¢ s .
+2_S!668(% [uﬁa(s—l))d(s) - Wﬁa(s—l))a(s)]
i 1 .
+§@Easa(as(dSAa(S—l))d(S—l))
i 252 — 1 1 .
__asaoz & Sa s—1))é(s—
2 _(8+1)(23—|—1)] slg1C las(@sDa(s—1)d(s—1)

122 —2s—11 1
3 H—l} Slsl€ *Oas(as Pa(s—1))a(s-1)) (3.46)
i [(s—1)? 1 .
2 s(s + 1)] sl(s — 1)!E(d‘S*a(aswsa(s—l))v'd(s—m)
1[s-DBs+1D] 1 _ .
ol s s - e P Fatmiaea)
_ﬁgdsgha(s)d(s)
5 %9 R
+E@ (ovs(cs ya(s—1))yé(s—1))
s(s—1) 1 .
N V2 TS!G Navs (66 Oy 16051 Par(5-2))a(5-2)
1
5S¢a(8+l)d(s) :_Ee(d‘SUO‘(SJ"l)d(S_l))
1 .
T e [Maan) ~ Wataw)] (3.47)
2

G Dacishaeie
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5Wa(s)a(s—1) =€ [Ua(s)a(s) T Va(s)a(s)]

1 s

- aSas— a(s—
3125 1 1 (s als=1)a(s-1)
18

—gé(aspa(sq))a(sq)

1s+1
sl 2s

€(as Aa(s—1))a(s—1) (3.48)

V2
(s+1)s(s—1)
+1 \/§S|3| G(asaas,l(d571ha(S_Q))d(S_Q))

i P05 hasyis)

1(s—1)(2s+1)

Ostanat2) =55 € AaGae-y (3.49)
i (s 1) L s
+E S (3 — 1)!26 ’ 18(0‘571(dsflha(s—z))d(s_g))

(s —1)2 1 EA
—iV2 s (s— 1)!2%34 "€ Na(s-2))a(s-2))

3.2.6.2 Transformation laws for Bosons

The susy-transformation laws for the bosonic fields are:

1
dsUa(s4+1)a(s—1) :We(as+1ﬁa(s))d(s—l)

s+

i1 5 e

e S Sozs— a(s
2(S+1)!(s+1 Qs p( 1))a(s)
1

4 . |
T dewnpPalnat-n (3.50)

i
(s+1)
s 1
st (s+1)!s!

—Ous

€% 001 " Va(s))als+1)

€% Dlayy1(ds Va(s)a(s—1))
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i L
€ S+1a(as+1 S+1¢a(s))d(s+1)

05 (Ua(s)a(s) T Va(s)a(s)) =

(s +1)!
s 1 .
—1 - Vs -1 .
ZS +1 S!E(asa - 77Z}'yoz(s—1))0[(84-1)
S 1
. Oé5+1a . ) B
i (s+ D)ls! (as1(@s Da(s))a(s—1)
2s+1 1
: olel O‘afy‘j‘ a(s—1))a(s— 3.51
Tt 2 sts @ d Wya(s=1)(s-1) (3.51)
1 _
+Z@E(O‘Saasfl(ds¢a(s—2))d(s—1))
1 _
+§€(as/6a(sfl))d(s)
11
+§ﬁe(as37(a5,0~ya(571))d(571))
(A N
OsAa-naG-1) =75 77 i€ I  @Paats ec
(s=1)(s+1) 1 _ .
o aa37 a(s)ya(s— .C.
TTs@s+ 1) (5 1) @@ Paterial 2)) T C.C
+7/ 28 _|_ 1Edsaa5ds+1lza(s)d(s+l) + c.c.
U P
_S + 136 0 (dswa(s)éz(s—l)) + c.c. (352)
s—1 o -
+ S! 6(0‘5718’y Sw’ya(s—Q))d(s) 4+ c.c.
s+1 1 . _
- ﬂsa [} as Pa(s—2))a(s— .C.
+Z23_|_ 1 (3 _ 1)!3!6 (as—1( sip (s—2))a(s—1)) T C-C
o5 —1 ,
_25!(3 — 1)!6(%—18 (ds—lw’ya(sz))d(s—Q)) + c.c.

64



05 (Sa(s—1)a(s—1) FiPais—1)a(s—1)) =

_ L«
Esﬁasa(s 1)

s—|— 3

€ Ba(s
_23. € 0a, Pas Dad(s)
s—11
—i—5 €0 @ Pa(s)i(s1) (3.53)
s—1

HTE‘(%A0C"S”pa<swa<s—2>>

— 1€ O™ M s)a(s+1)

2s+1 1
+Z— Easaasa a(s)a(s—

s(s+1) s! Yaa(s-)

s+1 1 . _

. ﬂsaa as Pa(s—2))a(s—
+ s (8_1)!5!6 (as—1( sl/)( 2))a(s—1))

1
5Shasds =——€(asPa(s—1))i(s) T C.C.
(s)a(s) \/58'(8 (s—1))é(s)

1 . _
+E€ls+lwa(s)d(s+l) +c.c. (3.54)
1 1
_—_!e(ds/lﬂa(s)d(S*l)) + c.c.

V2(s+1)s

Osha(s—2)a(s—2) = —ﬁe“S‘lwa(H>a(s,g) +c.c. (3.55)

3.3 Half-Integer superhelicity Y = s + 3 (I)

Now that we have presented in detail the construction of theories that describe

the highest integer superhelicity, we repeat the process for the half-integer represen-

tations. We will discover that, unlike the integer case there are two different theories

(different off-shell structures) that describe the same physical system on-shell.

The starting point is the same, the requirement that the massless limit of the

massive superspin Y = s + 1/2 theory give the massless theory of superhelicity
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Y = s+ 1/2 (and other things that will decouple and we can ignore). As before,
the superfields that describe the massive and the massless theory are completely
different. The massive Y = s + 1/2 theory must be based on a real bosonic field
Hq(s)a(s) or equivalently by a chiral superfield Wasi1)a(s) ~ D*D(ayssr Ha(s)a(s)- On
the other side the massless Y = s+ 1/2 theory is described by a chiral superfield
F,2s+1)- Our demand to define the massless theory as the massless limit of the
massive one suggests that we can generate Fi2s11) out of Hyga(s) 0 Watst1)a(s)-

The chirality of both F' and W and their index structure suggests the identification
Fo@st1) ~ Oasess ™ -+ 0oy " D*Da s Has))a(s) (3.56)

Therefore once again to make sense out of this identification (F is the fundamen-
tal object and not H and kill the extra degrees of freedom in H) we must treat
Ho(s)a(s) as an equivalence class and identify Hy(g)as) With Hos)a(s+) + Ras)acs),
where R (g)a(s) is real. The invariance under the equivalence of the physical (prop-

agating) degrees of freedom of F' give

8(%“&5 .0, al]j2DaS+lRa(s))d(s) =0 (3.57)

C 042

The solution of the above will set R to
1 _ 1 _
Rao(s)a(s—1) = ED(aSLa(sfl))o’z(s) - QD(dSLa(s)o}(sfl)) (3.58)

3.3.1 The superspace action

To construct a superspace action for the highest irreducible representation
of half-integer superhelicity which is quadratic to H (H has mass dimension zero)
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we must use four covariant derivatives. The most general action is
S = /dSZ a1Ha(s)d(s)D’yDQDyHa(s)d(s)
+ay H*OY D2 D2 Hyg)a0) (3.59)
—i—agHa(S)d(s)DasDQDWH,W(S,D@(S) + c.c.

+a4Ha(S)d(5) Das Dézs DWDA’H’YQ(S_D’V@(S_U + c.c.

The deformation of the action under the equivalence of H is

1 _ .
0gS = / dsz{ {(—2@ ot 2a4)D?Dg, H 4

S

s+1 asT a(s—1)ya(s— B
+ (—2@3 — . 0,4)D S[);YI)W["I’Y (s=1)ya(s—1) (DQLa(s)év(s—l)
+ DU Ap(s41)a(s—1))
20, HOOSOID2D2D, Lote 1o (3.60)

—2&4DBDWDﬁH’ya(S_1)6’%‘(8—2) [Dd571 D+ La(s)o}(sfl)

s—1

+ DD Ly(5)a(s—1)

S

+Dd5,2 Ja(s—l)d(s—3)]

+c.c. }

Notice the presence of two new terms: D**+'A,(1)a(s—1) and Dds_QJa(S_l)d(s_g).
Because of the D-algebra these terms identically vanish and they don’t effect the
result.

Obviously we can not set the variation of the action to zero just by picking val-
ues for the a’s without setting them all to zero. But we can introduce compensators
with proper mass dimension and index structure. There are two different ways to
do that:
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I Choose coefficients to kill the last two terms (as = a4 = 0) and introduce a

compensator that cancels the first term

IT Choose coefficients to kill the first two terms
(—2a; + Q%ag +2a4 =0, —2a3 — 81‘—1&4, ay = 0) and introduce a compensator

to cancel the last term

These two different approaches will lead to the two different formulations for
half-integer superhelicity, mentioned above. In this section we focus on case (I).

So for case (I) we get: as =ay =0

1 _ .
§aS = / d®z [(—Qal P ag) D2?Dg, H®)4(®)
S

— 2(13])&S D;yD,prya(s_l);yd(s_l)} <D2La(s)d(sl)

+ Das“l\a(sﬂ)a(sl))

This suggests that we introduce a fermionic compensator Xa(s)a(s—1) Which trans-
forms like 8¢ Xa(s)a(s—1) = D?La(s)a(s—1) + D An(si1)a(s—1)- We add to the action

the coupling term of H with y and the kinetic energy terms for y. The full action

68



takes the form

S = /dSZ CLlHa(S)d(S)D7D2D7Ha(s)d(s)

+az HYO4ID, DD H (s 1)a(s) + C-C-

s+ 1
s

—(2a1 — 25—az) H**OD 4 D2\ o(sya(s1) + C.C.
+2a3Ha(s)d(s)DasDdSD’VXW(S_l)d(S_l) + c.c.
+b1Xa(8)d(871)DQXa(s)a(s—l) +c.c.
+b2Xa(s)d(S_l)DQXa(s)a(sfl) +c.c.

+b3Xa(8)d(S_1)Dds Das Xa(sfl)o'z(s)

+bax*ETID, D* Vogs-1)a(s)

and it has to be invariant under

1 - 1_
daHos)as) = ED(asLa(s—l))d(s) — ED(dsLa(s)d(s—l)) (3.61)

5Gon(s)dc(s—1): DQLa(s)o'c(s—l) + DaSJrlAa(s-i—l)d(s—l)

The equations of motion for the superfields are the variation of the action with

respect the superfields

08 08
To(s)a(s) = SHAE) Ga(s)a(s—1) = PO ) (3.62)
and the invariance of the action gives the following Bianchi Identities
DdSTa(s)d(s) — DQGQ(S))O}(S,D =0 (363&)
1
mD(as+1Ga(5))d(3_l) — O (363b)
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The Bianchi identities fix all the coefficients

and the final form of the action is:

S = /dBZ{C Ha(s)d(s)D’YD2D'7Ha(s)d(s)

—2c Ha(s)d(s)DdSDQXa(S)d(S_l) + c.c. (3.64)

s+1

c Xa(S)d(Sil)D2Xa(s)d(s—1) + c.c.

+ 2c Xa(s)d(s_l)DastSXa(s1)d(s)}

The expression for the equations of motion are:

Togs)as) = 2¢DTD Dy Haayas

2c _ _
+§ (D(a5D2Xa(sfl))o'c(s) - D(c‘usDzXa(s)a(sq))) (3.65a)
217 Gs S + 1 2
Gao(s)a(s—1)= —2cD"D* H(5)a(s) — 2¢ . D™ Xa(s)a(s—1)
2c —
+—=D (0. D™ Xa(s—1))a(s) (3.65b)

s!

where ¢ is a free overall parameter that can be absorbed in the definition of the

superfields but we will fix it later when we define the components.
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3.3.2  On-shell equations of motion

We constructed an action, but we still have to prove that this action describes
a superhelicity Y = s+ % system. We must find a chiral superfield like Fi,(2541) that
on-shell will satisfy all the necessary constraints set by representation theory. In a

very similar way as in section (3.2.2) we can prove the following identity:

DCY25+1 Fa(25+1) =
1 1 & a
e %@a@’@s L 80¢.s+l ITO‘(S))d(S)

s B 1 _ : .
2% Diaz, D? 0 1%+ Oy ™ Ga(s))r(s—
225+ 1B+ A (2s)] (02 Doz ()a(s—1)

Y 0s+1
1 s 1 4 o A
2_6 2s +1 (28)!D(a2saoé2s—1 R aas lGa(sfl))d(s) (366)

+z’ 5 A 1
2¢2s+ 1B+ A (2s)!

D(OQS Ddsaa%ildsﬂ .. .aaSHlea(s))d(s)
where

D2D( 8a25d5 c. 8as+1d1Ha(s))d(s)

Q2541

1

and that proves that on-shell (To(s)as) = 0, Ga(s)as—1) = 0) we get the desired
constraints to describe a superhelicity ¥ = s + % system

Da25+1Fa(28+1) — 0 s DA/FQ(QS-F].) = O

The constants B and A are only constrained by B + A # 0.

3.3.3 A two parameter family of superspace actions

Like the integer superhelicity case, this action is a member of a two parameter
family of equivalent theories. Dimensionality and index structure allow us to perform
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the following redefinition of y

Xa(s)a(s—1) —* Xa(s)a(s—1) + 2D Ha(s)a(s) (3.67)

where z is a complex parameter. This operation will generate an entire class of
actions and transformation laws which all are related by the above redefinition.

The generalized action is

S = /dS'lU CHa(S)d(S)DvD?DryHa(s)d(s)

s+ 1
s

—2c {1 + Z} HQ(S)Q(S)DQSsza(s)d(s_l) + c.c.

—2¢z H*9YID, Dy D Xya(s—1)a(s_1) + C-C.

1 . _
i z} HOOSOD, D2DYH, oy 1yae) + 0. (3.68)

—2cz [1 +
S

_C|Z’2 Ha(s)d(s)DasDdSD’YDng—ya(sfl)"ya(sfl) + c.c.

1 .
s + c Xa(s)a(s_l)DZXa(s)a(sq) + e
s

+2¢ x*@4TID L DY Y (- 1yacs)

and the generalized transformation laws are

1 - 1 _
dcHos)as) = ED(asLa(sq))d(s) - ED(dsLa(s)d(sfl)) (3.69a)

s+1
s

- Z 24, _
0G X a(s)d(s—1)= {1 + 2} D*La(s)a(s—1) — QD D(a, Lats—1))a(s) (3.69b)

+D* A s 1)a(s—1)
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The equations of motion are

Tus)a(s)= 2¢D"D’Dy Hos)a(s)

2c. s+1_
' +

s! s

2c s+1
z

c . _ .
———12Z]D(a. D6, D"D" H,q(s-1))3a(s—1)

slsl!

c . .= _
BRI [ZZ]D(dsD(as DWDVH’ya(sfl))"yo}(sfl)

sls!
2c s+1_ L
—i—g[l + . 21D (0. D*Ya(s—1))a(s)
2, s+1 -
_5[1 s 21D, D*Xa(s)a(s—1))
2c _
_E[Z]D(CVSD(dsD’vaa(s—l))d(S_l))
2¢c . .~ .
+Q[Z]D(QSD(QSD Na(s—1)a(s—1)

s+1

Z]DQDdS Ha(s)d(s)
S

Ga(s)as—1)= —2c[1 +

2c. _ .
—g[z]D(asD”D”Hm(s—n)wm

1
—208+

2
D*Xa(s)a(s—1)

2c —
+§D(O¢SD *Xa(s—1))a(s)
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2)]D (6. D’ D7 Ho(s)5a(s-1))
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3.3.4 Field spectrum and component lagrangian

To find the field spectrum and the component action we use the same technique

as presented in section 3.2.4. The Bianchi identities and their consequences are:

D% Tos)a(s) = D*CGagspas—1) =0~ D*Taggags) =0 (3.72a)

D2Ta(s)d(s) =0 (reahty)

1
(s+1)!

D(asss Gaspas—1) =0~ D*Gagsas-1) =0 (3.72b)

The above constrain most of the components of the superfields 7" and G and the

rest of them will be associated with the off-shell auxiliary components of the theory:

D% Gaats-nl Da.Ga@as-1)l Taa(s|, D™ Gagsas-1)| for bosons

Ga(s)d(3_1)|, D(aSDdSGa(S_l))d(S)| for fermions

Now for the component action. Step number one is to express the action in

terms of T and G

1 .
S = /dSZ{ §Ha(s)a(s)Ta(s)d(s) (3.73)
1 a(s)d(sfl)G
+§X a(s)a(s—1) + C-C.
1= .
4 212 a(s)a(s
Z/d v DD (HYM T, )a00)

1. o
+§D2D2 (Xoc(s)a(s 1)Ga(s)d(571)> +ecec.

and then we distribute the D(D)’s.
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3.3.4.1 Fermionic component lagrangian

After the distribution of D’s and the usage of Bianchi identities we get for

the fermionic lagrangian:

1

1 _ . . _
Lp==D?D%+ )| _—— Dy Thioacs
F 5 ‘(S—l—l)! (Gst1 ()())‘

1 S B a(s)ya(s— a(s)a(s— M &
+o <_5+1D2DﬁH (7661 4 P2yl ”) D% Tosyacs)|

1 : a(s—1)a(s—1 I as
2511 D, x 7ot )|§D(asD Gas)a(s—1))]
1s— 1< yos=1)¥a(s—2) ITy&s—1 Y %s
2 s+ 1D DwX |D D Ga(s)d(5_1)| (374)
1= a(s)a(s—
+§D2D2X ©D1G -]
+c.c.

T and G satisfy a few more identities:

1 _
mD<as+1Ta(s>a<s>> =

2ic ...,
B (s + 1)!2a et
2ic S 9
(s+1)lsls+1 (@s (G5

m2
D"D(a, 11 Ha(s)a(s)

s+1-,_
D2Xa(s—1)d(s):|

S

|:D D"H ya(s—1))a(s)) —

s+1

Dds*lDasGog(s)d(sfl): 'L aasds—l |:Ga(s)d(51)) + 20D2DdsHa(3)d(s)

s+1_
+2c . D Xoc(s)d(s—l):|
2ic  s*—1
(=1 &2 Oass ™ DD X a(s-2)56(s-1)
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2ic

N&s _ Qsp16s T2
D™ To(s)a(s)= G T 1)!8 YD Dy Ha(s))a(s)
2ic 2s+1 = s+1_
T T B, % | DD Hey e 1 nas) — D% (e 1a(s
sl s(s+ 1) ya(s=1))a(s) S Xo(s—1))é(s)
2ic  s?—1 _ .
. DY »
+s!(5 — 1) s? e (@ DD X0 (s-1)5(-2)

1
+ D(asD G (s—1))c(s)

25+1
sl s

(0™ Ga(s—1))a(s)

We observe that specific combinations appear again and again. So let’s define

1
(s+1)!

27 ds
{D D Ho(s)a(s) +

m2 _
D"D(a,1 Ha(s))ats)| = Nitbas+1)a(s)

s+1
s

D XO‘(S)O‘ (s— } | - NQr(/}a (s)a(s—1) (375)

D D™ Xa(s)a(a-1)| = N3¥a(s-1)a(a-2)

Putting everything together we get for the lagrangian

1 s 1
203+1s'

——a Ga(s—l))d(s)) | + c.c.

4c s!

—|—2ZC’N1 ‘21/_}a(s)d(s+1)aas+lds+l wa(s—l—l)c’v(s)

—2ic 1N1N wa (s+1)& s)aas+1a5¢a(s)d(s_1) + c.c. (3.76)
S+
25+ 1
—2ic Nop|2pe=eE 9% 4oy
(8+ ) | | w sw (s) 1)
-1 )
+2i05 N2N3’17Z)a(s)a(s_1)8asdcs,1@Da(sfl)d(sz) + c.c.

C(s—1\" ~(s—2)é(s—
—9¢ (T) |N3|277ZJ (s—2)a(s 1)3a571d571¢a(8_1)d(5_2)
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The first term in the lagrangian is the algebraic kinetic energy term of two auxiliary
fields and the rest of the terms are exactly the structure of a theory that describes

helicity A = s+ 1/2 (A.2). To have an exact match we choose coefficients

1
c=1, Ny = ——
2 i
1 1 s
Ny = 3=

T V2s—1

The fields that appear in the fermionic action are defined as:

Pa(s)a(s—1) = Ga(s)o'z(s—l) |

1 S — i = i o~

Ba(s)a(s—1) = ~ 54 {S n 7DD *Ga(s—1)a(s) — 5%3 SGa(s—n)a(s)} |
Ve

Va(s+1)a(s) = o 1)!D D1 Has))acs)| (3.77)

s+1

Va(sya(s—1) = —V2 {DQDdsHa(s)d(s) + DQXa(s)d(sl)} |
(s—1)

Va(s—1)a(s—2) = —\/QTDQH D Xa(s)a(s—=1)|

and the final expression for the lagrangian of the fermions is

EF :pa(S)d(s_l)Ba(s)d(sfl) + c.c.

i PTG st 1)a(s)

. S als als
T |:5 + 1:| ¢ (e+1)4( )8a5+1a31/}a(5)d(3_1) + c.c.
1 _28 + 1 Ta(s—1)a(s) Qo
a [(s+1)2} PrleTg "6, Va(s)a(s—1) (3.78)
+i POV i Vats-nae—2) + CC.

—i &a(572)d(871)8as_1ds—1 7wba(s—l)dz(s—2)
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which is invariant under the following the gauge transformations:

1
0aPa(s)a(s-1) = 05 da¥a(s+1)als) = 77y Mlassi (@sSals)a(s—1))
sl(s+1)!
1 as
daBas)as—1) = 0, 0G¥a(s)a(s—1) = _ga(as “Eals—1))a(s) (3.79)
8 - ]. a Ol
0c¥a(s—1)a(s—2) = . DU * 1 E o (s)a(s—1)

with Eaeas—1) = —i1V2 D?Lasags_1)|

3.3.4.2 Bosonic components lagrangian

For the bosonic lagrangian we follow exactly the same procedure. The fields

that appear in the action are defined as:

Un(s)a(s—2) = DU Go(s)a(s—)|
—_— 1 ~ B
tas)as) = 57 { Dl Gats-1a) =~ DiaGaats-1) } |
i _ i}
Va(s)a(s) = ~57 {Das Gas-1)ats) + DiaGaoa-1) } |

S - _
)| T 557751 (Pl Gat-1a) ~ Dia. Gaats—1) |

s
Q
©
Q-
=
I
2
©
o

1 L

Sa(s—1)d(s—1) = 3 {D*Gas)ais—1) + D*Casyais—1) } | (3.80)
i « M s
Pa(s—l)o'c(s—l) = _5 {D SC;oz(s)o'c(s—l) -D Ga(s)d(s—l)} |
11

hainaer) = 5 ) [D(aes1> Digis] Has)pais))l

1 S as T\As
Pa(s—1)a(s—1) = YPEE [D%, D% Hos)a(s)]

1 «@ NCOs —
+ (D™ Xa(s)a(s—1) + D* Xa(s—1)as) ) |

s+1
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the gauge transformations are

dcUa(s)a(s—2) = 0, dgAa(syats) =0
dqUa(s)ats) = 0, 0aSa(s—1)a(s—1) = 0 (3.81)

dcVasais) =0, 0 Pa(s—1)a(s—1) = 0

1
OGNa(s+1)a(s+1) = m@(asﬂ(asﬂg(s))a(s))
S QgOls
—(54—1)28 Ca(s)a(s)
B 7
s) — 2_8'

0Gha(s—1)a(s—1) =

where  Ca(s)a( (D(as La(s—1))a(s) + Dias La(s)as—1))) |

and the lagrangian

1|s—1 -
fr ey L + J UQ(S)Q(S_Q)UOC(S)d(s—m +c.c
L
2
17 s
2 12s+1
1[2s+1
8 s+1
1 [ 82 a(s—1)a(s—1
1 : 82 a(s—1)a(s—1
—3 m} PP Dags-1)

] u g a0

‘| Ua(s)a(s),ua(s)d(s)

} AT A 4

+ ha(8+1)d(5+1)Dha(s+1)d(s+1) (3.82)

O"h

yo(s)yc(s)

_ {3 + 1] pa(s+Da(s+1)

2 as+1ds+1
+[s(s + 1)] BTG, G Oais ha(s—1)a(s—1)

—[(s +1)(2s + 1)) h*CTVC0A (145

|:(S + 1);9 — 1)2:| ha(sfl)d(sfl)a

Q1051 o h’)/a(s—Q)"yd(s—Q)

gives rise to the theory of helicity A = s+ 1 (A.1) as expected.
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3.3.5  Off-shell degrees of freedom

Let’s count the bosonic degrees of freedom:

fields d.o.f redundancy net
Pa(s1)a(s+1) (s+2)°
(s+1)2 52 +2s5+3

Pa(s—1)a(s—1) s

Ua(s)a(s) (s+1)? 0 (s+1)?

Va(s)a(s) (s+1)? 0 (s+1)?

Aas)acs) (s +1)? 0 (s+1)

Ua(s)a(s—2) | 2(s +1)(s—1) 0 2(s+1)(s—1)
Sa(s—1)a(s—1) s 0 s
Po(s—1)a(s—1) s 0 52
Total 8s? + 8s + 4

Table 3.3: Off-shell bosonic degrees of freedom for a half-integer(I) superhelicity

The counting for the fermionic degrees of freedom is
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fields d.o.f redundancy net

Va(stnas) | 2s+2)(s +1)

2(s+1)s 4% + 4s + 4
VYa(s)a(s—1) 2(s+1)s ( )

VYa(s—1)a(s—2) 2s(s — 1)

Pa(s)a(s—1) 2(s+1)s 0 2(s+1)s

ﬁa(s)d(sfl) 2(5 —+ 1)3 0 2(8 —+ 1)8

Total 8s? +8s + 4

Table 3.4: Off-shell fermionic degrees of freedom for a half-integer(I) superhelicity

Hence this theory of half-integer superhelicity Y = s+1/2 is a 8s*+8s+4 | 8s?+8s+4
system. Immediately we observe that this theory has exactly the same number of
degrees of freedom as the theory of integer superhelicity, as it was presented in 3.2.5.
This simple observation provides a very important clue about the construction of
an N = 2 representation. We will get back on that once we complete the analysis

of massless representations.

3.3.6  Supersymmetric transformations for the components

Here we calculate the supersymmetric transformations of the components of
the theory in the same way as in 3.2.6. We must keep in mind that all components

are not treated equally. The dynamical fields are equivalence classes so we can ignore
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terms with the same structure as their gauge transformation.

3.3.6.1 Transformation laws for fermions

The transformation laws for the fermionic fields are:

s 1 .
6Spa(s)d(s—1) :S T 136@&5 [Sa(s—l))d(s—l) + ’LPa(s—l))d(s—l)}

+E% [Ua(s)ats) — Wals)as))] (3.83)

s—1 1 _
5 mf(as-an(s)a(H))
s 1 24
05Ba(s)a(s—1) = lgﬁ(asa Asa(s—1))5a(s—1)

2s

) .
HCETIE 21600 (1))

2s .

760" Vrat-15a(-1)
i ) 0l

—gﬁ (as Uya(s—1))yo(s—1)

1 .
3¢ Oa. Vra(s-1)ats-)

%2554: 115;y Oy [Sa(s—1))a(s—1) = iPa(s—1)i(s-1)]
TG Z_ 01 i J_r 1%_18@5* [Sas-1)3a(s-2) (3.84)
~iPa(s-1))ia(s-2))
+3!(82j ! 2 :L 16(“587@lUw(s—l))a(s—m)
Si!S ; ! E(asaasfﬂUa(s—Q))w(s_n
2s

49 v 088 )
+1€@ 070 hga(s1)gia(s-1)

2(s —1)? :
Csl(s— 1)!E(O‘Saasﬂ(dsflmvhm(sd))wa(sd))
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V2i -
55wa(s+1)d¢(s) = m 678(a5+1 ’tha(s))ﬁd(s)

) .
— = asr107 Pya(s))iacs)
V2(s +1)!

N 1 2s+1 1 1
2\/5 s+ 1 (3+1>!6(as+1 a(s))a(s)

1 S
05%a(s)a(s—1) 2—2—\/§S 1
. I os+1 4,
\/5284‘16 Ue(s)a(s)
Ss+1 4
-1t \/§ € "Va(s)a(s)

1 s—1_
5 o (e Uaiae-2)

ghs

Aa(s)a(s)

1S 5 o
—5¢ 0 hats)iac

i s(s+2)
512

€% O(as (ds Prar(s—1))a(s—1))

=

s—1
s+1
18_1‘0.45—1

_Es—i—le

. s—1 s g
+iV2 o €% 00, " ha(s—1))a(s—1)

€

1
05WVa(s—1)a(s—2) =7 Un(s)a(s—2)

[Sa(s—1)a(s—1) — PPa(s—1)a(s—1)]
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3.3.6.2 Transformation laws for bosons

For the bosonic fields we get:
V2 o e
(5 + 1)! errio +1(ds+1wa(s+l)o}(s)) + c.c.

iv?2 52 - _
+ s! (23 + 1)(5 + 1)€(d5877¢wa(s)m(571)) + c.c.

55’A (8)a(s) ——

R L
Sis +1)12s 410 Clas@enPals=1)at) +c.c.

1 S .
BAT) _daaw_as— Yov(s— .C. .
s'2<2s+1><s+1>€<s for"Pats—niate-) Fec. - (3.88)

Z\/_ 5 4 _
s+ 16 +1a(0¢s(0'cs+1woc(s—1))a(s) + c.c.

\/_

+ 1!
s 9.

s12 (s + 1)26(% (as ¢a(s—1))~ya(s_1)) + c.c.
s

V2

512 9g +1 €(d. (asds—lwa(s—l))d(s—Q)) + c.c.

iv/?2

55 (ua(s)d(s) + Z.'Uoz(s)dc(s)) :__6 8 w"/a(s 1))5c(s)

Z\/_ 2 2s+1
BTN aa’yd a(s—1))a(s—
S 3(5 ¢ 1) e d @ rate-D)ate-1)

ivV2s+1

+? s €(as Oy 1 (s Var(s—-2))c(s-1)

2s4+1 -
€(as Ba(s—1))a(s) (3.89)

S'

OCS/BOé(S )a(s—1))

1 s+1
_E 25 E(Oésa’ydsp’yoc(s—l))o}(s—l))

7: —d5+1 —
THE DI destenPoeots)
1 s—1 _ .
5B (s 1) ax Ol Pats-niata-n)

84



5SUa(s (s—2) —Z\/__as laQSJrlasw (s+1)a(s)
V2 2s+1

sl s(s + 1)
iv2

+_6(asa w'yas 1)ya(s—2)

iv/?2

+S_E(asaocs 1015 1¢a3 2))a(s—1)

z\/_ s+1_,

THE-D s ¢ Oesatoeonee-y o (390)
11
—— €
sls+1

10 asaswa (s—1))a(s)

(s 9" Prya(s—1))5a(s—2)

¢ Qst1

- aa ot a(s))a(s—
(8—{—1)6 (as+1 Pa(s))a(s—1)

@s+1ﬂ

_g 25 T 18 pa(s 1))a(s)
s+1_4

—2 €% Ba(s)a(s—1)

S

05 (Sa(s—1)a(s—1) +iPais—1)a(s—1)) =

SPLERAT Y I
S
—ﬁ ° ;; ! €40 (4, Pa(s)a(s-1))
G _Z 1)! - 1228 D, €6e-10"" Pra(s—1)3a(s-2) (3.91)
- (;{21 . (s — 1223 +1) € 07 (1))
N (si—\/f)m = 1258 1) Ee1Oaer Vals—2)3a(s-2)
5sha(s+1)a(s+1) = L (as+1¢a(s )a(s+1) T C.C. (3-92)

V2(s +1)!

1
Osha(s—1)a(s—1) Zmea%a(s)d@_l) + c.c.
1
o€ o(s)a(s— -C. 3.93
st 1) Peat—y T (3.93)
1 1

- 045 11/111 (s—1)a(s—2)) + c.c.

V2(s+1) (s —1)!
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3.4 Half-integer superhelicity Y = s + % (1I1)

When examining the deformation of the superspace action under the gauge
symmetry of the superfield Hys)a(s) (3.60) we found that there are two different
approaches we can take. In this section we follow the second one. It will give
us another formulation for half-integer superhelicity systems that has a different

off-shell structure.

3.4.1 The superspace action
We start at the same point where the most general action is
S = /dSZ CLlHa(s)d(s)DvDQD'yHa(s)d(s)
+a2Ha(s)d‘(5) {D2, D2} Ha(s)d(s) (394)
+az H*¥ID, DD H, (s 1)a(s) + C-C-

_'_a/4Ha(s)d(s) DOés Dds D’YD#HWQ(S_D:Y@(S_D + c.c.

and leads to the following deformation under the gauge transformation of H:

1 _ .
5GS - /dg'Z { |:(_2a1 + 28 + as + 2&4)D2Dd5Ha(s)a(S)
S

s+1

+ (—2a3 — as)D* DD, H7 34D (D2 L a1

+ Da5+1Aa(s+1)d(S_1)) + c.c.
+2a, H*D¥ID?D?D,, Lo(s—1)a(s) + C-C- (3.95)
—2a,D;D, D3 {7 VA2 DD Ly + Dy Jas-1a(s—3)

s—1
_l’_

Dasf)ds_lLa(s)d(Sl)] + c.c. }
S

86



Now for case (II) we choose

s(s+1) 52
2s +1

a1 =c¢, ay =0, az3 =
and we have to introduce a fermionic compensator Xq(s—1)a(s—2) Which transforms
like

_ . s—1
0G Xa(s—1)a(s—2) =D ' D Ly(s)a(s—1) +

DD Lo(s)a(s—1)

+Da, s Ja(s—1)a(s—3)

and couples to the term DBDVD*’HW(S_MW(S_Q). Notice the index structure of the
fermionic compensator and how it is different from the fermionic compensator in
case (I).

Therefore we add to the action the coupling term of H with x and the kinetic

energy terms for y. The full action takes the form

S = /dsz c H“(S)Q(S)DVDQDWHa(s)a(s)

S<S + 1) a(s)a(s 2
25 +1 cH (e)a )DasD D’waa(sfl)a(s) + c.c.
32 Ha(s)d(S)D D D’yD'yH
o5+ 1c as s ya(s—1)ya(s—1) T C.C.
25° | ge@s®D. D D
st 16 asPasDa, 1 Xa(s—1)a(s—2) T C.C.

_i_blxa(sfl)d(sz)DQXQ(S_I)d(S_Q) + e
_i_bZXa(sf1)d(572)D2XQ(s_1)d(S_2) + e
"’%XMS_UMS_Q)D@S_IDas_l)Za(sz)d(sfl)

by ETDAETID DY Y s ayags-1)
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and it has to be invariant under

1 - 1_-
daHo(s)a(s) = QD(asLoc(s—l))d(s) — ;D(dsLa(s)d(s—l)) (3.96)
s—1

06 Xa(s—1a(s—2) =D D Ly (9)a(s—1) + . D*D*! Ly(5)a(s—1)

+Dé, 5 Ja(s—1)a(s—3)

The equations of motion of the superfields defined as the variations of the

action with respect to the superfields

0S 0S
To(s)a(s) = SHAE) Ga(s—1)a(s—2) = ) (3.97)
satisfy the following Bianchi Identities
DTy yyae) -~ Do Dia, .G
a(s)a(s) S!(S _ 1)' (asH(ds—1 T a(s—1)))a(s—2))
I ) B S Y ST 0 (3.98a)
Grs— asTa(s—1))a(s— = -JOa
s S!(S— 1)! (Gs—1 (s T a(s—1))&(s—2))

D*2Gy(s-1)a(s—2) = 0 (3.98b)

The Bianchi identities will fix uniquely all the coefficients to

s?(s+1)

b =0 by —

1=0, b (25+1)(s—1)c
25>

by =0, b3 =

SRR PR b
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The final action is

S = /ng Cc Ha(s)d(s)D’YDszHa(s)o'c(s)

_S s+1 a(s)da(s B
* és T 1)] ¢ H*¥D, DD Hoa(s-njacs) + €.
- 82 . ) B
i Gy 11 c HQ(S)Q(S)DQSDQSDPYD’YH’YO{(S—I)*fa(s—l) +ce.
2 a()a(s) [ >
Clos+1 cH Ds,Da,Da, i Xa(s-1)a(s—2) + ¢.c. (3.99)
[ 82(S+1) a(s—1)a(s—2)12
S 1)] e X CTHTID N s 1yaea) + o
[ 282 a(s—1)a(s—2) & —
+ 25 1 1:| Y% (s=1)a( 2)D '9‘1Das_1Xa(s—2)a(s_1)

and the equations of motion are

Toats) = 2eD"D*Ds Hos)a(s)

sl 2541

2c [s(s+1)] = _
Dd DQD’YHas Yo (s—
[25—1—1] (ds (8)¥6(s—1))

9 A

2 1 _
C |:S(S + ):| D(asDQnyH'ya(s—l)d(s)

sl
2c s
sls! |25+ 1]
2c [ % ]
sls! |25+ 1]
% 288+ 1 D(dsD(asDas_1Xa(sf1))a(572))
2c [ % ]
sls! |25 + 1]

D(a.D(a. DD Hya(s—1))5a(s—1))

D(4.D(a,D"D Hyo(s-1))3(s-1))

D(asD(dS Das_l Xa(sf2))d(sfl))

82

2s+1
s*(s+1) _
D2 a(s—1)a(s—
(23+1)(5—1)} Xa(s=1)i(s-2)
s

2¢ 2 _— B
T (S —_ 1)[ 25+ 1 D D(as—1Xa(s—2))d(s—1)

Ga(s—1)a(s-2)= 2¢ { } D=1 DD Ho(5)a(s)

+2c l
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3.4.2  On-shell equations of motion

To prove that this action indeed describes an Y = s+ 1/2 superhelicity we use

superfield T" to show the following identity:

_— 1 1
Dezst Fa(23+1) :%wa(ags

s

T aas+1d1Ta(s))d(s) (3.102)
where

1 _ . .
Fost1) = ( D*D(agss O™ -+ Oaey “ Ha(s))a(s)

25+ 1)!
Therefore when we go on-shell (T, (5)a(s) = 0) the chiral superfield Fy,(o,41) will satisfy

all the necessary conditions set by representation theory, in order to describe the

highest superhelicity Y = s + 1/2 irreducible representation.

3.4.3 Unique action

For the previous two cases (integer and half-integer (I)) the superspace action
that described the system was not unique but a member of an infinite family of
equivalent actions. This is not true in this case. The reason is that, mass dimensions

and index structure of Hg(s)a(s), Xa(s—1)a(s—2) does not permit any local redefinitions.

3.4.4 Field spectrum and component lagrangian

Here we present the components and the component action for this case. First

we write the action in terms of the equations of motion:
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1 .
S = / d%{ §H“(S)Q(S)Ta(s)d(s) (3.103)
1 a(s—1)a(s—2)
35X Ga(s—1)a(s—2) + c.C.
1 .- .
4 2172 a(s)a(s
Z/d v DD (HYMT, 400)

1 _
+§D2D2( a(s Da(s— Q)G (s—1)é(s— 2)) +ee.

and then we distribute the D(D)-s to find the lagrangian for the fermionic compo-

nents and the lagrangian for the bosonic components

3.4.4.1 Fermionic component lagrangian

After the distribution of the covariant derivatives and the usage of Bianchi

identities we get for the fermionic lagrangian:

Lr=
1 1 _ . 1 =
i D2D(as+1HO‘(S)a(S ) D & Ta $)a(s
G I( Ty Dl ()a(s)|
n 1 1 D2 D Fre(s)iats—1) _ 1 1 D(asD(dsqXa(s—l))d(S—Q))
25 +1 2sl(s —1)!
i . 1 —
. __D(asa el Fals=1) )~ 1 0-Dia.  Galts—1)a(s—
1s—1 1 — ;
1 D.D(@s—14va(s=2)é(s—2)) 3.104
' (2 R * e
+ 33 Dﬁa . [ Bra(s=2)va(s—1) ’ 1 D*-'D.. .G 1)é(s—2 |
; oD D Gate-bite-2)

1s—1 275
n (‘ﬁmaasas_lD D Hatsats

1 _
+ 5])2])2><Oé(5—1) s— 2)) |G (s—1)(s— 2)|

1= —1)a(s—
+§D2Xa(s Le( 2)|D2Ga(5_1)a(s—2)|

+c.c.
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We can prove the following identities for T" and G:

1
mD(asﬂTa(s)a(s))

2ic o 1 _
= —<3 n 1)'8 s+1(d5+1 {—(S n 1)'D2D(a5+1Ha(s))d(s))} (3105)
2ic s

- aa &
(s+ D)l (25 + 1) (s 4 1) (@(en

2

{DQD”st—l))a(s))

i(s+1) - -
+TD¢¥S<WHya(s—l))»‘ya(sfm)

s+1 =
DdDa X o(s— a(s—
+s!(s— 1)! (s (as—1 Xa(s—2)))a( 1)))}

1 _
315 =y Dises Gatsmpac-y =
— —% 32 8(04 Qs D2D’YH a(s—1))a(s) (3106)

sl (2s+1)(s+1) '™ 5

i(s+1) = .
t=— D@0 Hyats-1)sa(-1)

s+1 =
Déc Da Xo(s— a(s—
+S!(8— 1)! (cs P (as—1 Xa(s=2)))a( 1))}

. 82 Qg1 1 N2
—21028 n 18 sH1s {(S n 1>!D D(ocs+1Ha(8))0'z(s)}

2ic  s(s—1) =8 s
+s!(s -1l 2s+1 O {ZD O H, o(s-1))B36(s-2)

1

+ (S — 1)!D7D(a51>_<oz(s2)))&@(52))}
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1
(s —1)!

S
= - DG o(s-1)a(s-2)

DDy, , Ga(s—2)a(s—1) =

s+1
s . 1)l ?28;1;3 ons™ Cotr-zpaten
+i(8;!L 1)Da53” Ha(s—1))5a(s-1)
+ﬁD<a3D<a51xa<s—1>>a<s—2>>}
+2z’c‘zis+_1¥ T . 0l ™ {iDB 0" Hpya(s-2))6(s-1)

1

+ (s — 1)!DVD(0?51Xfya(s—2))d(s_2))}

Let’s define the following fields

L =
(s+ 1)!D Diawri Hageatan| = M Yasrnacs)
e i(s + 1)
{D2D He(syas) + i 00" Ho s 1))56(s-1)
s+1

—— 0D D & a(s—1))a(s— = N. a(s)d(s—
sl(s —1)! (s (és—1 Xa(s—1))a( 2}| 2 Ya(s)a(s—1)
H B Ay '
{ZD O H o (s-1)p3a(s-2)
+— ! D%-1D % | = N3 o
(S o 1) (as—1 Xa(s—2))a(s—1) 3 Ya(s—1)a(s—2)
Putting everything together, the component lagrangian for the fermions takes

the form
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EF :210‘ N1 |2 &a(s)d(s+1)aas+1ds+1 ¢a(s+1)éz(s)

2

. S als a(s
_226(23 +1)(s+1) NiNy 200300, o da(aten + c.c.

2

. S Ta(s—1)a(s) Qas
_220(23 D+ 1)2|N2]2 P (s—D)a(s) 5 s Va(s)a(s—1)

s(s—1 o
(28 _i 1)(8 l_ 1) NoN3 ¢a(s)o¢(s 1)aa5ds_1¢a(sfl)d(572) + c.c. (3108)

2
. S — 1 Ta(s—2)a(s— [
—2ic < ) |]\/v3|2 1/) (s=2)é( l)a 571d5711/}a(s—1)0'4(s—2)

—21c

s+1
1 (2s+1)(s—1) “(s—
- Ga(s)a(s 1) D2Ga TV
+2c s2(s+1)2 | (s=1)&(s2)

15—1 1 L
T a —aa as_lGas— a(s— .
251 (s =Dy (s—2))é 1)>I+Cc

The last term in the lagrangian is the algebraic term for the two auxiliary
fields and the rest of the terms are exactly the structure of a theory that describes

helicity A = s+ 1/2 (A.2). To have an exact match we choose coefficients

1 2 1

c=1. Ny—-——=27
\/i S
1 1 s+1
N y= —=——

V2 V2s—1

So the fields that appear in the fermionic action are defined as
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Pa(s—1)a(s—2) = Ga(s—l)d(s—?) |

Ba(s—1)a(s—2) = {D2Ga(s—1)ix(s—2)
1s—1 1 .
- a «@ as_lGa s—2))c(s—
251 (s = 1) (s=2)i( 1)}|

V2

Yatesnat) = 1 1)!D2D(as+1Ha(s)>a<s)l (3.109)
Va(s)a(s—1) = —V2 231 . {D2DdsHo¢(s)d(s)
+i(8;!r 1)D(asWHw<s—1ma<s—1)
+%_11)!D(as]3(as1Xa(s—1))a(s_z))} |

s—=1 [ =544
¢a(s_1)a(s_2) = \/§ s+ 1 {ZDB@WHw(sq)B«ya(s—m

1 e _
+(3 _ 1>!D S_ID(alea(s2))d(sl)} ’

The lagrangian is

EF :pa(S)d(871)5a(s)d(s—l) +c.c.

+1 &“(S)d‘“l)a%“ds+1wa(s+1)a<s)

s s D)s
+ L + 1] v (e )8as+1as¢a(s)a(sf1) + c.c.

B {ésjl;

] @/;a(s_l)d‘(s)aasaswa(s)a(sq) (3.110)
+i wa(s)d(s_l)aasdsﬂ¢a(s—1)d(s—2) +c.c.

—q &Q(S_Z)d(s_l)aa57ldsf1wa(s—l)d(s—Q)
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and the gauge transformations of the fields are

1
0GPa(s)a(s—1) = 05 0cPa(s+1)a(s) = ma<as+l<as§a<s)>a<s—1»
1. .-
daBas)as—1) = 0, 0G¥a(s)a(s—1) = _;a(as “Eals—1))a(s) (3.111)

0c¥a(s—1)a(s—2) =

with Eaeas—1) = —i1V2 D?Lasags_1)|

3.4.4.2 Bosonic component lagrangian

We do the same for the bosons. The definition of the fields that will appear

in the lagrangian is

Auas)iats) = Tais))als)|

1
Un(s)a(s—2) = ED(asGa(sfl))d(sf%l

1 _
2(s — 1)! {D(ds—lGa(S*I)d(S*Q)) — D,y a(s 2))cu(s— 1)} |

Ue(s—1)a(s—1)
Va(s—1)a(s—1) = —m {D(a, 1 Gats—1)ats—2) + Dias 1 Gats—2)a(s—1) f |

1 _ . _
Sa(s—2)a(s—2) = 5 {D* 1 Gas—1)a(s—2) + D Ga(s—2)a(s-1) } | (3.112)

i « M Os—1 [
Pa(s—Q)éz(s—?) = _5 {D S71C7Yoz(s—1)o'c(s—2) — D% 1Ga(s—2)d(s—l)} |

1 1 _
ha(sr1)a(s+1) = §m [D(as+1aD(a5+J Ha(s))c‘v(s))|
1 S _ .
hasf a(s— =—Z DaS>DaS Hasds
(s—1)a(s—1) 2(25+1)(8+1)2[ | Hagsyato)|

S 1
- Da 7asf a(s—
(25 + 1) (s + 1) (s — 1)! ( (-1 Xa(a—2)d(a—1)

_D(ds_1Xa(sl)d(52))) |
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and their gauge transformations are

dcUa(s)a(s—2) =0, daAa(s)as) =0

5Guo¢(s—1)d(s—1) = 07 5GSa(s—2)d(s—2) =0
0GUa(s—)a(s—1) = 0, 0aPua(s—2)a(s—2) = 0

1
dcha(s+1)a(s+1) = ma(as+1(ds+1fa(s))d(s))

S Qsis
dcha(s—1)a(s—1) = ma Ca(s)als)

l

where  Co(s)a(s) = 54l

The bosonic lagrangian is

(D, Lags—1))ats) + Deas Lags)a(s—1)) |

et B ] e
+% _238: 11_ AT Aagics
_% :28;; 1: u I o yage-
1 :258—; 1: DAYy
_% :(28 + 1255 - 1>2} GaeDale=2 g
+% :<S ;31)2} L

+ ha(8+1)d(5+1)Dha(s+1)d(s+1)

_ [S + 1] o (s 1)a(

2

01600 0" haa(syiags)

+[S<S+ 1)] ha(s+1)d(s+l)aas+1o}5+18asdsha(s—l)d(s—l)

—[(s+1)(2s + 1)]
[(s +1)(s — 1)2]
2

ha(sfl)d(sfl) Dha(s—l)d(s—l)

ha(571)d(571)6as_10'45_1 a’y’yhrya(s—2)"}/d(5_2)

and gives rise to the theory of helicity A = s+ 1 (A.1) as expected.
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3.4.5 Off-shell degrees of freedom

The counting of the bosonic degrees of freedom is

fields d.o.f redundancy net
ha(s+1)d(s+1) (8 + 2)2
(s +1)? s+ 25+ 3
Pa(s—1)a(s—1) s
Ua(s—1)c(s—1) s 0 52
Va(s—1)é(s—1) s 0 52
Aa(s)a(s) (s+ 1) 0 (s+1)2
Ua(s)d(s—Q) 2(5 —+ 1)(8 — 1) 0 2(8 + 1)(5 — 1)
Sa(s—Q)d(s—Q) (3 — 1)2 0 (S — 1)2
Pa(572)d(572) (3 — 1)2 0 (S — 1)2
Total 8s2 + 4

Table 3.5: Off-shell bosonic degrees of freedom for a half-integer(II) superhelicity

and for the fermionic degrees of freedom we get
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fields d.o.f redundancy net
Va(stiyags) | 2(s +2)(s+1)
Va(s)a(s—1) 2(s+1)s 2s+1)s | 4s” +4ds+4
Ya(s—1)a(s—2) 25(s — 1)
Pa(s—1)a(s—2) 2(s —1)s 0 2(s —1)s
Ba(s—1)a(s—2) 2(s—1)s 0 2(s—)s
Total 8s% + 4

Table 3.6: Off-shell fermionic degrees of freedom for a half-integer(II) superhelicity

From this we conclude that this theory of half-integer superhelicity is an
852+4|8s?+4 system. Therefore it has different field spectrum and number of degrees
of freedom than case (I). So although on-shell they describe the same physics, the
off-shell structure is different and from that point of view the two theories are not
equivalent to each other. That means that we can not find a transformation that

will map, the one theory to the other in a one to one fashion.

3.4.6 Supersymmetric transformation laws for the components

Here we calculate the supersymmetric transformation laws for the components

in exactly the same way as in the previous two cases. For this reason we give directly

the results.
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3.4.6.1 Transformation laws for fermions

d5Pa(s—1)a(s—2) =€ Un(s)i(s—2) (3.115)

s—1 1
a Sas— a(s— .Pas— a(s—
+[ S }(5—1)!‘5“-1[ (s-2)(s-2) + 1Pas-2)a(s-2)]

_ga-sfl [ua(s—l)d’(s_l) + iva(s—l)d(s—l)]

05Ba(s—1)a(s—2) =

S

3 S _dsflaasdsA .

3511 a(s)a(s)
2

25+ 1

+

—Gs—1 HUs+1& Qs Qs
e%s 18 s+1 s+1a ha(s—‘,—l)d(s-i,-l)

—256% 1 Dha(s—1)a(s—2)

s(s—12 1 55
T2+l (s D)E Oas-1(@em 07 iga(a—2))pas-2))

7 .

(S _ 1)!Eas—laas(ds_an(s)d(s_Q))
s—2 7

- 8 ,
R (s — 2)!6(0‘5*28 Usa(s—1)pa(s-3)

1s—1 1 4 .
+§S n 1@6 5718(04571 Ua(s—Z))d(s) (3116)

(s—1)(2s*+2s+1) @ . |
25(s +1) GoDE Jeci@Sat-2)i(-2)

(s—1)(2s* +4s+3) 1 -
o €% a «@ [e% Pa s—2))(s—
2s(s+1)(2s +1) (s — 1)!26 (as—1(ds—17 a(s—2))a(s—2))
(s —2)(3s+2) i _ 5
2s5(s+1)  (s—2)(s— 1)!E(ds‘28(as—1 Sa(s-2))fa(s-3))
(s-2)(s+2) 1 ;
25(s+1) (s—=2)!(s— 1)!‘5(@8—2‘9(%—1 Fas-2pacs-9)

1s—1 1 s

_53 +1 (3 — 1)!6 (045710%71“506(8—2))@(8—1)
1s—1 1 N
T 2s+1 (s — 1)16[38(%4 " UBa(s—2))a(s—1)
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_WV2i

05Wa(s+1)a(s) —MEQS” a(as+2ds+1 Pa(s+1))a(s+1)

1 S 7 )
_E s+ 2 mE(asﬂawhm(s))ﬁa(s)
1 2s+1 1 4
+2\/§ s+1 (S + 1)!€(a3+1 a(s))a(s)

(3.117)

s+11
ge(as _uo‘(S*1))0(5*1)+iva(s—1))a(s—1)]

1
551%(3)@(571) :E 5
1 s—1 1
NG & & Ua s)a(s—
+\/§ s (8—1)!6( s-17a(s)d(s=-2))

1 S
- Aa(s)as 3.118
2v2s+1 (s)é(s) ( )

18

— Qs

V2

is(s+2)_,

—

_'_WG Sa(ozs(o'zs ha(s—l))d(s—l))

gls

s +16s+1 Pa(s1)a(s+1)

1 (2s4+1)(s— 1)_0_(571

2 +1) ¢ bty
(2s+1)(s—1)

€ S_lva s—1)ax(s—

s2(s+1) (s=Dé(s—1)

(s—1)°(2s+1) 1
@ SO‘ s—2))é(s— 3.119

2(s+1) (s — D)l erPal2a6=2) (3.119)

(s—1)2 1
«@ Pa s—2))(s—
V2 52(s + 1) (5 — 1)1 et alem2als=2)
-1 2 1 1

s (s—1

6Swa(5—l)d(s—2) =

-5l sl-

_|_

j1€(s—1 0 rats-2sacs-2
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3.4.6.2 Transormation laws for bosons

The susy-transformation laws for the bosonic fields are

iv2
(s+1)!
iv/?2 52
HERCEDITEDAS
iv/?2 s
+(8 +D)lsls+1
2 s
_g 23?‘ 1g(ds8(asd5_1¢a(s—1))a(s_2)) +c.c.

1 s—1_
_@ s + 1 e(dsa(asds—lpa(s—l))d(s—Q)) + C.C.

55’14 S OL(S —_=—

ﬂs+1 O%s+1

(do41 Pa(s+1)a(s)) T C-C.

8 ¢'ya (s)ya(s—1)) + c.c.

?‘erl 8((315(15134-1 @Z_Ja(sfl))d(s)) + c.c.

g(dsa(ajiﬁa(s—l))m(s_l)) + c.c.

1
5SUa(S)d(s—2) ZEE(QS/BQ(S_:L))O.((S—Z)
i =Qs—1
_me 8(0‘3(154571 Pa(s—1))a(s—2))
7 S — 2_ )
+S!(S —2)ls— 1E(dS*Qa(as'ypa(s—l));yd(s_g))

+z’ s—1 9. et
Tore L1 sy 1 " Pa(s—2))a(s—
s12(s 1 1) @Caemr Pals=2)ae-D)

—s_1 N &
63183+15

Va(s+1)a(s)

@\/_ S

‘Oés 18 Oés_ _ s
ol s+l Ya(s—1))a(s)

iv2  s(s+1)
sl(s—1)! 2s+1

—ozs 18 as Qg 11/}04(3 1) 3 2))
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65 (Ua(s—l)o'c(s—l) + iva(s—l)d(s—l)) -

NG

2

2s + 1€asaasmswa(s+1>a<s)

, s 1, o -
+Z\/§ o€ Sa(as s¢a(s—1))a(s)

s+ 1s!
. =s(s+1) 1 o
—iv2 25+ 1 sl(s— 1)!6 O ars(Gs-1Pa(s-1))a(s—2))) (3.122)
52 _
TG -1)(s— 1)!6(%_1%(372))@(571)
\/§ 32 1 a'yds "
! (5 + 1)(8 — 1) (8 _ 1)!€(as_1 7vZ}’Ya(s—Q))d(s)
. 52 1 "
+Z\/§ — — 'E(asfla (dsf1¢7a(s—2))o‘4(s—2))
(s+1)(s—1)(s—1)!

65 (Sa(s—2)d(s—2) + iPa(s—Q)d(s—Q)) =

= Eas_lﬁa(s—l)d(s—2)

i S 1 1 Qs—1 dg_l —
IEFESICEIN Otss ™" P52

[

(S — 1)'6 Sflaasfl(ds—lpa(sfl)d(kng))

i s—2_ :
* (s —2)s— 1E(dH@WPMS—?M@(s—S)) (3.123)
S . _
J— Q51 .
s+ 16 6&(5—2)@(5—1)
. S s o 1de T
_Z\@s 16T agenac)
V2 s 4
Teomisric 0 e Yat-nae-2)
1 _
Osha(s+1)a(s+1) :mqas“wa(s))a(sﬂ) +c.c. (3.124)
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11
Osha(s—1)a(s—1) :ﬁm€aswa(s)a(s—1) + c.c.

11 1 .
t— 1 €(s 1 Pa(s-2)as-1) T e (3.129)

V2(s+1)(s—1)
1 s—1 1 ~
2 S(S + 1)2 (S _ 1)!€(as—1pa(8*2))a(871)

+ c.c.

3.5 Map of superhelicity theories

To summarize the results, the landscape of the massless irreducible represen-
tations that describe the highest superhelicity supermultiplets looks as following

s=2
Old/Nevw/

1 3.1 _Ogievetsky non-minimal New-New Minimal
8= Gates-Siegel ~ Sokatchev supergravity supergravity
5s=0 (3}

{Waats—1) s Vais—1)ae-1} {Has)ats) » Xas)as—1) {Ha(s)als) » Xals—1)a(s—2) }
85>+ 8s+4 8s+8s+4 (I) 8s* +4 (II)
Integer Superhelicity Half-Integer Superhelicity
Y =) (Y =s+1/2)

Figure 3.1: Map of massless representations for the highest possible superhelicity

There are three infinite towers of theories, one for the integer superhelicity
and two for the half-integer superhelicity. A solid line represents the corresponding
theory for that value of s. The corresponding theory for integer and half-integer
(I) is a two parameter family of actions, but for half-integer (II) it is a unique
action. At the bottom, the superfield structure of the action and the number of

degrees of freedom involved are being displayed. For the s = 0 case of the integer

104



tower, there is a gap. The reason is that for s = 0 there is no superfield ¥ and
the tower starts from s = 1. The Y = s = 0 theory is being generated by a chiral
superfield ®. Similarly the for the s = 1 case of the half-integer (II) theories, where
its place takes a triplet of theories, the old minimal, the new minimal and the new-
new minimal. The dash line represent theories that don’t fall in the pattern. These
are low helicity ‘accidents’ that don’t generalize to arbitrary s. It is very easy to
understand the reason why. When s = 1 the corresponding superfields (¥,) do not
have rich enough index structure to generate many terms. Therefore when we are
calculating the deformation of the action under the gauge symmetry some terms
can be simplified. Thus there are alternative approaches that will lead to different
formulations of the theory.
For example when s = 1 equation (3.5) can take the form

(the gauge parameter Aq(s)a(s—2), in order to survive, in the s = 1 case must be

modified to D¥=1 Ay (s)a(s-1))

08 = /dsz(—QalDa\I/a + a4Dd\I/‘j‘) D6D2Ag + c.c.
+2a,V°D?*D K + c.c.
—ag\TJQDZDdK + c.c.

+ (2(14 — a3) \i’dDdD2K + c.c.
Then it’s obvious that besides the approach we followed there is another way: If

—2a1:a4 s 2(12:&3 s 2a4:a3

K=K, Ay =iD,U, U=0T



the change of the action vanishes and we have a gauge invariant theory. This

configuration will lead to the Ogievetsky / Sokatchev theory [21,22].

3.6 Hints for N =2

The massless irreducible representations of 4D, N = 2 Super-Poincaré group
for superhelicity Y describe helicities A\ =Y +1, A=Y +1/2 A=Y +1/2, A=Y.
That looks like the direct sum of two N = 1 massless irreducible representations, one
describing superhelicity Y +1/2 and the other one describing superhelicity Y. There-
fore one will be tempted to try to combine the theory of integer superheli-city Y = s
with one of the theories of half-integer superhelicity Y = s + 1/2 in order to con-
struct an N = 2 representation. The question is which pair [integer,half-integer(I)]
or [integer,half-integer(II)] will be the one to give the N' = 2 representation. In an
attempt to find the answer the authors of [23], by trial and error concluded that the
answer was [integer,half-integer(I)].

The counting of the degrees of freedom argument provides a very simple ex-
planation why this is the case. The integer theory has exactly the same degrees of
freedom as the half-integer (I) theory. This is a sign that if we add together the
two theories then in principle we can have a second direction of supersymmetry that
will map the bosons (fermions) of one theory to the fermions (bosons) of the other
theory. This can only happen if the number of bosons and fermions match exactly,
as they do. Therefore we can construct an irreducible representation of 4D, N = 2

Super-Poincaré group. Also in the same manner we can understand why a possible
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pair of integer theory with half-integer (II) theory can never work.
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Chapter 4: Lagrangians for massive representations

We have constructed massless representations. Now we want to do the same
for massive ones. That means to construct actions that dynamically generate all the
required constraints in order to describe a massive irreducible representation. Again
we will focus on the highest superspin theories, the theories where the superfield,
given its index structure, describes the highest possible superspin multiplet. Unlike
the massless case where there was a gauge symmetry to guide us, the massive case
has no guidelines. So the strategy is to work case by case from low superspin theories
to higher ones, trying to understand the pattern of the set of auxiliary fields needed
and the mechanisms involved. Then generalize it to the arbitrary superspin case.
The one clue that we have, is that the massless theories are by construction the
massless limit of the massive theories. Therefore we should start with the massless
theories that we know and then add terms proportional to mass and other (auxiliary)
superfields that in the massless limit decouple. Now it is obvious that if we want to
understand the pattern of massive theories for arbitrary superspin, it would be smart
to use massless theories that are formulated for arbitrary superhelicities. That means
a massive extension of the Ogievetsky-Sokatchev or old-minimal or new-minimal or

new-new-minimal theories will not help us to see the big picture.
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4.1 Massive superspin Y = 0 (Wess-Zumino action)

That is the lowest superspin we can start. The action is formulated in terms

of a chiral scalar superfield ®
S= /dSZCDCI) + /dﬁz a m<I><I>+/d62 a mdP (4.1)
The equation of motion is:
E® = _D?® + 24 m® ~ D?E + 2am€ = —0® + 2a°m?*® =0 (4.2)
so for a = i\% we get O® = m2® and because it is chiral, it describes the Y = 0

representation.

1

4.2 Massive superspin Y = 3

We start with the Y = 1/2 massless theory and we add all possible mass terms

S= / d®z {HDVDQD,YH
+aymH(D*H + D*H) (4.3)

+ a2m2HH}
The equation of motion is
W =2D"D’D, H + 2aym (D*H + D*H) + 2a,m*H
To describe Y = £, H must satisfy D*H = 0 and OH = m?*H.

D2EWH) = 24, mD*D*H + 2a,m*D*H
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so by choosing a; = 0,ay # 0 we get D2H = 0 ~» D?H = (O(reality) and if we plug
it back in to £ we get OH = aym?H which fixes ay = 1 for compatibility with

the Klein-Gordon equation. The final action is:

S= / dz {HDVD2D7H + m2HH} (4.4)

4.3 Massive superspin Y = % as the direct sum of massless

superhelicities Y = % and Y =0

There is also another way to get that result. The observation is that at least
on-shell the massive superspin % can be seen as the result of combining the massless
superhelicity % with the massless superhelicity 0. That is directly related to the fact
that massive spin states can be seen as the direct sum of massless spin states. So
we would like to see if that idea can be transfered to superspin as well. We start
with the actions for superhelicity % and 0 and we introduce terms proportional to

m and m?. The action takes the form

S :/ d°z {HD”DQD&H
+aym H (D°H + D*H)
+asm? H?
+ym H (¢ + ®) (4.5)
+ b1<1><1>}

+/d6zb2m dd + c.c.
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The equations of motion are

W =2D"D*D, H + 2aym (D*H + D*H) + ym (® + ®) + 2a;m’H

E@ = _p,D*® — ymD?H + 2b,m® (4.6)

If we manage to show that on-shell ® = 0 then £(® = 0 ~» D?H = 0. That takes us
to the previous case and we can show that if ay = 1, then OH = m?H. With that
goal in mind we try, by eliminating H, to form an equation that depends only on ®.
Then by choosing coefficients in clever way we will show that & = 0. So consider

the following:

I =DM 1 me®
= (y—b;)m D*®
+ (2ay — y)m? D*H (4.7)
+2a; D*°D*H
+2b,m* @
If we choose v —2ay = 0, a; = 0 we remove the H-dependence and then if y—b; =0

we get [ = 2bym? ®.

Now we can follow two possible routes:

1. by # 0: by can be anything besides zero. In that case on-shell I =0~ & =0
and so we can generate all the desired constraints for H (D?*H = 0, OH =

m?H) and the action is
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S'-2H, @] = / i 2{ HD'D?D; H
+m? H?
+2m H (® + ®) (4.8)
+2 &P}

+/d62 bom PP

2. by = 0: If we set by to zero, then I vanish identically. That means the
equation D2EH) + m&E®) = 0 can be treated as a Bianchi identity and the
corresponding action is invariant under a symmetry. The symmetry of the

action that generates the above Bianchi identity is

daH ~ D*L + DL

(SGCI) ~ m[_)QL

Because of that symmetry the chiral superfield ® can be gauged away com-
pletely and therefore its equation of motion will give the desired constraint

D2H = 0. The action for this case is

S = / d*z{ HD'D*DsH
+m? H? (4.9)
+2m H (® + @)

+ 200}

and the gauge fixed action (® = 0) is identical with the action (4.4).
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1

In both cases the result is, that the massless limit of of massive superspin ¥ = 3

will give the sum of the actions that describe the massless superhelicities Y = % and

Y =0
_1 1
lim S, 2 [H, ] = 8,23 + 7 (4.10)

Also we should point out that the by = 0 story is the exact superspace analogue

of the Stiieckelberg construction of massive spin 1

4.4 Massive superspin Y =1

We start with the massless superhelicity Y = 1 theory and add mass correc-
tions. The nice thing here is that the massless theory will provide the first auxiliary
field, which played the role of the compensator in the massless case. So the starting

action 1s:

1. .= _
S = /dgz{—E\DO‘DQ\Pa +c.c. +aymV(D*V + D?*V)
+U*DYD, U, + aymV (D*W,, + D*Wy)
~VD*D*¥,, + c.c. +azm¥*V, + c.c. (4.11)
1 _
+§VD7D2D7V + agm?V? }
and the equations of motion are
EW= _D*V, + DD, Ty + D’D,V — agmD,V + 2asm¥, (4.12)
EV)=D'D?D,V — (D*D*¥,, + D*D?V¥,) + 2a;m(D?*V + D?V)

+a2m(D“\I'a + Dd@d) + 2a4m2V

113



The strategy is to use the equation of motion of ¥ in order to elimine any
P-term from the equation of V. In this way we get an equation that depends only

on V For that reason we calculate the following linear combination:

I= A(D“D?EY + c.c.) + B(D*€Y + c.c.) + mI'(D*EY + c.c.) + mEY

= [24az — 2T — 1] mD*D*¥,, +c.c. + [-2Aay + 2T + 1] mD'D?D,V

+[Bay — ' mD*D*V,, + c.c. + [2Ba;] mD?D*V + c.c. (4.13)
+[2Tas + as] m*D*V¥, + c.c. + [—2Tay + 2Bay + 2a;] m*D*V + c.c.
+[2a4) m*V

In order to eliminate ¥ we choose
(El)I 2A(I3—2F—1:0 5 BCLQ—FZO y 2Fa3+a2:0 (414)
so I becomes an equation that depends on V' only

I= +[—2Aay + 2T + 1] mD"D*D,V/
+[2Ba;] mD*D*V + c.c. (4.15)
+[—2lay + 2Bay + 2a;) m*D*V + c.c.
+[2a4] m*V

Now we check whether we can choose coeficients in order to make V' vanish on-shell.

That means setting

(22) . —2A6L2 + 2I' +1=0 s 2BCL1 =0 s —2Fa2 + 23@4 + 2&1 =0 (416)
ay 7é 0
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If the systems of equations (1) and (X3) have non-trivial solutions then we can

make V vanish on-shell. A solution exists and it is

1 1

ap =0, Iy =03 =—g5p » O

1
432’ 07 27 %0

Since V' = 0 on-shell, the equations of motion become

EY= —D*V, + DD,V + 2a3mV,, (4.17)

&Y= —(D*D*¥,, + D*D*¥y) + azm(D*¥,, + DYW,)
and we get the following constraints

D?E¥= 2a3mD*¥, ~ D?*¥, =0 (4.18)

EV'  =asm(DV, +D*W,) ~ DU, + Dy =0 ~ DDy =0
The above constraints will help us show that

D*EY = 2a3mD*V,, ~» DV, =0 (4.19)
E;I’ = DD Vg + 2a5mV, = 10,V + 2a5m¥, ~ 10,24 + m¥, =0

with 2a3 =1

We managed to dynamically generate all the constraints required and in the
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process we fixed all the coefficients. The final action is

1 _
SmzolVa, V] = /d82{—§\I/aD2\I/a+c.c.

+U*DD, U,

—VD*D*¥,, + c.c. (4.20)
1oy

+5VD'D’D,V
1 _

+§mV(D“\I/a + DYVy,)
1

—l—ZmQVQ

1
+§m\lla\lfa + c.c. }

There is another approach to this problem presented in [24]. They are using
a chiral superfield ® instead of the real scalar V' we used in order to generate the
constraint D?D*W,, = 0. In the massless limit the two approaches are dual to each
other through a non-local transformation ¥, — ¥, + 2D, (D2<I> + iCQD’YD2DryV).

But in the full massive case this is no longer true.

4.5 Massive superspin Y = 1 as the direct sum of massless
superhelicities Y =1, Y = % and Y =0
We want to test whether the idea of writing the massive action as the sum of all
massless actions with superhelicites less or equal to the superspin value holds for the

case of superspin 1. We start by taking a linear combination of the massless actions

for superhelicities 1, % and 0 and adding all possible interaction terms proportional
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to m and m?

SV =Y e Sy g+ d SEE) (.. )+ mP( )

m

In this way we make sure that in the massless limit all we get is the sum of the three

superhelicities. So the starting action has the form

S= /d8 { —U*D*W, +c.c.  +aymV(D*V, +DYWg) +fimPV, + c.c.

+U*DYD, Uy +agymH (DU, +D*W,) + fom?V

—VD*D*V¥, +c.c. +azmV (P + @) +fsm?*VH (4.21)
1 _ _

+§VD7D2D7V +aymH(® + ) +fam*H?

+cHD'D*D, H +bymV (D*V + D?V)
+dPP +bomV (D?*H + D*H)
+bsmH(D?*H + D*H) }
+ / d®z fsm®d
It will be useful to keep in mind that some of these coefficients can be changed
by rescaling some of the superfields. For example, the relative scales of ¥ and V

are fixed by the SY =l action. The overall scale of the entire action is also fixed by

choosing the coefficient of SY=} to be 1. But we have the freedom of rescaling H
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and ®. So we can choose as = 1, f3 =1 . The equations of motion are

EW = D>V, + DDV, + D?D,V — aymD,V — aymD,H + 2fim¥,,

EV)=D"D*D,V — (D°D?V,, + DD*Ty) + a;m(D*T,, + D)
+azm(® + @) + 2b;m(D?*V + D?*V) + bym(D*H + D*H)

+2fom?V + fam*H (4.22)

EM=2cD'D*D, H + aym(D*W,, + DTy + agm(® + @) 4 bym(D?V + D?V)
+2bsm(D*H + D?*H) + fsm*V + 2fym*H

E® = _dD?® — azmD?V — aymD?*H + 2fsm®

We want to choose coefficients so one by one the auxiliary superfields vanish
and we generate the constraints for W to describe a superspin 1 system. First we

try to eliminate ®. For that reason let’s consider the following combination of the
equations of motion:
I= AD*€" + mé&®
= [Aay]) mD*D*V,, +[Afs — az] m*D*V
[Aay — d] mD*®  +[2Af, — as] m*D*H
[Aby]) mD?D*V +(2f5) m*®

[24bs] mD*D2H

118



If we choose coefficients such that

CL2:O7 bgzo
(%1) Aag—d=0 , Afs—az3=0 (4.23)
by =0 , 2Af1 —as =0

then we get I = (2f5) m?®. Notice that f5 is not constrained in anyway, so if f5 # 0
then on-shell (I = 0) we get that ® = 0. On the other hand if f5 = 0 then off-shell, I
vanishes identically, thus it can be interpreted as a Bianchi identity and that means
that the action must have a symmetry. The symmetry that can generate such a

Bianchi identity would have to be similar as in the superspin % case
6cH ~ D?L +D?L, 6% ~ mD?L

No matter what the case is, the conclusion is the same: ® will vanish (or gauged

away) on-shell. Then the updated equations of motion are
EW = -D*V, + DD, VU, + D?D,V — aymD,V + 2fim¥,
EV)=D'D*D,V — (D°D?V,, + D*D*Wy) + a;m(D*V,, + DYT,)
+2bym(D*V + D?V) + 2fom?*V + fsm*H (4.24)
EM=2cD'D*D,H + fsm*V +2fm*H

E® = _azmD?*V — aymD*H

Now we try to eliminate H. Consider the following combination of equations
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of motion

J= B(D*D?EY + c.c) + mI'(DEY + c.c)+AD*EY +c.c.) + mZ(E® 4 c.c.) + mEY
=[2Bf; — 2T — 1] mD*D*¥, +c.c  +[—2Tay + 2Af, — Zas + 2b;]) m*D*V
+[~T + Aa;] mD*D*W, + c.c. +[2Af3 — Zay) m*D*H
+[2T' f1 + a;] m*D*V, + c.c. +[2fo] m*V
+[—~2Ba, + 2T" + 1] mD"D*D, V/ +(f3) m*H
+[2Ab] mD?*D?V + c.c.
By choosing coefficients such that
2Bfy =2I'=1=0 , 01 =0
(3) —I'+Aa; =0 , —2lay + 2Afy — Zas + 2by =0
2I'fi +a, =0 , 20f3 — Zay =0 (4.25)
—2Ba; +2I' +1=0, fo =0
we get that if f3 # 0, then on-shell H = 0. Vanishing of H will immediately mean

(through £#)) that V must vanish as well. We update the equations of motion

again

EW = D>V, + DD, T, + 2fim¥,

EV) = —(D*D2W, + D*D20y) + a;m(D*T, + D*Ty) (4.26)
gl=0
g =0

and we are back to equations (4.17). So for a; # 0, 2f; = 1 we will describe
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a massive superspin Y = 1 system. The last thing to do is check if equations
Y1, Yo, f3#0, ap # 0, 2f; = 1 are consistent with each other and have a non
trivial solution. The answer is that they are consistent and the solution is
1 1
ai 9 ;» V1 ) fl 9 ’ )

a,=0 ,by=0, fo=0 ,c=free, B=0

1
az =1 7b3:07f3:1 > F:_§
ay = —4 fa=-2 A=-1

1
f5 = free , Z:§

The final action is:

SB;;(I)[\PM ‘/’ H7 CI)] =

1 _ 1 _ . 1
= /dsz {—§WQD2\IIQ +cc. +-mV (D, + DW,) +§m\11a‘lfa + c.c.

2
+W*DYD, Wy, +mV (® + ®) +m?VH
~VD*D*V¥,, +c.c. —4mH(® + ) —2m*H? (4.27)
FVDID'DV < eHDDD, H 103 }

+ / d°z fsmd®

We discussed about the freedom of f5, but what about ¢?

e If ¢ = 0 then the H superfield will not have any kinetic energy terms and
it’s equation of motion can be solved to express it in terms of V' and &, thus
eliminating it completely from the action. The massless limit of this theory
will be

T S) AW, Vi )= S)2h—4 810
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e If ¢ # 0 then H can not be eliminated from the action and the massless limit

of the theory will be
_1
lim. SyzolVe, V. H®) =Sy +¢ S, ¢ —4 5,2
e if ¢ = —2 then the action can be written

_1 1
Lo[H, @] — —m2V?

S::—L;:é(l][‘l}m Vva H7 q)] - SY;(I)[\IIOH V] - QSY 4

m m

4.6 Massive superspin Y = % (non-minimal supergravity)

There are in the literature constructions for massive supergravity [25] but most
of them have as a massless limit old-minimal or new-minimal or new-new minimal
supergravities. These theories can not be generalized to arbitrary superhelicity so
they are not very helpful. What we need is a massive extension of non-minimal
supergravity. There is a construction like that [26] but it uses a lagrange multiplier
to impose constraints that can not be generated dynamically. We will show that
there is another formulation where all the constraints are generated in a dynamic
way.

We start with the non-minimal formulation of superhelicity % (3.64) and add

all possible mass corrections. The starting action is
S = /dsz{HQdDVDQDvHad +armH**(Daxa — DaXa)
—2 HD4D?y, + c.c. +agmH**(D*Hyg + D*Hyg) (4.28)
—2 XO‘D2Xa + c.c. +asmx®xa + c.c.
+2 X“Daﬁdia +aym?HH,, }

122



and the equations of motion are:

S(ig): ZDWDZDwHad + 2(Daf)2 Xa — DQDQXQ) + a1m<Dan - Daid)
+2a9m(D*Hyog + D?* Hog) + 2a4m Hog (4.29)

EX = —4D?*y,, + 2D,D% 4 — 2D*DH o, + aymDYH s + 2a35mya

«

So far the strategy of eliminating superfields from the equations of motion one
by one has worked. Let’s try to do the same in this case. To remove the H,4 terms

from the equation of x,, consider the following combination of equations:

I,= AD*DE!D 4 BD?D?EW +m2gX)

= (—2A - 2B)0OD?’D*H,,  + (24 +2B)D?D?*D,D%¢4 —Aa;mD?DD, Y4

+(24a, — 2) m*D*DYH,q  + (—4A — 4B) OD?y,, —4m*D%x,  (4.30)
+ (a1) m*D¥H + (24a; + 2Bas) mD*D*y, +2m*D,D%Y4
+2a3m3>(oz

The following choice of coefficients will remove any H,s dependences we have:
(31): 2A+42B=0, 24a4—2=0, a1 =0 (4.31)
and the updated expression for I, is

I.= —4m*D?y, + 2BasmD*D?y, (4.32)
+2m2DaD‘j‘)Zd + 2a3m3xa
From that it is obvious that there is no choice of coefficients that will make y,, vanish

on-shell. Therefore we must introduce an auxiliary superfield. Its purpose will be to
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impose a constraint on x, when it vanishes. That constraint will be used to simplify
the above expression for I, and set x, to zero. But a more careful examination of
1, will convince us that there is no unique constraint on y, that will make all terms
(except the last one) vanish. The inescapable conclusion is that we have to treat
Xa = 0 as the desired constraint. This suggests that we must introduce a spinorial
superfield u,, that couples with x, through only a mass term ~ mu®y,. Hence when
U, = 0 then immediately we will get y, = 0.

We must update the action with the introduction of a few new terms: the
interaction term mu®y, and the kinetic energy terms for u, (the most general

quadratic action). The new action is

S = /d8z{Haé‘DWD2DA,Had Fymu X e (4.33)

—2 H*DgD?*x, + c.c. +aamH**D?Hpg + c.c. +biu*D3u, + c.c.

—2 X“D?*xq4 + c.c. +asmx®xa + c.c. +byu®D?u, + c.c.

+2 x*DaD*X4 +aym?HH,, +bsuDD,
+b,ut D D%y
+bsmu®u, }

and the updated equations of motion are

= 9D"D?D. Hyy, + 2(DaD?Vs — DaDa) + 2a0m(D*Hug + D2H,e)
+2a4m° Hog (4.34)

50(}) = —4D?x, 4+ 2D, D%\ — 2D?D% H s, + 2a3mxe + Yty

EW = 2b,D%uy 4 20:D%uy 4+ b3D¥Dyiig + bsDo D%y + 2bsmittg + YMXa
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Now we repeat the process of eliminating H,4, but because u, doesn’t couple
with H,4 nothing will be changed regarding the H,; depending terms. The same
choice of coefficients as in (3;) must be made to remove H,,. So the updated

expression for I, is

I, =2BasmD?*D?*y, —4m*D?x, (4.35)
+BymD?*D*u, +2m*DoD%V4

+ymPug, +2a3m° xq

Now we want to use the equation of motion of u, to remove any dependences

on Y, in order to get an equation of wu,. For that we calculate

Jo= I + mKD?E"™ + mAD,D*E"

= [2Ba3]D2]_32Xa +[By +2Kby + Abg]mDQDdua
+[—4 4+ K~]m?D?*x4 +[Kbs + 2Aby)mD?DYD il (4.36)
+[2+ Ay]m*DoD 4 +[A(2b4 — b3)]D.D*D uy
+[2a3]m3xa +ymBug
+[Kbs]m?*D?u,, +[Abs]m*DoDg

If we choose

(32): az=0, =4+ Ky=0, 24+ Ay=0
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we get an equation for w,,
Jo =[B7 + 2Kby + Abs)mD?*D%u,, +[Kbs|m*Du,,
+[Kb3 + 2Abg}mD2DdDaﬂd +[Ab5]m2DaDdﬂd (437)
+[A(2bs — b3)]DaD?DPug
—i—’ym?’ua
Now we are in position to choose coeffecients so as to make u,, vanish on-shell. Select

(23)2 B”7+2K62+Ab3:0, Kb3+2Ab2:O, 2b4—b3:0, b5:0, ’}/#0

Since u, = 0 on-shell, now we can reverse the arguments. Its equation of

motion will give y, = 0 and that will put constraints on H,s: D*DHae =0

= 9D"D?D. Hyy, + 2a5m(D? Hog, + D?Hpg) + 2a4m? Hog (4.38)
£ = _2D’DYH,,
Finally because of D?D%H,,, = 0 we get that
D“Eég) = 2aomD*D?H 4 +2a,m?*D*H 4. For as = 0, a4 # 0 this gives D*H,, = 0.
Thus the equation of motion for H,; becomes the Klein-Gordon equation with
2a4 = 2

OHus = m*Hyg (4.39)

To complete the analysis we look for the consistency and non-trivial solution of the
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systems of equations >, Yo, X3, as =0, 2a4 = 2. A solution exists and it is

CL1:0

CLQIO

CZ3:O

a4:1

The final action takes the form

by = free, can be set to zero , y=1
1

b2 - 6 y A =1
1

bg - 6 5 B - —1
1

= — K=14
b4 12 )
b5 - 0
S = /dgz{HQdDVDQDva +mu®xa

(4.40)

- 1 _
—2 H*DyD?*y, + c.c. —l—éuaDQua + c.c.

—2 x*D?*yq + c.c.

+2 XaDaDdy(d 192

1 _ .
_ OéDOéDafd
+6u U

1 _
—|——u0‘DaD°‘ﬂd

+m2HYH,, }

4.7 Conclusion and future directions

The pattern for the massive representations looks like this

Y=0: ¢
1
Y=—-— H
2
Y=1: v, -V
3
Y:§: Haa_XaNua
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where straight lines represent interactions and wave lines represent interactions pro-
portional to m (these lines will break in the massless limit). We would like to
understand how to complete this picture for the higher superspin representations.
We are expecting an increasing number of auxiliary superfields but what type of
superfields and how many of them, is still unknown. We have some preiliminary
results for the next case of Y = 2 but it is a work in progress.

Another direction for future investigations is to study the component structure
of these massive representations. The techniques developed for the massless case can
be applied in the massive case and give us the off-shell component structure of the
theory, along with the component action and the supersymmetric transformation
laws. Furthermore the knowledge of the off-shell degrees of freedom of each theory
will make it much easier to identify connections among the various theories. That
will be a tremendous help for the construction of higher A/ and higher D theories.

One of the motivations that started the entire investigation was the higher
spin states of superstring theory. These states they live in some Fock Space and
are created by the action of a series of creation operators to a vacuum state. That
motivates as to study higher superspin constructions in a Fock space language.
An effective description will be to consider the superfields, used in all the above
theories, as coefficients in the expansion of a state in some Fock space in the basis
of the creation operators. For example if we consider the following commuting set

of creation and annihilation operators ¢*, ag|c®, a 5

[aa,65] =0%, [ad>éﬁ] = (5d/,§
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and define for each one of these sets a vacuum state |0) and |0) in the following way
a®|0) = 0,a*|0) =0
then in this vector space there are states like

1 (e _
0) = e U0 4 G |2)

We can then attempt to view all the above results from the prism of Fock space
and bring us a bit closer to understanding some of the complexities of superstring

theory.

129



Chapter A: Massless representations of the Poincaré group

For the component discussion of the massless irreducible representations of
the Super-Poincaré group we must have expressions for the actions that describe
the integer and half-integer helicities. This chapter will provide these expressions
so we can reference them when needed. These actions are well known in the vector
index notation. However we will be using the left-right index notation which is the
natural language for a 4D, N =1 theory. Therefore a translation of these theories

to the left-right index notation is in order.

A.1 Integer helicity, A = s

The integer helicity theory is being described in [3,5]. The theory is formu-
lated in terms of two fields, a rank s symmetric traceless tensor h,) and a rank
s — 2 symmetric traceless tensor h,;_2). Also the theory is invariant under a gauge
transformation transformations dghus) ~ O, Cuis—1)) » 0GRus—2) ~ O* *Cuis—1)-
In the left-right index notation these fields will be replaced by a field of type
(5,8) : ha(s)a(s) and a field of type (s —2,5 —2) : ho(s—2)a(s—2) and they are both in-
dependently symmetrized in both the undotted and dotted indices. The theory will

be invariant under the change 5Gha(s)d(s) ~ (9(%(@5(&(3,1))@(5,1)) , 5Gha(572)d(572) ~
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Q% =1%-1C s 1)a(s—1)- The exact action is

5= / de {ha(sm(s)mha(sm(s)

S . .
-5 ha(s)a(S)aasds 3Wh«,a(s—1)7a(s—1)

+s(s—1) ha(s)d(s)aasdsaas_lds_lha(s—2)d(s—2) (A1)

—s(2s — 1) ho‘(s_Q)d(s_mDha(sq)a(sfz)

S(S _ 2>2 a(s—2)c(s— )
- [T] pels=2)4 2)8ozs_zds_zawh'ya(sf3)ﬁd(8*3) }

and it is invariant under
och _ ! 0
cha(its) = 5 (s (s Ca(s—1))d(s—1))

s—1
52

dcha(s—2)a(s—2) = O™ (- 1)a(s—1)

A.2 Half-integer helicity, A = s + %

The theory for half-integer helicity [4, 6] is formulated in the vector index
notation in terms of three fields v¥,(s), Yu(s—1), Ypu(s—2)- All of them are spinors and
they are symmetric, traceless and v-traceless. They also have appropriate gauge
transformations. In the left-right index notation they will be replaced by three

fields Ya(s+1)a(s), Vals)a(s—1)s Ya(s—1)a(s—2)- They are all symmetric independently in
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both left and right indices. The exact action for half-integer helicity is

o= / = {ﬂ PG sr1)acs)
. S als s
+ |:5 + 1:| w (0l )aaerldsté(S)d(s—l) + c.c.
25 +1 ] nret)acs Ao
— {—(8 n 1>2} w (s—1)a( )8 as%(s)d(s_l) (A.Q)

+i wa(S)d(s_l)aasO'és—lwa(sfl)d(372) + c.c.

—1 77204(8_2)66(5_1)80‘5710'45—1 @Z)a(sfl)d(sz) }

and it is invariant under

1
)! 8(C¥s+1(dzs5(1(3))02(5—1))

06 Va(s+1)a(s) = S5+ 1)

1 Qo =
06 YVa(s)a(s—1) = _ga(as *Eals—1))a(s)

s—1
S

0GVa(s—1)a(s—2) = ™% (s)a(s—1)
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